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ABSTRACT

Cellular metabolism is a dynamic process regulating the production and consump-
tion of metabolites. These reaction rates, or metabolic fluxes, are regulated at multiple
cellular levels by genes, transcripts, proteins, and metabolites. Advancements in techno-
logical and computational methods are leading to increasingly comprehensive estimates
of steady state fluxes. In this thesis, I focus on advancing methods to analyse steady
state flux data using minimal, steady state pathways known as elementary flux modes
(EFMs). Since an arbitrary set of steady state fluxes can be reconstructed by a posi-
tive, linear combination of EFMs, these pathways can be viewed as functional units of
steady state flow within and through a metabolic flux network. Working with EFMs
present two challenges, however; the non-uniqueness of flux decomposition in terms of
EFMs, and scaling of EFM analysis in large networks. Here, I address both compu-
tational problems and show how EFM analysis can be used to characterize the flow
of metabolites and their atomic constituents in large-scale metabolic networks. In the
first part of this thesis, I develop a biophysically-motivated method enforcing a Marko-
vian constraint to uniquely decompose fluxes onto EFMs in strictly-unimolecular reac-
tion networks. I refer to this method as the cycle-history Markov chain (CHMC) and
prove its correctness with both discrete- and continuous-time Markov chains. Using the
CHMC, I address biophysical questions regarding the distribution of pathway fluxes in
a unimolecular, sphingolipid kinetic model of healthy and Alzheimer’s disease patients.
My statistical analyses of EFM weights support a dominant pathway flux hypothesis,
whereby the majority of network fluxes are explained by a small subset of highly active
EFMs. In my final aim, I generalize my Markov chain method to any type of metabolic
network, including those with multispecies reactions. I do this through my proposal
of atomic elementary flux modes (AEFMs) which explain the minimal, steady state
flow of indivisible atoms in a metabolic network. By constraining atomic movements
with atom mapping predictions, I show that AEFMs, unlike EFMs, can be enumer-
ated in five large-scale metabolic networks by means of an atomic cycle-history Markov
chain (ACHMC). In a subsequent analysis of a single set of inferred fluxes in a human
liver cancer cell line (HepG2), I further show that glutamine-derived carbon AEFMs
exhibit pathway flux dominance, with the most active AEFMs corresponding to well-
known metabolic subsystems and the recently discovered non-canonical tricarboxylic
acid (TCA) cycle. Altogether, my (atomic) cycle-history Markov chain ((A)CHMC)
methods address fundamental challenges in EFM analysis and showcase the potential
of both EFMs and AEFMs to further our understanding of cellular metabolism.
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RESUME

Le métabolisme cellulaire est un process dynamique régulant la production et la con-
sommation de métabolites. Ces capacités de réactions et/ou les flux métaboliques sont
régulés a différemment niveau cellulaire par les genes, les transcrits, les protéines et les
métabolites. Les avancées technologiques et les nouvelles méthodes computationnelles
permettent d’estimer de mieux en mieux les flux homéostatiques. Dans cette these, je
me suis concentré sur ’avancement de certaines méthodes pour analyser les données de
flux homéostatiques utilisant les voies signalétiques minimales connues comme mode
de flux élémentaire (MFE). Puisqu'un ensemble arbitraire de flux homéostatique peut
étre reconstruit par une combinaison linéaire positive des MFE, ces voies peuvent étre
considérées comme des unités fonctionnelles de flux a l'intérieur et a travers un réseau
de flux métaboliques. Travailler avec des MFE présente toutefois deux difficultés : le
caractere non unique de la décomposition des flux en termes de MFE et la mise a
I’échelle des flux des grands réseaux. Ici, jaborde les deux problemes de calcul et mon-
tre comment cette analyse peut étre utilisée pour caractériser les flux de métabolites et
leurs constituants atomiques dans les systemes métaboliques a grande échelle. Dans la
premiere partie de cette these, je développe une méthode empruntée de la biophysique
qui applique une contrainte markovienne pour décomposer de maniere unique les flux sur
les MFE dans les réseaux de réactions strictement unimoléculaires. Cette méthode est
appelée CHMC et ce travail prouve sa justesse avec des chaines de temps discret et con-
tinu de Markov. En utilisant la CHMC, j’aborde des questions biophysiques concernant
la distribution des flux des voies dans le modele cinétique unimoléculaire de sphingolipi-
des de patients sains et de patients atteints de la maladie d’Alzheimer. Mes analyses
statistiques des poids MFE soutiennent 1'hypothese d'un flux de voie dominant, par
lequel la majorité des flux du réseau sont expliqués par un petit sous-ensemble d’MFE
tres actifs. Dans mon objectif final, je généralise ma méthode de chaine de Markov a
tout type de réseau métabolique, y compris ceux avec des réactions multi-especes. Je
le fais en proposant des mode de flux élémentaire atomiques (MFEA) qui expliquent
le flux minimal et constant d’atomes indivisibles dans un réseau métabolique. En con-
traignant les mouvements atomiques avec des prédictions de cartographie atomique,
je montre que les MFEAs, contrairement aux MFEs, peuvent étre dénombrés dans
cing réseaux métaboliques a grande échelle au moyen d’une cycle-history Markov chain
atomique ACHMC. Dans une analyse secondaire d’un seul ensemble de flux déduits
dans une Hep(G2, je montre en outre que les MFEA de carbone dérivé de la glutamine
présentent une dominance du flux de la voie avec les MFEA les plus actifs correspon-
dant a des sous-systemes métaboliques bien connus et au cycle TCA non canonique
récemment découvert. Dans ’ensemble, mes méthodes (A)CHMC abordent des défis
fondamentaux de l'analyse MFE et démontrent le potentiel des MFE et des MFEA
pour approfondir notre compréhension du métabolisme cellulaire.
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A process cannot be understood by stopping it. Understanding must
move with the flow of the process, must join it and flow with it.

—Frank Herbert, Dune
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INTRODUCTION

1.1  OVERVIEW

Metabolism is defined as the collection of biochemical reactions within an organism
to sustain life. These catabolic and anabolic reactions are constantly remodelling nu-
trient sources to produce endogenous metabolites necessary for cellular survival and
proliferation. Thus far, over 100 metabolic models of bacterial, yeast, and mammalian
cells have been published in the Biochemical Genetic and Genomic (BiGG) database

2

alone,? consisting of thousands of known metabolites, reactions, and genes identified

from over a century of biochemical studies.

It cannot be stressed enough how remarkable the field of metabolism has advanced
since the discovery of the enzyme at the turn of the 20th century.® This period marked
the birth of modern biochemistry and the burgeoning field of metabolism. It was during

this time that the metabolic pathways of central carbon metabolism as we know today
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were elucidated. As chemists moved into biochemistry, new enzymes and metabolic in-
termediates were discovered, leading to a comprehensive understanding of carbohydrate
metabolism, photosynthesis, and oxidative phosphorylation among other pathways. It
also cannot be understated how these metabolic pathways were discovered using ana-
lytical chemistry techniques considered crude by modern standards. Using colorimetry
and paper chromatography, for example, HA Krebs and WA Johnson discovered the
tricarboxylic acid (TCA) cycle in 1937.45 Shortly after in the 1940s the Embden-
Meyerhof-Parnas (EMP) (glycolytic) pathway was full characterized’, followed by the
pentose phosphate pathway (PPP) by Horecker et al. in 1951.%% With the discovery
of 14C by Ruben and Kamen, radiolabelling techniques were instrumental in identify-
ing the Calvin-Benson-Bassham cycle in 1954.1112 Subsequent manometric experiments
were crucial in characterizing aspects of mitochondria metabolism, such as the discovery
that nicotinamide adenine dinucleotide (reduced form) (NADH) was compartmentalized
between the cytosol and mitochondria'® and the malate-aspartate cycle!* among other
NADH shuttle systems.'® These pathways are now assembled into metabolic maps'6
and genome-scale metabolic models (GEMs) curated for individual organisms and cells,

reflecting over a century of biochemical discoveries.

Since these discoveries, many questions in metabolism have shifted from the identi-
fication of individual pathways to the interactions between pathways to obtain a deeper
understanding of cellular metabolism. This systems biology approach has been driven,
in large part, by advancements in high-throughput sequencing and other omics-based
approaches to identify and quantify the genes, transcripts, proteins, and metabolites
within a single cell.!”!® Increasingly sophisticated experimental techniques have re-
vealed even more complex interactions within and across data types. Examples include
ChIP-seq to identify DNA-protein interactions,'® Hi-C to study the 3D conformation
of DNA,?° BiolD to study protein-protein interactions,?! and more recently MIDAS to

study protein-metabolite interactions.??
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In parallel to these omics advancements, systems biology has also been driven by
mathematical theories and mechanistic frameworks that have led to biological discov-
eries and reshaped the field of metabolism. These methods formalize our existing
biochemical knowledge and their complex interactions to understand how they give
rise to global cellular properties.?>26 One systemic property of cellular metabolism is
metabolic flux which is defined as the rate of biochemical reactions. Perhaps the most

famous framework to study flux is metabolic control analysis (MCA), which emerged

27,28 t 29,30

independently in the 1970s by Kacser and Burns, and Heinrich and Rapopor
MCA was developed as a means to quantify the steady state interactions between
fluxes, enzymes, metabolites in response to various perturbations. A major discovery
of MCA was that all enzymes exert some level of control on flux through a metabolic
pathway, disproving the prevailing notion that pathway fluxes were controlled at rate-
limiting steps by “pacemaker enzymes.”*3%33 Variations of this concept remain today
with emerging ideas on metabolic reprogramming and adaptability to explain changes
in metabolic (dys)regulation.?® Another important mathematical method is flux bal-
ance analysis (FBA) which is a framework to understand the distribution of steady
state fluxes under simulated or experimentally-derived biological constraints.?>3¢ Al-
together, these flux analysis methods are becoming increasingly relevant in today’s

data-rich era of biology to understand how metabolism changes as a function of the

genome, transcriptome, proteome, and metabolome.

One specific type of flux analysis, and focus of this thesis, is elementary flux mode
(EFM) analysis. The concept of EFMs was first proposed in 1994 by S Schuster and

Hilgetag®” as a method to study pathway fluxes in stoichiometric models of metabolism.

*It has taken many years to dispel the myth of the rate-limiting step by convincing biochemists
that mathematical models can drive biological discoveries. I sympathize with Fell and Sauro who
voiced these frustrations nearly 40 years ago regarding the power of MCA to understand cellular
regulation who said, “Whilst this seems a legitimate and fruitful use of the detailed knowledge of
biochemical mechanisms gained empirically over the years, it is regarded with deep suspicion by many
biochemists, who seem to feel a misplaced confidence in their ability to achieve an intuitive and
qualitative understanding of these non-linear multivariable problems without putting it to the rigorous
and quantitative test implied by simulation.”3!(P556)
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An EFM can be defined as a minimal set of reactions that can sustain steady state flux
(see Chapter 2 for a more mathematical description). This implies that the sequence
of reactions balances all internal metabolite stoichiometries and that the capacity to
maintain steady state flow is lost if any reaction is deleted. Put another way, an EFM

is a steady state pathway that does not contain another steady state pathway.

EFMs have several useful properties that make them ideal for studying the structure
of metabolic networks and the distribution of pathway fluxes. For one, EFMs are highly
intuitive pathways to understand and visualize. In a metabolic network consisting
strictly of unimolecular reactions, EFMs correspond to either simple paths explaining
the movement of a metabolite from source to sink metabolites (Figure 1.1a), or simple
cycles which are biologically analogous to substrate cycles (Figure 1.1b). When mul-
tispecies reactions are present, this notion of simple path and cycle extends to include
branching and converging pathways carrying steady state flux (Figure 1.1c). Since the
removal of any reaction in an EFM abolishes steady state flux, EFM can therefore be
viewed as the possible mechanisms for carrying flux within a network. EFMs have been

25,38-40

analysed to characterize the robustness of metabolic networks, and to guide the

rational design of cells optimized for growth or the production of desirable metabolic

compounds.*43

’
b

Figure 1.1: EFMs corresponding to an (a) simple path. (b) simple cycle. (c¢) Path involving
a multispecies reaction.

Another important property of EFMs is that there exists a finite number of these
pathways characterizing a given network which are unique to a scalar multiple. This
property may sound trivial but consider how there are infinite ways for a metabolite to

move through most metabolic networks. A metabolite could cycle indefinitely between

4
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internal metabolites in a closed-loop network or re-enter the network repeatedly in an
open-loop network. However, a metabolite moving within the same substrate cycle
once, twice, or a million times would still constitute a flow through that corresponding
EFM with a weight of one, two, or a million. From this realization, one can observe
that the steady state fluxes in any network, no matter how complex, can be written as a
positive, linear combination of their EFMs. This final property enables one to represent
the complex distribution of steady state fluxes in a network in terms of functional units
of pathway flux. One could envision applying EFMs to address questions regarding the
structures of large-scale metabolic networks. With the rise of methods to estimate and
infer metabolic fluxes, one could also imagine applying EFM analyses to quantify the

distribution of pathway fluxes within and across biological conditions.

1.2 PROBLEM STATEMENT

These properties of EFMs make them suitable for addressing a fundamental biological
problem regarding the nature of pathway fluxes in a metabolic flux network. However,
the practicality of conducting these EFM analyses leads to two subsequent computa-

tional problems that remain unsolved in EFM literature to this day.

UNDERSTANDING THE FLOW OF METABOLITES FROM STEADY STATE
FLUX DATA

A fundamental question of flux analysis is inferring the movement of metabolites in a
network. This question is interesting from a biophysical standpoint to understand the
dynamics of a metabolite remodelling in a complex network of reactions, but also im-
portant for understanding how flux is distributed across metabolic pathways. In recent
years, this question has been approached statistically using pathway analysis meth-

ods leveraging widely-available transcriptomics and metabolomics datasets. Methods
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such as over-representation analysis (ORA) employ a hypergeometric test to identify
metabolic pathways with a greater-than-expected number of differentially expressed

4445 - However these methods are highly

genes or differentially abundant metabolites.
sensitive to metabolic pathway definitions, P-value thresholds, and other statistical
significance scores.?%4” More pressingly, these methods cannot provide a mechanistic
explanation for why a given metabolic pathway is active. They cannot distinguish be-
tween differentially active or inactive pathways from abundance data (since increased
substrate levels may be counteracted by insufficient enzyme levels), identify which re-
actions within that pathway are differentially active, or explain the interactions be-
tween differentially active pathways. These problems persist among more sophisticated

48,49 or topology-based meth-

pathway analysis methods such as functional class scoring
0ds.?%5! Hence, new flux analysis methods are required to understand how metabolites

transit in a network both within and across metabolic pathways.

1.2.1 DECOMPOSING FLUXES ONTO EFMS

The biological problem posed in the previous section can be transformed into a com-
putational one regarding the analysis of EFMs. I refer to this as the EFM flux decom-
position problem which is to determine how much flux is travelling along each EFM
given a metabolic flux network under steady state. The challenge, however, is that de-
composing steady state fluxes onto EFMs is generally not unique. There are typically
more EFMs than linearly independent fluxes in a network, leading to an infinite set of

EFM weights explaining the observed network fluxes.

This problem of uniquely decomposing fluxes onto EFMs has limited its applications
for studying the structure of metabolic networks and understanding the distribution
of pathway fluxes. Numerous mathematical optimization strategies using linear pro-

gramming (LP), quadratic programming (QP), and mixed-integer linear programming
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(MILP) have been proposed to explain a metabolic flux network in terms of a single set
of EFM weights. However, these mathematical optimization methods are poorly justi-
fied from a biophysical standpoint. First, a metabolite has no memory of the reactions
leading to its current state, nor knowledge of an EFM and the sequence of reactions
it must undergo to complete that pathway. Second, objective functions proposed in
literature are based on notions of parsimony that are generally biophysically implau-
sible. For example, some groups have proposed pathway fluxes are explained by the

52-54 while others

fewest number of EFMs or EFMs with the fewest number of reactions,
have proposed objective functions that do the exact opposite.’®°¢ Finally, even these
objective functions are not guaranteed to constrain the solution space to a single set of
EFM weights. Without a unique flux decomposition, one cannot disentangle whether

changes in EFM weights are an artifact of the chosen objective function and solver, or

reflect genuine metabolic pathway activity.

1.2.2 ENUMERATING EFMS IN LARGE-SCALE METABOLIC
NETWORKS

Another major challenge in EFM literature is the complete enumeration of all steady
state pathways in a metabolic network, and has been the historical focus of EFM re-
search. This remains an ongoing problem in literature since the number of EFMs
can be unfathomably large. To understand why there are so many EFMs, consider
how metabolic networks exhibit a high degree of connectivity between metabolites
and often through multispecies reactions. This leads to a combinatorial explosion of
EFMs balancing different sets of internal metabolite stoichiometries. The result is that
EFM enumeration is computationally infeasible for large-scale metabolic networks af-

762 Empirical studies using these tools have

ter decades of algorithmic advancements.
demonstrated over a million EFMs in small-scale metabolic models with fewer than

100 metabolites and reactions.’® The synthetic, minial cell JCVI-syn3A4% consists of
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304 metabolites and 338 reactions, and is predicted to contain over a trillion EFMs
that would take years to enumerate with nearly one thousand threads running in par-
allel.®? EFM enumeration is therefore computationally infeasible for most GEMs with
even the question of determining the complexity of enumerating all EFMs in a network

remaining unclear,54:5

This computational infeasibility of EFM enumeration is a major obstacle to EFM-
based flux analysis. Without complete knowledge of all network EFMs, both structural
and flux analyses of these pathways are meaningless. EFMs are a structural property
of the network and incomplete knowledge of all pathways can bias structural analyses
involving EFMs. Similarly, analysis of EFM weights may be prone to bias if biologically
relevant EFMs are missing. While many groups have proposed methods to enumerate
subsets of EFMs satisfying specific biological properties, contextualizing the significance
of these pathways at a structural or pathway flux level is only possible when all EFMs

are known.

1.3 THESIS STATEMENT

Metabolic fluxes are a rich source of information describing metabolic dynamics and are
becoming increasingly relevant as methods improve to estimate them advance. However,
few methods exist today to analyse flux data. EFMs are an elegant mathematical
framework to study metabolic flux networks, yet their potential for analysing large-scale
networks has been hindered by the longstanding EFM flux decomposition problem.
For decades, decomposing fluxes onto EFMs has been approached by mathematical
optimization methods which assume individual metabolites are predestined to travel
along a given EFM based on biophysically implausible notions of parsimony. I argue
that a new perspective to modelling pathway fluxes is required to advance systems

biology and unravel the complexity of cellular metabolism at the genome scale.
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1.4  CONTRIBUTIONS

This work aims to solve longstanding problems in EFM literature to bring forth a new
generation of methods and perspectives to analyse steady state metabolic flux data.

My main contributions are as follows:

1. Developing a probabilistic, Markov chain model to solve the EFM flux decompo-

sition problem in unimolecular metabolic flux networks.

2. Framing this probabilistic model in terms of existing stochastic chemical kinetic

literature.

3. Addressing the nature of pathway flux distributions within and across biological

conditions.

4. Proposing a new type of steady state pathway to characterize the flow of atomic

constituents in any type of metabolic flux network.

5. Developing a computational pipeline to both enumerate these pathways and

uniquely decompose steady state fluxes onto them under a Markovian constraint.

6. Demonstrating that these computations are feasible on large-scale metabolic net-

works with existing consumer-grade computing resources.

7. Predicting the flow of source metabolite carbons in a human liver cancer cell
line (HepG2) and comprehensively analysing the dominant pathways explaining

glutamine carbon remodelling.

8. Developing and documenting an open-source software package that implements

these novel algorithms for EFM analysis.
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1.0 THESIS ORGANIZATION

In Chapter 2, I review methods in literature to generate and analyse metabolic flux
data. The following Chapters 3—7 detail my main contributions to advance flux anal-
ysis through the concept of EFMs. In Chapter 3, I revisit the EFM flux decomposition
problem and show how existing optimization-based methods proposed in literature are
biophysically implausible and not guaranteed to uniquely identify EFM weights. These
observations lead to my proposal of a certain discrete-time Markov chain model, known
as the cycle-history Markov chain (CHMC), to uniquely decompose steady state fluxes
onto EFMs for strictly unimolecular flux networks. In Chapter 4, I show how to de-
rive my Markov chain method in continuous-time, starting from a system of mass-action
differential equations, and prove that both approaches lead to identical EFM probabil-
ities and weights. Using my EFM weight assignment method, I characterize the highly
uneven distribution of EFM weights within and across biological conditions in Chap-
ter 5, supporting a dominant pathway flux hypothesis. In Chapters 6 and 7, I address
both the generalized EFM flux decomposition problem and EFM enumeration problem
through my introduction of atomic elementary flux modes (AEFMs). I then describe
a computational pipeline for enumerating and uniquely identifying AEFM weights in
large-scale, multispecies reaction networks. I show that these pathways, unlike stan-
dard EFMs, can be computed in GEMs, and are arguably more biologically meaningful
to interpret through a structural analysis of five GEMs and AEFM weight analysis of a
HepG2 cell line. A summary of my work, limitations, and future directions are finally

presented in Chapter 8.
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LITERATURE REVIEW

In this chapter, I review the literature on methods to analyse metabolic flux networks.
I first begin by explaining how metabolic networks are constructed at the genome-level
before discussing methods to estimate steady state fluxes in these networks. I then
describe computational methods to analyse these networks with and without knowledge
of their corresponding steady state fluxes. I then provide some background on simplified
molecular input entry system (SMILES) strings before reviewing some basic Markov

chain theory required to understand my contributions in Chapters 3-7.

2.1 GENOME-SCALE METABOLIC MODELS (GEMS)

Genome-scale metabolic models (GEMs) refer to the reconstruction of an organism’s
metabolism defined by a system of metabolites and corresponding reactions. The size

and scope of these models vary and are associated with both large-scale metabolic net-

11
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works (e.g. SA Becker and Palsson®®) and smaller scale ones defined by a few metabolic
subsystems (e.g. Orth et al.3%). Historically, these models were manually constructed by
curating known metabolites, reactions, and genes characterized for a given organism.%”
These information were systematically organized to link different biochemical data in
addition to known biochemical constraints. Examples of the former are gene-protein-
reaction (GPR) rules® which encode the relationship between a gene, its gene product,
and how that gene product drives flux through a reaction by itself as an enzyme/enzyme
isoform, or with the cooperation of other proteins as an enzymatic subunit. Examples

of biochemical constraints include the stoichiometric relations between participating

metabolites that lead to atomic mass conservation within reactions.

The advent of high-throughput sequencing and other omic technologies has led to
an explosion of data to reconstruct GEMs. Today, there exist many algorithms and
software suites to automate the GEM construction process. Notable programs include
RAVEN® COBRA™, and KBase™ which has been used to draft over 80,000 GEMs;
however, many more programs have been developed since then.”? The modern ap-
proach to constructing a GEM generally involves acquiring large-scale sequencing data
specific to an organism of interest. These reads are mapped to a reference genome,
or a homologous species if one is unavailable, to identify the metabolic enzymes from
genome annotation databases.”™"™ These enzymes are then mapped to reaction-specific
databases to identify the corresponding substrates and products (e.g. KEGG™, Mod-
elSeed™, TCDB""). The result is a draft GEM that may require multiple pre-processing
steps, also incorporated in many GEM reconstruction software programs, to finalize the

metabolic model.

A draft GEM may require one of several pre-processing steps after initial assembly
from a reference genome. For one, the resulting list of metabolites and reactions identi-
fied from sequencing data may not form a singular metabolic network. Not all enzymes

may be identified or protein transporters that move substrates across subcellular com-

12
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partments. The reference genome may also be incomplete with uncharacterized genes
with no known biological function. These problems can lead to unconnected metabolic
subnetworks that are orphaned from one another due to missing reactions and dead-end
metabolites that cannot maintain steady state flux. These problems reflect incomplete
metabolic knowledge of the organism of interest and necessitate gap-filling algorithms™
and expert curation to ensure a strongly-connected network where steady state flux can

be routed through all participating metabolites.

2.2  GENERATING METABOLIC FLUX DATA

Once the network structure is defined, the metabolic flux along each reaction may
be measured or estimated from a host of experimental and bioinformatic techniques.
These fluxes are often estimated under metabolic steady state, where one assumes
zero net change in metabolite concentrations over time, so the total metabolic fluxes
producing and consuming each metabolite are balanced. While experimental methods
are generally considered more accurate than computational ones, both methods are
used in complementary ways. In the following sections, I describe common experimental
and computational methods to estimate and infer steady state fluxes. I also show how
experimentally deduced fluxes can be used as a ground truth to validate computational

models of flux or serve as model inputs to refine flux inferences.

2.2.1 EXPERIMENTALLY DEDUCING METABOLIC FLUXES

In this section, I cover the following experimental techniques to estimate steady state
fluxes and provide several examples of their use case in literature. These strategies
include (i) time-resolved exometabolomics, (ii) radiolabelling, and (iii) stable-isotope

tracing analysis.

13
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TIME-RESOLVED EXOMETABOLOMICS

Exometabolomics refers to the identification and measurement of exogenous metabo-
lites present in cell culture media. This technique is therefore useful for identifying
source and sink metabolites that are exchanged between cells and the media. These
source and sink fluxes are estimated by quantifying the abundance of metabolites in the
media over time, accounting for the number of cells growing in culture. The external
fluxes are subsequently computed by fitting the time-dependent abundances to differ-
ential equations describing the extracellular metabolite fluxes released into the media
or taken into the cells. Nilsson et al., for example, used this approach to measure 23
extracellular fluxes in human liver cancer cell line (HepG2) cells corresponding to amino

acids, glucose, lactate, and pyruvate.

Several techniques are commonly used to estimate the metabolite abundances in
exometabolomic studies. Common protein targets can be quantified by colorimet-
ric assays (e.g. Pierce BCA protein assay kit from ThermoScientific). Other types
of metabolites can be identified by high-performance liquid chromatography (HPLC)
and quantified by their refractive index or ultraviolet light absorbance with the aid of
calibration curves. More complex methods include targeted mass spectrometry data
acquisition methods such as selected reaction monitoring (SRM) or multiple reaction
monitoring (MRM) to identify compounds based on their mass over charge ratio (m/z)
and quantify their abundances using internal standards.® A commercial platform to
measure specific extracellular fluxes is the Agilent Seahorse analyser. This platform
specifically assesses mitochondrial respiration and glycolysis through oxygen consump-
tion rate (OCR) and extracellular acidification rate (ECAR), respectively, by measuring

the dissolved oxygen and free protons in the cell culture media.

14
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RADIOLABELLING

In contrast with exometabolomics, more specialized tracer-based techniques are re-
quired to estimate intracellular fluxes. These tracers are small molecules that are
identifiable by their radioactive signature and can hence be traced through a series
of reactions. These molecules contain unstable combinations of protons and neutrons
that cause the molecule to decay and release radiation. In the 20th century, *C tracers
were extensively used in radiolabelling studies to both identify and quantify flux through
metabolic pathways. 4C decays follows the following nuclear equation ¢*C' —1* N+ 37,
where 37 is a high-energy, high-speed electron.8! The carbon isotope thus decays into
a stable nitrogen isotope releasing radioactive energy in the process. A benefit of “C
over shorter-lived radioisotopes is its very long half-life of 5730 & 40 years,®? allowing

it to be traced over the course of hours or even days.

In the mid 20th century, radiolabelling studies were primarily used to identify
metabolic pathways.!!'? These were performed by culturing cells in radiolabelled com-
pounds and observing the radioactive metabolites in downstream pathways. For exam-
ple, an early 1960s paper by Ap Rees and Beevers used labelled pyruvate and glucose
to quantify their breakdown in carrot tissue through the pentose phosphate pathway
(PPP) and Embden-Meyerhof-Parnas (EMP) pathway.®? In this experiment and many
others, paper chromatography was used to separate complex metabolite mixtures. Au-
toradiographs were then used to detect and quantify radioactive metabolites from these
paper chromatographs. This technique involves exposing the radioactive compounds
to a thin layer of silver halide which ionizes in close proximity to the energy released
by radioisotopes. The result is a silver halide precipitate that appears as a black spot
visible to the naked eye.®* Exposure could take weeks to months due to the long half-life
of 1C.8* These spots were then excised and radioactivity quantified by oxidizing the
compounds and measuring the quantity of precipitates or emitted photons from the

[~ particles using a liquid scintillation counter.!?83 Today, radiolabelled tracers are
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still quantified by liquid scintillating counters® and by more advanced accelerator mass
spectrometers®® which directly count the number of radioactive atoms rather than the

scintillations emitted from decay events.

STABLE ISOTOPE TRACING

In recent years, stable isotope tracing has become the standard experimental technique
for experimentally deducing metabolic fluxes. As the name suggests, stable isotope
tracers refer to chemical compounds with a stable configuration of neutrons. '*C, for
example, is a stable isotope of carbon 12 which contains 6 protons and neutrons. In
contrast with radioisotopes, stable isotopes do not decay and therefore do not release
radiation. This technique offers several advantages over radiolabelled tracers including
higher throughput flux estimates, rapid sample preparation, and possibility to analyse
multiple and/or distinct metabolic pathways using a combination of stable isotope

tracers.”?

Mass spectrometer (MS)-based technologies are the primary means to trace the
incorporation of stable isotopically-labelled substrates into endogenous metabolites. At
a high level, MS is a platform with the capability to (i) record the m/z ratio of charged
molecules, (ii) select for molecules with given a m/z, and (iii) fragment molecules into
smaller constituents. As a simple example, one could imagine identifying an endogenous
metabolite based on its characteristic m/z (M) and quantifying that metabolite based
on the number of detected ions with that m/z. One could then measure whether that
endogenous metabolite contained additional neutrons (e.g. M + 1, M + 2) donated
by the isotopic tracer moving through the metabolic network. The combination of
these three capabilities leads to distinct operational protocols referred to as MS data
acquisition modes. Each mode has its advantage and disadvantage, but modes are

typically classified into “targeted” and “untargeted” approaches. Broadly speaking,
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targeted mass spectrometry excels at quantifying metabolite levels but require a priori
structural knowledge of the metabolites of interest. This is the main approach used in
stable isotope tracing studies to investigate metabolic flux in well-studied pathways such
as central carbon metabolism®” and within subcellular compartments.®® Untargeted
MS approaches are much less common since they trade quantification accuracy for
the detection of all molecules in the biological system. Computing the ratio of all
labelled-versus-unlabelled metabolites from untargeted MS is sometimes used to obtain

a semi-quantitative understanding of metabolic flux.

It should be highlighted that the versatility of targeted stable isotope tracing studies
involves a great deal of computational complexity not found in untargeted or even radi-
olabelling strategies. In the simple example described above, I explained how the flux of
a stable isotopically-labelled compound could hypothetically be traced by quantifying
the number of downstream metabolites that incorporated those additional neutrons.
In reality, however, identifying metabolic fluxes is much more complicated due to the
highly-connected nature of metabolic networks and the numerous ways that isotopes
can incorporate into metabolites. Understanding this complexity requires introducing
two concepts that formalize how isotopes can incorporate into endogenous metabo-
lites. The first term is isotopomer which refers to a given compound with the same
number of additional neutrons, but localized to different atoms within the molecule.’”
Isotopomers often arise in cyclic pathways, such as the tricarboxylic acid (TCA) cycle,
where molecules can both inherit and relinquish isotopes at different atomic positions.
The identification of mass isotopomer distributions is essential for measuring metabolic
flux since this position-specific information is highly informative of the tracer movement.
However, isotopomers cannot be identified by MS alone since molecules with the same
number of additional neutrons in different configurations share the same m/z. Their
identification requires an intimate understanding of the metabolic network structure

and atomic movements across series of reactions to predict their labelling distributions.
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A related term, not to be confused with the isotopomer, is the isotopologue which refers
to the same chemical species but with a different configuration of neutrons.?’ Isotopo-
logues occur naturally as about 99% of all carbon is the 2C isotope and the quantity
of detected metabolites with a given m/z must be corrected to account for this isotopic
variation in nature.”! Isotopologues also arise in complex metabolic pathways such as
the TCA cycle. For example, citrate inherit two isotopes from uniformly labelled 3C
pyruvate during the first turn of the cycle and a total of three isotopes during the
second turn. Analysis of both isotopologue and isotopomeric information is required
to deconvolute targeted MS data to estimate the steady state fluxes in a metabolic

network.%2

2.2.2 COMPUTATIONALLY INFERRING METABOLIC FLUXES

Since reactions can occur very quickly, it can be challenging to observe a radioisotope or
stable isotope tracer moving through a metabolic network. This problem has motivated
two families of computational methods to infer fluxes from various types of biological

data.

FLUX BALANCE ANALYSIS (FBA)

Flux balance analysis (FBA) is a versatile method to estimate a single set of steady
state fluxes in a metabolic network. It is considered a stoichiometric technique since it
operates on the structure of the metabolic network encoded as a stoichiometry matrix.
This matrix S has m rows corresponding to the number of distinct network metabolites
and n columns corresponding to the network reactions. The coefficients S;; of the
stoichiometric matrix represent the quantity of each metabolite ¢ = 1,2,...,m that
is produced (positive coefficient) or consumed (negative coefficient) in reaction j =

1,2,...,n.

18



2.2. GENERATING METABOLIC FLUX DATA

Given only the stoichiometric quantities involved in each reaction, FBA formulates

a system of linear equations describing the mass balances for each metabolite

dX
= 9. d

where X is a vector metabolite concentrations of length m and v is the flux vector
of length n. A core assumption of FBA is that metabolic reactions occur faster than
cellular growth or environmental changes, leading to metabolic fluxes that are under

quasi-steady state.?>%3 This implies that the change in metabolite levels is zero and

E:():Sm. (2.2)

Solving Equation (2.2) is equivalent to finding a set of steady state fluxes with no
net change across all internal metabolite stoichiometries. However, there are often more
fluxes (n) than mass balance constraints (m), leading to an underdetermined system
of equations and an infinite set of fluxes that can satisfy steady state. This finding
agrees with our biological intuition since, without enzyme-kinetic knowledge organism,
a cell has an infinite number of ways to distribute fluxes through different combinations
of reactions. More biological information or metabolic assumptions are required to

constrain the solution space to a single set of steady state fluxes.

FBA incorporates three additional sets of constraints to identify a set of steady state
fluxes that could feasibly describe the metabolic system in question. The first constraint
takes the form of lower and upper flux boundaries (/; and w;) for reaction j in the
stoichiometry matrix.?® The boundaries for exchange reactions may be determined from
exometabolomic studies, while those for internal reactions may be deduced from isotope
tracing studies. * Another important constraint is that reaction thermodynamics are

obeyed whereby irreversible reactions are never assigned negative fluxes implying flow

*A third omics option is discussed at the end of this section.
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from products back to substrates. Combined with Equation (2.2), these two inequalities
constrain the solution space of fluxes to a convex polyhedral cone® otherwise referred to
as a flux cone.? The tip of this flux cone emerges from the origin, since no flux through
all reactions is a feasible solution to Equation (2.2). As a cone, however, there are still

many feasible sets of fluxes within this space that satisfy metabolic steady state.

