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Abstract

In this thesis, we study the linear stochastic heat and wave equations with zero initial
conditions, driven by a Gaussian noise, which is fractional in space with Hurst index
H € (0,1), and is either white in time (i.e. fractional in time with index Hy = 3) or
fractional in time with index Hy > % We prove that the solution of each of these
equations is continuous in law in the space C'([0, T] x R) of continuous functions, with
respect to the index H. This result has already been proved in the recent article [15]

for the case Hy = %, and we extend it here to the case Hy > %
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Chapter 1

Introduction

The study of stochastic partial differential equation (SPDE) has gained enormous
interest and has been expanding rapidly during the last three decades. SPDEs gener-
alize partial differential equations by introducing random force terms or coefficients,
and appear in several different applications, for example, in quantum field theory,
statistical mechanics (in physics), systemic risk, and portfolio choice (in finance).

The solution to an SPDE may be viewed in different manners. For example,
one can view a solution as a random field (a set of random variables indexed by a
multidimensional parameter), which is the approach introduced by John Walsh in
his lecture notes [28]. This random field approach extending It6’s construction to
higher-dimensions allows us to investigate the probabilistic behavior of the solution,
simultaneously in time and space. In the case when the SPDE is an evolution equa-
tion, Da Prato and Zabczyk proposed the infinite-dimensional approach in [14], which
consists in viewing the solution at a given time as a random element in a function
space and thus view the SPDE as a stochastic evolution equation in an infinite di-
mensional space, mainly Hilbert and Banach spaces. The article [13] explored the
links between the random field and the infinite-dimensional approach. In 1999 in
[19], Krylov developed an analytic approach to present a theory of solvability of the
Cauchy problem for linear and some quasi-linear equations in spaces of summable
functions. In this thesis, we will use the random field approach. A gentle introduc-
tion to SPDEs using the random field approach can be found in [3] for researchers in
mathematics who have a background in probability theory, but may not be familiar
with the area of SPDEs. We refer the reader to [12] and [17] for expository lectures
of this approach.

The goal of this thesis is to prove the continuity in law with respect to the spatial
Hurst index H of the noise of the solution to the linear stochastic heat equation:

u 10%u :
- S — R
5 (t,x) 5 B2 (t,x) + W(t,x), t>0,z¢€ (1.0.1)

u(0,z) =0, xze€R
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and of the solution to the linear stochastic wave equation:

0%u 0% :
- - = R
52 (t,x) 52 (t,x) + W(t,z), t>0,z¢€ (1.02)

u(0,2) =0, zeR

in the case when the noise W is fractional in time with index Hy > % and fractional
in space with index H € (0, 1).

In order to state our results, we need to introduce some notation. Throughout
this thesis, we use upper indices h and w to indicate that a quantity is computed
for heat equation, respectively wave equation, and we use no upper index when this
quantity is computed for either one of the two equations.

Definition 1.0.1. We say that a process {u"(t,x);t > 0,7 € R} is a solution to
equation (1.0.1) if

ul(t, x) = /0 /RGh(t — s,z —y)W(ds,dy) (1.0.3)

where )

Gh(t,z) = (2rt) "% exp ( - %) (1.0.4)

is the fundamental solution of the heat equation on R, x R.

Definition 1.0.2. We say that a process {u"(t,x);t > 0,2 € R} is a solution to
equation (1.0.2) if

u’(t, x) = /o /RGw(t — s,z —y)W(ds,dy), (1.0.5)

where

" 1
GU(t,2) = 5 leizn (1.0.6)

1s the fundamental solution of the wave equation on Ry x R.

These solutions exist if the stochastic integrals (which appear in these definitions)
are well-defined. We denote by F the Fourier transform in the space variable. Note
that

FGM(t,)(€) = exp ( - @) for all £ € R, (1.0.7)
and
_ sin(t[¢])

FGU(t,)(€) = , for all £ € R. (1.0.8)

€]
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We need to explain the intuitive meaning of the definition of solution given above.
First, note that W (t,z) = gj_am;(t’ x) is a formal notation for the space-time derivative
of the noise W, which does not exist for any ¢ > 0 and z € R (exactly as the
derivative B'(t) of a Brownian motion {B(t)}:;>¢ does not exist at any time ¢ > 0).
Suppose that in equation (1.0.1) (or equation (1.0.2)), we replace W (t, z) by f(t, ),
where f is a smooth function. In this case, it is known from the classical theory of
partial differential equations that the solution of equation (1.0.1) (or (1.0.2)) is given
by u(t,z) = fot Jo Gt — s,z — y)f(s,y)dyds, where G = G" for equation (1.0.1),
or G = G" for equation (1.0.2). (This follows using a classical method called the
Duhamel’s principle.) Replacing f by W, we obtain a formal integral with respect
to W(s,y)dyds. By the usual convention used in stochastic analysis, this formal
integral is interpreted rigorously as the stochastic integral with respect to W, in
which W (s, y)dyds is replaced by W (ds, dy).

Recall that a fractional Brownian motion (fBm) is a zero-mean Gaussian process
(Bt(H))teR with covariance

1
B[B{"BI) = R(t. s) := (It + s — |t — s*").
The parameter H € (0,1) is called the Hurst index. If H = 1/2, then Ry(t,s) =tAs

and the fBm coincides with the Brownian motion. If H > 1/2, the covariance of the
fBm can be expressed as follows:

t s
Ry(t,s) = aH/ / lu — v|*" “2dudv,
0 Jo

where oy = H(2H — 1). For any H € (0, 1), this covariance admits the spectral
representation:

1@@$—wéfmm&ﬂmﬁMPM%

where Fljo (€) is the Fourier transform of the indicator function Ljo,4, given by:

i 1 —e %
Flog(§) = / e ®ds = ——— forall £ € R,
0 i€
and I'2H + 1) sin(nH
- ( —1—2) sin(7 ) (1.09)
m

Throughout the thesis, we will use these definitions of the constants ay and cpy.
A fractional Brownian sheet (fBs) with Hurst indices Hy, H € (0,1) is a zero-
mean Gaussian process {W (¢, x);t > 0,z € R} with covariance

E[W(t> $)W(S, y)] = RH() (t7 S)RH(xa y)
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The noise that we will introduce in Chapter 2 (respectively Chapter 3) corresponds
to an fBs with index Hy = 1/2 (respectively Hy > 1/2) in time, and index H € (0,1)
in space.

In Chapter 2, we consider equations (1.0.1) and (1.0.2) driven by a Gaussian
noise which is white in time and behaves in space like a fractional Brownian motion
with index H € (0,1). In Section 2.1, we introduce the noise and we define the
Wiener integral with respect to this noise. In Section 2.2, we study the problem of
existence and uniqueness of solutions, under some conditions, for the linear stochastic
heat and wave equations with noise W introduced in Section 2.1. In Section 2.3, we
focus our attention on the behaviour of the increments of the solution with respect
to the time variable and spatial variable. In this section, we follow the method of
[15], by using some preliminary results taken from [4]. In Section 2.4, we study the
continuity in law, in the space C([0,7] x R) of continuous functions with respect to
the index H € (0, 1), of the solutions to equations introduced in Section 2.2.

In Chapter 3, we continue with the same procedure as in Chapter 2. We examine
the linear stochastic heat and wave equations with a Gaussian noise which is fractional
in time with index H, € (%, 1) and behaves in space like a fractional Brownian motion
with index H € (0,1). We treat the heat and wave equations separately. In Section
3.1, we introduce the noise and we define the Wiener integral with respect to this
noise. In Section 3.2, we prove the existence of solution to the linear stochastic heat
equation with noise W introduced in Section 3.1. The result is a particular case of
Theorem 4.2 of [6]. In Section 3.3, we study the problem of existence of solution
for the linear stochastic wave equation with noise W introduced in Section 3.1, a
problem studied in Section 3 of [6]. In Section 3.4, we give some upper bounds for
the moments of the increments of the solution to the linear stochastic heat equation
(1.0.1) with noise W introduced in 3.1. More precisely, we show that:

Elu(t, ) — u"(s,y)|* < O(|t — s 4 [ — yPREHID),

for some constant C' > 0. The space component of this result is a particular case of
Theorem 4 of [26], and is obtained under the additional condition

2H0+H<2

The time increment component of this result is obtained under no restriction on Hy
and H, and is a particular case of Theorem 2.6 of [25]. This result can also be found
in reference [21] for case of the white noise in space (i.e. when H = 1/2), and in
reference [27], which considers the more general case of a noise W which behaves
like a bi-fractional Brownian motion (bi-fBm) in time with indices Hy, K such that
HoK > 1/2; in particular, if K = 1, we recover our case of a fractional noise in
time with index Hy. The proof that we present here is different than the one given
in references [21] and [27], following the same lines as the proof given in Chapter
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2 for the case Hy = 1/2. In Section 3.5, we make an analysis of the behaviour of
the increments in time and space of the solution to linear stochastic wave equation
introduced in Section 3.3. Here we proceed as in the proof of Propositions 3.4 and
3.7 in [10] by considering only the upper bounds. More precisely, assuming that

2Hy + 2H < 3,
we prove that
BJu(t,2) — (s, ) < Ot — s P21 4 [ — y o2ttt

for some constant C' > 0. In Section 3.6, we prove that the solution of each of the
equations introduced in Section 3.2 and Section 3.3 is continuous with respect to the
index H, by using the convergence in law in the space of continuous functions. This
result is new in the literature and is the main contribution of the thesis. The other
results presented here are known in the pulished literature.

Appendix A contains some auxiliary results about the Fourier transform in the
space variable which are used in the proofs. In Appendix B, we review some classical
upper bounds for the moments of the increments of the linear stochastic heat and wave
equations with space-time white noise. Appendix C provides an inequality, which is a
consequence of the Littlewood-Hardy-Sobolev inequality from analysis, that plays an
important role on the thesis. Appendix D contains some useful elementary results.
Finally, in Appendix E we review some basic concepts related to the convergence
of probability measures on R*, on a general metric space, on the space C([0,1]) of
continuous functions on [0, 1], and on the space C([0, 1] x R) of continuous functions
on [0, 1] x R. The latest of these results are used in the proofs of Theorems 2.4.1 and
3.6.1.



Chapter 2

Equations with white noise in time

In this chapter we review some results related to the linear stochastic heat and wave
equations driven by a Gaussian noise which is white in time (i.e. which behaves in
time like Brownian motion) and fractional in space with index H € (0, 1).

The results in Sections 2.1 and 2.2 are presented following ideas from Dalang’s
seminal article [11] and the monograph [22], whereas those presented in Sections 2.3
and 2.4 are taken from the recent preprint [15].

2.1 The noise

In this section, we introduce the noise and we define the Wiener integral with
respect to this noise.

Let H € (0,1) be arbitrary and let W = {W([0,t] x A);t > 0,A € By(R)} be a
zero mean Gaussian process defined on a probability space (€2, F, P) with covariance:
BV (0,1] x A) W([0,5] x B) = (¢ A s)err | FLOFLa©Ie]' g

R
=: (Ljo,gxa > ljo.sxB)#-

where H € (0,1) and the constant cy is given by (1.0.9). Here we denote by B,(R)
the set of bounded Borel sets of R.

Remark 2.1.1. If H > 3, by Remark A.6 and the fact that tAs = [ 1jo(u)1}0,5(u)du,
we have:

(Lio,gxas Lps)xB)m = (EA S)CVH/ / La(2)15(y) |z — y*" ? dady (2.1.1)
R JR

IOéH/ //1[0,t]><A(u>13)1[0,s]><B(u7y)|x_y|2Hdedydu
0o JrRJR
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— e / / Fliogaln, YO F s O[> dédu

using the fact that Flpgxa(u, ) (&) = Ljog(u) FLa(E).

Note that W has the covariance structure of fractional Brownian motion with
Hurst index H in space and that of Brownian motion in time. Letting W (t,z) =
W([0,t] x [0,z]) for all ¢ > 0 and = € R, we see that {W(t,x);t > 0,2 € R} is a
fractional Brownian sheet of index Hy = 1/2 in time and index H in space.

We set W (1lpgxa) = W([0,t] x A). Let &€ be the set of linear combinations of
indicator functlons Liojxa with t > 0 and A € By(R). By linearity, we extend W
to £. More precisely, for any ¢ = > | a;104,)x4,, With a; € R and A; € B,(R), we

define .
i=1
We endow &£ with the inner product

(o )n = cn / N / Foolt, ) OF (L) e dedt.

We denote by || - || the corresponding norm, given by: [|¢[|3, = (¢, ¢)%. This means
that for any ¢ € &,

I, = cx / / Folt, )(©)PIe[ 2" dedt.

It H > =, then by relation (2.1.1) and linearity, for any ¢, € &,

gowﬂ—aH/ // (t, ) ty]x—y[w ? dedydt.

Lemma 2.1.2. W is an isometry from & to L*(2).

Proof: We consider the following functions

n

o(t,z) = Zazl[Otz]XA (t,x) and (¢, x) Zb Lio,s;xB, (t, 7).

i=1

Note that

ELW (W) ] = B[ W(3 aloaa) W (D blosiss,) |
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= E[ { Z aiW(l[O,ti]XAi>}{ Z biW(l[O»Sj}XBj)} }

= Z ZaibjE[ W (Lpotxa)W (Lo,55x5;) |

—;2}%&)@/ [ €100 (07 L (O F T (€ €] et
—cH/ /{Zaﬂ[@tw }{Zbﬂwxg )()}\5!1 Hdedt
—cn / [ ot JOFIEIEE " aeat = (o0

We now proceed with the construction of the integral with respect to W. For
this, let H be the closure of £ with respect to the inner product (-,-)%. This means
that for any ¢ € H, these exists a sequence (¢,), in € such that ||¢, — ¢||x — 0.
Note that {W(¢,)}n>1 is a Cauchy sequence in L*(f2), since

EW () = W(pm)|* = EIW (on — 0m)> = llon — omll3
= lon — 0+ 0 — oull3 < 2(len — oll5 + e — emll3)
— 0,

when n,m — oo. Since L?*(f) is a Banach space, there exists a random variable
W(y) in L?(Q) such that W (g,) — W(p) in L*(Q), i.e.

EW (¢n) = W(p)[* = 0.

We say that W () is the Wiener integral of ¢ with respect to W.
We denote .
- / / o(t, 2)W(dt, dz).
0o Jr

Note that W(y) has zero mean since convergence in L?*(2) implies convergence in

LY(Q) (ie. E|W(p,) —W(p)] — 0) which in turn implies that E(W(gpn)> —
E(W(cp)) since

E(W(ew) - E(W@)| = |E(Wien) - W) < BEIW () - W) = 0.
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Moreover, W () is a normal random variable with mean 0 and variance

EIW (o) = ||¢|l3-

The following theorem is a particular case of Theorem 1.4 of [2], which gives
some sufficient conditions for a function ¢ to be in the Hilbert space H.

Theorem 2.1.3. (a) Let H € (3,1) be arbitrary. If ¢ : [0,T] x R — R is a function
such that

T
| [ [ etealiettalle - P -2asyat < .
0 RJR

then ¢ € H.
(b) Let H € (0,1) be arbitrary. If ¢ : [0,T] x R — R is such that p(t,-) € L*(R) for
allt € 0,7 and

T
/0 / Folt, ORI dedt < oo,

then ¢ € ‘H, and in this case
T
el =en [ [ FoteOPIer*agar

2.2 Existence of solutions

In this section, we study the problem of existence of solution for the linear heat and
wave equation with noise W introduced in Section 2.1. We first consider the linear
stochastic heat equation (1.0.1) with noise W as in Section 2.1. To show that the
solution to this equation exists, we must show that for any ¢t > 0 and x € R, the
function gﬁx belongs to the space H defined in Section 2.1, where

gZx(sv y) = 1[0,t](3)Gh(t — S, r — y)

To do this, we will apply Theorem 2.1.3.(b) with T = ¢, which requires some estimates
on the Fourier transform of ggx in the space variable y.

Recall that the Fourier transform in the space variable of the fundamental solu-
tion of the heat equation is given by relation (1.0.7). The following result gives an
upper and lower bound of the time integral of the square of this Fourier transform.

Lemma 2.2.1. For anyt > 0 and & € R,

tv1
L+ ¢

1 tAl t
Z. < hig . 2ds <
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Proof: =~ We use the same argument as in Lemma 6.1 of [22]. Note that
b g o L —siep|
].7:G &)|*ds = |e Pds = ——e
0 el 0
_ ot L _ 1=
\€|2 €17 €17
We will use the following inequalities:
1—e™<ux, for any z > 0, (2.2.1)
l—e "> H%’ for any « > 0. (2.2.2)
When [£| > 1, we use the inequality 1 —e™* < 1, for all x > 0:
1—e 17 1 2 2
]—“Gh ds = < — = < )
A = e < e = 2 = T
When [£| < 1, we use inequality (2.2.1):
t 1 —e P 2t
FG"(s,)()Pds = ———— <t < ———.
/0 7)) €17 L+ ¢

Then we obtain the following upper bound:

1 — e tiel 2 2t 2
FG"(s 2d5——§max{ , } tv1 :
/ 7 BE e e s ~ Y Ve
For the lower bound, we use inequality (2.2.2). We obtain:
1 — el t
]:Gh ds = > )
/ e =" 2 Tgep

If t|¢]? > 1, then

t t t 1
T+ €2 = HeF+ HER =~ (AT EP7) 201+ [€F)

If t|¢|> < 1, then

t t t 1 t
> o> = :
L+elgl =272 1+ 201+ (5P

We get the lower bound as follows:

Gh(s,)(€)[ds = = :
Jy 17 MO0 = > e A e ~ e
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i
We will use the following elementary result.
Lemma 2.2.2. For any H € (0,1),
= / L e < oo

r 1+ [¢]?
Proof: ~ We consider separately the integrals I; = f‘£|<1 ﬁml_z}[d& and I, =
f‘§|>1 ﬁ\é[l_mdé. First, we consider I;:

1 1-2H 1-2H ' oiom
- | Sl ag < [ jeptag =2 e ag < o
g<t 1+ 18] g1<1 0
since 1 —2H +1=2—2H > 0. Next, we consider I,. We have
b= holaes [ B Tae= [T e <o,
g>1 1+ €] g1 €] 1

since —1 —2H + 1= —-2H < 0. |

Theorem 2.2.3. For any H € (0,1), equation (1.0.1) with noise W as in Section
2.1 has a unique solution.

Proof: We have to prove that the function gﬁz(s,y) = G"t — s,z — y)lpy(s)
belongs to H so that the Wiener integral which appears on the right hand side of
equation (1.0.3) is well defined. By applying Theorem 2.1.3(b) to the function ¢ =
gﬁx, it is enough to prove that

/0 t / [ Fgla(s,-)(€) e[~ deds < oo, (2.2.3)

By Lemma A.2,

Fapo(s,)() = FGM"t — 5,0 = )(E)1(s) = e “CFGM(t — 5,-)(E)1jp.(5)-

Hence, relation (2.2.3) becomes (since |e~%%| = 1)

/ t / FGR(E— s, )() P2 deds < oo,
0 R
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By the substitution s =t — s, this is equivalent to:

: / /|J—“G" E)?1€) *H deéds < oo. (2.2.4)

L= [ ([ 1Ferseras )i ae

|1—2H

By Fubini’s Theorem,

We multiply the inequalities in Lemma 2.2.1 by [¢
respect to £. We obtain:

and then we integrate with

auAUA ! KPM%SLSQ@AUA L e

14 [¢[? 14 [¢]?

Finally, note that [ ﬁml_%’d& < 0o by Lemma 2.2.2. Hence I; < co. i

We consider now the linear stochastic wave equation. Recall equation (1.0.8)
which was stated in the introduction.

