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ABSTRACT

In the first part of the work, extensive investigations
into the epplication of the perturbation nmethod of successive
approximations to the analyses of plate problems are czrried oute.

The rate and pattern of convergence of the method is studied by_
applying it to analyse small deflection of clamped skewed plates

and both small as well as large deflection problems of clamped
circular, elliptical and rectangular plates under uniformly
distributed loads. ILinear and nonlinear results are obtained for
each stage of the successive approximation process and for successive
increments of the undetermine& coefficients in the plate displacement
functions. The effects of the assumed displacement fupctions,

plate aspect ratios and add¢itional parameters such &s the

elastic foundation modulus on the pattern of convergerce are

also investigated. Based on these results, a discussion is

made on the convergence of the method both in smell and large

deflection range. It is shown that the rate of convergence ‘

depends largely on thé assumed displacement functions and
decreases significantly from the small to the large deflection
theory. The range of variation of the linear and nonlinear
results in deflection is plotted and compared with available
data. It is found that the method yields results which

closely agree with existing values by other investigators.

iv



In the second part of the work, the perturbation
technique is then useq to investigate the effect of a Winkler
type elastic support on the benéing of clamped circular,
elliptical, rectangular and skewed plates. In case of elliptical
plates the nonlinear large deflection problem is also examined.
Numerical and graphical resulis are presented. Variation of
centre deflection, maximum centre and edge moments and stresses
for such plates with elastic support for different aspect ratios,
and changes in skew are shown. The influence of elastic support,
plate aspect ratio and angle of skew on the design of plates is

examined and discussed.
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CHAPTER I

INTRODUCTION

?lates are frequently used as componénts of large
structures such as fluid containers (circular, elliptical
and rectangular plates), building and bridge floor systems
(rectangular and skewed slabs) and aircraft wing panels
(skewed plates). In most cases, the deflections of the
plates used in the aforementioned structures are usually
rather small in comparison wifh the thickness of the plate,
so that for a proper design of such plates, only a small
deflection (linear) theory is required. Nevertheless, movable
structures such as aircraft and railroad rolling stock belong
to a class in which payload is being increased at the expense
of dead weight for reasons of economy. This situation has been
intensified in recent years thfough the utilization of materials
with thin sections and high elastic strengths. To gain full
advantage from these materials in aircraft, railroad and
related structures requires efficient design criteria. For
example, the large deflectiion- (nonlinear) theory hes recently
been applied to the design of railroad fluid-containing hopper
cars (1) whose side sheets are made of W. S. §. Tenelon
stainless steel (70,000 p.s.i. yield strength). The use of

a more accurate theory made it possible to employ side sheets



thimmer than those that would have been required based on the
small deflection analysis. Occasionally environmental and
functional phenomena may render structural plates with elastic
supports. As a result, the deflections and stresses of
structural plates will be reduced. Examples of plates resting
on elastic support are plates on springs, slabs on grade,
airport runways, mat foundations and ice sﬁeets in frozen
lakes and rivers.

Many different methods are now available for the
linear analysis of clamped plates subjected to uniform normal
loadings. Some of these methods are cited by Timoskenko and
Woinowsky-Krieger (2). With the exception of clemped circular
and elliptical plates where exact solutions are knovm, only
approximate solutions are available for otiher plate shapes
with similar boundary conditions. For clamped skewed plates,
Morley (3) has presented results for a very limited number of
skew angles and aspect ratios. Recently, due to the work of
xennedy (4) and (5) deflections as well as principal siresses
for such plates have been determined for various skews and
aspect ratios both analytically and experimentally.

For the nonlinear analysis, it can be showm that
large deflection of elastic plates are governed by two coupled
nonlinear partial differential equations first formulated by

Von Karmen. (6). Approximate solutions for such equations




have been obtained, for example, for the case of the clamped
rectangular plates by Way (7) using the Rayleigh-Ritz technique
and by Ievy (8) and (9) who substituted a double Fourier Series
solution into the partial differential equations and evaluated
the coefficients. The Ritz method has also been used to solve
the problem of large deflection of elliptical plates by Weil
and Nevmark (10). Invariably, the methods of analysis employed
are extremely laborious and require considerable computationse
More recently, a number of investigators notably
Chien (11), (12), Nash (13) and Huang (14) have adopted a
method of successive approximations based on the small
perturbation technique and have applied the method gquite
successfully to obtain large deflection solutions of uniformly
1éaded circular, elliptical and rectangular plates. Tn
comparison with the Ritz and Fourier Series approach of analysis,
the method of successive approximations is simpler To apply and
involves much less computational effort. Unfortunateiy, in all
the successive approximation solutions cited above, approximations
beyond the third are not considered and invariably solutions are
only given from a six-term algebfaic assumed displacement functions
which are similar o those employed in this thesise. No mention is
made of the degree of accuracy of the solution or the pattern of
convergence of the method as the number of unknovn coefficients

in the assued displacement functions is increased.



The work of this thesis consists of :

(i) To investigate the rate and pattern of convergence of
the method of successive approximations based on the
small perturbation technique as zpplied to linear and
nonlinear plate problems. The method is applied 1o
analyse small and large deflection problems of clamped
elliptical and rectangular plates under uniform normal
loads. Small deflection problem of skewed plates is
also studied. ILinear and nonlinear results are obtained
for each stage of the sﬁccessive approximation process
and for successive increments of the undetermined
coefficients in the plate displacement functions,
Results so obtained are compared with those by other
investigators (2), (3), (4), (7), (8), (9) and (10).

The effect of an elastic support on the smell deflection
problem of uniformly loaded clamped circular, elliptical,

rectengular and skewed plates is then studied by this : “

method and the results are compared with those obtained
by the variation method of Galerkin (32).
(ii) To extend the theoretical analysis by this method into
the large deflection bchaviour of clamped elastically
support elliptical plates under uniform normal load.
Thréughout the analyses, the successive approximation

method (15), (16) and (17) based on the smallness of the coniral




deflection is used to determine the lateral deflection, the
inplane displacements and hence the moments and siresses of

the clamped plates. Here the dimensionless ratio of the

central deflection to the thickness of the plate, Wy, is

used as the perturbation parameter. Essentially, the perturbation
teechnique is based on the principle that, if a well constructed
asymptotic power series should satisfy the differential equation,
then each parameter should also satisfy the governing differential
equation independently. Following the perturbation procedure,
asymptotic power series containing a number of undetermined
coefficients are assumed relating first the dimensionless load

to the central deflection perturbation parameter W,. Power

series containing unknown functions of the co-ordinate axes

are also assumed relating each of the displacement components

u, v and w in the middle plane of the plate with the same
perturbation paremeter W,. In assuming these functions for
displacements, care ﬁas taken to ensure that these assumed
functions satisfy not only the boundary conditions of the

plate but also the condition of symmetry. The assumed displacement
functions are next substituted in turn into the governing partizal
differential equations derived in each step in the successive
approximation sequence., By equating equal powers of the
co-ordinates, and by solving the set of simultaneous linear

equations thus obtained, all the unknown coefficients in the




displacement functions are evaluated. Finally, these displacement
functions with their determined parameters are differentiated to
yield the required bending and membrane stresses anywhere within
the plate boundary.

‘Mo facilitate the computational work involved in
obtaining the deflection, principal bending and menbrave stresses
of the plates, all the problems are coded in Portran for the
IEM 360/65. To minimize round-off errors, double precision
arithematic was used throughout the work. The flow cliart and

a typical program are included in the Appendix B.
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CHAPTER II

REVIEW OF LITERATURE

In the bending of plate problem when the strain in
the middle plane of the plate is negligible and the la£era1
deflection from its iﬁitial plane is small compared with the
thickness of the plate, the load and deflection relationship
is linear. The analysis of this small deflection behaviour is
regarded as linear analysis. However, if the lateral deflection
is no longer small, the analyéis of the problem must be extended
to include the strain developed in the middle plane of the plate.
The loed and deflection relationship becomes nonlinear. Thus
the analysis of this large deflection behaviour is regarded as

nonlinear analysis.

2,1 TLinear Analysis

The linear small deflection behaviour of circular,

elliptical and rectangular plates is well documented sirce the
stait of the nineteenth century. TFor uniformly loaded circular,
and elliptical clamped plates, rigorous solutions have been
obtained (2). For rectangula¥ plates with uniform lateral load
and clamped edges, ﬁhe problem has been solved by various
approximaete bechniques (2), such as double Fourier series,

energy method and finite difference zpproximations. In case




of skewed plates, the small deflection behaviour has been
invesfigated mainly by the method of finite difference. The
first publication was probably due to Brigatti (18) vho obtained
limited results, by means of finite difference equations, for
uniformly loaded rhombic plates simply supported and clamped.
In 1941, studies of skewed plates by means of finite difference
techniques were also made by Jensen (19). In 1953, Dorman (20)
used the energy approach to investigate the bending behaviour
of clamped skewed plates. Other outstanding researchers in
skewed piates and related structures included Morley (3),

Mirsky (21) and Jones (22). More recently, Kennedy and Ng (4),
(5) have solved the sma2ll deflection problem of uniformiy load
skewed plates by means of variational techniques and the results

were verified by experiments.

