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Abstract

The accuracy of a robot manipulator has been receiving scrutinity since the widespread
acceptance of robot manipulators. The relationship between two consecutive joint
coordinate frames of a robot manipulator can be completely defined by five link pa-
rameters; one is the joint variable and the other four are the geometric parameters.
The basis for the open-loop manipulator control is often the relationship between
the Cartesian coordinates of the end-effector and the joint coordinates; therefore,
the accuracy of the Cartesian position and orientation of the end-effector with re-

gard to the real world depends on the errors of the five link parameters for each
link.

For design optimization and robot calibration, it is very important to develop a
mode] for quantitative characterization and evaluation of the positioning and ori-
entational errors of the end-effector. A static error propagation model is developed
in order to describe the relationships between the six Cartesian errors and the five
independent kinematic errors for each link.

In this thesis, a general method for evaluating the end-effector errors produced
by a mix of arbitrarily distributed errors is presented. Based on this method, any
different combinations of biased and mixed error distributions can be dealt with
directly to give a quantative error propagation analysis. Numerical results are pre-
sented for one, two and three degrees-of-freedom robot manipulators. Comparison

of the results of the proposed model with other published model are presented and
analyzed. '
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B(r,;s) Dbeta function defined in (3.7)
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d differential translation vector of A

dA®  differential change of A9 transformation matrix
dn distance translated along Z,_; axis

n-14  differential translation vector of "1 A

dpP Cartesian positioning error of the end-effector
dg; differential change of link parameter g;

dT%  differential change of T

dX X component of Cartesian positioning error
dY Y component of Cartesian positioning error
dZ Z component of Cartesian positioning error
dx X component of the differential translation vector d defined in (2.39)
dy Y component of the differential translation vector d defined in (2.39)
dz 7, component of the differential translation vector d defined in (2.39)
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E! first order differential term of dT%

E(X) expected value of random parameter X
fp.p.p,(dP, ) probability density function of the end-effector being located at the
specified position and rotation
fax(dz) probability density function of Cartesian positioning error dX
fay(dy) probability density function of Cartesian positioning error dY
faz(dz) probability density function of Cartesian positioning error dZ

Fxy e Xn(®1,7++,25)  joint probability density function defined in (3.4)
friYa(thy++,4n)  joint probability density function defined in (3.4)

Fox(62) probability density function of Cartesian orientational error §x

fsy (6y) - probability density function of Cartesian orientational error dy

f5,(62) probability density function of Cartesian orientational error 6z

J(X1,- - Xn) Jacobian defined in (3.3) |

K1, a 3 x 1 vector defined by (2.20)

k2, a 3 x 1 vector defined by (2.21)

k3, a 3 x 1 vector defined by (2.22)

k4, a 3 X 1 vector defined by (2.23)

k5, a 3 x 1 vector defined by (2.24)

L, coefficient matrix of the linear Cartesian positioning error propagation
mode] defined in (2.61)

Ly coefficient matrix of the linear Cartesian positioning error propagation
model defined in (2.61)

Ly coefficient matrix of the linear Cartesian positioning error propagation
model defined in (2.61)

L, coefficient matrix of the linear Cartesian positioning error propagation

mode] defined in (2.61)
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Chapter 1

Introduction

A frequent function of industrial robots is to move objects to various locations
in the work space. In general, a robot structure may be subject to three differ-
ent types of error sources: kinematic errors in the individual members, dynamic
errors due to gravity effect, mechanical clearance,etc. and errors in positioning the
joints accurately. Tasks executed by industrial robots require a certain positioning
accuracy.

Robot manufacturers usually specify robot’s accuracy in two ways : repeatability
and absolute accuracy. The former refers to the robot’s error in returning to the
previously taught position in a repetative motion. The latter refers to the error of
the end-effector with respect to a coordinate given to controller. Usually, only robot
manipulator’s repeatability is specified by the manufacturers. The repeatability is
a measure of the variation of the end-effector’s actual position when the robot is
required to move in repeated maneuvers to the same specified values for the joint
values in repeated maneuvers, Most commercial robots can have their repeatability
around 0.1 mm, But with this repeatability, it is possible for the absolute accuracy
to be only able to reach 10 mm [5]. So, programming a robot without "teaching and
learning” process will not make the robot move accurately to the desired position as
we expected. Therefore, the absolute positioning accuracy of a robot manipulator is
a limiting factor in the open loop control mode. But, because of the highly expense
of tactile and vision system, automatic manipulator under open loop control is still
the main trend in industrial application.



Nowadays, more advanced and complex jobs are executed by robot manipulators.
The absolute positioning accuracy of the end-effector of a robot manipulator is
becoming more and more important. Since it would be very costly to build every
robot to a very low tolerance, it would be more cost effective to analyze the error
propagation analysis of a robot manipulator.

In the current literature. most researchers conduct their error propagation anal-
ysis based only on normal distribution assumption. Up till now, no published works

give a direct mathematical approach to tackle the mixed error distributions existing
in a robot manipulator.

In the previously published works, the idea of mixed error distributions existing
in the link parameters was presented in [7], [3] and [15]. But none of these authors
develop a mathematical model of the propagation of the mix of the error distribu-
tions. In [30] and [16] , the authors developed in 1978 the general error propagation
model based on 4 link parameters. But the authors included only the errors of the
controlled variables in his presented model and did not fully expand the model.
Also the presented model is not general enough to tackle the case when the robot
manipulator has two consecutive parallel or near-parallel joint axes. Later Kumar
[15] realized that the joint variable errors resulting from encoder equipped joints
should be modeled as a uniformly distributed random variables. But the author
made a serious mistake in assuming that the positioning errors of the end-effector
are also uniformly distributed around the desired position. This mistake can be
varified easily by the fact that the summation of two uniform distribution variables
tends to constitute a triangular distribution.

In 1984, Wu presented a rigourously developed error propagation model in a lin-
earized form based on four link parameter (an,dn,8n,an) A transformation matrix
[34]. - Wu assumed that all four link parameter errors for any degrees-of-freedom
robot manipulator are independent, zero mean normally distributed random vari-
ables. The resulting Cartesian positioning errors of the end-effector are correlated
and normally distributed random variables. The eigen vectors of the covariance ma-
trix are used to find a new coordinate system for the end-effector positioning errors
in which they are composed out of independent random variables. Consequently,
the positioning error distribution functions for a required positioning error envelope
can be found. This approach is however restricted to the eigen vector directions
and is not general enough to include the case where the robot manipulator has two



consecutive parallel or near-parallel joint axes.

In [12] and [13], 2 new technique is introduced to derive the four link parameter
values when the robot manipulator has two consecutive parallel or near-parallel joint
axes. The authors present a linear error propagation model, but consider that a
bias exists in the measurement instead from the gravity effect and configuration de-
pendency. Foulloy and Kelley approached the calibration problem directly, without
parameter identification, by devising a single compensation matrix which is valid
for a small portion of the robot workvolume [9]. Endpoint position measurements
are used in a least mean square error formulation to obtain optimal values for the
compensation matrix.

Later, numerous papers presented rigourous applications of parameter identifi-
cation techniques for static error propagation analysis based on end-effector Carte-
sian position measurements [4], [5], [27], [28]. In [4], Chen and Chao presented
a rigourous parameter identification techniques for static error propagation based
on a six parameter transformation matrix. In the presented model, the structure
of the equation has physical meaning, but the coefficients of the equations have no
physical meaning. In [14], Huey and Anand proposed a linearized error propagation
model for normally distributed geometric parameter errors and joint variable errors
assumed independent, uncorrelated and with zero mean . The authors realize that
the output errors depend on both configuration and loading, but only a simplified

worst case analysis is performed.

A least squares regression identification techniques is used for geometric pa-
rameter identification in [4] and a recursive least squares techniques is used in a
multistage approach in [27]. In (28], Shama and Whitney modeled the geometric
and non-geometric parameter errors by a nonlinear multivariable polynomial, but
the structure and coefficients of the polynomial do not have any physical meaning.

Azadivar addresses the importance of the bias in the joint variable errors, but
the author simplifies his model and does not include the effects of the bias of the
joint variable errors in his analysis [2]. In [3), an error analysis approach based
on Monte Carlo simulation techniques was proposed, but this approach includes
only joint tolerance propagation, not error propagation. Chen, Wang and Yang
consider all the link parameter errors are zero and normally distributed with the 3o
equal to 1 and assume that the biased effect exist in the measurement error only.



In 2], Ahmad considers the joint errors due to the static effect of the load in the
end-effector, but he does not give a mathematical probability model to describe the
randon positioning errors of the mechanical manipulator.

In [29], Veitschegger and Wu improve Wu'’s previously published work [34] to
include the case of two consecutive parallel or near-paralle] joint axes by introducing
a fifth parameter in the A transformation matrix(29]. The main thrust of Wu’s
paper is to develop comprehensive models for error propagation and apportionment
analysis of a robot manipulator. However, their contributions do not deal with the
problem of mixed and biased distributione.

Stochastic error propagation modeling for a robot manipulator is still less well
developed. Recent publications described a stochastic model for mix of error distri-
butions for a 2 DOF [21] and 6 DOF [22] robots. In this dissertation, a general error
propagation model is presented to give a direct quantative analysis of positioning
and orientational errors due to the mix of arbitrarily distributed link parameter
errors. The results are also documented in a paper submitted for publication [23].

The propagation of static errors is the main concern of the thesis. Dynamic
error evaluation for the end-effector position and orientation is generally considered
a separate topic and require models of a very different nature. This dissertation
is organized in seven chapters. Chapter 2 describes the general error propagation
model of a robot manipulator. Chapter 3 treats the stochastic error propagation
model of a robot manipulator. Chapter 4 discusses the stochastic error propagation
analysis of a one degree-of-freedom robot manipulator. Chapter § analyzes the
stochastic error propagation analysis of a two degrees-of-freedom robot manipulator.
Chapter 6 is devoted to the stochastic error propagation analysis of a three degrees-
of-freedom robot manipuiator.

Throught this dissertation concepts are illustrated by the use of relatively simple
examples. The examples treated are hypothetical, but plausible, chosen to exhibit
interesting characteristics without too great a computational burden.

The models presented for error propagation are easily programmable, however
they are rather computationally intensive for higher degrees of freedom (N 2 3).
Nevertheless, they are also potentially valuable contributions to the theory of error
propagation and control of a robot manipulator, and they can be applied as a
kinematic CAD tool for the design of a robot manipulator.



Chapter 2

The General Error Propagation
Model of a Robot Manipulator

The positioning and orientational errors of the end point of a robot manipulator
result from the combination of the errors propagated from the five link parameter
errors in every joint. This chapter presents the general modeling approach for the
positioning and orientational error of the end-effector based on the modified five
link parameter A transformation matrix [appendix A].

2.1 Error Propagation Model Between Two Con-

secutive Links

R. Paul analyzed this case for the propagation of differential changes in two
consecutive frames. Wu developed the equations later in the form presented here
[33). These results are used in the next paragraph for the propagation of errors of
each frame to the end-effector.

In the case of a robot manipulator, differential changes of the modified A, trans-
formation matrix are caused by differential changes in the five link parameters
(an,dny 0ny 0, Br). For brevity, in the following text A, refers to the modified A
transformation matrix. If the A, matrix assuming nominal link parameters is given
by A° and the actual A transformation matrix with kinematic errors is given by



A3, then the actual transformation matrix can be expressed as

A% = A% +dA° (2.1)

A unit differential change transformation caused by the i** link parameter and
applied to the n — 1 coordinate frame is defined as "!A;. In the tansformation
"=1A;, a leading superscript describes the coordinate frame with respect to which

the differential transformation is made, and a following subscript denotes the dif-
ferential variable causing the change.

The following derivation is based on Wu's contributions [33]. In [29] and (34],
a differential change dA, may be expressed in terms of a differential change in

n — 1 coordinate frame "~!'A; and in terms of the differential change of any link
parameters as

5
dAS = 3 " 1A, x Adg; (2.2)

=1
where ¢ = 1,2,3,4,5 stands for the five link parameters, Gy dny0,, @, and B, re-
spectively, and ” * ” represents matrix multiplication.

Thus 540
-1 _.n-1A, 0 i =1 .
Ba; D x A i=1,2,3,4,5 (2.3)
Expanding the above equation into matrix forms for i = 1,2,3,4, 5 respectively give
000 C6,
0
N (24)
Ogy 000 O
000 O
—56,CanSB, S6,S5a, S6,Can,CB, 0
0 - -
940 = 1A, A = C0,Ca, S8, C6.5a, —-C0,.Ca,CB, 0 (255)
o Sa, S8, Ca, ~Sa,CB, 0
0 0 0 0
0
aAn = n-lAB*A?;
04,

-58,.Cf, — Cb,Sa,58, -C8,Can, —56,58,+C8,50,CB, —a,58,
C6,.CB, — 56,852,858, -S0,.Ca, C8,58,+ 56,50,C8, 4.C86,

0 0 0 0
0 0 0 0
(2.6)



0000

9AS 0000

—2="-A*Ag= 2.7

344 ! 0001 (27)
000

0

—C0,58, — 56,8a,CB, 0 C,CB, ~ S8,5a,58, 0

a4 ~56,58, + C8,52,CPn 0 S56,Cfn + C6,50,56, 0

= "‘-IAp * Aﬁ =
aq5 —Cancﬂn 0 _Cansﬂn 0
0 0 0 0
(2.8)

Evaluating these partial derivatives for the nominal link parameter values (.e., 8, =
0) and solving for the differential change transformation "~1A; give

000 C8,
000 S8
1A, = " 2.9
000 O (2:9)
0006 O
0 0 S6, -d,56,
0 0 -C¢6, d.Cé
"mIA, = o 2.10
-50, C6, O 0 (2.10)
0 0 0 0
0 =100
1 0 00
1Ay = 2.11
“lo o0 00 (2.13)
0 0 00
0000
0000
1AL = 2.12
““looo 1 (2.12)
0000
0 -Sa, C0,Cap a,50,5a,—d,C8,Ca,
m1A, = Say, 0 56,Cap, —a,ClpSa, —d,56,Cay (213)
-C8,Ca, —-S56,Ca, 0 a,Cay,
0 0 0 0



An error matrix transformation is defined with respect to joint coordinate frame
n — 1 such that

dA? =""1A « A7 (2.14)
Equating equations (2.2) and (2.14) give

5

A = Z n-IA.‘dq; (2.15)

i=1

The error matrix transformation defined in the above equation can be considered
to be composed of two vectors "~!d and "~!§ known as the differential translation
and rotation vectors with respect to the n ~ 1 coordinate frame respectively

olg = nlg g nelg g 4 mld k (2.16)

nolg o nelg g g molg, 5 4 16,k (2.17)

Substituting "~'d;, *~1d, , ""1d, , "5, , "~1§, and ""1§, by the (14), (2,4), (34),
(2,3), (1,3) and (1,2) components of the error matrix transformation defined by
(2.15) gives

0 Cé, -d, 36, xS0, 50y — d,C6,Cary
"=ld= | 0 | Adut| S8, | Aant| d.C8, | Dan+| ~a,C8,5ay — dr56,Can
1 0 0 a,.Ca,
0 C@n _Sencaﬂ
=lf=|(0 | A8+ | S8, | Ao+ | CE,Cay (2.19)
1 0 Say,

By defining the following five vectors [29)

Ki,=[0 0 g (2.20)
K2, = [Cb, 56, o7 (2.21)

K3, = [—d,S6, d.C6, i (2.22)

K4, = [a,58,5a, — d,C6,Ca, -a,090,.5a, —d,S6,ca, a,Ca,)T (2.23)
K5, =[-56,.Ca, Co,Ca, Sa,.]T (2.24)

where the superscript "T” means vector transpose, equations (2.18) and (2.19) can
be rewritten in the following linear form

"1d = K1,Ad, + K2,Aa, + K3,00n + K4,08, (2.25)

8



1§ = K1,00, + K200, + K5.A8, (2.26)

The error matrix transformation "~'A is completely defined by the differential
translation and rotation vectors given in the equations (2.25) and (2.26). The
importance of the error matrix transformation is that it gives an error propagation
model between two consecutive link coordinate frames. Later it can be applied
to determine the complete error propagation model between end-effector and base
frame.

