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ABSTRACT

Numerical metkods are applied in. the analysis of coaxial

'structures used as 'sensors for in-vivo permittivity studies .

of biological- substancés. The methods used for the solution

o¢ the resulting static conductor-dielectric probleas are

the Finite Zlezment Method and ¢ of Moments applied

te a pait of coupled integral uations.

: -/
which relates the sample permittivity to the Ird

linear mogdel

e—

field
capacitance of the seasor is discussed and values o€ the o
del parameters are calculated for different types of common-
ly used. sensors. In addition, a method of increasing the
/— ) 3 - - El
sensor capacitance for use at lower freguencies, is investi-

gated.

S _ .
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Chapter ¥

N . INTRODUCTION

-

The need for accurate determination f the dielectric

properties of biolagicai naterials is eviden;ed by <he ia-
creasing use of mizrowave energy in the fielﬁs of mediciﬁé,
biology aﬂd the agricultural and food industries. The die-
lectric properties determine the absorption and propagjation
of electromagnetic emergy in a ﬁaterial and are in general,
fuﬁcticns of frequency and temperature, | |

Medical applications of amicrowave energy such as hyperth-
efﬁia treatment of cancer [1] requires a knowledgé of the
distribu+ion of permittivity of healthy and diseased tissue.
This kné%ledge is used to predict heating patterns in the
" tissue due 'to spe:ific‘applicator configurations. Jften,
preferentiai'heating of tumors is achiéved ﬁue to differenc-
es in “the dielectric properties, particularlf the losses,
between healthy and diseased tissue [27.

' Dielectric méasurements may have the potential to be used
as invgstigative or diaénostic tools in the study of phy-
siclogical processes such as organ activity or inactivity
and disease, 4 correlation between the physiological sta*e

and the dielectric properties would provide a method 0f mo-,

nitoring changes in the state of ar organ [11].



- . -

S . ' ' 2

‘3ccurate dielectric information is also required far' the

‘desidgn of.sgnsors for fhe'imaging of sdft- tissue and iampe-
da&ce moﬁiibring applications.ﬁéing Eicfovaves [4]. '_ '

In the field of';adiofréguency and nmicrewave dosimetcy,
kncwledge of the spatial depéndence of the'-permit‘imiﬁy is

necessary for the calculation of the local and average spe-'

cific- absorption rate (SAR) in<tﬂe tissues [5]. This iﬁfor-
mation is helpful in setting safe radiofrequency and micro-

. . ’ tn
vave exposure standards.

Dielectric infermaticn alSo finds use in studies of water
and molecular sq;ﬁ:tqte in biological materials [€]. Since
the complex permittivity gf-gatér is rélatitely.large at_mi—
cCrowave frequenciés, tte dielectric proper+ies of tissue are
greatly iafluenced by the water Ebntenﬁ. ' #igg, dielectric
relaxatica mechanisms which.p;édominate 1;t'various frequen-
cles provide inf%rmation ‘op nolecular size_and structure
(61 .

-

ttivity neasurements are used to monitor local or

14

Perm

"
3

spatial distribution of moisture content for industrial ap=-

3

plications. Also, knowvledge of the dielectric properties=nf

food is necessary for the estimaticn of ¢é&nergy deposition

e .

& . :
from microwave +hawing and cocking im the <€cod processing

industry {7 1. .

Por these applications, a dielectric measuremen*t me+thod
is required whichk i1s capable of: 1) performing in-vivo aea-

surements on small sample volumes; 2) performing measure=-

-



3

meqts,nonédest?uctively To.allow the normal functioning 9¢ a

given orgap; and 3) -« qllowing_temperature.control of the saa-
. , . _

ple;

““ . -
>

A method which seenms to sagasfy these requirements is the
one which ‘utilizes an open=ended  coaxial lire as a sensor .

(8,91 (Fig. 1.

-

Pigure '1: (a) Open-eﬂﬁed coaxial line, {b) generalized
equivalent circuit. '

-

In this method, the sample permittivity £* may be de< ";
. ®ined from 'measurement of the ippu* reflection coefficient
.0f the sensor. Some advantages of usiﬂg.an opénjended coax~
ial structure as a sensor over other wavequiding s«ructures
are: a wide frequency range (typiqaily from 100 MHz to sev-
eral GHz); the ability to use time domain,’ frequency dozain

Of resonant measurement teckniques;and ease of fabrication,



Other types of open-ended coaxial structures have also
been used for dielectric measurements on biological sub-
stances including short monopoles [10,11] and coaxial lines

open-ended into cut-off circular vaveguide [ 12].
< / . BN .

- -

1.1  EQUIVALENT CIRCUIT OF AN QPEN-ENDED COAXIAL SENSOR

In genefal, .the equivaleﬁt circuit of a one-port coaxial
-structure may be represented by a shunt Jlumped admittance
terminating a transmission line with a characteristic admi:-
tance Y,. Tt is assumed that *he coaxia& line operates In

+he TEM mode and does not support propagation of'higher-srd-

er modes.

' For the configuration ccnsisting Ef an openFended coaxial
line in couta&t with a dielectrié sample, the eguivalent
circuit consists of tke parallel combination.of a capaci-
taance C(é*) and a2 condﬁctance G (& *)} as shown in Fig. 1.
Both tlLe capaci%ancé énd fhe conéucfance are functicns 5f
‘the sample permittivity and fregquency in'general. fhe form-
er represents the storage of energy in the fringing fieids
at the end of the line and the latter represents losses due
+o radiation. = The conductance due to losses in the.dielec-

tric is included in C({(5%).

.;“_
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For the purpcses“qf this ~work a linear éélaticnship het~

veen the terminal capacitance C{E¥ - and-thé‘sanple‘pe:mit-

,.

tivity &% is assumed and the conductarce is Reqlected. The

‘inpdt adqi;tanée of the sensor may be writ+en as [8,101:

ol
It

Jweesn |
where W Tepresents <*he anqular . f:equenc}, § = V=1 'aud

t* = &'=j&™ is the complex :elativénDérmittivitv;oﬁ'the test
o =, c. Lt _ o . .
dielectric., . )
. - N r

:The capacitance Co may be interpreted as’'the external ca-
pacitance vhose value, when multiplied by &%, represents =he
storage ¢of energy in +te dieledfric sacmple. The iaternal

capacitance C{ Iepresents “he storage of energy in £r-inging
fields not affected by the dieleciric. If, for *he general

case, . C(&*y does nbd*t varcy linéarly with £% +then CF and C,
will botk be functions of the*sgﬁple permittivity, fﬂowéve:;

if a range of values of &* ‘exists where C. and C, are rela-.

f

tively constant, the linear model will be a gcod approxima-

tion. ' . - : N
Rhen no dielec+ric sample is preserct thexmeasured capaci-
tance of tke sersor, defined as tke <+o0=al capacitance CT'

-

will egqual "tke sum c¢f Cr amd € (ice. 'C(&°)=Crfcf+co,w5erq

&, is the permittivity of free space). -

The scattering pardmeter 511 {or the input reflectinsn
3

coefficien%) of the sensor is given in *erms of the iapus

admittance by:

o



VS“ exptna“) (1-_21.\

whkere S11 ‘Tepresents +he. magnitude of the Teflec*ion coeffi=-

cient and ﬁu represents the phase of the reflection coeffi-

. clent-.referenced tc¢ the plane of the cpen circuit of the

A

" sensor., Upon substitution of (1.1} in*o (1.2} and after re-
-arranging, <he real ané imagimasy par<s of <he permittivity,

dernoted by the relative dielectric constan® &' and the loss

factor &" respectively, can be writ+«er as [10]:

-

‘ 2 S sit (~@y) C
& = i " — - 2 au
' wCo 2o [1 + 2 S11 hcos(—ﬁﬂ}+ S” ] Co -
1~ s
gEn = (1.4)
WwCy 2o [T + 2 Sy cos (=B} + 3112 ]
where Z, = 1/Y¥, is +~he characteristic impedance of zae t:an-$

smission line.

The use of a linear rodel for +he capacitance results in
simple closed-form expressicns for +the Teal and imaginary
parts ¢f the permit<tivity In terms of the reflectio; coeffli~
cient cf tre sensor. They wmay be easily inccrrorated in<>
an automatic network"aralyser rou“ine +*o¢ provide a fas+and
accurate dielectci neasurement sys+em. NMectice froom (1.3)
ard (1.4) +trat the external capaéitance Co kas the greates=

influence ir the measured valves c¢f &' and £" while <he va-



.

‘lue of Gy has a muck lesser influence especially if

Cphc, <<’ |

n

C

1.2 DESCFIPTION OF THE PROBLEM AND PUFDOSE
INVESTIGATION

1o
i
¥
ja o)
tv

Ir order *o usc (1.3) and (1.8) *c calculate *ke -elazive

dielec*ric constant and less factor <from the nméasu-ed re-
flecticon coefficient, it is necessary to know +he:values of
*he *wc capacitances Co a0d C¢ for a given sensor. AD ana=-
lytical expression for *the +o*al f;%nginq. capacitance. Cq,
defined as the sum of C¢ and Cor. has Dbeen derived [13,15]

for the case of an open-ended -coaxial lihe wi<h an infiaive

grounéplane (Fig., 2 (a)). However, this expression does no*

Y

indica*e tle relative values of Cy and Cb, nor does it in-

clude the effects £ a fini+c ¢r no ¢roundplane a+ all.

- The rpurpose of this inves<igation is =0 use nume-ical

-

\ methods which allow =kcese =wo parane%ters, Cf a nd Cor 1t be
Y

calculated for the non-idealized cases of open-ended- coaxial

structures stown in Figs. 2 (b) =o {e}).

- '

The two numerical methods whick were cheosen “0 ca’ry out
thkls investicaticn are the Finite Tlemen+ Method (FZM) and a
“echnique based uporn +<he Method ¢f “oments {¥OM). Since in-

terest is mainly in the low-frequency or static capacizance



() R '(d)

A 7777777007,

(e)

Figure 2: Tive configurations of onen~ended coaxial
SensoTs.

of +he sensors, it is required tha+ these methods sclve lLa-
place*s eguaticn in cylindrical ccordinates with rotaticnal
syzmetry, Stbject to the boundary cendi+ions imposed by “he

"cendnc+ors and dielectrics,
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In addition to computing valﬁes for the two‘capacitances
Co and Cgo ‘these methods should .provide information on other
quantities such as the depth of penetration of the fields
away from the apéfture. This information is important from
the standpoint of determining how lecalized the measuredent
of permittivity is using these sensors. It must be stressed
that since these ne+hods provide a static apalysis, c¢nly:

lossless dielectrics can be modelled.

The configurations of Figs. 2(a), (b) and (d) have been

used in actual dielectric- - measurements on biolecgical sup-~
stances [9,1C,11]. The configuratiors of Figs. 2{a) and (c}
reguire a mica or mylar uindéu placed over the line opening
to preven+t samples from penetrating into the lipe. ' This
poses a problem when measuring biclogical substances poss-—
essing appreciable d.¢. c¢onductivi+ties since the window in-

sulates the conductors from the test substance. Thkis prob-

of

i

lem is alleviated by use of the configuration
Figs. 2(b) and (4) where penetraticmn into thke line oI the
_test substance is prevented by the presence of <the teflon
dielectric of the line. The use of teflon dielectric-filled
lines also enables very small Jlameter sensors =c¢ be fabri-
cated using commercially available semi-zigid coaxial line

{pctentially as small as 0.5-nmz in diameter).

Sensors with larger capacitances are required for work at

lover frequencies in order that the input admittance is coa-
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parable in magnitude to the chkaracteristic adlittanée ofhthe
line. It has been shcewn bv‘Stuchlv et. al.” (147 +hat tﬂis
ccndition results in_the smallest relative errors in 5"aﬁd_
&" wkern using (1. 3) and (1.£). The ccpfianéticn of
Fig. 2{e) represents an attempt *o incﬁease the €ripging ca-
nac;tance of the sernsor while maintaining.a smnall dianeter
of <+Le line, It is similar to the configuration o2f&.
Fig. 2(d) except that a concentric conduvcting disk is placed

aver tte centre conducter, parrzially covering *+te aperture.

1.3 STATE OF PRESENT KNOWLEDGE

Ar equatior for the total capacitarnce Cy of +he idealized
configrratior of open-ended ccaxial line with an infini:e
groundplane and- homogeneous air dielectric. {Fig. 2(a)) 1is

given by {13,152

s
2 &,

Cy = zﬁzsi(kfa" +b* - 2ab ccs@) - Si(2ka sin(P/2))
k[ 1o th/a) ]

o
- $i(2kb sin (9/2)) ] é¢ (1.5

where §i(x) 3is the sice integral function, k = 2T/} ) Ais
+he wavelength and €, is the permittivity c¢f free space.
Dimensions b and a represent *ke outer-ccnduc+or inner-radi-

us and the inner-conductor outer-radius respectively.



.

The radiatior conductarcce. G in <+he eguivalent circuit of

Tig. 1 may be calculated from [ 13,15]:

LS

2T ) , de -
G = . [Jo(ka sin®) = Jo(kb sine) ] (1.8)
TL[ln(b/a)] o . sin®
- “ V -
where Jo(x) is the Bessel function c¢f +he firs~ kind of ord-

er zerq and M, is +he intrinsic impedance of Iree space.

Equaticns (1.5) and (1.€) were cbtained from a vaciation-
al expression for the input admit*ance of a ccaxial wave-
guide cpening into ;n infinite groundplane and half-épace.
The varia<icnal exp:essidn was writ+en Iin +erms ¢©f an integ-
ral equation for *he unkeown elec*ric field dis*ridbution in
the ape:tﬁ:e and was solved using the principal (T4} mode
of the cecaxial gquide to represent the aper+ure field. Thus
*he sciuticn given by (1.5) and ({1.€) cdoes not *ake in%o aﬁ-
ccunt tte presence ¢f higher-ozder modes in the apertuce.

Computaticns of G versus frequéncy using (1.€) have shown
that +te conductance irn free spacé is negligable over a wide
rarnge ¢f frequencles [8]. The effect of the dielectric sam-
ple on the radiation conductance 1is trea*ed by Stuchly
e+, al, F1€] who shows that :he-radia:icn ccnductance may be
assumed equal to zero, except at higher frequencies and for
high permittivities, ZIven for cases Qhere the assump=zion of
zero radia*ion is no longer valid, £* may be ccmputed IZIfom

. ] o
(1.3) and (1.4) and lacter, cor;ection factors t¢ take into

acccunt +*he non=-zerc conduc+tance, may be applied,
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Calculaticns-of-(1JS) *ave been performéd by Galejs [15]
.and Gajda [8]' over a ﬁide range of frequiencies., Figure 3
sbcusféw§ plots of fhe no;malizea capacitance versus normal-
ized frequency, one fer 53N air lines (bra=2.303) and the
pther for 501 feflch-dielect:ic lines (bra=3.268) épen;nq
into a teflon-dgglgptric half—space% These values were com-
puted from ({.51 and apply to lineé of any size. The actual
value cf Cr 0T a particular line is obtained by multiplying
tge ncrmalized capacitarnce CT/so(b-;) by :he\apgrtu:e dimern=-
'sion (b-a) and the free Space percittivity &, ($.8u2x10q2

farads/m) .-

l[l

- . . . o T
tant at low frequencies and increases slowly with Zrzequency
' : o
- beyond a certain pcint, The poinrt at which *ke cadaci=ance

LT

begins to increase with frequency (say 1 %) is approximately
1 GHz Zor 18-pm, 50l air line ard higher fer spalle- diage-

~er lines.

An analytical expression Zelating <he low=Zfregquency or

static capacitance *o the dimensions of “he line is given by

[13]: .
_ BEq (b+a) 2Vab
lim ¢, = [ E )y -1 (1.7)
el {1n(bsa) J* b+a

where Z(x} 1s tre ccmplete elliptic integral of the second

kirnd.

v

rom Fig. 3 it is arpacent tha* +he'capacitance is cops- - -

)

. R

o
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Figure 3: VNcrmalized capacitance ¢f open—-ended coaxial line
. versus neo-malized Zreguency coaputed from (1.5)
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. Equation (1.7 is appréximately © valid for
(b=a)/» < 2x1dz, based on a 1 & increase in éapacitqnce with
frequency_anﬁ may be obtéined fram (1.5)- by no<+ing that £ar
x<<1, the sine in%egral fuﬁcﬁion may be aprroximated by it's
truncated power series s;(x)gx.- A plot of «he normalized
capacitance Cy/&g(b-ay versus <he ratié cf outer to inner-

corductor radii bsa is shown in Fig. 4,

-
L]

Limitatiors of (1.7) <for *he ccmputation ¢f *he capaci-
tance of practical coaxial sensors are: 1) the presence of
an infinite groundplane in +he plane of <he aperture is as-.

4

sumed; 2) it's décivaticn does not *ake into account *Re ef-
fect of dielectric discontinuities in the aperture plane;and
" 3) it gives mo information on how.+he total capacitance is

h]
‘

dividéd between C, and Ceo

A similar fermulaticn of <he precblem frem whick (1.5) was
de:ived, s given by Mosig et. al. [17], this'time taking
into accountléhe discontinuity-of +he dielec*ric in zhe
averture plane and the presence of higher-order modes. inp
‘integral equation for the unknown aperture field was derivéd
by matching at the épe:ture, the transverse magnetic fields
"in thre half-space (written in terms of <he aperture £ield)
0 the fields in tke ccaxial quide;‘ The fields In the apec-
“ure arpd in the line were expanded in a series consiszipg of
‘an incident._and Teflected TEZM @mede plus higher - order TN

-~

modes, each weigh+ted by an unknown reflection ccefficienrc.
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Static or low-frecuency capacitance versus outer
to Ilnnec-corduc+tor radii b/a computed fzom (1.7).



~he resul+ing expression was'-enforced at a discrete nuaber
of points in the aperture, corresponding to +the number of
modes used in the series, and the resulting linear sys%em of

‘equa*ions 'vas solved for the principal mode (TEM) reflecticn

-~

coefficient.

