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ABSTRACT

In this thesisgwe present a method for designing stabilizing feedback control
laws for linear uncertain(dnstable) systems with incomplete state information.In
carlier papers [1-24] on this topic, it was assumed that the entire state vector was
available. We have eliminated this restrictive assumption via use of Luenberger -
observer. By introducing a new matching condition,we are able to design a reduced
order observer. It has been shown that the combined plant-observer system is
asymptotically stable with gespect to the zero state,
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o CHAPTER 1. INTRODUCTION

1.1 Review -- -

In automatic control literatulroe, a cpntrol iJr()bleIIITl. can be repre-
sented by a system of differential equations characterized by a finite
number of parameters, and system uncertainty is represented by tile
uncertainty of those parameters. The problems of stability and control
of systerns with uncertain parameters have been treated in several cat-
egories according to diﬂ'ergnt assumptions -and approaches. The first
is the stochastic approach where a prior probability law is imposed on
the uncertain parameters. If the statistical property of the uncertain

S .
parameters cannot be assumed beforehand but can be identified in

the course of evolution of the dy'namic process, the idea of adaptive or
learning control is used. The third is the sensitivity approach. This
approach is based on the assumption that the parameter uncertainty
is small so that lﬁrst-order perturbation equations can be obtained

from which a controller is designed to optimize certain measure of

performancae.

The stochastic approach needs the knowledge of a distribution.
‘Adaptive control gives good performance, but the procedure is usually
complicated and expensive. The sensitivity approach is limited mainly

by the assumption of sinall perturbation.

R
A
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In recent years, some new approaches have been developed i-"or con-
troéling the so-called uncertain dynamical system which lead to either
asymptotic stability or ultimate boundedness of fhe state of the sys-
tenl(sce for example Chang and Peng (1972); Leitmann (1978, 19\79,‘ -‘
1‘.){31); Molander (1979); Gutman (1979); Virkely and Wood (1980);
Corless and Leitmann (1981); Thorp and Barmish (1981); Barmish
and Leitmann (1982), and their bibliographies [1-23}). Although these
problems involve controlling a system with uncertain parameters,they
differ from stochastic and adaptive control problems in two fundamen-‘J

L

tal ways:

1. No a priori statistics is assumed for the uncertain parameters;
instead, only a bound on the parameter variations is assumed to be

given and the objective is to desigh a controller which satisfactorily

regulates the system.

2.The uncertain parameters might be rapidly varying; Lebesgue

~

measureability is only assumed. .

Given such a situattan with so-called matching conditions which are
the keys in the previous papers, the objective is to construct a state -
feedback control law, either linear or nonlinear, which guaranteces a

prescribed system behavior. Here the term ’guaranteed performance’

~.
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is used to mean that the resulting closed-toop system will have cer-
tain desirable properties(for exjmple, asymptotic stability or ultimate

boundedness).

The issue of linear versus nonlinear control was considered by [2]
and [13]. It was shown that there are some cases when one might
prefer nonlinear control over linear control[lG]. But Barmish has
shown[13] that a linear time—ilnvariant feedback control will suffice for
a large class of systems stabilized by a nonlinear control. In this the-

sis, we concentrate our attention on guaranteed stability of uncertain

systems via linear control.

In the literature, dealing with the questions of ultimate bounded-
ness and guaranteed stability, there is another fundamental question;

namely, what are the sufficient conditions that the uncertain param-

y

cters must satisfy, to guarantee ultimate boundedness and stability.
In all of the previous references, the success of the various control
schemes proposed depends crucially on the satisfaction of additional
a priori assumptions. These assumptions essentially restrict the lo-
cations and sizes of the uncertain parameters within the system ma-
trices. In almost all the previous references, these restrictions have

been appropriately referred to as matching conditions. It can be in-

_ terpreted roughly as follows: A system is matched if the uncertainties
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with the system matrix A (AA(g(t))) and input matrix B (AB(g(t))) are
in the range of B;at the same time, A4(g(t)) is in the range of C. i.e.,
the uncertaintied are "’reachable” from input and output. The sim-
plest example of such a system is ocbtained by considering a nth-order
linear differential equation with coefficients which include uncertain
parameters. In Thorp and Barmish{9], these matching conditions are
somewhat generalized leading to a weaker requirement on the systemn
structure. In Barmish and Leitmann[10], it is shown that ultimate
boundedness is still possible as long as the matching cénditions arc
not violated 'too severly’. This means that the matching condition
is only sufficient for stabilizeability and not necessary. That is, there
exist systems which fail to satisfy the matching condition and yet can
be stabilized. Examples of such systems can be found in[11] and (22].
In Petergen’s work [15], he considered the necessity of the matching
condition under introducing a strengthened notioﬁ of stabilizeability
refered to as structural stabilizeability via a nominally determined
quadratic Lyapuno{rAfunction. It is then shown that if a system is to

have this stronger property, the matching condition must necessarily

be satisfied.

This kind of deterministic design procedure for uncertain systems

which are nominally time-invariant can be applied to many cases of
‘ P
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intéllest. For instance, sece the application to macroeconomics dis-
cussed in[8]. Recently, Ryan and Leitmann{[24] developed this theory
for application to robotic tracking. They used this class of feedback
confro]lers to the iracking problem for a robotic manipulator with n
contro}]ed degrees of freedom and uncertain dynamics. In view of the
kinematic definitions implicit in a 2n-dimensional state space descrip-
tion of the mgchanical system, n of the state equations are free of
uncertainty and; while uncertainty may be present in each of the.re—
maining n state equations, a control component also appears therein;
this implies that the system uncertainty is matched. As a c;)nsequence
of the latter property, the tracking system, with arbitrary bounded
uncertainty, is practically stabilizeable with respect to the proposed
clasgs of feedback controls, in the sense that given any feasible path
to be tracked and an arbitrary small neighborhood T of the origin in
the ;ppropriate error space, there exists a control such that the track-
ing error for the feedback controlled uncertain system is ultimately

bounded with respect to L.

