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Abstract

This thesis presents an explicit classification of the structural data needed for the construc-
tion of supercuspidal representations for the split special orthogonal group SO(2H@® (1)) over
a non-archimedean local field F'. While general constructions of supercuspidal representa-
tions, such as that of Yu, are well established, their application to specific groups requires
detailed knowledge of objects that are often not available in an explicit form.

We classify the elliptic maximal tori of SO(2H @ (1)) and describe their embeddings into
twisted Levi subgroups, which are themselves classified via both root-theoretic and Lie alge-
braic methods. We determine the non-regular elements in the Lie algebras of these tori and
compute their centralizers, providing a second, independent verification of the twisted Levi
subgroups. We further determine the Moy—Prasad filtrations of each toral Lie algebra and
study the genericity conditions essential to Yu’s construction. We establish precise criteria
for so-called generic elements in terms of valuations and eigenvalue data, and determine the
admissible sequences in the G-datum. We then develop explicit methods to determine the
corresponding points in the Bruhat—Tits building by constructing explicit embeddings of
each elliptic torus, which also allows us to compute the reductive quotients associated to
relevant twisted Levi subgroup.

We present the results in a series of tables and diagrams that provide the necessary inputs
for the construction of supercuspidal representations for ease of reference for practioners in
the field. We also include a comparison with the corresponding data for Sp,.
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Chapter 1

Introduction

The representation theory of reductive p-adic groups plays a central role in modern number
theory and the Langlands program. Within the category of smooth complex representations
of G = G(F), where G is a connected reductive group over a non-archimedean local field F,
the supercuspidal representations occupy a distinguished position: they are the “atoms” from
which all irreducible smooth representations are obtained via parabolic induction, and they
cannot themselves be constructed in this way from any proper Levi subgroup. As such, the
explicit construction and classification of supercuspidal representations has been a central
problem in the field, with implications for automorphic forms, harmonic analysis, and the
local Langlands correspondence.

In this thesis, we study the special orthogonal group SO; over a non-archimedean local
field F' of odd residual characteristic, focusing primarily on the split form, and explicitly
solve the problem of constructing the structural data needed for the creation of irreducible
supercuspidal representations.

Specifically, we produce the key components of G-data in Yu’s construction of supercuspidal
representations. Our inspiration and motivation for this work arose from a paper by Ju-Lee
Kim and Jiang-Kang Yu on this question for Sp,.

Historical context

Historically, the case of GL,, was the first to be understood in detail. Howe [How77] con-
structed supercuspidal representations of GL, via compact induction, and this was later
systematized in the influential theory of types developed by Bushnell and Kutzko [BK91],
who provided a complete classification of all supercuspidal representations of GL,, for arbi-
trary n. Building on this progress, Yu introduced in 2001 a uniform construction of tame
supercuspidal representations for arbitrary connected reductive groups [Yu01]. The key inno-
vation is the notion of a generic cuspidal G-datum ¥ = (@, Y, T, P, 5), consisting of a twisted
Levi sequence G = (G® c --- ¢ G = G) with compact center, a point y in the Bruhat-Tits
building, a sequence of increasing depths, a depth-zero representation p, and a sequence of



generic quasicharacters. From such a datum, Yu constructs via compact induction an irre-
ducible supercuspidal representation 7 (W) of G. Yu’s construction has since been widely
used to study harmonic analysis on p-adic groups, including distinction problems, character
formulas, and explicit realizations of instances of the local Langlands correspondence.

A major advance came with Kim’s exhaustion theorem [Kim07, Thm 19.1], which showed
that Yu’s construction produces all supercuspidal representations under some hypotheses.
A later proof by Fintzen [Fin2lc| simplified these hypotheses to whenever G splits over a
tamely ramified extension and the residual characteristic p of F' does not divide the order
of the Weyl group of G. For G = SOj5, the Weyl group is the dihedral group of order 8,
so this condition reduces to p # 2. These results guarantee that a complete understanding
of the supercuspidal spectrum can be achieved by enumerating all admissible GG-data. In a
work that inspired our thesis, Kim and Yu [KY11| constructed all twisted Levi sequences for
G = Sp, and developed explicit types in that setting.

Beyond the exhaustion theorem, Kim and Murnaghan [KMO03| developed essential tools
including the notion of T-good elements, depth functions relative to a torus, and a charac-
terization of the Bruhat—Tits building of a torus as a subset of the building of GG; these play
a foundational role in our work. At the same time, doubts emerged regarding Yu’s origi-
nal proof of irreducibility: as pointed out by Spice, it relied on a misprinted statement of
Gérardin |Gé77, Thm 2.4(b)], and the intertwining results of [Yu01, Prop 14.1 and Thm 14.2]
were shown to be false in general. This issue was resolved by Fintzen [Fin2la, Thm 3.1],
who gave a new proof that Yu’s construction nevertheless yields irreducible supercuspidal
representations.

In parallel to these general constructions, there was extensive work on constructing supercus-
pidal representations of classical groups. Notably, Stevens developed explicit models of su-
percuspidal representations of classical groups, including orthogonal and symplectic groups,
by extending the methods of Bushnell and Kutzko [Ste08, BK91|. However, these works
do not provide a complete explicit description of the underlying structures in small rank
cases such as SO5. While the abstract construction of supercuspidal representations is well
understood, its application to a specific group requires detailed structural information: the
conjugacy classes of elliptic maximal tori, the twisted Levi subgroups and how tori sit inside
them, the classification of non-regular elements and their centralizers in the Lie algebra, the
description of generic elements of a given depth, and the geometry of the Bruhat—Tits build-
ing of the group and its subgroups. These objects are essential ingredients in the G-datum
and their construction is the subject of this thesis. As this thesis illustrates, their explicit
determination is often nontrivial. It has not been fully developed in the literature for many
small rank classical groups.

A summary of this thesis

This thesis focuses on the concrete case of the split special orthogonal group denoted G =
SO(2H & (1)). This group, while of rank two, exhibits rich structural features that make
it an illuminating test case for the general theory. Its root system is of type Bs, giving



rise to both long and short roots and a varied collection of twisted Levi subgroups M =
M(F’), which include products of F-forms of SO, x SO3 as well as rank-two unitary groups.
The classification of its elliptic maximal tori involves a subtle interplay between quadratic
and quartic field extensions, and their associated involutions, and must further account for
whether —1 is a square in F.

We now describe our main results in more detail.

Chapter 2 provides the necessary background on reductive groups over local fields and intro-
duces the main objects used throughout the thesis, including quadratic and hermitian forms
and their role in the structure of G and its Levi subgroups. We also recall the Bruhat-Tits
building and Moy—Prasad filtrations, describe the embedding of twisted Levi subgroups in
G, and fix notation for the subsequent chapters. In particular, if T is an algebraic torus
defined over F', we write T = T(F') for its group of F-points; thus, by a maximal elliptic
torus 7 of GG, we mean the group of F-points of a maximal elliptic algebraic torus T. We
apply similar conventions throughout.

In Chapter 3, we determine the elliptic maximal tori of G and of its relevant subgroups, using
explicit constructions guided by the work of Morris [Mor91|. Morris established a bijection
between conjugacy classes of maximal elliptic tori in a classical group and equivalence classes
of triples (A, ®, f4), consisting of a commutative semisimple algebra, an embedding, and a
sesquilinear form. We apply this correspondence systematically to produce all conjugacy
classes of maximal elliptic tori in each of the F-forms of SO,, for n < 5, as well as in the
rank-two unitary groups Us(F'). The algebras that arise include direct sums of quadratic
extensions, biquadratic extensions, and quartic extensions with a unique quadratic subfield.
We construct a unified parametrization that describes all conjugacy classes of elliptic max-
imal tori, treating simultaneously the cases where —1 € F*? and where —1 ¢ F*2  while
making explicit the differences between them. In particular, the number of conjugacy classes
varies depending on whether —1 is a square in F'. We develop explicit algorithms that pro-
duce representatives for each class, and we introduce a notation for the tori that encodes the
key structural data of each torus and allows the reader to recognize its properties directly
from its label. We carry out this parametrization in both the split and non-split settings, al-
though the primary focus of this thesis is on the split group; the broader treatment provides
a foundation for future work in the non-split case. We then identify how these tori embed
into the twisted Levi subgroups of G.

The maximal elliptic tori are first constructed abstractly as subgroups of SO(q), where ¢
is isometric to the split five dimensional quadratic form 2H @ (1), where H represents a
hyperbolic plane. To our knowledge, the complete classification of maximal elliptic tori in
SO;(F') is not available in the literature, although partial results for SO4(F') were obtained
by Chinner [Chi21].

In Chapter 4, we classify the conjugacy classes of twisted Levi subgroups M of G = SO(2H®
(1)) using a Lie-theoretic approach. Given a maximal elliptic torus 7, we determine all one-
dimensional subalgebras of its Lie algebra t = Lie(7) = t(F") that consist entirely of non-



regular elements, and compute their centralizers in G. Since the centralizer of a non-regular
element is a twisted Levi subgroup containing the torus, this yields a complete description
of these subgroups. We also observe that the number of conjugacy classes of twisted Levi
subgroups remains the same whether —1 € F*2 or not.

We verify the completeness of this classification in two independent ways. First, we use
the explicit description of twisted Levi subgroups obtained in Chapter 2 from the F-forms
of Levi subgroups of SOj5 associated to the short and long roots. Second, we compute the
centralizers of non-regular elements across all tori and show that they coincide with these
subgroups. This comparison ensures that the classification is complete. We further support
these classifications with carefully designed diagrams and tables, which provide a clear and
organized representation of the relationships between the tori, their Lie algebras, and the
associated twisted Levi subgroups. As part of this analysis, we find that certain elliptic
maximal tori do not admit any non-regular elements, and consequently such tori are not
embedded in any proper twisted Levi subgroup.

Next, in Chapter 5, we define and study the genericity conditions that are essential inputs to
Yu’s construction. The notion of a G-generic element of depth —r in the dual of the center of
the Lie algebra of a twisted Levi subgroup is central to defining the allowed quasicharacters
qg in the G-datum. We use the Killing form to dualize this notion to the Lie algebra, and give
precise definitions and explicit descriptions of G-generic and M-generic elements of the Lie
algebra of a torus in Section 5.1. We further relate these to the notion of 7T-good elements
introduced by Kim and Murnaghan [KKMO03].

We determine the Moy—-Prasad filtrations of the Lie algebra of each elliptic torus, and for
each torus and each depth r, we identify which elements are G-generic and which are only
M-generic for a proper twisted Levi subgroup M. We identify phenomena that play a central
role in the explicit construction for SO(2H @ (1)). In particular, some elliptic maximal tori
have no nonzero non-regular elements in their Lie algebra. For such tori, every nonzero ele-
ment of depth —r is automatically G-generic. At the same time, there exist elliptic maximal
tori which contain no G-generic elements at all. This restriction has direct consequences for
the construction, as it limits the admissible sequences in Yu’s framework: such tori can only
appear in sequences of length three. To make these conditions explicit, we state and prove
Lemma 5.3.1, which provides precise criteria for genericity in terms of valuations and eigen-
value data, and we present these criteria systematically in tables allowing direct verification
in each case.

At this stage of the thesis, in Chapter 6, we turn to the Bruhat-Tits building. For each
elliptic torus 7, the building B(7T) is a single point, which must be identified as a point in
B(G). Using a characterization due to Kim and Murnaghan [KM03, Thm 2.3.1], we develop
systematic algorithms to determine this point explicitly. This requires constructing Witt
bases for each torus, that is, finding explicit isometries between the quadratic form preserved
by the torus and the standard form 2H & (1), computing matrix realizations, and analyzing
the Moy—Prasad filtration lattices g, , at candidate points y to match the toral filtration with
the ambient one. The construction of Witt bases involves a case-by-case analysis depending



on the type of binary quadratic forms that arise and on whether —1 is a square in F'. A key
step in this computation is the identification of the precise quadratic form preserved by the
torus, which allows us to locate the corresponding point in the building. For twisted Levi
subgroups M, we present two methods to determine the building: one indirect, using the
tori they contain, and one direct, applying the same systematic inequalities restricted to the
T-good element X of depth r such that Cq(X) = M.

We then determine the vertices y in the building of each twisted Levi subgroup, which
may not be vertices of B(G). We also determine the reductive quotients M, o/ M, o+ at
each such vertex by explicitly realizing each twisted Levi subgroup M inside SO(2H & (1))
via matrix models and determining the quotient M(O)/M(P), where O is the ring of
integers of F' and P its maximal ideal. This approach yields results that agree with those
obtained in [GHY01, §3, §6|, where the reductive quotients are derived via lattice-stabilizer
arguments. The reductive quotients are necessary to enumerate the cuspidal representations
p of M, /M, o+ needed for the G-datum. These representations can be obtained using
Deligne-Lusztig theory [DL76] and we do not include this classification in this thesis.

In the final part of the thesis, Chapter 7, we assemble all the components of the generic
cuspidal G-data and describe how they fit into Yu’s construction of supercuspidal represen-
tations of SO(2H @ (1)). We do not carry out the full construction, but sketch the main
steps and instead focus on making all input data explicit.

We gathered the essential tables into Appendix A. In Appendix B, we carry out a detailed
comparison with the influential work of Kim—Yu for Sp,, whose root system is dual to that
of SO(2H & (1)). While the two settings share the same Weyl group and admit analogous
constructions, subtle differences arise in the structure of conjugacy classes, twisted Levi
subgroups, and their parametrization. By translating their description into our setting,
and presenting parallel tables and diagrams for elliptic tori, twisted Levi subgroups, and
length-two twisted Levi sequences, we make these similarities and differences explicit. This
comparison highlights both the robustness of the Kim—Yu framework and the distinct features
that appear in the SO(2H & (1)) case.

Contributions and future work

A distinguishing feature of this work is the explicit and systematic treatment of the structure
of SO(2H & (1)). Throughout the thesis, we provide numerous tables and diagrams that
give explicit computations for all the elements of the supercuspidal datum: classifications
of tori and their parameters, matrix realizations, root data, Moy—Prasad filtration lattices,
generic and non-regular elements, Bruhat—Tits building coordinates, and reductive quotients.
These computations are carried out independently from multiple directions and serve both
to corroborate the results and to make the structure of SO(2H @ (1)) concrete. In particular,
our independent enumeration of all non-regular elements and their centralizers in Chapter 4
confirms that the list of twisted Levi subgroups identified in Chapter 2 is complete. The
embeddings of tori from lower-rank groups into SOj are verified by comparing with the results
obtained via Morris’ bijection, the tables of generic elements and filtrations are cross-checked



to ensure consistency, and the building points computed via our algorithms are validated
against filtration data from independent sources. Kim and Murnaghan’s work [KMO03] plays
an essential role throughout, providing the theoretical foundation for the characterization of
buildings, the notion of 7-good elements, and the relationship between depth and genericity
that underpins the construction.

There are several possible directions for future work. One is to extend the explicit anal-
ysis carried out here to the non-split form, which we identify in this thesis with SO(H &
(e, —w,ew)), where additional complications arise from the underlying quadratic forms.
Another direction is to apply the explicit and systematic methods developed in this thesis
to other rank two groups, with the aim of obtaining uniform and comparable descriptions
of their structural data. It would also be of interest to make the connection with repre-
sentation theory more explicit, in particular by relating the supercuspidal representations
of SO(2H & (1)) to those of Sp,, using the fact that Sp, is isomorphic to a double cover
of SO5. Finally, the explicit data developed in this thesis could be used to carry out the
full construction of supercuspidal representations and to study their properties in concrete
terms.



Chapter 2

Preliminaries

In this chapter, we present the general background and foundational material that will
be used throughout the thesis. We begin with properties of local non-archimedean fields
in Section 2.1, then quadratic forms in Section 2.2 and Hermitian forms in Section 2.3,
before delving into some basic structure theory of algebraic groups in Section 2.4, then the
Bruhat-Tits building of a p-adic group in Section 2.5 and finally some representation theory
in Section 2.6. Readers familiar with these topics are invited to look at the tables and
examples to see the notation and basic conventions that will be used in subsequent chapters.

2.1 p-adic fields and basic notation
Throughout this thesis, let F' be a non-archimedean local field of odd residual characteristic,
and F, a fixed separable algebraic closure of F. Fix the (discrete) valuation
v F* =7, vi(w) =1,
for a chosen uniformizer @w € F'. Set
Op ={x € F: vp(x) >0}, thering of integers of F,
with maximal ideal Pr = (w), and residue field § = F, = Op/Pp, with cardinality ¢ = |F,|

and characteristic p.

Extend the valuation by setting vz(0) = +o0, and write the non-archimedean absolute value
of z as |z| = ¢7"*@ for x € F*. Write OF for the unit group of Op, and U} := 1 + Pp
for n > 1. This gives the nth filtration of the unit group; by convention Ug = Oy. Every
x € F* decomposes uniquely as = uw”*® with u € OF, s0 F* = O x Z.

For brevity, we drop field subscripts and write O, P, v, and U™ whenever the base field is
clear; subscripts will be restored when working over an extension of F.

The following fundamental result in p-adic analysis allows one to lift approximate roots of
polynomials to exact roots; see |[Con09, Theorem 2.1].
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Lemma 2.1.1 (Hensel’s Lemma). Let f(z) € Opz] and a € OF satisfy f(a) € Pr and
f'(a) € Pp. Then there exists a unique ag € O such that f(ag) =0 and ag — a € Pp.

2.1.1 Finite extensions, ramification, and valuation normalization

Let E//F be a finite separable extension of degree n. Write Og for the valuation ring of
E, Pg for its maximal ideal, and ¢ = Og/Pg for its residue field. Following [FV02, §2]
and [Gou20], the ramification index e(E/F) € Z>; and residue degree (also called inertial
degree) f(E/F) € Z>, are defined by

PrOp =P e ] = f(E/F),
and they satisty [E: F| =e(E/F) f(E/F) = n.

We say that E/F is: unramified if e(E/F) = 1; totally ramified if f(E/F) = 1; partially
ramified if 1 < e(E/F) <nand 1 < f(E/F) < n; and tamely ramified if p{e(E/F).

Two maps play a fundamental role in relating £ and F': the trace and norm maps.

Definition 2.1.2. Let E/F be a finite separable field extension. The trace map and the
norm map from E to F' are defined by

Trg/p(r) = Z o(x), Ng/p(z) = H o(x),

o:E—F 0:E—F

where o ranges over Homg(FE, F).

To normalize the valuation on F we define vg : E* — Q by

1
[E : F)

vg(x) = I/F(NE/F(fE))a

for all z € E*, as in [Gou20, Thm. 5.3.5]. Then vg|px = vp and vg(E*) = m Z. We will
always normalize our valuations in this way and so may omit the subscript, writing simply

V.

Choose a uniformizer wg of E; then vg(wg) = e(E;/F) It follows that there exists a unit

u € O such that w =u w}:i(E/ B In particular, in an unramified extension, we may choose
W — W.
2.1.2 Quadratic extensions

Write F*2 for the group {z? | # € F*}. Let ¢ € OF \ OF*; by Hensel’s Lemma 2.1.1, this
is equivalent to requiring its image in F to be a nonsquare.
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When —1 ¢ F*? (which we often denote —1%) we choose € = —1, but when —1 € F* (often
abbreviated —1Y) there is no standard choice. We write i for /—1.

The following result follows from the decomposition F'* = O x Z, see Neukirch [Neu99,
Prop. 5.3|, for example.

Proposition 2.1.3. Let ' be a non-archimedean local field with residue field F, of odd
cardinality q. Let w be a uniformizer of F', and choose a unit ¢ € O whose residue & € Fy
is a nonsquare. Then

F*|F*? = (7.)27) x (Z/27),

with representatives { 1, €, w, ew }.

Since char(F) # 2, every quadratic extension is of the form E = F(y/a) for some a €
F>*\ F*? and is uniquely determined by the class of & modulo squares. It follows that there
are three quadratic extension fields of F', given by E = F(\/«) for some a € {¢,w,cw}.
The one corresponding to o = ¢ is unramified but the other two are ramified.

The following lemma summarizes facts about norm groups of quadratic extensions from
[Chi21, Prop. 2.3.8, Lemma. 2.4.3, Prop. 2.4.4]).

Lemma 2.1.4 (Norms from a quadratic extension). Let E/F be a quadratic extension of
non-archimedean local fields with odd residue characteristic. Then:

1. The image of the norm map Ng/p : E* — F* is a multiplicative subgroup of F*
containing F*2.

2. If E/F is unramified, Ng/p maps O surjectively onto Op; in particular, —1 €
Ng/p(EX).

3. If E/F is ramified, then —1 € Ng/r(E*) if and only if —1 € F*2.
4. Representatives for the quotient F* /Ng/p(E™) are given by
{1,e} if E/F is ramified, {1,w} if E/F is unramified,

where € € OF 1is any non-square unit and w a uniformizer of F.

2.1.3 Quartic extensions

We now introduce quartic extensions of F', that is, of degree n = 4. Since n = ef, we have
3 cases: unramified (e = 1, f = 4), partially ramified (e = 2, f = 2), and totally ramified
(e =4, f =1). Each one is obtained as a quadratic extension of a quadratic extension.

If £ = F(vw'), with @’ € {w,ew}, is a ramified quadratic extension, then by Proposi-
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tion 2.1.3, a set of representatives for E*/E*? is given by
{1,e, Vo', evVw'}.
In the unramified case E = F(y/¢), however, the classes are represented by

{LEE'?wang}a

for some nonsquare e € 0. We make distinguished choices, as follows.

Lemma 2.1.5. Let E = F(\/e) denote the unramified quadratic extension of F. If —1 €
F*% then ep := /€ is a nonsquare unit. If —1 ¢ F**  then we may choose ¢ = —1 and,
setting © = +/—1, there exist s,t € O such that

EE:SQ+it2

satisfies Ng/p(ep) = s* + t* = =1 and e is a nonsquare unit.

Proof. Note that by Hensel’s Lemma 2.1.1, this question reduces to the finite residue field
¢ of E, which is a quadratic extension of f = F, and has order ¢*. Let 6 be a generator of
¢; then 97! generates §*. The nonsquares are the odd powers of the generator. Thus ¢ is
(some lift to Op of ) #+V* for some odd k.

The square root /e = 0t1Dk/2 is again a nonsquare if and only if ¢ = 1 mod 4, that is,
if and only if —1 € F*2, so we may choose e = /¢ in this case. Otherwise, we choose
e =—1= 04Dk where k = (¢ — 1)/2 and set e = 6%, so that N,;(6F) = 0¥ = ¢ = —1.
By [Chi21, Lem. 2.4.7], there exist s,t € Op such that e has the given convenient form. §

The classification of quartic extensions up to isomorphism is provided in [Chi21, Section 2.4].
We reproduce the result here, in Tables 2.1 (for the case that —1 is a square) and 2.2 (when
it is not). For each quartic extension field E, we identify its ramification over F' and give
an explicit realization of F and of all of its quadratic subfields E; in terms of our preferred
set of representatives from Proposition 2.1.3 and Lemma 2.1.5. Note that each quartic field

is either biquadratic over F' (in which case it is F'(y/2,1/@)) or contains a unique quadratic
subfield.

2.2 Quadratic forms and special orthogonal groups

Given F' as in Section 2.1, let us in this section classify symmetric bilinear forms and their
associated quadratic forms, focusing particularly on those of small dimension. We follow

[Sch85, §2) 87|, [Kit93, Chapter 1, Chapter 3] and [GHYO01, §3,86] for the classification of
quadratic and Hermitian forms.
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Ramification | Quartic field | Quadratic subfields Aut(E/F)
e(E/F)=1 F(/e) F(\/e) Galois, Z /47
F(Ve, V@) | F(\E), F(V®), F(\ewm) | Galois, Z/27 x 7./]27.

e(E/F) =2
F(Vew?) F(y/2) Galois, Z /47

e(E/F)=4 Galois, Z /A7
F(Verw) F(yw)

F(Ve3w) F(/e@)

Table 2.1: Quartic extensions of F up to isomorphism when —1 € F*2.

2.2.1 Hyperbolic planes

Let (,) denote a nondegenerate symmetric bilinear form on an F-vector space V', and denote
the associated quadratic form by

q(z) = (z,2).
A quadratic form is a map q : V — I satisfying

q(av) = a*q(v), VYa € F,veV.

The pair (V, q) constitutes a quadratic space. Since charF' # 2, the symmetric bilinear form
can be uniquely recovered from ¢ by the polarization identity

(v,w) = 3(q(v +w) — q(v) — q(w)).

Definition 2.2.1. Two quadratic forms ¢; and ¢, on a vector space V' are said to be iso-
metric if there exists g € GL(V') such that ¢o(z) = ¢1(gx) for all x € V. In this case we
write g >~ q;.

In other words, ¢; and ¢, are isometric if they become equal after a change of basis. Every
quadratic form is isometric to a diagonal quadratic form, which we write as

q (a1, ag,...,a,) = {a1) B (as) B - ® (ay,),

where (a;) denotes the one-dimensional form z +— a;z>. We define the dimension of a

quadratic form to be the dimension of its corresponding quadratic space.
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Ramification | Quartic field | Quadratic Subfields | Aut(E/F)

e(E/F)=1 E~F(\/eg) | E~F(i) Galois, Z/4Z
F(i,v/w) F(i), F(Vw), F(ivw) | Galois, Z/2Z x 7/2Z
e(E/F)=2
F(\/755) E ~ F(i) Galois, Z/AZ
F(¢) F(y)
e(E/F)=4 Non-Galois, Z /27

FW==) | Fiy®)

Table 2.2: Quartic extensions of F up to isomorphism when —1 ¢ F*2.

Definition 2.2.2. A hyperbolic plane H is a 2-dimensional quadratic space (V,qu) ad-
mitting a basis {e, f}, called a Witt basis for H, such that

qu(e) = qu(f) =0, (e, f) =1,

where (,) is the symmetric form associated to gg. That is, for all z1,2zo € F, we have
qH(SL’le + .Tgf) = 2371%2.

A quadratic space is called hyperbolic if it is isometric to a direct sum of hyperbolic planes.

Lemma 2.2.3. Let q be the diagonal quadratic form (1,—1) on F?. Then q is isometric to
qu, and thus represents a hyperbolic plane.

1
Proof. Let q(x1,72) = 22 — 22 on F?, and let g = 2 ) € GLy(F). For v = (w,y) € F?
1~ T3

we have
gv = <w+%y,  — %y>,
and hence ) )
q(gv) = (m + %y> - (m - %y) = 22y = qu(v).
Therefore q ~ qy. |

In what follows, we write briefly ¢ ~ H to mean that ¢ is isometric to the hyperbolic
plane. Lemma 2.2.4 records a basic but useful fact about hyperbolic planes under scalar
multiplication and isometry.
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Lemma 2.2.4. Suppose ¢ = (\, —\) with respect to a basis {u,w} of V.. Then q ~ H where
the isometry is given by choosing the Witt basis

e:=u-+w, foi=3i2u—w).

N

Proof. We evaluate the associated symmetric bilinear form directly. Since (u,u) = A,
(w,w) = =X\ and (u,w) = 0, we have (u £ w,u £t w) =0 and (u+ w,u —w) = 2. It follows
that g(e) = ¢(f) = 0 and that (e, f) = 1. This change of basis thus defines an isometry
q ~ H. |

Combining these lemmas shows that when ¢ ~ H, then for any A € F* we have \q ~ H.
We caution that not every quadratic form is invariant under scaling. For example, the forms
q1(z) = 2% and qa(z) = ex? are not isometric since q; (F*) # go(F™).

We will require the explicit isometries in what follows; here is another.

Lemma 2.2.5. Suppose {u,w} is a basis for a quadratic space (q,V') such that for all
v1,v9 € F and a fixed constant A € F* we have

q(v1u + vow) = 2 vy V3.

Then g ~ H and a Witt basis is given by

Proof. Indeed, we verify immediately that ¢(e) = ¢(f) = 0 and (e, f) = 1 is obtained by a
direct application of the polarization identity. |

We collect in Table 2.3 several special binary quadratic forms that will arise in Chapters 3
and 6, together with an explicit change of basis that transforms the form to a target standard
form. The first three were proven here; the remaining cases, corresponding to —1 ¢ F*?,
were derived in [Chi21, §2,84]. They use the choice of nonsquare unit e = s* + it? € F(i)
from Lemma 2.1.5, and one can verify them directly.
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Quadratic Form —1 | target form basis
e=u+w
P (viu + vaw) = A\(v? — v3) any H
f= %)\_l(u —w)
e=u
pg‘ (viu 4 vaw) = 2Av1v9 any H
f=Xx"'w
e=u-+1w
Py (viu + vaw) = A (v} + v3) -1 H
f=31(u—iw)
2 2
g1 = s‘u+t*‘w
P (ora+ vaw) = A3 + 03) L Y
g2 = t?u — s’w
A 2.2 2 2,2 b g1 =su—t2s"lw
ph(viu+ vaw) = A(—s“v] + 2t°v v + s°v3) -1 (A, N)
g2 =s"'w
— 2 _ 42 _ 2 2
pp(viu + vaw) = A((s* — t4)(v2 — v?) + 4s* 2 vyvg) | —1% H ;_ (s 82+i2)u S(i;t w
=T TN Ut Ty W

Table 2.3: Frequently occurring binary quadratic forms, with respect to a basis u, w, together with
an explicit change of basis that transform them to the isometric target form, as reproduced from
[Chi2l, §2,§4]. Here X € F* and i = /—1. When —1 ¢ F*?, indicated by —1%, then s,t are
chosen as in Lemma 2.1.5 and when —1 € F*2, indicated —15, we set i to be a square root of —1.

Remark 2.2.6. In Table 2.3, the forms p; for i = 1,2, 3 illustrate several common presen-
tations of a hyperbolic plane: we refer to p for i = 1,3 as diagonal forms (Lemma 2.2.4)
and to pj as the cross-term form (Lemma 2.2.5).

In Chapter 6, the valuation of the scaling factors A in the forms p} will end up being the
crucial ingredient.

2.2.2 Witt Decomposition and Witt cancellation

We introduce Witt’s fundamental results, which are the foundation of the algebraic theory
of quadratic forms. Proofs can be found in standard references such as [Sch85, Theorem
1.11, Corollary 5.8, Corollary 5.11].

Theorem 2.2.7. (Witt’s Cancellation Theorem) Let (Vi,q1), (Va,q2), and (V,q) be
non-degenerate quadratic forms over a field F of char F # 2. Suppose

Vi,q1) ® (Viq) = (Va, ¢2) © (V, q).

Then
(‘/17 QI) = (‘/27 QQ)

Definition 2.2.8. A vector v € V is called isotropic if ¢(v) = 0 and anisotropic other-
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wise. If (V,¢) admits a nonzero isotropic vector, we say that ¢ is isotropic; otherwise, it is
anisotropic.

For example, the hyperbolic plane H is isotropic, but the quadratic form ¢(z) = az? with
a # 0 is anisotropic.

One application of Witt’s cancellation theorem is the following result.

Theorem 2.2.9. (Witt Decomposition). Let (V,q) be a non-degenerate quadratic form.
Then there is a decomposition

V,a) = (Vi,q1) ® (Va, q2)

where q1 = qly, is anisotropic and g = qlv, is hyperbolic. That is, any non-degenerate
quadratic form q admits a unique decomposition

q > Qon G nH,

with qu, anisotropic, and nH denotes a sum of n hyperbolic planes.

We call q,, the anisotropic kernel of ¢, and the natural number n the Witt index of V
which represents half the dimension of any maximal totally isotropic subspace of V. A non-
degenerate quadratic form ¢ over F' is called split if it has maximal Witt index. Equivalently,
if dim ¢ = 2n, then ¢ ~ nH, while if dim ¢ = 2n + 1, then ¢ ~ nH & (a) for some a € F*.

Finding these subspaces ¢,, and nH is constructive. When x € V is an isotropic vector
with respect to ¢, then one can find a hyperbolic plane in V' such that V = H & W is an
orthogonal decomposition. Repeating this process leads to the Witt decomposition of (¢, V')
and the following definition.

Definition 2.2.10 (Witt basis). Let (V, ¢) be a non-degenerate quadratic space over F' with
associated symmetric bilinear form (-,-). An ordered basis

{617~--7€n7f17~--7fn7g17---7gk}
of V is called a Witt basis if:

o (e, f;) = 0;; for all 4, j,
(ei, Bj) = (fz,fj) = 0 fOl" all i,j,

(g0, €:) = (ge, fi) = 0 for all 7, ¢,

(gi,gj) = d;; for all 4, j, and

(g1, ---,9gx) is anisotropic.
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Note that with respect to a Witt basis, each hyperbolic block appears in cross-term form.
For example, in dimension 5 the form 2H @ (1) is represented in coordinates with respect to
such a Witt basis by the matrix

I
J=| 1 ~ 2H & (1). (2.2.1)

Finally, let us introduce an equivalence relation on the set of quadratic forms, whose classes
form a group under direct sums.

Definition 2.2.11 (Witt group). Let Q(F') be the set of isometry classes of non-degenerate
quadratic forms over F'. Define an equivalence relation ~ on Q(F') by

Gi~qp <— OrH =2 ¢@dsH for somer,s €N,

where H denotes the hyperbolic plane. The Witt group W (F') is the set of equivalence
classes

W(F) = Q(F)/~,
with addition induced by orthogonal sum:

(1] + 2] = [@1 © @]

This operation is well-defined, commutative, and associative; the zero element is the class of
any hyperbolic form (in particular [H] = 0), and the inverse of [¢] is [—¢].

2.2.3 Invariants of quadratic forms

Quadratic spaces over non-archimedean local fields can be classified by three fundamental
invariants: the dimension, the discriminant and the Hasse invariant. We present these and
then use them to identify isometries between various pairs of forms required in this thesis.
We refer to [Sch85, Chapter 2, Chapter 7] and [Kit93| for the general theory, and to Gan—
Hanke-Yu [GHYO01] for the formulation and notation adopted here.

Let (V,q) be a non-degenerate quadratic space over F. Its dimension is dim(V). If g ~

(ay,--+ ,a,) then its discriminant or determinant is the square class of 6(q) = [[a; €
F*/F*2. To define the Hasse invariant we require the Hilbert symbol.

Definition 2.2.12 (Hilbert symbol). For a,b € F'*, the Hilbert symbol (a,b)r is defined
by

(a.b) 1,  if the equation az? + by? = 2? has a nontrivial solution in F3,
a =
o —1, otherwise.

It is symmetric, with values in {£1}, and bimultiplicative on F*/ F**: that is,

(ab,c)p = (a,c)p(b,c)p, (a,bc)p = (a,b)r(a,c)p.
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The Hilbert symbol for a p-adic field is computed in Table 2.4. Note that the result depends
on whether —1 is a square or not.

lle|w|ew l|e|w|ew

1 11171 1 1111 1

e |1 -1 -1 e |11 ]-1]-1

w |1[-1]1]-1 w |[1|-1]-1] 1

ew |1 |-1|-1] 1 ew [ 1]|-1 1] -1

(a) Hilbert symbol when —1 € F*? (b) Hilbert symbol when —1 ¢ F*?
Table 2.4: Values of the Hilbert symbol
The Hasse invariant of ¢ = (aj, as,...,a,) is given by
en(q) = H (ai,a;)r € {£1}.
1<i<j<n

Among its properties, let us record that the Hasse invariant satisfies the orthogonal-sum
identity over non-archimedean fields (see [LamO05, §V|, [Kit93, Theorem 3.4.2|). That is, for
any two quadratic forms ¢, ¢’ over F, the Hasse invariant of their orthogonal sum satisfies

en(q® q) = eu(q) en(qd’) (6(q),9(q))r- (2.2.2)

Note that the hyperbolic quadratic space nH always has Hasse invariant 1.

By [Kit93, Theorem 3.5.2], the isometry class of ¢ is determined by the triple
(dim(V), 0(q), €1 (q))-

Since § takes values in F'*/F*?  we can assume that 6(q) € {1,¢,@,ew}. Since for each
dimension m there are exactly 8 possible pairs (d,eg), there are at most eight isometry
classes of quadratic forms of dimension m. However, in dimension 1 there are only 4 isometry
classes and in dimension 2, there are seven, as one can determine by enumerating all possible
diagonal forms and computing their invariants.

We now classify some key forms up to isometry.

Lemma 2.2.13. Let a € {¢,w,ew} andp € F*. Set E, = F(y/a). Then eg({p, —pa)) =1
if and only if i € Ng, p(EY). In particular, for ji1, e € F* we have

(b1, =) = (pg, —ppcv)
if and only if p1/p2 € Ng,/p(EX).

Proof. Note that since pz? — uy?> = 0 has many nontrivial solutions in F*, we know
(i, —p)p = 1. Therefore using the bilinearity of the Hilbert symbol, we compute

er((p, —pa)) = (p, —p)r(p, @) = (1, @)p.
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2 2

Now px? + ay? = z? can be rewritten pz? = 22 — ay?, which expresses pz? as the norm of
an element of £ = F(y/a). Therefore (u, «)p =1 if and only if € Ng_/p(EY).

The two forms (1, —pa) and (pe, —pear) have the same dimension, and the same discrimi-
nant since
S({ps, —pi)) = —pia = —a in FX/F*2.

Hence it suffices to compare their Hasse invariants, which are 1 if y; € Ng,/p(£)) and —1
otherwise. Since |F*/Ng, /p(E})| = 2, we obtain the same coset if and only if py/ps €
Ng,/pr(EZ). |

Let us abbreviate E, , = (i, —pcr). As a consequence of Lemma 2.2.13, we can compute the
invariants of all possible F,, ,, as in Table 2.5..

’ Extension E,/F ‘ Quadratic space E, ‘ ) ‘ 1 ‘ €H ‘
unramified (1, —¢) — [ 1] 1
unramified (ww, —ew) — |w | —1

ramified (1, —w) —w [ 1] 1
ramified (e, —ew) —w | e | -1
ramified (1, —ew) —ew | 1| 1
ramified (e, —w) —ew | € | —1

Table 2.5: Two-dimensional anisotropic quadratic spaces Eq ;= (pt, — o) up to isometry, together
with their invariants.

We present the classification of quadratic forms of dimensions 2 < m < 5 in Table 2.6. We
infer from this table that in dimension 2 the six classes Eg, are all the anisotropic forms,
up to isometry. In dimension 3, using the invariants (6(q), eg(q)), there are four isotropic
forms H (0) and we introduce the notation Ws to denote the three-dimensional anisotropic
quadratic space that has the same discriminant and opposite Hasse invariant of H® (J). In
dimension 4, q4an = (1, —¢, w, —ew) is the unique anisotropic class, while for dimensions > 5
all forms are isotropic.
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q 0 | en
Dimension 2 q 0 | €n
Esp=(1,—a) —a | 1 Dimension 4
Eop=(p,—po) | —a | -1 2H 1] 1
H ~ (1,-1) -1 1 Ho (1, —a) a| 1
Dimension 3 H® (u, —pa) a | —1
Ha (8) -8 1 (1, —e,w, —ew) ™~ Qaan | 1 | —1
Wy~ (e,—w,ew) | —1 | —1 Dimension 5
W~ (l,w,—ew) | —e | —1 2H & (B) gl 1
Wo ~(1,—c,ew) | —w | —1 Heoe Ws 8| -1
Wew ~(1,—e,w) | —ew | —1

Table 2.6: A list of quadratic forms q up to isometry and their invariants, for each dimension
from 2 to 5, using unified parameters so that the expressions are the same regardless of whether or
not —1 is a square. Here the parameter o runs over the set {e,w,ew} while B runs over the set
{1,e,@,ew}, and p represents the nontrivial coset of F* [Np( /zy/m (F(V/a)™).

2.2.4 g-partners

In this subsection, we introduce the notion of a g-partner, a concept proposed here to stream-
line the classification of quadratic forms. To the best of the author’s knowledge, this termi-
nology and the associated construction have not appeared in the existing literature.

Definition 2.2.14. Let ¢ be a non-degenerate quadratic form over F' of dimension at least
2. We say that a quadratic form ¢V is a ¢-partner of ¢ if it has the same dimension and
discriminant as g, but opposite Hasse invariant.

It is easy to see that every form of dimension at least 2, except for H, has a ¢-partner, and
moreover, that when it exists it is unique up to isometry. Therefore we may speak of the
g-partner of ¢ to refer to (the isometry class of) ¢V.

We can identify ¢ and ¢V explicitly for dimensions between 2 and 5 from Table 2.6.

Let us record some properties of g-partners.

Theorem 2.2.15. Let quqn be a 4-dimensional anisotropic quadratic form over F. Let q
be any nondegenerate quadratic form with dimq > 2, such that ¢ # H. Then the following
statements hold:

1. qV@QH = q@q4an~
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2. In the Witt ring W (F), one has [¢V] — [q] = [qaan] = [¢] — [¢V]
3. The partner operation is involutive: (¢V)V = q.

4. If ¢ is any quadratic form, then (¢ ® q')V ~qV @ ¢'.

5. If q is 3-dimensional then exactly one of {q,qV} is anisotropic.

6. If g ~2H & (1) then ¢V ~H & W;.

Proof. We begin with some observations. For the hyperbolic plane, 6(2H) = 1, ey (2H) =
1, and dim(2H) = 4. For the unique anisotropic quaternary form, we have 0(qsan) = 1,
€ (Qaan) = —1, and dim(qa,) = 4. By Definition 2.2.14, the forms ¢ and ¢V share the same
dimension and discriminant, but have opposite Hasse invariants.

(1) Consider the two forms ¢V @ 2H and ¢ @ qqan. They have the same dimension and
discriminant, as follows from the observations above. Since (z,1)r = 1 for all x € F*, it
follows from the orthogonal sum identity (2.2.2) and the above observations that

en(qV @ 2H) = en(q¥) = —en(q), and en(q® quan) = €n(q) - (—1) = —€n(q).
Thus the two forms are isometric, as required.

(2) In the Witt group, the class of ¢V @2H is [¢V], and the Witt class of ¢® quan 18 [q] + [qaan),
so (2) follows.

(3) This is immediate from our Definition 2.2.14.

(4) First recall that dimq > 2. Let dim(q’) = m. Suppose first m = 1, so ¢ = (a). The
forms (¢ @& («))V and ¢V @ (o) have the same dimension and discriminant. For the Hasse
invariant, since eg((a)) = 1, we again use the orthogonal-sum identity (2.2.2) to obtain

er(qV @ () = en(qV) (6(¢V), a)r = (—eu(q)) (6(q), a)r = —en(q @ (a)).

Thus (¢ ® (@)Y ~ ¢V @ (). Since every quadratic form ¢’ can be diagonalized, the general
statement follows by induction on dim ¢’

(5) In Table 2.6 we observed that the anisotropic 3-dimensional forms are precisely those
with Hasse invariant —1; therefore their g-partners have Hasse invariant 1 by definition and
are isotropic.

(6) From Table 2.6, the form 2H & (1) has discriminant 1 and Hasse invariant 1. The only
other 5-dimensional form with the same discriminant and opposite Hasse invariant (—1) is
H & W;. Hence it represents the g-partner of q.
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The main focus in this thesis is the 5-dimensional split quadratic form ¢ ~ 2H @ (1), and we
will often therefore encounter its g-partner.

We next wish to identify how the g-partner operation interacts with the Witt group.

Lemma 2.2.16. Let g4 be a 4-dimensional quadratic form over F, not isometric to Qan.
Then there exists a unique A € F*/F*? such that

@u® ) ~2H® (1), and qf & (\) ~Ho W.

Proof. By the classification of 4-dimensional quadratic forms over F', any such form ¢, is
isometric to one 2H, qan, or H & (p, —ua), for some o € {e,w,cw} and p € F*.

If ¢4 ~ Quan, then for any A € F*, the form ¢4 ® ()\) remains non-split, since its Hasse
invariant does not match that of 2H & (1). Thus no such X exists in this case.

Assume now that g4 is not anisotropic. If ¢4 ~ 2H, then ¢4 ® (\) ~ 2H & (1), if and only
if A\ =1in FX/F>*2 If ¢4 ~ H® (u, —pa), then g4 & (\) ~ H D (i, —pa, A). The form is
isometric to 2H & (1) if and only if its discriminant and Hasse invariant are both 1. A direct
computation shows that this occurs precisely when A = a in F*/F*? if y is a norm, and no
such A exists otherwise. This proves existence and uniqueness of \.

Finally, applying Theorem 2.2.15(4) to this decomposition, we obtain
@ &\~ (CH® (1) ~Ho W.

Table 2.7 gives the explicit values of A from Lemma 2.2.16 for each of the isotropic forms g;.
Some forms are repeated for ease of later reference.

(He (1, —¢)) & (&) (H & (w, —ew)) & (€)
(He (1, —cw)) @ (ew) | (HS (e, —w)) & (ew)
(Ho (1, —w)) @ (=) (H (e, —cw)) & (o)
(Ho (1,)) ® (—=) (H& (e,ew)) & (—wo)
(He (Lew) @ (—ew) | (H (¢, w)) ® (—ew)
2H @ (1) Qian ® (1) ~H O W)

Table 2.7: Table illustrating Lemma 2.2.16: the unique X € F*/F*2 for which q4 ® (\) is split,
and the corresponding behavior of the partner form.

Lemma 2.2.17. Let E, , = (i, —pr) be a two-dimensional anisotropic quadratic space as
listed in Table 2.5. Then, for each such E, ,, q3 >~ (—u, o, 1) is the unique (up to isometry)

21



ternary form such that
E,pn®q¢g~2H& (1) and E,,®q ~HoW.
Moreover, if it € Np(a)r(F(v/a)*), then g3 ~ H® (a); whereas otherwise g3 ~ W,

Proof. Set q3 := (—pu, pa, 1). Then

Ea,u D q3 = <M7 —po, — i, o, 1> = </u7 _lu> D <—[1,0é, lua/> D <]'> ~ 2H & <1>7

by Lemma 2.2.4. This proves existence. For uniqueness, if ¢} is another ternary form such
that E,, ® ¢; ~ 2H & (1), then E,,, ® ¢ ~ E,,,  ¢3, s0 ¢4 =~ g3 by Witt cancellation.

