STRESS-DEFORMATION THEORIES FOR THE ANALYSIS
OF STEEL BEAMS REINFORCED WITH GFRP PLATES

By
Phe Pham Van

A thesis submitted to the University of Ottawa
in partial fulfillment of the requirements for

Masters of Applied Science in Civil Engineering

Department of Civil Engineering
Faculty of Engineering

University of Ottawa

© Phe Pham Van, Ottawa, Canada, 2013



Abstract

A theory is developed for the analysis of composite systems consisting of steel wide flange sections
reinforced with GFRP plates connected to one of the flanges through a layer of adhesive. The theory
is based on an extension of the Gjelsvik theory and thus incorporates local and global warping
effects but omits shear deformation effects. The theory captures the longitudinal transverse response
through a system of three coupled differential equations of equilibrium and the lateral-torsional
response through another system of three coupled differential equations. Closed form solutions are
developed and a super-convergent finite element is formulated based under the new theory.

A comparison to 3D FEA results based on established solid elements in Abaqus demonstrates the
validity of the theory when predicting the longitudinal-transverse response, but showcases its
shortcomings in predicting the torsional response of the composite system. The comparison sheds
valuable insight on means of improving the theory.

A more advanced theory is subsequently developed based on enriched kinematics which incorporates
shear deformation effects. The shear deformable theory captures the longitudinal-transverse response
through a system of four coupled differential equations of equilibrium and the lateral-torsional
response through another system of six coupled differential equations.

A finite difference approximation is developed for the new theory and a new finite element
formulation is subsequently to solve the new system of equations. A comparison to 3D FEA
illustrates the validity of the shear deformable theory in predicting the longitudinal-transverse
response as well as the lateral-torsional response.

Both theories are shown to be computationally efficient and reduce the modelling and running time
from several hours per run to a few minutes or seconds while capturing the essential features of the

response of the composite system.
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: Displacement of an arbitrary Point B within a cross-section of the beam along Vv, -
axis direction of the C,n,s,z coordinate system.

: Displacement of an arbitrary Point B within a cross-section of the GFRP plate
along v, -axis direction of theC n s z coordinate system.

. Longitudinal displacement of shear center O of a generic cross-section along the Z
direction.

: Longitudinal displacement of shear center O of wide flange beam.

. Longitudinal displacement of shear center O of GFRP plate.

: Displacement of an arbitrary Point B within a generic cross-section along z- axis of
Cnsz coordinate system.

: Displacement in the z- axis direction at point C of contour.

: Displacement of an arbitrary Point B within a cross-section of the adhesive layer

along z -axis direction of theC,n,s,z coordinate system.
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: Transversal displacement of a point C of contour in OXYZ coordinate system.
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beam.

. Internal strain energy of GFRP plate.
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: Total load potential energy loss.

Stress-Deformation Theories for the Analysis of Steel Beams reinforced with GFRP Plates

September 2013

Page xxiv



LIST OF SYMBOLS

Vi

N<l

: Total load potential energy loss by end tractions.

: Total load potential energy loss by member tractions.
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: Element stiffness matrices for longitudinal-transversal response, which
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CHAPTER 1: INTRODUCTION

1.1.  Introduction and Motivation
Carbon Fiber Reinforced Plastic (CFRP) and Glass Fiber Reinforced Plastic (GFRP) plates are

increasingly being used as retrofit materials for steel members because of their high strength-to-
weight ratio, high corrosion resistance, and quick installation. FRP plates are bonded to external
surfaces of steel beams to increase their stiffness and strength. Thus, they help improve flexural and
shear capacities of steel beams. The main difference between the two materials is that CFRP has a
high modulus of elasticity (ranging from 112 GPa to 330 GPa) and is typically used in thin-layers (
1.3—12 mm), while GFRP materials possess a lower modulus of elasticity (ranging from 17.2 GPa
and 13.8 GPa to 42 GPa) and is typically used in thicker layers (1.5—19 mm). In a state of the art
review, Harris and El Tawil (2008), recognized the potential of FRP as a retrofitting material for
structural steel structures and mention that the application of FRP in steel structures is currently in its
infancy, much like concrete/FRP application were in the late 1980s.

The reliable analysis of such composite systems presently necessitates the development of time
consuming 3D finite element models, and thus represents an obstacle in the effective design of such
systems. As such, the development of analytical and numerical analysis tools that are both (a)
accurate and (b) relatively simple would be an important step towards the effective design of FRP
reinforced steel members.

1.2.  Scope of Research

Within the above context, the present thesis aims at developing analytical and numerical solutions
for the analysis of composite systems consisting of structural steel beams reinforced with GFRP
plate bonded together with an adhesive layer.

1.3.  Overview of material properties

Unlike structural steel, FRP material properties exhibit large variability. This is illustrated in Table 1
which provides a summary of mechanical properties of FRP material which are used in researchers’
studies. Column (1) lists the relevant references. Column (2) provides the type of FRP. Column (3)
provides the modulus of elasticity. The tensile strength of FRP material is listed in the Column (4)
while the Poisson ratio is listed in Column (5). Column (6) is the source of information for the

mechanical properties of FRP.
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Table 1.1 Mechanical properties of FRPs

Reference Material Young Tensile Poisson’s Source
(D Type Modulus | Strength Ratio (6)
(2) (GPa) (MPa) (5)
3) “4)
El. Damatty
et al. GFRP 17.2; 206.2 0.33; Manufacturer
(2003), (2012), | (EXTRENS500) 13.8 ' 0.31 Specifications
(2013)
Jun Deng v,=03
1 CFRP =310 N ioned
et al. - = ot mentione
E,= E,~10 v,; =0.0058
(2004) v,; =0.0058
CFRP 1 200 3300 -
Linghoff et al. Manufacturer
CFRP 2 330 1500 - _ _
(2010) Specification
CFRP 3 165 3100 -
Tavakkolizadeh
and
CFRP 144 2137 0.34 Tests
Saadtmanesh
(2010)
Miller el al. Manufacturer
CFRP 112 930 0.37 _ )
(2001) Specifications
HS-CFRP" 166 3048 -
Kent and Sherif | HM-CFRP"™” 207 2896 -
- Not mentioned
(2008) UHM-CFRP"™ 304 1448 -
GFRP 42 896 -

(*) HS-CFRP: High strength CFRP; (**) HM-CFRP: High modulus CFRP; (***) UHM-CFRP:
Ultra-high modulus CFRP

Also, the adhesive material used in bonding steel and FRP exhibit large variability. Table 2 provides
a summary of mechanical properties of adhesive materials which are used to bond FRP material to
steel beams. Column (1) lists the relevant references. The adhesive designations are given in Column
(2). Column (3) lists the modulus of elasticity and shear modulus of adhesive material while Column

(5) provides the Poisson’s ratio. Columns (4), (6), and (7) are tensile strength, shear strength and
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peeling strength, respectively. Columns (8) and (9), are virtual spring stiffnesses in shear and peeling

directions, respectively, as proposed by Siddique and El Damatty (2013), while Column (10)

provides the source of the FRP product. In all studies, the adhesive is considered as an isotropic

elastic material.

Table 1.2 Mechanical

roperties of adhesives

E7G7 O, O-S(:l H O-Pa 2 KS s K p?
Author Type GP v , , \ Source
a | MPa MPa | N/mm-~ | N/'mm~ | N/mm
(1 (2) (%) (10)
G| @ © | ®) ©)
ElL
Damatty
et al. Manufacturer
MA 420 - - - 15.5 4.0 21.79 2.26
(2003), Tests (K, K) [7]
(2012),
(2013)
Jun Deng
et al. - 10,- - 0.3 - - - - Not mentioned
(2004)
Linghoff | Epoxy 1 7,- 25 - - - - -
et al. Manufacturer
Epoxy2 | 45,- | 30 - - - - -
(2010)
AV8113/ | 107, 13.8-
Miller el - - - - -
HV8113: | 296 17.2
al. Manufacturer
Plexus 8.6-
(2001) - - - - - -
MAS555: 10.3
High
Kent and 45,-| 25 - 24.8 - - -
modulus
Sherif Not mentioned
Low
(2008) 04,- | 4.8 - 9.0 - - -
modulus
Introduction Chapter 1
September 2013 Page 3




1.4. Literature Review

The literature review is subdivided into four subtitles: a) Studies aimed at identifying mechanical
properties (Section 1.2.1), b) Analytical and computational studies for beams reinforced with GFRP
plates (Section 1.2.2), ¢) Experimental studies on beams reinforced with GFRP plates (Section 1.3),

and d) Analytical an computational models for other composite systems (Section 1.2.4).

1.4.1. Review of Studies aimed at Identifying Mechanical Properties

Miller et al. (2001) conducted a study on the application of advanced composites for steel bridge
girder rehabilitation. His work involved (1) the selection of rehabilitation materials; (2) the
development of an application procedure; (3) the demonstration of the repair effectiveness; and (4)
the investigation of the bond between the advanced composite and the steel in terms of force transfer
and durability.

A CFRP with a modulus of elasticity of 112 GPa and 5.25 mm thickness was bonded to steel girder
by using either the two-part high-strength epoxy Araldite AV8113/ HV8113, provided by Ciba-
Geigy Corp., Madison Heights, Mich. (Ciba-Ceigy 1999) with a shear strength of 13.8 — 17.2 MPa,
or a methcrylate adhesive ITW Plexus MASS5S, provided by Danvers, Mass. (ITW 2000) with a shear
strength of 8.6 — 10.3 MPa.