Narrowing the flux cone even further requires specific knowledge of the metabolic
phenotype to identify a single set of steady state fluxes describing the cell in question.
This metabolic phenotype is encoded into the third and final FBA constraint known
as the objective function which corresponds to a weighted set of reactions whose com-
bined score Z is either maximized or minimized. In FBA studies of prokaryotes and
yeast, a metabolic phenotype optimized for biomass production is often used since this
metabolic behaviour often occurs in nature due to the evolutionary advantage conferred
by fast cellular growth?. Indeed, adaptive laboratory evolutions (ALEs) studies®” have
shown that serial batch culturing bacteria leads to evolved strains with improved growth
phenotypes.?®? Encoding this metabolic phenotype into the objective function requires
defining an artificial biomass reaction which consumes various stoichiometric units of
substrates to produce some stoichiometric unit of biomass. These stoichiometries may
be experimentally deduced by quantifying the macromoleculer fractions of carbohy-
drates, nucleic acids, and amino acids within a cell culture.!®® Maximizing this biomass
reaction thus leads to a single set of steady state fluxes optimized for cellular growth.
Altogether, Equation (2.2) and these three constraints define the following linear pro-

gramming (LP) problem:

maximize 2

subject to S-v=0
(2.3)
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where Z = ¢Tv and c is the vector of reaction weights contributing to objective function.
For example, an objective maximizing biomass growth would set Z = vpjomass. More
complex non-linear objective functions may be specified and solved through other math-
ematical optimization methods such as quadratic programming (QP) or mixed-integer

linear programming (MILP).

The modular constraint-based system for defining FBA problems makes it a highly
flexible framework for understanding the distribution of steady state fluxes. First, this
system of linear equations, flux boundaries, and objective function can be solved by LP
which is fast and scalable to GEMs.?6 Metabolic hypotheses can also be tested in silico
by deleting reactions or forcing specific levels of flux through certain reactions to under-
stand how these perturbations change other network fluxes. Exchange flux boundaries
can also be modified to account for different cell culture media compositions and to
identify pathways that maximize the formation of particular product metabolites.'!
The validity of FBA has been demonstrated in metabolic engineering studies which
have shown it to correctly predict the rate of substrate utilization and cellular growth

102 Other iterations of FBA have been developed such as flux

in bioreactor settings.
variability analysis (FVA)'® which explores alternative steady state fluxes that can
optimize the objective function equally well. Similarly, parsimonious FBA!'* identifies
fluxes involving the fewest active genes while still maintaining optimal biomass growth.
Much effort has also been placed to incorporate omics data with FBA to more faithfully
capture the metabolic phenotype and improve flux inferences. Akesson et al. was one of
the first groups to do this by using gene expression data to constrain internal fluxes to

zero if the associated genes were lowly expressed.'?® This approach led to an explosion

of subsequent methods that used gene expression data to either identify active/inactive

106-108 109-111

reactions, set lower and upper flux boundaries, or correlate transcript levels

with metabolic fluxes.''?3 Protein abundance data has likewise been considered to set

15

FBA flux boundaries!'*, constrain fluxes by proteome allocation,!'® and correlate the
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enzyme-flux levels.!1¢

KINETIC MODELS

Kinetic models of metabolism refer to mathematical models of biochemical reaction
rates that account for the enzyme kinetics and concentrations of the participating sub-
strates. In contrast with stoichiometric methods such as FBA, kinetic models take the
form of ordinary differential equations (ODEs) which describe the time-dependent dy-
namics of metabolic reactions. This section on kinetic models is limited to modelling

metabolic fluxes since a type of sensitivity analysis is discussed later in Section 2.3.1.

Perhaps the earliest kinetic framework for modelling the interactions between sub-
strates is the Law of Mass Action which was formulated in 1864 by the mathematician
Peter Waage and chemist Cato Guldberg.''” The Law of Mass Action states that the
rate of a reaction is proportional to the concentration of the participating reactants. For
reversible reactions that are at equilibrium, the product and substrate concentrations
remain in a fixed ratio. For a theoretical reaction a - A — b- B + ¢- C, the equilibrium

constant is

K== (2.4)

where a, b, and ¢ are the stoichiometric units of species A, B, and C. This reaction is
considered an elementary reaction if @ = 1 since it involves only a single substrate A
undergoing a transformation to produce b units of B and ¢ units of C'. The flux through
this reaction would be modelled as v = k - [A], where k is the mass action kinetic
parameter. Mass-action kinetics can also model flux through reversible reactions. If
the previous theoretical reaction was reversible with b = 1 and ¢ = 1, the reverse flux
(v,) would be modelled as the bimolecular reaction v, = k, - [B] - [C]. Hence, the net
flux through this (now reversible) reaction would be v, = k- [A] — k. - [B] - [C]. A

positive v, implies that net flux is carried in the forward direction while a negative
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value indicates net flux from B and C back to A.

Mass-action equations are often used to describe diffusion-based processes, such

H8 and are assumed to occur in a well-mixed

as lipid transport across compartments,
environment with a fixed volume. Mass-action kinetic models of enzymatic reactions are
less common but some effort has been made to parameterize these models for large-scale

metabolic networks from metabolite and protein abundance data.!'®

More complex kinetic models have since been formulated which incorporate kinetic
properties of enzymes into the equations. Michaelis-Menten kinetics are one of the
best known and widely used models which can accurately predict fluxes for a large
class of enzymatic reactions.'?? The rate of the reaction is assumed to be proportional
to the concentration of the enzyme-substrate complex with parameters K, (Michaelis
constant) reflecting the affinity of the enzyme for its substrate and k., (catalytic con-
stant) reflecting the maximum rate of a single enzyme active site converting a substrate
into a product molecule. While this model is named after Michaelis and Menten who
formulated this model in 1913,'?! similar derivations were published a year later by
Van Slyke and Cullen.!'?? Briggs and Haldane popularized Michaelis-Menten kinetics
based on their quasi-steady state approximation that eliminated the need to assume
equilibrium or irreversible binding between the substrate and enzyme.'?® The reaction

equation describing a Michaelis-Menten reaction is

k
S+E<LES & pyp (2.5)
kr

where S is the substrate, P is the product, E is the free enzyme, and E-S is the enzyme-
substrate complex. Note that the formation of the enzyme-substrate complex is re-
versible with a forward and reverse kinetic parameter while the formation of product is
irreversible with a single kinetic parameter. By enforcing several assumptions, notably

the Briggs-Haldane assumption that the enzyme-substrate binding is fast compared to
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complex dissociation or product formation (such that ky >> kr and ke > k), the

Michaelis-Menten equation describing the reaction rate is

Lﬁnax '[E;
= X 7 2.6
T Ku + 5] (26)
where
kh"F kcat ‘qnax
Ky = or T Peat —  max 9.
M kf and kcat [E] + [E-S] ( 7)

Michaelis-Menten reactions can also account for various types of inhibition mech-
anisms that can reduce enzymatic activity and diminish flux through the reaction.
These include competitive inhibition, where other substrates bind to the free enzyme;
noncompetitive inhibition, where other substrates bind to different sites on the free or
complexed enzyme; and uncompetitive inhibition, where other substrates bind to the

enzyme-substrate complex.!?*

While other types of kinetic models have been formulated in recent years (e.g. lin-

125) "much effort has been devoted to constructing Michaelis-Menten kinetic

log kinetic
models for GEMs. A major challenge in this endeavour is the lack of experimentally-
derived kinetic parameters for enzymes across different organisms. Some experimental
values are contained in enzyme databases such as BRENDA!?® and SABIO-RK,'?" but
most enzyme kinetics remain uncharacterized in large-scale metabolic networks. This
problem is currently being addressed through several optimization-based methods to fit
kinetic parameters that both satisfy experimentally observed flux data and experimen-

128-131

tally deduced kinetic parameters. Sometimes multiple sets of kinetic parameters

may equally describe the experimental data,'3? possibly due to model sloppiness'®3
and parameter unidentifiability, which may require further experimental data.'3* Other
methods leveraging protein structure databases and protein abundance data have been

developed to infer kinetic parameters.'35:136
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BAYESIAN STATISTICAL MODELS OF FLUX

While less common than the methods described above, several attempts have been made
to develop statistical models of flux. These models contrast with FBA and kinetic mod-
els in that they formalize the uncertainty of identifying steady state fluxes in metabolic
networks. As discussed in the previous section on FBA, the solution space of steady
state fluxes is vast and poorly constrained by the stoichiometry matrix alone. One
may imagine obtaining flux observations from stable isotope tracing studies, but these
values may still be explained through many possible sets of steady state fluxes. This
uncertainty only increases in larger-scale networks where there is a smaller proportion

of observed fluxes and greater ambiguity in the flux solution space.

Bayesian inference is a very natural approach to resolving this problem of flux
uncertainty when only a subset of metabolic fluxes are known. Bayesian approaches
assume the existence of multiple steady state fluxes that could possibly explain the
observed flux values. These possibilities are realized as a joint posterior distribution of

steady state fluxes conditioned on some observed flux values.

Bayesian FBA'" and BayFlux!3® are two notable statistical methods that use
Bayesian statistics to estimate a posterior distribution of steady state fluxes condi-
tioned on observed flux data. Bayesian FBA formulates a joint distribution of intracel-
lular or extracellular metabolic fluxes and metabolite changes, assuming multivariate
Gaussian priors. The parameters in this model are the mean flux and metabolite accu-
mulation/depletion values and a pairwise covariance matrix which may be simulated or
estimated from stable isotope tracing data. After conditioning the model on flux ob-
servations and covariances, the posterior distribution is estimated by Gibbs sampling.
BayFlux takes a similar approach to Bayesian FBA, but conditions the model on both
extracellular fluxes and the isotopic distribution of endogenous metabolites acquired

from stable isotope tracing studies. Both methods have been used to estimate steady

25



2.3. METHODS TO ANALYZE FLUX DATA

state fluxes in GEMs containing over 2,382 metabolites and 1,668 reactions.!37138

2.3 METHODS TO ANALYZE FLUX DATA

Once estimated, metabolic fluxes can be analysed through a variety of techniques. All
methods described in this section are based on mathematical—rather than statistical—
analyses. One possible reason for this is because mathematical models are often for-
mulated when the structure of a problem is well-defined. For metabolic networks, this
is especially true since the structural relationship between metabolites and reactions in
many metabolic pathways is well understood. Furthermore, statistical techniques rely
on analysing many datasets to identify underlying patterns which has historically been
infeasible to estimate experimentally or even simulate in large-scale networks. I first
begin by briefly reviewing metabolic control analysis (MCA) which is one of the oldest
methods to analyse kinetic models of metabolism. I then describe several stoichiometric
methods to analyse fluxes, including elementary flux mode (EFM) analysis and other

types of stoichiometric pathways.

2.3.1 METABOLIC CONTROL ANALYSIS

MCA is a mathematical framework for understanding the relationships between com-
ponents in a metabolic flux network under steady state. There is a rich mathematical
history behind MCA and this section is kept intentionally short since a more compre-
hensive review is beyond the scope of this thesis. For clarity, I will also refer to the

standardized MCA terminology put forth by Westerhoff et al.!3?

MCA emerged independently in the 1970s from works by Kacser and Burns?"2®

and Heinrich and Rapoport.?*3° In their seminal papers, both authors addressed the

question of how steady state pathway flux is modulated by enzyme and substrate levels
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through a series of biochemical reactions. They reasoned that a rigorous mathematical
approach to modelling biochemical systems was necessary to quantify the effect of
each component on pathway flux. This long-term change in pathway flux due to a
perturbation of a variable was called “control,” giving rise to the name metabolic control

analysis.!4?

A central goal of MCA is to quantify how steady state pathway flux, a global
property of a biological system, is controlled by individual variables such as enzyme,
substrate, or inhibitor levels. MCA derives several types of control coefficients to de-
note the control of one variable exerts on another. Flux control coefficients (C'E]i), for
example, are defined as the control exerted by a single enzymatic step in pathway J on
the overall pathway flux. This is equivalent to the ratio between the relative change in

steady state fluxes and levels of a given enzyme i:7

oo _ AT Eid] _ding J%
B 4E;/E;  J-dE; dWnE;  E%

(2.8)

For example, a flux control coefficient of 0.15 or O . = 0.15 suggests that increasing the
level of enzyme i by 1% would increase the flux along pathway J by 0.15%. A second
type of concentration control coefficient (C’}zf ) is similarly defined as the control exerted

by changing the level of enzyme ¢ on steady state level of substrate j or

S; dSJ/S] . Ez dS] . dlnSj -~ SJ%
B dE /B, S;-dE;  dWnE;,  E%

(2.9)

An important discovery of MCA was that the sum of all flux control coefficients is equal
to one for a given metabolic pathway, and that the sum of all concentration control
coefficients in a metabolic pathway is equal to zero. These findings form the basis of

the summation theorem?6:27:2%141 for flux control

Y ch=1 (2.10)
=1
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and concentration control
Y=o, (2.11)
i=1

where n is the number of reactions in pathway J.

Another important function of MCA is to understand how enzyme levels change
individual reaction rates and how these local properties give rise to systematic proper-
ties regarding the entire metabolic pathway. In addition to flux/concentration control
coefficients, MCA also defines elasticity coefficients which refer to the change in an iso-
lated reaction rate with respect to the concentration of a substrate, product, enzyme or
effector such as an inhibitor. These elasticity coefficients quantify the local control of
these modifiers over the flux of an individual reaction when all other modifier concen-
trations are held constant within the metabolic pathway. The elasticity eg"j describes
the relative change in flux along a single reaction v; by modifying the concentration
of substrate S; while keeping all other substrate levels constant. Following flux and

concentration control coefficients, their equations are defined as

) 8vi/vi Sj @UZ‘ Jln U; Ui%
v _ _ ovi ) _ ~ 2.12
Esj <8S] Sj) (Uz‘ 85’]) <8ln Sj) Sj%’ ( )

where the concentrations of other substrate modifiers are held constant. Although elas-

ticities measure local changes to individual reactions, knowledge of these properties
can give rise to global properties describing flux through a metabolic pathway. This
relationship is described by the connectivity theorem of MCA which relates elasticities
to both flux control and concentration control coefficients.?”'3 Applying both summa-
tion and connectivity theorems allows one to identify global control coefficients from
knowledge of the local elasticity coefficients??31:140:141 Gince it can be challenging to
perturb single reactions within a metabolic pathway, it has also been shown that one
can identify the elasticity coefficients in a metabolic pathway from the flux control and

metabolite control coefficients.*?
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2.3.2 ELEMENTARY FLUX MODES (EFMS)

The EFM is a type of steady state pathway that emerged through the mathematical
analysis of stoichiometry matrices and metabolic fluxes under steady state. This sto-
ichiometric pathway analysis method contrasts with MCA in that it operates on the
mass-balance constraints imposed by reaction stoichiometries and does not consider
the kinetic properties of biochemical reactions. Before formally defining the EFM, it
should be noted that these stoichiometric analyses predate MCA by nearly a decade,
going as far back to work by Milner.!#® Further stoichiometric analyses were developed
in parallel of MCA, including FBA (described in Section 2.2.2),'%! and other analyses of
stoichiometric systems under steady state.!#4!4% By 1994, EFM analysis was the latest
metabolic pathway analysis approach, proposed by S Schuster and Hilgetag, and has

since remained an important method for studying metabolic flux networks.

The EFM can be defined as a minimal set of reactions carrying steady state flux
within a metabolic network.?” This minimal property implies that steady state flow
within the pathway cannot be maintained by a subset of reactions within an EFM. In
other words, an EFM may span source and sink metabolites or encode a cycle within
internal metabolites, but that pathway can never contain another EFM within it. The
EFM is rather elegant to interpret since it emphasizes how metabolic networks defined
by a stoichiometry matrix can be decomposed into functional units of steady state

ﬂUX 146

Understanding how one arrives at the EFM definition requires a mathematical anal-
ysis of stoichiometry matrices. Recall from Section 2.2.2 that the mass-balance con-
straints for a stoichiometry matrix define a system of linear equations that constrain
the solution space of steady state fluxes to a flux cone. While there may be an infinite
number of steady state fluxes, it is often useful to ask whether those solutions can be

described by a combination of smaller steady state metabolic pathways. This question
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is a special case of finding the basis for the nullspace in linear algebra.'*! Since basis
vectors are not unique, however, a more sophisticated approach is required to explain

the observed fluxes in terms of a fixed number of steady state pathways.

It can be shown that EFMs arise from the convex analysis of the flux cone. First,
Equation (2.2) is expanded by splitting all reversible reactions in the stoichiometry

matrix into pairs of irreversible ones. This leads to

S =0, (2.13)

where S is the m’ by n’ stoichiometry matrix of irreversible reactions and v" is the
corresponding vector of irreversible steady state fluxes. The solution space of steady

state fluxes in Equation (2.13) also forms a flux cone C defined by

C={V|9 v =00 >0} (2.14)

The edges of this flux cone define the EFMs of the stoichiometry matrix.37°® Similar to
finding a basis for the nullspace, any point within the volume of the flux cone can be
written as a positive linear combination of the flux cone edges. This explains why EFMs
are defined as minimal sets of reactions or genetically independent sets of enzymes, since
no edge in the flux cone can be written as a combination of other edges. A key difference
compared to the nullspace approach to analysing stoichiometry matrices is that there

is always a finite number of EFMs characterizing the flux cone.!4”

Each EFM e, can be written as vector of length n’ with elements corresponding to
the number of times each reaction occurs throughout that pathway. If e, are the EFMs
of the flux cone for k =1,2,...  E, the EFM weight decomposition theorem states that

any set of steady state fluxes v” can be constructed from a positive, linear combination
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of these pathways or

E
V' = Zwk cep, Vw, >0 (2.15)
k=1

where wy, is the weight of EFM k.

The EFM has several properties that make it ideal for analysing metabolic fluxes.
As discussed in Chapter 1, EFMs are steady state pathways meaning they are a possible
explanation for how metabolites travel through or within a metabolic network under the
steady state assumption. As minimal pathways, steady state flux is lost if any reaction
in an EFM is deleted. Equivalently, EFMs are also nondecomposable pathways where
an EFM cannot contain another EFM. These conditions lead to a finite number of EFMs
characterizing a given metabolic network, regardless of the steady state fluxes across
all reactions. This properties ties into the “elementary” nature of EFMs, as any set
of steady state fluxes in a network can be represented as positive, linear combination
of their EFMs. The analysis of EFM weights also does not require enzyme kinetic
information and can be applied to steady state fluxes estimated from stoichiometric,
kinetic, or statistical models of flux. Finally, EFMs are the optimal metabolic pathways

for maximizing flux per unit total of protein.!4%149

Since fundamental problems regarding EFM enumeration and flux decomposition
are described in Chapter 1, this remaining section describes several applications of
EFM analyses. EFM analyses have been applied to investigate global properties of
cellular metabolism such as metabolic robustness. This property can be defined as the
ability of a cell to maintain metabolic activity against perturbations.?” The number of
EFMs is a measure of metabolic robustness since it quantifies the number of redun-
dant pathways producing metabolites of interest. Stelling et al., in particular, showed
that the biomass growth of E. coli was similar between mutants with enzymatic dele-
tions and wildtype strains until a significant number of EFMs were eliminated from

the metabolic network.?® EFMs have also been used to design cell strains for metabolic
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engineering purposes. Carlson and Srienc were the first to develop a method to identify
the most efficient EFMs in E. coli that converted the fewest stoichiometric units of
glucose and oxygen into the greatest stoichiometric units of carbon biomass.*%4? Sub-
sequent, studies have applied this same procedure to engineer metabolite production
in other bacterial and yeast systems.!®®!%! A combination of FBA and EFM analysis
has also been used to predict in silico gene deletions that are correlated with increased
flux through desirable metabolic products.'®®!%3 Within the realm of human health
and disease, fewer attempts have been made to analyse flux data. A notable exam-
ple is Rezola et al.!® who formulated a method to identify differentially active EFMs
from differentially upregulated genes identified between disease and control conditions.
Their approach used a hypergeometric test to identify “characteristic” EFMs involv-
ing a greater-than-expected number of highly-expressed genes and as few as possible
lowly-expressed genes. Applying their method to bulk gene expression data across dif-
ferent human tissues revealed tissue-specific EFMs which further mapped to well-known

metabolic pathways contained in the HumanCyc database.?

2.3.3 OTHER TYPES OF STOICHIOMETRIC PATHWAY ANALYSES

EFMs are not the only type of stoichiometric pathway definition. Since their proposal,
EFMs have inspired several related stoichiometric pathways based on the notion of
non-decomposability. These pathways are also less numerous than EFMs and therefore
computationally faster and more feasible to compute in large-scale networks. That being
said, the majority of these pathways have been analysed at the structural level without

fluxes, since fewer pathways does not guarantee a unique pathway flux decompositions.
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EXTREME PATHWAYS (EPS)

The extreme pathway (EP) is a type of minimal, steady state pathway proposed by
Schilling et al.!*” They are mathematically defined as minimal sets of reactions that
form the edges of a flux cone defining the solution space of steady state fluxes for
a given stoichiometry matrix.!® This definition makes EPs rather similar to EFMs.
In a stoichiometry matrix consisting exclusively of irreversible exchange and internal
reactions, the network EFMs and EPs are identical. It is only when a stoichiometry
matrix contains reversible exchange reactions that EPs can be viewed as a subset of
EFMs. While EFMs can be defined as genetically independent pathways,!%¢ EPs are
defined as systematically independent pathways since a non-negative linear combination
of these pathways can describe all feasible steady state fluxes in a metabolic network.!4”
This property also makes EPs more convenient to work with than EFMs since there
may be fewer EPs than EFMs and therefore more computationally feasible to compute
in large-scale networks.'"!%® That being said, it has been well-documented that there
are often many ways to decompose fluxes onto EPs.'® This computational convenience
is also compensated by a potential loss in important steady state pathways describing
the structure of the metabolic network. Hence, EP analysis is often inappropriate for

assessing metabolic robustness in networks with reversible exchange reactions.®®

MINIMAL CcUT SETS (MCSSs)

Minimal cut sets (MCSs) were proposed a few years after EPs in 2004 by Klamt and
Gilles. The MCS is not a type of pathway per se and was originally defined as a minimal
set of reactions whose removal leads to the failure of a user-specified objective function
(such as the biomass reaction). This definition was later generalized to include the
removal of nodes which, while not generally possible in metabolic networks, is possible

in cellular networks that include protein receptors and kinases which may be inhibited
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by antagonists.!%2

MCSs were historically computed from EFMs and required complete knowledge of
all network EFMs to enumerate the corresponding MCSs. These sets of k reactions
were useful for studying metabolic robustness by characterizing combinations of lethal

1163 More recent algorithmic

reactions required to maintain biomass growth in a cel
work has greatly improved MCS enumeration'®* by computing these sets without the
need to first enumerate the corresponding network EFMs.!6%166 These advancements
are enabling MCS analysis in meta-GEMs modelling the metabolic interactions between

multiple bacteria species containing over three thousand reactions.'6”

ELEMENTARY CONVERSION MODES (ECMS)

Elementary conversion modes (ECMs), proposed by Urbanczik and Wagner, are defined
as non-decomposable vectors that map minimal stoichiometric quantities of source and
sink metabolites.”> To understand why these pathways were developed, consider how
there may exist multiple EFMs that involve the same stoichiometric number of nutrient
sources and product metabolites leaving the network. These EFMs will differ in the
configuration of internal reactions explaining those source metabolite movements. For
the purpose of understanding input/output metabolite relationships, EFMs involving
the same stoichiometric numbers of source and sink metabolites can be considered
redundant. ECMs therefore do not consider the distinct sets of internal reactions that
explain the relationship between external metabolites. This simplicity means there are
orders of magnitude fewer ECMs than EFMs,'%%19 although ECMs analysis cannot be
used to investigate the possible mechanisms explaining the movement of metabolites

through a metabolic network.
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YIELD VECTORS (Y'VSs)

The problem of identifying the subset of biologically relevant EFMs that explain source-
to-sink metabolic flows has also been approached through the concept of yield analysis
proposed by Song and Ramkrishna.'™ Yield analysis involves recasting EFMs into yield
vectors (YVs) which are the stoichiometric ratios between a given pair of substrate
and product metabolites. The resulting transformation leads to a subset of YVs whose
positive linear combination form the edges of a bounded convex hull describing the space
of substrate-to-product conversion yields. This convex hull can be analysed structurally
to identify biologically relevant YVs that can cover the majority of the yield space or the
most efficient YVs converting substrates into products. This can be achieved through
a top-down approach by iteratively removing Y Vs that negligibly reduce the convex
hull volume, or a bottom-up approach by starting with an initial set of three YVs and
sequentially adding YVs that maximize the updated volume of the convex hull. When
steady state fluxes are observed, the corresponding data can be visualized as a point
within the convex hull of the yield space. Song and Ramkrishna identify the subset
of YVs that best explain these yields by identifying the largest minimal convex hull
(a set of three YVs) that enclose the observed data point. More recent algorithmic

advancements have enabled yield analysis without the need to explicitly enumerate all

network EFMs.17!

ELEMENTARY CARBON MODES (ECAMS) AND CARBON FLUX PATHS
(CFPs)

A final type of stoichiometric pathway is the elementary carbon mode (ECaM) pro-
posed by Pey et al.!™ The ECaM is defined as an EFM but with respect to a single
carbon atom. Like EFMs, these pathways may form simple paths or simple cycles of

carbon atom flux. While there may be more ECaMs than EFMs, these pathways are
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much simpler to analyse given they are strictly non-branching pathways or cycles. The
solution space of carbon atom fluxes also forms a convex polyhedral cone similar to the
flux cone which represents the solution space of steady state reaction fluxes.?*? This
means that ECaMs inherit the EFM property of reconstructing all feasible carbon atom

fluxes from a positive, linear combination of ECaMs.

Pey et al. also developed a related stoichiometric pathway called the carbon flux
path (CFP) which is a sequence of reactions involving carbon exchange fluxes'™ which
was later refined to account for atom mapping data.'™ While similar to ECaMs, CFPs
are not necessarily minimal pathways and are enumerated up to a length of £ reactions.
These pathways have been used to study the connectivity of metabolite graphs in

response to gene deletions.!™

2.4  SIMPLIFIED MOLECULAR INPUT ENTRY SYSTEM
STRINGS

In Chapters 6 and 7 SMILES strings are used in the proposed computational workflow.
Briefly, SMILES strings encode the three-dimensional structure of chemical species as
plain text.!”™ This is very useful for representing chemical compounds in a format that
can be recognized by computer software programs for predicting atom mappings within
reactions.!”” The remaining section describes how SMILES strings encode molecular

structures, referencing selected compounds described in Table 2.1 and Figure 2.1.

SMILES strings represent individual atoms in a molecule using their standard ele-
mental abbreviations. For example, a carbon atom is denoted as a C while an oxygen
atom is denoted as 0. The one exception to this rule are hydrogen atoms which can
either be explicitly or implicitly represented in a SMILES string. In Table 2.1, the com-
pound methane is denoted by a single C with the assumption that it is single bonded

to four hydrogens to complete the valence shell. A slightly more complex example is
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carbon dioxide which consists of a carbon double bonded to two oxygens denoted with
equal signs.

Table 2.1: Examples of SMILES strings encoding selected metabolites.

Metabolite SMILES string
Methane C
Carbon dioxide 0=C=0
Palmitic acid cccecececcecceecc(=0)0
D-Glucose C([CeeH] 1 [CeH] ([CeeH] ([CeH] (C(01)0)0)0)0)0
(a) (b) () (d)
HQ, 'gZ—OH
o M OH HC—CH
\C 0=C=0 H, H, H, H, Ho H> Ho | HOPC{—i \o
/ H H C/C\C/C\C/C\C/C\C/C\C/C\C/C\C/C\o N/
H 3 HC—CH
H, H, Ho Ho Ho Ha Ha HO< \OH

Figure 2.1: Metabolite structures generated from SMILES strings in Table 2.1. (a)
Methane. (b) Carbon dioxide. (¢) Palmitic acid. (d) D-Glucose.

Connectivity between atoms is denoted by hyphens (=) for single bonds, equal signs
(=) for double bonds, and number signs (#) for triple bonds. Since many organic com-
pounds contain aliphatic hydrocarbons, single bonds are not required between carbon
atoms that are single bonded to other carbon atoms. An example of this implicit con-
nectivity rule is shown for palmitic acid in Figure 2.1c. The parentheses surrounding
the double bonded oxygen indicate this atom (technically an -0H) branches off from

the preceding carbon to denote part of the carboxyl group.

More complex branching structures are handled by enclosing atoms in nested paren-
theses. An example of this is shown in the final compound D-glucose. The first carbon
is immediately followed by parentheses enclosing the remaining carbon atoms followed
by an oxygen. This indicates that the first carbon in the SMILES string corresponds
to the 6th carbon of D-glucose located outside of the cyclic ring structure. The square

brackets with symbols [C@H] and [C@@H] represent the chirality of the carbon atom
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and its neighbouring hydrogen atom. The @ sign is read as anticlockwise and @@ is
read as anti-anticlockwise (or simply clockwise). Referencing Figure 2.1, the clockwise
order corresponds to the wedged bonds while the anticlockwise order corresponds to the
dashed bonds. Lastly, ring structures are explicitly broken into a linear chain with ring
closure labels used to denote atoms that are fused together. These label are indexed at
1 and, for the SMILES string encoding D-glucose in Table 2.1, link the 5th carbon and

the ring oxygen.

Due to the flexible representation of SMILES strings, there are often numerous
ways of writing SMILES strings corresponding to a given molecule. For example, one
could reverse the order of a SMILES string or arbitrarily break a ring structure into
a linear chain at an arbitrary atom. The process of canonicalization refers to the
standardization of SMILES strings through a particular SMILES generation algorithm.
Canonical SMILES strings should not be confused with isomeric SMILES strings which
explicitly represent molecular chirality. Both canonical and isomeric SMILES strings

are provided in compound databases such as PubChem.!™

2.5 MARKOV CHAINS

Markov chains are a type of probabilistic model known as a stochastic (or random)
process which describe the sequence of possible events occurring across time. They are
grounded under the fundamental assumption that the probability of some future event
is only dependent on the present state. This is known as the Markov property (or
Markov assumption/constraint), and more generally referred to as “memorylessness”

in probability theory.!™

To make this definition clearer, let {X, },en be a sequence of random variables
describing the state of some dynamical system. The possible values of each X,, are

referred to as the state space S = {z1,x9,...,2x}. In other words, this stochastic
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process describes the sequence of outcomes associated with random variable X over

time n. This stochastic process is called a Markov chain if
Pr(X,i1 = 21| X =2, ..., Xo = 20) = Pr(Xoq1 = 21| X = 20) (2.16)

for all n € N and x1,29,...,2,41 € S. This Markov chain is specifically referred
to as a discrete-time Markov chain (DTMC) since the evolution of X, occurs over
discrete time steps n. Note how under the Markov property, the probability of future
event at time n 4 1 is conditioned only on the probability of the current event at time
n. It is often assumed that the probabilities of events do not depend on the n, so
Pr(X,+1 = j| X, = 1) = P,;(n) = P,;. Markov chains satisfying this property are called
time-homogeneous where P;; refers to the transition probability of moving from state
1 to state 5. For Markov chains with finite state spaces, the transition probabilities of

moving from state ¢ to j can be represented as stochastic matrix P.

1/2

1/3 2/3

Figure 2.2: An example time-homogeneous DTMC.

Consider the following Markov chain in Figure 2.2. The state space S consists of
three states s, s9, and s3. Since this Markov chain is time-homogeneous, the probabili-

ties of moving between states is independent of the discrete time steps. The probabilities
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for moving from each state i to j can be written in matrix form as

P P2 P13 0 1/2 1/2
P=1py po ps|=|1/3 0 2/3]|. (2.17)
P31 D32 P33 1/3 2/3 0

For example, P;» denotes the transition probability of moving from state s; to state s,.
The transition probability matrix also allows states to transition to themselves although
no such transitions occur in this example so P; = 0. Matrix P is known as a right
stochastic matrix since ) jes Pij =1 for every row i. It is possible for a Markov state
to have no outgoing transitions in which case P; = 1. These are known as absorbing

states since once this state has occurred, it is impossible to leave that state.

Markov states can also be classified according to other properties that describe the
interactions between states. For example, states ¢ and j are said to communicate with
each other if there exists a path (referring to a sequence of transitions) from state i to
j and from j back to i. States that communicate with each other form communication
classes and a Markov chain is said to be irreducible when all states can communicate

with each other.

Markov chains are commonly studied to understand the dynamic evolution of events
occurring over time. Starting at a given state ¢, these dynamics can be simulated
by repeatedly transitioning across states based on the transition probability matrix.
Returning to Figure 2.2, one may ask what is the probability of transitioning from s;

to s in two steps. These probabilities are readily computed by multiplying matrix P
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by itself yielding

0 1/2 1/2 0 1/2 1/2 1/3 1/3  1/3
PP=P-P=11/3 0 2/3||1/3 0 2/3|=12/9 11/18 1/6
1/3 2/3 0 1/3 2/3 0 2/9 1/3 11/18

(2.18)
For N steps, the N-step transition probabilities are equal to PV. Focusing on state
s1, the two-step probability of returning back to s; is 1/3 since there is a 1/2 x 1/3
probability that s; transitions to either state s, or s3 before returning back to s;. As
N approaches infinity, one may ask whether the probability of occupying a given state
in S converges onto a long-term probability distribution. These long-term probabilities
are notated as m and are also referred to as the stationary distribution or steady state
probabilities of the Markov chain. These probabilities are unique in Markov chains
with a finite state space that are irreducible and aperiodic. The term aperiodic means
that there is no certainty regarding the number of transitions required for state i to
eventually revisit itself. Conversely, a Markov chain is periodic when states can only
be revisited at regular intervals. Markov chains that are both irreducible and aperiodic
are considered ergodic where the limit
T = nhjEO Pg (2.19)
exists for every state j, meaning the long-term behaviour of the Markov chain does not

depend on the initial state 7. All steady state probabilities satisfy

;= Zm - P,;  where Zm =1 (2.20)

€S 1€S

and can be computed in several different ways. A common “brute force” method is

to repeatedly exponentiate matrix P until the probabilities in each row remain un-
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changed (indicating convergence towards the stationary distribution). The steady state
probabilities can also be computed more explicitly by noticing that Equation (2.20)
represents a system of linear equations. Constraining all steady state probabilities to
sum to one, the stationary distribution can also be solved algebraically or numerically
as a system of linear equations. Revisiting Figure 2.2, these steady state probabilities

are

7 =[1/4 3/8 3/8] (2.21)

which one can confirm remain unchanged when multiplied by P since

0 1/2 1/2

m-P=1[1/43/8 3/8]- | 1/3 0 2/3 (2.22)
1/3 2/3 0
1/4-0+3/8-1/3+3/8-1/3

= | 1/4-1/2+3/8-04+3/8-2/3 | =1 6/24 9/24 9/24 (2.23)
1/4-1/2+3/8-2/3+3/8-0

m-P=1[1/4 3/8 3/8] = (2.24)

While this section has focused exclusively on describing DTMCs, it would be remiss
to not mention (time-homogeneous) continuous-time Markov chains (CTMCs). Unlike
a DTMC, a CTMC models the time ¢ between a sequences of n events. A continuous-

time stochastic process is called a CTMC if

Pr(X (fugr) = 1 X (£) = ) (2.25)

for j,i € S and t,41 > t, < 0. Following time homogeneity, Equation (2.5) simplifies
to

Pij(t) (2.26)
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since the probability of moving to state j at time ¢,,,1 only depends on the current state
at time t,,. Since ¢ is continuous rather than discrete, the (one-step) transition probabil-
ity matrix P used in the DTMC is not applicable as time can vary across a continuum
of values. To enforce the Markov property, the holding times should only depend on
the current time since transitioning to state ¢+ and not the prior time involving previous
state sequences leading to X (¢) = . This memorylessness property is a feature of both
the geometric and exponential distribution. Because only the exponential distribution
models continuous random variables, the holding times between CTMC transitions are
naturally modelled as exponential random variables (unlike the discrete geometric dis-
tribution). Specifically, the time spent in state i is exponentially distributed with rate

Qi = — Z#i Qi;, where Q;; > 0 is the rate of transitioning from state ¢ to state j.

1

Figure 2.3: An example time-homogeneous CTMC.

To make this explanation more concrete, consider the following CTMC in Figure 2.3.
The structure of the Markov chain is identical to Figure 2.2 but is clearly a CTMC
since the outgoing arcs are transition rates that need not sum to one unlike transition

probabilities. The corresponding transition rates are represented in a matrix referred
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to as the generator matrix

Q=12 -6 4] (2.27)

Note how the rows of () sum to zero since the rate of time spent in state ¢ is balanced

by the sum of outgoing transition rates to states j # 1.