2.2 Nonlinear Analysis

As opposéd to the small deflection analysis of
circular, elliptical and rectangular plates, the corresponding
nonlinear large deflection analysis of such plates received
comparably less attention. However some of the investigatvions
are still quite well known in the technical literature. In case
of clamped circular plates under uniform load, in 1924, Timoshenko
(23) used the energy method based upon en assumed form of lateral

displacenment to obtain his aporoximate solution. Tn 1925, Madai



(24) established an approximate solution by considering a cireular
plate subjected to only approximately uniform pressure. In 1934,
way (25) employed a power series to obtain an exact solution of
the seme problem. In 1942, McPherson, Remberg and Levy (26)
carried out tests of uniformly loaded circular plates to obtain
their experimental results. In 1947, Chien (11) applied the
perturbation technique, equivalent to a greatly simplified form
of power series method; to obtained his solution of the same
circular plate problem.

Tn case of clamped rectangular plates under uniform
load, the problem was solved approximately by Way (7) in 1938
using the Ritz energy method. In 1942, Tevy (8) obtained a
solution to the same problem by the double FPourier series method.
In 1948, Vang (27) solved .ie problem again by using the method
of Tinite difference. In 1957, Chien and Yeh (12) uzed the
successive approximatioﬁs of the perturbation technique and
obtained a solution to the square plate problem and verified
by experiments.

' Tn case of uniformly loaded elliptical plates with
puilt-in edges, the first solution was probably due %o Perry (28) in
1950, who employed expansions into Mathien functions. In 1956, Weil
and Newmerk (10) solved the same problem based on the Ritz method.
In 1959, Nash and Cooley (13) used the successive approximations

of the perturbation technigue t0 golve the problem again.




With regard to the influence of elastic support on
the behaviour of plates, there are but a few investigations.

In 1960, Nash and Ho (29) investigated the elastic support effect
on the large deflection of clamped circular plates by means of
the perturbation technique. In 1963, Sinha (30) examined the
large deflections problems of'simply supported rectengular
plates on elastic foundations. In 1966, Ng and Kennedy (31)
obtained approximate solutions for small and large deflection
behaviour of elastically supported clamped rectangular plates.
Tn 1969, Nz (32) obtained results of the influence of elastic
support on small deflection of clamped circular, elliptical,
rectangular and skewed plates by means of the variational method
of Galerkin and verified by the perturbation method.

In the treatments of various kinds of plates, the
perturbation method has been used to deal with nonlinear plate
problems mainly because it is simpler to apply and requires
less compuiational effort in comparison with the methods of
Fourier series and the finite difference. However, in all
the successive approximation solutions cited above, no mention
is madé of the degree of accuracy of the solution or the pattern
of convergence as the number of uninown coefficients in the

assumed displacement function is increased.
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CHAPTER III

FORMULATION OF EQUATTONS

In the analysis of small deflection problems of elastic
thin plates, the deflections are considered to be of such magnitude
that the effect of stretching of the middle plane of the plate on
its curvature can be neglected. When the lateral deflection of
plate is moderately large, that is, in the neighbourhood of one
half the plate thickness or more, the linear tﬁeory of thin plates
is no longer applicable and the effect of the forces acting in the

middle surface must be taken into accounte

3,1 Assumptions

Throughout tha theoretical work of linear and nonlinear
analyses, the following assumptions are made:

(1) Points which lie on a normal to the mid-plane of
the undeflected plate lie on a normal to the mid-plane of the
deflected plate.

(ii) The stresses normal to the mid-plane of the plate,
arising from the applied loading, are negligible in comparison with
the stresses in the plane of the plate.

(iii) The deflection, v, of the plate is small enough sO

that the first two assumptions still hold, and yet lurge enough soO

il




that the products of the in-plane forces or their‘derivafives
and the derivatives of w are of the same order of magnitude as
the derivatives of the shear forces.

Also for the linear (small deflection) analysis the
forces in %he middle plane of the plate is neglected and this
gives one additional assumption vize

(iv) The mid-plane of the plate is a neutral plane
i.e. any mid-plane stresses arising from the deflection of the

plate (into a non-developable surface) is ignored.

3,2 The Governing Partial Differential Equatidns

The nonlinear large deflection behaviour of thin
elastic plates is governed by two coupled nonlinear paitial
differential equations derived by von Karman. It is often
adventageous to express these equafions in terms of the
displacement components u, V, end w (parallel to the rectangular
coordinate axes X, y and z respectively) of a point in the middle
plane of the plate. -

(i) Equilibrium of the Plate Element in the X and y

Directions.
Consider the equilibrium of a small element cut out
from the middle plane of the plate with sides dx and d§ as shown

"in Pigure 3-1. Tet Ni Ni and N§§ be the in~plane ferces per
H

o

12
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 Pigure 3-1 In-plene Torces on Plate Element



unit length of the plate.

Weglecting body forces and since ¢¢ and &' are small
(cos ¢ = cos ¢’ = 1) the equilibrium of the plate element in

the x and § directions yield respectively,

N;{,;{-I-Ni'sf’& =O oc.oooo.o-.ooo-co-ao-o-..-ooo(3—l)
—— - - =O l‘.o.-loooc..aolocooa..t.o.l-0 —2
ny,x+NY,y (5-2)

where the comma notation signifies differentiation,

(ii) Fquilibrium of the Plate Element in the Z

Directione.

The equilibrium in the z direction is obtained by
considering separately the in-plane forces and lateral loads
acting along this direction.

(a) Forces in the z direction due to the in-plane
Torces:

From Figure 3-1, the net contribution of the dovmward

force by Nz and (W + Nz % dx) in the plate element is
- . - - . ' ’
Nz dy sin P + (NSE + Ni,i ax) dy sin ¢
For smell ¢ and &' ,

sin @ € ¢

u

W =
+X

sin ¢ £ ¢

@ + qb,i ax = SR dx

us

14



The above expression becomes:

(Ni w,ii + Ni,i w,i) dX dy ll.'.l.'lo'.'.'...(3-3)

where higher-order terms are neglected.,

Similarly, the net downward contribution of N§ and

(N§ + N; 5 d?) on the plate element is
J?

N— —— N— - - d- d- eveccosssssessssne b
(W5 w35 + V5,5 v,5) & & (3-4)

The net downward contribution for H§§ and (N== + Now = dx)
on the plate element is, where higher-order terms are neglected,
N A7 W = + (No= + Nem = d%) 4y (w = + w —= dX
Wy’y (xy XY X )y(:y ' Xy )

N—— VW o= N—- - W - di d— Csscesesesssecans ~—
ox ( Xy Xy " Xy x ’Y) ¥ . (3-5)

Similarly, the net downward contribution of N§§ and

(Nii + Ns;.i,-}; dy) is

- ——— N-- - W - di d- LI I S S AR B Y S S SN S N Y -6
(Nyx W,X,Y * JXY 7X) Y (3-6)
Since Nii = Nii’ and making use of equations (3-1) and

(3-2), the net dovnward contribution of all the in-plane forces
can be obtained by adding equations (3-3) through (3-6) viz.
N— W == + ZN_- W == N— W e di d- eesesaece —
Nz W ox + MNgs 55) & & (3-7)

' Xy J

(b) PForces in the z direction due to lateral loads.

15



In Figure 3-2, let QE, Qi be the shear forces per unit
length, Mi, M§ and Mii be the bending and itwisting momehts per
unit length, q the intensity of dovmward lateral load and k the
foundation modulus the magnitude of whieh is proportional to the
deflection.

Neglecting the body forces of the plate element

equilibrium in the dovmward direction (2long the z axis) gives :

(—;c-fQ—--[-q"kW) dx d.y O oo-nc-.--oo-uoo(3—8)
-‘\,

By taking moments of all forces acting about an axis

parallel to the § axis and neglec’'ing higher-order terms gives :

ax dy - N~ = d% 4y + M=- = dX o

Q= y ¥+ Mes S &y =

or I’I———II———-Q—: 9 0e v 00 s 80P BEDRLECOCOIEEOR S, 3—9
XyX XYy X ( )

Similarly by teking moments about an axis parallel %o

the x axis, we have

e m = M= = = Q= = Y
e o = Voo o Qs (3-10)

Now making use of the moments curvature reiationships (2)

vize.
MJ-C. = =D (W,;D-E +UW,§'§)
e = =D (W == +V W ==
My (W,yy + W,xx)

Mee =D (1l -V ) W ==
Xy ( ):XY

16



M;
M'iy _ MXV*MW.?{ dx
—t—— dy —_—e
d-i Mi *M'x"idx
A G st
i My My dy
Mg + Mgg,5 47

Figure 3-2 Moments and Shear Forces on Plate Element
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and substituting into expressions (3-9) and (3-10), we get:

Qi - —D (W iii + W ii&) oc---o-oioooooo--o-o-(B-ll)
Q& = _D (w ;ii + W 5;;) .o.---c-o.--ooo--o.o-(3—12)

Now adding equations (3-7) to (3-8) gives the equilibrium
equation in the vertical direction due to the combined action of
the lateral and in-plane membrane forces.
Qi,i + Q§’§ +:q - kw + N— w e + 2N§§ w,§§ + N§ w,ii =0
ceteereeeracnsssassse(3-13)
Substituting equations (3-11) and (3-12) into equation

(3-13) gives :

- kw N— w =%+ Newe W == 4+ Nee W ==
q * Zy WXy T UF ayy

t'..;ooou-co.ctoo.!n..c..'(3-14)
Tn terms of stresses, equations (3-1), (3-2) and (3-14)

can be writea as :

w——+T——-=O TR EEREE N RN BN A B R B S B I I ) -1
XyX XY o F (3 5)
a-'-— 'f-—-:O 00860 G600 008 COEBOINTITSTOEBOEEESDS —16
¥y T Ry.x (5-16)
a pvle? X h{ o o 2T )
an W= - XW + - W == + =W ==+ == W =
4 X XX NN A 'S xy‘vxy

PR (5 T Iy

18



o establish egquations (3-15), (3-16) and (3-17) in

terms of the displacement u, v and w of the plate element, it

is required to employ the equations of plame strain (33) viz.

