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Abstract

In this thesis, we study the linear stochastic heat and wave equations with zero initial
conditions, driven by a Gaussian noise, which is fractional in space with Hurst index
H ∈ (0, 1), and is either white in time (i.e. fractional in time with index H0 = 1

2
) or

fractional in time with index H0 >
1
2
. We prove that the solution of each of these

equations is continuous in law in the space C([0, T ]×R) of continuous functions, with
respect to the index H. This result has already been proved in the recent article [15]
for the case H0 = 1

2
, and we extend it here to the case H0 >

1
2
.
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Chapter 1

Introduction

The study of stochastic partial differential equation (SPDE) has gained enormous
interest and has been expanding rapidly during the last three decades. SPDEs gener-
alize partial differential equations by introducing random force terms or coefficients,
and appear in several different applications, for example, in quantum field theory,
statistical mechanics (in physics), systemic risk, and portfolio choice (in finance).

The solution to an SPDE may be viewed in different manners. For example,
one can view a solution as a random field (a set of random variables indexed by a
multidimensional parameter), which is the approach introduced by John Walsh in
his lecture notes [28]. This random field approach extending Itô’s construction to
higher-dimensions allows us to investigate the probabilistic behavior of the solution,
simultaneously in time and space. In the case when the SPDE is an evolution equa-
tion, Da Prato and Zabczyk proposed the infinite-dimensional approach in [14], which
consists in viewing the solution at a given time as a random element in a function
space and thus view the SPDE as a stochastic evolution equation in an infinite di-
mensional space, mainly Hilbert and Banach spaces. The article [13] explored the
links between the random field and the infinite-dimensional approach. In 1999 in
[19], Krylov developed an analytic approach to present a theory of solvability of the
Cauchy problem for linear and some quasi-linear equations in spaces of summable
functions. In this thesis, we will use the random field approach. A gentle introduc-
tion to SPDEs using the random field approach can be found in [3] for researchers in
mathematics who have a background in probability theory, but may not be familiar
with the area of SPDEs. We refer the reader to [12] and [17] for expository lectures
of this approach.

The goal of this thesis is to prove the continuity in law with respect to the spatial
Hurst index H of the noise of the solution to the linear stochastic heat equation:

∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + Ẇ (t, x), t > 0, x ∈ R

u(0, x) = 0, x ∈ R
(1.0.1)

1
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and of the solution to the linear stochastic wave equation:
∂2u

∂t2
(t, x) =

∂2u

∂x2
(t, x) + Ẇ (t, x), t > 0, x ∈ R

u(0, x) = 0, x ∈ R
(1.0.2)

in the case when the noise Ẇ is fractional in time with index H0 ≥ 1
2

and fractional
in space with index H ∈ (0, 1).

In order to state our results, we need to introduce some notation. Throughout
this thesis, we use upper indices h and w to indicate that a quantity is computed
for heat equation, respectively wave equation, and we use no upper index when this
quantity is computed for either one of the two equations.

Definition 1.0.1. We say that a process {uh(t, x); t ≥ 0, x ∈ R} is a solution to
equation (1.0.1) if

uh(t, x) =

∫ t

0

∫
R
Gh(t− s, x− y)W (ds, dy) (1.0.3)

where

Gh(t, x) = (2πt)−
1
2 exp

(
− x2

2t

)
(1.0.4)

is the fundamental solution of the heat equation on R+ × R.

Definition 1.0.2. We say that a process {uw(t, x); t ≥ 0, x ∈ R} is a solution to
equation (1.0.2) if

uw(t, x) =

∫ t

0

∫
R
Gw(t− s, x− y)W (ds, dy), (1.0.5)

where

Gw(t, x) =
1

2
1{|x|≤t} (1.0.6)

is the fundamental solution of the wave equation on R+ × R.

These solutions exist if the stochastic integrals (which appear in these definitions)
are well-defined. We denote by F the Fourier transform in the space variable. Note
that

FGh(t, ·)(ξ) = exp
(
− t|ξ|2

2

)
, for all ξ ∈ R, (1.0.7)

and

FGw(t, ·)(ξ) =
sin(t|ξ|)
|ξ|

, for all ξ ∈ R. (1.0.8)
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We need to explain the intuitive meaning of the definition of solution given above.
First, note that Ẇ (t, x) = ∂2W

∂t∂x
(t, x) is a formal notation for the space-time derivative

of the noise W , which does not exist for any t > 0 and x ∈ R (exactly as the
derivative B′(t) of a Brownian motion {B(t)}t≥0 does not exist at any time t > 0).
Suppose that in equation (1.0.1) (or equation (1.0.2)), we replace Ẇ (t, x) by f(t, x),
where f is a smooth function. In this case, it is known from the classical theory of
partial differential equations that the solution of equation (1.0.1) (or (1.0.2)) is given
by u(t, x) =

∫ t
0

∫
RG(t − s, x − y)f(s, y)dyds, where G = Gh for equation (1.0.1),

or G = Gw for equation (1.0.2). (This follows using a classical method called the
Duhamel’s principle.) Replacing f by Ẇ , we obtain a formal integral with respect
to Ẇ (s, y)dyds. By the usual convention used in stochastic analysis, this formal
integral is interpreted rigorously as the stochastic integral with respect to W , in
which Ẇ (s, y)dyds is replaced by W (ds, dy).

Recall that a fractional Brownian motion (fBm) is a zero-mean Gaussian process

(B
(H)
t )t∈R with covariance

E[B
(H)
t B(H)

s ] = RH(t, s) :=
1

2
(|t|2H + |s|2H − |t− s|2H).

The parameter H ∈ (0, 1) is called the Hurst index. If H = 1/2, then RH(t, s) = t∧ s
and the fBm coincides with the Brownian motion. If H > 1/2, the covariance of the
fBm can be expressed as follows:

RH(t, s) = αH

∫ t

0

∫ s

0

|u− v|2H−2dudv,

where αH = H(2H − 1). For any H ∈ (0, 1), this covariance admits the spectral
representation:

RH(t, s) = cH

∫
R
F1[0,t](ξ)F1[0,s](ξ)|ξ|1−2Hdξ,

where F1[0,t](ξ) is the Fourier transform of the indicator function 1[0,t], given by:

F1[0,t](ξ) =

∫ t

0

e−iξsds =
1− e−iξt

iξ
for all ξ ∈ R,

and

cH =
Γ(2H + 1) sin(πH)

2π
. (1.0.9)

Throughout the thesis, we will use these definitions of the constants αH and cH .
A fractional Brownian sheet (fBs) with Hurst indices H0, H ∈ (0, 1) is a zero-

mean Gaussian process {W (t, x); t ≥ 0, x ∈ R} with covariance

E[W (t, x)W (s, y)] = RH0(t, s)RH(x, y).
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The noise that we will introduce in Chapter 2 (respectively Chapter 3) corresponds
to an fBs with index H0 = 1/2 (respectively H0 > 1/2) in time, and index H ∈ (0, 1)
in space.

In Chapter 2, we consider equations (1.0.1) and (1.0.2) driven by a Gaussian
noise which is white in time and behaves in space like a fractional Brownian motion
with index H ∈ (0, 1). In Section 2.1, we introduce the noise and we define the
Wiener integral with respect to this noise. In Section 2.2, we study the problem of
existence and uniqueness of solutions, under some conditions, for the linear stochastic
heat and wave equations with noise Ẇ introduced in Section 2.1. In Section 2.3, we
focus our attention on the behaviour of the increments of the solution with respect
to the time variable and spatial variable. In this section, we follow the method of
[15], by using some preliminary results taken from [4]. In Section 2.4, we study the
continuity in law, in the space C([0, T ]× R) of continuous functions with respect to
the index H ∈ (0, 1), of the solutions to equations introduced in Section 2.2.

In Chapter 3, we continue with the same procedure as in Chapter 2. We examine
the linear stochastic heat and wave equations with a Gaussian noise which is fractional
in time with index H0 ∈ (1

2
, 1) and behaves in space like a fractional Brownian motion

with index H ∈ (0, 1). We treat the heat and wave equations separately. In Section
3.1, we introduce the noise and we define the Wiener integral with respect to this
noise. In Section 3.2, we prove the existence of solution to the linear stochastic heat
equation with noise Ẇ introduced in Section 3.1. The result is a particular case of
Theorem 4.2 of [6]. In Section 3.3, we study the problem of existence of solution
for the linear stochastic wave equation with noise Ẇ introduced in Section 3.1, a
problem studied in Section 3 of [6]. In Section 3.4, we give some upper bounds for
the moments of the increments of the solution to the linear stochastic heat equation
(1.0.1) with noise Ẇ introduced in 3.1. More precisely, we show that:

E|uh(t, x)− uh(s, y)|2 ≤ C(|t− s|2H0+H−1 + |x− y|2(2H0+H−1)),

for some constant C > 0. The space component of this result is a particular case of
Theorem 4 of [26], and is obtained under the additional condition

2H0 +H < 2.

The time increment component of this result is obtained under no restriction on H0

and H, and is a particular case of Theorem 2.6 of [25]. This result can also be found
in reference [21] for case of the white noise in space (i.e. when H = 1/2), and in
reference [27], which considers the more general case of a noise Ẇ which behaves
like a bi-fractional Brownian motion (bi-fBm) in time with indices H0, K such that
H0K > 1/2; in particular, if K = 1, we recover our case of a fractional noise in
time with index H0. The proof that we present here is different than the one given
in references [21] and [27], following the same lines as the proof given in Chapter
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2 for the case H0 = 1/2. In Section 3.5, we make an analysis of the behaviour of
the increments in time and space of the solution to linear stochastic wave equation
introduced in Section 3.3. Here we proceed as in the proof of Propositions 3.4 and
3.7 in [10] by considering only the upper bounds. More precisely, assuming that

2H0 + 2H < 3,

we prove that

E|uw(t, x)− uw(s, y)|2 ≤ C(|t− s|2H0+2H−1 + |x− y|2H0+2H−1),

for some constant C > 0. In Section 3.6, we prove that the solution of each of the
equations introduced in Section 3.2 and Section 3.3 is continuous with respect to the
index H, by using the convergence in law in the space of continuous functions. This
result is new in the literature and is the main contribution of the thesis. The other
results presented here are known in the pulished literature.

Appendix A contains some auxiliary results about the Fourier transform in the
space variable which are used in the proofs. In Appendix B, we review some classical
upper bounds for the moments of the increments of the linear stochastic heat and wave
equations with space-time white noise. Appendix C provides an inequality, which is a
consequence of the Littlewood-Hardy-Sobolev inequality from analysis, that plays an
important role on the thesis. Appendix D contains some useful elementary results.
Finally, in Appendix E we review some basic concepts related to the convergence
of probability measures on Rk, on a general metric space, on the space C([0, 1]) of
continuous functions on [0, 1], and on the space C([0, 1]×R) of continuous functions
on [0, 1]×R. The latest of these results are used in the proofs of Theorems 2.4.1 and
3.6.1.



Chapter 2

Equations with white noise in time

In this chapter we review some results related to the linear stochastic heat and wave
equations driven by a Gaussian noise which is white in time (i.e. which behaves in
time like Brownian motion) and fractional in space with index H ∈ (0, 1).

The results in Sections 2.1 and 2.2 are presented following ideas from Dalang’s
seminal article [11] and the monograph [22], whereas those presented in Sections 2.3
and 2.4 are taken from the recent preprint [15].

2.1 The noise

In this section, we introduce the noise and we define the Wiener integral with
respect to this noise.

Let H ∈ (0, 1) be arbitrary and let W = {W ([0, t]× A); t ≥ 0, A ∈ Bb(R)} be a
zero mean Gaussian process defined on a probability space (Ω,F , P ) with covariance:

E[W ([0, t]× A) W ([0, s]×B)] = (t ∧ s)cH
∫
R
F1A(ξ)F1B(ξ)|ξ|1−2Hdξ

=: 〈1[0,t]×A , 1[0,s]×B〉H.

where H ∈ (0, 1) and the constant cH is given by (1.0.9). Here we denote by Bb(R)
the set of bounded Borel sets of R.

Remark 2.1.1. IfH > 1
2
, by Remark A.6 and the fact that t∧s =

∫∞
0

1[0,t](u)1[0,s](u)du,
we have:

〈1[0,t]×A, 1[0,s]×B〉H = (t ∧ s)αH
∫
R

∫
R

1A(x)1B(y) |x− y|2H−2 dxdy (2.1.1)

= αH

∫ ∞
0

∫
R

∫
R

1[0,t]×A(u, x)1[0,s]×B(u, y)|x− y|2H−2dxdydu

6
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= cH

∫ ∞
0

∫
R
F1[0,t]×A(u, ·)(ξ)F1[0,s]×B(u, ·)(ξ)|ξ|1−2Hdξdu,

using the fact that F1[0,t]×A(u, ·)(ξ) = 1[0,t](u)F1A(ξ).

Note that W has the covariance structure of fractional Brownian motion with
Hurst index H in space and that of Brownian motion in time. Letting W (t, x) =
W ([0, t] × [0, x]) for all t ≥ 0 and x ∈ R, we see that {W (t, x); t ≥ 0, x ∈ R} is a
fractional Brownian sheet of index H0 = 1/2 in time and index H in space.

We set W (1[0,t]×A) = W ([0, t] × A). Let E be the set of linear combinations of
indicator functions 1[0,t]×A with t > 0 and A ∈ Bb(R). By linearity, we extend W
to E . More precisely, for any ϕ =

∑n
i=1 ai1[0,ti]×Ai , with ai ∈ R and Ai ∈ Bb(R), we

define

W (ϕ) =
n∑
i=1

aiW ([0, ti]× Ai).

We endow E with the inner product

〈ϕ, ψ〉H := cH

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(t, ·)(ξ) |ξ|1−2H dξdt.

We denote by ‖ · ‖H the corresponding norm, given by: ‖ϕ‖2
H = 〈ϕ, ϕ〉H. This means

that for any ϕ ∈ E ,

‖ϕ‖2
H = cH

∫ ∞
0

∫
R
|Fϕ(t, ·)(ξ)|2|ξ|1−2Hdξdt.

If H > 1
2
, then by relation (2.1.1) and linearity, for any ϕ, ψ ∈ E ,

〈ϕ, ψ〉H = αH

∫ ∞
0

∫
R

∫
R
ϕ(t, x)ψ(t, y) |x− y|2H−2 dxdydt.

Lemma 2.1.2. W is an isometry from E to L2(Ω).

Proof: We consider the following functions

ϕ(t, x) =
n∑
i=1

ai1[0,ti]×Ai(t, x) and ψ(t, x) =
m∑
j=1

bj1[0,sj ]×Bj(t, x).

Note that

E[ W (ϕ)W (ψ) ] = E
[
W
( n∑
i=1

ai1[0,ti]×Ai
)
W
( m∑
j=1

bj1[0,sj ]×Bj
) ]
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= E
[ { n∑

i=1

aiW (1[0,ti]×Ai)
}{ m∑

j=1

biW (1[0,sj ]×Bj)
} ]

=
n∑
i=1

m∑
j=1

aibjE[ W (1[0,ti]×Ai)W (1[0,sj ]×Bj) ]

=
n∑
i=1

m∑
j=1

aibjcH

∫ ∞
0

∫
R

1[0,ti](t)1[0,sj ](t)F1Ai(ξ)F1Bj(ξ) |ξ|
1−2H dξdt

= cH

∫ ∞
0

∫
R

{ n∑
i=1

aiF1[0,ti]×Ai(t, ·)(ξ)
}{ m∑

j=1

bjF1[0,sj ]×Bj(t, ·)(ξ)
}
|ξ|1−2Hdξdt

= cH

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(t, ·)(ξ)|ξ|1−2Hdξdt = 〈ϕ, ψ〉H.

We now proceed with the construction of the integral with respect to W . For
this, let H be the closure of E with respect to the inner product 〈·, ·〉H. This means
that for any ϕ ∈ H, these exists a sequence (ϕn)n in E such that ||ϕn − ϕ||H → 0.
Note that {W (ϕn)}n≥1 is a Cauchy sequence in L2(Ω), since

E|W (ϕn)−W (ϕm)|2 = E|W (ϕn − ϕm)|2 = ‖ϕn − ϕm‖2
H

= ‖ϕn − ϕ+ ϕ− ϕm‖2
H ≤ 2(‖ϕn − ϕ‖2

H + ‖ϕ− ϕm‖2
H)

→ 0,

when n,m → ∞. Since L2(Ω) is a Banach space, there exists a random variable
W (ϕ) in L2(Ω) such that W (ϕn)→ W (ϕ) in L2(Ω), i.e.

E|W (ϕn)−W (ϕ)|2 → 0.

We say that W (ϕ) is the Wiener integral of ϕ with respect to W.
We denote

W (ϕ) =

∫ T

0

∫
R
ϕ(t, x)W (dt, dx).

Note that W (ϕ) has zero mean since convergence in L2(Ω) implies convergence in

L1(Ω) (i.e. E |W (ϕn)−W (ϕ)| → 0) which in turn implies that E
(
W (ϕn)

)
→

E
(
W (ϕ)

)
since∣∣∣E(W (ϕn)
)
− E

(
W (ϕ)

)∣∣∣ =
∣∣∣E(W (ϕn)−W (ϕ)

)∣∣∣ ≤ E |W (ϕn)−W (ϕ)| → 0.
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Moreover, W (ϕ) is a normal random variable with mean 0 and variance

E|W (ϕ)|2 = ||ϕ||2H.

The following theorem is a particular case of Theorem 1.4 of [2], which gives
some sufficient conditions for a function ϕ to be in the Hilbert space H.

Theorem 2.1.3. (a) Let H ∈ (1
2
, 1) be arbitrary. If ϕ : [0, T ]×R→ R is a function

such that ∫ T

0

∫
R

∫
R
|ϕ(t, x)||ϕ(t, y)||x− y|2H−2dxdydt <∞,

then ϕ ∈ H.
(b) Let H ∈ (0, 1) be arbitrary. If ϕ : [0, T ]× R→ R is such that ϕ(t, ·) ∈ L1(R) for
all t ∈ [0, T ] and ∫ T

0

∫
R
|Fϕ(t, ·)(ξ)|2|ξ|1−2Hdξdt <∞,

then ϕ ∈ H, and in this case

||ϕ||2H = cH

∫ T

0

∫
R
|Fϕ(t, ·)(ξ)|2|ξ|1−2Hdξdt.

2.2 Existence of solutions

In this section, we study the problem of existence of solution for the linear heat and
wave equation with noise W introduced in Section 2.1. We first consider the linear
stochastic heat equation (1.0.1) with noise W as in Section 2.1. To show that the
solution to this equation exists, we must show that for any t > 0 and x ∈ R, the
function ght,x belongs to the space H defined in Section 2.1, where

ght,x(s, y) = 1[0,t](s)G
h(t− s, x− y).

To do this, we will apply Theorem 2.1.3.(b) with T = t, which requires some estimates
on the Fourier transform of ght,x in the space variable y.

Recall that the Fourier transform in the space variable of the fundamental solu-
tion of the heat equation is given by relation (1.0.7). The following result gives an
upper and lower bound of the time integral of the square of this Fourier transform.

Lemma 2.2.1. For any t > 0 and ξ ∈ R,

1

2
· t ∧ 1

1 + |ξ|2
≤
∫ t

0

|FGh(s, ·)(ξ)|2ds ≤ 2 · t ∨ 1

1 + |ξ|2
.
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Proof: We use the same argument as in Lemma 6.1 of [22]. Note that∫ t

0

|FGh(s, ·)(ξ)|2ds =

∫ t

0

|e−
s|ξ|2

2 |2ds = − 1

|ξ|2
e−s|ξ|

2

∣∣∣∣t
0

= − 1

|ξ|2
e−t|ξ|

2

+
1

|ξ|2
=

1− e−t|ξ|
2

|ξ|2
.

We will use the following inequalities:

1− e−x ≤ x, for any x ≥ 0, (2.2.1)

1− e−x ≥ x

1 + x
, for any x ≥ 0. (2.2.2)

When |ξ| > 1, we use the inequality 1− e−x ≤ 1, for all x > 0:∫ t

0

|FGh(s, ·)(ξ)|2ds =
1− e−t|ξ|

2

|ξ|2
≤ 1

|ξ|2
=

2

2|ξ|2
≤ 2

1 + |ξ|2
.

When |ξ| ≤ 1, we use inequality (2.2.1):∫ t

0

|FGh(s, ·)(ξ)|2ds =
1− e−t|ξ|

2

|ξ|2
≤ t ≤ 2t

1 + |ξ|2
.

Then we obtain the following upper bound:∫ t

0

|FGh(s, ·)(ξ)|2ds =
1− e−t|ξ|

2

|ξ|2
≤ max

{ 2

1 + |ξ|2
,

2t

1 + |ξ|2
}

= (t ∨ 1)
2

1 + |ξ|2
.

For the lower bound, we use inequality (2.2.2). We obtain:∫ t

0

|FGh(s, ·)(ξ)|2ds =
1− e−t|ξ|

2

|ξ|2
≥ t

1 + t|ξ|2
.

If t|ξ|2 > 1, then

t

1 + t|ξ|2
≥ t

t|ξ|2 + t|ξ|2
≥ t

2t(1 + |ξ|2)
=

1

2(1 + |ξ|2)
.

If t|ξ|2 ≤ 1, then
t

1 + t|ξ|2
≥ t

2
≥ t

2
· 1

1 + |ξ|2
=

t

2(1 + |ξ|2)
.

We get the lower bound as follows:∫ t

0

|FGh(s, ·)(ξ)|2ds =
1− e−t|ξ|

2

|ξ|2
≥ 1

2(1 + |ξ|2)
∧ t

2(1 + |ξ|2)
=

1 ∧ t
2(1 + |ξ|2)

.
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We will use the following elementary result.

Lemma 2.2.2. For any H ∈ (0, 1),

I =

∫
R

1

1 + |ξ|2
|ξ|1−2Hdξ <∞.

Proof: We consider separately the integrals I1 =
∫
|ξ|≤1

1
1+|ξ|2 |ξ|

1−2Hdξ and I2 =∫
|ξ|>1

1
1+|ξ|2 |ξ|

1−2Hdξ. First, we consider I1:

I1 =

∫
|ξ|≤1

1

1 + |ξ|2
|ξ|1−2Hdξ ≤

∫
|ξ|≤1

|ξ|1−2Hdξ = 2

∫ 1

0

ξ1−2Hdξ <∞,

since 1− 2H + 1 = 2− 2H > 0. Next, we consider I2. We have

I2 =

∫
|ξ|>1

1

1 + |ξ|2
|ξ|1−2Hdξ ≤

∫
|ξ|>1

|ξ|1−2H

|ξ|2
dξ = 2

∫ +∞

1

ξ−1−2Hdξ <∞,

since −1− 2H + 1 = −2H < 0.

Theorem 2.2.3. For any H ∈ (0, 1), equation (1.0.1) with noise W as in Section
2.1 has a unique solution.

Proof: We have to prove that the function ght,x(s, y) = Gh(t − s, x − y)1[0,t](s)
belongs to H so that the Wiener integral which appears on the right hand side of
equation (1.0.3) is well defined. By applying Theorem 2.1.3(b) to the function ϕ =
ght,x, it is enough to prove that∫ t

0

∫
R
|Fght,x(s, ·)(ξ)|2|ξ|1−2Hdξds <∞. (2.2.3)

By Lemma A.2,

Fght,x(s, ·)(ξ) = FGh(t− s, x− ·)(ξ)1[0,t](s) = e−iξxFGh(t− s, ·)(ξ)1[0,t](s).

Hence, relation (2.2.3) becomes (since |e−iξx| = 1)∫ t

0

∫
R
|FGh(t− s, ·)(ξ)|2|ξ|1−2Hdξds <∞.
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By the substitution s̄ = t− s, this is equivalent to:

It :=

∫ t

0

∫
R
|FGh(s, ·)(ξ)|2|ξ|1−2Hdξds <∞. (2.2.4)

By Fubini’s Theorem,

It =

∫
R

(∫ t

0

|FGh(s, ·)(ξ)|2ds

)
|ξ|1−2Hdξ.

We multiply the inequalities in Lemma 2.2.1 by |ξ|1−2H and then we integrate with
respect to ξ. We obtain:

c1(t ∧ 1)

∫
R

1

1 + |ξ|2
|ξ|1−2Hdξ ≤ It ≤ c2(t ∧ 1)

∫
R

1

1 + |ξ|2
|ξ|1−2Hdξ.

Finally, note that
∫
R

1
1+|ξ|2 |ξ|

1−2Hdξ <∞ by Lemma 2.2.2. Hence It <∞.

We consider now the linear stochastic wave equation. Recall equation (1.0.8)
which was stated in the introduction.

Lemma 2.2.4. For any t ≥ 0, ξ ∈ R, it holds that

cos2(1)

3
(t ∧ t3)

1

1 + |ξ|2
≤
∫ t

0

|FGw(s, ·)(ξ)|2ds ≤ 2(t ∨ t3)
1

1 + |ξ|2
.

Proof: If |ξ| ≤ 1, then | sin(x)| ≤ |x| for all x > 0, and consequently, sin2(s|ξ|) ≤
s2|ξ|2,

sin2(s|ξ|)
|ξ|2

≤ s2|ξ|2

|ξ|2
= s2.

In this case, ∫ t

0

|FGw(s, ·)(ξ)|2ds ≤
∫ t

0

s2ds =
t3

3
≤ t3

3
· 2

1 + |ξ|2
.

If |ξ| ≥ 1, we use the fact that | sin(sξ)| ≤ 1. Therefore, sin2(s|ξ|)
|ξ|2 ≤ 1

|ξ|2 , and∫ t

0

|FGw(s, ·)(ξ)|2ds ≤ 1

|ξ|2

∫ t

0

ds = t · 1

|ξ|2
≤ t · 2

1 + |ξ|2
.

Hence, ∫ t

0

|FGw(s, ·)(ξ)|2ds ≤ 2
t ∨ t3

1 + |ξ|2
.
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This yield the upper bound.

We now treat the lower bound. Assuming that t|ξ| ≤ 1, and applying the
inequality sinx ≥ x cos 1 for any x ∈ [0, 1], we have:∫ t

0

sin2(s|ξ|)
|ξ|2

ds ≥ cos2(1)

∫ t

0

s2ds =
cos2(1)

3
t3 ≥ cos2(1)

3

t3

1 + |ξ|2
.

