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Abstract

The purpose of the present work is to generalize Lax-
Nirenberg's theorem and stability criteria for a wide class
of pseudo-difference operators whose algebra is based on
Calderén and Vaillancourt's boundedness theorem for pseudo-
differential operators, In chapter 1, pseudo-difference
operators with symbols of Hormander's class 8626 , 0s 6 <1,

2 by using a method of discrete

are shown to be bounded in L
partition of unity. An example which shows that operators
in Sl?l may not be bounded is also given, In chapter 2,
an algebra $§ 5 of pseudo-difference operators with symbols
in 8636 is developed. In chapter 3, the Lax-Nirenberg
theorem is established for operators in S 5 The two sta-
bility criteria are also derived for those operators, Some
open problems on the application of operators in S 5 are

mentioned,
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T A U

INTRODUCTION

In 1966 Lax and Nirenberg have established two new
stability criteria for difference schemes with varlable
coefficients, To state these results, we summarize the

notations and calculus used in [12] ,

Let P, be a family of difference operators depend-

h
ing on a positive parameter h

' a
(0.1) P, = g P (X)Tp s

where a = (al,...,an) is a multi-index of integers o

o

and Th

is the translation operator
o
(Thu)(x) = u(x + ha) .

The coefficients pa(x) are mxm matrix functions of x .

We denote the scalar product and norm in ¢ by uev = ZujVﬁ.
and |u|, respectively. When no confusion arises, we shall often
write’ u¥ for wuev ., The 2,-absolute value [pa(x)l of

the matrix pa(x) is defined as its operator norm in e s

o, (x)] = sup [p (x)u| .
lul=1

*
The conjugate transpose of a matrix Py is denoted by Py




The natural domain for difference operators is the space
of functions defined on lattice points, Since the boundedness
and positivity of difference operatofs over lattice functions
of class 22 are equivalent to the same properties for these
operators when defined over functions of class L2(Rn), we
let the difference operators Ph act on funections wu(x) which
are defined for all x in R® and whose values lie in c®

These functions form a Hilbert space under the norm
lull?= fluto]?ax .
The corresponding scalar product is denoted by

(u,v) = fu(x)¥(x)dx .

We denote by llPhll the operator norm,
[12,ull
h
12, || = sup
u  full
by P; the Hilbert-space adjoint of Ph , and by Re Ph its

hermitian part,

=1 *

h

o ,
With the difference operator P ) pa(x)Th , We asso-

cilate the symbol
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Za pa(x)eiG'E L)

p(x,£)

where

g

a*g = algl + ... 10 n

n
In order to express some differentiability conditions
on the symbol p(x,E) conveniently, we shall assign the :

the j-max-

(j,k)-norms Iplj,k to p . We denote by ]palj

imum norm of pa(x) .

B
lp. |, = sup “{sup |D_p (x)|} .
@'J OSIBISj X X a

Here |B| is the length of the multi-index B of nonnegative

integers,
18] =By + .o +B,

Now we define the (J,k) norm of p as

Ipl, = Ilp.| <a>®
J,k o aj

where j and k are nonnegative integers and <o> is given by
<a>2 =] + q, + + 0
1 LI ] n 1 ]

We denote by C the class o{ symbols p(x,E) with finite

I,k



' o
(j,k)-norm, Clearly the norm of the operator Ph = Zpa(x)Th
with symbol p satisfiesrthe inequality

He,lislolg o

The class of bounded difference operators with symbol p
belonging to CO,O forms an algebra under either the operator
product Ph Qh or the symbol product Pthh , the latter being
the operator with symbol pg . The following estimates hold

| Pth - PhOQh“ s hlplo,1!Q|l,o >
* #
I Ph - Ph II< hlpll’l .

Here Pﬁ is the difference operator with symbol p*(k,g) .

The basic result of Lax and Nirenberg is stated in the

following theorem,

Lax~Nirenberg Theorem, Let Ph be a one-parameter family
of difference operators of the form (0.1) whose symbol p(x,8)
belongs to the class 00’2 and 02’0 . Suppose further that
the symbol p(x,£) 1is a hermitian and nonnegative matrix for

every x and £, then the operator Ph satisfies the inequality

Re Ph 2 -Kh

for all h and some constant X independent of h .




As a consequence of this théorem, two new stability criteria
for difference schemes have been established, In short, the
first of these criteria states that if fhe norm of the symbol
is bounded by 1, |p| s 1 , then the operator P, 1s stable,

The second says that if the numerical range of the symbol is

contained in the unit disk of the complex plane, [uspu| s 1

for |u| = 1, then the operator P, 1is stable,

In 1969 Vaillancourt [13] has given a simple proof of Lax-
Nirenberg's theorem for difference operators and has extended
these criteria to a class of pseudo-difference schemes for
which Friedrich's calculus for pseudo-differential operators,
as developped in [6] holds, thus including in [14] the results

of Yamaguti and Nogi [17].

The purpose of the present work is to establish these results
for a wide class of pseudo-difference operators whose algebra
is derived from Calderdén-Vaillancourt's boundedness theorem for

pseudo-differential operators [2].

We shall conclude by a few remarks on the application of

this class of pseudo-difference operators to some open problems,



CHAPTER I

A Class of L2-Continuous Pseudo-Difference Operators.

In this chapter we shall define the class of pseudo-differ-
ence operators which will be used subsequently and we shall give

a detailed proof of their continuity in L2.

Pseudo-difference operators are a generalization of differ-
ence operators. To see this we shall use Fourier transformation

to represent a difference operator. Let 4(£) be the Fourier

transform of u(x) in C:(Rn) s

a(g) Efe-ix'gu(x)an
and u(x) be the‘inverse Fourier transform of G(£),
u(x) = [ Rae)dE,
where the constgnt (211)-n is absorbed in d§,
d = (em)™Mag = (2m)TAEy ... 4B,

and both integrations are over the whole R" space. Then the

difference operator Ph can be expressed as:

Pu(x) = [ p,(x) Tﬁu(x)

] py(x) [t (XH)E qrerae

-
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[e1%°% 1p_(x)eP* Tae)ae

1o U

(1.1) fel* 8p(x,nE)a(E)dE

where the matrix p(x,E) =] pm(x)ew'E is called the symbol of

h L]
Formula (1.1) will be used to define pseudo-difference oper-

ators P, whose symbols p(x,&) are not necessarily of the ex-

ponential form } pa(x)eia'g .

We can even consider difference operators

T S

Pu(x) = g P, (X,% + ha)Tﬁu(x)

[f Hx-PEy pa(x,y)eih“'gu(y)dydi

with symbol

ioe
p(x,y,8) = ] py(x,¥)e ak

In the .-following it will be as easy to consider double symbols

p(x,y,E) instead of simple symbols p(x,E). The class of simple

symbols will follow as a special case.

The pseudo-difference operator Ph associated with the double

syﬁbol p(x,y,&) will be represented by the formula

(1.2) Pulx) = J] 10X = ¥ Bk y nE)uly)ayde .
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The symbol p(x,y,& it an mxm matrix function of x,y and &,

i

P A R O e o

and possibiy of h . The absolute value |p(x,¥,E)] of p is

defined as in the introduction.

Formula (1.2), with h = 1, defines a pseudo-differential

operator.

We now define a class of symbols which was introduced by

Hormander in [7] in 1966.

Definition 1.1. If m, p and & are peal numbers with p 2 0

and 6 2 0, we denote by S? 5 the class of matrices p(x,¥,8)
2

such that

2} % 2 plrwsB)] = 0y g, alghm el ¥ stisl + IvD

W LD - AT

s
3
5
i
i
g
t

!
A
1
A

for all multi-indices ,B8,y in zl and all x5, in R .
e take

2 WP

As we are interested in bounded operators in L2, W
m=0,0<8sps1,§ <1, HOrmander has shown in [8] that if :

p» 0, §<p and p has compact support in (x,y), then the

pseudo-differential operator with symbol p 1is bounded in 12, I
i

On the other hand, he also proved there that this need not be g

Therefore, we shall consider the borderline . f

case and remove the restriction on the support of p . We set f

true if p < 9§ .

