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ABSTRACT

The present research aims at the use of the dynamic system approach for the
characterization of the mechanical response of linear viscoelastic materials.

The new and basic idea of the research is to consider the viscoelastic material as a
dynamic system. Starting with this concept, the research is carried out according to the following
steps:

1. Developing a method for the identification of a general dynamic system. Discrete-time
system analysis is introduced to achieve this goal.

2. Extending the method mentioned under (1) above to characterize the creep (or
relaxation) function of the viscoelastic material from the measurements of the strain (or stress)
output and the corresponding rate of the stress (or strain) input signals.

3. Extending the method further to characterize the creep (or relaxation) function directly
from the measurements of the strain (or stress) output and the corresponding stress (or strain)
input signals.

In this part, the linear viscoelastic material is considered as a dynamic system. From this
point of view, a dynamic system identification method is developed for the determination of the
creep or relaxation function of the material from dynamic experimental measurements. First, the
relation between the creep or relaxation function and the transfer function of the system is
established by assuming a model of rational functions of polynomials for the transfer function.
Second, a discrete-time system analysis method is introduced to identify the order and

parameters of the proposed model from the discrete-time series of both the input and output

ii



signals,

The numerical examples dealt with in the thesis show that the proposed procedure is

reasonable and the models are accurate and efficient,
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CHAPTER 1

Introduction

With the development of modern industrial materials, such as high polymers and
polymeric base composite materials, and their increasing applications in engineering, the study
of the mechanical properties of such classes of materials is attracting more and more attention
from material scientists and practical engineers, and the subject may be Jjudged to be one of the
most active research domains in the field of engineering science.

As it is well-known in the classical material science, the theory of elasticity plays an
extremely important role, because most of widely-used engineering materials such as metals can
be considered as elastic bodies in a part or whole of their application ranges. Elasticity is a
concept which is based on the following physical phenomenon: The stress in an elastic body, that
is induced by loading, is directly proportional to the deformation or strain in the body and it is
independent of the strain rate. Thus, for a perfectly elastic body, a constant loading will produce
a constant strain, and the deformation in the body will disappear instantaneously upon the
removal of the load. The mathematical statement of such material property is given by the well-
known Hooke's law. The constant proportional coefficient between the stress and the
corresponding strain is the Young’s Modulus of the material. Because of the direct proportional
relation between the stress and the strain, ideal elastic materials have a capacity to store

mechanical energy without any dissipation of such energy.



Another classical mechanical property concept, which is related to the present subject,
is the concept of viscosity. The theory of viscosity mainly deals with the flow of Newtonian
viscous fluids, for which, the rate of strain is assumed to be directly proportional to the imposed
shear stress. The mathematicai statement of such material property is Newton’s Law for viscous
fluids. Because of the mentioned direct proportional relation between the strain rate and the
stress, the Newtonian viscous fluid has no éapacity of storing mechanical energy [Gurtin and
Herrera, 1965).

Elasticity and viscosity are two idealized concepts which are used to describe two types
of totally different physical phenomena. But in the real world, there exist materials which
possess properties characteristic of both slastic and viscous materials. This special phenomenon
is termed "viscoelasticity". Thus, materials with such combined response characteristics are
called "viscoelastic” materials.

The basic approaches of characterizing the response behaviour of viscoelastic materials
are through the nature of their response to a suddenly applied constant stress or to a suddenly
applied constant strain in the material[Gross, 1953; Lee, 1962 and Haddad, 1988, 19943,
Corresponding to these two different methods of characterization, two fundamental concepts in
the theory of viscoelasticity are defined, respectively, i.e., the concepts of creep and relaxation

of the viscoelastic material.