The authors provided the rehabilitating steps and requirements in details. Four full-scale bridge
girders were investigated to evaluate the effectiveness of the system in terms of stiffness and strength
enhancement. The results showed that CFRP retrofit resulted in an increase in the elastic stiffness
ranging from 10% to 37%. Also, they resulted in an increase in the ultimate capacity increases of the
two girders tested to failure by17% and 25% over the predicted deteriorated capacities. Tensile
specimen tests and adhesive shear strength were conducted and force transfer and bond durability
were qualified. In conclusion, the authors indicated that the application of CFRP bonded to steel
beam was promising as rehabilitation method.

Zhao and Zhang (2007) conducted a comprehensive review of previous research on FRP
strengthened steel structures. Four bond testing methods were investigated. In these methods, (i)
Loading was indirectly applied to the FRP and the steel plate in a beam, (ii) Loading was directly
applied to the steel element without gap, (iii) Loading was directly applied to the steel element with a
gap, and (iv) Loading was directly applied to the FRP. The study showed that failure modes
depended upon the modulus of elasticity of FRP and adhesive type and thickness. The bond-slip

relationship between FRP and steel was also investigated. It was also indicated that strains in FRP
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and adhesive layers should be carefully quantified when strengthening steel structures with FRP as
well as designing new steel structures bonded with FRP.

Harris and El-Tawil (2008) performed another state-of-the-art review on the progress in Steel-FRP
composite structural systems. The review concentrated on (1) strengthening steel structures with
FRP, (2) stabilizing buckling-critical steel elements with FRP, (3) relieving fatigue or fracture-
critical conditions and (4) bonding FRP with steel. They summarized manufacturing information of
typical mechanical properties of GFRP, CFRP, adhesive and structural steel.

1.4.2. Review of Analytical and Computational Studies for beams reinforced with GFRP
Taljsten (1997) adopted two elastic analytical models to determine the shearing and peeling stresses
of the adhesive layer in a beam strengthened by a plate bonded to its bottom surface. In his first
model, it was assumed that (i) the bending stiffness of the beam was much greater than that of the
strengthening plate, and thus the bending stiffness of the plate was considered negligible, and (ii)
The stresses in the adhesive layer were assumed constant across the thickness. As a result, bending
moments of the plate and normal stresses within the adhesive were neglected. Based on these
assumptions, expressions for shear stresses along the span were derived using force equilibrium
equations. The second model accounted for the bending moments within the plate while adopting the
shear stress distribution obtained from the first model to derive an expression for the peeling stresses.
An expression for the deflection of the beam was directly derived by using moment-deflection
relationship. The deflection function of the plate was obtained from a differential equation for a
beam on an elastic foundation. The deflections of the beam and plate obtained were then used to
determine the peeling stresses along the span. An example was investigated for a solid rectangular
cross-section strengthened with plates bonded at its bottom. The stresses obtained compared well
with finite-element solution using ANSYS (1994).

El Damatty and Abushagur (2003) conducted shear lap tests on eight types of adhesive for predicting
the shear and peel behaviours of the adhesive systems used to bond steel sections and pultruted
GFRP sheets. Test results showed that, in general, methacrylate products achieved the highest load
resistance with the highest performance for the MA 420 product. Analytical models were then
developed based on beam on elastic foundation analogies in order to quantify the shear and peeling
spring stiffnesses from test data. The maximum shear stresses ranged from 20.9 to 34.3 MPa while
the maximum peeling stresses ranged from 0.72 to 6.01 MPa.

Jun Deng et al. (2004) performed a stress analysis for the flexural behaviour of simply supported W-
steel beams reinforced with CFRP plate. The CFRP was bonded only to the bottom flange of the

beam. By writing the equilibrium condition, a mathematical model was developed to determine
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shear and normal stresses along interfaces of the adhesive layer. The model was based on force
equilibrium of CFRP, steel and adhesive elements. The assumptions made were: (i) all materials
were linearly elastic, (ii) plane sections remained plane, (iii) the shear and the normal stresses in the
adhesive layer did not vary throughout the thickness, (iv) shear deformations in the CFRP plate and
steel beams were neglected, (v) bending deformations of the adhesive were neglected, and (vi) in
calculating the interfacial shear stress, bending of the CFRP plate was ignored, while it was included
when calculating the interfacial normal stress. Comparisons with experimental results have shown
good agreement. The model was validated by comparisons with a shell based FEA using the S4R
shell elements in ABAQUS.

Linghoff et al. (2010) and Linghoff and Al-Emrani (2010) determined the performance of steel
beams strengthened with CFRP laminates using laboratory tests, a simplified analytical solution and
FE analysis. In their simplified analytical solution, four assumptions were made: (i) steel material
was assumed to have a linearly-elastic perfectly-plastic response, (ii) both the CFRP and the epoxy
were assumed to be linearly elastic until failure, (iii) strain distribution along the depth of the cross-
section was assumed to be linear, and (iv) full interaction was assumed between the steel and the
laminates, i.e., perfect bond was assumed between the CFRP laminate and the steel substrate.
Siddique and Damatty (2012) developed a finite element model for studying the enhancement of the
buckling capacity of steel plates bonded with GFRP plates. The numerical model was based on a 13-
node consistent degenerated triangular sub-parametric shell element that was developed by Koziey
and Mirza (1997) and was extended to include the effects of geometric and material nonlinearities by
Siddique and Damatty. The mid-surfaces of both the steel and GFRP plates were modeled using an
assembly of consistent shell elements which was free from the shear-locking. For modeling the
adhesive layer, a two-dimensional distributed spring element was formulated to represent the shear
behavior and the springs along the transverse direction represented the peeling behavior. As a result,
a 26-node contact element was proposed for modeling the adhesive between the steel-GFRP plates.
Siddique and El Damatty (2013) developed a finite element model for analyzing wide flange steel
beams bonded with GFRP plates. Members analyzed include W- steel beams strengthened with
GFRP plates bonded only to the compression flange covering the entire span. The GFRP plates were
manufactured using the pultrusion process and had a tensile-compressive bending strength = 206.8
MPa, flexural modulus = 17,200 MPa, and Poisson’s ratio = 0.33. The adhesive used to bond GFRP
to steel beam was methacrylate (MA420) with a thickness of 0.79 mm. The shear strength of the
adhesive was 15.5 MPa and the peeling strength was 4.0 N/mm, respectively. Four failure modes

were observed. These were (i) buckling of the system, (ii) shear failure of the adhesive, (iii) peeling
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failure of the adhesive, and (iv) GFRP failure. Load improvement factors were developed to quantify
the effect of GFRP strengthening, effects of strain hardening of steel, geometric imperfections,

residual stresses, and span on the capacities of the retrofitted beams.

1.4.3. Review of Experimental Studies on Composite Beams

El Damatty et al. (2003) experimentally investigated the effect of Glass Fiber Reinforced Plastic
(GFRP) sheets on enhancing the flexural capacity of wide flange steel beams. Nineteen millimeter-
thick GFRP sheets were bonded both to top and bottom flanges by using the methacrylate adhesive
system. Experimental results showed that a steel beam with GFRP sheets provided an increase of
about 15% in stiffness, 23% in yielding moment, and 78% in ultimate moment compared to a steel
beam without GFRP sheets. The authors also reported an excellent performance of the adhesive layer
and observed that failure of the steel beams occurred when the tensile stresses in the GFRP sheet
reached their ultimate values.

Tavakkolizadeh and Saadatmanesh (2003) conducted three experiments on composite steel-concrete
girders strengthened with CFRP sheets. The CFRP was bonded to the tension flange of the steel
beam. The authors observed that: (a) the ultimate load-carrying capacities of the girders significantly
increased by 44%, 51%, and 76% respectively for a single layer, three-layer, and five-layer
retrofitting systems, and (b) the effect of CFRP bonding on the elastic stiffness of the girders was not
significant, given the flexibility of the adhesive.

Schnerch et al. (2006) conducted flexural and tensile experiments to evaluate bond behaviour of
wide flange steel beams reinforced with steel plate at the compression flange and CFRP at the
bottom flange. His study indicated that the adhesive types tested were able to fully develop the
strength of the CFRP.

1.4.4. Analytical and Computational Models for other Composite Systems

Ditaranto (1973) developed a model for the static analysis of three-layer composite beams with a
weak middle layer bent in a single plane. A kinematic model was proposed in which the top and
bottom layers were assumed to behave as Bernoulli-Euler beams. The principle of minimum total
potential energy was used to formulate the equilibrium equations and boundary conditions. By
solving the resulting equations, closed form solutions were obtained for the displacement fields.
Based on the principle of stationary total potential energy, Vallabhan et al. (1993) formulated the
governing nonlinear equilibrium equations for laminated plates consisting of two thin glass plates
bonded together by a thin interlayer subjected to bending. Plane sections initially normal to the mid-

surface were assumed to remain plane and normal to the mid-surface during bending for each glass
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layer but not for the whole unit. Shear strain in the interlayer was linearly interpolated from
longitudinal in-plane displacement fields of top and bottom glass layers and vertical deflection of the
structure. The bending and membrane internal strain energies for both plates were included in the
formulation, whereas for the interlayer, only the shear strain energy was included. Using the finite
difference technique, solutions of the resulting coupled nonlinear differential equations were solved
numerically. The results of the model were observed to agree well with those based on experimental
results.

Suresh and Shive (1999) expressed the dynamic equilibrium equations and boundary conditions for
laminated composite open sections based on a first order shear deformable theory. The kinematic
assumptions were based on the Gjelsvik theory (Gjelsvik 1981) in order to account for global and
local warping effects. The mid-surface in-plane shear deformation effects were neglected while the
through-thickness shear strain was incorporated and assumed to have a linear distribution. The
internal strain energy for each ply of the laminated composite open sections was derived based on an
orthotropic constitutive material model.