Lemma 2.2.4. For anyt >0, £ € R, it holds that

cos?(1)

3 (t At

L L o1
S [ IFE P < 20V ) s

Proof:  If [¢] < 1, then |sin(z)| < |z| for all # > 0, and consequently, sin®(s|¢|) <
s[¢1%,

sm2(sle) _ 2P
e e T

In this case,

' t B3 )
/ | FG¥(s,-)(€)]?ds < / s’ds = 3 < —- -
0 0

3 1+ ¢
If |€] > 1, we use the fact that |sin(s€)| < 1. Therefore, 5111‘25(' slD < #, and
/|wa O)Pds < 1/td L
: s < s=t— <t ——.
S € = 1+ [E)?
Hence,
! tv 3
FG¥(s,)(€)2ds < 2 .
| 1Fem s @ P < 2
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This yield the upper bound.

We now treat the lower bound. Assuming that ¢|{| < 1, and applying the
inequality sinz > x cos 1 for any x € [0, 1], we have:

sin ( |§\) ) . _cos?(1) 4 _ cos*(1) t?
/0 |£| s>cos(1)/osd3——3 > > 3 Tr P

Next, we assume that ¢|¢| > 1. Then

/0 Smm(\?'gl)ds e | {1 cos (2l |

- ﬁ[ 2l W’ﬂ

Then, using the fact that sin(2z) < z if z > 1, we have

" sin?(s|¢|) t
[ Fer ez g

we obtain the following:
/sm<|a> L1t
o IEP A1+ ¢l

! 21y 1t cos?(1) t At
FGu(s.)(€)Pds > 5 A= > .
/' (O s 2 = T M = 3 14 P

and since ﬁ >

THE

Thus,

Theorem 2.2.5. For any H € (0,1), equation (1.0.2) with noise W as in Section
2.1 has unique solution.

Proof: We use the same argument as for Theorem 2.2.3 using this time the in-
equalities given by Lemma 2.2.4. |
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2.3 Moment estimates

In this section, we include some estimates for the moments of the increments of the
solutions to equations (1.0.1) and (1.0.2) with noise W given in Section 2.1. We follow
very closely the method of [15]. This result is used in the proof of Theorem 2.4.1.

We list below a fact that will be used in the following proofs: if X is a cen-
tered normal random variable, then for any p > 0,

EIXPP = 2, (B|X )2, (2.3.1)

where z, = E|Z|P and Z is a standard normal random variable. The exact form of
the constant z, is given by Lemma D.1. Note that relation (2.3.1) is proved simply
by writing X = 07, where 02 = E|X|?; then F|X|F = oPE|Z|P = 07z,.

We begin with some preliminary results taken from [4].

Lemma 2.3.1. [Lemma 3.5 of [4]] Let G be the fundamental solution of the heat or
wave equation. For any a € (—1,1) and for any h € R,

Cy|h|=)/2 for heat equation

C!T|h|'~ for wave equation

T
/0 /RU:G(t—i—h,y)—fG(t7y)|2|§|ad€dt§ {
where

Com [Pl 2y and Co =1 [ min (1, |of) fof*dr
R R

Lemma 2.3.2. [Lemma 3.1 of [4]] Let G be the fundamental solution of the heat or
wave equation. The integral

Ar(a) = / / FG(t, )€ dedt

converges if and only if o € (—1,1). When the integral converges, we have

Ap(a) = {1% FL%Z) T(;__a)/Q for heat equatz’?n
2 Co 55 T for wave equation
where
(1 — ) 'T'(a)sin(ra/2) if @ € (0,1),
Co=qa(1—a)'T(1+a)sin(ra/2) if a € (-1,0),

/2 if a =0.
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Lemma 2.3.3. [Lemma 3.4 of [4]] Let G be the fundamental solution of the heat or
wave equation. For any a € (—1,1) and for any h € R,

T — o )
| [ = costeny) 176 0O leag ar < {?a'h“ for heat cquation
0 R

C,T|h|*™*  for wave equation

where C,, = [,(1 — cosn)|n|*~2dn.

The following result is essentially contained in Step 1 of the proof of Theorem
2.8 of [15].

Theorem 2.3.4. Let u be the solution of equation (1.0.1) or equation (1.0.2) with
noise W as in Section 2.1. Then, for anyp > 0,H € (0,1),¢,t € [0,T] and z,2" € R,
we have

zp(Cg))p/Q‘t’ — t|pH/2 for heat equation
szp/Q(Cg))p/2|t’ — t‘pH for wave equation

Elu(t',z) — u(t, z)|P < {

(3) pH ‘
E}U(t,xl) — u(t, a:)‘p < {zp(C’ )p/2’ a:| for heat equation

2, TP2(C') P2 |’ — :c‘pH for wave equation

where

] 1
Cﬁ}):cH(NHJrﬁF(l—H)), CE)—CH(MH”Z Cr- 2H1+2H)

1—cosp, -

min(1, |n|?)

|n|1+2H d77

_ [(=e %) _

Proof: Recall that the solution w is of the form:

)= [ [ Gl=sa—pWias.an)

where G = G" for heat equation, respectively G = Gv for wave equation.
We first treat the time increments. Note that u(t, z) is a centered normal random
variable. Using relation (2.3.1), it is enough to consider only the case p = 2, since

E|u(t/,x) — u(t, ac)|p = zp(E‘u(t', T) — u(t,x)‘Q)pﬂ.
Let ¢ >t and denote h =t —t. Then

u(t + h,x) — u(t, z)
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:/OtJrh/RG(t—kh—s,x— W (ds,dy) — // (t — s,z —y)W(ds,dy)
:/Ot/R<G(t+h—s,x—y)—G(t—S,Hf—y))W(dSady)

t+h
+/ /G(t+h—s,$—y)W(ds,dy) =L+ (23.2)
t R

Notice that I; and I, are uncorrelated. To see this, note that I; = W(g;) and
I, = W(gs), where

(5.9) = Lagfs) (Gt + = 5.0 9) = Glt = 5.0 9)),
92(8,9) = 1paen) ($)G(t + h — 5,2 — y).
Hence
EllL 1] = E[W (g = (91, 92)n
—cn / / Far(s, )€ Fgas, YOI~ deds

because Fgi(s,-)(§) contains 1jg4(s) and Fga(s,-)(§) contains 1y 44p(s).

Thus, we have:

Elu(t + h,x) — u(t,z)|* = A(t,h) + B(t, h), (2.3.3)
where
2
A(t,h) = F Glt+h—s,z—y)—G(t—s,xz—yW(ds,dy)| ,
t+h 2
B(t,h) :=F G(t+h—s,x—y)W(ds,dy)

We start by estimating A(t, h). Using the change of variable s’ = t—s, we obtain:

2

¢
/G(t—l—h—s,x—y) — Gt —s,x —y)W(ds, dy)
R

1-2H

:CH/O /R|JEG(S’+h,x—~)(§)—fG(s’,x—-)(g)ﬂg\ déds’
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1-2H

t
= [ [ 1P+ h(©) - FG1s ()¢l T agas
o Jr
where we used the fact that FG(s,z —-)(§) = e ®*FG(s,-)(€) from Lemma A.2.
Thus, by Lemma 2.3.1 with a =1 — 2H,

cgNght for heat equation,

A(t,h) < { (2.3.4)

cyMyTh?*H for wave equation.

Next, we consider B(t,h). Notice that B(t,h) in fact does not depend on t.
Using the change of variable s’ =t + h — s, we obtain:

2

t+h
B(t,h) = F / /G(t+h—s,x—y)W(ds,dy)
¢ R

t+h
ch/t /R|fG(t+h—s,x—.)(g)\z\ql‘”’dgds

h
B . 2\ |1—2H ,
—on [ [ 1FG @l asas

using again Lemma A.2 for the last line. Thus, by Lemma 2.3.2,

LT —-H)hn" for heat ti
B(t.h) < CH HQH”(“ )1 . or heat equa 1.0n, (2.3.5)
cg 2“7 Cl o TToE h for wave equation.

We now use equality (2.3.3), combined with inequalities (2.3.4) and (2.3.5). For heat
equation, we have

1
E|uh(t + h,x) — uh(t,x)‘Z < cgNpgh + cHﬁF(l — H)h?
=Cynt,
whereas for wave equation,

- 1
E|uw<t + h7 m) - uw(t7 $)|2 < CHMHThQH =+ CH22H0172H1 T oH h1+2H

~ 1
< T(M 92H 1 )h2H
< cy H+ 1 2H1+2H

= TR,

using the fact that h!T27 < Th?H since h < T.
Finally, for heat equation,

/2 /2
E[u"(t + h,x) — u"(t,2)|" = zp(E}uh(t +h,x) —u(t, x)|2>p <z <C’S)>p hPH/2,
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and for wave equation,

Elu®(t+ h,z) — u”(t,2)|" = 2, (E|u“’(t + h,x) —u(t, x)|2>p/2 <z, <C’§{2)T>p/2th.

We now treat the space increments. By relation (2.3.1), it suffices to consider
the case p = 2, since

Elu(t,2') — u(t,z)|" = z,(E|u(t,2’) — u(t,x)‘z)pm.

Let 2’ > z and denote z = 2/ — x. We have

ult, ') —u(t, ) // t—s, 4+ 2—y)W (ds, dy) // t—s,5—y)W(ds, dy).

Then,

C(t,z) = E|ut x4+ 2) —u(t,z)|
2
=F

Gt —s,x+2z—y)W(ds,dy) — G(t — s,x — y)W(ds, dy)
:cH/ /|}" Gt—s,z+z—)—G{t—s,x—- ) | {5‘1 2H 4
—CH/ /|f (s +2—-) = G(s',z — ) ()¢ " deds’

=9 CH/O /R 1 - cos(gz) IFG(s, ()¢ ™ agds.
For the last equality we used the fact that:
[FG(s',w+ 2= )(€) = FG(s',2 = )
oI TG (5, (E) — e—igx]_-G(Tr _ ‘ (G2 _ o-i€r) TG )(€)

2

= |e (e - DFGIE| = |e [ Je e 1 PG ()
= 2(1 — cos(52)> IFG(s', ) (),

where we used Lemma A.2, and the fact that for any a € R,

le —11* = (cosa — 1)* +sin’ a = cos’a + 1 — 2cosa + sin®a = 2(1 — cos a).

By Lemma 2.3.3 with o = 1 — 2H, we obtain that

Ot 2) < {20H612H|z\2H for heat equation (2.3.6)

2c5C oy T|z|?H for wave equation,
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where C1_opy = [,(1 — cosn)|n| =~ dn.

Finally, by relation (2.3.1),

(C /2|5 |pH for heat equation,

p/2
Elu(t,z +z) —u(t,z)|" = 2, (E|u(t,x +2) — u(t,:v)|2>
2
Z (Cﬁf))p”Tp/?leH for wave equation.

< P
P

The following lemma gives a bound for the constant Ny and the explicit expres-
sion of the constant My, appearing in Theorem 2.3.4.

Lemma 2.3.5. For any H € (0,1),

1 1 11
Ng<—" 4 — and My = 4 —
S qe—m g et <H+1—H)

Proof:

"7 "7

2
(1—e7)2 (1—e 7)2 (1—e 7)2
Ny = / ———dn = —————dn + d77
U <1 |77|1+2H MEST /]

(_§)2 I 3—2H > 1-2H
—dn+/ dn = —/n‘ dn+2/ n— " dn
/77|<1 |n|*+2H Inl>1 |77|1+2H 4 Jo 1

1 1 o 1
2 4-2H 2H’

IN

where for the integral on the set {|n| < 1}, we used the fact that 1 — e~ < z for any
x > 0. Similarly,

min(1, [n|?) (/ 1 / In]?
My =4 [ 2SI,y SN P S ] i
R |n|ttH i1 [t i<t (2

Lemma 2.3.6. For any o € (—1,1),

_ 1 1
Ca<2< )
- 1—0z+1—|—a
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Proof: We have:

_ 1-— 1 2
Ca:/%zndnﬁ (/ TadWJF/ nT_adﬁ>
r |7 In|>1 In] Inl<1 In]

e’} 1
1 1
—9 a=2qp 42 [ pod :2( )
/1 o /07] 1 1—(34—i_1%—047

where for the integral on the set {|n| < 1}, we used the fact that 1 — cos(z) < 22 for
all z > 0. i

Remark 2.3.7. Note that for any H € (0, 1),
I'(2H + 1) sin(wH) < ra) 1

CH = .
H 27 - 27 T

Remark 2.3.8. Taking formally H = 1/2 in Theorem 2.3.4, we obtain moment
bounds which are consistent with those given in Appendix B for the solutions to
equations (1.0.1) and (1.0.2) with space-time white noise W.

2.4 Continuity in law of the solution with respect
to H

In this section, we consider the stochastic heat and wave equations with Gaussian
noise which is white in time and behaves in space like a fractional Brownian motion
with Hurst index H € (0,1). We prove that the solution of either one of these equa-
tions is continuous in law in the space of continuous functions C([0,7] x R), with
respect to H. Note that by Kolmogorov’s continuity criterion (Theorem C.6 of [17])
and the moment estimates given by Theorem 2.3.4, the solution has a modification
with sample paths in C([0,7] x R). We work with this modification.

The following result has been recently proved in reference [15].

Theorem 2.4.1. Let Wy be Gaussian noise introduced in Section 2.1 which is white
in time and fractional in space with H € (0,1). We denote by

t
ullz-l(tvx) :/ /Gh(t_87$_y)WH(dsudy)7
0 JR

the solution of the stochastic heat equation (1.0.1), and by

t
UZ(tax) = /0 /RGw(t —S5T = y)WH(dsudy)7
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the solution of the stochastic wave equation (1.0.2). We fix T > 0 and we consider the
modifications of these processes with sample paths in C([0,T] x R), which we denote
also by uly, u%, respectively. If H, — H € (0,1), then

uly 4 u, in C([0,T] x R),

and
Uy LN uy in C([0,T] x R).

Proof: To simplify the writing, we drop the upper indices A and w from the
notation, whenever the calculations are valid for both heat and wave equations. We
denote u, = ug, and u = ugy. We apply Theorem E.4.3 (see also Remark E.4.4).
Note that condition (ii) of this theorem clearly holds since w,(0,0) = 0 for all n > 1.

Step 1: We verify that condition (i) of Theorem E.4.3 holds, i.e. for any k£ > 1
and for any (t1, 1), ..., (tg, zx) € [0, T] x R,

(un(tl, 21)y ooy U (ks xk)> 4 (u(tl, x1)y ey u(ty, a:k)>

Since (un(tl, 1), ...,un(tk,xk)> and <u(t1, x1)y ooy Uty :ck)> are normal random vec-
tors with zero-mean, by Lemma E.1.5, it suffices to prove that for any 1 <1,j <k,

Cov(un(ti,xi),un(tj,xj)) — Cov(u(ti,xi),u(tj,:cj))
That is, we have to show that for any (¢',2'), (t,z) € [0,T] x R with ¢’ > ¢, we have:
Elu,(t, x)u,(t', 2")] = Elu(t, z)u(t', ")) (2.4.1)

We denote by Hy the Hilbert space associated to Wy. By the isometry property of
the Wiener integral with respect to Wy, we have:

Blun(t,2)un (1 2')] = (LogGlt =2 = ), 1on Gl =2’ =)

—en, / N / Lo ()10 (5)FG(t — 5,5 — YO FGE — 5,47 — )(©)|¢] 2 deds
0 R

= cm, /t / e‘l’ész(if — S, -)<§)ei£.m’FG(t/ — s, )(§)|§|1_2Hnd§d8
0 JR

e, [ [ G S AFGE — s (Ol aeds
0 JR

Recalling definition (1.0.9) of ¢y, we see that cy, — cy, by the continuity of the
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Gamma and sin functions. Fix numbers a and b such that 0 < a < H < b < 1. Since
H,, — H, there exists N € N such that

a< H,<b, foralln> N.

We consider first the heat equation. In this case,

h hewt L B o R U Ay
Elup (t, 2)un (', 2)] = cn, € e 2 e 2 [T deds.
o Jr

As n — oo, the integrand converges to

ey _(t=9)El? _(=s)g? o
e i&(x x)e T e 5 |€|1 2H‘

We show that this integrand is bounded by an integrable function. Let

_ (4t —29)[¢]?
2

f;}(s,é’) = o l@=l)g ]5\1_2H", for s € [0,t], £ € R.

We consider two cases.

Case 1: Suppose that t' > t,
If || < 1, using the fact that e=* < 1 for all z € R, we obtain:

3 (s, O] < g2 < ¢ =: g"(s,€), for all m > N,

since |21 > |71, Clearly, f(f ﬁ£|<1gh(s,§)d§ds < 00, since b < 1.

If |¢] > 1, using the fact that e™® < 27! for all z > 0, we get:
t+t = 25)’5?} _1‘5’1721{” _

2
< 2 jgmn < 2 et (s 6), forall n > N,
St = =

since [¢[2n*+1 > |¢[2+1 Clearly, [, Jieps1 9" (5,€)déds < oo, since a > 0.

2
t'—t+2(t—s)

I

sl < [

Case 2: Suppose that t' = ¢,
If |€| < 1, using the fact that e=® < 1 for all x € R, we obtain:

|f(s,8)] < €)% =: ¢"(s,€) for all n > N.

Clearly, [) Jiej1 " (5,€)déds < oo,
If |£] > 1, we have:

|25, 8)] = e tmIEF g2 < o (el g i=20 = gh(s &) for all m > N,
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since |¢[*7»~1 > |¢[>*~1. By applying Lemma 2.3.2 with a = 1 — 2a € (—1,1), we see

that:
// dgds_// el )2 deds < oo
§|>1 [€]>1

It follows that |f"(s,&)| < g"(s,€), for all n > N,s € [0,t] and £ € R and

// £)déds < .

Therefore, in the case of the heat equation, relation (2.4.1) follows by the Dominated
Convergence Theorem.

We consider next the wave equation. In this case,

¢ ' _sin (t—9)|€]) sin ( (¢ — s)[¢]
E[Uﬁ(ﬂfﬁ)ﬂﬁ(t’,x/)]zcm/o/Rel““) ( T > ( 7 >|§]12H"d£ds

s /Ot /R e ((t — s)|g|) sin ((t’ — s)|5|) s

|€|1+2Hn

The integrand in the later integral converges to

sin ((t - s)|g|) sin ((t’ - s)l&l)

—i§(z—a’)

To apply the Dominated Convergence Theorem, we need to show that the integrand
1 is bounded by an integrable function, where

o sin((E=s)[¢]) sin (' — s)[¢]
f(s, &) = e~le=) ( |§|>1+2Hn< > , for s €[0,T], £ €R.

If || < 1, using the fact that |sinz| < |z| for all x € R, we obtain:

sl < U2 S@ﬁ'ﬁi’; B

< (t—s)(t' —s)E] 2 —. g°(s,€), forallm > N,

since [¢[2n=1 > |¢[**~1. Note that [, Jiej<1 9% (5, §)déds < oo, since b < 1.

If || > 1, using the fact that |sinz| < 1 for all z € R, we get:

1 —-1- —1-2a w
|f;f(5>f)|§wTHn=|§| T eI = g (s,€), for alln > N,
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since |¢|2H+1 > [¢]2a+1 Note that [ Y(s,&)déds < oo, since a > 0.
0 Jig>19

It follows that | f¥(s,£)| < ¢g*(s,&) for all s € [0,¢] and £ € R, and

/Ot /aZlgw(S’é“)dgds < .

Hence, in the case of the wave equation, relation (2.4.1) follows again by the Domi-
nated Convergence Theorem.

Step 2: In this step, we verify that condition (iii) of Theorem E.4.3 holds. Let
J = [-M, M] be a compact set in R. Recalling the moment estimates given by
Thmorem 2.3.4, we see that for any p > 0, t/,t € [0,T], 2’,z € R,

E +

/ / p
un(t,2') —up(t, )| <FE

un(t', 2") — un(t, 2)

wn(t,2') — un(t,x)Dp

p—1 AN N no_ P
<2 Elu,(t',2") —un(t,2")| + Eluy(t,z") — u,(t, x)
p/2 p/2
2p_lzp{ (Cgi) |t — ¢[PHn/2 4 (CSD |z" — x\pH”} for heat equation

p/2 p/2
2plszp/2{ (O}fﬁ) |t" — ¢[PHn + (C’S’D |z’ — x|pH"} for wave equation,

where for the second inequality, we use the fact that
(a+Db)P < 2071 (a? 4+ b°), for all a,b € R.
We will use the following inequality: for any o > 1,
% +a” < (x4 a)®, for all x,a > 0. (2.4.2)
We examine first the heat equation. For any z, 2" € J, |2/ — x| < [2/|+|z] < 2M
and |2/ — z|PH/2 < (2M)PHn/2 Hence,
|2’ — z|PHr < (2M)PHA2|o! — z|PHR/2 for all x, 2 € J.