2.2 Error Propagation Model Between End-Effector

and Base Frame

If the position and orientation of the end-effector of a N degrees-of-freedom
robot manipulator assuming nominal link parameters is given by Tj and the ac-
tual position and orientation of the end-effector is given by T§, then the actual
transformation T§ can be expressed as

TS =T° 4+ dTx (2.27)

From the homogeneous transformation A, defined by (A.3), the location of the
end-effector with respect to the base can be defined as

N=AT*x Agx - x Ay (2.28)
Substituting equations (2.1) and (2.27) into (2.28) gives
N
TS + 4T = [1(A° + d4) (2.20)
n=1

Expanding (2.29) gives the following linear form
T +dT% = T4+ E'+ E*+E°+ ...+ EV (2.30)

where Ef represents i** order differential error term. It is assumed that all the link
parameter errors are small; therefore, the higher order terms can be ignored, then
equation (2.30) can be simplified to

aTg = B

N
— A% w A% % x A% xdA%w ... % AY 2.31)
1* 42

n=1



We define an error matrix transformation A with respect to base frame such
that

dTf = A*TH (2.32)

where A is the error matrix transformation which represents the differential transla-

tion and rotation transformation with respect to base frame. Substituting equations
(2.32) and (2.14) into (2.31) gives

N
A*TR,=E(A?*Ag---*Aﬂ_l*""1A*A?,*---*A?v) (2.33)

n=1

Then the error matrix transformation A can be solved as

A= 3T+ AR (T (234)

n=1

The above equation is important as it relates differential changes of the link
parameters to the differential change of the end-effector. Before we use this re-
sult we will first expand the matrix product on the right hand side of the above
equation. In doing this, & great deal of simplification occurs and gives us a direct
relationship between elements of the error matrix transformations A and *~1A.
The transformation T?_, in equation (2.34) is known as the differential coordinate
transformation.

If the elements of the differential coordinate transformation T_; is represented
in terms of the vector R,_; and P, as

i 0
TO — R?l—l Pn-—-l
n=-1 -
0 1
0 0 0 0
n’n—l,x on—-l.: an-—-l.z pn-l.z
0 "0 0 0
- Th-1 B on-l,y an-l,y pn—l,y (2 35)
0 (1] 0 0 '
nn-l.z On—l,z an—l.z pn—l,z
| 0 0 0 1

then the inverse of T2_, is

"2-1,: ng-l.y "2—1.: —pay- nd_,
(Tﬂ_l)—l — °§-1,z °§-1.y 0%-1,: ’P§-1' 2—1 (2.36)
Gpo1x Gn-1y Gn-1,: —Pn-1"8n-1
0 0 0 1

10



where n,._1,0n-1,@n-1 and p,_; are the four column vectors and ” - * represents the
vector dot product. If we define the inverse differential coordinate transformation

(Tr?-l)-I as

! !

N1z ©

’ !
n-1,z an—l,.t' pn—l.:.'
n' o a ’
(TO )—l = n=1,y n—1,p n=1,y pn—l.y (2 37)
n-t n! o '

t (]
n=1,z n—1,x a'n—l,z Pn—l.z

0 0 0 1

then equation (2.34) can be rewritten as

0 —"=16.ay_, "5- Op1 Mg (P x Ly +"7Nd)
A= i "lany 0 =" eng_y oy - (("TU6 X phoy) + M)
no1| ="6ony “6em, 0 an_y ("8 x pr_y) +"71d)
0 0 0 0
(2.38)

where the components of "~1d are defined by equations (2.18) and (2.25) and the
components of "6 are defined by (2.19) and (2.26). As ""'A, the error matrix
transformation A can be described by two vectors d and &, the differential transla-
tion and rotation vectors with respect to base frame, respectively

d=di+dyj+d;k (2.39)

§ =64 +8,5+ 6.k (2.40)

Equating the components of (2.38) to the corresponding components of (2.39)
and (2.40) gives

N
dr =3 m_y ("6 x pyoy) +77d) (2.41)
n=1
N
d; = E: O+ ("6 x ppg) +71d) (2.42)
N
d:=3 a, ("6 x p)_y)+ ") (2.43)
n=1
N
bz=)."%-n,_, (2.44)
n=1
N
by=Y_"1.0,_, (2.45)
n=1
N
b:=) " a,_, (2.46)
n=1

11



Substituting ny,_,,0},_,,4,_; and p;,_; from equation (2.36), then the above equa-
tions can be expanded as

d: =

N
2[”2-1,:“45;:(“172-1 : a?l.-l) = n?x—l.znhléz(—Pr?-l ' 0?;—1)
n=

0 n-1 0 n=1 0 0
+nn—l,: d: + On-1,z 68(_Pn-1 * nn-—l)

A0 n-1 g .0 0 n=-1
n~1,r 6::("?1\-1 an-l) + Opn-1s dl.r

0 -1 0 0 -
+an—1,:ﬂ 6e(=Pn-1 0p-1) = 02—1; 16:;(‘??;—1 : "2-1)

+ap_y," " dy] (2.47)

N
X;[ﬂﬂ-l.y""%(-Pﬂ-l : a?x-:) - "‘g—-l.y"—l‘sx( —'Pg-l : 0?;-1)
n=

0 n=1 0 n=1 0 1]
Frg_1y" e+ 0nyy" " 6:(=Ppy )

0 n-1 o .0 0 n-1
—On 1y 63(_pn--1 an-l) + On-1y dv

0 n—1 (1] 0 0 n-1 0 0
+an—l.y 6.1,-(—?"_1 ' on—l) —Cn_1y ‘sv("'pn-l ) nn-—l)

+"2-1.yn-1 6] (2.48)

N
Z[n:q.zﬂ_lay(_l’g-: ’ 03-1) - ng—l.zn-l‘sz(_pg—l : 02-1)
n=1

0 n-1 0 n=1 0 0
+nn—1.z dz + On1,: 61(—pn—1 ‘ nn-l)

0 n-1 0 0 0 n—-1
—On_1,z 63(“"?:1—-1 ) an~1) + On-1,z dv

0 n—1 0 0 V] n=1 0 1]
+au—1.z 63(—})“_1 ' an-l) - an-l.x 6#( i R nn-l)

+al_; ;" 1d,] (2.49)
N
bz = [np_y "o+ 00", + el "6 (2.50)
n=1
al 0 1 0
6&! = ZInn-l,yn— 63 + Oﬂ—l.yﬂ-l6lr + ag—l,vn-lézl (2'51)
n=1
N
;= E[n?t—l,:“—-l&r + 02-1,:“-16v + a?;-l.xnnl‘s:] (2.52)
n=1

According to (2.25) and (2.26), we can further expand (2.47) to (2.52) in terms

of the 5N link parameter errors. Finally the differential translation and rotation
vectors of A, d and §, defining the relationship between the end-effector frame and

12
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Figure 2.1: general error propagation graph

base frame can be simplified as a linear function of the 5N link parameter errors as

d = i‘[[??-—l x (R, * K1,)]A0, + (RO_y * K1,)Ady + (Rp-y * K2,)Aq,,

n=1

+(pa-1 % (RR-1 * K24)) + (Ro_, * K3,)|Aan
+{(Pot X (BR-1 # K5a)) + (R_y  K44)| A8} (2.53)

5= S (RS, s K1,)A0, + (RO, » K22)Dan + (RO, s K5)AB}  (2:59)

n=1

The general positioning and orientational error propagation model for an end-
effector of a N degrees-of-freedom robot manipulator is described by equations (2.53)
and (2.54) for which the transformation graph is shown in Figure 2.1.
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The error propagation relationship from link parameter errors of each link co-
ordinate frame to the end-effector of a robot manipulator may be obtained directly
from this general error propagation graph. The greatest advantage of this figure
is that the general error propagation model for a robot manipulator can be ob-

tained directly from this figure without the need to go through the tedious deriving
procedures described before in this section.

For the first order approximation, from equations (2.38), (2.53) and (2.54) the
error matrix transformation can be defined as

[0 -5 6, d,
Ao |8 0 -5 d
-5, & 0 d,
|0 0 0 o0
[ AR d
= 2.55
o )

where AR is a 3 x 3 differential rotation matrix defined by differential rotation
vector 6 and d is a2 3 x 1 differential translation matrix.

Substituting equation (2.55) into (2.32) gives

4TS = [ AOR g ] £ TO (2.56)

which results in

. . (257)

From the above equation, it can be seen that the first order approximation of the
differential rotation is defined by A R (i.e., § ); therefore, equation (2.54) gives the
first order orientational errors of the end-effector with respect to base frame.

dm=[AR*R?V 6xP,?,+d]

From kinematics, it is known that the positioning error of the end-effector, 4P,
is influenced by both positioning and orientational errors. From equation (2.57),
the positioning error of the end-effector is determined as

dP =§ x Py +d (2.58)

By substituting equations (2.53) and (2.54) into (2.58) for d and 4, equation (2.58)

14



can be rewritten as

dP

= T {[(Ra-, * K1) x P§, + PRy X (RS_; x K1,)] A6,

+HERS_; * K1,)Ad, + [RS_, * K2,])Aa, (2.59)
+[Ra_y * K2,) x P +p%_, x (RC_, * +K2,)]Aa,

+H[(RS-1 * KSn) X PR+ 95y x (R3_, * Kb8,) + Ry_y * K4,)ABn}

The above equation gives the positioning error of the end-effector with respect
to base frame as & linear function of the 5N link parameter errors.
By following Wu's definition [29], the general error propagation models for the posi-

tioning and orientational errors of the end-effector can be rewritten in the following
linear form

[6] = [Re)A8 + [R.)Aa +[Rp)AB (2.60)
dP = [Lg]AG + [L4)Ad + [L,)Aa + [La]Aa + [Ls)AB (2.61)
where

DG = [A8,,---, A0x]T (2.62)

Ad={Ad,,---,Ady]¥ (2.63)

Da = [Agy,---,Aay]” (2.64)

Da=[Aay, +, Aan]T (2.65)

OB =[ABy,---, ABN]T (2.66)

in which A6, Ad,, Aa,, Aa, and AB, are link parameter errors for nt* link (n=
1,.--,N).

Ry, Ro, Rp, Lg, Lo, Lp, Ly and L, are all 3 x N matrices which are functions of the
5N link parameter errors. The n'* column of Ry, -+, L, can be expressed as

Rgn =R)_ * K1, (2.67)
R.n=R)_,x K2, (2.68)
Rgn=R%_, x K5, (2.69)
Lopn = (Ropn x PR)+p2_; x (R2_, * K1,) (2.70)

Lap = (Rap X PR) +ph_y % (Rp_y * K2,) + (RS, * K3,) (2.71)

15



Lgn=(Rpn x Py) + Pg-l X (Ro—l * K5,) + (R:—l * K4,) (2.72)
Lin =Ry, (2.73)
La.n = Ra.n (2.74)

The general error propagation model defined by equations (2.60) and (2.61) will
be used to develop the error propagation models of a one degree-of-freedom, a two
degrees-of-freedom and a three degrees-of-freedom robot manipulators considered
in chapter 4, chapter 5 and chapter 6 respectively.

The final comments for this chapter are :

» This chapter developed an error propagation model, based mainly on the re-

sults published by W. K. Veitschegger and Chi-Haur Wu in September 1986
[29].

e The presentation uses a different notation and sequence of mathematical
derivation as compared to the publication by W. K. Veitschegger and Chi-

Haur Wu [29]. This chapter is thus included in the thesis for creating notation
and analytic derivation homogeneity.
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Chapter 3

Stochastic Error Propagation
Model of a N Degrees-of-Freedom
Robot Manipulator

The preceding chapter dealt only with the deterministic error propagation
model of a robot manipulator. For a N degrees-of-freedom robot manipulator, the
desired error propagation model is a function of the 5N link parameter errors and
the robot’s configuration.

In general, all the 5N link parameter errors and the configuration variables ( 6, or
dn ) are random and dependent. In this chapter, a stochastic model is developed to
analyze the positioning and orientational errors of the end-effector due to the mixed
and arbitrarily distributed 5N link parameter errors and the robot’s configuration
variable.

3.1 The Joint Probability of Functions of Ran-

dom Variables

The developments in this section are based on the change of variables using
multiple integral transformation of functions of multiple variables applied to joint
probability law of random variables [19},[24},[25]. To quantify the positioning and

17



orientational errors of the end-effector we have to deal with the joint probability
function of the link parameter errors and configuration variables. Then the marginal
distribution function of the positioning or orientational errors of the end-effector can
be calculated from the corresponding joint probability density function of the link
parameter errors and the robot configuration variables.

Let’s consider first the following general case of n random variables ¥;,Y;, -+ -, ¥,

which are functions of another set of continuous random variables X;,X,, .-, X,
as
Y;'=gi(xhx21"':xﬂ) for i=1,2,'°',ﬂ- (3'1)

If the functions gi(X1, X3, ++,X,),i = 1,2,---,n have continuous first partial
derivatives at all points (21,232, -+, ), and the set of equations in (3.1) has exactly
one set of solutions, which we denote by

Xi=hi(YhY23"'aK:) for i=1$2,"‘sn (3-2)

and the determinant of the Jacobian is

0 192:° 2 Un

8n 8y .., Bu
3X; BX; X,
82 %a ,,, B9
8X, 68X 8Xn
890 8 ... Omn
X, 3X; 9Xn
£ 0 (3.3)

at all points (21,22, -+,%s), and the random variables are jointly continuous and
have continuous joint probability density function except at a finite number of points
in the (X1, X>,: -+, X,) domain, then the random variables (¥},,Y;,+ -, ¥,) defined
by (3.1) are jointly continuous with a joint probability function given by

f}’x 72,0 Yn (yh Yayrety yn)
= .thXm'".Xn(zl! ol PR -""n)/ | J(zh T2y, xn) |

= fX;.X:,m.Xn[hl(yh tet 1yn)r Tty hn(yh e gyu)]/ I J[hl(yh e ayu)a Tty hn(yh ‘ '(' ’ yn)] |
3.4)

18



For the case that (3.1) has multiple solutions, equation (3.4) can be extended
by summing up the seperate terms given by (3.4) for each individual solution, as

le .Yz,---.Yn(yli Yay iyn)

m1 mz Mn
j1=1 Lafy=1""" Lijp=1
thxz.'".xu[hl(ylg e ,yn), Tty hu(yla Tty yﬂ)]
_ ) I sm) e halyny ey va)] | fm;>0,j=12-n
0 fmi=0;j=1,2-n

(3.5)
where m; is the order of multiplicity of the X; variable.

