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ABSTRACT. In this thesis, we provide a review of the theories of C*-algebras and free probabil-
ity, and we offer a survey of some applications of free probability in the study of the spectrum
of random matrices. Then, we study the occurence of *-freeness in tensor products of families
of noncommutative random variables, with possible applications in the study of the spectrum
of tensor products of large random matrices.

Main Original Results: In this context, the main original results we obtained are as follows:
general sufficient conditions for the *-freeness in tensor products (Corollary and Proposi-
tion ; a complete characterization for the occurence of *-freeness in the tensor product of
two families that contain *-free variables (Theorem ; and a nontrivial necessary condition
for the occurence of x-freeness in tensor products in group algebras (Corollary .

RESUME. La présente thése contient une introduction aux théories des C*-algébres et des prob-
abilités libres, ainsi qu’un résumé de quelques applications des probabilités libres dans I’étude
des valeurs propres de matrices aléatoires. Ensuite, nous étudions la présence de *-liberté dans
les produits tensoriels de variables aléatoires non commutatives dans ’espoir d’appliquer ces
avancées dans I’étude du spectre de produits tensoriels de matrices aléatoires.

Principaux Résultats Inédits: Dans ce contexte, les principaux résultats inédits que nous
avons obtenus sont les suivants: des conditions suffisantes générales pour l'apparition de x*-
liberté dans les produits tensoriels (Corollaire [6.11] et Proposition ; une description com-
pléete de la présence de *-liberté dans les produits tensoriels de deux familles de variables
aléatoires qui contiennent des variables *-libres (Théoréme ; et une condition nécessaire
non triviale pour l'apparition de x-liberté dans les produits tensoriels dans les algébres de

groupes (Corollaire [6.42]).
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Notation

’ Symbol ‘ Meaning

1a Unit element of the algebra A

1x Indicator function of the set X

a’® Centering of the variable a (that is, a — p(a) - 1 4)

AT Positive cone of the algebra A

B(X) Borel o-algebra on the topological space X

B(z,¢) Open ball centred at x with radius ¢ > 0

Cl(a; :i € I)] Ring of commutative polynomials over C in the indeterminates
(ai 1 el )

C((ai el )> Ring of noncommutative polynomials over C in the indeterminates
(ai el )

C*(a; :i€1) C*-algebra generated by the collection (a; : i € I)

C(X,Y) Space of continuous functions from X to Y

Co(X,Y) Space of continuous functions from X to Y that vanish at infinity

A(A) Multiplicative linear functionals on the algebra A

det(X) Determinant of the matrix X € M, (R)

diag(x1,...,xy) diagonal matrix D = (D;; : 1 < 4,5 < n) such that Dy = x; and
Dij=0ifi#j

O Dirac mass at the point x

E[X] Expected value of the random variable X

F, Free group with n generators

g Gelfand transform

(9) Group generated by g

Id Identity function

Id,, n X n identity matrix

Inv(A) Invertible elements in the algebra 4

K(m) Kreweras complement of the partition 7

Ker () Kernel of the homomorphism 7
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Notation

Vil

’ Symbol ‘ Meaning
LP(Q, o, ) LP-space on the measure space (€, <7, 1)
L~ Intersection of every LP-space on a measure space (2, .97, u)
Mpnsn(R) Set of m x n matrices with entries in R
M, (R) Set of square n X n matrices with entries in R
w(o, ) Moébius function evaluated at the partitions o and p
NC(n) Noncrossing partitions of {1,...,n}
Il - lop Operator norm
P(n) Partitions of {1,...,n}
P, Functional calculus with continuous functions at the element a
Rq Resolvent function of the operator a
p(a) Spectral radius of the operator a
s-alg(a; 11 € 1) x-algebra generated by the collection (a; : i € I)
Sp4(a) Spectrum of the operator a in the algebra A
Span g Linear span over the field K
supp(p) Support of the measure p
tr(X) Trace of the matrix X € M, (R)
U, Group of unitary n x n matrices in M,,(C)
Var|[X] Variance of the random variable X
v Dual space of the vector space V
X' Transpose of the matrix X € M,,x,(R)
X* Conjugate transpose of the matrix X € M, x,(C)
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Introduction

In very succinct terms, the theory of free probability may be described as a theoretical framework
designed to analyze noncommutative random variables using a generalization of the moments
in classical probability, together with the notion of free independence, which can be thought
of as a noncommutative analog of the concept of statistical independence for complex-valued
random variables.

Consider a collection (X; : ¢ € I) of C-valued random variables (i.e., measurable maps from
a probability space (£2,.27, P) to (C,,%’((C)), see Appendix with respective distributions
(ux, -7 € I). If one intends to study the X; exclusively through their moments (provided they
exist), that is, the quantities defined as

a%),n = E[X?Kn} - /Zmzn d:U'Xi<Z)7 m,n & N

then the measure-theoretic machinery underlying the formal definition of these variables ar-
guably becomes superfluous. A more natural framework in this context consists of defining
a probability space as a pair (A, ¢), where A is an algebra of C-valued random variables of
interest, and ¢ : A — C is a linear functional from which the moments of the variables in A can
be extracted. In this particular case, the obvious choice for A and ¢ is to let A be a subalgebra
of L*°~, which we define as

Lo = ﬂ LP(Q, ., P),
p=1
that is, the algebra of all C-valued random variables on (€2, <7, P) with finite moments of all
orders; and to let ¢ be the usual expected value, that is

o(X) = E[X] = /X(w) dP(w), X €A

Requiring that A be an algebra ensures that for every X € A and n € N, the functional ¢ can
be evaluated at X", and thus every moment of the form ¢(X"™) becomes available. If it is also
required that A be a *-algebra (see Definition and Example , then every moment of the
form o(X™X") (with m,n € N) becomes available.
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Introduction 2

This algebraic approach to probability with moments has a surprising advantage: thanks to
the theories of noncommutative geometry and operator algebras (more specifically, C*-algebras),
there is a fairly straightforward way to extend the ideas used in classical probability to algebras
of noncommutative random variables, and the theory developed from this extension has had
very impressive applications in diverse areas of mathematics, such as the study of the eigenvalue
distributions of random matrices.

In this context, the objectives and organization of the present thesis are as follows:
The first objective is to complete a survey of the main foundational works in the theory of
free probability and some applications to the study of random matrices, namely:
(1) Offer a partial overview of the basic theory of C*-algebras, upon which the noncom-
mutative probability framework in question is built (Chapter [1)).

(2) Introduce the theoretical framework used to study noncommutative random variables
with generalized moments (Chapter [2).

(3) Revisit the notion of independence for C-valued random variables in the context of
noncommutative probability spaces and use it as an inspiration to define free inde-
pendence. Then, study the properties and potential usefulness of free independence
(Chapters [3 and [)).

(4) Introduce some of the current applications of free probability in the study of the spec-
trum of random matrices (Chapter |5]).

The second objective is to provide a significant contribution to the advancement of knowl-
edge in the subject of the thesis. All of the original research in this thesis is contained in Chapter
|§|, and was conducted in collaboration with /under the supervision of Professor Benoit Collins
(thesis supervisor) and Camille Male (CNRS, Université Paris V). The problem that we set out
to work on is the following (refer to the index for definitions, and to Section for context):

Problem 0.1. Given K € N families
ak:(ak;i:iGI)C(.Ak,*,cpk), 1<k<K

of noncommutative random variables (where (A, *, ¢)) are *-probability spaces), characterize
the x-freeness of the elements in the tensor product collection

®kak = (®kak;i 11 € I) (- (®k~/4k7*7 ®k§0k)

in terms of our knowledge of the behaviour of the individual factor collections ay, [}

The main results we obtained concerning the above problem are the following;:

(1) Sufficient conditions for the x-freeness in tensor products (Corollary and Proposi-
tion |6.15]) that are general enough to answer questions about the asymptotic freeness
of tensor products of unitary random matrices (Question and Proposition [6.12));

(2) a complete characterization of a special case of Problem (Theorem [6.20]); and

(3) a necessary condition for a special case of Problem (Corollary [6.42]) achieved with
some insights in the theory of free groups, which we believe could be of independent
interest and lead to interesting further research (Lemma and Proposition [6.41)).

4We commit the following slight abuse of notation: ®gax = Qrgxar —a1 Q- ®ag.
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Chapter 1

C*-algebras

Most of the concepts and proofs featured in this chapter were covered in less detail in the
course Topics in Analysis: Introduction to C*-algebras, which was taught by professor David
Handelman at the Department of Mathematics and Statistics of the University of Ottawa during
the autumn of 2013. Other notable sources include [Da96|, [Ka09]|, and [Di77].

1.1. Algebras over a Field

Let F be a field. An algebra A = (V,-) over the field F' consists of a vector space V over F
together with a bilinear product on V:

VxVv —= VvV
(a,b) +— a-b.

An algebra A is said to be unital if there exists a vector 14 that acts as a unit with respect to
the bilinear product, that is, for every vector a, one has 14 -a =a = a-14. Unless otherwise
mentioned, every algebra considered in this thesis will be over the field of complex numbers C.

Given an algebra A = (V, ), the elements of the underlying vector space a € V' are usually
referred to as elements of the algebra itself a € A. Furthermore, to alleviate notation, for any
a,b € A, the product a - b is written as ab.

Definition 1.1. A x-algebra (A, %) consists of an algebra A equipped with an operation
A —- A

a — a*
satisfying the following conditions:

(1) for every a € A, one has (a*)* = a (* is an involution);

(2) for every a,b € A, one has (ab)* = b*a* (x is an antihomomorphism with respect to
the bilinear product); and

(3) for every k € C,a,b € A, one has (ka)* = ka* and (a + b)* = a* + b* (x is antilinear).

4



1.1. Algebras over a Field 5

Example 1.2. As briefly mentioned in the introduction of this thesis, given a probability space
(Q, o7, P), the set

L = () LP(Q,4,P)
p=1

equipped with the usual function operations and the x-operation of complex conjugate, that is,
for every X,Y € L*°7, k € C and w € €, one has

(1) (X +Y)(w) = X(w) +Y(w);

(2) (XY)(w) = X ()Y (w);
(3) (kX)(w) = k- X(w); and
(4

) X(w) = X(w),

is a x-algebra.

Example 1.3. The example that is arguably at the origin of the definition of a x-algebra is
the following: Let (H (- >) be a Hilbert space, and let B(H) be the space of bounded linear
operators on H. If B(H) is equipped with the (unique) %-operation that satisfies the relation

(Ta,by = {a, T*b), T e B(H), a,be H,

(that is, the adjoint operator) then (B(H), *) a *-algebra.
Remark 1.4. As one would expect, unit vectors are invariant with respect to the %-operation.
Indeed, if (A, *) is a unital x-algebra, then 1% = 14, as for any given a € A, one has 1%a =
(@*14)* = (a*)* = a, and similarly, al% = a.

Let (A, *) be a x-algebra. An element a € A, is said to be self-adjoint if a = a*, normal
if aa® = a*a, and unitary if aa® = a*a = 1 4. This vocabulary is reminiscent of that which
is commonly used to describe properties of matrices. As one would expect, the space M,,(C)

of n X n matrices with entries in C (equipped with the usual matrix operations and conjugate
transpose x) is a *-algebra (as a special case of Example [1.3)).

Let A; and A be algebras. A map @ : A; — As is called an algebra homomorphism if
for every a,b € A; and k € C, one has

(1) ®(a+0b) = ®(a) + D(b);
(2) ®(ab) = ®(a)®(b); and

(3) ®(ka) = k®P(a).

Let (Aj,*1) and (Ag, *2) be x-algebras. An algebra homomorphism ® from A; to A; is called
a *-homomorphism if ®(a*!) = ®(a)*? for every a € A;.

Proposition 1.5. Let (A1, *1), (A2, *2) and (As, x3) be x-algebras. If the functions ¥ : A; —
Ao and ® : Ay — Az are x-isomorphisms (bijective x-homomorphisms), then ¥~! : Ay — A;
and ® oW : Ay — A3 are x-isomorphisms.

Proof. The proof that ¥~! and ® o ¥ are algebra isomorphisms is identical to the proof that
inverses and compositions of ring isomorphisms are also ring isomorphismsﬂ It now remains
to prove that they are x-homomorphisms. Let b € As and a € A; be arbitrary. Since W is an

1See for instance [Be99| Proposition 1.2.2.



1.1. Algebras over a Field 6

s-isomorphism, there exists a unique by € A; such that WU(by) = b, and thus W(by') = ¥(by)*? =
b*2. Therefore, U~1(b) = by and ~1(b*2) = bj!, hence ¥~ is a *-isomorphism. Since ¥ and ®
are *-homomorphisms,

O(W(a™)) = 2(V(a)™) = ®(¥(a))™,
which concludes the proof that ® o ¥ is a x-isomorphism. O

Remark 1.6. Let 4; and A be algebras and 04, and 04, be the zero vectors in A; and A
respectively. If & : A; — Ay is an algebra homomorphism, then it is linear, hence ®(04,) = 0.4,.

A Banach algebra (A, || -||) is an algebra A = (V, ) equipped with a norm || - || such that

(1) (V]| -] is a Banach spaceﬂ and

(2) for every a,b € A, one has ||ab|| < |la||||b]] (or, (almost) equivalentlyﬂ the product
operation (a,b) — ab is continuous in both coordinates).

Unless otherwise stated, a Banach algebra is equipped with the metric topology induced by its
norm || - ||.

Definition 1.7. Let A be an algebra, || - || be a norm on A, and % be an operator on A such
that

(1) (A,|l-]]) is a Banach algebra;

(2) (A, *) is a x-algebra; and

(3) for every a € A, one has ||aa*|| = ||al?.

Then, (A, *,| - ||) is called a C*-algebra.

Remark 1.8. Let (A, *,|-]|) be a C*-algebra that is not unital. Then, if one defines A, = A®C
together with the operations and norm defined as

(a,k)(b,t) == (ab+ ta + kb, kt), a,bec A, k,teC
(a,k)* = (a*, k), ace A, keC
[(a, k)|| == sup {||lab + kb]| : [|b]| =1}, ac A keC

(see [Da96| Proposition 1.1.3 for the details), then A, is a unital C*-algebra (whose unit is
given by 04 @ 1), and A @ 0 (which is trivially isomorphic to A as a C*-algebra) is a maximal
ideal of A, of codimension 1. The space (Ay, *, || - ||) is called the unitalization of (A, x, || - ||).

Example 1.9. Let (H,(-,-)) be a Hilbert space, let B(H) be the space of bounded linear
operators on H, and define the adjoint *-operation on B(H) as in Example If one defines
the operator norm as

1/2
HTHop:sup{ (<T“Ta>) La€ H, (Héo}, T € B(H),

(a,a)

2Recall that a Banach space is defined as a normed vector space that is complete (with respect to the topology
induced by the norm).

3The fact that [lab]| < ||al|]|b]] implies continuity is obvious. As for the converse, it can be shown that if the product
operation in a complete normed algebra (A, || - ||) is continuous, then there exists a norm || - ||g such that C|| - || = - ||B
for some constant C' and ||ab||g < ||a||B||bl| s for all a and b (see [EMTO04| Theorem 10.1.1).



1.1. Algebras over a Field 7

then (B(H),*,] - [lop) is a C*—algebraﬁ In particular, for any n € N, the space M,,(C) of n x n
matrices with entries in C equipped with the conjugate transpose * and the matrix operator
norm || - ||op is a C*-algebra.

Example 1.10. Let (X,7) be a locally compact Hausdorff topological space. Consider the
space Co(X,C) of continuous functions f : X — C that vanish at infinity, that is, for every
e > 0, there exists a compact subset K C X such that if x ¢ K, then |f(z)| < e. If Co(X,C) is
equipped with the usual function operations and the complex conjugate, then one could easily
show that this forms a *-algebra over C. If Cy(X,C) is also equipped with the supremum
norm || - || (i€, ||flloc = sup{|f(x)|: x € X}), then it forms a C*-algebra. Note that, if X is
not compact, then (CO(X ,C), 5| - ”oo) is not unital, since the indicator function 1x does not
vanish at infinity.

Example 1.11. Let (X, 7) be a compact Hausdorff topological space. Then, the space Co(X, C)
is actually equal to C(X, C) (the space of continuous functions from X to C), since every function
from X to C vanishes at infinity. Thus, if C(X,C) is equipped with the %-operation of complex
conjugate and the supremum norm, it is a unital C*-algebra.

Remark 1.12. If (A4, ||-||) is a unital Banach algebra, then ||14|| > 1. Indeed, this clearly follows
from the inequality ||[14|| = [[1alall < ||1.4]/[[1.4]]. Moreover, If (A, ,||-||) is a unital C*-algebra,
then ||14]| = 1. This is a consequence of Remark 11all = [[1alall = [[1al%]| = [[14].

Remark 1.13. If (A, x,| -||) is a C*-algebra and a € A is self-adjoint, then for every n € N,

|a?"|| = ||a||*". This can easily be shown by induction on n: If n = 1, then, according to the
definition of a C*-algebra, one has ||a||? = |la*a|| = ||a?||. Similarly, if the result holds for some
n € N, then
n+1 n n n n n+1
lal* = (lall*)? = (Ia®")* = Ia®")*a* || = [la*" |-

Definition 1.14. Let (A, %) be a x-algebra and (a; : ¢ € I) be a collection of elements of A.
The *-algebra generated by (a; : @ € I), which is denoted by *-alg(a; : i € I), is defined as
the linear span

Spanc{a?((ll)) . ‘-a?(%) :peN, i(l),..ip) € I, n(1),....,n(p) € {1,*}}.

Let (A, *, ||||) be a C*-algebra and (a; : ¢ € I) be a collection of elements of A. The C*-algebra
generated by (a; : © € I), which is denoted by C*(a; : i € I), is defined as the closure of
s-alg(a;:i € I)in (A, |- ]).

Remark 1.15. It is necessary to define C*(a; : ¢ € I) as the closure of *-alg(a; : i € I) rather
than *-alg(a; : i € I) itself: Consider the field C of complex numbers equipped with the complex
modulus |-| and the complex conjugate =. Then, (C,7,|-|) is a C*-algebra. Let (a; : i € Q%) C C
be defined as a(, 4 = p + iq for every (p,q) € Q2. Then, *-alg(a; : i € Q%) = Q +iQ is not a
C*-algebra since it is not complete.

The following proposition motivates the appellation C*-algebra generated by a collection.
Indeed, given a collection of objects (a; : i € I) in a C*-algebra (A, x, || -||), C*(a; : i € I) is the
smallest C*-subalgebra of A that contains (a; : i € I).

48ee Chapter 4 of [EMTO04] for the details.



1.1. Algebras over a Field 8

Proposition 1.16. Let (A, x, | -||) be a C*-algebra and (a; : ¢ € I) be a collection of elements
in A. If B C A is a C*-subalgebra of A that contains every a;, then B contains C*(a; : 1 € I).

Proof. Since B is a C*-algebra, it is closed under the addition, the product, the scalar product
and the * operation in A. Thus, given that B contains every a;, it is clear that *-alg(a; : i €
I) C B. Since B is itself a C*-algebra, it is closed, hence C*(a; : 1 € I) C B. O

One of the interesting features of C*-algebras generated by a collection of elements is that
they preserve commutativity. More precisely:

Proposition 1.17. Let (A,*,| - ||) be a unital C*-algebra and (a; : ¢ € I) be a collection of
normal elements of A that commute, that is, for every i,j € I, one has a;a; = aja;. Then,
C’*(lA, (a; 1 € I)) 1s a commutative unital C*-algebra.

Proof. Consider two finite collections of objects (b; : ¢ < n) and (¢; : j < m) in A such that if
b,c € {b1,...,;bn,C1,...;cm }, then bc = cb. Then, for any scalars si, ..., sp, t1, ..., ty € C, it clearly
is the case that

(i Sibi> i tjCj = i tjCj <i Sibi> .
i=1 j=1 j=1 i=1

Consequently, to prove that the spanﬂ
*-alg(1a, (a; : 1 € 1))
=Spang {a?((ll)) . ~a?(%) :p€eN, i(l),..,i(p) € I, n(1),...,n(p) € {0,1, *}}
is commutative, it suffices to show that for every choice of p,q € N,

n(1l),...,n(p),m(1),....,m(q) € {0, 1, x},
and i(1),...,i(p),7(1),...,7(¢) € I, one has

n(1 n m(1 m m(1 m n(1l n
(%éf“'%éﬁ)) (“ﬂg)) B '%‘(c(f)])) - (“ﬂi)) "‘%(ff)l)) (az‘<(1>)"'“i<go))> '
The above equality clearly follows from the normality of the a; and the fact that the a; commute,
hence x-alg(14, (a; : i € I)) is commutative.
Let b,c € C*(14,(a : i € I)) be arbitrary. Then, there exists sequences {b, : n € N}
and {c, : n € N} in x-alg(14, (a; : ¢ € I)) such that ||b, — b|| and ||c,, — ¢|| converge to zero.
Therefore,

bc = (lim bn> (hm cn)
n—oo n—oo
= lim byep, (both limits exist)
n— oo

= lim c¢pby,, (Vn, by, cp € *—alg(lA, (a; 1 € I)))

n—oo

= (lim cn> <lim bn)
n—oo n—oo
= cb,

concluding the proof that C*(lA, (a;j =i € I)) is commutative. O

5We use the convention 60 = 1 A for every nonzero b € A.
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1.2. Spectrum and Resolvent Set

An element @ in a unital algebra A is said to be invertible if there exists a=! € A such that

a~la =aa ! =14 Inv(A) is used to denote the set of invertible elements in .A. For any a € A,

the spectrum of « is defined as the set
Spa(a) ={Ae€eC: X -14—a¢Inv(A)},
the resolvent set of a is defined as C\ Sp 4(a), and the resolvent function at a is defined as

Ro: C\Spyla) — Inv(A)
A —> (A-lA—a)_l.

The spectral radius of a is defined as
p(a) = sup{|A| : A € Sp4(a)}.

Example 1.18. Let (£, .47, P) be a probability space and let L>~ be defined as in Example
Then, for every X € L~ and A € C, the function X — Alq is invertible if and only if \ is
not in the image of X. Thus, in this particular case, one has

Spree—(X) = {X(w) 1w € Q}.

Remark 1.19. Let A be a unital algebra, k € C be nonzero, and a € A be arbitrary. Then,
one can easily show that A € Sp 4(ka) if and only if k~'\ € Sp 4(a). Consequently, Sp 4(ka) =

kESp 4(a).

Remark 1.20. Let A and B be unital algebras, and let ® : A — B be an algebra homomor-
phism. Then, for every a € A, Spg(®(a)) C Spy(a). Indeed, if (A-14 — a)b = 14, then
(Mg — ©(a))®@(b) = 15.

The fundamental properties of the spectrum, from which many important facts about alge-
bras will be derived, are summarized in the following theorem:

Theorem 1.21. Let (A, | -||) be a unital Banach algebra and a € A be arbitrary.
(1) Spa(a) C{A € C:|A| < [lall};
(2) Sp 4(a) is compact; and
(3) Sp 4(a) is nonempty.
In order to show Theorem a few preliminary results must first be established.

Lemma 1.22. Let (A, | - ||) be a unital Banach algebra. Then,
(1) if a € A is such that ||a|| < 1, then 14 —a € Inv(A), and, in particular,

oo
(la—a)t =3 a"
n=0

(2) the set Inv(.A) is an open subset of (A, | -|); and
(3) the resolvent set C\ Sp 4(a) of a is an open subset of C.
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Proof. (1). Since (A, ||-]|) is a Banach algebra, the metric induced by the norm ||-|| is complete.
Thus, if a series is absolutely convergent, it converges to a limit in AH Let a € A be such that
Ja|]| < 1. Consider the sequence {a” : n € NU {0}}E| Since (A, | -||) is a Banach algebra then
la™|| < |la]|™ for every integer n > 0. Consequently, since ||aH < 1, the series 14 +a + a® + -

is absolutely convergent and thus converges to a limit b € A. For every integer n > 0, let
b,=144+a+ -+ a™. Clearly, b, — b. Moreover, For every n € N, one has

(Ig—a)b, =by(lg—a) = Zaj Za]+1—1A

Since a™ clearly converges to 04, taking the limit n — oo yields

(la—a)b=0b(1g—a)=14,

which implies that 14 — a is invertible and that

(1g—a)” Za

(2). Let a € Inv(.A) be arbitrary. It suffices to prove that there exists a radius r > 0 such that
B(a,r) C InV(A) Let be B ( O ,1”) Then,

lla™*]l

[la=1]|

From part (1) of this lemma, this implies that 14 — (14 —a~'b) = a~!b is invertible, and thus
a(a=1b) = b is also invertible
(3). Define the function f, : C — A as follows:

fao: C — A
A= Alg—a.

14— a™"0] = [la™ (a = )l < [la™"[la — bl < =1

This function is clearly continuous. According to part (2) of this lemma, Inv(A) is open, and
thus f,1(Inv(A)) = C\ Sp4(a) is open. O

Proposition 1.23. Let (A, | -||) be a unital Banach algebra and a € A be arbitrary. Then, the
resolvent function R, at a is analytic on the open set C\ Sp 4(a), which implies in particular
that Rq ts continuous on the resolvent setH

Proof. Let A9 € C\ Sp4(a) and A € B (Ao, |[Ra(Xo)||™!) be arbitrary. Then,
= (A= 2A0)Ra(Ao) [l = (A = Ao)Ra(A0) [l = [(A = Ao)| - [[Ra(R0)[| <1,

63ce Proposition

"For each n € Nyleta” =ga---a.
\“A/—/
n times

8B(:c,a) ={y: |l — y|| < €} denotes the open ball of radius ¢ at x.
Given two invertible elements a1, a2 € A with respective inverses al_l, ay 1 € A, their product ajas € A is clearly
invertible by a; 'a]'. Thus, if a1, a2 € Inv(A), then ajas € Inv(A).
10Every analytic function is continuous (see section ,
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which, according to part (1) of Lemma implies that 14 4+ (A — Ag)Ra(Ao) is invertible and
that

(144 (A= X)Ra(N)) ' = Z(—l)”()\ —X0)"Ra (o)™ (1.1)
n=0
Notice that
Adlg—a=A=X)lg+ (Molg—a)
= (Mola—a)(X=Xo)(Mola —a) ™t +1y), (since A\g & Sp4(a))
= (AolA—a)(lA—i—()\—Ao)Ra(/\O». (1.2)

According to part (3) of Lemma [1.22] the resolvent set is open. Therefore, since A\g €
C\ Sp4(a), there exists € > 0 such that B(\g,&) C C\ Sp 4(a). Let n = min{e, |[Ra(Ao)|| "1} I
A € B(A\o,n), then A & Sp 4(a), that is, A - 14 — a is invertible, and thus by taking inverses on
both sides of equation (|1.2)), it follows from equation (|I.1)) that

Ra(A) = (La + (A — A)Ra(A0)) Ralho) = S(=1)7(A — Ag)"Ra(Ao)"*.
n=0
Since A9 € C and A € B (Ao, n) were arbitrary, it follows that R, is analytic on the resolvent set
of a. g

All the necessary ingredients are now in place to prove Theorem [1.21

Proof of Theorem [.21 (1). Let A\ € Sp4(a) be such that || > ||a|. Then, |A"la| < 1,
which, according to part (1) of Lemma implies that 14 — A~ 'a is invertible. Given that
Ia—A"ta=A"1(\-14—a), then X\-14—a is also invertible, which contradicts that A € Sp 4(a).
(2). Since Sp4(a) is a subset of C, it is compact if and only if it is closed and bounded. Part
(1) of this theorem established that Sp 4(a) is bounded, and, according to part (3) of Lemma
C\ Sp4(a) is open, hence Sp 4(a) is closed.

(3). Suppose by contradiction that Sp 4(a) is empty. Then, the resolvent function R, at a is
defined for every A € C. If

lim Ry(\) =0 (1.3)

A—00

and R, is constant, then it will necessarily follow that R,(A) = 0 for every A € C, which is a
contradiction since 0 is not invertible and R, takes values in Inv(.A).

Suppose that [A| > ||la|| (i.e., 1 > [[A\7!a|). Then, part (1) of Lemma implies that

IRa) = ALt = A7) 7 = A S ()"
n=0
LR ([ A
<Y e <ot St = B
n=0

It then clearly follows from the above inequality that ( . ) holds.

Since Ry is defined on all of C, it follows from Proposition [I.23| that it is entire. Therefore, if
R is uniformly bounded on C, then it will follow from Liouville’s Theorem that R, is constant,
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concluding the proof of the theorem. For each n € N, let K, = {\ € C : |A\] < n}. Then,
Ky C Ky C --- and C = |J,, K. Furthermore, the Heine-Borel Theorem implies that each
K, is compact. Therefore, since R, is continuous and the image of a compact set through a
continuous function is compact, each R,(K),) is compact, hence bounded (that is, for every
n € N, one has sup{|[|[Ra(A\)|| : A € K} < 00). We claim that there exists N € N such that

sup{||[Ra(N)|| : A € C} = sup{||Ra(N)]| : A € Kn} < o0, (1.4)

or, in other words, the nondecreasing sequence of real nonnegative numbers { sup{||Ra(}\)]| :
ANeKy}:ne N} eventually becomes constant. Suppose by contradiction that such is not the
case. Then, it clearly is possible to construct a sequence {); : i € N} C C such that for each
i€ N, \; € Kyp,, where nj < ny < --- and Rq(A1) < Re(A2) < ---, which contradicts .
Therefore, holds, hence R, is uniformly bounded. U

As a first application of the study of the properties of the spectrum of algebras, consider
the following result, which characterizes division unital Banach algebras completely:

Corollary 1.24 (Gelfand-Mazur Theorem). Let (A, || - ||) be a unital Banach algebra such that
every nonzero element in A is invertible. Then, A is isometrically isomorphic to C.

Proof. Consider an arbitrary element a € A. If A € C is in the spectrum of a, then it must be
the case that A- 14 —a = 0, that is, A1 4 = a (otherwise, there would exist a nonzero element
which is not invertible). Let A;, A2 € C be such that A\j, A2 € Spy(a). Then, \jlqg —a =
0 = A2la — a, which implies that A\; = Ay. Therefore, Sp 4(a) contains at most one element.
According to part (3) of Theorem , Sp4(a) contains at least one element, which implies
that every element of A is of the form A - 14 for some A € C. Given that any unital algebra
contains every scalar multiple of the unit, it is clear that the isometric isomorphism from A to
C is achieved by mapping every element a to the unique scalar in Sp 4(a) divided by ||14]]. O

Another application of Theorem [L.21] (more precisely, part (1)) consists in providing an
upper bound for the spectral radius of an element of a unital Banach algebra in terms of the
norm of that element (or, conversely, a lower bound on the norm in terms of the spectrum).
The following theorem provides yet another link between the spectrum and the norm:

Theorem 1.25 (Gelfand-Beurling formula). Let (A, ||-||) be a unital Banach algebra. For every
a € A, one has

pla) = lim [la"['/".

n—oo
Proof. Let a € A be arbitrary. Assume for now that the limit
L= lim [la"|*/™. (1.5)
n—oo
exists and is finite.

Let A € C be such that |A\| > L. Then, according to the Cauchy-Hadamard Theoremﬂ the
power series

Z(}\—l _ O)nan — Z()\—l)nan
n=0 n=0

Hgee section
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converges to an element b € A. From the proof of part (1) of Lemma it follows that b is
such that b(14 — A'a) = (14 — A"'a)b = 14, which implies that A- 14 — a is invertible, hence
X & Sp 4(a). Therefore, if X € Sp 4(a), then || < L, and thus p(a) < L.

Suppose by contradiction that p(a) < L. Then, there exists a complex number A such that
p(a) < |\ < L. For every n € N, the fact that (A, | - ||) is a Banach algebra implies that
|a™||*/™ < |ja||, and thus L < ||a||. Therefore, |A| < |al||, which implies by part (1) of Lemma
[1.22] that the power series

> (A hran (1.6)

converges to (1 — A~ta)~!. Since

L = lim |a"||"/™ = limsup ||a”|"/"
n—00 n—00

and |\ < L (ie., [A7'] > L71), the convergence of the series (1.6) contradicts the Cauchy-
Hadamard Theorem. Consequently, p(a) > L.

According to what was established so far in this proof, if the limit L in exists and is
finite, then it is equal to p(a). Thus, to conclude the proof of the theorem, it only remains to
show that exists and is finite. Since (A, || - ||) is a Banach algebra, [[a”| < ||a||" for each
n. Therefore, every member of the sequence {||a”||'/" : n € N} is bounded above by ||a||. This
implies that if L exists, then it is lower or equal to ||| and thus finite. Fix an arbitrary positive
integer k € N. For each n € N, it follows from the Quotient-Remainder TheoremlH that there
exists two integers ¢, > 0 and 0 < r, < k — 1 such that n = ¢,k + r,,, and thus

Gn 1( rn>
- (1-2).
n k n

Since 7, < k — 1 for each n, it is clear that

1
lim % =0and lim &=, (1.7)
n—oo N n—oo M k
For every real number a > 0, the function
[0,00) — [0,00)
b —> ab

is continuous. Therefore, according to ([1.7)), for every real numbers «, 5 > 0, one has

lim o/"=1and lim g¢/™ = gl/k
n—o00 n—oo

hence

lim gI/nam/m = gk, (1.8)

n—0o0

Applying (1.8) with 3 = ||a*|| and a = ||a| yields

limsup [Ja"[|'/" = limsup [|a®*+7 [/ < lim sup([|a®*||f}a" )"/

n—00 n—00 n—00
< lim sup |a*[ /o] /" = fla* 1"
n—oo

120therwise known as the Division Algorithm.
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Since k € N was arbitrary, limsup,, [|a”||"/" < inf{|[a"||"/" : n > k} for every k € N, hence

limsup [|a™[|"/" < lim inf{||a”||"/" : n > k} = liminf ||a”||"/™.
n—00 k—00 n—00

In conclusion, the limit (1.5]) exists and is finite. O

Two interesting features of the self-adjoint elements of the C*-algebra (M, (C),*, || - [lop)
mentioned in Example (i.e., Hermitian matrices) are that

(1) their norm is given by
| Allop = max{|A| : X is an eigenvalue of A}; and
(2) their spectrum is a subset of the real numbers.

Thanks to the Gelfand-Beurling Formula and the other properties of the spectrum that were
established up to this point, these results may be extended to any C*-algebra.

Corollary 1.26. Let (A, x,| - ||) be a unital C*-algebra and a € A be an arbitrary self-adjoint
element. Then, ||al| = p(a).

Proof. This result is a direct consequence of the Gelfand-Beurling formula and Remark

Given that [|a®"||?>™" is a subsequence of ||a"||*/", one has
_ nl/n _ 1 2™ 127"
(@) = Tim [Ja"[[¥" = Tim 2" |2 = o],
which concludes the proof. O

Proposition 1.27. Let (A, x| - ||) be a unital C*-algebra. If a € A is self-adjoint, then
Sp4(a) CR.

Proof. Let a € A be self-adjoint. We want to prove that if A = o+ i with «,8 € R is such
that 8 # 0, then A & Sp 4(a), that is, (a +i8)14 —a € Inv(A).
Let A = a+i8, where o, 5 € R and 8 # 0. Then,

/\-1A—a—(oz—f—iﬂ)lA—a—ﬂ(W%-i-lA).

Note that

<a-1A—a>*_a-1j‘4—a* _a-lg—a

B B B

Thus, if b+1- 14 is invertible for every self-adjoint element b € A, then the result will follow.
Suppose by contradiction that there exists a self-adjoint element b € A such that i-14+b

is not invertible. Then, —i-14 — b ¢ Inv(.A), which implies that —i € Sp 4(b). According to

Remark this implies that —i> = 1 € Sp 4(i-b). Consequently, for every A € R, the element

Ia—i-b=XA-1g44+1a—-A-1g—i-b=A+1DIg—(A-1g4+1i-b)
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is not invertible, hence A+ 1 € Sp4(A-14 +1i-b). By part (1) of Theorem this implies
that A+ 1] < [[A-14 +1-b||, and therefore, since (A, *, || - ||) is a C*-algebra,

AFD2=AF1P <A 1g+1-bP=||(A-144+1-b)*N-14+1-D)
= (AT + 30" )N 1a+i-b)[[ = [[(A-1a—i-b)(A-L1a+1-D)]
= A% 14+ 0% < A+ |07)].

Consequently, as A € R was arbitrary, it follows that 2\ + 1 < ||b?|| for every A € R, which is
obviously a contradiction since ||b?|| is a fixed real number. O

1.3. The Gelfand-Naimark Theorems

Some of the most important theorems concerning C*-algebras are a series of results usually
referred to as the Gelfand-Naimark Theorems, which essentially state that Examples
and are (up to C*-algebra isomorphism) the only possible realizations of C*-algebras:

Gelfand-Naimark Theorem I ([DB86| page 3). Let (A, .| -||) be an arbitrary C*-algebra.
Then, (A, x,||-]) is isometrically x-isomorphic to a C*-subalgebra of (B(H), *, || |lop) for some
Hilbert space (H, (-, ))

Gelfand-Naimark Theorem II (|[DB86| page 3). Let (A, x, ||-||) be a commutative C*-algebra.
Then, there exists a locally compact Hausdorff topological space X such that (CQ(X, C),~ - Hoo)
is isometrically x-isomorphic to (A,*,| - ||).

Gelfand-Naimark Theorem III. Let (A, x,| - ||) be a commutative unital C*-algebra. Then,
there exists a compact Hausdorff topological space X such that (C(X, C),~ |- Hoo) 1s 1sometrically
x-isomorphic to (A, ]| -|).

From these results, one may argue that, from an abstract perspective, any distinction be-
tween the presentation of two C*-algebras A; and As is in principle artificial, as both can
be realized as C'*-algebras of bounded linear operators on a suitable Hilbert spaceH Further-
more, the Gelfand-Naimark Theorem I can be seen as the foundational result of the theory
of C*-algebras (that is, the result that justifies the importance of the field), since the study
of algebras of bounded linear maps on Hilbert spaces can be reduced to the study of abstract
C*-algebras from the axioms presented in Definition [1.7]

The Gelfand-Naimark theorems also enables one to make sense of the concept of a noncom-
mutative topological space: Given a compact Hausdorff topological space X, the open subsets of
X are in a one to one correspondance with the closed ideals of the algebra C(X, C) of continuous
functions on X (see Section . As a consequence, it turns out that many topological con-
cepts have an equivalent algebraic concept, and thus certain statements about topological spaces
can be translated into statement about algebras. As explained in more details in [Va06| page
3, one thus obtains Table [1| (see below), highlighting the correspondances between topological
and algebraic notions.

Thus, one may think of a noncommutative locally compact topological space as a noncom-
mutative C*-algebra, and the noncommutative analogs of topological concepts are given by

13However, as will become clear in Theorem , the bounded linear maps on a Hilbert space presentation of some
C*-algebras are sometimes so abstract that it may be more useful to think of those spaces in other terms.
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Table 1. Correspondances between topological and algebraic notions.

’ Topology \ Algebra ‘
Locally Compact Topological Space Commutative C*-algebra
Compact Topological Space Commutative Unital C*-algebra
Compactification Unitalization
Open Set Closed Ideal
Homeomorphism Automorphism
Regular Measure Positive Linear Functional
Image (of a function f) Spectrum (of the element f)

extending Table [I| in the noncommutative case. This idea of understanding generalized geo-
metrical spaces in terms of noncommutative algebras of functions defined on said spaces is the

foundation of a mathematical theory called Noncommutative Geometry (see for instance
[Va06| and [Co94]).

For our purposes in later sections and chapters of this thesis, the most useful version of the
Gelfand-Naimark Theorem is version III (that is, that which relates to commutative unital C*-
algebras). The objective of this section is to provide a complete proof of this theorem. Though
a proof of versions I and II of the theorem will not be provided in this thesis (the reader is
referred to Chapters 2 and 3 of [DB86] or Section 1.9 of [Da96] for complete proofs), for the
purpose of showcasing the general idea behind the proof, we provide the following special caseﬁ

Theorem 1.28. Let (C(X,C),~, |- [loo) be defined as in Example (that is, X is a compact
Hausdorff topological space). (C(X,C),", ||-|lo) is isometrically x-isomorphic to a C*-subalgebra

of (B(H),*,|| - |lop) for some Hilbert space (H,(-,-)).

Proof. Let II be the set of positive linear functionals ¢ : C(X,C) — C such that ¢(1x) = 1.
According to the Riesz Representation Theorem, II is in a one to one correspondance with the
set of regular probability measures on the space X.

Let ¢ € II be arbitrary, and let u, be the regular probability measure associated to ¢, that
is,

o) = [ $a) dug(a), f € Cx,0).
Define the set

N, = {f € C(X,C) : o(ff) = 0}
= {f € C(X,C) : f =0 py-almost everywhere},

and let H, be the closure of C(X,C)/N, under the inner product defined as

(f,9)p = 9(@f) = / @)/ () dpig (),

lppe general proof of the Gelfand-Naimark Theorem I follows more or less the same steps as in the provided proof
of Theorem , but many of the results used here do not trivially extend to the general case.
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(that is, under the norm || f||, = v/(f, f)x). Then, H, clearly is a Hilbert space (in fact, H, is
the space L?(X, B(X), iy) of square-integrable functions with respect to pu,, and || - ||, is the
L?-norm).
For every f € C(X,C), define the map
o H, — H,
g = fg

Every such map is clearly linear, and since |fg|? < ||f||%]g/> (as X is compact and f is contin-
uous), one has

|72l = suo {isall,  lalle = 1} < sup (S lellglle  Nalle = 13 = 7]

()

and thus every 7 ¥ is a bounded linear operator. Moreover, one easily checks that the map

c(Xx,C
ANy 1)

defines a x-algebra homomorphismﬂ as

(rP@)h) = [F@)f@g(e) duste) = [ Fah(lgla) dug(a)
= (g7 M)

where g, h € H, are arbitrary.
Let H = @wen H,, that is, H is the completion of the set

V= {(f@ cpell): f, € Hyy and f, # 0 for finitely many Lp}
under the norm induced by the inner product

<(fgo cp ell), (gcp tp e H)> = Z<f<p79<p>so-

pell

@

For every f € C(X,C), define the map 7y = @@En ; ), that is,
Tf H — H
(9o :peIl) = (fg,:pell).

Clearly, every my is linear, and

1/2 1/2
leslop =sup < | D IfalZ | | Do llalz] =1
pell pell
1/2 1/2
<sup < (DO IAZIZ | Do lelz ] =1
pell pell
= || flloos (1.10)

15The general version of the homomorphism defined in 1} is known as the GNS construction, named after
Gelfand, Naimark, and Segal. See for instance [Da96]| Theorem 1.9.6).
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hence every 7 is a bounded linear map. In addition, one easily checks that the map
C(X,C) — B(H)
f —> TF

is a *-homomorphism. Thus, if it is shown that (1.11] is injective and norm-preserving, the
proof will be complete.

(1.11)

Let f € C(X,C) be arbitrary. Since X is compact and f is continuous, there exists z € X
such that |f(z)| = ||fllcc- Let d; be the Dirac mass at that point. Since d, is a regular
probability measure on X, there exists ¢, € II such that ¢,(g) = [ g(y) dd.(y) for every g.
Define (g, : ¢ € II) € H to be such that g, = 1x if ¢ = ¢, and g, = 0 otherwise. Then, one
clearly has

1/2
17 fllop = |7 (90 : p € D)) || = (/ f(y)I? d%(.v)) = /(@) = I flloo>

which, together with (1.10)), implies that ((1.11)) is norm-preserving.

To prove that f — 7y is injective, simply notice that if f # g, say at a point x € X (i.e.,
f(x) # g(x)), then f and g disagree almost everywhere with respect to the Dirac mass J, at the
point x, and thus 7; and 7, disagree on any element (h, : ¢ € II) such that h,, = 1x, where
@, is defined as in the previous paragraph, that is, as the linear functional associated to §,. O

We now show the Gelfand-Naimark Theorem III in full generality. Given a Banach algenra
(A, |l - 1), let A(A) denote the collection of nonzerolﬂ multiplicative linear functionals on A,
that is, the set of all nonzero algebra homomorphisms from A to C.

Remark 1.29. Let A be a unital algebra. If ¢ : A — C is a nonzero algebra homomorphism,
then ¢(14) = 1. Indeed, for any a € A such that ¢(a) # 0, one has p(a) = p(1laa) = (14)p(a).

Let (A, |l - ||) be a unital Banach algebra such that A(A) is nonempty. The Gelfand
transform of an arbitrary element a € A, denoted G(a), is defined as the following function:

Gla): A(A) — C
e = pla)
The Gelfand topology is the intersection of every topology on A(.A) such that all the Gelfand
transforms on elements of A are continuous (as will be shown in Proposition the Gelfand
topology is not the trivial topology). Unless otherwise mentioned, given any Banach algebra

(A, |l -1]), the space A(A) is assumed to be equipped with the Gelfand topology. The Gelfand
transform on the algebra A is defined as the function

G: A — C(A(A),C)
a G(a).

Proposition 1.30. Let (A, ]| - ||) be a Banach algebra. The Gelfand topology is the subspace
topology that A(A) inherits from the w*—topologﬂ as a subset of the dual space A*.

16Nonzero in the sense that p(a) # 0 for at least one a € A.
173ee section
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Proof. For every A€ C, a € A and € > 0, let
UNa,e)={ype A" : |i(a) — N\ < e}
If the set
{UN,a,e)NA(A):ac A, AeC, € >0} (1.12)

is a sub-basis for A(A) and a topology 7 on A(.A) contains every element in ([1.12)) if and only
if it makes every Gelfand transform continuous, then the lemma will be proved. (Indeed, the
topology generated by a sub-basis is the intersection of every topology containing that sub-basis.
See section [C.1])

If p € A(A), then ¢ € U(p(a),a,c) N A(A) for every € > 0 and a € A, hence

U Ulp(a),a,e) NA(A) = A(A).
pEA(A),aeA >0

Therefore, is a sub-basis on A(A).

Let 7 be a topology on A(A) that contains (L.12), i.e., U(X, a,e) N A(A) is an open set in
7 for every A € C, a € A and € > 0. Let a € A be arbitrary, and let G(a) be the Gelfand
transform at that point. Since the open balls form a basis for the Euclidean topology on C, to
prove that G(a) is continuous, it suffices to prove that G(a)~*(B(},€)) is open for every A € C
and € > OH For every A € C and € > 0, one has

G(a) (B e)) = {v € A(A) : [¥(a) = Al < e} = U\, a,e) N A(A),

and thus G(a) is continuous with respect to .

Let 7 be a topology on A(A) that makes every Gelfand transform continuous. Let a € A,
A € C and € > 0 be arbitrary. Knowing that the Gelfand transform G(a) is continuous and that
B(), ) is open in C, it follows from the fact that G(a) is continuous that G(a)™'(B(),€)) =
U(Aya,e) N A(A) is an open set in 7, hence 7 contains ((1.12]). O

Let A = (V,-) be an algebra and I be a vector subspace of V. I is called a right ideal
(respectively, left ideal) of A if, for every a € A and b € I, one has ba € I (respectively,
ab € I). If I C V is both a right ideal and a left ideal, it is called an ideal of A. An ideal
I C V is said to be proper if it is a proper subset of V', that is I # V. A proper ideal M C V'
is said to be maximal if every ideal I C V which contains M is either M itself or V.

