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ABSTRACT

A statistical analysis of the output signals of an acousto-optic spectrumn analyzer
(AOSA) is performed for the case when the input signal is a continuous-wave (CW). To
this end, a statistical model of these output signals is presented as a basis for the different
anaiyscs along with some numerical algorithms to calculate the deterministic components
on a digital computer.

Using this model, the optimum test for the detection of a “known frequency is derived

and its performance is analyzed. To deal with the unknown frequency situation, a scheme

which is eaéily implemented with a finite ifnpulse response (FIR} filter is presented and its ~

"
!

performance degradation as compared to the case of a known frequency is analyzed.

The frequency estimation problem is also analyzed and the Cramér-Rao lower .bmmd
on the variunce of any unbiased estimator is calculated. Since the Cramér-Rao bound
indicates that any unbiased estimator would exhibit undesirable characteristics, the per-
formance of the peak-detecting estimator is analyzed. It is shown that this latter estimator
is biased but ha; the desired char'lctenstm of having a zcro average bias.

Finally, the power estimation problem is analyzed under the assumption that t.hc
frequency of the input signal is known. Under this assumption, it is found that the maxi-
mum likelihood (ML) estimator is an efficient estimator which means that its v:xﬁnncc is

i} Q

N
frequency assumption on the performance of the ML estimator are also analyzed.

oo

- the lowest possible variance of any unbmsed estimator. ‘The cffccts of inaccuracies in the -



ACKNOWLEDGEMENTS

1 wish to thank Professor P. Galko for the encouragement, guidance, and helpful
criticisms he provided in supervising this work. |

1 also wish to express my sincere appreciation t{é the management of the Defence
Research Establishment Ottawa (DREQ) where this research work was carried out, for
their support and provision of excellent working facilities and atmosphere.

Je désire remercier mon épouse, Suzanne, pour son encouragement et son support
ainsi que pour son aide dans la préparation de ce document. Je me dois de remercier
également mes parents, Fernand et Jeanne, pour I'encouragement et le support constants
qu’ils m’ont abondamment donnés tout au long de ces années.

Finally and foremost, my greatest appreciation goes to my God and Savior for the

insight and inspiration without which this thesis would never have been possible.

G. F.

e
!

il



TABLE OF CONTENTS

Page
ABSTRACT. . . . o i v e e e e ettt e e e e e e e e e e e e e i
ACKNOWLEDGEMENTS . . . . . . & . i i ittt it et e e e e e e ii
TABLE OF CONTENTS . . . . . . . . .. ... oo o it
LISTOFFIGURES . . .« « c v i vttt e e e e e et e e e e e e e v
LISTOF TABLES . . . . . . . . o o i i et et e e e e e e e e e e vii
LIST OF ACRONYMS . . . .« .« i i v i e et e et e e e e e e e viii
LISTOF SPECIALSYMBOLS . . . . . . . .« v v i vt v v v e v v ix
LINTRODUCTION . . . . o i ot e v vt vt e v e e e e e e e e e e e 1
1l Background . . . . . L. 0oL o e s e e e e 1
1.2 Acousto-Optic Spectrum Apalyzer . . . . . . .. . .. o000 2
1.3 Problem Statement and Thesis Organization . . . . . . . . . . . . . 3
ILTHESYSTEMMODEL . . . . . .. ...ttt vv v oo 5
21 Introduction; . . . - . . ...l o oo e e e 5
22 Signal Model . . . . . .. ... L. s e e . G e e e e e e 5
221 A0SA Configuration . . . . . . . . o000 e e . 5
2.2.2 Mathematical Model . . . . . . . . . .o 00 0o 8
2.2.3 Numerical Calculations . . . . . . . . . . .. ... 14
¢ ' Generalcase . . . . . . .+ v . ot e e e e R £
Untruncated Gaussian windowing ... . . . . . . . . . . .. 19
o Truncated exponential windowing . . . . . . . ... . . . .. 23
Rectangular wmdowmg e e s P T T 25
9.3 Noise Model . . . . . . .. e e e e T 25
2.4 Signal Plus Noise Model . . . . . . e e e R 27
IILDETECTION . . . . 0 i i it e v v v m v e e e e e a s s e s 29
3.1 Introduction . . . . . . . B e v e e e e e e e e e e e e e e e e 29
3.2 Detection of a Known Frequency . .. . . .. e e e e e e e e e 30
3.3 Detection of an Unknown Frequency . ~ . . . . o« v v v oo v oo 34
IV. ESTIMATION OF THE FREQUENCY .................. 40
4.1 Introduction . . . . . WSl e e e e e e e e e . . .40
42 Cramér-RaoBound . . . . .. . .00 onw e e e e e L. 41
4.3 Peak-Detecting Estimator . . . . . .. . oo oo e e e e e e e 49
~ °V.ESTIMATION OF THEPOWER . . « v v v e v v s o ie e e o . 59
51Introduction . . . . . . . 4 0 e e e e e e e e e e e s S
5.2 Maximum Likelihood Estimate " . . .. . ... . . . S e e e e e e e 60

5.3 Effect of Inaccuracies in the Frequency Estimate . . . . . . . . . . . 62

iii



VI. CONCLUSIONS AND COMMENTS . . . . . . . . . .. .. ... ... 67

6.1Summary . . . . . . . . . 0 e e e e e e e e e e e e e e e e e 67

6.2 Suggestions for Further Research and Comments . . . . . . . . . . . 68
APPENDIX. Zf;l H?/72 FOR DIFFERENT VALUESOF B . . .. ... .. 70
71

REFERENCES . . . . . & o o i o it it e e i i et d it et e e e e e

v

)



LIST OF FIGURES

Title Page

Acousto-optic spectrum analyzer configuration

------------

RMS Error of the peak-detecting estimator ('rB = 0.5, n =15, K = 20)

-1 )

v

Window w(i) whenar=05,T=1 . . . . . . . . .. . ... ... 19
G(fywhenar=05,T=1 . ... .. ... 20
H(f)forar=05T=1,7B=1 ... ... ... ... 20
Window w(t) when ar=0,T=2 . . ... ... ... ... .. 21
G(fywhenar=0,T=2 . .. ... .« v 22
H(f)forar=0,T=2,7B=1 . ... ... ... 22
Window w(t) when ar =05,T=0 . . . . . . .. .. .. ... .. 23
G(fywhen ar=05,T=0 .. . .. . .. oo vttt oo 24
H(f)forar=05T=0,7B=1 . . . . . . . .« oo v 24
Window w() whenar=0,T=0 . .. ... .. ... . ... 25
G(f)whenar=0,T=0 . .. . .« .. v oo 26
H(f)forar=0,T=0,7B=1 ... ... .. ... .. .. . .26
Performance of the matched'filter . . . . . . . R 35
Performance degradation of the matched filter . . . . . . .. L i I
Outpt;ﬁofAOSAfora'r—O T=0,7TB=3/4 ... ... k SR
- Qutput of AOSA for ar = 0 T=0,7B=6 ............. 45
RMS.g when TB=3/4 . . .. ... e e e e e e e e e e e 47
RMSmwhean—l...................f..'.47
RMS.r whenB=125 . .. .. e e e e e e . .. . .48
RMS.g when 7B=15 . . . .. I_.P e e e e e e e e e e ... .48
RMSen-whener=1.75 ........ 49 -
Average RMS error of the efficient estimator (0 < 7B < 2) e .. .50
‘Average RMS error of the efficient estimator (0 < 7B < 5 . .. .. .8l
RMS error of the peak-detectmg estimator (7B = 0.5, n = 15, K = 10) 53
' Mean error of the peak-detecting estimator (7B = 0.5, n= 15 K=10) .54
. 54



4.13 Mean crror of the peak-detecting estimator (7B = 0.5, n =15, K =20) . 55

4.14 Average RMS error of the peak-detecting estimator . . . . . . . . . . 57
4.15 RMS error of the peak-detecting estimator when K =00 . . . . . . . . 58
4,16 Mean error (bias) of the peak-detecting estimator when K =00 . . . . 58
5.1 Normalized bias of the ML estimator . . . . . . . . . . . ... .. 65
X
¥



Table
3.1

Il

LIST OF TABRLES

Title Page
Normalized bias of ML estimator when (fo — fo)=+B/2 . . . . . . . 64
N H2[7? for different values of TB . . . . . . . . .. .. .. .. 70

vii



LIST OF ACRONYMS

AOSA acousto-optic spectrum analyzer

APD avalanche photodiode

Ccw continuous-wave

DFT discrete Fourier transform

EW electronic warfare

FIR finite impulse response

IFF identification friend or foe

IFM instantaneous frequency measurement
I0C integratad optical circuit

ML maximum likelihood

RF radio frequency

RMS root mean squared

UMP “uniformly most powerful

viil



Symbol

LIST OF SPECIAL SYMBOLS

Reference
Ezplanation (page ot equation)
amplitude of input sinusoid . . . . . . ..o oL 000 (2.3)
channel bandwidth of the AOSA . . . . . . . . ... ...... 14
expectationoperator . . . . . . . . . . L. 0oL .l e 37
errorfunction . . . . . L L L0 L0000 00w e e e (4.18)
complementary error function . . . . .. . .. .o (3.18)
exponential function . . . . . . .. . .. P 8
Fourier transform operator . . . . . . . . . . . . ... .. (2.35)

frequency that corresponds to the center of photodetector element & . 10
frequency of input SIAUSOId L . . e e e e e e e e e e e e e (2.3)
magnitude squared Fourier transform of the window function w(t)  (2.12)

function representing the profile of the individual photodetector elements 10

convolution of G(fland H(f) . . . . . . . . .« . . .. (2.18)
sample of H( f) corresponding to pixel i (Hi =H{fi—fo)) . . . . . . 31
integration time of photodetectors . . . . . . . . e e e e 10

constant related to the attenuation of the Bragg cell (L=ar) . . . . 18
natural logarithm function . . . . . . . . .. . .. « ... (3.10)

‘mean error of the peak-detecting estimator . . . . . . . . .. (4.20)

* deterministic signal component on pixel i (the mean of r; since n; is assumed

tohavezeromean) . . . . . . . v . . 0 40 e e e (2.47)
number of pixels included in the caleulations(n < N) . . . . . . . . 46
number of ph.otodetector.ellements in the linear array . . . . . . . . 28
random variable of fhe noise on pixel ¢ . . . . . . .’ cee - . (247
probability measure . . . . . . . .. .o oo o e e . (3.4)
.receivedvector...................'.... (2.46)
rectangular function . . . . . . .. ..o . Ce e ..(2'25)

received signal on pixel ¢ . . . . . . e e e e e e e e e e e (2.47)_



RMS.q
RMS,;

SmL

u(t)

Vareg

w()

