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A b s t r a c t 

The three-dimensional (3-D) Boundary Integral Equation (BIE) method is applied 

to elastostatic problems involving relatively simple and complicated thick-walled 

cylindrical and toroidal geometries. Verification of the suitability of the 3-D BIE 

mesh is made by comparing with results from the axisymmetric Finite Element 

(FE) method and the axisymmetric BIE method. The loading considered for the 

verification is internal pressure and the geometries include hollow tori of circular 

and elliptical cross-sections. Results from the BIE method are then presented and 

compared with results from the Toroidal Elasticity (TE) theory of H. A. Lang. Cases 

covered are internal pressure loading of a hollow torus and in-plane bending, out-

of-plane bending, twist bending, in-plane end shear force, in-plane end normal force 

and out-of-plane end shear force of a thick-walled 90° elbow. The comparisons are 

useful in establishing the number of terms required in the TE solutions. Satisfactory 

agreement is obtained between the BIE and TE results for the first four loadings 

with the number of terms already developed by H. A. Lang. 

The 3-D BIE method is then applied to three problems of complex geometries. 

The first concerns a thick walled U-bend, with straight pipes, subjected to internal 

pressure and in-plane bending loads. Results are presented for stresses and are 

compared with results previously obtained for relatively simple geometries. The 

second and third problems concern a pressurized thick-walled cylinder and torus 

with cross-bore(s). Two cylinders are considered, one cylinder having a single cross-

bore while the other two cross-bores. Separate solutions for the torus are given for 

cross-bores located at the intrados and extrados with the cross-bores situated in 

the toroidal plane. Results obtained show that the stress concentration factor is 

smaller for a torus with cross-bores at the extrados than a cylinder with one or two 

cross-bores. 
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Chapter 1 

Introduction 

The use of high pressures in pressure vessel and piping engineering requires the 

employment of thick-walled pipes, and consequently of thick-walled pipe bends. An 

estimation of the total number of pipe elbows in a nuclear plant is 13000 for one 

reactor unit and 25500 for two reactor units. Admittedly, many of these elbows are 

thin-walled and are part of the nuclear plant system. If the pipe is to carry fluid 

at an appreciable pressure, it is equally necessary to know the stress produced in 

a given pipe bent by internal pressure and bending loads. The ASME Boiler and 

Pressure Vessel Code [l] acknowledges the need for additional work in the area of 

end effects for curved pipe or welding elbows. 

The topic of the behaviour of toroidal membranes and shells under internal 

pressure and bending loads has been given a great deal of attention in recent years. 

However, relatively few articles have appeared concerning similar analyses for thick-

walled toroidal shells. The few published analytical treatments available are based 

on the method of successive approximations, to reduce the complexity of the prob­

lem, and are therefore only approximate. In the absence of exact analytical solu­

tions, accurate three-dimensional treatments of thick-walled pipe bends have to be 

obtained numerically. 

Although finite element (FE) and finite difference (FD) techniques could be 

used no results obtained by these techniques for incomplete thick-walled toroidal 

geometries are available in the literature. In view of the complexity of the problem, 
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the computing costs for accurate solutions would be very high using these meth­

ods. The technique employed here is the direct boundary integral equation (BIE) 

method, which for many applications is both more accurate and more economical 

in use of computer time than the FE method. 

The objective of this thesis is to demonstrate the power and versatility of the di­

rect boundary integral equation (BIE) method for three-dimensional stress analysis, 

to further illustrate the advantages of the BIE method by applying it to toroidal 

geometries, to provide stress factors for geometries and loadings not previously 

considered and to verify the applicability of the stress fields determined by toroidal 

elasticity (TE). 

A background of the analytical, experimental and numerical work done on pipe 

bends and on thick-walled cylinders with cross-holes is given. Then a review of the 

basic equations of the direct boundary integral equation method is presented. This 

is followed by the selection of a suitable BIE mesh for toroidal geometry to obtain 

accurate results. This is done by comparing the three dimensional BIE results 

with exact and numerical results from the axisymmetric FE and axisymmetric BIE 

methods. Having determined a suitable mesh, results are found for a torus under 

internal pressure and for 90° elbows subjected separately to three in plane loads and 

three out of plane loads. These results are then compared with results determined 

by the T E method. This in turn will establish the number of terms required in the 

various T E solutions. 

The BIE method is then used to determine the stresses in thick-walled U-bends 

with tangent pipes, subjected to internal pressure and in-plane bending. Next, to 

further illustrate the advantages of the BIE method, it is applied to a thick-walled 

torus with cross bores. The thesis ends with a discussion of the results for these 

analyses. 
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1.1 Pipe Bends Background 

The analysis of pipeline systems to obtain the deflections, terminal reactions and 

stresses, was one of the earliest uses of computers in pressure vessel design. Each 

length of straight pipe was assumed to behave as a simple beam and hangers, 

mountings flanges and pumps were introduced as springs or rigid constraints. The 

work on pipe bends was started by Von Karman [2] who developed a solution for 

circular thin-walled bends under in-plane bending in 1911 and was followed by 

Vigness [3] for out-of-plane bending in 1943. 

Pardue and Vigness [4] investigated the effect of flexibility and stress intensifi­

cation factors for U-bends and 90° bends under in-plane and out-of-plane bending 

using a theoretical analysis and experimental test. The theoretical analysis used 

was an extension to Von Karman theories. The experiments consisted of tests on a 

series of thin-walled tube bends having a ratio of bend radius to tube radius equal 

to 3. The effect of the end conditions has been studied experimentally but not theo­

retically. The type of end constraints considered are two straight sections, one rigid 

flange and one straight section (this condition used for right-angle bends only) and 

two rigid flanges attached to the ends of the bends. They concluded that addition 

of constraints such as flanges at the ends of bends, greatly increases the bending 

rigidity which is especially true if the angle of turn is 90° or smaller. 

Pardue and Vigness [5] in a second paper, experimentally investigated the effect 

of flanges on the maximum meridional and longitudinal stress intensification fac­

tors as well as the flexibility factors for 45°, 90° and 180° bends under in-plane and 

out-of-plane loads. Their investigation included bends terminated by one flange, 

two flanges as well as no flanges. The results indicated that the smaller the cen­

tral angle of the pipe bend and the greater the number of end flanges, the larger 

the deviation from the axisymmetric theoretical predictions. The magnitudes of 

maximum meridional stress intensification and flexibility factors decreased while 

the maximum longitudinal stress intensification factor increased when flanges were 

appended to the pipe bends. However, the results for smaller angle bends appeared 
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to be erratic due probably to experimental difficulties. 

Vissat and Del Buono [6] also investigated the effect of flanges on the stress 

intensification and flexibility factors, but for U-bends only. Results similar to those 

of Pardue and Vigness [5] were obtained. 

Rodabaugh and George [7] established the flexibility and stress factors of curved 

pipe due to in-plane and out-of-plane bending including the effect of internal pres­

sure using the strain energy method. They proved the adequacy of this method by 

means of carefully conducted tests. The theoretical formulas developed can be used 

for elbows of rm/h up to 50 and R/rm ratios ranging from 2 to infinity. Elbows of 

rm/h ratios ranging from 29 to 94 (R/rm — 3 to 9.5) were used for the experimental 

tests. They concluded that pressure in thin-walled piping subjected to in-plane and 

out-of-plane bending tends to reduce the effect of flexibility and stress factors, but 

for relatively thick-walled piping the effect is of a low order and may be neglected. 

Swanson and Ford [8] experimentally studied the behaviour of stresses in thick-

walled U-bends with integral straight tangent pipes under internal pressure and 

bending loads, both separately and together. Two pipe bends were considered, hav­

ing pipe factors, Ai (defined as Rh/r"^), of 4.57 and 1.76, where the second bend had 

a non-circular cross section. The measured values were compared with existing the­

ories for thin-walled bends. The theories of Turner and Ford [9] and Barthelemy [10] 

predicted the maximum equivalent stress up to 20% higher than those derived from 

the experiments. They reported that no existing theory adequately represented 

the stress in thick-walled pipe bends under internal pressure loading. The authors 

modification to Thuloup's [11] theory for internal pressure agreed fairly well with 

the measured stress of the pipe bend of regular cross-sections. They concluded that 

the stresses caused by internal pressure depend strongly on the deviations from cir­

cularity of the cross-section and that the bending and pressure stress systems were 

found to be superposable. 

Kornecki [12] investigated the state of stress in a closed toroidal shell of uniform 

thick-walled circular cross section, when loaded by uniform internal and external 
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pressures. He used toroidal elasticity which is based on the method of successive 

approximations. Kronecki developed the zero, first and second order fields of stress 

of the series. A numerical example was given for internal pressure loading. 

Smith and Ford [13] did experimental work on in-plane and out-of-plane bending 

of thin-walled pipe bends. The experimental results were compared with results 

calculated from existing theories. They indicated that although agreement between 

measured and calculated stresses was satisfactory for in-plane bending, it wasn't for 

out-of-plane bending. They acknowledged that a more exact theoretical analysis is 

needed for out-of-plane bending. 

Then Smith [14] adapted a theoretical treatment of the elastic flexure of curved 

tubes already published by Turner and Ford [9] for in-plane bending to deal with 

out-of-plane bending. Results for both in-plane and out-of-plane are shown when 

acting separately and combined. Results were done for R/rm ranging from 2 to 

10 and a range of pipe thickness represented by h/rm from 0.02 to 0.06. A design 

procedure is suggested to find the maximum stresses due to combined in-plane, 

out-of-plane and torsional bending moments. 

Jones [15] developed an analysis which is an extension of Von Karman's original 

theory. From this analysis he obtained the stresses and flexibilities for in-plane 

bending of a curved thin pipe bend. He concluded that the stresses in and flexibility 

of pipe bends are virtually independent of the ratio rm/R and depend almost entirely 

on the pipe factor Aj. 

Thailer and Cheng [16] were concerned with the analysis of 180° bends (R/rm = 

3), containing rigid flanges at both ends, subjected to in-plane end moments. The 

methods used was that of minimization of the potential energy [Raleigh-Ritz]. The 

tube was considered to be thin shell. The results agreed very well with the existing 

experimental results of Pardue and Vigness [5]. They concluded that the analytical 

results for a U-bend with rigid end flanges seem to be reasonably confirmed by 

experiments. 

McGill and Rapp [17] presented results of an analysis of a thick-walled torus 
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subjected to internal pressure, in which displacements as well as stresses were ex­

amined. The solution was obtained by the use of axisymmetric finite difference 

method. He noted that the results for the stresses agreed very well with those of 

Kornecki [12] except for the longitudinal stress. The authors uncovered an error in 

Kornecki's expression for the longitudinal stress. A further case where the torus 

was subjected to circumferential shear was studied. 

Natarajan and Blomfield [18] have used the finite element method, in conjunc­

tion with doubly curved shell elements for calculations of stress intensification and 

flexibility factors of curved pipes with attached pipes and flanges as end constraints 

subjected to in-plane bending. Various pipe bend angles were analysed (30° to 180°) 

and also a reversed 90° bend. They showed that the flexibility of pipe bends is de­

pendent on both the ratio rm/R and pipe factor (Ai) contrary to the observation of 

Jones [15] and that the relationship between the bend angle and the corresponding 

maximum stress is non-linear. They indicated that the assumption of sections in a 

curved pipe remaining plane after deformation is not valid. They concluded that 

the flexibility of an elbow with end restraints is reduced. 

Thompson [19] using Flugge's shell theory investigated the stresses produced in 

pipe bends (h/rm = 0.1) due to internal pressure and in-plane bending. He showed 

that the maximum axial bending stress factor does not depend on the pipe factor 

alone, contrary to the conclusion of Jones. 

Ohtsubo and Watanabe [20] investigated the flexibility and stress factors for 90° 

pipe bends (Ai = 0.05 to 0.5) connected with and without straight pipes and sub­

jected to in-plane and out-of-plane bendings using the finite ring element method. 

The method was based on the general thin shell theory incorporating shear strains. 

They concluded that reductions take place in both flexibility and stress factors of 

bends with straight pipes as end restraints. 

Whatham [21] used thin shell theory to calculate the stresses and flexibilities 

in curved pipes with flanged ends subjected to in-plane bending. The results were 

verified by experiment. His analysis showed that flanges reduce in-plane bend fle-
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xibility and high circumferential stresses in curved pipe bends but produce high 

longitudinal stress adjacent to the flange. 

Lang [22], using toroidal elasticity employed earlier by Kornecki [12], studied the 

same problem of a torus subjected to internal and external pressure. Lang developed 

the zero, first and second order fields of stress, displacement and ovalization of the 

series. He gave one set of numerical results for thick-walled elbows typical of heat 

exchangers and a steam generator. 

Natarajan and Mirza [23] did work concerning stress analysis of pipe bends with 

end contraints subjected to out-of-plane moments.This analysis was constrained to 

thin shells solved by finite element method. 

Lang [24] supplied details for the analysis of a pressurized elbow or torus, pre­

sented in his earlier paper [22]. The discussion was limited to the stress fields 

produced by internal pressure. Corrections to some constants were given. Details 

about displacements and ovalization were not given. 

Lang [25] expanded the use of toroidal elasticity to end bending moment loading 

of a toroidal tube or pipe bend. Bending in the plane of the tube was considered. 

The analysis was limited to the first order of stress, strain and displacement fields. 

Later Lang [26] extended the stress fields by determining the second order. No 

numerical results were presented. Still using the general theory of toroidal elastic­

ity, Lang determined the stress fields for a 90° elbow or pipe bend having several 

different loadings. The applied loads were twist and out of plane bending [27], out 

of plane bending by an end shear force [28], in plane end shear force [29] and a 

end normal force [30]. For these loads the zero and first order stress fields were 

developed. No numerical results were given. Using the same method he extended 

the solution to pure twist bending [31]. The series consisted of the first four orders 

of stress fields. 

Lang [32] developed two sets of series for the mean stresses and displacements 

for a thin-walled elbow subjected to in-plane bending. The first set of series was 

based on the classical Von Karman model and the second set of series was derived 
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from the TE method. Result were found for typical elbows in nuclear reactors from 

both set of series. He concluded that the TE model generates a more complete 

description of mean stresses and tube flattening effects. 

In the manufacturing of pipe bends it is common for cross-sectional distortion 

to be introduced. These shape imperfections commonly take the form of an ovality 

or thinning, the former being a deviation from the intended circular shape with the 

latter a variation in wall thickness around the cross-section. These imperfections 

are significant because elbows are usually critical components in piping systems 

due to their flexibility and the tendency for strain to concentrate in the elbow. The 

effects of geometric irregularities on elbows have been studied, for different kinds of 

loading and end restraints. Most of the elbows studied were thin and 90°. 

Findlay and Spence [33] presented a theoretical solution for the flexibility and 

stresses in pipe bends with elliptic cross-sections under in-plane and out-of-plane 

bending applied separately. The theory was developed using an energy method and 

an assumed series expression for the radial displacement, the assumptions being 

similar to those in the Von Karman analysis for bends with circular cross-sections. 

Arav [34] was the first to attempt to evaluate the effects of stress in the presence 

of local corrugations in pipe bends under in-plane bending. The investigation was 

both experimental and theoretical. He concluded that stresses in the corrugations 

in the plane of symmetry can be rather well predicted by the theoretical approach 

and tha t a considerable increase of stress level may occur in corrugations compared 

to smooth surfaces. 

Boyle and Spence [35] used a non-linear analysis to examine the effect of internal 

pressure on the flexibility of a curved pipe under in-plane bending. The results were 

found for both circular and elliptic cross-sections of curved pipes. They compared 

the results with previous studies using linearized methods and suggested that the 

design factors normally used should be viewed with a certain amount of caution. 

Using the same analysis, Spence and Boyle [36] considered the stress analysis of a 

smooth curved pipe of non-circular cross-section under internal pressure and exter-
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nal bending acting alone and together. From their results they concluded that in 

the presence of internal pressure, shape imperfections have a significant effect on 

the stresses. 

Ohtsubo and Watanabe [20] investigated the effects on flexibility and stress 

factors of initial ovality and wall thickness variation. They considered 90° elbows 

under in-plane and out-of-plane moments. The finite ring element method based on 

thin shell theory was used. They concluded that variation of pipe wall thickness has 

little effect on the flexibility and stress factors whereas initial deformations have a 

significant effect on these factors. 

Boyle and Spence [37] studied initial ovality for internal pressure and in-plane 

moment loadings acting alone and together using a simple elastic analysis. They 

concluded that a more complete analysis was required. 

Spence and Findlay [38] considered the effects of typical thickness variations on 

bends with or without some degree of ovality for in-plane bending using a theoretical 

analysis based on a classical energy approach. They concluded that normal thickness 

variations do not appreciably affect the flexibility of curved pipes with either circular 

or elliptic cross-sections. 

Thomas [39] determined the effects in elbow stresses arising from the presence of 

thickness variation, initial ovality, intrados wrinkling and longitudinal weld shrink­

age for both internal pressure and in-plane moment loadings using the finite differ­

ence thin-shell analysis. End constraints were included and symmetry conditions 

were assumed at the interface of the pipe bend/ tangent pipe assembly. He con­

cluded that relatively simple or complicated geometric irregularities in thin-walled 

piping elbows do not affect the stress distribution due to in-plane moment, whereas 

stresses due to internal pressure are amplified in the presence of ovality, wrinkling 

and longitudinal weld shrinkage. 

Natarajan and Mirza [40] studied the effect on the flexibility factors for bends 

of various included angles having non-uniform wall thickness using a finite element 

scheme with a doubly curved shell element. The pipe bends had straight pipes as 
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end contraints and were subjected to in-plane moments. They concluded that for 

pipe bends having Aj of the order 0.15 the variation in pipe wall thickness has no 

effect on their flexibility factors whereas for lower Ax of the order 0.05 the effects are 

considerable for bends whose included angles are more than 60°. Later, Natarajan 

and Mirza [41] did similar studies except that the effect of stress on pipe bends 

with wall variation subjected to internal pressure was studied. They concluded 

that variation in thickness does not produce any effect on the elbow. 

Moore, Dodge and Bolt [42] studied, both experimentally and analytically, the 

influence of out-of-roundness and wall thickness variations on the stresses in piping 

elbows under internal pressure and/or in-plane, out-of-plane or torsional moment 

loadings. For the study, 90° piping elbows welded to short lengths of straight pipes 

were used. They concluded that end effects had the most influence on the stresses, 

followed in order by out of roundness, wall thickness variations and pressure-moment 

interactions. 

1.2 Thick-Walled Cylinders with Cross Bores 

In the field of high pressure engineering, thick-walled cylinders are used as, for 

example, chemical reactors, isostatic compaction chambers and gun barrels. Often 

connections must be made to such components, necessitating the introduction of 

cross bores which traverse the wall of the vessel in a radial direction. Examples 

include compressor heads, tee fittings and pump chambers. Sometimes because of 

design and lack of space the cross bore will be in an oblique direction and it also can 

be offset. The presence of a cross bore creates stress concentration in the cylinder at 

the intersection of the two bores which reduces the maximum pressure that can be 

safely contained. It is therefore highly desirable to know the magnitudes of the stress 

concentrations. Relatively little work has been done on cylinders with cross bore(s). 

Most of the work that has been done is experimental. The few published analytical 

treatments are based on simpler analyses and are therefore only approximate. 

One of the first noteworthy papers was that by Fessler and Lewin [43], who 
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derived an approximate method based on the theoretical solution for a hole in an 

infinite plate under uniform tension. Their theory provided the equation to calculate 

the asymptotic stress-concentration factor for cylinders with sideholes sufficiently 

small compared with the bore. They were followed by Lake [44] and Morrison, 

Crossland and Parry [45] who derived the same equation in a more straightforward 

manner. 

Fidler [46] studied the stress distribution in oblique cylinder intersection using 

the photoelastic technique. Elliptical opening of ratios typical of header tube joints 

are found in such intersection. It was shown that when the major axis of the elliptical 

opening is normal to the longitudinal axis of the vessel the stress distribution is less 

severe around the elliptical opening than around the circular opening. It was found 

that the optimum obliquity is approximately 56° which results in a lowering of the 

peak stress by 40%. This agrees well with the theoretical result (flat plate) which 

gives an optimum obliquity of 60° 

Gerdeen [47] presented an approximate theoretical analysis for the determina­

tion of stress concentration factors in thick-walled cylinders having one and two 

cross bore(s). He included the transverse shear effect which had been neglected 

by previous investigators. The cylinders were subjected to both internal pressure 

and external shrink-fit pressure. The calculated concentration factors were com­

pared with experimental data. The analysis became increasingly inacurrate as the 

bore diameter was reduced relatively to the cross bore diameter. Therefore, the 

calculations were performed only for the bore to cross bore radius ratio equal or 

larger than 1.5. Gerdeen concluded that the lowest stress concentration factor was 

expected for a cross bore diameter equal to the bore diameter. 

Gerdeen and Smith [48] determined the stress concentration at the tee inter­

section of bores in thick-walled cylinders by experiments, to check the results with 

the theoretical predictions of Gerdeen [47]. Experiments were also conducted to 

determine the reduction of the stress-concentration factor by intersection radius at 

the cross bore intersection. From the experimental results it was apparent that the 
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lowest stress concentrations occured when the bore equaled the cross bore diameter; 

this confirmed the finding of the theoretical analysis of Gerdeen [47]. They con­

cluded that an intersection radius decreased the stress concentration significantly 

and tha t the intersection radius to bore diameter ratio should be between 0.3 to 

0.4 to minimize the stress concentration. Experimental results were found to agree 

well with theory. 

Stanley and Day [49] described a photoelastic study of the stress distributions in 

thick-walled cylinders with offset oblique holes subjected to internal pressure. They 

studied the case where the major axis of the elliptical opening was parallel to the 

longitudinal axis of the cylinder. The possibility was examined of predicting these 

stresses from the results of an earlier experimental study of the stresses at oblique 

holes in thick flat plates subjected to in-plane forces. They concluded that for high 

offset parameters the predictions were underestimated. 

Tan and Fenner [50] studied the effect of stress concentration in a thick-walled 

cylinders with a sidehole and a crosshole with or without cracks present, subjected 

to internal pressure using the boundary integral equation method. These problems 

had not been solved numerically before. They observed that a decrease in the value 

of stress concentration of about 3% when the diameter of the sidehole was doubled 

was quite consistent with the approximate solution proposed by Gerdeen [47], which 

gives a decrease of 3.5%. They were the first to consider cracked cross bore problems. 

From their results the values of the stress intensity factor for a bore to cross bore 

ratio of 4 was significantly higher than those for a bore to cross bore ratio of 8 with 

the same size of crack. They presumed that this difference was due to the reduced 

amount of material present, and hence reduced resistance to the crack opening. 

They concluded that the maximum stress concentration factors computed by the 

boundary integral equation approach is significantly lower than those predicted by 

approximate, analytical solutions. 

Stanley and Day [51] described the stresses at a series of offset oblique holes 

in a thick-walled cylinder subjected to an axial torque. The three-dimensional 
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photoelastic method was used. They concluded that the stress concentrations for a 

wide range of hole/cylinder parameters can be reasonably well predicted from flat 

plate data. 

Abdul-Mihsein and Fenner [52] determined the stress concentration factors of 

hollow and solid cylinders with cross bores subjected to axial tension and torsion us­

ing the BIE method for a range of cross bore diameter to outside diameter ratio (0.1 

to 0.4). They also studied the effect on stress concentration factor of offset-oblique 

hole in cylinders under internal pressure. They obtained good agreement between 

previously published experimental results and BIE results. They demonstrated that 

for tension and torsion loadings, the stress concentration factor increased with in­

creasing cross bore diameter to outside diameter ratio. They showed effectively, 

from the offset-oblique hole results, that the magnitude of the stress concentration 

factor depends mainly on the angle of obliquity. They concluded that this was due 

to the formation of an increasingly acute-angle corner at the intersection between 

the hole and the cylinder bore. 

Again using the BIE method, Tan [53] has recently analysed the stress distri­

bution in thick-walled cylinders with cross bore under internal pressure. He also 

considered the stress redistribution due to the introduction of a cross bore after 

the cylinder was partially autofrettaged. He demonstrated that the variations of 

the resultant residual hoop stress across the wall, in the vicinity of a cross bore 

introduced in an autofrettage cylinder, can be represented by a bi-linear form. 
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Chapter 2 

BIE Method 

2.1 Progress in the Use of the BIE Method 

Development of the BIE method as a computational procedure for solving engineer­

ing problems has advanced considerably since Jawson and Ponter [54] and Symm [55] 

solved in 1963 some simple boundary value problems for Laplace's equation in two 

dimensions. In their formulation, they represent the boundary with straight seg­

ments and assume that over each of these the unknown function is constant. The 

integral equation is written at the centre of each element. The kernels of the inte­

gral equation are integrated by Simpson's Rule. They were not followed by further 

research until considerably later when Rizzo [56] in 1967 applied the method to 

problems of classical two-dimensional elastostatics. This formulation is similar to 

that above except the integration is done analytically. 

Cruse [57,58] and Cruse and Van Buren [59] extended the solution capability 

to three dimensional elastostatics problems. The formulation is similar in principal 

to the two-dimensional elastostatics one by Rizzo [56] except that the surface is 

represented by plane triangular elements, over each of which the displacements and 

tractions are taken to be constant. These initial formulations were, however, very 

crude. A large number of boundary elements were necessary to give good results. 

Clearly, advantages would result from the reduction of the dimension of the problem 

by one; but the integral equations are awkward to treat numerically and, as initially 

formulated, the boundary integration equation method appeared to be less efficient 
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than the finite element method. 

Meanwhile, Cruse and Rizzo [60,61] demonstrated the possibilities of extending 

the scope of the integral method to problems of elastodynamics, while Swedlow and 

Cruse [62] presented an elastoplastic analysis of anisotropic materials subjected to 

strain hardening. No numerical results are given in the latter paper, but Mendel­

son [63] and Mendelson and Albers [64] later presented, with results, an analysis of 

the elastoplastic problem. 

Riccardella [65] and Cruse [66] improved the efficiency of the formulation by 

taking the displacements and tractions to vary linearly over each boundary element. 

The unknowns are now associated with the extremities or vertices of elements and 

the system of equations is obtained by writing the integral equation at these points. 

