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Ny  ABSTRACT
" In this‘ thesis we study the capability of non- .
boundq“g;stance decoding with Jd-step majority~logic
using feedback error-correction. We give two decoding
algorithms to correct certain errors of Qeight t+1 ,
HE for even minimum distance d = 2t+2 and another
e for odd d = 2t+1 , Both algori?hms underzo up to
two decoding nﬁndd of majority-logic estimation, .
We analyze £he conditiogs under which a’ {(t+1)-error
is correctable by e}ther algorithm and tHhen derive
lower bounds for the number Qt+1'of‘suéh correctable *
errors, With respect to the two classes of differencei\\;
set codes and M-sequence oodes, we use ciftaln propertie
of ‘the orthogonal check-sums in order to estimate the
' exact yalues ?f Qt+1 for the~Tases of t =.é, 3 and 4 .
On the basis of such properties we also show# that by
undergoing up to two rounds of estimation, we can correct
) ) ?vefy error of weight t+1 .which, is uniqﬁely deco~
’ dabie in the sense of not forming part of a codeword of
weight d = 2t+2 . We ‘then genéralizg our decoding algo-
rithms to correct certain error: of weight t+s , 3 ¢ t-1
by undergoing' 8+1 or fewer rounds. [Finally we demon-
strate the impré;ement achieved by the correction of

unijuely-decodable errors of weight t+1 , after analyzing

the coding performance with respect to the trade-offs

- among error rate, transmitted power and bandwidth.
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INTRODUCTION

Loy
7 . . . \

-\¥ ‘
Error-Jontrol Coding - -

Error-control coding is finding an increasing number

of applications in the transmission and storage of digital

informgtion [1-8] . This can be mainly attrighted to one

' or more of the following developments.

(a) Rapid advances in.large-scale integrated circuits

(b)

(e)

(d)

and microprocessors which made possible the econo-.

mical realization of complex coding and decoding -

' techniques.

~

An increasing emphasis on. high speed digital trans-

mission with low error rates in modern communiocation

-

systems, ' ) e

A gfgﬁieg interest in very large solid state hemory
s8ystems which became easy to fabficate but would
require error correction to maintain low failure
rates in a total memory syetem._ A
Development of highly efficient schemes.for the
digital encoding of analog 31gnals such as voice,

video, graphlcs and facsimile, requirlng very low

error rates to maintain good signal fidelity.

L3

5
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’ The simplkest error-control techniﬁue is that of error

' detection and retransmission, commonly known as Automatié?\\\\‘h\") o
' Repeat on Request (ARQ) [5,6,9]. This technique, however, is o

only possible with a qgmmunication system héying a feedback
_péth, o} with a dupiicated memory sygtgm where the sam§ |
information can be retrigyed from an alternative memory, in
case‘an érror is detected.. Moreover, ARQ is not readihy.
applicable to the transmiésion of digital informétiqn‘per;
taining té continuous analog signals such as voice and video
'-aignals, where the retraﬁsmission delay may not be tolerable.
.ARQ is also not generally suitable for transmission systems
with excessive deiaj.aimilar to that eiperiénced in satellite
communications. Even in the presence of a feedback path and
abséncé of any significant transmission delay, the usefulness

of ARQ will usually be limited to cases of sufficiently low

error rates that will not require excessive retransmission{10].

Porward Error Correction (FEC), on the other hand,
provideé:a.more suitable alternative foffer;or-cdhtrol coding .
in applications where ARQ is not suitaﬁle. FEC is also éttrgc-
tive when used in conjuncfiqn with ARQ to reduce the frqquencyy

of retransmission to acceptably 10w levels [5,10] .

The techniques for error detectidén using parity checks

in ARQ systpms are simple and well-known. In this thesis we

('
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-

are only cdéncerned with FEC coding technijues, and
‘more particularly with those using 1-step majority-
logic codes.

-~

Some examples of practical FEC applications are as

in the following: \?“

i) Power-limited satellite communication systems [11,12).
ii) Interference-prone-mobile radio systems [13] .

4 -
iii) Videotex and broadcast Teletext systems [y4-15] .

iv) computer communications [16] .

v) Memory\éevices and microprqcessor—based systems [3,17-19] o "

In the case of memory systems,‘FEC performance
will simply depend on how many errors can be corrected
in a memogyy unit of a given size. In the case of

N

communication systems, on the other hand, the analysis:

of FEl prformance is somewhat more involved and requires

a knowledge of the channel characteristics, as we shall

see from the following discussion.’



v .

coding Trade-offs in Binary Jhannels

In most existing systems, digital information
is stored and transmitted in the form of binaf& signals.
For this reascn we shall conf;ne'our discussion through-
out this thesis to the case of binary systems and use

the Hamming metric in the decoding procedure,

When cosidering the use of a givqn FZC scheme
in a gifen binary chan;el, we need to take into account
the error characteristics of that channelf_ In the case
of memoryless channels, such-as those WT{h Additive
White Gaussian Noise (AWGN), random errors are produced
which occur indepeﬂdantly of each other. For the.
case of channels with memory, on the other haﬁd. errors
may occur in bursts or clusters, Different FEC schemes
are available for dealing with either type of:channels

[20-227 .

The work of this thesis is confined to the
question of cbrrecting'random errors. When studying
FEO peformancé in the case of random errors, the
idealized model] of Binary Symmetric Channel (BSC) has

(N

Vi



proven to render relatively simple analysis when dealing

Qith random errors. \Thé BSC model combines the ¢frfects of

)

a modulator at the transmitting end, channel noise, and a -

demodulator at the r ceiving'end with the assuﬁption of'a
hard decision detection. When a string of-binary data is
fed at the BSC input, a corresponding binary Outbu; will |
be produced with each bit having an error probability
p<1/2 . The word symmetric implies that ‘p is'the same

for "zero" bits and "one"‘bits.

The application of FEC coding with a B3C is depicted
in Figure 1 . As Bhown,‘the encoder partitions the
seqhence of information bgés into k-bit segments. it then
operateé-on the information bits within a segmgnt according
to the particular code to be-employed, producing an n-bit
codeword contaiﬁing n-kx parity {(redundant) bits. The
purpose of parity bits is to structure the encecded data in
-such a way that it will be possible for the FEC decoder
to remove the effect of certain types of_errors which are
more likely to occur than others, Thus the function of an
FEC decoder is to provide the best estimate of the original
information blocks of k bits, such that the probability
Py . of an erroneously decoded bit will be made as low as
possible, The decoder is said to- be optimum if it gelecta
among the set of possible code sequences, the one that is
nearest possiﬁle éo the received sequence. This process is

called maximum likelihood decoding.

3
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For the BSC model considered here, the extent by which
code sequences differ form each other and from the received™
sequence, is measured by Hamming distance thch;is defined
as the number of dissiﬁilar bit positions., Associlated with
this is the definition of Hamming weight, which i$ the num-

‘ber of "one" bits in a given sequence. On this basis the

Hamming distdnce between the transmitted sequence and the

received sequence equals the Hammiﬂg weight of the error,

-

Figure 1 shows that the encoder feduces the energy-
er-bit available for transmission by a factor of k/n , if
¢ assume that the total transmitted power and‘thé rate of

information flow will remain the sams with and without coding.
This means that-'we get with coding a highé% Bit Error Rate
(BER) in the channel than that without coding. Thegefore,
in order that FEC coding will produce a net reducéggggyn BER
at theldecoder output, th;'éffect of decoding must outweigh.
the increase in channel BER due to the redundancy added by
the encoder., The net advantage of;goding‘[1,23;24j may then
be based on eitherone of the folléwing two definifioﬂg.

(a) The Net Coding Gain (NCG3 defined as the relative

‘ reduction in the transmission power requirement for
a specified BER. |
{b) The Net Error Improvement (NEI) defined as the

reduction in BER at the decoder output for a given

transmitted power.

«



The price being paid in both situations is an expansion of
the transmission bandwidth by a factor of n/k . Figure 2
illustrates a graphical method of Quantifying these two

measures of coding performance.

-

[NOTE: The tradé-off between transmitted power and bit
error rate as discussed above is only valid for the case
where all the transmitted information is coded using one
particular error-correcting code. On the other hand,
when only—a small portion of the data is coded, the
penalty in terms of bandwidth expansion and the advérsq,/’}-
effect of reduced energy-per-bit may be insignificant,
In such a case the advantaée of coding will be more pronou=-

nced than that depicted,in Figure 2 . |

" In view of the above-mentioned trade-offs, the coding
problem is one of finding FiC codes which give'a largze
Hamming distance between the code sequences and have as
high a coding rate k/n as possible. At the same time,

encodiﬁg and decoding schemes must be economically implementable.

Varioﬁg classes of FEC codes are known today which
aim Qt solving the coding problem mentioned above. These
classes comprise two fundamentally different types of codes;
namely block éodes and convolutional éodes. In the remainder
of this section we shall briefly discuss and compare these

two -types of codes.
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Figure 2 : Graphical Illustration of Coding Performance
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Binary Block Codes .

An encoder for a binary block code operates on

individual blocks of k information bits separately, and

converts them into corresponding n-bit codewords according
tqrthe code implemented, Here k is referred to as the
dimension of the code, and n as its length. The resulting
codeword ig transmitted through the channel and will be

received by the decoder after a possible corruption by hoise.

The decoder will then examine each corresponding block of

n nbceived bits {received word) separately in order to

give 1its best estimate of the original k information bits.
/,\\_//;> The error-correcting capability of a given code is

O

largely determined by the minimum pair-wise Hamming distance

d between any two codewords. In theory, a knowledge Dby

k

the decoder of all-the 2 ;‘possible codewords enables it

to compare the received word with all such codewords.

in the 33C case, the best decoding decision is to select the

nearest codeword having the smallest Hamming distance from

~ the received word. On this basis, the decoder guarantees a

correction of any error of weight t :Lg%lj or less, where
L J denotes the integer portion of the énclosed expression.
It may also be possible to correct some -but not all- errors
of weight greater than t . This capability is referred to
as non-bounded-distance decoding, which is the main topic

of this thesis, .We shall review further the subject of

block codes in-: chapter 1 .

J




Binary Convolutional Codes

A convolutional encoder operates not only on the
block of k information bits currently present at its input;
but will also use K~1 previous k-b;t'information blocks, in

generating a code sequence of n bits. Thus each k-bit

information block will affect a code sequence-of length ng=nk , °

The quantity n_ is called the encoding constraint length.

e
A code sequence can basically be represented by an infinite
code tree, the nodes of which correspond to time intervals
‘;Txguccessive k-bit, information blocgs. There are 2k
braﬂches coming from each node to denote all possible n-bit

outputs for the particular position in the code tree,

Whereas the encoded sejuences represented by a code
tree can be of indefinite length, the decoder in practice
caﬁ only examine a received sequence up to a given iength
at any particular time interval. This length is called the
decoding cdgnstraint length ny which can be several ﬁimes
greater than n, . On this basis, the error—correc%igg

capability of a convolutional decoder is limifed bf the

minimum Hamming distance between two code sequences of length

ny that differ in'their intial information bit. Nevertheless,.

the concept of free minimum distance taken over an arbitrarily
long encoded sequence, is used as an indication of the ulti-
-mate error-correcting capability of a convolutional code,

when making ny arbitrarily large.

-~
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The fact that a singlé,k-bit information block affects
T 6n1y K encoded n-bit blocks, makes it posSible to represent
the encodéd sequence by means of a repetitiﬁe trellis. Viterbi
[21,25] exploited this property in defining & maximum-
11kélihood decoding algorithm, which compares a received

Kk possible branches

sequence of finite length Kn , with the 2
of the‘?o9e tree. The®algorithm will then select as "survivors"
the :2(15';1)k branches neérest td the received sequence ,
according to a given metric., In the BSC case, the metric is
based on the Hamming distance, All br?nches_other than the
syrvivors will be discarded from the decoder mehory. The
" decoder will then prbceed in this mannef'for every forthcoming

block of n received bits until a point is reached where all

the 2(}{'1)k survivors share the same first n bits.

At that point the decoder will take these n bits as its

estimate of the first block of n transmitted bits.

Viterbi algorithm provides a practical means for
optimal décoding of codes with relatively small ehcoding
constraint length. For codes of larger constraint length,
séquential decoding can be more practical where a decoder
complexity is relatively insensitive to the encoding con-
straint length. ‘A aaqﬁential decoder traces only one
particular path through the code tree at'any particular
instant, and monitors the distance from the received sequence,
When such a distance exceeds a given thfeshold, the decoder

will abandon the path and start pursuipg another one.
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Viterbi algd;ithm and seguential decoding are similar
in using the method of comparing the recéived sequence with
alternative code sequences, without making use.of the algeb-
raic properties of the code. In contrast to this, there are
some known algebraic decoding methods such as threshold
decoding,‘which are simpler to implement than Viterbi élgoj
rithm and sequentidl decoding. Algebraic decoding, however,
is only appiicable to algebraically constructed codes which
are usuaily not as powerful aé non-algebraic codes of similar

code rate k/n and comparable constraint length n, .



Comparison of Block and convolutional sodes

The encoding process in linear codes~=_block and

. convdlutiqnal alike - is a relatively minor task, that can
be pefformed by a generator matrix G or even more simply
. by means of shift register circuitry correspdnding to the
.generaior polynomial(s). The main cause of implementation

complexity is therefore due to the'decoding procedure,
N

In comparison, convolutional ccdes are genera;ly
knowh to provide somewhat better performance than block
codes of similar coding raje and decoding gomplexity.
However, many of the advantages of convolutional codes
leading to a wide range of commercial applications, are
derived from the possibility of economically implementing

" non-bounded-distance decoding using Viterbi algorithm.

It is therefore fair to suggest that an improvement in the
decoding capability of block codes beyond the minimum distance
bounds, is likely to improve the performance of block codes
"to a point where they become more competitive with convolu-

tional codes. .

On the other hand, convolutional codes suffer from

the following problems which may not apply to block codes,
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(a) In the case of convolutional codes, error propa-
gation phenomenon can arise as a'Pesult of the
feedback mec¢hanism inherent in Viterbi algorithm
and sequential decoding. ?Pis phenomenon is a136
inherent in majority-logic decoding when not
definitive. However, in the case of block codes,
the use of non-definitive majority-logic deceding
can also produce error propagation but this Qill

be limited to only one block length,

(b) Whenever a receiver of a convolutionally coded

data stream 1osé§’éynchronism wgtﬁ,the transmitter,

the problem of synchronization recovery can arise.

Both problems mentioned gtove can be somehéw solved

by a periodic tergénation of the convolutional code.
This requires the insertion of a sﬁfficient number of
"zero" bits at the end of an information block

. such that all possible branches of the code tree
converge into one node. Once the decoder reaches this
node, it ¢an start afresh with a cleared memory. The
penalty paid by such a solution is obviously a decrease
in coding efficiency due to the additional terminating .

bits,

L b s
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Furthermore, one nas to be careful about the’
3
choice of the generator polyncmlal for convolutional
codes, so that this polynomlal does not lead to cata- /J

strophic errors [21]

Block codes are generaily re suitable in

~
FEC applications where the infopmation is produced
" and transmitted or stored in /separate data blocks or
packets. This 1is espec1a11y 80 wWith the case of memory

systems or in communlcatlon syStems -in which individual

packets are transmitted independéintly thfough.different
~  _ altermjative paths. Block codifig is particularly
more convenient in applications where different

portions of a long data bleck require different

ldegrees of error protection, depending_oq the nature of

carried information. For example fcw daté may require less

L . error protection than control instructions cr'addreésing
information. Fof such applications, more than one type of
§§c biock coding will be desirable to utilize wifhin the

same data block.

NcnfBoudEed-Distance Decoding

p

We indicated ;?ylier that the performance of

N

FEC block codes is subject to further improvement if

economically 1mp1ementable methods of non-bounded-~

distance decodlng can be found. This concept has

\
"
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been thé prime motivation behind the research wor{

presented in this tne51s. - .

‘e

.

given for the correction Of errors of weight T>t with

different types of codes such as BCH codes [26] “and . .

iterative (product) codes [27] in general, suéh algo-

rithm are considerably more complex than dlstance-bounded

. algorifhms for the same type of codes.

| .In this thesis, we have concéntrajed our work on
1-step majority-logic codes as such codes are among the

simplest to implement. We shall see that tpe additional’

decoding complexity required for correcting errors of
weight ﬂitt is not significant,

Thesis Qutline

First we review in chapter 1 the general topic

of random-error correction with block codes.
We discuss how a standard array can be used as a

"complete" decoding table and how this table can be

simplified when using the method of syndrome decoding

for the case of linear codes. We then discuss how a

decoder implementation can be made even simpler with

the class of binary cyclic codes and especially for

the casé of 1-step majority-logic codes.

We then begin chapter 2 by defining a decoding

strategy for minimizing the bit error rate at the

decoder output when dealing with errors of weight

t+1 . In view of this strategy we give in Theorem 1

expressions for decoder error rerformance, and then

17

r

In the literaturei various 9ecoding algorithms are

b

h
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diScuss the use of two-round decoding for the correction
Pf errors of weight t+1 for tne cas; of cyeclic codes
"that are 1-step majority-logic decodable. We see that .
the two cases of codes with even and odd minimum
distanée d reguire somewhat dif}erent treatment,
Algorithm D1 covers the case of even d , and
Algorithm D2 covers the case of odd d , both.

requiring up to two decoding rounds. Theorems 2 to 4

prove the validity of Algorithm D1 and specify the conditions
under which errors of weight ‘t+1 are correctable, On the
othef hand, Theorems 9 to 11 deal with Algorithm D2 in the
same way. Lower bounds o -the number- Qt+1 of such correc- .

table errors are given in Theorems 5 and 6 for the case of

D1, and in Theorem 12 for the case of D2 .