There is also a variety of other results which can be used to design
linear controllers for linear time-invariant systerns with uncertainty
[26-30]. All are characterized by a concern with a quadratic cost func-

tion which is specified by weighting matrices that are assumed given

e
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iﬁ the problem statement. {In [27]and (28], with time-invariant un-
certainty, the weighting on state in the cost function is modified in
a search for better controls. In {26} and [27], instead of imposing
matching conditions on the state matrix A(.), the disturbance is as-
sumed to enter linearly, and restric;:ive conditions are .imi)osed on the
bounding sets. None of these approaches utilizes matching conditions,
and none can be guaranteed to succeed. That is,given an arbitrary
but bounded set for the disturbances,there is no guaranty that a lin-
ear feedback gain exists which stabilizes the system for all admissible
uncertainties. Matrix norm inequalities can be obtained [20] which
guarantees stability only if the uncertainty is sufficiently small. This

is because they do not take advantage of system structure.

So far, most of those guaranteed controller designs are based on
the assumption that the state variable of the systemn to be controlled is.
available for measurement. Namely, the feedback control is a function
of the complete state vector. In many practical situations, however,
only a few output quantities are available. That is, the entire state is
not available for direct measurement, only pa& of the state is given
by the system outputs. Thus either a suitable estimate approximat-
ing the unavailable states must be provided, or a new approach that

directly accounts for the nonavailability of the complete state informa-
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tion must be devised. In their recent paper [25], Galimidi and Barmish

-7 -

presented a method for designlng an output feedback controller lead-
ing to asymptotic‘ stability of a given equilibrium point. They seek a
controller which .operates on the measured output vector. Generally,
the la(;k of full state information leads to additional restriction on the
class of systems for which a stabilizing controllér can be found. In
their. paper, they show that some additional requirements a'l’nust be
met in order to guarantee the existence of a suitable output feedback
controller. It is shown how the absence of full state information leads
to a set of linear constraints on the entries of the matrix P used in
the Lyapunov function V(z) = z’ Pz, That is, stabilizeability via output
feedback can be guaranteed if stabilizeability via full state feedback
can be established using a Lyapunov matrix P satisfying certain linear
constrai;lts. This formulation leads to a purely algebraic problem-the
constrained Lyapunov problem (CLP). Given the mqtrices describing
an uncertain linear system, a solution to the CLP, when it exists, can

be used to design a stabilizing output feedback controller.

In this thesis, we adopt the first approach, whereby one develops
and uses an approximate state vector. One of the problems discussed
in this thesis is that of reconstructing the state vector from the avail-

able outputs. The system which performs the reconstruction is called



an observer.

‘One possible method for obtaining the state vector is to simulate
a model of the given system, drive the model .with'the same inputs
as the original system, and use the state vector of the model as an
approximation to the unknown state vector. In this method the dy-
namic behavior of the observer is identical to that of the system it
observes. If initial conditions were not set properly or if there were
slight disturbances, the m;del generally would not recover fast enough
to provide an estimate suitable for control. Another approach is to
differentiate the available oﬁtputs a number of times and then com-
bine these derivatives appropriately to obtain the state vector. In this

case, the estimate responds instantaneously to disturbance, but it is

highly sensitive to a small quantity of additive noise.

It is important to design an observer which is a compromise be-
tween these two simple procedures. It is desirable that the dynamic
elements of the observer be faster than those of the system it. ob-
élerves, but not so fast as to posse.s.s _fhe undesirable characteristics
of differentiators (which correspond to poles at co). Based on these
ideas, Luenberger developed the observer theory. Although Kalman
had done some work 6n this problem before, primarily for sampled-

data systems, he had treated both the nonrandom problem and the



-9-—
problem of estimating the state when measurement of the output are
corrupted by noise. Luenberger observer [31-38], which differs from
the Ka]man filter, has the inputs and available outputs of the system
whose 's‘tate is to be approximated as its inputs and has a state vector
that is Ii_nearly related to the approximate state. The simplicity of its
design and ilts resolution of the iﬁculty imposed by miésing measure-

T

ments make the observer an attractive general design coinpone\nt.

In the observer theory, two ki.nds of ‘'observer can be designed:
identity ObSGI‘V(!I.'( full-order observer) or reduced order observer. The
identity observer although possessing an. ample measure of simplicity
also possesses a certain degree of redundancy. 'I‘he redundancy stems
from the fact that while the observer constructs an estimate of the
entir.e state, part of the state as Agiven by the system outputs are
already available by direct measurement. This redundancy can h;e
climinated and an observer of lower dimension but still of arbitrary
dynamics can be. constructed. In this thesis, we will mainly construct
a reduced order observer. The basic idea of a reduced-order observer
is that if the output y(t) is of dimension r an observer of order n-r

is constructed with state z(t) that approximates C'z(t) for some r x n

~

matrix €. Hence, as more coutput variables are made available, the

required order of the observer is decreased.
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Once the observerl has been introduced, an approximate state vec-
tor will be substituted for the unavailable state. This decomposes the
control design .problem into t.;wo phases. The first phase consists of
designing the control assuming that the entire state vector is avail-
able. This can be dgne u/sing standard procedures{1-14]. The second
phase consists of cons i'ucting a system that produces an estimate of
the unavailable states. The obgerver is a dynamic system whose char-
acteristics are somewhat free to be determined by the designer, and it
is through its introduction that dynamics enter the overall two-phase

v

design procedure when the entire state is not available.