RMS crror of the efficient estimator (RMS.g = /Vareg) . . . . . . . 46

RMS error of the peak-detecting estimator . . . . . . . . . . . (4.19)
squared amplitude of input sinusoid (S=42) . ... ... ... . 60
maximum likelihood estimateof S . . . . . . . . . . . . ... (5.7
ratio of 7 and the e~2 width of Gaussian shaped laser beam . . . (2.25)
inputsignal . . . . ... L0000 oL o Lol 8
normalized frequency (v=f7) . . . . . . . . . ... ..., 16
variance of the efficient estimator . . . . . . . . . e e e e 43
window function ................ e e e e e e e 9
normalized time (z=¢/7) . . . . . . . .. .0 e 18
deterministic component of the signal produced at the output of the kth
dectector as a result of the jth integration time frame . . . . . . . (2.1)
- attenuation factor of the acoustic wave in nepersfsec . . . . . . (2.25)
Dirac delta function . . T 17
likelihood ratio (p(R [H)/P(RIHo)) « « v v v v v v v i v oo (3.4)
phase of input sinusoid . . . . ... Lo 000000 (2.3)
probability that the signal on pixel j is higher than all the others . (4.16)
NOISE VALIANCE . . . &+ v v v v v v v 4 e b e e e e e e e e e 27
transit time of the acoustic wave in the Braggeell . . . . . .. . .14
Braggangle . .. .. .. .. e e e e e e e e e e e e 6



I. INTRODUCTION

1.1 BACKGROUND

Over the last century, electronic systems have grown to predominance in the com-
mand, control and communications area of military logistics. Besides the devclopment
of communications and radar systems for military applications, the desire to disrupt the
| enemy’s electronic systems has fostered the development of a new arca called clectronic
warfare (EW). The purpose of EW is to make use of electromagnétic energy to determine,
exploit, reduce or prevent the enemy’s use of the electromagnetic spectrum, while insur-
ing the friendly use of this spectrum. In electronic warfare applications, receivers can be
used to intercept signals from enemy transmitters, while jamming transmitters are used
to generate false information or noise to modify the signal received by the enecmy. The
intercepted information could be used to identif\y and evaluate the‘thrent associated with
an emitter or to detect the parameters of the t&smitter which would help in a jamming
operation. In this context, although some information on the transmitter is available, the
transmitter pmaﬁetm cannot be used iln the design of the receiver since the radiating |
sources are noncooperative. Under such coﬁditions, the intercepting receiver must be de-
signed somewhat independently of the transmitter so that it is able to reccive a varicty of
different signals and extract the desired information. For that reason, the design of such
receivers is complex and requires a good understanding of the signal environment in which
the receiver must operate. | |
Microwave electronic warfare receivers, for this kind of operation can be divided into
the following groups according to their structures: crystal video receivers, superheterodyne
(“superhet™) receivers, instantaneous frequency measurement (IFM) receivers, channelized

. . ‘ .
receivers, compressive (also called microscan) receivers, and Bragg cell receivers. For
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clectronic warfare applications, the performance of the latter three types of receivers is
expected to be far better than that of the former three types in terms of the width of the
spectrum that can be dealt with, the signal levels that could be sucessfully intercepted
and the number of signals that could be simultaneously -dealt with b-y the receiver [1, pp.
3]. The full potential of these receivers has not yet been reached due to various technical
difficulties and most of the research and development presel:;ﬂy underway in this area is

aimed at overcoming these difficulties.

1.2 ACOUSTO-OPTIC SPECTRUM ANALYZER

In this thesis, we will solely be conceméd with the most mature Bragg cell receiver
configuration which has come to be commonly called an acousio-optic specirum anclyzer
(AOSA). In this receiver, input electrical radio frequency (RF) signals are first transformed
into spatial patterns which modulate a light beam, generating a spatial distribution of
the light intensity which is sensed by a photodetector array. This spatial distribution

depends on the parameters of the signals received and can be used to discern the needed

(N

information. While many modulation téchniques can be used in optical processors (e.g.,
tllermmﬁlqstic deformation and electro-optic modulation), Bragg cell receivers use at::ousto-
optic modulation. In this case, the electrical signal is converted into an acoustic wave
which propagates througﬂ an optically t'xl‘a.nsparent material (Bragg cell). Through the
el#sto—optic effect, the acoustic wave produces a spatial modulation of the refractive index
in the Bragg cell. When a light wave is passed through the Bragg cell, the refractive
" index modulation (and hence the electric signal waveform) is impressed onto fhe optiéal
wavefront as a spatial phase modulation. A suitable optical lens system is used to convert
the modulated optical wavefront into a spatial intensity modulation corresponding to the
power spectrum of the Bragg cell input signal. The transformed signal is read and converted
back to electrical form using a linear array of Iphotodetectors. Since each photodetjector,
due to its physical size, provides an outi)ut which is proportional to the integral of the

2



spectrum over a narrow portion, we can describe the AOSA as a form of channelized
receiver.

Although the principles discussed above have been known for many years, it was only
fairly recently that the requisite technologies have become sufficiently developed to make
Bragg céll optical processors feasible. Of particular importiance is the development of
lasers with adequate output levels since high brightness in the optical wave is essential to
achieve satisfactory performance. Other significant technological advances over the last
decade include the achievement of large (> 100) time-bandwidth products in Bragg cclls
and the development; of large photodetector arrays. While much work remains to be done,
especially in the areas of dynamic range and output rate of detector arrays, these recent
developments in optical processor technology have encouraged the explorﬁtion of Bragg
cell processors for microwave receiver applications.

The most attractive aspect of using the Bragg cell as a microwave recciver is its
potentially extremely small size and low &oét. Theoretically, a Bragg ccll receiver con
perform as a con§entiona.1 channelized receiver without tl;e hundreds of filters required in
such a réceiver. The Bragg cell receiver can have a maximum time-bandwidth product
of 'approxima.ﬁely 1000 which is equivalent to a channelized receiver with 1000 filters. [1,
pp. 150]. Furthermore, the development of integrated opticé.l circuits (I0Cs) makes. the
integration of the laser source, the Bragg cell transducer, output detector arrays, and the
optical lens system on a single chlp possible. An integrated optical Bragg cell receiver
could have a volume as small as 0.1 x 2 X 6 cm® [2]. These developments make the Brngg

cell approach the most attractive electronic warfare receiver for airborne applications [1,

pp. 150].

1.3 PROBLEM STATEMENT AND THESIS ORGANIZATIOnN

Iﬁ this thesis, we are concerned with the problem of processing the output signals of an

' AOSA when this receiver is used to monitor the electromagnetic environment in an effort

1
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to detect the presence of radar signals and measure their respective parameters. Such EW
receivers must be able to cope simultaneously with many different radar signals. In addi-
tion to radar, other types of signals may be present including beacons and transponders,
jammers, missile guidance signals, data signals, altimeter signals, navigation emissions,
and identification friend or foe (IFF) signals [3, p- 1]. This means that there is a large
variety of signals that we can expect to intercept. Since a statistical analysis dealing with
all of these signals at once would be extiremely complex and likely intractable, we will limit
our analysis to the case when we are receiving continuous-wave (CW) signals. In the case
of a CW signal, once we have detected its presence, there are two parameters that we are
interested in estimating: its frequency and its power. We feel that this is a good place
to start as it will contribute to a better uﬁdersta.nding of the critical issues and tradeoffs
and provide a more rigorous and systematic founda.tion upon which optimal or suboptimal
algorithms can be derived for the solution of tlie whole problem. We will therefore address
the problem of finding efficient algorithms for the processing of the outputs of an AOSA
in order to fulfill the tasks of detecting the presence of CW signals and estimating their
respective frequency and power. '

To bégin thg analysis of this problem, we p;esenii in Chapter 2 a statistical model
of the output signals from an AOSA which will form the basis of the statistical analyses
performed in the subsequent chapters. Using this model, we then consider the detection
problem in Chapter 3, the frequency estimation problem in Chapter 4, and the power
estimation problem in Chapter 5. Finally, in Chapter 6 we summarize the results and

discuss the needs for further research. ‘
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. THE SYSTEM MODEL

2.1 INTRODUCTION

In order to perform a statistical analysis of the performance rof any given system,
we must first obtain 2 mathematical model of the stgna]s and the noise for that system.
In this chapter, we present a model for the signals and the noise at the output of an
acousto-optic spectrum analyzer (AOSA). This chapter is fundamental to this thesis as -

-all the following chapters will be based on it. Indeed, the detection, frequency estimation
and power'éstimation analyses performed in the subsequent chapters will be based on the
model presented in this chapter. | ‘

‘In the next section, we present a model for the signals at the output of an AOSA ) \
assuming the noiseless situation. To this end, we present the AOSA conﬁgumt:on that
will be analyzed in this thesis along with a ﬁrst-order theory of Operatwn Next we
present a mathematical model that can be used to represent the signals and we gwe some ’

numerical algonthms that can be used to calculate the outputs on a digital computer

In the third section of this chapter, we give the noise model that will be used in tlus
thesis along with a discussion of why it was chosen. Finally, in the last section of this
chapter we conclude by giving the complete signal plus noise model ‘that will be used in
the‘ subsequent chapters for the different statistical analyses.

[}

2.2 SIGNAL MODEL : o =

2.2.1 AOSA Configuration

A block diagrain of the AOSA conﬁguration of interest in this thesis is shown in
Fig. 2.1. The first component of this system is the laser which is the source of the optical

wave. Since the beam provided by the laser is usually rela.twcly small, a ‘beam expander

5



is required so that a plane wave commensurate with the physical size of the Bragg cell
is obtained. This is usually accomplished with a series of lenses which are also used to
improve the quality of the light in terms of getting a plane optical wave.

The key component of this system is the Bragg cell which acts as an input device by
transforming the input electrical signal into an acoustic wave that propagates in a trans-
parent medium and thercfore interacts with the optical wave. The phenomenon by which
this interaction takes place is called acousto-optic diffraction. The mechanism through
which acousto-optic diffraction takes place is due to the fact that when an acoustic wave
propagates in a transparent medium, it induces loczlized refractive index variations via
.the elasto-optical effect. The acoustic wave acts like a moving phase grating which may
diffract portions .of an incident light beam into one or more beams which are referred to .
as the different diffracted orders. Provided the Bragg cell is tilted by the proper angle 65

_(the Bragg angle) then it is possible to obtain only one diffracted order. The proper value
- for 8p depends 6ﬁ the frequency of the optical wave and the frequency of the acoustic
wave, (The reader in search of an intuitive understandmg of acousto-optic diffraction can
consult [4], while a more rigorous derivation from the fundamental Maxwell’s equations is
given in [5].) An important characteristic of acousto-optlc diffraction is that the diffracted |
light wave will be phase modulated by the phase of the z;.coustic wave with the result
that it will be diffracted at an angle directly proportlonal to the frequency of the a.coustlc
wave. The Fourier I:ransform lens will then map the two-dxmens.onal Founer transform of
this diffracted wave onto its focal plane. For that reason, we will henceforth refer to thxs
pl\n.nc as the frequency plane . (The reader who desires an understanding of how a lens ca.n&
pcrform a two-dlmenswnal Fourier transform can consult [6, pp. 77-87). ) Smce we assume
that the mcldent Optlcal wave to the Bragg cell and the acoustxc wave m the cell are both_ .
plane wavgs, then one dxmensmn of the frequency pla.ne wﬂl 51mply be the opg«d1men510na.l k

Fouriér transform of the input signal while the other dimension of the ﬁ'équency plane will
' i

r:not show any variation from that. | \J
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In order to convert the result of this optical processing to electrical form, we place .

a linear array of photodetectors in the frequency plane (which is the focal plane of the
Fourier transform lens). These photodetectors perform a spatial averaging of the light
intensity which rcpresents the power spectrum of the input signal. In this thesis, we
will also assume that these photodetectors are of the time-integrating type. This is a
rcasonable assumption as many practical devices operate in that way, which means that
they periodically integrate, sample and dump tﬁe light intensity (the power spectrum of

 the input signal).