The integration of kernels is performed analytically, due respect being paid to the 

definition of the Cauchy principal value. The coefficient of the free term no longer 

necessarily equals \6{j. For the three-dimensional problem Cruse [66] calculated the 

free term implicitly, by considering rigid body translation. Although this procedure 

improved the method, it remained inferior to that of the finite element method in 

many cases. 

Meanwhile, researchers working on the FE method developed a useful numerical 

tool, known as parametric functional representation; researchers into BIE method 

began to consider its application in their work. Using this new numerical formula­

tion the most significant advances in elastostatic applications are made by Boissenot, 

Lachat and Watson [67] - [72]. The boundary elements are allowed to be curved, 

with quadratic variation of geometry with respect to the intrinsic co-ordinates, while 

the variation of displacement and traction is defined by linear, quadratic or cubic 

shape functions with respect to the same co-ordinates. The integral equation is writ­

ten at two, three or four nodes per element for plane elastostatic and four, eight or 

twelve nodes per element for three-dimensional elastostatics. Consequently, as they 

are impossible to integrate analytically over the curved elements, the kernel-shape 

functions products are accurately evaluated using Gaussian quadrature, provided 
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due precautions are taken when the integral tends to infinity. For three dimensional 

analysis the surface is represented by eight-noded quadrilateral and six-noded trian­

gular elements, the triangular elements being considered as degenerate quadrilater­

als. The domain is divided into sub-regions, for each of which an integral equation is 

established, obtaining a matrix of banded form. Each sub-region may have different 

material properties. 

Rizzo and Shippy [73] using the general numerical formulation above, pre­

sented an analysis for three-dimensional linear, homogeneous, isotropic, steady state 

thermo-elasticity. 

The progress presented above pertains to the direct formulation of the boundary 

integral equation method; this is hitherto the most commonly used formulation. 

There is however, another alternative formulation of the method. 

In recent years, the development of the boundary integral equation method has 

been growing, to cover a wide range of complex practical problems. These range 

from potential flow and electromagnetism, to two and three dimensional elasticity, 

plates and shells, thermoelasticity, two and three dimensional elastoplasticity, frac­

ture mechanics, vibrations, just to name a few (see, e.g. [50,52,53], [74]-[77]). Some 

of the developments include the application of the method to non-linear and non-

homogeneous materials and also the coupling of BIE with other numerical methods. 

16 



Figure 2.1: The elastic body R with surface S. 

2.2 Review of the Basic Equations in 3-D Elasto­
static 

The analysis in this work is restricted to the analysis of linear elastostatic problems 

for which the material may be taken as isotropic and homogeneous. The governing 

differential equation of equilibrium for an element of the body can be written: 

oXJ,, + Fx = 0 i,j= 1,2,3 (2.1) 

in which ol} are the stress components and Ft the components of the body forces. 

Hooke's Law relating the stress and strain components in an elastic body is given 

by: 

a,; = —ol}£kk + 2/ze,j (2.2) 
1 - 2v 

where fj. and v are the shear modulus and Poisson's ratio respectively, and <5tJ is 

Kronecker's delta symbol. The strains and displacements are related by: 

£tj = ~ K . J + u3,i) (2-3) 

Substitution of Eq. (2.3) into Eq. (2.2) and using Eq. (2.1) yields Navier's equations 

of equilibrium in terms of displacement, which in the absence of body forces are 
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given by: 

——u,,„ + u,,„ = 0 (2.4) 

Eq. (2.4) represents a set of second order partial differential equations in terms 

of displacements valid everywhere in the domain R. Solutions are subject to ap­

propriate boundary conditions, namely, the prescribed displacements on Su and 

prescribed tractions on St. Traction, also known as stress vectors, represent the 

force per unit area acting at a point on the surface, and are given as: 

t, = o^n3 (2.5) 

where the unit vector n3 is the outward normal vector for the body R. Substituting 

Eq. (2.3) into Eq. (2.2) and using Eq. (2.5) yields the traction equations in terms 

of displacement 

tt = X6,,uktkn} + fi(ult, + uhl)n3 (2.6) 

where 

1 - 2 i / 

is known as Lame's coefficient. 

2.3 Requirements 

The analytical basis of the BIE method is the transformation of the governing 

partial differential Eq. (2.4) applicable throughout the solution domain into an 

integral equation over the boundary. To do so we require: 

1. A fundamental solution to Eq. (2.4), and 

2. A reciprocal theorem 

2.3.1 Fundamental Solution 

We seek a fundamental solution giving the displacement due to a unit point load 

in an infinite elastic body. This is known as the Kelvin's solution [78] written in 
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tensor form 

-••f^^G) 
3 - 4 i / 

Sv + r.*r: (2.7) 
4 ( l - i / p J ' 4(1 -u)'"'3 

where the distance between the field point Q(x) with coordinate xg, and the load 

point p(x) with coordinate xPi be given by: 

r = \[xQt -xPt)(xQi -xPt)\ 
1/2 (2.8) 

and t} is the unit base vector. In Eq. (2.7) and what follows all differentiation is 

with respect to the field point Q(x), that is: 

dr xQt - xPt 

r, = dx Q, 
(2.9) 

u»*(p> Q) is the displacement in the x, directions at point Q due to the unit point load 

at p in the x3 directions. The traction vectors for Kelvin's problem are determined 

by differentiating the displacements (Eq. (2.7)) at point Q and using Eq. (2.6) 

*•'<*« = i<r^> (?) { I (*>+
 T^'-'-) ~*'<+"•'-)'' (2'10) 

where 
dr dr 1 

d^ = dx^nt = r{XQ'-X-)nt 

and n, is the normal at point Q. t* (p, Q) is the traction in the xt directions at point 

Q due to the unit point load at p in the x} directions. Both u* and t* are singular 

when r equals zero. The displacement and traction vectors can be written as: 

u;{p,Q) = Ut]{p,Q)eJ 

t;{p,Q) = TtJ{p,Q)e} 

where Ut}(p,Q) and Tl}(p, Q) are second order tensors given by: 

ut,(p,Q) = 

TX](P,Q) = 

i n 
4irp, \r 

3 - 4 i / 
StJ + 

4 ( l - i / ) " 4 ( 1 - * / ) 
r,«r,; 

(2.11) 

(2.12) 

(2.13) 

-(!-*>) (!}<*( 
8TT(1 - v) Vr 2 / \dn \ %J ( l - 2i/) ',«rjj 

ra7r, + n,?-., > (2.14) 
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Figure 2.2: Homogeneous isotropic linear elastic body 

2.3.2 Reciprocal Theorem 

Consider two equilibrium states of an elastic body: one with displacements u, and 

tractions tt, and the other with displacements u[ and tractions t't as shown in Fig­

ure 2.2. The Divergence theorem in tensor form is: 

/ a,, dV = / a,rc, dS 
JR ' Js 

(2.15) 

Using Eq. (2.5) and the Divergence theorem, the work that would be done by 

the tractions t, if they acted through u[, can be written as: 

/ ttu[dS = / ot]nju\dS 
Js Js 

= f(«,<hdV (2.16) 
JR 

In this analysis body forces are assumed negligible. Then 

f Ftu\dV = J otJJu\dV = 0 
JR JR 

Carrying out the indicated differentiation in Eq. (2.16) and using Hooke's law 

Eq. (2.2), we get: 
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f ttu[dS = f otlu[.dV 
Js JR 

= / [A^erjut + 2p,etJ}u[ dV 
JR 

= / \Xekku[it + A*(U,I; + Uj,,K J dF 
v ft 

= / [AEfcfĉ t + / i t t , iX J + /xu ; , I <J dV (2.17) 

Since 

^UJ,«U [ ,J = (J'U',3U'ht = ^U'j,tUt,l 

the integral Eq. (2.16) is symmetric with respect to the prime and unprime states. 

Thus 

/ txu\dS = [ t[utdS (2.18) 
Js Js 

This result is the well known Betti-Rayleigh reciprocal work theorem. 

2.4 Displacements and Stresses at Interior Points 

With no loss of generality, in Eq. (2.18) we choose the actual state of displacements 

and tractions as u, and tt respectively and the prime system as those corresponding 

to the fundamental solution to Navier's equation. Now we can write from Eq. (2.18), 

/ t,{Q)u;{p,Q)dS = f Ul{Q)t;{p,Q)dS (2.19) 
Js Js 

where u't(p,Q) and t"t(p, Q) are defined in Eq. (2.7) and Eq. (2.10). Because of the 

singular nature of the fundamental solution, let the load point p be surrounded by 

a small spherical region, Re, with the surface, St within R as shown in Figure 2.3. 

Applying Betti-Rayleigh's theorem to the domain (R - Re) gives: 

f tl(Q)u;{p,Q)dS + f tl{Q)ul{p,Q)dS = 
Js Js, 

[ Ul{Q)t;{p,Q)dS+ f ut{Q)t;{p,Q)dS 
Js Js, 

Taking the limit as e —> 0, it is found that: 

uj{p) = f U{Q)Ut,{p,Q)dS- I u,{Q)TlJ{p,Q)dS (2.20) 
./s Js 
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Figure 2.3: Domain Re isolating p G R 

This equation is known as Somigliana's identity [79] and is used to compute the 

displacements at points inside the body in terms of boundary values of displacements 

U{(Q) and tractions tt(Q). To obtain the stress state at p(x), we differentiate with 

respect to the load point p and invoke Hooke's Law: 

OiA?) = I tk{Q)DH]{p,Q)dS- f uk{Q)Sklj{p,Q)dS 
Js Js 

By utilizing the identity 

(2.21) 

dr 
dx Q, dXr, 

the third order tensors are found to be 

D»>= ^ r ^ y (h) (6ktrj+6kjr'1 ~ 6ijr'k + rh^rirjrk 

and 

»fc«> 8n{l
E_ „ a ) ( ^ ) { 3 ^ (t1 - 2»)*»r.k + "farj + 6kjr,t) - 5r ,r ,r i 4) 

+ n,{3urt:lrik + (1 - 2u)6kj) + n3{3vr,,rik + (1 - 2u)6ki) 

+ n f c (3( l -2i/)ritr,} - (1 - 4 * / ) 6 t J ) | 
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Figure 2.4: The elastic body R with surface S. 

2.5 Boundary Integral Equation (BIE) 

Let p —> P, a boundary point distinct from Q. Then Betti-Rayleigh's theorem is 

written for the domain R — R(, where Re isolates the point P as shown in Figure 2.4: 

/ {U{Q)Ut,[P, Q) dS - ut(Q)Tv(P,Q) dS} = 0 (2.22) 
Js+s, 

Here Re is taken to be the part of R contained within a sphere of radius e, centred 

at P. The integral equation is obtained by letting e —> 0. 

Ct](P)u,(P) + f ut(Q)Tt3(P,Q)dS = f t,(Q)U,}(P,Q)dS (2.23) 
Js Js 

where 

C,, (P) = lim / Tt] {P, Q) dS (2.24) 
e-»0 Js, 

which is dependent on the solid angle. 

If the tangent plane at P is continuous 

Ct, - l-SXJ (2.25) 
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Figure 2.5: Surface elements 

The BIE is a boundary constraint equation relating the boundary tractions and 

boundary displacements for the elastic body. Once the BIE has been solved, the 

surface displacements and tractions are known everywhere on the boundary, and 

from these data the displacements and stresses at any desired interior point may be 

calculated using Eq. (2.20) and Eq. (2.21). 

2.6 Numerical Solution of the BIE 

Since Eq. (2.23) involves only the boundary surface, the numerical solutions of the 

BIE are found by discretizing solely the boundary into elements. The distributions 

of the unknowns over these elements are expressed in term of suitable algebraic 

functions involving values at certain nodal points associated with the elements. The 

fact that only the boundary needs to be discretized means that a three dimensional 

volume problem becomes a two dimensional surface problem. In the computer 

program used in the present work, the surface is represented by an assemblage of 

eight-noded isoparametric quadrilateral and/or six-noded isoparametric triangular 

elements as shown in Figure 2.5. The geometry of each elements is defined in terms 

of quadratic shape functions of intrinsic coordinates [80]; they are also used to define 
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the variation of the unknowns over each elements. Thus: 

MS) = N<(<;)X; 

u.(f) = ̂ e ( ?K 

*.(?)= tfe(?K (2-26) 

where c represent the node number. 

For the rectangular elements 

Corner nodes 

*'(£) = J(i + 6)(i + 6)(6 + 6 - 1 ) 

Mid-side nodes 

tf = o, ivc(f) = i ( i - f»)(i + 6) 

?5 = o, JV-(?) = | ( i + €.)(i - rf) 

where £1 and £2 are defined as: 

6 = ?1?1> 6 = ^2^2 

and 

- l < f , , f 2 < l 

For the triangular elements 

Corner nodes 

^ ( 0 = 6(2fc-i) 

N*k) = 6(26-1) 

iv5(C) = 6(26-1) 

Mid-side nodes 

N2{$) = 4e36 

w4(?) = 466 

iv6(?) = 466 
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where 

6 = £i, 6 = ?2, 6 = i - ? i - ? a 

and 

0 < C i , C 2 < l -

Let the surface be represented by m such elements and a total of g distinct 

nodes, Eq. (2.23) then becomes: 

m 6 or 8 . 

ctJ(p
a)Ul(p

a) + Yl E u,(p«»-e>) / rtJ(p
a,g(c))ivc(c)j(c)^ 

6=1 c = l J s 

m 6 or 8 . 

= E E M^ (M) / t/„(pa,g(c))^c(f)^(^)^ (2.27) 
6=1 c = l , / S 

where Pa is the a"1 node, and d[b, c) is the number of the cth node of the bth element 

(6 or 8). Also, J($) is the Jacobian given by the modulus of the vector product of 

the two vectors defined by: 

dx dNc 

St3 = dt^~dYxC'] , ' 6 ( 1 ' 2 ' 3 ) ' ie(i,2) 

Eq. (2.27) represents a set of 3q equations and 6q nodal values of displacements, 

u,, and tractions, £,, half of which are known. The isoparametric representation can 

similarly be adopted in Eq. (2.20) and Eq. (2.21). Eq. (2.27) can be written as: 

[AF] [U,] = [AG] [tt\ (2.28) 

where \AF\ and A G represent matrices with known coefficients. 

Applying boundary conditions, known boundary values are multiplied by their 

corresponding coefficient and placed in the right hand side vector. Coefficients 

corresponding to the unknown boundary values are placed in matrix to give 

(2.29) 

where ut contains the unknown values of u, and tt. For numerical stability, the 

coefficients of the matrix A\ are scaled: 

/ Tt]N
cJ((;) d$ - already non dimensional, so no scaling. 

Js,, 
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/ . 
Ut:iN

cJ[$) d$ - integral values are multiplied by (E/Li). 
sk 

In the given displacements are divided by L\ and the given tractions are divided 

by E, where E is Young's modulus and L\ is the maximum dimension of the physical 

problem. Eq. (2.29) is then solved by Gaussian elimination. 

The numerical implementation of the BIE method will not be further discussed 

here. Selection of proper mesh sizes for the various problems considered herein is 

discussed in the chapters concerned. 

2.7 Advantages of the BIE Method over Domain 
Methods 

The numerical solutions by BIE are found by discretizing the boundary into ele­

ments, whereas for finite element (FE) and finite difference (FD) the entire domain 

needs to be discretized. An advantage of the BIE approach is therefore clear: a 

three-dimensional volume problem becomes a two-dimensional surface problem, and 

a two-dimensional plane problem becomes a one-dimensional line problem. This de­

crease in dimensionality results in a significant reduction of the numerical problem 

size, so there are less computer core requirements due to the smaller set of equations 

to be solved and less data preparations compared with the domain methods. 

Another advantage of the BIE method is that no interior discretization of the 

domain is needed, so no approximation is imposed on the solution at the interior 

points. Hence, there are better resolutions of displacements and stresses. With the 

BIE method, only the interior points specified by the user are solved whereas the 

FE method calculates the solution for all nodes inside the domain even if there is no 

need for them. Therefore using the BIE method over the domain methods improves 

the use of computing resources due to the reduction of unwanted information. 

Tan and Fenner [81] displayed these advantages by applying the FE and BIE 

methods to relatively simple three-dimensional problems. They compared the re­

sults found from both methods and then concluded that for equivalent accuracy, 
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the BIE method may be as much as an order of magnitude more efficient in its use 

of computing resources than the FE method. But they noted that probably for 

problems involving relatively thin structural components, the BIE approach would 

be less advantageous. They also noted that the BIE accuracy increased over FE as 

the size and the complexity of the problem increased. 

2.8 Computer Program 

The BIE method and computer program used here have previously been applied to 

a range of three-dimensional stress analysis problems (Refs. [50,52,53], [8l]-[84]). 

In the present work the computer program used, for the BIE analysis of three di­

mensional problems in linear elastostatics was BIE3D4; it was written and provided 

by Professor C. L. Tan of Carleton University. All BIE solutions were performed at 

Carleton University on a Honeywell Level 66 DPS/C3 Dual Processor mainframe 

computer. Solution time for a typical three dimensional problem involving a torus, 

with three different load cases solved simultaneously, was about 150 minutes. 

The physical problems are assumed to be elastic, homogeneous and isotropic. 

The program may be used to calculate displacements of and stresses in an elastic 

body subjected to a range of loading conditions. The loading conditions which may 

be specified by the user include uniform as well as non-uniform externally applied 

tractions and prescribed zero or non-zero displacements on the physical surface. If 

thermal effects are involved, they may be specified in terms of potential functions 

on the surface of the elastic body. Also, body forces due to gravity and centrifugal 

loads may be included in the analysis. Thermal effects and body forces are ignored 

in the present work. Program BIE3D4, which is executed in 53K words on the 

computer CP6 (DPS/C3), can handle up to: 

1. 400 geometric nodes, 

2. 130 surface elements, 

3. 20 interior points at which results are required, 
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4. 5 load cases. 

The physical domain is defined by the boundary and is represented by eight-

noded quadrilateral and/or six-noded triangular elements. The representation of 

geometry and unknowns is in terms of quadratic shape functions as described in 

section (2.6). A graphic program is supplied with the program BIE3D4 which is 

used to check the geometry data. Such visual checks on the mesh data before they 

are used with the BIE program, reduces the possibility of erroneous results. 

The numerical evaluation of the boundary integrals is carried out by Gaussian 

quadrature. For the problems described in this work, 4X4 point Gaussian quadra­

ture is used throughout. With such a fixed integration scheme, it is particularly 

important that the boundary element mesh should be well-designed to suit the 

variation of stress and strain encountered, with smaller elements in regions of rapid 

variation. It is also important that the aspect ratio of the quadrilateral boundary 

elements (ratio of maximum to minimum dimension) should be relatively small. 

Mesh design has a major effect on solution accuracy. So, a problem with a known 

exact solution will be carried out by the BIE method in the following chapter to 

determine the mesh design and the aspect ratio that will give an accurate solution. 
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Chapter 3 

Test Problems 

3.1 Thick-Walled Cylinder 

Thick-walled cylinders are used widely in industry as pressure vessels, pipes, gun 

tubes, etc. In many applications the cylinder wall thickness is constant, and the 

cylinder is subjected to a uniform internal pressure, external pressure, an axial load 

and a temperature change. The problem considered herein is an open cylinder with 

a constant thickness, subjected to internal pressure as shown in Figure 3.1. 

An exact solution exists for this problem, known as Lame's solution. The stress 

components [85,86] are given as: 

J D / A2\ 

(3.1) CTr = 

0> = 

o, -

a2Pl 

b2~a2 

a2P 
b2 - a 2 

= 0 

( ft2 

( ft2 

(3.2) 

(3.3) 

where the longitudinal strain is assumed to be the same for all axial fibers. In 

the equations above, a is the inside radius, 6 is the outside radius, r is the radial 

coordinate and P, is the internal pressure. The radial displacement [86] is given by: 

Ur = 
E{b2 - a2) 

(l-u)a2P,+ {-^-a2b2Pt (3.4) 

where E and u denotes the modulus of elasticity and Poisson's ratio. 

In order to estimate the accuracy of BIE solutions obtained using a particular 

boundary mesh, it is appropriate to compare the numerical results with an analytical 
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Figure 3.1: Open cylinder with internal pressure. 
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Case 
1 
2 
3 
4 
5 

Elements 
6 

10 
16 
24 
32 

Of/Pi 
1.8951 
1.5846 
1.5942 
1.6586 
1.6746 

Deviation (%) 
13.70 
4.93 
4.35 
0.49 
0.47 

Table 3.1: Maximum hoop stress. 

solution. The BIE mesh for thick cylinders can be used as a basis for the BIE mesh 

to be used subsequently for a thick torus. 

Figure 3.1 illustrates the particular problem solved. The total length and the 

outside diameter are equal (2H — 26) and the inside radius, o, is half of the outside 

radius, b. There are three planes of symmetry, and thus only one eight of the 

cylinder needs to be modelled. 

This problem is solved for five different mesh distributions by the BIE method. 

Figures 3.2 to 3.6 show the boundary mesh arrangements of quadrilateral elements, 

used in the five cases. As seen from the figures the mesh distributions of the first 

case has only 1 element per side, then for each subsequent case the number of 

elements is increased. Poisson's ratio is taken to be 0.3 for all cases. The deviation 

of the computed hoop stress, with Lame's solution (Eq. (3.2)) is given by: 

Deviation = 

Table 3.1 shows the deviation of the computed peak stress, which is the hoop 

stress at the inside surface. The peak stress found from the exact solution is 

1.6667P;. Case 4 is much more accurate than cases 1, 2 and 3 whereas case 5 

is not much more accurate. The mesh distribution of case 4 would be appropriate 

for subsequent problems. For this case the maximum aspect ratio of the quadrilat­

eral boundary element (ratio of maximum to minimum dimension) used was 2. The 

next step is to use the mesh distribution of case 4 and elongate the length of the 

cylinder by 1.5, 2, 3 and 4 (cases 6, 7, 8 and 9). Then the computed peak stress is 

compared with the exact solution in order to determine the maximum aspect ratio 

to be used. Table 3.2 displays the deviation of the computed peak stress. 
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Figure 3.2: Case 1 containing 6 
elements and 20 nodes 

Figure 3.3: Case 2 containing 10 
elements and 32 nodes 

Figure 3.4: Case 3 containing 16 
elements and 50 nodes. 

Figure 3.5: Case 4 containing 24 
elements and 74 nodes. 

Figure 3.6: Case 5 containing 32 elements and 98 nodes. 
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Case 
4 
6 
7 
8 
9 

Aspect Ratio 
2 
3 
4 
6 
8 

Of/Pi 
1.6586 
1.6835 
1.7482 
1.9684 
2.1493 

Deviation (%) 
0.49 
1.01 
4.89 

18.10 
28.96 

Table 3.2: Maximum hoop stress. 

For all cases in Table 3.2 except for case 4, the maximum deviation from Lame's 

solution is found to be at midside nodes. For case 7, the maximum deviation at 

the corner nodes is 0.92%. This is also true for the computed minimum hoop stress 

where for case 7 it deviates 4.47% at corner nodes, and 6.6% at midside nodes. It is 

seen from Table 3.2 that the aspect ratio should be relatively small, and certainly 

not greater than 4. This was also observed by Abdul-Mihsein and Fenner [52] for 

problems involving thick cylinders with cross bores. From the above observations, 

an aspect ratio not greater than 4 is recommended for thick shells. 

The peak stress results presented in the present work are therefore believed to be 

accurate within 5%. Figures 3.7 and 3.8 show the radial displacement factor ( 7 ^ ) 

and the hoop stress factor (a^/P,) variation through the wall of the cylinder for 

both BIE (case 7) and analytical results. These figures confirm that the boundary 

mesh of case 7 achieves the accuracy desired. Note that the displacements are more 

accurate than the stresses. This is because the displacements and tractions are 

solved first and then the stresses are calculated using the tractions which increases 

the degree of error. 

3.2 Thick-Walled Toroidal Shells 

The available analytical results for the three-dimensional problems of pressurized 

thick-walled toroidal shells are only approximate. In the absence of exact analytical 

solution, accurate three-dimensional theoretical treatments of stresses in toroidal 

shells must be numerical. In order to verify the accuracy of three-dimensional BIE 

solutions obtained, using the mesh distributions chosen in the previous section to 
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Figure 3.9: Toroidal coordinate (r, <j>, 8). 

a toroidal shell, it is appropriate to compare the results with results from other 

numerical methods. The other numerical methods are axisymmetric FE and ax­

isymmetric BIE. The problems that will be analysed with these methods are tori 

with constant thickness subjected to internal pressure. The toroidal coordinate sys­

tem (r, (f>, 0) used in the present work is shown in Figure 3.9. In this figure, R is the 

mean toroidal radius, a and b are the cross-section radii, <f> is the circumferential 

angle and 0 is the longitudinal angle. It is convenient to define a toroidal radius 

ratio, 7, as R divided by a and a thickness ratio t as b divided by a. 

The three dimensional BIE program gives its results in cartesian coordinates 

whereas the axisymmetric FE and BIE program results are in cylindrical coordi­

nates. The results have to be transformed to toroidal coordinates. The trans-
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Figure 3.10: The BIE boundary mesh used for 7 of 5 and t of 2, containing 88 
elements and 266 nodal points. 

formations for stress and displacement components from cartesian to cylindrical 

coordinates and then to toroidal coordinates, are giving in Appendix A. 

3.2.1 Torus with Circular Cross-Section 

Pressurized tori having thickness ratios, t, of 2 and 3 are analysed for two different 

toroidal radius ratios, 7, of 5 and 10. One eight of the torus was modelled, taking 

advantage of symmetry. A typical BIE boundary mesh is shown in Figure 3.10. 

The element configuration was varied to suit the different toroidal radius and 

thickness ratios. A maximum of 124 eight-node quadrilateral elements were used. 

Table 3.3 gives the number of elements and nodes used for each configuration. 