With reépeét to the two well-known classes of
differenc§~setvcodes and M-sequence codes, we examine
the performance of Algorithm D1 in more details, To do
this we define and develop froperties 1 to 5 with respect
to ﬁhé-sets of orthogonal check-sums of these codes.
We then use such properties to develop fﬁfthér resuits
cn the numbexr dt+1 of errdrs of weight t+1 that are
dorrectable by Algorithm D1. FIn Theorem 7 we indicate
the effect of a non-correctable error of weight t+1 on

the orthogonal check-sums of a difference-set code or an
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M—sequencé code. Using tnis result we then estimate
the exact value of Qt;1 for the cases of t=2,3 and 4 ,
as obtained in Examples 2,3 and 4 , In Theorem 8 wé
show that Algorithm D1 will in fact correct all
uniquely—décodable errors of weighth t+1 when used

with a difference-set or an M-seqguence code,

In @pble I we list the actual values of.Qt+1 andsor its

, &
lower bound for some codes of relatively short length n .

In section 2.6 we generalize the concept of non-
bounded-distance decoding towards the correction of errors
of weight T >t+1 and thence present Decoding Algorithms |
D3 and D4 for the cases of even and odd d vrespectively.
Theorem 13 proves g tﬁe validity of algorithms D3 and

D4 and indicate the conditions for an error to be correc-

table by these algorithms, while Theorem 14 gives the
highest possible weight of a correctable error.

In Decoding Detail D5 , we indicate how many rounds of
estimation are required.for corrécting an efrpr of a
given weight; The implementation of Algorithms D1 to

D4 is illustrated by way of Flowcharts 1 to 4 respec-
tively where some techniques for shortening the decoding

delay are exhibited,



In chapter 3 we study the eféect of correcting
erfors of weight t+1 by Algorithms D1 and D2 , on the
trade-offs among the transmitted power, bandwidth utili-"
zation and bit-error rate in random\3§mmunication chanhels.
On the basis of this and the decoding strategy given in
ehépter 2, we derive in section 3.3 explicit expressions

for the Net Coding Gain (NCG) and Net Error Improvgmént

{NEI) of binary block codes used over binar& symmetric
channels, We apply these expressions-in the case of
‘communication channels ‘having one or none of different
carrier modulation schemes, ahd thus obtain an upper
bound for NCG. In section 3.4 we present s;me illuétra—
tive graphical results on the performance of those codes

that were studied in chapter 2 .

In concluding this thesis we note that for t?e
1-step majority-logic codes we.examined, the decodihg
error rate of Algérithm D1 tends to become increasingly
more dominated by the occurrence of errors of weight t+2
as the code length n increasesa. This highlights an
interest in extepding the analysis carried in this thesis

for ilgorithms D1 and D2 to also cover Algorithmg D3 and
D4 . '
In passing it may be noted that some of the

results given in this thesis have been presented else-

where [28,29] . - ’
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CHAPTER 1
REVIEW OF RANDOM-ERROR CORRECTION

\{”TH BLOCK CODES

A linear binary block code V 1is encoded by

1.1 General

taking the producf of a k-bit information vector and
an ~kxn generator matrix G to pfoduce an n-bit
code #ector. If the minimum distance of Vv is d ,
then V will Dbe papable of correcting . any
error pattern of weight-T or less, and dgtebting the occurehbe 6f
"-bgt‘pot necessafily correcting -:.any error péttern of weight
A>T ar less, where a and T are governed by

A+T=d - 1,

o<T<t, t= (% (L
and | Jindicates the integer portion of the enclosed
expression,

L4

In this thesis we shall mainly deal with the combined
qapability' of correcting all errors of weight. t or less,
aé well as detehting and/or correcting certain errors of
weight t+1: of greater. We note thét\for the cas® of even

d=2t+2 ', -every error pattern of weight t+1 is detectable

since A =t+1 according to (1.1) . To this-effect we shall

n 5



iew in the remainder of this chapter the concept of
l:://<f:§indard array, and then discuss briefly the subject of
" bounded-distance decoding of majority-logic codes. The

subject of non-bounded-distance decoding will be investigated

in chapter 2 in connection with i-step majority-logic codes.

Throughout this thesis we) shall adhere to the
following notations. 'All n-Bit words wili be expressed as
polynomials of degree n-1 or less, Polynomial_addition
is taken modulo 2, and polynomial multiplication is taken
modulo (1+x™) . We denote V as an (n,ﬁ&ibinary linear
block code of minimum distance d . The code V consists

li“' | of 2k codewofds X

) n-1 ;
- vix) = 2 vixl : ' (1.2)
{=0 | . :

. each of which is produced by the encoder at an egual
probability of 2'k . A codeword v(x) is then transmitted

over a noisy channel which introduces a certain error

n-1 i .
e(x) = Eég e;x" . (1.3)
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The received word
n-=1 . )
r(x) = Z rix1 (1.4)
1=
will thuslbe given by

r(x) = e(x) + v(x) . (1.5)

The decoder is then likely to receive any one of 20 possible

words, and will attempt to provide an estimated codeword

k

¥(x) by deciding which one of the 2" codewords is the most

likely to have been transmitted,
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1.2 The Standafd ATTAY

The standard array for a given code V , can be
defined ae a "complete" decoding table which maps every
one of the 2" possibly received words r(x) into one of
the ok cgdewords vix) . The concept of tne standard
array is useful in understanding the "complete" error-
correcting ‘capability of a given code V . However,
because of the very large size (2" elements) of the standard
array table, 1ts practlcdl usefulness in decodlng is limited

L

to very Tfew codes of small length n .
\
Figure 3 illustrates how a standard array can

_be constructed, ahile in principle a standard array

.can be formed for any group code, the standard ;array

table is usudlly concelved only for the correctlon of

random errors. In this context a standard array must
be capable of correctlng all errors of weight t or
less when using a t-error-correcting code as well as
some errors'of weight greater than t for non-perfect

codes.

We note that the properties of a linear code

dictate that the all-zero word ©O(x) must be a codeword,
and that the sum of any two codewords vi(x) and vj(x)

must also be a codeword, whereas the sum of a codeword in

e n
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Vv and a word outside V cannot bé'a codeword in V

On the basis of such properties, the standard array can

be constructed as follows:

1. The first row begins with the codeword 8(x) followed
by all the other codewords v1(x), vzlx)...., vN(x)
where N = 2k -1 .,

2. The second row begiég with a single errg} pattern

N 81(X) . The remainder of .the second row will then
be completed by placing under each codeword vi(x) ’
for i = 1,.2,...,‘N', the word resulting from taking
the sum of” e1(x) + vi(x) . We shall refgr .to the

row thus formed as a coset and to e,(x) as its leader.

3. The third row begins with another coset leader e,lx)

whicn will also be a single error pattern and which
is not present in the previous rows. rhis row will

tnen be formed in a similar manner to how tne second

row was formed, -

2 4, The above process is continued untif/;ll possible
(?) single error patterns appear as coset leaders.

5. 1f t> we choose the next coset leader as a double

error pattern and form the coséet in the same manngg:

We can thus form'(g) cosets, the leaders of wnich

are all possible double errors,

v
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6. We carry on selecting coset leaders of successivély
incréasing weight until all errorlpatterns of weight
t or less appear as coset leaders,
I ‘ .
7. For the case of non-perfect codes we continue select-

ing_the next coset leader of smallest possible weight

outside the previous rows, and form the cosets.in
the same fashion until all possible 277% cosets
are formed. At this point the standard array will

LS

be filled with ali possibie on words.
The standard array may be conceptualkzed as a decoding

table in the following way:
The location of a received word r(x) Qithin a standard
array will point to the decoder estimate ¥(x) of the trans-
mitted codeword as being the word at the top of the coluun
containing r(x) . At the same time, the standard array
will give an estimate @&(x) of the error as being the leader

of the coset containing r(x) .

The complet¢ set of errors that are cérreétable by.
V is specified by the }irst column containing all the
2n-k coset leaders. For a t-error-correcting
- code, the coset leaders Wwill include, starting from the
top, all n single-errors followed by all (S) double-errors

and so on, down to all (?) errors of weight t .

I3
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With the exception of perfect codestferror patterns
of weight greater than t will also appear as coset
leaders. Among binary linear codes, the only perfect
codes known to exist are the_single-érror—correcting
Hamming codes of

(n = om=1 y, k=n-m, d=73)

and the (23,12) Golay code of d=7 .
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1.3 Syndrome Decoding

«

Trhe size of a standard array decoding table

can be significéntly reduced if we take advantage of

. the fact that elements of'the same coset have the

same syndrome. This fact can be seen frem the follow-

* ing discussion.

Linear block codes can be completely defined.either
by their kxn generator matrix G as already mentioned,
or by an (n-k)xn parity-check matrix H , which can be

directly derived from G by noting that
Gil = 0

where HT.is the transposed form of H . The prodﬁct
between H' and any codeword v(x) will give an "all-zero"
vector of dimention n-k . Siqce the received word is given
by

r(x) = v(x) + e(x) (1.5)
we get '

‘r(x).HT = e(x).HT , . _ (1-6f

where e(x) is the channel error. From (1.6) we sié/’

that tne product s(x) A4 r(x).HY is independant of

PRI T
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‘the transmitted codeword v(x)“.\\\The product s([)

\-

is called the error syndrome, )

-

The above-mentioned fact is one-qﬂ.the kef
principles underlying syndrome decoding, by which we
do‘not need fo operéte on all 2" possible received

5 .o - P
n-bit words, but rather we store.only ol k possible

-

(n-k)-bit syndrei::. An estimate &(x) of tne error
N

can be obtained €hther by using a decoding table or

by 'going through certain combinatorial logic.

In either method, an estimate of the transmitted code-

'

word can be obtained from
P \ N . m

$(x) = 8(x) + o(x) . /'\

The "implementatdon of a syndrome decoder can -
be even further simplified if a linear codé possesses
the cyclic property. A discussion of the decoding'

: \,
f binary cyclic codes follows in the sequel,

e
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1.4 Decodiny of Binary Cyeclic Codes

Decoding of binary cyclic codes can be easily
implemented by using shift register logic and by taking
advantage of their well-understood matnematical struc-
ture. A gyclic code has the property that a cyclic

. shift. of any one of its codewords by one bit, is alsol
a .codeword. A cyclid code can pe completely defined
either by its generator polynomial g(x) of degree
n-k , or by its parity-check polynomial h(x) of

degree k where-

h(x)

L}
A given (n,k) cyclic code V can be utilized

elther in 1ts systematlc form or in its nonsystematig

form, dependlng on how an information polynomlal m(x)

~

of degree k-1 , is translated into a codeword v(x).
In the systematic form the k information bits wiil
constitute the -k highest- order bits of the corresponding

codeword which is generated as . ' e

v(x) = p(x) + 2 m(x)

.i/ /

;.
[~
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where p(x) is the parity;cneck portion formed by

~

, ‘ cp(x) = ™K n(x) mod a(x) .
In the nonsystematic form of V , a codeword is

zgdnerated as

v'(&) = m(x) g(x)

where no bit in v'(x) can be recognized as a parity-check
bit or an information bit. The systematic form of a cyclic
code offers more flexibility in decoder implementation,

since the decoder can operate separately on the information

portion and parity-check pbrtion of a received word r{(x).

One method of computing the error syndrome is to
take . r(x) modulo g(x) . The decoder must then produce an
estimate 2(x) of the error. We thus get ¥(x) = 8(x) ¥ r(x) .
In order to obtain'an‘estimate fi{x) of the information
polynomial, a decoder for the systematic code can simply
take the k highest order bits of %(x) . For the non-
systematic code.‘on the other-hand; the decoder can obtain

fi(x) by dividing ¥(x) over g(x) .

PR
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1.5 Majority-Logic Decoding

The parlty-check matrix H of a linear block code
¢an be used to derlve a set of n-k linearly independant
check-sums on subsets of the n bit positions. Wwhen
substltutlng the values of the n recelved bits T Yor
the respectlve terms in these check-sums, an (n-k)-bit
error syndrome will be created. This in fact is eguivalent
to taking the product r(x).HT‘which has been discussed

in section 1.3 .

- Suppose that‘;e take all 27K possible linear
combinations of the n-k 1linearly independant cheék-sums.
" We may then be able to find some J check-sums which are
orthogonal on the first received bif Ty o such that Ty
appears in every one of the* J check-sums whereas every
other bit position ri_for i=1,2,...,0=-1 will appeaf no
more than once. This will enable us to obtain a
correct majority-logic estimate of the first error bit e

)
if no more than t = J/2 received bits are in error.

Similarly the values of the following error bits f}ifg:J‘C

e can be obtained by making use of the cyclic property

n=-1
of the code and taking majority-logic estimates. accordlngly.
If the code V has a mlnigﬂm distance d=J+1 , then Y

is said to be a '1-step majority-logic code.
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On tne basis of the above properties, 1-step
majority-logic decoding can be performed Ey using
shift-register‘circuit;y as i¥Tustrated in #figure 4 . -
Here the error correction procedure can be described

as follows [22] :

Step 1. The received word -is.first loaded into the

shift register.

Step 2. The J parity check-sums orthogonal on e,
are formed by summing appropriate received bits.-

This is done by J multiple-input modulo-2 adders.

Step 3. The J orthogonal check-sums are fed into
a majority-logic gate., The first received bit
is read out of the shift-register and %prrected by

the output of the majority gate.

Step 4. After Step 3, the shift-register has been
shifted one place to the right. Now the secondrreceived
bit r, is in “the first stage of the shift register

and wili be corrected in exactly the same manner a3

the first received bit was. The decoder repeats

Steps 2 and 3
Step 5. Similar to Step 4, every one of the remaining
received bits r2,r3,...,rn_1 will be corrected upon

successive single shifts to the right of the shift-

register contents.
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1-step majority-logic decoding i >amongst the
simplest and fastest known decoding algorithms., Since
theré are only few codes that are so deeodablé, there
is also an interest--in majority-logic decoding with
more than one step; A 2-step majority-logic decoder,
for instance, will estimate in the first' step a set of
a=-1 orthogogal sums on a particular error bit, ey -
Such a set w{il then be used in the second decoding

step to estimate e, -

Thé topic of 1-step majority-logic decoding will
be further sfudied in clapter 2 . There.we shall see
~ how the inherent capability of non-bouhded-diétahce
decoding of majority-logic decoding can be exploited
with the use of feedback decoding in order to-.correct

certain errors of weight T=2t+1 .
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CHAPTER 2
. ONZ-STTP MaJORITY-LOGIC DECODING
, |
WITH MULTIPLE ROUNDS

2.1 Introduction

Let V be an (n,k) binary cyclic code of minimum
distance d which is majority-logic decodavle in one step.
_ Let t=(d—2))2 for d even and t=(d-1)/2 for 4 odd.

" Then aA1estep majority-iogic decoder .can estimate each

one of thé transmitted bitsh vy for i=0,1,..,n-1,
by using a siﬁgle majority-logic gate. Any error pattern
of weight t or less can thus be corrected in one round

of n estimations.

Townsend and Weldon [21,30] . showed that some errors
of weight T>t cah also be corrected by using a variable
majority-logic threshold and going through as many as
2(d-1) decoding rounds. They gave some computer simulation
results. indicating how many errors of weighés greater than

t are so correctable for some quasi-cyclic codes,

In this chapter we consider two-round decoding
algorithms and provide analytical results on the number
of correctable errors of weight t+1 for the case of cyclic
codes, Such errors are more likely to occur than those of
greater weights, and may therefore dominate the decoding
error performance. It will be therefore interesting to bé

able to correct as many sucn errors as possible.
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#e begin this chapter by discussing & decoding
strategy tnat aims at minimizing the decoded pit error
rate when dealing witn errors of weight t+1 . In contrast
with the method of Tbwnsend and Weldon, our strategy is
to éttempt the correction of only spch errors of weight
t+1 that are\ uniquelyadecodable in the sense of being
coset leaders/in a standard array with no other elements
in the same coset having similar weight. We shall see
that under such a strategy no more than two decoding
rounds will be required. In this respect we specify
two decoding algorithms D1 and D2 for the two cases of
codes with even 4 and those with odd d , respectively.
We then develop some analytical results on the number
of errors 6f weight t+1 that are correctable by D1 or D2,
We also show that a significant portion of (t+1)-errors |
can in fact be corrected and that such portion tends to

approach unity with increasing code length n for the

particular codes considered in this chapter,

The ébove-mentioned results are of'practi?al
interest since they indicate that a substantial improvement
in ceoding error performance can be achieved at no additional
cost’ in terms of coding redundancy. The additional
implementation complexity is relatively small since the
same 1-step majority-logic gate can be used in both

decoding rounds,
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Finally, in‘this‘chapter, we generalize our decoding
algorithms to deal with errors of weights greater than
t+1 by going through moTe than two rounds of estimation,
We show that up to s+1 rounds will be needed for the

}
correction of errors of weight T < t+s where s < t-1 .

Although we have addressed in this chapter only
the case of cyclic codes, the results developed can also

be applied to the quasi-cyclic codes given by Townsend

and Weldon [30] and to some codes of Rahman and Blake

[31] . The following is a list of some known

3

cyclic codes to which the results developed in this
chapter are directly applicable. |
1. Difference-set codes [327] :

n = 228

+29 41, n-ka3+ 1, a=2%+2.
2. " M-sequence (or simplex)‘codes (33] :
n=2"-1, k=m, a=2"7,
3. BCH code (15,7) d=5 , and its even-weighted subset
code (15,6) d=6 [34,35] . -
4, Generalized finite-geometry codes [36]: e.g.

(85,24) d=22 , (341,45) d=86 , (585,184) d=T4 ,
and (4369,1568) d=274 .



2.2 Decodinz Strategy

+

Let us consider the case of Forward srror Correction
(F2C) used over a binary random channel which gives ; bit
error rate p at the decoder input. Let Py be the bit
error réte at the decoder output after an error correction
is attempted. Then for a given p , the value of P, will
ldepend solely on the error-correction capabili of the
:rstrategy

decoder, In 'this section we select a decodin

for dealing with errors of weight t+1 .

Corresponding to a transmitted codeword of length
n, let T be the weight of an error pattern e{x) pro-
duced by the random channel. An FEC decoder ﬁill make a
correct estimate of e(x) whenever T < t where t is as
previously defined. In case T > t+1 , however, a decoding
error may occur. Corresponding to an error pattern of
weight v, let R, be the a#erage fraction of erroneo?sly

decoded bits over length n . This gives

R-,-=0f0r T_<_t
and .