Let A be an algebra and I be an ideal of A. The quotient space A/I is defined using the
equivalence relation

a~bifand only if a — b € I.
This relation yields the equivalence classes a+1 = {a+b:b € I'}. For every k € C and a,b € C,
let (a+I1)+(b+1)=(a+b)+1I,k(a+I)=ka+1Iand (a+1)(b+1)=ab+I. One could

easily show that these operations are well defined and that A/I equipped with them is in fact
an algebra.

18Recall that B(z, ) denotes the open ball of centre z and radius e.
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Remark 1.31. Let A be an algebra and I be an ideal of A. Given that A/I is an algebra, the
quotient map 7, defined as
mr: A — A/l
a — a+1

is clearly an algebra homomorphism. Furthermore, Ker(7;) = I.

Given a Banach algebra (A, || - ||) and an ideal I, the quotient norm | -||; : A/I — [0, 00)
is defined as

la+I|; =inf{|c|:c€a+ I}, ac A

Clearly, the quotient norm is a well defined function. Furthermore, it can be shown that if the
ideal I is a closed subset of A, then | - ||; is a norm and (A/I, | - ||;) is a Banach algebra.

Lemma 1.32. Let (A, | - ||) be a commutative unital Banach algebra. Then, every element of
A which is not invertible is contained in a mazximal ideal of A.

Proof. Let a € A be such that a ¢ Inv(A), and let .#, be the set of proper ideals of A that
contain a. Consider the partial order (.%,,C), where C denotes the traditional set relation
proper subset of or equal to. If .#, is not empty and every totally ordered subset of (.#,, C) has
an upper bound in .#,, it will follow from Zorn’s Lemma that .#, has a maximal element M.
It would then be easy to show that M is a maximal ideal: Suppose that I is an ideal of A such
that M C I. If I # A, then I € .#,, since a € M C I. Therefore, since M is the maximal
element of .#,, it must be the case that I C M, which implies that M = I by double inclusion.

Consider the ideal generated by a, which is defined as a A = {ab: b € A}. (a.A = Aa in this
case since A is commutative.) aA is clearly an ideal, but it is also a proper ideal. To see this,
suppose by contradiction that 14 € a.A, that is, there exists b € A such that ab = 14. This
contradicts that a is not invertible, hence 1 4 & a.A. Therefore, a.A is a proper ideal of A which
contains a, hence .7, is not empty.

Let (I; : j € J) be an arbitrary totally ordered subset of .#,. We claim that |J; I; is an
upper bound of (I; : j € J). It clearly is the case that I; C UjeJ I; for every j € J. However,
to show that (J; I; is an upper bound of (I; : j € J) in the context of the partial order (.7, C),
it must be proved that |J; I; € ., that is, [J; I; is a proper ideal of A (the fact that (J; I;
contains a is obvious). Let b,c € Uj I; be arbitrary. Then, there exists n,m € J such that
bel, and c € I,,,. Since (Ij : j € J) is totally ordered, then I,,, C I, or I, C I,,. In any case,
there exists k € J (k is either m or n) such that b,¢ € I. Since Ij is by definition an ideal,
then b+ ¢ € I, and db € I, for all d € A, which implies in particular that b+ ¢ € Uj I; and that
db € Uj I; for all d € A. Consequently, Uj I; is an ideal of A. To show that Uj I; is proper,
suppose by contradiction that 14 € | j I;. This is obviously contradictory, since it implies that
14 € I, for some m € J, which contradicts that I, is proper. O

Lemma 1.33. Let (A, | - ||) be a commutative unital algebra. M C A is a mazimal ideal of A
if and only if M = Ker(y) for some ¢ € A(A).
Proof. Let M be a maximal ideal of A, and let a € A be such that a ¢ M (that is, a + M is
non-zero in A/M). Consider the set

I,={ab+c:be Aand ce M}.
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Clearly, given that A is commutative, I, is an ideal of A. Furthermore, since a € M, that is,
aly +0¢& M, then I, # M, which implies that I, = A since M is maximal. Consequently,
there exists b € A and ¢ € M such that 14 = ab + ¢, which implies that

(a+ M)(b+ M)+ (04 + M) = (ab+c+ M) = (14 + M).

Therefore, a + M is invertible in A/M. Since a € A\ M was arbitrary, the Gelfand-Mazur
Theorem (see Corollary implies that there exists an isomorphism ¢y from A/M to C.
Then, the composition ¢ = g oy (where ;s is the quotient map of A/M, see Remark
is a nonzero algebra homomorphism from A to C (hence an element of A(.A)) and it is such
that

Ker(p) ={a€ A:po(mm(a)) =0} ={ac€ A:mp(a) =04+ M} =M

Let ¢ € A(A). By the properties of algebra homomorphisms and the zero vector, it is clear
that Ker(y) is an ideal. Let I be an ideal of .A which contains Ker(y) as a proper subset. Then,
there exists b € I such that ¢(b) # 0. Let a € A be arbitrary. Then,

. Lp(a)b _ B SO(G) b) =
(/0 (Cl ‘P(b) ) (p(a) @(b) QO( ) 07
((;be Ker(p) C I. Since I is an ideal and “’((;be I, then a =
a— ‘;((Z)) b+ sogb)) bel. Asa € A was arbitrary, it follows that A = I, which proves that Ker(yp)
is a maximal ideal. O

Theorem 1.34. Let (A, || - ||) be a unital Banach algebra. Then, for every a € A, one has
{p(a) : ¢ € A(A)} C Spyla). If A is commutative, then {p(a) : ¢ € A(A)} = Sp4(a).

Proof. Let a € A be arbitrary.
Suppose that A € C is such that A & Sp 4(a), that is, A- 14 —a € Inv(A). Then, for every
¢ € A(A), one has (A1 4—a)p((A\-1a—a) ™) = (1) = 1H Thus, p(A-1a—a) = A—¢(a) # 0,
which implies that A € {¢(a) : ¢ € A(A)}. Since A was arbitrary, then
{w(a) : € A(A)} C Spala). (1.13)

Suppose that A is commutative. Let A € C be such that A € Sp 4(a), that is, A\- 14 —a &
Inv(A). Then, according to Lemma there exists a maximal ideal M C A that contains
A-14—a, which implies by Lemmal[l.33|that there exists ¢ € A(A) such that A-14—a € Ker(p).
Thus, p(A-14—a) = A—¢(a) = 0, which implies that A € {¢(a) : ¢ € A(A)}. Since A € Sp 4(a)
was arbitrary, it follows that {¢(a) : ¢ € A(A)} D Sp4(a), which, together with (1.13)), implies
that {p(a): p € A(A)} = Sp(a). O

Theorem 1.35. Let (A, ||-||) be a commutative unital Banach algebra. Then, A(A) is compact.

Proof. If it is shown that

(1) for every ¢ € A(A), |¢llop < 1; and
(2) A(A) is a closed subset of the dual space A* (with respect to the w*-topology on A*),

199ee Remark
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then the result will follow from the Banach-Alaoglu Theorem (which states that {¢ € A* :
lellop < 1} is compact in the w*-topology on A*, see Subsection [B.5)).

(1). Let ¢ € A(A) be arbitrary. According to Theorems and [1.21] for every a € A, one
has |¢(a)| < p(a) < ||a||. Therefore,

L

(2). For every ¢ € A*, a € A and ¢ > 0, define the set
Ulp,a,e) ={yp € A" : [¢(a) — p(a)| < e}

The collection of every such set forms a sub-basis on A* for the w*-topology. Consequently, it
can be proved that A*\ A(A) is open by demonstrating that every element in A*\ A(A) has
a neighbourhood of the form

N = U(¢i, ai,€), €A, ;€A £ >0,i=1,2..,n (1.14)
<n
such that N € A*\ A(A). Let ¢ € A*\ A(A). Then, it must be the case that ¢(a) = 0 for all
a € A, or that there exists a,b € A such that ¢(ab) # p(a)p(b). Consider the two cases:

(2.1) Suppose that p(a) = 0 for every a € A. For every @ € U(p,14,1), one has [¢(14) —
@(14)] = [¥(14)] < &, hence (1) # 1. According to Remark this implies that
¥ € A*\ A(A). Therefore, p € U(p,14,3) C A*\ A(A).

(2.2) Suppose that there exists a,b € A such that ¢(ab) # ¢(a)p(b). Then, there exists
e > 0 such that |[p(ab) — p(a)p(b)| > e. Let

g g g
w€U<§07a7>mU<Q07b7>mU 7ab77 b
3][0] 3lp(a)] (#a:3)

or, in other words, [¢(a) —p(a)| < ﬁ, [(b) —p(b)| < 3|@(a)| and |1 (ab) —p(ab)| < %

Suppose by contradiction that ¢» € A(A). Then, it must be the case that ¥ (ab) =

¥ (a)yp(b), and according to Theorems and[1.21] one has 1 (b) < ||b]|. Consequently,
|p(ab) — ¢ (a)p(b)]

=lp(ab) — ¢ (ab) + ¥ (ab) — P(b)p(a) + (a)i(b) — w(a)p(b)|

=lp(ab) — ¥ (ab) + ¥ (a)(b) — 1 (b)p(a) + ¢(a)i(b) — p(a)p(b)]

<|<P(ab) — ¢(ab)| + [¥(0)[¢(a) — p(a)| + |(a)l|(b) — (b)]

£
< + | + (@) ———
¥l + 9@y
:67

which is clearly a contradiction. Therefore, ¢ is contained in a neighbourhood contained

in A*\ A(A).
Thus, in all cases, there exists a neighbourhood N of ¢ of the form ([1.14) such that N C
A*\ A(A), which concludes the proof of the theorem. O

Remark 1.36. By combining Theorem [I.35] and Example [I.11] it can be noticed that, given a
commutative unital Banach algebra (A, || - [|), the space C(A(A),C) equipped with the usual
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function operations, the complex conjugate and the uniform norm || - ||o is a C*-algebra. Fur-
thermore, the Gelfand transform provides a natural map from A to C(A(A), (C). In fact, this
provides the key to the proof of the Gelfand-Naimark Theorem for commutative unital C*-
algebras, which we are now ready to tackle.

Proof of the Gelfand-Naimark Theorem III. Let (A, %, | -||) be a commutative unital C*-
algebra, and let G be the Gelfand transform on A. As hinted in Remark @, it will be shown
that G is in fact an isometric *-isomorphism from A to C(A(.A), C). The proof is separated
into four steps:

1) G is an algebra homomorphism;

3
4) G is bijective.

(1)

(2) G is a *-homomorphism;

(3) |G(a)]|co = ||a]| for every a € A; and
(4)

(1). Let a,b € A and k € C be arbitrary. Then, for every ¢ € A(A), one has

Gla+b)(p) = ¢la+b) = p(a) + ¢(b) = G(a)(¥) + G(b)(¢),

G(ab)(p) = p(ab) = p(a)p(b) = G(a)(p)G(b)(¢)

and

G(ka)(p) = p(ka) = kp(a) = kG(a)(p),

hence G(a +b) = G(a) + G(b), G(ab) = G(a)G(b) and G(ka) = kG(a), which proves that G is an
algebra homomorphism.

(2). Let a € A be arbitrary, Re(a) = ag“*, and Im(a) = “5?* Then, Re(a) and Im(a) are
self-adjoint, a = Re(a) +1-Im(a), and a* = Re(a) —i-Im(a). For any fixed ¢ € A(A), one has

G(a)(v) = p(a) = p(Re(a) +1i-Tm(a)) = p(Re(a)) +i- p(Im(a)),

and
G(a*)(p) = p(a”) = p(Re(a) —i-Im(a)) = ¢(Re(a)) —i-p(Im(a)).

According to Theorem ¢(Re(a)) and ¢(Im(a)) are contained in the spectrum of Re(a)
and Im(a) respectively. Furthermore, according to Lemma the spectrum of any self-
adjoint element is contained in R, and thus it follows that @(Re(a)),go(lm(a)) € R. Therefore,

G(a*)(¢) = G(a)(p), which proves that G is a *-homomorphism.



1.3. The Gelfand-Naimark Theorems 24

(3). Knowing that for self-adjoint elements a € A, one has ||a|]| = p(a) (see Corollary ,
then for every a € A (self-adjoint or not),

IG(a) 1% = 1G(a)G(a)lls (see Remark [T.30)
=1|G(a")G(a) |l (part (2) of this theorem)
=[|G(a"a)|s (part (1) of this theorem)
= sup{lp(ata)| : p € A(A)}
= p(a*a) (A is commutative; Theorem
= [la”a| (a*a is self-adjoint)
= [lal?, (A, || - ||) is a C*-algebra)

from which the result follows.

(4). For every a,b € A, part (3) of this theorem implies that ||a — b|| = ||G(a) — G(b)||cc, hence
G is injective.

Up to this point, it was established that G is an injective x-homomorphism that preserves
the norms from A to C(A(A),C). Therefore, G is an isometric x-isomorphism from A to its
image G(A) C C(A(A),C), which implies in particular that G(.A) is a C*-algebra. Given that
C(A(A),C) is a C*-algebra, and thus complete, it follows that G(A) is closed, since complete
subsets of complete metric spaces are closed. Therefore, if G(A) contains all the constant
functions from A(A) to C and separates points in A(A), it will follow from the Stone-Weierstrass
Approximation Theorem that G(A) = C(A(A),C), which will conclude the proof that G is
bijective.

For every ¢,9 € A(A) such that ¢ # 1, there exists a € A such that ¢(a) # ¥ (a), which
implies that G(a)(¢) # G(a)(v), hence G(A) separates points.

Let A € C be arbitrary and fy : A(A) — C be the constant function which takes the value
fale) = A for every ¢ € A(A). According to Remark ©(lg) =1 for every p € A(A).
Consequently, for any ¢ € A(A), one has G(A - 14)(p) = p(A-14) = Ap(la) = X = fia(v),
which implies that G(A-14) = fx. Thus, G(.A) contains every constant function. O

As a first application of the Gelfand-Naimark Theorem, we prove a result sometimes referred
to as the Spectral Permanence Theorem, which essentially states that the spectrum of an element
a is the same in every C*-algebra that contains it.

Theorem 1.37 (Spectral Permanence). Let (A, x*,| - ||) be a unital C*-algebra and a € A be
an arbitrary element. For every unital C*-subalgebra B C A that contains a, one has Sp 4(a) =

Spp(a).

Proof. Given that every element which is invertible in B is also invertible in A, it clearly is the
case that Spg(a) C Sp4(a). If the inclusion

Inv(A) N B C Inv(B), (1.15)

holds, then Spg(a) D Spy4(a) will follow and the result will be proved. Furthermore, it can
be shown that it is only necessary to prove that holds when restricted to self-adjoint
elements: Suppose that is true for every self-adjoint element, and let a € Inv(A) N B
be arbitrary. Then, a* is invertible (with inverse (a*)~' = (a=!)*), which implies that a*a is
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invertible (with inverse (a*a)~! = a~!(a*)~!). Since B is a C*-algebra, a*a € Inv(A) N B, and
since a*a is self-adjoint, it follows that a*a € Inv(B), that is, (a*a)~! € B. Now,

which implies that a=! = (a*a)~ta*. Since a*, (a*a)~! € B, it follows that a~! € B, as desired.

We now prove that holds when restricted to self-adjoint elements. Let a € Inv(A)NB
be a self-adjoint element, and define C = C*(14,a,a”!) and D = C*(14,a). If C = D,
then the result will follow, since the equality C = D implies that a unital C*-subalgebra
of A contains a if and only if it contains its inverse a~'. According to Proposition m
the fact that a is self-adjoint and therefore normal implies that C and D are commutative.
Therefore, it follows from the Gelfand-Naimark Theorem III that the Gelfand transform G
on C is an isometric *-isomorphism onto C(A(C), (C). Consequently, it clearly is the case that
C(A(C),C) = C*(1a(c),G(a),G(a)~") and that the preimage of C*(1(c), G(a)) through G is D.
If C*(1a(c), G(a)) contains the constant functions from A(C) to C and separates points in A(C),
it will follow from the Stone-Weierstrass Approximation Theorem that G(C) = C*(1a(c), G(a)),
which will prove that C = D since G lis bijective.

Let f : A(C) — C be a constant function. Then, f is a scalar multiple of 15(c), which is
clearly contained in C’*(IA(C), g(a)).

Let ¢,1 € A(C) such that ¢ # 1, that is, there exists b € C such that ¢(b) # ¥(b).
Therefore, G(b)(p) = p(b) # ¥(b) = G(b)(¢). We claim that this implies that G(a)(p) #

).
G(a)(¥), which would in turn imply that C*(1a(c),G(a)) separates points. We proceed by
contraposition: Let ¢, € A(C) be such that G(a ( ) p(a) =1Y(a) = G(a)(1)). Then,

Consequently, for every f € *-alg(1a(c),G(a), G(a)™h), it clearly is the case that f(¢) = f(v).
According to the definition of a C*-algebra generated by a collection of elements, the fact
that b € C (and hence G(b) € C*(1a(c),G(a),G(a)™")) implies that there exists a sequence of
functions {f, : n € N} in x-alg(1a(c), G(a), Q(a)_ ) such that || f, — G(b)||cc — 0. Therefore, for
every € > 0, there exists N € N such that if n > N, then ||f, —G(0)|cc < §. Thus, if n > N,
one has

G(0) () = G(b) (V)]
=[G(0) () = fn(®) + fn(®) = G(B) (V)]
=G0)(#) = fulp) + fu(¥) = F()] (fn € *-alg(la(c),G(a), G(a) ™))
<IGO) () — fal@)] + [ fn() = G(0) (Y]
<€

Taking € — 0 gives the desired result. O
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1.4. Functional Calculus with Continuous Functions

Let a be a normal element in a unital C*-algebra (A, %, || - ||). Given a commutative polynomial
P € C|z,z], that is, there exists a; € C and k(i),1(i) € NU{0} (¢ < n) such that

P(z) = Zaizk(i)il(i),
i=1
there is a very natural way in which an element P(a) € A may be defined, namely, as
P(a) = Z ;a0 (@)1
i=1

(using the convention a® = 14). According to this definition, one easily notices that the element
P(a) is contained in the commutative (since @ is normal) unital C*-algebra B = C*(14,a)
generated by a. Let G be the Gelfand transform on B. Then, the composition PoG(a) defines a
function from Spg(a) to Spg(a). Furthermore, since G is a *-algebra homomorphism, it follows
that P o G(a) = G(P(a)). Consequently, it clearly is the case that G~! o P o G maps a to P(a)
in B. This leads to the following proposition, which provides a means of calculating the norm
of any polynomial evaluated at a normal element (provided its spectrum is well-known).

Proposition 1.38. Let (A, x| - ||) be a unital C*-algebra and let a € A be normal. For any
polynomial P € C[z,Z], one has

1P(a)]| = sup {|P(A)] : A € Sp 4(a)}-

Proof. Let G be the Gelfand transform on B = C*(14,a). As explained in the previous
paragraph, one has ||P(a)|| = [|[G7! o P o G(a)||. Thus, according to the Gelfand-Naimark
Theorem III,

IP@) = 1P o G(a)lloo = sup { [P(¢(@)] : o € AB) |

= sup {|P(A\)| : A € Spg(a)}. (Theorem |1.34))
According to the spectral permanence (Theorem [1.37), Sp 4(a) is equal to Spg(a), which con-
cludes the proof of the proposition. O
Let a be a normal element in a unital C*-algebra (A, *, ||-||). Given that Sp 4(a) is compact,

it follows from the Stone-Weierstrass Approximation Theorem that any continuous map f :
Spa(a) — C can be uniformly approximated by a sequence of polynomial functions {P,, : n €
N} € Clz,z] from Sp 4(a) to C. Letting G denote the Gelfand transform on B = C*(14,a), it
is then clear that for each n € N, one has

1Pu(a) =G o foG(a)l = (I o PaoGla) =G o foG(a)]
= [[PnoG(a) = foG(a)lle
= sup {| Pa(p(a) — F(#(0)] s 9 € AB) |
= Hpn - f”oo
Consequently, a natural way of defining the element f(a) is the following:

f(a) = nlin;o Py(a) =G 1o foG(a).
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According to this definition, it is clear that f(a) € B since B is complete, and by using the same
argument as in Proposition one obtains that || f(a)| = sup {|f(A)] : A € Sp4(a)}.

Definition 1.39. Let (A, *, ||-||) be a unital C*-algebra and a € A be normal. The functional
calculus with continuous functions on a (or simply the functional calculus on a), denoted
®,, is defined as the function

(I)a(f) = gil ofo g(a) = f(a)7 fe C(SpA(a)v(C)'

The elementary properties of the functional calculus with continuous functions, some of
which have already been established, are summarized in the following theorem.

Functional Calculus Theorem. Let (A,x,| - ||) be a unital C*-algebra and a € A be nor-
mal. The functional calculus with continuous function ®, is a x-algebra homomorphism from
C(SpA(a),C) to C*(14,a). Furthermore, it is the only x-algebra homomorphism having the
following properties:

(1) @0 (Lsp o) = La;
(2) for every f € C(Spa(a),C), [|Pa(f)]| = sup {|f(N)| : A € Sp4(a)}; and

(3) the identity function Id : Sp 4(a) — C defined as Id(A) = X for every XA € Sp4(a) is
such that ®,(Id) =

Proof. The proof that @, is a x-homomorphism is a matter of straightforward computations,
and the fact that @, satisfies conditions (1), (2) and (3) was already established in the previous
paragraphs. Thus, it only remains to prove the uniqueness of ®,.

Let ©4 : C(Spy(a),C) — C be a *-homomorphism that satisfies conditions (1), (2) and
(3) of this theorem. Let P € C|z,Zz] an arbitrary polynomial. The fact that ®, and O, are
x-homomorphisms and condition (3) of this theorem imply that

B, (P) = O4(P). (1.16)

Let f € C(Sp 4(a), (C) and £ > 0 be arbitrary. According to the Stone-Weierstrass Approxima-
tion Theorem, there exists a polynomial function P. € C[z,Z] such that

sup { [P-(0) ~ FOV)|: A € Spa(a)} < 5
Given condition (2) of this theorem, equation (1.16]), and the fact that ®, and ©, are x-
homomorphisms, one has
1@a(f) = Oa(H)Il = [|Palf) — PalF: =) —

< H(I)a(f) - Pa)H + H(I) (Pe

= H(I)a(f) =y (F:) H + H@ (P
= [[®a(f = Pl + 1©a(F = /)l
= 2sup{ |P-(\) — f(M)] : A € SpA(a)}
<e.

=) + ®a(Pz) — Oa(f)l
()l

(N

a
a )—©
)—©

Taking ¢ — 0 implies that &, = ©, since f was arbitrary, which completes the proof of the
theorem. g
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Remark 1.40. Let a be a normal element in a C*-algebra (A, *, || -||), and let f: ACC — C
be analytic on A and such that Sp 4(a) C A, that is, there exists {an :neNU {0}} C C and
zg € C such that

f(2) =) an(z—2)"
n=0

for every z € A. Given that power series converge uniformly on any compact set contained in
their radius of convergence, it follows from part (2) of the Functional Calculus Theorem that

fla) = Zan(a — zp)".
n=0

Remark 1.41. Up to this point, two notations for the element
G lofoG(a) (1.17)

for @ normal and f € C(Sp4(a),C) have been introduced, namely, f(a) and ®4(f). In most
instances, it will be more convenient to think of as the function f evaluated at a, hence
f(a) will be used. ®, will typically be used in technical proofs (such as in the proof of the
Spectral Mapping Theorem, which follows), where it is more useful to think of as a
x-homomorphism evaluated at continuous functions.

Spectral Mapping Theorem ([NS06| Theorem 3.4). Let (A, x, | - ||) be a unital C*-algebra,
a be a normal element of A, ®, be the functional calculus on a, and f be a continuous function
from Sp 4(a) to C. Then,

Spa(f(a)) =Spa(®a(f)) = f(Spala)) = {f(N) : A € Spu(a)}.

Proof. If the statement

g(a) € Inv(A) if and only if 0 & g(Sp4(a)) (1.18)
holds for every g € C(Sp 4(a), (C), then the result will follow. Indeed, if one defines

g(\) =X = f(N), A € Spyla)

for some X € C, then the statement (1.18]) implies that

g(a) = (I)a(g) = )‘/1./4 - (I)a(f) = )‘/1.»4 - f(a)
is invertible (i.e., A’ is not an element of the spectrum of f(a)) if and only if g(A) = X' — f(A) #0
for every A € Spy(a) (i.e., N & f(Spa(a))).

Let g € C(SpA(a), (C) be arbitrary. Suppose that 0 ¢ g(SpA(a)). Then, the inverse function

g Spa(a) — C

A = g(\)7L
can be defined on all of Sp 4(a). Since the functional calculus is a *-homomorphism, it follows
that ®,(g)®a(g7 1) = ®u(gg™!) = 1.4, and thus ®,(g) = g(a) is invertible.
Let g € C(SpA(a),(C) be such that ®,(g) is invertible. Suppose by contradiction that
0 € g(Spa(a)). Then, there exists A\g € Sp4(a) such that g(Ag) = 0. Choose k > 0 such
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that k& > ||®,(g)~!||. Since g is continuous, there exists § > 0 such that if |\ — \g| < J, then
19(A) — g(Xo)| = |g(A)| < 1. Define h : Sp 4(a) — C as follows:

2|A— A
h()\):kmax{O,l—w}, A € Spy(a).
One notices that

(1) h(Xo) = k;

(2) if A — Xo| = 3, then h(\) = 0;

(3) i 0 < [A— Ag| < 2, then A(\) = k (1 - M) < k; and

(4) h € C(Spy(a),C).
Furthermore, for every A\ € Sp 4(a), one has
0 if A= Ao or [\ —Xo| > $;

gh(A) = g(Wh(X) = {g(/\)k(l = 2daly iy = ) < 8

If [ A=Xo| < g, then g(\) < £, and thus gh(}) < (1 - M) < 1. According to the Functional
Calculus Theorem and the fact that ®,(g) is invertible, it then follows that

k= sup{|h(A)] : A € Sp(a)} = [|@a(B)[| = [®alg) ™ (Pa(g)Pa(h))]
<1Pa(9) " I @algh)]| = [1®a(g)~ I sup{lgh(N)| : A € Spa(a)} <k -1,

which is a contradiction. O

Remark 1.42. Continuing on the line of thought in Remark [I.41], the Spectral Mapping The-
orem provides yet another interpretation of , namely, f(a) can be seen as the element one
obtains when transforming the spectrum of a through the continuous function f. This point of
view is most consistent with algebras of continuous functions or random variables, where the
spectrum represents the image of functions.

Remark 1.43. An obvious Corollary to the Spectral Mapping Theorem (more precisely, an im-
mediate consequence of part (2) of the Functional Calculus Theorem and the Spectral Mapping
Theorem) is that Corollary may be extended to any continuous function evaluated at a

normal element, that is, for every normal element a in a C*-algebra (A, x, || - ||) and continuous
function f : Sp 4(a) — C, one has
I£@) = sup {\: X € Sp4(F(a) | = p(f(a)- (1.19)

1.5. The Positive Cone

In the algebra of complex numbers, one calls an element z € C positive if z € [0,00). Then,
one can define an order on the self-adjoint elements of C (that is, R) using positive elements as
follows:

z > w if and only if z — w is positive,

and the positive elements can be characterized as

z € C is positive if and only if z = ww for some w € C.
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In this section, it is shown that a similar concept and characterization exists in every unital
C*-algebra.

Definition 1.44. Let (A, %) be a unital x-algebra. An element a € A is called positive if it is
self-adjoint and its spectrum is contained in [0,00). The set of positive elements in A4 will be
denoted by AT, and it will be called the positive cone of A.

Lemma 1.45. Let (A,*,| - ||) be a unital C*-algebra, a € A be self-adjoint, and k > 0 such
that ||a|| < k. Then, a is positive if and only if |k14 — al| < k.

Proof. According to part (1) of Theorem and Lemma one has Sp4(a) C [k, k].
Consider the function f € C(SpA(a), C) defined as

f: Spyla) — C
A — k=X

(that is, f(a) = k14 — a). The Functional Calculus Theorem then implies that ||[k14 — al| =
sup {|k — A] : A € Sp4(a)}. Therefore, Sp 4(a) C [0, k] (i.e., a is positive) if and only if ||k14 —
al| < k. O

Proposition 1.46. Let (A, *,| -||) be a unital C*-algebra. Then, AT is a cone in A, that is,

(1) If k > 0 and a € A*, then ka € AY; and
(2) If a,b € A", thena+be AT.

Proof. (1). Let k > 0 and a € AT. Then, (ka)* = ka* = ka, thus, ka is self-adjoint. If k = 0,
then ka = 0, which implies that Sp 4(a) = {0} C [0,00). If & > 0, then, according to Remark
Sp4(a) C [0,00) implies that Sp 4(ka) = kSp 4(a) C [0,00). In both cases, ka € A*.

(2). Let a,b € A, and choose k1, ks > 0 such that ||a|]| < k1 and ||b]| < k2. Then, by Lemma
1.45) we know that ||k114 — a|| < k1 and ||kl 4 — a]| < ko. By the triangle inequality, we see
that [|a + b|| < |la|| + ||b]| < k1 + k2. Consequently, since

|(k1 + k2)1a — (a+b)|| < ||k1la — all + |[k2la — || < k1 + ko,
we have by Lemma that a + b is positive. O

Lemma 1.47. Let (A, ) be a unital x-algebra and a € A be such that a*a € —A*.lﬂ Then,
a=0.

Proof. It will first be necessary to establish that

Spa(a®a) \ {0} = Sp4(aa”) \ {0}.

20We use —A* to denote {—a:a€ At}
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Let b, ¢ € A be arbitrary. Suppose that (14— bc) is invertible, and define w = (14 —bc)~! Then,
(144 cwb)(14 —cb) =14 — cb+ cwb — cwbcb
=14 — (cb — cwb + cwbcd)
=14 —c(la—w+ wbc)b
=14—c(lga—w(lg—0c))b
=14—c(la—14)b (since w = (1A—bc)_1)
= la,

and similarly, (14 — ¢b)(14 + cwb) = 14. Therefore, (14 — ¢b) is invertible and its inverse is
given by (14 — ¢b)™! = (14 + cwb). Clearly, this implies that for every b,c € A, (14 — be) is
invertible if and only if (14 — ¢b) is invertible. Consequently,

A€ Spyla*a)\ {0} <= (A-14—a"a) & Inv(A) and X # 0
M1g— A ta%a) ¢ Tnv(A)

(14— XA la%a) € Inv(A)

(14— a(XA"ta*)) € Inv(A)
(A-1g4—aa")) € Inv(A) and A # 0
A € Spy(aa™)\ {0}.

rertee

Suppose that a € A is such that a*a € —A™T, that is, —a*a € A". Then, Remark
implies that

Spa(a®a) = —Sp4(—a*a) C (—o0,0]. (1.20)
Since Sp 4(a*a) \ {0} = Sp4(aa*) \ {0}, this implies that
Sp(aa®) = Sp 4(a*a) C (—o0,0]. (1.21)

Since aa* is self-adjoint, this implies that —aa* € A*. By Proposition this implies that
—a*a — aa* € AT, hence

Spa(a*a + aa™) C (—o0,0]. (1.22)

Write a = Re(a) +i-Im(a), where Re(a) = %52 and Im(a) = (“_2?*) are self-adjoint. Notice
that

2Re(a)? + 2Im(a)® = a? + aa” "’2@*@ + (a*)? B a® — aa* —2a*a + (a*)?

=aa* + a*a.

Since Re(a) and Im(a) are self-adjoint (and thus normal), the functional calculus with continuous
functions can be applied on them. Given that the function f € C(Sp4(a),C) defined as f(\) =
A2 for every A € Sp4(a) has a nonnegative image, it follows from spectral mapping theorem
that

Spa(Re(@)?) = Spa(f(Re(a) ) = F(Spa(Re(a)) ) < [0,00)
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and similarly, SpA(Im(a)z) C [0,00). Therefore, according to Proposition 2Re(a)? +
2Im(a)? = a*a + aa* is positive. Combining this fact with equation (1.22) yields Sp 4(a*a +
aa*) = {0}, which, according to Corollary implies that |la*a + aa*|| = 0, and hence
a*a+aa® = 0.

Now, a*a = —aa* implies by Remark and equation ((1.21]) that

Spa(a®a) = Sp4(—aa™) = —Sp 4(aa™) C [0, 00).
Combining this with equation ([1.20)), one obtains Sp 4(a*a) = {0}, and thus since a*a is self-
adjoint and A is a C*-algebra,
la|* = lla*a]l = sup{|A| : A € Sp4(a*a)} =0,

which implies that a = 0. g

Theorem 1.48. Let (A,x*,| - ||) be a unital C*-algebra. Then, the following statements are
equivalent

(1) be At;
(2) b= a*a for some a € A.

Proof. (1) = (2). Let b € A*. Since Sp4(b) C [0,00), the square root function /- is well
defined on Sp 4(b). Furthermore, this function is clearly continuous. Given that VA € R for

every A € Sp 4(b), it clearly is the case that 7 = /- Letting ®; denote the functional calculus
homomorphism on b (see Definition |[1.39)), one has

(V) 2b(V7) = 2()(v) = B(v) = Dy(1d) =,

as desired.

(2) = (1). Let b = a*a, where a € A. Then, b is clearly self-adjoint, and thus it only
remains to prove that Sp4(b) C [0,00). Lemma implies that Sp 4(b) is a subset of R.
Thus, the functions f,g : Sp4(b) — C defined as f(A) = max{0, A} and g(\) = max{0, —\}
for every A € Sp 4(b) are well defined and continuous. Let ®; be the functional calculus homo-
morphism on b. According to the Spectral Mapping Theorem, Sp A(q)b( f)) = f(Sp A(b)) and
SpA(®5(9)) = 9(Spa(b)), and thus the fact that f(X),g(X) > 0 for every A € Sp 4(b) implies
that Sp 4(®,(f)), Sp4(Ps(g)) C [0,00). Moreover, since the images of f and g are contained in
R, f and g are self-adjoint, hence ®,(f) and ®(g) are also self-adjoint. Consequently,

Dy(f), Bi(g) € AT (1.23)
Given the definition of f and g, one clearly has
y(f) = Po(g) = Bo(f — g) = Bp(Id) = (1.24)
and, since fg(\) = gf(\) = 0 for every A, it follows from Remark that
Dy(fg) = Py(gf) = 0 (1.25)

Combining equations and yields
(a®y(9))* (a®p(g)) = Pr(g)a”aPy(g) = Pp(9)bPs(g)
= ®y(9)(Po(f) — Pu(9))Pi(g) = —Pb(9)”. (1.26)
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According to ((1.23) and the Spectral Mapping Theorem applied to the functional calculus on
®,(g) with the map A +— A3, it is clear that

Sp(®6(9)*) = Sp4(®s(9))* C [0,00),

and since (®4(g)3)* = ®p(g)3, then ®y(g)® € AT. According to equation ([1.26)), this implies
that (a®p(g))*(a®p(g)) € —A™, and thus it follows from Lemma [1.47| that a®,(g) = 0.

a®y(g) = 0 implies that (a®y(g))*(a®y(g)) = —Pp(g) = 0. Therefore, the Spectral Mapping
Theorem implies that

{0} = Sp.a(®s(9)*) = Sp.a(®e(9))’,
which in turn implies that ®;(g) = 0 since ®(g) is self-adjoint (see Corollary [1.26). From

equation ((1.24), it can then be concluded that b = ®,(f), which implies that b € A" by
T23). 0

Remark 1.49. Notice that, a consequence of the first portion of the proof of Theorem [1.48]is
that, much like it is the case in R C C, for every element a in the positive cone AT of a unital
C*-algebra algebra (A, «, || - ||), there exists a square root /a € AT such that \/a’ = a.



Chapter 2

Fundamental Notions in
Noncommutative

Probability

The main sources that inspired the writing of this section are [NS06] Lectures 1 to 4, [VDN92|
Chapter 2, [Tal2| Section 2.5.1, and [AGZ09| Section 5.2.

2.1. Noncommutative Probability Spaces

2.1.1. Basic Definitions and Examples. As explained in the introduction of this thesis, one
of the most familiar models for an abstract algebra of random variables consists of the algebra
of every complex-valued random variable with finite moments L>°~ equipped with the expected
value E. More precisely, given a probability space (2, .27, P), let

L® = ﬂ LP(Q, o/, P),

1<p<oo

and define the map E : L~ — C as
E[X] = / X dP, X e L>.
Q

When equipped with the usual operations of pointwise addition and multiplication, it is clear
that L°°~ forms an algebra over the field of complex numbers. Furthermore, it can be noticed
that E : L~ — C is a linear functional, and since P(Q2) = 1, E is normalized, meaning
that E[1g] = 1. With these basic properties in mind, the general definition of a space of
noncommutative random variables can be introduced by simply removing the assumption that
the considered algebra is commutative:

Definition 2.1. Let A be a unital algebra over C (whose unit is denoted by 14) equipped with
a function ¢ : A — C. If ¢ is a linear functional and ¢(14) = 1, then the pair (A, ¢) is called
a noncommutative probability space, and the elements of A are called noncommutative
random variables (or simply random variables when it is clear that the variables are not

34
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necessarily commutative)ﬂ Furthermore, if p(ab) = ¢(ba) for every a,b € A, then ¢ is called a
trace.

Given that the expected value E on L°°~ is defined as an integral with respect to a prob-
ability measure P, it has many important properties other than those mentioned up to now,
some of which have a nontrivial probabilistic interpretation. Among these properties are the
facts that E is positive and faithful, which respectively mean that if a random variable X € L~
takes values in [0,00), then its expected value is nonnegative, and that the expected value of
| X| is exactly zero if and only if X = 0. At first glance, it may seem difficult to find analogs
of these properties in general noncommutative x-algebras such that M,,(C) (the space of n x n
matrices with complex entries), where it makes no sense to say that a matrix X takes values in
[0,00). However, recall that

(1) if one defines the operator = : L~ — L~ as X (w) = X (w) for every random variable

X and w € © (where X (w) denotes the complex conjugate of X (w)), then (L*°7,7) is
a *-algebra; and

(2) the spectrum Spy e (X) ={A € C: A=X & Inv(L*°7)} of arandom variable X € L>°~
is the image of X (that is, the set {A € C: X(w) = A for some w € });

and thus the positivity and faithfulness of E can be expressed in the language of general *-
algebras as follows: For every random variable X in the positive cone of L>®~ that is, X =YY
for some Y € L™~ (or, equivalently, X = X and Spje-(X) = X(2) C [0,00)), one has that
E[X] > 0, and E[YY] = 0if and only if Y = 0. Therefore, if a noncommutative probability space
(A, ¢) is such that A is a *-algebra, then more conditions may be imposed on the functional ¢,

leading us to the following definition:

Definition 2.2. Let (A, ¢) be a noncommutative probability space. If A is a x-algebra and ¢
is positive (that is, p(a*a) = 0 for every a € A), then (A, *, ) is called a *-probability space.
Furthermore, the functional ¢ is said to be faithful if ¢(a*a) = 0 if and only if a = 0.

Now that noncommutative probability spaces and x-probability spaces have been defined,
the following definition of a C*-probability spaces is very natural:

Definition 2.3. Let (A, %, ¢) be a *-probability space, and let ||-|| : A — C be a norm on A that
makes (A, *, || -||) a C*-algebra. Then, the quadruple (A, x, | - ||, ) is called a C*-probability
space.

Example 2.4. Let G be a group with identity e. One defines the group algebra of GG, denoted
CG, as the set of formal sums of the form

n
Zagigi, Qgys...,0q, €Candg,...,gn €G
i=1

Lo avoid confusion, it should be noted that the algebra A in a noncommutative probability space (A, ) is not
necessarily noncommutative. The terminology noncommautative probability space is instead used to put emphasis on the
fact that the algebras random variables we are allowed to consider are not necessarily commutative. Consequently, some
authors propose the (perhaps more accurate) appellations potentially noncommutative probability space for (A, ¢)
and potentially noncommutative random variables for elements of A.
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together with the natural addition
n m m
(Z agigi> + ( Z agigi> = Zagigi
i=1 i=n+1 i=1
and multiplication

(Z agigi) A By | =D ag,Bu,gihy
i=1 j=1 =14

When equipped with the x-operation defined as

n * n
(zagigi) S,
i=1 =1

(CG, *) is a unital x-algebra. Furthermore, if (CG,x) is equipped with the linear functional
Te : CG — C (which is called the canonical trace) defined as

n
Te § g, G; | = Qe,
=1

then (CG,*, ) is a *-probability space, and it can easily be shown that 7. is a faithful trace.

Remark 2.5. Notice that, in a group algebra (CG, x), every element of the group G is unitary,
and an element of G is self-adjoint if and only if it is equal to the identity. Conversely, given a
collection (u; : ¢ € I) of unitary random variables (that is, u;u] = uju; = 14) in an arbitrary
x-probability space (A, %, ), the set

H = {u?((ll)) : u?’((tt)) 2i(1),...,i(t) € I and n(1),...,n(t) € {0, 1,*}}

together with the product operation it inherits from A forms a group (where the inverse is given
by the * operation), and the unital *-algebra generated by the wu; is trivially isomorphic to the
group algebra (CH, ). It is not necessarily the case, however, that (A, , @) and (CH, *, ) are
isomorphic as x-probability spacesﬂ for an arbitrary faithful trace .

Example 2.6. Let n € N be fixed, and let (£2, .47, P) be a probability space.

(1) Consider the algebra M,,(C) of n x n matrices with entries in C equipped with the
x-operation of conjugate transpose and the normalized trace %tr. Then, the triple
(Mn((C), *, %tr) is a *-probability space, and %tr is a faithful trace.

(2) Consider the algebra M, (L>*7) = M,(C) ® L~ of n x n matrices whose entries are
random variables in L>°~. If M, (L%7) is equipped with the s-operation defined in
such a way that, given a random matrix X = (X;;: 1 <4,j <n) , one has

X*=(Y;:1<4,j <n), (where Y;; = Xj;)
and the functional %tr ® E defined as
1 n
(tr®E) (X) = - > E[X;]
i=1
then (MH(LOO*), *, %tr ® E) is a x-probability space, and %tr ® E is a faithful trace.

2See Definition m



2.1. Noncommutative Probability Spaces 37

The procedure by which M,,(C) and L>~ were combined to form the *-probability space of
random matrices in Example (2) can be extended to any pair of #-algebras. This gives the
following proposition, whose proof in full generality will be provided in the next chapter (see

Theorem (3.13)).

Proposition 2.7. Let (A1, *1,¢1) and (Asg,*2,p2) be x-probability spaces. Define the triple
(A, *,¢) as follows: Let A = A1 ® Ao, let x be defined as

(a1 ® az)* = ay' ® a3?, a1 € Ay and as € As,
and let ¢ be defined as
p(a1 ® az) = ¢1(ar)p2(asz), a1 € A1 and as € As.

Then (A, x, @) is a x-probability space, and if p1 and w2 are both traces (resp. faithful), then ¢
is also a trace (resp. faithful).

Example 2.8. The two canom’caﬁ examples of unital C'*-algebras can be equipped with natural
functionals that make them C*-probability spaces:

(1) Let © be a compact topological space, let Z(2) be the Borel o-algebra on €2, and let u
be a regular probability measure on Q. Let C(2, C) be the space of continuous functions
from © to C (i.e., continuous C-valued random variables defined on the probability
space (Q,%(C),u)). If C(Q,C) is equipped with the usual pointwise addition and
multiplication, the x-operation of complex conjugation -, the expected value functional
E (with respect to p), and the supremum norm

[ X[[oe = sup | X (w)],
wef)

then (C(Q,(C),T, Il [loo, E) is a C*-probability space.
(2) Let (H,(-,-)) be a Hilbert space, and let B(H) be the space of bounded linear operators

on H. Then, as seen in Example , (B(H),*,| - |lop) is a C*-algebra. If B(H) is
equipped with the linear functional ¢,, defined as

Pao (T) = (T'ag, ag), T € B(H)
where ag is a unit vector in H, then (B(H), || - llops gpao) is a C*-probability space.

2.1.2. Generalized Moments. Now that the formal framework for noncommutative proba-
bility spaces has been introduced, it is worth taking some time to discuss the intuitive interpre-
tation of this framework before exploring its mathematical properties.

Definition 2.9. Let (A, ¢) be a noncommutative probability space and let a € A be a random
variable. The centering of a, denoted a°, is defined as the variable a —¢(a)-14. The variable a
is said to be centered if a® = a, or, equivalently, if p(a) = 0; and let A° := {a € A: p(a) =0}
denote the collection of centered variables in A.

According to the above definition, given a noncommutative probability space (A, ), the
functional ¢ provides a canonical way of decomposing A into a direct sum A, = Cl4 @® A° in
which every element a € A is represented as a = p(a) - 14 ® a°.

3Canonical in the sense that, in light of the Gelfand-Naimark Theorems, any unital C'*-algebra is isomorphic to one
of these two examples.
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Example 2.10. Let (2,47, P) be a probability space and (L°°~,E) be the noncommutative
probability space of C-valued random variables with finite moments of all orders. Then, Ly~
yields the decomposition C1g @ (L*°7)°, where Clg is the collection of almost-surely determin-
istic variables, and (L°°7)° is the collection of random variables in L~ with mean zero. Given
a random variable X € L™, the decomposition X = E[X]-1q & X° separates X into

(1) a deterministic part E[X]- 1q in which the expected value of X (i.e., the z'nformatz’orﬁ
E extracts from X) is encoded; and

(2) arandom part X —E[X]-1q, which is a centered random variable about which E does
not provide a priori information (indeed, given an arbitrary nondeterministic random
variable X, the expected value alone gives no information about how X fluctuates
about E[X]).

Let
B := x-alg(1lg, X) = Span(c({XmYn :m,n € NU {0}}) C L™~

denote the unital x-algebra generated by the variable X. Then, being that E is linear, the total
information that E can extract from B is completely determined by the moments of X, which
can be obtained from the deterministic parts of the following variables:

X"X"=E[X"X"] 1g— (X"X")°, m,n € N.
Remark 2.11. In light of the above example, the following appears to be an adequate intu-

itive interpretation of the current framework for noncommutative probability: Let (A, ¢) be a
noncommutative probability space and a € A be a noncommutative random variable. Then,

(1) the unit element 14 € A is regarded as the generic deterministic element of A, that
is, an element whose behaviour is completely known, and every other deterministic
element of A is a C-multiple of 1 4;

(2) the information that ¢ extracts from a can be encoded in the deterministic variable
p(a) - 1a;
(3) the moments of a are defined as the quantities
oy, = p(a"), n €N,

and being that ¢ is linear, the moments of a completely determine all of the information
that ¢ extracts from

alg(14,a) = Span(c<{a” :neNU {0}}),
that is, the unital algebra generated by a; and similarly

(4) the *-moments of a are defined as the quantities

© (a”(l) . -‘a”(t)> , n(l),...,n(t) € {1,x}

and being that ¢ is linear, the *-moments of a completely determine all of the infor-
mation that ¢ extracts from

x-alg(ly,a) = Span(c<{a”(1) g™ n(l),...,n(t) € {0,1, *}}),

4Note that this usage of the term information is strictly for the purpose of aiding intuition and is not linked with
other mathematical definitions of information that occur in information theory such as entropy.
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that is, the unital x-algebra generated by a.