* Creep Response
Unlike a Hookean elastic material, which when subjected to a suddenly applied constant

loading responds instantaneously with a corresponding state of deformation which remains



constant, and also unlike a Newtonian viscous fluid which responds to a suddenly applied state
of constant sheer stress by a corresponding steady flow process, a viscoelastic material, when
subjected to a suddenly applied constant stress will experience an instantaneous deformation
followed by a "flow" process as time advances. This distinct property is termed "creep”. The
ratio of the occurring time-dependent strain to the magnitude of the constant stress input is a
measure of the time-dependent creep response of the viscoelastic material and is referred to as

the "creep function" of this material.

* Stress Relaxation

An alternative approach to the mechanical characterization of a viscoelastic material is
through its stress-relaxation nature. That is when a constant strain input is applied into the
material, the occurring stress in the material decays gradually. The ratio of the occurring time-
dependent stress and the magnitude of the constant strain input is a measure of the time-
dependent stress-relaxation response of the material and is termed as the "stress-relaxation

function" of the considered viscoelastic material.

As discussed above, viscoelastic materials possess a particular property, that is, when
they are subjected to a constant loading, the resulting response does not hold constant, but it
varies with time. If we consider an arbitrary loading, the response of a viscoelastic material is
not only dependent on the total stress level at every instant in time, but is also dependent on the
previous history of loading. In other words, the material response is not only determined by the

current state of stress, but is also determined by all past states of stress. Generally, the



viscoelastic material is said to have a memory for all past states of loading.

Both creep and relaxation functions form the basis for the analysis of the mechanical
response of viscoelastic materials. The basic material law, i.e., the constitutive law which
geverns the mechanical behaviour of a viscoelastic material, is constructed with the inclusion
of either one or both of these material functions which are related to each other[Gross, 1953].
Thus, the determination of such functions for a viscoelastic material is a fundamental step for

any further analysis concerning viscoelastic materials.

1.1 - Subject of the Present Research

The creep, or the relaxation, function of a viscoelastic material is a time-dependent
function. The characterization of the two functions has always been a main research topic in the
subject of viscoelasticity. The construction of a precise model for describing the response of the
material, in terms of either one or both of these functions, and the establishment of an efficient
and accurate method for determining the parameters of the model from experimental data have
been basic tasks in this research ﬁeld.

To achieve this objective, experimental and analytical methods have been developed, and

they can be classified into the following three categories.

1. Quasi-static Methods
These are the methods directly based on the definition of the creep or the relaxation
function. By these methods, one usually conducts a series of quasi-static creep or relaxation

experiments, in which, respectively, a constant stress or constant strain is applied to the



specimen, and the time-dependent response of the material is measured. The pertaining creep,
or relaxation, function is then determined from the experimental data.

Quasi-static methods are simple, but they have a vital shortcoming that they usually
require very fong periods of time so that the creep or relaxation properties of the material are
to be fully demonstrated. This requirement of a very long time scale usually constitutes a main
oﬁstacle for using the quasi-static method in the identification of the viscoelastic response of the

materials.

2. Time-temperature Superposition Methods

To overcome the inconvenience of long time testing periods in the quasi-static methods,
the so-called time-temperature superposition (TTS) method[e.g., Aklonis, 1972] is developed.
The basis of this method is the fact that the time and temperature effects on a viscoelastic
material are interrelated. At lower temperature, the creep, or the relaxation, experiment requires
a long period of time, while at a higher temperature. it takes a relatively shorter period of time.
Thus, in the TTS method, the experiments are conducted at an elevated temperature for a
relatively short period of time, then the measurements are transformed, via a reference
temperature, to obtain the required creep, or relaxation, properties at the required lower
temperature (usually at the room temperature).

It is obvious that, in the TTS method, a set of complex temperature control facilities
would be needed. Another difficulty related to these methods stems from the fact that
nonlinearities in the response of materials could be introduced in the viscoelastic material at high

temperatures.