A primary consideratibn that arises when this philosqphy is used
is the problem that use of the estimated state vector, rather than the
actual state vector called for by a control. Various criteria can be
used to measure this deterioration. Especially, the most important
consideration is the effect of an observer on the closed-loop stability
properties of the system. It would be undesirable, for example, if an
otherwise stable control design becomes unstable when it was realized
by introdliction of an observer. If, initially, the estimated state vector

is equal to the actual state ve;:tor, i.e., 2(0) = 0, equality will be main-

-

tained for all future time. This important fact is due to what might be

described as the complete uncontrollability of the observer from u(it is
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shown in Chapter 4). It implies that if there is initial equality between
the state and its estimate the closed-loop system using the pstimate
behaves exactly like-tilg closed-loop system using the actuai state-;:)
obtain the control. However, generally the initial equality between the
state and its estimate will not be obtained, thus stability properties of
the complete system, includifig the-oBserver, must be investigated. If
a system were time invariant, then its asymptotic stability would fol-
low irnmediately from the eigenvalueg,of the system. Since the system
we consider is a time-varying systefﬁ, a closer analysis of th; stability
of the system is required. Another issue shown in this thesis is that
the observer we constructed, fortlgnately, does not disturb stabi_lity

- -
properties when they are introduced. It is shown that the resulting

closed-loop system is asymptotically stable even when the linear un-

certain system is originally unstable.



1.2 Organization of the Thesis
~ "
Following is the organization of the rest of the thesis.

Ip chapter 2, the uncertain dynamical system énd its nomina\]ﬁtimc-
invérian_t system described b)( the nth order vector-differential equa-
tion are given. Introdﬁcing the observeability of the nomin};—f systerzq
and a new matching condition, basic assumptions for stabilizability are
presented. Under the assumption that éll the states of the system are
available for direct measurement We present a theorem developed b

-
Thorp and Barmish[9], it is shown that the system is asymptotically

stable based on complete state information. Also steps for constrvc-

tion of feedback matrix K are given.

In chapter 3, a method for des.igning stabilizing feedback control '
laws for the uncertain systems with incomplete state information is
presented. First, the closed-loop system with the observer is given.
Then, we describe the procedure to construct the observer. Finally, it

is shown that the overall closed-loop systemn is asymptotically stable.

In chapter 4, two examples and their simulation results are dis-
cussed. One is a two-dimensional system which contains only one un-
certain parameter. Another is a three-dimensional system-including

two random parameteré. For different random processes with different

a
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amplitudes, under different feedback gains, the simulation results are

given.

Finally, in chapter 5, some concluding remarks and suggestions for

further work are presented.
rs
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CHAPTER 2. GUARANTEED STABILITY

BASED ON COMPLETE STATE INFORMATION

%.1 Svystem and Assumptions

Consider the uncertain dynamical system described by the nth or-

der vector-differential eqﬂation; ‘ |
z(t) = [A+ AA(q(t))l=(t) + [B + AB(q(t))]u(t)
() | . |

y(t) = Cxz(t) t € [0,00)

With the nominal system being time-invariant
- £(t) = Az(t) + Bu(t),

NOM(Z) u(t) = Cx(t)

Where -
A is a constant n X n matrix,
B is a constant n X m matrix,
C is a constant r X n matrix,
Ay
AA(q) is an n x n matrix,
AB(qg) is an n X m matrix,

z(t) € R" is the state,

u(t) € R™ is the control,
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y(t) € R" is the output,

-and {g(t),t > 0} is the uncertainty which is restricted to a prescribed

bounded set @ C R* that is,q(t) € Q for all ¢ > 0.
Before giving the assumptions, we need the following definitions.

Definition 2.1 :

The time-invariant system NOM(Z) is observable if the rank of

observability matrix 0 = (C' A'C'--- (4")*"1C') equals n.

Definition 2.2 :

The system NOM(E) is controllable if the rank of controllability

matrix C = (B AB---A""1B) is n.

Definitton 23 :

The control system NOM(X) is stabilizable if there exists an m xn
matrix K such that A4-BK is a stability matrix. ( i.c., all eigenvalues

of A4+-BK have negative real parts.) ' -
s

It is well known that controllability implies stabilizab‘ility iil/the

—

control theory of time-invaria%iriear system. The converse is not

true.

In the sequel we use the following
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Assumptions :

(A1) {4, B} is stabilizeable.

(A2) {A,C} is observable.

(A3) AA(.) and AB(.) are continuous on R*.

(A4) The uncertainty ¢{.) : [0,00) - Q i's. Lebesgue measurable.
(A5) The set Q ié compact(closed and bounded-).

(A6) Matching conditions: There exist continuous matrix valued

functions D(.) : @ — R™™,E() : Q — R™" and V() : @ — R™™ such
~that

1) AA(g) = BD(q)
2) AA(g) = E(q)C
3) AB(g) = BV(q)
4) i Vigl<1 Vg € Q.

whe;e the norm of a matrix T is taken a.s
| T | = Aoz T'T)/

and Amqaz (M) denotes the largest eigenvalue of M.

. ' o
(AT) RankB = m < n and rankC = r < n.These assumptio‘ns are

made without any Jloss of generality.
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Remarks :
(i) In this thesis, we add assumptions(A2) and (A8 2)) which guaran-

tee observanbility of the uncertain system (Z), the other assump-

g{;:? tions being those of the previous paper [9]. '
: \
!

(ii) The matrices AA(g) and AB(g) might each depend on different com-
ponents of q. That is,we might have q=(r,s) where AA(.) depends

only on r and AB(.) on s.
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2.2 Steps for Construction of Feedback Matrix K

In this chapter, we assume all the states of the systemn are available

for direct measurement.

Under the assumptions of previous section, except(A2) and (AG
2)), Thorp and Barmish [9] constructed a purely linear feedback con-
trol which guarantees uniform asymptotic stability in the sense of

Lyapunov. The followingtheorem is given in [o].

Theorem 2.1 : Consider the uncertain linear system

£(t) = [A + AA(g(1)]z(t) + B + AB(g(t))]u(t), (1)

-

with state feedback control
u(t)=Kz(t). (2)

where K is constructed via steps 2.1 through 2.5. Then, for all ad-

missible uncertainty g(.)(see (A5)), the origin x=0 is uniformly asymp-

totically stable.

The following steps generate the feedback gain K:

Step2.1: Construct a matrix K, such that A = A+ BKp is a stability

matrix.This is possible by (Al). Let

V(z)=2z'Pz, P=F>0




be a Lyapunov function for the (stable) system = Axz.