Published results from this aralysis, for the idealized

sensor cenfiguration with a : homecgeneous dielectric, differ

from values of reflectidn coefficient computed wusing (1.5)
Ao,

and (1.6) a* high freguencies Jue *o the inclusicn of higher

order mecdes in the anal?sis. However, for lecw frequencies,
the cesults ff@m-both methods are in agreement [17].

As a dielectric neasSurement technique, =he abcve appooach
is limi+ed since extensive acmograms of relative dielectci
constant and loss factor verses reflection coefficient a:é
reéui:ed a* each measuremen*t frequency. Also an idealized
sensor configucation is assumed in order *o provide well de-
fined boundaries in <he analysis.

| ]

A measirement of <tLe relative values 3f Cg, and Cg for a
T4-man, 5041 air line with a groundplane was a*tteamp<ed by
Gajda [21. Measurements of the admi;tance of .the seasor

‘Wwith me+hkanol and water as <es* d

§e

electrics were compared
witlh measurements 2f the sensor in~air a*t frequencies rang-

ing from 200 MHZz to 500 K#z. Since the cela*ive permittivi-

-

+ies of +he test dielectrics were known at each frequency,
“he Ta+tio 0f C¢ to Cqy could be compnuted using (1.1) and *he
" measured admi++tances, It was found that for bo%h the water

and methansl, *the :atio Cs/Cqy was approximately 0.20 .



1.4 CONCLUDING REMARKS

In conclusion, _the use of open;eﬂﬁed ¢oaxial sensors for
dielectric measurement provides a fast and efficient means
of making non-destructive or in-vivo measurements. The sen-
‘sors 6an- be fabficatéa e;sily from commercially available
coaxial lines aand can be used» over a wide range of frequen-

cies. R -

In order *o.take advantage of the simple relationships

between the permittivity and the measured reflection coeffi-

\ cient (1:3) and (1.%), it is necessary to accurately know
the parameters of thke sensor, eitter through measuremen:t or
calculatipn. In this work, the static or low-freqguency par-
ameters of the different sensor configuraticns’ depicted in

. FPig. 2. are calculated using ¢wo different numeéical.methods.
The static parameters give rise +to the linear circuit model
(1.1), - from vhich the effect of the dielectric éample on

the input admittance (reflec¥ion coefficient) «can be easily

deternined.
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Chapter II

. METHODS OF SOLUTION

This';hapter gi}es a brief overview of the some of the
met hods ﬁsed for the soluticn of linear operator equations
such as thoée encountered in electrostatic field broblems.
The principles bekind variational ﬁethods_and their applica-
tion tc differential and integral oper;tors is reviewed énd
a shoxt discussion of moment méthods and theié relation o
variational methods is éiven.

TWe ve;l known methods for the solutioﬁ of conductor=-die-
lect:ié prcblems,are also described. They are +the Finite

Element variational method for ~@differential operators and a

version of the Method of Moments applied to am integral

equaticn fecrmulation of the problem.

2.1 DEPINITIONS

Given a deterministic field probi@g of the form:
Lu = £ _ : o (2.m

vhere L is a linear operator (L can be any one of in*egral,

h Y .
*differential or difference operators) and f is a known forc-
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ing functiom, . it is desired +o defermine thke urknovn Sunc-
tion u.’ {Both f and u are ‘uncticps of'position.), '

Accompanying the operator L is. a set of bouandary condi-
tions which the unknown functions must sa+isfy. The se« 2f
all possible-functiong satisfyinq these boundary conditicas
IS called the demain .of L and the functicns * tesul+ting
from ttke operation a:é called thé Targe of L r187. |

An inper product is usually defined for the oroblenm
(2.1), vhere the process of taking +he ihner preduct of two
functicns results in a scalar. The Inner produc*t is defiped
here as <+he infééral cf <he product of +wec functiosns over
the regisn of solvtion arnd is analogovs to +the Zuclidean
vector "do+" product. In +he mathematical noéation of funzc-

tion spaces *he inner product of u and f ic expressed as:
k - <u,f> = o = usf 4JQ {2.2)
b . n ;

wvhere the pair of pointed brackets denotes the inner product
operatica resulting in thke scalar « . No*te that <hroughou+
*his discussion only real scalar functions are considered.

In electrostatic field problems the linear cperator L may

-

Teplesent the Laplacian operator -V [5V) wvhile 1 and ¢

v

represent the potertial and volunme charge distribﬁtion o=
spectivel?. The inngr product ¢f v aerd f wonld be the ip-
tegral of the opotential times the ctarge distribution over
the reqgion ip which the field exists, bounded by conductors

and/or electric field lines.

\
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Associated with eack operator . is an adjoint operator I°

defined by: . ‘ .

<iu, ®> = <u,Ll?f> (2.3)

An cperator is sald to be self;adﬁoint'if <Lu,f> = (u,LfS
or =1 ., For differential operators, self-adijointedness
is larqely de*ermined by the associa*ed homcgeneovs boundary

(cendi+ions 19] wkile for inieqral operatérs, self-adjoinx-
edness 1s asSured if the kernel of *he integral equation is
synmetric [207. |

An’ operétor is said to pe  positiverdefinite 1if:
<Lu,u> > 0 wvhepever tke functigg U is no*t iden*ically zeco
and <lu,u> = ¢ if and crply if u is idenﬁicallv-zero. Posi-

. tive-definiteness o0f the linear operator L insures “ha+ zhe

soclution of (2.1 is unique [197.

2.1.1 Bogndary Conditions

Three types of bcundary conditicns gemerally occur. The

first, called Dirichlet boundary conditions, exist wherever
the value ¢f the unknown functicn is specified, wiile the’

second type, called Neumann boundary corditions exis: wher-

N .

ever *he noreal gradient of <he unknown func+icn is speci-
fied. The third type are called "mixed™ beuvndary conditioas

and consis+ of a linear combinatior cf Dirichlet and ¥eumann

cenditions.

In eclectrostatics, D

[ED

Tichlet boundaries correspond to
equipctential surfaces or conductcrs .held a+ specified po-

°
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.

[
o

tertials. Homogeneous Neumann boundaries correspond *o lines
! -
er surfaces ¢f <«he electric field since <+he normal deriva-

-

tive of the potential across an electic field liné is egqual

2.2 HB._..,I_” LATIONAL METHODS

Variational methods for finding approximate solutions of
{(2.1) make use of a functicng}.(a mapping frcm a functicn
space tc the real nunmbers) vhiéh possesses certain proper-
*ies at tge soluticno péin: given by (2.71) ; These properc-
ties usually include stationarity and a fircimum value of <he
functiona; [1¢1]. Since the functicnal is normally given in

the Zcom of inner rroducts, variational me+hods essentially

cons%sr ¢f finding a function whick minimizes a certain ig-~
*egral. In many cases +he funétional or Integral to be min-

N - ,
imized represents a fundacental éhysical quanti+y suck as
enexgy {19]1]. .

The gquadratic furncticnal pertaining +o +he determinis+i

p:obiem (2.1) is given by:
F o= <Lu,u> - 2<u,f> (2.4)

” - .
If the operator is self-adjoirt and positive-definize,

“he function u which minimizes (2.U4) is alsec a solu+tion of

(2.7} or coaversely a solution of (2.7 will cause <he func-
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tional %o be a minimum. .In mathematical terms, the proﬁlem
l(2.1) is said to be the "Euler eéuatibn; of thLe func:iénal
(2.4). 0Of course, srial functions must be in the domainm of
definiticn cf 1, i.e. *hey nmust satisfy +the associated
boundaryﬁcouditio:s, o+herwise sm;ller' vaiues of the €unc-
tidnal may be found.fo: functions which are nét the solution
0 (2.1 [19].

If 1l is non-positive-definike, the functional will culy
be s+tationary abeut the solution point u and not necessarily
mirimal., TFor a positive-definite cpe-ator, an appsoximating
precedure such as the Fayleigh-?i+z method, which uses a set
of known basis functiors along with a se* ¢f urknown vacia-
“ional parameters, will ccnverge *c the true solution as the
number of varia+ional parameters increase. Ccovergence of
this.p:ocedure is not guaranteed if the operatcT 1s non-po-
sitive-definite [20].

If +he cpera%tor is ncn-sélf—adjoint, staticnariﬁy of

_(2.4) cannot be proven, however statiomariity of <he dual
s

func+=icnal given by:
F o= <lu,u®> ~ <£,0°> - <u,g> . (2.4a)

car be proven about a solution point given by (2.7 and the

adjoint prcblem:

Lu=g (2. 12)
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where g is the adjbint inhomogeneity and u*is the ajoint

function which lies in the domain of *hke adjeint cperator L

2.2.1 Ravleigh-Ritz Procedure

Ir the Fayleigh-Ritz approxinmating procedure for locating
*ke sta*iorary pcint of a functional, the %rial functicn u
is expanded in a linear combinatién of basis functions:
<

r
. u = E:aiur= au=1ua (2.5)
i=1 'l

where eachk basis function u; satisfies.the,'bounda:y condi-
+ions and +*he amplitudes or varia+ticnal paramezers a; arce
vet to be determined. The underscore notaticn in (i.S) is:
used to denote a colunmn vector whkile the superscript T nozta-
*ion is used %2 -denote *he amatrix *r-anspose cpera+tion.

Tre trial furcticn is inserted Inte the functional which
now‘becomes an otdimary function of the n varia*ional paraa-

e*ters:

L

F o= T(aj.ay,ee.03,) = a’<tu,u’>a - 2a'

At tlke s*tationary pecint, +the par+ial derivative 2f *he
functional with respect 0 each of the varia+tiocnal parame-
ters vanlistes, i.e. aF/aai= 0 , vielding “hte syster of equa-

*ions: -

.

<Lu,u' >3 = <u,£> ’ (2.7)

*
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This procedure yields an n x n set of simultaneous egua-

tions where +the elemen+t in =-ow "i® and cclumm "j" cn the

s

left hand “side is given by <Lui,uj> and on the rigk+< hand

side row by <uj >

+
-
-

L2 the basis functions form an orthenormal set, all bu=
the diagonal elements disappear on the lef* rand side and

“he Rayleigh-riez. procedure ceduces to “he Feurier series

method of solution [15].

2.2.2  Yariatiopal Nethods for Differentjal Operatogs
The dis<ribysion o€ potential in a region is governed by

tte Pcisson equazion:

=vV-EvVHH = L . (2.8)
where @ represents +he potential, & the permi«+ivity of +he
mediuz acd ~ <he vcluze charge dersity. 21l <ttrree are in
general functions of position. Thke ¥V symbol denotes <he

gradient operatiocn arnd the - denctes +ke vec+or dot Dro-~-
duct. In a source-free Tegicn beunded by cecnductcors at Spe-

cified potentials, A = 0 and laplace's egqua*ion holds-

-V (VS =0 (2.9

In either case “he cperator is +he Laplacian operator and

the functicnal may be written as [1¢,25]:

F =fs(vg;zdﬂ- 2 ﬁ/od.o. {2.10)
L T



cx for the case where 0 = 0 as: .

F =fa(v¢)2 an ' (2.11)
9N

where the in<egraticens are taker over the entire region of
soluticn.

211 trial functicns used in (2.10) or (2.1 npust satisiy

.
.

the Dirighlex conditicns:on ~he coeorresponding -vars of <he
boundary . wiaile hoemogeneous Yeumann condizions,
i.e. 9f/9n = 0 , need notr be imposed due *o +he nature o<
Laplacian cperator [19]. Homdgeneous Neumann conditions

are called ™natural" bcundacy conditioms for +his operatsr
and are sazisfied autczatically by minimizing %he function-
als (2.10) and (2.11.

't the sslution point given‘by (2.5) oz (2.9}, -~he magni-

-

*ude 9f the Zuncticnal (2.10) or (2.11) is egual o twice
the amount 27 stered electric energy im the sys*em. In oOth-

er words, the potential assumes a dis~ribu+ion in such a way

“hat =he 3=orel electric energy is mirimized.

2.2.3 Variational Methods for Inteqral Operators

For in<egral cperaters the urnknown func+icn is contained
withinfhaingund of ar integral equa+ion. Trhe Poisson oz
Laplace equation can be converted %o an integral equation hy
*he use ¢f an apprepriate Green's functicn and Greent's iden-

tity [21].
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The pec+tential a= an obsefﬁation ocint X in Space due to a
known ché:ge distributice o(f) is given by:
_ »
#(x) =ja(§) G(X1§) af (2.12)
R .

vhere f Tepresents a source point, G(if?) is a Green's func-

tiop and the integraziom is «carried out overs the entire
charge distribution. The scalar po*en+ial Green's func-isn
Tepresents “he potential at X due ;ola unit peint-charge le-
cated atf.

IZ charges are considered to exist on surfaces having

specified potentials, an integral equation for the unknown

surface charge density ¢(sS) may be written as:

‘/O'(s‘} G(sls') ds*' = @(s) | (2.13)
)
where $(s) is the known potential on =he surface S.

Zqua“tion (2.13) <is known as a Fredhelm in*egral equaticn

of the f£izst kind and may be expressed in operator notation

Lo =8 (2.14)

Because the above integral operator is self-adjoint (due
to *he symrpetr of the Green's function kernel) and posi-
tive~lefinite, the functisnal (2.4) nmay be used to find ap-
proximate solutions for o(s) wi<h the assurance <+hat they
will converge as :he:dgg:ee of approximation increases and

that the functional will be a minimum [ 20]. The func=ional

in integral forcm is:



F =v/;{3(5) g(s') G(s|s') ds' ds - %J/;{S) #(s) ds

ss S

»

(2.15)

where <*he inner §:oduct is a surface integral over all
charée. |

As with the case of diffe:ential orera*ors, *“hke ainimunm
value ¢f the <functional ({2.15) equals twice *he &mount of
stecred elect:ic-energy in the systen. This fact seems in-
tuitively obvious since the same functional is used as fo-
diffecential operators and the integral eqguation may be ob-
*ained f:om the pactial differential egquatiosns (2.8} or
(2.9) through <zthe use of Green's identity and a Greeh's

furc*icn.

2.2.3.1 Interface Condition

In the partial differen+tial eguation formulation, tke
spatial dependence of permittivity is incorpora+ed directly
into <he Jdifferential equa+tion and it's associated func-ica-
al. The Iintegral equation Sorpula+ion however, requizZes an
extra equa<ion *¢ account for +the distribuzicn of polariza-
tion charge c¢n thke iInterface between differen* dielectric
media,

On the intérface between two differing media, . the noznal
éérivative 2f the npotential on eitﬁe: side 4is given by

[20,21]7: | :
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ag . ols) 3G
= {S) R — 4 (s') —(sis*) ds® {2.1€)
og o ({s) 96 . .
—_(S) = = —— s S(s') =—(s|s') ds" (2.17)
where o©(s) is thre polarization charge density and

3G(s])s') /dn is the normal derivative of the Green's function
. across *the interface. The normals D, and n, pcint tovards

and avay from *he interface ':espéctively, as skown in Figure

\
Ky

5.

- Dielectric

E interface

Lo
€,
Figure 5: Ocientation of normal vectors or *he intezface
between different dielectric media.
Subtracting (2.16) from (2.17) yields <he pclarization

charge o(s):

PJ} ag
—(s) - —(s) = o(s) {2.18)
_an1 an2 ’

vhichk 1is equal zo the difference be*ween *he normal corn~

ponents of electric polacrizaticn P across <the interface i.e.

~

o’(s):(@}(s)-%('s)_)-'ﬁ . Since the polarization equals the ef-
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fective dipole moment per umit velume in a dielectric, the
. . N AN :

polarization charge dersity @may be interpreteg as the dif-

ference in the dipocle moment per unit volume between the two
media a* the interface. )
The integral equaticn governing  the .distribution of

charge a<+ the interface may be obtained by substituting

(2.16) and (Z2.17) inte the continuity conditicen ZoT the

electric flux density, £,38/3n, = Szaﬂ/anz. T+ is given hece
ass
51+82 a6
5(s) + (51-82)~Jr6(s') isIs'y ds' = 0 (2.19)
2 an

whtere &y and 52 are the permi+ttivities cn eilther side‘of tke
interface and thke normal vectol voirts from region:1 Lo Ce-
gisn 2 as ia Fig. 5.

~Thus for the gereral vuvroblemr of conducter surfaces a+
specified potentials, den»oted by SC' and in*erfaces between
media of different pe:qittivities, denoted by SI,‘ the pair

-~

2 coupled in<egral egquations to be sclved are:

t

\jrd(s') G(sis') ds' = #(s) , s on SC (2.29)
S¢* Sy |
514’52 ' a6
—_—F(s) ¢+ (81-82) fo(s‘) — (s|s*) ds* =0 , s on §
2 . dn I.
SC*SI

(2.2}
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where the integraticens in (2.20) _and (2.21) A are over all
free and polarization charge [20,21]. -

Straightforuérd variationél-formul;tioﬁ' ¢f the interface
problem (2.19) or (2.21) 1is hagpered by the fact that the
kernel of the integrai operéigg is non-symmetric. Iﬁ gener-
al dG({s|s')/3n # 0G(s¥is}/an* <for arbitrary curves, the
equality dépenﬁing on the angle made by the ncrmal of t{e
line jéining s to s' te¢ the curve at.s and s'. Self~ad-
jointedness of the interface operator camn cnly be proven for
sone sfecific surface configurations,

McDonald et. al. [20] propdéses a modified interface oper=-
ator denoted by L' which is formed by taking +the Inner pro=-
duct of the interface prcblem: (2.21) with the Greea's func-

. £
tion:

L' ¢ = <Lg,6> = 0 (2.22)

where 16 = 0 is +he operator notation of (2.19) or (2.21);
They show that it is self-adjoint and posi+tive-definite,
thus making it a_ﬁiable candidate for use irn the functional
(2.4). However, Jeng et. al. [ 227 arque that a possible so-
lution o, ;hich causes L'0,= 0 does not necessarily nean a
sslution 0f Lg,= 0 since for certain choices o2f +rial func-
tions, lo,and G may be orthogonal, Instead, Jeng et. al.
probose a generalized matrix-operator based or “he operator .

and-it's adjoint and proceed to derive a func*tional Zronm

(2.4) which is identical %o the drval functianal (2.%4a).
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2;.2-4 Pipite Element HNethod :gt’ﬁ_iﬁsm.uig Qég:gggzs.