The computation steps in equation (3.4) are :

e calculation of the solutions of (3.2)
o calculation of the Jacobian defined in equation (3.3)

e replacement of variables X;,=1,2,-.,n, in (3.2) and (3.3) by the solutions
of (3.2) which are functions of ¥;, %5, - -, Y,.

e division of the joint probability density of X;, X5, -+, X, by the absolute value
of the calculated determinant of the Jacobian.

The above approach will be used to establish the stochastic error propagation
model of a robot manipulator. The determination of the joint probability density
function of 11, ¥2,- -+, Y, using (3.5) can be quite complicated, both because of the
necessity of finding the function of k;(y,,ys,: - 2Un)yt = 1,2,--- . n, and because of
the often complicated form of the matrix whose determinant must be found in order
to calculate the Jacobian J{hi(y1,¥2,+*,¥n), +, ha(yrs 2, s Bnl¥1, Y200+ =, ¥n)).

Therefore, it is essential to reduce the complexity of the mathematical expres-
sions by choosing a suitable set of supplemental variables (Y2,Y3,---,Y,), as well
as to resort to computers for most of the tedious computations necessary in the
analysis.
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3.2 Distributions of The Link Parameter Errors

From equations (2.60) and (2.61), it is known that for a N degrees-of-freedom
robot manipulator, the positioning and orientational errors of the end-effector are
dependent on 6N random variables which are N configuration random variable 6;
i=1,2,---,N and the 5N link parameter errors.

Due to the gravity effect, there are different degrees of bias of the distribu-
tion functions of joint variable errors existing in different sub-workvolume of each
joint variable. Consequently, we have to find a suitable distribution to describe the
configuration dependent distributions of the N joint variable errors. In searching
for the appropriate distributions to represent the 5N link parameter errors, it was
found that only the N joint variable errors are configuration dependent and affected
generally by gravity because of the compliance and static backlash effects existing
in the gear driving train and thus not properly modelled by a normal distribution
[1). Furthermore, the other 4N link parameter errors are so called geometric pa-
rameter errors which can be accurately modeled as normal (Gaussian) distributions

{16],[29],(30},{33),(34)-

For the appropriate distributions to represent the joint variable errors, we have
searched many other distributions such as exponential, Poisson, bi-normial, Weibull
and gamma distributions. Our final decision on choosing the beta distribution is
based on its flexibility. The class of beta distributions is a class of distributions
that includes the uniform distribution and is rich enough to provide models for
most random variables having a restricted range of possible values. Therefore, it
is chosen to model the differently biased distributions of the N joint variable errors
existing in different sub-workvolume of each joint variable.

3.2.1 Properties of Beta Distributions

If & random variable X has a beta distribution, then the probability density
function fx(z) of X has the form

r-l(l_:ll-l .
fx(z) = = Bir,s) if _<. T S 1 (3.6)
0 fz<Qorz>1
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n.n
8

where "r” and are positive numbers and are called the parameters of the beta

distribution. The constant B(r,s), the beta function [17], is defined as

B(r,8) < L)

T(r +9) (3.7)

It is known that when r > 0,5 > 0

B(r,s) = jol (1 - u)"tdu (3.8)

Thus, when the random variable X has a beta distribution with parameters r and
s, then the expected value of X* can be calculated as

ky 1 1 r+k=1ry _ Ly0-1
E(X*) = B(r’s)jo XTHE-1(] - g)-1dx
_ D+ E)(r+3s) (3.9)
T D((r+s+k) '
where I is called gamma function [17].
Letting k = 1 and k = 2 in the above equation yields
i _Tr+1)(r+s)
B(X)= D) (r+s+1) r+s (3.10)
I'(r+ 2)(r + s) (r+r
E(X?*) = = 11
X = R ts+2) - s+ D +9) (3.11)
and thus
r
= = 9
px = E(X) = — (3.12)
2 _ 2y _ 2 _ rs
(Cfx) = E(X ) (#x) (r + 8)2(1‘ + s+ 1) (3'13)
from which r and s can be solved as
px(1 - px)
= -1 3.14
r pX{ (0‘){)2 ] ( )
1— =
5= (1 - p 20 _y) (319)

(ox)?

The importance of equations (3.14) and (3.15) is that if we have many statisti-
cally independent observations ¥,Y3,--,Y, on random variable ¥ and we want to
fit a beta distribution to these observations, we can estimate the mean value py by
the sample average and the variance o} by the sample variance and then equations
(3.14) and (3.15) can be applied to find the beta parameters, r and s, to represent
this specific distribution.
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3.2.2 Relationship between The Normalized Variable and
The Actual Variable

Because the class of beta distribution is defined only for random variables X
in [0,1], for a random variable Y € [ym, yar], we use the normalized parameter
Y —ynm
YM — Ym
which has possible values between 0 and 1. The beta distribution that describes the

variability of X can be used to obtain the distribution of Y based on the solution
of (3.16)

X = (3.16)

Y= (yM - ym)x + Ym (3'17)

From this linear equation and the corresponding Figure 3.1, we can calculate

the cummulative distribution function Fy(y) of Y by the transformed variable X as
follows

Fy(y) = Fx(—=) (3.18)
UM — Ym
Deriving it with respect to Y gives
1
fr(y) = fu(2—Em). (3.19)

UM = Ym  YM —Ym

where fx(;2¥2-) is determined from equation (3.6).

This formula gives the relationship between the transformed variable X and the
original variable Y, and will be used frequently in later analysis to transform the
probability density function of the transformed variable X to the probability of the
original variable Y.

3.3 The Stochastic Error Propagation Model of
a N Degrees-of-Freedom Robot Manipulator

From the considerations of section 3.1 we can find that the physical meaning
of the error propagation model of a robot manipulator is a transformation from
6N random variables (A8;, Ad;, Aai, Aa;, AB;, 6;yi = 1,2,++,N) into 6 random
variables (dx,dy,dz,8x,0y,0z).
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Figure 3.1: linear diagram of X and Y

In this case, 6N — 6 supplementary output variables have to be defined and later
a marginal joint probability density function is calculated by integrating over the
whole domain of all the 6N — 6 supplementary variables in order to get the proba-
bility of the end-effector to be located within a defined positioning and orientational
ertor envelope. The choice of the supplementary random variables is arbitrary. A
computationally convenient choice is to choose the 6 ~ § supplementary random
output variables identical to a set of 6N — 6 input random variables.

For a N = 6 degrees-of-freedom robot manipulator, the first 6 equations of (3.1)
are

1,Y,, Ya)T = dP (3.20)
[¥a, Ye, Yo7 = 6 (3.21)

where § and dP are given by equations (2.60) and (2.61) as functions of input
variables. The other 6N — 6 = 30 supplementary equations of (3.1) can be chosen

as

[Y:h" '$Y12] = [91,-- ',83]
67 (3.22)

[KS:"'j}’lB] = [Aali' ":Aaﬁl
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= AT (3.23)

[}’19" * 'a}rﬁ] = [Adli' i !Adﬁ}
= AdT (3.24)

[Yéh e ,YSO] = [Aah 0y Aas]
= AaT (3.25)

[Y311 s 1Y36] = [Aah' ' 1A‘16]
= AoT (3.26)

In this case, the solution (3.2) of the system (3.1) for the random supplementary
output variables Y7 to Y35 are obvious

(67, AT, AdT, AaT, Aa™} = [V, Ye, - -+, Yae) (3.27)
By using equation (3.27), the equations (2.60) and (2.61) can be rewritten as
[Y-la Y, YE&IT = {LG(},?'A e aYn)[Ym: Tt 1"IIB]T
+Ld(}’7$ Tty y'12)[14.91 "ty .Y'M]Tl
+L0(Y73 e 1K2)[Y'253 Tty YSO]T
+La(1’:h e ’KQ)[),SI‘: CTty Y?SB]T
+Lg(Yz, -+, Y12) A} (3.28)

Y, Y5, Ys) = {Re(Y7,:-+,Y12)[{Y1a,+, Yis]®
+Ra(}"h e 1}’1.2)[}311 e 7Y36]T
+Rp(Y7, -+, Y12) A8} (3.29)

The solutions for the six unknowns Af of the six linear in AS equations of
(3.28) and (3.29) can be denoted as
Aﬁ = [hI(Yh"'sY%)f"ahG(},h'"1Y36)]T (330)
Then in this case the Jacobian defined in {3.3) can be written as

J(6T, AGT, AdT, AaT, AT, AST)

_ S{dPT 5T Y3,... Y (331)
= 8(97.A94.A?j.6a7.¢n¥,h:."-.ha)
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The Jacobian must satisfy the condition J# 0 so that the six equations de-
fined by equations (3.28) and (3.29) are linearly independent. Therefore, there is
only one unique set of solutions given by (3.30). That is the transformation from
X = (67,067, AdT, AaT, A", AFT) to Y = (dPT,67,Y4, - -, Yas) is & one-to-one
transformation. Equation (3.5) then can be rewritten in the following form

fyll“'oyld(dPT! 61‘! y'h Ty yas)
r fOT,AOT,AdT.AuT,AaT.AﬂT [y'h ** oy Yas, hl(yh *tTy Uas), Tty hﬁ(yla Tty y38)]
/ | J[y'h" . ’y%rhl(yh‘ . '1y38)" ":hﬁ(yl," ',!Jas)] |

| 0 ifm;=07=1,2,---,6

(3.32)
where m; is the order of multiplicity of Ag; variable.

The end-effector positioning and orientational error distributions at the given
positioning and orientational error, dP and §, can be calculated from the marginal
distribution of equation (3.32) by integrating from Y7 to Yas over the entire domain
of these supplementary random variables 8, A8, Ad, Aa and A« as

faps(dPT,67)
= fy, v fy,, fY;.---.Vas(dPT:‘sT, Yivo oy yss)dY7 -+ dYas
= faa fad fm an fi 07 ,&8T AdT AaT AaT AT
(¥, -+, y36, ha(dPT, 67,67, AGT AdT, AdT, AaT), - he(dPT, 67,07, AdT, AaT, AaT))
/ ' J(y'fr'"$y3ﬂshl(dPT,6Tay7" e 1y36)" ’ 'ahB(dPT)‘ST:y?a"' :y36)) |
d(GT)d(ABT)d(AdT)d(AaT)d(AaT)

(3.33)

Equation (3.33) represents the general stochastic error propagation model for
any mix of arbitrary distributions existing in the link parameter errors and any
random configuration of a robot manipulator. As only the N joint variable errors
are configuration dependent, we can further expand (3.33) in the following way.

For a N degrees-of-freedom robot manipulator, if the joint variable ¢; is di-
vided into L; different sub-workvolumes (i = 1,2,...,N) such that in each sub-
workvolume the gravity effect is approximately the same, then in each individual
sub-workvolume all the 6N input random variables become indepedent. Therefore,
for a revolute N degrees-of-freedom robot manipulator equation (3.33) can be fur-
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ther expanded as

faps(dPT,6T)
= Eﬁ':l Tee E&:l faa e .fb.-, fAB fAd Jaa an
fouha(dPT, 67,67, 007, AT, AaT, DaT) -+« fag he(dPT, 87,07, AOT, AdT, AaT, AaT) fo "
*** S (36)d(67)A(A6T)d(AdT)d(AaT)d( AaT)
(3.34)

For any other type of robot manipulator, we can derive its general stochastic
error propagation model using the presented approach. In summary, this chapter

made the following important progress in the error propagation analysis of a robot
manipulator :

® In this chapter, earlier results presented in [21),(22] and [23] are further de-

veloped to the level of an explicit analytical model for the error propagation
analysis of a robot manipulator.

® The model documented in this chapter was used for the development of the
computer program given in Appendix B. Compared to the previously pub-
lished robot error propagation models, this is the first general model which
can propagate any kind of analytical or empirical probability density function,
symmetrical or non-symmetrical, in any mixture. The model can thus be used
to propagate any experimental results regarding the error distributions.
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Chapter 4

Stochastic Error Propagation
Analysis of a One

Degree-of-Freedom Robot
Manipulator

A manipulator structure of the type considered in this dissertation will have
errors resulting from the joint compliance and gear backlash effect existing in the
gear driving train. Thus, the manipulator’s joint error distribution will be affected
by the gravity forces of the link members and payload in the end-effector. Thus, the
accurate distribution for each link parameter error will be a prerequisite to a suc-
cessful error propagation analysis. This chapter includes error propagation analysis
and stochastic modeling approach for one degree-of-freedom robot manipulator.

4.1 Error Propagation Model of One Degree-of-
Freedom Robot Manipulator

A one degree-of-freedom robot manipulator can be mainly considered to be
composed of a joint actuator and a link. Its schematic drawing is shown in Figure

3.1 as follows.
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Figure 4.1: schematic drawing of one degree-of-freedom robot manipulator

If the link coordinate frame is assigned according to the D-H convention as
shown in Figure 4.1, then the link parameter table can be established as table 4.1.

Table 4.1: link parameter table

link n | variable | an | an | dn | B
1 & 0 la |0 |0

The A transformation matrix is defined by equation (A.3) as

C8.Cpr — 58,5a,5p, —-56,Ca, C86,58,+ S0,502,CP, a,Ch,
50,CPpa+ C0,5a,56, C6,Can, 56,58, ~C8,50,CP, a,56,

Ap =
-Cansﬂn San Cancﬁn dn
0 0 0 1
(4.1)
" Substituting the link parameter values from Table 4.1 into equation (4.1) gives
C]_ -‘Sl 0 ay 01
A1 - Sl Cl 0 0131 (4.2)
0o 0 1 0
60 0 0 1



By appling equations (2.67) to (2.74), we can immediately calculate the matrices

Ry, -+, L as follows :

Ryy = RgxKl,
0
= |0
1

Ron = R‘.? * K2,
&)
= Sl

Lgy = (Rogax )+ F) x (Rg* K1)
-a15;
= 0101
0

Loy = (Rayx X PY)+ B x (RS * K2,) + (Ry * K3,)
0
= |0
‘ 0

Loa = (Rpax P))+ P x (Ry+ K5;) + (Rg  K4y)

0
=10
0

La,l = Ru.l

G

= S

0
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(4.6)
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Liyy = Ry,

]
o

(4.10)

Thus the orientational and positioning errors are given by equations (2.60) and
(2.61) as

[6] = [Re)A8 + RoLa + RyAB (4.11)
dP = [Lg)A8 + [LJAd + [L]Aa + [Lo]Aa + [Ls)AB (4.12)

Substituting the calculated Ry, -, Lg into the above orientational and position-
ing error propagation equations gives

K o) -5
b=|0 A0+ | S |Aaa+| C | A/ (4.13)
1 0 0
[ -5, 0 G
dP=| a1Cy, | A6+ |01 A+ ]| 5 | Aay (4.14)
L 0 1 0

where § and dP are all 3 x 1 matrices. Ab, Aay, ASy, Ad; and Aa, are link param-
eter errors. The above two equations fully define the error propagation relationship
between the end-effector and five link parameter errors and will be used in the
stochastic error propagation analysis in the next section.