Step2.2: Let T be any n X n nonsingular matrix such that TB has

0
Im

m).This is possible since rank B=m.

the block structure TB = ( )(Im denotes a unit matrix of dimension

Step2.3: Form the matrices
- F=TAT™!,
AF(q) = T[AA(g) + AB(q)Ko)T ™Y,
G=TB,
AG(q) = TAB(g),
S =TpP7T
and the partition

M(g)=|F + AF()|S + S[F' + AF'(g))

o =( My, Ml:t(?)) |
. Mi(q) Ma(g) )’

-

" Due to the matching condition the partition block Mj; is either

empty or invertable and independent of ¢ € Q.

Step2.4: Select a reél scalar v < 0 such that 1

__-| maXeeq Amaz[Me2(g) — Mi;(g) M3 Miz2(g)] |
' 2(1 - maxgeq || V{g) II) '

1 When t=n,the M, block ln empty,nnd the Mia(q) = M{g).For this cnae,the numerntor ia defined to be
slinply

b <

::lEn‘sc /\m..lf'{sl("i'}l'
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\u_’go
We note that the denominator is strictly positive,since any max-

imizer q* of j| V(q) || satisfies || V(g*) ||< 1. The existence of such a

maximizer is assured because V(.) is continuous and @ is compact™™

Step2.5: The desired feedback matrix is now given by

K = Ko+ 70| [a)(T7Y)'P = Ky + 4B'P = Ky + K. (3)
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2.3 Proof for the Theorem

Proof : The theorem is established by introducing new state vari-

ables

Tz and %=S5"!z

z

Since the transformation matrices T and S are independent of g{.),
it suffices to establish uniform asymptotic stability in z-space and/or
Z-space. A straightforward compu;ation yields the transformed state

equations L
3(t) = [F + AF(g(t)]z(t) + (G + AG(q(t))]u. (2),: (5)
where
u,(t) = K3 T71z(2),
and
z(t) = STHF + AF(q(1))]SZ(t) + STV (G + AG(q(t))uu(t), (6)

where
K 4

u. () = KiT 7' 8z(t).

To facilitate completion of the proof, we require a number of observa-

tions, .



Observation 2.1,

The transformed matrices AF(.),G, AG(.) in (5) also satisfy assump-

tions (Ab5) of the section 2.1 that is, by defining

D.(q) = {D(q) + V(a)Ko]T™ 1, Vi(a) = V(q),

it follows that

AF(g) = GD.(g), Vg€ @, (7)
AG{q) = GV.(q), Vg€ Q, (8)
Vg <1, VeeQ. (9)

Observation 2.2.

" In light of Observation 2.1 and the gpecial structure of (1), sce

Step2.2 and 2.3 the state equation (5) can be written in the partitioned

form

L01) = 1y F _ o
=, £ AFu(el) P+ A o) 20+ (v ) =0

The fact that the uncertainty q{.) does not appear in the (1,1)-
partitions and (1,2)-partitions.of F + AF(.) is a congequence of the -

transformed matching conditions (7)-(9).

Observation 2.3.




The uncontrolled nominal z-gystem

has Lyapunov fuhiction

recall that

S=T1pPlT. -~

To establish this fact, we first note that S~! is positive definite. Recall
that P is positive definite and T is invertible. Next, we compute the

Lyapunov derivative
L.(z{t),t) = gradV!(z(t))z(t). ~
Then, given a fixed pair {Z,t), one can compute
Loz, t) =2 (T (A'P+PAT )z

Hence, the negative definiteness of A’P + PA implies that L,(z,t) is

L

negative definite as well.

Observation 2.4.

Using Observation 2.3, it is easily shown that

V(%) =#5%
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serves as a Lyapunov function 2 for the uncontrolled Z-system

Observation 2.5.

. By partitioning Z(t).into (;18%> , we notice that the control u.(t)
- s 2 -

can be simplified. Namely,
u.(t) = K177V SE(t) = A0\ 1) (T~ PT71S (f‘(” ) = 4E,(t).

Returning to the proof of the theorem, we take 1—/(5:) as a Lyapunov
candidate for the controlled z-system (6) with uncertainties entering

through AF(.) and V(.). Using Observation 2.5, the Lyapunov deriva-

tive is computed to be -

0 L(%,t) = F'S{STYF + AF(q(t)))SE + S7YG + AG(q(t))]7Z2(1)}

=2 M(q(t))Z + v, H (¢(t)) 32,

where

H{q) =2In+V(q) +V'(q)-

2 The negative definitenens of the Lyapunov derivative

£zt =2 [P+ 8FP')2
is an ensy comicquence of the.negative definitencas of the matrix

F's™!' 4+ 87'F,
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~ Fs

ﬁsing the deﬁniti?n of M(q) in conjunctio:/l,wi'tlll’ Observation 2.2,
it follows that the partition M), of M(q} is independent of q. Without
loss of generality, we assume that this partition is nonempty. V\‘fhe also
note that M) is negative definite; that is, M), is the (1,1)- partition of
FS + SF'(see Observation 2.4 and its footnote). We now rewrite-ﬁ(i,t)

,

a8

- i ' . My M2(q(t)) 7= 53'N %
B0 =% (aaot) el sty ) = Z 0%

Consequently, to complete the proof of the theorem, it suffices to show

that there is a constant A < 0 such that
#M(g): < AZ'z - (10)

holds for' all £ € R® and all ¢ € Q. To meet this end, we prove the

)

following claim.
Claim 2.1. For each ﬁi;q € @ the matrix M(q) is negative definite.

To prove this claim, we first decompose M(qg) as

_ I 0\ [/ My, 0
M(q) = (M{z(Q)Mﬁ‘ 1)( 0 Mzz(q)+7H(q)—M{z(Q)Mﬁ‘Mlz(Q))
-1

Recalling that M;; is already negative definite, it suffices to show that

O(q) = Mzalq) + vH(q) — M{z(q) M M12(q)
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is negative definite. Let n € R™ be chosen arbitrarily, and note that
n'©(g)1< Amaz[Ma2(9) — Mi; (g} My Mua()]7'n + 20" + 20"V (g)n.