Every CTMC has a corresponding embedded DTMC which only models the sequence
of state transitions without considering the holding times. The transition probabilities

of the embedded DTMC can be computed from the generator matrix by setting

—Qij/Qui, for j #i.
h Qiy/Qui, for j #i .

0, for j = 1.

Figure 2.4 shows a sample trajectory for the example CTMC. Starting in state s; at
time ¢t = 0, the process holds for 7, units of time before instantaneously transitioning
to state 2 with probability P, = % This process is shown to repeat three more times

with a state sequence of sq, Sq, S3, So, S3.

Lastly, one can also compute the stationary distribution for a time-homogeneous
CTMC similarly to that of a DTMC. These probabilities are notated as g to distinguish
them from steady state probabilities 7w corresponding to a DTMC. For an irreducible
and aperiodic CTMC, the steady state probabilities exist when the limit

g; = lim Pr(X(t) = j|X(0) = i), (2.29)

t—o00

exists for every state j. These probabilities are interpreted as the long-term proportion

of time the stochastic process spends in state j, regardless of the initial starting state.
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Figure 2.4: Sample trajectory for the CTMC in Figure 2.3 with holding time 7,11 — 7,
between state transitions n and n + 1 follows an exponential distribution with rate

Q; = —Qj;. In the long-term, the sequence of states X, follows an embedded DTMC
matching the transition probabilities matching Figure 2.2.

It can be shown that these steady state probabilities satisfy
0= Z gi - Qi where Zqz' =1, (2.30)

Following the DTMC, the stationary distribution can be computed by solving the sys-

tem of equations with the constraint that all probabilities sums to one.

In general, CTMCs are used more often in biological applications to model the
real-world phenomena where events occur over continuous time intervals. Well-known
examples include modelling the concentration of chemical species in a well-mixed envi-
ronment'® and protein conformational changes.!®" While both types of Markov chains
are discussed in this thesis, DTMCs are covered throughout Chapters 3-7 to model
the movement of individual particles and atoms within a metabolic flux network under
steady state. Both types of Markov chains are discussed in Chapter 4 where I show how
a certain DTMC proposed in this thesis can be reframed as a CTMC in the context of

mass-action kinetic models.
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A MARKOVIAN DECOMPOSITION TO
UNIQUELY ASSIGN ELEMENTARY FLUX
MODE WEIGHTS IN UNIMOLECULAR
FLUX NETWORKS

This chapter includes contents from “A Markov constraint to uniquely identify ele-
mentary flux mode weights in unimolecular metabolic networks” by Justin G. Chit-
pin and Theodore J. Perkins.'® As an Elsevier journal author, no written permission
from Elsevier was required to include this article (licensed under a Creative Com-
mons CC-BY license) in my thesis subject to proper acknowledgement. Minor tex-
tual and visual modifications were made to better incorporate the work into this the-
sis. The algorithm implementation is available at https://github.com/jchitpin/
MarkovWeightedEFMs. j1, while all data and source codes to reproduce all figures are

available at https://github.com/jchitpin/reproduce-efm-paper-2023.
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3.1. AUTHOR CONTRIBUTIONS

3.1 AUTHOR CONTRIBUTIONS

Justin G. Chitpin developed the methods, conducted the experiments, wrote the soft-
ware, analyzed the results, and wrote the manuscript with guidance from Theodore J.

Perkins.

3.2 ABSTRACT

Elementary flux modes (EFMs) are minimal, steady state pathways characterizing a
flux network. Fundamentally, all steady state fluxes in a network are decomposable into
a linear combination of EFMs. While there is typically no unique set of EFM weights
that reconstructs these fluxes, several optimization-based methods have been proposed
to constrain the solution space by enforcing some notion of parsimony. However, it has
long been recognized that optimization-based approaches may fail to uniquely iden-
tify EFM weights and return different feasible solutions across objective functions and
solvers. Here I show that, for flux networks only involving single molecule transfor-
mations, these problems can be avoided by imposing a Markovian constraint on EFM
weights. This Markovian constraint guarantees a unique solution to the flux decompo-
sition problem, and that solution is arguably more biophysically plausible than other
solutions. I describe an algorithm for computing Markovian EFM weights via steady
state analysis of a certain discrete-time Markov chain, based on the flux network, which
I call the cycle-history Markov chain (CHMC). I demonstrate my method with a dif-
ferential analysis of EFM activity in a lipid metabolic network comparing healthy and
Alzheimer’s disease patients. This method is the first to uniquely decompose steady

state fluxes into EFM weights for any unimolecular metabolic network.
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3.3 INTRODUCTION

Cellular metabolism consists of carefully-tuned biochemical reactions operating col-
lectively to maintain metabolic homeostasis. These reactions form highly connected

183,184

metabolic networks whose dynamics regulate bioenergetic processes and cell-specific

functions.'® Data from large-scale genomics projects has led to genome-wide recon-

structions of bacterial, yeast, plant, and human metabolic networks, 86189

When metabolic reaction rates are known, the relationships between metabolites
can be modelled as a flux network with metabolites represented as nodes and the fluxes
between them as weighted, directed edges. The fluxes may be estimated experimentally

87,90

by stable isotope tracing analysis and metabolic flux analysis or computationally

118,132 137,191

by flux balance analysis,'” kinetic models, and other statistical techniques.
Computational methods generally estimate fluxes under metabolic steady state, where
the production of each metabolite is balanced by its consumption. These flux networks
are often constructed to visualize metabolic activity, or analyzed to optimize metabolite

production'®? and identify metabolic alterations associated with diseases.!?3:194

Elementary flux modes (EFMs) are a pathway-based approach to study properties
of flux networks. The EFM is defined as a non-decomposable, steady state pathway in
a flux network.?” EFMs may either traverse the network, connecting input and output
fluxes of external metabolites, or encode looped pathways, such as futile cycles, to
maintain steady state. The non-decomposable property specifies that pathway flux
is lost if any reaction in an EFM is abolished. Thus, EFMs have been described as

functional units of flux expressing any steady state metabolic phenotype.'46

EFM analyses have been extensively applied in literature to characterize metabolic
activity. For example, the number of EFMs producing a given metabolite is an indi-
cator of network robustness.®® Considerable work has been devoted to quantifying the

contribution of individual EFMs towards external metabolite production of bioreac-
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tors* and correlating EFM activity with metabolic phenotypes.'® More recently, EFM
analyses have predicted metabolic interactions in microbial communities,'% estimated

197
h,

cellular processes explaining exponential cell growt and optimized renewable fuel

production in bioreactors.'®

A major computational challenge associated with EFMs is their enumeration in
large-scale networks. EFM analyses are typically limited to small biological networks
(< 100 reactions) because the number of EFMs explodes combinatorially with network
size and number of external metabolites.*'% Considerable attention has been devoted
to scaling EFM enumeration towards genome-wide networks.%:169200 Most recently,
advances in parallelized EFM computation have enabled EFM enumeration in medium-

sized networks containing as many as 296 reactions with over twelve billion EFMs.5!

Another key computational problem, and the focus of the current chapter, is to
determine how much flux is travelling along each EFM, given the steady state flux along
each reaction in a metabolic network. This flux decomposition problem commonly arises
in differential EFM analyses to identify metabolic subpathways altered across disease-
versus-control or growth conditions.??%® However, decomposing steady state fluxes onto
EFMs is generally not unique. In a unimolecular flux network with M metabolites, the
steady state phenotype can be described by the N reaction fluxes, of which there are
at most M?2. In general, the number of EFMs, K, can be as large as M factorial,

depending on the structure of the network.

Most existing strategies for solving the flux decomposition problem are dependent
on some notion of parsimony and computational elegance, rather than strong bio-
physical motivation. These optimization-based methods use linear programming (LP),
quadratic programming (QP), or mixed-integer linear programming (MILP) to assign
EFM weights according to a user-specified objective function. Common optimization-
based methods minimize or maximize activity through the shortest or fewest EFM to

reconstruct the observed fluxes. However, these methods may return one among many
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equally good solutions, often without acknowledging the other possibilities.

This issue of non-uniqueness is well-documented in the related metabolic field of
flux balance analysis (FBA) which uses similar optimization-based techniques to pre-
dict steady state flux distributions.?%2°! Many FBA objective functions have been pro-
posed to quantify the contribution of each reaction towards the metabolic phenotype,

92 or a range of equally feasible flux distribu-

producing different flux distributions?
tions.193:199:203° Advancements in FBA are solving the non-uniqueness problem by refin-
ing the objective function with additional “-omics” data to better describe the metabolic

2047207 While this strategy may improve FBA flux predictions, it is unclear

phenotype.
how transcript, metabolite, or protein levels could be leveraged to improve EFM weight

identification.

Figure 3.1 highlights the flux decomposition problem on two subnetworks taken from
the KEGG database.”™ In the first network, glutamate is catabolized via two parallel
pathways resulting in proline synthesis. The second network shows tetrahydrofolate
(THF) remodelling into three derivatives within the one carbon folate cycle. Figure 3.1a
shows five arbitrary sets of EFM weights that perfectly reconstruct the steady state
fluxes. Applying an objective function to minimize the number of active EFMs would
yield two equally good integer solutions, while a maximization function would return an
infinite number of EFM weight solutions. Similar problems arise in Figure 3.1b, where
different objective functions may either fail to constrain the solution space, or disagree
on the unique set of EFM weights based on the chosen constraints. For example,
prioritizing EFM activity through the shortest EFMs in Figure 3.1b would yield the
first example solution, while optimizing for the fewest number or activity through the

longest possible EFMs would return the second solution.

When flux decompositions are not unique, the resulting EFM weights lose their
metabolic predictivity. Fundamentally, the chosen EFM weights are a biophysical ex-

planation of how substrates are metabolized in a network. Only a single set of EFM
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Figure 3.1: KEGG networks demonstrating EFM weight ambiguity. Nodes and edges

denote metabolites and fluxes, respectively. EFMs weights that reconstruct the observed
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fluxes are shown for the highlighted nodes/edges. (a) Pathway of L-Glutamate to L-Proline
(KEGG rn00330). (b) Subnetwork of one carbon folate cycle from (KEGG map00670).

weights should correctly describe the metabolic processes governing the observed, steady

state fluxes. One may verify this proposition by considering the set of EFM weights re-

constructing the fluxes in Figure 3.1a. Decomposing the fluxes onto EFMs 1 and 4 would

suggest glutamate is metabolized separately through two parallel paths that converge

on proline. Deleting the reaction between L-glutamate and L-glutamate 5-semialdehyde

should therefore abolish flux through (S)-1-pyrroline-5-carboxylate. Conversely, if the

fluxes were instead explained by EFMs 2 and 3, I would expect a loss of flux through

L-ornithine. This same problem occurs in Figure 3.1b where each chosen set of EFM
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weights offers a different biological explanation of THF remodelling.

Despite the well-established use of mathematical optimization, uniquely identify-
ing EFM weights remains a longstanding problem limiting EFM applications. In this
chapter, I show how common objective functions described in literature may fail to
unambiguously decompose fluxes onto EFM weights. 1 further argue these methods
can produce biophysically unreasonable solutions. A metabolite has no memory of the
reactions leading to its current state nor the sequence of reactions it will undergo to
complete an EFM in the future. I argue that a more natural approach to assigning EFM
weights is to model how a single particle converts between metabolites according to the
observed, steady state fluxes. This Markovian assumption captures the intuition of the
uniform EFM weight solution best describing the steady state fluxes in Figure 3.1a,
and motivates my discrete-time Markov chain model of a single particle converting be-
tween metabolites in a unimolecular flux network. By decomposing the Markov chain
trajectories into EFMs, I compute a unique probability of a particle transiting an EFM
that is proportional to the EFM weights reconstructing those observed fluxes. I solve
the problem of computing the EFM transit probabilities via steady state analysis of a
new construction I propose, a cycle-history Markov chain. I demonstrate this method
by computing EFM weights for the example flux networks in Figure 3.1 and a kinetic

model of sphingolipid metabolism of healthy versus Alzheimer’s disease patients.

3.4 METHODS

3.4.1 FLUX NETWORKS AND ELEMENTARY FLUX MODES

A unimolecular, steady-state flux network can be represented as a weighted graph
G = (V,E, f), where V is the set of nodes corresponding to distinct metabolites, F is

the set of directed edges corresponding to chemical transformations of one metabolite

52



3.4. METHODS

into another, and f are positive real-valued weights of those edges that denote the
amount of metabolite per unit time being transformed.?°® This network may be closed
or open such that external fluxes enter and leave via source and sink metabolites. In
an open network, I assume there is a special node ve,; € V' (or possibly multiple such
nodes) that represents the external environment. Flux into the network happens along
edges € = (Vext,i) € FE for which ¢ € V — {ve} and f(e) > 0. Such nodes i are
called sources. Flux out of the network happens along edges ¢ = (i, veyy) € E for which
v € V — {verr} and f(e) > 0, with such nodes i being called sinks. Note that open
networks with sources and sinks can be modelled in other ways. However, this way
is most notationally convenient for my purposes, because it allows open and closed

networks to be treated simultaneously.

I restrict attention to flux networks at steady state, meaning that the total flux
into each node equals the total flux out: for every ¢ € V, Z#i fii = Z#i fi;- T also
restrict attention to strongly-connected flux networks, where there must be a path in
the network from any node 7 to any other node j. For open networks, this includes
the possibility of paths through the external node(s) v, If one wants to analyze a
flux network with multiple strongly connected components, then each component can

be analyzed independently by my proposed method.

The flux network G can be decomposed into a finite set of X' EFMs transiting a
series of edges in £.°® In the present context, the EFMs are the set of all simple cycles
in G. (For open networks, some authors define the set of EFMs as the union of the
simple cycles and the simple paths from any source node to any sink (e.g. Rucker-
bauer et al.2%%); however, with my external pseudometabolite(s) vz, the source-to-sink
paths are equivalently represented by simple cycles leaving and returning back to vey;.)
The steady state fluxes in G' can always be explained as a positive, linear combina-
tion of EFMs.?!? Specifically, the weighted sum of all EFMs contributing towards the

same reaction should equal the observed, steady state flux of that reaction. This flux
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decomposition problem can be solved by identifying a set of EFM weights w satis-
fying Aw = f, where A is an |E| by K matrix with one or zero elements denoting
whether a unimolecular reaction is active or inactive in each EFM. When the number
of EFMs exceeds the number of linearly independent fluxes, w is undetermined. While
optimization-based methods are not guaranteed to constrain the solution space of w,

the method I present uniquely identifies w.

3.4.2 MARKOVIAN SOLUTION TO THE FLUX DECOMPOSITION
PROBLEM

I propose Markovian EFM weights as a way of resolving the issue that finding EFM
weights to explain a given set of fluxes is generally an underdetermined problem. I
develop my approach in three main steps. First, I define a Markov chain that models a
“particle” of metabolite flowing randomly around the flux network and the steady state
frequencies with which that particle passes around different simple cycles (i.e. EFMs).
Second, I propose a novel construction, the cycle-history Markov chain (CHMC), to
efficiently calculate those frequencies. Third and finally, I describe how to scale those
frequencies to calculate a unique Markovian solution to the EFM weight problem. While
I provide intuitive justification of these steps, Appendix A.1 contains a complete proof

of the algorithm correctness.

SINGLE PARTICLE, DISCRETE-TIME MARKOV CHAIN MODEL

My approach to uniquely identifying EFM weights depends on imagining a single “parti-
cle” transiting the flux network-repeatedly transformed from one metabolite to another.
I make a Markovian assumption that when the particle is in metabolite state i € V', it
transitions to a new metabolite state 7 with probabilities proportional to the outgoing

fluxes f;;. This assumption is very natural from a biophysical standpoint. If metabo-
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lite molecules are well mixed in a reaction volume along with transforming enzymes,
then the future behaviour of any molecule should depend only on its current state.
This situation is modelled by a discrete-time, time-homogeneous Markov chain where
the set of possible states is V' and the transition probabilities are T;; = f;;/ Zj, fig-
Starting from any initial state sg, the particle will transit a random sequence of states
S0, S1, S2, . .. Because I have assumed the flux network is strongly connected, and by
basic theory of Markov chains, with probability 1, that sequence will include all states
infinitely many times. Therefore, every time the particle visits a state ¢, it must eventu-
ally return to state 7. The sequence of states in between, s, ..., sy constitutes a cycle.
That need not be a simple cycle-it may comprise multiple nested or interleaved simple
cycles. However, it can always be reduced to a unique simple cycle by repeatedly re-
moving the earliest simple cycle found within the sequence—I call this the “first closure
reduction rule.” For example, a Markov chain state sequence in Figure 3.1b may be
1—-4—3—2—3—4—3—1. Metabolite/state 3 is the first to occur twice in the sequence,
so I replace the subsequence 3—2—3 with just a single 3, resulting in the reduced se-
quence: 1—4—3—4—3—1. Now 4 is the first to occur twice, so I replace 4—3—4
with a single 4, resulting in: 1—+4—3—1. This is the unique simple cycle to which
the original sequence reduces under the first closure reduction rule, and corresponds
to EFM 6. In similar fashion, every revisit to any state can be said to have occurred
via a particular simple cycle, which of course corresponds to an EFM. Therefore, I
propose finding unique EFM weights by setting them proportional to the (steady state)

probabilities of the Markovian particle transiting the corresponding simple cycles.

CYCLE-HISTORY MARKOV CHAIN

Equating EFM weights with cycle probabilities in the Markov chain in the previous
section creates the problem of computing those cycle probabilities which has not been

previously addressed in the Markov chain literature. I take the first step in that direction
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by defining a CHMC and show how to use it to compute the desired probabilities. The
CHMC is related to the single particle Markov chain, but its notion of state is expanded
to include enough of the history of the process to determine each time the particle
finishes transiting a simple cycle. The CHMC is constructed as follows. I first choose
an arbitrary metabolite sy in the flux network. (Because my interest is in steady state
properties of the Markov chain, the choice of sy is not important to the final result,
although it may result in some differences in the size of the CHMC being constructed).
Each state S in the CHMC corresponds to an entire simple path sg, si, ..., s, of
the Markov chain envisaged in the single particle Markov chain. If there is a reaction

transforming metabolite s,, to s,,.1, then there is a corresponding transition in the

CHMC, but it takes one of two forms. If s,,,; is not among sg, s1, ..., Sy, then it is
simply a transition to the longer simple path—i.e. from the state S = sg, s1,..., 5, to a
state S" = s9, 81, ..., Sm, Sme1. However, if s, 1 is among sg, S1, ..., Sy, SAY Smi1 = Si

for 0 <4 < m, then this corresponds to closing a simple cycle, and there is a transition
from S = sg, $1,...,8n back to the shorter simple path S’ = sg,s1,...,s;. In either
case, the probability of that transition in the CHMC is the same as the transition in

the Markov chain: Tgg = Ty, 5.,

To make that abstract discussion more concrete, let us first consider the flux network
from Figure 3.1a. Suppose the CHMC for that flux network is initialized at metabolite
1. The chain is “grown” recursively by adding children metabolites 2 and 3, and so
forth, until there are four simple paths ending at the special external environment
node. The resulting CHMC is shown in Figure 3.2a with four additional upstream
edges transitioning back to metabolite 1 that mark the completion of a simple cycle for

each EFM starting and ending at the root node.

Figure 3.2b shows the CHMC for the second example network. Every EFM appears
as a loop somewhere in the transformed network. EFMs involving the initial metabolite

occur as precisely one path from root to leaf and then back up to root, such as EFMs

o6



3.4. METHODS

(a)

1/2

1/2

Figure 3.2: CHMCs of networks from Figure 3.1 that are arbitrarily rooted on metabolite
1. Nodes and edges denote metabolite sequences and CHMC transition probabilities,
respectively. Coloured arrows represent the completion of a simple cycle corresponding to an
EFM.

7 and 8. EFMs not involving the root metabolite also occur somewhere in the CHMC,
such as EFM 1 which cycles between metabolites 2 and 1. However, other EFMs may
occur in multiple parts of the tree. For instance, EFM 2, which is a loop between

metabolites 2 and 3, is represented by two cycles in the CHMC: from state 2 to 4 and

back to 2, and also from state 5 to 7 and back to 5.

COMPUTING STEADY STATE EFM PROBABILITIES

As T have assumed the flux network is strongly connected, the corresponding CHMC
will also be strongly connected. This implies the existence of a unique steady state
distribution 7 which is the long-term probability of the particle occupying each CHMC

state. To compute the steady state probability of EFM k., I identify all transitions
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3.4. METHODS

in the CHMC that correspond to closing that cycle, Ej. For example, returning to
Figure 3.2b and EFM 2, I have Ey = {(4,2),(7,5)}, as those two edges close cycles
involving the 2-3-2 metabolic loop. For other EFMs, E, may contain just a single
transition. I define the steady state probability of transiting EFM k as the sum of the

steady state probabilities of those transitions occurring, or:

Po= > w5 Tss. (3.1)
(S,58")€Ey

In this proposal, the steady state EFM probabilities P, are proportional to the desired
EFM weights wy and must be scaled appropriately to account for the absolute magni-
tude of the fluxes. If fipia = ZZ ; fi; is the total flux in the network summed across
reactions, and fen,, = >, wply is the total flux obtained by summing EFM weights
wy, and their lengths Ly, then the proportionality constant «, where wy = a Py, should
satisty frotar = fefm = @Yy PeLg, s0 & = fiotar/ Y PeLi. This scaling ensures not only
that the total flux is correct, but that every individual flux in the network is correctly

accounted for.

3.4.3 COMPARISON TO OPTIMIZATION-BASED METHODS

I benchmarked the Markov model against five optimization-based methods reported in
literature. The LP, QP, and MILP objective functions are described in Table 3.1.
Briefly, these approaches optimize either the zero-, one- or two-norm of the EFM
weights, possibly multiplied by the EFM lengths, and subject to constraints that ensure
the fluxes are correctly reconstructed. EFM enumeration and optimization programs
were implemented in Julia (version 1.6.5) using the commercially-licensed Gurobi solver
(version 9.1.2) and open-source solvers supported in the Julia JuMP package. In total,
EFMs weights for the optimization-based methods were computed using eight LP, two
QP, and one MILP solver (see Appendix A.2).
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Table 3.1: Benchmarked optimization-based approaches.

Description and code Objective function Ref.

Minimize L2 norm (L2) min } w; [55]

Maximize shortest pathway activity (qSPA) max y (Lywy)? [53]

Maximize shortest pathway activity (ISPA) max Y (Liwy) [54]

Minimize shortest pathway activity (ISPA) min » (Liwy) [56]
1, ifwp>0

Minimize active pathways (milAP) min ) G =<} Ok [52]

0 otherwise.

3.5  RESULTS

3.5.1 MARKOV MODEL UNIQUELY ESTIMATES EFM WEIGHTS IN
EXAMPLE NETWORKS

I first compared the Markov and optimization-based methods on the example networks
in Figure 3.1. In the first example network, the steady state probabilities of the par-
ticle occupying external metabolite states ve,;, denoted by the CHMC nodes 13-16 in
Figure 3.2a, were 4.545% because the path probabilities along each prefix were iden-
tical. As the probability of completing each simple cycle was 100% from any of those
states, the steady state EFM probabilities were 4.545%. Scaling the EFM probabilities
to weights yielded the unique solution w = [1111]. In contrast, the solutions for the
five optimization-based methods, presented in Table 3.2, returned three feasible EFM
weight solutions across all eleven solvers. Of the five objective functions used, mini-
mizing the two QP objective functions, across all solvers, returned only the Markovian
solution. However, the LP-based programs returned three solutions across all eight
solvers, including the Markovian weights. Given all EFMs were of the same length,
neither LP objective function constrained the solution space and could have returned
an infinite set of decimal-valued EFM weights. The MILP method was the only one
that failed to return the Markovian solution and returned one of two feasible solutions

that minimized the number of active EFMs.
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The EFM probabilities were next computed for the second example network shown
in Figure 3.1b. The EFM probabilities for Figure 3.2b were
P, =10.17,0.17,0.17,0.17,0.11,0.11, 0.043, 0.043] which, when rescaled by proportion-
ality constant «, yielded wy = [1.6,1.6,1.6,1.6,1.0,1.0,0.4,0.4]. This Markovian solu-
tion differed greatly from all five optimization-based methods presented in Table 3.3. Of
the seven feasible solutions returned across all objective functions, none were the Marko-
vian solution and methods that returned only a single solution were different from each
other. Collectively, these results demonstrated that the Markovian constraint identified
EFM weights that were unique and distinct from the other optimization-based meth-
ods, which returned multiple feasible solutions depending on the objective function and

solver.

3.5.2  APPLICATION TO A SPHINGOLIPID NETWORK

I next compared the Markov model and optimization-based methods to assign EFM
weights in an empirically-validated network of sphingolipid metabolism of non-specific
human tissue across nine subcellular compartments.!'® Figure 3.3 shows the model
which consists of 69 reactions across 39 lipid classes and kinetic parameters for the
healthy and Alzheimer’s disease condition. The within-compartment reactions were
modelled by Michaelis-Menten kinetics, while inter-compartment transport reactions
were modelled by mass-action kinetics. This sphingolipid network is an ideal unimolec-
ular model because reactions either move a lipid class from one compartment to another
or transform one lipid class into another by the addition or removal of an N-acyl fatty
acid or phosphocholine head group. Although Figure 3.3 suggests an open-loop network,
source reactions 64-68 and sink reaction 6 contained zero-valued kinetic parameters in
both conditions and therefore no flux into or out of the system. The kinetic parameter
for source reaction 1 was zero in the healthy condition and set to zero (from V,,, = 0.04)

in the disease condition to ensure a closed-loop network. Altogether, there were 62
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Table 3.2: EFM weights from Figure 3.1a with solvers shown below.

EFM Method
Markov Min L2 Max qSPA Max 1SPA Min ISPA Min milAP
1 1 1@ 1° 2¢ 04 1° 2/ 09 17 2
2 1 1 1 0o 2 1 0o 2 1 0
3 1 1 1 2 0 1 2 0 1 2
4 1 1 1 0o 2 1 0o 2 1 0

2COSMO, OSQP; YCOSMO, OSQP; “CDDLib; ¢Gurobi, SCIP, GLPK; ¢OSQP, ECOS, ProxSDP, Tulip; { CDDLib; 9Gurobi, SCIP,
GLPK; hOSQP, ECOS, ProxSDP, Tulip; *Gurobi.

Table 3.3: EFM weights from Figure 3.1b with solvers shown below (split over two parts).

EFM Method
Markov Min L2 Max qSPA Max ISPA
1 1.6 0.67¢ 1.33b 0.67¢ 14 1 0of 1.12¢9
2 1.6 0.67 1.33 0.67 1 1 0 1.12
3 1.6 0.67 1.33 0.67 0 1 0 1.12
4 1.6 0.67 1.33 0.67 0 1 0 1.12
5 1.0 1.00 1.00 1.00 0 1 1 1.00
6 1.0 1.00 1.00 1.00 2 1 1 1.00
7 0.4 1.33 0.67 1.33 2 1 2 0.88
8 0.4 1.33 0.67 1.33 1 1 2 0.88
2COSMO, OSQP; YCOSMO, OSQP; €OSQP, ECOS, ProxSDP; ?Gurobi, CDDLib; ¢SCIP; { GLPK; 9 Tulip;
EFM Method
Markov Min ISPA Min milAP
1 1.6 0.67" 1* 17 0o o 1.12™ o
2 1.6 0.67 1 1 0 0 1.12 0
3 1.6 0.67 0 1 1 0 1.12 0
4 1.6 0.67 0 1 1 0 1.12 0
5 1.0 1.00 0 1 2 1 1.00 1
6 1.0 1.00 2 1 0 1 1.00 1
7 0.4 1.33 2 1 1 2 0.88 2
8 0.4 1.33 1 1 2 2 0.88 2

’LOSQP, ECOS, ProxSDP; iGurobi; jSCIP; kCDDLib; lGLPK; ™ Tulip; ™ Gurobi.

remaining reactions involving 37 lipid classes.

The full ordinary differential equation (ODE) models provided in Table A.3 by

Wronowska et al..!!8

were reproduced with minor corrections and solved to identify the
steady state lipid concentrations in both conditions (see Tables A.4 and A.5). Figure 3.3

shows the steady state fluxes computed from the kinetic parameters and steady state
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lipid concentrations of both models.

I next enumerated the EFMs in the sphingolipid network using the CHMC method
which returned 55 pathways. To validate the correctness of the CHMC, I also enu-
merated the EFMs using FluxModeCalculator® which is the fastest EFM enumeration
program in literature. I found both methods enumerated the exact same 55 EFMs with
comparable run times (1.6 ms with FluxModeCalculator and 4.3 ms with the CHMC).
Of the 55 network EFMs, 11 of them were short, two-step reaction cycles such as ce-
ramide to sphingosine and back to ceramide in the endoplasmic reticulum. Others
were longer, including multiple lipid transformations and/or transport between differ-
ent subcellular locations. The three longest EFMs were 14 steps long and spanned 6
subcellular compartments, although not necessarily the same ones (see Appendix A.4).
[ used my Markovian method as well as the optimization methods described in Table 3.1

to calculate EFM weights for the healthy and Alzheimer’s disease fluxes.

Figure 3.4 shows the EFM weights across all tested methods for the healthy and
disease conditions, where all methods, including mine, returned quite different solutions.
The greatest agreement in EFM weights, across methods and solvers, was observed for
the top 9 EFM weights in the healthy condition of Figure 3.4a. These EFMs explained
85.8% of the total network fluxes and consisted nearly exclusively of two-step reversible
reactions between lipid classes within a compartment. Their weights were consistent
across methods because the large fluxes between pairs of reversible reactions can only
be explained by these two-step pathways. Beyond these reversible reactions, there was
less agreement for the remaining EFMs consisting of longer reactions which varied by
up to three orders of magnitude between solvers and across objective functions. As an
increase in one EFM weight must be balanced by a decrease in another to satisfy flux
conservation, EFMs assigned very large values must force others towards zero. Across
all optimization-based methods and solvers, I observed a 32% probability of assigning

a zero-valued weight to each of the 55 EFMs. Different objective functions displayed
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varying tendencies towards sparse solutions with the MILP and maximizing shortest
pathway activity by QP functions assigning the most zero-valued weights on average
(29 and 26.5). Both linear programming methods that either maximized or minimized
the shortest pathway activity assigned the same average number of zero-valued weights

in the healthy condition.

These observations were consistent in the Alzheimer’s disease condition in Fig-
ure 3.4b with high agreement for the same top 9 EFM weights shared in the healthy
condition. These EFMs explained 86.7% of the total network flux with greater dis-
agreement within solvers and across methods for the remaining EFMs. Minimizing the
Euclidean norm (L2 norm), for instance, yielded weights that were up to four magni-
tudes smaller than the Markov solution or other objective functions. This variability
corresponded to a 35% probability of any optimization-based method/solver assigning
a zero-valued weight. In contrast, my Markov solution is not based on sparsity or par-
simony, so all EFMs receive some non-zero weight, regardless of their length or how
much flux they explain in the network. I observed that the largest 13 EFM weights
explained 95% of the fluxes in both conditions and that 11 of them were shared be-
tween healthy and Alzheimer’s disease (see Appendix A.5). One of the two largest
EFMs unique to the healthy and Alzheimer’s disease were two-step reactions cycling
sphingosine and sphingosine-1-phosphate in the outer membrane and sphingomyelin to
ceramide in the nucleus, respectively. The other largest EFM unique to the healthy
condition consisted of five reactions that carried flux through the nucleus, cytoplasm,
and endoplasmic reticulum, while the largest EFM unique to Alzheimer’s disease also
consisted of five reactions but through the mitochondria, cytoplasm and endoplasmic
reticulum. I observed that EFM 11 (Figure 3.4b, x-axis index 30) showed the largest
(3 orders of magnitude) increase in weight between Alzheimer’s disease and the healthy
condition. This EFM corresponded to a two-step cycle between sphingomyelin and

ceramide in the nucleus which explained why its weight showed high agreement across
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both Markov and optimization methods.

Given the majority of network fluxes across both conditions were explained by the
same 11 EFMs, I next investigated whether metabolic differences were explainable
through other differentially active EFMs. Figure 3.4c¢ shows the fold change between
the Alzheimer’s disease and healthy condition EFM weights as a function of the total
explained flux in the healthy condition. Weights were selected from the objective func-
tion solver that best reconstructed the individual and total fluxes across both networks
(see Appendices A.6 and A.7). The top 9 EFM weights explaining the majority of
the network fluxes are located on the right-most cluster of Figure 3.4c where there is
high agreement across all methods. Only one of those EFMs showed over four-fold in-
crease in the Alzheimer’s disease versus healthy condition. This two-step EFM pathway
corresponded to the remodelling of sphingosine and sphingosine-1-phosphate in the en-
doplasmic reticulum. These data suggest the sphingolipidome in Alzheimer’s disease is
altered through pathways carrying smaller units of steady state flux. According to the
Markov solution, I observed extreme fold changes (|log, F'C| > 4) for 17 EFMs that ex-
plained between 107% and 0.1% of the total network flux. In contrast, there were fewer
fold changes for the optimization-based methods due to the sparsity of EFM weights
for the disease and healthy conditions. Between 25 and 34 undefined fold changes were
observed across all five optimization methods because these methods assigned a zero-
valued EFM weight to one or both conditions. Furthermore, the optimization methods
also showed extreme fold changes for EFMs that explained far less flux than my Markov
solution. Of the 6 to 10 extreme fold changes observed across all LP/MILP/QP meth-
ods, their EFM weights only explained between 0.0001% to 0.001% of the total healthy
fluxes. Both linear and mixed-integer programming methods showed between 6-10 ex-
treme fold changes among EFMs that explained = 0.001% of the total healthy flux.
Although the quadratic programming methods showed 8 and 10 extreme fold changes,
those EFMs explained = 0.0001% of the total healthy flux.
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3.6 (CONCLUSION

In this chapter, I explored the computational problem of identifying EFM weights
explaining steady state fluxes in a metabolic network. Although this problem has
mainly been addressed by optimization-based methods, I showed how different objective
functions may nonetheless fail to properly constrain the solution space of EFM weights.
I then proposed a Markovian constraint, in which EFM weights are made proportional
to the probability of a metabolite “particle” travelling along different paths through
the network. My Markovian approach results from a natural, biophysical assumption,

which may offer greater accuracy to real metabolic networks.

I applied my Markov method to identify differentially active EFM weights in a model
of sphingolipid metabolism in Alzheimer’s disease and compared the results against
optimization-based methods. While all methods strongly agreed on the top 9 (16%)
EFM weights, the Markov and objective functions across all solvers greatly differed for
the remaining EFMs. Upon inspection, I found that EFMs with the largest weights
and consensus across flux decomposition methods corresponded to two-step remodelling
cycles between pairs of lipid classes, while EFMs with smaller weights typically involved

more reactions and/or spanned compartments.