In & probler where it is difficult to find sets of-func-
tions satisfying all the bounda'y congi twcns or where boun-
dary sbapes are t»oo compllcated for *he purroses cf ictegra-

tiom, it may be coaverient =o divide the tctal region into

oo~

sraller subregions and solve for +hRe field in each subre-
gion. This is the ra<iorale behind Fipi- Tlemen: varia-
tional methods.

Tte functional pectaining <=0 the entire regiorn is subdi-
vided into a numbef ot “sub—funcﬁionals" vhere the inner
predect corresponding tb each sdb-functiopal is  defired as
the integration over tha* particular sub Tegiqgn. The Zay-
leiqh=Fitz proceduce is used to find an approximpate soluti
in~each subregicn, taking care %o ensure *hat *he solution
is continucgs froz subregion to subregicn. The resulting
solutien is <he union of the scluticns for each.sub:egion.

The reqion is usually. divided inp*o trianqles for two-di-

- ¢
mecsional problems and tetrahedrons £or *+hree'- dimensicnal
problems. If Laplace's equation is to be solved, 3ubject to

certalr Dirictlet and lonogeneous Neumann cenditicns, <he
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funcfional (2.11) is written as thke summation over all of

the sub-functionals for each triangle or subregion:

F = Z Ft = Z'[St (Vﬂ)z asL . (2.23)
t t .
Q4

vhere the permittivity Stis assumed constant in each subre=~
gion but may vary from subregion to subregion.
For tvo-dimensional problems, the potential in each tri-
~—

angle is approximated by a polynomial in the two space coor-

dinates u and v:

Bu,v) = X T ¢ ok vl (2.24)
k 1 KL |
where the Ty are unknown ccefficients, For a linear ap-

proximation, the trial function becopmes:

gu,v) = c6°+ Ciol + ¢, Vv . {2.25)

where there are a total of three variaticnal pa:aﬁeters per
triangle, TO ensure the continuity of tke potential along
the common sides of adjacent triandles, (2.25)  is eanforced
a+ the three ;ertices of the <triangle and tke potentials at
tﬁe vertices (or coazmonly called nodes) are used as the var-

iational parameters [25].
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vt _ B (Uin, Vi)

- ¢j (Uj,Vj) ) @; (u;,vi)

>

Figure €: The general triangle for the tvo-dimensional
—— Finite Tlement method.

for the genmeral triarngle shown in Fig. 6, having vertices
located at (ui,vi; ¢ (Q:,v:) and (Wn'ﬂn)" thke rode Foten-

17
tials are given by:

; 1 u.l vi Cao
. = 1 2. V. CID 2 . 26
ﬁj i i ( )
_B'm 1 e, Ven Co,
Or in matrix notation:
g =12rc¢ (2.27)

The unknown coefficients are determined from c = ilg'and
the trial function may be expressed in terms of “he new var-

iatiogal parameters g, &

j and ﬁm as:

1}

du,v) ai(u,V)'ﬁi + aj(g,v) ﬂj + anﬁu,V) ﬂm

= a’ ¢ (2.28)
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vhere ak(u,v) . k;i.j.m aré linear interpolatory functidns,
sometimes referred to as shape functions becausé they depend
on the shape of the triangle, and are determiped from the
.solution-of {(2.2TY).

. The shape functions, with reference to *the general trian-

gle shown in Fig., €, have the following properties:

ai(u,v) = 1 _
aj(u,vy = {0 at (u,v) = (ui,vi) : {2.29)
an#u,v) =0

pd alcng the triangie side joining node “iﬁ 0 node "j" :

. am(u,v) = O"‘ (2. 30)
The second property enSu:qs that +the pctential is conti-
nuous between adjacent triangles since the po%tential along
+he triangle side joinimg nodes "i™ <o "j" is given by:
g = ai(u‘v) Gi+ aj(u,v) Hj (2.31)
Since the shape functiomns are linear in u and v , the bo-
tential - in (2.31) 1is a linear interpolate of ﬂi and Bj al-
one. Llso, since eguation (2.31) is valid for either trian-
gle possessing these two nddes, the potential is continuous
aleng their common side.-
The €irst and second properties allow the trial function

to satisfy any Dirichlet conditions. This is apparent if
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nodes 'it_and win lie on a-Dirichiet boundary since tke li-
‘near interpolation (2.31i implies.that the potential is
constant along the triangle side joiming ﬁhese twe nodes.
Having defined the trial function (2.28), +he functional
for each‘triangle is assembled and variations with respect
to the'éariational parameteré or node.potentials‘are taken.

The functional for the general triangle beconmes:

T —~
Fy = st_jg va-ya' g aq
Ay |
/ & }
= st‘ gTvg'VQTE_B fdﬂ. {2.32)
_"z .

t
vhere the gradient of each shape functicn is a constant and

depends only on the shape of the triangle. The Rayleigh-

Ritz minimizing condition gives:

JF, ar, aq
- =0, =90, -t =0 (2.33)
aai 8% Iazm
or in vector form:
aF, -
—_ = 2st]dn va-ya'g =0 (2.34)
og o _

t
If there are a tctal of n unknown node potentials, (2.34)

. \

constitutes an n x n system of equations witk 3 x 3 non-zero
entries. Diriclklet nodes have fixed potentials and thus are
not varied as parameters. Instead these nodes contribute

terms to the right Eénd side of (2.34) and subsegquen<tly, =0

the final system of equations [ 25].
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The final system of equaticns is obtained by summing the
contribution of the Rayleigh-Ritz conditien oF, /82 due to

each triangle:

9F,

-—— = Z bl ) = 0 R (2. 35)
af t df
wvhich yields the systen:

Sg = b ' (2. 36)

The system wmatrix S is symmetric [25] while <he righ+
hand célumn vector b %n (2.36) con*tains information abéut
the Dirichlet nodes. If there are a total-of n nedes in the
system, of which m are Dirichlet nodes, n-m linear algebraic
equations result which can be sélved by standard technijues
such as Guass~elimination.

The 'interface condition, which states that the norcmal
corponent of electric flux density is cecrtinuous between ad-
jacent triangles, 1is satisfied as a natural conseguence o°f

-~

rinimizing the functional (2.11) [26].

2.3 BONEET ﬁgigggg
The general Methed of Moments is a direct proceduce for

o N
transféfging a linear operator egquation, which in many cases
is difficult to solve, into a s;stém 0f linear algebraic

equaticns, which can be solved by standard methods. Under

certair conditions, Yoment Methods resemble variatisnal
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met hods, or, are equivalent to <hem in the sense that the
resulting systen of equations is-similar or identical. Un-
der these conditions the same conclusions about convergeance,

‘uniqueness and the minimization of enerqgy nay be exteﬁdéd o
Homent Methods [18,23 .
In the Method of Moments, the unknown func*icn u in *he

Operatcr equation {2.1) is expanded in a linear combination

of basis or expansion functions uj:

- ‘
u= Jau.=au (2.37)

~

‘Thé basis <functions are selected such that they‘ lie in
the domain of the operator (i.e. satisfy the boundary condi-
tions ihile the coefficienté ajare unkno¥n cons+tants.

The expansion for the unknown function is subs-ituted

into tke operator equation resulting in:
n
2alu. =alg=f (2. 38)
3=1 J J

where the property of linearity of the operator is used.

A set of weighting or testing functions w. are defined and
the ilnner prcduct 2f (2.38) with each weighting functicn is
taken, producing the system of eguations:

n

2 a. <Lu.,vw.> = <f,w.> (2.39)
=1 ) | i

I = 1,0,
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The system is sclved for the unknown ccefficients gjanﬂ

the solution is given by (2.37).

If the same func+ions are used for expansion and veighe~
ing, <*he me+hkod is known as Galerkin's method, arnd the re-
sulting systém of equations are idertical *o *hose obtéined
by‘hm:iayleiqh—Ritz variasiénal methed (if applied: +to in-

tegral operators) [181].

2.3.1 Soment Nethod for Imteqral Operators — Method of
Sybsections

For the Moment Method sﬁlution of integral equations,
vhere the unknown charge is distributed over conmplicated
conductor and dielectric surfaces, it is more cohvénient to
define the basis functiocns over a subsection of the surface
rather than to define ther over the entire domain ofF *he
probiem. .
Witk reference to the coupled integral equa*tions (2.20)

and (2.21), the csroductor su;ﬁaces SC and dielectric inter-

face sI are divided intc subsectioans:

tn
1]

C As1U ASZU .:...IlAsn

(2.40)

tn
1

I ‘AanU AanU svessl Asn+m
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vhere SC is the union of the first n non-overlapping subsec-
ti}ns, located on conductor surfaces, and SI is the union of

the remaining n+1 to n+m subsections, located on the dielec~-
[ 4

tric interface. The genmeral subsection is denoted 'by As; .
Tke unknown charge distributjon is expanded 1in a2 series

of suhsectional basis functions:

n+m
o(s) = ijj {s= Asj) (2.41)
=1

+

J

.where tte function ‘j (s- Asj) is defined only over Asj and

dj is the unknown am.plitﬁde. The basis functicns should be
chosen such that, in combina%ticn, they are able %o represent
the charge distribution satisfactorily.

Substitntion of (2.41) 1into +he coupled integral équa.-

+iopns (2.20) and (2.21) gives:

n+n '
zcjjfj (s'-Asj) Gisis') ds' = B(s) (2.42)
j=1

ASj

(51-0-82) . n+n a6
o(s) + (51-523 _Zdjffj (s'- Asj-)-—(sls') ds* = 0
2 : | 3=1 .. dn
)
(2.43)

 weighting functions, each defined over cnly one subsec-
tion, are denoted by v, (s- Asi) ¢ 1=1,...,0+D . The inner

'product of (2.&2) is taken with the first n weighting func-

N
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tions since #(s) is given over Sc while the inner product bf
{2.43) is +taken with the remaining n+1 to Dn+d veightiag
functions since {2.43) is satisfied on SI' - This procedure

produces a'system of r+m linear ‘equations:

ni-m
ffi (s= 4s;) f (S'-As) G(sis') ds'ds

25 &S]
vi (s As;) B(s) és o (2.88)
as;
L= 1l,0es,n
(81 +&5) T
o w-m-Asq f-m—AsJ ds
2 AS; _
n+m dG -
+ (8 2] v/:/; (S-As }‘(s'—As )— (sis") ds*ds =1
) an .

as; AS;
[2.43)

i=n+l,..., 040

in the o+n ugknouns Gj.

e

———

In general, the basis and weighting functions need not be
all alike. For instance, where a ckarge singulari:y is ex;
pected to occur suchk as on the edge of a conducter, a basis
function possessing a singularity may be used for that par-
ticular subsection. Also, weighting and basis functlons may
be selected to feduqé the amount of numérical computation
required. For example, 1f pulse functions defined as:

1T , s or As:

P(s- As:) = | } (2. 46)
) 0 , elsewhere .
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are used as basis functions and Dirac or impulse functioas,

8(5-5}), are used for.weighting, }2.nu; and (2.85) reducé to -

the particularly simple form:

-

-
i had

n+R .

.Z'Uij(SiIS') ds* = ﬁ(s.) . ' (2.47)

T s, o
i =1,e0.,n

(&1 +85) DR 36 , _ -
1
n G+ (51-8,) Zﬁ a—(sils') ds' = 0 - (2.48)
I 25 °"

i=n+1,...,.,n+m

where S; denotes the mid-point of the "im ¢h subsection.

The use of Dirac or impulse functions as veighkting fuﬁ:-
tions ié equivalent to enforcing or collocating (2.42) and
(2.43) at the mid~points of the first n and n+iﬂto n+m sub=x"
sections respectively and is known inp the‘litéf;tu:e as the
method of collocatién or point-matching [18].

If pulses are used as basis and vweighting functions (Gal-

erkin's method), (2.48) and (2.45) béccme:

o+m :
Zdjij(sls') ds'ds = fﬂ'(s) ds - (2. 49)
3=1

AS; AS; 85

i=1,0ee,n

(81 +82) n+m aG )
> diASi"' (31'_'52) -Z-IGJ;/ a—(S!S') ds'ds = 0 (2.50)
= n
) 45; A4S
I = neT,u0eeen+n
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To summarize,' tke method of subsections using _point-
matching or Galerkirn's mgghéd, réduces the pair of integral
equations (2.20) and (2.27) to a system of n+m linear élge-
braic equation;. If pulsé expansion functions are used, the
solution is a Step-vise approximation to the true solution.
In order that Ehe pulse appfoximation should closely follow
the exacﬁ charge'distributioﬁ, pulses should be made narrow
at cornérs and gbrugt’discontinuities ‘while féé away fron

sutch discontinuities, they may be made broader.

2.4 CONCLUDING REBARKS

Eleétrostatic problems.miy be'clagsed inte two broad ca=
tegories based on whether the problem is bounded é: unbouad-
. ed. a bounded problem is cne in which the regicn of solu-
tion is bounded compietely by either Pirichlet o< ¥Neumaaon
boundaries thle an unbounded probl€ém may be defined as one
- 1in which part of the boundary is at infini+ ,‘ vhichk in most
cases is taken to be a homogeneous Dirichlet boundary.

Generally, differential egquation formulations are used to

solve bounded problezs while integral eguation formulations

are used for unbounded problems. There are excepticaos to

this rule however, Finite Element methods for differential
operators Héve beer adapted +to unbounded problems with a

]

corresponding increige in complexity [27].
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Certain generalizations may be made abou*t the <wo methois
of‘solution outlined Lere (FEN for differential operators
anéﬁuom for integral operators). First, the integral equa-
tien foermulaticn possesses singular kernels whkick make ihte*
gqration difficﬁlt: ‘Also, modelling of the épatial distTiba-"
+tion of permittivity ‘Tequires ar additi;nal‘ inzeqg-al
equaticn fér each dieleéi:ic intefface.l The variationaxl

differential equation foranlation ¢n *he o-her karnld, is coo~

g4

putaticnally simpler and requires no ex*ra equations for. <he

interface problen. However, i+ is usually unable to accu-

‘rately model unbounded probleas.

Tre problens undé:,iﬁvestiqatioﬁ in this vork ace of tae
unbounded type. It was deéided, nevertheless o use *he 7i=
nite ETlemen*t Me+hod for differen<ial operatcrs (FFM) due to
the ease im handling tke in+terface problem.. X second meth>ad
vhere the coupled in+eqral equations (2.20) and (2.27) ace
solved using the Metheod of Moments and a subsec+ional basis

(MCM) is presented as well,

Y



Chapter III !

NUEERICAL PROCEDURE

3.1 INPLENERTATION OF FE

In tiis section, the implementaticon ﬁf the Finite Zlement
Method (FEN) €for analysing opeﬁ-ended coaxial sensors is de-
séribed. The applicaticn of the method to cylindr@cal‘éoor-
dinage systens witk :otatioﬁal symmetry is given and details
of applying +ae method to ‘the enbounded sensor problem is
explained. Also the methdd by wkich the external and inter-
nal capacit;ﬁces, Co.and éf :e;pectivelj, were determined .is
elaborated. : .

3.1.1 FEM for Rotationally Symmetric Systesms

In Chapter II the basic Finite Flement Method was pre-
sented for a general two-dimensional coerdinate sys<ten. il
is applicable to :otationally-—symmet:ic systems since the
fields have no variation in +the angular coordinate wken a
cylindrical coordinate system Is used. The independant

space coordinates u and v used in *he trial function (2.25)
t -

become the axial coordinate z and the radial coordinate T

respectively.

- 4l -
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N

The elemental area for rotationally- symmetric systeas is
&0 = rdrdz and the integral over tke domain of the element

in (2.34) is given by:

f f f r dr A4z (3.1)

trlangle t

For the gemerzl—triangle depicted in Fig. 6, (3.1} can be

evaluated ass

' (zj +Tj o)
rdrdz = -—;T-_- (zj(rﬁrrj’ + zj(ri-qﬂ) + zﬁ“rj-ri’]

triangle"+t”

_ EtTjy)

x Area of triangle "t" 'f” (3.2)
3

-

vﬁere the u and v coordinateg tave been replaced by z ané r
respectively. | -

Equation (3.1) is actually trte firs+ momen* of the arcea
of the general  triangle about the z-axis vhile the term In
brackets in (3.2) may be 1nterp eted as the mean radial dis-

tance of the gemneral triangle from the z-axis.

3.1.2 Application to Coaxial Semsor Problem

The configuratior of an air line with a . groundplane
(Pig. 2(a)) is treated as an example of the application of
PEM to the coaxial sensor prtoblen, The .region ¢f solutlon

is depicted two - dimensionally in Pig. 7, while the actual

-

-~

L
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physical region is the volume of revoluticn about the z-

axis. )
.‘\ -
r¢
- ~ N\ #~Approximate
\\ Neumann
‘.  Boundery
\
@20 *
\ \
I 1
j=— Exo¢t Neumann :
1 . t
' Boundaries '
=1 ‘ 1
l
. ) :
T —7
Pigure 7: Fegion of soluticn for coaxial sSensor with
‘ grourdplane. o

. . .

Dirichlet boundaries are provided by the inner conducto:z,

held at a potential of 1 volt, and thke outer ccenductor and

groundplane held at 0 volts. Since the line is assumed o

be infinite in the regative z-direction, a vertical Neumann

boundary is placed far to the left of +he apertar

Pig. 7. Tkis boundary represents an electric field line re-

sulting from the

in

transverse electric ‘ard magnetic (TEM)

filelds .of an infinitely long coaxial 1line. The z-axis

represents another homogeneous Neumarpn boundary (cr electric

field line) due to the axial symmetry of the problem.