4.2 Stochastic Error Propagation Model of a One
Degree-of-Freedom Robot Manipulator

Appling the formulas (4.13) and (4.14) to a model of one degree-of-freedom
robot manipulator specified in Fig. 4.1, the equations identifying the Cartesian
positioning and orientational errors of the end-effector with respect to the base
frame are expressed as

dX = (—alsl)Aﬁl + (Cl)ACh (4.15)
dY = (0101)A01 + (S';)Aal (416)

30



dZ = Ad, (4.17)

bx = (C1)Aay +(~51)AB/ (4.18)
by = (51)Ax +(C1)AB, (4.19)
62 = Aﬂl (4.20)

First, the X component of the Cartesian positioning error is taken into consid-
eration. To evaluate the distribution of dX, the deriving procedure is started with
choosing the output random parameters as

Y =dX =(~a,5)A8; + (C))Aa, (4.21)
Y; =6 (4.22)
Y; = Ab, (4.23)
for which we can define the input random parameters as
X, =6, (4.24)
X, = A6, (4.25)
Xs= Aoy = BT (ngg'*)m (oY) % 0 (4.26)

The joint probability of ¥, Y3, and ¥; can be found from the joint probability of
X1, X2 and X3 using the joint probability formula (3.5). The distribution function
of the positioning error dX can be found by the marginal distribution method
described in (3.33). It is obvious that the transformation between (¥7,Y3,Y:) and
(X1,X2,X3) is a one to one transformation . In this case the determinant of the
Jacobian defined by (3.3) becomes

1,92
053 = | R
—a,CiAG, — 51Aa; —a1S-1 C
0 1 0
RS (4.27)

where the Jacobian must sastify the condition J = C; # 0. Then the joint proba-
bility density of ¥3,Y? and ¥; can be calculated from (3.5) as

+ (a8
it ) = ooy SIS g | (g0
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Then the distribution of Cartesian positioning error dX can be found from (3.33)

frnn) = fax(w)

1+ (a18y2)ys
v/}’a -/Ya fX:.XmXa(ymym C'y2 )/ I Cy, I d}rﬂdya

578
[ Ly o (0,00, BECIZR 1 6, 010
1 1 1
(4.29)

The derivation procedures for the error distribution of dX, dY, dZ, éx, 6y and
6z are the same. By using the same procedures as above, the error distribution
functions for dY, dZ, dx, y, and 6z can be derived as follows.

dy — a,C1 A8
far@¥) = [ [ foon o8y, 00, LZHAZR) |5, d(6) - dAG)

S1#£0 (4.30)

faz(dz) = faq (Ady) (4.31)

) 1 =51]-d(61) - d(Lery)

6 — (C1)Aa
Fox6 = [, [ T (8 B, =R

15140 (4.32)
fl6) = [ [ Sodenon (6, o, 216 [0 - dBer)

.Cy %0 (4.33)

Foa(6:) = fan(261) (434)

Because of the effect of random backlash and joint compliance, the joint vari-
able errors become configuration dependent. Thus, under the gravity effect, the
joint variable errors take different degrees of biased distributions in different sub-
workvolume. If the domain of joint variable 8, can be divided into Ly smaller sub-
domains such that in each sub-domain the gravity effect is approximately the same,
then in each sub-domain the joint variable errors become configuration independent
and can be approximated as some fixed forms of distributions.
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Therefore, if the domain of joint variable 6, can be divided into L, independent
sub-domains, then by using (3.34) equations (4.21) to (4.26) can be further expanded
as

faxldz) = g Jo o F@0) a0 (8680 (EE L0
d(6y) - d(Ael) ;C1#0 '+ (4.35)
orlai) = S [ 0o (08 far G0
d(el)d(Aal) iS15#£0 (4.36)
Jaz(dz) = faq,(Ady) (4.37)
e = [ [ Fa(0) oo (Ban)an(Fm 420y 1 5,
d(6,) - d(Day) ) (4.38)
o8 = [ [ (O ac(Be)fun (B30
46:)- () Gy #0 (439)
o8 =35 [ 13,0 (B6)I6:) (4.40)

=1

where fg, (61), fas, (L), fAd;(Adl)v S0 (/—\01), fAg (Aal) and fap, (Aﬁl) are prob-

ability density functions corresponding to input random variables.

4.3 Numerical Stochastic Simulations

Equations (4.35) to (4.40) completely define the distributions for the Carte-
sian positioning and orientational errors of the end-effector. To illustrate the results
without extra experimental burden, some numerical simulations based on the fol-
lowing assumptions is presented.

1. joint 1 is limited to £+90°.
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In near horizontal area 8, € [—15° 157, the joint variable error dé; takes a
significant biased beta distribution with beta parameters ry = 2 and s, = 10

because of the great effect of gravity.

3. In near vertical area 6; € [75°,90°) or 6; € [—90°% —75%], the joint variable
error df, is assumed uniformly distributed because the encoder’s output error
takes a uniform distribution and the gravity effect can be neglected when the

mechanical arm is in near vertical position.

4. In the other domain of §;, the joint variable error is assumed to take a less

biased beta distribution with the beta parameters r, =2 and s; = 4.
5. apne = 0.1% A8, is assumed to be located within the 5¢ band.

6. all the other link parameter errors are assumed to their nominal values with

Zero variance,i.e., Grianglea, = 0ag, = 0° and oaq, = oaqd, = 0m.

The joint variable error distributions based on the above assumptioms are shown
in Figure 4.2. The simulation results comparing the differences between this general
mixed error propagation approach { represented by the curves with the black dots )
and the previous work ba<ed only on the assumption that all link parameter errors
are normally distributed with zero mean (represented by the curves with triangular
markers ) are shown in Figures 4.3 to 4.14. For example, in near horizontal arca
(see Figures 4.3, 4.7 and 4.11), the positioning and orientational error distribution
functions of the end-effector take a more biased distribution which is resulted from
the significant effect of gravity in this area. Even in near vertical area (see Figures
4.5, 4.9 and 4.13), the presented model results in a symmetric but wider range error
distribution. It is obvious that the presented general stochastic error propagation
model is more general and realistic, because it considers the arbitrarily mixed crror
propagation phenomena existing in a one degree-of-freedom robot manipulator and
can be applied to obtain the exact positioning or orientational error distribution
function of the end-effector. The importance of this general stochastic error prop-
agation model is that it can be applied to find the mean value of the positioning
and orientational errors of the end-effector in each sub-workvolume to improve the
absolute accuracy of the robot manipulator.
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Figure 4.5: dX distribution for which 6, € (75°,90°).

38

- i
3.0 6.0

9.0
*0°



N1D

1300

1200 4

1100 +

1000

900

800+

500

400

300 -

200

100 -

—31’.0 OI.O g.O 6.0
DX=—AT*SIN(THE1)*DTHE

9.0
*0°

Figure 4.6: dX distribution for which 6, € [-90°,90°] (the whole domain)

39



DY1D1

25

20

151

PDF(DY)

10

-9.0 ~8.0 —g.O OI.O 3.0 6.0 9.0 :
DY=A1*COS(THE1)*DTHE “0"

Figure 4.7: dY distribution for which 8, € [0°, 15°].

40



PDF(DY)

DY1D2

130

120

10

100+

—
-9.0 -6.0 -3.0

OI.O 3I.O o 6.0
DY=AMCOS(THE)*DTHE!
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Before we advance the proposed stochastic error propagation analysis and nu-

merical simulations to higher degrees-of-freedom robot manipulator, some com-
ments can be made :

The one degree-of-freedom robot manipulator used in these simulations are cho-
sen because the analytical model, presented in chapter 3, is very complex. The
one degree-of-freedom simulation permitted to clarify the features of the presented
general stochastic model for the simplest case for which it can be applied. From

the simulation results, Figure 3 to Figure 14, it is obvious that the presented model
possesses the following features :

o the capability of representing non-symmetric error distributions 1n a rigourous
pattern.

e the capability of comparing results from normal and nen-normal probability
density function.

e the richness in shapes of the beta distribution, chosen for these simulations in

representing non-symmetric and symmetric ( including uniform distribution )
error distributions.
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Chapter 5

Stochastic Error Propagation
Analysis of 2 Two
Degrees-of-Freedom Robot

Manipulator

The error propagation model of chapter 2 and the general stochastic model of
chapter 3 must be combined and applied to the modeling of more than one degree-
of-freedom structures. A revolute two degrees-of-freedom planar robot manipulator
operating only in a plane perpendicular to the gravity field is considered in this
chapter,

In this case, gravity has effect on both joint variable errors df, and d#,. Thus,
the joint variable errors become the dominant factor in determining the output posi-
tioning and orientational errors of the end-effector and are configuration dependent.
A general stochastic analysis based on this fact is presented here. A comparison
between the previous work based only on the normal distribution approach and
this general stochastic error Propagation approach is also presented, and the results
show the importance of developing a general stochastic error propagation model to

approach the arbitrarily mixed distributions existing in the link parameter errors
of & robot manipulator.
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5.1 Error Propagation Model of a Two Degrees-
of-Freedomn Robot Manipulator

The structure of the planar two degrees-of-freedom robot manipulator consid-
ered in this chapter is schematically shown in Figure 5.1, and the link coordinate
frames are assigned according to the D-H convention. From Figure 5.1, we can
establish the following link parameter table 5.1.

Figure 5.1: schematic drawing of a planar two degrees-of-freedom robot manipulator

Table 5.1: Yink parameter table

link n | variable | a, | ap | dn | Bn

—
=
(=]

Ly
o
oo
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Using the general A transformation formula defined by (A.3), the A transfor-
mation matrix for this manipulator can be derived as

i C1 —Sl 0 d;Cl ]
S5 € 0
A = 1 1 a151 (5.1)
0 0 1 o0
0 0 0 1 |
Cg "'Sg 0 0202 ]
Sg 02 0 0252
A, = 5.2
*lo o 1 o (5:2)
0 0 0 1 |

and the transformation matrix between the base frame and end-effector can be
defined as

Tz = A4,
Ciz —S12 0 a;C; + 3,0,
S512 Ciz 0 151+ a2512 (5.3)
[ 0 0 1 0 '

0 0 0 1

From the coefficient matrix equations defined by equation (2.67) to (2.74), the
coefficient matrices , Ry, -+, Lg defined by (2.60) and (2.61) can be calculated as

Rﬁ.l = -Rg*Kln

Il
o

(5.4)

1
o

(5.5)

= | 85 (5.6)
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Rﬁ.l

Lsy = (Reyx P7)+ Py x (R3* K1)

= R? * I\"2g

[
b
L]

I
\Y

= R?*K5z

Il
Q

—a;51 — 42512
= alCI + 02012

ng = (Rg,gxon)+Pfx(R?*Klz)

0

—a2512
= a,C\2
0
0]
Lit=Rey=1|0
1]
.
Lya=Ry2=10
= 1 -
o)
Lii=Raa=| &5
0
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(5.9)

(5.10)

(5.11)
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Cl2

Le2=Ra3=1| 51 (5.15)
0
Loy = (Raq X P7)+ P8 x (RS« K2,) + (RS * K3,)
0
= 0 (5.16)
| 0232

Loz = (Ra2 X PP)+ P x (RY» K2,) + (R® + K3;)

0
= |0 (5.17)
0
Lgy = (Rga % P})+ (RY*k4,)
0
= 0 (5.18)
—ayCy
Lz = (Rpz x PJY+ P? x (R® * K'5;) + (R® * K4,)
0
= |0 (5.19)
0

The orientational error for the end-effector of the manipulator shown in Figure
5.1 can be calculated by substituting (5.4) to (5.9) into (2.60) as

[0 0 C: Crn - -5 =Sp
A8 A
§ =10 o [M‘ +| 8 S [2“‘ +| ¢ Cn [Ag‘]
(11 : 0 0 “ 0 0 ?
[ Ci1Day + Crplay — S,08, — S1uAAB; |
= S18ay + 51200, + C1AB + C12 B, (5.20)
Aby + A6, |

and the positioning error of the end-effector can be calculated by substituting (5.10)
to (5.19) into (2.61) as
—a; 8 — a5 —aS 00
aQ12) — G012 —az0)12 [AGI]_I_ [Adl]

dP = C.
a,Cy ";02 12 ngu NG, Ad,
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C: Cy 0 O 0 0
A
+1 s s, [ “‘]4- 0 0 [A"“}+ 0 0 [M‘}

A A A

0 0 % 05, 0 2 —axCy 0 | LB
(-0151 - ag.S'u)Aﬂl + (—agSu)Asz + C1AGI + CuAﬂg

= (a101 + GQCu)AGl + (a:Cu)Agg + S1Aa; + S12Aa; (5.21)

Ad; + Ady + (a252)Aay + (—a,C2) A6

Equations (5.20) and (5.21) define the linear error propagation model for the rev-
olute planar two degrees-of-freedom robot manipulator shown in Figure 5.1. These

equations will be used in the stochastic error propagation analysis of the next sec-
tion.

5.2 Stochastic Error Propagation Model

For the manipulator shown in Figure 5.1, the error propagation equations for
the positioning and orientational errors of the end-effector are defined by equations
(5.20) and (5.21). In order to find the distribution functions of the Cartesian po-
sitioning and orientational errors, the method to propagate all errors described in
chapter 3 will be employed. First, we consider the X component of the Cartesian
positioning error. We start with choosing the output random variables as

le =dX = (—0151 — GQSIQ)A61 - (G2512)A92 + (C‘[)Aal + (Cu)Aag (522)

Y: =6, (5.23)
Y =6, (5.24)
Y, = A8, (5.25)
Y; = A6, (5.26)
Yo = Aagy (5.27)

for which, the solutions for the input random parameters can be written as

X, =6,=Y, (5.28)
X, =0=Y; (5.29)
Xa=N06,=Y, (5.30)
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Xe=08; =Y (5.31)

Xs=0ay =Y (5.32)
Xe = Aaz
_ Vi [~ai5(1) - axS(Y 4+ Ya)lYs = [~aS(Y; + Yi)lYs = C(a)Ye
C(Y2 +Y3)
(5.33)

The joint probability density function of the output random variables 17,--, Y5
can be found from the joint probability density function of the input random vari-
ables X1, -, Xe. Therefore, the distribution function of the positioning error dX
can be found as the marginal distribution of Yj,---,Ys by integrating over the
whole domains of the supplementary variables Y;,---,Ys. Because the transforma-
tion from (¥;,:-+,Ys) to (Xy,--,Xs) is a one-to-one transformation, in this case
the determinant of the Jacobian defined by (3.3) is calculated as

T Xe) = | gt

Jll J‘ﬂ Jm JM Jls Cl2
1 6 0 0 0 0

o 1 0 0 0 0

~ o o0 1 0o o0 O
0 0 0 1 0 O
0 0 0 0 1 O

= Cn (5.34)

where the coefficients Jy; to J;s do not affect the results and are not calculated here

and the Jacobian must sastify the condition J = Cj; # 0.