Consequently, it is appearent that the choice of 4 given in Step 2.4

guarantees that S
n'®(g)n < 0.
Hence, O(q) is‘pﬁg/at—ive definite, and the claim is proven.

Returning to the proof of (10), we now select ¢+ € @ such that

2 Aoz  M{0)] = Amazl M (g)]

and define

X = Amaz[M(q)]-

The existence of such a A follows from the continuity of A(.) and the
comp’acrtness of Q. The negativity of X follows immediately from the

preceding claim. Finally, the satisfaction of (10) follows from the fact

that

The proof of the theorem is now complete. So the closed-loop system

£(t) = {A+ AA(g(t))]=(2) gﬂ +AB(g(t))]ult)

= [(4+ AA(q(t))) + (B + AB(q(1))) K]=(t)



Tt

E SN

is uniformly asymptotically stable.

Similar linear or nonlinear controller designs were done in previous
papers [1-14]. However,if the states are not available for direct mea-
surement,only the output vector y(t) is available,then the feédback
control law (2) can not be implemented and other techniques must be
found to realize it. Thus, either an output feedback controller lead-
ing to asymptotic stability under some additional conditions must be
designed, or a suitable estimate approximating the unavailable states
must be determined so that it can be substituted into the control law.
In this thesis,Luenberger reduced order observer is used to estimate
the missing states of the system and thereby a feedback controller,

that guarantees an uniform asymptotic stability in the presence of

uncertainty, can be designed.
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CHAPTER 3. STABILITY WITH INCOMPLETE-STATE INFORMATION

- :
USING OBSERVER

b N

3.1 The Closed-Loop System with Observer

From(ZX), the output is y(t)=¢x(t),and hence the state is only par-
tially observed through this output. It suffices to estimate the missing

. components of the state variable and design a reduced order compeh-

sator [31].

Once a reduced order observer has been constructed which pro-
duces an estimate of the states or a linear transformation thercof,it
is important to consider the effect induced by using this estimate in
place of the true value called for by a control law. Ispecially,one is
concerned with the effect of an observer on the closed-l;op stability
properties of the system. In this section,it will be shown that if a lin-
ear control law is realized with the observer,the resulting cigenvalues
of the S).rstern are those of the observer itself and those that would

be obtained if the control law was directly implemented. Thus an

observer does not change the closed-loop eigenvalues of a design but

merely adjoins its own eigenvalues.

Let us consider
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((t) = [A+ AA(g(t)]=(2) + [B + AB(g(t))]u(t)  for any g€ Q,

= A(t)z(t) + B(t)u(2),

~y(t) = Cz(t) (output) ¢t € [0,00).

\

= .
Now if the control law cannot ﬁe realized directly because of miss-
ing states,we must construct an observer.That is,an observer of the

form,

(1) = R()z(t) + S(0)u(2), (12)

-

must be constructed such that the estimated state has the form
Z(t) = Hy(t)y(t) + He(t)z(2). (13)

Then the control is given by

u(t) = K&(t) = KH(t)y(t) + K Ha(t)2(¢). | (14)

First,it is assumed that there is an (n — r) x n matrix C(t) such

that(éc(;t)) is nonsingular for all ¢ € {0, co).
Then,we consider 3

2(0)=C (1) z(¢), (15)

3 ™ means equnlity na t Inrge cnough.



and hence

(i%ﬁ%) = ((;(ft))z(t), (16)
£(t) = (C%))l(ygg) ()
" Therefore,we can consider ( éft) ) B (zg;) _ 3(t) as an cstimate of

the true state x(t) and use this estimate as the input to the feedback

controller

' -1
u(t) = K( éc(;)) (Zg%) = K (t)y(t) + K Ha(t)=z(t),
where

(i () Ha(t) = ( C,C(’t))_ . (18)

In this case,when (14) is substituted into (1),the state equation of

the system reduces to

£(2) = [A(t) + B(t)ff;(t)cw) + B(e) K (1)), (19)
where K is given in (2).
From (15),(17),(19) and
2(t) = C(0)=(t) + C2(2). (20)

‘We have

HO)={C (| A() + B K] + C()}Ha(t)(2)

—+ {C(t)[A(t) + B(t)K] + é‘(t)}Hl(t)y(t). (21)



This is the observer equation,where

R(t) = {C(1)[A{t) + BO)K] + C0)}Ea (), (120)

and |

S(t) = {CW)[A(t) + BO)K] + C(t)} Hy (1) (120)
From this observer equation,we get its state z(t) by simulation
which can be used to implement the control law (14).

Introducing the transformation
2(t) = C()=(t) - =(1), (22)

the whole structure can be simplified.
From (18),
H(H)C + H.()C() =1, - (23)
and from (12),(14),(15)

-~

> (1)z(t) + C()a() — 2(2)

tu
—
o~
—
I
Qe

-

c;;‘(t)Hg(t_)'é(t)z(t) — C(t)Hz(t)2(t) + C() AR) Ha () C () (t) — é’(t);l(t)Hg(t)z(t)."

I

Therefore, -



From(19),
x(t) = {A(t) + B(t) K]=(t) - Bt )KHz()E() (25)

The effect of observer on the dynamics of the closed-loop system is

examined by the transformation

(20) = (eta ) (50)

Using (24) and (25),we arrive at the following equation
5)) _ (AW +BOK  —BOKH() (1)
E0)= (0 ewsewanme) (Q)

The closed-loop stability of system (26) will be considered in section

[al

[ ST o]

3.3.



N
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3.2 Construction of the Observer (C(t))

For y(t)=Cx(t),it is assumed here without loss of generality that
the ﬁrs't r columps of C,with a possible renurﬁbering of the states,are
linearly in&ependent.Thus,C may be partitioned as C = (C;|Cz),where
Cy is r x rynonsigular. In this case itI: can also be assumed,by intro-
ducing a change of coordinates, that the matrix C takes the form

C = (I;]0).Such a form will yield simpler design procedures.