Next, we assume that t|ξ| > 1. Then∫ t

0

sin2(s|ξ|)
|ξ|2

ds =
1

2|ξ|2

∫ t

0

[
1− cos

(
2s|ξ|

)]
ds

=
1

2|ξ|2

[
t− 1

2|ξ|
sin
(

2t|ξ|
)]
.

Then, using the fact that sin(2x) ≤ x if x > 1, we have∫ t

0

sin2(s|ξ|)
|ξ|2

ds ≥ t

4|ξ|2
,

and since 1
|ξ|2 ≥

1
1+|ξ|2 , we obtain the following:∫ t

0

sin2(s|ξ|)
|ξ|2

ds ≥ 1

4

t

1 + |ξ|2
.

Thus, ∫ t

0

|FGw(s, ·)(ξ)|2ds ≥ cos2(1)

3

t3

1 + |ξ|2
∧ 1

4

t

1 + |ξ|2
≥ cos2(1)

3

t ∧ t3

1 + |ξ|2
.

Theorem 2.2.5. For any H ∈ (0, 1), equation (1.0.2) with noise W as in Section
2.1 has unique solution.

Proof: We use the same argument as for Theorem 2.2.3 using this time the in-
equalities given by Lemma 2.2.4.
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2.3 Moment estimates

In this section, we include some estimates for the moments of the increments of the
solutions to equations (1.0.1) and (1.0.2) with noise W given in Section 2.1. We follow
very closely the method of [15]. This result is used in the proof of Theorem 2.4.1.

We list below a fact that will be used in the following proofs: if X is a cen-
tered normal random variable, then for any p > 0,

E|X|p = zp(E|X|2)p/2, (2.3.1)

where zp = E|Z|p and Z is a standard normal random variable. The exact form of
the constant zp is given by Lemma D.1. Note that relation (2.3.1) is proved simply
by writing X = σZ, where σ2 = E|X|2; then E|X|p = σpE|Z|p = σpzp.

We begin with some preliminary results taken from [4].

Lemma 2.3.1. [Lemma 3.5 of [4]] Let G be the fundamental solution of the heat or
wave equation. For any α ∈ (−1, 1) and for any h ∈ R,∫ T

0

∫
R
|FG(t+ h, y)−FG(t, y)|2|ξ|αdξdt ≤

{
Cα|h|(1−α)/2 for heat equation

C ′αT |h|1−α for wave equation

where

Cα =

∫
R
(1− e−η2/2)2|η|α−2dη and C ′α = 4

∫
R

min (1, |η|2) |η|α−2dη.

Lemma 2.3.2. [Lemma 3.1 of [4]] Let G be the fundamental solution of the heat or
wave equation. The integral

AT (α) :=

∫ T

0

∫
R
|FG(t, ·)(ξ)|2|ξ|αdξdt

converges if and only if α ∈ (−1, 1). When the integral converges, we have

AT (α) =

{
2

1−α Γ
(
α+1

2

)
T (1−α)/2 for heat equation

21−α C̃α
1

2−α T
2−α for wave equation

where

C̃α =


(1− α)−1Γ(α) sin(πα/2) if α ∈ (0, 1),

α−1(1− α)−1Γ(1 + α) sin(πα/2) if α ∈ (−1, 0),

π/2 if α = 0.
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Lemma 2.3.3. [Lemma 3.4 of [4]] Let G be the fundamental solution of the heat or
wave equation. For any α ∈ (−1, 1) and for any h ∈ R,∫ T

0

∫
R
(1− cos(ξh)) |FG(t, ·)(ξ)|2 |ξ|αdξ dt ≤

{
C̄α|h|1−α for heat equation

C̄αT |h|1−α for wave equation

where C̄α =
∫
R(1− cos η)|η|α−2dη.

The following result is essentially contained in Step 1 of the proof of Theorem
2.8 of [15].

Theorem 2.3.4. Let u be the solution of equation (1.0.1) or equation (1.0.2) with
noise W as in Section 2.1. Then, for any p > 0, H ∈ (0, 1), t, t′ ∈ [0, T ] and x, x′ ∈ R,
we have

E|u(t′, x)− u(t, x)|p ≤

{
zp(C

(1)
H )p/2

∣∣t′ − t∣∣pH/2 for heat equation

zpT
p/2(C

(2)
H )p/2

∣∣t′ − t∣∣pH for wave equation

E
∣∣u(t, x′)− u(t, x)

∣∣p ≤{zp(C(3)
H )p/2

∣∣x′ − x∣∣pH for heat equation

zpT
p/2(C

(3)
H )p/2

∣∣x′ − x∣∣pH for wave equation

where

C
(1)
H = cH

(
NH +

1

H
Γ(1−H)

)
, C

(2)
H = cH

(
MH + 22HC̃1−2H

1

1 + 2H

)
,

C
(3)
H = 2cH

∫
R

1− cos η

|η|1+2H
dη = 2cHC̄1−2H ,

NH =

∫
R

(1− e−
η2

2 )2

|η|1+2H
dη and MH = 4

∫
R

min(1, |η|2)

|η|1+2H
dη.

Proof: Recall that the solution u is of the form:

u(t, x) =

∫ t

0

∫
R
G(t− s, x− y)W (ds, dy),

where G = Gh for heat equation, respectively G = Gw for wave equation.
We first treat the time increments. Note that u(t, x) is a centered normal random

variable. Using relation (2.3.1), it is enough to consider only the case p = 2, since

E
∣∣u(t′, x)− u(t, x)

∣∣p = zp(E
∣∣u(t′, x)− u(t, x)

∣∣2)p/2.

Let t′ ≥ t and denote h = t′ − t. Then

u(t+ h, x)− u(t, x)
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=

∫ t+h

0

∫
R
G(t+ h− s, x− y)W (ds, dy)−

∫ t

0

∫
R
G(t− s, x− y)W (ds, dy)

=

∫ t

0

∫
R

(
G(t+ h− s, x− y)−G(t− s, x− y)

)
W (ds, dy)

+

∫ t+h

t

∫
R
G(t+ h− s, x− y)W (ds, dy) =: I1 + I2. (2.3.2)

Notice that I1 and I2 are uncorrelated. To see this, note that I1 = W (g1) and
I2 = W (g2), where

g1(s, y) = 1[0,t](s)

(
G(t+ h− s, x− y)−G(t− s, x− y)

)
,

g2(s, y) = 1[t,t+h](s)G(t+ h− s, x− y).

Hence

E[I1I2] = E[W (g1)W (g2)] = 〈g1, g2〉H

= cH

∫ ∞
0

∫
R
Fg1(s, ·)(ξ)Fg2(s, ·)(ξ)|ξ|1−2Hdξds

= 0

because Fg1(s, ·)(ξ) contains 1[0,t](s) and Fg2(s, ·)(ξ) contains 1[t,t+h](s).

Thus, we have:

E
∣∣u(t+ h, x)− u(t, x)

∣∣2 = A(t, h) +B(t, h), (2.3.3)

where

A(t, h) := E

∣∣∣∣∫ t

0

∫
R
G(t+ h− s, x− y)−G(t− s, x− y)W (ds, dy)

∣∣∣∣2 ,
B(t, h) := E

∣∣∣∣∫ t+h

t

∫
R
G(t+ h− s, x− y)W (ds, dy)

∣∣∣∣2 .
We start by estimating A(t, h). Using the change of variable s′ = t−s, we obtain:

A(t, h) = E

∣∣∣∣∫ t

0

∫
R
G(t+ h− s, x− y)−G(t− s, x− y)W (ds, dy)

∣∣∣∣2
= cH

∫ t

0

∫
R

∣∣FG(s′ + h, x− ·)(ξ)−FG(s′, x− ·)(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds′
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= cH

∫ t

0

∫
R

∣∣FG(s′ + h, ·)(ξ)−FG(s′, ·)(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds′,

where we used the fact that FG(s, x− ·)(ξ) = e−iξxFG(s, ·)(ξ) from Lemma A.2.
Thus, by Lemma 2.3.1 with α = 1− 2H,

A(t, h) ≤

{
cHNHh

H for heat equation,

cHMHTh
2H for wave equation.

(2.3.4)

Next, we consider B(t, h). Notice that B(t, h) in fact does not depend on t.
Using the change of variable s′ = t+ h− s, we obtain:

B(t, h) = E

∣∣∣∣∫ t+h

t

∫
R
G(t+ h− s, x− y)W (ds, dy)

∣∣∣∣2
= cH

∫ t+h

t

∫
R

∣∣FG(t+ h− s, x− ·)(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds

= cH

∫ h

0

∫
R

∣∣FG(s′, ·)(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds′,

using again Lemma A.2 for the last line. Thus, by Lemma 2.3.2,

B(t, h) ≤

{
cH

1
H

Γ(1−H) hH for heat equation,

cH 22HC̃1−2H
1

1+2H
h1+2H for wave equation.

(2.3.5)

We now use equality (2.3.3), combined with inequalities (2.3.4) and (2.3.5). For heat
equation, we have

E
∣∣uh(t+ h, x)− uh(t, x)

∣∣2 ≤ cHNHh
H + cH

1

H
Γ(1−H)hH

= C
(1)
H hH ,

whereas for wave equation,

E
∣∣uw(t+ h, x)− uw(t, x)

∣∣2 ≤ cHMHTh
2H + cH22HC̃1−2H

1

1 + 2H
h1+2H

≤ cHT
(
MH + 22HC̃1−2H

1

1 + 2H

)
h2H

= C
(2)
H Th2H .

using the fact that h1+2H ≤ Th2H since h ≤ T .
Finally, for heat equation,

E
∣∣uh(t+ h, x)− uh(t, x)

∣∣p = zp

(
E
∣∣uh(t+ h, x)− uh(t, x)

∣∣2)p/2 ≤ zp

(
C

(1)
H

)p/2
hpH/2,
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and for wave equation,

E
∣∣uw(t+ h, x)− uw(t, x)

∣∣p = zp

(
E
∣∣uw(t+ h, x)− uw(t, x)

∣∣2)p/2 ≤ zp

(
C

(2)
H T

)p/2
hpH .

We now treat the space increments. By relation (2.3.1), it suffices to consider
the case p = 2, since

E
∣∣u(t, x′)− u(t, x)

∣∣p = zp(E
∣∣u(t, x′)− u(t, x)

∣∣2)p/2.

Let x′ ≥ x and denote z = x′ − x. We have

u(t, x′)−u(t, x) =

∫ t

0

∫
R
G(t−s, x+z−y)W (ds, dy)−

∫ t

0

∫
R
G(t−s, x−y)W (ds, dy).

Then,

C(t, z) := E |u(t, x+ z)− u(t, x)|2

= E

∣∣∣∣∫ t

0

∫
R
G(t− s, x+ z − y)W (ds, dy)−G(t− s, x− y)W (ds, dy)

∣∣∣∣2
= cH

∫ t

0

∫
R

∣∣F(G(t− s, x+ z − ·)−G(t− s, x− ·)
)
(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds

= cH

∫ t

0

∫
R

∣∣F(G(s′, x+ z − ·)−G(s′, x− ·)
)
(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds′

= 2 cH

∫ t

0

∫
R

(
1− cos(ξz)

)∣∣FG(s′, ·)(ξ)
∣∣2∣∣ξ∣∣1−2H

dξds′.

For the last equality we used the fact that:

|FG(s′, x+ z − ·)(ξ)−FG(s′, x− ·)(ξ)|2

=
∣∣∣e−iξ(x+z)FG(s′, ·)(ξ)− e−iξxFG(s′, ·)(ξ)

∣∣∣2 =
∣∣∣(e−iξ(x+z) − e−iξx)FG(s′, ·)(ξ)

∣∣∣2
=
∣∣∣e−iξx(e−iξz − 1)FG(s′, ·)(ξ)

∣∣∣2 =
∣∣e−iξx∣∣2 ∣∣e−iξz − 1

∣∣2 |FG(s′, ·)(ξ)|2

= 2
(

1− cos(ξz)
)
|FG(s′, ·)(ξ)|2 ,

where we used Lemma A.2, and the fact that for any a ∈ R,

|eia − 1|2 = (cos a− 1)2 + sin2 a = cos2 a+ 1− 2 cos a+ sin2 a = 2(1− cos a).

By Lemma 2.3.3 with α = 1− 2H, we obtain that

C(t, z) ≤

{
2cHC1−2H |z|2H for heat equation

2cHC1−2HT |z|2H for wave equation,
(2.3.6)
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where C1−2H =
∫
R(1− cos η)|η|−1−2Hdη.

Finally, by relation (2.3.1),

E
∣∣u(t, x+ z)− u(t, x)

∣∣p = zp

(
E
∣∣u(t, x+ z)− u(t, x)

∣∣2)p/2
≤

{
zp(C

(3)
H )p/2|z|pH for heat equation,

zp(C
(3)
H )p/2T p/2|z|pH for wave equation.

The following lemma gives a bound for the constant NH and the explicit expres-
sion of the constant MH , appearing in Theorem 2.3.4.

Lemma 2.3.5. For any H ∈ (0, 1),

NH ≤
1

4(2−H)
+

1

H
and MH = 4

(
1

H
+

1

1−H

)
.

Proof:

NH =

∫
R

(1− e−
η2

2 )2

|η|1+2H
dη =

∫
|η|≤1

(1− e−
η2

2 )2

|η|1+2H
dη +

∫
|η|>1

(1− e−
η2

2 )2

|η|1+2H
dη

≤
∫
|η|≤1

(−η2

2
)2

|η|1+2H
dη +

∫
|η|>1

1

|η|1+2H
dη = 2 · 1

4

∫ 1

0

η3−2Hdη + 2

∫ ∞
1

η−1−2Hdη

=
1

2
· 1

4− 2H
+ 2 · 1

2H
,

where for the integral on the set {|η| ≤ 1}, we used the fact that 1− e−x ≤ x for any
x > 0. Similarly,

MH = 4

∫
R

min(1, |η|2)

|η|1+2H
dη = 4

(∫
|η|>1

1

|η|1+2H
dη +

∫
|η|≤1

|η|2

|η|2H+1
dη

)
= 4

(
1

H
+

1

1−H

)
.

Lemma 2.3.6. For any α ∈ (−1, 1),

C̄α ≤ 2
( 1

1− α
+

1

1 + α

)
.
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Proof: We have:

C̄α =

∫
R

1− cos η

|η|2−α
dη ≤

(∫
|η|>1

1

|η|2−α
dη +

∫
|η|≤1

η2

|η|2−α
dη

)
= 2

∫ ∞
1

ηα−2dη + 2

∫ 1

0

ηαdη = 2
( 1

1− α
+

1

1 + α

)
,

where for the integral on the set {|η| ≤ 1}, we used the fact that 1− cos(x) ≤ x2 for
all x > 0.

Remark 2.3.7. Note that for any H ∈ (0, 1),

cH =
Γ(2H + 1) sin(πH)

2π
≤ Γ(3)

2π
=

1

π
.

Remark 2.3.8. Taking formally H = 1/2 in Theorem 2.3.4, we obtain moment
bounds which are consistent with those given in Appendix B for the solutions to
equations (1.0.1) and (1.0.2) with space-time white noise Ẇ .

2.4 Continuity in law of the solution with respect

to H

In this section, we consider the stochastic heat and wave equations with Gaussian
noise which is white in time and behaves in space like a fractional Brownian motion
with Hurst index H ∈ (0, 1). We prove that the solution of either one of these equa-
tions is continuous in law in the space of continuous functions C([0, T ] × R), with
respect to H. Note that by Kolmogorov’s continuity criterion (Theorem C.6 of [17])
and the moment estimates given by Theorem 2.3.4, the solution has a modification
with sample paths in C([0, T ]× R). We work with this modification.

The following result has been recently proved in reference [15].

Theorem 2.4.1. Let WH be Gaussian noise introduced in Section 2.1 which is white
in time and fractional in space with H ∈ (0, 1). We denote by

uhH(t, x) =

∫ t

0

∫
R
Gh(t− s, x− y)WH(ds, dy),

the solution of the stochastic heat equation (1.0.1), and by

uwH(t, x) =

∫ t

0

∫
R
Gw(t− s, x− y)WH(ds, dy),
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the solution of the stochastic wave equation (1.0.2). We fix T > 0 and we consider the
modifications of these processes with sample paths in C([0, T ]× R), which we denote
also by uhH , uwH , respectively. If Hn → H ∈ (0, 1), then

uhHn
d−→ uhH in C([0, T ]× R),

and
uwHn

d−→ uwH in C([0, T ]× R).

Proof: To simplify the writing, we drop the upper indices h and w from the
notation, whenever the calculations are valid for both heat and wave equations. We
denote un = uHn and u = uH . We apply Theorem E.4.3 (see also Remark E.4.4).
Note that condition (ii) of this theorem clearly holds since un(0, 0) = 0 for all n ≥ 1.

Step 1: We verify that condition (i) of Theorem E.4.3 holds, i.e. for any k ≥ 1
and for any (t1, x1), ..., (tk, xk) ∈ [0, T ]× R,(

un(t1, x1), ..., un(tk, xk)
)

d−→
(
u(t1, x1), ..., u(tk, xk)

)
.

Since
(
un(t1, x1), ..., un(tk, xk)

)
and

(
u(t1, x1), ..., u(tk, xk)

)
are normal random vec-

tors with zero-mean, by Lemma E.1.5, it suffices to prove that for any 1 ≤ i, j ≤ k,

Cov
(
un(ti, xi), un(tj, xj)

)
→ Cov

(
u(ti, xi), u(tj, xj)

)
.

That is, we have to show that for any (t′, x′), (t, x) ∈ [0, T ]× R with t′ ≥ t, we have:

E[un(t, x)un(t′, x′)]→ E[u(t, x)u(t′, x′)]. (2.4.1)

We denote by HH the Hilbert space associated to WH . By the isometry property of
the Wiener integral with respect to WHn , we have:

E[un(t, x)un(t′, x′)] =
〈

1[0,t]G(t− ·, x− ·), 1[0,t′]G(t′ − ·, x′ − ·)
〉
HHn

= cHn

∫ ∞
0

∫
R

1[0,t](s)1[0,t′](s)FG(t− s, x− ·)(ξ)FG(t′ − s, x′ − ·)(ξ)|ξ|1−2Hndξds

= cHn

∫ t

0

∫
R
e−iξ·xFG(t− s, ·)(ξ)eiξ·x′FG(t′ − s, ·)(ξ)|ξ|1−2Hndξds

= cHn

∫ t

0

∫
R
e−iξ·(x−x

′)FG(t− s, ·)(ξ)FG(t′ − s, ·)(ξ)|ξ|1−2Hndξds.

Recalling definition (1.0.9) of cH , we see that cHn → cH , by the continuity of the
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Gamma and sin functions. Fix numbers a and b such that 0 < a < H < b < 1. Since
Hn → H, there exists N ∈ N such that

a ≤ Hn ≤ b, for all n ≥ N.

We consider first the heat equation. In this case,

E[uhn(t, x)uhn(t′, x′)] = cHn

∫ t

0

∫
R
e−iξ(x−x

′)e−
(t−s)|ξ|2

2 e−
(t′−s)|ξ|2

2 |ξ|1−2Hndξds.

As n→∞, the integrand converges to

e−iξ(x−x
′)e−

(t−s)|ξ|2
2 e−

(t′−s)|ξ|2
2 |ξ|1−2H .

We show that this integrand is bounded by an integrable function. Let

fhn (s, ξ) = e−iξ(x−x
′)e−

(t+t′−2s)|ξ|2
2 |ξ|1−2Hn , for s ∈ [0, t], ξ ∈ R.

We consider two cases.

Case 1: Suppose that t′ > t,
If |ξ| ≤ 1, using the fact that e−x ≤ 1 for all x ∈ R, we obtain:

|fhn (s, ξ)| ≤ |ξ|1−2Hn ≤ |ξ|1−2b =: gh(s, ξ), for all n ≥ N,

since |ξ|2Hn−1 ≥ |ξ|2b−1. Clearly,
∫ t

0

∫
|ξ|≤1

gh(s, ξ)dξds <∞, since b < 1.

If |ξ| > 1, using the fact that e−x ≤ x−1 for all x > 0, we get:

|fhn (s, ξ)| ≤
[(t+ t′ − 2s)|ξ|2

2

]−1

|ξ|1−2Hn =
2

t′ − t+ 2(t− s)
|ξ|−1−2Hn

≤ 2

t′ − t
|ξ|−1−2Hn ≤ 2

t′ − t
|ξ|−1−2a =: gh(s, ξ), for all n ≥ N,

since |ξ|2Hn+1 ≥ |ξ|2a+1. Clearly,
∫ t

0

∫
|ξ|>1

gh(s, ξ)dξds <∞, since a > 0.

Case 2: Suppose that t′ = t,
If |ξ| ≤ 1, using the fact that e−x ≤ 1 for all x ∈ R, we obtain:

|fhn (s, ξ)| ≤ |ξ|1−2b =: gh(s, ξ) for all n ≥ N.

Clearly,
∫ t

0

∫
|ξ|≤1

gh(s, ξ)dξds <∞.
If |ξ| > 1, we have:

|fhn (s, ξ)| = e−(t−s)|ξ|2|ξ|1−2Hn ≤ e−(t−s)|ξ|2|ξ|1−2a =: gh(s, ξ), for all n ≥ N,
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since |ξ|2Hn−1 ≥ |ξ|2a−1. By applying Lemma 2.3.2 with α = 1− 2a ∈ (−1, 1), we see
that: ∫ t

0

∫
|ξ|>1

gh(s, ξ)dξds =

∫ t

0

∫
|ξ|>1

e−s|ξ|
2|ξ|1−2adξds <∞.

It follows that |fhn (s, ξ)| ≤ gh(s, ξ), for all n ≥ N, s ∈ [0, t] and ξ ∈ R and∫ t

0

∫
R
gh(s, ξ)dξds <∞.

Therefore, in the case of the heat equation, relation (2.4.1) follows by the Dominated
Convergence Theorem.

We consider next the wave equation. In this case,

E[uwn (t, x)uwn (t′, x′)] = cHn

∫ t

0

∫
R
e−iξ(x−x

′)
sin
(

(t− s)|ξ|
)

|ξ|

sin
(

(t′ − s)|ξ|
)

|ξ|
|ξ|1−2Hndξds

= cHn

∫ t

0

∫
R
e−iξ(x−x

′)
sin
(

(t− s)|ξ|
)

sin
(

(t′ − s)|ξ|
)

|ξ|1+2Hn
dξds.

The integrand in the later integral converges to

e−iξ(x−x
′)

sin
(

(t− s)|ξ|
)

sin
(

(t′ − s)|ξ|
)

|ξ|1+2H
.

To apply the Dominated Convergence Theorem, we need to show that the integrand
fwn is bounded by an integrable function, where

fwn (s, ξ) = e−iξ(x−x
′)

sin
(

(t− s)|ξ|
)

sin
(

(t′ − s)|ξ|
)

|ξ|1+2Hn
, for s ∈ [0, T ], ξ ∈ R.

If |ξ| ≤ 1, using the fact that | sinx| ≤ |x| for all x ∈ R, we obtain:

|fwn (s, ξ)| ≤ (t− s)|ξ|(t′ − s)|ξ|
|ξ|1+2Hn

= (t− s)(t′ − s)|ξ|1−2Hn

≤ (t− s)(t′ − s)|ξ|1−2b =: gw(s, ξ), for all n ≥ N,

since |ξ|2Hn−1 ≥ |ξ|2b−1. Note that
∫ t

0

∫
|ξ|≤1

gw(s, ξ)dξds <∞, since b < 1.

If |ξ| > 1, using the fact that | sinx| ≤ 1 for all x ∈ R, we get:

|fwn (s, ξ)| ≤ 1

|ξ|1+2Hn
= |ξ|−1−2Hn ≤ |ξ|−1−2a =: gw(s, ξ), for all n ≥ N,
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since |ξ|2Hn+1 ≥ |ξ|2a+1. Note that
∫ t

0

∫
|ξ|>1

gw(s, ξ)dξds <∞, since a > 0.

It follows that |fwn (s, ξ)| ≤ gw(s, ξ) for all s ∈ [0, t] and ξ ∈ R, and∫ t

0

∫
|ξ|≥1

gw(s, ξ)dξds <∞.

Hence, in the case of the wave equation, relation (2.4.1) follows again by the Domi-
nated Convergence Theorem.

Step 2: In this step, we verify that condition (iii) of Theorem E.4.3 holds. Let
J = [−M,M ] be a compact set in R. Recalling the moment estimates given by
Thmorem 2.3.4, we see that for any p > 0, t′, t ∈ [0, T ], x′, x ∈ R,

E
∣∣∣un(t′, x′)− un(t, x)

∣∣∣p ≤ E

(∣∣∣un(t′, x′)− un(t, x′)
∣∣∣+
∣∣∣un(t, x′)− un(t, x)

∣∣∣)p
≤ 2p−1

{
E
∣∣∣un(t′, x′)− un(t, x′)

∣∣∣p + E
∣∣∣un(t, x′)− un(t, x)

∣∣∣p}

≤


2p−1zp

{(
C

(1)
Hn

)p/2
|t′ − t|pHn/2 +

(
C

(3)
Hn

)p/2
|x′ − x|pHn

}
for heat equation

2p−1zpT
p/2

{(
C

(2)
Hn

)p/2
|t′ − t|pHn +

(
C

(3)
Hn

)p/2
|x′ − x|pHn

}
for wave equation,

where for the second inequality, we use the fact that

(a+ b)p ≤ 2p−1(ap + bp), for all a, b ∈ R.

We will use the following inequality: for any α ≥ 1,

xα + aα ≤ (x+ a)α, for all x, a ≥ 0. (2.4.2)

We examine first the heat equation. For any x, x′ ∈ J , |x′−x| ≤ |x′|+ |x| ≤ 2M
and |x′ − x|pHn/2 ≤ (2M)pHn/2. Hence,

|x′ − x|pHn ≤ (2M)pHn/2|x′ − x|pHn/2, for all x, x′ ∈ J.