Then, the joint probability function of the output random parameters Y;,---, ¥
can be found from (3.5) as

le o"‘vYG(yl’ Tty ys)
— y —[-a;Syz—~az v2alys —[=a2 Symslys ~| v2lye -
= fx,-Xe(¥2y" "1 Us, . . Cyaa Sipelin=lC ) (5.35)

/1Cya | 1Cyas #£0

Using (3.34), the distribution function of the Cartesian positioning error dX can
be found by performing the integration of the above equation over the domains of
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all the supplementary random parameters ¥3,:--,Ys as

fn(y:) = fdx(yl)

_/31 /92 /M. ./;.e, /Ml f0,.01,861.86,, 80,80, (61, 02, B8, A6,
Aa, h—(-a5 - azS812)A6; — (—02512)A92 - (Cl)Aal)
’ Chz
/1 Cra| -d(6,) - d(6;) d(L6,) - d(AB,) - d(Da,);Cyz # 0 (5.36)

In this case, with regard to the base frame, the position of link 1 is determined
by joint variable #, and that of link 2 is determined by 8, +6;. We consider that the
gravity effect is configuration dependent such that each point of the work-volume
should take a different degree-of-bias distribution. We simplify the analysis by as-
suming if the domains of 8, and 8, + 6, be devided into L; and L, independent
smaller sub-domains respectively such that in each of these sub-domains the grav-
ity effect is approximately the same. Then in each of these sub-domains all the
link parameter errors can be considered independent. Therefore, the above error
distribution function for dX can be further expanded as

L1 L'}

faxtdr) = 25 [ [ [ a6 fa(0) a0 (B0 fan(A0)

f1=11i3=1 b1

faa(Da )f.f.\.a,(dz Gl 02512)5‘8101-2 (—az512)8; — (C;)Aal)

/1 Ciz|-d(61)d(82) - d(D6;) - d(A6r) -d(Aar)  ;C#0 (5.37)

By using the same procedures as above, we can derive the distributions of the errors
dY, dZ, 6x, 6y and 6z as

Ly Iz
far(dy) = i;l‘_’z:l -/31.-‘: -/a;.i; -//.\6; :/:M: e fo,(81) f6,(82) fare, (D01) froa (D02} fae, (Day)

dy - (a101 + agCn)AGI - (dgCu)Aog - S] Acu
fAGR( 512 )

/1812 | -d(61)-d(62) - d(AB,) - (AB) - d(Day); S12 #0 (5.38)

fatdz) = [ [ [ [ fe0)fen(Bd)fas(Od)

z — Ady — - Aoy
an.(Aal)pr.(d Ad id:cvz (a25:)Aa )
[ 162Ca | -d(8) - d(D>dy) - d(Dds) - d(Be); Cr £0  (5.39)
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forlte) = [ [ [ [ (600 fam(Ben)

onz(Am)fAﬁx(Aﬁl )fAﬂz(éz — CIAQI __CS'};A&? + 51065 )/ | S1a |
'd(gl) . d(gg) . d(AQI) . d(AQz) . d(Aﬂ]), 512 7‘-’ 0 (5.40)

for ) = [ L L[ (80 fe(Ba) e (D) fac(Baa)

8, — S1Aa; — Spphay — C1A
fan () fag (AR RB0e Z Ry |

d(8,) - d(6;) - d(Dery) - d(Dez) - d(AB,); Cra £ O (5.41)

Li L
fx6) = L3 [ L @@

fao, (D61) fas, (6: — D8) - d(6,) - d(62) - d(L6) (5.42)

5.3 Numerical Stochastic Simulations

The Cartesian positioning and crientational errors of the end-effector are de-
fined by equations (5.37) to (5.42). Since the gravity effect is configuration depen-
dent, to illustrate the results without experimental burden, a numerical simulation
based on the following assumptions is presented.

1. Both joint 1 and 2 are limited to +£90°.

o

When 6, is located within [—15°, 15%), df; is assumed to take a beta distri-
bution with beta parameter r; = 2 and s; = 10; when 6, + &, is located
within [—15%,159), d6, is also assumed to take a beta distribution with beta
parameter r{ = 2 and s} = 10.

3. When 8, is located within [75°,90°) or [-90°, —75°], d6, takes a uniform dis-
tribution; when 8; + 6; is located within [75°%,105% or [-105°%, —~75°], df, takes
a uniform distribution, too.

4. When 6, is located within (15% 75%) or (—75° —15°), df, takes a beta dis-
tribution with beta parameter r; = 2 and s; = 4; when 6; + &, is located
within (15°,75%) or (75, —15%), d, takes the same beta didtribution with
parameter r§ = 2 and s} = 4.
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5. Due to the opposite effect of gravity, when 8, + 8, is located within [90°, 180°]
or {—180°,—907), df, takes a beta distribution which is the mirror image about
Y axis of the distributions of d6, in the domain {-90°, 909,

6. oas = cas, = 0.1% A8, and A8, are all located within the 5¢ band.,

7. All the other link parameter errors are assumed their nominal values with zero
variance.

[ ] O'Aa; =0Aa = O‘A,gl = O'ABn = 00.

® Opay = Opay = 0Ad, = Taqd, = 0m.

The joint (controlled) variable error distributions based on the above assump-
tions are shown in Figure 5.2 and 5.3. The simulation results are presented in Figure
5.4 to 5.15. All the simulations compare the difference between this presented gen-
eral stochastic error propagation approach ( curves with black dot marker ) and the
approach based on the assumption that all the link parameter errors take normal
distributions with zero mean ( curves with triangular marker ). From the presented
results, it is obvious that it is important to develop this general stochastic error
propagation model to deal with the arbitrarily mixed distributions existing in the
link parameter errors of a robot manipulator.
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DX=(—A1S1-A2S12)DT1+(~A2S12)DT2  *10°°

Figure 5.4: dX distribution for which 8 € [0°% 15%) and (6, + 6,) € [0°,15%).
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Figure 5.5: dX distribution for which 8, € (15°,75°) end (6, + 6;) € (15°,75°).
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Figure 5.6: dX distribution for which 6, € [75°,90°) and (6; + 8;) € [75°,90°).
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Figure 5.7: dX distribution for which 8, € [90°90°), (the whole domain of ;) and
(6, + 8;) € {~180°,180°], (the whole domain of (6 + 6;). )
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Figure 5.9: dY distribution for which 6, € (15°,75°) and (6, + 8;) € (15°,75°).
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Figure 5.10: dY distribution for which 6, € [75°,90%) and (6, + 6;) € [75°,90°].
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Figure 5.13: §z distribution for which 6, € (15°,75%) and (6, + 62) € (15°,75%).
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In summary, detailed simulations for an arbitrary two degrees-of-freedom vertical
planar robot were performed in this chapter. The simulation results show the
follwing characteristics :

¢ The presented model is general and flexible enough to be applied to analyze
any kind of mixed error propagations existing in this two degrees-of-treedom
vertical planar robot manipulator.

¢ In a near horizontal area, both positioning and orientational errors take more
biased distributions, which is resulted from the significant effect of gravity on
Cartesian positioning error distribution.( Figures 4.3, 4.7 and 4.11)

¢ In a near vertical area, the positioning and orientational errors take symmetric
distributions such as uniform distributions which can not be modeled accu-
rately by the symmetric normal distributions. (Figures 4.5, 4.9 and 4.13)

¢ The presented model is generally more realistic and is easy to be applied to
the error propagation analysis of a two degrees-of-freedom robot manipulator.
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Chapter 6

Stochastic Error Propagation

Analysis of a Three
Degrees-of-Freedom Robot

Manipulator

The preceding two chapters have provided the basic illustration of the pre-
sented general stochastic model. The computations performed for the simulation of
chapter 5 have shown that numerical difficulty is experienced in the evaluation of
the positioning and orientational error distribution functions of robot’s end-effector
when the number of the output supplementary random variables are higher than
five. Therefore, it is very difficult to include all link parameter errors in the compu-
tational approach for obtaining the positioning and orientational error distribution
functions of a manipulator’s end-effector.

In fact, four of the five link parameters in the presented A transformation matrix
are so-called geometric parameters and they are easy to be well calibrated. Conse-
quently, after calibration only the joint variable errors will have a dominant effect

in determining the positicning and orientational error distribution functions of the
end-effector.

A general stochastic approach and simulations based on the previously men-
tioned facts are presented in this chapter for a three degrees-of-freedom spaiial
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robot manipulator.

6.1 Error Propagation Model

The schematic drawing of the three degrees-of-freedom robot manipulator con-
sidered in this chapter is shown in Figure 6.1 [18].

Figure 6.1: schematic drawing of the 3 DOF manipulator for simulation

(6]



Using the D-H convention, the link paramcter table can be established as

Table 6.1: link parameter table

link n | variable | a, |ap|dn} Bn
1 0 -90°| 0|0 |0Q°
2 6, 0° |ay{dy]| 0°
3 6, 0° (a3t O |0°

From equation {A.3) defining the modified A transformation matrix, the A ma-
trices can be derived as

¢cG 0 -5 0
S 0 C 0
A = .
! 6 -1 0 0 (8:1)
o 0 0 1
(€, =S 0 a;Cy
Ag - Sz Cz 0 GzSg (62)
0 0 1 4
o 0 0 1 |
-C;; —53 0 aacaj
Aa — 33 CS 0 aasa (63)
0 0 1 O
| 0 0 0 1 |

Basing on the A transformation matrices caculated beforehand, the T matrices

defining the transformation between each coordinate frame and base frame can be
obtained as

T, = A
C; 0 -5 0
I G 0 (6.4)
0 -1 0 0
0 0 0 1
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Tz - Al * Ag
Cl Cg --C152 —51 agclcg — szl
51C; —-515 Ci a5C:+doChy

T =% -C 0 —a;5; (6:5)
0 0 0 1
T3 = A1-Azx Aa
CiCin =CiS: =51 a3C1Cas + a:C1C; — dp5y
_ 5:1C;3 —5183 €1 a38Caun+ 62502 + &2y (6.6)
—Sza —023 0 —{d38q3 — 0252
0 0 0 1

The coefficient matrices in the general error propagation equations defined by
(2.60) and (2.61), Ry- - Lg, can be calculated as

Ra,l = -Rg % K1y
0
=10 (6.7)
1
Ry = RIxK1,
"'Sl
= Cy (6.8)
0
Rya = R*xKl;s
._5'1
= C, (6.9)
0
Ry = .'ﬁ » K2,
: &
= | 8§ (6.10)
0
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Ra.z = R? * K22
C\C,
= 5102

Rg.g - R?*KE)Q
—-C15,

= =55,

—-Cs

Rg * 1{53
—C152

= -5152

—C

e
)
[2]

il

Ly = (Reyx P§)+ P§ x(Ro*K1y)
—0351023 - 025102 - dCy
= a3C1Ch3 + a2C,C2 — d25)
0

Lg2

I

(Roa x P0)+ PP x (B2 * K1,)
—a3C1 833 — 301 52
—a351523 — 025152

—23C33 — 0202

78

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.12)

(6.17)



Los = (Reax P} + P} x (R + K1,)
—aaC1 523
= | —a351 5 (6.18)
—a3C33

Ld.l = Rv,l

il
(=)

(6.19)

Lia = Ry,

=1 G (6.20)

Lia = R

= Ch (6.21)

L.y = R,

La,2 = Ra,2

&
W
fi
N
w

= 31023 (624)
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Loy = (Raa X P))+ P x(R3*K2,)+ (R3* K3,)
—8351523 - 0251 Sg
= a3Cy 523 + a;C1 S5,
d

Loz = (Raax PY)+ PP x (RY* K2;) + (RO % K3,)
—a35,5; + d,C1.5,
= a3Cy 53 + d35: 52
d,C;

Loa = (Raax P)+PYx (RS K2)+ (R K3y)

Lgy = (Rp1x P)+(Ry*K4)
a351Ca3 + a25,C; + d2:C)
= | —a3C1Ca3 — a2C1C2 + d25)
0

Lpz = (Rpa2x F3)+(R) * K42) + P x (R} » K35,)
a35:Cs
= | —a3CCs
0

Lp'3 = (Rﬁ.3XP‘-?)+(Rg*K43)+PgX(Rg*K53)
(1351
= —0301

0

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

By substituting (6.7) to (6.15) into (2.60), the orientational error of the end-

effector can be calculated as

)
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(0 -5, -5, Ci C,C; C,Cy 0 —CiS —CSa,

= |10 C G |A0+]| 8 8§C $51Cy |Dat| 0 -5,5, ~818:3 | AB
(1 0 0 0 -5 -~5x -1 -G ~Cis

[ ~S5100; ~ 518683 + CAay + C1CAap + CiCAas — Cu 5,08, — C1 52385
C1A8; + C1A3 + 51 Ay + $:Cr0ay + $1Cnlaz ~ 51528, — 515308, (6. 1)
] A91 - SzAQQ - SzaAas - Aﬁl - CzAﬁz - CgaAﬂa

and by substituting (6.16) to (6.30) into (2.61), the positioning error of the end-
effector can be found as

~351C23 — 625103 — dyCy —ayCySg3 — a;C1S; —a3C, Sy

dP = aaclc'za + aﬂcl C2 - ng; -0331323 —_ 023132 —03-5'1513 Ab
0 —a3C% — 0,0, —a3Co;
0 —31 —51
+10 C € |Ad
1 0 0

Cl CIC2 Clc23
+ 51 5102 Slcga Aa

L 0 _SR "'523
[ -61351523 -_ 025152 —035153 0
+ | asCiSu+ a;CiS:  a3CyS; + d25,5, 0 | Aa
d2 dgCg 0

[ 435,C2s + @510 +d;Cy 3810 @3S,
+ —0301023 - agcl Cg + dzsl —(130103 —(1301 Aﬂ
0 0 0
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[ (—a351Ca — @25,C, — d2C1) A6y + (—a3C, Sa3 — a2C152) A8,

—a3C 893083 — S, Ad; — 51Ady + CiAay + CCaa;

+CiCisaz + (~a35;1 523 — 02515:)Aay + (—a381 53 + d2C152)Aaxy
+(a351C3 + a251C2 + d2C1)AJ + a35:1C3A8; + a351483

(a3C1Cq3 + a2C,C3 — d251) A8, + (—a3515n — 62515:2)A6;
= | —a35151aA0; + C1Ad; + C1Ad; + 51Aa, (6.32)
+51C a3 + 5:Cnlas + (0301523 + 02C152)A(11

+(a3C1S3 + d25,52)Aa; + (—a3C, Co3 — a2C1C; + d251) A5,
—a3C1CaAf; — asCi DBy

(—03C23 - GQCQ)AGQ — aaCo3 A3 + Ady — 520 a; — SzaAaa
| +d28a + d2C20 0y

Equation  (6.31) and (6.32) completely define the error propagation model based
on the five link: parameter A transformation matrix for the three degrees-of-freedom
spatial robot manipulator shown in Figure 6.1. The stochastic analysis based on
these two equatious will be given in the next section.

6.2 Stochastic Error Propagation Model

- For the manipulator shown in Figure 6.1, the error propagation model is de-
fined by equations {6.31) and {6.32). In order to find the distribution functions of
the Cartesian positicning and orientational errors, the method described in equa-
tion (3.34) will be used to find the positioning and orientational error distribution
functions of the end-effecio..

The deriving procedures for finding the error distribution functions for dX, dY,
dZ, 6x,6y, and 6z are structually the same. Consequently, a detailed deriving
procedure will be given here for dX only. From (6.32), the error propagation model
for dX can be written in the matrix form of (2.61) as

dX = [Lsz(8)]A8 + [Las(6))Ad + [Laz(8))Aa
HLex (8} + [Lg x (8)] A8 (6.33)

82



where

[LG,X(O)] = [—Gaslcza - 0-23102 - dgCl, —0301523 - ClzC]Sz, —(13C1 Sga] (6.34)

[La,x(8)] =0, -5, -5] (6.35)

[Laz(8)} = [C1,C1C3, C1Cri] (6.36)

[La,x(8)] = [—a35:523 — 235,53, —a35, 53 + d2C, 52, 0] (6.37)
[Ls.x{(0)] = [a35:Ca3 + ¢25,C; + dyCy,a35,C3, aaS:] (6.38)

Due to computational limitation, it is very difficult to include all the link pa-
rameter errors in the numerizal simulations. In fact, among the five link parameter
errors, four of them are geometrical link parameter errors and they are easy to be
well calibrated out. Consequently, for a well calibrated robot manipulator, only the
joint variable errors will become the dominant factor in determining the positioning
and orientational error dirtributions of the end-effector.