Dall’Asta (2001) developed a model for the torsional and flexural analysis of two-layer composite
beams with weak shear connection at the interface. A discontinuity of longitudinal displacement
fields at the connection plane was assumed while twisting was assumed identical for both layers. The
system of equilibrium equations and boundary conditions was derived by using the virtual work
principle.

Lee et al. (2002) developed a model for the lateral buckling of I-section composite beams. The
assumptions were identical to those in Lee and Lee (2004). The principle of stationary potential
energy was applied at the onset of buckling and the equilibrium equations were formulated. A finite
element formulation was developed and the results compared well with those of Lin et al. (1996).
Lee and Lee (2004) developed a theory for the flexural-torsional behaviour of thin-walled composite
beams. In their paper, basic assumptions regarding to the kinematics of thin-walled composites were
(1) the contour of the thin wall beam did not deform in its own plane, (ii) the shear strain vy, within
the middle surface was zero in each element, (iii) the Kirchhoff-Love assumption of the classical
plate theory remained valid, and (iv) perfect bond was assumed in between plies. The equilibrium
equation system was obtained and a finite element model was developed to numerically solve the
problem.

Nowzartash and Mohareb (2005) developed a theory for the analysis of sandwich beams with large
cores of soft material, in which the core was assumed to be incompressible in the transverse direction

so that the distance between two interfaces remained unchanged throughout deformation. The core
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layer was treated as a Timoshenko beam. Starting with the principle of minimum potential energy,
the authors formulated the governing equations and boundary conditions and developed a finite
element solution.

Based on the kinematics assumed in Vallaabhan et al. (1993), Asik and Tezcan (2005) formulated
the governing equilibrium equations and associated boundary conditions for laminated glass beams.
The internal strain energy of the system consisted of bending and membrane strain components for
the glass layers and shear strain energy of the interlayer. Through variational procedures, the authors
derived the governing equilibrium equations and boundary conditions. Closed form solutions were
provided for specific boundary conditions and comparisons were made with experimental results.
Using the finite difference technique, the field equations were also solved for more general nonlinear
cases.

Gara et al. (2006) proposed an analytical model for the analysis of two-layer composite beams with
relative longitudinal slip and vertical uplift. The governing equations thus consisted of two
longitudinal displacement fields and two transverse displacements for both layers.

Girhammar and Pan (2007) developed first-and second-order theories for the analysis of composite
beams with deformable shear connectors subjected to distributed transverse and axial loads. Based
on the principle of minimum potential energy, the authors formulated the equilibrium equations and
boundary conditions. By comparing first order to second order analysis results, the study quantified
second order effects due to axial forces.

Koutsawa and Daya (2007) developed a mathematical model for the analysis of three-layer
laminated glass beams based on the assumptions that (i) plane sections remained plane and normal to
middle surfaces under bending for each glass plies but not for entire cross-section, (ii) the transverse
normal stresses were small compared to axial normal stresses, (iii) the transversal displacement of
three layers were identical, (iv) no slip was assumed to take place at the interfaces, and (v) the
interlayer only transferred shear stresses and its compressive stresses in transverse direction (i.e. the
peeling stresses) was negligible. The principle of virtual work was used to obtain the governing
differential equations and boundary conditions. The normal stress fields within the upper and lower
plies and shear strain within the interlayer were obtained analytically. A simply supported beam
subjected to uniform distributed load was analyzed and the results were validated against the solution
of Asik and Tezcan (2005).

Challamel (2009), Challamel et al. (2010) and Challamel and Girhammar (2012) investigated the
out-of-plane vibration analysis and lateral torsional buckling behaviour of (a) partially composite

sandwich beams with faces bonded through a weak shear layer and (b) un-bonded layered beams.
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The kinematic assumptions were based on (i) a discontinuity in the lateral and longitudinal
displacement fields at the interface; (ii) equal twisting angles for the two components.

Table 1.3 provides a comparative summary of the various theories discussed in section in terms of
cross-section geometry, materials involved, type of response, type of analysis, effects accounted
within the assumed kinematics, the formulation type and/or variational principle, and solution types.
1.5. Scope of the present study

The present study develops two theories predicting the static response of steel wide flange beam
reinforced with GFRP plate which captures the effects of warping and shear deformations. The effect
of local warping is dominant in thick walled beams such as those having a rectangular, or circular
cross-section, while the effects of local and global warping are important in thin-walled beams. For a
composite system consisting of FRP plate, adhesive layer, and thin walled beam, both types of
warping should be incorporated into the analysis.

The effect of shear deformation is quantified by comparing the results of the first theory which
neglects the effect of shear deformation and the second theory which incorporates the effect of shear
deformation. Both theories capture the longitudinal transverse response as well as the lateral
torsional response. Closed form solutions are obtained for the non-shear deformable theory, while a
finite difference solution is developed for shear deformable theory. In addition a finite element

formulation is developed under both theories.

Table 1.3 Comparative Review of analytical and computation studies on composite systems (1)
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Table 1.3 Comparative Review of analytical and computation studies on composite systems (2)
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T=tee shaped section; R=rectangular cross-section; W=wide flange beam;

TWB=thin-walled beam
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TLSB=three-layer sandwich beam; P=plate; G=glass; S=steel, LC=layered composite

1.6. Layout of the thesis

Following the present introductory chapter, Chapter 2 develops a non-shear deformable theory for
the analysis of composite beams with wide flange steel sections reinforced with a GFRP plate. The
governing differential equations of equilibrium and boundary conditions are presented in this
chapter. Chapter 3 develops a finite element solution under the same assumptions of the formulation.
The element is based on shape functions which satisfy the homogeneous form of the equilibrium
equations. Chapter 4 applies the new theory to solve four examples. A comparison against 3D FEA
under Abaqus is also presented in the chapter. The examples showcase the strength and identify the
shortcomings of the theory and set the stage for developing an improved theory. A new shear
deformable theory is then developed under Chapter 5, which provides the governing field equations
and possible boundary conditions under the improved theory. Chapter 6 presents a finite difference
discretization for the new shear deformable theory, while Chapter 7 develops a finite element
formulation based on the new shear deformable theory. Chapter 8 then presents a few examples
solved under the new theory and provides an assessment of the validity of its predictions through a
comparison to 3D FEA models under Abaqus. A summary, conclusions, and recommendations based
on the study are then provided in Chapter 9.

The main chapters of the thesis involving derivations were concisely presented while the lengthy
details of the formulations were presented in Appendices Al through A9. Also, as part of the study,
several computer programs were coded under Matlab. The listings of these programs are presented in

Appendices B1 through B5.
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CHAPTER 2. NON-SHEAR DEFORMABLE THEORY
- FORMULATION

2.1. Introduction

The kinematics of thin walled beam theories (Vlasov (1961) and Gjelsvik (1981)) are reviewed in
this Chapter. The Gjelsvik theory is then extended for the analysis of composite sections consisting
of a wide flange beam reinforced with a GFRP through an adhesive material. The principle of
stationary total potential energy is applied to formulate the governing differential equations of the
equilibrium for the systems and the associated boundary conditions. Closed-form solutions for the
homogeneous form of the governing equations are then provided. The new theory captures the

transverse-longitudinal response as well as the lateral-torsional response.

2.2. Overview of Thin Walled Beam Theories

2.2.1. Introduction

In the Vlasov thin-walled beam theory (Vlasov, 1961), displacement fields of a point lying on the
middle surface of a thin-walled member are related to those of an arbitrarily chosen pole, commonly
taken to coincide with the shear center. Because the Vlasov theory assumes the member to have
negligible thickness compared to characteristic dimensions of the section (such as flange width or
web height in a wide flange section), the displacement fields of points within the cross-section that
are offset from the mid-surface are not defined and are assumed to be equal to those of a point on the
middle surface. As a result, the Vlasov theory suffers from two restrictions a) It does not capture
local warping effects and b) the Saint-Venant shear contribution is added to a formulation as an ad-
hoc effect. The Gjelsvik theory (Gjelsvik 1981) is an extension of Vlasov theory in which the
thickness effect is incorporated and thus remedies both deficiencies by capturing local warping

effects and captures the Saint-Venant shear effects in a seamless manner.

2.2.2. Overview of the Gjelsvik Beam

The Gjelsvik theory is based on the following kinematic assumptions:

1) The contour does not deform in its own plane,
(i1) The shear strain vy, of the middle surface is zero, and
Non-shear deformable theory-Formulation Chapter 2

September 2013 Page 13



(i)  Each element behaves as a thin shell. This implies the Kirchhoff assumption remains valid,
i.e., straight lines original normal to the section contour remains normal to the section contour after a

deformation.

Assumptions (i) and (ii) are identical to those of the Vlasov theory, while Assumption (iii) is in line

with the thin plate (or shell) Kirchoff theory.

2.2.3. Coordinates and Sign Conventions

A general prismatic member with an open thin walled cross section and a fixed left-handed Cartesian
coordinate system OXYZ is considered and shown as in Fig.2.1. The member is placed with its
generator parallel to the Z axis. A plane normal to the Z axis cuts the middle surface in a line called

the contour of the cross section.

Contour

;
Figure 2.1. Prismatic member with an open, thin-walled cross section

Displacement fields U(z), V(z) of an arbitrarily chosen pole P(x,,y,)are in the X, Y directions. The

section is assumed to undergo a twisting rotation €(z)that is positive when rotating clockwise when

looking from the positive Z direction in to negative Z direction. Point C, is the origin of axes.