We use (2.4.2) with α = pHn/2. Note that pHn/2 ≥ pa/2 ≥ 1 for all n ≥ N , if
p ≥ 2/a. We obtain the following: for any n ≥ N and p ≥ 2/a,

E
∣∣∣uhn(t′, x′)− uhn(t, x)

∣∣∣p ≤ 2p−1zp

[
C

(1)
Hn
∨ C(3)

Hn

]p/2{
|t′ − t|pHn/2 + (2M)pHn/2|x′ − x|pHn/2

}
≤ 2p−1zp

[
C

(1)
Hn
∨ C(3)

Hn

]p/2[
1 ∨ (2M)

]pHn/2(
|t′ − t|pHn/2 + |x′ − x|pHn/2

)
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≤ 2p−1zpA
p/2
[
1 ∨ (2M)

]pb/2(
|t′ − t|+ |x′ − x|

)pHn/2
, (2.4.3)

where for the last inequality we used relation (2.4.2), the fact that Hn ≤ b for all n ≥
N , and

C
(1)
Hn
∨ C(3)

Hn
≤ A, for all n ≥ N, (2.4.4)

for some constant A which we specify below.

We show inequality (2.4.4) in following way. Recall the definition of the con-

stant C
(1)
H given by Theorem 2.3.4:

C
(1)
H = cH

(
NH +

1

H
Γ(1−H)

)
,

where NH =
∫
R

(1−e−
η2

2 )2

|η|1+2H dη. By Lemma 2.3.5, we have:

NHn ≤
1

4
· 1

2−Hn

+
1

Hn

≤ 1

4
· 1

2− b
+

1

a
, for all n ≥ N.

The function Γ(1−H)
H

is continuous on [a, b], hence it is bounded on [a, b] by a constant
c > 0. Remark 2.3.7 shows that

cH ≤
1

π
, for all H ∈ (0, 1). (2.4.5)

Hence,

C
(1)
Hn
≤ 1

π

( 1

4(2− b)
+

1

a
+ c
)
, for all n ≥ N. (2.4.6)

Next, we treat C
(3)
H . Recall that

C
(3)
H = 2cH

∫
R

1− cos η

|η|1+2H
dη = 2cHC̄1−2H ,

where C̄α =
∫
R(1− cos η)|η|α−2dη. By Lemma 2.3.6, we obtain

C
(3)
H ≤ 2cH

( 1

H
+

1

1−H

)
. (2.4.7)

Therefore,

C
(3)
Hn
≤ 2

π

(1

a
+

1

1− b

)
, for all n ≥ N. (2.4.8)

Relation (2.4.4) follows from (2.4.6) and (2.4.8).
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We return now to relation (2.4.3). It remains to treat the term
(
|t′ − t| + |x′ −

x|
)pHn/2

. Note that for any t, t′ ∈ [0, T ] and x, x′ ∈ [−M,M ],

w := |t′ − t|+ |x′ − x| ≤ T + 2M =: c0.

For all n ≥ N ,
wpHn/2 = wp(Hn−a)/2wpa/2 ≤ c

p(Hn−a)/2
0 wpa/2,

and

c
p(Hn−a)/2
0 ≤

{
c
p(b−a)/2
0 if c0 ≥ 1,

1 if c0 < 1.

Therefore, c
p(Hn−a)/2
0 ≤ c

p(b−a)/2
0 ∨ 1 and

wpHn/2 ≤
(
c
p(b−a)/2
0 ∨ 1

)
wpa/2, for all n ≥ N. (2.4.9)

Using inequalities (2.4.3) and (2.4.9), we obtain:

E
∣∣∣uhn(t′, x′)−uhn(t, x)

∣∣∣p ≤ 2p−1zpA
p/2[1∨(2M)]pb/2

(
c
p(b−a)/2
0 ∨1

)(
|t′−t|+ |x′−x|

)pa/2
,

for all t, t′ ∈ [0, T ], x, x′ ∈ J , n ≥ N and p ≥ 2/a. Condition (iii) of Theorem E.4.3
follows with δ = pa

2
> 2, if we choose p > 4

a
.

Next, we examine the wave equation. In this case, we use inequality (2.4.2)
with α = pHn. Note that pHn ≥ pa ≥ 1 for all n ≥ N , if p ≥ 1/a. Hence, for any
n ≥ N and p ≥ 1/a,

E
∣∣∣uwn (t′, x′)− uwn (t, x)

∣∣∣p ≤ 2p−1zpT
p/2
[
C

(2)
Hn
∨ C(3)

Hn

]p/2{
|t′ − t|pHn + |x′ − x|pHn

}
≤ 2p−1zpT

p/2Bp/2
(
|t′ − t|+ |x′ − x|

)pHn
, (2.4.10)

where for the last inequality we use the fact that

C
(2)
Hn
∨ C(3)

Hn
≤ B, for all n ≥ N, (2.4.11)

for some constant B > 0 which is specified below.
We prove (2.4.11). We treat C

(2)
Hn

. Recall the definition of the constant C
(2)
H given

by Theorem 2.3.4:

C
(2)
H = cH

(
MH + 22HC̃1−2H

1

1 + 2H

)
,
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where MH = 4
∫
R

min(1,|η|2)
|η|1+2H dη, and

C̃1−2H =


(2H)−1Γ(1− 2H) sin

(
π(1− 2H)/2

)
if H < 1

2
,

(1− 2H)−1(2H)−1Γ(2− 2H) sin
(
π(1− 2H)/2

)
if H > 1

2
,

π/2 if H = 1
2
.

Since 0 < a ≤ Hn ≤ b < 1, for all n ≥ N , by Lemma 2.3.5, we have

MHn = 4
( 1

Hn

+
1

1−Hn

)
≤ 4
(1

a
+

1

1− b

)
.

It can be proved that the function H → C̃1−2H is continuous on (0, 1) (see the
proof of Theorem of [15]), hence it is bounded on the interval [a, b]. Since Hn ∈ [a, b],
for all n ≥ N , it follows that there exists a constant c′ > 0 such that

C̃1−2Hn ≤ c′, for all n ≥ N.

The other constant in C
(2)
H is also bounded since

22H

1 + 2H
≤ 22H ≤ 4, for all H ∈ (0, 1).

Using (2.4.5), we obtain:

C
(2)
Hn
≤ 1

π

[
4
(1

a
+

1

1− b

)
+ 4c′

]
, for all n ≥ N. (2.4.12)

Relation (2.4.11) follows from (2.4.8) and (2.4.12).

We return now to relation (2.4.10). The term
(
|t′ − t| + |x′ − x|

)pHn
is treated

similarly to the term
(
|t′ − t| + |x′ − x|

)pHn/2
which appears for the heat equation.

More precisely, for any t, t′ ∈ [0, T ] and x, x′ ∈ [−M,M ], we have:

w := |t′ − t|+ |x′ − x| ≤ T + 2M =: c0.

For all n ≥ N ,
wpHn = wp(Hn−a)wpa ≤ c

p(Hn−a)
0 wpa.

Similarly to (2.4.9), we have:

wpHn ≤
(
c
p(b−a)
0 ∨ 1

)
wpa, for all n ≥ N. (2.4.13)

Using inequalities (2.4.10) and (2.4.13), we obtain:

E
∣∣∣uwn (t′, x′)− uwn (t, x)

∣∣∣p ≤ 2p−1zpT
p/2Bp/2

(
c
p(b−a)
0 ∨ 1

)(
|t′ − t|+ |x′ − x|

)pa
for all t, t′ ∈ [0, T ], x, x′ ∈ J , n ≥ N and p ≥ 1/a. Condition (iii) of Theorem E.4.3
follows with δ = pa > 2, if we choose p > 2

a
.



Chapter 3

Equations with fractional noise in
time

In this chapter, we examine equations (1.0.1) and (1.0.2) with fractional noise in time
with index H0 >

1
2
. We assume that the noise is also fractional in space with index

H ∈ (0, 1).
We recall that the covariance of fractional Brownian motion of index H ∈ (0, 1)

is given by:

RH(t, s) =
1

2

(
t2H + s2H − |t− s|2H

)
.

In particular, if H > 1
2
,

RH(t, s) = αH

∫ t

0

∫ s

0

|u− v|2H−2 dudv,

where αH = H(2H − 1). Note that RH(t, t) = t2H .

3.1 The noise

In this section, we consider a zero-mean Gaussian process W = {W ([0, t] × A); t ≥
0, A ∈ Bb(R)} defined on a probability space (Ω,F , P ), with covariance:

E
[
W ([0, t]× A)W ([0, s]×B)

]
= RH0(t, s)cH

∫
R
F1A(ξ)F1B(ξ)|ξ|1−2Hdξ

=

(
αH0

∫ ∞
0

∫ ∞
0

1[0,t](u)1[0,s](v)|u− v|2H0−2dudv

)(
cH

∫
R
F1A(ξ)F1B(ξ)|ξ|1−2Hdξ

)
= αH0cH

∫ ∞
0

∫ ∞
0

∫
R
F1[0,t]×A(u, ·)(ξ)F1[0,s]×B(v, ·)(ξ)|ξ|1−2H |u− v|2H0−2dξdudv

=: 〈1[0,t]×A, 1[0,s]×B〉H

28
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since F1[0,t]×A(u, ·)(ξ) = 1[0,t](u)F1A(ξ). Here we use the constant cH given by (1.0.9).

Remark 3.1.1. Similarly to Remark 2.1.1, if H > 1
2
, then

E [W ([0, t]× A)W ([0, s]×B)] = RH0(t, s)αH

∫
A

∫
B

|x− y|2H−2dxdy

=

(
αH0

∫ ∞
0

∫ ∞
0

1[0,t](u)1[0,s](v)|u− v|2H0−2dudv

)(
αH

∫
A

∫
B

|x− y|2H−2dxdy

)
= αH0αH

∫ ∞
0

∫ ∞
0

∫
R

∫
R

1[0,t]×A(u, x)1[0,s]×B(v, y)|u− v|2H0−2|x− y|2H−2dxdydudv.

Note that the process {W (t, x); t ≥ 0, x ∈ R} defined by W (t, x) = W ([0, t] ×
[0, x]) is a fBs of index H0 in time and index H in space, since

E[W (t, x)W (s, y)] = RH0(t, s)RH(x, y).

We define W (1[0,t]×A) = W ([0, t]× A) and we extend this definition by linearity
to the set E of linear combinations of elementary functions 1[0,t]×A, with t ≥ 0, and
A ∈ Bb(R). Let H be the Hilbert space defined as the closure of E with respect to
the inner product 〈·, ·〉H. For any ϕ, ψ ∈ E ,

〈ϕ, ψ〉H = αH0cH

∫ ∞
0

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|ξ|1−2H |t− s|2H0−2dξdtds.

Note that if H > 1
2
, then for any ϕ, ψ ∈ E :

〈ϕ, ψ〉H = αH0

∫ ∞
0

∫ ∞
0

(
αH

∫
R

∫
R
ϕ(t, x)ψ(s, y)|x− y|2H−2dxdy

)
|t− s|2H0−2dtds.

Lemma 3.1.2. W is an isometry from E to L2(Ω).

Proof: We consider the following functions:

ϕ(t, x) =
n∑
i=1

ai1[0,ti]×Ai(t, x) and ψ(s, x) =
m∑
j=1

bj1[0,sj ]×Bj(s, x).

Note that

E[ W (ϕ)W (ψ) ] = E
[
W
( n∑
i=1

ai1[0,ti]×Ai
)
W
( m∑
j=1

bj1[0,sj ]×Bj
) ]

= E
[ { n∑

i=1

aiW (1[0,ti]×Ai)
}{ m∑

j=1

bjW (1[0,sj ]×Bj)
} ]



3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 30

=
n∑
i=1

m∑
j=1

aibjE[ W (1[0,ti]×Ai)W (1[0,sj ]×Bj) ]

=
n∑
i=1

m∑
j=1

aibj

(
αH0cH

∫ ∞
0

∫ ∞
0

∫
R
F1[0,ti]×Ai(u, ·)(ξ)F1[0,sj ]×Bj(v, ·)(ξ)

|ξ|1−2H |u− v|2H0−2dξdudv

)
= αH0cH

∫ ∞
0

∫ ∞
0

∫
R

{ n∑
i=1

aiF1[0,ti]×Ai(u, ·)(ξ)
}{ m∑

j=1

bjF1[0,si]×Bj(v, ·)(ξ)
}

|ξ|1−2H |u− v|2H0−2dξdudv

= αH0cH

∫ ∞
0

∫ ∞
0

∫
R

{
F
( n∑
i=1

ai1[0,ti]×Ai(t, ·)
)

(ξ)

}{
F
( m∑
j=1

bi1[0,si]×Bj(s, ·)
)

(ξ)

}
|ξ|1−2H |u− v|2H0−2dξdudv

= αH0cH

∫ ∞
0

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|ξ|1−2H |u− v|2H0−2dξdudv

= 〈ϕ, ψ〉H.

Exactly as in Section 2.1, we can extend W from E to H using the isometry
property. For any ϕ ∈ H, we denote

W (ϕ) =

∫ ∞
0

∫
R
ϕ(t, x)W (dt, dx)

and we say that W (ϕ) is the Wiener integral of ϕ with respect to W . Note that W (ϕ)
is a normal random variable with zero mean and variance ‖ϕ‖2

H.
This following result is a particular case of Theorem 2.6(c) of [5].

Theorem 3.1.3. Let ϕ : [0, T ]×R→ R be such that ϕ(t, ·) ∈ L1(R) for all t ∈ [0, T ]
and let

Fϕ(t, ·)(ξ) =

∫
R
e−iξxϕ(t, x)dx, ξ ∈ R,

be the Fourier transform of ϕ(t, ·). Suppose that∫ T

0

|Fϕ(t, ·)(ξ)| dt <∞, for all ξ ∈ R.
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If

I := αH0cH

∫ T

0

∫ T

0

∫
R
Fϕ(t, ·)(ξ)Fϕ(s, ·)(ξ) |t− s|2H0−2 |ξ|1−2H dξdtds <∞,

(3.1.1)
then ϕ ∈ H and E|W (ϕ)|2 = ‖ϕ‖2

H = I.

3.2 Existence of solution: heat equation

In this section, we consider the linear stochastic heat equation (1.0.1) with noise W
as in Section 3.1. The next result is a particular case of Theorem 4.2 of [6].

Theorem 3.2.1. For any H0 ∈ (1
2
, 1) and H ∈ (0, 1), equation (1.0.1) with noise W

as in Section 3.1 has a unique solution.

Proof: To prove that the solution exists we need to check that ght,x ∈ H, where
ght,x(s, y) = Gh(t− s, x− y)1[0,t](s). For this, we apply Theorem 3.1.3. We verify that
condition (3.1.1) holds.

Note that, by Lemma A.2

Fght,x(s, ·)(ξ) = FGh(t− s, x− ·)(ξ)1[0,t](s)

= e−iξxFGh(t− s, ·)(ξ)1[0,t](s).

Hence

It := αH0cH

∫ t

0

∫ t

0

∫
R
Fght,x(s, ·)(ξ)Fght,x(r, ·)(ξ) |s− r|

2H0−2 |ξ|1−2H dξdsdr

= αH0cH

∫ t

0

∫ t

0

∫
R
FGh(t− s, ·)(ξ)FGh(t− r, ·)(ξ) |s− r|2H0−2 |ξ|1−2H dξdsdr

= cH

∫
R

(
αH0

∫ t

0

∫ t

0

FGh(s′, ·)(ξ)FGh(r′, ·)(ξ) |s′ − r′|2H0−2
ds′dr′

)
|ξ|1−2H dξ,

where we applied the change of variables s′ = t− s and r′ = t− r in the last equality.
Therefore,

It = cH

∫
R
Nh
t (ξ)|ξ|1−2Hdξ (3.2.1)

where

Nh
t (ξ) = αH0

∫ t

0

∫ t

0

FGh(s, ·)(ξ)FGh(r, ·)(ξ) |s− r|2H0−2 dsdr

= αH0

∫ t

0

∫ t

0

exp
(
− s|ξ|2

2

)
exp

(
− r|ξ|2

2

)
|r − s|2H0−2drds.
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Step 1: In this step, we check that It <∞ if and only if∫
R

( 1

1 + |ξ|2
)2H0

|ξ|1−2Hdξ <∞.

We claim that: for any t > 0, ξ ∈ R,

1

4
(t2H0 ∧ 1)

( 1

1 + |ξ|2
)2H0

≤ Nh
t (ξ) ≤ C ′H0

(t2H0 ∨ 1)
( 1

1 + |ξ|2
)2H0

, (3.2.2)

where C ′H0
= bH0(4H0)2H0 and bH0 is given by Lemma C.2.

To prove relation (3.2.2), we treat the upper bound first. We consider |ξ| ≤ 1
first. Using Corollary C.4 and the fact that

e−x ≤ 1 for all x > 0 and 1 ≤ 2

1 + |ξ|2
,

we have:

Nh
t (ξ) ≤ bH0t

2H0−1

∫ t

0

exp(−s|ξ|2)ds ≤ bH0t
2H0

≤ bH0t
2H022H0

( 1

1 + |ξ|2
)2H0

.

Next we consider |ξ| > 1. In this case, we use Lemma C.2 and the fact that

1− e−x ≤ 1 for all x > 0 and
1

|ξ|2
≤ 2

1 + |ξ|2
,

we obtain:

Nh
t (ξ) ≤ bH0

(∫ t

0

exp
(
− r|ξ|2

2H0

)
dr

)2H0

= bH0

(2H0

|ξ|2
)2H0

[
1− exp

(
− t|ξ|2

2H0

)]2H0

≤ bH0

(2H0

|ξ|2
)2H0

= bH0(2H0)2H0

( 1

|ξ|2
)2H0

≤ bH0(2H0)2H0

( 2

1 + |ξ|2
)2H0

= bH0(4H0)2H0

( 1

1 + |ξ|2
)2H0

.

For lower bound, we consider t|ξ|2 ≤ 1 first. We used the fact that

exp

(
− r|ξ|2

2

)
≥ 1− r|ξ|2

2
≥ 1

2
for any r ∈ [0, t].
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Hence,

Nh
t (ξ) = αH0

∫ t

0

∫ t

0

exp
(
− r|ξ|2

2

)
exp

(
− s|ξ|2

2

)
|r − s|2H0−2drds

≥ αH0

(1

2

)2
∫ t

0

∫ t

0

|r − s|2H0−2drds

=
1

4
t2H0 ≥ 1

4
t2H0

( 1

1 + |ξ|2
)2H0

,

where for the last inequalities we need the fact that 1
1+|ξ|2 ≤ 1.

Next, we consider the case t|ξ|2 > 1. We introduce the notation: for any T > 0,

‖ϕ‖2
H0(0,T ) = αH0

∫ T

0

∫ T

0

ϕ(t)ϕ(s)|t− s|2H0−2dtds.

Using the change of variables r′ = r|ξ|2/2 and s′ = s|ξ|2/2, we have:

Nh
t (ξ) = αH0

∫ t

0

∫ t

0

exp
(
− r|ξ|2

2

)
exp

(
− s|ξ|2

2

)
|r − s|2H0−2drds

= αH0

∫ t|ξ|2
2

0

∫ t|ξ|2
2

0

exp(−r′) exp(−s′)
∣∣∣∣ 2r′

|ξ|2
− 2s′

|ξ|2

∣∣∣∣2H0−2(
2

|ξ|2

)2

dr′ds′

= αH0

22H0

|ξ|4H0

∫ t|ξ|2
2

0

∫ t|ξ|2
2

0

exp(−r) exp(−s)|r − s|2H0−2drds

≥ αH0

22H0

|ξ|4H0

∫ 1
2

0

∫ 1
2

0

exp(−r) exp(−s)|r − s|2H0−2drds

=
22H0

|ξ|4H0
‖e−t‖2

H0(0, 1
2

)
≥ 22H0

(
1

2

)2H0+2(
1

1 + |ξ|2

)2H0

=
1

4

( 1

1 + |ξ|2
)2H0

,

where for the last inequality we used the fact that

1

|ξ|2
≥ 1

1 + |ξ|2
and ‖e−t‖2

H0(0, 1
2

)
≥
(1

2

)2H0+2

since e−u ≥ 1− u ≥ 1

2
, ∀u ∈

[
0,

1

2

]
.

This finishes the proof of relation (3.2.2).

Coming back to equation (3.2.1) and using relation (3.2.2), we obtain:

cH
1

4
(t2H0∧1)

∫
R

( 1

1 + |ξ|2
)2H0

|ξ|1−2Hdξ ≤ It ≤ cHC
′
H0

(t2H0∨1)

∫
R

( 1

1 + |ξ|2
)2H0

|ξ|1−2Hdξ.

Hence It < ∞ if and only if
∫
R

(
1

1+|ξ|2

)2H0

|ξ|1−2Hdξ < ∞. This finishes Step 1

of the proof.
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Step 2: In this step, we prove that I =
∫
R

(
1

1+|ξ|2

)2H0

|ξ|1−2Hdξ < ∞ if and only if

2H0 +H > 1. Note that this condition is satisfied for any H0 ∈ (1
2
, 1) and H ∈ (0, 1).

We write

I =

∫
|ξ|≤1

( 1

1 + |ξ|2
)2H0

|ξ|1−2Hdξ +

∫
|ξ|>1

( 1

1 + |ξ|2
)2H0

|ξ|1−2Hdξ

:= I(1) + I(2).

We treat separately I(1) and I(2). For I(1), note that 1
2
≤ 1

1+|ξ|2 ≤ 1, if |ξ| ≤ 1. Hence,(
1

2

)2H0
∫
|ξ|≤1

|ξ|1−2H dξ ≤ I(1) ≤
∫
|ξ|≤1

|ξ|1−2H dξ.

Note that
∫
|ξ|≤1
|ξ|1−2H dξ = 2

∫ 1

0
ξ1−2Hdξ <∞ since 1− 2H + 1 > 0.

Next, we treat I(2). Note that 1
2

1
|ξ|2 ≤

1
1+|ξ|2 ≤

1
|ξ|2 , if |ξ| > 1. Hence,(

1

2

)2H0
∫
|ξ|>1

( 1

|ξ|2
)2H0

|ξ|1−2H dξ ≤ I(2) ≤
∫
|ξ|>1

( 1

|ξ|2
)2H0

|ξ|1−2H dξ.

So I(2) < ∞ if and only if
∫
|ξ|>1
|ξ|−4H0|ξ|1−2Hdξ < ∞. This last integral is equal to

2
∫∞

1
ξ−4H0+1−2Hdξ which is finite if and only if −4H0 + 1 − 2H + 1 < 0, which is

equivalent to 2H0 +H > 1.

3.3 Existence of solution: wave equation

In this section, we consider the linear stochastic wave equation (1.0.2) with noise W as
in Section 3.1. In this case, the existence of the solution was first proved in reference
[6], using a different argument than the one that we include here. The proof that we
present here relies on inequality (3.3.2) below. For the upper bound, we follow the
same argument as in [6]. For the lower bound (which was missing from [6]), we use
the argument from the proof of Theorem 4.3 of [1]. We carefully include the explicit
form of all the constants appearing in (3.3.2).

Theorem 3.3.1. For any H0 ∈ (1
2
, 1) and H ∈ (0, 1), equation (1.0.2) with noise W

as in Section 3.1 has a unique solution.

Proof: To prove that the solution exists we need to check that gwt,x ∈ H, where
gwt,x(s, y) = Gw(t − s, x − y)1[0,t](s). For this, we apply Theorem 3.1.3. We verify
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that condition (3.1.1) holds. As in the proof of Theorem 3.2.1, we need to find the
necessary and sufficient condition for It <∞, where

It = cH

∫
R

(
αH0

∫ t

0

∫ t

0

FGw(s, ·)(ξ)FGw(r, ·)(ξ) |s− r|2H0−2 dsdr

)
|ξ|1−2H dξ.

We write:

It = cH

∫
R
Nw
t (ξ)|ξ|1−2Hdξ (3.3.1)

where

Nw
t (ξ) = αH0

∫ t

0

∫ t

0

FGw(s, ·)(ξ)FGw(r, ·)(ξ) |s− r|2H0−2 dsdr

=
αH0

|ξ|2

∫ t

0

∫ t

0

sin(s|ξ|) sin(r|ξ|)|s− r|2H0−2dsdr.

Step 1: In this step, we check that It <∞ if and only if∫
R

( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ <∞.

We claim that: for any t > 0, ξ ∈ R,

D
(1)
H0

(
t2H0+2 ∧ t

)( 1

1 + |ξ|2

)H0+1/2

≤ Nw
t (ξ) ≤ D

(2)
H0

(
t2H0+2 ∨ 1

)( 1

1 + |ξ|2

)H0+1/2

,

(3.3.2)
where

D
(1)
H0

= min

{
αH0 cos2(1)

B(2, 2H0 − 1)

H0 + 1
, cH4−(2H0−1)

(π
2
− 4

3

)}
,

D
(2)
H0

= max

{
1

3
bH02

H0+1/2, cH

(
100

9
· 1

1−H0

2−1 + 4π

)
23H0−1/2

}
,

and B(a, b) = Γ(a)Γ(b)
Γ(a+b)

is the Beta function.

For the upper bound, we consider |ξ| ≤ 1 first. In this case, we use Corol-
lary C.4 and the fact that | sinx| ≤ x, for all x > 0 and 1 ≤ 2

1+|ξ|2 , if |ξ| ≤ 1, we
have:

Nw
t (ξ) ≤ bH0t

2H0−1 1

|ξ|2

∫ t

0

sin2(s|ξ|)ds ≤ bH0t
2H0−1 1

|ξ|2

∫ t

0

(s|ξ|)2ds

= bH0t
2H0−1 1

3
t3 =

1

3
bH0t

2H0+2 ≤ 1

3
bH0t

2H0+2

(
2

1 + |ξ|2

)H0+1/2
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=
1

3
bH02

H0+1/2t2H0+2

(
1

1 + |ξ|2

)H0+1/2

. (3.3.3)

Next, we consider |ξ| > 1. To simplify the notation, we introduce the following
functions: for λ > 0 and τ ∈ R, let

ft(λ, τ) = sin(τλt)− τ sin(λt), gt(λ, τ) = cos(τλt)− cos(λt). (3.3.4)

Using the expression of the H(0, t|ξ|)-norm of the sin function given by Lemma A.8,
we obtain:

Nw
t (ξ) =

cH
|ξ|2H0+2

∫
R

|τ |−(2H0−1)

(τ 2 − 1)2

[
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
]
dτ

= N
(1)
t (ξ) +N

(2)
t (ξ),

where

N
(1)
t (ξ) =

cH
|ξ|2H0+2

∫
{|τ |≤1/2}

|τ |−(2H0−1)

(τ 2 − 1)2

(
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
)

dτ,

and

N
(2)
t (ξ) =

cH
|ξ|2H0+2

∫
{|τ |>1/2}

|τ |−(2H0−1)

(τ 2 − 1)2

(
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
)

dτ.