And it will be necessary later to consider the partitioning

cin o Ault)  An()
Alt) = (Am(t)- An(t).) ’

where A;;(t) andAy(t) are r x r and (n —r) x {n — r),respectively.

T,

Before the construction of observer,we wish to emphasize the fol-
—

lowing points:

1. In chapter 2,it was assumed AA(g) = E(q)C for Vq(t) € Q.After the
transformation, matrix- AA(q) = T AA(q)T also satisfies this matching

condition for C = (I,|0) = CT.
Let

E(g) = T E(q). (21)

Then



2. From L,if system {Z) with output distribution matrix C = (I,|0)

)
satisfies (28),then

"AA(g) = (A4,(9)]0). | (29)

Therefore,A;z(t) = Alz,ﬁgz(t): Az, where Ajg, Agp are the partitions

An Alz)
A= .
(AM Az

3. If {A,C} is observable pair,then so is {Azz,A;2}. This can be

of

easily proved directly by using the definktion of observablity.

Writing é(t) as

C(t) = (L(t) N(r)). (30)
We have
c\ (L o
(ém)‘(L(z) N(t))' (31)

Since this is invertable,the {n—r) x (n ~r) matrix N(t) is nonsigular
for all t € [0,00),2.e.(N(t)¢ &) > €| € |*,¥t > 0 for some € > 0.

Then

(éc(;)>_1:(ﬂl(t) Hg(t))z(_N_{(rt)L(t) N_Ol(t)). (32)

Thus (24) becomes

3(t) = [C(t) + C()AQ)] Ha (t)Z(2)



= {(L(t) N()+ (L(t)An(t) + N(t)An(t) L(t)Arz(t) + N(t) Ana(t)) }Ha(t)Z(2)

= {N(t) + [N(8) Aza(t) + L(t) Az ()} N5 (1) (). (33)

Defining

E)={N(t) + [N (t) Az (t) + L) Aiz() }V 1), (34)

where N(t) should be nonsingular for all ¢ € [0,00),L(t) can be chosen

arbitrary. If we choose N(t)=I,(34) reduces to
E(t) = Agg(t) + L(t) A12(t) t € [0, 00). (35)
This is convenient both theoretically and computationally.

In general,given a E(t),it is hard to ﬁ;d a solution for L(t) in(35).
However,we are merely concerned with the question of stability of the
systemI. That is,we must show 2(t) — 0 as t — oo. It will be scen later
that only the ecigenvalues of E(t) are important in the design proce-
dure.Since ;112(1&) = Alz,;!.gz(i) = Ay and {Az; A2} is observable,(35)
reduces to

E(t) = Agz + LAx, _ (36)

and it is well known that there exists a matrix L such that E =

Ag; + LAyp is a stability matrix.That is,by proper choice of L,all the

eigenvalues of E are negtive:

O /\;{E} _— /\f{A22+LA12} < 0’ 1: 1’2-..”'.._,- (37)



In fact,L(t) can be chose to be a constant matrix L which defines

E(t) by (37).Hence by (30)
Clty=C=(L I). (38)

Thus we have constructed the observer completely.

For convenience of the reader we present below the necessary steps.

Steps For Construction of Stabilizer :

Step 3.1: For a given compact set Q,assuming complete state in-
formation, determine the feedback control law (2) (i.e,matrix f{) via

steps 2.1-2.5.

Step 3.2: Determine a matrix L satisfying (37)(note that such a

matrix exists) giving C by (38).

Step 3.3: Substitute C,K into (12a) and (12b),and construct the

. observer via (12) for any ¢ € Q.

Step 3.4: For incomplete state information, the control law is now

given by (14).
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3.3 Stability with Incomplete State Information

. In section 3.1,it was shown that an observer does not change the
closed-loop eigenvalues but merely adjoins its own eigenvalues.In the
time-varying system,however,a more detailed analysis of the stabil-
ity of (26) is required since the eigenvalues of the time-varying sys-
tem do not in general determine its stability.It will be shown that
the introduction of an observer does not disturb stability properties.

First,considering the second part of (26),i.e.,equation {24),
z(t) = E(t)2(¢),

it has been shown in the previous section that for a proper choice of
L(t)=L constant,E(t) can be chosen to be a constant matrix having
cigenvalues with negative real parts.Thus (24) is (uniformly) asymp-

totically stable and there exist positive constants ¢1, ¢y such that
(=) < e for 0<7T <t < oo (39)

where ¥(t) = e£ is the transition matrix corresponding to E.

Then

z(t) = ¥(t)z(0) (40}
H
IN
Using (22) yields an explicit solution for the state of the controller:

!
~

z(t) = Cz(t) + e&[2(0) — Cz(0)), ..~ (41)



The/control u(t) is then found by inserting (13) and (41) into (2),

ielding

-

u(t) = Kz(t) + K Hy(t)eP[z(0) — Cz(0)). (42)

Comparing (2) and (42), it is seen that the control law when only
y{t) is measurable differs from the control when all states of the plant

are measurable by the term

¥

K HqoeF2(0) — Cz(0)). (43)
Since \If(t) = €' is nonsingular for all ¢t > 0,z(t) will be identically
zero for all t € [0,00) if and only if 2(0) = Cz(0).

On the other hand, from (39),(40)

!

| 2() 1< ere™ || 2(0) ||, (44)
where
2(0) = (£(0)=(0) — 2(0) )
From (26),the state x of the system is given by
dﬁ=®UﬁﬁmyigéuﬁﬂﬂﬂKHﬂﬂﬂﬂw. (46)

Where ®(¢,7) is the transition matrix corresponding to (A(t)+B(t) K)
of system (4).Since system (4) is uniformly asymptotically stable, there

exist c3,cq > 0 such that[42]

| @(t,7) |< cze™ 7). 0<r<t<oo (47)
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Since B(t) =B+ AB(q(t)) = B(I+V(q(t))),where || V{(¢(t)) ||< 1 for all
¢ € @,and H(t)=constant,there exists a finite positive number h,such
that

| B(r)KHz(r) |[< h < o0 t€&][0,00), (48)
and therefore it follows from(34) that

L .
[ 2(t) | € ese™ || z(0) | +°1~°3”'/0 el e ar | 2(0) |

e—c:t . e'-Cgt

= cae™ || z{0) || +eresh——— | 2(0) || -
Cq4 — Cg

Thus || z(¢) |-+ 0 as t — co (even for ¢z = ¢4 > 0) for all finite x(0),z(0).
This means that (26) is uniformly asymptotically stable.