This problem can also be solved using an axisymmetric analysis. The cross-

section of the torus is the axisymmetric surface which depends upon the longitu-
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1 
5 
10 
5 
10 

t 
2 
2 
3 
3 

Elements 

88 
124 
64 
88 

Nodes 

266 
374 
194 
266 

Table 3.3: Mesh Distribution 

Figure 3.11: Axisymmetric FE Figure 3.12: Axisymmetric BIE 
mesh. mesh. 

dinal angle, 0 and the radial coordinate, p, rotating around the axis perpendicular 

to the toroidal radius. The radial coordinate, p, is defined by R + r cos </>. This 

axisymmetric problem can be simplified by the use of symmetry in the plane of 

the torus, so only one-half of the cross-section plane needs to be considered. The 

number of elements and nodes used in the axisymmetric FE mesh are 72 and 262, 

respectively, and in the axisymmetric BIE mesh (where only the contour needs to 

be discretized) only 18 and 36, respectively. These meshes are shown in Figures 3.11 

and 3.12. This clearly shows the advantage of the BIE method over FE method in 

significantly reducing the numerical problem. The number of elements used in the 

FE mesh exceed the number used in the three-dimensional BIE mesh for the case 

7 of 5 and t of 3. 

All of the FE results shown herein are from Vogg [87] who used the ADINA 

program. The axisymmetric BIE results for the problem were obtained using the 

program AXIBIE, provided by Professor C. L. Tan of Carleton University. 
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Figure 3.13: Circumferential stress factor, o^,s, for t of 2. 

The stress factors for the pressure loading problems are defined as 

of = o/Pt 

180 

(3.5) 

where o is the actual stress and Pt is the applied pressure. 

The results for the torus of thickness ratio of 2 and toroidal radius ratio of 

5 are shown in Tables 3.4 to 3.7. These tables show the variation of the stress 

factors computed by the three-dimensional BIE along the longitudinal axis of the 

torus. The low variation of the stresses along the longitudinal axis, indicates that 

the mesh distribution as chosen is appropriate for the problem considered. There 

is excellent agreement between the three numerical methods. It is found that the 

maximum stress factor is the circumferential stress situated on the inside surface 

at the intrados ((f) of 180°). This value calculated by three-dimensional BIE is 2.04 

whereas for axisymmetric FE it is 2.1% higher and axisymmetric BIE 1.0% higher. 

Figures 3.13 and 3.14 depict the effects of 7 upon the circumferential and longi­

tudinal stress factors for a constant thickness ratio of 2. Both the three-dimensional 
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<f> 
deg. 

0 
45 
90 

135 
180 

AXIS 
BIE 

1.6733 
1.5867 
1.4777 
1.7351 
2.0566 

AXIS 
FE 

1.6860 
1.5991 
1.4880 
1.7537 
2.0790 

3 dimensional BIE 
0 = 0° 
1.6699 
1.6083 
1.5063 
1.7777 
2.0353 

0 = 30° 
1.6688 
1.5687 
1.4790 
1.7565 
2.0372 

0 = 60° 
1.6690 
1.5684 
1.4790 
1.7565 
2.0371 

0 = 90° 
1.6700 
1.6069 
1.5063 
1.7777 
2.0353 

Table 3.4: Circumferential stress factor, o$n at the inside surface. 

4> 
deg. 

0 
45 
90 

135 
180 

AXIS 
BIE 

0.5988 
0.5175 
0.3153 
0.1213 
0.0761 

AXIS 
FE 

0.6076 
0.5328 
0.3270 
0.1364 
0.0821 

3 dimensional BIE 
0 = 0° 
0.6244 
0.5177 
0.3108 
0.1139 
0.0679 

0 = 30° 
0.6251 
0.5132 
0.3163 
0.1281 
0.0920 

0 = 60° 
0.6251 
0.5131 
0.3163 
0.1281 
0.0920 

0 = 90° 
0.6245 
0.5177 
0.3108 
0.1139 
0.0679 

Table 3.5: Longitudinal stress factor, o$., at the inside surface. 

deg. 
0 

45 
90 

135 
180 

AXIS 
BIE 

0.4485 
0.5422 
0.7147 
0.8010 
0.8046 

AXIS 
FE 

0.4592 
0.5400 
0.7107 
0.8121 
0.8118 

3 dimensional BIE 
0 = 0° 
0.4648 
0.5324 
0.7313 
0.8352 
0.8131 

0 = 30° 
0.4647 
0.5154 
0.7151 
0.8227 
0.8103 

0 = 60° 
0.4643 
0.5154 
0.7151 
0.8227 
0.8104 

0 = 90° 
0.4645 
0.5324 
0.7313 
0.8352 
0.8131 

Table 3.6: Circumferential stress factor, o^s, at the outside surface 

deg. 
0 

45 
90 

135 
180 

AXIS 
BIE 

0.3658 
0.3859 
0.4311 
0.2721 
0.1514 

AXIS 
FE 

0.3720 
0.4153 
0.4327 
0.2775 
0.1545 

3 dimensional BIE 
0 = 0° 
0.3839 
0.4150 
0.4306 
0.2735 
0.1628 

0 = 30° 
0.3791 
0.4051 
0.4316 
0.2798 
0.1647 

0 = 60° 
0.3792 
0.4051 
0.4316 
0.2798 
0.1646 

0 = 90° 
0.3840 
0.4151 
0.4304 
0.2733 
0.1627 

Table 3.7: Longitudinal stress factor, oef, at the outside surface. 
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Figure 3.14: Longitudinal stress factor, oef, for t of 2. 

BIE and axisymmetric FE results are presented. It is seen that the maximum stress 

factor increases as 7 decreases. This is also observed by McGill and Rapp [17]. Ob­

serving Figure 3.13, it is found that as 7 increases, the circumferential stress factor 

becomes more uniform, approaching Lame's solution for a cylinder, as would be 

expected. Around the cross-section, the circumferential stress factor at the inside 

surface for 7 of 10 varies between 1.65 to 1.81 and for 7 of 5 it varies between 1.68 

to 2.07. For a cylinder of this cross-section configuration the hoop stress factor is 

1.67. 

Figure 3.15 shows the effect of 7 on the displacement factors U^,f [defined as 

-j£^] and Urf [defined as ^-f\ which are the circumferential and radial displacement 

factors, respectively. Note that 7 has just the opposite effect compared to the 

maximum stress factor, namely that the maximum displacement factor increases 

as 7 increases. Notice that the effect on U$s is greater near 90° whereas Ur/ is 

greater at the extrados {(f> of 0°). The variation of displacement factors increase as 
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Figure 3.15: Displacement factors Ur/ and Uef for t of 2. 

180 

7 increases. 

Comparison between results of three-dimensional BIE and axisymmetric BIE 

are shown in Figures 3.16, 3.17 and 3.18. These figures demonstrate the effect of t 

on the stress and displacement factors for 7 of 5. Observe that as t increases both 

maximum stress and displacement factors decrease. A similar effect can be seen 

in thick-walled cylinders. The minimum circumferential stress factor at the inside 

surface is near 90° whereas at the outside surface it is at the extrados. Note that the 

circumferential stress factors at the inside wall decrease almost by a constant factor 

when t increases. This is also true for the longitudinal stress factors at the inside 

wall. Figure 3.18 shows that the effect of t on Urf is significant for 0 < 0 < n/2 

whereas between 37r/4 < 4> < ~K it is insignificant. 

The two sets of results agree very well, showing that the mesh distribution 

taken is adequate for the study of a torus with a circular cross-section. The results 

obtained for 7 of 10 and t of 3 will be presented in the subsequent chapter. 
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Figure 3.18: Displacement factors, Urj and U+n for 7 of 5. 

3.2.2 Torus with Elliptical Cross-Section 

The problem solved by three-dimensional and axisymmetric BIE is shown in Fig­

ure 3.19. The cross-section is an ellipse defined by the equation c2x2 + d2y2 = c2d2, 

where c and d are the semi-major and semi-minor axes respectively. 

At the inside wall the minor/major axes ratio is taken to be 0.6 whereas at the 

outside wall, it is taken to be 0.8, giving a constant thickness ratio, t of 2. This 

geometry was solved for two radius ratios of 5 and 10 by both BIE methods. 

A difficulty arises in finding the midpoint between two points on the ellipse. The 

difficulty is resolved by the calculation of the circumference of the ellipse pi using 

Pi = 4c#! 

where E\ is a product of an elliptic integral of the second kind, taken from function 

tables [88]. Knowing the coordinate <$>\ (defined as (90 — (f>)) of the two corner points 

of the element, E\ is found from the tables for each corner points by extrapolation 
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Figure 3.19: Section of elliptic cross-section 

and then adding these and dividing by 2 gives E\ for the midpoint. Again, using the 

tables, the corresponding angle <f>i is found for the calculated E\, by extrapolation. 

Due to the complexity in finding the midside nodes, more work was needed to 

generate the data for the oval cross-section, as compared to the circular cross-

section. 

For these two problems, the same mesh distribution was used as for the circular 

cross-section. Figures 3.20 and 3.21 depict the variation of the circumferential 

stress factors versus the circumferential angle for 7 of 5 and 10, respectively. Both 

numerical results are shown. In these figures and subsequent ones, the solid curves 

represent a fit through the axisymmetric BIE results. Note that contrary to the 

case for the circular cross-section, the stress factors for the oval cross-section vary 

dramatically with </>. An increase in the maximum circumferential stress factor is 

observed, which is about 2.5 times greater than the one for a circular cross-section. 

The peak stress for the elliptic cross-section is at <f> of 90° whereas for the circular 

cross-section it was at 4> of 180°. The change of location of the peak stress factor 

is due to the flattening of the circular cross-section giving greater curvature in that 

region {<j> of 90°). Notice contrary to the circular cross-section, as 7 increases the 

peak stress increases. The peak stress factor increases from 4.49 to 4.92 when 7 is 

increased from 5 to 10. For the cases shown herein, the effect of radius ratio on o^f 
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Figure 3.20: Circumferential stress factor, o^ , for 7 of 5 and t of 2 
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Figure 3.21: Circumferential stress factor, o^f, for 7 of 10 and t of 2. 
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Figure 3.22: Longitudinal stress factor, ogf, for 7 of 5 and t of 2. 

on the outside surface is minimal. 

The longitudinal stress factors for both cases are shown in Figures 3.22 and 3.23. 

Just as for the circumferential stress factors, the peak stress factor is along the 

inside surface at <j> equal to 90° and the stress factors vary considerably with the 

circumferential angle. For both o^f and ogf, there is close agreement between the 

methods, particularly in the extreme values. Observing the above four figures, it 

is seen that there is a small fluctuation of the three dimensional results, mostly 

for small values of stress. This is also noted from the axisymmetric BIE results. 

This means that more elements are needed to give a better representation of the 

boundary due to the increase in curvature of the cross-section of the torus. However 

the fluctuation is small and is mostly for low values of stress which are not as 

important as the high values. Thus the mesh distribution used is satisfactory. 

Figures 3.24 and 3.25 show the variation of the displacement factors versus the 

circumferential angle for 7 of 5 along the inside and outside surfaces, respectively. 
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Figure 3.23: Longitudinal stress factor, o9j, for 7 of 10 and t of 2. 
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Figure 3.24: Displacement factors at the inside surface for 7 of 5 and t of 2. 
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Figure 3.25: Displacement factors at the outside surface for 7 of 5 and t of 2. 

As for the stress factors, the displacement factors are also strongly affected in the 

case of an oval cross-section. Good agreement between the two methods is observed. 

The peak value for Ur. is at the extrados on the inside surface whereas for U$f it is 

at TT/4, also on the inside surface. 

The effect of radius ratio, 7 (not shown herein) shows tha t as it increases from 

5 to 10 the maximum difference between the displacement factors is in the region 

of 0 < (j> < 60°. The maximum displacement factors for Urf and U</>f increase by 1.2 

percent as 7 increases from 5 to 10. 
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Chapter 4 

Toroidal Geometries 

4.1 Toroidal Elasticity 

Examination of the technical literature indicated that no work prior to Gohner's 

work [89,90,91] used toroidal elasticity. He used a simple form of toroidal elasticity, 

adaptable to solid circular cross-section only, to solve the twist and pure bending 

of a solid circular sector. Followed by Kornecki [12] and later by Lang [22], the 

coordinate system was changed to suit a hollow circular cross-section of constant 

thickness. The coordinate system is represented by r, <f>, 0 as shown in Figure 3.9. 

Toroidal elasticity makes use of the general equations of the classical linear the­

ory of elasticity, expressed in terms of stress components. An approximate solution 

is obtained by expanding the stresses in power series of a small parameter (method 

of successive approximations). Lang used the parameter 1/R where R is the mean 

toroidal radius. Toroidal elasticity is valid for toroidal shells of arbitrary thickness 

with isotropic homogeneous materials. 

Toroidal elasticity theory contains three equilibrium equations of the form: 

M+ -N = 0 
P 

or, in expanded form: 

M 0 + - M i + — M 2 + - + R 
1 — SCOS</) + 62COS </>- No + ̂ N1 + ±-2N2 + -
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There are six Beltrami-Michell compatibility equations of the form: 

or, in expanded form: 

U+-V + ^W 

u0 + ±u1 + ±-2u2 + + R 
1 — 5 COS <p + S COS (j) v. + ̂  + 5 ^ + 

+ 
1 

R2 1 — 2 5 COS <f> + 35 COS <j> + W0 + i w , + -^W2 + 

where p is defined as R + rcosc6, s is defined as rjR, M and N are equilibrium 

functions and U, V and W are compatibility functions. The equilibrium and com­

patibility functions for the particular problems studied herein are defined in Lang's 

papers which are presented in Appendix B. Each of the six stresses is represented 

by a series which can be expressed as: 

5 (Total) = 5(0) + 5(1) + 5(2) + 5(3) + • • • 

Terms of a given power in the series are grouped together and required to satisfy 

equilibrium, compatibility and boundary conditions. Thus a succession of approx­

imations is developed, the higher approximations generally involving some terms 

of the lower approximations. A problem is solved by selecting a basic solution 

(first approximation) usually known from theories applicable to a straight cylin­

der. Higher approximations modify this first approximation, but do not change 

the magnitude of the applied load. When the stresses are determined, the displace­

ments can be found by integrating the stress-displacement relations. It is generally 

agreed that the method of successive approximations approaches the exact solution. 

Unfortunately successive term becomes increasingly algebraically unwieldy. Having 

no formal proof of convergence, the numerical results must be viewed with some 

suspicion, with the effect of the next term in the series unknown. Results based 

on purely numerical work can serve to establish the accuracy of a T E solution at 
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a given level of approximation. Thus it can be determined if a given level of a T E 

solution is adequate or if a higher level of approximation is needed. 

Lang identified ten basic TE problems for a 90° elbow. These were the internal 

pressure problem, three end moment problems, three end force problems and three 

seismic (self-weight) problems. The present work deals with the first seven of these 

problems. 

Three programs were written by the author using the theory developed by Lang. 

The programming was done in FORTRAN. The computer program PRE-TORUS 

calculates the stresses of a pressurized torus. The second program IN-PLANE 

calculates the stresses for a 90° elbow subjected to in-plane loadings (symmetric 

about the plane of the elbow). The loadings are: 

1. In-plane bending 

2. End normal force 

3. In-plane end shear force 

The third program, OUT-PLANE, evaluates the stresses of the 90° elbow sub­

jected to out-of-plane loadings, which are: 

1. Out-of-plane bending 

2. Twist bending 

3. Out-of-plane end shear force 

The programs are interactive and are executed within about 14K words on the 

computer CP6 (DPS/8-70C). Upon request they calculate the stresses in a given 

cross or longitudinal section of the toroidal shell. 
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4.2 Pressurized Torus 

The problem considered in this section is a complete circular torus under internal 

pressure. This problem was solved by the BIE method in the previous chapter. 

The same geometric cases are to be studied by the TE solution. The TE solution 

is limited to the zero order, first order and second order stress fields. Lang [92] 

recommended the use of Ref. [24] in preference to Ref. [22], which has typographic 

errors. He has submitted two corrections for Ref. [24]. The first correction is on 

page 299 where 2C0 + 0:3(1 + u) — ua4 = 0 replaces 2C0 = ua4, thus giving: 

_ X0u{u - 2) 

X0{u-\-u2) 
ai = 1 T\ 

( i / - l ) 
The second correction is on page 300 where the expression for Ai is to be replaced 

by 

4BX0 _ (1 + !/)(„' + 1 - y) 1 (u2
 + l-u)(l+u)s2>{7j 

1 (2 + 1/) ° {l-»)(2 + ») sl + sy ° (2 + I / J U - I / ) [si-s*) 

These corrections are included in the computer program. 

Figures 4.1 and 4.2 depict the effect of thickness ratio upon circumferential and 

longitudinal stress factors (defined in Eq. (3.5)) at the inside surface for 7 of 5 and 

10, respectively. TE results are compared with BIE results. The first figure shows 

that as t increases from 2 to 3 the agreement between TE and BIE results improves. 

This is also the case when 7 increases from 5 to 10. The TE results presented for 

7 of 10 correlate well with BIE results for both thickness ratios. Note that o<t>mui 

calculated by the BIE for the case 7 of 10 and t of 3 has moved to <f> of 135°. 

It seems that additional terms in the series are needed for better accuracy when 

the torus radius is small. This is expected due to the fact that the problem is 

solved approximately by expanding the solution in the reciprocal of the toroidal 

radius (1/72). 

Table 4.1 displays the peak stress for the four cases studied. Good agreement is 

found between BIE and TE results. The largest deviation is only 3.03%. 
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1 
5 

10 
5 

10 

t 
2 
2 
3 
3 

BIE omax 

2.0374 
1.7973 
1.4664 
1.3452 

TE omax 

2.0634 
1.8040 
1.5109 
1.3393 

Deviation (%) 
1.27 
0.37 
3.03 
0.43 

Table 4.1: Peak stress factor for internal pressure 

Figure 4.3: 90° Elbow subjected to in-plane moment 

4.3 In Plane Bending of a 90° Elbow 

The problem solved by three dimensional BIE is shown in Figure 4.3. A bending 

moment, M,, is applied at the station defined by 0 of 0° The elbow is fixed at the 

station 0 of 90°, creating an opposite bending moment. For this problem, there is 

only one plane of symmetry, so one half of the elbow needs to be modelled. The 

mesh distribution is the same as for the torus subjected to internal pressure loadings. 

The applied bending stress is linearly distributed over the cross-section. This 

gives a longitudinal stress factor equal to zero at <j> of 90° and 270°, and a peak at 

<f> of 0° and 180° at the loading station 0 of 0° For the particular cases studied the 

applied moment is negative. 

Lang [25,26] determined the first four terms in the series for a toroidal tube or 

pipe bend, acted upon by pure end bending moments, M,. The stress fields are not 
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functions of 0. All the loadings in the TE solutions are defined by a non uniform 

or non linear variation of the stresses over the toroidal cross-section. It is assumed 

tha t away from the ends, the end effects due to different BIE boundary conditions 

and T E boundary conditions are negligible. Thus the TE results are compared with 

the BIE results calculated at the cross-section 0 of 45° for all problems considered 

in this chapter. 

Corrections to Ref. [26] were brought to my attention by Lang [92]. On page 

98 the term 2/?iS^5^ in equation (16) should be replaced by /?iS*s£. This in turn 

changes 

fa = (C0 + D 2 ) ( l + u) + u^s\s\ + vfaslsl + K3{2 + v) 

In equation (24) on page 99 the number 24 replaces 96. The last correction is on 

page 100 where R$ should be given as 

R3 = X207 + A3£8 + P9 

The stress factors for in-plane and out-of-plane bending loading problems are 

defined as 
.Mb 

where o is the actual stress, 6 is the outside radius of the cross-section, M is the 

bending moment and / is the moment of inertia of the cross-section about the 

cross-sectional axis. 

Figures 4.4 and 4.5 show the calculated values of stress factors o^f and og; for a 

pipe bend with 7 of 5 and t of 2 and 3, respectively. Agreement between TE and BIE 

results deteriorates as t is increased from 2 to 3. It is noted that correlation between 

the stress factors seems to be better for og{ than o^!. TE solutions overpredict 0$. 

at the inside wall. The peak stress factor is the longitudinal stress situated at the 

outside surface at the intrados. The maximum circumferential stress factor is at the 

inside surface near <j> of 90°. Note that as t increases the peak stress also increases. 

The stress factors o^,f and ogf for a 7 of 10 are shown in Figures 4.6 and 4.7 

for t of 2 and 3, respectively. The TE and BIE results are in very good agreement, 
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Figure 4.6: Circumferential and longitudinal stress factors for 7 of 10 and t of 2. 

whereas for 7 of 5 the comparison was not as good. It is interesting to note that this 

was also true for the internal pressure problem. Comparing the figures it is seen 

tha t the maximum stresses increase with increasing t, but only by a slight amount 

compared to the ones for 7 of 5. Thus when 7 is large the effect of thickness on the 

size of stresses is less. Notice from the figures that ogf on the inside surface have a 

different pat tern from the ones on the outside surface. This is due to the thickness 

effect where for thick-walled shells the distribution of stress changes significantly 

from one surface to the other. However, for thin-walled shells the stress on both 

surfaces will follow a similar pattern. 

Observing Figures 4.5 and 4.7, both having the same thickness ratio but different 

7 of 5 and 10 respectively, it is noted that the stresses vary considerably with 7. 

Also note that the peak stress decreases as 7 increases. Results of the peak stress 

factor calculated by both methods are presented in Table 4.2. Very good correlation 

is found between the methods, with the maximum deviation less than 3%. 
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1 
5 

10 
5 

10 

t 
2 
2 
3 
3 

BIE omax 

1.5838 
1.2750 
1.9061 
1.3322 

TE omax 

1.5396 
1.2390 
1.8978 
1.3633 

Deviation (%) 
2.79 
2.82 
0.44 
2.33 

Table 4.2: Peak stress factor for in-plane bending 
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Figure 4.8: 90° Elbow subjected to an in-plane end shear force 

4.4 In-Plane End Shear Force Acting on a 90° El­
bow 

The problem solved by the BIE is shown in Figure 4.8. An end shear force, Ft, 

acts inwardly at the station 0 of 0°. Again the elbow is fixed at the station 0 of 

90° Similarly to the in-plane bending problem, there is one plane of symmetry so 

only one half of the elbow is modelled. The applied force, Ft, is assumed uniformly 

distributed over the cross-section. 

A total of eight fields of stress are developed by Lang [29], three zero order fields 

of stress and five first order fields of stress. The elbow is maintained in equilibrium 

at the station 0 of 90°, by an end normal force and an in-plane bending moment. For 

the stress field describing the bending moment, Lang used the ones determined in 

ref. [25]. Minor adjustments to these stress fields were done to satisfy the boundary 

conditions. 

It was found that the term: 

l l f - 1 K062 

4(1 - v) 8 

in Ai, of ref. [29] should not have the 4 in the denominator which was later acknowl-
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edged by Lang [93]. Other corrections to ref. [29] were brought to my attention by 

Lang [93]. On page 273, the denominator (l + u) of constants Ai and d0 should be 

replaced by (1 - u). The constant c on page 273 having a denominator sis2 should 

be replaced by (5* + s2). Also the term (si - s2) in equation (7) on page 271 should 

be in fact (si + s2). 

The stress factors for all force loading problems considered in this chapter are 

defined as: 
,F 

of = ol-

where o is the actual stress, A is the cross-sectional area and F is the force. 

In Figure 4.9, stress results at 6 of 45° are presented for the case, 7 of 5 and t 

of 2. Agreement between TE and BIE is poor for og{ and a^/ whereas for o^gs the 

agreement is good. The BIE method predicts a maximum o,j>{ at the inside surface 

near (f> of 90°, whereas the TE solution predicts it at <f> of 180°. The BIE and 

TE results follow a similar trend, however the results are quantitatively different 

especially for oSj at the inside surface. Apparently higher levels of approximation 

are needed in TE for acceptable accuracy. 

It is stated at the beginning of this section that the zero and first order stress 

fields were determined for this particular problem. Two extra terms have been 

developed by Lang [26] describing the in-plane bending moment. These two terms 

are added to the original stress fields. Adjustments are made to these two additional 

terms to satisfy the boundary conditions of an end bending moment at station 0 of 

90°, by multiplying each term by sin 0. Now we have a shear force and a normal 

force defined by a zero and first order stress fields and a bending moment defined 

by a zero, first and second order stress fields. 

Figure 4.10 shows the computed results at 0 of 45° with the added stress field 

for a torus having 7 of 5 and t of 2. Comparing with Figure 4.9, it is observed that 

the added stress field improves the agreement between the TE and the BIE. This 

is also noticed for the other geometries considered. For the other cases, only the 

results from the TE solution with the added stress field are presented. 
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1 

5 
10 
5 

10 

t 

2 
2 
3 
3 

TE 

" m a i 

9.218 
15.010 
7.501 

11.890 

Modified TE 

&maz 

9.914 
15.359 
8.953 

12.617 

BIE 

&max 

10.247 
15.560 
9.735 

12.304 

Deviation 
(%) 
3.25 
1.29 
8.03 
2.54 

Table 4.3: Peak stress factor for in-plane end shear force 

The results at 0 of 45° for 7 of 5 and t of 3 and for 7 of 10 and t of 2 and 

3 are shown in Figures 4.11, 4.12 and 4.13. In all cases, Ogf at the inside surface 

found by the T E method, follows a similar trend to the BIE results with almost 

a constant factor between them along the circumferential angle 4>. For og{ on the 

outside surface, reasonable agreement between the methods is found in the region 

of 3?r/4 < (j> < n. Away from this region the agreement is poor. 

Good correlation between the methods is found for o^{ at the inside wall in 

the region ?r/4 < <j> < 3n/4 for an elbow having 7 of 5. Outside this region the 

correlation is poor. It is noticed that for o<i)f at the inside surface the discrepancy 

between the methods decreases as 7 increases between 0 < <f> < n/4 and 37r/4 < 

(j> < n but increases near <f> of 90°. Improvement of o4>f on the outside surface is 

noticed when 7 is increased from 5 to 10. Note that if a line is passed through o,pf 

at the inside surface computed by the BIE results, o$mai is at a point <f> greater than 

90°. This is because the neutral axis is located toward the center of curvature and 

not at <f> of 90° as for a straight pipe. The TE solution predicts reasonably well the 

shearing stress, a$g . 

The peak stress factor, omax, is given by the longitudinal stress on the outside 

wall at the intrados. Table 4.3 presents the peak stress factors at 0 of 45° calculated 

by the TE solution with and without the added stress field and by the BIE method. 