An arbitrary Point C(x(s), y(s))on the contour is offset from a Sectorial Origin C,by a curvilinear

distance s . Coordinate s is positive when Point C rotates clockwise relative to point C; when looking

from the positive Z direction into the negative Z direction. The tangent to the contour at point C

makes an angle «a(s)with the positive direction of the X-axis. A local left-handed coordinate system

C,.. is defined at point C where C. is oriented in the tangential direction (positive in the direction of

nsz
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increase ofs), C,is oriented in the normal direction, and C.is parallel to OZ (Fig. 1.2). The

displacement fields of the Point C in the coordinate system C _are termedu,v andw, respectively.

nsz

0)

YV

Figure 2.2.  Sign convention and symbols

A point C and neighboring point C'on the section contour placed a distance ds apart on the contour

(Fig.1.3) are considered to derive the following geometrical relationships (Gjelsvik 1981).

0,
Z
Contour
Y
Figure 2.3.  Contour geometry
dr(s) =q(s)da(s)
ds qu(s) +r(s)da(s)
dx(s) =dscosa(s)
dy(s) =dssina(s)
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(5)x,~g(s)cosar(s) + r(s)sina(s) e
() 3,= g (s)siner(s) - (s)cosa(s) 2
Equations (2.1) and (2.2) are solved for ¢(s)and (s), yielding
q(s)=[x(s)-x, Jcosa(s)+[ y(s)—y, |sina(s) (2.3)
r(s)=[x(s)=x, Jsina(s)=[y(s) -, Jeosa(s) @4

In Eq. (2.3), q(s) is the distance from the pole to the point of interest in the tangential direction and

r(s) is distance from the pole to the point of interest in the normal direction.

2.2.4. In-plane displacement fields of a point lying on contour

Under the action of external causes such as external forces or imposed displacements, points on a
cross-section are displaced in its plane according to Assumption (i) under item 2.2.2. The in-plane

displacement fields at Point C can be related to the displacement fields of Pole Pin the global

coordinate system and the angle of twist 6. (s) through:

£(5,2)=U(2)=[x(s)-»,]0.(2) 2.5)
n(s,z)zV(z)+[x(s)—xo]6’Z (Z) (2.6)

The displacements in the global coordinate direction given in Egs. (2.5) and(2.6) can be resolved

along the tangent and normal directions at Point C yielding
;(x,y,z) = &(x,p,z)sina(s) —n(x,y,z)cosa(s) (2.7)

;(x,y,z) = &(x,p,z)cosa(s) + n(x,y,z)sina(s) (2.8)

From Egs. (2.5) and (2.6), by substituting into Egs. (2.7) and (2.8), one can express the in-plane

displacements of Point C along the local coordinate system C,_, yielding

u(S,z) = U(z)sina(s) - V(z)cosa(s) —q(s)HZ (z) (2.9)
and

v(s,2)=U(z)cosa(s) + V(z)sina(s)+r(s)6(z) (2.10)
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2.2.5. In-plane displacement fields of a Point B offset from middle surface

From Assumption (iii) under item (2.2.2), one can express the displacements of an arbitrary Point

B(s,n,z)that is offset from the section contour in terms of the displacements of the corresponding

Point C(s,z) on the contour as:

u(s,z,n)=u(s,z) (2.11)
v(s,z,n)=1_/(s,z)—na;g;’z) 2.12)
From Egs. (2.9) and (2.10), by substituting into (2.11) and (2.12), one obtains:
u(s,z,n)=U(z)sina(s) - V(z)cosa(s)—q(s)0(z) (2.13)
and
(s.z.m) = {1=n[a' () JJU (2)eosar(s) + {1 =n[a'(s) ]}V ()sina(s) + 0(z) (s) +ng (5)]
(2.14)

2.2.6. Expressing the Longitudinal Displacement

2.2.6.1. At a Point lying on The Contour
From Assumption (ii) in item (2.2.2), the longitudinal displacement at a generic Point C(s,z) lying
on contour of the cross-section is given from the relation

aW(S,Z) N 6\/(5,2) _0
Os Oz

which leads to

w(s,z)z—j . ds (2.15)

From Eq. (2.10), by substituting into Eq. (2.15) and integrating with respect to z, one obtains:

w(s,z) = W(z) —U'(z)x(s) - V'(z)y(s) - a)(s)ﬁz '(z) (2.16)

in which the sectorial coordinate @(s)= _:[[(x(s) -Xx, )sina(s) - (y(s) -y, )cosa(s)]ds = Jr(s)ds

0

has been defined.
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2.2.6.2. At a Point offset from the Contour
From Assumption (iii) under item (2.2.2), the longitudinal displacement at a Point B(s,n,z) offset

from the section contour is given from the relation (Fig.2.4):

w(s,z,n):v_v(s,z)—nau(s’z) (2.17)
Oz
- 0
zZ W n, u
]
n— ® B
Zw ¢
— i*B
o= —
i H
oz
YV
Figure 2.4. Geometrical expression for longitudinal displacement
In Eq. (2.17), the second term of the right hand side is expressed as:
du
n—=U' nsina(s) |-V’ ncosa(s) |+

—n[(x(s)—xo)cosa(s)Jr(y(s)—yo)sina(s)]@z' (z)

From Egs. (2.16) and (2.18), by substituting into (2.17), longitudinal displacement of Point B is

obtained as:

w(s,z,n)=W(z)-U'(z) [x(s)+nsina(s)]— V’(z)[y(s)—ncosa(s)]— Hg(z)[w(s)—nq(s)]

(2.19)
2.3. Composite Beam Analysis-Statement of the Problem

A steel wide flange section reinforced with a GFRP plate to one of the flanges is assumed to be
subject to general loads. The GFRP plate is assumed to be connected to the steel section through a

thin layer of adhesive. It is required to formulate the governing field equations and boundary
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conditions. The assumptions of the formulation are presented in Section 2.4. The details of the

formulation are presented in Section 2.5 while closed form solutions are provided in Section 2.5.7.
2.4. Assumptions

The wide flange steel beam and the GFRP plates are considered as two Gjelsvik beams. For each of

the two components, the following assumptions are made

1 The contour does not deform in its own plane,

(i1) The shear strain vy, of the middle surface is zero,

(i)  Each element behaves as a thin shell. This is in line of the Kirchhoff assumption of straight
lines remaining normal to the section contour during a deformation.

In addition, the following assumptions are made regarding the adhesive material

(iv) Perfect bond is assumed at interfaces between the adhesive and the GFRP plate and between
the adhesive and the wide flange beam,

v) The adhesive is assumed to act as a weak elastic material with a small modulus of elasticity
when compared to those of the beam or GFRP. As a result, longitudinal stresses are
considered negligible compared to the normal stresses in the GFRP plate and steel section,

(vi) The thickness of the adhesive layer is assumed to remain constant throughout deformation,

(vii)  Displacement fields at any Point within the Adhesive layer are linearly interpolated from
those at the bottom surface of the GFRP plate and those at the top flange of the beam.

In addition the following assumption is made regarding the constitutive behaviour of the materials

(viii)  All materials used are considered to be isotropic linearly elastic.

2.5. Formulation

2.5.1. Kinematics

A coordinate OXYZ system is chosen for the wide flange beam as shown in Fig. 2.5 where Origin O

is selected to coincide with the centroid and shear center of the beam. Point C,(x(s,),(s,))1s a
generic point lying on the section contour. Three local left-handed coordinate systems C,n,s,z are
defined, where the s, axis is tangent to the contour at PointC,, while then, axis is normal to the

contour and the z axis is parallel to the Z axis.
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Figure 2.5. Local and global coordinates and dimensioﬁs of wide flange beam section
A similar O, X )Y, Z  coordinate system is chosen for the GFRP plate as shown in the Fig. 2.6, where
Origin O, is selected to coincide with the centroid and the shear center of the GFRP plate. Point
C,(x,(s,)y,(s,)), in which—bp / 2<x,< bp / 2, lies is on the section mid-surface of GFRP plate.
A local left-handed coordinate system C,n,s,zis defined, where the s, axis coincides with the

tangential direction while 7, axis is normal to the contour, and the z, axis is parallel to the Z axis.

H 7

z, W
Z, W,
YP' VP

Figure 2.6. Local and global coordinates and dimensions of GFRP plate section

Under the action of external causes such as forces or displacements, the composite beam is displaced
to a new position (Fig.2.7). An elevation view (a) shows the cross-section of the composite beam
before and after deformation, while a plan view (b) shows the plane segments in different lengths of

the GFRP and the I-shaped beam before and after deformation. Displacement fields of the shear

center O of the beam in X,Y directions are U,(z), V(z), respectively. Because the wide flange
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section is doubly symmetric, the shear center of the beam coincides with the section centroid. Also,

the longitudinal displacement W, (z)is that of the section centroid/shear centre. Displacement fields
of the shear center/centroid O,of the GFRP plate in X .Y, ,Z directions areU ,(z),V(z),W,(z).
The longitudinal displacement of the shear centre/centroid W,(z)is distinct from that of the wide
flange displacement ¥, (z). One recalls that the adhesive layer is assumed to be incompressible

(Assumption vi). Thus, the vertical displacement V(z)of the beam and the GFRP plate are

considered to be approximately equal. Also, both the wide flange beam and GFRP plate are assumed
to undergo the same twisting rotation @.(z)that is positive when rotating clockwise when looking

from the positive Z direction in to negative Z direction.

Given that the adhesive layer has a small thickness, the displacement fields of a point D, within the
adhesive layer will be linearly interpolated between the displacement fields of the corresponding

point at the underside of the GFRP plate D, and the top of the steel section D, (Fig. 2.8). All three

points D, D,, D, initially lie on the same vertical line.