We use (2.4.2) with a« = pH,,/2. Note that pH,/2 > pa/2 > 1 for all n > N, if
p > 2/a. We obtain the following: for any n > N and p > 2/a,

E

p p/2
ot =it < 2 [ v o] e - appr — sz}

p/2 pHp /2
<27 e veR] T v ean| T (1 - g 4 ! — afpiins?)
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)pHn/2

p—1 p/2 pb/2 / /
<ot A2 (1v M| (| =t + |2 — 2 , (2.4.3)

where for the last inequality we used relation (2.4.2), the fact that H,, < b for all n >
N, and
O v O < A, foralln > N, (2.4.4)

for some constant A which we specify below.

We show inequality (2.4.4) in following way. Recall the definition of the con-
stant C’l(ql) given by Theorem 2.3.4:

1
cl) = CH(NH + EF(l — H)),

where Ny = [g 1|77|61+22H dn. By Lemma 2.3.5, we have:

1 1 1 1 1 1
< Z. — < Z.—— 4+ = foralln> N.
NHn_4 2_Hn+Hn_4 2—b+ ,foralln >N

Q

The function F(lf;H) is continuous on [a, b], hence it is bounded on [a, b] by a constant
c¢ > 0. Remark 2.3.7 shows that

1
cy < —, forall H € (0,1). (2.4.5)
m

Hence,

o1 1 1 y
c <4(2 Tt ), forall n > N. (2.4.6)

Next, we treat CS’ . Recall that

1—cosy ~

where C, = [;(1 — cosn)|n|*~2dn. By Lemma 2.3.6, we obtain

1 1
3 < 9 < —) 2.4
Ch <2eu\p+1—g (2.4.7)
Therefore,
w  2(L, 1
Cy < — ( + 7 b) for all n > N. (2.4.8)

Relation (2.4.4) follows from (2.4.6) and (2.4.8).
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We return now to relation (2.4.3). It remains to treat the term (]t’ —tl+ |2 —

pHn /2
x) . Note that for any ¢,¢' € [0,T] and z, 2’ € [-M, M],
w=|t' —t|+ |2 — x| <T+2M =: c.
For alln > N,
prn/Q _ wp(ana)/pra/Q < Cg(ana)/2u)pa/27
and

PHn=a)/2 C’S(b_“)/ ? if g > 1,
0 11 if ¢ < 1.

Therefore, cg(H"_a)/z < cg(b_a)/Q V1 and
wrtn/? < (cg(lHl)/2 % 1)wp“/2, for all n > N. (2.4.9)
Using inequalities (2.4.3) and (2.4.9), we obtain:

a/2
Elut (2 —uz@,x)(p < op=ly AP2[1v (20M)]PP2 (cg<b—“>/2v1) (|t’—t|+|x’—x|>p ,

n

for all t,¢' € [0,T], z,2’ € J, n > N and p > 2/a. Condition (iii) of Theorem E.4.3
follows with 6 = & > 2, if we choose p > %.

Next, we examine the wave equation. In this case, we use inequality (2.4.2)
with @ = pH,,. Note that pH, > pa > 1 for all n > N, if p > 1/a. Hence, for any
n> N and p > 1/a,

P p/2
Blul(t ') —ul(t,z)| <2771y, TP/ [ng v C’Sﬂ {|t/ — P |2 — x|pH”}
pHp
< 2p*1szp/2BP/2<|t’ 4o — :1:|> , (2.4.10)
where for the last inequality we use the fact that

C2 v e < B, foralln > N, (2.4.11)

for some constant B > 0 which is specified below.
We prove (2.4.11). We treat C HQ: Recall the definition of the constant C’g) given
by Theorem 2.3.4:

(2) _ M 92H 1
Cy CH( H T 01—2H1+2H)7
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where My =4 [, m1n‘11+|2@ dn, and

(2H) 7T (1 = 2H)sin (w(1 - 2H)/2) if i <1,
Croamr = (1—2H) ™ (2H)"'T(2 = 2H)sin (w(1 - 2H)/2) it H > },
/2 it H= %

Since 0 < a < H, <b< 1, for all n > N, by Lemma 2.3.5, we have
1 1 1 1
M :4(— )<4< —)
fin m,1iom) S Na 1o

It can be proved that the function H — Cy_oy is continuous on (0,1) (see the
proof of Theorem of [15]), hence it is bounded on the interval [a, b]. Since H,, € [a, b],
for all n > N, it follows that there exists a constant ¢’ > 0 such that

(71_21{” <, forall n > N.

The other constant in C’g) is also bounded since
22H
1+2H
Using (2.4.5), we obtain:

<22 <4 for all H € (0,1).

1 1 1
Cg) < {4( + 1—b> + 40’] , for all n > N. (2.4.12)
n 7T J—

Relation (2.4.11) follows from (2.4.8) and (2.4.12).
pHn
We return now to relation (2.4.10). The term <|t’ —t]+ |2 — x|) is treated

pHn /2
similarly to the term <|t’ —t| + |2’ — x|> which appears for the heat equation.

More precisely, for any ¢, ¢ € [0,T] and z, 2’ € [-M, M|, we have:
w:=t' —t|+ |2’ — 2| <T+2M =: c.

For alln > N,
pr" = wp(Hn_a)wPa < cg(Hn_a)wpa'

Similarly to (2.4.9), we have:
wPin < (cg(b_a) Vv 1>wpa, for all n > N. (2.4.13)
Using inequalities (2.4.10) and (2.4.13), we obtain:
Elu(t, ') — u¥(, x)’p <2 R (0 v ) (18—t + - x])m

for all t,¢' € [0,T], x,2’ € J,n > N and p > 1/a. Condition (iii) of Theorem E.4.3
follows with § = pa > 2, if we choose p > 2. |



Chapter 3

Equations with fractional noise in
time

In this chapter, we examine equations (1.0.1) and (1.0.2) with fractional noise in time
with index Hy > % We assume that the noise is also fractional in space with index
H e (0,1).

We recall that the covariance of fractional Brownian motion of index H € (0, 1)
is given by:

1
Ryu(t,s) = - <t2H T s|2H).

2

t s
u(t,s) = aH/ / lu — o> 2 dudu,
0 Jo

where ay = H(2H — 1). Note that Ry(t,t) = t*H.

In particular, if H > %

3.1 The noise

In this section, we consider a zero-mean Gaussian process W = {W([0,t] x A);t >
0, A € By(R)} defined on a probability space (€2, F, P), with covariance:

B[W (0.8 < AW(0.5] % B)] = Rt )i | FLa©FTalelel' e
_ (aHO / h / m1[o,t](u)1[o,s](v)|u—v|2Ho—2dudv) (cH /R f1A(g)m|§|l—2Hdg)

:O‘HOCH/ / / Fliowa(tt, )€ F L aen(0, )E)[E]  u — v|o~2dedudv

=: (Ljo,9x4; Ljo,5)xB)

28
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since Fligxa(u, ) (&) = Ljoq(u)F1la(§). Here we use the constant cy given by (1.0.9).

Remark 3.1.1. Similarly to Remark 2.1.1, if H > %, then

B0, x A)W([0,5] x B)] = RHO(t,s)aH/A/B & — PP 2dady

= <aH0/ / 1[07t](u)1[0,s](v)]u—v[QHO2dudv) (aH/ / \x—y\QHdedy>
o Jo AJB

ZaHOOéH/ / //1[o,t]xA(U,iﬂ)l[o,s]xB(U,y)’U—U\ZHO_Q\QT—y\zH_le"dydUdU-
o Jo JrJr

Note that the process {W(t,z);t > 0,2 € R} defined by W (t,z) = W([0,¢] x
[0,2]) is a fBs of index Hj in time and index H in space, since

E[W(t7 ZE)W(S, y)] = Ry, (t? S)RH(x7 y)

We define W (1j,qxa) = W([0,t] x A) and we extend this definition by linearity
to the set & of linear combinations of elementary functions 1y x4, with ¢ > 0, and
A € By(R). Let H be the Hilbert space defined as the closure of £ with respect to
the inner product (-, ). For any ¢, ¢ € &,

(@, V)n —aHoCH/ / /fso Fi(s, ) (E) || |t — s[*Ho=2dedtds.

Note that if H > %, then for any ¢, ¢ € &:

(o, )y = ap, /000 /OOO (aH/R/Rgo(t,x)@b(s,y)u — y|2H_2dxdy> [t — s|*Ho~2dtds.

Lemma 3.1.2. W is an isometry from & to L*(Q).

Proof: = We consider the following functions:

n

o(t,x) = Zall[Otl]XA (t,x) and ¥(s, ) Zb Lio,s;)xB; (8, 7).

i=1

Note that

ELW(W W) ] = E[ W (Y ailoaa)W (D bilpwsss,) |

= B[ {3 aW (oapea) H Y bW (ouysn)} |

i=1
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- Z ZaibjE[ W(l[ovti]XAi)W(l[O,s]-]xBj) ]
i=1 j=1

Z a;b (ozHOcH/ / /-Fl[Ot]xA V() FLjo,s;1x8; (v, ) (§)

=1 j=

€12 u — UPHO—?dgdudv)

—OéHOCH/ / /{Zafl[oﬂm }{Zb]'—losl]xfz )(f)}

’5‘1 2H"LL— ‘ZHO QddedU

ozHOCH/ / /{ ailjor)xa; (L, ) }{ (Zbl[Osz]xB )(5)}
yaHHyu— |20~ Qdé’dudv

— amen / / [ Fett NOFT TNl = oo g

Exactly as in Section 2.1, we can extend W from £ to H using the isometry
property. For any ¢ € H, we denote

:/OOO/Rgo(t,x)W(dt,dx)

and we say that W (y) is the Wiener integral of ¢ with respect to W. Note that W (y)
is a normal random variable with zero mean and variance ||¢||3,.
This following result is a particular case of Theorem 2.6(c) of [5].

Theorem 3.1.3. Let ¢ : [0,T] x R — R be such that o(t,-) € L*(R) for allt € [0,T)
and let

Folt,)(€) = / e (t, x)dr, € € R,

R
be the Fourier transform of ¢(t,-). Suppose that

/ |Fo(t,)(€)|dt < oo, forall £ € R.
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If

T T
. . K _ o|2Ho—2 1-2H
I = amen / / / Folt, WOF (5, )(E) [t — s/ |21 dedtds < oo,

(3.1.1)
then o € H and E|W (¢)]* = ||oll3, = I.

3.2 Existence of solution: heat equation

In this section, we consider the linear stochastic heat equation (1.0.1) with noise W
as in Section 3.1. The next result is a particular case of Theorem 4.2 of [6].

Theorem 3.2.1. For any Hy € (3,1) and H € (0,1), equation (1.0.1) with noise W
as in Section 3.1 has a unique solution.

Proof: To prove that the solution exists we need to check that gfw € H, where
914 (s,y) = G"(t — s, —y)1jp4(s). For this, we apply Theorem 3.1.3. We verify that
condition (3.1.1) holds.

Note that, by Lemma A.2

Fagpo(s,)(&) = FG"(t — s,z — )(£)1jp4(s)
= e CFGh(t — 5,-)(E)1j0.4(s).

Hence

I, = amen / / / Folto (5, WO F g )(E) s — 2072 €] dedsdr

:W’H/ / / FGM(t = s, )(F Gt —r,-)(€) s — ™7 ¢ dedsdr

:CH/ (aHO/ / FG"(s m|5/_r/|2110—2 ds'dr’) €72 g,

where we applied the change of variables s’ =t — s and " =t — r in the last equality.
Therefore,

I = cu /R NE(©))€|2H g (3.2.1)

where

N —OéHo//th (&)FGH(r,)(€) |s — r[*"07* dsdr

2 2
= ap, / / eXp |€| exp ( — —TE| >|r — s|*H02dpds.
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Step 1: In this step, we check that I; < oo if and only if

| () g < oo

We claim that: for any t > 0, £ € R,

1 1 2Hg , . 1 2Hy
Z(E A 1)<T\§P> < NP(E) < Cly (#2Ho v 1><T|£|2) , (3.2.2)

where O = by, (4Hp)*™ and by, is given by Lemma C.2.

To prove relation (3.2.2), we treat the upper bound first. We consider || < 1
first. Using Corollary C.4 and the fact that

e <lforallz>0and 1<

T 1P
we have:
t
NE©) < b0 [ expl—sf€f?)ds < b
0
1 2Ho
<b t2H022H0< ) '
- L+ ]2
Next we consider |[¢| > 1. In this case, we use Lemma C.2 and the fact that
l—e®<1forall z >0 and ! 2
or all x and — < ;
€ = Th P
we obtain:

NIM€) < by, (/Ot exp < — g’—é‘bdr) o = bm, (1—?)21{0 {1 — exp ( - %)} o
< b (2|§_]-|]20>2 bHo(2H0)2HO(|;|2>2HU < bH0(2H0)2H0 (1 +2|£|2>2H0

1 2Hy
= brg (4Ho)* (1 + |€|2> ‘

For lower bound, we consider ¢|¢]* < 1 first. We used the fact that

2 2
exp(—ﬂ>21—r|€| >§ for any r € [0, ¢].
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Hence,

2 2
_aHo/ / exp |§| ) p(__s|§| >|7’—S|2H°*2drds
>04H0 // [r — s|*0~2drds

4 ! 1+ €7 7

where for the last inequalities we need the fact that ; 7 £|2 <1

Next, we consider the case t|£|*> > 1. We introduce the notation: for any T > 0,

el 0y = / / _ gPHo2qys

Using the change of variables ' = r|¢|?/2 and s’ = s|£|?/2, we have:

= Qv / / exp |£|2) exp < — g) |r — 8\2H°_2drds
el ug? 2Ho=2 / o \ 2

= ay, / / exp(—1") exp(—s') ( ) dr'ds’

0 0 €7

220 el s 2Ho—2

H0|§|TH° / / exp(—r) exp(—s)|r — s|*°~“drds

22t 2Hy—2
> Oy 15‘4}[ / / exp(—r) exp(—s)|r — s drds

2 He_tH 22H0 (1)2H0+2 (;)QHO B 1(;)2}[0
g oy = 2 1+ ¢ ANL+[ER)

where for the last inequality we used the fact that

2r' 2s’
€12 1€1?

1 2Hp+2
—>——— and |le”!? 0,1 = <_)

1 1
5 sincee_uzl—u2§, VUG[O,—]

2
This finishes the proof of relation (3.2.2).

Coming back to equation (3.2.1) and using relation (3.2.2), we obtain:

L on 1 o 4 op ! (,2H / 1 Mo 4 _op
- 0 < < 0 _ .
CHL]:('[/L /\1)/]1{ (1 + |§|2) ‘€| df = ]t = CHC’HO(tL \/1) R (1 + |§|2> |€| df

2H
Hence 1, < o0 if and only if [ () I€/'"27dS < oc. This finishes Step 1
of the proof.
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2H,
Step 2: In this step, we prove that I = fR (ﬁ) 0|§|1*2Hd§ < oo if and only if

2Hy+ H > 1. Note that this condition is satisfied for any Hy € (3,1) and H € (0,1).
We write

1 2Hg ]_ 2Hg
I:/ 512Hd£+/ é—lfQHdé-
le|<1 <1+ |§’2) € l€|>1 <1+ |§|2> €
= IW 4 @

We treat separately 1Y) and 1®. For IV note that % < , if [€] < 1. Hence,

1
1+[E)F =

AN i i
(3) [ lerracsis [ ga
l€1<1 1€1<1

Note that f|§\§1 €| 2 de = 2f01 E172Hd¢ < oo since 1 — 2H +1 > 0.

() 1 1
Next, we treat I'¥). Note that E < 1+\£|2 < mQ, if |€] > 1. Hence,

(%)QHO /£>1 <|€1|2>2H0 € e < 1@ < /£|>1 <|§|2>2H0 o e

So I® < oo if and only if f£‘>1 |&|74Ho|¢|1=2H ¢ < oo. This last integral is equal to

2f100§ 4Ho+1=2H ¢ which is finite if and only if —4Hy +1 — 2H + 1 < 0, which is
equivalent to 2Hy + H > 1.

1
2

3.3 Existence of solution: wave equation

In this section, we consider the linear stochastic wave equation (1.0.2) with noise W as
in Section 3.1. In this case, the existence of the solution was first proved in reference
6], using a different argument than the one that we include here. The proof that we
present here relies on inequality (3.3.2) below. For the upper bound, we follow the
same argument as in [6]. For the lower bound (which was missing from [6]), we use
the argument from the proof of Theorem 4.3 of [1]. We carefully include the explicit
form of all the constants appearing in (3.3.2).

Theorem 3.3.1. For any Hy € (3,1) and H € (0,1), equation (1.0.2) with noise W
as in Section 3.1 has a unique solution.

Proof: To prove that the solution exists we need to check that gy, € H, where
9t:(s,y) = G¥(t — 8,2 — y)ljpy(s). For this, we apply Theorem 3.1.3. We verify
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that condition (3.1.1) holds. As in the proof of Theorem 3.2.1, we need to find the
necessary and sufficient condition for I; < oo, where

Jt:cH/ <aH/ / FG¥(s,-) (&) FGw(r, -)(§)|s—r|2H°_2dsdr) €| dg.

We write:
= | NP ag .
where
N = aHO/ / FG"(s m@ . r|2H072 dsdr
B Eg/o /O sin(s|¢]) sin(r€])]s — r[*70*dsdr.

Step 1: In this step, we check that I, < oo if and only if

/IR (%Wfﬁmw_md& < .

We claim that: for any t > 0, £ € R,

(1) 1 H()-‘rl/? (2) 1 H0+1/2
2Hop+2 w 2Ho+2
o) (o) =0 <oR(E ) ()

where

B(2,2Hy — 1 )
Dgg = min {O‘HO COS2(1)M70H4_(2H0_1)<E _ _) }’

Hy+1 2 3
, 1 00 1 )
i) = mas {2107 (10 ot e

and B(a,b) = Fr(?if:(bl;) is the Beta function.