The continuity of pseudo-difference operators with symbol

in S can be derived directly from a general theorem

udo-differential operators.

p(x,y,€)
of Calderén and Valllancourt [2] for pse
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In fact the parameter h > 0 does not play any role in the proof;

hence, with h = 1, the problem reduces to that of a pseudo-dif-
ferential operator for which the above theorem applies. The

proof of this theorem rests on the use of a continuous partition
of unity and of a general lemma for almost orthogonal operators
in a Hilbert space. . . A

However the use of a discrete partition of unity, original-

Ry e L NI,

ly introduced by Chin-Hung Ching, in 1971, in an_unpublished ma-

nuscript in the case p=§8 = 0, and adapted by Vaillancourt in

R L

{151 when 0 < p = 6§ < 1, requires weaker differentiability con-
ditions on the symbols. We shall, therefore, present a detailed
proof of the boundedness of pseudo-difference operators of class

S, using a discrete partition of unity.

S A

We begin with two lemmas which will be needed in the proof

of the boundedness theorem.

The first lemma for almost orthogonal operators, which was
stated without proof in [3], will be proved in its full general-
ity, although we need only the discrete form due to Cotlar as
reported withcut proof by Knapp and Stein [91.

Lemma 1.1 Let A denote a bounded operator on a separable
Hilbert space H and A(z) be a weakly-measurable, uniformly
bounded, operator-valued function on a measure space Z with
measure dz.

If
| AGzy) B*(2)]]< by(2y,2,)°

IIA*(Zl) A (Z2)Il < h2(zl’22)2
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and.

[ hy (21,2) h, (z,2,)dz

is the kernel of 2 bounded integral operator on L2(Z) with

the norm M2, then

l[é A(z)dz|| s M,

where E is any subset of finite measure of 2

Proof: Consider

I L( é A(z)dz) (élA(z)dz)*]m |[Vm

= 1] Aey)a ) Alep o). (] Aleg) Gz g 1 [A (o))"l (M

s [feeef |lAlz) B¥(2)) . Azy, 1) KXz 6z, a2, 1"
z,€ E

Let T = | [A(z;) A*(z,). . Az ) A*(zZm)II, then
75 | |A(z)) A*(2,)] vl 1Az )R (2o o) [[ACz,, 1)1
[14% (2,0 |
and

Tn < || ACz)|| A% (22)A(z3)ll [ 4 (B _p)ACZop 1) | {a* (250 || 3

we multiply the above two inequalities to obtain the estimate

i

PR IR

P e L=

LNl T AT
doF bk

)
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P < ¢ AR ()| (1852 Al || (Mg, o (o, 1 |18 (2, )

A(z2m-1)ll

which, after taking square roots and using the hypotheses of the

lemma, becomes
) _
T, < C hl(zl’ZZ) h2(z2,z3) hl(z3,zu)... hl(22hk3’22m—2) h2(22m_2,z2nkl) .

Thus, letting XE(z) be the characteristic function of the set

E with finite measure u(E), we have

IIE(}J; A(z)dz) (}J; A(z)dz)*T7| |¥/P

s|c2 f.iff hl(zl’ZZ) h2(z2,z3)... hl(z2m—3’z2nb2) h2(z2nb2’22m-1)

dz, dz Il/m

dzy. . 2y 42y AZoy, d2o,

I f}fzf 0 (2 2, )i gy Gy [T

(2m-2)(z 1/m

= |6 WE)figlzy) b 19%om-1) Xg(Zor-1)921 o1 |

< [C2 uz(E) lvr2m—2]1/m

the last estimate follows from the fact that h(zm'Z)(z,z')

2m-2
is the kernel of the bounded operator H( m-2) and

I lH(Zm—Z) | | < M2m—2

Safied LA

RS 0 s e

IS
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Letting m go to infinity, this becomes
Lin ||0(f A(z)dz) (] A(z)az*I® [P s .
e E E :
Since
1 | A)az]|2 = Lim ||0¢ AG)E2) ¢ Alz)az)*1%| V0,
E e E E
we have, after taking square roots, the desired estimate
[| { A(z)az || sM .
E
This completes the proof of the first lemma.
The second lemma 1s the following simple result.
Lemma 1.2 The norm of the operator Qh associated with the

symbol q(x,y,§) = p(a'lx, a'ly, at) is independent of a for

a > 0, that is,
el =11l
Proof: For any a > 0 ,
qutx) = f [0 B ey aneuty)ayds

A, -1
= [ [ei(a xR ) ARy oLy oYy ang)uly)dyde



Setting a'lx =x',a"y=y' and af = &', this becomes
tovut et
Qulax') = [f e (XT=Y") 8yt gt nET) ulayt)ay'de’
and dropping the primes, we have

Qulax) = [f ei(x-y).gp(x,y,hi) u(ay)dyde

Setting

v(x) = u(ax)
and
Pv(x) = [f X3V Ep(x,y,nE) v(y)ayar ,
we easily see that

Qhu(ax) = th(x)

Thus we have

= Sup ————— = SWp
| Jul ] [ (u,u) |2 w [f|u(ax)]|? dax1?

u (Qu,Qu) : tf] u(ax)l2 dax]%
TP R~ -

(flp vl ax® IRy &l
Sup = S h .
v [f]v(x)]2 ax32 IVII

This completes the proof of the second lemma.
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We are now ready to prove the continuity of pseudo-dif-

ferential operators with symbols in S .

Boundedness Theorem 1.1. Let the symbol p(x,y,£) be an m xm

matrix of functions P; J(X,y,ﬁ) defined on R x R x R? such
L]

that

laiz...aii aZE...aZi Py ;(x:¥,8) < Ca’6(1+lg|)(|8|—lal)6
(1.3) .

la:z...asi aZE...azi oy (xs30) 1< 0l s pUIEinleDs

for 0 s oy < 2, 0 < Bj <2+4t,J=1,..., n and all x,y,& >

where T = the least integer > 6/(1 - 8) . Then the pseudo-

differential operator P defined by
Pu(x) = [/ 2 0E = ) Bo(y,y,8) uly)ayde
i1s bounded in 12 and
[[efl <c|l® IL,

t
where ||p || denotes the least value of Ca,B and Ca,B for

which the inequalities(1.3) hold.

35V mmatt R eaes s e AT e AW



Proof: For simplicity, we first restrict oursélves to the one-
dimensional case; the general n—dimensional case will follow
easily.

We choose a non-negative smooth funection " q(E) with com-

pact support, 0 < q(g) s 1, such that

>0 , for | & | s2/3
a(€)

o, for | &1 >3/4

= the smallest integer 2 —T%E—-
ot/ 0_

n
=
—
Q
-~
|

.Define M

where O % {75 » and set

—£ )

.qo(E) = alz3—5T

and

(_E:Eﬂﬂﬂfi_) : for |m| 2M.

(E) .
*m (o+1) |m|°®

Clearly supP 9pipn ° supp q, = ¢ for n?> % (o+1) . Letting

q,(8) + I g8
lmlzM

Q(g)

and

W (8) q, (&) / Q(E)

[
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we define the symbol pm(x,y,g) by

p(x,¥,8) = p(x,5,8) w (&) .

Let gﬁh be the pseudo-differential operator with the symbol pm .

Since

p(x,7,8) = p (x,¥,8) + ] pp(x,5,8)
[m|=M

the operator P has been split. : 7as a sum

P=P + )Pyt I Ponsr
| om| =M [2m+1]|2M

We remark the following properties of our partition of unity:

(1) aE) = (&) + I ay(® >0 ,
|m| =M

(i1) w () e O
(111) supp w_([n|%) < [nl2%-F(o+DITI°, n|2|%3(o+1) (5%
for m=20 , Inl 2 M-, and
o o 1 no
(iv) distance [supp w (|m|%8), supp w (Im]7€)] >z;—([n[-[m[)|;;;|

for |n|-|m| = 2(o+1) , [n]| > Im| 2 M

“iiii
k.
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prYd

To prove (i), we need only show that, for all m , the sup-

e iy

ports of neighboring qm(E) overlap., By construction, qo(g)

o+l o+1]

is positive on [-M ", M

Since

supp qy(8) > (7= o+’ wo* 2(o+1)0%]
and ﬁ
!
+1 '
supp q_p(8) > (M0 - %(o+1)M°, -0+ %(0+1)M°] ;

it is easy to see that

supp qy(E) n supp q (&) = ¢

Tl T WA WML AP VARSI PIINE® | L. . L . ...,

and

supp q_(E) n supp q (E) = ¢ .
For |m| 2 M , we have to verify that
(1.4) m|m|o + -g—(o+1)|m|o 2 (m+1)|m+l|c - %(0+1)|m+1'|o .
If m2M, th;s inequality be;omes

2oL 4 %(o+l)m° > (m1)°FL - %(c+1)(m+l)q ,

)0""'1 - o+l

%(o+1)[mc + (mt1)%7 2 (m+l m ,
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&’ + (D)1 2 (m+0)°, 0 <8 <1

this holds if

2

3[m° + (m+1)%] 2 (m+1)?

or

1/c

2 mz2ntl .

