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Abstract

This document consists of a revision of Sections 4 and 5.2 of Bickel (2014c) with

additional references.
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4 Fusing models from different levels

The procedure chosen for eliminating nuisance parameters may depend on criteria outside

the statistical model (Bickel, 2012). Indeed, paradoxes arise from likelihood inference under

inappropriate models of the system of interest (Lindsey, 1996, §6.5). The level of abstraction

in a model must be selected with the use of the model in mind. In complex problems such

as large-scale inference, multiple levels of abstraction may be used together to weigh the

evidence. This section applies two levels of abstraction to the problem of testing multiple

hypotheses.

Considering some function ϕ and a parameter set Φ = {ϕ (θ) : θ ∈ Θ}, let I denote the

σ-field of subsets of Φ satisfying I = {{ϕ (θ) : θ ∈ H} : H ∈ H}. For every φ ∈ Φ, let gφ be a

probability density function on a set Z of possible values of an observable random variable

Z of observed value z. The triple ({fθ : θ ∈ Θ} , {gφ : φ ∈ Φ} ,Q) is called a fusion of the

two parametric models, the density families {fθ : θ ∈ Θ} and {gφ : φ ∈ Φ}, with respect to

a partition Q ⊂ I of Φ. A model used to quantify the weight of evidence without any fusion

(§2) is a pure model.

The function Lf : H × H → [0,∞] is defined in accordance with equations (1)-(2) such

that Lf (H|R) = L (H|R) for all H,R ∈ H. In analogy with equation (1), the function

Lg : I× I→ [0,∞] is defined such that

Lg (I|S) =
supφ∈I∩S gφ (z)

supφ∈S gφ (z)

for all I,S ∈ I. For any I ∈ I, define the function ϕ−1 such that

ϕ−1 (I) = {θ ∈ Θ : ϕ (θ) ∈ I} .



Let Lfg : H× I× I→ [0,∞] denote the function satisfying

Lfg (H, I|S) = Lf
(
H|ϕ−1 (I ∩ S)

)
Lg (I|S) , (16)

which reduces to Lf (H ∩ I|S) according to equation (2) whenever ϕ (θ) = θ and gθ = fθ for

all θ ∈ Θ. With Lfg (•, •) = Lfg (•, •|Φ), Lf (•) = Lf (•|Θ), and Lg (•) = Lg (•|Φ), equation

(16) degenerates to

Lfg (H, I) = Lf
(
H|ϕ−1 (I)

)
Lg (I) . (17)

Likewise generalizing equation (7), let

LfgQ (H|S) = sup
I∈Q

Lfg (H, I|S) , (18)

and let LfgQ (H) = LfgQ (H|Φ).

The corresponding conditional weight of evidence in the observation that X = x and

Z = z substantiating the hypothesis that θ ∈ H1 as opposed to the hypothesis that θ ∈ H2

is generalized to

W fg
Q (H1;H2|S) =

LfgQ (H1|S)

LfgQ (H2|S)
, (19)

and that substantiating the hypothesis that θ ∈ H given ϕ (θ) ∈ S to

W fg
Q (H|S) = W fg

Q

(
H;H|S

)
(20)

for all H,H1,H2 ∈ H and S ∈ I. The marginal counterparts are W fg
Q (•, •) = W fg

Q (•, •|Φ)

and W fg
Q (•) = W fg

Q (•|Φ). Analogously, W f is identified with the functions denoted by W

in Sections 2.



Theorem 3. For a partition Q ⊂ I of Φ and any H ∈ H,

LfgQ (H) = sup
I∈Q

Lf
(
H|ϕ−1 (I)

)
Lg (I) ; (21)

W fg
Q (H) =

supI∈Q L
f (H|ϕ−1 (I))Lg (I)

supI∈Q L
f
(
H|ϕ−1 (I)

)
Lg (I)

. (22)

Proof. Equation (18) yields

LfgQ (H) = sup
I∈Q

LfgQ (H, I) ,

which, with equation (17), in turn yields equation (21). Equation (22) follows immediately

from equations (19)-(20).

Corollary 4. W fg
Q is logically coherent.