3. Dynamic Methods

Dynamic methods are based on the results of dynamic experiments performed on the
viscoelastic material. By these methods, the experiments are conducted not by applying a
constant loading as in the above mentioned methods, but by employing sinusoidal loading. The
analysis of the experimental data are usually carried out in frequency domain to obtain certain
types of response spectra, then, the creep, or relaxation, functions are obtained from the analysis
of these spectra.

The most distinct advantage of the dynamic methods over the quasi-static and TTS
methods is that the dynamic experiments can be carried out in relatively short periods of time
and without the need of complex experimental facilities. Therefore, dynamic methods are
recently attracting more and more attention from researchers.

The subject of the present research is to use of a investigate the dynamic method
approach for the characterization of viscoelastic materials and to develop a new and efficient

method for the characterization of the creep and relaxation func:ions from the results of dynamic

experiments.

1.2  Qutline of the Present Research

The present research adopts a dynamic method approach to the characterization of the
mechanical response of linear viscoelastic materials.

The new and basic idea of the research is to consider the linear viscoelastic materials as
a dynamic system. Starting with this new concept, the research has been carried out according

to the following steps:



a) Developing a method for the identification of a general dynamic system. Discrete-time
system analysis has been introduced to achieve this goal.

b) Extending the method mentioned under (a) above to the characterization of the creep
(or the relaxation) function of the viscoelastic material from the measurements of the rate of the
stress (or the strain) input and the strain (or the stress) output signals.

c) Extending further the above referred to method to the characterization of the creep (or
the relaxation) function directly from the measurements of the stress (or the strain) input and the
strain (or the stress) output signals.

Thus, the main objective of the present research is to establish, through the research steps
outlined above, a new systematic and efficient method for the determination of the creep (or the

relaxation) function of the linear viscoelastic material from dynamic experimental measurements.



CHAPTER 2

Theoretical Basis of the Research

In order to have a basis for the following research, it is necessary to give a brief
description of the fundamental concepts and basic theory of viscoelasticity. In this chapter, we
discuss the creep and relaxation phenomena, the corresponding creep and relaxation functions

and their relation. Then, we introduce the basic material law, or constitutive law of viscoelastic

materials.

2.1 Creep

Creep is a concept describing the time-dependent characteristic of strain response of a
viscoelastic material when subjected to a constant stress.

Under the application of constant stress, the creep strain can be generally divided into
three components Fig.2.1[see, =.g., Gross, 1953; Christensen, 1971; Fliigge, 1975].

* Instantaneous component &,

This part of response of viscoelastic material is somehow similar to the response of an
elastic material. It is directly proportional to the stress and time-independent. With the removal
of stress, it disappears at the same time .

* Delayed component &,(t)

With the stress remaining constant inside the viscoelastic material, this part of response



increases with time and its rate of increase decreases steadily with the passage of time. This part
of response is also elastic, in the sense that when stress is removed it also disappears. But the
whole process of recovery does not occur at the same time when stress is removed. It requires
time. Thus it is called delayed elastic response or elastic after-effect.

* Viscous flow ¢,(r)

It is an irreversible part of the strain. Usually it increases linearly with time.

The total strain is expressed as the sum of the previously mentioned three components,

le,,

&) = ¢, + gff) + eff) (2.1)

The corresponding response relations for the three components of strain are expressed,

respectively, as

g, =G a

g, = () o, 2.2)
!

8v = - 00
n

where C, ¢(?) and 4 are proportional coefficients related to, respectively, instantaneous, delayed
and viscous components, and termed as instantaneous elastic compliance, time-increasing

function and Newtonian viscosity coefficient. Eq.(2.1) can, thus, be expressed, in view of

Eq.(2.2) as



I}

&n = [C + = + o] g,

= i ~

-

v

=
—
(3]
Td
e

€ o,

where g, is the constant stress in the material and Cfr) is known as the creep function.

Fig.2.1 shows a typical creep response of a viscoelastic material, The specimen is
subjected to a constant stress g, which is applied rapidly from zero t0 0, at r=0in a very short
time interval. This results in a strain which increases very rapidly and reaches a value of ¢, in
an almost vertical lire at /=0, This is the instantaneous response. Then, with the passage of
time, the strain rate slows down gradually tending asymptotically to a constant value.