Replacing m by Mtk, k 20 , we have
0 mk) 2 mikdl

That is

. k(1-21/%) 41

M
ol/o_q

Since the right hand side of this inequality is a decreasing

function of k , we have

1

M2 =7 s
sL/0_q

which holds by our definition of M ; Hence (1;4) is true
for m2 M,
For m < -M, we have a similar rgsult.
Therefore (1.4) is true for [m| 2 M.
This shows that .Q(E) >0 .
Now (ii) follows from (i). In fact qm(g)ec: s

thus Q(£)eC” and, by (1), Q(g) > 0 ; hence

P



-19 -

w (8) = q,(£)/Q(8)

is clearly in C:

To prove (iii), we note that for m = 0 and |[n| 2 M,

o o E-—n|9-|U
o (|n|%) = qmlE=nlnly. o= 1Bl
afl (o+1)|n|° : (o+l)|%|q

hence (iii) follows from the inclusion relation:

sup q,(|nl °§> =Enl%|° - 3(o4) I%IU, nl?,;l0 + 13;(0+1)II%IUJ

To prove (iv), for Ee supp wm([mlag) and Te supp wn(lmlog),
with n > |m| 2 M, we have

- clolnf2l - Kol - tn ¢ Forn)]]

o
>l - 3(o+1) - Inl- $o+DII]

v

3 n°
[n]-|n| - §(°+1)]|ﬁ|
If |nl-|m| 2 2(o+1), i.e.,(otl) < %(Inl-hﬂ) s then

3 n,°
tlal-ln] - 3(nl-Inp1I3

v

lg -z}

1 n o
3 (nl-InD |51
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Similarly, for -n > |m| 2 M,

e -z > [n]g]® + $o+1) 181 - [m—%(cﬂ-l)]]

> [l [B°- o) [2° - Inl-F (o)
3 n,°
> Clnl- Il - 3o+1)112]

v

%(Inl-lml)ll%lo 5

provided In|-|m| 2 2(c+1)

Thus for |[n| > |m| 2 M and |n]-|m| 2 2(o+1),

distance [supp wm(lmlog), supp wn(ImIUE)] > %(IHPJmI)I%I
Thislproves (iv).

Now by using properties (i)-(iv), we shall be able to

prove the theorem.

We show that P_ 1is bounded. Since po(x,Y,E) is smooth

and has compact support in §&, then
[l3gp, (xoy,8) 1@ < €, @ =0,1,2,
and

Pu(x) = (2m7t [ V5 (x,y,0)uly)ayde
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R RNEISSEREY = 3=~ |

= (o™ ff ei<x-y>€(1+|x_y|2)-1(1.a§)p°(x,y,g)u(y)dydg :

Since @+ |y|>)™Y  is integrable, we have

[[Pgull < ¢ [lp t] [lull, t.e.,J{P [] <Clipg,il
Here

- 52 .
!l —xf;fgl(l 900, (x,3,8)] .« Ej

where E; is the measure of the support of q, () .

To apply the same argument to p_ with |m| 2 M, we note that ?

o (In|8) = a 5D

hence pm(lml-ox,lml'oy,]mlog) has &-support of length at

most %(o+l) around m .

Since, by (ii), wm(g)ec: and p(x,y,E)eS ,

then p_([m —Ox,|m|'°y,|m|°£) is €% in £ ; thus ] '
m 0

0, 1, 2.

[138 p,CIm|%x, Im| ™%, [n] ) |ag < C o

R TY PR

In lemma 1.2, let hi=§, i.e., h =1, so that it can be applied

to the pseudo-differential operators with symbols _pm(x,y,ﬁ) and

\
g
i
'

- -0 a
q (x,¥,€) = pm(lml %,|m| %, {m| ) , thus giving
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2, 1l - Hegll < ©

where C depends on llpll but not on m for |m|2 M(o).

Next for |m| , [n| > M(0) , we show that

.
1Y SN
1 +||n|-inl

[12,%

2n 2ml l

Since

(P,% P2mu v) = (Pypu, Pyv) = [ Popu(x) P,V (x)dx

20)2 [onf OV, (x,3,Eyu(y)agage P55 (x, 2, )7 )azdzax

21y 2 Tooo] G|zl 2)"lei(x'y)‘g(l-az)pZm(x,y B (7 )ayaE (1+[x-z [2)'.‘1
?-1(x-z );.( 1-82) Eg(x,z ,0)v(z)dzdrdx

=2 fond 1 | 1 1 cix(s—z;) + izL-iyE
Wlryl? wxzl? [LELTT

T2 2 2 '
(1-3'5')(1-8;)-8 [pan(x,y,i)u(yﬁ;}x, 2,7 )v(z)Jdydgdzdrdx

where T is the smallest integer >ao .

Hence

[P,k P2m” = Is;us |2,k P2mu,v)[

3

[ull=tlvil=1
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_ -2 1 1 1 ix(E-r)+izT-iyE
= sup [(2m)™[...f e
uv 1#|xy]? #|xz|® [1(e-0) T

2 2 2 .
(1-?35)(1-3;)3x [pan(u’c’x, v %, uGE)u(y)ﬁaq(u'ox,u"Uz,uC’C)V(Z)]

dydgdzdrdx |
2 2 241
-2 Juy)l Jv(z)] 1
< (2m)7 . (1-3,.)(1-3, )3
1+h@y|2 1+h@%[2 IE-CﬁHTl & £x
(1.5) .
[0, (0%, 07,18 YD, (1 Ox,u 2,1 D) ] dydEdzdzax,
where

¢ = min(|2m| , [2n]) .

Without loss of generality, we assume |[n| > |m| = M(c); hence

lom| .

=
1

Thus, for O0<oas<2, O0s<Bs2+rT

¢ B _ _ e
|3 3 Pop(l2ml™x, 20y, |2nl°0)]|

(@) )
- Jon]"IBIoH1eI0) 5, 0y (12n1 ™5, 201y, 20l 5)]
<C 3|2m|-18|0+lalc(l+|2m[°g)(|B|'l°‘|)5
Oy

-0 -0 o
Because |2m| > M and £ ¢ supp p2m(|2ml x,|2m| " y,|2m| )




~ ol -
which has uniform length in £ about 2m, we have
e B
|2 3 p, (l2m|™x,|2m| %, 2n| %) |
E X

< Ca 8 |2m|-(|8|'|al)o (l2m|°+1) (|8]-1a]|)8

(181-lel Do 5 (18l-laDL

< |l plffem]”
< (el .
Similarly,

o B _ 5
|93 Dy ([2n|™x, 20| %, |20]°D) |
[ 4

< Ca 8 lzmi"(lsl'la!)U(Iznlﬁ'l'l)'(lﬁl-ldl')G

< []p” lm]'(lsl‘lal)c |2nl(|5|"|d])c

= o] (2y(l8l-leDs

Thus inequality (1.5) becomes

n (241)0

* 2 1 2
(1.6) |1y, Py lls € |lpll -E:ZTQ:? B .
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By (iv),

lg-z] > 3Q2nl-12a 2% =S (|nl-u |2/

provided . |2n|- |2mj> 2(o+1) .