Example 2.12. Let (/\/ln((C)7 *, %tr) be the *-probability space of n x n matrices with C-valued
entries (as defined in Example , and let
A:(Aij : 1<Z,j<n) EMn((C)

be an arbitrary matrix. In this case, the information %tr extracts from A, i.e., the average of the
diagonal entries mg = %(AH + .-+ App), is encoded in the following multiple of the identity
matrix:

mag 0 - 0
my - 1d,, = 0
: 0
0 --- 0 ma

Constant multiples of the identity matrix A-Id,, are considered deterministic in this #-probability
space, as a knowledge of the normalized trace of such matrices is enough to uniquely determine
the value of every entry. The centering

A1 —mag Ao e Atn
A= A—my1d, — An Agp —ma - Az
Anl An2 T Ann —ma

of A is considered to be random (or, perhaps more accurately in this specific case, uncertain
or undetermined) in this x-algebra, as the entries above and below the diagonal as well as the
deviations A;; —m 4 between the diagonal entries and the average m 4 are a priori not determined
by the normalized trace.

Definition 2.13. Let (A, %, ¢) be a x-probability space and a € A be arbitrary. The quantity
¢((a—p(a)-14)(a —¢(a) - 14)*) (denoted Varla]) is called the variance of a.

Remark 2.14. If the functional ¢ is faithful, then the variance retains some of its properties
of probabilistic significance: For example, it immediately follows from the faithfulness of ¢ that
Var[a] = 0 if and only if @ = ¢(a) - 1 4, that is, if and only if a is a constant multiple of the unit
14 (i.e., deterministic).

2.1.3. Elementary Properties.

Proposition 2.15. Let (A, *,p) be a x-probability space. Then, ¢ is self-adjoint, that is, for
every a € A, one has p(a*) = ¢(a).

Proof. Let a € A be self-adjoint. Then, if one defines ag = % and aj = “21/‘, it follows

that @ = ajap — aja;. Therefore, the positivity of ¢ implies that ¢(a) € R. Let a € A be
arbitrary. If one defines Re(a) = % and Im(a) = “_2?*, then it is clear that Re(a) and Im(a)
are self-adjoint and that a = Re(a) +i-Im(a). Therefore, p(Re(a)), ¢(Im(a)) € R, hence

p(a*) = cp((Re(a) +1i- Im(a))*> = cp(Re(a) —1i- Im(a)) = m,

which concludes the proof. O
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Remark 2.16. Let (A, %, ¢) be a x-probability space. Viewing A as a vector space over C, the
function

Ax A — C

(@b) o pa) 21)

is a semi-inner product, meaning that (a,b) = p(b*a) satisfies all the axioms of an inner product
on A except that it is positive-semidefinite instead of positive-definite (if ¢ is faithful, however,
then is an inner product). Thus, many results concerning semi-inner products can be
formulated in the language of *-probability spaces, such as the Cauchy-Schwarz Inequality
for semi-inner products:

(6" a)|* = [{a,b)|* < {a,a)(b,b) = p(a*a)p(b"D), a,be A (2.2)

Remark 2.17. According to the previous remark, if the functional on the x-probability space
(A, *, ) is faithful, then there is a natural choice for a norm on A, namely:

lall, = v e(a*a), ac A

Thus, in this case, the variance can be seen as a measure of how much random variables deviate
from their expected value, as

Varfa] = [la — p(a) - 1a]]%

One of the advantages of imposing a C*-algebra structure on *-probability spaces is that
the linear functional is guaranteed to be continuous:

Theorem 2.18. Let (A, x| - ||, ) be a C*-probability space. Then, for every a € A, one has
lp(a)] < lall-

Proof. Suppose first that a is in the positive cone of A, that is, there exists b € A such that
a = b*b. Since a is self-adjoint, it follows from Proposition and Theorems [T.48] and [1.21]
that Sp(a) C [0,]al|]]. Define the map f : Spy(a) — R as f(z) = y/|la]| — . Since f is
continuous, it follows from the Functional Calculus Theorem that f(a) defines an element in A,
and since a is self-adjoint, so is f(a). Furthermore, f(a)? = ||a|| — a, and thus

lall = ¢(a) = o(f(a)?) = (f(a)f(a)*) = 0.
Therefore, the theorem holds for every variable in the positive cone A™.
Let a € A be arbitrary. According to the Cauchy-Schwarz Inequality (see Remark , it
follows that |p(a)| = |p(1%a)] < /¢(a*a)p(14). Since a*a is positive, then p(a*a) < ||a*al,
and thus, |p(a)| < /|la*al = ||a|. O

Definition 2.19. Let (A, 1) and (Asz,¢2) be noncommutative probability spaces, and let
®: A; — A be an algebra homomorphism.

(1) If p1(a) = p2(®(a)) for every a € A;, then @ is called a noncommutative proba-
bility spaces homomorphism.

(2) Suppose that (Aj,*1, 1) and (Ag, x9, p2) are x-probability spaces. If ® is a noncom-
mutative probability spaces homomorphism and a x-homomorphism, then ® is called
a x-probability space homomorphism.
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(3) Suppose that (A1, *1, [|-[/(1), ¢1) and (Ag, *2, [|-[/(2), ¢2) are C*-probability spaces. If ®
is a *-probability spaces homomorphism and norm preserving (i.e., [|al/(1) = [[®(a)|(2)
for every a € Aj), then ® is called a C*-probability space homomorphism.

(4) If @~ ! exists and is a noncommutative probability space homomorphism (resp. a *-
probability space, or C*-probability space homomorphism), ® is called a noncommu-
tative probability space isomorphism (resp. *-probability space, or C*-probability
space isomorphism), and 2 is used to denote the existence of an isomorphism between
probability spaces.

As shown in the next theorem, the Gelfand-Naimark Theorem III can be extended to the
context of noncommutative probability spaces, showing that every commutative C*-probability
space can be realized as a space of C-valued random variables equipped with the usual expec-
tation E.

Theorem 2.20. Let (A, |- ||,¢) be a commutative C*-probability space. Then, there exists a
compact topological space 2 and a unique reqular probability measure P on € such that

(Av*v H : H?SO) = (C(ch)’fa H : ”OO’E)

Proof. According to Theorem and the Gelfand-Naimark Theorem ]HE there exists a com-
pact topological space € (which is isomorphic to A(.A), see Section ) such that

(Av*v H ’ H) = (C(Q,(C),T, H ’ ||oo)

Let G denote the isomorphism from A to C(Q2, C). Since G~! is a x-algebra homomorphism, the
function

C(Q,C) — C
X = op(@'(X)

is a positive linear functional. Therefore, it follows from the Riesz Representation Theoremﬁ
that there exists a unique regular measure P on {2 such that

/ X dP = ¢(¢7'(X)), X € C(2,C).
Q
Since p(G71(1q)) = ¢(14) = 1, P must be a probability measure, hence
BLX] = [ X dP = p(g'(x)
Q
and
which concludes the proof. O

5See Section
63ee Section m
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2.2. Distributions

In the measure-theoretic formulation of probability theory, complex-valued random variables
are typically distinguished by their distributions only, meaning that the specific behaviour of a
random variable as a function is considered somewhat irrelevantﬂ In noncommutative probabil-
ity, there exists similar notions that are used to distinguish noncommutative random variables
independently of the specific algebra to which they belong.

To give an abstract definition of the distribution of an arbitrary noncommutative random
variable, it is necessary to introduce some terminology.

Definition 2.21. Let (x; : ¢ € I) be an arbitrary collection of abstract indeterminates.

(1) Let C((z;, x} : i € I)) denote the free unital *-algebra over C generated by (; : i € I).
(We adhere to the convention that # is equal to the unit element in C((z;,2} : i € I))
for every i € I.)

n expression of the form
2) A i f the f
M(z;:iel)= x?((ll) . x?(%) € C{(zj,z} :i € 1))
(where t > 1, i(1),...,i(t) € I and n(1),...,n(t) € {0,1,*}) is called a noncommu-
tative x-word in the indeterminates x;.

(3) An expression of the form
m
Pzi:iel)= ZakMk(a:i i€ l) e C(x,x;:iel))
k=1

(wherem > 1, aq, ..., € C,and My, ..., My are noncommutative x-words) is called
a noncommutative x-polynomial in the indeterminates x;.

Definition 2.22. Let (A, *,¢) be a *-probability space. The x-distribution of a random
variable a € A, which is denoted by o, is defined as the linear functional

0q: Clx,z*) — C
P(z) — ¢(P(a)).

Two random variables a and b are said to be identically distributed if o, = 0y.

Remark 2.23. Given that the functional ¢ with which a *-probability space is equipped is
linear, it is clear that the x-distribution o, of any random variable a is completely determined
by the values that it takes on x-words. Furthermore, in certain situations, the distribution can
be completely determined by a specific subset of x-words. For instance,

(1) if a is normal, then every s-word M evaluated at a can be rewritten as an expression
of the form a”(a*)! for some nonnegative integers k and I, and thus o, is determined
by the values it takes on *-words of the form M (z) = z*(z*)!;

(2) if a is unitary, then every *-word M evaluated at a can be reduced to an expression

of the form a* or (a*)* for some k& € NU {0}, and thus, since ¢ is self-adjoint, o, is

determined by the values it takes on *-words of the form M (x) = 2*; and

"In fact, one may argue that knowing the precise outcome X (w) of a random variable X for every point w in the
sample space makes X not so random after all.
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(3) if a is self-adjoint, then every x-word M evaluated at a can be reduced to an expression
k

of the form a*, and thus o, is also determined by *-words of the form M (z) = z¥.

Let X € L*~ be a commutative (and hence normal) C-valued random variable with distri-

bution px in the measure-theoretic sense. Then, the *-distribution ox of X can be recovered
from px through the relation

ax(xk(ar*)l) = E[Xk(X*)l} = /Czkzl dux(2), k,l e NU{0}.

Therefore, the *-distribution of a commutative C-valued random variable X actually consists
of the moments of the distribution of X in the measure theoretic sense. If the functional ¢
on an arbitrary x-probability space is interpreted as an analog of the expected value, then the
distribution o, of a random variable a can be seen as a map from which every linear combination
of moments of a can be obtained. In the measure-theoretic formulation of probability theory,
linear combinations of moments of a random variable X (such as the mean, variance, skewness,
kurtosis, etc.) are usually thought of as quantities that encode information about the shape of
the distribution of the image (i.e., the spectrum) of the random variable X. In noncommutative
probability, these quantities are the distribution. As shown in the two following examples, there
are examples other than commutative random variables for which the *-distribution can be seen
as way to encode information about the distribution of the spectrum.

Example 2.24. Let X € M, (C) be a normal matrix with eigenvalues A1,...,A,. Then,
according to the Spectral Theorem for Normal Matricesﬁ there exists a unitary matrix U €
M, (C) such that X = UDU*, where D = diag(\1,...,\,) is a diagonal matrix with the
eigenvalues of X on the diagonal. Therefore, for every k,1 € NU {0}, one has

Lir(X*(x*)") = Ler(DF(D ZA’f / M2 d. 2y (2),

where Zx = % Yo, 8y, is the empirical eigenvalue distribution of the matrix X.

Example 2.25. Let (2, o7, P) be a probability space, let X € M,,(L*>°~) be a normal random
matrix (i.e., X(w) is normal for every w € Q), and let A\i,..., A\, : @ — C be the (random)
eigenvalues of X. Then, for every w € €2, there exists a unitary matrix U(w) such that X (w) =
U(w)D(w)U*(w), where D(w) = diag(A1(w), ..., An(w)). Therefore, for every k,I € NU {0},

one has

(%tr ® E) (Xk(

Dty

=E {/ 2z dfx(z)]
C
= / k7 A%y (2),
C
where Zx is the expected empirical eigenvalue distributiorﬂ of the random matrix X.

8See section

Let X be a random matrix whose spectrum is almost surely contained in a compact set K, and let .Zx (w) be be
the empirical eigenvalue distribution of X (w) for each w € Q. Then, the expected empirical eigenvalue distribution
is defined as the unique measure Zx such that [ f(z) d%x(z) = E[[ f(z) d¥x(2)] for every continuous function
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In general, however, especially if a random variable is not normal, the *-distribution can
have other interesting interpretations. Consider for instance the following example:

Example 2.26. Let G be a group with identity e generated by a collection {g1,...,gn}. Let
{Wn :n € NU {0}} be a random walk on G that starts at e, that is, Wy = e and for every
n € N, there exists a random step s, € G such that W,, = W,,_1s,. Suppose that the steps s,
are i.i.d. copies of a random element s such that s = g; with probability a; and s = g;° ! with
probability §;, where ay + -+ oy + 51+ -+ - + B = 1. Then, for every k € N, the probability
that Wy = g for some g € GG is given by the coefficient that multiplies ¢ in

(g1 + -+ angn + Brgrt + - + Bugn )F € CG.

Therefore, if one defines the linear functional 7, : CG — C as

Ty (Z)\hih,) =" hi,... ,hm € G
=1

then the x-distribution og of the element
Si=angi+ -+ angn + Prgr o+ Bugn !

allows one to compute the probability P[W} = g] for any k € N through the relation P[W}, =
g9l = Tg(Sk)~

Definition 2.27. Let a be a normal random variable in a #-probability space (A, *, ). If there
exists a measure pi, on C from which the x-distribution o, of a can be determined by the relation

aa(:vk(:v*)l) = go(ak(a*)l) = / K2 dpa(2), k,l € NU{0}
C
then p, is called an analytic distribution of a.

Note that, in the above definition, the measure p, is called an analytic distribution of
a rather than the analytic distribution of a. The reason for this is that, in general, analytic
distributions need not be unique. Indeed, for an analytic distribution p, to be unique, it must be
determined by its moments, which means that no other measure on C has the same moments as
1a- To ensure the uniqueness of analytic distributions, some authors require that every analytic
distribution has a compact Supportm If one does not wish to restrict analytic distributions to
compactly supported measures, it may still be possible to prove the uniqueness of the analytic
distributions in some cases using criterions such as Theorem [B.6|

Definition 2.28. Let (A, *, ) be a x-probability space.

(1) A self-adjoint variable a € A is said to be semicircular if for every n € NU {0}, one
has

L _(n if n is even; and
sD(an) — J n/2+1 (n/2) . .
0 if n is odd,

f supported in K, whose existence and uniqueness is guaranteed by the Riesz Representation Theorem, since f >
E [[ f(2) d%x(z)] is a positive linear functional.

One can easily prove, using the Stone-Weierstrass Approximation Theorem and Lebesque’s Dominated Convergence
Theorem, that two distinct compactly supported measures on C cannot have the same moments.
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or, in other words, the x-distribution of a is given by the semicircular distribution

24— 22 dz on [—2,2] through the relation

Ua(.’Bk)—/ xki\/4—x2 dz, k € NU{0}.
[_272]

2m
(2) A self-adjoint variable a € A is said to be Gaussian if for every n € NU {0}, one has

n (n— 1! if n is even; and
p(a”) = o
0 if n is odd

(where !! denotes the double factoriaﬂ, or, in other words, the x-distribution of a is
gi\llen by the standard Gaussian distributiorﬁ \/% exp (—x2 / 2) dz on R through the
relation

Ry = kL —x T
aa(:v)—/Rx \/ﬂexp( 2/2) da, k e Nu{0}.

(3) A unitary random variable u € A is said to be Haar unitary if p(u") = 0 whenever
n # 0, or, in other words, the *-distribution of u is given by the normalized Haar
measure g on the unit circle Uy = {z € C : |z| = 1} through the relation

2m Gi(k=l)x

ou (xk(x*)l) = /U 2Rz dp(z) :/0 5 dz, k,l € NU{0}.

(4) A unitary random variable u € A is said to be p-Haar unitary (where p € N) if
u™ = 14 if p divides n and p(u"™) = 0 otherwise, or, in other words, the *-distribution
of u is given by the uniform measure on the roots of unity of order p

1 p
Hp = — Z 5exp(2-i~n7r/p)
pn:l

through the relation

2-in(k—l)w

— 1~ 2inGE-br
Ou <xk(x*)l> = /(Czkzl duy(z) = EZe P, k,l € NU{0}.
n=1

Example 2.29. Let (CG, *, 7.) be defined as in Example Then, every element of the group
g € G is either Haar unitary or p-Haar unitary. More precisely, if g is of infinite order, then it
is Haar unitary, and if it is of finite order p, then it is p-Haar unitary.

Example 2.30 (Haar Unitary Random Matrices and Their Analytic Distributions). Let (2, <7, P)
be a probability space, and for a fixed integer n € N, let U,, C M,,(C) be the set of n x n uni-
tary matrices. Since U, is a compact topological group, it can be equipped with a normalized
Haar measure p. Let (Uj; : 1 < i,j < n) =U:Q — U, be an xn random matrix whose
distribution is given by the Haar measure u, that is, for every Borel set A C U,, one has
P[U € A] = u(A) (such a matrix is usually called a Haar unitary random matrix). Then,
for every w € Q, the columns of U(w) form an orthonormal basis of C", which implies that every
entry U;; : 2 — C is a bounded random variable. Therefore, U is contained in the *-probability

HRecall that —111 = 0!l = 1, n! =n(n—2)(n—4)---4-2ifn>0iseven, and n!! =n(n—2)(n—4)---3-1ifn >0
is odd.

12Notice that the Gaussian distribution is determined by its moments, hence Gaussian variables have a unique analytic
distribution.
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space (Mn(LOO_), *, %tr@E). Moreover, it can be shown that U is a Haar unitary variable: for
any k € N\ {0}, every entry of the matrix U¥ can be written as a linear combination of terms
of the form

Us1)i1) *** Uitk)jk)s 1<i(1),5(1),...,i(k),j(k) <n

and thus (2tr ® E)(U*) is a linear combination of terms of the form

E [Uiwia) - Uinin] = /U WiC1)j(1) " Wigk)j(k) dee(ui)-
Let 1 <i(1),5(1),...,i(k),j(k) < n be fixed, and define the map
f: U, = C
(wij) = i) 1) - ik)jik)-

Let d = ™/*1d,,, where Id,, is the n x n identity matrix. Then d € U,,, and since the Haar
measure is translation invariant, it follows that

/ Wi(1)5(1) " k) (k) Ahe(wij) :/U fuiz) dp(uig)

n

= [ f(d-u) du(ugy)
Un

B / iy @™ Mg duuig)

— e / i)+ ick)jck) dh(uig)-

Given that z = €™z if and only if z = 0, one has

/U Wi(1)j(1) *** Wick)j (k) dp(uig) =0,

n

hence 1 (tr @ E)(U*) = 0.

Up to this point, we have seen simple examples of random variables with analytic distri-
butions as well as examples of variables whose *-distributions are directly given by measures.
When it comes to analytic distributions for arbitrary normal variables, there are two questions
of special interest:

Question 2.31. Let (A, %, ¢) be a x-probability space and a € A be a normal variable.

(1) Under what conditions is a guaranteed to have an analytic distribution?

(2) Suppose that a has an analytic distribution p,. To what extent can p, be described
explicitlyﬂ

Bpor example, if pq is absolutely continuous with respect to the Lebesgue measure dz on C, then it can be described
14 g

explicitly using its density with respect to the Lebesgue measure, that is, a measurable function f such that puq(A) =

S 4 f(2) dz for every measurable set A.
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One way to approach part (1) of Question is to exploit the fact that the x-algebra
generated by a normal element a € A is commutative, and thus if a¢ can be embedded in a C*-
probability space, then it can be associated to a commutative random variable (which obviously
has an analytic distribution) by the Gelfand-Naimark Theorem. This method gives the following
theorem.

Theorem 2.32. Let a be a normal random variable in a C*-probability space (A,*,|| - |, ¥).
Then, a has an analytic distribution g such that

(1) supp(pa) C Spyla) (which implies in particular that pe has a compact support); and

(2) for every continuous function f :Sp 4 — C, one has

P(r@) = [ £G) i),
where f(a) is given by the functional calculus on A.

Proof. The existence of u, is a direct consequence of Theorem Since a is normal, it
follows from Proposition that B := C*(14,a) (the unital C*-algebra generated by a) is
commutative, and thus (B, x, || - ||,¢) is isomorphic to (C(Q,C),%, || - ||ls, E) for some compact
probability space (Q, AB(Q), P). Let X be the random variable on € to which a is isomorphic,
and let ux be the distribution of X in the measure-theoretic sense. Then, it follows that

© (ak(a*)l) =E {Xk(X*)l} = /(Czkzl dux(2)

for every k,l € NU {0}, hence p, exists and is equal to pux.

(1). According to the proof of the Gelfand-Naimark Theorem III (see the end of section
the random variable X to which a is isomorphic in C(2,C) is given by the Gelfand transform
G(a) at a. According to Theorem the image of G(a) is contained in Sp 4(a). Therefore,
the set of values that the random variable X can take is included in Sp 4(a), which implies that
the distribution of X must be supported in Sp 4(a).

(2). Let f : Spy(a) — C be a continuous function. Since Sp 4(a) is compact, it follows from the
Stone-Weierstrass Approximation Theorem that there exists a sequence of polynomial functions
{pn : n € N} in Clz, Z| such that

1im [|lp, — flleo = lim sup {|pn(A) = F(A)]: A € Spy(a)} =0.

It then follows from Lebesgue’s Dominated Convergence Theorem that

Jm o (pu(@) = i [ pu(2) diaz) = [ ) dpalo)
Furthermore, according to the Functional Calculus Theorem (see Section [L.4)), one has ||p,(a) —
f(@)]| = |llpn — flloo for every m. Therefore, given that ¢ is continuous (see Theorem [2.18)), it

follows that ¢ (pn(a)) = ¢(f(a)). O

Given the strong link between spaces of bounded linear operators and C*-algebras (see for
instance the Gelfand-Naimark Theorem I), one easily obtains the following corollary, which
slightly relaxes the hypotheses of Theorem [2.32]
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Corollary 2.33. Let (A, *,¢) be a *-algebra, let a € A be a normal element, and let B =
x-alg(14,a). Suppose that there exists a x-probability space homomorphism ® from (B, *, )
to (B(H),*,¢a,) (the latter being defined as in Example (2)). Then, a has an analytic
distribution i, that satisfies conditions (1) and (2) of Theorem[2.33

Proof. Let T, be the image of a through ®. Since ® is a *-homomorphism, 7T; is normal.
Therefore, given that (B(H), || - llop> San) is a C*-probability space, it follows from Theorem
that 7, has an analytic distribution p, supported on Sppg(Ta). Let k,l € NU {0} be
arbitrary. Since ® is a *-probability space homomorphism, it follows that

o (@) = g (2(H0)) ) = g (22E)) = [ o)

hence g is an analytic distribution for a. Moreover, given that

Sppm)(Ta) C Sppla) C Spy(a)

(see Remark , it follows that the support of pu, is contained in Sp 4(a). The proof that
o(f(a)) = Jo f(2) dua(z) for every continuous map f is identical to the proof of part (2) in
Theorem [2.32) g

Another approach to part (1) Question which requires a substantial knowledge of
the moments of the normal random variable a in question, consists in working directly from
the array or sequence of moments. (See the introduction of [Bi89|, [At75], and chapter 6 of
IBCRA89) for a discussion/proof of the two following results.)

Hamburger’s Moment Theorem. Let (an :n € NU {0}) be a sequence of real numbers.
There exists a measure p on R such that

an:/az" dp(x), n € NU{0}
R
if and only if for every k € NU {0}, the matriz Ay, = (i 1 0 < 1,7 < k) is positive definite.

Complex Moment Theorem. Let (amﬁn :m,n € NU {O}) be an array of complex numbers
such that oy, = G, for every m,n. There exists a measure y on C supported on {z € C :
|z| <1} such that

Qo = / 2"z du(z), m,n € NU{0}
C

if and only if

(1) for every array (cm’n :m,n € NU {0}) of complex numbers with finitely many nonzero

entries, one has
o0

Z Y (m475),(n+k)Cn,jCm,k 2 0;
myn7j7k:O

(2) for every sequence (wn :neNU {0}) of complex numbers with finitely many nonzero
terms, one has

Z (am,n - O‘(m—l—l),(n—l—l))wmm = 0.

m,n=0
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The solution to part (2) of Question is in general much more difficult than part (1). If
a random variable a € A has a compactly supported analytic distribution u, and is self-adjoint
(which implies that p, is supported on R), then u, can be constructed through its moments by
means of the Stieltjes Inversion Formulal"]

Example 2.34 (Stieltjes Inversion Formula). Let u be a Haar unitary element in a x-probability
space (A, ¢). Suppose we are interested in describing the analytic distribution of the self-adjoint
element v + u*. Given that u is unitary, that is, v commutes with u* and u~! = u*, for every
integer n > 1, one has

n n
n _ n _
el ) =32 (Jolat oy =32 (),
k=0 k=0
Since u is Haar unitary, every term of the form cp(u%*") where 2k #£ n will vanish. Thus, we
can conclude that
(nT/LQ) if n is even; and

+ *\ T —
SO((U w) ) {O if n is odd.

Suppose that there exists a compactly supported probability measure p on R that is an analytic
distribution for u+u*, and let s,, denote its Sticltjes transform. If |z| > sup {|z| : € supp()},
then it follows from Proposition [B.9] that

00 w4+ u)" 00 w4 u* 2n 0 2n
8#(Z)=—§:0W=—Z)M=—Z)Z(QZ+)1'

Given that the product of two infinite series is given by the Cauchy pmducﬁ, one has

ey s B S s () ()

n=0m=0 nO

Using the well-known combinatorial identity (see for instance [CGll])

Sy -

we finally obtain the following geometric series

1 1
_222(,22) 221—%_22—4'

Therefore, one has
(2.3)

for |z| > sup {|z| : = € supp(p)}, and by the unicity of analytic continuations, it follows that
(2.3) holds on all of C\ R. An application of the Stieltjes Inversion Formula then yields that u

lgee Section and Theorem
L5 he Cauchy Product for two infinite series Y 02 jan and Y 02 by is given by >°°  ¢n, where, for every n > 0,

n
Cn = Zm:(} ambn—m.



2.2. Distributions 50

has a density given by

— lim I i h the limit exists; and
f) = — lim, m(s,(x +1ic)) whenever the limit exists; an

0 otherwise.

which confirms that ) .

sulz) = _\/22—4 - VA — 22

is the right choice, yielding

1 1
— lm Im [ ——— whenever the limit exists; and
f(z) = mes0t 4 — (z +ie)?
0 otherwise,
1
——— if |z| < 2; and
=< mv4 — 22 2
0 otherwise.

Definition 2.35. Let (a, : n € N) be a sequence of noncommutative random variables such
that for each n, a, is an element of a x-probability space (A, *y, ¢n), and let a be an element
in a x-probability space (A, *, ). The a,, are said to converge in *-distribution to a if the
x-distribution of a, converges to that of a as n — oo pointwise, that is, for every %-polynomial
P, one has

lim ¢, (P(an)) = ¢(P(a)).

n—oo

Remark 2.36. Let (a, : n € N) be a sequence of normal random variables each having an
analytic distribution pu,,. Suppose that a, converges in *-distribution to a limit variable a
having an analytic distribution p,. In this case, the convergence in *-distribution of the a, is
equivalent to the convergence of the moments of the distributions p,,. Furthermore, if p, is
determined by its moments, then it follows from the Method of Moments (see Section that
la, converges weakly to .

Let (X; : i € I) be a collection of C-valued commutative random variables in L~ for some
probability space (€2, 7, P). Then, the concept of joint probability distribution gives a way of
computing mixed *-moments

1 ¢ . .
E|x;) -XZE))}, n(l) €N, i(l) € I distinct,
More precisely, recall that, given a collection X = (X1,...,X;) of C-valued random variables,
the joint probability distribution of the collection X, which is denoted ux, is defined as
the unique probability measure on ((Ct, %((Ct)) such that for every measurable rectangle A =
Ay x -+ x Ay € B(CY) (that is, A; is Borel measurable for each i < t), one has
t
px(A) =P |[] X: € A
i=1

9

and for every n(1),...,n(t) € N, one has

E X?(l) ) --th(t)} :/ zf(l) . --zf(t) dux (21, 2t).
(Ct
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Thus, in the moment-centric perspective of free probability theory, it seems appropriate to define
the concept of joint *-distribution as follows:

Definition 2.37. Let (A, %, ¢) be a x-probability space. The joint *-distribution of a collec-
tion a = (a; : i € I) of random variables in A, which is denoted by o,, is defined as the linear
functional
oa: C{(zjaf:€l)) — C
P(z;:iel) — @(P(a;:i€l)).
Furthermore, quantities of the form

g0<a?(<11)> N .ay(gt))), (1), ... n(t) € {0,1,}

are called mixed *-moments in the a;.

Definition 2.38. For every n € N, let a(®) = <a£n) riel ) be a collection of noncommutative

random variables in a *-probability space (A(”), () cp(”)), and let a = (a; : i € I) be a collection
in (A, x, ). a(™ is said to converge in %-joint distribution to a if Ta(n) converges to o,
pointwise, that is, for every *-polynomial P, one has

lim ™ (P(al(n) 11 € I>> = ¢(P(a; i €1)).

n—oo

Example 2.39. Let (2, 47, P) be a probability space, and let L~ be the algebra of C-valued
random variables on {2 with finite moments. Define the collection of random variables (D; : i €
N), (Vi :1<i<y, i,j € N)C L>® to be such that

(1) the D; are i.i.d., R-valued, and E[D;] = 0; and
(2) the Y;; are ii.d., E[Y;;] = 0, and Var[Y;;] = E[|Y;;]?] = 1.
Given n € N, define the matrix X = (Xi(;l) :1<1,j<n)e My(L*®7) as

ﬁDi if i = j;
X\ = LYy ifi<j;and

=Y ifi>.
(X is a special case of what is called a Wigner Matrix, see [AGZ09| equation (2.1.2).)
Then, as n — oo, one has

(1) X converges P-almost surely to a semicircular noncommutative random variable
with respect to the normalized trace %tr; and

(2) X converges to a semicircular noncommutative random variable with respect to the
expected normalized trace %tr ® E.

This result is known as Wigner’s Semicircle Law (see the second chapter of [AGZ09]).
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Chapter 3

Free Independence

The main sources for the concepts covered in this section are [NS06| Lectures 6 to 7, [VDN92]|
Chapter 2, [Tal2] Section 2.5.3, [AGZ09] Section 5.3, and [Sp97].

3.1. Independence of Commutative C-valued Random Variables

The concept of independence for commutative C-valued random variables is typically defined
as follows{]

Definition 3.1. Let X = (X; : i € I) be a collection of C-valued random variables on a
probability space (€2, <7, P) with respective distributions (ux, : ¢ € I). The variables in X are
said to be independent of each other if and only if the joint distribution pux of the X; is equal
to the product x;crpx, of the individual distributions of the Xj.

As evidenced by the above, the classical definition of independence is intimately linked with
the measure-theoretic formulation of probability. In the present context of noncommutative
probability (more specifically, the space (L°°~,%, E)), where the only information about random
variables one has access to are moments and mixed moments, it would be desirable to find a
definition of independence that relies on moments alone. A good place to start is the following:ﬂ

Proposition 3.2. Let (Q, o7, P) be a standamﬁ probability space and let X = (X; :i € I) be a
collection of random variables on 2. The X; are independent of each other if and only if for every

finite collection i(1),...,i(t) € I of distinct indices and continuous functions fi1,...,f;: C — C
such that f1(Xiu))s-- -, fi(Xiw)) and f1(X;y) - fi(Xi)) are P-integrable, one has
E[fi(Xiw) - filXiw)] = E[iXiq))] - E[fi(Xie)]- (3.1)

In the context of general noncommutative probability spaces, equation (3.1) is still po-
tentially problematic. Indeed, given a noncommutative random variable a and a continuous
function f : C — C, unless a is normal and can be embedded in a C*-probability space, there

1See Section for more details.
2See Proposition for the proof of Proposition

3See |It84] Section 2.4.
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is no guarantee that one can even make sense of the expression f(a). Let (A, x*,] -|,¢) be a
C*-probability space of C-valued random variables (for instance, (A, *, | - ||, ) = (C(Q,C),7, || -
|oo; E) for some compact probability space (2, 47, P)). Let a = (a; : i € I) be a collection of
variables in 4. In this case, it easily follows from the Stone-Weierstrass Approximation Theo-
rem that equation applied to a is equivalent to the following: For every finite collection
i(1),...,4(t) € I of distinct indices and *-polynomials P, ..., P, € C{x,z*), one has

<P(P1(ai(1)) : "Pt(ai(t))) = @(Pl(ai(l))) T @(Pt(ai(tﬂ)- (3.2)

Therefore, whenever expressions of the form f(a) (where a is a noncommutative random variable
and f is a continuous function) can be defined consistently, the independence for C-valued
random variables is in fact equivalent to (3.2]). Given that, for every a € A, one has

x-alg(14,a) :SpanC<{M(a) : M e C(z,2") is a *—word})
={P(a) : P € C(z,z") is a *-polynomial }

this leads to the following definition of independence for C-valued random variables, in the
context of noncommutative probability:

Definition 3.3. Let (A,~, ¢) be a #-probability space of commutative C-valued random vari-
ables, let a = (a; : i € I) be an arbitrary collection of random variables, and for every i € I, let
A; = x-alg(14, a;) be the x-algebra generated by a;. The variables in a are independent of each
other if and only if for every finite collection i(1),...,i(t) € I of distinct indices and elements
b1 € Aj1y, - - -, bt € Ajy), one has

@(br---br) = p(b1) -+ p(br).

3.2. Tensor Independence

Inspired by the discussion in the previous section, the following definition extends the concept
of classical independence to arbitrary noncommutative probability spaces.

Definition 3.4. Let (A, ¢) be a noncommutative probability space and let I be an arbitrary
indexing set. For every i € I, let C; be a collection of variables in A, and let A; = alg(1 .4, C;)
be the unital algebra generated by C;. The collections in C = (C; : ¢ € I) are said to be tensor
independemﬂ of each other if and only if they commute (that is, for every distinct i,5 € I

and a; € Cj,a; € Cj, one has a;a; = aja;) and for every collection i(1),...,i(t) € I of distinct
indices and variables ay € Ay, ..., ar € Ayy), one has
plar---ar) = p(ar) - - p(ar). (3.3)

Similarly, if (A, x*,p) is a x-probability space and A; = x-alg(14,C;) is defined as the unital
x-algebra generated by C; for every i € I, then the collections in C = (C; : i € I) are said to
be x-tensor independent of each other if and only if they commute and for every collection
i(1),...,i(t) € I of distinct indices and variables a1 € A;(1), ..., ar € Ajqp), one has

plar---ar) = (ar) - p(ar).

4This appellation will be explained later in this chapter.
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Proposition 3.5. Let (A, ) be a noncommutative probability space and let I be an indexing
set. For every i € 1, let C; be a collection of variables in A, and let A; := alg(14,C;) be the
unital algebra generated by C;. Then, the collections in C = (C; : i € I) are tensor independent

of each other if and only if for every collection i(1),...,i(t) € I of distinct indices and variables
a1 € A1y, - - - ar € Ay such that p(a1) = --- = ¢(ar) = 0, one has
plar---ar) =0 (3.4)

Proof. The fact that (3.3 implies (3.4) is trivial. Suppose that (3.4) holds. We proceed by

induction on t:

Suppose that ¢ = 2, and let a1 € A;(1), a2 € Ajg) be arbitrary. Then, it clearly follows from

(3.4) that

p(ata3) = ¢((a1 — p(a1) - La)(az — ¢(az) - 1)) = 0.
Thus, by linearity of ¢, one has

0 = p(araz) — p(ar)p(az) — p(az)p(ar) + ¢(a1)p(az),

from which it clearly follows that ¢(aja2) = ¢(a1)p(az). Thus, (3.3) holds for the base case
t=2.

Suppose that, for some fixed t € N, (3.3]) holds for every s < t. Let i(1),...,i(t) € I be

a collection of distinct indices, and let a; € Aj(y,...,ar € Ay be arbitrary variables. Then
(3.4) implies that
plai--a7) = ¢((a1 —plar) - 1a) -~ (ar — p(ar) - 14)) =0,
and hence
t
0=p(ar---a;)+ Z(—l)s Z So(aj(l)) Tt 90(aj(s))90(aj’(1) T aj’(t—s))

s=1 1<j(1) < <j(s)<t

where {5'(1),...,7/(t—=9)} ={1,...,t}\{j(1),...,7(s)}. Given that (3.3) holds for every s < t,
olajay - aj—s)) = elajay) - plaj—s))

for every 1 < j(1) < --- < j(s) <t, and thus

0=p(a---a)+ Z(—l)s Z p(a)---play)

s=1 1< (D) <-<j(s)<t

=p(ar---ar) +¢(ar) - p(at) (

Sy <t>>

s=1

=p(a1---ar) + plar) -+~ p(ar) (in (t>> = plar) -+~ plar).
s=0

According to the binomial theorem,

0= (1) + 1) = Y (5)- i(_”s@’

s=0
and thus @(ay---a;) = p(a1) -+ p(ar), as desired. O
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Remark 3.6. Equation in the statement of the previous proposition is obviously equivalent
to the following: For every collection i(1),...,i(t) € I of distinct indices and variables a; €
Airys - -+ ar € Ajy), one has

af'--afz(a‘f---af)o (3.5)
(i.e., p(aj---ag) = 0). Thus, one may argue that tensor independence is satisfying from an
intuitive point of view, in that can be interpreted as the assertion that the information that
¢ extracts from the individual algebras A; = alg(1.4, C;) completely determines the information
that ¢ extracts from any product aj ---a; with a1 € A1), ..., ar € Ajyy and i(1),...,i(t) € I
distinct. Indeed, equation states that no information (i.e., a deterministic quantity of the
form A-14 with A # 0) will emerge from the product af ---af of the random parts aj of the
a;j (provided the a; are from different algebras Ai(j)), and (3.3]) provides an explicit formula to
express the information ¢ extracts from aj ---a; in terms of the information it extracts from
the individual ajﬂ

In the following example, we see that the algebraic concept of tensor independence is actually
closely linked to the concept of freeness for commuting groups:

Example 3.7. Let G be a group (with identity e) and let (G; : @ € I) be a collection of
subgroups of G that commute—that is, for every two distinct indices ¢,5 € I and g; € G; and
g; € Gj, one has g;g; = gjg;- The G; are said to be free in the abelian sense if there exists no
nontrivial relations between elements from different subgroups G;—that is, for every collection
of distinct indices 4(1),...,i(t) € I, elements g1 € Gy \ {e},..., 9 € Giy \ {e}, one has
g1+ g¢ # e. One can prove without much difficulty that subgroups G; are free in the abelian
sense if and only if the x-algebras CG; are x-tensor independent of each other in (CG, *, 7).

3.2.1. Abstract Model for Tensor Independent Variables. One of the most important
result concerning independence in the classical theory of probability is the existence and unique-
ness (under favourable conditions) of product o-algebra and product measuresﬂ Indeed, this
result guarantees that, given any collection of C-valued random variables (X; : i € I)—each
defined on a respective probability space (£2;, 7, P;)—there exists another probability space
(Q, o7, P) (namely, the product space ( X Qi) X 4, ><Z-Pi)) in which

(1) events E; € & can be embedded in a natural way that preserves their probability,
namely, E;, — X]E[Fj, where F,=F; and Fj = Qj ifj 75 7, and P(El) = Xij(Xij);

(2) random variables X; : ©; — C can be embedded in a natural way that preserves their
distribution, namely, X; — XjerYj, where ¥; = X; and Y; = 1q; if j # 4, and X; and
x;Y; are identically distributed; and most importantly

(3) the embeddings of the X; in the product space ( X i, X9, ><Z-Pi) are independent of
each other.

This, in particular, allows one, to make statements of the form “Let (X; : ¢ € I) be a collection
of independent random variables with respective distributions px,;" without fear of running into
issues of existence, and thus enables one to study the properties of independence abstractly.

5See Remark [2.11] for a definition of the random part of a random variable and the information ¢ extracts from
random variables.

63ee for instance [Tall] Section 2.4.
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Thankfully, there exists an analogous construction in noncommutative probability from
which the appellation tensor independence originates: Let ((.Ai, i) 1 i € I) be a collection of
noncommutative probability spaces. Define the algebra A as the tensor product ®;.4; equipped
with the following product operation:

(®:ai)(®ibi) = ®;aib;, ai,bi € Aj, i €1
and define the functional ¢ on A as ®;¢p, that is,
@ipi(@iai) = [ [ wilas), a; € Ai, 1 € 1.
i€l

(Note that the above product is well-defined even if I is infinite, since, in this case, only finitely
many of the a; in ®;a; are permitted to be different from the unit 14,.) For a fixed i € I and
a € A;, the element a can naturally be embedded in A as

a — Qjaj,

where a; = a and aj = 14, for all j # 7. One easily checks that distributions are preserved by
the above embedding, and that for any family of collections (C; C A; : ¢ € I), the embeddings
of C; into A are tensor independent of each other.

In the sequel, we will make the following notational shortcut:

Notation 3.8. Let ((.Ai,tpi) 1 e 1 ) be a collection of noncommutative probability spaces,
A =®;A;, and ¢ = ®;¢;. Given an element of the form ®;a; € A, suppose that i(1),...,i(t) € [
are the indices such that a; # 14, if and only if ¢ € {i(1),...,i(¢)}. Then, we will denote

&K;a; = (ai(l) R ® ai(t))l' (3.6)
The following proposition will later be useful in technical proofs:

Proposition 3.9. Let ((Ai,goi) NS I) be a collection of noncommutative probability spaces,
A =®;A;, and ¢ = R;p;. Then, every a € A may be written in the form (using the notation

introduced in (3.6))
K
a=@(a) 14+ Z Z Ai(1),i(R) s (3.7)
k=114(1),...,i(k)el distinct

where for every k < K and distinct indices i(1),...,i(k) € I, Ajqy,. ix) 5 either equal to
the zero wvector 04 or a linear combination of terms of the form (a;q) ® -+ ® a;g))1, where
ai1) € -'4?(1)7 e k) € A?(k:)? that is, @;(jy(a;;)) = 0 for all j < k.

Proof Outline. Let a € A be arbitrary. Then, by definition of A, a can be written as a sum

L
a=> ®iay (3.8)
=1

where L € N and for each | < L, a;; # 14, for finitely many . Thus, for every [ < L there
exists ¢; € N and distinct indices i;(1),...,4(¢;) € I such that

RKiay; = (ail(l) X ® ail(tl))l'
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By writing every element a;, 1) as ¢;,;)(a;,1)) + a;?l(l), then using the bilinearity of tensor
products, and then rearranging the elements in the sum (3.8]), one obtains (3.7)) (if no term of
the form (a;1) ® - -+ ® a;g))1 with i(1),...,i(k) € I occur in (3.8), then A;q) i) =04). O

g3es

Example 3.10. Let ((A;,¢;) : i € I) (with I = {1,2,3}) be noncommutative probability
spaces, let A = ®;A4; and ¢ = ®;p;, and let a1,b; € Ay, az,bs € Az, and a3 € As. Then,

a=(a1 ®az)r + (b1 @ ba); + (a2 ® as)r

=((pr(a1) - 14, +07) © (p2(a2) - 14, +a5) )
+ ((e1(b) - 14, +8) © (92(b2) - Ly +185) )
+ ((polaz) - 14, +a3) @ (ips(as) - Lay +5) )

=(p1(a1)pa(az) + @1(b1)@a(b2) + p2(a)es(as)) - 14
+ (pi(a1) - a3) , + (p2(az) - af); + (af ® a9);
+ (p1(b1) - b3) ; + (p2(ba) - b7) , + (b @ b3);
+ (p2(az) - a3), + (ws(a3) - a3), + (a3 ® a3);

2
=p(a)-1a+ Z Z A1), (k)

k=14(1),...,i(k) distinct
where

(1) ¢(a) = pr(a1)p2(az) + @1(b1)pa(ba) + pa(az)ps(as);
(2) A1 = (¢2(a2) - af), + (2(b2) - 1) 13

(3) A2 = (e1(a1) - a3), + (1(b1) - b3), + (ws(as) - a3) ;;
(4) A3 = (p2(a2) - a5) ;

(5) Ai2 = (af @ ag)1 + (bY @ b3)1;

(6) A1 = 04; and

(7) A2z = (a3 ®a3)r.
Definition 3.11. Let ((AZ-, iy i) 1 E I) be a collection of x-probability spaces, let A = ®;A;,
and define the operator -* : A — A as follows:
(®iai)* = ®ia:i, a; € A;, i € 1. (3.9)

Then, one easily checks that (A, %) is a x-algebra.
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Example 3.12. Let (G; : i € I) be a collection of groups (with respective neutral elements
e;), and let G = x;G; be the direct product of the G;. Then, for every j € I and g € Gj, the
element g can be embedded in G as

Gj — G

g = XiGi
where g; = g and g; = ¢; for all i # j. One easily checks that the order of every element is
preserved by this embedding, and that the embeddings of the G; into GG are free in the abelian
sense. In fact, (C(x;G;), *,7) (where e denotes the neutral element in x;G;) is isomorphic as
a x-probability space to (®;CG;, *, ®;Te, ).

We end this subsection with the following theorem, which establishes that the tensor product
preserves the main structure of interest in a x-probability space:

Theorem 3.13. Let ((.Ai, iy i) 11 € I) be a collection of noncommutative probability spaces,
let A= ®;A;, let p = ®;p;, and let x be defined as in (@) Then, (A,x*,p) is a x-probability

space.

Proof. In order to prove that (A, *, ) is a *-probability space, we need only show that ¢ is
positive. Let a € A be arbitrary. Let us write a as in equation (3.7)), that is

K
a=C- 14+ Z Z Ai1),i(k)-

k=14(1),...,i(k)€I distinct

In order to simplify notation, let us denote

K
A= Z Z Ai(l),...,i(k)'

k=14(1),...,i(k)€l distinct
Then, aa* = |C|? - 14+ C - A*+ C - A+ AA*. Given that |C|> > 0 and ¢(A) = p(A4*) = 0, the
proof that ¢(aa®) > 0 reduces to demonstrating that ¢(AA*) > 0.
A= > > Ai().eitt) A1), 50)

1<k, I<K i(1),....i(k)€] distinct
j(1),....5(1)€I distinct

If {i(1),...,i(k)} # {j(1),...,5(1)}, then SO(Ai(l),.-.,i(k)A;(1)7,,_7j(l)) = 0, given that for every
variables

a1y € Ajrys -5 @iy € Ajry and @) € Afqyys s a5 € Af
there will be at least one index (say, i(m) or j(n)) such that

(@ ®--® aik))1(aq) @+ ® @;(l))l) = Pi(m)(@i(m)) -
or

90((%(1) X ay k))l(a;(l) Q- ® a;(z))l) = SOj(n)(aj(n)) T
and ©;(m) (@i(m)) = ¢j(n)(@j(n)) = 0. Therefore,

K
P(AAY) = Z Z w(Ai(l),...,i(k)Afu),...,z'(k))
k=14(1),...,i(k)€l distinct
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Thus, we need only prove that @(Ai(l),...,z‘(k)Af(l) i(k)) > 0 for all distinct i(1),...,i(k) € I.