Now apply Theorem 2.2.15(4) to the decomposition g3 & E, , ~ 2H @ (1). We obtain (2H &
(1))V ~ ¢ @ E,,. By Theorem 2.2.15(6) we have (2H & (1))V ~ H @& W;, yielding the
result. |

Table 2.8 summarizes this result: for each anisotropic binary form FE, ,,, there exists a unique

(up to isometry) ternary form ¢z such that

M

Ea,u S q3 = 2H D <1>7

together with the corresponding identity for the q-partner ¢y .

qgeaszq ~2H® (1) [ ¢f ®Fu,=qf ~HOW,
<>@Esl We@Es,l
® (w) ® Exa We® Egq
H ® (ew) ® Few1 Wew @ Eewa
W.® E, - H® (e) ® Ee
Wo @ Eg e H (@) ® B,
Wew ® Esw,e H® <5w> S5, Eew,e

Table 2.8: Ezxplicit realization of Lemma 2.2.17: for each anisotropic binary form E, ,, the unique
ternary form qz such that E,, ® g3 ~ 2H @ (1), together with the corresponding identity for the
partner qy , distinguishing the cases q3 ~ H & (@) and g3 ~ W,

2.2.5 From quadratic forms to special orthogonal groups

Finally, a quadratic form gives rise to the special orthogonal group that preserves the form.

Definition 2.2.18. Let (V,q) be an n-dimensional non-degenerate quadratic space over F.
The associated special orthogonal group is

SO(V)={AeGL(V) | q(Av) = q(v) Vv e V, det(A) =1}.
It is often denoted SO(q) instead of SO(V).
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If (Vi,q1) and (V4, g2) are isometric nondegenerate quadratic spaces (over possibly different
F-vector spaces of the same dimension), then their corresponding special orthogonal groups
are isomorphic:

SO(q1) = SO(ga)-

However, in addition, scaling a form by a nonzero scalar does not affect the group:
SO(q) = SO(Ag) for all A € F*.

In fact, two quadratic forms give isomorphic special orthogonal groups if and only if one is
isometric to a scalar multiple of the other [Chi21, §2|. Therefore we can classify the special
orthogonal groups corresponding to forms of dimension 2 to 5 up to isomorphism by grouping
those quadratic forms from Table 2.6 that differ by a scalar multiple.

q SO(q)
q SO(q)
Dimension 4
Dimension 2
2H SO(2H)
Ee,l = <1, —€> SO(Es,l)
Ha (1, —¢) SOH® (1, —¢))
Eoi=(L—@) | SO(Ewi)
He (1, —w) SOH& (1, —w))
E.py=(1,—cw) SO(Few,1)
Ha (1, —ew) SOH & (1, —ew))
H~(1,-1) SO(H) = F*
. . G4an = <17 —&,w, _5w> So(q4an)
Dimension 3
He ) SO & (1) Dimension 5
® @
2H @ (1) SO(2H & (1))
Wi ~ (e, —w,ew) SO(W)

Table 2.9: A list of isomorphism classes of special orthogonal groups SO(q), for dim(q) €
{2,3,4,5).

2.2.6 Embeddings of special orthogonal groups into SO(2H & (1))

Special orthogonal groups arising from orthogonal direct sums admit natural embeddings
into SO(2H & (1)), as follows.

Proposition 2.2.19. Let (V,q) = (Vi,q1) ® (Va,q2) be an orthogonal decomposition of
quadratic spaces over F'. Then: there is a natural embedding

¢ : 50(q1) x 8O(g2) — SO(q)
given by the corresponding block-diagonal embedding. In particular, for each isometry
@u® N\ ~2H® (1) and ¢z @ E,, ~2Ho (1),
we may obtain explicit embeddings

SO(q) x SO((A)) < SO(2H & (1)) and SO(gs) x SO(E,,.) — SO(2H & (1)).
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Proof. Choosing orthogonal bases of V; and V5, the quadratic form ¢ is represented by a
block-diagonal matrix. Thus any pair (A, B) € SO(q1) x SO(q2) acts on Vi & V5 by

oan = (5 p)

which preserves ¢ and has determinant 1, hence lies in SO(q).

Let ¢ : (V,q) — (F?°,2H & (1)) be an isometry. Explicit choices of isometries are given in
Table 2.7 and Table 2.8 to identify the quadratic spaces ¢4 & (\) and g3 & E, , with 2H & (1).
Then conjugation by ¢ transports the embedding ¢ into SO(2H & (1)), giving

(A,B) 1o ¢(A B)os™ .

The groups of SO(g3) x SO(E,,) will be examples of (twisted) Levi subgroups of G in
Section 2.4.3.

2.3 Hermitian forms over a quadratic extension

Now suppose that E is a quadratic extension of F', and that o is the nontrivial element of
Gal(E/F). Let V denote an m-dimensional vector space over E. A nondegenerate sesquilin-
ear form

(, ):VXxV-—EFE

that is linear in the second variable and o-conjugate linear in the first variable is called
Hermitian if
(y,x) = 0((x,y)), for all z,y € V.

In this section, we sketch the essentials of Hermitian forms.

2.3.1 Invariants of Hermitian forms

Given a choice of basis B = {by,---,by,} for V, the Hermitian matrix J = ((b;,b;))i;
represents the form. Unlike quadratic forms, the isometry class of (V,.J) is determined by
its rank or dimension m = dimg (V') and its discriminant or determinant §(V') := det(J) €
F*/Ng/p(E*). Since |F*/Ng/p(E*)| = 2 for a quadratic extension (Lemma 2.1.4), for
each fixed quadratic extension E and fixed rank m there are exactly two isometry classes
(see [GHYO01, §3]).

In this work, we only require the cases m = 1 and m = 2. When m = 1, the forms are
given by (z,y) = azo(y) for some a € F'*/Ng/p(E*) and when m = 2 there are two, one
split and one anisotropic. We denote the anisotropic one by C and, by abuse of notation,
use the same symbol H to represent the split one. This will not cause confusion as it is

} , which has determinant —1. This yields the following

also represented by the matrix E) (1)

lemma.
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Lemma 2.3.1. Let V be a rank-2 Hermitian space over E/F with discriminant 6(V'). Then:
Vol < §V)=-1in F*/Ngp(EX).

Otherwise, V ~ C.

Example 2.3.2. Let E = F(y/¢) be the unramified quadratic extension and consider the
form represented by the diagonal matrix J = (1, ew). By Lemma 2.1.4 we have O C
Ng/r(E*), so in particular —1 € Ng/p(E*). Thus since 0(J) = ew = w ¢ Ng/p(EX), J is
anisotropic.

Example 2.3.3. Let F = F(y/w) be a ramified quadratic extension. Consider the 2-
dimensional E/F-Hermitian form h ~ (1, 1). Its discriminant satisfies §(h) = 1 in
F*/Ng/r(E*) = {1,e}. Therefore if —1 ¢ F*2 then §(h) does not represent the same
class as —1 in F*/Ng,p(E*), and h is anisotropic. If —1 € F*2, however, then §(h) = —1
mod Ng/p(£*) and h is split.

2.3.2 From Hermitian forms to unitary groups

In this thesis our interest is in the full unitary group of a Hermitian form, rather than the
special unitary group, and it is defined as follows.

Definition 2.3.4. Let E/F be a quadratic field extension of F', and let V.= @" E be a
E-vector space equipped with a nondegenerate Hermitian form (,) relative to the Galois
involution on E/F. The associated unitary group is

{g € GL(V) | (gv, gw) = (v,w) for all v,w € V' }.

Equivalently, fixing a basis and letting J denote the matrix of the Hermitian form, we may
define
Ug/p(J)={g9€GL.(E)| g Jg=J}, where g* = og’.

When E = F(,/7) for some v € {¢,w,ew} we may write U,(-) to denote Up( 5)/r("),
following the notation of Kim and Yu [KY11].

If two Hermitian spaces (Vi, J;) and (V5, Jo) are isometric, then their corresponding unitary
groups are isomorphic, and again, if J; = AJy for some A\ € F* then the corresponding
groups are equal.

For example, for any o € F'*,
Ug/p({a)) ={z€ E* : Ngjp(z) =1} = E,

so the unitary group of a one-dimensional Hermitian space over £/ F is simply the group of
elements of E of norm one.
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Lemma 2.3.5. Let E, = F(\/a) be a quadratic field extension of F. Then we have an
1somorphism

Ug,r((1)) = SO(E.:) & E..

Proof. Recall from Section 2.2.3 that E,; is the quadratic space ((1, —a), E), where this
form is taken with respect to the basis {1,v/a} of E over F. Let A = (CCZ Z) € GLo(F).
The condition A € SO(q) is equivalent to ATJA = J, where J = diag(1, —«a) and det(A) = 1.
A direct computation shows that this holds if and only if

A:(p ar) with p? —ar® = 1.
rop

For such a matrix, let ¢t = p+7ry/a € EX. Then Ng,,p(t) = p* — ar? = 1, and multiplication
by t on E, has matrix <f i:) in the basis {1,y/a}. Thus every element of SO(E,1)

arises uniquely as multiplication by an element of E! which is by definition is isomorphic to
Ur./r((1)). i

Now we come to the case when m = 2. For any v € {¢, w,ew}U,(H) is the unitary group
on F(y/7)? preserving the hyperbolic plane and U,(C) preserves the anisotropic form, and
therefore is compact. In Table 2.10 we give the diagonal forms corresponding to these two
cases, which depends on whether or not F'(\/7)/F is ramified, and also on whether or not
—1 € F*2. A convenient choice of representatives allows us to give a uniform description
independent of whether or not —1 € F'*2.

Unitary Group | Unramified £ = F'(y/¢) | Ramified F = F(vV&@')
Quasi-split U, (H) U-((1,1)) Us ((1,-1))
Compact U, (C) U:((1,w)) Us ((1,—¢))

Table 2.10: Unitary groups U, associated to quadratic extensions E/F. The table distinguishes
the unramified extension E = F(\/€) and the ramified extension E = F(vVw') where @' € {w,ew},
and lists the corresponding quasi-split and compact forms.

2.3.3 Embedding unitary groups into orthogonal groups

Unitary groups have natural embeddings into special orthogonal groups, as follows.

Proposition 2.3.6. Let E be a quadratic extension of F' and let (-,-) denote a Hermitian
form on E?. Then:

(a) for any x € E?, the formula q(x) = Trg/p((x,x)) defines a 4-dimensional quadratic form
on B? = F*;

(b) every isomorphism 1 : E* — F* induces an embedding n: Ug/p((-,)) — SO(q);
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(c) q is isometric to 2H if (-,-) is hyperbolic and to quan if not.

Moreover, n estends to an embedding of Ug,p((-,-)) into SO2H @ (1)) or SO(H & W),
respectively.

Proof. (a) The proof that ¢ is a nondegenerate quadratic form is a special case of a more
general result that we will prove in Chapter 3 (Lemma 3.1.1).

(b) Each isomorphism np : E? — F* corresponds to making a choice of F-basis B of EZ.
Left multiplication by h € Ug/r((-,-)) is an F-linear transformation of E? = F* and we let
np(h) € GL4(F) denote the matrix of this transformation with respect to B. Since for any
r € E? we have
Trg/p((hx, he)) = Trg/p((z, x)),
it follows that
q(ns(h)ns(x)) = q(ns(x))

and so np(h) preserves the quadratic form gq. We have moreover that

det(np(h)) = det(h)o(det(h)) = Ng/r(det(h)),
which is equal to 1 since o(h")Jh = J implies det(a(h)) det(h) = 1.

(c) Write (,)g for the Hermitian form on E?. We explicitly determine the isometry class of
the associated symmetric bilinear form

(l‘a y)F = TI"E/F((CU, y)E)
Choose the basis
B ={(1,0), (v, 0),(0,1), (0, V) }
and write T := o(x) for short. Let
v = (v + vav/a, V3 + V), w = (w; + wava, wy + wyg/a).
We may assume J has the form (1, —pu), for some p € F*; then J~Hif p=1and J ~C
if 4 € F*\ Ng/p(E*). We compute
(v,0) = Tegye (01 + 02/@) (101 + w/@) — 1 (05 + vav/0) (0 + w3/a)
= 2(vyw — avwse — p(V3Ws — QV4Wy))
so that the associated quadratic form is
q= (2, —2a, —2u, 2ua)

When g = 1 this is isometric to 2H by Lemma 2.2.4. Otherwise, compute §(¢) = 1 and since
we may assume («a, 1) € {(¢,w), (w, ), (ew,€)}, a calculation yields €y (g) = —1 so that this
is the anisotropic form q4., by Table 2.6.

The final statement follows by composing with the embedding ¢ from Section 2.2.6. |

The unitary groups of the Hermitian forms in Proposition 2.3.6 will be examples of (twisted)
Levi subgroups of G in Section 2.4.3.
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2.4 Algebraic groups

The groups SO(gq) and U, (J) introduced in Sections 2.2.5 and 2.3.3 are more than abstract
groups: they are the F-points of certain algebraic groups defined over F', and this gives them
a great deal of additional structure. Let us give a minimal introduction to the parts of the
structure theory of algebraic groups that are needed for this thesis.

Following Humphreys [Hum78|, a reductive algebraic group defined over F' is an affine
algebraic F-group G whose unipotent radical is trivial. We denote a p-adic group by
G = G(F), that is, the group of F-points of G, for any local non-archimedean field F'.

For example, G, and G,, denote the additive and multiplicative groups, respectively, with
Gu(F) =F, Gn(F) = F~.

Typical examples of algebraic groups include the general linear group GL,, and the special
orthogonal group SO,, associated with a nondegenerate quadratic form ¢ on a vector space
of dimension n. Their F-points are GL,,(F") and SO(q), respectively.

In this chapter, we wish to understand SO(2H & (1)) and its twisted Levi subgroups. The
structure theory of reductive groups is most effectively expressed in terms of their maximal
tori and the associated root data. These provide the framework for describing the characters
and cocharacters of a torus, the root and coroot systems, and ultimately the classification
of reductive groups. Root data also provide the natural language for describing parabolic
subgroups and their Levi factors, which play an essential role in the construction of repre-
sentations.

Unless stated otherwise, the material in this section follows [Hum75]|; see also [Bor91]| for
background.

2.4.1 Tori
We begin by recalling the definitions.

Definition 2.4.1. A torus is an algebraic group T that is isomorphic to a direct product
of one or more copies of the multiplicative group, denoted G, . The integer r is called the
rank or absolute rank of the torus T.

We are only interested of tori that are defined over F'. Note that the isomorphism to G},
may only be defined over an extension of F'.

Moreover, the following terminology is associated with tori:

1. The torus T is said to be split over a field extension E/F if T(E) = (E*)". The
minimal Galois extension of F' over which T is split is called the splitting field of T.
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2. The F-rank of T is the maximal rank of an F-split subtorus of T. A torus is F-split
if and only if its F-rank equals its absolute rank, that is, when T(F) = (F*)".

3. The torus T is said to be F-anisotropic (or elliptic) if it contains no nontrivial F-split
subtorus, equivalently if its F-rank is zero.

All maximal F-split tori of a connected reductive group G over F' are conjugate under G(F')
[Hum75, Thm. 21.3|.

Example 2.4.2. We noted in Table 2.9 that SO(H) = F*, so this p-adic group corresponds
to an F-split torus of rank 1. On the other hand, by Lemma 2.3.5, SO(E,,1) = SO((1, —a)) =
U,(1) = E' is (the F-points of) an elliptic torus that splits over the quadratic extension

E =F(Ja).
Definition 2.4.3. Let G be a connected reductive algebraic group defined over a field F'.

1. The absolute rank of G is the rank of a maximal torus T of G. Since all maximal
tori of G are conjugate over F', the absolute rank is well defined.

2. The F-rank of G is the maximal rank of an F-split torus contained in G. Equivalently,
it is the dimension of a maximal F-split torus in G.

The group G is said to be split over F'if its absolute rank equals its F-rank, that is, if it
contains a maximal torus that is F-split.

We now make this explicit for G = SO(2H @ (1)). With respect to a Witt basis, this group
is realized as

SOQH @ (1)) = {g € GLs(F) : g*Jg=J, det(g) =1}, (2.4.1)

where J is the matrix in (2.2.1). A maximal F-split torus of this group SO(2H & (1)) is
given by
T(F) = {(diag(a,b,a™",b7",1)): a,be F*}. (2.4.2)

Therefore, this group is split over F' in the sense of Definition 2.4.3.

2.4.2 Root Datum (X*(T), ®, X,(T), )

Suppose G is F-split and let T be an F-split maximal torus of G. The structure of G relative
to T is encoded in its root datum. We begin with the definitions of character and cocharacter
groups, their natural pairing, and the associated root system.
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2.4.2.1 Characters, cocharacters, and the canonical pairing

Definition 2.4.4. Let T be an F-split maximal torus. Its character group and cochar-
acter group are

X*(T) := Homp(T, G,,), X.(T) := Homp(G,,, T),

free abelian groups of the same rank. For y € X*(T) and A € X,(T), the composition
xoX:G,, — G,,is t — t* for a unique k € Z, and we define the canonical pairing by the
rule that ((x,\) ==k € Z.

If we choose a basis {€1,...,€¢.} of X*(T) then there is a dual basis {ej,...,e.} of X.(T)
such that the canonical pairing satisfies

)5

Example 2.4.5. Let T C SO(2H & (1)) be the maximal split torus of (2.4.2). Define
€1,62 € X*(T) by e (diag(a,b,a',b71,1)) = a and ey(diag(a,b,a,671,1)) = b. Then
{€1, €2} is a Z-basis of X*(T), and any y € X*(T) can be written as me; + nes, for m,n € Z
in the following sense:

X(mn) = me1 Bnes =  Xmn(diag(a,b,a™, b7, 1)) = a™b".
Define e, e5 € X, (T) by
ei(t) = diag(t, 1,7, 1,1) ex(t) = diag(1,¢,1,¢71,1)
Then {ey, es} is a Z-basis of X,(T), and for (m,n) € Z?,
Aimn) = mer ®nes = Agup)(t) = diag(t™, t", 7™, t7",1).

These are dual bases with respect to the canonical pairing since €;(e;(t)) = %,

2.4.2.2 Root and coroot systems

We begin by defining the absolute root system, which may not be defined over F. For
material in this section, see [Mur05, §7| or [Bor91, §21].

Let g = Lie(G) and let T be a maximal torus of G. For each a € X*(T), we define
g, = {Xeg: Ad)X =a(t)X forall t € T},
or equivalently, under the action of the Lie algebra ¢ of T,
g, = {Yeg|[HY]|=aH)Y forall H e t}, (2.4.3)

where a in (2.4.3) denotes the differential of the character, viewed as a linear map t — F.
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Definition 2.4.6 (Root system). The set of nonzero characters a for which g, # 0 is called
the root system of G with respect to T:

oG, T) = {ae X (T)\ {0} : ga #0}.

This is referred to as the absolute root system of G. Its elements are called roots. The
root system @ is said to be reduced if for every a € ®, the only scalar multiples of « lying
in ¢ are +a.

When T is F-split, then these root subalgebras are defined over F. The root system gives
us a decomposition of the Lie algebra g,

g= to @gav (244)

acd

where for each «, the subalgebra g, is one-dimensional.

Example 2.4.7. Let {e1, s, f1, f2, g1} be a Witt basis associated to the form 2H & (1); then
the corresponding matrix form J is as in (2.2.1). The group and Lie algebra are split over
F' so we may carry out the above construction on the F-points of the Lie algebra. Here,

so(J)={XeM;(F): X"J+JX=0}.

The matrix J pairs the coordinates (1,3) and (3, 1), representing (e, f1), (2,4) and (4,2),
representing (es, fa), while the fifth coordinate is self-paired, g;. Accordingly, we define

'=3, 2=4 3=1 4=2 5§ =5

Let E;; denote the matrix in My with 1 in the (4, j)-position and 0 elsewhere. The condition
XTJ+ JX = 0 then implies that if F;; € g, then the entry Ej;» must appear with the
opposite sign. Hence, for i # j,

Xij = Eij — ij cg.

Setting X117 = F11 — E33 and X9y = Foy — Eyy, the Cartan subalgebra is given over F' by
t = {aXq1 +bX2 | a,b € F}. These elements X;; span g.

Let €1, €5 be the basis of the character group as in Example 2.4.5. Then if we define €3 =

—€1, €4 = —€3, €5 = 0, then the adjoint action of T" on g satisfies
it
A Xy = Wy yer
¢(t)

Thus if @ # 7, X;; is a root vector with root €; — ¢;, and these are precisely the roots in ®.
We record our choice of basis for the positive and negative root spaces in Table 2.11. The
notation a;, and a,, will be explained in Example 2.4.10. It is clear that the 10-dimensional
algebra so(5) is spanned by these eight root vectors together with the two-dimensional
diagonal torus.
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Root o Basis vector X,, | Basis vector X
ap, = €1 — €2 Eip — Ey3 Eo — B3y
aj, 1= €1 1 €2 Ery — Ess Ey — E3

Gs) = €1 Ei5 — Es3 Es1 — Ess

sy 1= €2 FEos — Esy Esy — Eys

Table 2.11: Basis vectors for the Lie algebra root spaces g, and g_,, of sos

A simple system is a subset A C & which is a basis of spanyg® such that every root is
an integral linear combination of elements of A with all coefficients either nonnegative or
nonpositive. A simple system A determines a set of positive roots

(P+ = {6 € : 6 = ZaieAniau n; 2 0}7
and we have ® = ®* LI (—=®™). Every positive root can therefore be written uniquely as

L

B = an(ﬁ) oy, ni(B) € Zxo.

i=1

The height of § is ht(8) := S, ni(B).

Definition 2.4.8. Let ® be a reduced irreducible root system with positive system ®*. The
highest root 6 is the positive root of maximal height:

ht(f) = max{ht(8) : B € ®*}.

We now recall the definition of the Cartan matrix associated with a simple root system,
following [EWO06, §11.4]. The Cartan matrix encodes all relations among the simple roots.

Definition 2.4.9. Let A be a simple system in a root system ®. Fix an order on the elements
of A, say A = {ay,as,...,a,}, where r = rank(G) = dim(T). The Cartan matrix of ¢ is
the 7 x r matrix A = (a;;) whose entries are given by

2(0./1‘, Oéj)

) 1 S Zaj S T,
(v, vj)

CLZ'j =

Here (-, -) denotes a G-invariant inner product on the real vector space spanned by &.

Given simple roots A = {e;} and the corresponding Cartan matrix A = (a;;), there exists
a unique set of cocharacters {a;'} C X.(T) such that (a;, o)) = a;; (1 <4,j < r). where
r = rank(G). The set

d(G,T) = {a":a € (G, T)} C X,(T)
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is the coroot system and its elements are coroots.

Let us interpret these definitions for SO(2H @ (1)).

Example 2.4.10. Let T C SO(2H & (1)) be the maximal split diagonal torus of (2.4.2).
Define ¢; and e; as in Example 2.4.5. Set a,, = ¢ and a;; = €, — €3. Then following
Example 2.4.7 we define
as, 1= €1 = as, + ay, ay, = €1 + € = 2a,, + ai,,
and then
¢ = (G, T) = {xas,, ta,, t(as, +ay), £(2as, + ay,)},

is the root system of SO5 with respect to T. It is easy to verify that a corresponding simple
system is A = {as,, a;, }-

In Figure 2.1 we draw the root system, which is of type By [EW06, §12.3|, with {+as,, +as,}
corresponding to the short roots and {%a,;,+a;,} to the long roots. Fixing the simple
roots, the positive roots are ®* = {as,, a;,as, + a;,, 2as, + a;, }. Writing each § € ®* as
B =n1(6) as, + n2(B) ai,, the heights are

ht(as,) =1, ht(a;,) =1, ht(as, +ay) =2, ht(2as, +a;,) = 3.

Thus the highest root is 0 = 2as, + a;, = €1 + €.

— long roots {#(e; £ €3)}
— short roots {£e, e}

Figure 2.1: Root system of SO(2H @ (1)) (type Bz) and A = {as,,ay, }.

2 -1
The Cartan matrix for SO(2H & (1)) with respect to A is A = ( 5 9
<a52, a;2) = 2, <a527 avl1> = —1, <al17a;2> = -2, <a11) avl1> =2.
Solving the Cartan relations gives the coroots
as, (t) = diag(1,t%, 1,672, 1) = 2ey(t), ay, (t) = diag(t,t 1, ¢4, 1) = (e; — e2) ().
Thus a3, = 2ey and aj, = e; — e5 in X, (T). This gives coroot system

(i) = {:l:261, :|:2€2, :I:(61 — 62), Z|:<€1 + 62)},
which is of type Cs.
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2.4.2.3 Root subgroups

In (2.4.4) we defined the root subalgebras of g. The following definition/theorem, which we
state without proof, is summarized from [Mur05, §7].

Theorem 2.4.11. Let G be F'-split and let T be a fized mazimal F'-split torus of G with Lie
algebra t. For each root o € ®(G,T), let g, be the corresponding root subalgebra of Lie(G).
Then there exists a unique connected, T-stable, unipotent subgroup U, C G whose Lie algebra
1$ @,. This subgroup is called the root subgroup of G associated with . Moreover, there
exists an isomorphism

U : G — Uy, such that tuy(z)t™ = uy(a(t)z), teT, zeG,.

Finally, the groups U, for a € ®, together with T, generate the group G.

When G is a matrix group, the subgroup U, (F') can be identified with the additive group of
F via the exponential map, as follows. Fix a basis vector X, € g,,.

Set B
Ua(t) = exp(tX,), te L.

Since X, is nilpotent, this exponential series terminates after finitely many terms.

Let us describe these explicitly for SO(2H & (1)).

Example 2.4.12. Write X,, for the root vector corresponding to a € ®(SOs,T) in Ta-
ble 2.11. Then we compute directly that

I+tX,, if a is a long root,

exp(tXy) =

- 2 .
I+tX,+ §X§, if o is a short root.

We give these expressions explicitly in matrix coordinates in Table 2.12. Then the root
subgroup is U, (F) = {ua(t) :=exp(tX,) : t € F}.

Root « Root subgroup U, Root subgroup U_,
aj, = €1 — €2 I+ t(Eg — Eys) I +t(Ey — Esy)
0,12 =€ + €9 I + t(E14 — Egg) [ + t(E41 — E32)

o =€ | I+ t(Es — Bss) — SEyg | [ +t(Esy — Ess) — S By
as, 1= € I +t(Fys — Esy) — %EM I +t(Esy — Egs) — %E‘l?

Table 2.12: One-parameter unipotent root subgroups of SO(2H @ (1)).
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2.4.2.4 Regular elements

In this section we write G for a connected semisimple algebraic group, and let g = Lie(G)
be its Lie algebra. We use g = g(F’) to represent the F-points of g. Recall that X € g is
semisimple if it is contained in a Cartan subalgebra.

Definition 2.4.13. A semisimple element X € g is called regular if its centralizer
Cy(X) = {Y € g | [¥,X] = 0}
is a Cartan subalgebra, say t. Equivalently, X is regular if and only if its centralizer in G,
Ce(X)={g€G|Ad,(X) =X}, (2.4.5)

is a maximal torus T. In this case, the Lie algebra of T is Lie(T) = t.

We now describe a useful criterion for regularity in terms of the root system.
Theorem 2.4.14. An element X € t is reqular if and only if a(X) # 0 for all a € (G, T).

Proof. Fix a Cartan subalgebra t C g and let & = ®(G, T) be the associated root system.
Let X € t. If Y € g, then by (2.4.3) we have [X,Y] = a(X)Y. Moreover, since t is abelian,
we have [X, H|] = 0 for all H € t. Therefore from the direct sum decomposition (2.4.4) it
follows that Cg(X) is the direct sum of t and all root spaces g, such that a(X) = 0. By
Definition 2.4.13, X is regular if and only if Cy(X) = ¢, which gives the result. |

Corollary 2.4.15. An element X € t is non-reqular if and only if «(X) =0 for some root
a € (G, T).

Proof. By the proof of Theorem 2.4.14,

acd
a(X)=0

which has dimension strictly larger than dimt exactly when a(X) = 0 for at least one

a € (G, T). |
These results are essential in Section 4.1.

2.4.3 Twisted Levi subgroups

Levi subgroups are a class of connected reductive subgroups obtained from subsets of the
simple roots.
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Definition 2.4.16. Let G be a reductive group with maximal torus T and system of simple
roots A C X*(T). For a subset s C A, let &5, denote the subroot system generated by d;.
The associated standard Levi subgroup is the group generated by T and the corresponding
root subgroups, written

Ms. = <T, UQZOCE(I)(;S>.

s

A Levi subgroup is a subgroup that is conjugate to a standard Levi subgroup. (See [Hum?75,
§26.2,830.2].)

Theorem 2.4.17. For G = SOj, with mazimal split torus T as above and A = {as,,a;, },
there are three proper standard Levi subgroups:

M@ = T, MaSQ = <T7[U:I:a32>u Mall = <T7U:|:all>'

Concretely, in terms of matrices with respect to the form J (2.2.1), we have Mg = T while

M%:{( :*I:)}gsongLl M%:{(**’;i )}gGL2.

where the x entries indicate entries that may be nonzero.

Given a Levi subgroup M of G that is defined over F', it may not be G = G(F')-conjugate
to a standard Levi subgroup. That is, it is only G(F)-conjugate for some finite field exten-
sion E//F. We introduce the following concept as in [HMOS8, Definition 2.40] and [DeB06,
Remark 2.1.3].

Definition 2.4.18. A connected reductive F-subgroup Ml C G is a twisted Levi F-
subgroup if there exists a finite extension E/F such that M(F) is a Levi subgroup of
G(E).

Those twisted Levi subgroups having compact center are precisely the subgroups needed in
the construction of tame supercuspidal representations and will be our primary focus from
Now on.

Example 2.4.19. An elliptic maximal torus is a twisted Levi subgroup. Indeed, if T is an
elliptic torus in G, then T becomes FE-split over its splitting field F/F, the minimal finite
extension of F' over which T is isomorphic to a product of copies of G,,. In particular,
an elliptic torus (of a semisimple group) remains compact over F', but becomes split after
extension to its splitting field.

To give more examples, we need a lemma.
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Lemma 2.4.20. Let E/F be a quadratic extension and let J be a Hermitian form over E/F
of rank m. Then the unitary group Ug/p(J) is a twisted form of GL,(F), that is, arises as
the fized points of GL,,(F) under a choice of Gal(E/F)-action.

Proof. Let 0 € Gal(E/F') denote the nontrivial element of the Galois group. Let J denote
the Gram matrix of the Hermitian form. We define an action of ¢ on GL,,(E) by

o(g)=J " (a(g)) " .
where o(g?) denotes the conjugate transpose of g. It is straightforward to verify that 2 = 1.
The fixed points of this action are given by
g=J"ol9))'J = al9)Jg=1
Hence the group of fixed points is
(GL,,,(E)¥E) = { g € GLy(E) | g*Jg = J } = Up/p(J).

Therefore, Ug/p(J) is a twisted form of GL,,(F). i

For constructing supercuspidal representations of SO(2H@® (1)), we need to know the possible
twisted Levi subgroups with compact center. Recall the notation from Table 2.6.

Proposition 2.4.21. Let (V,q) be a quadratic space of dimension 5. Up to isomorphism,
the possible twisted Levi subgroups with compact center that can occur as subgroups of SO(q)
are as follows:

1. Twisted Levi subgroups of type M,. = GL; x SO3 have F-points that are isomorphic

to

CLS2

SO(u, —par) x SO(gs),

where (u, —pa) is a two-dimensional anisotropic quadratic form and qs is a three-
dimensional quadratic form such that (u, —pa) & qz ~ q. We denote this group by
*Su.s if g3 1s isotropic and “S,, . if q3 is anisotropic.

2. Twisted Levi subgroups of type My, = GLa have F-points that are isomorphic to *L :=
Ug/pr(H) if ¢ ~ 2H ® (1), and to *L. := Ug/p(C) if g > HD W;.

Proof. By Theorem 2.4.17, the proper standard Levi subgroups of SO5 are of type GL; xSO3
or GLy. Hence any twisted Levi subgroup of SO(g) with compact center is an F-form of one
of these types.

For GL; x SOg, the compact F-forms of GL; are precisely the anisotropic one-dimensional
tori, which by Lemma 2.3.5 are of the form SO(E,,). The F-forms of SO3 are of the
form SO(g3). Thus the subgroup is isomorphic to SO(E, ) x SO(gs) for choices such that
E. . ® qs ~ q (see Table 2.5).
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For GLj, Lemma 2.4.20 shows that Ug/p(J), for a rank-2 form J, are twisted F-forms of
GL,. They have center Ug/p(1) which is compact. These are either Ug/p(H) or Ug/p(C).
By Proposition 2.3.6, Ug/r(H) C SO(2H) C SO(2H & (1)) and Ug/r(C) C SO(quan) C
SO(H & Wh). |

Definition 2.4.22. A Levi sequence is an increasing chain of Levi subgroups
G'cG'c---CcG'=G.

It is an F-Levi sequence if each of these groups is defined over F'. It is a tamely ramified
twisted Levi sequence if in addition, Z(G")/Z(G) is compact and each subgroup splits
over a tamely ramified extension of F.

Remark 2.4.23. Note that SO(2H@ (1)) has absolute rank 2. In a Levi (or twisted Levi) se-
quence, the Levi subgroups must have strictly increasing ranks; therefore, any such sequence
in SO(2H & (1)) can have length at most 3.

Levi subgroups can also be viewed structurally as centralizers of semisimple elements. By
[Kim07, Lemma 2.4|, if X € g is a semisimple element, then its centralizer Cg(X) (2.4.5) is
a (twisted) Levi subgroup, and every (twisted) Levi subgroup arises as the centralizer of an
element of the center of its Lie algebra.

We must define parabolic subgroups to define supercuspidal representations in Section 2.6.

Definition 2.4.24. Let G be a connected reductive group with maximal torus T and simple
root system A. For a subset , C A, the associated standard parabolic subgroup is
defined by

]P)(gs = <M58, U,:a€ oF \ (I)(;S >,

where ®* denotes the set of positive roots relative to A. Thus, Ps, is generated by the Levi
subgroup M, together with the root subgroups corresponding to the positive roots outside
®;.. Tt is called a Borel subgroup when d§, = ().

Parabolic subgroups admit a Levi decomposition
Pgs = M55 X Ru(]P)gs),

where My, is a Levi subgroup and R, (Ps,) is the unipotent radical, generated by the root
subgroups U, with a € &1\ ®5_. This decomposition highlights that each Levi subgroup is
reductive, whereas proper parabolic subgroups are not.

2.5 The Bruhat—Tits building and Moy—Prasad filtrations

It is now well established that the representation theory of reductive p-adic groups is or-

ganized around the Bruhat-Tits building B(G) = B(G, F) of G = G(F), introduced in
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[BT72, BT84]. The building encodes the structure of a natural family of compact open sub-
groups of G, called the parahoric subgroups G, for x € B(G, F'), as well as their associated
Moy-Prasad filtration subgroups G, , and G, .+ [MP94, MP96|.

We define an apartment ./ and its structure in Section 2.5.1 before specializing to the case
that G is split over F, and particularly the case of G = SO(2H & (1)). We then define
filtrations of the torus and of root subgroups and subalgebras, leading to the Moy—Prasad
filtration of G and of g at a point z € B(G), giving an explicit form for G = SO(2H & (1))
and r € 7.

Throughout this section, we refer to [Fin21b, §2.4|, [Fin2la, §2|, [HIMO0S8, §2.5], where these
constructions are presented and summarized. Our work follows the descriptions given there.

2.5.1 The apartment

Let T C G be a maximal F-split torus. Let & = ®(G, T) be the (relative) root system of G
with respect to T. The apartment attached to T is the real affine space

o = o (G,T,F) = X.(T) @2 R.

We usually fix an origin (so treat ./ as a vector space) for convenience. For example, for
each root a € ® and each m € Z, define the affine functional

Yoam(x) = alx) —m (x € o),
and the associated affine hyperplane (or wall)

Hom={zed Yomx)=0}={zecd alxr)=m}.

Set H = Udco Umez Ham, the collection of all affine root hyperplanes. The following
definitions are from Humphreys [Hum90, Chapter 4]. The connected components of <7 \ H
are called alcoves. Lower-dimensional pieces of the decomposition (edges, vertices, and
so on) are called facets. Each alcove is a facet of maximal dimension. When we remove
only the linear hyperplanes, the connected components of &7 \ |J, o Hao are called Weyl
chambers.

acd

Definition 2.5.1. Let A = {ay,...,a;} C ® be a simple system and let § be the unique
highest root (Definition 2.4.8). Then the fundamental alcove in the apartment <7 is

Ciund = {IGM: ai(x) >0foralli=1,...,¢, and@(x)<1}.

Its bounding walls are H,, o = {z : ay(x) =0} fori =1,..., 0 and Hp; = {z : 0(x) = 1}.

Write S, ,, for the affine reflection of & through H, ,,.
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Definition 2.5.2. The Weyl group associated with ® is the group generated by the linear
reflections W = (S, : @ € ®). The affine Weyl group is defined as the group generated
by all affine reflections Wog = (Sam : v € &, m € Z).

These groups are related: we have Wog = Zd x W where Zé is the coroot lattice. Let
Ng(T) be the normalizer of the torus. In the case that T is a maximal torus, we have
W = Ng(T)/Cg(T). Therefore in this case, every n € Ng(T) can be written as n = ws for
some lift n € Ng(T) representing w € W, and some s € T = Cg(T).

As a concrete illustration, consider the split group SO(2H & (1)).

Example 2.5.3. Consider G = SO(2H & (1)) with maximal F-split torus
T(F) = {diag(a,b, a b7 1) 1a,b € FX},
we have X, (T) = Z?, hence &/ = R2. The absolute root system is
& = {+tas,, +a,, £(as, +ay,), £(2as, +ay)}, A ={as, = €2, a;, = € — €3}.
Each root o € ® determines a family of affine hyperplanes
Hym ={(z1,22) € R? : a(zy1,z5) = m}, m € Z,

and the collection of all such hyperplanes tessellates .« into facets. Identifying &/ with R?
via the cocharacter lattice and writing x = (x, z3), we have

as,(x) = w9, ai, (r) = x1 — X9, O(x) = z1 + xo,
as in Example 2.4.10. By Definition 2.4.8, the fundamental alcove is
Couna = { (71, 22) ER? 105 >0, 21 — 25 >0, 21+ 15 < 1}
= { (21, x2) ER?: 25> 0, 15 <14 <1l—-xz}.
Its three bounding walls are
H,,, 0= {72 =0}, Hgy 0= {71 — 12 = 0}, Hpy ={z1+ 22 =1}

The closed fundamental alcove Cpunq is the right-isosceles triangle with vertices

0.0. 10, (43).

Since T is a maximal torus, it is equal to its own centralizer Cg(T). Its normalizer Ng(T)
is generated by T together with all permutation matrices (up to sign) that preserve T and
the quadratic form and one can show the resulting Weyl group is W(®) = (S,,,, 54, ) & Da.
Hence, |W| = 8, while W, is infinite. We have drawn a part of &7 with the affine hyperplanes
(some are labelled) and the fundamental alcove shaded in grey in Figure 2.2.
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Figure 2.2: A portion of the apartment of SO(2H® (1)) with affine hyperplanes marked with dashed
lines. The shaded region is the fundamental alcove.

2.5.2 Moy—Prasad filtrations

From this point onwards, we assume that G splits over F', that is, it contains an F-split
maximal torus T.

We begin by defining the parahoric subgroup of a torus. Since T is split, it is given by the
following standard definition (see [Fin21b, §2.4]).

Definition 2.5.4. The parahoric subgroup of a split maximal torus 7' = T(F) is
To={teT: v(x(t)) =0 for all y € X*(T)}

which is a maximal bounded subgroup of T'.

In fact if T = G}, then Ty = (O*)", which we abbreviate as T(O*).

Then T has a natural decreasing filtration by compact open subgroups T, for » > 0 given
by T, = {t € Ty : v(x(t) —1) >r for all x € X*(T)} = T(1 + PI"l) where [r] = min{n €
Z>o :n > 1r}. We also write

TrJr = U T

s>r
for any r > 0.

If t = ¢(F') denotes the F-points of the Lie algebra of T, ¢, then
to={Xet: v(x(X)) =0forall y e X*(T)}

where again we abuse notation and write x also for its differential dy : t = G,. If t = G
then ty = O™ =: (O). Then we correspondingly have

t={X et: v(x(X)) =rforall x e X*(T)} =t(P"), t, =[]t

s>r
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Example 2.5.5. Let T'= T(F') be the diagonal maximal F-split torus of SO(2H & (1)), so
that t = ¢(F) is the maximal split Cartan subalgebra of g = so(2H & (1)), the F-points of
the Lie algebra of SO5;. We defined the basis {e1, €2} of X*(T) in Example 2.4.5. Then, for

every positive real number r, we have
T, :={X eTO)|v(a(X)—1)>rfori=1,2}

and for every r € R,
t, ={X et|v(g(X))>rfori=1,2}

Next, we recall from Theorem 2.4.11 that for each root a € ¢, we have fixed an isomorphism
uq : G, — U, associated with a good choice of basis vector X, of the root space g, = g, (F).
For each x € &7 (G, T, F'), these give Moy—Prasad filtrations of the root groups and their Lie
algebras defined by

Unirr = (PO Ve >0 gasr = 8o(F)ay = Xo(Ple@) 0 vreR.

We similarly define U, , ,+ = US>T Unzs and gq o+ == US>T Jaz,s- 10 rewrite these more
explicitly, we use the identity

min(—[t —s]) =1—[t—r], t eR,

s>r
with ¢ = a(z) to deduce
Uo‘=x’7"+ = Ua (’])1—(04(3?)—7"1 )7 Yozt = Xoc (731_(06(%)_ﬂ )
In particular

Ua,x,o = ua(fP—La(m)j)’ Uoz,ﬂc,(]Jr = Uq (/Pl_[a(xﬂ).

Finally, having established the necessary groundwork, we now can define parahoric subgroups
and their Moy—Prasad filtrations.

Definition 2.5.6. Let G and T as above. For every point z € o/ (G, T, F), the associated
parahoric subgroup G, is
Gx,O = <T0, Ua,x ToE <D>

Its pro-unipotent radical is

Gx70+ = <T0+7 Ua,x,OJr OAS (I)>

Note that G, o and its pro-unipotent radical depend only on the facet of .o/’ containing =. For
each z € o/ one can define the Moy—Prasad filtration subgroups (due to Moy and Prasad in
[MP96]) of G as follows.
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For any real number r > 0 and x € &/(G, T, F'), the Moy—Prasad filtration of G, of
depth r is given by

Gor = (T, Unap 0 €®),  Gppr = (Tps, Upgye :a€®) = |G

s>r

Note that each G, is open and compact, and G, , <G, o. However, in contrast to G, the
higher-depth subgroups G, , depend on the point z itself, not just on the facet containing x.

Analogously, we have similar filtrations on the Lie algebra g given by

Gar = tr S¥ @ Ya,z,r Gz rt = tr+ ©® @ Jo,z,rt) Vr e R.

acd
We define the filtration subspace g; , of the dual of the Lie algebra g* by

g, =1 X eg | X (Y)ePforall Y € g,y }- (2.5.1)

Here, for each Y € g,s, the expression X*(Y') denotes the value of X* € g* = Homp(g, F)
onY.

Theorem 2.5.7. Let G = SO2H & (1)), let T C G be the diagonal mazimal torus given in
(2.4.2), and let o ~ R? be the corresponding apartment, with coordinates v = (xy,x5) such
that e,(x) = x1 and ex(x) = x9. Let P denote the mazimal ideal of O and U™ =1+ P™.

(i) Group filtration. For r > 0, the Moy—Prasad subgroup G, is

( Ulrl p—L@1—w2)—r] A, Pp-l@itz2)—r] p-lzi-r] )
Pl@i—z2)+r] Ul P L(z1+z2)—7] B, P lz2—7]
Gur = C. Pl(@1+e2)+r] ik plai—z2)+r]  ploatl | A @
Plzi+z2)+r] D, Pp-L@1—z2)-r] Ulrl Ppleatr]
| Ppleitr] Plaatr] p—lai—r] Pz ik J
where
A, = p2lo—r], B, = P2l C, = potrl D, — p2lea+r]

(ii) Lie algebra filtration. For r € R, The associated Moy-Prasad lattice g,, C g =

Lie(G)(F) is

( Plr] Pp-L@i—z2)-r] 0 Pp-l@ita)—r] p-lz1-r] \
Pl(@r1—w2)+r] Pplrl Pp-L@ita)—r] 0 P—lza—r]
Oor = 0 Plarta)+r] Pplrl Ppli—z2)tr]  platr] | g
Pllaitaz)+r] 0 Pp-llei—a2)-r] Pl Pplaztr]
\ Ploitr] Ploatr] p—lz1i-r] Pp—lz2—r] Pplrl )
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In particular, setting r = 0 yields the parahoric subgroup G, o and the Lie algebra lattice g, o
respectively.

Proof. We work with the split group SO(2H & (1)) of type Bs and the maximal F-split
torus T as above. Via the chosen identification & ~ R? a point x = (1, z) satisfies

all(x) = T1 — T2, CLS2(,T) = T2, (a52+al1)(x) = T, (2(152 +al1)(aj) =T + T2.

The result is then a direct application of the definitions of G, ,, G0, 8, and g, o. Using
the explicit bases of the root subgroups (Table 2.12) and of the Lie algebra root spaces
(Table 2.11), together with the valuation bounds determined by «(z), one reads off the
required powers of P in each matrix entry. The entries denoted A,, B,,C,, D, arise from
the short root subgroups UL,, and Ui, , through the quadratic terms in the exponential
map. In particular, the entries in positions (1, 3),(2,4), (3,1), (4,2) come from the %—terms
in u,(t) for short roots in Table 2.12, hence their valuations are doubled relative to the linear
root coordinates. |

In the non-split case the explicit description of parahoric subgroups and Moy-Prasad filtra-
tions is considerably more subtle; we do not give formulas here, but these filtrations are
defined in full generality in [Fin25] and exist for every reductive group over F'.

A key feature is the Moy—Prasad isomorphism: for every z € o/, for every r > 0, we
have an isomorphism

€ gr,r/gm,r+ l> Gx,r/G:p,r"' (252)

between these quotients, which are both abelian groups. For G = SO2H @ (1)), if Y € g,
then the class of e(Y') in G, , /G, ,+ can be represented by the matrix / + Y.

We summarize a result from Adler and Roche, which is equivalent to one given by Fintzen
in [Fin2lc, Lemma 2.2|.

Proposition 2.5.8 (JAR00, Proposition 4.1|). If G splits over a tamely ramified extension
of F and the residue characteristic p does not divide |W |, where W is the Weyl group of G,
there there exists a nondegenerate, F-valued, G-invariant, symmetric bilinear form

K:gXxg— F|

such that, under the associated identification of g with g* vie X*(Y) = k(X,Y), each
Moy-Prasad filtration lattice g, 1s identified with its dual g, ,..