Also le-z] > E(lznl |2m|)|2 =°

L o[ (|2]- 1) [2(°

1 n no
5 [mfClzl - DI

n .
> III e
provided [Z] - 12 % E ie., |3 23 .
+ +1-0)+
Thus IE-Z;|2 T= |E-C|(2 T-0)+0

0'|n| (2+T+1)0’

N Tz'ﬁ'_ﬂ—'(l |- lmD2+1:-c

> e -t 4l

and from (1,6), we have

2+t
”P2n 2mH -Clel 1 . 6
2+T~0 lnlo'
(n[=[m])

2

(n|=m])
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provided |n|>|m|2 M, |2n|-[2m| 2 2(o+1) and ]%[ 2 %

- n_ ol | n o+l
If |onf-[2m] < 2(o+1), then |Z|-1 < ] thus la[<1+TET <c,
If |Z| <3 Then ]EI— 1 < % ; hence Inl-|m|< C
m 2 m T2 H
Both of these make ||PyoP, || < Cl|p] 12 for |n|-lm|s C .
Therefore we have shown that
2 1
|12, %P, || < Cllpl]
2n 2m 2te
1+|n]-[n]]
Similarly,
2 1
|12, 25| < clipll
2n 2m 1+||n|-lml|2+e
Since 2 (———l———— 1/2 is absolutely convergent,the inequality
1+|nI2+€ .

R AT

15 2,11 = cllol]
|2m] 2

PoRET A

follows by lemma 1.1.

By a similar argument,

113 Bypyqll < ClIpll
|om+1|2M

Grouping these inequalities , we have
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HPIL < TR gHL + 1HE Bopll + 11T Bop o oIl < ClIRll s
| 2m] 2M |om+1|2M

this establlishes the theorem when x,y,& e R1 .

In the n-dimensional case, i.e., Xx,y,& ¢ R? , we write

ag(8) = gy oy (8) = gy (Epay (Bp)eovay (B)
Wi(g) = Wil-'-in(g) = Wil(gl)wi2(€2)...win(€n) 3

pi(xsyag) = pil...in(x,y’g) = p(x,y,E) Wi(g) s

and decompose the symbol p(x,y,§) into a sum of 2" series

as follows:

1 1 1 :
p,y,8) = 1 1 .l L] By veey (55,01 3
k1=0 k2=0 kn=0 ia=ka(mod2) 1 n

then the previous arguments can be applied. This completes the

proof of the theorem.

Corollary 1.1 The pseudo-difference operators with symbols in

S are bounded in L2 .

This corollary does not hold when p = 1 . In fact there
are symbols in Slo1 which yield unbounded operators. Ching
3
[4] has constructed such pseudo-differential operators. We adapt

here his result to pseudo-difference operators.

SDRISLEFR L Nad S s P NI FRE e o8 o 13
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Theorem 1.2 Let x(g) be a C:(Rn) function with supp Xx(&)
c{E]1s]E]| <51}, which is equal to 1 for 2 < | & | s 4.
Let {m} be a sequence in R" such that Iny | = 3.5,

Then the pseudo-difference operator Ph associated with the

-]

symbol p(X,¥,8) = ) ake—ink(x'y)x(s'kh—lg) is not bounded
k=1

from L2(Rn) to L2(K) for any K with nonempty interior, if

® 2

21 la,|© is divergent.

Proof: Assume to the contrary that, for some constant C,
(1.7) [12ullg < Cllu}lgn

Choose ¥ Z 0 such that ¥ e C:(Rn) and supp ¥ is contained

in the unit ball. Define

_ ing §

um(Y) = %E bke ¥ (Y) 5

hence g
i

. n -

(1.8) 4 (g) = ; bkw(g-nk) . ;

As the terms in (1.8) have disjoint supports, it follows that

g |12 = z o, |2

and

[f 2V Boa,y,ng)u (v)dyds

Phum(x) =
-1 tve . _ in,y
= ? a,b, e it ] e* &-1y EX(S kg)e Ky (y)ayde
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m =in x ' )
= Tk ixeE. 3 -
20k e x5 KE)¥(g-n )aE

~

Since supp V¥ cf%gni§§hball, if W(g-nk)z 0, then [g_nkl <1

AR AR R B IS R A e il

and €] < In | +1=355+1, i, :
15-kE| <3+ 5_k, hence 2 < [5'kg| < b . %

Thus x(S-kE) = 1 and we obtain ?

? (x)
a. b, ¥ix
1 k'k

Phum(x)

ATEVIT R TR 1R R R S

Hence

7 2 1 |y(2)|%x
I lPhumI IK = |§. akbkl f | l ¢
Applying (1.7) to u  ~sgives

1 apl2sc] Ib
a,b, |° s C
L By L 1P

We thén have 3
j
[
2
I lgl2sc, ;
lk i

contradicting our hypothesis on {ak} .

The proof 1s complete.
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- Corollary 1,2 There exist unbounded pseudo-difference operators

[ from L2(Rn) to LZ(K).

i Proof: Define p(x,¥y,£) as in theorem 1.2 with

ay 1//k , 1i,e.,

-ink°(X~y)

- (1.9) p(x,y,8) = g x(5'kh'1€) .

kl»—-

0
To prove p(x,y,E) ¢ S1 1 s We observe that the terms in (1.9)
]

i have disjoint supports in £ and hence we have

YBa ly|+|8] -]ajk -]a| (@) -k -1
layaxagp(x,y,g)ls s;plnk 5 h x (5 h g)]
-0 ‘YI+|8I - - I | (a) - -
< g} | |suplnkl O N O 3]
k
-lal+]B +!y| Al (D)
< C |E] Jal+le] sup |n x (W]
Aﬁsa
Jyl+]8[-[al
s ¢ (1 +|g]) .
‘v Thus
0

p(x,¥,8) € 8y 1 -

} Since the ]akl2 form a divergent series,

-

1
K

e~ 8

-] 2=
% EM

g the corollary follows immediately from the theorem 1.2. {




CHAPTER II

Algebraic Properties of Pseudo-Difference Operators,

In this chapter we establish some algebraic properties
of pseudo-difference operators, We denote by PhR the oper-

ator associated with the symbol p(y,x,8), i.e.,
pRux) = ff V) Sy x neyutyrayds |

The superseript R, which stands for "reversor", is a useful
notation introduced by Friedrichs [6]. By Ph#, we denote

*
the operator associated with the symbol p (x,y,&), i.e.,

3 - . * 2,
Ph# u(x) = [f el (x-¥) &b (x,¥,hE)u(y)dvaE,
It is easy to see that the Hilbert adjoint Ph* of the oper-

ator P, has the symbol p*(y,x,g)
P *ulx) = [f e (X7 8%y x,hE)u(y)dydE |

()
If the symbol p(x,y,&) belongs to the class S = SG,G

) *
then the symbols p(y,X,E), p (x,¥,E) and p (y,x,E) are

evidently in S . From the corollary to theorem 1,1, the

operators PhR, Ph# and Ph* are bounded in L? . We shall

denote by & the class of all bounded pseudo-difference

5
- 31 - \
N
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operators with symbols belonging to S

We now define the addition and two different products in 8 5

Definition 2,1 Let Ph and Qh be two operators in 356

with the symbols p(x,y,E) and q(x,y,£) respectively.
The addition Ph + Qh is defined as:

(Ph+Qh)“(x)5ffei(x'y)'ng(x,y,hE) + q(x,¥,hE) Ju(y)dydE ,

the operator product Pth is defined as the composition
Ppuuix) = P (Qu(x))

and the symbol product PhéQh is defined by means of the
product of the symbols:

(Pthh)u(x)Efjei(x-Y).Ep(an:hg) q(x,y,h{)u(y)dydz .

The notation Pthh is motivated by the fact that the
pfoduct of the symbols in the &-space is a convolution product
of the kernels in the x-space, namely

3(E) 8(8) = Fob(e) = f1*E [r(x-y)aly)ayax.

Algebra Theorem 2,1 The class 556 of pseudo-difference oper-

ators forms an algebra under the addition and either the oper-
ator prodﬁct or the symbol product. In other words, if Ph,

Qh € SG , then
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Ph+Qh€SG s

€ B

P S5 o

th

and

Pthh € SG .