A fi-
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nal boundary is reguired to close the regicm completely be-

fore dividing it into triangles.

The problem is unbounded (theoretically, the final boun-
dary is a homogéne:us Dirichlet one at irnfinity), however an
_apﬁrorimate Neumann boundary enclosing a sufficient amount
of the region may be ' used, This approximate .boundary is
found by making aﬁ initial guess a*t the locaticn and q;ien-
tation Sf an electric field line originating on the z-axis
and terminating at right arngles on a conductor, ir this case
the groundplane. An exaﬁple of an approximate Neumann boﬁn;
dary is shown in Fig. 7.

To ensure that a sufficient area around the aperture is
enclosed so that almost all of +he stored enerqy is includ-
ed, several separéte rups are made, each withk a progressive=-
lj larger region cf solution. when the difference bétween
the stored energy from consecutive runs becomes less than a
specified amount, say 1 % , fhe required area is deterained.
Aiso, once the orientation of the elecéric field has been
calculated, a further refinement of the approximate boundary
may be made.

TO modei the effect of different dieléctrics inside and
outside the line, N a dielectric interface is placed in the
aperture plane (see Fig, 7) separating the two dielectric
regions. Fach dielectric regiom is divided into triangular
elepents separately making sure that adjacent trianile sides

match on the interface. .
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‘ Where the'électrié iield is expected to be stronger, -the
~triangularization shou;a be denser and the *riangle size
should increase approximately logarithmically vithk radius to

ensure accurate solutions [25].

3.1.3 Galculation of Capacitance

" The functional (2.23)., written as the sum over all the
elements, 31s proportional to the stored electric éﬁe:gy at
the solution point. Iﬁ a.rotationally-symmetric system, the

stored electric energy ¥ is given by:

. 1
Wg = - f& (Vﬁ)z 21 rdrdz , (3.3
2“0 .

Comparing (3.3) with the functicnal (2.23)} and noting
+hat the capacitance is given in terms of the stored énergy
by: C = 2“%/?2, tte capacitance nay be calculated from the
functional by:

2wF
C = =— _ (3.4)
v2 . ~

where F correspondg to the value of the functional at the
solution-point and Vv is the potential difference between the
two conductors. Computation of the fﬁnctional is straight-
Eérward once tﬁe unknowrn potentials have been solved.

A portion of the capacitance calculated by FEM im <his

problem results from +he TEM fields inside the linpe. The
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net fringe—fgg;&V”tapacitance is determined by subtracting
the contribution due to the TEX fields which is given by:

216, £

C =
TEM l1n (b/a)

(3-5)

vhere { is the leng;h of c¢oaxial line in the FEM analysis, &_

is the permittivity inside thke line and a and b are the in-

ner Q;d’%&fff-conductor radii respectively.

~

Co and Cf:
Determination of the values'of the external and internal
- capacitances C, and C;, defined in Chapter I, £cllows from

the linear circuit model (1.1) given again by:

c(&) = Cf + EC, ' (3.6}

vhere C (§) iﬁ the fringing capacitance that is calculated
vher a dielectric sample of relative permittivity & is pre-
sent.

¥ith ro sampfé present the calculated fringing capaci-
tance correspoads to Cy = Cg + Cy and, from these two expres-
sions, the external capacitance may be calculated by:

c(&) - Cy

Co= = X (3.7)
&E -.1

L




50

Once the external capacitance has been found for a given
value of &, ‘the internal capacitance is calculated fronm:

_Cf: CT-CO (3.8)

The values of Co and Cy determined in the Jbgve manner
vill iz general, depend on §&. However, for a range 2f va-
lues of & where they'are constant, the linear model ;mp;ied
by (1.1) or {3.6) will be approximately valid. In?this case
Co may be interpreted as the constant slcpe of a plo: of

C(§) versus &.

3.2  IMPLENME 105 OF KON

This section deals with the application of the Method of
Moments (MOM) to solve the:coupled integral equations (2.20)
and (2.21}. .First a brief derivaticn of +the Green's func-~
tion and it's de:ivatives‘is given for rotationally-synme;
tric systems, The procedure for calcﬁlatihg the‘capacitance
is presented, and Zinally, the application of the method to
+he coaxial sensor problem is discussed.

3.2.1 Green's Function for Rotatiénallz Symmetric Systens

Por rotationally-symmetric conductors and dielectrics,
the charge is distributed uniformly about the circumference
for a given r and z. To obtain the twé-dimensional Green's
function, valid for rotationally-syometric problems, consid-
er the infinitesimally thin circular riné with axis coinci-
ﬁent with the z-axis and charged uniformly with a demnsity of

1 coulonb/m , as skown in Fig. 8.
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P(x,y.2)
xsy
y20

Pixy.z) 132
Y x:: r_‘cgse ‘ —
y'=r'sin &
\: =2
—

?igure 8: Infinitesimal ring used in the derivation of the
Green's function.

l.l
7]
"

The three-dimensional form of the Green's function
. | —

8

1 o1
Gxix") = — = : {3.9)
4T K 497 1X=X7 |

uhefe the primed coordinate X*'=(x*',vy',z") denotes a source
point and *the unprimed coordinate X={x,y,z) denotes an ob-
servation point. Because of rotational symme*ry, the obser-
vation point may be placed in the x-z plane without loss of
generality. The distance betveen the observation point P

and the source point P' is given by:
\ -

Vo (x-x')* + (y=y')* +(z-2')?

2 o]
I

J (r+r‘f‘+(z-z')z- 4rrct cosze/iﬁ (3.10)
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vhile the increment of potential at P due +*o the increment

of charge at P* is:

‘ ae
ag (p) = .. (3.11)
4TV ()P + (z=2")F = Urr' cosie/2

o>
The potential at P due to the entire ring of charge is
the integral of (3.11) over the intérval O to 2%, thus the

rotationally-symmetTic Green's function is given by [21]:

2T de
G(r,z|T*,2") =f (3.12)
o U (cert)? ¢ (z—2")% - 4rr'cos?e/s?2
: o ° |
Equation (3.12) can be recast into the fornm [21]:
F{k) 4ret
SG{r,2z|ct,z2") = T k2=
V(ctrt)? +(z=2")? [{z+r*)? +(2z-2*)%)

{3.13)

where F(k) is the complete elliptic integral of the first

kind and is defined by [29,30]:

il

2
d .
F(k) =, f ; ' S (3.14)
. ' v 1- K¥sin*d

=}

The derivatives of (3.13) are required in order to calcu-
‘late dG/9n, vwhich occurs in the inteqral equation governing
the polarization.cha:ge. They may be obtained by differen-
tiatiﬁg (3.13) witk respect to the unprimed coordinates r

and z and are given by:

=
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can be shown! that J3G/3z-vanishes at z=z! ‘€or all r and ¢

.where 0 denotes thke unit normal vector.
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BG : -(z-2")
= (Te2ir',z') = [ P(k) +kF* (k) ] (3.15)
9z _ NIlo+r' ) + (z=2")2 TR - _
a6 1 kKF* (k)
—{(r,zlr*,z2') =
ar 2Mr V(zezt)? o (z=27)F
(xec*) - 4 - ,
- 5. [ F(k) +kF' (k} ] (3.16)

T (r+ot)® ¢ (z=2')* ]R

wvhere F' (k) is the derivative of -(3.14) with respect %o k.
. b

Botk G and dG/9r possess logarithmic singulacities at

: s :
t=r' and z=z' siance F(k) is singular for k=1 ((30), however it

A

including r=r°,

Evaluatior of the normal derivative of the Green's fuac-

tion to an arbitrary surface proceeds as follows. The nor-
mal derivative of a function may be expressed as the vector

dot product of the function gradient with the unit normal

vector to the surface: _ - -
R
. a6 . ’ ~
: — = Ve-d . . {317y
dn o .

" If the surface, given by f(r,z)=cornstant, can be ex-

pressed two dimemsionally as r=h(z) , the unit formal may be |

T

expressed as: - )

o

! See Appendix A.

e
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. + (3= h'(2)3,) :
2= - e Z (3. 18)
v 1+t (2)?

-

—

wvhere a and izare unit component vectors in the r and z-di-

rection and the sign im (3.18) depends on the orientation of
A .
n.

Lfter suﬁstituting {3.18) inte_(3.17) and performing the

indicated gradient operation, the general form of the normal

derivative of G-may be written as:

a6 + 1 3G e
an v 1 + hi(z2)? ~dr 9z

- . - + AN
Equation (3.19) takes on a particularly sisple fo:m 1£°

_ +he surface of rotatign is .-approximated by frustrums of a
vight ¢ircular cone or, in two dimensions, as a series of

straight line segmeats as shown in Fig. 9.

Pigure 9:- Surfacer;epreSented two dimensiorally by straight

_lire segﬁehts showing the "i"th seguent.

~
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-

If <the endpoints of the "i"th segment are denoted as
'(rf.z;) and (r{fzr) ,: thke slope of the segment 1is

h!(z)=(r{—r{)/{zf-z;) and the nermal derivative of the
, { ) .

Green's function bheccmes:

3
4

96 + [(2f-2) 36/AT) = (r]-r]) 36/37) ]
- = - _ (3.20)
dn ) o=zt - o

! \

If the segment is strictly annular (z;=z;) or.strictly
~cylindrical jr?=:;}, tke normal derivative of G reduces to
dG/3Z or 3G/gr respectively. . =

3.2.2 Calcunlation of Capacitanmce

The capacitance is evaluated by integrating' the charcge
over one of the conductor surfaces and dividing by the po-

tentialydifference VvV (20,26 ]:

;.
e

o 1 38
c= - J/-SG)—-(S) ds (3.21)
. v A én :
o

vhere d6/9n 1is the potential gradient terﬁiﬁating on the
conducto; which correspcnds tofthe charge density q(s} in
{2.13) and & is the permittivity of the dlelectric contact-” 
ing tthe surface. Thé integrétion in (3.?1) is performed
over either the positively or'neéatively;charged conductor,
For the pulse functicn expansion of the chafg;, giveh bys:
j

‘ ag ‘n+m R

. 6(5‘% = —{s) = 2, -C. P(s-As.H {3.22)
/ . 3 =1 LN

3

“
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where 9(31Asi) is defined by (2.46) . and oi is the pulse ajz.

' piitude in units of coulomhs/mz, (3.21) beconmes:

- . _1' k . . . i -.
- Z 0', E'tf s ° - (3.23)
| _ _‘Z i1 S \

ASE

' ihere the summation is over all posxt*vely or ‘negativelx-

charged subsect:.o.ns ly:.ng on conductors.
If the surface is- repfesented by <£rustrums of a right

circular cope, the integral tecm io {3.23) 1s the area of

"the "imth frustrunm, In.general, the elemental surface for

rotationally symmetric systems is given by:

ds = 26t 41 - N E NP IS
- * > - N . ' ’ r
vhere dl = vdr-® +dz?. , T

Yo

Referring *o Fig. "9, the inverse slope of the frustrus is

"givéa by dzy/dr = (z -z )/(- -*l) tkherefore the frustrum surc-

N

face area is given by:

r -
J['Jk1'+ (dzgdrf 27r dr
- .

-

ds
AS)

(r;+ ;) N
2T — J—(r -r ) + (z -Z; ) ‘ (3.25)

3

2

-

ﬁquation (3.23) apd@ (3.25) may be used to calcglate the

capacitance once the unknown chaxrge pulse amplitudes have
been solved. The same procedures for determining the net
fringing capacitance and Co and'c}: given for the FEM ana~’

lysis (section 3.1.3);'arg~used in the MOX calculations.
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3.2.3 application to the Coaxjal Semsor Problem .
mhe - sensor configuration of Pié. 2(a) = will Again be
treated as an exanplé to illus%rate the Qpplication of the
-method of subseqtians' to the coaxiél sensor problen. The
outline of the condnctors.and dielectric interface for which
the charge distribution is to be solved is.shown in Fig. 7.
The outer conductor-and goundplane are keld at 0 volts
whilé thé inner.conducto: is held at a potential of 1 volt.
The dielectric interface is placed in the plane of the apec-
ture while +he homogeneous-xeumann-bouﬂdafy, which arises
due to the assumption that the libe is infinite in the negé-
tive z—direétian, is lecated at 2;0.
The assugptién of an infinite 1line igplies that ﬁhe
. Charge distributioq on both.the inner and outer c0nducéo:s
is uﬁifo:m f;: from. the aperture. If thé integral equatidns
'aie solvgd for the line truncated at z=0, as in Pig. 7, a
charge singularity will, occur where thg conductors terminate
and the tesult.will not be the desired solution. In order
to sipulate arhomogeneous Neﬁmann boundary a+ z%0, the meth-
od of images [20,28] was used. .
In the metkod of images, the problem that is solved ccn-
sists of the actual problem, shown in Fig. 7, and it*'s "ip-
age”™ problem formed by the mirror image of <+he cénductors

and the interface about the plane z=0. The resulting co-

nfiguration is shown in Pig. 10.

L ]
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. iSubsection Subsection
" ] Min T
. (r,..-:,'}"‘/' : , NG (ry2))
- - 1- . .-qn .
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Prablem . | Prodlem
- P*—-—_ . -
1
. 1
. >z
==z0

Figure 10: Configuration of real and image problems for YON
solution, ‘ .

.

-

Given a sufficient length of coaxial line, this technique
will insure that the charge distfibution on both inner and
outer condu&tors will be apé:oximafely uﬁtform 4n the vicia-
ity of z=0 (Note +tlkat this ﬁay be taken as a cfite:ion for
thg requi:ed.length. of line). Because of the symmettical
distributicn of ckarge hovever, no additional unknowns are
introduced. This is apparen% since the chargé densities at
(r,=-2) and (r,z) have the same values thu; Tequiring conly
one of them to be solved for.

To implement a subsectional sclution, the real conductors
and interface ip Fig. 10 are divided intc straight line seg-
ments (subsections} vhich are numbered from §=1 to j=n for
. conductors and j=n+1 to j=n+m for the interface. The image

-

conductors and interface are divided and numbered iden-

tically, in the mirror image of the real ones. Image sub-~

sections are differentiated from real ones by writing their

indexes with a prire.
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For expansion by “pulse functions and weighting by Dirig

functions (point matching), the sysiem governing ﬁhe distri-
bution of free charge (2.45) becomes: .

n+ n+m ‘ _ o
> oKy v 2 opKpt = B (3. 26)
j=1 3 =1

1= 1,e0.,0l

vhere’the potential #{ on Asé-is due t¢o coptributions £ronm
both real and image charges and )’ denotes the charge pulse
amplitude of the "3j"th imhge subsection,

7 The elemenq;Khirepresents the potential at the aid-point
of As; due to ; uniform charge distribution on ASj and from

(2.43) is given‘by:

Kiuj = ‘[G(Sils') ds* (3.27)
ASJ
Similarly, the system governing the distributioa oI po-

larization‘charge (2.448) may be written as:

n+n o+n (811'52)
g.L.. + SsL. = - . 3.28
j=1 ) 4 j$=1 14 2 { ( )
i = n+l,ee..n+m
vhere the general element Lijis given from (2.44) by:
: ’ aG .
L..= (81 -52) f —-(sils') ds* {3.29)

-Thda
4~
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Recall that the normal n in (3.29) is directed from the

1
H
'

region éith permittiﬁity &, to the region with permittivity

i ' ‘ ?
Because of symmetry, -the real and image charge distribu-
1 * )

NPT
o

tions are\ideqtical, i.e. dj'=6j « thus (3.26)}) and (3.28)

may be wri*ten as:
j

L

}

. n...m . . . L
\\ j; c (K K..,) = @. T (3.30)

J IIJ 1

\ i = 1,....'!1

\

2}6 (L .4+ Lo o+ o
= 1] 1] 2 1]

§y+&y

}y =0 ' {3.31)

i = n+l,ee.,0n+m

-

vhere the Krcneckeﬁ\delta §..1s defined as:
]

1 r i =j .
\\§.. = N (3.32)
.:,t"ﬁ“.:{‘d o . i# J -

.
\

L 4

The image elenments ;x}-and Lif in (3.30) and (3.31) afe

computed by integrating the Green's function or it's normal

derivative over the interval (rf. -zf) to (r., -2.), sSinoce
: ) J J J J

corresponding points on a real subsection and it's image are

givea by (r,z)> and (r,-z) respectively. Thus, +there is no

need to actuélly subsection and number the image problean. .
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‘The dimension of the resulting system of equations 50 =b.

-

is n+m and the general element is given by:

S,.= K. .+ K . . i=1,....n
1 I hj (3.33)
8148,

. .. §'. » i=n+1,...,0+m .
L] b 5 . Ul T

The elements o0f the right hand side are given by:

i bi - ﬁi ’ i=1.’oo.'n
(3.3%)
= 0 e i=n+1,...,n+n

-

(N . *

If Galerkin's method is implemented (pulses for Basis and
~ weighting functions), the same notaticn for the system na-
trix elements (3.33) rand (3.34) may be used. The couponents
makihg up the left hand side are double surface integrals
defined by {2.49) and (2.50), and, using the .no:ation-of

{3.33), ;hey are given by:

Kij = J/ls(s|s').ds'ds (3. 35)
bs; b5, i
- ]
' Lhi (8 82)\}/U/. (s|s') ds'ds (3. 36)
h AS AS

Por the same notation as in |(3.33), the Kronecker delta

nust be redefined as:

5. . = . (3.37)
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The right hand elements for Galerkin's method become:

. -

o
[}

g‘ AS- F] i=1.¢-.‘n gt .
b (3. 38)

0 '] i=n"1....,n"ﬂ
&
Both the'single’ and double integrations may be performed
numericélly using Guassian quadrature technigues [31) or

simple integration schemes suchk as trapezoidal or Simpson's

rule.? However, great care must be taken when computing the

diagénal conponents Kii and Lii since the Green's functiosa
* ?
and it's derivative witk respect to r are singular over the
interval of.inteqration. These elements should be calculat-
ed analytically [21] or numerically, witk a large number of
integration points to ensure accuracy. Fortunately for the
application at hand, lthe normal derivative of +he Green's
functicn is aluays dG/32, which is not singular3 and there;
fore computation of Lii requires no épecial conside:a-

¥

tion.