J-
X

|

B

5

Xy

2 (1

— 6-'+V€..
2 (ez+ V€

—_— (e =~ & -
1—1/2( y+'1/ x)

B v
+ V) Xy

.

cevernenasases(3-18)

and the equations of compatibility (2 ) viz.

€_

€ .
y

u =+
sX

v - +
"

i

(W’;c)z

Sl

)
(v3)

e 2 U =+ V= + W= W=
xy

?

9 X 11X Y

s

ceeo(3-19)

Substituting equations (3-18) and (3-19) into equations

(3-15), (3-16) and (3-17), the three general differential equations

in terms of the displacements u, v and w in rectangular cartesian

coordinates governing the large deflection of thin elestic plates

are obtained:

19



Wom + W W=+ ¥V (Vo + W W o)
9 XX 1 X yXX 1 XY 1Y Xy

o+
wlP

1 -V o e e - —— - —
( ) (u,yy VSR Yz Woos b W oo w,xy)

= O ooooo-nc-.n-oo.o.c--too.oooo.ooo.oo(a—ZO)

V == 4+ W = W == W —— W= ——
AR AR RAUE SN v 55

1
5 -V —— — - - —— ] - -
+2 (2 ) (vyxx * u’xy F Way Waxx * w3x wﬁxiz"')

20 sesecsessenecacescessssscsessanenss(3=-21)
_E _
(1-v%

DV2V2w=q—kw+h{

1 2 1 2
[u’-}-c + 2 (W,i) + V (V’§ + 32 (W’i) )]W,}(S-C

- - - XY = - - se e -22
(u,y Vg Wz w,y) W,xy} (3-22)

To solve the above equation (3-20), (3-21) and (3-22) it
is often convenient to have them in dimensionless forms.
To render them non-dimensional the following dimensionless

ratios are introduced :

R = b/a, x = x/a y = y/bs
2 2

U = uzg/h, Vv = va/h W = w/h

Q = qb4/Dh, K = kb4/D

20



W  Wome W o+ V (V== b W W o
9 XX 1 X XX ( 1 XY Wy ,x.Y)

1
5 (1 -V . o N - —— e
+ 3 ( )(u’ +v’ W WS )

= O .......-....o.......-.............o(3—20)

Ve + W Wemt V(s + W W o==)

W JY W WYY 1 1y 1 X 9 Xy
1
1~V — — - W e - -
+ 3 ( )(v FUgo ok WS Woan W wx,,)

=O .....'..I.l...’...............-...'(3_21)
DV2V w=q-kw+h{—-—-§-——é—-
(r-v7)

1 2 1 2
[u’-}-c + 3 (W,i) + ¥V (V;y; + 2 (W’-};) )}W,ZXSE

+ W= W)W --.‘ ceees(3-22)

U=+7V=
(,Y+ ' X WX Y » Xy

To solve the above equation (3-20), (3-21) and (3-22) it
is often convenient to have them in dimensionless forms.
To render them non-dimensional the following dimensionless

ratios are introduced :

2 2
U = ua/h, Vv = va/h W = wh
Q = qb4/Dh, K = kb4/D

20



With the dimensionless ratios, equations (3-20),
(3-21) and (3-22) becom

2R3U’H+R(l-'u)U,yy+Rz (L+v )v,
+ 2R Vo W + R (1 + v ) L Yoy
+ 3 1-v) Wy Wy =0 corieesnnees(3-23)
2RV

3 2
+ R l-v)V R
- ( ) xx t 1+7v) U,

2
+ 20 . W __ +R> (14 W
7 Yy @+v)vw,

Xy

2
+R l— 'V ” W —-0 LI I SR R A Y ) 3—24
( ) 1 XX 4y ( )
CRW | + 2R% W + W =Q - KW
§ XXAX 1 XXYY WYY
2 a 2
+ 12 {R U,x+ 3 (RW,X)

1 2 2
+v[RV o+ % (W ) 1} = Vox

2
12 { RV 5 (w
+ ‘[ ,y+2 ( ,y)
2 1 2 }
+ RO + 5 (RW
v[ ' X ( ,x)] W:W.
2
12 (1 - R + R°V RW w RY
+ 12 ( V)(U,y xRV ,y) ,

.o.-oa-oooooo-o-.oo-no-0(3-25)
Hence the problem of large deflections of plates on

elastic foundations is reduced to finding solutions to equations

21



(3-23), (3-24) and (3-25), satisfying the necessary boundary
conditions. ' |

ItAshould be noted that a solution of the linear
problem (small deflection) is -obtained by solving equation
(3-22) when the terms due to the effect of the in-plane forces

are neglected. In non-dimensional form the equation beccmes:

4 2
R'W + 2R ¢ + W =Q - KW
» XXXK XXYY T SYYYY

..OOI‘...l...'ll..l....(3-26)
Also the solution for plates without +he effect of

foundation modulus is obtained by solving the eguations with

K = 0.

33 Governing Differential Eguation for Small Deflection Problem

of Radially Symmetric Ioaded Circular Plate.

The governing differential equation of the elastically
supported circular plate in terms of the polar coordinates system

after some slight modification from (2) is given by:

14 d r14 dw

Now by employing an additional dimensionless ratio,

Y=1- r2/b2, equation (3-27) can be transformed into dimensionless

form as:

22
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16 r(3.-14;)-—‘1—2-- [a-v) ST} =a-xm
av 1 X ay 1) =

euonoono-oooo'ooco~0‘0.(3"‘28)

34 Governing Differential Equation for Small Deflection Problem

of Skewed Plate.

In investigating the small deflection problem of srtewed
plates, a coordinate system parallel to the edges of the rlate,
namely the oblique coordinate system a aﬁd B as shovm in Figure
3=3 is used.

By the transformation

ni

= & cos @

D R P o - |
B +adsing :l © )

<1
]

where 6 is the skew angle, the following relationship between the
rectangular (X, y) and the oblique (&,8) coordinate systems are

obtained :

We =W sec @ -w tan o
X X4 ]
_— =W secd ~w tan 6
Yy T Ve ) B8
We=— =W se029 - 2W sec Gtanf + w tan26
9 XX y X 1B ' BB
W mm—— = W sec49 - 4w se039 tan @
9 XXXX s ROTOEQ y X XaB
2 2 3
+ 6w sec” 8 tan“0@ - 4w sec & tan”9
y AULB y XPBR
4
+ W ten @
s BPBB

23



Figure 3-3 The Reétangular and Skewed Coordinate Systems
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v —-— ~ 2
w,—:&yi =W sec 6 - 2w secHtan @ + w an &8

yaupp » ABAB » BRBA K

W e =

TYYF ~ s ppes

Using these transformation relationships and the
additional dimensionless quantities ¥ = %/a, 5 = B/b, the
differential equation governing the small deflection problem

with elastic support can be written into the oblique dimensionless

 form as :

4

. 2 2
R'W + 2 (1 + 2sin” 8 7
y ¥YYY ( ) R

13800

4sinb R (sz

+ W + W
155Yy ,vav) ',vvvv

cost o (Q = KW) eeevorecssrnrncansresse(3=30)

Hence the problem of small and large deflections of

plates is reduced to finding a solution to the approprizte governing

differential equation (3-23), (3-24), (3-25), (3-26), (3-28) and \
(3-30).



CHAPTER v

METHOD OF SOLUTION

4.1 The Perturbaiion Procedure

The small parameter perturbation method of successive
approximations is now used to oblain approximate solutions to
equations (3-23), (3-24), (3-25), (3-26), (3-28) end (3-30) for
the linear and nonlinear deflections of clamped plates subjected
t0 lateral uniform pressure with and without the elastic
foundation modulus. This method requires the expansion of the
displacrment components and the dimensionless load quentity in
a pow;r series of ascending powers of the dimensionless centre

deflection parameter Wo. Thus let

3 5
Q:rYl W°+ 73 W°+ 75‘”0’*' S0 s 0000 (4'-1)
W = W. W + W, W3 + W W5 + C8ss e se0e (4—2)
1l o 30 5 o
2 4
U:Sz VIO+S4WO+ 8806800 vs0cs0s00n00 (4-3)
2 4 ’
V = t2 WO + t4 WO + ®0s000csssessnnens (4—4)

where‘Tl, ’13, ’YS........ are undetermined parameters relating

the dimensionless centre deflection wo to the dimensionless load

Q; 52’ s4 esco0rey t2’ t4 ®seccoe énd Wi, W3, W5 seseseee QArTe
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functions of the dimensionless coordinates (x, y; 4 sy 7 and \F
for rectangular, oblique and polar coordinatés respectively)
satisfying the boundary conditions of the rlate and relating
the in-plane and lateral displacements to the same pe;turbation
rarzmeter Wo.