For G = SOj, which satisfies the hypothesis of [AR00, Proposition 4.1] when p # 2, we may
take the trace form
R(X,Y) =Tr(XY).
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2.5.3 The Bruhat-Tits building B(G, F)

The Bruhat-Tits building is a geometric structure that glues together all the apartments of
G in a consistent and well-defined manner. That is, when defining an apartment for the
p-adic group G = G(F'), one must choose a maximal F-split torus of G. Since all such tori
are (G-conjugate, there are many possible choices. Each choice produces a corresponding
apartment, together with parahoric subgroups and Moy-Prasad filtration subgroups defined
relative to that torus. To unify these descriptions, Bruhat and Tits introduced the Bruhat—
Tits building. As such, a point from the building automatically belongs to some affine
apartment.

Having fixed a maximal split torus T C G, and writing N¢(7') for the normalizer of T' = T(F)
in G = G(F), we now recall the definition of the Bruhat-Tits building of G.

Definition 2.5.9. [Rab07, Definition 4.2] The Bruhat-Tits building is the set of equiv-
alence classes

B(G) = B(G, F) = (G x o (G,T,F))/ ~

where (g, ) ~ (h,y) if there exist an element n € Ng(T) such that n-y = z and g~*hn € G, .
Then G acts on B(G, F') by the rule : h-(g,z) = (hg, z).

With this identification, for each g € G, the apartment corresponding to 97 is g- <7 (G, T, F')
(see [Rab07, §4]). Moreover, the Moy—Prasad filtration is compatible with the action on the
building, in the sense that for all g € G, r > 0, and = € B(G, F'), one has G, , = G,.,, and
IGyr+ = Gyt (see [Fin25, Definition 2.1.4]).

When G’ is a twisted Levi subgroup of G, such as an elliptic torus, then there is an embedding
of B(G/, F) into B(G, F) and we'll identify B(G', F) with its image (see [KY17, §3]). Let
us determine some properties of the buildings of SO(2H & (1)) and those of its twisted Levi
subgroups.

Lemma 2.5.10. The building B(T, F) of an F-torus T with maximal F-split subtorus S
consists of a single apartment, which is the affine space X.(S)®zR. In particular, if S = {1},
so that T is elliptic, then B(T, F) is a single point.

Proof. A torus contains a unique maximal F-split subtorus, so the building has only one
apartment. The root system is empty. If T is elliptic, then T has no nontrivial F-split
subtorus, hence S = {1}. This gives X,(S) = {0}, yielding X.(S) ®z R = {0}. i

Recall that in Proposition 2.4.21 we have labeled the various isomorphism classes of twisted
Levi subgroups of G = SO5 by the symbols S, ; and “S,, . for those arising from the short
roots and *L, and “L, for those arising from the long roots, with various parameter choices

a, [
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Lemma 2.5.11. The buildings B(*S,.s) and B(“L;) have one-dimensional apartments, while
B(*S,.c) and B(“L.) each consist of a single point.

Proof. The dimension of each apartment of B(G, F') is equal to its F-rank. By the notation
in Proposition 2.4.21, the maximal F-split torus of each of the groups °S, s and “L, has
F-rank 1 (indicated by the subscript s) whereas the twisted Levi subgroups *S,, . and L.
are anisotropic (so in particular contain no F-split subtori), as indicated by the subscript c.
The result follows. |

Let us now consider G = SO(2H @ (1)).

Example 2.5.12. By Example 2.5.3, it follows that each apartment is 2-dimensional. Let
o/ denote the standard apartment. The affine Weyl group acts simply transitively on the
set of alcoves. The elements of G that preserve o/ are exacty Ng(T'). The action of N¢(T)
on & is given as follows. Write n € Ng(T) as a product n = wt where w represents the
action of the Weyl group and preserves the chosen origin, and ¢t = diag(a,b,a',b71,1) € T.
By [Tit79, §1], its action on an element xe; + yes € &7 (for z,y € R) is given by

t-(zey +yes) = (x —v(a))er + (y — v(b))es.

Thus the action of T" on 7 is by the integer lattice, which contains the coroot lattice as a
subgroup of index 2. That is, the fundamental domain for the action of G on B(G, F)
is half the size of the fundamental alcove. We illustrate this in Figure 2.3. The additional
reflections are indicated by dashed lines.

Figure 2.3: A portion of the apartment of SO(2H & (1)) with additional reflection hyperplanes
induced by the action of G on B(G) indicated by dashed lines. The shaded region is a fundamental
domain for the action, defined by 0 < xo < x1 < % Coordinates are relative to the choice of origin
and basis {e1,es} of Xi(T) @z R.

For a point € B(G, F), its stabilizer under this action is denoted G,. If G is semisimple
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and simply connected, then G, coincides with the parahoric subgroup at z, i.e. G, = G,
[Rab07, Lemma 4.5]. For more general reductive groups, G, is a subgroup of finite index
of G,. In the case of G = SO2QH & (1)), G, # G40 when x lies on (some conjugate of) the
dashed lines indicated in Figure 2.3 in which case [G, : G4 0] = 2.

The embeddings of the buildings of the maximal elliptic tori and the intermediate twisted
Levi subgroups of SO(2H & (1)) will be described in Chapter 6.

2.6 Representation theory basics

In this section we recall the minimal notions from representation theory needed for the
construction of tame supercuspidal representations. We begin with basic definitions of rep-
resentations, then introduce smoothness and admissibility, quasi-characters, restriction and
induction of representation and the concept of depth, as well as the definition of supercusp-
idal representations. We conclude with the definition of generic quasi-characters realized by
generic elements.

2.6.1 Basic Definitions

In this section, G’ denotes an arbitrary p-adic group. We omit proofs and refer the reader to
references such as [CN09| and [Cas18|.

Definition 2.6.1. A representation (m, V') of a group G is a group homomorphism
m: G — GL(V),

where V' is a complex vector space and GL(V') is the group of invertible linear operators on
V', which may be infinite dimensional. It is called smooth if for every v € V there exists an
open compact subgroup K C G such that v € VX where

VE={veV:r(k)jv=v forall k € K}.

It is called admissible if it is smooth and dim VX < oo for all open compact subgroups
K CG.

For example, the trivial representation of G is the trivial homomorphism to GL(C). More
generally, the simplest admissible representations are one-dimensional.

Definition 2.6.2. A quasi-character of GG is a smooth one-dimensional representation
¢ G— C*,

that is, a continuous group homomorphism.
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Remark 2.6.3. Since the image of a quasi-character is commutative, every quasi-character
of a group G is trivial on its commutator subgroup [G,G], and hence factors through the
abelianization G/|G, G|. For a perfect group such as G = SO(2H& (1)), we have [G, G| = G,
and therefore GG has no nontrivial quasi-characters. On the other hand, if 7" C G is a torus,
then it is an abelian group and it will have many nontrivial quasi-characters.

Quasi-characters are special examples of irreducible representations.

Definition 2.6.4. Let (7w, V) be a representation of G. A subspace W C V is called G-
invariant if
m(gw e W forallge G, weW,

that is, W is preserved by the action of G. The representation (m, V') is said to be irreducible
if it has no proper closed nontrivial G-invariant subspaces.

A complex representation that is smooth and irreducible is admissible [Blo05, Proposition 2|.

Theorem 2.6.5. (Moy-Prasad, [MP94, Theorem 5.2|) Let (7, V') be an irreducible admissible
representation of G. Then there exists a rational number r > 0 such that

r=inf{s € R| 3z € B(G) with VE+ #£0}.

The number r is called the depth of .

The concept of depth refines the idea of smoothness by quantifying how deep inside these
compact open subgroups G, as x varies over the building, one must go before nonzero
fixed vectors appear.

This notion applies both to irreducible admissible representations and to quasi-characters of
G, dividing them into those of depth zero and those of positive depth.

Lemma 2.6.6. Let ¢ be a quasi-character of G. The depth of ¢, denoted 14, is the smallest
rational number r > 0 for which there exists x € B(G) satisfying ¢|q,,. = 1.

Proof. Let (¢,V) be a quasi-character of depth r. Then there exists © € B(G) such that
VGert £ 0, so this subspace must be all of V since dim(V) = 1. Thus G,,; C ker(¢).
Conversely, if G, 4 C ker(¢) then VE=r+ =£ (). i

Example 2.6.7. The trivial quasi-character of G has depth zero, since it is trivial on all
filtration subgroups G 4+ with r > 0.
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Fix now an additive quasi-character ¥ : ¥ — C*, and assume that G is such that we may
identify g and g* via the trace form, as in Proposition 2.5.8. Let 3 be the F-points of the
Lie algebra of the center of G; that is 3 = 3(F'). and let y € B(G, F'). Via the trace pairing,
any X € 3_, defines an F-linear homomorphism g — F' given by

Y — Tr(XY).
Composing this map with ¥ : F' — C* yields a quasi-character
Y — \II(Tr(X Y))

of the additive group g. Since X € 3_,, one has Tr(XY') € Pp forall Y € g, .+, and therefore
this quasi-character is trivial on g, ,+. Consequently, it factors through the quotient

Gy.r/ Byt
Via the Moy—Prasad isomorphism (2.5.2)

e Gyr/Oyr+ 5 Gyr/Gyr+,

this character descends to a quasicharacter of GG, which has depth r, by Lemma 2.6.6. Since
X € 3, it is trivial on the intersection of G, with |G, G].

Definition 2.6.8. Let ¢ be a quasi-character ¢ : G — C* of depth . If X € 3_, satisfies
¢e(Y)) = ¥(Tr(XY))
for all Y € g,,/8..,+, then we say that ¢ is realized by X.

Every quasi-character of G C G is realized by some element X € 3" /3" ., where 3’ denotes
the Lie algebra of the center of G’ [YuO1, §9].

Remark 2.6.9. In the literature, one uses the condition ¢(e(Y)) = W(X*(Y)) for some
X* €3, but for G =SO2H @ (1)) and p # 2 these are equivalent.

2.6.2 Supercuspidal Representations

Irreducible admissible representations of p-adic groups form a vast and intricate class. Among
these, the supercuspidal representations occupy a distinguished place: they are, in a sense,
the building blocks of all irreducible admissible representations.

To define them, we first need the notion of an induced representation.

Definition 2.6.10 (Induction). Let (71, V) be a smooth representation of a subgroup K C
(. The induced representation Ind?( 7 is defined on the space

Ind% V; = {f : G — V; locally constant ’ flgk) =m (k") f(g) forall g€ G, k € K},
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with G acting by left translation:

(Ind% m)(9)f(x) = flg”'x),  gx€G.

If K is open in G, the compactly induced representation c—Ind%rl is the subrepresen-
tation of Ind%. 7, consisting of functions with compact support modulo K:

c-Ind$ Vi = { f € Ind%. Vi | supp(f) is compact modulo K }.

If G/K is compact, then Ind$ 7 = c-IndGmry.

Now suppose P C G is a parabolic subgroup. It can be written as a semidirect product
P = MN, where M is a Levi subgroup and N its unipotent radical. Given a representation
o of M, we can extend it to a representation p of P by the rule p,(mn) = o(m).

Definition 2.6.11. An irreducible admissible representation (7, V') of G is said to be su-
percuspidal if it does not occur as a subrepresentation of IndIGg (po) for any proper parabolic
subgroup P = M N of G and any representation o of M.

Note that if F'is a p-adic field, one speaks of supercuspidal representations, whereas if F' is
a finite field, the corresponding notion is that of cuspidal representations.

Example 2.6.12. If G = T is a torus, then it has no roots and hence no proper parabolic
subgroups. Therefore, when F' is a p-adic field, every irreducible representation of T is
supercuspidal. Likewise, when F' is a finite field, every irreducible representation of T is
cuspidal.

In general, determining whether a given representation is supercuspidal can be subtle, and
constructing explicit examples is even more challenging. A key tool for such constructions
is Mautner’s Theorem, stated below.

Theorem 2.6.13 (Mautner’s Theorem [Mau64|). Let (w,V) be a smooth representation
of a subgroup K C G, with K open and compact modulo the center of G. If the compactly
induced representation c-IndS.w is irreducible, then it is supercuspidal (and admissible).

All known constructions of supercuspidal representations use this result. They construct
pairs (K, m) of compact-mod-center open subgroups and irreducible representations of such
subgroups K for which the compactly induced representation c—IndIG(ﬂ is irreducible. The
supercuspidal representations of depth zero are constructed from cuspidal representations of
certain finite groups of Lie type following the procedure in [MP96]. Supercuspidal represen-
tations of positive depth r» > 0, which are the focus of this thesis, can be constructed using
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certain data (called Yu data here) following the procedure in [YuOl], as we outline in the
next section.

2.7 Construction of tame supercuspidals

Having established the necessary background on local fields, algebraic groups, and their
filtrations, we conclude this chapter by recalling the framework for the construction of tame
supercuspidal representations.

This construction has a distinguished history, including important work by Howe [How77]
and Adler [Adl96]. We follow the algorithm of Jiu-Kang Yu [YuOl] (with corrections and
modifications by [Fin2la] and [FKS23]). It is based on a Yu datum; from a Yu datum
we can construct a supercuspidal representation. Hakim and Murnaghan determined when
two data give isomorphic supercuspidal representations. Ju-Lee Kim [Kim09] showed that
for p sufficiently large, all irreducible supercuspidal representations would arise from this
construction, and later Fintzen established minimal hypotheses under which this holds (that
G splits over a tamely ramified extension of F', and that p does not divide the order of the
Weyl group) [Fin2l1¢].

In brief, the components of a Yu datum are:

1. A sequence of twisted Levi subgroups of G, denoted G° ¢ G' C --- € G¢ C G such
that Z(G°)/Z(G) is anisotropic;

2. A vertex of B(G°, F) c B(G, F);

3. A sequence of quasicharacters ¢' of G of depth r;, with 0 < ry < 7 < --- < 14 that
are realized by G-generic elements of 5i_7,i, where 3' is the F-points of the Lie algebra
of the center of G;

4. The ingredients for a depth zero supercuspidal representation of G° constructed from
the vertex x, as in [MP96].

In this thesis, we produce the key components of the data for the F-split form of G = SOj
across several chapters.

Since the center of G* is contained in the center of G°, every twisted Levi subgroup occurring
in a valid twisted Levi sequence must have anisotropic center. In Chapter 3 we construct
all of the maximal elliptic (or anisotropic) tori of G up to conjugacy, and in Chapter 4 we
construct all the twisted Levi subgroups of G that have anisotropic center, up to conjugacy.

We define generic elements (or 7-good elements) in Chapter 5. These govern the depth and
compatibility conditions and determine which twisted Levi sequences will arise as part of the
construction; these are the ones we will term valid twisted Levi sequences. Knowing all the
generic elements is the essential ingredient for producing the sequence of quasi-characters.
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In Chapter 6, we develop a method to identify the image of the building of each maximal
elliptic torus 7 inside the building of G = SO(2H @ (1)) by explicitly constructing an
embedding of 7 into SO(2H & (1)), using a Witt basis. Using the embeddings of these tori,
we find the buildings of the twisted Levi subgroups and determine their vertices as points in
the building of G. From this data we can determine the reductive quotients of the twisted
Levi subgroups at these vertices, from which one can generate the 4th part of the datum.

Finally, in Chapter 7, we explain how to assemble all these ingredients and sketch the
construction of all the resulting irreducible (positive-depth) supercuspidal representations

of SO(2H & (1)).
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Chapter 3

Conjugacy classes of elliptic tori of SO,
for n <5, and Uy

The primary objective of this chapter is to determine the conjugacy classes of maximal
elliptic tori in the split group G = SOj5, whose group of F-points is

G = SO(2H & (1)).

The meticulous calculations in this chapter give us the first essential components in the
construction of twisted Levi sequences and, ultimately, in the realization of supercuspidal
representations. For completeness and for readers interested in the non-split case, we also
classify the elliptic tori in

SOH & (g, —w, ew)).

We also classify the elliptic tori in the split and non-split forms of the smaller groups Us,
and SOj3. These groups arise naturally as factors of twisted Levi subgroups of SOs, and in
the final section we provide some independent verification of our detailed calculations by
identifying the images of these tori in SO(2H & (1)) via the embeddings we established in
Sections 2.2.6 and 2.3.3.

In Section 3.1, we outline the general algorithm for classifying elliptic tori in classical groups
via the algebra—torus correspondence described in [Mor91, §1]. In Section 3.2 we classify
the maximal elliptic tori in all forms of SOz, SOy, and SO, and Section 3.3 is devoted to
the case of U;. We conclude in Section 3.4 by identifying how the maximal elliptic tori of
various forms of SOs x SO3 and Us embed into SO(2H & (1)). Section 3.2 extends previous
work by Chinner, who classified the maximal elliptic tori in SO4 [Chi21, Table 4.2]. To our
knowledge, the classification of maximal elliptic tori in SOj is not available in the literature.

Throughout the chapter, we assume F' is a non-archimedean local field of odd residual
characteristic. We write ¢ € O* for a fixed non-square unit and @w € P for a uniformizer.
For any finite extension E/F, we similarly write ep € Of and wg € Pg for corresponding
elements.
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3.1 An algorithm for classifying elliptic tori

In [Mor91, §1], Lawrence Morris presented a general framework for the classification of the
conjugacy classes of maximal elliptic tori in classical groups G via an explicit bijection with
certain equivalence classes of semisimple commutative subalgebras.

To treat the special orthogonal and unitary groups together, let us define some common
notation. When G is a unitary group, we let IC denote the corresponding quadratic extension
F, and we set 0¢ € Gal(KC/F) to be the nontrivial element. When G is a special orthogonal
group, then we instead set K = F and o9 = Id. Thus in both cases, G acts on an n-
dimensional K-vector space V' preserving a ogp-hermitian form (-,-). This data defines an
anti-involution o on GL(V') and End(V') such that G C {z € GL(V)|xo(x) = I}. Explicitly,
fixing a basis and writing J for the Gram matrix of (-,-), the anti-involution is given by

o(z) = J roo(x) " J,

where oy acts entry-wise. In the orthogonal case this specialises to o(x) = J~ 'z "J, with J
as in (2.2.1), recovering the condition z' Jz = J from the definition of SO(V); in the unitary
case it becomes o(x) = Jla*J, with 2* = o(z)", recovering the condition g*Jg = J from
Definition 2.3.4.

3.1.1 The Algebra—Torus Correspondence

Let G be as above and let T' be a maximal elliptic torus in G C GL(V'). Its centralizer in
End(V),
A={yeEnd(V):2y=yx VreT},

is a maximal commutative semisimple F-algebra of dimension dimg(V’). The involution &
on End(V) restricts to an involution ¢* on A, and Morris observed that we recover 7' from
A simply as T'= AN G. Identifying K with scalar matrices in A, we have o*|x = 0.

Since every commutative, semisimple F-algebra is isomorphic to a direct product of separable
field extensions of F' (see [Chi2l, Theorem 3.2.17|, for example), we can write

AgEl@@Em)

where each E;/F is a finite separable field extension. In [Mor91, §1|, Morris proves these
are each nontrivially stable under ¢* (hence of even degree over F'), except that in the odd
orthogonal case exactly one factor is L = F'. Then it follows that the torus 7" decomposes
as a direct product of subgroups

T,={x € E | zo"(x) = 1}.

By [Mor91, §1.5], the og-sesquilinear form (-,-) on V' induces a non-degenerate A-valued
o*-sesquilinear form on V' (viewed as an .4-module)

fAZVXV—>.A
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defined by the relation that

(av,w) = Tra/xc(a fa(v,w))

for all a € A and v,w € V. Conversely, every such form f4 defines a oy-sesquilinear form
on V', as follows.

Lemma 3.1.1. If f4 is a nondegenerate o*-sesquilinear A-valued form on V', then the K-
valued form defined by

(v, w) — Tra/c(falv,w))

1s a nondegenerate og-sesquilinear form on V.

Proof. We need to show that oo(Tr/c(fa(v,w))) = Trac(fa(w,v)). We first claim that
for all x € A, Try/xc(0*(x)) = oo(Tra/x(x)). Indeed:

Try/xc(0*(z)) = Z Ao (z)) (by definition 2.1.2)
ACAut(A/K)

= Z o*(A(z)) (since conjugation by o* preserves Aut(K/F))
AEAut(A/K)

=0" Z A(z) | (by the linearity of ¢*)
AeAut(A/K)

= 0" (Trax(z))
= oo(Try/x(x)) (since 0| = 09).

Now, let v,w € V be arbitrary. By our claim,

oo(Trax(falv,w))) = TrA/IC(U*(fA(U7w)))‘

Since f4 is a o*-sesquilinear form, we have o ( fa(v,w ) fa(w,v), so that we conclude

oo(Trax(fa(v,w))) = Trax(fa(w,v)),

as required. Since there exists a € A such that Tr4/c(a) # 0, it follows that if v € V' and
w € V such that fa(v,w) # 0 then there is some a € A for which (v,aw) # 0, proving
nondegeneracy. |

Morris then defined a triple (A, ®, f4) consisting of a maximal commutative semisimple
F-algebra A of End(V) arising via an embedding ® : A — End(V') and a non-degenerate
o*-sesquilinear A-form f,. He showed that each such triple defines a maximal elliptic torus
in the group G defined by the op-sesquilinear form of Lemma 3.1.1, by sending A to ANG.

Here G is the group of isometries of a fixed og-sesquilinear form (-,-) on V', and the con-
structions above, the algebra A, the involution ¢*, and the triple (A, ®, f4) apply to any
such G C GL(V).
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Two triples (A, ®, f4) and (A, ®', fa4) are said to be equivalent if there is an F-algebra
isomorphism A — A’ compatible with & and @’ (that is, which intertwines the A-module
structure on V' with the A’-module structure on V') and sending f4 to fa.

Letting A denote the set of equivalence classes of triples giving rise to (-, -) via Lemma 3.1.1,
and T the set of conjugacy classes of maximal elliptic tori in G, the main theorem of [Mor91,
§1] is the following.

Theorem 3.1.2 (|[Mor91, Theorem 1.6]). With Ag and T as above, the map © : Ag — Tg
defined by
O(A,®, fa)=ANG

induces a bijection. Each maximal elliptic torus arises from a unique equivalence class of
triples, and every triple determines a unique conjugacy class of mazimal elliptic tori.

A nicely elaborated proof can be found in [Chi21, Theorem 3.4.5]|.

3.1.2 Algorithm for constructing maximal elliptic tori

We now explain how Theorem 3.1.2 provides a concrete method for constructing maximal
elliptic tori in a special orthogonal or unitary group G C GL(V') via equivalence classes of
triples. The procedure, as given in [Mor91, §1.11], is as follows. Recall that n = dim(V).

Proposition 3.1.3 (Construction procedure). A mazimal elliptic torus in G may be con-
structed as follows:

1. Choose an n-dimensional commutative semisimple KC-algebra
AgEl@...@Em,

where each E; D K is a finite separable field extension of F of even degree, except
E,, = F when G s a special orthgonal group and n is odd.

2. Fiz an involution o* € Aut(A/F) that restricts to a nontrivial involution on each
factor E; (except E,,, in the case of SO, with n odd), such that o*|x = oy.

3. Choose p* € (A*)?", modulo the group generated by the norm subgroup Ny-(A*) =
{ac*(a) : a € A*} and the automorphisms of A arising from permuting isomorphic
factors. This determines a non-degenerate o*-sesquilinear form on the A-module V =
A by the rule fa(v,w) = p*vo*(w) for allv,w € V.

4. Define the induced oq-sesquilinear form on V, viewed now as a K-vector space, by
(v,w) = TrA/’C (fA(Uuw))'

Then T = {a € A* : ac*(a) = 1} is a mazimal elliptic torus in the group G that preserves
the form (-,-) and its Lie algebra is t={a € A:a+ o*(a) = 0}.
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We illustrate this proposition by showing how it applies to the simplest case: where G is an
F-form of SO,.

Example 3.1.4. Let us use Proposition 3.1.3 to produce all maximal elliptic tori in the
various forms of SO,. In this case, n = 2 and K = F, so there are only three choices for the
algebra A in (1): A= K = F(y/B) for some 3 € {¢,@,ew}. In each case, the involution o*
of (2) must be the nontrivial element of Gal(K/F'). The parameter u* of (3) is any element of
the quotient (A*)7 /N4 r(A*) = F*/Ng/p(K*). Then the nondegenerate o*-sesquilinear
form on V' = K is defined on v,w € K by f4(v,w) = p*vo*(w). This yields, in part (4), the
quadratic form on K, viewed as an F' vector space, given on v € K by ¢q(v) = Trg/p(p*vo*v).
Choosing coordinates v = vy + v91/8 € K gives the explicit form

q(vi,v2) = Trgeyp(p (v — B3) = 2" v} — 24" Bv;

and thus ¢ = (2u*, —2u*5). Note that one choice of a set of representatives is given in
Lemma 2.1.4(4): {1,e} if K/F is ramified and {1,w} if K/F is unramified. Scaling these
by % gives another set of representatives, potentially permuting the two cosets. With this
scaling, the proposition yields six tori, each one preserving a different anisotropic quadratic
form

12

f=c: F(Ve)' q={(1,—¢) and (w, —cw)
B=w: F(vV@)' q¢=(1,—w) and (¢, —cw)
B=ew: T=2F(Vew)' ¢={(1,—ew) and (¢, —*w).

T
T

1%

However, for any p we have SO((1, —3)) = SO({(u, —p3)). There are only three F-forms of
SO,, up to isomorphism, and each one contains one maximal elliptic torus. Clearly, since
each one is in fact a torus.

The essential point is that (3) gives precisely all the equivalence classes of o*-sesquilinear A-
valued forms on V' (|[Mor91, §1.7]), and that (4) sorts the corresponding triples thus produced
according to the various possible symmetric (if IC = F') or unitary (if [IC : F] = 2) forms that
arise. Where two quadratic forms have isomorphic special orthogonal groups, the algorithm
produces the maximal elliptic tori in each (which must therefore be pairwise isomorphic).

We apply this theorem to the special orthogonal groups with 3 < n < 5 and the unitary
group with n = 2 in the following sections.

3.2 Conjugacy classes of elliptic tori in SO,, for n <5

The groups SO, are themselves tori, as noted in Example 2.4.2. Thus, in this section, we
compute representatives of the conjugacy classes of all maximal elliptic tori of each of the
F-forms of SO,,, with 3 < n < 5. That is, we will apply Proposition 3.1.3 with I = F' and
o9 = Id. We will write ¢ for the quadratic form corresponding to the symmetric bilinear
form output by this algorithm.
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3.2.1 Conjugacy classes of elliptic tori in SOg3

Recall from Table 2.6 that there are exactly eight 3-dimensional non-degenerate quadratic
forms (¢, V') up to isometry. Consequently, Proposition 3.1.3 will generate outputs that
account for all these isometry classes.

The 3-dimensional commutative semisimple algebras A that meet the requirement of Propo-
sition 3.1.3(1) are of the form A = K @ F where K is a quadratic field extension of F’; in this
case, the involution of Proposition 3.1.3(2) must satisfy that o*|x is the nontrivial element
of Gal(K/F). Thus we write ¢* = (o,1d) where o € Gal(K/F') \ {Id}. Thus in Proposition
3.1.3(3) we have A7 = F* x F* and N,«(A*) = Nk p(K*) x F*2, implying p* = (1, \)
with p running over a set of representatives for F'* /Ny, p(K*) and A running over a set of
representatives for F*/F*2.

By Lemma 2.1.4, F* /Ng/p(K*) = {1, 1}, where we may choose y = ¢ if K/F' is ramified
and p = w otherwise. Note that scaling our set of coset representatives by any element of
F* simply permutes the classes.

1L p
202
this will be a convenient normalization. On the other hand, by Proposition 2.1.3, F*/F x?
is represented by {1,¢,w,ew}. Thus in total there are eight choices p* = (‘5‘, )\), where
p € F*[Ngp(K*) and A € F*/F*?, cach giving a inequivalent form f4.

Thus, for example, } is also a set of representatives for the cosets of Ny p(K*) in F;

Lemma 3.2.1. Let A = K @ F, where K = F[\/a] is a quadratic extension of F. Let
p* = (5,X) such that i € F*/Ng/p(K*) and X\ € F*/(F*)?. Then the quadratic form
defined by q(v) = Tra/p(p*vo*(v)) for v € A is isometric to (i, —pa, A).
Proof. For v; = a+by/a € K, v; € F and p* = (§,\), we have
_ K 2
q(v1,v2) = Trg/p (51)10(1)1)) + Avs.
Since vy0(vy) = a® — b*a and a, b, u, a € F, we have
Trrer (2 =l 2 _1a) = pla® — B
K/F 21)10'(’(]1) = B rK/F(a Oé) = /JJ(CL Oé).

Thus, with respect to the basis B = {(1,0), (v/«,0),(0,1)}, we have ¢ = (i, —pcr, \), as
required. |

We summarize our steps in Algorithm 1. Since the resulting tori are parametrized by the
triples (a, p1, A), we denote the corresponding torus 7y, .
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Algorithm 1 Generating a quadratic form ¢ from A = K @ F, where K is a quadratic
extension of F', and its associated elliptic torus in SO(q).

Input: (n=3, K=F)

Choose a quadratic extension of F, K = F(y/a) for o € {e,w,ew}, and set A= KD F.
Set 0* = (0,1d) € Aut(A/F), where the involution ¢ € Gal(K/F') is non-trivial.
Choose an element p* = (4, A) such that u € F*/Ng/p(K*) and A € F*/F**,
Compute the associated quadratic form ¢ = (u, —pa, A).

Then {a € A:ac*(a) = 1} is a maximal elliptic torus of SO(q) denoted by “7p, .
Output: the pairs (¢,* T, x)

There are 3 choices for K, namely F(\/2), F(/w), F(y/ew). For each of them, we have two
distinct choices of 1 € F* /Ny p(K*) and four distinct choices of A € F* /(F*)2. Therefore,
we have 3 x 2 x 4 classes of elliptic tori, contained in the disjoint union of the groups
G =S0(V), as V runs over the isometry classes of 3-dimensional quadratic forms.

We now want to answer the more precise question: What are the tori in a given group SO(q)?
To answer this question, we now need to sort the output of the algorithm by isometry class
of quadratic form. Our first observation uses the notion of ¢-partners, as defined in 2.2.14.

Proposition 3.2.2. Let K = F(y/a), where a € {&,w,ew} and let X\ € F*/F*?. Write
F*/Ngp(K*) = {1, p2}. Then exactly one of “Tp, 5 and “Ti, N preserves an anisotropic
form q, while the other preserves an isotropic one.

Proof. By Lemma 3.2.1, the form associated to the choice (v, 1, ) is ¢ = (g, —prcr, \)
while the form associated to the choice (a, o, A) is ¢ = (u2, —p2cr, A). By Lemma 2.2.13,
since one of {p1, 2} is a norm and the other is not, the forms ¢; = (i1, —p1a) and ¢ =
(u2, —p2ar) have opposite Hasse invariants and hence by Definition 2.2.14 are g-partners.
Thus by Theorem 2.2.15(4),

¢V =(noN))Y =&\ =4

By Theorem 2.2.15(5), exactly one of {q,¢V} is anisotropic. |

We now list the 24 pairs output by Algorithm 1 in Table 3.1, identifying the isometry class
of each of the quadratic forms produced (notation as in Table 2.6). Note that we have
made clever choices for the set of representatives of F'* /N /p(K*) in some cases so that the
resulting list is independent of whether or not —1 is a square.

Finally, recall from Table 2.9 that although there are 8 isometry classes of quadratic forms
of dimension 3, there are only two distinct isomorphism classes of special orthogonal groups,
represented by

SOH & (1)) and  SO((e, —ew, w)).
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A=K®F 0 ! A=1 A=c¢ Class of “7y,
rvmor |GGl RREl | Goedepel |
PR e F | e T e S s e s
P er [ e e R ey e
A—KoF ) A \— o \=cw Class of *Tj,.x
F(Ve) @ F ; = <1€wij>2 Wm& =) | (=, g;i;?:gﬂﬂ%(m 7?;?1
F(ym) & F |— <1<’6_,7_ﬂ;§,>;> IEQEVED 8 gé;i’sﬁmg?@ :7??}
Fiem) o F s, Loem e s Rl |

Table 3.1: The set of outputs of Algorithm 1 with input n =3, KL = F': for each set of parameters
(a, i, \), we list the resulting quadratic form q (and its isometry class) together with the label of the
corresponding conjugacy class of maximal elliptic torus “T}, 5 in SO(q).

| A, Parameters | Class of Torus | | A, Parameters | Class of Torus |
SOH e (1)) SO(W7)

F(Ve)o F, (1,¢) e F(Ve) o F, (w,e) Tw.el
FVwm)&F, (1,@) T, F(Vwm)&F, (¢, @) “Tle.w]
F(Vew) & F, (1, ew) T Tew] F(Vew) @ F, (¢,ew) eew]

SOH & (¢)) SO(W;)

F(ve)e F, (1,1) T F(Ve) EBF (@, 1) IER)
F(V@)& F, (¢,em) e cwl F(Vm) & (1 ew) “T1ew)
F(Vew) & F, (¢, @) e F(Vew) & F, (1,m) =)

SOH & (w)) SO(Wy)
F(\/E) ©® Fv (w,ew) Elﬁwviw] F(\/E) @ F? (1,8@) EIELEW]
FWE) Sk (LD [ T FWE) 6 F, (—e1) | T
F(\/_> ( o 8) Ewﬁ—a,a] F(\/ﬁ_W) S¥) F, (—17€> Ewﬁ_ljg]
SO(H @ (ew)) SO(Wew)

F(Ve)o F, (w,@) Tiw F(Ve)o F, (1,m) “Ti,]
F(\/_) ( 575) “ [—e,] F(\/E) @F7 (_175) w,ﬁ—l,a}
F<\/_) D F ( 17 1) 6w’ﬁfl,l] F(ﬁ) D F7 (_57 1) Ewﬁfe,l]

Table 3.2: Mazimal elliptic tori in the groups SO(H & (a)) and SO(W,), for a € F*JF**

Theorem 3.2.3. Fach isomorphism class of F'-forms of SO3 contains exactly three conjugacy
classes of maximal elliptic tori.

60



Proof. By Proposition 3.1.3 it suffices to count the number of tori in Table 3.1 that corre-
spond to each of these quadratic forms. |

The groups SO(q), with ¢ a 3-dimensional quadratic form, will arise as factors of twisted
Levi subgroups of SO(2H & (1)). For ease of reference later on, we now sort the maximal
elliptic tori listed in Table 3.1 according to the quadratic forms they preserve, in Table 3.2.

Note that the isomorphism class of a torus labeled “7}, y is determined by « alone and
we will denote it by *7. In this case, “T is the group of norm one elements of F'(y/a).
Observe that, as expected, when SO(q) = SO(q'), the corresponding maximal elliptic tori
are isomorphic.

3.2.2 Conjugacy classes of elliptic tori in SOy

By Proposition 3.1.3, the commutative semisimple algebras A needed for the construction
of maximal elliptic tori of SO, are 4-dimensional, with each field summand of even degree.
Moreover, the algebras A® F' are then precisely the commutative semisimple algebras needed
to construct the maximal elliptic tori of SO5. Thus the work in this section will simplify our
exposition in Section 3.2.3, which is our primary case of interest.

The classification of four-dimensional quadratic forms and their associated elliptic tori in
SO, has been thoroughly established by Trinity Chinner in [Chi21|. Her work provides a
complete description using Morris’ bijection, forming the basis for further analysis in higher-
dimensional cases. Given this detailed account, we summarize her main results here without
reproducing the full details.

The 4-dimensional commutative semisimple algebras A that meet the requirement of Propo-
sition 3.1.3(1) are either of the form A = K; @ K, where K is a quadratic field extension of
F' (Section 3.2.2.1), or A = E, where F is a degree 4 field extension of F' (Section 3.2.2.2).

3.2.2.1 When A is a sum of two quadratic extensions

We begin with the first case, where A = K; @ Ky. Let 0; € Gal(K;/F) \ {Id} for each
i € {1,2}. The involution ¢* of Proposition 3.1.3(2) must satisfy that its restriction to
K; is 0;, so we write 0* = (01,02). Thus in the setting of Proposition 3.1.3(3) we have
A7 = F* x F* and N,«(A*) = Ng, r(K{) X Ng,r(K5). We must choose p* = (41, pa)
with j; running over a set of representatives for F'* /N, ,p(K*). However, when the factors
are equal, the pairs (u1, u2) and (u9, 1) are equivalent, via the permutation of these two
factors.

In total, up to equivalence, there are three choices for each K;, hence six choices for K; @ K.
For three of these choices, namely when K; = K5, there are three distinct choices of p*, while
for the remaining three choices of K;@® K, there are four distinct choices of p*. Therefore, we
obtain 21 classes of elliptic tori from this class of algebras (contained in the disjoint union of
the groups G = SO(V'), where V' ranges over the isometry classes of 4-dimensional quadratic
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forms).

As in Lemma 3.2.1, we may normalize our representatives by % for convenience, and an
identical calculation yields the following lemma.

Lemma 3.2.4. Let A = K| ® K,, where K| = F[\/a] and K, = F[\/B] are quadratic
extensions of F'. Let p* = (5, %) such that p; € F* [Nk, p(K;°). Then the quadratic form
defined by q(v) = Tra/p(p*vo*(v)) for v € A is isometric to (j1, —pic, fa, —fi2f3).

We summarize these steps in Algorithm 2. Since the tori are parametrized by the quadruple
(o, B, p1, j12), with fewer choices for the parameters when o = 3, we denote the torus thus
produced by © if a # 3 and by aml,m] if 3= a.

[Hl:ﬂ?]

Algorithm 2 Generating a quadratic form ¢ from A = K; @ K, where K; is a quadratic
extension of F for ¢ € {1,2}, and the associated maximal elliptic torus in SO(q).

1: Input:(n =4, L =F)

2: Choose two quadratic extensions of F: K; = F(y/a) and Ky = F(y/B) for a, €
{e,w,ew}, and set A = K; @ Ks.

3: Set 0* = (01,02) € Aut(A/F) where each o; € Gal(K;/F) is non-trivial.

4: Choose ji; € F* /Ny, p(K;*) for i € {1,2} and set p* = (&, £2), with the condition that

27 2
if K1 = Kj then we retain only one element of any pair (&, %) ~ (52, &).

5: Compute the associated quadratic form ¢ = (u1, —pia, o, —pef3).
6: Then {a € A: ac(a) = 1} is a maximal elliptic torus of SO(gq), denoted by ®

a = [ and by a’ﬁf o] otherwise.

7: Output: the pairs (g, amwa]) or (q,“ﬁﬁlm])

[#1#2] When

As before, a careful selection of representatives for the various norm class groups allows us
to readily identify the isometry class of the quadratic form ¢, regardless of whether —1 is a
square or not. Nevertheless, one must take the square class of —1 into account when removing
the duplicate (that is, conjugate) tori that result from permuting the two parameters when
the two quadratic extensions are equal. We enumerate the 21 pairs of quadratic forms and
tori produced by Algorithm 2 in Table 3.3. To strealine the notation, we use the symbols
—1" to indicate —1 is a square in F, and —1% to indicate that —1 is not a square in F'.

We next sort the tori into the corresponding special orthogonal groups. As in Section 3.2.1
we make a useful observation.

Proposition 3.2.5. Let K| = F(y/a) and Ky = F(\/B), where o, 3 € {e,w,ew}. Write
F* /N, p(K[) = {1, :}. For each i € {1, 2}, if q is the quadratic form produced by Algo-
rithm 2 for the quadruple (o, 5,1, 1) and ¢’ is the one produced for the quadruple (o, B, p1, ),
then ¢V ~ ¢'.
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vl e Flvasl | e e e e e
rvale rlve [ e e =7

Table 3.3: The set of outputs of Algorithm 2 with input n = 4, K = F: for each set of pa-
rameters (a, 3, p1, p2), we list the resulting quadratic form q (and its isometry class) together
with the label of the corresponding conjugacy class of maximal elliptic torus in SO(q). When
m & p2Np/a)r(F(a)*), the quadruples (o, o, pa, p2) and (o, o, p2, pn) are equivalent and give
rise to the same class of torus. We therefore remove one, as indicated variously by the symbol \ and
the notes “omit if —197” and “omit if —1%7

Proof. By Lemma 3.2.4, the quadratic form produced from the choice («, 5,1, ) is ¢ =
(1, —a, i, —pf), while the one produced from (a, B, p1, 1) is ¢ = (1, —prc, i, —pf). By
Lemma 2.2.13, the forms ¢; = (1, —«) and ¢2 = (1, —p10) have opposite Hasse invariants
and hence q ~ ¢o. Thus, by Theorem 2.2.15(4),

¢V = (@ ® (,—pub)V =q ®(u—pup) =4q.

In particular, the effect of varying the parameters p; and us is to toggle between two
quadratic forms, g and ¢V. In particular, suppose A = K@K and let F'* /Ny, p(K*) = {1, u}
and suppose (1, ) gives the quadratic form ¢. Then (1, ) and (u, 1) give rise to a single
conjugacy class of maximal elliptic torus in SO(q), whereas it follows from the proposition
that (1,1) and (i, p) give rise to two distinct conjugacy classes of maximal elliptic tori in

SO(qV).

We collect the results in Table 3.4. The groups SO(q) are presented so that g-partners are
next to each other. Note that there are five F-isomorphism classes of 4-dimensional special
orthogonal groups (as in Table 2.9): the split form, the compact form, and the three forms
which in this case may be written SO(H @ ¢) = SO(H @ ¢V) for various 2-dimensional
anistropic forms g. We observe from the table that, as expected, isomorphic groups contain
isomorphic tori.
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Table 3.4: The conjugacy classes of mazimal elliptic tori in SO(q) arising from algebras of the
form A = K1 ® Ko, as q varies over all 4-dimensional isometry classes of quadratic forms, from
Table 3.3. In some cases, one representative of a pair of conjugate tori must be omitted, depending
on whether —1 € F*2: we write —1% when —1 is not a square in F, and —19 when it is.

3.2.2.2 When A is a quartic extension

It only remains to consider the case that A is a quartic extension E of F. Denote by
E, = E° the fixed field of the involution ¢* of Proposition 3.1.3(2), which is a quadratic
extension field of F'. Thus o* € Gal(E/E}) \ {Id} and it follows that in Proposition 3.1.3(3)
we have 47" = B and N,-(A*) = Ng/p, (E*). Therefore 1* runs over a set of representa-
tives for EY/Ng/p, (E*), which has order two. Given yu € E/Ng g, (E*), we generate the
corresponding form f4 with p* = /4, for convenience.

As summarized in Tables 2.1 and 2.2, there are 9 such algebras A when —1 is a square in F":
three are biquadratic extensions and six admit a unique quadratic subfield. When —1 is not
a square there are only 7: three are biquadratic and four admit a unique quadratic subfield.

We write F; = F[y/a] throughout, with o € {e,w,ew}. The tori are parameterized by the
triple (E, F[y/a],u). To easily distinguish the cases and for ease of reference, when F is
the biquadratic extension of F' we denote the associated torus by ¢ 4[;]”; but when E has a
unique quadratic subfield we write instead O‘Tf[u]. We summarize the preceding discussion

in Algorithm 3.
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Algorithm 3 Generating a quadratic form ¢ and the associated maximal elliptic torus in
SO(q) from a quartic extension 4 of F.

1: Input: (n=4, K=F)

Choose a quartic extension field E/F and set A = E.

Choose a quadratic subextension E; = F[y/a] with a € {¢,w,ew}.
Let o € Gal(E/F) be the nontrivial involution such that £7 = E}.
Choose 1 € EY/Ng/p, (£*), and set p* = £.
Compute the associated quadratic form ¢(v) = Trg/pp*vo(v) for v € E.

Then 7" = {a € E* : ac(a) = 1} is a maximal elliptic torus of SO(gq), denoted by
T="° 45[5 if E/F is biquadratic and T" = O‘wa when F/F has a unique quadratic

subfield.
8: Output: the pair (¢, T)

This algorithm was executed in [Chi21, §4.4,§4.5|, where Chinner computed the quadratic
forms and determined their isometry classes. Her results are presented in two comprehensive
tables: one corresponding to the case where —1 is a square (|Chi21, Table 4.2]) and another
for the case where —1 is not a square (|Chi21, Table 4.3]). As we prove in the following two
lemmas, it is possible to make careful parameter choices to unify them.

Lemma 3.2.6. Suppose E = F(\/e,v/w) and E; = F(\/e). Then the quadratic form
associated to the choice p = \/—e € E{'/Ng/g, (E*) is the split form 2H while the one
associated to the other coset yields Quan.

Proof. Write an arbitrary element v € E as v = (v; + v2/€) + (v3 + v44/2)/@; then with
o € Gal(E/E;) ~\ {1}, we compute

vo(v) = (v1 + vav/e)? — ((vs + vav/2)*w

= (v} + ev3 — viw — view) + VE(2010y — 2uzv,@).

Since E'/ E; is ramified, by Lemma 2.1.4, a set of representatives for £ /Ng/p, (E*) is {1,eg, }
where €, is a nonsquare chosen as in Lemma 2.1.5. For each u € E /Ng g, (E*) we must
evaluate the form ¢(v) = Trg/r((1/4)vo(v)); we use our classification in Section 2.2.3.

First let u = /—s. When —1 € F*? we have y/—¢ = /¢, and then q(v) = &(2v,vy —
2u3v4w) ~ 2H. When —1 ¢ F*? we have ¢ = —1 so /—¢ = 1, giving q(v) = v? + evi —

viww — view. Since € = —1 this is isometric with (1, —1, —w@, w) ~ 2H.

Now consider the other coset. When —1 € F'*? it is represented by pu = 1, yielding as above
q~ (l,6,~w@,—€W) ~ Quan. When —1 ¢ F*2 we have \/¢ = 7 and it is represented by
p=ep, =s*+it? as in Lemma 2.1.5. Evaluating Trg/r((p/4)vo(v)) carefully, we obtain

q(v) = s*(v2 — v3 — viw + viw) — (20105 — 20304w) = P5(—v2, V1) B wps(v3, vy)
where ps is the form defined in Table 2.3, which is isometric to (1,1). Therefore we have

g~ (1,1, ™, ™) >~ quu, in this case as well. |
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Given the lemma, it will be convenient in this case to write E/Ng, g, (E*) = {/—¢, 18}

where
1 if —1e Fx2
— ’ 3.2.1
e {&?El =s24it? if —1¢ F*2 ( )

This is the notation used in Table 3.6.

