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Abstract 

Machine health monitoring systems (HMS) have been implemented for detection and 

diagnosis of different machinery faults to improve safety and reliability and cut down 

cost. However, the accuracy and timeliness of many such systems are still inadequate 

due to various noises and the interference of multiple signals. Therefore, many such 

systems tend to be either sluggish in fault detection or over-vigilant leading to false 

alarms. In addition, the literature has shown a lack of dependable and consistent fault 

severity measures for different defects. The existing fault severity measures often require 

comparisons with reference data. However, the reference data are not always available 

particularly for new machines or new operations. This obviously undermines their use­

fulness. This often causes either over-vigilance or slow actions, hence further hindering 

the diagnosis process. To provide accurate and timely detection and diagnosis decisions, 

this study focuses on three important subjects of fault diagnosis, i.e., fault detection, 

fault isolation, and fault severity assessment. 

To improve the accuracy of fault detection, this study proposes three approaches: 

1) A joint continuous wavelet transform (CWT) and autocorrelation method for ex­

tracting periodic fault features from a noisy signal mixture; 2) A kurtosis-based wavelet 

thresholding algorithm for de-noising and for detecting impulsive fault features; and 3) 

A generalized differentiation method for in-line oil-debris signature identification. The 

joint CWT and autocorrelation method can effectively remove fake (or spurious) impulses 

and hence improve the accuracy in detecting true fault signatures. Unlike many existing 

de-noising methods, the kurtosis-based wavelet thresholding algorithm can reduce both 

Gaussian noise and spurious impulses. Early detection of incipient fault is therefore 

possible due to the substantially purified signal. Different from the fault signatures in 

rotating machine elements, the oil-debris signature does not appear periodically but has 

a unique shape;. Based on the generalized differentiation method, a signature extractor 

and an inflexion point locator are devised to extract in-line oil-debris signatures. The 

inherent low-pass filter property of two operators enables the algorithm to extract the 

oil-debris signature from the noisy signal without applying extra filters. 

To identify multiple faults from a single data set from a rotating machine, a single-

n 



channel signal separation method is proposed. Since the number of sources is not a 

priori information, the algorithm is suited for applications to mechanical fault diagnosis 

in which the number of fault sources is unknown. 

To develop a reliable and consistent fault severity measure, the Lempel-Ziv com­

plexity has been exploited and applied to the output from the CWT of the signal. A 

normalized Lempel-Ziv complexity gives a non-dimensional value between zero and one 

[0, 1], close to zero for a pure sinusoidal signal and one for a white Gaussian noise. The 

main objective is to develop a non-dimensional fault severity measure that is sensitive 

to fault severity and can be used in different applications without major modifications. 

Another objective is that the fault severity measure should be developed such that it 

can be used alone without relying on another set of reference data. 

The proposed techniques for de-noising, fault detection and isolation, and fault sever­

ity have been evaluated in our lab or using data from the literature. The results have 

shown that the proposed methods can effectively purify signals, detect faults from vibra­

tion and oil-debris signals, separate multiple faults, and properly evaluate bearing fault 

severity. 
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Chapter A I 

Introduction 

Early fault detection of machine elements is important to prevent catastrophic dam­

age of a machine or a mechanical system. A condition monitoring system (CMS) or 

health monitoring system (HMS) has been developed to deal with this issue in this 

study. Many of today's machines are very complex, and the failures of the machines or 

their components are often unpredictable. It would therefore be risky to use the overly 

simplified maintenance strategies such as scheduled maintenance. For example, the con­

dition of an airplane is directly affected by, among many other factors, the frequency of 

its flights, the weather conditions, the payloads, and the quality of the components. The 

statistics-based maintenance schedule may not best fit each individual plane. Hence, an 

automated and continuous condition monitoring system is essential to provide real-time 

information and improve the safety and reliability of a machine or vehicle. In this study, 

three important issues in fault diagnosis are addressed: fault feature extraction, signal 

separation, and fault severity. The following information is useful to help us understand 

the issues and define the research objectives. 

Martin (1994) reviewed the three types of maintenance schemes in a standpoint of 

development. They are unplanned maintenance, planned or scheduled maintenance, and 

condition based maintenance. 

The unplanned maintenance is the simplest strategy since maintenance takes place 

only when a breakdown occurs. It is obviously inefficient since the machine could be out 

of service at the unexpected times. 

1 



Introduction 2 

The planned or scheduled maintenance is adopted to partly resolve the problem of 

unplanned maintenance. In this strategy, maintenance takes place regularly based on the 

predetermined time interval. For example, aircraft maintenance plan is a typical practice 

of planned schedule maintenance. All aircraft components have their own planned main­

tenance schedule such as 500 hours, 1,000 hours, etc. It allows planning of maintenance 

resources and planning of downtime. However, it may lead to over-maintenance since 

many machine elements may be in excellent working conditions when the maintenance 

takes place. 

The condition based maintenance is the most advanced policy. It can reduce un­

necessary machine downtime and maintenance resources. It can also avoid the over-

maintenance problem present in the planned maintenance policy. Nevertheless, it is 

impossible to on-line monitor the conditions of all machine elements, particularly for 

complex machinery. The advantages and disadvantages of three strategies are summa­

rized in Fig. 1.1. 

A health monitoring system is widely used in various fields such as machining, 

robotics and aviation. Two typical examples are the engine health monitoring system 

(EHMS) for a fixed-wing aircraft and the health and usage monitoring system (HUMS) 

for a rotary-wing aircraft or a helicopter. The EHMS is extensively applied from commer­

cial airliners/military jet fighters to spacecraft (Volponi and Wood, 2005; Myers et al., 

1985; Wilson et al., 2003) to avoid fatal accidents that may be caused by engine failure 

as much as possible. The National Transportation Safety Board (NTSB) has reported 

1,396 civil helicopter accidents in the US from 1990 to 1996. Two thirds of these fell 

into low-priced helicopter mostly operated by Visual Flight Rules (VFR) without HUMS 

(Iseler and Maio, 2002). This indicates that the HUMS can reduce the fatal accidents. 

There were 192 turbine helicopter accidents globally in 1999. Of those, 49 were caused 

by engine failures and power loss, and 28 were directly due to mechanical failures, mostly 

in the drive train or gearboxes of the propulsion system (Learmount, 2000). That is, 

40% of total accidents were caused by failures directly related to the mechanical systems 

(including engine failure) of the helicopters. According to the NTSB's accident data 
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V 

Unplanned Breakdown Maintenance 

V 

Advantages 

1. Low cost policy 
2. Requires minimal management 
3. Useful on small non-integrated plant 

' f 
Disadvantages 

1. Usually high downtime 
2. No pre-planning time 
3. Crisis management 
4. Ad-hoc high cost repairs 
5. Large spares inventory 
6. Maintenance crew availability 
7. Equipment damage 

Maintenance Strategy 

'< 
Planned Scheduled Maintenance 

V 

Advantages 

1. Management control 
2. Reduces downtime 
3. Logistic planning is possible 

v 
Disadvantages 

1. Does not maximize asset life 
2. Difficult to cater for varying 

failure pattern 
3. Does not eliminate random breakdown 
4. Expensive in terms over-maintenance 

v 

Condition Based Maintenance 

•" 
Advantages 

1. Minimises downtime, spares, induced 
failures and production interference 

2. Allows management and 
logistic control 

3. Reduces life cycle cost and 
maintain expenditure 

4. Extends svstem life 

"' 
Disadvantages 

1. Specification of monitoring system 
2. Capital investment for instrumentation 
3. Instrumentation reliability 
4. 'Finger printing1 reliability 
5. Management effort 

Figure 1.1. Effectiveness of different types of maintenance (from Davies (1990)) 

covering 7,571 US-registered transport aircraft from 1980 to 2001, the biggest cause is 

hardware-induced accidents (52%), followed by propulsion system related failures (36%). 

The Federal Aviation Administration (FAA) data covering 40,964 incidents of the US 

airplanes from 1998 to 2003 shows that 67% of incidents were caused by the combined 

system and component failure, malfunction, and power loss (Belcastro and Allen, 2007). 

An HMS such as the EHMS and HUMS are therefore important to reduce the acci­

dents caused by hardware-related defects because warning can be signaled before a small 

defect develops to the critical fault. The EHMS began to get attention extensively with 

the advent of commercial high bypass turbofan engines in the 1970s (Volponi and Wood, 

2005) and the first HUMS for helicopter was certified in November 1991 for operation in 

the North Sea (Pipe, 2003). The main purpose of an HMS is to indicate the deterioration 

of a component so that an appropriate maintenance activity can take place to deal with 
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Health Monitoring 

-

Healthy or Faulty? 

Which Part? 

How Severe? 

Figure 1.2. Three principal issues of health monitoring and the scope of the thesis 

the problem. Since then, many studies have been conducted to improve the reliability 

of HMS, accomplishing a success rate of 70% in detecting defects (Pipe, 2003). 

1.1 Thesis outline 

A good machine health monitoring system should be able to answer the following three 

principal questions which are detailed in Fig. 1.2: 

1. Is the machine healthy or faulty? 

2. If faulty, which part of the machine is defective? and 

3. How severe is the fault? 

These questions can be answered by addressing three main issues: fault detection, fault 

isolation, and fault identification (Jardine et al., 2006). To address these three issues 

many methods have been proposed over the years. Nevertheless, further research is 

needed to improve the accuracy and reliability of these methods, which is the main 

purpose of this study. More specifically, this thesis focuses on the following topics to 

better address the above three issues: 

'ault Diagnosis 

Fault Detection 

Fault Isolation 

Fault Identification 

Methodology If 

Fault Feature 1 
Extraction I 

Single-Channel 
Separation 

Fault Severity 
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1. Fault feature extraction from 

• Periodic signal 

• Non-periodic signal (for both vibration and oil-debris signals) 

2. Single-channel signal separation 

3. Fault severity evaluation. 

1. Fault feature extraction 

Although HMS has been adopted in many industries over the years, there are 

two main problems present in many such systems: over-reaction (false alarm) and 

slow/no reaction (no alarm). False alarms inevitably cause unnecessary interrup­

tion of normal operations while slow or no reaction to an existing fault could lead 

to machine failures. The two problems are mainly caused by unreliable feature 

extraction algorithms for detecting relevant failure signatures (Turner and Bajwa, 

1999). Slow or no reaction is also caused by features blurred or tainted by noise. 

In this study, different de-noising and feature extraction methods will be devel­

oped for two of the most frequently encountered types of signals in machine fault 

detection, i.e., periodic signals and non-periodic signals (vibration and oil-debris 

signals). 

2. Single-channel signal separation 

Another reason of no-alarm or slow reaction is the lack of sufficient data measure­

ment (Turner and Bajwa, 1999). In reality, the data available for fault diagnosis 

are often limited because it is impractical to monitor every element of a complex 

machine. In addition, a measured signal is easily masked by other sources, which 

makes it difficult for an HMS to detect faults hence timely warning cannot be pro­

vided. In view of this, a single-channel signal separation technique is proposed to 

mitigate this difficulty and to improve the vigilance of an HMS. Single-channel sig­

nal separation is also an effective fault detection and isolation method for reducing 

no-alarm problem by retrieving a weak signature of fault from a signal mixture of 

multiple periodic features measured by single sensor. 
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3. Fault severity evaluation 

Identifying fault severity is directly related to the repair or replacement decision. 

Fault severity is normally evaluated by comparing measured fault feature data 

with reference data (or healthy condition). This requires keeping reference data 

for a wide range of machine operating conditions, which is obviously inefficient 

and impractical. In this study, a new method that does not require comparison 

with reference data will be introduced. The attempt is being made to devise a 

non-dimensional fault severity measure ranging between [0, 1] and hence it could 

be used for any applications without much modification. 

Bearings are critical elements because they not only support the rotating structures 

but also carry most energy generated during machine operation. Bearing failure may 

result in expensive damage in most machines, from a simple tape recorder to complex 

petroleum and refinery facility (Peterborough, 1965; Latino, 1996). Latino (1996) quan­

tified the financial loss of production caused by bearing failure in the petroleum and 

refinery facility. According to the FMEA (Failure Mode and Effect Analysis) result, the 

bearing failure accounts for 48% of total failure reasons, which costs about 46% of the 

total loss of production. Gear faults are another major source of machine failures. The 

significance of gear failure is well studied especially for rotoreraft. The main reason of 

rotorcraft accidents is gear failure in a power transmission (Zakrajsek, 1989; Zakrajsek 

et al., 1992). Based on the investigation of serious rotorcraft accidents, 32% of fatigue 

failures were due to engine and transmission components (Zakrajsek et al., 1992). 

Since bearings and gears are the two essential components in any rotating machinery, 

the proposed algorithms are evaluated using experimental data obtained from faulty 

gears and bearings. The remaining part of the thesis is organized as follows. Chapter 2 

briefly reviews the previous work pertinent to the three topics mentioned earlier, i.e., fault 

feature extraction, signal separation, and fault severity. Feature extraction methods are 

developed in Chapter 3 through Chapter 5 for periodic and non-periodic signals including 

both vibration and oil-debris signals. Chapter 6 details a new single-channel signal 

separation method followed by a new approach for fault severity evaluation presented in 

Chapter 7. Finally, Chapter 8 concludes the thesis. 



Chapter 

Literature Review 

This chapter presents a review of previous work pertinent to the three topics mentioned 

in the previous chapter, i.e., fault feature extraction, signal separation, and fault severity. 

2.1 Review of fault feature extraction methods 

The methods for fault feature extraction can be classified as indirect methods (vibration 

analysis) and direct methods (oil analysis) depending on the type of fault signal to be 

diagnosed. They are reviewed as follows. 

2.1.1 Feature extraction in vibration analysis 

Most fault signals collected by a vibration sensor from rotating machinery contain 

sparsely distributed non-smooth impulses. Such signals are often contaminated by noise 

from various sources with a white Gaussian noise behavior. The noise makes it difficult 

to detect fault signature from the measured signal. De-noising can improve signal-to-

noise ratio (SNR) by reducing noise components from the signal mixture and hence plays 

an important role in mechanical fault feature extraction. 

The de-noising tasks in the context of mechanical fault detection include removing 

both the Gaussian-like noise and the spurious impulses, i.e., the impulses caused by noise 

of non-Gaussian nature or other interferences. There are several de-noising methods such 

7 

2 
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as low-pass, high-pass and band-pass filtering, and wavelet thresholding. However, none 

of them can effectively remove both Gaussian-like noise and spurious impulses. 

Even for the removal of Gaussian-like noises, the existing methods are often inade­

quate. For example, the filtering methods are useful only for removing noises residing 

in limited and known frequency ranges. However, as the white Gaussian noise spreads 

over the entire frequency spectrum, the simple filtering methods cannot be applied to 

remove such noises. 

As an alternative, wavelet thresholding, due to its sparsity, locality, and multi-

resolution nature, has emerged as a simple yet effective de-noising tool. Much related 

work has been carried out for applications in image processing. In wavelet de-noising, 

two of the major issues are the selection of thresholds and the specification of threshold­

ing rules. Donoho proposed a soft-thresholding rule with a universal threshold, called 

VisuShrink (Donoho, 1995). This method can provide an optimal estimate of the signal 

to be identified in the minimax sense — minimize the maximum error over an iV-sample 

signal. Though it provides a smooth visual result, the universal threshold tends to yield 

overly smoothed results (Chang et al., 2000a) and may not be practical to be used for 

on-line machine fault detection due to its dependence on a large number of samples. 

The SURE threshold derived from Stein's unbiased risk estimator (SURE) (Stein, 

1981) is an alternative to the universal threshold. An associated de-noising method, 

SureShrink, can be considered as a hybrid threshold based on both universal threshold 

and SURE threshold. The idea is to select the better of the two and hence to improve 

de-noising results. The SURE threshold is not dependent on N (number of data samples) 

explicitly and is determined in a sub-band adaptive manner (Jansen, 2001). 

Chang et al. (2000a,b) proposed BayesShrink with a threshold determined by mini­

mizing the Bayesian risk when soft-thresholding rule is applied. They proved that their 

method can improve the de-noising performance for 2D-image de-noising problems. 

The most commonly used thresholding rules are soft- and hard-thresholding rules. 

Soft-thresholding in some applications yields near-optimal results (Donoho and John­

stone, 1994) and leads to visually smoother effect than the hard-thresholding rule does. 

This is because the latter is discontinuous and causes abrupt changes around the thresh-
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old. 

Yoon and Vaidyanathan (2004) proposed a customized thresholding rule that can 

be switched between soft- and modified hard-thresholding rules by selecting different 

thresholding parameters that are dependent on the input signal. They have shown 

that the customized thresholding rule with properly selected parameters gives better de-

noising results in terms of mean squared error (MSE) compared with the original soft-

and hard-thresholding rules. 

Though the wavelet de-noising approach has shown to be a powerful tool for noise 

reduction in image processing, the research on wavelet de-noising in the context of me­

chanical fault detection is still very limited. A few early studies have been reported 

in Lin and Qu (2000), Lin (2001), and Lin et al. (2004). As Lin et al. (2004) point 

out, the wavelet de-noising methods reviewed above are all based on orthogonal wavelet 

transform and assume that the true signal is smooth. With these methods, the transient 

components with rapid changes such as impulses are treated as noise. Clearly, such meth­

ods are not suitable for mechanical fault signals containing predominantly non-smooth 

impulses. 

For the above reason, Lin et al. (2004) explored the use of non-orthogonal wavelet 

transform and applied a maximum likelihood estimation (MLE) based thresholding rule 

introduced by Hyvarinen (1999) to de-noise mechanical fault signals. However, since 

Hyvarinen's MLE thresholding rule is based on the probability distribution function 

(PDF) of the impulses (the signal features to be identified), a priori information on 

the PDF of the signal of interest is required. Such information is not always available, 

particularly for unknown faults. Therefore, it would be a challenging task to apply such 

a method to de-noise unknown signals. 

It should also be noted that the basis wavelet function has a direct impact on de-

noising results. Most aforementioned methods used orthogonal wavelet basis functions 

and discrete wavelet transform (DWT). The orthogonal basis functions usually do not 

resemble the impulse signals and are unlikely to be effective for purifying mechanical 

fault signals. Furthermore, the DWT renders rather coarse grids in a large portion of 

the time-scale plane and lead to unacceptably low resolutions in the frequency range of 
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interest. In view of these deficiencies, Lin and Qu (2000) used the non-orthogonal Morlet 

wavelet as a basis function and applied continuous wavelet transform (CWT) to purify 

mechanical fault signals, which was demonstrated to be effective. 

2.1.2 Feature extraction in oil analysis 

Several different approaches are available in oil analysis including magnetic chip detec­

tion, spectroscopy (X-ray and infrared), laser optical analysis, and in-line oil analysis. 

Chip detection uses magnet to capture and isolate the metallic debris from the oil flow 

path. However, a magnetic chip detector is not effective at early detection of bearing 

damage because of its poor capture efficiency and is not able to detect non-ferromagnetic 

metal debris (Miller and Kitaljevich, 2000). Moreover, it is prone to false alarm due to 

the build up of ferromagnetic debris on chip detector. 

X-ray or IR (infrared) spectroscopy measures material's characteristic spectrum since 

each element emits energy at its characteristic wavelength when it is energized to a 

certain energy level (Humphrey et al., 1998; Whitlock et al., 1998; Akochi-Koble et al., 

1998; Garry and Doll, 1998; Powell, 1998; Toms et a l , 1998a; Toms and Maclsaac, 2005; 

Toms et al., 1998b). A well-trained personnel is necessary to interpret the spectrum of 

X-ray or IR spectroscopy. Hence, it is unsuitable for daily oil analysis. 

Laser optical analysis is a high resolution and high speed image processing technique 

(Reintjes et al., 1998; Tucker et al., 1998). A camera takes a digital image at high speed 

of 500 frames per second and an image processing technique is applied to extract the oil 

debris. This method can detect a particle less than 100 /im. However, it is impractical 

for on-line application because of the computational requirements for high-speed image 

processing. 

In-line oil-debris analysis has been widely researched and applied for the mechanical 

fault diagnosis of gearboxes (Howe and Muir, 1998; Dempsey, 2001; Miller and Kital­

jevich, 2000; Dempsey, 2000). Howe and Muir (1998) introduced an in-line oil-debris 

sensor to replace the magnetic chip detector for the engine gearbox of a military heli­

copter. Along with the sensor, a signal processing unit was developed for continuous 

digital signal processing such as phase adjustment, filtering, and signature detection. 



Literature Review 11 

The effectiveness of the in-line oil debris sensor has been demonstrated by comparing 

the accumulated mass of particles detected by the sensor with the total mass of oil de­

bris extracted by a filter. An oil-debris sensor measures three parameters: the number 

of particles, the approximate size, and the accumulated mass. The relationship of each 

parameter with the bearing condition is comprehensively studied and it is shown that 

the accumulated mass is a proper measure of bearing damage (Miller and Kitaljevich, 

2000). 

Dempsey (2001) applied fuzzy logic to verify that the accumulated mass of oil debris 

is a good indicator for gear damage and to identify a method to determine threshold 

that discriminates condition states, for example, healthy or damaged state. 

Efforts have also been made to combine oil-debris analysis with vibration analysis 

for more reliable fault diagnosis. Since a typical vibration sensor is vulnerable to the 

transmission noise, considering both vibration and oil-debris signals could improve the 

accuracy of fault diagnosis. Dempsey (2000) investigated the relationship between the oil 

debris and vibration and attempted to incorporate the two methods for the gear damage 

detection. 

To obtain correct measurement of the three parameters (the number of particles, 

the approximate size, and the accumulated mass), it is important to extract oil-debris 

signature from the measured noisy signal. A typical technique of extracting such a 

signature is a threshold-based algorithm, in which a signal with magnitude greater than 

the pre-determined threshold value is considered to be the oil-debris signature. It should 

be noted that extracting an oil-debris signature using a threshold-based method requires 

the following (Howe and Muir, 1998; Miller and Kitaljevich, 2000): 

1. Threshold values 

In general, deciding threshold value is not straightforward; the particle detectability 

depends on the selected threshold value. Therefore, inappropriate threshold value 

may undermine the usefulness of this approach. 

2. Digital filtering 

The sensor measures signal in a wide range of frequency depending on the sampling 
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frequency. The informative feature of oil debris appears in a narrow frequency 

range around the flow speed. The filters can remove unnecessary signals from 

frequency ranges (determined by flow speed) that are not of interest and can help 

detect oil-debris signature. 

2.1.3 Summary of fault feature extraction methods 

As reviewed above, much work has been done to improve fault feature extraction method. 

Main contributions may be summarized as follows: 

• Threshold based de-noising has been improved by introducing various threshold 

values and thresholding rules: 

o The Sureshrink method removes the dependency of universal threshold on iV 

(Stein, 1981; Jansen, 2001) 

o The universal threshold with soft-thresholding rule approaches near-optimal 

result (Donoho and Johnstone, 1994; Donoho, 1995) 

o Some thresholding rules alleviate the difficulty in determining threshold by 

considering MLE (Hyvarinen, 1999) 

o BayesShrink (soft-thresholding rule) with threshold determined by minimizing 

the Bayes risk improves de-noising for 2D image (Chang et al., 2000a,b) 

o A customized thresholding rule, a combination of soft- and hard-thresholding 

rules, proves to be more effective than typical soft- and hard-thresholding 

rules (Yoon and Vaidyanathan, 2004) 

• Threshold based wavelet de-noising has been applied to mechanical fault detection 

(Lin and Qu, 2000; Lin, 2001; Lin et al., 2004) 

• For oil analysis, the following methods were developed. 

o X-ray fluorescence (Humphrey et a l , 1998; Whitlock et al., 1998) 

o IR spectroscopy (Akochi-Koble et al., 1998; Garry and Doll, 1998; Toms et al., 

1998a; Powell, 1998; Toms et al., 1998b; Toms and Maclsaac, 2005) 
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o Laser optical analysis (Reintjes et a l , 1998; Tucker et al., 1998) 

o Oil-debris signal analysis (Howe and Muir, 1998; Dempsey, 2001; Miller and 

Kitaljevich, 2000; Dempsey, 2000) 

2.2 Review of signal separation methods 

2.2.1 Blind signal separation 

A rotating machinery system may consist of many components such as gears, bearings, 

and shafts. The data collected from these components during operation contains valu­

able information about the machine or component conditions. However, the measured 

data is often a mixture of periodic signals from several rotating components or sources. 

Therefore, the information for maintenance decisions is not readily available from the 

data and has to be extracted using appropriate signal processing techniques. Blind sig­

nal separation (BSS) is an effective tool for identifying sources of the signals blended in 

the collected data. The BSS approach has been successfully applied in many different 

areas including telecommunications, medical diagnosis, speech and image processing. 

Recently, it has also shown to be a very appealing technique for rotating machinery 

condition monitoring. 

The BSS problems can be classified into three categories: complete, under-complete 

and over-complete. If the number of sensors is equal to that of signal sources, the 

problem is a complete BSS problem. Otherwise it is either under-complete if there are 

more sensors than signal sources, or over-complete when the number of sensors is less 

than that of sources. In the context of machine condition monitoring, it may not be 

realistic to provide a sensor for each signal source for at least the following reasons: 

1. Enclosed environment - many machine components are placed in an enclosed envi­

ronment, e.g. the gears and bearings in a gearbox, where sensors cannot be easily 

installed. 

2. Interference with operations - Even if the sensors can be installed, they may ob-
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struct normal operations due to the over crowded vicinity of the machine compo­

nents. 

3. Excessive sensor cost and care - The use of large number of sensors is not only costly 

but also knowledge demanding. It involves excessive operating effort and signal 

processing burden as well. This inevitably complicates the monitoring system and 

discourages industrial acceptance. 

4. Impact on structural integrity - The mounting of certain sensors such as accelerom-

eters may weaken the strength and impair stability of some machine components, 

which defeats the very purpose of machine monitoring. 

5. Unknown number of signal sources - A single machine component may experience 

different types of faults at the same time or at different times. Hence, the number 

of signal sources changes with time. For example, a gear can be subjected to 

wear, fracture or both. Some faults may never occur before routine replacement 

of the component, making it unnecessary to install a dedicated sensor. However, 

the occurrence of certain faults is not known a priori and not always predictable. 

Hence, it is difficult to determine the number of sensors to be used even if it is 

economically justified and technically viable to have a dedicated sensor for each 

fault signal. 

For the above reasons, the number of sensors is mostly much less than the number of 

faults or signal sources in an industrial setting. This gives rise to the use of over-complete 

BSS for signal separation and fault detection. 

BSS has been applied to mechanical signal separation by several researchers. Gelle 

et al. (2000) separated two source signals from two signal mixtures measured by ac-

celerometers and microphones. Li et al. (2001) applied sequential BSS method to ana­

lyze the noise source of diesel engine from the measured signal using single microphone. 

In Cao and Liu (1996), the authors analyzed the separability of a set of mixed sources 

by linear filters and further provided guidelines for the design of linear filters. Cichocki 

et al. (1997) proposed a neural network based sequential method for BSS problems with 
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unknown number of sources. Li and Wang (2002) examined several ill-conditioned cases 

including the over-complete BSS problem. They further developed a cost function based 

sequential approach for separation of unknown number of signals. 

Recently, a BSS special issue has been published to address the unique issues in 

application of BSS to mechanical signals, "which are typically characterized by an ex­

cessive complexity as composed for instance to communication signals" (Antoni and 

Braun, 2005). Several papers in the special issue, including Antoni (2005), Peled et al. 

(2005), Bouguerriou et al. (2005), Boustany and Antoni (2005), Bonnardot et al. (2005), 

and Puigt and Deville (2005), are of particularly interest to this study. Antoni (2005) 

proposed to separate vibration signals into contributions or components from periodic, 

random stationary and random nonstationary sources, thereby making the BSS problem 

much more tractable. Peled et al. (2005) reported a blind deconvolution approach to the 

separation of impulsive signals, a common mechanical fault signature, by maximizing 

kurtosis through an iterative algorithm. It has been shown to be effective particularly 

when sensors cannot be mounted close to the source locations, such as bearings in a 

mechanical system. With their approach, the adverse effect of structural resonance can 

be removed and hence better fault detection results can be expected. Cyclostationarity 

is adopted in Bouguerriou et al. (2005), Boustany and Antoni (2005), and Bonnardot 

et al. (2005) as a powerful signal separation tool to extract mechanical fault signatures. 

For example, bearing fault signal is considered the second order cyclostationary. These 

cyclostationarity-based methods performed very well even for noisy signals. Puigt and 

Deville (2005) further suggested a time-frequency (using short-time Fourier transform) 

ratio-based BSS method to identify the columns of the mixing matrix for separation of 

attenuated and time-delayed sources. Serviere and Fabry proposed a modified principal 

component analysis (PCA) approach to separating periodic source signals from the noisy 

signal mixtures (Serviere and Fabry, 2004, 2005). They have shown that the modified 

PCA outperformed the traditional PCA method in the context of spatially correlated 

noise and modulated sources. 
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2.2.2 Single channel signal separation 

In machine condition monitoring, a single sensor such as an accelerometer can provide 

rich information about conditions of several machine components. For example, the 

measured data from an accelerometer mounted on a bearing housing is a mixture of 

signals reflecting conditions of the bearing inner race, outer race, rolling elements, and 

shaft. In addition, a single machine component may represent multiple signal sources, 

reflected by multiple faults of different characteristics. As mentioned earlier, this is 

further complicated by the fact that it is often unknown if a fault will ever occur and 

when it will occur. In this case, it is impossible and unnecessary to provide an individual 

accelerometer for each of these components. The separation of these signals from the 

single sensor signal source is called single-channel blind signal separation problem, an 

extreme case of the over-complete problem. 

As Roweis (2001) points out, the signal sources may not be recovered from the single-

channel observation using the unmixing algorithms even though it has shown to be ef­

fective for multi-channel signal mixtures. The reason is that the unmixing algorithms 

recover sources by re-weighting multiple observation sequences and thus they cannot be 

applied if only one observation signal is available. This view is also endorsed by other 

researchers. For example, Jang and Lee (2003) state that the conventional BSS methods 

require observations of multiple channels, at least two, and hence cannot be readily em­

ployed for single-channel problems. For this reason, Roweis (2001) suggests decomposing 

or re-filtering the signal mixture onto several sub-frequency bands and then applying a 

hidden Markov model (HMM) approach to generate masking signal for each of these 

sub-band signals. Though this method is very successful for speech signal separation, it 

cannot be used to separate mechanical signals. The reason is that the HMM theory is 

based on the stationary assumption, i.e., the state transition probabilities are indepen­

dent of the actual time at which the transition occurs (Ertunc et al., 2001). This means 

that the state transition probabilities follow an exponential distribution (memoryless). 

This assumption is perfectly justified in speech signals but invalid for mechanical signals 

because the state transition probability of mechanical faults is generally affected by his­

tory or accumulated effects. For example, the effect of fatigue is not memoryless. Jang 
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and Lee (2003) recently developed an independent component analysis (ICA) approach 

to the single-channel speech separation problem. This method has shown to be effective 

in separating two source signals. For a mixture with more sources, they suggested the 

use of the sequential extraction method. They also note that the separability depends 

on the selection and training of basis functions. 

2.2.3 Summary of signal separation methods 

BSS has been widely researched in various applications such as communications and 

mechanical fault detection. In summary, the previous work in BSS has accomplished the 

following: 

• Analyzed signal separability and provided guidelines for the design of linear filters 

(Cao and Liu, 1996), 

• Applied BSS to separate mechanical fault signals (Gelle et al., 2000; Li et al., 

2001; Serviere and Fabry, 2004; Antoni, 2005; Bouguerriou et al., 2005; Bonnardot 

et al., 2005; Boustany and Antoni, 2005; Peled et al., 2005; Puigt and Deville, 2005; 

Serviere and Fabry, 2005), 

• Separated vibration signals into periodic, random stationary and random nonsta-

tionary sources (Antoni, 2005), 

• Adopted cyclostationarity to separate bearing fault signal, a second-order cyclo-

stationary signal (Bouguerriou et al., 2005; Bonnardot et al., 2005; Boustany and 

Antoni, 2005), 

• Modified PCA to separate periodic source signals from noisy signal mixtures (Serviere 

and Fabry, 2004, 2005), 

• Applied BSS in time-frequency domain by using short-time Fourier transform 

(Puigt and Deville, 2005), 

• Applied sequential extraction to unknown number of signals (Cichocki et al., 1997; 

Li and Wang, 2002), and 
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• Applied BSS to single-channel signal separation (Roweis, 2001; Jang and Lee, 

2003). 