It should be pointed out that for solid materials such as rigid polymers at ordinary
temperature, the viscous coefficient » is very large. Actually in these cases, there are no viscous
flow, and ¢,() may be neglected.

Consider a multi-stage loading programme in Fig.2.2 in which incremental stresses Ag,,
Aoy Aoy etc. are added at time 7,, 7,, 7, etc., respectively. The total creep at time s is then

given, in view of Eq.(2.3), by

t- ‘-
&0) = A0, [Cy + —L + p(t=7)] + Ag, [C, + 2 + glt-r))

(2.4)
+ Ac, [C, + e, Q(t-7)] + -

As the increment of time, corresponding to Ae, decreases, the response relation Eq.(2.4)

can be written in a general form as

10



do(r)
dr

elt) = j [C, + ’_;'C v o(t-1)] dr 2.5

This is the classical Boltzmann Superposition Principle[Ferry,1970; Markovitz, 1977].
Boltzmann proposed [Ward, 1972], (1) that creep in a specimen is a function of the entire
loading history, and (2) that each loading step makes an independent contribution to the final
deformation and that the final deformation can be obtained by the simple addition of each
contribution. Eq.(2.5) is also called the "Hereditary Integral”. This integral equation is the
basic material law constructed in terms of the creep function C{t) for viscoelastic materials.

Eq.(2.5) is suitable for any kind of load such as continuous and discontinuous input load
histories. Let us consider the response of viscoelastic material to a loading situation in which a
unit stress is applied at r=0 and unloaded at r=¢, as shown in Fig.2.3,

If we introduce a unit step function u(r)

0 t <0
u(t)={ (2.6)
1 t =90

the derivative of the unit step function is the Delta function, i.e.,

wl) _ s 2.7
dr

with the properties

11



j AD 8¢-1) dr = i)

then the load can be expressed as

o(t) = o, u(t) - o, u(r-1,)

By substituting it into Eq.(2.5), the strain responses are:

for t<0

en =0 t <90

for O0<1<y,

()

i
=
N

+

—n- + ‘P(I-T)] d

t-1 da(7) dr
T

'
8

-

b ¥

= [ [C + =L + ¢(t=1] o, 8(r) dr
o 1

[C, + ’_n’ + o) o,

12
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2.9

2.10)

2.11)

(2.12)

2.13)



for t>1,

BT v p-n) 490 4y
n T

()] =

il
=~
—
!

+

~

= [ 16+ Z5  ot-n o ) - 8] dr 214

- ao% + 0, [e(t) - ¢lt-r)]

The responses corresponding to equations (2.13) and (2.14) are shown in Fig.2.4

2.2 Relaxation

Relaxation is a concept describing the time-dependent characteristic of stress response of
a viscoelastic material when subjected to a constant strain. As shown in Fig.2.5. The stress
response is monotonically decreasing with time [Day, 1970; Conway, 1992).

The stress can be expressed as

o(t) = [R, - ()] &,
= R(%) ¢,

(2.15)

where R,, and y/(¢) are proportional coefficients, and termed as static elastic modulus and time-
decay function respectively. R() is the relaxation function of the viscoelastic materials. The
limiting value of the relaxation function is determined by viscous flow. If there is a viscous

flow, the relaxation function decays to zero at sufficiently long time [Hopkins and Hannming,

13



1957]. On the other hand, in the absence of viscous flow, the relaxation function decays to a
nonzero value, which is usually called an equilibrium or "relaxed modulus”.