0 <R,<1 for t<T<n.



Using the above definitions we get

0 .
Ny T \D=T
Py = 2 pT (1-p)"7TR (2.1)
O rat+1 (;) 7
- In many practical systems we have p <<1/n .,

In such cases we ,can approximate (2.1) to

~ [ n\ t+1 n-t-1
Py = (t+4)9 (1-p) Reet (2.2)

which indicates that the decoder error performance is
mainly dominated by the occurrence of non—correctablg
errors of weight gt+1 .

[NOTE: Appfoximation (2.2) is good only when p<<1/n
and R, ,, is not very small, " As we shall see later in
fhis chapter, Rt+1 can bé'madé very smail by using
a non-bounded—distanée decoder that corrects a majority
of errors of weight +t+1 . Under those circumstances,

the effect of errors qf weight t+2 must also be taken

into consideration when determining By - ]

)

f <

In the following we shall .investigate how to minimize-p0

in (2.2) by making Ry,17 as low as possible,



Let us first refer to the standard array of an
(n k) linear code of minimum distance d , as the basis
of our decodlng procedure so that the full capablllty of
the code will be available to us. In this context an
error pattern e(x) of weight t+1 will belong to one

of three disjoint sets E, ,E, and E, which are defined

below,

Set EH : 'e(x)e:E1 if and only if ‘e(x). is a coset
leader of minimum weight in its coset with
no other elements of similar weight t+1 in
the same Eoset. Such errors can be said to ‘
be uniquely decodable. -

set E, : e(x)e:E2 if and only if e(x) has a minimum

weight in its coset, with u>0 other elements
of similar weignt t+1 in the same coset. Such

errors can be said to be detectable only.

‘B .
Set 3 : e(x)C E3 if and only if e(x) is part of a

coset, the leader of which has a smaller weight
than t+1 . Such an error is neither 'detectable
nor correctable since it leads”to another error

of a smaller Weignt as the decoding answer.

Since E1, E, and E; are disjoint sets, we have



-

T 5 = 1= [ B ) ' .
IL1|+|u%|+|u3| (t+1) _(2 3)

H

+ oy

where |.| indicates the size of the enclosed set. R
On the basis of the above definitions, we give

Lemmas 1 to-4 . below. '

LEMMA 1: e(x)E€E, if and only if 'e(x) is part of

a codeword v(x) of weight w = 2t+2

LEMMA 2: e(x)cfE3 if and only if e(x) is part of '

a codeword v'(x) of weight w' = 2t+1

Proof to Lemmas 1 and 2 is rather straightforward and will

not be given here. Lemma 2 wili directly lead to
LIMMA 3 For the case of d even, E3 =0 .

We then combine Lemmas 1 and 2 with (2.3) to get

" LEMMA 4: e(x)e:E1 if and only if e(x) forms no
part of a codeword of weight 2t+1 or 2t+2 .
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Néxt we considey the deEOder action with respect
to‘an error ﬁattern ,e(x) belorging to one of the sets
E1,.E2 and. E3 . When using the eﬁandard:array as a
decodihg tabvle, an error pattern iﬁ E1 will always be
orrected .as it is eonsidered to be the most likely
ror pattern to occur among those constituting the same

_-coset. For the same reason, an error pattern in E3 will

always lead to a wrong decoding answer,

On the other hand, an error pattern in E, will

2
be detectable but for the sake of error correction, it
will leave the!deceder without a clear cheice gs to which-
element in the respective'eoset is to be-consgdefed as
the most likely error pattern. In order to deal with

- 8uch a eifuapion, two alternative decoding sFrategies

may be considered, as discussed in the#;;;howing.

DECODING STRATEGY A : When an error phttern e(x)€E,
is detected, we choosé according to a'given rule, or
arbitrarily,one particular element out of the u+1
elements of weight t+1 present in the coset that

contains e{x)

D”CODING STRALEGY B : We use an (n,k) code in its
sy@%ematic form so that when an error pattern e(x)EE2 is

'detected we take unaltered the k-=bit information portion
N

of the received n-bit word, as the best decoder estimate

for the k information bits., ! '32
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N . -
Let £ Dbe the average value of the Hamming distance between
a transmitted codeword and the correspdﬁd&ng<h-bit word

- o
estimated by thne decoder, Then under Strategylﬁ", the

decoder will give a wrong answer with respect to an error
n, . .

pattern e(x)€E, at a probability of —Z= . This is
because the u+1 elements of weight t+1 contained in e

the coset of e(x) , are all equally likely. From Lemma 1
we note that 2t+2 bits will be in. error at the decoder
output if: e(x) 1is erroneously decoded, -On the basis of

all this we get

r = {2t+2)u B (2.4)

a u+1

where fa is the value of f under Strategy A .

a

. On the other hand, Strategy ﬁ-will leave the number
t+1 of error bits in é(x)E:E2 urichanged whenever such an
error pattern occurs, This means that

.

£, = t+1 (2.5) °

-

where fb is the value of f under Strategy B .

.+ Since decoding of error patterns from the sets E, :

and By will be the same for both Strategies 4 and B ,

and since fﬁ( f, for ud0 , we conclude that Strategy B .

{ : ’ C}
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wigi lead to a lower value of Rt+1 and hence a smaller

bit error rate at -the decoder output,

-[ NOTE: Strategy A would otherwise be applicable if the
intent was to minimize the probability of an erroneously
decoded codeword, rather than minimizing the decoded

bit error rate. ]

~We must mention here‘tﬂat althéﬁgh a .error pattern
e(x) €L, is theoretica}iy correctable when using the
gtandapq array, practical decoders however may not poSsess
the fdll decoding powéf of the standard array. In view of
this we Shall need to modify Strategy B in drder to cope

with any practical limitations of a given decoder. This

will lead us to the }Bilowing

Y_DECODLNG STRATEGY C : We use an (n,k) code in its
systematic form so that when an error patternkof weight
t+1  is detgcted and found correctable we do the correc-
tion, but if such an error cannot be corrected for what-

ever reason we then take unaltered the k-bit information

@ of the received n~bit word.

Theorem 1 below gives expressions for Rt+1 on the
B S
basis of Strategy C . These expresaions will be used later
. P ;
in chapter 3/ﬁn analyzing the coding gain performance of
Decoding A%ﬁprithms D1 and D2 specified in sections 2.4

and 2.5 which are based on Decoding Strategy C .,

—




iHEOREM 1 ¢ With fespect to a %ina£y é}stematic
‘(n,k)‘code of minimum distance 4 , let R, , denote
- the avefage fraction qf erroneously‘decoded bits
over length n due to an error pattern e(x) of
Qeight ‘t+1 . Let Q,,q denote the number of error
patterns e(x) that are correctabie. For the case
of odd d = 2t+1 , let Ad denote the number of code=
words of weight d and let R, , AR' and Q,,, A g,
For the case of even d = 2t+2 , let R AR and

t+1
.1 A 2 . Then Decoding Strategy C will give

T A, 2T+ n-i- Y /n
o 20 L (V) -] (l) e

and

G+1) :

Proof:

(a) For odd 'd » The set E3 defined earlier, consists ..

of all the error patterns e{x) of weight t+1 that can-~

not be recognized by the oder as having weight t+1 .

~ _/'f\/
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On the basis of Lemma 2 , the asize |33| of the

set E is equal to the number of error patterns

3
e(x) , each of which forms part of a codeword wv(x) of

weight d=2t+1 . For every v(x) there are (tg;) error

patterns e(x)CE3 . We also.know that no e(x)éZE3 can
be part of on different codewords v1(x) and v2(x) of
weight 2t+t , since otherwise we would have a third code-
word of wéight .2t {d given by v3(x) = v1(x) + vzkx) ,

which is impossible. Therefore we get

( d‘) _ (2t+1 | ,
3= Ag \ter) = 2 \ ¢ . : (2.6)

As a conseyuence of Lemma 2 , an error pattern e(x)e E3

+

Lot

will cause the decoder to erronéoﬁsly indicate another
error pattern of weight t and hence produce a total of
2t+1 error bits at the decoder cutput. Thus the total
‘contribution C1 to the value of R' due to error patterns

in E3 is glveg by _ v 7

2t+1) 2t+1 n
C1."Ad ( t ) 'H""/(t§1) : (2.7),



i
The remainder of-error patterns of weight t+1 are those -
outside E3 which can be recognized by:the decoder as

.. having a weight of t+1 . Out of these there are

v

(t21)-Q|-E3 erroré each of which will cause, according

to Strategy ¢, t+1 error bits at the decoder output.
The total contribution 02 of such error patterns to the

value of R' will therefore be given by

C2”‘ ‘t’}‘:l[ (t21)\- SR A ]/(tf‘l) - (2.8)

By combining (2.6), (2.7) and (2.8) we get (T1a). This

proves the first part of Theorem 1 .

(b) For eveh d , Lemma 3 gives IE5| = 0 . ’Thus there are

onl& (FE1) -Q non-correctable error patterns of weight

t+1 , each producing t+1 error bits at the decoder output
kTY"gives (i?b) and

thus proves the second part of Theorem 1 .

according to Strategy C . This direc




REMARKi LI Rt+1 has_been uppér-bounded in the
literature by d/n for the case of odd minimum
distance/‘d 23], Tﬁis upper bound is obtained
by taking'the‘extreme case where éll.error patterns
of weight’ t+1 belong to the sét E3_éﬁd hence
each will produée d eror bits at the decoder

output.

OWOLLARY 1: Let V' be an (n,k) cyclic code of odd
minimum distance d'= 2t+1. generajpd by g(x).

Let V be the expurgated subset (n,k-1) code of
even minimum distance d = 2t+2 ’ generatgp by

(1+x)g(x). Then Decoding Strategy C gives

R' - R> d-:-; (tﬂ) (t+1) o (c1)

where R', R and Ad are as defined in Theorem 1 .

C;—‘Pég;f: Because V is-a subset code of V' , every

error pattern correctable by V' is also cérfectable
by V . Therefore

Q2>Q (2.9)
where Q and Q' are as defined in Theorem-1 .
Combining (2,9)‘with (?iag and (T1b) leads to (C1),

.

hence proving 6orollary 1. Q.E.D.
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REMARK 2 3

Corollary 1 impliés that the performdnce
of an FEC deco@er in terms of tne bit error rqte at |
its outﬁut, can be improved by taking the subset code

V at the cost of losing one information bit. An

" alternative way of taking advantage of the‘even mini-

mum distance of V , is the well-known hybrid scheme [2,
37] of using both FEC and ARQ such that error patterns
of weight t or less are corrected whereas those of

ﬁeight t+1 are only detected for the purpose of

retransmission.

[ e
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2.3 One-3tep Maiority-logic Definitions

' ) n-1 3
"Let wv(x) =. 7 v.x
' . i=0 *

represent a codeword in a binary cyclic code V which is
majority-logic decodable in one step. Suppose that the

channel introduces an error of weight T expressed as

T
e(x) = E xa‘j ,

J=1

where aj€'{0,1,...,n-1} and every aj is distinct.

The received word expressed as

r(x) = 2 T, x
i=0

will +then be given by .

r(x) n_v(x2-+ e(x) .

Since V is 1-step majority-logic decodable, we
can form d orthogonal estimates on the transmitted bit

v, as follows;



iy

¥, = Hajority of o1 - 4

| !
| Soramt 72 Fag_1, ; J

where ab:je{1,2,...,n-1} for b = 1,2y¢0,,d=1 and all

terms rab jare distinct, Since the code V 1is cyclic,

we can form g orthogonal estimates on any transmitted
bit vy by cyclically shifting all the terms in (2.10)

by i positibns. In other words we have

53

! (2.10)'

Bi,o = I,
8, = T .
i,1 J=1 1+a1’3
¥, = Majority of . | . : - (2.11)
- 8 = r
i,b <1 i+ab,j



54

':3;._‘.'; """
If amonz the d estimates at least T  estimates agree
with one wvalue ,%i , then %i is. taken to be the decoding
answer for v, , where T>d/2 being the majority-threshold.
We note that in the absence of an errory the received
word »r(x) will équal a codeword

v(x) , and hence the
Vi

d
estimates in (2.11) on any Vi will unanimously agree with

. Therefore in the presence of an error e(x) , we can

3

examine the decoder performance by taking the simple case
of an all-zero codeword and considefing the effect of e(x)
alone on the

)

d orthogonal estimates,

The simplest form of a 1-step majority-logic decoder
is that using a fixed majority threshold of T =d - t ;
i.e.. T

t+2 _for even 4 , whereas

T = t+1

for odd 4
Such a decoder will correct any error e(x) of weight

T < t by going through one round of n estimations.

However, if certain errors of weight 7 >1

are to be
corrected then feedback decoding will be necessary in the

~_."

Y
*-\\
sense that r; is complemented when Qi £ ry before v, , py
is to be estimated [ 21,301, With feedback decoding it may
be necessary to go through more than one round of estimation
and to use more than one majority-logic threshold.

In this
context, we shall discuss in the remainder of this, chapter

the capability of t-step majority-logic decoding in correct-
ing errors of weight 1>t .

¥



2.4 General Aspects of Two-Round Decoding

-

In formulating our décoding algorithms for dealing
with errors of weight t+1 , we shall adoﬁt Decoding
Strategy C given in section 2.2 by attempti&g to correct
only an error that -is not part of d codeword of weight
2t+1 or 2t+2 . To be able to correct some of such
errors without permitting the possibility of an incorrect
majority vote with respect ‘to an érror of wéight t+#1  of
less, we need to set the initial majority threshold T1
higher than the error weighﬁ; i.e. T1 = t+2 . Since
such a threshold doés not preclude an incorrect majority'
vote with respect to an error of weight greatér than t+1 ,
the‘decoder ought to declare a detectable-only error and
S8top decoding whenever it sees more than t+1 received
bits in error; i.e. bits for whéch ?i # r; .« On the
other hand, if the error weight at.the end of decoding
was t+1 . or less, we would still need to verify the
va%idity of the decdded answer ¥(x) by testing if
¥(x).modulo g(x) = 0 , where g(x) 4is the generator
polynomial:of the code V . This verification on the

r .

'dech answer is required since majority-logic decoding

est‘im;’;s each one of the n transmitted bits v, separately '
which'when put together, may not necessarilf constitute
a codeword. Failure to satisfy'sugh a condition will

again indicate a detectable-only error, (See axample 1).
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In the folloﬁing sections 2.5 and 2.6 we shall
discuss the mechanism of two-round decoding. we shall
see that no more tﬁan two decoding rounds will be necessary
for the carrection of uniguely-decodable errors of weight
t+1 . Whereas the first round is identical for both cases
of odd and even minimum distance 4 , we shail see that
the sgcond round will 5e quite different in these two
caseg. Therefore for the sake of clarity, we shall discuss

the two cases separately in sectionﬁl2.5 and 2.6 .

)

e i Ty et
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2;5 Two-RAound Decoding with Even Minimum Distance

For the case of a code V of eéven d = 2t+2 , we
specify below Decoding Algorithm D1. This is a two-round
algorithm which will be shown to be able to correct all
errors of weight T £ t .and some errors of weiégt L+
that'are coset leaders of unigue weight in their cosets;
i. e, uniquely decodable, Wwe then analyze in details
the performance of sﬁcnlan algoritim.

.

2.5.1 Decoding Details

DECODING ALGORITHM D1: We set the majority threshold -
fixed at T = t+2 . VUsing the di ortpogonél estimates
in (2.11) , wé také a majority vote on #ilfor

i o= 0,1,.;..n-1 in that order. 'In this process we

complement ry by replacing it with rif1', if Gi-; T o

and . then count the numper gq .of received bits so comp-
lemented, Otherwise we leave Ty unchanged; i.e.

when either ﬁi =r; or therq is a tie. 1In this

manner, we go through one full round of n estimations.

Suppose that what we have at this point is a modified
received word T(x) replacing the original received
word r(x) . Then beyond this point, we follow one

"

of three possible paths: f



(a) Wg stop ®ecoding and take V(x) =‘§(x)‘, if

qrght¥i , I(x) modulo g(x) = 0 , and there-waé
.no- tie at all during the first round, where g(x)

C is the generator polynomial of the code v .{ .

J' (b) If there was a tié‘éhd' 0 <qg<t+i , We go thrgueh
~a second found of estimation in order to résj%%g
any remaining ties, by faking.a majority vofe oh
« the corresponding bit positions. If.f%ere has

been no tie at all during the second round,

g a ﬁ t+1 , and r(x) modufb g(x) = 0 we then ' j
take the egtimate %(x) = n(x)
. " (c) In all cases othef than (a) and (b) above, we

declare a detectable- only error and stop decoding

The dbOVE spe0111es Decodlng Algorltnm 7

.
- -
4 LI IR I B R R N I N I I N NP . <
L]
N .
- A
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Flowéhart 1 shows a specification of Algori‘hm =
D1;. In this speéificafion,'cggtain techniques
are configured tq shorten the decoding time and reduce
functional redundéngy.//We make use of two indic R
and Mi for i = 0.1,.£.,n—1 . 4t the beginningej} the
algorithm we set R =Cﬁ54£o signify the fir;t qdéoding
round. As soon as one of the received bits Ty has been
complemented, we set R = 1 to signify the second round.

. Then any tie beyond this point will cauée decoding to

stop and declare “a detectable-only error and thus avoidingj
further decoding delay. On the other hand, the variablef\\)
Miifor is= 0,1,¢04,n=-1 1is gse@ to ind;&izf Qhethef a '
majority vote has been obtained for ¥, or not. This “is
to'prevent the decoder from taking a second unnecessary

"majority vote on an already estimated v, .

i L
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YOTR
SS1ILE v

2

Yes ’ '
4 ET
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TAKE
Fx) = r(x)

Algorithm D1 for Correcting Errors of
weignt T<t+1 for Even d = 2t+2 .