2.3 Fault severity evaluation 

2.3.1 Review 

A mechanical fault signal contains information not only about the machine health con­

dition (healthy or faulty) but also the severity of fault. Depending on the fault severity, 

a decision whether the faulty machine part should be repaired or replaced can be made. 

Accurate information of fault severity can effectively reduce machine downtime and main­

tenance cost as well. The most commonly used measure of fault severity is the energy 

value in frequency or time-frequency domain. Covacece and Introni (2002) illustrated 

fault developments of ball bearing of helicopter gearbox using auto- and cross-power 

spectrum. Two indices, auto- and cross-power spectrum, increase their magnitudes as 

the fault develops. In the work by Loutridis (2004a), energy was successfully applied 

to the fault feature (intrinsic mode function, IMF) obtained from the empirical mode 

decomposition (EMD) method. Dalpiaz et al. (2000) compared the cepstrum and spec­

tral correlation density (SCD) methods to reveal the sensitivity of two indices to fault 

development. According to the work by Dalpiaz et al. (2000), the cepstrum is insensitive 

to the crack evolution of a gear. On the other hand, SCD shows an increasing trend as 

the gear crack grows. 

Baydar and Ball (2001) applied a time-frequency analysis method, smoothed pseudo-

Wigner-Ville distribution (SPWVD), to evaluate gear failures. Two symptoms were re­

ported for faulty state. First, the energy concentration appears around angular position 

corresponding to the fault. Second, frequency interference increases between the fun­

damental and the higher harmonics. As a fault develops, these two phenomena appear 

more clearly. Baydar and Ball (2003) applied another time-frequency analysis method, 

continuous wavelet transform (CWT), to different gear fault conditions. They adopted 

both amplitude and phase plots of CWT to analyze the faulty state. The finding is sim-
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ilar to that of their previous work using SPWVD, i.e., the same two symptoms appear 

as fault develops. Boulahbal et al. (1999) applied CWT to the synchronous time average 

(STA) signal of gear crack and chip to obtain the amplitude and phase plots. The result 

indicated that energy concentration happened at the gear meshing frequency (GMF) in 

the amplitude plot and phase changes drastically around the fault location. In the work 

by Loutridis (2004b), a local energy density was calculated in the time-scale domain to 

evaluate the relationship between energy level and gear fault development. The energy 

is obtained from the wavelet coefficients at a specific time instant corresponding to the 

largest energy value over scales. A polar wavelet amplitude map was applied to the 

STA signal of gear faults to display the fault severity and the circumferential location 

around the rotating axis (Meltzer and Dien, 2004). In their cases, energy concentration 

appeared and became stronger as fault develops. 

Rubini and Meneghetti (2001) compared the envelope spectrum method and averaged 

wavelet amplitude spectrum approach in evaluating ball bearing's inner- and outer-race 

faults. Both methods were able to reveal the difference in spectral magnitude as the fault 

develops. According to their work, the inner race and the outer race showed opposite 

trend in spectral magnitude as fault size increases. 

Yan and Gao (2004) used the Lempel-Ziv complexity as a numerical measure to ex­

amine bearing conditions. This non-dimensional complexity level is close to zero when a 

signal is sinusoidal function and approaches 1.0 when the signal's nonlinearity increases 

due to the growth of fault. They demonstrated the possibility of using the complexity as 

a severity measure and further indicated that the fault size as a severity measure is pro­

portional to the complexity of the signal. Lempel-Ziv complexity provided possibility of 

fault severity as a non-dimensional measure and fault severity could be assessed without 

relying on comparison. However, several important issues are yet to be addressed. 

1. A distinguishable measure is necessary for noise. A signal produced by 

mechanical fault has non-dimensional complexity close to 1.0 as fault 

develops. There is an ambiguity in complexity values between noise and 

faulty signal because pure noise also has non-dimensional complexity of 

1.0. 
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2. A single measurement needs to provide satisfactory fault severity result. 

A complexity-based method requires many data measurements to get a 

reliable result on the fault severity. This could be an obstacle for the 

complexity-based severity measure to be applied in practice. 

3. A theoretical explanation between complexity and fault severity is nec­

essary. 

2.3 .2 S u m m a r y of p r e v i o u s fault s ever i ty research 

The following summarizes the previous work related to fault severity measurement for 

gear and bearing faults. 

• Evaluated fault severity of gear or bearing fault by comparing magnitude or energy 

of 

o Auto- and cross-power spectrum in frequency domain (Covacece and Introni, 

2002), 

o SPWVD in time-frequency domain (Baydar and Ball, 2001), 

o Amplitude and phase plots of CWT (Boulahbal et al., 1999; Baydar and Ball, 

2003), 

o Polar wavelet amplitude map of STA signal (Meltzer and Dien, 2004), 

o Wavelet coefficients of faulty gear signal at the local time instant (Loutridis, 

2004b), and 

o IMF of faulty gear signal obtained from the EMD in time domain (Loutridis, 

2004a). 

• Investigated effectiveness of two indices by comparison of 

o Cepstrum and SCD for faulty gear signal (Dalpiaz et al., 2000) and 

o Envelope spectrum and averaged wavelet amplitude spectrum (Rubini and 

Meneghetti, 2001). 
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• Introduced a non-dimensional numerical index to evaluate bearing failures (Yan 

and Gao, 2004). 

2.4 Motivation and objectives 

2.4.1 Motivation 

As reviewed in the previous sections, various approaches have been proposed to address 

the three aspects of fault diagnosis: fault feature extraction, signal separation, and 

fault severity. However, there are still many unsolved issues in on-line mechanical fault 

diagnosis as summarized in the following. 

• Fault feature extraction 

o Spurious impulses, caused by noise or other interferences, existing in the de-

noising result are often an obstacle to extracting accurate impulsive fault 

features due to their similarity in shape. 

o The commonly used MSE measure is not an appropriate evaluation criterion 

because it does not consider spurious impulses. 

o Most threshold based de-noising methods were developed for other purposes 

such as image processing. Hence, they are not suitable for extracting impulsive 

features of mechanical faults. 

o It is difficult to determine a proper threshold and select a suitable thresholding 

rule for threshold based feature extraction (both vibration and oil signals). 

o A threshold based algorithm for extracting oil-debris signatures may not be 

able to extract weak signature tainted by noise, making it ineffective for early 

fault detection. 

• Signal separation 

o Most BSS algorithms are computation-demanding because they were based 

on iterative processes, which is not suitable for on-line application. 
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o The number of sources is often unknown in mechanical fault diagnosis. Even 

though a sequential extraction method is available, it may accumulate error 

in the sources extracted at a later stage of calculation (Ye et al., 2004). 

o Single-channel signal separation research in mechanical fault diagnosis is very 

limited. 

• Fault severity evaluation 

o Most methods are based on the comparison of two different health states, 

for example, healthy and faulty states. This requires keeping reference data 

measured from known machine state in a wide range of operating conditions. 

This is obviously inefficient for practical applications. 

o As an alternative, a complexity based method provides a non-dimensional 

fault index without comparison. However, it has the following drawbacks: 

* Multiple data measurements are required for a reliable index of fault 

severity. This imposes a burden for on-line applications. 

* An additional algorithm is necessary to distinguish the complexity by 

fault from the complexity by noise since both a severe fault signal and a 

noise signal have a non-dimensional complexity index close to 1.0. 

* A relationship between fault severity and complexity needs to be ex­

plained. 

2.4.2 Objectives 

Much work has been carried out for most areas of fault diagnosis. However, it is inade­

quate to use existing methods to handle impulsive fault signals in real-time applications 

without prior information on the faults. In this thesis, new methods are developed for 

mechanical fault diagnosis in the following three aspects: 

1. Fault feature extraction from both vibration and oil-debris signals, 

2. Single-channel signal separation, and 
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3. Fault severity evaluation. 

To develop effective algorithms for on-line applications, the following goals will be 

considered for all the three above aspects: 

1. No iterating processes will be used in any algorithms to avoid lengthy computation, 

2. Single set of measured data from a single sensor will be used for simplicity, and 

3. Reliable performance should be maintained under a noisy environment. 

A. Objectives for fault feature extraction 

To reduce false alarms and slow/no reaction in fault feature extraction, the objectives 

are to develop: 

1. an algorithm to extract features by CWT and autocorrelation focusing on the 

• reduction of spurious impulses and 

• selection of the best scale related to fault feature from CWT. 

2. a methodology to extract features by threshold based de-noising which should 

• be suitable for extracting sparsely distributed impulsive features, 

• define proper threshold values and thresholding rules, and 

• define an evaluation criterion. 

3. a method to extract a non-stationary oil-debris signature which 

• mitigates the difficulty present in determining threshold and thresholding rule, 

• requires no additional filtering process, and 

• preserves the magnitude and phase information of oil-debris signatures. 
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B. Objectives for single-channel signal separation 

To improve the vigilance of a machine health monitoring system, a single-channel signal 

separation method, a joint wavelet decomposition and Fourier transform approach, will 

be developed to separate multiple periodic fault signals (e.g., gear or bearing signals) 

from a single-channel mechanical fault signal mixture. The goals arc again effectiveness 

and simplicity. More specifically, these methods should: 

• be iteration-free, 

• not rely on a priori information such as the number of sources, and 

• only use the data from a single sensor. 

C. Objectives for fault severity evaluation 

The objective is to improve the Lempel-Ziv complexity based fault severity evaluation 

method to: 

• describe the relationship between complexity and an analytical model of bearing 

faults, 

• develop a non-dimensional quantitative index, 

• assess fault severity based on a single data set from a single sensor and hence 

eliminate the comparison process as well as the requirement for reference data set, 

and 

• distinguish the complexity by fault feature from the complexity by noise. 
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Fault Feature Extraction 
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Most mechanical fault signals measured by sensors, e.g., vibration signals collected by 

an accelerometer and an oil condition signals provided by an in-line oil-debris monitoring 

(ODM) sensor, are mixtures of multiple signal sources. For example, the vibration sig­

nal is normally acquired from the machine casing. Such a data mixture contains signals 

from different sources including machine faults, casing vibration, and interaction be­

tween machine components. The fault signature is clouded by other signal components, 

leading to a very low signal-to-noise ratio (SNR) (Dalpiaz and Rivola, 1997). Accurate 

and timely detection of fault signatures is often hindered by such a low SNR. For this 

reason, this part of the thesis will focus on fault feature extraction and de-noising. More 

specifically, a joint CWT and autocorrelation approach is proposed for extracting fault 

features from periodic signals (Chapter 3), a kurtosis based hybrid thresholding method 

is developed for de-noising mechanical signals (stationary and non-stationary) (Chap­

ter 4), and a generalized differentiation method is adopted to design an in-line oil-debris 

monitoring algorithm (Chapter 5). The details of the proposed methods are presented 

in each respective chapter. 



Chapter 

Identification of Mechanical Fault 

Signatures using C W T and 

Autocorrelation 

It is important to extract fault features from signals that are polluted by noise or 

unwanted spurious signal components. Though the literature has reported various de-

noising methods, they mostly focus on the reduction of Gaussian-like noise or noises 

reside in certain known frequency ranges. The removal of spurious impulses has not been 

adequately addressed. However, Gaussian-like noise and spurious impulses often co-exist 

in the collected mechanical signals. This obviously undermines the usefulness of the de-

noised results provided by a method which is incapable of handling the spurious impulses. 

The spurious impulses are often non-periodic in nature, which adds additional complexity 

to the problem. In this chapter, a new feature extraction method is developed to purify 

the signal by reducing both Gaussian-like noise and spurious impulses. To this end, 

the autocorrelation coefficient function of the continuous wavelet-transformed (CWT) 

signal at the best scale level is used to estimate time instants when the impulses appear 

regularly. The best scale level is used to capture the trace of fault signature produced by 

mechanical fault of rotating machinery and is selected based on the energy and kurtosis 

of all the scales. Since a wavelet transform represents the similarity between the signal 

^ e e Appendixes B.l , B.2, B.3 and B.8 for MATLAB scripts. 
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and the wavelet function, a function with an impulse-like shape, in this case, the higher 

energy (or higher similarity) and the higher kurtosis value (stronger impulsiveness) can be 

used to select the best scale. Using both energy and kurtosis will overcome the weakness 

of using one of them alone. For example, kurtosis is a good indicator of impulsiveness 

but it does not provide any clue for the relevance of a selected wavelet function. On the 

other hand, using energy alone, as detailed later, would be in favor of the highest scale 

(associated with the lowest frequency) where the fault feature signals may not always 

reside. A comb filter is then designed using normal distribution function and is applied 

to the signal in the time-scale domain to extract periodic fault features. The simulation 

and experimental results reported in later sections indicate that the proposed method 

can significantly reduce number of miss-identified or spurious impulses caused by noise. 

Therefore, it can improve the feature extraction performance by reducing uncertainty 

due to spurious impulses. 

It should also be noted that many previous wavelet de-noising methods focused on 

image processing where the signals are assumed to be smooth, i.e., non-impulsive. They 

are not suitable for de-noising mechanical fault signals featuring sparsely distributed 

impulses. In fact, the spurious impulses, i.e., the impulses caused by noise of non-

Gaussian nature or any other interference often appear in the de-noising results obtained 

by the wavelet methods. The main reason is that the threshold based methods de-noise 

signal only by manipulating signal magnitudes in wavelet domain. Typical filters such as 

low-pass, high-pass, and band-pass filters are not suitable to remove spurious impulses 

either because they are designed for certain frequency bands whereas the non-periodic 

spurious impulses may not settle in any such frequency bands. 

The existence of spurious impulses is a major obstacle that makes identifying me­

chanical fault feature extremely challenging not only because of their non-periodic nature 

but also due to their similarity to the authentic fault impulses in shape. To remove spu­

rious impulses effectively, information on the time locations (or instants) of impulses is 

essential. However, this information is very often unavailable because the measured data 

is normally contaminated by noise. 
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This chapter introduces a method that can identify the time moments of periodic 

impulsive fault signatures from the measured noisy signal mixture. Once this information 

is available, a comb filter can be applied to extract fault features in time-scale domain. 

Since the comb filter is applied to the estimated time moments, the spurious impulses 

can be removed effectively from the extracted fault feature. The proposed method does 

not use threshold or thresholding rule. Therefore, it can remove any uncertainties that 

may exist in selecting threshold or thresholding rule. 
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3.1 The proposed method 

A signal measured from a defective rotating machine consists of a series of impulses and 

noise. An impact between the fault and mating mechanical part generates an impulsive 

signal. For example, the sudden contact between a chipped gear tooth and a mating gear 

tooth will create an impulsive signal. An impulsive fault feature is normally contami­

nated by noise produced by several sources such as environmental noise, other rotating 

mechanical parts of the same machine, and instrument noise. A noisy signal mixture 

can be described as: 

x(i) = s(t) + n(t) (3.1) 

where x(t) is the measured signal mixture, s(t) is the impulsive fault feature and n(i) 

is the noise assuming to be white Gaussian. The assumption of white Gaussian noise 

is based on the observations that the noise components are, as mentioned above, con­

tributed by several different sources. It is well known that if a noise signal n(t) consists of 

multiple signals from different sources, the signal mixture n(t) will approximately follow 

Gaussian distribution according to the central limit theorem (Papoulis and Pillai, 1998). 

The overall procedure of the proposed method is as follows. It is usually difficult to 

detect the weak impulses from the measured noisy signal mixture. Therefore, the first 

step is to extract the trace of such impulses from the noisy signal mixture, even though 

it may be too weak to observe. This is done using continuous wavelet transform (CWT). 

However, as different scale levels of CWT exhibit different signal natures of the associ­

ated frequency contents, it is necessary to select a scale that best reflects the impulsive 

nature of the mechanical fault. For the selected scale level, the autocorrelation coefficient 

function is calculated to reveal the periodic nature more clearly. The periodic peaks of 

autocorrelation coefficient function would identify the instants when the impulses ap­

pear regularly. Then the comb filter is applied to extract the periodic signature. To 

apply the comb filter in time domain, an acceptable time interval (or bandwith if the 

filter is applied in frequency domain) has to be determined. Fig. 3.1 explains the overall 

procedure that is summarized as follows: 
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Step 1: Perform CWT of the noisy signal mixture. 

Measured signal x(t) 

Apply CWT and obtain W(a,b) 

Obtain energy and kurtosis from W(a, b) 

Ea, Ka (a = amm,amn+l,...,am!lx-l,am.AJ 

Select the best scale 

—a- = 0 and is: >3.0 and maxiK ) \ 
da " { a'\ 

Calculate autocorrelation coefficient function at abesl 

pww(r) = E[\W(abes„b)\.\W(abesi,b + T)\] 

I 
Obtain squared envelope of auto-correlation 

coefficient function 
Zp(T) = [pHW(T) + ypira,(T)]2 

Find peak locations related to 
impulses produced by fault from z2(t) 

Determine acceptable time interval for filtering and 
extract periodic fault feature 

End 

Figure 3.1. Block diagram of detection of impulse location 
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Step 2: Select the best scale based on the energy and the kurtosis distributions 

of the each wavelet scale. 

Step 3: Obtain autocorrelation coefficient function of the wavelet coefficients at 

the best scale. 

Step 4: Find peaks of the squared envelope of autocorrelation coefficient func­

tion corresponding to the hidden impulses. 

Step 5: Determine the acceptable time interval around the peaks obtained in 

step 4 and apply a comb filter to the wavelet coefficients at the best 

scale to extract periodic fault feature. 

3.1.1 Continuous wavelet transform (CWT) 

A measured signal x(t) is first transformed into time-scale domain by continuous wavelet 

transform (CWT). 

W(a,b)= I x (t) w*afi (t) dt (3.2) 

where "*" indicates the complex conjugate, W(a, b) is the wavelet coefficient, and wa^{t) 

is the daughter wavelet defined as 

wa,b (t) = —TJ^W ( ) (3.3) 

\a\ ' V a J 

where a is the scale factor, b is the translation factor in time, and w(-) is the mother 
1—1/2 

wavelet function or wavelet basis function. The factor \a\ ' is used to ensure en­

ergy preservation (Goupillaud et a l , 1984). In this work, CWT is selected because it 

guarantees higher resolution in time-frequency plane compared to the discrete wavelet 

transform (DWT) (Lin and Qu, 2000). The real Morlet wavelet is selected as a basis 

wavelet function for CWT because it is similar to the mechanical fault signature in shape 

(Lin and Qu, 2000; Lin et al., 2004), which is given by 

w (t) = exp I ) cos (uj0t) (3.4) 

where 7 = 1 and u0 = 5 are selected for admissibility conditions (Goupillaud et a l , 

1984) in this study. 
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The measured signal, x(t), contains a series of impulses produced by mechanical 

fault with frequency / and period T — 1/f. Hence, it can be modeled as a sinusoidal 

function with frequency / as follows (Braun and Datner, 1979; Braun, 1980; McFadden 

and Smith, 1984; Wang and Kootsookos, 1998): 

x(t) = ^jA-8(t-nT)+n{t) (n = l ,2 , . . . ) 

?a COS(2TTft) + n(t) (A = 1, zero initial phase) (3.5) 

Ri cos(u>it) + n(t) {uj\ = 271-/) 

where the initial phase angle and the higher harmonics are neglected for simplicity. By 

substituting Eqs. (3.4) and (3.5) into Eq. (3.2), the wavelet coefficients of the measured 

signal, x(t), can be obtained as follows (See Appendix A.l for derivation.): 

W(a,b) = / x(t)w*ib(t)dt 

1 f , x / 1 / i — 6\ 2 \ /io0(t-b)\ , ,, , 
~ —p= I cosfcjit) • exp — cos at + n it) 

sfaj V 1 ; yy 2\ a J J V 2a J W 

~ —P < cos(cuib) • -V2Tra2 • exp I — ( uj\ — —-
\/a { 4 \ V 2a/ 

1 / r 

+ cos (uib) • -\Fhic? • exp I - (ut + —- j 

+ -\J2TU£ sin (uib) • exp ( — - ^ J 

— -v /27ra2sin (wife) • exp I — (a>i — — j / 

« V 7 (3.6) 

-V^v 
UJQ 

4-W s i n ( W l 6 )-e XH"V"1 + 2a7 / V«2 

+ n'(t) 

where n'(t) is the wavelet transform of the noise n(t). The periodic nature of the me­

chanical fault appears more clearly in some of the scales of CWT and the best scale is 

selected in the following section. 

file://-/Fhic
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3.1.2 Selection of the best scale level 

Since each scale level shows different frequency contents of the measured signal, x(t), 

only the scale level which best reflects the signal nature of the repetitive impulses should 

be selected. In this study, the energy and kurtosis criteria are jointly used for scale 

selection. The reasons are: a) the energy level is a measure of the shape similarity of 

the measured signal and the daughter wavelet function, b) unlike in the application for 

basis or node selection in wavelet packet transform (Nikolaou and Antoniadis, 2002), the 

energy criterion cannot be used alone in this study because higher energy level is also 

associated with higher scale level, and c) kurtosis is a good indicator of impulsiveness. 

Hence, the joint use of energy and kurtosis criteria would take into account of both 

the signal-wavelet similarity and the fault signature impulsiveness. The joint use of the 

two would also compensate for the incapability of the energy criterion in distinguishing 

whether the high energy level is due to high signal-wavelet similarity or high scale level. 

The energy of the wavelet coefficients in each scale level can be calculated by 

K = ^{W (a,b)}2 a = amin,amin + l , . . . , a m a x - l ,am a x (3.7) 
6 

where Ea represents the energy of the wavelet coefficients in scale a. Several peaks may 

appear in the plot of Ea. Each scale associated with a peak energy value is considered 

as a candidate for the best scale. However, as indicated earlier, energy alone cannot 

guarantee the best scale since the magnitude of the wavelet coefficients increases as 

scale level increases for energy conservation (Goupillaud et al., 1984). The energy level 

becomes higher as scale level increases, which may mislead the selection process of the 

best scale. This is further explained below using energy distribution of daughter wavelets. 

The Fourier transform of the Morlet daughter wavelets can be expressed as (Abbate 

et a l , 2002): 
w(t) = e -* 2 /2 e -^ot 

w(t) = e-(—^)2 /2 (3.8) 

wa,b(u) = v ^ e ~ ( w / a - W o ) 2 / V ^ 

where w[ui) and wa^{iJ) are the Fourier transforms of Morlet wavelet, w(t), and its 

daughter wavelets, wa<b(t), respectively. Fig. 3.2 illustrates the normalized (by the max-
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imum energy value) energy distribution of daughter wavelet functions (b = 1 is used for 

illustration purpose). As shown in the figure, the energy level drastically increases with 

scale. Since the CWT is a series of band-pass filters with increasing amplification rate, 

wavelet coefficients will have larger amplitude as scale increases, which leads to higher 

energy levels. 

To offset the above drawback of the energy criterion, the kurtosis distribution of 

wavelet coefficients is examined. The measured faulty signal contains impulses produced 

by mechanical fault and hence the best scale level should reveal the nature of these 

impulses. The energy level does not always reflect this nature since it is calculated based 

on the amplitude of the wavelet coefficients instead of the impulsiveness of a signal. A 

25 30 
scale, a 

Figure 3.2. Energy distribution of daughter wavelet functions 
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high impulsiveness is a typical characteristic of a mechanical fault signal. Therefore, 

using energy value alone is not adequate to secure the best scale level that manifests the 

impulsive character of the mechanical fault signature. On the other hand, the kurtosis 

value is sensitive to the outliers or impulses generated by mechanical fault because it is 

proportional to the 4-th order higher moment defined as (Hyvarinen et al., 2001): 

N _ 4 

1 g (x(z) - x) 
kurtosis — —— -. (3.9) 

where x and o are respectively the mean value and the standard deviation of the mea­

sured signal x, and TV is the number of data samples of the measured signal. In this thesis 

work, N is set equal to the sampling rate. A signal with a Gaussian distribution yields a 

kurtosis value of 3.0 whereas the kurtosis of a signal with a sub-Gaussian distribution is 

less than 3.0. An impulsive signal with super-Gaussian distribution has a kurtosis value 

greater than 3.0, a typical feature of a mechanical fault. Therefore, considering both 

energy and kurtosis would provide more reliable scale selection process as follows: 

\dEn 
abest — = 0 and max(if0) and Ka > 3.0 > a G [amin,..., amax] (3.10) 

da 

where Ka is kurtosis at scale a and ai>eat is the best scale. 

A mechanical fault signal is normally contaminated by noise and other interfering 

signals as simulated in Fig. 3.3. The periodic impulses are completely veiled by noise. 

To extract the trace of periodic impulses, kurtosis and energy values are calculated from 

the wavelet coefficients over scales as shown in Fig. 3.4. From these distributions, the 

best scale level can be selected by Eq. (3.10). 

3 .1 .3 A u t o c o r r e l a t i o n coeff icient func t ion at t h e b e s t sca le 

Based on Eqs. (3.6) and (3.10), the wavelet coefficients at the best scale a^st c a n be 

approximately expressed as 

W(a,best, b) ~ Ci cos(cuib) — C2 sin(o;i6) (3.11) 
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Figure 3.3. Simulated signal mixture 
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Figure 3.4. Energy and kurtosis distributions of wavelet coefficients over scales 

It should be noted that, although the wavelet coefficients at the best scale contain fre­

quency information of impulses of interest, they also include unwanted signal components 

such as noise that could result in spurious impulses. These unwanted components often 

cloud the periodicity of fault signature, making the signature undetectable. As suggested 

by Proakis and Manolakis (1996), autocorrelation can be used to detect the presence of 

a periodic signal corrupted by noise. Following this approach, the autocorrelation coef­

ficients are calculated for the wavelet-transformed signal at the best scale level based on 

the following modified autocorrelation coefficient function based on Bendat and Piersol 
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(1991): 

Cww(T) 
f>ww(T) = 

<?w 

= E[\W(abest, 6)| • \W(abesU b + r)\] - {E[W(abesU b)] f ( 3 ' 1 2 ) 

where E[-] represents the expected value, r is the time lag and CWW(T), pwwij) a n d 

aw are respectively the covariance, the autocorrelation coefficient and the standard 

deviation of wavelet-transformed signal at the best scale abest. Assuming the signal has 

a zero mean (x = E[x{t)\ = 0), the autocorrelation coefficient function can be written 

as (See Appendix A.2 for derivation.): 

PWW(T) ~ —E[\W{abest, b)\ • \W(abest, b + r)\] 

—R- lim 
a^y M^OO 2M 

1 r l 

—5- lim ——: 

aw M^OO 2M 

C3 cos {<JJ\T) — Ci sin (U>\T) 

/ 2 7 T T \ . /27TT 
Cz cos I — j - C4 sin I — 

(3.13) 

where 

C3 = M (Cl + Cf) + (Cl - Cl] 
sin (2o>iM) 

2UJ, 

2ui 

and M is the maximum value of the time lag r for calculating autocorrelation coeffi­

cients. Eq. (3.13) indicates that the autocorrelation coefficient function of the wavelet-

transformed signal has a clear periodicity related to the fault. The wavelet-transformed 

signal contains positive and negative values (Fig. 3.5b) since the measured signal (or 

acceleration) docs as well. The rectified version of the autocorrelation coefficient func­

tion is used to facilitate the identification of the peak locations and hence the impulses 

because the peak locations are corresponding to the impulse locations. 

3.1.4 Finding peaks of periodic fault features 

An autocorrelation coefficient function normally displays many ripples (Fig. 3.5c) that 

are mostly due to the higher carrier frequency of the daughter wavelet and non-periodic 
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Figure 3.5. (a) Wavelet coefficients at the best scale a^f, (b) autocorrelation coefficient 

function of W(a(,est, b), (c) envelope of autocorrelation coefficient function of |W(a&est, b)\, 

and (d) rectified autocorrelation coefficient function (normalized by the maximum value) 

signals such as noise. These ripples may cause difficulty to locate impulses. The envelope 

signal of the autocorrelation coefficient function can help estimate the peaks of impulses 

by reducing ambiguity, which can be done by removing the ripples. The envelope can 

be easily acquired by using the Hilbert transform (Bendat and Piersol, 1991). 

ZP(T) = PWW{T) + jpwwij) (3.14) 

where ZP(T) is the analytical signal (or envelope), pwwij) is the- Hilbert transform of 

PWW{T) and j is an imaginary unit of the complex value. The Hilbert transform of 
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real-valued function PWW(T) is defined by 

pww(r) = ± f ° P-^^du. (3.15) 
7T J-oo T-U 

The envelope signal obtained in Eq. (3.14) shows multiple peaks with constant period 

between peaks as shown in Eq. (3.13). These peaks indicate the time moments at which 

the impulses exist (Bendat and Piersol, 1991). 

Since the absolute values of the wavelet-transformed signal are used in Eq. (3.12), 

there is an upward baseline on the left part of the envelope plot and a downward baseline 

on the right (Fig. 3.5c and d). As time lag increases, the peaks become less distinguish­

able because of the inclined baselines. To facilitate the selection of the impulse-associated 

peaks, the following actions are taken: 

1. Push the baselines down to zero (Fig. 3.5d), and 

2. Square the envelope of autocorrelation coefficient function to amplify the peaks 

(the solid line in Fig. 3.6). 

Note that if the envelope ZP(T) were calculated using the original autocorrelation 

coefficient function (Bendat and Piersol, 1991), i.e., 

/ N CWW{T) 
PWW\J) — 2 

y i r ,2 (3-16) 
= E[W{ahest, b) • W{abesU b + r)]- {E [W(abest, b)] } 

the autocorrelation coefficients and the squared envelope would be those shown in 

Fig. 3.5b and in Fig. 3.6 (dashed line), respectively. Obviously, the peaks of this plot 

(dashed line for W{abest,b) in Fig. 3.6) cannot be as easily identified as the one in the 

solid line (for \W(abestlb)\) in Fig. 3.6. 

3.1.5 Determining the acceptable t ime interval for the comb 

filter 

To apply the comb filter, an acceptable time interval has to be determined. The time 

intervals between the peaks identified based on the autocorrelation function are not 
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Figure 3.6. Comparison of two squared envelopes of autocorrelation coefficient functions 

obtained from W(ai,est,b) (dashed line) and |W(a6est,6)| (solid line) at scale a^est = 15 

identical. This error is caused by the decreased data samples as the time lag increases 

during the calculation of autocorrelation coefficients. To quantify this error, the time 

interval between two consecutive peaks is calculated: 

AU = U i+l U 1 , 2 , . . . , J - l (3.17) 

where £j is the time instant determined from the peaks of autocorrelation coefficient 

function and J is the number of peaks obtained. The time interval can be considered as 

a random variable following normal probability density function (PDF) (Papoulis and 

Pillai, 1998). 

/(At) 
CAtv27T 

exp 
(At - Atmy 

2*L 
(3.18) 
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where Ai m and a At are the mean and the standard deviation of time intervals. The 

possibility of the peak to be located within the range [—3aAt, 3a At] centered at U is 99.7%. 

In other words, the range of [—3a At, 3a At] determines the acceptable time interval that 

contains impulses generated by mechanical fault (Abbate et a l , 2002; Papoulis and Pillai, 

1998). Hence, the normal distribution function shown in Eq. (3.18) can be used as a 

filter unit to extract fault features residing in the range of [—3<7A*, 3aAt] around the mean 

value;, Atm. A comb filter can be composed by allocating this filter unit at the instants 

of the selected peaks (U's) in the time domain. Then, a comb filter specified by a normal 

distribution function, Eq. (3.18), is now ready to be applied to the wavelet-transformed 

signal and to extract the hidden fault signature. However, to preserve the magnitude of 

the original signal, a new function is used as a filter unit because f(Atm) — 1. 