Let i(1),...,i(k) € I be a fixed collection of distinct indices, and let
L

! z
Ai),.ik) = Z(ag) @ @ap))r,
=1

O] o () o
where, for each | < L, one has ay’ € Ai(l), sy € Ai(k)' Then,

L
* l l S)\ *x S)\ *x
(A, Ai),....ik) = Z ‘P((ag) Q- aé))l((ag )) Q- ® (a,g )) )1)
l,s=1
L ! !
=) v (@ @)) - oin (@ (@)).
l,s=1

For each m < k, define the matrix B,, = (npl- m) (a,(n,ll)(a%i))*) 1 <1,s < L). According to
Proposition every such matrix is positivel’| Furthermore, if follows from Proposition
that the Schur productY

S(Bl, ce ,Bk) B (301(1) (agl)(ags)yk) cee sz(k) (al(cl)(algs))*) 11 < l, s < L)

is positive. As SO(Az‘(l),...,i(k)A:(l) __.Z.(k)) = <S(B1,...,Bk)z,z>, where z = (1,...,1) € CF,
it follows from the definition of positivity for matrices that @(Ai(l),...,i(k)A;k(l) i(k)) > 0, as
desired. O

Remark 3.14. It is interesting to note that the tensor product of noncommutative probability
spaces equipped with traces is also equipped with a trace, and the tensor product of *-probability
spaces equipped with faithful functionals is also equipped with a faithful functional.

3.2.2. Tensor Independence as a Fundamentally Commutative Concept. Given that
many interesting variables in *-probability spaces are not commutative, it is natural to wonder
if it is possible to extend Definition and equation to the noncommutative case. The
obvious place to start would be the following:

Tentative Definition 3.15. Let (A, ) be a noncommutative probability space and let I
be an indexing set. For every ¢ € I, let C; be a collection of variables in A, and let A; =
alg(14,C;) be the unital algebra generated by C;. If the C; are tensor independent in the
noncommutative sense, then for every collection i(1),...,i(t) € I of distinct indices and variables
a1 € A1y, - - -, ar € Aj(y), as in the commutative case, one has ¢(a1 -+ ar) = p(a1) - - @(ar).

Notice that Tentative Definition [3.15] is phrased like a necessary condition for noncommu-
tative tensor independence rather than an actual definition. This can be explained by the
fact that, in the case where the collections of variables C; commute, any mixed x-moment
in the A; = alg(14,C;) can be written as an expression of the form ¢(a;---a;) where the
variables a; € A;q),...,a; € Ay are such that i(1),...,i(t) € I are distinct (for example,
¢(arazaag) with ay € Ajqy, az € A;g) and i(1) # i(2) can be reduced to ¢(aja3)). This,

7See Definition
8See Proposition
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however, is not necessarily the case when the collections C; do not commute. Thus, if the
notion of noncommutative tensor independence is to be as powerful as the commutative one,
there should be a rule for decomposing mixed moments of the form ¢(ajasaias) or, more
generally, ¢(ay---at), where a1 € Ajy,...,ar € Ay and i(1),...,i(t) € I are such that
i(1) # i(2),i(2) # i(3),...,i(t — 1) # i(t) (with some repetitions in nonconsecutive indices
allowed, such as i(1) = i(3)) in terms of moments in the individual a;.

In light of the previous remarks, one may attempt to simply extend Tentative Definition
[3:15] to the following:

Tentative Definition 3.16. Let (A, ¢) be a noncommutative probability space and let I be
an indexing set. For every i € I, let C; be a collection of variables in A, and let A; = alg(1 4, C;)
be the unital algebra generated by C;. If the C; are tensor independent in the noncommutative
sense, then for every collection i(1),...,i(t) € I such that i(1) # i(2) # - - - # i(t) and variables
a1 € Aj1)s---,ar € Ay, one has

plar---ar) = p(ar) - - - p(ar). (3.10)

However, this definition is problematic: Suppose that two random variables aq,as € A are
independent in the sense of Tentative Definition and let A; = alg(ly4,a1) and A =
alg(l4,a2). Then, since 14 is in both A; and Ay, for every nontrivial x-word M(x) =
2D @) (with n(1),...,n(t) € {1,%}), one has

o(M(a) =p (a}V -l ®) = (a1 140 ® 0l @) = (a7 o (P a}0)

— (agb(l)> o (a?@) Ay a’f(?’) B .a?(t)) — (a?(l)) o (a?@)) o (avl"b(?)) . ~-a7f(t)>

=¢ (a’f’(l)> g (a?(t)) : (3.11)

and similarly, ¢ (M (a2)) = ¢ <a§(1)

) S (ag(t)) Thus, the concept of independence for non-
commutative variables as it is currently defined imposes some very strong conditions on the
«-distributions of the concerned variables. In fact, if (A, *, ¢) is a x-probability space such that
¢ is faithful, given that Varla] = ¢(aa*) — ¢(a)¢(a*), independence as defined in Tentative
Definition is in many situations restricted to deterministic (that is, constant multiples of
the unit 14) variables. This is in stark contrast with tensor independence for commutative
random variables, which imposes no condition on the distributions of the considered random
variables. Indeed, as guaranteed by the tensor product of noncommutative probability spaces
(see Subsection , collections of tensor independent random variables with any distribution
can be generated at will.

One may attempt to salvage Tentative Definition by making the following adjustment:

Tentative Definition 3.17. Let (A, ) be a noncommutative probability space and let I be
an indexing set. For every i € I, let C; be a collection of variables in A, and let A; = alg(1 4, C;)
be the unital algebra generated by C;. If the C; are tensor independent in the noncommutative
sense, then for every collection i(1),...,i(t) € I such that i(1) # i(2) # --- # i(t) and variables
ar € Aj1), - -, ar € Ayy), one has

plar--ar) = plajay) - o(aip))e(ag) - aj—p),
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where 1 < j(1),...,7(p) <t are the indices such that aj) is deterministic, and 1 < j'(1) <
< j'(t — p) < t are the remaining indices. Then, the remaining nondeterministic mixed

*x-moment cp(aj/(l) e aj/(t,p)) can be decomposed using equation |i

Thus, for example, given two nondeterministic and noncommutative variables a; and ag,

Tentative Definition would imply that if they are independent, then
gp(alag(Q . lA)agal) = 2<p(a1a2a2a1) = 2@(a1a§a1) = 290(a1)2<p(a%),

instead of 2p(ay)?¢(az)? for Tentative Definition However, Tentative Definition is still
problematic: Suppose that ai,as € A are independent of each other in the sense of Tentative
Definition and that as is nondeterministic. Let P; and P be arbitrary *-polynomials and
let P be such that @(P (ag)) # 0 (it is always possible to find such a polynomial, provided as is
nondeterministic). On the one hand,

o(Prlan) (Plar) — ¢(Pla) - 14, Pa(en)
= ¢(Pi(a) ¢ (Plaz) = ¢ (Pla2) - L, )¢ (Pa(ar) = 0,

and on the other hand,

(Pl(al (P = ¢(Plaz)) - 1A2)P2(al)>
=p(Pyi(a1)P(az)Pa(ar)) — ¢(P(az))¢(Pr(ar1)Pa(ar))
=¢(Pi(a))e(P(a2)p(Pa(@)) = ¢(P(az)) o (Pr(a1) Pa(ar))
=p(P(a )( (Pi(a1))e(Pa(ar)) — SO(Pl(al)Pz(m)))-

Thus, one could show that (3.11)) holds for a; for any *-word M, leading to the same shortcoming
that Tentative Definition has.

Consequently, it appears that, in parallel with Theorem (which states that many of
the commutative noncommutative probability spaces can be realized as an algebra of C-valued
random variables equipped with the expected value E), tensor independence, i.e., the classical
notion of independence for C-valued random variables in the context of free probability, is a
fundamentally commutative notion.

3.3. Definition and Basic Properties of Free Independence

As it turns out, the notion of tensor independence for commuting random variables does have
a noncommutative analog, which is called free independence, or freeness. However, a naive
extension of the rule for decomposing mixed moments in tensor independent random variables
(i-e., equation (3.3)) to arbitrary mixed moments in noncommutative random variables (as it
was attempted in Tentative Definitions [3.15] [3.16] and |3.17]) is not the way to derive the rules
of free independence.

In Remark [3.6] it was argued that the notion of tensor independence is satisfying from an
intuitive point of view, as it implies that no new information emerges from the product of the
centering (i.e., the random parts) a§---af of distinct tensor independent variables aq, ..., a;
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(since (a§---a7)° = af---af). Furthermore, in Example we highlighted the similarity be-
tween this concept and that of freeness for commuting subgroups, in that commuting subgroups
are free in the abelian sense if no relation emerges from a product gg - - - g¢ of nontrivial elements
g1, - .-, g from distinct groups that are free. In this context, it appears that equation can
be seen as consequence of tensor independence rather than its conceptual foundation. As we
will see, the ideas of Remark and the definition of freeness for noncommuting subgroups can
be used as an inspiration to derive the definition of free independence:

Definition 3.18. Let (A, ¢) be a noncommutative probability space and let I be an indexing
set. For every i € I, let C; be a collection of variables in A, and let A; := alg(1.4, C;) be the unital
algebra generated by C;. The collections in C = (C; : i € I) are said to be free from each other
if and only if for every collection i(1),...,i(t) € I of indices such that i(1) # i(2) # --- # i(t)
and variables a1 € A;(y), ..., ar € Ay, one has

(al---af)° =aj---aj. (3.12)

(i.e., p(a§---ay) = 0). Similarly, if (A, *, ¢) is a *-probability space and A; = *-alg(1 4, C;) is
defined as the unital x-algebra generated by C; for every i € I, then the collections in C = (C; :
i € I) are said to be x-free from each other if and only if for every collection i(1),...,i(t) € I of
indices such that i(1) # i(2) # - -- # i(t) and variables a1 € A;(1),...,ar € Ay, holds.

Example 3.19. Let G be a group (with identity e) and let (G; : @ € I) be a collection of
subgroups of G that do not commute. Recall that the G; are said to be free from each other
if there exists no nontrivial relations between elements from different subgroups G;, that is, for
every collection of indices i(1),...,i(t) € I such that i(1) # i(2) # --- # i(t) and elements
g1 € Gyy\{e}, ..., 9t € Gyyy\{e}, one has g1 -~ g1 # eﬂ One easily sees that subgroups G; are
free if and only if the x-algebras CG; are *-free from each other in (CG, *, 7.) (see for instance
INS06| Proposition 5.11).

As one would expect, much like tensor independence, free independence allows one to com-
pute mixed moments in free variables (a; : i € I) using the the distributions of the individual
variables a; only. However, as shown in the next proposition, the rule for computing such mixed
moments is nowhere near as simple as the rule for tensor independence (i.e., equation ({3.3))).

Proposition 3.20 ([NS06] Lemma 5.13). Let (A, ) be a noncommutative probability space
and let I be an indexing set. For every i € I, let C; be a collection of variables in A, let
A; = alg(14,C;) be the unital algebra generated by C;, and let B = alg(A; : i € I) be the unital
algebra generated by the A;. If the C; are free from each other, then the restriction ¢|g of ¢
to B is completely determined by the restrictions p|a, of ¢ to A, that is, for every word of the
form M = ay---a; € B with a1 € A1), ..., ar € Ayyy such that i(1) # i(2) # --- # i(t), one

can write
S0(041...%):F(]W;(p(a):aG.Ai, iEI), (3.13)

where F(M; pla):a € A;, i€ I) s an expression that depends only on the choice of the word
M and the values that @ takes on elements of the individual algebras A;.

9See Section
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Proof. Let M = ay---a; € B be a word, where a1 € A;q),...,a; € Ajp) and i(1) # i(2) #
-+ #4(t). We proceed by induction on t:

The case t = 1 is trivial.

Suppose that t = 2. Write a; and ay as their decompositions in Cl4 & B, that is a1 =
o(a1) - 14+ af and az = p(az2) - 14 + a5. Then, given that ¢(aj) = ¢(aj) = 0 and a1 and as
are free from each other, one has

plaraz) =¢((¢(a1) - 1a+af) (e(az) - La +a3))
=p(a1)p(az) + p(ai)p(az) + ¢(a1)p(a3) + (aja3)
=p(a1)p(az).

Thus, in the case where M = ajag with a1 € A;1),a2 € Aj(2) and i(1) # i(2), equation (3.13)
holds with

F(M;p(a):a€ A, i €1)=p(ar1)p(as).

Let t > 2 be given, and suppose that equation (3.13]) holds for every word N of length ¢ — 1.
As in the case t = 2, write a; = ¢(a;) - 14 + af for i < t. Then, one has

plar--ar) =o((plar) - La+af) -+ (elar) - La+ 7))

=p(aj---ai) + Z Z elajay - ajg)elag ) - elaji—i)

= E @(a;u) T ai(k))SO(ajfu)) plag—r)), (3.14)

where, for each 1 < j(1),...,j(k) < t, wedefine {j/(1),...,5' (t—=k)} = {1,...,t}\{j(1),...,j(k)}.
Given that every expression of the form cp(a;(l) e a;’.(k)) in 1} can be written as a linear

combination of expressions of the form ¢(N), where N is a word in the aq,...,a; of length at
most ¢t — 1, it follows that |i holds in the case M = aj - - - a; with F(M; pla):a € A;, i€ I)
equal to (3.14]). O

Equation provides, in principle, a way of recursively computing mixed moments in
free variables from the distributions of the individual variables. However, if a mixed moment
w(aj - --ay) is such that ¢ is very large, the computations involved can be very tedious. The
following examples shows such computations for simple mixed moments.

Example 3.21. Let (A, ¢) be a noncommutative probability space and let I be an indexing
set. For every i € I, let C; be a collection of variables in A, let A; = alg(14,C;) be the
unital algebra generated by C;, and suppose that the C; are free from each other. (1). Let
a1 € A;1y and ag € Aj(9), where i(1) # i(2). As shown in the proof of Proposition one
has ¢(aiaz) = p(a1)p(az).

(2). Let a1, a} € Aj1) and ag € Aj(9), where i(1) # i(2). Then, given that

p(ai(a1)?) = p(ara)) — p(ar)p(a))
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and ¢(af), (a3), ¢((a})°). (ata3), p(as(a;)°) and ¢ (afas(a})°) all vanish, one has

plarazat) =p( ((ar) - 1a+a3) (plaz) - Ta + a3) (p(a)) - 1a + (a})°) )
p(a1)p(az)p(ar) + p(az)p(af(a)?)
plar)p(az)p(ar) + plaz) (p(ard)) — p(a1)p(ah))
p(aray)p(az).

(3). Let a1, a] € Ajq) and ag, aj € Aj(g), where i(1) # i(2). Then, given that
¢ (ar(ar)?) = elaray) — lar)p(ay), k=12,

and that p(a5). (a3). o((@))°). o((ah)°). @(aa3). e(a(@h)%), p(a3(ah)®). o((a})(ah)°).
p(asa3(ah)°). p(aga3(ab)?). o(af(ah)°(@5)°). @ (a3(a})° (ab)°) and p(afa3(ay)*(a))°) all vanish,

one has
p(araza)ay)
=p((ar) - 14+ af) (p(a2) - 1+ a5) (plah) - La+ (a))°) (o(ah) - 1a + (ah)°) )
=p(a1)p(az)p(a))p(as) + pla)p(al)p(as(as)®) + plaz)p(az)p(ai(a))?)
=p(a1)p(az)p(a))p(az) + @(ar)p(ar) (plazaz) — p(az)p(as))
+p(az)p(as) (plaray) — plar)p(al))
=p(a1)p(a))p(azay) + p(az)p(as)p(aray) — p(ar)p(az)p(al)p(as),
hence

p(arazatay) = @(ar)p(ay)p(azay) + (az)p(as)paral) — lar)p(az)p(al)elay)  (3.15)

If a mixed moment has a very specific structure, it is sometimes possible to obtain a conve-
nient formulation for it in terms of the individual moments. Consider for example the following
proposition, which will be useful in later proofs.

Proposition 3.22 (JNS06| Lemma 5.18). Let (A, ¢) be a noncommutative probability space
and let I be an indexing set. For every ¢ € I, let C; be a collection of variables in A, let
A; = alg(1l4,C;) be the unital algebra generated by C;, and suppose that the C; are free from
each other. Let ai,...,as,b1,...,bp € A be such that a1 € Ajq),...,as € Ay, and by €
Ajays -+ be € Ajyy, where i(1) # i(2) # -+ # i(s) and j(1) # j(2) # -+ # j(t). Then, one

has

o 0o o e(agby) - p(agby) if s=t and i(l) = j(I) forl < t; and
@(al"'asbt"'bl): 11) (t t) . (
0 otherwise.

Proof. If i(s) # j(t), then it immediately follows from the definition of free independence that
p(aj---agby---b]) = 0. Suppose that i(s) = j(t), and write ajby = @(agdy) - 1a,,, + (a3by)°.
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Then, one has
plaq---agby---b7)
=p(af a2y ((asb) - La, + (aS00)°)b5_y -+ 15
—p(ab)p(af -l ybiy - 07) + p(af -l (aB)b 8.
Given that (1) # i(2) # --- # i(s) = j(t) # j(t —1) # ---j(1), the mixed moment
go(a‘{ ca®_ (aCH)ObY_ - bC;) vanishes, and thus
p(ag - -aZhy - b5) = lagbi)e (af - aly b7y - b5 ).
Applying the same reasoning as above to gp(acl’ ceag_qby - bi’) yields that
o(af -+ ag_ybiy - -B7) =0
ifi(s—1)# j(t—1), and
o (af - adyby o 07) = pla b7y ) (af - agpbi g b5
otherwise. Thus, one may proceed by reverse induction and obtain that
p(ay---aghy ---b7) = p(a7by) - - - p(agby)
if s=tandi(l)=75(1),i(2) =j(2),...,i(t) = j(t), and

Lahe - b2) = Cr-¢(ay---a3_;) =0 if s>t and
s Cg-w(bt,s---bl):o if s <t

(where C1,Cy € C), as desired. O

p(aj

3.3.1. Abstract Model for Free Independent Variables. In order for the concept of free
independence to be as powerful as tensor independence, it should also be possible to generate
collections of free random variables with arbitrary distributions in order to be able to make
statements such as “Let (a; : ¢ € I) be a collection of free random variables with respective
distributions p,," without running into problems of existence.

As the appellation free independence might suggest, there exists such an abstract construc-
tion based on the free product of unital algebras. Let ((Ai,goi) el ) be a collection of
noncommutative probability spaces. Define the algebra A as the free produc

*icrAi = Cla @ @ @ 1) ® @ Ay

t21 i(1),...,i(t)el
i()AI(D) (1)

and define the functional ¢ = *;c7p; on A as the linear extension of the map such that p(14) =
and p(a; ® - ®ag) = 0 for every t € N and a1 € A (1) -+ @ € Ajyy such that i(1) #i(2 )

10gee Section
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- #i(t). For a fixed i € I and a € A;, the element a can naturally be embedded in A as
a — pila) 14+ a°.

One easily checks that distributions are preserved by the above embedding, and that for any
family of collections (C; C A; : i € I), the embeddings of C; into A are free from each other.

Example 3.23 ([NSO06| Lecture 6, pages 83 and 84). Let (Ay, ) and Ay = (Ag, ) be two
noncommutative probability spaces, and let a1,b; € A7 and ag, by € A5 be such that a;b; ¢ A7
(1 =1,2). As it is done in Example we see that

(a1 ® az)(b2 ® b1)

:gpz(agbg) . (a1 ® bl) + ((Il ® (a2b2)° & bl)

=pa(azb2)p1(a1by) - 14 + @2(azba) - (a1b1)° + (a1 ® (azb2)® ® b1),
and thus,

(p1 % ©2) ((a1 ® ag)(ba @ b1)) = pa(asba)pi(aibr).
Notice that this is consistent with Example (2).
Definition 3.24. Let ((_A,-, *,p;) 1 €1 ) be a collection of arbitrary s-probability spaces, let
A = #icrA;, and define the operator -* : A — A as follows: 1% = 14,
(1@ Qa1 ®@ar)" =a; ®a;_1 @ ®aj

for every t € Nand a1 € A7y, ..., ar € Aj, such that i(1) # i(2) # - -- # i(?), and then extend
« antilinearly to all of A (that is, given a,b € A and A\, u € C, we ensure that (A-a+ p-b)* =
A-a* + - b*). Then, one easily checks that (A, x) is a *-algebra.

Example 3.25. Let (G; : i € I) be a collection of groups (with respective neutral elements e;),
and let G = #;¢;G; be the free product of the GZ'H Then, for every j € I and g € Gj, the
element g can be embedded in G as

Gj — G

g — 9
One easily checks that the order of every element is preserved by this embedding, and that the
embeddings of the GG; into G are free. In fact, (C(*ielGi)7 *,Te) (where e denotes the neutral
element in *;G;) is isomorphic as a *-probability space to (x;crCG;, *, *jcrTe,).

The following proposition, whose proof is a matter of straightforward computations, further

establishes the link between freeness in groups and freeness in x-probability spaces.

Proposition 3.26 ([NS06| Proposition 5.11). Let (G; : i € I) be a collection of subgroups of a
group G. Then, the groups G; are free if and only if the x-algebras CG; are free from each other
with respect to the canonical trace 17, on CG.

As in the case of tensor independence, we finish this subsection by demonstrating that the
free product of x-probability spaces preserves positivity, and thus is also a x-probability space.

Hgee section
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Theorem 3.27 ([NS06] Theorem 6.13). Let ((A;,*, ;) 1 i € I) be a collection of x-probability
spaces, let A = %1 A;i, let © = *icrpi, and let x be defined as in Definition|3.24. Then, (A, x, @)

s a *-probability space.

Proof. We show that ¢ is positive. Let a € A be arbitrary. Then, a can be written as a sum
of the form

“1la+ Z Z Ai(l),...,i(t)

i(1),...,8(¢t)el
i(1)Fi(2)#-#i(t)

where T' € N, and for each ¢ < T and i(1) # i(2) # - -+ # i(t), Aj1),....i(¢) 18 & linear combination
of terms of the form a;) ® -+ ® a;y), where a;1) € Af(l), Qi) € Af(t). According to
Proposition whenever the indices i(1),...,i(s),j(1),...,5(t) € I (where i(1) # i(2) #

- #1(s), j(1) # j(2) # -+ # j(t)) are such that s # ¢, or s = t and i(k) # j(k) for some
k < t, then

e((ain) @+ @ ays))(aj0) @ - @ a;p)*) = ((ain) @ - @ ay()) (@) @ -+ @ ajyy)) = 0.

Therefore, since ¢(A;1),.. i) = SD(AZ(l),...,i(t)) =0, it follows that

T
plaa’) =@ " +3° D e(Ai). i, )

t=1  4(1),..i(t)el
i) £i(2)Ai(t)

Thus, given that ‘gp } > 0, it suffices to prove that ¢ is positive when restricted to every
summand of the form A;y) i)

Let i(1),...,i(t) € I be a fixed collection of distinct indices, and let

Aj(1),i(t) = Z(a&l) ® - ® G,gl))j,

where, for each | < L, one has agl) € A;’(l), ey ail) € Af;(t). According to Proposition |3.22]

o0 @ 2ad) (@) @ @ (af))r)

S
—~
s
~
—
Y
,\
N
.
~F
=

©i(1) CL1 )*) i) (agl) (ags))*)-

Then, using the same arguments as in part (1) Theorem we conclude that ¢ is positive. [

Remark 3.28. As in the case of tensor independence, it is worth mentioning that the free
product of noncommutative probability spaces equipped with traces is also equipped with a
trace, and that the free product of x-probability spaces equipped with faithful functionals is
also equipped with a faithful functional (see for instance [NS06| Propositions 6.8 and 6.14).
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3.3.2. Free Independence as a Fundamentally Noncommutative Notion. Much like
tensor independence could not be naively extended to noncommutative random variables, it can
be argued that free independence is a fundamentally noncommutative notion.

Let (A, ¢) be a noncommutative probability space, and let a1, ag € A be such that a; and as
commute and are free from each other. Then, it follows that p(a?a3) = ¢(ajazaiaz). According
to Example [3:21] It then follows that

plat)e(a3) =p(ata3) = p(araza1a2) = p(ai)p(az)® + p(a1)’p(a3) — plar)*p(az)?,
and thus, 0 = (¢(a})—¢(a1)?) (¢(a3) —¢(az)?), which imposes strong conditions on the distribu-
tion of @1 or as. Similarly, one can prove that if a; and as are in a *-probability space, free from
each other, and commute, then ¢(ajajasay) = p(aiazaial) implies that 0 = Var[a;|Varas],
and thus, if ¢ is faithful, one of a; or as must be deterministic.

3.4. Uniqueness of Tensor and Free Independence

Now that we have seen a concept of independence for noncommutative random variables that
can be considered a true analog of the notion of classical independence for commutative random
variables, it is natural to wonder if there exists other such concepts of independence. (In other
words, how special are tensor and free independence?)

In order to answer this question, it is first necessary to rigorously define what is meant by
a concept of independence, and then decide what properties this concept should satisfy.

As we will see in this section, given a very general definition of a concept of independence
and under mild assumptions (i.e., assumptions that can easily be argued to be desirable of a
concept of independence), one can prove that tensor and free independence are indeed special,
in that they are the only possible concepts of independence.

3.4.1. Independence Rules. In the previous sections, we have seen two equivalent ways in
which tensor and free independence were defined, namely,

(1) tensor and free independence means that no new information emerges from the product
of independent variables (see equations (3.5 and (3.12)); and

ensor and free independence are both rules for decomposing mixed moments in inde-
2) t d free ind d both rules for d i ixed ts in ind
pendent variables in terms of the individual variables (see equation (3.3|) and Proposi-

tion [3.20)).

We use the second item above to generalize the definition of a concept of independence:

Notation 3.29. Let (A, ) be a noncommutative probability space. Let n € N be fixed and
let 7 € P(n) be a partition of {1,...,n} (see Section for the definitions, notations, and
elementary proofs concerning partitions). For every block B = {i(1),...,i(l)} € 7 (where
1<i(l) <...<i(l) <n)of m, let pplai,...,an] = p(a;q) - a;q)), and define

orlar, ..., ay) = H eBlai,...,an].
Bem
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Example 3.30. Consider the following noncrossing partitions of {1,2,3,4}:

T :{{1}7 {27 4}7 {3}}
m ={{1,3},{2}, {4}}
w3 =04 = {{1}a {2}’ {3}7 {4}}

Then, given four variables a1, az, a3, as in a noncommutative probability space (A, ), one has
Py [ala az, ag, (14] = (p(al)W(a3)¢(a2a4)’

Omola1, a2, a3, as] = p(aras)p(az)p(as),
and
Orslar, az, a3, aq] = @(a1)p(az)p(as)p(as).

In fact, as shown in Example (3) (see equation (3.15))), if a1, a3 € C and ag, as € D, where
C and D are two collections that are free from each other, then

v(araza3a4) = @x, a1, a2, a3, a4] + @r,la1, az, a3, as] — orlai, a2, ag, as).

Definition 3.31. Let ((Ai, pi)iel ) be a collection of noncommutative probability spaces,
and let A = x;c1.A; be the free product of the A;. For each n € N and partition 7 € P(n) let
Az C A denote the set of products of the form ay ---an, where a1 € A1) \ {1, }s-- - an €
Ainy \ {14, } are such that i(1) # i(2) # --- # i(n) and i(k) = i(l) if and only if k and [ are
in the same block in 7.

Remark 3.32. Several of the sets of the form A, are empty. For example, if 7 = {{1, 2}, {3}},
then A, = @. Furthermore, one easily checks that, given 7 € P(m) and ¢ € P(n) (with m and
n possibly equal), one has A, N A, = &, and

UU4-4
neNreP(n)
Example 3.33. Let 7 = {{1,3},{2,4,6},{5}} € P(6), and let by € A;q \ {1a,} b2 €
Ai2) \ {14, }, and b3 € Ay3) \ {14, } be such that i(1),i(2), and (3) are distinct. Define the
word aj - - - ag as follows: a; = ag = by, as = a4 = ag = by, and a5 = b3. Then, a1 ---ag € Ax,
but ay ---ag € A, for any other partition o.

Definition 3.34 ([Sp97]). An independence rule consists of a sequence of functions
f:{tn:P(n)(Q)—)(C:nEN}
(recall that P(n)® = {(o,7) € P(n)x P(n): o < 7}, where < is the reversed refinement order,

see Notation such that for any collection ((Ai,gpi) 1 el ) noncommutative probability

spaces, one can define a linear functional *EZ}%’ : A — C (where A = *;c1.A; denotes the free
product of the A;) satisfying the following conditions:

(1) foreveryi € I, *%)%\Ai = ¢;, that is, for every ¢ € I and a € A;, one has *l(.ejl)goi(a) =

vi(a); and
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(2) for every n € N and ag - - - a, € Ay, one has

*Egl)goi(al cap) = Z tn (o, m)slal, ..., a). (3.16)

c€P(n): o<m

Remark 3.35. Notice that every expression of the form ¢,[aq,...,a,] in can be com-
puted using the functionals ¢;. Indeed, by requiring that ai---a, € Ay, it follows that for
every o < m and block B = {jj(1),...,5(s)} € o, the elements aj(y),...,a;) are contained in
the same algebra A;, and thus ¢plai,...,a,] = goi(aj(l) e aj(s)).

Example 3.36 (|[Sp97]). Tensor independence is associated to the following independence rule:
Let 7 = {t, : Pn)® - C:nc N} be such that for every n € N and o < 7 € P(n), one has

(0, 7) 1 if o =m; and
n 0" T =
0 otherwise.

For instance, if (A1, 1), (A2, ¢2), and (As, p3) are tensor independent and a; € A;, as € As,
and ag € Ag, one has (where m = {{1,3}, {2,4,6}, {5, 7}})

T
(01 ® P2 ® p3)(araz2a1aza3a2a3) = *Z(-E])%(alawmzasazag)
=0 + t7(7T, w)@ﬁ[alv az,ai,az, a3, az, (13]
=0 + QOW[CLI, az,aiy, az,as, as, a‘3]

= p1(a})p2(a3)p3(a3).

Example 3.37. Let . = {tn :P(n)® - C:ne N} be the independence rule associated to
free independence, and let

= {{1,3}L,{2,4}}, m = {{1,3},{2},{4}},
™ = {{1}7{2a4}7{3}}7 T3 = 04:{{1}7{2}7{3}?{4}}'

Then, it follows from Examples and that

1 if o = m or mo;
ty(o,m) =< —1 if 0 = m3; and

0 otherwise.

3.4.2. Associativity of Tensor and Free Independence. Given the current definition of
a concept of independence, it seems that any collection & = {tn : P(n)(z) — C:n € N}
of functions from which a functional *E'é)goi can be defined according to |D is a concept
of independence. However, there are properties that a concept of independence should have
to be satisfying from an intuitive point of view. One such property is the associativity of

independencem which can briefly be stated as follows (using the notation of [NS06| Remark

12566 Theorem in Section for the statement that classical independence for C-valued random variables is
associative.
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5.20): Given three collections Cy, C, and C35 of random variables
(1, Oy, C3 are independent of each other
<= ( is independent of C5 U C3 and (5 is independent of Cy
<= (5 is independent of Cy U (3 and (' is independent of C'5
<= (5 is independent of Cy U (s and C is independent of Cbs.

The general statement of the property of associativity and the proof that it holds for tensor
and free independence is contained in the following Proposition:

Proposition 3.38. Let (A, ) be a noncommutative probability space and let I be an indexing
set. For every i € 1, let C; be a collection of variables in A, and let A; := alg(14,C;) be the
unital algebra generated by C;. Let (I : j € J) be a partition of the indexing set I, and for each
Jj€J, let Bj = alg(A; i € I;) be the algebra generated by the A; such that i € I;.

(1) If the A; are tensor independent of each other, then so are are the B;.

(2) Suppose that the algebras (Bj : j € J) are tensor independent of each other, and that
for every j € J, the algebras in (A; : i € I;) are tensor independent of each other.
Then, the algebras in (A; : i € I;) are tensor independent of each other.

(3) If the A; are free from each other, then so are the B;.

(4) Suppose that the algebras (B; : j € J) are free from each other, and that for every
J € J, the algebras in (A; : i € I;) are free from each other. Then, the algebras in
(A; 2 i € 1) are free from each other.

Proof. (1). Given that ¢ is linear, for a fixed j € J and an arbitrary element b € Bj, it is
always possible to write

m
b=ag- 1A+Zak ) (ag,l o 'ag,nk%

k=1
where m € N, ag,...,an € C, and for every k < m, ng € N and a1 € A 1),---,akn, €
Aip (ng), Where i (1), ... ig(ng) € I; are distinct since the A; commute. Therefore, since the A;

are tensor independent, it follows that
m m
b= ar-(afy-af,,) =D ar-(afy - -ain,)-
k=1 k=1

Let j(1),...,j(t) € J be distinct, and let b1 € Bj(y,...,b € Bj) be arbitrary. For each
[ <t, write

my
=3 al). (<a,g{>1)o L. (a/(f,)nk)c’)-
k=1

Then, it is clear that the product b7 - - - b7 is a linear combination of terms of the form

(1) e ) ° ®) e (*) °
99((%(1),1) (ak(l),nm)) (%(t);) (a’k(t),nk(t)) )»
where k(1) < my,...,k(t) < my. Given that (I; : j € J) is a partition of I, no two elements
among the collection

(1) (1) (t) (t)
Ay ’ak(l),nk(l)’ SRR ONAREREEE ak(t),nk(t)
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are from the same algebra A;. Thus, since the A; are tensor independent of each other, it follows

that
1 o 1 o o o
‘P((ai(c(i);) "'(“1&()1),nk(1)) "'(algt()t),l) '“(al(ct()t),nk(t)) ) =0,

from which we conclude that p(bf - --b7) = 0, as desired.

(2). Let i(1),...,i(s) € I be distinct indices and let the variables a1 € A;1),...,as € A be
arbitrary. Let I’ = {i(1),...,i(s)} C I, and for every j € J, let Ii = I'N 1. Then, there exists
a finite collection of distinct indices j(1),...,j(t) € J (with t < s) such that I} # @ if and only
if j € {j(l),...,j(t)}. Thus, we can write af - --ag = by - - - by, where, for each | < ¢, we have

that
bl: H CL?.

. !
i

Since the algebras in (A; : i € I;) are tensor independent of each other for each j and the indices
i(1),...,4(s) are distinct, it follows that

[e)

i ] - T
N U 5 !
&L 0

for each I < t, and since the B; are independent of each other and the indices j(1),...,j(t) are
distinct, it follows that
(B2 50)° = bS50 = by -+ - by,

and thus, since the A; commute,
(@ a2)° =(by b)) = (b3 b)° =by - by =af-al
as desired.

3). For a fixed j € J and an arbitrary element b € B, it is always possible to write
J J

m
=ag-la+ Zak ’ (ag,l o 'ag,nk)?

k=1
where m € N, ag,...,an € C, and for every k < m, ngy € N and a1 € Aj 1),---,akn, €
Aiy (ny)> Where i (1), ... i (ng) € I are such that iy (1) # ix(2) # - - - # ir(ng). Therefore, since

the A; are free from each other, it follows that
m m
b :Zak (afy - af,,)° = Zak (afy )
k=1 k=1

Let j(1),...,5(t) € J be such that j(1) # j(2) # --- # j(t), and let by € Bjy),..., b € B
be arbitrary. For each | < ¢, write

my
= al). ((a,(j}l)o . (a,(j;lk)O).
k=1

Then, it is clear that the product b7 - - - b7 is a linear combination of terms of the form

1 o 1 o o o
90((a1(€()1),1) .“(aé()l),nk(l)) "'(ai(ct()m) "'(ag()t),nk(t)) >,
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where k(1) < mq,...,k(t) < my. Given that (I; : j € J) is a partition of I and that j(I) #
j(l+1) for every I <t — 1, it follows that a’(ﬂ()l) o) and al(Cl(JlrJr)l) .
for every I <t — 1. Thus, since the A; are free from each other, it follows that

1) ye (1) ° ® ye (t) °) _
‘P((ak(l),1) "'(“k(l),nkm) “'(ak(t),l) "‘(%(t),nk(t>) ) =0,
from which we conclude that (b ---b¢) = 0, as desired.
(4). Let i(1),...,i(s) € I be such that i(1) # i(2) # --- # i(s), and let the variables a; €

are from different algebras A;

Ai1ys -+, as € AZ(S be arbitrary. Let j(1),... ( ) € J be defined as follows: for every [ < s,
Jj(l) € J is the unique index such that i(l) € I;;). Then, define the elements by,..., b € A
(with t < s) as follows:
ay if j(1) # 5(2);
o Jatas i) = 5@ # )
af-af G(1) == i(s).
Then, in the event that by = a1 ---a;;, with [ < s, define
aj 41 if jli+1) # (i +2);

b2 a?1+1a?1+2 if J(ll + 1) = j(ll + 2) 7£ ](ll + 3)7
ap 1y -rag il +1)=---=(s),
and so on for b3, ..., b; (in the event that by = af | ---aj, with Iy <s). Let j'(1),...,5'(t) € J

be defined as follows: for every [ <t, j'(I) € J is the index such that b; € Bj(;y. Then, it clearly
follows from the construction of the b; that j'(1) # j'(2) # - -+ # j'(¢).

Given the definition of the b;, we can write

05 ad =byby- by = (a5 af)(af sy af) - (af 4y ad).
Since i(1) # i(2) # --- # i(s) and the (A; : i € I;) are free from each other for each j € J, if
follows that
b1 =(a1---ap,)° = ai---aj,
bc2) :(afl—‘rl T a?z)o = a?1+1 T a?g’
by =(ag,_y41---05)° = aj,_ 41 a5

Furthermore, since j'(1) # j'(2) # --- # j'(t) and the B; are free from each other, it follows
that

(BS--9)° =1 - - - b
Therefore,
aj---ag =(aj - ?)(%H"‘ai)"‘(ai_ﬁl‘“ag)
( O) (CL?I_,’_l"‘Q?Q)O“'(aft_l_i_l"'CL:)O
_b‘{...bt — (b‘i...bf)o — (a‘i...a;’)‘)’

as desired. O
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3.4.3. Uniqueness. As mentioned in the beginning of this section, if one assumes that a con-
cept of independence must be associative, then the only choices are tensor and free independence.
More precisely:

Theorem 3.39. Let . = {tn : P(n)(z) —C:ne€ N} be an independence rule. Suppose that
J is associative, that is, for every collection ((Ai,cpi) 11 € I) of noncommutative probability
spaces and partition (I; : j € J) of the indexing set I, one has

() ) (7))

*iel Pi = *jeg \ Miel, Pi
Then, 7 is either the independence rule associated to tensor independence, or the independence
rule associated to free independence.

Proof Outline (according to [Sp97]). Let .7 = {t%y) : P(n)® — C:n € N} be the rule of

tensor independence and .# = {tg{g) :P(n)® - C:neN } be the rule of free independence.
The proof follows the following steps:

Step (1) Show that for every n € N, one has (7 (m,m) =1 for all 7 € P(n), and

() (. 7) = 1 if w is crossing; and
" 0 otherwise.

(See Definition for the definition of a noncrossing partition.)

Step (2) Show that, assuming .# is associative, for every n € N, either t,(m,7) = 1 for al
m € P(n), or

(7, ) 1 if 7 is crossing; and
T, m) = _
" 0 otherwise.

Step (3) Show that for every n € N and m € P(n), the values t, takes on (m,7) uniquely
determines the values that it takes on (o, ) for all o < 7.

g



Chapter 4

Free Calculus

The main reference works for the concepts and proofs in this chapter are [VDN92| Chapter 3,
[Tal2] Section 2.5.4, [AGZ09| Section 5.3, and [NS06| Lectures 11 and 12.

4.1. Introduction

In the previous chapter, we have seen that free independence can be seen as an analog of classical

independence for noncommutative random variables and that, given free variables ai,...,ay,
and an arbitrary noncommutative polynomial P(x1,...,xy,), the distribution of P(aq,...,a,)
is completely determined by the distributions of the individual variables a1, ..., a,. However, as

evidenced by the proof of Proposition and the subsequent computations in Example [3.21
actually doing so in practice is a highly nontrivial task. Consequently, one of the most natural
and important problem in the area of free probability is the following:

Problem 4.1. Let (A, x*,p) be a *-probability space, let ai,...,a, € A be *free from each

other, and let P € C(z1,...,x,) be a x-polynomial. Devise an algorithm that enables one to
compute the x-distribution of P(ay,...,a,) out of the x-distributions of the individual variables
Aly...,0n.

This chapter is devoted to exposing some of the techniques that have been devised to attack
special cases of the above problem. In several cases, techniques used in classical probability
will be used as an inspiration. Other notable works omitted from this section include the
multiplicative free convolution and the S-transform algorithm, which allow one to compute the
density of the analytic distribution of a product of two free self-adjoint variables (see for instance
[VDIN92| Section 3.6 or [NS06| Lectures 17 and 18); and the recent work of R. Speicher et al.
on the operator-valued free additive and multiplicative convolutions, which provides a complete
solution to Problem in the case where the variables aq,...,a, and P(aq,...,a,) are self-
adjoint (see [BSTV15| and [BMS13]).

4.2. Free Cumulants and Large Sum Approximations

In this section, we are interested in the following special case:
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Problem 4.2. Let (A, *,p) be a x-probability space and let ay,...,a, € A be x-free from each
other (for a large integer n). Approximate the distribution of a3 + - -+ + a,. (In other words,
find a limit distribution for C'(n) - (a1 + - - - + ay,), where C'(n) is an appropriate normalization
constant.)

4.2.1. Classical Cumulants and Central Limit Theorem. Let (€2, o7, P) be a probability
space and X € L*~ be a R-valued random variable. The moment generating function
Mx : C — CU{oo} of X is defined as
o Zn
Mx(2) = Elexp(zX)] =) — B, zeC.
n=0

Then, the cumulant generating function Cx : C — C U {00} is defined as Cx(z) =
In (Mx(z)). Since the formal power series for In(1 + z) is given by

o0
n(l+ z) Z

n=1

n+1 P

it follows that

n

X 1\yn+l x  _k "
Cx(z) =In (1+(Mx(z)—1)) :ZL (Zk'E[Xk]> .
n=1 k

By expanding the above and performing a combinatorial analysis of the resulting coefficients,
one obtains the following formal expansion (see [Sp86| equations (1.2) and (3.2)):

where, for each n € N, the term
alX] = 3 (O ) — ) [T X = 3 uim 1) [T BXZ),
meP(n) Bem weP(n) Bem

(#(m) denotes the number of blocks in the partition 7, and u denotes the Mdbius function
on P(n)?) is called the classical cumulant of order n of X. This leads to the following
definition:

Definition 4.3. Let (A, *,p) be a *-probability space and a € A be a self-adjoint random
variable. For each n € N, the term

el = 3 wlm 1) T] w(@®), (41)
TEP(n) Ben

is called the classical cumulant of order n of a.

Example 4.4. Let a be an arbitrary self-adjoint variable. Then, ¢1[a] = ¢(a), and

cala] =(=1)#O 7 (#£(02) — 1) lp(a)” + (=)D (#(1,) — 1) p(a?)
= — ¢(a)? + ¢(a?) = Varla).
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Remark 4.5. It clearly follows from (4.1)) that the cumulants of a self-adjoint random variable
are determined by its moments. Conversely, it can be shown [Sp86| that for every n € N,

> 1] aslal, (4.2)

meP(n) Bem

and thus, the cumulants also determine the moments of a, and thus its distribution.

When one is interested in the distribution of sums of independent random variables, one of
the advantage of using cumulants instead of moments comes from the following remark:

Remark 4.6. Let X,Y € L°~ be independent R-valued random variables on a probability
space (2,47, P). Then, for every t € R, one has

Cxiy(z) =In (E[exp(z(X + Y))]) =In (E[exp(zX) exp(zY)])

=In (E[exp(zX)]E[exp(zY)]) =In (E[exp(zX)]) In (E[exp(zY)])
:Cx(z) + Cy(z),
and thus, for every n € N, ¢, [X + Y] = ¢, [ X] + ¢, [Y].

More generally, we have the following result:

Proposition 4.7 ([Sp86|). Let (A, x, ) be a x-probability space, and let (a; :i € I) C A be a
collection of self-adjoint variables. Then, the a; are x-tensor independent of each other if and
only if for every n € N and distinct indices i(1),...,i(k) € I (k € N), one has

cnlayny + -+ aiw] = enlai)) + -+ enlagp]

This leads, together with the following lemma, to a remarkably simple proof of the classical
central limit theorem:

Lemma 4.8. Let X be a standard Gaussian random variable (that is, of mean 0 and variance

1). Then, one has
enX] = {1 if n=2; and

0 otherwise.

Proof. The fact that ¢;[X] = 0 and c2[X]| = 1 clearly follows from Example Suppose
that n > 3. Given that the sum of two independent Gaussian random variables Y; and Y5 is
a Gaussian random variable of mean E[Y;] + E[Y3] and variance Var[Y;] + Var[Yg}D it follows
that, given two i.i.d. copies X; and X9 of X, the variables X and %Xl + %XQ are identically

distributed. It then follows from Proposition [4.7] that

1 1
cnlX]) =c¢ X1+ — =cp |—=X1| +cn | —=X2].
1= o[ G5+ J5] = [ J53] +en | 50
Furthermore, one easily concludes from equation (4.1)) that for every random variable Y and
scalar k € R, ¢, [kY] = k"¢, [Y]. Thus,

ISee Proposition
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from which it necessarily follows that ¢,[X] = 0, as desired. g

Central Limit Theorem. Let (A, x, ) be a *-probability space, and let (a; : i € I) C A be
self-adjoint, *-tensor independent of each other, and such that for every i € I, p(a;) =0 and
¢(a?) = 1. For every n € N, let us define S,, = ﬁ(al 4+ Fap). Ifsup{|p(ai)|:i €I} < oo
for allm € N, then, as n — oo, the variable S,, converges in distribution to a standard Gaussian
variable.

Proof. According to the Lemma and Equation (4.2)), the result will follow if we show that
{1 if m = 2; and

lim ¢, [S,] =

n—00 0 otherwise.

Given that the a; are independent and of mean zero, it clearly follows that ¢;[S,] = 0 for
every n € N. Furthermore, since the a; are independent and of variance one, it follows that

c2[Sp] = Var[S,] = iZVar[ai] =1

for every n € N. Suppose that m > 3. According to Proposition [£.7] and the fact that the a;
are x-tensor independent of each other, it follows that

gt LN o Ly . o8
m [Sh] \/ﬁm; mlai] \/ﬁm; Z u( vlm)H¢( i)

TeP(m) Bem

Let us define the following constants (that only depend on m):
Ci(m) = sup{sup{\gp(af)] ciel}:p< m} < o0
Ca(m) = sup{|u(7r, Ip)| 7€ P(m)} < o0

Then,

wEP(m) Ber

’Cm[sn]l = \/;Lmz Z /1(7'[', 1m) H (p(a‘zB‘)

gﬁ’”z S futm )| TT [etal™)

TEP(m) Ber

1 n
<—my_ | D |ulw 1m)|Crm)*™
i=1

3

meP(m)
1 n
c LS lum ) Catmy
\/ﬁ =1 \weP(m)

o

Since m > 3, the above converges to zero as n — oo, as desired. O

<

P(m)|Cy(m)™Cay(m)



4.2. Free Cumulants and Large Sum Approximations 80

In similar fashion to how moments in a random variable a are generalized to mixed moments
in multiple random variables (a; : i € I) in order to explain the joint behaviour of said variables,
cumulants in one variable can be extended to mixed cumulants, which describe the interactions
between different variables.