For a well calibrated robot, the positioning error dX of the end-effector can
thus be approximated by assuming that the geometric link parameter errors are
neglegible. Equation (6.33) can be simplified to

dX = (""0.151023 - a:5,Cq — dgC})Aal + (—0301523 - 0201SQ)A92
—0301523&33 (639)

we choose the output random parameters as

Y, = dX
= (~a;51C23 — 625,C; — d3C1) A8 + (—a3C, Sp3 — 0:C12) 06,
—a3C, Sp3 NG (6.40)
Y, =6, (6.41)
Ys=6, (6.42)
Y, =6 (6.43)
Y; = A6, (6.44)
Ys = 06, (6.45)
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For which, the input random variables are the solutions of equations (6.40) to (6.45)

X; =Y'3=91=h1(}’1:"'1},6)

X2=Ys =6, = hy(Y;, -

Xo =Y, =6 = hy(15,

Xi=Ys =406 =h‘|(}’1!“'i},5)
X5 =Yg = Ab; = hs(Y1,+- -, Y5)

Xe = Ab;

» Y6)
"':},6)

(6.46)

(6.47)
(6.48)
(6.49)
(6.50)

Y1 = (-a38Y,CYa — a,5Y,CY; — dyCY,)Ys — (—a3CY,SYa — a;CY25Y:) Y

= he(Y1,--,¥e)

—G;;C.YQSY:M

(6.51) |

From the above definition of input and output rardom variables, the transforma-
tion between (Y;,Yz,--+,Ys) and (X,,Xa,- -, X) is related by the Jacobian. The
determinant of the Jacobian is defined as

J(XI""axB) = J(hl(},l,"': %),"',hs(yn'“,}%))

01, Y2, Y3, Y4, Y5, Ye)

3(61, 02: 83, th Aah Aa:!)
Jiz Jiz Jiw Jis —aaCY,S5Yy,

Ju

1 0 0
{0 1 o0
T ]6 0 1

0 ¢ 0

0 6 0
= a3CY,85Y5

0

0
0
1
0

0

= o o o

0

oo O O

(6.52)

where the coefficients Jy; to Jy5 do not affect the Jacobian's value. Thus, they are
not calculated here. And the Jacobian must satisfy the condition J = a3CY,5Y3, #

0.

It is obvious that the transformation between (Y3,---,Ys) and (X,--+,Xs) is
& one-to-one transformation. From equation (3.5), the joint probability density

function fy,..vs(v1, -, ¥6) of of ¥;,- -+, Y5 is given by

fYa."-'Ye(yl'.' T !yﬂ) = fX:.---.Xs(zla ttty 38)/ I J(-Xh e :-XB) [
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where X; to Xe are replaced by the solutions (6.46) to (6.51).
Equation (6.53) can be rewritten as

fY1.9: J01.83,.80, .Aaa(ylw 91, 62,81, Aal 3 Agz)

= fo, 02,0000, 082,80 (61, 62,03, £y, AG,, (6.54)
m—]—a;SﬂCu;,—aszCn-dzCu[u—!—a;CnSn,—quSn Iye 1
-a3Cy2Syas ) " TasCraSul

The positioning error dX of the end-effector can be determined from the marginal
distribution of (6.50) by integrating on Y; to Y over the entire domain of these
supplementary output random parameters as

fax(dz)

= -’.91 fag -:raa fAG; fABg f(al'i 92! 83, Ael! Aozs 6
de (=035, g3 =a351C2=4301) 0 ~(~a3C, 529~ 1€1 57)807 (6.55)
—23C1 523

/ | 63C1Szs | -d(81) - d(63) - d(Bs) - d(Lr6y) - d(A6r) 2301 Sz3 # 0

Due to the special structure of the robot manipulator considered in this chapter,
in which the first joint axis is vertical, the first joint parameter error can be modeled
as configuration independent. Therefore, if we devide the domains of 8; and (8,+63)
into L, and L3 independent smaller sub-domains respectively such that in each sub-
domain the gravity effect can be evaluated approximately the same, then in each
sub-domain all the link parameter errors become independent and configuration
irrelevant. Based on the afore mentioned fact, the error distribution function for
dX can be further expanded as

fax(dz)

= f‘l;?—'l L§’:=1 fex J;’m'z fﬂa.ia IA&; IAEQ fa;(el)fog(ez)fﬂa(83) 6.56
faa(D6))fas(D62) gy (E=i=25100=0151Ca= OO0 =203 Su=2C15;)08 ) (6.56)

~a3C157

s 4(61) - d(62) - d(6) - d(AG,) - d(A8;) 123C1523 # 0

Using the same procedures as above, for the other positioning and orientational
error distribution functions, we obtain

fay(dy)
=T T foy Jonsiz Josis Joa, Jae f0.(61)fe, (82) Foy (83) f 0, (261) f a0, (D62)

f (dn-—-!ugchﬂ-{-azC]Cz—dzsi IAG;-(—n;S;Sn-a,S; S‘))ﬁﬁz) 1
OBy -a351 523 |03 51 Sas

d(91) . d(ez) . d(93) . d(A91) . d(Aez); 0331323 7’= 0

(6.57)
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faz(dz)

= sz:l E-{?ﬂ .ﬂa,,.', fe,,;, fAs, fﬁa(az)fa:(aa)faaa(ﬂaz) (6-58)
fan, (BRI | L (9,) . d(65) - d(A8;); a3Cis # 0
f5x(6r)
= S5 T o, Jonia Jovsis Jney £6.(01) for(82) for (83) (6.59)
fa0,(D82) fas, (4t5108) . 3:79(61) - d(63) - d(65) - d(L6,); 51 # 0

fﬁv(év)

= T T8 oy Joris Jos s Sy Jou(61) Fou(82) fs(05) F st (D62 (6.60)

Fas,(P=G0R) - 2-d(8,) - d(6;)d(63)d(28;); Cy # 0

fﬁz(ax) = fAﬂ; (Aal) (661)

The last six equations represent the general stochastic model for the positioning
or orientational error distribution functions of the three degrees-of-freedom spatial
robot manipulator shown in Figure 6.1. The numerical simulations based on these
six general stochastic error propagation models will be presented in the next section.

6.3 Numerical Stochastic Simulations

The stochastic error propagation models for the positioning or orientational errors
of the end-effector are given by the last six equations of the last section. As in
chapter 4 and §, it is known that practically, the effect of gravity is different when
the mechanical arm modifies its position. For example, when the arm is in the
horizontal position, the arm links would be pulled more downward and the distri-
bution function of errors are most likely shifted towards negative errors. Therefore,
it is assumes that in different configurations, the positioning or orientational er-
ror distribution functions should take different forms of distributions. If we devide
the domain into some smaller independent sub-domains, then in each sub-domain
the joint parameter error distribution could be approximated by a fixed distribu-
tion function. Consequently, the developed stochastic model can be applied easily
to obtain the distribution functions of the positioning or orientational errors of a
end-effector. In this section, to illustrate the results, the numerical simulations are
based on the following assumptions :

e All joints, 1, 2 and 3, are limited to move in £90°.
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» Due to this robot’s particular structure, the first joint parameter error is

configuration independent and is assumed to take a uniform distribution in
the whole domain of 6,.

¢ When 6, is located within [—15°,15%), d6, is assumed to take a biased beta
distribution with beta parameters r; = 2 and 3; = 10; when (6;+6;) is located
within [—15°,15%, db; is assumed to take a biased beta distribution with beta
parameters r} = 2 and s} = 10,

* When 8, is located within [75° 90°) or [~90°, —75°], df; is assumed to take &
uniform distribution with beta parameters ry = 1 and s; = 1;when (8, +6,) is
located within [75°,105°] or [--105% —75%], d6; is assumed to take a uniform
distribution with beta parameters vy =1 and s} = 1.

* When §; is located within (15°, 75°) or (-75°, ~15°), d6, is assumed to take
a beta distribution with beta parameter r, = 2 and 82 = 4; when (6, + 6.)
is located within (15° 75%) or (—759, —15°), df; is assumed to take a biased
beta distribution with beta parameter r} = 2 and ¢!, = 4.

® When (6; + 65) is located within [90°, 180°] or [—180°, —90°), db, is assumed
to take a biased beta distribution which is the mirror images about Y axis
of the the distributious of d6; in the domain [—90°,90°] (due to the opposite
effect of gravity). |

® oas = Oas, = 0ag, = 0.1% Ab;, A8, and Ab; are all located within the 5o
band.

e All the other link parameter errors are assumed to take nominal values with
Zero variance.
1. TAa; T TAe; = 0pay = 0°.
2. oap, = 0ap, =0ag, = 0°.
3. TAay = Tpay = OAqy = 0.

4, 0ad, =0Ad, = 0pgy = 0.

The joint parameter error distributions based on the above assumption are
shown in Figure 6.2, 6.3 and 6.4. The simulation results presented in Figure 6.5 to
6.21 compare the difference between this general stochastic approach which consider
the mixed error propagation phenomena existing in a robot manipulator (curves

87



with black dot markers) and the approach based on the assumption that all the.
link parameter errors are normal distributions with zero mean (curves with trian-
gular markers). The spikes in Figures 6.5, 6.7, 6.13 and 6.17 are due to limited
computation time. The computation is very time consumming in these cases but
test on the representative cases have shown that with increasing the computational

accuracy the spikes tend to smooth out.

These presented results again show the importance of developing the general
stochastic error propagation model to handle the arbitrarily mixed error distribu-

tions existing in the error propagation of a robot manipulator.
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In summary, detailed numerical simulations for a spatial three degrees-of-freedom

robot manipulator were performed in this chapter and some comments can be made

here.

A three degrees-of-freedom spatial robot manipulator is the maximun extent
to which the simulation in this thesis were performed.

All previous features, mentioned in the presentation of one and two degrees-
of-freedom simulations were also found here,

The three degrees-of-freedom robot simulations represent a realistic result for
the positioning and orientation: errors of a robot manipulator, although in

some cases extensive computational time are needed.

The sequence of simulations from one to two and three degrees-of-freedom
robot manipulator justify our confidence that the presented model is appli-
cable to any higher degrees-of-freedom robot manipulators on the expense of

extensive computation.
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Chapter 7
Disscussion and Conclusion

An analytical model for predicting the positioning or orientational error dis-
tribution functions of an end-effector resulting from the aibitrarily mixed error
propagation of the SN link parameter errors is presented in this dissertation. The
model is mathematically rigourous and applicable to any degrees-of-freedom non-
redundant robot manipulator. This model is computationally intensive in order to
obtain the desired positioning or orientational error distribution functions.

Numerical difficulty was experienced in the evaluation of the positioning or ori-
entational error distribution function when the number of the supplementary output
random variables are higher than 5. In principle, all the link parameter error sources
in the numerical simulation for the general stochastic error propagation model can
be included in the numerical computations on the expense of a very large compu-
tational burden. In this thesis the numerical simulations are given for up to three
degrees-of-freedom in order to prove the validity and the features of the proposed
model.

Although the presented model has such a computational limitation, it can still
be applied well for real world applications. The other practical reasons for limiting
the number of the error sources taken into account in numerical simulations are :

e For each link, four of the five link parameters associated with the link are
geometric link parameters. For this kind of parameters, it is possible to use
calibration accurately. This fact simplifies the presented model to be com-
posed of only joint parameter values and joint parameter errors.
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¢ In real world applications, the robot manipulator is commanded to follow a
pre-designed trajectory to perform some specific or iterative tasks. In this
case, the input joint parameters have to take some specific values rather than
be random variables. This fact makes the presented model be able to be
further simplified to a function of input joint parameter errors only.

Basing on the afore mentioned facts, for a six degrees-of-freedom robot ma-
nipulator, in some real world applications the positioning or orientational error
distribution functions defined by equation (3.34) can be represented as functions
of the six input joint parameter errors only. Consequently, in order to find the
positioning or orientational error distribution functions of a six degrees-of-freedom
robot manipulator, only five supplementary output random parameters are needed
and this is still under the computational limit of the presented model.

In investigating the output positioning and orientational error distributions of
the end-effector of a robot manipulator for the specific cases discussed in chapters 4,
5 and 6, the robot workspace is divided into some independent smaller sub-domains
such that the joint probability function of the random input variables can be fully
expanded as a product of probability density functions for each input variables.
Then the output positioning or orientational error distributions are computed by
the marginal distribution method given in chapter 3. Error propagation programs
based on the marginal distribution method were developed to plot the distribu-
tion functions of the positioning or orientational errors of the robot manipulators.
Practically, the output positioning or orientational errors due to the 3N link pa-
rameter errors of a robot manipulator depend not only on the magnitude of the
5N link parameter errors but also on the robot configuration. All the simulation
results presented in chapters 4, 5, and 6 show the importance of developing this
general stochastic error propagation model to analyze the mixed error propagation
phenomena existing in the structure of a robot manipulator.

In summary, this dissertation has developed a rigourous mathematical method
for analyzing the positioning or orientational error distributions of the end-effector
resulting from the combined effects of the mixed error distributions existing in the
link parameter errors of a robot manipulator.

First, in chapter 2 a general error propagation model was developed. It describes
the positioning and orientational errors of the end-effector with respect to the base
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frame as a non-linear function of the five link parameter errors for each link.

To evaluate the positioning or orientational error distribution functions of the
end-effector of a robot manipulator, in chapter 3 a general stochastic model was
developed. The proposed model is based on the joint probabilities and marginal
distribution caculation. The model is mathematically rigourous and general enough
to analyze any kind of mixed error propagations for any robot manipulators.

In order to illustrate the important characteristic features of the presented
stochastic model, in chapter 4 detailed error propagation and stochastic models
for the positioning and orientational errors of a one degree-of-freedom robot were
presented. The simulation results show that it is very important to consider the
mixed error propagation phenomena existing i a one degree-of-freedom robot ma-

nipulator.

In chapter 5, a further illustration of the presented general stochastic approach
was given for a two degrees-of-freedom vertical planar robot manipulator. The
simulation results show the same important information as chapter 4. Namely, it is
very important to use the presented model to investigate the possible mixed error

propagation phase of a robot manipulator.

In order to prove that the presented stochastic model is able to analyze the error
propagation for any degrees-of-freedom spatial robot manipulator, in chapter 6 de-
tailed error propagation and stochastic models were derived. The simulation based
on the derived models were thoroughly investigated. The results show the same
features as shown in chapters 4 and 5. Consequently, it is very important and more
realistic to apply the presented general stochastic model to analyze the arbitrarily
mixed error propagations of a robot manipulator rather than other models based

on the propagation of normally distributed errors.

As mentioned in the comments of chapter 6, three degrees-of-freedom was the
maximun extent to which the simulation in this thesis were performed. From the
presented results, we completely justify that the presented model can be applied to
real world applications to improve the positioning and orientational accuracy of a
robot manipulator.

Main contributions were made in the following area :
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e A new and powerful general stochastic error propagation model of arbitrary
structural robot manipulators was developed. The resulting general stochas-
tic model use transcendental functions and is exact in that it involves no

approximation beyond those made by the governing probability models.

o The joint probability techniques and decomposition to smaller sub-domains
might be extended to any kind of robot manipulators.

¢ Quantative models of error propagation analysis may be further applied to
the error distribution analysis along the desired trajectory.