While T developed my CHMC method to uniquely estimate EFM weights from
metabolic flux networks, I highlight algorithmic applications for other network flow
problems in biology. Ion channel behaviour or protein folding dynamics may be char-
acterized by the cyclic flow of conformational changes of the atom positions and mo-

menta, 81,211

and these simple cycle probabilities may be uniquely computed by my
CHMC method. Flow decomposition ambiguity also occurs in ribonucleic acid (RNA)
quantification algorithms where the same set of reads mapped to a splice graph may
be explained by more than one set of transcript isoforms, even under parsimonious

constraints.212.213
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There exist several avenues of future work to extend my Markov chain model to
identify EFM weights. First, my method is only applicable to metabolic networks
of unimolecular reactions and my methodology must be expanded to account for net-
works containing higher order reactions. Second, algorithmic developments are required
to scale the Markov method to genome-wide networks containing millions of EFMs.
While the Julia code I provide can compute two to three thousand EFM weights
in seconds, enumerating the CHMC state space is prohibitively memory intensive in
larger-scale networks. Third, I anticipate my work will encourage differential analysis
of EFM weights to quantify metabolic changes across conditions. Previous analyses
have typically computed EFM weights using a variety of objective functions and used
a consensus-based approach to identify active EFMs.?5° As my method uniquely iden-
tifies EFM weights, I foresee a deeper analysis of EFM weights and their incorporation

in statistical learning models to study differential metabolism.
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COMPUTING ELEMENTARY FLUX MODE
WEIGHTS BY CYCLE-HISTORY MARKOV
CHAINS IN DISCRETE- AND
CONTINUOUS-TIME

4.1 AUTHOR CONTRIBUTIONS

Justin G. Chitpin developed the methods and wrote this chapter with guidance from
Theodore J. Perkins.

4.2 ABSTRACT

The cycle-history Markov chain (CHMC) is a newly proposed method for uniquely

computing the elementary flux mode weights that reconstruct the steady state fluxes of
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a unimolecular reaction network. In its original formulation, this method is a discrete-
time Markov chain (DTMC) with transition probabilities proportional to the outgoing
fluxes. One may wonder what would happen if one imagined that particle jumping
between between metabolites in continuous rather than discrete time. This is more
biophysically realistic than assuming that particle transitions occur over discrete time
steps. It also raises the question of whether elementary flux mode (EFM) weights are
different if computed from a DTMC-versus-continuous-time Markov chain (CTMC). In
this work, I show that the CHMC may be defined as a CTMC following a mass-action
kinetic model of flux. I further show both discrete and continuous-time CHMC compute

identical EFM weights by proving their arc probabilities are proportional to each other.

4.3 INTRODUCTION

The elementary flux mode (EFM) is defined as a minimal pathway that can support
steady state flux through a metabolic network.?” Given a metabolic network and its
steady state fluxes, a fundamental problem in EFM literature is to decompose the
observed network fluxes into EFM weights.?!% In Chapter 3, I introduced the cycle-
history Markov chain (CHMC) which is the first method that can uniquely assign EFM
weights for any unimolecular metabolic network under steady state.'® This CHMC
models a single particle moving through a metabolic network as a discrete-time Markov
chain (DTMC) with nodes representing distinct metabolites and edges proportional to
the outgoing steady state fluxes. The CHMC is constructed in such a way as to trace
the long-term probabilities of that particle transiting a sequence of metabolite states,

or equivalently a simple cycle, corresponding to each EFM.

In this chapter, I approach the construction of the CHMC from a continuous-time
Markov chain (CTMC). Starting with a unimolecular flux network, I first model these

reactions as differential equations following first order mass-action kinetics. I then show
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how these equations describing any unimolecular flux network can be reformulated
in terms of an equivalent CTMC with particle jump times based on the mass-action
kinetic parameters. I then show that the steady state arc probabilities in this CTMC
and corresponding embedded DTMC are proportional to each other. This leads to a
final proof where I show that the EFM weights computed from the continuous-time or
discrete-time CHMC are identical. Thus, one could define the continuous-time version

of the CHMC in Chapter 3, yet the EFM weights would remain the same.

44 METABOLIC FLUX AS A SINGLE PARTICLE, CTMC

Consider the steady state flux in a closed, connected, unimolecular metabolic network.
Let A; be the abundance of metabolite 7 and let R;; be the reaction rate (a kinetic
parameter in this context not to be confused with a flux) transforming metabolite i
into metabolite j. Let A =", A; be the total abundance of all molecules. Lastly, let
the relative abundance of molecule i be N; = A;/A. The ordinary differential equation

(ODE) describing the abundance of molecule i is

dA;
dt Z RjiA; — ZRiin7 (4.1)
JF#i JFi

and the corresponding equation for the normalized abundance of molecule 7 is

d [ A dN;

J# J#
The normalized differential equations define a continuous-time stochastic process known
as a CTMC.'™ This CTMC models the process of single substrates undergoing reac-
tions to remodel into single products. In Markov chain parlance, these metabolites are

referred to as states while the reactions between substrate-product pairs are referred to

as transitions. A fundamental property of this Markov chain is that the process of one

70



4.4. METABOLIC FLUX AS A SINGLE PARTICLE, CTMC

substrate transforming into a product is independent of previous biochemical reactions
leading to that reaction. This is known as the Markov constraint where the probability

of transitioning from one state to another only depends on the present state.

In a CTMC, the time between state transitions is modelled as an exponentially
distributed random variable. The rates of each transition define a generator matrix @)
with rate constants ¢;; = R;; for i # j and ¢;; = — ) ki R;;. If every state is reachable
from another state, there exists a unique, steady state probability P; of observing state
¢ in the chain. The time-dependent evolution for state ¢ is described by Kolmogorov’s

forward equations:

dp;
P Z%‘in + i . (4.3)
JFi

Note the similarity between Kolmogorov’s forward equation and the normalized system
of ODEs describing the unimolecular flux network. The steady state probability P; is
equivalent to the normalized, steady state concentration of metabolite . The flux along
each Markov chain arc is therefore proportional to the mass-action kinetic fluxes of the

corresponding metabolic network.

To confirm that this Markov chain captures the steady state flux constraint, consider
the flux from molecule ¢ to j in the metabolic network Fj; = R;; x A;. The normalized

flux is Gi; = Ry; % % = R;; x N;. If the Markov chain is at steady state

dP;
- zozgqﬁx13j+qiix3=;RjixNj—;RijxNi (4.4)
J7F Ve J7

where the normalized molecular concentration is equal to the steady state probability

of state ¢ in the chain (IV; = P;). This leads to

i i

which, when both sides are multiplied by A, shows that the steady state forward equa-
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4.5. STEADY STATE ARC PROBABILITIES ARE PROPORTIONAL BETWEEN
THE CHMC AND EMBEDDED DTMC

tions of the Markov chain satisfy flux conservation.

Next, let us define the individual steady state arc fluxes for this CTMC. These arc
fluxes are defined as F}; = g;; - P; which represents the long-term proportion of time a
particle spends in state ¢ before jumping to state j. A similar set of steady state arcs can
be defined for the corresponding embedded DTMC. Denoting T' as the corresponding
transition probability matrix and p as the steady state probabilities, the arc probability
fluxes are defined as Fl‘j = T} - pi- These arc fluxes reflect the long-term probability of

a particle occupying state ¢ before transitioning to state j # i.

4.5 STEADY STATE ARC PROBABILITIES ARE
PROPORTIONAL BETWEEN THE CHMOC AND
EMBEDDED DTMC

Theorem 1. In a CTMC, the steady state arc fluxes are proportional to the steady

state arc probabilities of the corresponding embedded DTMC.

Proof. Let () be the generator matrix of a CTMC, with @;; being the transition rate

from state ¢ to state j. In matrix form, this can be written as:

(01 Qi - Qui]
Q- Q.21 Q'22 Q'2n (4.6)
Ot Quz - Qun
where n is the number of states in the chain. Note that @Q; = —Z#i Qji- Un-

der the ergodicity assumptions, a CTMC has a unique steady state distribution ¢ =
[q1, G2, - - -, qn). This steady state satisfies ¢ - Q = 0, where 0 denotes a length-n vector

of zeros.
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The embedded DTMC has transition matrix 7', with 7;; being the transition prob-

ability from state ¢ to state j. The matrix entries are defined as:

—Qij/Qn' for i # j

= (4.7)
0 fori =7
Thus, T is:
-T11 Tig --- Tm- | 0 —Q12/Q11 - —Qm/Qu-
- Ty, Toy -+ Ty, _ _Q21./Q22 0 —erf/sz ",
T Tz o Tun| [ ~Qu/Qun —Qu2/Qua - 0]

With the ergodicity assumptions, the DTMC has a unique, steady state distribution
p = [p1,p2, .. .,ps] which satisfies p - T = p. Equivalently, p- (T'— I) = 0. Defining

P =T —1, it is equivalent that p- P = 0. Note that:

—1 —Q12/Qu -+ —Qu,/Qu
P —Q21/ Q22 —1 s = Qan/ Qa2 (4.9)
__in/an _QnZ/an e —1 ]
Let D be the diagonal matrix with values —Q11, —Qa2, ..., —Q,, down the main diag-
onal. ) }
—Qun 0 e 0
0 _ e 0
D= Oz (4.10)
0 0 - —Qu

Observe that D - P = ). Since ¢ - ¢Q = 0, it must follow that ¢ - D - P = 0. This
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means the vector ¢ = ¢ - D is the left nullspace of matrix P. That nullspace also
contains the steady state distribution p because p - P = 0 which is one dimensional
because of the ergodicity assumptions. Otherwise, there could be multiple distinct,
linearly independent steady state distributions. Therefore, the vector p and the vector
¢ =q-D=[-Quq,—Q2q,...,—Qng,] must be proportional. That is, there exists

a real constant z such that p=z-¢.

With these preliminaries, Theorem 1 can now be proven by examining the steady
state arc fluxes of the CTMC and embedded DTMC. Let F}; = ¢;-Q;; denote the steady
state arc fluxes between state ¢ and state j # ¢ for the CTMC and let FZ-‘JI» =p;- B
denote the steady state arc fluxes between state ¢ and state j # ¢ for the embedded

DTMC. Noting that p =2 - ¢, so p; = z - q;, P;j = —Qij/Qui, and q; = ¢; - (—Qii):

Fg:szZ
=z-q - Py

—Qii

/ J
=z q.—

Qi
=z-q- (—Qu) Qw
=z-q-Qy
d c

Fij =2 F

Corollary 1.1. Because the previous theorem applies to any CTMC and its embedded
DTMC, it applies, in particular, to the CHMC. Thus, the EFM probabilities computed
from the CHMC will be identical whether the transition matrix consists of probabilities

proportional to steady state network fluxes or a set of matching kinetic parameters.
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46 CONCLUSION

In this chapter, 1 showed how the EFM probabilities computed from the CHMC are
identical under either a CTMC or its embedded DTMC. In a discrete-time CHMC, the
probability of each EFM can be thought of as the long-term proportion of occurrences
of a single particle transitioning through the corresponding state sequences. This in-
terpretation changes somewhat is a continuous-time CHMC, where a particle dwells on
a given metabolite following an exponential distribution with rate equal to the sum of
its kinetic parameters. That particle then jumps to a metabolic product with probabil-
ity proportional to that kinetic parameter. The EFM probabilities in continuous-time
can be interpreted as the proportion of time spent transiting a given EFM. Intuitively,
increasing the kinetic parameter associated with a reaction along a given EFM should
increase the probability of the particle transiting that EFM. However, particle dwell
times decrease exponentially as the kinetic parameters increase and shorten the pro-
portion of time spent transiting that EFM. These opposing time differences “balance
out” in the context of EFM probabilities. While it may be more intuitive to compute
the CHMC in continuous-time due to the clear relationship with mass-action kinetic
equations, the discrete-time version is generally more convenient because it requires
steady state fluxes as input rather than a full mass-action kinetic model describing the

metabolic network.
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A DOMINANT PATHWAY FLUX
HYPOTHESIS

Justin G. Chitpin developed the methods, conducted the experiments, analyzed the

results, and wrote this chapter with guidance from Theodore J. Perkins.

51 ABSTRACT

Metabolic networks are a highly complex organization of biochemical reactions required
to sustain life. Understanding how reaction rates are distributed in these networks is
fundamental for understanding how organisms adapt metabolically to external per-
turbations and to optimize microbial factories to produce desirable biochemical com-
pounds. Existing literature has shown that both the structure of these networks and
their metabolic fluxes follow power law distributions. This uneven distribution of flux,

in particular, raises important questions regarding the distribution of pathway fluxes
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through these networks. Here, I ask whether pathway fluxes, operationalized as ele-
mentary flux modes (EFMs), exhibit this unevenness in a sphingolipid kinetic model
of metabolism. I find that both fluxes and their corresponding EFM weights exhibit
dominance characterized by a log-normal, rather than power law, distribution and em-
pirically demonstrate that a small subset of EFMs explain the majority of flux in this

network (see chapter 8).

5.2 INTRODUCTION

Cellular metabolism consists of a highly complex network of enzyme-catalysed and
transport reactions that interconvert and shuttle thousands of metabolites within and
across subcellular compartments.! Computational pipelines leveraging large-scale se-
quencing data are routinely used to reconstruct thousands of genome-scale metabolic
models (GEMs) across diverse organisms.5 71211 These networks are commonly studied
by flux balance analysis (FBA) and kinetic models to understand how flux is routed

through metabolic pathways under biological conditions of interest.4-85215

While much effort has been made to characterize the topology of metabolic networks,
many questions remain regarding the organization of the steady state fluxes within these
systems. Previous studies have shown that many metabolic networks are scale-free,
implying that the degree distribution of metabolites follows a power law.21%217 Almaas
et al. further showed that random FBA solutions for a GEM of E. coli K12 MG1655
also exhibited power law distributions, with the majority of reactions carrying small
fluxes contrasting with a minority of those carrying large fluxes.?'® Their results thus
suggest that the distribution of steady state fluxes is independent of both network size

and metabolic phenotype.

Understanding how steady state reaction fluxes are distributed in metabolic net-

works raises a similar question regarding the organization of pathway fluxes. In the
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present context, steady state pathway flux refers to the stoichiometrically-balanced
flow of metabolites through a network (i.e. a source-to-sink pathway) or within a net-
work (i.e. an internal cycle). Intuitively, an uneven distribution of pathway fluxes can
be explained by an uneven distribution of reaction fluxes. This would imply that indi-
vidual reactions carrying high flux are linked together through common pathway fluxes.
This idea leads me to to formulate a dominant pathway fluz hypothesis, whereby the
majority of steady state reaction fluxes in a network are explained by a small subset of

pathway fluxes.

Investigating this dominant pathway flux hypothesis requires a metabolic pathway
definition that can account for the observed flux in any metabolic network under steady
state. The EFM is therefore useful since they are defined as steady state pathways
whose positive linear combinations can reconstruct any set of steady state fluxes in a
metabolic network.3”?1% Furthermore, unique EFM flux decompositions are now possi-
ble for the special case of unimolecular flux networks through the cycle-history Markov

chain (CHMC) method proposed in Chapter 3.1%2

In this chapter, I leverage my CHMC method to characterize the distribution of
reaction fluxes and EFM pathway fluxes in a modified sphingolipid kinetic model of
Alzheimer’s disease and control patients.!'® Specifically, I introduce gene expression
values taken from publicly available datasets which are used to estimate sample-specific
reaction fluxes and EFM weights for individual patients. From these values, one could
either generate a distribution of fluxes or weights across individuals (looking at how
the same flux or EFM weight changes) or within individuals (looking at how all fluxes
or EFM weights change). I investigate the latter and ask what is the form of these
flux and EFM weight distributions. 1 ask whether these distributions approximately
follow a power law, log-normal, or exponential distribution. The first two distributions
are chosen since they often arise when describing natural phenomena?'® and biological

data. These distributions are considered heavy-tailed since their tail approaches zero
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much faster than the light-tailed exponential distribution.??°

I first analyse the unperturbed kinetic model to show that both reaction fluxes and
EFMs weights within each condition approximately follow a log-normal distribution.
I then show that this log-normal distribution of reaction fluxes and EFM weights is
maintained in the sample-specific sphingolipid kinetic models within individuals of both
conditions. Using additional synthetic flux data generated by log-uniformly sampling
enzyme expression coefficients, I further show that log-normal pathway flux dominance
is largely independent of the distribution of V.. kinetic parameters with particular
EFMs tending to dominate over others. These results motivate a final analysis of a
class of theoretical networks to explain the observed log-normal flux dominance in the

sphingolipid kinetic model and potentially in CHMC analyses of other GEMs.

5.3 METHODS

5.3.1 MAPPING GENE EXPRESSION DATA TO SPHINGOLIPID MODEL
REACTIONS

Bulk ribonucleic acid (RNA)-sequencing samples were taken from Srinivasan et al.!?

from https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE125583. These
samples corresponded to outer brain sections of the fusiform gyrus across 219 Alzheimer’s

disease patients and 70 age-matched controls.

The genes reported by Wronowska et al. in their sphingolipid kinetic model!!®
were manually translated into NCBI Entrez IDs. These genes correspond to enzyme-
catalysed reactions in the sphingolipid model. For some reactions, a single gene encodes
the corresponding enzyme while for other reactions multiple genes may encode isoforms
of the same enzyme (see Appendix B.2). According to gene-protein-reaction (GPR)

rules, the expression levels of these isoforms are summed together to compute an over-
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all enzyme expression level. The enzyme expression coefficient of Michaelis-Menten

reaction j in sample ¢ is therefore defined as

Eij=gij- (ng) ) (5.1)
i=1

where g¢; is the summed transcripts per million (TPM) of genes mapping to reaction
j and n is the number of samples within each condition. The geometric mean was

specifically chosen to account for large variations in gene counts across individuals.

5.3.2  MODIFYING TO THE SPHINGOLIPID KINETIC MODEL

The sphingolipid kinetic model used in this study was constructed by Wronowska et
al.1'® and reproduced with minor corrections.'® The model consists of 62 reactions con-
taining non-zero flux across 37 lipid classes. Since the flux directions are identical across
the Alzheimer’s disease and control conditions, the CHMC enumerated 55 total EFMs.
But with sample-specific enzyme expression perturbations, any change in flux direction
along reversible transport reactions would alter the network structure and therefore
change the number of EFMs. To address this, all reversible mass-action transport re-
actions were modelled as pairs of irreversible reactions. This procedure increases the
number of EFMs to 267 but guarantees the same number of EFMs, regardless of the

sample-specific flux distribution within each condition.

5.3.3 SOLVING THE KINETIC MODELS AND COMPUTING EFM
WEIGHTS

All calculations were performed in Julia version 1.10.2. Steady state lipid class concen-
trations were numerically solved using the Rosenbrock-Wanner-Wolfbrandt method??!

(implemented as Rosenbrock23 in DifferentialEquations.jl). The corresponding
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steady state fluxes were analytically solved and EFM weights computed using my
program MarkovWeightedEFMs. j1 version 2.0.2, available at https://github.com/

jchitpin/MarkovWeightedEFMs. j1.

5.3.4  DISTRIBUTION FITTING

Distribution fitting of steady state fluxes and EFM weights was performed in the fol-

lowing two ways (described as method one and method two) using R version 4.4.1.

METHOD ONE

The R packages MASS and fitdistrplus were used to fit non-truncated, log-normal
and exponential distributions to the steady state fluxes and rescaled EFM weights by
maximum likelihood estimation (MLE). Recall that probability density function (PDF)

of the exponential distribution is

Pr(X =x2)=e? forz>0 (5.2)

with rate parameter A, while the PDF of the log-normal distribution is

ToN 27 202

Pr(X — ) = — — exp (M) for z > 0 (5.3)

with parameters p (mean) and o (standard deviation). The PDF of the power law

takes the form

Pr(X:x):a_l( v )_a (5.4)

Lmin Lmin
with scaling parameter v and minimum threshold = > z,;,. The fitdistrplus solves
these parameters numerically using the Nelder-Mead and Broyden—Fletcher—Goldfarb—Shanno

(BFGS) method implemented in the stats package, although it should be noted that
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the parameters could be fitted analytically by solving the MLE. The power law dis-
tributions were fit manually since this distribution is not provided in the R packages

above. The scaling parameter k£ was computed by method of MLE, yielding

1%:1+N<:1 [m (;ﬂjD_l (5.5)

with z,, set to the smallest value in each data sample (see Appendix B.1 for the

derivations).

Model fits were assessed visually and quantitatively using the fitdistrplus pack-
age. The package includes functions to graph the quantile-quantile (Q-Q), probability-
probability (P-P), and cumulative distribution function (CDF) plots to qualitatively
inspect the distribution fits to the flux or EFM weights. The Q-Q plots graph the em-
pirically observed fluxes or EFM weights on the y-axis with the fitted model evaluated
at those values and displayed on the x-axis. Similarly, the P-P plots graph the empirical
CDF of the observed fluxes or EFM weights on the y-axis with the fitted model CDF
evaluated at those values and displayed on the x-axis. For both Q-Q and P-P plots, a

strong model fit is depicted by coordinates that fall around the y = x diagonal.

To give an example of the Q-Q, consider the set of values x = [1,3,4,5, 7], which
I may view as roughly normally distributed with sample mean g = 4 and sample
variance 02 = 5. Evaluating this normal distribution at the z values gives fitted values
& = [0.072,0.16,0.18,0.16,0.072]. The coordinates (z;,%;) are thus plotted on the
Q-Q plot. Regarding the P-P plot, the empirical cumulative probabilities for = are
p =1[0.2,0.4,0.6,0.8,1.0]. Evaluating the normal distribution at these z values yields
fitted cumulative probabilities p = [0.090, 0.33,0.5,0.67,0.91]. The coordinates (p;, p;)

are thus plotted on the P-P plot.

Finally, the CDF plots graph the empirical or model CDF values on the y-axis

as a function of the fluxes or EFM weights displayed on the x-axis. Goodness-of-fit
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was assessed quantitatively by log-likelihood of the fitted model and the Kolmogorov-
Smirnov (KS) statistic which follows the formula sup|F,(z) — F(z)| and was computed
by

D = max(D*, D7) (5.6)

where DT = maXi:L___,n(% — F;) and D™ = max;_;,__,(F; — %)

METHOD TWO

2 was used to fit lower truncated power law, log-normal,

The R package poweRlaw??
and exponential distributions to the steady state fluxes and rescaled EFM weights
by MLE. The method estimates the x,;, for all three distributions using the approach
described by Clauset et al..??3 Under this method, P-values assessing the goodness-of-fit
were computed by generating 1000 bootstrap samples under the empirical distribution,
fitting models to each bootstrapped sample, and computing the fraction of fits whose
KS statistic is larger than the value for the original, empirical data. In this goodness-
of-fit test, Clauset et al. reject the hypothesis of the data following a given distribution

if P < 0.1. This same P-value threshold was used in all analyses presented in this

chapter.

54 RESULTS

5.4.1 A TRANSCRIPT-GUIDED KINETIC MODEL OF SPHINGOLIPID
METABOLISM

Figure 5.1a visualizes the sphingolipid kinetic model which includes nine subcellular
compartments with intra- and inter-compartmental reactions modelled by Michaelis-

Menten and mass-action kinetics, respectively. This network was chosen because all
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Figure 5.1: Sphingolipid kinetic model adapted from Wronowska et al.!'® (a) Oval boxes
denote lipid classes and hexagonal boxes denote enzymes. Teal circles denote transport
reactions modelled by mass-action kinetics. Magenta circles denote metabolic reactions
modelled by Michaelis-Menten kinetics. Solid lines connect metabolites and reactions,
dashed lines denote the reaction enzyme, and dotted lines denote non-competitive
inhibition. Mass-action kinetic reactions are split into pairs of irreversible reactions with the
reverse reaction index shown in parentheses. (b) Alzheimer’s disease and control Viax
parameters for all 35 Michaelis-Menten reactions with non-zero fluxes.

reactions carrying non-zero flux are unimolecular in nature and hence can be decom-

posed onto EFMs using my CHMC method described in Chapter 3. A kinetic model is
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Figure 5.2: Enzyme expression coefficients for the 35 Michaelis-Menten reactions with
non-zero fluxes.

also ideal since it avoids the possibility of assigning thermodynamically infeasible flux
through substrate cycles which can occur when using FBA methods. The Alzheimer’s
disease and control condition models primarily differed in their V., parameters of the
Michaelis-Menten reactions (Figure 5.1b) which will become important in subsequent

sections.

To obtain a sample-specific distribution of sphingolipid fluxes for the Alzheimer’s
disease and control conditions, the kinetic model was perturbed with bulk gene ex-
pression data acquired from fusiform gyrus sections of 219 Alzheimer’s disease and 70
age-matched control patients.'®® Following GPR rules,%® an enzyme expression coeffi-
cient was computed by normalising the TPM of genes mapping to each reaction by
the geometric mean across all condition-specific samples. This resulted in 289 different
sets of perturbations to the kinetic model. These enzyme expression coefficients and
their variability within and across conditions are visualized in Figure 5.2. Note that
enzyme expression coefficients are identical across certain rows due to identical enzymes

governing these reactions.
Based on these enzyme expression coefficients, the sample-specific flux for Michaelis-
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Menten reaction j was computed following

Vmas. * ]

Koy 1 19) (5.7)

Uj:Ej'

where E; is the enzyme expression coefficient. The ordinary differential equation (ODE)
models for each Alzheimer’s disease or control sample were then solved to compute
the steady state fluxes along each reaction and decomposed onto 267 EFMs under a

Markovian constraint.'82

5.4.2 ANALYSIS OF THE UNPERTURBED KINETIC MODELS

STEADY STATE FLUXES APPROXIMATELY FOLLOW A LOG-NORMAL
DISTRIBUTION WITHIN CONDITIONS

I first investigated whether the steady state reaction fluxes were unevenly distributed
in the unperturbed sphingolipid model. Power law, log-normal, and exponential dis-
tributions were fit to the Alzheimer’s disease and control model using two approaches

described in the Methods section as Method one and Method two.

Statistical analysis of the steady state fluxes showed the log-normal distribution to
exhibit the best fit for both the unperturbed Alzheimer’s disease and control condition
model, regardless of the fitting method and goodness-of-fit statistic. For simplicity,
Figure 5.3 shows the non-truncated fits (of Method one) represented as Q-Q, P-P,
and complementary CDF plots. The Q-Q plot visualizes the agreement between the
observed steady state fluxes against the theoretical values computed from a fitted dis-
tribution. From Figure 5.3a/d, it is clear that the reaction fluxes within each condition
are best-described by the log-normal distribution with the power law distribution over-
estimating the steady state fluxes by 1-2 orders of magnitude. Similar conclusions are

drawn from the P-P plot of Figure 5.3b/e which visualizes the agreement between the
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Figure 5.3: Fitted distributions to the reaction fluxes within unperturbed conditions using
Method one. (a-c) Q-Q plot, P-P plot, and complementary CDF plot of Alzheimer’s disease
samples. (d-f) Q-Q plot, P-P plot, and complementary CDF plot of control samples.
empirical cumulative probabilities of observing a particular reaction flux against the
theoretical cumulative probabilities for a given distribution. Here, the exponential dis-
tribution shows the worst fit since the cumulative flux probabilities < 1072 are about an
order of magnitude smaller than the empirical CDF. These qualitative observations sup-
porting the log-normal distribution are also backed up with the greatest log-likelihood
of the model fit against the two other distributions in either condition. The KS statistic
for the log-normal fit was also the smallest (D;:P = 0.12) versus the power law distribu-
tion (D;}” = 0.24) and exponential distribution (D = 0.41) in the disease condition

exrp

and likewise in the control condition (Df® = 0.11, DS = 0.32, D50 = 0.45). Overall,
the goodness-of-fit is best shown in Figure 5.3¢c/f which plots the complementary CDF
as a function of the empirically observed reaction fluxes. The log-normal fit accurately

predicted the cumulative reaction fluxes over 4 orders of magnitude in contrast with
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the power law and exponential fits. The same findings were obtained using Method two
(of Clauset et al.) with only the log-normal distribution passing the goodness-of-fit test
while retaining the smallest x,,;, values in the Alzheimer’s disease condition. Although
both exponential and log-normal distribution P-values passed the P > 0.1 threshold for
the control condition, the log-normal fit x,;, was 2.5 times smaller than the exponential

fit and therefore the best distribution modelling the control reaction fluxes.

EFM WEIGHTS APPROXIMATELY FOLLOW A LOG-NORMAL
DISTRIBUTION WITHIN CONDITIONS

To test for dominance of pathway fluxes, the EFM weights for the Alzheimer’s disease
and control models were rescaled by dividing them by the largest EFM weight within
their respective condition. This normalisation leads to unitless EFM weights that have
a maximum rescaled weight of one with all other weights represented as a fraction
of that largest pathway. Following the previous section, power law, log-normal, and
exponential distributions were fit to the rescaled EFM weights within each condition.
The uneven distribution of pathway fluxes is shown in Figure 5.4 where the majority
of EFM weights are orders of magnitude smaller than the most active EFM within
that sample. Furthermore, the log-normal distribution exhibited the best fit among
all three distributions based on the Q-Q, P-P, and complementary CDF plots in both
the Alzheimer’s disease and control condition. These findings were supported with
the smallest KS statistics for the log-normal distributions in the Alzheimer’s disease
(DpP = 0.045, D3P = 0.32, DD = 0.84) and control condition (Df,° = 0.043,
DS° =0.30, DS = 0.82).

This finding was partially supported by Method two where the control condition
EFM weights were best fit by the log-normal distribution. For the Alzheimer’s disease
EFM weights, the log-normal distribution failed the goodness-of-fit test with Method

two indicating the data was best described by a power law distribution. However, it
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should be noted that Method two discarded nearly 50% of the total number of EFM

weights when fitting the distribution, lending more credibility to results identified from

Method one.
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Figure 5.4: Fitted distributions to the rescaled EFM weights within unperturbed conditions
using Method one. (a-c) Q-Q plot, P-P plot, and complementary CDF plot of Alzheimer’s
disease samples. (d-f) Q-Q plot, P-P plot, and complementary CDF plot of control samples.

5.4.3 ANALYSIS OF THE SAMPLE-SPECIFIC KINETIC MODELS

STEADY STATE FLUXES APPROXIMATELY FOLLOW A LOG-NORMAL
DISTRIBUTION WITHIN CONDITIONS

I next turned to analysing the sample-specific kinetic models to determine whether the
enzyme expression coefficients would alter the distribution of reaction fluxes. Using
the same statistical analyses as Section 5.4.2, Figure 5.5 shows the distribution fits

across 219 sample-specific Alzheimer’s disease and 70 sample-specific control samples
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Figure 5.5: Fitted distributions to the reaction fluxes within sample-specific conditions
using Method one. (a-c) Q-Q plot, P-P plot, and complementary CDF plot of Alzheimer’s
disease samples. (d-f) Q-Q plot, P-P plot, and complementary CDF plot of control samples.

using Method one. Following the results from the unperturbed analyses, the Q-Q, P-P,
and complementary CDF plots indicated that reaction fluxes remained log-normally
distributed in both conditions. This was unanimously confirmed from the goodness-
of-fit tests using either the median log-likelihood or KS statistic (DiAP = 0.11, D;‘ZD =
0.25, DAD = 0.43; and DS° = 0.10, DS° = 0.33, DSS = 0.45). This result is
potentially unsurprising since the enzyme expression coefficients only altered V.. by
approximately 1.5 orders of magnitude (see Figure 5.2). These perturbations may

therefore be insufficient to alter the log-normal distribution of unperturbed fluxes in

either condition.

Interpreting the goodness-of-fit using Method two is much harder since excluding
data will often improve the fit of any model. A bootstrapped P > 0.1 was used to evalu-

ate the plausibility of sample fluxes following a given distribution. Figure B.1a-b shows
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that the greatest number of Alzheimer’s disease samples were plausibly log-normally
distributed while on average maintaining the smallest z,;, values. Interestingly, results
for the control dataset in Figure B.lc-d suggested that fluxes were exponentially dis-
tributed in 59% of samples. However, the exponential distribution also excluded over
30% of the fluxes, on average, in contrast with 36% of samples that were plausibly

log-normally distributed and included over 90% of the flux values on average.
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Figure 5.6: Fitted distributions to the rescaled EFM fluxes within sample-specific conditions
using Method one. (a-c) Q-Q plot, P-P plot, and complementary CDF plot of Alzheimer’s
disease samples. (d-f) Q-Q plot, P-P plot, and complementary CDF plot of control samples.

EFM WEIGHTS APPROXIMATELY FOLLOW A LOG-NORMAL
DISTRIBUTION WITHIN CONDITIONS

Having confirmed that the reaction fluxes within the sample-specific model were approx-
imately log-normally distributed, I then applied the same statistical analyses in Sec-

tion 5.4.2 to examine the corresponding rescaled EFM weights. Using any goodness-of-
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fit test in Method one, Figure 5.6 revealed that pathway flux dominance in each sample
was best modelled by a log-normal fit based on the overlaid Q-Q, P-P, and comple-
mentary CDF plots within both conditions (DfP = 0.043, D4P = 0.32, DAD = 0.84,

erp

DEC = (.043, f)go = 0.30, f)gg = 0.82). These results were also confirmed using
Method two based on the rescaled EFM weights (Figure B.2) where the exponential
distribution was the most plausible distribution with the smallest z.,;, to prevent over-

fitting to a small subset of EFM weights.

LOG-NORMAL PATHWAY FLUX DOMINANCE IS INDEPENDENT OF THE
DISTRIBUTION OF V,,.x PARAMETERS

In hindsight, the log-normal distribution of reaction fluxes and EFM weights revealed in
the previous analyses may be explained by the distribution of kinetic parameters in the
unperturbed kinetic model. Specifically, a log-normal distribution of V.. parameters
would enable reaction fluxes to span several orders of magnitude which could in turn
give rise to log-normally distributed pathway fluxes. Using Method one, I indeed found
that the distribution of V.« was somewhat approximated by a log-normal distribution
spanning 3.5 orders of magnitude (Figure B.3). To test how pathway flux dominance
is affected by V. parameters, I log-uniformly sampled enzyme expression coefficients
spanning 5 orders of magnitude (1072 to 10?). From these synthetic perturbations,
I then computed the steady state fluxes and corresponding EFM weights for 100,000
simulations based on the kinetic parameters from the control sphingolipid model of

Alzheimer’s disease.

Since plotting all 100,000 simulation EFM weights would lead to visual oversatura-
tion on a Q-Q, P-P, or CDF plot, I first used Method one to evaluate the goodness-of-fit
for the log-normal, power law, and exponential distributions. A median KS statistic of
Dy = 0.048, D™ = 0.32, and D" = 0.79 confirmed that the log-normal distribution

exp

exhibited the best fit, especially compared to the other distributions. Comparing the
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individual KS statistics within each simulation, I found that > 99.7% of all simulations
were best approximated by the log-normal distribution followed by the exponential

distribution for the remaining simulations.

To obtain a broad understanding of the EFM weight distributions, Figure 5.7 shows
the densities of the ranked, rescaled EFM weights for the sample-specific Alzheimer’s
disease, control, and simulated data. The transcript-guided rescaled EFM weights in
Figure 5.7a-b are identical to the data plotted in Figure 5.6. But in this new repre-
sentation, one can observe that the sample-specific EFMs exhibit dominance via the
tilde-shaped tails exhibited by the rapidly decreasing weights on the logarithmic scale.

From these densities, one can observe that the rescaled EFM weights for the Alzheimer’s

(a) (b)

1078.33

1071 6.67
10?

Rescaled EFM weight

—25
10 10*

Alzheimer's disease Control

1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250
EFM rank EFM rank EFM rank

Simulations

10—33 100

Figure 5.7: Densities of ranked, rescaled EFM weights for the (a) Alzheimer’s disease (b)
control model, and (c¢) simulation data.

disease condition decreased more rapidly than the control condition or simulations. This
dominance can be quantified by calculating the median rescaled EFM weights associated
with a given rank within sample-specific individuals and simulation. Table 5.1 presents
these summary statistics where the rescaled EFM weights for Alzheimer’s disease are
1-2 orders of magnitude smaller than those computed in the control data. Although
the rescaled EFM weights of the simulated data spanned over 30 orders of magnitude,
indicating different degrees of EFM dominance, the median values were approximately

the same as those calculated for the control samples. Inspecting Figure 5.7c, I found
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Table 5.1: Median rescaled EFM weights for selected ranks.