For the upper bound, we consider |{| < 1 first. In this Case we use Corol-
lary C.4 and the fact that |sinz| < z, forall x > 0 and 1 < if |€] < 1, we
have:

1+|€\2’

1 t 1 t
NEE) < b / sind (€ )ds < by 0 / (ske])ds

Ho+1/2
— bH t2H0711t3 _ _bH t2H0+2 < le t2H0+2 2 ’ /
ot 3" T 30 = 3o 1+ €2
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1 / 1 H0+1/2
= by 2HoH! 2t2H0+2(—> . 3.3.3
3 L+ 2 (3:3:9)

Next, we consider |[£| > 1. To simplify the notation, we introduce the following
functions: for A > 0 and 7 € R, let

fi(A, 7) =sin(TAt) — 7sin(At), g\, 7) = cos(TAt) — cos(At). (3.34)

Using the expression of the H(0,t|¢|)-norm of the sin function given by Lemma A.8,
we obtain:

—(2Ho—1)
NP = g [ e el 7+ el e
= NV (€) + N(©),

where

2Hp—1)

(W)ey_ _ CH un
MO = gt | g (FR0€l7) + il ) )

and
2Ho—1)

(e _ _ CH |7~
Nt (5) - |€|2H0+2 A|T>1/2} m(ﬁ?ﬂgl?T) +gt2(|§|77—)>d7—

We consider Nf”(g) first. Using the fact that,

|fe(A, 7)| = |sin(7At) — 7sin(At)| < [sin(TAt)| + |7sin(At)| < 1+ |7
lg:(\, 7)| = | cos(TAt) — cos(At)| < |cos(TAt)| + | cos(At)] < 2,

for any ¢ > 0, we have:

—(
NO(g) = —CH / |7
o) E[2H0F2 Jiri<ioy (72— 1)2

2Ho-1)

(£20gl,7) + g2(l¢l,7) ) ar

CH / |T]_(2H°_1) < 2 2
<M L ((1+ ) +2 )dr
[EPH*Y Jr<apey (72— 1)2 ( )
Cy / 100| |7(2H071)d 100 CH <1>2—2H0 1
< — — |7 T=— — —
|E[2HoFt Jr<iyay 9 9 1—Ho\2 |§|2Hot

100 ¢ 1\ 2 2Ho 9 Ho+1/2
< (2 S
-9 1—H0(2) (1+|§|2)

_ @ - N 1 Ho+1/2 (335)
9 1—H, 1+ ’ "
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since

e [(L+[70)? +4] < 57 [(3/2)° +4] = 12 if 7| < 1/2 and

2
E[2HoF2 > (g 2ot and — < ——— if [¢| > 1.

Now we consider N (€). By Lemma A.9, for any A > 0 and ¢ > 0,

2 sin? 1 5\ A 1 ) ) 5 A
< - < .
3 (Mt >1+/\2 = /R (72— 1) [ft (A’T)Jrgt(A’T)]dT —47T<t\/t >1+>\2

Using this lemma with A = |¢| and the fact that |7|~(Ho—D < (1/2)-Ho—D) jf
7| > 1/2, and [£]?/(1 + [£]?) < 1, we have:

—(2Ho—1)

@)/ CH |7
N8 = |£|2Ho+2 /{|T|>1/2} (r2—1)2 <ft2(|§|77')+9152(|§|,7')>d7
1 1 1
S CH2—(2H0—1) ’£|2H0+2 /|:r|>1/2 m(fzgqé’vT) +gt2<|£|77—>)d7—
1 1
g@f%*mmﬂﬁgﬁ_nxﬁwmwwmaﬂﬁT

< cp22Ho—1 1 A |§|3 (tvt?’)
= [€[2Ho+2 "] + 2

< 2201y b tV 3] < ep22Ho1y 2 o tv it
= S = TP

1 Ho+1/2
= cpydn 2312~ (t t3>. 3.
cydm T e v (3.3.6)

Note that for the last inequality, we used the fact that ﬁ 1'2
the sum of (3.3.5) and (3.3.6), we have:

. Therefore, taking

100 1 1 Ho+1/2
N¥(€) <
t(é) CH< 9 1—H0 1+|£|2)

100 1 1\ fett/2
<oenl — . 91 4 4y | 23H0~1/2 <t3 v 1) 3.3.7
—CH<9 1~ 4, +”) 1+ [€P - (337)

since if t > 1, then t3 > ¢ >1andif t <1, then t® <t < 1. Hence, t3VtV1 =1 V1.
Combining the relations (3.3.3) and (3.3.7), we obtain the upper bound in relation
(3.3.2), noting that 202/ 3/ 1 = ¢2Hot2 /1,

_— 93Ho=3/2 | gro3Ho- 1/2(25\/753))(
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For the lower bound, suppose that ¢|¢| < 1 first. By using the fact that sinx >
xzcosl for all x € [0,1] and sinz > 0 for all = € [0, 1], we obtain:

N _ng//sm s|€]) sin(r|E))|r — s[*Po~2dsdr

B(2,2Hy — 1
> oy, cos?(1) / / rs|r — s|*0"2dsdr = ag, COS2(1)(}{—+01)152H0+2
0 Jo 0
B(2,2H,) 1\ et
> (1) —— 3.3.8
> o, cos”(1) Hot 1 ENTE ; ( )

H0+1/2
where we used Lemma D.2 and the fact that 1 > <1+|£\2>

Now we consider ¢|¢| > 1. Let p > 1 be a constant to be specified later. We
know that the integrand of

’T‘ (2Ho—1)
N2(©) = roms [ Ty 206l 7) + sl ) ar

is non-negative. Hence N (¢) is bounded below by the integral over the region |7| < p.
In that region, |7|~(Ho=1) > p=(Ho=1) “and therefore,

w cpp” oY fEU€LT) + g7 (€l 7)
Nt (5) = W /{|T|<p} (T2 - 1)2 a7

—(2Ho—1) ) )
= (06D - [ BUD1H000,)  (aag

where

Jle) /ft )+ 807, [ 5 s

t[¢] tle| (9
= 27r/ sin?(z)dz = 7T/ (1 — COS(QZE))CL’L‘ = mt|¢| [1 — M :
0 0 2t(¢]
using Plancherel theorem for the third equality above. Note that
1
J(¢lE]) = 5], (3.3.10)

since t|{] > 1 and sin(2z) < z, if x > 1. To find an upper bound for the second
integral in the right-hand side of (3.3.9), we use the fact that for any A > 0 and
T e R,

F2O) + ) < 2:e (14 |T|)2. (3.3.11)
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To prove (3.3.11), note that |fi(A, 7)] < 1+ |7| and | fi(\, 7)| < 2|7|At, where for the

second inequality, we used the fact that |sinz| < |z|. Taking the product of these
two inequalities, we get:

JEOLT) < 2|71 + |7]). (3.3.12)

Similarly, |g:(A\,7)| < 2 and |g:(\, 7)| < |cos(ATt) — 1| 4+ |cos At — 1| < [T\t + At =

At(14|7|) using the inequality |1 — cosz| < |z| for all . Taking the product of these
two inequalities, we get:

G2\, T) <201 + 7). (3.3.13)

Relation (3.3.11) follows by taking the sum of (3.3.12) and (3.3.13).

Using (3.3.11), we have

2
F2(1€L ) + g2 (1l 7) uel(1+17)
/{ITIZp} (12 —1)2 dr < /{|T|2p} (72 —1)? dr = C,tl¢], (3.3.14)

where

(1+|7])? / 1 /°° 1
C :2/ ———=dr =2 ——dr =14 ———dr
g [7|>p (T2 - 1)2 |T1>p (|T| - 1)2 p (T - 1)2

Combining relations (3.3.9), (3.3.10) and (3.3.14), we get
—(2Ho—1)
w Cap ™
Nt (5) 2 ‘5’2H0+2 (§ - CP)H&

Choose p large enough such that C, < 7/2. For instance, when p = 4, C, = 4/3.
Then we have:

4 1 T 4 1 Ho+1/2
NU(E) > epd=@o- (T 2~ 5 o y-eH-n (T 20 2
He = e 2 3) fgprrt = 27 3)\1+iee)

(3.3.15)

The lower bound in (3.3.2) follows from relations (3.3.8) and (3.3.15).
Using (3.3.2), we obtain:

Dg) <t2H0+2 A t)[ < [t < Dgg <t2H0+2 \/ 1)[,

0
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H0+1/2
|2> |E|F2HdE. Tt follows that I, < oo if and only if

1 Ho+1/2
I = —_— =20 ¢ < 0.

This finishes Step 1 of the proof.

where [ = fR <1+1§

H0+1/2

Step 2: In this step, we prove that I = fR (ﬁ) €121 d¢ < oo if and

only if Hy+ H > 5. Note that this condition is satisfied for any H, € (1,1) and
H € (0,1). We write

1 H0+1/2 1 H0+1/2
T :/ ( > 51_2Hd5+/ < > 51_2Hd£
<1 N1+ €2 € =1 V14 [€]2 <
=7 4 7@

We treat separately /™) and 1. For IV, note that 1 < , if |¢] < 1. Hence,

1
1+g)? —

1 H0+1/2 " "
(5) / g ag <1 < / g de.
lgl<1 lgl<1

Note that [, [¢]'*" d¢ =2 [y €721 d¢ < oo since 1 — 2H + 1 > 0.

Next, we treat (. Note that 377 < e < e if [€] > 1. Hence,

1 H0+1/2/ 1 \Ho+1/2 o 1 \Ho+1/2 | on
— €12 g < 1) < / €[ de.
(2) |€|>1 <|€| > [€l>1 <|f| )

So I® < oo if and only if ff\>1 || 72 Ho+1/2)|€|1=2H q¢ < 0. This last integral is equal

to 2 fl £72Ho=2H ¢ which is finite if and only if —2H, — 2H + 1 < 0, which is equiv-
alent to Hy + H > % |

Remark 3.3.2. Note that the upper bound in relation (3.3.2) in the case [£| > 1
cannot be obtained by applying Lemma C.2 as in the case of the heat equation, since
by doing so, we would obtain:

N C(HO/ / sin(s|¢|) sin(r[€])|r — s[>0 2dsdr

€]
/ / sin(s|e]) sin(rle))|r — s|2o-2dsdr
0 0

_ QHy

e
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< (‘ZIS sin(s |§| sm( |§|))( 5)?Ho=2dsdr
b, .
: \52( [ Jsmcsten]*as) ™ < b

which does not give the upper bound in the desired form Cy|¢|72#°~! for some constant
Cy.

3.4 Moment estimates: heat equation

In this section, we give some moment estimates for the increments of solution to the
linear stochastic heat equation (1.0.1) with noise W as in Section 3.1. The result
presented in this section is an extension to the case Hy > 1/2 of the result obtained
by [15] for the case Hy = 1/2 (given by Theorem 2.3.4). Note that for the space
increments, we had to impose the additional condition 2Hy + H < 2. Our estimate
for the time increments given by relation (3.4.1) below can be derived from Theorem
2.6 of [25], but here we present a different proof than in this reference. On the
other hand, the bound given by relation (3.4.2) below for the space increments is a
particular case of Theorem 4 of [26].

Theorem 3.4.1. Let ul be the solution of the linear stochastic heat equation (1.0.1)
with noise W as in Section 3.1.
(a) For any p > 0,Hy € (3,1), H € (0,1),t,t' € [0,T] and z,2" € R, we have

N p(2Ho+H-1)/2

Elu"({t' z) —u"(t,2)|" < 2, (CLO)H> ’t’ —t : (3.4.1)
where

Cip) i = 2cn (bHO(ZHO)QHONHO,H +T(1— H)leRHO,H) :

2
(1= exp(-=12/2))
N1 :/R |[+Ho+2H -1 ;
1 1
Ryy.n = ap, / / lr — 5?07 2(r + ) 1drds.
o Jo
(b) For any p > 0, for any Hy € (3,1), H € (0,1) with
2Hy+ H < 2,
and for any t,t' € [0,T] and z, 2’ € R, we have
p/2 p(2Ho+H—1)
Elu"(t,2") —u"(t,2)|" < 2, (CS?H) o -z , (3.4.2)
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where
ngH = 2CHbHo(2H0>2HOC3—4HO—2H,

and Cy, = [, (1 — cosn)|n|*~2dn is the same as in Lemma 2.5.5.

H

A 2Hy+H =2

0 1 Hy

1
2
Figure 3.1: The shaded area represents the region {Hy € (1/2,1),H €
(0,1) and 2Hy + H < 2}.

Proof: We first study the time increments. Assume that ¢ > t and let h =
t' —t. We use the same decomposition as on the proof of Theorem 2.3.4. Note that
decomposition (2.3.2) still holds, but the variables I; and Iy are correlated. We have:

Bl (t + h,x) — u'(t, )| < 2<A(t, h) + B(t, h)), (3.4.3)
where
A(t,h):=FE /t/Gh(t+h— s,x—1y) — Gt — s, —y)W(ds,dy)| ,
B(t,h) :=F /Hh/ G"(t+h — s, 2 —y)W(ds,dy)

We first study A(t, h). Using the change of variables s’ =t —sand ' =t —r
and the Littlewood-Hardy type inequality given by Lemma C.2, we have:

A(t, h) :cH/ (aHO /Ot/Ot\r—sFHO‘QF[Gh(Hh—s,-)—Gh(t—s,-)]@)

R

FIGht+h—r-)— Gt —r, -)](5)dsdr) €|t 2 ag
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Cen / (% / / I — P FIGA(S 4 hy-) — G (s, )(E)

FIGM(r' + h,-) — G (1, )](€)dr'ds ) |2 ag

t 2H,
< cubp, / (/ ‘FGh(s +h,)(E) — FG"(s |HO ds) €125 4¢
R

higl? 2 P NP 1-2H
= cyby, / e 2 —1 / e 2Hods €] d¢
R 0

2\ 2 £l¢)2 2Ho
— CHbHO (2H0)2H0/ (1 _ ehg) |€’74H0 (1 o 6_25110) ’6‘172Hd£
R

(1 _ e_h\gﬁ)z
< cpby, (2Hy)?Mo /R de

1 — ¢ "/2)2
_CHbHO(2H0)2H0<\/5)4HO+2H—2/( € ) d77

R |n|4H0+2H—1

= CHbHO (QH())QHONHO,HhQHO—FH_l, (344)
where for the second last equality, we used the change of variable = V/AE.

Next, we consider B(t,h). Using the change of variables s’ = t + h — s and
r' =t+ h —r, we have:

t+h t+h
B(t.h) cH/ (aHO / / I — s2H2FGR(t 4 h— .2 — ()
R t t

FGMt+h—rx— -)(f)drds) €|t ag
h h
= CH/R (OéHo / / ‘7“/ _ S/’2H072J,—_-Gh(8/7 .)(5)}Gh(ﬂ7 ')(f)d?"/dsl> |£|172Hd€
= CH/ (O./HO / / |T 3|2H0 exp ( |g|2> exp < ’£|2>d7ﬂds) |€|1 2Hd€

—CHOéHO/ / I — s[2Ho~ (/ <_(S+;)|§|2>|§\12Hd§>drds
:cHaHO/O /0 \T—S\QHO_Q(S;—r>H 1I‘(2_22H)drd3

ho ph
= cyay, (1 — H)21H/ / [r — 5|72 (s + r)"~1drds,
o Jo

where for the second last equality, we used the following identity: (see equation (34)
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of [4])

) 1
/e—tﬂ |§|adf _ t—(a—l—l)/QF (%)’ for a > —1. (345)
R

Using the change of variables 7 = r/h, and § = s/h, we have:
11
B(t,h) = cgag,'(1 — H)21‘H/ / |7h — 5h|*Ho~2(7h + 5h)" ~*h*drds
o Jo
= cyl'(1 — H)2" " Ry, gh?otH=1 (3.4.6)

where

1 1
Ryy.m = ap, / / lr — s|*H072(r + )7 1drds. (3.4.7)
0o Jo

Using relations (3.4.3), (3.4.4) and (3.4.6), we obtain:
Bl (t -+ hyw) = u(t,2) 2 < 26 { by (2Ho )™ Nygy i + T(1 = H)2' Ry, gy p2fo 411
_ C}(qlo)th2Ho+H71.
Using relation (2.3.1),
E(t + h,x) — u"(t, 2)P = 2, (Elu"(t + h, x) — u"(t,2)|*)"”

. p/2
S 2 <C§{0)’H> hp(2H0+H—1)/2'

Now we consider the space increments. Again, we use the same decomposition
as on the proof of Theorem 2.3.4. Let 2’ = x + z. Using the change of variables
s =t—sand r =t —r, we have:

C(t,2) = E|u"(t,z + 2z) — u"(t,2)|”
/Ot/RGh(t—s,erz—y)—Gh(t—s,x—y)W(ds,dy)
:cH/R(aHO/Ot/Ot\s—r\2H°_2}"[Gh(t—s,a:+z—-)—Gh(t—s,x—-)](f)

FlGht —ra+2—-) =Gt —rx — -)](5)dsdr> &' dg
— e [ (an, [ [ 19 =G =) - G- )

fWW%x+z—O—GW%r—N@M5M)KPﬂﬂé

2
=F
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= CH/R ’e—isz - 1‘2 (O‘HO /Ot /Ot s — T‘QHO_QFG}L(S, -)(f)mdsdr) |§\1_2de
—en [ 21— costen)] () 6 a,

where NP(€) is defined in Theorem 3.2.1 and we used the fact that
FlG" (s, 42 =) = G"(s,2 = )](€) = e7"(e7™* = NFG"(5,)(),
and '
Ems 1|2 = 2(1 — cosa).

Using the Littlewood-Hardy type inequality given by Lemma C.2, we see that

00 <o [ o (- )" < ()" (1o (- )
< ba, (2Ho)*"0|€| 74P,

Hence,
1 — cos(&z)

C(ta Z) < CHbHo<2H0)2H02 " ‘5’4H0+2H71d§'

To evaluate the previous integral, we use the change of variable n = £z. We
obtain:

dn

1—
C(t,z) < chHo(2H0)2Ho2|z|4Ho+2H—2/RW}%

= cybp, (2Ho)* 0205 47, op| 2|02 = CS[?H |Z|4HO+2H_2 )

Note that C3_4p, oy < oo since 3 — 4Hy — 2H € (—1,1). For this, we need the
condition 2Hy + H < 2.
Using relation (2.3.1),

Bl (t,2 + 2) — " (t,2) = 2,C(t, )"/

< Zp(Cj(%),H)p/z |Z’p(2H0+H—1) )

Remark 3.4.2. Note that the upper bound estimates given in Theorem 3.4.1 are
sharp, i.e. there exist some matching lower bounds. In [27], the authors gave a sharp
estimate for the temporal regularity of the solution u to the linear heat equation with
bifractional-colored noise. In [26], the authors studied the sample path regularity
of solution u to the fractional-colored stochastic heat equation in time and space
separately. We omit the details here.
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The following lemmas give some bounds for the constants Ny, g and Ry, u
appearing in Theorem 3.4.1. Note that N: Ly = = Ny, where the constant Ny was
defined in Theorem 2.3.4.

Lemma 3.4.3. For any Hy, H € R such that 1 < 2Hy+ H < 3,

1 1 1

N +9. .
Holl = 5 g 4H0—2H AHy+2H — 2

Proof: We have:

2 2 2 2
(1 - exp(—%)) (1 — exp(—%))
[n|<1 In|>1

|n|4H0+2H—1 |77|4H0+2H—1

< L) A R N
B M T

1

1 o0
=92. é_l/o 774_4H0_2H+1d77 + 2/1 77—41310—215r+1d77
_ 1 1 o 1
2 6—4H,—2H AH,+2H -2’

where for the inequalities, we used the fact that
l—e®<zxif|z| <1,

1— e < 1if o] > 1,
and we also used the fact that 1 < 2H, + H < 3. |

Lemma 3.4.4. For any Hy € (3,1) and H € (0,1),

1
Ruyn < 2H*1bH0ﬁ.

Proof: By identity (3.4.5),

2
(r + S)HA _ 2H71F(1 1_ 7 /Rexp ( _ (r +;)|§| )|€’12Hd€'

Then, by applying Corollary C.4 and Fubini’s theorem, we have:

Ry n = 2" IF(l— /(/ / ] 2exp< (r+;)’£‘2>drds)|§|l_md§
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H-1 1 ' —sl¢f? 1-2H
<2 F(l_H)bHO/R(/O e ds ) g1~ d
1 ! 2

_oH-1___ *+ —s|€)2) ¢ [1—2H
=2 F(l—H)bH°/0 (/Re €] df)ds.

Note that by (3.4.5),

/ el g 2 dg = D(1 — H)s" 1.
R

Hence,

1
1
RH@,H S 2H_1bH0/ SH_ldS = 2H_1bH0—.
0 H

Remark 3.4.5. Taking formally Hy = 1/2 in relations (3.4.1) and (3.4.2), we obtain
moment bounds which are consistent with those given by Theorem 2.3.4 for the white
noise in time.

3.5 Moment estimates: wave equation

In this section, we give some moment estimates for the increments of the solution to
the linear stochastic wave equation (1.0.2) with noise W as in Section 3.1. To obtain
these bounds, we need to impose the condition 2Hy+2H < 3. We follow very closely
the arguments presented in reference [10], by including the explicit form of all the
constants.

We begin with some elementary results which will be used in the proof of Theorem
3.5.4.