2.5.2 Error-Correcting Capability

In order to examine the error-correcting capability

of Decoding Algorithm D1 , we také the simple case of an

zero codeword and consider  the effect of an error
lone on the d orfhogonal estimates in (2.11),

ase of un efror of weight T ¢ t , Algoritua

bviously stop decoding at the end of the first
modified received word being equal to the
transmitted codeword v{(x) . With respect to errors of
weight t+1 , we give Théorems 2,% and 4 to prescriﬁe

the conditions under which error correction by Algorithm
D1 is possible. On tne other nand} errors of weight

T >'t+1' are not permitted by Alsorithm D1 whiéh will

abortctaking a de i and{ d 1aré a detectable-only
error whénéwer the Tum of detected error bits is
greater than t+1 . This ;sl;htended to aveid the
possibility of an erroheouéi& estimated answer in view.
of the decoding threshol@ being high enough only to

guarrantee a correct estimate with respect to errors

of weight t+1 or less.



THEOREM 2: For the case of a code V of even d = 2t+2 y .

Algoritnm D1 corrects every (t+1)-error given by

-t a. - o
e(x) = 2 x 9 , where a‘j c{O.1,.-.~..n-1}

J:

- T

if and only if there is at least one error positidﬁ; a.
such that, for i = aj , we have a majority vote among
the d orthogonal estimates in (2.11)}; that £§“TU§

i= aj the error affects the value of at most

orthogonal estimates,
-

Proof: Since the threshold 'T is greater thnan the error
weight, an incorrect majority yote with respect to e(x)
is not possible. Suppose thaﬂ‘!l e(x) there is-at'ieast
one bit position aj such that for i = aj a majority vote
on v, is possible during the first round of estimation.
Then for i.>ad what we are léft with is an error of
weigﬂt t so that a majority vote will be obtainable for
every i >aj=.. If a:j # 0 , then for all i‘ial_-if any-

giving a tie during the first round, a ﬁajority vote will

be obtainable during the second round., Thus the modified recei-

" ved word after the completion of the second round will

indéed be equal to the transmitted codeword v(x). ;,j) .

. . ¢
W
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If tnere is no i<:aj for which there was a tie during [/‘
‘the first round, thenidecoding stops at the end of the . N,

o e T

_fijst round and Tr(x) is egual to the transmitted code- »
Qofﬁ v(x).~ Therefore an‘error specified by Theorem 2 . f
will always be correctable by Algorithm D1.

On the other hand if no majority vote-ﬁas possible ;n

any of the error positions during the first round, j

Algorithm D1 will declare a detectable~only error and

étops decoding. Q.E.D.

The proof of Theorem 2 will directly lead to

COROLLARY 2: algorithm D1 will correct an error
e(x) of weight T during no more than one deceoding
round of n estimations if either T < t , or
T = 1+1 uitﬁ e(x) satisfying Theorem 2 and

includingfthe‘position a, = o .

sas s s s eavee BBt



64

G

RiMARK 3 3 In view of Corollary 2 and tne fact that
an error of weight t+1 1is less likely to occur than
those of smaller weights, the 'additional average delay
in Decoding algorithm D1 over a single-round decoding
algbrithm is insignificant. Furthermore, since Algo-
rithm D1 reguires pnly one mMajority threshold, its
decoding complexity will be in the same order as that
of a single-round algorithm for correcting only errors

af weight 1< ¢t . " ' .

REMARK 4 : Further to Remark 3 we note that for
the tﬁo cases of the (21,11) difference-set code and
the (15,6) expurzated 3CH code both having 4 = 6 ,

only one round of n estimations is required in

Algorithm D1 to correct errors of weight t+1 =73 or

~less. This can be verified by a close examinatidn of

the respective orthégonal relations of these two codes,

which reveals that no tie is possible with any triple.

error satisfying Theorem "2 for correctability by
Algorithm D1, hence no necessity for a second decoding

round.’
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In Theorems 3 and 4 given below, we examine in more

detail the error types specified in Theorem 2 .

THEOREM 3: Let a codeword .v(x) of weight d = 2t+2

in an’ even-weighted code V , be denoted by

a.

d .
v(ix) = > x 9, where aj€1{0,1,.,,,n-1} .-
J=1 '

L4
Let e'(x) be an error of weight +t+1 which forms
part of v(x) . Then e'(x) will produce a tie in
Algorithm D1 when-taking a majority vote on any one

of the t+1 error positions.

Proof: With respect to (2.11) every sum ri+8; 4 for
' ar

i €{0,1,...,n-1} and b :{o}1,...§;:1} is a parity-

check sum which will be equal to zené;Lnen there is no

error or when the error is a codeword. Thus in either

case a unanimous agreement will be oﬁtainéd among the d°
orthogonal estimates in (2,11) for every Gi y 1=0,1,..,n=-1 ,
In the case of an error of weight d which is a dodeword,

the only way a unanimous agreement can happen on estimating

one of the error positions, is when such an error will-/3

-
-

affect all orthogonal estimates in (2.11); i.e. each

estimate contains one and ornly one error bit on the right

b
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‘the only t?pe of error corregfable by D1 must belong t

66
hand side., As & result of this, any error éf weight-
1 < d whicn is part of a codeword of weight d will
affect T orthogonal estimates, wnen estimating onelof o -
the error positions. Tnerefore in the case of an error
like e'(x), t+1 orthogonal estimateé will be affected
when taking a majority vote on any ‘error position 'Va, ,\v\W
thus_producing a tie in view of the majority thresnolg
of Alzorithm D1 beihg T = t+2 , This completes the
probf of Tneorem 3 . Q.E.D.
- rﬁ,z’“\s '

THEQREM 4: For the case of a éode V of even

d = 2t+2 , Algorithm D1 will only co:recf an error

of weight t+1 1if such an error is hiquely decodable

in the sense that it does not f&r art of a codeword

of weight d .

Broof: The sets E, , E, and E3 in section 2,2 exhaust
all poassible error patterns of weight t+1 . Accordiqé
to Lemma 3 , E3 is an empty set for even d . According
to Lemma 1 s every error in E2 forme part of a codeword
of weight 2t;2 . Theorem 3 shows that such errors will
produéé'a tie when estimating any gne error position,
leaving Nngrithm D1 unab}e to imate the error.. Thu

N

to L1 and will therefore not form part of a codeword o

—

e
weight qd . J.E.D.




. B 1 N -
HEMARK 5 : 3o far we have not shown that Algorithm

D1 is optimum in the sense tnat every error of weight
t+1 which does not form part of a codeword of weight
d is correctable, However, we shall see later that

D1 ié optimum in tnis sense, for the cases of the
(15,6) BUH code and the two classes of ii-sequence codes

and difference-set codes.

(/F\_
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2.5.3 Bounds on Decoding Performance
A\

Theorems 5 and & below, give lower boundg for the
number of errors of weight t+1 that are correctable by

Algorithm Dt ., 1In proving these theorems we need to

consider errors of the form

) a a a -
S eo(x) = 1 + X 2 , g2 +.es + X T+ (2.12)

4
and take any type of (t+1)-error to be expressed as
ec(x) = x° eé(x) , _ (2.13)

Where CE{O’.1|..|.n-1} .

~THEOREM 5: Let N be the Bize of the set Y which
consists of all errors eokx) having thé form of
(2.12) corresponding to which there is a majority
vote.on v, among the d orthogbnal\eatimates in |

({_#E;i;OJ. Then the number Q, , of errors of weight
t+1 that are correctgble by Algorithm D1 , is iower-
bounded‘by | '

' nN . ,
Va1 2 T (T5)

e



-

o ! : ) 6
o / | ?

Proof: Let Yc.be the set of all errors .ec(k) haviﬂé

the form of (2.13) which are obtained 'by cyclically .
shiftiné every error ‘e (x) in Y, by c'positions.i Due\to_the
cyclic nature of the code V , an_error ec(x) in Y,

will yield amajority vote among the d estimates in

(2.14) , for i.= c, where c¢ = 0y1,+0.,n=1 . Thus every
error 'in Yc is correctable by Algorithm D1 in view of

-.Theorem 2 . Therefore the total number of all correctable

- errors of weight t+1 will be given by

. 1
. Qpaq = lyl | (2.14)
e
where |Y] denotes the size of the union set Y of all

. 4 .
sets Yo' Y1, "'Yn—1 . 1t is clear that among the sets

Yo, Y1, "'Yn-1 the number of times every error pattern

is repeated cannot be‘moie than its weight t+1 .

In view
of this and the fact fhét =
. \\ ]
IYO\ = \YJ ™ oees ® lYn—1l = N ‘
we conclude that
n.N ‘ .
B ]2 £33 - (2.15)
!\‘ .
\/7p0mbining (2.15) with (2.14) leads to (75) and hence
~ proves Theorem 5 . . d Q.2.D.

.
e e e

P S
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THEOREM 6: For the case of a code V with even
minimgm distance d = 2t+2 , the number Qt¥1 of
errors of weight t+1 that are correctable by

Algorithm D1 , is lower-bounded by B,,, » where

Qt+1 2

-
Ed

-t

Proof: 'We prove this theorem by deriﬂkng an expression
for N as defined in Theopgm 5 andfsubstiiuting §he result
in (T5). Let Y;‘be the éet of &11 errorQ having the
form of (2.1é), for which no majéripy vote is possible
among'the d orthogonal estimateg in (2.10) during the
first round in D1 , Let the size‘;f Y; be M . Since
there are altogether (é;1) errors of the form of (2.12),

the number of those giving a majority vote is

(2.16)

It is easy tp see that an error of the form of‘(2{12)

: -t
will belong to the set Yo , 1f and only if the t grror
bi%! T,

) {or J = 2,3,00e,t+1-, are distrib?ted among
J o )

. ' . “
n 2t+1 t : .
B n-1 °
By,q B (t+1)' T+ ( % )[2t+1] . (T6)
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any t out of the. d-1 orthogonal relations in (2.10)

‘ . .
other than 's_ = r, . The valuegf K- will therefore

=
0,0 O

be given by the sum of 'products of the respective

-

values of ub'borresponding to any combination of

t. orthogonal relations in (2.10) where b €{1,2,..,d-1}.

In other words we have ) .

M= U, U eae U {2.17) L
Z b0y by {

r

N

with the summation being over all values

- gf b, where !
every b, is distinct; i.e. 1 5~p1‘<b2-<..$bt.g d-1

In view of tne fact that

.. u, = n-1 , o (2.18)

it can be shown [18] that -M is maximum when all the
values of u, are equal and winere all the n terms .
TosTysesesT 4 are present in (2.10); that is every

-1 r ’
Yo TaT . | B

o]

foﬁf b= 1,2,.0.,d=-1 . Using this fact and combining

(2.17) with (2,19) will then give .

-

4
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T fa-1 it 2t+1 % : : ‘ ‘
) n-1 . n=-1 , S .
“ﬁ(t )[371] - (t )[’z'm'] » 2.0 ,

»~
-4
~

Combining #2.20) with (2.16) yields . ' ~

N >

-1
(5

2t+1 ) t 4 « .‘
)-(t )[2;1] co L (2a21)

¥

o \

-

By substltutlng (2. 211/1;\?T5) ‘we arrive at (T6) above,

&

L4

"and thus prove Theorem 6 . Q.E.D.

L3 ’ ’

>

_ EXAMPLE 1:* Aq'an example for Theorems 5 and 6 we’

consider the (15, 6) éxpurgated BCH code of [d=6 . If we

reclprocal of the parity-check polynomial as

“ Y ! \.. -“-,"" :
IF(X) =1 +ex; + xt +‘x5f+ x%% we can then get the -
follow1ng orthogonal egtlmates on v, i ' " . .
L] -/-’ -7
N y _ . R
S0,0 " To v
%0, 1 T * T3 v T " *
50’2 o= 2‘+ r6 + r14 . (2.22)
0,3 T T4 * T1a T F13 0 X
Bo,4 = Tg * Tg g %})9
¢ J ¢
. IS - ‘.
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We‘therefbre havé wifh reépedt to (2.10) ,
ﬁb =3, for b= 1,2,3,4 .
and ubxz:fdr b=5. o (2.e3) ¢
'_lAccording to Theorem 6 , the number of triple( errors -
"dorréctable by D1 is lower-bounded by
Q> 63 . 2

Hohéver, since the result'of Theorem 6'is.based on the
;wbrst case ﬁpere all the orthogonal estimates have
equal number of terms}with no missing term, the lower
Jbound of (2.24) can be improved by finding the exact
value of N and applyiﬁg it in Theorem 5f; To do this

[);, ~ we consider a triple'error.of-the form

a a.

Te x 2, with 0 <a, <a, . (2.25)

eo(x ; 1'+ x

-

<Q .
The number of errors eo(x) giving a tie; 1i.e.

.affecting 3 estimates in (2.22) can be found as

| M o= (B)x3x3 + ($)xexs - 18 . (2.26)
Using (2.26) in (5.16) will then give .

e

N = t;})- 78 =13 . (2,27)

By substitutfpg (2.27) in Theorem 5 we get

§

(2.28)

A
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codeword, we consider the case of an all-zero codeword

14

This result coincides with that‘given in‘[SB] for tne

total numoer of triple errors that are'Pniquely decodable QW
in the sense of not forming:part of a codeword of weight 5 or

6 with respect to the BCH (15, 7) code of =5,

A close examlnatlon of the expurgated (15,6) code shows

~ that there are only 65 triple errors which do not form’

part~of a codeword of weight 6 . We therefore conclude
that Algorithm D1 is optimum with respect to thls code \\~
in the sense of correcting all uniquely-decodable

triple errors. '
NP Rl -

In order to illustrate the need in tne decoding algorithm

to verify that the decoding anéwerv*ﬁfx) is in fact a

"and an error

13

e(x) = 1=+ + x2 + X 7. ..

" Such an error woulld result in .a decoding answer of

2 9 13

F(x) =1 +x +# x5 +x7 + X ,
indicating an error of weight.1 , i.e. '\\
" N 'q.‘
&(x)

. Here 3 ¥(x) is obviously not a codeword since its

welpht is smaller than the minimum distance (d= 6)
»

Of”pheI(15,6) code,
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2.5.4 Diff erence-Set Codes and M-Sequence Codes

1n Theorems 5 and 6 we gave lower ‘bounds on the
number of (t+1)-errors that are correctable by Algorithm
D1 . We also saw in Example 1 how ‘a knowledge of the
orthogonal check—sums of a given code can be used 1n'
conjunctlon w1f\\$h§9rem 5 in order toe provide a tighter

result than that obtained by Theorem 6 alone. In the

-

same example we saw that Algorithm D1 is optimunm in the
correction of triple errors when used with the (15,6)

double-error-correcting code..

In the‘soqueliwe devéﬁop séﬁoﬁs?ecific results

‘on the performance of Aléori' D1 and show its optimality
with respecf to the foilowinzsiwo well~kngwn classes of v
1-step majorlty-loglc codes: ?g '
(a) leference—set coées [32] ' b

n=228+23+1-4t2+2t+1 , \\

d=2%+2=2t42 , ' /-k2.31)

n-k=35 1 . : J\
A dlfference-set code is completely deflned by a positive
Iiﬁ&eger 8 . We shall henceforth refer to such a code\u’)

} as VD_:

1
i
1

1

i

i




vy -

k=m. 5. .
An M-sequence code is completely defined by a positive -

intéger. m , We shall honcéforth refer to such a code

(S

as VM . 3 '

-

Before we examine the properties of the orthogonal
e . :

check-sums of the aboﬁe—mentionéﬁ’ggaés, we shall rewrite

- expressions (2,10) and (2.11)';uch that an estimate éi

of an error bit at position i can be obtained by taking
a majority vote among d-1 orthogonal check-sums as .

follows:

e = Majority of

e, = 0 and

.
Va2

P
r 16
P
: - &
" Tb) M-sequence codes (21,381 /
, 0 =20-1=4t4+73
‘ a=2""wote2 , 0 (2.32)

C



Similarly P

.éi = Majorit} of | (2.33a)
‘ .

ey = 0 and

Next we'define C, - as the s:}set in C , consisting-

of the d=1 orthogonal check-sums in (2. 53&), for a given

bit position i , where C is the union set of all

)

Using the above'definitions, we can now stdte

tw ell-known properties of E/p orthogonal check—suma

subsets Ci for 1-01,...@; : ' &

.

" correspondlng to dif{erence-set codes and M—sequence" T omt
codes, - . . , ' ") “‘j '

ey

e et L, L
.
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PROPERTY 1: With respect to a code Vy or Vi,
every orthogonal check-sum ¢, , in (2.33) for
‘ L :
b e {1 224 ...,d-—1}’.' has the game number of 1;erms' n

"other than T, given by

u = %5} " Lo  ¢ (P1)

D (P1a)
and' U= 2 fozf‘Acodg Vy - _ (P1v)
) »

where u = 2t “for the code V

PROPERTY 2: With respect to a code Vj or V, , every
check-sum belonging to the subset C, , also belongs

to another subset Ck in € for all-» k = Iyt i, ¢

A,
Jy A0 .

.t

Property 2 , togethey with the fact that both codes Vy
and VM are completely orthogoqizagle in one step will
then lead to the following. ' o

. Y R

PROPERTY 3: With respect to a code VD or VM , wWe

-have ' ' . <

~ o

(a) A term r;, appears onlx&in those d-1 check-sums“

/J;that cd%stitute the subset C;€C .
‘ : P \
(b) Every pair of terms’(ri,r

!

a.)Wfor i # j , appears

.onqg and oply once throughont the entire get € . |

(c) Thq subset CiEIC contains all n terms T ,fyscesTp g -+

-




U

N

-

b

- .

i
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Since there. are (g) pairs of terms,(ri,rj) aﬁd since

eveny check-sum in ‘C\\Egpx(u;1) such pairs, we then
get in view of Property 3 the following; '

"PROPERTY 4: For a code Vg
is given by

. el = G)/(%'):
where ]c[ =n for Vg,

and ‘C‘ = % (2)- for. Vv,

Expression (P4a) is obtained by

(P1a) and“(Z.SJ), whereas expression (P4D) is oy

by combining (P4) with:(P1d) .

M

or V , the size of C

“ (pa)
(P4a)
. : (P4b)
‘ {
lf"\r
H

ned

combining (P4)

Finally;ue’ﬁfggénx'for the case of \difference-

. set codes the following
~ .