Definition 4.9. Let (A, %, ) be a *-probability space, and let (a; : i € I) C A be such that the
algebra x-alg(a; : ¢ € I) is commutative (which implies in particular that the a; are normal).
For every n € N, the mixed classical cumulants of order n in the a; are the expressions of
the form

cm[ai(1)> s 7ai(m)] = Z /L(’]T, 1m)‘p7r [ai(l)a s 7a7j(m)]a (43)
TEP(m)

where i(1),...,i(m) € I are not all equal to each other, and ¢ is defined as in Notation

Remark 4.10. If the requirement that i(1),...,i(n) € I are not all equal to each other in
the previous definition is violated, then it clearly follows that reduces in this case to a
reqular classical cumulant. Indeed, for every n € N, self-adjoint random variable a, and partition
m € P(n), one has

orla,...,a] = H o(alBh.

~——
n times Ber
Thus, in the sequel, we will use the symbols ¢,[a] and ¢,]a, ..., a] interchangeably.

Notation 4.11. Let (A, *, ) be a x-probability space, and let (a; : i € I) C A be such that
x-alg(a; : 1 € I) is commutative. For every n € N and partition = € P(n), let

Crl@i(r)s -+ 5 Qigny] = H cBlairys - - @il
Ber

where, given a block B = {j(1),...,7(s)} € 7, ¢ = ¢p|ai(j(1)); - - - Wi(j(s))]-
Example 4.12. Let m = {{1,3},{2,6},{4,5,7}} € P(7). Then,
crlar, ..., ar] = c2fa1, aglealaz, agleslay, as, az).

Equation (4.2)) can also be extended to mixed cumulants, which yields the following relation
between mixed moments and mixed cumulants:

Proposition 4.13 ([Sp86]). Let (A, *, ) be a x-probability space, letn € N, and let ay, ..., a, €
A be such that *-alg(a; : i < n) is commutative. Then,

olay---ay) = Z crlan, ..., an). (4.4)
TEP(n)

Remark 4.14. In the previous section, it was shown that classical cumulants uniquely de-
termine the distribution of self-adjoint elements. According to , one notices that the -
distribution of any normal random variable a is uniquely determined by mixed cumulants in a
and a*. Indeed, for any n € N and e(1),...,e(n) € {1,+}, one has

o(atM ... gty = Z exla®@®, . atM)].
weP(n)



4.2. Free Cumulants and Large Sum Approximations 81

The main properties of interest of mixed classical cumulants are summarized in the following
theorem.

Theorem 4.15 ([Sp86]| Section 4). Let (A, x,¢) be a x-probability space and let (a; : i € I) be
a collection of variables such that x-alg(a; : i € I) is commutative. Then,

(1) classical cumulants are multilinear, that is, for every n, ki, ..., k, € N,

E :alh i1 (51) E :awn iy, (jin)

Jj1=1 Jn=1

k1 kn
— Z e Z (aljl s Odnjn)Cn[a/il(jl)7 e 7ain(jn)]’

1=l jn=1
where the uyj,, are complex scalars and the iy (jm) € I; and

(2) classical mized cumulants characterize x-tensor independence, that is, the (a; : i € I)
are x-tensor independent of each other if and only if for everyn > 2, e(1),...,e(n) €

{1, %}, and collection of indicesi(1),...,i(n) € I not all equal to each other, c, [a (( )) . ,a:((rllg =

0.

From this, one can derive the following extension of the Central Limit Theorem:

Theorem 4.16. Let (A, *,¢) be a x-probability space, and let (a; : i € I) C A be x-tensor
independent of each other and such that x-alg(a; : i € I) is commutative. Suppose that

(1) for everyi e I, p(a;) =0 and Var|a;] = ¢(a;a)) = 1;
(2) the limit
=i 3o
exists and is such that C € [—1,1]; and
(3) for every m € N and e(1),...,e(m) € {1,%},

()

sup {|90(af(1) al™ i e T} < oo

Then, the variable S, = \F(m + -+ an) converges in x-distribution towards a variable s =

ﬁ()‘l - g1 +iXa - g2), where g1 and go are x-tensor independent standard Gaussian variables,
M=V1+C, and Ao =+/1-C.

Proof. First, we compute the cumulants of the candidate limit s. According to Theorem [4.15
the *-tensor independence of the a; and the multilinearity of classical cumulants implies that

for every and m € N and e(1),...,e(m) € {1,}, one has
em[s®M, .. 55

1 m e e(m . m e e(m
= = (Aemlgi™, o g 4 (1o () g5 g5 ™)

Ve
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where k(1)
go are standard Gaussian variables, the above cumulant vanishes for all m except m = 2. As
for m = 2, we see that

e(m) 18 the number of exponents e(1),...,e(m) that are equal to *. Since g; and

7777

A2 A3 1+C 1-C
erfs] = Toln] - Felnl = —— - ——=C,
and similarly ca[s*] = C. Furthermore,
q_ P oy el q_1+C 1-C
als 7] = P ealgn, g7] + 2 ealgn, 6] = 5+ S = 1,

and similarly, ca[s*, s] = 1.
We now prove that the cumulants of S, converge to that of s as n — oco. According to

Theorem [£.15] the *-tensor independence of the a; and the multilinearity of classical cumulants
implies that for every n € N, m € N and e(1),...,e(m) € {1, *}, one has

1 n e 1 - e(m
WSS T Sl ] = e Lokl
1),...,i(m)=1 i=1

Given that ¢1[a] = ¢(a) and that the a; are centered (i.e., p(a;) = 0), it clearly follows that
c1[Sn] = e1[Sk] = 0 for all n.

Given that ca[a, b] = ¢(ab) — p(a)p(b), it follows that

lim e[S —hm—g CQaz—hm—g o(a
n—o0 n—oo N n—oo n

and similarly for ¢3[S}]. Furthermore,

‘ 1 n . ‘ 1 n
nh%H;OCQ[Sn,S ] - n:li)n;on;(:Q[ai?ai] = 111520712;1 = 17
1= 1=

and similarly, co[S¥, S,] —
Let m > 3 and e(1),. (m) € {1, } be arbitrary. Then,

€ e(m 1 g € em
Cm[Sn(l),...,Sn( )]:WZ Z /’L(ﬂ-ulm)(pﬂ'[ai(l))"'aai( )]

i=1 \reP(m)
Let
Ci(m) = sup{sup{|g0(af(1),...,a{(p))] ciel}:p<m, f(1),...,f(p) € {1,*}} < 00
C2(m) = sup {‘,LL(?T, Ly)|:me P(m)} < 0.
Then, since m > 3, it follows that

nlggo\c (S50 S| < IP(m)|Cam)™ Colm) Jim e = 0,

as desired. O
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4.2.2. Free Cumulants and Central Limit Theorem.

Definition 4.17. Let (A, %, ) be a *-probability space. We call a free cumulant any expres-
sion of the form

Kelar, . an] = Y plo,1n)exla, . an), (4.5)
ceNC(n): o<m

where n € N, # € NC(n), and ay,...,a, € A.

Notation 4.18. Let (A, %, ¢) be a x-probability space and n € N be fixed.

(1) In the special case where 7 = 1,,, we denote ky[ai,...,a,] = k1, ]a1,...,a,] for any
ai,...,a, € A;

(2) if a1,...,a, = a € A, then we denote kr[a] = krla1,...,an);

(3) if a1,...,a, € A are not all equal to each other, then x,[a1,...,ay] is called a mixed

free cumulant; and
(4) given a collection (a; : ¢ € I) C A, we call a free cumulant in the variables a; any

expression of the form «,, [a:((ll)), e ,af((:))} ,where i(1),...,i(n) € Tande(1),...,e(n) €
{1, *}.

Remark 4.19. One can notice that the definition of free cumulants is essentially a copy of
the definition of classical mixed cumulants with the lattice of partitions P(n) replaced by
the lattice of noncrossing partition NC(n). This is consistent with the difference between the
independence rules for tensor and free independence uncovered in the proof sketch of Theorem
09.09

Example 4.20. Let a,b € (A, *,¢) be noncommutative random variables. Then, xila] =

¢(a), and it follows from Example that ka[a,b] = (02, 12)p(a)p(b) + p(le, 12)p(ab) =
—p(a)p(b) + p(ab), as in the classical case.

Example 4.21. Let us define m; € NC'(4) (i < 14) and A(F) as in Example that is,

m = 04= {{1}7{2}7{3}7{4}} U {{1¢4}1{273}}
™2 {{1}7{2}7{374}} 9 = {{1¢2}1{374}}
3 Hih{2.3% {4}y mo = {{1,2.3},{4};
T4 = {{172}7{3}7{4}} ™1 = {{1}7{27374}}
75 {{174}7{2}7{3}} T2 = {{17374}a{2}}
76 {{1,3}, {2}, {4}} ms = {{1,2,4},{3}}
T = {{1}a{274}7{3}} ma = ly= {{1727374}}

Then, given noncommutative random variables a1, ag, asz and a4 in a *-probability space (A, *, )
such that ¢(a;) =0 (I < 4), one has

14
"in[ala CLQ, a’37 a4] == Z 8071'1' [a17 G,Q, a37 a4]:u(ﬂ-i7 14)
i=1

Since ¢(a;) = 0, the only noncrossing partitions for which ¢, [a1, az, as, as] does not necessarily
vanish are 7,79 and w14 = 14. Moreover, given the entries of the matrix A(F)~! in Example
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it follows that u(ms, 14) = p(mg, 14) = —1 and p(14,14) = 1E| Thus,

kalar, az, a3, as) = p(arazazas) — p(ara2)p(asas) — p(aras)p(azas).

One similarly finds that
Krg |01, a2, a3, a4] = p(a1as)p(azas) and Kxylar, as, a3, as] = o(araz)p(azas).

Equation (4.4) further established the link between classical cumulants and moments. In
the following proposition, we see that a very similar relationship holds between free cumulants
and moments.

Proposition 4.22 ([NS06| Proposition 11.4). Let (A, *, ) be a x-probability space, For every
n € N, variables ay,...,a, € A, and partition m € NC(n) one has

Orla, ... an] = Z Krlat, ..., an]. (4.6)
ceNC(n): o<n

Proof. Let n € N, and ay,...,a, € A be fixed. Define the functions f,g : NC(n) — C as
follows: for every m € NC(n), let f(w) = pxlai,...,a,] and g(7) = kx[a1,...,a,]. Then, the
result is a direct application of the Mobius Inversion Formula (see Proposition [D.15]), which
states that

fm= > gl ™€ NC(n)
ceNC(n): o<m
if and only if
glm)= > flo)ulo,m), e NC(n).
ceNC(n): o<m

O

Remark 4.23. As a consequence of the above proposition, one concludes that the free cumu-

lants also uniquely determine x-distributions and joint x-distributions in *-probability spaces.

Indeed, given a collection (a; : i € I) of variables in a *x-probability space (A, *, p), Equation
(4.6) implies that for every n € N, indices i(1),...,i(n) € I, and exponents e(1),...,e(n) €

{1, %}, one has
e() e\ _ e(1) e(1)
90(‘%(1) ai(n)) = g Kr [ai(l),...,ai(n) .

TeNC(n)
Proposition 4.24 ([NS06| Proposition 11.4). Let (A, *, ) be a x-probability space. For every
n € N, variables ay,...,a, € A, and partition m € NC(n), one has
Krla1, ... an] = H kplai,...,an),
Ber

where, given a block B = {j(1),...,j(s)} € m with j(1) < j(2) < --- < j(s), we define
ﬁB[al,...,an]:R‘B‘[aj(l),...,aj(s)].

Theorem 4.25. Let (A, *,p) be a x-probability space and let (a; : i € I) be a collection of
random variables. Then,

Z5ee Proposition and Remark
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(1) free cumulants are multilinear, that is, for every n, ki, ..., k, € N,
E :04131 @iy (1) E :O‘mn @iy (jn) | =
Jji1=1 Jn=1

Z Z QLjy " Ongyp ,in[all(Jl)""’ain(jn)]’

]1 1 ]n*l
where the auy,j,, are complex scalars and the iy, (jm) € I; and

(2) mized free cumulants characterize x-free independence, that is, the (a; : 1 € I) are -
free from each other if and only if mized cumulants in the a; vanish, that is, for every
n>=2, e(l),...,e(n) € {1,*}, and collection of indices i(1),...,i(n) € I not all equal
to each other, Kk, {a:((ll)), e ,a:((:)) =0.

The fact that free cumulants are multilinear (i.e., part (1) in the above theorem) follows
directly from (4.5): indeed, every term of the form ¢r[ai,...,a,]| is multilinear. The proof
that mixed free cumulants characterize *-freeness is more difficult and requires the following
preliminary results:

Lemma 4.26 ([NS06| Theorem 11.12). Let (A, *, ) be a x-probability space and let (a; : i € I)
be a collection of random variables. Let m € N be arbitrary, and let i(1),...,i(m) € I. Let
ki,....km €N, and, for each j < m, let A; = aeg]()l) '-afgj()kj), where e;(1),...,e;(k;) € {1,x*}.
Then,
_ € (1) € (k ) em(l) em(km)
mlA1, ... Ap] = vzl nﬂ[al(ll) ""’az‘(11)1 s gy e il },

where n = k1 + -+ + ki, V denotes the join of two partitions (see Notation , and o =
{{1,...,k1},{k1+1,...,k’1+k32},...,{]{21+--'+km,1—I—l,...,n}} € NC(n).

Lemma 4.27 (INS06| Proposition 11.15). Let (A,*,p) be a x-probability space, let n > 2,
and let a1,...,a, € A. If there exists i < n such that a; is a constant multiple of 14, then
Knlal,...,ap] = 0.

Lemma 4.28 ([NS06| Theorem 11.16). Let (A, *, ) be a x-probability space, and let (A; : i € I)
be x-subalgebras of A. The A; are x-free independent from each other if and only if mized
cumulants in variables in the A; vanish, that is, for every n = 2, every collection of indices
i(1),...,i(n) € I not all equal to each other, and every ay € A;qy,...,an € Ajny, one has
Knlat,...,ap] = 0.

Proof. We first show that the vanishing of mixed cumulants implies *-freeness of the x-algebras
A;i. Let i(1),...,i(n) € I be such that i(1) # i(2) # --- # i(n), and let a1 € A;),...,an €

Ain) be such that p(a1) = --- = ¢(a,) = 0. According to (4.6), one has
olay---ay) = Z Krlal, ..., an).
TeENC(n)

Let m € NC(n) be a noncrossing partition. Then, either m contains a singleton block B = {i},
in which case ¢(a;) = 0 implies that xkplai,...,a,] = 0, or m contains a block B such that
s,t € B and i(s) # i(t) (since i(1) # i(2) # --- # i(n) and 7 is noncrossing), in which



4.2. Free Cumulants and Large Sum Approximations 86

case kglai,...,ay] = 0, since mixed cumulants in elements of the A; vanish. Therefore,
Krla1,...,ap] =0, and thus ¢(aq - - - ay,) must be equal to zero.

We now prove that *-free independence implies the vanishing of mixed cumulants in the A;.
Let i(1),...,i(n) € I be such that i(1) # i(2) # --- # i(n), and let a1 € A;1y, ..., an € Ay
be such that p(a;) =--- = p(a,) = 0. According to (4.5)), one has

Knl@i1)s - - Gin)] = Z (s Ln)erlaiy, - - -5 @in)]-
TeNC(n)

Let 7 be a noncrossing partition. Then, either 7 contains a singleton B = {i}, in which case
vglai,...,ay] = 0 since ¢(a;) = 0, or 7 contains a block of the form B = {j,j +1,...,5 + s},
in which case pglai,...,an] = 0, since the A; are x-free, i(j) # i(j +1) # --- # i(j + s),

and ¢(a;) = -+ = @(ajrs) = 0. Thus, ¢rlar,...,ay] = 0, which implies that the mixed
cumulant kplai,...,a,] vanishes. To prove the lemma in full generality, we must now get
rid of the assumption that ¢(a;) = 0 for all ¢ < n, and we must relax the condition that

i(1) #i(2) # -+ #i(n) to simply assuming that i(1),...,i(n) are not all equal to each other.

We first deal with the assumption that ¢(a;) = 0, thus, let i(1),...,i(n) € I be such that
i(1) # i(2) # -+ # i(n), and let a1 € A;q),...,an € Ajn) be arbitrary. Then, since free
cumulants are multilinear and cumulants with constant (i.e., C-multiples 1 4) coefficients vanish
(Lemma [4.27)), it follows that

Krlat,...,an] = kzla] +@(a1) - 1a,...,a, + o(an) - 14] = krlal,...,a,] 4+ 0.
Thus, if the result holds for centered variables (i.e., ¢(a;) = 0), it also holds for arbitrary
variables.

We now deal with the assumption that (1) # i(2) # --- # i(n). Let i(1),...,i(n) € T
be not all equal to each other, and let a; € A;q),...,a, € Ajy) be arbitrary. We proceed by
induction on n. If n = 2, then it must be the case that i(1) # i(2), and thus ka[ai,as] = 0.
Suppose that n > 3, and that for every m < n, one has Kyp,[b1,...,b,] = 0 whenever b €
Aj)ys -5 bm € Ajimy with j(1),...,j(m) € I not all equal to each other.

Define the elements Aj,..., A, € A (with m < n) as follows:

a if i(1) # i(2);
a1az if i(1) =i(2) #i(3);
Al =
ay-ap—y ifi(l)=---=i(n—1) #i(n).
Then, letting A; = ay - - - ag,, define
Al 41 if i(kl + 1) =+ i(k}l + 2);
Ay = Ay +1ak,+2  if (k1 +1) = i(k1 + 2) # i(k1 + 3);
Ay 41 ap  ifi(kr +1)=---=i(n),
and so on for As, ..., Ay, (in the event that by = ag, 11 - - gy 4k, With k1 + k2 < n). Thus, we

have that

ay - an = (@1 @ ) (@k 11 Ak k) o (Gt by 41 00) = Are A
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where A1 € Ajq), ..., Am € Ajm) With j§(1) # j(2) # -+ # j(m). Thus, according to what we
have established so far, k,,[A1, ..., An] = 0. According to Lemma we have that

0=~rmlA1,....,An] = Z Krl@i, ..., an],

wVo=1,

where
o={{1,... ki, {ki+1,.. . ki +ka},... . {k1+ -+ km-1+1,...,n}} € NC(n).
Since 1, V7 = 1, for every partition 7, we can rephrase the above as
0= Rpla,...,an] + Z Krlat, ... ap].
TVo=1p, £l

Let m € NC(n) be a noncrossing partition other that 1,,. Since m V o = 1,,, there exists two
distinct blocks Bi, By € o such that I € By, ls € By, and [q,ls are in the same block B of
m. Since i(l1) # i(l2) (given how the blocks of o were defined) and |B| < n (since m # 1,),
it follows from our induction hypothesis that kglai,...,a,] = 0. Thus, kr[a1,...,a,] = 0 for
every 7 other than 1,, which implies that 0 = ka1, ..., a,] + 0, as desired. O

Proof of Theorem Part (2). For every i € I, let A; = x-alg(14,a;). Then, it follows
from Lemma that for every n > 2, x-polynomials Py,..., P, € C(z,z*), and collection of
indices i(1),...,i(n) € I not all equal to each other,

Kn |:P1(ai(1))v e 7Pn(ai(n))} = 0. (4.7)
Thus, it only remains to show that the vanishing of mixed free cumulants in the a; and a;
implies the vanishing of mixed free cumulants of the form (4.7).

Suppose that mixed cumulants in the a; and a; vanish. Let m > 2, let My,..., M,, €
C(x,z*) be x-words, and let i(1),...,i(m) € I be not all equal to each other. Given the
definition of s-words, for every ¢t < m, there exists k; € N and e;(1),...,e.(k) € {1,*} such
that

My (z) = 2o .fget(kt)7
and thus, if one lets n = k1 + -+ + k;, and
o= {{1,...,k1},{k1—i—l,...,kl—i—k’g},...,{kl—I—‘--—i-km_l—i-l,...,n}} GNC(n),
it follows from Lemma [4.26] that
1 k m(1 m(km
Km [Ml(ai(l)), e, Mm(ai(m))] = Z Ko [af(ll() ), e ,af(ll() 1), e ,af(mf)), e ,af(mf) )} .
w™Vo=1,
Let m € NC(n) be such that 7 Vo = 1,. Since i(1),...,i(m) are not all equal to each other,
then there exists s < t < m such that i(s) # i(t). Let
Bs:{kl+"'+k75—1+17-~-7k1+"'+ks—1+ks}
and
By={ki+-+ke1+1,.... ki 4+ + k1 + k)
be the two blocks of o associated to s and ¢. Since w V o = 1,,, there must exist two elements
js € Bs and j; € By and a block B € 7 such that jg, j: € B. Therefore,

KB a:(ll()l)’ e a:(ll()’ﬁ)’ . ,a:(mm()l)’ . 7a:(ﬂ1wf)km) —0,
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which in turn implies that

()1) e1(k1) em(1) em(km)] —0.

e1
Ii7r|:ai(1 P @iy s Gy By

Thus, we can conclude that x,, [Ml (ai(1))s s Mm(ai(m))] = 0, which then implies that &, [Pl (ai1))s -

0 for every *-polynomials P, ..., P, € C(z,z*) by multilinearity of free cumulants. O

Having established these properties, we are now able to provide the following free analog of
the central limit theorem, which allows one to approximate the distribution of some large sums
of free random variables:

Lemma 4.29. Let (A, *,¢) be a x-probability space, and let s be a semicircular random variable
(see Definition . Then, one has

{1 if n=2; and
cnls] =

0 otherwise.

Proof. First, according to Example it is clear that x1[s] = (s) = 0 and k1[s] = ¢(s?) —
©(s)? = 1. Thus, we must now prove that k,[s] = 0 for all n > 3.

Let n > 3 be odd. Then, according to equation (4.5)), one has
mals] = Y plm La)eals, sl = D> um 1) [T el
TeNC(n) TENC(n) Berw

Given that ¢(s™) = 0 whenever m is odd, and that any partition of {1,...,n} when n is odd is
guaranteed to contain a block B such that |B| is odd, it must be the case that ky[a,...,a] =0,
as desired.

We now prove that kay,[s] = 0 for all n > 2. We proceed by induction: According to equation

, one has
kals] = Y plm, 1) T (P,

rENC(4) Ber

Again, since ¢(s) = 0, the only partitions of NC(4) for which [] 5., ¢(s/B!) does not vanish are
those that contain only blocks with an even number of elements, namely (using the same notation

as in Example [1.21), ms = {{1,4},{2,3}}, m = {{1,2},{3,4}}, and 14 = {{1,2,3,4}}. Thus,
kals] = pu(ms, 14)@(s%)? + p(mo, 1a)o(s*)? + pu(ly, 1a)(s*).

According to the definition of semicircular elements and the computations done in Example

this yields

3\2

Now for the induction hypothesis, suppose that rox[s] = 0 for all 1 < k < n. According to
equation (4.6)), it follows that

ni1(2:>:¢(52"): ST kals).

TeNC(2n)

rals] = —20(s%)% + (s?) = =2 + 1<4> =0.

) Pm(a’i1
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Let m € NC(2n) be a pairing, that is, every block of 7 contains exactly two elements. Then,

kr[s] = ka[s|™ = 1. Given that the number of noncrossing pairings of {1,...,2n} is given by
n%rl (2: ) it then follows that

0= > kals], (4.8)

TENC'(2n)

where NC'(2n) is the set of noncrossing partitions of {1,...,2n} that are not pairings. Let
m € NC'(2n). Then, exactly one of the following cases must occur
(1) 7 contains a block B such that |B| is odd, in which case |p([s] = 0, and thus s [s] = 0;

(2) 7 contains a block B such that 4 < [B| < 2n — 2, in which case x|g|[s] = 0 by our
induction hypothesis, and hence r.[s] = 0; or

(3) mw = 12n-
Therefore, it follows from (4.8)) that
0= Z Kr[S] = K1y, [S] + Z Kr(s] = kanls] + 0,

TENC'(2n) TeNC'(2n)\{122}

which concludes the proof. ]

Free Central Limit Theorem. Let (A, *,p) be a x-probability space, and let (a; :i € 1) C A
be x-free from each other. Suppose that

(1) for everyi € I, p(a;) =0 and Var|a;| = p(a;a}) = 1;
(2) the limit

N IR
C—T}ggonZ;sO(ai)

exists and is such that C € [—1,1]; and
(3) for every m € N and e(1),...,e(m) € {1,%},

sup {|p(af? - af"™)| si e I} < .

)

Then, the variable S, = i(al + -+ an) converges in distribution towards a variable s =

/n

%()\1 81+ 1Xg - S2), where s1 and sy are x-free semicircular variables, Ay = 1+ C, and

A=v1-C.

Proof. Given Theorem [£.25] and Lemma [£.29] the proof of the Free Central Limit Theorem
follows the same steps as that of Theorem [4.16] O

Remark 4.30. The Free Central Limit Theorem and Lemma (together with their classical
or tensor independent counterparts) both hint at the fact that the semicircular distribution can
be seen as the free analog of the Gaussian distribution.

3See for instance INS06] Lemma 8.9.
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4.3. Free Additive Convolution
In this section, we are concerned with the following special case of Problem

Problem 4.31. Let (A, *,¢) be a x-probability space, and let a,b € A be *free from each
other and self-adjoint. Assume that a, b and a + b have respective analytic distributions pg,
and fig4p ON (]R,%’(R)), and that the analytic distributions have respective density functions
fa, fo and fy1p. Devise an algorithm to compute f,1 from f, and f3.

Given two independent random variables X, Y € L~ (with respective densities px and
wy) defined on a probability space (€2, 47, P), the distribution of X + Y, which we denote by
ux * uy and call the classical convolution of px and py, is given by the following formula:

sy = [ [ 14+ 9) dux(pdar ) Aez©  (49)

and if X and Y have respective density functions fx and fy on R, then the density of px * py,
denoted fx * fy, is given by

fx * fy(w) = /RfX(:B)fy(w — ) dz, w € R. (4.10)

Given two x-free variables a and b in a *-probability space (A, *, p) with respective analytic
distributions p, and pp, the analytic distribution of a + b will be denoted p, B pp and will be
called the free convolution of i, and pp,. Thus, the objective of this section will be to present
algorithms that allows one to decribe p, By, using a density function from the density functions
of e and pp in the special case where a and b are self-adjoint (and thus pg, pp, and pe B py are
measures on the real line R).

4.3.1. Fourier Transform Algorithm for Tensor Independence. While equations
and provide a solution to the classical counterpart of Problem it is difficult to imagine
how they could be generalized to the free/noncommutative case, as their proof is typically
intimately linked with the measure-theoretic conceptualization of random variables.

Consequently, we consider for inspiration the following algorithm (called the Fourier trans-
form algorithm), which is more consistent with the moment-centric conceptualization of ran-
dom variables in free probability: Let a,b € (A, *,p) be self-adjoint variables with respective
analytic distributions u, and up, and suppose that u, and up have respective densities f, and
fp, and that a and b are tensor independent of each other. Then, we can obtain the density
faxp of the analytic distribution pgyp of a + b as follows:

Step 1. Compute the Fourier transforms fa and ﬁ, of the densities of a and b (see Section
7).

Step 2. By using the relations M, (it) = fa(t), My(it) = fb(t) (for every t € R), Cy(z) =
In (Ma(2)), and Cy(2) = In (My(z)) (for all z € C), where M, and M, denote the moment
generating functions of @ and b respectively, and C, and C} denote the cumulant generating
functions, compute

~

Ca(it) = In (Mg (it)) =In (fa(t))
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and

~

Cb(it> =In (Mb(zt)) =1In (fb(t))

Step 3. By using the relations M, (it) = f/a:b(t) (for all t € R) and Myp(2) =
exp (Ca+b(z)), as well as the fact that C,qp, = C, + C} (since a and b are tensor inde-
pendent), compute

Jars(t) = Mara(it) = exp (Calit) + Cy(it)) = Ma(it)My(it) = fa(t)fo(0)-
Step 4. Using the Inverse Fourier Transform (see Theorem [B.15)), compute the density of
the analytic distribution of a 4+ b as follows:

1 —ite 7
fa+b($) = 27-[-/Re t fa_H;(t) dt, x € R.

For example, this algorithm can be used to establish the fact that a sum of two tensor
independent Gaussian variables is again a Gaussian variable:

Proposition 4.32. Let a,b € (A, *,p) be tensor independent standard Gaussian variables,
that is, a and b are self-adjoint, and their distribution is given by the moments of the standard
Gaussian density f(x) = \/% exp (—2?/2) (x € R). Then, %(a—i—b) is also a standard Gaussian

variable.

Proof. We apply the above algorithm. Let f be the standard Gaussian density on R. Then,

. 1 .
f(t) _ - /eltz—x2/2 dor — e—t2/2’
V2T JR

and thus f;(t) = fb(t) = ¢~t*/2. Therefore, Ji:b(t) = fa(t)fb(t) = ¢, from which we obtain

that
1 /eitact?' dt = exp(—a*/4)
R

Javo(z) = o BN

which is the density of a Gaussian variable of mean 0 and variance 2. Consequently, %(a +0b)
has a standard Gaussian distribution, as desired.

4.3.2. R-Transform Algorithm for Free Independence. If one analyses the Fourier trans-
form algorithm, it seems that the essential ingredients are as follows:

(1) A method to compute the density of a + b (with a and b tensor independent) from a
power series that depends entirely on the moments of a + b, that is, the inverse Fourier
transform, which can be computed using the moment generating function M, y(2);
and

(2) a method to compute the the moment generating function M, of a + b from the
moment generating functions M, and Mj of a and b respectively, namely, the relation

Mas(2) = exp (Ca(2) + Col2)) = Ma(2)My(2).

Thus, a viable strategy to design an analog of the Fourier transform algorithm in the free /noncommutative
setting seems to be to proceed as follows:
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(1) Choose a power series G4(z) whose definition depends entirely on the moments of a
random variable ¢ and from which the density of the analytic distribution u, of a can
be recovered; and

(2) find a way to compute Go44(z) from G, and G, when a and b are free from each other.

The algorithm that we will cover in this section, which we call the R-transform algorithm,
was first proposed by D. Voiculescu (see [Vo86]).

Let a € (A, x,¢) be a self-adjoint noncommutative random variable with an analytic distri-
bution p, given by a density f,, and consider the power series
I = pla”
LN I G

2 an+1 '
n=1

Ga(z) =

If |z| > p(a) (recall that p denotes the spectral radius of an operator a), then —G,(z) coincides
with the Stieltjes transform s,, () of the measure fi,, from which we have already seen that f,
can be recovered (See Theorem and Example . Thus, the power series GG, appears to
be a good candidate for the foundation of the R-transform algorithm. We now attempt to find
a method of computing G4 from G, and G, when a and b are free from each other.

Proposition 4.33. Let a € (A, x*,p) be a self-adjoint random variable, and define the power

series
Fue) = 26 = 14 Y pla):"
n=1
(or, equivalently, Go(z) = 27 1F,(27')) and
K.(2) =1+ Z/{n[a]z”.
n=1

Then, Ko (2F,(2)) = Fu(z) and F,(2/Kq(2)) = Ka(z) for all z € C.

Proof. For every n € N, define the functions f,, g, : NC(n) — C as fu(7) = ¢x[a,...,a] and
gn(T) = Kxla,...,a]. According to Equations (4.5) and (4.6)), it follows that for every n € N,
one has

eorla, ... a] = Z Kola,...,a] and , me NC(n)
ceNC(n): o<

and

Krla,...,a] = Z wlo, mpsla, ..., al, m e NC(n)
c€NC(n): o<m

According to the definition of ¢, it follows that each f,, is multiplicative, and Proposition 4.24
implies that each g,, is multiplicative (see Definition for the definition of a multiplicative
function). Therefore, the present result is a direct application of Theorem since the
coefficients of Fy, are given by f,,(1,), and the coefficients of K, are given by g, (1,). O
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Definition 4.34. Let a € (A, *, ¢) be a self-adjoint random variable. Then, the R-transform
of a, denoted R,, is defined as the following power series:

1

Ra(z) = Z/{n[a]z”_l = %Ka(z) -
n=1

Remark 4.35. Given the definition of the R-transform and that mixed cumulants in free
variables vanish, it follows that if a,b € (A, %, ) are free from each other, then Rq1p = Ra+Ryp.

Proposition 4.36. Let a € (A, *, ) be a self-adjoint random variable. Then, the R-transform
of a and the power series G, are related to each other as follows:

1

G0 + Ra(Ga(2)) = 2 (4.11)
and
Ga(Ra(z) +1/2) = 2 (4.12)
Proof. According to Proposition [£.33] it follows that
1 1 1 1
+Ru(Go(z)) = =—— + K, (G,.(2)) —
Ga(2) (Ga(2)) Ga(z)  Ga(2) (Gal2)) Ga(z)
z
=" K, (2 'F,(z7!
e
z
= F (21
CAEI
= Z’
as desired. Furthermore,
z z
a a 1 =Gq(K, = F, K, = K, = %
Go(Ralz) +1/2) = Ga(Kal2)/2) = g3 Fole/ Kal()) = -y Kal2) = 2
concluding the proof of the proposition. O

A consequence of the previous proposition is that, given two self-adjoint variables a,b €
(A, *, ) that are *-free from each other, whenever G, and G} are such that Go(w + 1/2) = 2
and Gy(w + 1/z) = z can easily be solved for w € C, and Rq44p = Rq + Ry is such that
1/w+ Rayp(w) = z can easily be solved for w € C, then R, and R can be computed from G,
and Gy, and then G, can be computed from R,p. This observation, combined with the fact
that the density of a 4+ b can, in principle, be obtained from G, seems to indicate that we
now have two similar ingredients to those mentioned in the beginning of this subsection (the
two essential ingredients to the Fourier transform algorithm), namely,

(1) A method to compute the density of a + b (with @ and b tensor independent) from
a power series that depends entirely on the moments of a + b, namely, the Stieltjes
Inversion Formula, which can be computed using the series G,44(z); and

(2) a method to compute G,4p from G, and Gy namely, computing the R-transforms R,

and R from G, and G} (the latter being completely determined by the individual
distributions of a and b respectively) using (4.12), and then computing G,4p from

Ratb = Ra + Ry using (4.11)).
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We can now present Voiculescu’s R-transform algorithm: Let a,b € (A, *, ) be self-adjoint
variables with respective analytic distributions p, and pp, and suppose that p, and pp have
respective densities f, and f;, and that ¢ and b are free from each other. Then, we can obtain
the density f,+p of the analytic distribution g1 of a + b as follows:

Step 1. Compute the Stieltjes transforms of u, and pp to obtain closed form expressions
for the power series G, and Gp.

Step 2. Solve for w,, wp, € C in the expressions Go(w, + 1/2) = z and Gp(wp + 1/2) = z,
and set Rq(z) = wq and Ry(2) = wy.

Step 3. Since a and b are free from each other, compute R,y = Ry + Rp.

Step 4. Solve for w € C in the expression 1/w + Rqyp(w) = 2z and set Go4p(2) = w.
Step 5. Using the Stieltjes inversion formula, recover the density fq4p from G,y as:

faro(z) = -1 lim Im(Ga+b(m + ie))

T e—0t

whenever the above limit exists and fq44(x) = 0 otherwise.

We now see examples of the R-transform algorithm being applied to compute the density
of a sum of two free self-adjoint variables.

Proposition 4.37. Let a,b € (A, *,¢) be free semicircular variables, that is, a and b are
self-adjoint, and their distribution is given by the moments of the semicircular distribution

f(z) = £=vV4a—2a? (forz € [-2,2]), that is,

1

ny _ p) = n/2+1
pla”) = () {O if n is odd.

(nT/LZ) if n is even; and

Then, %(a +b) is also a semicircular variable.

Proof. We apply the R-transform algorithm. For every n € N, we notice that ¢(a?") =
©(b*) = O, where C,, is the well-known Catalan number of order n (see Section. Knowing
that whenever |z| is outside the support of a real measure pu, then the Stieltjes transform at
that point is given by the power series

(e} 1 "
su(2) :—;W/Rﬂ? dp(x)

(see Proposition [B.9)), it follows that

Ga(2) = Gp(2) = G(z) = Z ZQCT:Q—I
n=0

Using the Cauchy product formula for the product of two series (as it was done in Example

2.34)), we then obtain that

o] n Cm Cn—m 0 1 n
GE2=3"%" T = ZO peremy > ConCrm.

n=0m=0 n= m=0
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By substituting p = n + 1 and then q = m + 1 in the above, we see that

o)

G(z)2_z;z2p 2:00 mCp—(m-+1) Z 22p ZCq 1Cp—g-
p= m

Then, an application of Segner’s recursive formula for the Catalan numbers (see section |D.3))
yields

Therefore, we see that G(z) satisfies G(2)? — 2G(z) + 1 = 0, which implies that

Gul2) = Gy(2) = G(z) = 22V =1

2
Now,
1/z 4+ 1/2)2 -4
Glw+1/z) = 27 /2 \/(2w+ /2) _.
which implies that
(w+1/2)? —4= (22 —w—1/2)
and hence 5 ) 5 )
w +—w+—2—4:w2—4wz+—w+422+—2—4.
z z z

From this, we obtain that
0= —dwz + 42% = 42(2 — w),
and thus w = R, (2) = Rp(z) =
Given that free cumulants are multiplicative, it follows that R% (z) = 3Rq(2) and likewise
for R » , and thus
V2

z oz
Rep(s)=35+35=

It then immediately follows that Gais(2) is the same as G4(z) and Gp(z), from which we
vz

conclude the result. 0

Proposition 4.38 ([NS06| Exercise 12.9). Let a,b € A be self-ajoint and free from each other.
Suppose that the distribution of a is given by a density f,, and that the distribution of b is given
by the dirac mass 6, at some point o € R. Then, forp(x) = fo(z — ), that is, the distribution
of the sum a + b is the distribution of a shifted to the right by an amount of c.

Proof. We apply the R-transform algorithm. For every z € C, we have that

Golz) = s, (2) = | = ddue) = =

z—x z—a

To obtain Ry, we solve for wy € C in

1
= 1 =
2= Golwy +1/2) wp+1/2 —
which yields
1 1
Ro(z) =wp=—-——-—+a=a
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Therefore, Ro44(2) = Ra(2) + a. To find Gy4p, we solve for w € C in

1 1
- Ra = Ra )
" + Ratv(w) ” +Re(w) +a=z

or )
E%—Ra(w) =z—a=72,
where 2’ = z — a.. Tt is then clear that G,14(2) = w = Go(2') = G4(z — @), which implies that
-1
farp(z) = — lim Im(Gq(z +ic — a)) = fo(z — ),

T e—=0t
as desired. O

Remark 4.39. Using similar arguments as in the above proposition, one could prove that, for
any probability measure p on (R, ,%’(R)) and a € R, then v = p B J, is the measure such that
v(A) = u(A — «) for each A € Z(R).



Part III. Applications to
Random Matrix Theory



Chapter 5

Random Matrix Models
of Freeness

For more detailed accounts of the concepts covered in this chapter, see [Guld|, [AGZ09|
Sections 5.4 and 5.5, [NS06| Lectures 22 and 23, and [Sp09|.

5.1. Introduction

The usefulness of free probability in the study of random matrices is mainly due to the following
fact: Let (2, o7, P) be a probability space, let L~ be the space of C-valued random variables
with finite moments of all orders on (€2, .o/, P), and for every n € N, let (./\/ln((C) ® L, *) be
the x-algebra of random matrices whose entries are random variables in L°°~. For every n € N,
let (X i(n) i€ I) C Myp(C)®L>®" be a collection of random matrices that are independent from
each other (in the classical measure-theoretic sense). Suppose that for every i € I, the sequence
Yi(n) = C’i(n)XZ-(n) converges in *-distribution (with respect to 1tr ® E, or with respect to Ltr
almost surely) to a limit variable x; in a *-probability space (A, *, @) as n — oo, where C;(n) is
some normalization sequence. Then, in many cases, the Yi(n) are asymptotically x-free from
each other, meaning that the limiting variables (z; : ¢ € I) are *-free from each other in the
limit *-probability space (A, *, ).

This implies in particular that if one can compute the distribution of a *-polynomial P(x; :
i € I) evaluated in the z; from the individual distributions of the x; (that is, answer the general
free probability problem introduced in Chapter , then it is possible to obtain the limiting
distribution of the polynomial P(Yi(n) 1 el ) from the limiting distributions of the individual

Yi(n). Given that this asymptotic *-freeness phenomenon occurs with respect to the functionals
%tr@E and %tr (almost surely) and that these functionals provide the moments of the eigenvalue
distribution of a given matrix (see Examples and , we then see that free probability
provides a way of answering the following general random matrix theory problem:

Problem 5.1. Let (Xi(n) i€ ) C Myp(C)®L>® be a collection of random matrices that are
independent from each other and such that for every ¢ € I, the empirical eigenvalue distribution

98
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of Y;(") = C;(n)X i(n) converges (in expectation or almost surely) to a limiting distribution ;.
Given an arbitrary s-polynomial P € <(xz, x; i€l )>, devise an algorithm that allows one to

compute the limiting eigenvalue distribution (in expectation or almost surely) of P ((Yi(n) 11 €

1 )) from the individual ;.

In this context, it seems clear that a question of interest in the theory of random matrices
is to understand when asymptotic freeness occurs.

5.2. Asymptotic Freeness of Random Matrices

Notation 5.2. To avoid confusion with the multiple indices, given a collection of n x n matrices
(Xi(n) i € I), we will use xm (7, k) to denote the entry on row j and column k (where

)

1 < j,k < n) of the matrix Xi(").

The following theorem establishes the asymptotic freeness of a very general class of random
matrices.

Theorem 5.3 (|JGuld4| Section 2). For every n € N, define the families of random matrices
X, = (X" :iel), Uy=(U":jeJ), and D, = (DY : k € K) in My(C) ® L as
follows:

(1) For every n € N, the Xi(n) are independent n x n Wigner matrices (see Example
such that for every m € N, one has

supsup sup E[‘Xi(")(j,k:)‘m} < 00;
neN iel 1<j,k<n

(2) for everyn € N, the U](n) are i.i.d. n x n Haar unitary random matrices (see Example
2.30));

(3) the D,gn) are self-adjoint deterministic (i.e., elements of My, (C)®1~- ) and such that
D,, converges in joint x-distribution to a limit family d = (dy : k € K), and
1 1/m
Sup max sup —tr((Dl(Cn))m> < 00;
meN k€K neN T
for all m € N; and
(4) for every n € N, the matrices in X,, are independent (in the measure-theoretic sense)
of the matrices in Uy,.

Then, the family (X, Uy, D,) converges in joint x-distribution (with respect to %tr almost
surely, and with respect to %tr ® E) to a limit family (x,u,d) in a limit x-probability space
(A, *,p), where

(1) x = (x; : i € I) contains x-free semicircular variables;

(2) u=(uj:jeJ) contains x-free Haar unitary variables; and

(3) x, u, and d are x-free from each other.
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Proposition 5.4. Let (A, *,p) be a x-probability space, let a = (a; : i € I) C A be a collection
of variables, and let u € A be a Haar unitary variable. If the collection a is x-free from w. Then,
the collection a is *-free from the collection vau* = (ua;u* : i € I).

Proof. For every i € I, let us denote b; = ua;u*. Then, we need to prove that the b; are x-free
from the q;.

Let i@ € I be arbitrary and M € C(z,z*) be a nontrivial x-word. According to the
definition of x-words, there exists t € N and exponents n(1l),...,n(t) € {1,*} such that
M(z) = "Mz ... 27" - Consequently,

M(b;) = (ua;uw™)" M (ua;u*)"@ - .- (uau*)"® = ua Dt ua @yt ud oy = uM (a;)u”

K3 (2 3

(indeed, (uau*)* = ua*u* for all a € A). Moreover, since a; is *-free from v and uu* =14 (as
w is unitary), it follows from Example (2) that

M(b;)° = (uM(ai)u*)o = uM (a;)u* — p(uM (a;)u*) - 14

Let ¢t € N be fixed, and let My, Ny ..., My, Ny € C{z,x*) be x-words such that only M; and
N, are possibly trivial (i.e., equal to 2°). Then, for all i(1),...,i(t),5(1),...,5(t) € I,

SO(MI(az‘(l))ONl(bj(l))OMZ(ai(Q))ONQ(bj(Z))O = 'Mt(ai(t))oNt(bj(t))o)
= (M () ul (a50) " Ma(ai(2))*uNa(a;) 0" - M(ai)) uli(az)°u” ).
Since p(u) = ¢(u*) = 0, and a and u are x-free from each other, it then follows that

50(M1(ai(1>)°N1(bj(1>)°Mz(ai(2))°Nz(bj('z))o o Mt(az‘(t))"Nt(bj(t))O) =0,

which implies that a and uau™ are *-free (see Proposition . U

From the two previous results, one easily obtains the following corollary:

Corollary 5.5. For every n € N, let U, be a Haar unitary random matriz, and let A, =

(Az(n) 21 € I) be a sequence of self-adjoint deterministic matrices such that A, converges in

joint x-distribution to a limit family a = (a; : i € I), and for all m € N,

1 1/m
SUp max sup —tr((Al(n))m) < 0.
meN €l neN T

My . ¢ J) are asymptotically x-free from each

) n

Then, the families A,, and U, AU} = (U, A
other with respect to %tr R E.
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Remark 5.6. Given a collection (A4; : ¢ € I) of n x n (random or deterministic) matrices, the
eigenvalues of a x-polynomial P evaluated in the A; typically depends on the eigenvectors of the
A;, and there is no guarantee that one can obtain the eigenvalue distribution of P(A4; : i € I)
by simply knowing the eigenvalue distributions of the individual A;. For example, if A; and As
have the same eigenvectors v1,...,v,, then we can expect that the eigenvalues of A; + As will
be A1(A1) + M (A2), ..., An(A1) + A\ (A2), where, for each i < n, A\;(A1) is the eigencalue of A;
associated to the eigenvector v;, and likewise for \;(As). However, if no such simple relation
exist between the eigenvectors of Ay and As, then the relationship between the eigenvalues of
A1+ Ag, Ay, and Az becomes much more complicated (see for instance [Tal2| Section 1.3).

In this context, it appears that Corollary can be intuitively interpreted as follows: Let
Ay and As be n x n deterministic matrices, where n is very large. If it is assumed that the
eigenvectors of Ay are in a gemeric position with respect to the eigenvectors of Ay, that is, we
uniformly rotate the eigenvectors of Ay at random by conjugating As with a n x n Haar unitary
random matrix (Ag < UAU™), then the averaged eigenvalue distribution of any *-polynomial
P(A1, Ay) evaluated in A; and Ay can, in principle, be approximated using our knowledge of
the eigenvalue distributions of A; and As,.

5.3. Strong Asymptotic Freeness of Random Matrices

Definition 5.7. For every n € N, let a,, = (agn) : i € I) be a collection of variables in a
C*-probability space (Ap, *, || - ||, on); and let a = (a; : 1 € I) € (A, *,] - ||, ). Suppose that a,
converges in joint x-distribution to a. If it is also the case that

lim ||[P(a{™ : i€ I)|| =||P(a;:i€I)|

n—oo
for every *-polynomial P € (C<(xi, TS I)>, then a is the strong limit in distribution of
the sequence a,,.