We consider N
(1)
t (ξ) first. Using the fact that,

|ft(λ, τ)| = | sin(τλt)− τ sin(λt)| ≤ | sin(τλt)|+ |τ sin(λt)| ≤ 1 + |τ |
|gt(λ, τ)| = | cos(τλt)− cos(λt)| ≤ | cos(τλt)|+ | cos(λt)| ≤ 2,

for any t > 0, we have:

N
(1)
t (ξ) =

cH
|ξ|2H0+2

∫
{|τ |≤1/2}

|τ |−(2H0−1)

(τ 2 − 1)2

(
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
)

dτ

≤ cH
|ξ|2H0+1

∫
{|τ |≤1/2}

|τ |−(2H0−1)

(τ 2 − 1)2

((
1 + |τ |

)2
+ 22

)
dτ

≤ cH
|ξ|2H0+1

∫
{|τ |≤1/2}

100

9
|τ |−(2H0−1)dτ =

100

9

cH
1−H0

(
1

2

)2−2H0 1

|ξ|2H0+1

≤ 100

9

cH
1−H0

(
1

2

)2−2H0
(

2

1 + |ξ|2

)H0+1/2

=
100

9

cH
1−H0

23H0−3/2

(
1

1 + |ξ|2

)H0+1/2

, (3.3.5)
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since 1
(1−τ2)2

[(1 + |τ |)2 + 4] ≤ 1
(3/4)2

[(3/2)2 + 4] = 100
9

if |τ | ≤ 1/2 and

|ξ|2H0+2 ≥ |ξ|2H0+1 and
1

|ξ|2
≤ 2

1 + |ξ|2
if |ξ| ≥ 1.

Now we consider N
(2)
t (ξ). By Lemma A.9, for any λ > 0 and t > 0,

2π sin2 1

3

(
t ∧ t3

) λ3

1 + λ2
≤
∫
R

1

(τ 2 − 1)2

[
f 2
t (λ, τ) + g2

t (λ, τ)
]
dτ ≤ 4π

(
t ∨ t3

) λ3

1 + λ2
.

Using this lemma with λ = |ξ| and the fact that |τ |−(2H0−1) ≤ (1/2)−(2H0−1) if
|τ | ≥ 1/2, and |ξ|2/(1 + |ξ|2) ≤ 1, we have:

N
(2)
t (ξ) =

cH
|ξ|2H0+2

∫
{|τ |>1/2}

|τ |−(2H0−1)

(τ 2 − 1)2

(
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
)

dτ

≤ cH
1

2−(2H0−1)

1

|ξ|2H0+2

∫
|τ |>1/2

1

(τ 2 − 1)2

(
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
)

dτ

≤ cH22H0−1 1

|ξ|2H0+2

∫
R

1

(τ 2 − 1)2

(
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
)

dτ

≤ cH22H0−1 1

|ξ|2H0+2
4π

|ξ|3

1 + |ξ|2
(
t ∨ t3

)
≤ cH22H0−14π

1

|ξ|2H0+1

(
t ∨ t3

)
≤ cH22H0−14π

(
2

1 + |ξ|2

)H0+1/2(
t ∨ t3

)
= cH4π23H0−1/2

(
1

1 + |ξ|2

)H0+1/2(
t ∨ t3

)
. (3.3.6)

Note that for the last inequality, we used the fact that 1
|ξ|2 ≤

2
1+|ξ|2 . Therefore, taking

the sum of (3.3.5) and (3.3.6), we have:

Nw
t (ξ) ≤ cH

(
100

9

1

1−H0

23H0−3/2 + 4π23H0−1/2
(
t ∨ t3

))( 1

1 + |ξ|2

)H0+1/2

≤ cH

(
100

9
· 1

1−H0

2−1 + 4π

)
23H0−1/2

(
t3 ∨ 1

)( 1

1 + |ξ|2

)H0+1/2

, (3.3.7)

since if t > 1, then t3 ≥ t ≥ 1 and if t < 1, then t3 < t < 1. Hence, t3 ∨ t∨ 1 = t3 ∨ 1.
Combining the relations (3.3.3) and (3.3.7), we obtain the upper bound in relation
(3.3.2), noting that t2H0+2 ∨ t3 ∨ 1 = t2H0+2 ∨ 1.
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For the lower bound, suppose that t|ξ| ≤ 1 first. By using the fact that sinx ≥
x cos 1 for all x ∈ [0, 1] and sinx > 0 for all x ∈ [0, 1], we obtain:

Nw
t (ξ) =

αH0

|ξ|2

∫ t

0

∫ t

0

sin(s|ξ|) sin(r|ξ|)|r − s|2H0−2dsdr

≥ αH0 cos2(1)

∫ t

0

∫ t

0

rs|r − s|2H0−2dsdr = αH0 cos2(1)
B(2, 2H0 − 1)

H0 + 1
t2H0+2

≥ αH0 cos2(1)
B(2, 2H0)

H0 + 1
t2H0+2

(
1

1 + |ξ|2

)H0+1/2

, (3.3.8)

where we used Lemma D.2 and the fact that 1 ≥
(

1
1+|ξ|2

)H0+1/2

.

Now we consider t|ξ| > 1. Let ρ > 1 be a constant to be specified later. We
know that the integrand of

Nw
t (ξ) =

cH
|ξ|2H0+2

∫
R

|τ |−(2H0−1)

(τ 2 − 1)2

[
f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)
]
dτ

is non-negative. Hence Nw
t (ξ) is bounded below by the integral over the region |τ | < ρ.

In that region, |τ |−(2H0−1) ≥ ρ−(2H0−1), and therefore,

Nw
t (ξ) ≥ cHρ

−(2H0−1)

|ξ|2H0+2

∫
{|τ |<ρ}

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ

=
cHρ

−(2H0−1)

|ξ|2H0+2

(
J(t|ξ|)−

∫
{|τ |≥ρ}

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ

)
, (3.3.9)

where

J(t|ξ|) :=

∫
R

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ =

∫ T

0

∣∣F0,t|ξ| sin(τ)
∣∣2 dτ

= 2π

∫ t|ξ|

0

sin2(x)dx = π

∫ t|ξ|

0

(
1− cos(2x)

)
dx = πt|ξ|

[
1− sin(2t|ξ|)

2t|ξ|

]
,

using Plancherel theorem for the third equality above. Note that

J(t|ξ|) ≥ 1

2
πt|ξ|, (3.3.10)

since t|ξ| ≥ 1 and sin(2x) ≤ x, if x > 1. To find an upper bound for the second
integral in the right-hand side of (3.3.9), we use the fact that for any λ > 0 and
τ ∈ R,

f 2
t (λ, τ) + g2

t (λ, τ) ≤ 2λt
(

1 + |τ |
)2

. (3.3.11)
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To prove (3.3.11), note that |ft(λ, τ)| ≤ 1 + |τ | and |ft(λ, τ)| ≤ 2|τ |λt, where for the
second inequality, we used the fact that | sinx| ≤ |x|. Taking the product of these
two inequalities, we get:

f 2
t (λ, τ) ≤ 2|τ |λt(1 + |τ |). (3.3.12)

Similarly, |gt(λ, τ)| ≤ 2 and |gt(λ, τ)| ≤ | cos(λτt) − 1| + | cosλt − 1| ≤ |τ |λt + λt =
λt(1 + |τ |) using the inequality |1− cosx| ≤ |x| for all x. Taking the product of these
two inequalities, we get:

g2
t (λ, τ) ≤ 2λt(1 + |τ |). (3.3.13)

Relation (3.3.11) follows by taking the sum of (3.3.12) and (3.3.13).

Using (3.3.11), we have

∫
{|τ |≥ρ}

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ ≤

∫
{|τ |≥ρ}

2t|ξ|
(

1 + |τ |
)2

(τ 2 − 1)2
dτ = Cρt|ξ|, (3.3.14)

where

Cρ = 2

∫
|τ |≥ρ

(1 + |τ |)2

(τ 2 − 1)2
dτ = 2

∫
|τ |≥ρ

1

(|τ | − 1)2
dτ = 4

∫ ∞
ρ

1

(τ − 1)2
dτ

= 4

∫ ∞
ρ−1

1

x2
dx =

4

ρ− 1
.

Combining relations (3.3.9), (3.3.10) and (3.3.14), we get

Nw
t (ξ) ≥ cHρ

−(2H0−1)

|ξ|2H0+2

(
π

2
− Cρ

)
t|ξ|.

Choose ρ large enough such that Cρ < π/2. For instance, when ρ = 4, Cρ = 4/3.
Then we have:

Nw
t (ξ) ≥ cH4−(2H0−1)

(
π

2
− 4

3

)
t

1

|ξ|2H0+1
≥ cH4−(2H0−1)

(
π

2
− 4

3

)
t

(
1

1 + |ξ|2

)H0+1/2

,

(3.3.15)
since 1

|ξ|2 ≥
1

1+|ξ|2 .

The lower bound in (3.3.2) follows from relations (3.3.8) and (3.3.15).

Using (3.3.2), we obtain:

D
(1)
H0

(
t2H0+2 ∧ t

)
I ≤ It ≤ D

(2)
H0

(
t2H0+2 ∨ 1

)
I,
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where I =
∫
R

(
1

1+|ξ|2

)H0+1/2

|ξ|1−2Hdξ. It follows that It <∞ if and only if

I =

∫
R

( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ <∞.

This finishes Step 1 of the proof.

Step 2: In this step, we prove that I =
∫
R

(
1

1+|ξ|2

)H0+1/2

|ξ|1−2Hdξ < ∞ if and

only if H0 + H > 1
2
. Note that this condition is satisfied for any H0 ∈ (1

2
, 1) and

H ∈ (0, 1). We write

I =

∫
|ξ|≤1

( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ +

∫
|ξ|>1

( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ

:= I(1) + I(2).

We treat separately I(1) and I(2). For I(1), note that 1
2
≤ 1

1+|ξ|2 ≤ 1, if |ξ| ≤ 1. Hence,

(
1

2

)H0+1/2 ∫
|ξ|≤1

|ξ|1−2H dξ ≤ I(1) ≤
∫
|ξ|≤1

|ξ|1−2H dξ.

Note that
∫
|ξ|≤1
|ξ|1−2H dξ = 2

∫ 1

0
ξ1−2Hdξ <∞ since 1− 2H + 1 > 0.

Next, we treat I(2). Note that 1
2

1
|ξ|2 ≤

1
1+|ξ|2 ≤

1
|ξ|2 , if |ξ| > 1. Hence,

(
1

2

)H0+1/2 ∫
|ξ|>1

( 1

|ξ|2
)H0+1/2

|ξ|1−2H dξ ≤ I(2) ≤
∫
|ξ|>1

( 1

|ξ|2
)H0+1/2

|ξ|1−2H dξ.

So I(2) <∞ if and only if
∫
|ξ|>1
|ξ|−2(H0+1/2)|ξ|1−2Hdξ <∞. This last integral is equal

to 2
∫∞

1
ξ−2H0−2Hdξ which is finite if and only if −2H0 − 2H + 1 < 0, which is equiv-

alent to H0 +H > 1
2
.

Remark 3.3.2. Note that the upper bound in relation (3.3.2) in the case |ξ| > 1
cannot be obtained by applying Lemma C.2 as in the case of the heat equation, since
by doing so, we would obtain:

Nw
t (ξ) =

αH0

|ξ|2

∫ t

0

∫ t

0

sin(s|ξ|) sin(r|ξ|)|r − s|2H0−2dsdr

=
αH0

|ξ|2

∣∣∣∣ ∫ t

0

∫ t

0

sin(s|ξ|) sin(r|ξ|)|r − s|2H0−2dsdr

∣∣∣∣
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≤ αH0

|ξ|2

∫ t

0

∫ t

0

∣∣∣ sin(s|ξ|)
∣∣∣∣∣∣ sin(r|ξ|)

∣∣∣(r − s)2H0−2dsdr

≤ bH0

|ξ|2

(∫ t

0

∣∣∣ sin(s|ξ|)
∣∣∣1/H0

ds

)2H0

≤ bH0t
2H0

1

|ξ|2
,

which does not give the upper bound in the desired form Ct|ξ|−2H0−1 for some constant
Ct.

3.4 Moment estimates: heat equation

In this section, we give some moment estimates for the increments of solution to the
linear stochastic heat equation (1.0.1) with noise Ẇ as in Section 3.1. The result
presented in this section is an extension to the case H0 > 1/2 of the result obtained
by [15] for the case H0 = 1/2 (given by Theorem 2.3.4). Note that for the space
increments, we had to impose the additional condition 2H0 + H < 2. Our estimate
for the time increments given by relation (3.4.1) below can be derived from Theorem
2.6 of [25], but here we present a different proof than in this reference. On the
other hand, the bound given by relation (3.4.2) below for the space increments is a
particular case of Theorem 4 of [26].

Theorem 3.4.1. Let uh be the solution of the linear stochastic heat equation (1.0.1)
with noise Ẇ as in Section 3.1.
(a) For any p > 0, H0 ∈ (1

2
, 1), H ∈ (0, 1), t, t′ ∈ [0, T ] and x, x′ ∈ R, we have

E
∣∣uh(t′, x)− uh(t, x)

∣∣p ≤ zp

(
C

(1)
H0,H

)p/2∣∣∣t′ − t∣∣∣p(2H0+H−1)/2

, (3.4.1)

where

C
(1)
H0,H

= 2cH

(
bH0(2H0)2H0NH0,H + Γ(1−H)21−HRH0,H

)
,

NH0,H =

∫
R

(
1− exp(−η2/2)

)2

|η|4H0+2H−1
dη,

RH0,H = αH0

∫ 1

0

∫ 1

0

|r − s|2H0−2(r + s)H−1drds.

(b) For any p > 0, for any H0 ∈ (1
2
, 1), H ∈ (0, 1) with

2H0 +H < 2,

and for any t, t′ ∈ [0, T ] and x, x′ ∈ R, we have

E
∣∣uh(t, x′)− uh(t, x)

∣∣p ≤ zp

(
C

(3)
H0,H

)p/2∣∣∣x′ − x∣∣∣p(2H0+H−1)

, (3.4.2)
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where

C
(3)
H0,H

= 2cHbH0(2H0)2H0C̄3−4H0−2H ,

and C̄α =
∫
R(1− cos η)|η|α−2dη is the same as in Lemma 2.3.3.

H0

H

0 1
2

1

1

2H0 +H = 2

Figure 3.1: The shaded area represents the region {H0 ∈ (1/2, 1), H ∈
(0, 1) and 2H0 +H < 2}.

Proof: We first study the time increments. Assume that t′ > t and let h =
t′ − t. We use the same decomposition as on the proof of Theorem 2.3.4. Note that
decomposition (2.3.2) still holds, but the variables I1 and I2 are correlated. We have:

E
∣∣uh(t+ h, x)− uh(t, x)

∣∣2 ≤ 2
(
A(t, h) +B(t, h)

)
, (3.4.3)

where

A(t, h) := E

∣∣∣∣∫ t

0

∫
R
Gh(t+ h− s, x− y)−Gh(t− s, x− y)W (ds, dy)

∣∣∣∣2 ,
B(t, h) := E

∣∣∣∣∫ t+h

t

∫
R
Gh(t+ h− s, x− y)W (ds, dy)

∣∣∣∣2 .
We first study A(t, h). Using the change of variables s′ = t − s and r′ = t − r

and the Littlewood-Hardy type inequality given by Lemma C.2, we have:

A(t, h) = cH

∫
R

(
αH0

∫ t

0

∫ t

0

|r − s|2H0−2F [Gh(t+ h− s, ·)−Gh(t− s, ·)](ξ)

F [Gh(t+ h− r, ·)−Gh(t− r, ·)](ξ)dsdr
)
|ξ|1−2Hdξ
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= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|r′ − s′|2H0−2F [Gh(s′ + h, ·)−Gh(s′, ·)](ξ)

F [Gh(r′ + h, ·)−Gh(r′, ·)](ξ)dr′ds′
)
|ξ|1−2Hdξ

≤ cHbH0

∫
R

(∫ t

0

∣∣FGh(s+ h, ·)(ξ)−FGh(s, ·)(ξ)
∣∣ 1
H0 ds

)2H0

|ξ|1−2Hdξ

= cHbH0

∫
R

(
e−

h|ξ|2
2 − 1

)2(∫ t

0

e
− s|ξ|

2

2H0 ds

)2H0

|ξ|1−2Hdξ

= cHbH0(2H0)2H0

∫
R

(
1− e−

h|ξ|2
2

)2

|ξ|−4H0

(
1− e−

t|ξ|2
2H0

)2H0

|ξ|1−2Hdξ

≤ cHbH0(2H0)2H0

∫
R

(
1− e−

h|ξ|2
2

)2

|ξ|4H0+2H−1
dξ

= cHbH0(2H0)2H0(
√
h)4H0+2H−2

∫
R

(1− e−η2/2)2

|η|4H0+2H−1
dη

= cHbH0(2H0)2H0NH0,Hh
2H0+H−1, (3.4.4)

where for the second last equality, we used the change of variable η =
√
hξ.

Next, we consider B(t, h). Using the change of variables s′ = t + h − s and
r′ = t+ h− r, we have:

B(t, h) = cH

∫
R

(
αH0

∫ t+h

t

∫ t+h

t

|r − s|2H0−2FGh(t+ h− s, x− ·)(ξ)

FGh(t+ h− r, x− ·)(ξ)drds
)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ h

0

∫ h

0

|r′ − s′|2H0−2FGh(s′, ·)(ξ)FGh(r′, ·)(ξ)dr′ds′
)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ h

0

∫ h

0

|r − s|2H0−2 exp
(
− s|ξ|2

2

)
exp

(
− r|ξ|2

2

)
drds

)
|ξ|1−2Hdξ

= cHαH0

∫ h

0

∫ h

0

|r − s|2H0−2

(∫
R

exp
(
− (s+ r)|ξ|2

2

)
|ξ|1−2Hdξ

)
drds

= cHαH0

∫ h

0

∫ h

0

|r − s|2H0−2
(s+ r

2

)H−1

Γ
(2− 2H

2

)
drds

= cHαH0Γ(1−H)21−H
∫ h

0

∫ h

0

|r − s|2H0−2(s+ r)H−1drds,

where for the second last equality, we used the following identity: (see equation (34)
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of [4]) ∫
R
e−t|ξ|

2|ξ|αdξ = t−(α+1)/2Γ

(
α + 1

2

)
, for α > −1. (3.4.5)

Using the change of variables r̄ = r/h, and s̄ = s/h, we have:

B(t, h) = cHαH0Γ(1−H)21−H
∫ 1

0

∫ 1

0

|r̄h− s̄h|2H0−2(r̄h+ s̄h)H−1h2drds

= cHΓ(1−H)21−HRH0,Hh
2H0+H−1, (3.4.6)

where

RH0,H = αH0

∫ 1

0

∫ 1

0

|r − s|2H0−2(r + s)H−1drds. (3.4.7)

Using relations (3.4.3), (3.4.4) and (3.4.6), we obtain:

E|uh(t+ h, x)− uh(t, x)|2 ≤ 2cH

{
bH0(2H0)2H0NH0,H + Γ(1−H)21−HRH0,H

}
h2H0+H−1

= C
(1)
H0,H

h2H0+H−1.

Using relation (2.3.1),

E|uh(t+ h, x)− uh(t, x)|p = zp
(
E|uh(t+ h, x)− uh(t, x)|2

)p/2
≤ zp

(
C

(1)
H0,H

)p/2
hp(2H0+H−1)/2.

Now we consider the space increments. Again, we use the same decomposition
as on the proof of Theorem 2.3.4. Let x′ = x + z. Using the change of variables
s′ = t− s and r′ = t− r, we have:

C(t, z) := E
∣∣uh(t, x+ z)− uh(t, x)

∣∣2
= E

∣∣∣∣∫ t

0

∫
R
Gh(t− s, x+ z − y)−Gh(t− s, x− y)W (ds, dy)

∣∣∣∣2
= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2F
[
Gh(t− s, x+ z − ·)−Gh(t− s, x− ·)

]
(ξ)

F [Gh(t− r, x+ z − ·)−Gh(t− r, x− ·)](ξ)dsdr
)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s′ − r′|2H0−2F [Gh(s′, x+ z − ·)−Gh(s′, x− ·)](ξ)

F [Gh(r′, x+ z − ·)−Gh(r′, x− ·)](ξ)ds′dr′
)
|ξ|1−2Hdξ
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= cH

∫
R

∣∣∣e−iξz − 1
∣∣∣2(αH0

∫ t

0

∫ t

0

|s− r|2H0−2FGh(s, ·)(ξ)FGh(r, ·)(ξ)dsdr
)
|ξ|1−2Hdξ

= cH

∫
R

2
[
1− cos(ξz)

]
Nh
t (ξ) |ξ|1−2Hdξ,

where Nh
t (ξ) is defined in Theorem 3.2.1 and we used the fact that

F
[
Gh(s, x+ z − ·)−Gh(s, x− ·)

]
(ξ) = e−iξx(e−iξz − 1)FGh(s, ·)(ξ),

and ∣∣e−ia − 1
∣∣2 = 2(1− cos a).

Using the Littlewood-Hardy type inequality given by Lemma C.2, we see that

Nh
t (ξ) ≤ bH0

(∫ t

0

exp
(
− s|ξ|2

2H0

)
ds

)2H0

= bH0

(2H0

|ξ|2
)2H0

(
1− exp

(
− t|ξ|2

2H0

))2H0

≤ bH0(2H0)2H0|ξ|−4H0 .

Hence,

C(t, z) ≤ cHbH0(2H0)2H02

∫
R

1− cos(ξz)

|ξ|4H0+2H−1
dξ.

To evaluate the previous integral, we use the change of variable η = ξz. We
obtain:

C(t, z) ≤ cHbH0(2H0)2H02|z|4H0+2H−2

∫
R

1− cos η

|η|4H0+2H−1
dη

= cHbH0(2H0)2H02C̄3−4H0−2H |z|4H0+2H−2 = C
(3)
H0,H
|z|4H0+2H−2 .

Note that C̄3−4H0−2H < ∞ since 3 − 4H0 − 2H ∈ (−1, 1). For this, we need the
condition 2H0 +H < 2.

Using relation (2.3.1),

E|uh(t, x+ z)− uh(t, x)|p = zpC(t, z)p/2

≤ zp(C
(3)
H0,H

)p/2|z|p(2H0+H−1).

Remark 3.4.2. Note that the upper bound estimates given in Theorem 3.4.1 are
sharp, i.e. there exist some matching lower bounds. In [27], the authors gave a sharp
estimate for the temporal regularity of the solution u to the linear heat equation with
bifractional-colored noise. In [26], the authors studied the sample path regularity
of solution u to the fractional-colored stochastic heat equation in time and space
separately. We omit the details here.
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The following lemmas give some bounds for the constants NH0,H and RH0,H

appearing in Theorem 3.4.1. Note that N 1
2
,H = NH , where the constant NH was

defined in Theorem 2.3.4.

Lemma 3.4.3. For any H0, H ∈ R such that 1 < 2H0 +H < 3,

NH0,H ≤
1

2
· 1

6− 4H0 − 2H
+ 2 · 1

4H0 + 2H − 2
.

Proof: We have:

NH0,H =

∫
|η|≤1

(
1− exp(−η2

2
)
)2

|η|4H0+2H−1
dη +

∫
|η|>1

(
1− exp(−η2

2
)
)2

|η|4H0+2H−1
dη

≤
∫
|η|≤1

(η2/2)2

|η|4H0+2H−1
dη +

∫
|η|>1

1

|η|4H0+2H−1
dη

= 2 · 1

4

∫ 1

0

η4−4H0−2H+1dη + 2

∫ ∞
1

η−4H0−2H+1dη

=
1

2
· 1

6− 4H0 − 2H
+ 2 · 1

4H0 + 2H − 2
,

where for the inequalities, we used the fact that

1− e−x ≤ x if |x| ≤ 1,

1− e−x ≤ 1 if |x| > 1,

and we also used the fact that 1 < 2H0 +H < 3.

Lemma 3.4.4. For any H0 ∈ (1
2
, 1) and H ∈ (0, 1),

RH0,H ≤ 2H−1bH0

1

H
.

Proof: By identity (3.4.5),

(r + s)H−1 = 2H−1 1

Γ(1−H)

∫
R

exp

(
− (r + s)|ξ|2

2

)
|ξ|1−2Hdξ.

Then, by applying Corollary C.4 and Fubini’s theorem, we have:

RH0,H = 2H−1 1

Γ(1−H)

∫
R

(∫ 1

0

∫ 1

0

|r − s|2H0−2 exp
(
− (r + s)|ξ|2

2

)
drds

)
|ξ|1−2Hdξ



3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 47

≤ 2H−1 1

Γ(1−H)
bH0

∫
R

(∫ 1

0

e−s|ξ|
2

ds

)
|ξ|1−2Hdξ

= 2H−1 1

Γ(1−H)
bH0

∫ 1

0

(∫
R
e−s|ξ|

2|ξ|1−2Hdξ

)
ds.

Note that by (3.4.5), ∫
R
e−s|ξ|

2 |ξ|1−2Hdξ = Γ(1−H)sH−1.

Hence,

RH0,H ≤ 2H−1bH0

∫ 1

0

sH−1ds = 2H−1bH0

1

H
.

Remark 3.4.5. Taking formally H0 = 1/2 in relations (3.4.1) and (3.4.2), we obtain
moment bounds which are consistent with those given by Theorem 2.3.4 for the white
noise in time.

3.5 Moment estimates: wave equation

In this section, we give some moment estimates for the increments of the solution to
the linear stochastic wave equation (1.0.2) with noise W as in Section 3.1. To obtain
these bounds, we need to impose the condition 2H0 + 2H < 3. We follow very closely
the arguments presented in reference [10], by including the explicit form of all the
constants.

We begin with some elementary results which will be used in the proof of Theorem
3.5.4.

Lemma 3.5.1. [Lemma 3.1 of [10]] For a, b ∈ R with a < b and H0 ∈ (1
2
, 1),∫ b

a

∫ b

a

cos(u) cos(v)|u− v|2H0−2dudv

=

∫ b−a

0

(b− a− v)v2H0−2 cos(v)dv + cos(a+ b)

∫ b−a

0

(b− a− v)v2H0−2 cos(v)dv,

(3.5.1)

and∫ b

a

∫ b

a

sin(u) sin(v)|u− v|2H0−2dudv
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=

∫ b−a

0

(b− a− v)v2H0−2 cos(v)dv − cos(a+ b)

∫ b−a

0

(b− a− v)v2H0−2 cos(v)dv.