PROPERTY 5: With respect to
svery checﬁ-éum in € -has

with any other.check-sum in

Proof: Acgording to Broperty 2
given in (2.33a) is a member of
& a4 - . ’
k -'il J1+i' j2+i ’ ‘ao-o'-'l ju+1
exactly one term in qommon with

':belongingjtg any one of the _u+i

LAY

~

A,

the set ' C of a code Vp ,

exactly one term in common
i

- %
C .. . .,

s a check-sum Fi,b %?

u+1 subsets Ck€ ¢ for
il bod : I

o« Then ;!g’b g;ll have

any cher'check-guq/fsé

subsets
[

»

Gk .

n

é
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In other words tne term r, is common between ci b
} )

and all other d-2 check-suma in Ci y the term

rj1+i' is common between ci,b and all other d-2

check-sums in Cj +i » and so on. On this basis,
. 1 .

it is sufficient to prove that the union set -

' ’ ' .
> - ‘- H : c e e s e et ® UC.
¢ e, U 3_,,31+1 U Jo*i U_ iy

is identical to the set C of all orthogonél check-sums

+1i

for the code Vj .- We prove thi# by showing that

¢| , where |G| denotes tne size of C . We note

that every two subsets qk€ C", have only the check-sum

. %
i b in common, otherwise Property 3 would be contradicted.
. i

wWe therefore have d-2 distinct check-sums in every one

of the u+1 subsets CKEZCf , Plus the checkiifs: LT
. 1

.which is common to all the u+l subsets CKE D4

Thus we get . -

= 1 + (u+1)(d=-2) . " (2.34)
Combining (2.34) with (P1a) and (2.31) then gives

3

1
<

By refetring to (P4a) it is clear tEg; |C'|=|C1 , implying

that' . C's ¢ . | Q.E.D.

i ML . T

= InN- .
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In the'séqﬁel ﬁé\shall use Properties 1 to 5 to ' 4
obtain dérivations fordthe ngmber Qt+1 2? (t+1)-errors
that ,are correctable by Algorithm D1 with respect to
aifﬂgience-set codés and M-sequence coaes.~ Firgt we use
‘Theorem é to obtain numerical values on the lower bound ‘

for the correctabie fraction of ‘(t+1)-errors. This frac-

. ’
tion can be expressed as

t-1

Table I 115ts the numerlcal valueggvdi this fraction

for some codes of relatively ahort lengths. "In view

P

of the results shown in Table I we. can make the following
’ !

i

REMARK * 6 : The fraction of (t+1)-errors gprrectable

by Alg thm D1 with respect to a. dlfference-set code -

or an M-sequence code, apprgaches unity w1th increa31ng
' che length n . This implies that for longer n ,

)
ithe decoder performance in terms of its decoding error
probab@liﬁy, will become increasingly more dominated '
by tle occurrence of errgrs~df weight t+2 , making

the code behave more 11ke a (te1)= error-correctlng

-

7
* code rather than a t-error-correcting ‘code,

- .
»

3 "

. K | (23 oat-1 ‘ .
« ‘—-(;ﬁ”) - 1- ﬁ_i) [2t11] . - (TSA)“'\,



B ' v
ext we attempt.to obtain.some tighter results

than that given in Theorem 6. In Example 1 we saw
‘that by using Theorem 5 and applying owr knowledge _
‘'of the orthogonal check-sums of a given code to estimate
the exact value of N., we can obtaln tighter results
than Theorem 6 " However suchrz\technique will not be
'applicablé to the cases of dlfference-sqt codes and
M=-sequence boaes since the lower bound 6n N given by
(2.,21) is indeed it® actual vaiue in view of Property 1.
An alternative approach to that given in uxample 1 »
is to détermine the exact’ value of Qt+1 by m?klng use
of Properties 1 to 5 . This is what we shall do.¥h |

the sequel, for the cases of t = 2,3 and 4 . .

The resultis of Sur forthcoming analysis are also listed

'in Table I .,

Before estimating Q +1x it will bg/easier .to!
first determine the numbér/>t+1 of (t+1%?grrors which
are no%,éorfectabletpy Algorithm D1 , Qbviously

A

) - n\ _ L CTe
Qa1 * Prag "(t+1) A S (2.35)

~We then define a (t+1)-érr9r as
e . ‘ t+1 a -
x 9

e(x) = 2

J= R’ - R .

3 \L¢ﬁ | | SN 1

N ~(2.36)

Fl

.

ERNEEN
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A
TABLE I
FRACTION OF ERRORS OF WEIGHT t+1 |
CORRECTABLE BY ALGQRITHM D1 3 — -
) n
t+1/(§+1) -
"y »
. Lower Actual
. (n,Xk) d Bound * Value
a i
‘Difference- | (21,11) 6 .158 .158"
Set (73,45) 10 | -498 726
Codes (27%,191) 18 .844 -
(1057,813) 34 . 986 —
. - (7,3) 4 0- n
, (15,4) 8 231 .308
IM—Sequence’ (31'.5) 16 .59% 950
Codés (63,6) . 32 a4 .99990
. 3 (127, 64 893 —_—
(255,8) 128 .99997 —_
[l i 7 L {
‘ hY
QCH ) ' . . . .
- (15,6)_ 6 138 143
Code . : .
' [ -
Projective- = - - ’
) - (85, 24) 22 .B66 —_—
) “Geome'try : : L
o ' (585,184) 74 .99992 _—
j Codes co : L\i/ )

Cw

e ki T
.

.AW;
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Theorem 7 below'indicates now P£+1 can be determined.

\,(7 . - : , )

THEOREM 7: In the case of a difference-set code V

or an M-sequence code, . VM" an error e{x) of thg form
of (2.36) will ©be u&gorréctable by Aigorithm D1, if
and only if no chebk-sum in the set C of all check-
sums, contdlns more than two of the error terms L

. 3
roolf: «

(a) Suppose that e(x) is such that no check-sum in ¢©

»

contains more than two of the error terms r . #®e then

a.
. _ . ol
consider tne subset Ca_€\3 of orthogonal check-sums on
] J

éi of the form of (2.33a) for i'= a5 - According to

v . R
Property 3 , this subset consists of all d-1 = 2t+1

check-sums -containing T, ¥ whereas all other t error-
_ , j ’%, .

terms r, for k g J‘ appear in the subset C, »

k g C N
As a result of this, t of the EQgék-sums in ¢, will
o ‘ N % e
have r.’ and only one other error term T, “for k &
' J ‘ k .

and.thus each sum will be egual to "O" . The other.

t+1 check=-sums in Uy Wwill be each equal to "1" since

| i .

it contains. no error term other than T, - Therefore,
-

“J

¢ e B ik
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a tie will occur when ueing the subsef'ua to take a -
majority vote on error position as . Similarly a tie-

will _also occur when takingsa majority vote oh every

Y

‘error position ak for' k ¢ d . rnus according to ‘Iheorem

2 , such an error will ‘not be correctable by nlgorlthm 91.
e .
(b) Suppose that e(x) is such that there is at least

: - \ . ] - M B
one check-sum in C containing one error term: T,

and two or more other error' terms . ra for k # j .

. . k - : "
Then by following similar arguments to those used sin (a)

above, we. see that in the subset CaJGICA . ‘

there will be t-1 or less check-sums equal to »0O" and

t+1 or more check-sums equal to "1". Therefore a ma;orlty

vote w111 be possible and accordlng to Theorem 2 ’ e(x)

w11£vne,correctanle by Algorlthm D1 . Hence the only f -
errors that are not correctable bj D1 are those described
in (a) above. : . < ‘Q;E.D...

! - -
tessvsssesaseassenssens g

- - -
.

Let 2 be the set of all errors e(x) of the form
of (2. 36) that are not correctablé*by Algorlthm D1 .
Then [z[ . L (23
For the determlnatlon of P4 and thence Qt+1‘3 we
shall individually deal w1$h the cases of t = 2, j and 4

in the discussion to follow.




1. The case_of =2 T (o ¢

!

- When t=2 , the error définéd by (2.36) }educes‘

t6 the form ) ] .

e3(x)‘= xa1 +.xa2 + xaa.*. . ' (2.38)
Suppose that ea(x) belongs to the set of all triple '
errors that are no£ correctable by Algorithm D1 .
Then it follows frqm Property 3 that there areﬂszlfchoices
for ény given pair of error pqé;?ions say (a{,az) .
These (g)'possiﬁle pairs w%il appear in (2) check-sums
in a one-to-ope correspondence. For e3(x)' to satisfy °
thé conditioh-of_THéor;m T » tﬁf third'errorEterﬁ ra3 .
can be present in any check-sum in Co' other than‘the

check-sum containing the pair (ra % Y. There are
N S M

ﬁhepgfore. n-u-1 choices for- aé excluding all the
u+1 terms contained in the check-sum which has the pair
(r. ,r, ).
ay’ta,
A8 a result of the above we get

_¢qn n-u-1 - Yy =
(, P3 = (2) (_'3 ) | (2.39)
where u is given by (P1). Combining (2.39) with (2.35)
gives the total number of triple errors correctable by
t ' : |
Algori hm.D1 asl 1 -
n n--=



EXANPLE 2: Using the result of (2.40) for the (21,11)

difference~set code of d=6 , gives Q5=2i0 errors.

This represents a portion of 0.1579 of triple errors.
J o '

IT., The case of t=3

When t=3 , an error defined by (2.36) reduces
to the form

a a, a, a
e4(x) =x 1l ex24x2, x . (2.41)

Suppose that e4(x) belohgs'to the set of all quadruplé
errors that are not correctable by algorithm D1 .

On the basis of the discussion carried with;réspect to
thé case of t=2 , the number of choices for any three
error positions say (a1,a2,a3) is given by P, in (2.39).

In view of Property 3 , there are (2) check-sums in € ,

‘ . . : : Eg
each of which contains a pair from the terms r

r
37 T8
and r, . Such check-sums can be denoted by

3

~

c1,2 = ; + T .. + rb + eea
Cy 3 =T, +T, + :E\f'rb ¥ oess (2.42)

o3 raé +T, 0t e AT, o+ .,




B8 -

L

where all given terms are distinet, and none ot Ty Ty |
- T . 1

2
or rb3 is.part of the error.e4(x) .T He?e the terms rb1, ,h
rb2 and rb3 are uséd to denote a1¥‘te£ms cher tﬁén the
erroxr terms raj preqent in 1,00 Cq,3 and 62;3‘r?ipe?tivelY.
The ;nly ferms that afe repeated in (2.42) are‘ ra1l ra2 "
and rQB’ each repeated tfice. Thus the to§a1 number of

distinct terms present in the three check-éums-of (2.42)

gn by 3(u+1) - 3 = 3u , where u is given by (P1).

According to Thedrm 7 , the fourth error term r, can :
- : ~ 4 -,

be present'in any check-sum'in ¢ outside (2.42) .
Hence there are n-3u choices for ay once 24125 éhd
a3' have been chosen for e4(x) . 4s a result of. the
aliove discussion we get

2,] = B5 (5725) . (2.43)

By combining (2.43) with (2.40) and (2.35) we obtain. the

total number of dudruple errors that are correctable by

Algorithm D1 as’

n-2 n=3%

Q= (§) [1 - '“‘1)(“'3“)] T (2.44)



o
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C
TXAMPLE 3: Using the result of (2.44) for the (15,4)
M-sequence-cbde of /d=8 , gives Q4¥420 errors representing
. ' [ ]
a 0.3077 portion of the total number of .quadruple. errors.
We note that for the case of Mdséquencg (simpiex) codes’
in general, it is possible to find the number of pniquely-

Qecodablé errors of weight t+1 [33]. Thus for the

 (15,4) code, there are 420 unigquely-decodable errors of

weight 4 . This is the same as Q, estimated above,

. We therefore conclude that Algorithm D1 is optimum for

this code with respect to guadruple errors that are

uniquely decodable in the sense¢ of not forming part

of a codeword of weight 8 . -
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III. The case of t=4

R To deal with the Ease of . t=4 , we specifically
examine the.(73,45) dlfference-set code of d=10 ang

make use ol. Property ’/*\\N Flrst we define an error of ~°

weight 5 taking the form of k ' '
. a a a .
(x) = x + rx 2 ix b x? A (2.45)

[”””"“\,/
" and belonging to the set of all such errors that are not

correctable by_Algorithm D1. Thgn‘on the basis of the
discussion qarried with respect to the case of t=3 ,“
there are \P4 choices for any combination -of four error
positions say (31, 3y gy a4) where P4 is as given by
(2.43). In view of 3£dper£y 3 , there are (é) check-
sums in C each containing alpair of the terms '

ra1, ra2. ra3 and rai. Also according to Property 5 ,

" there is one common term between any two of these (g)

cHeck-sums. t%e can therefore denote such check-sums by

’ ' + 4. t+ I + e
c1’2 = 7 + T +.r . b .




where all given terms are distinct. Here the terms
r r and T are used to denote all terms which are
' ¢ c3 , - u

-

not part of the error es(i) 'but each one of which is
common between two check;sums in (2.46), According to
Property 5 , there are only three such ternms present in
the check-sums of (2.46) . On the other hand, we use the

term- T, to denote any other term present in €y 0
1 T e '

but is not parﬁ of es(x) and is not common with any.

other check-sum in (2.46). We also use _rbz,..., Iy

for.-a similar pﬁrpose in b1 31 s+ i C3 4 respectively.
’ ’ - .

In view of this and Theorem 7 , the total number of

distinct terms present in (2.46) is giveﬁhhg\ l
4 + 3 + (%)(u-Z)‘= éu - 5 . According to Theorem 7
' the fifth error digit can be present in any check-sum
in C outside (2.46). The size of Zg is therefore
given by ) :
| P, = P, (22But3 ) (2.47)

Combining (2.47) with (2.43), (2.39) and (2.35) 'gives
the total numbexr of errorsiof weight 5 that are correctable

by Algorithm D1 as

o

9 = (D) [1 - EBEHEIHEES] L s

L}
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EXAMPLE 4: 3y using the result of (2.48) for the
(73%,45) diffefenCe-set code of d=10 , we get

Q = 10,899,629 errors of weight 5 , which represent
a fraction of 0.7257 of the total number of errors

of weight 5 . -

The values of Qt+1//Q21) obtained in Examples

2 to 4 above, are listed in Table I for the sake of
comparison with the lower bound ot Theorem 6 . Exteqsion

v
of the analysis given above for t >4 , will become

’
increasingly more complicated with higher values of t ,

\ -y . -
and may therefore require some computer simulation,

This is a topic which is subject to furtner investigation,

L]

s es s 00 acssn s,

———

We have so far seen in Examples 1 and 3 that
Algorithm D1 is optimum for the two cases of (15,6) 3CH
code and (15,4) M-sequence code respectively, in the

sense of correcting all errors -of weight %%1 that form

no part of a codeword*of weight 2t+2 ./ In the sequel

we develop Theorem 8 to show that the pptimality of
Algorithm D1 in this sense is general Eé all members

of ype two classes of difference-set/ codes and M-sequence
codes, 1o assist in proving Theorgm 8 we first give

Lemmas 5 to ﬁ .
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With respect to a difference-set code v, or
.an M=-sequence code VM we define F to be the set of
all errors fi(x) of weight t+1 whichrare not correc-
table by Algorithm D1, where
t+1 al j
£.{x) = 2 x0T, (2.51)
‘ =

a E:{O,1,..,n-1} , every a, . is distinct and
51 ¥ By,1 1
i=0,1,.4,|F|. Herkt |F| denotes the size of F,

We then define S, as the subset of check-sums each
. i : ,
a.,i

‘,.containing at least two terms raj,i fer x Y e,fi(x) where

‘Sf belongs to tne set - C -of all ofthogdhal check-sums.
i ‘ \

¥

LEMMA 5: To every error pattern f,(x)EF , there

corresponds a subset S; € C such that 5, consists

i i
of (f;1> check-sums eac? containing‘pwo and only two
error terms ra_‘. due to f,(x) .
. i, i
Proof: Since fi(xf‘ is an error gattern of weight t+
which is not correctable by Algorifhm D1 , we conclude

from Theorem 7 that there is no check-sum in C which

|
contains more than two error terms T

a,,i’ raz,i'

T . due to f,(x)...According to Property 3(b),
Beeqr?t 1 :

every Rﬁir of such error terms appears once and only
once in C . As a result there will be (t;1)check-sums‘
in € each containing two and only two error terms due

to fi(x) . '3.2.D.

et e i mAn
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LEMMA 6: Let f1(x) and fz(k) be two error patterns

.of weight t+1 such that f1(x) + fz(x) = w1(x)

where ﬁ1(x) is a codeword of weight 2t+2 in a code

Vp or Vy Then f1(x) and fz(x) belohéffb. F,

and the two subsets of check-sums S and sz in ¢
1

corresponding to f1(x) and fz(x) respectively are

mutualiy exclusive.

Proof: According to Theorem 4 , f1(x) and fz(x) must
velong to the set F of errors of weight t+1 that are
not correctable. Ther in view of Lemma 5 , each one of

the two subsets S and S
. f1 f

in ¢ consists of (t+1) . °
2 2

- check-sums witn -one pair of error terms per check-sum

due to f1(x) and rz(x) respectively. Now we prove

Lemma 6 by way of contradiction. Suppose that there is

at least one check-sum Cy which is common between

Sf and Sf . Since there are no terms common between
1 2

f1(x) andv.fz(x) » then c must contain a pair of error
terms due to f1(x) plus another pair of error terms

due to fz(x) . . In other words ¢, contains four ?ermé
from the codeword w1(x) . Then in view of Thearem 2
and>its proof, Algorithm Dt will be able to correct an p
error of weight t;1 which is part of w1(x) and con-
tains at least three out of tne four terms contained in

X

¢. . This, however, is a contradiction with Theorem 3 .

Hence Lemma 6 is proven. . Q. E. D. Y
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LEMMA 7: Every error pattern fi(x)e P is part

of a codewcrd of weight d =2t + 2 .