Adhesive
C, D, X

G D,

[e]
Z/

(a) Elevation View (b) Plan View

Figure 2.7. Kinematics of a GFRP strengthened wide flange beam
(a) Elevation View, and (b) Plan View

A global coordinate system O, X Y with Origin O, is chosen at the Centroid of adhesive (Fig.2.8).

Point C,(x,(s,),»,(s,)), in which —bp / 2<x,< b}7 / 2, lies on the mid-surface of the adhesive layer.

A local left-handed coordinate system C,n, s, zis selected for the layer, where coordinate s,
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coordinate is oriented along the X, direction, the 7, coordinate is normal to the contour, and the z

coordinate is oriented along the Z axis. A transverse coordinate 7, , oriented upwards is taken from

centre line of the layer to a generic Point D (Fig 2.8).

Vi b /2 Y b2 %

4 " .H”p /I "

VD,IJ
Wp, Dp
ok e Da
”"’[ Ry U Sa v
— A= — 12
z, we|~7 (.)u Xu
U,
e

Db

-

Yﬂ
Figure 2.8. Cross-section of Adhesive layer and its coordinate system

2.5.2. Expression for Displacement Fields

2.5.2.1. Wide Flange Beam
From Egs. (2.13), (2.14), (2.19) and to specialize them for the beam by setting U =U, W =W, , one

expresses the displacement fields for Point B, (s, ,7,,z) offset from the section contour as:

u, (s,.m,,2)=U, (z)sina(s,) -V (z)cosa(s,)—0.(z)q(s,) (2.20)
v, (8,.1,,2)=U, (z)cosa(s,)+V (z)sina(s,)+6, (z)[r(sb )+m,q'(s, )] (2.21)
W, (8,.1,,2) =W, (2)-U, (2) X (s,.1,) V" (2)Y (55,1, ) — 0. (2) (5,1, (2.22)

in which
X(sb,nb)Ix(sb)+nb sina(sb); Y(sb,nb)zy(sb)—nb cosa(sb) ; Q(Sb,l’lb) =, (sb)—an(sb);
q(s,)=x(s,)cosa(s,)+y(s,)sina(s,) ; r(s,)=x(s,)sina(s,)-y(s,)cosa(s,);
In a matrix form, one has:
sina(s,)  —cosa(s,) —q(s,)

0
v, p=10  cosa(s,) sina(s,)  [r(s,)+md'(s,)]
1 —X(s,,n,)D =Y(s,,n,)D  —Q(s,,n,)D 0.(z)
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in which the operator D=0/0z has been defined. By applying Eq. (2.23) for Point D, (sb,%,z) lying

on top surface of the beam section (« =0°), one obtains

0 0 -1 —x(sb) Wb(z)
“ h, +t U,(z)
v, =50 1 0 (Tj vz (2.24)

B )
# (st | —x(s)D (MJD _KM)X(%)}D 6.(2)

2 2

2.5.2.2. GFRP Plate

From Egs. (2.13), (2.14), by substituting into (2.19), and setting U =U ,,W =W, one expresses the

displacement fields for Point B, (s,,n,,z) offset from the section contour within the GFRP plate as

u, (sp,np,z)z—V(z)—é’Z (z)xp (Sp) (2.25)
v, (s,.n,.2)=U,(2)+0.(z)n, (2.26)
w, (sp,np,z) =W,(z)-U,(z)x, (sp)+ V'(z)n,+ 6. (z)[npxp (sp )J (2.27)

In a matrix form, one has:

W1 fo o o (s,) ]| (2)

b t2lo | 0 n U,(2) (2.28)
p r V(Z) :
w, 1 —xp(sp)D n,D npxp(sp)D QZ(Z)

Therefore, displacements for Point D, (sp,—%‘,z) lying on bottom surface of the GFRP plate (a =0"

) are given by

e e s e
v: =10 1 0 —%‘ [IJ/P((ZZ)) (2.29)
i) | —x,(s,)D —%D —%‘xp(sp)D 0.(z)

Non-shear deformable theory-Formulation Chapter 2

September 2013 Page 23



2.5.2.3. Adhesive Layer

Coordinate n, will be used to linearly interpolate displacement fields of the Point D, as a function of
point D,and D,as shown in Fig.2.8. Since origins O, O, , O, are chosen to lie along the same
vertical line, one has s,=s,=s,, and thus x,(s,)=x(s,)=x, (sp ) =x(s), where

—bp/ZSx(s)pr/Z.

As stated under Section 2.5, the displacement fields (u v, W >T of a Point D, within the adhesive

a a a

layer are determined by linear interpolation across the layer thickness, yielding

U,

‘ 1 n v 1 n
v, r=| -+ kv, H === 1V (2.30)
2 4 )| 2t
Wa "V]7 . 4 Wb [”hgij
4 2

From Egs. (2.24) and (2.29), by substituting into (2.30), the displacement fields at Point D, are

expressed as

1 n t 1 n ¢
a8 ar2) :(E+;_a}up(sp’53az)+£§_t_a]”b(sha—51,z)
2 2

S ERe SUCEAERE) LY SRS

L L

1 n, t 1 n, t
WDa(Sa7naﬂz) :[E_Ft_)WDp(Sp)E},Z)+[E_Z_jWDh(Sb,—EI,Z)
2 2

:[%ﬂ_a]{wp (z)-U" (z)x(s)—V’(z)%‘— 6. (Z)[%X(S)}}

L

{%_’Z_) W,(z)-U,(z) x(s) + V'(z)(h}’—;%j— 0;(2)[(11”7_%}@)}}
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2.5.3. Expressions for Strains

2.5.3.1. Wide Flange Beam

From the displacement fields expressed in the Egs. (2.20), (2.21), and (2.22), the strain components

are given by

gnb :8sb :711517 zyznb: 0 ’

ov, O ,
Yen =a—;+% =2n,0.(z), and
£, =W, (2)-U)(2) X (s,.1,)-V"(2)Y (s,,1,)— 0 (2)Q(5,,m,) (2.31)

2.5.3.2. GFRP Plate

From the displacement fields expressed in the Eqs.(2.25), (2.26) and(2.27), the strain components are

gnp :gsp :}/mp = yzn = 0 2

ov, ow
Ve :a—Zer aSp =2n,0.(z), and
£, =W (2)-Ul(z)x,+V"(z)n,+0!(z)n,x, (2.32)

2.5.3.3. Adhesive Layer

Because the cross sectional area 4, and module of elasticity £, of the adhesive layer are very small

compared to those of the GFRP plate and the wide flange beam, the bending capacity of the layer is

considered negligible. Therefore, the normal stresseso,, ,0,,,0,, are considered negligible. Thus,

za® " za

the corresponding strains €, , &, , £,, will be assumed to have a negligible contribution to the strain

a > Tzad " za
energy expression. The remaining strains within the layer are shear strains are given from

displacement fields given in 2.5.2.3 as

Vor =@ 105 Y@ Ul 5 7=/ (n)0(2) (2.33)
in which

T T
<aa>1x6:<_cl G 6 X —6Xx _C3x>’ <aa1>lx3=<_cl G _CZ>5

A= W, v U U 8), (U).=(U U, 6)

1x6 z
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+2t, +t, + +2t, +t, — tL+4)n -
1 c. = tl t2 t3 hb , C3 — tl ZL2 t3 hb , f(na)Z ( 1 3) a + ZLl ZL3 (234)
t 2t, 2t, t, 2

2.5.4. Expressions for Stresses
The non-zero stresses can be related to the strains through

sz = Ebgzb 5 Tszb = Gb7 szb > o-zp =E pgzp 5 Tszp = prszp 5 sza = a7/ sza > Tsna = Ga7 sna > z-zna = Ga zna

(2.35)
2.5.5. Variational Principle
2.5.5.1. General

The total potential energy = is the sum of internal strain energies stored within the steel beam U
the GFRP plate U, ,adhesive layer U. plus the load potential energy loss by tractions at member

ends ¥, and member tractions within the member V) , i.e.,
n=Uy+U,+U. -V, -V, (2.36)
2.5.5.2. Internal Strain Energy

Contribution of the beam

The internal strain energy stored in the steel beam (Eq. Al.4) is given by

" "o
wb Uh + Ixxh I/h + Iw(ub

1 ' ; 1 ,
Us ZEEhi(A,) W41 0" )dz+5G,,£J,ﬁjdz (2.37)

in which the following section properties are defined

4, = J.dAb :Zbibtib 5 [Wb = IX(Sbsnb )2 4, ; 1., = IY(Sb’nb )2 dd, ;1,,, = J.Q(Sb’nb )2 d4,
4,

i=1,3 4 4, 4,

i

b.t
(4t;bl.h )dt,.b = ’173 “ and i =1,2,3 denote both flanges and the web.
i=13

—yto [

J, = [4nda, =
4

i=1,3

o=

Contribution of the plate

The internal strain energy stored in the GFRP plate (Eq. A1.7) is given by
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wp=p wop~z

1 ) Lp) "y "’ 1 2
UFEEPUAPWP +1, U+ V" +1,, 0 dz+EGijp92 dz (2.38)
L L

in which the following section properties are defined

Ap :bptp ;I}W = J.xlzydAp ’ Ixxp = J.nlzfdAP ’ [wwp = _[|:an17 (SP):IZ dAP ’
4, 4,

4,

bt
J, = J 4n’dd, = [ (46, )it, =Lt

Contribution of the adhesive layer
The internal strain energy stored in the adhesive layer (Eq. A1.12) is given by