In the field of robot trajectory control, this thesis has done little more than
introduce a basic idea. Many extensions are possible, and I intend to pursue this
aspect myself. In particular, one might develop an optimal trajectory based on the
error distribution function obtained in this dissertation.
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Appendix A

Modified A Transformation
Matrix

For a N degrees-of-freedom robot manipulator, it is necessary that the ma-
nipulator has at least N joints, If we have assigned coordinate frames to all links
according to the D-H conventions, we can establish the relationship between suc-
cessive frames n — 1 and n by the following rotations and translations :

e rotate about Z,_,, an angle &,.
o translate along Z,_,, a distance d,.
o translate along rotated X,_; = X,, a length a,.

e rotate about X, ithe twist angle a,.

This may be expressed as the product of four homogeneous transformations
relating the coordinate frame of link n to the coordinate frame of link n — 1 [26],
[6]. This relationship is called as A matrix which can be expressed as

An = Rot(Z,-1,8,) - Trans(Z,,d,) - Trans(a,,0,0) - Rot(X,, as) (A.1)
which is equal to

ce, -50,Ca, S50,Sa, a,Ch,
A, = S8, C8,Ca, -C,S5a, 0,56, (A2)
0 San Can dﬂ

0 0 0 1
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From the A transformation matrix, it is realized that the position of each link
coordinate frame is entirely defined by four scalars for revolute and by three scalars
for prismatic joints. The links of the robot manipulator can be viewed as rigid body;
therefore, we can model the link parameter errors as infinitesimal variations about
the nominal values of these link parameters. It is assumed that the small variations
in the position and orientation of the end-effector can be modeled as functions of
small variations in the link parameters. This assumption is violated if we use the
D-H convention when the two consecutive joints have parallel or near paralle]l axes.
In such cases, small variations in the 4N link parameters do not correspond to small

variations in the position and orientation of the end-effector. This phenomenon is
illustrated by the following example.

Suppose link n is configured as shown in Figure a.1. Following the Denavit-
Hartenberg rule for revolute joints we have 8, = 0,d, = 0,a, = L and a, = 0.

Now it is assumed that due to manufacturing tolerances the Z, axis is mis-
aligned by small angle . Let us label this actual axis Z!. The Z,_, and Z! axes
intersect some distance away from the origin of the n — 1 frame, Therefore, the
true parameters for the ny; link are 8, = 0% d, = —f, where { is a large positive
scalars which is measured from 0 to the intersection of Z,.., and Z!, a; = 0, and
«; = —f as shown in Figure a.1. Thus a small variation in the alignment of the Z,
axis causes a large variation in parameters 8,,,d, and a, [13].

To overcome this problem, we define a new transformation matrix, A, by post
multiplying the A, matrix by an additional rotation, Rot(y, fs) as

C6,CB, — 56,50,58, —S0.Ca,

4 = | 56.CBu+C8uSanSP.  CO:Can
" —Can 5B, Sa,
0 0

C0,58, + 56,5¢,CBn anCh,
56,88, - C8,5a,CB, a,S6,
Ca,C8, d,
0 1

(A.3)

By using this modified A transformation matrix, the small variations in the po-
sition and orientation of the end-effector can always be modeled by small variations
in the 5N link parameters for a N degrees-of-freedom robot manipulator.
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For the analysis presented in this dissertation, an extra rotation matrix is mul-
tiplied to compensate for the errors in parallel or near parallel consecutive joints,
Even when the consecutive joints are not parallel or near parallel, inclusion of this
extra rotstion term is convenient for the error propagation analysis described in the

following chapters.

@
—

.
h 4

N | z |
) I
%1 7 X;

!

i

Figure A.1: drawing of two consecutive axes with near parallel joint axes
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Appendix B

Program for Predicting The
Positioning and Orientational
Error of a End-Effector

This chapter includes four programs which can predict the positioning and
orientational error distribution functions for one degree-of-freedom, two degrees-of-
freedom and three degrees-of-freedom robot manipulators. The first program can
predict the positioning and orientational errors from the propagation of the 5N link
parameter errors of a N degrees-of-freedom robot manipulator. The second program
is for predicting the distribution function of Cartesian positioning error DY of a one
degree-of-freedom revolute robot manipulator, resulting from the joint variable error
in the defined work volume. The third program is for predicting the distribution
function of Cartesian positioning error DY of a two degrees-of-freedom revolute
robot manipulator, resulting from the mixed error propagation of the joint variable
errors in the defined work volume. The fourth program is used for predicting the
distribution function of Cartesian positioning error DZ, resulting from the mixed
error propagation of the joint variable errors in the defined work volume.
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B.1 Error Propagation Program for Fixed 5N Link

Parameter Errors

O FRERRRR R R R RO OOk R R ORR ARk

c*

c* ROBOT ERROR PROPAGATION
C *

C* Algorithms by

C*

C* D. Necsulescu

C* A. Fahim

C* Chun Lu

C*

C HHEORRERRE R RR ROk ook Ok R ROk

C* Work is based on "Robot Accuracy Analysis Based on Kinematics”

Cc* W.K. Veitschegger and Chi-Haur Wu, IEEE Journal of Robotics,
CH* Vol. RA-2, No.3, Sept. 1986

C* sk ok ARk ok

C*

C* Nomenclature:

C *®

C* I = NUMBER OF LINKS

C* L = Raws of the rotation matrix

C* M = Columns of the rotation matrix = 3
c* K = ERROR PARAMETERS = §
C*

C*

C*

O FRRR ROk Rk k bRk ok ok

C

C

PROGRAM ERPRPG
CALL WS

CALL ERROR
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CALL OUTPUT

STOP

END

C

C

C

BLOCK DATA

REAL R(3,3),P(3,1),M1(3,1),M2(3,1),M3(3,1),M4(3,1),M5(3,1),
W1(3,6),W2(3,6),W3(3,6), W4(3,6), W5(3,6), W6(3,6)

REAL THE(6),ALPS(6),0FS(6),LEN(6),DTHE(6,1),DOFS(6,1),DLEN(6,1),
DALP(6,1),DBET(6,1),D1(3,1),DEL1(3,1),DP(3,1)

COMMON /AAA/R,P,M1,M2,M3,M4,M5W1,W2,W3,W4,W5,W6
COMMON/BBB/THE,ALPS,0FS,LEN,DTHE,DOFS,DLEN,DALP,DBET,D1,DEL1,DP, -

BET

DATA THE/6*0.5236/

DATA OFS/0,0,0.14986,0.43307,0,0/

DATA LEN/0,0.4318,-0.02032,0,0,0/

DATA ALPS,BET/-1.5708,-3.1415927,1.5708,-1.5708,1.5708,0,0/
DATA DTHE,DALP,DBET,DLEN,DOFS/18%0.017453,12*0.0001/
END

C

c

c

SUBROUTINE ROT(THE,BET,ALP,R)

DIMENSION R(3,3)

BET=0

R(1,1) = COS(THE)*COS(BET)-SIN(THE)*SIN(ALP)*SIN(BET)
R(1,2) = -SIN(THE)*COS(ALP)

R(1,3) = COS(THE)*SIN(BET)+SIN(THE)*SIN(ALP)*COS(BET)
R(2,1) = SIN(THE)*COS(BET)+COS(THE)*SIN(ALP)*SIN(BET)
R(2,2) = COS(THE)*COS(ALP)

R(2,3) = SIN(THE)*SIN(BET)-COS(THE)*SIN(ALP*COS(BET)
R(3,1) = -COS(ALP)*SIN(BET)

R(3,2) = SIN(ALP)

R(3,3) = COS(ALP)*COS(BET)
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RETURN

END

c

o

c

SUBROUTINE TRA(LEN,THE,OFS,P)
REAL LEN,P(3,1)

P(1,1) = LEN*COS(THE)

P(2,1) = LEN*SIN(THE)

P(3,1) = OFS

RETURN

END

c

C

C

SUBROUTINE MS(THE,ALP,0OFS,LEN,M1,M2,M3,M4,M5)
REAL LEN, M1(3,1),M2(3,1),M3(3,1),M4(3,1),M5(3,1)
M1(1,1) = 0

M1(2,1) = 0

Mi1(3,1) = 1

M2(1,1) = COS(THE)

M2(2,1) = SIN(THE)

M2(3,1) = 0

M3(1,1) = -OFS*SIN(THE)

M3(2,1) = OFS*COS(THE)

M3(3,1) =0

M4(1,1) = LEN*SIN(THE)*SIN(ALP)-OFS*COS(THE)*COS(ALP)
M4(2,1) = -LEN*COS(THE)*SIN(ALP)-OFS*SIN(THE)*COS(ALP)

M4(3,1) = LEN*COS(ALP)
M5(1,1) = -SIN(THE)*COS(ALP)
M5(2,1) = COS(THE)*COS(ALP)
M5(3,1) = SIN(ALP)

RETURN

END

C

C
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C

SUBROUTINE WS

REAL R(3,3),P(3,1),M1(3,1),M2(3,1),M3(3,1),M4(3,1),M5(3,1),W1(3,6)
,W2(3,6),W3(3,6),W4(3,6),W5(3,6),W6(3,6), TEMP(3,1), TEMP2(3,1)

REAL THE(6),ALPS(6),0FS(6),LEN(6),DTHE(6,1),DOFS(6,1),DLEN(6,1),
DALP(6,1),DBET(6,1),D1(3,1),DEL1(3,1),DP(3,1)

COMMON /AAA/R,P,M1,M2,M3 M4 M5 W1,W2,W3,W4,W5 W6

COMMON /BBB/THE,ALPS,0FS,LEN DTEE,DOFS,DLEN, DALP,DBET,D1,DEL1,DP,

BET

DIMENSION WW1(3,1),WW2(3,1),WW3(3,1),WW4(3,1), WW5(3,1), WW6(3,1),
RR(3,3),PP(3,1),RTEMP(3,3)
' DO 100 I=1,3

CALL MS(THE(I),ALPS(I),0FS(I),LEN(I),M1,M2,M3,M4,M5)
Hi=I-1

IF (1.GT.0) GOTO 20
W1(1,1) =0

W1(2,1) =0

W1(3,1) =0

W2(1,1) =0

W2(2,1) =0

W2(3,1) =1

W3(1,1) = M2(1,1)

W3(2,1) = M2(2,1)

W3(3,1) =0

W4(1,1) = M3(1,1)

W4(2,1) = M3(2,1)

W4(3,1) =0

W5(1,1) = M5(1,1)

W5(2,1) = M5(2,1)

W5(3,1) = M5(3,1)

W6(1,1) = M4(1,1)

W6(2,1) = M4(2,1)

W6(3,1) = M4(3,1)

GO TO 100

20 CONTINUE
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CALL TRA(LEN(II),THE(I),OFS(II),P)
CALL ROT(THE(II),BET,ALPS(II),R)
IF (ILEQ.1) GOTO 30

CALL DM(3,3,3,RR,R,RTEMP)
CALL DM(3,1,3,RR,P,TEMP2)
CALL SM(3,3,RTEMP,R,R)

CALL SM(3,1,PP,TEMP2,P)

30 CALL DM(3,1,3,R,M1,WW2)
CALL CM(P,WW2,WW1)

CALL DM(3,1,3,R,M2,WW3)

CALL CM(P,WW3,TEMP)

CALL DM(3,1,3,R,M3,TEMP?2)
CALL SM(3,1, TEMP,TEMP2,WW4)
CALL DM(3,1,3,R,M5,WW5)

CALL DM(3,1,3,R, M4, TEMP2)
CALL CM(P,WW5,TEMP)

CALL SM(3,1, TEMP,TEMP2,WW8)
DO 50 M=1,3

WIM,I) = WW1(M,1)

W2(MI) = WW2(M,1)

W3(M,I) = WW3(M,1)

Wa(M,I) = WW4(M,1)

W5(M,I) = WW5(M,1)

W6(M,I) = WW6(M,1)

DO 50 N=1,3

DO 50 NN=1,3
RR(N,NN)=R(N,NN)
PP(N,1)=P(N,1)

50 CONTINUE

100 CONTINUE

RETURN

END

C

c

C

SUBROUTINE ERROR
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REAL R(3,3),P(3,1),M1(3,1),M2(3,1),M3(3,1),M4(3,1),M5(3,1),
W1(3,6),W2(3,6),W3(3,6),W4(3,6), W5(3,6), W6(3,6), TEMP(3,1)

REAL THE(6),ALPS(6),0FS(6),LEN(6),DTHE(6,1),DOFS(6,1), DLEN(6,1),
DALP(6,1),DBET(6,1),D1(3,1),DEL1(3,1),DP(3,1)

COMMON /AAA/R,P,M1,M2,M3M4,M5W1,W2,W3,W4,W5W6

COMMON /BBB/THE,ALPS,0FS,LEN,DTHE,DOFS,DLEN,DALP,DBET,D1,DEL1,DP,

BET

DIMENSION RR(3,3),PP(3,1),TEMP1(3,1), TEMP2(3,1)
CALL DM(3,1,3,W1,DTHE, TEMP1)
CALL DM(3,1,3,W2,DOFS,TEMP)
CALL SM(3,1,TEMP1,TEMP,TEMP2)
CALL DM(3,1,3,W3,DLEN,TEMP)
CALL SM(3,1,TEMP2,TEMP,TEMP1)
CALL DM(3,1,3,W4,DALP,TEMP)
CALL SM(3,1,TEMP1,TEMP,TEMP2)
CALL DM(3,1,3,W6,DBET,TEMP)
CALL SM(3,1,TEMP2,TEMP,D1)
CALL DM(3,1,3,W2,DTHE, TEMP1)
CALL DM(3,1,3,W3,DALP,TEMP)
CALL SM(3,1,TEMP1,TEMP,DEL1)
CALL DM(3,1,3,W5,DBET,TEMP)
CALL SM(3,1,DEL1,TEMP1,TEMP1)
CALL SM(3,1,TEMP1,TEMP,DEL1)
CALL TRA(LEN(3),THE(3),0FS(3),PP)
CALL ROT(THE(3),BET,ALPS(3),RR)
CALL DM(3,1,3,R,PP,TEMP)

CALL SM(3,1,TEMP,P,TEMP1)

CALL CM(DEL1,TEMP1,TEMP2)
CALL SM(3,1,TEMP2,D1,DP)
RETURN

END

C

C

o

SUBROUTINE SM(I,J,A,B,C)
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DIMENSION A(1,J},B(1,J),C(1,3)

DO 10 M=1,1

DO 10 L=1,J

cML)=0

C(M,L) = A(M,L) + B(M,L)

10 CONTINUE

RETURN

END

C

C

C

SUBROUTINE CM(U,V,W)
DIMENSION U(3,1),V(3,1),W(3,1)
W(1,1) = U(2,1)*V(3,1) - U(3,1)*V(2,1)
W(2,1) = U(3,1)*V(1,1) - U(1,1)*V(3,1)
W(3,1) = U(1,1)*V(2,1) - U(2,1)*V(1,1)
RETURN

END

C

C

C

SUBROUTINE DM(M,L,N,A,B,C)
DIMENSION A(M,N),B(N,L),C(M,L)
DO 10 I=1,M

DO 10 J=1,L

C(1J)=0

DO 10 K=1,N

C(LI) = A(LK)*B(K,J) + C(LJ)

10 CONTINUE

RETURN

END

C

C

C

SUBROUTINE OUTPUT
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REAL R(3,3),P(3,1),M1(3,1),M2(3,1);M3(3,1),M4(3,1).M5(3,1), W1(3.6)
W2(3,6),W3(3,6),W4(3,6), W5(3,6), W6(3,6)

REAL THE(6),ALPS(6),0FS(6),LEN(6),DTHE(6,1),DOFS(6,1),DLEN(S,1)
DALP(6,1),DBET(6,1),D1(3,1),DEL1(3,1),DP(3,1)

COMMON /AAA/R,P,M1,M2,M3M4,M5,W1,W2,W3,W4,W5,W6

COMMON /BBB/THE,ALPS,0FS,LEN DTHE,DOFS DLEN,DALP,DBET,D1,DEL1,DP,

BET

OPEN(UNIT=6,FILE="ERRPRPG DATA")

WRITE(6,20)

20 FORMAT(8X, DX’ 8X /DY’ 8X, D2’ 5X,'DEL1X" 5K, DEL1Y" 5X, DEL1Z'/ /)
WRITE(6,40) DP(1,1),DP(2,1),DP(3,1),DEL1(1,1),DEL1(2,1),DEL1(3,1)
40 FORMAT(6(1X,F9.7))

DO 80 I=1,3

DO 80 J=1,3

WRITE (6,60)W1(L3),W2(L,3),W3(LJ),W4(L3),W5(L,3), W6(LJ)

60 FORMAT (6(1X,F9.5))

80 CONTINUE

CLOSE(6)

RETURN

END
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B.2 Program for Predicting The Distribution of
The Cartesian Positioning Error DY of a 1
DOF Robot Manipulator

CF R R KRR OO R ok ROk &

Cc* Program for Predicting The Distribution of The Cartesian

C* Positioning Error Dy of 1 DOF Robot Manipulator

Jo
PROGRAM DY1D

IMPLICIT DOUBLEPRECISION (A-Z)

Otk R R ROk RO R R R KRR R KRR KRR KKK

c* Input Data of Link Parameters and Link Parameter Errors
CFFRRARRA AR AR R R R KRR R R Rk
DATA A1,PI /1.,3.14159265358979323846/

SIGDT1=0.1*PI/180.