Rank Alzheimer’s disease Control Simulations
10 2.38e-02 1.36¢-01 1.02e-01
50 2.84e-05 2.62¢-04 5.47e-04

150 1.14e-07 1.05e-06 1.99¢-06
267 7.35e-14 2.85e-12 9.38e-12

that approximately 800 samples (< 1%) exhibited relatively uniformly distributed EFM
weights that did not follow the tilde-shaped tail exhibited in the Alzheimer’s disease
and control samples. These cases possibly correspond to simulations where the ran-
domly sampled enzyme expression coefficients resulted in perturbed V., parameters
that were approximately uniformly distributed. Overall, these analyses therefore sug-
gest that log-normally distributed EFM weights arise in the sphingolipid kinetic model,

regardless of the distribution of V., parameters.

SPECIFIC EFMS TEND TO DOMINATE ACROSS BOTH ALZHEIMER’S
DISEASE AND CONTROL CONDITIONS

I next addressed whether particular EFMs were more likely to exhibit dominance over
other pathways in both sample-specific sphingolipid kinetic models and the simulation
data. By ranking EFMs by their weights, Figure 5.8 shows the distribution of rank
counts within the Alzheimer’s disease, control, and simulation data. The EFMs on the
Y-axis are sorted by highest average rank (rank 1 corresponding to the most dominant
EFM), while each row corresponds to the histogram of that EFM rank within samples
of that condition. Focusing on the Alzheimer’s disease condition, Figure 5.8a shows
very narrow rank distributions for the top 50 and bottom 17 EFMs, indicating these
pathways are consistently the largest and smallest EFMs across all 217 Alzheimer’s
disease samples. The remaining EFMs exhibited much more variable ranks spanning

nearly a third of the total number of EFMs. The distribution of EFM ranks was much
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broader in the control condition, possibly due to the fewer number of samples and
greater variability in gene expression coefficients (see Figure 5.2). These data, combined
with Figure 5.7a-b, suggest that pathway fluxes are more constrained in the perturbed
kinetic models of Alzheimer’s disease since flux is being routed through fewer EFMs.
This idea of metabolic inflexibility is supported somewhat by the simulation results in
Figure 5.8c where the log-uniform perturbations generally result in very narrow rank

distributions for the most highly active and inactive EFMs.
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Figure 5.8: 2D histograms of EFM weight ranks for the sample-specific (a) Alzheimer’s
disease, (b) control model, and (c) simulation data.

5.4.4  EXPLAINING WHY EFMS ARE LOG-NORMALLY DISTRIBUTED
IN BOTH UNPERTURBED AND PERTURBED KINETIC MODELS

Thus far, the results have shown that the distribution of reaction fluxes and EFM
weights in the unperturbed/sample-specific conditions and simulation data are well-
approximated by log-normal distributions. On one hand, dominant reaction fluxes and
pathway fluxes may be explained by a log-normal distribution of V., parameters that
naturally lead to log-normal EFM weight distributions. However, the V,,.x parameters
are only very roughly log-normally distributed in Figure B.3 and may follow different
distributions, such as the log-uniform range I used in the last simulation. And yet, in

all cases, I found compelling log-normally distributed EFM weights.
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Here, I demonstrate this formally with a family of metabolic networks that generalize
a variant of the metabolic network shown in Figure 3.1. One explanation for these
results is that the distribution of EFM weights may arise from the CHMC and how
it assigns EFM weights under the Markov constraint. When working with acyclic
networks, the CHMC computes source-to-sink EFM probabilities by multiplying the
probabilities of individual reactions occurring along a given pathway. An example of
this is shown in Figure 5.9 where the corresponding toy network consists of repeating
sequences of forked reactions. Each fork carries a steady state flux of a and 3 before

converging at the subsequent node. Each additional repeating sequence doubles the

Figure 5.9: Toy network with nodes corresponding to metabolite indices and edges
corresponding to metabolic fluxes. The molecule entering the network at node 1 transits
through the upper or lower branch with « and g flux, respectively, and continues N times
before revisiting node 1.

number of EFMs because all previous EFMs can transit the upper or lower fork of
the newly added sequence to maintain steady state for 2 EFMs. For the purpose of
computing EFM probabilities, this network can be viewed as a directed acyclic graph
since all EFMs loop back to node 1. Under the CHMC proposed in Chapter 3, each EFM
probability of this graph is equal to the product of the individual path probabilities. For

the upper fork, this probability is p, = a/(a + (3); for the lower fork, this probability
Ispg=1—p,.

Imagine selecting an EFM in this network with K upper forks and N — K lower
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forks. Then the weight of that path is

(N-K)

w :pf "Pg (5.8)

I would like to know how these weights are distributed across all possible EFM paths. In
particular, I hypothesize that these weights are approximately log-normally distributed.

To see this, consider the logarithm of the path weight

log(w) = K log(pa) + (N — K)log(ps)

= Klog <&) + N log(pga).
bs

(5.9)

Observe that K ~ Bin(N,p,) is a binomial random variable with parameter N denot-
ing the number of transited upper forks with probability p,. The mean and variance
of K is

E[K]=Np, and Var[K]= Np,-(1—Dpa). (5.10)

As N increases, it can be shown using de Moivre’s theorem??* that the discrete random
variable K can be approximated by the continuous random variable K’ ~ N (Npq, [Npa-

(1 — pa)]'/?). Therefore, Equation (5.9) can be approximated as

log(w) ~ K'log (i—;) + N log(pg). (5.11)

Observe again that K’ is multiplied by the constant log(p./ps) plus the constant
N log(pg). For a normally distributed variable, these multiplication and addition oper-
ations do not change the distribution (K’ remains a normal random variable) and only

alter the mean and variance with

E[K'log(a/B) + Nlog(B)] = Npa - K'log(pa/ps) + N log(ps)

Var[K'log(a/B) + Nlog(8)] = Npa - (1 — pa) - (K'log(pa/ps))’-
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Hence, the probabilities assigned by the CHMC for this toy network will indeed approx-
imately follow a log-normal distribution. This observation is true whether the graph
contains multiple forks or even varying numbers of forks since transition probabilities
along every path are being multiplied together. If I have a series of NV forks, each could
have different numbers of branches and different probabilities. The path weight would
be proportional to the product of whatever is chosen at each branch. The log weights
would therefore be the sum of the logs of the corresponding outgoing fractions. In gen-
eral, the sum of random variables is normally distributed by the central limit theorem
and therefore the log weights should also be. That being said, this analysis does not
fully account for closed-loop EFMs involving cyclic reactions since their probabilities
are not necessarily equal to the individual path probabilities. As discussed in Chapter 3,
there may be multiple simple cycles corresponding to these EFMs and their simple cy-
cle probabilities are summed together according to the CHMC algorithm. Nevertheless,
this result provides an explanation for the improved log-normal fits observed between
the EFM weights compared to the reaction fluxes. It is therefore possible that path-
way flux dominance may also follow a log-normal distribution in large-scale networks,
especially when there is a greater ratio of fluxes associated with source-to-sink versus

closed-loop EFMs.

5.5 DISCUSSION AND CONCLUSION

In this chapter, I investigated the distribution of reaction fluxes and pathway fluxes
in a transcript-guided sphingolipid kinetic model of metabolism. Using two statistical
methods, I found that both unperturbed and perturbed kinetic models exhibited both
uneven distributions of reaction fluxes and EFM weights. When perturbation magni-
tudes were increased to sufficiently change the V., distributions, I found that EFM

weights generally remained uneven, specifically log-normally distributed, and charac-
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terized by similar sets of highly dominant EFMs. To better understand why EFM
weights followed this log-normal distribution specifically, I examined the distribution of

pathway fluxes in a theoretical binomial tree network under the CHMC method.

Although these analyses are specific to the sphingolipid network, there is evidence
to suggest that pathway flux dominance exists in other metabolic networks. Many
forms of FBA solutions in microbial metabolism distribute fluxes unevenly and often
towards maximizing the biomass reaction.’® However, it remains challenging to deter-
mine whether pathway flux dominance arises in GEMs since these networks contain
multispecies reactions and the CHMC method is limited to strictly unimolecular re-
action networks. I note that a solution to this generalized EFM flux decomposition
problem is discussed in Chapter 6 with the question of pathway flux dominance exam-

ined in the following Chapter 7.

Large-scale networks may also be more prone to exhibiting dominant fluxes be-
cause of their increased complexity constraining the distribution of fluxes.?!® Specific
metabolic subpathways are also known to be regulated more tightly than others, such
as core carbon metabolism which is central for bioenergetic maintenance.??® Inciden-
tally, this may explain why FBA programs such as PheFlux have been shown to estimate
fluxes more accurately in a large-scale network of E. coli metabolism versus central car-
bon metabolism,!'® based on transcriptomics data, and why the statistical flux model
BayFlux has been shown to estimate more narrow posterior flux distributions in large-
versus-small scale metabolic networks.'®® Thus, it is quite plausible that even stronger

dominant pathway fluxes are observed in larger GEMs.
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ON ATOMIC ELEMENTARY FLUX MODES
IN METABOLIC FLUX NETWORKS UNDER
STEADY STATE

This chapter consists of work from “Atomic elementary flux modes explain the steady
state flow of metabolites in large-scale flux networks” by Justin G. Chitpin and Theodore
J. Perkins. This work has been submitted for publication and the corresponding
preprint can be found on BiorXiv at https://www.biorxiv.org/content/10.1101/
2024.11.13.623484v1. The algorithm implementation is available at https://github.
com/jchitpin/MarkovWeightedEFMs. j1, while all data and source codes to reproduce

all figures are available at https://github.com/jchitpin/reproduce-efm-paper-2024.
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6.1. AUTHOR CONTRIBUTIONS

6.1 AUTHOR CONTRIBUTIONS

Justin G. Chitpin developed the methods, conducted the experiments, wrote the soft-
ware, analyzed the results, and wrote the manuscript with guidance from Theodore J.

Perkins.

6.2 ABSTRACT

Steady state fluxes are a measure of cellular activity under metabolic homoeostasis,
but understanding how individual substrates are metabolized remains a challenge in
large-scale networks. Pathway-based approaches such as elementary flux mode (EFM)
analysis are limited to small networks due to the combinatorial explosion of pathways
and the ambiguity of decomposing fluxes onto EFMs. Here, I present an alternative
approach to explain metabolic fluxes in terms of the steady state flow of their molecular

constituents through my proposal of atomic elementary flux modes (AEFMs).

6.3 INTRODUCTION

Recent technological and computational advancements are leading to a rise in metabolic
flux data.38:194:226.227 Thege fluxes quantify the rate of metabolite interconversions within

a cell or their movements across subcellular compartments. Metabolic fluxes are studied

228,229 230,231

to understand the dynamics of substrate switching, redox balancing, over-

232,233 234,235 236-238

flow metabolism, cell differentiation, and cellular communities. Hence,

1239,240

‘fluxomics is emerging as a field dedicated to quantifying the totality of fluxes

within biological systems.

Current experimental and computational methods generally estimate fluxes under

metabolic homeostasis. Under this assumption, the production and consumption of
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metabolites are balanced over time, and the fluxes are said to be under steady state.
Techniques such as stable isotope tracing analysis (SITA) experimentally determine
steady state fluxes by culturing cells in labelled substrates and quantifying their in-
corporation within endogenous metabolites.®”% Using this method, fluxes have been
measured in major metabolic subsystems such as glycolysis, pentose phosphate path-
way, and the tricarboxylic acid (TCA) cycle.?%241242 Many computational methods have
also been proposed to infer steady state fluxes from transcript, protein, and metabolite
abundance data,.!11113:206,243.244 (Cpllectively, these approaches are being used to esti-
mate and predict fluxes in genome-scale metabolic models (GEMs) involving hundreds

to thousands of reactions.”:8%:245

Although much effort has been made to estimate steady state fluxes, less emphasis
has been placed on developing methods to analyze these large-scale flux datasets. In
contrast to abundance data (e.g. transcripts, proteins, metabolites), steady state fluxes
are constrained by the reaction stoichiometries between metabolite inflows and outflows.
In a network with fixed source and sink fluxes, an increase in flux along one metabolic
pathway must decrease fluxes along one or more other pathways to maintain mass
conservation. For simple networks, one may predict how the system would evolve by
identifying the up and downstream reactions flanking an enzymatic perturbation. For
example, Schwartz and Kanehisa were able to enumerate all glycolytic pathway fluxes in
a 12-reaction model of yeast glycolysis.?> Yet in more complex genome-scale metabolic
networks containing thousands of fluxes (e.g. Brunk et al.,'®® Robinson et al.,?¥% and
H Wang et al.?4), there exists no hierarchical relationship between reactions. A change
in one reaction rate, let alone multiple perturbations, may alter network fluxes beyond

neighbouring reactions.?*8

This problem of understanding the flow of metabolites within steady state flux net-
works has historically been addressed through the concept of elementary flux modes

(EFMs). EFMs are a pathway-based approach to analyze metabolic networks and
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are defined as minimal sets of biochemical reactions that maintain steady state flux.?”
This minimal property specifies that an EFM cannot be decomposed into two or more
smaller pathways carrying steady state flux. An attractive property of EFMs is that
any set of steady state fluxes in a network can be explained as a positive, linear com-
bination of EFMs.2!® While EFMs are a mechanistic explanation of how metabolites
travel through networks, the number of EFMs scales combinatorially as a function of
network size.®* It remains computationally infeasible to enumerate EFMs in GEMs af-
ter over a decade of algorithmic advancements (e.g. Gagneur and Klamt,*®, Terzer and
Stelling,*®, and BA Buchner and Zanghellini®!). The number of EFMs also poses a chal-
lenge for explaining network fluxes in terms of their EFMs. When there are more EFMs
than linearly independent fluxes, there exist multiple ways to assign EFM weights that
reconstruct the observed network fluxes. Consequently, structural analyses of EFMs
and downstream analyses of their weights have been limited to small-scale metabolic

subnetworks,52:249-252

In Chapter 3, I developed a novel solution to the EFM flux decomposition problem
for the special case of unimolecular reaction networks under a Markov constraint. I
modelled a hypothetical particle moving between metabolites under the assumption
that the transition probability of each reaction was proportional to the observed steady
state flux. By expanding the notion of Markov chain state to include sequences of
metabolites, I proposed an algorithm to efficiently compute simple cycle probabilities
corresponding to a given EFM. I called this construct the cycle-history Markov chain
(CHMC) and proved that these EFM probabilities could be scaled to weights that fully

reconstructed the flux along each reaction'®? (Appendix A.1).

In this chapter, I generalize the CHMC method to operate on any type of metabolic
model, including those involving multispecies reactions. I do so by proposing a new type
of AEFM which traces the steady state flow of an individual atom within a metabolic

network. I refer to these pathways as AEFMs to distinguish them from the (molecular)
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EFMs proposed by S Schuster and Hilgetag.?” While a linear combination of molecular
EFMs will reconstruct the overall reaction fluxes, the totality of AEFM weights for a
given source metabolite will always reconstruct its mass flow entering the network. I
first introduce the framework for enumerating and uniquely identifying AEFM weights.
Using a state-of-the-art atom mapping algorithm, I show how to generate atomic tran-
sition graphs from which I construct atomic cycle-history Markov chains (ACHMCs)

to enumerate and uniquely assign AEFM weights.

6.4 OVERVIEW

6.4.1 FROM MOLECULAR TO ATOMIC FLOWS IN GEMS

I first describe what molecular EFMs look like in metabolic networks and provide intu-
ition why enumerating and decomposing fluxes onto these pathways remains a funda-
mental problem in literature. Figure 6.1a shows an example molecular EFM involving
substrates glucose and ATP which are consumed to produce metabolites G3P, DHAP,
and ADP. Multiple source and sink fluxes are required to balance the internal metabolite
stoichiometries, leading to several branching and converging paths within the molecu-
lar EFM. As the metabolic networks expands to include dozens or more reactions, the
corresponding molecular EFMs can grow increasingly complex with numerous source
and sink fluxes required to stoichiometrically balance participating metabolites. In par-
ticular, there may be multiple sets of reactions involved to balance pairs of energetic
molecules (e.g. ATP/ADP), redox equivalents (e.g. NAD™ /glsxtrshortnadh), metabolic
byproducts (e.g. water, hydrogen ions), or coenzymes (e.g. CoA). This complexity can
lead to an intractable number of pathways that may only differ by reaction subsets
required to mass-balance these metabolites. Choosing metabolites to remove may, in

part, solve this problem. However, the choice of metabolites to prune from the net-
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work is often subjective and not guaranteed to sufficiently reduce the total number of

molecular EFMs.
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Figure 6.1: Atomic cycle-history Markov chains (ACHMCs) pipeline. (a) An example
molecular EFM in glycolysis. (b) An example AEFM tracing the flow of a given glucose
carbon in glycolysis. (c¢) The major steps within my pipeline to enumerate AEFMs and

compute their weights.

Given many metabolic flux networks are generated to study nutrient catabolism?®

3

or engineer desirable metabolic products,'#® I argue for studying source metabolite-
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derived AEFMs to reduce the combinatorial number of molecular EFMs. I highlight
an example carbon AEFM in Figure 6.1b which shows how the C6 glucose carbon
is remodelled during the first steps of glycolysis. As atoms are never split apart or
fused together in metabolic reactions, these AEFMs always correspond to simple paths
spanning source and sink metabolites or simple cycles between internal metabolites.
These pathways are straightforward to interpret because each atom within an AEFM
can only transit from a single substrate to product, regardless of the network size,
connectivity, or number of participating substrates/products in each reaction. This
property further enables us to enumerate and compute the AEFM weights using the
previously described CHMC method in Chapter 3 to uniquely decompose steady state

fluxes onto EFMs for unimolecular reaction networks.!8?

6.4.2 PIPELINE TO ENUMERATE AND COMPUTE AEFM WEIGHTS

I outline my computational pipeline in Figure 6.1c to enumerate AEFMs and uniquely
assign their weights when the steady state network fluxes are known. In step 1, I require
as inputs the metabolic network defined by a set of metabolites and reactions encoded as
a stoichiometry matrix, the metabolite structures denoted as simplified molecular input
entry system (SMILES) strings, and the steady state fluxes. From the stoichiometry
matrix and SMILES strings, I construct reaction SMILES strings which are imputed
into the atom mapping program RXNMapper,!”” an unsupervised machine learning
model, to map the position of each atom within each reaction equation. This atom
mapping data is used to construct an atomic transition graph in step 2, which traces
the atomic position of an individual atom from a given source metabolite entering the
network. I set the transition probabilities proportional to the atomic flux through each
reaction, accounting for those with multiple substrate stoichiometries (see Methods).
For each atomic transition graph, I construct the corresponding ACHMC to enumerate

all AEFMs involving that source metabolite atom in step 3. Finally, the AEFM weights
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are computed in step 4 by steady state analysis of the ACHMC. A detailed discussion
on the effects of incorrect atom mapping on the ACHMC construction is discussed in

chapter 8.

6.5 METHODS

6.5.1 MODEL PRELIMINARIES

The structure of a knowledge-driven metabolic flux network is encoded as an m by
n stoichiometry matrix S with m distinct metabolites and r irreversible reactions.
The fluxes along each biochemical reaction v are positive, real-valued weights that
denote the number of times each reaction is occurring per unit time. Under metabolic
steady state, the net fluxes consuming and producing each metabolite are balanced
and S - v = 0. These reactions may be unimolecular—single substrate to single product
transformations— or involve multiple substrates, products, or stoichiometric copies of
participating metabolites. I do not require the network to be strong connected; however,
my method will treat independent components separately. In contrast with my previous
unimolecular CHMC model, I impose additional requirements on the input metabolites
and reactions. The three-dimensional structure of each metabolite must be known
and encoded as a SMILES structure. Where applicable, isomeric SMILES structures
are used to avoid ambiguous or incorrect atom mappings. I further require integer-
valued stoichiometric coefficients because I consider atoms to be indivisible entities
from which I enumerate their AEFMs. I lastly require the input metabolic flux network
to be open such that external fluxes enter and leave via source and sink metabolites.
This requirement is not a technical limitation of my method but enforced to promote
the complete enumeration of all source-to-sink AEFMs remodelling nutrient sources.

Overall, these requirements restrict the metabolic flux network from containing any
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pseudometabolites or pseudometabolic reactions (e.g. biomass reactions).

A knowledge-driven metabolic network can be uniquely decomposed into a finite
set of K molecular EFMs. In a unimolecular reaction network, the metabolites and
steady state fluxes can be represented as a graph and the molecular EFMs correspond
to weighted simple cycles carrying steady state flux through the metabolite vertices.
In a network containing multispecies reactions, the correspondence between molecular
EFMs and simple cycles is lost as molecular EFMs may include higher order reactions
involving flows across multiple substrates and products. For either type of knowledge-
driven metabolic network, their observed steady state fluxes can always be represented
as a positive, linear combination of their K molecular EFMs. This flux decomposition
problem can be represented by the system of linear equations Aw = f, where A is an
r by K matrix of zero or natural numbers denoting the number of times each reaction
occurs molecular EFM k = 1,2, ..., K, where wy, is the molecular EFM weight. When
the number of molecular EFMs exceeds the number of linearly independent fluxes, w
is underdetermined and there are an infinite number of ways to assign molecular EFM

weights to explain the observed, steady state fluxes.

6.5.2 MARKOVIAN DECOMPOSITION OF FLUXES ONTO EFM
WEIGHTS

In my previous work!®? (Chapter 3), I proposed Markovian EFM weights as a means
to resolve the flux decomposition problem in networks consisting exclusively of uni-
molecular reactions. I formulated a probabilistic model of single particle flux, in the
form of a Markov chain, where I assumed the probability of this hypothetical particle
transitioning from one metabolite state to another was proportional to the observed,
steady state flux. I further proposed a way of efficiently computing these molecular
EFM probabilities and weights by introducing the cycle-history Markov chain (CHMC)

which both enumerated the molecular EFMs and uniquely identified their probabilities
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which were rescaled to weights based on the absolute flux magnitudes. To generalize
this CHMC method to networks containing multispecies reactions, I introduce the con-
cept of AEFMs which can be enumerated and their weights computed from an atomic
variant of my CHMC method or atomic cycle-history Markov chain (ACHMC). The
following sections provide intuitive justification of my method, while I leave the proof
of (atomic/single particle) CHMC algorithm correctness in my original paper’®? (and

Appendix A).

SINGLE ATOM, DISCRETE-TIME MARKOV CHAIN

I developed a probabilistic model of atomic flux to compute AEFM weights in steady
state metabolic flux networks. At this atomic level, individual atoms within metabolite
undergo biochemical reactions and move from the substrate to product side of each re-
action equation. As the molecules within metabolic flux network are stoichiometrically

balanced under metabolic steady state, so too are the corresponding atomic fluxes.

For a user-specified atom within a given source metabolite, I identify all possible
metabolite/atom states that are traversable by that initial state and constrained by the
reaction atom mapping predictions. For reactions involving single stoichiometric copies
of each substrate and product, the atom of interest will always move from a single
substrate to product molecule. If this atom is present in a substrate with multiple
stoichiometric copies, I assume there is an equal probability of that atom occurring in
either copy. Depending on the substrate stoichiometric copy, that atom may move to (i)
different product metabolite/atom states, (ii) the same product but at different atomic
positions, or (iii) the same metabolite/atom position. In all cases, I set the atomic flux
of the atom transitioning from either stoichiometric copy equal to the reaction fluxes
to maintain atomic mass conservation. These atom mapping cases are described in

Figure 6.2 with selected biological examples in Figure 6.3.
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Atom mapped reaction Atomic fluxes
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Figure 6.2: Rules for assigning atomic fluxes from atom-mapped reactions. Schematic node
colours represent ground truth atom mappings across substrate(s) and product(s). Node
labels correspond to distinct atomic indices of substrate and product stoichiometric copies.
(a) For reactions with single stoichiometric copies of substrates and products, each atom
within a given substrate moves to a single atomic position within a product with atomic flux
equal to the reaction flux v. (b-d) For reactions with s stoichiometric copies of a given
substrate, there are s copies of each metabolite-atom state on the substrate and product
side of the reaction. The probability of any atom within a substrate stoichiometric copy
moving to a product metabolite-atom state remains equal to the reaction flux. (b) The
stoichiometric copies of the substrate fuse together into a single product. (c) The
stoichiometric copies of the substrate form distinct products. (d) The s stoichiometric copies
of the substrate form s copies of products with identical atomic backbones.

For a given source metabolite/atom state, the subsequent atomic transitions are
encoded as an atomic transition graph G = (V, E, f), where V is the set of nodes

corresponding to metabolite/atom states, F is the set of directed edges corresponding
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Figure 6.3: Biological examples of specific atom mapping rules. (a) Example of rule in
Figure 6.2a where the atoms in each substrate map to a single position on the corresponding
product. (b) Example of rule in Figure 6.2b where two stoichiometric copies of glutathione
fuse together to form a single stoichiometric copy of glutathione disulfide. (c¢) Example of
rule in Figure 6.2¢c where two stoichiometric copies of acetyl-CoA undergo a reaction to
produce a stoichiometric copy of two distinct products.

to reactions that move the atom from one metabolite to another, and f = v are the
atomic mass fluxes. I assume there exists a special node v.,; € V' which represents the
external environment. Source flux entering the graph occurs along the edge e = (vey, 1),
where r € V' — v, is the source metabolite/atom state. Sink fluxes leaving the graph
occur along edges e = (i, Veyt), Wwhere ¢ € V' — v, are the sink metabolite/atom states.

The introduction of v.,; closes off the graph and ensures it is strongly connected, where

there exists a path in G from any node ¢ to any other node j.

I make a Markovian assumption that the movement of an atom from metabo-

lite/atom position to another in G is proportional to the observed steady state (atomic)
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flux of that reaction. I denote these transition probabilities T;; = fi;/ Zj, fij for
i # j € |V|. From here, I follow the same intuition as our (unimolecular) CHMC
algorithm!®? to model atomic flows within the network. Starting from an initial source
metabolite/atom state sg, the atom of interest will transit a random sequences of states
S0, 81, S2, - ... As G is strongly connected, that sequence will, with probability of one,
include all states infinitely many times. If the atom visits state i, it will eventually
return to state 7. The sequence of states in between s;, ..., s; constitutes a cycle, albeit
not necessarily a simple cycle. The sequence may include multiple nested or interleaved
simple cycles. However, this cycle can always be decomposed into a unique set of sim-
ple cycles by repeatedly removing the earliest simple cycle found within the sequence,
which I refer to as the “first closure reduction rule.” The AEFMs are the set of all
simple cycles in G. Thus, I compute the AEFM weights by setting them proportional

to the steady state probabilities of their corresponding simple cycles.

ATOMIC CYCLE-HISTORY MARKOV CHAIN (ACHMC)

I compute the steady state probabilities of each AEFM following the previously de-
scribed CHMC method in Chapter 3 for networks of unimolecular reactions.'®? Briefly,
the ACHMC is a special type of Markov chain, where I expand the notion of state to
include sequences of metabolites transited by the atom. The ACHMC therefore traces
the history of a given atom on its way to completing a simple cycle corresponding to

an AEFM.

I first initialize the ACHMC on source metabolite atom sq within . Although one
could technically choose any arbitrary metabolite/atom state for sg, it is much easier to
interpret AEFMs rooted on a source metabolite flowing into the network. Every state
S in the ACHMC corresponds to a simple path sg, $1, S2,.... If a reaction transforms

Sm tO Spmu1, the corresponding state S = sg, s1,. .., S, transitions to the longer path
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S’ = S0,81, -+, 8m,Sme1- If a reaction transforms s,,;1 = s;, the corresponding state
S = s, 81, ., Sy transitions to the shorter path S” = s, s1, ..., s; For either case, the

ACHMC transition probability is Tg s = T,

SmySm+1"

COMPUTING STEADY STATE AEFM PROBABILITIES

Once constructed, the ACHMC describes all possible simple cycles that a given source
metabolite atom can transit through. These simple cycle probabilities are computed by
analyzing the steady state dynamics of the ACHMC. As the atomic transition graph
G is strongly connected, the corresponding ACHMC will also be strongly connected.
There thus exists a stationary distribution 7 which corresponds to the steady state

probability of the atom occupying each ACHMC state.

To compute AEFM probabilities, I first identify all transitions Efx in the ACHMC
that close simple cycles corresponding to EFM k. For source-to-sink AEFMs, there
exists only a single simple cycle and therefore only one corresponding simple cycle. For
internally looped AEFMs, there may exist multiple simple cycles starting at different
metabolite/atom states, counting towards the same AEFM. I define the steady state
probability of transiting AEFM k as the sum of the steady state probabilities of those

transitions or:

by = Z(S,S’)EEk s Ts,s-

As the AEFM probabilities are proportional to the atomic fluxes, these probabilities
may be scaled to weights based on the absolute magnitude of the fluxes. Because I
enforce that each source metabolite is produced by an input reaction with stoichiometry
of one, the sum of all corresponding source-to-sink AEFMs must be proportional to the
input metabolite flux. If [ € K denotes all source-to-sink AEFMs flowing through a
given source metabolite mg and fj is the input flux producing that metabolite, I define

the proportionality constant a = fy/>, F;. This scaling not only ensures the total
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input/output fluxes are correctly reconstructed, but also that every individual flux in

the network is correctly explained by the totality of AEFM weights.

6.6 CONCLUSION

By defining EFMs with respect to individual atoms, I described a method for enumerat-
ing AEFMs and computing their weights under a Markovian constraint. This workflow
leveraged my CHMC method from Chapter 3 and atom mapping program RXNMapper
to identify and explain the contribution of individual source metabolite atoms through

a metabolic network.
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ATOMIC ELEMENTARY FLUX MODE
ANALYSIS OF FIVE LARGE-SCALE
METABOLIC NETWORKS

This chapter consists of work from “Atomic elementary flux modes explain the steady
state flow of metabolites in large-scale flux networks” by Justin G. Chitpin and Theodore
J. Perkins. This work has been submitted for publication and the corresponding
preprint can be found on BiorXiv at https://www.biorxiv.org/content/10.1101/
2024.11.13.623484v1. The algorithm implementation is available at https://github.
com/jchitpin/MarkovWeightedEFMs. j1, while all data and source codes to reproduce

all figures are available at https://github.com/jchitpin/reproduce-efm-paper-2024.
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7.1. AUTHOR CONTRIBUTIONS

7.1 AUTHOR CONTRIBUTIONS

Justin G. Chitpin developed the methods, conducted the experiments, wrote the soft-
ware, analyzed the results, and wrote the manuscript with guidance from Theodore J.

Perkins.

7.2 ABSTRACT

I proposed the concept of the atomic elementary flux mode (AEFM) in Chapter 6 to
explain the flow of metabolic constituents in steady state flux networks. Here, I show
that computations involving AEFMs are orders of magnitude faster than standard
(molecular) elementary flux modes (EFMs) which balance molecular stoichiometries.
Using this approach, I enumerate carbon and nitrogen AEFMs in five genome-scale
metabolic models (GEMs) and compute the AEFM decomposition of fluxes estimated in
a human liver cancer cell line (HepG2). These results systematically characterize source
metabolite remodelling and, on the HepG2 network, predict glutamine metabolism

through the recently discovered non-canonical tricarboxylic acid (TCA) cycle.

7.3 INTRODUCTION

In the previous chapter, I introduced the atomic elementary flux mode (AEFM) and
described a pipeline to enumerate AEFMs and uniquely identify their weights through
my atomic cycle-history Markov chain (ACHMC) method developed in Chapter 6 with
the atom mapping program RXNMapper.'”” In this chapter, I follow up on this work
by applying my method to five metabolic networks of varying sizes. I first demonstrate
that AEFMs can be enumerated in genome-scale metabolic model (GEM) whose molec-

ular EFMs are infeasible by a state-of-the-art enumeration program. I then provide
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intuition on the computational feasibility of AEFM-versus-EFM enumeration. While
defining EFMs with respect to atoms may appear to increase computational complex-
ity, these atom mapping data constrain the number of carbon and nitrogen AEFMs by
several orders of magnitude compared to their molecular EFM counterparts. As such,
my ACHMC implementation computes AEFMs several orders of magnitude faster than
the molecular EFM enumeration program FluxModeCalculator, with further speedups
gained when running my program in parallel. I next perform a structural analysis
of these enumerated AEFMs to characterize all theoretical pathways that explain the
steady state movement of individual carbons and nitrogens within the network. I fur-
ther classify these AEFMs into biologically relevant categories and observe remarkable
variation in pathway length and the number of pathways transited by atoms within a

given source metabolite.

I conclude this chapter with a carbon AEFM weight analysis of a publicly available
human liver cancer cell line (HepG2) flux dataset from Nilsson et al.” This dataset
was chosen for its extensive steady state fluxes estimated from time-series absolute
metabolomic measurements. HepG2 cells, like many other cancer cells, are dependent
on glutamine for cell survival and proliferation.?”* Understanding why these cells require
glutamine, a non-essential amino acid, remains an open question in literature. Using
my ACHMC method, I decompose the single set of steady state fluxes in the HepG2
dataset across all source metabolite carbons. Focusing specifically on glutamine-derived
AEFMs, I find that the majority of glutamine carbon mass flow is explained by the top
five AEFMs across all five glutamine carbons. I find that these AEFMs predict glu-
tamine carbon remodelling through anapleurotic reactions that regenerate TCA cycle
intermediates. Interestingly, these AEFMs also correspond with well-known metabolic
subsystems and even predict a recently discovered non-canonical TCA cycle pathway?5®
identified in non-small cell lung cancer (NSCLC), mouse embryonic, and immortalized

mouse myoblast (C2C12) cells.
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7.4 RESULTS

7.4.1 ENUMERATING AEFMS IS COMPUTATIONALLY TRACTABLE
IN LARGE-SCALE NETWORKS

Given the major computational challenge of enumerating molecular EFMs in networks
with more than 100 metabolites and reactions, I first sought to test whether it was
feasible to enumerate AEFMs in GEMs. I selected five GEM across distinct organisms
in ascending order of network size. These networks include a metabolic model of E.
coli (E. coli core),* human red blood cell (iAB RBC 283),2°¢ H. pylori (iIT341),%57 S.
aureus (iISB619),% and HepG2 cells.”™ These models were pre-processed to ensure un-
ambiguous atom mappings across all reactions. Namely, all metabolites with no known
structures (pseudometabolites), and pseudoreactions with non-integer stoichiometries
were removed from the networks. The resulting metabolic networks ranged between 71-
547 metabolites and 144-974 reactions (Table D.1 and Figure D.1). I then attempted to
enumerate the molecular EFMs using FluxModeCalculator, which is the fastest molecu-
lar EFM enumeration program.®® Following my pipeline described in Figure 6.1c, I sub-
sequently compiled the metabolite SMILES strings and constructed ACHMCs rooted
on each carbon and nitrogen atom across all source metabolites. I focused on these
atoms, in particular, for their metabolic significance over chemical elements such as
oxygen or phosphorus. The resulting summary statistics describing the GEMs and
ACHMC s are presented in Tables 7.1 and 7.2. Across all carbon ACHMCs, I observed
a broad increase in the total number of AEFMs as a function of metabolic network size.
The one exception to this observation was the HepG2 network which contained fewer
metabolites and reactions than iSB619, yet exhibited two orders of magnitude more
carbon AEFMs. Inspection of the HepG2 network revealed it only contained 40 source
metabolites compared to the 198 source metabolites in the iSB619 network, indicating

a greater degree of network connectivity between internal metabolites (Figure D.1).
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Table 7.1: Carbon ACHMC summary statistics for five large-scale metabolic networks.

Carbon ACHMCs

GEM Metabolites Reactions Sources Sinks States Transitions AEFMs
E. coli core 71 144 184 255 14659 24355 6519
iAB RBC 283 274 465 954 1166 37122 51220 7958
iIT341 433 759 1486 2134 86342 120545 30633
iSB619 547 974 2188 2986 169877 246712 59444
HepG2 435 545 376 939 9092000 11615891 1377937

Table 7.2: Nitrogen ACHMC summary statistics for five large-scale metabolic networks.