Lemma 3.5.1. [Lemma 3.1 of [10]] For a,b € R with a < b and Hy € (3,1),

borb
/ / cos(u) cos(v)|u — v|*#°~?dudv

b— b—a
= / (b—a — v)v*°2 cos(v)dv + cos(a + b) / (b—a —v)v*~2 cos(v)dv,
0 0
(3.5.1)

and
b b
/ / sin(u) sin(v)|u — v|*#°~?dudv
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b—a b—a
= / (b —a — v)v*#~2 cos(v)dv — cos(a + b) / (b—a —v)v**72 cos(v)dv.
0 0
(3.5.2)

Remark 3.5.2. From Lemma 3.5.1, taking the sum of (3.5.1) and (3.5.2), we con-
clude that

b rb b—a
/ / cos(u) cos(v)|u — v|*"°~?dudv < 2/ (b—a —v)v* 72 cos(v)dv.
a Ja 0

Remark 3.5.3. We will use the following formulas: (see relations 3.761-4 and 3.761-9
of [16]): for any p € (0,1),

/Oox“_lsinx dx = T
0 2I'(1 — p) cos(pm/2)’

/oox“_l cosx dxr = T
0 20(1 — p) sin(pm/2)

In particular, for = 2H, — 1 with Hy € (3,1), we obtain:

I, = / 2?02 ging do = T
0 oT(2 — 2H,) cos ((2H0 - 1)7r/2>

Iy, o= / 2?02 cosp da = T :
0 9OT(2 — 2Hp) sin ((QHO - 1)71/2)

Note that Iy, = P}im I'n,(R) and Iy = lim Iy (R), where
—00

R—o00

R R
I, (R) = / "2 sinz dz and I}, (R) = / 2*0~2 cos - du.
0 0

From this, it follows that there exists Ry > 0 such that

1 3

§IH0 < ]Ho(R) < 5][_[0, for all R > Ry.
Note that the function R — Iy, (R) is continuous. Taking

3
My, = max {§IHO, . \JHO(R)\}, (3.5.3)

we conclude that

[ Ir,(R)| < Mp,, forall R> 0. (3.5.4)
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Arguing similarly for I7; (R), we have:
I3, (R)| < My, forall R >0, (3.5.5)

where

]}{O(R)\}. (3.5.6)

3
M), = max {— L. max
Ho 2107 pejo,ry)

Theorem 3.5.4. Let u" be the solution of stochastic linear wave equation (1.0.2)
with noise W as in Section 3.1. For any p > 0, Hy € (%, 1), and H € (0,1) with

2H, + 2H < 3, (3.5.7)

and for any t,t' € [0,T] and z, 2’ € [-M, M|, we have

p(2Ho+2H—1)/2

p/2
Elu®(t',z) —u"(t,2)|" < 2, (C’ggH) TP\ — ¢ :

p/2 p/2
Elu®(t,2') —u"(t,2)|" < 2, (C§3H> (T2H°+2 % 1>

<M3—2H0—2H y 1>p/2 p(2Ho+2H—1)/2

/
r —x

where
C’%H = QCH{23_2HO_2HC§{53,H + Cl(;o),H}’
93—2H 1 4
oW 4D(2)< )
o = M\ T Y m\3 o, o T o, 1o =1/ |
and
c®  _ oMl N 0 :
Ho,H Ho HO»H+3—2H0—2H+1+2H+ Hy+H ~
1 2
oo D(z‘)( )
Ho,H Hy 1_H+2H0+2H_1

Here Mpy,, My, are given by (3.5.3), (3.5.6), respectively,

sin?(J¢])

/ J—
NHo,H - R |§|2H0+2H 3

and Dgg is given by relation (3.3.2).
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H
1 <
| | 2H, +2H =3
1 Lo
2 I
0 l 1 H,
2

Figure 3.2: The shaded area represents the region {Hy € (1/2,1),H €
(0,1) and 2Hy + 2H < 3}.

Proof: ~ We proceed as in the proof of Propositions 3.4 and 3.7 in [10] (considering
only the upper bounds).

First, we study the time increments. Assume that ¢ > ¢t and let h = t'—¢. We use
the same decomposition as on the proof of Theorem 2.3.4. Note that decomposition
(2.3.2) still holds, but the variables I; and I, are correlated. We have:

E|uh(t+ h,z) —u"(t,2)| < 2<A(t, h) + B(t, h)), (3.5.8)

where
2

Y

t
A(t, h) ::E//Gw(t—l—h—s,m—y)—Gw(t—s,a:—y)W(ds,dy)
0o Jr

and
2

t+h
B(t,h) :=F / /Gw(t—l—h—s,x—y)W(ds,dy)
¢ R

We first study A(t, k). Recall that

FGU(t+h—s2— )& =e“FGu(t+h—s,-)(€),
FGU(t — 5,0 —)(€) = e “*FGu(t — s,-)(£).

Using the change of variable s’ =t — s and ' =t — r, and the formula

: . (T =Y Tty
smx—smyz?sm( 5 )COS( 5 >,

we have:

A(t, 1)
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ZCH/R@HO /Ot/Ot|s—r|2H°‘2}"[Gw(t+h—8,-)—Gw(t—sa')](f)

FlGw(t+h—r,)—Gu(t—r, -)](f)drds) |12 ag

e / (O% / t / | = RIS 4 ) — GO ))(E)

FlGe(r' + h,-) = Go(r, ')](E)dr’dS') €' g

o [ )

€]
sin ((r + h)|§|> — sin <7”|§’>
€]

o (o [ [ 20

os (2 e[ aras ) €124 de

:cH22_2H/ (OéHo/ / |s — r|?Ho~ 281n|§ﬁ|2€/|)cos ((25—|—h)|§’\>

cos <(27“ + h)|§'|>drds> &) 2Hag,

drds> €' 2 dg

where for the last line we used £’ = /2. Then we continue by applying the change of

variables s’ = (2s + h)|¢| and 1" = (2r + h)|¢], with ds = (2‘£|)ds and dr = (2|§‘)dr
We get:

A(t, h)

_ 2—2Ho—2H sin” h|f| @tFh)lel - p(2tth) |£| 9Ho—2

S g |€[PHo+2H+1 YHo — [

R[] hl¢]
cos(r') cos(s’)dr'ds') d¢
.,
_ 2-2Ho—2H sin”(h[¢]) H ’2
Ch2 o € PHor2H+T || 9O° ()1 [rlgl (241l Hodé, (3.5.9)

where || - ||3, is given by

Il =am [ [ eterptsle = sPe-2aras.
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By Remark 3.5.2,

2

20l
)1 <2 2t|&| — u)uto—2
HCOS() [niet@e+nyiel] [l = /0 (2] = )u™ cos(u)du

21| 2t[¢]
2 <2t|§] / w072 cos(u)du — / u?Ho! cos(u)du>
0 0

£¢] 0—
- 2<2t|§| /02 w072 cos(u)du — <2t|§|)2H 1 sin(2t|¢])

2t[¢]
+ (2Ho — 1)/ u?o—2 sin(u)du), (3.5.10)
0

where for last equation, we used integration by parts. By relations (3.5.9) and (3.5.10),
it follows that

ot sin®(h[¢)) P ot
A(t, h) < CH23 2Ho—2H Rm(zt’ﬂ/o 'LL2HO 2COS(U)dU

2t[¢]

- (2el)™ sincztle) + 20 - 1) |

y?o—2 sin(u)du) d¢
0

= (23 2Ho=2H ([1 L+ 13>,

where

: 2 h 2t|¢]
I, = REEHS%(ZHQ/O quO_Qcos(u)du>d§,
in2(h 2Hp—1
RE;S%(%ISI) sin(2t[¢])de,

; 2t[¢]
I3:=(2Hy — 1) M(/ t y o2 sin(u)du) d¢.
0

R |€|2Ho+2H+1

Since A(t, h) > 0, it follows that Iy — I+ I3 > 0. Hence, [y — I+ I3 = |[; — L+ I3| <
|I1| + |I5| + |I3] and

A(t,h) < cH23—2H0—2H(|11| L]+ |13|>. (3.5.11)

We treat separately the three terms. We study I, first. Using the substitution £ = h¢,
we have

sin”(h|¢])
 Jeproen
sin”(|¢'])

R |€//h|2H0+2H

2t[¢]
|| <2t / w072 cos(u)du|dé
0

2t[¢’/hl
/ w072 cos(u)du
0

— 9t hld¢




3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 53

2 2t[¢l/h
— oth2Ho+t2H-1 i —|21|121HE)|-§2|2{ /0 w072 cos(u)du|dé

sin”([¢])

R JEPHos2A

< ogp*Hot2H=1p d¢ < 2T My Ny, gph*or2it (3.5.12)

where we used relation (3.5.5) for the first inequality and we recall that

sin?(|¢])
N;fo,H = X |€|2Ho+2Hd£'

Next, we treat I,. By using the substitution & = h¢, we have

in2(h 2Ho—1
o= [ e (20€l) ™ sinC2€ g

2t¢']
h

.92 h 102 /
— (2¢)2Ho-1 /R Wsm(zugndg:(zt)%—l R‘Z”/lhﬁ‘i& sin( )h—ldg'

- sin®([€]) t¢| -
= (2t)2Ho-1p1+2H S sm< . )d£:(2t)2H0 1h1+2H(J;+1;’>, (3.5.13)

where

;) sin®(|€]) . (2tl¢] 0 sin®(|€]) . r2tl¢]
1'2—/€|<1 REED sm( N )df and 1'2—/£| e sm( 3 )d§

We first study I,. Note that

an (580 = s (s (551

since sin(z) < 1 for all x € R and sin(xz) < z for all > 0. Here we used the fact

that Hy > 1/2. Then,
, sin2(|¢]) 2t/¢| sin®([€]) /2¢[€] \ 2-2Ho
‘IZ'S/Q _ JegEe | 0 (5 >‘dé / <1 |§!2+2H( )

2
= (2t “HOh?HO?/ Md < (2t 22Hoh2H02/ e
2 l€l<1 |§|2H+2Ho £=(2) el<1 |&|2H+2Ho §

— (2t>272H0 h2H072 /

[€1<1

2—2Hy

2Hp—1 _ <2t|f‘>2_2H0’
—\ h

1
|£|272H072Hd£ — (2t)22H0h2H022/ 5272H072Hd£
0

_ 93-2Ho2—2Hy 1 j,2Ho—2
3—2Hy—2H ’

(3.5.14)
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where for the last equality, we used condition (3.5.7). For I}, we use the fact that
sin(z) < 1 for all z € R, we obtain

" sin”(¢]) 2t|¢] ' sin”(|€])
1 [ S ln (F)fee < [, Tgmente
o o 2
SAN €|72 2Hd§:2/1 g2 e = Ton (3.5.15)

Therefore, using (3.5.13), (3.5.14), and (3.5.15), and the fact that h < T, we obtain:

IIo] < (2007 h+ 28 (11 4|15

1 2

< (9 2H0—1h1+2H{23—2H0t2—2H0 j,2Ho—2 }
_( ) 3—2H — 2H, +1—|—2H
_ 4t p2Ho+2H-1 | gfog2Ho—1 | ou

3—2Hy—2H 1+2H
_ 4t p2Ho+2H-1 | 4Ho2Ho—1 p,2—2Ho j,2Ho+2H—1

3—2Hy—2H 1+2H
< 4T h2H0+2H 1 + 4T2H0 1T2 2H0h2H0+2H 1
=3 _9H,—2H 1+ 2H

1 1
- 4( )ThQHOHH*l. 35.16
5 _2H,—2H ' 1+2H (3.5.16)

Now we treat I3. By using the substitution £ = h{, we have
sin® (/¢ M o2
13 = <2H0 — 1) . W(/{; U2HO 2 Sln(u)du) d§

. 9 e 2t¢’'|/h
= (2H, — 1)/ (|§/|S/12)2<l§0+‘)21{+1 (/0 wth? sin(u )du) hde

(2[_[ _1)h2H0+2H SlIl |§|) 2HlE] /A 2H,—2 _: ( )d d
0 —|£|2H0+2H+1 ; u sin(u)du |dé

= (2H, — 1)p2Ho+2H (Ig + 1;,’) , (3.5.17)

sin2(]§\) 2ilcl/h 2Ho—2 :
ls = /|<1 |§[2Ho+2H+1 (/0 v Sln(u)du> 4,
sin”([¢]) el 2Ho—2 ;
[z’,)’:/|§|>1|£|2H0m i w? = sin(u)du |dE.

where
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We treat I and If separately. We study I} first. Using the substitution v’ = uh/|{],

we obtain:
- sin®(|¢]) gl gl ]
= /|£|§1 |§[#Hot2H+ (/o <T> S ( > h >d§
du)df.

.9 2t
_ 11-2H, sin”(|¢]) 2Ho—2 ul¢|
=h /5|<1 &[22 0 ! Sm( h
2Ho—1
ot rulelyzem
< (Z2S]
()

Therefore, by using the fact that

() o ) :

and sin(z) < 1 for all x € R, we have

1| < j,1—2Ho /El<1 T;;gi) </02t 202 < ‘§|) )df
< pi—2Ho /£|<1 S|1€n’25r|2i|1) </02t y2Ho—2 (%)22%&1) a¢
i [ e <27 [ el

1
— ch—l / |§|2_2H0_2Hd§ — 4th_1/ 52_2H0_2Hd€
gt 0

2—2Hy

Jon )

4t AT
— ht < h! 5.1
3-2Hy—2H  ~ 3-2H,—2H (3:5.18)

where for the last equality, we used again condition (3.5.7).
For I}, by using relation (3.5.4) and the fact that sin(x) < 1 for all > 0,

sin®(|¢]) el 2Ho—2 ;
|]§/’§/§|>1|§|2Iﬂum/o w07 sin(u)du|d¢

<2
< My, sl e o My, / 1
£

[&]>1 |§|21L]0—"_2BH—1 [€1>1 |§‘2HO+2H+1 dg

b
Hy+ H’

Hence, using (3.5.17), (3.5.18), and (3.5.19), and the fact that h <T', we obtain:

= 2My, / g2 qe — My, - (3.5.19)
1

T3] < (2Ho — A2 (|1 + |13
4T
3—2Hy—2H

1
< (2H, — 1)h2H0+2H{ h™t 4+ My, - —}

Hy+ H
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= (2H, — 1)3 — 2;1[?_ 2Hh2H0+2H—1 + (2Hy — 1) My, - %—iﬂh2H0+2H

= (2H, — 1)3 — 2;1[?_ 2]—]h2H0+2H_1 + (2Hy — 1) My, - HO—iHthHOHHA

< (2H, — 1)3 — 22?_ i R2HOH2H=L 4 (9T 1) My - [—]()ﬁThQHO+2H_1

= (2H, — 1) (3 — 2;‘0 —5 + HéWfOH)Tthﬁ?H—l. (3.5.20)

Therefore, combining relations (3.5.11), (3.5.12), (3.5.16) and (3.5.20), we have

A(t, h)
1 1
ot 4 |
>~ CH Hy H07H+ 3_2H0—2H+1—|—2H
4 My,
S 1 < o ) ThH2Ho+2H-1
CH -3 o T i }
_ CH23_2H0_QHOI(;O),HT],LQHO-FQH—I7 (3521)
where
S8H, 4 (2Hy — 1) My,

5
CI(JgH = 2My Ny +

5_oH,—oH (1+2H | Hy+ H

Now we treat B(t, h). Using the change of variables s’ = t+h—s and v’ = t+h—r,
we obtain:

B(t, h)
ho pt+h
:cH/ (aHO /t+ /th |s—T|2H°_2]-"Gw(t—|—h—s,-)(g)}"Gw(tvLh—?“,-)(g)drds)
R ¢ ¢
€12 ag

h rh
:CH/R<C¥HO/Ov /O |S/—7’/|2H0QIGw(S/,')(é)md’leS/)’f‘l2Hd£

h rh . )
_ _ 2H0—281n(5’§‘) sin(r]¢]) ) 1-2H
= CH/R (OéHO/O /0 |s — 7| €] €] drds ) [¢] d¢.

We now use the change of variables § = s/h and 7 = r/h, followed by & = £h. We
obtain:

B(t,h)

- /R ﬁ (aHO /O 1 /0 1 ‘hg - hf‘2H0_2 sin <h§]£\> sin (hf|§|)h2d§df) €12 g¢



3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 57

= cyh* / # (aHO /1 /1 |s — r|*Ho~2sin (hs|§|> sin <h7“|§|>drds> €| 2H dg
R o Jo

o, [P e 2Ho—2 _: M / 3
=cyh 5 | am, |s — 7| sin(s|¢'|) sin(r|¢'|)drds
r €] o Jo

1 1 1
:cthHOJrQH/]R(aHO@/O /0 |S—7“|2H°_25in(s|§|)Sin(r|§|)drds)|§|1_2Hd§.

1-2H

hlde

h

Note that the expression appearing in the inner parenthesis above is equal to N;*(€),
where N (&) was defined in the proof of Theorem 3.3.1. By relation (3.3.2), we have

w @ 1 \Ht2
N (g)gDHO(HW) , for all £ € R,

where Dgg is given by (3.3.2). Therefore,

B(t,h) < cyy Dy 2ot /
R

1 Ho+1/2
()" s

From Step 2 of the proof of Theorem 3.3.1, we know that

/R<T1|€|2>Ho+1/2|§|1_21{d§ < /|£|<1 |§|1_2Hd§+/|£|>1 (#)HOH/ZEP_QHdg

1 5
“1-m o, tom—1

Using the fact that h < T', we obtain:

B(t,h) < cyCly) yh?Hot2H < O mp2Hot2H1 (3.5.22)

6 _ @ 1 2
where CHO,H = DHO <1—H + 2H0+2H—1>'

Therefore, by relations (3.5.8), (3.5.21) and (3.5.22), we have

0

Elu®(t + h,z) —u"(t,2)]* < 2CH{23—2H0—2H0};”> = C}f&H}ThQHO“H‘l
_ C«SO)’HTh2Ho+2H71'
Using relation (2.3.1), it follows that
p/2
Blu(t +h,) = u®(t, ) = 2 Blu(t + h,2) = u*(t,2))

- 0,
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Now we consider the space increments. Let 2/ = = + z. We assume that z > 0.
Using the change of variable s =t — s and " =t — r, we have

C(t,2) = Elu"(t,x +2) —u"(t,2)[°
2

t
—E//Gw(t—s,x—l—z—y)—Gw(t—s,x—y)W(ds,dy)
0 Jr

—CH/R <aH0 /Ot/ot]s—r]moQf[Gw(t—s,:c—l—z—-)—Gw(t—b‘,l'—‘)](f)

FlGeit—rx+z—)—G¥{t—r,x— ~)](§)dsdr> €|t ag

:cH/R|ei52—1\2(aHo /Ot /Ot|s—fr|2H02]:Gw(t—s,«)(ﬁ)]—"G’“’(t—r,«)(ﬁ)dsdr)

|€|1_2Hd€
= CH/R e — 1\2(041{0/0 /0 | — ¢/ |22 FGe (s ')(f)mds’dr’)

|€|1_2de
— CH/RZ[l — cos(£2)] (aHO/O /0 E _T‘ZHOQSiIl’(;KD _ Sin|(£||€|)deT)|§’12Hd£

=w/wfw%MM%MWw%:O%@+W@%
R

where N*(&) is given in Theorem 3.3.1 by

Ng(§) = ‘E‘; /Ot /Ot\s—r\ZHOQ sin(s|€]) sin(r|¢])dsdr,

and

Owa:wﬁmmew%mwwmwwa

ww@:@/ 21 — cos(E)] N (€)'~ de.

§1>1

We treat C'(t,z) and C”(t,z) separately. We study C’(t,z) first. Recall that
z,2' € [-M, M]. Hence |z| < |z|+ |2'| < 2M. We use the fact that 1 — cos(z) < a2
and sin(z) < 1, for all z > 0. We obtain:

C'(t,z) < cu 2N (§)lE g

l€1<1
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t t
= ey [ (o [ [ sl sinGsleDls - rPe-2asar el ag
€<t 0 Jo
t t
< ZQCH/ <aHO/ / |S_7,|2H0—2dsdr)|§|1—2Hd§ _ zch(%)QHO/ €172 g¢
lgl<1 0 Jo el<1

2% < ey (20)20(2M)P 2 Ho—2H LTRSS (3.5.23)

= cy(2t)*H0
e (2) 1—H

1-H

where for the last inequality, we decompose z? = z3~2Ho=2H . 2Ho+2H -1

Now we study C”(t,z). Using the upper bound for N;“(§) given by relation
(3.3.2), followed by the change of variable w = £z, we have:

1 cos(en] (1) el

C"(t,2) < 2cy D <t2H0+2 V; 1)/
(t ’ TP

[>1

1 Ho+1/2
- f2Ho+2 | 1) / - (_) 120 4
Dl ( cose)] (1)l

2 Ho+1/2 1-2H ]

_ 2Ho+2 4 0 w
= 4c DHQ (t o+ V 1) / [1 — COS w)] (m) <;> ;dw
Ho+1/2
— 4 DHO <t2H0+2 v 1) 2Ho+2H — 1/ [1 — cos(w } ( _ ) w2 duw
22 + w?