$S=0.5D0/(SIGDT1**2)

PP=1.D0/(SIGDT1*SQRT(2.D0*PI))

DTIMAX=5.*SIGDT1

DTIMIN=-DT1IMAX

YIMAX=A1*DT1IMAX

YIMIN=-YIMAX

Y1=Y1MIN

DY1=(Y1IMAX-Y1MIN)/100.

XI=1.

AA=0.

AN=0,

Y2MAX=PI/2.

Y2MIN=-Y2MAX

TT=DTIMAX-DTIMIN

DY2=PI1/4000.

C********************************************************************

c* Starting Loop for Calculating the CDF Value of DY
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C*************#*#******************#********************#******###t**

DO 180 XI=1,101

FY1=0.

FN1=0.

Y2=Y2MIN

CHFFRE R AR R KKK R E Rk
C* Starting Loop for Finding PDF of DY by the Marginal

c* Distribution Method

Ct***u**********************n************************u**nu***u*

DO 50 C1=1,4000
XJ=1./ABS(A1*COS(Y2))

IF (XJ.GT.1.D+6) GOTO 50
DT1=Y1/(A1*COS(Y2))

IF (ABS(DT1).GT.DTIMAX) GOTO 50
T2=Y2*180./PI

IF (T2.GE.(-15).AND.T2.LE.15) THEN
GOTO 5

ELSE

GOTO 10

ENDIF

5 X=(DT1-DTIMIN)/TT

IF (X.EQ.0) GOTO 50
PDT1=X*(1.D0-X)**9*110.D0

GOTO 45

10 IF (ABS(T2).GT.15.AND.ABS(T2).LT.75) THEN
GOTO 15

ELSE

GOTO 20

ENDIF

15 X=(DT1-DT1MIN)/TT
PDT1=20.¥X*(1.-X)**3

GOTO 45

20 PDT1=1.

45 PNT1=EXP(-(DT1**2)*SS)
FY1=FY1+PDT1*XJ
FN1=FN14+PNT1*XJ
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50 Y2=Y2MIN+CI*DY2
FY1=FY1/PI*DY2/TT
FN1=FN1/PI*DY2*PP

130 WRITE(5,150) X1,Y1,FY1,FN1
150 FORMAT(4(3X,E10.4))
AA=AA+FYI1*DY1
AN=AN+FN1*DY1

WRITE(1,*) "HELLO Y1="XI

180 Y1=Y1MIN+DY1*XI
WRITE(5,200) AA,AN

200 FORMAT(’AA=",E10.4,5X,’AN=",E10.4)
STOP

END
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B.3 Program for Predicting The Distribution Func-
tion of The Cartesian Positioning Error DY
of a 2 DOF Robot Manipulator

C**#*******u**********************u**************************uuu

C* Program for Predicting the Error Distribution of
C* The Cartesian Positioning Error DY of 2 DOF Robot

C************************#**********u*****m******************nuu*

PROGRAM YH2D

IMPLICIT DOUBLEPRECISION (A-Z)

CHFFFR R AR R R R AR RR AR R RO R KRRk
C* Input Data of Link Farameters
C* and Link Parameter Errors
b
DATA A1,A2,P1,BI /2*1.0,3.14159265358979323846,100/
DATA. CLDI /40.,40./

SIGDT=0.1*PI/180.

DTMAX=5*SIGDT

DTMIN=-DTMAX

TT=(DTMAX-DTMIN)

YIMAX=(A14+2*A2)*DTMAX

YIMIN=-YIMAX

DY1=(Y1IMAX-Y1iMIN)/BI

DY2=PI/CI

DY3=DY2

DY4=(DTMAX-DTMIN)/DI

SY=0.5/(SIGDT**2)

SS=1.0/(PI**2)/(TT**2)

PP=0.5/(PI**3)/(SIGDT**2)

AA=0.

AN=0.

XI=1.

Y1i=Y1MIN
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Cun*****u**********n**************************uu********u*n**

C* Starting Loop for Calculating CDF Value of DY

C**u*****u*************#***************************u**************

DO 1200 BB=1,BI+1

Y2=-PI/2.

FY1=0.

FN1=0.

CHFF R R R R R R Rk AR
C* Starting Loop for Finding PDF Value of DY

C* by the Marginal Distribution Method

C**********************u************»**************u***************

DO 1100 C1=1,CI

C02=COS(Y2)

S2=SIN(Y2)

YT2=Y2*180./PI

Y3=-PI/2.

FY2=0.

FN2=0.

DO 1000 C2=1,CI

C023=COS(Y2+Y3)

523=SIN(Y2+Y3)
YT23=(Y2+Y3)*180./PI
XJ=1./ABS(A2*C023)

IF (XJ.GT.1.D6) GOTO 1000
Y4=DTMIN

FY3=0.

FN3=0.

DO 900 D1=1,DI

X4=(Y4-DTMIN)/TT
DT2=(Y1-(A1*CO2+A2*C023)*Y4)/(A2*C0O23)
IF (DT2.LT.DTMIN.OR.DT2.GT.DTMAX) GOTO 900
IF ((-15).LE.YT2.AND.YT2.LE.15) THEN
GOTO 50

ELSE

GOTO 100

ENDIF
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50 PY4=X4*(1.-X4)**0*119.

GOTO 300

100 IF (15.LT.YT2.AND.YT2.LT.75) THEN
GOTO 150

ELSEIF ((-75).LT.YT2.AND.YT2.LT.(-15)) THEN
GOTO 150

ELSE

GoTO 200

ENDIF

150 PY4=20.*X4*(1.-X4)**3

GOTO 300

200 PY4=1.D0

300 CONTINUE

X5=(DT2-DTMIN)/TT

PN4=EXP(-Y4**2*SY)

IF ((-15).LE.YT23.AND.YT23.LE.15) THEN
GOTO 370

ELSEIF (165.LE.YT23.AND.YT23.LE.180) THEN
GOTO 360

ELSEIF ((-180).LE.YT23.AND.YT23.LE.(-165)) THEN
GOTO 360

ELSE

GOTO 400

ENDIF

360 X5=1.-X5

370 PDT2=X5%(1.-X5)**0*110.

GOTO 600

400 IF (15.LT.YT23.AND.YT23.LT.75) THEN
GOTO 450

ELSEIF ((-75).LT.YT23.AND.YT23.LT.(-15)) THEN
GOTO 450

ELSEIF (105.LT.YT23.AND.YT23.LT.165) THEN
GOTO 440

ELSEIF ((-165).LT.YT23.AND.YT23.LT.(-105)) THEN
GOTO 440

ELSE
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GOTO 500

ENDIF

440 X5=1.-X5

450 PDT2=20.*X5%(1.-X5)**3
GOTO 600

500 PDT2=1.

600 CONTINUE
PNDT2=EXP(-DT2**2*SY)
FY3=FY3+PDT2*PY4*DY4
FN3=FN3+PNDT2*PN4*DY4
900 Y4=DTMIN+D1*DY4
FY2=FY2+FY3*DY3*XJ
FN2=FN2+FN3*DY3*X]

1000 Y3=-PI/2.+C2*DY3
FY1=FY1+FY2*DY2
FN1=FN1+FN2*DY2

1100 Y2=-PI/2.+C1*DY2
FY1=FY1*S$S

FN1=FN1*PP

WRITE(5,1150) XI,Y1,FY1,FN1
1150 FORMAT(4(3X,E10.4))
AA=AA+FY1*DY1
AN=AN+FN1*DY1
WRITE(1,*) "HELLO ! Y1="XI
XI=XI+1.

1200 Y1=YIMIN+BB*DY1
WRITE(5,1300) AA,AN

1300 FORMAT('AA=",E10.4,5X,AN=",E10.4)
STOP

END
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B.4 Program for Predicting The Distribution of
The Cartesian Positioning Error DZ of a 3
DOF Robot Manipulator

ol e

C* Program for Predicting The Distribution of The Cartesian
C* Positioning Error DZ of 3 DOF Robot

R R KRR AR KRR KR R RRR KRR 4 4 Kk

PROGRAM 2T3D
IMPLICIT DOUBLEPRECISION (A-Z)

Rk R R Rk R R R KRR KRR IR IR KRR E KKK

Cc* Input Data of Link Parameters and Link Parameter Errors
(R R AR R R R AR O R R AR K Rk

INTEGER BI,CI,DI,C1,C2,C3,C4,C5

DATA A2,A3,PI /0.4318D0,0.43307D0,3.14159265358979323846 D0/
DATA BI,CI,DI,D2 /100,50,20,0.14909D0/
SIGDT=0.1D0*P1/180.D0

DTMAX=>5.D0*SIGDT

DTMIN=-DTMAX

TT=DTMAX-DTMIN

Y1MAX=(A2+2*A3)*DTMAX

Y1MIN=-YIMAX

DY1=(Y1MAX-YIMIN)/DBLE(BI)

DY2=PI/DBLE(CI)

DY3=DY2

DY4=TT/DBLE(DI)

YMIN=-PI/2.D0

FAC==180.D0/PI
CON=1.D0/(PI**2)/(TT**2)*DY2*DY3*DY4
§5=0.5D0/(SIGDT**2)
PP=1.D0/(PI**2)*DY2*DY3*DY4/(SIGDT**2)/(2.D0*PI)
AA=0.

AN=0,
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XI1=1.D0

Y1=Y1MIN
CHERRE AR R R R R R AR R R KRR KRR R
c* Starting Loop for Calculating CDF Value of DZ

C**#********************************#********************************

DO 1000 BB=1,BI+1

Y2=YMIN

FY2=0.D0

FN2=0.

CHRFRRR R R R AR R R AR AR R TR KRR AR A KKK
C* Starting Loop for Finding PDF Value of DY by The

Cc* Marginal Distribution Method

C*****#**************************************************************

DO 900 C1=1,CI

DC2=DCOS(Y2)

YT2=Y2*FAC

Y3=YMIN

FY3=0.D0

FN3=0.

DO 800 C2=1,CI

DGC23=DCOS(Y2+Y3)

XT=DABS(A3*DC23)

IF (XT.LT.1.D-5) GOTO 800
YT23=(Y2+Y3)*FAC

Y4=DTMIN

FY4=0.D0

FN4=0,

DO 700 C3=1,DI
DT3=(Y1-(-A3*DC23-A2*DC2)*Y4)/(-A3*DC23)
IF (DT3.LT.DTMIN.OR.DT3.GT.DTMAX) GOTO 700
IF ((-15.D0).LE.YT2.AND.YT2.LE.15.D0) THEN
GOTO 50

ELSE

GOTO 100

ENDIF

50 X4=(Y4-DTMIN)/TT
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PY4=X4*(1.D0-X4)**9*110.D0

GOTO 300

100 IF (15.D0.LT.YT2.AND.YT2.LT.75.D0) THEN
GOTO 150

ELSEIF ((-75.D0).LT.YT2.AND.YT2.LT.(-15.D0)) THEN
GOTO 150

ELSE

GOTO 200

ENDIF

150 X4=(Y4-DTMIN)/TT

PY4=20.D0*X4*(1.D0-X4)**3

GOTO 300

200 PY4=1.D0

300 CONTINUE

PN4=EXP(-(Y4**2)*SS)

IF ((-15.D0).LE.YT23.AND,YT23.LE.15.D0) THEN
GOTO 350

ELSEIF (165.D0.LE.YT23.AND.YT23.LE.180.D0) THEN
GOTO 360

ELSEIF ((-180.D0).LE.YT23.AND.YT23.LE.(-165.D0)) THEN
GOTO 360

ELSE

GOTO 400

ENDIF

350 X=(DT3-DTMIN)/TT

GOTO 370

360 X=1.-(DT3-DTMIN)/TT

370 PDT3=X*(1.D0-X)**9*110.D0

GOTO 600

400 IF (75.D0.LE.YT23.AND.YT23.LE.105.D0) THEN
GOTO 450

ELSEIF ((-105.D0).LE.YT23.AND.YT23.LE.(-75.D0)) THEN
GOTO 450

ELSE

GOTO 500

ENDIF
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450 PDT3=1.D0

GOTO 600

500 IF (YT23.GT.15.AND.YT23.LT.75) THEN
GOTO 510

ELSEIF (YT23.GT.(-75).AND.YT23.LT.(-15)) THEN
GOTO 510

ELSE

GOTO 520

ENDIF

510 X=(DT3-DTMIN)/TT

GOTO 530

520 X=1.-(DT3-DTMIN)/TT

530 PDT3=20.D0*X*(1.D0-X)**3
600 CONTINUE
PNT3=EXP(-(DT3**2)*SS)
FY4=FY4+PY4*PDT3
FN4=FN4+PN4*PNT3

700 Y4=DTMIN+DY4*DBLE(C3)
FY3=FY3+FY4/XT
FN3=FN3+FN4/XT

800 Y3=YMIN+DY3*DBLE(C2)
FY2=FY2+FY3

FN2=FN2+FN3

900 Y2=YMIN+DY2*DBLE(C1)
FY2=FY2*CON

FN2=FN2*PP

WRITE(5,950) XI,Y1,FY2,FN2

950 FORMAT(4(5X,E10.4))

IF (FY2.GT.1000) GOTO 960
AA=AA+FY2*DY1
AN=AN+FN2*DY1

960 WRITE(1,*) "HELLO !, Y1=',XI
XI=XI+1.D0

1000 Y1=Y1MIN+DY1*BB
WRITE(5,1050) AA,AN

1050 FORMAT(5X,’AA=",E10.4,5X,’AN="E10.4)
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STOP
END
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