Proof: We consider two error patterns £, (x) ‘and £,{x)
of weight t+1 such that f,(x) + f,(x) = w,(x) where

w,(x) 1is a codeword of weignt 2t+2 . Lemma 6 shows

N . ’ . J
that f1(x) and fz(x) belong to F and thaydiheir

two corresponding subsets S

£ and Asfz in C are

1
mutually exclusive. We then consider another error

pattern f3(x)€ F  where .kax) # f1(x) or fz(k) .
We note from Property 3 that a term ry appearing in
all d-1 cneck;sums of the subset Ci as given by
(2.3%a), is associated with the other n-1 terms

r for b= 1,2,.0asn=1 in a similar way to how

i+b
another term r, for j ¢ i , appearing in all d=-1
check-sums of Cj , is associated with the n-1 terms

rj+c fof ¢ = 1,2,.40yn=-1 , This will 1e28 to the .

following argument; gince we are able to find, for a
given f1(x)ELF , another ‘fz(x)e;F such that the two

corresponding subsets . Sf and Sf in C are mutually
. 1 2 .

exclusive, we must alsoc be able to find at least one
f4(x)€.F in conjunction with any given f3(x)€ F  such

that their corresponding subsets Sf ang S¢ in C
3 4

are also mutually exclusive. It will then follow that
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f3(x) and f&(x). have no term in common and that an

error term r, duijjo f3(x)_ will appear in t out

t+1) d 'y .
of the ( o ) check-sums .in the subset Sf but not in
) £ .
any check-sum in tne subset Sf . On the otner hand,
4

an error term r, , due to, f4(x) will appear in t
' . J : T
check-sums in 3 but not 'in § + Thus for a given
£, g

4

error term To .3 0 there are d-1-t = t+1 .check-sums
J'!

in C outside the subsets S5, and 3. , containing
3 - T4 ’

the same term LT s The same argument will also be

| Y

valid for an error term Tyo4 due to f4(x) . On the
: Ty )

basis of this, and in Property 35 and Thecrem 7 ,

we can see that withiq the sety C and outside the subsets

S and S , each one of the t+1 chéck-sums contain-

f £

3 4

a. 4" must contain only one term due to f3(x)

| J’ .

and another term due to f4(x). Thus if we consider the
word wz(x) a fs(x) + f4(x) , the terms corresponding

to w2(x) will appear only in pairs throughout the set

C of all orthogonal chfck-sums. Thus all check-sums in

C will be equal to Zero, implying that wz(x) is a
codeword. Since F;(x) and f4(x) have ‘no term in

common, f3(x) must be a part of wz(x) and the weight
of wz(x) must be 2t+2 . This completes tﬁe proof of

Lemma 7 .. : 3. BE. DY

e e e e —
»



THEOREM 8: 1In.the case of a differenpe-set code Vp
or an M-sequence code V , Algorithm D1 will correct
an error e(x) of weight t+1 if and only if e(x)

is uni relyédecodable(in the sense that e(x) is not

rart ofl any codeword of weight d = 2t+2 .,

ggggiz hccording to Theorem 4 -, Algorithqfsx will only
correct an error of weight t+1 If it is not part of
a codeﬁord of wgiéht d . Op the other hand, Lemma 7
..shows that every‘e?ror of weight E+1 that is not‘correc-.
tableé by Af&orithm D1 must be paft of a codeword of weight
d . Thefefore:boﬁh-necessary and sufficient gonditions

- of Theorem 8 are satisfied. . . ° o ‘Q.'Ej;D;

On the basis of Theorem 8 , we can now estimate
the actual value of q{+1 for any given Mhséquence code
by using the derivations given in [33] for the number of
‘coset leaders of weight +t+1 . The regulté thus -obtained
are 1isted in Table I for codes of length 63 or less .

In comparison with values of the lower bound on Q£;1
listed in the  same table, we notice that the actual value
of ‘-‘Qt+1/(t31) * will approach unity even more rapidly
for increasing code length. This will amplify our Remark
& made with .respect to the increasing eftect of “errors
of weight t+2 over the decoding performance of Algorithm

D1 .




4

2.6 Two-Round Decoding with Odd Minimum Distance

.

e
/ In this section we analyze the performance of
IV
Decodlng Algorlthm D2 which deals the case of a_
code V' of odd d = 2t+1 . This is a two—round_algo-\
rithm which will’be shown to be able to correct all
errors of weight vt £ t and some dfrors of ‘weight t+1

that are coset leaders of unique weight in their cosets;

i.e. uniquely decodable.

2.6.1. Decoding Details

DECODING ALGORITHM, D2: First we set the ma joTity

threshold at T1 = t+2 , For a majority vote, at

léast T1 out of the d “orthogonal estimates in
. \
(2.11) must agree. Otherwise a<¥ie situation arises.

On -this basis, we take a majority vote on- vy for
i=0,1...yn-1 in that order, leaving ry unchanged
if ?i =Ty ..of if there is a tie, in the senée that
no majority vote is possible. If 9. # fi s We

complement I, by replacing it with 'ri+1 .
The first decoding round will end either at the first

instance we encounter one = Qi g Ty or at i = n=-1°

]

whichever occurs sooner.

We then go through a second decoding round in case

o

L g st
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BN

.thére ayre some ties fo be resolved. At the beginning

of the second round, we lower the majority thréshold'

to .T2 = -t+1 and proceed to-take majority votes on

those pitglthat have not been éstimated during the

first round. We also count the number q' of the
complemented.bits in the second rQ;Ha} A tie in the

second round will indicate an error which \is dgtecfable t
oniy} Otherwise we continue taking'majority vq;;s
until all n bits have been estimated, with the result
‘being a modified received word r{x), I£ at this
point. r(x) modulo g(x) =0 » and qi= t , we take
¥(x) = ¥(x) , wnere g(x)..;é the generator polynomial
of the code V' . Otherwise we declare a detectable-
only error; |

The above specifies Decoding Algorithm D2 .

a P09 r s s rresrrrT e

Flbwchart 2 shows a specification of Decodéng
Algorithm D2 . As in the case of Algorithm D1 , we show
some simply-implementable technigues to shorten the
' decoding tim;. Here.the value of the threshold T is
used to indicaté whether the decoder is in its first or
second round. On thé.other hand, the variable Mi for
. 1=0,1,.0.,yn-1 is used to indicate whether a méjority .
'f‘vote'haslbeen obtained for ¥; or not, iﬁ order to avoid
an unnecessary second hajority vote' on an already.eétimated vi.
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2.6.2 grror-correcting Japability

&

In;order to examine the error—correctihg'capability
of Deqoding Algorithm D? » we take the simple case of an
all-zero codeword aﬁd coﬂéider the effect 6f the error
alohe on the. @ arthogonal estimates in (2.11), similar
to what we did when we examined Algorithm D1 , In this
respect we consider various error\situations as follows:
g&) In the case of an error of weight £-1 or less, we
have, in the first decoding round, a coirect majority
-vote on every bit vy for ia= 0y1y¢e0yn=1 ., Thus after
going tnrough one compieté round of estimation, the result-
ing word 1(x) 4is equal to the transmitted codeword vix) .
g&gﬂ In the case of an error of weight t-, we may or may
not have a majority vote on a given bit vy during the
first round. If there is a majority vote it will be always
correct, However, we shall be able to get a correct majo-
rity vote on every 'v; for. i = 0,1,...,n-1 at the |
lower majority threshoid T, = t+1 . Therefore at the
end of decoding, the resulting word I(x) is equal to the
" transmitted codeword vix) .

(iii) In the case of an error of weight t+1 , the per-

formance of Algorithm D2 during its fi;at decoding round
will be similar to that of algorithm D1 , since the majo-
rity threshold is greater than the error weight haking

an incorrect majorit§ vote impossible. During the second

round, however, Algorithm D2 will be forced to abort taking

—_
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a decision on ¥(x) if more than t‘ bits are to be
complemented . This is clearly to avpid the possibility
of an errOneous ‘decoding during the second round, in
view of the decodidg threshold T2 = t+1 . Thus an
error of weight t+1 can only be qerfected if one of
its error positions is removed during the firet round.
‘Theorers 9 te 11 glven dn’the sequel will speclfy the
condltlons under whlch an error of weight t+1 is
correctable b;\zlgorithm b2 . |

—~—
(1V) Errors of weight greater than t+1 , on the other
hand, are excluded from correction by Algorlthm D2 ,
since decoding w1ll be aborted if more than a total of
t+1 error bits are to be complemented. This is done*
in order to avoid_an erroneous estimate, as discussed
in case (iii) aboﬁe;

THEOREM 9: TFor the case of a code V' of odd. d = 2t+1

'Algorithm D2 corrects every (t+1)-error given by

t+1 a.’
e(x) = jg x ¢ , where aj€{0,1.----n'1}

if and only if there is at least one error position aj
such that, for il= 3 » We have a majority vote among
’gf? the d orthogonal estimates in (2.1%) during the first
.- round; that is for i = a:j the error affects.the value

of af mest t-1 orthogonal estimates,

r
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Proof: Since‘the threshold of the first decodiﬁg round
Sis 0, = t#2 ghiéh‘is greater than the error weight,
an incérrect majority vote with respect‘to‘ e(x) 1is not
poséible. Suppose that in e(x) there is at least one
bit position éj such tnat for i ="aj , a majority vote
on v, is possible during the first round of Algorithm
D2 . Such an erroi.pattern will 5e‘reduced to another
one of weight t , before the.second round begins with

a lower threshold -T2 = t+1 ., Then during the second

round, all the remaining t error bits can be coriiiﬁgi:ff-
r(x)

leaving equal to v(x) . On the other hand if
no majofity vote was possible on any of the error posi-
tions during the first r'gnd; then no correct answer!
will be possible during/ the second round due to the

restriction by D2 on the number of complemerited bits

'not to exceed t durihg this round. Q. E. D.

TR R NI R B R RN B L

R@MARK 7 ¢ 1In line with Rema;k'3 we note that

+ the case of odd d iS‘not.dffferent from the case
of even d in the sense that the additional error-
capability of Algorithm D2 over a single-threshold
single-round decoder can be achieved with an insig-

'nificant increase in the avéfége decoding delay.



Theorems 10 and 11 are given below to p?gvide

moie details on the error types sﬁecified in Theorem 9 .

THEOREM 10: Let e'(x) be an error of weight t+1°
. which forms part of a codeword v'(x) ‘of weight
\\§t+2 in a code V' of odd d = 2t+t . ‘Then e'(x)

{111 be declared b Algorithm D2 as a detectable-

only error.

Proof: We use similar arguments to those used in proving

Theorem 3 for the case of even d , in order to show
that when taking a majority vote on any error position
a, in é'(x) , using the d orthogonal estimates in
(2.141) for i = a.,, then either t+1 or t such

o4
estimates will be atfected by tne error bits of e'(x).

~In the latter case the remaining error bit will be missing

from (2.11) . Thus in either case, .no majority vote is
possible on any one of the t+1 error digits in é'(x)

during the first round of D2 , leaving tne error weight

_unchahged. Such an error will then be declared by Algo-

-rithm D2 as detectable-only since the .condition of

Q' = t cannot be met for obtaining a decoder estimate

of the transmitted codeword. 9. E. D.
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THEOREM 11: For the cas€ of a code V' of odd

d = 2t+1 , Algorithm D2 will only correét an error

of weig;t 1 \Xf such an error jis uniqﬁ;ly decodable
in the sense that' it does not form part of a codeword

of weight 2t+1 or 2t+2 ,

~

The sets ET' E2 and 23 defined in section 2.2

4

Proof:

‘éxhaust all possible error patterns of weight +t+1 ,

Eemmé 2 states that every error belonging to E3 is part
of a<codeword of weight 2t+1 ., As diécussed in section
2.2 an error belonging to E3 is not correctable since
it will lead to an erroneous decoding answer. Lemma 1

states that évegg‘error belonging to 'E2 forms a part

_of a codeword‘of weigpt 2t+2 , hence such dn error will
be declaréd oy D2 as detectable-oniy in accordance with
Theorem 10, Thus the only fype of error thut Algorithm
D2 ﬁay be aple to correct is that belonging to E1 ,
which does not form a.part of a codeword of weight 2t+1

or 2t+2 . Qe E. D.

} S
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2.6.3 3Bounds on Decoding,Performance

Gy,

By using similar analysis to that given‘fg;

: 4 .
“Algorithm D1, we can derive for the case of odd minimum

. 1 ° .
distance, a lower bound Bt+1 on the number Q;+1 of

errors of weight t+1 that can be corrected by Algorithm

D2 . Such a lower bound is given in Theorem 12 below,

THEOREM 12: For the case of a code v' Yith odd

minimum distance d = 2t+1 , the number Qé+1 of errors”
having wegght t+1 that are correctable by algorithm

D2 , is lower-bounded by BL+1 where

&

. ' ny. g (28N o 1t
Qpeq 2 Bpyq 8 (ﬁ+1) - TaT O\t [2t+1] . (12)

-Proof: A comparison between Theorems 9 and 2 reveals

that errors of weight t+1 that are correctable b
Algorithms D2 and D1 for the cases of d odd an;p$;\\\
even respectively, must meet similar conditions in terms
of the requirement to have a majority vote possibple on
one of the error positions during the first decoding
round. as a result, Theoreﬁ 5 givén for the case of

d even will be equally valid for the case of d odd.

In other words we have
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1

! n N ) .
Qt+1 2 t+1 (2.55)

where N' is the number of errors e,(x) having the form

of (2.12) corresponding to which there is a majority vote

on v, during the first decoding round, Ffor the sake
of conveniepce we repeat (2.12) below
‘ a, a a
eo(x) =1 + X 2-+'x 3 + o0 + X t+1 . {2.12)

By defining M'as the number of errors of the form of

(2.12) which are not theluded in N' we get

» n-1 ' '
JRY =L - _ (2.56)

1t is easy to snpw that for an error to be included in

M', the terms r_ , r. , «¢ 4 T must be present in

3 . 2441

either t or t-1 out of the d-1 relations in (2.10)

excluding s =r_ . Let u, denote the number of terms
0,0 o d .

missing from-(2.10) for a code V' with d odd. Then by

using the same arguments used in the proof of Theorem 6

for the case of -d even, we can show that M' will be

maximum when the number of terms uy in every‘one of the

d-1 relations is equal to uy . In other words

uy = uy = Eﬁl , (2.57)




for b= 1,2,.00,d=1 .~ Thus in similarity with the

case of d even we obtain, for d odd,
[

< (5) L_c-ai]t . (2.:”)[%? . (2.58)

Combining {2.55) witn (2.56) and (2.58) then leads %o :

(T12) above and will thus prove Theorem 12 ., - Q.E.D.
™

The result of Tneorem 12 is clearly identical
to that given in Tneorem 6 . In view of this we give

the following corollary.



109

COROLLARY 3: "The set of errors of weight t+1 that
' can be corrected by Algorithm D2 when using an (n,k)

code v' ot odd 4 , is identical to the set correc;

table by Algorithm D1 when using the even-weighted

(n,k-i) subset code V .

Proof: With reference to the d orthogonal relPtions
of the form of (2.11) , we note that the set S, of the
2t+2 orthogonal relations for the even-weighted subset
code, include the éet S, of all 2t+1 o tpogonal rela-
tions for the pérent code of odd 4 , with the addition
of one relation consisting of all the terms missing
from 52 [19]. This means that when Theorem 12 applies
to the {n,x) code v' of minimum'distance 2t+1 , we
shall also have Theofem 6 applicable to the subset

(n,%~1) code V of minimum distance 2%t+2 . Q. E. D.

EXAMPLE 5: As an exampie for Theorem 12 we consider’

the (15,7) BuH code of d=5 whlch is the parent cede

‘of that given in Example 1. 1f we take the reciprocal of the

parlty-check polynomlalas h*(x)- 1 + X + 13 + x7 ’
we can getl the same set of orthogonal estimates
on v, as given in Example 1 excludlng the estimate
30,5 =Ty + Ty 1}n other words we have, for the

(15,7) code, the fgfiow1ng estxmﬁ%ii on v,

-



il
80,0 © To *
so,{ =T, ¢+ r3 +Tq | |
50,2'=.r2 + Tg + Typs (2.59)‘
85,3 = T4 + T1p * T13
So,4 = Tg * Fg * Tqq -

We therefore have, with respect to (2.10) ,

’ u, = 3 for b =1,2,3,4 . ‘ , (2.60)

If we directly apply (2.60) in (T12) to obtain a
lower bound on tﬁe number Q;+1 of triple errors
corrected by D2 , we get Qé > 63 . However, since
the derivation of (T12) is based on condition (2.57)
which is not met for this code, the lower bound on

Q; can be improved by finding an éxact value of M' '
as we already did in Example 1 , Thus in view of
gorollary 3 we can use (2.28) from Zxample 1 directly

to obtain

Qg = Q5 < 65 . | o (2.61)
We can then make a similar commentqto that made in
Sxample 1 regarding the optimality of Algorithm D2
'in the sense of being able to correct all uniquely-

ecodable errors of weight 3 .



M

2./ Decodins witir Multiple Rounds -

}“ In the previous sections we anaiyzed Decoaing
Algorithms D1 and D2 with respect to their Lfnility to
correct errors of weignt t+1 , Tor the cése of even
and odd minimum distance respectiﬁely. Either algorithm‘
will undgrgo up to two decoding rounds of majority-logic
estimation. In this gection_we generalize tne decoding
method to allow for the correction of errors of weights '
greater than -t+1 Dby going throuéh moré than two decoding
rounds. For this purpose we give two decoding aigoritnms
D3 and D4 for the cases of even and odd minimum distance
respeétively. ﬂe then exapine in some details the 1lypes
of errors of weights greater than t+1 that are cdrrec-

table by Algoritnms D3 and D4 .

2,7.1 Decoding Details

~

DECODING ALGORITH#S D3 aND D4 : DBotn algoritams
begln the first decodln%/;ouna with a maejority-logmic
thresnold of _T > t+2 , and then proceed in tdklng
majority votes on each %i for i = 0,%1,.s.,0=1

in a similar manner to that described for Algofithm

D2 . For each bit position i , an index M, is

agsigned which is initially set at Mi = 0 .indicat-

ing that an estlmate of A is yet to be obtained.