We can summarize the above result in the following theorem.

Theorem3.1 :

Under the assumptions (A1-AT) in chapter 2,given any compact

set Q C R¥, there exists an observer for the gsystem
( 2(t) = [A -+ AA(q(t)]=(¢) + [B + AB(q{))]u(t)

= A(t)z(t) + B(t)u(t)

y(t) = Cz(t) (output) t€0,o00)

\

such that the combined plant-observer system(26) is uniformly asymp-

totically stabie with respect to the zero state for any uncertainty

q(t) € Q.



Remark} :

If the system is stabilized for a given compact set Q c R¥, then the

-

system remains stable for any @'""C Q.Otherwise,one would require to

redesign the stabilizer following the steps 3.1-3.4.



CHAPTER 4. TWO EXAMPLES WITH SIMULATION RESULTS

" 4.1 Example One

Let ™~
[ Z1(t) = zi(t) + g{t)za(t) — u(2)

here Ao = (i | g) , By = (_01),CO= (0 1),84(q) = (8 qg')) ,AB(q) =

0.

It can be easily shown that the system satisfies all the assumptions
of chapter 2. First, we construct the controller assuming that the state

is completely available.

P

From step2.1,we can find Ky = (4 2) such that

A:A0+BOKO:G g)+(—()1)(4 2):(—13 —02)

" «'is a stable matrix while Ay is not. Let T = (é 2), solving Lyapunov
L ..‘!"I

equation A'P + PA = —-T', we got

(7 4 = (4 )

From step2.2, to make TBy = (2) ,we find T = ( 01 i) .



¥rom step 2.3, FF = TAT"! = é ::1; JAF(q) = TAA(QT™! =

0 0 Cm [0 e opeiew {05 15
(_q 0) ,G=TB = (1),AG(q) =0,8=TP'T' = (1‘5 6.5)\’. .
_ 1 -1 0.5 1.5 0.5 1.5 1 6-—-gq
Mla) = (6—(1 —4) (1.5 6.5) * (1.5 6.5) (—1 4 )
_ -2 —0.5¢ — 8
-\ -0.5¢—8 -3¢g—34
From step 2.4, in order to ﬁ-ng <, such that
4 < —0.5 | max[~3¢ — 34 +.0.5(0.5¢ + 8)*] |
q€Q
= —0.5 | max[q — 2 + 0.125¢°] |
| ma lq 7] |
Depending on Q, we can find v = vg < —0.5 | maxgeq|q—2+0.125¢°) | .
From step 2.5, the desired feedback matrix is given by
1/2 1

K=Ky+ K ={4 2)+ng(-1 0)( 1 4>=(4—0.5"1Q 2~ ).

Then, changing(¥) to standard form by z =Tz :
' 21(t) = z1(t) - Za(t)

1t is clear that G(t) = Aga(t) -+ H(t)Ap(t) = —H(t).

We choose H{t)=5,therefore C = (5 1) and the closed-loop system

is

zy(t) 1 -1 0 %3
(t) | = 6—157g—gq(t) —-4+0.5vy —4+0.57g Zo
z(t) 0 0 -5 z(t)
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From the computer simulations, the result _éhown that the system
is asymptotically stable for different random processes ¢;(t)(GGPER),
2:(t)(GGUBS) and ¢5(t)(GGNML)(generated by the computer) with
values in compact set ¢, = [0 3] and Q) = [~1.3] with 79, = 2. When
the uncertainties take the values Q; = [0 4] and Q) =[—1 4] it is shown
that redesigning g, is required as the systems are not asymptot.ically
stable with g, = 2. From step 2.4, with 7Q, = 3 asymptotic stability

F 4
iz achieved.
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RANDOM PROCESS {(GGPER)

|
30
TIME (UNTTS)

Tig.1. Random process {q:1(t),t > 0} taking values from the comnpietl, sef

-

Q, =[0,3."

i



E(WITH o,(t))

STA

KORM OF

THE

5.0~

L

@
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3.
2. \

U W S
20 30 40 50 60
TIME(UNTTS)
_— .

Fig.2. Stabilizing feedback gain with o, = 2.



RANDOM PROCESS (GGPER)

- A6 -

5

TIME(UNTTS)

Fig.3. Random process {¢1(¢)} With values from the set ¢

0,14




THE HORMZ0F STATE (WITH q,(t)}
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Fig.4.

R P lue/@\érllo

10 20 30 T 40 5
TIME (UNITS) /

-
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[a3]

8

Same feedback gain with ~g, = 2( not asyltlp‘totically stable).
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THE MNORM OF STATE(WITH q,(8))

<48 .

TIME (UNTTS)

I'ig.5. Stabilizing feedback eain with 05,

3 (redesigned).

i




RANDOM PROCESS (GGURS)

()

4

i c
~
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-
3.0 @ B ¥ '
2.0
1.0 F \
0.0 gh—t .110 % 55 de— 70

Fie. 6.

[0, 3].

TIME (UNITS)

Random process {g:(t),¢ > 0} taking values from the compact set



THE NORM OF STATE(WITH q,(t))
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TIME(UNITS) -

Fig.7. Stabilizing feedback gain with g, = 2

S0 o o 6 O o-0-0bo e o ob - -
20 30 40 50 60
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RANDOM PROCESS (GGURBS)

JB1 -

0 o ® = :

.0 ™

O

.0 —/ »

0 % g R

TIME(UNITS)

Fig.8. Random process {g2(¢)} with values from the sot Qo = [0,4,.