The deviation in percentage between the BIE results and the modified TE results 

°f Omax are also shown. Good correlation is found between the methods with a 

maximum deviation less than 9%. Comparing the non-modified TE result with the 

BIE result of omax, it is seen that the correlation is not as good. 
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Figure 4.14: 90° Elbow subjected to an end normal force 

It is shown that by adding a stress field, the agreement between the methods 

improved. Certainly adding second order stress fields throughout the TE solution 

would give a better improvement. 

4.5 Normal Force Acting on a 90° Elbow 

The problem considered next is a normal force, Fn, applied to the end at station 0 of 

0° of a hollow circular elbow which is fixed at the other end, as shown in Figure 4.14. 

Again there is one plane of symmetry and for the BIE solution half of the elbow is 

modelled. The applied force is uniformly distributed over the cross-section 0 of 0°. 

Lang [30] developed a total of eight stress fields for this problem. He considered 

an elbow with an end normal force acting at one end and an equilibriant system 

consisting of a shear force and a bending moment at the other end. The end normal 

force and the end shear force problems are dual problems. Lang simply converted 

the TE solution for the end shear force problem to the end normal force problem 

by adding a state of pure bending and by interchanging sin0 and cost?. 

Lang [93] has submitted corrections to Ref. [30]. On page 166 of Ref. [30], 6\ 

and 62 should be defined as 3/4(1 + v) and 1/4(1 + u), respectively. The corrections 
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7 
5 

10 
5 

10 

t 
2 
2 
3 
3 

BIE omax 

2.8483 
5.2122 
2.6852 
3.7059 

TE omax 

6.1439 
8.2058 
6.1744 
7.4841 

Deviation (%) 
115.7 
57.4 

129.9 
101.9 

Table 4.4: Peak stress factor for a normal force 

applied to Xx in the previous section, should also be applied to this problem. The 

term 8 in do on page 170 should be replaced by 8. In equation ( ^ ) i on page 168, 

sine? replaces cos0. 

It is noticed that the sum of the eight stress fields did not satisfy the boundary 

conditions: a compressive normal force at station 0 of 0° and a shear force combined 

with a bending moment at station 0 of 90°. It is found that the initial stress field for 

pure bending was missing. The initial stress field for bending is given in Ref. [25]. 

As for the previous problem, the second-order stress field [26] defining the bend­

ing moment is added. Only the results with the added stress field are presented. 

The improvement of the added stress field is small at 0 of 45°, because the terms 

defining the bending moment are multiplied by (1 — cos0). 

Figures 4.15 to 4.18 show the computed o^n o$/ and o4>g/ by the TE and BIE 

methods for all cases. Only for o<t>ef do the methods correlate well. As t decreases 

the agreement improves for o<t>gf at the inside surface, especially for 7 of 5. TE 

results for oi>! at the inside surface follows a similar trend to the BIE results. The 

trend seems to improve as 7 increases from 5 to 10. For o,j>f on the outside surface, 

the trend is not good for the cases with low values of 7. The case 7 of 10 and t of 

2 gives the best agreement. The agreement between both methods is reasonable at 

the inside surface for o0f between 7r/2 < 4> < n whereas outside this region it is not. 

The overall o0J at the outside surface computed by the TE solution overpredicts 

the BIE method. 

Similar to the end shear force problem, ogf on the outside surface at <j) of 180° is 

the peak stress. Table 4.4 presents the peak stress factors for all cases considered. 

The TE solution overpredicts the BIE method by as much as 100%. The case 7 of 
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Figure 4.19: 90° Elbow subjected to an out-of-plane moment 

10 and t of 2 is the only one that has a deviation less than 100%. The agreement 

between the peak stress computed by the methods seems to improve as 7 increases 

and t decreases. 

Certainly the TE solution needs more stress fields describing the normal forces 

acting on the elbow to predict the normal stresses with accuracy. This was also 

noticed for the end shear force problem. 

4.6 Out-of-Plane Bending of a 90° Elbow 

Figure 4.19 represents a 90° elbow subjected to an out-of-plane bending moment, 

M0, at one end and fixed at the other end. However, due to the out-of-plane 

loading, there is no longer a horizontal plane of symmetry, which exists for in-plane 

loadings. Consequently, in the BIE analysis of the problem, the entire elbow needs 

to be modelled. A typical boundary element mesh is shown in Figure 4.20, and is 

composed of 128 elements and 384 nodal points. The moment is again defined in 

a strength of material manner, representing now a linear variation of the normal 

stress over the toroidal cross section, perpendicular to the plane of the elbow on 

the surface 0 of 0° 
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Figure 4.20: The BIE boundary mesh used for 7 of 10 and t of 3, containing 128 
elements and 384 nodes 

Case 
1 
2 
3 

7 
5 
5 

10 

t 
2 
3 
3 

ELEMENTS 
128 
96 

128 

NODES 
384 
288 
384 

Table 4.5: Mesh Distribution 



Only two stress fields are developed by Lang [27] for this particular problem. He 

considered an elbow with out-of-plane bending arising from an end couple applied 

at one end. At the other end a twist bending moment is applied to maintain 

equilibrium. 

Three cases are investigated, using the BIE and TE methods. The first two are 

for a radius ratio, 7, of 5 and a thickness ratio, t, of 2 and 3 and the third is for 7 

of 10 and t of 3. Table 4.5 gives the number of elements and nodes used for each 

configuration. The case 7 of 10 and t of 2 would have required a mesh exceeding 

the capacity of the current program and was thus not calculated. 

Figures 4.21 and 4.22 depict the stress factors o$s, ogf and o<j)gf as a function 

of <f> in the middle cross section (0 of 45°) for 7 of 5 and t of 2 and 3. It is 

observed from Figures 4.21b and 4.22b that both methods correlate well for o9f. 

For the circumferential stress shown in Figures 4.21a and 4.22a, the prediction of 

TE solution gives significantly greater value than BIE in the region 0 < <j> < n/2 and 

37r/2 < (f> < 2n at the inside surface. Reasonable agreement is obtained for o^s at 

the outside surface. Figures 4.21c shows reasonable agreement for o<flgf between the 

methods whereas in Figure 4.22c the agreement is poorer, especially at the outside 

surface. Note that as t increases from 2 to 3 the agreement deteriorates between 

BIE and TE results. 

In Figure 4.23, the circumferential, longitudinal and shear stress factors are 

presented for case 3. The TE results agree well with BIE results for the three 

stresses. Note that , just as for in plane bending and internal pressure loadings, the 

agreement between both methods improves as 7 increases. 

The maximum stress factor at the middle cross section (0 of 45°) is found to 

be the longitudinal stress factor on the outside surface at <f> of 112.5° and 247.5°. 

Table 4.6 presents the peak stress factor for each case. The peak stress increases as 

t increases but decreases as 7 increases. 

The BIE results in Figures 4.21c, 4.22c and 4.23c, show that for 7 of 10 and t 

of 3 o<j,g{ is fairly uniform, but as 7 decreases to 5 the shearing stress increasingly 
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Figure 4.21: Stress factors for 7 of 5 
and t of 2. 
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Figure 4.23: Stress factors for 7 of 10 and t of 3. 

1 
5 
5 

10 

t 
2 
3 
3 

BIE omax 

0.8735 
0.8924 
0.7864 

TE omax 

0.8283 
0.8803 
0.7639 

Deviation (%) 
5.17 
1.36 
2.86 

Table 4.6: Peak stress factor for out-of-plane bending 
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Figure 4.24: 90° Elbow subjected to a twist moment 

varies with <f>, especially for 3TT/4 < (j> < 57r/4 at the outside wall. However as t 

decreases from 3 to 2, o^gf varies less with <j>. This effect is probably due to the 

much greater curvature in this region for higher values of t. 

The BIE results give, for 7 of 5 and t of 2, tr^m(ij greater than o^gmilI. However, 

when t increases from 2 to 3, o^rniix is less than cr^mttI. The TE solution underpredicts 

aW,na* by 28% for case 2 compared to the BIE results. 

4.7 Twist-Bending of a 90° Elbow 

The problem considered in this section is shown in Figure 4.24. At the station 0 of 

0° a twist bending moment, Mt, is applied and at the station 0 of 90° the elbow is 

fixed. Again there is no horizontal plane of symmetry and for the BIE solution the 

entire elbow needs to be modelled (Figure 4.20). The applied twist varies directly 

as the distance from the center of the section over the cross-section 0 of 0° 

The TE stress fields used in the previous section are modified for the twist 

loading case. The modification consists of interchanging sin0 and cos# in every 

equation. This, in effect, places the twisting couple at the station 0 of 0° and the 

bending moment at the station 0 of 90°, so that the elbow is held in equilibrium. 
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The stress factors for twist bending are defined as 

Mb 
iv 

where o is the actual stress, 6 is the outside cross-section radius, Mt is the twist 

bending moment and Ip is the polar moment of inertia defined as n/2(b4 — a4). 

The circumferential, longitudinal and shear stress factors calculated by both 

BIE and TE are shown in Figures 4.25, 4.26 and 4.27, for the three cases studied. 

Similarly to the out-of-plane problem, reasonably good agreement is found between 

the methods for ogf in the three cases. From Figures 4.25c and 4.26c it is seen 

that as t increases, the TE solution for o^g{ gives poorer agreement. Note that 

7 has just the opposite effect, when it increases the correlation improves between 

both methods, not only for the shearing stress, but also for normal stresses. As in 

the out-of-plane bending problem, the circumferential stress at the inside surface 

of an elbow having a 7 of 5 obtained using TE is significantly greater in the region 

0 < <p < n/2 and 37r/2 < <j> < 2n than the one obtained using BIE. 

Looking at o^s and ogf results for both the out-of-plane bending problem (in the 

previous section) and the twist bending problem, it is seen that the normal stresses 

are inversed for twist bending. This is expected because the applied and reactive 

moments are interchanged. It is interesting to note that the BIE shearing stress 

for 7 of 5 and t of 3 varies considerably at the outside surface for the out-of-plane 

bending problem whereas for the twist bending problem the variation is less. 

The maximum longitudinal stress factor, at the cross section 0 of 45°, is given in 

Table 4.7. The predictions for the peak stress values by the two theories differ only 

by about 5 to 10 percent. The agreement improves as 7 is increased and deteriorates 

as t is increased. The ogmai found by BIE, for the second case has shifted to <j> of 

135° and <p of 225° compared to the two other cases (<j> of 112.5° and <p of 247.5°). 

The TE solution predicts ogmaj at <j> of 112.5° and (f> of 247.5° for the three cases. 
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Figure 4.25: Stress factors for 7 of 5 
and t of 2. 
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Figure 4.26: Stress factors for 7 of 5 
and t of 3. 
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Figure 4.27: Stress factors for 7 of 10 and t of 3. 

7 
5 
5 

10 

t 
2 
3 
3 

BIE omax 

1.7788 
1.9538 
1.5572 

TE omax 

1.6566 
1.7441 
1.5253 

Deviation (%) 
6.87 

10.73 
2.05 

Table 4.7: Peak stress factor for twist bending 
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Figure 4.28: 90° Elbow subjected to an end shear force. 

4.8 Out-of-Plane End Shear Force Acting on a 
90° Elbow 

The problem considered in this section consists of an end shear force acting on a 

90° elbow, producing out-of-plane bending. The shear force, Fo, acts at the station 

defined by 0 of 0° whereas the plane station 0 of 90° is fixed (see Figure 4.28). The 

applied shear force, Fo, is assumed uniformly distributed over the cross section. 

Lang [28] determined the zero order and first order stress states for the TE solution. 

At 0 of 90°, he considered that the elbow is maintained in equilibrium by a twisting 

moment and a bending moment. For this problem, again there is no symmetry and 

for the BIE solution the entire elbow needs to be modelled. 

In Figures 4.29, 4.30 and 4.31, the circumferential, longitudinal and shear stress 

results of both methods are presented for the three geometries considered (see Ta­

ble 4.5). The o^,s results for the three cases show that for 7 of 5 and t of 3 the 

agreement between both methods is the best. As the thickness ratio decreases the 

agreement deteriorates. This is also true as the radius ratio increases. The greatest 

difference between the computed 0$ along the inner wall of the elbow is found 

at <f> of 135° and 225°. The major discrepancy is for the case 7 of 10 and t of 3, 
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7 
5 
5 

10 

t 
2 
3 
3 

BIE omax 

7.0855 
5.6055 
9.4110 

TE omax 

5.7495 
4.3010 
8.5153 

Deviation (%) 
18.85 
23.27 
9.52 

Table 4.8: Peak stress factor for out-of-plane end shear force 

where the TE solution underpredicts the BIE method by about 70%. Examining 

Figures 4.30a and 4.31a, it is seen that TE solution predicted the same results for 

both cases. The TE zero and first order stress fields developed by Lang for o$ are 

only functions of <f> and 0 and do not depend on the toroidal radius R. Probably 

the subsequent terms would depend also on R. 

The TE stress fields developed for og depend on the three coordinates. The 

effects of thickness ratio and radius ratio on ogf are large. Figures 4.29b, 4.30b 

and 4.31b show that as the thickness ratio increases, ogf decreases. As the radius 

ratio increases, ogf also increases. Agreement between TE and BIE results improves 

as 7 is increased. The peak stress is given by og at the outside surface. Note that , 

similar to the twist bending problem, the computed BIE peak stress for 7 of 5 and 

t of 3 is not at the same location as for the other cases. 

Figures 4.29c, 4.30c and 4.31c show the variation of the computed shear stress 

factor with <j>. The TE results are in disagreement with the BIE results. The TE 

solution predicts almost a uniform value for o$gs at the outside surface whereas 

the BIE predicts a considerable variation. Notice that o^,gf computed by the BIE 

method varies considerably for TT/2 < (f> < 37r/2, giving a stress concentration effect 

at <f> of 7T. 

Table 4.8 compares the peak stress factors calculated by both methods. The peak 

stress has increased considerably compared to the problems of twist and bending of 

an elbow. The peak stress factors for the radius ratio of 5 are not in good agreement 

having a deviation of about 20%. The agreement improves as 7 increases to 10. For 

this problem the TE solution with only two terms in the series does not give accurate 

predictions. 
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Figure 4.29: Stress factors for 7 of 5 
and t of 2. 

5.0 

-5.0 -

- 1 — 1 — 1 — j — 1 — 1 — 1 — j — 1 — 1 — 1 — j — 1 — 1 — 1 -

inside wol . -
outside wol 

A inside wol R F 

O outstde wol 

• • • I • • • I . • • I 

0 90 180 270 360 

<t> (deg) 

c) Shear stress factor 

Figure 4.30: Stress factors for 7 of 5 
and t of 3. 
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Figure 4.31: Stress factors for 7 of 10 and t of 3. 
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Chapter 5 

180° Pipe Bend with Tangent 
Pipes 

Problems of thin-walled piping systems have been investigated by many researchers. 

However very little work has been concerned with thick-walled piping systems. The 

problem considered herein is a 180° thick-walled pipe bend, which has straight 

portions at both ends, subjected to in-plane bending and internal pressure, applied 

separately. Figure 5.1 shows the longitudinal section of the problem, where L is the 

length of each of the straight pipes, Z represents the longitudinal linear coordinate 

of the straight pipes and 0 is the longitudinal angular coordinate of the pipe bend. 

For this particular problem, the total length L is equal to three times the outside 

pipe radius b and the wall thickness is assumed to be equal for both straight pipes 

and the pipe bend. 

Figure 5.2 shows a typical BIE mesh used; only one quarter of the U-bend is 

modelled because of two planes of symmetry. Since there are only two planes of 

symmetry, the displacements are only constrained in two directions. The uncon­

strained displacement is in the Z direction. The line AB in Figure 5.2 is chosen to 

be constrained in the Z direction for the in-plane bending problem, having no load 

acting on this line. However this constraint can not be used for the internal pres­

sure problem due to the Poisson ratio effect which creates extremely large stresses 

(because a line has zero surface area). To solve this problem, plain strain condition 

is assumed at the end of the straight pipes. So the entire cross-section at the pipe 
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Figure 5.1: Longitudinal half-section of a U-bend. 

Figure 5.2: The BIE boundary mesh used for 7 of 5 and t of 2, containing 124 

elements and 374 nodes. 
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Case 
1 
2 
3 

7 
5 
5 

10 

t 
2 
3 
3 

Elements 
124 
100 
124 

Nodes 
374 
302 
374 

Table 5.1: Mesh distribution for U-bends 

end is constrained in the Z direction. Three cases are studied; Table 5.1 gives the 

geometric ratios and the number of elements and nodes used for each one. 

5.1 In-Plane Bending Loading 

The bending moment is defined in a strength of materials manner, representing a 

linear variation of the applied normal stress over the straight pipe cross-section, in 

the plane of the U-bend, on the surface Z — L. 

Figure 5.3 shows the variation of the circumferential («7^/) and longitudinal (ogf) 

stress factors with the angle <j> at the two cross-sections 0 of 0° and 0 of 90° for a 

U-bend having a 7 of 5 and a t of 2. The results found in the previous chapter 

for a 90° elbow subjected to in-plane bending at 0 of 45° are also presented. It is 

observed tha t at section 0 of 0°, o^f is lower than at 0 of 90°. For o9f at the inside 

surface, the values at section 8 of 0° are similar to the ones found at section 0 of 90° 

except in the region 37r/4 < <f> < n where ogf at section 0 of 0° is larger than at 0 of 

90°. Notice that near the extrados, Ogf at the outside surface at section 0 of 0° is 

larger than at 0 of 90° whereas at the intrados the reverse is true. Comparing the 

results obtained in the 90° elbow at 0 of 45° with the ones obtained in the U-bend 

at 8 of 90°, it is noticed that the values for ogf are almost identical whereas for o^>{ 

at the inside surface the BIE predicts slightly higher values for the U-bend. 

The stress factors olj>/ and og; for a t of 3 are shown in Figures 5.4 and 5.5 for 

7 of 5 and 10, respectively. Comparing with the previous results for a 7 of 5 and 

t of 2, it is seen in Figure 5.4 that as t is increased the difference between Ogf at 

cross-section 0 of 0° and 90° has its greatest increase near the intrados. It is also 

observed that as t increases from 2 to 3, the values of o0f at the inside surface near 
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Figure 5.3: Stress factors for 7 of 5 and t of 2. 
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case 

1 
2 
3 

0 = 90° cross-section 

°4>,„a. 
-0.8808 
-1.0099 
-0.5373 

ae„,us 

-1.5833 
-2.0140 
-1.4033 

0 = 0° cross-section 
a4>„„„ 

-0.4387 
-0.4992 
-0.2578 

°e,„„. 
-1.2396 
-1.3403 
-1.1681 

90° elbow (0 = 45°) 

^ » i . u 

-0.7929 
-0.8468 
-0.4978 

a9maj 

-1.5838 
-1.9061 
-1.3322 

Table 5.2: Peak stress factor for in-plane bending of a U-bend 

the intrados at section 0 of 0° is now lower than at 0 of 90°. Notice that for o^f 

at the inside surface, the discrepancy between the values found in a 90° elbow at 

0 of 45° and in a U-bend at 0 of 90° is greater as t is increased. It is observed 

from Figures 5.4 and 5.5 that as 7 is increased the agreement between o^f in a 90° 

elbow at 0 of 45° and in a U-bend at 0 of 90° improves. Also as 7 is increased the 

discrepancy between the values of ogf found in both section decreases. 

The maximum circumferential and longitudinal stress factors are presented in 

Table 5.2 for 0 equal to 0° and 90° sections of the U-bend and for 0 equal to 45° 

section of the elbow. From the table, it is noted that the peak circumferential stress 

of the U-bend at 0 of 90° is greater by about 50% than the one at 0 of 0°. It is 

also observed that ogmaj and o$maJ increase when changing the problem from a 90° 

elbow to a 180° pipe bend with tangent pipes except for og,ntlJ of case 1 which is 

almost identical. Case 2 shows the greatest increase of ogmas which is about 6%. 

This indicates that the computed ogwnj of a thick-walled 90° elbow at 8 of 45° could 

be used as a good approximation for ogrnux of a thick-walled U-bend with straight 

pipes at 8 of 90°; since it gives a value deviating by less than 10% from the true 

value. 

Swanson and Ford [8] presented results done experimentally for this particular 

problem having circular and non-circular cross-sections. The problem of circular 

cross-section that they considered had a 7 of 11.02 and a t of 1.83. This configuration 

was not studied using the BIE method because it would have required a mesh 

exceeding the capacity of the program. However, since it was shown that the stresses 

found in a 90° elbow at 8 of 45° can be used as an approximation for the ones 

of a U-bend with straight pipes at 8 of 90°, the results from Swanson and Ford 
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Figure 5.7: Circumferential and longitudinal stress factors along the mean pipe 
length for 7 of 5 and t of 2. 

are compared to a similar configuration (7 of 10 and t of 2 studied previously in 

chapter 4). Figure 5.6 presents the computed and experimental stress factors. It 

indicates tha t the BIE results follow the same trend as the experimental results. For 

a 7 of 10 and a t of 2 the computed OgrnilJ equals 1.25 whereas for a 7 of 11.02 and 

a t of 1.83 the experimental ogmax equals 1.03. Figure 5.6 shows that as t increases 

and 7 decreases o^>milJ and ogmni increase, which are as expected observing the effect 

of t and 7, separately. 

In view that 0$^^ and Ogmaj found at both 8 of 0° and 90° section are located 

at (t> of 90° (inside surface) and 180° (outside surface) respectively, the variation 

of Off at (f) of 90° (inside surface) and of ogf at <f> of 180° (outside surface) along 

the mean pipe length are shown in Figure 5.7 for case 1. Note that the stresses in 

the pipe bend fluctuate by about 5% from one point to the other. Moving away 
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from the middle section of the U-bend toward the straight pipe, ogf increases up to 

a peak which is about 5% greater than o$milJ at 8 of 90° section. Notice that o^f 

contrary to ogf decreases steadily in the pipe bend. However, near the pipe bend 

and straight pipe connection both o^! and ogf decreased rapidly. It is observed that 

at 6 the computed og is lower than og applied at the end of the straight pipe. From 

b to 36 along the straight pipe axis the computed og increases and at 36 it equals 

the applied stress. The o$s decreases along the straight pipe approaching zero and 

near the pipe end it increases slightly above zero. These conclusions are also valid 

for the other two cases. 

5.2 Internal Pressure Loading 

The computed circumferential and longitudinal stress factors for the U-bend at the 

section 8 of 0° and 90° and for a complete torus are shown in Figures 5.8 and 5.9, 

having a 7 of 5 and t of 2 and 3 respectively. There is a close correlation between o$s 

at the outside surface found in a U-bend at section 8 of 90° and in a torus whereas 

at the inside surface the computed values for the U-bend problem are slightly higher 

in the region TT/4 < <j> < 3TT/4. It is observed that ogf at the inside surface found in 

both the pipe bend at section 8 of 90° and the torus is quite identical. However at 

the outside surface they are not. The circumferential stresses at the inside surface 

at the section 8 of 0° are approximately the same than the ones at the section 8 

of 90° except in the region 37r/4 < <f> < w. At the outside surface, o^f at 8 of 0° 

is slightly greater than at 8 of 90° near the extrados whereas near the intrados the 

contrary is true. The peak stresses are at the section 8 of 90°. Similarly to the 

torus, the peak values of o$s and ogs for the U-bend are located on the inside wall 

at the intrados and extrados, respectively. It is observed that the greatest difference 

of stress between the two sections is found when comparing ogf. 

Figure 5.10 presents o$f and ogf obtained in the U-bend having a 7 of 10 and 

a t of 3 at the two cross-sections (0° and 90°). Results previously obtained for a 

complete torus are also presented. Note that contrary to the pipe bends with 7 
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case 

1 
2 
3 

8 = 90° cross-section 

° <)>„,„, 
2.0311 
1.4802 
1.3871 

°8,nnl 

0.5782 
0.3305 
0.2447 

8 = 0° cross-section 

^4>in,ij 

1.8101 
1.3378 
1.3415 

°emiiJ 
0.4971 
0.2396 
0.1923 

Torus 

"4>maj 

2.0374 
1.4664 
1.3452 

<*»„.«, 
0.6251 
0.3686 
0.2557 

Table 5.3: Peak stress factor for a pressurized U-bend 

of 5, Of j at the inside surface near <f> of 90° found in a torus agrees better with 

the ones found in a U-bend at section 8 of 0° than at 90°. At the outside surface, 

Off obtained from the U-bend at both section and the torus are almost identical. 

Observing the above figures, Off and ogf at the inside surface found in a torus are 

closely related to the ones found in a U-bend at the section 8 of 90°. This is also 

true for Off at the outside surface. 

Table 5.3 presents the maximum circumferential and longitudinal stress factors 

of the U-bend at section 8 of 0° and 90° and of the torus. Note that both Ofmaj and 

°»,„„s is smaller at 8 of 0° than at 90°. Comparing the peak stress factors of the 

U-bend with the ones of the torus, it is observed that the value of Ofmaj is almost 

identical, having only a maximum different of about 3%. However the discrepancy 

is greater for ogmai where case 2 displays the maximum difference of about 11%. 

Notice that Ogmai decreases when changing the problem from a complete torus to a 

U-bend. Similarly to the torus, the peak value of Off has moved from the intrados 

to <j> of 135° for case 3. The Ofmaj at the section 8 of 0° for case 2 and 3 is also at 

<t> of 135°. 

Figure 5.11 depicts the variation of o$f at the intrados and og/ at the extrados at 

the inside surface along the mean pipe length for case 1. It is observed that the peak 

Off is located at the middle cross-section of the U-bend (nR/2). Moving toward 

the straight pipe, Off decreases slightly and then near the connection between the 

pipe bend and the straight pipe it decreases more rapidly. Note that og; is uniform 

along the pipe and starts decreasing near the connection. From 6 to 36 along the 

straight pipe Off is quite uniform and o6f slightly increases. At 36, Off deviates by 

about 1% from the Lame solution. These observations are also valid for the other 
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Chapter 6 

Cylinder and Torus with Cross 
Bores 

6.1 Thick-Walled Cylinder with Cross Bores 

The problem of a cylinder with cross bores already solved by Tan and Fenner [50] 

was used to acquire experience in this field. Consideration of this problem enabled 

the determination of suitable mesh sizes and the calculation of reference stress 

values, to be used later in the analysis of tori. 