Every time a maJorlty Qote occurs for %i , the
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value of .Mi-is chdanged to "one" in order to prevent

taking another majority vote for the same i during

the forthcoming rounds of estimation. In case there

is a tie in the‘sense that no majority vote is possible

for i, we leave T unchanged ang- Mi =0 . In case
RALE X , ‘we also leave ry unchanged but set Myo= 1.

Otherwise we complément' Ty and set My =1 if

%i try . The first decoding round will end either

at the first instance we encounter one Gi # ry or

at i = n-1', whichever occurs sooner, We then lower

the majority-logic threshold to T, Z T1-4 1 and go

through a second rouhd of estimation in case one or

more bits A remain to be estimated. As long as

there is some Mi = 0 for one q;:Eore positions 1 ,
" the above decoding-process will be recursivél& applied

with thg majority-logic thfesnold-lowerfg}by "one"

at tne beginning of every new round. In other words,

at the beginning of the m'th round, the threshold is

lowered to ' o

~

Suppose that after éoing through - m = T1-t—2 roﬁnds,
and hence reaching a threshold of Tm = t+2 , there

is still some Mi = 0 for one or more i . Then the T

-

6 e il e i
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4

remalnlng steps in decoding will depend on whether d°
is even or odd., For the case of even d , Algorlthm
D3 will apply which will henceforth follow exactly the

t . same steps as those described for Algorithm D1 .

" Otherwise for odd d Algorithm D4 will apply which
w111 henceforth follow the same. steps as those given
for Algorithm D2 . This goncludes the description

- of Algorithms D3 and D4 ,

" Flowcharts 3 and 4 specify Algorithms

.-D3  and p4 respectlvely . The variables

qQ, q9'y R, Mi and 1 -are as prev1ously defined with
respect to Algorithms D1 and D2 » I1f we take the special
case whers T, = t+2 , then Algorithms D3 and D4 will

'~ reduce to Algorithms D1 and D2 rospectively, each under-

going up to two rounds of estimation.
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2.7.2 Zrror-.orrecting Capability

In the sequel we examine the cépability of Aléo-
rithms D3 and D4 to correct an error ofrweight T > t+1
To this éffect we first introduce Lemmas 8 and 9 which
will then lead to Theorems 13-to 15 . These theorems
give the conditions ugder which an error is correétable,
and zalso iﬁdicate an upper bound on the weight of a’
correctable error. ' We finully give Decoding Detail D5
which specifies, for a given T , the required initial
majﬁrity-logic threshold and the corresponding.number

of decoding rounds.

LEMMA 8¢ For the case of codes with d even and d
odd respectively, Algorithms D3 and D4 "will go through
I, -t deceding rounds or fewer, where T, is the
initial majority-logic threshold.

troof: 1In the case where T, = t+2 , Algorithms D3 and
D4 will reduce-to D1 and D2 respectively, requiring two
decoding rounds for the correctién of errors of weight

t+1 . On the other hand D1, and D2 will not attempt to
correct errors of weight v > t+1 . !

In the case where T, = t+2+z ,. z> 0, Algorithﬁs D3
and D4 will require 2+2 decoding rounds for the correc-
tion of errors of weight t+1+z , whereas Dj'and D4 will

not attempt to correct errors of higher ﬁeight. Thus

1

%;::ding rounds. . Q: E. D.

D3 and ﬁ4 will go through no more than 2+z = T,-t
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lLEMMA‘Q: ror the cases of d even and d odd
respectively, Algorithms L3 and'D4 will correct an
error of weight T only if

T ST, -'1.- b, for 0<b<T, -t ,
where b is the number of decoding rounds during

which no received bit is complemented, and T1'is

the initial majority-logic threshold).

+

. Proof: In order for Algorithm D3 or D4 to correct

all the error bits, T received bits must be complemented,

According to Lemma 8 , there.are at most T,-t decoding

rounde with no more than one received bit‘to be comple-
mented in each round - down to the second last round.
During the very last round, however, no more than t
received bits can be complemented without cgusing the -’
decoder to declare a detectable-only error, Thus the
greatest number of complemented bits will be T1-1-b .

Q. E. D.
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THEOREM 13: Letr an error of weight T be such that
with respect to Algorithm D3 and D4 , there are b
decading rounds at each of which we have 'a tie among
the d orthogonal estimates of the form of (2.11)
for every 1i = a:j y where raj is a received erro;
bit whicp has not been complemented during the pre-
ceeding rounds of estimation. Then for the two cases
of codes with d even.and d odd, Algorithms D3 and
D4 will respectively correct every erfor of this sort,

if and only if

T < T1 -1-b, for 0L b < T1 -t ,

where T1 and b are as defined in Lemma 9 .

Proof: Lemma 9§ gives a necessary condition for the
correctability of an error of a given weight T ,
In o¥der to prove Theorem 13 we then need to showthat the

condition of Lemma 9 is also sufficient. Suppose that

the first instance when a received bit r; is complemenfed,
takes place at the c'th decoding round, Here we have
1< e<T-t, according to Lemma 8 , Since there are

only b rounds during which no received -bit is comple=-

-

mented, we have

1< c<b+1, (2.66)

LA



Comoining (2.65) with (2.66) gives a majority-logic
threshoid at round ¢ or )

T =T

. J-e+120, -b O (2.67)

This together with Lemma 9 gives T, 2T+1 , which
ensureé\bgrrect majority votes during the first c¢ rounds.
Thus as soon as one received .bit is complemented during
round c¢ , the residual error contained in_the_modified

received word I(x) will have a weight of

b

4-'—

“T- 1%
c+1 T-121T

 -2-1b . (2.68)
. ,

Joncurrently the thresnold will\be lowered to T, , =’Tc—1

in order to begin round c¢+1 . According to (2.67) and.

(2.66) we have

T >0 =b-127%F

o+ 2 + 1, (2.69)

which{will again ensure correct majority votes during
round c+1 . During this round one of two possible
situations will occur;

{a) A received bit is cbmplemented and thus the weight

of the residual error is reduced to *c+2 - 1.

* Teo+1
 This means that the®new threshold for round c+2 will

: r
§till be higher than the weight of the residual error;

i.e. Taynp 2 Teap * 1+ - \?.7 a)

N\
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LE) No received bit is complemented ; i.e. ¥5%2 = Fopt *
This situation can only happen if ¢< b , since what
we will have.so far is ¢ réunds during which no re-
ceived bit has been complemented. Under such condition
the majority threshold during round c+2 will be given
by Topp =Ty = c=- 1210 =0 ~1 2 Tp * 1

| (2.70b)
which will ensure cbrrect\méjority votes similar to |
situation (a) above.
We can thus pursue similar arguhents to show that all
majority votes taken will be cofrect throughout the
forthcoming rounds with the weighﬁ'of the residual error
being consistently smaller t@an the majority threshold.
When we arrive at the beginning of the last found_we
have,'in the case of odd d , a threshold of t+1 ,
‘implying no more than t residual error bitg ac?ording
to (2.70a) and {2.70b) . These error bits can therefore
be complemented during the last round. In the case of
even d ; on the other hand, the threshold of t+2 will
not change while going from‘the second last round to the
last round. This does nof! however, alter the grguments
carried for odd d  with respect to the weight of the
residual error,. implying a similar situation during the

last round to that fer d odd. On the basis of these

arguments we conclude that the condition or Lemma 9 is

sufficient for the correct decodlng of an error of weignt T

Q. E. D.

—~
4
3

I3
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THEOREM 14 : For the case of codes with 4 even or

d odd respectively, the weight T of an error correc-~’

table by Algorithm D3 or D4 is upper-bounded by
L TS 2t -1
provided that the initial threshold T1 is set at

T1 2T+ 1 . - )

Proof: From the proof of Lemma 9 it is clear that for a

given T1 s the highest value Thax of the error weight

is given by Toax = T1-1 where b =0 . In this situa-

tion one error term T, needs to be comple@Ented-in each
’ J

decoding round., However can only be corrected when

a .

its value is in disagreement with at“least T, out of the

]
d-1 estimates 51,1'si,2""’si,d-T in the form of

J
meaning that T .. < d-2 . Then the only way to

(2.11) for i = a, ., This requires tnat T1 < d-1°,

obtain a majority vote on one %a corresponding
' J
to an error term T, is for the other error
J
terms to appear in pairs among the d-1 orthogonal esti-

mates 51,1’31,2""’Si,d-1 for i = aj . 1in other

words Tmax must be odd which means that. Thax =‘d-3
for d even and Tnax = d-2 for d odd, giving
Tmax = 2t-1 for both cases of odd and even d .

Q. E. D.



THECREM 15 : Every error. e(x) of weight T that
. 1s correctable by Algorithm D3 or 24 , is uniquely.
“decodable in the sense that there is no pelynomial

e'(x) £ e(x) of weight 1< T that makes

e'(x) + e(x) a codeword. ~—

Proof: We prove Theéorem 15 by way of a contradiction.
Suppose that there is such a polynomial e'(x) of
weight 7 < v which makes |

e(x) + e'(x) = v(x)
where v(x) is a non-zero codeword. This means that
e'(x) will produce the same majority vote as produced

*~

by e(x) on every bit positiocn i=20,1, .. ,n-1 ,
Therefore some of the majority votes will be incorrect
with respéct to e'(x) . This is impossible because
e'(x) has a weight 7°< T which satisfies Theorem 13
for being correctable by Algdrithm D3 or D4 . Theorem

15 must therefore be wvalid, Q. E. D.
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In light of Theorems 13 to 15 we can now discuss

the behaviour of Algorithm D3 or D4 with respect to an
| error e(x) of weight T under each of the following
circumstances;
(i) T <d-T,
(ii) d - I,< 7 <t
(i12) ¢t <1< T, - 1
(iv) ?1 - 1<y <n . v
It is clear from Lemma 8 and Theorem 14 that

Ttk T, <2t . (2.71)

(i) For the case of 1< d - T, , we have in the first
round of estimation, & correct majority vote for every
bit ﬁosition Oy1, «. » n=1 . As a,result,decoding will
be completed after going through one full round with the

decoder answer being that  ¥(x) = r(x) .

SEE) For the case of d - T,<T <t , we may or may not
have a majority vote for a given position during a given
m'th rodn@, for which we have a majo;ity threshold

Tm >4 -t , However, if for any given recieved bit Ty
a tie has occg?red during_eéch one of the first m rounds,
a majority votg will be finally possible for every T,
once the majority threshold goes down to d-t . We may
nd%e that:the majority threshold will be edual to d-t

at the last round o% Algorithm D4 and the second last
round of Algorithm D3 . Regardless of which round will

provide a majority vote on any given Ti such a vote
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will always bej correct, since the tnreshold is always
greater than the error weignt T . Thus at the end of
decoding, the resulting word F(x) is egual to the

transmitted codeword v(x) .

(1ii) In the case where t <T.< T1 - 1, the decoder

can only correct those errors that are uniquely decoaable
as indicated in Theorem 15 . The mechanism by which such
errors_are corrected is already coévered in the proof of
Theorenm 13:; Those errors which are not correctable by
Algorithm D3 or D41. will either lead *to a.detectable— _
only situation or wili-éause the decoder to estimate

another error &(x) # e(x) of smaller weight such that

g8(x) + e(x) is a codeword. Obviously thé)decodér ca?not

do any better than choosing &(x) which is a coset leader

of the same coset in which e(x) is an element,

(iv) Finally in the case where T > T, - 1, no error
can be correctly estimated by Algorithm D3 or D4 , result-
ing in a similar situation to the case of qg?correctable

errors discussed in (iii) above,

Within the context of the discussion carried so

.

far, we conclude this section by mentioning the followingj
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DECODING DETAIL D5 : When Algorithms D3 and D4

are to be used with codes of d even and d odd

respectively, for the correction of uniquely-decodable - «. -

errors of weight

ﬁ‘ £t +s,
we first set the initial majofity thréénold of algo=-
rithms D3 and D4 at - o

T1=t+5+1

and then go through g+1 or fewer rounds of majority-
logic estimation accordingly, where

.

L 4
0<s< t .

9
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2.8 Summary of Main Results in Chapter 2

In this chapter we examined the capability of
+1=s5tep majoriﬁy—logic decoding in correcting errors
of weight T>t , for the case of t-error-correcting

binary cyclic codes.
We first developed Dedoding Strategy O which is

aimed at minimizing the decoded bit error rate ,when

dealing with errors of weight %+1 . To facilitate the-
;stimation of decoded bit error rate we defined Ry o1 -
as the average fraction of erroneously decoded bits

_ over length n. due to an error of weight t+1 . Then

on the basis of the above strategy, we gave in lheorem 1

two expressions for 'Rt+1 for the two cases. of odd and

even minimum distance.

\In an attempt to improve the decoding

rerformance by reducing the value of R y W€ considéred\_f

t+1
two-round Decoding Algorithms.D1 and D2 for the two
cases of codes with d even and d odd respectively,
" In both-algorithms the decoder takes a majority vote
'among d orthogonal estimates on any transmitted bit
vi‘ such that at least T estimates must agree to-

produce a decbding answer where T>d/2/ being the

majority threshold, and i = 0,1,..,n with n being



{r,

léggt one error'position 'gj sffi{;fif when taking a
‘majority vote on v. for +i=aj(, e error affects the

s gy ce e aeaoah L ae - L

the code length. Algorithm D1 requires a fixed majority

threshold of T = t+2 for the case of. d ‘even..
. ' ' : . e .
For the case of. d odd, Algorithm D2 reguires two

thresholds T, = t+2 and T

1 o = t+1 during the first
and second rounds respectively. We Hoted that no more
than two decoding rounds were needed.for Algorithms D1
and D2 , and that only one round of estimation would »
be required for correcting an error of weiéht TL t *

in the case of D1 or T< t-1 in the case of D2,

-y

‘ : g
* The main results of analyzing the performance
‘ ' v

of these two decoding“algor%f&gs are given in Theorems

2, 4.and 6 for Algorithm D1, and Theorems 9, 11 and 12

‘for Algorithst D2 . We found the results to be similar

for both D1 and D2 . A combined summary of such results
. ‘ . /
is given below.,

R -

Theorems 2 and 9 state that Algorithms D1 and D2 can
, . ,

correct every error of weight t+1 +that contains at

1

value of at most d-t-2 ’orthogonal estimates, .

Theorems 4 and .11 state that AlgbrithmsﬁD1 and

.}
D2 can only correct an error of weight t+1

{ Ve |

r’ux

if such.
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" an error is uniquely decodable in the -sense é;;;iit .é
does, not form part of a codeword having either a
weight =~ 2t+1 for the case of d odd, or a weight
2t+2 for botnh cases of odd and even 4 . N
Theorems 6 and 12 give a lower bound B, , \

_for the number Q. , of errors of weight t+1 that

are correbtable by Algorithms D1 and D2 as J -
. . X : t
: n 2t+1Y) | n-1
ot 2 3 2 (M) -wm ()5
_$+1 t+1 t+1 t+1 % | 2t+1
Numerical values of this upper bound are listed in /

Tahle I for some l;step majority-logic codes of even

minimum distance and relatively short length n .

In order to géin an insight of how near, ‘the lower

bgupq Bt+1 i? to the actual value of Qt+1 , we

estimated Qt+1 for four example codes after a’
detailed examination of the properties bf their

orthogonal check-sums. . - ‘ e

2

For the two classes of difference-set codes and
M-seguence cbdes, we used certain properties of the
orthogonal .check-sums in proving Theorems 7 and 8 ,

and hence ‘showing,that algorithm D1 is optimum in its-
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cépability of correcting every unijuely-decodable error
of weight t+1 . On the basis of this , we estimated .
th; éxact vélues of QE+1 for two more M-sequence codes
by using préviously reported results on the coset enu-~

meration of such codes.

"

Finally we examined the capability.of 1-s5tep
majority-logic decoding in correcting errors of weight
greater than t+1 by going through more than two rounﬁs.
We considered the multiple-round de;oding Algorithms
D3 and 4 for the cgsé of 4 even‘and d ;dd réspecr

tively. These two algoritnms are in fact generalizations

of the two-round Algorithme D1 and DZ .

Theorem 13 prescribes the conditions under which
an error is corréctable by algoritnm L3 and 04 .

Theorem 14 gives an upper bound for the weight T of

such an error to be . -

: ' \ -

-

provided that the initial threshold T, 1is set at

T, 2T+ 1 . - -,
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Theorem 15 shows that every error e(x) of weight’' T
that is correctable by Algorithm D3 or D4 , is uniguely
decodable in the sense thaf there is no polynomial
e'(x) # e(x) of weignt T'< T that makes .e(x)+e'(x)

a codeword.

We thef see from Decoding Detail D5 tnat we
need s+1 .@r fewer rounds of majority-logic estimation
for the correction of unijuely~decodable errors of
weight ’f <t +s where 0< s <t after setting

the initial majority threshold at

T1 =t +s5 + 1 .
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CHAPTER 3
IMPROVEMENT ~ IN ERROR PERFORMANCE
.WITH CORRECTION OF {t+1)-ERRORS

2.1 General

'In this chapter we derive certain expreséions
to evaluate the error pegformahce of coded systems
and to determine the improvement achieved with tae
correction of some errors of weight t+1 ., We then
use the. numerical results given in Table 1, in order

to graphically illustrate such error performancé.

Fifst we consider the c?se oI memory systems
and then analyze in more details the case ot random'
communication systems where we take into account the
system trade;offs among transmitted power, bandwidtn
%;ilization and bit error rates. For the latter case
we shall derive expiicit expressions for the measures on
coding' error performance already defined in chapter 1;
i,e. the Ne;.Coding Gain (NCG) and Net Error Improvement
(NBI) . Tne graphical results on these measures
are givgn in this chapter only to serve as an illust-
ration of how to estimate tne‘improvement in decoding

performance achieved by Algorithm D1 over a bounded-

distance decoder. . ’ g
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For the sake of convenience we rcpeat below
some of the definitions and expressions given earlier

_in chapter 2 .

p = bit error rate at the decoder input.
Py = bit error rate at the decoder output after’ an

error correction is attempted.