Proof: It is clear that Py + Q belongs to & 5

To prove P, Q ¢ S, we follow Kumano-go [11]. By definition,
Pthu(x) = Ph(Qhu(x))
-x')e
= et R ) By, xt ) (Qux') )dx'dr

o [ Ty oy [ K By mE )b

Changing the order of integration, which can be easily justified,

and letting t=&+n , dr = dn, we ob’gain

B Qu(x) = o0y) € [ X" Ty x1 n(g4n) dalx' »y,hE)Ex dnTuly )yaE

Now with x' = x+z, dx' = dé, this becomes

B, G, u(x) uei(x-y>'Ec;fe‘iz"”p(x,x+z,h(g+n>>q<x+z,y,he>dzdnju<y>dyds

“'ei(X"Y)”E a_(x’y’hg)u(y)dydlf;‘ s |

where the symbol
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(2.1)  alx,y,8) =ffe" 12 Mp(x,x+2,E4n)q(x42,y,E)dzdn .
To show  a(x,y,£) e S, we use the following identity

(2.2) (14 <p2%|2 "M 1s <20y yMpemize o gmizem

where

=32 +232 &, 4232

n Nq Ny Ny

Setting m to be the'smallest integer such that 2m > n,

substituting (2.2) into (2.1) and integrating by parts, we obtain -

2611’1[ z I P} 251’1’1‘(

a(x,y,&) = ffe'iz‘n(1+ <E> )_1[}+<€>
dzdn

(2.3) = [fe ¥ Mg(x,y,2,E,n)dzdn

where

—A,-n)mj {p(X,X'*‘Z,E'*'n)q(X'*‘Zsy, E}

B(0,3,2,5,m) = (1 <©27|z) 2 14<e>2 M0 Mo (x x4z, E0)a(x42,5,6)} «

Now using the identity

]

- L -ige -1z
In]72%(-a,)" 712N = &7HET
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in (2.3) with g>>m and inpegrating by parts, we have
.a(x,y,8) = [Ie'izf“lnl'zz(-Az)z g(x,¥,2,E,n)dzdn .
Set
(X, ,2,E,n0) a e'iz'"l'nl'zz(-t\z)z g(x,¥,2,E,10)

and write

a(x,y,E) = [ rdzin + I rdzin + rdzdi
|n]2<g>/2 <&>8 /25| n|<<E>/2 [n]s<e>’/2

z a' (x,¥,E) +a" (x,7,8) + a" (x,¥,8) .

The growth properties of p and g and the equivalence of the

norms (1+]&]) and <g> glve the inequality

la(x,¥,8)]

B e T T MLl e P S S

[p(x,x+2,E+n)q(x+z,¥,E) J}dzdn|

~

<C f / |1'\[-'2'0'(l+<2;>25m|z|2m)"1 <E>26m{<£+n>(2-2,-2m.)6 + <§>22'5}dzdn

When .-[n| s $&>/2 ; one gets the estimate
(2.1 | alx,y,8)] < Cl'ff(1+<g>28m]zl2m)'1dzdn .
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=AY TR T AT

AT

By noting that

por

Ta

FORE Er At Det

<E+n> < <E> + |n| s 3|n] for |n| 2 <&>/2,
the above estimate gives

!at (x,y,g) ,S 02 )‘ lnl-2£(l-6)<g>25m ICH. <€>2.6m1212m)-1dz¢n .

[n|2<g>/2

Since 2m > n, we see that

I(l+<g>26mlEl2m)-ld(<g>dz)dn < C .

Thus for a large fixed 4, 2>>m, we have

~2% (1-8 28m-8n
|n|~2(1-8)

2" (x,3,8)] s ¢y [ <>y

In]2<g>/2
s ¢ <£>-22(1-6) +n+ 28m - 4dn ;

s €y >N N>0 .

For a"(x,y,£), we observe that for |[n| s <E>/2 there exists

a constant C > 0 such that

(2.5) C'1<5> < <E+n> < C <&>
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hence

la"(6,y,0] <65 [f (72 (14<g>28M ) 2M) =L, 2084550
<&>% /25| s<t>/2

=28 8-
< Cg [ In] =% <g>248-08y,

<e>8/2<[n| <g>/2 :

>-226+n6+216-n6 =c. . i

€0y <& 7 <
Hnally for a"'(x,y,£), using (2.4) and (2.5), we have ‘g
é

e -
la (x,3,8)[= Cg [f (14<£>2%12] 21 gz 2
[n]<<g>8/2 g
< 08 <g>'n6 . 4

Combining these estimates, we obtain that

A e s T i

FERECE

I a(X,Y,E)I < C.

ooy mmenen « vty

. ;

To prove the growth condition for aflx,y,f), namely. :

Y B a telolahs w
[9,3,8; 2(x,3,8)[s € <& ><IY! 18]=~al

for all multi-indices «,B,y, we simply note that the left hand
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a

sides of these inequalities satisfy the estimate =

s

Y B a f%

[3,8,3; a(x,y,8)] :

= |[fe7 1% Ny 2 350,0, (=4,) {(14<g>25m) 5| 2my I 14<g>20m(p )M :

[p(x,x+z,E+n)q(x+z,y, E)]}dzdn| ;

<C fjln'-22(1+<g>25mlZI2m)-l<€>25m<€+n>(22—2m+|‘y|+lBl—lal)Sdzdn .

Then by the same splitting as above, we obtain ) é

g

YBa (Iy[+[B]-]al)s E

layaxag a(x,y,g)|sC<g> . :

i

|

Thus ;

a(x,y,E) ¢ S,

which, by definition, implies that ;

' j

Ph Qh e 3 5 ¢ ;

%

cerator PoQ ¢ S, ° '

Finally we show that the operator n°9 € s :

:

In this case a simple application of Leibnitz' fgrmula to the §

symbol p(x,y,£) a(x,y,&) of Pthh easily shows that pqeS, i
that iS, PhOQh € SG .
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Thus under the addition and either the operator product
or the symbol product, S 5 forms an algebra,
For further reference, we state as a corollary a result

which was derived in the course of the proof of the previous

theoren,

Corollary 2.1 Let p(x,y,£) and q(x,y,E) be two symbols
which belong to S and set

f(x,y,2,E,n) = p(x,x+z,E+n) q(x+z,y;£) .

Then

a(x,y,8) [fe~1%°Nt(x,y,2,E,n)dzdn

also belongs to S .

We shall prove tiwoc more theorems which hold for the algebra
of operators in 556 , hamely the Reversop theorem and the
Product-Difference theorem.

Reversor Theorem 2,2 If Ph eS% , then

~

12, - 251l = 112y - oIl = o(n)
Proof : (Ph - Pg)u(x)
= [t 3V Erpx,y,he) - p(y,%,hE) July)dydE

= [1e Y8 (x,y,hE)-p(x,%,hE) I+[ p(x,x,hE)~p(¥,%,hE) 1}
u(y)dydg

bt SR A S AR B ST M BRI,

S werervrerers ArmrarepAY Dol Dt n Ly s

am e e vy s
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- 1x-y)eger 1 _ _ 1
[le {g fo Pyj (%, xH(y=x) hE )y, xj)+§ fopxj(yw(x-y),

X,hE)dv(xJ-yj)}u(y)dydE; .

oA S U A A Y il s kS SRS AL SR Sl

Using the identity

[i(x.-y,)] Yy, el(x-¥):8 _ i(x-y)<E 3
and integrating by parts, we obtain

(P, =Pp)u(x)

= [fi(x-y)E - A -
= ffe gih{fipngj(x,x+u(y x) ,hE)du Iopxjgj(y+v(x ¥) sX,hg)dv}

e avhserorere. wrowrarepdY LS Y v dte on e ligiannk

u(y)dyds .

Thus the symbol corresponding to the operator Ph’Pi is in S

and the following estimate holds:
- §~8
[p(x,y,hE)-p(y,x,h£)|s Ch[<hg>6 6+<hg> ]=¢Ch .
This implies that

Ri| -
IIPh - Phll = 0(h) .

' i
*
Since the symbol of the operator Pg - Ph satisfies the same :

estimate,
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* *
Ip (x,y,h€)-p (y,x,hE)| = |p(x,y,hE)-p(y,x,hE)| < Ch ,
we have shown that

R # *
1B, - BRlI= |1f - B[] = om) .