Lemma 3.2.7. Suppose E; = F(\/€) and E = F(\/gg, @). Then the quadratic form
associated to the choice j = \/—¢ € E{' [Ng/p, (E*) is isometric to H® (w, —ew) while the
one associated to the other coset = ng yields H® (1, —¢).

Proof. We follow the same computation as in the proof of Lemma 3.2.6. Write an arbitrary
element v € E as v = (v1 + v2y/€) + (v3 + v41/€)\/EE, @; then with o € Gal(E/E;) \ {1}, we
have

’UO’(U) = (Ul + ’U2\/E)2 — (Ug + 1)4\/5)26];1@.

We must evaluate the form ¢(v) = Trg/r((1/4)vo(v)), which is more involved in this case
since /€ and e, are related.

First suppose —1 € F'*2. Then ep, = /€ so0
vo(v) = (V3 + vie — 2u3v3ew@) + V(20102 — w3 — ewvd).

If =/ then q(v) = £(2v1vy — w2 — ewwv}), which is isometric to H & (w, —ew) whereas
if 1 =1 then g(v) = v} + vie — 2v3v3eww, which yields ¢ ~ H® (1, —¢).

Now suppose —1 ¢ F*?, so that we have e = —1, \/e =i and ep, = s* + it?. This gives

vo(v) = (V2 — v3 — swv; + sPwus + 28 wusvy) + (2010 — trwvs + o] — 257 wusny).
Taking p = /—¢ = 1 yields q(v) = v? — v3 + wps(v3,vs), as in Table 2.3, so q =~
(1,—1) ® (w, w). Since € = —1 this is isometric to H & (w, —ew). Taking instead p = ep,
and evaluating Trg/p((p/4)vo(v)) carefully, we obtain ¢(v) = ps(—va,v1) ® wps(vs, v4) and
Table 2.3 yields ¢ ~ (1, 1) @ H which is isometric with H & (1, —¢), as desired. |

We now reproduce what we will need, for both the next section and for further work in
Chapter 6, from the tables of [Chi21, §4| as Table 3.5, with the modifications defined by the
two lemmas. We record the explicit quadratic form relative to our standard basis because
it will be necessary for constructing the appropriate Witt basis in Section 6.2, and this
information is also key to the different valuation relations in Section 6.3.3.

We now sort these elliptic tori corresponding to quartic extensions of F' according to the
group into which they embed in Table 3.6.

Theorem 3.2.8. There are 6 conjugacy classes of maximal elliptic tori in SO(quan) if —1 €
F** and 8 otherwise. There are 9 conjugacy classes of mazimal elliptic tori in SO(2H)
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’ E,CE ‘ First choice of Second choice of p T
| F(\a) c F(v& V@) | T
= £ = 1> = 1
() - S e T
e(2v1v9 — 2wu3zvy) ~ 2H vy + €V — WUz — €WVL X~ Qaan
C F(Ve,Vm) (2v1vz 3va) 1 2 3 - .42 4
L p=1 w=¢ep, =8 +it 8718@
vi — 03 — wvi + wof ~ 2H p5(—v2,v1) ® wps5(v3, v4) 2 aan w
F(y@) p=w p=1 e,
any 7:&[#
C F(\/e,v/m) w(2v1vg — 2ev3vy4) ~ 2H V3 + wWU3 — EV3 — EWVI ~ Quan
F(y/ew) W= ew p=1 >
any g
C F(\e,Vm) ew(2v1vy — 2ev3vy) ~ 2H v3 + ewvi — ev? — 2wu? ~ quan
p=1 p=w
F[\/e] 1= q1(v) = v} + evd — 2ev3v4 q2(v) = wqy (v) ETZE;]
C F|\/er,) ~H® (1, —¢) ~H (w,—cw)
—1% q1(v) = vi — v3 + ps(v3,v4) 22(v) = wq(v) i
~Ho(1,—¢) ~H (w,—cw)
M = 1 ,U/ = EEl = \/E
*F[\/€] —15 q1(v) = v} + ev3 — 2ewv3Vy q2(v) = e(2v1v — W3 — ewvF) ETZE]W
C F[\/€E1W] 2IHI€B<177€> 2H@<w7 7€w>
pw=cp, = s> +it? w=1
1% 1 q1(v) = ph(—v2,v1) + PF (vs, 04) @2(v) = v — v3 + pF (vs, va) T
~Ho (1, —¢) ~H® (w, —cw)
F(y@) C F(Vekw) pw=1 p=c
k=0,2 when —17, @1 (v) = v} + w3 — 2wwzvy q2(v) = ev? + ewvd — 2ewuzvy WTZEET
k =0 when —1% ~He (1, w) ~H (¢, ew)
F(Jzw) C F(Vekbw) pu=1 p=ce
k =1,3 when —15 q1(v) = v} + ewvd — 2ewv3vy q2(v) = ev? + w3 — 2wz, EWTZ][Z]”
k=1 when —1% ~H& (1,ew) ~H@ (e,w)

Table 3.5:

Tables 4.2,4.3].
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The set of outputs of Algorithm 3: for each triple (E,E1,pn), we give the explicit
resulting quadratic form q (where the forms ps,pg are defined in Table 2.3) and its isometry class
together with the label of the corresponding conjugacy class of mazimal elliptic torus in SO(q). Here,
v = v + vay/a + (v3 + va/a)VO € E where: if E is biquadratic then § = w if a = ¢, and § = &
if « € {w,ew}; and otherwise 6 is the given generator of E = F(0).
whether —1 is a square in F (denoted —1%) or not (denoted —1%). When —1%, we set ¢ = —1 and
ep, = s2+it%. Rows marked with * correspond to Lemmas 5.2.6 and 3.2.7; the rest are from [Chi21,

The second column indicates




| A

\ Class of Torus ‘

A, Parameters \ Class of Torus

F(Ve) C F(Ve, vm) = F(JZ) C F(\e, V@) T
F(V@) C F(\/z, V@) T F(yw) C F(Ve, Vo) Tl
F(yVew) C F(Ve, V) T = F(Vew) C F(Ve,Vw) T

SOH & (1, —¢)) SOH & (w, —ew))
F[\/e] C F[\/zE,] ET@Z F[\e] C F|/ZE,] T@
SO(H & (1, w)) SO(H @ (g, ew))
+F(y@) C F(Vebw) | =Y +F(V@) C F(Vebm) | YL
SOMH® (1,ew)) SOH & (¢, w))
sP(Vem) C F(Vebm) | =157 sP(Vem) C F(Vebm) | =157

Table 3.6: Maximal elliptic tori in SO(q) for all isometry classes of 4-dimensional quadratic forms
arising from quartic field extensions, grouped by the isometry class of the preserved form q. The
entries are extracted from Table 3.5. The starred rows represent two conjugacy classes of elliptic tori
when —1 € FX2, and one otherwise, with the parameter k defined as in Table 3.5 and ng defined as
in (3.2.1).

if =1 € F*% and 7 otherwise. When q is 4-dimensional with a 2-dimensional anisotropic
kernel, then SO(q) has 24 conjugacy classes of maximal elliptic tori if —1 € F** and 20
otherwise. Moreover, the biquadratic extension gives rise to tori in SO(quen) and SO(2H),
whereas the quartic extensions with a unique subfield do not.

Proof. We count these tori from Table 3.4 (when A is the sum of two quadratic field
extensions of F') and Table 3.6 (when A is a quartic extension of F'). The final remark is an
observation from the latter table. |
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3.2.3 Conjugacy classes of elliptic tori in SO(2H @ (1)) and SO(H &
(e, —w,ew))

In this section, we finally determine the conjugacy classes of maximal elliptic tori in the two
F-forms of SO5. We do so by leveraging the results of the preceding section.

Namely, suppose we have run either Algorithm 2 or Algorithm 3, with a four-dimensional al-
gebra Ay, equipped with an involution o}, and a coset representative i € (Af)7 /Noy: (AF).

Set A = A, @ F'; this is a 5-dimensional commutative semisimple algebra, equipped with an
involution o* = (o}, Idr) satisfying the conditions of Proposition 3.1.3(1) and (2). Choose
\ € F¥/F*?; then

p= (i A) € (AF)7H/Noy (AF) x F* X2 = (A*)7 [Ny (A).

Moreover, every valid set of choices for the construction procedure of Proposition 3.1.3 for
n = 5 arises in this way.

Note that if v = (v4,w) € A= Ay @ F, then
Tra/r(pvo*(v)) = Tra, r(pivioy(ve)) + Aw?.

Therefore if the quadratic form associated with (n = 4, .44, u}) is ¢, then the quadratic form
associated to (n =5, A= A4 & F, u* = (u;, \) by Proposition 3.1.3 is ¢ & ().

If the torus of SO4 produced by this input was labeled 7,1}, then we label the corresponding
tori of SO5 by adding A as an additional subscript, as in 7, z).

We now turn to Table 2.7, which identifies the pairs (g4, A) such that g4 @ (\) is isometric
to 2H & (1) or to H & W;. Note that the forms ¢4 that yield 2H & (1) are precisely those
appearing in the leftmost tables of Tables 3.4 and 3.6. Thus the list of all the conjugacy
classes of maximal elliptic tori in the two groups SO(2H & (1) and SO(H & (e, —w, ew))
is obtained by adding the appropriate parameter to each of the tori in the corresponding
tables. Table 3.7 summarizes the results.

Proposition 3.2.9. Let F' be a non-archimedean local field of odd residual characteristic,
and let G be either SO(2H @ (1)) or SO(H® (g, —w, ew)).

Let N&' be the total number of G-conjugacy classes of elliptic mazximal tori of G. Then

Neu B 21 Zf . 1 c _F1><27 Nell - 18 ’Lf — ]. - F><2,
SO(2H®(1)) — 17 if —1 §Z X2 SO(H® (e,—w,ew)) 18 if —1 ¢ X2

Proof. These results follow from Table 3.7. [ |
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| A | soeHe(y) | soEew,) |

) 1,1,1
ANGEFINGEY] o " 1 Th o
w,w,l
FT2 1 y(omit if —1%) [ 72, - (omit if —17)
FvaleFlvaler | L o
[—e,e,1] - " [—e,1,1] -
w72, plomit if —1%) [#F72, 1 (omit if —17)
FiveRle Flveslor | LY .
[—e,e,1] [—e,1,1]
=] T el T 1
F[\//{;J @ F[ 5@ @ F WTEW7 ’ WTEW7 ’
ETW [766’1’6] ETW [766’6’6}
1,0, 1,1,
Flyew] @ Fly/& & F I B
- I
Flym|l o Flye| @ F w[;l’ ] w[e” ]
F(Ve)o F C F(Ve,ym) @ F 87;8[’7_—5,1] “Tatn]
F(Vm) @ F CF(Je,Vw) @ F R ZTai]
F(Vew)® F C F(\e,Vw) @ F P Tl " Ta]
F(Je)®F C F(\F;) & F Yo RO
IS w € w
F(Je)®F C F(\ep,®) & F T Y=
4 w ko w ko
«F(y@w)®F C F(Vebw) @ F Tig,_w] TZQE,_W]
4 w w w S
*F( V EZU) ®FC F(\/EkW) © F : Ti[l,fsw] i Ti[e,fsw]

Table 3.7: Maximal elliptic tori in SO(q) for all isometry classes of 5-dimensional quadratic forms
isometric to 2H @ (1) and H & (e, —w,ew), arising from quadratic and quartic algebras, grouped
by the isometry class of the preserved form q. The starred rows represent two conjugacy classes of
elliptic tori when —1 € F*? and one otherwise, with the parameter k defined as in Table 3.5 and
ne defined as in (3.2.1).

3.3 Conjugacy classes of elliptic tori in U,

Let f € {e,w,ew} and consider the unitary groups in two variables, Uz(H) and Uz(C),
defined with respect to the quadratic extension K = F(y/3) (with notation as in Section
2.3.2). To classify their conjugacy classes of maximal elliptic tori, we apply Proposition 3.1.3
with n = 2, K = K and 0y € Gal(K/F) the non-trivial element. The resulting Hermitian
form will be denoted J.

A commutative semisimple algebra A meeting the conditions of Proposition 3.1.3(1),(2) can
take only one of two forms: A ~ E, where E is a quadratic extension of K equipped with
an involution o* € Gal(E/F) with fixed field E; = F(y/a) such that o*|x = oo (which we
treat in Section 3.3.1), or A ~ K?, equipped ¢* = 0y X 0y (which we treat in Section 3.3.2).
We conclude the chapter in Section 3.4.2 by showing that the embeddings of these unitary
groups preserve conjugacy classes of maximal elliptic tori.

70



3.3.1 Generating a op-Hermitian form J for U; when A is a quartic
extension of [

We begin by classifying the relevant quartic extensions.

Lemma 3.3.1. If E/F is a quartic extension equipped with an involution o* extending oy,
then E 1s biquadratic over F. In this case there are two choices for o*.

Proof. The fixed field of ¢* must be a quadratic subfield different from K. By our clas-
sification of quartic extensions in Tables 2.1 and 2.2, we must have E = F(y/¢,y/w), the
(unique) biquadratic extension, and this yields two options for the fixed field £ and thus
for o*. In particular, since o*|x is nontrivial, it agrees with oy, as required. |

We illustrate the situation as follows, writing £y = F(y/a) with « € {e,w,ew} \ {5} for
the fixed field of o*.

We next identify the parameter choices in Proposition 3.1.3(3), noting that A% /N« (A*) =
E{/Ng/e, (E).

Lemma 3.3.2. If F; = F(y/a) C E = F(\/e,/w) then a set of coset representatives for
E{/Ng/p, (E*) is {1,\/a} unless —1 ¢ F** and E/F is unramified, in which case we take
{17€E1}-

Proof. Suppose first that F;/F is unramified. Then E/FE; is ramified, so by Lemma 2.1.4,
a set of representatives is {1,ep, }, where eg, = s* + it* as in Lemma 2.1.5 if —1 ¢ F*? and
ep, = V€ = y/a otherwise. When E}/F is ramified, £/FE; is unramified and since /a is a
uniformizer of Ey, we may take E/Ng/p, (E*) = {1,/a} by Lemma 2.1.4. i

As before, we scale these coset representatives by % for convenience (at the expense of
potentially permuting the two cases).
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We set out the steps of Proposition 3.1.3 as Algorithm 4. We write J for the resulting
Hermitian form. Since the tori in these unitary groups are parametrized by the triples
(K = F(VB), E1 = F(y/a),u), we denote the torus produced by “Ug7". The superscript
(e,w) records that the associated algebra A = F(y/e,/w) is a biquadratic field extension;
this distinguishes these tori from those arising in Algorithm 5 below, where A = K & K with
K a quadratic extension of F'.

Algorithm 4 Generating op— Hermitian Form J corresponding to the associated class of
torus embedded in Us(J) from A = E = F(\/e,\/w) , where K = F(y/0) is a quadratic
extension of F, and producing the associated class of elliptic torus up to conjugacy

Input : (n =4,K = K = F[/f] equipped with o4 € Gal(K/F) non-trivial),

Choose a € {e,w,ew} \ {f} and set A = E = K(y/a).

Let o* € Gal(E/F) be the involution with fixed field £y = F(y/«). Then o*|x = oy.
Choose ;1 € EY/Ng/p, (E*), and set u* = &.

Compute the op-Hermitian form J that sends a € A to Trg, xp*ac*(a).

Then {a € A: ac*(a) = 1} is a maximal elliptic torus of Us(J), denoted “Uy7
Output: the pair (J, “U57).

This algorithm yields four outputs for each set of inputs. We classify them as follows.

Lemma 3.3.3. In the setting of Algorithm 4, let EY'/Ng/g, (E*) = {1,7}. Recall that C
denotes the anisotropic Hermitian form in dimension 2 over the relevant quadratic extension
(Section 2.3.1). Then

ap e Us(H) if =1 ¢ F** and Fy/F is unramified
Pt Us(C)  otherwise,

while abl;:f embeds in the opposite group.

Proof. Recall from Lemma 2.3.1 that a Hermitian form J for K/F is split when its dis-
criminant §(.J) is equivalent to —1 € F*/Ng/p(K*) and otherwise it is compact. Let
E° = E, = F(y/a) and 0*|x = 0g. Write op(x) = T to simplify the notation. We may write
an arbitrary a € E as a = x + yy/«, with z,y € K, and then o*(a) = T 4+ y\/a. Therefore,
ac*(a) = 2T + 2P/« + yya + yT/a and we compute

TT + yyo if u=1;
Tre/x (g(aa*(a))> =< 22T —yy) — 22y +Ty) if —1¢ F*? a=—1and p = s+ it
Yo + yTa with u = /«, otherwise,

where we have used Lemma 3.3.2 to determine the values of p. We can read the discriminant
of the resulting Hermitian form J from these expressions. For example, 6(J) = —1 when
either = 1 and —1 ¢ F*? and o = —1, or when = y/a and —1 € F*? or E,/F is
ramified; thus in these cases the resulting torus embeds into Ug(H).
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Now suppose —1 ¢ F*? o = —1 and p = s> +it>. Then §(J) = —s* —t* =1 € N p(K*).
But note that since a # 3, the extension K/F is ramified and o = —1 ¢ Ng,/p(K*). Thus
p = €p, yields a torus embedded in the compact form Ug(C).

Finally, suppose that either —1 € F*? or E;/F is ramified, and x4 = 1, so that §(J) = a.
These conditions imply that —a ¢ F*2. Note that —a € Ng,,p(E}) and since the quadratic
extensions K/F and F;/F are distinct, —« cannot also be a norm of K/F. Therefore

a ¢ —1- Ngp(K*) and the corresponding torus again embeds into the compact form
Us(C). |

Note that the exceptional case in Lemma 3.3.3 occurs only when a = ¢, and in this case,
replace the set of representatives {1,7} of E)/Ng/g, (E*) with {\/—¢,n} where 7 is as in
(3.2.1) yi(?lds the :?*implfer statement that au;fj; C Us(H) and Uy C Us(C). We record
the resulting classification in Table 3.8.

(VB) o
K=F 6 £,
a=z+yJ/a€E K Us(J) Us.
E, = F(Va)
r,y € K
F(J) T ++yyw 1 U-(C) U
F(y/@) TG + yEE Ve | U@ | Ut
F(JR) TT + +yysw 1 U.(C) U
F(yem) TYET + YT /ET vew | U(H) | TUT
F(y=) e e | Us(O) | U
F(E) NGRS NG V= | Us) | Ut
(/o) 2T + i/?fw 1 Us(C) FUZT
F(yzm) TYET + YT e NG Us(H) | U7 —
F(JZ®) e | Uw(C) | U,
F(VE) 1VE + YTy E Voo | Uo(M) | UZ
F(\/gT,Tj) xTT ++y?w 1 er (C) nggl
F(y®) PN + YT Vo | Uxl) | U

Table 3.8: Outputs of Algorithm 4. We identify the fields K = F(y/B) and E1 = F(y/a) in the
first column and the choice of parameter i € By /Ng g, (E*) in the third. Note that when a = € we
use the unified parameters {/—e,np} = Ey/Ng g, (E*). The fourth column identifies the unitary
group into which the resulting torus, whose label is in the last column, embeds, by Lemma 3.3.3 and
the comments thereafter. The second column simply recaps a step of the proof of the lemma.
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3.3.2 Constructing a cy-Hermitian Form J for U; when A = K ¢ K,
where K is a Quadratic Extension of F

Finally, we consider the tori in groups Us produced from A = K @ K, where K = F(y/f),
with involution o* = (09, 0¢) € Aut(A/F). The parameter p* of Proposition 3.1.3(3) is an
element of A*” /N,.(A*) = F*/Ng/p(K*) x F* [Ng,p(K*) modulo permutation of the
components, which yields three choices for u* in total (as seen in Section 3.2.2.1). Writing
p* = (3p1, 3p0) and og(z) =7 for € K, we have for a = (z,y) € K ® K that

Tru/r(p*ac™(a)) = maT + pyy. (3.3.1)

Let J be the corresponding Hermitian form and denote the resulting torus in Ug(.J) by
uﬂ%uwz‘ This is summarized in Algorithm 5.

Algorithm 5 Generating tori in Uy from A = K & K , where K = F(y/B) is a quadratic
extension of F'.

1: Input: (n=2,K = F(v/B))

2: Set A=K @ K and o* = (09,00) € Aut(A/F).

3: Choose a representative p* = (i1, p12) € F*/Ng/p(K*) x F*/Ng;p(K*) modulo the

equivalence (g1, p2) ~ (pa, f1)-

4: Compute the associated Hermitian form J that sends a = (z,y) € K2 to p 2T + payy.

5: Then {a € A:ao*(a) = 1} is a maximal elliptic torus of Us(J), denoted by U3, .,

6: Output: the pair (J, L{EMM).

For each of the three quadratic extension fields K there are three choices of parameters in
Algorithm 5, yielding nine classes of tori distributed among six nonisomorphic groups.

Lemma 3.3.4. In the setting of Algorithm 5, write F'* /[Ny, p(K*) = {1,7}. For fived 3
there are two unitary groups, denoted Ug(J) and Uzg(C). Then if K/F is unramified or
—1 € F*?, then both U3, , and U5 .. embed in Us(J) while U5, . embeds in Us(C). The

opposite holds, otherwise.

Proof. Let a = (z,y) € A, with z,y € K. When p* = (p1, u12), the discriminant of J is
computed from (3.3.1) to be pypo. This lies in N p(K*) when iy = po and is a non-norm
when g1 # o Recall that —1 € N p(K ™) if either K/F is unramified or —1 € F*? yields
the result. |

We summarize the results in Table 3.9.

For ease of reference, we gather all of the tori of U, from Tables 3.8 and 3.9, and sort them
according to the unitary groups into which they embed. The result is Table 3.10.
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K = F(v/B) " Ua(J) T
(L1 U. (H) 2
F(ve) (w, @) U, (H) U
(1, @) U:(C) Ui
(1,-1) Uz (H) Uz
(¢, —¢) omit if —1%. Uy (H) Uz, .

F(Ww') —
(1,—¢) Uw (C) u;’,l,fe
(—1,¢) omit if —15. Usr(C) | UZ, .,

Table 3.9: Classification of Hermitian forms from A = K ® K from Algorithm 5 using unified

parameters. Here, w' € {w,cw}.

Group Representatives for Conjugacy Classes of Maximal Elliptic Tori
U.(H) Uiy Ul TUDTZ U

U:(C) UZy o FUST TFULY

U, (H) Uz, UZ . _(omit if —1%), U U

U (C) Uz, ., U (omitif —15), FUST UST

U. (H) U, 1 UZ, . _ (omit if —1%) U TULT

Ues (C) Ulg o Ulp yo(omitoneif —19) =T\, UL,

Table 3.10: Representatives for Conjugacy Classes of Mazimal Elliptic Tori in Us

3.4 Comparison with embeddings into SO(2H & (1))

In this section, we consider the embeddings of various F-forms H of Us; and of SOy x SO3

into G = SO(2H & (1)).

Each embedding maps maximal elliptic tori of H to maximal

elliptic tori of G. We show this map is injective on conjugacy classes and provide the
explicit parametrization. This provides some independent corroboration of the precision and

accuracy of our answers.
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3.4.1 Embeddings of maximal elliptic tori of SO, x SO3

Recall by Proposition 2.4.21, that the first type twisted Levi subgroups in SO(2H & (1)) is
SO(g2) x SO(gs). Specifically, by Proposition 2.2.19, is

SO({u, —pa)) x SO((p, —par, 1))

There are exactly two F-isomorphism classes of such subgroups in SO(2H & (1)), as estab-
lished by Table 2.8, given by

A partially split subgroup:  °S; s = ¢(SO((1, —a)) x SOH & (a))),

A compact subgroup: S, . = ¢(SO(V((1, —a))) x SO(V(H & (a)))).

Each conjugacy class of maximal elliptic torus of SO((u, —ua)) x SO({u, —pcr, 1)) is rep-
resented by a torus of the form 7" x SO({u, —pa)), where T' is a maximal elliptic torus of
SO({p, —par, 1)). The image of this torus is a maximal elliptic torus of SO(2H & (1)).

Proposition 3.4.1. For each elliptic torus T x SO({p, —pa)) C SO(g3) x SO(q2) we have

a8 .
7]#1#2)@ Zfa 7£ B

(ﬁ(aﬁ#l)‘} X SO(</JJ2, _,U25>)> = {aTZ ifoao=p
[1,12,A] -

Proof. There are six pairs (gq, g3) to consider, as listed in Table 2.6. In SO(g3), the elliptic
tori (Table 3.2) arise from algebras of the form K ¢ F = F(y/a) & F, with parameters
w= (%ul,)\), where A € F*/F*? and pu; € {%,%ﬁ} where ; = wifa =cand 7 = ¢
otherwise. The corresponding label is *7,, . By Example 3.1.4, the torus SO ({2, —f20))
arises from the algebra E = F(+/f) with the parameter py € {3, 372} where o = w if f =¢
and 7 = € otherwise. Then K & F is one of the algebras input into Algorithm 2, and (1, u2)
is a corresponding choice of parameter. Finally, to upgrade to a torus in SO(2H & (1), as in
Section 3.2.3, we add a copy of F to the algebra and include a parameter A € F*/F*2?. Thus

the conjugacy class of the image ¢(* 7, a) % SO({t2, —p2/3))) is as given in the statement. B

Notice that for fixed a = 3, and pi1, pto € Np(a),r(F(v/a)*, the tori ¢(* Tpu, x xSO((p2, —p2x)))
and ¢(*Tpug,n X SO({p1, —p1cr))) are conjugate in SO(2H & (1)).

Now to specify the conjugacy class of twisted Levi that contains this torus, we use the
following process:

A(“Tiua n X SO((pa2, —p2f3))) = aﬁfl,m,)\] C @(SO({p1, —prer, A)) X SO((pu2, —1213))) = "Spiy

Qﬁ(ﬁﬁﬂq,)\] X SO((MI? _,uloé>>) = 047151,”2’)\] - (b(SO((/’L?a _/11267 )‘>) X SO((MI? —,UlOé>>> = aS/,Ll,y'

Here = (resp. y) is denoted by s whenever the associated 3 dimensional quadratic form is
split and c i.e. compact otherwise.
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Theorem 3.4.2. The isomorphism classes of twisted Levi subgroups of the type S that embed
in the split group SO(2H & (1)) are:

E‘91,37 E’Sw,m wsl,sa w'Ss,c; Ew‘Sl,m Ewse,c

We list all the embeddings of elliptic tori in this type of twisted Levi in Table A.1.

3.4.2 Embeddings of maximal elliptic tori of U,

Now we work with the second type of twisted Levi in SO(2H @ (1)), which is by Propo-
sition 2.4.21, is Ug/p(J) for some rank 2 Hermitian form J. Specifically as established in
Proposition 2.3.6, each of the groups Us(H) embeds in SO(2H & (1)) and the compact groups
embed in SO(H @ W;). This embedding preserves isomorphism classes of tori, but in fact
also preserves conjugacy classes. We denote this embedding by ¢ and the image of U by L.

Proposition 3.4.3. Let § € {e,w,ecw}, and either J =H and ¢ = 2H & (1) or J = C and
g=Ha Wi. Let ¢ : Us(J) = SO(q) be the embedding from Proposition 2.3.6. Then up to
conjugacy in SO(q) we have

O("Ug ) = Ty
2 ~ B
¢<uﬂ:ﬂ1/2»#2/2) - 7-[31,#271]'

In particular, ¢ maps the conjugacy classes of maximal elliptic tori of Ug(J) injectively into
conjugacy classes of mazximal elliptic tori of SO(q).

Proof. The conjugacy classes of maximal elliptic tori embedded in Ug(J) arise from the two
constructions, Algorithms 4 and 5. In each case, taking the trace of K/F of the resulting
Hermitian form yields the quadratic form output, on a corresponding set of parameters for
Algorithms 3 and 2, respectively. Therefore, up to conjugacy in either of these groups, the
algorithms produce the same number of tori. However, due to our choice of scaling, the value
of p* in Algorithms 4 and 5 is exactly twice the value of p* in Algorithms 3 and 2, implying
that by our indexing, a parameter ;/2 for the unitary group case corresponds to u in the
case of the 4-dimensional quadratic form.

To further embed into SO(gq), note from Table 2.7 that we simply have ¢’ @ (1) ~ ¢. That
is, in all of these cases, the additional parameter A that must be added to the labeling of a

torus in SO(¢’) to produce the corresponding torus in SO(q) (as discussed in Section 3.2.3)
is A\=1. |

Now to specify the conjugacy class of twisted Levi that contains this torus, we use the
following process:

o(Ua(H) =L,  o(Ua(C) ="L..

Since our focus is the split group SO(2H @ (1)), then only we are concerned with U, (H) and
its associated image “L;.
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Theorem 3.4.4. The isomorphism classes of twisted Levi subgroups of the type L that embed
in the split group SO(2H & (1)) are:

Ly, TLs, L.

We list all the embeddings of elliptic tori in this type of twisted Levi in Table A.2. These
embeddings are also summarized in Figure 3.1

The sharp-eyed reader will have noticed that some tori of SO(2H @ (1)), as listed in Table 3.7
appear twice in these lists, and others do not appear at all. This mystery will be resolved in
Chapter 4, using the classification of non-regular elements in the Lie algebras of these tori
in Section 4.1.

(o)
<

wTsm T2 ew TE, W w w
1,e,e] \—E, 4[/ew,1] Te[l —w]
T T K7

1 | 4[vV=z,1] 4[1,e]

ewTE @, w] 2 o TE, T EE

a [5 —e1] YL e

[e,1,0] Eew Ew 3w
.

Figure 3.1: Elliptic mazimal tori GO and their associated twisted Levi subgroups G C SO(2H@(1)).
When —1 ¢ F*2, the solid arrow from the lightly shaded tori in the first column is replaced by the
dashed arrow, while the remaining twisted Levi subgroups remain unchanged. In the middle column
and the last column, tori with the same gray shade merge into a single G-conjugacy class. This
diagram is given in a table form in Table A.1 and Table A.2
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Chapter 4

Conjugacy classes of twisted Levi
subgroups

In Chapter 2, we identified some twisted Levi subgroups of GG that have compact center. In
Chapter 3, we showed how each of the maximal elliptic tori of G embed into these various
twisted Levi subgroups. In this chapter, we prove that we have indeed identified all conjugacy
classes of twisted Levi subgroups of G having compact center, which is the first necessary
ingredient for the data for the construction of supercuspidal representations.

Our strategy is as follows. Every twisted Levi subgroup M is the centralizer of the center
3 of its Lie algebra. We are interested in the case that M is proper and not itself a torus.
Therefore dim(3) = 1. Recall that we further require M to have compact center. Thus 3 will
be contained in the Lie algebra t of an elliptic maximal torus 7. Since its centralizer M is
not equal to 7T, the elements of 3 will be non-regular.

In Section 4.1 we find, for each of our maximal elliptic tori 7 (representing a conjugacy class
in 3), all of its 1-dimensional subalgebras that consist entirely of non-regular elements, up
to conjugacy. In Section 4.2, we prove that every conjugacy class of twisted Levi subgroup of
G (that is proper, not a torus, and has compact center) is represented by one of the twisted
Levi subgroups

€ € w w ew ew € w ew
Sl,sa Sw,ca Sl,sa SE,ca Sl,s S&,ca ‘Csa ‘Csa Es-

4.1 Non-regular elements of t C so;

We now turn to the Lie algebra of the group, namely g = so(2H & (1)). Our goal in this
section is to identify the (conjugacy classes) of non-regular elements of the Lie algebras of
each of our maximal elliptic tori.

V}fe v;l;ite O‘tﬁlhm’/\} for the Lie algebra of the torus “7{51#27)\],
o) «

HPPAL for example. We may omit the parameters p* that define the subscript when

and auz[mm} for the Lie algebra
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these are not important, so we may for example simply write *77 and “t®. These correspond
to isomorphism classes of tori in GG, so we sometimes refer to this as the isomorphism class.

In this section, we present our tori relative to the basis of the algebra A we chose in Chapter 4,
such that the torus preserves a quadratic form ¢ (that is isometric to H & (1)). Then the
G-conjugacy of the corresponding torus in G is equivalent to SO(q)-conjugacy of the torus
as constructed. We adopt this abuse of notation throughout.

Throughout this section, for a given torus 7 and t its Lie algebra we let E, denote their
splitting field.

Theorem 4.1.1. Let t C g be the Lie algebra of a maximal torus T of G. Then the set of
eigenvalues of X € t has the form {1, Ao, =1, =2, 0} for some A\, Ay € Es. Moreover, X
s reqular if and only if A1 and o are distinct and non-zero.

Proof. Since T splits over F, the group 7T (E;) is G(FEs)-conjugate to the diagonal split
torus, and its Lie algebra is G(Fjs)-conjugate to the diagonal Cartan subalgebra s(Fy). It
follows that any element of t is conjugate to a diagonal matrix of the form

Y:diag<>\la>\27_)\ly_/\270)7 )\la)\Q € ES)
so its eigenvalues take the stated form.

Now recall from Theorem 2.4.14 that Y is regular if and only if a(Y") # 0 for every root
a € ®(g(E;),s(Es)). With our naming convention from Example 2.4.10, evaluating the
roots on Y gives

:|:a52 (Y) = :|:/\27 :I:all (Y) == :t()\l — )\2),

:IZ(Cls2 + Clll)(Y) = :i:)\l, j:(2a52 + Clll)(Y) = :i:()\l + )\2)

Therefore Y is regular if and only if
)\1 7é O, )\2 7é 0, and )\1 7é :|:/\2,

as asserted. [ |

Corollary 4.1.2. Let X € t C g with eigenvalues {1, £X2,0}. Then X is non-reqular if
and only if
/\1 = 0, or /\2 = 0, or /\1 = :l:)\g

Although the set of non-regular elements of t is not a subalgebra, it is the union of one-
dimensional subalgebras. To find these subalgebras, we must first find the eigenvalues of
each of the nonzero elements of t. Recall from Proposition 3.1.3 that if 7 was constructed
from an algebra A and involution o then t = {a € A | a+ o(a) = 0}. Let us first note that
the splitting field of 7 may be strictly larger than any of the field extensions of F' occurring
as summands of A.
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Example 4.1.3. Let £ = F(\/w), which arises in the algebra A defining the tori in the
isomorphism class 7 = ¢TF. If -1 ¢ F*?, E/F is not Galois. Since i ¢ F, its Galois closure
is B, = F({/@, 1), which is a splitting field for T .

More generally, we may take E to be the Galois closure of the union of the field summand of
A. By Theorem 4.1.1, the eigenvalues of the elements of t will belong to E,. We summarize
the isomorphism classes of elliptic tori in G, together with their Lie algebras and splitting
fields, in Table 4.1.

T t A=K oK, & F E, Parameters Gal(Es/F)
aT? | a2 Flyal® Flya @ F Fla o€ {e,w,ew} (2./27)?
aTh | af F[ya] @ F[VB| & F Fl\/e, V& o, B € {e,w, ew} (Z./27,)?

ToF | M7 | By =FlVa]l® F C Flye,/w| & F | F[\/e, Vo) a € {e,w,ew} (Z./27.)?

T t A=E®F E, Parameters Gal(E;/F)
axE eyl | 18 B = F[¥/a], By = F[y/a] E o € {e,ew?} 7./A7.
axyl eyl —1Y E = F[{/a], E, = F[\/a] E a€{fw|k=0,1,2,3} 7./A7.
axl | oyl —1¥ E = F|[\/7], E1 = F[i] E v € {ep,, e @} ALY/
axB eyl —1¥ E = F[{/a], Ei = F[/a] F[/a, i) ac{cfw | k=0,1} Dy

Table 4.1: The isomorphism classes of elliptic tori in G and their associated algebras, together
with their splitting fields. We identify A° = E1 where needed. In the bottom four rows, we put the
qualifier —1° to indicate this corresponds only to the case that —1 € F*2 and the qualifier —1%
when the row corresponds only to the case that —1 ¢ F*2,

Lemma 4.1.4. Let n > 1. Suppose A= @@, | E;®F and o* = (01, ,0p,1dr) € Aut(A),
with each o; is a nontrivial involution, and set t = {a € A | a + c*(a) = 0}. Then the
eigenvalues of an arbitrary element X = (ay,--- ,a,,0) € t are Gal(Es/F) - {a1,--- ,a,}.

Proof. The eigenvalues of left multiplication of an element a; of E; on E; as an F-vector
space are the roots of its minimal polynomial over F', which are precisely a; € E; and its
Galois conjugates under Gal(E,/F). i

We now apply these ideas to each of the isomorphism classes of maximal elliptic tori to

classify their non-regular elements, up to conjugacy, in the following subsections.

4.1.1 Non-regular elements in tori of the forms “t*> and “t’

Let “T” be an elliptic torus associated with A = K; @ K, @ F, where K; = F(y/a) and
Ky = F(v/B) with a, 8 € {e,,ew}, as in Section 3.2.3. Here o* = (04,04,1dF)
oy € Gal(F(\/7)/F) ~ {Id}. Then the Lie algebra of T is

= {(eva,yv/8,0) | v,y € F}.
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and given such an element, its set of eigenvalues is {+z+/a, y+/5,0}.

Proposition 4.1.5. In the setting above, if o # 3 then the non-reqular elements in “t° form
the union of the two subalgebras

“sp_o = {(xv/,0,0) [z € F},  “s_,={(0,y1/B,0) |y € F}.

If o = B then the non-reqular elements in “t* form the union of the four subalgebras “s

@s2_, and

2
y:O)

«

2, = {(ava,eva0) |z e F}, s, = {(xV/a,~=va,0) |z F).

Proof. Let X = (zv/a,yv/B,0) € ®t?, whose eigenvalues by Lemma 4.1.4 are ++/a, 2y+/f, 0.
By Corollary 4.1.2, X is non-regular if and only if

v/ =0, ory\/B:O, orx\/_—y\/B:O, orx\/a—l—y\/B:O.

If o # 3, then {y/a, v/B} is linearly independent over F'. Hence the only non-regular elements

are those for which one eigenvalue vanishes, namely x = 0 or y = 0, which gives 0‘55:0 and
0‘5520, respectively. If a = 3, then the four non-regular conditions become

x =0, y =0, T =1, T = —.
These exactly define the four sets *s2_, “s2_, “s._,, 0‘55:_1,. [

Each of these sets of non-regular elements define a one-dimensional subalgebra of “t°. When
a # [, these subalgebras are not isomorphic, hence their embeddings in g will be non-
conjugate under G. The following proposition determines the G-conjugacy in the case that

o= 0.

Proposition 4.1.6. Let E, = F(\/a), where o € F*\F*2, and let piy, po € F*/Ng, r(EY).
Let q denote the quadratic form on F° = E, ® E, ® F preserved by the torus O‘tilm’l and

set G' = S0(q). Let “s;_y, 55, “Soy, “5o—_, denote the four F-subalgebras of non-regular

elements described in Proposition 4.1.5. Then the following hold:

2

1. QEZ:O and “s are not G'-conjugate;

y=z
2. *s._, and “s,__, are G'—conjugate; and

8. si_y and “s._y are G'—conjugate if and only if juy/ps € Ng,jp(EY).

Proof. Choose the basis e; = (1,0,0), es = (0,1,0), e3 = (1/,0,0), e, = (0,1/a,0) and

es = (0,0,1) of B, ® E, ® F = F°. Then “t , | preserves the quadratic form ¢ =
(1, pro, —pra, —pocr, 1). Let G' = SO(q). We note first that the elements of 0‘5320 and O‘szzx
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have distinct sets of eigenvalues, so are not isomorphic (hence not G’-conjugate). On the
other hand, consider the nonzero representatives X3 € a5§:x and X, € aszz_x defined by

Xge; = es, Xgeg = ey, Xges = aey, Xgeq = aey,

Xyer = e, Xyeg = —ey, Xyez = aey, Xyey = —aes,

and Xzes = X e5 = 0. If we let g = diag(1, —1,1,1, —1) then then g” Jg = J and det(g) = 1,
so g € G'. Now g = g~', and it is the identity on the span of {e, e3,e4}. Since

9X397 (e2) = gX3(—e2) = g(—e4) = —eu,

and
9X39 " (e4) = gX3(eq) = glaes) = —aey

1 1 _ ag2

y=—="

we conclude that ¢ X397 = X, and so in particular go‘szzmg*

Now consider the conjugacy of “s._, and *s7_,. Take basis elements X, € *s;_; and X, €
@g2_, defined by

X1€1 = €3, X163 = Qeq, Xlei =0 for ¢ 7& 1,3,

X2€2 = €4, X264 = Qeq, XQGZ‘ =0 for ¢ 7& 2,4

Then the restriction of ¢ to ker(X;) = span{es, 4, €5} is given by (us, —pea, 1) while the
restriction of ¢ to ker(Xy) = span{ey, es, e5} is (i1, —p1, 1). Note that by the Witt Cancel-
lation Theorem 2.2.7, these are isometric if and only if (u1, —pia) ~ (pg, —pscr), which by
Lemma 2.2.13 can happen if and only if p1/ps € Ng, /r.

Assume first that AX, = ¢X;197! for some g € G’ and A € F. Then g defines an isometry
from ker(X;) onto ker(Xs;), whence p /s € Ng, /F.

Conversely, assume that p,/ps € Ng,/p(ES). Then by Lemma 2.2.13 we may choose an
F-linear isometry h : span{eq, e4} — span{ey, eg}. Define g € GL5(F) by

g‘(eg,e4) == ha g|<61,€3> == h_la 9(65) = €5.

Since h is an isometry, it follows that g preserves ¢, and moreover we have det(g) = 1,
so g € G'. Since gX ¢! vanishes on (es, €4, e5) and for v € span{es,e4} we have by the
definition of A that

9X197 (v) = h X1h(v) = Xs(v),

we conclude that ¢X,97 = X5, so a5§:0 and “s2_, are G’-conjugate. |
Note that with respect to our parameter choices, when o = ¢, then i1 /12 € Np(ym)/r((v/@))
if and only if gy = po, whereas when a € {w,ew}, the answer will depend on whether or

not —1 is a square. When —1 € F*?, this is a norm, but otherwise, —1 ¢ Np( /a),r((v/@)*).
We summarize this in the first rows of Table A.7.
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4.1.2 Non-regular elements in tori of the form “t;” and “uf

Now suppose A = E@® F, where F is a quartic extension of F' and F; is a quadratic subfield
fixed by o, as in Section 3.2.3.

We begin with the biquadratic extension, whose associated tori have Lie algebras denoted
ou4y” for a € {e,w, ew}.

Lemma 4.1.7. Choose o # [ € {e,w,ew} and let A= E ® F with E = F(\/e,\/w) and
E, = F(y/a) C E. Then the Lie algebra of the associated torus is given by

47 = {(zv/B +yV/aB,0) | z,y € F}.

The set of eigenvalues of (x+/B+yv/aB,0) is {£xv/BEy/aB,0}. The non-reqular elements
of 477 form the union of the two non-conjugate subalgebras

“simeo = {@V/B,0) [z € F}, {7, ={(yVaB,0) |y e F}.

Proof. An arbitrary element of A is of the form (a+ by/3, ¢) for some a,b € F(y/a) and ¢ €
F. Since o* fixes Fy, we deduce that “47% = {a € A | a+0*(a) =0} = {(by/B,0) | b€ E1} =
{(z/B+yv/apB,0) | x,y € F}. In this case, E = E, so Gal(E,/F) = Z/27 x 7./ 27, generated
by sign changes on /& and /3, which gives for each choice of X = (zv/B+y+/aB3,0) € *77,
the eigenvalues by Lemma 4.1.4

{EM = £(@v/B +yVah), 222 = £(2/B — y/aph),0}.

When X # 0, A1, A2 # 0. Thus by Corollary 4.1.2, X is non-regular if and only if A\; € +X,.
Now A; = \q if and only if y = 0 while A\; = —\, if and only if = 0. Hence the non-regular
elements are exactly those with £ = 0 or y = 0, as required. Note that these subalgebras
have distinct sets of eigenvalues, so are not isomorphic. |

These results are summarized in Table A.7.

We now examine the isomorphism classes of tori “Y¥ associated to an algebra A = E @ F
where E is a quartic extension with a unique subfield. These forms of tori will stand out
from the rest: they have no nonzero non-regular elements.

Lemma 4.1.8. Let *uf be the elliptic torus associated with the algebra A = E & F, with

fized field By = F(y/a) C E = F(¢) where ¢ € {/a,\/7} for the ranges of parameters o,y
set out in Table 4.1 (so in particular /oo =i when E = F(,/¥)). Then we have

“uf = {(z +yv/a)(,0) | 2,y € F}
and every nonzero element of “u¥ is reqular.

Furthermore, given X = ((z+y+/@)¢,0) € “u¥, its set of eigenvalues is {1, =Xy, 0} where
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(a) if E = F(V/a) then \; = (z + y/a)Va and Ny = (v — yy/a)ia, where i = /—1;

(b) if E = F(\/7) where v € {ep,,ep, @}, then A = (x + yi)\/7 and Ay = (x — yi)\/7(7)
where T € Gal(Ey/F) ~ {1}.

Proof. Since in each case, 0(¢) = —(, the definition of the torus yields, as previously,
aul = {(b¢,0) | b € E1}. Setting X = ((z + y/a)(,0) € “u¥ we see that \; = (z + y/a)y
is an eigenvalue of X, with o-conjugate —\;. Now choose 7 € Gal(E,/F) that restricts
nontrivially to Ej.

In the first case it must send /o to +i/a (as these are the remaining roots of its minimal
polynomial), yielding Ay = (z — yy/a)(i+/«). In the second case, 7 must send i — —i and
thus 7(ep,) = 7(s* + it?) = s* — it*.

In either case, if A\; or A\, is zero, then X is zero. Moreover, either of the conditions A\ = X\,
entail x = y = 0, since otherwise A\; and Ay are linearly independent over F. Thus by
Corollary 4.1.2, there are no nonzero non-regular elements in “uf. |

This lemma explains why none of the tori of the form “u¥ appear in Table A.7: they have
no nonzero non-regular elements.

4.1.3 Number of non-regular subalgebras in elliptic tori

Let us summarize the maze of results of the previous section for all the maximal elliptic tori
of G =SO(2H & (1)).