T
1x2

- :%GaAaIclz Wida[Hak U0 d“%GaAaf [2cep (W, -w, )+ (V') |az
‘ L

(2.39)
1 ' ' 1 1 ,
+5Ga])9fa,[<U0> 1Tx3 [Ha2]3x3 {UO} dz +EGaAaI<U0 >1Tx3 [Ha4 ]3><3 {UO}dZ +EGaJaI‘922dZ
L L L

in which we define the following displacement vectors,
(u) = m,).(U,) =(u, U, 6),

the following matrices,

2 2 2 2

1 -1 G ¢ GG G —C 6,
_ | 2 2 I 2 _
[Hal ]2><2 - |:_1 1 :|’ [Ha2 ]3><3 - G G 66 ’[Ha4 ]3><3 =G G 66
2 2
GG GG G GG, —G6G &

in which ¢, c,,c;have been defined in Eq. (2.34), and the sectional properties

2 _ 2
A,=[da=bt,.J =(Z1 )4, I :szdA
4,

a’%a 3 yya

2.5.5.3. Load Potential

The total potential energy loss I is the sum of the potential energy I lost by end tractions

o.(s,.m,0), 7,(s,,1,,0),7,(s,.7,,0),0. (s,.1,,L),7, (8,.1,,L),7,(s,,m,,L) at z=0,L (defined in
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Fig. 2.9) and the potential energy} lost by the member tractions P (8,.m,,2), 0, (8551,,2),

pz(sb,nb,z).
*My(())
W) 6.0) \ | 0.0
0 g B(0)
X pusnz)  0d0) T _ATT(0)
0.4 I &
Z‘? TS0 pf:f}p o o’ \NA(?M,\-(O)
e V(0) o) P T
Y _ Tuls,n0) e
. M“QL‘),\ 1 Tls,1.0)
W (L) LT M) 2 2L
0AL) T
V(L) R H5
Figure 2.9. End and Member Tractions
Contribution of end loads
The total potential energy loss J due to loads at the member ends (Section Al.4.1) are
v, ==[N(0)W,(0)+0,(0)U, (0)+0,(0)V(0)+M,(0)V"(0)+M, (0)U; (0)+
+7(0)6.(0)+B(0)8,(0)-N(L)W,(L)-0O,(L)U,(L)-0,(L)V (L)+ (2.40)
=M (L)V'(L)=M,(L)U;(L)=T(L)0.(L)-B(L)6.(L)]
in which
N(Ze) O-z(sb7nb’Ze)
0.(2,) z,(s,.m,Z,)cosa(s,)+7,(s,.n,,Z, )sina(s,)
0,(2,) 7, (8,.1,.Z, )sina (s, ) -7, (s,,n,,Z, )cosa(s,)
M(2,)p=] -0 (8,12, )Y (.1, d4, Z,=0,L (2.41)
My(Ze) 4 —O'Z(sb,nb,Ze)X(sb,nb)
T(Ze) 7, (Sbﬂnbaze)[r(sb)-'_nq,(sb ):| -7, (Sb’nbﬁze)Q(Sb)
B(ZE) —GZ(Sb,nb,Ze)Q(Sb,nb)

Contribution of member tractions

The total potential energy loss J due to member tractions P, (sb ,nb,z), p, (sb,nb,z)a p. (Sb,nb,z) is

Chapter 2
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V,= JL.qzb (Z)VV; (Z)dz + v[qxb (Z)Ub (z)dz + ‘[qyb (z)V(z)dz + -[mzb (2)6’2 (z)dz (2.42)

(Section A1.4.2) in which the distributed members loads are related to the applied member tractions

through the contour integrals

() P (5:2)

()] z)sina(sb)+[8pz (sb,z)/ﬁz]X(sb,nb)
q,,(2) - p,(s,.z)sina(s,)—p, (sb,z)cosa(sb)+[8pz (sh,z)/ﬁz]Y(sb,nb)
m,,(z) D, (sb,z)[r(sb)+ nq’(sb )] -D, (sb,z)q(sb)+[6pz (sb,z)/az]Q(sb,nb)

From Egs. (2.37) through (2.42). By substituting into Eq. (2.36) and evoking the stationary condition

V4

X
n

b

qu I p,(s,.z)cosa(s,)+ p, (s,

ds, (243

Sp

orr =0 , one obtains

or = .[|:EbAhW17I5Wb’ +E, 4,00, + (Eblx“b

FE L, V'SV 4G, A,cV'6V" dz

L

G A1 UL [Hal,, 8(U Y, +ec[ Vs (w,-w, )+ (W, -w,)sv" ]| =
L

+ [EblyybUb"5Ub" +E,1,U,8U," +(E,I

pwp - pr
L

VYE,I,,,)0050"+(GWJ, +G,J, +G,J, )9;59;]012

wwb pT oop

+Ga j{lyya <U0 >,1Tx3 [HaZ ]3><3 5{U0 }’3><l + Aa <U0 >1Tx3 [Ha4 ]3><3 o {UO }3><l }dz
L

—qu (Z)W}7 (z)dz - .[qxb (Z)Ub (z)dz - .[qyb (z)V(z)dz - .[mzh (Z)HZ (z)dz

+[QX(O)U,,(O)+Q},(O)V(O)+T(O)HZ(O)+N(O)VI/])(O)+M},(O)U,§(O)+
+M _(0)V'(0)+B(0)8.(0)-0,(L)U,(L)-Q,(L)V(L)-T(L)6,(L)+
—-N(L)W,(L)-M, (L)U};(L)—Mx(L)V’(L)—B(L)HZ’(L)] =0
(2.44)
2.5.6. Equilibrium equations and boundary conditions

From Eq. (2.44), all variations of displacement derivatives under integrals are integrated by parts.
(Appendix A2). One obtains two sets of coupled equations and their corresponding boundary
conditions. The first set of coupled equations governs the longitudinal-transverse response of the

composite system and takes the form
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—E,AD*+c'G,A, | -G A, ! ¢,c,G,A,D w, q.,(z2)
2D e e —
-G, A, | —E,A,D* +¢/G A4, | —¢,¢,G,A,D W,e=1 0 $(245)
S B i S Rk S Il i IS b bl i et _
-06GAD | e6,GAD | (El,+El,)D" ~cG,AD* |V |4.(2)
| |

with the corresponding boundary conditions
~[ E,4,w,(0)—-N(0) |6, (0)=0

0

[£,4,(L)=N(L)]oW, (L)

—E,4W(0)6W,(0)=0

PP p

E, AW (L)6W,(L)=0

pp P

(B +E, L, V" (0) -

P xap

M. (0)|oV'(0)=0
(Bl +E, L, )V"(L)=M (L) ]|6V'(L)=0

P ap

~[¢e,G, 4., (0)-,c,G, AW, (0)~(E, L, + E,I,)V"(0)+cG,AV'(0)-Q,(0)+

a‘“a’ " p

+[ p.(51,0)¥ (s,m,)ds, JoV (0) =0

Sp

[¢,G, AW, (L) -ce,G, AW, (L)~ (E L, +E L, )V"(L)+ 3G, AV (L)-0,(L)

a a P 4

+Ipz (sb,L)Y(sb,nb )dsb ]5V(L) =0
The second system of equations governs the lateral torsional response of the system and takes the
form
E1l D'-cGI, D

b a” yya

;G 1, D> —cG,A cc,G I, D> +cc,G A,

1~ a” yya 1Ya"a ad yya
+6,G, 4,
EPI,WPD4 - clzGaIyyaDz Ub Qxb (Z)
clzGaIyyaDz —¢/G,4, —clc3GaIymD2 -¢6,G A, U, =1 0 (2.46)
+c|2GaAa ez mZb (Z)
(Eb[w(ub + Eplw(up )D4

cc,G 1, D’ +cc,G A, | —cc,GI D —cc,G,A,

a- yyva a yva

—yD* +cG A,
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in which y = (GbJ ,+G,J,+G,J, + ;G 1 v ) . The corresponding boundary conditions are

a

[ £,1,,U;(0)-M,(0)]oU;(0)=0

pad

[E,1,,Ul(L)-M,(L)]oU; (L) =0

-[-E1

yyb

U/(0)+¢'G,1,U,(0)-¢'G1,,U,(0)-cc,G,1I,,06.(0)+

1 a” yya 1 a“yya~ p a”yya’z
-0, (0)+ [ p.(5,,0) X (s,,n,)ds, U, (0) =0

B2

b

U)(L)+¢G,I,U, (L)-¢!G 1, U (L)-ceG, 1,00 (L)+

1 ~a” yya 1 ~a”yya™ p a’yya”z

0, (L)+ [ p.(5,,L) X (5,1, )ds, U, (L) =0

Sp

-E, I, U"(0)sU(0)=0

pyp - rp

E I U"(L)SU,(L)=0

pp P

0

a” yva P wpTp 1 =a”ya~ p a’yaz

~[-¢/G,1,,U;(0)-E,1,,Ur(0)+c]G,I,,U, (0)+¢c,G,1,,0.(0) |8U, (0)

a” yva PwrTp a’ya~ p atya”z

[-¢7G,1,,U; (L)~ E, 1, UN(L)+¢]G,I,U, (L) +ceG,1,,0 (L) |6U,(L)=0

(Bl s+ E 1, )02(0)— B(0) |56, (0) =0

prowop |7z

[(Eblwb +E,,,, )0 (L)~ B(L)] 50.(L)=0

~[-¢,G,1,,U; (0)+¢,¢,G,1,,U., (0)=(E, 1, + E,1,,,)0"(0)+ x6.(0)+

a” yya a”yya~ p P~ wop

=T(0)+ [ p. (5,,0)Q(s,.n, ) ds, 56.(0)=0

Sp

[-¢,G,1,,U; (L) +¢c,G,1, U, (L)~ (E,,,,, +E,I

a” yya a”yya~ P~ wop

)9’”(L)+;(92’ (L)+

—T(L)+Ipz (sb,L)Q(sb,nb)dsb}&% (L)=0

2.5.7. Homogeneous solutions of equilibrium equations

2.5.7.1. First set of equilibrium equation system

The solution of equilibrium equation system (2.45) are expressed as
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W, (2)=C, +C,z+Cz> + C,e™ + Cie"™