Product-Difference Thecrem 2.3 If P, and Qh are in 8

h §°
then the difference of the operator product from the symbol

product is of order h, that is,
[Py, @ = Ppoqull = o(n) .
Proof: By definition,
P, Q, u(x) = Ph(Qhu(x))
= ffei(x-y)'gp(x,y,hE)Qhu(y)dydE
=JJ ei(x'y)'sp(x,y,hi)f {202 "Ly, 2, yu(z)amedyd

= !' . 'Iei(x-y) .E+i(y-Z) 'Cp(x,y,hg)q(y,z,h;)u(z)dzdt;dydg .

(860 Jux) = J.. e X S EE2)Cp(y 0 mr)a(y, 2 b Yule)dadsasde.

Hence

Sl b WA LB R HES BB A R AR AN SRR M R TR

S

LR Lt

rrtila ek devbeesw t0meavR O AT 2RI LD e
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(P, Q - P,oQ Ju(x)
= [ Jt O ERE-2 Y 0 5 ) on(y,2,h0) Ja(y 2 b u(z)dodeay s
Splitting the term involving the difference in the following way,
p(x,y,hE) - p(y,z,ht)
=[p(x,y,h&) - p(x,y,bz)] + [p(x,y,ht) - p(x,2,h7)] + [p(x,é,hg) - p(y,Z,hc)j
and expanding the last two terms in a Taylor series, we obtain

(Ph Q - Pthh)u(x)

= f;..fei(x‘Y)'5+i(y‘Z)'C§[(haj—hcj) ﬁé?’f’gg?‘p(x’y’hC)Jq(y,z,hc)u(z)ddedyds
J
+ f...[ei(x'y)'g+i(y'z)'cg(yj-zj)f§py3(x,z+u(y-z),hc)duq(Y,z,hc)u(z)dzd;dyﬂi
+ f...fei(x*y)'€+i(y'z)'Cg(xj—yj)fip,g(y+u(x'y)sz’hC)dUQ(Y’Zshﬁ)u(z)dZdCdeg-
J

The third term vanishes, since the integration with re-
spect to £ will produce a delta function G(xj—yj) .multiplied
b X - 'y .

y (x4 yJ)
In the first and second term, we make use of the following

identities respectively,

S R A R S R S LR s s

1

AP REIPLALNTOL LD PRI RRANI

A I
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—4(e.-r.)7? -1y (&-t) _ _-iy-(&=g)

_ -1 i(y-z)et _ _i(y-z)eg
[i(yJ zJ)] a;:I e = e

and integrate by parts to obtain

(Ph Q - Pthh)u(x)

- ... Iei(x-y)-£+i(y-z)°c§(_i){ha [ R(X,¥,hE)-p(x,y,hz) a(y,2,h0)]

.~ ht, - nt
yJ EJ ncj

-3, [f %py (x,2 +u(y-z) ;hr)dnq(y,2,hz) Jhu(z)dzdrdyds
J J

= f...fei(xry)-£+i(y-z)-c(_ih)g{f%gygcgyghc+uh(€-c))duq(y,z,hc)
3

+ (htEj-ht_:J )'l[p(x,y,ha)-p(x,y,hc) quj (y,2,he)-f ipyjcj (x,z+u(y-2) sht)duq(y,2,hs) :

- f?; pyj (X,Z'HJ(Y'Z) ,hC)dIlch (Y3Z’hC) }U-(Z)dZQICdeg .

Since p and g belong to S, by a simple application
of the Algebra theorem and the corollary 2.1, the first, third
and fourth terms are bounded., It remains only to estimate the

second term:

§

11}
H
L d

ch|ng-ht | "L p(x,¥,hE)-p(x,y,ht) | <hr>

To estimate I, we consider three cases:

e AR A R

30 A e N AN E KN o B0

YR B PR S YRS PR

£ 1oLl 0 AP SPETAIMPAY 2 2 e oo N

R AR SO U




- by

(1) 1£ |£] s 5 |z, then |g-z|2% |g| , and

-1+
I s ch<hr> ™20 |p(x,y,hE) [+]p(x,¥,ht) |1 < Ch .

(1) 1f |5l = 3 Jg| , then |g-t|23 Ig] , and

I <Ch as in (i) .

(1ii) If % lzl<lgl< 3 |z, then |g-g| < % |z, and

u(e-o) | = [fcl-ule=z [ 5 Iz, 0 «uc 1,

thus

I < Chlpy(x,y,hetun(E-2))]| <hg>®

C'h <h;+uh(€-c)>-6<hc>6

72

< C™ <hr>~5*S

C"h
Therefore,

|p(x,y,hE)a(y,z,he)-p(¥,2,00)a(y,z,h0)[< Ch .
This implies that

Il By @ = Ppodyll =0

o

oo AUWHEIT HAINYA o 5o 5 30 oot
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CHAPTER III

The Lax-Nirenberg Theorem and Stability Criteria,

In this chapter we shall show that the Lax~Nirenberg
theorem for difference operators established in [12] also
holds for pseudo-difference operators Ph with symbols
p(x,¥,€) in S . The following lemma relating double
symbols in S to simple symbols in S will be used in the

proof of Lax-Nirenberg's theorem.

Lemma 3.1 The pseudo-difference operator Ph , with double
symbol p(x,y,&) in S, differs by O0(h) from the pseudo-

difference operator Gh , with the contracted simple symbol

g(x,8) = p(x,x,E) in S , that is,

||Ph-Ghl| = 0(h) .
Proof: Phu(x)

= 1t () Ep(x v e Yu(y)ayde

= [T E b 3, hE)-(p (%, BE)-p(x, 3, hE)) Tuly)dyds

Substituting the following identity in the seconq term

4 -1 1(x=y)+€ _ 1(x-y)*E
[i(xj-yJ)J agje e
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and integrating by parts to eliminate xj - yJ , wWe have
Pu(x) = G u(x)-1ffe VBt T n | (xytueey) BEaum(y) e
h Gy o 513355 sy (x=y) ,he)duuly

where Gh is the pseudo-difference operator associated with
the simple symbol g(x,§) = p(x,x,8) in S .

Since

PijJ(X,Y‘*‘Il(X-Y),hﬁ) €S 3

it follows that '

I (-6, )ull s Kn [[ull .

e RUVHANT TNV Gy

This proves the lemma.

Lax-Nirenberg Theorem 3.1 Let Ph be a pseudo-difference

operator with symbol p(x,y,€) in S .
Suppose p(x,y,&) 1is a hermitian and nonnegative square matrix,

then

Ny A TR T T v

2
Re(u,Pu) 2 - Kh|ju |

for some constant K and for all uandh .

TSRS

Proof: To prove this theorem, we adapt to the class S the

simple proof given by. Vaillancourt in [13].
| . 2 . @on
We choose a smooth even function ¢ (6) in CO(R )

with support in the unit ball, |o| < 1, and integral 1,




- I7 -

(3.1) [d(o)do = 1

In order to construct an approximation to the symbol p ,

we use q2(c) to mollify p 1in a rather special way to obtain
the mollified symbol,

(3.2) a(x,y,&) = Ip(x,y,s+h%<£>60)q2(o)do .
To see that a(x,y,f) belongs to S , we consider
3 .8 3 §-2 2
aga(x,y,g) = fpg(x,Y,E+h <g>"0)(1+h*8<g>" “g+0)q (o)do .

,
Since peS , 6 <1 and |h%s| < 1, thus, for large |E| ,

Ad““"l Wiﬁ" B R I IR TR A L)

8 8

1 - -
|85a(x,y,£)| < C <E+h? <g>60> < C <&> .