2 Appendix B gives a general procedure for evaluating single
or double surface integrals which 1s compatible with Gaus-
sian quadrature technigques,

-

3 see Appendix A



Chapter IV

NUERERICAL RESULTS

This chap-er presents the numerical results of +he Tinite
Elemént and Moment Method analyses. Also, brief descrip-
+ions of <the two FORTRAXN pr9qramsused in the calculaticas
are qiven., The sensor éonfigurations of Pigs. 2(a), (2} and
{e) were ahélysed usiﬁqvboth FTEM and MCM while only the Mo-
Aaént Me+hod 4%5 used in the calculations for +he ccnfiqufa-

tions of Figs. 2(b) and (<).

» twe - dimensional cartesian Finite Zlement progran was
nodified for use in reotationally-symmetric préblems using
the_ideas'presented in Sec+icn 3.1.1 . ~ The FNRTEAN progran
ccnsists‘qf *hrée.maﬁor parts, the first part cemstructs the
systen of éduations, the second part solves the system and
Einélly-the third part calculates the-stored enerqy and ca-
pacitance. The systen is sclved tsing Guass eliminatiano
r3ti. 211 cperations were performed in double precision (8-
word) arithmetic oc anjAmdakl U470/V7: computer. The main
prograr which is made up of the €irst and +third parts 1s

5,00C words in lergth while the Guass elimination Zoutine is

- 63 =
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approximately 1300 words long. Both routines are reproduced

64

- in Appendix C,

8.1.2 Results

Air Lines: .

| Por the analysis of the sensor configuration of
Fig. 2{a), the regicn of solution (shown in fig. 7)  was di-
vided into 125 triangular elements. The total number »f
nodes was 79 which included 16 Sgrichlet podes. | Referring
*o Fig. 7, the necessary area of the half-space reguired to
ccntain mos£ of the stored energy was found to kave a radiuas
of approximately 2.5 timeé the outer-conductor radius. The
area was determined by progressively increasing the radius
of the guadrant until the changeﬂin the‘ stored enezgy ber-
veen consecttive runs became less than 1%.

Using the relative perpittivity of air both ipside and
outside the line, the total capacitance (normalized to the
free-space permit<ivity and aperture dimension b-;) was cal-
culated to be CT/Eo(b-a) = 4,3108. Recall thaf this is a
dimensionless quantity which is valid for any size of line
provided the ratioc of outer to icner — conductor radii is
bra = 2.303, as required for all S0-Qair lines.

The internal and external fringing capacitances, Cf and
C, respectively, vere determined using the procedure out-

lined in Sectior 3.1.3 . Calculations of the fringing capa-

citance were performed for different values of the half=-



~ * v

~ €5

space permittivity & ramging from 2.0 to 60.0 . From these

results and the computed value of CT given eaélier, Co and_

Cy vere deternined for each valud of &. In all calcula-
tions, the permittivity imside the line was -maintained at
1.0. Table 1 gives computed values of the ratio of C¢/Co
versus € for the 50l air line with a groundplane depicted

A B
in Fig. 2{(a).

TABLE 1

cf/Co vs., & for SO0-nair lipes with groundplhnes (r=NM) .

& .1 C¢/Co
2.0 0.03€0 .
5.0 0.0874 ~

10.0 0.0531

20:0 0.056%

50.0 0.0584

60.0 0.0590

- —— B e —— ’

Teflon-Dielectric Lines:

FEM calculations were performed for the configuratidns of
Pigs. 2(d) and (e). They consist of open-ended teflon-die-
lectric lines without groundplanes with the second one poss-
essing a copnducting disk which partially covers the aper-
ture. Pigure 11 illustrates the general configuration of
these sSensors showing'all dimensions as they " are Jdefined.
The coaxial line dimensions were taken from standard manua-

facturers data ° and are given by <¢/a=3.93 and

v

;.'..‘.h
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b/a=$.27 . The relative pernittivity of the dielectric
filling the line (teflon) vas taken to be %Jne.=2.05 . ?he-
re the disk radiﬁs d equals the inﬁer-condﬁcto: radius, lthe
general configuration reduces t5 that of Fig. 2(4), an open-

ended teflon-dielectric line without a groundplane.

a T

b Line

T

v

Pigure 11: General configuration of an open-ended teflon-

dielectric line with a capacitive disk.

For the PEM analysis, the total region was divided iato
156 triangles with 96 nodes. E length of line equal to
tvice the ounter-conductor radius was used while the hali-
space region wvas approximately contaired in a half-ciccle
;ith a radius 3 times the outer-conductor outer-radius.

Por the case where d/é=1.0. i.e., the case'of.an cpen-end-
ed teflon-dielectric lirne vyithout a groundplane, the total

capacitance {normalized) in air was calculated to be
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-]

CT/SO(b—a)=zfﬁBOB. 'Values of the ratio éf/Co for this con-

-

figuration are‘given in Table 2 for differgqt'vhlugs of the

half-space permittivity §.

- L)

TABLE 2

Cf/co vs, & for open-ended teflon-diélectfic lines Hithout
. groundplanes (FENM). : '

-

- . g Cf/Co .

0.0577 .
0.0804 ,
0.0948 X
.0.1106
0.1128

&= b)) s

OOO0OO0OWnNN
.

(=N oRelelels)

m
s ®

For valuves of disk radius given by 1.b < d/a <H3.27 . the
general configuration is +that of anm qpen-—enﬁed teflonidie—
lectric line with a capacitive disk (Fig. 2(e)). Pof simpl;-
icity, the disk was modelled as being-infinitesimally thin
(w=0.0). ‘

Table 3 gives conmputed values of thé normalized capaci-
tance in air and the ratic Cf/Co_correspéﬁding to a“half-
space(%ermittivity of §&=60.0 for different valves of the
disk radius.

The data for the total capacitancé.(normalizéd} -is also
plotted in Fig. 12 versus d/a where the valﬁes of Cf/So(b-a)
for d/a > 1.0 have been normalized to the value corré;pond—
ing to dsa=1/0 (i.e. case of no disk). 1E‘igur’e 13 shovs
rlots of Cf/Co versus - tke half - space permittivity & for the

different values of d4d/a.
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| TABLE '3 /

: CT/So(ﬁ-a) and C¢/Co ¥S. d/a/for teflon- dielectrlc lines T /
SEN L u‘tb a capacit:.ve disk {FEM) . . ) o
dra :ch"zs;b{b-a') | C¢/Cq (6=60.0)

_. 1.0 2.4808 0.1128 '
’ . 1.2 3.1431 0.1262
_ 1. 6 5. 5605 0.82€5
2.0 9. 1806 0.7938 - s
~ 2.5 17.460 1.'3340 i
- i
L
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' CT/EO(b-u)‘(fOF d/a

10.0 - . .

so— ‘ ]
8.0

- 70

6.0

)

‘50

Cy(d/a)
Cy{d/a=1)

Normalized Total Capacitance

1..01 ‘ : : \
1.0 15 20 2.5 10

d/c

Pigure 12: Total capacitanée Ct/Cy(d/as1) versus dsa for
teflon-dielectric lines with capacitive disk
(FEN) . :

69
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8.2 SETHOD QF HONENTS
%.2.1 Progras Descripticn
POﬁTRLH programs which solve the ¢oupled integral equa-
tions (2.20f, and (2.21) -using a4 subsectional b;sis. and
point-matching or- Galerkin's method were written for afbif
'trafy rotationa;ly-—§ymmetric conductors and diqlectricé.
a1l surfacés-aze :epfgsented by straight line éegments which
are defined by éhe coofdinaiés-of tteir end-points.
| The system of equétions is assembled by -performzing the

integrations outlined in'Appendii B fof each of the subsec-

,tions., Off-diagonal . elements vere conputed using Legendre:

Guass quadratﬁre [31] for both single and double ‘ategrals.

. The number of abscissae in the quadrature svbrouvtine, called

GAUSS ranges from 6 to 16 for a single integ:étidn‘and may’

be selected by the user., - -For diagonal elements where the
"
xernel is singular, yarious methods for performing the inte-

gratibn‘geré attempted. They consisted of: 1) using a large

nunber of abscissae, say. 1000, with a low-order rule such as

‘s

the trapezozdal ‘rule; 2) u51ng a procedure toutllned in AD-*

pendix 1) for extractlng the 51ngu1ar1ty and integrating
analytically;and 3) using a combination of analytlcgl and
numerical 1ntegratlon..; In the latter metkod, #he Gfeen's

function, written as in (3. 12), is flrst integrated ani&ytl-

,\bai}y Bdver the subsection_and £inally integrated”numerically
over +hé angular coordinate § using'a low-order.:rule and a
. large ntdmber of abscissae. .

- ) ',

W
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Numerical computations using the +third appréach_gave the

best resulfs vhen applied to test problems. This may be due
N AN

" to the fact that the truncation error inherent_in the 'numper~-

-

ical integrétiop is independant of the size of *he subsec-
LY

tion.
e

The Green's function was compufed with the aid of an IMSL

suﬁroutine_package [32] which was used to .calculate values

,of the complete elliptic integral. Derivatives of the el-

rliptic integral were computed <using backwvard differénce ap-
proximaticns. The required step 1lengt or +*he backward
d;ffefence vas determined by using succ ifely smaller step

lengths cn ccnsecutive runs of a test problen. When no ap-

‘parent differeace (up to 7 decimal places) in the to%al.

stored energy between consécutive runs was observed, thke ne-
] ’ C . -4 -7
cessary step length was found (approximately 10 =10 ).
The FORTRAN_prégram'consists of several parts,. The maia

program constructs the system of equations and coaputes the

-

subroutines are provided for: solution. of the systen using
Guass elimipation; single or double surface inte@raﬁiou ;
evalution of =*he Green's functioh aﬁd it's ncrmal deriva-
tives;and for special -handling-of tﬂe 'siﬁgularities. Al1

prograps use doudble precision (8-word) avri‘hmetic and are

.reproduced in Appendix C.

-

stored energy once all charge densities are known. Sepatate



8.2.2 Results

Air, Lines: . .

So}utions of the fringing capaciéaﬁce of open-ended 50d{L
air lines with groundplanes (Fig.3(a)) were carried out for
a ranée of ':elative permittivity in the haif-spacg between
1.0 and 6010. L length of line approximately eqﬁal to twice
the outer-conductor radius was used and the. groundplane ra-
dius was takeu to be three times the outer-ccndﬁcto: radius.
The conductors were divided imto €5 Pirichklet pulses and the
interface was divided inteo 11 Neumann‘pulses, resul+ting in a

- otal of 76 unknowns, Calculations of Cf and C, were per-
formed using tke same procedure as in the FEM analysis (Séc-
*jon 3.1.3). For all solutions, the relativeldielectric

' constant inside the line was mnaintained constant at a value
- Qf_1.0; i :

| .For a poin*-mgetching solution, the total capacitance in

-air was computed to be Cy/Ey (b-2)=4.0759. Table ¥ gives va-

lues of the ratio of Cf)co for different vélqes of the half-
épace permittivity obtained from the point - matching solu-
tion. -\ )

Por comparison, a éolution of ghe same-problen was peér-

formed uéinq Galerkin'é method., -~ Only wminor modifi;ations
vere required to adapt the main program for constructing tkhe
"systenm matrix and the right hand side elements (3.38). .The

double surface integration subroutine perfcrmed the integra-

tion using legendre~-Gauss guadrature vith 9 x 10 abscissae.
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TABLE 4

C¢/Co vs\s & for 50 air limes with groundplanes (MOM).

& C¢/Co
2.0 | 0.0739 - -
5.0 | 0.0962
10.0 0.1079
20.0 0.1150
4c. 0 0.1190
€0.0 0.1201

Diagonal elements \were computed using the; trapezoidal rule
vith 20 x 20 abscissee.

The value of the Eptal capacitance found using Galerkin's
sethod was cT/ao(b-a;%u.oeso-. Vaiuéﬁkjgf C¢/Co obtained
wiﬁh Ga%érkin's me thod vere very close to the values ob-
tained wit@ the point-matching solution (;ithin"1i).

Seiutions "for .the capacitance of tﬁe ccnfiguraticn of
Fig. 2(c), a SO0flair line wvithout a groundplane , were pé:;'
fbriéh_ééf-different values of .outer-conductor outer-radius.
."his wvas done to observe the effects of outer ~conductor

thickness on the capécitanc;;mayzable 5 gi#es values of the
+otal capacitance arnd éalues of Cf/co _versus & for three
.different values of the ratio of outer-cgﬁguctor outer-radi-
us to inner-conductor radius c¢/a. Note.that in all cases,

the ratio of bsa was fixed at 2.303 as required for 50-fiair

lines.,.

meflon-Dielectric Lines:
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. TABLE 5
C¢/Cy ¥s. & and CT/BO(b-a) for 50-n air lines without ground-
planes (MOM) .

c/a=3.5 c/a=3.0 c/a=2,5

Cr/8o (b=a) 4. 0697 3.0538 4.0112
£ C4/C, C4/Co C¢/Cy

2.0 0.0€77 0.0675 0.0666

5.0 0.0882 0.0878 - 0.0866

> 10.0 . 0.098¢ 0.0985 0.0%70
20.0 . 0. 1055 0.1050 0.1034

40,0 0. 1092 0.1087 0.1069

Sclutions were obtained for the configuration of Pig.
2(), a 50-nteflon-dielectric line with a groundplane . The
radius of the g,rx:o.umi[:;lcxmz?l-‘i was taken to be aép:oximately 3
times the radius of the outer-conductor. The coaxial line
dimensiogs vere the same as those given in +tlLe FEn‘qnalysisl
of open—endéd-tefloq:-dielectric lices @nd tte line dielec-
tric constant was maintained at 2.05.

The computed tofal capacitance was found to be
CT/SO;b-a)f2.3906. Table 6 gives values of Cf/co versus &
for this configuration.

For teflen lipes without grouﬁdplanes (Figs. 2{e) and
(ﬁ{). thé-line dimensions were taken to be the sapme as in
the FEM analysis. They are defined in Fig, 11 where the
case d/a=1.0 corresponds *o an open-ended teflon line with-
out a groundplane or a capacitive disk, The total capaci-

tance calculated for this case was CT/E {b- a) 2 3830 Table

7.gives values of Cf/C0 versus & for this con‘iguration.
)



TABLE ¢

Cs /Co vs. & for 50-n teflon-dielectric lines withk ground-
planes (MOM).

§ I Cp/C
- &
. 2.0 | 0.0844
5.0 | _0.1288
10.0 | 0.1589
0 20.0 { 0.1815
40.0 | 0,1957
. 60.0 { 032010
TABLE 7 .

C¢/Co vs. & for teflon-dielectric lines without ground-
~Pplanes (MOM).

& 1 Cp/C,
T N ————
2.0 { 0.0971° |
5.0 i 01447 .
10.0 | 0.17€9
20.0 | 0.2011
40.0 { 0.2150
60.0 | 0.2206

Table 8 gives values of the total capacitance'CT/so(b-a}
and the ratio C¢/Cqy (for a half - space permittivity £=60.0)
verSus.the ratio of disk radius to inmer- conducto: radius
d/a.

Also, values of the total capacitance (normalized to the
value of capacitance corresponding to ds/a=1.0) are pfdtteé
logarithmically against values c¢f dsa in Fig. 14 while' the
ratio Ce/Co is plptted versus the half space permittivizy &

for different valués of d/a in Pig. 15
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CT/BO(b-a) and C

TABLE 8

¢/Co {for £€=60.0) versus bsa for teflon-

e

dielectric lines with a capacitive disk (doM).

dsa CT/EO(b-a) CF/CO (6=60.0)
1.0 2.3830 0.2206
1.2 2.96886 0.3458

. 1.4 3.8899 0.49C7
1.6 5.12148 0.€575
1.8 6.£755 0.8292
2.0 8.5917 0.9976
2.5 15.602 1.380
3.0 30.320 1.696

77
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Chapter V

DISCUSSIOE AND COXCLUSION v

In this thesis five configurations of open-ended coaxial
structures have beén aralysed in terms of_their static 6:
lovw freguency equivalent cifcuits. These structures ace ia-
tended for use as sensors for the measurement of in-vivo
biological permittivities, Two generél nunrerical methods
were used in the analysis, the Pinite Element Method (FEai
and the Method of Moments.

Ckapter I gave a description of the egquivalent 5lumped“
circuit of the sensor. A linear model relating the saaple
éermittivity to the fringing capacitance of 1the sensor
yields-élosed-fgrm exp:essions'for the relative dielectric
constant and loss factoy as a function of the input reflec- R
tion cpefficient and frequencf. This model is v&lid at lovw
fréquencies vhere the capacﬁtances are freguency invafiant
and for a range of sample permittivities wkere the fringing
capacitance varies linearly with €.

Analytical.fesults corresponding-po an idealized senéor
confiquration are &also examined in Chapter I. These re-
sults, although useful for indicdting frequency limitations
do not give \&ny iﬁform§tion about the effect of the sample

ar -

permittivity on *he eguivalent circuit and hence the paTame-

r
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ters of the l*peat lodel. This was the‘justification for
proceeding to an analysis using nﬁnerical zethods which are
capable of solving conductor-dielectric probiems,

Chapter II gave a brief overview ¢of the general numerical

-

nethods used to solve . linear operator equations of which the

4

static conductor-dielectric problem is a meaber. The two

approactes selected for the analysis were the Finite Tlement

Method (FEM) and the Method of Moments (MOM). Tkhe fermer

solves lLaplace's equation in a region divided imto triangu-

lar elements subject to the boundary conditioms surrounding

the regiom. A set of linear algebraic eguations is coa-

structed bf employing the Rayleigh-Ritz procedure for each
eléwment, making sure that solutions match on +he bound}ries
.betwegn elemenis. ' o Ll
The latter method solves the set of coupled integral
equations which descfibe the conductor - dielectric problem.
The unknown quanti;y is the distribuotion of the free and po-
larizatiop ctarge residing on conductors held at fixed po-~-
tentials and dielectric interfaces respeétively. The solu-
tion pgzoceeds by dividing all charged surfaces into
subsections and using simple functions to approximate the
charge distribution on eack. ) A gystem of equaticns is ob-
tained by utilizing <the Method of Moments over *he assumed

chargé distribution.