2.2.2 Mathematical Model

From the standpoint of the above description concerning the AOSA configuration of
interest in this report, we will now proceed to do a step by step derivation of a mathematical
model that is often used to calculate its output signals. Using this approach, we will
introduce some additjbnal practical issues and show how these are iflcorporated in the
model. |

Asa starting point, if u(t) is the input signal, then its Fourier transform is

Ulw)= j ” u(t) exp(—i2m ff;dt.

-—00

- Now, any physical Bragg cell would have a finite size and it is clear that the light in the
fréqueriéy plane can only repfesent the spectrum analysis of that portion of the signal
which has not entirely propagated through the Brégg cell at the p_articula.r point in time.
In cffect, this means that the AOSA has a finite time aperture ow;er which. to perform

spectrum analysis and this determines its fundamental limit in spectral resolution. To

| account for this, we can model the amplitude and phase of the light wave in the frequency

plane as a sliding window spectrum which for a given time ¢ is
[ wleyute - pyesp(—iznifag
—00

8
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where w(p) is a rectangular function to account for the fact that the Bragg cell has a finite
size and hence the input signal u(¢) will appear to experience truncation in time.

1t turns out that this window function w(8) can also be used to account for some other
practical issues concerning the Bragg cell and the laser beam. For instance, the window

function can be used to account for the fact that the acoustic wave will be attenuated as

" it propagates in the cell. We usually account for this by changing w(f) from a rectangular

function to a truncated exponential decaying function. The extent to which it will be
important. to account for this attenuation of the acoustic wave as it propagates through
the cell will depend on the Bragg cell, the frequency band and the specific system design
that is used. | |

Still another practical issue that the window function w(8) is able to incorporate is
the uniformity of illumination on the Bragg cell. Most practical lasers have a Gaussian
shaped i)mﬁle and this fact can be used to obtain a windowed spectrum analysis with
lower sidelobes. This effect can be incorporated in the model through the function w(8) to

which we add a Gaussian component. The extent to which it will be important to account

~ for this i)ractical issue will depend on the laser and the specific system design that is used.

Yet another component of our AOSA system which will affect our mathematical model
is the linear array of photodetectors that we use. First, we should note that these photode-
tectors-are sensitive to the light intensity which corresponds to the squared magnitude of

the optical wave. Hence, in our model we will use a sliding window power spectrum which

C

for a given time ¢ is

[ wenc-p et 0|

Secdndly, we should note. that the array does not contain an infinite number of pho-

" todetectors and nor are these of infinitesimal size. Since the photodetectors have a certain

';mdth they wﬂl spatlally integrate the light intensity which corresponds to a frequcncy

integration of the power spectrum of the input signal. We can therefore represent the
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output of an individual photodetector as

] H(f - ) j w(Byult — B) expl(—iznfB)dp| &f

where H(f) describes the spatial response of that photodetector. Usually, it is assumed
that H(f) is a rectangular function and the bandwidth that it represents is analogous
to the bandwidth of a filter in a channelized receiver. However, if we know which array l‘
of photodetectors will be used and there is some data available concerning the profile of
the individual detector elements, then H(f) can be used to take this into account. The
frequency that corresponds to the center of a photodetector element is called fi and we
will sometimes refer to that frequency as the frequency associaied with ihe kth delector.
Thirdly, as we mentioned earlier, we will assume in this thesis that the photodetectors
are of the time-integrating type. In that case, we get that the output of an individual

photodetector can be represented as

/, e ] H(F - i)

where [ is the integration time of the photodetectors.

f w(B)ult - B) exp(—i2n fB)dP “dat

To summarize, if we assume that an integrdting photodei:_gctor array is placed in the
" frequency plane, then a mathematical model that can be used to describe the signals
produced by the AOSA and the one that will be used throughout this thesis is represented

o]

by the following equation 1)

(1M poo o0 ' 2
xu= [ [ A1 \ [ wlyte - prexel-izniyap| arat (2)
&1 -—00 —o0 . ,

.where X ;. is the voltage produced at the output of the kth detector for the jth integrated
“time frame. Basically, this eqﬁation implies that the instantaneous light intensity distri-
bution shilling on the array of photodetectors is the magnitude squared Fourier tra.nsform
of the part of the signals tlmt are contained in the Bragg cell at that time, windowed by
the function w(g). In add1t1on it implies that each photodetector in the frequency pla.ne

10



spatially integrates this light intensity distribution and converts it to currents which arc
integrated and sampled at periodic intervals of duration I.

In [7] we find a comparison between an extended version of this model and some
experimental results, which serves to validate our model. It should be noted that the
model that we will use in this thesis is often used [§][9] to perform analyses on the output
signals of an AQSA.

When u(2) is a pure sinusoid (which corresponds to the case where the input signalis a
continuous-wave), the mathematical model represented by equation (2.1) can be rewritten

in a more convenient form. To see this, we note that equation (2.1) can be rewritten as

(j+1)] poo poo  poo .
Xju = jJ I’ [ [ [ Bt - fwey @t - ey - 8)
exp [—i2r f(a — B)] dadB df dt. (2.2)

DA

I
u(t)b= Acos(2r fot + ¢) (23)
thea
u(t — a)u*(t — B) = Acos[2nfo(t — a) + ¢] - Acos [2mfo(t — B) + ¢] (24)
= %2{008 [47 fot — 27 fo(@ + B) + 2¢] + cos [gwfo(a —.ﬁ)]}. (2.5)
Thus

A2 G+ poo poo  poo ‘ l - ‘ o
lef = ?/JI [_w ./;oo [—mH(f— i yw(a)w (ﬁ){cos[2wfoga - 8)]
+ cos[d fot - 27 fola + B) + 2¢] } exp [—i2x f(a — B)] da dadfdt  (2.6)
277 [ 8u- owtawr@resmi-insa=p).

(G+0I ' : ' ‘
f {cos [27 fo{ex — B)] + cos [dx fot — 27 fo(a + B) + 2¢]}dt dadpdf. (2.7) -
i ‘ '

e
e
N,
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In practical situations we can expect that I 3> 1/47f; (the integration time of the

system is over several periods of the CW signal) so that

G+
exp [—22n f(a — B)]/ {cos [27 fo{a — B)] + cos [47 fot — 27 fo(a + B) + 2¢]}dt
i1
= exp[-i27f(c — B)] {cos 27 fole — B)| I

G+3)1

sin [47 fot — 27 fo(oe + B) + 24
| + [ - . } (2.8)
= exp [-i27 f(a — B)] cos 27 fo(a = )| I  © (2.9)
= gexpl-i2af(a — )] {expli2nfo(a— B)] + exp [-i2nfo(ar ~ B)])
= 5{e liznte— B)F - fll + splizata= XS + 5. (210)

Substituting (2.10) in (2.7) we get that for I > 1/4xn f,

xum S [” j j H(f — foyu(a)w* (B){esp [-i2n(e — B)(F ~ o)

+exp[-i2n(a — B)(f + fo)l }dacdBdf. (211)

’

If we define

o0 | : ‘2
G(f) = ’ / w(t) exp(—i2n f2)dt (2.12)
=/ e erp(-t"#fa)da [ w@restizninias
= [ [ wlayrp)explionse - B dwds BRNCEE)

then : ‘
G+ o) = / ] w(@)u*(6) exp [izn(a - B)(f + pldads (216
and smnlml},r |
G(f - fo) = f > /m ;U(a)w*(ﬁ) exp [-i2n(a - B)(f — fo)l da dB. (2.18)
'-‘Substltutmg (" 14) and (2. 15) in (2.11) we get | R

An;ﬂ [ B -6t - 2+ 6 + g (215
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Now if we assume that H(f) is symmetrical about  f = 0, then

[ #5066+ fof = [ B = DG + o)
= [ Bl + )+ HIGU + fo)df
= [ Hfu+ fo= OGS = HiFek fo), @22)
where
M) = [ B - P (2.15)

which is the convolution between the functions G(f) and H{f). Clearly this is a function

centered about the origin with bandwidth the sum of the bandwidths of G(f) and H(f).
If we note that

He= i) = [ B~ 56U - fdf (219)

then by substituting (2.17) and (2.19) in (2.16) we get that

L AP
Xip = == (H(fi = fo) + H(fi + fo)} - (2.20)

But since the passband of a practical Bragg cell for this application would normally be at
frequencies which are high with respect to the bandwidth of H(f), then H(fi + fo) will
be very small compared to 'H(f; — fo), and thus we have that for I > 1/4nf,

AT, 7 | |
Xjr m ——H(fx = fo)- ; (2.21)

We shall adopt this mathematical model throughout this thesis and use ?
Xjr = t—zr-ﬁ(fk - fo), | (2.22)
where H(f) is the convolution between thg functions G(f) and H(f),
H(f) = f_ Z H(f - G | (2..23)
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with G(f) the magnitude squared of the Fourier transform of the window function
= =] 2
G(f) = |/ w(t) exp(—i2x ft)dt| . (2.24)

2.2.3 Numerical Calculations

When the input signal is a CW, u(t) = Acos(2r f,t + ¢) and the output for the kth
photodetector element X, can be obtained by appropriately sampling H( f) and multiply-
ing by a scale factor, as can be seen from equation (2.22). In turn, samples of ‘H( f) can be
obtained by integrating portions of G(f) as can be seen from equation (2.23). If H(f) is
a rectangular function, then samples of H(f) can be obtained by simply integrating G(f)
over the appropriate intervals and if not, then we need to window G(f) according to H(f)
before we integrate.

In most of the cases of interest, there is no closed form solution to equation (2.23) and
- hence we must evaluate H(f) numerically. In fact, most of the time it is even difficult to .
obtain a closed form solution for G(f) as defined in equation (2.24).