The potential usefulness of strong limits in distribution for the study of the spectrum of
large random matrices comes from the following proposition:

Proposition 5.8 (JCM14] Proposition 2.1). For every n € N, let a,, = (agn) i €1)bea
collection of self-adjoint variables in a C*-probability space (Ap,*, ||+, ¢n), and leta = (a; : i €
I) C (A, *, |||, p) be the strong limit in distribution of the a,, and such that the a; are self-adjoint.
Let P € C{(z,z} : i € I)) be a *-polynomial P such that P(al(-n) :1€ 1) and P(a; : 1 € I)

i
are self-adjoint; for each n € N, let pu, be the analytic distribution of P(agn) :n € N) (this real
probability measure is guaranteed to exist thanks to Theorem ; and let 1 be the analytic
distribution of P(a; : © € I). For every e > 0, there exists N € N large enough such that if

n > N, then
supp(pn) C supp(p) + (—¢,€),

where, given a set A C R,



5.3. Strong Asymptotic Freeness of Random Matrices 102

Definition 5.9. For every n € N, let a,, = (a,(-n)

;i€ 1) be a collection of self-adjoint variables
in a C*-probability space (Apn,*,| - ||, ¢n); and let a = (a; : @ € I) € (A, *,] - |l,¢) be the
strong limit in distribution of the a,. Suppose that a, converges in joint *-distribution to
a. If the variables in a are also #-free from each other, then the a, are said to be strongly

asymptotically *-free from each other.

Let (Xi(n) i€ 1) C My(C)® L™ be a collection of self-adjoint random matrices such
that, for every w € Q, X, = (Xi(n) (w):iel ) are strongly asymptotically x-free and converge
towards the strong limit x = (x; : 4 € I) (which does not depend on w) in some C*-probability
space. Then, an immediate consequence of the previous proposition is that, given a *-polynomial
P such that P(X i(n) :i€I)and P(z; : i € I) are self-adjoint, then not only does the empirical

eigenvalue distribution of P(Xi(n) : 4 € I) converges weakly to the analytic distribution p of
P(z; :i € I) (which is completely determined by the distribution of the individual z;), but the

extremal eigenvalues of P(Xz(n) : 1 € I) almost-surely converge inside of the support of . Thus,
strong asymptotic freeness provides additional information on the eigenvalue behaviour at the
edge of the limiting spectrum for polynomials of large random matrices. In similar fasion to
Theorem the following result establishes the occurence of strong asymptotic freeness for
several types of random matrices.

Theorem 5.10 (|[Gul4] Section 2.1). For every n € N, define the families of random matrices

X,=(x":iel),U,=U":jeJ), nd D, = (D" : k € K) in My(C) ® L as
follows:

(1) For everyn € N, the Xi(n) are i.i.d. n xn Gaussian Wigner matrices, that is, for every

n € N and i € I, the diagonal entries of Xi(n) are real standard Gaussian variables,

)

and the above diagonal entries of Xi(n are complex standard gaussian variables;

(2) for everyn € N, the Uj(n) are i.i.d. n X n Haar unitary random matrices;

e are self-adjoint, deterministic, and such that D,, converges in joint x-distribution
3) the D! lf-adjoint, deterministi d such that D n joint x-distributi
to a limit family d = (dy, : k € K), and there exists a constant C < oo such that

1
max sup —tr((D,(cn))%n) <o
keK neN n
for every m € N; and
(4) for every n € N, the matrices in X,, are independent (in the measure-theoretic sense)
of the matrices in Uy,.
Then, the family (X, Uy, Dy,) is strongly asymptotically *-free, and its strong limit in distri-
bution is (x,u,d), where
(1) x = (x; : i € I) contains x-free semicircular variables;
(2) u= (uj:je€J) contains x-free Haar unitary variables; and

(3) x, u, and d are x-free from each other.



Chapter 6

x-freeness 1n Tensor
Products

Unless cited from an outside source, all the work featured in this chapter constitutes original
research done in collaboration with/under the supervision of Professor Benoit Collins (thesis
supervisor) and Camille Male (CNRS, Université Paris V).

6.1. Introduction

The starting point of the original research project exposed in this chapter is the following
question, which was first asked by Gilles Pisier to Benoit Collins:

Question 6.1. For each n € N, let U,, = (Ui(") S I> be a collection of i.i.d. n x n Haar
(n)

unitary random matrices, where I is an arbitrary indexing set (that is, the U;" are i.i.d. random
variables distributed according to the normalized Haar measure on the compact group U, of

n X n unitary matrices). Consider the collection

U, 20U, = <Uf”)®U(”> :ie]>.

K3 3

(Note that, given a n x n matrix A with C-valued entries, A denotes the entry-wise complex
conjugate of A, not to be confused with the conjugate transpose, which we denote by A*.) Are
the variables in U,, ® U,, asymptotically #-free with respect to the expected normalized trace

E [%tr ® %tr] and/or almost surely asymptotically x-free with respect to the normalized trace

+tr © 2 tr?

In order to answer this question, we first look at a more general situation: Fix an integer
K €N, and for every 1 < k < K, let

N

a,(gn) (a,&n) 1€ I) C (.Algn),*, gp,(cn)), n €N

103
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be a sequence of collections of noncommutative random variables. Suppose further that for each
k < K, the collection a,(:) converges in joint x-distribution towards a limit family

ap = (ag; 11 € 1) C (Ag, %, o)
as n — 0o. Then, it can easily be shown (see Proposition that
opay’ = (®k al(:i) i€ I) < (®’“ A, *7®k‘p’(fn)>
converges in *-distribution to
®nay = (Oan; i € I) C (DA, *, Opr)

as n — o0.

Consequently, if one wishes to investigate the asymptotic *-freeness of a family of tensor
products ®ka,(§n) whose individual component families a,(:) are known to converge to respective
limits akE one need only study the x-freeness relations in the limit family ®za;. Thus, Question

[6.1] is actually a special case of the following problem in free probability:
Problem 6.2. Given K families
ar = (ag; 11 € 1) C (Ap,*, k), 1<kE<K

of noncommutative random variables, characterize the *-freeness of the elements in the tensor
product collection

Qray = (Qpag; 1 € I) C (DpAk, *, Dr@r)
in terms of our knowledge of the behaviour of the individual factor collections ay.

It can be noticed that, in Question the families U,, and U,, are themselves both almost
surely asymptotically x-free with respect to %tr and asymptotically #-free with respect to E [%tr]
(see Theorem [5.10). Additionally, if one lets (u; : i € I) C (A, *,¢) denote the family of
noncommutative random variables towards which either U,, or U,, converges in *-distribution, it
is clear that the linear functional ¢ is a faithful trace when restricted to the x-algebra generated
by the uZE| Thus, a special case of Problem that is more approachable while still being

interesting (as it would solve Question is the following;:

Problem 6.3. Solve Problem with the added assumptions that some *-freeness occurs in
the factor families a; = (agy; : @ € I), and that the functionals ¢y, are faithful.

Remark 6.4. If one of the the collections a; contains the zero vector, or if there exists ¢ € [
such that ay,; = 14, for all k < K, then Og, 4, or 1g, 4, Will be contained ®jay. Given that the
zero vector and the unit vector are trivially x-free from any element in a x-probability space,
we will assume that the following conditions hold throughout this chapter without fear that it
will result in missing out on any interesting example:

(1) for every i € I and k < K, ag,; # 04,; and

I That is, answer questions similar to Question as it is well-known that U, and U, both converge in joint
*-distribution (with respect to E[%tr] and %tr almost surely) towards families of Haar unitary variables, see Example
2.30

2More precisely, since the u; are Haar unitary, they are invertible, and thus the x-algebra (C<(ui, uy i € I)> generated

by them is a group algebra, which in turn implies that ¢ restricted to (C<(ui, uy i € I)> is in fact the canonical trace since
the u; are *-free.
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(2) for every i € I, there exists k < K such that ay; # 14,

The organisation of this chapter is as follows: In Section[6.2] we introduce a few elementary
results in free probability which will be useful throughout the chapter. In section[6.3] we provide
sufficient conditions for the *-freeness in tensor products in the context of Problems and
which, in particular, settle Question[6.1]in the affirmative. In section we achieve a complete
characterization of the following special case of Problem (see Theorem :

Problem 6.5. Given two families a; = (a1 : i € I) C (A1, %,¢1) and ag = (ag; i € I) C
(Ag, *, p2) of noncommutative random variables such that

(1) the variables in a; are *-free from each other;

(2) the variables in ag are *-free from each other; and

(3) ¢1 and ¢y are faithful,
characterize the x-freeness of the elements in the tensor product collection
a1 ®ag = (a1; ®ag; 1 € 1) C (A1 © Az, %, 01 ® ¢2)

in terms of our knowledge of the behaviour of the individual factor collections a; and as.

In Section we prove that, in certain cases, it is necessary that the variables in a factor
collection a; be x-free from each other in order for the variables in the tensor product collection
a; ® ag to be x-free from each other. In doing so, we derive results in the theory of free groups
that we believe may be of independent interest (see for instance Proposition and Lemma
. In Section we explore further questions raised by our results and possible directions
for future investigations.

6.2. Preliminary Results in Free Probability

Given that the functionals with which %-probability spaces are endowed are linear, one can
easily prove the following result, which simplifies the verification that a given collection of
noncommutative random variables are *-free.

Proposition 6.6. Leta = (a; : i € I) be a collection of random variables in a *-probability space
(A, *, ). The elements in a are x-free from each other if and only if for every i(1),...,i(t) € I
such that i(1) #i(2) # -+ #i(t) and for every x-words My, ..., M; € C(z,z*), one has

@(Mi(a;1))° - My(a;)°) = 0. (6.1)

Proof. If the elements in a are x-free, then follows from the definition of x-freeness.
Suppose now that holds. Let i(1),...,i(t) € I be such that i(1) # i(2) # --- # i(t), and
let Py, ..., P, € C(z,z*) be x-polynomials such that ¢(Pi(a;y))) = 0 for each I < t. Since the
P, are x-polynomials, one can write

my
Py(z) = apa’ + Z My (z),
k=1
where for each I < ¢, aqg,...,ai € C, m; > 11is an integer, and My, ..., M, are *-words. Thus,

if one defines the sets

K; = {k:gml :(,O(Mlk(ai(l))) :0}’ st



6.2. Preliminary Results in Free Probability 106

then the fact that @(Pl(ai(l))) = 0 implies that
= — Z (M (a;py)),

ke K,
hence
Plaq) = Y ouwMilagy) + Y o (Mlk(ai(l)) — (M (aiq)) - 1A)
keK; kg K
my
= Z e Mg (a;y)°.

k=1

Consequently, it is clear that

@(Pr(a;y) - Pilagy)) = > gy - iy @ (Mugy (a5(1))° - - Mig, (a51))°) = 0,
ki<ma,...,kt<my
as desired. ]

In this chapter, the usefulness of the free cumulants will mostly come from the following
theorem:

Theorem 6.7 ([NS06| Theorem 14.4). Let (A, *, ) be a x-probability space. Suppose that the
set {ai,...,an} is *-free from {b1,...,bn} in (A, *,¢). Then, one has

w(a1biagbs - - - anby) = Z Krla1, .. an]or @m0t - - -, bal. (6.2)
TeNC(n)

(Where K(m) denotes the Kreweras complement.)
Proposition 6.8. Fiz an integer K € N, and for every 1 < k < K, let
aén) = (a,@ (i€ I) C (.A,(cn),*, (p,(cn)>, neN
be a sequence of collections of noncommutative random variables. If
a,(gn) =4 ay = (apsi 21 € 1) C (Ag,*, 01)
for every k < K, then
2l I @rap = (@pars 11 € I) C (@pAs *, Okpr)

(as m — 00).

Proof. For every x-word M € (C<(x¢,x* NS I)>, one has

nlnglQ ®k(,0§€n) (M( Rk al(;?i) NS I>> :nILIEIO ®ktp,(€n) < Ok M(al(;?) (1€ I))
= lim [T " <M (af i€ I))
k<K
=[] er(M(a; : i €1)

k<K
= Qk gok(M(@)kak;i 11 € I))
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Being that the ¢ and ®xp are linear, the above concludes the proof of the result. Il

6.3. Sufficient Conditions

6.3.1. Centering Sufficient Conditions. Suppose we take for granted that at least one of
the families a; contains variables that are x-free from each other. Under this assumption,
we obtain the following equivalent condition for the *-freeness of the variables in ®gag, which
simply amounts to a reformulation of the definition of *-freeness in the statement of Proposition

(equation (6.1))):

Proposition 6.9. Let (Ag,*, ) (where k < K) and the collections a and ®ay be defined
as in Problem[6.3, and suppose that there exists | < K such that the variables in a; are x-free
from each other. Then, the variables in Qray are x-free from each other if and only if for
every collection i(1),...,i(t) € I of indices such that i(1) # i(2) # --- # i(t) and x-words
My, ..., M; € Clx,x*), there exists a constant C € C (which may or may not depend on the
choice of indices i(j) or x-words M;) such that

Drpk (Ml( ® agi(r)) - Me( @k ak;i(t))o> = (Ml (ari))” - "Mt(al;i(t))o> C. (6.3)

Proof. According to the definition of *-freeness (Proposition , the variables in ®a; are
x-free from each other if and only if every expression of the form

®kPk (Ml( @ i) M @ ak;z‘(t))o)

vanishes. As we have assumed that the variables in a; are x-free from each other, it follows that

w1 (Ml (al;i(l))o - 'Mt(al;i(t))o> =0

for every indices i(1) # i(2) # - -- # i(t) and *words My,..., M; € Cl{x,z*). O

Although the above proposition does not offer much insight into the occurence of *-freeness
of tensor products, as it is a nearly trivial reformulation of the definition for the x-freeness of
the elements in ®ia; under the assumption that the variables in a; are *-free, thinking of the
x-freeness in those terms allows one to easily extract the following corollary, which provides a
first sufficient condition for the x-freeness that we call the centering sufficient conditions:

Definition 6.10 (Centering Sufficient Conditions). Let (Ag,*, i) (where k& < K) and the
collections a; and ®paj be defined as in Problem [6.2] If there exists [ < K such that the
variables in a; are *-free from each other, and for every i € I and *-word M € C(z,x*), one has

M(®kak;i)o = ®kN(ak;i)> (64)
where
M(a;)° ifk=1;
T (6.5)
M (ay;)  otherwise,

then ®iay is said to satisfy the centering sufficient conditions, and a; is called a dominating
family of the tensor product ®iay.
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Corollary 6.11. Let (Ag,*, pr) (where k < K ) and the collections ay, and Qray, be defined as
in Problem[6.3 If Qray, satisfies the centering sufficient conditions, then the variables in Qpay,
are x-free from each other.

Proof. Let | < K be such that the variables in a; are *-free from each other, and that tensor
products of *-words in the ®ay, factor as in (at least one such [ is guaranteed to exist if the
centering sufficient conditions are satisfied—ay is a dominating family). Let ¢(1),...,i(t) € I
be a collection of indices such that i(1) # i(2) # -+ # i(t), and let My,..., M; € C(z,z*) be
arbitrary #-words. Then,

Qk Pk (Ml( Ok ak;i(l))o e Mt( Ok ak;i(t))o)
= QK Yk (( ®k N1 (ak;i(l))> e <®k Nt(ak;i(t))>>

=¥ (M1 (al;i(l))o o My (al;i(t))o> kH# Ok (Ml (akiq)) - M (ak;i(t))) ;

and thus is satisfied with C' =[], ¢x <M1 (ak;i(l)) oo M, (ak;i(t))). O

As claimed in the introduction to this chapter, Corollary settles Question in the
affirmative. Indeed, if v and v are Haar unitary variables in respective *-probability spaces
(A1, %, 1) and (Asg, *, p2), then

(1) every nontrivial *-word M € C(z,z*) evaluated in u, v, or u®v can be reduced to u",
v, or (u®v)™ for some n € Z \ {0}; and
(2) for every n € Z \ {0}, one has ¢1(u™) = p2(v"™) = (1 ® @2)((u ® v)") = 0, and hence
(v U)")O =wev)"=u"®v" = (u")o KU =u"® (v")o,
which implies that the limit family u ® v = (u; ® v; : i € I) towards which U,, ® U,, converges
in x-distribution satisfies the centering sufficient conditions, and thus contains variables that
are *-free from each other. (Note that, in this particular case, u and v are both dominating

families.) In fact, by applying the above argument, one easily obtains the following proposition,
of which Question [6.1]is a special case:

Proposition 6.12. Let ul™ = (ugn) 11 € I) and v = (vi(n) 11 € I) be sequences of families
of random wvariables (for example, random matrices) such that
(1) u™ converges in joint x-distribution towards a family u = (u; : i € I) of unitary
variables that are x-free from each other;
(2) v converges in joint x-distribution towards a family v = (v; : i € I) of unitary
variables that may or may not be x-free from each other;
(3) for every i € I, either w; is a Haar unitary variable and v; is an arbitrary unitary

variable; or u; is a p-Haar unitary variable and v; is a q-Haar unitary variable, where
q divides p.

Then, it follows from the centering sufficient conditions that the variables in u ® v are *-free
from each other, which implies in particular that the variables in u™ @ v(™) are asymptotically
x-free.
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6.3.2. Reformulated Centering Conditions. Although the centering sufficient conditions
enable us to answer Question [6.1] it suffers from a few shortcomings. Firstly, the centering
sufficient conditions may seem abstruse, in that they arguably fail to provide an intuitive un-
derstanding for when the *-freeness should occur in a ® b when it is already present in a.
Secondly, although the centering sufficient conditions are easy to apply to unitary variables, it
is not immediately obvious if they can be used to settle questions similar to the following (i.e.,
asymptotic freeness in tensor products when the factor families do not converge towards unitary
variables):

Question 6.13. For every n € N, let X,, = (Xi(") NS I) and Y, = (Y(n) NS I) be

(2
collections of i.i.d. n x n Wigner matrices. Are the variables in the collection

X, @Yy = (XM ey ier)

asymptotically x-free with respect to the expected normalized trace E [%tr@ %tr] and/or almost
surely asymptotically *-free with respect to the normalized trace %tr ® %tr?

Fortunately, it is possible to reformulate the centering sufficient condition in a way that
solves these defects. We will call this reformulation the reformulated centering conditions.

Definition 6.14 (Reformulated Centering Conditions). Let (A, *, @) (where £ < K) and the
collections a; and ®pa; be defined as in Problem If there exists [ < K such that the
variables in a; are *-free from each other, i € I and *-word M € C(x,z*), one has

(1) if ®ppr (M (®gkak;)) =0, then ¢;(M(az;)) = 0; and
(2) if ®rpk (M(®ka;m-)) # 0, then M (ak,;) = ¢x (M(ak;i)) - 14, for every k # 1,

then ®gay is said to satisfy the reformulated centering conditions, and a; is said to be a dom-
inating family of the tensor product ®ay.

Proposition 6.15. The reformulated centering conditions imply the centering sufficient condi-
tions.

Proof. Suppose that the reformulated centering conditions hold. If ®gpg (M (®kak;i)) =0,
then M(®pa;;)° = M(®gak;). Furthermore, since ¢ (M(al;i)) = 0 must also be true in this
case, it follows that M (a;;) = M (a;;;)°, hence

M(®ar;)° = M(Qpag;) = @M (ar;) = QN (ar;i),

where N is defined as in equation 1} If Qrop (M(@kak;i)) # 0, then M (ag,;) = o (M(ak;i)) .
14, for all k # [. Therefore,

M(®kar;)” =M (®Skar;:) — Rkpr (M (Braki)) - Loy,
= Qk M(ag;) — R (Spk (M(ak;i)) ’ 1Ak>

= @ M (aki) — kN (ag;)
= ® N(ak;),
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where N is defined as in equation |D and N as follows:

~ M(ay.;)) -1 if k=1,
N(ak;i) — Sok( (a’k,l)) .Ak 1 .7
M (ag;) otherwise.
Thus, the centering sufficient conditions also hold. O

In light of the reformulated centering conditions, it seems that we can think of the sufficient
conditions obtained so far in the following intuitive terms: Suppose that we are intially given a
collection a; = (ay;;: 9 € 1 ) C (Aq, , ¢1) whose constituent variables are *-free from each other.
Then, suppose that for each ¢ € I, we modify a; by affizing an extra part onto it (represented
by the variable ®@>oak;;)

A — SpAk

6.6
al; — al;i®(®k>2ak;i>a (6:6)

and that the joint x-distribution of the a1, is modified in a way that is consistent with the
definition of ®g g, that is, for every *-polynomial P € C<(:z:,~, x; i€ I)>, one has

©v1 (P(al;i 11 € I)) — ®k90k(P(®kak;i 11 € I))

Then, thanks to Proposition the reformulated centering conditions provide sufficient con-
ditions for the modified versions of the a; to retain their *-freeness, namely, for every x-word M,
affixing ®j>2ax;; to ai,; cannot mean that ®ey (M(®kak;i)) = 0 when it was not already the
case that ¢ (M(al;i)) =0, and if o1 (M(al;i)) # 0, then the word M(®k>2ak;i> is deterministic
(i.e., a constant multiple of the unit vector ®x>214,). Thus, our sufficient conditions show that
if, for every i € I, the »-distribution of ay,; is not modified too significantly by joining ®z>oax.;
onto it as is done in , then the x-freeness of the a;.; is preserved through the modification,

hence the a;; ® (®k>2 a;m) = Qpaky; are *-free from each other.

6.3.3. Further Questions. In light of the discussion following the statement of the reformu-
lated centering conditions, two questions seem to be especially interesting:

Firstly, it is natural to wonder to what extent the reformulated centering conditions are
necessary. Indeed, thanks to Proposition we know that if we modify the ay,; to no greater
extent than that which is allowed by the reformulated centering conditions, then the x-freeness
of the ay; is retained in the ®pag.;. Is this also the full extent to which the a1,; can be modified?
Moreover, is it necessary to assume that one family contains *-free variables? For example, is it
possible to start with two families a; and ag, neither of which contain *-free variables, and then
join them together to obtain a; ® ag, where the a1; ® az; are *-free from each other? Answers
to these questions will be pursued in Sections and of this chapter.

Secondly, it is also natural to wonder about how restrictive the reformulated centering
conditions are on the distributions of the ay;. If the ay,; are *-free and the ay,; (with k > 2) are
all chosen such that ay; = @i (ag;i) - 14,, then the *-freeness of the ®@yag,; is trivial. Although
Proposition provides many examples where the the x-freeness of the ®jay.; holds without
the ag,; (k > 2) necessarily being constant multiples of the identity, it is unclear if there are
some #-distributions on the a;; for which the aj,; (k > 2) have no other choice than to be a
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constant multiple of 14, for the reformulated centering conditions to hold. This question will
be addressed in the remainder of this subsection.

Definition 6.16. Consider a x-word M(z) = 2™ ... 2" where n(1),...,n(t) € {0,1,%*}.
Then, one can define a finite sequence of 1 and —1 associated to M as follows: Let sp; =

sp(1),...,sa(t), where for each i < ¢, one has
1 ifn(i) =1,
sp(i) =<0  if n(i) =0; and
-1 ifn(i) ==

Then, we define the order of M, which we denote ord(M), as the sum sps(1) + -+ + sps(t) of
the elements in sjy.

Remark 6.17. If u is unitary, then for every x-word M, one has M (u) = u°* (M),
Proposition 6.18. Let (A, *,pr) (where k < K) and the collections ay, and Qray be defined
as in Problem[6-9, and suppose that 1 is faithful. If ®ay satisfies the reformulated centering
conditions with a; as a dominating family, then, for every i € I, one has that

(1) for every k > 2, ay,; is a constant multiple of a unitary variable; and

(2) if there exists x-words M and N such that o1(M(a1;)),¢1(N(a1;)) # 0 and |ord(M)|
and |ord(N)| are relative primes, then ay.,; is a C-multiple of 14, for all k > 2.

Proof. (1). Since ¢y is faithful, it follows from our assumption that ai,; # 0.4, (see Remark
that ¢1(a1,a7,;) # 0 for all i € I. Thus, it follows from the reformulated centering conditions
that for every ¢ € I and k > 2, the variable ay;aj,.; is a constant multiple of 14, .

(2). Since p1(M(ary)), ¢1(N(aiy)) # 0, it follows from the reformulated centering conditions
that M (ax,;) and N(ax,;) are nonzero constant multiples of 14, for every ¢ € I and k > 2.
Furthermore, according to part (1) of this proposition, we know that as.; is a constant multiple
of a unitary random variable for all i € I and k£ > 2, and thus M (ax,;) = c,(:;\:.‘[) . aZf?(M) and

N(ak;) = c,(gj,\if) . aZ??(N) for some constants <c,(€];\;[), c,(cj,\i[) €eC:ielandk > 2). Since |ord(M)|

and |ord(V)| are relative primes, it follows from Bézout’s identity that a-ord(M)+pS-ord(N) = 1
for some a, f € Z, and thus ai,; = aford(MHﬁ'ord(N) is a constant multiple of 14, for all i € I

and k > 2. O

6.4. Tensor Product of Two *-free Families

In this section, we solve Problem in the case where K = 2 and each factor family contrains
«-free variables, that is (we pick the notation a = (a; : ¢ € I) and b = (b; : i € I) instead of
a; = (a1, i € I) and ag = (ag; : ¢ € I) in order to diminish the amount of indices and thus
improve readability in the technical proofs to come in this section)

Problem 6.19. Let a = (a; : ¢ € [) and b = (b; : i € I) be two families of noncommutative
random variables in respective *-algebras (A, *, p) and (B, *,1). Characterize the x-freeness of
the elements ina®b = (a; ®b; 17 € I) in (A® B, *,p ® ¢) under the assumption that

(1) the a; are x-free from each other;
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(2) the b; are x-free from each other; and

(3) ¢ and v are faithful.

The solution to the above problem is the subject of the following theorem:

Theorem 6.20. Let (A, x*,p), (B,*,1%), and the collections a, b and a ® b be defined as in
Problem[6.19 The variables in a®b are -free from each other in (A® B, *, o ®@1)) if and only
if a® b satisfies the reformulated centering conditions. Furthermore, if the variables in a @ b
are x-free from each other, then at least one of the collection a or b contains only multiples of
unitary variables, and if one collection contains an element that is not a multiple of a unitary
variable, then that family is a dominating family of a® b (see Deﬁmtions and . For
example, if a contains an element that is not a multiple of a unitary variable, then for every
i €I and x-word M € C(x,z*), one has

(1) if o @ (M (a; @ b;)) =0, then ¢(M(a;)) = 0; and
(2) if @ ¥(M(a; ® b)) #0, then M(b;) = (M (b)) - 15.

Thus, throughout this section, we let (A, %, ¢) and (B, , 1)) be *-probability spaces such that
¢ and v are faithful, and we let the collectionsa = (a;:i € I) C Aand b= (b;: i€ ) C B be
such that the a; are *-free from each other and likewise for the b;.

Remark 6.21. In relation to Question [6.13] we notice that, while Proposition simply
asserted that the reformulated centering condition cannot be applied to prove that X,, ® Y, is
x-asymptotically free (where X,, and Y,, are families of i.i.d. Wigner matrices), Theorem
implies that X,, ® Y, is definitely not asymptotically x-free.

6.4.1. Method of Proof. The method of proof used in this section is fairly straightforward.
According to Corollary [6.11] and Proposition [6.15] it clearly is the case that the reformulated
centering conditions imply the x-freeness of the elements in a ® b. Thus, we need only prove
that if the variables in a ® b are *-free from each other, then one of a or b contains multiples
of unitary random variables, a ® b satisfies the reformulated centering conditions, and if one of
a or b contains a variable that is not unitary, then that family is a dominating family.

We will find necessary conditions for the *-freeness of the elements in a ® b as follows: By
assuming that the a; are x-free from each other in (A, x, ¢) and likewise for the b; in (B, *, ),
it follows from equation that for every distinct indices p,q € I, n € N and *-words
My, ...,My,Ny,...,N, € C{z,x*), one has

QD(Ml (ap)N1(ag) - - Mn(ap)Nn(aq))

= Z Ko [Ml(ap), .. ,Mn(ap)} K (x) [Nl(aq) e Nn(aq)]
TeNC(n)

and

w(Ml(bp)Nl(bq) e Mn(bp)Nn(bq))

— Z b [M1(bp), - - -, My (bp) |0k () [N1(Bg) - - - N (bg)]
TeNC(n)
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and hence

(¢ ® ) (Mi(ap @ by)Ni(ag ® bg) - - My(ap @ bp) Np(ag @ by))
:SO(Ml(ap)Nl(aq) e Mn(ap)Nn(aq))d’(Ml(bp)Nl(bq) T Mn(bp)Nn(bq))

TeENC(n)

= ( Z KR [Ml(ap), ey Mn(ap)] ()OK(T(') [Nl(aq) ce Nn(aq)])

><( > Kﬂ[Ml(bp)a"'7Mn(bp)]¢K(7r)[Nl(bq)"'Nn(bQ)])

TeNC(n)

:< Z Ko [Mi(ap), ..., My(ap)]kr [Mi(by), ..., My(bp)]

o,meNC(n)
X PK(o) [Nl(aq)v T 7Nn(aq)]wK(7r) [Nl(bQ)7 e aNn(bQ)]> . (67)

If it is also assumed that the a; ® b; are x-free from each other, we obtain from equation ({6.2])
that

(p® 7/’)(M1(ap ® bp)Nl(aq ® bq) Tt Mn(ap ® bp)Nn(aq ® bq))
= Z K [Ml(ap ®bp), ..., My(ap ® bp)] (p® 1/’)K(Tr) [Nl(aq ® bg) - Np(ag ® bq)]

TeNC(n)
= Z Kr [Ml(ap ®bp), ..., Mn(ap ® bp)]SDK(w) [Nl(aq) o Nn(aq)]
TeNC(n)
X Yic(my [N1(bg) - - - Nu(bg)].- (6.8)

Then, subtracting from yields
0 :( S (ke [Mi(ay), o Ma(ay) e [Mi(by), - Ma(by)]

TeNC(n)

— kix[Mi(ap @ by), ..., My(a,® bp)])

X @K(w) [Nl(aq), ey Nn(aq)]@bK(W) [Nl(bq), ey Nn(bq)]>

+< > Ko [Mi(ap), ... My(ap) ] kr [Mi(by), . .., My (bp)]

o,meNC(n): o#m
X PK(o) [Nl(aq)? s aNn(aq)] 77bK(7r) [Nl(bq)a B Nn@q)]) (69)

Thus, equation offers, in principle, infinitely many necessary conditions on the x-distributions
of the a; and the b; for the *-freeness of the a; ® b;. The kind of information on the distributions
of the a; and b; we wish to extract (for example, if they are unitary and the *-words M for
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which ¢ (M (a;)) or ¢ (M (b;)) are zero) will inform the choice of *-words Mj and Ny, (k < n)
used in equation .

In the following propositions, we specialize equation to two special cases that will be
especially useful for our purposes:

Proposition 6.22. Leti,j € I be distinct indices and let M, N € C(x,x*) be nontrivial *-words.
If a; ® b; and aj @ b; are *-free from each other, then

2’¢(N(bj))‘ . (6.10)

Proof. By applying equation with p =14, ¢=7,n=2 and
Mi(z) = M(z), Ni(x) = N(z), May(z) = M(x)*, and Ny(z) = N(z)%,
we obtain that

0=< > (nW[M(ai)jM(ai)*}m[M(bi),M(bi)*] —mﬂ[M(ai@)bi),M(ai@bi)*])
TENC(2)

X 0xc(m) [N (a5), N (a;) |0 rc () [N (b5), N(bj)*]>

+( 3 Ko [M(a;), M (a;)*] kr [Mi(b;), M (b;)*]

o,meNC(2): o#m
X 9K (o) [N(aj), N(a;) [ @ [N (b)), N(bj)*]) (6.11)

According to Example it is clear that for any two noncommutative random variables
¢ and d in a x-probability space (C,*,T), one has ko,[c,d] = 7(c)7(d) and k1,[c,d] = 7(cd) —
7(¢)7(d), hence

Ko, [M(c), M(c)*] = ‘T(M(C)) and k1, [M(c), M(c)*] = 7(M(c)M(c)") — ’T(M(C))’ .
Similarly,

2

wou [M (e @ i), M(a; @ b)°] = |0 (M(a)| [o(a0)][
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and

K1, [M(az ®b;), M(a; ® bl)*]

= (M (@) M) (M (b M (1)) — [ (M (a0) [ (21 00)|
We now carry out the two sums in the right-hand side of one summand at a time:
First sum in , summand 7 = 0,. Since
0w [M (@), M(as)" o, [M(00), M(5)") =[io (0 (a0))|| | (21 br)) |
=K0, [M(az X bi), M(ai X bz)*],
then
0 = Koy [M (a;), M (a;)*] ko, [M(b;), M(b;)*] — Ko, [M (a; @ b;), M(a; @ b;)*],
and thus this summand vanishes.
First sum in , summand 7 = 1. Given that
/<512 [M(ai), M(a,)*] /<{/12 [M(bz), M(bl)*]
— <(p(M(aZ)M(aZ)*) _ @(M(al)) 2) (¢(M(bz)M(bz)*) _ ’w(M(bz)) 2)
= (M (a;) M (a;)") (M (b) M (5:)") — (M (ai) M (a;)") ’ﬁ}(M(bz‘)) ;
— (@) o (210" + (a1 (0100) |
and
Kly [M(az X bi), M(ai X bz)*]
2

= (M {a) M (@) ) (M) M(b)*) ~ (M (@))| [0 (a100)][

then
K1y [M(ai), M(a;)* k1, [M(bi), M(b)"] — w1, [M(a; © b;), M (a; @ b;)"]
= — o (M(a)M(a)) [0 (M®))| — (M (@) | (Mb)2 1))

2’w(M(bi)) :

+ 2)¢(M(ai))
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Therefore, since K (1) = 02 and o, [a, b] = ¢(a)p(b), one has

(ra [M (@), M (@), [M (), M(5i)] = o, [M (@i @ bi), M(a;  b;)"] )
X (1) [N (a5), N(ag) g 1,) [N (b5), N (b;)*]
~( - eartanrta) o r)| - [o(arta) v rp0))
2 2
e eve,)]
= —[e @) [ Joae@)| e (V)| e (@) Mar))
~ e @) [ et [ v o) [ (eeom o)

+ofo(a(a)[ o (¥ @) s Jo(ve)|

2

+2‘¢(M(ai)) 2‘¢(M(bi))

. (6.12)

Second sum in ((6.11), summand o = 02 and 7 = 1. In this case,

Koy [ M (ai), M (a;i)*] k1, [M (D), M(b;)*|p1, [N (aj), N(a;)*]o, [N (bs), N(b;)*]

fotarta)|"(wlar@nroy) - [o(ar0)[ ) (Ve Vo)) o)

o (Vo) [ (N () N (g ) (M (Bi) 1 (5))

o e[ [ (Vo) e (¥ (@) N ay)7). (6.13)

e (M(ai)

- )@(M(Gz‘))

Second sum in (§6.11), summand o = 15 and 7 = 03. In this case,

K1, [M (a), M (a;)*] ro, [M(bi), M (b;)*] 0, [N (az), N(az)*]41, [N (bj), N(b;)*]
~(eOrent@)) - o)) [pareo| e (@) [ v (e e;))
2’90(1\7(%))‘2’1/1(1‘4(@)) zw(M(ai)M(ai)*)"/’(N(bj)N(bj)*)

~le@t@)[ o) o (aem) | BV )N b)) (6.14)

Combining all of the above summands (that is, equations (6.12)), (6.13)), and (6.14)) shows
that (6.11]) does indeed reduce to ([6.10]), as desired. O
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Proposition 6.23. Let i,j € I be distinct indices. If aj and b; are unitary, such that ¢(a;) =
P(bj) =0, and a; ® b; is *-free from a; ® b;, then for every x-words N, M € C(x,z*), one has

0 =¢(N(a)N(ae)* o (MM 00" ) o (M(a0)[ o (¥ 00
+o(M@)M @) ) o (NN G ) [ (V0| o w0)|
)| Jove)|
‘so N(a)| e )’2
s <Mb>>\ W e

(v

|
e

volo (@) o) [ ()] w(mm»)?- (6.15)

In particular, if N = M, then
0 =p (3@ (a)" ) (21621 (b)) (01 (a) [ 0 (a15)
= o (MM )7 e (@) o (a1 00)
~ o(Mta M@)o (M) [ o (a1 00)[

+ o) o) (6.16)

‘ 2

Proof. By applying equation with p = j, ¢ = 4, n = 4 and the following choice of *-words:

Mi(z) ==z Ms(z) = x* Ms(z) ==z My(z) = =*
Ni(z) = M(z) Na(x) = N(z) Nz(x)=M(z)" Ni(z)=N(z)",

we obtain that

0 :< Z (/@T [aj,a;f,aj, a;]/i,r [bj, b3, by, b;]

TeNC(4)

— kg [ij X bj, (CL]' & bj)*,aj ® bju (aj ® b])*]>

X Pxc(my [M(ag), N(ag), M(a;)*, N(a;)* |y [M(bi), N(b;), M(b)*, N(@')ﬂ)

+ ( Z Ko [aj,a;f,aj,aﬂn,r [bj,b;f, bj,b;]
o,meNC(4): o#m

X Qrc(o) [M(ai), N(ai), M(a:)", N(ai)" [y [M (i), N (bi), M (bi)", N(@')"]) - (6.17)

Given that
plaj) = 9(bj) = (¢ @ Y)(a; ®bj) =0,
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the only partitions m € NC'(4) for which the free cumulants

Kxlaj, aj,aj,aj], krlbj, b}, b, b5
and
firlaj © b, (a5 @ b;)", a; @ bj, (a; © bj)7]
are possibly nonzero are those that do not contain any singleton, namely (using the notation
introduced in Example ,

TS = {{174}?{273}}
T = {{172}?{374}} )
ma = ly={{1,2,3,4}}

whose Kreweras complements are given by

K(ms) = m=1{{1,3},{2},{4}}
K(TFQ) = T7 = {{1}7{274}7{3}} .
K(ma) = 0s={{1},{2},{3}, {4}}

Using the computations made in Example and the fact that a; and b; are unitary, we
obtain that

k1,[a; ®bj, (a; @ b)), a; ® bj, (a; @ by)"]
= k1, ]aj, 4}, a5,a5] = k1, [bj, b5,b5,b5] = =1 (6.18)
and
ki a; @by, (a5 ® b;)", a5 @ by, (aj © bj)"]
= Hﬂ[aj,a;,aj,aﬂ = Kn [bj,b;,bj,b;] =1 (6.19)
for m = g and ™ = myg.

We now carry out the two sums in the right-hand side of (6.17) one summand at a time:

First sum in (6.17)), summands © = 73 and 7 = mg. According to (6.19)),
0=ky [aj ® b, (a; ® bj)*,a; @bj, (a; ® bj)*} — Kn [aj, a;f,aj, CL;]K,W [bj, b}k-, bj, bﬂ,

for m = mg, w9, hence the summand vanishes for m = g, mg.

First sum in (6.17), summand 7 = 14. According to (6.18)), one has
2 = Kk, [ag,a}, a5, a}] k1, [by, 0F, b5, 05] — k1, [(aj @ by), (a5 ® by), (a5 @ bj)*, (a; © bj)*]
Therefore,
(vl a5 ag, @) by, 05, 85, 67) = v, (0 @ by), (a5 © ;). (a5 @ b)", (0 @ b)) )
X oy [M(ai), N(ai), M(a;)*, N(a;)*]o, [M(bi), N (bi), M(b;)*, N (b;)"]
=2l (M) e[ [ 0)][ |6 (v o0) [ (6.20)
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Second sum in ((6.17)), summand o = 75 and © = m9. According to equation (6.19) and
the fact that K (mg) = mg and K (mg) = 77, one has
Frg [aj, aj,aj, aﬂ Ko [bj, bj, bj, bﬂ Ore [M(ai), N(a;), M(a;)*, N(ai)*]
X by [M(b;), N (b;), M (b;)*, N (b;)*]
2
—p (M ()M (@) ) (N BN G )| (V(@) [ o (M)
Second sum in ((6.17)), summand o = m9 and 7™ = wg. According to equation (6.19) and
the fact that K(m9) = m7 and K(7mg) = 7g, one has
r 520585 g 5,54 05,85]pns [M ), N a), M), N i)

55055
X g [M(b;), N (i), M ()", N (b)"]
= (N(a)N(as)” oo (Moo M (b1)") o (0 (a0) [ (3 (B0)
Second sum in , summand o = 14 and m = wg. According to equations and
, and the fact that K(14) = 04 and K (7g) = mg, one has
K1, (g, af, aj, af] kg b, 05, b5, b5 o, [ M (a;), N(as), M(a;)*, N(a;)]

Jr¥g

iy [M(bi), N (bi), M (b)", N (by)]
= (1)) [ (10| e V(@) [ [ ) [ (6.23)

Second sum in ([6.17), summand o = g and 7 = 14. According to equations (6.19)) and
(6.18]), and the fact that K (14) = 04 and K (7g) = g, one has
Kog [aj,a;,aj,aﬂ/ﬁM [bj,b;,bj,b’;]gowﬁ [M(az-),N(ai),M(ai)*,N(ai)*]
X 1/}04 [M(bz), N(bl), M(bz)*, N(bl)*]
2 2 2
= — (M) M(@:)) [p (N (@) | [o (@) [ ] (V@) (6.24)
Second sum in ([6.17), summand o = 14 and © = 79. According to equations (6.19)) and
(6.18]), and the fact that K(14) = 04 and K (mg) = 77, one has
K1, [aj,a;f,aj,a;]/iﬂg [bj,b;,bj,bﬂwm [M(ai),N(ai),M(ai)*,N(ai)*]
2 2 2
== o(NEIN b)) (M (@) (N (@) [ e (me:)] (6:25)
Second sum in ([6.17), summand o = 19 and 7 = 14. According to equations (6.19)) and
(6.18), and the fact that K(14) = 04 and K (mg) = 77, one has
Koo [aj,a;,aj,a;f]ﬁu (05,65, b5, 0% 0ny [M (ai), N(a), M(a;)*, N(a;)*]

VRIS R R
X o, [M (i), N (bi), M (bi)*, N (bi)*]

2 2 2
= — o (Nla)N (@) ) |e (@) o ()| o (N o) (6.26)

2
) . (6.21)

:

. (6.22)
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Combining all the above summands (that is, equations (6.20]) to (6.26])) shows that (6.17))
does indeed reduce to (6.15)), as desired. Then, by replacing every instance of N by M in (6.15)),

we obtain (6.16]). O

6.4.2. Technical Assumptions/Results. In order to simplify computations, we will begin
with a few technical remarks and propositions.

Remark 6.24. In the context of Problem [6.3] the assumption that the a; and b; are nonzero
(see Remark can be taken one step further: Since ¢ and 1 are faithful, it follows that
p(a;af) and ¢ (b;b;) are nonzero for every ¢ € I. Therefore, given that the *-freeness of the
elements in a collection (¢j : j € J) C (C,*,7) is in no way affected by scaling the variables
¢; using nonzero constants A; € C (that is, the ¢; are *-free from each other if and only if the
Ajcj are x-free from each other, provided the A; are nonzero), we will henceforth assume that
p(aal) = P(b;ib}) = 1 for every i € I, which amounts to scaling the a; by (go(aia;‘))_l/2 and
the b; by (¢(bib?)) >

Proposition 6.25. Let (A, *,p) be a x-probability space such that ¢ is faithful, and let a €
(A, *, @) be such that p(aa*) = 1. If |p(a)] =1, then a = p(a) - 1 4. Furthermore, if a = X-14
for some X € C, then |\ = 1.
Proof. Let A = ¢(a), and suppose that |[A\| = 1. Then,
Varfa] =¢((a — A-14)(a — A-14)") = p(aa* — Xa — Aa* + AN)
=1— A2 = A2+ A2 =0.

Since ¢ is faithful, this implies that a = A - 1 4.

Suppose that a = A - 14 for some A € C. Then, p(aa*) = 1 obviously implies that [A|? =1,
as desired. O

Remark 6.26. As shown in Proposition under the assumption we have just made that
(aaf) = (bibf) = 1, proving that a; or b; is a constant multiple of 14 amounts to showing
that |p(a;)| or [1(b;)| is equal to 1. Thus, in this case, the reformulated centering conditions
with a as a dominating family would be equivalent to the following: for every ¢ € I and *-word
M e C(z,z*),

(1) if (p @) (M(a; ® b;)) =0, then ¢(M(a;)) = 0; and
(2) if (p @ ) (M(a; © b)) # 0, then [ (M(b))| = 1.
Under the assumption that p(a;a}) = ¢(b;b}) = 1, we also obtain the following inequality,
which will be useful in some proofs:

Proposition 6.27. Let a be a noncommutative random variable in a x-probability space (A, *, ).
If p(aa*) =1, then

(a)] <1 < p((aa")?). (6.27)
Proof. Since ¢ is positive, it follows that for every 6 € [0, 27), one has

0<p((e? 1a+a)(e™ 14+ a*)) =2+ 2Re(e p(a)).
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If we choose @ in such a way that Re(e™?¢(a)) = —|¢(a)|, the above yields |¢(a)|] < 1. Fur-
thermore,

0 < ¢((aa* — 1)(aa* — 1)) = p((aa*)?) — 1,
which implies that ¢((aa*)?) > 1. O

WV

6.4.3. At Least One Unitary Family. We now prove the following claim in Theorem [6.20}
If the variables in a ® b are x-free from each other, then at least one of the collection a or b
contains only unitary variables (under the assumption that p(a;a)) = 1 (b;b}) =1 for all i € I).

Lemma 6.28. Let i,j € I be distinct indices and suppose that a; ® b; and a; ® b; are *-free
from each other. If both aj and b; are unitary, then at least one of a; or b; must be unitary as
well.

Proof. Suppose that both a; and b; are unitary. We consider the two possible cases with
respect to the expectation of a; and b;, namely,

(1) at least one of ¢(a;) or ¢(b;) is not equal to zero; and

(2) ¢(a;) and 1 (bj) are both equal to zero.
(1). Suppose that at least one of ¢(a;) or 1 (b;) is not equal to zero. Define the *-words
M,N € C(z,z*) as M (z) = xzz* and N(x) = z. Since a; and b; are unitary, N(a;)N(a;)* =14
and N (b;)N(b;)* = 13. Combining this with the assumption that o (M (a;)) = ¥ (M(b;)) = 1,
equation (6.10) reduces in this case to

2 2 2
o= o o0 ¢ ot G [t oo o)
2
- feta)] = feta) o] wioe?) + 2feta)[ote)]”
To simplify computations, let us pose
2 2
k::‘go(aj)‘ and t == w(b]‘

Thus, we have that
0=1t-9((b:b))*) + k- p((aa))?) —t — kt - o((a;a})?) — k — kt - ((b:b))?) + 2kt,
which can be rearranged into
k4t — 2kt =k(1—t) - o((aaf)?) +t(1 — k) - ((b:b})?).

Thus,

(e ((@a)?), v ((7)%)) € (0,50)?
must be among the couples (z,y) € (0,00)? that satisfy

k+t— 2kt =k(1 —t)z +t(1 — k)y. (6.28)
Notice that

e the couple (z,y) = (1,1) satisfies (6.28)) no matter what the value of ¢ and k are;
e acording to equation (6.27)), 0 < k,t < 1;
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e given our assumption that at least one of a; and b; is not a multiple of the unit (see
Remark , it follows from Proposition that at least one of k£ and t is not equal
to 1; and

e since at least one of p(a;) or ¢ (b;) is nonzero, at least one of k and ¢ is nonzero.