As in the case of creep, we can consider a several-stage straining program in which
incremental strains Ag;, Ae,, Ag; etc., are added at times 7, 75, 1, etc., respectively. The total
stress at time ¢ is the sum of contributions of each incremental straining. The limiting process

will lead to the general expression of the relation between the strain and the stresses as follows.

a(t) = J d?:) [R, - (t-7)] (2.16)
If we denote
R = [R, - ¥(] 2.17)

then, equation (2.16) can be written as

de(7)

ot) = R()e, + 1R(1‘—T) ~ = dr

(2.18)

dR(t-7) dr

= R()e() + le(r) 0

Equations (2.16) and (2.18), showing that the stress at any time  is a function of the
history of strain input and not just its current value, are the constitutive equations of viscoelastic

materials in terms of their relaxation functions.
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2.3 The Relation Between the Creep and Relaxation Functions

Equations (2.5) and (2.16) are both the constitutive equations of a viscoelastic materials:
one is in terms of creep function and the other is in terms of relaxation function. Obviously,
creep function and relaxation function of a certain material are not independent of each other.

In fact, if for a viscoelastic material during an experiment, we have measured the stress
o(t) and the corresponding strain &ff), Then the equations (2.5) and (2.16) must hold
simultaneously for the given o(t) and ().

To establish a simple relation between the creep and relaxation functions, we need to go
into the Fourier Spectrum Domain. First, we note that the creep and relaxation functions are
defined for the region of r=0. For t<0, C(t)=0, and R(t)=0. Thus if introducing unit step

function uft), we can write

t
CW) =[G + = + o] u(r) < <+
° 2.19)
R(®) = [Ry - ¥(D] u(r) o< f <+oo
The time-rate of the creep and relaxation functions can be expressed as
CO = 16+ L+ w01 50) + [2 + 0] w)
L i (2.20)

R() = R, - ¥(0] 8(t) - () u(t)

Denoting the Fourier transforms of the rate of creep and relaxation functions by J(iw)

and Efiw), respectively, we have[e.g., Bracewell, 1978; Christensenz_ 1972]
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Jiw) = j C@) e dr
- (2.21)
E(iw) = JR(:) ety

Usually Jfiw) is called complex compliance, Efiw) the complex modulus,

Now let us return to Eq.(2.5) and Eq.(2.16). As pointed out before, Eq.(2.5) and
Eq.(2.16) must hold simultaneously for the given o(t) and &ft). If we denote the Fourier
transforms of oft) and &(f) by ¢'(iw) and &'(iw), and take the Fourier transform of Eq.(2.5) and

Eq.(2.16), we can have

&*(iw) = J(iw) o (iw)

2.22)
o*(iw) = E(iw) & (iw)
Eq.(2.22) gives the following relation
J(iw) + E(iw) = 1 (2.23)

Therefore, the creep function and relaxation function are actually not independent
characteristics of a viscoelastic material. If one of them is known, the other can readily be

obtained.

Here, it is necessary to investigate further the physical meaning of the complex

compliance and the complex modulus:
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Let us examine the situation when an oscillating stress with frequency w is applied to a

viscoelastic material, that is

g = 0‘0 ef""‘ (2-24}

Substituting the above input into the creep constitutive equation, one gets,

) J' d(o,e ™)

& dr

[C, + ’—n" + pt-7)] dr

= 0, €% i le-"‘-"[c0 + L+ p(r)] dr 2.25)
"

0y € [C, + 1 + iy [qa(r) e "]
fom

But from Eq.(2.20) and (2.21), one gets

Jiw)

I
gF— 3

[C, + % + o] 5(r) e dr

(= + @] u(t) e~“dr

+
g 8

3| -

(2.26)

-]

C, + ‘[ L+ o] edr
U]

C, + -+ i lqa(t) e iy
fwn

Thus, equation (2.25) can be written as:
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&) = J{iw) g, e“ 2.27

Equation (2.27) states that the application of an oscillating stress produces an oscillating

strain response of the same frequency. The amplitude of the response is

& = Jiw) g, (2.28)
Similarly, if we apply a sinusoidal strain to a viscoelastic material, we can obtain a
sinusoidal stress with the same frequency, and the amplitude of the stress is

0, = E(iw) &, (2.29)

Then if we combine equations (2.28) and (2.29), we can also arrive at the relation

Eq.(2.23).