The two problems considered are closed-end cylinders with a constant wall thick­

ness. One cylinder has a single cross bore while the other has two cross bores. The 

loading in each case is internal pressure. Figures 6.1a and 6.1b show the longitudi­

nal half section of the problems. In the figures a is the inside radius, b is the outside 

radius , 2H is the total length and Rs is the radius of the cross bore. The cross bore 

axis is radial to the main cylinder. The internal pressure, Pt, acting in the cross 

bore(s) is equal to the pressure acting in the cylinder. The closed-end boundary 

conditions are simulated in the numerical model by a uniform axial tensile stress 

applied on the cylinder ends which is given by 

Pa2 

Both problems studied have a cross-sectional radius ratio, b/a, of 2, a cross bore 

radius ratio, a/Rs, of 4 and b/H of 1. The cylinder with a single cross bore has only 

two planes of symmetry, so one quarter of the cylinder needs to be modelled. One 

98 



2a-

2R< 

2b 

H 

H 

a) with one cross bore 

2a 

2b 

2R, 

H 

H 

b) with two cross bores 

Figure 6.1: Longitudinal half-section of a cylinder. 
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Figure 6.2: The BIE boundary mesh for a cylinder with a single cross bore. 

plane is in the longitudinal section (shown in Figure 6.1a) and the second plane is 

the cross-section through the cross bore axis. Note that only one quarter of the 

hole needs to be modelled. 

Having only two planes of symmetry means that the displacements in only two 

directions are constrained. The direction not constrained is parallel to the axis of 

the cross bore. It is difficult to constrain the displacement in that direction without 

having a major effect on the overall stress factors. Knowing that the effect of the 

holes diminishes as one goes further away from the cross bores, the displacement 

in the third direction is constrained on the plane Z = H. Figure 6.2 shows the 

boundary mesh chosen for this problem. There are 90 elements and 272 nodes. 

This problem is solved for two different ways of constraining the displacement in the 

third direction. The first case is such that only the point A is constrained whereas 

in the second case, the complete line AB is constrained (Shown in Figure 6.2). 

The modelling of the hole is difficult, due to the fact that the circumference of 
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Figure 6.3: The BIE boundary mesh for a cylinder with two cross bores. 

a hole on a curved surface is not represented by a circle but by an ellipse. Similarly 

to the torus with an elliptical cross-section problem, there is the need to use the 

elliptic integral of the second kind to find the actual distance between two points. 

The problem of the bore crossing completly the cylinder walls, is easier to anal­

yse because of the presence of three planes of symmetry, giving no difficulties in 

constraining the displacements in the three perpendicular directions. Only one 

eight of the cylinder is modelled. This boundary mesh is shown in Figure 6.3, with 

70 elements and 212 nodes. 

Figure 6.4 depicts the hoop stress factor variations with Z along the inner wall 

of the cylinder having a single cross bore. The maximum hoop stress in this figure 

increased by 3.6% in changing the line constraint to the point constraint. This 

means that the line constraint is too rigid for this problem. However, if the cylinder 

was of greater length, the difference between results of the line constraint and point 

constraint would be minimal because the effect of the hole would be less. 
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Figure 6.4: Hoop stress factor along the inner wall of a cylinder with a single cross 
bore. 

The stress concentration factor, Kh, is defined as the maximum computed hoop 

stress expressed as a multiple of Lame's solution value at the bore. The stress 

concentration factor is 2.91 and 3.02 for the line and point constraints, respectively. 

Tan and Fenner [50] found a Kh value of 2.90, which correlates well with the value 

found with the line constraint, meaning that they also used this constraint. But due 

to the rigidity of the line constraint for this particular problem, the results of the 

point constraint are more appropriate. Indeed, Tan [53] has very recently solved 

the same problem again using the point constraint and has obtained a value of 

3.00 for the stress concentration factor using a slightly different mesh distribution. 

Gerdeen [47], using an approximate solution, found a value of 3.32 for Kh, which is 

about 9.9% higher than the BIE solution (for the point constraint). 

Figure 6.5 shows the hoop stress variations for the double cross bore problems. 

The maximum hoop stress factor is 5.25, showing an increase of 4.2% compared to 

the single hole problem. The stress concentration factor is found to be 3.15 which 
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Figure 6.5: Hoop stress factor along the inner wall of a cylinder with two cross 
bores. 

is the same as that found by Tan and Fenner [50]. 

For both problems studied herein the hoop stress at Z = H plane agrees with 

the Lame solution within about 9%. This indicates that the effect of the holes is 

still felt at the ends of the cylinder and that a greater length of cylinder is needed 

to obtained the same value as the Lame solution. 
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6.2 Thick-Walled Torus with Cross Bores 

The problem considered in this section, is that of obtaining the hoop stress in a 

complete torus with cross bores subjected to internal pressure. Figures 6.6a and 6.6b 

show the section in the plane of the torus of the two problems analysed. Figure 6.6a 

represents a complete torus with two identical and diametrically opposite cross 

bores at the intrados whereas Figure 6.6b represents a torus with cross bores at 

the extrados. In these figures, R is the mean toroidal radius, a and b are the cross 

sectional radii and R3 is the cross bore radius. The axis of the cross bores are radial 

in the cross-section of the torus. The internal pressure acting in the cross bores is 

equal to the pressure in the torus. 

The problems analysed are for a toroidal radius ratio, 7, of 5, a thickness ratio, 

t, of 2 and two different cross bores ratios , a/Rs, of 4 and 8. For both problems 

considered, there are three planes of symmetry, so only one eight of the torus needs 

to be modelled. Figures 6.7 and 6.8 show the boundary mesh arrangements of 

quadrilateral and triangular elements, for the problems having the cross bores at 

the intrados and extrados, respectively. A maximum of 390 nodes and 130 elements 

are used. 

Figure 6.9 depicts the hoop stress factor variation with 0 along the inner wall 

in the planes of the torus for the cross bores positioned at the intrados. The hoop 

stress factor is at its peak near the cross bore and varies considerably for the first 10 

degrees from the axis of the bores. Further away from the hole, its effect decreases 

giving a uniform stress between 45° and 90°. At 90° , the computed hoop stress 

approaches the hoop stress for a torus without cross bores, to within about 1%. 

The maximum hoop factor is about 6.25 and 5.89 for a/Rs of 4 and 8, respectively. 

Note that as the cross bores ratio decreases, the maximum stress factor increases. 

Figure 6.10 shows the variation of the hoop stress along the internal surface 

of the torus in the longitudinal plane through the axis of the bores for the case 

where the cross bores are at the extrados. For this problem the cross bore ratio 

has a small effect on the peak stress whereas for the previous problem the effect 
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a) with the cross bores at the intrados 

2R, 

b) with the cross bores at the extrados 

Figure 6.6: Longitudinal half-section of a torus. 
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Figure 6.7: The boundary mesh used for a torus with cross bores at the intrados, 
containing 126 elements and 380 nodes. 

Figure 6.8: The boundary mesh used for a torus with cross bores at the extrados, 
containing 130 elements and 390 nodes. 
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Figure 6.9: Hoop stress factor along the inner wall of the torus (<f> — 180°) with the 
cross bores at the intrados. 

was considerable. The maximum hoop stress factor is about 2.65 times the hoop 

stress factor for a complete torus with no holes. Moving away from the hole it is 

seen that the effect of the cross bore over the stress decreases faster than for the 

previous problem, starting to be uniform at 8 of 22.5°. Just as for the previous 

problem, the computed hoop stress at 8 of 90° deviates from the hoop stress of a 

torus without holes only by about 1%. The results for the two problems show that 

there is almost no fluctuation of the computed hoop stress factor. This indicates 

that the mesh distributions chosen for both problems are satisfactory. 

Unfortunately, no experimental results were available in the literature for com­

parison. Table 6.1 compares the stress concentration factor, Kh, of the tori with 

the one of the cylinders studied in this chapter. The torus with the cross bores at 

the extrados has the lowest Kh while the torus with the cross bores at the intrados 

the highest. The Kh value for the problem of the cylinder with two cross bores is 

about 19% higher than for the torus having the cross bores at the extrados. 
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a/Rs 

Kh 

Straight pipe 
1 hole 

4 

3.02 

2 holes 

4 

3.15 

Torus with holes at 
Intrados 

4 

3.75 

8 

3.53 

Extrados 

4 

2.65 

8 

2.64 

Table 6.1: Stress concentration factors 
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Chapter 7 

Conclusion 

The present work has demonstrated effectively the power and versatility of the 

Boundary Integral Equation method for three-dimensional stress analysis of rel­

atively simple and complicated thick-walled cylinder and toroidal geometries. It 

has particularly confirmed the usefulness of the BIE method for problems involving 

awkward boundary geometry and rapidly varying stress fields. Using a very modest 

number of boundary elements, it is possible to predict stresses and displacements 

with an accuracy that is adequate for most engineering purposes. 

In the case of a torus under internal pressure, an excellent agreement between the 

three-dimensional BIE, axisymmetric BIE and axisymmetric FE results was found. 

It was observed that the BIE method significantly reduces the numerical problems 

over FE method. Within the range of parameters studied herein, the peak stress 

factor occurs near the intrados on the inside surface for a torus of circular cross-

section. The peak stress factor increases as 7 decreases and as t decreases. The 

torus with an oval cross-section presented a more complex situation. Initial ovality 

has significant effects on stresses and displacements. The stress and displacement 

factors vary considerably with <f>. The peak stress now occurs at <f> of 90° with an 

important increase compared to the ones of a circular cross-section. Contrary to 

the circular cross-section, the peak stress decreases with decreasing 7. 

Results from the 3-D BIE method compared well with the TE results for the 

cases of a torus under internal pressure and a 90° elbow subjected to in-plane 
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bending moment when the zero, first and second order fields of stress are used in 

the TE solution. The peak stress factors found from both methods differ only by 

about 4%. For the in-plane bending problem, the peak stress occurs on the outside 

surface at the intrados which increases as t increases and/or 7 decreases. 

In the cases of a 90° elbow subjected to out-of-plane bending moment, twist 

bending moment and out-of-plane end shear force, reasonable agreement between 

the BIE and TE are obtained when the zero and first order fields of stress are used 

in the latter solutions. The agreement between the methods for the case of the end 

shear force is not as good as for the other two cases. This is especially true for 

Ofgj for which the agreement is not good. The elbow having the geometric ratios 7 

of 5 and t of 3 gave the worst agreement between the methods for the peak stress 

which had a difference of about 5% for the out-of-plane bending moment, 10% for 

the twist bending moment and 23% for the out-of-plane end shear force. The peak 

stress for the three problems occurs near (f> of 115° and (f> of 250° on the outside 

surface. For the out-of-plane and twist bending problems, an increase in the peak 

stress was observed when t increased or 7 decreased whereas for the out-of-plane 

end shear force problem the peak stress decreases for the same conditions. 

Agreement between the normal stresses computed by the BIE and TE methods 

was not good in the cases of a 90° elbow subjected to in-plane end shear force and 

in-plane end normal force. However, reasonable agreement between both methods 

was found for Ofg,. The TE solution used has the zero, first and part of the second 

order fields of stress. Correlation between the peak stress factor was good only for 

the shear force problem. A maximum deviation less than about 8% was found for 

the shear force problem. For both problems, the BIE results showed that the peak 

stress increased with increasing 7 whereas it decreased with increasing t. 

A parametric study for the internal pressure and moment loading cases based 

on the TE solutions presented in this work should produce results suitable for 

engineering purposes. But the TE solutions for the force loadings studied in the 

present work are not adequate. A higher level of approximation is needed to obtain 
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suitable results. 

Results of the peak stress factor presented in the cases of a U-bend with straight 

pipes subjected to in-plane bending moment and internal pressure showed that they 

would be well approximated by the peak stress obtained in a 90° elbow and a 

complete torus, respectively. 

Results obtained for a pressurized cylinder with a single cross-bore showed the 

importance of the constraints when there are only two planes of symmetry. It 

was shown that by changing the line constraint to a point constraint, the stress 

concentration factor, Kh, increased, which indicated that the line constraint was 

too rigid. Results in the case of a cylinder with two cross-bores showed an increase 

of Kh by about 4% to the corresponding value for a cylinder with a single cross-bore. 

The cases of the torus with cross-bores at the intrados and extrados demonstrated 

that the Kh value for a torus with cross-bores at the extrados was the lowest even 

when it was compared to a cylinder with cross bore(s). 

Further research is required to verify the applicability of the TE solutions for 

thin shell analysis. More work is also needed to develop extra stress fields to the 

TE solutions for the force problems in order to obtain suitable results for the prob­

lems considered herein. Having noted relatively few investigations concerning thick-

walled pipe bends, piping systems and pipe bends with cross-bores, additional work 

in this field is necessary to know more about their behaviours under different kinds 

of loads. 
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Appendix A 

Transformation from cartesian to 
toroidal coordinate systems 

First consider the transformation from the (x,y,z) cartesian coordinate axes to 

the (p, a, Z) cylindrical coordinate axes where the z-axis and the Z-axis remain 

coincident under the transformation. This represents a state of plane stress in the 

(x,y) plane which is parallel to the plane of the torus or elbow. Table A.l gives the 

direction cosines between the axes in a transformation from the (x,y) coordinate 

axes to the (p,a) coordinate axes (Figure A.l) . Hence, using Eqs. (1-4.1) and (1-

4.3) in Ref. [86] on page 16-17, with Table A.l yield the six stresses. 

2 2 • 

op = ox sin a + oy cos a — 2oxy cos a sin a 

o<x — Ox cos a + oy sin2 a + 2oxy cos a sin a 

oz = oz (A.l) 

oPa = (ox — oy) cos a sin a + o ^ s i n 2 a — cos2 a) 

opz = OyZ cos a — ozx sin a 
oaz = ~°yz s i n a — &zx c o s a 

p 
a 

Z 

X 
l\ = —sin a 
l2 = — cos a 

/3 = o 

y 
m\ = cos a 

77̂ 2 = — sin a 
m 3 = 0 

z 
nj = 0 
n2 =0 
n3 = 1 

Table A.l : Direction cosines between (x,y,z) and (p,a,Z) axes. 
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x t 

4> 

-a 

Figure A. l : Transformed (x,y) axes 
to (p, a) axes. 

Figure A.2: Transformed (p, a) 
axes to (r, <j>) axes. 

Looking at Figure A.l it is easily seen that the displacement transformation is 

given by 

Ua = —Ux cos a — Uy sin a 

Up = —Ux sin a + Uy cos a 

Uz = Uz 

(A.2) 

Now consider the transformation from the (p, a, Z) cylindrical coordinate axes 

to the (r, (j>, 8) toroidal coordinate axes where the a-axis and the 0-axis remain 

coincident under the transformation. Similarly to the first transformation, this is a 

state of plane stress in the (p, Z). The plane (p, Z) is parallel to the torus or elbow 

cross-section plane where 0-axis is going inward. The direction cosines between 

the axes (see Figure A.2) in the transformation from (p, Z) coordinate axes to the 

(r,(p) coordinate axes are given in Table A.2. Again using Eqs. (1-4.1) and 1-4.3 in 

Ref. [86] in conjunction to Table A.2, we obtain 

Op cos 4> + oz sin <f> + 2ozp cos <j> sin <j> 

, 2 i , . 2 

Or = 

Of = Op sin*' <j> + oz cos** cj> — 2ozp cos <f> sin <f> 

Og = oa 

oTf = -(op - oz) cos 4>sin</> + oZp(cos2 <f> - sin2 </>) 

(A.3) 
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r 

<t> 
8 

P 
l\ = COS(j> 

l2 = — sin <j> 

/3 = o 

a 
mi = 0 
m2 = 0 
m 3 = 1 

Z 
n\ = sinc/i 
n2 = cos <f> 

ns = 0 

Table A.2: Direction cosines between (p, a, Z) and (r, <j>, 8) axes. 

Figure A.3: Positive direction of Figure A.4: Displacement Uf and 
Ofg a n d org- UT. 

0Tg = - 1 (oaZ Sin (j) + Opa COS (f>) 

Ofg = -l(oaZcos(f) - Opas'm<f>) 

where org and Ofg are multiplied by —1, so that they will be positive in the direction 

shown in Figure A.3. 

Observing Figure A.4, the displacement transformation from cylindrical coordi­

nate axes to toroidal coordinate axes is found to be 

UT = Up cos </> + Uz sin <j> 

Uf = - Up sin <f> + Uz cose/. (A.4) 

Ue = Ua 

Substituting Eqs. (A.l) into Eqs. (A.3) and Eqs. (A.2) into Eqs. (A.4), trans­

forms stress and displacement from cartesian coordinate system to the toroidal 

coordinate system. 
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Appendix B 

Toroidal Elastic Stress Fields 

Lang developed the toroidal elastic stress fields used in the present work for inter­

nal pressure problem, three end moment problems and three end force problems. 

Therefore, for completeness the references used ([24]-[30]) which describe Lang's 

work are presented in this Appendix. 

B . l Toroidal Elastic Stress Fields for Pressurized 
Elbows and Pipe Bends 
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ABSTRACT 

The zero order and first order stress fields are determined by toroidal 
elasticity methods for on elbow or pipe bend subjected to internal 
pressure The methods of toroidal elasticity,first introduced in 1980 at 
London, England are here made explicit These methods formed the basis 
for the numerical result* presented in the earlier paper 

The problem considered in this paper is one of the more difficult of the 
ten unit problems for a pressurized elbow or curved pipe acted upon by end 
loads and seismic accelerations AII of these ten unit problems hare non 
been solved The present paper complements the earlier paper The 
solution presented here »as initially completed in 1978 

NOMENCLATURE 

' . * > . 0 
»P "». <V ho 
R 
a 
b 
s 
J. 
*b 

P 

Im J Pres Vei * 
Lid England 1984 

Toroidal coordinates 
Stress components 
Toroidal radius 
Internal radius 
External radius 
rlR 
o/R 
b/R 
Internal pressure 
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problem of determining stress fields produced by internal pressure 
(Trivial changes can be made to account for external pressure as well) 

It is a truism that the compatibility equations arc lengthy However, the 
method of successive approximation can be applied to reduce all 
equations of the general theory to a set of working equations useful for 
solving boundary value problems in curved pipe This is the most 
expedient of several available approaches 

The original analysis of the stresses in a pressurized elbow was 
completed in August 1978 An overview of the problem together with one 
set of numerical results (for a hockey stick beat exchanger or steam 
generator) was presented at the Fourth International Conference on 
Pressure Vessel Technology in London on 21 May 1980 ' The solution of 
this problem within the scope of membrane theory had been given 20 
years earlier by Flugge J 

The present paper supplies the details of the analysis which makes use 
of the method of successive approximations The system of coordinates is 
shown in Fig 1 Each of the four stresses is represented by a series which 
can be expressed as 

S(toul) = 5(0) + S( 1) + 5(0,2) + 5(2,2) + 

where 5 denotes any of the four stresses This analysis is limited to the first 
four terms of the series Further developments will be presented in 
subsequent papers 

Fig I Toroidal coordinates for pressurized elbow 

Elsevier Applied Science Publishers 
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INTRODUCTION 

A serious defect of the formulae given by the ASME pressure vessel code 
for elbows and pipe bends is the absence of compatibility equations to 
determine topological^ correct deformation fields The same criticism 
applies to finite element methods for curved pipe members From the 
standpoint of nuclear stress and safety, the matter deserves serious 
attention 

It is now possible to make a rigorous numerical comparison of the 
stress and deformation fields of major elbows and pipe bends using the 
new tool of stress analysis called Toroidal Elasticity This new subject 
combines the three-dimensional mathematical (small strain) theory of 
elasticity with a toroidal geometry Its principal virtue is that it always 
determines the correct deformations and stresses because it contains a 
complete set of compatibility equations, expressed in terms of both 
stresses and strains The resulting model can, on both physical and 
mathematical grounds, be regarded as superior to methods in current use, 
and thus serves as a yardstick to assess if the current methods are indeed 
adequate 

Toroidal elasticity, since it gives a consistent picture of all three 
displacements, all six strains and all six stresses, also generates a more 
accurate model of elbow ovalization This, in turn, should lead to a more 
accurate determination of the discontinuity stress fields between major 
elbows and contiguous cylindrical pipe Major sites of stress intensity can 
be investigated and this may be significant for stress corrosion 
investigations 

Since toroidal elasticity generates numerical results for 15 quantities, 
any complete stress analysis program is reasonably lengthy The complete 
analysis of a major elbow consists of ten problems—three end loaded 
f'lces. three end loaded moments, three seismic components, and 
pressure The present paper limits itself to the technically important 
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ANALYSIS 

The initial stress field 5(0) 

The initial stress field 5(0) is identical to that for a straight cylindrical shell 
under internal pressure p. i e 

To these we add the mendional stress ot = pa'/(b2 - a2) Dividing a and b 
by the toroidal radius R. the stresses become 

T PK , 

IF?" 

For convenience, we have introduced the constant K = ps\Hs\ - s2) 
Before continuing, we note that 

and 

£/>*(.-J)-v*(, + i[)_vK 

s«-i\(i+j|)-»*(i-'j|)-,ir 

For physically admissible deformations, the strain compatibility 
requirement is 

sds a i 
SOS 

and is identically sausfied 
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To continue the analysis, we require 

and 

(o, - o,) cos <p = K -4 cos f 

(»« — <W sin <J> = K -j sin f 

These quantities constitute the nght-hand sides of the next set of 
equilibrium equations which result from the application of the method of 
successive approximations 

It is to be noted that the stress field 5(0) is an appropriate initial field of 
stress because it satisfies the strain compatibility requirement The 
incomplete toroidal elbow is in equilibrium under the action of the 
resultant forces due to pressure and to the stresses o, acting on each of the 
two exposed cross sections 

The stress field 511) 

The equilibrium equations assume the form 

[_j cs dip i j , r 
p HaA 1 d , , "1 Ks2 

\_s dtp s' cs r J, s' 

All terms on the left-hand side carry the subscript 1 assoaated with the 
next stress field 

In addition, the stress compatibility equations are 

[ l + v ^ -2^cosc> 

2Ks2 

costp 

lVoa,],=0 

r_. 2 e , 4 4tr. i i\ ? le 1 ae\~| 

-2Xs1sintf> 

? 

where the particular solution has been added to af It remains to 
determine the constants Xa, X,, /l2, A and B from the compatibility 
equations and the boundary conditions 

The boundary conditions reduce to 

<r, = 0 at s = s, and s = st 

t,t = 0 at J = J, and s = sb 

These determine 

fi=-
I 

* + * ; 
,4 = 

j 2 * 2 

The three compaubility equations are satisfied by choosing 

<l2=(l+2V) 
It remains to indicate how X„ and /i, are to be determined 

It can be shown that the elbow is in equilibrium under the action of the 
pressure and the stress o, on a cross-section Consequently subsequent 
solutions satisfy the condition of zero normal force, i e 

n> rdrdd> = 0 

f:f e>rdrd<6 = 0 

This condition will determine Xt but only at the next step in the series 
solution 

The value of X0 is fixed by the requirement that displacements in the 
cross-section are single-valued This condition is X,, - l/[4(I - v)] 

The field 5(0, 2) 

For the stress field (0,2) we have x,t» 0 and ?„ <tt and o, do not depend 
on <p. The single equihbnum equation is° 

(I £<2d> _£*\ =hi + ^L 
\s is s), 2 i 
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The terms on the nght-hand side are, respectively, —(ioJdv)„, 
— (dojdv)^, 0 and (sin <pls)(o, - a )̂0 Here d/dv is the operator 
cos ipid/ds) These terms arise from the method of successive 
approximations 

Noting that jcosrp and (l/i)cos«6 are both harmonic, the third 
compatibility equation determines 

oJLl) = Ks1(costb)\ 
( * * * ) 

We take at =• — MsJ(cos fjs) as a particular solution of the equihbnum 
equations 

From known solutions for VJ®, = 0 we select the stress function 

*•=K4if - ̂  ^+v in s~\cos * 
and define stresses 

1 ?<P 1 c?24> 

e'<s> 

z«- Bs\si<p) 

The stress function f identically satisfies the equihbnum equations and is 
denved directly from the theory of elasticity applicable to two-
dimensional solutions in polar coordinates 

Throughout the paper, stress functions <P are introduced to provide the 
coefficients required for satisfying the boundary conditions 

The stresses assume the form 

a, = Kii(co$ tp)X0( - ^ - Bs + M 

c. - JO '(cos 4>)^o{js ~ Ms + J) - 1 ] 

e,= /Cr2(cos tp)(x,s + — J 

t,t - /Csftain » W - p - Bs + M 
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The three compatibility equations are 

4/Jx0 A,(2 + v) 

1 + v 1 + v (Vtff,), = 

where 

„ i f2 I f 
cs' I fi 

For the particular solution, we take 

ff, = a,i2 

at = a2s' + ij 

o, = at In —+ »jj2 

To satisfy the boundary conditions, we add solutions of Vjd>0 = 0 
where 

The stress field (0,2) may be wntten in the form 

o, - K*2/"o + -p + fo In j - + «i*M 

o, «• AJJI a0 - -f + c„ + c0 In — + etjj2 + a31 

o, = Ksl[ x. In — + a5r
2 I 

To determine the coefficients, we begin with the third compatibility 
equation from which 

BXB X,(2 + v\ 
*l + v <V1 + V 
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From the equihbnum equation, we find 

a," -A„V 

and 

The condition that the displacement u be single-valued reduces to 
El, = £(d/dj)(j/») Expressed in terms of the stresses, this becomes the 
condition 

«j(3 + v)-«,(l +3v)-2ia5 = 0 

From the two equations in a, and a2, we obtain 

_ Bt.av ^ /3_+_2_v\ 
" 1 _ 4( l+v) + 16Vl-H J 

and 

_ 3Bx0v xt(l -2v) 
a j _ 4 ( ] + v ) + 16(1 +v) 

The first compatibility equation is satisfied if 

2C0V-B4 = / 0 (1- | .VX2V-1) 

The condition that the displacement u is single-valued requires 2c„ = vot4 
From these two equations 

. 0 -2v ) 

v^(l-2v) 
Co~ 2(1-») 

The second compaubihly equation is not required It leads to equations 
identical with those obtained from the first compatibility equation 