From the series for W, equation (4~2) it can be seen
that in order the centre deflection be Wo as defined, it is

necessary to require :

Wy (0,0) =1 and v (0,0) = W5 (0,0) = 0

..'......I....l.......-'......(4‘—5)
The prescribed boundary conditions for the clamped

rectangular and elliptical plates are respectively :

w -
X

1
]
i
-

=0 at x=t1

and WS;=V'=W=O at y—jl
H

Y @A)

2

at x + y2 1l

U=V=w=20 }

PR O

The boundary conditions for the cirecular piate in polar

coordinates are :

We=W=0 at Y =0 .....(4-8)



The corresponding boundary conditions in the case of

skewed plates can easily be transformed in oblique coordinates as :

We=ucos8 =w=20 at ¥ =+ 1
9 X
and W,=Vvecos8 =w=0 at n= jll
’

Y - 5\

4.2 Solution to the Linear Small Deflection Problem (First Order

Approximation)

For the linear small deflection problem, only the first
order of W need be considered. ' Substituting equations (4-1) and
(4-2) into equations (3-26), (3-28) and (3-30) and eqﬁating
coefficients of the terms containing Wo, the following differential

- equations governiﬁg the small deflection problem of the various

types of elastically supported thin Plates can be expressed as -

Rectangular Plates :

4 2
R w + 2R w xxyy +wi

1yxoex 1, 7 1" Kw

YIYY 1

Seeteeieiiiii ittt aa . (4-10)

Circular Plates :

2 dw.,
By (G- s [a-y) 2]

= 7, -kw 1 etecsersieiiicetianenea(4-11)
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Skewed Plates

4

wl’fflfl‘ F2 (1 o+ 2sin26) 122 w.

Lyyenn

- 4R si_nG(szl + W ) +w
885N 1’gnqn 1y nnan

= cos49( 'Yl “KW) e (4-12)

anwiitier e

To solve the linear small deflection problem of é I;iate,w
it is required to assume a deflection function Wl that satisfies
‘the boundary conditions. Now by substituting the assumed deflection
function Wy for a plate into the appropriate differential equation,
(4-10), (4-11) or (4-12) and by eruating the corresponding powers
of the coordinates, a set of simultaneous equations will result.
The solution of these equations defines the value of. Y 1 in equation
(4-1) and all the undetermined éoefficients in the assumed deflection
function w; in equation (4-2) and hence the solution of the linear ‘
small deflection problem of the plate, ~
The deflection functions assumed for the various plate

shapes and the associated boundary conditions are outlined as

follows :

Rectangular Plates :

. o
242 252 2
wy= (1 -x7)° (1-75°) Zcimeyn

LMmn=0

where c°=l ceesetiittiiinaaaa(4-13)
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Boundary Conditions:

i+

v, = wl,i =0 at x=*%1
- - = - +
Wy = wi,y =0 at y=x1

..;.......................(4-13a)

Elliptical Plates:

o0
2
w, = (1 -x° - y2)2 25 Cy %0 y2n

LMazo

"’here CO=1 ocnooo-a-a--n(4—l4)

Boundary Conditions:
Wy =W, 2 =W, o= 0 at x2 + y2 =1

N €S V.EY)|

Circular Plates:

o0
2 i
mo= vt )0 (1-W)
i=o
where CG =1 ooo-.ococnoo-(q"‘ls)

Boundary Conditions:

Wl = Wl,'\p' = O at \,p‘= 0 010000(4"153.)

Skewed Plates:

=
!

oD
2,2 2,2
AR 20 R G L CHRE D I L
{mn=o
WheI‘e CO= 1 occo-oooouooo(4"16)
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Boundary Conditions:

W, =W, = =0 at ¢ =1%1

l l,x .....;,...(4—163)
. - _ - = +

Wy =Wy =0 at p=%t1

Whefe the infinite series of the displacement functions
are expanded to include an appropriate number of terms, complete

expressions of these functions are listed in Appendix A.

4.3 Solution to the Nonlinear Large Deflection Problem (Second and

Higher Order Approximations).

Apart from obtaining the linear deflection solution
for rectangular, elliptical, circular and skewed plates, the method
of successive approximations is also used here to obtain the
nonlinear large deflection solution of rectangular and elliptical
plates. In case of elliptical plates, the influence of +the
elastic support on the lateral displacement, and on the distribution
of stresses is also investigated.

Now maxing use of equations (4-2), (4-3) and (4-4) in
equations (3-23) and (3-24) yields, after equating powers of W% y
the following differential equations governing the in-plane

displacement components of the plate:

3 R (1-v 2
'2Rl Sy xx * B ( ) Sy,yy T R (1+v) tz’
F2Rw W +R(1+v)w, w
l,x 1l,xx L,y 1l,xy

+R(1-y )Wl,x ‘vl,yy.:O 000--0..00.0(4—17)
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3 2
2R + R (1+V)t2’xx+R (L +v) s

t
25Yy 24Xy

2
+ 2.vl’y "oyt B (L +v) -

2
+R (1~V)",l’y wl,mc:O 00-.0--.(4-18)

Substituting the two assumed displacement functions
S, and t2 with the boundary conditions and equating powers of x
and y yield sufficient linear equations to define the undetermined

coefficients in the assumed displacement functions s_ and t

2 gs and

hence the in-plane displacement components.
The displacement func.ions assumed for various shapes
of plates and the associated boundary conditions are outlined as

below:
Rectangular Plates:

(1-x% Q- y2) x Z:Di x20 y2n eeee.(4-19)

Z,m,n:o

1]
N
]

oo .
2 2 2m 2n
2= (L-x) -3y ) e ™ L (420)

t,. =
Z,m,n=o
vhere Dy = Eg=0
Boundary Conditions: ’
=t = I
S, = t2 =0 at x=7%1
y==*1

o.-..couoo..ooo'..toao.o.oo.o-(4"‘20a)
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Elliptical Plates:

<0 .
2 2 . 2n _2n
2: (l‘-x -y )XZDix y 000-0..000..(4-21)

S
i.m,YI:o
(-]
2 2 2
t2=(l"‘x "y )yZEi yzmxn 00000-0.00.0(4"'22)
{,mnzo0 :

where Dy = Bg = 0

Boundary conditions:
2 2
52=t2=0 at X +y =l -o-.u'.-o..(4-22a)

Where the appropriate complete expressions of the
functions are also listed in Appendix A.

Now substituting equations (4-1), (4-2), (4-3) and
(4-4) into equations (3-25) and collecting the coefficients of
Y5 .terms, the differential equation governing the first nonlinear

term of the lateral displacement expression is obtained, viz.

R4w

3 + 2R2 w
’]EQQ:

S0y T Byyyyy T 137 3
+12{(R4s W )+%['R4w

3 a 2 }
v [R W) tz,y +3R ) xx (Wl,y) ]

2
+l2{Rw % +:r13.-w w -
' L,yy 2,y ’ ( ) )

+

Lyyy t 1,y
- 2 L L2 2
+V [R Wy oy Sox * 3 R (wl,x) wl,yy]}
2 3
+12(1-v) (R "y So,y * R " xy t2,x
+ R2 w.

Ly "1,x Wl,JQY) cessrciieiianss(4-23)
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By substituting the assumed nonlinear @eflection
funcition w3 satisfying the associzted boundary conditions and
equating the powers of x and y result is a system of simultaneous
equations whose solution yields the value of Y 3 and all the

undetermined coefficients of the assumed nonlinear deflection

function w3.

The assimed nonlinear deflection funciion w. for

3

plates of various shapes and their associated boundary conditions

are outlined as follows:

Rectangular Plates:

Where Fo = 0 Qoltouu.o.o.n.uoolott.ol...l(4-24)

Boundary Conditions:

WS,}-C=W3=0 at x=2I 1
- = = t =+1
w3’y w3 0 at y

P (- Y.2Y)

Elliptical Plates:

o0
w = (1 - 2 yz)zz 5, £ 2n

Lmn=o

Where Fo = O .o.-.-.ono-ol.OOO....O..-.'.(4-25)
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Boundary Conditions :

- 2 2
Wi g = Vg o= Wy =0 at X + ¥y =1 .....(4-252)

Where the appropriate complete expressions of the
functions are again listed in Appendix A..

It should be noted that the assumed displacement functions
for both linear and nonlinear provlems are chosen because of their
simplicity and readiness to suit into another plate shape with the
slightest modification.