Proof. For all I ∈ Q,

Lf
(
H|ϕ−1 (I)

)
Lg (I) = sup

θ∈H
Lf
(
{θ} |ϕ−1 (I)

)
Lg (I)

Lf
(
H0|ϕ−1 (I)

)
Lg (I) ≤ Lf

(
H1|ϕ−1 (I)

)
Lg (I) ⇐⇒ (θ ∈ H0 ∩R =⇒ θ ∈ H1 ∩R) .

Thus, equation (12) is satisfied for v = LfgQ according to equation (21) and, by implication,

is also satisfied for v = W fg
Q according to equation (22).

Properties analogous to those of Theorem 3 and Corollary 4 may be proven conditional

on ϕ (θ) ∈ S.



5.2 Pure model for multiple-hypothesis evidence

Again consider some restriction set R ∈ H. According to equation (8), the joint weight of

evidence substantiating the alternative hypotheses that θj 6= θ0 for all j ∈ T , given that

θ ∈R, is

W ({θj 6= θ0 : j ∈ T } |R) ≡ W
(
H∧

T |R
)

=
supθ∈H∧

T ∩R fθ (x)

supθ∈R\H∧
T
fθ (x)

; (23)

H∧
T =

{
(θ1, . . . , θN) ∈ ΘN : ∀j ∈ T θj 6= θ0

}
(24)

(cf. Bickel (2012, §2.4.1)). Similarly, the marginal weight of evidence substantiating the

alternative hypotheses that θj 6= θ0 for some j ∈ T , given that θ ∈R, is

W ({∃j ∈ T θj 6= θ0} |R) ≡ W
(
H∨

T |R
)

=
supθ∈H∨

T ∩R fθ (x)

supθ∈R\H∨
T
fθ (x)

;

H∨
T =

{
(θ1, . . . , θN) ∈ ΘN : ∃j ∈ T θj 6= θ0

}
.

Theorem 4. Suppose that Ti is independent of Tj for all i 6= j. It follows that, with

probability 1, the joint weight of evidence substantiating the joint alternative hypotheses that

θj 6= θ0 for all j ∈ T is

W
(
H∧

T
)

= min
j∈T

Lmax
j (25)

and that the marginal weight of evidence substantiating the alternative hypotheses that θj 6= θ0

for some j ∈ T is

W
(
H∨

T
)

=
∏
j∈T

Lmax
j . (26)

Proof. Let J (T ) = arg minj∈T L
max
j . The following statements hold with probability 1. By



equation (23) and the fact that Lmax
i > 1 due to the continuity of the sample space and

parameter space,

W
(
H∧

T
)

= W
(
H∧

T |ΘN
)

=
sup(θ1,...,θN )∈H∧

T

∏N
i=1 fθi (xi)

sup(θ1,...,θN )∈ΘN\H∧
T

∏N
i=1 fθi (xi)

=

∏
i∈{1,...,N} fθ̂(xi) (xi)

fθ0
(
xJ(T )

)∏
i∈{1,...,N}\{J(T )} fθ̂(xi) (xi)

,

and cancellation of the products yields W
(
H∧

T
)

= fθ̂(xJ(T ))
(
xJ(T )

)
/fθ0

(
xJ(T )

)
and thus

equation (25). Similarly,

W
(
H∨

T
)

=
sup(θ1,...,θN )∈H∨

T

∏N
i=1 fθi (xi)

sup(θ1,...,θN )∈ΘN\H∨
T

∏N
i=1 fθi (xi)

=

∏
i∈{1,...,N} fθ̂(xi) (xi)∏

i∈T fθ0
(
xJ(T )

)∏
i∈{1,...,N}\T fθ̂(xi) (xi)

,

leading to equation (26) by cancellation.

Since Theorem 4 holds for N = 1 as well as N ≥ 2, there is continuity in the evaluation

of evidence from a single comparison to as many comparisons as needed. This contrasts with

the sharp discontinuity seen in applications of completely different frequentist methods to

problems involving very different numbers of comparisons (Bickel, 2011, §6). For example,

there is a discrepancy in the practice of applying p-values to single comparisons but estimates

of local false discovery rates to large numbers of comparisons (Westfall, 2010; Efron, 2010);

for other solutions, see Bickel (2015, 2014a).
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