(3.5.2)

Remark 3.5.2. From Lemma 3.5.1, taking the sum of (3.5.1) and (3.5.2), we con-
clude that∫ b

a

∫ b

a

cos(u) cos(v)|u− v|2H0−2dudv ≤ 2

∫ b−a

0

(b− a− v)v2H0−2 cos(v)dv.

Remark 3.5.3. We will use the following formulas: (see relations 3.761-4 and 3.761-9
of [16]): for any µ ∈ (0, 1),∫ ∞

0

xu−1 sinx dx =
π

2Γ(1− µ) cos(µπ/2)
,

∫ ∞
0

xu−1 cosx dx =
π

2Γ(1− µ) sin(µπ/2)
.

In particular, for µ = 2H0 − 1 with H0 ∈ (1
2
, 1), we obtain:

IH0 :=

∫ ∞
0

x2H0−2 sinx dx =
π

2Γ(2− 2H0) cos
(

(2H0 − 1)π/2
)

I ′H0
:=

∫ ∞
0

x2H0−2 cosx dx =
π

2Γ(2− 2H0) sin
(

(2H0 − 1)π/2
) .

Note that IH0 = lim
R→∞

IH0(R) and I ′H0
= lim

R→∞
I ′H0

(R), where

IH0(R) =

∫ R

0

x2H0−2 sinx dx and I ′H0
(R) =

∫ R

0

x2H0−2 cosx dx.

From this, it follows that there exists R0 > 0 such that

1

2
IH0 ≤ IH0(R) ≤ 3

2
IH0 , for all R > R0.

Note that the function R→ IH0(R) is continuous. Taking

MH0 = max
{3

2
IH0 , max

R∈[0,R0]

∣∣IH0(R)
∣∣}, (3.5.3)

we conclude that
|IH0(R)| ≤MH0 , for all R > 0. (3.5.4)
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Arguing similarly for I ′H0
(R), we have:

|I ′H0
(R)| ≤M ′

H0
, for all R > 0, (3.5.5)

where

M ′
H0

= max
{3

2
I ′H0

, max
R∈[0,R′0]

∣∣I ′H0
(R)
∣∣}. (3.5.6)

Theorem 3.5.4. Let uw be the solution of stochastic linear wave equation (1.0.2)
with noise W as in Section 3.1. For any p > 0, H0 ∈ (1

2
, 1), and H ∈ (0, 1) with

2H0 + 2H < 3, (3.5.7)

and for any t, t′ ∈ [0, T ] and x, x′ ∈ [−M,M ], we have

E
∣∣uw(t′, x)− uw(t, x)

∣∣p ≤ zp

(
C

(2)
H0,H

)p/2
T p/2

∣∣∣t′ − t∣∣∣p(2H0+2H−1)/2

,

E
∣∣uw(t, x′)− uw(t, x)

∣∣p ≤ zp

(
C

(4)
H0,H

)p/2(
T 2H0+2 ∨ 1

)p/2
(
M3−2H0−2H ∨ 1

)p/2∣∣∣x′ − x∣∣∣p(2H0+2H−1)/2

,

where

C
(2)
H0,H

= 2cH

{
23−2H0−2HC

(5)
H0,H

+ C
(6)
H0,H

}
,

C
(4)
H0,H

= cH

{
23−2H

1−H
+ 4D

(2)
H0

( 1

3− 2H0 − 2H
+

4

2H0 + 2H − 1

)}
,

and

C
(5)
H0,H

= 2M ′
H0
N ′H0,H

+
8H0

3− 2H0 − 2H
+

4

1 + 2H
+

(2H0 − 1)MH0

H0 +H
,

C
(6)
H0,H

= D
(2)
H0

( 1

1−H
+

2

2H0 + 2H − 1

)
.

Here MH0, M ′
H0

are given by (3.5.3), (3.5.6), respectively,

N ′H0,H
=

∫
R

sin2(|ξ|)
|ξ|2H0+2H

dξ,

and D
(2)
H0

is given by relation (3.3.2).
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H0

H

0 1
2

1

1
2

1
2H0 + 2H = 3

Figure 3.2: The shaded area represents the region {H0 ∈ (1/2, 1), H ∈
(0, 1) and 2H0 + 2H < 3}.

Proof: We proceed as in the proof of Propositions 3.4 and 3.7 in [10] (considering
only the upper bounds).

First, we study the time increments. Assume that t′ > t and let h = t′−t. We use
the same decomposition as on the proof of Theorem 2.3.4. Note that decomposition
(2.3.2) still holds, but the variables I1 and I2 are correlated. We have:

E
∣∣uh(t+ h, x)− uh(t, x)

∣∣2 ≤ 2
(
A(t, h) +B(t, h)

)
, (3.5.8)

where

A(t, h) := E

∣∣∣∣∫ t

0

∫
R
Gw(t+ h− s, x− y)−Gw(t− s, x− y)W (ds, dy)

∣∣∣∣2 ,
and

B(t, h) := E

∣∣∣∣∫ t+h

t

∫
R
Gw(t+ h− s, x− y)W (ds, dy)

∣∣∣∣2 .
We first study A(t, h). Recall that

FGw(t+ h− s, x− ·)(ξ) = e−iξxFGw(t+ h− s, ·)(ξ),
FGw(t− s, x− ·)(ξ) = e−iξxFGw(t− s, ·)(ξ).

Using the change of variable s′ = t− s and r′ = t− r, and the formula

sinx− sin y = 2 sin
(x− y

2

)
cos
(x+ y

2

)
,

we have:

A(t, h)
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= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2F [Gw(t+ h− s, ·)−Gw(t− s, ·)](ξ)

F [Gw(t+ h− r, ·)−Gw(t− r, ·)](ξ)drds
)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s′ − r′|2H0−2F [Gw(s′ + h, ·)−Gw(s′, ·)](ξ)

F [Gw(r′ + h, ·)−Gw(r′, ·)](ξ)dr′ds′
)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2
sin
(

(s+ h)|ξ|
)
− sin

(
s|ξ|
)

|ξ|
·

sin
(

(r + h)|ξ|
)
− sin

(
r|ξ|
)

|ξ|
drds

)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2 4 sin2(h|ξ|/2)

|ξ|2
cos
(2s+ h

2
|ξ|
)

cos
(2r + h

2
|ξ|
)

drds

)
|ξ|1−2Hdξ

= cH22−2H

∫
R

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2 sin2(h|ξ′|)
|ξ′|2

cos
(

(2s+ h)|ξ′|
)

cos
(

(2r + h)|ξ′|
)

drds

)
|ξ′|1−2Hdξ′,

where for the last line we used ξ′ = ξ/2. Then we continue by applying the change of
variables s′ = (2s + h)|ξ| and r′ = (2r + h)|ξ|, with ds = ( 1

2|ξ|)ds
′ and dr = ( 1

2|ξ|)dr
′.

We get:

A(t, h)

= cH22−2H0−2H

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(
αH0

∫ (2t+h)|ξ|

h|ξ|

∫ (2t+h)|ξ|

h|ξ|
|s′ − r′|2H0−2

cos(r′) cos(s′)dr′ds′
)

dξ

= cH22−2H0−2H

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

∥∥∥ cos(·)1[
h|ξ|,(2t+h)|ξ|

]∥∥∥2

H0

dξ, (3.5.9)

where ‖ · ‖H0 is given by

∥∥ϕ∥∥2

H0
= αH0

∫ ∞
0

∫ ∞
0

ϕ(t)ϕ(s)|t− s|2H0−2dtds.
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By Remark 3.5.2,∥∥∥ cos(·)1[
h|ξ|,(2t+h)|ξ|

]∥∥∥2

H0

≤ 2

∫ 2t|ξ|

0

(2t|ξ| − u)u2H0−2 cos(u)du

= 2

(
2t|ξ|

∫ 2t|ξ|

0

u2H0−2 cos(u)du−
∫ 2t|ξ|

0

u2H0−1 cos(u)du

)
= 2

(
2t|ξ|

∫ 2t|ξ|

0

u2H0−2 cos(u)du−
(

2t|ξ|
)2H0−1

sin(2t|ξ|)

+ (2H0 − 1)

∫ 2t|ξ|

0

u2H0−2 sin(u)du

)
, (3.5.10)

where for last equation, we used integration by parts. By relations (3.5.9) and (3.5.10),
it follows that

A(t, h) ≤ cH23−2H0−2H

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(
2t|ξ|

∫ 2t|ξ|

0

u2H0−2 cos(u)du

−
(

2t|ξ|
)2H0−1

sin(2t|ξ|) + (2H0 − 1)

∫ 2t|ξ|

0

u2H0−2 sin(u)du

)
dξ

= cH23−2H0−2H
(
I1 − I2 + I3

)
,

where

I1 :=

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(
2t|ξ|

∫ 2t|ξ|

0

u2H0−2 cos(u)du

)
dξ,

I2 :=

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(
2t|ξ|

)2H0−1

sin(2t|ξ|)dξ,

I3 := (2H0 − 1)

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(∫ 2t|ξ|

0

u2H0−2 sin(u)du

)
dξ.

Since A(t, h) ≥ 0, it follows that I1−I2 +I3 ≥ 0. Hence, I1−I2 +I3 = |I1−I2 +I3| ≤
|I1|+ |I2|+ |I3| and

A(t, h) ≤ cH23−2H0−2H
(
|I1|+ |I2|+ |I3|

)
. (3.5.11)

We treat separately the three terms. We study I1 first. Using the substitution ξ′ = hξ,
we have

|I1| ≤ 2t

∫
R

sin2(h|ξ|)
|ξ|2H0+2H

∣∣∣∣ ∫ 2t|ξ|

0

u2H0−2 cos(u)du

∣∣∣∣dξ
= 2t

∫
R

sin2(|ξ′|)
|ξ′/h|2H0+2H

∣∣∣∣ ∫ 2t|ξ′/h|

0

u2H0−2 cos(u)du

∣∣∣∣h−1dξ′



3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 53

= 2th2H0+2H−1

∫
R

sin2(|ξ|)
|ξ|2H0+2H

∣∣∣∣ ∫ 2t|ξ|/h

0

u2H0−2 cos(u)du

∣∣∣∣dξ
≤ 2th2H0+2H−1M ′

H0

∫
R

sin2(|ξ|)
|ξ|2H0+2H

dξ ≤ 2TM ′
H0
N ′H0,H

h2H0+2H−1, (3.5.12)

where we used relation (3.5.5) for the first inequality and we recall that

N ′H0,H
=

∫
R

sin2(|ξ|)
|ξ|2H0+2H

dξ.

Next, we treat I2. By using the substitution ξ′ = hξ, we have

I2 =

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(
2t|ξ|

)2H0−1

sin(2t|ξ|)dξ

= (2t)2H0−1

∫
R

sin2(h|ξ|)
|ξ|2+2H

sin(2t|ξ|)dξ = (2t)2H0−1

∫
R

sin2(|ξ′|)
|ξ′/h|2+2H

sin
(2t|ξ′|

h

)
h−1dξ′

= (2t)2H0−1h1+2H

∫
R

sin2(|ξ|)
|ξ|2+2H

sin
(2t|ξ|

h

)
dξ = (2t)2H0−1h1+2H

(
I ′2 + I ′′2

)
, (3.5.13)

where

I ′2 =

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2+2H

sin
(2t|ξ|

h

)
dξ and I ′′2 =

∫
|ξ|>1

sin2(|ξ|)
|ξ|2+2H

sin
(2t|ξ|

h

)
dξ.

We first study I ′2. Note that∣∣∣∣ sin(2t|ξ|
h

)∣∣∣∣ =

∣∣∣∣ sin(2t|ξ|
h

)∣∣∣∣2−2H0
∣∣∣∣ sin(2t|ξ|

h

)∣∣∣∣2H0−1

≤
(2t|ξ|

h

)2−2H0

,

since sin(x) ≤ 1 for all x ∈ R and sin(x) ≤ x for all x > 0. Here we used the fact
that H0 > 1/2. Then,

|I ′2| ≤
∫
|ξ|≤1

sin2(|ξ|)
|ξ|2+2H

∣∣∣∣ sin(2t|ξ|
h

)∣∣∣∣dξ ≤ ∫
|ξ|≤1

sin2(|ξ|)
|ξ|2+2H

(2t|ξ|
h

)2−2H0

dξ

= (2t)2−2H0h2H0−2

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2H+2H0

dξ ≤ (2t)2−2H0h2H0−2

∫
|ξ|≤1

|ξ|2

|ξ|2H+2H0
dξ

= (2t)2−2H0h2H0−2

∫
|ξ|≤1

|ξ|2−2H0−2Hdξ = (2t)2−2H0h2H0−22

∫ 1

0

ξ2−2H0−2Hdξ

= 23−2H0t2−2H0
1

3− 2H0 − 2H
h2H0−2, (3.5.14)
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where for the last equality, we used condition (3.5.7). For I ′′2 , we use the fact that
sin(x) ≤ 1 for all x ∈ R, we obtain

|I ′′2 | ≤
∫
|ξ|>1

sin2(|ξ|)
|ξ|2+2H

∣∣∣ sin(2t|ξ|
h

)∣∣∣∣dξ ≤ ∫
|ξ|>1

sin2(|ξ|)
|ξ|2+2H

dξ

≤
∫
|ξ|>1

|ξ|−2−2Hdξ = 2

∫ ∞
1

ξ−2−2Hdξ =
2

1 + 2H
. (3.5.15)

Therefore, using (3.5.13), (3.5.14), and (3.5.15), and the fact that h ≤ T , we obtain:

|I2| ≤ (2t)2H0−1h1+2H
(
|I ′2|+ |I ′′2 |

)
≤ (2t)2H0−1h1+2H

{
23−2H0t2−2H0

1

3− 2H − 2H0

h2H0−2 +
2

1 + 2H

}
=

4t

3− 2H0 − 2H
h2H0+2H−1 +

4H0t2H0−1

1 + 2H
h1+2H

=
4t

3− 2H0 − 2H
h2H0+2H−1 +

4H0t2H0−1

1 + 2H
h2−2H0h2H0+2H−1

≤ 4T

3− 2H0 − 2H
h2H0+2H−1 +

4T 2H0−1

1 + 2H
T 2−2H0h2H0+2H−1

= 4
( 1

3− 2H0 − 2H
+

1

1 + 2H

)
Th2H0+2H−1. (3.5.16)

Now we treat I3. By using the substitution ξ′ = hξ, we have

I3 = (2H0 − 1)

∫
R

sin2(h|ξ|)
|ξ|2H0+2H+1

(∫ 2t|ξ|

0

u2H0−2 sin(u)du

)
dξ

= (2H0 − 1)

∫
R

sin2(|ξ′|)
(|ξ′|/h)2H0+2H+1

(∫ 2t|ξ′|/h

0

u2H0−2 sin(u)du

)
h−1dξ′

= (2H0 − 1)h2H0+2H

∫
R

sin2(|ξ|)
|ξ|2H0+2H+1

(∫ 2t|ξ|/h

0

u2H0−2 sin(u)du

)
dξ

= (2H0 − 1)h2H0+2H
(
I ′3 + I ′′3

)
, (3.5.17)

where

I ′3 =

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2H0+2H+1

(∫ 2t|ξ|/h

0

u2H0−2 sin(u)du

)
dξ,

I ′′3 =

∫
|ξ|>1

sin2(|ξ|)
|ξ|2H0+2H+1

(∫ 2t|ξ|/h

0

u2H0−2 sin(u)du

)
dξ.
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We treat I ′3 and I ′′3 separately. We study I ′3 first. Using the substitution u′ = uh/|ξ|,
we obtain:

I ′3 =

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2H0+2H+1

(∫ 2t

0

(u′|ξ|
h

)2H0−2

sin
(u′|ξ|

h

) |ξ|
h

du′
)

dξ

= h1−2H0

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2+2H

(∫ 2t

0

u2H0−2 sin
(u|ξ|
h

)
du

)
dξ.

Therefore, by using the fact that∣∣∣∣ sin(u|ξ|h )∣∣∣∣ =

∣∣∣∣ sin(u|ξ|h )∣∣∣∣2−2H0

·
∣∣∣∣ sin(u|ξ|h )∣∣∣∣2H0−1

≤
(u|ξ|
h

)2−2H0

,

and sin(x) ≤ 1 for all x ∈ R, we have

|I ′3| ≤ h1−2H0

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2+2H

(∫ 2t

0

u2H0−2

∣∣∣∣ sin(u|ξ|h )∣∣∣∣du)dξ

≤ h1−2H0

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2+2H

(∫ 2t

0

u2H0−2
(u|ξ|
h

)2−2H0

du

)
dξ

= 2th−1

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2H0+2H

dξ ≤ 2th−1

∫
|ξ|≤1

|ξ|2

|ξ|2H0+2H
dξ

= 2th−1

∫
|ξ|≤1

|ξ|2−2H0−2Hdξ = 4th−1

∫ 1

0

ξ2−2H0−2Hdξ

=
4t

3− 2H0 − 2H
h−1 ≤ 4T

3− 2H0 − 2H
h−1, (3.5.18)

where for the last equality, we used again condition (3.5.7).
For I ′′3 , by using relation (3.5.4) and the fact that sin(x) ≤ 1 for all x > 0,

|I ′′3 | ≤
∫
|ξ|>1

sin2(|ξ|)
|ξ|2H0+2H+1

∣∣∣∣ ∫ 2t|ξ|/h

0

u2H0−2 sin(u)du

∣∣∣∣dξ
≤MH0

∫
|ξ|>1

sin2(|ξ|)
|ξ|2H0+2H+1

dξ ≤MH0

∫
|ξ|>1

1

|ξ|2H0+2H+1
dξ

= 2MH0

∫ ∞
1

ξ−2H0−2H−1dξ = MH0 ·
1

H0 +H
. (3.5.19)

Hence, using (3.5.17), (3.5.18), and (3.5.19), and the fact that h ≤ T , we obtain:

|I3| ≤ (2H0 − 1)h2H0+2H
(
|I ′3|+ |I ′′3 |

)
≤ (2H0 − 1)h2H0+2H

{ 4T

3− 2H0 − 2H
h−1 +MH0 ·

1

H0 +H

}
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= (2H0 − 1)
4T

3− 2H0 − 2H
h2H0+2H−1 + (2H0 − 1)MH0 ·

1

H0 +H
h2H0+2H

= (2H0 − 1)
4T

3− 2H0 − 2H
h2H0+2H−1 + (2H0 − 1)MH0 ·

1

H0 +H
hh2H0+2H−1

≤ (2H0 − 1)
4T

3− 2H0 − 2H
h2H0+2H−1 + (2H0 − 1)MH0 ·

1

H0 +H
Th2H0+2H−1

= (2H0 − 1)

(
4

3− 2H0 − 2H
+

MH0

H0 +H

)
Th2H0+2H−1. (3.5.20)

Therefore, combining relations (3.5.11), (3.5.12), (3.5.16) and (3.5.20), we have

A(t, h)

≤ cH23−2H0−2H

{
2M ′

H0
N ′H0,H

+ 4
( 1

3− 2H0 − 2H
+

1

1 + 2H

)
+ (2H0 − 1)

( 4

3− 2H0 − 2H
+

MH0

H0 +H

)}
Th2H0+2H−1

= cH23−2H0−2HC
(5)
H0,H

Th2H0+2H−1, (3.5.21)

where

C
(5)
H0,H

= 2M ′
H0
N ′H0,H

+
8H0

3− 2H0 − 2H
+

4

1 + 2H
+

(2H0 − 1)MH0

H0 +H
.

Now we treat B(t, h). Using the change of variables s′ = t+h−s and r′ = t+h−r,
we obtain:

B(t, h)

= cH

∫
R

(
αH0

∫ t+h

t

∫ t+h

t

|s− r|2H0−2FGw(t+ h− s, ·)(ξ)FGw(t+ h− r, ·)(ξ)drds
)

|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ h

0

∫ h

0

|s′ − r′|2H0−2FGw(s′, ·)(ξ)FGw(r′, ·)(ξ)dr′ds′
)
|ξ|1−2Hdξ

= cH

∫
R

(
αH0

∫ h

0

∫ h

0

|s− r|2H0−2 sin(s|ξ|)
|ξ|

sin(r|ξ|)
|ξ|

drds

)
|ξ|1−2Hdξ.

We now use the change of variables s̄ = s/h and r̄ = r/h, followed by ξ′ = ξh. We
obtain:

B(t, h)

= cH

∫
R

1

|ξ|2

(
αH0

∫ 1

0

∫ 1

0

∣∣∣hs̄− hr̄∣∣∣2H0−2

sin
(
hs̄|ξ|

)
sin
(
hr̄|ξ|

)
h2ds̄dr̄

)
|ξ|1−2Hdξ
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= cHh
2H0

∫
R

1

|ξ|2

(
αH0

∫ 1

0

∫ 1

0

|s− r|2H0−2 sin
(
hs|ξ|

)
sin
(
hr|ξ|

)
drds

)
|ξ|1−2Hdξ

= cHh
2H0

∫
R

h2

|ξ′|2

(
αH0

∫ 1

0

∫ 1

0

|s− r|2H0−2 sin(s|ξ′|) sin(r|ξ′|)drds
)∣∣∣ξ′
h

∣∣∣1−2H

h−1dξ′

= cHh
2H0+2H

∫
R

(
αH0

1

|ξ|2

∫ 1

0

∫ 1

0

|s− r|2H0−2 sin(s|ξ|) sin(r|ξ|)drds
)
|ξ|1−2Hdξ.

Note that the expression appearing in the inner parenthesis above is equal to Nw
1 (ξ),

where Nw
t (ξ) was defined in the proof of Theorem 3.3.1. By relation (3.3.2), we have

Nw
1 (ξ) ≤ D

(2)
H0

( 1

1 + |ξ|2
)H0+1/2

, for all ξ ∈ R,

where D
(2)
H0

is given by (3.3.2). Therefore,

B(t, h) ≤ cHD
(2)
H0
h2H0+2H

∫
R

( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ.

From Step 2 of the proof of Theorem 3.3.1, we know that∫
R

( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ ≤
∫
|ξ|≤1

|ξ|1−2Hdξ +

∫
|ξ|>1

( 1

|ξ|2
)H0+1/2

|ξ|1−2Hdξ

=
1

1−H
+

2

2H0 + 2H − 1
.

Using the fact that h ≤ T , we obtain:

B(t, h) ≤ cHC
(6)
H0,H

h2H0+2H ≤ cHC
(6)
H0,H

Th2H0+2H−1, (3.5.22)

where C
(6)
H0,H

= D
(2)
H0

(
1

1−H + 2
2H0+2H−1

)
.

Therefore, by relations (3.5.8), (3.5.21) and (3.5.22), we have

E|uw(t+ h, x)− uw(t, x)|2 ≤ 2cH

{
23−2H0−2HC

(5)
H0,H

+ C
(6)
H0,H

}
Th2H0+2H−1

= C
(2)
H0,H

Th2H0+2H−1.

Using relation (2.3.1), it follows that

E|uw(t+ h, x)− uw(t, x)|p = zp

(
E|uw(t+ h, x)− uw(t, x)|2

)p/2
≤ zp

(
C

(2)
H0,H

)p/2
T p/2hp(2H0+2H−1)/2.
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Now we consider the space increments. Let x′ = x + z. We assume that z > 0.
Using the change of variable s′ = t− s and r′ = t− r, we have

C(t, z) := E
∣∣uw(t, x+ z)− uw(t, x)

∣∣2
= E

∣∣∣∣∫ t

0

∫
R
Gw(t− s, x+ z − y)−Gw(t− s, x− y)W (ds, dy)

∣∣∣∣2
= cH

∫
R

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2F [Gw(t− s, x+ z − ·)−Gw(t− s, x− ·)](ξ)

F [Gw(t− r, x+ z − ·)−Gw(t− r, x− ·)](ξ)dsdr
)
|ξ|1−2Hdξ

= cH

∫
R
|e−iξz − 1|2

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2FGw(t− s, ·)(ξ)FGw(t− r, ·)(ξ)dsdr
)

|ξ|1−2Hdξ

= cH

∫
R
|e−iξz − 1|2

(
αH0

∫ t

0

∫ t

0

|s′ − r′|2H0−2FGw(s′, ·)(ξ)FGw(r′, ·)(ξ)ds′dr′
)
|ξ|1−2Hdξ

= cH

∫
R

2[1− cos(ξz)]

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2 sin(s|ξ|)
|ξ|

· sin(r|ξ|)
|ξ|

dsdr

)
|ξ|1−2Hdξ

= cH

∫
R

2[1− cos(ξz)]Nw
t (ξ)|ξ|1−2Hdξ =: C ′(t, z) + C ′′(t, z),

where Nw
t (ξ) is given in Theorem 3.3.1 by

Nw
t (ξ) =

αH0

|ξ|2

∫ t

0

∫ t

0

|s− r|2H0−2 sin(s|ξ|) sin(r|ξ|)dsdr,

and

C ′(t, z) := cH

∫
|ξ|≤1

2[1− cos(ξz)]Nw
t (ξ)|ξ|1−2Hdξ,

C ′′(t, z) := cH

∫
|ξ|>1

2[1− cos(ξz)]Nw
t (ξ)|ξ|1−2Hdξ.

We treat C ′(t, z) and C ′′(t, z) separately. We study C ′(t, z) first. Recall that
x, x′ ∈ [−M,M ]. Hence |z| ≤ |x|+ |x′| ≤ 2M . We use the fact that 1− cos(x) ≤ 1

2
x2

and sin(x) ≤ 1, for all x > 0. We obtain:

C ′(t, z) ≤ cH

∫
|ξ|≤1

ξ2z2Nw
t (ξ)|ξ|1−2Hdξ
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= z2cH

∫
|ξ|≤1

(
αH0

∫ t

0

∫ t

0

sin(r|ξ|) sin(s|ξ|)|s− r|2H0−2dsdr
)
|ξ|1−2Hdξ

≤ z2cH

∫
|ξ|≤1

(
αH0

∫ t

0

∫ t

0

|s− r|2H0−2dsdr
)
|ξ|1−2Hdξ = z2cH(2t)2H0

∫
|ξ|≤1

|ξ|1−2Hdξ

= cH(2t)2H0
1

1−H
z2 ≤ cH(2T )2H0(2M)3−2H0−2H 1

1−H
z2H0+2H−1, (3.5.23)

where for the last inequality, we decompose z2 = z3−2H0−2H · z2H0+2H−1.