Following mucb the same procedure as outlined above,
coefficients Sy and t4 and subseauently, ’YS and ws are obtained.

Thus the foregoing analysis provides a means of
'determining uniquely the lateral as well as the in-plane
displacements anywhere within the plate boundary, hence solutions

$0 linear and nonlinear problems.

4.4 Displacements, Bending Moments and Siresses Relationships. -

From the theory of elastic thin plate the bending moments
and stresses can be expressed in terms of the displacements (2). 1In
rectangular coordinates X and y, the relation between the displacémgnts
u, v and w and the plate moments and stresses can be expressed as :

Bending Moments :

= = -D (W,ii +V Wyii)

_=_D —— 7Jw—- s s s e rec s e PO sene -'2
e (w o5+ VW 2) (4-26)
e = M =D (1 -V —=

s (‘ YW
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Bending Stresses:

i N 2 - . .
o= = (-6D/n") (w,ii + Y w,&i)
2
& = = (-60/8%) (w - —
7 (-6D/h") (w,yy + v w,xx)

Tss = (60/0%) (1 -v) Woss

Membrane Stresses:

W)

- —E { Q-
x_l_v2 x T

- =G (u - v - :
(y+ +w

2
(W’i) +

2
(W,y) +

3,5

.....7.....(4-27)

Y 1% 153

Maxing use of the dimensionless ratios previously

outlined and the additional non-dimensional forms from bending

moments and stresses, viz.

_1l2 (1 -v?) ¥?

M, M=
P4 Eh4 x
y =121 -v?) WP M
J En* y
2
61
M = —F M=
et

36
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=£1-—v“)b2 -
* Eh® x
_ (1 —‘v’22 b2 oo
J En® y
02
=— T -
¥ en

S €510 )

P €531

Eh
’ _ (l -V b2 0"
y Zh y
. 02 ’E'
Xy = .2 Xy -
ch® X

Equations (4-26), (4-27) and (4-28) can be shown in the

following non-dimensional forms:

2
M =-(R W +VW
x ( § XX ,Yy)
2
M =~-(W__+VR W_))
J ’ ’
M__=RW
Xy ' Xy
o =-% (32 W +V W
x = ¢ XX
o =-5(W__+v B> W
¥ ' JY
T = RW
Xy ' Xy

WYY

-
R . -3

A

» T

) ceesncsecersess(4-33)




! 2 1 .2 2 f 1 2
g =R T + S R W ViR s (W
X X ® ( ax) oL V’Y += 0 ,Y) ]
v ; 2 2 2
C_ =RV _+% (W v [ 3 (v
y yy+? ( 7}’) *VIR U1x+~ ( ,XI) ]

Vs

’[f’ = RU _ + R2V + RV _ W
Xy WV X > s

0...C....'.....ﬂ.........&.'.(4‘—34)

Relationships between the dimensionless bending moments,
stresses and the perturbating parameter Wo, hence Q, can be obtained
by substituting equations (4-2), (4-3) and (4-4) into equations

(4-32), (4-33) and (4-34) as :

M, =~ (R "ot T, )Wo
2
- .V — S o0 s e ssrssen
(r Wy *VW s ) W o+
M o=~ (w + VR w )W
y - 1, 1,xx’ "¢
2 3
. (\VB’y_y'*'vR WS, )WO 4o esevecncece

3
3 i s00c0000 e
l,x;y) W, o+ (r 'v3,xy) v+

]
—
o]
=

R - 23|

_ _ 1 (R
. =-% (» et v wl,yy) W,
1 2 . 13 '
- 2 (R N3’ + Vw3, ) N0+ ® o9 00000
2
1 ,
CTy = = 3 (Wl,yy + VR Wl, ) WO
e 2 5
_2(w3, +vY R Wy )Wo+ ceersecee
)
T = (Rwl’ ) W+ (.Rw.j,, ) Wit eenennnnan

..lc0.000.0n.ooo--...o‘.o.'.nl.(4-36)
58



' 2 1 .2 2 1 2- 2
oy = {r Spx *ER (wl,x) + Vi [Rt?_,y + B (wl,y) ]} vy
2 4
4- (R Wl,x ‘VB,X +v Wl,y VIB’y) ‘NO ‘}' LI I B R RE B BURERY BN BN
g i 2 2 1 52 24 2
‘Jy - {Rt2,y t = (wl,y) +V[R sQ,x t= R (wl,x) ] } Wo
( 2 4
"' ‘vl,y w3’y +V Wl,x Vv3’x) -vo "' CRC BN BCRC R BN B Y Y N )
! 2 2
TKY = (Rsz,y + R t?.,x + Rwl,x wl,y) LS
-I'R(W W 4+ W w. )W4+...-..........-...
L,x 3,y 3yx 1,y° o

Ceciececesncnrasecacasnnasseese(4=37)

To obtain the maximum bending moment, bending and membrane

stresses at a point, the following equaticns are used, viz.

Mx + My (Mx - My 2 5

Mooy =5+ [ |5 ) M
RN L

T pax = 2 2 Xy

U [} ] g
. + O Ty = 0 ,\2 '
o _Yx "%y j(}_z____gg o2
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CHAPTER V

RATE OF CONVERGENCE OF THE PERTURBATION

METHOD OF SUCCESSIVE APFROXIMATIONS

The method of successive approximations is applied
to analyse small and large deflection problems of clemped circular,
élliptical, rectanzular and skewed plates under uniform pressure.
Mo investigate the rate and patiern of convergence of the method,
linear and nonlinear results are obtained for each stesge of the
successive approximatior process ard for successive incrementa of
the undetermined coefficients in the plate displacement functions.
Furihermore, in order to ascertain qualitatively the effect of
additional variable parzmenters on the pattern of convergence,
variables such as the elastic foundation modulus X is introduced

in the linear solution of elliptical plates.

5.1 TLinear (Small) Deflection Problem

In order to have a reasonable investigation of the
pattern of convergence of the method, assumed small deflection
»functions 1listed in Appendix A are used to analyse plates of
various shapes. These displacement functions contain up to
a maximum of 25 undetermined parameters. Typiczal results
showing the vafiation of centre deflections with the number

of parameters in the assumed lateral deflection function for
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rectangular, circular and elliptical plates are tabulated in
Tables 5-1 and 5-2 respectively; for elliptical plates with
elastic support they are shown in Tables 5-3 and 5-4, while
those for skewed plates are shown in Tables 5-5 to 5-7.

It can be cbserved from Tables 5-1 and 5-2 that, for
the rectangular, circular and elliptical nlates, the results not
only converge rapidly but are also in excellent agreement with
those obtained By Timoshenko (2). In the case of rectangular
plates at least six terms are required to achieve a reasonable
accuracy. However the degree of accuracy is not directly
proportional to the number of ﬁerms employed in the lateral
displabement function. The results reveal no chearacteristic
of monotonic convergence. There is 1little, if any, btendency
that the results will come to constant values as the number of
terms in the displacement function increases.

With the circular and elliptical plates a two term
soluticn yields an exact answer. This is to be expected since,
unlike the deflection function assumed for rectangular plates,
the assumed deflection function for the circular or elliptical
plate taxes on the exact mathematical equation of a circular or
elliptical boundary. Also it can ve seen from the results of
elliptical plates that the rate of convergence seems to be
relatively insensitive with the plate aspect ratio R. However,

with the introduction of the foundation mcdulus (Tables 5-3 and
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TARLE 5-1
Veriation of the llaximun Defleciion Coefficient ot with
the Humber of Terms in the Lateral Deflsction Function
s vy for Rectangular Plates with Built-ir Edges
4 '
5 4
: . _ Qb -2
max = * 7D (107%)
i
b ¢
‘ =§
3
I‘hflate 'éf
%W.'\_soect Hunber of Terms in Iateral Deflection Function w .
i :a. ! 1 b s 4
ifzatio & Timoshenko | |
Mo Ref.(2) %
i 3 4 6 e 15 24 25 ¥
i
| i

.00 1.8382353 1.9453642 1.0848554 2.,0198507 2.0259329 2.0255942 2.024E8619 |2.016 j
.25 1.0&8%e080 11.1442166. 1,1687766 1.1898723 1.1947186 1.1944368 1,1941749
in

jLe50 0.6312883 0.6627416 0.6777839 0.690013% 0.5944326 0.6942353 0.5941993 [0.695

}2;1.75 0.3775453 05933681 0.4020698 0,4087372 0.4122937 0.41220S1 0,4122506
, 9900 0.2344016 0,2426151 0.2474204 0,2508660 0.2533260 0.2533620 0,2533851 |0.254
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4
ab -2
w = — { 10
max ﬁ D ( )
umber of Terms in the
Plate Aspsct Lateral Deflection Function w Timosheni
Ratio R

l —tid

1,00
1.25
1.50
1.75
2.00

1.56250 1.56250

0.92942202 0.92842202
0.55096419 0.55096419
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Variztion of +the i

Fanber of

Blasgvically Supported Elliptical Flates wi

TABLE

5-~3

el

KRN
Lel

Perms in the Latveral Defleciion Funciion

faxiinm Defiection Coefficients (3 with the

1 Lor
Muili-in Edges

Dimensionless

HlPoundation
Hilcdulus ¥

Number of Perms

in Laterzl Deflection Funciion w

1

W
N

8

10

15

Timosnenko
Ref.(2)

40

€0
120
160
200

0.55095419
0.48791252
0.47504628
0.35255796

0.5509€419
0.43155758
0.42735718
0.38%79128

0.55096419
0. 45141808
0. 42692630
0.36530243

0. 34708551
0.3169E€83

0.55096419
0.48138
0.42677169
0.38285037
0.354672243
0.31654083

©

Ul
n

0.55096419
Q. ASL3TTTL

0.34577666
0.31659651

0.42680326
0.38287308
0.34677267
0.31660105

il Fadyy

0.551
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feriation of the jlaximun

Humber of Terms in the Iatersl Deflection Punciion w.