The derivations performed in the subsequent chapters will be general and could bgﬁ
applied to any system configuration. However, for thé numerical calculations in thes;
chapters we will always assume that H(f) is a rectangular function of unit amplitude and
width B Hz, symmetrical about f = 0. This is probably a reasonable assumption as it is
unlikcly that any practical H(f) will affect our calculations to any great extent. In any
casc, the calculations could easily be redone for any H(f). |

In addition, the nq_meri;:al calculations performed in the subsequent chapters will only
consider the case where w(?) is a rectangular fuﬁction of unit amplitude over the interval
[0,7]. This truncation effect due to the ﬁnfte size of the Bragg cell is certainly the most
ﬁmportant factor to take into account. However, as it was mentiom?d in the previous
subsecti_oﬁ, there are other effects which may or may not require to be faken into account

depending on the Sysiem configuration and the specific components that are used in the
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system. The fact is that there could be many possibilities for w(t), depending on the
application.

Since there is such a large variation in w(?), in this thesis we have chosen to do the
numerical calculations only for the most basic case where w(t) is a rectangular function.
We assume that the reader interested in the calculations for another specific w(t) will redo
these calculations to see if they are very different from the calculations performed in this
thesis. However, to give an appreciation of the effect of w(t) on the signals produced by

an AQSA, we will show how G(f) can be calculated for some of the other specific cases of

w(t) and how this will affect the function H(f).

General case

A family of window functions w(#) that is found to be useful [10] is given by

w(t) = exp [—a( fo)t —4T? (; - %)2] rgct (-:7 - %) , (2.25)

-t

where « (in nepers/sec) accounts for the acoﬁstic amplitude attenuation and is a fuﬁction
of the input signal frequ‘ency, T accounts for the profile of practical lasér beams and is the
ratio of the truncated aperture over. the e~2 intensity width of that Gaussian profile, and =
(in seconds) is the truncated aperture which is related to the physical length of the Bragg
cell. |

If @ = 0 (that is, if we assume that there are no propagation losses in the Bragg
cell), we have that w(2) is a truncated Gaussian profile. To see the effect of the acoustic
attenuation on that window function, we can transform equation (2.25) into the following

form

_ 2(t_1, ar\* (ar) et i_..l,)
w(t)‘e"p['ﬂ (?‘i s77) tTemr 7| TUN\F T3 (2.26)

where'v;ve can see that the acoustic attenuation causes a shift in the peak position of the
Gaussian profile as well as a decrease in the peak amplitude. However, the general shape -

of the window function is preserved.

15



2

In general, there is no closed form solution to the Fourier transform of equation (2.25).
So unless some simplification or approximation is done, we cannot obtain a closed form ex-
pression for G(f). Once we have obtained G(f), we can easily obtain H(f) by numerically
integrating G(f) over finite periods since we assume that H(f) is a rectangular weighting
function.

We can estimate G(f) numerically using the rectangular rule as

2
: (2.27)

M-1
At Z w(mAt) exp(—i27 fmAt)

m=0

G(f) = Ga(f) =

If we let' At = 7/M, where M is the number of points from w(t) that will be used to
calculate one sample of G(f), then

2

M-1 .
T mT —127 fmT
= |55 V3 — 2.2
Gulf) = | ;:ow(M)exp( ) (228)
Defining v = fr, we get
Galv/7) = [— Mil | (mT) izmom) | (2.29)
= &\ )P\ '
or if we cxpress the complex component in rectangular coordinates, we get
Ga(v/7) = |FK ()2 | (2.30)
where .
-1 mr Tem . . s
I{(U) - : m=0 [w (-lﬁ_) cos (2 ﬂll;M) —w (%) sin (.2%)] (2.31)
and hence | _ ‘
Galv/r) =7° { [Re(K)]" + [Im(K)]" ; - (2.32)
To consider the error associated with the approxim#tion of (2.32), let
M-—1 _ =
| Xo(f) = At ) w(mAt)exp(—i2r fmAt). (2.33) -
m=0 f
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It is easy to see from (2.27) that

Ga(f) = IXa(NP. (2:34)

We note that the Fourier transform of a delayed Dirac delta function 8( — to) is e~ /%0,

Thus we may regard (2.33) as the Fourier transform of At T M1 w(mAL)S(t —mAL), that

m=0

is

M—1 '
Xa(N=F {At Z w(mAL)§(t — mAt)} . (2.35)
m=0
Since w(t) is zero outside the interval [0, 7], we may rewrite (2.35) as
XAf)=F {w(t) At Y b(t- mAt)} (2.36)

which can be transformed, using the well known property for the Fourier transform of

multiplied time functions, to the following

X (f)=W(f)*F {At i §(t— mAt)} ,

m=—-—0o0

which becomes
o0

XN =W 3 5(7-55)
which finally becomes. - : ‘
| Xo(f) = _Z_: W( _%); i (2.37)

So we see that the approximation of equation (2.32) is in fact an aliased version of
G(f). We also see that G,(f) is periodic with period 1/At, hence there is no point in
calculating G(f) outside the range of frequencies '

ﬂ<f<£
2r C 2T

since At = /M. Or if we use the normalized version Gq(v/7), then the range of frequencies

is
_M<v<£
2 2°
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In summary, we have shown how the rectangular rule for numerical integration can be

used to obtain an aliased version of G(f). The resulting normalized numerical equation is

Ga(v/r) =72 {[Re(K W) + [Im (K@)}, (2.38)
where v = fr and

(o) = Stz [ (37) cos (552) i (37) s (253)]
M 3

(2.39)

where M is the number of sample points from w(t) that will be used to calculate one
sample of G(f). We see that the above algorithm is closely related to the DFT algorithm
except for the fact that it can be used to obtain samples of G(f) at any frequency instead

of obtaining those for a fixed set of frequencies. Normalizing w(#) to the following equation

e

w(zr) = exp [—Lm — 472 ( - %) 2] rect ( - -12;) , (2.40)

where L = ar and z = t/7, makes it easy to calculate equation (2.38). G, (v/'r) is periodic
with a period of A with respect to v, so it should only be used to caiculate samples
of G(v/7) for the range =} < v < Y. Since G,(f) is an aliased version of G(f), M
should be made large enough to make this error insignificant and we should not attempt .'
to calculate samples of G(f) which are lower than a certain value. The value of M and
the lowest value of G(f) that we attempt to calculate using Ga(v/7) depend on G(f), so
determining this may require some trial and error. When o = 0 and T' = 0, w(t) is simply
a rectangular win&ow and G( f) is a'squared Sinc function. For that case, the sidelobe
level is down npproxiﬁlately 50 dB from the peak at a frequency of 100/7. For all other
cases, the sidelobes will decrease even more rapidly.

‘?:g‘ig. 2.2 shows the window function w(?) for the case of ar = 0.5, T = 1. Fig. 2.3
show:;%}\the function G(f) calculated from equation (2.38) using M = 200 fo;"the same
case of ar = 0.5, T = L. Finally, Fig. 2.4 shéiws H(f) for that same case assuming the,
photodetectors have a bandwidth of B =1 / 7. 1t should be noted that H(f) is symmetrical |
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about f = 0 even though this is not shown on Fig. 2.4. This last figure is the result of
nurnerically integrating the function G(f). For that reason it is useful to have a numerical
algorithm that can calculate samples of G(f) at any frequency because most numerical

integration programs require a function which can do that.
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Fig. 22  Window w(t) when ot 205, T =1

Untruncated Gaussian windowing

We have showed how the output of the AOSA could be calculated using an a.lgorithm
which has calculations similar to those encountered in the dir;ect. evaluation of the DFT.
But it has long been recognized that the DFT is computationally expensive. In fact it is
presumed that Carl Friedrich Gauss, the: eminent German mathematician, developed an
algorithm that could simplify its ca.lcuiation as early as the year 1805 [11).

It is therefore worthwhile to note that if we assume a = 0 and the Gaussian shaping

is not truncated by the physical size of the Bragg cell, then we can get a closed form
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expression for G( f). Harms and Hummels have used this result in {9] and have calculated
the transform of w(t) by means of a line integral in the complex plane.

In this case we have that

w(t) = exp [—41"2 (t; - %)] | (2.41)

Glv/t) =12 4T2 ——exp (—27;,;’-) (2.42)

where again v = fr. This greatly simplifies the calculation of H(f) but it should enly be

so that

vsed when T is large. (In [9] this approximation for T = 1.63 is used and it is claimed that
the resulzant error is negligible.)

Fig. 2.5 shows the window function, w(t) for the case of T = 2 while Fig. 2.6 shows
the function G(f) §alculated using equation (2.42); Finally, Fig. 2.7 shows H(f) for that

same case assuming the photodetectors have a bandwidth of B =1/7.
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Truncated exponential windowing

If we assume that T = 0, that is if we assume that the laser has no Gaussian shaping
but we still want to take into account the fact that there is attenuation of the acoustic

wave as it propagates through the Bragg cell, then w(?) is given by

2

-

w(t) = exp(—at)rect (::':- - l) (2.43)

and so
[1 - 2e~E cos(2mv) + e~2L]

Glefr) == L7 + (2m0)°

(2.44)

Fig. 2.8 shows the window function w(t) for the case of a7 = 0.5 while Fig. 2.9 shows
the function G(f) calculated using equation (2.44). Finally, Fig. 2.10 shows H(f) for that

same case assuming the photodetectors have a bandwidth of B = 1/7.
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Rectangular windowing

As it was mentioned earlier, if we ignore the acoustic loss of the Bragg cell and the
Gaussizn shaping of the laser, then w(t) is simply a rectangular window whose duration
is Getermined by the physical size of the crystal or the width of the light wave impinging
on zhe cell. For that case it is easy to show that w(t) is as shown in Fig. 2.11 and G(f) is
given by the foilowing equation

o) =PI (245

which is shown in Fig. 2.12. The resulting function H(f) for 7B = 1 is shown in Fig. 2.13.
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2.3 NOISE MODEL

In the previous section, we presented the AOSA configuration of interest in this thesis

_ along with a mathematical model to calculate the deterministic component of the pho- . .

. zodetector output. In addition to the deterministic component due to the input signal, the

N
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photodetector output is corrupted by noise from a variety of sources. Among the possible
noise contributors we can include the laser, the microwave front-end, the photodetectors,
vibration and scattered light.

In the application that we are considering, we are always striving to design reccivers
with high dynamic range and good sensitivity. When designing an AOSA for this ap-
plication, ﬁe usually find that the photodetectors are the bottleneck in terms of those
requirements. This means that the photodetector noise is dominant among the other
sources of noise.

In [12] we performed experimental measurements on the noise of an avalanche photo-
diode (APD) array. This array is of special .interest for the design of systems to monitor the
electromagnetic environment because of its high sensitivity. The measurements were done
using an analog amplifier which would typically be used for this application. It was found
that the distributions governing the noise present in the photodetector clement outputs
were (Gaussian or normal distributioné. The means of the probnbilit.jr density functions
were found to vary significantly from element to element although their variances were

roughly the same.