This means no amplification or shrinkage of the original signal. 

To apply a comb filter in time domain, it is necessary to consider the following situa­

tions. Since signal x(t) and signal x(t + t0) (0 < to < h) have the same autocorrelation 

coefficient function, the time instant of the first impulse (to) should be known. If the 

impulses are located at Vs (i = 1, 2 , . . . , J ) , the comb filter can be obtained by simply 

locating filter unit at t^s. However, the impulses may be located anywhere between 

two consecutive Vs because of translation, which requires estimating the deviation in 

time between the impulse and tj. This time deviation is obtained by examining the time 

instant (tQ) of the maximum amplitude between time periods [0, t\]. It 0 < to < h, the 

first impulse is located at time instant t0. Hence, the comb filter is composed by locating 

filter units at time instants (to,^o + h,to + h, • • • ,t0 + tj). Otherwise, the filter units 

are located at time instants (ti, t2, £ 3 , . . . , £,/)• To facilitate the selection of the maximum 

amplitude, the absolute value of the wavelet-transformed signal, \W(abest,b)\, is used 

between time instants [0, t\]. 
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3.1.6 Evaluation criterion 

Traditionally, the de-noising results are often evaluated using the mean squared error 

(MSE). As detailed later in Chapter 4, the MSE tends to over-weigh the importance of 

the discrepancy between the original impulses and the impulses at the same time loca­

tions in the de-noised results. The confusion caused by the spurious impulses standing 

between the fault-induced impulses is largely overlooked. However, our main purpose 

here is to find the time moments when the fault-induced impulses appear. Preserving 

the magnitudes or sizes of the fault-induced impulses is not important in fault detection 

and should not be of our main concern. A good algorithm not only should be able to 

find the instants when the true fault-induced impulses occur but should be capable of 

clearing away any other impulses as well. Therefore, an ideal evaluation criterion should 

reflect such de-noising quality. In other words, the criterion should focus on the quantity 

and magnitudes of spurious impulses, both causing confusion in fault detection. The 

accumulated false energy of the spurious impulses can be used to quantify the combined 

effect of the number and magnitudes of spurious impulses and is adopted as performance 

criterion. It is defined as: 
N 

*/ = £«? 
( (3.20) 

Si , if Si = 0 
Si = < 

0 , elsewhere 

where Si and §i are the original impulse and the de-noised signal at time index i, 

respectively, N is the number of data samples, and Ef is the accumulated false energy 

contributed by spurious impulses. 

3.2 Numerical illustration 

A signal mixture (Fig. 3.3c) containing simulated impulses (sampled at 2,000Hz) 0.15 

sec apart (Fig. 3.3a) and strong noise (Fig. 3.3b) is used to illustrate the procedure of 

the proposed method. As shown in Fig. 3.3c, it is difficult to detect the impulses directly 
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from the signal mixture due to the strong noise. The proposed method is then applied 

according to the following steps: 

Perform CWT and select the best scale 

In this illustration, the Morlet wavelet is used as a basis wavelet function and the max­

imum scale level of 60 is applied since any scale above 60 is not of our interest. The 

time-scale domain information of the simulated signal mixture is then obtained by CWT. 

For each scale level, energy and kurtosis values are calculated and plotted in Fig. 3.4. 

As shown in Fig. 3.4a, there are two energy peaks around scales of 15 and 33. The two 

scale values associated with the two energy peaks are selected as the candidates of the 

best scale. The fact that the kurtosis value at scale 15 is substantially higher than that 

near scale 33 indicates that scale 15 is a better choice. In addition, as the kurtosis value 

at scale 33 is below 3, indicating a sub-Gaussian distribution, scale 33 can be excluded 

even though it has a high energy level. Therefore, scale 15 is selected as the best scale 

O-best-

Obtain autocorrelation coefficient function 

An autocorrelation coefficient function is obtained based on the best scale (scale 15) 

selected in the previous paragraph. The wavelet-transformed signal and the envelope of 

the autocorrelation coefficient function arc depicted in Fig. 3.5. Even though the selected 

best scale could reveal some weak trace of impulses (Fig. 3.5a), noise components make 

it difficult to distinguish the impulses associated with a mechanical fault. The envelope 

of autocorrelation coefficient function shows peaks corresponding to simulated impulses. 

To amplify the peaks caused by fault impulses, the autocorrelation coefficient function 

is squared and the result is shown in Fig. 3.6 after pushing the baseline to zero. 

Find peaks of impulses and determine acceptable time interval 

The time instants where the peaks appear are selected from the squared envelope of au­

tocorrelation coefficient function. The selected peaks are marked with circles in Fig. 3.6. 

To illustrate the difficulty of determining an acceptable time interval, the fast Fourier 
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Figure 3.7. (a-b) Illustration of the difficulty in using regular bandpass filter, (c) the 

proposed filter unit, and (d) translation of impulses 

transform (FFT) of the wavelet-transformed signal at the best scale ay,est is shown in 

Fig. 3.7b. There are many peak frequencies around the carrier frequency about 100Hz, 

which makes it difficult to determine proper cut-off frequencies. The daughter wavelet 

of the Morlet wavelet at scale a,best = 15 has a pseudo frequency about I08Hz by the 

following relation (Mathworks, 2007). 

fc 0.8125 
fps __ 

J a 108.3Hz 
abest • \/Fs 15 • 1/2000 

where f%s,fc, and Fs are the pseudo frequency of scale abest, the center frequency of 

Morlet wavelet function, and the sampling frequency of input signal, respectively. The 

frequency of impulses is about GHz (At = 0.156sec) as shown Fig. 3.7a. The frequency 
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of 6Hz is not clearly shown in Fig. 3.7b. The wavelet-transformed signal at the best 

scale a{,est shows frequency components mostly around the pseudo frequency, a center 

frequency of a daughter wavelet determined by the scale abest or 108Hz in this example. 

Hence, the amplitude of the fault feature frequency is small. Its frequency located in 

thin tail, the far left side of the pseudo frequency, and hence cannot be displayed clearly 

in the Fourier transform plot. The comb filter unit determined from Eq. (3.19) is shown 

in Fig. 3.7c. This comb filter unit is applied at the time instants identified based on 

the autocorrelation coefficient function. The filter unit is located at time instants tj's 

because time instants (U, in dashed line) selected from the autocorrelation coefficients 

coincide with the impulses of the fault feature (to = 0, the first impulse marked with 

circle is located at t\) as shown in Fig. 3.7d. 

Apply filter to extract hidden impulses 

To extract fault feature, a comb filter shown in Fig. 3.8a is applied to the wavelet trans­

formed signal at scale abest (Fig. 3.8b). The filtered signal and the simulated impulses 

are shown in Figs. 3.8 c and d, respectively. In terms of spurious impulses, the de-noised 

signal in Fig. 3.8c shows very good results. There arc; no significant spurious impulses 

between simulated impulses. The filtered signal shown in Fig. 3.8c yields zero false en­

ergy, i.e., Ef = 0.0V2. For comparison, the same signal mixture shown in Fig. 3.3c 

is also de-noised using soft- and hard-thresholding rules with the universal threshold 

(Donoho, 1995). The original simulated impulses, the de-noising results obtained using 

the proposed method, the soft- and hard-thresholding rules are presented in Fig. 3.9 a, 

c, d and e, respectively. As shown in Fig. 3.9 d and e, the results of the two thresholding 

methods contain too many spurious impulses. In the soft-thresholding result, the origi­

nal impulses are heavily truncated. Though the hard-thresholding rule does not truncate 

the original impulse as much as the soft-thresholding rule does, many spurious impulses 

are boosted to the level of the truncated impulses. In either case, it is very difficult to 

locate the original impulses. This can also be reflected by the high false energy values of 

the thresholding results that are Ef = 0.236V2 and Ef = 9.504V2 for the soft- and hard-
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Figure 3.8. (a) Comb filter, (b) simulated signal mixture, (e) filtered signal, and (d) 

simulated impulses 

thresholding rules, respectively. As shown in this comparison, the proposed method can 

remove spurious impulses and improve fault identification results substantially. Fig. 3.9 

also illustrates that the MSE values are less relevant for our purpose. In fact, the MSE 
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Figure 3.9. Comparison of the proposed method with soft- and hard-thresholding 

values obtained from the hard- and soft-thresholding rules (0.012 and 0.013) are smaller 

than or equal to the one yielded by the proposed method (0.013), but both rules fail to 

extract any useful features. 

3.3 Application to gear fault signal 

The proposed method is applied to de-noising gear fault signal and facilitating the de­

tection of the fault. The experimental setup of a gearbox simulator is shown in Fig. 3.10. 

The motor shaft is connected to the gearbox input shaft through a driving belt. The 

belt sheaves have diameter ratio of 1 to 2.56. Hence, the speed ratio of motor shaft 

to gearbox input shaft is 2.56 to 1. The motor shaft speed is 24Hz and the gearbox 
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input shaft speed is about 9.4Hz. The faulty gear signal is acquired by an accelerometer 

(Montronix VS100-100 with lOOmV/g sensitivity) mounted on the gearbox case at a 

sampling frequency of 12,000Hz. The acquired acceleration data is sent to a DAQ board 

(NI PCI-6040E with 12-bit resolution) for signal processing using MATLAB. Unneces­

sary high frequency components are removed by a digital Chebyshev I type filter with 

the following characteristics: cut-off frequency=240Hz and stop frequency=300Hz. Two 

cases, i.e., a healthy gear and a gear with one missing tooth, are considered. The gear 

with a missing tooth generates impulses of 9.4Hz or one impulse every 0.106 sec. 

Figure 3.10. Experimental setup 
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3.3.1 Healthy gear 

Fig. 3.11a shows the measured signal from the healthy gear. To select the best scale 

of CWT, the energy and the kurtosis are calculated and plotted in Fig. 3.11 b and c, 

respectively. As shown in Fig. 3.11b, there is an energy peak around scale 59. However, 

the kurtosis value around that scale is less than 3.0 (Fig. 3. l id) . A signal with such a low 

kurtosis value can be considered as a sub-Gaussian noise and should not contain periodic 

impulses. According to Fig. 3.11b, there are no additional peaks observed in other scale 

ranges. Furthermore, Fig. 3.lid shows that the entire scale range from 35 to 60 belongs 

to sub-Gaussian state and thus this range can be excluded. For the rest of the scales 
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Figure 3.11. Healthy gearbox signal 
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from 0 to 35, the energy is practically zero and no peaks exist which indicates a complete 

mismatch between the daughter wavelets and the fault signal. The high kurtosis value 

alone may imply the existence of impulses and does not indicate the presence of any 

impulses related to the concerned fault. Hence, it can be concluded that the signal 

shown in Fig. 3.11a is in a healthy state. 

3.3.2 Faulty gear with one missing tooth 

The measured signal of the faulty gear is shown in Fig. 3.12a. Though the impulsive 

nature can be observed, it is not easy to identify the impulses related to the fault. 
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Figure 3.12. (a) Measured gear fault signal (missing tooth), (b) energy distribution of 

CWT, and (c-d) kurtosis values 
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Based on the energy and kurtosis distributions of the wavelet transformed signals shown 

in Fig. 3.12 b to d, scale a,best = 42 is selected as the best scale level. The wavelet 

transformed signal and its envelope of autocorrelation coefficient function are shown in 

Fig. 3.13. The periodic nature of impulses can be seen in Fig. 3.13a. However, there 

are too much noise components to separate the impulses corresponding to the mechan­

ical fault. To select the time moments when the impulses reside, the autocorrelation 

coefficient function is obtained and shown in Fig. 3.13b. The selected time moments of 

impulses are shown in Fig. 3.13c with squared autocorrelation coefficient function. The 
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Figure 3.13. (a) Wavelet transformed signal, (b) envelope of autocorrelation function, (c) 

squared auto-correlation coefficient function with peaks (dashed line: before removing 

baselines, solid line: after removing baselines), and (d) translation of impulses at the 

best scale 
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selected locations are marked with asterisk "*". The translation of impulses is indicated 

by a circular marker and dashed line in Fig. 3.13d. Because to ^ 0, the comb filter is 

composed by locating filter units at time instants (to, to + ti,to + £2, • • • >̂ o + tj). Af­

ter applying the filter, the extracted fault feature is shown in Fig. 3.14. The periodic 

impulses are clearly seen in this figure without any significant spurious impulses. 

3.4 Discussion 

Extracting fault feature is the basis for the reliable fault diagnosis. Most fault features 

are blended with noise signal generated by various sources, which makes it difficult to 
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identify fault features from measured signal. In this chapter, the fault feature extraction 

method is introduced for periodic signals. As demonstrated using both simulated and 

experimental data, the proposed method can reduce the spurious signals, the major 

obstacle in identifying the impulsive fault features. As a result, the impulsive fault can 

be effectively identified. The feature extraction method that can also be applied to 

non-stationary signals is discussed in the next chapter. 



Chapter 

K-Hybrid: A Kurtosis Based Hybrid 

Thresholding Method for 

Mechanical Signal De-noising1 

This chapter presents a kurtosis based hybrid thresholding method, K-hybrid, for de-

noising mechanical fault signals. The threshold used in the hybrid thresholding method 

is determined based on kurtosis which is an important indicator of the signal-to-noise 

ratio (SNR) of a signal. This together with its sensitivity to outliers and data-driven 

nature makes a kurtosis-based thresholding particularly suitable for on-line detection of 

mechanical faults featuring impulsive signals. To better reflect the signal composition, 

the proposed hybrid thresholding rule divides the wavelet transformed input signals into 

four zones associated with different de-noising actions. This alleviates the difficulties 

present in the simple keep-or-remove and shrink-or-remove approaches adopted by the 

hard- and soft-thresholding rules. The boundaries of the four zones are on-line adjusted 

in response to the kurtosis change of the signal. Simulation results suggest that the mean 

squared error (MSE) is unable to distinguish the results in terms of the amount of falsely 

identified impulses. It is therefore inappropriate to use MSE alone for evaluating the de-

noising results of mechanical signals. As such, a combined criterion incorporating both 

1 Appeared in Transactions of ASME Journal of Vibration and Acoustics, vol.129, iss.4, pp.458-470. 

See Appendix B.4 for MATLAB script. 

56 

4 



K-Hybrid Thresholding De-noising 57 

MSE and false identification power (P/aise) is proposed. An analysis has shown that the 

proposed K-hybrid approach outperforms the soft, hard, and BayesShrink thresholding 

methods in terms of the combined criterion. It also compares favorably with the MAP 

thresholding method for signals with low kurtosis or low SNR. The proposed approach 

has been successfully applied to noise reduction and fault feature extraction of bearing 

signals. 
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4.1 Overview of Wavelet-Thresholding De-noising 

The fundamentals of the wavelet thresholding de-noising are briefly introduced in this 

section. Let x(t) be the signal measured from a sensor at time t. The measured signal 

can be considered as a combination of impulses (by faults) and noise (from Eq. (3.1)): 

x(t) = s(t) + n(t) 

where s(t) denotes the impulses generated by faults at time t and n{t) is the Gaussian 

noise with zero mean and standard deviation an. The impulses and the noise components 

are assumed independent of each other. The task of de-noising is to find an estimated 

impulse signal s(t). 

The overall procedure of the wavelet de-noising is shown in Fig. 4.1. The wavelet 

threshold de-noising is normally performed in three steps: wavelet transform, thresh­

olding, and reconstruction. In the first step, the measured signal, x(t), is transformed 

into wavelet domain by either continuous wavelet transform (CWT) or discrete wavelet 

transform (DWT). If CWT is applied, one obtains (from Eq. (3.2)) 

W(a,b)= f x (t) w*a)b (t) dt 

where "*" indicates the complex conjugate, W(a, b) is the wavelet coefficient, and waj,(t) 

is the daughter wavelet defined as (from Eq. (3.3)) 

1 (t-b\ 
u>a,b (t) = —u^u, —— 

\a\ ' \ a / 

where a is the scale factor, b is the translation factor in time, and w(-) is the mother 

wavelet function or wavelet basis function. The factor | a | - 1 ' is used to ensure energy 

preservation (Goupillaud et al., 1984). 

Then, in the second step, a thresholding rule is applied to the wavelet coefficients 

to remove the noise. The key is to find a proper threshold for the given input wavelet 

coefficient and to develop an effective thresholding rule to remove noise and retain the 

impulse as much as possible. The universal threshold, Tuniv — anyj2 log N (Donoho, 

1995), which is based on the standard deviation of noise and the number of data points, 
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has been widely used in combination with soft- and hard-thresholding as defined in the 

following (Donoho, 1995): 

Out, = < 
sign(Inp) (\Inp\ - Tthr) 

0 

, \Inp\ > Tthr 

, \Inp\ < Tthr 

(4.1) 

x(t) = s(t) + n(t) 

Apply CWT 

Obtain Wavelet Coefficients: 
rW(\,\) W(l,2) 

W(2,l) W(2,2) 
{W(a,b)} 

W(aJ) W(a,2) 

Wavelet Domain 

W(2,b) 

W(a,b) 
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W(2,i) W(2,2) ••• W(2,b) 
{W(a,b)} = 

W(a,l) W(a,2) W(a,b) 

Reconstruction 
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Figure 4.1. Flowchart of the wavelet de-noising method 
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Inp , \Inp\ > Tthr 
Outh = { (4.2) 

0 , \Inp\ < Tthr 

where Tthr is the threshold value, Outs and Outh are respectively the outputs of soft- and 

hard-thresholding rules for a given input Inp (a wavelet coefficient of a scale). Prom the 

above equations, it is obvious that the soft-thresholding rule either removes the input if 

it is below the threshold Tthr or shrinks it by Tthr if the input is greater than Tthr- The 

hard-thresholding rule, on the other hand, takes a keep-or-remove approach depending 

on the magnitude of the input. 

In step three, the filtered wavelet coefficients are inversely transformed into time 

domain to reconstruct the impulses s(t)1 the approximation of the true impulses. The 

Morlets formula (Rioul and Duhamel, 1992) can be applied to the thresholding results, 

i.e., the filtered wavelet coefficients, as follows: 

s(t) = -^~ [W(a,b)a-V2da (4.3) 

Ciw= / —^dco (4.4) 

where W(a, b) is filtered (or thresholded) wavelet coefficient, a is the scale level, u is the 

angular frequency, and w*(u) is the complex conjugate of Fourier transform of wavelet 

basis function. 

4.2 Hybrid-Thresholding and Threshold Selection 

4.2.1 Hybrid-thresholding rule 

The hard-thresholding rule would provide perfect results if the threshold represented the 

true boundary between the noise and the impulse from the machine fault. However, 

in reality, the "boundary" between noise and impulse may vary due to the randomness 

and dynamics of the process, making it inappropriate to use a single valued threshold 

to distinguish the noise and true signal. Hence, the overly simplified keep-or-remove 

approach adopted by the hard-thresholding rule is inadequate: it may falsely classify a 
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true impulse as noise or a noise as impulse for the inputs around the threshold. The 

soft-thresholding rule, on the other hand, goes to another extreme — it keeps only the 

portion that is above the threshold. This will lead to serious distortion of the signal 

for heavily contaminated signal with low SNR. Since the reconstruction of thresholded 

wavelet coefficients will be based on heavily truncated or shrunk values for signals with 

low SNR, the final de-noised result cannot reflect the true nature of the impulses and 

may leave the mechanical fault undetected due to the large; artificial reduction of signal 

strength. 

The above difficulties in applying soft- or hard-thresholding motivate the develop­

ment of a hybrid thresholding approach. Using a properly chosen thresholding rule can 

reduce the effect of uncertainty of the threshold selection. A customized thresholding 

rule proposed by Yoon and Vaidyanathan (2004) could be considered as an example of 

hybrid-thresholding rule for reducing the uncertainty of threshold. It is shown that a 

properly chosen thresholding rule (adjusted between soft- and hard-thresholding rules) 

can improve de-noising performance. 

This chapter proposes a different hybrid-thresholding rule with four zones that can 

be adjusted based on the statistical characteristics of the input. The objective is to 

reduce the effect of uncertainty of threshold by regulating these four zones. With the 

hybrid approach, the inputs according to their magnitudes are classified into four groups 

associated with the four zones as shown in Fig. 4.2: a reduced "remove" zone (zone 1) 

with a upper bound t l a , two transient zones (zones 2 and 3) beside the original threshold 

t2a, and a reduced "keep" zone (zone 4). Any inputs below t\a are small enough to be 

considered as pure noise and are removed. The inputs above ty,a are large enough to 

be classified as true impulses and kept with their full magnitudes. The inputs in the 

two transient zones are considered to consist of both noise and impulse components. 

However, it is reasonable to assume that the inputs in zone 2 contain stronger noise 

components with weaker impulse contents and hence larger shrinkage rates are applied. 

It is also logical to expect that the inputs in zone 3 contain larger impulse components 

with less noise ingredient, which warrants the use of smaller shrinkage rates. The two 

transient zones will alleviate the difficulties present in the soft- and hard-thresholding 
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Figure 4.2. K-hybrid thresholding rule 

rules and lead to smoother transition from zone 1 to zone 4. Better de-noising 

can then be expected. 

The hybrid thresholding rule reflecting the above scheme can be written as 

continuous wavelet transform, i.e., Inp = W(a,b)): 

0 

Outka = < 
sign(W(a,b)) • [Rla - y/C^_ 

sign (W(a, b)) • [Rla + A / C ^ " 

W(a,b) 

(a = l,2,---,L) 

, \W(a,b)\ <tla 

,tla< \W(a,b)\ <t2a 

,t2a< \W(a,b)\ <t3a 

,t3a<\W(a,b)\ 
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where 
CHl = (iZ?n - t\a) + (2tla + \W(a, b)\) \W(a, b)\, 

CH2 = -t2a (2R2a + ha) + 2 (R2a + t2a) \W(a, b)\ - \W(a, b)\2. 

W(a,b) is the continuous wavelet transform coefficient, t2a is the threshold which will be 

determined by a kurtosis-based approach individually for every scale and tia, tsa, R\a, 

and R2a will be specified according to the t2a value in each scale as follows. 

, _ t2a 
la~T 

/ f ^ a = l , 2 , . . . , L . (4.6) 

tila — T l2a 

With the above two radii R\a and R2a, two arcs can be obtained to make connecting 

curves tangential at the threshold value. This ensures a continuous smooth transition 

throughout the input range. It should be pointed out that other smoothing transition 

curves could also be used if better performance can be achieved. The details of ka and 

t2a will be explained in sections 4.2.2 and 4.2.3. 

4 .2 .2 K u r t o s i s - b a s e d t h r e s h o l d 

The universal threshold is commonly used to determine the threshold value. It is de­

pendent on the number of data (N) that is not the statistical characteristic of the signal 

and hence leads to different results when different iV values are selected. The effect of N 

may not be very significant and the universal threshold can remove the noise very well 

if N —• oo according to the studies reported in (Donoho, 1995; Donoho and Johnstone, 

1994). However, this is suitable only for the orthogonal wavelet transform since the in­

dependent and identically distributed (IID) random noises are still IID after orthogonal 

transform (Donoho, 1995). The variables are not IID when the signal is transformed 

using a non-orthogonal wavelet function, e.g. the Morlet wavelet, as a basis wavelet 

function. Therefore, the thresholding performance may deteriorate when the universal 
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threshold is used with the Morlet wavelet function (Lin et al., 2004). In addition, ma­

chine fault detection requires quick real time responses and hence the threshold should 

be data-driven to reflect the dynamics of the data. The universal threshold is hence not 

suitable for machine fault detection due to the large iV requirement. 

For the above reason, the thesis proposes a new threshold selection method based 

on kurtosis since it reflects the statistic nature of the signal and represents the trend 

similar to that of SNR. The idea is that signals can be classified in terms of kurtosis: 

a signal is classified as sub-Gaussian (kurtosis < 3.0, no impulse signal of interest), 

super-Gaussian (kurtosis > 3.0, impulses become stronger), and Gaussian (kurtosis = 

3.0, the noise dominates). It is therefore logical to specify threshold value based on the 

signal-to-kurtosis ratio. The new threshold is determined as 

max(\W(a,b)\) 
(-2a a = l, 2, ...,L (4.7) 

Kurt(W{a,b))/3 

where W(a, b) is the wavelet coefficient and Kurt (W(a, b)) is the kurtosis of the wavelet-

transformed signal for a given scale level a. This threshold value is calculated separately 

for each scale. The wavelet-transformed signal in each scale is related to one of the 

following three cases depending on the gaussianity, which require different treatments: 

Case 1: Kurt(W(a,b)) = 3.0. 

The signal (wavelet transformed) is Gaussian. This signal does not show 

any impulses distinguishable from noise components and hence a high 

threshold, t2a — max(|W(a, b)\), should be applied to remove heavy 

noise. 

Case 2: Kurt(W(a,b)) < 3.0. 

The signal is sub-Gaussian and is not our concern in this application 

since we are trying to identify impulses generated by mechanical fault. 

In this case, t2a > max(|W(a, b)\), leading to zero output. 

Case 3: Kurt(W(a,b)) > 3.0. 

The signal is super-Gaussian and is our main concern since it contains 

outliers (or impulses) generated by the mechanical fault. Now, the 
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threshold is less than max(|W(a,b)\) in order to preserve the impulse 

signal. Naturally, the threshold will decrease further as the kurtosis 

increases. 

Since the kurtosis represents the trend similar to that of SNR, this approach is 

consistent with the commonly accepted guideline: use a high threshold if the SNR is 

low and choose a low threshold otherwise (Chang et al., 2000a; Lin and Qu, 2000). In 

addition, kurtosis is sensitive to outliers and is therefore especially suitable for processing 

mechanical fault signals mainly consisting of impulses. 

4.2.3 Specification of parameter ka 

Since a higher kurtosis value indicates stronger impulse, a higher ka is desirable to 

preserve the impulse components (See Eq. (4.6)). The opposite is true for signals with 

lower kurtosis values. The parameter ka is therefore specified by 

ka = 1 + max (Kurt (W(a, b)) - 3, 0) (4.8) 

From Eqs. (4.7) and (4.8), it can be seen that, if the signal is sub-Gaussian or Gaussian, 

the kurtosis is less than or equal to 3.0 and ka is set to 1.0. In this case, t\a = t2a- This 

is because the makeup of the measured signal is mainly noise and hence all inputs up to 

this level can be confidently removed. As kurtosis increases, our confidence in removing 

all signal components declines. This, in the hybrid rule, is reflected by a reduced i l a 

that is achieved by a larger ka. If the signal is super-Gaussian, that is, the impulses are 

stronger than noise components, both kurtosis and ka further increase. In the meantime, 

all the three boundary points tia, t2a, and t3a decrease. This is desirable since a larger 

kurtosis value indicates that the measured signal is mixed with weaker noise and stronger 

impulse. Therefore, it is reasonable to use a lower threshold. As kurtosis and ka further 

increase, t^a merges with t2a, which is in consistence with our increased confidence that 

any input above this point is impulse and should be kept in full magnitude. The above 

phenomena are depicted in Fig. 4.3. 
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Figure; 4.3. K-hybrid thresholding with four different thresholding zones (Parameter ka 

determines the width of each zone) 

4.3 Performance Evaluation 

4.3.1 Evaluation criterion 

The de-noising performance is generally evaluated by the mean squared error (MSE) 

defined as 
1 N 

Si - Si (4.9) 
i=\ 

where s, is a data point sampled from an actual impulse due to a mechanical fault, s, 

is a data point from an estimated impulse (or de-noised signal), and N is the number 

of data points. Si and s^ are discretized data samples of continuous time domain signal 
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Figure 4.4. Limitation of MSE as a criterion for evaluating de-noising performance 

s(t) and s(t), respectively. Though the MSE has been used as a criterion to evaluate 

de-noising methods by many researchers, it is inadequate to use it alone. This is illus­

trated by Fig. 4.4. A simulated signal (Fig. 4.4a) composed of impulses (Fig. 4.4b) and 

heavy Gaussian noise is de-noised by the typical soft (Fig. 4.4c) and hard (Fig. 4.4d) 

thresholding rules. As shown in the figure, the de-noised result contains both true and 

falsely identified impulses. The hard-thresholding rule yields a smaller MSE (0.0050) 

(Fig. 4.4d) than the soft-thresholding rule does (Fig. 4.4c, MSE=0.0056). However, it is 

almost impossible to identify the original impulses from the result of hard-thresholding 

rule because of the large number of falsely identified fake impulses. On the other hand, 

the soft thresholding (Fig. 4.4c) reveals impulses with reduced magnitude even though 
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there are fewer fake impulses (or spurious impulses). The reduced magnitude makes 

it difficult to identify true impulses as well. Obviously, a good de-noising result should 

contain as few fake impulses as possible while preserving the original magnitude as much 

as possible. This, however, as indicated in Fig. 4.4, is not always reflected by a low MSE 

value. 

To compensate for the limitation of the MSE criterion, the false identification of the 

impulses should be considered as part of the performance measure. In this study, the 

false identification is quantified using the "power" of the fake impulses, Pfaise, given by 

N 

N pfaise — pr 2 _ , Si 

r\t n (4- I Q ) 
Si it Si = 0 

Si = { 
0 elsewhere 

where Sj is a data point sampled from a fake impulse and hence Pfaise is calculated only 

based on the data points from the fake impulses. To illustrate, consider Fig. 4.4b. A true 

impulse appears after every 0.2 seconds. Any non-zero values between these simulated 

impulses in the de-noising result are classified as false identification as shown in Fig. 4.4c 

and Fig. 4.4d since they do not exist in the real signal (Fig. 4.4b). Obviously, a good 

de-noising method should yield as few such fake non-zero values as possible, revealed by 

a low F'false- To evaluate the performance of a de-noising method more accurately, a new 

criterion expressed as a "cost" function incorporating both MSE and Pfaise is defined as 

follows: 

C(T) = arg mm (MSE + Pfalse) (4.11) 

4.3.2 Simulation tests and comparison with existing methods 

The performance tests of the proposed threshold and thresholding rule were carried 

out using MATLAB with simulated signals. The Morlet wavelet is selected as a basis 

function for continuous wavelet transform which is defined as (from Eq. (3.4)) 

w(t) = exp I — 1 cos(u;o£) 
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Figure 4.5. Simulated impulses (mean = 0), impulse and noise mixtures, and comparisons 

between histograms of impulse, noise and their mixture 

where 7 = 2 and UJQ = 6 are selected arbitrarily. 

The simulated signals are composed of impulses and Gaussian noise with various 

intensities (or standard deviations of noise). The generated impulse signal shows super-

Gaussian probability distribution as shown in Fig. 4.5a and Fig. 4.5b with standard 

deviation as = 0.14 and zero mean. The Gaussian noise is generated by changing its 

standard deviation, a„. 

As the noise intensity increases, the sparseness of the signal impulse is gradually 

submerged in the noise and is becoming less observable. This can be illustrated by 

comparing Fig. 4.5c through Fig. 4.5f. In Fig. 4.5c, the noise intensity is relatively 

low (<rn = 0.1) and the histogram of the associated signal-noise mixture has very thin 
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tails outside the [—0.5, 0.5] region as shown in Fig. 4.5d. Such a distribution is super-

gaussian and is a clear indication of the existence of outliers or impulses. However, when 

the noise intensity increases to a level of an = 0.4 as shown in Fig. 4.5e, the tails of 

the histogram of the signal-noise mixture become much thicker outside the same region 

(Fig. 4.5f). In fact, the histogram of the signal-noise mixture shown in Fig. 4.5f is 

very close to Gaussian distribution and hence the impulses or outliers are swamped by 

noise. Therefore, de-noising technique is required to reveal the hidden impulses from the 

signal mixture contaminated by high-intensity noise. In the following sub-sections, the 

proposed K-hybrid method is compared with two sets of de-noising methods. First, it is 

compared with the typical soft- and hard-thresholding rules with the universal threshold. 