<Adcy D )

Ho+1/2
<t2H0+2\/1 2Ho+2H — 1/[ — cos(w ] pe +w2> |w|1—2Hdw

1 4
< 4 D T2H0+2 vV 1) < ) 2Hy+2H-1
cH —oH, —2H | 2H, 2 —1)° ’

(3.5.24)
where for last inequality, we use Lemma 3.5.7 below.
Therefore, by relations (3.5.23) and (3.5.24),
C(t,z) =C'(t,z) + C"(t, 2)
< e BB anf (1) (5 + o9 )
,2Ho+2H -1

< C}(;(?,H <T2H0+2 v 1) <M372H072H v 1>22H0+2H71’

where

(@) i ) 1 4
oW = 4D ( ) .
Ho,H CH{1—HJr Ho\3 " 2H, —2H | 2H, + 2H — 1 }




3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 60

We used the fact that 72Ho < T?Ho+2 if 7> 1 and T?H0 < 1 if T < 1, and hence
T?Ho < T2Ho+2\/ 1

Using relation (2.3.1),
p/2
Elu®(t,z + 2) — u(t, )P = 2, (O(t, z)>

<z (CS) H>p/2 <T2H0+2 v 1):0/2 <M3—2H0—2H Vv 1>P/22p(2Ho+2H—1)/2'
- 0,

Remark 3.5.5. Note that the upper bound estimates given in Theorem 3.5.4 are
sharp, i.e. there exist matching lower bounds. In [10], the authors studied the regu-
larity of the solution u to the stochastic wave equation driven by a linear fractional-
colored noise, with respect to time variable and space variable. We omit the details
here.

The following lemmas were used in the proof of Theorem 3.5.4.

Lemma 3.5.6. For any Hy, H € R such that 1 < 2Hy+ 2H < 3,

sin?(|¢|) 1 1
N = —2( .
ot = | Tepmea S < 2 5T T on T aH, ¢ 20 1

Proof: =~ We split the integral in two regions: |{| < 1 and |£| > 1. When [{] < 1,
we use the inequality |sin x| < z, and when |£]| > 1, we use the inequality |sinz| < 1.
We have:

s (€] el
M= [ e [ L
ot <1 [§[PHor2H S o1 |E[2H0P2H £
‘f’g / 1
/|£§1 |&|PHot2H ¢ o1 |E[PH0+2H £
l€1<1 |€1>1

_ ' 2-2H,—2H = oHy—2H )
—2(/0 1 df—l—/1 3 d¢

1 1
) .
(3—2H0—2H+2H0+2H—1)
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Lemma 3.5.7. For any Hy, H € R such that 1 < 2Hy + 2H < 3 and for any z € R,

1 4

1-2H < )
ol e < e g Y o ol 1

I(z) = /R[l —(:OS(w)](wg;Jr’ZQ)HOH/2

Proof:  Let I(z) = I'(z) + I"(z), where

1 Ho+1/2
/ [1 — cos(w ](—) ’ lw|* 2 dw

w2 + 22

1 Ho+1/2 B
_[” / - 1 — COS ](m) |U}|1 2Hdw.

We treat I’(z) and I”(z) separately. For both I'(z) and I"(z), we will use the fact
that w? 4 2% > w?. We study I'(2) first. Using the fact that 1 — cos(z) < 32 for all
r € R and 2Hy + 2H < 3, we have:

1 1 Ho+1/2 1 1 \ Ho+1/2
I/<Z) S _/ w2< . 2) 0 ’wyl—QHdw S _/ w2<_2) 0 ‘w‘172Hdw
2 lw|<1 w* + z 2 |w|<1 w
_ 1/ || 2~ 2H0=2H gy = /1 w2 2Ho—2H 3., _ 1
2 Jiwi<1 0 3—2H,—2H

We treat I”(z) next. Using the fact that 1—cos(z) < 2 forall x € R and 2Hy+2H > 1,
we obtain:

1 Ho+1/2
_[”(Z) S 2/ <—> 0 |w|1—2Hdw S 2/ |w|—2H0—2Hdw
|w|>1

2 2
w* + 2z |w|>1

4
2Hy +2H —1°

o0
4/ w2HO—2H gy =
1

Remark 3.5.8. Taking formally Hy = 1/2 in Theorem 3.5.4, we obtain moment
bounds which are consistent with those given by Theorem 2.3.4 for the white noise
in time.

3.6 Continuity in law of the solution with respect
to H

In this section, we consider equations (1.0.1) and (1.0.2) with noise W as in Section
3.1. We prove that the solution of either one of these equations is continuous in law
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in the space of continuous functions C([0,7] x R), with respect to H. Note that by
Kolmogorov’s continuity criterion (Theorem C.6 of [17]) and the moment estimates
given by Theorem 3.4.1 and Theorem 3.5.4, the solution has a modification with sam-
ple paths in C(]0, 7] x R). We work with this modification.

The results presented in this section are new and constitute the major con-
tribution of this thesis, extending the results obtained in [15] for Hy = 3 (which were
presented in Section 2.4) to the case Hy > 3.

Theorem 3.6.1. Let Wy, g be Gaussian noise introduced in Section 3.1 which is
fractional in time with index Hy > % and fractional in space with index H € (0,1).
We denote by

t
uly, g(t,x) = /0 /R Gt — 8,2 — y)Why, u(ds, dy),

the solution of the stochastic heat equation (1.0.1), and by

t
u}fIO’H(t,:c) :/0 /RGw(t—s,x—y)WHO’H(ds,dy),

the solution of the stochastic wave equation (1.0.2). We fix T > 0 and we consider
the modifications of these processes with sample paths in C([0,T] x R), which we
denote also by uly p. uly g, respectively. Let (Hy,)n>1 be a sequence in (0,1) such
that H,, — H.

(a) If

2Hy + H < 2,
then

h d p .
Uk i, — Uiy, 0 C([0,T] x R),

(b) If

2Hy +2H < 3, (3.6.1)
then

wh g St oin C([0,T] X R).

Proof: We use the same approach in the proof of Theorem 2.4.1. To simplify
the writing, we drop the upper indices h and w from the notation, whenever the
calculations are valid for both heat and wave equations. We denote u,, = up, g, and
u = up, . We apply Theorem E.4.3 (see also Remark E.4.4). Note that condition
(ii) of this theorem clearly holds since u,(0,0) = 0 for all n > 1.

Step 1: We verify that condition (i) of Theorem E.4.3 holds. We need to prove
that
Elu,(t, x)u,(t', 2")] = Elu(t, z)u(t’, ")) (3.6.2)
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In this case, we denote by Hp, n the Hilbert space associated to Wy, gz for any
H € (0,1). By the isometry property of Wiener integral, with respect to Wy, m,, we
have:

Elun(t, 2)un(t, 7)) = <1m¢ﬁ§(t__.,x._.>,1m¢q<;(ﬂ._.,x/__.)>

HHy,Hp

~auen, | t / t [ 15 =G — s, - O FGE . a E)
)2 dedrds
= apyca, /O t /O t /R |s — 7|02 I EG(E — 5, ) () FGE —7,-)(€)
&) 2H dedrds.

Fix numbers a and b such that 0 < a < H < b < 1. Since H, — H, there exists
N € N such that
a< H, <b, foralln> N. (3.6.3)

We consider first the heat equation. In this case,

Bluy(t, x)u, (¢, 2)]
t ot )
0 JO R

Note that as n — 0o, ¢y, — cy and the integrand

. —s 2 I, 2
fh(s,r,€) = anls —r|2H0_2@—Zf(w—x’)e—(t il - {E=pk €12

converges to

(s, 7, &) = am,|s — 7,‘2H072€*i£(a:71’)€,(f*82)|§\2 e,(t’@\s@ epi-2i

for all s € [0,t], r € [0,#] and £ € R. We show that f, is bounded by an integrable
function on [0,¢] x [0,¢'] x R for all n > 1.

If €] < 1, using the fact that e=* < 1 for all z € R, we obtain:
(s, )| < amls — rPO72IE[2 < agy|s — r[PH072IE120 =2 6" (s, 1, €),

for all n > N, since |[*»~1 > |¢[*71. Clearly, fot fot/ f|£|<1gh(s,r, £)dédrds < oo,
since b < 1.
IE[E] > 1, [fi(s,7, )| < g"(s,7,), where

_ (4 _ 2 _
gh(37r7£) = aHo|S_T|2HO 26 (t=s+t'—7)[¢] /2|§|1 Za’
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since |¢[172Hn < |€['72%. We want to prove that ¢g"(s,r,€) is integrable on [0,¢] x
[0,t'] x {|¢] > 1}. We denote by

(s V) no = OéHO/O /0 |s — r|2Ho=20p(s)p(r)dsdr,

and by || - ||z, the corresponding norm. Note that

t t
ILoge @212, = g, / / 5 — p[2H0—2— (=R 2~ (=R /2 g )y
) 0
0 Jo

<[ [ oo (=g o] ™ =g (-G}

< by (2Ho)*01€] =40 == ey, €741,
where for the first inequality, we apply Lemma C.2. Therefore,
t ot
o / / | — r[2H0- 2~ (=8 20~ -IER 2 g
0o Jo

- <1[0,t]€_(t_')‘£|2/27 1[o,t/]6—(t’—-)\5|2/2>

< CH0|€|74H07

—(t—- 2 (4. 2
" < ||1[07t]6 (t=)¢] /2||H0 . Hl[o,tqe (t'=)IEl /2||HO

where for the first inequality we applied the Cauchy-Schwarz inequality. Hence,

t t
/ / / g (5,7, €)dédrds < e, / €[50 e[ d¢ < oo,
o Jo Jg>1 |€1>1

since —4Hy+ 1 —2a + 1 < 0. This is true since 4Hy > 2 — 2a and H, > % > 1_7“

Therefore, in the case of the heat equation, relation (3.6.2) follows by the Domi-
nated Convergence Theorem.

We consider next the wave equation. In this case,

Eluy (¢, x)uy (1, 2')]

t ot . | sin ((t — s)|§|> sin <(t’ — 7’)|§|>
= cn, / / / ap|s — 7|2t dédrds.
o Jo Jr

|€|1+2H’n

Note that as n — oo, the integrand

sin (¢ — s)l¢] ) sin ((# — r)le])

— —q — /
£ (5,7 €) = aug s — 202 o 7
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converges to

sin <(t — s)|§|> sin ((t’ - T)|§|>

F(57,) = s = 25 REEd ,

for all s € [0,¢t],r € [0,#] and £ € R. To apply the Dominated Convergence Theorem,
we need to show that f*(s,r,£) is bounded by an integrable function on [0, ] x [0, #'] xR
for all n > 1.

If |€] <1, using the fact that |sinz| < |z| for all z € R, we obtain:
(t—s)lgl- (' = s)¢]

€[ +2Hn
= ap|s — [Tt = s)(t = $)IE] T < agls — PO = s)(t )€

=:9"(s,r,&), foralln > N.

£ (5,1 )| < augls —r[*072

To see that the function ¢* is integrable on [0,¢] x [0,%'] x {|{| < 1}, we note first
that f‘ <1 16 |1725d¢ < oo. Moreover, by the Cauchy-Schwarz inequality in the space

Ho, we have

t et
am, / / |s — r|2H°_2(t — 8)(t' — r)drds
o Jo

= <(t — )., (t' — ')1[0’tl]>7{ < H(t — oy < {2+2Ho
0

M — Ve o
Ho H( ) [0.¢] Ho

since

t t
||(t—-)1[07t]||3{0:aH0/ / s — r2H0=2(¢ — 8)(t — r)drds
0 0

t t t t
= ag, / / s — r[*025r drds < t*agy, / / |s — r[*0"2drds
0 Jo 0 Jo

_ 242H0

If |£] > 1, using the fact that |sinz| <1 for all z € R, we have:

_ 1 B 1
2, O < s = P < aunls — P =51 6),

for all n > N. Clearly,

[ t, [ s terneacaras —an (| Y s = o) [ )
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< OQ.

Therefore, in the case of the wave equation, relation (3.6.2) follows by the Dominated
Convergence Theorem.

Step 2 We verify that condition (iii) of Theorem E.4.3 holds. Let J = [-M, M]
be a compact set in R. Recalling the moment estimates given by Theorem 3.4.1 and

Theorem 3.5.4, we see that for any p > 0, t,t € [0,7], and z, 2’ € R,

/ / p -1 / / / p / p
Bluntt. ) = o) <27 Efuntt ) - w00+ Efuntta) - wntt0)[ '}
(o1 o 3, 2Ho+Hy—1)/2 @ \? 2Ho+Hyp—1
2p_ Zp <OH07Hn> |t — t|p( ot+Hn— )/ _|._ (CH(),Hn) |x — (L'|p( ot+Hn— ) ,
for heat equation
p—1 2H+2 p/2 3—2Ho—2H p/2 (2) p/2 ’ p(2Ho+2H, —1)/2
<{9 zp<T v 1) (M "y 1) (CHO,HJ [t — | "

+(O§?)H >p/2|$/ . l,|p(2H0+2Hn1)/2}
0,41n ?

for wave equation

\

Note that for the wave equation, we used the fact that 7' < T2H0+2\/ 1, which can be
proved considering separately the cases 7' > 1 and T' < 1. To apply Theorem 3.5.4,

we need
2Hy +2H, < 3.

Note that due to our hypothesis (3.6.1), lim,,_,~(2Hy +2H,,) = 2Hy+2H < 3. Hence
there exists N* € N such that 2H, + 2H,, < 3 for all n > N*. We assume that N
given by (3.6.3) is greater than N*.

We consider first the heat equation. For any z, 2" € J,

z — xxlp(2H0+Hn—1) < (QM)p(2H0+Hn—1)/2|x o x/|p(2H0+Hn—1)/2‘

We use (2.4.2) with @ = p(2Hy + H, — 1)/2. Note that p(2Hy + H, — 1)/2 >
p(2Hy+a—1)/2> 1for alln > N, if p > 2/(2Hy +a — 1). We obtain that for all
n>Nandp>2/(2Hy+a—1),

p/2 p(2Ho+Hn—1)/2
Bl (t',2') — ul(t, )P < 277z, [OSO)Hn v C}?(}H} [1 v (2M)] ’

(|t’ _ t|p(2H0+Hn—1)/2 +a — I|p(2H0+Hn—1)/2)

[t —t| + |2' — x|

]p(2H0+b—1)/2< | (3.6.4)

p(2Ho+Hp—1)/2
< orly AP/ [1 vV (2M) ) ’
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where for the last inequality, we used relation (2.4.2), the fact that H, < b, for all
n > N and
Col i, V Oy < A, foralln > N, (3.6.5)

for some constant A which we specify below.
We prove (3.6.5) in the following way. Recall that (see Theorem 3.4.1)

Clinar = 2n (brag(2Ho)* ™ Ny + T(1 = H)2' ™ Rigy 1)

where

_— / (1 —exp(—n2/2))

| [HHo+2H 1 dn,
and
11
Rpym = OéHo/ / lr — s|*H072(r + ) 1drds.
o Jo
For any H € [a,b], by Lemma 3.4.3,

1 1 1 1 1
H_ + S_' + )
4" 3-2H,—H 2Hy+H—-1"4 3—2Hy—b  2Hy+ta—1

and by Lemma 3.4.4,

—

Ny,

T(1 - H)

F(l - H)ZI_HRHOVH S bHo S bHOC7

using the fact that ( ) is bounded on [a, b] by a constant ¢ > 0 since it is continuous
on [a,b]. Recalling that ¢y <+ (see Remark 2.3.7), we have for all n > N,

2 1 1 1
Clig, < b [<2H°)2H0(4 T et C]‘ (3.6.6)

Now we treat C’Sg .- Recall that
CJ(L?O)H = 2¢bi, (2Ho)*" Cs_apiy 211,

where ¢y < L and C, = [5(1 — cosn)|n|*~2dn < 2<— + 1+_Oé> (see Lemma 2.3.6).
Hence, for all H € (0, 1),

X 1 1
C}IJ,Hs2chHO(2HO)2H°-2(4H0+2H_2+4_4H0_2H)
2 1 1
< £ 2H0‘< >
—wbHO(zHO) 2H0—|—H—1+2—2H0—H
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Note that the constant appearing in the upper bound above is positive, due to our
condition 2Hy + H < 2. We have,

3
Cliy

n

2 1 1
< — ZHO( —+ > .0.
WbHO(QHO) 2Hy+a—1 2—2Hy,—10b/’ (3.6.7)

for all n > N. Relation (3.6.5) follows from (3.6.6) and (3.6.7).

We return now to relation (3.6.4). It remains to treat that the term (|t/ -

>p(2HO+Hn—1)/2

t| + 2" — z| . Note that for any t,t' € [0,7] and z,2’ € [-M, M],

wi=|t' —t|+ |2 — x| <T+2M =: co.
For alln > N,

wP@Ho+Hn=1)/2 _ \ p(Hn—a)/2, ,p(2Ho+a—1)/2 < Cg(Hn—a)/pr(QHg—i-a—l)/Q’

and

PHn=a)/2 Cﬁ(b_a)/ ? if g > 1,
0 11 if ¢ < 1.

Therefore, 2 =/2 < FE=9/2 /1 ang
wP(2Ho+Hn=1)/2 < (cg(b_“)/2 v l)wp(zHoJra—1)/27 for all n > N. (3.6.8)

Using inequalities (3.6.4) and (3.6.8), we obtain:

p

E UZ(tla I/) o UZ(t,I‘)

p(2Ho+b—1)/2 p(2Ho+a—1)/2
<o lzar2l1v 2a) (v ) (e =t =)

Y

for all ¢t,¢ € [0,T], z,2" € J,n > N and p > 2/(2Hy + a — 1). Condition (iii) of
Theorem E.4.3 follows with 6 = p(2Ho+a—1)/2 > 2, if we choose p > 4/(2Hy+a—1).