70



THE NORM OF STATE (WITH q,(t))

o
[+

2N

w

N

Ju—

&-c—t-o-b—o—
40 50

30 -
TIME (UNTTS)

»

Tig.9. Same feedback gain with 0, = 2( not asymptotically stable).
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4.0
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N d
o o

THE NORM OF STRTE(WITH q.(t))
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0.0 oS oo 060 b b ot o
0 10 20 30 40 50 60

TIME (UNTTS)

Fig.10. Stabilizing feedback gain with g, =3 (redesigned).
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RANDOM PROCESS (GGNML)
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TIME(UNITS)

I'ig.11. Random process {a2(8),t > 0} Eaking'values froim the compact set

Q) =[-1,3]. ~ /

~

et | BN



w

(1))
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' TIME (UNTTS)
I'ig.12. Stabilizing feedback gain with oy = 2.

70



RANDOM PROCESS (GGNML)
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Fig.13. Random process {g3(8)} with values from the sot )
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asymptotically stable).
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THE NORM OF STATE
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>
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Fig.15. Stabilizing feedback gain with Yo, = 3 (redesigned).



4.2 Example Two

#1(t) = za(2)
N B 2 m) + o
J #3(8) = au(t)21(8) + qa(t)2(t) + u(2)
. y1(t) = z,(t)
y2(t) = 22(¢)
here X
0 1 0 G “
=l erl)esGord),
0 ¢ 0
AAlg)={0 0 0|,AB(g)=0
91 g2 0 _

{A,B} is conirollable, {A,C} is observable, A is not stable. It can

be easily shown that the system satisfies all the assumptions of chapter

2.

It is found from step2.1 that Ko=(-3 -3 -2) makes A = 4 + BKy =
0 1 0

1 o 1 stable.
-3 -3 -2

By solving Lyapunov equation



2 0 0
where I'=| 0 2 0], we obtain
0 0 2
16 14 5 AR L VA
P=|14 14 5], P!'= n -17 23 -10 1. s
5 5 3 0 -10 28 .
1 0 0 0
From step2.2, T= |0 1 0| since B=| 0 |. Following
0 0 1 1
0 1 o0 0 0 O
F=TAT'=1 o0 1 |,AF(¢J=]0 0 0],
-3 -3 -2 g g O
0 L[ 1m0
G=TB=|0 ,Ac:(q):o,s=13"1=a —-17 23 -10 |,
1 : A0 -—10 28
L —34 40 17(q — g2} — 10
M(q) = 5 40 —54 30 — 17q; + 23¢2
17(q1 — q2) — 10 30 —17q; + 23¢z =52 — 20q,

Depending on Q,it can be shown that

v =g < —0.5 | meaéc{—-l.53 — 0.588¢2 + 0.288¢7 -+ 0.288¢7 — 0.424¢,92 1+ 0.169q; -+ 0.751¢, + 1.496} |
q .

< —0.5 | me%c{o.%sqf + 0.288¢2 — 0.424q1q2 + 0.169q; + 0.169¢; — 0.03} |,
q
and

K = Ky + ’7qB'P

16 14 5
=(~83 =3 -2)+~(001) |14 14 5
5 5 3

=(—3+5’7Q — 3+ 57g —2+3’7Q).
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Let L = (L, Ly),it is clear that
0
L= A+ LAz =0+ (L1 Ly) (1) = Ly,

L, can be chosen arbitrary, and L; = —5 is chosen.

Hence C = (1 —5 1) and the closed-loop system is

e/ T 0 1 0 0 )
.’E'g _ 1 0 1 0 o)
3 g1 —3+571 @-3+519 = Jg —2+ 37 T3
z 0 0 0 -5 zZ

The simulation results showlthat the system/is asymptotically sta-
ble for different random processes q&li(t),qgll(t) and qu)(t),qu)(t) with
values in compact set Q; : {0 < ¢ <3,0< ¢y <3} and g, = —1.29. As
the uncertainty set increases to Q; : {0 < ¢y < 4,0 < gy <4}, 79, = —2.29

is required; otherwise, the system is not asymptotically stable with

7, = —L1.29.
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[~~_the probabilistic laws that govern the process.

o

CHAPTER 5. SOME CONCLUDING REMARKS

AND SUGGESTION FOR FUTURE WORK

In the literature[1-23], it is geAnerally assumed that the state of un-
certain system to be confrolled is fully measurable. In most control
situations, however, the state vector is not available for direct mea-
surement. In this thesis, A technique for designing stabilizing lincar
feedback control laws for uncertain dynamical systems with incom-
plete'state information has been developed. Our approach is based
on Luenberger observer theory and allows uncertainties in both the

plant and input(control) matrices. The design procedure enjoys the

following attractive properties:

1. For any given cdmpact set Q, assuming complete state infor-
mation, the feedback control law is determined in several steps. The .
feedback law(feedback gain matrix) depends only on the intensity of

the random pfocess, that is, the size of the compact set Q, rather than

-

2. In chapter 2, the assumptions (A2) and (A6 2)) guarantee ob-

. , N
servability of the uncertain system(44),it is known that the control-
lability and observeability properties of a time-variable lincar system

may be fully determined from the system solution. However, the so-



-7 -
lution to such ur\mert‘ain system is gen;:rally not available in closed
form. In ﬁis pa'per, L.M.Silverman examined f,heﬁt\int to which the
various t&pes of controllability ana observability may be character-
ized.in terms of the known system coeﬂ';lcient matrices. The criteria
they developed for uniform observability and controllability which do

-

not require calculation of the transition matrix has been successf&fly

. . ~
adopted in our thesis under assumptions (A2) and (A6 2)). It results
in the applicability of the observer theory and simplicity of the design

procedure (for ).

3. Tor any ¢ € Q, by an observer equation, the control law is

»

realized for the system with incomplete state information.

It would be desirable to relax the assumptions in chapter 2. These
assumptions restrict the manner the uncertainty enter the system. It
is interesting to determinc the least restrictive conditions per@itting

f\

the construction of stabilizer. '

&
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