Theorem 4.1.9. Let G = SO(2H®(1)). If —1 € F*? then G contains a total of 21 conjugacy
classes of mazximal elliptic tori, each one associated to a set of parameters (A,o*, u*). Of
these, there are:

e 12 conjugacy classes of tori where A= F(y/a)® F(\/B) & F, with o, 8 € {&,w,ew},
such that each conjugacy class contains exactly two non-conjugate nonzero subalgebras
of non-reqular elements;

e 3 conjugacy classes of tori where A = F(y/e,\/w) @ F, each one containing exactly
two mon-conjugate nonzero subalgebras of non-reqular elements;

e 6 conjugacy classes of tori when A = E @& F, such that E is a quartic extension with
a unique quadratic subfield, none of which contain any nonzero non-reqular elements.

When —1 ¢ F*2, then instead G contains a total of 17 conjugacy classes of mazimal elliptic
tori, each one associated to a set of parameters (A, c*, u*). Of these, there are:

e 6 conjugacy classes of tori where A = F(\/a)®F (\/B)®F, witha, 8 € {&,w,ew}, such
that each one contains exactly two non-conjugate nonzero subalgebras of non-reqular
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elements;

e 2 conjugacy classes of tori where A = F(\/e)® F (/) ®F, such that each one contains
exactly two non-conjugate nonzero subalgebras of non-reqular elements;

e 2 conjugacy classes of tori where A = F(y/a) ® F(y/a) ® F, with o € {w,ew} such
that each one contains exactly three non-conjugate nonzero subalgebras of non-reqular
elements;

e 3 conjugacy classes of tori where A = F(y/e,\/w) @ F, each one containing exactly
two mon-conjugate nonzero subalgebras of non-reqular elements;

e 4 conjugacy classes of tori when A = E @ F, such that E is a quartic extension with
a unique quadratic subfield, none of which contain any nonzero non-reqular elements.

Proof. The total number of conjugacy classes of tori can be counted from Table 3.7, noting
that the last two rows correspond to two tori each exactly when —1 € F*2. The last
four rows of the table correspond to the case that A = F @ F, such that F is a quartic
extension with a unique quadratic subfield, which have no nonzero nonregular elements
by Lemma 4.1.8. There are three tori corresponding to the biquadratic extension, and by
Lemma 4.1.7 each contains two subalgebras of non-regular elements that are not GG-conjugate.
There are 6 tori corresponding to A = F(y/a) ® F(y/B) ® F, with a # 5 € {e, w,ew}, and
by the remarks preceding Proposition 4.1.6, they each contain two non-conjugate lines of
non-regular elements.

When A = F(\/e) @ F(\/e) & F, the parameters u; € {1,@} so the quotient is a norm of
F(y/¢) if and only if p; = po. Thus both these tori contain just two lines of non-regular
elements, up to conjugacy.

When A = F(V&@') @ F(V@') @ F, with @’ € {w,cw}, then we choose parameters ju; €
{—1,—¢} and py € {1,e}. Therefore when —1 € F*2 y;/py is a norm of F(y/&') iff
11 = —e, which is always the case for the tori appearing in GG. Each of these has two lines
of non-regular elements, up to conjugacy.

When —1 ¢ F*2 then ¢ = —1 so pu1/p2 is a norm of F(vw@') when (uy,pus) = (1,1) or
(—1,—1), but none of these tori appear in G. Therefore each of the tori of this form in G
have exactly three lines of non-regular elements, up to conjugacy. |

We summarize this visually in Figure 4.1, using the notation ). #N(7) for the total

number of non-regular subspaces over G(F')-conjugacy classes of elliptic maximal tori 7 in
G. For each such torus, N(7) denotes the set of F-subalgebras in t\ {0} consisting of
non-regular elements, and # N (7)) is its cardinality.

We group these contributions according to the type of the algebra A associated with 7.
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Namely,
UNkex = S #NT), #Nm= Y EN(T)
(7]

[T]
T of K& K-type T of E-type

Thus the total number of non-regular subspaces decomposes as

24+6=30 —1€ F*?
Z#N(T) = #Nkox + #Np = {22—}—6:28 g P2
(7]
The counting argument in the case of G = SO(H & (¢, —w, ew)) is the same as in the proof
of Theorem 4.1.9, differing only on those tori arising from A = F(v@') ® F(vV@') @ F, with
w' € {w,ew}. In that case, there are 27 conjugacy classes of maximal elliptic tori when
—1 € F*? and 29 when —1 ¢ F*2.

KEBKNgll

Figure 4.1: A tree diagram starting from the number N§&2H€B<1>> of conjugacy classes of elliptic
tori in G = SO(2H @ (1)), branching to the two classes of tori (denoted KK N for the sum of
quadratic extensions and EN%H for the quartic extensions), and then branching by whether or not
—1 € F*2. Thereafter is a row counting the total number of tori of this form, then the total number
of tori containing nonzero nonregular elements TJ, then #N is the number of sets of nonregular
subalgebras Sy, C t\ {0}. Note, however, that subsets of nonconjugate tori can be conjugate; this is

addressed in Section 4.2.

4.2 Conjugacy classes of twisted Levi subgroups

In this section, we classify the conjugacy classes of twisted Levi subgroups in G = SO(2H &
(1)) by realizing them as centralizers of non-regular elements. We note that if two twisted
Levi subgroups M, M’ are G-conjugate, then each maximal torus of M is G-conjugate to
some maximal torus of M’. However, the conjugacy class of M is not determined by the
conjugacy class of one of its maximal tori 7, because there are in general several twisted
Levi subgroups containing a given torus. The key observation is the following.

Lemma 4.2.1. Let S,,,, Spr, C t C g be G-conjugate subalgebras of non-regular elements of
a torus t. Then Cg(Syy,) is G-conjugate to Ca(Snr,)-
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Proof. Since S,,, and S,,, are G-conjugate, there exists a fixed element g € G such that
Snry = Ad(g)(Snry) = {Ad(9)(X) | X € Sy, }-
Let Y € S,,,; this it can be written as Y = Ad(g)(X) for some X € S,,,. Recall that
Ce(Snr,) ={h € G| Ad(h)(X) = X for all X € S, }.

Let h € Cg(Spr,). Then Ad(h)(X’) = X' for all X’ € S,,,,. Then since Ad(g~")(Y) = X we
have

Ad(ghg™)(¥) = Ad()Ad(R)(X) = Ad(g)(X) = V"
Thus ghg™' € Cg(Spr,), 80 9Cc(Spr) g7 C Cq(Snr,). The reverse inclusion follows by
applying the same argument with g~*. Hence Cq(Sn,) = 9 Ca(Snr ) g7 i

Therefore, to exhaust the list of conjugacy classes of twisted Levi subgroups of G (that are
proper, are not tori and have compact center), it suffices to enumerate all of the maximal
elliptic tori up to conjugacy, then enumerate all of the subalgebras of nonregular elements
in each torus up to conjugacy and compute their centralizers. This will produce multi-
ple representatives for each conjugacy class of twisted Levi subgroup M, with multiplicity
equal to the number of M-conjugacy classes of maximal elliptic tori contained in M. This
multiplicity was computed in Section 4.1.3.

4.2.1 Uniqueness of conjugacy classes of twisted Levi subgroups in

SO(2H & (1))

The following theorem holds regardless of whether —1 is a square or not.

Theorem 4.2.2. In G = SO2H & (1)), each isomorphism class of twisted Levi subgroup
corresponds to a unique conjugacy class embedded in the group.

Proof. The proof is a counting argument. Consider
{(T,S) | T elliptic maximal torus of G, S C t\ {0} non-regular F-subalgebra}/G.

We count the number of elements in this set in two ways and show they are equal:

d_#N(T) =) #ENM),
(7] [M]

where [7] runs over G-conjugacy classes of elliptic maximal tori and [M] runs over G-
conjugacy classes of proper nonabelian twisted Levi subgroups. For each torus, # N (T)
denotes the cardinality of the set of F-subalgebras S C t\ {0} consisting of non-regular
elements. For each M, # Ell(M) denotes the number of elliptic tori in each twisted Levi up
to conjugacy.
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Step 1: Counting non-regular lines for each elliptic torus. In Section 4.1.3, we have
proved
244+6=30 —1¢€F*?
N(T) = #Nkax + #Ng = :

Step 2: Counting the number of elliptic tori in each twisted Levi by using the
Algorithm method. By using Table A.1 and Table A.2 we record these numbers in the
two cases.

Case 1: —1 € F*2,

e There are 6 G-conjugacy classes of twisted Levi subgroups of type “S,,. For each such
class, we have 3 distinct G-conjugacy classes of elliptic maximal tori, namely of type

ayB agaf g2
tuv_’ = tﬂ’MJ-

Thus these contribute 6 - 3 = 18.

e There are 3 G-conjugacy classes of twisted Levi subgroups of type “L,. For each such
class, there are 4 distinct G-conjugacy classes of elliptic maximal tori, namely

€(E, T ETT(E,TT w2 w2 w

( tie HER I T RRE t2.,) for “L,.
ey “Hisa TE L, T, for TTL,
(ewti[%ﬂv “ 161’[35,1}’ Etil,l? Eti,w,l) fOl“ Eﬁs‘

Thus these contribute 3 -4 = 12.

Adding the contributions gives

> HENM)| yeper = (6-3)+ (3-4) =18+12=30= Y #N(T)|_1epx2.
M) (7]
Case 2: —1 ¢ F*2.

e There are 6 G-conjugacy classes of twisted Levi subgroups of type “S,,. For each such
class, we have 3 distinct G-conjugacy classes of elliptic maximal tori, namely of type

B B 2
atuv_’ ¢ /Ojv_’ at:ufnUﬂl.
Thus these contribute 6 - 3 = 18.

e There are 2 GG-conjugacy classes of twisted Levi subgroups

L, TL,,
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For each such class, there are 3 distinct G-conjugacy classes of elliptic tori namely

Ctiry T Zt.,) for TL,.
) Wtj[jal], “Ft] ) for *7L,.

Thus these contribute 2 - 3 = 6.

e There is 1 G-conjugacy class of twisted Levi subgroup °L;, that has exactly 4 classes
of elliptic tori namely.

8{2

€42
1,1,1» t

(sw e,w wts,w
w, 0,1

NNAIE Alym,1) ) for L.

Thus this contributes 1 -4 = 4 classes.

Adding the contributions gives

Z#Ell Norgree = (6-3)+ (2-3)+ (1-4) =28 = #N(T)|-1gpee.
7]

To further confirm our work, and for use in Chapter 5, in the following sections we compute
the isomorphism class of the centralizers of each of the subalgebras of non-regular elements
we found in Section 4.1.

4.2.2 Centralizers of non-regular elements of tori of the forms “t>
and “t’

Throughout this section let «, 8 € {&,w,ew} and A = F(y/a) ® F(y/B) & F. Consider
atﬁl p2,1 for some H1 € FX/NF(\/E)/F(F(\/a)X) and Mo € FX/NF(\/B)/F(F(\/B)X) Then
atﬁ ,.1 breserves a quadratic form ¢ on A that is isometric to either 2H @ (1) or H @ W;.

1,

Set (= S0(q).

Proposition 4.2.3. Let X = (21/a,0,0) € aﬁfzo, as defined in Proposition 4.1.5, be
nonzero. Then
CG/<X) = SO(Ea,,u,l) X SO(/LQ, —IUQB, 1) = aSuLI.

Proof. With respect to the basis e; = (1,0,0), es = (1/,0,0), e3 = (0,1,0), eq = (0,/5,0),
es = (0,0,1), we have ker(X) = span{es, eq,e5}. Set W = span{el,eg}. The Lie algebra
O‘tﬁ ,.x breserves quadratic form g(a,b,c) = Tru/p(maa, pabb, ), for (a,b,c) € A; set
G = SO( ). We note that the quadratic form ¢ restricts to these subspaces as

q|W = <M17 _/,L106>, Q|Wl - <1u27 _MQOZ7 ]->
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Note that X(W) C W and X|y. = 0, hence ker(X) = W+, If g € Cx(X), then
g(ker X) = ker X, so g(W+) = W, Since g € SO(q) , it is an isometry of the quadratic
space (V,q). Hence it also preserves the orthogonal complement W of W+. Thus g is block
diagonal with respect to the orthogonal decomposition V = W @ W+ and its two blocks
lie in SO({ut1, —pa)) and SO((u2, —pacr, 1)). Conversely, note that SO(WV) acts trivially on
Xlw € so(W) because it is abelian and SO(W*) acts trivially on X|y. = 0. Thus any
element of SO({u1, —p1a)) x SO({pa, —p2cv, 1)) commutes with X. Therefore

Cor(X1) = SO((pr, —par)) x SO({ug, —p23, 1)) = “Spyy s

where x is s if (ua, —us3, 1) is split, and ¢ otherwise. |
It follows by symmetry that if X = (0,y/5,0) € ®s5_, C atﬁl 1ip.1 I nONZETO, With agh_ . as
defined in Proposition 4.1.5, then Cer(X) = SO(Eps,,) x SO(u1, —pa, 1) =P8, ..

We summarize this in Figure 4.2, where we also include the labels for the associated isomor-
phism class of twisted Levi subgroup. Note that in the figure we include all tori arising from
a sum of two quadratic extensions, even those that do not embed into our preferred forms,
as indicated by the variable A € F*/F*2.

Non-regular elements in atﬁl e € SO({p1, pro, —p1ct, —p2 B, A))

aF ﬁ
— T
X1 = (ay/a,0,0) Xz = (0,by/B,0)

' '
Eigenvalues Eigenvalues:
(taoa —t,0,0) (075707 _370)

v v
Centralizer Cg(X;): Centralizer Cg(Xs):
SO(Ea,ul) X SO<M27 _MQﬁv )‘) SO(E/B,UQ) X SO(Mla —H1Cx, )‘>

« S

M1, 12,

Figure 4.2: Centralizers of non-reqular elements in the Lie algebra of the elliptic torus "‘tﬁ“ N

when o # B. Each branch records the eigenvalue pattern (t = a/a,s = by/B : a,b € F*) of the
indicated non-regular element, and by Proposition 4.2.3, has the given centralizer in SO(2H & (1)).
We use the letter x as a unified parameter to represent s if (uo, —pof, 1) is split, and ¢ otherwise.

To understand the centralizer of the subset denoted *s’__, (which by Proposition 4.1.6 is
conjugate to 5y:x), we require a basic lemma.

Lemma 4.2.4. Let W = F* with quadratic form qw = (i1, 2, —p10r, — o), for some
a, iy, o € F with o € {e,w,cw} and let

- 0 Oé]Q
Jo = (IQ 0 ) € Endp(W).
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Then J? = aly, so J, defines on W the structure of a 2-dimensional E = F(y/a)-vector
space by defining (a + by/a) - w to be (al + bJ,)w. With respect to this structure, J, lies in
the center of the Lie algebra uq(p1/2, pa/2).

Proof. A direct computation gives J> = aly, so the map ¢ : F(y/a) — Endp(WW) given
for all a,b € F by ¢(a + by/a) = aly + bJ, is an injective ring homomorphism. If we write
vectors in W as

w = (T1,22,Y1,Y2), Ty € F,
we can identify w € W with ¢/(w) = 2 € E? by setting z = (21 + y11/, T2 + y21/@). Then

Vaz = Jaw.

Now define the Hermitian form on (21, 23), (wy, ws) € E? by
h((Zl, 22), (wl, U)Q)) = %210'<w1) + %Zz@'(’wg),

where o is the nontrivial element of Gal(E/F). Its trace over F is the quadratic form on W
defined by

q(w1, 22,91, y2) = TI"E/F(h((Zh ), (21,22))) = (/ili’f% - Mlay% + Nﬂg - M2042/§)-
Thus with respect to our embedding we have U, (i1, p2) C SO(q).

By definition, u, (i1, p2) consists of the F-linear endomorphisms of W that are E-linear and
skew with respect to ¢. Since E-linearity is equivalent to commuting with multiplication by

Va, we get

Ua(p1, o) ={Y € s0(q) | Y Jo = JoY'}.

In particular, J, lies in the center of u, (11, i2). |

Proposition 4.2.5. Let X = (zv/a, —x\/a,0) € “s;__, as defined in Proposition 4.1.5, be
nonzero. Then

Caor(X) 2 Uqs(p1/2, p2/2) = “L,.

Proof. Set F = F(y/a). By choosing the basis e; = (1,0,0), e; = (0,1,0), e3 = (1/,0,0),
es = (0,4/B3,0), es = (0,0,1), we have that W = span{ey,es,e3,e4} = E? via the iso-
morphism of ¢! where ¢ is as in Lemma 4.2.4. Set L = {(e5). Then V = W L L with
qlw = (1, p2, —p1c, —pear) and J| = (1). Then we have that X|y = J, while X|, = 0.
Thus by Lemma 4.2.4, it follows that U, (p1/2, p2/2) C Cer(X). Conversely, let g € Cer (X).
Since gX = Xg and ker(X) = L, we deduce as before that g preserves the orthogonal
decomposition V =W & L. Thus we can write

o= (% ). aweom), ce
The relation ¢X = Xg implies gwJ, = Jagw, so gw is E-linear, and it preserves the
Hermitian form h = (u1/2,u2/2) on E? under this identification ¢. Hence ¢~ !(gw) €
Ua(p1/2, 112/2). Since detp(¢'(gw)) has norm 1, we have that detp(gw) = 1, so gw €
SO(W), and it follows that ¢ = 1. Therefore Ce/(X) = Uy (11/2, p2/2). |
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As before, we summarize this in Figure 4.3, with the labels of the corresponding isomorphism

class of twisted Levi subgroup.
Non-regular elements in a’tﬁ“’m’” € SO({p1, p2, —pr10e, —fioae, X))
a=p,t=ay/a:a€F*
- N

X1 = (ay/,0,0) X3 = (0,a/a,0) X3 = (av/a, ay/a,0)

' ' Y
Eigenvalues: Eigenvalues Eigenvalues
(t,0,—t,0,0) (0,£,0,—t,0) (t,t,—t, —t,0)

v v \

Centralizer Cg (X1): Centralizer Cg (Xs): Centralizer Cg/(X3) :
SO(EOuMl) X SO(/”'27 —H20, 1) SO(E(l,ltz) X SO(/”'h M1, 1) Ua (Ml/za M2/2)
aSﬂlvﬂc aS/LQ,x aﬁx

Figure 4.3: Centralizers of non-reqular elements in “¢ NS when o = B. The first two

branches follow the same pattern as in Figure 4.2, while the third branch corresponds to the ad-
ditional non-reqular direction that occurs in this case and yields the unitary twisted Levi subgroup
Ua(p1/2, u2/2) by Proposition 4.2.5. Moreover, the centralizers Cqr(X1) and Cer(X2) are G'(F)-
conjugate whenever puy/pa € F*2, by Lemma 4.2.1.

4.2.3 Centralizers of non-regular elements in tori of the form “t;”

Consider a torus arising from a biquadratic extension that embeds into SO(2H & (1). Then
by Table 3.5 we have © 48[271] for some a € {&,w,ew} where p=+/—c if a =¢ and p =/«
otherwise. That is, ¢ 4[;”1] preserves a quadratic form ¢ that is isometric with 2H @ (1); set

G’ =S0(q).

Proposition 4.2.6. Choose ( € {e,w,ew} \ {a}. Let X = (z1/B,0) € *sy;_ and Y =
(yv/a3,0) € aﬁi”f:o be non-reqular elements, where x,y € F*. Then their centralizers satisfy

Cor(X) 2 Ug(H) =L, and Cea(Y) = Uyp(H) =L,

Proof. Set K = F(y/a) and E = F(y/B). Choose the basis e; = (1,0), es = (v/5,0),
ez = (Va,0), es = (VapB,0),e5 = (0,1) of A = F(\/¢,/w). Then W = span{ey, e, €3, €4} =
E(y/a) = E? via the isomorphism sending ae; +bes +cez +dey to (a+by/B)1+ (c+d/B) /a.
Set L = (e5). Then V = W L L with ¢ ~ 2H by Table 3.5. Then X = (z/5,0) € *s37_,
acts as xJs on W, where § is as defined in Lemma 4.2.4, and W = E? is a F(\/j)/F
Hermitian space carrying the split Hermitian form H, such that X lies in the center of its
Lie algebra ug(H). Permuting ey and e3 allows us to instead view W as a vector space over
E' = F(v/apB) and a similar analysis yields that Y lies in the center of a Lie algebra of
u,s(H). Finally, we compute the centralizer as in the proof of Proposition 4.2.5 to conclude
the result. |

We summarize this in Figure 4.4, including also the label 7L, for the twisted Levi subgroup
U, (H).
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o g €,T0
Elliptic torus O‘T[M,l]

A= FlVe,vw| D Flya]

|

Non-regular elements in at[alﬁ]

|

X, = (a\/,0)
v € {e,w,ew} \ {a}

|

Eigenvalues: (t,t,—t,—t,0), t = a\/y

|

Centralizer: Cg(X,)
TLs = Uy(H)

g,

Figure 4.4: Centralizers of non-reqular elements in ® ] € SO(2H @ (1)), see Lemma 4.1.7. Here

v € {e,w,ew} \ {a} runs over the two square classes distinct from «, so each such choice yields a
unitary twisted Levi subgroup U, (H) by Proposition 4.2.6.
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Chapter 5

Genericity and 7-good elements in sos

Our goal in this chapter is to classify the T-good elements of g, for each maximal elliptic
torus 7, and use this to identify which twisted Levi sequences 7 C M C G will be valid
inputs for the construction of supercuspidal representations.

In Section 5.1, we give an explicit description of generic elements and relate them to T-good
elements using results from the literature. In Section 5.2, We give an explicit description of
filtration on t for each elliptic torus 7 C G, and determine how the depth depends on the
parameters defining the torus.

We then, in Section 5.3, introduce G-generic elements in t and relative M-generic elements
for twisted Levi subgroups M. A key point is that not every torus admits (G-generic elements.
Using these results, we determine in Section 5.4 the valid twisted Levi sequences that arise
in the construction.

5.1 On genericity and 7-good elements

In this section, we define and relate several equivalent formulations of the notion of “gener-
icity that is crucial in the construction of supercuspidal representations. To state them
carefully, in this section only, let G be a connected reductive group over F' with Lie algebra
g, and let G’ denote a twisted Levi subgroup of G. Let T denote a maximal F-torus con-
tained in G’, which is thus a maximal torus of G. Let E be a splitting field of T. We write
®(G, T) and (G, T) for the corresponding (absolute) root systems. We assume throughout
that G splits over a tamely ramified Galois extension and that p does not divide the order
of the Weyl group of G, so that we may identify g and g*, and Lie(Z(G)) = Z(Lie(G)) by
[Spr09, Lemma 13.3.3], for example.

Example 5.1.1. When G = SO(2H & (1)), the pairs (G'(F'), G(F')) could be any of

(T, 6),(T, M), (M, G)}
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where M is one of the twisted Levi subgroups containing a given maximal elliptic torus
T(F) =T that we found in Chapter 4.

Write 3’ for the Lie algebra of the center of G’ and 3’* for its algebraic dual. Since 3’ is
contained in the Lie algebra t of a maximal torus T of G’, it inherits a Moy—Prasad filtration.
We set 3’ := 3(F), and 3" = 3"*(F). We also have 3. := 3(F) Nt and recall from (2.5.1)
that we define

7, ={X"ej”  X*(Y)ePrforallY €5, }.

Definition 5.1.2 ([KMO03, Definition 2.1.1]). For X € t, define the depth of X relative to T
by
dr(X) :=sup{r e R| X € t,}.

That is, if X # 0 then r = dp(X) is the unique real number such that
X et t+.
The definition of depth on elements of t* is analogous. The following definition is from [Yu01,
§8].
Definition 5.1.3 (G-generic element of depth —r). Let » € R and X* € 3. For each root
a € ®G,T), set H, = da(1). If
v(X*(H,)) = —r forallae ®G,T)\ @G, T),

then X* is called a G-generic element of depth —r.

Remark 5.1.4. In Definition 5.1.3, we define H, € t as the differential of the coroot a :
G,, — T at the identity, that is, H, = da(1). If we let E denote a splitting field of t then we
have H, € t(E)o, but in general H, ¢ t(F). Since X* € t_, and H, € t(F)y, we have from
properties of the Moy—Prasad filtration, [AD02, §2.2], v(X*(H,)) > —r.

As mentioned in Proposition 2.5.8, for G = SO; we may identify g and g* via the Killing
form k. Let us interpret Definition 5.1.3 in the Lie algebra instead of its dual.

Lemma 5.1.5. Let G = SO; and let T denote a maximal torus of G that is defined over F
and split over E. Suppose X € t is identified with the dual element X* € t* under k. For
any root a € ®(G,T) and any r € R, we have

v(X*(H,)) = —r if and only if v(a(X)) = —r.

Proof. Let a € ®(G,T) € X*(T) be a root. Then its differential, also denoted a, is an
element of t*. By construction, x(X,Y) = Tr(XY) for all X, Y € g. By [Hum78, Corollary
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8.2], k is nondegenerate on t so there exists a unique t, € ¢ such that

X*(te) = k(ta, X) = a(X) for all X €t (5.1.1)

and thus that H, = —2a—_ Tt follows that X*(H,) 2__ X*(t,). Since Tr(H,H,) € {4,8}

K(ta,ta) T k(tasta)

in SO5, we have k(t,,t,) = m is a power of 2. Since p # 2, this has valuation 0.

Combining these equalities gives

X (1) = gy ) alx) = wla)),

as required. ]

2
K(ta,ts)

The preceding lemma, Lemma 5.1.5 together with Definition 5.1.3, allows us to make the
following definition of genericity of elements of the Lie algebra.

Definition 5.1.6. An element X € 3/ is said to be G-generic of depth r if for every a €
O(G,T)\ (G, T), we have v(a(X)) = r. The set of all such elements is denoted Geng ¢ ;.

A more convenient notion is that of T-good elements defined in [KMO3, Definition 2.1.1].

Definition 5.1.7. Given r € R, a nonzero element X € t of depth r is called T—good of
depth r if, for every root a € ®(G,T), either

a(X)=0 or v(a(X))=r.

To make precise the relationship between T-good elements and the G-generic elements in-
troduced earlier, we need the following lemma.

Lemma 5.1.8. Let T C G' € G be as above. Then
i={Xet]|a(X)=0 foralaecdG,T)}.

Proof. Since T splits over F, the Lie algebra g’ of G’ admits the root space decomposition

d=to P o

ac®(G’,T)

Let X € t. For each root a € ®(G/,T) and each Y € g,, we have [X,Y] = a(X)Y. Thus X
commutes with the root space g, if and only if a(X) = 0. Since every element of t commutes
with X, it follows that X lies in the center of g’ if and only if a(X) = 0 for all a € &(G', T).
Since the Lie algebra of the center of G’ is the center of the Lie algebra of G, we conclude
that

7={Xet|a(X)=0foralaecdG,KT)}

which implies the statement upon intersecting with t. |
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We can now establish the equivalence we needed.

Proposition 5.1.9. Let X € t be a T-good element of depth r and set G' = Cg(X) to be
its centralizer. Then X € Geng ¢, and conversely, every element of Geng ¢, is T-good
of depth r.

Proof. The centralizer of an element X of the Lie algebra of a torus is a (twisted) Levi
subgroup, and its root system is precisely

®(G,T) = {a € B(G,T) : a(X) =0}

In this case, X lies in the Lie algebra of the center of G’, that is, in 3. If X is 7T-good,
then for every a € ®(G,T)) one has a(X) = 0 or v(a(X)) = r. Therefore it follows that
v(a(X)) =rfor alla € (G, T) \ ®(G',T), so X satisfies Definition 5.1.6.

Conversely, suppose X € 3/ is such that for every a € ®(G, T)\®(G', T), we have v(a(X)) =
r. Since X € 3/, its centralizer Cg(X) contains G’ and thus a(X) = 0 for every ®(G/,T).
Therefore X is T-good of depth r. |

Our goal in the remaining sections of this chapter is to determine the sets Geng ¢, for
pairs (G, G) as in Example 5.1.1, as explicitly as possible.

Remark 5.1.10. The definition of Geng ¢, seems to depend on the choice of maximal
torus T, but by [Fin2lc, Lemma 3.6], it is independent of the choice of maximal torus of G'.
In particular, in the following we are free to choose a convenient elliptic maximal torus for
explicit computations.

5.2 The Moy—Prasad filtrations of t

In this section we describe explicitly the Moy-Prasad filtrations of the Lie algebras t of each
of the maximal elliptic tori in SO(2H @ (1)). The filtration takes the form

t:Utr
reR

although the set of values for which t. # t,, is discrete. We refer to t. as a subalgebra of t
but unlike t, it is only an algebra over Op.

For the next lemma, recall that we normalize the valuation v of any finite extension of F' so
that its restriction to F'* surjects onto the integers.

Lemma 5.2.1. Let T be a maximal elliptic torus of G with Lie algebra t and let r € R.
Then X € t. if and only if X € t and each of the eigenvalues A of X satisfies v(\) > r.
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Proof. By the proof of Theorem 4.1.1, if 7 is an elliptic torus of G that splits over E, then
T(Es) is G(FEs)-conjugate to a split torus S(Es). This conjugation identifies t(Es) with the
Lie algebra of a split torus s(E,) C g(FEs).

By Definition 2.5.5, the Moy—Prasad filtration on the Lie algebra of a maximal split torus
S(Es) = (EX)™ is given by the filtration on the discrete valued field Fy. In this case, n = 2
and we note that by Lemma 4.1.4 an element Y = (Y},Y5) € E? & 5(F,) acts on E° with
eigenvalues {+Y7,+Y5,0}. Thus for Y € s(E;), we have that Y € s(E), if and only if each
of its eigenvalues has valuation at least r.

Since s(Fs) is conjugate to t(E;), this definition of the filtration passes to t(E;), and hence
to t by intersection, as required. |

In the following subsections, we use our results from Section 4.1 to describe the filtration
subalgebras t,. as well as the values of r for which there are breaks in the filtration. These
are important because an element X € t,. \ t,.; is said to have depth r, and these exist only
for values r that are breaks in the filtration.

We first consider the tori arising from either a sum of two quadratic, or a biquadratic,
extension.

Proposition 5.2.2. Let a,3 € {e,w,ew} and r € R. If t = % = {(x/a,yVb,0) | z,y €
F}, then

t, = { (zv/a,yy/B,0) € “¢|v

and the jumps in the filtration occur at values r € {%u(a), %u(ﬁ)} + 7Z. If a # B and we set

£= 6% — (0 + yy/a)B,0) | 2y € F} then
n:{@ww¢®¢ﬁmea@w

(x) >r— %1/(04) and v(y) > r — %1/(6)}

1 1
() 2 7= (9) and v(y) 2 7~ Jolaf) ).
and the jumps in the filtration occur at values r € {3v(83), sv(af)} + Z.

Proof. In the first case, set X = (z/a, yV/b, 0) € *t%. Its eigenvalues, as an operator on

A=F(y/a)® F(y/B)®F, are
{+av/a, +y~/B,0}.

As v(zy/a) = v(z) + sv(a), the description of *t’ now follows from Lemma 5.2.1.

Similarly, in the second case, where a # 3, we set X = ((z + y/a)v/3,0) € *t;". By
Lemma 4.1.7, its eigenvalues as an operator on A = F(y/e,/w) @ F are

{£2/B £ yy/aB,0}.
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Thus if we choose x,y satisfying the conditions v(z) > r — sv(8),v(y) > r — tv(af), then

all eigenvalues will have valuation at least r. Conversely, suppose the valuations of these
eigenvalues are all at least r. If v(8) # v(af) then v(zv/B) # v(yv/aB), since one is an
integer and the other a half-integer, and therefore each term must have valuation at least
r, individually. If v(5) = v(af) then {5, a8} = {w,ew}, and the nonzero eigenvalues are
{(£2 £yve)V/@}. Since {1,/e} C Op(, ) are linearly independent over the residue field of
F', the valuation of these eigenvalues is equal to the minimum of the valuations of x and of
y. This gives the description of t,.

To determine the breaks in the filtration, note that x,y € F' and therefore v(z),v(y) € Z.
We will thus have t,. # t., only if r = %V(’y) mod Z for some ~ occuring in the description,
which gives the result. |

We now turn to the tori ®uf arising from a quartic extension F with a unique subfield
E; = F(«). These are summarized in Table 4.1, and two of their eigenvalues were computed
in Lemma 4.1.8. For ease of reference we provide a table in which we give the values of the
absolute roots on an arbitrary element X € ®uf in Table 5.1.

X € ®(G,T) E=F(Ja) E=F(/)
as, +a, = € (z +yva)va (x +yi)\/y
sy = €2 (z — yv/a)iv/a (z —yi)\/7(7)
@, =€ — € Va(z(l—i) +y(i +1)va) | 2(y7 = /7(7) +yi(y7 + V7(7)
2a5, +ay, = €1 + 6 | Va(@((1+9) +y(i — Vo) | 2(,7+VT(0) +yi(y7 — VT(7)

Table 5.1: The values of the absolute roots on and element X = (x+y+/a)(,0) € “u¥. In the
second column, o € {e,e%w, ew?}, where k = 0,1,2,3 if =1 € F*2, and k = 0,1 otherwise,
and ¢ = Ya. In the third column, which arises only when —1 ¢ F*? ~ € {ep,,cp,@},
¢ =/, Va =1 and T is the nontrivial element of Gal(F(i)/F).

We now carefully determine the filtrations on each of these tori.

Proposition 5.2.3. Let “uf be the elliptic torus associated with the algebra A = E & F,
with fived field By = F(y/a) C E = F((), with «,( ranging over sets of parameters from
Table 4.1 and enumerated in (a)—(e) below. Then we have

t="uf = {((z +yva)(,0) | 2,y € F}
and its Moy—Prasad filtration of depth r is given by
t, = {(x%—y\/a)C,O) et|v(x)>r—v() and v(y) >r — %V(a) - 1/(()} ,

and in fact if v is such that there exists X € t,.\ .o, then all of the eigenvalues of X have
valuation exactly r. These values r depend on the parameters ¢ and \/a as follows.
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(a) Suppose E = F({/¢) and —1 € F*?. Then a = ¢ and ( = a and the filtration is
indexed by 7.

(b) Suppose E = F(Vew?) and —1 € F*2. Then a = ew? and { = Vew? and the filtration
15 1ndexed by % + 7.

(c) Suppose E = F(Vekw) with k € {0,1,2,3} if =1 € F*? and k € {0,1} if —1 ¢ F*2
Then o = e¥w and ¢ = Vekw and the filtration is indexed by i + %Z.

(d) Suppose E = F(\/zg,) and —1 ¢ F*%. Then \/a =i and ( = /g, and the filtration is
indexed by 7.

(e) Suppose E = F(,/eg,@) and —1 ¢ F*?. Then /a =1 and ( = /g, @ and the filtration
1s indexed by % + Z.

Proof. If X = ((z+yv/@)(,0) € t. then v((x+y+/a){ > r. We now consider the possibilities
in Table 5.1. In the setting of the second column, if v(a) > 0 then v((x + y/a)¢) =
min{v(z/a), v(yva3)} because these terms have distinct valuation. When a = ¢, we instead
note that {1,+/¢} are linearly independent over the residue field of F', so that again v((z +
y\/2)/e) = min{v(xzy/E), v(yve®)}. It then follows that all remaining eigenvalues have
valuation at least r. A similar argument holds for the setting of the third column: by
construction, {1,4,\/€g,,/7(€x,)} is linearly independent over the residue field of ', and so
any linear combination will have valuation equal to the minimum valuation of any individual
term.

We thus find that X € t, if and only if each of z( and y /o have valuation at least r,
yielding the description of t,. given in the lemma. Moreover, all four eigenvalues will have
valuation equal to the minimum of v(z(¢) and v(y\/a(). The breaks in the filtration therefore
occur for r € {v(¢), sv(a) + v(¢)} + Z and enumerating these values as in (a)—(e) gives our
result. |

Remark 5.2.4. The indexing r € }l + %Z occurs only in the case a = €'ww. In this situation
the quartic extension is generated by /o with v(a) = 1, so that v(/a) = 1. Suppose
X = ((z + yva)ya,0) with z,y € F. If r € 1 + Z then X € t, if and only if v(z) > r — 1
and v(y) > [r— 3] =7 — 1 On the other hand, if r € 3 + Z then X € t, if and only if

vig) > [r—3]=r+jandv(y) >r—3.

The results are summarized in Table 5.2.

Torus t uet:x,yeF x,y such that u € t, Depth r
t (zv/E,yv/%,0) v(z) =v(y) >r re’z

=2 (zv@', yv@', 0) viz)=v(y) >r—3 re;+72
wEw (x/w,y\/ew,0) viz)=v(y)>r—3 re;+7
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Torus t uet:x,ye F x,1y such that u € t, Depth r
, viz)=v(y) >r rez
& xvVw@ Y€, 0
EWE) @b zrih | reiez
" ((z +yve)y/@,0) v(z) = v(y) >r—3 res;+z
. viz)=v(y) >r re’
Ty r+yvw')y/e, 0
! (@+yve)ve0) vig)>r+3v(y)>r—L1 | rei+Z
—15, 2w | (2 + yy/E) Vew?, 0) viz)=v(y)>r—3 res+7
—1¥ 2”7 (x4 yi)/Ep @, 0) viz)=v(y) >r—3 res+7
—17, ((z +yve) Ve, 0) v(z) =v(y) =r re’
—1%, 5™ ((x +yi)\/€R,,0) viz)=v(y) >r re’
viz)=v(y) >r—1 rei+
oyt (z + yVeFm) Ve (@) l(y) =L !
vig)>r+4,vy)>2r—5 | re;+Z

Table 5.2: The Moy—Prasad filtrations of the Lie algebras t. of each of the isomorphism classes of
elliptic mazimal tori of G, together with the values r that define a distinct step in the filtration.

5.3 The generic sets in so;

5.3.1 The sets Geng 7,
In this section we apply the general theory of G-generic elements to the maximal elliptic tori
in G =SO(2H & (1)). We begin by stating an explicit criterion for X € Geng 7 .
Lemma 5.3.1. Let T be a maximal elliptic torus of G and let r € R. Suppose the eigenvalues
of X € t_, are {xA1,£Xy,0}. Then X € Geng . if and only if

V(/\1> = l/(/\g) = l/(/\l + /\2) = —T.

Proof. Write the roots of SO(2H® (1)) as {£e;1, Lea, £(€1+€2)}. Then by conjugating by an
element of SO5(E) we may without loss of generality relabel so that Ay = €;(X), A2 = e2(X).

By Definition 5.1.6, X € Geng 1, if and only if v(a(X)) = —r for all roots a, and it follows
now that this occurs if and only if

v(A) =v(A) =v(A £ X)) = —1.

Comparing with Lemma 5.2.1, we see that the condition for X to be G-generic of depth —r
is more restrictive than the condition for X to have depth r. It is weaker than the condition
of being a regular element, which was that none of the eigenvalues of X are zero.
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Our first result is that for those tori that admit no nonzero, non-regular elements, every
element of depth —r is in fact G-generic of depth —r.

Proposition 5.3.2. Let t = “u¥ be the Lie algebra of the elliptic torus corresponding to the
algebra A = E & F, with a unique subfield as in Table 4.1. Then every nonzero element of
t .\t is G-generic of depth —r.

Proof. As noted in Proposition 5.2.3, the four nonzero eigenvalues of every nonzero element
X et~ t_,; have valuation exactly —r. Furthermore, using Table 5.1 we further deduce
that the sum and differences of these eigenvalues must also have valuation exactly —r, whence
these elements are G-generic. |

We now turn to the task of identifying G-generic elements of depth —r for the remaining
elliptic tori, beginning with the form “t2.

Lemma 5.3.3. Let t = 2 be the elliptic torus corresponding to the algebra A = F(\/a) &
F(y/a)® F, for a € {e,w,ew}. Then

Gengr_, = {(as\/a, yva,0) | v(zva)=v(yva)=—r, # £y mod P;Tﬁ%y(a)ﬂ}.

Proof. Let X = (z/a,yy/,0) € t. The eigenvalues of X we computed in (4.1.1) to be
{xx+/a, £y /a}, so we apply Lemma 5.3.1 directly. The first condition is the statement

1
that each of these eigenvalues has valuation equal to —r, which implies x,y € PFT A
order for their pairwise differences to have valuation r, their sum and difference cannot have
greater valuation. This gives this description of Geng 7 _,. |

Lemma 5.3.4. Let t = °%t%, and ¥ = ;. Then
Geng 1 _, = {(x\/ew,y\/a, 0) et ’ v(zvew) = v(yvw) = —r},
Geng,r, = { (/% + yv/z@,0) € ¢

v(aV/E) = v(yvEm) = —r}.

Proof. Let X = (z\/ew,yy/w,0) € tforx,y € F. By (4.1.1) its eigenvalues are given by the
set {+x\/ew, +y/w}. Hence by Lemma 5.3.1, the condition v(zv/cw) = v(yy/w) = —r is
necessary. If it holds, then since zv/ew+y/@ = (zy/e+y)\/@ we have @2 (2/e+y) € Op,.
But since {1, /2} are linearly independent over the residue field of F, and both @' 22 and
@2y lie in OF, this sum cannot lie in Pg,. Therefore v(zy/zw + y/@) = —r and so
X e Gengm_r.

Now consider X = (zy/@w + y/ew,0) € ¥, with z,y € F. By Lemma 4.1.7, the eigenvalues
of X are {+(z\/w £ y\/ew)}. By Lemma 5.3.1, for X to be G-generic of depth —r, these
eigenvalues must have valuation —r, and also their sums and differences. This yields the
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condition v(x\/w) = v(yy/cw) = —r since p # 2, and the argument above shows it is
equivalent. |

Surprisingly, the remaining tori do not admit any G-generic elements.

Theorem 5.3.5. Let t € {*t7, {7}, for @ € {w,ew}. Then t does not contain any
G-generic elements of any depth, that is, Geng r _, = 0 for all r € R.

Proof. Consider t = “t¥. By (4.1.1) the eigenvalues of X = (z1/z,yvV@’,0) € t are
{£z/e, £yv@’,0}. Then v(zy/z) € Z while v(yvV@') € 3 + Z, so there does not exist a
real number r for which these valuations can be equal. By Lemma 5.3.1, we conclude that t
does not contain any G-generic elements of depth —r, for any r € R.

Now suppose t = @77, By Lemma 4.1.7, the eigenvalues of X = (x1/c + yv/ew’,0) € t
are {+(xy/e £ yvew’),0}. If X were G-generic of depth —r, then we would have v(z+/c £+
yvew') = —r. Taking their difference yields

v((zve+ yVew') — (xv/e — y\/_)) — v(2yVew) = —

so v(y) + tv(ew’) = —r, hence v(y) = —r — 1 and 7 € § + Z. But then taking the sum

2
instead yields

v((ave +yVed) + (zve — yVew')) = v(22V/5) € Z,

which is a contradiction. Thus not all eigenvalues have valuation —r, and there are no
G-generic elements of depth —r in t, for any r € R. |

This result has implications to the possible choices of twisted Levi sequence, as we’ll see in
Section 5.4. For the reader’s convenience, we put all the results in Table A.8 and Table A.9

5.3.2 The sets Geng r,—,, for M a twisted Levi subgroup of GG

In this section, let M be a proper, nonabelian twisted Levi subgroup of G = SO(2H & (1))
with compact centre. These were classified up to conjugacy in Chapter 4. Our goal is to
determine, for each pair 7 C M, the structure of the sets Geng .

We use the notation from Section 4.2. Our first step is to identify the (absolute) root system
O(M, T) relative to our choice of presentation of 7, in each case that M is realized as the
centralizer of a non-regular element of the Lie algebra of 7. As noted when these twisted
Levi subgroups were first identified in Section 2.4.3, the (absolute) root systems of twisted
Levi subgroups of the form S correspond to short roots of the root system of G, and L to
long roots.

Lemma 5.3.6. Let M C G be a proper nonabelian tuisted Levi subgroup with compact
centre, and let T C M be an elliptic maximal torus.
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o If M is of type S, then we may assume ®(M,T) = {£ea}.

o If M is of type L, then we may assume ®(M,T) = {*(e; — €)}.

Proof. If M is of type S, we may by Proposition 4.2.3 choose a convenient torus 7 and
realize M as the centralizer of a non-regular element X € Lie(7) of the form X = (z1/a,0,0).
In this case

M, T)={ac®(G,T):a(X) =0} ={te}.
If M is of type £, we may take either 7 of the form in Proposition 4.2.5, so that X =

(x\/a, x4/, 0) or as in Proposition 4.2.6, so that X = (zy/«,0), and realized M as the
centralizer of X. In both cases,

M, T)={ac ®G,T):a(X)=0} ={£(e1 — €2)}.

It is now easy to identify the elements of Geng aq,—,.

Theorem 5.3.7. Let M C G be a proper, nonabelian twisted Levi subgroup with compact
center, and let m = Lie(M). Then

Geng pf,—r = 3(m)_, \3(m)_pr.

Equivalently, every element of depth —r in 3(m) is G-generic.

Proof. By Remark 5.1.10, the set Geng aq,—, is independent of the choice of elliptic maximal
torus 7 C M, so we may fix our choices as in Lemma 5.3.6. Let 3(m) denote the center of
the Lie algebra of M. Since dim 3(m) = 1, if there exists an element X € 3(m)_, has depth
exactly —r, then every scalar multiple uX with u € Oy also has depth —r. Moreover, if X is
G-generic, then so is uX, since v(a(X)), for a € (G, T), are unchanged under multiplication
by units.

Suppose X € 3(m)_, \ 3(m)_,+. Then by Lemma 5.2.1 at least one of its eigenvalues must
have valuation exactly —r, that is, either v(e1(X)) = —r or v(e9(X)) = —r. Since X € 3(m),
we have that a(X) = 0 for every a € ®(M, T). Together with the description of the root
systems in Lemma 5.3.6, this yields that v(a(X)) = —r for every a € ®(G, T)\ (M, T). &

Corollary 5.3.8. Let M C G be a proper nonabelian twisted Levi subgroup with compact
centre. Then the values of v for which Geng ym,—, s nonempty, and a description of this set
in that case, is given explicitly as follows.

o If M =28, then Geng am,—r = {(2/,0,0) : v(z) = —r — Jv(a)} and r € Lv(a) + Z.

o If M =°L, then Geng -, = {(zv/o,2/a,0) € “? : v(z) = —r — Jv(a)}, and r €
sv(a) + Z.
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Proof. The filtration on 3(m) is obtained by intersection with t, for any choice of t con-
taining 3(m), and these were determined in Section 5.2. Thus the statement follows from
Theorem 5.3.7. Note that in the second case, we could also have chosen t = 7, for some
v € {e,w,ew} \ {a}. This would instead give the equivalent description Geng n—, =
{(z/,0) € 77 : v(z) = —r — tv(a)}, which yields the same values for the depths of
elements of 3(m), as expected. |

Table A.10 gives a more explicit summary of all the cases, listing the G-generic elements of
the center of the Lie algebra of M, together with their depths.