R, = average fractidn of erroneously decoded bits over
length n , corresponding to an error pattern of

weight T .

. : _ ‘ .
pO = Z (2) pT(1—p)n-' RT . (301)
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3.2 Performance in Memory Systems

v

In the case of memory systems [39] the improvement
~in error performaﬁce obtained with algorithm D1 or D2
over that with a bounded-distaqce fdecoder can be directly
measured in terms of the reduction ratio p in the

vélue of Py o In other words,

p. (with bounded-distance decoding)
p=— ' - (3.2)
. ) P, (with Algorithm D1 or D2) .

It is possible to simplify the analysis and derive
an_expression.for P independant of p if we make

the assumptions that P<<Ry,,/n ,

to get an'appgpximation of p, as

S (t“) PP (1-p) VTR, (3.3)

+1

/

The value of R deggﬂaﬁﬁan the error-correction

t+1
capabilit& of the decoder. According to Theorem 1 ,

we have for the case of even 4 ,

' Q - 7
t+1 t+1 .
‘ (f+1) '

e —— e ———
'
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-

where Q.4 is the number of errors of weignt t+1
] . .

that are correctable by the decoder., Thus a bounded-

-distance decoder will have Qt+1 =0 giving

RJ/— b+ | (3.9

. From.(§.2) to (3.5) it is clear that

Q : '
1~y o2
5 = n) ‘ (3.6)
Q+1
for  p<<Ry,/n
se list in Table 11 the,approximate values of p fér

s

the same codes given before in Ta?le 1.
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TASLE II
’ o
ZRROI-HEDUCTION RATIO (P) IN M2MORY sYsTad P
DUR TO  (t+1)-ZRROR CORRICTION ~ )
, “t+1
p= 1/’E - = ]
(t+1)
: Lower Actual
(n,%) d Round Value
»

Difference- (21,11) 6 1.2 1.2
' Set  (73,45) 10 2.0 3.7
Jodes (273%,191) 18 6.4 _—

(1057,813) 34 1.4 —

(7,2 4 1.0 1.0

(15,4) e 1.3 1.4

V-Teruernce (31,5) i 2.5 20

lodes (F2,6) 20 9.4 10

(127,7) 64 143 —

(c58,9) + 128 3,300 | —
o

<t (15,6) 6 1.2 1.2
Sode

Projective- '

T (8%,24) 22 7.5 | —
Geometry - 4
(585,184) 74 1.3X10% " | ——
Codes . ; )
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3.3 Performance in Communication Systems

For .the case of communication systems we take
the ide;lized model of binary symmetric channel as
discussed earlier in the introduction'of this tnesis.
In Figure 1 two coding performance ﬁeasures were illus-
traéed; i.e. Net Coding Gaih (NCG) and Net Error Improve-

ment (NEI) . A close examination of this figure reveals

that
E(p.)
NOG = o (3.7)
Eu
and
Ple )
NZI = Y (3.8)
pO

where p = P(€) and € = E(p) are the two reciprocal
functions, either of which will specify the relationship
between £ and p . We can now obtain explicit expressions
for NCG and NEI by combining (2.1) with (3.7) and (3.8)

réspectively as follows,

)

11 i
i (2) 5" C-p)™" R
NCG = =t - (3.9) .
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—
and
NEL = —— P(E) (3.10)
] T n=-T
Z, (2) e (1-p)™ R,
T=t+1 ’ Lo
where p = P(%%—E } in accordance with the notation of

Figure 1.

In order to obtain some illustrative graphical
results on NJG and NEI , we shall consider thé pgrfor-
mance of Algorithm D1 with respéct to some of the even-
weighted éodes listed in Taple I . 1In doing tnis we
shall make the assumption tnat P <<R, ,/n .

As we indicuted in Remark 6 , tne fraction of correc-
tabie errors of weignt t+1 for some of tnhe codes of
Table I , is very close\to “one" , This makes the
performance of algorithm b1 more dependant on the
occurrence ¢f errofs of weigat 't+2 s especially‘in
the case wnere p is in the same order of magnitude
as Rt+1 . _Since no errors of weight t+2 will bé
corrected by D1 , and since p is assumed very small,
we can neglect the effect of errors of weight t+3

and approximate (3.9) and (3.10) to the following;
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NOG =
€
(3.9a)
and
P(€) )
NEI = .

n t+1 " oan=t=1 n 1+2 n-t=2 :
p-" (1=-p) R + ( )p (1-p) R, .
. (*w-) S N 7Y bre

(3.104)

The value of Rt+1 or its upper bound can be readily

obtained by substituting in Theorem 1 (expression (3.4)
. n .
above) the value of Qt+U/(t+1) 'or its lower bound

respectively as taken from rlable 1. On the other

hand, the upper bound for Rt+2 ié:given in Theorem 16
below. When we apply the upper bounds of Rt+1 and

Ry,p 1inm (3.9a) and (%.10a) we camr respectively get

lower bounds for NCG and NEI .
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THEOREM.16 : When Strategy C is.used in conjunction
with Algorithm Dt for the case ‘of a systematic 1-step
mzjority-logic code V of even minimum distance

d = 2t+2 , the average'fraction‘ Rt;2 of erroneously
decoded bits over léngth n due to an error pattern
of weight t+2 , is upper-bounded by

1'1 2t+2

‘t+2.—- n . < (f16) '

Proof: 5ince Algoritnm D1 does not correct any error

of weight T > t+1 , an error of weight t+2 will always
produce an erroneous answer in one of two possible ways.
(a) when such an error is‘part‘of a codeword of weight

W S 2t+3 , it will cause the decoder to estimate

an error of weignt w - (t+2) or less. However,

since the coéeiis even—weighted*we have w = 21t+2 .
As a result, there wili be 2t+2 bits in error
within the n-bit received word.

(b) When the error is not part of a codeword of weight
2¢+2 , it will cause the decoder to leave the received
word unchanged in accordance with Strategy C .

As a result, there will be t+2 bits in error
within the n-bit received word.

The upper bound of (T16) will then be obtained by taking

the worst case of (a) above, . Q. E. D.
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%.4 An Upper Bound for Binary AWGN Channels

U

In the following we examine the performance of coding
in binary channels with Addltive Whlte Gau331an Noise (AWGN) using
* either one or none of PbK, FSK or AéK modulatlon and :
A‘e;ther coherent or non-coherent detection [40,41] ..

‘Phe relationship between p and € for each of tnese

cases is given below;

I. p = % erfev/€ (3.11)
for pdlar badeband (non-return-to-zero), and for

phase-shift keying (PSK) with coherent detection.

II. P = % erfc\/% , . (3.12):

for amplitude-shift keying {ASK) with coherent detec=

tion, and for frequency-shift keying (FSK) with

coherent detection.

111. p =5 exp(-3) , (3.13)

for FSK with non-coherent detection.

Iv. p ':% [1; ] exp(-3) (3.14)

1
\’Zﬂ‘e
for ASK with non-eoherent detection.
Here erfc{y) is the complementary error function of y .

1



«channel. It is obvious that’ codes giving a value of B
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N
= S '
J/P Xext we examine the behaviour of NCG with
decreasing vlaues of p'.. To’ db this we use the
‘approximation . - v
fo(x) = T e 2 (3.15)
erfe(x) = =————— , fqr large Yy . .
- T2V U

If we combine (3.15) with'03.11)_to‘(3.14) respectively
and then apply the results in (3.9) to take the limit

of NCG as p approaches zero we:find'thét .

limit N6 = B_ = X (ge1) ’ (3.16) -
" p=0 &t .

where NCG inpreases %ith decreasing p . The 3impiicity

of the upper bound' Bg on the Net Coding Gain is, remarkable,
This‘bound can serve as a usefhl and simple meaéure in
determining the ultimate capability of‘a giéen‘in,k,t)

code in imprbving the performance of an AWGN binary

»

g
smaller than "one" can be readily discarded from further

consideration for an implementation with such a chahnel,
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3. Grapnical Results -~ S—

-~

-

In this section we provide S6Eé £llustrative
resulys on the performance'of the 1-step majority~logic
codes listéd in Table I of chapter 2, by using the
derivations already given in this chapter. O0f particular
interest to the main theme of this thesis is the improve-

ment in coding performance due to the correction of errors

. of weight 1 y over that of a bounded-distance decoder. .

First we estimate the upper bound Bg on the Net

'Uéding Gain given by (3.16) . Ve note that forliﬁé case

of M-seguence ccdes we have n = 2™ 4 s Kk =m and

t = 2™2 - 4 , which gives

. m .. 1 . .
136 =E (1+ E) . .

This means that the usefll valpe of B, >1° can only be

achieved with m >4 ; i.e. n >15 . This is just one
example -to illustrate the ;sefulness df the peFformance
méasure Bé in diécarding undesirable codes from further
consideration for the AWGN channel. TFigure 5 plots B,
versus bandwidth expansion factor n/k. for éome of the
codes listed in Tabfe I ., This -graph shows a diiginct
gdvantagé of;loﬁgef codés within 5g;vén class; where, '
we both obtain a higher’#ralue foQ Bg and a lower band- |

width expansion factor. Since the value of Bgf for a

"given (n,k,t) code is independanf of what decoding tech-

nigue is used, we cannot use Bgcipr comparing between

-
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the performance of Algorithm U1 and that or a bounded-

distance decoding algorithm.

In order to present some illustrative graphical
results on NCG and NZI , we choose the case of non-
coherent FSK because of its analytical simblicity.

The results plotted

2 rigure 6 are obtained by combining
(3.13) with (3.92) and (3\10a) respectively, where |

a value of p = 10"5 has Yeen chosenl%g an example.

The results are not representative, however, since they

largely depénd on the‘type of modulation scheme and the

value of p . Jdevertheless, our exercise in obtaining

7’ -

such resﬁl¢s\goes serve the purpose of giving an example

on how to use the data. provided in Table 1 to obtain a-
comparative evaluation of coding-performance in commu-
nication channels, with and without the use of non-

bounded-distance ‘decoding techniques.




144

HOTES

Di = Difference-set Jodes
M5 = M-Sequence Jodes .
PG = Projective Geometry Jode.
12 1 DS
o {(1057,813) B¢
{58y, 184)
10 |
9 .
DS " /
8 . (273,191)
7
I 6 .
" g
DS PG
F: ] (73,45) (85,24)
B .
a 4 .
5
o 3
2
(31,5)
1 MS
115,4)
O Wrr— — A ——— e s e — ——— — S —— p— —— —
-1 . . . . -
1 2 3 4 ) 6
—_—
Figure S5 : Upper Bound (Bg)'on Net Coding Gain

— ih Binary AWGN Channels,

(



145

9
* o5
11057,813)
8 ] lower bound with
o Mlgorithm 1
A .
T
- |0
6 | DS . 104
o 1273,191). '
i~ - o 1¢
Fe)
w
2 “I,,10
e 5 | 10
5 . .
Actual value with 5
-~ Distance-Bounded EU
%) * Decoder
(& ]
z 4]
S
: . rfﬁJ/ Ds 18
= _ 173,45) i
) 1Y
L Actual value with [
= Algorithm 01 1t
-] ' -
[]
[&]
5 1o?
= 2 Y
3
1o
D3
(21,11)
1 0
0 A ) " A . . . . N 1
1.25 1.3 1.4 1.5 7+ 1.0 1.7 1.8 7.9 2.0

nk ———- X

; .
Figure 6 : Coding Performance in Binary Nén-Coherent
FSK Channels at p = 10=2 .

[ 4

{ NEI )

Net, Error Improvencnt



146

CONCLUDING REMARKS

Thé main empnasis in this thesis has been on
analyzing the capability of 1-step majority-logic
decoding in correcting er;ors of wéight'T >t 1in 'general
and T = t+1 in particular. We saw in chapter 2 that
by using a code in 1its systematic form, we can minimize
the decoding error probability with respect to errors '

of weight t+1 by only correcting those errors that

are uniguely decodable in the sense of not forming part

of a codeword of weight 2t+1 or 2t+2 . On tois basis.

we gave bDecoding Algorithms’D1 and D2_f6r the two cases
of even and odd minimum distance d respectively. Tnese
aigoritnms are capable of correcting uniguely-decodable
errors of weight t+1 , and undergo up two round of

majority-loéic estimation. i

#e discussed the performance of lgorithms D1 and
D2 and developed lower bounds on the number Q41 of
correctable errors of weight t+1 . We noted that D2
corrected the same set of érrqrs with respect to‘an-'
(n,k) code of d=2t+1 , as that correctable by D1 with
respect to the even-weightéd subset (n,k-1) code of
d=2t+2 . We also noted that no more tnan two decoding

roundswere needed for algorithms D1 and D2 and that
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only one round of estimation would be rejuired for
cqrrecting‘an-error of weight T < t in the case of

D1 or 7 € t-1 in the case of D2 . This implies that
the-ayerage decoding delay in D1 or D2 , is only slightly

higher than that in a bounded-distance decoder.

For the two specific cases of the (15,6) Bcd
code and the (21,11) difference-set code, botn of =6 R
we saw that no more than one decoding round would be -
needed for the correction of errors of weight -t+1=3 .
There, the capability of correciiné errors of weight

t+1 is found inherent in the single-zound version of

a 1-step majority-logic decoder using feedback.

We observed that Algoritnms D1 and D2 were optimum
in the case of the (15,7) Bl code and its subset (15,6)
code, both of t=2 , in being able to correct every

triple error that is uniquely decodable,

after a detailed examination of the properties
of orthogonal check-sums for the two classes of difference-~
set codes and lM~seguence codes, we estimated the exact

. ~ \—-\ ' )
value of Q4 ﬁég t =2, 3 and 4 , The gnaly51s for
the cases of t>4 1is subject to further investligation
where computer gimulation may be required.ggNevgrtheless,

we used the'properties of orthogenal check-sﬁ s to show
N '
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that aAlzorithm D1 is.optimum in its capability of
"correcting every unijuely-décodable error of weight
t+1 for the t&o classes of difference-set codes and
M-sequ;nce.codes. On the basis of this, we estimated

the exact values of Q. , for two more M-sequence

codes by using previously reported rgsults on the

coset enumeration of such codes - .

The analysis carried in this thesis is based
on Decoding Strategy C which reguires to use a code
* .
in its systématic form and will -correct only those

-

errors tnay&ire unigquely decodable, whereas leaving

the feceived word unéhanged for the case of a detectatle-
only error. Howe?er, certain applications might rejuire
the use of a code in its non-systematic form with the
need to ‘correct as many (t+1)-errors as possible regard-
less whether they are uniquely decodable or not. Under
such circumstances we could amend Algorithm D1 byilower-
ing the decoding threshold to T, = t+1  during the
second round, and also amend both algdrithmé D1 and D2
by removing the requirement of having to dorrect no
t'moré than £ error bits, during the second round.

Such .amendments would obviously increase the numberlof
correctable (t+1)-errors béyoﬁd those eatimated in our
analysis, to ﬁover éome errors ﬁhich are not ﬁniquély

decodable.  As an example, in the case of the (15,7)
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BCH code of d=5 ,[1&] has shown that 3% triple errors
containing the_zeroth position can be corrected by a
sinéie-round decﬂder using feedback. This is much
higher than tne number of unijuely-decodable tfiple
errors containing the zéroth posit;on which is only

13 as wWwe s3aw in Example 1 . ‘ ' t

A tabulation of the values of Q, . and its

lower bound indicates that for increasing code length
n , the correctable fraction of errors of weight t+1
‘approaches "one"‘which caugses the decoding error proba-
bilitj to be increasingly more dominated by the occurrencé'
of errors of weight 't+2 for larger n , 1t is there-
fore interesting to investigate the capability to correct
errors of weight t+2 or greater, To do this we generalized

Algorithms 01 and D2 ' in the form of Algorithms D3
and D4 ;espectively, where D3 and D4 can correct an error
of weight up to Tmax ; 2t-1 by going through t or
‘fewer rdunds of estimation. A8 an example, if errors
of weight t+2 are to be corrected we must start the
decoding algorithm with a majority threshold of
T, = t+3 ahd then follow the same decoding principles
as in Algorithﬁs D1 and D2. ¥e then lower the threshold
to T2 = t+2 as soon as one received bit is cbmplemented
and go through’another round as ;k it is the first round

of Algorithm D1 or D2 , and 36 on,
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Analyzing the performance of algorithms D3 and D4
with respect to the number of correctable errors of weight
T>t+1 would clearly be more complicated than the analy-
sis we gave for T £ t+1 . &his topic warrants further
investigation, especially for larger 11 where the large
majority of errors of weight t+1 are correctable, causing

the decoder performance to be sensitive to those errors

of greater weights,

In chapter 3 we derived certain expressions to
evaluate the error perfdrmance of coded systems and to
determine the impfbvement achieved with the correbtion
of errors of weight  t+1 , We then used tie numerical
resﬁits given in chapter 2 in order to graphically

illustrate the error performance.

First we considered the case of memory systems
4 . .
and gave an approximation of the ratio of error rate

reduction achieved by Algorithm D1 over a bounded-

distance decoder, We then considered the case of

random communicétionsyﬂtemé and gave a more detailed
analysis taking into account the trade-offs among

transmitted power, tilized bandwidth and bit error

’
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| :'-'-;g"\:-?
rate, We derived explicit expressions for the Net
Coding Gaih (NCG) and Net Error Improvement (NEI),
We also found that the value of NCG is theoreticélly
limited by the simple upper bound Bg =fk(t+1)/c
for the case of binary AWGN;chanﬁgls regsardless of

what modulation scheme is utilized.

We used the above-mentioned derivations on
codicg performance to provide some graphical results
on 1-step majority-logic decoding with and without
the correction of (t+{)-errors. Since both NEI and
NCG are functions of the channel characteristics, we
chcsc'an example of non-conerent FSK system to illust-
srate tne behaviour of NEI and NCGl. On the other hand,
tAg—analytical results of chapter 3 provide scme useful

f;ccis for evaluating the coding performancc of a given
t-error-correcting code when being cocsidered for a
particular memory system or communication system.
These results are also uscful for determining the

amount of improvement in error performance that can

be achieved with the correction of (t+1)-errors.

E ]
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