Second, it is compared with BayesShrink (Chang et al., 2000a,b), a near optimal soft-

thresholding method in terms of MSE, and MAP (maximum a posteriori) thresholding 

(Hyvarinen, 1999), a method based on maximization of the posterior probability of 

impulses. The de-noising performance is evaluated in terms of the combined measure, 

C(T) = aigmm(MSE + PfaUe). 

A. Comparison of K-hybrid, soft- and hard-thresholding rules 

As shown in Fig. 4.6, K-hybrid provides the best de-noising result in terms of the pro­

posed cost function for the low-intensity noise (an = 0.1). The hard-thresholding rule 

shows many falsely identified impulses between true impulses. For the signal with low-

intensity noise, the impulses can be seen easily with bare eyes. Hence, a de-noising 

process may not be very crucial to identify the fault features (impulses). However, for 

the signal with high-intensity noise, the selection of threshold value is not an easy task 

because of the uncertainty of the exact boundary between impulse and noise. For this rea­

son, the hard-thresholding rule with the universal threshold results in many fake impulses 

in the de-noised signal although it gives relatively larger magnitudes. Soft-thresholding 

provides much better results compared to the hard-thresholding rule in terms of the 

amount of fake impulses (or Pfaise). Nevertheless, it reduces impulse magnitude, which 

may mislead the decisions in fault detection. 
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Figure 4.6. Comparison of de-noising results (K-hybrid, Soft and Hard, an — 0.1] 

As noise intensity increases (Fig. 4.7), the performance of the soft and hard rules 

deteriorates substantially. The uncertainty of the threshold value causes too many fake 

impulses in the hard-thresholding result, making it almost impossible to identify true im­

pulses hidden in the noise. With the soft-thresholding rule, the magnitudes of impulses 

are drastically truncated (Fig. 4.7c) and hence it becomes very difficult to distinguish 

impulses from noise components. On the other hand, K-hybrid provides much better 

results comparing to both the hard and soft rules. It preserves much of the signal magni­

tude and makes it much easier to identify the true impulses. Only a few distinguishable 

fake impulses are seen in the de-noising results by K-hybrid as displayed in Fig. 4.7b. 

As shown in Fig. 4.6 and Fig. 4.7, the C values of K-hybrid results (0.0039, 0.0055) are 

much lower than those of the soft rule (0.0047, 0.0115) and hard rule (0.0044, 0.0078), 
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Figure 4.7. Comparison of de-noising results (K-hybrid, Soft and Hard, an = 0.3) 

which further demonstrates the appropriateness of using C value as a criterion. It is 

also interesting to note that the gap between the C values obtained by K-hybrid, soft 

and hard rules widens as the noise intensity level increases, reflecting the superiority of 

K-hybrid in handling severely contaminated signals. 

Additional simulations were conducted to compare the three thresholding rules in a 

broader range of noise intensity spanning from Gaussian to super-Gaussian. The results 

are summarized in Table 4.1. As shown in the table, K-hybrid outperforms both the 

hard and soft thresholding methods throughout the entire test range. 
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Figure 4.8. Comparison of K-hybrid, BayesShrink and MAP de-noising results [an = 0.1) 

B. Comparison of K-hybrid, BayesShrink and M A P thresholding rules 

To further examine the performance of the proposed approach, comparisons are made 

with two more sophisticated de-noising methods, BayesShrink and MAP thresholding 

rule. The BayesShrink method uses the soft thresholding rule with an adaptive, data-

driven threshold to minimize the Bayesian risk. Chang et al. (2000a,b) has shown that 

this de-noising method outperforms several other popular de-noising methods such as 

OracleShrink and SureShrink in image de-noising. 

The thresholding rule based on the MAP estimator was proposed by Hyvarinen (1999) 

to reduce noise of the non-Gaussian data. It has been applied to de-noise mechanical 

signal and to detect faults by Lin et al. (2004). As there is no commonly recognized 



K-Hybrid Thresholding De-noising 75 

0 0.2 0.4 0.6 0.8 
tims (s8c} 

(a) Mixture, a =0.30, kurtosis=3.60 

0 1 0.2 0.4 0.6 0.8 
lime (sec) 

(b) K-hybrid, MSE=0.0054, P =0.0001, C=0.0055 

0.5 

> 

f 
> -0.5 

I 
I I 

I 
1 

1 

1 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 
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Figure 4.9. Comparison of K-hybrid, BayesShrink and MAP de-noising results (an = 0.3) 

name for this thresholding method, the author calls it MAP-thresholding rule in this 

study. According to Lin et al. (2004), the MAP-thresholding rule performs better than 

the optimal minimax hard- and soft-thresholding rules. 

Here, K-hybrid is compared with these two de-noising methods by simulation. The 

simulated impulses and noise signals are the same as those used in the previous sections. 

The de-noising results for several typical cases are plotted in Fig. 4.8 through Fig. 4.10 

associated with different noise intensity levels (an values). The comparisons in terms 

of MSE, Pfalse and C with respect to kurtosis are displayed in Fig. 4.11. All the three 

methods show fairly good de-noising results in terms of C value when the kurtosis value 

(or SNR) is high. However, BayesShrink does not remove fake impulses well in a wide 
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Figure 4.10. Comparison of K-hybrid, BayesShrink and MAP de-noising results (rrn 

0.4) 

range of kurtosis values (from 3.6 upwards), which is demonstrated by the high Pfalse 

values in Fig.4.11b. Though it performs reasonably well for low kurtosis values with 

no significant fake impulses as shown in Fig. 4.10, the impulse magnitudes are reduced 

substantially. This may restrict the detectability of the weak impulses generated by a 

mechanical fault. 

The MAP-thresholding rule shows the lowest Pfaise m large part of the kurtosis range 

as shown in Fig. 4.11b. However, in the lower kurtosis range, the MAP-thresholding rule 

performs poorly in terms of all the three criteria: MSE, Pfaise and C (Fig. 4.11 a, b, and 

c). This is a serious drawback because this region represents signals with most severe 
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Figure 4.11. Comparison of K-hybrid, BayesShrink and MAP de-noising results in terms 

of MSE, Pfaise-, and C values 

noise contamination and hence is the very region where de-noising is particularly needed. 

The MAP-rule apparently does not have the needed filtering power in this kurtosis range 

and would more likely to provide misleading results. This is also evidenced by comparing 

Fig 4.8d, Fig. 4.9d, and Fig. 4.10d: the MAP-thresholding outputs deteriorate as the 

noise intensity (reflected by an) increases. 

There is a small bump in Figs. 4.11 c and d in the BayesShrink plot when kurto­

sis value is at around 3.5. This is mainly due to the drastic change of Pfalse shown 

in Fig. 4.11b. Such a sudden change in Pfaise is caused by the smoothing effect of 

soft-thresholding rule and large threshold values. Since the threshold is determined by 

T, bayes <Jn/as (Chang et al., 2000a), threshold value increases drastically as the noise 
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intensity increases. This leads to a drastic change of Pfaise at the kurtosis value around 

3.5 as shown in Fig. 4.11b, which is mainly caused by the inaccurate estimate of an. All 

noise components are shrunken at that moment and do not show significant magnitude 

afterwards in the lower kurtosis region. 

K-hybrid leads to the lowest C value when the kurtosis value is below six (Fig. 4.11c). 

The C value obtained by K-hybrid is up to 18% and 30% lower (when kurtosis = 3.15) 

than the ones yielded by the BayesShrink and MAP-thresholding methods, respectively. 

Hence, the proposed approach is the best of the three in dealing with the signals that are 

heavily polluted by noise. Since de-noising is necessary especially in the region of lower 

kurtosis values, the ability to reveal the deeply hidden impulses makes the proposed K-

hybrid more attractive for purifying weak mechanical fault signals. Moreover, K-hybrid 

outperforms BayesShrink in the entire simulated kurtosis range (3.15 to 13.59) in terms 

of C value. 

As illustrated above, K-hybrid demonstrates better performance than the typical 

soft- and hard-thresholding rules with universal threshold. It also outmatches the two 

more sophisticated approaches, BayesShrink and MAP-thresholding methods in the low 

kurtosis values (3 < K < 6), representing signals with heavy noise components. This is 

a very important advantage because the mechanical signals are often contaminated by 

high intensity noise components. The probability density functions of such contaminated 

mechanical signals are similar to the Gaussian distribution with a kurtosis value of 3.0. 

In addition, the sensitivity of kurtosis to the outlier makes K-hybrid more suitable for 

detecting impulses generated by mechanical faults. 

4.4 Application to Mechanical Fault Detection 

4.4.1 Bearing Fault 

The previous tests have clearly shown the advantages of the proposed K-hybrid over 

soft- and hard-thresholding rules, as well as the BayesShrink and the MAP-thresholding 

methods in identification of hidden impulses. In this section, the proposed method will be 
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applied for bearing fault detection. The envelope analysis is a commonly used technique 

in bearing fault detection. To carry out envelop analysis, the resonance frequency of the 

bearing system is needed. In doing so, the repeated (for more reliable results) impact is 

often applied to excite the bearing system and hence to obtain its resonance frequency. 

The cut-off frequency of a bandpass filter is then determined accordingly. Envelope 

analysis includes the following steps: 

Step 1. Apply the bandpass filter to the measured signal. 

Step 2. Obtain the envelope signal. 

Step 3. Obtain the envelope spectrum by FFT. 

Tse et al. (2001) successfully used the above approach to identify the bearing fault 

frequencies. However, it may be difficult to obtain the resonance frequency of a bearing 

system in practice. In particular, bearings are often enclosed in a mechanical system and 

are not easily accessible for impact test. The inaccurate resonance frequency may lead to 

an inappropriate bandpass filter and hence to false identification of the fault frequency. 

This is a major hurdle of using envelope analysis. 

For the above reason, this study applies K-hybrid as a pre-processing tool for bear­

ing fault detection using envelope analysis. This, if successful, would avoid the use of 

resonance frequency in the envelope analysis and make it possible to detect faults for 

bearings that are in an enclosed environment. The signal processing steps are: 

Step 1. De-noise the measured signal using K-hybrid. 

Step 2. Extract the envelope signal from the purified signal obtained in Step 1. 

Step 3. Identify the frequency spectrum of the envelope signal from Step 2 by 

FFT and then detect faults based on the FFT result. 

The above procedure is applied to the measured bearing data from the Case Western 

Reserve University (2007). The bearing is located at the drive end of a shaft. The 

signals were monitored by accelerometers near the bearing at a sampling frequency of 

12,000Hz. Three cases, i.e., healthy, inner-race fault, and outer-race fault, with original 
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data plotted in the top figures of Figs. 4.12 and 4.13 are tested. The bearing is of 

type 6205-2RS JEM SKF (deep groove ball bearing). The geometrical information of 

bearing and characteristic frequencies is shown in Table 4.2. In Table 4.2, the bearing 

characteristic frequencies (BCFs), ball pass frequency of inner-race (BPFI) and ball pass 

frequency of outer-race (BPFO), are shown as functions of shaft rotational speed fs in 

hertz (Hz). They are obtained using the following equations (Harris and Piersol, 2002): 

BPFI(BZ) = | / s ( l + ! § c o s / 3 ) (4.12) 

BPFO(Bz) = ^fs (l - f^cos/j) (4.13) 

where ne is the number of rolling elements, BD is the ball diameter, PD is the pitch 

diameter, and /? is the contact angle of the balls on the races. 

The driving shaft rotating speed is 1,772RPM (f«29.53Hz). Therefore, the inner- and 

outer-race fault frequencies are 159Hz and 105Hz, respectively. The single point fault 

of 0.011 inches in depth and 0.007 inches in diameter is introduced to the bearing inner 

and outer races. 

The healthy bearing shows no significant impulses in the time domain signal (Fig. 4.12a). 

Consequently, the wavelet-transformed signals yield kurtosis values around 3.0 over all 

the 16 selected scales. This results in a larger threshold which removes most input val­

ues. As expected, no impulses are observed in the de-noised signal (Fig. 4.12b). For the 

signals of inner and outer races with defects, the SNR or kurtosis values are relatively 

Table 4.2. Bearing specification and characteristic frequencies (6205-2RS JEM SKF) 

Inner Dia. (in) 

Outer Dia. (in) 

Thickness (in) 

Pitch Dia. (in) 

Shaft load (HP) 

0.9843 

2.0472 

0.5906 

1.5370 

1 

Fault depth (in) 

Fault Dia. (in) 

BPFI (Hz) 

BPFO (Hz) 

0.0110 

0.0070 

5.4152/, 

3.5848/s 
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Figure 4.12. Healthy bearing (SKF 6205-2RS) 

high, which warrants the use of smaller threshold values. The time domain signals are 

shown in the top figures (Fig. 4.13a and Fig. 4.13b) and are de-noised using K-hybrid. 

The de-noised results are displayed in the middle figures (Fig. 4.13c and Fig. 4.13d). 

To identify the frequencies of the faults, the envelope signals are obtained from the de-

noised signals and the envelope spectra shown in the bottom figures (Fig. 4.13e and 

Fig. 4.13f) are obtained by Fourier transform. The BCFs can be clearly seen from the 

envelope spectra without being clouded by other peaks around them and the faults can 

be detected accordingly: 159Hz for inner-race fault and 105Hz for outer-race fault. 



K-Hybrid Thresholding De-noising 

0.1 0.2 0.3 
time (sec) 

(b) Outer race 

t 

0.1 0.2 0.3 
time (sec) 

(d) De-noised signal of (b) 

J..JI.J. I _1_J I L I 
200 400 600 800 1000 

frequency (Hz) 
(f) Envelope spectrum (BPFO=105Hz) 

Figure 4.13. De-noising results of Inner- and outer-race faults (fault size: 0.007 inches 

in diameter and 0.011 inches in depth, BPFI=159Hz, BPFO=105Hz) 

4.4.2 Gear Fault 

The proposed method is applied to the gear fault signal. The test setup of gearbox 

simulator was same as shown in Fig. 3.10 (Case 1: Sensor is on the gearbox.). The 

faulty gear signal is acquired by accelerometer (Montronix VS100-100 with lOOmV/g) 

attached on the gearbox case at the sampling frequency of 12,000Hz, motor shaft speed 

of 24Hz and the gearbox input shaft speed of about 9.4Hz. Two cases are considered: 

healthy gear and a gear with a missing tooth. The acquired acceleration data is sent to 

DAQ board (NI PCI-6040E with 12bits) for signal processing. The proposed de-noising 

technique is applied to the measured vibration signals and their results are shown in 

Fig. 4.14 and Fig. 4.15 for the healthy gear and the faulty gear, respectively. As expected, 
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Figure 4.14. De-noising result of health gear signal 

the proposed de-noising method removes noise and the de-noised result practically shows 

no impulses for the healthy gear. For the gear with a missing tooth, the noise is trimmed 

down substantially whereas the impulsive fault signature is well preserved. 

To evaluate the de-noising performance of the proposed method, another test is 

performed for the same gear with missing tooth as used in Fig. 4.15; the sensor is located 

far away from the gearbox. The experimental setup is shown in Fig. 4.16 (Case 2: Sensor 

is on the test bed.). As shown in the figure, the sensor is installed on the baseboard of 

the test bed, which results in the low SNR (or heavy noise) of the measured signal. The 

motor speed is 1,510RPM and sampling frequency is 12,000Hz. All other conditions are 

the same as the ones in Fig. 4.15. Both the measured and de-noised signals are shown 
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Figure 4.15. De-noising result of gear with a missing tooth (Case 1) 

in Fig. 4.17. The upper figure (Fig. 4.17a) represents the low SNR signal and hence the 

impulsive fault feature is not as distinguishable as in Fig. 4.15. The proposed de-noising 

method removes and extracts the impulsive fault feature as shown in Fig. 4.17b. This 

result further demonstrates the excellent performance of the proposed method. 

4.5 Discussion 

The proposed K-hybrid method has yielded reasonably good results for both simulated 

and measured dada. The examples shown in the previous sections are for the periodic 

signal under stationary operating conditions. In this section, the possibility of de-noising 

non-stationary signal is explored through simulated non-stationary signal. The input 
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Figure 4.16. Experimental setup for Case 2 

signal with eight impulses is created as follows: 

*W = tH-^)-(£)} (4-14) 
where pi and qt are randomly generated from the uniform distribution ranging [0, 4000] 

and [0, 1], respectively. As the amplitudes and time gaps between adjacent impulses 

are randomly generated, the signal is non-stationary (Fig. 4.18b). It also displays a 

super-Gaussian distribution pattern (Fig. 4.18a). After the Gaussian noises of differ­

ent strength are added to the simulated impulses (Fig. 4.18c and Fig. 4.18e), the K-

hybrid de-noising method is applied. The de-noising results are shown in Fig. 4.18d 

and Fig. 4.18f with very low C values (0.0067 and 0.0061 respectively). In particular, 
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Figure 4.17. De-noising result of missing tooth gear signal (Case 2) 

as illustrated in Fig. 4.18f, the proposed method can extract the super-Gaussian signal 

from heavily contaminated signal mixture. The example shows that K-hybrid could po­

tentially be applied to non-stationary signals. However, more systematic investigations 

of its behavior in de-noising non-stationary signals are required. It should be noted that 

Hadjileontiadis and Rekanos (2003) have recently proposed an iterative kurtosis-based 

method using time-domain sliding window to enhance the explosive bowel sound (EBS), 

a transient and non-stationary signal with super-Gaussian distribution. This method 

has shown to be quite robust in extracting EBS impulses from the background noise 

without losing structural integrity of signal. 

In addition, it should be noted that the computation time is critical for many on-line 

applications. In this study, all the computations are carried out using MATLAB on a 
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Figure 4.18. De-noising result of non-stationary signal. (Note: In (a), solid line stands 

for PDF of simulated impulses with super-Gaussian behavior, dotted line for PDF of 

Gaussian distribution with the same standard deviation, i.e., 0.12) 

Pentium 4 PC with 3.4GHz CPU and 1GB RAM. The average computing times for the 

entire process including CWT, de-noising and reconstruction of the signal with 4,000 

data points in all conditions listed in Table 4.1, are 0.4447, 0.3654, and 0.3546 seconds 

for K-hybrid, hard, and soft thresholding rules, respectively. Similarly, for the simulated 

signals shown in Fig. 4.11, the average computing times are 0.4447, 0.3714 and 0.3846 

seconds for K-hybrid, BayesShrink and MAP, respectively. Such a computing speed 

should be sufficient for many on-line applications. 



Chapter 

Extract ing In-line ODM (Oil Debris 

Monitoring) Sensor Signature Using 

Generalized Differentiation1 

A particle signature is similar to a single period sine wave featuring a positive and a 

negative peak. The existing method for capturing these signatures is based on threshold 

(Miller and Kitaljevich, 2000), which has certain drawbacks (to be elaborated later). 

To avoid the difficulties present in the thresholding method, this thesis proposes that 

the particle is extracted by capturing the sine-like waveform and then be confirmed by 

identifying the three inflexion points in each particle signature. Based on this idea, a 

new feature extraction method is proposed for in-line oil debris monitoring (ODM) sensor 

signal analysis. This new method consists of two detectors developed using generalized 

differentiation. The first detector is used to extract the waveform similar to the particle 

signature. However, if the signature signal is weak, the resulting signature obtained by 

this detector alone cannot definitely be classified as that of a particle. Hence, the second 

detector is used to detect the existence of the three inflexion points. The passage of a 

particle can be confirmed only when all the three inflexion points exist in the waveform 

extracted by the first detector. Otherwise, the existence of a particle is excluded. As the 

proposed method does not require any threshold, it can avoid the difficulty in specifying 
JSee Appendix B.5 for MATLAB script. 

88 
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suitable threshold values for various applications. Both simulated and experimental 

results have shown that the proposed method is robust in a noisy environment and can 

effectively detect small particles, a sign of early flaws. It should also be noted that this 

method does not require any additional filtering or de-noising steps and therefore signal 

processing can be simplified considerably. 
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5.1 Introduction to ODM (oil debris monitoring) 

sensor 

In-line ODM sensor measures the disturbances in electromagnetic field created by parti­

cles, either ferromagnetic or non-ferromagnetic material (Miller and Kitaljevich, 2000), 

passing through the sensor. Since an ODM sensor does not trap metallic debris, it 

does not require regular inspection or cleaning to prevent false alarm. The ODM sensor 

consists of three coils surrounding a magnetically inert section of tubing of oil passage, 

which creates unique particle signature whenever metallic debris passes through the sens­

ing region determined by the three coils (Howe and Muir, 1998). A schematic diagram 

of the ODM sensor is shown in Fig. 5.1. The amplitude and the phase of the particle 

signature are dependent on the size of oil debris and the material type. The amplitude 

of the signal is proportional to the mass of a particle for ferromagnetic material and to 

the surface area for non-ferromagnetic material. The phase of ferromagnetic material is 

opposite to that of non-ferromagnetic material, allowing distinction between two mate-
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Figure 5.1. Schematic diagram of in-line ODM sensor (Howe and Muir, 1998) 
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ODM sensor signature 

Outgoing threshold Peak-to-peak 
amplitude 

Signature duration 

Figure 5.2. Illustration of the ODM sensor signal detection in time domain (modified 

from Miller and Kitaljevich (2000)) 

rials. The minimum size of a particle detectable by the ODM sensor is dependent on 

the sensor bore size. For example, the 1/2-inch ODM sensor is able to detect spherical 

ferromagnetic particles of 124 microns in size (Miller and Kitaljevich, 2000). 

Three parameters — the number of particles, the approximate size, and the accumu­

lated mass — are measured from the particle signature extracted from the noisy signal 

by using the threshold-based detection method as shown in Fig. 5.2. As mentioned ear­

lier, deciding a threshold value is not always an easy task because the measured signal 

is generally contaminated by noise. Therefore, a threshold-based algorithm may not 

be able to detect small particle signatures correctly and hence early fault detection is 

unlikely to be reliable. 
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5.2 The proposed method 

A simplified ideal particle signal is illustrated in Fig. 5.3a. As shown in the figure, the oil 

debris signature shows three inflexion points at £i, £2, and £3 respectively, which together 

with the sine-like waveform can be used to confirm the existence of a particle. The first 

and third inflexion points in the same phase are the counterparts of outgoing and incom­

ing threshold values shown in a threshold-based method in Fig. 5.2. Though the three 

inflexion points can be located by the three associated peak points appeared in the plot of 

the first derivative of the ideal waveform as shown in Fig. 5.3b, the first derivative is too 

sensitive to noise and cannot be used for this purpose in an industrial setting. This can 
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Figure 5.3. Illustration of the first-order differentiation of oil-debris signature 
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be illustrated by Fig. 5.3c and Fig. 5.3d. Fig. 5.3c shows a more realistic particle signal 

obtained by adding some Gaussian noise to the signal in Fig. 5.3a. The first derivative 

of this noisy signal is plotted in Fig. 5.3d, which obviously cannot reveal any inflexion 

points. The same can be said for other higher integer order derivatives. Therefore, it is 

impossible to employ integer order differentiation for ODM signal analysis. 

Generalized differentiation (including both non-integer order differentiation and in­

tegration) may overcome the above problem and will be exploited in the following. The 

most commonly adopted definition of generalized differentiation is an integral transform 

called the Riemann-Liouville integral (Oldham and Spanier, 2006) given as 

dnf 1 1 /"* 
ru

 J „n =—^— / [t-y]-n-1f(y)dy (5.1) 
.[d(t-ao)}n\R_L n-n)Jao

[ yi J y U > 

where the symbol [ ]R^L designates the Riemann-Liouville fractional integral, n is the 

non-integer order and the function / is differentiable in a0 < y < t. In the above equa­

tion, a positive non-integer n implies fractional differentiation, a negative non-integer n 

indicates fractional integration, and a zero n value represents identity transformation. 

More details can be found in Ortigueira (2006), Kleinz and Osier (2000), Miller (1995), 

Doyle (1995), Lavoie et al. (1976), and Post (1930). 

To obtain analytical expressions of the generalized differentiation, the oil-debris sig­

nature shown in Fig. 5.3a can be approximated by (the power function is used as an 

example): 

x(t) = 0 

x{t) = at2 

x(t) = -at2 + Aat0t - 2at\ 

x(t) = a{t~ t-if - 2at2
0 

x(t) = ~a (t ~ £4) 

x(t) = 0 

where a is a constant. 

The generalized differentiation of Eq. (5.2) can be obtained using the Riemann-

Liouville definition. However, the definition given by Eq. (5.1) limits its application to 

,t<t0 

, t0<t<h 

, h<t<t2 

, h<t<h 

, h < t < u 

, U<t 

(5.2) 
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causal function determined by the lower limit ao and, as Oustaloup et al. (1993) pointed 

out, the application of the definition equation is impractical in general because of the 

integral form. For a power function, its generalized differentiation can be expressed as a 

gamma function (Oldham and Spanier, 2006): 

dn[t-a0]
p T(p + l)[t-a0}P-n 

[d(t-a0)}
n r ( p - n + l) 

According to Eq. (5.3), the generalized differentiation of Eq. (5.2) is: 

(5.3) 

2a 

Dnx(t) = { 

r ( 3 - n) 
2a 

r ( 3 - n) 
2a 

r ( 3 - n) 
2a 

r ( 3 - n) 

0 

2 - n 

[-2(t - hf-n + t2~n] 

[2{t - t2)
2~n - 2(t - t1)

2-n + t 2-m 

-2(t - t4)
2~n + 2{t - t2f-

n - 2{t - hf-"1 + t2~n] 

t<to 

t0 < t < h 

t1<t<t2 

t2<t<h 

h<t<U 

U < t 
(5.4) 

Although the generalized differentiation of analytical functions can be performed 

using the Riemann-Liouville integral, it is impractical to use it in signal processing 

such as oil-debris signal analysis because the analytical expression of the data mixture 

of signal and noise cannot be obtained and cannot be easily approximated using Eq. 

(5.2). Consequently, the analytical calculus expressed by Eq. (5.4) can no longer be 

applied. Therefore, a discretized form of generalized differentiation is required to deal 

with discrete data measured from a sensor. 

A discretized form of generalized differentiation can be obtained by generalizing the 

ordinary integer-order derivation (Mathieu et al., 2003): 

x{t) — x(t — h) 
Dhxit) h 

(h-+0). (5.5) 

By introducing shift operator q lx(t) = x(t — h) 

Dixit) 
h 

-x(t) (5.6) 
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the associated operator for any order n is then (See Appendix A.3 for derivation.), 

Expanding (1 — q~l)n based on Newton's binomial formula, one obtains 

°k=h B-l)*"("-1)("-2,!,--("-fc+V-. (5.8) 

Therefore, the generalized differentiation of x{t) is (See Appendix A.4 for proofs of Eqs. 

(5.8) and (5.9).), 

k=0 

1 v ^ , lNfc F(n + 1) , 

= * g-')'r ( t + 1}r(»-t + i ) ' " - fch)' 
Similarly, for the definition of 

(5.9) 

£>ix( t) = x ( t ) ^ + / l ) (fc _> 0) (5.10) 

the generalized differentiation of x(t) is calculated by, 

"wo = A f(-i)^"-1)("-2'^("-* + 1 ' . ( t + * / , . ) 
fc=0 

1 v ^ , lXfc T(n + 1) 
(5.11) 

fc=0 

The following subsections examine the application potential of positive and negative 

fractional n generalized differentiation based on the simulated oil debris signal shown in 

Fig. 5.3a and Fig. 5.3c. 

5.2.1 Fractional differentiation with positive order n 

A fractional differentiation is obtained for the positive non-integer order n > 0. Though 

a fractional differentiation reveals inflexion points, the accuracy is dependent on n value; 
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Figure 5.4. Simplified oil debris signatures and their fractional differentiations: (a, b) 

without noise, (c, d) with noise 

the closer to 2.0, the more accurate inflexion location can be detected (Mathieu et al., 

2003). Fig. 5.4 shows fractional differentiations (Fig. 5.4b and Fig. 5.4d) with a positive 

non-integer order, n = 0.9 is used for illustration, for a simulated clean signal (Fig. 5.4a) 

and a mixture of the signal with noise (Fig. 5.4c), respectively. The three peaks in 

Fig. 5.4b indicate the approximate locations of the three inflexion points in Fig. 5.4a. 

However, when the simulated signal is mixed with noise (Fig. 5.4c), inflexion points 

cannot be detected by the fractional differentiation as shown in Fig. 5.4d. This indicates 

that a fractional differentiation (with positive n) is sensitive to noise and is not suitable 

for extracting particle signatures. 
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Figure 5.5. Simplified oil debris signatures and their fractional integrations: (a, b) 

without noise, (c, d) with noise 

5.2.2 Fractional integration with negative order n 

As shown in the previous section, a fractional differentiation is not suitable for noisy 

particle signature. Then the fractional integration (n < 0) is considered. As illustrated 

in Fig. 5.5, the fractional integration is much less susceptible to noise. Fig. 5.5b and 

Fig. 5.5d show the fractional integrations (n = —0.9) of the same simulated and contami­

nated signals described in Fig. 5.4a and Fig. 5.4c, respectively. Interestingly, a fractional 

integration has demonstrated a very good de-noising effect as shown in Fig. 5.5d. The 

particle signature can be clearly revealed by fractional integration (with negative n). 

However, the inflexion points cannot be located by using the above simple fractional 
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integration. Furthermore, comparing Fig. 5.5a and Fig. 5.5b, as well as Fig. 5.5c and 

Fig. 5.5d, indicates that the locations of the signature signals processed by fractional 

integration have been right-shifted. 

In view of the effect and drawbacks of the simple fractional integration, two new 

detectors will be developed based on fractional integration to: a) extract the oil-debris 

signature without location shifting, and b) locate the inflexion points. Before develop­

ing the two detectors, it is important to further examine the robustness of fractional 

integration in dealing with noisy signals. 

5.2.3 Robustness to noise 

Generalized differentiation with negative non-integer order has de-noising effect as shown 

in Fig. 5.5. This de-noising effect is due to the low-pass filter property of the generalized 

differentiation with negative non-integer order. Such a low-pass filter characteristic can 

be shown by taking Laplace transform of the fractional derivative of a unit step function 

as follows. The generalized differentiation of a unit step function can be expressed as 

(Oldham and Spanier, 2006): 

r n _ 
n) 

(5.12) 

where u[t) is a unit step function. The Laplace transform of the above equation is (See 

Appendix A.5 for derivation.) 

MW)} = * { ^ } (8is) 

s-n+l 
(n < 0) 

As shown in Eq. (5.13). the Laplace transform of the generalized differentiation of unit 

step function has the low-pass filter characteristic ( l / s~ n + 1 ) when a negative non-integer 

order n is selected (n < 0). This property makes the generalized differentiation with 
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negative non-integer order work as a low-pass filter and hence less susceptible at least 

to high frequency noise as shown in Fig. 5.5d. 