Next, we examine the wave equation. In this case, we use inequality (2.4.2)
with a = p(2Hy + 2H,, — 1)/2. Note that

p(2Hy + 2H, — 1)/2 > p(2Hy + 2a — 1)/2 > 1
foralln > N, ifp > 2/(2Hy+2a—1). Hence, for any n > N and p > 2/(2Hy+2a—1),

E|u’1L1U(t/7 I‘/) - U:(t, $)|P
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p/2 p/2 p/2
<ol <T2H0+2 Y, 1) (M 3-2Ho—2Hn \/ 1) [C}fg vV Ch Hn]
{]t' . t‘p(QHoJrZanl)/Z + |$/ . x’p(ZHOJrQHnl)/Q}

p/2 p/2 p(2Ho+2H,—1)/2
< 27, (TR 1) (et y ) e (It’ —t] + o’ — x!) :

(3.6.9)
where for the last inequality, we use the fact that
c?  veW .  <B foralln> N (3.6.10)
Ho,Hy,, Ho,H, — ) — ? e

for some constant B which we specify below.
We prove (3.6.10) in the following way. Recall that (see Theorem 3.5.4)

i = 2en{ 220D v o)

where

8H, L4 (H - )My,
3_2H,—2H ' 1+ 2H Ho+ H

5
CEO)H = QMJILION;{(),H +

© _ D<2>< 1 2 )
Ctto i Ho 1—H+2H0+2H—1 ‘
We first study ngH Using Lemma 3.5.6, we have for all n > N,

Chal i,

| 1 SH,
5 9H, — o1, +2H0+2Hn—1> Y3 om, —om,

4 (2Hy — 1) My,

L+ om, © Hy+ I,

1 | SH,

+ )+
5 _9H,—2b  2H,+2a—1)  3_2H, — 2
4 (2H,—1)My,

. (3.6.11
+ 1+ 2a + H0+CL ( )

< 4M}fo(

+

< any,

We consider Cg g, next: foralln > N,

6 2 1 2
Oy < DY) (1 Sy A 1). (3.6.12)
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Combining relations (3.6.11) and (3.6.12) and recalling that ¢y < X, we have:

forallm > N,

2 1 1 8H,
o® 2] 93-2Ho-2a [4M’ ( ) 0
H07Hn—,ﬂ_ Hyp 3_2H0_2b+2H0—|—2a—1 3—2H0—2b
Dii );
1—}—2@+ Hy+a [P 1—b+2H0—|-2a—1
(3.6.13)

Next we treat C’gg. Recall that

3—2H

9 1 4
Hon = M\ T T m\3 T og —om T 2H, 1 2H — 1

Therefore, for any n > N,

| (232 1 4
W, < {— + D (3 )} (3.6.14)

ST 1= TP \s T, — o T 2m, 20— 1

Relation (3.6.10) follows from (3.6.13) and (3.6.14).
We return now to relation (3.6.9). It remains to treat that the term <|t’ —

)p(2Ho+2Hn—1)/

2
t|+ 2" — x| . Note that for any ¢,¢ € [0,7T] and z, 2" € [-M, M],

wi=t' —t|+ |2 — x| <T+2M =: c.

For alln > N,

p(2Ho+2Hp,—1)/2 Hp—a), p(2Ho+2a~1)/2 ~ cg(Hn—a)wp(QHOJrQa—l)/Q

W = P wP

9

and ,
Cp(ana) < Cg( - if co = 17
0 — 11 if ¢ < 1.

Therefore, CS(H"_a) < cg(b_a) V1 and

wPHo+H2H=1)/2 (cg’“"“) vV 1>wp(2H°+2“*1)/2, for all n > N. (3.6.15)

Using inequalities (3.6.9) and (3.6.15), we obtain:

p
Eluf (', o) —ul(t, x)
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p/

< 2p—lzp <T2H0+2 v 1>p/2 <M3—2H0—2a y 1) 2Bp/2 (Cg(b—a) v 1)

, , p(2Ho+2a-1)/2
(|t —t+ |z —x\)

for all ¢,¢ € [0,T], z,2’ € J,n > N and p > 2/(2H, + 2a — 1). Condition (iii) of
Theorem E.4.3 follows with § = p(2Hy 4+ 2a — 1)/2 > 2, if we choose p > 4/(2H, +
2a —1).

i



Appendix A

Fourier Transform

In this appendix chapter, we present some results involving Fourier transforms which
were used in the thesis.

A.1 Basic properties of Fourier transform

In this section, we review some basic properties of the Fourier transform. In this
thesis, the Fourier transform of a function f € L*(R) is defined by:

Ff() = /Re_i&xf(ac)dx, for all £ € R.

Recall that for any z € R, we have the following Euler formula:
" = cos(z) + isin(z).

The convolution of two functions o, € L*(R) is defined by

(p 0)(x) = / o(@ — y)(y)dy.

R

Lemma A.1. For any ¢, € L'(R), F(p = 1)(§) = Fo(£) - Fib(§).
Proof: Let h = ¢ x 1. Then

Fh(¢) = /R e % h(2)dz = /R e—i&( /R gp(a:)zp(z—a;)dx)dz.

72
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We have |¢(z)1(z — x)e | = |p(x)h(z — )| since |e™%*| = 1, and hence

//[90 (z—x)e ’§Z|d$dz— /|g0 |dx /|¢z—x|dz><oo

By Fubini’s theorem, Fh(§) = [; o(z <fR z—x)e igzdz) dz. Using the sub-

stitution y = z — x, we obtain:

- o o o [
::(4¢@mi%n>(4w@mi%m) Fole) - Ful).

Lemma A.2. If p € L'(R) and ¢,(y) = p(x —y) be the shifted function , for some
v € R. Then Fp (&) = e “Fp(€). (The shifted function is also denoted by p(x—-))

Proof: Using the substitution y = x — y, we have:
R R e )
R R R

— [ Tpgay = [ Telg)a
R R
= e Fp(€)

where we recall that the complex conjugate is Fo (&) = [ e“¥p(y) dy. |

Lemma A.3. For any p,v € L'(R), F(p * J)(f) = Fo(&)F(€), where o(x) =
o(—x).

Proof: By Lemma A.1, we know that F(¢ = 9)(£) = F(€) - Fp(€). Note that

Fi() = [ = [ e u(-a)de = [ o8 ula)ds’ = FoE),

where for the third equality we use the substitution ' = —z and for the last equal-
ity, we used the fact that [, € () da! = Fp(€) by the definition of the complex
conjugate. |
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A.2 Riesz kernels

In this section, we present some results from the potential theory of Riesz kernels.
We denote by S(R?) the set of rapidly decreasing functions on R? i.e. infinitely
differentiable functions on R? which decrease faster than any polynomial.

The following result is taken from page 117 of [23], and gives the Fourier trans-
form (in the space S'(RY) of tempered distributions on RY) of the Riesz kernel
f(z) = |z|~®. Here | - | is the Euclidean norm in R? given by |z| = (22 + ... + 22)'/2
if v = (x1,...,24). We denote by = -y = Z?Zl z;y; the scalar product of z,y € R%.

Lemma A.4. Let a € (0,d) be arbitrary. For any ¢ € S(R?), we have:

/ o(2)|z|dz = Cya / Fol€)l€]" @, (A21)
R4 R4

where Fo(§) = [gae " p(x)dx and

r(4e)

2

L)

In particular, if we take d = 1, and @ = 2 — 2H in equation (A.2.1) with
H € (1,1), we obtain that for any ¢ € S(R),

Cd,a = ’/T_d/22_a

o / (@) = ey / Fo(€)le] " de, (A22)

where ay = H(2H — 1) and ¢y = w To deduce this expression of the

constant cy, we used the following properties of the Gamma function:

Ml —a)'(z) = , De+1)=al'(z), [(z)(x+ %) = 2172 /7T (2x).

By applying relation (A.2.2), we obtain the following result.
Lemma A.5. If H € (3,1), then for any ,v € S(R),

aHAA@(%)w(y)Im—yIQH‘Qd:cdy = CH/R.FQO(ﬁ).Fg/J(g)KP_QHdg (A.2.3)

Proof: ~ We use the change of variable z = x —y. By Fubini’s theorem and letting
U(y) = ¥(—y), we have:

[e@( [ vtle—sP2ay)as = [ pta)( [ oo =2)pnaz)ds
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_ /R ( /R pla)i(z — 2)da) 2 dz = /R ( /R (@)= — 2)dz) |2z
~ [+ DIPT 7

By relation (A.2.2), we have:

of /R(cp*@Z)(z)|z|2H—2dZ:cH/R]-“(SO*J)(g)Kll—QHdé

The conclusion follows by Lemma A.3. i

Remark A.6. By Lemma 5.6 of [18], for any H € (3, 1) and for non-negative function
p € LI(R),

cm// |M%mmﬂm/V¢\KPM%—&A)(AM)

where Ex(p) is called the energy of ¢.

By relation [5.37] of [18], it can be proved that relation (A.2.3) holds for any
o, € LY(R) with Ex(J¢|) < oo and Ex(|Y|) < co. In particular, relation (A.2.3)
holds for ¢ = 14 and ¢ = 1p for any A, B € By(R).

A.3 Energy of sin function

In this section, we include a result taken from [6] about the energy of the sin function
restricted to the interval [0, 7], which is used in the proof of Theorem 3.3.1 for the
existence of solution of the stochastic wave equation with fractional noise in time.

We begin with the calculation of the Fourier transform of the sin function re-
stricted to the interval [0, T7.

Lemma A.7. For any T > 0, and for any 7 € R,
2

9 (sin(TT) — TSiHT>2 + (cos(TT) — cos T)

)] - et
Proof: Recall the Euler formulas:
e =cosr+isinr and e =cosx —isinu. (A.3.1)
Then sin z = SPz)—exp(=ic) Hence,

29

T ' T ) ez’:(: _ e—ia:
I:= .7:(1[0,T] Sin) (1) = / e " sinx dxr = / e ' (—>d9€
0 0 21
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/T e el 4 /T e e~iT 4 e(i—iT)T -1 e(—i—iT)T -1
= e — |dz — e T = — )
; 2i ; 2 2(r — 1) 2(r + 1)

Using relations (A.3.1), we have:

e T—irT _ o(T—7T)i _ cos(T —7T) + isin(T — 7T
e Tl — o= (D) — cog(T + 7T) — isin(T + 77T). (A.3.2)

We continue to calculate I using relations (A.3.2):

I cos(T —7T)+isin(T —7T) —1  cos(T +7T) —isin(T +7T) — 1

2(r—1) 2(t+1)
_feos(T—7T) =1 cos(T+77) -1 A sin(T —7T)  sin(T +77)
_( 2(1 — 1) 2(t+1) ) ( 2(1 —1) * 2U+1))
Hence,

o (S oy (e )
— A+ B,
whae14——(Reu))2 and Z?—-(hnﬂ))é

Using elementary trigonometric identities, we see that:

cos(T'— 7T) 4 cos(T' + 71") = 2 cos T cos(7T) (A.3.3)
cos(T' — 7T) — cos(T' + 7T") = 2sin T'sin(77) (A.3.4)
sin(T'— 77) + sin(T' + 77") = 2sin T cos(77T) (A.3.5)
sin(' — 71) — sin(T' + 77T") = —2cos T'sin(77T"). (A.3.6)
We treat A and B separately. Let us consider A first. Using relations (A.3.3)

and (A.3.4), we obtain:

e
(COS(T —7T) — 1> (7’ + 1) — (cos(T-|- 7T) — 1) (7_ B 1) )
= [ 2(r — 1) (7 +1) ]
_ (7’ sin T'sin(7T") + cos T cos(7T) — 1)2
2 -1 .
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Similarly, using relations (A.3.5) and (A.3.6), we have:

~(sin(T' —7T)  sin(T +77) 2 ~(sin(T —7T)(7 + 1) +sin(T + 7T) (7 — 1) 2
B_( 2r—1) 2@+1)) _( 2(r —1)(T+1) >
_ (27' sin T cos(7T) — 2 cos T sin(7T) ) 2 _ (7’ sin T cos(7T) — cos T sin(7T) ) 2

2(r—=1)(t+1) T2 -1 '

We can simplify the numerator of A 4+ B as follows:

2 2
<7' sin T sin(77") 4 cos T cos(7T") — 1) + (7’ sinT cos(7T") — cosTsin(TT)>

= 72sin® T'sin(7T) + cos® T cos*(7T) + 1 + 27 sin T'sin(7T') cos T cos(7T)
— 27sin T'sin(7T) — 2cos T cos(7T) + 72 sin® T cos®(7T)
+ cos? T'sin?(7T) — 27 sin T'sin(7T) cos T cos(7T)

= 72 sin? T(sin2 (7T) + cos® (TT)) + cos? T(COSQ<TT) + sin2(TT)>
+ ( —27sinT'sin(77T) — 2 COSTCOS(TT)> +1
= 72sin® T + cos® T' + sin®(77T) + cos®(7T) — 27 sin T'sin(7T) — 2 cos T cos(7T)

= (sin(TT) — 7-sinT>2 + (COS(TT) — oS T>2

Y

using the fact that 1 = sin?(77") + cos?(7T). Therefore,

I?=A+B

2 2
(7’ sinT'sin(77") 4 cos T cos(7T") — 1) + <7’ sinT cos(7T") — cos T sin(TT)>

2 S 2
(sin(TT) — Tsin T) + (COS(TT) — COS T)
-1y '

For any function ¢ € L'([0,T]), we define:

T T
lellaor = OéH/O /0 o(s)(r)|s — r|*" " 2dsdr.

Based on Lemma A.7, we obtain the following result.
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Lemma A.8. For any H € (3,1) and for any T > 0,

2

T <sin(7'T) — Tsin(T)>2 + (cos(TT) - cos(T))

IsinClor = e | e =2,

where cg = T'(2H + 1) sin(nH)/(27).
Proof: Applying Remark A.6 to ¢ = 1) = 1} 7 sin, we have
T T
I sin(:) |30y = aH/ / sin(s) sin(r)|s — r[*~2dsdr
o Jo
= ozH//I[QT](s) sin(s) 17 (r) sin(r)|s — r[*"~2dsdr
R JR
2
- CH/ ’f<1[07T] sin)(T)’ 7|72 dr
R
_ 1 : : 2 2|\ ji2H
- CH/R e |:<SIH(TT) TSII](T)) + (COS(TT) COS(T)> }|7’| dr,

where we used Lemma A.7 for the last equality. |

We conclude this section with a result which was also used in the proof of The-
orem 3.3.1. Denote: fi(\,7) =sin(rAt) — 7sin(At), g(A, 7) = cos(TAt) — cos(At).

Lemma A.9. [ Lemma 3.6 in [0] | For any A > 0 and t > 0,

(100) 2 < [ el v oo <o) B

where ¢ = 2w sin®(1)/3 and ¢, = 4x.

Proof: By Lemma A.7 and Plancherel theorem,

/Rﬁ[ff(/\?ﬂ +g§(/\77)}d7 - /R ‘}—<1[0,)\t] Sin)(T)‘sz

At ¢ t 2
- 27T/ sin zdr = 27r)\/ sin?(\s)ds = 27T)\3/ Sm)\(;\s)ds.
0 0 0

The result follows using Lemma 2.2.4 (in which we denote A = |{]). i



Appendix B

Space-Time White Noise

In this chapter, we review some classical upper bounds for the moments of the incre-
ments of the solutions to equations (1.0.1) and (1.0.2) driven by a space-time white
noise W. The existence of the solutions to these equations was studied in Walsh’
lecture notes [28]. These results are not used in the thesis. We include them for the
sake of a comparison with the results presented in Section 2.3 for the fractional noise
in space; see Remark 2.3.8.

We assume that W = {W([0,t] x A) : t > 0,A € By(R)} is the space time

white noise, i.e. W is a zero - mean Gaussian process with covariance:
E[W([0,t] x A)W([0,s] x B)] = (t As) Leb(AN B) = (1jo4xa; Ljo,s]xB) L2(r xR),

where Leb denotes the Lebesgue measure.

Let W(lpxa) = W([0,t] x A). By linearity, W can be extended to the set
& of linear combination of functions of the form 1}y« 4. The space L*(R; x R) is the
closure of £ with respect to (-, -)z2. Hence W can be extended to L*(R, x R).

We denote W(p) = [ [ @(t,2)W(dt,dz), for any ¢ € L*(R; x R). The
map ¢ — W () is an isometry from L*(R, x R) to L?(Q2): for any ¢ € L*(R; x R)

E|W ()] = /Ooo/R\go(t,x)\2dxdt. (B.0.1)

We say that W () is the Wiener integral with respect to W.

B.1 Linear stochastic heat equation

In this section, we consider equation (1.0.1) with space-time white noise W. The
following lemma is presented also in Section 3.3 of [17].
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Lemma B.1.1. If ul is the solution of equation (1.0.1) with space-time white noise
W, then:
(a) for any t',t € [0,T] and z € R,

21t —t
E|u"(t',z) — u"(t,2)|" < 2=t (B.1.1)
m
(b) for any t € [0,T] and z,z" € R,
E|u"(t, ) —uh(zf,x){2 < |z’ —x. (B.1.2)

Proof: (a) Let ¢ > t. Say ' =t + h, for some h > 0. Arguing as in the proof of
Theorem 2.3.4, we write

Eluh(t', ) — u"(t, )|" = A(t,h) + B(t, h), (B.1.3)
where
A(t,h)=FE /ot/IR[Gh(t+ h—s,x—y)—G't—sx—1y)|W(ds,dy)| ,
B(t.h) = E /Hh/ GMt+h— s, — y)IW(ds, dy)

We first compute A(t,h). Using the isometry property (B.0.1) of W and the
change of variable s =t + h — s and 3y = x — y, we have:

¢
A(t,h):/ /|Gh(t+h—3,m—y)—Gh(t—s,x—y)|2dyds
o Jr

¢

= / / |G"(s' + h,y/) — G"(s', y)|*dy'ds’
0o Jr

= Jl - J27

where

Iy / / G (s + hyy) — G (s, ) Pdyds,
0 R

Jy = / / |G"(s + h,y) — G"(s,)|*dyds.
t Jr

To evaluate Ji, we use the Plancherel theorem as follows:

Ji = %/OOO/R]}"G’L(SnLh,-)(E)—th(s,-)(g)fdgds
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_ i / - / ‘e_(5+h)5|2/2—e_5|52/2’2d§ds
/ / €2 |1 = ehe2[ agds
2 Foo 2

= _/ (1 e /2) (/ e % ds)d£
T Jo 0
1 oo 1 —h&?/2 9

_ ! / (=)
™ Jo 3

Using the change of variable z = v/hE, we obtain:

[Py [ i) e Vv

where the last equality follows the identity (see Lemma A.1 of [17]):

w?2

/+Oo wdw = Vr(vV2 = 1).

Hence,

At h) < Jy = %(ﬁ— 1).

(B.1.4)

Next, we compute B(t, h). In fact, B(t, h) does not depend on t. By the isometry

property (B.0.1) of W,

t+h
B(t, h) :/ /]RGQ(t+h—s,x—y)dyds.
t

Using the change of variable s’ =t + h — s and ¥ = = — y, we have:

B(t, h) //G2sydy’d32/< h
[ (Lo (- S)as [53e

hoq 1 hq
0o Vdms 27 Jo Vs

1 /2
<_ ’y ’ >dyl dS/
R 27’ s

(B.1.5)
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Using relations (B.1.3), (B.1.4) and (B.1.5), it follows that

Elu"(t',z) — uh(t,x)’2 < %(\/5— 1) + % =Vh- \/g

(b) Assume 2/ > z. Let 2’ = x + z for some z > 0. By the isometry property
(B.0.1) of W, and the change of variables s’ = t — s and ¢y = = — y, followed by
Plancharel theorem, we have:

C(t,2) = Elu(t,x + 2) = u'(t,2)|

:E‘/t/Gh(t—s,ijz—y)—Gh(t—s,x—y)W(ds,dy)

o Jr

:/Ot/R‘Gh(s’,y’—i—z)—Gh(s’,y')|2dy’ds’

:i/t/g (1 - cos(e)) }fah(s,-)(g)fdgds
// 1—cos §z exp(—s&?)déds

= 7r/R<1—cos(§z)>€2 (1—exp( tf2)>d§.

To continue, let £z = w. We obtain:

2

2

C’(t,z):%/<1—cosw>; (1—exp(—t§}—22>)%dw
R
:%/R—l _tjssw(l—exp<—t§]—22>>dw

2z [ 1—cosw 2z 22\ 1 — cosw
== | —5—dw—= [ exp ( — t—2>—2dw
™ Jr w T Jr w w

<z

since [ 1+S(w)dw = 7 from Lemma A.2, p.95 in [17]. i

Remark B.1. It can be proved that the solution u” of the linear stochastic heat
equation (1.0.1) with space-time white noise W has covariance:

B (1, (s,2)) = (2m) 2 (¢ + 9)% = [t = ')
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(see [24]). That is, for any = € R, the process {u"(¢,x);t > 0} coincides (modulo a
constant) with a bi-fractional Brownian motion (bi-fBm) with indices H = K = 1/2.
Recall that a bi-fBm with indices H € (0,1) and K € (0, 1] is a zero-mean Gaussian
process { X (t)}+>0 with covariance:

BIX(0X(5)] = 5 (27 + 21 |1 — 5%

(see e.g. relation (4.1) of [24]).

B.2 Linear stochastic wave equation

In this section, we consider equation (1.0.2) with space-time white noise W. The
following result is essentially Proposition 4.35 of [9], but we give here a different
proof than the one presented in [9].