In light of these ﬁndingé, we will assume in this thesis that the signal comi)oncnts
of \the detector elements are cori'upted by additive Gaussian random variables indepen-
dent of each other but having identical variances. In addition, we will assume that these
random variables have zero means since in practice these noise offsets would most likely
be subtracted out. Hence, the noise model that will be-used in this thesis is that each

photodetector output will be corrupted by independent, identically-distributed zero-mean

Gaussian variables with variance. g2.

2.4 SIGNAL PLUS NOISE MODEL

' Having presented the signal model and the noise model that will be used in this

thesis, we will now present the complete signal plus noise model which will be used in the
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subsequent statistical analyses. To this end, let us first define
R={r,r2,73,...,7n} (2.46)

as the received vector which is used to represent the photodetector outputs after any
integration time frame. We will sometimes refer to the photodetector outputs as the pizel
outputs since this is an expression which is often used in this field.

We note that R is a vector in an N-dimensional space where N is the number of

photodetector elements used in the linear array. We also note that
ri = mi(fo, A) + 1y, 1=1,2,3,...,N L (247

were t_he n;’s are zero-mean, independent identically-distributed random variables with
variance o2, It is important to realize that m; = X in equation (2.1). We have chosen to
henceforth use the later notation (i.e. m;) to reflect the fact that the signal components of
the ri’s are actually the means of these random variables. It is equally important to note
that the m;’s are completely defined once we know the frequency f, and the amplitude A
of the input signal. |

In the following chapters, we will use this signal plus noise model and proceed to
perform statistical -analyses in an effort to obtain efficient post-processing algorithms, We |

will look at the detection as well as the frequency and power estimation problems.



III. DETECTION

3.1 INTRODUCTION

The first problem that we face when processing the output signals of an AOSA is
the detection problem. That is, we must first make a decision as to whether one or more
signals are present before we try to estimate their respective frequency and power.

In order to find an optimal solution for this problem, we must first define a criteria
upon which this optimality is to be decided. One criterion that is commonly used in
classical detection theozy is the Bayes’ critcrion. The use of this criterion requires the
existence qf a priori statistics of the observed signal. This criterion cannot be used in the - |
present circumstance since no meaningful a priori statistics can be assigned. The standard
method of dealing with such situations is to use the Neyman-Pearson criterion.

The Neyman-Pearson criterion considers the conditional probability of deciding that a

signal is present given that there is in reality no signal present (the false alarm probability
Pr) a.nd the conditional probability of deciding that a signal is present given that there s
indeed = signal present (the probability of detection Pp). In applying the Neyman-Pearson
criteria, we like t6 design a test which minimizes Pp and maintains Pp as large as possible
These turn out to be two conflicting objectwcs and so a tradeoff must be made. A specific
aim in applying the Neyman-Pearson criterion js to maximize Pp while mmntmmng Prless
than a specified amount §, that is mmgn:quD subjcct to Pr < § This is the criterion

)_’/_
that we will use in the remaining sectno/u; of this chapter in dealing with the detection

problem we face. ; _\\/W/
The first thing 4o note about this detection ploblem is that we are dealmg with a’

b

composite hypothesxs situation. This is because we scek to detect the presence of a signal

of which we do not know the frequency or the amphtude We somet;mes refe_r to these
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unknown parameters of a composite hypothesis problem as unwanted parameters since we
do not care about them for the purposes of detection; we simply want to decide whether
one or more signals are present irrespective of these parameters.

In the next section, we simply assume that these parameters (the frequency and the
amplitude) are known and we go about deriving the optimum test and its performance,
This is a logical thing to do because in certain instances, by assuming the unwanted param- -
cters are known, we obtain a test which turns out to be independent of these parameters.
‘We refer to such a test as a uniformiy most powerful (UMP) test. It turns out, as we will
show in the next section, that the optimum test we obtain is in fact independent of the
amplitude of the input signal. However, it is dependent on its frequency. In the third sec-
tion, we deal with this by using the test obtained in section 3.2 to decide on the presence
of a number of possible frequencies within the bandwidth of our receiver. We obtain a

scheme which has a good performance and which is easily implemented.

3.2 DETECTION OF A KNOWN FREQUENCY

In this section we will find the optimum detection test under the Neyman-Pearson
criterion for the situation where we want to decide whether a CW signal with a given

frequency is 'present or not. To this end, we let
R = {T],Tg,?‘;;, vee 3TN}

be the received vector where the r;’s are the pixel output values for a given frame. We
can consider this problem as a binary hypothesis test where Hy is the hypothesis that no
signal is present and H, is the hypothesis that a signal is lﬁr&eent and hence we can write
Hp :ry =m,
' - (3.1)
Hy :r; =mi(fo, 4) + ny, i=123,...,N
where the n;’s are zero-mean, independent identically-distributed Gaussian random vari-

ables with variance 02, the m;’s are the signal components, IV is the number of pixels in the
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photodetector array and fy, 4 are respectively the frequency and amplitude of the input
signal as defined in equation (2.3). Referring to equation (2.1), we have that m; = Xj;,
but we will henceforth use this latter notation to denote the fact that the signal compo-

nents are the means of the Gaussian random variables at the output of the AOSA. From
(2.22) we have that
m; = ﬂ}[, (3.2)
where it is understood that the #{;’s are the samples of H( f) corresponding to the frequency
and pixel under consideration (i.e. H; = H(f; — fu))- '
It ié well known [13, pp. 34] that the optimum test according to the Neyman-Pearson

~ criterion is satisfied by the likelihood ratio test

H,

M) Z oA @)
" He
where the likelihood ratio test is defined as
. p(R|Hy) - |
A(R) = IL—- : 3.4
(R = @17 | 34)

. where p(R.| H;) is the conditional probability density function of the reccived vector R
given that hypothesis H; is true and A is some threshold depending on the constraint

Pp < €. This latter quantity can be determined from noting that
m — —
Pr = jA p(AR) | Ho)dA(R). (3.5)

It is easy to show that for our problem as it is deﬁned in equatlon (3.1), the above

conditional probab1ht1es are as follows ' ‘

p(R | Hy) = H\/— (__,,2) | (3.6)

o [ e |

(R|Hl)—1'[
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and hence the likelihood function can be written as

902

A(R) = exp (Z‘-‘ £= T m’)z) (3.8)

9

N N
— exp (- 2imy T = Yiny m?) .

-

But because the natural logarithm is a monotonic function and both sides of equation
(3.3) must be positive, the likehood ratio test is equivalent to the test

H,
In{A(R)} 2 1In(}) (3.10)
Ha

which is very useful given the form of A(R) as shown in equation (3.9)

Indeed, we can say that a test satisfying the Neyman-Pearson criterion for our problem
is as follows

L2 In()). .
:om (3.11)
This is equivalent to the test | '
N H, :
Yormi 27, | (3.12)
‘ i=1 Hy -
where 7 is some constant.

It should be noted that hypothesis H) is a composite hypothesis because it contains

the unwanied parameter A and the test of equation (3.12) cannot be used unless we know
the valuc of A. However, since -

2
n-=£H

we can reduce the above test to the following

Vr

N H:
Z riH; i 7 : (3.13)
i=1 Ho : '
because A%T is a positive quantity. If we let
. ; N
Y= ZT,‘H:

i=1
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then the above test becomes

r

Hy
Y Z 9 (3.14)
Hq
and
w .
Pr= [ p¥ | Ho)dy. (3.15)
-Tl ‘ .

The above test is what is called a uniformly most powerful (UMP) test because
it is completely defined (including threshold) for a given Pr without knowledge of the
parameter A, which is the amplitude of the input signal. Of course, the performance of
this test will be a function of this parameter as will be shown shortly. |

In order to find the performance of this test, we note that if Hy is true then Y is n

(Gaussian random variable with zero mean and variance

N
o = o? Z‘Hf

! =1

And similarly, if H; is true then ¥ is a Gaussian random variable with mean

N NG
F=) mMH= é;—IZ'H?

i=1 Ci=1 N
and variance
. N
0'5- =g? E 'H?.

=1

From thjs‘we have that

i —=" Y4 3.16
Pp=./;’ aymexp(r‘%’-) z (3.16)

or . :
Pp= %erfcl ( \/g;,,) | (317)

“ where - :
erfe(t) = \% [ - exp(-)dt (3.18)
and ' " e | '
Pp= ]7 > jwy exp ‘(Z;;) ]da; (3.19)



or

_1 =Y °
Pp = Eerfc ( Toow ) . (3.20)

Fig. 3.1 shows the performance of the test of equation (3.13) as a function of the

paramcter

- (3.21)

which serves as a figure of merit. Indeed z is the S/N ratio times the integration time
of the photodetectors (I) times a factor whi”ch quantifies the performance gain due to the
matched filter. We can see that the performance gain due to the matched ﬁltef depends
on the number of pixels that are used in the é;igorithm. In the Appendix we calculate
E?’;1 H? for different values of the constant 7B. Of course, in practice we would not use
N values of the H;’s in equation (3.13) to implement this test because some of these values
will be insignificantly small. Using Fig. 3.1 and equation (3.21) we could find a reasonable

number of H;’s to use in our test for a given system configuration.

3.3DETECTION OF AN UNKNOWN FREQUENCY

In the previous section, we looked at the optimum detection test using the Neyman-
Iséﬁlxﬁon criterion for the case of a signal with known frequency. We have found that
l:he“optimum t-;est for that case is the matched ﬁltér and we have also characterized its
performance. However, for our application which is to use an AOSA to monitor the
clectromagnetic enviromﬁent, we are not only interested in testing for the presence of one
known frequencj, but rather we are interested in testing for the presencé of a range of
unknown frequencies. - |

We can approach this problem by dividing the bandwidth of our receivér into a set.
of possible frequenc?ies such that the resultant sequence forms a fine mesh over the ﬁﬁole
bandwidth. Having done this, we can then use the matched.ﬁltei- to sequentia.lly test for

the presence of each one of these possible frequencies. We know that this test will be
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optimum if the input signal frequency corresponds to one of the possible frequencies that
we have selected for our set. |

A natural and convenient spacing for this set of possible frequencies is B, the frequency
width of each photodetector. The reason for this is that, once we have selected the length
of the matched filter, let us say n pixels, then we can simply slide the matched filter over
the whole array, comparing its output against a threshold. This is simply a Finite Impulse
Response (FIR) filter algorithm and is easily implemented as photodetector arrays often
use serial output structures.

The advantage of this scheme is that we need not change the thfeshold value that we
have selected according to the false alarm probability that we are willing to live with. Of
course, something different will have to be done for the frequelacies near the edge of the
army We could s:mply not consider the edge frequencxes if the value of n is small or we
could change the value of the threshold for these edge frequencies. When a strong signal
is present, the output of the FIR filter will likely e:;f:eed the threshold for more than one
frequency, but this is accept‘a.ble since we are usingl;his scheme to detect the presence of
signals and IlOt to estimate tlle frequencies of those signals.'