5.2.4 Development of two detectors 

Two discretized forms of generalized differentiation shown in Eqs. (5.9) and (5.11) can 

be applied to the data measured from a sensor without knowledge of analytical equa­

tions. However, there is a translation effect when Eqs. (5.9) and (5.11) (right and left 

translation, respectively) are directly applied to the measured data. For example, the 

fractional integral (n < 0) obtained by Eq. (5.9) shifts the signal towards right, which 

can be easily observed by comparing Fig. 5.5a and Fig. 5.5b and Fig. 5.5d. This is also 

illustrated in Fig. 5.6a. It should be noted that the time-domain translation is caused 

by the finite number of data. When the signal mixture is severely contaminated by noise 

or when the oil-particle signature is too small, it would be very difficult to distinguish 

the particle signature. In this case, locating three inflexion points of the extracted par­

ticle signature helps identify the oil particle signature. For this reason, maintaining the 

particle location, i.e., extracting signature without translation in time, is necessary. To 

extract particle signatures and detect the inflexion points without shifting signal loca­

tions, two detectors, one for extracting particle signatures and the other for locating the 

inflexion points, are developed as follows. 

a. Particle signature extractor 

This detector is expressed as 

Hnx(t) = Dn
Lx{t) + Dn

Rx{t) (n < 0). (5.14) 

As shown in Fig. 5.6a, both D7^ and D£ can reproduce the signature. However, applying 

each of them alone leads to either right or left shift. Adding the two together would cancel 

out the shifting effect and the correct location of the signal can be preserved. However, 

though Hnx(t) can preserve the signature location, it also changes the magnitude of the 

signature as suggested by Eqs. (5.9), (5.11), and (5.14). For this reason, the particle 
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signal magnitude, s(t), is approximately recovered by applying: 

s(t) « Hnx(t) = X • Hnx(t) 

where Hnx{t) is given by 

and 

Hnx{t) = Hnx{t) 
max(| iJnx(t) | ) 

X = max(\x(t)\) 

(5.15) 

(5.16) 

(5.17) 
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Figure 5.6. Illustration of (for n = —0.9): (a) simulated signal x(t), and its D\ and 

.D£, (b) recovered signature (« Hnx(t)) by the signature extractor, (c) applying D\ and 

—D\ to the signal, and (d) the three inflexion points (marked with circle) located by 

the inflexion-point locator 
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b. Inflexion-point locator 

Similarly, an inflexion-point detector can be denned as 

Px{t) = Dn
Lx{t) - Dn

Rx{t) (n < 0). (5.18) 

Subtracting DR from D\ can identify inflexion points as peaks in the plot of Inx(t) and 

preserve the signal phase information that is crucial to distinguish ferromagnetic and 

non-ferromagnetic materials (The mathematical verification of the proposed method is 

given in the Appendix A.6.). To illustrate, Eq. (5.18) is applied to the simulated signal 

x(t) (Fig. 5.6a). The result clearly reveals the three inflexion points (associated with the 

three peak locations in Fig. 5.6d) with correct phase information. For general application 

purpose, the Inx{t) is normalized as follows 

* * > - mJff imi) <5-19) 
The overall procedure of applying the two detectors to extract the particle signature 

from a measured signal is shown in Fig. 5.7 and outlined as follows: 

Step 1: Select a negative non-integer order n and find the maximum amplitude, 

X, of the measured signal from the measured signal x(t). In this thesis, 

n is selected as "—0.9". Generally, for better de-noising result, the value 

of n should be as close to "—1" as possible, but not equal to " — 1 " . 

Step 2: Calculate D^xit), D\x{t) and associated Hnx(t) and Inx(t). 

Step 3: Extract particle signature, Hnx(t), and locate the inflexion points, Inx(t), 

using the two detectors. 

The two proposed detectors do not require any threshold values and are robust to noise. 

In addition, their "built-in" de-noising capability has streamlined oil-debris signal pro­

cessing. In the following sections, the performance of the two detectors will be examined 

using simulated signal and data measured from an ODM sensor. 
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X = max(|x(»|) 

x(t) 

non-integer, n 
(n<0) 

Dixit) = — Y (-1)* WJI+V) _ 
* hntC r(jfe + l)r(n-jfc+l) 

Dixit)=—y (-i)4 — n n ± n — ( / + k h ) 
L hntt T(k + l)r(n-k + l) 

H"x(t) = 

Fx(t) = 

D"Lx(t) + Dn
Rx(t) 

max(\Dn
Lx(t) + Dn

Rx(t)\) 

D"Lx(t)-D"Rx(t) 

max[\Dn
Lx(t)-D"Rx(t)\ 

s(t)~Hnx(t) = X-H"x(t) I"x(t) 

Figure 5.7. Block diagram of the proposed oil debris signature extraction method 

5.3 Simulated examples 

In this section, the two detectors defined in the previous section are evaluated using sim­

ulated particle signatures with different phase information and various levels of noise. 

A simulated signal consisting of three particle signatures with different magnitudes and 
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phase information is shown in Fig. 5.8a and Fig. 5.9a. To better reflect the real monitor­

ing environment, the simulated signature is mixed with different levels of Gaussian noise. 

The associated signal-to-noise ratio's (SNR's) of the resulting data mixtures are — 2dB 

(Fig. 5.8b) and —5dB (Fig. 5.9b), respectively. The detection results, i.e., waveform 

and inflexion points, using the two detectors are shown in parts (c) and (d) of Fig. 5.8 

and Fig. 5.9. The simulated particle signatures are correctly recovered from the noisy 

signal mixture for both cases as shown in Fig. 5.8c and Fig. 5.9c. Applying detector 

Hn correctly identifies phase information and peak locations without being confused by 

spurious signatures. It is also observed that, because of its low-pass filter characteristic, 

detector Hn can remove noise and recover the particle signature without resorting to 

additional filters. It is also shown that the smallest signature that has been submerged 
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Figure 5.8. Numerical evaluation 1 (SNR=—2dB) 
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in the noise (Fig. 5.9b) is well recovered by Hn in Fig. 5.9c. Such a heavily contaminated 

small signature may not be detected using a threshold-based method because there is 

no clear distinction between the noise and signal. The authenticity of the recovered 

signatures is further confirmed by detector In by revealing their inflexion points. For 

both SNR levels, the locations of the three inflexion points of each of three signatures 

are clearly identified by the peak locations shown in Fig. 5.8d and Fig. 5.9d. 

5.4 Experimental work 

In this section, the two detectors are applied to the data measured by an in-line ODM 

sensor. A commercially available in-line ODM sensor (GasTOPS, Ltd.) is used in this 

1.5 

1 

o> 0.5 
•o 

f 0 
E 
< -0.5 

-1 

-1.5 

» 

0 0.2 0.4 0.6 
time (sec) 

0.8 

(a) Simulated signature, x (t) 

0.4 0.6 
time (sec) 

(b) Simulated signature with noise, x (t), SNR=-5dB 

0.2 0.4 0.6 0.8 

time (sec) 

(c) H"0-9 x2(t) 

1.5 

1 

a) 0.5 

Q. 
E 

< -0.5 

-1 

-1.5 

= oktai^WWVwl ^j W«wwwvH 

0 0.2 0.4 0.6 0.8 

time (sec) 

(d) r09 x2(t) 

Figure 5.9. Numerical evaluation 2 (SNR=—5dB) 
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experiment. The data is collected using an NI DAQ board (PCI-6040E) with 500kS/s 

reading capacity (for single channel) and 12-bit resolution. The analogue signal from the 

ODM sensor is digitized at 8,000 samples/s and processed using a Pentium 4 PC with 

3.4GHz CPU and 1GB RAM. The proposed algorithm is implemented using MATLAB. 

Two manufactured spherical particles (one ferromagnetic and one non-ferromagnetic) 

are used to test the algorithm. The diameters are 175/xm and 508/nm for the ferromag­

netic and non-ferromagnetic particles, respectively. The data are acquired by moving 

the particles through the ODM sensor. It should be mentioned that the ferromagnetic 

and non-ferromagnetic particles have opposite signature phases. This is useful for dis­

tinguishing debris materials. 

The signals of the non-ferromagnetic and ferromagnetic particles measured by the 

ODM sensor are plotted in Fig. 5.10a. The phase difference of the two signatures, non-

ferromagnetic followed by ferromagnetic, is clearly shown in the figure. The outputs of 

detectors Hn and In are displayed in Fig. 5.10b and Fig. 5.10c, respectively. It is obvious 

that detector Hn has removed much of the noise components from the measured signal 

as shown in Fig. 5.10b. In addition, the inflexion points of two particle signatures are 

located in Fig. 5.10c, which further evidence the existence of the two particles. 

The measured signals in Fig. 5.10a are strong and obvious. This is because the data 

are acquired in a relatively "quiet" environment. In practice, the sensor is often mounted 

near an operating engine and the data are acquired in a noisy environment. Under this 

circumstance, the measured signal generally contains much more severe noise and its SNR 

is much lower. To simulate such a condition, the ferromagnetic and non-ferromagnetic 

particles used in the previous experiment are replaced by two paper balls to generate 

much weaker signals. The paper balls used in this experiment are 4mm and 6mm in 

diameter. Fig. 5.11a shows the measured in-line oil-debris signal containing two particle 

signatures. The second particle signature (generated by the 6-mm paper ball) is easily 

identified because of its distinguishable magnitude. However, by looking at Fig. 5.11a 

alone, it is difficult to identify the first one (generated by the 4-mm paper ball) because 

of the smaller magnitude hidden in the noise. The two detectors are then applied to the 
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Figure 5.10. Extraction of non-ferromagnetic particle signature (the first signature) and 

ferromagnetic particle signature (the second one) 

raw data. The signatures and inflexion points of both paper balls can be clearly identified 

as shown in Fig. 5.11b and Fig. 5.11c. This application demonstrates the robustness of 

two detectors in extracting particle signatures under noisy environment. 

5.5 Discussion 

Two detectors defined by generalized differentiation have been proposed to detect oil 

debris signatures. As shown in the simulation and experimental studies, they do not 

require any threshold information and are effective in extracting particle signatures even 

in a very noisy environment. Therefore, the two issues mentioned in section 2.1.2, i.e., 
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Figure 5.11. Extraction of in-line paper ball signatures (spherical paper balls, 4mm and 

6mm in diameter associated with the first and the second signatures) 

the selection of threshold values and the need for digital filtering, have been resolved 

accordingly. As a result, a detection algorithm can be substantially simplified. 
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Chapter 

Separation of Fault Features from a 

Single-Channel Mechanical Signal 

Mixture using Wavelet 

Decomposition 

This chapter reports a joint wavelet decomposition and Fourier transform approach to 

the separation of periodic mechanical source signals from a single-channel signal mixture. 

With this method, the signal mixture is first decomposed into certain wavelet scales. The 

resulting wavelet coefficients are then Fourier transformed to extract the information 

pertinent to each signal source from these scales. Next, the number of signal sources is 

determined and the wavelet coefficients for each signal are constructed in all scale levels. 

Finally, the source signals can be reconstructed using these wavelet coefficients. Since 

this method does not require the number of sources to be known a priori, it is particularly 

suitable for mechanical fault signal separation as the number of source signals varies with 

time and is unpredictable. It is also important to point out that the number of sources is 

determined without the commonly adopted sequential extraction/learning process and 

hence the proposed method can be used for on-line fault detection due to the reduced 

computing burden. The application of this method has been demonstrated using mixed 

1Appeared in Mechanical Systems and Signal Processing, vol.21, no.5, 2007, pp.2025-2040. 

See Appendix B.6 for MATLAB script. 
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bearing data containing both inner- and outer-race fault signals. 
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6.1 Proposed Single-Channel BSS (Blind Signal Sep­

aration) Method 

At a time instant t, the monitored single-channel (sensor) signal x(t) is a blend of un­

known independent source signals, i.e., 

i 

where Si(t) is the signal from source i at time t and pi is the weight of source signal i. 

The value of pi is constant but unknown. The purpose is to a) determine the number of 

sources, and b) separate the source signals. Even if the number of sources is known, the 

problem is still too ill-conditioned to tackle mathematically (Jang and Lee, 2003). 

This chapter proposes a joint wavelet decomposition and Fourier transform method. 

The main idea is to decompose the signal mixture to certain wavelet scales and then 

extract the information pertinent to each signal source from these scales. The wavelet 

coefficient at a different scale contains a different amount of information of a signal and 

hence would contribute to the construction of this signal differently. Therefore, if the 

levels of contributions, or contribution ratios, of all the wavelet coefficients at all scales 

to a source signal can be identified, the signal can be constructed. If the number of 

sources is known or can be determined, all the source signals can be constructed in the 

same way. Accordingly the proposed method involves the following three phases: 

1. Decompose the single-channel signal mixture by wavelet transform. 

2. Determine the number of source signals and contribution ratios of all 

wavelet coefficients to all source signals. 

3. Reconstruct source signals based on the above results. 

It should be noted that, unlike many sequential approaches, the proposed method 

does not require the "learning" process that may restrict the application in dynamic 

situations involving new and unpredictable fault features. The overall process is shown 

in Fig. 6.1 and the details of the method are described in the following sections. 
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Figure 6.1. Block diagram of the single-channel signal separation process 

6.1.1 Decomposition of the single-channel signal mixture 

A. Wavelet transform 

Since a single-channel signal mixture does not provide enough information for separation 

of source signals, additional information will be extracted in this phase by decomposing 

the signal mixture in different wavelet scales. In this study, the continuous wavelet 

transform (CWT), given as follows (from Eq. (3.2)), is used: 

W(a, b) = J x(t)w*a>b(t)dt (a = 1, 2, . . . , L) 
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where W(a, b) is the wavelet coefficient, L is the largest scale level, asterisk (*) indicates 

complex conjugate and watb(t) is the daughter wavelet given by (from Eq. (3.3)): 

1 ft-b 
wa,b{t) = TTU?W 

|o|V2 y a 

where a is the dilation (scale) factor and b is the translation factor in time. |a|~1/'2 is used 

to ensure energy preservation (Goupillaud et al., 1984). Since each scale is associated 

with one aspect of the signal composition, additional information can be extracted from 

the decomposed signal in each scale. In this study, the Morlet wavelet is used because 

it is similar to that of the impulsive mechanical signals (Lin and Qu, 2000; Lin et al., 

2004). These wavelet transformed subband signals can be considered as the bandpass 

filtered signals, where the bandwidth of each bandpass filter is determined by the scale 

level of the wavelet transformation. 

B. Determine number of wavelet scale levels 

The selection of number of scales L is important in signal reconstruction. The bandpass 

filter resulting from a small L may not provide sufficient frequency coverage to include the 

frequency components related to the mechanical faults. In general, the more scale levels 

we use, the more "authentic" the reconstructed signals would be. However, the use of a 

large number of scales inevitably leads to heavy computing burden, which undermines 

the usefulness of the CWT approach. An appropriate scale level can be determined by 

considering fault feature frequencies of interest and frequency corresponding to the scale 

level based on the concept of pseudo frequency. Each scale level has its own pseudo 

frequency which is determined by the center frequency of the wavelet function, sampling 

period and scale level as follows (Mathworks, 2007). 

** = 7TW. (6-2) 

where f%3 is the pseudo frequency corresponding to scale a, fc is the center frequency of 

the selected wavelet function, and Fs is the sampling freqeuncy. For the pseudo frequency 

to cover the entire frequency range of interest, the following condition must be satisfied: 

fa=L — /interest < Ja=V l"-^) 
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Therefore, the minimum frequency of interest (min/ in torcs t) should be greater than or 

equal to the pseudo frequency of the maximum scale, i.e., 

^ L < m i n / i n t e r e s t . (6.4) 

In the context of machine fault detection, the frequencies of interest may be gear mesh 

frequencies for gear faults or bearing characteristic frequencies. Hence, the smallest a 

that satisfies Eq. (6.4) can be used as the maximum scale level such that all possible 

frequencies of interest can be covered with the minimum possible computational effort. 

Consider an example with fc = 5Hz, 1/FS — 1ms, and min/in te re s t = 200Hz. From Eqs. 

(6.2) and (6.4), we have 

Ja=L 0.001L ~ 200 

To reduce computing time, we choose L = 25. 

The computing time can be further reduced by specifying a lower limit of a, denoted 

L*, based on the maximum frequency of interest, i.e., 

m a x /interest < / £ I L . . ( 6 ' 5 ) 

For example, suppose the maximum frequency of interest is 1,000Hz and other informa­

tion remains unchanged. Then the lower limit of a is: 

max/ i n t c r c s t = 1000 < f^L, = ^ - ^ or V < 5. 

Hence, the wavelet decomposition can be done from scale 5 to 25. However, since most 

of the time saving is achieved by specifying a tighter upper bound of scale levels and L* 

is often close to 1 in the context of machine fault detection, we assume L* = 1 in the 

following discussions. 

6.1.2 Determine number of source signals and calculate contri­

bution ratios 

Once the single-channel signal mixture is decomposed, i.e., {W(a, b)} is determined, the 

fast Fourier transform (FFT) will be applied to the decomposed results in all scale levels 



Single-Channel Signal Separation 115 

to obtain {FWa(f)} which will then be used to estimate the number of source signals 

and calculate contribution ratios as detailed in the following. 

A. Number of source signals 

The FFT spectrum in a wavelet scale a, i.e., {FWa(f)}, may contain several peaks, 

each corresponding to a frequency. The frequency associated with the highest peak is 

most likely to be related to one of the source signals and is called dominant frequency 

here, denoted fa (a = 1, 2, . . . , L). To determine the number of sources, the dominant 

frequencies for all scales should be identified. 

However, a dominant frequency of a certain scale could be a harmonic of another 

dominant frequency in a different scale and, if so, it should not be considered as an 

independent signal. Furthermore, some scales may cover certain frequency ranges that 

are not of our interest. Such redundant frequencies have to be removed. In other words, 

we are looking for dominant frequencies, / i , /2, . . . , JN.,, such that: 

1. fi^nfa, (i = l,2,...,Na, a = l,2,...,L, n = 2,3, . . . ) 

2. m m /interest 5: fi 5: m a x /interest-

The dominant frequencies that satisfy the above conditions are called feasible domi­

nant frequencies. The number of feasible dominant frequencies Ns is then considered as 

the number of source signals. It should be noted that the same fi may appear in several 

scales but this does not increase signal count. 

B. Contribution ratios 

The contribution ratio represents the weight of the wavelet coefficient of a scale in a 

source signal. For completeness, we include all scales for every source in the calculation 

even though only the scales with non-zero peaks at a source frequency, e.g. fi, actually 

contribute to that source signal, say, i. Defining F l f 0 ( / i ) as the peak magnitude at 
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feasible frequency fi in scale a, its contribution ratio in signal source i is given by: 

\FWaCfi. 
Ti 

J2\FW^ 
(i = l,2,...,Na, a = l , 2 , . . . , L ) . (6.6) 

With the above contribution ratio, the wavelet coefficients for each signal source can be 

constructed as: 

Si,a(b) = nAW(a, b) (i = 1, 2 , . . . , Ns, a = 1, 2 , . . . , L) (6.7) 

where SiA(b) is the constructed wavelet coefficient or wavelet representation of signal i 

in scale a at time b. In a sense, vector Si(b) = (S^x(b), Si^ib), . . . , S^ib)) represents 

the make-up or "spectrum" of signal i in the wavelet domain. These S^a(b) values will 

be used for constructing the source signals. 

6.1.3 Construct source signals 

Once the number of source signals is determined and the wavelet coefficients for each 

signal are obtained, the source signals can be constructed. Based on the Morlet formula 

(Rioul and Duhamel, 1992), the source signals can be calculated as: 

C\w — I —;—;—duj 

Considering only the selected scales, we have 

^ > = ^ E ^ # (i = l,2,..,Ai). (6.9) 
a = l 

6.1.4 Summary of single-channel BSS procedure and illustra­

tion 

Based on the above results, the overall single-channel BSS procedure is detailed in Fig. 6.1 

and can be summarized as follows: 

file:///FWaCfi
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Step 1. Apply CWT to the single-channel signal mixture x(t) to obtain the 

wavelet decomposed signals W(a,b) using Eq. (3.2). The number of 

scale levels is determined by Eqs. (6.2), (6.4) and (6.5). 

Step 2. Perform Fourier transform of W(a, b) and obtain frequency spectrum, 

FWa, for each scale. 

Step 3. Find the dominant frequency, fa, in each scale. 

Step 4. Check the feasibility conditions for all fa and find / j . The number of /$ 

's, i.e., Ns, is considered as the number of source signals. 

Step 5. Calculate contribution ratios and construct wavelet coefficients for each 

signal using Eqs. (6.6) and (6.7). 

Step 6. Reconstruct source signals, Si(b), using Eq. (6.9). 

To illustrate the BSS process, consider three sinusoidal signals (Fig. 6.2). After 

applying wavelet transform in 30 scale levels (step 1) and FFT to the wavelet coefficients 

in each of the 30 scales (step 2), we obtain the frequency spectrum for every scale. 

Fig. 6.3 displays the wavelet transform results and frequency spectra in scales 4, 8, 16, 

and 30. One scale may contain more than one peak but only the highest is of interest for 

determining number of sources. For example, there are two peaks corresponding to 120Hz 

and 300Hz respectively in scale 8 (Fig. 6.3d). In this case, the highest peak is at 120Hz 

and hence the dominant frequency is 120Hz for this scale. Repeating this process for 

all scales yields three dominant frequencies, i.e., / a = 4 = 300Hz, / a =g = fa=i6 = 120Hz, 

and /a=3o = 45Hz (step 3). Since all the three frequencies satisfy the non-harmonic 

and frequency coverage conditions, they are all feasible dominant frequencies, denoted 

respectively /i(=45Hz), /2(=120Hz), and /3(=300Hz) (step 4). Accordingly the number 

of source signals is determined as three (Ns=3). To construct the three source signals, 

the contribution ratios and wavelet coefficients for each signal have to be calculated using 

Eqs. (6.6) and (6.7) in each scale (step 5). For instance, the peak heights at the three 

identified signal frequencies in scale 8 are FW 8 ( / i ) = |FW8(45)| = 0, \FWs(f2 
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Figure 6.2. Time and frequency domain representations of source signals and signal 

mixture 

|FW8(120)| = 92.07, and FW8(f3) = |FW8(300)| = 23.42, respectively. Hence, the 

associated contribution ratios are 

FW8(fi 
ri,s = -^ 

E FW%Ui) 

FW8(f2 

0 

r 2 > 8 = 3 

E FWB(f, 
3=1 

FWs(h) 
r 3 ' 8 = 3 

E FWsif, 

0 + 92.07 + 23.42 

92.07 
0 + 92.07 + 23.42 

23.42 
0 + 92.07 + 23.42 

= 0.00 

0.80 

0.20. 
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Figure 6.3. Wavelet transformed signals and their Fourier transforms for four selected 

scale levels (Note: "x" specifies the frequency range of the associated scale in the FT 

plots) 

The contribution ratios for other scales can be calculated similarly. Then the source 

signals can be constructed using Eq. (6.9) (step 6). The constructed source signals are 

shown in Fig. 6.4, which is consistent with the original three signals. 

6.1.5 Quality evaluation of separated signals 

If the original signals were known, then the quality of the separated or reconstructed 

signals could be evaluated by simply comparing the reconstructed and the original sig­

nals. However, in the context of BSS, the original signals are unknown and hence it is 

impossible to make such comparison. For this reason, this thesis proposes to evaluate the 
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Figure 6.4. Separated source signals and their frequency representations (Note: the 

circles represent the source signal frequencies) 

quality of a reconstructed signal by examining the power spectral density (PSD) of all 

the separated signals in the "home" frequency (or envelope) spectrum of the concerned 

signal. The rationale is that the PSD of a signal in its own frequency (or envelope) 

spectrum should dominate others in the same spectrum. The level of dominance can 

be considered as the quality of the reconstructed signal. This study adopts the signal-

to-noise ratio (SNR) concept and rename it signal-to-signal ratio (SSR) to quantify the 

level of dominance. More specifically, the quality of a reconstructed signal i. is quantified 

by 

s^Ai^m) ("0) 
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where PSDi and PSDj are the power spectral densities of signals i and j in the "home" 

spectrum of signal i, respectively. 

6.2 Application 

The evaluation of the proposed method is done by using two different signal mixtures: 

i) synthesized single-channel signal mixture obtained by mixing two independently mea­

sured outer- and inner-race bearing fault signals, and ii) single-channel signal mixture 

of outer- and inner-race bearing fault signals measured from a machine fault simulator. 

6.2.1 Application to synthesized signal mixture 

The bearing fault data were obtained from Case Western Reserve University (2007). 

Both the inner and outer races have a single point fault created by electro-discharge 

machining. The fault size is 0.007 inch in diameter and 0.011 inch in depth for both 

inner and outer races. The shaft rotating speed is 1,797RPM (29.95Hz). The bearing 

characteristic frequencies (BCFs) of inner-race fault, BPFI (ball pass frequency of inner 

race), and outer-race fault, BPFO (ball pass frequency of outer race), can be calculated 

theoretically as (Harris and Piersol, 2002), from Eqs. (4.12) and (4.13), respectively: 

BPFI = | / s 

BPFO = ^fs 

BD 
1+PDC°Sp 

BD 
l-p~DCOs(i 

(Hz) 

(Hz) 

where PD is the bearing pitch diameter, BD is the ball diameter, j3 is the contact angle 

of the balls on the races, ne is the number of rolling elements, and fs stands for the 

shaft rotational frequency. The BCFs are determined by the geometry of bearing and 

the shaft rotational speed. In this CclSG, Si deep groove ball bearing is used (6205-2RS 

JEM SKF). The other data are BD = 0.3126 in, PD = 1.5370 in, ne = 9, and /? = 0°, 

which leads to the following BCFs: 

BPFI = 5.4152/s = 162.2Hz 

BPFO = 3.5848/, = 107.4Hz. 
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The sampling rate was 12,000 samples/sec and 4,000 data points were taken from 

the reference data source. The original data from CWRU were collected for single point 

fault, i.e., the inner and outer race fault signals were monitored separately. Hence, to 

obtain the single-channel signal mixture, the inner- and outer-race fault signal data are 

mixed using mixing matrix [1 1]. The signal separation method is then applied to this 

signal mixture. 

Fig. 6.5 shows the time and frequency domain (envelope spectra) plots of the source 

signals and their mixture. From the signal mixture (Fig. 6.5e and Fig. 6.5f), it is diffi­

cult to conclude how many source signals are involved. It should also be noted that, in 
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Figure 6.5. Source signals, signal mixture and their envelope spectra: (a, b) outer-race 

fault signal, (c, d) inner-race fault signal, and (e, f) signal mixture 
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Fig. 6.5f, the peak associated with signal 2 at 162.2Hz is very small as compared to that 

of signal 1. 

The proposed separation method is applied as follows: 

Steps 1 and 2: Carry out wavelet decomposition and Fourier transform. After applying 

CWT (12 scale levels) to the signal mixture and FFT to the each of the scales, the 

frequency spectra are obtained for all scales. 

Step 3: Three dominant frequencies are found at 12, 108 and 162Hz. 

Step 4: Check the feasibility conditions and determine number of sources. In this case, 

the minimum frequency of interest is BPFO, i.e., 107.4Hz and the maximum frequency 

is set to 1,000Hz (about 6 times of the BPFI). Therefore, the dominant frequency at 

12Hz is not in the frequency range of interest and is excluded. The other two dominant 

frequencies, 108Hz and 162Hz, satisfy the two conditions, i.e., they are both within the 

frequency range of interest and are not harmonics to each other. It is hence concluded 

that there are two source signals at 108Hz and 162Hz, respectively. 

Steps 5 and 6: Construct wavelet coefficients for each of the two signals using Eq. 

(6.7) and reconstruct the two source signals with Eq. (6.9). The constructed signals are 

plotted in Fig. 6.6 which clearly shows the two separated frequency components. 

From Eq. (6.10), the signal-to-signal ratios for the two reconstructed signals are: 

Q Q R i n , PSDwmz 100.47F2 ! „ _ _ , „ 
SSRwmz = 10 • log — — = 10 • log = 13.55dB 

PSD162uz 4A3VZ 

SSR162Ilz = 10 • log p ^ 1 6 2 H z = 10 • log H | ^ = 16.92dB. 

The above results indicate that the level of dominance of a signal in its own frequency 

(or envelope) spectrum dominates the other substantially and hence the proposed method 

can separate the source signals from the single-channel signal mixture reasonably well. 
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Figure 6.6. Separated source signals and their frequency representations 

6.2.2 Application to real signal mixture 

The proposed method was applied to the signal mixture of outer- and inner-race fault 

signals (for single-point fault on the race). The experiment was carried out using a Spec-

traQuest machinery fault simulator (MFK-PK5M). The bearing faults were pre-created 

by SpectraQuest — the supplier of the machinery fault simulator. The machine fault 

simulator and experimental setup are shown in Fig. 6.7. A Montronix accelerometer 

(Model VS100-100), with a sensitivity range of 1-12 kHz and a sensitivity of lOOmV/g, 

was mounted on top of the housing of a bearing with inner-race fault to measure the 

mixture of the signals from the two bearings. The two bearings were used to support a 

two mass rotor test kit. The two well balanced mass rotors are 2-inch thick, 4-inch in 
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Figure 6.7. Experimental setup 

diameter and 11.1 lbs each, fitting into a 5/8-inch steel shaft. The test kit was driven by 

a 3-hp AC motor controlled by a Hitachi controller (SJ200-022NFU). The signal was sent 

to an NI DAQ card (PCI-6040E) with 500kS/s reading capacity (for single channel) and 

12-bit resolution. The analogue signal from the accelerometer amplifier was digitized 

at 6,000 samples/s and processed using a Pentium 4 PC. The proposed single-channel 

source separation algorithm was implemented using MATLAB. Two motor shaft rotat­

ing speeds were considered: 1.660RPM (27.67Hz) and 1,402RPM (23.37Hz). 

A. Application 1: Shaft rotating speed at 1,660RPM 

The associated bearing characteristic frequencies for shaft rotating speed at 1,660RPM 

are as follows: 
BPFI = 5.002/, = 138.4Hz 

BPFO = 2.998/, = 82.9Hz. 
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The measured signal mixture and the separated source signals using the proposed method 

are illustrated in Fig. 6.8 in both time and frequency domains. The signal-to-signal ratios 

of the two reconstructed signals are respectively: 

SSR83Bz = 10 • log ^ 8 3 H z = 10 • log ~ = 5.44dB 
PSD 138Hz 0.06 

SSR138Hz = 10 • log ^ 1 3 8 H z = 10 • log ~ = 6.73dB. 
-r<J^83Hz U.J4 

The outer-race fault signal (Fig. 6.8d) contains many low frequency components that 

are mostly caused by the transmission noise. As the accelerometer is installed near the 

inner-race fault bearing, the outer-race fault signal may be contaminated during trans-
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Figure 6.8. Measured signal mixture from the machinery fault simulator and separated 

source signals in time and frequency domains (shaft rotating speed of 1,660RPM) 
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mission from the fault source to the sensor. Even though there is a noise effect, the peak 

frequency component of BPFO is clearly shown in the envelope spectrum. 

B. Application 2: Shaft rotating speed at 1,402RPM 

For the motor shaft rotating speed at 1,402RPM (23.37Hz), the associated bearing char­

acteristic frequencies are: 

BPFI = 5.002/s = 117.0Hz 

BPFO = 2.998/s = 70.0Hz. 

The measured signal is plotted in Fig. 6.9a and its envelope spectrum is displayed in 
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Figure 6.9. Measured signal mixture from the machinery fault simulator and separated 

source signals in time and frequency domains (shaft rotating speed of 1,402RPM) 
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Fig. 6.9b. Similar to Application 1, the outer-race fault signal (70Hz) cannot be observed 

clearly in Fig. 6.9b. The magnitude of outer-race fault signal in envelope spectrum is 

much smaller than that of inner-race fault signal and hence it is difficult to conclude 

whether the measured signal contains two fault signals. 

The proposed method is applied to the data. The separated two source signals as 

plotted in Fig. 6.9 (c and e) and the associated envelope spectra are shown in Fig. 6.9 

(d and f). In this case, the signal-to-signal ratios of the two reconstructed signals are 

respectively: 

SSR70ii2 = 10 • log | | ^ = 10 • log ^ = 3.98dB 
rbJJnmz U.UZ 

SSRum. = 10 • log ^ ^ = 10 • log ^ 1 = 7.44dB. 

The separation result of outer-race fault signal (70Hz in Fig. 6.9d) is not as good as 

inner-race fault signal (117Hz in Fig. 6.9f). There are a lot of interfering low-frequency 

components and the 117Hz signal appears with relatively large magnitude. Neverthe­

less, the signal-to-signal ratio of outer-race fault signal (70Hz) increases from —7.93dB 

(Fig. 6.9b) to 3.98dB (Fig. 6.9d), as shown below, by the proposed method. This obvi­

ously enhances the detectability of such a weak fault. 