Nitrogen ACHMCs

GEM Metabolites Reactions Sources Sinks States Transitions AEFMs
E. coli core 71 144 30 40 246 448 204
iAB RBC 283 274 465 161 214 6409 9275 2091
iIT341 433 759 314 447 27440 39761 10440
iSB619 547 974 353 516 36661 54165 14214
HepG2 435 545 72 190 19137 27860 5105

Figure 7.1a shows the total number of atomic and molecular EFMs enumerated
by my program MarkovWeightedEFMs.jl and FluxModeCalculator on the five GEMs.
Using my ACHMC pipeline, I enumerated between 10® — 10° carbon and nitrogen
AEFMs within each GEM. In contrast, FluxModeCalculator failed to enumerate molec-
ular EFMs in all but the two smallest E. coli core and iAB RBC 283 datasets, returning

103 — 10* times more molecular-versus-atomic EFMs.

By focusing on an atom of interest, my ACHMC approach greatly reduced the num-
ber of EFMs to biologically relevant pathways involving nutrient source remodelling.
This reduction in pathways resulted in AEFM-versus-EFM enumeration completing
10® — 10* times faster (Figure 7.1b). While running FluxModeCalculator in parallel
did improve run times by 8.2-8.6 times (Figure D.2), it remained over 10" — 10% times
slower than enumerating their corresponding carbon and nitrogen AEFMs. I further
found that AEFM enumeration actually involved fewer metabolite-atom combinations

than the total number of metabolites in a given network. Constrained by the atom
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mapping predictions, I observed the average carbon and nitrogen ACHMC across all
five GEMs only trainsited 0.41% and 1.7% of the total number of metabolite-carbon
and metabolite-nitrogen positions, respectively (Figure D.3). While serial run times
in Figure 7.1c scaled quadratically (slope = 1.90, intercept = —6.54), my program and
AEFM approach benefits greatly from parallelism. Each ACHMC can be computed
independently from one another and my program is also parallelized on the level of
individual ACHMCs to improve AEFM enumeration. For the top 28 largest carbon
ACHMCs in the HepG2 network, Figure 7.1d shows a median speedup of 7.1 times

when using 32 threads.

7.4.2 MosT AEFMS ARE SOURCE-TO-SINK PATHWAYS SPANNING
DOZENS OF REACTIONS

I next turned to characterizing the structural properties of all carbon and nitrogen
AEFMs across the five GEMs. Molecular EFMs can be divided into pathway that span
source and sink metabolites or internal loops within the metabolic network such as
pairs of reversible reactions. Both pathways have clear biological interpretations with
source-to-sink pathways explaining the steady state flow of source metabolites on their
way to exiting the network, and internally looped pathways corresponding to substrate
cycles. At an atomic level, these pathways can be subclassified further into AEFMs
that transit sets of distinct metabolites or those that revisit the same metabolite(s),
albeit in different atomic positions. This notion of a “metabolite revisitation” is similar
to an isotopomer in stable isotope tracing.®” An example source-to-sink AEFM with
this property is a glucose-derived carbon AEFM remodelling through two turns of the
TCA cycle; on the second turn, the position of the carbon atom shifts within the
TCA intermediates, resulting in different isotopomers®*® and therefore a source-to-sink

pathway with a metabolite revisitation under my nomenclature.

To obtain a broad understanding of the types of AEFMs within the five GEMs,
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Figure 7.1: AEFMs are computationally tractable compared to molecular EFMs in five
GEMs. (a) Number of atomic and molecular EFMs in the five GEMs. (b) The run time of
my MarkovWeighted EFMs.jl method versus FluxModeCalculator running in serial. (c)
Serial run time scaling of MarkovWeightedEFMSs.jl as a function of the number of AEFMs.
(D) Speedup of selected ACHMCs as a functional of additional threads.

I categorized them into source-to-sink pathways and looped pathways with or with-

out metabolite revisitations in different atomic positions.

Figure 7.2a-b shows the

counts for each AEFM classes within each GEM. As expected, I observed that the
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Figure 7.2: Structural analysis of AEFMs in five GEMs.
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Figure 7.2 (continued): (a-b) Classes of carbon and nitrogen AEFMs. (c-d) Fraction
of carbon and nitrogen AEFM lengths. (e-f) Ratio of the greatest and smallest
number of AEFMs between carbons and nitrogens within the same source metabolite.
Representative metabolites from each dataset are labelled; labels with asterisks
indicate that metabolite is also present in other networks.

majority of carbon AEFMs were source-to-sink pathways with or without metabolite
revisitations. Those without metabolite revisitations tended to scale as a function of
network size, while those with revisitations increased modestly. Investigation of these
source-to-sink pathways confirmed that many metabolite revisitations involved TCA
cycle intermediates. Looped AEFMs without metabolite revisitations primarily cor-
responded to transport reactions cycling metabolites across compartments and cyclic
pathways involving TCA intermediates. These two observations explain, in part, why
the iISB619 network contained the fewest number of pathways with metabolite revisi-
tations, since they lack organelles and cannot support cyclic AEFMs associated with
metabolite transport between compartments nor mitochondrial TCA activity. There
were very few internally looped AEFMs with metabolite revisitations with no obvious
trend across the five GEMs. The greatest number of these pathways were found in the
E. coli core network with many metabolite revisitations involving carbon dioxide derived
from isocitrate and alpha-ketoglutarate re-entering the TCA cycle via oxaloacetate. As
there are fewer metabolites containing nitrogen atoms, I found the majority of their
AEFMs corresponded to pathways without metabolite revisitations, primarily involving
amino acid remodelling or transports between compartments. Looped pathways with
metabolite revisitations were only observed in the ilT341 and iSB619 networks through

reactions involving the production and consumption of ammonia.

Since many looped AEFMs involve reversible reactions or metabolite transport
across compartments, I hypothesized that looped AEFMs should involve fewer reac-
tions than source-to-sink pathways which can span numerous internal metabolites. I

calculated the fraction of carbon and nitrogen AEFMs with given lengths across all five
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Figure 7.3: Carbon AEFM weight analysis of the HepG2 metabolic flux network.

GEMs and plotted their distributions in Figure 7.2c-d. My results show that carbon

AEFMs in the first four networks are bimodally distributed with the majority of path-
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Figure 7.3 (continued): (a) A small number of highly active AEFMs explain the
majority of glutamine flow. (b) Subnetwork of the top five AEFMs across each
glutamine carbon collapsed onto metabolites. (c-e) Sankey diagrams of the top five
glutamine carbon AEFMs. (f) Schematic mapping AEFMs onto traditionally defined
metabolic pathways/subsystems. All metabolite names are labelled following the
BiGG database nomenclature.

ways involving a dozen or fewer reactions. While carbon AEFMs of the HepG2 network
appeared to exhibit a single Gaussian distribution (u = 61.7, 02 = 15.5), closer inspec-
tion of the histogram revealed a small peak spanning 2-12 reactions. To determine
whether these peaks were associated with source-to-sink and looped AEFM classes, I
reclassified the carbon AEFMs spanning less than 5-12 reactions depending on the GEM
(shorter pathways), and the remaining carbon AEFMs (longer pathways). I found that
longer pathways were associated with source-to-sink pathways, with shorter pathways
containing the majority of looped pathways. In fact, 65-95% of all longer pathways in
each GEM were source-to-sink pathways with metabolite revisitations, with this statis-
tic increasing to 95-100% when including source-to-sink pathways without metabolite
revisitations. Among shorter pathways, I observed that roughly half or more of them
were looped carbon AEFMs with or without metabolite revisitations. Analysis of the
nitrogen AEFMs revealed only a single distribution of relatively short pathways, since

there are much fewer nitrogen-containing metabolites across all GEMs.

[ next investigated how atoms within the same source metabolite may follow different
paths through the network, irrespective of their AEFM class. I first computed the
number of AEFMs for each carbon atom (resp. nitrogen atom). For each metabolite,
I then computed the ratio of the class. I then computed the number of AEFMs for
each carbon atom (resp. nitrogen atom). So for example, a ratio of 10 means that
one of the carbon atoms in the metabolite can transit the network in 10 times as
many different ways as the carbon with the fewest paths through the network. My

results are shown in Figure 7.2e-f; where each dot corresponds to the ratio for a given
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source metabolite. I found that a surprising number of carbons and nitrogens can
transit different pathways within their respective source metabolites. Focusing on the
source metabolites with carbon and nitrogen ratios over 100, I observed many of these
corresponded to hydrophobic and positively-charged amino acids such as phenlylalanine,
methionine, arginine, and histidine. Source metabolites containing fewer carbons or
nitrogens tended to exhibit ratios closer to 1 with AEFMs involving the same metabolite
subsets. Metabolites such as glycine, for example, are equivalently metabolized across
the same carbon AEFMs. For each GEM, and not counting source metabolites with
ratios of one, I computed median carbon ratios between 2.0 and 46.8 and nitrogen ratios
between 1.3 and 11.2. Overall, these findings highlight the varying degrees of metabolic

flexibility for atomic constituents of source metabolites to transit the metabolic network.

7.4.3 A MINORITY OF CARBON AEFMS EXPLAINS THE MAJORITY
OF SOURCE METABOLITE REMODELLING

I finally highlight the potential of my AEFM method for quantifying nutrient source
metabolism. I turned to the HepG2 network which contained a single set of steady state
fluxes estimated by Nilsson et al..”™ These fluxes were estimated from a parsimonious
flux balance analysis (FBA) model of HepG2 cells cultured under exponential growth
with external fluxes constrained by time-resolved exometabolomic measurements (see
Methods for more information). My focus was to analyze this flux network using my
AEFM framework to identify alternative pathways of glutamine metabolism since many
cancer cells, including HepG2 cells, are dependent on this non-essential amino acid for
survival and proliferation.?*2% Using my method, I decomposed the set of steady state
fluxes onto the 241,085 glutamine carbon AEFMs characterizing the HepG2 metabolic
network. Figure 7.3a shows the cumulative explained mass flow of each glutamine car-
bon as a function of their AEFMs ranked from greatest to smallest explained mass flow.

I capped the cumulative explained mass flow of each glutamine carbon at 99% because I
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observed that 98.9% of AEFMs collectively explained the remaining 1% glutamine car-
bon flow. These results suggested that the majority of glutamine carbon remodelling
is explained by a surprisingly small number of glutamine AEFMs, especially since my
Markovian flux decomposition approach assigns some weight to all network pathways.
The top 5 ranked AEFMs across each glutamine carbon (25 pathways altogether) ex-
plained over half (50.2%) of the total glutamine carbon mass flow with the subsequent 5
next highest ranked AEFMs only explaining an additional 9.8% glutamine carbon mass
flow. These observations were consistent across carbon AEFMs derived from other
amino acids as well as glucose, supporting my dominant pathway flux hypothesis in
Chapter 5 (Figure D.4). For some source metabolites, I observed overlapping curves
between carbons (e.g. arginine, glycine, serine in Figure D.4), suggesting that individ-
ual carbons were remodelled through the same AEFMs. However, corroborating results
from Figure 6.2e-f, I observed many non-overlapping curves for the majority of amino

aclids since their carbons could transit the network via different internal metabolites.

To obtain a high-level understanding of the dominant pathways of glutamine carbon
remodelling, I constructed a metabolic subnetwork from the top 5 glutamine carbon
AEFMs, collapsing metabolite-atom positions onto distinct metabolites, since none of
these AEFMs involved metabolite revisitations. Of the 435 metabolites in the HepG2
dataset, input glutamine can remodel into 202 species localized to the cytosol or mito-
chondria. I found that the top 5 glutamine-derived carbon AEFMs consist of just 23
metabolites and 31 reactions (Figure 7.3b). These AEFMs generally consisted of cyclic
pathways involving TCA intermediates. Only two source-to-sink reactions convert cy-
tosolic glutamine towards the protein pool and carbon dioxide through decarboxylation

of alpha-ketoglutarate in the mitochondria.

As AEFMs are steady state pathways, they can be visualized as Sankey diagrams
to better understand the carbon flows through the network. Figure 7.3c-e shows the

top 5 AEFMs for each glutamine carbon. Each AEFMs in the diagram is shown as a
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flow proportional to its AEFM weight with nodes representing the metabolite transited
by the given glutamine carbon. Although each glutamine carbon can transit a different
number of AEFMs, I found the top 5 backbone carbons and first two sidechain car-
bons were identical in both AEFM pathway and weight, with no AEFM containing a

metabolite revisitation.

Focusing on either backbone carbon in Figure 7.3c, I observed that all AEFMs
corresponded to well-established metabolic subsystems. The first, third, and fifth high-
est ranked AEFMs corresponded to metabolites and reactions involved in the malate-
aspartate shuttle. The fourth largest AEFM resembled a combination of canonical
TCA cycle activity and malate-aspartate shuttle, with TCA intermediates citrate, isoc-
itrate, and alpha-ketoglutarate localized to the cytosol rather than mitochondria. This
AEFM also involved additional reactions transforming alpha-ketoglutarate into gluta-
mate before remodelling into succinyl-CoA in the mitochondria. I noticed that the
second largest AEFM cycled carbon mass between TCA intermediates citrate, oxaloac-
etate, and malate between the cytosol and mitochondria. Interestingly, this metabolic
pathway corresponds to the recently discovered non-canonical TCA activity described
by Arnold et al., who validated this pathway in NSCLC, mouse embryonic, and C2C12

255 This non-canonical TCA activity was further

cells by stable isotope tracing analysis.
observed in glutamine carbons 3 and 4 in AEFM 2 (Figure 7.3d). I also found AEFMs 1
and 3 in Figure 7.3d-e corresponded to the malate-asparate shuttle. Only the terminal

glutamine carbon in Figure 7.3e contained source-to-sink AEFMs that decarboxylated

glutamine-derived alpha-ketoglutarate into carbon dioxide.

My analyses revealed that the most active glutamine-derived carbon AEFM weights
corresponded to well-known metabolic subsystems. This finding led me to ask whether
I could summarize my AEFM analysis as a simplified metabolic model describing
the majority of glutamine carbon remodelling in the HepG2 flux network. The re-

sulting schematic is shown in Figure 7.3f which consists of the following three ma-
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jor metabolic pathways: canonical TCA-like cycle, non-canonical TCA cycle, and the
malate-aspartate shuttle. These metabolic pathways were chosen based on the number
of top glutamine-derived carbon AEFMs that overlapped with reactions within these
subsystems. My results suggest input glutamine is converted into cytosolic glutamate
which is transported into the mitochondria through aspartate/glutamate antiporters
encoded by solute carrier family 25 member 12 (SLC25A12) and solute carrier family
25 member 13 (SLC25A13) annotated in the HepG2 metabolic model. Mitochondrial
glutamate is then converted into TCA intermediate alpha-ketoglutarate and citrate.
Instead of following the canonical reactions of the TCA cycle, the mitochondrial citrate
is exported to the cytosol where it can participate in non-canonical TCA cycle activity
or the malate-aspartate shuttle to re-enter the mitochondria. Taken together, the dom-
inant carbon AEFMs predicted by my model suggest HepG2 glutamine is conserved
within TCA intermediates and regenerated through subsequent reactions involving cy-

tosolic citrate.

7.5 DISCUSSION

Since the proposal of molecular EFMs, much effort has been made to enumerate and
decompose steady state metabolic fluxes onto these pathways. By defining EFMs with
respect to individual atoms rather than molecules, I introduced the concept of AEFMs
which describe how individual atoms are remodelled within a metabolic network. As
AEFMs never involve branching pathways, they are easier to interpret than their molec-
ular EFM counterparts which may involve multiple inputs and outputs to balance
molecular stoichiometries. Using the atom mapping program RXNMapper, I adapted
my previously described cycle-history Markov chain (CHMC) method to efficiently enu-
merate carbon and nitrogen AEFMs in five GEMs. My structural analysis systemat-

ically characterized source metabolite remodelling at the atomic level. By comparing
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the number of AEFMs across atoms within the same source metabolite, I revealed
how certain amino acids displayed remarkable variability in the number of pathways
transited by their constituent atoms. This analysis, in particular, may be useful for
designing non-uniformly labelled stable isotope tracers to identify fluxes within spe-
cific metabolic subsystems. The AEFM weight analysis of the HepG2 network revealed
that the majority of glutamine carbons were remodelled via cyclic pathways regenerat-
ing TCA intermediates through cytosolic citrate. Excitingly, my model also predicted

non-canonical TCA activity which has not been previously described in HepG2 cells.

As a systematic method to explain the flow of metabolites, the problem of molec-
ular EFM enumeration has historically limited their applicability to small-scale net-
works. Many algorithmic advances enumeration have incrementally improved molec-
ular EFM enumeration, yet never feasibly beyond networks with > 100 metabolites

59,6

and reactions.’®%%:260 Molecular EFM enumeration is generally regarded as unfeasible

for large-scale networks—so much so that numerous methods have been developed to

261

enumerate a subset of molecular EFMs constrained by pathway length,**" reaction ther-

modynamics,?5? participating metabolites,?® participating reactions,?%* gene regulatory

266,267 268,269

rules,?®® metabolic subsystems, extracellular flux measurements, or even ran-
dom sampling.?”® While the HepG2 results did show the majority of source metabolite
fluxes were explained by a small number of AEFMs, contextualizing the significance
of these dominant pathway fluxes is only possible when all AEFMs are known. Fur-
thermore, reaction thermodynamics, gene regulatory rules, and other constraints may
change across fluxes estimated from different biological conditions. These results sug-
gest that enumerating the shortest pathways would fail to recover the majority of TCA
pathways, as the top five ranked AEFMs across all glutamine carbons averaged 6 re-
actions in length. By computing AEFMs, instead, I could feasibly enumerate atomic

pathways in genome-scale networks containing hundreds of metabolites and reactions

within minutes or hours on desktop computing resources. I am hopeful that algorith-
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mic tricks borrowed from molecular EFM enumeration tools, such as linear pathway

compression, could further decrease memory usage and run times.

Aside from carbon and nitrogen AEFMs, my work is broadly applicable to other
types of chemical elements. One could feasibly enumerate oxygen or hydrogen EFMs
in small-scale networks, although the significance of these pathways is unclear for bio-
chemical networks given the ubiquitous nature of these atoms. I also caution against
enumerating hydrogen AEFMs, in particular, given limitations associated with RXN-
Mapper. Unless explicitly represented in the reaction SMILES string, RXNMapper
does not assign hydrogen atom mappings. While this may seem trivial, RXNMapper
cannot map atoms in reaction SMILES strings longer than 512 characters. My method
could also be applied to study sulphur metabolism to quantify methionine or cysteine
remodelling, or phosphorus metabolism to quantify nucleotide synthesis. Outside the
realm of biochemistry, this method is applicable to any periodic table element and

possibly relevant for studying general chemical reaction networks.

7.6 (CONCLUSION

My AEFM framework opens many new computational problems in metabolism. While
I analyzed one set of fluxes for the HepG2 network, one could envision a differential
AEFM analysis of flux distributions under differential conditions. These differential
AEFMs may reveal changes in metabolic subsystem activity or predict new pathways
of source metabolite remodelling. For instance, analyzing carbon AEFMs of one car-
bon (C1) compounds may be particularly useful for quantifying or optimizing carbon
fixation pathways in Cl-utilizing organisms. Another important question is whether
joint analysis of AEFM weights could reveal broader metabolic changes within a con-
dition. I observed that many AEFMs across distinct source metabolites converged on

common internal metabolites. Intuitively, the weights of AEFMs rooted on different
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source metabolites, but sharing common downstream metabolite subsequences, should
be related, and this relationship may further speed AEFM enumeration or weight com-
putations. Finally, more work is needed to establish relationships between AEFM
decompositions and more traditional EFM decompositions of fluxes, and to explore the

possibility that feasible AEFM calculations might somehow aid in EFM calculations.

77 METHODS

7.7.1 DATASETS

Five curated GEMs were chosen in this study to reflect a diversity of organisms, metabo-
lites and biochemical reactions. Four networks were obtained from the Biochemical
Genetic and Genomic (BiGG) database! in ascending order of network size. Datasets
were downloaded as Systems Biology Markup Language (SBML) (.xml) files, and the
corresponding stoichiometry matrices, metabolites and reactions were extracted using
the Julia SBML.jl package. The HepG2 cell line dataset was chosen for its single set
of estimated steady state fluxes estimated from a combination of protein and metabo-
lite abundance data. These cells were grown in Dulbecco’s Modified Eagle Medium
(DMEM) with 10% fetal calf serum, 22mM glucose, and 1.8mM glutamine.” The
steady state fluxes were recomputed from the FBA model provided by the authors
(figure3_metabolitebalances.m; MATLAB R2018a™). Across all models, I modelled all
reversible reactions as net forward reactions to simplify the number of molecular and
AEFMs as the majority of experimental and computational methods can only estimate
net fluxes. I assumed the reaction stoichiometries of the BiGG datasets represented
the canonical net directions of all reversible reaction. For the HepG2 dataset, the net

directions were chosen based on the net fluxes estimated from theFBA model.
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7.7.2 EXTRACTING SMILES STRINGS

SMILES structures were not encoded in the BiGG SBML files nor the HepG2 dataset.
I manually extracted simplified molecular input entry system (SMILES) strings cor-
responding to each metabolite across all GEMs. Isomeric SMILES strings were taken
from PubChem,!”™ the Human Metabolome Database,?”* or MetaNetX database.?™
Metabolites shared across GEMs were assigned the same SMILES structure in addition
to identical metabolites stratified across distinct subcellular compartments. Generic
structures such as R-groups were not modelled in this study and were replaced with a
single bonded hydrogen under the assumption this modification would not alter atom
mappings, especially since RXNMapper does not map hydrogen atoms unless they are
explicitly represented in the SMILES strings. SMILES strings were also not assigned
to metabolites with ambiguous structures nor pseudometabolites with no known chem-
ical structure. All pseudometabolites and reactions involving pseudometabolites were

removed from the stoichiometry matrix (Table D.1).

7.7.3 CONSTRUCTING REACTION SMILES STRINGS

RXNMapper performs atom mapping on a string that encodes the SMILES structures
of all substrates and products for a given reaction. These reaction SMILES strings are
constructed by concatenating SMILES strings of individual substrates and products.
Multiple substrates or products are separated by the symbol ‘.’ while the reaction arrow
delimiting substrates and products is denoted by the symbol ‘>>’. The substrate and
product SMILES strings are concatenated in order of metabolite appearance within
the stoichiometry matrix, and multiple stoichiometric copies are consecutively repeated
in the reaction SMILES strings. Non-integer stoichiometric coefficients are therefore
not allowed and these pseudoreactions were removed from the stoichiometry matrix

(Table D.1). I manually checked several reactions to ensure the assigned atom mappings
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were correct. Crucially, I found RXNMapper to fail on nearly all classes of ATP-
independent transaminase reactions. This problem has previously been reported in
an atom mapping benchmark study prior to the publication of RXNMapper.2”® These
transaminase reactions were identified in all metabolic networks and manually atom

mapped based on the KEGG reaction mappings (Table D.1 and Figure D.5).

7.7.4 PRE-PROCESSING GEMS

Several pre-processing steps were required to compute AEFMs from the GEMs. The
stoichiometric coefficients of external reactions were set to one and their fluxes rescaled
to carry equivalent units of source and sink metabolites. All reactions containing pseu-
dometabolites with no known SMILES strings were removed from the stoichiometry
matrix and replaced with unimolecular source and sink reactions carrying equivalent
units of flux. The same procedure was also applied to reactions containing non-integer
stoichiometries. These pseudometabolites were next removed from the stoichiometry
matrix rows, and unimolecular reactions involving the same external or internal metabo-
lites were aggregated. Finally, I had to remove a small number of reactions whose reac-
tion SMILES strings exceeded the 512 token limit of RXNMapper (Table D.1). These
reactions were likewise converted into unimolecular source and sink reactions to main-
tain steady state flux across the network. Note that all pre-processing steps described

above are wrapped into convenience functions within my Julia package MarkovWeight-

edEFMs.jl.

7.7.5 BENCHMARKING ENUMERATION OF
ATOMIC-VERSUS-STANDARD EFMs

I benchmarked my Julia package MarkovWeighted EFMs.jl version 2.0.2 running Julia

version 1.10.2 to enumerate AEFMs versus the molecular EFM enumeration program
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FluxModeCalculator®® running MATLAB version R2018a with default parameters in-
cluding network compression. I chose FluxModeCalculator because it is the state-of-
the-art program for enumerating molecular EFMs. Benchmarks were performed on a
64-bit Linux operating system with 64GB of memory and an AMD 5950X CPU with 16
cores/32 threads. All benchmarks reported the wall time to run the atomic or molecular
EFM enumeration functions and did not include startup times to open Julia/MATLAB,
precompile Julia functions, or load packages and input data. A benchmark time of did
not finish (DNF) was assigned if either program could not complete EFM enumeration
within 7 days. In practice, only FluxModeCalculator failed to enumerate the molecular

EFMs in three of the five datasets.

ACHMC MODEL

For each carbon and nitrogen atom within a given source metabolite, I identify all pos-
sible metabolite/atom states that are traversable by that initial state and constrained
by the reaction atom mapping predictions . Following Chitpin and Perkins,'®? these
atomic transition graphs were analyzed by an atomic version of my CHMC (ACHMC)
method to enumerate the corresponding AEFMs and compute their weights. In this
formulation, each ACHMC state corresponds to a sequence of metabolite-atom posi-
tions transited by a given source metabolite atom. Each simple cycled identified by the
ACHMC corresponds to an AEFM rooted on a user-specified source metabolite atom.
For the HepG2 flux network, I computed the probabilities of each AEFM by steady
state analysis of the ACHMC. These AEFM probabilities were scaled to weights such
that the totality of source-to-sink AEFMs was equal to the unimolecular input flux

producing that source metabolite.
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DISCUSSION

8.1 SUMMARY

As high-throughput methods continuously improve to estimate metabolic fluxes, I an-
ticipate new computational tools will be required to analyze this deluge of data. These
tools have historically approached flux analysis via mathematical modelling due to
well-established metabolic networks constructed from decades of biochemical studies.
Perhaps the most well-known approach has been the elementary flux mode (EFM).
Indeed, S Schuster and Hilgetag’s seminal EFM paper®” was the impetus for many
subsequent stoichiometric pathway analysis methods.!4715%16L170 Yet since its incep-
tion, EFM analysis has been limited by the fundamental computational challenge of

enumerating and uniquely assigning weights to these pathways.

In this thesis, I carefully re-examined the underlying challenges associated with

EFM enumeration and analysis and developed novel solutions to overcome these prob-
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lems. This journey began in Chapter 3 where I explained how existing methods relying
on mathematical optimization could fail to uniquely decompose fluxes onto EFMs in
strictly unimolecular reaction networks. I demonstrated these issues on simple toy
networks where EFM weights differed according to the chosen objective function and
mathematical optimization solver. This finding motivated a more biophysically natural
approach to predicting pathway fluxes. As my first major computational contribu-
tion to the EFM field, I introduced a probabilistic model of single-particle flux and
the cycle-history Markov chain (CHMC) algorithm for efficiently enumerating EFMs
and uniquely computing their weights under a Markov constraint. Subsequent work in
Chapter 4 demonstrated that this Markovian approach was equally applicable to kinetic
models of flux, yielding identical EFM probabilities from kinetic parameters alone. The
CHMC method was extensively used in Chapter 5 to analyse a sphinogolipid kinetic
model that incorporated RNA-sequencing data to modulate the reaction rates. Analy-
sis of these weights revealed that the majority of pathway fluxes were accounted for by
a small number of EFMs, leading me to formulate a dominant pathway fluz hypothesis
of metabolic networks. While this work was limited to unimolecular reaction networks,
these techniques and analyses have set the mathematical framework and motivation to

generalize and apply my method to larger, multispecies reaction networks.

In the second half of my thesis, I addressed how my CHMC method could be ap-
plied to large-scale metabolic networks not limited to strictly unimolecular reactions.
By examining the computational and biological shortcomings of (molecular) EFMs in
these networks, I introduced the concept of the atomic elementary flux mode (AEFM)—
my second major computational contribution of my thesis—and provided intuition on
why these pathways could overcome limitations associated with molecular EFMs. 1
leveraged existing work in the atom mapping field to adapt my CHMC method to enu-
merate AEFMs and compute their weights. (One could think of the CHMC analysis of

the sphingolipid kinetic model in Chapter 2 as an atomic cycle-history Markov chain
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(ACHMC) describing any of the backbone carbons shared across all lipid classes). Using
this approach, I comprehensively analyzed five genome-scale metabolic models (GEMs)
of increasing size and complexity. I demonstrated that AEFM enumeration was pos-
sible on networks that are computationally infeasible for molecular EFM enumeration
programs after two decades of algorithmic advancements.?”®! This breakthrough led to
a structural analysis of these AEFMs to examine the types of steady state atomic path-
ways involved in these networks. These analyses culminated in a final carbon AEFM
weight analysis of a publicly available human liver cancer cell line (HepG2) metabolic

flux network, which predicted well-known and novel pathways of glutamine remodelling.

8.2 CAUTIONARY REMARKS AND LIMITATIONS

8.2.1  VALIDATING (ATOMIC) ELEMENTARY FLUX MODE ((A)EFM)
WEIGHTS ASSIGNED UNDER THE (A)CHMC MODEL

A question that arises from Chapters 3 and 6 is on validating (A)EFM weights assigned
by the (A)CHMC model. This question can be addressed experimentally by (i) tracing
single molecules (ii) in real time, (iii) across multiple reactions in a (iv) single living cell.
However, it is not possible to achieve all four demands with the technology available

27472793 " only a subset of

today. While much effort has been made in this domain (e.g.
these methods can be used on live cells, and achieving real-time monitoring at the single
molecule resolution is generally limited to single reactions. If one cannot confirm the

assigned (A)EFM weights, should one be worried about basing biological predictions
on the (A)CHMC model?

I argue that the Markov constraint of the (A)CHMC is a natural approach to model
particle flux, and has been successsfully used to model other types of biophysical pro-

cesses.!81:280.281 T contrast, mathematical-optimization-based approaches rely on no-
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tions of parsimony under the assumption that individual molecules have agency to
travel through a designated series of reactions forming an EFM. This assumption is
biophysically implausible since molecules have no memory of the reactions preceding
or following them. Until EFM and AEFM weights can be experimentally verified, I
believe a Markovian approach to assigning weights is the most realistic and state-of-
the-art model for modelling the steady state flows of molecules and atoms within a flux

network.

8.2.2 EFFECTS OF INCORRECT ATOM MAPPING PREDICTIONS

The work conducted in Chapter 7 was made possible by recent developments in atom
mapping algorithms. These methods were critical given the hundreds of unique reac-
tions present across the five metabolic networks. While RXNMapper boasts a 99.4%
accuracy across 49,000 strongly unbalanced reactions,'”” I observed the program made
several mistakes across four of the five datasets. These errors were caught based on my
personal knowledge of metabolic reactions and involved ATP-independent aminotrans-
ferase reactions (Figure D.5). This problem has been observed in previous benchmark-
ing studies of atom mapping programs.?”® Hence, I am surprised they were not part of

the RXNMapper test dataset or commented on by the authors in their paper.

These atom mapping errors required rerunning my ACHMC pipeline and regen-
erating my analyses in Chapter 7. Comparing results from the incorrect and correct
mappings provided valuable insight into problems that may occur when ACHMCs are
erroneously constructed. For the HepG2 dataset, specifically, I found incorrect amino-
transferase reactions caused glutamine-derived carbons to remodel into metabolites
that are biologically impossible. This atom “leakage” also resulted in an explosion
of ACHMC states with increased computational run times to enumerate the incorrect

AEFMs and assign incorrect weights (data not shown). Moving forward, I recommend
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that metabolic models link atom mapping data from curated databases such as KEGG™

and MetaCyc?®? in their SBML files.

8.2.3 FAcILITATING AEFM ANALYSES WITH BETTER ATOM
MAPPING DATA

Two major bottlenecks in running the ACHMC pipeline are compiling the list of
metabolite simplified molecular input entry system (SMILES) strings and atom map-
pings across all metabolites and reactions in the input metabolic model. While RXN-
Mapper was used to address the latter problem, I demonstrated that it could still pro-
duce incorrect atom mapping predictions. Advancements in atom mapping algorithms

283) but one must still manually

may reduce the number of incorrect mappings (e.g.
compile the list of metabolite SMILES strings to input into these atom mapping pre-

diction programs.

Rather than addressing the atom mapping problem via computational inference
methods, a more practical solution may be to simply improve database search tools
to extract existing atom mappings (and metabolite SMILES strings) published in lit-
erature. First, the vast majority of biochemical reactions in metabolic databases and
published metabolic models already contain curated atom mappings (e.g. KEGG™).
Second, many biochemical reactions involve small molecules with simple structures,
leading to intuitive atom mappings that can be manually curated. Thus, the need for
computational tools to predict these atom mappings should diminish over time as more
biochemical reactions are atom mapped by expert curators. To leverage this informa-
tion, I recommend that metabolite and reaction identifiers be federated across existing
metabolic databases. This would facilitate the extraction of metabolite and reaction
metadata because different databases often use different names to refer to the same
metabolite or reaction. Depending on the database, for example, the metabolite 2-

oxoglutarate is also referred to as alpha-ketogluratate or a-ketoglutarate. By unifying
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these namespaces, one could envision automated database searching methods to extract
curated metabolite structures and atom mappings regardless of the input metabolite or
reaction name. This would significantly decrease the time needed to set up the ACHMC

pipeline for publicly available or even custom metabolic models.

8.2.4 CONDUCTING AEFM ANALYSES TODAY

The proposal of EFMs in 1994 sparked a flurry of research to explore the potential
of this analytical framework. Aside from successful applications engineering microbial
and yeast strains,1210:284.285 fow biological advances®®?%¢ were made due to the EFM

enumeration and flux decomposition problem.

I am hopeful that AEFMs and my ACHMC method will stimulate renewed interest
in the steady state analysis of metabolic flux networks. However, I recognize there are
many barriers for conducting these analyses today. The greatest challenge is the paucity
of experimentally determined metabolic flux datasets. Stable isotope tracing analysis
(SITA) is the premiere technique to measure fluxes, yet requires expensive equipment
(mass spectrometers) reagents (stable isotope standards) and skilled operators capable
of designing, executing, and interpreting these experiments. Further advancements in
metabolic flux analysis are required to infer metabolic fluxes from the resulting isotopic
distributions of internal metabolites. Setting this problem aside, current SITA proto-
cols today are incapable of measuring hundreds of fluxes in large-scale networks. EFM
and AEFM analyses may be applied to small-scale flux networks, yet these are typi-
cally simple enough to be analyzed by hand without the need for specialized (A)EFM

enumeration and flux decomposition tools (e.g. Schwartz et al.>®).

The high costs associated with SITA have limited ability to measure fluxes has led to
a rise in computational methods to infer fluxes from other high-throughput data sources.

Many of these techniques are based on flux balance analysis (FBA) with the incorpora-
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tion of transcriptomics, proteomics, or metabolomics

data. The benefit of this approach is that abundance-based data is much cheaper

and easier to acquire (e.g.?912%9)

, with many publicly available datasets across biolog-
ical conditions. One could infer a distribution of steady state fluxes from each tran-
script/metabolite/protein abundance dataset and perform a subsequent AEFM analy-
sis. This approach comes with two major caveats. First, the use of abundance-based
data to predict fluxes restricts them from being integrated into a multi-omic model of
metabolism due to the double-use of abundance data. I also caution against estimating
fluxes from omics-guided FBA since correlations between metabolic fluxes and tran-
script, metabolite, and protein levels is generally quite poor??43% leading to inaccurate

flux estimates.297

8.3 AVENUES OF FUTURE WORK

8.3.1 IMPROVING ACHMC SCALING

Conducting AEFM analyses on GEM will require further optimizations and algorithmic
improvements to my ACHMC implementation. Analysis of my computational run times
in Chapter 7 revealed my implementation to scale quadratically as a function of AEFMs.
After implementing the original CHMC and ACHMC methods, I acknowledge there are
many improvements I could have made in hindsight to make my implementation run
even faster. Here, I remark on several changes to boost AEFM extraction and flux

decomposition.