Similarly for higher derivatives in &, we have

o -|a]8
]ag a(x,y,E)] s C <&> ,

e b e sy s L

Since the derivatives of a(x,y,§) in x and y involves only

:
i
i
i

o

e
f

p(x,y,€ + h? <£>60) , it is clear that, for large gl

Y 8 v s (IBl+[Y[)8 ([8l+]y])e
13,8,2(x,9,8) | sC<E+hZ<E>"0> sC<g>

Thus we have shown that a(x,y,£)eS .
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It is convenient to rewrite the right hand side of (3.2) by

using the change of variable

A
i}

1
E+h?<t > 5

S TR LA R R R AR R R B

and the notation

LS HTEITON

FRNEHA e d S

n n
' <g> 2° q(hf% <€>’6[T-E]) s

o (E,7) h

Araes

so that the symbol a(x,y,f) becomes

a(x,¥,8) = [ p(x,¥,7) % (g,T)dt .

emes T AEILIONE . MBIREW R om0

If we denote by Ah the pseudo-difference operator with the

symbol a , the Hilbert adjoint A; has the symbol :
s (x,7,8) = [p*(y,x,T) 60 (£, DT .
By the assumption that the symbol p is hermitian,
p*(¥,%,7) = p(¥,%,7)
aR*(x,y,E} becomes

Rix,7.8) = [ p(y,x,1) 60 (£, 7T .
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3

We assert that '%

3

(3.3) Il Re A, - Re Ph[[ = 0(h) . %

Let Eh and‘Gh be the pseudo-difference operators in $6
with symbols f£(x,&) = a(x,x,§) and g(x,8) = p(x,x,£)

respectively. By the lemma 3.1, we have

Il &, - Fll = 00) and Il By, = G,ll = 0(B) .
Now we make use of (3,2) and (3,1) to obtain

(Fh - Gh) u (x)

L RVIVIVITILTORVITTT VIV ¥ VICNRENST SRR S

= 18 £(x,nE) - g(x,hE)] B(EMAE -
- X% &L g(x,he+hicng>O0)-g (x,n8) 1° (0) Aot (E)dE
= [ Emiame>® | g, (x,nE)osa’ (o)doh(E)AE
s
+ [e** > [h<nE> I°j§k ggjgk(x,h5+uh <hg>"g) (L-u) du
ojoqu(c)doﬁ(s)da .

2 R
The first term vanishes immediately because ¢ (¢) 1is even,

If we observe that
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|fo+0q?(0)do| < 1
and

leg ¢ (x,hE+uhE<hE>d6) |<cengiun? <ng>Sg>=28
3%k

sc<hg>’26 s
we see that
[(E - Gh)u(k)lsChlu(x)l .

h

Therefore
I (ay-pydull Il (A= ull +1| (F-g,)ull+]] (&, - B,)ul
s knflull. ,

that is,

“ Ah-Ph” = O(h) .
Similarly,

* %*

||Ah—Ph||— o(h) .

These estimates imply that

1 1 *_ * _ .
|| Rea,-ReP, || = || 5(A,-Pp) + 5(A, )l = 0(h)

AT R L
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Thus we have shown (3.3) .

Now we use Friedrichs' trick [6] to define a double symbol
b(E',X,E) ,

b(E',x,8) = [6(E',T)g(x,D ¢ (E,7)dT

Because of the symmetrié form of the symbol b(E',x,£) and the

hermitian property of the symbol g(x,t) = p(x,x,7), we see that
b*(E,x,E') = b(E',x,E) .

This implies that the sjmbol b(&',x,£) generates a symmetric

pseudo-difference operator Bh , that is,
(Bhu,v) = (u,Bhv) for all u,v .

Furthermore, we claim that

(3.4) B,20 ..

To prove this, we use the nonnegativity of g,

g(x,t) = p(x,x,7 20 3

thus
(Bhu,u)

= [u(z)B u(z)dz

o W B A AN B USRS e b s b e F et i B o 3 i Bl s e SR ER IR A

S A BT S BT 31 AN NN Y BRAN BN ¢ 7 sinie

j
Bl
il
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[atz)  [ff e1Z 8 BT xR E b o nE)a(E)AEAXdE a2

[a(z) [[ffel2 8 =18 XX E p e 1yax,T)0(nE, T)ETR(E ) dEdnE dz

11 w(z)eX 5 128 st yazgerg(x, 1) ffuy)et™ 16 Vg (g, v )apute
dAtdx

ffwix,r)g(x,r)w(x,r)dxdt 20 ,

since

wegw 2 0
where
w(x,1) = [[elX 518 V()4 (nE,T)aydE

Finally we shall show that
(3.5) || By - Red || = 0(h)
Consider

a(x,x,g) + aR(x,x,g') - 2b(£',X,£)

[Lg(x,1)62(E,1)+g(x,7)$° (£'7)-20 (8", 1) (x,7)8(8,7)

[ glx, ) 6(E",T)-8(E,7) 1%

3
el
g
3
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o
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- . 1 , 2
=] g(x,r)tg(ej-sj)Io¢gd(a+u[a -1, 1) dul%T .

Since

(£,1) =h ' <g> 2 qn"F <e>"S[r-g])

then a simple computation gives

L AVERBIA G ED

T, P n et
F’:](E,'r) é h ° <g> {-56 <g>" qu(h [t-£])
n- <a>‘6[a<g>‘2ej<rj-ej)+11q€j(h“%<a>‘5[r-al)} _
Set
nzE+ u(E-E), O<p<l

Since :

(a+ h - 2B, Ju(z)} i

= {(Ah“Fh)+(A F )+(E, -2B Yh(z) i E

and by lemma 3.1 ,

| a,-F Il = 0(n) and | Af-Ell = 0(n)

we may neglect these two terms and consider the last one only.

! f"/ ..
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Thus we have

(Fh+F; - 2Bh)u(z)

[ fei2E-18 °X+ix'E-ig'y[a(x,x,h£)+aR(x,x,h£')-2b(h§'.,_x,h£)]

u(y)dydgdxde !

n 1’16

fuonf2 S AR o, ) (g nE ) n ¥ i 2
J .

) ['%5<hn>‘2hﬂjq(h-%<hn>'6[ T-hn]) B

W

,
-h §<hn>'6[6<hn>-2hnj(‘rj-hnj)+1]

i -@;a_qqumq_jmu- BT

qgj(h'%<hn>'6[T-hn])]du}zdru(y)dydgdxds' . i
:

Substituting the following identity ;i

et pnely omAE(ET-E) _ ixe(E-E)
[-1(85 -5)770, o 5

and integrating by parts, we have

(Fh+1?‘;’1 - 2B, Ju(z)

N et X R R T T T T

: 0 _ng
1 _3EVeydiyxeEiEe 2 -
= [ 278 15t extix-E-18yy g ngxj(x,r)hz{f% h <> © [-z8<m> 2hnj

Cl(h_% <~ t-hn]) - R F 6<hn>'2hnj[tj-hnj ]qgJ (h~Z<hn>~5 t-m1)
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- h""<hn>“5qgj (b Z<hn> ™% tonn )] du}QdTu(y)ddedxdE' .

We recall that the support of q is contained in the unit
ball, Denote by x(t,n) the characteristic function of the

1
support of the mollifier q(h'§<hn>'6[t-hn]) , then the function

'

n-
V(n) = [ x(t,n)dt = h 2<hn>"00 J dt
['r--hnlsh5<hn>6
=f doz= V,
lo| <1

is independent of 1 .

Now we can obtain the estimate for the symbol as
la(x,x,hE)+al (x,%,hE")=2b(hE" ,x,hE) |

<[1le, . (X,T)Ihzfg x(1,n) {§6<hn>—2|hnj||q|+h_§<hn>_65<hn>'2
B I | ‘
2, =8 132
lhﬂjl ITJ"hT]J-] IQEJI +h “<hn> ]q£J|} dudt

1 q
gt -1-6 =3, 6,2
< ffgg(:hzx(T,ﬂ)<T>26 {ga <> "L 25<hnp lTj'h“jl+h <hn>"" } dpdt

2 - -1-6 8, =812
s ffi hX(T,Tl){ClhE oSt + 02<T>6<hn> |r-hn|+C3<T> <hn>"" }“audt

= Jf: mx(r,) {1+ 11 + T11Haudr |

"
i
i

it
3

‘e

!

:
]



- 56 -

.
Since on the support of q(h'5<hn>'6[r-hn], we have

1
|t-hn| s h® <hn>6 ,

that is

;
lt| < |bn|+h% <mn>® |

we can bound Ttby §\

\ .
[t] <2max(]hn| , b2 <hn>6) s 2<hn>

This implies obviously that .

<t><C <hn> ,

C AREAMGLE Vv ees -

thus
b6 -1, g -4
I = Cjhi<r> <hn>"~ < Ch®<hn>" s
] 1

IT = 02<r>6<hn>’1‘611_hn]s Ch5<hn>'1‘5+26= Ch <hn>"1+6 R

III = c3<1>5<hn>"6 cccn®t=c
Since 0 < § < 1 , the above estimates are bounded for alln,
hence :

la(x,x,hg) + at(x,x,hE") - 2b(hE',x,hE)| s C VD

This implies that
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” Fh + F;; = 2Bh” = O(h) .