Therefore, (6.28]) can always be written as a linear equation of the form

y = t(ll_k)(—k:(l—t)ij(t—l-k—th))
or
_ 1
k(1 —1) (
which goes through the point (1,1) and has a slope a4, contained in (—00,0] (indeed, t(1 — k)

and k(1 — t) are both nonnegative, see Figure I 1| below for examples of possible set of solutions
of (6.28 - Therefore, it necessarily is the case that ¢((a;af)?) < 1 or ¢((bb})?) < 1, which,

—t(1 = k)y+ (t + k — 2tk)),

Figure 1.

when combined with (6.27), implies that ¢((aaf)?) = 1 or ¢((bb})?) = 1. As Var[a;a}] =
go((aiaf)z) — 1 and similarly for b;, we conclude that a;a; =14 or b;b; = 15, as desired.

(2). Suppose that ¢(a;) = ¥ (b;) = 0, and define the *-word M € C(z,z*) as M(z) = xz*.
Then, since ¢(a;a)) = ¢¥(b;b}) = 1, equation reduces in this case to
0 = p((aia})?)w((0ib))?) — o ((aiai)?) = (Bib))?) +1 = (p((@ah)?) —1) (w(G:b1)?) - 1)),

from which we conclude that one of Var[a;a}] and Var[b;b]] must be zero, as desired.

Lemma 6.29. Let i,j € I be distinct indices and suppose that a; ® b; is x-free from a; @ b;.

(1) It cannot be the case that a; and b; are both not unitary; and

(2) it cannot be the case that a; and b; are both not unitary.
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Proof. Define the s-words M,N € C(z,z*) as M(z) = N(z) = zz*. Since ¢(M(a,)) =
z/J(M(bL)) =1 for ¢+ = 1, j, equation 1' reduces in this case to

0 =¢((aja;)?)v ((b'b"‘)Q)+<P((aia2‘)2)¢((bjb}f)2)—@((aja}f)z)—@((aiai‘)Q)—w((bjbj)Q)
—((B:b})?) +
=p((a:a})*) ((b;57) ) w((az‘a*f)—w((bjb?-)Q)+1+s0((aja§)2)w((bibi‘>2)
—¢((aja3)?) = ((b:b})?) +
)

~(ellasai?) ~1) (w(0%)?) - ) + (el = 1) (o)) - 1),

According to equation (6.27), ¢((a,a})?),¥((b,b1)?) = 1 for v = 4,j. Therefore, the above
equation implies that

(e((@a)?) = 1) (w(@:0)%) = 1) =0, (6.29)
and

(Lp((aja;)Q) . 1) (1/1(((92-();*)2) - 1) —0. (6.30)

(1). Suppose by contradiction that a; and b; are both not unitary, i.e., ¢ ((a;af)?) and v ((b;;)?)
are both different from 1. Then, equations (6.29) and (6.30) imply that both a; and b; are
unitary. This, however, contradicts Lemma [6.28|

(2). Suppose by contradiction that a; and b; are both not unitary, i.e., p((a;a})?) and ¢ ((b;b;)?)
are both different from 1. This contradicts equation ([6.29)). U

Proposition 6.30. Let (A, x,¢), (B,*,1), and the collections a, b and a ® b be defined as
in Problem [6.19. If the variables in a @ b are x-free from each other, then at least one of the
collection a or b contains only unitary variables (under the assumption that p(a;a}) = @(b;b}) =
1 foralliel).

Proof. If a; and b; are both unitary for every ¢ € I, then the result trivially holds. Thus,
suppose that there exists ¢ € I such that a; and b; are not both unitary. Then, according to
part (1) of Lemma exactly one of a; and b; must be unitary. Suppose without loss of
generality that b; is unitary and that a; is not. Since q; is not unitary, it then follows from part
(2) of Lemma that b; is unitary for every j # ¢, and thus every element in b is unitary, as
desired. O

6.4.4. Reformulated Centering Conditions. We now prove the remaining claims in The-
orem [6.20, namely, if the variables in a ® b are *-free from each other, then a ® b satisfies the
reformulated centering conditions, and if one of the families a and b contains a variable that is
not unitary, then that family is a dominating family in a ® b.

Lemma 6.31. Leti,j € I be distinct, suppose that a; ® b; is x-free from a; ® b;, and suppose
that a; and a; are both not unitary, and that b; and b; are both unitary. Then, the reformulated
centering conditions hold for the couple (a; ® b;,a; ® bj), and (a;,a;) is a dominating family.
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Proof. Define M € C(x,z > M(z) = za*, and let N G C(x,z*) be arbitrary. Then, since b;
and b; are unitary and cp( ) = 1/1( ) 1, reduces in this case to

0=[o (N (1)) ¢ (N (@) N 05)") + ] o(V(a >))2so(<aia:>2)—\w(ij))!2so(N<aj>N<aj>*)
~ e @[ e (v el(@a)?) - [e i)
~ e @) e o]+ 2o (V)| o (V)

=lo(V(a)| e((@iar?) = [o (V@) o (Vo) (@) - [o(V(a)]

‘2

2

2 2
e (V(@)| (e((@an?) = 1) (1= [(vE)| )
Since a; is not unitary, this yields
2 2
0= (V@) (1= [p(ve)]),
and since a; is not unitary, by reversing the role of i and j, we similarly obtain that
2 2
0= |e(N@))| (1= [p(ve)]).

Consequently, we see that for + = 4,7, it cannot be the case that both go(N(aL)) # 0 and
©(N(b,)) =0, thus

if (p @) (N(a, ®b,)) =0, then ¢(N(a,)) = 0.
Furthermore, it clearly follows that

if (o ® ¥)(N(a, ® b)) # 0, then ’w(N(bL)) ’ _,
which concludes the proof of the result by Remark [6.26] 0

Lemma 6.32. Let 1,5 € I be distinct, suppose that a; ® b; is x-free from a; ® bj, that a; is not
unitary, and aj, b;, and b; are all unitary. Then, the reformulated centering conditions hold for
the couple (a; ® b;,a; ® b;), and (a;,a;) is a dominating family.

Proof. Using the same reasoning as in Lemma [6.31] we obtain that for every s-word N €

C(x, z*), one has ) )
0= |o(N(@)| (1= [p(ve))]).

(Note, however, that the above does not necessarily also hold for i instead of j, as a; is unitary.)
Therefore, as it was done in Lemma we conclude that

if (¢ ®1¢)(N(a; ®b;)) =0, then ¢(N(a;)) =0, (6.31)
and

if (1) (N(a; ® bj)) # 0, then ‘@Z)(N(bj)) ‘ ~1 (6.32)
It now remains to prove that the same holds for a; ® b;.

We consider the two possible cases with respect to the expectation of a; and b;, namely,
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(1) at least one of ¢(a;) or 1(b;) is not equal to zero; and
(2) ¢(aj) and 9 (b;) are both equal to zero.

(1). Suppose that ¢(a;) # 0 or ¥(bj) # 0. Define N(x) = x, and let M be an arbitrary *-word.
Since aj, b; and b; are unitary, then (6.10) reduces in this case to

0 =[e(ar@)| )| +|etan)][ o (o) [ o(M(a (@)
— | (M(a)) W M(bz‘))ﬁw(bj)r
(e[ oaro0) o) e (teppra)

~ o) [ee)| Jer@)| - [ Jeta)| o e:)]
v alo @) fean)] s e@)| v o) (6.33)
Suppose by contradiction that ¢ (M (a;)) # 0 and ¢ (M (b;)) = 0. Then, the above reduces
to
0 =[e (@[ )] ~ et fean) [ Jo o)

:‘SO(M(ai)) 2’¢(bj) ’2(1 - w(%))-

Thus, it must be the case that (j)’2 =0 or (1 - cp(aj)) = 0. If ‘zp(bj)r = 0, then
our assumption that ¢(a;) # 0 or ¥(b;) # 0 implies that ¢(a;) # 0 and 9(b;) = 0, which
contradicts equation (6.31) with N(z) = z. If 1 — }cp(aj)‘ = 0, then Proposition implies
that a; = ¢(a;) - 14, and according to equation it must be the case that b; is a constant
multiple of 15. However, this contradicts our assumption that a;®b; is not a constant multiple of
the unit (see Remark|6.4)). Therefore, ¢ (M (a;)) # 0 and (M (b )) = 0 leads to a contradiction,
which implies that

if (¢ ®¢)(M(a; ® b;)) =0, then ¢(M(a;)) = 0. (6.34)

Suppose that ¢ (M (a;)), ¥ (M(b;)) # 0. We consider the following two sub-cases of p(a;) # 0
or ¥(b;j) # 0, which we know are exhaustive thanks to equations (6.31]) and ( -

(1.1) ¢(a;) = 0 and (b;) # 0; and

(12) play) # 0 and [i(b;)| = 1
(1.1). Suppose that ¢(a;) = 0 and 9 (b;) # 0. Then, equation (6.33) reduces in this case to

0= (@) o (d)| - \so(Mmz-))(QIw(sz-))\Q)w(bj)f

:‘SD(M(ai)))z‘w(bj)f(l — ‘@Z}(M(bi))r)’

hence ‘w(M(bZ))‘ =1.
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(1.2). Suppose that ¢(a;) # 0 and {@b(bj)‘ = 1. Then, equation (6.33) yields in this case
2 2
0 =[e(M(@)| +|e(a)| [0(210))

~ fetan)| @)

2

o (o)
Jelan)| [ere)|

o (M(a)M(a)") = | (M(ai))

@ (M (@) M(a)") ~ o (M(a)

~ et @)[ et + 2l (@) i) fovecen)
—lo(@)[ = [e(m(@)| o (00)|* - o160 Jiles)|
+ o) Jelan)| o o)

=|¢ (a1 (a))

(1= [w(aro)

)b

which necessarily implies that ‘@Z)(M (bl))
constant multiple of 1 4¢5.

= 1, since |p(a;)|? = 1 would mean that a; ® b; is a

Combining the sub-cases (1.1) and (1.2), we see that

if (p®@¢)(M(a; ®b;)) # 0, then =1

(M (b))

which, when combined with ((6.34)), implies that the reformulated centering conditions hold for
(a;®bj, a;®bj) and that (a;,a;) is a dominating family in the case where p(a;) # 0 or 1(b;) # 0.

(2). Suppose that o(a;) = ¥(b;) = 0. Since b; is unitary and p(azal) = 1, equation (6.15) with
N(z) = zz* and M € C(z,z*) arbitrary reduces in this case to

0 =¢((aia1)?) [ (M (@))| + o (Ma)M(ar))

~ e[ o)~ o (M@ M)

~ o(((@iar?)| e (mG@)| o (21)

=o((@ia})?) [ (M @)[ ~ o (21(ar)

+ [ (a(an)[ (o)

~Jertan)[ (1 ((war?) ) (|o )

Since a; is not unitary, Proposition [6.25| implies that go((aiaz‘)Z) # 1. Consequently, we can

)

2

W (M (b;))

" e (@)

s(M©)|

2 2 2
+ 2‘90(M(az‘)) ‘¢(M(bz‘))

" o((@ia1)?) o (e[ (v 0)) |

g 1). (6.35)

divide both sides of (6.35) by 1 — ¢ (aiaf)2> and obtain that
2
(\w(M(b»)

2
_ 1>.
From the above equation it clearly follows that
if (¢ ® ¥)(M(a; ®b;)) = 0, then ¢(M(a;)) =0,

0 :‘QD(M(CM))
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and

if (9 ® ) (M{a; i) # 0, then [(M(b)| = 1,
and hence the reformulated centering conditions hold for (a; ® b;,a; ® bj) and (a;,a;) is a
dominating family in the case where p(a;) = 1¥(b;) = 0. O

Proposition 6.33. Let (A, *, ), (B,*,1), and the collections a, b and a® b be defined as in
Problem[6.19, and suppose that one of a of b contains at least one variable that is not unitary.
If the variables in a®b are x-free from each other, then a®b satisfies the reformulated centering
conditions, and the family that contains a variable that is not unitary is a dominating family.

Proof. Suppose without loss of generality that it is a that contains a variable that is not unitary,
say a;. Then, it follows from Proposition [6.30| that every variable in b is unitary.

Let j € I\ {i} be arbitrary. If a; is not unitary, then it follows from Lemma that for
every x-word M and ¢ =1, 7,

(1) if p®¢(M(a, ®b,)) =0, then p(M(a,)) = 0; and
(2) if @Y (M(a, ®b,)) # 0, then M(b,) = ¢(M(b,)) - 15.

If a; is unitary, then Lemma implies the same. Since j # i was arbitrary, we conclude that
the above holds for all ¢« € I, as desired. O

Lemma 6.34. Let i,j € I be distinct, suppose that a; ® b; is *-free from a; @ bj, and that a;,
aj, bi, and b; are all unitary. For v =1,j, define the sets

A, ={neN:p(a}) =0} and B, = {n e N: ¢(b}') = 0}.
Then, one of the following holds:
(1) A; D B; and A; D Bj; or
(2) A; C B; and Aj C B;.
(That is, item (1) of the reformulated centering conditions holds for (a; ® b;,a; ® bj).)

Proof. If A; = B; and A; = Bj, then the result trivially holds. Thus, we need only consider
the case where at least one of A; # B; or A; # Bj is true.

Assume without loss of generality that A; ¢ B;, that is, there exists p € N such that
p(al’) = 0 # (b). Since every variable considered is unitary, equation (6.10) implies that

0 =[io(a) P[0 + lo(af) P (67) [ — | (al) Pl (67")] W)(b")\z
— Lo (@) Pl (67")] |¢(57~Z)|2 |o(af")[?|o(ag) Pl (0]
=l @™ Ple(a) Pl @)1 + 2le(ai) Ple(ad) Pl (67 P (67 . (6.36)
for every n,m € N (Wlth M,N € C(z,z*) defined as M(zx) = 2™ and N(z) = z™). Thus,
applying equation (|6 with m = p implies that
0 = [io(a) Pl (0] )|2 lo(af) Pl ®F) Pl ()7 = [e(af) Pl @)1 (1 = [0))P)  (6.37)

holds for every n € N. Since [¢(b!)|> # 0, then 0 = lp(af )2 (1 - ]w(b}lﬂz), from which we
conclude that A; D B;.

We now prove that A; O B; as well. To do so, we separate the proof into the following cases:
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(1) Aj # Bj;
(2) Aj = Bj # @; and
(3) Aj = Bj =9

(1). Suppose that A; # B;. Then, since A; D Bj, it must be the case that A; ¢ By, that is,
there exists p € N such that go(a?) =0+# w(b?) By applying and similarly to how
it was done in the preceding paragraphs of this proof (but interchanging ¢ and j), we obtain
that A; D B;.

(2). Suppose that A; = Bj # @, which implies in particular that there exists p € Z such
that go(a?) = d}(bl;) = 0. Assume by contradiction that A; 2 B;. Since it is also the case that
A; ¢ B, then neither A; nor B; is the empty set. Therefore, there exists n,m € Z\ {0} such
that p(af) = 0 # ¥ (b)) and @(af") # 0 = (b"). Since af and b7 are unitary and centered,

J
equation (6.15) with M (x) = 2™ and N(z) = z™ reduces in this case to

2
o=fsar) o s orf — o oten oo
~fetena[ e[ o] = el oo ven]
— fet@)| e em [ o]+ 2@ @] o] oo

=l 0r)

from which we conclude that either |<p(a;”)}2 =0or |¢(b;‘)|2 = 0, which is a contradiction.
Thus, it must be the case that A; D B;.

(3). Suppose that A; = Bj = @. Suppose by contradiction that A; 7 B;, which, as argued
in the previous case, 1mphes that there ex1sts p,q € Z\ {0} such that o(a?) = 0 # (b¥) and

o(al) # 0 =1(b]). Applying equation (6 withm=pandn =1 reduces to
0 = le(ap) P[0 7 = lo(ag) Pl P[0 P = lelap) Plw @)1 (1 = [¢0)),

which, since |¢(a;)|?, [¥(bBY)> # 0, implies that [1(b;)|? = 1, hence b; is a constant multiple

of 15 by Proposition By applying equation (6.36) with m = ¢ and n = 1, we similarly
obtain that a; is a constant multiple of 14. Thus, a; ® b; is a contant multiple of the unit,
contradicting our assumption that such is not the case (see Remark . Therefore, A; D B;.

Using the same arguments and case by case analysis (but interchanging i for j, or a; for b;
and a; for b;), it can be shown that

(1) if Aj 4 Bj, then A; D B; and Aj D Bj;

(2) if A; 2 B;, then A; C B; and A; C Bj; and

(3) if A]’ ) Bj, then A; C B; and Aj C Bj,
which concludes the proof of the lemma. O
Lemma 6.35. Leti,j € I be distinct, suppose that a; ®b; is *-free from a; ®b;, and that a;, a;,

bi, and b; are all unitary. Then, the couple (a; ® b;, a; ® bj) satisfies the reformulated centering
conditions.
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Proof. For . =1, j, define the sets
A, ={neN:p() =0} and B, = {n € N: ¢(b}') = 0}.
We separate this proof in the three following cases (which we know are exhaustive thanks to
Lemma :
(1) A; = B; and A; = By;
(2) A, D B, for v =i,j; and A; # B; or Aj # Bj; and
(3) A, C B, for v =i,j; and A; # B; or Aj # Bj.

(1). Suppose that A; = B; and A; = B;. We will separate the proof of this case in the following
sub-cases:

(1.1) A; = B; # @ and A; = B; # o,

(12) A;=B; =9 and A; = B; # &,

(1.3) A;=B; # @ and A; = B; = ; and

(14) A; = B; = A; = B; = .
(1.1). Suppose that A; = B; # @ and A; = B; # @, that is, there exists p,q € N such that
p(ai) = p(7) = ¢(af) = ¥(b]) = 0.

Suppose that n € N is such that n & A;, B;, that is, (¢ ®1)) ((ai ®bi)”) # 0. Then, applying
equation with N(z) = M(x) = 2™ and a? and bg as the centered unitary elements yields

0 =[e(a) | = (@) [ ®M[* = |ea) Pl @0)]* + e e en)|*
=(Jeta)[* = [eta*) (Jeen]* = [wEn]*). (6.38)
Since ¢(al’),¥(b) # 0, then ‘gp(a?)| =1lor ‘w(b?)‘ =1.

Suppose by contradiction that there exists m,n € N such that m # n, |cp(a;”)‘ = 1 and
W(bl”)’ # 1, and ‘cp(a?)’ # 1 and |1/}(b?)} = 1. Then, applying equation with M (z) = 2™,
N(z) = 2", and a}l- and bg as the centered unitary element yields

0 =1+ |o(@)| [ = @) = [ela?)[e )| — [e(ad) [l
= [e )] + 2fela) | )|
=1 [e(a))|" = [0 0] + |e(a?) o)
=(let@)* =1) (le@m[* -1). (6.39)
which is a contradiction. Therefore, we conclude that for every n € N, n € A;, B; implies that
}go(a?)‘ = 1; or that for every n € N, n ¢ A;, B; implies that }w(b?)‘ =1

By using the same arguments but replacing ¢ for j, (i.e., apply equations (6.16)) and (6.15])
with a? and b7 as the centered unitary elements), we can conclude that for every n € N,

n € Aj;, Bj implies that ‘cp(a?)’ = 1; or that for every n € N, n ¢ A;, B; implies that |¢(b§‘)‘ =1.
Thus, to prove that the desired result holds in this sub-case, it only remains to prove that it
cannot happen that ‘gp(a;”)} =1, ’@b(b;”)‘ #1, |<p(a;”)‘ # 1, and W(b}‘)‘ = 1 for some m,n € N.

Suppose by contradiction that there exists m,n € N such that ‘gp(azm)‘ =1, w(b;”)‘ # 1,
}@(a?)‘ # 1, and W(b;‘)‘ = 1. Then, equation 1D with M(z) = 2™ and N(z) = 2™ implies
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that

0 =1+ |p(a®) [ (6™)|* — [ ™)) — @) [ 6] — [pa®)| [

~le(@)|” +2lea) v
=1 =[O = e(@))* + [olap) [ 6]’
=(le@n* = 1) (Je@m]* - 1),
which is a contradiction.
Therefore, it must be the case that either
if p@v(a} @b}) #0, then a]' = p(a}') - 14 for v =1, j; (6.40)
or
if p®1(a} @b}) #0, then b = (b)) - 1 for v =1, j, (6.41)

which, when combined with the fact that A, = B, for « = 1,2, implies that (a; ® b;, a; ® b;)
satisfies the reformulated centering conditions.

(1.2). Suppose that A; = B; = @ and A; = B; # @. Using the same arguments as in the
previous case (i.e., equations (6.38]) and (6.39) in case (1.1)), the fact that A; = B; # @ can be
used to show that for every n € N, n & A;, B; implies that ‘(p(a?)| = 1; or that for every n € N,
n & A;, B; implies that |1/}(b?)} = 1. We now show that the same holds for j.

Let n & Aj, Bj, that is, ¢(a}),(b]}) # 0. Then, applying equation (6.10) with M(z) = x
and N(x) = 2" implies that

0 =|o(a)| [ + @) [*|w ) |* = (a0 [0
— Jo(@®)|*0(0) (0™ — |e(ai)|* @) ()
—|(a)| e Plo @) P + 2|@(ai) e (a)| b)) || o) .

Given that ¢(a;),¥(b;) # 0, it must be the case that |¢(a;)| =1 or [¢(b;)| = 1. Suppose that
}go(ai)‘ = 1. Then, the above reduces to

0 =[oM)|* + @) P 0)* = [0 7| 0@®[* = [oa)[*|e)] [ 2]
— lo(@) [0 a)|* = |e@) | | + 2]p (@) [* o) [* [ 03]
)] = [0 || = |ea) [ + o] [w )| [
e (1= [0 = @) + [a)) o))

e (1= [ee)]*) (1 - le@]).

Given that W)(bl)‘ # 1 (as the opposite would imply that a; ® b; is a constant multiple of the
unit vector, contradicting Remark, we conclude that }gp(a?)‘ = 1. Similarly, if it is assumed
that ‘1/1(()@-) = 1, we can conclude that ‘gp(b;‘)| =1 for every n ¢ Aj, Bj. Therefore, we conclude
that either or also holds in this sub-case.

(1.3). Suppose that A; = B; # @ and A; = B; = @. The proof of this sub-case follows from
that of sub-case (1.2) by interchanging i and j.

(
(
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(1.4). Suppose that A; = B; = A; = B; = @. According to (6.10) with M (z) = N(z) = z,
0 =|p(an)|*[00)|* + |elap) P[] — |olas) P[] [0 (b;)]
— |p(ag) [ (00) [* [ (0)] = () |* o (a)[* [ (0:) [
— [(a)|*|etay) P[00, + 2] (ai) [*olaz)| |1 b:)[*[4:(5) .
‘2

In order to simplify computations, let us denote x = ‘gp(ai)‘Q, y = W(bz) , W= ‘cp(aj)|2, and

z = ‘w(bj) ?, which yields

0=2xz+wy — zyz — wyz — xwy — zwz + 2xwWyz.

This can be rearranged into
0 =(zz — zyz — zwz + zwyz) + (WY — WYz — TWY + TWYZ)

=rz(1 —y—w+yw)+wy(l —z—x + x2)

=zz(1 —y)(1 —w) +wy(l —2)(1 —z). (6.42)
According to equation , we know that 0 < x,y,w, z < 1. Therefore,

zz(1—y)(1 —w),wy(l —2)(1—x) >0,
which, when combined with , implies that
(1-y)1—w)=0and (1—2)(1—2z)=0.

Given that neither a; ®b; nor a; ®b; can be a constant multiple of the unit vector (Remark,
neither x = y = 1 nor w = z = 1 can be true. Therefore, it must be the case that xt = w =1
or y = z = 1. This implies that a; = ¢(a;) - 14 and a; = ¢(a;) - 14; or b; = 1(b;) - 15 and
b; = (b;) - 15, from which we conclude that and both hold in this case.

(2). Suppose that A, D B, for v = i, j; and that A; # B; or A; # B;. We separate the proof of
this case in the following sub-cases:

(21) Al ¢ Bl and Aj ¢ Bj;

(2.2) A; ¢ B; and Aj = By; and

(23) Az = Bl and Aj ¢ Bj.
(2.1). Suppose that A; ¢ B; and A; ¢ Bj, that is, there exists p,¢q € N such that ¢(a) = 0,
YY) #0, go(a?) =0, and ¢(b;1) # 0. Then, as it was done in Lemma , equations ([6.36)) and
imply that 0 = |cp(a?)|2(1 — ]1/}(b§”)|2) for every n € N. Thus, if n € A;, B;, it must be
the case that [¢(b7)| = 1. Using the same argument but interchanging ¢ for j, it can be shown
that n ¢ A;, B; implies that [¢(b]')| = 1, and thus the reformulated centering conditions hold
with (ai, a;) as a dominating family.
(2.2). Suppose that 4; ¢ B; and Aj = Bj, that is, there exists p € N such that ¢(a?) = 0 and

Y(b) # 0. Using the same argument as in case (2.1) above (i.e., equations (6.36) and (6.37)),
we can show that n ¢ Aj;, B;j implies that [¢(07)| = 1.

We must now prove that the same is true for i. Consider the following sub-sub-cases:

(2.2.1) Suppose that A; = B; = @. Given that, as we have just shown, n ¢ A;, B; implies that
[w(b})| = 1, it then follows that |¢(b;)| = 1. If it were also the case that |p(a;)| = 1,
then a; ® b; would be a constant multiple of the unit vector, which we have assumed is
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not the case (Remark [6.4). Therefore, [(a;)| # 1. Let m € N be such that m & A;, B;.
Then, equation (|6 with M (z) = 2™ and N(x) = = implies that

0 =[o(a) [ )" + [otan) e = o[ ol es)
= e[l em o) = e[ wtan e
= et le@) [ o] + 2l(a) Fletan) o) e el
Since |9(b;)| = 1, the above reduces to
0 =[p(a)|" + (e [*[p®M [ = @ [ oI = e(an) e
= let@ Pl e oI = leta) )|
+ 2| fetay)| [ 0]
=l = le@[* [ = le(al)Fleta)
+ leta) et o)
—\so P (2= @I = lo(ap)* + letap) o))
a) (1= [w@]*) (1= |eta) ).
Given that ¢(af™) # 0 and |¢(aj;)| # 1, it must be the case that |¢(b")| = 1. Therefore,

n ¢ A;, B; 1mphes that |¢ (b7) ‘ =1.

(2.2.2) Suppose that A; = B; # @, that is, there exists ¢ € N such that p(a}) = ¥(b]) = 0.
According to equation (6.16) with M(z) = N(z) = 2™ and ag and b? as the centered
unitary elements, one has

ny|2 ny |2 ny|4 ny |2 ny|2 ny |4
0 :‘80(% )‘ W(bz’ )‘ - ‘@(ai)‘ W(bi >| - “P(az’ )| |¢(bi )‘
N CIPTNT
+ [p(ai)|" [ (]|

—(let@]* - @) (e[ - e ).

Thus, if n ¢ A;, B;, then |p(al')| = 1 or [1(b}')| = 1. Suppose by contradiction that there
ex1sts m ¢ A;, B; such that |<p( ™) =1, and [(b]*)| # 1. Then, applying equation

WlthM() ™ and N(x )—xp (recallthatcp( Py =0 and ¢(b) # 0) anda

and bq- as the centered unitary elements, one has

0 =l [ @)]* + @) [ = le(@ [ le(@)* e 7
= le(a) Fle(a) oo = | @) e @) o @)
[l Pl [l @) + 2l (@)@ [l o) @)

Given that |p(a*)| = 1 and p(a?) = 0, the above reduces to
0 =[w@D* = [Pl = eI (1 = [ [).

This contradicts that (b) # 0 and W b) ‘ # 1. Therefore, we conclude that if
n g Ai,Bi, then |’¢(b;n')} =1

‘ 2
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Given that the above two sub-sub-cases are exhaustive, we conclude that n € A;, B; implies
that ’@D(b?” = 1, hence the reformulated centering conditions hold with (a;, a;) as a dominating
family.

(2.3). Suppose that A; = B; and A; ¢ Bj. By using the same arguments as in case (2.2)
but interchanging ¢ and j, it can be shown that n ¢ A;, B; implies that [(b})| = 1, and that
n & Aj, B; implies that [¢(b})| = 1, and thus the reformulated centering conditions hold with
(aj,aj) as a dominating family.

(3). Suppose that A, C B,; and A; # B; or Aj # Bj for v = i,j. The proof of this case
follows from that of case (2) by interchanging a; for b;, and a; for b;, which will yield that the
reformulated centering conditions hold with (b;,b;) as a dominating family. O

Thus, we obtain the following Proposition:

Proposition 6.36. Let (A, x, ), (B,*,1), and the collections a, b and a® b be defined as in
Problem[6.19, and suppose that a and b both contain unitary variables only. If the variables in
a® b are x-free from each other, then a ® b satisfies the reformulated centering conditions.

Proof. For every ¢ € I, define the sets
Ai={neN:p(a})=0} and B; = {n € N: ¢(b}") = 0}.

Thanks to Lemma [6.34] we know that one of the three following cases must occur:

(1) A; = B, for all i € I;
(2) A; D B; for all i € I, and Aj # Bj; for some j € J; and
(3) A; C B; for all i € I, and A; # B; for some j € J.

(Indeed, A;  B; and A; ¢ Bj for some i, j € I would clearly contradict Lemma [6.34])

(1). Suppose that A; = B; for all i € I. Let i € I be arbitrary. Then, according to Lemma
it follows that for every j € I'\ {i}, either

for t =4,j and for all n € N, if p @ ¥(a] @ b}') # 0, then a]' = p(a) - 14;

or
or v =1, and for all n € N| if @@zﬁ(a’f ®bf) # 0, then b = ¥(b") - 1.

Suppose by contradiction that there exists n € N and two distinct indices j(1),j(2) € I\ {3}
such that ‘gp(a}‘(l))‘ = 1 and ‘cp(b?(l))‘ # 1; and ‘gp(a;.‘(Q))‘ # 1 and )cp(b;?@)) = 1. Then,
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according to equation (|6 with M (z) = N(z) = 2", one has

0 =[e (a5 o G \ et o) = et )] T @o)|
~[etaso| e Jeeian] et \S" | )|
~[etas] e o] )|+ 2] o) o) | o8|
=1+ |¢(d]g) ‘w Vi) ‘ —)1/’ b?(l))r— (a2 ‘1/’ 3(1) ) —’ ’ |¢ (1) (
~Jetae)]| + 2t [t

- ‘@(a?(z))‘z + ‘90(“?(2))‘2 ¥ (b)) 2

2 2
=(1=pi)] ) (1= o))
which is a contradiction. Therefore, it follows that either

foralln € Nand i € I, if ¢ ® ¢(a @ b}) # 0, then a} = p(a}') - 14;

or
for alln € Nand i € I, if <p®¢(a? ®b?) # 0, then b} = (b}') - 15,
which, when combined with the fact that A; = B; for every ¢ € I, implies the desired conclusion.

(2). Suppose that A; D B; for all ¢ € I, and that there is an index j € I such that A; ¢ B;.
Then, for every i # j, case (2) of Lemma implies that

foralln e N, if o @ ¢(a, ® b,) # 0, then b, = ¢(b,) - 15 for « = 1,2,
as desired.

(3). Suppose that A; C B; for all ¢ € I, and that there is an index j € I such that A; A B;.
Then, for every i # j, case (3) of Lemma implies that

foralln € N, if p ® ¢¥(a, ® b,) # 0, then a, = p(a,) - 14 for c = 1,2,
as desired. O

By combining Propositions [6.30] [6.33] and [6.36] we conclude that Theorem [6.20] holds.

6.5. Freeness in at Least One Factor

In this section, we approach the second part of the first question raised in Subsection [6.3.3
(namely, is it necessary that at least one of the families a; (where k < K) be *-free for the
tensor product collection ®xay to be x-free) in the special case of group algebras equipped with
the canonical trace.

Notation 6.37. By a slight abuse of notation, we will denote every neutral element in a group
by e, and recall that <(gZ el )> denotes the group generated by the collection (g; : i € I).

Lemma 6.38 (JMKS66| Corollary 4.1.6). Let (G; : i € I) be a collection of groups and
G = #i¢1G; be their free product. Suppose that g,h € G commute. Then,

(1) g,h € (w) for some w € G; or
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(2) g, h € 2G;z7 ", for some z€ G and i € I.

Lemma 6.39 ([JMKS66| Corollary 4.1.4). Let (G; : i € I) be a collection of groups and
G = x;c1G; be their free product. Let g € G be of finite order. Then, there exists z € G, i € [
and an element g; € G; of finite order such that g = zg;z~ .

Lemma 6.40. Let G and H be groups, and let g = (g1, 92),h = (h1,h2) € G x H be such that
g,h # e. Suppose that h is of finite order, that the order of h1 does not divide the order of ha,
and that the order of ha does not divide the order of hi. Then, g and h are not free in G.

Proof. Since the orders of hy and hy do not divide each other, there exists n,m € N\ {0} such
that hT = e # hT" and hy # e = hy'. Since g is not the identity element, if g and h were free,
it should be the case that h"gh™g~'h "gh™™g~! # e. However,

hnghmg—lh—ngh—mg—l

=(e,h3) (g1, 92) (P €) (97 s 95 ) (e hy ™) (g1, g2) (hy ™€) (g1 s 95 )
=(g1h{"g1 ' g1hy "9y Y hE 9295 T hy " gags )
=e.
Thus, g and h are not free in G x H. O

Proposition 6.41. Let G and H be groups, and let g = (g; :1 € 1) CG andh = (h;:i € 1) C
H be collections of group elements. Define the collection g x h = ((gi,hi) RS I) CGxH. If
the elements in the collection g x h are free in G x H, then the elements in g are free in G, or
the elements in h are free in H.

Proof. Let F = ((g;,h;) : i € I) C G x H. Since the (g;, h;) are free from each other, then F
is trivially isomorphic to the free product *ie]<(9i7 hl)>

Define m; and 79 as the projection homomorphisms from F' to G and H respectively, that is,
for every (wq,ws) € F, let my ((wl, wg)) = w; and 7T2((w1, wg)) = wy. Then, ker(71) and ker(ms)
are normal subgroups of F. Furthermore, given that ker(m;) C {e} x H and ker(m2) C G x {e},
it follows that ker(71) and ker(my) commute and that ker(m;) Nker(my) = {e}.

Suppose that ker(m;) = {e}, Then, it must be the case that the elements in g are free in G.
Otherwise, there would exist i(1),...,i(t) € I and n(1),...,n(t) € Z\ {0} such that

o i(1) #i(2) # ... #i(t);
. gin((11))7 . ,g?(g) # e, and hence (g;(1), hi1))" ™, -+, (ie), i)™ # e; and

. 9?((11)) - -g?(ﬁ? = e, that is, (gi1), hi(1))" ™ - (Gie) hir))"?) € ker(m).

Since ker(m1) = {e}, this implies that (gi(l),hi(l))"(l) (Gig) hi(t))"(t) = e, contradicting the
freeness of the (g;, h;) in G x H. We could similarly prove that ker(my) = {e} implies that the
elements in h are free in H. Therefore, if it is shown that ker(m;) = {e} is always true for one
of k =1 or k = 2, then the proof of the proposition will be complete.

Assume by contradiction that ker(7;), ker(my) # {e}. Then, ker(m;) ¢ ker(m) and ker(ms) ¢

ker(m ), otherwise one would have that ker(m;) Nker(m2) # {e}. Therefore, there exists elements
g,h # e such that g € ker(m;) \ ker(m2) and h € ker(mz) \ ker(m;). Since ker(m;) and ker(ma)
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commute, g and h commute, and thus it follows from Lemma that g,h € (w) for some
w € F, or that g,h € z<(g¢, hi)>z_1 for some z € F and i € I.

Suppose that g, h € (w) for some w € G. Then, there exists n,m € N such that g = w™ and
h = w™. Since g € ker(m) and h € ker(mg), it follows that w™™ = e. Therefore, Lemma
implies that w € z((g;, h;))z~" for some z € G and i € I. Consequently, g € ker(m;) \ ker(rs)
and h € ker(mz) \ ker(my ) necessarily implies that g, h € 2((g, h;))z " for some z € G and i € I.

Let m,n € Z\ {0} be such that g = z(g;, h;)"2~! and h = z(g;, h;)™z"1, that is, (g;, hi)" =
2z71gz and (g;,h;)™ = 2z 'hz. Then, given that ker(m;) and ker(m2) are normal subgroups,
(gi, hi)™ € ker(mp) \ ker(me) and (gi, hi)™ € ker(ma) \ ker(m1). In other words, (g;,h;) is an
element of finite order such that the order of g; does not divide the order of h; and the order of
h; does not divide the order of g;. According to Lemmal[6.40] this contradicts that the collection
((gi,hi) : i € I) is free. Therefore, the assumption that ker(m), ker(m2) # {e} must be false,
which concludes the proof of the proposition. O

Corollary 6.42. Let G and H be groups, and consider the x-probability spaces (CG, *,7,) and
(CH,*,7¢). Letg = 1(g; i € 1) C Gandh = (h; : i € I) C H be arbitrary collections of
variables, and define g @ h = (g; @ h; : i € I) C CG ® CH. If the variables in u ® v are *-free
from each other with respect to T, ® T., then the variables in u are *x-free from each other with
respect to Te, or the variables in v are x-free from each other with respect to ..

Proof. Given that the freeness of a collection of groups (G; : i € I) is equivalent to the x-
freeness of their associated group algebras (CG; : i € I) with respect to 7. (see Proposition
3.26)), the result follows directly from the previous proposition. O

The following counterexample shows that Corollary does not hold for arbitrary x-
probability spaces, and that, even if we simply consider group algebras with functionals other
than the canonical trace.

Example 6.43. Let G = Fy = (g, h) be the free group with two generators g and h, and let
H = (Z,+) be the additive group on Z. Let A; = CFq and Az = CZ, equip Ay with the
canonical trace pg = T, and equip A; with the linear extension of the map ¢; defined on Fy as
follows:

1 ifm=e¢;
w1(m) =< B if m = gh,(gh)~!; and (6.43)

0 otherwise

(where 0 < < 1).

Clearly, (As, p2) is a x-probability space. It can also be shown that ¢; is positive on Aj:
Let

w = QM with only finitely many a,,, € C nonzero
> ( y y many
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be an arbitrary element of CFy. Then,
o1 (ww*) = ¢ Z amammn

= laml+ D am@mertmn )+ > an@mer(nm )

meFy mn~—l=gh nm~1=(gh)~1

YodamlP+8| D amtm+ D, onam

meR mn—l=gh nm~—1=(gh)~1

Given that nm ™! = (gh)~! if and only if mn~! = gh, the above reduces to

o1 (ww*) = Z lam|® + 8 Z QO + Qi

meFa mn—l=gh

= Z | + 28 Z Re(aman)
melfa mn—l=gh

= Z |om[* - 28 Z |t ||
melfy mn—l=gh

> Z |O‘m|2 + |O‘n|2 — 2B aum |-
mn~—l=gh

So long as 0 < 8 < 1, the above implies that cpl(ww*) 2 0, and if 8 # 0,1, then 1 (ww*) =0
if and only if w = 0, and thus ¢; as it is defined in is positive and faithful on A;.

Since g and h are free in Fy and of infinite order, it follows that (g,1) and (h,2) are free in
Fox Z, and thus g®1 and h®2 are *-free as members of the *-probability space (CFo®@CZ, T.®7.)
(we use T to denote integers in the additive group (Z,+) to avoid confusing them with scalars
in C). Consider a nontrivial (i.e., not the identity) reduced word m in ¢ ® 1 and h ® 2, that is,

m= (g 1)V(ha2)®. .. (g O he2)®,
where k(1),1(1),...,k(t),I(t) € Z are nonzero except possibly k(1) and [(¢). If
g I OB g {gh, (gh)~1},
then
o1 (gFM R L gFORIDY = 0,

and thus (o1 ® @o)(m) = 0. If gFWRHD ... kO pIE) ¢ {gh, (gh)~1}, then it must be the case
that k(1) +---+k(t) =1=1(1)+--- +l( Jor k(1) +---+k(t)=—-1=1(1)+---+1(t), which
implies that m = gh ® 3 or m = (gh) ™! ® —3. Since both (5(3) and p2(—3) are equal to zero,
one has (¢1 ® ¢2)(m) = 0. Therefore, when restricted to the *-algebra generated by g ® 1 and
h ® 2, the functional ¢ ® @9 is equal to the canonical trace, hence g ® 1 and h ® 2 are *-free
as members of the s-probability space (A; ® Az, 01 ® p2).

Therefore, if we define a; = (a1.1,a12) = (g, h) and ag = (a1, a2;2) = (1,2), then a; @ ay =
(9 ®1,h ®2) is *-free as a collection in (A; ® Az, 01 ® ¢2). However, aj is not *-free, as
©1(gh) = B # 0 while ¢1(g) = p1(h) = 0; and ay is not *-free, since po(1-2-1" -2") =
pa(1+2—T1-2) =2(0) =1, yet ¢o(1) = 2(2) = 0.
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6.6. Further Questions and Future Investigations

6.6.1. Tensor Product with Only One x*-free Family. Thanks to Theorem [6.20] we un-
derstand the occurence of *-freeness in the tensor product a ® b of two families a and b that
themselves contain #-free variables (assuming the functionals on the considered #-probability
spaces are faithful). A next step towards solving Problem or its special case Problem
could be to try to answer the following;:

Problem 6.44. Let a = (a; : i € I) and b = (b; : i € I) be two families of noncommutative
random variables in respective *-algebras (A, *, p) and (B, *,1). Characterize the x-freeness of
the elements ina®b = (a; ®b; 13 € I) in (A® B, *,p ® ¢) under the assumption that

(1) the a; are x-free from each other;

(2) the b; are not *-free from each other; and
(3) ¢ and v are faithful.

As was done in Section [6.4] one may attempt to find necessary conditions for the x-freeness
of the elements in a ® b by expressing ¢ ® w(M (a;@b; i€l )) in terms of the distribution
of the individual a; ® b; (where M is a *-word), and then relate this expression to (M (a; :
1€ I))@ZJ(M(I)z 11 € I)) However, given that the b; are not x-free from each other, one expects
that the expression 1/1(M (b :iel )) will depend heavily on the joint distribution of the b;.
Thus, it seems that approaching Problem [6.44] either requires a new proof technique, or a better
understanding of dependence for noncommutative random variables, the latter being a very
difficult problem.

6.6.2. Tensor Products of Three or More *-free Families. A possible direction for further
inquiry could be to attempt to extend the results of Section [6.4] to tensor products of three or
more families. A naive or natural extension of Problems could be the following:

Problem 6.45. Given K € N families ay = (ax,; : i € I) C (A, *,¢x) (where 1 < k < K) of
noncommutative random variables such that for every k < K

(1) the variables in aj are x-free from each other; and
(2) ¢ is faithful,

characterize the *-freeness of the elements in the tensor product collection
Qray = (Qpag; : 1 € I) C (DpAk, *, Drpk)
in terms of our knowledge of the behaviour of the individual factor collections ay.
A potential approach to this Problem would be to apply the methods of Section [6.4] di-
rectly: By assuming that the aj,; are *-free from each other in (Ag,*,¢y) for all k¥ < K,

it follows from equation (6.2)) that for every distinct indices p,q € I, n € N and x*-words
My, ..., My, Ny,...,N, € C{x,z*), one has

Pk (Ml (ak;p)Nl (Ahsq) - - Mn(ak;p)Nn(ak;q))

= Z K [Ml(ak;p)7 cee Mn(ak;p)]‘PK(ﬂ) [N1<ak;q) T Nn(ak‘;q)]
TeNC(n)
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for each k < K, and hence
Sk Pk (M1(®kak;p)N1(®kak;q) T Mn(@’kak;p)Nn(@kak;q))
= H @1 (Mi(ap;p) Ni(ansg) - - - My (ap;p)Nn(aryq))

k<K
=11 > me[Milanyp).- - Malarp)] (0r) iy [Ni(ansg) - - Nalasg)]
k<K neNC(n)

= Z H Ky, [Ml(ak;p): ) Mn(ak’;p)] (‘Pk’)K(m) [Nl (ak;q) T Nn(ak;q)]- (6.44)
ﬂl,...,ﬂKENC(n) k<K

If it is also assumed that the ®jas,; are *-free from each other, then we obtain from equation

(6.2) that
QK Pk (M1(®kak;p)N1<®kak;q) c Mn(®kak;p)Nn(®kak;q))
= Z b [ My (®kip);s - - s M (Qkaisp)| @k (0k) ik (m) [N1(Dksq) - - - N (kg |

TeENC(n)
= Z R [Ml (®kak;p)7 cees Mn(®kak;p)] H (‘Pk)K(Tr) [Nl <®kak;q) T Nn(®kak§Q)] :
TENC(n) k<K

Then, subtracting the above from [6.44 would yield a necessary condition similar to equation

, which we could attempt to specialize as was done in Propositions and

However, it is possible that replicating Propositions and for the above case would
be very impractical. Indeed, given that the sum in involves K partitions w1, 7o, ..., Tx
instead of two, replicating the summand-by-summand analysis done in Propositions and
could involve an overwhelming amount of cases and/or the analogs of equations (6.10)),
and would be very impractical. Thus, it is possible that a rethinking of the current
methods or finding completely new techniques would be necessary.

6.6.3. Full Characterization of x-freeness for Tensor Products of Group Algebras
with the Canonical Trace. In Section [6.5] we have have found a first necessary condition for
the x-freeness of a tensor product collection g@h = (g; @ h; : i € I) in (CG @ CH, %, 7 ® T¢),
where g C G and h C H, namely, we have shown that it is necessary that one of g or h be
x-free.

If g and h both contain *-free elements, then the results in Section show that the
Reformulated Centering Conditions are necessary for the s-freeness of g ® h. Thus, all that
remains to be done to achieve a full characterization of this special case is to find strong enough
necessary conditions for the x-freeness of g ® h when one of g and h contains *-free variables
and the other does not. (Note that this would provide a solution to a special case of Problem

6.44])

If we conjecture that the Reformulated Centering Conditions are also necessary in the case
when only one of g and h contains *-free variables, then the problem we are attempting to solve
is the following:

Problem 6.46. Let G and H be groups, and let g = (g;:i€I) CGandh=(h;:i€l)CH
be collections such that g is free in G and h is not free in H. Show that for every i € I, if gxh is
free in G x H, then g®h satisfies the Reformulated Centering Conditions in (CGRCH, *, T, @)
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with g as a dominating family, that is, if (g;, hi)™ # e for some n € N, then g}' # e (the condition
“if (g4, hi)™ = e, then h' = e" is trivially satisfied in this case).

While our main interest in the above problem stems from applications in free probability,
one may argue that it could be of independent interest in the context of the theory of free
groups. In this context, a more thorough review of the current literature on results concerning
the occurence of freeness in direct products of groups would be in order.
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Appendix A

Algebra

A.1. Free Groups
See [MKS66| Chapter 4.

Definition A.1. Let G be a group (with identity ¢) and (Gj : ¢ € I) be a collection of subgroups
of G. The G; are said to be free from each other if and only if for every collection i(1),...,i(t) € I
of indices such that i(1) # i(2) # --- # i(t) and elements g1 € G;1) \ {e},..., gt € Gy \ {e},
one has gi - - - g+ # e, that is, there exists no nontrivial relations between elements from different
subgroups Gj.