SSR7mz, (b) = 10 • log ^ 7 0 H z = 10 • log ^ | = -7.93dB 

SSR70Hz, (d) = 10 • log p ^ 7 0 H z = 10 • log ^ = 3.98dB. 

6.3 Discussion 

The proposed method is developed assuming that the source signals are periodic. How­

ever, the signal may not always be exactly periodic. For instance, the sliding of rolling 

elements may disturb the periodicity pattern. Some studies (Ho and Randall, 2000; Ran­

dall et al., 2001) have indicated that certain source signals such as bearing faults display 

a continuous rather than a line spectrum. Though our experimental results (Fig. 6.8 

and Fig. 6.9) do not show visible impact of such disturbance to periodicity, it, if se­

vere enough, could affect the accuracy of the result. Another potential limitation of the 



Single-Channel Signal Separation 129 

proposed method is that it may not effectively handle signals with small fluctuations of 

rotating speed. The reason is that the small speed fluctuation may smear the frequency 

spectrum, hence making it difficult to detect and separate frequency peaks. Since the 

device used in this work is not capable of on-line speed change, the actual impact of speed 

fluctuation on separation result remains to be investigated. It should also be pointed 

out that the signal mixture was not de-noised before separation. The separated signals 

may contain heavy noise as shown in Fig. 6.8d and Fig. 6.9d. Therefore, it is reasonable 

to expect that the implementation of pre-denoising process should enhance the quality 

of the separation results. 
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Chapter 

Analysis of Fault Severity of Rolling 

Element Bearing by Lempel-Ziv 

Complexity1 

As reviewed in Chapter 2, most fault evaluation methods rely on the comparison of 

two different data sets: normal and faulty conditions or less severe and more severe 

conditions. There are three major difficulties in the implementation of such methods: 

1. A fault of the same severity may display quite different signal strengths 

of magnitudes under different operating conditions or for bearings of dif­

ferent sizes. Therefore, the signal may not be directly used for assessing 

fault severity. 

2. The data sets may not be available especially for new machines and new 

working conditions. Therefore, the comparison based methods cannot 

be applied under such circumstances. 

3. Even if the data can be obtained, it would be very time-consuming to 

collect, store, manage, and retrieve them for on-line applications. 

It is therefore highly desirable to develop a severity measure that is independent 

of working conditions and does not require comparison between data sets. For this 

1See Appendix B.l and B.7 for MATLAB scripts. 
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reason, Yan and Gao (2004) proposed to evaluate fault deterioration using the Lempel-

Ziv complexity. A normalized Lempel-Ziv complexity yields a non-dimensional value 

between zero and one [0, 1], close to zero for a pure sinusoidal signal and one for a 

white Gaussian noise. Yan and Gao (2004) have shown that the Lempel-Ziv complexity 

value increases as the size of the outer race bearing fault grows. Their results also 

indicate that the increase of bearing speed tends to increase the complexity value and 

the bearing load has no appreciable effect on the complexity. With the Lempel-Ziv 

complexity based fault evaluation measure, it would be possible to assess fault severity 

without comparing with reference data. However, as reviewed in Chapter 2, several 

issues require further analysis. For example, there is no clear distinction between a 

mechanical fault and noise — a relatively high complexity could signify either existence 

of a bearing fault or the presence of heavy noise. In addition, the method as reported 

in Yan and Gao (2004) yields quite different complexity levels for different data sets of 

the same bearing. Therefore, their method requires using many data sets to calculate 

the average of the complexity values of the data sets. The average complexity value is 

then considered a reliable indication of the fault severity. This could become an obstacle 

for real applications. Furthermore, a theoretical explanation based on the cause and 

mechanism of bearing faults is required as for why the complexity value can be used for 

measuring fault severity. 

In view of the above, this chapter proposes a new version of the Lempel-Ziv com­

plexity as a bearing fault severity measure based on the continuous wavelet transform 

(CWT) results, and attempts to address the issues present in the current version of the 

Lempel-Ziv complexity measure. To establish the relationship between the Lempel-Ziv 

complexity and bearing fault severity, an analytical model for a single-point defective 

bearing is adopted and the factors contributing to the complexity value are explained. 

To avoid the ambiguity between fault and noise, the Lempel-Ziv complexity is jointly ap­

plied with the CWT. The CWT is used to identify the best scale where the fault resides 

and to eliminate the interferences of noise and irrelevant signal components as much as 

possible. Then, the Lempel-Ziv complexity values are calculated for both the envelope 

and high-frequency carrier signal obtained from wavelet coefficients at the best scale 
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level. As the noise and other un-related signal components have been largely removed, 

the Lempel-Ziv complexity value will be mostly contributed by the bearing system and 

hence can be reliably used as a bearing fault measure. The applications to the bearing 

inner- and outer-race fault signals have demonstrated that the revised Lempel-Ziv com­

plexity can effectively measure the severity of both inner- and outer-race faults. The 

principal advantage of the proposed method is that a single set of measured data is suffi­

cient for severity assessment and it is not necessary to compare the result with reference 

data. 
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7.1 A model for single-point defective bearing 

For a single-point defect of rolling element bearing, a signal model consists of several 

simplified terms as follows (McFadden and Smith, 1984; Wang and Kootsookos, 1998). 

x(t) = xf(t) • xt(t) • xb(t) + n(t) (7.1) 

where x{t) is the measured vibration signal, Xf(t) is the impulse series produced by the 

fault, xi(t) is the modulation effect caused by the non-uniform load distribution, x\,(t) 

is the bearing-induced vibration including decay, and n(t) is the mixture of noise and 

unnecessary signal components by other parts of machine. Each vibration term can be 

modeled as a sinusoidal function as described in the following subsections. 

7.1.1 Impulses generated by fault 

A mechanical fault can be modeled based on a series of impulses with frequency ff or 

period Tf = 1/ ff as follows (Braun and Datner, 1979; Braun, 1980; McFadden and 

Smith, 1984; Wang and Kootsookos, 1998): 

oo N\ 

Xf{t) = df Y^ s(t-kTf) ~AfY^cos{2mhi+4) (7-2) 
k=—oo i=l 

where Af = dfff is the amplitude, S(-) is the unit impulse function, <^ is the phase of 

z-th harmonic, and N\ is the number of harmonics induced by impulse series. The fault 

frequency can be one of bearing characteristic frequencies of inner-race fault, outer-race 

fault, or rolling element fault depending on the location of fault. 

7.1.2 Non-uniform load distribution 

The following Stribeck equation explains the vibration caused by non-uniform load dis­

tribution around the rolling element bearing (Harris, 1984). 

xi{9) = P„ 1 ( l - c o s 0 ) (7.3) 

where Pm a x is the maximum contact pressure at a circumferential angle 6 around shaft 

as shown in Fig. 7.1, e is the load distribution factor, and m = 1.5 for ball bearings and 



Fault Severity Evaluation by Lempel-Ziv Complexity 135 

77i = 10/9 for other rolling element bearings. The terms Pmax, 9max and e are dependent 

on the bearing clearance and the applied load. For bearing with positive clearance, 

c < 0.5 and 6>max < 7r/2 (McFadden and Smith, 1984). In general, the inner race of the 

bearing is attached to a shaft rotating at a constant frequency fs. Therefore, one can 

rewrite Eq. (7.3) in terms of time and rotational frequency of shaft by using 9(t) = 2irfst 

in the following format: 

Xi(t) 
Prr 1 

2e 
1 - c o s 0 ( i ) , for |0(*)| < 9n 

, elsewhere. 

(7.4) 

Figure 7.1. Load distribution in a bearing under a radial load 
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7.1.3 Bearing-induced vibration 

The high-frequency resonance vibration with decay can be modeled as a superposition 

of all vibration modes (Wang and Kootsookos, 1998). 

xb(t) = J ] Ale-^ cos (2Kf£t + # ) (7.5) 

3 = 1 

where AJ
b, fb, (pJ

b and a3
b are the amplitude, the resonance frequency, the phase and 

the damping factor of the exponential decay of j - t h vibration mode of the bearing, 

respectively, and N% is the modal order of bearing vibration. 

7.2 Complexity as a measure of fault severity: the 

rationale 

The complexity of a signal increases when more frequency components exist. For me­

chanical parts such as gears and bearings, contact pressure between two mating parts 

changes when a fault exists. The contact pressure variation results in amplitude and 

frequency modulations and hence more frequency peaks will appear in the frequency 

domain with their harmonics (Randall, 1982). Therefore, the complexity of a signal in­

creases as a fault develops because a larger fault intensifies variation of contact pressure, 

between two mating parts. 

The signal models of different vibration sources described in the previous section are 

adopted to evaluate complexity of inner- and outer-race fault signals. This study focuses 

on a bearing with a fixed outer race. In this case, the rotating speed of the inner race is 

the same as that of the shaft. It is further assumed: a) the initial phase angles are zero, 

and b) the modulation frequencies caused by non-uniform load and the fault frequencies 

of impulses are lower than the resonance frequencies of bearing, i.e., 

fl~>ff>fs (j = l ,2 , . . . , iV 2 ) (7.6) 

where fl, ff and fs are the resonance frequency of bearing, the frequency of impulses 

generated by fault and the shaft rotating frequency, respectively. 
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7.2.1 Outer-race fault 

For the outer-race fault, the non-uniform load distribution does not have a strong effect 

on the outer-race fault signal since the relative location of the fault is not affected by 

the non-uniform load distribution. Therefore, the non-uniform load term in Eq. (7.1) is 

negligible, i.e., xi(t) ~ 1. Then, the signal model of outer-race fault is simplified as 

xon(t) = xf{t) • xb(t) + xn(t) 

= AfJ2cos {2-Kifft + <j>f) • £ Ale-** cos (2* fit + # ) + n(t). 
i=l 3 = 1 

Based on the assumptions mentioned above, Eq. (7.7) can be written as (See the Ap­

pendix A.7 for derivation.) 

xOR{t) = E E AfA{e-°&cos (2mfft) • cos (2i:fbt) + n(t) 
i = i j=i 

Nj N2 

(7.8) 

[Xl+X2) + n(t) 

where 

X1 = cos [2TT {fi + iff) t] = cos 

X2 = cos [2ir (fb - iff) t] = cos 

It should be noted that the two terms, X\ and X2, are expressed with the frequency 

modulation effect. 

The complexity of the outer-race fault is explained as follows. Consider one of rolling 

elements and the bearing outer race. For a healthy bearing, the contact pressure between 

the ball and the outer race of bearing does not change much with respect to the angular 

position of ball. However, for a faulty bearing, the contact pressure increases when the 

ball hits the fault on the surface of the outer race as the contact area becomes smaller 

because of the fault. Hence, the contact pressure becomes variable when a fault exists on 

the outer race of bearing. The fluctuating contact pressure results in frequency variation 

that leads to the frequency modulation effect (Randall, 1982) as shown in Eq. (7.8). As 
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the size of fault on the outer race increases, fluctuation of the contact pressure intensifies, 

which reinforces the frequency modulation effect. The stronger frequency modulation 

effect is evidenced by the increased number of frequency peaks in the frequency domain 

such as harmonics. The larger number of frequency peaks renders higher complexity. 

Therefore, one can expect that, for the outer-race single-point defect, the complexity 

will increase as the defect develops. 

7.2.2 Inner-race fault 

The radial load applied to the rotating shaft causes non-uniform load distribution around 

the inner race of the bearing as illustrated in Fig. 7.1. Non-uniform load distribution 

produces low-frequency amplitude modulation with a frequency of fs as shown in Eq. 

(7.4). For simplicity, consider a bearing with e = 0.5 and 6max = 7r/2. The non-uniform 

load distribution term for \0(t)\ < 0max is accordingly 

xi(t) = lim Pmax 
e-*0.5 

Prr 

l - ^ ( l - C O s ( 2 7 T / f l t ) ) 

cos (2irfst) 

(7.9) 

where m = 1.5 (for a ball bearing) is negligible since it does not have any effect on 

the frequency component of xi(t). Eq. (7.9) can be rewritten as follows (Tandon and 

Choudhury, 1997; Wang and Kootsookos, 1998) 

N3 

xt(t) « Y A? cos (27Tkfst + <l>i) (7.10) 
fc=l 

where A\, <j>f and N3 are the amplitude, the phase of k-th harmonic and the number of 

harmonics, respectively. Then, the signal model for inner-race fault is 

XIR (t) = xf (t) • xb (t) • xi (t) + xn (t) 

Ni N2 

= AfYi cos (27^//* + </>}) • Y, Ale-<1 cos (2*f>t + ft) 

N3 

• Y, A? COB fahfJ + t'D+nit). 
k=i 
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The above equation can be rewritten as (See the Appendix A.8 for derivation.) 

JVi N2 N3 

xIR (t) = J 2 E E AfA!tAie~a3bt •cos (27r*//*) • c ° s (27r/6f) • c ° s {^kfst) 
i = i j=i k=\ 

+ n(t) (7.12) 

Ni N2 N3 1 

= E E E AfAiAie~ait •1{X, + XA + X, + X6) + n {t) 
i = l j=l fc=i 

where 
Z 3 = c o s [ 2 7 r ( ^ + i / / + A;/s)<] 

X4 = cos [2TT (/^ - iff - kf8) t) 

X5 = coafa (f>-iff+ kf8)t] 

X6 = cos [27r(fi +iff-kfs)t}. 

The inner-race fault signal creates three major frequency components as shown in Eq. 

(7.12). 

According to Howard (1994), there are three dominant factors in impact action, i.e., 

bearing geometry, rotational speed and fault size. As the effects of the geometry and the 

rotational speed are constant for the same bearing under stationary operating conditions, 

the fault size is the most important factor for the impact action. Consider each term 

in Eq. (7.11). As fault size increases, the impulse associated with £/(£) gets dull since 

the edges of the fault are flattened by repeated impacts (Rubini and Meneghetti, 2001). 

The dull edges can no longer produce sharp impulses and the strength of sharp impulses 

decreases as a fault grows. Such a phenomenon has been confirmed by the shrinking 

peak magnitudes in the frequency spectrum as the inner race fault expands (Rubini and 

Meneghetti, 2001). Therefore, the contribution of Xf(t), in terms of amplitude, in Eq. 

(7.11) diminishes as the fault size increases. 

The resonance frequency is constant for the same bearing since it is the system's 

unique characteristic. Therefore, the bearing resonance vibration term, Xb{t), is consid­

ered to have less contribution in Eq. (7.11) as fault size increases. 

The vibration term corresponding to the non-uniform load distribution, xi(t), creates 

low-frequency amplitude modulation. The amplitude of this term is dependent on the 
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maximum contact pressure Pmax. For a ball bearing, the surfaces of a ball and the inner 

race contact at a single point, which is called point contact. The contact point expands to 

an ellipse when the load is applied (Harris, 1984; Brandlein et al., 1999). The maximum 

contact pressure is located at the center of the ellipse and its magnitude is (Brandlein 

et a l , 1999) 

P m » = 1-5 j (7.13) 

where F is the force by which the components (ball and inner race) are pressed against 

each other and A is the nominal contact area without defect. If we approximate the defect 

defect area, A d 

Ad = 7t rl = 7Tn2r2 

Figure 7.2. Contact pressure between ball and race 
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area (the cavity caused by a fault) using a circle with radius r, the area corresponding 

to the fault would swell in proportion to n2r2, as the fault size (diameter) increases 

to nr (n > 1) as shown in Fig. 7.2. Then, the maximum contact pressure of defective 

bearing is 
F 

p , — 1 i=i 
1 max.a x'° A A 

A-Ad ( 7 1 4 ) 

Ad = nr2
d = nn2r2 

Therefore, -Pmax,d > -Pmax and the actual area of contact between the ball and the inner 

race decreases as the fault size grows. This leads to rapid increase of the maximum 

contact pressure, as suggested by Eq. (7.14). 

7.2.3 Lempel-Ziv complexity 

Lempel and Ziv introduced an easily calculable measure of complexity of finite se­

quences, which adopted two basic processes: copy and insert (Lempel and Ziv, 1976). 

Fig. 7.3 explains the procedure of calculating Lempel-Ziv complexity with finite se­

quence with length N. Consider a string SN = {sis2 • • • sN}. Assume that a string 

up to sr (1 < r < N) can be reconstructed by simply copying and inserting some of 

the existing vocabulary of Sv<r^i = {s^-'-Sy} (v<r). To check the rest string 

SV-r = {sr+i • • • -SAT} can be re-produced by the same approach. Lempel and Ziv intro­

duced the following steps: 

Step 1. Take Qr+i = {sr+i} and ask if this term belongs to the vocabulary 

Sv,r = {Sv,r-isr}- If so, string Qr+\ = {sr+i} is a simple repetition 

of the portion of existing string Sv>r (or a simple "copy" of existing 

vocabulary can restore it). 

Step 2. Read the next character and take Qr+2 = {sr+iSr+2}- Check if Qr+2 = 

{sr+iSr+2} belongs to SVir+\ = {Sv,r-iSrsr+i} (obtained by augmenting 

Sv with s r+i). 

Step 3. If the term Qr+2 does not belong to S^r+i, increase the complexity by 

one, i.e., cN(r + 2) = cN(r + 1) + 1, nullify Qr+2 = {}, read the next 
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character and take Qr+3 = {sr+s}. 

/' = /'+1 

Input signal, x(i) 

Convert x(t) to binary sequence, S 
N=length(S) 

Initialization: Qo <= NULL, 

Svfi <= NULL, 

cv(0) = 0,i = l 

Yes 

Read a character s. from S 

Q^Q-A 

Q, *= NULL 

No 

Calculate normalized 
Lempel-Ziv complexity 

End 

Figure 7.3. Block diagram for calculating Lempel-Ziv complexity 
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Repeat the above procedure until SN = {s\s2 • • • SN} is completely covered. Then, the 

resulting CN(N) is a complexity measure of a given string. 

Consider an example of a finite string S = {0001101001000101} with length TV = 16, 

the above procedure can be illustrated as follows: 

Initialization: i = 0, Sv$ = { }, Q0 = { }, cN(0) — 0. 

i = 1, Sv>1 -

i = 2, Sv,2 = 

i = 4, SvA = 

% = 5 , Dv<5 — 

i = 6, 5„i6 = 

?; = 7, svj = 

? = 8, <SW)8 = 

i = 9, SVi9 = 

i = 10, Sv,w 

i = 11, ^ n 

z = 12, 5„,i2 

i = 13, SVtis 

i = 14, SvM 

i — 15, 5^15 

i = 16, 5 ,̂16 

Now, the string shown in this example has a complexity of CN(16) = 5. 

The, complexity obtained above is equal to the number of nullifications of Q. This is, 

to certain extent, affected by the length of the string, or the number of data samples iV. 

For general applications, a complexity measure should be independent of the number of 

data samples N. To find such a complexity measure, Lempel and Ziv (1976) suggested 

{0}, Q1 = {0}, Qt i Svfi - cN(l) = l,Ql = {}. 

{00}, Q2 = {0}, Q2 G SVtl -+ cN{2) = 1. 

{000}, Q3 = {00}, Q3 G Sv>2 - cN(3) = 1. 

{0001}, Q4 = {001}, Q4 i Sv,3 - CJV(4) = 2, Q4 = { }. 

{00011}, Q5 = {1}, Q5 G S;,4 -+ Cjv(5) = 2. 

{000110}, Q6 = {10}, Q6 £ Sv,5 - cN(6) = 3, Q6 = { } . 

{0001101}, Q7 = {1}, Q7 G Svfi -> Cjv(7) = 3. 

{00011010}, Q 8 = {10}, Q 8 G S„,7 - CJV(8) = 3. 

{000110100}, Q 9 = {100}, Q 9 g 5„,8 - CJV(9) = 4, Q 9 = { }. 

= {0001101001}, Qw = {1}, Q 1 0 G Sv,g - CJV(IO) = 4. 

= {00011010010}, Qn = {10}, Qn G &,io -• cjv(ll) = 4. 

= {000110100100}, Q 1 2 = {100}, Q12 G &.H -* Cjv(12) = 4. 

= {0001101001000}, Q13 = {1000}, Q13 i Sv,12 

-• CJV(13) = 5, Q = { }. 

= {00011010010001}, Qu = {1}, Qu G S ^ -»• CJV(14) = 5. 

= {000110100100010}, Q15 = {10}, Qi5 G 5„,i4 -> CJV(15) = 5. 

= {0001101001000101}, Qi6 = {101}, Qie G SVtl5 -» CJV(16) = 5. 
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a normalized complexity measure after their names cnx denned by: 

n ^ cN(N) 
0<cnN = < 1 (7.15) 

CUL,N 

where 
N N 

CUL,N = lim cN(N) = lim — « — (7.16) 
JV^oo N^oo (1 - Oi)\og^N log„iV 

where "*" is the size of the alphabets (or distinct elements) used in the string S (for 

binary string *=2), a —> 0 as iV —• oo (Lempel and Ziv, 1976; Cover and Thomas, 1991). 

However, in spite; of their effort, the "normalized" cnjy is still affected by NUN 

is not sufficiently large. This can be illustrated as follows. To examine the effect of 

the number of data samples on the normalized complexity, a series of binary strings 

of different length is randomly generated based on the Gaussian distribution. Their 

normalized complexities are calculated following the procedure shown in Fig. 7.3 and 

are plotted in Fig. 7.4. Since the data is random, the normalized complexity approaches 

1.0 as the string length increases. The normalized complexity drops below 1.05 for 

N > 3,600 which is very close to the upper bound, 1, of the "normalized" complexity. 

This procedure therefore could be used for selecting the number of data samples to obtain 

a complexity index ranging roughly between [0, 1]. 

7.3 Calculating the complexity of bearing fault sig­

nal 

Yan and Gao (2004) applied Lempel-Ziv complexity to the cylindrical roller bearing and 

obtained different complexity values for different fault sizes. According to their study, 

the normalized Lempel-Ziv complexity approaches the upper limit, around 1.0, as fault 

develops. They calculated the Lempel-Ziv complexity from the measured acceleration 

signal. However, the measured signal is contaminated by noise. This may increase the 

complexity value and it could lead to inaccurate diagnosis. As shown in Fig. 7.4, the 

pure random noise has a normalized complexity value around 1.0. According to the work 

by Yan and Gao (2004), the Lempel-Ziv complexity of the signal of severe outer-race 
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1.15 

1.05 

1.5 
string length (N) x 10 

Figure 7.4. The effect of data length on the normalized complexity for randomly gener­

ated data 

fault is close to 1.0. Therefore, it is difficult to distinguish the sources (noise or fault) 

of the complexity value. To alleviate this difficulty, the following procedure is proposed, 

which is further detailed in Fig. 7.5: 

Step 1. Apply continuous wavelet transform (CWT) to the measured signal. 

Step 2. Obtain the energy and kurtosis in each scale level and find the best scale 

level by maximizing energy and kurtosis distributions over scales used 

in step 1. 

Step 3. Calculate normalized complexity of the wavelet coefficients at the best 

scale level. 
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The rationale of finding the best scale in step 2 is to extract the fault feature and exclude 

the interferences coming from other frequency ranges. Then the normalized complexity 

is calculated only based on the extracted fault feature in step 3. In this way, much of 

the noise components have been eliminated and hence the ambiguity between noise and 

severe faults can be cleared. 

( ^ x(f) ^) 

V 

Apply CWT 

1 
f 

Obtain wavelet coefficients 

W{a,b) 

1 
f 

Get energy and kurtosis from W(a,b) 

> 

"Se« = m a x \a 

' 
Select the best scale 

dE i \\ 
—- = 0andK > 3.0 and max £ H 
da " { ">\ 

\a = a . ,...,a ) 
\ mm' max / 

> f 
Calculate Lempel-Ziv Complexitiy 

^NH = LZC{w{abest,b)} 

c„NL = LZC{EnvW(abea,b)} 

> f 

f 

function LZC{ •} 

) 

Fault severity 

C =WU • C ,,„ +W-C ,„ 

Figure 7.5. Block diagram of Lempel-Ziv complexity as a measure of fault severity 



Fault Severity Evaluation by Lempel-Ziv Complexity 147 

7.3.1 Continuous wavelet transform (CWT) 

As shown in Fig. 7.5, the procedure starts with mapping the measured vibration signal 

into the scale-time domain by CWT. The CWT is selected since it provides finer resolu­

tion in the scale-time plane than discrete wavelet transform (DWT) does. The CWT is 

expressed as shown in Chapter 3 (from Eq. (3.2)): 

W(a,b) = x(t)w*ab(t)dt (a = amin, . . . , amax) 

where amin and amax are the lowest and the highest scale levels of interest, asterisk (*) 

indicates complex conjugate and wa^(t) is daughter wavelet defined as (from Eq. (3.3)) 

1 ft-b 
wa,b = r-RJ?w 

where a is dilation (scale) factor and b is translation factor in time. The factor |a|~1//2 is 

used to ensure energy preservation (Goupillaud et al., 1984). In this study, the Morlet 

wavelet as shown below is used as a mother wavelet function because of its similarity 

to the impulsive mechanical fault feature in shape (Lin and Qu, 2000; Lin et al., 2004) 

(from Eq. (3.4)): 
( l'2t2\ 

w(t) = exp I — I cos(tuot) 

with 7 = 1 and u0 = 5. A measured signal normally contains many unnecessary signal 

components with Gaussian behavior such as noise and interfering vibration generated by 

other machine elements. As mentioned earlier, the normalized complexity of Gaussian 

noise approaches the upper limit of 1.0. Therefore, the complexity of the signal con­

taminated by noise does not truly represent the severity of fault features. By applying 

wavelet transform, one can select a scale level that reveals fault features with less inter­

ference of unwanted signal components. This ensures relevant and reliable complexity 

values for the fault features under noisy environment. 

7.3.2 Selection of the best scale 

To select the best scale level, two measures, i.e., peak energy and kurtosis, are considered. 

The reasons for considering the two measures, as stated in Chapter 3, are: a) the energy 
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level is a measure of the shape similarity between the measured signal and the daughter 

wavelet, b) the energy criterion cannot be used alone in this study with CWT because 

higher energy level is also corresponding to higher scale level, and c) kurtosis is a good 

indicator of impulsiveness. The use of two criteria would take care of both the signal-

wavelet similarity and the fault signature impulsiveness. As presented in Chapter 3, the 

energy of wavelet coefficients for a scale level can be obtained as (from Eq. (3.7)) 

Ea = ^2 {w(ai b)}2 a = amin, amin + 1, . . . , amax - 1, amax 

b 

where Ea is the energy of wavelet coefficients in scale a. A scale with peak energy value 

is considered as a candidate for the best scale. The best scale, as detailed in Chapter 3, 

can be found by (from Eq. (3.10)) 

Ubest = 0 and max(Ka) and Ka > 3.0 \ a £ [a m i n , . . . , an 
da 

where Ka is the kurtosis at scale a and abest is the selected best scale. The scale selected 

by Eq. (3.10) is considered to contain the signal nature closest to the impulses produced 

by the mechanical fault. This selection method can thus reduce the side effects of noise 

and un-related signals. 

7.3.3 Calculation of the Lempel-Ziv complexity 

The Lempel-Ziv complexity values are calculated for the wavelet transformed signal and 

its envelope at the best scale abest- As shown with the signal models in the previous 

section, the bearing fault signal consists of higher-carrier and lower-modulating frequen­

cies. Therefore, considering the Lempel-Ziv complexity for both high- and low-frequency 

signals is suitable for measuring bearing fault severity. The overall procedure is as follow: 

Step 1. Obtain the high- and low-frequency signals from the wavelet coefficients 

at the best scale. 

Step 2. Convert the high- and low-frequency signals into binary sequences. 

Step 3. Calculate the Lempel-Ziv complexity of the binary sequences based on 

the procedure shown in Fig. 7.3. 
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More details are given as follows. In step 1, the wavelet coefficients at the best scale 

cibest are demodulated to obtain the high-frequency carrier signal W(ai,est,b) and low-

frequency envelope signal EnvW(ai,est, b). The Hilbert transform is applied to the wavelet 

coefficients to find envelope signal of the wavelet coefficients, i.e., the low-frequency 

signal. 

In the second step, both high- and low-frequency signals are converted into binary 

sequences. Any values greater than or equal to the mean value of the given signal are 

replaced with one and others with zero. 

In step 3, the normalized Lempel-Ziv complexity values for the high- and low-

frequency signals are calculated by: 

CUNH = { °-^-) = LZC {W(abesU b)} 
CUL.N J Y high frequency 

] 
CUL,N 

CnNL = <j ̂ ^ } = LZC {EnvW(abest, b)} 

(7.17) 

low frequency 

where EnvW(abest, b) and LZC {•} indicate the envelope signal of wavelet coefficients 

at the best scale a^st and function calculating Lempel-Ziv complexity, respectively. An 

indicator of fault severity is then obtained based on the two normalized complexity values 

as follows: 

C-n = WH • CnNH + WL • CnNL (7-18) 

where WH and WL are the weights of high-frequency carrier signal and low-frequency 

envelope signal. Equal weight is assigned to each dominant signal components. The 

outer-race fault signal, as shown in Eqs. (7.7) and (7.8), contains two dominant signal 

components, i.e., bearing resonance and impulses generated by fault as shown in Eqs. 

(7.7) and (7.8). The two signal components are corresponding to the high-frequency 

carrier signal and low-frequency envelope signal respectively and each receives 50% of 

the weight. However, as suggested by Eqs. (7.11) and (7.12), there exist three dominant 

signal components in the inner-race signal contributed by bearing resonance, fault im­

pulse and non-uniform load, respectively. Since the resonance frequency is usually much 

higher than the frequencies of the non-uniform load and fault impulses, it acts as the 

carrier frequency and the other two are classified as low frequencies. In summary, the 
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weights are allocated as follows 

wH = 1 / 2 

wL = 1 / 2 

wH = 1/3 

wL = 2 / 3 

7.4 Application to bearing 

The proposed method is applied to the bearing fault signal. The bearing fault signals 

are obtained from the Case Western Reserve University (2007). Single-point defects of 

different sizes are created on the surfaces of inner and outer race of a deep groove ball 

bearing (SKF6205-2RS JEM). The fault sizes are 0.007, 0.014, 0.021 inches in diameter 

and 0.011 inches in depth. The sampling frequency is 12,000Hz and 12,000 data samples 

are used. The calculated Lempel-Ziv complexity values are summarized in Fig. 7.6. The 

complexity of inner-race fault decreases as fault size increases because of the amplitude 

modulation effect of the non-uniform load distribution. As a fault grows, the edge of the 

fault cavity is smoothened out, leading to the decrease in the strength of sharp impulses. 

As such, the contribution of the associated frequency component to the low frequency 

envelope signal diminishes. On the other hand, the actual contact area is reduced due 

to the growing fault area, which in turn strengthens the non-uniform load distribution 

effect. Because of the above, the vibration caused by the non-uniform load distribution is 

becoming a dominant contributor to the low-frequency envelope signal. The diminished 

contribution of the fault impulse and the increased effect of the non-uniform load distri­

bution lead to the lower complexity which means more order or less randomness (Kaspar 

and Schuster, 1987; Wolfman, 1984, 1985). The complexity of outer-race fault, on the 

other hand, shows an increasing trend. This opposite trend is also validated by the work 

of Rubini and Meneghetti (2001). The outer-race fault for 0.014-inch diameter is not 

considered, as the data is not available. Fig. 7.6 clearly indicates that the Lempel-Ziv 

complexity is proportional (for outer-race fault) or inversely proportional (for inner-race 

for outer race 

for inner race 

fault data 
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Figure 7.6. Lempel-Ziv complexity vs. fault size: (a) inner-race fault and (b) outer-race 

fault 

fault) to fault size (severity) for all rotational speeds. The complexity differences for 

different operating speeds are relatively small. Since the Lempel-Ziv complexity is a 

normalized value between zero and one, it can be used as a non-dimensional severity 

measure of bearing faults. Unlike most other methods (e.g., the spectral analysis), the 

Lempel-Ziv complexity based fault severity measure does not require comparison with 

reference data to evaluate the fault severity. This is the principal advantage of the 

Lempel-Ziv complexity. 