In essence, both methods transform linear operator equa-

tions into a system of aléebraic equations which can }%e'
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soived?by standard matrix wmethkods oﬁ a digital comnputer.
Both are characterized by their ability to handle conplzcat-‘
ed conductor and dielectric shapes since trg%i fuuctxons are:
defzned over oaly a small portion of the’ problen.

-Chapter TIT gave details of the appllca+ion of F“H and
MCM to problems having K tvo-dimensional rotational synnetry.
The coaxial sensor problem, whick is bounded on one side and;

unbounded ¢n the other, posed special problems to the appli-

cation of both methods. The modifications requlred-mn‘order
to use the Finite Element Method, whiqh is b;sf suited for
bounded problems, amd the integral’equaﬁioh method (MOM),
vhichk is suited £o2r unbounded probleas, are bpresented in
this chapter.h‘hlsa the,methods for ¢alculating capacita;ces‘
and in particular for determining the internal and external
fringing capacitances C; and C, respectively, vere ai§cussed.

Chapter IV Ebresented“the nuperical results - as well as

giving brief descriptions of the *wo FORTRAN prograsms.

5.1 £I§guss;og

Since the primary purpose éf this work was to perﬁofm the
analyses Snd ﬁOt-to investigaté thé numerical methods ia
general\i no attempt was made at estimating the accu:acydof
either methodgl The accuracy of a particular solution de-
pends on a number of factors such as tke Size of eldments or
_subsections, the degree ©f the approximating functions’and-

rd <

Eomputational errors such as round-off. Due to the irregu-



. | X | ‘ ' : 83

lax shape of the bourdaries and the non-uniform size of ele-

aents or subsections,extrapolation methods similar to those

L

used in finite difference solutions’  would be difficult to

implement. Also, the gross errors incurred in the Pinite

Elenent Method by arbitrarily bounding the problem and in -

the Moment Méthod.by the use of images contribrte %o the

difficulty in estimating accuracies.

In the Fiqite Elemeat Method this difficulty is compound- -

ed by a cancellation of errocs vhich may occur due to the
artificial imposition of a Neumanno boundary. Ordinarily a

variaticnal method suck as FEM gives a value of capacitance

greater than the true value. _ -However, since the redidn o¥’
/ . - . =

dsoiution_is‘tzuncated, the amount of stored energy caléﬁlat-

ed will be  less, thus 'yielding a shaller capacitance.

*

P

Therefore the FEN results cannot be considered as an uppér
bound cn the true value df capacitarnce.

Throughout this work certain observa*ioms were 'mad%.cn

the convergence and accuracy of solutions.  ®It was found"

that solutions converged rather slowly for FEM as the namber
} . - ]

" of triangles increaséd. For example, in the configufatibn
of a 50L. air line ui?h a groundplane, a doubling o¢f the
nuaber of.triangleé from 62 %o iZéxdec:eqsed the total capa-
‘éiiance by only/20$. In thej MCM solutions, it was observed
that smdll changes in the size and pumber of subsectiocns

prdduced negljigable change in the.capacitance~ "As an exan-

‘ple, a change 'in the capacitance of 0,05% was observed when

i
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'.'the hhuhe; subsections = was incrgased from 74 to 78 for ﬁhe
configuraéion of ﬁ SOﬂlﬁit‘\line witk a grounﬁblane.. Also;
fof the same sdlution, the calculated charge densities at a
location far from the aperture (a region of almost uniform
charge densifx) differed'frOm the theoretical charge denﬁity
of an infinite line by 0.15ﬁ for the inner co;ductor and
0.07% for the..outer conductor, - On the other hand for FEM
soluticns,lslight variations of the size and distributicn of
triangles gave more noticeable changes in thke capacitance.

It terms ¢f programming, the Finite Flement Method pro-
duces a simplérf and more efficient prograﬁ thanithe Moment
Met hod. Punni;g ;imeé_fqr.a typical problem gith approxi-
mately the same nomber of unknowns were.S secoads 'for FT M
zgméared"to-QO seconds £or MOM. éﬁnce both programs ﬁseé
the samé subroﬁtine for soluti&n of the systen éﬁ equétions,
" the difference in running times is mostly due the time spent
‘constructing the system.

When using a 'lérge pumber of elements or subsections, it
vwas found that coding and inputting data for FEM vas ‘tedious
and tiﬁe ccnsuﬁing since for each triangle, the location and
identifyipg nomber of all three verticeé aust be coded. Oon
the‘other kand, cgding and inputting data to MO¥ was rela-
tively easy even for large numbers of subsections. This is
due to the fact that only thé end=-points of each subsection
are.inputted to the program. This peraits easy modifica-

tion of the prbblem configuration and checking of the input

data.
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A comparison of numerical results for the 50-fi air line
~ X
withk a groundplane between FEN, MO and the analytical ex-

pression’ {1.5) is given in Table 9.

!

-

TABLE 9
Comparison of total capacitance obtained from FEN, MON and
- ' . {1.5) - fo.
v Zquation FEN - 7 -mom )
| {(1.5) : Collpgation I Galerkin
Ca/€5{b-a} )
7" 4.295 | 4.311 3.076 . 4,066 °
Fig. 2(a) | - | ) :

Keeping ir mind that (1.3) was derived im an approxinate
manner, +*he FEM value is very close to +he analytical value
thle the MCH (collocation} resul+« is approximatgly 5.0% be-
low it. The closeness of the TFEM Tesult may be misieadiné
due to the pcssib%e cancellation of errors menticned previ-

cusly. ‘ . -

3 comparison of the values obtained from thke callocation

{or poin;-matching) and Galerkin's method indicate that they
are within 0.3% of eacp other. Alsc it was mentioned in
Secﬁion 4,2 ;hat the ratio of Cf/Ca calculated from Galer~
kin's method did not vary appreclably from éhe point-match-
ing results. on the basis of these results it was sgbse-
gquently decided to concentrate on the point-matching scheme
throughout the rest of the work since the algorithm'is com=

putationally more efficient than Galerkin's schene, .

g

- ly



86
The relative values of Cf hng Co also stow a discrepancy

bet veen MOM and_ FEN solutions. "A comparisen of‘Taﬁles 1 and

u_igdicatés that the ratio of Cg¢/Co (for air lines with

”grounﬁPMnes ) deterﬁingd from MCM is approximately twice as

-

large as for FEM for all values of &. This'is also true £or

teflon lines wvithout groundplaviesg . —

If the absolute values of C; and C, (both norzalized to -
8§, and (b=3)) computed from FEM and MON/are ccmpared as in
Tables 10 and 11 it may be seen that FZIH gives smaller va-

lues of C¢ and larger values of C, than HMOM.

TABLE 10

- -

Cf and S (normalized to &y and (b=a)) for 50«1 air lineé
_ #ith groundplanes. (FE¥ and MCNM)

: - Ce /8o (b=2) Co /& (b=a)

& FENM MOM FEK . MOM ]
2.0 0.1497 0.2806 4.7611 3.7953
5.0 0.71949 - 0.3579 4.1159 3.71880
10.0 0.2172 ., 0.3969 4.093¢ . 3.6790
20.0 0.2305 . 0.4205 4,0803 3.6554
. 30.0 ¢.2378 0.4335 4.0730 3.6424
60,0 0.2403 C.u370 4.0705 3.6389

.The larger values of C, obtained from PEM (if the MOM va-
lues are taken ﬁo‘be more accurate). may be due to thg large
error incﬁrred by arbitrarily bounding the problen. On the
other hand, the larger values of Cf obtained f£rcm NOM may be
due to ;he artificial unbounding of the problenr i.e. the use

of images, in order to apply an integral equation typesgolu-
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TABLE 11

L]

Ct¢-and C, (normalized to &, and (b-a)) for 50{1 teflon-
dielectric lines wvithout groundplanes (FEX and XOK)

Cs/8q (b—a)- Co/ 8o (b—a)
& FEN - {8} FEm MONM
2.0 0.1354 | 0.2091 2. 3855 2.1731 -
5.0 0.18486 0.2982 2.2962 2.0840
10.0 0.2147 0.3560 2. 2661 2.0261
20.0 . 0.2350 0.3967 2.2458 1.9855
40.0 T o0.2471 0.4215 2.2338 1.9€607
€0.0 0.2514 0.4306 2.2294 1.9516
tion. Hovever, several observaticns lead one to suspect

that is not the case. - The fact that irn the MCX solutions,
tke calculated éha:ge densities‘far f;on the aperture vere
close to the theoretical values for an infircite 1line and
that littLe change in the value of Cg/C, wasiébserved as the
length of coaxial ‘line was extended leads cne to suspect
that overall, tge MO values a;e nore gﬁéurate than the FENM
results. | Also, values 6f Ce/Co obtained by MOM are more in
égreemeﬁt with measured values repofted in [8].

| In +he so;utiﬁns forjteflon lines with a Eapacitive disk,
it is believed that the FEN results are less accurate than
the MOM fesults although they 50 show the sane trends'in-the
capacitance as the disk radius increases. Thé erratic ré-
sults of CF-/Co ébtained from FEM (shown in Fig. 13) are pro-

bably due to the fact' that not enough” Dirichler nodes were

.used +0 .define the . disk. It appears that FEM is poorky

suited for this problem because of the inordinate ‘number of
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triangles .required toﬂ;nodel the large varla@ions of th§

. fields in- the vicinity of the disk and the fields in the
haIf-spébe. ’ | ‘

In térhs of thé circuit model of the seansor and the two
-pernittivity_expﬁessioﬁs.for £* and &"™ ({1.3) and (1.u)f the
value of Co has the g:egtesf effect on the measured'?alues
of &' and &". This is eépecialiy true if C;/doiis.much less
.than unity or thé_i;lue of &' being measured. An ‘ideal si-
'tuéticn occurs if Cp is indepgndeng oﬁ the permi+tivity Seé
ing measured. Frdm‘Table 11 it méy be seen tkat C,, for air
lines uiéh grodﬁdplanes . chapées by less than 2.£§ vhen go-
ing ffom a half-space peraittivity of 2.0 to 60.0 i(ﬁor XOX
solutions). The" chaﬁge is under 1.2% ip the range
10.0<8<60.0 which corresponds to b;ological materials. Thus
the linear circﬁi; model given by (1.71) is a gocd approxima=
tion for tyis_cénfigugaﬁiﬁn. The variation of Cy 'with &
(approximately 40%) cohlributes little error in tte calcuala=-
ticn of & ;rom {(1.3) since C;/Co is very small compared o
most values cf-E'.encounte:ed in biological materials.

. Likewise; the v§tiation_ in C, for teflon lines without

-

groundplénes is 11.3% for 2.0<6<860,0 and 3.7% for
10. 0<§<E0.C (for MOM soiutions)._ ‘

For teflon lines with a capacitive disk, the vé:iation in
Cs/Co with & decreases as <he disk rédius inereases as sﬁown
by rig. 16. This implies that. the value ofﬂc; becomes more
independant of & .as the disk radius incréases; .Por exanple,

[-4
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the variationm in Co for ds/a=1l1.2 is 4.5% for 2.0<5<60.0 and.

1.4% for 10.0<6<60.0 . ° For the case vhere d/a=2.0, the to-

tal variation is under b,BS for ihe'entiré.rangé of .  Ta=-

Pl

ble 12 gives values of C; and .C, (normalized to &, and.

&

(b-a))} for different disk fadii. Since these quantitieé

change little over the range of &, especially for larger va-

lues of d/a, only values for §=60.0 are given.

- TABLE 12

- Ce and C, (normalized) versus d/a for teflcn lines wi+th a
capacitive d@sk for 8=6p.0 (PEX and BONM).

-

Co/ 8o (b=a)

© Cf /80 (bmay .
d/a FEM xoH ‘FEN MON
1.0 042514 0.4306 2.2294 1.9516
1.2 0.3522 0.7627 2.7909 2. 2058
1.4 _— 1. 2805 ——— 2.€095
1.6 1.6625 | - 2.0315 3.8980 3.,0898
1.8 -—- 3.0260 | o —-—- . 3.€495
2.0 4.0626 4.2906 5.1180 45,3011
2.5 9.9779 9. 04EE 7.4818 6.5554, «
3.0 —— 19.0700 —— 11.2495

Pl

The MOM data in Table 12 is also plotted in Fig. 16.The va-

- lues of C¢ and Co'are plotted versus dsa and are aormalized -

to the va;ues of C{ and éo corresponding *o d/a=1.0’(i.e.

the case of po disk).

. The effect of tke groundplane on the total capaci<anmce-

nay be obsevered from the MOM solutions for air lines with-

‘out groundplanes (téble 5). The results show that the total

capacitance Cr/&o(b-a) decreases as *he ratio csa decreases

.
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although the total change is very sPall. In fact ;he nor-
‘nalized capacitance changes by'only 1. €% when goin; from a_
ful; gfbnndplan; (c/a = 7) to the case whgré c/é¥2.5 forISd:n‘
alr lines having b/a=2.3 . 1A similar regult_occurs with tef
flog lingg where the change is less than‘1! for a'sinLlar‘
reduction in the groundplane size. Althougi these results‘
are approximate, theg‘indicate that the gtounaplane'has vefy
little effect on the friﬁgihg fields and.subsequently on the
capdc@tance. Prom Tables 4 and 5 it is also;apparént'that

the groundplane size has very little effect on the ratio of

CF/CO. | . ) . 3

5.2 cdngus;gg . L .

) It is hoped that these results fili provide useful addi-
". tional data for the selection and.aesign of sensors for die=-
lectric measurement. It‘Fust be . kept in mind: however-tha*
they are approximate and were obtaineﬁ from static solu-
tions.

The sensor conf;guration wvith a capacitive disk may £find
use in meaéurements at lower £fregquencies where ld:ger capé-
citances are required. The.add%tion of the disk increases
the capacitance while maintaining +he dimensions of the co-
axial line constant. Another desirable consequence of ué-
ing a ' disk io increase the capacitance appears to be that -

the values of C, and C, become more insensitive to the saa-

vle permittivity. Qualitati;ly, ihis may be due to the ce-



92

duced area of the dielectric interface that results from the

presence of the disk. Also, because of the reduced apertﬁte
area of ghesé sensors it is éxpected that radiation losses
¥ill be 1less than for an equivalent -.sized line without a
disk. .

From a ﬁesign standpoint;‘ incﬁeasés_in Co ©f up to 100%
may be achieved for values of d/a up io 2.0 (recail that
for teflon lines br/a=3.27). At this value of 4d/a, the éuo
capacitances ¥ and C, become approximately equal. |

Information about tke depthk SE peneirﬁtion of the fields
away from the ape:tﬁre zay be obtained fro; consi@eration of
the FEM calculations. . For air lines with groundplanes i;
was found that most of the stored energy was contained ia an
appro;imate hemispheré vith a radius egual to 2.5 times the
outér-condﬁctor radius (for &=1.0). This may be taken as a
general guidelire fcr the minimum size of the samrle or whe-
re spgtial variations of thé permittivity are being mea-
sqiiii>the degree of resolution. with-lossy dielectrics it
is expected <that the fields 'will decay more 'rapidly hence
the minimum sample size would be smaller.

Numerical results from both the Finite Tlement Method and

the Method of Moments show the linear model, which relates.

the fringlng capacitance of the sensor to the sample permit-

tivity, to, he.a good approximation especially over the range

~

of permittiviﬁies.encounte:ed in biclogical materials,
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AnQinteresting extension of this work._would be to per-
fora a dynanic analysis oﬁ:these sensérs using a general
nuuerical.netho¢. ghé varigti&ns of the.eiternal apd in-
ternal capacitancesﬁwith.frequency for different sensor con=’
figur;tions could then be examined. l Also, since the pro-.
grams used in the present s£;tic ana;ysis-are able to solve

problems with arbitrary ccnductors amd dielectrics, other

configurations'of Sensors coulii;e investigated.

N
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Appendix AW
_ GREEE'S FONCTIOR SINGULARITIES

The Green's function for rotationally symmetr{c systeas,

-

given by (3.12) or (3.13), &has a singuiarity vhich bekaves
logarithmically as the field pcint approaches the ‘source
point, This may be seen by the fact that k in (3.13), ap-

proaches unity as (r,z) aﬁproaches {(r*',z') and it may be

F

shown [30, p.591] that:

lim F(k) = = ln

1
- (. 1)
k»1 2

1-k

The derivatives of the Green's functionm, given by (3.15)
and (3.16) contain terms corresponding to the Aerivative of
the elliptic integral F'(k). The bekaviour of F'(k) as k
approache; uﬁity may be determined by differentiating the
right hard side of (A.1) with respect to k:

k

lim P*(k} = —— (A.2)
k1 1 - k* ' .

The evalvation. of the diagonal elements Ki_, for the
‘ 1
. ¥
pulse expansion and point matching solution (given by

(3.37)) redquires the integration of the Green's functiosn

- 94 ~
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over an interval in which it is singular. That i§, ﬁhen,the
variable of integéation st equais ‘the aid-point of the. sub~
section As'.‘ " Three methods of handling the iﬁtegrqtion of
the singular Green's function vere attempted.

The first meﬁhod_involved integrating the Green's func-

tior numerically using the trapezoidal rule [31] vith a

large number of abscissae or integration peints. . An even .
. ” A
number of abscissae must be used so that none

lie on the singular point. ° With this metkod, the accu-
racy of the evaluation of th. for a given number of abscis-
sae, depends on the length of the subsection.