TABL®

5-4

L

Deflection Coefficient /3 vith the

for

Elastically Supporied Bllintical Plaies with Pailt-in Edges

R=2.0

W,
max

4
- % (107)

‘“ihimensionless

Humber of Terms in Latersl

Deflecction Function w

JFFoundation 1 F;{Z?k?‘;})o
IZodulus K 3 6 g 10 15 o5
b C 0.21186441 0,21126441 0.21186441 0,2116644L 0.211536441 0.21186441 0,212
40 0.,20140821 0.20037387 0.20026422 0,200360435 0,200%6127 0420036127 -

i 80 0,19117770 0.18002720 0O.18999515 0,12588188 0.189293465 0,15992468 -
| s 120 0.15228912 0.,18066277 0,18059953 0.18057355 0.12057245 0,12057854 ~-

160 0.,17446762 0.17214458 0,17:04761 0,17200725 0.17201408 0,17201427 -

200 0.16770753 0,16436292 0,1e42%166 0,16417611 0.16418465 0.16418496 -

|
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TABLE B-5

Variation of the liaximmum Deflection Goelficinet 7 with

-

the Nunber of Terms in the Tateral Delleciion Funcition
Wy for Skewed Plates with Built-in Edges

4
R = 1.0 w =1 9%}-(10”2)

W
max

T AN S

Skeevr Humber of Terms ia Latersl Deflechion Function w . n X

ingle 1 lioriey Kennedy
i 3 4 6 8 15 24 o5 |Ref-(3) | Ref.(4)
H15° |1.5809  1.9847  1.7975  1.7985  1.8359  1.8473  1.8524 1,792 | 1.793
1:?
A 50° |o.8402  1.43100  1.2278  1.0287 1.0%922 1,061  1.17¢7 - 1.181
i
4 45° |0,2061 0.6098  0.551L  0.3771 0,408 0.4163  0.5574 | - 0.508
1 60° |0.0627 0.1712  0.1290 0.0809 0.0579 0.0963  0.1425 - 0.120
1 75° |0.00012 0.0115  0.00665 0.00535 0,00591 0.00672 0,00962| = 0.0007%6
3
i
I
§
1y
46
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TABLE 5-6

Veriation of the heximum Deflection Coefficient W with
$he myber of Terme in the Leatarnl Deflection Muncition

vy for Skewed Tlates with RFuilt-in Edges

4
R = 1.5 w =1 9——]1-;-— (10™%)
Sizew nmber of Perms in Lateral Deflection Funesion vy tiorley Kennedy
ingle e (3) | Retf.(4)
3 1 6 ] 15 24 25
15° 1 0.5102  0.6333  0.6154  0.6244  0.6357 0.6350 0.,6383 | 0.612 0,611
300 0.310% 0.4554 044148 0.3750 0.4106  0.2370  0,43GC 0.405 0,411
450 0.1133  0.2253 ' 0.1C24 C.1424 0,1650 00,1539  0.1795 0.187 0.177
60° | 0.02438 0,05042 0.,04564 0,03111 0,033C 0.0431 0.0460 - 0,0426
750 0,0C161 0©.00414 0.,00314 ©.00270 0.00216 0.00315 0.00%31 - 0.C0296
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Veriosticn of the iaximu: Deflechion Coefficient 7 with
the Wunber of Terms in the Taterzl Neflecticn Funciion

vy for Scewed Flntes with Duili-in Tdges

s
it
Ny
Ee]
il
-~
Q2
[o3
Pann
l_l
o
|
N
g

Skew Humber of Terms in Tatersl Deflection Funecition wl Yorley ¥ennedy
Angle “

e, (3) | Ref. (4)

P WP SOV S ]

3 4 6 8 15 24 25

el o7e N

L

15° | 0.2107  0.2274  0.2255 0.2310 0.2344  0.2344  0.2339 0,222 | 0,211 g

. ?

. 70° | 0.1260 ©0.1567 0.1506 0.1420 0,145  0.1751  0.1835 0,145 0.147 w
' t5° 1 0.04863 0.075%2 0.068T3 0.06050 0.04009 0.0572  0.0684 0,0652 | 0,0356 §

50 0.01075 0.02015 0.01726 0.01347 (.,01366 0.01556 0.0171 - 0.0182 .
5 0.000718 0.001501 0.00123 ©,000902 0.000976 0.00117 ©.00123 - 0.00114
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5-4), a two term solution no longer gives an exact answer, but
there is almost no appreciable change in result when more than
15 perameters in the lateral displacement function are used.
Thus, it can be seen that the rate of convergence decreases as
the foundation modulus is included.

In the case of skewed plates, it can be seen from the
results of Tables £-5 to 5-7 that there is again no montonic
convergence, but instead, an oscillating characteristic exists
with no guarantee of decrease in ampitudes when the number of
terms in the assumed displacement function increases. Here the
skewed angles play an important part in the rate of convergence
which decreases as the skewed angle increases. It shows that in
general six term splutions are rather close to existing results.
Here tne rate of convergence decreases as the plate aspect ratio
increases. This rather irregular behaviour of the rate of
éonvergence of skewed plates may be due to the less refined.
approximation of the assumed lateral deflection function of the
skewed palte as compared with that of the elliptical or the

rectangular plate.

5.2 TWonlinear (Targe) Def%gction Problem

The patterns of convergence for the large deflection

problem from succeeding approximations are investigated for rectangular,

circular and elliptical plates. While only nine paremeters are

assumed for the in-plane displacement and large deflection
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Asnetions Tor the roctengular

LA

assured in corresponding funciions on he

jeen porvneters are

ciyveuler and elliiptical

plotes. The rate and pattern of counvergence can besh be

revealed basicelly in the linear and nonl

J

coefficients Y, and T3 of Equation (4-1),

-

inenr deflection

tebulated in Pables

5-&, 5= for rectangular and elispiteal plates respectively.

Corresnonding resulits for the large derflectlon problenm obtained

from succecding approximations are shovm

no exhibit the relative pattern of conver

theory «re shovm plotied in the aforement

in Figlres 5-1 to 5-6.
gence of the linear

and nomiinesr analysis, results hased on ihe smell deflection

joned Tigures. Irom

these figurves it is guite cbvious that, in compoarigon with the

linesr recults, the rate of convergence of the large deflection

hadadt
results ig appreciably slove For exarmp]
rectanguler plate ( R = 1.5 ) Figure 5-2
a Tourth term solution end a ninet:h tery

vhereas the corresponding deviation of i

( i Eax = 1.5 ) solution is 20%. It is

.

note that, again due to the more exact na

displacement functions for the elliptical

convergence is more rapid than in the C¢ss
o’

plates, Tnis is well illustrated by the

declection curves obtained by taiiing 9 <o

-]

displecemeny funciiouns. However, in conb:
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"TABLE

5-8

Tinesr and Fonlinear Deflection Cocfficients

7, end 7, for Rectenguler Plates

Aspect Tumber of Terms in Displacement Functions
Ratio 4 5
R
%) RP Y bE! 7 v,
1.00 54,4000 -40.5484 51.4043 23,0277 5043215 23.9402
1.25 92,2673 ~68,2327 87.3980 40,0311 85,5595 41,3257
1.50 158. 4062 -114,3183 150,884 30,1580 147.5396 74,610
1.75 265.3092 -184,0947 254.2148 . £5.2328 248,7130 133.3%13
2,00 426,6182 -203.4899 412,1755 | -67.4239 404.1704 227.8654
|
! | -
Aspect ; Fumber of Terms in Displzcenents Funcilons
Ratio : ;
R | & i 2
I ¢ NN B | s

1,00 49.5086 13.8592 ! 49,3267 14,5491

1.25 84,0426 28,7785 83,6857 3044437

1.50 144,9247 68,9977 | 144,264 69.1741

1.75 244,5560 146,6972 243.5170 135.35622

2,00 308.6192 266,2737 397.1186 229,0607
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TABLE 5-9