5.3.3 The sets Genp 7,

We now consider which elements of the Lie algebra of a torus 7 of G = SO(2H & (1)) will
be M-generic, relative to some proper nonabelian twisted Levi subgroup M containing 7.

We first make a simple observation.

Lemma 5.3.9. Let G = SOs, let T C G be a mazimal elliptic torus, and let M be a twisted
Levi subgroup of G containing T. Then Geng 1 _, C Genpg 1 —r.

Proof. If X is G-generic of depth —r, then for every root a € ®(G,T) one has v(a(X)) =
—r. Since (M, T) C ®(G,T) for every twisted Levi subgroup M D T, it follows immedi-
ately that X is M-generic of depth —r for every such M. |

By Lemma 5.3.6, ®(M,T) = {£a} for a single root a, so the M-genericity condition
of Definition 5.1.6 reduces to requiring that this root evaluate on X € t with valuation
—r. Concretely, since this root vanishes on 3(m) C t, the genericity condition ensures that
X ¢ 3(m)) and in some sense measures the deviation of X from the non-regular subspace

3(m).

The pairs (7, M) were found in Section 4.2. We begin with the tori arising from a sum of
two quadratic extensions, *7? and “T® := *T2. These may embed in two kinds of twisted
Levi subgroups.

Proposition 5.3.10. Let T = “T? and let t = “t° be its Lie algebra, where o, €
{e,wm,ew}.

1. The ®S-generic elements in “t° have depth —r € %u(ﬁ) + Z and are given by

- _—p_1
Gena‘s’aTﬁ’ir = {(x\/a7y\/E’ O) c B . V(y) = —-T il/(ﬁ)7 } '
2

v(z) > —r —sv(a)
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2. The PS-generic elements in *t® have depth —r € %V(Oé) + Z and are given by

GenB‘S,aTB’_T = {(g;\/a’y\/g7 0) e atﬁ : VE%; = —7r — % (Oé), } |

3. If a = B3, then the “L-generic elements in “t* have depth —r € %Val(a) + Z and are
given by

v(r) > —r— %1/(04),
Genagr—r = { (zv/a,yv/a,0) € 1 v(y) > —r — sv(a),

1
x#y (mod P72

In particular, at least one of v(z) + sv(a) and v(y) + sv(a) is equal to —r.

Proof. Let X = (zv/a,yv/B3,0) € 2t°.

We showed in Proposition 4.2.3 that M = *S = Cg(S,,,) where S,,, = {(zv/,0,0) € t:
x € F}. By Lemma 5.3.6, ®(M,T) = {£ea}. Thus X € Genas s _, if and only if X € t_,
and —r = v(es(X)) = v(yvpB), so v(y) = —r — 2v(B). The other inequality follows from
X et,.

By interchanging (o, x, €;) and (f3,y, €2), we obtain from Proposition 4.2.3 that M = ¢S =
Cc(Snr,) where Sy, = {(0,y/3,0) € t: x € F'} and the second result follows as above.

Now suppose a@ = . The eigenvalues of X are {tz+/a, +y\/a,0}. By Proposition 4.2.5,
L = Cg(Snry) where Sy, = {(zv/a,2y/a,0) € t: x € F*} (which by Proposition 4.1.6 is

conjugate to Sy,,). By Lemma 5.3.6, ®(“L,T) = {£(e1 —€2)}. Thus X € Genag o, if and
only if X € ¢ and v((€;—€)(X)) = —r. The first condition implies that v(x), v(y) > —r—

1
v(a). Since (e;—€;)(X) = (z—y)+/a, the second condition implies # # y (mod P~ 172",
|

We now turn to the tori arising from biquadratic extensions.

Proposition 5.3.11. Let a # € {¢,w,ew} and set T = *T;“ with t be its Lie algebra.
Then

1. The BL-generic elements in “t;” have depth —r € %V(aﬁ) + Z and are given by

1%
Gensp 7, = {(f\/B +yvaB,0) € 7
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2. The *PL-generic elements in “47° have depth —r € %l/(ﬁ) + Z and are given by

Genagﬁﬂ—’_r = {(Q;\/E+ y\/OZ—ﬁ, O) c ati,w : ng; i —r — ?I/(Oéﬁ), } '

Proof. Let X = (zv/B+yvaf,0) € t =247°. By Lemma 4.1.7, the nonzero eigenvalues of
X are

$\/E+y\/@7 £L‘\/E—y Oéﬁ, _:E\/B_y aﬁ? —x\/ﬁ+y\/a_ﬂ

We showed in Proposition 4.2.6 that °L = Cg(S,,,) where S, = {(zV/B,0) € t: z €
F}. By Lemma 5.3.6, ®(°L,T) = {£(e1 — &)}. Thus X € Gens s _, if and only if
X €t and v((e; — €)(X)) = —r. Since (61 — &)(X) = 2yv/afB, and 2 € OF, this gives
v(y) = —r — sv(ap), and v(z) > —r — v(B). The case of “*L = C¢(S,,,) where S,,, =
{(yv/aB,0) € t : y € F} is obtained by interchanging (3,z,€e; — €) and (afB,y, € + €2),
yielding the stated description of Genas,  _,. |

Similarly, Table A.11 summarizes the M-generic elements in t corresponding to all the cases
discussed.

5.4 Valid twisted Levi sequences

In the definition of a cuspidal Yu-datum, the key item is a sequence of twisted Levi subgroups.
By Remark 2.4.23, such a sequence has at most three terms. It must also satisfy additional
conditions.

The first condition on this sequence is that the first group has compact center, and this was
what guided our classification of twisted Levi subgroups. We also determined all possible
inclusion relations among our maximal elliptic tori and twisted Levi subgroups, as illustrated
in Figure 3.1.

Another condition arises from the requirement that if (G, Gy) occurs in this sequence, then
there must also exist a character ¢’ of G; = Gy (F) that is Gay-generic of some depth 7.
By Definition 2.6.8, this is equivalent to the existence of an element X € Lie(G;) that is
(G5-generic of depth —r.

The results of the previous sections show that genericity is a firm condition: not every
element of depth —r is generic, and in some cases no generic elements exist at all. In this
section, we list all of the wvalid twisted Levi sequences, that is, twisted Levi sequences

G'CcG'c--CcG'=G
(with d < 2) that satisfy both conditions.

Let us begin by summarizing the key observations from Section 5.3 and the impact on the
choices of twisted Levi sequences.
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Proposition 5.4.1.

o IfT is an elliptic maximal torus that is not contained in any intermediate twisted Levi
subgroup, then every element in t_. \ t_.+ is G-generic of depth —r.

o [f M is a proper nonabelian twisted Levi subgroup of G, then every element of 3(m)_,.
3(m)_,.y is G-generic of depth r.

o IfT is an elliptic mazximal torus that admits no G-generic elements of depth —r, for
any r, then the twisted Levi sequence T C G is not valid. However, in this case for
each depth —r occurring as the depth of an element of t, there exists a twisted Leuvi
subgroup M containing T such that T has M-generic elements of depth —r, and then
the sequence T C M C G is valid.

Proof. The first statement is from Proposition 5.3.2 and the second from Theorem 5.3.7.
For the last, a careful study of Tables A.8, A.9, A.10, and A.11 reveals that for all tori,

except *T¥, for each element X € t we can find a root a for which v(a(X)) = —r and
correspondingly there exists a twisted Levi subgroup M such that X is M-generic of depth
_/r". I

Recall that in Figure 3.1 we had given all twisted Levi sequences in G up to conjugacy. Using
Proposition 5.4.1 we can now determine which of these are valid, that is, that arise in the
construction of supercuspidal representations.

Corollary 5.4.2. All twisted Levi sequences are valid, with the exception of those beginning
with the mazimal elliptic tori of the form = To™ and = T¢. These only occur in twisted Levi
sequences with three terms, that is, of the form T C M C G.

On the other hand, tori of the form an[u] occur only wn twisted Levi sequences with two
terms, that is, sequences of the form T C G.

We summarize this result in Figure 5.1, showing all the inclusions that are part of a valid
twisted Levi sequence. Sequences of length two may begin either with an elliptic maximal
torus 7 or with a twisted Levi subgroup M leading to SO(2H & (1)). Sequences of length
three begin with an elliptic maximal torus 7 and pass through a twisted Levi subgroup M
before reaching SO(2H @ (1)).

The figure indicates the tori that admit sequences of length two, and shows that the tori ® 7
and @ 75% do not occur in sequences of length two. It also shows that all tori participate
in sequences of length three, except for the quartic torus with a unique subfield (shown in
dark blue).

Note that the arithmetic of F' comes into play: the torus ® 7?2 appears in three sequences of
length three when —1 ¢ F*2) and in only two such sequences otherwise.
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Figure 5.1: Valid twisted Levi sequences for the construction of supercuspidal representations of
SO2H @ (1)). We use colors to distinguish twisted Levi subgroups of type Mgshore (pink) and Miong
(brown). The blue line shows the sequence of length two from T to G, the brown line shows the

sequence of length two from M to G, and the black with brown together show the sequence of length
three.
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Chapter 6

Determining the Bruhat—Tits building of
the tori of SO(2H & (1))

In Chapter 3, we classified the conjugacy classes of elliptic maximal tori in G = SO(2H® (1)),
but abstractly: each one is naturally embedded in a group G isomorphic to SO(2H®(1)). Our
work in Chapters 4 and 5 depended only on the isomorphism class of each torus. That is, until
now, we have not required an explicit embedding of our tori or twisted Levi sequences into
the group G = SO(2H @ (1)). However, to complete the work of constructing supercuspidal
representations, we need to make a choice of embedding for each 7 and then identify the
point in the Bruhat—Tits building of G that is the image of the building of 7.

To set the stage, recall that the initial subgroup G° of a valid twisted Levi sequence in
G can either be a maximal elliptic torus or an intermediate twisted Levi subgroup with
compact center. By Lemma 2.5.10, if G¥ is a maximal elliptic torus, then it is compact, and
its building consists of a single point. On the other hand, by Corollary 2.5.11, if G° is a
non-toral twisted Levi subgroup, it may be either compact or partially split. In such cases,
the building is either a point or its apartments are affine lines, which contain among their
points the buildings corresponding to the tori in G°. Note that a vertex in G° need not to
be vertex in G. We begin with the case where GV is a torus, that is, compact.

In Section 6.1, we show how to apply a result of Kim and Murnaghan to find the point
in the building of G corresponding to a torus or a twisted Levi subgroup using the Moy—
Prasad filtration. With this in mind, in Section 6.2, we construct, for each elliptic torus
in SO(2H @ (1)), an explicit Witt basis, which allows us to realize the torus inside the
standard form of SO(2H @ (1)). In Section 6.3, we construct explicit matrix realizations of
the tori using the Witt bases obtained earlier. In Section 6.4, we combine these results to
develop algorithms that determine the building of each elliptic torus in SO(2H & (1)). In
Section 6.5, we present two methods to determine the building of a twisted Levi subgroup:
from the maximal elliptic tori it contains, and more directly, from the Lie algebra of its
center. Finally, in Section 6.6.2, we determine the admissible points y in the building of G
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that arise for each twisted Levi sequence in the construction of supercuspidal representations,
as well as the finite groups of Lie type associated to a given sequence and point y.

6.1 Determining B(7T)

The goal of this section is to present a useful characterization, due to Kim and Murnaghan
[KMO3], of the building of a torus 7 as the set of points in the building of G for which
9., Nt =1t (Proposition 6.1.3, below).

We start with the following definition, which generalizes Definition 5.1.2 to one that is related
to a choice of point x € B(G).

Definition 6.1.1. [KMO03, §2.1] For = € B(G), r € R, and I" € g, define the depth of T" in
the z-filtration by
d(z,T) :=sup{r e R | € g, }.

That is, if I' # 0 then d(z,I') is the unique real number such that I' € g, , \ g,

Then in [KMO03, Lemma 2.1.5], Kim and Murnaghan note that if I' € t is a nonzero element
of the Lie algebra of a torus 7', then its depth dr(I") with respect to that torus, as defined
in Definition 5.1.2, satisfies

dr(T):= sup d(z,T).
zeB(Cq(I)

Theorem 6.1.2 (Kim-Murnaghan [KMO03, Thm. 2.3.1]). Let T be a mazximal torus and let
I' € g be a non-zero T -good semisimple element. Then

{z € B(G) | d(z,T) =d(I')} = B(Ce(T)).

In the case of G = SO(2H @ (1)), we have established the abundance of 7-good elements: in
Section 5.3, we found all of the G-generic elements of the Lie algebra t of a maximal elliptic
torus (Geng ) and of the Lie algebra 3(m) of the center of a nonabelian proper twisted
Levi subgroup M with compact center (Geng ). Since all of these elements are T-good
by Proposition 5.1.9, and their centralizers are 7 and M, respectively, the theorem applies
to each of them and gives us a characterization of the buildings of these subgroups [KMO03],
which we state and prove explicitly for G = SO(2H & (1)).

Proposition 6.1.3. Let T be a maximal elliptic torus in G = SO(2H & (1)), t be the Lie
algebra of T. Then

B(T)={x} ifandonlyif VreR, t, =tNg,,,

which is equivalent to requiring the inclusion t. C g, for all r.
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Proof. Note that by [Yu0l, Lemma 8.2|, for any point x € B(G) we have t N g,, C t.
Therefore, given a point x € B(G), it suffices to prove the inclusion t. C g, , for every r € R
to conclude equality.

Suppose now that B(7') = {z}. Then the property that t. = tNg,, is the key compati-
bility property of Moy—Prasad filtrations under subgroup embeddings (see [Adl196, Proposi-
tion 1.9.1]), proving one implication.

To prove the reverse implication, let x € B(G) satisfy tN g, = t, for all r € R.

We begin by supposing that I' is a T-good element of depth r, which exists for every tamely
ramified torus in SO5 by [AdI96, Proposition 2.2.5|. Set M = Cg(T), its centralizer. Then
I' € t, \ t.4. By hypothesis, this implies I' € g, , \ g5 ,+. Therefore by Definition 6.1.1 we
have d(z,I") = r = dp(I"), which implies by Theorem 6.1.2, that z € B(C(I)).

If in the preceding step we could choose I' to be regular then C;(I') = T and we are done.
Otherwise, M = C¢(I"') € G is a proper twisted Levi subgroup and we proceed as follows.
We wish to choose a T-good element [ € t. \ t.; for some r € R, where now 7-good is
defined relative to the root system of the smaller subgroup M, which yields a larger class
of T-good elements. In particular, since by [Adl96, Proposition 2.2.5] every coset of t,./t.,
contains a 7 -good element, we may choose a coset that does not contain an element of the
one-dimensional subspace 3(m) of t. Doing so ensures that Cp/(I') = 7. As before, our
hypothesis allows us to conclude that d(z,I") = r, and therefore by Theorem 6.1.2, that
x € B(Cq(T")) = B(T), as required. i

6.2 Witt bases for elliptic tori in SO(2H & (1))

We established the complete list of conjugacy classes of maximal elliptic tori in the split
group G = SO(2H @ (1)) in Section 3.2.3. Each such torus 7 was constructed from an
algebra A and embeds, with respect to a basis B of A, into an orthogonal group SO(q),
where the preserved quadratic form ¢ is isometric to 2H @ (1). In order to embed 7 into
G =SO(2H & (1)), we must represent the torus with respect to a Witt basis for A instead.
Recall from Definition 2.2.10 that a Witt basis

B* = {617€2af17f2’gl} - A
for 2H @ (1) satisfies
(61',61') = (fiafi) =0, (e'iaf'i> =1, (glagl) =1,

with all other undetermined pairings equal to zero.

6.2.1 Quadratic forms preserved by maximal elliptic tori

To produce the Witt bases, we need to describe the forms ¢ preserved by each torus, and
we will need to identify its isometry with 2H @ (1) explicitly. For the convenience of the
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reader, we reproduce Table 2.3 here, as Table 6.1, which lists the 2-dimensional quadratic
forms that arise. Note that we refer to forms of the type p} and p3 (for some A € F*/F*?)
as diagonal forms, and those of type py as cross-term forms.

When we classified the maximal elliptic tori of G in Chapter 3 we listed them in Table 3.7
without specifying the explicit associated quadratic forms. To obtain these forms, we must
return to Tables 3.3 and 3.5, which gave the explicit forms for SOy, and insert the appropriate
parameters from Table 3.7. Doing so gives the first three columns of Table 6.2 (in the case
that —1 is a square) and Table 6.3 (when —1 is not a square).

In the final column of these tables, we identify the form ¢ as a sum of forms p? from Table 6.1.
Note that only the forms p? for i = 1,2, 3 arise in the case —1 € F'*2, while the forms p} for
i=1,2,4,56 occur when —1 ¢ F*2. This structure is made transparent by the color coding
used in the tables. When the result is p}* @ p;\Q, we order the forms so that v(\) > v(Ag).
As we will explain in Section 6.4, this will help ensure that the resulting point in the building
corresponds to a point in the fundamental domain.

We illustrate this process explicitly in several examples in the following sections, in the
course of determining a corresponding Witt basis. We choose to construct the Witt basis
according to whether —1 is a square in F', as this makes the distinction between the two
cases transparent.

Quadratic Form -1 Target form Witt basis
e=(u+w
Poratumw) =A@ —) | any H (u+w)
f= %A‘l(u —w)
A e=u
o (viu + vaw) = 2 v1 vy any H
f=X\'w
e=(u+w
py(viu+ vaw) = X (v? + v) —15 H ( )
f= %)\_l(u —iw)
2 2
=s‘u+t'w
Phoru+ow) = Ao +03) | 1% | (oA A -
g2 = t?u — s’w
A 2.1
ViU + VW) = =su—tsTw
p5(v1 2W) _q® (0 A) 91
(=520} + 220109 + s202) go = s 'w
pp(viu + vaw) = - e= (s —tHu— (s +t*)w
-1 H $2 + ¢2 s2 _ 42
(st — t4)(v3 — v?) + 45212 v1v) f=- o U oy W

Table 6.1: Frequently occurring binary quadratic forms, with respect to a basis {u,w}. For each
one, we list a different quadratic form in its isometry class and the corresponding change of basis,
reproduced from Section 2.2. Here A € F* /F*? and i = /—1. When —1 ¢ F*2 indicated by —1%,
then s,t satisfy s + it = ep, and s* +t* = —1.
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6.2.2 Witt basis for elliptic tori in Table 6.2.

When —1 € F*2, so that i = v/—1 € F, all the forms pg\ that arise are hyperbolic, that is,
each is isometric to H. Hence, a direct application of Table 6.1 yields a Witt basis for each
elliptic torus.

We illustrate how to read Table 6.2 through two representative examples, one from a sum of
quadratic extensions and another from a quartic extension.

Example 6.2.1. Consider the elliptic torus 57{;@71}, which arises from the algebra A =
F(e) ® F(e) ® F. With respect to the basis

B = {uy, ug, uz, ug, us y = {(1,0,0), (v/£,0,0), (0,1,0), (0,/¢,0),(0,0,1)},

of A, the quadratic form preserved is

2 2 2 2, .2
q(v1uy + voug + Vsuz + VaUy + VsU5) = WU — EWV; + W5 — EWU; + Vs

where each v; € F. Using Table 6.1 we see that this quadratic form decomposes as
P (v1,v3) + p3°7 (v2, v4) + v2, which we record in the last column of Table 6.2.

We now write down a Witt basis B* of A using the last column of Table 6.1, which defines
which linear combinations of the vectors of B to use. We obtain the Witt basis B* =

{e1, ez, f1, f2, 91} where

In general, for every torus 7 such that with respect to some permutation {uy, vy, us, vo, g}
of our fixed basis of A we obtained a quadratic form ¢ = p;"* ® p;* @ (1), with 4y, € {1,3}
the resulting Witt basis takes the form

U — 7%, 01 £ = Uz — iy V2
=2 Mt y = — 11272

er =u; + Vi1 U1, fl = 20 ; €y = Uz + Vi U2, 2w ’ g (621)
1 2

where v;, = 1if 15 = 1 and ~;; =4 if i; = 3. These Witt bases are recorded in the first two
columns of Table A.3.

Example 6.2.2. Consider the elliptic torus ¢ 45[’75 i which acts on the algebra A = F(y/2,/@)®
F. With respect to the basis

B = {(17 0)7 (\/ga 0)7 (\/Ea O>7 (\/ Ew, O)7 (07 1)} = {uh \/gulau% \/EUQ, 'ng},
of A the associated quadratic form preserved is

q(viuy + Vav/E UL + Vg + v4V/E Uy + vsuz) = £(2u1vy — 2wv3vy) + VE,
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where each v; € F. Using Table 6.1, the form decomposes as a sum of two hyperbolic planes
p5(viug + vay/euy) and p; °F (vsug + va4y/Eug) and anisotropic line g(uz) = 1 = g;. Here,
v(ew) > v(e) so we order the two hyperbolic planes so that the decomposition is given as
P5 "7 (v3ug + v4v/Eug) + p5(viug + voy/Euy) + v2, and record this in the last column of Table
6.2.

Applying now the change of basis from Table 6.1, we obtain the Witt basis

e1 = (Vw,0), ex=(1,0),
fl = (—\/8_?1/'71,0), f2 = (Fa O>7 g1 = (07 1)'

All remaining tori in Table 6.2 are treated in the same way as these two examples: we order
the hyperbolic pairs so that the parameters have non-increasing valuation, and for each
hyperbolic component of the quadratic form, we apply the appropriate change of basis to
obtain the corresponding Witt pairs. The chosen Witt bases for all tori in this setting are
collected in Tables A.3, A.5, A.6.

6.2.3 Witt basis for elliptic tori in Table 6.3

We now construct Witt bases for the conjugacy classes of elliptic tori in the case —1 ¢ F*2.
Throughout this subsection we set ¢ = —1 and write /¢ = . When E/F is unramified and
—1 is not a square, recall that we choose ep = s* + it?> € Of as a nonsquare unit, with
s,t € F and s* +it*. There are four fewer conjugacy classes of elliptic tori, compared to the
case —1 € F*2,

When the form ¢ preserved by 7T is a sum of forms from the set {p}, py, p3|\ € F*/F*?}, the
approach is the same as in the previous section. However, the construction of a Witt basis
{e1, ea, f1, f2, 91} requires additional care in six cases, where the quadratic form involves the
types p} for i € {4,5,6} from Table 6.1. The key difference is that the forms p} and p?
are not hyperbolic; rather, they are isometric to (A, ), which is not isometric to H when
—1 ¢ F*?. Instead, we must combine forms and make a sequence of transformations to
obtain the result.

For example, when —1 ¢ F*? we have the isometry
(0, A) = 2H.

The form on the left is p} @ p}. Choosing the change of basis in Table 6.1 on the first of
these two factors yields a new diagonal form (—\, —A, A, A\). Reordering the basis yields the
form p; @ p} which by the change of basis in Table 6.1 is isometric to 2H.

Thus these cases require additional work to construct Witt bases for the elliptic tori admitting
these forms, which are exactly the tori

€ € wew ewe enEE] eEELW
7-[%,1,1}7 7-[2w,w,1}7 le,— 1] 1,,@]> T4[1,5]7 T4[n,5}'
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T ‘ veT Quadratic form g ‘ Decomposition
eT2 v? — ev2 4+ v? — ev? + v? pL(vi,v3)+ ps(vy, va) +02
1, 5 1,U3 p 2,V4
- 21 1,1 (,Ul + 1)2\/;:, vg + U4\/g7 1)5) - 1 Z 3 - 4 20 - w&( ) Esi ) 52
T (z,.1] wuy — ewvs + wusg — ewvy + v2 | pF (v1,v3)+ p3 T (v2,v4) +VE
@2 v? — w3 +v3 — wus + v2 p3 7 (v2, v4)+ pi(vy,v3)+v?
1, 2, V4 p 1,03
N R B wo Ml UL L U
7-[?7671} evi — ewvs + vy —ewvy +v5 | Py (va, va)+p§(ve, v3)+vs
g2 v? — ewv? + v3 — ewv? + v3 P =7 (o, v4)+ pi(v1,vs)+v2
[1,1,1] 2, V4)T P31, U3
@ = (1 + v2v/Ew, v3 + vav/Ew, v5) 21 2 2 32 2 - 2 : 2 EEQW( ) Se( : 52
7?,5,1} evy — ewvs + evs — 2wl +vs | py - ©(v2,v4)+ p§(v1,v3)+03
w T EW 2 2 2 2 2 2 —w (>4 2
(o] ‘ v — wvi + vy — e“wui + ev p3 “ (v2,v4)+, p§(vs,v5)+v
w ;;E (1 + v2/@, 03 + vay/Ew, v5) 12 : 2 32 2 Z ?)—aw 53 21
Ted o evi — ewvs +v5 —ewvi +evs | Py (va, va)+p§(v1, v5) V3
ewTE 2 2 2 2 2 —Eew p w p 2
[.] vy — ewvs + wus —ewvy + wvi | py T (ve, va)+pF (vs, vs)+v
cw 1aw = (V1 + v2v/Ew, V3 + Vav/E, v5) : 2 22 2 32 24 25 3w 53 21
[€,1,m] evi — e*wvs + v5 — vy + wug Y (v2, v5)+ pi(v1, va)+vs
wTE v? — wv 4+ wv? — ewv? + ewv? @ (vg, v3)+ 5T (v4, v5)+03
- [tw,sw (v1 + va/T3, U3 + V4v/E, U5) 1 _ 2 _ 32 24 25 plefx;2 3) plg (v4,vs5) 21
1,0 €vy — EWV; + v5 — vy + ewvZ p§= (va, vs), P§(v1,v4)+V3
) 46[75,1] (v1 + vav/E + (v3 + var/E) /@, v5) £(20102 — 2wv304) + V3 P2 °% (v3,v4)+p5 (v1, v2) +03
T | (014 0@ + (v + va/@)VE, vs) @ (20102 — 2ev30s) + 02 P2 (03, 04)+F (v1, v2)+03
5“7:&’7%}1} (v1 + vov/Ee@ + (V3 + v4y/ET)V/E, Us) ew(2u1vg — 2ev3v4) + V2 5= (v1, ’UQ)—i-p;EZw(v;g, vy)+032
ETZEI,E} (vl + 1}2\/5 + (’Ug + 1}4\/5) \4/53 U5) ’U% + 51}5 — 2ev3v4 + E’Ug pg (1}2, 1}5)+p2_€(’1)37 ?I4)+U%
ETZ‘ES (v1 + va/E + (v3 + v4V/E) Vew?, vs) V3 + evi — 2ewu3vy + Ev? Py “F (v3,v4)+ p§(v2, v5)+0v?
Y o] (v1 + vav/w + (V3 + Va/@) Vo, vs) v3 + wvd — 2wv3vy + wo pT (v2, v5)+py = (3, v4)+02
wTi?f’w] (v1 + vo/@ + (v3 + Vay/@) V2w, v5) v? + wv — 2ewu3vy + wWUE PY (v, v5)+p5 °F (v3, v4)+03
Y ) | (V1 T 2VE@ + (3 + 04VEW) VEm, v5) | 0T + ewvi — 2ewuzuy +ewvl | 5T (v2, vs)+py " (vs,va) +07
3 _ 2
Y ] (v1 + vo/E@ + (v3 + v4/Em) VeEdwm, vs) | v? + ewvd — 2e2wmusvy + ewv? | p§T (v, vs)+ps © © (vs, va)+0?

Table 6.2: Elliptic tori in SO(2H @ (1)) when —1 € F*2.

For each elliptic torus, we give the

explicit quadratic form and then the decomposition of the quadratic form by the forms displayed in
Table 6.1. We use the blue color as a code for the diagonal forms pi\ and pé, and the red color to
code the cross-term forms pﬁ‘.

These cases are indicated by % in Table 6.3. We illustrate the steps in constructing the
appropriate Witt basis for three of these tori, the other three being quite similar.

Example 6.2.3. Consider the elliptic torus 57{; 1] With respect to the basis

B = {(17 07 O)a (Za 07 0)7 (Oa ]-7 0)7 (07 i? 0)7 (07 07 1)} = {ula Ug, U3, Uy, U’5}7

the preserved quadratic form is

2 2 2 2 2
q(v1uy + voug + v3us + vauy + V5us) = WU + W5 + W3 + WU + vs.

Using Table 6.1, the form decomposes into two binary forms of type p7. We first consider
the subspace span{uy, us}, on which

q(viuy + vsug) =
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7|

veT

Quadratic form g

Form decomposition

87—[%11] (01 + vai, Vs + vai, vs) v} +v3 + 3 +v] + 03 * pi(v1,v3) + py(v2, va) + V3
= 1 2%, U3 4%, U5
87—[;%1] ’ wvi + wvd + wvl + vl + 02 | x pT (v1,v3) + pT (v2,v4) + V2
T e (v1 + v2v/@, V3 + V2w, V5) vi — wvi — vi + wof +v] Y (v2,v4) + pi(v1,v3) + v3
T e (v1 + voiy/@, v3 + vaiv/w, V) v} + wvi —vi — @i + v3 pY (v2,v4) 4 pi(v1,v3) + 03
w T Eew 2 2 2 2 2 w -1 2
o] ) —v? + wvs — v — WUl —v x  pF(ve,vq) +py (v1,v3) — v
p——— (01 + v2v/@, v3 + vaiV/@, v5) 21 22 23 24 25 —; : 14 2 ’
(1] v] — wvs + v5 + wuy — v§ p1 7 (v2,v4) + p1(vs, v5) + 07
ewTe . . V2 + wv? + wvd + vl +wv? |« pF(va,va) + pT (vs, vs) + v2
[1,,] (v1 + voin/T, Vs + vai, v5) 1 _ 2 : 32 24 25 71;4 (v2,v4) 1141( 3, U5) 21
Ewﬁim,w] —vi — wv; + v5 + vy + wuE p1 © (ve,v5) + py (v1,v4) 403
wTe . v? — w2 + wv? + wv? — wu? 7% (va, v4) + pF (vs, v5)+0?
1,0,ew (v1 + ’1}2\/257 V3 -+ V4, 'US) 1 - 2 - 32 24 25 P1 ( 2 4) pll ( 3 5) 21
T ew] —Uy] + WV + V3 + Ui — WU pT (v2,v5) + p1(v1,va)+03
€ 45[’1121] (v1 + vai + (vs + v4i)/T, v5) v? —v2 — wui + wu? + 02 Py © (v, v4) + pi(v1,v2)+02
W'EE[’:/WEJ] (v1 + vo/@ + (v3 + V4 /@)1, v5) @ (2v1v2 + 203v4) + V2 P (v1,v2) + P (v3v4)+v2
T iiymay | (01 +v2iV@ + (03 + vaiV@)i, v5) —w (20102 + 2v304) + V3 Py (v1,02), Py 7 (vs,v4)+03
ETZEEJ (v1 + v2v/E + (v3 + v4y/E)VE, v5) U% - U% +P%(UB»U4) - vg * P%(Ula v2) +P%(03,U4) - v%
Yot g | (01 vaVE+ (vs+ vaVE)Vew? vs) | ph(va, —v1) +pF (vs,04) =03 | x pF (vs,va) + ph(va, —v1) — 03
T ew] (v1 + vav/w + (vs + Vav/w) V@, vs) v} + w3 — 2wvsvs — wo P (v2, v5)+py © (v3, v4)+03
Y o | (14 v2iv@ + (v + vaiv@) V=, v5) v? — wv2 + 2wz, + w2 p1 7 (v2,v5)+pT (v3,v4)+03

Table 6.3: Elliptic tori in SO(2H® (1)) when —1 ¢ F*2. For each elliptic torus, we give the explicit
quadratic form, followed by its decomposition using the forms listed in Table 6.1. We use blue to
denote the diagonal forms p{‘ and pé, and red to denote the cross-term forms pé\. The remaining
cases correspond to forms that are isometric to (1,1) and require a change of basis to show that the
full form is isometric to 2H @ (1).

Applying the change of basis corresponding to p5 (viu; + vsus) yields the vectors
hl = 82U1 + t2U37 hg = t2u1 — S2U3.

The vectors hy and hy form a basis of span{u;, us}, with respect to which the restriction of
q is isometric to (—w, —w). By choosing the new ordered basis

B - {h17 U2, h27 U4,U5} = {(827t27 0)7 (Z7 07 0)7 (t27 _527 0)7 (07 i? 0)7 (07 OJ 1)}

Our form is now given by

(6.2.2)

Finally, we consider the subspaces span{hy, us} and span{hsy,u,} which each carry the form
p1 ©. Applying the corresponding change of basis from Table 6.1 yields the Witt basis vectors

C o2 —t2
Z 8 ) ) 0 )
2w " 2w

—h _t2' 2
f2ZU4 2:( Z+870)7

2o 2w’ 2w

q~(—w,w,—w,w,1).

us — hy

fi= =

2w

e1 = hy +uy = (82 +1i,1%,0),

ey = hy +uy = (t*,i — s%,0),
together with g = (0,0, 1) since ¢(g) = 1.
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A similar construction to the elliptic tori 57ﬁ1 1 w’ﬁm and ¥ where in all of

€,6,€]? [1,00,w]?
these case the key is to first transform one of the factors p} to the isometric form (=X, —\)
and then combine with another term to produce a form p}, to which a second change of basis
yields our required Witt basis.

Now we compute the Witt basese for the two remaining starred cases from Table 6.3.

Example 6.2.4. Consider the elliptic torus © Tiﬁ{g]. With respect to the basis

B ={(1,0),(i,0), (vEE,0), (iv/ER,, 0), (0, 1)} = {ur, us, us, ua, s},
the preserved quadratic form, using Table 3.5 is

q(viug + vty + v3us + vauy + Vsus) = vi — v3 + py(vsus + vauy) — Vs
We first consider the subspace span{us,u,}. Since
ps(vsus + vauy) =~ (1,1),
applying the corresponding change of basis from Table 6.1 yields the vectors
hy = sus — t*s g, hy = s tuy,

which form a basis of span{us, us}. If we now choose the ordered basis B = {uy, ua, hi, by, us},
then with respect to this basis, ¢ is given by (1,—1,1,1,—1). Finally, we consider the sub-
spaces span{uy, us} and span{hs,us}. Applying the change of basis corresponding to p] to
each gives the Witt basis

. U — U 1—1
er = uy +uy = (1+1,0), fi= 12 22( 5 ,0)7

1. he —u s Yi\Eg —1
62:h2+u5:(s 1%/5]51,1)7 Ja= 22 52( 5 1,7>,

together with g = hy = (s R, — tzsfli\/ﬁEl,O)-

In the final case, we require the use of the most complex form, pg.

Example 6.2.5. Consider the elliptic torus ETiﬁllg. With respect to the basis

B =1{(1,0),(7,0), (\/£,@,0), (iyeg,@,0),(0,1)} = {uy, ug, ug, ug, us},

the preserved quadratic form is, again as precomputed in Table 3.5, is

q(v1ug +vous+vsug+v4us+usus) = pé(vgm—v1u1)+p6w(v3u9,+v4u4)—v?) ~(1,1,w, —w, —1).
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Note the additional change of sign and order needed to match our labeling. We first consider
span{uy,us}. Then we have pi(vous — viuy) ~ (1,1) via the change of basis in Table 6.1
given here by

hy = sug + t2s g, ho = —s tuy.

Next, we consider span{ug, us}. Then we have pg (vsus + vquy) ~ H via the change of basis

5% 4+ t2 2 —t2
u —
2t 3 2w

er= (> —t*)uz — (8" + tus, f1=— Uy.

Thus, our next intermediate basis is

B = {hl, ha, €1, f17u5}-

Finally, applying pi to span{hs, us} gives

hy — sl 1
62:h2—|—U5:<_5_l,1), f2: 2ZU5:< i 7_)7

with g; = hy = (si + t*s71,0).

The chosen Witt bases for all tori in this setting are collected in Tables A.4, A.5 and A.6.

6.3 Explicit matrices for tori and their root coordinates

In this section, we use the embedding defined by the Witt bases of the previous section to
give an explicit embedding of the Lie algebra of each torus into sos, viewed as a Lie algebra
of 5 x 5 matrices as described in Chapter 2. In addition to giving a very satisfactory explicit
description of these tori, this description will allow us to apply Proposition 6.1.3 in the next
section to find the associated point in B(G).

6.3.1 Overview of the strategy

Fix the maximal diagonal split torus S C G = SO(2H& (1)) with Lie algebra s. Let ® denote
the associated root system. Fix also a maximal elliptic torus 7 C G constructed from an
algebra A, an involution o € Aut(A/F) and a parameter p € (A*)?, as in Chapter 3.

Let t be its Lie algebra, and choose an element v € t. With respect to the root space
decomposition of g = s05, the element v admits a unique decomposition

vzvo—l—g Vers Vg € 8, Vy € ga,
acd

where each root subspace g, is one-dimensional, as recalled in Section 2.4.2.3. Fixing basis
vectors X, € g, as in Table 2.11, we may write

v =a1(En — Es3) + as(Ea — Eyq) + anj(a,

acd

120



with coefficients a1, a9 € F' and ¢, € F for each o € P.

To determine these coefficients, we compute the matrix M, corresponding to left multiplica-
tion by the element v € t C A on V = A with respect to the Witt basis

B* :{b1 =e1, by = e, bsth b4=f2, b5=g}

constructed in Section 6.2. The entries of M, given by the coordinates of v - b; for b; € B*,
express v explicitly in terms of the root coordinates relative to the chosen bases. Let ¢, p,

be the coordinates defined by
5

(O bZ = Zcbi,bjbj‘ (631)
j=1

Then the matrix representing v is given by

M, = Cbb Ecbb i+

More precisely, let (B*)° denote the dual basis to B* with respect to the symmetric bilinear
form (,). Then

(B*)D:{b?:fla bg:f27 617b4 6276 _g}
It has the property that

e (b;,0%) =1; and

Jr Yy

e (bj,b) =0 for all b € B*\ {b3}.

Lemma 6.3.1. With the notation as above, and cy,p, as in (6.3.1), we have

Coib; = <U bi, b]> Tr.A/F(,u vb; U(b?)) (632)

Proof. First, since

v-b = E Cbi,bkblw
k

pairing both sides with b} gives

<U bZ; b3> <Zcbi,bkbk; b3> - Z cbi,bk <bk‘7 b3> - Cbi’b].,

k k
since (by, b3) = 0 unless k = j, in which case it equals 1. This proves the first equality.
For the second equality, recall from Proposition 3.1.3 that the bilinear form preserved by T
is given on v,w € A by

(0,0) = Teae (v o(w)).

Applying this to v - b; and b§ yields (v - b;, b5) = Tra/p(pvb; o(b)), as required. i
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With Lemma 6.3.1 in hand, let us now derive several identities among the 25 entries of the
matrix M, = (cbi’bj). These structural constraints must reduce the number of independent
coefficients to ten, which is dim(so5), from which all remaining entries are then determined.

Lemma 6.3.2. The matriz coefficients defined in (6.3.1)satisfy that for all 1 <i,j <5, we
have

Cbi,bj = _Cb?,b?' (633)
Consequently,

Ce1,f1 = Cea,fo = Cfie1 = Cfaea = Cgg = 0.

Proof. This follows directly from the matrix realization of sos, however, it is a valuable
consistency check to confirm it directly from our definition. Since ¢y, € F', this element is
invariant under the automorphism ¢ of A. Thus by Lemma 6.3.1, we have

o, = 0 (Trap(pvb; o(b3))) = Trayp(o(p) o(v) o(bs) 0Y).

Here we also used the fact that o is an automorphism of the (commutative) algebra A. Since
vet={Xe€A| X +o(X) =0}, we have o(v) = —v, and because u € (A*)?, the above
expression becomes

Chipy = Trage(p (—v) o (b)) = = Trayp(pvbio(b) = ERCIUE

Taking b; = b and b; = b9 in Lemma 6.3.2 gives ¢, pp = — Cpye, = — Cppo, SO Cppe = 0 since
char(F) # 2. Applying this to the pairs of Witt duals € = f1, €} = fo, and ¢° = g, yields
that the corresponding coefficients must be zero. |

Through Lemma 6.3.2, we may visualize the matrix M, of an arbitrary element as in (6.3.4),
where we have colour-coded matching pairs (which correspond to multiples of the eight
distinct root vectors, see Section 2.4.2.3).

Cel,el 0 C(Jlt:jg
Ce_ﬁélg Cez ,e2 0 ({;; 129
Mo=1 0 )} | e~ | ol (6.3.4)
S
i (f‘;(f};l _C(Jl‘ilg _C?”zfg 0 ]

With this notation in hand, in the following subsections we will for each torus give explicit
relations on the valuations of the entries of the matrix representing v € t.. The key will be
to express the proportionalities between the valuations of root coefficients in terms of the
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parameters (wi,wy) appearing in the forms q = p;”* © pj* @© (1) that arose in Tables 6.2, 6.3.
Accordingly, we treat the tori in classes, depending on these forms: in Section 6.3.2 we treat
the case that 4, j € {1,3}; in Section 6.3.3 we treat the case that i = j = 2; in Section 6.3.4
we treat the case that i € {1,3} and j = 2, and finally in Section 6.3.5 we treat the special
ones in Table 6.3.

The robust output in all cases is the resulting valuation data.

6.3.2 Elliptic tori corresponding to two diagonal hyperbolic forms

Suppose in this section that 7 is a torus constructed from a datum (A, o, ) such that with
respect to the natural basis chosen in Tables 6.2, 6.3, the resulting quadratic form ¢ has the
form decomposition

q=p ®p;? @ (1) such that iy,ip € {1,3} (6.3.5)

with respect to some fixed ordered basis {uy, vy, us, v9, g} of A. For ease of identification:
these are the tori whose entire entry in the last column of these tables is in blue. All but
one corresponds to an algebra A of the foom A=K, & Ky ® F.

Let B* = {ey, e, f1, f2, g} be the associated Witt basis. As show in Table A.3 and Table A.4,
it takes the form

= Uy — V01

= Uz — Vig U2
g = ——2°
2U)1

€1 = Uy + Vi, V1, 5w
2

) €2 = Uz + Vi V2, )
where w; and wy are obtained from the ¢ as in (6.3.5), and ;, = 1 if i; = 1 and v;; = @ if
i; = 3. Note that only i; = 1 can occur is —1 ¢ F*?, so0 in all cases Vi, € F* so0 is fixed by

g.

Lemma 6.3.3. Suppose that A = K, & Ky @ F is a sum of two quadratic extensions and
that (6.3.5) holds. Then the following relations hold:

610(62) = Zdwiwo fla(fQ)a €1U(f2) = iz—; f10(€2)> eia(g) = 2w fiU(g)'

Moreover, the entries of bo(b°) lie in F for all b € B* .

Proof. Suppose that A = K; & Ky & F for some quadratic extensions K, Ky of F. We
have, for 71,1, € {1,3} as above, that ¢ = p"* @ pi? & (1) = (wy, =77 w1, wa, =7, W, 1) with
respect to the ordered basis {uy, vy, us,ve, g} of A. Perusing these rows in Tables 6.2, 6.3
(omitting those indicated by a * in the latter table), we see that in the permutation of the
basis of A to construct the diagonal forms p;*, we chose for each p;, vectors from distinct
summands of .4, meaning in particular that w;u; = 0 (and thus uo(v;) = 0) for ¢ € {1, 2}.

In most cases, it is also true that uyvy = 0 and usv; = 0 because they come from distinct
summands, which means
wio(v;) =0 Vi, je{l,2}. (6.3.6)
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There are exactly five exceptions to (6.3.6) and for all of these we have {us,v1} € Ks but
no other pairs from the set {uy, us, v1,v9} lie in the same summand; thus all other pairwise
products are zero. When —1 € F*? these exceptions are @7, ¥ ] and w’ﬁf

€
[1,e.e] 1,m,@
and when —1 ¢ F*2 they are w’ﬁi?g} and wﬁiwﬁw}. The calculations are simpler in these
exceptional cases and are omitted.

w,Eew)

Therefore assuming (6.3.6), we may calculate

e10(e2) = (ur + i, v1)0 (ug + Vi v2) = w10 (u2) + Vi, Vi, v10(v2)

whereas

fio(fa) = (UI - %101) o (UQ - %21]2) — (10 (uz) 4 ¥i, Yis 10 (v2)),

2w, 2o  dwyws

yielding the first relation. We also have

Uy — Vi,V 1
2—%2> = —(Ula(w) — Yi, Via V10 (02))

e10(fo) = (u + v, 01)0 <

211}2 N 2w2
and .
froes = (%) 71ty 4 302) = =010 (12) = 703010 (1),

yielding the second. Finally, note that if g is a basis for the factor F' of A (meaning v? is
the final term of the expression in the blue rows of Tables 6.2, and 6.3, then e;o(g) = 0 and
fio(g) = 0 for all i. Otherwise, we have g € K for some j = 1,2, and exactly one of the
vectors {uy, ug, v1,v2} is also an element of K. Therefore in each pair {u;,v;} there can be
at most one basis vector that lies in the same summand as g, meaning that for all j, at most
one of u;o(g) or vjo(g) is nonzero. From this observation we conclude that

Uj — ;Y

csola) = (1 303)0(a) = (22u5) (572 ) o) = (2, o)

where the sign is positive if u;0(g) # 0 and is negative if v;o(g) # 0. For the last point

ur — 7, V1 1 1
) (o) = o) = 5o = raed)

ero(f1) = (ug + v, 01)0 (

Hence the entries lie in F'. replacing ey, f1 by es, fo, we get the same result. By (6.3.3), we
conclude it for bo(b°) for every b € B*. |

Now consider the one remaining case, in Table 6.3 assuming —1 ¢ F*2, of the torus Eﬂa[iwu.

Here, A = F(y/e,\/w) ® F and the form is
q(v1 + vai + (v3 + v47) V@, v5) = Py 7 (vs,v4) + Py (v1, V) + V3.