The process of enumerating AEFMs and identifying their weights can be broken
down into four computationally demanding steps described in Chapters 3 and 6. These
are (i) constructing the atomic transition graph and ACHMC, (ii) identifying simple

cycle closures, (iii) collecting simple cycle closures by AEFMs, and (iv) computing
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the stationary distribution of the ACHMC. Step (i) is computationally straightforward
since constructing the ACHMC is done recursively by repeatedly searching the product
metabolite/atom position from a precomputed atom mapping dictionary to populate a
(sparse) ACHMC transition matrix. Since Julia does not implement tail-call optimi-
sation, this step could potentially be sped up by storing simple paths in a stack and
using pushing/popping operations to enumerate the ACHMC states. I consider step
(iv) to be fully optimised since solving for the stationary distribution is handled by
the Julia package LinearSolve.jl which, from my tests (see Appendix C), is the fastest
and most numerically stable method to compute eigenvectors of large ACHMC matri-
ces. Numeric instability could be reduced by compressing linear ACHMC pathways
to reduce the matrix size and potentially decrease the time required to compute the
eigenvector. Another interesting observation is that only the steady state probabilities
of ACHMUC states involved in simple cycle closures are required to compute the AEFM
probabilities. Provided they are proportional to one another, I ponder whether one

could develop a faster method to compute a subset of eigenvector elements for specific

ACHMC states.

I have found that steps (ii) and (iii) are the most computationally demanding aspect
of my ACHMC implementation. I first look through each ACHMC prefix to identify
simple cycles before searching this list to group those belonging to the same AEFM.
Step (iii) can be readily optimized because sorting simple cycles into AEFMs is done
naively by concatenating a reference simple cycle with itself and testing whether consec-
utive metabolite/atom position indices in a candidate simple cycle match to consecutive
indices in that reference. If n is the number of candidate simple cycles with the same
length as the reference, and k is the length of each candidate, this approach has a
worst-case run time of O(k - n). I have since learned about lexographically minimal
string rotations and how I could have normalized all of my simple cycles to start with,

say, the smallest numeric index. After rotating each simple cycle, matching candidate
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simple cycles to a reference would run in O(n). Further performance gains aggregat-
ing simple cycles may be had through alignment algorithms used in sequencing-based
bioinformatics. Examples include Burrows-Wheeler Transform (BWT) to efficiently
store ACHMC states, or hashing functions to aggregate simple cycles corresponding to

the same AEFMs.

8.3.2 DEVELOPING NEW METHODS TO ANALYZE AEFM WEIGHTS

My ACHMC method opens several avenues for analyzing steady state, metabolic flux
data. As mentioned in Chapter 7, AEFMs and their weights are dependent on one
another due to their shared, underlying reactions. For example, several dominant
glutamine-derived carbon AEFMs corresponded to aspects of the malate-aspartate
shuttle in my AEFM weight analysis of the HepG2 dataset. One question is whether
AEFMs correspond with traditionally defined metabolic subsystems. This problem is
more complex than one would think given overlapping metabolites between subsystems
and multiple comparisons problem across thousands of AEFMs and dozens of metabolic
subsystems. In a naive over-representation analysis using a hypergeometric test (data
not shown), I found largely insignificant P-values between metabolites within AEFMs

and KEGG subsystems, regardless of the AEFM weight.

Mapping AEFMs to metabolic subsystems leads to another problem of analyzing
the joint distribution of AEFM weights within and across source metabolites. These
analyses would need to consider the underlying reactions shared between AEFMs and
their steady state fluxes. Coupled pathway fluxes may point to higher-order metabolic
regulation of particular substrates. Combined with the dominant pathway flux hypoth-
esis formed in Chapter 5, certain pathway fluxes may tend to dominate across biological
conditions or organisms. The invariance of pathway fluxes that are constuititively ac-

tive across organisms could point to the evolutionary significance or strong regulatory
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forces maintaining flux through these pathways.

Yet another interesting idea is to quantify changes in (A)EFM weights as a function
of changes to enzyme kinetics or other network perturbations. This is essentially a sen-
sitivity analysis of (A)EFM weights similar in principle to metabolic control analysis
(MCA). One could imagine perturbing one or more single kinetic parameters in a net-
work, computing the steady state fluxes, and decomposing those onto (A)EFMs. Two
broad questions that come to mind from this type of experiment are whether control
exerted by one or more enzymes is identical across (A)EFMs , and whether enzyme
kinetic parameters are “sloppy,”!3? leading to relatively stable (A)EFM weights. For
the former question, one could perturb a single kinetic parameter and observe how the
weights change across all (A)EFMs involving that reaction, in addition to their ranks
across all network (A)EFMs. For the latter question, I would hypothesize that global
kinetic perturbations to the network would result in discrete metabolic phenotypes char-
acterized by specific (A)EFM rank weight distributions. This invariance could also be
tested by running this experiment across networks parameterized according to different
enzyme kinetic parameter prediction tools.!3%307308 A discovery like this would point
to the simplicity of pathway flux distributions arising from complex, kinetic models of

metabolism.

I finally highlight whether dominant AEFMs can identify novel metabolic pathways
or interesting variations of existing ones. These questions are highly relevant in the con-
text of substrate utilization to characterize and engineer microbes and yeast. It is often
easier to generate or infer fluxes in these organisms due to their simpler metabolic net-
works and predictable metabolic phenotypes, and they are often studied to optimize the
production of desirable compounds. Carbon fixation pathways,3% for example, explain
the metabolism of input one carbon (C1) compounds into organic compounds. Vari-
ations of these pathways continue to be discovered such as the Gnd-Entner-Doudoroff

(GED) cycle,*! in addition to completely new metabolic processes such as the reductive
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glycine pathway by Sanchez-Andrea et al. in 2020.3! These pathways share similarities
with AEFMs given C1 compounds correspond to single carbon metabolites (although
some extend C1 to compounds with no carbon-carbon bonds.?'%313) AEFM analysis of
C1 metabolites may prove useful in quantifying pathway flux in organisms capable of
undergoing multiple carbon fixation pathways or, perhaps, discovering new metabolic

pathways altogether.
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A.1. PROOF OF CORRECTNESS OF THE CHMC ALGORITHM

A.1 PROOF OF CORRECTNESS OF THE CHMC
ALGORITHM

In this section, I establish the correctness of the CHMC algorithm described in Chap-
ter 3. By correctness, [ mean that it calculates EFM weights that attribute the correct
amount of flux for every reaction in the network. The first section below reprises some
definitions from Chapter 3. The next section establishes some lemmas about the steady
state properties of the Markov chain that tracks a single particle moving around the
network. I then establish some lemmas about steady state properties of the CHMC.
And in the final section, I complete the proof of the theorem by showing that the fluxes

are correctly explained.

A.1.1 FLUX NETWORK BASICS

A flux network is a triple G = (V. E, f), where V = {1,2,...,n} is a set of nodes
(metabolites), £ C V x V is a set of directed edges (reactions), and f are positive
edge weights (fluxes). I assume no node has an edge directly back to itself: (i,i) ¢ E
for all © € V. f may be defined either as a function f : F — R, or as a function

[:V xV = R where f;; >0 < (i,j) € E.

I restrict attention to strongly-connected flux networks, meaning that every node
is reachable from every other. I also restrict attention to steady-state flux networks,
meaning that the flux into any node equals the flux out of the node: for all i € V,
> jzifij = 2z fia- 1 call this the flux at node 4, and overload the f notation to

denote the flux at node i as f;.

I define the total network flux as fi,; = Z” fi;, and I define the normalized fluzes
as f7'; = fij/ fior- Obviously, if a set of elementary flux mode (EFM) weights explains

all the normalized fluxes f™ in a network, then f;,; times those weights explains all
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unnormalized fluxes f.

Finally, as already implied by the definitions above, I restrict attention to closed flux
networks, meaning there is no flux into or out of the system. However, this is a matter
merely of mathematical convenience. Any open flux network, where sources nodes
produce flux and sink nodes consume flux, can be trivially handled by our approach
as well. One simply represents the “exterior” of the network by a special node, and

connects flux providing and consuming edges to the source and sink nodes respectively.

In closed flux networks, the EFMs are the simple cycles of in network—paths that
begin and end at the same node, with no nodes repeated in between. I use C' =
{c1,¢a, ..., cx} todenote this set of cycles. Any particular cycle is of the form(vy, vo, . .., U1, Vm),

where v; = v,, € V, but no other v; are equal to each other.

A.1.2 MARKOV CHAIN STEADY STATE PROPERTIES

Based on the flux network G I define a Markov chain M = (S, T, sy) where the state
space is the same as the nodes of the flux network: S = V. The state-to-state transition
probabilities T' are proportional to the fluxes in the following sense: where s; denotes
a random variable representing the state of the chain at time ¢, T;; = Pr(s;1 =
jlse = @) = fij/> 5 fij- 1 arbitrarily choose the initial state of the Markov chain to
be so = 1 since the choice does not impact the long-term elementary flux mode (EFM)

probabilities.

Because the chain network G is strongly connected, the Markov chain M is irre-
ducible. It therefore has a unique steady state distribution 7 satisfying = - T = .

Indeed, the steady state probabilities are just the normalized fluxes at the nodes:

Lemma 1. The steady state distribution w of the Markov chain M is equal to the vector

of normalized state fluxes f™ of the flur network G: m = f".
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Proof: Let f™ be a row vector of the fluxes at the states 1,...,n, and consider the

j™ column of the Markov transition matrix, which I will denote 7’ ;. Then:

TR SRV TED VAR B

Since this is true for any j, then [ have f*-T = f". Note also that >, f* =3, ; fI'; =
Zm fij/ fiot = fiot/ frot = 1. Since 7 is the unique steady state vector satisfying 7-7' = 7

and ) 7 =1, and since f" satisfies the same two properties, then = = f".

I define the probabilistic flux 7; ; of the Markov chain as the steady state frequency
with which transitions from state 7 to state j occur, or equivalently, m; ; = m; - T} ;. It
follows immediately that m; ; = f;";, which I state in the lemma below without further
argument.

Lemma 2. The probabilistic fluzes m; ; of the Markov chain M are equal to the nor-
malized fluzes f. of the flux network G.

1,J

A.1.3 CvycCLE-HISTORY MARKOV CHAIN STEADY STATE
PROPERTIES

The cycle-history Markov chain (CHMC) is a Markov chain M¢ = (S¢,7°,s§) that
is constructed based on the Markov chain M. Every state s € 5S¢ in the CHMC
corresponds to a simple path of chain M starting from its initial state sq. That is,
s = (S,81,...,8m) for some m > 0, where all s; € S, sp = 1, and s; # s; for all
0 <1 < j < m. The state set S¢ corresponds to all possible simple paths in M,
where “possible paths” means paths with strictly positive probability. The initial state
of the CHMC corresponds to the trivial zero-step path starting at M’s initial state:
s§ = (so). For every CHMC state s = (s, s1,...,Sn) and for every Markov chain

state j that can be transitioned to from s, (i.e. every j where Ty, ; > 0), there is a

corresponding transition in the CHMC with the same probability. If state j is not on
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the path (sg, s1,. .., Sm), then the transition is to a CHMC state s’ = (sg, S1,- -, Sm, J)-
If state j is on the path (sg, $1,...,5m), say at s = j, then it is a transition to the
CHMC state corresponding to the shorter path s = (sg, s1,...,5). This latter type
of transition is called a cycle-/loop-/EFM-closing transition, because it corresponds to
the Markov chain finishing transiting a cycle—specifically, the cycle given by the latter
portion of s’s path: (sk, Skt1,.--,Sm,Sk). In the CHMC, it is self-evident that every
state is reachable from every other state. Therefore, the CHMC has a unique steady

state distribution 7¢ satisfying 7¢ - T° = 7°.

Whereas the CHMC construction “blows up” the Markov chain M’s state space
into a much larger state space of all possible paths, it is useful to consider a sort of
reverse transformation where I aggregate together different states of the CHMC based
on the final state of their path. That is, define a function A : S¢ — S where for
s = (S0, 81, ---,5m), | have A(s) = s,,. Recalling that the state set of the Markov chain
M, and the original flux network G, are just the numbers 1,2,...,n, then A is just a
mapping from S¢ to the numbers 1 to n. For convenience, let us also define the set of

CHMC states mapping to each Markov state i: S§ = {s € S¢: A(s) =i}.

I define the aggregated CHMC steady state distribution as 74 via: 71 = Y ose g¢ me.
In words, 74 is a vector where the i** element is the sum of steady state probabilities of
all CHMC state corresponding to paths ending at ¢. Our first main observation about
the CHMC is that the aggregated steady state probabilities are equal to the Markov

chain steady states.

Lemma 3. Where 7 is the steady state distribution of the Markov chain M, and where

74 are the aggregated steady state probabilities of the CHMC M¢: 74 = 7.

This makes intuitive sense. The CHMC is basically keeping multiple “copies” of
a Markov state ¢ based on the path followed to reach state :. However, ¢ always has

to be reached by some path. Therefore, by summing over all of those paths, I should
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arrive at the total probability of being in state i. However, I can argue more formally

as follows.

Proof: Consider any Markov state ¢ and consider any CHMC state corresponding to
a path ending at that state, s € Sf. Let T, denote the column of the CHMC transition

matrix corresponding to transitions into state s. Then I have
Cc __ C c __ C C
mg=n"-T5 = g g Tg s

The summation over s’ can alternatively be written as a double sum over Markov chain

states 7 and CHMC states corresponding to paths ending at j:

c __ c c
Ws—g E g Ty

I can further sum both sides of the equation over all CHMC states s” in the same

partition as s:

E 7T§// = E E E 7T§/ . TSC/7S//

s""€Se s"€S¢ jES /€8¢
I recognize the left hand side as the aggregated CHMC probability of states corre-
sponding to paths ending at state . Meanwhile, the right hand side can be rewritten

by reordering the sums.

7TZA = E E E 7T§/ ‘TSC/’S//

JES §'€S¢ 57ESE
The double summation over s’ and s” is not really a double summation, in the sense
that for any s’ € 5%, and assuming a transition to some s” € Sf is possible at all (i.e.
assuming 7;; > 0) then there will be one and precisely one s” to which s’ can transition.
All other transitions from s’ to other elements of S¢ will have probability zero. To be
precise, if s” is either a shorter part of the path represented by s, or if s” is a one-step

extension of the path represented by s’, then I will have Tg o = Tj;. Otherwise, I will
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have T% ., = 0. Therefore, I can rewrite as:

1"
,S

A— c ..
T _E : § :WS"TN

JES S/GS]?

From this, I deduce that:

A _ A
T —§ Ty - T

jes
Because this is true for any Markov state 4, I must have 74 = 74 . T, meaning that
74 is the (unique) steady state distribution for the Markov chain M, or in other words

7 = 74, establishing the lemma.

A similar result is true for the aggregated probabilistic fluxes of the CHMC. The
probabilistic flux from CHMC state s to state s’ is 7, = 7§ - T . 1 then define the

aggregated probabilistic fluxes for any i,j € S, as 7TZA]- = sege Xsrege oy
9 Z ] b

Lemma 4. The aggregated probabilistic fluxes W;f‘j of the CHMC M¢€ are equal to the
probabilistic fluzes m; ; of the Markov chain M, which are equal to the normalized fluzes

" of the flux network G.

,J

Proof: I start from the definition of the aggregated probabilistic flux:

A __ c c c __ c c
EDIDIEAED DD DL A D DL P

s€SY s’ES]C. s€S§ s’ES? seSY S’ESJ?

As explained in the previous section, the apparent double sum over s and s’ really only
has one non-zero term per s, because there is only one (at most) non-zero transition

from any element of Sf to any element of S. Therefore, I can write:

A __ c _ A — . R
T = § mg-Lij=m - Ti;=m Ti; =m;

s€SY

which completes the lemma.
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A.1.4 EXPLAINING FLUXES

I begin by establishing a means by which CHMC probabilistic fluxes 75, (not the
aggregated ones) can be “explained” in terms of weighted cycles, and then I extend
that result to show that a simple aggregation and rescaling of those same weights

explains the fluxes f; ; in the original flux network G.

I first show that the CHMC probabilistic fluxes can be explained by interpreting
them as a flux network. Specifically, consider the flux network G’ = (V' E’, ') where
the nodes are the same as the CHMC states: V' = S°. The transitions are (s,s') € £’
iff T¢

s,s’

> 0. And the fluxes are f’ = 7. Because this is a flux network, I know that the
fluxes can be explained by a weighted combination of elementary flux modes. What
are the EFMs of G'? First, G’ is a closed network, and so the EFMs are a set of
cycles, C" = {c},c, ..., c,}. However, it is a very special set of cycles. By construction
the CHMC transitions form a tree, with the exception of the loop-closing transition.
Therefore, every cycle ¢ contains precisely one loop-closure edge. And conversely, no
other cycle ¢’ includes that same loop-closure edge. Therefore, let us denote those
loop closure edges as (s;,s;) € E' for 1 < i <k, one for each cycle. When an EFM
is the one and only EFM to pass through a certain edge in a flux network, then the
flux (or weight) of that EFM must equal that flux of that edge—because there is no
other way to explain the flux on that edge. And since every EFM has one such edge,
I know therefore that there can only be one weighting of the EFMs that explains the
probabilistic flux f’, namely: EFM i must be given weight f,, o = 77;75;. Therefore, 1

have the following lemma.

Lemma 5. There is a set of non-negative weights wi,wh, ..., w;, that fully explain

(probabilistic) flures f' in the sense that: For all s,s" € V':

K 1 if (s, ecd

f;s’zzw;' Z

i=1 0 otherwise.
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!/

In particular, the weights are w, = T, ') is the loop-closure edge in the i"

5, where (si, 8

cycle (a.k.a. EFM) ¢,.

Finally, I connect the weights of the previous lemma to the original flux network G.
As stated in the main manuscript, by construction of the Markov chain M, the CHMC
Me¢, and the flux network G’, every EFM in G’ corresponds to an EFM in G. However,
as also demonstrated in the main text, an EFM in G can correspond to more than one
EFM in G'. In essence, G' can have multiple “copies” of the same EFM in G, prefaced
by different paths reaching that EFM. Therefore, where C' = {¢y,¢a,..., ¢} are the
EFMs of G and C" = {d|,d}, ..., } are the EFMs of G, I can define a many-to-one
mapping relating the two: Z : ' — C. And let us define the aggregated weights w?
for 1 <i <k as: w? = Z{CQ:Z(%):Q} wg-, where w; are the EFM weights for G’ of the
previous lemma. And finally, let us define the scaled aggregated weights as wy, ..., w

where w; = fior - wZ. Then I arrive at the main theorem.

Theorem 2. The weights wy,ws, ..., wy for the EFMs C' of flux network G fully explain

the normalized fluzes f in the sense that: For alli,j5 € V:

k 1 if(i,j) €

=1 0 otherwise.

Proof: Consider any 7,7 € V. Starting from the right hand side of the equation in
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the theorem, I have:

k 1 if (i,5) € ¢
>
=1

0 otherwise.

1 if (i,§) € ¢

k

VA

= E ftot'wl'
=1

0 otherwise.

1 if (i,5) € ¢

k
= 2fwe | 2w

=1 ¢ Z(ch)=c 0 otherwise.
The double sum is, equivalently, a sum over all cycles ¢’ of the CHMC M¢ (or network
G’). However, the 0/1 condition should be 1 only for those cycles containing what

amounts to an ¢ to j transition in the original Markov chain M:

s ) 1 ifds e Sfs" €55 st (s,5) €,
= Z ot~ Wy, -
m=1 0 otherwise.
/ (
k 1 if (s,8") €d,

= ftotzw;n Z

m=1  ses¢s'ess | 0 otherwise.

1 if (s,8) €d

m

¥
= fot Z wam

SES¢,5/ €85 m=1 0 otherwise.

= Jiot Z f;,sl

SESZ-C,S’ES]C-

where the last step follows from Lemma 5. Then:

= ftot Z ﬂ'g,s’

SESZ-C,S/ES;

A
= ftot " T

= ftot * T4
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where the last step comes from Lemma 4. Then by Lemma 2 I have:

Fuot - 15

. fi,j
ftot fto
fij

And so the theorem is proved.
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A2 LIST OF OPTIMIZATION-BASED METHOD SOLVERS

Table A.1: List of solvers for each optimization-based method. All except for Gurobi are
open-source and did not require a manual installation step. See
https://jump.dev/JuMP.jl/stable/installation/#Supported-solvers for more details.

COSMO

0SQP

Gurobi

SCIP

CDDLib

ECOS

GLPK

ProxSDP

Tulip

Minimize
L2

v

v

Maximize

qSPA

v

Maximize

ISPA

Minimize
ISPA

v
v
v

Minimize
milAP
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

A.3 SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH

MINOR CORRECTIONS)

Table A.2: Healthy and Alzheimer’s disease reaction parameters in the sphingolipid kinetic
model. Inhibition parameters were not provided by Wronowska et al. and were manually
estimated to satisfy flux conservation and steady state lipid concentrations in the healthy
model. (Kigip = 0.0356898872566651 and Kic1p = 0.1784494362833260).

Healthy Alzheimers
# Reaction Flux equation Km Vm k Km Vm T
(nmol/mg) (nmol/min/mg) (1/min) (nmol/mg) (nmol/min/mg) (1/min)
Vmq
1 — ER.CER (TOSTP/Kig p)x (11GA CTP/KiG1P) 0 - - 0 -
2 ER.CER — ER.SPH ] 0.08100 0.48000 - 0.08100 0.32000 -
3  ER.SPH — ER.CER e 0.17100 2.40000 - 0.17100 2.40000 -
4  ER.SPH — ER.S1P A e 0.00340 0.17500 - 0.00340 0.87500 -
Vmg X ER.S1P
5  ER.SIP —» ER.SPH S 0.03850 3.10000 0.03850 3.10000
VmgXER.S1P _ _
6  ERSIP — ERPhET + 2THD S Z2in 0.03500 0 0.03500 0
7 ER.CER — N.CER k7 x ER.CER —r7 X - - 0.80000 - - 0.80000
N.CER
8  N.CER — N.SM T T 0.15500 0.10900 - 0.15500 0.10900 -
9  N.SM — N.CER T 0.12600 0.00113 - 0.12600 0.10000 -
10 N.CER — N.SPH —O—X’;ioix:ggﬁ 0.06010 0.06800 - 0.06010 0.00453 -
11 N.SPH — N.SIP ey 0.00340 0.10000 - 0.00340 0.05000 -
12 N.S1P — N.SPH R 0.02500 1.24000 - 0.02500 1.24000 -
13 N.SM — ER.SM ki X N.SM —ry3 x - - 0.12000 - - 0.12000
ER.SM
14 N.SPH — C.SPH k14X N.SPH —r14% - - 0.50000 - - 0.50000
C.SPH
15 N.SIP — C.S1P k15 X N.S1P —ry5 x - - 0.44000 - - 0.44000
C.S1P
16  C.S1P — M.S1P kig X C.S1P —r16 X - - 0.25000 - - 0.25000
M.S1P
17 M.S1P — M.SPH e 0.03850 3.00000 - 0.03850 3.00000 -
18  M.SPH — M.S1P J—Xﬁisiﬁéﬁg 0.00340 0.15000 - 0.00340 0.07000 -
19  M.SPH — M.CER TSy 0.00250 0.10000 - 0.00250 0.10000 -
20 M.CER — M.SPH HR 0.14900 2.27000 - 0.14900 2.00000 -
21  M.SPH — C.SPH Koy x M.SPH—rg1 x - - 0.43000 - - 0.43000
C.SPH
22 C.SPH — ER.SPH koo X C.SPH —ray x - - 23.0000 - - 23.0000
ER.SPH
23 ER.SM — IM.SM kg X BR.SM —rag X - - 0.01000 - - 0.01000
IM.SM
24  ER.SM — OM.SM koa X ER.SM —ra4 x - - 0.00600 - - 0.01500
OM.SM
25  OM.SM — OM.CER s 0.04550 0.00100 - 0.04550 0.00200 -
Vmsgx OM.CER B -
26 OM.CER — OM.SPH A o 0.06010 0.12000 0.06010 0.08000
27 OM.SPH — OM.S1P AL 0.03400 0.11000 - 0.03400 0.05500 -
28 IM.SM — IM.CER Ay 0.14800 0.00200 - 0.14800 0.00250 -
VmgxIM.CER B B
29 IM.CER — IM.SPH A 0.06010 0.03000 0.06010 0.02000
30 IM.SPH — IM.S1P o 0.00506 0.00300 - 0.00506 0.00150 -
31 OM.CER — IM.CER k31 X OM.CER — - - 1.00000 - - 1.00000
r31 x IM.CER
32 OM.SPH — IM.SPH k32 x OM.SPH — - - 1.00000 - - 1.00000
raz x IM.SPH
33 IM.S1P — OM.S1P kss x IM.S1P — - - 1.00000 - - 1.00000
rag X OM.S1P
34 IM.SIP — C.S1P k34 x IM.S1P — - - 0.40000 - - 0.40000
r3q x C.S1P
35 IM.SPH — C.SPH ks x IM.SPH — - - 3.00000 - - 3.00000
ra5 x C.SPH
36  C.SPH — C.SIP e 0.00340 0.00360 - 0.00340 0.00100 -
37 C.S1P — ER.S1P kar X C.S1P —rgq x - - 4.50000 - - 4.50000
ER.S1P
38 ER.CER — M.CER kss x ER.CER — - - 1.00000 - - 1.00000
rag x M.CER
39 ER.CER — GA.CER kso X ER.CER — - - 5.00000 - - 1.00000

r39 X GA.CER
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

Table A.2 continued.

Healthy Alzheimers
# Reaction Flux equation Km Vm k Km Vm r
(nmol/mg) (nmol/min/mg) (1/min) (nmol/mg) (nmol/min/mg) (1/min)
40  ER.CER — GA.CER ko X ER.CER - - 0.08000 - - 0.02000
41 GACF.CER — GACF.GCER  mlXGACRCRE  0.04000 0.01000 - 0.40000 0.01000 -
42 GACF.GCER — GA.GIuCER  kyy x - - 1.00000 - - 1.00000
GACF.GluCER
43 GA.GIuCER — GA.LacCER s ey, 0-00300 0.00100 - 0.00300 0.00100 -
44  GA.LacCER — GA.GSL A e 0.00300 0.00100 0.00300 0.00100
45  GA.GSL — OM.GSL kas X GA.GSL - - 0.20000 - - 0.20000
46 OM.GSL — L.GSL kig X OM.GSL - - 0.03000 - - 0.03000
Vmy7xGA.LacCER B B
47 L.GSL — L.CER oA A AR 0.01900 0.00610 0.01900 0.00610
48 OM.SM — L.SM kag X OM.SM - - 0.00200 - - 0.01100
49 L.SM — L.CER f 0.04550 0.00183 - 0.04550 0.01000 -
50 L.CER — L.SPH s 0.14900 0.10000 0.14900 0.00669
51 L.SPH — C.SPH ksi x L.SPH - - 1.00000 - - 1.00000
52 GA.SPH — C.SPH ksa X GA.SPH — - - 0.20000 - - 0.20000
rs52 X C.SPH
53 GA.SPH — GA.S1P vy 0.00506 0.13000 - 0.00506 0.08000 -
. :
54 GA.SIP — GA.SPH sl XA 0.03600 2.00000 - 0.03600 2.00000 -
55 GA.CER — GA.SM N e T 0.02000 0.30000 - 0.02000 0.30000 -
56 GA.SM — OM.SM kse X GA.SM - - 0.01500 - - 0.04500
57  GA.SM — GA.CER ST 0.14800 0.05000 - 0.14800 0.07000 -
s :
58 GA.CER — GA.SPH e PR 0.08100 0.80000 - 0.08100 0.52900 -
59 GA.CER — GA.CIP B 0.10700 2.00000 - 0.10700 5.00000 -
60 GA.CIP — GA.CER ! 0.03600 0.75000 - 0.03600 0.75000 -
61 GA.CIP - OM.C1P k1 x GA.C1P - - 2.50000 - - 2.50000
62 OM.C1P — OM.CER T2 r T 0.03600 0.78000 - 0.03600 0.78000 -
Vmg3 xOM.CER
63 OM.CER — OM.C1P ] 0.10700 2.10000 - 0.10700 0.50000 -
64 — OM.SM kea - - 0 - - 0
65 — OM.CIP kes — res X - - 0 - - 0
OM.C1P
66— OM.CER ks - - 0 - - 0
67 — OM.SPH ker — rer X - - 0 - - 0
OM.SPH
68 — OM.SIP kes — Tes X - - 0 - - 0
OM.S1P
69 OM.S1P — OM.SPH e T 0.03600 0.43000 - 0.03600 0.43000 -
Note: f1 — Vg X L.SM

(Kma9+ L. SM)X(1+GA.C1P/Kic,p)X(1+C.51P/Kig, p)
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

Table A.3: System of ordinary differential equations of the sphingolipid network.

d[GA.C1P]  Vmsg x [GA.CER] Vmgo X [GA.C1P]
= - — kg1 X [GA.C1P]
dt Kmsg + [GA.CER] Kmgo + [GA.C1P]
d[OM.C1P] Vmea X [OM.C1P]  Vmgs X [OM.CER)]
————— "~ = ke¢1 X [GA.C1P] — + + ks — 765 X [OM.C1P]
dt Kmga + [OM.C1P] = Kmggz + [OM.CER)]
d[ER.CER] _ Vmy Vms X [ER.CER]  Vmgz x [ER.SPH)]
dt B (1+[¢-51P] % 1+[G,A-01PJ) Kma + [ER.CER] = Kmg + [ER.SPH]
Kigip Kicip
— (k7 X [ER.CER] — 77 X [N.CER)]) — (k3g X [ER.CER]
— 138 X [M.CER]) — (k39 X [ER.CER)]) — (kao x [ER.CERY])
d[IM.CER]  Vmag X [IM.SM]  Vmag X [IM.CER]
= - — (k31 X [[M.CER] — r31 x [OM.CER])
dt Kmag + [IM.SM]  Kmag + [[M.CER)]
d[L.CER] _ Vmyur x [L.GSL] Vmag X [L.SM]
dt " Kmy7 + [L.GSL] = (Kmyg + [L.SM]) X (1+ [GA.C1P]/Kic1p) X (14 [C.S1P]/Kig1p)
Vmsg X [L.CER)]
Kmgo + [L.CER]
d[GA.CER % x [GA.CER] V x [GA.SM] VvV x [GA.CER
[ ]:(k39><[ERACER])7 mss X [ ]+ ms7 X [ | Vmss x| ]
dat Kmgss + [GA.CER] Kmg7 4+ [GA.SM]  Kmgg + [GA.CER]

d[GACF.CER]

Vmsg X [GA.CER]  Vmgg X [GA.C1P]
Kmsg + [GA.CER]  Kmgo + [GA.C1P]

Vma1 X [GACF.CER)

= (k4o X [ER.CER]) —

= - + (kag X |[ER.CER] — r3g x [M.CER])

Vmg X [N.CER] Vmg x [N.SM] Vmig x [N.CER]

Kmg + [N.CER] Kmg + [N.SM]  Kmio + [N.CER]

dt Kma41 + |[GACF.CER)
d[M.CER] Vmig X [M.SPH]  Vmag X [M.CER]
dt Kmig + [M.SPH] Kmgg + [M.CER]
d[N.CER]
——— = (k7 X [ER.CER] - r7 X [N.CER)) -
d[OM.CER] Vmas x [OM.SM]  Vmgg x [OM.CER)]
dt Kmas + [OM.SM]  Kmaog + [OM.CER)

d[GA.GluCER)
dt

d[GACF.GluCER)]

= + (k31 X [[M.CER] — r31 x [OM.CER])

Vmgz x [OM.C1P]  Vmgs X [OM.CER) o
Kmea + [OM.C1P]  Kmegs + [OM.CER] | ¢

Vmys X [GA.GluCER]
Kmys + [GA.GIuCER)]

= (k42 X [FACF.GluCER]) —

Vma1 x [GACF.CER]

= — (ka2 X [GACF.GIuCER])

+ (k37 x [C.S1P] — r37 x [ER.S1P])

dt Kmy1 + [GACF.CER]
d[L.GSL] Vmar X [L.GSL]
P = (kag X [OM.GSL]) — — = 10
dt Kmyr + [L.GSL]
d[GA.GSL]  Vmyy x [GA.LacCER]
- — (k45 X [GA.GSL])
dt Kmyy + [GA.LacCER)]
d[OM.GSL)
= (ka5 X [GA.GSL]) = (kag x [OM.GSL))
d[GA.LacCER)] Vmys X [GA.GluCER)] Vmys X [GA.LacCER)]
dt " Kmuys + [GA.GIuCER] Kmuy4 + [GA.LacCER)]
d[C.81P]
— = (k15 X [N.S1P) = r15 x [C.S1P)) = (k16 X [C.S1P] = 716 X [M.S1P]) + (k34 x [[M.51P]
(C.51p]) + Lmae X ICSPH] ) cosip) [ER.S1P))
— T X . —_——————— — X . — T X .
34 Kmag + [C.SPH| 37 37
d[ER.S1P] _ Vmy4 x [ER.SPH]  Vms x [ER.S1P]  Vmg x [ER.S1P]
dt " Kmg4+ [ER.SPH|] Kms+ [ER.SIP] Kmg + [ER.S1P]
d[IM.S1P]  Vmgo X [IM.SPH]
= — (kss X [TM.S1P]) — (kag X [IM.S1P] — ray x [C.S1P])
dt Kmaso + [IM.SPH]
d[GA.S1P]  Vmss x [GA.SPH]  Vmss x [GA.S1P]
dt " Kms3 + [GA.SPH] Kmsy + [GA.S1P]
d[M.S1P] Vmir x [M.S1P]  Vmig X [M.SPH]
——; = (k16 X [C.S1P] — rig X [M.S1P]) —

Kmi7 + [M.S1P] ' Kmig + [M.SPH]
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

Table A.3 continued.

d[N.S1P]  Vmi1 x [N.SPH]  Vmia x [N.S1P]
= - — (k15 x [N.S1P] — r15 x [C.S1P])
dt Kmi1 + [N.SPH] Kmis + [N.S1P]
d[OM.S1P]  Vmgr x [OM.SPH] Vmgg x [OM.S1P]
= + (k3g X [IM.S1P]) + (k¢g — reg X [OM.S1P]) - —M————————
dt Kmar + [OM.SPH] Kmgo + [OM.S1P]
d[ER.SM
% = (k13 X [N.SM] — r15 x [ER.SM]) — (kas x [ER.SM] — rog x [IM.SM]) — (ka4 x [ER.SM]
— ro4 x [OM.SM])
d[IM.SM)] Vmag x [IM.SM]
————— = (k23 X [ER.SM] — ro3 X [IM.SM]) - ——————————
dt Kmag + [IM.SM]
d[L.SM] Vinge X [L.SM]
= (kag X [OM.SM]) — - -
dt (Kmag + [L.SM]) x (1 + [GA.C1P]/Kic1p) x (1+ [C.S1P]/Kigip)
d[GA.SM] V GA.CER v GA.SM
[ | _ Vmss x [ ]—(k56><[GA.SM])— ms7 X | ]
dt Kmss + [GA.CER] Kms7 + [GA.SM]
d[N.SM] Vmg x [N.CER] Vmg x [N.SM]
= - — (k13 x [N.SM] — r13 x [ER.SM])
dt Kmg + [N.CER] Kmg + [N.SM]
dlOM.5M] (k [ER.SM] [OM.sM]) — Lm2s X [OM. SM] (k [OM.SM]) + (k [GA.SM]) + (kgs)
_— X . — T X . -_-—— — X . X .
W 24 24 Krmas + [OM.SM] 48 56 64
d[C.SPH
% (k14 X [N.SPH] — r14 x [C.SPH]) + (ka1 x [M.SPH] — 1 x [C.SPH])
— (kaa X [C.SPH] — ra3 x [ER.SPH]) + (ks x [IM.SPH] — r35 x [C.SPH])
Vimss x [C.SPH] (k [L.SPH]) — (k [C.SPH] [GA.SPH))
- X . — 52 X . - X .
Kmas + [C.SPH] 5t 52 52
d[ER.SPH] _ Vmg X [ER.CER] Vms x [ER.SPH] Vmy x [ER.SPH]  Vmsg x [ER.S1P]
dt Kmgy + [ER.CER] Kmg + [ER.SPH] Kmy + [ER.SPH] = Kms + [ER.S1P]
+ (kag X [C.SPH] — roo x [ER.SPH])
d[IM.SPH| Vmag x [IM.CER] Vmsgg x [[M.SPH]
- — (k3 X [IM.SPH] — r33 x [OM.SPH])
dt Kmag + [IM.CER] Kmsg + [IM.SPH]
— (ks x [IM.SPH] — r35 x [C.SPH])
d[L.SPH] Vmso x [L.CER]
— (ks1 x [L.SPH]))
dt Kmso + [L.CER]
d[GA.SPH] Vmss x [GA.SPH]  Vmss x [GA.S1P]  Vmsg x [GA.CER]
S T (kso x [C.SPH] — r5y x [GA.SPH]) —
dt Kmss + [GA.SPH] = Kmss + [GA.S1P] | Kmsg + [GA.CER]
d[M.SPH] _ Vmi7 x [M.S1P]  Vmig x [M.SPH]  Vmig X [M.SPH] = Vmag x [M.CER]
dt Kmy7 + [M.S1P]  Kmig + [M.SPH] Kmig + [M.SPH] ' Kmag + [M.CER)]
— (kg1 X [M.SPH] — roy x [C.SPH])
d[N.SPH] V x [N.CER] V x [N.SPH] V x [N.S1P
[ _ Vmo 1 1 _ Yma x1 ] mz X | L (hia x N.SPH] — 114 x [C.SPH])
dt Kmio + [N.CER] Km11 + [N.SPH] = Kmis + [N.S1P]
d[OM.SPH] Vmag x [OM.CER]  Vmar x [OM.SPH]
- + (k3a X [IM.SPH] — r35 x [OM.SPH])
dt Kmag + [OM.CER]  Kmar + [OM.SPH]

Vimgg x [OM.S1P]

k — X [OM.SPH
+ (ko7 — re7 X | ])+Km69+[OM.SlP]
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

Table A.4: Steady state sphingolipid concentrations for the healthy and Alzheimer’s disease
kinetic model.