This scheme will optimally detect the presence of all the frequencies selected in our set.
of possible freciuen'cies under the constraint of a given false alarm probability. We might
want to know how this detection scheme performs for the frequencies that are not included
in this set; we cannot, after all expect to have a frequency line up with a photddetector
center frequencv To answer this questlon, let us consider the more genera.l case of how
the performance of the test of equation (3.13) is affected when the 'H s used in the test
are different from the ‘H. s that correspond to the. sxgnal This could happen when the
frequency of the input s1gnal is different from the one we assumed w1th the H;’s of the filter
or when the, window functmn w(t) that we used to calculate the H;’s was not accurately

measured or for any other reason.
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To calculate this effect on performance let

=>rH: Z 7 (3.22)
i=1 Ho .

be the test, where the H;’s are used in the test but do not actually correspond to the H;’s

of the signal. In this case, if Hp is true, Y is a Gaussian random variable with zero mean

and variance
N
2 _ 22 2
0'1-,—0' i
i=1

But if H, is true, then ¥ is a random variable with mean

. N 2
B{¥} =3 Flim; =2 IZ‘H Hy

i=1 i=1
and variance
, N
2 _ 2 /2
oL =0 Z'H,- .
‘ i=1
It is easy to show that the performance of the test of equation (3.22) is the same as the

performance of the UMP tesf./ _as shown in Fig. 3.1 except that for this case
Na

275N 474y, ' ¥ ‘
z= M ‘ (3.23)

Ty 2.N=1 H

We can therefore ta.ke'.the ;ja.tio of equation (3.23) and (3.21) to find the degradation
in deteétiim performance when the input signal frequer\xcy is between two pixels but the
matched filter used is designed to test for the case when the input.signal frequency corre-
' spénds to one pi;:el Fig. 3.2 shows this degradation for diﬂ-'erent values of the constant 7B
assuming rectangular windowing, We have used a matched filter with 25 taps to calculatc.
the curves of Fig. 3.2 and this assures us that all the H;’s that were dropped were msngmf-
1cantly small. In F:g 3.2, we have only calculated the degmda.t:on over one penod since
the degradatlon is penodac with penod B. Asan 1llustrat1on of how to interpret Fig. 3.2, |

a degradation of 1 dB means that the input signal power would have to be 1 dB‘,hxgher to
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obtain the same probability of detection as if the input signal frequency corresponded to
the frequency of a pixel, everything else being the same. |

We can see from this figure that for a given 7B, the worst case degradation of the
matched filter occurs when the input signal frequency is exactly in the middle of two fi’s.
We also sce that this worst case degradation increases for largei' values of 7B. However,
we should note that even for 7B = 3 the worst case degradation is less than 1.5 dB, a
rclatively small figure. Another important fact to note about .Fig. 3.2 isAthat most of the
degradation is concentrated in a relatively small frequency range. This can be seen by
the steepness of the curves at the point where the input signal freciuency is exactly in the
middle of two f.’s. | .

Hence we can see that the sliding matched filter scheme has a very good performance
for the detection of unknown frequencies. The worst case degradation isl relatively -small

and most of the degradation occurs over a relatively small frequency range. -
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IV. ESTIMATION OF THE FREQUENCY

4.1 INTRODUCTION

The most important function of the AOSA receiver is to determine the frequency of
the input signals. In this chapter, we will consider the problem of pro(:essing _‘t-he output
signals of the AOSA for the purpose of estimating the input signal frequency. We will
approach this problem using classical estimation theory as expounded by Van Trees [13].

Classical estimation theory is divided into two main branches: the first is random
paramcters cstimation and the second is nonrandom parameters estimation. Random
parameters estimation requires some knowledge of the a priori probabilities for the outcome
of the values of the parameters that we wish to estimate. In manf cases, and certainly
in the case of a receiving system that monitors the electromagnetic environment, it is
unrecalistic to treat the unknown pm‘améter as a ranldom variable. When dealing with a
nonrandom pz;rameter situation, we must work with the a posﬁeriori density functions and
evaluate the performance of different estimators by considering their bias and variance.
DA ubcful landmark for the nonrandom parameter situation. is the Cramer~Rao bound
which gives us the lower bound on the variance of any unbiased estimator. In the next
scction, we present this bound and shO\\; its dependence on basic system design parameters.
We shall sec that this bound is useful since it shows us that, for this problem, any practical
cal:mntox of any sx‘g,mﬁcance would have to be biased. Hence in the third section of this
clmptcr we present the performance of a practlcal estimator, the pea.k-detectmg est1mator
; This estimator is a biased estimator although it has the desired characteristic of having a
zero average bias. .

The derivations in this chapter will be kept as general as possible and could be applied

“to any system independent of the specific window function used. However, the numerical
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calculations will be performed for the case of the rectangular window function. These
calculations could easily be done for any window function if we were given the specifications
of a particular system, but we have chosen to do them only for the rectangular case to
minimize the number of computations which are already relatively extensive even for this

latter case.

4.2 CRAMER-RAO BOUND

Using the model described in Chapter 2, we will in this section present the Cramér-Rao

bound for the estimation of the input signal frequency. To this end, we let
R= {1‘1,1'3,7‘3,.. . rrN}

be the received vector where the r;’s are the pixel output values for a given integrated time

frame. We can write

r; = my( fo, A) + g, +=123,...,N ‘ o (41)

where the n;’s are zero-mean, independent identi;:ally-distributed Gaussian random vari-
ables with variance o2, the m;’s are the signzﬂ components, N is the number of pixels in
the photodetector array and fo, A are réspectively the frequency and amplitude of the
input signz;l as defined in equation (2.3). This means that the conditional probability of

the received vector R given that the frequency of the'input signal is fo is

' N _ r' _ mil2 '
pRIf)=]1 L exp ('(_20—'2_)) (4.2)
1=1 ‘

2ro

where it is understood that the m;’s are the cor'resppnding signal components for an input

signal of frequency f, and amplitude A. The Cramér-Rao bound [13, pp. G6] provides that

B{lfR - £} 2 {E{[aﬁ’-’a‘f—”—)]?}}- ST
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where f,(R) is any unbiased estimate of f,.

Taking the natural logarithm on both sides of equation (4.2) we get

In(p(R| f,)) = =N In(v/270) — Z (T’ m,) , (4.4)
=1
so that
N
‘ W = ig- Z (r; — m;)m; (4.3)

where m} = dm; /0 f;,. Squm-ing both sides of equation (4.5) we get

[alnp(ft | f.,)r

af. (Z("'"‘ ’""")2+ZZ("’“ —mm})(rjmf~m;m?)) (4.6)

i=1 j=1
J#i

and expanding the terms of equation (4.6) we obtain

; Z(’ ("'n:)2 + mz(m:)z - ‘)"‘lrnt('m't)2

[alnpa(ﬁl fo)]

’ L . n!
042 E (rimjrym}; — rimimym; — mmirm; + mumpmm;). (4.7)
i=1 j=1 -
ot

Now E(1 i) = m; and E(r;) = m; andssince r;, 7; are independent provided that i # j,

A

then | / l
E(r,r,) = E(r;)E(r;) = mum;.

"y : - :
Also, it is casy to show that E(r?) = 0% + m?. Using these identities and simplifying we

é {[glnpéﬁlfo)]} (m.)f | e

Combining equations (4.3) and (4.8) we get that the Cramér-Rao inequality for this prob-

get that

lem is
o o . ,
Var[fo(R) — fo] 2 m | (4.9)
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We have shown in Chapter 2 that for a sinusoidal input u(?) = A cos(27 fot + ¢),

my = - (4.10)
where H{f) is the convolution between the functions G(f) and H(f)
)= [ B -G ()
and
G(f)= l/ w(t) exp(—i2= ft)dt ) . (4.12)

As it was mentioned, we will use an H(f) which is a rectangular function of unit amplitude
and width B Hz symmetrical about f = 0 and a w(t) which is a rectangular window whose
duration is 7, the time taken for the acoustic wave to travel across the Bragg cell. For this

case we have that .
o sin’(27 f1/2)
(2= fT/2)?

Once we have obtained H(f) it becomes easy to calculate the outputs of the AOSA

G(f) = (4.13)

because these two are related as shown in equation (4.10). As an example, the signal
components at the output of the AOSA are shown in Fig. 4.1 and Figl. 4.2. Fig. 4.1 shows
the si'gnafl components when 7B = 3/4 and Fig. 4.2 shows the signal components when
' 7B = 6. Both of these ﬁgurés show the output when f, corresponds to onc fi as well as
when f, i.s ezactly in the middle of two fi's.

Using numeﬁcal differentiation we can caléulatc the variance of the efﬁéicnt estimator,
Vareg which is the equality case of equation (4.9). We are interested in knowing how the
efficient estimator va;ies with 7B and also how it varies as a function of the frequency for
In the latter case, we l.mow that for a given 7B the cfficient estimator will be periodic with .
a period of B Hz provided that the frequency of the iriput signal does not correspond to o
frequency near the edge of the array;,

Obviously, the number of pixel values tha.t we include in our calculatxona does not

have to be N wluch is the number of photodetectors in the array. The reason for this is
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that, for many of those pixels, the values of the m;’s are relatively small. Hence, we have
included in our calculations as many pixels as was required but not more since this would
increase the number of computations without any benefit, and we will call this number n.
Using 55 pixels, we find that for 7B = 1/4 the efficient estimator is quite constant as we

vary the input frequency and
' 4o
v ‘Vﬂ.rc[f = 127;@

whereas for 7B = 1/2 we find that it is also fairly constant except that in this case

/Vareg = 0.98—2
- T2AT

where \/Var.y is the root mean squared (RMS) error for the efficient estimator which we
8 .

will henceforth call RMS, . Letting

AIT

A= 4o

figures 4.3 to 4.7 show R_l&*IS,,,r as a function of the frequency offset, which is the difference
" between the input frequency fo_ and the corresponding frequency of the closest lower pixel.
When f, exactly corresponds to one of the fi’s then this fréquency offset is zero. In these
figures we hm-'; only plottcrj RMSer over one of its period because, as it was mentioned
earlier RMS,¢ as a function of frequency is periodic with period B Ha. - \
Since the inﬁut frequency f, could be any frequency, it is interesting to know what is /
=
the average RMS.r. This can be done by averaging curves such as those in figures 4.3 to
" 4.7. This has been done for several values of the constant 7B and the result is as shown
in Fig. 4.8:? We see from this curve that the average RMS,q is relatively small when 7B
is. between 0.25 and 1.25, but it increases exponentially as 7B is closer to 2. Fig. 4.9
demonstrates this more clearly as it shows the average RMSeq for higher values of T‘B. It
sl;oulcl be noted on this ﬁguré that the average RMS,g for values of the constant 7B in

the proximity of 2, 3 and 4 are actually off scale. The actual value of the average RMS.q

for 7B = 3 is 241/ K+ whereas for -r‘B = 2 and 4 it is several orders of magnitude higher.
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Sizce Fig. 4.9 gives us a lower bound for any unbiased estimator, it is clear that any
N . TR . -
such estimator would have a very uq\dcsxrablg:: performance for 7B greater than 1.75. In

' \Ia———__'—:_—"/l -
fact. we could even doubt that an unbiased estimator even cxists for some of these values

\ :

4.3 PEAK-DETECTING ESTIMATOR

of 7B.