A closer look at the plots in Fig. 7.6 indicates that the complexity value is somewhat 

affected by shaft rotating speed. This is in agreement with the observation of Yan 

and Gao (2004). To further enhance the proposed method, the speed factor may be 
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incorporated in future. 

7.5 Discussion 

Measuring fault severity is one of the main challenges in fault diagnosis. So far, the 

severity has been mostly evaluated based on comparison methods, e.g., comparing faulty 

signal with healthy signal. However, the magnitudes of the signals are dependent on 

many factors such as bearing size, load, speed, and working conditions. Hence, the 

same signal magnitude does not necessarily indicate the same fault severity and the 

comparison based methods may not provide a reliable indication of fault severity. To 

reliably measure fault severity, many different reference data would have to be collected 

for different conditions if comparison based methods are used. However, such data are 

often unavailable particularly for new bearings and new working conditions. Even if 

the data can be acquired, it would be very tedious and time-consuming to collect, store, 

maintain and retrieve them especially for variable and unpredictable working conditions. 

To avoid this difficulty, the Lempel-Ziv complexity, a non-dimensional measure is mainly 

affected by fault size (severity) and should be much less susceptible to other factors. As 

a result, the proposed severity measure can be used for ball bearings of different fault 

sizes under different operation environments without using reference data. In addition, 

it is important to point out that the Lempel-Ziv complexity is calculated based on the 

best CWT scale level, and hence the noise and many un-related signal components have 

been screened out. This makes the diagnosis result much more reliable. 



Chapter 

Conclusions and Future Work 

Directions 

8.1 Conclusions 

Fault diagnosis can be classified into three categories: fault detection, fault isolation, 

and fault identification. Associated methodologies and tools are developed by examin­

ing three related topics: fault feature extraction, single-channel signal separation, and 

fault severity. Accordingly, the thesis is divided into three parts. In Part I, fault fea­

ture extraction methods are developed for three types of signals, i.e., periodic signal, 

non-stationary signal, and oil-debris signal. A single-channel signal separation method 

is proposed for fault isolation in Part II. Finally, a fault severity measure based on the 

Lempel-Ziv complexity and continuous wavelet transform (CWT) is devised for rolling 

element bearings in Part III. The conclusions are summarized as follows. 

1. Correlation-based feature extraction 

A new method is proposed to extract periodic fault features based on the identifi­

cation of the time instants of fault feature occurrences. An autocorrelation coefficient 

function of the wavelet-transformed signal at the best scale level is developed to re­

veal the time instants of fault occurrences. The best scale level of CWT is selected by 

considering both energy and kurtosis. Though the energy has been commonly used to 
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select the best node in wavelet packet analysis, it does not guarantee that the scale with 

the maximum energy always reflects the nature of impulsive fault features generated 

by mechanical fault. By adopting kurtosis value as a supplementary measure, the best 

scale level containing information on the fault features can be selected more effectively. 

It is also shown that considering both energy and kurtosis can provide information on 

the machine conditions. The simulation studies indicate that the proposed method can 

significantly reduce spurious impulses, one of the major obstacles to accurate mechanical 

fault detection. The proposed method is experimentally validated for gear fault detec­

tion in our lab. The results have demonstrated that the proposed method is suitable for 

mechanical fault detection of rotating machinery as it can accurately identify periodic 

fault features with minimum spurious impulse interference. 

2. K-Hybrid thresholding de-noising 

The kurtosis based hybrid thresholding method is especially suitable for on-line de-

noising mechanical fault signals due to its data-driven nature and its ability to detect 

outliers. The four input signal zones divided by the hybrid thresholding method provides 

a better representation of the signal makeup and hence leads to better de-noising results 

compared to the simple keep-or-remove and shrink-or-remove actions taken by the soft-

and hard-thresholding rules. In addition, the four zones adapt themselves to the change 

of the kurtosis value and hence arc able to reflect the signal dynamics. An analysis also 

indicates that the MSE should not be used alone for evaluating the performance of a 

thresholding method since it does not take into account fake (or spurious) impulses. The 

false identification power (Pfaise) is hence proposed as part of a combined performance 

measure. The simulation study has shown clear superiority of K-hybrid over soft, hard, 

and BayesShrink thresholding rules in terms of the combined evaluation criterion. It 

also performs better than the MAP thresholding rule for heavily contaminated signals. 

The application of K-hybrid has been demonstrated by de-noising bearing signals. It is 

important to note that the application of K-hybrid has replaced the bandpass filter and 

hence avoided the use of resonance frequency required to specify the bandpass filter in 

the envelope analysis. 
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3. ODM sensor signal extraction 

A new feature extraction method was proposed for in-line ODM sensor signal anal­

ysis. Two detectors, a particle signature extractor and an inflexion-point locator, have 

been developed based on the generalized differentiation. The particle signature extrac­

tor is used to identify any signature that resembles that of a metal particle. As the 

particle signals feature three inflexion points, the inflexion-point locator is used to help 

confirm the authenticity of the signature. Because of its low-pass filter property, the 

signature extractor can extract signatures under a noisy environment. Unlike the exist­

ing approaches, the two detectors do not require threshold values to extract oil-debris 

signatures, which alleviates the difficulty in specifying threshold values for various appli­

cations. The experimental tests have shown that the two detectors can reliably extract 

particle signature of small amplitudes that are heavily clouded by noise. The ability 

to detect small particles would facilitate early detection of incipient flaws and hence 

help protect a mechanical system from disastrous damage. In addition, the proposed 

method has shown satisfactory results without applying additional filters or any other 

de-noising measures. This would simplify the signal processing effort in real applications. 

4- Single-channel signal separation 

A single-channel signal separation method has been developed using continuous 

wavelet transform and Fourier transform. The proposed method is suitable for rotating 

machinery fault signal separation and detection because: (1) the number of sources can 

be automatically and dynamically determined, which can effectively handle variable and 

unpredictable number of faults, and (2) the number of sources is determined directly 

without going through the commonly adopted sequential extraction and learning pro­

cess, which requires less computing time and hence facilitates on-line machine condition 

monitoring. The single-channel signal separation method has been applied to separate: 

a) a bearing signal mixture synthesized using inner and outer race fault signals obtained 

from literature, and b) a real bearing signal mixture containing inner and outer race 

faults obtained in our lab. However, it is noted that the accuracy of the separation 
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results may be influenced by speed fluctuation and non-periodicity. Such effects remain 

to be investigated. 

5. Fault severity evaluation by Lempel-Ziv complexity 

As described in Chapter 7, the non-dimensional fault severity measure based on 

the Lempel-Ziv complexity has many advantages over the comparison-based methods. 

However, the existing Lempel-Ziv complexity based methods have three deficineies. They 

are unable to provide: a) a clear distinction between noise and severe fault, b) reliable 

fault severity assessment based on a single set of measured data; and c) theoretical 

explanation as for why the complexity value can be used for fault severity assessment. 

In view of the above, a new non-dimensional fault severity measure is devised. The 

proposed fault severity merasure has effectively overcome the difficulties present in the 

current Lempel-Ziv complexity based approaches. The ambiguity between fault and 

noise is avoided by jointly applying the Lempel-Ziv complexity and CWT. Adopting the 

best scale of the CWT not only improves distinction between fault and noise, but also 

increases the accuracy of calculated complexity value by reducing noise. It is shown that 

single data measurement provides satisfactory result through application to the bearing 

inner- and outer-race fault signals. To establish the relationship between the Lempel-

Ziv complexity and the bearing fault severity, the factors contributing to the complexity 

value are explained by an analytical model for a single-point defective bearing. The 

proposed method features the following: a) it is developed based on the mechanism 

of bearing faults, b) it does not need multiple measurements for the single fault, c) it 

does not require reference data set, and d) it provides a non-dimensional severity value 

between 0 and 1. Therefore, it can be used for more reliable and quicker on-line fault 

detection and diagnosis in comparison with the existing methods. 

8.2 Future work 

The following work may be further investigated. 
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1. Removal of the fake impulses or spurious impulses from the non-periodic signal 

In Chapter 3, the correlation function and the continuous wavelet transform were 

jointly used to estimate the time instants of the periodic impulses and to remove spuri­

ous impulses. The correlation function reveals the hidden periodicity of signal, however, 

it may be difficult to apply the proposed method to non-periodic signals. In industrial 

applications, the machine may be operated in non-stationary conditions. Hence, further 

research may be necessary to estimate the time instants of the non-periodic impulses 

and to remove spurious impulses from the non-periodic signal. 

2. Further validation of the applicability of K-hybrid method for non-stationary signals 

As shown in Chapter 4, the K-hybrid de-noising method is effective for de-noising 

gear and bearing signals under stationary operating conditions. The possible application 

of the method to the non-stationary signal was shown through simulation. It is suggested 

that the applicability to non-stationary problems be validated using experimental data. 

In addition, the application of the K-hybrid method to extraction of impulsive biomed­

ical signatures, e.g., EBS (Explosive Bowel Sound) , could also an interesting research 

topic. 

3. Improvement of the low-pass filter characteristic of the oil-particle signature extractor 

The two detectors devised based on the fractional integration have shown some low-

pass filter characteristic in extracting the particle signature (in Chapter 5). It is also 

shown that the two detectors can remove the high-frequency noise without applying ad­

ditional filtering process. However, low-frequency noise or low frequency interfering com­

ponent could remain in the signal. To obtain more reliable results, such low-frequency 

noise or interference should also be removed. Therefore, it is recommended to improve 

the proposed algorithm by adding a feature to remove the low-frequency noise and/or 

interference. 

4- Blind source separation of non-stationary signals 

The single-channel signal separation method proposed in Chapter 6 is intended to 



Conclusions & Future Work 158 

be used for separation of stationary signals. Such a restriction is mainly because of the 

use of the Fourier transform in the algorithm. The Fourier transform can handle only 

stationary periodic signals obtained from rotating machinery. However, the rotating 

machine can also run in a non-stationary operating condition. In this case, the proposed 

method may not provide reliable results. Further research in this direction would be a 

useful topic. 

5. Enhancement of the fault severity measure 

In Chapter 7, a fault severity measure for rolling element bearings was developed 

based on the Lempel-Ziv complexity and continuous wavelet transform. The non-

dimensional fault severity measure has shown to be useful for assessing the fault severity 

without comparing two different machine states. However, the result is somewhat af­

fected by shaft rotating speed. In addition, the applicability of the new severity measure 

to other rotating components such as gears is yet to be evaluated. Therefore, it will 

be a very important topic to enhance the severity measure that is not susceptible to 

operating conditions (such as speed and load changes) and can be used for a wider range 

of rotating components. 
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Appendix A 
Derivations and proofs 

A.l Continuous Wavelet Transform, Eq. (3.6) 

By substituting Eqs. (3.4) and (3.5) into Eq. (3.2), the wavelet coefficients W(a, b) can 

be written as follows: 

W(a, b)= x(t)w*a<b(t) dt 

~TaJc"s {Ult)'exp [~\ ( ^ r ) 1 •cos (^r)dt+n'w 

where n'(t) is CWT of noise n(t). 

Letting p = t — b, dt = dp leads to 

W(a, b) sa — / exp I ~TT^ 1 • cos (ujip + u\b) • cos f —— J dp + n'(t) 

-?= / e xP ( ~2~2 ) ' [cos ^P)cos (Wl6) ~ s i n (Wl^) s i n (Wl6)l ' c o s (~<^~) dp 

+ n'(t) 

1 
cos (o;i6) / exp I - — J • cos {u)xp) cos ( y - J dp 

-j= sin (wi6) / exp f - — J -sin (wip) cos f y ~ J dp + "'(£)• 

172 
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Solving the indefinite integral of the first term and rewriting the sine function in the 

second term result in the following: 

W(a, b) „-L cos (^b)-\J^ 
( 

exp 
ux 

U0\2\ 

2a 

V 
4( l /2a 2 ) 

o>i 

exp 
2a) 

) 
4( l / 2a 2 

(Eq. (3.898-2), pp.480 of Gradshteyn and Ryzhik (1965)) 

or 

W(a, b) cos(oj\b) • -V2TW? • exp 
a I 4 

i ( o ; i 6 ) - - V ^ 7 

Ui -ay-
cos (utO) • -VZ7rcr • exp 

+ i s i n M ) / e x P ( - ^ 

CJi 2)7^ 
/ ^ 0 ^ \ cos I — -̂ 1 dp 
V 2a / ^ 

- sin (wi&) / exp f - — J • cos (2wip) • cos ( ^ ) ^ n'(t). 

The two indefinite integrals are solved as follows: 

W(a, b) —P < cos (uJib) • - \l2-Ka2 • exp I - Ui 
(£0 
2a 

+ cos (uJib) • - v 2na? • exp a;i 

1 • / n ! + -sm(a;i6) • -
IT 

2 V ( l / 2 c exp 
(o;o/2a)2 

"4( l /2a 2 ) 

(Eq. (3.896-4), pp.480 of Gradshteyn and Ryzhik (1965)) 

\™{uib)-\\fr^ 
ux 

^ 0 \ 2 \ 

exp 
la) 

4( l /2a 2 exp 

/ 

V 

2 \ \ 
Wl 

2a) 
4( l /2a 2 ) 

) ) 

(Eq. (3.898-2), pp.480 of Gradshteyn and Ryzhik (1965)) 

+ n'(t). 

file:///l2-Ka2
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Hence, the continuous wavelet transform of the periodic signal mixture can be expressed 

as, 

W(a, b) « —= < cos(iOib) • -V2ira2 • exp f -(cu\ — 77-) / ( 

+ cos (u>xb) • -v2ira2 • exp I -'^£)va 
+ -\/27ra2sin (u!ib) • exp 

LUn 

I v ^ ^ s i n M ) • exp ( - ( a * - ^ / ( j , ) 

-\/27ra2sin (a^fe) • exp f - f ui + - ^ j / ( — 

n'(i). 
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A.2 Autocorrelation function of wavelet coefficients, 

Eq. (3.13) 

At the best scale ai,est, the autocorrelation coefficient function can be obtained as follows: 

1 
PWW{T) 

a w 
-E[\W(a,b)\-\W(a, b + r ) 

M 

M 
[Ci cos (cuib) — C2 sin (uib)] 

db (from Eq. (3.11)) 

« — -̂ hm 

• [d cos (w! (b + T)) - C2 sin (OJX (b + r))] 

1 1 /"M 

~ —5- lim —— / {C2cos (u f̂e) [cos (coib) cos (u^r) — sin (u>ib) sin(O>IT) 
cr^ M^oo 2M , / _ M 

— C1C2 cos ((jJib) [sin (o>i&) cos (UJ\T) + cos (ô ife) sin (UJ\T)] 

— C1C2 sin (wife) [cos (u)\b) cos (cuir) — sin (uj\b) sin (U;IT)] 

— C\ sin (ĉ ife) [sin (wife) cos (UJIT) + cos (u;i&) sin (C^IT)] } db. 

Integration can be carried out below: 

1 1 fM 

Pww(r) ~ - 5 - lim —— / { [C2 cos (WIT) - CiC2 sin (u^r)] cos2 (uib) 

+ \C1C2 sin (WIT) + C\ cos (<^IT)] sin2 (wib) 

+ [(Cf — C2) sin(cjir) — 2CiC2 cos(a;1r)] sin(wir) COS(O>IT)} db 

using the following relations 

i-M 

-M 

i-M 

cos2 (wi6) db — 
b sin (2CJI6) 

2 + 4^ 

M ,„ sin(2w!M) 

J - M 2w 

(Eq. (2.513-11), pp.132 Gradshteyn and Ryzhik (1965)) 

/

M 

sin2 (a>i&) db = 
•M 

6 sin(2o;i6) 
2 iZ^ 

n M 

M 
-M 

sin (2CJIM) 

2OJX 

(Eq. (2.513-5), pp.132 Gradshteyn and Ryzhik (1965)) 

M 

M 
sin (u)ib) cos (wib) dfe 

cos (2u>b) 

4CJI 

M 

^M 

(Eq. (2.532-11), pp.140 Gradshteyn and Ryzhik (1965)) 
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The autocorrelat ion coefficient function is simplified as 

Pww\ T 
O w 

+ [CiC 2 s i 

After 

sin (U>IT) + C\ cos (cuir)] 

rearranging terms, one obtains 

' M _ s i n ( 2 ^ M ) \ 1 

2u;i ) ] ' 

PWW(T) ~ ^ T u m TT77 

sin (CJIT) 

cos (Wlr) • [M (C? + Cf) + (C? - Cf) E £ ^ 1 Q ' 

" s i n ^ M ) 
1 2 2wi 

-75- lim 
afy M^OO 2M 

1 r 1 
- 7 j - l im —— 
a^r M^OO 2 M 

a ?3 COS(C<;IT) — C 4 sin(a;ir; 

C3 ^ 0 0 ZM '3 COB ( 2 ^ ) - C 4 Sin ^ 

73 = M (C? + Cf) + (C? - Cf) ^ ^ Q 

s i n ( 2 ^ M ) 
0 4 — ZO1U2 ~ 

2co»i 

Cj 
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A.3 n-th order derivative operator D\, 

The first order differentiation is 

D&(t) = Xit) ~ f ~ h) (h -+ 0) 

= x(t) [q~lx{t) = x(t 

= x(t) 

The second and third order differentiations are 

n2 ,.s x(t) - ±(t - h) 

and 

LJR-^\V, 

*Rx{t) 

h 

-ii-r*> 
( l _ g - l ) ( l _ g - l ) 

h h 

f1-^)2^) 
~ { h ) X{t} 

= x(t) 

x(t) - x(t - h) 

x(t) 

t1 - «-'w) 
{1~^ (1-«-'Uw 

h h 
i - g - i \ 2 ( i _ g - i ; 

h 

= 'x(t) 

Therefore, for any order n, one can write 

h J h 
x(t) 

Dlx(t) =(j—f^jx(t) 
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A.4 Generalized differentiation of shift operator, Eqs. 

(5.8) and (5.9) 

Based on the Newtons' binomial formula, Eq. (5.7), i.e., 

1 - g i X 

Dn
R= . R l h 

can be expanded as (Spiegel, 1963) 

/-. 1\ / 1\ n ( r a — 1) / IN 2 
(1 - g"1) = 1 + n ( -g" 1 ) + 2 j ( -g" 1 ) + • • • 

n(n - 1) • • • (n - k + 1) , _nk 

+ £! ^ ^ + ' " 

E°° n(n - 1) • • • (n - k + 1) , „Xx fe 

fc=0 

= V ( - l ) f c • "fo"1) •" (n~ f c + 1) / -fc\ 
fe=0 

Therefore, Eq. (5.8) can be obtained, i.e. 

( 1 — i \ n 

oo 
= J _ v ^ / _ n f c ra(n-l)(ra-2)---(n-A: + l) , k, 

hn ^ { ' k\ {q ' ' 
fc=0 

Accordingly, the generalized differentiation of x(t), Eq. (5.9), is 

™ /.\ 1 V~v TNfc n ( n - l ) ( n - 2 ) ••• ( n -A ; + 1 ) / _fcN ,,. D^W = ^ 2J"1) • — £ r ^ fa ) •x^ 
k=0 

= SjD-i)*-ii^b-')-w 
' n \ n(n — l)(n — 2) • • • (n — /c + 1) n\ 

k) k\ k\(n-k)\ 

(pp.1162 of Kreyszig (1993)) 

1 v"V i\fe T(n + l) / _k, .» 

fe=0 

b±y^-wrwt^T)x{t-kh)-
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A.5 Laplace transform of the generalized differenti­

ation of unit step function, Eq. (5.13) 

L {!>£«(*)} = L ' * 
T(l-n) 

CO 

1 ' tme-stdt r(m+l) 
o 
oo 

1 /(E)V^ {p = st) 
i + i) y vs/ s ^ y rfm-

0 
CO 

r , * n m + 1 / p m e " p d p 
T(m + l ) s m + i y 

o 

T(m + l)s 

1 

(
OO ) 

T(m) = J x^e-'dx 

orra+l 

( n < 0 ) 
-n+l 
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A.6 Proof: The three points yielded by the inflexion-

point locator are t rue inflexion points 

Proof: the three points yielded by the inflexion-point locator are true inflexion points. 

At inflexion points, the following two conditions are true: 

1. the second derivative is equal to zero, and 

2. the second derivative has opposite signs around the inflexion point. 

The following proves that the above two conditions are satisfied and the three points 

yielded by the inflexion-point locator are true inflexion points. 

Providing the above two conditions are satisfied is to prove that, at any inflexion 

point, say, t = ti, the particle signature x(t) satisfies: 

• Condition 1: 

d2 , , 
= x(t1) = 0 (A.l) 

t=tx 

• Condition 2: 

For a sufficiently small e > 0, 

lim x(t) > 0 
t—>tl— £ 

lim x(t) < 0 

lim x(t) < 0 
J. or { *-**1-E } ( e > 0 ) (A.2) 

lim x{t) > 0 
t—>ti+e 

To facilitate the proof, consider Eqs. (5.9) and (5.11), 

"8*W = hB-1'*n*+wVi)l(t-kh) Eq' (5'9) 

r(* + i)r(n-fc 
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and re-write Inx{t) as 

Inx(t) = Dn
Lx{t) - Dn

Rx{t) (n < 0) 

T(n + 1) 

fc=0 
T(k+l)T(n-k + l) 

1 oo T(n + 1) 

fc=0 
r(fc + l ) r ( n - k + 1 

x(t + fc/i) 

-x(t — kh) 

1 OO 

fc=0 
r ( t + i ) T ( n - * + i ) ' '< t +**>-«<'-"01 (A.3) 

By Taylor expansion (Spiegel, 1963), one obtains 

/(* + k) = f(t) + p(t) + | / ( t ) + | / ( t ) + • • • 

The two terms, x(t + kh) and #(£ — kh), in Eq. (A.3) can be written as follows, 

x(t + kh) « x(t) + -ryx(t) + ^ - p - x ( i ) 

fc/i (fc/i) .. x(t - kh) ^ x(t) -—x(t) + 2 j x(t) 

(A.4) 

(A.5) 

Substituting Eqs. (A.4) and (A.5) into the inflexion-point locator Eq. (A.3) yields, 

1 oo T ( n + 1 ) 

r(fc + i)r(n - fc +1) 
[x(t + fc/z) - x(* - kh)] 

fc=0 
oo 

/l 
k=0 

T(k + l)r(n - fc + 1) 

fcfc (fc/i)' fc/i (fc/t)" 
*(*) + - y r ^ ) + ~rx(t) - x(t) - -y±(t) + 2 , •£(£) 

fc=0 

(A.6) 

With the above results, the proof can be carried out as follows. 

a. P roof 1: Condi t ion 1 is satisfied. 
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Taking the first derivative of Eq. (A.6) leads to 

d 

dt 
Inx(t) = 

1 V r i)k r ( n + 1 ) 

fe=0 

I > + 1) 

^ n ^ V "' r(A; + l ) r ( n - A; + 1) 
•2kh 

dt2 x(t) (A.7) 

Since h^E{~1)kr(k + i)r(n-k + Y) 2kh is independent of time t, condition 1 is 

equivalent to —Inx(t) = 0. 
t=ti 

Substituting t = t\ into the above equation, Eq. (A.7), yields: 

d_ 

dt 
Inx(t) 

t=u 

1 oo 
2khY{n + 1) 

k=0 

= = E M ' 

T(k + l)T(n - k + 1 

knT(n) 

fc=o 
oo 

= ^ T £ ( - I > 1 

fc=0 

kT(k)T(n-k + l\ 

nT(n) 

r ( fc ) r (n-Jb + 1) 

- • x(t) 

t= i l 

t= t l 

t= t l 

= 0 

d 
Hence, —7™x(t) = —x(t) 

dt 

d2 

t=h dt2 0 and Condition 1 is satisfied. 
*=*i 

b. Proof 2: Condition 2 is satisfied. 

T(n + 1) 
Again, as — Y*(—l)fc—, , „ . 

B ' /*n
fc=0 r ( f c + l ) r ( n - f c + l) 

is equivalent to (for n < 0) 

d 

2kh is independent of time t, Eq. (A.2) 

or 

lim —Inx{t) > 0 
«-ti-e<ft y, ( £ > 0 ) 

lim —Inx(t) < 0 

lim —Inx(t) < 0 
t - t i - sd* J, ( £ > 0 ) 

lim —Inx(t) > 0 
t-*ti+e di 

(Ai 

(A.9) 
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Eq. (A.8) requires (from Eq. (A.6)): 

lim ^rlnx(t)= lim A ^ - l f w , / ^ 7T*(*)>0 
t-ti-edt w t^ti-^/i"-1

 fe=0
v y r(A;)r(n - k + 1) w 

lim ^-Inx(t) = lim -=-;• V (-1)* , ' , ^(t) < 0 

As 

lim x(i) > 0 I 
t^tl"£ \ ( e>0) , 

lim £(£) < 0 
t->ti+e J 

the above equation, Eq. (A. 10), is true if and only if 

The following proves Y(k) is indeed greater than zero. 

2 f f , u nT{n) 
n*) = T^rE(- 1 

hn-i Z-J^ ' T(k)T(n-k + l) 
k=Q 
oo 2_yv_i)* nr(n) 

/ l " " 1 ^ ' T(k)r{n-k)(n-k) 

2 f (-l)°nr(n) _ _ ( - l ] ^ T ( n ) _ _ 

z^1 \r(o)r(n - o)(n - o) + r(i)r(n - i)(n - i) 
( - l ) 2 n l » ( - l ) 3 n l » 

r ( 2 ) r ( n - 2 ) ( n - 2 ) r(3)r(n - 3)(n - 3) 
(-l)knT(n) 

T(k)T(n - k)(n - k) 
-n{n - \)T{n - 1) n(n - l)(n - 2)r(n - 2) 

/i""1 1/ ' r ( n - l ) ( n - l ) + r ( 2 ) r ( n - 2 ) ( n - 2 ) 
-ra(ra - l)(n - 2)(ra - 3)r(n - 3) 

r ( 3 ) r ( n - 3 ) ( n - 3 ) + ' " 
(-l)kn{n - l)(n - 2) • • • (n - fc + l)(n - fc)r(w - k) 

T{k)T(n-k)(n-k) 
n(n — 1) n(n — l)(n — 2) l-n + -\-——L - _d l £_| 

+ 

/i""1 [ r(2) r(3) 



Appendix: Derivations and proofs 184 

{-lfn(n - \){n - 2) • • • {n - k + 1) 
+ (A.ll) 

The sign of Y(k) can be determined by examining each term of Eq. (A. l l ) . If every 

k-th term is greater than zero, then Y(k) > 0. The sign of k-th term (represented as yk) 

is dependent on the value of k: even k or odd k. 

• Even k, 

For even k, (—l)fc = 1 and hence the k-th term is written as, 

1 
2/fc(evcn) 

T(k) 
n(n- l)(n - 2) • • • (n - k + 1) (A.12) 

Since Eq. (A.12) has even number of terms and n < 0 for the inflexion-point 

locator Inx(t), then y*:(cvcn) > 0 for every even k. 

• Odd k, 

For odd k, (—l)k = — 1 and hence the A>th term is written as, 

- 1 
Uk(odd) 

T(k) 
n(n- l)(n - 2) • • • (n - k + 1) (A.13) 

Eq. (A.13) has odd number of terms with n < 0 and hence the k-th term is greater 

than zero, i.e., yfc(odd) > 0, for every odd k. 

Now the the k-th term is greater than zero for both even and odd /c's. Consequently, 

the sum of all the terms must also be greater than zero, i.e., Y(k) > 0, for any k. 

For Eq. (A.9), as 

lim x{t) < 0 
*^*1-e } ( e > 0 ) 

lim x(t) > 0 
t-+ti+e 

and 

this leads to 

^•) = ^ E ( - 1 ) 
nT(n) 

k=0 r(fc)r(n- fc + i) >o, 

aj(t) < 0 
d r , x , 2 ~ , ,. nr(n) 

IT, Jt'^ = . i , ^ S ' - 'Wtn- i + D 
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Hence Condition 2 as expressed by both Eqs. (A.8) and (A.9) is satisfied. 

Therefore, the inflexion-point locator can indeed locate the inflexion points and this 

completes the proof. 



Appendix: Derivations and proofs 186 

A.7 Bearing Model: Outer-race fault, Eq. (7.8) 

iVi N2 

xOR(t) = x ; x ; AfAie-°fr cos (2™/,*) • cos (2^) 
(cos(A + 5 ) = cos A cos 5 — sin A sin f?) 

A?i 7V2 

= E E ^ e ^ ' {cos [2TT (/> + *./» i] + sin (2TT#*) • sin (2mfft)} 
i=\ j = i 

( * ! = COS [2* ( # + * . / » * ] ) 

(cos(A — B) — cos A cos S + sin A sin 5 ) 

= E E ^ e ~ ^ {X1 + cos [2TT ( # - z j» t] - cos (2*fbt) • cos (2™//*)} 

(X2 = cos [2TT ( # - * / , ) * ] ) 

= E E AfAie~ait iXi + X i - c o s
 ( 2TT/^ ) • cos (2infft)} . 

From the first and the last lines of the above equation, 

cos(2mfft) • cos {2TTf3
ht) = ^{Xi + X2) 

Therefore, 

JVi N2 1 
xon(t) = E E AjAie-* --(X1+ X2 

Xt = cos [2TT (/b
j + z//) t] = cos 

X2 = cos [2TT (/J - i/>) t] = cos 

Wl 1 ft. 

Hi (i - ^ 4 27r/i 

tf 
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A.8 Bearing Model: Inner-race fault, Eq. (7.12) 

JVi N2 N3 

xm(t) = E E E AfA^e-** cos (27rkfst) • cos (2TT/^) • cos (2mfft) 
i=l j=l fc=l 

The above equation can be expanded by using the following identities. 

cos(^4 + B) = cos A cos B — sin A sin B 

cos(A — B) = cos A cos 5 + sin A sin 5 

Then, 

JVi N2 N3 

*'*(*) = E E E ^ / ^ M i e " ^ cos (2**/.*) 
i=i j = i fc=i 

• { cos [2TT ( # + i / / ) t] + sin ( 2TT/^ ) • sin (2irifft) } 

Afi iV2 N3 

= E E E ^ M M i e - ^ {COB [2TT ( # + iff) t] • cos (2^/ .*) 
i=l j=l k=l 

+ sin fafit) • sin {2mfft) • cos (2irkfat)} 

iVi 7V2 JV3 

= E E E A / ^ A J e - ^ l cos [2TT ( # + */, + kfa) t] 

i=i j=i k=i 

+ sin [2TT (/* + iff) t] • sin (27rfc/s<) 

+ {cos [2TT (/jj - iff) t] - cos (27r/6
jt) • cos (2mfft)} • cos (2irk fat) 

By the assumption fb^> ff > fs
 a n d -X"3 = cos [2?r(f^ + iff + kfs)t], 

m N2 N3 

W * ) = E E E AfAfAie-* {Xs + cos [2TT (/> + iff - kfs) t] 
i=i j=i fe=i 

- cos [2TT {fh + iff) t] • cos (2irkfat) 

+ cos [2?r (/6
J' - i / / ) t] • cos (2irkfat) 

— cos {2-nflt) • cos (2irifft) • cos (27rfc/s£)} . 
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Letting X6 = cos [2ir(fl + iff — kfs)t], one obtains 

m N2 N3 

XlR(t) = E E E AfAlAle~ait {^3 + *6 - COS [27T (/> + iff) t] • COS (2**/,*) 
i = l j=l fe=i 

+ cos [2TT (/fe
J - i / y + kfs) t] + sin [2TT (/b

J - i./» t] • sin (2*kfat) 

— cos (2irfft) • cos(2mfft) • cos(27rfc/st)} . 