# Class Healthy concentration Alzheimer’s disease concentration
(nmol/mg) (nmol/mg)
1 GA.C1P 0.001459 0.002544
2 OM.C1P 0.002373 0.001674
3 ER.CER 0.004556 0.015994
4 IM.CER 0.002204 0.006029
5 L.CER 0.002455 0.191720
6 GA.CER 0.001788 0.001209
7  GACF.CER 0.001513 0.001322
8 M.CER 0.004094 0.007883
9 N.CER 0.001980 0.057990
10 OM.CER 0.002322 0.006417
11 GA.GIuCER 0.001720 0.001411
12 GACF.GluCER 0.000364 0.000320
13 L.GSL 0.001207 0.001051
14 GA.GSL 0.001822 0.001599
15 OM.GSL 0.012148 0.010663
16 GA.LacCER 0.001720 0.001411
17 C.51P 0.000327 0.000154
18 ER.S1P 0.001218 0.008694
19 IM.S1P 0.000620 0.000438
20 GA.S1P 0.000663 0.000218
21 M.S1P 0.001021 0.000801
22 N.S1P 0.001135 0.000592
23 OM.S1P 0.000645 0.000503
24 ER.SM 0.160374 0.243261
25 IM.SM 0.132108 0.199413
26 L.SM 0.105423 0.024589
27 GA.SM 0.123667 0.041210
28 N.SM 0.011979 0.041789
29 OM.SM 0.628298 0.313096
30 C.SPH 0.001162 0.001432
31 ER.SPH 0.003909 0.006367
32 IM.SPH 0.001796 0.003148
33 L.SPH 0.001621 0.003764
34 GA.SPH 0.001945 0.000896
35 M.SPH 0.003631 0.023567
36 N.SPH 0.004038 0.004664
37 OM.SPH 0.002293 0.003768
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

Table A.5: Steady state sphingolipid fluxes for the healthy and Alzheimer’s disease kinetic
model.

# Reaction Healthy flux ~ Alzheimer’s disease flux
(nmol/mg/min) (nmol/mg/min)

1  — ER.CER 0 0

2 ER.CER — ER.SPH 0.025560 0.052766
3 ER.SPH — ER.CER 0.053634 0.086157
4  ER.SPH — ER.S1P 0.093591 0.570411
5 ER.S1P — ER.SPH 0.095056 0.571062
6 ER.SIP — ER.PhET + 2THD 0 0

7 ER.CER — N.CER 0.003446 0.006996
8 N.CER — N.SM 0.001375 0.029677
9 N.SM — N.CER 0.000098 0.024906
10 N.CER — N.SPH 0.002169 0.002224
11 N.SPH — N.S1P 0.054287 0.028918
12 N.S1P — N.SPH 0.053869 0.028696
13 N.SM — ER.SM 0.001277 0.004771
14 N.SPH — C.SPH 0.001752 0.002002
15 N.S1P — C.S1P 0.000418 0.000222
16 C.S1P — M.S1P 0.000037 0.000003
17 M.S1P — M.SPH 0.077500 0.061178
18 M.SPH — M.S1P 0.077463 0.061174
19 M.SPH — M.CER 0.059223 0.090409
20 M.CER — M.SPH 0.060708 0.100491
21 M.SPH — C.SPH 0.001522 0.010085
22 C.SPH — ER.SPH 0.026610 0.032739
23 ER.SM — IM.SM 0.000943 0.001436
24  ER.SM — OM.SM 0.000334 0.003336
25 OM.SM — OM.CER 0.000932 0.001746
26 OM.CER — OM.SPH 0.004463 0.007718
27 OM.SPH — OM.S1P 0.006950 0.005487
28 IM.SM — IM.CER 0.000943 0.001435
29 IM.CER — IM.SPH 0.001061 0.001823
30 IM.SPH — IM.S1P 0.000786 0.000575
31 OM.CER — IM.CER 0.000118 0.000388
32 OM.SPH — IM.SPH 0.005083 0.008156
33 IM.S1P — OM.S1P 0.000620 0.000438
34 IM.S1P — C.S1P 0.000166 0.000137
35 IM.SPH — C.SPH 0.005358 0.009404
36 C.SPH — C.S1P 0.000917 0.000296
37 C.S1P — ER.S1P 0.001464 0.000652
38 ER.CER — M.CER 0.001485 0.010082
39 ER.CER — GA.CER 0.022779 0.015994
40 ER.CER — GA.CER 0.000364 0.000320
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A.3. SPHINGOLIPID KINETIC MODEL (REPRODUCED WITH MINOR
CORRECTIONS)

Table A.5 continued.

# Reaction Healthy flux ~ Alzheimer’s disease flux
(nmol/mg/min) (nmol/mg/min)

41 GACF.CER — GACF.GluCER 0.000364 0.000320
42  GACF.GIuCER — GA.GIuCER 0.000364 0.000320
43  GA.GluCER — GA.LacCER 0.000364 0.000320
44  GA.LacCER — GA.GSL 0.000364 0.000320
45 GA.GSL — OM.GSL 0.000364 0.000320
46 OM.GSL — L.GSL 0.000364 0.000320
47 L.GSL — L.CER 0.000364 0.000320
48 OM.SM — L.SM 0.001256 0.003444
49 L.SM — L.CER 0.001256 0.003444
50 L.CER — L.SPH 0.001621 0.003764
51 L.SPH — C.SPH 0.001621 0.003764
52 GA.SPH — C.SPH 0.017275 0.007779
53 GA.SPH — GA.S1P 0.036100 0.012037
54 GA.S1P — GA.SPH 0.036100 0.012037
55 GA.CER — GA.SM 0.024616 0.017100
56 GA.SM — OM.SM 0.001855 0.001854
57 GA.SM — GA.CER 0.022761 0.015246
58 GA.CER — GA.SPH 0.017275 0.007779
59 GA.CER — GA.C1P 0.032867 0.055861
60 GA.C1P — GA.CER 0.029218 0.049501
61 GA.C1P — OM.C1P 0.003648 0.006360
62 OM.C1P — OM.CER 0.048244 0.034650
63 OM.CER — OM.C1P 0.044595 0.028290
64 — OM.SM 0 0

65 — OM.CI1P 0 0

66 — OM.CER 0 0

67 — OM.SPH 0 0

68 — OM.S1P 0 0

69 OM.S1P — OM.SPH 0.007570 0.005926
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A.4. SPHINGOLIPID NETWORK ELEMENTARY FLUX MODES

A4 SPHINGOLIPID NETWORK ELEMENTARY FLUX

MODES

Table A.6: Description of each EFM in Table A.7.

EFM Metabolite sequence

1

GA.SM — GA.CER — GA.SM

2

ER.CER — GA.CER — GASM — OM.SM — OM.CER — IM.CER —
IM.SPH — IM.S1P — C.S1P — M.S1P —- M.SPH — C.SPH — ER.SPH —
ER.CER

ER.CER — ER.SPH — ER.CER

M.SPH — C.SPH — ER.SPH — ER.CER — N.CER — N.SM — ER.SM —
OM.SM — OM.CER — OM.SPH — IM.SPH — IM.S1P — C.S1P — M.S1P
— M.SPH

M.SPH — M.S1P — M.SPH

D

N.S1P — N.SPH — N.S1P

N.S1P — C.S1P — ER.S1P — ER.SPH — ER.CER — N.CER — N.SPH —
N.S1P

GA.S1P — GA.SPH — GA.S1P

Ne)

M.SPH — C.SPH — C.S1P — M.S1P — M.SPH

L.SPH — C.SPH — ER.SPH — ER.CER — N.CER — N.SM — ER.SM —
OM.SM — L.SM — L.CER — L.SPH

11

N.SM — N.CER — N.SM

12

M.SPH — M.CER — M.SPH

13

M.SPH — C.SPH — ER.SPH — ER.CER — M.CER — M.SPH

14

C.SPH — ER.SPH — ER.CER — GACF.CER — GACF.GluCER —
GA.GluCER — GA.LacCER — GA.GSL — OM.GSL — L.GSL — L.CER
— L.SPH — C.SPH

15

C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — GACF.CER —
GACF.GluCER — GA.GluCER — GA.LacCER — GA.GSL — OM.GSL —
L.GSL — L.CER — L.SPH — C.SPH

16

IM.CER — IM.SPH — C.SPH — ER.SPH — ER.CER — N.CER — N.SM —
ER.SM — IM.SM — IM.CER

17

OM.SPH — IM.SPH — IM.S1P — OM.S1P — OM.SPH

18

OM.SPH — OM.S1P — OM.SPH

19

IM.SM — IM.CER — IM.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH —
ER.CER — N.CER — N.SM — ER.SM — IM.SM

20

GA.SPH — C.SPH — ER.SPH — ER.CER — GA.CER — GA.SPH

21

IM.SM — IM.CER — IM.SPH — IM.S1P — C.S1P — M.S1P — M.SPH —
C.SPH — ER.SPH — ER.CER — N.CER — N.SM — ER.SM — IM.SM

22

OM.SM — OM.CER — IM.CER — IM.SPH — IM.S1P — C.S1P — ER.S1P
— ER.SPH — ER.CER — GA.CER — GA.SM — OM.SM
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Table A.6 continued.

EFM Metabolite sequence

23

N.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — N.CER —
N.SPH

24

IM.SM — IM.CER — IM.SPH — IM.S1P — C.S1P — ER.S1P — ER.SPH —
ER.CER — N.CER — N.SM — ER.SM — IM.SM

25

ER.CER — GA.CER — GA.SM — OM.SM — L.SM — L.CER — L.SPH —
C.SPH — ER.SPH — ER.CER

26

ER.SM — OM.SM — L.SM — L.CER — L.SPH — C.SPH — C.S1P — ER.S1P
— ER.SPH — ER.CER — N.CER — N.SM — ER.SM

27

M.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — M.CER —
M.SPH

28

OM.SM — OM.CER — OM.SPH — IM.SPH — IM.S1P — C.S1P — ER.S1P
— ER.SPH — ER.CER — GA.CER — GA.SM — OM.SM

29

OM.SM — OM.CER — IM.CER — IM.SPH — IM.S1P — C.S1P — ER.S1P
— ER.SPH — ER.CER — N.CER — N.SM — ER.SM — OM.SM

30

ER.S1P — ER.SPH — ER.S1P

31

OM.SM — OM.CER — OM.SPH — IM.SPH — IM.S1P — C.S1P — ER.S1P
— ER.SPH — ER.CER — N.CER — N.SM — ER.SM — OM.SM

32

ER.CER — GA.CER — GA.SM — OM.SM — OM.CER — OM.SPH —
IM.SPH — C.SPH — ER.SPH — ER.CER

33

ER.SM — OM.SM — OM.CER — OM.SPH — IM.SPH — C.SPH — C.S1P
— ER.S1P — ER.SPH — ER.CER — N.CER — N.SM — ER.SM

34

N.S1P — C.S1P — M.S1P — M.SPH — C.SPH — ER.SPH — ER.CER —
N.CER — N.SPH — N.S1P

35

N.SPH — C.SPH — ER.SPH — ER.CER — N.CER — N.SPH

36

GA.CER — GA.C1P — OM.C1P — OM.CER — IM.CER — IM.SPH —
C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — GA.CER

37

GA.CER — GA.C1P - OM.C1IP —- OM.CER — OM.SPH — IM.SPH —
C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — GA.CER

38

IM.SPH — C.SPH — ER.SPH — ER.CER — N.CER — N.SM — ER.SM —
OM.SM — OM.CER — OM.SPH — IM.SPH

39

OM.CER — OM.C1P — OM.CER

40

L.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — GA.CER —
GA.SM — OM.SM — L.SM — L.CER — L.SPH

41

GA.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — GA.CER
— GA.SPH

42

ER.CER — GA.CER — GA.SM — OM.SM — OM.CER — OM.SPH —
IM.SPH — IM.S1P — C.S1P — M.S1P — M.SPH — C.SPH — ER.SPH —
ER.CER

43

ER.CER — GA.CER — GA.SM — OM.SM — OM.CER — IM.CER —
IM.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER
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Table A.6 continued.

EFM Metabolite sequence

44

GA.CER — GA.C1P — OM.C1P — OM.CER — IM.CER — IM.SPH —
C.SPH — ER.SPH — ER.CER — GA.CER

45

ER.SM — OM.SM — OM.CER — IM.CER — IM.SPH — C.SPH — ER.SPH
— ER.CER — N.CER — N.SM — ER.SM

46

GA.CER — GA.C1P — OM.C1P — OM.CER — OM.SPH — IM.SPH —
C.SPH — ER.SPH — ER.CER — GA.CER

47

M.SPH — C.SPH — ER.SPH — ER.CER — N.CER — N.SM — ER.SM —
OM.SM — OM.CER — IM.CER — IM.SPH — IM.S1P — C.S1P — M.S1P
— M.SPH

48

IM.SPH — C.SPH — C.S1P — ER.S1P — ER.SPH — ER.CER — N.CER —
N.SM — ER.SM — OM.SM — OM.CER — IM.CER — IM.SPH

49

OM.SM — OM.CER — OM.SPH — IM.SPH — C.SPH — C.S1P — ER.S1P
— ER.SPH — ER.CER — GA.CER — GA.SM — OM.SM

20

GA.CER — GA.C1P — OM.C1P — OM.CER — IM.CER — IM.SPH —
IM.S1P — C.S1P — ER.S1P — ER.SPH — ER.CER — GA.CER

ol

GA.CER — GA.C1P - OM.C1P —- OM.CER — OM.SPH — IM.SPH —
IM.S1P — C.S1P — ER.S1P — ER.SPH — ER.CER — GA.CER

o2

GA.CER — GA.C1P — OM.C1P — OM.CER — IM.CER — IM.SPH —
IM.S1P — C.S1P — M.S1P — M.SPH — C.SPH — ER.SPH — ER.CER —
GA.CER

23

ER.CER — GA.CER — GA.SM — OM.SM — OM.CER — IM.CER —
IM.SPH — C.SPH — ER.SPH — ER.CER

o4

GA.CER — GA.C1P — OM.C1P — OM.CER — OM.SPH — IM.SPH —
IM.S1P — C.S1P — M.S1P —+ M.SPH — C.SPH — ER.SPH — ER.CER —
GA.CER

25

GA.CER — GA.C1P — GA.CER
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A.5. MARKOV WEIGHTS FOR THE HEALTHY AND ALZHEIMER'’S DISEASE
SPHINGOLIPID NETWORK

A5 MARKOV WEIGHTS FOR THE HEALTHY AND
ALZHEIMER’S DISEASE SPHINGOLIPID NETWORK

Table A.7: EFM weights for the Markov method in the healthy and Alzheimer’s disease
condition. Column name c refers to the number of reactions across unique compartments in

the sphingolipid network (9 total). Column name [ refers to the number of reactions in each
EFM.

EFM Wt Wad log, <Z}’Z‘i) Wed — Wt c 1
1 2.276 x 1072 1.525 x 1072 —5.781 x 107! —7515x107% 1 2
2 1.449 x 108 2.176 x 1079 —2.736 —-1232x107% 6 13
3 2.556 x 1072 5.277 x 1072 1.046 2.721x1072 1 2
4 0.882 x 10~8 7779 x 1078 —3.452x 1071  —2.103x 107 6 14
5 7.746 x 1072 6.117 x 1072 —3.406 x 10~ —1.629x1072 1 2
6 5.387 x 1072 2.870 x 1072 —9.086 x 107!  —2517x 1072 1 2
7 4.080 x 1074 2208 x 1074  —8.855x 107! —1871x107%* 3 7
8 3.610 x 1072 1.204 x 1072 —1.585 —2.406x 1072 1 2
9 2.203 x 1075 1.535 x 1076  —3.901 —2.139x107® 2 4
10 1.855 x 10~* 2.194 x 1073 3.564 2.008x 1073 5 10
11 9.810 x 10~° 2.491 x 10~2 7.988 2481 x 1072 1 2
12 5.922 x 1072 9.041 x 102 6.103 x 101 3.119x 1072 1 2
13 1.437 x 1073 9.992 x 10~3 2.798 8555 x1073 3 5
14 3.526 x 10~ 3.170 x 107*  —1.535 x 107 —3.559 x 107® 6 12
15 1.185 x 107° 2.855 x 1076 —2.054 —8999x107% 6 14
16 8.850 x 10~* 1.402 x 1073 6.640 x 1071 5173 x107%* 4 9
17 6.198 x 10~* 4385 x 107* —4.991 x 10~ —-1.813x10™* 2 4
18 6.950 x 10~3 5487 x 1073 —3.409 x 107! —1.463x1073% 1 2
19 2.975 x 1075 1.263 x 107>  —1.236 —1.712x 107 4 11
20 1.671 x 1072 7710 x 1073 —1.116 —9.004x107% 3 5
21 6.725 x 1077 1.045 x 1077 —2.686 —5680x 107 5 13
22 5.972 x 1077 4263 x 1077 —4.863x 107t —-1.709x10"7 5 11
23 5.697 x 107° 1.787 x 107> —1.672 —3909%x10° 3 7
24 2.771 x 1075 2.047 x 1075  —4.365 x 107  —7.234x107% 4 11
25 1.030 x 103 1.220 x 103 2.434 x 1071 1.893x107* 5 9
26 6.234 x 1076 1.975 x 107° 1.664 1.352x 107> 5 12
27 4.830 x 107° 8.997 x 10~° 8.975 x 10~1 4167 x107° 3 7
28 2.262 x 1075 8472 x 1076  —1.417 —1414 x107°> 5 11
29 1.075 x 107 7.668 x 10~7 2.835 6.593 x 1077 5 12
30 9.359 x 1072 5.704 x 1071 2.608 4768 x 1071 1 2
31 4.071 x 1076 1.524 x 107° 1.904 1.117x 107> 5 12
32 7.224 x 10~* 5803 x 107* —3.160 x 1071 —1421x107* 5 9
33 4.372 x 1076 9.399 x 10~6 1.104 5028 x 1076 5 12
34 9.903 x 10~6 1.127 x 1076 —3.135 8775 x107% 4 9
35 1.695 x 103 1.985 x 103 2.280 x 101 2901 x107* 3 5
36 2.961 x 1076 2.680 x 107  —1.436 x 107 —2.805x 107 5 11
37 1.121 x 10~* 5.326 x 1075  —1.074 5886 x107° 5 11
38 1.300 x 10~* 1.044 x 103 3.005 9.138 x107* 5 10
39 4.459 x 1072 2.829 x 1072 —6.566 x 107! —1.631x1072 1 2
40 3.463 x 1075 1.098 x 107®>  —1.657 —2.365x 107> 5 11
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SPHINGOLIPID NETWORK

Table A.7 continued.

EFM Wt Wed log, <zﬁzj> Wad — Wit c 1
41 5.619 x 10~ 6.942 x 1075  —3.017 —4.924x107* 3 7
42 5.490 x 1077 4.324 x 107%  —3.666 —5.057x 1077 6 13
43 6.412 x 1077 2.629 x 10°7  —1.286 —-3.783x 1077 5 11
44 8.807 x 1075 2.976 x 10~* 1.757 209 x107* 5 9
45 3.434 x 1076 5.252 x 1075 3.935 4909 x107° 5 10
46 3.335 x 1073 5.915 x 10~3 8.266 x 1071 2580x1073% 5 9
47 2.609 x 10~° 3.914 x 107° 5.850 x 1071 1.305x 1072 6 14
48 1.154 x 1077 4.730 x 1077 2.035 3.575x 1077 5 12
49 2.428 x 1075 5.225 x 1076 —2.216 —1.906 x 107> 5 11
50 2.757 x 1076 4.345 x 10~ 6.563 x 101 1.588 x107¢ 5 11
51 1.044 x 104 8636 x 1075 —2.740 x 107! —-1.806 x107° 5 11
52 6.692 x 10~8 2218 x 1078  —1.593 —4.474x 1078 6 13
53 1.907 x 107° 2.920 x 10~° 6.142 x 10~ 1 1.012x10°®> 5 9
54 2.535 x 1076 4408 x 1077  —2.523 —2.094x10°% 6 13
55 2.922 x 1072 4.950 x 102 7.606 x 101 2028%x1072 1 2
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A.6 INDIVIDUAL FLUX RECONSTRUCTION ERROR
ACROSS METHODS
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Figure A.1: Error between individual fluxes reconstructed from EFM weights from different
methods and the observed network fluxes for (a) healthy sphingolipid network and (b)
Alzheimer’s disease sphingolipid network. Precision measured as — log; (3> (Aw — v)?/|v])
where A is the binary matrix of EFM weights (rows are reactions, columns are EFMs), w is
the set of EFM weights, and v is the vector of observed network fluxes.
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A7 TOTAL FLUX RECONSTRUCTION ERROR ACROSS
METHODS
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Figure A.2: Error between total fluxes reconstructed from EFM weights from different
methods and the observed network fluxes for (a) healthy sphingolipid network and (b)
Alzheimer’s disease sphingolipid network. Precision measured as — log; (3> (Aw — v)?/|v])
where A is the binary matrix of EFM weights (rows are reactions, columns are EFMs), w is
the set of EFM weights, and v is the vector of observed network fluxes.
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B

A DOMINANT PATHWAY FLUX
HYPOTHESIS

B.1 SOLVING FOR THE POWER LAW DISTRIBUTION
PARAMETER k£ BY MAXIMUM LIKELIHOOD
ESTIMATION

The power law distribution for the continuous random variable x is defined as:
f(z) = a(zm, )z ™" (B.1)

where k is the power law exponent, and a is the normalizing constant that depends
on the value of k£ for some value of x > z,,. Parameters such as k can be solved
by maximum likelihood estimation (MLE) which maximizes the (log-)likelihood func-

tion of the distribution conditioned on the observed data. This can be achieved in the
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B.1. SOLVING FOR THE POWER LAW DISTRIBUTION PARAMETER k BY
MAXIMUM LIKELIHOOD ESTIMATION

fitdistrplus package in R for many types of distributions. However, this package
does not support the power law distribution since the likelihood function includes ',
and increases as T, grows larger. This motivates an analytical solution to fit power

laws to the steady state flux and rescaled elementary flux mode (EFM) weight data.

Starting with Equation (B.1), the likelihood function of the power law is written as

xz |Im1n7

N
H (2| Tmin, k) (B.2)

a(Zmin, k)x-_k. (B.3)

7

éz 1§

1

-.
Il

To solve for the normalizing constant a, I integrate the likelihood function over z,;, —

oo and set it equal to one assuming that £ > 1:

1= / AT, k)" da (B.4)
1 —k+1 >
1= a(xmin7 k) —k+ 1$ (B5)
1 —k+1 1 —k+1
1= (I(xminy k) —k+ 100 - a<xmina k) —k+ 1$min <B6)
(B.7)

Since é — 0, I can rearrange to solve for the normalizing constant:

1
1= _a(xmina k)—kf + 1x_k+1 <B8>
—(k—1) = —a(mn, k:)x;ﬁfl (B.9)
1
k—1=a(rmin, k)5 (B.10)
xmin
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B.1. SOLVING FOR THE POWER LAW DISTRIBUTION PARAMETER k BY

MAXIMUM LIKELIHOOD ESTIMATION

From here, one can substitute the normalizing constant into the original power law

equation to solve for the MLE. But first, it is convenient to rearrange the power law

equation to make the calculation easier:

The likelihood L and the log-likelihood L are

N

k—1 ZT; "
- Zl_‘[ Lmin . <xmin)

N —k
Elafrun ) =t | [T ( )
1 min min

1=

f: [m — In(2mi) — kln (mi)]

=1

L(xi|xmin7 k)

L(x;|Tmin, k) = N1In(k — 1) — N In(Zmin) krz [ (

xmln

)|

(B.12)
(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

Differentiating the log-likelihood with respect to k and setting the derivative to zero
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B.1. SOLVING FOR THE POWER LAW DISTRIBUTION PARAMETER k BY
MAXIMUM LIKELIHOOD ESTIMATION

leads to the optimal value for k£ that maximizes the log-likelihood function:

dﬁ(xim'mina k)

et () =)
=IC) e

=G =29
cey(pm(Z)) e

B.1.1 COMPUTING GOODNESS-OF-FIT STATISTICS AND
GENERATING PLOTS

This section describes additional details on fitting heavy tailed distributions to the
steady state flux and rescaled EFM weight datasets. By defining generic power law
methods, the log-likelihood and goodness-of-fit statistics for all distributions were com-
puted using the fitdistrplus. Using the power law methods, I initialized an empty
power law object and manually imputed the x,,;, and k£ parameters computed in the pre-
vious section. This allowed me to use fitdistrplus functions to numerically estimate
the log-likelihood and the Kolmogorov-Smirnov (KS) statistic for all three distribution
and generate the quantile-quantile (Q-Q), probability-probability (P-P), and comple-

mentary cumulative distribution function (CDF) plots.
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B.2 MAPPING GENES TO REACTIONS

Table B.1: Gene-to-reaction mappings.

Reaction (#) Gene EntrezID Enzyme

2 ACER3 55331 Alkaline ceramidase 3

3 CERS1 10715 Ceramide synthase 1

3 CERS2 29956 Ceramide synthase 2

3 CERS3 204219 Ceramide synthase 3

3 CERS} 79603 Ceramide synthase 4

3 CERS5 91012 Ceramide synthase 5

3 CERS5 253782 Ceramide synthase 6

4 SPHK?2 56848 Sphingosine kinase 2

5 SGPP1 81537 Sphingosine-1-phosphate phosphatase 1
5 SGPP2 130367 Sphingosine-1-phosphate phosphatase 2
8 SGMS1 259230 Sphingomyelin synthase 1

8 SGMS2 166929 Sphingomyelin synthase 2

9 SMPD2 6610 Sphingomyelin phosphodiesterase 2

9 SMPD3 55512 Sphingomyelin phosphodiesterase 3

9 SMPD/j 55627 Sphingomyelin phosphodiesterase 4

10 ASAH2 56624 N-acylsphingosine amidohydrolase 2

11 SPHK?2 56848 Sphingosine kinase 2

12 PLPP1 8611 phospholipid phosphatase 1

17 SGPP1 81537 Sphingosine-1-phosphate phosphatase 1
18 SPHK?2 56848 Sphingosine kinase 2

19 CERS1 10715 Ceramide synthase 1

19 CERS2 29956 Ceramide synthase 2

19 CERS3 204219 Ceramide synthase 3

19 CERS) 79603 Ceramide synthase 4

19 CERS5 91012 Ceramide synthase 5

19 CERS5 253782 Ceramide synthase 6

20 ASAH1 427 N-acylsphingosine amidohydrolase 1

25 SMPD1 6609 Sphingomyelin phosphodiesterase 1

26 ASAH2 56624 N-acylsphingosine amidohydrolase 2

27 SPHK1 8877 Sphingosine kinase 1

27 SPHK?2 56848 Sphingosine kinase 2

28 SMPD2 6610 Sphingomyelin phosphodiesterase 2

29 ASAH2 56624 N-acylsphingosine amidohydrolase 2

30 SPHK1 8877 Sphingosine kinase 1

36 SPHK?2 56848 Sphingosine kinase 2

40 UGCG 7357 UDP-glucose ceramide glucosyltransferase
43 BJGALT6 9331 Beta-1,4-galactosyltransferase 6

A7 GBA1 2629 Glucosylceramidase beta 1
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B.2. MAPPING GENES TO REACTIONS

Table B.1 continued.

Reaction (#)  Gene  EntrezID Enzyme
49 SMPD1 6609 Sphingomyelin phosphodiesterase 1
50 ASAH1 427 N-acylsphingosine amidohydrolase 1
53 SPHK1 8877 Sphingosine kinase 1
54 PLPP1 8611 phospholipid phosphatase 1
54 PLPP2 8612 phospholipid phosphatase 2
55 SGMS1 259230 Sphingomyelin synthase 1
57 SMPD2 6610 Sphingomyelin phosphodiesterase 2
58 ACER2 340485 Alkaline ceramidase 2
58 ACER3 55331 Alkaline ceramidase 3
59 CERK 64781 Ceramide kinase
60 PLPP1 8611 phospholipid phosphatase 1
60 PLPP2 8612 phospholipid phosphatase 2
62 PLPP1 8611 phospholipid phosphatase 1
62 PLPP2 8612 phospholipid phosphatase 2
62 PLPP3 8613 phospholipid phosphatase 3
63 CERK 64781 Ceramide kinase
69 PLPP1 8611 phospholipid phosphatase 1
69 PLPP2 8612 phospholipid phosphatase 2
69 PLPP3 8613 phospholipid phosphatase 3
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B.3 FITTED DISTRIBUTION FROM THE POWERLAW
PACKAGE

The following data were fitted to heavy- and light-tailed distributions using the method

of Clauset et al.??3 as implemented in the poweRlaw package:?*?

1. All steady state fluxes within a given sample condition.
2. All rescaled EFM weights within a given sample condition.

3. The unperturbed V.. parameters within the Alzheimer’s disease and control

condition.

Goodness-of-fit was assessed by bootstrapping 1000 synthetic samples for each em-
pirical distribution and computing a P-value defined as the fraction of synthetic KS
statistics greater than that from the empirical data. Data plausibility following a given
distribution was defined at a P > 0.10 cutoff. Note that the lower bound for each heavy-
tailed distribution was computed by finding the smallest value of x,,;, that minimized

the KS statistic.
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B.3.1 ALL FLUXES WITHIN GIVEN CONDITION SAMPLE
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Figure B.1: Fitted distributions of all fluxes within each condition sample using Method
two. (a-b) Percentage of samples plausibly belonging to the given distribution and
percentage of included data for each fit for the Alzheimer’s disease samples. (c-d)
Percentage of samples plausibly belonging to the given distribution and percentage of
included data for each fit for the control samples.
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B.3. FITTED DISTRIBUTION FROM THE POWERLAW PACKAGE

B.3.2 ALL RESCALED EFM WEIGHTS WITHIN GIVEN CONDITION
SAMPLE
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Figure B.2: Fitted distributions of rescaled EFM weights for each condition sample using
Method two. (a-b) Percentage of samples plausibly belonging to the given distribution and
percentage of included data for each fit for the Alzheimer’s disease samples. (c-d)
Percentage of samples plausibly belonging to the given distribution and percentage of
included data for each fit for the control samples.
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B.3. FITTED DISTRIBUTION FROM THE POWERLAW PACKAGE

B.3.3
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Figure B.3: Fitted distributions to the Vi,.x parameters within unperturbed conditions
using Method one. (a-c) Q-Q plot, P-P plot, and complementary CDF plot of Alzheimer’s
disease samples. (d-f) Q-Q plot, P-P plot, and complementary CDF plot of control samples.
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C.1. DETAILS ASSOCIATED WITH COMPUTING THE (A)CHMC
STATIONARY DISTRIBUTION

C.1 DETAILS ASSOCIATED WITH COMPUTING THE
(A)CHMC STATIONARY DISTRIBUTION

Following basic Markov chain theory, the stationary distribution of the CHMC, 7 is
proportional to the eigenvector of the CHMC transition probability matrix. The eigen-
vector can be solved by direct or iterative numerical methods. The choice of algorithm
becomes increasingly important as the size of the CHMC transition matrix grows ex-
ponentially in highly-connected, large-scale networks. I note that iterative eigenvector
solving algorithms from some packages (e.g. Arnoldi method from Arnoldi.jl, GMRES
from IterativeSolvers.jl) resulted in negative eigenvector coefficients or NaN values.
These are possibly numerical errors and occurred more frequently in larger CHMC
matrices. Repeatedly re-running these methods sometimes resulted in a correct eigen-
vector, albeit with significantly longer computation times. I observed that the linear
solver from the Julia package LinearSolve.jl efficiently solved for the correct eigenvector
without error using the default parameters. Hence, I use this package in my implemen-
tation and recommend using it to compute the stationary distribution of large CHMCs

and ACHMCs.
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D.1. DATASETS

D.1 DATASETS

Figure D.1: Network visualization of the five GEMs after pre-processing. Metabolites
(non-grey nodes) are connected to reaction entities (grey nodes) with node sizes
proportional to their degree. Graphs were constructed in Gephi version 0.10 using the
Yifan-Hu proportional network layout with default parameters. (a) E. coli core. (b) iAB
RBC 283. (c) iIT341. (d) iSB619. (e) HepG2.
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D.2. PRE-PROCESSING DETAILS

D.2 PRE-PROCESSING DETAILS

Table D.1: Pre-processing details for the five GEMs.

E. coli core iAB RBC 283 iIT341 iSB619 HepG2
Reactions with non-integer 2 1 3 34 8
stoichiometries
Pseudometabolites with no 1 68 52 108 33
known structures
Reactions with 2 142 93 204 46
pseudometabolites
Reactions exceeding 0 1 4 14 3
RXNMapper token limit
Transaminase reactions 0 1 8 11 10

(manually corrected)
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D.3 RESULTS
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Figure D.2: FluxModeCalculator scaling across multiple threads.
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Figure D.5: Examples of incorrectly atom-mapped transaminase reactions present in one or
more of the five networks. (a) Leucine transaminase. (b) Tyrosine transaminase. (c¢) Valine
transaminase. (d) Aspartate transaminase.
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