The remaining two constants o0 and o0 are determined by the boundary 
condition 

(o,),"0 at s**sm and s**sb 
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In addition, the compatibility equations become 

v ° " ' - ? ^ - ? ( < ' - - < ' ' ) + TTvl7 

„, 4 r?t„ 2, , I /i?B i c2&\ 
* s2 r?d> s2 v 1 + v \J cs s2 ret>2 j 

= cos2<6J^l + iJ / ( ) -p j 

01 , j 3 + 2x0(l+v)"l V>, = cos 2d> £ 

The stress function d>2 satisfying VJ<I>2 = 0 is 

^ /a 2 J* ft, CjJ2 <f,\ 

The stresses are 

I 5»2 1 £2<62 , , / ft2 2d2\ 

"• •= -jp2- = c o s 2« 2a**1 + 7 + f J J 

t--4GS)-B,K" , , ,"7+ci"^) 

JOS 

We find 
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»o= -C<P. 
2 Vf'/ _ » (i2 + s2\ 

u j - < ) 

cutoff) 
t V 1 - / , - ,2,2 

The last step to complete stress fields (1) and (0 2) consists of applying the 
condition 

rr»rdj = 0 

To remove the resultant force on a cross-section, we first obtain 

»**•"(?) 
M*+*>-«.—Gr-m 

and then find 

4J?/.„ 4x„(l+vXl-2v) I -• ( l - 2 v ) ( l + v ) f , l " U / 
' * l + v (l-vX2 + v) (7T+7J) °(2 + v) ( l -v ) (si-si) 

For the stress field (2,2), we omit the common multiplier Ksl 

The stress field 5(2,2) 

The equihbnum equations are 

[ ^ ^ • 4 - " * [ V - T - H ^ ' - ) ] 
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We complete the stress field by adding 

a, = cos 2</p\,lni + p\+/>2J2+7fJ 

o, = cos 2<p( - ft, In i -+ py2 + ̂  + 0, J 

f, = cos 2tp(Bi + Bts
2+-£\ 

{-fci»J + />.) r„ = sin 2d>( 

to account for the particular solution 
The complete stress field is 

a , - c o s 2 c j f - ^ - f , - 2 4 + Polnf + P. + ^ 2 + 7 r l 

a, = cos 2*| 2a2j
2 + ^ + c2 - B„ In j - + pV2 + 71 + 0a 1 

ff, = cos2<pr^+P65
2 + ^ l 

trl = sin2tprfl2j2-^ + c 2 - ^ - p 0 l n ^ + ^ | 

The equihbnum equations are satisfied by 

/>,+/»o-/»a + 20. = .l()<v-l) 

-2p-, + 2/>. + /i0 = V + ^ 

P2=T + _ 

From the third compatibility equation, we find 
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The first compaubihly equation determines 

fc--^a(3 + v ) - y + 2w,1 

P, = -|/0-4(l-v)-2d2v 

The compatibility equations yield the three expressions 

-6Bt-SB, + 2B.-2X0 

-tBt+tB, + 2B,-1±-lB,+a, + Bs)=-3 

-*fi.-*Pl+4Bt + jl-(p,+Bt + Bs)<,X0+} 

and have the solutions 

ft> = *o» ~2 ; ° + 8 

p". = 0 

P> 4 16 

The constants o, to </2 are determined by the boundary conditions 

o, = 0 atj = j„ j-„ 

t,t = 0 at j = s„ sh 

Then knowing o2 to d2, the constants /)6 and P, are completely 
determined 

The coefficients o2. h, , 2 and d, 

A compact form for the coefficients is 

/o2<>2 = - 6 / , A. -MP, + P.) -hP2 + 2/)3 

/oJ62 = V.'fi'o + 2/.2(A, + P.) + 3/2 /?,?: - / , / ^ 3 

/o2fj = si/4la +fsP, +/,/«,/?, - / , / } , + 2/, 09 

/0V, = - 2 / , / 6 / 0 - / , / 2 (^ , + /I,) - 2/JtPt +fsP} 
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where 

, p"0m(V 
0 i" 

/o = Ub-' . 2 ) 

/ • - <*tt) 

/2 = U b + ^ ) 
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^ / , - « + J * + 4 J ; ^ ) 

/ . = cfcS + £+^b> 

/ s - t f + tf) 

/a = (^+J.' + ^ b ) 

DISCUSSION 

Toroidal elasticity is a new field using complete equations convenient for 
solving problems in toroidal geometnes It is important to note that 
classical toroidal coordinates cannot be used for toroidal shells of 
uniform wall thickness In the present problem, the initial state of stress is 
admissible because it satisfies the strain compatibility requirement For 
state (I) it is convenient to introduce stress equihbnum and compatibility 
conditions For state (2), the nght-hand sides of the equations contain a 
term cos2 f This must be rewritten as ^1 + cos 2(6) so that state (2) 
separates into a slate (0, 2) and a state (2, 2) The reason why this must be 
done is to identify the solutions of V*d> = 0 which are needed to satisfy the 
boundary conditions The state (0, 2) modifies the initial stale Numerical 
calculations indicate that it is small compared with the initial stale values 

The next step in the converging series solutions contains cos3 rp and is 
reduced to a term in cos f and a term in cos if We label these S( 1, 3) and 
5(3, 3) respectively These terms will be presented in a subsequent paper 

The essential feature of the present paper is to generate stresses at every 
point of an incomplete lore From the stresses, displacements are easily 
determined and detailed ovalization studies can be made 

The work of W Flugge and others on internally pressurized toroidal 
shells normally ignores stress vanauon through the wall thickness Such 
work generally relies on toroidal membrane theory (and additional 
assumptions based on asymptotic methods in shell analysis) There is no 
assurance that the deformations are correct By contrast we always 
generate correct deformauon fields because compatibiln equations are 
applied to each term of the converging senes solution 
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CONCLUDING REMARKS 

The analysis of this paper forms the basis for numerical results presented 
in Ref I The analysis can be extended by the method of successive 
approximations to obtain the next two terms but the algebraic details 
become lengthy This extension together with a discussion of displace­
ments and ovalization are planned for a subsequent paper 

REFERENCES 

1 Lang H A , Stress analysis of pressurized elbows for nuclear components 
using toroidal elasticity Proc 4th Im Conf on Pressure Vessel Technology 
London 1980 vol 2 pp 251-60 

2 Flugge W Stresses in Shells, Spnngcr-Verlag, Berlin, I960 



B.2 In-plane Bending of a Curved Pipe or Toroidal 
Tube Acted on by End Couples 

126 



Inl J Pres Ves 4 Piping 15 (1984) 27 35 In-plane bending of curved pipe under end couples r> 

In-plane Bending of a Cuned Pipe or Toroidal Tube 
Acted on by End Couples 

H A Lang 

LANG—Research West 1201 Idaho Avenue. 
Sanla Monica CA 90403 USA 

(Received I February 1983) 

ABSTRACT 

Stresses, strains and displacements are determined for a toroidal tube or 
pipe bend acted upon by end bending moments such that the deformation 
ism the plane of the lube The methods of toroidal elasticity are used so 
that the solution satisfies compatibility equations The analysis in this 
paper is limned to the first-order state resulting from application of the 
method of successive approximation 
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Fig 2 Nomenclature for pipe cross-iecuon 

T H E INITIAL STATE (0) 

Corresponding to pure bending of a pnsmatic bar, we assume an initial 
state of stress a, = c4 = i^ = 0 and oH = cERscoi f The normal force 
over a cross-section is 

)oSdscif 

or 

N = cER> r j r2cos0djd0 = O 

The bending moment over a cross-section is 

M=\ (o-fcrcoso})rdrdc6 

or 

A/ = c£rT* j ' P (scos2tt>)sdsci<t>*=cERtx j V d j 
Js. Jo J . . 

M.eEiV^L^.cElr, 

Hence cE=M/lD 
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INTRODUCTION 

This paper considers a toroidal tube or pipe bend which is acted upon by 
end bending moments, M, as shown in Fig 1 Bending is in the plane of 
the tube The nomenclature for any cross-section is shown in Fig 2 which 
exhibits the toroidal radius R and the cross-section radii a and b The 
toroidal coordinates of a point are specified by r, f while 6 is the 
meridional coordinate but is not required for the problem of this paper 
The angle f is positive in a counterclockwise sense as measured from an 
outer radial line 

The analysis which follows is based on the theory of toroidal elasticity 
applied to isotropic materials The complete theory is expanded in powers 
of \/R by the method of successive approximations This procedure 
generates the equihbnum and compatibility equations used in the present 
analysis 
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T H E STRESS STATE (I) 

To determine the next stress field, we have the equihbnum equations of 
toroidal elasticity 

-LT-L + - S - - i ) =cERscos2f 
scs scf s y, 

(--T-? + - j - r - ( T p 4 i 2 ) I = - c £ ^ i S i n ( 6 c o s ^ 
s of s' cs / , 

All terms on the left-hand side refer to the stress state (I) 
For a particular solution, we take 

(1) 

tr < = - c £ / ? ( s i n 2 i p ) — 

+ cER—cos2<f> 
4 

•cER—cos2<6 
4 

The next step consists of satisfying the stress compatibility equations 

Stress compatibility equations of toroidal elasticity 

/ „ 2 4 d%, 2 , i a 2 e \ „ 

(vj„i44£+>(„r_„,)+ ' ( i ^ g Y ) =0 
\ s' dtp s2 * 1 + V\JC3J S2 dtp2 JJI 

/ „ , 2c, s 4xr4 I c l\ d 1 \ \ „ 
\ * s2 df s2 \+\>Bf\s6s s2 j J, 

(2) 

Fig I End couples acting on curved pipe 

where 

and 

Q = ori + <74l + crf, 

2_?2 i_d_ \_d2 

0 J? + sds+s2clp 
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Solutions for the compatibility equations may be found by taking 
solutions of VJcj" = 0 where 

4> = V 2 + Co In s + cos 2<p (A 2s
2 + -^ + C2 J* + D2 

The associated stresses are 

1 <M> I c"<t> 

o. = ̂  = 2B0-^ + cos2tp(2A24-?p- + \2C2s
2) (31 

The coefficients B0, C„, A2, B2, C2, D2 are determined from the boundary 
conditions 

c, = 0 
T„ = 0 

at j = s. 

at s = s. 
and 
and 

s = s, 
» = j , 

for which the particular solutions are added to the stress field found from 

Summary of coefficients determined by boundary conditions 

3 + 2v 
*o = 

C0 = 

A* 

B> 

~WiT7)isl+sl) 

3 + 2* sjsl 
1+v 16 

(sl + slHsj + sj + sls2) 
S(s2-s2.)2 

slsjUl+s2,) 
' Hsl-s2.)2 

c - ' * L , 
C 2 ~"4( JF1JF 

_ s2.sUsl + sl + slsl) 
D* Msl-s2.)2 

These results represent the conclusion of the present anal) sis 
Extension of the results to the next (second order) term is deferred for a 
subsequent paper It is also planned to present numerical results based on 
a computer program which uses the equations of this paper 

MRcoi2tp\'sisHsi+sj+*;*;) *n 

^ MR Rl - 2V)J2 1 (3 + 2V)(J2 + sj) (3-f2v)i.2jn 

* ' " /D [ l6(I+v) 16 1+v ~ 1 6 ( 1 + V)J2J 

4-MR™«•sStf + '.M+''.+'.'.) . 3sisjis' + s2.)-] 
+ 1 T C 0 S 2 1 S5F2P + 4s'(s2-sl)2 \ 

MR ^J-3s2s1sl s*~\ 
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Solution of compatibility equations 

The solution of the third compatibility equation may be taken in the form 

2 + v , , , , , . , , , cos2<6 

where XQ, Xt and X2 are to be determined 
The Erst compatibility equation reduces to 

2 + v 
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Summary of strains 

+ cRcosl l+v)( l+2v)-2^ 2 ( I+v) 

- ^ i ( l + v ) - 1 2 C 2 i 2 v ( l + v ) - ^ i ( l - , 2 ) 

2(1+v) 

This can be satisfied by 

— (1 +v)cos2d>- vcos2# (24C 2 -24^) 

A, = 12C2v- 1 + v 

„T(l+2v)j v(2 + v ) , , , , „ „ „ „ C 0 , , ~] 
,<i=c^L_^-_L_J ( i :+ i

2
) + 2i,0(1_v)__0(1+v)J 

+ c«cos2ifS ^-(1 + v)(2v - 1) + 2A2(\ + i) 

X2 = -4D3y 

The coefficient *„ = [(2 + v)/8(l + v)](jj + sl), following from the 
condition that the normal force, N, over a cross-section vanishes The 
complete equation for a,, is 

+ ̂ r ^ + 12C2,
2(l-,2) + l£v(l + » 

+ c«cos2(p(l+v)ri2C2j
2-y-4^l 

/,. «, cR sin 2<t> [-*• + v) + 4/42(l+v)-lM J-(l + 0 

, , r - 3 # t y . I sjsl(sj + s*.+sisl)-\ 
+ c£Avcos 

The second and fourth compatibility equations are identically sausfied 
The equation for c t l does not lead to a resultant force, N, or a resultant 
bending moment, M 

CONCLUSION 

The stresses are summarized in the next section Knowing the stresses, the 
determination of strains is straightforward and obvious Then by 
differentiation and integration we may also find the two componenu of 
displacement, u and v 

&ry 
+ 12(1+v)C 2 j ' - -^ (1 +v) 

ln = <o,"-KRscostp 

/fc = cRs cos c6 

Summary of displacements 

».=-l^--j^+^-V(. + v )4 ( , + v) 
P[£<I+.X: + c7?2cos2<6 ( l+2v) -2 -V( l+v) + -T

2-(l+v) 

40 , -4C2J
5v(l + v) + —?-(| - , 2 ) 
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v 2 ) + 2 ^ J ( i + v ) + 2 J ? 2 ( ; + v ) 

+ 2C 2 J 3 ( l+v) (3-2v) + 2 £ 2 ( 2 v - l ) ( l + . ) 

U0 • - VCR -r- COS lp 

rsi*1 , 

v0 = — vcR' — sine? 
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ABSTRACT 

Tlie present paper extends the stress fields dent ed in an earlier paper 
entitled'In-ptane bending of a curt edpipe or toroidal tube acted on hi end 
couples' {set Ref 1) The methods of Toroidal Elasticity are used Both 
the present and the earlier paper jotnih proude the foundation for 
computer programs to determine not onh stresses but strains displace 
ments and oi alnatton effects 

NOMENCLATURE 
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1.-", » » 
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Toroidal coordinates 
Normal stresses 
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Toroidal radius 
r/R 
o, + ot + a, 

d2 \ a 1 ?2 

fi?+~sas*s2?f2 

, a unf r 
cos4>- — 

as s dtp 

Inner radius 
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Flu 2 Nomenclature for pipe cross section 

E Q U I L I B R I U M E Q U A T I O N S 

For the problem of a curved pipe bent b \ end couples the equilibrium 
equations arc 

\_ scs s cf S J, j 

["ro-, 1 cX%,s2)-\ 
[set, s2 cs _ ) , , = *(: 

(1) 

The functions ;V(1) and A/(2) are developed in the Appendix Those 
functions separate into two parts One part is multiplied by functions 
cos <6 and sin 4> which determine the field o f stress S ( l ) The other par t i s 
multiplied by functions cos3d> and sm3f which determine the field of 
stress 5(3) 

C O M P A T I B I L I T Y E Q U A T I O N S 

The compatibility equations for the current problem are 

Tr.2 * ex.. 2 , „ i / i f > e i c2e\~] 
I * s1 cf s1 * \+v\s?s s2e<p2Jjl3 

[ V 2 a 9 ) 1 3 = 1/(3) 
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INTRODUCTION 

When a hollow curved pipe is bent by end couples (Fig 1) in the plane of 
the pipe, the stress fields of toroidal elasticity may be expressed bj a 
converging series 

StTotal) = 5(0) + S( I) + 5(2) + 5(3) + 

where 5 is any stress The stresses 5(0) and 5(2) were determined in a 
previous paper ' The objective of the present paper is to determine the 
stress fields 5(1) and 5(3) 

Toroidal elasticity was first introduced in 1980 2 It is based on the 
toroidal elastic coordinates defined in Fig 2 The working equations of 
the current paper are developed by expanding the equilibrium and 
compatibility equations of toroidal elasticity in powers of l / R w h e r e R is 
the toroidal radius 
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[\,2 2 <* , > 4 * r » 1 / I^G 1 BOX 

[v^*+?^ia--a*)-^+rrv{s7ic^-7cf) 
-V(4) 

(2) 
where 

„ , r- 1 r 1 ?2 
V = ^ 7 + - — + --=Ti-cs s cs s cf 

0 = o, + ot + o, 

The functions VO) to l'(4) are developed in the Appendix and also 
separate into two parts associated with the two solutions 5( 1) and 5 ( 3 ) 

STRESSES FOR T E R M S IN c o s * A N D sin f 

T o deve lop the field of stress corresponding to terms in cos f and sin cp we 
assume that 

o, = p, cos J V + s2 S-j - s(s2, + s2 )j 

dt = cos 4> P2s
3 + £* + Btsisl + s2)\ 

O(, = cos<f> P V J + y ] 

t„ = B} sin «6p + ̂  - s(s2. + s2)~\ 

(3) 

Note that o, and z,t vanish on the boundaries 
The first equilibrium equation leads to 

(4) 

(5) 

(6) 

Fig I End couples acting on curved pipe 

4 / > , + P W 2 - * , 

Pstt-fis-K, 
i-P.-2p,-p,Hs2+s2) = K2 

where the coefficients K, to Kt are denved in the Appendix 
The second equilibrium equation leads to two additional equations 

5P,-P2-K. (7) 

- < A + 3p- 5 ) ( j j+*; )=-K 2 <S> 
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Adding eqns (6) and (8) leads to 

04 = - 0 , - 2 0 s (9) 

Taking p} = pyjr2 - Aj the equilibnum equations remaining reduce to 

4 0 , + 0 , - 0 2 = K, 

50, - P2 = A4 (10) 

* 2 

These are not independent because the following relation exists 

4K, 
A, - A4 = - - J 

St -r ... 

This condition can be reduced to 

' - 3 C - 2A' 

From the compatibility equation V2cr,= K(3), we obtain 

„„ 15 + 13i+2v2 

(11) 

2(1 + 0 

0 6 = - 3 C 2 ( l + v ) + 

-24C2( l+v) 

I5 + I3V + 2>2 

.6(1+v) <12> 

Forming linear combinations of the remaining three compatibility 
equations, a single equation results 

- " 1 + 2 V ; - 3 C 2 (13, 

We thus find 

and then 

16(1 +v) 

B - * ' i l + 2 v C 2 
Pi 6 96(1 + 0 2 

_ AT. 5(1+21) 5 . 
^ _ " T + 9 6 ( T T T ) _ 2 C 2 

fl 1 + 2 > C2 *£ + £ l 
P ' ~ 9 6 ( l + v ) 2 12 4 

(14) 

(15) 

The third compatibility equation is 

V2a,= K(3) 
from which 

0,,=Z>2(1 +v) (18) 

The firs) equilibnum equation leads to 

4/?, + 30, - 0. = A, 

- 2 0 3 + 3 0 , - 0 6 = 6fl2 (19) 

30„-0 s =(3-2v)Z> 2 

The second equilibrium equation leads to 

5 0 , - 3 0 4 = - K 5 

0 „ - 3 0 , = ( 1 + 2 0 0 : (20) 

We first find 

0 , = -v£> 2 (21) 

08 = (I-v)Z>2 (22) 

For a particular soluuon, the first compatibility equation requires 

0 1 2 = - 4 v 0 3 (23) 

The first compatibility equation can be reduced to 

- 1 2 0 , - 2 ( 0 3 - 0 ( , ) + r | 2
1 ( 0 3 + 0 6 ) = - 2 4 B 2 

-120, - ^ - 2 ( 0 , - 0J + TA-(0, + 04 + 0,o) = 6C 2 ~ 

From eqns (19), (20) and (24), we find 

* ^ B 2 

l - 5 v , 
2v 

0 , j ^ * 2 

(24) 
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Finally, 0, is determined from the compatibility equation 

-jfrf(20a + pi) + p3 + -J-(p} + p, + 2p,sis2
b) = C0 + D2 (16) 

The coefficients p1, to p, are summarized below 

ft _ * • * ' °2 , l + 2 ' 
P ' 4 12 2 96(1 +v) 

A". 5 5 ( 1 + 2 0 
P 2 _ ~ T _ 2 C 2 + 96(l+0 

0 3 =^0 5 -A 3 

A, A4 3 
0« = - T - T + jC2 

„ _ * 4 C 2 + 1+2' 

l+2v 
'32 ( l+v) 

6 2 96( I + v) 

3 + i 4 + v 
3C2(l + 0 K" 16(1 +v) 8 

0, = <C„ + /32)(l + v) + (I + 2V)05J2J2 + 20, w 2 j 2 + A3(3 + 2 0 

STRESSES FOR TERMS JN cos3<6 AND sin 3 * 

To determine the field of stress corresponding to terms in cos if and 
sin 3c>, we assume that 

o-r =cos3<6 

ot = cos 3f 

a, — cos 3<p 

0 , ^ + ̂ - ^ - c ^ - ^ - j ] 

04r' + ̂  + § + ̂  + 5C3^+£+£] 

3f^lS' + ^ + ^ + Ass + 3 C 3 s ' - ^ - ^ 

5 , i l 

(17) 

W + 1 

Here 0, to 0,2 will h* determined by the particular solution while A,\oD, 
are fixed by the boundary conditions 
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From eqns (19), (20) and (24), we also find 

0,o = ( l + v ) ( C 2 - i ) + 4iC3 

« 2 v - l .. 
6i ' 

B - 5 + 2 v * -

0 , = ^ s 

From a linear combination of the compatibility equations we find 

02 + 0 „ = D : 

or 
0: = >£; 

The remaining compatibility equations do not yield an> new expressions 
for the coefficients 0, to 012 

Next, using the four boundary conditions, 

o, = 0 at s = sc, sb 

ir4 = 0 at J = s„ st 

we determine A3 to D, First take 

X,=sl + s'.+s2s} 

* j = ( * ; + j j ) ( i 2 + j 2 ) 

and define funcuons 

R, = A20, +^j02 +03 

* 2 = * 1 0 , + 0 2 

Rs = •*20» + ^j0e + 0« 

^ 4 = ^10T + 0 B 
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Then 

6 * , * | - I0A,/C3 + 9 ; 2 ( / C 4 - J ? 2 ) 
4,~ 2(8/J - 9 - v , ) 

i ; j t
2 ( / | / i ( 3 ^ - 5 / i , ) + fi4(9,2<3-4/2) + f?2(9,;2/3-l2/j)) 

Bi~ 2 (8 / . ; -9* 2 / , ) 

- 3 / , / c , + 5 / , / < 3 - 4 / | ( / ; 4 - / c 2 ) 
C j 2 ( 8 / 2 - 9 / 2 / , ) 

(25) 

D, 
/ c , ( 2 / 2 - 3 / , ; 3 ) - / | / ; ( / ? 4 - « 2 ) - J < ) ( / ; / i - 2 / . 2 ) 

2 ( 8 / { - 9 / 2 / 3 ) 

CONCLUDING REMARKS 

The present paper determines the stress field S( 1) and the stress field 5(3) 
»here 5 is any one of the stresses <?,. c,. cv t „ Together with the stress 
fields 5(0) and 512) of Ref 1 we have the converging stress field 

5(Total) = 5(0) + 5(1) + S(2) + 5(3) 

The process can be continued to obtain additional terms but the algebraic 
details become cumbersome 

Numerical results will be presented in a subsequent paper 
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The coefficients for N( I) and /V(2) are hsled below 

31 +30v+4v 2 

A, = (3 + 6v)C2-
16(1 + 0 

*2 = 76lf+T><J '+i•> + 2',2 

A, = ( I - 2 0 D 2 - C 0 

^ = ( 6 l-9 ) C 2 +T6aTo ( , 3 + 2v-4'J) 

KS = {6>-3)C2-(1±?) 

The functions required for the compatibility equations are 

ro, 2t,4 smf 
K(l) = — ^ ^ 2o, cos1 f 

iq s '« 
re,. 2r,, sin f 

K(2) - --jr*. + - ^ 2a,,sin2 f 

K(3)= - - ^ + - r - i + T l i cos t6^« + 2<j, 
cq I +v cq \\ + » / cq *' 

C ( 4 ) . - <-j± + ? ^ [o, - ot), + <7,o sin 2cp 

where 

and the operator is 

6 , = a, +o4 + o, 

c , d sin (ft f 
-r = co%f- — 
cq cs s cf 

The functions K(l) to I'(4) reduce to 

„ . , 3 + 2v 2C0cosc> 
K') = - . . . . ,sctxip + — ' | + cos 8(1+v) 

+ COS 

. 2C0cosc> J , „ 7 2D2\ 
<t> + — " i y +COS0I -6C2S-jS + —3^1 

'{(".-l}-1?-^] 
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APPENDIX 

Omitting the common multipher cER, the stress fields from Ref 1 are 

ot = jcos<5 

2 + v (2 + v)52 J 2 ( l + 0 „ „ . ^ 

"'• = WTV)l5i + si)-MTT^ —cos2* 

+ vcos2*>( l2C 2 J 2 -^ 2 - j 

= s.n2*(-J + 2 ^ - ^ + 6C2,2-2^) 

The coefficients a„, C0, ,42, £2 , C2 and D2 have been defined in Ref I 
The function W ) required for the first equilibnum equation is 

N(\) = {ot—o,)lcoitp - •,„ 5in<4-o(|jcos2<(i 

cos ct» 
= X,j2cos4) + AjCos<6 + A 3—— 

+ A 5 i
2 cos3* + ( 3 - 2 v ) £ i ^ + ^ c o s 3 ( f t 

The function /V(2) required for the second equihbnum equation is 

A/(2) = (o4 — o-,), sin <* — rr< cos <p + ot JCOS f sin c(> 

• A4J* sin # — A2 sin d> + A3 — j — 

^>-8i^'—- , 

1/ A Lang 

2Cucos d> •.?£^»«„.<[(-„cI-!}-?|. 