Now we study C ′′(t, z). Using the upper bound for Nw
t (ξ) given by relation

(3.3.2), followed by the change of variable w = ξz, we have:

C ′′(t, z) ≤ 2cHD
(2)
H0

(
t2H0+2 ∨ 1

)∫
|ξ|>1

[1− cos(ξz)]
( 1

1 + |ξ|2
)H0+1/2

|ξ|1−2Hdξ

= 4cHD
(2)
H0

(
t2H0+2 ∨ 1

)∫ ∞
1

[1− cos(ξz)]
( 1

1 + ξ2

)H0+1/2

|ξ|1−2Hdξ

= 4cHD
(2)
H0

(
t2H0+2 ∨ 1

)∫ ∞
z

[
1− cos(w)

]( z2

z2 + w2

)H0+1/2(w
z

)1−2H 1

z
dw

= 4cHD
(2)
H0

(
t2H0+2 ∨ 1

)
z2H0+2H−1

∫ ∞
z

[
1− cos(w)

]( 1

z2 + w2

)H0+1/2

w1−2Hdw

≤ 4cHD
(2)
H0

(
t2H0+2 ∨ 1

)
z2H0+2H−1

∫
R

[
1− cos(w)

]( 1

z2 + w2

)H0+1/2

|w|1−2Hdw

≤ 4cHD
(2)
H0

(
T 2H0+2 ∨ 1

)( 1

3− 2H0 − 2H
+

4

2H0 + 2H − 1

)
z2H0+2H−1,

(3.5.24)

where for last inequality, we use Lemma 3.5.7 below.

Therefore, by relations (3.5.23) and (3.5.24),

C(t, z) = C ′(t, z) + C ′′(t, z)

≤ cH

{
(2T )2H0(2M)3−2H0−2H

1−H
+ 4D

(2)
H0

(
T 2H0+2 ∨ 1

)( 1

3− 2H0 − 2H
+

4

2H0 + 2H − 1

)}
z2H0+2H−1

≤ C
(4)
H0,H

(
T 2H0+2 ∨ 1

)(
M3−2H0−2H ∨ 1

)
z2H0+2H−1,

where

C
(4)
H0,H

= cH

{
23−2H

1−H
+ 4D

(2)
H0

( 1

3− 2H0 − 2H
+

4

2H0 + 2H − 1

)}
.
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We used the fact that T 2H0 ≤ T 2H0+2 if T ≥ 1 and T 2H0 ≤ 1 if T < 1, and hence
T 2H0 ≤ T 2H0+2 ∨ 1.

Using relation (2.3.1),

E|uw(t, x+ z)− uw(t, x)|p = zp

(
C(t, z)

)p/2
≤ zp

(
C

(4)
H0,H

)p/2(
T 2H0+2 ∨ 1

)p/2(
M3−2H0−2H ∨ 1

)p/2
zp(2H0+2H−1)/2.

Remark 3.5.5. Note that the upper bound estimates given in Theorem 3.5.4 are
sharp, i.e. there exist matching lower bounds. In [10], the authors studied the regu-
larity of the solution u to the stochastic wave equation driven by a linear fractional-
colored noise, with respect to time variable and space variable. We omit the details
here.

The following lemmas were used in the proof of Theorem 3.5.4.

Lemma 3.5.6. For any H0, H ∈ R such that 1 < 2H0 + 2H < 3,

N ′H0,H
:=

∫
R

sin2(|ξ|)
|ξ|2H0+2H

dξ ≤ 2

(
1

3− 2H0 − 2H
+

1

2H0 + 2H − 1

)
.

Proof: We split the integral in two regions: |ξ| ≤ 1 and |ξ| ≥ 1. When |ξ| ≤ 1,
we use the inequality | sinx| ≤ x, and when |ξ| > 1, we use the inequality | sinx| ≤ 1.
We have:

N ′H0,H
=

∫
|ξ|≤1

sin2(|ξ|)
|ξ|2H0+2H

dξ +

∫
|ξ|>1

sin2(|ξ|)
|ξ|2H0+2H

dξ

≤
∫
|ξ|≤1

|ξ|2

|ξ|2H0+2H
dξ +

∫
|ξ|>1

1

|ξ|2H0+2H
dξ

=

∫
|ξ|≤1

|ξ|2−2H0−2Hdξ +

∫
|ξ|>1

|ξ|−2H0−2Hdξ

= 2

(∫ 1

0

ξ2−2H0−2Hdξ +

∫ ∞
1

ξ−2H0−2Hdξ

)
= 2

(
1

3− 2H0 − 2H
+

1

2H0 + 2H − 1

)
.
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Lemma 3.5.7. For any H0, H ∈ R such that 1 < 2H0 + 2H < 3 and for any z ∈ R,

I(z) :=

∫
R
[1− cos(w)]

( 1

w2 + z2

)H0+1/2

|w|1−2Hdw ≤ 1

3− 2H0 − 2H
+

4

2H0 + 2H − 1
.

Proof: Let I(z) = I ′(z) + I ′′(z), where

I ′(z) :=

∫
|w|≤1

[1− cos(w)]
( 1

w2 + z2

)H0+1/2

|w|1−2Hdw

I ′′(z) :=

∫
|w|>1

[1− cos(w)]
( 1

w2 + z2

)H0+1/2

|w|1−2Hdw.

We treat I ′(z) and I ′′(z) separately. For both I ′(z) and I ′′(z), we will use the fact
that w2 + z2 ≥ w2. We study I ′(z) first. Using the fact that 1− cos(x) ≤ 1

2
x2 for all

x ∈ R and 2H0 + 2H < 3, we have:

I ′(z) ≤ 1

2

∫
|w|≤1

w2
( 1

w2 + z2

)H0+1/2

|w|1−2Hdw ≤ 1

2

∫
|w|≤1

w2
( 1

w2

)H0+1/2

|w|1−2Hdw

=
1

2

∫
|w|≤1

|w|2−2H0−2Hdw =

∫ 1

0

w2−2H0−2Hdw =
1

3− 2H0 − 2H
.

We treat I ′′(z) next. Using the fact that 1−cos(x) ≤ 2 for all x ∈ R and 2H0+2H > 1,
we obtain:

I ′′(z) ≤ 2

∫
|w|>1

( 1

w2 + z2

)H0+1/2

|w|1−2Hdw ≤ 2

∫
|w|>1

|w|−2H0−2Hdw

= 4

∫ ∞
1

w−2H0−2Hdw =
4

2H0 + 2H − 1
.

Remark 3.5.8. Taking formally H0 = 1/2 in Theorem 3.5.4, we obtain moment
bounds which are consistent with those given by Theorem 2.3.4 for the white noise
in time.

3.6 Continuity in law of the solution with respect

to H

In this section, we consider equations (1.0.1) and (1.0.2) with noise W as in Section
3.1. We prove that the solution of either one of these equations is continuous in law
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in the space of continuous functions C([0, T ] × R), with respect to H. Note that by
Kolmogorov’s continuity criterion (Theorem C.6 of [17]) and the moment estimates
given by Theorem 3.4.1 and Theorem 3.5.4, the solution has a modification with sam-
ple paths in C([0, T ]× R). We work with this modification.

The results presented in this section are new and constitute the major con-
tribution of this thesis, extending the results obtained in [15] for H0 = 1

2
(which were

presented in Section 2.4) to the case H0 >
1
2
.

Theorem 3.6.1. Let WH0,H be Gaussian noise introduced in Section 3.1 which is
fractional in time with index H0 >

1
2

and fractional in space with index H ∈ (0, 1).
We denote by

uhH0,H
(t, x) =

∫ t

0

∫
R
Gh(t− s, x− y)WH0,H(ds, dy),

the solution of the stochastic heat equation (1.0.1), and by

uwH0,H
(t, x) =

∫ t

0

∫
R
Gw(t− s, x− y)WH0,H(ds, dy),

the solution of the stochastic wave equation (1.0.2). We fix T > 0 and we consider
the modifications of these processes with sample paths in C([0, T ] × R), which we
denote also by uhH0,H

, uwH0,H
, respectively. Let (Hn)n≥1 be a sequence in (0, 1) such

that Hn → H.
(a) If

2H0 +H < 2,

then
uhH0,Hn

d−→ uhH0,H
in C([0, T ]× R),

(b) If
2H0 + 2H < 3, (3.6.1)

then
uwH0,Hn

d−→ uwH0,H
in C([0, T ]× R).

Proof: We use the same approach in the proof of Theorem 2.4.1. To simplify
the writing, we drop the upper indices h and w from the notation, whenever the
calculations are valid for both heat and wave equations. We denote un = uH0,Hn and
u = uH0,H . We apply Theorem E.4.3 (see also Remark E.4.4). Note that condition
(ii) of this theorem clearly holds since un(0, 0) = 0 for all n ≥ 1.

Step 1: We verify that condition (i) of Theorem E.4.3 holds. We need to prove
that

E[un(t, x)un(t′, x′)]→ E[u(t, x)u(t′, x′)]. (3.6.2)
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In this case, we denote by HH0,H the Hilbert space associated to WH0,H for any
H ∈ (0, 1). By the isometry property of Wiener integral, with respect to WH0,Hn , we
have:

E[un(t, x)un(t′, x′)] =
〈

1[0,t]G(t− ·, x− ·), 1[0,t′]G(t′ − ·, x′ − ·)
〉
HH0,Hn

= αH0cHn

∫ t

0

∫ t′

0

∫
R
|s− r|2H0−2FG(t− s, x− ·)(ξ)FG(t′ − r, x′ − ·)(ξ)

|ξ|1−2Hndξdrds

= αH0cHn

∫ t

0

∫ t′

0

∫
R
|s− r|2H0−2e−iξ(x−x

′)FG(t− s, ·)(ξ)FG(t′ − r, ·)(ξ)

|ξ|1−2Hndξdrds.

Fix numbers a and b such that 0 < a < H < b < 1. Since Hn → H, there exists
N ∈ N such that

a ≤ Hn ≤ b, for all n ≥ N. (3.6.3)

We consider first the heat equation. In this case,

E[uhn(t, x)uhn(t′, x′)]

= cHn

∫ t

0

∫ t′

0

∫
R
αH0|s− r|2H0−2e−iξ(x−x

′)e−
(t−s)|ξ|2

2 e−
(t′−r)|ξ|2

2 |ξ|1−2Hndξdrds.

Note that as n→∞, cHn → cH and the integrand

fhn (s, r, ξ) = αH0|s− r|2H0−2e−iξ(x−x
′)e−

(t−s)|ξ|2
2 e−

(t′−r)|ξ|2
2 |ξ|1−2Hn ,

converges to

fh(s, r, ξ) = αH0 |s− r|2H0−2e−iξ(x−x
′)e−

(t−s)|ξ|2
2 e−

(t′−r)|ξ|2
2 |ξ|1−2H ,

for all s ∈ [0, t], r ∈ [0, t′] and ξ ∈ R. We show that fn is bounded by an integrable
function on [0, t]× [0, t′]× R for all n ≥ 1.

If |ξ| ≤ 1, using the fact that e−x ≤ 1 for all x ∈ R, we obtain:

|fhn (s, r, ξ)| ≤ αH0|s− r|2H0−2|ξ|1−2Hn ≤ αH0|s− r|2H0−2|ξ|1−2b =: gh(s, r, ξ),

for all n ≥ N, since |ξ|2Hn−1 ≥ |ξ|2b−1. Clearly,
∫ t

0

∫ t′
0

∫
|ξ|≤1

gh(s, r, ξ)dξdrds < ∞,

since b < 1.

If |ξ| > 1, |fhn (s, r, ξ)| ≤ gh(s, r, ξ), where

gh(s, r, ξ) =: αH0|s− r|2H0−2e−(t−s+t′−r)|ξ|2/2|ξ|1−2a,
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since |ξ|1−2Hn ≤ |ξ|1−2a. We want to prove that gh(s, r, ξ) is integrable on [0, t] ×
[0, t′]× {|ξ| > 1}. We denote by

〈ϕ, ψ〉H0 = αH0

∫ ∞
0

∫ ∞
0

|s− r|2H0−2ϕ(s)ψ(r)dsdr,

and by ‖ · ‖H0 the corresponding norm. Note that

‖1[0,t]e
−(t−·)|ξ|2/2‖2

H0
= αH0

∫ t

0

∫ t

0

|s− r|2H0−2e−(t−s)|ξ|2/2e−(t−r)|ξ|2/2dsdr

≤ bH0

[ ∫ t

0

exp
(
− (t− s)|ξ|2

2H0

)
ds
]2H0

= bH0

{2H0

|ξ|2
[
1− exp

(
− t|ξ|2

2H0

)]}2H0

≤ bH0(2H0)2H0 |ξ|−4H0 =: cH0|ξ|−4H0 ,

where for the first inequality, we apply Lemma C.2. Therefore,

αH0

∫ t

0

∫ t′

0

|s− r|2H0−2e−(t−s)|ξ|2/2e−(t′−r)|ξ|2/2dsdr

=
〈

1[0,t]e
−(t−·)|ξ|2/2, 1[0,t′]e

−(t′−·)|ξ|2/2
〉
H0

≤ ‖1[0,t]e
−(t−·)|ξ|2/2‖H0 · ‖1[0,t′]e

−(t′−·)|ξ|2/2‖H0

≤ cH0|ξ|−4H0 ,

where for the first inequality we applied the Cauchy-Schwarz inequality. Hence,∫ t

0

∫ t′

0

∫
|ξ|>1

gh(s, r, ξ)dξdrds ≤ cH0

∫
|ξ|>1

|ξ|−8H0|ξ|1−2adξ <∞,

since −4H0 + 1− 2a+ 1 < 0. This is true since 4H0 > 2− 2a and H0 >
1
2
> 1−a

2
.

Therefore, in the case of the heat equation, relation (3.6.2) follows by the Domi-
nated Convergence Theorem.

We consider next the wave equation. In this case,

E[uwn (t, x)uwn (t′, x′)]

= cHn

∫ t

0

∫ t′

0

∫
R
αH0 |s− r|2H0−2e−iξ(x−x

′)
sin
(

(t− s)|ξ|
)

sin
(

(t′ − r)|ξ|
)

|ξ|1+2Hn
dξdrds.

Note that as n→∞, the integrand

fwn (s, r, ξ) = αH0|s− r|2H0−2e−iξ(x−x
′)

sin
(

(t− s)|ξ|
)

sin
(

(t′ − r)|ξ|
)

|ξ|1+2Hn
,
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converges to

fw(s, r, ξ) = αH0|s− r|2H0−2e−iξ(x−x
′)

sin
(

(t− s)|ξ|
)

sin
(

(t′ − r)|ξ|
)

|ξ|1+2H
,

for all s ∈ [0, t], r ∈ [0, t′] and ξ ∈ R. To apply the Dominated Convergence Theorem,
we need to show that fwn (s, r, ξ) is bounded by an integrable function on [0, t]×[0, t′]×R
for all n ≥ 1.

If |ξ| ≤ 1, using the fact that | sinx| ≤ |x| for all x ∈ R, we obtain:

|fwn (s, r, ξ)| ≤ αH0|s− r|2H0−2 (t− s)|ξ| · (t′ − s)|ξ|
|ξ|1+2Hn

= αH0 |s− r|2H0−2(t− s)(t′ − s)|ξ|1−2Hn ≤ αH0|s− r|2H0−2(t− s)(t′ − s)|ξ|1−2b

=: gw(s, r, ξ), for all n ≥ N.

To see that the function gw is integrable on [0, t] × [0, t′] × {|ξ| ≤ 1}, we note first
that

∫
|ξ|≤1
|ξ|1−2bdξ < ∞. Moreover, by the Cauchy-Schwarz inequality in the space

H0, we have

αH0

∫ t

0

∫ t′

0

|s− r|2H0−2(t− s)(t′ − r)drds

=
〈

(t− ·)1[0,t], (t
′ − ·)1[0,t′]

〉
H0

≤
∥∥∥(t− ·)1[0,t]

∥∥∥
H0

·
∥∥∥(t′ − ·)1[0,t′]

∥∥∥
H0

≤ t2+2H0 ,

since

‖(t− ·)1[0,t]‖2
H0

= αH0

∫ t

0

∫ t

0

|s− r|2H0−2(t− s)(t− r)drds

= αH0

∫ t

0

∫ t

0

|s− r|2H0−2sr drds ≤ t2αH0

∫ t

0

∫ t

0

|s− r|2H0−2drds

= t2+2H0 .

If |ξ| > 1, using the fact that | sinx| ≤ 1 for all x ∈ R, we have:

|fwn (s, r, ξ)| ≤ αH0 |s− r|2H0−2 1

|ξ|1+2Hn
≤ αH0 |s− r|2H0−2 1

|ξ|1+2a
=: gw(s, r, ξ),

for all n ≥ N . Clearly,∫ t

0

∫ t′

0

∫
|ξ|>1

gw(s, r, ξ)dξdrds = αH0

(∫ t

0

∫ t′

0

|s− r|2H0−2drds
)(∫

|ξ|>1

|ξ|−1−2adξ
)
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<∞.

Therefore, in the case of the wave equation, relation (3.6.2) follows by the Dominated
Convergence Theorem.

Step 2 We verify that condition (iii) of Theorem E.4.3 holds. Let J = [−M,M ]
be a compact set in R. Recalling the moment estimates given by Theorem 3.4.1 and
Theorem 3.5.4, we see that for any p > 0, t, t′ ∈ [0, T ], and x, x′ ∈ R,

E
∣∣∣un(t′, x′)− un(t, x)

∣∣∣p ≤ 2p−1

{
E
∣∣∣un(t′, x′)− un(t, x′)

∣∣∣p + E
∣∣∣un(t, x′)− un(t, x)

∣∣∣p}

≤



2p−1zp

{(
C

(1)
H0,Hn

)p/2
|t′ − t|p(2H0+Hn−1)/2 +

(
C

(3)
H0,Hn

)p/2
|x′ − x|p(2H0+Hn−1)

}
,

for heat equation

2p−1zp

(
T 2H0+2 ∨ 1

)p/2(
M3−2H0−2Hn ∨ 1

)p/2{(
C

(2)
H0,Hn

)p/2
|t′ − t|p(2H0+2Hn−1)/2

+
(
C

(4)
H0,Hn

)p/2
|x′ − x|p(2H0+2Hn−1)/2

}
,

for wave equation

Note that for the wave equation, we used the fact that T ≤ T 2H0+2 ∨ 1, which can be
proved considering separately the cases T > 1 and T ≤ 1. To apply Theorem 3.5.4,
we need

2H0 + 2Hn < 3.

Note that due to our hypothesis (3.6.1), limn→∞(2H0 +2Hn) = 2H0 +2H < 3. Hence
there exists N∗ ∈ N such that 2H0 + 2Hn < 3 for all n ≥ N∗. We assume that N
given by (3.6.3) is greater than N∗.

We consider first the heat equation. For any x, x′ ∈ J ,

|x− x′|p(2H0+Hn−1) ≤ (2M)p(2H0+Hn−1)/2|x− x′|p(2H0+Hn−1)/2.

We use (2.4.2) with α = p(2H0 + Hn − 1)/2. Note that p(2H0 + Hn − 1)/2 ≥
p(2H0 + a − 1)/2 ≥ 1 for all n ≥ N , if p ≥ 2/(2H0 + a − 1). We obtain that for all
n ≥ N and p ≥ 2/(2H0 + a− 1),

E|uhn(t′, x′)− uhn(t, x)|p ≤ 2p−1zp

[
C

(1)
H0,Hn

∨ C(3)
H0,Hn

]p/2[
1 ∨ (2M)

]p(2H0+Hn−1)/2

(
|t′ − t|p(2H0+Hn−1)/2 + |x′ − x|p(2H0+Hn−1)/2

)
≤ 2p−1zpA

p/2
[
1 ∨ (2M)

]p(2H0+b−1)/2(
|t′ − t|+ |x′ − x|

)p(2H0+Hn−1)/2

, (3.6.4)
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where for the last inequality, we used relation (2.4.2), the fact that Hn ≤ b, for all
n ≥ N and

C
(1)
H0,Hn

∨ C(3)
H0Hn

≤ A, for all n ≥ N, (3.6.5)

for some constant A which we specify below.
We prove (3.6.5) in the following way. Recall that (see Theorem 3.4.1)

C
(1)
H0,H

= 2cH

(
bH0(2H0)2H0NH0,H + Γ(1−H)21−HRH0,H

)
,

where

NH0,H =

∫
R

(
1− exp(−η2/2)

)2

|η|4H0+2H−1
dη,

and

RH0,H = αH0

∫ 1

0

∫ 1

0

|r − s|2H0−2(r + s)H−1drds.

For any H ∈ [a, b], by Lemma 3.4.3,

NH0,H ≤
1

4
· 1

3− 2H0 −H
+

1

2H0 +H − 1
≤ 1

4
· 1

3− 2H0 − b
+

1

2H0 + a− 1
,

and by Lemma 3.4.4,

Γ(1−H)21−HRH0,H ≤ bH0

Γ(1−H)

H
≤ bH0c,

using the fact that Γ(1−H)
H

is bounded on [a, b] by a constant c > 0 since it is continuous
on [a, b]. Recalling that cH ≤ 1

π
(see Remark 2.3.7), we have for all n ≥ N ,

C
(1)
H0,Hn

≤ 2

π
bH0

[
(2H0)2H0

(1

4
· 1

3− 2H0 − b
+

1

2H0 + a− 1

)
+ c

]
. (3.6.6)

Now we treat C
(3)
H0,Hn

. Recall that

C
(3)
H0,H

= 2cHbH0(2H0)2H0C̄3−4H0−2H ,

where cH ≤ 1
π

and C̄α =
∫
R(1 − cos η)|η|α−2dη ≤ 2

(
1

1−α + 1
1+α

)
(see Lemma 2.3.6).

Hence, for all H ∈ (0, 1),

C
(3)
H0,H

≤ 2cHbH0(2H0)2H0 · 2
( 1

4H0 + 2H − 2
+

1

4− 4H0 − 2H

)
≤ 2

π
bH0(2H0)2H0 ·

( 1

2H0 +H − 1
+

1

2− 2H0 −H

)
.
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Note that the constant appearing in the upper bound above is positive, due to our
condition 2H0 +H < 2. We have,

C
(3)
H0,Hn

≤ 2

π
bH0(2H0)2H0

( 1

2H0 + a− 1
+

1

2− 2H0 − b

)
, (3.6.7)

for all n > N . Relation (3.6.5) follows from (3.6.6) and (3.6.7).

We return now to relation (3.6.4). It remains to treat that the term
(
|t′ −

t|+ |x′ − x|
)p(2H0+Hn−1)/2

. Note that for any t, t′ ∈ [0, T ] and x, x′ ∈ [−M,M ],

w := |t′ − t|+ |x′ − x| ≤ T + 2M =: c0.

For all n ≥ N ,

wp(2H0+Hn−1)/2 = wp(Hn−a)/2wp(2H0+a−1)/2 ≤ c
p(Hn−a)/2
0 wp(2H0+a−1)/2,

and

c
p(Hn−a)/2
0 ≤

{
c
p(b−a)/2
0 if c0 ≥ 1,

1 if c0 < 1.

Therefore, c
p(Hn−a)/2
0 ≤ c

p(b−a)/2
0 ∨ 1 and

wp(2H0+Hn−1)/2 ≤
(
c
p(b−a)/2
0 ∨ 1

)
wp(2H0+a−1)/2, for all n ≥ N. (3.6.8)

Using inequalities (3.6.4) and (3.6.8), we obtain:

E
∣∣∣uhn(t′, x′)− uhn(t, x)

∣∣∣p
≤ 2p−1zpA

p/2
[
1 ∨ (2M)

]p(2H0+b−1)/2(
c
p(b−a)/2
0 ∨ 1

)(
|t′ − t|+ |x′ − x|

)p(2H0+a−1)/2

,

for all t, t′ ∈ [0, T ], x, x′ ∈ J , n ≥ N and p ≥ 2/(2H0 + a − 1). Condition (iii) of
Theorem E.4.3 follows with δ = p(2H0+a−1)/2 > 2, if we choose p ≥ 4/(2H0+a−1).

Next, we examine the wave equation. In this case, we use inequality (2.4.2)
with α = p(2H0 + 2Hn − 1)/2. Note that

p(2H0 + 2Hn − 1)/2 ≥ p(2H0 + 2a− 1)/2 ≥ 1

for all n ≥ N , if p ≥ 2/(2H0+2a−1). Hence, for any n ≥ N and p ≥ 2/(2H0+2a−1),

E|uwn (t′, x′)− uwn (t, x)|p
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≤ 2p−1zp

(
T 2H0+2 ∨ 1

)p/2(
M3−2H0−2Hn ∨ 1

)p/2[
C

(2)
H0,Hn

∨ C(4)
H0,Hn

]p/2
{
|t′ − t|p(2H0+2Hn−1)/2 + |x′ − x|p(2H0+2Hn−1)/2

}
≤ 2p−1zp

(
T 2H0+2 ∨ 1

)p/2(
M3−2H0−2Hn ∨ 1

)p/2
Bp/2

(
|t′ − t|+ |x′ − x|

)p(2H0+2Hn−1)/2

,

(3.6.9)

where for the last inequality, we use the fact that

C
(2)
H0,Hn

∨ C(4)
H0,Hn

≤ B, for all n ≥ N, (3.6.10)

for some constant B which we specify below.
We prove (3.6.10) in the following way. Recall that (see Theorem 3.5.4)

C
(2)
H0,H

= 2cH

{
23−2H0−2HC

(5)
H0,H

+ C
(6)
H0,H

}
,

where

C
(5)
H0,H

= 2M ′
H0
N ′H0,H

+
8H0

3− 2H0 − 2H
+

4

1 + 2H
+

(2H0 − 1)MH0

H0 +H

C
(6)
H0,H

= D
(2)
H0

( 1

1−H
+

2

2H0 + 2H − 1

)
.