The second @ethod uses the well known technique df'eg;
tracting the sinqulafity érom the integrand and integrating
it apalytically [20 ] The procedure. for accomplisking this
consists of adding and subtracting from the integrand, +he
function which represents the behaviour of the integrand

Afiear the singularity, Denoting the singular part of the

Green's function as G.(s|s'), the diagonal element Ki; may
P

be written as:

Khi =J/-[G(Sils'j - Gg(s;is*) ] ds* +U/pss(s;|s') ds*
ASi : 45 (A.3)

The second integral in (A.3) may be evaluated analytical-
ly vhile the first integral, which is no longer singular,

may be evaluated numerically.
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Using (2.1) and (3.13), the singular part of the Green's

function may be formulated as: .
1 V(L ~r 9 +(z;-2*)* '
Gg(Tjzjlr',2z*) = = —/ 1 | = - (A.0)

2ﬂri A 8ry

vhere the primed coordinates ha§e been allowed to approach
(T;«2z;} except in tke argument of thé natural logarith=m. '

T integration of ‘Gs(s;ls'f 2ay be performed by using
the surface integration procedure outlined in Aépengix B.

Using this procedure, the singular integral may be expressed

~

as:- .
- ‘ Al 1 Tt Al AT
GS(S;IS')dS' = - 1z (c; ¢ u —) du
Gfyr - .
as, ’ r; 24 16r; 2
Al ‘ Al ‘ :
= — [1-1la | —1|71 . (A.5)
21 16’:;

vhere Al = Jfrf-rff +(z7-27)® . represents the length of the
minth subsection in two dimensiohs.

The non-singular integral in {(A.3) was evaluated using
LegendrefGauss quadrature with 16 abscissae. The ;Ecuracy.
using this technigue is still somewhat sensitive to the
length of the subsection for a given number of gbscis§ae}

If double surface integralé are reqguired, the singular
part of the Green's function may be first integrated analyt-

RN ically over one varjable ard integrated rumerically over the

second variable. The evaluation 0f the nop-singular part is
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" face integration. '

-~

e

S 97

performed numerically in the same manner as the single sur=-
.

~

The third method uhich ¥as attempted consists of vrit:.ng

the Green* s function as in (3.12) and directly applying the
procedure for surface integration given in Appendix B. The

>

resulting expression for Kii

(C; * u ar; /2) d8 dau
. f 1 (A.E)
/ur (T; + u Ar; /2) sin®*e + o Al‘/u

Integrating apalytically with fespect to u gives:

is:

Kii = ﬁ[ A"j’_am,e)-om, ]ds

+ T—{.‘/i(}_ &ff Sm‘é}) Qm OE é§+2 {.Sm & 48
A )-%»,Zr;m* R |
wheres - (A‘T)
a‘(x.B}.= VAI* /6 + 4r; x sin®8 - 5.8
and

The expression (3.7) may be integrated with respect to 8

nurerically using the rectangle rule to give a value for

°
=
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L .- This approach does aot eliminate‘the singularity
problém since the integrand of the second integral is singu-
. lar at 6=0. ~ However, using a large number of integration
points, the element K;; may be qalc&lated vith an acCufacy
vhich i; independant oE the lengtk of the suSseCtion. This
property is usefﬁl vhen very long subsections are used in
regioné vhere @he cha;ge qgnsity is almost uniform. Equa=-
tibn (A.7T) Qppeats at first hand, %o be very cnplicated
~ hovever it reduces to simpler expressions‘when orly annular -
or cylindrical subsections are considered.

" The above three technigques for handling +the singularity
problen weré inplemented in a test problenm usin§ 2 pulse ex-
pansion and pd{;:\;atching solution, The problem consisted
of a length of 500 coaxial air line opening into .free
space. Inlall three cases, off-diagonal elements were con-
puted usiné 16-point lLegendre-Gauss qu&drature. Imageé were
used to simulate a Neugann boundary at one end of the iine,
effectively doubling it®s length.

The computed 'charge density 1im the middle of the line
(acpgally the line amd it's imége) was used as a criterion
for accuracy since inp this region, lthe charge density is
uniform and is easily calculated analytically.

The first method (trapezoi@al rule) and the third method
(direct integration ovér the subsection) gave similar re-
sults for the same number of integrafion points ( =800).

The differences between the conmputed inner conductor charge
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densitiés\and the theorefical_vglues vere less than.6.4% for
both methods. The second method, whicﬁ involved extraction
of the 'singularity, qave results whichk - fluctuated between
adjacént subsections, about the value of chérge density cal-
culated by the other two methods.  The m;gni*ude of this

ripple in the charge density was approximately 2% ‘of the
ltheoretical value.

[0

Evaluation of the diagonal elements L;; 9giver by ({3.39)

involves integration of the noéual derivative of the Green's
funétion vhich in general, ‘possesses a singularity ir the
aid-point of the interval. Por -the problems encountered in
this Qork hoke\s;, the norital éerivative equals the deriva-
tive with respect ta z since all intgrface subsecticns are

-

annular (on plapes of constant i).

' '

For aa annular interface subsection, vhere 2z=z' in

(3.15), the diagonal element L;; ,is given by:
9 1]
l',"
aG
RiJ = (8(~&2) ——(r;,zilr',z;) r* drt ‘ (A.9)

_ dz
i

Prom (3.15) it may be seen that the integrandnvanisﬁes at
all points in the integratior intervallexcepg perhaps in the
neighbourhood of f'sr vhere F (k) and F' (k) poésess singular-
ities of thé form'(A.]) and (A.2). | On the other hand, by
writing 96/%z in terms of finite differ%qpes, it may be seen
that the elenment Lii vanishes.

Osing finite. differences, L{,i may be written as:
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r-J
1] rt

G(r;,zj*8/2lc ,2;)~6 (r;,2;~8/2]c",2;)

(G‘ZE )y lim r;dr'
o2 ss0 ) g -
G-
_/) (A.10)

Since z and Z' appear in the.ngen's function as the fac-
- |
tor (z-z') , thle Xfollowing holds at each point in the inter-
, T\ }
val of integratior:
G(rjez;¢ 21T ,2)) = G(r;.z;- &/2127,2;) (A.11)

P

)
[N

and the diagonal element vanishes.
Prom finite difference considerations, it may be seen

that diagonal elements Li,i for strictly cylindrical subsec-

tions do pot vanish .since G (rp ¥/2,zir,2) #6 (rr /2,21, 2)

This is due to the fact r and T' appear in tte Green's func-

-

tion in a more complicated manner than z and z'.

]
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SURFACE INTEGRATION PRQCEDURE

All of the different applications of the method of sub-
sections require the computation'of single or doﬁble_surface,
integrals. <Since surfaces are represented two dimensionally
by plane curves iﬁ rotationally symmetric problems, the suc-
face iuteqral reduces té a ling iptegral. The elementary

-

- surface may be written as:
ds = r dl o " {B.1)

where the. factor 27 does not appear since it has been ac-
counted for in the derivation of the Green's func=ion

(3.12) .

Consider- the general surface integral over the *i®th sub-

section:

I= h/’K(r,z) r dl T (B.2)
85, '
vhere the integrand, usually the Green's functioan or it's
- .

normal derivative, 1is a fuactiom of the surface coordinates

r and z. The end points of as;are located at (r{,z;) and
(r;ezi). -

The term r appearirng alone in (B.2) may be lumped with

the integfand to produce a new integrand 1(r,z) = £kK(£,z).

*é

The surface (lipe) integral may now beiwritten:

- 101 -
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I ='J/-L(r,z) dl | ) (B.3)
- TAS ) i

<

The line iﬁ;egral (B.3) Qay be evaluated by replacing the
r coordinate by it*s.z dépendencg r=h(z), provided r can ﬁe
expressed explicitly by a function of z on the surface. The

elementary line length beconmes:

a1 = vV 1 + he(2)* az (B.4)

and upon substitution of (B.4) into (B.3), the surfade in-

tegral over the interval (r;,z;) to (r{,z;) may be writtei}

By

Zj

as:

L d

Z; .
(R(z) »Z) V1+h* (2)* dz . (B.D)
If the sdrface is represented by frustrums of a rigkt
c¢ircular cone, h(z) may be written as (for the "i™ h subsec-

tion.shown in Fig. 9):

+ - .
o T~ T - -
B(z) = (=) (z=2)) ¢y (B.§)

-7

The line integral (B.3) becomes an inteqral over z given

by:

F(h(2),2) dz | (B.7) ™
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Equation (B.7) may be put inté a convenient foram for.use

with high order numerical gquadrature formulas if the change

“ . ‘ qf variables from z to u is made: *
' z;#z; : z7=27 2zl =2y R .
z = ( ) + u{ ) .« dz = ( )du (B.8)

2, 2 2

»
- 4 .

so that the limits of integration are mow u = -1 to u = 1
for the general subseétion. 'Equation {(B.6) 1is now a func-

+ion of u given by:’

. r?-r: z]+z] z?-zf _ _
h(z) = h(u) = (—){ tu TR
z7-z7 2 2
rr+r’ _ rf—:{ '
= ) +u ) {2.9)
2 2 - '

Upon substitution of (B.8) and (B.9) into (8.7), the sur=-

face integral may be vwritten as:

-2 -2 .1 - - - -
4Qr{-ri)+(2?-z;)-}' Iy 4T T er;  zi+z] 2~z

I L( + U } +u Jdu
2. )2 2 2 2
(B.10)
‘Equation (B. 10) is in a convenient fcrm for use with

Gaussian quadrature formulas such as Legendre~Guass- quadra-

L

ture, where the wveights and abscissas are normally given £or

an interval of integration betveen -1 and 1 [21]. The -surc-
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face integral (B.10) is valid for the limiting cases of an-
"nuiar-or cylindrical subsections. In the‘case of annular
sqhsections, vhere z?=z;; {B.10} reduces to an integration
orver r. For cylindrical suﬁsections, vhere :?=rf, {B.10)
reduces to ;n integration over z.

To evalﬁate double surface integrals such as those en-
countered ino Galerkin's method,ihe above procedure is ap=-

plied twice, once for each set of coordinates.
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WAppendix C
CONPUTER PROGRANM LISTINGS

This appendix contains listings of the tw& computer prId-
graass used in this work. The first is a listing of the Fi-
nite Element Method prograz and the seco;d is ; listing of
the Method of nomentﬁ pfogram. Since both programs utilize
.;he samé subroutine for the solution of a system of equa-

tions (called SIST), it is reproduced here only in the FZNM

program.

. . - 105 =



c.1
C

c =
c =
C
c =
cC =
c *
cC =
cC =
cC *
C *

sEeNeEsRE NS N0 a naan

oo

- 161

000

N -=

106
PISITE ELENZNT BETHOD

~

EEEES AR KR AR REEE X ERGEEREEES R XK XX BN SR AP R AR R F JE K AKX K KE

Prograa name: FEH

Purpose- Solve rotationally symsetric conductor-
dielectric problems using the Flnlte
Element Method.

Gregory Gajda
Dept. Zlectrical Engireerirng
Oniversity of Dttawa

PRI K BECRE OB BB B

t##*ftt*t*t*t****t##*##*t#t#t#***#*tt‘*“t*it*t‘**tt*

IMPLICIT KEAL*8 (A-H,0-Z, )
REAL*S F(3,3),S(70,70) ,SI{3),B(70).X(72),¥(72),

EPOT{72) ,IV1(113),IV2(113),IV3{113),IVv{113,3)

REAL*8 EPS(113)

Coordinates (X(i) ,¥(i)) represent the z and r

coordinates of the ®inth triangle vertice.

DATA X/.75,.9,4%1.0,.75,3%1.0,.6,0.0,.75,.9/
DATA Y/3*.QS&,.25,.125,0.0,2*1.09,1.65,3*1.79/

POT (I) - potential of node (vertice) "i".

Set Dirichlet nodes to their assigned potentials
and Neumann and unknown nodes to zero potential.
DAT§ POT/6*1.0D0,66%*0,0D0/

Fach node (vertice) is assigned a number beginaing
with +he Dirichlet nodes.

IvVi(T), Iv2(I) and IV3(I) fepresent the “hree vertice
code numbers of the three vertices of triangle "i".

. DATA IV1/7,7,8,13,1Q,1&,16,16,17,18,19.19,21,21,22/

DATA IV2/13,8,14,14,16,15,18,17,2%19,21,20,23,22,24/
DATA Tv3/2%14,15,16,2*17,2%19,20,21,2%22,2%24,25,3/

Functions 0,A1,A2,VO0L used ir computation

Q{X1,¥1,.X2,Y2, x3 Y3) X1*EY =X 2%Y 1+ X2%73-X3*72+ X3*Y1-X1*Y3
FORHA”(5“17 7)
FORHAT(1OIH//)
po 1000 I=1,113
IvV(I.NH=IVI(I)
IV(I,2)=IV2(I)
IV({I,3)=IV3(I)
CONTIRUE

NOPTL - *otal number of nodes
NOTR - total number of triangles

. NDIR = +otal nuzber of nodes with Dlrichlet values

NIN - <otal number of triangles inside line
NIR=19
NOPTL=72
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BOTR=113
NDIR=12

Enter values of the dielectric constant:
EPS3 - dielectric coastant outside the line

" BPS2 - dielectric constant inside the line

71

72

EPS3=1.0D0

EPS2=2,05b0

po 71 I=1,N0TR

TP (I.LZ.NIN) EPS(I)=EPS2 i : o
IF(I.GT.NIN) EPS(XI)=EPS3

COXTINOE '

Scale the coordinates:

SCALE=10.0D0

po 72 I=1,NOPTL

X(I)=X(I) *SCALE

Y (X)=Y (I) *SCALE

CONTINTZ

PRIKT {1,NOPTL ,NOTR,NDIR ' :
NN=XOPTL-NDIR ‘ ' ‘ A
Ipitialize computation matrices S and B

DO € I=1,63

B(I)=0.

DO 6 J=1,63

${I,J)=0.

DO 16 ITR=1,NOTE

I1=IV(ITR.,1)

I2=IV(ITE,2)

I3=IV(ITE,3)

PRINT 1,Y1,I2,1I3

DET=Q (X (I1) ,T(IN) ,X(I2),Y (T2} ,X(I3).,Y(I3))

IF(DET.EQ.0.) GO TO 100

F(1,1)=(X(I2) *¥Y(I3)-X{I3) %Y (I2))/DET

P (1,2)= (X (I3} *Y (I1)-X (T1) *Y (I3)) /DET

F(1,3)=(X(I1) *Y(I2)-X(I2) *1(I1)) /DET
F(2,1)=(Y(£2)-Y(I3))/DET

F(2,2)=(Y (I3)-Y(I1)) /DET
F{(2,3)=(Y(I1)-Y(I2))/DET
F(3,1}=(X(I3)-X(I2))/DET
F(3,2)=(X(I1)-X(I3)}/DET

F(3,3)=(X (I2)-X(I1))/DET
ARR=(Y(I1)+YX(I2)+Y(I3))*(X(TT)* (Y (I3)=Y(I2))+X(I2)*
E(Y(I1)~Y(I3)) +X(I3)*(Y(I2)-Y(I1}))/6.0D0
AR=DABS (AER)

Do 23 I=1,3 -

L=IV(ITR,I)~NDIR

IF(IV(ITR,I).LEZ.NDIR) GO TC 23

DO 24 X=1,3

ST (K)=AR*(F({2,K)*F(2,I)+F (3,K)*FP(3,I)) *2PS (ITR)
CORTINUDZ :

Do 14 K=1,3

IF(IV(ITR,K).LE.KDIR) GO TC 15
LC=IV(ITR,X)=NDIR

S(L,LC)=S (L,LC) +SI(K)

—_—
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7 138

B(L)=B(L)=-POT (IV(ITR,K))*SI(K)
CONTINUE '

_CONTINUE

CONTINUZE

Solve the system of equaticns:
CALL SIST(S,B,NK)

Printout the node potentials:

PRINT 161, (B(I} .I=1,8N)

DO 20 K=1,KE%

I=NDIR+K

POT (I} =B(K)

PRINT .162,{(I,PCT(I) ,I=1 NOPTL)
FORMAT (4(* NODE', I4,D17.7//1)

Calculation of stcored energy:

ENER1 - total energy stored inside line

ENER2 - total energy stored outside 1ine

ENER1=0.0D0

ENER2=0.0D0

Do 51 ITR=1,NO0TR

I1=IV (ITR, 1)

I2=IV(TTR,2)

I3=IV (ITR,3)

DET=Q({X(Z1) ,Y(I1) ,X(T2),¥(I2).X(I3),Y(I3))
AXT= (Y (T1} Y (I2)+Y (I3))*(X(T1)* (Y (I3)=-Y (I )+X(I2)*

S(Y(*1)-Y(I3))+X(I3)*(I(TZ)-Y(ITJ))/6 0p0

AR=DABS (AXT)

DELI - z-component of electric Fleld

DELJ - r-conponent of electric field
DELI=((Y(I2)=-Y(I3))*POT(I 1)+ (Y (I3)-Y(I1))*POT(I2)

E+{(Y(I1)=-Y(I2))*POT(I3)) /DET

DELI=((X(I3)=X(I2))*POT(I1)+(X(I1)=X(I3))*POT (I2)

£+ (X (I2)~X (I1)) *POT(I3)) /DET

EMODSQ=DELI**2+DELJ**2.
RMCOD - magnitude of electric field

" EMOD=DSQRT (RXQDSQ)

51

61
262
263

91
100
99

ENBR=RMODSQ*AEF*3. 1415926535898D0*EPS (ITR)
IP (ITR.LE.NIN) ENERT=ENER 1+ENTR
IF(IZTR.GT.NIN) ENER2=ENER2+ENER

CONTINUE

ENTOT=ENER1+ENER2

FORMAT (1X,"ENERGY IN LINE = ',D17.7)
FORMAT (1X,'ENERGY OUTSIDE LIXE = ',D17.7)
FORMAT (1X,' TOTAL ENERGY = 7,D17.7) -
PRINT €1, ENER1

PEINT 262,ZNEEF2

PRINT 263,ZNTCT

GO TO 99

FPORMAT (20X,*SINGOLAR MATRIX',I4)
PRINT 91, ITR:

CONTINUZE
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END

SUBROUDTINE SECTION

T D Y D A S e Gl sy i -

SUBROUTINE SIST{i,B,N)

c
C
c
c
tttt#t#t*‘t#*tt#ttﬁ*tt*tt*tt*ttt#ttttttttttttttst‘ttt#tt
C Solution of a system by trianqularization

c: and back substitution.

o A-matrix of the systen

c B-right hand side ,ccntains solution

o N-dimension of the systenm

c
3

ttt#ttttt#tttttttttttttttttt#tt*tt*#t*tt*tttttt#ttttttt
IMPLICIT REAL*E (A~H,0-2) ’
REAL*8 A(63,63),B(63)
NA1=N-1
D=1,
DO 7 K=1, kK1
BA=3(K,K)
J=K
KP1=K+1
Pind wmax term ip column )
DO 1 I=RP1,N . ' o
IT (DABS (BA) .GE.DABS(A(I.,K))) GO TO 1 e
BA=A(I,K)
J=1
1 CONTINDZ
D=D=%xB2A
IP(J.LE.K) GO TO 3
IF(DABS (D).EQ.0.) GO TO 9
c - Interchange rows
DO 2 I=K,¥N
H=A (K,I)
A(K,I}Y=A(J,I) /BA
2 "4 (3,1I)=H
H=B (X}
B (K) =B {J) /B2
B(J)=H
GO TO 5
Cc Divide row by max coeffic1ent
3 DO 4 I=Rp1,¥N
6 A (K,I)=2(X,I) /BA
B (K) =B (K) /BA
5 DO 7 I=KP1,N
DO € J= KP1, . '
6 A(L,J)=A(I,J) -A(I,X)*A(K,J)
7 BIX)=B(I)—-A(I,K}*B(K)
D=D#*A (NN}
IF (DABS(D).EQ.0.0D0) GO TO @
B(¥)=B(N} JA(N,M)
Back substitution

0

Qa0+

109



po 8 I=1,KNM1

K=N=I

KP1=K+1

DO 8 J=KP1,XN

B(K) =B(K) -A (K, J)*B(J)

RETURN

PRINT 10

FORMAT("® SINGULAR SOLUTIOKN')
RETURN

EXD

At

110
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"RIT(I)=RI1T(I)*SCALE

Program name: PHONM *
Purpose: To solve conductor—dielectrlc preblens - *
" using the Method of Moments (point matching) *

*

Greg Gajda ' , *

Dept. of Electrical Engineerlng *
Oniversity of Ottawa *

#*#t#*tt*tttt*******t#t*tt*#tt*tttt#t*tt*t*tt**ttttttttt

IHPLICIT REAL*8 (A-H,O-Z. ) '
REAL*8 K(82,82),R(82) ,2(82) ,RI1(82) ,RI2(82), )l

&Z2I1(82) ,2I2(82) ,POT (B2)

IRTEGER OUT PAR

Coordinates ( RIT(I),2I1(I) ) and ( BI2(T).ZI2(I) )
represent the end points of the "i" th subsection. -
Number the subsections beginning with the those
lying on-conductor surfaces.

DATA BRI/ 19%7.0,71.0,095,+49¢¢85,:8¢eTpe6,+5,.4,.3,/
DATA RI2/19*1.0,.95,:9..85,.8..7,.6,.5,.&,.3;.15/
DaATA 2I1/0.0,.5,1.0,1.5,1.9,2.3,2.6,2.8,3.0,3.1/
DATA 2I2/.5,1.0,1.5,1.9,2.3,2.6,2.8,3.0,3.1,3,2/

POT(I) - value of,pbtential on subsection ™in:
DATA POT/30%1.0D0,52*%0.0D0/,

NPULT - total no. of subsections including interface.
NDPUOL. - no. of subsections lying oa conductors.

NUNI - no. of subsections being held at 1 velt.
NPOLT=82 »

NDPUL=70

KUNI=30

EPS3 - dielectric consJant cutside the line
EPS2 - dielectric cons*ant inside the line,
EPS3=1.0D0
EPS2=1. ODO

If ogT PAR eguals 1 do .not print charge densities:
00T PAR=0 .

Scaling of the dimensions:
SCALE=10.0D0
DO 87 I=1,NPULT

e Wt ool I

RI2(I) =RI2 (I) *SCALE
ZTI1(I)=ZI11(I) *SCALE .
2I2(I)=2I2(I) *SCALE _
CONTIKUE

Calculation 0f coordinates of pulse centres:
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. DO 1 I=1,NPULT

R(I)= (RI1(I) +RI2(I))/2.0D0

2 (I) =(2I1(I)+2I2(I})/2.0D0 ' o
1 CONTINUE . .

c
c Construction of upper system by numerical integration:
C Set KCODE=1 for regular Green's function kefnel:
KCODE=1
DO 2 I=1,NDPUL
DO 3 J=1,NPULT
 IF((I.EQ.J).AND.(RI1(J).EQ.RI2(J)}) GOTO 50
. CALL
GRUSS(B(I),Z(I),RI1(J).RIZ(J),ZIT(J) ,2I2(J) ,SUM, KCOD”)
GOTO 51
S0 CALL DIRZ{R(I),Z2(1),.B{J).,.2I1{(I),2TI2(J).50M)
C Calculation of the ™image™ element:
51 CALL

GAUSS(R(I).Z2(1) ,BRZIT1(J) ., FIZ(J),-ZIT(J),-ZLZ(J) SMP.KCODE)
. K(I,J)=S0N+SMP

3 CONTINUE

2 CONTINGE

. C Calculation of +the lower system:
NXN=NDPOL+1 '
DO 32 I=NKN,NPULT
c Set KCODE depending on orientation of "imth element:
KCODE=2
IF@®IT(I).EQ.RI2(I)) KCODE=3
DO 33 J=1,NPULT ‘
CALL
GAUSS(R[I),Z(I),RI1{J),EIZ(J),Z;1(J) ZI2(J) soM, KCODL)
C Calculation of -the "image™ element
CALL

GRUSS (R (T) ,Z{I) ,RI1 (J) ,RI2(J),-2I1(J),~2I2(J),SHP,KCODE)
K(X,J)=(SUM+SXP) * (EPS3=-ZPS2)
IP(I.2Q.d) K(I,J}=K(I,J)-(EPS3+EPS2) /2.0D0
33 CONTINOE o
32 CONTINUE

Cc <

c Solve the system for the charge pulse heights:
CALL SIST(K,POT,NPULT)

C :

c Output Section:

WRITE(6,100) NPULT
100 FORNAT(1X,*' TOTAL NUMBER OF PULSES: NPULT=',IS)
WETTE (6,107) KDPUL _
107 FORMAT (1X,*50. OF DIRICHLST PULSES: NDPOL =',I5)
IP (OUT PAR.EQ.1) GOTO 305
WRITE(6,101)
101 FORHAE(1X,'PULSE NO. R-COCRD. Z-COORD. CHARGZ
DENSITY')
WRITE(6,102) (I, R (I),Z(I),POT(I) I=1,NDPUL)
102 PORMAT (1X,I4%,2X,F8.4,2X,F8.4,2X,D17.7)
. WRITE(6,122)
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NDIEL=NPULT-NDPUL _
WRITE(6,108) KDIEL :

108 PORMAT(1X,'NO. . OF INTERPACE PULSES: -NDIEL =1, 1I5)

305 WRITE(6,122)

351

HRITE(6,102](I,R(I).Z(I),POT(I),I=NNN,NPULT)
N -

WRITE (6,351 EPS2,EPS3 . )

FORMAT (1X,"EPS IN LINE = '¢FB8.8,' EPS 0ODTSIDE =

rd

Calculation of the total ckarge and capacitance:
.CAPOUT=0.0D0 '

CAPIN=0.0D0

DO 5 I=1,NUNI ,
CHAR=POT(I)*R(I)*DSQRT((RI2(I)-RI1(I))**2+(ZI2{I)-ZI1(I))**Z)

“IF(IL.GT.XNIN) CAPOUT=CAPOUT+CHA§*EP53

123
124

125
122

IF(I.LE.NIN) CAPIN=CAPIN+CHAR*EPS2 . =~
CONTINUE o
CAPOUT=CAPOUT*2.0D0*3.14159265359D0
CAPIN=CAPIN®2.0D0*3.14159265359n0 ;
CAP=CAPIN+CAPOUT

WRITE (6, 1:22)

WRITE (6,123) : | .

FORMAT (1%, ¢ CAPACITANCES NORMLZD TO FREE SPACE peRam 1t
WRITE (6,124)
FoanAT(sx,'zusznzf,12x,'oursxnz-,12x,!T0TAL';
WRITE(6,125) CAPIN,CAPOUT,CAD

FORMAT (1X,3D18.7)

FORMAT (1%, )

sTop

END

Subrou+tine Section:

T S - S —— - S ————

SUBROUTINE GAUSS(RI,ZI,RJH,RJP,ZJH,ZJP,S,KCODE)
tttttt#*tt*t*ttttt#***t**ttttt**tt###t*ttt*#*#*t***t**

~ Single integriflon subrottine: vtilizes Legendre=-

Gauss quadrature applied to 3 single inptegral.
kR KKKk k%K SEXE XXX SAK XL EEXSEERERE *¥EESERRESE XX 22 R% xRk k¥
INPLICIT EEAL*8 (A~H,0-Z)

REAL*S F(16),uu(u),au(a),06(63,56(61,08(8).Ha(a),
8010(10),H10(10),U16(16),H16(16) _ T
Connor U4,H4,06,HE,U8,H8, 010,810, 016,516 - .°

FIP - no. of integration poipts-

NIP=1€ T
Calculate integrand values at each abscissa:s

DC 1 I=1,N1IP

RJ=((RJP+RJH)+U16(I)*(RJP-RJH))/2.0DO
ZJ=((ZJP+ZJHJ+U16{I}*(ZJP-ZJH})/2.0DO

CALL KERNEL(RI,ZI,EJ,ZJ,FF,KCODE)

F (I) =PF*RJ

CONTINUE '

Sum the integrand values multiplied by the weights:
S=0.0D0 :
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DO 2. I=1/NIP
S=S+H1E (1) *F(T)
CORTINUE

S= s*nsowr((nap-aar)t*2+(zap-an)**2)/2 0D 0
RETURN

END

%

SUBROUTINE

DGAUSS (RIN,RIP,ZIN,2IP,RJN,RJP,2JIN,2ZJP,S,KCODE)

C

c
C
C

anan

OB RIRERN KRR AR R R R R R AR SR B EE R R E X R RN SRR O AR R R PR bRk Kk X

Double integration subroutine: utilizes Legendre-

=

_ Gauss q$a§rature applied to a double integral.

4
3

#t*#***‘t********ttttttt*t*t**tt*#***tttt##t#t*#*t#t*ttt*t_

INPLICIT REAL*8 (A-H,0-2)

REAL*8 F(9,10)},010(10) ,H10(10),7YS(9) ,M9(9)
coMmox U10,H10,V9,H9

Calculate 1ntegrand values at each abscissa:
Do 1t I=1,9
BI‘((RIP*RIH)+V9(I)*(RIP-EIH))/2.0DO

ZT= ((ZIP+ZIH)+V9(I)*(ZTP-ZIH))/2.0D0

PO 2 J=1,10
BJ-(GRJP+RJB)+U10(J)*(BJP-PJB))/2 0D
ZI=((ZIP+2JK) +U10 (J) * (2JP-2ZIM)) /2.0D0O

CALL KEFRNEL {RI,ZI,BJ,2J,FF.KCCDT)
F(I,J)=FF*RI*EJ

CORTINOE

CONTINUE

Suxz the integrand values multlplzed by the welghtS‘
5=0.0DC

DO 3 I=1,9 .
DO 4 J=1,10 s

S=S+M9 (T) #H10 (J) *F (I, 9

COKTINUE

CORTINUE

S=S*DSQRT ( (RIP-RIM) **2+ (ZID-ZIM) *%2) *DSQRT ( (RIP-RJIMN) #%2
& (ZJP=ZJN) ¥%2) /4.0D0

RETOEN

E¥D -

SUBROUTINE DIRZ(kI,ZI,RJ,21,22,50M)

e L P R P T

Direct integration of the regular Green's. functioan,

*ﬁtt#t**t*tt*#*t*tt****tttt*##*t#‘*t*#tt##*#tt*t**t

IMPLICIT EEAL*8 (A-H,0-Z)

F (X) =DLOG (DABS(((ZI=-Z2) +DSQRT ( (RI#RJ) *¥*2=-0 .DO*RI;ﬁJ*X*K
G+ (ZI=-22)*%2) ) /((ZI-2Z1)+DSQRT ( (RI+RJ) ¥*2-4, DO*RI*RJ*X*X
G+ (ZI-21)**2))))

K - number of integration steps

N=1000

YH=N

sou=0.0D0

Do 1 I=1,K



NN oaoa O

O

aaoanoon

115‘

YI=I

X=DCOS ( (2. ono*zx—1.n0)*3.1a1592653589800/(&.DO*!N))
SOM=SUM+DABS (F (X))

CONTINUE _

SUN=SUN*RJ/(2. ODO*!N) -

" RETURN

END

SUBROUTINE KERXNEL (R1,21,R2,22,6,KCODE) -~

EXB XXX X IR XRXRE KX EEEREERREEE SRR EERE SRR B SRR R SRR REK KX &K
This routine evalvates the three different types

of kernel according to the value of KCODE

KCODZ=1: regular Green's function kernel

KCODE=2: z=-derivative of Green's function, :
KRCODE=3: r-derivative of Green's function. -

EAREREEFR R TR R R AR R RE R AR AKX KBS TR R R R ek k¥

IMPLICIT REAL*S (A-H,0-2)" .

REAL*8 MMDELK,ARG,ARG2,G v

I0PT=1

DEL - backward difference step size.
DEL=1.0D-7

ARG - argument of the elliptic integral of 1st kind
ABG=4.0DO*R1*F2/((R1+R2) **2+ (Z21-22) **2)
MMDELK - IBM~IMSL elliptic int. subroutine.
H=MMDELK (IOPT,ARG,IER)
G=H/DSQRT ((R1+R2) **2+ (2 1-Z2) *%*2)

IF (KCODE.FQ.1) GCTO 1

3=DSQRT (4 .0DO*R1*R2)

ARG2= (DSQET (AEG) =~ DEL) *%2

- F=MMDELK (IOPT,ARG2,IFR)

F= (H=-F) *ARKG/(A*DEL)

E=(F+G)*ARG/(A*A)

IF(RCODE.EQ.2) GOTO 2

G=0.5D0*F/R1- (R1+F2) *E

G is now r-derivative of Green's functlon
GOTO 1 -

G= (Zz.—Z'l) *E

G is now z-derivative of Green's function
G=G/3.18159265358979D0 -~
RETUEN

END

BLOCK DATR SeT _
*t***#t*tt****#t*ttt#**t*#**#***t**?&t*#t*ttt**t*tttt
Data block containing Gaussian quidrature velights
and abscigsae.

U,V - abscissae

H,M - weights
t************t**#t*t*#*tt##*#tt*tt*#*t#**3#‘*#*******

. BEAL*8 U6 (6) ,E6 (6) ,U8 (8) ,E8(8),0U10(10) ,H10(10},

EUT6 (1€) ,HIE6(1€) ,V9(9) , M9 (9)

cCoXMON U€,H6,U8,H8,010,H10,017€,H16,V9,M9
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&~-.6€120938€65D00,-.2386191861D0,
8.2336191861D0,.66T2093865D0,.932%6951&2D0/

' DATA H6/.1713288926D0, -
§.3607€15730D0 . - 4679 139346D0, LR
£.4679139346D0,.3607615730D0,. 1713268924D0

'DATA US/-.183u386424957D0,~,.5255320099163D0,
&=-.79666647T74136D0,-.9602898564975D0, . 9602898564975D0,
§.7966664774136D0,.5255324099163D0,. 1838386824957D0/

DATA HB/.3626837833734D0,.3137066458779D0,
2223810344534D0,.1012285362904D0,.10122853€62904D0,
£.2223810344534D0,.3137066458779D0,.3626837833784D0/

DATA U10/=-.1888743389816D0,
&-.83339539413D0,-.€7940956830D0,
5=~ .865063366683D0,~ .9739065285172D0,.9739065285177D0,
5.8650633¢6€6830D0, .€79409568299D0,.4333953941292D20,
&.1488743389816D0/

DATA H10/.29552422471475D0,
&, 2692€6€719310D0,.21908€3€£251€D0,
§.1494513491506D0,.0666713443087D0,.0666713443087D0,
&.149451349150€D0, .21908636251€6D0, .2692€66719310D0,
§.295524822471475D0/

DAT: U16/-.9894009349916D(C,~-.9084575023073200,
&-.8€56312023878D0,~.75540440835500,~-.6178762444026D0,
£E-.4580167776572D0,-.2816035507793D0,-.0950125098376D0,
£.095012509837€p0, .281€035507793D0,.4580167776572D9,
£.6178762044026D0,..755404408355D0,.86563120238738D0,
.6.,9485750230732D0,.9834009349916P0/

DATA H16/.0271524594118D0,.062253523938€D0,
£.0951585116825p0,.1246289712555Dp0,, 1495959888166D0,
&.1€9156519395D0,. 1826034150449D0, .1894506104551D93,
£.1834506104551D0,.1826034150449D0,.169156519395D0,
&.149595988816€D0,.124628971255500,.0951585116825D0,
£.0622535239386D0,.0271524594118D0/

DATA V9/-.9681602395076D0,~-.8360311073266D0,
£€-.6133714327006D0,~-.3242534234038p00,0.0D0,

Ge 32“253“23“038D0,.6133713327006,.8360311073266,
£.9681€02395076D0/

DATA ¥9/.0812743883616D0, . 180648160694900,
£.,260€1069€4029%p00,.3123470770400,.3302393550013D0,
& 3123&70770HDO,.2606106963Q2°D0,.18063816069u9D0:
£.081274388361€D0/

END
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