46-4^^1 
n 3 ) = - 5 t , ' . 3 V t 2 ' jeosc>-24C2( l + i)*costf> 

2(1+ v) 

8£>2 (1 + v) cos 30 

"(4) =
 STTTTH * + ? ? s , n * + s,n ifi - 6Cj) + 71] 

, .1 iY3 * - \ 6fl2 24B2"| 
+ .1„3^5-6C1).-pi-yJ 

„ > , , . « , „ sin3c> 6/?, sin3d> 
- A5J*sin3tf> + (l -( 2 0 0 3 — 7 ^ + — 4 
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ABSTRACT 

Out of plane bending h\ an end couple applied to a 90° elbow or pipe bend 
of circular cross section is considered There is conversion of bending to 
twist so that at 90" the elbow is held in equilibrium b\ a twist couple 
Lstng the methods of toroidal elasticity, the sir stresses of the first order 
stress field are determined from the zero order field The zero-order field 
constitutes a permissible initial deformation as verified by strain 
compatibility equations 

The equations in the text are derived from the general theory of 
toroidal elasticm b\ apphtng the method of successive approximations 
The equations of the general theor\ arc expanded in a series in IfrX (where 
R is the toroidal radius) This leads to the w orkmg equations given in the 
paper 

NOMENCLATURE 

,tt>.e 
Or. c«-

«v. <*• «•« 
*.9 <r * <¥>\ 

^O-Px Ps 

: : ! 

Toroidal coordinates 

Stress components 

Strain components 

Operators defined in the text 
67 
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INITIAL ZERO ORDER STRESS FIELD 

Consider an initial state of stress given by 

», = ° « = f , . = '*> = <> 

a, = 2At sin <6cos 0 (I) 

t^ ,= - As sin 8 

As shown in Fig 1, this represents a bending moment at 8 = 0 such that 
K=M0R/f In addition at 0 = 90° there is a twisting moment 
W,= -M0- -IKI.) R 

This state of stress satisfies (he six strain compatibility conditions 

'•(%• 

<i? 

Vo>.= 

p 2 f , = 

/>!'» = 

PiPs't = 

+ T> 
+ T> 

= 0 

= 0 

= 0 

= 0 

= 0 

= 0 

where 

0~<s2+sTs+7cJ 

and the operators are 

-cosf 
c sin f B 
Bs s tf 

. c cos f i 

the required strains are 

<*»' 

IKs sin tp cos 6 

-2fcsinf l ( l+v) 

h 
A 
M0 

N 
R 
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Inner radius of cross-section 
Outer radius of cross-section 
Moment of inertia 
M0R/I, 
End moment (twnst or bending) 
Normal force on cross-section 
Toroidal radius 
r/R 
0. + 0+ + a. 
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and the force and moment resultants are 

Of dr if = 0 -rr 
W 0 = l J (<VSin<6)rdrd0 = - ^ 

f* /"** KI 
« T = « o = l I ( t ^ r ) r d r d « = — ^ 

INTRODUCTION 

The problem considered in this paper is one of ten unit problems for a 
pressunzed elbow acted upon by end loads A bending moment M0 is 
applied at the station defined by 9 = 0 (see Fig 1) Equilibrium is 
maintained by an equal and opposite moment at the station 8 = 90° This 
is a twisting moment so that there is conversion of bending to twist as the 
angle 8 increases 

The first order stress field is determined from the initial (zero orderl 
stress field using the methods of toroidal elasticity The general theory of 
toroidal elasticity for isotropic materia) is expanded in a series in 1 R 
(where R is the toroidal radius) The method of successive approxi­
mations is then applied to determine the equilibrium and compatibilm 
equations given in the paper 

Ftf I Twitting and bending momenta acting on a 90* elbow 

FIRST ORDER STRESS FIELD 

Determination of shear stresses (tr(), and (r„), 

The equilibnum equations for the stresses are 

\_s cs s cf], ' 

In addition the two stress compatibility requirements are 

( ^ - 7 - ? ^ ) , - ( r T T > - * -

All three equations are satisfied by 

< U , = - f ( ^ ( j i + ^ - j ' - ^ s i n c i s i n r l 

(r«>. = ~ g- ( 7 7 7 J K + s' ~ 3J2 + ^ r - ] c o s f sin 6 

Determination of stress <j0| 

The stress compatibility condition is 

Via, m0 

(2) 
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A solution consisting of harmonic terms can be found immediately 

o # i =U, j 2 s in2<p + ^ . u n 2 0 j c o s 0 (3) 

where k, and A2 will be determined later from the compatibility 
equations 

Determination of stresses o,r «8i, i , ( | 

The stresses <r,( o>, and t,4, satisfy the equihbnum equations 

( i i . r r ^ + l n t i - ^ = ACs sin 2f cos 0 
\s i \ i f * s J, 

| / - ^ + T-!-(t r ,s
2)N) = Aicos2<6cosr> 

V* rc> s2 cs " ) x 

In addition there are three compatibility equations 

/ _ , 4 r r „ 2 1 r>29\ „ 

{^•-77f-7{°--°>, + TT->17-)r° 
(v2„. + l % +

2 « . - . , , + ' ( . ! * • ' ^ ) . 0 <5> 
\ s I tp S ' I + l \ j « r orb* J), 

/ „ , 2 r „ 4T„ 1 / I r2G I fGYv 

Twist bending of o 90 elbow or pipe mend 

We next write 

(4) 

(6-

(K 2 B „ 2D\ ,_, 
o,t = \ —s2--g-C-—flan 2rp cos 8 

u ) , = ( y i I + 2As2 + - j + C ) sin 2<6 cos 6 

x.t, = ( -As2-*--;- C + - j Jcos2tpcosfl 

These satisfy the equilibnum equations The coefficients A, B, Cand Dare 
determined by the boundary conditions 

er, = T „ = 0 at i = J , and J = *» 

i 2<f> cos 8 o„,= <2 / l i - A ) ! 2 - ^ ' 1 sin; 

x.,,--lfcls! + sl-s2->J£ynf>,r,e 

'» = ~ J ( T T T X ' * + , ; ~ 3 i " + ^J™ * s 'n " 

where 4 B Cand D are defined in eqns (7) 
Both fields satisfs equilibrium equations compatibility equations and 

boundjr\ conditions The methods of toroidal elasticity can be continued 
to obtain the next second order fields but the algebraic details are 
cumbersome 

CONCLUSIONS 

The zero and first order fields of stress can readil) be computed b> a 
simple Fortran computer routine The equations of the paper have 
alread\ been programmed as one of a set of ten routines for the end 
loaded pressurized elbow 

While the figures of this paper represent a 90° elbow the angle 0 can 
easiK be extended beyond 90° to represent a curved pipe bend with the 
load plane maintained at 0 = 0 

It is also possible to interchange sin 0 and cos 8 in every equation This 
in effect places the twisting couple at the load plane 0 = 0 and the bending 
moment M0 at the station 0 = 90° 
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The coefficients are 

, _ Kisj + sj+Aslsl) 
2 (s2-si)2 

D_3KsisUs2.+s2) 

C = 

D = 

2 is2-si)2 

K'si + slHsi + sl+sjsi) 
2 (s'-si)2 

Ksjs-isi + si + sjsj) 
(4-si)2 

(7) 

Considering only terms in s2 all three compatibility equations lead to 
*, = - A + 2A\ Considering only terms in l/s2. all three compatibility 
equations lead to k2 = -2D\ This completes the determination of rjH] 

The terms in B and C in the stresses o, oti and i „ , satisfy the 
compatibility equations identical!) 
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SUMMARY OF STRESS FIELDS 

Zero order field 

M„R 
(2s sin tp cos 0) 

T„ ,= ^-(ssinO) 
' p 

Fir si order field 

(K 2 B „ 2D\ , ^ 
a,t = I — s' - - j - C j - I sin 2<p cos 0 

o,, = l y s i + 2As2 + -4 + C J sin 2c6 cos 0 

»,«, =1 -As2 + ~ - C + - j Jcos 2<6cos 0 
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Out-of-plane Bending of an Elbow or Pipe Bend under 
an End-loaded Shear Force 

H A Lang 

LANG—Research West 1201 Idaho Avenue Santa Monica CA 90403 USA 

(Received 8 March 1981) 

ABSTRACT 

There are ten unit problems for a 90" elbow subjected to pressu re, seismic 
loads and end loads The unit problem considered in this paper consists of 
an end-loaded shear force which produces out-of-plane bending 
Equilibrium is maintained at the other end of the elbow by a twisting 
moment and a bending moment 

The methods of toroidal elasticity are used to determine the zero order 
and first order stress states, the stress field being determined by a 
coni'erging series The results are readily generalized to refer to a pipe 
bend In addition the results are applicable by a limit process to a solid 
circular rmg sector 

NOMENCLATURE 

',<P,8 
"r. ",. a, 

' .«. ' • » *.» 
R 
i 

Toroidal elastic coordinates 
Normal stress components 
Shear stress components 
Toroidal radius 
rlR 
Inner radius of elbow 
Outer radius of elbow 
Bending moment 
Twisting moment 
End shear force 
Bending moment constant 
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A 

end loading and seismic effects—in addition to the pressure problem, the 
second unit problem discussed in-plane bending of an elbow acted upon 
by end couples3 

The present paper represents the third unit problem An end shear 
force is applied to an elbov. so that out-of-plane bending occurs The 
shear force acts in a load plane defined by 0 = 0 At 0 = 90°, equal 
bending and twisting moments exist in order to maintain equilibrium of 
the elbow (see Fig I) 

There is conversion of the stress state (as we traverse the elbow) from 
the stress state al 0 = 0 to the stress state at 0 = 90 ° Using the methods of 
toroidal elasticity we select an initial stress state and then determine the 
nrsl order stress field 

As shown in Fig 1, a 90° elbow is acted upon by a force F0 acting at the 
upper face (defined by 0 = 0) At the lower face, 0 = 90°, equilibrium is 
maintained by an equal force F0 In addition, we must have a twisting 
moment A/T= F0R and an out-of-plane bending moment A/B= F0R 
Selecting an initial stress slate, we determine the first order stress field 
using the methods of toroidal elasticity 

INITIAL STATE OF STRESS 

The initial state of stress is 

°. = °o= t-» = ° 

o,= — Assincdsinr? 

x,, = xJsi+sl-s2-S-^-y,nf 

»«« = t»s(l - cos0) + t o cos< /> I s i+ i J - y+ - T M 

This state of stress satisfies the boundary conditions 

o, - 0 at j = s, and s = s. 

t „ = 0 at s = s, and s = s. 

(1) 
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Twisting moment constant 
End shear force constant 

V2 

Pi 

Ps 

G 

d2 \ B IB2 

cs' s cs s2 of 

, c sin f c 
cosol- — 

cs s cf 

, c cos (6 c 
stnf— + - — 

cs s cf 
o, + oe + cr, 

INTRODUCTION 

Toroidal elasticity was firs) introduced in 1980 ' It was applied to the 
determination of stresses in an elbow under internal pressure 2 This 
problem was the first often unit problems for an elbow subjected to both 

F.O, 

' r r o r 

F«J I. End ihear force acting on 90' pipe elbow 
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Moreover the strain compaubihly equations are satisfied These are 

Voe„ = 0 

pi* .=0 

p,p2ee = 0 

Be, iH-l^f 1 = 0 
s s cf J 

&Q* , ' - ' " W 1 _ Q 
cs s s c f J 

(2) 

The force resultants are 

F> = >?2 (irtco%f- r^sin f)sisif = 0 

Fr = R2 I (tr,sin<(> + <!,|1cos<(>)sd5dc6 

= nRiiS'\2(s2.+s2)-\7]sds 

or 
F,=J7lR2(sl-s; 110 = 0̂ 

In addition, at the lower face, 0 = 90° 

(oessinc6)sdsdct> 

= R> ' (AsJsin20)dsdc6 

Kit It* 

(3) 

(4) 

(5) 

and 

"'-*lf (Xtes)stiscif 

'(si-s'.) = F0R (6) 
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If equilibrium can be maintained only by the initial slate of stress then 
from eqns (4M6), w c h a v c 

or 
K'2ia-\xa 

In determining the next field of stress we may retain the condition 
K = 2r0 because of the equalit) between the end bending and twisting 
moments The condition t„ = $i0 does not hold however 

STRESS STATE (1) 

The equilibrium equation for stresses ir t and rM is 

The corresponding compatibility equations are 

.J2s 2s2.s2\ + , 0 s .n2^ y - -^J 

( ^ o . ~ ^ 4 ^ ) r - f e e «, + (^)fos.ncpcos0 

-J2s 2sis2\ 
+ 'o 

A solution such that t,, vanishes on the boundary can be found 

r ^ - i f o S i n e J V - t f + ^ + ^ j 

4(1 
V— f0 sin f cos 0\s2 - (j.2 + 4) + -*JM 

h^sm2d.p-U.2+^) + ^ ] 

(8) 

(9) 

where X, - 12A\ and X2 = — 4£>v The boundary conditions of vanishing 
a, and x,t determine the coefficients A to D These are 

. (sl+sj + 6sjs2) 
A° \2(s2

t-si)2 

fl= -

C = 

4 is}-s2.)2 

Hsi+sbUl + sl+sjs2) 

D 2(s!-s>)2 

The stress state (I) does not contribute to the twisting moment, A/T, or 
the bending moment, Mt Moreover, the resultant force Fz vanishes 
Equilibnum requires that Fr = FB at every cross-secuon and this 
condition is satisfied because the terms involving cos 0 in eqns (9) and (10) 
vanish The remaining terms lead to 

F. =R ff (trt sinip+T^, cose»sdsd<> 

--l\nR2i0(si - Si) 

For the stress states (0) + (1), we have 

F0 = f t0nR2 (si - si) --faRHsi - s'.)x0 

Hence 

Mi nR2
 t . 

CONCLUDING REMARKS 

The selecting of 0 = 90° is convenient tn order to make the bending and 
twisting moments equal However, a little thought will make it evident 
that the solution holds for an incomplete hoi' >w tore of less than 90° or 
for a pipe bend subtending an angle greater than 90° 
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„, = it0cos <£> - 3tf + s2) - ^ . 1 

+ 4(1^) fo COS * °OS 6 ~ iS' + isl +Sl) + ?] 
[si+sl)^ x0scos2f (10) 

The remaining four stresses a„ a^ o« and x,t sausfy the equilibrium 
equations 

and the compatibilit) equations 

(-•T-(<TJ) + - - ^ * | = - f o s s i n 0sin2di 
\ s c s s cf s Js 

(-TTO-. + -2 — (x,oS2)) = - f 0 s sm0 cos 2c6 
\sSf ' s2cs r / , 

.lbili 

t' 
r , 4 cx„ 2 \ (\BQ \ 62e\~ 
[^'4+ 7Ttf + 7i,,'-a*) + TTv{sTi

 +7W) 
?o».,=0 

r, 2i 4 i (\ B2e i sex] . 
A solution can be found by taking the particular solutions 

er, = ot = - icjS2 sin f cos tp sin 0 

and adding solutions of Vj<p = 0 The result may be written 

/ s2 6B „ „ AD\ 
a,t = f0 sin 0 sin 2<?l - y — 3 7 _ 2 C - - j - l 

o4i = f o s i n 0 s i n 2 i p f - y + 12/<s2 + -jj- + 2CJ 

/ , 6B 2D\ 
x,4t = - f 0

s , n 0cos2ew 6 / 4 r — r + 2C—r) 

«•, = *o s i n B sin 2c6l X,7 + -J ) 

(11) 

(12) 

(13) 

(14) 
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The solution can also be readily applied to a solid curved nng sector by 
eliminating all terms m negative powers of s and setung s. = 0 In eqns 
(14), the terms involving B and D vanish The limiting value of A is 1/12 
and the limiting value of C is -si/A The stress field which results then 
sausfies the boundary condiuons a, = x,t = 0 at s = sb for the circular 
nng sector 
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ABSTRACT 

This paper deielops the stress fields for a 90° elbow or pipe bend acted 
upon by an end shear force, W, which produces deformation primarily m 
the plane of the elbow There are coupled fields of stress because the elbow 
is held iff equilibrium by an end normal force N, and by a bending 
moment, M •= WR The solution makes use of a precious result for pure 
bending of an elbow 

The methods used are those of toroidal elasfictt} which requires the 
development of certain equilibrium functions N{i) and the development of 
certam compatibility functions V{i) These are listed m Appendices 

There appear to be a total of eight fields of stress Three initial fields 
of stress generate five first-order fields of stress when the method of 
successive approximation is applied lo the general theory of toroidal 
elasticity 

r, tp. 0 
Br. o,. a, 
V *~ r«f 
'rr *»n ", 
a 
b 

NOMENCLATURE 

Toroidal coordinates 
Normal stresses 
Shear stresses 
Stresses in a canulever beam 
Internal radius of cross-secuon 
External radius of cross-secuon 
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force acting in the plane, 0 = 90° Equilibnum also requires a bending 
moment WR at 0 = 90° An initial field of stress generates, in part, stress 
rrf and tM as shown 

To determine the first-order stress field, an initial state of stress is 
introduced This stale of stress is an extension and adaptauon of the stress 
field in a straight cantilever beam acted upon by an end shear force (see 
Fig I), as given by Love ' Additionalinitialstressstatesmuslbeassumed 
to satisfy the boundary conditions and toroidal geometry of the elbow 

The methods used depend on the general theory of toroidal elasticity 
first introduced by Lang 2 The general theory isdifficult to use directly for 
solving boundary value problems 

It is necessary to expand the general theory m a senes in 1IR (where R is 
the toroidal radius) and apply the method of successive approximations 
This procedure yields the zero-order equations and the first-order 
equations used in the present paper 

There is a coupling of the shear like stress field in the plane 0 = 0 and the 
normal like stress field in the plane 0 = 90° This coupling is discussed in 
detail in the paper 

The determination of the first-order stress field also requires that we 

Fig 2 Noiauon for 90* elbow acted on by an end shear force la the plane 0 « 0 
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I 
K 

K„ 
M 
N 

mo 
R 

* 
V(t) 
w 

Moment of inertia 
WR2II 
K/K 

Bending moment 
Normal force 
Equilibrium functions 
Toroidal radius 
rlR 
Compatibility functions 
Shear force 

a P, K, &,, i2 Stress parameters 

INTRODUCTION 

This paper considers one of the ten unit problems of the 90° elbow An 
end shear force, shown in Fig 2. acts inwardly in the load plane, 0 = 0 
The elbow is in equilibrium under this force W, and an equal normal 

Cn»» Vrt lon 

Fig I End loaded ihear force acting on a cantilever heam of circular crm« «chon 

acjd a state of stress due to end bending moments to the other fields of 
stress which arise The solution for end bending moments (another unit 
problem of the elbow) wasdetermined in two earlier papers3 * The results 
are reproduced in their entirely in the present analysis 

In applying ihe method of successive approximations, terms appear on 
the nghl-hjnd side of ihe stress equilibrium and stress compatibility 
equations We call these equilibrium functions N(i) and compatibility 
functions, ^(i) The required functions are completely developed in 
Appendices I to S 

INITIAL STRESS FIELD FOR x« AND T^ 

To develop the initial stress field for stresses i,, and T,,, we begin with a 
cantilever beam of circular cross-secuon acted upon by an end shear force 
H'(as shown in Fig 1) From Love'the stresses on any cross-section are 

,'' = - 2 T i T v F / [ ? 7 + C 0 S * G v j 2 + i r ^ ) + sin*(: + v ) x v] 

'•'=-2TT+^[7S+C0S* (2+v)^- s in*G" i+(1y1)1)] 
where the function v is 

rcosf + , r2 cos if 
A 

2 coup _ / 3 + 2 v W P
2 c 

Using x = rcos f y = r sin f, the stresses become 

WR2 [73 + 2v\ J . . , sisl\\ 

p ± ^ ) sin f(s2. + si + ^ ) - 1 (1 - 2v)r2 s,n f 
WR2 

2(1 + v ) / 

(I) 
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The (downward) force is 

• F » = | l ( T"C O S di - r#, sin <p)rdrdd> = W 

In addition, there is bending stress 

W(L - g)x 
o, . 

We generalize this result b> replacing x by r cos tp and (L - :) by psin 0 
(where p = R + rcos f) to obtain 

WR2 sin 0 . 
-[JCOS<6(I + j cosed)] 

At 0 = 90°. we find 

/v = >?2 oasdsdf= -W 

"•'fir (o>j cos f)s is if = - WR 

The assumed expression for o, thus possesses the correct resultant force 
and the correct resultant moment 

The transition of stresses from the canulever of Fig 1 to the hollow 
toroidal elbow of Fig 2 is made by identifying the stresses according to 
the scheme 

We next modify the stresses rrt and t^, by adding the (respective) stress 
fields 

_WR 

'2(1 

(2) 

Stress fields for m-ptanr end shear force on elbow 269 

The last modification of the stresses rrf and rw consists of replacing the 
factor 2( I + v) by K where 

ic = [2(l + » ) - 3 « + PH 

Thus, finally 

where 

WR 
(3) 

*£• [*,(*2 - tf + 4) + ^ ) ] cos * COS 0 

fti r r 52.r:Tl 

The (inward) force F, = 2W 
We choose /! = 3ot so that K = 1 +v . one-half the valueforthecantilever 

beam From the condition 3/! — « = — 2v we have a=—>/4 and 
/? = - 3i/4 Then 

<5, = 2 < l + i ) and <52 = i<l+>) 

For future use, we note that 

— **-. and -i=-
K 4 K 4 

The initial stress, o. 

The stress o, consists of two terms 

WR2 WR2 

0t= — i cos (6 sin 0 — j 2 cos2 f sin 0 (4) 

Companng with Appendix 2, the first term corresponds to sinusoidally 
varying pure bending of amount 

cER = 
WR2 

It* HA Lang 

The (strain) compatibility condiuons for strains /rt and /^ can be 
expressed by the single equation 

cs s s cf 

and this reduces to 

IP*2 

\2\s + (3P - a)s] sin f = 0 
2 ( l + > ) / 

We satisfy this by imposing the condition 

( 3 0 - 1 ) = - 2 > 

The (inward) force is 

f » = (t,,cos<>-T<,sin«})rdrdc> 

With the added stress fields this becomes 

+ I P - i ( l -2v) ] j 2 | s in 2 0jdid(6 

Performing the integration with respect to f yields 

'•-^f[(^->''-*H'd' 

w 
2(1+») 

[2(1 + v ) - 3 a + /?] 

270 HA Lang 

The associated stress, sausfying the boundary condiuons, may be 
obtained from the stress field of pure bending by simply multiplying by 
sin 0 (see Appendix 3) 

For the second term of o>, we list the equihbnum and compatibility 
functions in Appendix 4 

Additional shear stress due to smosoidall) varying bending 

Bending varying as sin 6, produces an addiuonal shear field of stress The 
equihbnum equation is 

I I . . ' " „ WR2 

- — (r,«s) + - -r*2 = —— s cos f cos 0 
scs s cf I 

The compatibility equations for these stresses are 

WR2 

V2T _ I f » _ i S l £ » 
voTr» ~r r r ^ ^ 

V2r *° i 

s2 cf l(\ + i ) 

2Bx„ 

cos fcos 0 

WR2 

J*° T+77* ~~TUT7) 
A solution can be found in the form 

WR 

sin d>cos0 

«,.),= 8/ - (T+TT*1 _ < * • + s i > + T H c o s *cos " 

This stress field has a resultant shear force (inward) of amount 

F = - W c o s 0 

INITIAL NORMAL FORCE FIELD 

We assume an initial field of stress expressed by 

cr, = a„ sin e\~7 - (si +sl)+ ^ 1 

ot = sin b\ V 2 - a0(s
2. + si) - a0

 S-^-\ 

o, = sin 8(X0 + Xorisi + J, 2 )+ sin 0(A, + X,)s2 

(51 

(6) 
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The strain compatibility conditions may be satisfied by 
(3 + v)60 - (I + 3v)o0 - 2vU, + I,) = 0 

and 

A, + A, •= via0 + o0) 

From these two equations we find the useful identity 

(3-2i)ft0 = (l+2v)a0 

The equihbnum and compatibility functions denved from this stress field 
are listed in Appendix 5 

Because of the coupled stress fields it is necessary to introduce two 
terms in the expression for o, This will be made evident in the subsequent 
analysis 

Shear stress independent of f 

There is a state of stress, independent of cp, and given by 

J7~< W> + ~^f = cos 0[A-O(«, + S2)s
2 - 2K06,Ul +s2)) 

{ ^ - ' V - ^ + J 2 ) ] 
with compatibility equations 

r>2 'r« 2 f * « i J"*V„ c . . HR2s 2/.s~] 
VJt- - 7~ 7 if -cos \ f <3*' - *2>+ To+7) —r\ 

2Bx* . 
V 2 T -
V0'*S 

We assume 

and find 

('*>. = djs2 - *(r.2 - ,2) +fMVos 6 

WR2 

21 
4d0 = K0(6l + 62) + 

-2d0^-2K0il-X0 

^ ^ • " ^ T i T + V v 

(7) 

A solution can be found in the form 

where 

tril = cos 0 cos 2d> 

tt(i = cos0sin2cii 

flj3 - -7 + cs + -

* - - M i ' . ' ' . 2 

d=-]-K0iisis2 

, WR2 (1-v) , K0r , s s , 
f~ 1 !2(l + v ) + 2 [iS* *>] 

K062 WR2 (2 + 0 
°~ 2 + / 12<l+v) 

iA-0cV2*2-fl(j2 + ^ + jir2) 
, 2 r 2 

(9) 

b = slsl(-c-a(sl+s2)) 

Field of stress in (cos 3aVsin 3d>) 

There is a field of stress involving terms in cos 3f and sin if From the 
Appendices we have 

-^-P1- + - -r? - -* = rr-j2cos3ipsin0 
i w J ctj> s Ai 

\Ba, I B , ,% (P/JV ,_ „ 
- -r-f + - J T - ( t . j ) = —7T— sin if sin 0 i ac> s2 Bs '* AI 

The compatibility equations are 

r.2 4 " r « 2 . % ' ? 2 e rv 
V2er, - -^ - r r - - - j (cr. - cO + -: I - J - = 0 

' ? cip ? ' * 1 + v cV2 

* s3 Btp s2 * 1 + v \ j cs s2 Btp2 j 

V2<7, = 0 

„ 2 2 5 , , 4 i r t 1 I \~\B& 1 _ 1 . 
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The soluuon (for X,, d0, X~0, "a and c0) is 

T »yj<2v2 AV,v 5*,,o> 
1 _ 2/(1-v2) 4(l + v) 4(1 — 0 

WR1 K 
rf" = c7u^+T6TTto' ( 4-3 '^ + (4 + ^ ] 

WR1 K 

^=AW^)+m^)^-i2)6'+<4+v)S2] (8) 

(3-2v), 
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b„ = 

4i 

l+2» 
4i 

' ( ' ,+/ , ) 

< ' i + ' i ) 

The value of / , will be determined later 

Field of stress in (cos 2<p/sin 2f) 

There is a shear field of stress including terms m cos 2<t and sin 2d> From 
the Appendices we have 

1 r(i^) | 1 tXq 

s cs s Btp 

[ is Bl,l S2S2~] 

^LL + KB(i, - S2)s
2 + 2K06, -iji-

n l , T * 2 ?1*» 
VoU~V~71f 

v 2 r „ - ^ + ^ 
~ s2 s2 Btp 

a •*! WRl* j. Ko^<+i^ , _ 7A- X ^ H 

fl • , / ^ " ! j K0(6, + 62) sisll 

A solution can be found in the form 

125 
= cos -4^s3 

at — cos 3c6 sin 

3c6 sin 0) 

I20As2
 + ^ 

6Cs-
\0D WR 2> J 

+ 6Cs + 
2/> 

12/ J 

r 125 
= sin 3c6 sin 0 12/4j3 5- + bCs -

6Dl 

c, = ( f ' 3 cos 3cp H—j cos 3di I sin 0 
> 

where 
F=\6A\ 

G=-iD\ 

_ 1 wjt'r 3; i(Jj+J t
2)-4;2 i 

6 / L'2o;2-144;,(r2+j2)J 

1 if/;2 r ^ ; 3 - ijjui +si))-\ 

3 / |_ 128;2-144;3(ri+j;) J 

3 / Ll28;2-144;3(j.
2+i2)J 

»*7<2r x2(r;+,2)-;3x2 -I 
/ Ll2o^-l44/3(rJ+j2)J 

(10) 

(II) 

X^(si + si)(s2+s2.) 