We first study C
(5)
H0,H

. Using Lemma 3.5.6, we have for all n ≥ N ,

C
(5)
H0,Hn

≤ 4M ′
H0

( 1

3− 2H0 − 2Hn

+
1

2H0 + 2Hn − 1

)
+

8H0

3− 2H0 − 2Hn

+
4

1 + 2Hn

+
(2H0 − 1)MH0

H0 +Hn

≤ 4M ′
H0

( 1

3− 2H0 − 2b
+

1

2H0 + 2a− 1

)
+

8H0

3− 2H0 − 2b

+
4

1 + 2a
+

(2H0 − 1)MH0

H0 + a
. (3.6.11)

We consider C
(6)
H0,Hn

next: for all n ≥ N ,

C
(6)
H0,Hn

≤ D
(2)
H0

(
1

1− b
+

2

2H0 + 2a− 1

)
. (3.6.12)



3. EQUATIONS WITH FRACTIONAL NOISE IN TIME 70

Combining relations (3.6.11) and (3.6.12) and recalling that cH ≤ 1
π
, we have:

for all n ≥ N ,

C
(2)
H0,Hn

≤ 2

π

{
23−2H0−2a

[
4M ′

H0

( 1

3− 2H0 − 2b
+

1

2H0 + 2a− 1

)
+

8H0

3− 2H0 − 2b

+
4

1 + 2a
+

(2H0 − 1)MH0

H0 + a

]
+
[
D

(2)
H0

( 1

1− b
+

2

2H0 + 2a− 1

)]}
.

(3.6.13)

Next we treat C
(4)
H0

. Recall that

C
(4)
H0,H

= cH

{
23−2H

1−H
+ 4D

(2)
H0

( 1

3− 2H0 − 2H
+

4

2H0 + 2H − 1

)}
.

Therefore, for any n ≥ N ,

C
(4)
H0,Hn

≤ 1

π

{
23−2a

1− b
+D

(2)
H0

( 1

3− 2H0 − 2b
+

4

2H0 + 2a− 1

)}
. (3.6.14)

Relation (3.6.10) follows from (3.6.13) and (3.6.14).

We return now to relation (3.6.9). It remains to treat that the term
(
|t′ −

t|+ |x′ − x|
)p(2H0+2Hn−1)/2

. Note that for any t, t′ ∈ [0, T ] and x, x′ ∈ [−M,M ],

w := |t′ − t|+ |x′ − x| ≤ T + 2M =: c0.

For all n ≥ N ,

wp(2H0+2Hn−1)/2 = wp(Hn−a)wp(2H0+2a−1)/2 ≤ c
p(Hn−a)
0 wp(2H0+2a−1)/2,

and

c
p(Hn−a)
0 ≤

{
c
p(b−a)
0 if c0 ≥ 1,

1 if c0 < 1.

Therefore, c
p(Hn−a)
0 ≤ c

p(b−a)
0 ∨ 1 and

wp(2H0+2Hn−1)/2 ≤
(
c
p(b−a)
0 ∨ 1

)
wp(2H0+2a−1)/2, for all n ≥ N. (3.6.15)

Using inequalities (3.6.9) and (3.6.15), we obtain:

E
∣∣∣uwn (t′, x′)− uwn (t, x)

∣∣∣p
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≤ 2p−1zp

(
T 2H0+2 ∨ 1

)p/2(
M3−2H0−2a ∨ 1

)p/2
Bp/2

(
c
p(b−a)
0 ∨ 1

)
(
|t′ − t|+ |x′ − x|

)p(2H0+2a−1)/2

,

for all t, t′ ∈ [0, T ], x, x′ ∈ J , n ≥ N and p ≥ 2/(2H0 + 2a − 1). Condition (iii) of
Theorem E.4.3 follows with δ = p(2H0 + 2a − 1)/2 > 2, if we choose p ≥ 4/(2H0 +
2a− 1).



Appendix A

Fourier Transform

In this appendix chapter, we present some results involving Fourier transforms which
were used in the thesis.

A.1 Basic properties of Fourier transform

In this section, we review some basic properties of the Fourier transform. In this
thesis, the Fourier transform of a function f ∈ L1(R) is defined by:

Ff(ξ) =

∫
R

e−iξxf(x)dx, for all ξ ∈ R.

Recall that for any x ∈ R, we have the following Euler formula:

eix = cos(x) + i sin(x).

The convolution of two functions ϕ, ψ ∈ L1(R) is defined by

(ϕ ∗ ψ)(x) =

∫
R
ϕ(x− y)ψ(y)dy.

Lemma A.1. For any ϕ, ψ ∈ L1(R), F(ϕ ∗ ψ)(ξ) = Fϕ(ξ) · Fψ(ξ).

Proof: Let h = ϕ ∗ ψ. Then

Fh(ξ) =

∫
R

e−iξzh(z)dz =

∫
R

e−iξz
(∫

R
ϕ(x)ψ(z − x)dx

)
dz.

72
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We have |ϕ(x)ψ(z − x)e−iξz| = |ϕ(x)ψ(z − x)| since |e−iξz| = 1, and hence∫
R

∫
R
|ϕ(x)ψ(z − x)e−iξz|dxdz =

(∫
R
|ϕ(x)|dx

)(∫
R
|ψ(z − x)|dz

)
<∞.

By Fubini’s theorem, Fh(ξ) =
∫
R ϕ(x)

(∫
R ψ(z − x)e−iξzdz

)
dx. Using the sub-

stitution y = z − x, we obtain:

Fh(ξ) =

∫
R
ϕ(x)

(∫
R
ψ(y)e−iξ(x+y)dy

)
dx =

∫
R
ϕ(x)e−iξx

(∫
R
ψ(y)e−iξydy

)
dx

=

(∫
R
ϕ(x)e−iξxdx

)(∫
R
ψ(y)e−iξydy

)
= Fϕ(ξ) · Fψ(ξ).

Lemma A.2. If ϕ ∈ L1(R) and ϕx(y) = ϕ(x− y) be the shifted function , for some
x ∈ R. Then Fϕx(ξ) = e−iξxFϕ(ξ). (The shifted function is also denoted by ϕ(x−·))

Proof: Using the substitution ȳ = x− y, we have:

Fϕx(ξ) =

∫
R

e−iξyϕx(y) dy =

∫
R

e−iξyϕ(x− y)dy =

∫
R

e−iξ(x−ȳ)ϕ(ȳ)dȳ

=

∫
R

e−iξxeiξȳϕ(ȳ)dȳ = e−iξx
∫
R

eiξȳϕ(ȳ)dȳ

= e−iξxFϕ(ξ) ,

where we recall that the complex conjugate is Fϕ(ξ) =
∫
R eiξyϕ(y) dy.

Lemma A.3. For any ϕ, ψ ∈ L1(R), F(ϕ ∗ ψ̃)(ξ) = Fϕ(ξ)Fψ(ξ), where ϕ̃(x) =
ϕ(−x).

Proof: By Lemma A.1, we know that F(ϕ ∗ ψ̃)(ξ) = Fϕ(ξ) · F ψ̃(ξ). Note that

F ψ̃(ξ) =

∫
R

e−iξxψ̃(x)dx =

∫
R

e−iξxψ(−x)dx =

∫
R

eiξx
′
ψ(x′)dx′ = Fψ(ξ),

where for the third equality we use the substitution x′ = −x and for the last equal-
ity, we used the fact that

∫
R

eiξx
′
ψ(x′)dx′ = Fψ(ξ) by the definition of the complex

conjugate.
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A.2 Riesz kernels

In this section, we present some results from the potential theory of Riesz kernels.
We denote by S(Rd) the set of rapidly decreasing functions on Rd, i.e. infinitely
differentiable functions on Rd which decrease faster than any polynomial.

The following result is taken from page 117 of [23], and gives the Fourier trans-
form (in the space S ′(Rd) of tempered distributions on Rd) of the Riesz kernel
f(x) = |x|−α. Here | · | is the Euclidean norm in Rd given by |x| = (x2

1 + . . .+ x2
d)

1/2

if x = (x1, . . . , xd). We denote by x · y =
∑d

j=1 xjyj the scalar product of x, y ∈ Rd.

Lemma A.4. Let α ∈ (0, d) be arbitrary. For any ϕ ∈ S(Rd), we have:∫
Rd
ϕ(x)|x|−αdx = Cd,α

∫
Rd
Fϕ(ξ)|ξ|−(d−α)dξ, (A.2.1)

where Fϕ(ξ) =
∫
Rd e

−iξ·xϕ(x)dx and

Cd,α = π−d/22−α
Γ(d−α

2
)

Γ(α
2
)
.

In particular, if we take d = 1, and α = 2 − 2H in equation (A.2.1) with
H ∈ (1

2
, 1), we obtain that for any ϕ ∈ S(R),

αH

∫
R
ϕ(x)|x|2H−2dx = cH

∫
R
Fϕ(ξ)|ξ|1−2Hdξ, (A.2.2)

where αH = H(2H − 1) and cH = Γ(2H+1) sin(πH)
2π

. To deduce this expression of the
constant cH , we used the following properties of the Gamma function:

Γ(1− x)Γ(x) =
π

sin(πx)
, Γ(x+ 1) = xΓ(x), Γ(x)Γ(x+

1

2
) = 21−2x

√
πΓ(2x).

By applying relation (A.2.2), we obtain the following result.

Lemma A.5. If H ∈ (1
2
, 1), then for any ϕ, ψ ∈ S(R),

αH

∫
R

∫
R
ϕ(x)ψ(y)|x− y|2H−2dxdy = cH

∫
R
Fϕ(ξ)Fψ(ξ)|ξ|1−2Hdξ. (A.2.3)

Proof: We use the change of variable z = x− y. By Fubini’s theorem and letting
ψ̃(y) = ψ(−y), we have:∫

R
ϕ(x)

(∫
R
ψ(y)|x− y|2H−2dy

)
dx =

∫
R
ϕ(x)

(∫
R
ψ(x− z)|z|2H−2dz

)
dx
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=

∫
R

(∫
R
ϕ(x)ψ(x− z)dx

)
|z|2H−2dz =

∫
R

(∫
R
ϕ(x)ψ̃(z − x)dx

)
|z|2H−2dz

=

∫
R
(ϕ ∗ ψ̃)(z)|z|2H−2dz.

By relation (A.2.2), we have:

αH

∫
R
(ϕ ∗ ψ̃)(z)|z|2H−2dz = cH

∫
R
F(ϕ ∗ ψ̃)(ξ)|ξ|1−2Hdξ.

The conclusion follows by Lemma A.3.

Remark A.6. By Lemma 5.6 of [18], for any H ∈ (1
2
, 1) and for non-negative function

ϕ ∈ L1(R),

αH

∫
R

∫
R
ϕ(x)ϕ(y)|x− y|2H−2dxdy = cH

∫
R
|Fϕ(ξ)|2 |ξ|1−2Hdξ =: EH(ϕ) (A.2.4)

where EH(ϕ) is called the energy of ϕ.
By relation [5.37] of [18], it can be proved that relation (A.2.3) holds for any

ϕ, ψ ∈ L1(R) with EH(|ϕ|) < ∞ and EH(|ψ|) < ∞. In particular, relation (A.2.3)
holds for ϕ = 1A and ψ = 1B for any A,B ∈ Bb(R).

A.3 Energy of sin function

In this section, we include a result taken from [6] about the energy of the sin function
restricted to the interval [0, T ], which is used in the proof of Theorem 3.3.1 for the
existence of solution of the stochastic wave equation with fractional noise in time.

We begin with the calculation of the Fourier transform of the sin function re-
stricted to the interval [0, T ].

Lemma A.7. For any T > 0, and for any τ ∈ R,

∣∣∣F(1[0,T ] sin
)

(τ)
∣∣∣2 =

(
sin(τT )− τ sinT

)2

+
(

cos(τT )− cosT
)2

(τ 2 − 1)2
.

Proof: Recall the Euler formulas:

eix = cosx+ i sinx and e−ix = cosx− i sinx. (A.3.1)

Then sinx = exp(ix)−exp(−ix)
2i

. Hence,

I := F
(

1[0,T ] sin
)

(τ) =

∫ T

0

e−iτx sinx dx =

∫ T

0

e−iτx
(
eix − e−ix

2i

)
dx
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=

∫ T

0

e−iτx
(
eix

2i

)
dx−

∫ T

0

e−iτx
(
e−ix

2i

)
dx =

e(i−iτ)T − 1

2(τ − 1)
− e(−i−iτ)T − 1

2(τ + 1)
.

Using relations (A.3.1), we have:

eiT−iτT = e(T−τT )i = cos(T − τT ) + i sin(T − τT )

e−iT−iτT = e−(T+τT )i = cos(T + τT )− i sin(T + τT ). (A.3.2)

We continue to calculate I using relations (A.3.2):

I =
cos(T − τT ) + i sin(T − τT )− 1

2(τ − 1)
− cos(T + τT )− i sin(T + τT )− 1

2(τ + 1)

=

(
cos(T − τT )− 1

2(τ − 1)
− cos(T + τT )− 1

2(τ + 1)

)
+ i

(
sin(T − τT )

2(τ − 1)
+

sin(T + τT )

2(τ + 1)

)
.

Hence,

|I|2 =

(
cos(T − τT )− 1

2(τ − 1)
− cos(T + τT )− 1

2(τ + 1)

)2

+

(
sin(T − τT )

2(τ − 1)
+

sin(T + τT )

2(τ + 1)

)2

= A+B,

where A =
(

Re(I)
)2

and B =
(

Im(I)
)2

.

Using elementary trigonometric identities, we see that:

cos(T − τT ) + cos(T + τT ) = 2 cosT cos(τT ) (A.3.3)

cos(T − τT )− cos(T + τT ) = 2 sinT sin(τT ) (A.3.4)

sin(T − τT ) + sin(T + τT ) = 2 sinT cos(τT ) (A.3.5)

sin(T − τT )− sin(T + τT ) = −2 cosT sin(τT ). (A.3.6)

We treat A and B separately. Let us consider A first. Using relations (A.3.3)
and (A.3.4), we obtain:

A =

(
cos(T − τT )− 1

2(τ − 1)
− cos(T + τT )− 1

2(τ + 1)

)2

=

[( cos(T − τT )− 1
)(
τ + 1

)
−
(

cos(T + τT )− 1
)(
τ − 1

)
2(τ − 1)(τ + 1)

]2

=

(
τ sinT sin(τT ) + cosT cos(τT )− 1

τ 2 − 1

)2

.
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Similarly, using relations (A.3.5) and (A.3.6), we have:

B =

(
sin(T − τT )

2(τ − 1)
+

sin(T + τT )

2(τ + 1)

)2

=

(
sin(T − τT )(τ + 1) + sin(T + τT )(τ − 1)

2(τ − 1)(τ + 1)

)2

=

(
2τ sinT cos(τT )− 2 cosT sin(τT )

2(τ − 1)(τ + 1)

)2

=

(
τ sinT cos(τT )− cosT sin(τT )

τ 2 − 1

)2

.

We can simplify the numerator of A+B as follows:(
τ sinT sin(τT ) + cosT cos(τT )− 1

)2

+
(
τ sinT cos(τT )− cosT sin(τT )

)2

= τ 2 sin2 T sin2(τT ) + cos2 T cos2(τT ) + 1 + 2τ sinT sin(τT ) cosT cos(τT )

− 2τ sinT sin(τT )− 2 cosT cos(τT ) + τ 2 sin2 T cos2(τT )

+ cos2 T sin2(τT )− 2τ sinT sin(τT ) cosT cos(τT )

= τ 2 sin2 T
(

sin2(τT ) + cos2(τT )
)

+ cos2 T
(

cos2(τT ) + sin2(τT )
)

+
(
− 2τ sinT sin(τT )− 2 cosT cos(τT )

)
+ 1

= τ 2 sin2 T + cos2 T + sin2(τT ) + cos2(τT )− 2τ sinT sin(τT )− 2 cosT cos(τT )

=
(

sin(τT )− τ sinT
)2

+
(

cos(τT )− cosT
)2

,

using the fact that 1 = sin2(τT ) + cos2(τT ). Therefore,

|I|2 = A+B

=

(
τ sinT sin(τT ) + cosT cos(τT )− 1

)2

+
(
τ sinT cos(τT )− cosT sin(τT )

)2

(τ 2 − 1)2

=

(
sin(τT )− τ sinT

)2

+
(

cos(τT )− cosT
)2

(τ 2 − 1)2
.

For any function ϕ ∈ L1([0, T ]), we define:

‖ϕ‖2
H(0,T ) := αH

∫ T

0

∫ T

0

ϕ(s)ϕ(r)|s− r|2H−2dsdr.

Based on Lemma A.7, we obtain the following result.
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Lemma A.8. For any H ∈ (1
2
, 1) and for any T > 0,

‖ sin(·)‖2
H(0,T ) = cH

∫ T

0

(
sin(τT )− τ sin(T )

)2

+
(

cos(τT )− cos(T )
)2

(1− τ 2)2
|τ |1−2Hdτ,

where cH = Γ(2H + 1) sin(πH)/(2π).

Proof: Applying Remark A.6 to ϕ = ψ = 1[0,T ] sin, we have

‖ sin(·)‖2
H(0,T ) = αH

∫ T

0

∫ T

0

sin(s) sin(r)|s− r|2H−2dsdr

= αH

∫
R

∫
R

1[0,T ](s) sin(s)1[0,T ](r) sin(r)|s− r|2H−2dsdr

= cH

∫
R

∣∣∣F(1[0,T ] sin
)

(τ)
∣∣∣2 |τ |1−2Hdτ

= cH

∫
R

1

(1− τ 2)2

[(
sin(τT )− τ sin(T )

)2

+
(

cos(τT )− cos(T )
)2
]
|τ |1−2Hdτ,

where we used Lemma A.7 for the last equality.

We conclude this section with a result which was also used in the proof of The-
orem 3.3.1. Denote: ft(λ, τ) = sin(τλt)− τ sin(λt), gt(λ, τ) = cos(τλt)− cos(λt).

Lemma A.9. [ Lemma 3.6 in [6] ] For any λ > 0 and t > 0,

c1

(
t ∧ t3

) λ3

1 + λ2
≤
∫
R

1

(τ 2 − 1)2

[
f 2
t (λ, τ) + g2

t (λ, τ)
]
dτ ≤ c2

(
t ∨ t3

) λ3

1 + λ2
,

where c1 = 2π sin2(1)/3 and c2 = 4π.

Proof: By Lemma A.7 and Plancherel theorem,∫
R

1

(τ 2 − 1)2

[
f 2
t (λ, τ) + g2

t (λ, τ)
]
dτ =

∫
R

∣∣∣F(1[0,λt] sin
)

(τ)
∣∣∣2 dτ

= 2π

∫ λt

0

sin2 xdx = 2πλ

∫ t

0

sin2(λs)ds = 2πλ3

∫ t

0

sin2(λs)

λ2
ds.

The result follows using Lemma 2.2.4 (in which we denote λ = |ξ|).



Appendix B

Space-Time White Noise

In this chapter, we review some classical upper bounds for the moments of the incre-
ments of the solutions to equations (1.0.1) and (1.0.2) driven by a space-time white
noise W . The existence of the solutions to these equations was studied in Walsh’
lecture notes [28]. These results are not used in the thesis. We include them for the
sake of a comparison with the results presented in Section 2.3 for the fractional noise
in space; see Remark 2.3.8.

We assume that W = {W ([0, t] × A) : t ≥ 0, A ∈ Bb(R)} is the space time
white noise, i.e. W is a zero - mean Gaussian process with covariance:

E[W ([0, t]× A)W ([0, s]×B)] = (t ∧ s) Leb(A ∩B) = 〈1[0,t]×A, 1[0,s]×B〉L2(R+×R),

where Leb denotes the Lebesgue measure.

Let W (1[0,t]×A) = W ([0, t] × A). By linearity, W can be extended to the set
E of linear combination of functions of the form 1[0,t]×A. The space L2(R+×R) is the
closure of E with respect to 〈·, ·〉L2 . Hence W can be extended to L2(R+ × R).

We denote W (ϕ) =
∫∞

0

∫
R ϕ(t, x)W (dt, dx), for any ϕ ∈ L2(R+ × R). The

map ϕ→ W (ϕ) is an isometry from L2(R+ × R) to L2(Ω): for any ϕ ∈ L2(R+ × R)

E |W (ϕ)|2 =

∫ ∞
0

∫
R
|ϕ(t, x)|2 dxdt. (B.0.1)

We say that W (ϕ) is the Wiener integral with respect to W .

B.1 Linear stochastic heat equation

In this section, we consider equation (1.0.1) with space-time white noise Ẇ . The
following lemma is presented also in Section 3.3 of [17].

79



B. SPACE-TIME WHITE NOISE 80

Lemma B.1.1. If uh is the solution of equation (1.0.1) with space-time white noise
Ẇ , then:
(a) for any t′, t ∈ [0, T ] and x ∈ R,

E
∣∣uh(t′, x)− uh(t, x)

∣∣2 ≤√2 |t′ − t|
π

, (B.1.1)

(b) for any t ∈ [0, T ] and x, x′ ∈ R,

E
∣∣uh(t, x′)− uh(t, x)

∣∣2 ≤ |x′ − x| . (B.1.2)

Proof: (a) Let t′ > t. Say t′ = t + h, for some h > 0. Arguing as in the proof of
Theorem 2.3.4, we write

E
∣∣uh(t′, x)− uh(t, x)

∣∣2 = A(t, h) +B(t, h), (B.1.3)

where

A(t, h) = E

∣∣∣∣∫ t

0

∫
R
[Gh(t+ h− s, x− y)−Gh(t− s, x− y)]W (ds, dy)

∣∣∣∣2 ,
B(t, h) = E

∣∣∣∣∫ t+h

t

∫
R
Gh(t+ h− s, x− y)W (ds, dy)

∣∣∣∣2 .
We first compute A(t, h). Using the isometry property (B.0.1) of W and the

change of variable s′ = t+ h− s and y′ = x− y, we have:

A(t, h) =

∫ t

0

∫
R
|Gh(t+ h− s, x− y)−Gh(t− s, x− y)|2dyds

=

∫ t

0

∫
R
|Gh(s′ + h, y′)−Gh(s′, y′)|2dy′ds′

= J1 − J2,

where

J1 :=

∫ ∞
0

∫
R
|Gh(s+ h, y)−Gh(s, y)|2dyds,

J2 :=

∫ ∞
t

∫
R
|Gh(s+ h, y)−Gh(s, y)|2dyds.

To evaluate J1, we use the Plancherel theorem as follows:

J1 =
1

2π

∫ ∞
0

∫
R

∣∣FGh(s+ h, ·)(ξ)−FGh(s, ·)(ξ)
∣∣2 dξds
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=
1

2π

∫ ∞
0

∫
R

∣∣∣e−(s+h)|ξ|2/2 − e−s|ξ|2/2
∣∣∣2 dξds

=
1

π

∫ ∞
0

∫ +∞

0

∣∣∣e−sξ2/2∣∣∣2 ∣∣∣1− e−hξ2/2∣∣∣2 dξds

=
1

π

∫ ∞
0

(
1− e−hξ2/2

)2(∫ +∞

0

e−sξ
2

ds
)

dξ

=
1

π

∫ ∞
0

(1− e−hξ2/2

ξ

)2

dξ.

Using the change of variable z =
√
hξ, we obtain:∫ ∞

0

(1− e−hξ2/2

ξ

)2

dξ =

∫ ∞
0

(1− e−z2/2

z/
√
h

)2 1√
h

dz =
√
h
√
π(
√

2− 1)

where the last equality follows the identity (see Lemma A.1 of [17]):∫ +∞

0

(1− e−w2/2)2

w2
dw =

√
π(
√

2− 1).

Hence,

A(t, h) ≤ J1 =

√
h√
π

(
√

2− 1). (B.1.4)

Next, we compute B(t, h). In fact, B(t, h) does not depend on t. By the isometry
property (B.0.1) of W ,

B(t, h) =

∫ t+h

t

∫
R
G2(t+ h− s, x− y)dyds.

Using the change of variable s′ = t+ h− s and y′ = x− y, we have:

B(t, h) =

∫ h

0

∫
R
G2(s′, y′)dy′ds′ =

∫ h

0

(∫
R

1

2πs′
exp

(
− |y

′|2

s′

)
dy′
)

ds′

=

∫ h

0

1

2π

(∫
R

1

s
exp

(
− |y|

2

s

)
dy

)
ds =

∫ h

0

1

2π

√
π√
s

ds

=

∫ h

0

1√
4πs

ds =
1

2
√
π

∫ h

0

1√
s

ds

=

√
h√
π
. (B.1.5)
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Using relations (B.1.3), (B.1.4) and (B.1.5), it follows that

E
∣∣uh(t′, x)− uh(t, x)

∣∣2 ≤ √h√
π

(
√

2− 1) +

√
h√
π

=
√
h ·
√

2

π
.

(b) Assume x′ > x. Let x′ = x + z for some z ≥ 0. By the isometry property
(B.0.1) of W , and the change of variables s′ = t − s and y′ = x − y, followed by
Plancharel theorem, we have:

C(t, z) := E
∣∣uh(t, x+ z)− uh(t, x)

∣∣2
= E

∣∣∣ ∫ t

0

∫
R
Gh(t− s, x+ z − y)−Gh(t− s, x− y)W (ds, dy)

∣∣∣2
=

∫ t

0

∫
R

∣∣Gh(s′, y′ + z)−Gh(s′, y′)
∣∣2 dy′ds′

=
1

2π

∫ t

0

∫
R

∣∣FGh(s, z + ·)(ξ)−FGh(s, ·)(ξ)
∣∣2 dξds

=
1

2π

∫ t

0

∫
R

2
(

1− cos(ξz)
) ∣∣FGh(s, ·)(ξ)

∣∣2 dξds

=
1

π

∫ t

0

∫
R

(
1− cos(ξz)

)
exp(−sξ2)dξds

=
1

π

∫
R

(
1− cos(ξz)

) 1

ξ2

(
1− exp(−tξ2)

)
dξ.

To continue, let ξz = w. We obtain:

C(t, z) =
1

π

∫
R

(
1− cosw

) z2

w2

(
1− exp

(
− t z

2

w2

))1

z
dw

=
z

π

∫
R

1− cosw

w2

(
1− exp

(
− t z

2

w2

))
dw

=
z

π

∫
R

1− cosw

w2
dw − z

π

∫
R

exp
(
− t z

2

w2

)1− cosw

w2
dw

≤ z

since
∫
R

1−cos(w)
w2 dw = π from Lemma A.2, p.95 in [17].