In this case, i = /¢ and o (vy + vai + (v3 + v47)/@, v5) = (V1 + Vo1 — (V3 + v4i)\/T, v5). The
ordered basis is {u; = (v/w,0),us = (1,0),v; = (iv/w,0),v2 = (4,0),9 = (0,1)}.
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Lemma 6.3.4. In the case of 5715[’“7

11 when —1 1s not a square, we have w; = —w, wy = 1
and

ero(ez) = dwiwsy fro(fa), eio(fa) = —wu2)1 fio(es), and eo(g) = fio(g) =0

for all i € {1,2}. Moreover, cyp, =0 for allb € B* .

Proof. Since g lies in a different summand of A than all other vectors, we have e;o(g) =
fio(g) =0 for all i € {1,2}. We compute

e10(ez) = (w1 +v1)o(us +v2) = (Vw +iv/w, 0)a(1+4,0) = (1+i)o(1+4)(vw,0) = 2(v@, 0)

whereas

hotr) = () o (M) = o (VE - B 2 (1= 10

2w, 2ws - 4wy wo

Um0 =0y = 2 (im0,

4w ws dwiwo

yielding the first relation. On the other hand,

exo(fy) = (V& + i/, 0)0 (%“ - z',o>) _ 0+ Um0

2 2wo
whereas
1 , , (1 —1)?
f10'(62) — 5. (\/E_Z\/E7 0) J<1+Z70) = (\/E, O)
2wy 2w
so that in this case we have e;o(f2) = 2 - %fla(eg). Since
Q=i 11,
(1 +Z)2 4( Z) 4( 7/) ?

we have the second relation. Since

e (f1) = (V& + v/, 0) (Wo} - (w“”)“ ‘“,o) _(1,0) € (F, F),

2w
1—i 14+4)(1—i
rotf) = (1+00) (1570) = (A Lo0) — oy e (1)
then ¢, ¢, = Cey e, = 0. Consequently, by (6.3.3), we have ¢y, 5, = ¢y, 5, = 0. ]

We can now use Lemma 6.3.1 to deduce relations among the valuations of the matrix entries
of M,, for any v € t.
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Proposition 6.3.5. Suppose T is a torus such that the quadratic form q obtained in Ta-
bles 6.2 and 6.3 has the form p;* @ p;> ® (1), for iy, iy € {1,3}. Then for any v € t, the
coordinates of M, with respect to B* satisfy the relations

y(c:}z) = v(wijws) + V(C;Lci%@),
v(cers) = viwifw) + v(cply,), (6.3.7)

V(cey') = vi(w;) + v(cy).

In particular, the constants depend only on the valuations of the scales wy,ws. Moreover
cpp = 0 for all b € B*.

Proof. Let v € t. By Lemma 6.3.1 its coordinates are given by ¢, , = Tra/p(p*vao(y®)).
Lemmas 6.3.3 and 6.3.4 give us the relations

e1o(e2) = Hdwiws fro(f2), eio(fa) = iz—; fio(ez), eio(g) = F2w; fio(g)

up to sign, where some equalities may be trivial with both terms equal to 0. Note that
wy, wy € F. Therefore we may compute

e M2 = Tr(u*’u e 0'(62)) = 4wiwy Tr(u*v fi O'(fz)) = 411)1’(1]2022762.

e1,f2

Similarly,
e ) w ; a
cous = Tr(u*vero(f2)) = £ Tr (' fuo(e)) = un fun)efity,
and,
el = Te(wtvesole)) = £2u Te( fio(9)) = % 2wy %,

We note that 2,4 € Op. Therefore, taking the valuation of each of these terms yields the
relations in the statement of the proposition. Finally, ¢, = Tr(p*vbo(0°)) = 0, since p* and
bo(b°) lie in F for each b € B*. i

We describe the resulting matrix M, graphically in (6.3.8).

_ 0 0 —52, —C5 -
(w1 /w2) 0 Chie 0 ~Chg
M, = 0 —dwywy 2, 0 (—wi/ws) —(£2uw) ¢
4wy wy c;ifez 0 0 —(£2wy) ((}fg
R o
(6.3.8)
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Having established the relations among the coefficients, it remains to determine the valuation
of each independent coefficient for a 7-good element v of depth r. These valuations are
computed explicitly using the chosen Witt bases and the identity (6.3.2). The results of
these computations are summarized in Table 6.4.

[ Teedv | i) | Age) | A | A) | v [ vwiws) | vie)] vws)
g (av/e,b\/2,0) r r 0 0 0 0
R (av/2,b\/2,0) T r—1 0 2 1 1

=2 (aVw@', bV, 0) r—i r—3 1 1 1 0
@ (ay/@, by/ew,0) r—1 r—1 r—1 1 1 1 0
RAE —1% | (ay/@ + biy/@,0) r—3 r—3 1 1 1 0
_ (av@',0,0) r—1 0 2 1 1

1w (0,by/2,0) r r—1 0 2 1 1
e (avV=’,0,0) r—3 r—3 1 1 1 0

- (0,by/%,0) r 1 1 1 0

Table 6.4: Valuations of structure constants associated to each elliptic torus admitting quadratic
form q ~ p;"! @p;fm @ (1), i,5 € {1,3}, computed using the Witt bases given in Tables A.3 and A.J
and equation (6.3.2). Here v(c) denotes the valuation of the root coefficient in the matriz of a T -
good element of depth r. Gray cells indicate that the corresponding coefficient ¢* = 0.

6.3.3 Elliptic tori corresponding to two cross-term forms

Suppose in this section that 7 is a torus constructed from a datum (A, o, 1) such that with
respect to the natural basis chosen in Tables 6.2 and 6.3, the resulting quadratic form ¢ has
the form decomposition

q=p5" ®py* @ (1)

with respect to a permutation {uy, vy, us, va, g} of the natural basis.
For ease of identification: these are the five tori whose entire entry in the last column of

these tables is in red, and they are precisely the tori arising from a biquadratic field extension

(except for © 45[’7_7 ; in the case that —1 ¢ F* which was treated in Section 6.3.2). In each

of these five cases, if the fixed field is F(y/a) for some « € {¢,w,ew} then p* = (Va, 1).
Let B* = {ey, €2, f1, f2, g} be the associated Witt basis from Table A.5.

We record a more general lemma that applies to the form pj.

Lemma 6.3.6. Let E be a quartic extension of F' and suppose uw € E and k € {e,w,cw}
such that {u,/ku} is a basis for the quadratic space py for some X € F*. Then the elements
of its Witt basis satisfy e = Nk~ /2.
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Proof. By Table 6.1, the corresponding Witt basis is e = u and f = A~'y/ku. The stated
relation follows directly. |

Proposition 6.3.7. Let E/F be biquadratic and let o € Gal(E/F) have quadratic fived
field By = F(y/a). Set A = E® F and take p* = (y/a,1). Choose a Witt basis B* =
{e1, ea, f1, fo, g} as in Table A.5. Then for allv € t one has the following valuation identities:

_all

vic,.p) = viwwea™) +v(ep?,),  vicee) = viw/w) +v(cp'y,).

Cog=0=cp, (1=1,2), cap =0 forallbe B*.

Proof. By Lemma 6.3.1, ¢;,, = Tra/p(p* vao(y?)) with o|g, = Id. Then v = (vg,0) for
some vg € E so we can consider only the first coordinate in each vector and parameter.
Using Lemma 6.3.6 we compute

ce_la}z = TrA/F(\/av el 0(62))
= Trar(Vavwia 2 fo(wea 2 f))

= wiws o Tra (Vv fio(f))
= W1Ws at Chen

Corieh = Tra/p(Vaveyo(fz))
= w; o V? Tra/r(Vao fi U(wglal/Qeg))

w1 Wy
= —TI"_A/F(\/aU fl 0(62)) = Cf1,fo-
Wa W2

Hence the valuation relations follow. Next, note that since ¢ = (0,1), o(9) = g € F
and multiplication in A = E @ F is componentwise, so for any x € E we have = - o(g) =
(2,0)-(0,1) = (0,0). Therefore ¢, y = Tra/r(pvzo(g)) =0, and in particular ¢, ; = ¢, o =0
for + = 1, 2. Finally, again by Lemma 6.3.6, we compute
Cojei = TIA/F(\/aU e a(fz))
= Trar(Vavwa™ 2 fio(f:))
= w; fio(fi)Traye(v) =0

since w; and f; o(f;) both in F', and Tr4/p(v) = 0. Similarly, one has cy, 5, = 0. |

We describe the resulting matrix M, graphically in (6.3.9).
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0 0 —c;’i%ez 0
(ZZQ
(wl/wg) 0 Cfl-,f’Q 0 0
M, = 0 — wlwgofl (f;?m 0 (—wl/wg) 0
wwaa c(;iz; 0 0 0
0 0 0 0 0

(6.3.9)
As in the previous cases, we compute the valuations of the independent coefficients for 7T -
good elements of depth r. The results for the biquadratic case are recorded in Table 6.5.

L 6™ [ Tweodv [ eiy) [ M) [ i) | depi) | ) [ vimwsa) |

Eti’[jal], —10 ‘ (ay/w + by/ew, 0) ‘ r—1 ‘ ~-1 ‘ ‘ ’ 1 ‘ 1 ‘
—_— (avew’,0) r—1 0 1
e (bvz,0) r 0 !

Table 6.5: Valuations of structure constants associated to each elliptic torus admitting quadratic
form q ~ p5* & py? & (1), computed using the Witt bases given in Table A.5 and equation (6.3.2).
Here v(c) denotes the valuation of the root coefficient in the matriz of a T -good element of depth r.
Gray cells indicate that the corresponding coefficient ¢* = 0.

6.3.4 Elliptic tori corresponding to a diagonal and a cross-term
form

Suppose in this section that 7 is a torus constructed from a datum (A, o, ) such that with
respect to the natural basis chosen in Tables 6.2, 6.3, the resulting quadratic form ¢ has the
form decomposition

q=p"* ®py? @ (1) such that i € {1,3}.

For ease of identification: these are the tori whose entry in the last column of these tables is
a mix of blue and red.

The only elliptic tori that fall under this case are those for which A = F @ F where E/F is
quartic with a unique subfield F(y/«) and these are denoted an[m »- However, when —1 is
not a square, not all of these tori lie in this category (as noted by * in Table 6.3) and they

will be treated separately in the next section.

First, we prove the following relation.
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Lemma 6.3.8. Let {e1,es, f1, f2, 9} be a Witt basis of A = E & F that takes the form

a=(an, = (£250). e=00. fi= (o)

2U}1 ’

where wy € F* obtained from the q as pi’* with i € {1,3} and o(\/a) = y/a € E. Here,
n,n € F andr,z € E. Then

610(f2) = :|:22U1 fla(fz), 620(61) = :|:21U1 620’(f1).

Proof. Since fo, = (2,0), o(f2) = (0(2),0), so ejo(fa) = (Vao(2),0) and fio(fz) =
<i%0(2)>0>7 giving e10(f2) = £2w; fio(fa).

Likewise, e; = (r,0) gives exo(er) = (ro(yv/a),0) and eso(f1) = (ra (:I:%) ,0), and since
o(y/a) = \/a, we obtain eso(e1) = +2w; eao(f1). i

E|W

We now address most of the tori that fall under this case (with the exception of ETi[l o

which is treated in Proposition 6.3.10 instead).

Proposition 6.3.9. Suppose T is an elliptic torus associated to the algebra
A=FE®F, E = F(Va),

with unique quadratic subfield By C E, as described above. Fix a coset representative p* =
(1,\) and an element v € t. Choose a Witt basis B* as in Table A.6. Then the coordinates
of M, with respect to B* satisfy the relations.

U cers) = v(wn) + c}2,), Uc,, 1) = viw) + cete,). (6.3.10)

Cizsl =0 for all x € {ey, f1},

cpp =0 for all b € B*.

Proof. Now, as ¢ = (1,0) in our choice for B*, o(e;) = e1,0(f1) = f1 (as they belong the
fixed subfield), and o(v) = —v. Write u* = (1, A). Moreover, in this setting we have all the
Witt basis that belong to this criteria satisfy the hypothesis of Lemma 6.3.8. Therefore we
compute

Ceren = Tr(pve; o(fa)) = 22un Tr(p v fro(f2)) = £2w1 ¢4, e, -

and
Cerfo = —Cen.fy = —Lr(p vego(er)) = 22w Tr(p ves o(f1)) = £2w1 Ceye -

The valuation relation follows.
For x € {ey, f1}, since z and g = (1,0) are o-fixed but o(v) = —v we have
o(pvro(g’)) =o(pve) =—pvz.
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This implies Trg/p, (v x o(g°)) = 0. Therefore the coefficient

+as
Cog ' = TTE/F(#U SBU(QD)) = TrEl/F © TFE/EI(va 0(90)) = 0.

Consequently, cjizsl = 0 for all z € {ey, fi}. The diagonal entries vanish in these cases. For
any basis vector b,

oy = Trasr (1 vbo(b)).

Since bo(b) € A” and o(v) = —v, the element p*v bo(b) is o-anti-invariant. Hence its trace
to F' is zero. Therefore
Cop = 0

for all b, so every diagonal entry is zero.

Consequently, the quartic matrix M, in (6.3.11) is determined by only six coefficients; all
other entries follow from the proportionalities recorded in the general matrix 6.3.4.

0 0 CC;IZ 0
J1,€2
}al‘ )(LL )a.s.
—=x 2w1(/f127({2 0 _(’le,BQ 0 _()fQi(]
M, = 0 42w, 0 +2wi ey, 0
— 42w 0 0 ~Cesy
0 0 o 0
) (6.3.11)
Now finally consider the torus 5Tiﬁ{§. By Table 6.2 its form is ¢ = p, °F (vs, v4)+p5(ve, v5)+0?
so wy = —ew and we = £. This order was chosen, as mentioned earlier, to ensure that

v(wy) > v(ws). Hence for this case we have different scenario.

Proposition 6.3.10. For the elliptic torus €Y

A=FE®F,

EElw
4[1,¢]

E = F(Vew?), with unique quadratic subfield By

parameter (i~ = (1,¢), choose a Witt basis B* as in Table A.6.

, in Table 6.2 with associated algebra

F(y/e) C E, and the

6E1w

Then the coefficients of the matriz M, corresponding to an arbitrary element v € O‘1.14[1 .

satisfy the relations

vicg ) =vws) +vlee),  vicy ) =vw) +v(e?,), and
Ger=0  Vae {ea, fo}.
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Proof. We only have to permute the order of the two hyperbolic planes p, and ps. Hence
the proof follows the same argument as that of Proposition 6.3.9, with the roles of the two
hyperbolic planes interchanged. |

We now determine the valuations of the independent coefficients for a 7-good element v of
depth r, building on the relations established above. These computations use the chosen
Witt bases together with equation (6.3.2), and the results are collected in Table 6.6.

ayl ‘ T-good v ‘ V(C(;il f2) ‘ V(C‘ZQPZ) ‘ I/(c(;:g) ‘ V(C;Zan) ‘ v(wy) ‘
e —10 | (@VE+BYE0) r r r r 0
, 3
Ekwui?f,”/\] (aVekw + bVekaw ,0) r—i r—1 r—1 r+3 1
£ E= —as s
“uf Togoodv | ey ) | Aepie) | Aees) | Ueply) | vlws)
Etiﬁlg,—lm (aVew? + bVew?,0) r+1 r+1 r+ i r—3 0

Table 6.6: Valuations of structure constants associated to each elliptic torus admitting quadratic
form q ~ p;"* @ py* & (1), i € {1,3} for the first two, and q ~ p!™* & py? & (1) , i € {1,3} for the
last one. We compute the valuation using the Witt bases given in Tables A.6 and equation (6.3.2).
Here v(c) denotes the valuation of the root coefficient in the matriz of a T -good element of depth r.

6.3.5 The special elliptic tori in Table 6.3

Here we deal with the final outstanding cases: the special cases marked by asterisks in
Table 6.3, which are explicitly

wew w €
€7-[’%,1,1]7 67—[277,12',1]7 7?;,71,5]7 : 7ﬁ,w,w]7 T 5

ER, W
4[1e]’ ET4[771,5}
in the case that —1 ¢ F*2. So in this section i = /=1 = /e ¢ F. Therefore, we are going
to deal with the cases individually, starting with 67'[? 1) and 57'[2

w,w,1]

Example 6.3.11. Consider the tori 87{%’171] and 57{;@7” (which we also saw in Example
6.2.3). Here A = F(i)® F (i) ® F and 0 = (01, 02, 1d) where oy(i) = —/c for k = 1,2. Take
= (A A1), for A = {1, w}; then note that from Table 6.3 we have wy; = wy = A. The
Witt basis computed in Table A .4 is

e = (i+ 5% t%,0), e = (t%,i—s%0)

i—s2 —t? —t2  j4s2
le(TaﬁaO)a f2:(%>;_k>0)
g=1(0,0,1)

with eg, = s% + it? as before. Recall that these were obtained by transforming py & py to
p1 @ pp and then to 2H. Given v = (ai, bi, 0) € ¢, a direct component-wise multiplication in
A, noting that o(g) = ¢g and o(v) = —v gives

2

= t_(a - b)?

2 =20 (b —

e1,f2 Cf17€2
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CLll

—ap 2 2
Ceren = t°(a+ D), cpty, = —t-(a+b),
_ 2 _ _ 2
Cer,e1 = 2as” = —Cf1,f15 Ceszeq = —2bs” = —Cfa,fa-
—as —as
Cergt =0, Cesrg” = 0,

Note that for v € t,., v(cpp) > 7

Importantly, we note that for these two tori, even though the methods are different, the
coefficient valuation identities (6.3.7) of Proposition 6.3.5 hold, just as all other tori arising
from a sum of two quadratic extensions.

Example 6.3.12. Consider the elliptic torus 7%, , =% [i?7_17_1]; the case of WT&

[E,—l,&‘} w7w]
is analogous. Here,

A=F(Jm)® Fivo)® F, o = (01,09,1d),

where 01(y/@w) = —y/@ and 05(iy/w) = —iy/w and the parameter is p* = (=3, —3, —3).
Our form gives the scaling factors w; = w and wy = —1 and we have the following Witt
basis as in Table A .4:

e1 = (V@,iv/@,0), ey = (12, —5%1),
e N 2 52
f1:<\/; 7_\/; 70)7 fZZ(%a_?a_%)v
g1 = (827t270)'

Here, we recall that we first transformed to p ®p!, with w; = @, wy = 1, before transforming
to 2H. For v = (a\/w, biy/w, 0) € t, to compute the coefficients of M,,, note that o(es) = ey
and o(f2) = fo since their coordinates lie in F. A direct component-wise multiplication in
A gives

—a % a . b82 o CLt2
Cel,}i = Tra/r(p'verer) = —w(at’® + bs?), Cf?,@ = Trar(p*vfifo) = .

ol * w 2 2 aly * —CHf2 —+ b82
Conch = Trayr(prves fo) = =5 (at* +b57), cp'y, = Trar (v fres) = 5
el = Toae(verg) = as'm =2, ali =0 =,

Here A° = F& F & F, and each component of p*vbo(b) lies in the o-anti-invariant subspace
of a quadratic extension, hence, the diagonal entries vanish. We infer from the computation
above that for this torus, the coefficients satisfy the relations

—aQ, a
V(Cel,‘lfz) = l/(wlw2) + y(cf?,EQ)’

(6.3.12)
—qq ap
V(Ceres) = v(wi/w2) + V<Cf11,f2)'
Similar relations also applies to % [iw,w}' Hence, the valuation identity (6.3.7) holds for

these two tori as well.
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EEI
4[1,¢]

F(i)® F C F(\/eg,) ® F, o = (01,1d),

Example 6.3.13. Consider the elliptic torus T with

where eg, = 5% + it? so 01(\/Ex,) = —\/CE, -
We have p* = (1, —1) and our Witt basis, as in Table A .4, is given by
e1=(1+1,0), ey=(s"ti\/Zp,1)
514

flz(%_%a())? f2:( F?%)
9= ((s —t*s7')\/2E,,0)

In this case, the scaling factors from Table 6.3 are w; = wy = 1. Given

v=(2/(2 +it?) + yi/(5® + it?), 0) € t

we compute

o, 1 " 1
oy = S((EH ) (5 =)y), e, = = (7 = )z — (5" +)y),
a1 ) '
oty = 5 (4 e+ (8 =) Gl = =5 (6P = e = (7 ),
Ca_sl :.’B—y C“Sl ::U—l—y
1.9 28 ’ f1,9 43 .

Chp = 0,V be B*.

In spite of the technical computations, we can see that the coefficients satisfy the valuation
identity (6.3.7).

The case of ETZ[L;;;T is similar but requires more computations; the coefficients also satisfy
(6.3.7).

Corollary 6.3.14. Suppose T is one of the special tori, in Table A.J, then for any v € {,
the coordinates of M, with respect to B* satisfy the relations

—x
V(C(:‘h}z )

v(wywe) + V(cjfll?@),

V(Ceres) = v(wy fws) + (e,

v(cery') = v(wi) +v(cyy).

In particular, the constants depend only on the valuations of the scales wy, wo.
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t ‘ T-good v ‘ ch's,) ‘ cp2,) ‘ L) ‘ Acp2)| () v(wiws) ‘ V(wl)‘ V(w2)‘

8 (ai, bi, 0) ’ ., 0 - - -
i A (ai, bi, 0) r 1 0 > . 1
el (v, bive,0) r—3 r—3 r—3 1 1 1 0
G R (aiye,0,0) r—3 0 2 1 1
- (0,bv/E,0) r 1 0 5 1 :
*EuZ[E,;,S (a\/weEl + bi\/TER, 0) r— % " % ) . . 5
#ug (a\/ZR, + biy/ER,, 0) , . . - . : -

Table 6.7: Valuations of structure constants associated to each "special” elliptic torus, computed
using the Witt bases given in Table A.4 and equation (6.3.2). Here v(c) denotes the valuation
of the root coefficient in the matriz of a T-good element of depth r. Gray cells indicate that the
corresponding coefficient ¢* = 0.

6.4 Computing B(T)

In this Section, we determine the point of B(G) that corresponds to B(T), for each maximal
elliptic torus 7, using Proposition 6.1.3, which says that = € B(T) is the unique point for
which t, C g,,, for all € R. Due to our careful choices, this point  will be found not only
in the standard apartment .7, but in fact in the fundamental alcove.

We begin by relating this condition to the coefficients of the matrix M, of an element v € t,.
Recall that our positive roots are given by

GRS {asl = €1, sy, = €2, ap, = €1 — €, ap, = €1 + 62}-

Theorem 6.4.1. Let T be a mazimal elliptic torus in SO(2H & (1)), with Lie algebra t and
fixed Witt basis B* = {e1, es, f1, f2,q}. Write Chr b, (v) for the coefficients of the matriz M,
of v € t with respect to B*, where the superscript o redundantly denotes the corresponding

root space, for ease of reference.

Then a point x € o satisfies B(T) = {z} if and only if for everyr € R andv € t, \ t,+, x
satisfies the inequalities

UL 0) 7 < (6 - e)(@) < e () — 7,
(€2, (0) 7 < (64 e)(@) < (e, "2 () — .
() + 7 < e (@) < vl () .

—v(ept(v) +7 < eof@) < vlcey’
and v(cpp(v)) > 1 for each b € B*.

(v)) =7

Proof. Suppose B(T) C /. To satisfy t, C g,, for some = € o7, the matrix M, with
v € t., must lie in g,,, which was described explicitly in Theorem 2.5.7(ii). This gives a
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lower bound on the valuation of each matrix entry. On the diagonal it is the condition that
v(epp(v)) > 7. For each positive root a we have

v(c*(v) 2 —la(z) = 7]
so that a(z) —r > —v(c*(v)) and for each negative root « takes the form
(e (v)) = [a(z) + 7]
so that a(z) +r < v(c *(v)). This is equivalent to
(" (V) +r < alz) <wv(e(v) -7

Writing these inequalities for each of the positive roots «, using the notation of our matrix
entries, yields the desired inequalities.

Conversely, if all of these inequalities hold for all , then we conclude by Proposition 6.1.3
that t. C g,,. In particular, we may conclude B(T') C «. |

Note that the diagonal components to not impose a constraint on z, but are necessary to
allow us to conclude that x € o7, as hypothesized.

Before continuing, let us make a few observations and sketch the strategy.

If X €t \t+ is G-generic of depth r, then by Proposition 5.1.9, X is a T-good element
of depth r, and furthermore, its centralizer is exactly 7. Therefore by Theorem 6.1.2, it
suffices to verify the inequalities of Theorem 6.4.1 for this single element v = X.

However, when no G-generic elements with centralizer equal to 7 exist (that is, for each
of the tori of Theorem 5.3.5), then the T—good elements have centralizers that are strictly
larger than 7, so considering the relations for a single 7-good element is not enough. In
this case, there are T-good elements X’ and X" with Cg(X’) = M and Cg(X") = M”, so
that x € B(M’) N B(M”). Furthermore, the 7-good elements occur in two depth families
r1 + Z and reZ where r; — ry € % + 7. We'll see that each depth family controls a different
collection of root coefficients in the matrix M,. Thus, imposing t, C g, , for r € Z yields one
set of inequalities, while imposing it for r € % + Z yields the complementary set, allowing us
determine the unique point x such that B(T) = {z}.

6.4.1 Buildings of elliptic tori with two diagonal hyperbolic forms,
including special cases

We begin with the tori whose coefficients follow the valuation identity (6.3.7). These are all
the tori covered in Section 6.3.2 as well as all the special tori in Section 6.3.5; equivalently,
there are all tori in Tables A.3 and A .4.
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Theorem 6.4.2. Assume T is as above, with Witt scales wy,wo as given in Tables A.3
and A.4. Then B(T) = {z} where

Sy, = V(ﬂ) ;o S, = v(wws), S i=v(wy), Ss, = v(ws).

Proof. Set

Let v € t.. By Proposition 6.3.5, and Corollary 6.3.14, the diagonal coefficients of the
corresponding matrix M, are 0, and so satisfy v(c;(v)) > 7. By Theorem 6.4.1, it remains to
have four sets of inequalities. Using Proposition 6.3.5, and Corollary 6.3.14, these inequalities
reduce to the following system:

—ciy,) +1 < (6 —e)@) < S +udly,) -

_y(cf1 62) +7r < (e +e)(x) <5, + V(C(}?@) -, (6.4.1)
—I/(Cf g) +7r<e(r) < Sy + V(cjflg) -7,
( ) +7r <er) < S, + I/(Cf%g) -
We first note that if
v(c®) =r— 5, (6.4.2)
then
—v(c*)+r=5,+v(c)—r
and so the corresponding inequality holds if and only if
a(z) = S (6.4.3)

Furthermore, since v(w; /wy) = v(wy) — v(wq) and v(wiwsy) = v(wy) + v(wy), if (6.4.3) holds
for at least two roots «, then it holds for all.

We summarized the valuations of these coefficients in Table 6.4 for the tori appearing in
Section 6.3.2. In all cases, the given coefficient is either zero (meaning the corresponding
inequality is trivially satisfied) or satisfies the condition (6.4.2).

For the first five rows, corresponding to the tori

Et2

11> 6{2 t2 wtaw Etaw

w,w,1) 41,1

we have G-generic elements and we have

a S 1 a S 1
(CfilfQ) r= % =Tr- EV(ZUl/WQ), V(Cfi%eQ) =r—= % =7r—- 51/(1(]111]2)
Therefore the point z must satisfy the equalities (6.4.3), specifically,
1 1
(61 — 62)(33) = éu(wl/wQ), (El + 62)(37) = §V<'LU1U)2), (644)
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which yields z = (3v(w;), 3v(w,)) as the unique solution to the system of inequalities. By

Theorem 6.4.1, we conclude B(T) = {z} C «.

For the remaining tori in Table 6.4, namely w/t‘iw’ , and @'

2 1.1 €ach of the two choices of a
T-good element yields at least one root « for which the coefficient satisfies (6.4.2). (These
arise from different depths r.) Together they yield at least two distinct positive roots for

which (6.4.3) hold, and this again implies

ale) =20 e =12
Since any element of t. can be written as a sum of a 7-good element of depth r and an
element of greater depth, we conclude that the inclusion M, € g,, holds for all v € t,, as

required.

Finally, we repeat these arguments with the special tori of Section 6.3.5, whose coefhi-
cient valuations are listed in Table 6.7. Once again, every coefficient satisfies (6.4.2) for
at least two roots, whence (6.4.3) holds for two independent roots, giving the point x =
(v(wy)/2,v(wy)/2), as required. i

Consequently, for tori arising from this case, the unique point x € o7 is specified entirely by
the values of w; and wy. We record these points in the final columns of Table A.3 and Table
A4

Remark 6.4.3. As we have ¢;(z) = ”(12”"), we intend for x to lie in the chosen fundamental

domain (Figure 2.3). To do so, it should satisfy 0 < 25 < 27 < %, which happens if and only
if

0 <v(wy) <v(wy) < 1.

This explains and justifies our choice and ordering of the scales: it was to yield x to lie in
our favourite fundamental domain.

6.4.2 Building of tori admitting two cross-term forms

We now study the tori admitting two cross-term forms, as described in Section 6.3.3.

Theorem 6.4.4. Assume T = *T; is an elliptic torus treated in Section 6.3.3 and let
wy, wy be the Witt scales recorded in Table A.5. Then B(T) = {x} where

2v(wy) + v(a™t)
4

o) = 2202 * v(a) (6.4.5)

€1 (.’ﬂ) =

Proof. Set



Our argument is very similar to that of Theorem 6.4.2. Considering Proposition 6.3.7 and
Table 6.5, for any v € t., many coefficients are zero. Thus the inequalities of Theorem 6.4.1
are automatically satisfied. In fact it suffices to prove that the point = in (6.4.5) satisfies

—V(C;Lci{h) +r < (61 - 62)((E) < S+ V(C;ilyb) - (6 4 6)
A 41 < (a+a)@) < S+ ofdn,) — 1 B

As in the previous lemma, we note from Table 6.5 that, for possibly different 7-good ele-
ments, v(c™) =r — 5 for i = 1,2. Therefore (6.4.6) admits the unique solution

S
a;, () = Ok
Hence s, S,
(1 —€)(x) = o (1 + €2)(x) = B
which yields solution
er) = 2v(wn) 1_ V(a_l), e(r) = 2vizin) 1— v(e)
It follows that t, C g,, for every r. |

Thus in this situation, the biquadratic case, the building of the torus is completely determined
by the choice of the fixed quadratic field together with the valuation of w; and wy. We record
these points in the final column of Table A.5.

Remark 6.4.5. Note that the point = found in Theorem 6.4.4 lies in the fundamental
domain (see Figure 2.3). In the case of the torus 7, this was due to our choice of the
ordering of the basis. Namely, when o = ¢, to satisfy a,,(z) = (2v(w2) + v(a™)) > 0,
ay, (x) = 3(v(wy) — v(wy)) > 0, and a,, (z) = $(2v(w;) + v(a™!)) < 4, one needs to choose

v(wi) = v(ws),

exactly as in the previous case.

6.4.3 Building of tori admitting a diagonal and a cross-term form

Finally, we address the remaining tori. These were the tori that are quartic with a unique
subfield and were treated in Section 6.3.4. We treat them individually.

Lemma 6.4.6. Let T be an elliptic torus associated to a quartic extension of F' with a fixed
quadratic subfield as above. Fix a Witt basis B* = {ey, ea, f1, fo, 9} as in Table A.6, and an
element v € t,. \ t,+. Set S1 :=v(wy). Then M, € g., if and only if x satisfies

—v (i) +r < (@ —a)@) < Si+v(de,) -
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—v(cj2,) +r < (a+e)@) < Sit+v(dha) -,

v <C;;?g) +7r < &) < v (Ce_;f;z) .

Proof. By Theorem 6.4.1, the condition M, € g, , reduces to verifying the valuation of the
diagonal elements of M, and a set of inequalities. In this case, by Proposition 6.3.9, most
inequalities are satisfied and these are the remaining conditions to be verified. |

Proposition 6.4.7. Let T be a torus of type Einiiw as in Table A.6. Then
BT) ={(z.7)}
Proof. We apply Lemma 6.4.6. By Table 6.6, for these tori we have S; = 1 and
™) =1fc"2) = c*2) =1 — 1, V(C;;?) =r+3.

Substituting these values into the inequalities of Lemma 6.4.6 and writing x; = €;(z) and
To = €(x) yields

w

< <3 1< + <3 1< <
A 12_4, 4_3151 $2_4, 4_$2_4~

N

Evidently z = (1/2,1/4) satisfies these inequalities, and thus should be the unique solution
since the point B(7) is unique. To confirm this, we solve the system as follows. From the
first two inequalities,

3
_ < < Z - — < < — — 9.
4—|—x2_a:1_4+x2, 1 Z’2_$1_4 To

Hence
max(§ + @2, 1 — 22) <z < min(3 + 24,2 — 1) .
Since xy > 717 we obtain
3
-+ a2 <1y SZ—@-

4
For this interval to be nonempty, we must have

1 3 1
Z+x2§4_l_m2 < Z’QSZ

Combining with }1 <y < %, we obtain x5 = i. Substituting back gives x; = % Therefore

Proposition 6.4.8. Let T be a torus of type ‘STZEl with —15, as in Table A.6. Then

B(T) = {(0,0)}.
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Proof. We apply Lemma 6.4.6. By Table 6.6, all relevant valuations are equal to r, and
S1 = 0. Substituting into the inequalities yields = = (0,0) immediately. |

Now, the remaining torus is (°T1, 7716} ,—1 € F*?) which requires separate consideration, as

the hyperbolic planes permuted.

Lemma 6.4.9. Let T = ETZ?;T be the elliptic torus associated to a quartic extension of

F with a fized quadratic subfield F(y/a). Fiz a Witt basis B* = {ey, e, f1, f2,9} as in
Table A.6, and an element v € t,. \ t,+. Set Sy := v(wy). Then M, € g, if and only if x
satisfies

- (C;il’h) +r < (a—e)(r) < =S +v (Ci%) -,

e1,f2

—v(cp,) +r < (e te)(r) < Sotv(ced) -,
—v (c;f?g) +r < ex) < v (C;Cf;?) o
Proof. By Theorem 6.4.1, the condition M, € g, , reduces to verifying the valuation of the

diagonal elements of M, and a set of inequalities. In this case, by Proposition 6.3.10, most
inequalities are satisfied and these are the remaining conditions to be verified. |

Proposition 6.4.10. Let T = 6Tiﬁ1§ as above. Then

Proof. We apply Lemma 6.4.6. By Table 6.6, for these tori we have Sy = 0 and
o) =) =) = AG) = - b

Substituting these values into the inequalities of Lemma 6.4.6 and writing x; = €;(z) and
To = €9(x) yields

1 < < 1 1 < p o < 1 1 <y < 1

2_$1 I2_2, 2_1‘1 $2_2; 2_1101_2.
Evidently x = (1/2,0) satisfies these inequalities, and thus should be the unique solution
since the point B(7) is unique. To confirm this, we solve the system as follows. clearly,

I = 5
Therefore, by substitution in the two other inequalities, we have
0<zy <1, and —1<2,, <0

Hence 2o = 0, and
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Remark 6.4.11. Once again the point we found, by our choice of basis, is in the fundamental
domain.

We now illustrate the results of this section in Figure 6.1.

Figure 6.1: We identify the points corresponding to each of the conjugacy classes of maximal
elliptic tori in the fundamental domain of the action of G on B(G). For brevity, we omit subscripts
when all parameters yield the same point, and write @' for the choice of w or cw.

6.5 Building of intermediate twisted Levi subgroups of
SO(2H & (1))

We now turn to the buildings of the proper twisted Levi subgroups that contain these
tori. More precisely, we identify the intersection of their embeddings into B(G) with the
standard apartment <. By our choices of embeddings of these twisted Levi subgroups into
G = SO(2H & (1)), they contain maximal split tori that are contained in the maximal split
torus of SO(2H @ (1)). Therefore the standard apartment for each twisted Levi subgroup, if
it is nontrivial, embeds as an affine line in the standard apartment .o7.

Given the work in Section 6.4, we have two complementary methods to arrive at the answer:

Indirect approach. For a given twisted Levi subgroup M, we consider all elliptic tori 7
contained in it. Since B(7T) C B(M), these points are all contained in B(M). When M
is compact, this uniquely identifies B(M). When M is non-compact, connecting the points
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corresponding to its tori gives an affine line which is the intersection of B(M) with o7, and
particularly, with the portion contained in Ceypq.

Direct approach. For each twisted Levi subgroup M, choose a maximal elliptic torus 7
contained in M, and then choose a T-good element of depth r, X € t. \ t.+, such that
Ce(X) = M. Then by Theorem 6.1.2, it suffices to prove that X € g,, to deduce that
x € B(M). This leads to a system of inequalities from Theorem 6.4.1 that we can solve for
x.

In this section, we illustrate these approaches to determining the buildings of our twisted
Levi subgroups through some representative examples.

Example 6.5.1. The subgroup °S; ;. Indirect approach. The subgroup S has split
rank one, so the apartments in its building are one-dimensional. The elliptic tori contained
in Sy 5 are © TRRIL W7E§7175w], and Ewﬁ;l@]. As recorded in Tables A.1 and illustrated in
Figure 6.1, the images of their buildings in the standard apartment are (0,0) for 67—[412,1,1} and
(3,0) for the other two tori. The image of B(°Si ) in the standard apartment is therefore
the unique line passing through these points, and hence is the affine line joining (0,0) and

(3, 0)-

Direct approach. Choose an elliptic torus that is embedded in the subgroup that has no
G-generic elements. In this case we may choose wﬁf@,m] C °S1,5, and a non-regular element

X = (0,a4/¢,0) € t,. \ t,+ where Cq(X) =S, 5. By Theorem 6.1.2,
{z € B(G) | d(z,X) =d(X)} = B(*S14).

We have only y(c;;?g) =7 — % in Table 6.4. Hence, as,(z) = v(wz)/2 = 0 in (6.4.1).

Therefore the set of points € & for which X € g, , is
B(¢S1s) N/ = {(21,0) € &/}

which recovers the same affine line.

The same arguments apply to the other split twisted Levi subgroups #S&; 5, and 7S,
yielding one-dimensional intersections with 7. However, as these two twisted Levi subgroups
are ramified, we instead obtain (for @’ € {w,ew}) that

B(T'S )N = {(%,@) S m} ,

which is the affine line joining (3, 5) and (3,0). Note that this coincides with joining the two

points corresponding to the buildings of the maximal elliptic tori contained in these twisted
Levi subgroups.

Finally, for the compact twisted Levi subgroups

€ w ew
Sw,ca S&,C) Sa,ca
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both approaches show that the building reduces to a single point: (%, %) in the unramified
case and (%, 0) in the ramified cases. This is illustrated in Figure 6.2.

\
4

w/,]-g, WTaw, w,ZfL/\ B<:Sls) N V/

Figure 6.2: The buildings of the siz twisted Levi subgroups of type S in the standard apartment of
of SORH @ (1)). Here, w' € {w,cw}. The building B(°S1,5) is represented by the green segment,
B(w/SLs) by the light blue segment, B(*Sw ) by the purple point, and B(w/S&C) by the orange point.
We consider only those elliptic tori that embed into the given tuisted Levi subgroup.

We observe that the building of a twisted Levi subgroup corresponding to a short root is
perpendicular to that short root, so the buildings are oriented vertically and horizontally.
When we consider a twisted Levi subgroup corresponding to a long root, the building should
embed diagonally.

Example 6.5.2. Consider the subgroup “L,. Choose an elliptic torus that is embedded in
the subgroup that has no GG-generic elements. In this case we may choose T =% 45[’\75 it and

a non-regular element X = (ay/cw,0) € ¢, \ t,+ where Cq(X) = *L,. By Theorem 6.1.2,
{z € B(G) | d(x, X) = d(X)} = B(*"L).

We have in Table 6.5, that only I/(C;EQ) = v(wywea '), hence ay,(r) = v((wjwea™1)/2) =
1/2 in (6.4.6). This yields

BEPL) N ={(x1,29) € A = 21+ 39 = %}7

which gives the line segment between (3,0) and (1, 3). This agrees with the indirect ap-

27 404
proach, since by Table A.2, we have the following elliptic tori embedded in %L,
ew T2 w €,T0 w TE, 0
ﬁl,—171]7 ) 7—[?,_5,1},5 alv=e1] T4lv=,1]

Similar calculations show that B(¥L;) intersects ./ in the same line. For the unramified
case, performing the calculation with a 7-good nonregular element X whose centralizer is
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L, yields
BELs) N ={(x1,29) € A2y — 29 =0}

11

which is the affine line joining (0,0) and (3, 5). We obtain the same result by the indirect

method since this group contains the tori

2 w €, €, T
E7f1,1,1}757_[2w,w,1]a 4[\/5,1]’5 4[vewm,1]

by Table A.2.

We illustrate these embeddings in Figure 6.3 .

Figure 6.3: The buildings of the three twisted Levi subgroups of type M in the standard apart-
ment o/ of SO(2H @ (1)). Here, w' € {w,ew}. The building B(°Ls) is represented by the green
segment, B(w/ﬁs) by the red segment. We consider only those elliptic tori that embed into the given
twisted Levi subgroup.

6.6 Vertices y and reductive quotients

As summarized in Section 2.7, two more ingredients of the construction of supercuspidal
representations are a vertex y in the building of the smallest twisted Levi subgroup G° of
the sequence, and the group GY ,/GY,, called the reductive quotient. In this section, we
explain how to identify both.

6.6.1 Valid points y for the construction

When GV = T is a maximal elliptic torus, or a compact nonabelian twisted Levi subgroup
M., then there is a unique choice for y, because it must lie in the building of G°. Therefore
these points have been determined.
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However, when GV is a proper nonabelian noncompact twisted Levi subgroup M, one must
choose a vertex

y € B(M).

We emphasize that this vertex is taken in the Bruhat-Tits building of M, and need not be
a vertex of the building of the ambient group G.

One way to identify the vertices is as follows.

Lemma 6.6.1. Let G = SO(2H & (1)). The buildings of the least ramified mazimal elliptic
tori contained in My correspond to vertices of B(Mg, F).

Proof. The affine root hyperplanes defining the simplicial structure of B(Mj, F') occur at
integer multiples of the affine roots in ®(Mj,, T"), where 7" is a maximal split torus of M.
Suppose M, contains a maximal elliptic torus T that splits over an unramified extension
E of F. Then &/ (M, T, E) will be an apartment of B(Mj, E), and its intersection with
the standard apartment o is thus a hyperplane of B(My, F') N &7, that is, a vertex. Since
B(T, F) N/ is contained in this intersection, we deduce the result.

On the other hand, when M is ramified, it will not contain any maximal elliptic tori that
split over an unramified extension. In that case, consider a maximal elliptic torus T that is
partially split over an unramified extension E. Then since M has split rank 1 over £ and
over F', we deduce again that o7 (M, T, E') will be an apartment of B(Mj, F), and again the
result follows. |

In contrast, for ramified tori the affine roots take fractional values because they split over
a ramified extension, so the associated hyperplanes occur at fractional translates, and the
distinguished point lies in the interior of a positive-dimensional facet of both B(G) and

B(M).

Thus the process we use is that among all maximal tori contained in My, we identify all
maximal tori 7 C M, that are the least ramified; their corresponding points are the vertices
of B(My) lying in 7. Doing this for each of the twisted Levi subgroups of the families S,
and L, yields Table 6.8.

Note that only £, = U.(H) yields two vertices. This is because in the building of the
unramified unitary group, the two vertices are not conjugate, whereas for S; = SO(H @ («))
and @ L, = U_,(H) all vertices of their corresponding buildings are conjugate.

In Figure 6.2, the vertices of the twisted Levi subgroups of the form S, are exactly the
vertices of G that they meet. This is also true for £, in Figure 6.3, but the buildings of the
ramified groups @ L, do not meet any vertices of B(G), the single conjugacy class of vertices
in B(¥'L,) occurs at a nonvertex of B(G).
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Twisted Levi M Junram B(T"™) = {y}
“Sis 67{12,1,1] (0,0)
“S s Eﬁg,l,ew} (%> %)
=S5, T 6D
L, Tivg Towy 0,0), (5, 3)
. T gl
=L R (3 1)

Table 6.8: Vertices in the buildings of the twisted Levi subgroups of split rank 1, up to conjugacy,
obtained as the buildings associated to the most unramified elliptic tori contained in each twisted
Levi subgroup.

6.6.2 Reductive quotients M, /M, o+

In the construction of irreducible supercuspidal representations, one ingredient is a cuspidal
representation of the group
0 0
Gyﬁo/ Gy,O*?

where G is the first group of the twisted Levi sequence and y is a vertex of B(GY).

If GY is a maximal elliptic torus, however, this quotient is abelian and as noted in [Nev13],
one can omit this part of the datum. Therefore it remains, for Levi sequences beginning with
a nonabelian twisted Levi subgroup M, to identify the corresponding reductive quotients
My o/ M, o+, where y is a vertex in the building of M determined in the preceding section.

Since y is a vertex of B(M), M, is a maximal parahoric subgroup, and the structure
of these reductive quotients is determined in the literature via the Bruhat-Tits theory of
parahoric subgroups. In particular, the quotient M, /M, o+ can be identified with the
[F,-points of a connected reductive group defined over the residue field.

These quotients were explicitly determined for special orthogonal groups and unitary groups
by Gan, Hanke and Yu in [GHYO01, §3,86] via lattice-stabilizer arguments. For example,
when y € B(G) is the hyperspecial vertex (0,0), then

Gyo/Gyor = SOCH  (1))(F,),

which is the corresponding split special orthogonal group over the residue field. On the other
hand, at the non-hyperspecial vertex x = (%, %), the reductive quotient is

Gw,O/Gm,O+ = SLQ(]Fq) X SLQ(F(])
We record the classification for all the proper twisted Levi subgroups in the last column of
Table 6.9.

Let us now demonstrate, in support of these results, how we can explicitly and directly
compute my g/m, o1, which is the corresponding Lie algebra over F,. We compute m,, o/m, o+
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Twisted Levi M ‘ My o/My o+ ‘ My /My o+ ‘

€51, 2 SO(1, —¢) x SO(H & €) 509(F,) & sos(Fy,) SO(1, —¢)(F,) x SOH & (£))(F,)
7S 2SO(1l,—w) x SO(H & w) so(H & (1))(F,) O(H)(F,)
81,5 = S0(1, —ew) X SO(H & ew) so(Ha (1))(F,) O(H)(F,)
£Sw.c & SO(w, —ew) x SO(—w, ew, 1) 509(Fq) @ s04(Fy) SO(1, —e)(Fy) x O(1, —¢)(Fy)
ZSec = S0(e, —ew) x SO(1, —¢,ew) 509(F,) O(1, —¢)(Fy)
¥ Se.c 2 S0(e, —w) x SO(1, —¢, w) 509(F,) O(1, —¢)(Fy)
L, =2 U (H) sly(Fy) & F, Uc(1,1)(Fy)
“Ls = Us(H) sly(F,) Spy(Fq)
7L & Ui (H) sly(Fy) Spy(Fy)

Table 6.9: We give the (possibly disconnected) reductive quotients My /M, o+ for each of the proper
nonabelian twisted Levi subgroups of SO(2H & (1)). Here, y denotes a vertex of B(M, F), and in
the case U.(H) although there are two conjugacy classes of vertices, both yield the same reductive
quotient up to tsomorphism.

using Moy-Prasad filtrations and an explicit realization of m inside g via a suitable Witt
basis.