COUPLED TOROIDAL ELASTIC STRESS FIELD 

The final field of stress consists of a coupling between the modified initial 
shear stress (of cantilever type) and the normal force field Using the 
Appendices, the equilibnum equations are 
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~. IT. <<V> + ' T ? - J " c o s <t> S l n ^ M l t f + 7t) - A - 0 V 
scs s cf 

„ s sis2 3 WR2s2 , , , , 
• M i -pr - 4 — 7 — + U„ + "oH*.2 + °»J) 

+ ( < , - a , 

- ^ «e - p £ I ' . / 1 •= sin tp sin 0| A-O 0 ,J2 - K0S,(s2. + j 2 ) 

-A- 0o, 
4 / 

• + ( 6 „ - A , ) J S 

-ia0 + X0){si+sl)-a-^il'\ 

The corresponding compatibility equations are 

,. , 4 r:„ 2 , 1 l\ B& 1 <>2e\ 
Vc°< + - ^ f + -7<°--'Ja +1 I" — + -2TTT 

* i- rc!> i2 * l + i \ i a s2 cf2 j 

= s i n 0 c o s r / / - 2 V - 2 ^ j r ^ ) 

_ , . J 2; . , j( l+v) / 2 + V \ / 2 » 7 C ' 2 J Y 
V*,. = s,n 0cos e | — - L _ 2 + ^ _ j r _ _ | 

„ , 2 c , t 4t„ i p r?2o i ae"i 
' s-cf ' s' 1 + v [jBscf s Bf \ 

= sin 0 sin tpl(a0 - b0)s + 2a„ ^ 1 

From the compatibility equation for o», wc have 

o, = cosc>sina t , j 3 + * 0 j + * 2 — (12) 

The first compatibility equation leads to 

6a, - 4 a 4 + 2a2 + - -|a, +a2 +* , ) = - 2 a 0 

2a4 + a , + a3 = 0 

- 4 a 4 - 2 a , + 2a,+-j-j-^(a, + a j + * J = 2a0 

The second compatibility equation generates only one independent 
equation 

6a2 + 4a4 + 2a, + - (a, +a2 + *,) = -2b0 

The third compatibility equation does not yield any independent 
relations There are only three equations to consider since the second 
equation above was already denved from equihbnum considerations 

The sum of eqns (14a) and (I4d) is reducible lo 

I WR2 

" 
The difference of the same 

From these. we obtain 

« , + a 4 

' " 2 _ 4 / ( l + v ) 

two equauons is reducible to 

1 WR2 ib0 

4 / ( 1 + v ) + 8 
"o 

" 8 

We have two expressions for the difference (a, — a4), one denved from 
the equilibnum equations and one denved from the compatibility 
equations Equating those two leads to an identity. 

We also have 

and 

K0(S, + a,) , WR21 v \ 4 + 
X , = 8 + 8/ \lTv) + 2(i^ 

A,+A, 

20 

4fl0v 
" 3 - 2 v 

J7* 

where 
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; . , / l + v \ I WR2 (2 + v\ 

' 4 \ v / 4 I V+vJ 
and the terms in k0 and k2 are harmonic 

We assume the stress field 

I cos $ sin 9 ff, = aL3-*(r2+i2) + f M l 

a, = a2s' + a3i(r2 + si) + as -^- cos f sin 8 

J s'-s(sl + si) +*— sinc4sin0 

(13) 

From the first equilibnum equation, on equaling like terms, there results 

31 
"4" • V r ; — * l ' i - « i ) 4 a , - a 2 + a 4 = - A ' 0 ( 5 , - ^ - ^ - + ( / l - a 0 ) (14a) 

- 2 a , - a 4 - a j = tf0r5, +/ . 0 + a0 (14b) 

a 4 - a , = - A"„o,-a0 1.14c) 

The same procedure applied 10 the second equihbnum equation leads to 

5a4 - a 2 = K0S2 + - —— + o0 - X, (14d) 

- a , - 3 a 4 = - a 0 - / 0 - / C 0 o , (I4e) 

a 4 - a 5 = - A V , - a 0 ('40 

We discard eqn (14f) which is the same as (14c). and form the sum and 
difference of eqns (14b) and (I4e) to obtain 

«, + a3 + 2a4 = 0 

- a , + a 4 = Ar0<5, +X0 + a0 

We also replace eqns (14a) and (14d) by their sum and difference The 
result is 

* o ( * , + o2) WR2 J. ,(2v-1) 
1 4 = 4 4/ 4v 

2a,-a2 + ia4 = -f(62-S,)---j- + -(b0-a0) 
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Solving for aD we find 
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2(3-2v)r(Sv2-v)JC p v - n A o O , ( l l v - 1 ) A:0cS2-] 
" o - ( 4 - 7 v ) [ 8 ( 1 - v 2 ) \ l - y ) 8 + ( I - v ) 8 J 

and then 

2(l+2v)["<5 v : !-v>K / 3 . - l U „ « , ( I I V - D M 2 " ! 2 ( l+2v )r (5v 2 -v ) / r ftv-iX 
" ° - ( 4 - 7 v ) | _ 8 < l - v 2 ) +\l-v) ( 1 - 0 

and 

/C0(o,+o2) *v 
8 + 8 ( l + v ) 

/ 4 + v \T(3v2 - O * 0 > - ' ) M i ( " ' - D M i l 
+ V 4 - 7 v J L 8 ( I - » 2 ) ( 1 - 0 8 4 ( l - v ) 8 J 

The coefficients can now be determined from the relations 

• K r f. ib° 7 „ 
* « - 4 ( T T 0 ° ' X _ 8 a ° 

«i = -25A r»< S ' _24' l : , >* 2 + T " " 2 T " 2 4 6 ( 1 + 0 

1 X 
2 4 ( 1 + 0 ' 

a0 3t>0 

fl«=T-X-flj 

a3 = — 2a4 — a, 

a, ^ao + a. + KoO, 

*2 = (l + 0 ( a 0 - e 5 ) + a c v - 0 j + 2a4 

ADJUSTMENT OF THE RESULTANT NORMAL FORCE 

The normal force is given by 

N = R2 [[(ci^cLrdip) = i i / ? 2 u ; - j . 4 / i o + io + y + y ] - K ' 
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reducing lo (WQ - H ) where 

( - 4 l v 2 + 63i - 2 5 ) ( 2 0 - 4 h - I5i2 + 3Q>3) 
C = ( 4 - 7 v ) ( l - 0 + 2 ( l - v 2 ) ( 4 - 7 v ) 

In the solution of the problem of pure bending 3 a term 
__ cLR'2 + v) , 2v 

c£* , /»°-inTo- ( , t+ ,- ) 

was adjusted to give zero normal force We ma> now readjust this 
constant to eliminate the term H Q so that the resultant normal force is 
simply - ^compression) on the plane 0 = 90° 

Lei the increment in X0 be o,/„ We require 

cER'nUl -si) AA0 + nR:(sl-si)h0 + Xo+t±+±) = 0 

Using cER •» - WR2/l we find 

In the solution for pure bending the equation for a, is to be adjusted by 
replacing the term 

'n=„., ,(sl+si) 

by the new value 
' " " s o + o1 

[wrk'ty + si) 

ADJUSTMENT OF THE RESULTANT MOMENT 

The resultant moment (at 0 = 90°) is given by 

Af = J » J j ' j (o,scoif)sdsif-WR 

•=*' | f cos2dT*1j
3 + *(>j + *j^" | j 2djd*-» ' /? 

2j,2r'r5| coslf' 

The corresponding six compatibility functions are 

no = o 
^(2) = 0 

V(A) = 0 

f(5) = A-0 cos 0 ^ (3o, - o2) + 1 (a, + a2)jcos 2f -

K(6) = A-ocos0sin2<6|-i(a, + a > - ? i ^ J . l 

APPENDIX 2 

Functions for pure bending modified by sin 0 

The initial stale for pure bending is a, = cERs cos tp When bending vanes 
as sin 0, we have 

ue = cERs cos f sin 0 

The three equilibrium functions for this stress field are 

/v"(l) = c£7ljcos2disin0 

W(2) = — cERs cos f sin f sin 0 

rV(3)= -f£/?icos</>cos0 

The corresponding six compaubihly functions are 

K(1) = 0 

^(2) = 0 

J'(3)=-c£/?(2- :^jsin0 

V(A) = 0 

cER cos f cos 8 
V(i)-

V(6) = — -

(1 + 0 
cER sin f cos 0 

( l + i ) 
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We select k0 so the first term vanishes Hence 

2*2.r.2r2 2kl(si-r-si+sjs2) 
*°- Ul+sl) 3 tf + j.2) 

CONCLUSION 

Now thai all coefficients in the stress equations have been determined, we 
may summarize the stress fields by equation numbers 

a, = eqn (6) + eqn (10) + eqn (13) + Bending Term (Appendix 3) 

o-# = eqn (6) + eqn (10) + eqn (13) + Bending Term (Appendix 3) 

o, = eqn (4)+eqn (10) +eqn (12) + Bending Term (Appendix 3) 

tf< = eqn (10) + eqn(l3) + Bending Term (Appendix 3) 

t„ = eqn (3) + eqn (5) + eqn (7) + eqn (9) 

t „ = eqn (3) + eqn (5) + eqn (9) 

The procedure used in this paper can be continued but the next term is 
algebraically cumbersome We note lhai computer routines (in 
FORTRAN) are easily generated for the solution given here 

APPENDIX 1 

Equilibnum and compatibilit) functions 

The three equilibrium functions for ihe initial shear stresses r,, and t „ 
are 

[ i , i . . i -
o . U i + j i l - a . j ' - - ^ - 1 cosr>sin0 

o S2S2 

/V(2) - K„\ i,s' - 6, (s2. + s'h) - - L f i sin 0 sin 0 

M3) = A O C O S 0 | - 2 < 5 , ( J , 2 + J 2 ) + (<5, + O2)J2) 

+ AVos0cos2<6 <<5, - a,)*'+ -j2-*-o. 

2R HA Lang 

APPENDIX 3 

Stress fields for pure bending modified by sin 0 

1 s2(si-s2.)2 4 J 

• - r . , n f f f"-2 i )r 2 I (3 + 2i)U2+r2) (3 + 2v)£^) 
• " Ks,nV\\6a+>)~T6 (TTo i6<i+v)*2J 

*m,Jit+tun+•.+&). axm*..)-] 
L Msl-sl)2 +As'(sl-si)' J 
r-3s2sjsl s2l 

<,), = - X s , n 0 s , n 2 » { - j + ( J > + ^ + ^ ^ » - ^ ^ + / - } ' 
{ 4 Msl-s2.)' Asl(sl-s2.)2 

3 sjsls2 ,slsl(si + sj + slsl) 
2 (si- s2.)2 + 27(sl-sl) j 

a- I 2 + l , 2 2> (2 + v)r2 

^ 2 c o s 2 0 ] 

a . ^ J " 3".'*'*' , *7.sl(si + sj r ft')! 
flcos2l dTsj?+7 (si-si)' J 

• A sin ( 

-Ksin0cos2<6 

(V), 

+ f (7.+sD-

A sine 
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APPENDrX 4 

WR1 

Functions for stress ff,« —s 2 cos1 <p sin 8 

The equilibnum functions are 

WR* / 3 s1 \ 
#(!)«= — sin $1-s2 cos $ + — cos 3^) 

N(2) = — sin 8(^7 sin f + j sin 3* I 

J2 j2cos2c&~] 
2 + - l — J 

WR 
N(i) = -f-cos8 

The compatibility functions are 

V(\)=0 

K(2) = 0 

vtui 2(2 + v) WR2 

V(3) = —— — s cos c> sin 0 

f(4) = 0 

^(5) = — - — j ( l + c o s 2 < 6 ) c o s 0 
WR2 

V(6)= —Z7z -jsin2c6cos0 
/(I +v) 

APPENDIX 5 

Initial normal force stress field 

The equihbnum funcuons are 

/V(l) = sin0cos0r(Ao+aoXj.2+J,2) + ( / , - a o ) r 2 -^ t" | 

N(2) = sin 0 sin tp[(b0 - i , )i2 - (a0 + <„)(J.2 + j-,2) - ?2£J£f| 

rV(3) = c o s 0 [ - 2 , j 2 - ^ ( J 2 + J 2 ) ] 

~>- H A Lang 

The compaubihly functions are 

P(l) = 2aosin0cosip] 

V(2) = 2 sin0 cos J 

1/(3) = 2 s i n 0 c o s J 

,[-V-a0^J 
J_^+0J 

1̂ (4) - sin 0 sin tp\(aD - b0)s + 2 a 0 ^ - l 

V(5)= - 2 c o s 0 ^ 

K(6) = 0 

REFERENCES 

1 Love. A E H , The mathematical theory of elasticity. Oxford University 
Press. Oxford 4th Edition 1927. pp 330-5 

2 Lang H A Stress anahsis of pressurized elbows for nuclear components 
using toroidal elasticity Proc 4th Int Conf on Pressure Vessel Technology, 
London 1980 Vol 2 pp 251-60 

3 Lang. H A , In-plane bending of a curved pipe or toroidal lube acted on by 
end couples, Int J Pres Ves 4 Piping. 15(1) (1984) pp 27-35 

4 Lang H A , Stress fields for a curved pipe subjected to in-plane end couples, 
Im J Pres Ves & Piping. 15(2) (1984). pp 93-104 



B.7 Stress Fields for a Normal Force Acting on 
the End of a 90° Elbow or Pipe Bend 

147 



Inl J Pres res 4 Piping 17(1914) 16) 172 Stress fields for normal force acting on 90' elbow 

Stress Fields for a Normal Force Acting on the End of 
a 90° Elbow or Pipe Bend 

H A Lang 

LANG—Reiedrch Wcsl 1201 Idaho Avenue 
Sanla Monica CA 90403. USA 

(Received 3 January 1984) 

ABSTRACT 

In a previous paper, eight stress field* II ere determined for a 90' elbtm or 
pipe bend acted upon bi an end shear force directed mw ardl\ The present 
paper determines the eight stre\sficld\ when an endnormalforce at n on a 
90'etbon or pipe bend The two problims are dual problems in the sense 
that they differ onl\ b\ adnislment of a stress field of pure bending 

NOMENCLATURE 

a Inner radius of cross section 
b Outer radius of cross section 
E, v Elastic constants 
/ Moment of inertia 

K ?£. 

K 

M Bending moment on end plane 
Q Function of v denned in ihe text 
R Toroidal radius 
r,f,8 Toroidal elastic coordinates (Fig 1) 
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Fit 2. Normal comprcaaive force acting on 90' elbow at load plane 0 >= 0 

/ !* ! ,> WR 

Fig 3. Addition of pure bending moment h4t, acting on 90' elbow 

W 
K.i„62 

Or.Oo.0, 

H A Lang 

R 

R 
Normal force on end plane 0 = 0 
Functions of v 
Normal stresses 
Shear stresses 

INTRODUCTION 

H A Lang 

A normal force W( = W) is applied to the end (0 = 0) of a hollow circular 
elbow, as thown in Figs 1 and 2 Equilibrium is maintained by an end 
ahear force Wand by a bending moment M = WR both acting at 0 = 90° 

We next apply a state of pure bending, for which stresses are known 
(from Ref I) This gives the configuration in Fig 3 If we adjust the 
moment M0~cEI (where c«constant) so that ,M0= M= WR, the 
moments at 0 = 90" cancel and Ihe configuration becomes that of Fig 4 
The solution to this set of loads is known (from Ref 2) where 0 was 
measured from the end of the elbow acted on by a shear force We now 
relabel this 0' Then it is only necessary lo interchange sin 0 and cos0 to 
maintain the load plane at 0 = 0 In summary, (he solution for end shear 
(Fig 4) can be converted lo the solution for end normal force (Fig 2) by 
adding a state of pure bending and by interchanging sin 0 and cos0 

M-Wft' 

Fig. 4. In-plane end shear force. W, acting ai load plane 6 = 0 

Interchanging cos 0 and sin 0 from the eight stress fields of Ref 2 and 
adding ihe pure bending field from Ref 1 now leads to the eight stress 
fields described below 

THE EIGHT STRESS FIELDS 

Stress held of initial (cantilever) type 

(**)o= M . < * i + * » " ) - ^ i 1 - * ' cosolsint) 

('•a)o = *J V - 'I'2. + ii +^r )1 5ln * s,n ° 
II R2 ( s2 s2 \ 

(°»)o c 7~ cos 01 5 cos <t + — + — cos 2tp 

where 

Faa I. rum Hi linn rnordinaln nffrft* rlhmi 

WR2 

K°~ IK 

K = I + V 

* ,=J< l -2v ) 

a 2 - J ( l - 2 v ) 



Stress fields for normal force acling on 90' elbow 167 

This field of stress reduces lo a shear force (al 0 = 90°) of amount 
2W(inwards) The normal force at 0 = 0 is N = - W The bending 
moment al 0 = 0 is M= -WR The stress term -(WR2/l)scosq>coiB 
generates a bending stress field varying as cos0 The stresses from this 
term are combined later in the analysis, with the stresses from pure 
bending 

Initial (normal force-like) stress field 

a,o = a o c o s 0 p - ( J
2 + r2) + J i 1 i l 

o,0 = cos 0 V J - o0(sl + si) - o0
 S-^-\ 

oH = coi8l(X0 + i0)(si+s2) + (Xl +X,)s2] 

2(3-2v) [O' - v)* (3v-l\Ke6, / l l v - A / C 0 o 2 ] 
4 -7v |_8(l-v2) {'-<>) 8 \ l - v ) 8 J 

2( l+2v)r(Sv 2 -v)A' i fiv-\\K0S, f\lx—\\K062] 

"°- 4-7v L»(i-v2) +\T=v-)~r+[~T=*~)~r\ 
WR2 K 

Stress fields for normal force acting on 90' 

First-order stress field depending on (cos<6/sin<6) 

where 

a, 

I , - . -

4 / ( 1 - v 2 ) 8 ( 1 - v ) ' 

WR2v2 KBS,v 562K0v 
2 / ( 1 - v 2 ) 4 ( 1 - v ) 4 ( 1 - v ) 

3o„ 7a0 i iv/;2 

^ " 4 / ( 1 +v) 8 
• A'„a, 

/C0(a, + a2) Xv , / 4 + v \ 
1 8 8(1+v) \A-lvJ 

• " ( S v 2 - ^ / 3 v - l \ K 0 a , (I I v - I ) A.',,6,1 
X L 8( I - v3) V l - v J 8 4 (1 -v ) 8 J 

This field of stress reduces, at 0 = 0, to a resultant force rV = WQ where 

Q-
-4Iv2 + 6 3 v - 2 5 2 0 - 4 1 v - 1 5 v 2 + 30vJ 

• + -

r„ = a, cos tp cos 0 j 3 - s(si + J,') + — 

•,, = cos tp cos 0 a2s
J + a2s(s2, + si) + f j i i l i l 

<pcos0["rJ-j(j2 + r2) + ^ i l 

,<= cost? cos 0 U , i J + V + * : — ) 

( » . * ) i - " 4 S i n 

where 

( 4 - 7 v ) ( l - v ) 2 ( l - v 2 X 4 - 7 v ) 

„ 5 *- A i f h j.X> 5 a ° *» * ( 2 + r ) 

».--24M,--j5Mi+7-2y -J4-i(iTTi 

1 A 
a2 = -4(rfi)- f l ' 
a3 = - 2 a , - a , 

, = "° 3*° „ 

a5 = a4 + K„o, + a 0 

_ 2*.,J.->; 2<c,(s{+^ + J.2J.
2) 

*° ~sl + sl~i sl+s2. 

i , /I + v\ 1 W/c-2/2 + v\ 

* ' - - T ( — J + i — ( T T T J 

*2 * ( ' ' o _ a s ) ( | + v) + o ,v- f l 2 + 2a4 

This field of stress has no force or moment resultants 
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Shear field resulting from bending varying as sin B 

WR2< 

8/ 
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Stress field independent of tp 

where 

ft*), 

(T„),-0 

WR 

r J2J2I 
</„ j 3 - j ( f 2 + i 2 ) + - i - i sinO 

* o 
; [ ( 4 - 3 v ) 0 , + ( 4 + v)52] 

This field of stress represents a resultant shear force in the plane of the 
elbow. We have 

r=*lJ> cos tp — t „ sin <6)j is dtp 

reducing to 

f = - l 4 / s i n 0 

Stress field depending on (cos 2<6/sin 2q>) 

where 

(rrf), = sin 0 cos 2w ai1 — 5 + C\J + -

( i M ) , = sm 0 sin 2tp\ -fs' — j - cs — 

K0i2 WR2 (2 + v) 
"~ 2 + / 12(1+v) 

iKJ,sisl-a(si + si + sjsl) 

d=-{K0it^l 

WR2Q-v) , X 0 , „ 
/ = 12/d + D +T°S'-S') 

g--Kw.6j.si 

This field of llress docs not have a force resultant 

0 A ( l - v 2 ) / 16(1->•)' 
This field of stress vanishes ai the boundaries where s = s, or sb It has no 
force resultant 

First-order stress field depending on (cos3<6/sin3<fi) 

10£> WR2s2\ 

7 
n , J „ 1 I2A ,s. 100 WR2sy\ 

o„ <*cos0cos3<pl —AAs' 5 — 6Cs 5 r^-f I 
12/ 

where 

r, ,J™ s 12B t „ ID WR2s'\ 
a., - cos 0 cos 3c4 20As3 + —5- + 6Cs + —. rr-r-

* ^ s' s' 12/ / 
/ , 12B 6 D \ 

;„, «= cos0sin3<M \2As 5- + 6Cs 5- I 

^(K' + T) 

3st(si+sl)-As2 

a,, = cos 0 cos 3 

Af-zK 

B-.K 

6 L 1 2 & J | - I 4 4 J , ( J 2 + J 2 ) _ 

2sisl(sl-s,s2(si+sl))' 

C~3K 

_ 128j5- l44j , ( j . 2 +i 2 ) 

V i "I 
I2c j 2 - I44 i , ( j , 2 +J 2 ) j 

D J slisl-rsp-s^s2 1 
[ 1 2 8 r 2 - 1 4 4 i , ( j 2 + j 2 ) J 

F = 16,4v 

G= - 8 0 v 

i-, = (s;+si)(si+ii) 

There is no resultant force or moment for this stress field 

file:///A-lvJ
http://g--Kw.6j.si


t force acting on 90' elbow PI 

Combined field of bending stresses 

"., •m -eos9lW+^+T6iTTT)7""T6lkT+Tj(5* + ,-'J 
r • (f»,+j.2) ,4 a , i , •' 

+ K(l-cos0)cos2e»L_4(ji_JJ)J(J»+ 1«+W + 7 
,slsl(si + si + sjsl) 3sjsj(sl+sl) 

7 (sl-si)2 ATisJ^s!?, 

al ' - 2 v i 1 //3 + 2vV , 2v 3 + 2. J,1!,'' 
B , , . * ( l - c o s 0 ) ^ T ^ ^ J

2 - - ^ ( J
2 + , i ) - _ _ -

+ A-(I-COS0)COS2^—- ^ j - ^ p -

• 3 sjsj 3sjsl7-\ 

is'ei-sVuFslj2] 
(V), - « . -cos0)sin 2 f \ - ^ + * « ; * + M - ¥ ^ 

3 # ' i j . i l . i t ^ . i . i l l 
2 ( ^ 1 ? 2.2u2-i.2)2 J 

^^S)[^(sl+si)-^] 
-cosOlUj+jJjdo + ^J + f1.,+Jf.,)j2) + /V(l-cos0)cos2<fi 

f i-(l + v) Syr.2,2*2 v sjs2(sj +sj+sjsl)] 

L 2 i JF^FV u2-*.2)2 J 
This field of stress has a resultant force /V= - WQ at 0 » 0. At 90°, the 
resultant is a bending moment of amount WR 

RESULTANT FORCE AND MOMENT 

The sum of all resultants from the eight fields of stress reduce to Ihe 
compressive normal force N = W at 0 = 0 and to a shear force If (inwards) 
at 6 = 90° In addition, there is a bending moment M=WR acting at 
0=90° 
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