Lemma B.2.1. If u® is the solution of equation (1.0.2) with space-time white noise
W, then:
(a) for any t',t € [0,T] and z € R,

d
Eu®(t,z) —u®(t,z)]> < (Tl =1, (B.2.1)
(b) for any t € [0,T] and z,2" € R,
1
Elu®(t,z') — u®(t,z)|* < gT |z’ — xz|. (B.2.2)

Proof: (a) Let ¢ > t. Say t' =t + h, for some h > 0. Arguing as in the proof of
Theorem 2.3.4, we have

Elu(t',x) — u®(t,z)|* = A(t,h) + B(t, h),

where
2

A(t,h):E/0/R[Gw(t%—h—s,x—y)—Gw(t—s,x—y)]W(ds,dy) ,

2

t+h
B(t,h)=F / /Gw(t—l—h—s,x—y)W(ds,dy)
t R

We treat A(t, h) first. Using the change of variable s =t — s and 2/ = x —y, we
obtain:

¢
A(t,h):/o /RlG“’(t—i-h—s,x—y)—G“’(t—s,x—y)|2dyds
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t
=/ /IGw(8+h,y)—Gw(s,y)lzdyds
0 R

1/t</1 d)d Lt < Lnr
= = s s s=Z >~ 3 5
4 0 R{§|y\§+h}y 2 2

where we used the fact that the time increment of fundamental solution G* can be
expressed as:

1

w w 1
G5+ h,y) = G¥(s,y) = 5(1{|y\§s+h} - 1{\y|§s}> = 5 L{sslyisstny-

Next, we treat B(t, h). In fact, B(t, h) does not depend on t. We have:
t+h
B(t, h) :/ /]Gw(t+h—s,x—y)|2dyds
¢ R

h ) 1 h
=/ /IGw(SJrh,y)l dyds = 1/ (/ 1{\y|ss+h}dy>ds
0 R 0 R

I RN 3., 3
1 _ 2Rz < 2hr
2/0(s+h)ds 2<2+h> i< T

(b) Assume 2’ > z. Let 2/ = x + 2 for some z > 0. We have
C(t,z) = E|u”(t,z + 2) —u(tx)‘
2
—E‘/ /th—s r+z—y)— Gt —s,x—yW(ds,dy)

:/ /|Gw(t—s,x—|—z—y)—Gw(t—s,x—y)|2dyds

0o Jr

t
= [([16°6 4+ 2) = (s )Py as,

0 “Jr

where for the fourth equality, we set t — s = ¢’ and z — y = y'. We denote

- [l6* 2 - 6 0Py
R

1 2
= Z/ ’1(—s—z,s—z) (y) - 1(—5,5) (y)| dy
R

We need to consider two cases:

§—z< —s ie. z > 2s,
§s—2z>—S8 le. z < 2s.
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Case 1: Assume that s — z < —s.

"4 Il N
N I A

—S =z S —Z —S

In this case, the intervals (—s — z, s — z) and (—s, s) are disjoint and hence

SRR R V) L TN T
and
1 §—z S ]_
]Z(S):z_l(/ dy+/ dy)21(28+23):

Case 2: Assume that s — 2z > —s.

"4
N

—S —Z —S S—Z

o N

In this case, the intervals (—s — z,s — z) and (—s, s) are overlapping and hence

[1csmssm @) = Lean @)

2
- ‘1(757,2,73) (y) + 1( 5,8—2) (y) - 1(75,sfz) (y) - 1(57,2,3) (y)|
- 1(—s—z,—s) (y) + 1 (s—z,9) (y)

Therefore,

In summary,

i <
L(s) = s ?fs_z/Q,
z/2 if s > z/2.

Thus, if ¢ > Z,

1 t 1 z/2 t 1
E‘uw(t71‘+z) —uw(t,x)‘z _ Z_1/0 I.(s)ds = ZL(/O 8d8—|—//2 52d8>

1{32 Z/2+1 ( z)} 1(1 z2>
= < — —z — — — | = -
40210 2 2 4\2 8
1 1 t 1
:—zt——ZQSZ—S—Tz,
8 32 8 8



B. SPACE-TIME WHITE NOISE

86

and if ¢t < 3,

Elu"(t,x + z) — u“’(t,:zc)}2

N
~

—_
(=)



Appendix C

Important Inequalities

In this appendix chapter, we give some inequalities which play an important role in
the thesis.

The first inequality is a consequence of Littlewood-Hardy-Sobolev inequality from
analysis. We recall this result. For any f € L'(R;) and a € (0,1), and we define the
fractional integral of f of order a by:

I°f(x) = ﬁ / e — g (y)dy. (C0.1)

Theorem C.1. (Hardy - Littlewood - Sobolev Inequality) [Theorem 1, page 119 of
[23]] For any o € (0,1) and 1 < p < q < 0o satisfying é = ]lj — a, we have

1 fllzo0.00) < Apgll fllzr,00) (€.0.2)
where A, 4 > 0 is a constant depend on p and q.

The following inequality is used several times in the thesis, for the study of the
heat equation. (Usually, the application of this inequality does not yield optimal
results for the wave equation). This inequality was proved in reference [20].

Lemma C.2. For any H € (3,1) and for any function ¢ € LYH(R,),

o[ o 2H
aH/ / o(t)p(s)|t — s|*172 dtds < bH</ ‘gp(mlmdt) ’
0 0 0

where ay = H(2H — 1) and by > 0 is a constant depend on H. More precisely,
by = agl(2H — 1) A, where Ay is the constant appearing in inequality (C.0.2) with

QZQH—l,p:%, andq:ﬁ.
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Proof:  Using Hélder’s inequality with exponents p=1/H and ¢ = 1/(1 — H), we

obtain:
og/ / o(t)p(s)|t — 5|22 dtds = / go(t)(/ o(s)|t — |22 ds)dt‘
0 0
g/ |‘/ s|2H_2ds‘dt

< ([ eorar)” ( LU e sprzas ey

= lellza 0,000 1 (C.0.3)

1/(1—H)

- 1/(1-H) \1-H
where [ = (fo ’fo o(s)|t — s|*H2ds dt) . Note that

o0 1-H
||I2H—190||L1/(1_H)(0700) — (/ |]2H_1(p(t)|1/(1_H)dt)
0

(1ot
F(2H—1 o 5/€8

—[.
['(2H —1)
By Theorem C.1,
||]2H_190||L1/(1*H)(0,oo) < AHHSDHLUH(O,oo)a
where Ay is the constant appearing in (C.0.2) with a =2H —1,p = +, and ¢ = 5.
Hence,
I <T(2H — 1) Agllellpim .00 (C.0.4)

Therefore, combining (C.0.3) and (C.0.4), we obtain:

an [ [ ethplle = P12 dtds < aulpllamon - TRH = D Aulellimo
0 0
= bHH‘PH%l/H(o,oo)a

where bH = OéHAHF<2H — 1) I

Lemma C.3. For any ¢ € L*(0,T) and for any H € (3,1),

(/ et ) " < g / Dl
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Proof: We apply Holder’s inequality with p = 2H and q =

2H—-1

jen) (T
/\90 I/Hdt< /Iso |H2Hdt> </ 1dt) 7
0

1/(2H) -1
/ (o) ar)
0

Taking power 2H, we infer that

/‘80 l/Hdt /‘80 ]2dt>T2H1

Corollary C.4. For any H € (,1) and for any ¢ € L*[0,T],

aH/ / ) [t — 8|2 dtds < by T~ 1/ ()] dt,

where by > 0 is the constant given by Lemma C.2.

Proof: This follows immediately from Lemma C.2 and Lemma C.3. |



Appendix D

Useful results

In this appendix chapter, we include some useful results which are used in the thesis.
Lemma D.1. The p-order moment of a standard normal random variable Z is

p—|—1>

= B|ZP = oP/2 _1/2F< 5

Proof: By definition,

1 ) 2 [ 2
z :EZp:/Zp—e_z/zdz:—/ Pe 2z,
=B = L V2r Jo

Using the change of variables y = 2%, we have:

1
p p e~ Y/2 _ / (r=1)/2,-y/2
r \/27r/ 2./7 dy="75= v

Applying the change of variables y/2 = x, we obtain:

21’ (p—1)/2 e Tdr = 2(p 1)/241 p 1)/ dx
\/27T/

:L.Q(p—1>/2+1p<p+1> Qp/z g (” 1)
V2T 2 2

Zp =

Lemma D.2. For any H € (3,1) and T > 0,

1

T T
tslt — s|?"2dtds = B(2,2H — 1)———T2%H+?2
//r SPH=2dids = B(2, 2H — 1) -T2

where B(a, b) = %ﬂf;) is the Beta function.
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Proof: We split the integral in two regions: s < t and s > ¢t. By symmetry, we

have:

T T

//ts|t—s\2H2dtds

o Jo
T T T T

:/ / 1{S<t}ts(t—s)2H2dtds+/ / Lisspyts(s — )7 2dtds
o Jo o Jo
T

t T 1
2/ t(/ 3(t—s)2H—2d3>dt:2/ t(/ s’t(t—s’t)QH_gtds’>dt
0 0 0 0

T 1 T
2/§t””1</ dl—sﬁH*%&ﬂdt:2B@JH{—1X/ 12H+1 4
0 0 0

1
T2H+2
H+1 ’

B(2,2H — 1)

where for the third equality, we used the change of variable s’ = s/t.



Appendix E

Convergence of probability
measure

In this appendix chapter, we review some basic concepts related to convergence of
probability measures on R¥ on a general metric space, on the space C([0,1]) of
continuous functions on [0, 1], and on the space C(]0, 1] x R) of continuous functions
on [0,1] x R. We use references [7] and [8].

E.1 Convergence of probability measures on R*

In this section, we study the case of classical random vectors with values in RF.

Definition E.1.1. Let X be a random vector in R*. The characteristic function
of X is the function ¢ : R* — C given by:

ox(u) = Ele™] = /Q X dp — /R e (Pox (),

for all u € R*, where u -1 = uyxy + ... + upzy if u = (uy, ..., ux), and x = (a1, ..., T}).

Remark E.1.2. If X = (X,...,X;) has a normal distribution with mean p =
(1, ..., pi) and covariance matrix X, then we write X ~ Ny (u, ). In this case,

1
ox(u) = exp {zu = EuTEu}.

Definition E.1.3. If (X")n and X are random vectors in R¥, then we say that (X")n
converge in distribution to X if

Fx, (x) = P(X, <) — Fx(z) = P(X <x),

for all  which is a continuous point of Fx. In this case, we write X, 4 X.

92



E. CONVERGENCE OF PROBABILITY MEASURE 93

Theorem E.1.4. If (Xn)n and X are random vectors in R*, then X, 4x if and

only if
ox, (1) — ox(u), for all u € R,

If X, = (X, X)) ~ Ni(n, £0) and X = (XO, . X®)) ~ Np(1, %), then
X, & X if and only if pn (i) — p(i) for all ¢ = 1,...,k and o0,(i,j) — o(i,]),
for all 4,7 = 1,2,...,k, where u, = (Mn(l),...,pn(kz)>, W= <p(1),...,p(k:)>, Yp =
(an(i, j)) and ¥ = (0(2’, j)) . Consequently, we obtain the following
1<i,j<k 1<i,j<k
result.
Lemma E.1.5. Let X,, = (Xy(bl),...,X,(Lk)> and X = (X(l),...,X(k)> be zero-mean

normal random vectors in R¥. Then X, END'S iof and only if

Cov (Xr(f),Xij)> L Cow (X@,XU)), forall1<i,j <k

Definition E.1.6. Let (“")n and pv be probability measures on <Rk, B(R’ﬂ). We say
that (,un)n converge weakly to u if

/R h@paldn) > [ hulda),

for any function h : R¥ — R which is continuous and bounded. In this case, we write
w
i =l

Remark E.1.7. If (X,,), and X are random vectors in R* pu, = P o X ! and
p= P o X! then for any measurable function h : R* — R,

Elh(X,)] = /Q h(X,) AP = / () (Po X7 (dr) = / h(z) i (de),

and
E[h(X)]:/Q h(X) dP:/Rk h(a:)(PoXl)(dx):/Rk h(z) p(dz).
Hence,

o — o if and only if E[h(X,)] — E[h(X)],
for any function A : R¥ — R which is continuous and bounded.

Theorem E.1.8. If (X”)n and X are random wvectors in R*, p, = Po X' and
p=PoX™1 then
X, END'S if and only if j, — .
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E.2 Convergence of probability measures on met-
ric space

We start with a general definition for an arbitrary metric space.

Definition E.2.1. Let (S,d) be a metric space and S be its Borel o-field, i.e. the o-
field generated by the open sets of S. Let (Q, F, P) be a probability space. A random
element in S is a function X : Q — S which is F/S-measurable. The law of X is
the probability measure = P o X~ on (S,8) defined by:

wA)=(PoX YA =P(X€A), forallAcS.

Definition E.2.2. Let (,un)n and 1 be probability measures on (S,S). We say that
(“n)n converges weakly to u if

/S h(@) i (dz) — /S h(z)pu(da

for any function h : S — R which is continuous and bounded. In this case, we write
w
i = fi.

Theorem E.2.3. (Portmanteau Theorem) Let (,un)n and v be probability measures
n (S,S). The following statements are equivalent:

() fin = pt

(73) limsup(F) < u(F), for any closed set F in S
) 1
v)

n—oo
(13i

(i

Definition E.2.4. Let (S, d) be a metric space and (X,,),, and X be random elements
in S. We say that (X,), converges in distribution to X if pu, — u, where p, is
the law of X,, and p is the law of X.

Remark E.2.5. Note that for any S-measurable function i : S — R,

E[h(Xn)]:/Q h(X,) dP:/S h(x)(PoX;l)(dx):/S h(z) pin(dz),

1m mf( ) > w(G), for any open set G in S
hm an( ) = u(A), for any set A € S such that u(0A) =0, where 0A = AN Ac.

and
E[h(}()]:/Q h(X) dP:/S h(m)(PoX‘1>(dm):[g h(z) p(dz).

Hence, X,, = X if and only if E[h(X,)] — E[h(X)], for all function h : S — R which
is continuous and bounded.



E. CONVERGENCE OF PROBABILITY MEASURE 95

In order to check convergence in distribution of processes, we need to introduce
the concept of tightness.

Definition E.2.6. A sequence (,un)n of probability measures on S s tight if for any
e > 0, there exist a compact set K C S such that

pn(K) >1—¢, foralln > 1.

E.3 Convergence of probability measures on C([0, 1])

In this section, we consider the particular case S = C([0,1]), equipped with the
uniform distance:

d(z,y) = [lz =yl = sup |z(t) = y(t)], for all z,y € C([0,1]),
telo,

where C([0, 1]) is the space of continuous functions z : [0, 1] — R.

A random element in C([0,1]) is a function X : Q@ — C([0,1]) which is F/C-
measurable where C is the Borel o-field of C([0,1]). It can be proved that C is the
o-field generated by the projection maps 7, : C ([0, 1]) — R given by:

A consequence of this is the fact that X : Q — C([0,1]) is F/C-measurable if and
only if
X : Q — Ris F/B(R) — measurable, Vt € [0, 1].

In other words, if X = (X}).c[0,1) is a process defined on a probability space (€2, F, P)
which has continuous sample paths, i.e. the map ¢t — X;(w) is continuous for all
w € 2, then automatically X : Q — C([0,1]) is a random element in C([0, 1]).

Hence, if (X,), and X are processes with continuous sample paths, where X, =
{Xn(t) }eepo) and X = {X(t) }1ep0,1), then X, 9 X if and only if

w

/’LTL—>/’L7

where p, is the law of X,, and on C([0,1]) and p is the law of X on C([0, 1]).

The following theorem allows us to prove weak convergence of processes with
sample paths in C(]0, 1]).
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Theorem E.3.1 (Theorem 8.1 of [7]). Let (X,) and X be processes with sample
paths in C([0, 1]). If the following conditions hold:
(1) (Xalt1), s X(t0)) 5 (X () X(0)) for any b1, ety € 0,1

and for any k > 1,
(1) (pn), is tight, where i, is the law of X, in C([0,1]),

then X, % X in C(]0,1]).

The following theorem gives a useful method for checking tightness.

Theorem E.3.2. Let (X")n be processes with sample paths in C([0,1]). Suppose that
the following two conditions are satisfied:

(i) sup E|X,(0)|]"" < oo, for some p’ >0,

n>1
(1) there exist v > 0, > 1 and a non-decreasing continuous function F :[0,1] — R
such that

E|X(t2) = X(t)[" < (F(t2) - F(t1)>a for all t1,t5 € [0, 1], (E.3.1)
for all ty,ts € [0,1] and for all A > 0.

Then (pun)n is tight, where p, is the law of X,, in C([0,1]).
Combining Theorems E.3.1 and E.3.2, we obtain:

Theorem E.3.3. Let (X,,), and X be processes with sample paths in C([0,1]). If the
following conditions hold:

(1) (Xaltr)s o Xot)) S (X (1), X (1)) for amy by, ot € 0.1
and for any k > 1,
(i1) sup E|X,(0)|]"" < oo, for some p’ > 0,

n>1
(731) there exist v > 0, > 1 and a non-decreasing continuous function
F :]0,1] — R such that relation (E.3.1) holds,

then X, % X in C([0,1]).
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E.4 Convergence of probability measures on C([0, 1] x
R)

In this section we consider the case S = C([0, 1] x R), where C([0, 1] x R) is the space
of continuous functions f : [0,1] x R — R.

A collection X = {X(t,az)} of random variables X (t,z) : Q@ — R

t€[0,1], z€R
is called a multi-parameter stochastic process or random field.

A random element in C([0, 1] x R) is a function X : Q@ — C([0, 1] x R) which is
F/C(]0,1] x R)-measurable, where C([0,1] x R) is the Borel o-field on C([0, 1] x R).
It can be proved that C([0, 1] x R) coincides with the o-field generated by the projec-
tion maps 7, : C([0,1] x R) — R given by

m.(f) = f(t,z), forallt € [0,1],z € R.

Hence any random field X = {X (t, x)} 01, sen with continuous paths is a random
tel0,1], ze
element in C([0,1] x R).
Theorem E.4.1. Let X,, = {X,(t,z)} and X = {X(¢t,z)} be random fields with
sample paths in C([0,1] x R). If the following conditions hold:
(i) (Xaltr,@0), o Xaltisn)) 5 (X (01,20), oo Xt w) ) Jor all .., € [0,1),

T1,....,0r € R and k> 1,
(i) (pn), is tight where py, is the law of X, on C([0,1] X R).

Then X, % X in C([0,1] x R).

Theorem E.4.2 (Proposition 2.3 of [29]). Let X,, = {X,(t, ) }iejo], wer,n > 1 be
random fields with sample paths in C([0,1] x R). Suppose that the following two
conditions hold:

(i) sup E|X,(0,0)]” < oo, for some p’ > 0,

n>1
(17) for any compact set J C R, there exist p> 0,6 >2,C >0 and N € N such that
5

EIXo(t'2") — Xot,2)P < C’(|t’ ot 4o — a:\) (E.4.1)

for allt';t € 0,1),2',2 € J, and n > N.

Then (X,)n s tight in C([0, 1] x R).
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Theorem E.4.3. Let X, = {X,(t,z)} and X = {X(¢t,z)} be random fields with
sample paths in C([0,1] x R). If the following conditions hold:

(1) (Xn(tl,xl), ...,Xn(tk,xk)> LN (X(tl,xl), ...,X(tk.,xk)> for all ty, ...ty € ]0,1],
1, ..., € Rand k > 1,
(i) sup E|X,(0,0)]" < oo, for some p’' > 0,

n>1
(1ii) for any compact set J C R, there exist p > 0,5 > 2,C >0 and N € N such that
relation (E.4.1) holds, for allt',t € [0,1],2',x € J, and n > N.

Then X, % X in C([0,1] x R).

Remark E.4.4. Theorem E.4.3 remains valid (with obvious modification) for ran-
dom fields with sample paths in C([0,7] x R) for any 7" > 0.
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