£, Jzz +C, {——EbAh Je”’lz +C, {——EbA" Je’”zz
EI)AP E]’Ap PP

Wp(z)=C6+C7z+C{— 7 1

2E, 4, E, A, +EA ) ||
V(z)=-C,—z- C—Z +C—Z +C +C, z—¢ R N P
c, 202 2c2 c2 cc,G A, 3¢,E, A,
E, A, E A, +E, A E, A E,d +E A )|
+C,| m, -¢ i Ml o " +Cy | m,—2L——¢ i Ml o
'ee,G A, mc,E A, ¢c,G A, myc,E A,
o ;G A, (E, A, +E,A,)(E 1, +E,I,)+G,4,EAE,A,
in which m, =-m, =
EAE, A, (E1, +E,I,)

(2.47)

e +C,

The details of developing the solution are presented in Appendix A3. In Equations 2.41, the eight

unknown factors including C,,i=1,

conditions.
2.5.7.2. Second set of equilibrium equation system

The solution of the equilibrium equation system (2.46) is expressed as (Appendix A3)

10
_ 2 3 kiz
U,=D +Dyz+Dz* +D,z" + De

i=5

E 1
U, =45 + Ayz+Dyz" +D,2° —ZD L
i=5 Ep]y)p
c c c c 0 ‘
— 1 1 1 1 iz
0.=-D,—--D,~Lz+D,, -+ D,-Lz+ ) D fe
¢ 2 2 6 i=5

in which

~E 1, E 1 k' +cG1I (El,, +E,1I

b” yyb a” yya yyb P”wp

EPIW(C,CSGI K +c,chaAa)

a” yya

)k =G, 4,(E,1,, +E,I

6i

and the values of £, are obtained from the sixth order equation

.,8are determined based on the corresponding boundary

(2.48)

i ”") ,i=5,6,7,8,9,10

K+ Fk*+FEk*+F,=0 (2.49)
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GG (B + E Ly By + E 1, )+ B LE T (G, +G,J, +G,J, +¢5G,1 ) '

—_ Wb p” yp
1 N 2
EJE]I (EI,,+E,Ll,,)

- (Bl +E 1, ) G A (Bl oy + B L, ) +€1G 1, (G, +Gd, + G, ) [+ GG, A E, L E, I,

> EJE T (E,,+E,1L,,)

[cha 4,(GJ, +G,J, +G,J, )+ (e, +¢,) GAG,I,, ](Eblwb +EI )

F - - .

’ EJdE I (Ed,,+E,1,,)

The 12 unknown factors including D,,i =1,...,12 will be determined based on 12 corresponding

boundary conditions.

2.6. Summary

This chapter has developed a theory for the analysis of composite steel wide flange section
reinforced with a GFRP plate connected to one of the flanges through an adhesive layer. The theory
is based on an extension of the Gjelsvik theory to accommodate the composite system while
allowing relative lateral and longitudinal displacements between the top of the steel beam and the
underside of the GFRP plate. The resulting equilibrium conditions consist of two sets of coupled
differential equations. The first set describes the longitudinal-transverse response and involves three
field variables (the longitudinal displacement at the centroid of the beam, that of the plate and the
transverse displacement). The second set of coupled differential equations describes the torsional-
flexural response and involves three fields. These are the lateral displacements at the centroid of the
steel beam, the lateral displacement at the centroid of the GFRP and the angle of twist of the
composite system. The possible boundary condition expressions for both systems have also been
formulated. Closed form expressions are then provided for all six displacement fields in terms of

integration constants.

The closed form solutions derived are suitable for problems involving single span but are
complicated to implement for problems involving multiple spans. Therefore, development of finite
elements based on these closed form solutions is necessary and feasible. This will be the scope of

Chapter 3.
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CHAPTER 3 - NON-SHEAR DEFORMABLE THEORY-

FINITE ELEMENT FORMULATION
3.1  Scope

In this Chapter, a finite element formulation is developed based on the non-shear deformable theory
introduced in Chapter 2. The formulation is based on shape functions which exactly meet the

homogeneous form of the equilibrium conditions developed in Chapter 2.

3.2 Expression for Total Potential Energy
From Eq. 2.36 in Chapter 2, the total potential energy 7 can be expressed as the sum of the total

potential energy based on longitudinal-transverse response 7, = T, (%,WZ,VK),WP',V, V',V") and

p*z?

that based on the lateral torsional response 7z, = 7, (Ub,U,;,U;', UP,UI'],U" 6.0, 492") ., 1e.,
T=7+7,
in which

7 = %I(EbAbVIQ,Q +E, V" Wz + % j (E, 4 W) +E, I V" )z
L L

1 ! !
+2G,A4, ! (V7 W W) =260, + 2c,e. 0 (W, =W, ) Wz +

N0 (0)+0, (0 (0)+ b, (0 (0)- ML) (1) -0, (LY (1)-br, ()

D, (Sb’z)
—I{Wb v V'>IX3I p,(s,.2)sina(s,)—p,(s,.z)cosa(s,); ds,dz
£ 5 —p.(8,,2)Y (s,,m,) o

) 1 t,+2t +t,+h
with ¢, =—, ¢, =—=2—2—"and
t 2t,

T, = %j(Eblwa,,”z +E,I

L

wwb™ z P wp p P wop~z

0" +Gbe6?Z'2)dz+%J.(E 1, Ur+E,1,, 0" +G,J,07 )dz+
L

1 , - : _
+ [ {Gﬂjae 4G, (Uo) [ Ha | (U} +Gd, (Uo), [ He | {UO}}JZ +
L

+0,(0)U, (0)+M ,(0)U,(0)+T(0)6.(0)+B(0)6.(0)-0,(L)U,(L)-M,(L)U,(L)-T(L)6.(L)
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p,(s,.z)cosa(s,)+ p, (s,,z)sina(s,)

L s, ,z)X(s,,n
—B(L)G;(L)+.([<Ub U, 6. ag)sjb (5,22 Sf Zi;q) ,,)(]b pbu) (50,7)a(5,) [0 (3.2)
P-(5,:2)Q(s,.1,)
o - —cc o - cq
with <UO>T=<Ub U, HZ>,[ﬁa1]3x3= - ¢ cc ,[ﬁazlx3= - o -
—cc, o, G cc, —¢c¢, C

3.3 Formulation for Longitudinal-Transverse Response

3.3.1 Closed Form Solution

One recalls that the closed form solution for the longitudinal response as provided in Eqgs. 2.47 are

W, (z)=C, +Cyz+C,z° + C,e" + Cye"™*

EA, ), EA, ) e Ed, ) ..
W,(2)=Cs+Cz+C, [_EbAb Jz +C{—ﬁ]e +C, [_EbAb Je

pp pp pp

2E, A, EA+EA ) .|
V(Z):_Cliz_czzizz+C7izz+c6ﬁz+c{—Z—CIL_I) b P sz?s +
c

) c, c, cc,G A 3¢,E,A4
E,4, E, 4, +E A E,A E A, +E A
+C,|m—2 | TR M O |, b o | PR ™ 4
¢, G A, mc,E A, ¢c,G,A myc,E A4

(3.3)

pxp

EAE,A (B, +E,I,)

p

&G, A, (E, A, +E,A,)(E 1, +E,I,)+G,4,EAE,A,

in whichm, =-m, = J

3.3.2 Formulation of exact shape function
The three field displacements W), Wp,and V in Egs. (3.3) are expressed in a matrix form along with

the first derivative of the transverse displacement with respect to z as
{AI (Z)}4><1 = I:Zl (Z):|4><8 {E}gxl (34)
inwhich (4, (), =(W,(z) W,(z) V(z) V'(2)),

<Z‘>T :<C1 c, ¢ C C C C, C8> is the vector of integration constants, and

1x8
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1 oz 2 em e 10 0 10
R i R il N R R -
01 0 & —fz -fe™ i —fe 1z 0
[21(2)] i B S A e B e e R N L
WOz A2 212z fi2 L fe™ L S Lz 2]
I E e - ,;;1—————;17—2—1————1— ““““““ T
—f | —hz 12f-3A27 ) fome™ 1 fome™ | f, 1 fz 10
Withf_EbAb f_if_ E 4, f_cl(EbAb+EpAp)f_m E,A, _Cl(EbAb"'EpA,,)
1= sJ2 »J3 ™ sJa4 — »Js — MY ’
E A, c, ¢c,G A, 3¢,E,A, c,G A, mec,E A,
o E A4, _cl(EbAbJrEpAp)
o ¢c,G,A, myE A,

By substituting z=0and z = L into Eq. (3.4), one obtains

{AIN}le = [Ll ]8><8 {E}gxl (3'5)

in which (A, ), =(#,(0) w,(0) ¥(0) ¥'(0) W,(L) W,(L) V(L) V'(L))is the vector of

[ L ]8X8 - [[ZI(O)]M] (3.6)

nodal displacements, and

A G, =M)A. (3.7)

in which |:N1(Z):|4><8:|:ZI(Z):|4><8 [Ll];8 is the matrix of shape functions which satisfy the

homogeneous form of the equilibrium equations. The displacement fields are extracted from Eq. (3.7)

through

(7,207, (2).7 (2)) = ({81 (o (P )1 )N () (B (3.3)

in which vectors <p1>f;4 =<1 00 0>,<p2>£4 =<O 10 O>, and<p3>lTx4 :<0 0 1 0> have been
defined.
3.3.3 Formulation of discrete equilibrium conditions