Thus we have shown that

e AN I AT T SR

| Re &, - B, Il =0(h) . .

Now the desired result follows easily from (3,3), (3.4)
and (3.5), namely, ) :

- Re(Phu,u) < ([Bh - RePh]u,u)

A

[ Il B,-Rea, || +1] Rea, -ReP, || T1[u |

srmm e s wracvmen

2
Knffull® .

IA

Multiplying across by -1 , this proves the theorem,

After naving shown that the Lax-Nirenberg theorem is
valid for the pseudo-difference operators in S § » We now extend
Lax-Nirenberg'sstability criteria [12] to pseudo-difference
schemes with symbols in S . The following lemma, which follows
from fhe Reversor theorem, the Product-Difference theorem and
Lax-Nirenberg theorem for operators in SG , will be.used to

derive the two stability criteria,

Lemma 3.2 Let Ph be a pseudo-difference operator with symbol
p(x,y,€) in S . Suppose |p(x,y,E)| s1 for all x,y and &

in R™ ., Then the operator Ph is bounded by

Al
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Bl < 1+kn

for all h and some constant K .

Proof: Consider

2 _
IRl = 2 = @2 P

From the assumption that p(x,y,£) belongs to S , it follows
that p*(x,y,£) and p*(y,x,E) are also in S , Hence the :
corresponding operators I&f and P; , respectively, belong to

the algebra SG . Since )

I P Py - PhoPhll_ ||1>h Ph—PhPh||+ “P Pp-P oPh” H

< Nei-efil ey lie N 2f poplonll

it follows from the boundedness property of || B || , the
*
Reversor theorem and the Product-Difference theorem that Ph'Ph
' #
differs by 0(h) from the symbol product operator PhoPh which

has the symbol p*(x,y,&)p(x,y,8), L.e.,

IIP P PhoP [| = o(h) .

h

Now we define the symbol q(x,y,§) as q = I-p*p , and denote

by Qh the corresponding operator; then

[P Bypull 2 = (2,01-8, PJw)




b i3hE S N N Bt s L3 e A S e b $dp i s e R A i 12 3 A A AT S A i g e
. .

SR P Tt S Ve
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(u,[(I-PfloPh) + 0(h)Ju)

(u,Qu) + 0(n)[fu [|? .

Since

Ip(x,¥,8)] <1,

|p* (x,5,8)]

I-p*p is nonnegative,

the symbol q(x,y,§) defined by ¢
Because p*p belongs to S , so does q ., It is evident
that q is hermitian, i.e., a(x,y,&) = q*(x,7,8) . Therefore

by the Lax-Nirenberg theorem,

Re(u,Q u) 2-Kh|lu]|2 .

Since ||u||2 -IIPhu]I2 is real, we obtain that
I ull-f pull®2 - xollull® .
Thus we have shown that
uPh'n2 S1+H,
which implies

| P 1+ Kh .

1A

N

Stability Theorem I. Consider the pseudo-difference scheme

!
b
g
-
q
bl |
i
T B
¥
3
i
2
e
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‘ ‘
|
. .

L

vy

(3.6) u(t+h) = Pu(t) , 0stsT

AT A A S A

where Ph is a pseudo-difference operator iJlSG s Which may

depend on t as well, Suppose the norm of the symbol p(t,x,E) 'ﬁ
is bounded by 1 ,

[p(t,x,8)] <1 for all t,x, .

N

Then the pseudo-difference scheme is stable in the sense that

[ w(@ ] < WD) ]] u(0)]] .

for all solutions of (3.6), where M 1is a function of T only

ph oty arar A meve

but 1s independent of h ,

Proof: By lemma 5,2 , we have

||1>h [| s 1+#Kh , 8

with K independent of h ,

therefore

| 2u(edll = lutesn) |l s Qsxn) [fued]]

and so inductively,

I u(mn) || € (1+E0)® Ju(@)|| < M flu(@) ]l . .

Setting nh = T , we get the desired inequality




PRRXLIN, 3
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[ERINTE REF I SRR

Hu(T) < M(T) [lu(0)]|.
with

M(T) = (1+kn)" < &fT |

which 1s indeed independent of h .,

To state the next lemma and the second stability theorem,

we need the concept of numerical range,

Definition 3.1 The numerical range of an operator A in a

Hilbert space, denoted by w(A) , is the set of complex numbers

of the form i
; (Ae,e)

where e 1is any function in the Hilbert space of unit norm,

lle]l=1 . The numerical range of a matrix is defined anal-
ogously.

Lemma 3.3 Suppose that the numerical range of the symbol

p(x,y,E) of class S is contained in the unit disk for all

X,y and & :
lw(p)| s1

then the numerical range of the operator Ph is contained in

a disk of radius 1+XKh :

IW(Ph)I < 1+Kh . B

L
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Here K 1s a constant independent of h .

Proof: ?he igequality
Jw(Ph)I < 1+Kh

means that, for all vector functions ueL2
|(Bou,w)| < [2+xnd]jufl? .

This can also be expressed by saying that for all complex

numbers 2z, |z|] =1, and all u ,

Re z (Phu,u) < (u,u) +kh fju ”2 s
which is the same as
(3.1)  Re([I-zP_Ju,u) > - kn [[ulf K

The symbol of I - 2P, is I - zp ; it follows from the

h
hypothesis on the numerical range of p , |w(p)| s 1 , that

I - zp has a nonnegative real part. Therefore, by the Lax-
Nirenberg theorem, the real part of the corresponding operator

I - zP, 1is greater than -Kh ; this proves the inequality (3.7)

h
and hence the lemma,

Stability theorem II, Consider the pseudo-difference scheme

u(t+h) = Phu(t) R 0st=<T

where the pseudo-difference operator Ph is independent of t .

AR ERSTRT

3 Joad BEUN G M Mo

el g
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Suppose that the symbol p(x,£) belongs to S and its numer-
ical range satisfies the inequality

lwip)| <1

for all x and £ ., Then the scheme is stable,

=

Proof: According to Lemma 3.3, it follows from |w(p)| <

that

Iw(Ph)I <1+Kn .,

We need the following theorem of Berger [1] :
"If an operator A satisfies |w(A)| s r , then |[w(A®)| < "."
Applying this to the operator A = Ph with r =1+ Kh , we

have

n
lw(e)| < (1 + kR)" < efhn
We also use the following observation:

"If an operator B satisfies |w(B)| < d , then [|B]| < 2a " .
n Khn

Applying this result to B = Ph with d = e , we conclude
that .
n
Khn
2, Il s 2e :
is independent of t , the operator relating u(nh)

Since P
. h n

to u(0) is P Denoting nh by T we find therefore from

| B2 s 2P®  that

: LTIt e S TIANEIIL SAnALS gRey »
Fopicte A YA I A T hEmi s i =% e
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Nu(m || s 267 jucoy | ,

which is stability as defined in the first stability theorem

above,




CONCLUSION

In this work the main theorems of the algebra of differ-

ence operators have been extended tc the class of bounded

pseudo-difference operators which are defined by symbols of
H6rmander's type 0,8, for 0 <p =68 <1 , Parallel results 'ﬂ
for pseudo-differential operators of type 6,6 are still un-
known; in fact for pseudo-differential operators of type p,d,
§ < p, the Reversor theorem and the Product-Difference theorem
are oﬁtained by means of asymptotic expansions with remainder

term of lower order, but the remainder of such expansions is .

not of lower order if p =6 .,
As an application of the results of this work, one could
derive in a simple way and extend the results obtained by

Vaillancourt in [16] for symmetrizable difference schemes, thus

removing the restriction that the coefficlents ai(x) of the
approximated differential operator Zai(x)éxi are constant for
x| > R and reducing their differentiabllity to class 02n .
Further applications will be possible when one will have
found a way of approximating pseudo-differential operators by
consistent pseudo-difference schemes. In [5] Frank announced

that such approximations will be considered in a forthcoming

paper, Krée has also studied these approximations in [10] .
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