Similarly, letting X5 = cos [27r (/^' — iff + &/s) t] yields 

iVi N2 N3 

xm(t) = E E E ^ / A f c 4 e " ^ { * 3 + X5 + X6- cos [2TT ( # + iff) t] • cos (2TT^/S£) 

i=l j = l fc=l 

+ sin [2TT ( # - z//) t] • sin (2irk fat) 

- cos (2nflt) • cos (2m fft) • cos (2TT kfst) > 

N i 7V2 W3 

= E E E ^MM'j*.+*5+x6 
i = l j = l fc=l 

- cos [2TT (/6
J + iff) t] • cos (2nkfst) 

+ sm[2ir (f£ -iff) t] -sin(2nkf8t) 

- {cos [2TT (g - iff) t] - sin (2jrfft) • sin (2™/,*)} • cos (2irkfat) } 

JVl JV2 iV 3 

= E E E M^'f^+x"+Xe 

- cos [2TT ( / ' + i / , ) t] • sin (2nkfat) 

- cos [2ir {fl - iff) t] • cos (27rfc/st) 

+ sin [2TT (fb - iff) t] • cos (2irk fat) 

+ sin (2Kfft) • sin (2m fft) • cos (2irkfst) 

where the last terms can be expanded as follows. 

Y(t) = sin(2?rfft) • sm(2mfft) • cos(2nkfst) 

= { cos [27r(fi - iff)t] - cos(2itfft) • cos(27rc'//£)} • cos(2m\ fat) 

= cos [2-Ktfl - iff)t] • cos(2irkfst) 
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- cos(2irfit) • cos(2irifft) • cos(27rkfst) 

= cos [2TT(/> - ifft - kfs)t] - sin [27r(/> - iff)t] • Sm(2* kf8t) 

- cos(2n fa) • cos(2mfft) • cos(2iikfst) 

= XA- sin [2ir(fi - iff)t] • sm{2irkfst) 

- COS(2TT fbt) • cos(2mfft) • cos(2irkfst) 

(X^coafaifi-iff-kfot]). 

Substituting Y(t) into xm(t) leads to 

iVi N2 N3 

xm(t) = E E E AfAfAie-oi* {X3 + X4 + X5 + X6 

i=i j = i fc=i 

- cos [2TT (/6
j + iff) t] • cos (2irkfs) 

- cos [2TT (/6
j - iff) t] • cos (2irkfs) 

+ sin [2TT (fb -iff) t] •sm(2Trkf„) 

- sin [2-K (fi - iff)t}-sin (27rkfs) 

- cos {2nf3
bt) • cos {2mfft) • cos (2irkfst)} 

Nt N2 N3 = E E E A / A ^ e - ^ { ^ 3 + 4̂ + X5 + X6 
i = l j = l fc=l 

- cos (27rfc/a*) { cos [2TT {fb - iff) t] + cos [2TT (/> + z j » t] } 

- cos ( 2TT/^ ) • cos (2irifft) • cos {2irkf8t) \ 

Nx N2 N3 

= E E E ^M£e-^{x3 + x, + x5 + x6 
1 = 1 J = l fc=l 

- cos (2irkfst) • { cos (27r/^t) • cos (27ri//t) + sin (2TTfbt) • sin (2mfft) 

+ cos (271-/^) • cos (2irifft) - sin (2TT/^) • sin (2irifft) } 

- cos {2rcfbt) • cos {2-Kifft) • cos (2irkfst) } 

Afi JV2 JV3 

EEI 
i = l j = l fc=l 

E E E AfAfAie-^fa + Xi + X5 + X6 
' ' ' ~. fc=i 

3 • cos {2TTfbt) • cos (2irifft) • cos (27rkfst) > . 
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From the above result, one has 

COS(2TTfbt) • cos(2mfft) • cos{2irkfst) = -(X3 + X4 + Xh + X6). 

Therefore, 

Ni N2 N3 

xin(t) = E E E AfAtAie-^ cos (2nkfat) • cos ( 2TT/^ ) • cos (2mfft) 
i=i j=\ k=i 

Wi N2 N3 

= E E E AfAfAie-^ • - (X3 + XA + X5 + X6) 
i=\ j=\ fe=l 

X3 = cos [2 7 r ( ^+z / / + fc/s)t] 

X4 = cos [2TT (/fe
J' - iff - kf„) t] 

X5 = COS [27T (/> - iff + fc/s) t] 

X6 = cos[27r(/^ + i / / - A ; / a ) < ] . 
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MATLAB programs 

B.l Finding the best scale level from C W T 

function [aBest] = func_findBestScaleCWT(kurt, Ecwtx, Kurt_Threshold) 

% Inputs: 
% kurt : kurtosis distribution over scales 
% Ecwtx: energy distribution over scales 
% Kurt_Threshold: threshold value, e.g. 4.0 
I 
% Outputs: 
% aBest: the best scale level selected by Energy & Kurtosis 
*/. 

% Get the Energy Peaks by using: 
°L 1) Get envelope of energy curve to minimize 
% the adverse effect of ripples caused by mostly noise 
% 2) Check the sign of derivative and find positive peaks 
% changing sign from "+1" to "-1". 
7« 3) Check the kurtosis values > 4.0 
•/. 
% 
% Example, 
% 
% for i = 1:10 
% kurt(i) = kurtosis(cwtx(i,:)); 
% Ecwtx(i) = sum(cwtx(i,:).~2); 
% end 
1 KurtJThreshold = 4.0; 

191 

B 
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°/„ aBest = func_findBestScaleCWT(kurt, Ecwtx, KurtJThreshold); 
•/, 

% Condition 1: Energy Peak 
% Step 1-a: Find scales with energy peaks 
% (may be single/multiple numbers) 
eX = Ecwtx; 
dX = sign(diff(eX)); % Get sign of the first derivative of x(t). 
dX = [dX(l) dX]; % Since the derivative is one datum less than 

°/0 the original signal, add zero in the first cell. 

'/. Step 1-b: Differentiate dX 
% where dX is the sign function of the first derivative of x(t). 
ddX = -l*diff(dX)/max(abs(diff(dX))); 
% where "-1" is multiplied as "diff(dX)" gives negative value 
% at the positive peak as shown in the Figure (c). 
ddX = [ddX, 0]; 

% Step 1-c: Get the scales with energy peak, 
% i.e., index with "ddX == 1" is peak location. 
% See Figure (d) 
aPeak = find(ddX ==1); 

% Condition 2: Kurtosis Value 
% Step 2-a: Select the scales with "kurtosis > KurtJThreshold" 
% where "KurtJThreshold" could be any value greater than 3.0. 
% In this example, KurtJThreshold =4.0 
aPidx = find(kurt(aPeak) > KurtJThreshold); 
% where aPidx are scales with (energy peak) & (kurtosis > 4.0) 

*/. 
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% To illustrate the concept, run the following script. 
% clear; 
7. N = 1024; 
'/. for i = 1:N 
'/. x(i) = sin(2*pi*2*(i-l)/N); 
% end 
7. 
'/. eX = x; 
'/. '/. Select peaks of "eX" 
% % Step 1: Get sign of the first derivative of x(t) 
7. dX = sign(diff(eX)); 
7. °L where function "sign( )" is MATLAB buit-in function 
7o dX = [dX(D dX] ; % Since the derivative is one datum less than 
7o °L the original signal, add zero in the first cell. 
*/. 

'/. 7. Step 2: Differentiate dX 
% °/0 where dX is the sign function of the first derivative of x(t) 
'/. ddX = -l*diff(dX)/max(abs(diff(dX))); 
7o 7o where "-1" is multiplied as "diff(dX)" gives negative value 
7o 7o at the positive peak as shown in the Figure (c). 
*/. ddX = [ddX, 0]; 
7. 
% figure(l); 
% subplot(411), plot(x); 
% titleC(a) Sinusoidal function x(t)'); 
*/. axis([0 N -1.5 1.5]); 
7. subplot (412), plot(dX); 
°/o title('(b) Sign of the first derivative of x(t)'); 
'/. axis([0 N -1.5 1.5]); 
*/. subplot (413), plot(-ddX); 
% title('(c) Differentiation of (b)J); 
7„ axis([0 N -1.5 1.5]); 
7. subplot (414), plot(ddX); 
7, titleC(d) [-1 x (c)], Peak location'); 
'/. axis([0 N -1.5 1.5]); 
*/. End 
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B.2 Extracting periodic fault feature by C W T & 
Autocorrelation 

funct ion [xF i l t e red ] = func_CorrExtract(aBest , cwtx) 

% Inputs: 

°/0 aBest: best scale level 

% cwtx: wavelet coefficients 

% Output: 

% xFiltered: extracted periodic feature in time-scale domain 
% 

N = length(cwtx); 

% Calculate Auto-correlation of wavelet tranformed signal 

% at scale level "aBest" and get Envelope. 

Rxx = xcorr(abs(cwtx), abs(cwtx), 'coeff'); 

% get envelope of autocorrelation coefficient function 

[RHL, dnEnv] = func_GetEnvelope(-N+l:N-1, Rxx, 'spline'); 

% Remove inclined baselines 

[envl, medFilter] = func_GetEnvelope(-N+l:N-l, RHL, 'linear'); 

% where "envl" is the upper envelope (connecting upper peaks), 

% "medFilter" is the lower envelope 

% (obtained by connecting lower peaks). 

% medFilter is the inclined baseline 

medRHL = (RHL - medFilter) ; 7. medRHL is PUSH-DOWNed signal 

medRHL = medRHL / max(medRHL); 7o normalization for max. vlaue = 1 

7« Select peaks from auto-correlation function "medRHL" 

[IDX, yPeak] = func_findCorrPeak(medRHL, length(medRHL)); 

7o where IDX is the vector of index of peaks 

7o yPeak is the vector of peaks. 

7o Filter based on Normal Distribution with 

7o standard deviation "stdlDX" 

defaultWidth = 4; '/„ initialization of filter width 
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dIDX = diff(IDX); % gap between selected IDXs 
meanlDX = mean(dlDX); % mean value of dIDX 
stdlDX = std(dlDX); % standard deviation of dIDX 
if stdlDX <= defaultWidth % For ideal situation. 

stdlDX = defaultWidth; % Does NOT happen in reality, 
end 
CFilt = zeros(l, N); % initialization of Comb Filter 
if mod(round(stdlDX), 2) ~= 0 

M = 3 * (round(stdIDX)+l); 7, Half of the filter size 
else % 3 times of standard deviation. 

M = 3 * round(stdlDX); 
end 
7» generate bandpass filter following normal distribution 
% with size of "2*M" for both sizes (- & + time lags) 
°/„ size "M" for negative time lag and 
% size "M" for positive time lag. 

j = i; 
for i = -M:M 

% normal distribution "yfil" with yfil(O) =1.0 
% (No amplification or shrinkage) 
yfil(j) = exp( -i-2/(2*stdIDX~2)); 
j = J + 1; 

end 

% Find the location of the first impulse. 
% Since the correlations of x(t) and x(t+dt) are same, 
% the location of the first peak should be considered. 
% Check the translation in time. 
ytmp = abs(cwtx(IDX(l):IDX(2))); 
[eytmpl, eytmp2] = func_GetEnvelope(IDX(l):IDX(2), ytmp, 'linear'); 
maxidxlarry = find(max(eytmpl)==eytmpl); 
if length(maxidxlarry) > 1 

maxidxl = maxidxlarry(1); 
else 

maxidxl = maxidxlarry; 
end 
idxFirstPeak = maxidxl; °/0 index for the 1st impulse 

°/„ Compose Comb filter 
% for the first impulse 
midM = M+l; 
if idxFirstPeak >= M 
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% the first peak is not inside the filter width (2*M). 
CFilt(idxFirstPeak-M:idxFirstPeak+M) = yfil; 

else 
% the first peak is inside the filter width (2*M). 
CFilt(l:idxFirstPeak+M) = yfil(midM-idxFirstPeak:M); 

end 
% from the second impulse to the last 
for j = 1:length(IDX)-l 

i = idxFirstPeak + IDX(j); 
CFilt(i-M:i+M) = yfil; 

end 

% Comb filtering of wavelet coefficients at the scale "aBest' 
xFiltered = cwtx .* CFilt; 

°/„ End of function 
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B.3 Finding peaks from autocorrelation coefficient 
function 

function [xpeak, ypeak] = func_findCorrPeak(X, N) 

% Inputs: 
% X: auto-correlation function 
% N: length of X 
% Outputs: 
% xpeak: index for peak 
% ypeak: peak value at the index xpeak 
% 

°/t Select peaks of "X" 
X = X.~2; °/0 square X to make the peaks more distinctive. 
RATIO =0.15; % used to select peaks of auto-correlation 

% with appropriate magnitude decay, e.g. 
°/0 the next peak should be 15% less of the current peak 
% in magnitude (RATIO could be in [0.1, 0.3]). 

mid = (N-D/2 + 1; % index for (time lag) = 0. 

°/0 Search peaks for "positive time lag" part 
% since the correlation function is symmetric about (time lag) = 0. 
tmp(l) = mid; 
k = 2; 
for j = mid+l:N-l 

if X(j) >= X(j-l) & X(j) >= X(j+1) & X(j) >= RATI0*X(tmp(k-D) 
% where the peak X(j) should be greater than X(j-l) and X(j+1). 
tmp(k) = j; 
k = k + 1; 

end 
end 

% Check the distance between indexes for double checking. 
% Since the input signal is periodic, the distance between indexes 
% should be same in ideal situation. However, it is natural that 
% the distance obtained from the correlation coefficient function has 
% little error caused by the reduced number of data samples (due to time lag) 
% involved in the calculation of correlation function. 
% Find avgGap from the highest probability of tmp 



Appendix: MATLAB programs 198 

[a2, b2] = hist(abs(diff(tmp))); % positive side 
% where function "histO" and "diffO are MATLAB built-in functions. 
avgGap2 = mean(b2(find(a2==max(a2)))); % most probable value for tmp 
% where "meanO", "findO", and "maxO" are MATLAB buit-in functions. 

Factor =0.1; 
% Used for checking distance between peaks 
% if distance difference is greater than this Factor, 
% the peak is not considered as the one corresponding to impulse. 

% positive time-delay part 
IDX(l) = tmp(l); 

% the first one is always the peak with correlation coeff=1.0. 
k = 2; 
for j = 2:length(tmp) 

Gap2(j-1) = abs(tmp(j) - IDX(k-l)); 
GapR2(j-l) = abs(Gap2(j-l) / avgGap2 -1); 
if GapR2(j-l) <= Factor 

IDX(k) = tmp(j); 
k = k + 1; 

end 
end 

% Check the number of impulses 
% if there is time left greater than avgGap2, 
°/0 there must be another impulses. 
% Since the auto-correlation function gets worse as the time lag 
% increases, this "time-gap check" can compensate for the difficulty 
% finding peaks of auto-correlation function when the time lag is large. 
marginX = N - max(IDX); 
LenlDX = length(IDX); 
if marginX > avgGap2 

for i = l:floor(marginX/avgGap2) 
IDX(LenIDX+i) = IDX(LenlDX) + i*floor(avgGap2); 

end 
end 

xpeak = IDX(2: length (IDX)) - (N+D/2; 
ypeak = X(xpeak); 

xvalue = -(N+l)/2+l:(N+l)/2-l; 

°/0 End of function 
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B.4 K-hybrid: kurtosis based de-noising 
funct ion [srec] = func_Khybrid(x, LVL) 

% Inputs: 
% x: measured signal mixture 
% LVL: max scale level used in CWT, e.g. scale=[l, LVL] 

*/. 
% Outputs: 
% srec: de-noised signal by K-hybrid 
y, 

% Apply CWT & calculate kurtosis distribution 
cwtns = cwt(x, 1:LVL, 'morl'); 
% where "cwtO" is a MATLAB built-in function. 
% 'morl' -> morlet wavelet is used as a basis wavelet function. 
for i = 1:LVL 

kurt(i) = kurtosis(cwtns(i,:)); 
% calculate kurtosis at each scale by using 
% a MATLAB built-in function, "kurtosisO". 

end 
M = max(size(cwtns)); 
°/„ where "maxO" is a MATLAB built-in function. 

% Reconstruction Coefficient for Morlet wavelet 
omegaO = 5 ; % Frequency of Morlet Wavelet Function 
beta = 1 ; % Decay Parameter of Morlet Wavelet Function 

% Morlet Wavelet function 

% = exp(- beta~2 * t~2 / 2) * exp(i*omegaO*t) 
sumc = 0; 
sumd = 0; 
dw = 0.02; 
for i = l:dw:100 % from zero to +infinite 

omega = i; 
morl_fft = (exp(-(omega-omega0)~2/(2*beta~2))/beta); 
% Fourier Transform of Morlet Wavelet 
sumc = sumc + morl_fft/omega*dw; 

end 
for i = -100:dw:-l % from -infinite to zero 

omega = i; 
morl_fft = (exp(-(omega-omega0)"2/(2*beta"2))/beta); 
% Fourier Transform of Morlet Wavelet 
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sumd = sumd+morl_fft/abs(omega)*dw; 
end 

CC = sumc + sumd; % Reconstruction Coefficient 

% Start Thresholding 
for i = 1:LVL 

Kt = 1 + max(kurt(i)-3, 0); 
% Kt is parameter used to adjust zone width. 
t2(i) = max(abs(cwtns(i,:))) / (kurt(i)/3); 
% basis threshold. 
tl(i) = t2(i) / Kt; 
t3(i) = (Kt + l/sqrt(2))*tl(i); 

rl(i) = (Kt-l)*tl(i); 

r2(i) = (l+sqrt(2))*tl(i); 
% rl() and r2() are two radii used in zone 2 & zone 3. 

for k = 1:M 
ct = abs(cwtns(i,k)); 
sgn = sign(cwtns(i,k)); 
% "signO" is a MATLAB built-in function 

% Region 4 : cwtns >= t3 
if ct >= t3(i) 

cwtns_fil(i,k) = cwtns(i,k); 

% Region 3 : t2 <= cwtns < t3 
elseif ct >= t2(i) & ct<t3(i) 

cwtns_fil(i,k) = sgn*(rl(i) ... 
+ sqrt(abs(-ct~2 + 2*ct*(r2(i)+t2(i)) ... 
- t2(i)*(2*r2(i)+t2(i))))); 

% Region 2 : tl <= cwtns < t2 
elseif ct >= tl(i) & ct < t2(i) 

cwtns_fil(i,k) = sgn*(rl(i) ... 
- sqrt(((rl(i)~2-tl(i)-2) + (2*tl(i)-ct)*ct))); 

% Region 1 : cwtns < tl 
else 

cwtns_fil(i,k) = 0; 
end 
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end 
end 

% Reconstruction 
for k = 1:M 

suml = 0; 
for i = 1:LVL 

suml = suml + cwtns_fil(i,k)*i~(-3/2); 
% Morlet formula 

end 
srec(k) = suml/CC; 

end 
% End of function 
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B.5 Oil-debris signature extraction by fractional in­
tegration 

function [HnX, InX] = func_fractCalcuius(x, n, Kmax) 

% Inputs: 

7» Kmax: number of terms used for summation 

% n: non-integer order (n<0) 

7, x: input signal ### (Should be N-by-1 Column Vector) ### 

% Outputs: 

% HnX: output of detector H~n{x(t)}, particle signature 

% InX: output of detector I~n{x(t)}, inflexion points 

7. 

7» Check the input arguments 

if nargin < 3 

Kmax = 200; % Data length used for summation 

elseif nargin < 2 

error('Check Input variables!!\n'); 

end 

7o Start the fractional integration with negative non-integer order n 

7o maximum amplitude of signal x(t) . 

7» this value is used in the signature extractor, H~n, later. 

xGain = max(abs(x)); 

x = x / xGain; 

N = length(x); 

7» Calculate the summation term used in Eq. (5.9) and (5.11). 

% 

k = 0:Kmax-l; 

ak = ( (-l).~k * gamma(n+1) ./ ( gamma(k+l).*gamma(n-k+l) ) )'; 

°/o where "ak" is 

'/. ak = 1/lTn * \sum_{k=0}"{\ inf ini ty} [ TERM1 ] 
7. TERMl = ( - l )~k * Gamma(n+1) / {Gamma(k+l)*Gamma(n-k+l)} 
7. See Eqs. (5.9) and (5.11) of t h e s i s . 

fo r i = 1:N 
sumDpI = 0 

sumDnl = 0 

sumlnD = 0 
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suml = 0; 
sumD = 0; 

7„ Use flipud(Y2) if ak and Y2 are N-by-1 row vector 
% fliplr(Y2) if ak and Y2 are 1-by-N col. vector 
'/, "flipudO" and "fliplrO" are MATLAB built-in functions. 
if i <= Kmax 

sumGen = sum( ak(l:i) . * flipud(x(l:i)) ); 
sumOpp = sum( ak(l:Kmax) . * x(i:i+Kmax-l) ); 

elseif Kmax < i & i < N-Kmax 
sumGen = sum( ak(l:Kmax) .* flipud(x(i-Kmax+l:i)) ); 
sumOpp = sum( ak(l:Kmax) .* x(i:i+Kmax-1) ); 

elseif N-Kmax <= i 
sumGen = sum( ak(l:Kmax) .* flipud(x(i-Kmax+l:i)) ); 
sumOpp = sum( ak(l:N-i) .* x(i:N-l) ); 

end 

dnGen(i) = sumGen; 
dnOpp(i) = sumOpp; 

end 

dnGen = xGain * dnGen / max(abs(dnGen)); 
7. dnGen = [ x(t) - x(t-h) ] / h 
dnOpp = xGain * dnOpp / max(abs(dnOpp)); 
% dnOpp = [ x(t) - x(t+h) ] / h 
dnOpG = xGain * ( dnOpp + dnGen ) / max(abs( dnOpp + dnGen )); 
dnOnG = ( dnOpp - dnGen ) / max(abs(dnOpp - dnGen)); 

HnX = dnOpG; % Detector H~n: output of Signature extractor 
InX = dnOnG; °/0 Detector I"n: output of Inflexion-point locator 

°/0 End of function 
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B.6 Single-channel signal separation 
function [S, Ns, feasF] = func_SingleChBSS(x, aMax, Fs, minF, maxF) 

7. 

*/. 

7. 
7. 
7. 
7. 
•/. 

7. 

7. -

Inputs: 
x: 
aMax: 
Fs: 
minF: 
maxF: 

Outputs: 
S: 
Ns: 
feasF: 

measured signal mixture 

maximum scale level used in CWT, [1,2,.. 

sampling freqeuncy in Hz 

min. frequency of interest 

max. frequency of interest 

separated source signals in time domain 

number of sources 

frequency index of the source signal 

.,LVL] 

N = length(x); 

7. STEP 1: CWT 

cwtx = cwt(x, l:aMax, 'morl'); 

7o STEP 2: Frequency domain 

7» 2-a: FFT and Power spectral density (Pxwtfft) at each scale 

f = Fs * (0:N/2-l)/N; 

for i = l:aMax 

up(i,:) = abs(hilbert(cwtx(i,:))); 

Xwft(i,:) = fft(up(i,:), N); 

Pxwtfft(i,:) = Xwft(i,:) .* conj(Xwft(i,:)) / N; 

end 

°/o 2-b: Find feasible frequencies 
% Condition 1: 

7o frequency should be between min. and max. frequencies of 

7o interest. 

7o min. and max. frequencies of interest 

7. Eqs. (6.4) and (6.5) of Thesis. 

70 See Section 6.1.2.1 of Thesis 

indxl = find(f==minF) - 5; 7o "-5" is to add little margin 

indx2 = find(f==maxF) + 5 ; % "+5" is to add little margin 

7. to surely cover all range of 

7o frequency of interest. 
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% Select frequency component which gives maximum magnitude 
% Dominant frequencies, see Section 6.1.2.1 of Thesis 
% max. magnitude and its frequency index 
for i=l:aMax 

maxAmp(i) = max(Pxwtfft(i, indxl:indx2)); 
ind_max(i) = find(maxAmp(i) == Pxwtfft(i, l:N/2)); 

end 
% sort in ascending order for the next calaculation 
ind_max = sort(ind_max'); 

% Condition 2: 
% repeated frequencies and harmonics should be removed. 
°/0 Remove frequencies with single occurence 
[npeak,xpeak] = hi st(ind_max, minF:1:maxF); 

J = i; 
for i = 1:length(minF:l:maxF) 

if npeak(i) > 1 
Xpeak(j) = xpeak(i); 
j = j + i; 

end 
end 
% Remove repeated peaks 
XpeakRepeat(l) = Xpeak(1); 
J = i; 
for i = 2:length(Xpeak) 

if Xpeak(i) ~= XpeakRepeat(j) 

J = J + 1; 
XpeakRepeat(j) = Xpeak(i); 

end 
end 
'/, Remove harmonics 
k = 1; 
feasF(k) = XpeakRepeat(1); 
for i = 1:length(XpeakRepeat) 

fTmp = XpeakRepeat(i); % index for feasible frequency 
for j = i:length(XpeakRepeat) 

Remnt = mod(f(XpeakRepeat(j)), f(fTmp)); 
if Remnt ~= 0 

k = k + 1; 
feasF(k) = XpeakRepeat (j); °/„ index for Source 

end 
end 
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end 
% Number of sources 
Ms = length(feasF); 

% 2-c: Contribution ratio 
% calculate sum of PSD at feasible dominant frequencies 
% in each scale 
for i = l:aMax 

sumPscale(i) = sum(Pxwtfft(i, feasF)); 
for j = l:Ns 

Ps(i, j) = Pxwtfft(i, feasF(j)); 
rMM(i, j) = Ps(i, j) / sumPscale(i); 
% Ps(i, j) is the magnitude of frequency spectrum 
% of source j (frequency) at scale i 

% rMM(i, j) is contribution ratio of scale i on to source j 
end 

end 

% 2-d: Reconstruct the source signals 
7. by using s(l) = MM(l,l)*Xwt(l) + MM(2,l)*Xwt(2) + 
'/. + MM(aMax,l)*Xwt(aMax) 
7, s(2) = MM(l,2)*Xwt(l) + MM(2,2)*Xwt(2) + 
1 + MM(aMax,2)*Xwt(aMax) 
7, where, s, MM, Xwt are time function. 

V. 
7o S_est(Scale, Time, Source) 
for i = l:Ns 

for j = l:aMax 
if rMM(j, i) >= 0.5 

S_est(j,:,i) = rMM(j,i)*cwtx(j,:); 
else 

7» This part is used to remove scales with small 
7o contribution. This action reduces not only the 
% magnitude of the source signal but also strength 
7o of un-related signal. 
S_est(j,:,i) = 0.0*cwtx(j,:); 

end 
end 

end 

7„ STEP 3: Inverse CWT 
% Reconstruction Coefficient for Inverse CWT 



Appendix: MATLAB programs 207 

omegaO = 5; °/0 Frequency of Morlet Wavelet Function 
be ta = 1 ; 7» Decay Parameter of Morlet Wavelet Function 
% 7„ Morlet Wavelet = exp(- beta~2 * t~2 / 2) * 
% % exp(i*omega0*t) 
sumc = 0; 
sumd = 0 ; 
dw = 0.02; 
for i = l:dw:100 % from 0 to +infinite 

omega = i; 
°/„ Fourier Transform of Morlet Wavelet 
morl_fft = (exp(-(omega-omega0)~2/(2*beta~2))/beta); 
sumc = sumc+morl_fft/omega*dw; 

end 
for i = -100:dw:-l % from -infinite to 0 

omega = i; 
% Fourier Transform of Morlet Wavelet 
morl_fft = (exp(-(omega-omega0)~2/(2*beta~2))/beta); 
sumd = sumd + morl_fft/(omega)*dw; 

end 
CC = sumc + sumd; % Reconstruction Coefficient 

7, Reconstruction or Inverse CWT 
7o Each column of matrix S_est is 
7o S_est(Scale, Time, Source) 
dk = 1; 
for i = l:Ns 

for j = 1:N 
SumS = 0; 
for k = 1:dk:aMax 

SumS = SumS + S_est(k,j,i) * k~(-3/2) * dk; 
end 
S(i,j) = SumS/CC; 

end 
end 

% End of function 
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B.7 Calculating the normalized Lempel-Ziv complex­
ity 

function [CN] = func_Complexity(N, x, Tag) 

°/0 Inputs: 
% N: number of input data samples 
7» x: input signal 
% Tag: Conversion to binary? ('Y' or 'N') 
% Outputs: 
% CN: normalized Lempel-Ziv complexity 
•/, 

% Convert the input signal into binary signal (0 or 1) 
if Tag == »Y' 
°/0 need to convert the signal into binary 

m = mean(x); 
for i = 1:N 

if x(i) >= m 
S(i) = 1; 

else 

S(i) = 0; 
end 

end 
elseif Tag == 'N' 
% already binary signal 

S = x; 
end 

°/0 Start calculating Lempel-Ziv complexity 
c = 1; °/„ initialization of complexity index 
SQ = num2str(S(l)); 
idx2 = 'NC; 

for i = 2:N 
SS = num2str(S(i)); 
if idx2 == 'NC 

Q = SS; 
elseif idx2 == 'CC 

Q = cat(2, Q, SS); °/„ Attach S(i) to Q(i-l) 
°/0 to get the new Q vector 
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end 

idx = strfind(SQ, Q); 
% if idx = empty, No Match - Q(i) does not belong to SQ 
% As Q(i) is new, increase complexity c = c + 1. 
% if idx ~= empty, Q(i) belongs to SQ(j) 

if isempty(idx) == 1 
c = c + 1; 
idx2 = 'NC; 

else 
idx2 = >CC; 

end 
SQ = cat(2, SQ, SS); 

% SQ is vocabulary or strings already read and checked, 
end 

CN = c / (N/log2(N)); % normalized Lempel-Ziv complexity 
% End of function 
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B.8 Get envelope signal by interpolation 

This function is adopted from MATLAB Central, File Exchange accessible at 

http://www.mathworks.com/matlabcentral/fileexcharige/ 

loadFile.do?objectId=3142&objectType=file. 

funct ion [upEnv, dnEnv] = func_GetEnvelope(x, y, interpMethod) 

% Inputs: 
7« x the abscissa of the given data 
% y the ordinate of the given data 
% interpMethod the interpolation method 
% default interpolation method : 'Spline' 
% Output s: 
% upEnv the upper envelope with the same length as x. 
% dnEnv the lower envelope with the same length as x. 

V. 
% Designed by: Lei Wang, <WangLeiBox@hotmail.com>, ll-Mar-2003. 
% Last Revision: 21-Mar-2003. 
% Dept. Mechanical & Aerospace Engineering, NC State University. 
*/. $Revision: 1.1 $ $Date: 3/21/2003 10:33 AM $ 

I 

if length(x) ~= length(y) 
error('Two input data (Horz. & Vert.) ... 

should have the same length.'); 
end 

if (nargin <2) I (nargin > 3) 
error('Please Check the INPUT ARGUMENTS.'); 

elseif nargin == 2 
interpMethod = 'spline'; % default interpolation method 

end 

% Find the Positive Extrema and the corresponding indexes 
'/. for UPPER Envelope. 
extrPosIndex = find(diff(sign(diff(y))) == -2) + 1; 
extrPosValue = y(extrPosIndex); 

% Find the Negative Extrema and the corresponding indexes 
% for LOWER Envelope. 

http://www.mathworks.com/matlabcentral/fileexcharige/
mailto:WangLeiBox@hotmail.com
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extrNeglndex = find(diff(sign(diff(y))) == 2) + 1; 
extrNegValue = y(extrNeglndex); 

% Include the Fist and Last Data Points 
nmax = length(x); 
up_x = [x(l) x(extrPosIndex) x(nmax)]; 
up_y = [y(D extrPosValue y(nmax)]; 
dn_x = [x(l) x(extrNeglndex) x(nmax)]; 
dn_y = [y(D extrNegValue y(nmax)] ; 

% Interpolation of the upper/Lower envelope data 
% between Extrema obtained above. 
upEnv = interpl(up_x, up_y, x, interpMethod); 
dnEnv = interpl(dn_x, dn_y, x, interpMethod); 

% End of function 