From Eq. (3.8), by substituting into Eq. (3.1), the discretized form of the first variation of the total
potential energy is expressed as
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or, = <5A”V >T ((|:K1 :|8><8 * [Kz :|8><8 + |:K3 :|8><8 ){AIN }M B {Ql }le ) =0 (3.9)

in which [K 1]8 . is the stiffness contribution of wide flange beam, determined from Eq. A4.7 in

Appendix A4 as

[Kl] SAIAN {A IEAGI RIS AIAE ’ngz—i—
. (3.10)

"]' " O
+L, J.[Z 8x4 '03 4x1 '03 14[2 )] 4><8dz:|[L1]8><8
[K 2 L . is the stiffness contribution of GFRP plate, determined from Eq. A4.8 in Appendix A4 as

[Kz]gxg - |:A ,'.[Z s 4 /32 4x1 '02 1x 4[2 )],4x8dz+
, (3.11)

I!T

8x 4{p3}4 1 Ps Ix 4[2 )] 4x8dz:|[L1]8>]<8

and [K 3 l; . is the stiffness contribution of adhesive layer, determined from Eq. A4.19 in Appendix A4

[Ks]m =c22G A, [L 1T|:”:Z o p3 " p3 1X“[Z )]l4xgdz}[L1]8_i8

+1,, ! [2,(2)]

+c¢!G A, [LI]S’X‘ST b‘[z ]8 4[ FATRETAN 1][ 11 —ll}[<p1>l;4][zl(z) 4x8dz}[Ll]8i8 (3.12)

]+ M,

with [M ] =cc,G, AJ{[N [ Pt 1(<p1>1TX4 —<p2>lrx4 )J[Nl (Z):|4><8 z , and
and {Ql }8 1is the energy equivalent load vector, given by
{Ql}g . :{Qn} +{Q21} (3.13)
% 8x1 8x1

where <QH>;:<—W,)(O) 0 —Qy(o) _Mx(o) Wb(l‘) 0 Qy(L) MX(L)>,and

{Qzl} N -[[[N‘ (Z)]srwt {pl }4x1 l [Nl (Z)];4 {p3 }4x1 [Nl (Z)]:X4 {P3 }4X1 }{pl }M dz with

P: (Sb’Z)
{pl} —_[ p,(s,.2)sina(s,)—p, (s,,z)cosa(s, ) wds,
! P (Sh’ ) (Sb’nb)
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3.4 Finite Element Formulation for Lateral-Torsional Response

3.4.1 Closed Form Solution

One recalls that the closed form solution as provide in Egs. 2.48 is

10
_ 2 3 kiz
U,=D +Dyz+D,z* +D,2> + Y De

i=5

10 E ]
b* yyb .
U, =4y + A,z +Dyz* + D,z° =) D, ——>=¢"
r "E I
i=5 p o

10

C, C C C, .

0. =-D,—--D,~Lz+D,, L+ D,-Lz+ > D, fe"
i=5

02 ) X 62
in which
f = _EblwbEpI}ka + clzGaIyya (Eblyyb + Epl}’w )ki2 - C12GaAa (Eb]yyb + Ep]yyl’ ) i=5
i El,, (Clcha]Wkiz +¢,6,G, A, ) ) yees

3.4.2 Formulation of exact shape functions

Equations (3.14) are expressed in a matrix form along with the fist derivatives U b', U p' , 6?2' as

{Az (Z)}6X1 = [Zz (Z)]6x12 {5}12x1

in which <A2(z)> —<Ub(z) Uy(z) U,(z) U, (z) 6.(z) 6’2'(2)> and

x6 P P z

(3.14)

(3.15)

—\T
<D>1X12:<D1 D, D, D, D, D, D, D, D, D, D, Du)is the vector of integration

constants, and

|:Z2 (Z)]mz -

2 3 kyz koz kyoz ez

1 z z oz e e e e e e 0 0

0 1 2z 322 ke kye's k,e" ke ke k,e"** 0 0

O 0 Z2 Z3 _ﬁek7z _ﬁekgz _f;equ _ﬁe/(loz _ﬁekllz _ﬁeklzz 1 z

0 0 2z 327 —fke" —fke¥ —fike —fk, e —fik e —fik,e 01

- —fiz 0 0 fg7ek7z fsxekgz fswekgz fsmekmz Ja 1eknz fxueklzz fr fhz
L0 -, 0 0 fx7k7ek7z fxsksekxz f89k9equ fxlokmekmz Janky 1eknz fxlzklzeklzz 0 f
with f; :Eblwh/Eplw .
By substituting z=0and z = L into Eq. (3.15), one obtains
{AZN}lle = [LZ ]12><12 {D}IM (3'16)
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in which

<A2N>1Tx12:
(U,(0) U;(0) U,(0) U;(0) 6.(0) 0(0) U,(L) V(L) U,(L) U(L) o.(L) 6(L)
, and

[ L, ]lzx12 - {[22(0)]6“2] (3.17)

By inverting Eq. (3.16), i.e., {D! =[L A and substituting into Eq. (3.15), one obtains
12x1 2 l12x12 72,0 J 125

2x

{A2 (Z)}6xl - [Nz (Z):|6><12 {A2N }12x1 (3.18)
in which the 72 elements of the matrix | N, (z):|6x12 =[2,].., [Lz]l_zlx12 are shape functions which satisfy

the homogeneous form of the equilibrium equations. The displacement fields are extracted from Eq.

(3.18)through
(Ub (Z)’Up (Z)’H(Z)) = (<,04 >i<6 ’<p5 >1Tx<> ’<'06 >1Tx<, )[N2 ]6><12 {AZN }12><1 (3‘ 19)
in which vectors {p,) =(1 0 0 0 0 0),{p) =(0 0 1 0 0 0),and
< p6>£6 = <O 0 0 01 O) have been defined.
3.4.3 Formulation of discrete equilibrium conditions

From Eq. (3.19), by substituting into Eq. (3.2), the discretized first variation of the total potential

energy is expressed as

or, = <5A2N>T {(|:K4:|12><12 + |:K5:|12><12 + |:K6:|12x12 ){AZ’V }12xl a {Q2}12><1} =0 (3.20)

in which:

[K 4 ]12 b is the stiffness contribution of wide flange beam, as determined in A4.27 in Appendix A4 as

|:K4 llez = [L2 ];zlxsz {Ebl}ybﬂ:ZZ (Z)]”lT2><6 {,04 }6><1 <,04 >1Tx6 I:Z2 (Z)]ﬂsxlz dz
L

nr

+Eblwwa‘[ZZ (Z)] 12x6 {pé}sxl <p6>1Tx6 [ZZ (Z)]”Mz dz > (3.21)

+Gbe,[[Zz (Z)]TM {Ps }6><1 <p6 >1sz [ZZ (Z)]/sm dz}[LZ ]l_zlxlz

[K 5 12 b is the stiffness contribution of GFRP plate, as determined in A4.28 in Appendix A4 as
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[KS :|12><12 - 12 12 1’ }Yl’j[z 3x12 ’05 6x1 <p5>1Tx6 [Z (Z)]”mz dz

+EI,. j [2,(2)] AP o (Pde [ 22 (2) ], . (3.22)

+ GpJp_!‘[ZZ (Z)],;z {p6}6><1 <p6 >1Tx6 [22 (Z)]lz 12 dz [ ]12 12

[K 6 12 b is the stiffness contribution of adhesive layer, as determined in A4.29 in Appendix A4 as

!

|:K6:|12X12 _[ ]12><12 G.J _[ 3><12 {p5}6><1 <,05 >1Tx6 [Z ]3><12 dz

* G"IW’ J-[Zz ],1T2x3 I:'E:Ll} [Eal :|3><3 [IZ]SX() [22 ]I3X12dz (3.23)

+G,4 I 123 I:;:|:><3 [ﬁaz :|3 3[ lxé [Z LXUdZ}[L ]12><12

in which [p}: \= I:{p4}6x1 {ps}m {pﬁ}m:l and{QZ}lle is the element load vector given by

(e}, ={es,., +los,, 624

where

(0.) =(-0.(0) -M,(0) 0 0 -T(0) -B(0) O.() M,(z) 0 0 T(L) B(L))

{QU} - !< 12><6 p4 6x1 I:N :I '172-><6 {'04 6x1 [N :|1T2><6 {p6}£><l I:N2 (Z):I '1;6 {p6}:x1>{p2}4xl dz

pV(S[,: )Cosa(sb)+pzl (Sb’Z)Sina(Sb)
_ -p. (s,,, )X(sb,nb)
with {pz}m :,[ pv Sb’ |:r Sb +nq’(sb :|—pu (Sb,z)q(sb) ds,

- (5,,2)Q(s;.1,)

3.5 Strain and Stress expressions

3.5.1 Longitudinal Normal Stress for Wide Flange Beam

In Eq. 2.31, the longitudinal normal strain is determined by

e, =W, (2)=-U](2) X (s,.m,)=V"(2)Y (5,.n,)—0"(2)Q(s,.1,) (3.25)

In the present formulation, functions W, ,U, .V ,0.as determined from Eq. (3.3) and (3.14) are based on

the homogeneous solution of the equilibrium equations and thus do not account for the particular
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solution due to member traction. The di