The procedure consists of the following steps, given M and a vertex y € B(M), and an
embedding of B(M) C B(G).

1. Moy—Prasad filtrations. The point y € B(G) determines a Moy—Prasad filtration
on the Lie algebra g,

gy,o D gy,0+7
and hence the quotient
gy,O/gy,OJﬂ

viewed as a Lie algebra over the residue field FF,,.

2. Induced filtrations. Through our embedding, we obtain the Moy—Prasad filtration
on m by intersection with those of g as

myo:=m N 94,0, my o+ :=m N 9y,0t-

3. Lie algebra quotient. Form the Lie algebra quotient
myyo/my,w s
which in fact embeds as a Lie subalgebra of g, /g, .0+

4. Identification of the Lie type. Compute the dimension of m,/m, o, and de-
termine its structure as a Lie algebra (by for example constructing an explicit basis
and computing its structure constants) in order to identify the isomorphism type of

myo/mMy o4
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We illustrate this with the example of M =¢L,.

Example 6.6.2. Let F' be a non-archimedean local field with ring of integers O, maximal
ideal P, and residue field F, = O/P. Let ¢ € O* be a nonsquare unit, and consider the Lie
algebra

Uy +UQ\/E U\/E

us(lal): :u17u27U7Z€F
Z\/E —Uui + U,Q\/E
embedded into so(2H) C so(2H @ (1)) via the Witt basis {e; = (0,1/2),e2 = (1,0), f1 =
(—vz 1,0), f2 = (0,1)} to give for each X € u.(1,1)

—Uy z 0 Us
() EV up —us 0
L ey
0 —eus w —¢€v
U9 0 -z —u

Let m = «(u.(H)) C g = so05, and let x = (0,0) be a point in the standard apartment
corresponding to a vertex of B(M). From the general description of the Moy—Prasad lattices
9., at x = (0,0), one computes g, and g, o+, and then restricts to the upper-left 4 x 4
block corresponding to so(2H). Therefore, we have

my o= {(X):up,u,v,2€ 0}, my o = {¢(X) s ug,ug,v,2 € P}
Hence

My o/Meor = (Oup @ Oug & Ov @ Oz)/(Pm ® Pus @ Pv@d Pz) = IF;‘.

Reducing the defining relation for u.(1,1) modulo P preserves the involution N —/E.
Thus the reduced Lie algebra is

my o/My o = { (fyf;g B_\;E) caeF,(\Ve), B,v € ]Fq} .

Writing o = uy + ug+/, one decomposes this algebra as

(ERR R

N (& J/

1-dimensional center 3-dimensional algebra

A direct computation shows

[H,E] =2E, [H F|=-2F, |[E,F]=H,
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for

1 0 0 0 0
H = 5 E - \/g 9 F - )
0 -1 0 0 VE O
so the 3-dimensional subalgebra is isomorphic to sly(IF,)( after scaling). Thus

m$70/m$70+ = 5[2(Fq) D Fq.

Doing this for each of the twisted Levi subgroups gives the reductive quotients of the Lie
algebras that are recorded in the second column of Table 6.9.
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Chapter 7

Construction of supercuspidal
representations

In this chapter, we briefly recap how the ingredients computed in this thesis can be used to
construct all of the irreducible supercuspidal representations of G = SO(2H & (1)).

7.1 (G-datum for the construction

The construction relies on the notion of a generic cuspidal G-datum. Such a datum consists
of five interrelated components satisfying specific axioms. We recall the definition below.

Definition 7.1.1. A 5-tuple ¥ = (G, y, 7, p, ¢) is called a (generic cuspidal) G-datum if

(D1) G is a sequence of twisted Levi subgroups
G=(G"cG'c...cG'CG)

in G, where each G' is defined over I and splits over a tamely ramified Galois extension
E of F, and Z(G")/Z(G) is F-anisotropic;

(D2) y is a vertex in B(G, F);
(D3) = (0<rg<r; <...<ry) is asequence of real numbers;

(D4) p is an irreducible representation of K° = Ng(G, ) such that ,0|G2 ., 1s 1-isotypic and
'0|GS,0 contains a cuspidal representation of the reductive quotient G, /Gy 0+;

(D5) ¢ = (¢°, 9", ..., 4% is a sequence of quasicharacters, where ¢ is a G*'-generic char-
acter of G* (relative to y) of depth r; for 0 < i < d.

Remark 7.1.2. In Axiom (D4), the group N¢ (G, ) is explicitly identified in [YuO1, Lemma
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3.3] as Gy, which is the stabilizer of the image of y in the reduced building of G. Note also
that the restriction of a representation (p, V') to the subgroup Gy o+ is called 1-isotypic when
p(h) =1dy for all h € G, o4, meaning it decomposes as a direct sum of copies of the trivial
representation. Thus, this hypothesis ensures that p factors through the reductive quotient

group.

We briefly outline the construction in Section 7.1.1, below.

Ju-Lee Kim in [Kim07] proved that for p sufficiently large and char(F) = 0, all irreducible
supercuspidal representations of G arise from this construction. Later, Fintzen in [Fin21c]
extended this to cover all p that do not divide the order of the Weyl group, as long as G
splits over a tamely ramified extension of F' (which may have positive characteristic).

Furthermore, Hakim and Murnaghan in [HMO08] determined when two data ¥, ¥’ would give
isomorphic supercuspidal representations. While it is an involved definition, we note that
the datum depends on the choices of the twisted Levi subgroups only up to conjugacy.

Remark 7.1.3. Fintzen provides a proof that 7 (W) is irreducible and thus supercuspidal
in [Fin21a, Theorem 3.1|, as an alternative proof of the original proof of Yu in [Yu01], which
was based on a misprinted statement. In [FKS23], Fintzen, Kaletha and Spice introduce
the FKS twist of this construction, in which the inducing representation kg (W) is multiplied
by a very particular quasi-character (taking values only in {£1}). This correction modifies
the precise parametrization of supercuspidal representations but does not impact the set of
supercuspidal representations that are produced.

7.1.1 A brief overview of the construction

The goal of this section is to outline, in a step-by-step manner, the structural components
of Yu’s construction clarifying how each element of the datum contributes to the formation
of the final representation. We do not, however, reproduce the construction in full detail.
The following outline follows the original reference [YuOl| and the expositions in [Bou20,
§4.1, 4.2.1, 4.3.1] and [Fin25, §3.7]. For proofs, structural details of the Heisenberg—Weil
extension, and explicit calculations of the inflation process, the reader is referred to [Bou20,
§4.1-4.3] and the references therein, in particular Yu [Yu01, §15|, Hakim—Murnaghan [HMO08].
We also point the reader to modern survey articles such that [Fin25, §3.8|.

Given a generic cuspidal G-datum
v =(G,y,7p¢), G=(GCCG < ---CG!CG),

that splits over a tamely ramified Galois extension F, set s; = r;/2 for each i.

1. Define compact-mod-center subgroups. Define recursively

K'=G) K!=G),,
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KT =K'G! KMT=K G (0<i<d-1).

Each K" is an open subgroup of G that is compact modulo the center of G.

. Define special subgroups. For each 0 < i < d—1, one defines certain subgroups J***
and J7 that satisfy K**' = K*J"! and K™ = K*J"! such that K' N J*™' C GY ..
These subgroups, defined by passing to the splitting field £/F, have the additional
property if J # (J71), | the quotient group J*/(J*™!) . carries a natural symplec-

tic form induced by composing the commutator (which lies in G}, ) with ¢.

. Construct the representations ¢ of K*! for 0 < i < d — 2. Start from the
generic character ¢ of G? ., which is trivial on G; - Thus ¢' ¢ ., can be viewed as

Y,ri?

a character of G; o/ G; _+ that can be extended to a character @ of (J;J;{r

174

If Ji+1 2 Ji then one uses ¢! and @' to construct a Heisenberg—Weil representation of
the semidirect product K* x J*™! which is a finite-dimensional representation (w;, V;),
whose dimension related to the size of the quotient J**'/(J**!),. One then uses this

to define a representation gg; of K'J™ = K*1. (See [Fin25, §3.8] for more details.)
When Ji! = Jfl then ¢' and ¢ together define a character of K*™!, which we also

denote ¢*'.

. Inflate the intermediate representations to K?. Each ¢/ constructed above is
successively inflated from K to larger groups K7 with j > i + 1, eventually to K.
Inflation here means extending a representation by letting the additional factors (in
the product decomposition of K<) act trivially. Denote the inflated representation on
K? by k'. For consistency, one sets

ko=infSl, " (0<i<d—2), k' =inff p, k1= ¢V kd = ¢ xa.
Each &' remains an irreducible representation of K¢.

. Form kg(V). The next step is to form the tensor product

k(W) =k QRO ® - @K,

which is a finite-dimensional representation of K% encoding all depth and genericity
data from the sequence.

. Compact induction to obtain the supercuspidal representation. Finally, define
1a(¥) = c-Ind Zuka (D),

which yields an irreducible, depth-ry representation of G, which is then supercuspidal
by Mautner’s Theroem 2.6.13.
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7.2 Interpretation for SO2H & (1))

We now summarize the results of our thesis by interpreting the components of a generic
cuspidal G-datum

\Ij:<@7y77_’:p7$)

in the specific setting where G = SO(2H @ (1)). This discussion clarifies how each ingredient
of the datum appears in the construction of tame supercuspidal representations for G.

(D1) Twisted Levi sequence. Let us recap our analysis from Section 5.4.

As observed in Section 2.4.3, the group SOjs has rank 2. Consequently, any twisted Levi
sequence has length at most 3. There are three possible cases:

e Length 1 (trivial sequence). The sequence consists only of G itself.
e Length 2. The sequence begins with either

— an elliptic torus T, or

— a proper twisted Levi subgroup M C G.

e Length 3 (maximal length). These sequences involve an elliptic torus followed by
an intermediate twisted Levi subgroup before reaching G.

The actual realization of a twisted Levi sequence is governed by condition (D5), which
imposes G!-genericity on the associated characters. This condition determines which of
the above possibilities occurs. More precisely:

e Certain elliptic tori appear only in length 2 sequences because they are not contained
in any proper twisted Levi subgroup of G.

e Conversely, not every elliptic torus gives rise to a sequence of length 2. Only those
whose Lie algebras contain G-generic elements will do.

e Elliptic tori failing this condition instead appear in sequences of length 3, where the
presence of an intermediate twisted Levi subgroup is forced by the behavior of generic
characters.

(D2) The point y in the building. We recap our analysis from Section 6.6.1.

If G° is an elliptic torus, then B(G°, F') consists of a single point {y}, which serves as the
vertex y in the B(G?). These were determined in Section 6.4. If instead G is an intermediate
twisted Levi subgroup M then we found the vertices of its building in Section 6.6, by choosing
a maximally unramified torus satisfying 7 C M C G. Such a point y need not be a vertex
of B(G, F) itself. Section 6.6.
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(D3) The depth sequence. We recap the results from Tables A.8, A.9, A.10 and A.11 .

For the trivial Levi sequence G = SO@H @ (1)), we have noted that this group does not
have any nontrivial characters, so there is no depth sequence in this case.

For nontrivial sequences, the values of the depths rg,...,r4_1 depend on the choice of the
respective G**l-generic elements, whose explicit description was developed in Section 5.3.1
and Section 5.3.2. These values have been recorded in the tables in the Appendix, for the
convenience of the reader.

(D4) The representation of the reductive quotient. We recap the results from Sec-
tion 6.6.2.

When G° = T is an elliptic torus in G, we have
K'=T,

Let p be an irreducible depth zero representation of 7. Since T is abelian, p is one-
dimensional, and p is 1-isotypic on 7o+, and hence p|7., = 1. Moreover, because 7 has
no roots, it admits no nontrivial parabolic subgroups, and every irreducible representation
of 7 is automatically supercuspidal. Thus we may take p to be the trivial character of T,
that is, replace the pair (p, ¢°) with (1, p¢°) (see [Nev13, Remark 3.2]).

When G° is an intermediate twisted Levi subgroup (for example M with T C M C G),
one must instead choose a nontrivial irreducible cuspidal representation p of the reductive
quotient M, /M, o+ satisfying condition (D4). The possible reductive quotients M, /M,
are listed in Section 6.6.2. The cuspidal representations o of these groups are given by
Deligne-Lusztig theory.

Since G is semisimple, the normalizer Ng(Gy ) is equal to Gy, the stabilizer of y in B(G).
This was discussed in Section 2.5.3. Therefore when G, = G, we may take p = 0. When
y €{(3,0),(5,3)}, however, we have [G, : Gyo] = 2 and one must first choose an extension
of o to create a representation p of G.

(D5) Generic quasi-characters. We recap the results of Chapter 5.

The sequence 5 = (¢°,...,¢% of quasi-characters are characters chosen so that they are
realized by G""'-generic elements of 3*, which we denoted Gengi+1 gi. Given such an element
X of depth —r;, we showed in Section 2.6 that it defines a quasi-character of GZ that is
trivial on G; r.+- Thus, for each such X one may choose any character o' of G that has this
restriction to Gzy We determined the sets Geng 7, Geng o and Geny, 7 for all possible

pairs (G, G*) that could occur as a valid twisted Levi sequence in Figure 5.1.

This completes our work.
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Appendix A

Extra tables

In this appendix, we have gathered all the key tables summarizing the conjugacy classes of
elliptic tori and twisted Levi subgroups.
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A.1 Embeddings of maximal elliptic tori of SO, x SO3 in

Sis and S, ., the twisted Levi (short) of SO2H @ (1))

Table A.1:
the twisted Levi SOz x SOs.

T

torus

—1°, and the torus ;”TW

A Product torus Class in SO(2H @ (1))
H(SOH & (g)) x SO(1, —¢)) = =Sy 5

F(Ve)® F(ye)® F Ty < Ty U
F(ywm) @ F(Ve)o F “Teew < T T ew)
F(Vew) ® F(e) @ T x Ty el

(SO (IHI & (@) x SO(1, —w)) = =S, ,

F(Ve)o F(yw) @ F Tiwew) X " Ty E
F(ym)® F(yw)® F T < “ Ty w7—[2_1 1,1]
F({/ew)® F(yw) & F e X TS gt

H(SOH & (ew)) x SO(1, —ew)) = 7S, 4

F(WVe)@ F(Vem) @ F | “Tww) X Ty R

F(J@) 8 F(Vem) @ F | ™Toq x =Ty
F(Vem) @ F(Vem) @ F | =T x =Ty T
S(SO(W.) x SO(w, —ew)) = °S....

F(Ve)® F(Ve)® F Tiwa) X T UEE
F(y@) @ F(ye) e F “Thew) X Tl i wew]
F(Vem) & FVE) 6 F | *Tim X T T

d(SO(Wy) x SO(g, —ew)) = “S...

F(Ve)@e F(yw)& F “Tiew) X “ T i)
Fivm)o F(V@)®F | “Tey X “Tg T e
F(Vem)® F(y@m) & F | 1, X “ T T e

P(SO(Wew) x SO(e, —m)) = 7S,

F(Ve)o F(Vemw) @ F | “Tnw X T Tz

F(V@)® F(Vem) @ F | “Tl1q x T4 T
F(Vew) @ F(\ew) & F T X T Ewﬂee ]

[11,p2,A]7
torus SO(

, — Q).
when —1%,

The starred torus €%
While, the torus %

| otherwise. Moreover, tori shaded with the same color represent the

Cle,

T[WE 1e] 1s the same as the torus © ”7-“

Maximal elliptic tori arranged according to the algebra A and their realization inside
The second column records the product torus,
before applying the isomorphism ¢ of Proposition 3.4.1, and the third column records its image,
namely the corresponding class of elliptic tori in SO(2H & (1)).

. 1s the same as the torus

same elliptic torus class when —1%. Figure 3.1 demonstrates this embedding.
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A.2

twisted Levi(long) of SO(2H & (1)).

Embeddings of maximal elliptic tori of U; in L, the

U. . in U.(H) over K = F(/2) AU ) in <L Splitting field
u§,1/2,1/2 57371,1] K = F(y/e)
Ue w2 T o K = F(\E)
U= Ve K(Vw)
U e T e K(Vew)
U« in Ugp(H) over K = F(y/w) O(T%) in “L, Splitting field
Usija1/2 “Th 1y K = F(J®)
uzzz,s/Q,—s/z’ omit if —1% wT[?,—s,w omit if —1% K =F(Vw)
U= o= K(VE)
U e T K (V)
uszm,*,* in Uerr (1, —1) over K = F(y/ew) O(Te7) in % L, Splitting field
ungh—l 8w7—[i—1,1] K = F(/ew)
ugw,E/Q,—E/Q’ omit if —1" Ewﬁ?,—s,q’ omit if —1% K =F(J/ew)
U = WV K(VEe)
U VR K(VE)

Table A.2:

Mazimal elliptic tori in the twisted Levi U, (2) (a € {e,w,ew}), together with their

images inside SOs under the maps ¢ given in Proposition 3.4.2. FEach row lists the unitary torus,
the corresponding elliptic torus in SOs, and the extension field over which the torus splits.

A.3

Witt basis and building of elliptic tori tables .

T Witt Basis w1, Wa B(T) = (3v(w1), 2v(w2))
er=(1,4,0), e2=(—v¢, —iVz,0)
T fr=G=50), fo= (55 =0) L—e (0,0)
g1 =(0,0,1)
e1 = (1,4,0), ey = (—/g,—i\/z,0)
iz, w1] A= —52.0), fo=(5,525,0) w, —€w (3:3)
g1 =(0,0,1)
e1 = (—v/w, —ivw,0), ez =(1,4,0)
ST fr=(5 20, f=(5-50) .1 (3,0)
g1 =(0,0,1)
e1 = (—vw, —iyw,0), e =(1,4,0)
ey | A= TES0), =(F-50) | —ewme (3.0
g1 =(0,0,1)
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T Witt Basis w1, Wa B(T) = (3v(w1), 2v(ws))
e1 = (—/E@, —in/em,0), e = (1,i,0)
TRy | A= (S AT 0), fa=(3.-4.0) —cw, 1 (3.0)
g1 =(0,0,1)
e1 = (—Vew, —iv/ew,0), ez =(1,4,0)
FIE oy | h= (S ;:’“,ox fo= (%, 72%,(» —w,e (3.0)
= (0,0,1)
= (- \/E, Fw 0), e =1(0,1,i)
T | hi= Ni - - 1,0>, =0k -%) | —we (3.0)
g1 = (1,0,0)
e1 = (—vw, —ivew,0), ex=(1,0,1)
T | h=(E N 0), f=(£,0,-4) | —ewe (3:0)
g1 = (0,1,0)
= (V@,1,0), ez =1(0,1/c1)
Thmem | =550, h=0,"%" %) | wew (3:3)
g1 = (1,0,0)
e1 = (vV@,0,1), es=(1,/E,0)
“Tie e f1=(—‘/§:,07 5e=)y J2= (28,—\/52_170) —Ew, € (3,0)
g1 = (0,1,0)
e1 = (—E@, —i/E,0), ex=(0,1,4)
T ) le(\/?ilﬁi\éZlvO)a fa=1(0,55,—5%) —Ew, ™ (3.3)
g1 =(1,0,0)
e = (¥22,0,1), ey =(1,7,0)
T | = (YE055), = (L Y50 w,e (3.0)

g1 = (Oa 170)

Table A.3:

Witt bases and building for each conjugacy class of elliptic tori of SO2H @ (1))

admitting two diagonal forms when —1 € F*? i.e p;“,p}vz fori,j € {1,3} in Table 6.2. This table

contains basically the sum of quadratic tori.
Section 6.4.1.

It is associated with Section 6.2.2, Section 6.3.2 and

T; Witt Basis Wi, W B(T) = {(zv(w1), éz/(wg))}
= (i +5%,t2,0), ey = (t%,i—s%0)
*© [%,1,1] fi= (i_2827 _715230), fo= (_th, i+28270) I,-1 (070)

g1 = (Oa 07 1)

159




T; Witt Basis w1, Wo B(T) {(%V(wl), %I/(wg))}
= (i +s%,t2,0), ey = (t},i—s%0)
T ) fi=(52,55,0), fo=(55,42.0) @, —@ (3:3)
g1 =(0,0,1)
( ,0), e2=(1,1,0)
ST h=(=5= Y570, fo=(3-30 @, 1 (3:0)
g1 =(0,0,1)
e1 = (ivVw,iv/@,0), e =(1,1,0)
T fir = (52 2F20), fo=(3,-5,0) 1 (3:0)
g1 =(0,0,1)
e1 = (V&,ivw@,0), ey =(0,1,1)
T fr= (525200, fa=(0,3,-3) 1 (3.0)
g1 = (1,0,0)
e1 = (V@,iv@,0), ey = (t?,—5%1)
T 1 h=05= Y520, p=GF3) 1 (5.0)
g1 = (s2,t2,0)
e1 = (Vw,i,0), ex=(0,1,1)
- fr=(=5— 50, fo=(0,4 %) w,w (3:3)
=(1,0,0)
(\F 0,1), e2=(1,4,0)
.1,c0] = (‘F -0, -, fa=(-1%,%,0) @, 1 (3.0)
=(0,1,0)
e1 = (iv/@,s%,t2), ey = (0,i+ 12, —5?)
T e fi= (5= 3250, =005 5) @ ® (3.3)
g1 =(1,0,0)
= (iyw,0,1), e =(1,1,0)
T fi=(Y52058), fa= (=550 1 (3.0)
g1 =(0,1,0)
e1 = (Vo +iyw,0), ey = (1+140)
M= h=5220), f=(50) w, 1 (3.0)
g1 =(0,1)
e1 = (/g @ — ai\ /g, @,0), ex= (—s71,1)
S Vi hi= (2R ® = 35ieR®.0), fo= (=5, —}) @,1 (3,0)

g1 = (si+2571,0)
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T; Witt Basis w1, Wo B(T) = {(%V(wl), %I/(wg))}
e = (1 + ’i,O), €y = (S_liﬁ/EEl, 1)
5 . =1 ==
*8T4ﬁl,e] flz(%—%,O), f2:(s 7'251517%1) L1

g1 = ((s — t*s7 %) /EE,,0)

Table A.4: Witt basis and building of for each conjugacy class of the elliptic tori of SO(2H @ (1))
admitting two diagonal forms when —1 ¢ F*2, i.e. p{",p}® and the tori indicated by x in Table
6.3. Note that e = s 4 it? for some s,t € F* such that Ng/p(eg) = st 4 t* = —1. For the torus

eEELW
Typneys @

and Section 6.4.1.

=52 +t2 and @ = s> — t2. This table is associated with Section 6.2.3 , Section 6.3.2

aTe” Witt Basis wi, W B(T) = {(QV(wl)Zu(ail), QV(WZ)ZV(O‘A))}
e1 = (v@,0), e =(1,0)
—15 T fi=(=vEm L0), fo=(eT0) | —ewe (3:0)
91 =(0,1)
e1 = (1,0), ez =(1/¢0)
S0 FTE | A=W L0), = (—VEm L0) | @ ew (3:%)
91 =(0,1)
er =(1,0), ex= (e ',0)
BT | A=(EE L0), h=(-vE L0) | cm-@ (3:%)
g1 =1(0,1)
e1 = (i,0), ex=(1,0)
—18 T h=(-iva 0, L=z 0 | ~@=w (3 1)
g1 =1(0,1)
e1 = (1,0), ez =(i,0)
STy | A= EiVE L0, h=(WE L0 | —m@ (3:7)
g1 =1(0,1)

Table A.5: Wilt bases and building of each conjugacy class of the elliptic tori of SO(2H & (1))

admitting two cross-term forms. That is the quadratic form decomposes as py*

W2

oDy ” in Tables 6.2

and 6.3. Here each w; is obtained via e; = wj oz_l/zfi. This table is associated with the following
sections 6.2.2, 6.2.3, 6.3.3 and 6.4.2.

ayk Witt Basis w1, Wo B(T) ={(z1,,22)}
€1 = (\/ga Z)a €2 = (é/ga 0)
—195 fr=(5 %) h=(v"0) e~ (0,0)

g1 = (L O)
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ayk Witt Basis w1, Wo B(T) = {(z1,,z2)}
er = (V@,i), e =(Jw,0)
—19.70, =05 %), h=(¥= 0 @, —@ (3:%)
g1 =(1,0)
e1 = (V@m,i), ey =(Ve2w,0)
—19, =15 h=(G2 ), f=(VZ= 0 | =@ (3.4)
g1 =(1,0)
e1 = (Vew,i), ey = (Vew,0)
S0 TE | A= (i), h= (i L0 | —ewew (3:4)
g1 =(1,0)
e1 = (Vew,i), eg = (Vedw,0)
ST | A= s) h= (VP 0 | mew (3:4)
g1 =(1,0)
er=(Vw, 1), e =(Vw,0)
IR =57 -8), h=(=y= 0 @, @ (3:4)
g1 =(1,0)
e1 = (Vew,1), ey = (¥ew,0)
SN | A= (S k), f=(—3Em L0) —@,® (3:%)
g1 = (1,0)
e1 = (Vew?,0), e = (VE,i)
_ID’ETZES fi=(—v €w2_1,0), fo = (\/52717_%) —ew, € (%,O)
g1 =(1,0)

Table A.6: Witt bases and Building of each conjugacy class of the elliptic tori of SO(2H & (1))
admitting a diagonal and a cross-term forms, that is the quadratic form decomposes as p;™*,py? for
i € {1,3} in Table 6.2, and i = 1 in Table 6.3. For the last one, the quadratic form decomposes as

P, °“ and p§. This table is associated with the following sections 6.2.2,6.2.3, 6.5.4 and 6.4.3.
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A.4 Non-regular elements

In Section (4.1) we determined the non-regular elements of each of our tori.

Torus t uct:z,yeF Eigenvalues Non-Regular Elements

“s2_y = {(a/E,0) |« € F}
2 o= {(0,yv5) |y € F}
2 —{(evE xyE) |z € F)
“s2__, = {(av/E,—avE) | 2 € F})

g
5
EJ‘[21,1,1] (zVe, yve) A =2VE, A =1y\/E

s

w/szzo = {(zvV@',0) |z € F}
2y ={(0,yvV@) | y € F}
“'s2_, ={(aVw,2vw) |z € F}

w52 ={(zV&, —aV@') |z € F}

y=—a

/

T 1y (zvw', yvw') A =avw, A =yvw’

wﬁzzo = {(I\/Ea 0),.(8 € F}

wiEw (.’E\/’E, b\/{:"w) A = Jj\/E, Ao = Y\ EW
' ? =g=® = {(0,y/Em),b € F}
, 5% = {(2\/z,0),z € F
e4w@ (xﬁ’y /w/) A\ = .T\@, Ay = y [ y/ 0 {( \/> ) }
Eﬁmw:O = {(O,yv w/)vy € F}
M = (z+yye e €eF
G wrpBvE | T ETeEve o = oVl e e Fl
A2 = (z —yve)vw sy o0 = {yvew |y € F}
A= (z+ € Lyl clzeF
wti,w (x+y\/a)\/g 1 (‘r yﬁ)\/» 64’;;—0 {.’,Uf | € }
A2 = (z —yyw)y/e “84 0 = {YVEw |y € F'}
M= (x4 y\/E € TG = ce,xeF
=G| @raEme | MU o B e )
A2 = (z — y/ew)/e sy ={yvw y € F}

Table A.7: List of all conjugacy classes of maximal elliptic tori in g’ = s0(q) together with
conjugacy classes of non-reqular elements. The Third column represents the eigenvalues; the
remaining eigenvalues are determined by symmetry, namely A3 = —X\; and Ay = —Xy (with
the fifth eigenvalue equal to 0). For the first case °t*, Proposition 4.1.6 implies that there
are always two G'-conjugacy classes of non-reqular elements. For the second case @ 2, it
implies that there are two classes when —1 is a square and three classes otherwise, since
wlsizo el w’sfczo in the latter case. In particular, this depends on the parameters p;. The
remaining cases are obtained by direct computation and yield exactly two conjugacy classes
of non-reqular elements.
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A.5 GGeneric elements

In this section, we enumerate the G-generic elements of t and of the Lie algebras of each of
our twisted Levi subgroups M, as well as the M-generic elements of T. Note that these sets
depend only on the isomorphism class of the groups, independent of their embeddings via

conjugacy classes.

Torus t u Eigenvalues A\, Ay Conditions on Geng, 1, Depth r
Ep, ™ )\1 = (a + b\@) V4 5w2
—10 ey a+ by/E)Vew? =pb)=—r—1 rel4+z
4 ( \[) /\gz(a—bﬁ)im V(a’) V( ) r 2 2
g, @ A= bi
L1 e (a+bi)\Er e 1= (@t b)yER @ v(a) = v(b) = —r — 1 rel+z
Ao = (a —bi)\/7(cR, )™
M = b v
—15, 518 (a4 by/e) Ve 1= (et \/g)\/g v(a) =v(b) = —r rez
A2 = (a — bye)ive
) A1 = (a+bi) /eg,
—1% eug (a+bi)\ /R, 1=(a ) i) VEE v(a) =v(b) = —r re’l
Ao = (a —bi)\/T(eg,)
Sty (0 + b/eFm) Ve | 1T et bVED) Ve v(a) =v(b) = —r—; rei+
A2 = (a—bVekw)ivekw via)=—-r+i vb)=-r-3 rei+z

Table A.8: The G-generic elements of depth —r of the Lie algebras of quartic elliptic tori with

unique subfield, “uf .

Torus t u Eigenvalues A\, )\, Conditions on Geng 1, Depth r
>\ g = b = —

e vEbve) | TV o) = v = rez
Ao = by/e a# +b (mod P )

’ AL =avw’ v(a) =v(b) = —r — 3
w2 ', 2 rei+z
( ) Ao = bV’ a# +b (mod P~"Fz) 2
’ Al == a:\/g

i (ar/e,bvVw@’) No G-generic elements
)\2 = b\/ w’
A =

T (ar/m,b\/c@) )\21 _ ;\/jﬂ v(a) =v(b)=-r—3 rei+z
AL = b

5 (a+bypyym | N TETWEVE @) =v)=—r—% | rel+z
Ao = (0= bVAVE
AL = b

“ (a+ byw)/e 1= la+by@)yve No G-generic elements
Ao = (a — by/wm)+/e
AL = by/

e (a+ by/ew)\/e 1= (et byvEm)vE No G-generic elements
A2 = (a — by/ew)/e

Table A.9: The G-generic elements of depth —r of the t\ {0} that contain non-reqular elements.
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Torus t X : Non-regular elt M : Cg(X) Conditions on X € Geng a,—r Depth r
£¢2 (av/e,0,0) £S via) = —r re’
2 (av/z,a/z,0) L v(a) = —r rez
@' 2 (av/@',0,0) ='S via)=-r—13 rel+z
@' (2 (e, av/@',0) 'L via) = —r— % r e % +7Z
= (0,av/=’,0) 'S via)=—-r—1% rei+z
o=’ (av/e,0,0) ) via) = —r re’z

@™ (0, a\/ew, 0) @S via)=-r—1 rel+z
e (a\/©9,0,0) =S via)=—r—3 rei+z
4y (ar/ew,0) =L via)=—-r—3 rei+z
y” (av/w,0) “L via)=-r—1 rei+z
e i (av/e,0) €L v(a) = —r re’l

e i (ar/ew,0) cwL via)=—r—3 rei+Z
Nt T (ar/@,0) “L via)=—-r—3 rei+z
Rl i (av/e,0) €L v(a) = —r rei

Table A.10: The G-generic elements of depth —r of the center of the intermediate twisted Levis
m.

t u M = Ce(X) Genpr,—r Depth r
°t2 (a\/g,b\/2,0) S = Cg(av/e, 0,0) v(a) > —r, v(b)=-—r re’
°¢2 (av/g,by/z,0) €L = Cg(ay/z,av/E,0) V(;z)?_fb (;Odl;(f)ri)r re’z
w2 (V@' , bV, 0) 'S = Cglava,0,0) via)>-r—31, vb)y=—r—-1 | rel+z
“e | (@m0 | TLoCeavdavaio) | VW v 2oreg g

a ;é (mod prts )

@' e (@', by/z, 0) @S = Cg(av/@',0,0) v(a) > v(b) = re’z
@' e (av@', by/E,0) S = Ci(0,b4/¢,0) vie)=-r—1%, v()>-r—3 rei+z
wiEw (av/@,by/cw,0) @S = Cg(0,by/ew, 0) vie)=-r—1%, vb)>-r—3 rei+z
wiew (ar/m,b\/ew,0) 7S = Cg(av/@,0,0) via)>—-r—3% vb)=-r—1 rei+z
4y (ar/@ + by/ew,0) @ L = Cq(by/zw,0) vie)=-r—3%1 vb)>-r-1 rei+z
4y (ay/@ + b\/ew@, 0) “L = Cg(ar/w@,0) vie)>—r—1, vb)=-r—3 rei+z
=™ (av/ + Ve, 0) L = Cglav/e,0) vie) > —-r+1, vb)=-r—3 rei+z
T | (ay/E+ Wew',0) | ¥ L= Cg(bVew,0) via) = —r, v(b)> re’

Table A.11: The M-generic elements of depth —r of the Lie algebra of elliptic tori t\ {0}.
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Appendix B

Comparison with the case of Spy(F)

In [KY11], Ju-Lee Kim and J.K. Yu gave an explicit classification of the twisted Levi se-
quences for the construction of all Kim-Yu types for irreducible representations of the group
Sp,(F), and this was the inspiration for this thesis about SO(2H & (1)).

The group Sp, and SOj5 share the dual root systems Cy and Bj respectively which are isomor-
phic. The group Sp, is simply connected and is a double cover of SOj5, so the corresponding
p-adic groups are strongly related.

In this appendix, we compare our results.

B.1 Root systems and alcoves

Sp, (Kim-Yu) SO(2H & (1)) (this work)
Root system Cy By
Simple roots a; = € — € (short), ag = 2¢5 (long) | a;, = €; — € (long), as, = € (short)
Highest root 6 2¢1 = 201 + an €1+ €2 = a;, + 2as,
Weyl group D, (dihedral, order 8) D, (same)

The fundamental alcoves differ:

C02:0§x2§x1§% VS. Cp,: 0<xy <y, &1 + 25 < 1.
The fundamental alcove for the affine Weyl group of Bs is the triangle with vertices (0,0),
(1,0), (1/2,1/2), while for Cs it is (0,0), (1/2,0), (1/2,1/2). That said, as noted in Sec-
tion 2.5.3, the fundamental domain for the action of G = SO(2H @ (1)) on B(G), which

is contained in the fundamental alcove, can be identified with the fundamental alcove of
B(Sp,(F)), as we record in Table B.5.
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B.2 Kac coordinates to Cartesian coordinates

In [KY11], building points are given in Kac coordinates (¢, ¢, c2). For Sp, (type 52), the
affine simple roots evaluate on a point = (x1, z3) in the apartment as

ap(z) =1 — 2z, ay(z) = x1 — X9, as(z) = 2.
These numbers are the normalized affine coordinates of x; they satisfy
ap(x) + 204 (z) + as(z) = 1.

The Kac coordinates are obtained from these normalized coordinates by clearing denomina-
tors. More precisely, if
a; = a;(x), i=0,1,2,

then the Kac coordinates of x are the smallest integral triple (cg, ¢1, c2) = N(ag, a1, az), where
N is chosen so that ¢y, ¢y, c2 € Zso and ged(c, ¢1, c2) = 1. Equivalently,

N:CO+261+CQ.

Conversely, given Kac coordinates (co, 1, ¢2), let N = ¢o + 2¢; + ¢3. Then the corresponding

Cartesian point is
261 + C2 Co

T = ON s To = ﬁ
Thus the Kac coordinates determine the position of the point in Cpu,g, while a Cartesian
point determines the Kac coordinates only after clearing denominators. Therefore we can
easily determine their positions in Cgyyg.

(B.2.1)

Kac coord. (cy,c1,c0) | N | Cartesian (z1, ) Location in alcove
(1,0,0) 1 (0, 0) Vertex
(1,1,1) 4 (3/8, 1/8) Interior
(1,0,1) 2 (1/4, 1/4) Wall a; =0 (21 = x9)
(0,1,0) 2 (1/2, 0) Vertex Py
(2,1,0) 4 (1/4, 0) Wall ay =0 (22 = 0)
(0,1,2) 4 (1/2, 1/4) Wall ag =0 (27 = 1/2)

Table B.1: Translation of Kac coordinates from [KY11] to Cartesian coordinates via formula
(B.2.1).

B.3 Correspondence of isomorphism classes of elliptic tori

Both Sp, and SO(2H @ (1)) have the same abstract set of isomorphism classes of elliptic
maximal tori, since these are parameterized, via the algorithm due to Morris (described for
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special orthogonal groups and unitary groups in Chapter 3) by 4-dimensional algebras over
F. In Table B.2 we make the correspondence explicit, by identifying the labels of tori used
in [KY11] with the labels of corresponding tori used here.

| Kim-Yu label | Algebra A | This work (label) |  Splitting field |
T[8] F(\e) ® F(\e) e F(y/2) (unramified)
T[], w' =w F(yw)® F(yw) @T? F(y/@) (ramified)
17, w' = ew F(\/ew) @ F(/ew) cwT? F(y/ew) (ramified)
T[], (w,ew) F(yw) ® F(Vew) T F(ye, V@)
7[6], (w,e) F(yw) & F(Ve) =T F(Ve, V@)
T[6], (ew,e) F(Vew) & F(Ve) =Te F(Je, Vw)
T(9], E1 = F(VE) F(ye) C F(Ve, V@) T F(ye, V@)
710, By = F(V=) F(y@) C F(Ve, V) T F(Ve, V@)
T(10), By = F(vew) F(yew) C F(Ve,Vw) T F(ye, V@)
T[4), By = F(\/E) F(ye) C F(Va) T F(Ye)
(3], By = (%) F(\&) C F(Vem?) s F(y/a)
T[),T[2), By = F(VeFm) | F(Vebm) c F(Vebwm) fwyetw F(Vebw)

Table B.2: Correspondence of 12 isomorphism classes of elliptic mazimal tori between [KY11] and
the classification in this work. Here @' denotes a uniformizer, € a nonsquare unit.

B.4 Conjugacy classes within each isomorphism class

While the isomorphism classes are abstractly the same, the number of conjugacy classes
within each isomorphism class differs between Sp,(F') and SO(2H @ (1)). Abstractly, this is
to be expected since although the groups have isomorphic Lie algebras, their group struc-
tures are not the same. Explicitly, this occurs in part because the parameter p* from the
construction lives in different quotient groups, and for SO5 there is an additional parameter
A € F*/F*? arising from the fifth coordinate. Moreover, the various conjugacy classes of
tori are distributed among the two groups SO(2H & (1)) and SO(H & (e, —w, cw)), and in
some sense the correct comparison is of the union of the two. In Table B.3 we compare the
numbers of conjugacy classes explicitly.

B.5 Comparison of twisted Levi subgroups
The nonabelian proper Levi subgroups of Sp, are isomorphic to GL; x SLy (which is a double
cover of GL; x SO3) or to GLg, although we must swap the roles of the long and the short

roots. Thus we can compare the isomorphism classes of the F-forms of these groups directly.

In [KY11], Kim and Yu show that Sp, has 12 classes of twisted Levi subgroups with compact
center up to conjugacy when —1 is a square, and 10 if —1 is not a square.
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Isomorphism class Kim—Yu (Sp4) This work (SOs)
# conj. classes SO(2H & (1)) ‘ SOH & (e, —w, ew))
T2 (T[8]) 3 2 1
= T2 (T[7)) 3 each if —15, otherwise 1 each 2 each (omit 1 if —1%) 2 each(omit 1 if —17)
@ T (T[5)]) 4 if =19, otherwise 1 2 2
@' T (T[6)) 4 each 2 each 2 each
= To% (T[10)) 2 each 1 each 1 each
T (1) 2 1 1
“YE (T[4]) 2 1 1
sYe=" (T[3]) 2 1 1
wTikw (T[] 4 —159, otherwise 2 2 —15, otherwise 1 2 —15, otherwise 1
swyst@ (T[2)) 4 —19, otherwise 2 2 —19, otherwise 1 2 —15, otherwise 1

Total ‘

39 when —15, 28 otherwise

‘ 21 when —19, 17 otherwise ‘

18 in both cases

Table B.3: Conjugacy class counts per isomorphism class. The SO(2H®(1)) counts are from Propo-
sition 3.2.9; the Spy counts are from the Galois cohomology classification in [KY11, Table 1.3.5].

In constrast, in our classification of SO(2H @ (1)), the twisted Levi subgroups with compact

center form 9 conjugacy

classes in two types.

As explained in Sections 2.2.6 and 2.3.3,

different F'-forms of the two Levi subgroups may embed in different F-forms of SO;. Thus
to make a full comparison, we have computed the twisted Levi subgroups in the group
SO(H @ (e, —w, ew)) and give the correspondence in Table B.4.

| Kim-Yu (Sp;) | This work (SO2H® (1)) | SO(H® (¢, ~w,cw)) |

Us1 x SLo *Si,s £Sw.s
U... x SLs S “S1.0
Uwpi x SLo “S1s “Se s
Uw,e X SLo “See “Ste
Uew,1 x SLa 7S s 7Se s
Uew,e X SLa TS e S e
U.(1,1) €L
Us(1,1) “Ls
Uewr(1,1) L
U:(2) “Le
Uo(2) =L,
U 2) L,

Table B.4: Tuwisted Levi subgroups of Spy (12 conjugacy classes if —19, 10 otherwise. Both in
two types) compared with those of SO(2H & (1)) and SO(H @ (e, —w, ew)) (9 conjugacy classes in 2

types).
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B.6 Comparison of buildings of twisted Levi subgroups

We have drawn the embeddings of the buildings of the twisted Levi subgroups of Sp,(F') in the
fundamental alcove of B(Sp,(F’)) in Figure B.1, for comparison with the case of SO(2H& (1)),
which was given in Figures 6.2 and 6.3. Note that to compare the fundamental alcoves of
B(Spy(F)) and B(SO(2H @ (1))), one needs to perform a change of coordinates that swaps
diagonal lines for vertical /horizontal ones.

A A A

b -

Figure B.1: On the left are the embeddings of the buildings of type S inside the fundamental
alcove Ceang of Spy. The building B(U-(1,1)) is represented by the green segment, 3(U_(1.1)) by
the light blue segment, by the orange point, and B(Uy(2)) by the blue point. On the right,
the buildings of twisted Levi subgroups of type L. The building B(U.y x SLs) is represented by
the horizontal purple segment, 3(U. . x SLy) by the vertical green segment, B(Uw/J x SLy) and

B(Ug - x SLy) by the red segments.

B.7 Comparison of twisted Levi sequences

For the purposes of comparison, we shall only consider the twisted Levi sequences correspond-
ing to pairs G° C G such that there exists an element X € Lie(Z(G®)) that is G-generic of
depth —r for some r € R.

These sequences for Sp,(F) were provided in [KY11, Table 3.12|. In Table B.5 we match the
Kim—-Yu data with ours.

We have grouped together all tori in a given isomorphism class when they are attached to
the same vertex. In some cases, as noted above, there are more conjugacy classes in Sp,(F')
and so there are no corresponding sequences in SO(2H & (1)) (such as for T'[4] and T[§]).
Moreover, there are no compact unitary subgroups in SO(2H & (1)), so these twisted Levi
sequences in Sp,(F') have no analogue in SO(2H & (1)).

For the torus identified in [KY11] as T'[9] and in our thesis as =7, , arising from a biquadratic
extension, we have found that this torus does admit G-generic elements, and hence can occur
in a two-step twisted Levi sequence, but this sequence was omitted in [KY11, Table 3.12].
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Kim—Yu |Depth| Vertices in B(Gy) | This work | Vertices in B(Gy) | Kac coordinates
G° o YSpa G° YSO(2H®(1)) (co,c1,¢2)
T[] 17, (3/8, 1/8) wye'w (1/2,1/4) (1,1,1)
T[2] 1L+ (3/8, 1/8) Y (1/2, 1/4) (1,1,1)
T[3] yn (1/4, 1/4) sYge’ (1/2, 0) (1,0,1)
T[4], ey 7, (0, 0) eYF (0, 0) (1,0,0)
T[], cs Z, (1/2, 1/2) (0,0,1)
T[5)] 574 (1/4,1/4) wTew (1/2, 0) (1,0,1)
T[7) 1z, (1/4,1/4) @' T2 (1/2, 0) (1,0,1)
T[8],cx Ly (0,0) T (0,0) (1,0,0)
T[8], c Ly (1/2,0) R (1/2,1/2) (0,1,0)
T(8],cs Z, (1/2,1/2) (0,0,1)
T[9]? 574 eTew (1/2, 0) (1,0,1)
U:(2) Ly (1/2, 0)
U (2) 3L+ (1/4,1/4)
U.(1,1) Z. | (0,0)0r (1/2,1/2) L, (0,0) or (1/2,1/2)
Usr(1,1) | 4Z4 (1/2,0) =L, (1/4,1/4)
Ui x SLa | 374 (1/4, 0) 'Sl (1/2,1/2)
Usia X SLy| 174 (1/2,1/4) 'S e (1/2,0)
Uei x SLy | Zy (0,0),(1/2,0) “S1s (0,0)
Uew x SLy | Zy | (1/2,1/2) or (1/2,0)| 'Sy (1/2,1/2)

Table B.5: Comparison of the d = 1 case. For each Kim—Yu entry, we give the Cartesian coor-
dinates for the verter via (B.2.1), and the corresponding torus or twisted Levi from our work with
its vertex/vertices. Note that the Cartesian coordinates live in different alcoves (Cy vs. Ba) and are
not directly comparable; the comparison is at the level of the abstract torus and depth.
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