In che previous section, we have presented the Cramér-Rao lower bound on the vari-
ance of any unbiased estimator for this problem. We have found that this bound increases

=xponentially as the value of the constant TB increases higher than 1.75 and that it cven

- peaks az extremely high values in the vicinity of certain valuesof 7B. This means that

any unbiased estimator for this problem would have a poor performzmcc for valucs of 7.3
£Tezser: :han 1.75 and in fact it is probably unpossxble to find an unbiased cst:m'a.tor for

<his problem for some of these values of 7B.

In this section, in an effort to find a solution to the frequency estimation problem, we
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present the performance of the peak-detecting estimator. That is, \\-;e present the perfor-
mance of the algorithm that assumes that the frequency of the input signal is the frequency
that corresponds to the highest pixel value. We want to investigate the performance of
this estimator since it is very natural and simple to implement. In additibn, it requires
no modification for a different value of B or for a different window function w(t), and it
works equally well on lincar or logarithmic data.

We can let X;,X2,Xs,...,Xn be N independent Gaussian random variables with
equal variance o2 for wiﬁch the means are Xy, X»,X;,..., Xy respectively. This means

that the probability density functions for these random variables are

1 _(mi - -1(;')2 . )
x:) = e =1.2
f( 3) {_—-)“ \p ( ‘)0-2 ) H h 2 13 -‘-, 3, o‘- .y N , (4.14)

and since these random variables are independent we can write their joint density function

as

. i (a:. .1.)
1 ) f($1;m2113r"-awN)l (O'ﬁ)N He-\-p ( ) (4'15)

i=1

If we define ¥; as the probability that the random v'l.nable .X is larger than all the ‘:

' OtllCIb, then it can be c\"\lua.ted by the. followmg N mtegr'ﬂs

\IJ- =p(_X-'< X, _Vz--,- .7)
(N—l) tuncs

f"’f f/ ff(ml,me,ms, N) | (4.16)

d:!:;d:cgdm3 e dwj_1d$j+1 s ded-'Bj

+ which through a change of variables can be rewritten

e ] e 2 . (z; XJ)2 1, k ""J"_-i:i .o :
\I'j-;\_= [-w > P exp (*——-—202—' H § 14 ef E—— dIBJ (417)

=1

s i
where

.o ) y ) : ) N
erf(y) ='ﬁ ‘)-'»exp(—tz)dt'.n‘ o N " (4.18)
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Using equation (4.17) we get the RMS error for the peak-detecting estimator

N
RMSp = | ) (fi = fo)*¥; (4.19)

i=1

3 also the mean error for this estimator

N
Meanpy = Y _(f5 — fo)¥;. (4.20)

i=1

Figures 4.10 and 4.11 show RMS,; and Meany respectively for the case of 7B = 0.5

.and A = —1“I-/4o‘ = 10.
i 0.3

[ 9
< :
- :
=
o
) 01 0.2 0.3 04 —=05
. ) FREQUENCY OFFSET * 7~
Fig. €10  RMS error of the pea.k-detectmg est1ma.tor (rtB=05n=15 K= 10)

Tigures 4.12 and 4.13 sht;\v‘—fvi‘.MS:pk and Mean respectively for the same case except

o

for K.= 20. Again in these figures we have plotted only one period of these functions since
gain Se hgures | P :

they are periodic with period B Hz. | :

83

C



0.1

.r

B=05
n=15

1 | 1

] T'
T =l

Q.1

0.2 03 - 04 05

FREQUENCY OFFSET - gl

Me=an error of the peak-detecting estim;tor (tB=05,n= 1..5, K =10)

03

'r

RMS pk

¥

[ [} 1

Fig. 212

RMS error of the rpcak-detecting estimator (

0.2 03 04 0.5
FREQUENCY OFFSET - r

0.1

7B =05, n =15, K = 20)

54



0.2 [ , .

T

02 | 1 | i
0 0.1 02 03 0.4 05

‘ FREQUENCY OFFSET - :
.13+ Mean error of the peak-detecting estimator (7B = 0.5, n =15, K = 20)

l-!"

vae
thy
il

\We see from figures 4.11 and 4.13 that the peak-detecting estimator is actually a binsed
' e;tiz:a:o: of the input frequency. However, .it has the desired characteristic of having
z=ro average bias over many different input frequcncics.‘ This can be scen by the symunetry
cZ Sgures 4.11 and 4.13.

As we bave done with the .Cfamér-Rao bound, we can obtain t11c average RMS, by
zverzging curves such as those of ﬁgurcs 4.10 aﬁd 4.12. This has been done for several
vzlues of the constant 7B.for a given' K. Fig. 4.14 shows the resulting family of curves for
severzl values of K. These curves have all been obtained by assuming 15 photodetectors in
or calcuiations (iie. n= 15) so that we c.;ould compare the performance from a common
basis. It should be noted that, f;)r aﬁy given value of K there ig a value of TB‘W]ﬁCh is
really the smallest that would be used in practice. This is because the signal is bO buried in
tte noise that the co&mponding false alarm rate would be exccedingly high. We have not

protted points bevond that point on Fig. 4.14. We see from that figure that the siallest’

vseful +B increases as we decrease the value of K, which is in fact related to the signal
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to noise ratio (i.e. X = A®I7/40). We also see from Fig. 4.14 that for any given value
of I, there is an optimum 7B which gives the smallest RMS error. As in the case of the
smallest useful 7B, we see that this optimum 7B increases as the value of A decreases.

Finally, we note from Fig. 4.14 that for any value of K the a.n-'erage RMS error for the
peak-detecting estimator asymptotically tends towards a straight line as we increase the
value of 7B, So that we can see this Better, we have plotted a straight line on Fig. 4.14
that has a slope of 0.25/7 and that passes through the origin.

This behaviour is to be expected and to see why let us consider the case of no noise
or infinite signal to noise ratio. Figures 4.15 and 4.16 éhow the RMS error and the mean
error (or the bias). of the peak-detecting estimator for this latter case. It is easy to sec that
the average RMS error in that case is B/4 and hence if 7B = a, then the average RMS

crror will be B/4 = a/47 which is in agreement with Fig. 4.14.
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V. ESTIMATION OF THE POWER

5.1 INTRODUCTION

Another important signal parameter of interest when monitoring the electromagnetic
environment is the received signal power. This information can be used to analyze the
scan pattern of the transmitter or to obtain a gross estimate of the distance to the emitter.
In certain system configurations, the power gstimate is used for direction ﬁnding and in’
any case we can know if the emitter is approaching or receding by comparing its relative
power in consecutive time frames. ‘

Since we have no knowledge of ‘the a priori probabilities for the power of the input
signals, we are dealing with a nonrandom parameter estimation problem. This means that
we will have to work with the a posteriori density functions.

In this chapter, we will also assume that the power cstimation is a secondary task to
the f/l;f.-‘quency estimation. That is, we will assume that the frcduency estimation of the
mgrfé.l has been done prior to the estimation of its power. This added information will
allow us to get a better gstimatibn 6f the power and it will insure that we associate onc
power estimation with one frequency estimation. The latter statement. will‘bc csl)cciql_]y
important if, becau-se of the system conﬁgﬁration used the cnergy of the input signal
spreads over several pixels. ‘

Even though there are no general results on how to aclﬁevc an optimal cstimator for
the nonrandom estimation situation, one estimator thch is 6ften used for these cases is the

maximum likelihood (ML) estimator. This estimator is based on the maximum likelihood
' 1

principle and more specifically it consists in choosing as our estiniate the value of the

péi‘ameter that most likely caused the given value of the reccived i gnal.
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An important property of the maximum likelihood estimator is that if it is unbiased
(i.e. the expected value of the estimate is equal to the true value of the parameter of
interest) then it will satisfy the Cramér-Rao lower bound with an equality [14]. Any
unbiased estimate that satisfies this bound with an equality is called an efficient estimate
because it is impossible to find any other unbiased estimate with a lower variance.

In the next section we present the ML estimate of the power of the input signal
assuming that the input signal frequency f, is known. We also analyze the expectation
and the variance of this estimate. In the third section of this chapter, we analyze the
cffects of inaccuracies in our estimate of f, on this ML estimate since in practice f, would

not be known, but would have to be estimated.

5.2 MAXIMUM LIKELIHOOD ESTIMATE

Usin the model presented in Chapter 2, we will in this section present the ML estimate

of the input signal power. To this end, we let
‘P—?'= {Tl,Tg,Ts,. --’rN}

be the received vector where the r;’s are the pixel output values for a given frame. We can
write

. D ori=mi(fed)+n,  i=1,2,3,.,N (5.1)
~where the n;’s are zero-mean, independent identically—disﬁributed Gaussian random vari-
ables with variance o2, the m‘-’s are the signal components, N is the number of pixels in
the photodetector array and-fy, 4 are respectively the frequency and amplitude of the
input signal as defined in equation (2. 3)

We will assume that the frequencv f,, of the input signal is known and will let S=A?
be the parameter to estimate. This means that the conditional probability of the received
vector R given that the squared amplitude of the input signal is S will be

AR 19 = [T hpere [0 2] (52)

i=1

I
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where it is understood that the m;’s are the corresponding signal comiponents for an input

signal of frequency f, and amplitude A.

Now to find the ML estimate of 42 we must solve

dln{p(R1S5, fo)}
as

= 0.

Substituting equation (5.2) in equation (5.3) and simplifying gives us

9 Z:il (r; —m;)*/20°

35 =0

Substituting for the m;’s as in equation (2.22) and simplifying we gct

OXL(EHi—r _ |
as )

Diffei‘entiating and simplifying we obtain

Z (m —ts- ,'H;) =0
i=1

from which we get the desired ML estimate

4 Zt—l it
H-

SmL =
1-1

i we‘see.k to find the mean of i:he ML estimate, we have that
435
E{Swv.}=E { Tm}

which becomes .

E{SML} Z ?g?{E{v

which can easily be calculated to be

E{SuL} =A%=S.

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(59

(5.10)

Hence we see that SMmL is an unbiased estimate of the parameter A?. Thisis a very

important result because it means that Smy is an cfficient estimate of A? and thus it is
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impossible to find another unbiased estimate of 4% which has a smaller variance than the
ML estimate of A%.