Linecar and Nonlinear Deflection Coefficients

v, and ¥; for Ellipticel Plates

Aspect Number of Terms in Displacement Functions |
Ratio
R 3 5 6
L RF Y, V3 ~ Y, Vs
1.00 64.0000 | -68.8711 | 64,0000 | 31.4054 | 64.0000 | 44.9511
1.25 107.5938 | -109.2370 107.5938 80.7122 107.5938 T4.7713
1.50 181.5000 | -175.2995 181.5000 | 115.5421 181,5000 1.8,0782
L.75 293.,09%8 | -272.8618 298.093%8 | .86.4661 298,0938 224.8834
2,00 472,0000 | -408.4192 472,0000 | 289,7605 472,0000 351.0374| .
Aspect Number of Terms in Displacement Functions
Rat;o
R 8 12 15
Y, 7s ", Y R N
.“1.00 ‘ 64,0000 3604983 64.0000 3443123 64,0000 34,9444
1.25 .107.5938 63.6072 107.5938 65.7409 107.5938 66,6825
i.SO 181.5000 115.8875 181.5000 | 116.6904 181.5000 117.9107
1.75 298,0938 193.5308 298.0938 | 195.5834 298.0938 197.0164
2,00 472.0000 310.1643 472.0000 313,1533 472,0000 314.7104
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Figure 5-5

Variation of Centre
Deflection with Lateral
Pressure and Number of
Parameters for Elliptical
Plate of Aspect Ratio 1.5
with Built-in Edges

Figure 5-6

Variation of Centre
Deflection with Lateral
Pressure and Number of
Parameters for Elliptica
Plate of Aspect Ratio 2
with Built-in Edges.



deflection results, the rate of convergence appears to increase
with the plate aspect ratio, R. For the seke of comparison,
existing results for the large deflection problem of clamped
e¢ircular, elliptical, square and rectangular plates obiained

by other investigators are plotted, thus showing the range of

variation of the successive approximation results with availahle

data.

Summary of Results

From the extensive study of the method, it can been
seen that the rate of écnvergence depends mainly on the closeness

of the assumed disﬁlacement function to the asctual boundary o+ the
plate domain and is more rapid in small deflection than in large
deflection. However, the rate of convergence decreases with
additional paraméters in the plate equation and is not directly

- proportional to the number of undetermined parameters employed
ihlthe assumed displacement function. For the various types of
plates investigated, it is found that assumed displacement functions
with six undetermined parameters yield results with discrepancy at
most up to 7% for skewed plates but less than 4% for other types
of plates as compared with available data from other investigators.
with the exception of skewed plates, this discrepancy decreases as
the number of undetermined parémeters employed in the assumed

displacement functions increase.
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CHAPTER VI

INFLUENCE OF ELASTIC LATERAL SUPPORT ON THE

LINFAR AND NONLINEAR ANATYSES OF CLAMPED PLATES

The successive approximation fo the small perturbation
method is used here to investigate the effect of the foundation
modulus on: (a) the linear (small deflection) behaviour of
¢lamped circular, elliptical, rectangular and skewed plates,

(b) the nonlinear (large deflection) behaviour of clamped

elliptical plates. Results are obtained by emﬁloying up to
eight parameters in the assumed displacement functions and
such results, wherever possible are comparéd with available

data in the technical literature.

6.1 Tinear Analysis —-- Peflection and Mcments

Tor circular plates, coefficients of maximum centre
deflection, centre and edge momenis are tabulated in Tables 6-1
and, 6-2. To show tﬁe pattern of convergence of the perturbation
method, results from three, five, six and eight parameters in
the deflection function, together with the corresponding results
from the variational method of Galerkin, are tubulated in the
aforementioned Tables.

For elliptical and rectangular plates, the variation
of the centre deflection, the centre and maximum edge noments with

defferent foundation moduli are plotted for various plate aspect
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aspect ratics in Figures §-3 to 6-5 ané 5-8 to 6-1C. 1In these

. graphs, resulis are obiained by exploying siX paraemeters in Ike

deflection funciions and waensver possitle are compared with

available data.

Discussion of Resulis

tne influence of elasvtic support in reducing the megnitude of
the ceniral defliesciion, hence the bending moments, of the plaie
decreasas as the foundation modulus increases. FuritheIrmors,

the results =2lso show that the elastic suprori is moe effective
in reducing the cenire moment than the meximun edge moment.

This is to be expecied since the elasiic surpord reaction is
proportional %o the laterel deflection and nence most effective
at the piate cenire. For example, with the foumdation moduwlus
¥ changing from 0 1o 200, the reduction in the centre moment is
75.7% vwhereas tne corresconding reduction in <he neximum edge

moment is only 54,455, In the Tables the results agree closely

oy premicoan

with the corresponding values obtained by the variational

WA

method of Galerkin (32).

f
¥
¥
‘o
n

o

The effect of elastic support on the centre deflection

59




TABLE 6-1
Coefficient w for the Meximue Deflection

at Centrs for Circular Flates

4
qa -2
Ymax = YD (10°7)

Dimensionled Number of Terms in ILateral Deflection Munction w.f .
. . 1] Galexrkin
Foundation -
Ref.(32)
flodulus K 3 5 6 8
0 56250 1.56250 1.56250  1,56250 1.5625
" 1.14447 1,11818 1.11429 1.11339 1.112
80 0.88668 0.86503 0.5627L 0.85%21 0.858
"120 0.71459 0.7033%9 070137 0.6931% 0.695
160 0.594CH 0.53974 0.52594 0.583158 1 0,581
200 3.50500 0.50585 0.50604 0.50015 0.438
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PABLE 6-2

Yioment Coefficients ¢ and m for Cirecular Pla

ck

Centre Koment ¢ M =M _ = cqa2 (10_2)

re te
Edge loments : M__ = moa (10 2)

hiit =Y EI

te re
Dimensionless Wuacer of Merns in Lateral Deflection Tunetion w
s 1 Galerkin
Poundation N ("2)
iiodulus X 3 5 6 S REZ.AD
K c m c n c mn c m c m
0 8,1250 {~12.5000 |8.1250 —1%2,500018,1250 [-12.5000 8.,1050 [-12,5000 {8,125 ~12.50C
40 . 5;5545 =104344815.,5007| —9.7715 5.4912 | ~9.7206814.9525 -9.6695 | 5.486 -9 .668
ec 4.0484 1 -S48255 4,0203] -£.2560(4.015G S22 4.0123 ] ~5,0660 | 4,011 =8 047
]

<
120 30\)769 "7069 ~3| 3- 0918 "7-\ 5367 3:0738 -7'27."0 .-) 00757 "7.0096
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for ellipticzl, rectangular and skewed vlates is shom graphically
in Figures 6-1 to Figures 6-5. TFrom these grapns it can be seen
that introduction of the elastic support reduces the cenire
deflection of the plates. Turthermore as the aspect ratio of

the plate increases the influence of the elastic support on

centre deflection decrsases. For instance, in the cage of circular
and elliptical plates, with the dimensionless foundation modulus
changing from O to 200, there is a decrease in central deflection
of 67¢5% with aspect ratio equals to 1, hovever thce decrease is
only 22.6% with aspect ratio equals tn 2. In the case of sguare
and rectangular nlates yith aspect ratios of 1 and 2, and foundation
modulus changing from 0 To 200, the corresponding reduction in
central deflection are 747 and 23% respectively. In the case

-

of gitewed plates, it can also be observed thai, in adiition o

‘g . o 0
elastic suwport. vith the skewed angle approacning 60,
especially for aspect ratic of 2, the influence of elastic

supprort in\reducing the centre deflection is almosid insignificant.
This reduction in the influence of %he elastic suppors wite the
increase in sizew is probadly cue to the incrsesed rigidity of

the obtuse corners for nigh angle of siew. Tn the granas for

greved plates the vaiues obtained from the variationsl method

of Gelexriin (32) are zlso plotid fox cOnmETioon.
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The variation of the cenire and meximum edge moments

Lo

with elastic support for circular, elliptical, rectangular and
sxewed dlates are shown in Figures 6-6 tarouch 6-10. As in the

o

case of cenitre plate deflections, the effectiveness of the
elastic support in reducing the centre and esdge moment

decreases as the aspec: ratio of the plate increases A

expected, the centre and maximum edge noments decrease as the

I.Jo

influence of elastic supvors increases, however, as in the case
of ine circular plate the influence of the elastic surport on

uction of centre moment is more dronounced. For insitsnce

ck
i
[$}]
]
(4
o

in the case of a square plate, Pigure 6-7, for = chanse of
Foundevion modulus ¥ from O to 200, the ceatre nomant is decreased
= vihereas the corresponding decrease in the maximun edge
monent is only 57.5%. In tr-e cass of giewed plates, it can be
zeen from Yigures 6-8, 06-9 and 6-10 -that the influence of c¢lastic
supeort on cenire and maximun edze noments decreéses rather
rapidly wiith increase of skew. It is also interesting to unote
when the influence cf clastic supovort is vp 40 o centain
mesnitade, the cenire plats moment dﬁn acwually increase with

en increase in vlate aspect ratio, Figures 6-6 and 6-7, for a given

value of the Foundation modulus. This coan be due to the Fact

that toe inecrzase in asrzect ratio reduces tihe loter:sl deilections,

N

thits diminiening the effecvivensss of the elastic sunnort %o

FeyAan - o e P + T
reducs the centre »nloie nomanis

-
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Comparison of Results

From the results presented for circular plates (Tables
6-1 and 6-2), it can be seen that they are in extremely good
agreement with those obtained from the variational method of
Galerkin (32).

