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Objective: The metric defined in H will allow us to measure Geodesic surfaces:

The goal is to obtain the geodesic equa- lengths. Using the previous maps we define our Solving the geodesic equation, we obtain the
tions in the Heisenberg group. These will metric as follows: following set of differential equations:

allow to map surfaces such that each point Let v, w € T, H, then

on the surface is the end of a geodesic of gy (mw) = <(My_1) (”)l(/‘y‘l) (W)>
constant length. '
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Recall thatin R™ the length of a curve y is given

Heisenberg group and its operation: by 1(y) = 17 (®)lldz. On an arbitrary manifold
M with a metric :
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. o) fbg L (O.70) The following illus:trations are surfaces traced by
H=310 1 y||xyz€ R} e 5 e Heisenbere A the ends of geodesics of equal length. We let L
001 Geodesics: denote the length of the geodesic curves.

Now, we will define the following function ¢ as Geodesics are defined to be locally the shortest path =1

follows: between two points. Hence, in order to obtain —
¢: RS> H o D e f s

geodesics in H, we must minimize the formula for the

length of a curve. Using techniques of the calculation of

variations, we obtain the geodesic equation given by:
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One can show that

¢(x,y,z)p(a, b, c) 7.0 + Ty (Oyk) = 0
=¢(x+ay+bz+c+ (xb—ya)/2)
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Where [}, = Eg”(ajgkl —01gjk + akglj)

We will multiply two vectors in R? as follows:
(6, y,2)0(a,b,c)=(x+ay+b,z+c+ (xb—ya)/2)

with g,,(9;,9;) = 9;;()

The function ¢ was obtained by taking the
0 x; x3
exponential map of the matrix |0 0 x,
0 0 O

andg” (1) g;x () = 6}

The geodesic equation can be solved in H using the
] - metric that we defined previously. We must also
In order to obtain geodesics, we need construct left invariant vector fields as follows:

to define a mgtnc on the Helsenberg RSt :d%(("-%z)oﬁ-o-o))t:o After differentiating y with respect to t, we get:
group. We will first define two maps - glerare-3) Y’ =x'8,+y'd, + z' 95 so that we have:

which will allow us to do so. “(103) Y =X, +y'X, + (% - % + z’>x3
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Let us define the following functions: . ;
Lyt H->H X, :;(;x,y.z)O(O,t,Ojt)t:O With Va (a) I‘]k Ik
y = xQy :E(x‘“t‘”?)t:o

we have that

. V' ) = 0 which is equivalent to the geodesic
- (O‘I‘E) equation.

Now, let y be a curve in H with y(0) =y and =0, +%ag
y(0) =v €T,H.We define the function (). )
as follows: X =5 (@y2000n) _,
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