Definition A.2. Let (G; : i € I) be a collection of groups with respective identities e;. A
reduced nontrivial word in the G; is an expression of the form g; - - - g;, where g1 € Gj() \

{ei(l)}7 <0t € Gi(t) \ {ei(t)} and i(1) #i(2) # - - -i(t).

Let (G; : i € I) be a collection of groups with respective identities e;. Then, the free product
of the GG;, denoted *;c;G;, is defined as the set of every reduced nontrivial word in the G;
together with a generic identity element labeled e, which is equipped with the following product
operation: For every reduced nontrivial word g € #;c;G, one has e- g = g - e = g; and for every
two reduced nontrivial words g = g1 ---¢s and h = hy - - - hy, where

91 € Gioy \{einy}s- -5 9s € Gis) \ {eis)} and i(1) #i(2) # - i(s)
and
hi € Gy \{ejyts -+ bt € Gy \ {ejt and j(1) #1i(2) # -+ 4(2),

one defines the product g - h using the following recursive algorithm:

Step 1. If i(s) # j(1), then the concatenated word gy - - - gshy - - - b is a nontrivial reduced
word, and we output g-h = g1---gshi---he. If i(s) = j(1), then go to Step 2.

Step 2. Let i =i(s) = j(1). If gshy # e;, then the concatenated word g; - - (gsh1) - - - hy
is a nontrivial reduced word (since (1) # --- # i(s) = j(1) # ---4(t)), and we output
g-h=g1--(gsh1)---hy. If gshy = e;, then go to Step 3.
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Step 3. If g = gs and h = hy (i.e., s =t = 1), then we output g-h =e. If g = gs and h # hy
(i.e., s =1#1), then hy--- hy is a reduced nontrivial word, and we output g-h = ho - - hy.
If g # gs and h = hy (i.e., s #1 =1t), then g1 --- gs—1 is a reduced nontrivial word, and we
output g-h=g1---gs—1. If g # gs and h # hy (i.e., s,t # 1), then redefine g = g1 -+ gs—1
and h = hg - - - ht, and go back to Step 1.

Proposition A.3. The algorithm outlined above always outputs either the formal identity e or
a reduced word, and x;c;G; with this operation and e as an identity element forms a group.
Furthermore, if one embeds every group G; into x;c;1G; as follows: e; — e, and g — g for every
g € G;\ {e;}, then the embeddings of the G; are free in *;c1G;.

Notation A.4. Let G be a group with identity e. Given an arbitrary g € G, let (g) denote the
subgroup of G generated by g, that is, if g is of finite order n, then

(9) ={e,9,0%....,g" 1} = (Z/nZ,+),

and if g is of infinite order, then
(9) ={e,g" :n € Z\{0}} = (Z, +).

Notation A.5. Let (G; : i € I) be a collection of groups each generated by a single element g;
of infinite order, that is, for every i € I,

Gi = (9i) = (Z,+),
m m—+n

and for every m,n € Z, g;"g;' = g; (where g0 = ¢;). Then, the free product x;c;G; is denoted
Fy if I is infinite, and Iz if I is finite, where || denotes the cardinality of /. In the case where
|I| = n € N, the group F,, will be called the free group with n generators.

A.2. Free Unital Algebras

See [VDN92| Chapter 1 and [NS06| Lecture 6.
Let (A; : i € I) be a collection of unital algebras over C with respective unit elements 1 4.,
and suppose that for every ¢ € I, there exists a subspace .AZ-L C A; of codimension 1 such that

A, =C 4, @ .A;-r. Then, the free product of the algebras A;, denoted x;c1.4;, is defined as the
vector space

cue | H  Aye--e4,

21 i(1),.i(t)el

i(1)F#4(2)##i(t)
(where 14 is a formal unit element) together with the following product operation: For every
a € x;erA;, 1ga = alyq = a, for every two elements of the form a = a1 ® --- ® as and

b=0b ® - ® by, where
a1 € Al a € Al andi(1) #i(2) # ---i(s)

and
bre Al b€ Al and (1) #i(2) # (1),
one defines the product a - b using the following recursive algorithm:
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Step 1. If i(s) # j(1), then output
a'b:a1®"‘®as®bl®"'®bt7
which is an element of *;c7.A;, as it inside
T t f T
Aj) @+ 8 A @ Ajy ® - ® Ajgy),
where
i(1) #i(2) # - #i(s) #5(1) #j(2) # - #5(1).
If i(s) = j(1), then go to Step 2.
Step 2. Let i =i(s) = j(1). If asb; € .A;r, then output
a-b=01® - Ras_1Qasb by ® - X by,
which is an element of *;c1.A;, as it inside
] f T t t
where
i(1) #i(2) # - Fi(s— 1) #i#J(2) #4(2) # - # (1)
If asb; & .AZT, then go to Step 3.

Step 3. Let ¢ = asby € A;. Since A; = Cly, ® A:-r, there exists A € C and ¢l € A;-r such
that c=A-14, + ct. Clearly,

M@ Ras1@c @by @R by
is an element of *;c7.A;, as it inside

T T Il T T

where
i(1) #i(2) # - Fils— 1) #i#j(2) #4(2) # - # j(t).
If s=1ort=1ori(s—1)# j(2), then the element
a1 ® Qa1 Qb @+ @by
is also in *;c1.4;, as it is inside
f f 1 t
Ain) @ @A) @ Aj) @+ @ Ay,

where

i(1) #i(2) # - Fi(s —1) #4(2) #j(2) # - # 5(D).
In this case, output

a-b:)\'(CL1®-~'®a571®b2®---®bt)+a1®-~®as,1®cjf®b2®---®bt.

Ifs#1,t#1,and i(s — 1) = j(2), then let a/ = a1 ® -+ - @ as_1 and b/ = by ® - -+ @ by,
return a’ and b’ in Step 2, and the output will be

a-b=X(d V)+a1® Qa1 @ @by @+ @by

Then, extend the product operation to all of *;c7.A; to make it distributive over the direct
sums.
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Example A.6 (INS06| Lecture 6, pages 83 and 84). Let A; = C1 4, EBAI and Ay = Cl 4, @A;
be two unital algebras, and let a,b; € AJ{ and asg, by € A; be such that a;b; & A}L (1=1,2).

Consider the product (a1 ® az) - (be ® b1). We apply the above algorithm. Since asbs & .A;
we may proceed directly to Step 3. Let ¢ = agby = A-14, +cf, where A € C and ¢! € .A;. Then,
(a1 ®az)- (b2 @b1) =\ (a1 @b1) + a1 @ c! @ by.

Since a1b; & .A]i, we may proceed directly to Step 3 with a1 ® by. Letting d = a1b1 = pu-14 +df,
where p € C and d' € .AI, we finally obtain

(a1 ®ag) - (ba@by) =Ap-1a+A-dl + a1 @ @by,
which is an element of the free product A; * As.

Proposition A.7. The algorithm outlined above always outputs either the formal unit element

14 or a sum in
T T
O D Ape-ed,

21 (1), i(t)el
i(1)#i(2)#-#u(t)
and x;cr A; with this operation and 14 as a unit element forms an algebra over C.

A.3. Linear Algebra

Spectral Theorem for Normal Matrices. Let n € N, let A € M,,(C) be a n x n matriz,
and let A1, ..., A\p be the eigenvalues of A. Then, A is normal if and only if there exists a
unitary matriz U such that A = UDU*, where D = diag(\1,...,A\,) is a diagonal matriz with
the eigenvalues of A on its diagonal.

Definition A.8. A nxn square matrix A € M, (C) is said to be positive if one of the following
(equivalent) conditions hold:

(1) A= A" and Spy, (c)(4) C [0,00);

(2) A= XX"* for some X € M,(C); and

(3) (Az,z) > 0 for every vector z € C™, where (-,-) denotes the Euclidean inner product
on C".

Proposition A.9 ([NS06| Lemma 6.11). Let A = (A;j : 1 <i,j < n) and B = (B;; : 1 <
i,7 < n) be n x n matrices in M, (C), and define their Schur product, denoted S(A, B), as
S(A, B) = (AUBZ] 1<, < n) S Mn((C)

If A and B are positive, then so is S(A, B).

Proposition A.10 ([NS06| Lemma 6.12). Let (A, *, ) be a x-algebra. Then, ¢ is positive if
and only if for everyn € N and a1, ...,a, € A, the matriz (go(a;kaj) :1<14,7< n) is positive.



Appendix B

Analysis/Probability

B.1. Classical Probability Theory

B.1.1. Axioms of Classical Probability. The axiomatic basis of the modern mathematical
theory of probability was introduced in the 1930s by Andrey KolmogorovE] In this formalism,
the fundamental mathematical framework used to study the behaviour of a random system
consists of a triple (2, o7, P) called a probability space, which is defined in the following manner:
Consider an experiment E whose outcome is uncertain.

(1) Firstly, one defines Q (the sample space) as a set that contains every possible out-
come of the experiment FE, that is, every conceivable result of E is represented as a
mathematical object w € €.

(2) Secondly, one defines o7 (the event space) as a collection of subsets A C . Each
subset A € & is called an event. The event space is required to satisfy certain axioms,
which can be summarized as requiring that .27 be a g-algebra. An event A C (2 is said
to be a success (or to occur) if it contains the outcome of the experiment.

(3) Thirdly, one defines P as a function that assigns to every event A its chance of success
P(A) =P[*A occurs"] € [0, 1].

P is also required to fulfill some conditions, which can be summarized as requiring that
P be a probability measure on <.

When analyzing a random experiment, it is often the case that one is interested in a function
of the outcome of the experiment rather than the outcome itself. For example, given a game of
chance G (upon which one or several players wager money) modelled by the probability space
(Q, o7, P), one might be interested in the function W : Q@ — R that assigns to any outcome w
of the game the amount of money W(w) € R a given player wins (or loses if W (w) < 0) for
that particular outcome. This gives rise to the notion of a random variable. In general, given
a probability space (2,.27, P), a random variable X is defined as a function X : Q — C that

1See |Ko56]| for an english translation of Kolmogorov’s original work.

146
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is measurable with respect to o/ and the Borel o-algebra #(C) on C. Assuming that random
variables be measurable ensures that every subset of 2 of the form

X NA)=[XeA={we: X(w) e A}, A Borel

is an event, and thus has a probability of succes assigned to it by P. Moreover, it enables one
to assign to any variable X a distribution px, which is defined as a measure on ((C, B ((C)) that
satisfies

px(A) =PX € A]=P(X 1(A) =P({we Q: X(w) € A})

for every Borel set A. Combining this with the fact that for every Borel probability measure
u on C and for every standamﬂ probability space (2,47, P), there exists a random variable
X : 2 — C whose distribution is px, we are enabled to study random variables independently
of the sample space from which they originate using the theory of measure and integration
by viewing the sample space as an abstract source of randommness rather than as a model
for a specific random experiment (that is, through abstract statements such as: “let X be a
random variable with distribution px”). In this abstract context, random variables are usually
distinguished using their distributions, and any difference between two measurable functions
X :0Q —-CandY :Q — C that does not manifest itself in the distributions px and py are
seen as irrelevant from a probabilistic point of view.

B.1.2. Independence. Ininformal terms, two events A and B are said to be independent if the
occurrence of A has no impact on the probability that B occurs, and vice versa. In mathematical
terms (i.e., in the measure-theoretic formulation of probability), the independence of two events
is typically defined as follows: Let (€2, 27, P) be a probability space. Two events A, B € o are
said to be independent if and only if

P[A and B both occur] = P(AN B) = P(A)P(B)f]

An equivalent (although more abstract) way of defining the independence of events is the
following: Let (€2, o7, P) be a probability space and A, B € o7 be events. Let o4 = {Q, A, A, &}
and op = {Q, B, B¢, &} be the o-algebras generated by A and B respectively. Define the
probability measure P4 g on the product space (2 x Q,04 X o) as

Py p(X xY):=P[X and Y both occur], (X €oqandY € op).

Then A and B are independent if and only if P4 p is equal to the product measure P x P on
o x of restricted to o4 X op. The advantage of this abstract formulation is that it can easily
be extended to the case where we consider the independence of collections of events rather than
the independence of single events, or the independence of infinitely many collections of events,
giving the following general definition:

2Gee |It84] Section 2.4 for a definition of a standard probability space.

3t is interesting to note that this definition has its origins in the frequentist approach to probability: Suppose that
the same experiment F is conducted n times, and that, out of those n, the events A, B and [A and B] occur na,np and
nanp times respectively. Then, if A and B are independent, it is to be expected that the frequency of occurrence of A
(i.e. the ratio m4/n) will be in no way affected by the occurrence of B and vice versa. Thus, the ratio nang/n4, which
represents the frequency of occurrence of B when A has occurred, should be roughly equal to to ng/n, the probability
that B occurs, hence nang/n = (nanp/na)(na/n) =~ (ng/n)(na/n).
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Definition B.1. Let (2,47, P) be a standard probability spaceﬂ and let I be an arbitrary
(possibly infinite) indexing set. For every ¢ € I, let C; C &/ be a collection of of events, and let
o; be the og-algebra generated by C;. Define the probability measure Pc on the product space
(Xier€), Xier0;) as

Pc(xierA;) = P[A; occurs for every i € I],

where A; € o; for every i € I, and A; # Q for only finitely many . Then, the C; are
said to be independent of each other if and only if Pc is equal to the product measure
XierP on X;cra/ restricted to x;cro;, Equivalently, the C; are said to be independent of each
other if and only if for every finite collection i(1),...,i(t) € I of distinct indices and events
A1 € Cyy, -+, An € Cy(yy, one has
¢
P[A; occurs for every i < t] = H P[A; occurs].
i=1

With this general definition of independence for events, we can introduce the definition of

independence for random variables:

Definition B.2. Let (2,27, P) be a standard probability space and let I be an arbitrary
indexing set. For every ¢ € I, let X be a collection of random variables on €2, and let C; be the
collection of every event of the form

[X;isin A] = {w € Q: X;(w) € 4}, X, € X; and A € B(C).

Then, the collections of random variables in X = (X; : ¢ € I) are independent of each other
if and only if the collections of events in C = (C; : i € I) are independent of each other.

Notice that, if the collections X; each contain only one random variable X;, then the inde-
pendence of the X; (i.e., the independence of the collections of singletons X;) is equivalent to
the assertion that the joint distribution px of the collection X = (X; : i € I) is equal to the
product X;erpx, of the individual distributions of the X; on ( xier C, xiep%’((C)).

Proposition B.3. Let (2,9, P) be a standard probability space and let X = (X; :i € I) be a
collection of random variables on Q). The X; are independent of each other if and only if for every

finite collection i(1),...,i(t) € I of distinct indices and continuous functions fi,...,ft : C — C
such that f1(Xi))s - ft(Xiw)) and f1(X;ay) -+ fe(Xiw)) are P-integrable, one has
E[f1(X;0)) - filXiw)] = E[1(X0)] - BLfi(Xiw)]- (B.1)

Proof. Suppose that the X; are independent. Then, since the joint distribution of the X is
the product of the individual distributions, (B.1)) follows directly from Fubini’s Theorem.

Suppose that (B.1)) holds. Let x;c5A; € X197 be such that A; # Q for only finitely many
i, say, i(1),...,i(t). For each j <t and n € N, let f,g]) : C — C be defined as

1 if z € Az‘(j);
féj)(Z)Z 1—mn-d ifinf{|z—w\:weAi(j)}:d<%;fmd
0 otherwise.

4The necessity of assuming that (2, <7, P) is standard can be explained by the fact that defining a product measure
for uncountably many measure spaces can otherwise be problematic (see [Tall] Section 2.4.). However, it may be argued
that the vast majority of probability spaces that arise in practical applications are standard (see [It84] Section 3.1).
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Then, every f,(lj ) is bounded and continuous, and thus, every f,(lj ) is integrable, as well as the
product f,sl) e f,gt). Furthermore, f# ) and converges pointwise to the indicator function 1 Aigj)
for each [ < t. Thus, it follows from Lebesgue’s Dominated Convergence Theorem that both

lim [ f(ziay) - S (zi00) dpx (2300 € T) = px (X ier As)

(where pux denotes the joint distribution of the X;) and

lim fr(Ll) (z)d:U‘Xi(U (Z) T /f?gt) (Z) d/LXi(t) (Z) = HX;) (Az(l)) X (Az(t))

n—oo

According to (B.1), this implies that

AUJX(XiEIAi) = //JXi(l) (Az(l)) e ,LLXZ,(t) (Az(t))7
that is, the joint distribution px is equal to the product x;crpx;, hence the X; are independent.
O

B.1.3. Associativity of Independent Events.

Theorem B.4 (|Bi95] Corollaries 1 and 2 of Theorem 4.2). Let (X; : i € I) be a family of
independent random variables on a probability space (2, o7, P), and let (I; : j € J) be a partition
of I. Let (Y; :j € J) be a family of random variables on a probability space (¥, o', P') such
that for every j € J, there exists a measurable map function f; @ xX;jer, 2 — Q' such that
Y; = f;(X; 1 i € Ij). Then, the Y; are independent.

B.1.4. Method of Moments.

Definition B.5. Let p be a measure on (R, Z(R)). u is said to be determined by its mo-
ments if, given a measure v on (]R, %(R)),

/ " dpulz) = / " dv(z)

for every n € N implies that 4 = v. Similarly, a measure p on (C, P ((C)) is determined by its
moments if, given a measure v on ((C, ,%’((C)),

/ M dp(z) = / M ()

for every m,n € N implies that u = v.

Theorem B.6 ([Bi95] Theorem 30.1). Let pu be a measure on (R, B(R)) whose moments are
given by

ap = / 2" du(x), n € NU {0}.
R

If the power series

o
P
n!
n=0

converges for some x > 0, then p is determined by its moments.
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Skorokhod’s Representation Theorem (|Bi99| Theorem 6.7). Let (puy, : n € N) and p be
probability measures on (C,%’((C)) such that p, converges in distribution to p. Then, there

exists C-valued random variables {X,, : n € N} and X all defined on the same probability space
(Q, o, P) such that

(1) for each n € N, X,, is distributed according to p,, and X is distributed according to u;
and
(2) X, converges to X almost surely, that is, for every w € Q' (where P(Q)') = 1), one has

nhﬁ\ngo Xp(w) = X (w).

Theorem B.7 (|[Bi99] Corollary to Theorem 5.1). Let {u, : n € N} be a sequence of tight
probability measures on C. If every subsequence of uy, that converges weakly does so towards the
same measure (i, then then entire sequence p, converges weakly to p.

Method of Moments. Let (X, : n € N) be a sequence of C-valued random variables with
moments of every order. Suppose that

lim B [XkX } —E {X’“Yl} , k,leNU{0}

for some limiting random variable X . If the distribution of X is determined by its moments,
then X, converges weakly to X.

Proof. Let p be the distribution of X, and for every n € N; let u,, be the distribution of X,,.
Given that the sequence of real numbers

E[XX,"] —/ ™ g (2 /|zy2m dpin (2
C

converges as n — oo for every m, it is bounded by some K (m) > 0. It therefore follows from
Markov’s Inequality that

1 K(1
E[|X,>>e] =pu({z€C: 2> 2%}) < 52/(: 12?2 dpn(2) < 5(2 )

for every € > 0, hence the sequence of probability measures (u,,) is tight. Let (X, : i € N) be
a subsequence of (X,,) that converges weakly to some limiting random variable Y. According
to the Skorokhod Representation Theorem, it may be assumed without loss of generality that
X, converges to Y almost surely. Let k,I € NU {0} be arbitrary. Define the random variables

W, = Re (X,’,innl> and ~Z, Im <X kX, ) Then, W, and Z,, converge almost surely to

W =Re (Yk?l> and Z = < ) respectively. Let m € NU {0} be such that 2m > k + [.
Then, one has

Wal, 10 < | X055

= [ X" <X+ 1= XX, 1< K(m) 41

for every n € N. Since the probability space on which the X,, are defined is a finite measure
space, the constant function K(m) + 1 is certainly integrable on that space. It then follows
from Lebesgue’s Dominated Convergence Theorem that E[W, ] and E[Z,] converge to E[W] and

E[Z] respectively, hence E {X kyl} =E [Yle], which implies that X and Y have the same
distribution since X is determined by its moments. Since the distributions of X, are tight, this
implies that X,, converges weakly to X by Theorem [B7] O
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B.2. Real Analysis

Uniform Limit Theorem ([Mu99| theorem 21.6). Let (X, 7) be a topological space and (Y, d)
be a metric space. If { fn}nen is a sequence of continuous functions from X to'Y that converges
uniformly to a function f: X —'Y, then f is continuous.

B.3. Stone-Weierstrass Approximation Theorem

Stone-Weierstrass Approximation Theorem ([CP11]| theorem 1.1.6). Let (X,d) be a met-
ric space and K C X be compact. Let A C C(K,C) be an algebra of functions which contains
the constant functions; separates points (i.e. for every x,y € K, there exists f € A such

that f(x) # f(y)); and which is closed under complex complementation. Then, A is dense in
(k) fj

Corollary. Let (X,d) be a metric space and K C X be compact. Let A C C(K,C) be an algebra
of functions which contains the constant functions; separates points (i.e. for every x,y € K,

there exists f € A such that f(x) # f(y)); and which is closed under complex complementation.
If A is closed, then A = C(K,C).

B.4. Complex Analysis

Let (V,]| - ||) be a Banach space (where V' is a vector space over C). A function f : U — V
(where U C C is open) is said to be analytic if for every \g € U, there exists a sequence
{zn}72 o C V and a neighbourhood Uy of Ag such that for every A € Uy, we have that
oo
FO) = (A= Xo)"zn.
n=0
If U = C, then we say that f is entire.

Proposition (|[Ma88| lemma 5.6). Let (V.|| - ||) be a Banach space, U C C be open and f :
U — V be analytic. Then, f is continuous.

Cauchy-Hadamard Theorem ([Ma88| theorem 4.3). Let (V. ||-||) be a Banach space, {zp}nen C
V be a sequence and \g € C be fixed. If we let

-1
R— <nmsup ||a:n||1/“) |

n—o0

then the power series

o0

> (A= Xo)"zn

n=0

converges if |\ — Xo| < R and diverges if |\ — Xo| > RE]

Liouville Theorem (JEMTO04| theorem 10.3.6). Let (A, || - ||) be a Banach algebra and f :
C — A be a function. If f is entire and uniformly bounded (that is, there exists C = 0 such
that || f(N)|| < C for every A € C), then f is constant.

5C(K, C) is equipped with the metric topology induced by the uniform norm ||f — g||co-
61f A — Xo| = R, the series may or may not converge.
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Cauchy’s Integral Theorem ([MH99| Theorem 2.2.3). Let f : U — C be an analytic func-
tion, where U is simply connected. For every closed and piecewise C' curve C in U, one has

7{) F(2) dz = 0.

Morera’s Theorem ([MH99| Theorem 2.4.10). Let f : U — C be a continuous function,
where U is a simply connected open set. If

7{}]‘(2) dz=0

holds for every closed and piecewise C' curve C in U, then f is analytic.

B.4.1. Stieltjes Inversion Formula. (JNS06| pages 30 to 33, [HOAQ7| Section 1.9)

Let 41 be a probability measure on (R, Z(R)). The Stieltjes transform of  is defined as
the map
sp: C\R(p) — C
1

z — /Rx_zdu(x).

The main properties of Stieltjes transforms are summarized in the following propositions.

Proposition B.8. Let i be a probability measure on (R,%’(R)) and s, its Stieltjes transform.
Then,

(1) |su(2)] < ‘Im(z)‘fl whenever z ¢ R;
(2) s, is continuous;
(3) s, is analytic on every connected open subset of its domain;

(4) su(z) = su(Z) for every z € (C\]Rﬂ and
(5) if Im(2) > 0, then Im(s,(z)) > 0 and vice versa.

Proof. (1). This property follows immediately from the fact that |z — z| > [Im(z)| whenever
z e R

(2). Let z € C\R and {2, : n € N} ¢ C\ R be such that z, — z. Then, since the map
2+ (z—2)~ ! is continuous for every fixed z € R, if follows that (z — z,)~ — (z —2)~!. Thus,
if one define the maps f : R — C and f,, : R — Cas f(z) = (x—2)"! and f,(7) = (x—2,) ! for
n € N, it follows that f,, — f pointwise. Given that f and each f, is bounded by the constant
(and hence integrable) map x +— sup{|Im(z,)|, |Im(z)| : n € N}, it follows from Lebesgue’s
Dominated Convergence Theorem that s,(2,) — s,(2), as desired.

(3).Let U C C\ R be a connected open set. For any fixed € R, the map f,(z) = (z — 2) 7! is
analytic on C\ {x}. Thus, it follows from Cauchy’s Integral Theorem that for any closed and
piecewise C! curve C := v : [0,1] — U, one has

jéfx(z) dz = 0.

"This implies in particular that the Stieltjes transform of a probability measure is completely determined by the
values that it takes on {a +bi € C:b > 0}.
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Thus, according to Fubini’s Theorem, it follows that

/C’SH(Z) dz = /[071] su(v(t)y/ (t) dt = /[071]/Rxfy—/(’f/)(t) dz dt

:[RAO’l]ﬂ%dtdx:A%Cfx(z) dz dz =0,

which concludes the proof by Morera’s Theorem. and the continuity of s,,.

(4). Given that for any measure p on R and integrable function f : R — C, one has

[ 1@ duto) = [ @) duta),

it is clear that s,(2) = s,(%) for every z € C\ R.
(5). Let z = a + bi. Then,

1 T —a : b
S“(Z):/Rx—z d#(fﬁ):/ﬂ{w)g_i_bg dﬂ(fﬂ)+1/R<$_a)2+b2 dp(x).

Thus, if b > 0, it clearly is the case that

b
/R(»T EyAEEw dp(z) >0

as well. O

Proposition B.9. Let X be a R-valued random variable whose distribution pux has a compact
support. If we define K = sup{|z|: © € supp(ux)}, then,

Spx (z) = — Z F’;Ef_?]

n=0

whenever |z| > K.

Proof. Knowing that we have the series representation
I = "
z—z Z Zntl
n=0
whenever x € R and z € C are such that |z| > |z|, it follows that if |z| > K, then

S (2) = —/an:%szﬂ dpx (). (B.2)

Given that, for a fixed z, the convergence of

00 "
Z Zn—i—l
n=0

is uniform for z in the support of u (as it is a compact set), we may permute the sum and the

integral in (B.2]), which gives the desired result. O

The following theorem, sometimes called the Stieltjes Inversion Formula, provides, in
principle, a method of explicitly describing p from its Stieltjes transform. If p has a compact
support, it then follows from Proposition [B.9|that a measure can be described from its moments.
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Theorem B.10 (JHOAO07| Theorems 1.99, 1.100 and 1.102; and Corollary 1.103). Let p be
a probability measure on (R,%(R)) and let s, be its Stieltjes transform. Then, for every real
numbers a < b, one has

b
2 lim Im(s,(z +ie)) do = p({a}) + p({b}) + 21((a,b)).

T e—=0t Jq
Letting F be the distribution function associated to the measure pi (that is, F(z) = p((—o0, z])),
one has
9 b
- E]i)I(I]lJ" ’ Im(s,(z +ie)) do = F(b) + Eli%{r Fb—¢)—F(a)— Eli%h F(a—e¢).
Furthermore, for every point x at which F is differentiable,
1
F'(z) == lim I + ig)).
(x) - lim, m (s, (z + ie))
Let f(x) dz be the absolutely continuous part of uﬁ Then, the limit
1
— lim I +i
— lim m(sy(z + ie))
is defined almost everywhere for x, and one has

1
— lim Im(s,(x 4+ ic whenever the limit exists; and
f(z) =< 7m0+ (s )

0 otherwise.

B.5. Functional Analysis

Proposition B.11 (JCol3| proposition 3.2.5). Let (V,|| - ||) be a normed vector space over a
field F. Then V (equipped with the metric topology) is complete if and only if every absolutely
convergent series with terms in V' is convergent.

Banach-Alaoglu Theorem (JEMTO04]| theorem 9.7.9 and remak 9.7.10). Let (V| - ||) be a
Banach space over C. Then, the set {¢ € V* : ||¢|lop < 1} is compact in the w*-topology.

B.5.1. Ideals of Continuous Functions. See [La93| pages 55 to 57.

Let X be a compact topological space, and let C(X, C) be the algebra of continuous functions
from X to C. Equip C(X, C) with the norm topology it inherits from the supremum norm ||- |-

Lemma B.12. Let I € C(X,C) be an ideal. Then, either I = C(X,C), or
there exists x € X such that f(x) =0 for every f € I. (B.3)

Proof. Let I C C(X,C) be an ideal different from C(X,C). Suppose that for every z € X,
there exists f, € I such that f;(z) # 0. Then, since f, is continuous, there exists an open set
Uz C X such that |f(y)| > 0 for every y € U,. Given that the collection (U, : = € X) is a cover
for X and that X is compact, there exists z1,...,z, € X such that X C |, Us,. Let

g:fﬂc1f71+"'+f:vnE: |f:fc1|2+"'+|fzn|2-

8That is, for every Borel set A C R, one has u(A) = fA f(z) dz + v(A), where p and v are singular (see [Br71]). In
the case where p is absolutely continuous, then v = 0.
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Since I is an ideal, g € I. Furthermore, since g(X) C (0,00], it follows that the inverse
function ¢! exists and is continuous. Therefore, g¢g~' = 1x € I, which contradicts that

I+ C(X,C). 0

Theorem B.13. There is a one to one correspondance between open sets of U C X and the
closed ideals of C(X,C), which are all of the form

{f € C(X,C) : f vanishes outside of U}. (B.4)

Proof. Clearly, every set of the form is an ideal. Moreover, if a uniformly convergent
sequence of functions { f,, : n € N} C C(X,C) is such that f,, vanishes outside of an open set U
for every mn, then the same must be true for the limit function (as uniform convergence implies
pointwise convergence). Consequently, every ideal of the form (B.4)) is a closed ideal.

Let I ¢ C(X,C) be a closed ideal. Define the set
F=(V{zeX:flz)=0}=[)F'({0}).

fel fer

Since every function in [ is continuous, F' is closed, and thus its complement U := F° is open.
Clearly, every function in I vanishes outside of U. We claim that I is in fact equal to (B.4]).
Let f € C(X,C) be such that f vanishes outside of U. For a fixed 0 < ¢ < 1, let

Vi={zreX:|f(z) <e}.

Clearly, V is open and contains F', and its complement G = V¢ is closed and is contained in
U. According to the definition of the set U, for every x € U, there exists f, € I such that
fz(z) # 0. Then, since f, is continuous, there exists an open set U, C X such that |f(y)| > 0
for every y € U,. Given that the collection (U, : x € X) is a cover for G C U and that G
is compact (as it is a closed subset of a compact set), there exists zj,...,x, € U such that
G c ;U Let
g = fmfa:l +oot fxnfa:n = |fz1|2 +oot ’focn’2

Since I is an ideal, g € I. Furthermore, g(z) > 0 for every x € G, and 1 + g(z) > 1 for every
x € X. Therefore, for every n € N, the function h,, = n-g(1+n-g)~! is well defined and in the
ideal I, and h,, converges uniformly to 1 on G, hence h,, f converges uniformly to f on G. Given
that 0 < h,(2) < 1 on all of X, by definition of V, it must be the case that |h,(z)f(x)| < e for
every x € V. Thus, by taking ¢ — 0, h, f converges uniformly to f on all of X, hence f is in
the closure of I. Since it was assumed that [ is closed, it follows that f € I, which concludes
the proof of the theorem. O

B.6. Measure Theory

Riesz Representation Theorem (|[Col3| Theorem 7.2.8). Let X be a topological space, and
let C.(X,C) be the set of continuous functions with compact support from X to C. Let I :
Co(X,C) — C be a positive linear functional, that is, I(ff) = 0 for every f € Co(X,C). Then,
there exists a unique reqular measure p on C such that

:/Cf(z) d,u(z), f € CC(X,C)
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B.7. Harmonic Analysis

Let f : C — R be integrable with respect to the Lebesgue measure. The (radial) Fourier
transform of f, which we denote f, is defined as

fit) = /R f(@)e da, LR

Remark B.14. If f is the density function of a random variable X and Mx : C — C is the

~

moment generating function of X (see Subsection [4.2.1)), then f(t) = Mx (it) for all ¢ € R.

Theorem B.15 (Inverse Fourier Transform, [Bi95| Theorem 26.2 and equation (26.20)). Let
f R — C be integrable and f be its Fourier transform. Then,

Flz) = / et (1) dt, zeR.
R

T 2r



Appendix C

Topology

C.1. Bases and Sub-bases

See [Mu99| section 13.
Let X be a set. A basis on X is a collection (A;);er of subsets of X such that

e For every z € X, there exists ¢ € I such that x € A;; and
o If x € B; N B; for some ¢,7 € I, then there exists k € I such that x € A; and
A C AN Aj.

The topology 7 generated by the basis (A;);ecs is defined as follows: A subset U of X is open in
7 if and only if for every x € U, there exists ¢ € I such that z € A; and A; C U. A sub-basis
on X is a collection (Bj),cs of subsets of X such that

UB=x
JjeJ
The topology 7’ generated by the sub-basis (B;) e is that which admits the following collection

as a basis:

T’:{leﬁ---ﬂBjt:tENandjl,...,jtEJ}U{X}U{@}.

Proposition (|[Mu99]| section 13 exercise 5). Let X be a set and (A;)icr be a basis on X. Then,
the topology generated by (A;)icr is the intersection of every topology that contains (A;)icr. The
same is true for sub-bases.

Proposition ([Mu99| page 103). Let (X, 7) and (Y,7') be topological spaces, where 7' is gen-
erated by the basis (A;)icr on Y. If f~1(A;) is open in T for every i € I, then f is continuous.
The same is true for sub-bases.
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C.2. Compact Sets

Heine-Borel Theorem ([Mu99] theorem 27.3). A set is compact in Euclidean space (i.e., R™
or C" for some n € N equipped with the Euclidean topology) if and only if it is closed and
bounded.

Proposition ([Ho95| theorem 1.8). Let (X, d) be a metric space. If A C X is compact in the
metric topology, then it is closed and bounded.

Proposition ([Mu99| theorem 26.5). Let (X, 7) and (Y, 7') be topological spaces. If f : X —Y
is continuous and A C X is compact in T, then f(A) CY is compact in 7'

C.3. Product Topology

See [Mu99| section 19.

Let (X;,7;)ier be a collection of topological spaces. For every j € I, define the j*-coordinate
projection map ; as follows:

Uy HXl — Xj
i€l
(Ti)icr +— ;.
If, for every ¢ € I, we define
B; = {m;*(U) : U is open in 7;},

then {B;}icr is a sub-basis on the cartesian product [[, X;, and the topology generated by this
sub-basis is called the product topology on the cartesian product.

Tychonoff’s Theorem (see [Wr94]). Let (X, ;)icr be a collection of compact topological spaces.
Then, [[; Xi equipped with the product topology is a compact topological space.

C.4. w*-topology

See [EMT04] section 9.7.

Let V' be a vector space over C and V* be the dual space of V. For every p € V* 2 € V
and ¢ > 0, define the set

Ulp,z,6) ={ € V7 : [¥(z) — p(x)| <e}. (C.1)
We define the w*-topology on V* as the topology which admits the following collection as a
sub-basis:

{U(p,z,6): peV*, x €V, e>0}.

Remark. Notice that the w*-topology may also be generated by the collection of all sets of the
form

UNz,e)={eV*:|(x)— )\ <e}, (C.2)

where A € C, x € V and € > 0. Clearly, every set of the form (C.1)) is a set of the form (C.2)
with A = ¢(x). The fact that every set of the form ((C.2)) is open in the topology generated by
(C.1)) is also easy to see: Let A € C, x € V and € > 0 be arbitrary. If p(x) = 0 for every p € V*,
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then U(\, x,¢) is either V* or the empty set, depending on whether |A| < € or |A| > €. If there
exists ¢ € V* such that ¢(x) = A # 0, then ﬁ(p(&?) =\, and thus U(\, z,¢) = U(ﬁg@,w,a).



Appendix D

Discrete Mathematics

D.1. Partitions

See [NS06| Lecture 9.

Definition D.1. Let A be a set. The collection of sets m = (A; : i € I) is called a partition
of A if and only if the following conditions hold:
(1) A; C A for every i € I,
(2) the A; are pairwise disjoint, that is, for every distinct 4,j € I, one has A; N A; = @&;
and
(3) the A; cover A, that is, A = J,;o; Ai.

The elements A; are called the blocks of the partition 7.

In this thesis, we are mostly interested in partitions of the set {1,...,n} for some n € N. In
this context, we adopt the following notations: Given a fixed integer n € N, let P(n) denote the
set of partitions of {1,...,n}, and let us denote 1, := {{1,...,n}} and 0, = {{1},...,{n}}.

Definition D.2. Let n € N be fixed, and let 7 = {Bj,...,B;} € P(n) be a partition of
{1,...,n} (where the B; are the blocks of 7). = is said to be a noncrossing partition if
and only if for every quadruple ny,my,ne, me € {1,...,n} such that n; < m; < ng < mao, it
cannot be the case that there exists ¢, j < ¢ such that ni,ne € B; and mi, mg € B;. The set of
noncrossing partitions of {1,...,n} is denoted NC(n).

Notation D.3. Let n € N be fixed. Given partitions 7 = {By,..., B} and 0 = {C1,...,Cs}
in P(n), we write 7 < o whenever for every i < ¢, there exists j < s such that B; C C;. This
relation defines a partial order on NC(n) called the reversed refined order (note that this
order makes P(n) and NC(n) a lattice, see [NS06| Lecture 9).

Proposition D.4. Let n € N be fized and w,0 € NC(n), and define the sets
U(r,0)={r € NC(n):7>m and 7 > o}
and

L(m,o0) ={r e NC(n): 7<mand 7 < o}.
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Then, the sets U(m,0) and L(w,0) are nonempty, the set U(w,o) has a minimal element T
(that is, 1o is such that o < T for each T € U(w,0)), and the set L(m, o) has a mazimal element
74 (that is, o is such that 7o > 7 for each T € L(m,0)).

Notation D.5. Let n € N be fixed and m,0 € NC(n), let U(m,0) and L(m, o) be defined as in
the previous proposition.

(1) The minimal element of U(w, o) will henceforth be denoted 7 V o, and will be called
the join of 7 and o.

(2) The maximal element of L(m, o) will henceforth be denoted 7 A o, and will be called
the meet of 7 and o.

Definition D.6. Let n € N and m € NC(n) be arbitrary. The Kreweras complement of 7,
denoted K (7) is the largest noncrossing partition of {1,2,...,n} (and thus, K(7w) € NC(n))
such that 7 U K (7) is a noncrossing partition of {1,1,2,2,...,n,7}.

The following example shows how one can obtain the Kreweras complement of a noncrossing
partition in practice:
Example D.7 ([NS06| Example 9.22). Consider the partition
m={{1,2,7},{3},{4,6}, {5}, {8} } C NC(8).
This partition can be graphically represented as follows:
1 2 3 4 5 6 7

8
[ N s B

Then, one adds the symbol 1 to the right of 1, the symbol 2 to the right of 2, and so on, which
yields:

and then complete the above graphical representation way that gives the biggest possible non-
crossing partition of {1,1,2,2,...,8,8}:

112?334%55667788

T

The Kreweras complement of 7 is then given by the resulting partition of {1,...,7n}, that is,

K(m) = {{1},{2,3,6},{4,5},{7, 8} }.

D.2. Mobius Function

See [NS06| Lecture 10.

Notation D.8. Let (P, <) be a partially ordered set (such as P(n) or NC(n) with the reversed
refinement order). Let us denote

P(Z):{(W,U)EPXP:ﬂ'gU}.
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Definition D.9. Given two functions f,g: P?) — C, define their convolution (denoted f * g)
as the map

(frg)(mo)= > flm1)g(r,0).

TEP: n<1<0

Definition D.10. Let (P, <) be a finite partially ordered set (with n elements). Let E =
(71, ...,7,) be an enumeration of the elements in P such that for every 1 < i < j < n, either m;

and 7; are incomparable or m; < 7rj For any function f : P(?) — C, define the upper triangular
matrix A(f, E) = {Ayi(f,E) :1<i,j < Cp} as

0 if ¢ > j;
Aij(f, E) = { f(mi,mj) ifi=j, ori<jandm <mj;; and

0 if i < j and m; and 7; are not comparable.

Proposition D.11. Let (P,<) be a finite partially ordered set (with n elements), and let E =
(1, ...,7n) be an enumeration of the elements in P such that for every 1 < i < j < n, either
m; and 7; are incomparable or m; < mj. Given two functions f,g : P® — C, one has

A(fxg, E) = A(f, E)A(g, E).

Notation D.12. Let (P, <) be a finite partially ordered set (with n elements), and let E =
(m1,...,m,) be an enumeration of the elements in P such that for every 1 < ¢ < j < n, either
m; and 7; are incomparable or m; < ;. Let ¢ : P®) — C be defined as

5(r, ) = {1 if m = o; and

0 otherwise,

and let ¢ : P® — C be defined as ((m,0) = 1 for every (r,0) € P®. We will henceforth
denote A(FE) == A((, E).

Definition D.13. Let (P, <) be a finite partially ordered set (with n elements), and let £ =
(71, ...,7,) be an enumeration of the elements in P such that for every 1 < i < j < n, either m;
and 7; are incomparable or m; < ;. The inverse under convolution of the function ¢ : P & C
introduced in Notation is called the Mdébius function of P, and it is denoted p (that is,

Remark D.14. It is clear from Proposition that A(u, B) = A(E)™! (where A(E) =
A((, E), as per Notation [D.12). That is, the entries of A(FE) are given by
0 ifi> g;
Ajj(E) =41 ifi<jandm < 7j; and
0 if7 < j and m;,m; are not comparable,

and for every ¢ < j such that m; < 7, u(m;, ;) is given by the entry on the row ¢ and column

j of A(E)™L.

INote that such an enumeration is possible in every partially ordered set. See [NS06] Exercise 10.25 for an outline
of an algorithm to produce such an order.
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Proposition D.15 (Moébius Inversion Formula, [NS06| Proposition 10.6). Let (P, <) be a
finite partially ordered set (with n elements), and let E = (71, ...,m,) be an enumeration of the
elements in P such that for every 1 <1 < j < n, either m; and w; are incomparable or m; < ;.
Let f,g: P — C be functions. Then,

f(m) = Z g9(o), meP

holds if and only if the following also holds

gm= 3 floulom) 7 eP.

o€P: o<7

We now consider two examples of computations with the Md&bius function in the partially
ordered set of noncrossing partitions.

Example D.16. The only partitions in NC(2) are 0 = {{1},{2}} and 1, = {{1,2}}. If
E = (0g, 12), then

and thus

Therefore, 11(02,02) = p(12,12) = 1, and p(02,12) = —1.

Example D.17. Consider NC(4). In this case, there are 14 noncrossing partitions. Define

E = (m,...,m14), where

o= 04 s = {{1,4},{2,3}}
T2 = {{1}7{2}7{374}} Ty = {{1,2},{3,4}}
3= {{1}7{273},{4}} T = {{1,2,3},{4}}
T4 = {{1’2}7{3}a{4}} ™1 = {{1},{2,3,4}} .
™= {{1’4}7{2}a{3}} T2 = {{1,3,4},{2}}
6 = {{1’3}7{2}a{4}} ™3 = {{1,2,4},{3}}
o= {{1}7{274}v{3}} T4 = 14
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One easily checks that E satisfies the condition in Definition Furthermore, by observing
which pairs 7;, 7; are incomparable or such that m; < 7; (with 7 < j), we obtain

™1 ™2 ™3 T4 5 6 U T8 ™9 ™10 ™11 ™12 ™13 ™14
~[1 1 111 1111 1 1 1 1 1]
~ |0 1 0 0 0 000 1 0 1 1 0 1
s 10 0 1 0 0 001 0 1 1 0 0 1
~ |0 0 0 1 0 0 00 1 1 0 0 1 1
10 0 0 0 1 0 0 1 0 0 0 1 1 1
|0 0 0 0 0 1 0 00 1 0 1 0 1
~ 10 0 0 00 01 00 0 1 0 1 1
AB) = |0 0 0 0 0 0 0 1 0 0 0 0 0 1
|0 0 0 0 0 0 00 1 0 0 0 0 1
|0 0 0 0 0 0 0 0 0 1 0 0 0 1
|0 0 0 0 0 0000 0 1 0 0 1
| 0 0 0 0 0 0 0 0 0 0 0 1 0 1
|0 0 0 0 0 0000 0 0 0 1 1
|0 0 0 0 0 0000 0 0 0 0 1

With the aid of computer software capable of matrix calculations (such as Maple or Matlab),
one easily obtains

AE) =

™1 ™2 3 T4 5 6 i 8 ™9 10 ™11 ™12 ™13 T14
~[1 -1 -1-1-1-1-11 1 2 2 2 2 =5
~ |0 1 0 0 0O 0O 0 0 -1 0 -1 -1 0 2
~ |0 0 1 0 0O 0O 0 -1 0 -1 -1 0 0 2
~ |0 0 0 1 0 O 0 0 -1 -1 0 0 -1 2
|0 0O 0 0O 1 0 0 -1 0 0 0 -1 -1 2
|0 0 0 0O O 1 0 0 0 -1 0 -1 0 1
~|l0 0 0 0O O O 1 0 0 0 -1 0 -1 1
s~ |0 0 0 0O O O 0 1 0 0 0 0 0 -1
»~ |0 0 0 0O O O 0 O 1 0 0 0 0 -1
|0 0 O 0O 0 0 O 0O 0 1 0 0 0 -1
|0 0 O O 0 0 O O 0 0 1 0 0 -1
| 0 0 O 0O 0 0 O 0O 0 0 0 1 0 -1
|0 0 O 0O 0 0 O 0O 0 0 0 0 1 -1
|0 0 0O O 0 0O O O 0 0 0 0 0 1

Definition D.18. Let n € N be fixed. A function f : NC(n) — C is said to be multiplicative
if there exists a collection of complex numbers {ap : B C {1,...,n}} such that for every
partition 7 € NC(n), one has

fa@) = 1] es.

Ber

Theorem D.19 (J[NS06| Theorem 10.23). Let (f, : n € N) and (g5, : n € N) be two sequences
of functions such that for every n € N, g, and f,, are defined on NC(n) and take values in C,
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gn and f, are multiplicative functions, and
fum = S glo) and, r e NC(n)
ceNC(n): o<m

and

gn(ﬂ) = Z f(J)M(U,W), e NC(TL)

ceNC(n): o<m

(that is, f, and g, are related as in Proposition . Define the sequences of complex numbers
(o, :mn €N) and (By, :n €N) as o, = fn(ly) and By = gn(1y,) for all n € N. Then, the formal

power Series
F(z) =1+ i anz"”
i -
G(2) =1+ Bnz"
are such that G(+F(2)) = F(=), and F(2/G(2)) = G(2).
D.3. Catalan Numbers

See [Ko09]. For every n € N, the Catalan number of order n is defined as

. — 1 <2n>
n+1\n

Segner’s Recursive Formula. Let n > 1. Then,

On = Eri:l Cmflcnfm'
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