Remark B.1. It can be proved that the solution uh of the linear stochastic heat
equation (1.0.1) with space-time white noise Ẇ has covariance:

E[uh(t, x)uh(s, x)] = (2π)−1/2
(

(t+ s)1/2 − |t− s|1/2
)
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(see [24]). That is, for any x ∈ R, the process {uh(t, x); t ≥ 0} coincides (modulo a
constant) with a bi-fractional Brownian motion (bi-fBm) with indices H = K = 1/2.
Recall that a bi-fBm with indices H ∈ (0, 1) and K ∈ (0, 1] is a zero-mean Gaussian
process {X(t)}t≥0 with covariance:

E[X(t)X(s)] =
1

2K

(
(t2H + s2H)K − |t− s|2HK

)
(see e.g. relation (4.1) of [24]).

B.2 Linear stochastic wave equation

In this section, we consider equation (1.0.2) with space-time white noise Ẇ . The
following result is essentially Proposition 4.35 of [9], but we give here a different
proof than the one presented in [9].

Lemma B.2.1. If uw is the solution of equation (1.0.2) with space-time white noise
Ẇ , then:
(a) for any t′, t ∈ [0, T ] and x ∈ R,

E |uw(t′, x)− uw(t, x)|2 ≤ 5

4
T |t′ − t| , (B.2.1)

(b) for any t ∈ [0, T ] and x, x′ ∈ R,

E |uw(t, x′)− uw(t, x)|2 ≤ 1

8
T |x′ − x| . (B.2.2)

Proof: (a) Let t′ > t. Say t′ = t + h, for some h > 0. Arguing as in the proof of
Theorem 2.3.4, we have

E
∣∣uw(t′, x)− uw(t, x)

∣∣2 = A(t, h) +B(t, h),

where

A(t, h) = E

∣∣∣∣∫ t

0

∫
R
[Gw(t+ h− s, x− y)−Gw(t− s, x− y)]W (ds, dy)

∣∣∣∣2 ,
B(t, h) = E

∣∣∣∣∫ t+h

t

∫
R
Gw(t+ h− s, x− y)W (ds, dy)

∣∣∣∣2 .
We treat A(t, h) first. Using the change of variable s′ = t− s and x′ = x− y, we

obtain:

A(t, h) =

∫ t

0

∫
R
|Gw(t+ h− s, x− y)−Gw(t− s, x− y)|2dyds



B. SPACE-TIME WHITE NOISE 84

=

∫ t

0

∫
R
|Gw(s+ h, y)−Gw(s, y)|2dyds

=
1

4

∫ t

0

(∫
R

1{s≤|y|≤s+h}dy
)

ds =
1

2
ht ≤ 1

2
hT,

where we used the fact that the time increment of fundamental solution Gw can be
expressed as:

Gw(s+ h, y)−Gw(s, y) =
1

2

(
1{|y|≤s+h} − 1{|y|≤s}

)
=

1

2
1{s≤|y|≤s+h}.

Next, we treat B(t, h). In fact, B(t, h) does not depend on t. We have:

B(t, h) =

∫ t+h

t

∫
R
|Gw(t+ h− s, x− y)|2dyds

=

∫ h

0

∫
R
|Gw(s+ h, y)|2dyds =

1

4

∫ h

0

(∫
R

1{|y|≤s+h}dy
)

ds

=
1

2

∫ h

0

(s+ h)ds =
1

2

(h2

2
+ h2

)
=

3

4
h2 ≤ 3

4
hT.

(b) Assume x′ > x. Let x′ = x+ z for some z ≥ 0. We have

C(t, z) = E
∣∣uw(t, x+ z)− uw(t, x)

∣∣2
= E

∣∣∣ ∫ t

0

∫
R
Gw(t− s, x+ z − y)−Gw(t− s, x− y)W (ds, dy)

∣∣∣2
=

∫ t

0

∫
R
|Gw(t− s, x+ z − y)−Gw(t− s, x− y)|2 dyds

=

∫ t

0

(∫
R
|Gw(s′, y′ + z)−Gw(s′, y′)|2 dy′

)
ds,

where for the fourth equality, we set t− s = s′ and x− y = y′. We denote

Iz(s) =

∫
R
|Gw(s, y + z)−Gw(s, y)|2 dy

=
1

4

∫
R

∣∣1(−s−z,s−z)(y)− 1(−s,s)(y)
∣∣2 dy.

We need to consider two cases:{
s− z < −s i.e. z > 2s,

s− z > −s i.e. z < 2s.
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Case 1: Assume that s− z < −s.

−s− z s− z −s s

−z 0

In this case, the intervals (−s− z, s− z) and (−s, s) are disjoint and hence∣∣1(−s−z,s−z)(y)− 1(−s,s)(y)
∣∣2 = 1(−s−z,s−z) + 1(−s,s),

and

Iz(s) =
1

4

( ∫ s−z

−s−z
dy +

∫ s

−s
dy
)

=
1

4
(2s+ 2s) = s.

Case 2: Assume that s− z > −s.

−s− z −s s− z s

In this case, the intervals (−s− z, s− z) and (−s, s) are overlapping and hence∣∣1(−s−z,s−z)(y)− 1(−s,s)(y)
∣∣2

=
∣∣1(−s−z,−s)(y) + 1(−s,s−z)(y)− 1(−s,s−z)(y)− 1(s−z,s)(y)

∣∣2
= 1(−s−z,−s)(y) + 1(s−z,s)(y).

Therefore,

Iz(s) =
1

4

(∫ −s
−s−z

dy +

∫ s

s−z
dy
)

=
1

4

{
[−s− (−s− z)] + [s− (s− z)]

}
=

1

4
(z + z) =

1

2
z.

In summary,

Iz(s) =

{
s if s ≤ z/2,

z/2 if s > z/2.

Thus, if t > z
2
,

E
∣∣uw(t, x+ z)− uw(t, x)

∣∣2 =
1

4

∫ t

0

Iz(s)ds =
1

4

(∫ z/2

0

sds+

∫ t

z/2

1

2
zds
)

=
1

4

{s2

2

∣∣∣z/2
0

+
1

2
z
(
t− z

2

)}
=

1

4

(1

2
zt− z2

8

)
=

1

8
zt− 1

32
z2 ≤ zt

8
≤ 1

8
Tz,
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and if t ≤ z
2
,

E
∣∣uw(t, x+ z)− uw(t, x)

∣∣2 =
1

4

∫ t

0

s dz =
t2

8
≤ zt

16
≤ 1

16
Tz.



Appendix C

Important Inequalities

In this appendix chapter, we give some inequalities which play an important role in
the thesis.

The first inequality is a consequence of Littlewood-Hardy-Sobolev inequality from
analysis. We recall this result. For any f ∈ L1(R+) and α ∈ (0, 1), and we define the
fractional integral of f of order α by:

Iαf(x) =
1

Γ(α)

∫ ∞
0

|x− y|α−1f(y)dy. (C.0.1)

Theorem C.1. (Hardy - Littlewood - Sobolev Inequality) [Theorem 1, page 119 of
[23]] For any α ∈ (0, 1) and 1 < p < q <∞ satisfying 1

q
= 1

p
− α, we have

‖Iαf‖Lq(0,∞) ≤ Ap,q‖f‖Lp(0,∞) (C.0.2)

where Ap,q > 0 is a constant depend on p and q.

The following inequality is used several times in the thesis, for the study of the
heat equation. (Usually, the application of this inequality does not yield optimal
results for the wave equation). This inequality was proved in reference [20].

Lemma C.2. For any H ∈ (1
2
, 1) and for any function ϕ ∈ L1/H(R+),

αH

∫ ∞
0

∫ ∞
0

ϕ(t)ϕ(s)|t− s|2H−2 dtds ≤ bH

(∫ ∞
0

|ϕ(t)|1/Hdt
)2H

,

where αH = H(2H − 1) and bH > 0 is a constant depend on H. More precisely,
bH = αHΓ(2H− 1)AH , where AH is the constant appearing in inequality (C.0.2) with
α = 2H − 1, p = 1

H
, and q = 1

1−H .
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Proof: Using Hölder’s inequality with exponents p = 1/H and q = 1/(1−H), we
obtain:

0 ≤
∫ ∞

0

∫ ∞
0

ϕ(t)ϕ(s)|t− s|2H−2 dtds =

∣∣∣∣∫ ∞
0

ϕ(t)
(∫ ∞

0

ϕ(s)|t− s|2H−2 ds
)

dt

∣∣∣∣
≤
∫ ∞

0

|ϕ(t)|
∣∣∣ ∫ ∞

0

ϕ(s)|t− s|2H−2ds
∣∣∣dt

≤
(∫ ∞

0

|ϕ(t)|1/Hdt
)H(∫ ∞

0

∣∣∣∣∫ ∞
0

ϕ(s)|t− s|2H−2 ds

∣∣∣∣1/(1−H)

dt
)1−H

= ‖ϕ‖L1/H(0,∞)I, (C.0.3)

where I =
( ∫ T

0

∣∣∣∫ T0 ϕ(s)|t− s|2H−2ds
∣∣∣1/(1−H)

dt
)1−H

. Note that

‖I2H−1ϕ‖L1/(1−H)(0,∞) =
(∫ ∞

0

|I2H−1ϕ(t)|1/(1−H)dt
)1−H

=
1

Γ(2H − 1)

(∫ ∞
0

∣∣∣ ∫ ∞
0

|t− s|2H−2ϕ(s)ds
∣∣∣1/(1−H)

dt
)1−H

=
1

Γ(2H − 1)
I.

By Theorem C.1,

‖I2H−1ϕ‖L1/(1−H)(0,∞) ≤ AH‖ϕ‖L1/H(0,∞),

where AH is the constant appearing in (C.0.2) with α = 2H−1, p = 1
H

, and q = 1
1−H .

Hence,
I ≤ Γ(2H − 1)AH‖ϕ‖L1/H(0,∞). (C.0.4)

Therefore, combining (C.0.3) and (C.0.4), we obtain:

αH

∫ ∞
0

∫ ∞
0

ϕ(t)ϕ(s)|t− s|2H−2 dtds ≤ αH‖ϕ‖L1/H(0,∞) · Γ(2H − 1)AH‖ϕ‖L1/H(0,∞)

= bH‖ϕ‖2
L1/H(0,∞),

where bH = αHAHΓ(2H − 1).

Lemma C.3. For any ϕ ∈ L2(0, T ) and for any H ∈ (1
2
, 1),(∫ T

0

|ϕ(t)|1/H dt

)2H

≤ T 2H−1

∫ T

0

|ϕ(t)|2 dt.
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Proof: We apply Hölder’s inequality with p = 2H and q = 2H
2H−1

. We obtain:∫ T

0

|ϕ(t)|1/Hdt ≤
(∫ T

0

|ϕ(t)|
1
H
·2H dt

)1/(2H)(∫ T

0

1 dt
) 2H−1

2H

=
(∫ T

0

|ϕ(t)|2 dt
)1/(2H)

T
2H−1
2H .

Taking power 2H, we infer that(∫ T

0

|ϕ(t)|1/H dt
)2H

≤
(∫ T

0

|ϕ(t)|2 dt
)
T 2H−1.

Corollary C.4. For any H ∈ (1
2
, 1) and for any ϕ ∈ L2[0, T ],

αH

∫ T

0

∫ T

0

ϕ(t)ϕ(s) |t− s|2H−2 dtds ≤ bHT
2H−1

∫ T

0

|ϕ(t)|2 dt,

where bH > 0 is the constant given by Lemma C.2.

Proof: This follows immediately from Lemma C.2 and Lemma C.3.



Appendix D

Useful results

In this appendix chapter, we include some useful results which are used in the thesis.

Lemma D.1. The p-order moment of a standard normal random variable Z is

zp = E|Z|p = 2p/2π−1/2Γ
(p+ 1

2

)
.

Proof: By definition,

zp = E|Z|p =

∫
R
|z|p 1√

2π
e−z

2/2dz =
2√
2π

∫ ∞
0

zpe−z
2/2dz.

Using the change of variables y = z2, we have:

zp =
2√
2π

∫ ∞
0

(
√
y)pe−y/2

1

2
√
y

dy =
1√
2π

∫ ∞
0

y(p−1)/2e−y/2dy.

Applying the change of variables y/2 = x, we obtain:

zp =
2√
2π

∫ ∞
0

(2x)(p−1)/2e−xdx =
1√
2π
· 2(p−1)/2+1

∫ ∞
0

x(p−1)/2e−xdx

=
1√
2π
· 2(p−1)/2+1Γ

(p+ 1

2

)
= 2p/2π−1/2Γ

(p+ 1

2

)
.

Lemma D.2. For any H ∈ (1
2
, 1) and T > 0,∫ T

0

∫ T

0

ts|t− s|2H−2dtds = B(2, 2H − 1)
1

H + 1
T 2H+2,

where B(a, b) = Γ(a)Γ(b)
Γ(a+b)

is the Beta function.
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Proof: We split the integral in two regions: s < t and s ≥ t. By symmetry, we
have: ∫ T

0

∫ T

0

ts|t− s|2H−2dtds

=

∫ T

0

∫ T

0

1{s<t}ts(t− s)2H−2dtds+

∫ T

0

∫ T

0

1{s≥t}ts(s− t)2H−2dtds

= 2

∫ T

0

t
(∫ t

0

s(t− s)2H−2ds
)

dt = 2

∫ T

0

t
(∫ 1

0

s′t(t− s′t)2H−2tds′
)

dt

= 2

∫ T

0

t2H+1
(∫ 1

0

s(1− s)2H−2tds
)

dt = 2B(2, 2H − 1)

∫ T

0

t2H+1dt

= B(2, 2H − 1)
1

H + 1
T 2H+2,

where for the third equality, we used the change of variable s′ = s/t.



Appendix E

Convergence of probability
measure

In this appendix chapter, we review some basic concepts related to convergence of
probability measures on Rk, on a general metric space, on the space C([0, 1]) of
continuous functions on [0, 1], and on the space C([0, 1]×R) of continuous functions
on [0, 1]× R. We use references [7] and [8].

E.1 Convergence of probability measures on Rk

In this section, we study the case of classical random vectors with values in Rk.

Definition E.1.1. Let X be a random vector in Rk. The characteristic function
of X is the function ϕ : Rk → C given by:

ϕX(u) = E[eiu·X ] =

∫
Ω

eiu·XdP =

∫
Rk
eiu·x

(
P ◦X−1

)
(dx),

for all u ∈ Rk, where u · x = u1x1 + ...+ ukxk if u = (u1, ..., uk), and x = (x1, ..., xk).

Remark E.1.2. If X = (X1, ..., Xk) has a normal distribution with mean µ =
(µ1, ..., µk) and covariance matrix Σ, then we write X ∼ Nk(µ,Σ). In this case,

ϕX(u) = exp
{
iu · µ− 1

2
uTΣu

}
.

Definition E.1.3. If
(
Xn

)
n

and X are random vectors in Rk, then we say that
(
Xn

)
n

converge in distribution to X if

FXn(x) = P (Xn ≤ x)→ FX(x) = P (X ≤ x),

for all x which is a continuous point of FX . In this case, we write Xn
d−→ X.
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Theorem E.1.4. If
(
Xn

)
n

and X are random vectors in Rk, then Xn
d−→ X if and

only if
ϕXn(u)→ ϕX(u), for all u ∈ Rk.

If Xn = (X
(1)
n , ..., X

(k)
n ) ∼ Nk(µn,Σn) and X = (X(1), ..., X(k)) ∼ Nk(µ,Σ), then

Xn
d−→ X if and only if µn(i) → µ(i) for all i = 1, ..., k and σn(i, j) → σ(i, j),

for all i, j = 1, 2, ..., k, where µn =
(
µn(1), ..., µn(k)

)
, µ =

(
µ(1), ..., µ(k)

)
, Σn =(

σn(i, j)
)

1≤i,j≤k
and Σ =

(
σ(i, j)

)
1≤i,j≤k

. Consequently, we obtain the following

result.

Lemma E.1.5. Let Xn =
(
X

(1)
n , ..., X

(k)
n

)
and X =

(
X(1), ..., X(k)

)
be zero-mean

normal random vectors in Rk. Then Xn
d−→ X if and only if

Cov
(
X(i)
n , X(j)

n

)
d−→ Cov

(
X(i), X(j)

)
, for all 1 ≤ i, j ≤ k.

Definition E.1.6. Let
(
µn
)
n

and µ be probability measures on
(
Rk,B(Rk)

)
. We say

that
(
µn
)
n

converge weakly to µ if∫
Rk
h(x)µn(dx)→

∫
Rk
h(x)µ(dx),

for any function h : Rk → R which is continuous and bounded. In this case, we write
µn

w−→ µ.

Remark E.1.7. If (Xn)n and X are random vectors in Rk, µn = P ◦ X−1
n and

µ = P ◦X−1, then for any measurable function h : Rk → R,

E[h(Xn)] =

∫
Ω

h(Xn) dP =

∫
Rk

h(x)
(
P ◦X−1

n

)
(dx) =

∫
Rk

h(x) µn(dx),

and

E[h(X)] =

∫
Ω

h(X) dP =

∫
Rk

h(x)
(
P ◦X−1

)
(dx) =

∫
Rk

h(x) µ(dx).

Hence,
µn

w−→ µ if and only if E[h(Xn)]→ E[h(X)],

for any function h : Rk → R which is continuous and bounded.

Theorem E.1.8. If
(
Xn

)
n

and X are random vectors in Rk, µn = P ◦ X−1
n and

µ = P ◦X−1, then

Xn
d−→ X if and only if µn

w−→ µ.
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E.2 Convergence of probability measures on met-

ric space

We start with a general definition for an arbitrary metric space.

Definition E.2.1. Let (S, d) be a metric space and S be its Borel σ-field, i.e. the σ-
field generated by the open sets of S. Let

(
Ω,F , P

)
be a probability space. A random

element in S is a function X : Ω → S which is F/S-measurable. The law of X is
the probability measure µ = P ◦X−1 on (S,S) defined by:

µ(A) = (P ◦X−1)(A) = P (X ∈ A), for all A ∈ S.

Definition E.2.2. Let
(
µn
)
n

and µ be probability measures on (S,S). We say that(
µn
)
n

converges weakly to µ if∫
S

h(x)µn(dx)→
∫
S

h(x)µ(dx),

for any function h : S → R which is continuous and bounded. In this case, we write
µn

w−→ µ.

Theorem E.2.3. (Portmanteau Theorem) Let
(
µn
)
n

and µ be probability measures
on (S,S). The following statements are equivalent:

(i) µn
w−→ µ

(ii) lim sup
n→∞

(F ) ≤ µ(F ), for any closed set F in S

(iii) lim inf
n→∞

(G) ≥ µ(G), for any open set G in S

(iv) lim
n→∞

µn(A) = µ(A), for any set A ∈ S such that µ(∂A) = 0, where ∂A = Ā ∩ Ac.

Definition E.2.4. Let (S, d) be a metric space and (Xn)n and X be random elements
in S. We say that (Xn)n converges in distribution to X if µn

w−→ µ, where µn is
the law of Xn and µ is the law of X.

Remark E.2.5. Note that for any S-measurable function h : S → R,

E[h(Xn)] =

∫
Ω

h(Xn) dP =

∫
S

h(x)
(
P ◦X−1

n

)
(dx) =

∫
S

h(x) µn(dx),

and

E[h(X)] =

∫
Ω

h(X) dP =

∫
S

h(x)
(
P ◦X−1

)
(dx) =

∫
S

h(x) µ(dx).

Hence, Xn
d−→ X if and only if E[h(Xn)]→ E[h(X)], for all function h : S → R which

is continuous and bounded.
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In order to check convergence in distribution of processes, we need to introduce
the concept of tightness.

Definition E.2.6. A sequence
(
µn
)
n

of probability measures on S is tight if for any
ε > 0, there exist a compact set K ⊂ S such that

µn(K) > 1− ε, for all n ≥ 1.

E.3 Convergence of probability measures on C([0, 1])

In this section, we consider the particular case S = C([0, 1]), equipped with the
uniform distance:

d(x, y) = ‖x− y‖ = sup
t∈[0,1]

|x(t)− y(t)|, for all x, y ∈ C([0, 1]),

where C([0, 1]) is the space of continuous functions x : [0, 1]→ R.

A random element in C([0, 1]) is a function X : Ω → C([0, 1]) which is F/C-
measurable where C is the Borel σ-field of C([0, 1]). It can be proved that C is the
σ-field generated by the projection maps πt : C([0, 1])→ R given by:

πt(x) = x(t).

A consequence of this is the fact that X : Ω → C([0, 1]) is F/C-measurable if and
only if

Xt : Ω→ R is F/B(R)−measurable, ∀t ∈ [0, 1].

In other words, if X = (Xt)t∈[0,1] is a process defined on a probability space (Ω,F , P )
which has continuous sample paths, i.e. the map t 7→ Xt(ω) is continuous for all
ω ∈ Ω, then automatically X : Ω→ C([0, 1]) is a random element in C([0, 1]).

Hence, if (Xn)n and X are processes with continuous sample paths, where Xn =

{Xn(t)}t∈[0,1] and X = {X(t)}t∈[0,1], then Xn
d−→ X if and only if

µn
w−→ µ,

where µn is the law of Xn and on C([0, 1]) and µ is the law of X on C([0, 1]).

The following theorem allows us to prove weak convergence of processes with
sample paths in C([0, 1]).
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Theorem E.3.1 (Theorem 8.1 of [7]). Let
(
Xn

)
n

and X be processes with sample
paths in C([0, 1]). If the following conditions hold:

(i)
(
Xn(t1), ..., Xn(tk)

)
d−→
(
X(t1), ..., X(tk)

)
for any t1, ..., tk ∈ [0, 1]

and for any k ≥ 1,

(ii)
(
µn
)
n

is tight, where µn is the law of Xn in C([0, 1]),

then Xn
d−→ X in C([0, 1]).

The following theorem gives a useful method for checking tightness.

Theorem E.3.2. Let
(
Xn

)
n

be processes with sample paths in C([0, 1]). Suppose that
the following two conditions are satisfied:

(i) sup
n≥1

E|Xn(0)|p′ <∞, for some p′ > 0,

(ii) there exist γ ≥ 0, α > 1 and a non-decreasing continuous function F : [0, 1]→ R
such that

E |X(t2)−X(t1)|γ ≤
(
F (t2)− F (t1)

)α
for all t1, t2 ∈ [0, 1], (E.3.1)

for all t1, t2 ∈ [0, 1] and for all λ > 0.

Then (µn)n is tight, where µn is the law of Xn in C([0, 1]).

Combining Theorems E.3.1 and E.3.2, we obtain:

Theorem E.3.3. Let (Xn)n and X be processes with sample paths in C([0, 1]). If the
following conditions hold:

(i)
(
Xn(t1), ..., Xn(tk)

)
d−→
(
X(t1), ..., X(tk)

)
for any t1, ..., tk ∈ [0, 1]

and for any k ≥ 1,

(ii) sup
n≥1

E|Xn(0)|p′ <∞, for some p′ > 0,

(iii) there exist γ ≥ 0, α > 1 and a non-decreasing continuous function

F : [0, 1]→ R such that relation (E.3.1) holds,

then Xn
d−→ X in C([0, 1]).
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E.4 Convergence of probability measures on C([0, 1]×
R)

In this section we consider the case S = C([0, 1]×R), where C([0, 1]×R) is the space
of continuous functions f : [0, 1]× R→ R.

A collection X =
{
X(t, x)

}
t∈[0,1], x∈R

of random variables X(t, x) : Ω → R
is called a multi-parameter stochastic process or random field.

A random element in C([0, 1]× R) is a function X : Ω→ C([0, 1]× R) which is
F/C([0, 1]× R)-measurable, where C([0, 1]× R) is the Borel σ-field on C([0, 1]× R).
It can be proved that C([0, 1]×R) coincides with the σ-field generated by the projec-
tion maps πt,x : C([0, 1]× R)→ R given by

πt,x(f) = f(t, x), for all t ∈ [0, 1], x ∈ R.

Hence any random field X =
{
X(t, x)

}
t∈[0,1], x∈R

with continuous paths is a random

element in C([0, 1]× R).

Theorem E.4.1. Let Xn = {Xn(t, x)} and X = {X(t, x)} be random fields with
sample paths in C([0, 1]× R). If the following conditions hold:

(i)
(
Xn(t1, x1), ..., Xn(tk, xk)

)
d−→
(
X(t1, x1), ..., X(tk, xk)

)
for all t1, ..., tk ∈ [0, 1],

x1, ..., xk ∈ R and k ≥ 1,

(ii)
(
µn
)
n

is tight where µn is the law of Xn on C([0, 1]× R).

Then Xn
d−→ X in C([0, 1]× R).

Theorem E.4.2 (Proposition 2.3 of [29]). Let Xn = {Xn(t, x)}t∈[0,1], x∈R, n ≥ 1 be
random fields with sample paths in C([0, 1] × R). Suppose that the following two
conditions hold:

(i) sup
n≥1

E|Xn(0, 0)|p′ <∞, for some p′ > 0,

(ii) for any compact set J ⊂ R, there exist p > 0, δ > 2, C > 0 and N ∈ N such that

E|Xn(t′, x′)−Xn(t, x)|p ≤ C
(
|t′ − t|+ |x′ − x|

)δ
, (E.4.1)

for all t′, t ∈ [0, 1], x′, x ∈ J, and n ≥ N.

Then (Xn)n is tight in C([0, 1]× R).
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Theorem E.4.3. Let Xn = {Xn(t, x)} and X = {X(t, x)} be random fields with
sample paths in C([0, 1]× R). If the following conditions hold:

(i)
(
Xn(t1, x1), ..., Xn(tk, xk)

)
d−→
(
X(t1, x1), ..., X(tk, xk)

)
for all t1, ..., tk ∈ [0, 1],

x1, ..., xk ∈ R and k ≥ 1,

(ii) sup
n≥1

E|Xn(0, 0)|p′ <∞, for some p′ > 0,

(iii) for any compact set J ⊂ R, there exist p > 0, δ > 2, C > 0 and N ∈ N such that

relation (E.4.1) holds, for all t′, t ∈ [0, 1], x′, x ∈ J, and n ≥ N.

Then Xn
d−→ X in C([0, 1]× R).

Remark E.4.4. Theorem E.4.3 remains valid (with obvious modification) for ran-
dom fields with sample paths in C([0, T ]× R) for any T > 0.
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