If we seck to find the variance of Smy, from equation (5.7) we have

DL AT
Var(SML) = Var (Tm) (511)

but since the r;'s are independent random variables we have that

16 N
Var(SyL) = > HiVar(r;) (5.12)

P ™) o
and since Var(r;) = o2 for all i we get

l160'2
(T HE)
N I

S
~ " In the Appendix we have tabulated values of Efv:l ‘H? for different 7B. From Ta-

Var(Sy) = (5.13)

blc.I.l and from equation (5.13) we can see how the system design parameters affect the
variance of the ML estimate of the input signal power. We see that the integration time
of the photodctectors T and the Bragg cell aperture time  are two strong parameters.
Illcfcasillg either of these parameters will reduce the variance in a square law relationship.
Increasing the value of »B will reduce the variance according to the relationship shown in

the Appendix. Of course, if we reduce the noise variance we will also reduce the variance

“of the ML cstimate and this is a direct linear relationship.

5.3 EFFECT OF INACCURACIES IN THE FREQUENCY ESTIMATE

- In the previous section we obtained the ML estimate of the input signal power. We
saw that the ML estimate is unbiased in this case and this therefore implies that it is an
cﬁiciént estimate. This means that it is impossible to find another unbiased estimate of
A2"which has a smaller variance than the ML estimate of A2. | |

However, these results were obtained under the assumption that the fr'eqtllency of the

input signal fo, was known. " In practice, f, would not be known but would have to be

62



estimated. This means that there might be inaccuracies in our estimate of f,. In this
section, we analyze the effects of these inaccuracies on the ML estimate of the power that
we obtained in the previous section.

To this end, let
.§ 4 El_l _
21—1

be our estimate of A? where the H;’s correspond to frequency fo which could be different

(5.14)

from f,. Equation (5.14) is the same as the ML estimate algorithm of equation (5.7) except
that it uses the 7{;’s instead of the H;’s to take into account the fact that our estimate of
the input signal frequency f» could be different from the acfual input signal frequency f,.

We are int-erested in knowing how inaccuracies in the input signal frequency will affect -
the mean ofr the estimator defined by equation (5.14). To obtain this information, we can

take the mean on both sides of this equation
N 4. '
E{5}=E EZ—‘T\,—"“.—% : (5.15)
I Zi:l H? ' .
which becomes

B8} = ——— T H?E'H,E{r (5.1G)

which after substitution and simpliﬁcation becomes

E{§) = Az%‘—‘—?;—?j—. (5.17)

Hence, we see from equation {5.17) that the estimator of thc powcr dcﬁncd by v_qu.).-
t;on (5.14) is no longer.unbmsed when f, is different from f,. If we let fo corrcspoﬁd to
an fk, which \\.ould be the case if we were using the peak-detecting estimator, then the
resultmg bias would be as shown in Fig. 5.1, wghgte we have assumed rcct.mbular win-
dowing. This ﬁgure shows the resulting normalized bias for diffcrent values of 73 which

represent different system configurations. We have not included the curves for 7B = 3/4



and 7B =1 /2 on that figure since they represent very little variation from the curve for
TD=1.

An important observation to make concerning Fig. 5.1 is that inaccuracies in the
estitnation of the input frequency will, on the average, cause us to under estimate the
power of the input signal if we use the estimator of equation (5.14). Small inaccuracies in
the estimation of the frequency will have negligible effects, but inaccuracies greater than
a certain value will have considerable effects.

It is clear from Fig. 5.1 that larger values of 7B present more robustness to small
inaccuracies in the estimation of the frequency. However, as it was shown in Chapter 4,
larger values of 713 will also on the average cauée us to make larger errors in the estimation
of the frequency thereby diminishing the advantage of larger values of 7B. In Table 5.1,
we have tabulated the normalized bias of the ML estimator when the frequency inaccuracy
is half a pixel, for different values of 7B. We can see from this table that for the larger
values of 7B (2,3,4), inaccuracies in the estimator of the frequency of only half a pixel will
cause us on the average to under estimate the power of the input s.ignal by almost 50% if

we use the estimator of equation (5.14).

B | (fo—fo)r | B{s}/A
0.5 +0.25 0.90
0.75 | £0.375 | 077
1 +0.5 1 0.63
2 +1 0.54
3 +1.5 0.53
4 +2° 0.52

Table 5.1 - Normalized bias of ML estimator when (fo— fg) = +B/2

We arc also interested in knowing how inaccuracies in the input signal frequency will

affect the variance of the estimator defined by equation (5.14). To obtain this information,
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we can take the variance on both sides of this equation

Var(3) = Var (4 ——-Z'-l rifti )

I Z:-l H2
— _9 Zt=1 H2
- I2
(E::l H2)
and lience
0.2.
Var($ 5.18
&= prra (518)

Referring to the Appendix, we see that inaccuracies in our estimate of the input

| signal frequency for the application of the estimator defined by equation (5.14) could

either increase or decrease the variance of this estimator depending on what f, and fo

are relative to an fx. For example, if we use the peak-detecting estimator to estimate the

input signal frequency, then the variance of the estimator of equation (5.14) can only be

sm'ﬂl\cr or equal to the variance of the ML estimator defined in equation (5.7). In fact, for

thmt case if the input signal frequency is exactly oetween two fi's then the estimator of

cquation (5.14) will have a smaller variance than the ML estnnator and this effect will be
more pronounced for larger values of 7.B.

Hence, we can conclude that the estimator of the input signal power defined by equa- .

tion (5.14) performs well if the inaccuracy in the estimation of f, is small. However, if -

this inaccuracy is larger than a certain amount, then this estimator could under estimate

~ A? considerably. The variance of (5.14) could be larger or smaller than the variance of the

=i

ML estimator, but this effcct is not as important as the bias error.
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VI. CONCLUSIONS AND COMMENTS

6.1 SUMMARY

We have presented a statistical model of the output signals from an acousto-optic
spectrum analyzer (AOSA) for the case where we are receiving continuous-wave (CW)
signals. Using this model, we have shown that the optimum algorithm for the detection
of a signal of kﬁown frequency is a discrete matched filter. In an effort to extend this
a.lgorithxﬁ to the case of the detection of an unknown frequency, we have proposed 2
sliding matched filter structure which can be implemented as a finite inip}llse response
(FIR) filter. We have invéstigated the performance of such a scheme and have found it to
be quite acceptable. | R, .

We also considerea the frequency estimatidn problem by calculating the Craunér-Rzio
bound which is a lower bound for the varianceﬁof any unbiased estimator of the ffccll;cncy.
. We saw that this b?nmd had ver& undesirable characteristics for 7B > 175 therefore indi-
cating the undesirability of usmg an unbxased estimator for thcse cases. In an cffort to find
a solutmn to this problem, we presented the peak-detectmg est1ma.tor and we mvcshbntcd
its performance We saw tha.t the pea.k-detectmg estlmator is a biased estimator althoubh
lxt has the desired characteristic of having a zero average bias, and we saw that its variance
is relatwely well behaved

Fmally, we cons1dered the problem of estlmatmg the power of the input- 51gnal We

found ;t convenient to:approach this problem by lcittmg the power estimation be a sec-
ondary ta.sk to the frequency estimation. That is, we assumed thqt the fréquency estima-
tion of ‘a signal would always be done prior to the power estimation of that signal. Under
tlﬁs assumption, we obtained the maximum likelihood (ML) estimator of the input signal

power and showed that it was in fact an efficient estimator, which means that one cannot
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£nd another unbiased estimator with a lower variance. We investigated how errors in our
estimate of the frequency would affect the ML algorithm, and we. found that it would
always cause us to underestimate the power of the input signal For large errors, we saw
that the underestimation could be quite serious. These errors m the estimation of the
frequency were also found to affect the variance of the ML estxmator but for the case when
we atre using the peak-detecting estimator, we saw that’ these errors would actually reduce

1

the variance of the ML algorithm.

6.2 SUGGESTIONS FOR FURTHER RESEARCi-I AND COMMENTS

The statistical analyses performed in this thesis were based on a é}rstem model which
was defized in Chaptcr 2. ngqver, since the field of acousto-optics is relatively recent, we
are still in the process of discoverir;g new architectures which can have certain advantages
depending on the application. The system model for these new architectures could -be‘

different from the one we have used and it would certainly be worthwhile to redo our

statistical aualyses for these other systems.

~As we st'\.tcd m Chaptm 2,a all our numer:cal calculations were done with the assump-
tion that t,hc wmdow function w( t) was a recta.ngul'\r funct:on, although we mentioned how
this function could be modified to accountif_?r some other practical issues of the AOSA
such as the attCI;;lEitidil of the dcoustic wa-ve- or the profile of the laser beam. It would
certainly be worthwhile to red_ré‘ou;'- calculations for other s;fstém conﬁguratigns especially

if we had some reasons to be interested in a specific system design.
. N

.. Finally, we have only analyzed the case when we are réceiving a CW signal although

‘V\\'c_mentioned that an EW receiver would have to deal with many different types of signals.

P'cx'haps the most important E}'pe of signal which could bé analyzed is pulse modulatéd
sngnalb mcluchng those with comple\ modulation within the pulse. These signals are more
comple\ since they present a larger number of parameters to be analyzed each one of which

possibly exhibiting a large variat:on from one transmitter to the next. It is hoped that
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this thesis has contributed to a better understanding of the critical issues and tradeoffs
that are involved and can therefore provide a basis for the development of an optimal or

suboptimal solution to this more complex problem.

[

13
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APPENDIX. Y #?/ FOR DIFFERENT VALUES OF -B

In this Appendix we have tabulated a f:é\’ values of the expression 2?;1 H? for dif-
ferent values of 71 since this expression appears in the performance calculations for the
detection in Chapter 3 and in the?'\'mianc—e caleulations of the maximum likelihood esti-
mator for the power estimation in Chapter 5. It should be noted that the result of this
summation is a periodic function of period B as we vary the input signal frequency. We
have used 25 terms to obtain these results since the remaining terms were insignificantly
-~ small and we have assumed rectangular windowing. Two cases have been considered, one
where the inimt. signal frcqﬁéncy fo corresponds to one of the fi’s of equation (2.22) and
the other where fp is exactly between two fi.’s. The former case represents a maximum for
~ agiven value of 7B while the latter represents a minimum. The results of these calculations

are shown in Table 1.1,

2:\;1 'H?/ T
B fo corresponds | f between
oo to one f; two fi’s o
0.25 0.163 © 0.163 N
- 0.50 0.308 0.308
0.75 0.452 0.396 .
1.00 0.611 0.409
1.25 0.730 0.415
150 | 0792 | 0434
1.75 0.814 0.449
200 | 0817 0.452
3.00 0.868 0467
4.00 0.903 0.475
5.00 0920 © 0.480
’ 6.00 | . 093¢ 0.483

Table L1 YN, H2/r? for different values of B
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