For ths case of ellipticzl plates where the assumed
deflecticn function takes on the exact mathematical equation of
an elliptical boundary, results for centre deflection and maximum
edge moments are in exact agreement with those obtained by
Timoshenko (2) for plates with no elastic support. Good
agreements are also obtainad with the resuits from Galerkin's
method (32) when the influence‘of elastic support is included.

Por the case of rectangular plates, discrepancies in
the centre deflection and mai imum edge moments do not exceed
0.8% and 1.3% respectively when compared with existing results
from Timoshenko (2) and Galerkin (32).

For the case of skewed plates where no quadrant
symuetry exists, deviation from existing results (3) and (32)
incréase although the agreement in general is still good with

the maximum discrepancy in the edge moment not exceeding 5%.

6.2 Nonlinear Anzlysis —-.- Deflection and Total Stresses

Here the influence of elastie suppurt on the large
deflection problem of clemped ellipiical plates is analysed.

Results are obtained by employing 2ight parameters in the

4




assumed displacement functions. Plates with aspect ratios of
1.5 and 2.0 are considered. Results showing the variation of
the dimensionless centre deflection with the dimensionless load
are plotted in Figures 6-11 and 6-12 for different values of
foundation modulus K. Also, the variation of the maximum total
dimensionless stresses produced by the effect of both bending and
stretching of the plate with the dimensionless load for various
values of foundation modulus X are shown in Figures 6-13% and
6-14. In both cases, results from the linear theory amd large
deflection theory obtained by Weil and Newmark (10) are plotted

for comparison.

Discugsion and Comparison of Results

From the deflection curves (Figures 6-11 end.6—12),
it can be seen that the ceatre deflection starts to de}iate
notably from linegr theory, when the dimensionless Geflection
exceeds 0.25. This means that the elementafy linear plate
theory would not be sufficiently accurate once the ratvio of
the centre deflection to the thickness of the plate exceeds
this value. For plates witn no elastic support, the centre
deflection results agree very closely with fthose obtained by
Weil and Newmark (10) for both aspect ratios R = 1.5 and 2.
No data in the literature have yet been avzilable for large
deflections of clamped elliptical vlates with elastic support,

hence comparison is noti possible for defiection values vhren
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foundation modulus X > 0.

As in the case of snall delleciinn, the ianfluence of
the elastic su?port on ceantre deflection decrsases as the asnect
ratios inereasss. Tor example, wisik i ineressss from 0 %o 209,
at R = 1.5 with dimensioniess load 9 = 250, thers is 24.4%
decrease in centre deflecfion; vinile a2t R = 2, with Q = 250,
there is oniy 17.8% decrease in centre Geflection.

Tor o given aznect ratio, the centre dellection

decreases as ihe foundation modulus incrsases, “his iz fto be

expecied gince the effect of the elssziic guniord is (o redues
+the laternl pressure on the piate. A4liso, az the DToundaiiocr
modulus increascs, the influencs of ine nonlines» teri for
deflection decreases, Fence the large dofleciicn curvesz tend

to bscome relotively wmove linear as the values of the fovndation

wmodulus bzcome higher, though this im alse relsted o the ashecld
ratio of the plate. Tor insience such wenfency is lass DYOTINACEQR
vwith as»ect ravio em 0 2. to the facty, that,

reducing the cenire

total

the plate ( X = 0 ) ars nlos
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nonlinear theory. Ixisiing data from nonlineor analysis for
eliiptical pletes with no elastic support from Weil and Tewmark
(10) azve e2lso showil. The meximum deviation is less than 74, It

caen be noted thet since the Total =dge siress is much higher than

ne total centre stress, the former genesrally governs for the

fu

esign considerations. One point wortiay of meniion is that

tne totel stres: i1s the swm of two siresses one due o bending
and the other due to the sireichirg of the nlate. However, the
membrane sirasses due to streiching of the piate coniridbuite up
to only about 107 of the ioial siresses. From the figures, il
cen be sezn tnat the curves of the total edge siresses, 0z, and
cenire siresses, 07, are essgentizlly linecr uniil they reach

regvectively a dimensionless magnitude of 5 and 2,5 respectively
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there corrss:
than 0.5. Again as in small deflection, the influence of

elasiic suppori on the total sirssses decreases &z the asiect
ratio increases. It can also be seen thet the relative vositions
of o= curves are closer Hogfetaer =nd tends o sitraighten out for
higner velues of foundaiion riodulus T. Phis is zrobably due to

the deeresasing effect of the elastic supnort oo he
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magnitude of the itotal stresses both at thé edge and in the
centre. Nevertheless, it should be noted zgain that the elastic
support is more effective in reducing the stress at the centre than
it is at the edge. PFor instanciz at B = 1.5 as K increases from
0 to 200 and Q = 250, there is a 32.2% decrease of stress in the

- centre, while the corresponding decrease in the edge stress in
only 24.8%. This can be explained by the fact that the elastic
support in reducing the lateral pressure of the plate is more

effective at the centre than it is at the edge.

6.3 Tocation of Maximum Moments or Siresses

From the analytical solutions, it is found that the
maximun moment (or stress) for elliptical and rectangular plates

occurs at the end of minor =xis and at the middle of the longer

edge respectively., The location of this maximum moment (or

k4 stress) appears to be invariant w;th the effect of the elastic
support. In case of skewed plates the maximum moment also occurs
5 along the longer edge of the plate but is invariably displacad

| towards to obtuse corners, the location of this maximun moment

varies with the aspect ratio but appears to be relatively
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CHAPTER VII

CONCLUSIONS

As a result of this analysis on the rate of

convergence and the influence of the elastic support on

" clamped plates by the successive approximations of perturbation,

the following conculsions may be dravm :

1. The rate of convergence of the method of successive
approximations depends largely on the assumed piate
displacement function for the type of plate. Both linear
and nonlinear results indicate that the method converges
quite rapidly provided suitable displacement functions
are chosen to fit closely the mathématical boundary of
the plete domazin.

2 invariably, the rate of convergence of the method is
more rapid in the case of the small deflection théory
than it is with the lerge deflection theory.

3 Gonvergence of the method ¢f successive approximaticn
decreases appreciably when additional parsmeters, such as
an elastic foundation modulus, are added to the plate equation.

4. For plates with no elasiic support, the perturbation method
yields results whiéh closely agree with existing values by

other iavegtigators.
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5e

6o

Te

8.

10.

The maximan pentre deflection of the plate decreases

with an increase ian the foundation modulus.

The elastic support is more elffective in reducing the
centre moment (or stress) than the edge moment (or stress)
of the'plate.

The infTluence of the elastic supvort decreases as with

an increase in the plate aspect ratio and; in the case of
sicew plates, the influence of the elastic support also
decreases with an increase in the angle of skew.

n eliintical plas es the results start to deviate from
line theory as the ra ulO of nmaxinum centre defleciion

to the “hiciness of the plate (._llt: ) approaches 0.5,

n fhe large defiaction of elliriteal plates, e meitbrane
stress contribuies less than 107 of the total canire or
edge sirasses.

Tae large deflection of elliptica 1 plates becomes increasin

[49]

linear ds the foundation modulus increases.

The maripum resultant siress for ellinticsl and recter sular
vlates occurs at the eud of the minor axis and &b whae
centre of the longer edge wesnectively, In sitewed plates,
it occurs clong the longer edge of the vlate buv is

inveriably displaced towards the obuuse COTHRErS.
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NOMENCLATURE

=' flexural rigidity of plate Eh5/12(1 _'vg)
= modulus of elasticity of dlate material

= shear modulus

= plate aspect ratio b/a

= dimensionless wiformly distributed load

-~ dimensionless displacsment comnonents parellel
t0 Xy, ¥y 2
-~ dimensionless lateral disnlacenment at centre of

vlate
- dimensionless Toundztion modulus

B, P, = untnowm parameters in ansumed displeacensnt

functions

(6]

= totel number of undeiermined parometers in plese

displacenent funcitlons

= sghearinz forces DSr ALY length of plate
Wee = in-plane forces D2r unit lengih of rlate
Xy
Jr: = Dending and twisving nonents per unit leng®h
o
of plate
T = dimensionless bending snd twisting momenis per
g

unit lenstn of rlate

-~ dimensgions of plate

. S ded - - R e s . .
- slasiic Joundsiion penculen 0o UL aren per

unit ¢eflection
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Xy Ty 2

U, Vy W

3

3

0

recthangular cariesian coordinates
dimengionless cartesicn coordinaies

displacenent of point on nidile plane of plate

parellel to X, ¥y, z aves resnectively
radial dicection of circular plate

outwardly drovm normcel to oblicue =ide of siewed
plate

oblique coordinates for zieved vlate

dimensionless oblicue coordinates for skewed vdlate
sizew angle

ratio

Poisson's

undetermnined consventis

g

aplacizn operaior

longitudinal and snesring siroin compbnents

& <

extreme x: Wre hending and shearins stresses

2 2 -~ .4 o Some - - ORI P 2 ~ e, .
dimensioniess bendings stresnses anl Lnesriny sUresses

memerasn
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