18



CHAPTER 3

Review on the Characterization of

Linear Viscoelastic Materials

As pointed out before, the determination of the creep function (or relaxation function)
is the most important step for the analysis of the response behaviour of viscoelastic materials.
The development of analytical methods for this purpose has always been an important part of
frame of the theory of viscoelasticity, and it is still a very active research subject in
viscoelasticity. According to the procedures by which viscoelastic experiments are conducted,
the methods developed for the characterization of the creep (or relaxation) can be classified into

the following three categories.

3.1 Quasi-Static Methods

These methods are based on the experimental data obtained from direct simple creep and
relaxation tests on the viscoelastic material. By definition, the creep function of a viscoelastic
material is the ratio of the time-dependent strain response to the applied constant stress.
Meantime, the relaxation function is the ratio of the time-dependent stress response to the
applied constant strain [Lee, 1960a and 1962; Lee and Rogers, 1963].

In a quasi-static creep experiment, the specimen is loaded with a constant stress, and,
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then, the time-dependent strain response is measured. The creep function at different instants of
time can be obtained by dividing the measured strain response (usually a series of values at

different time instants) by the constant stress input as

G .G .6, -, C (3.1)

In a quasi-static relaxation experiment, the specimen is strained to a certain level which
is maintained constant during the experiment while the time dependent stress response is
measured. By dividing the measured stress response at different instants of time by the
magnitude of the constant strain input, we obtain a series of values for the relaxation function

at different instants of time, as

RO- s RI‘ ’ RZ. y R, (3'2)

It should be pointed out, however, that we call the above mentioned methods quasi-static
because from the static property of loading these experiments are static ones. But, on the other
hand, the response of the materials are changing with time. Due to the involvement of the time-
scale in the whole process, however, the experiment is not truly static.

The discrete series of the measurements of the creep function or the relaxation function
at different time instants is, of course, a description of the properties of the viscoelastic material.
For further theoretical analysis, however, a theoretical model has to be established from those

measurements.

The typical classical method for the analysis of the quasi-static response of a linear
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viscoelastic material is reported in [Odeh and Tadjbakhsh, 1965; Gradowczyk and Moavenzadeh,
1969]. The equations (3.1) and (3.2) give, respectively, the experimental values of the creep
function and the relaxation function at the time instants 1,=0, t), ta, ..., t,. In the above
reference, the series of {C"} and {R"} are considered as the "averages", in some statistical sense,

of different sets of experiments. Then, two functions C'(r) and R’(t) can be chosen to satisfy

Co =C*(ty); ~; C,

C* ()

fl

3.3)

Ri =R*(t9 ; ~; R’ =R'(t)
and C'(t) and R"(1) are called approximate creep and relaxation functions. Then, the exact creep

and relaxation functions C(r) and R(r) can be assumed as:

CH) = C*O) [1 + O]
RO =R @) [1 + ()]

3.4)

where p.(1) and u,(¢) are the corresponding relative error functions. From the basic theory of

viscoelasticity[Gross, 1953 and Schultz, 1974], the relaxation and creep functions must satisfy

R@) CO) =1 + 1 cn IRt = 1) 4 3.5)
or

Therefore only one equation can be used to determine the error functions p.(t)and p (2).

To avoid this indetermination, it is assumed that
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B =y g () =y p® (3.5)

where v is an arbitrary real constant. Substituting Eq.(3.6) into Eq.{3.5) yields a nonlinear

integral equation for the error function p(7)

t

CO R W u@) =1 - CO) R*() + 11?(7) _‘?&a'_ﬂm 3.7

T

For the purpose of computation, it is convenient to write this equation as

CO R*@,) u(r,) = 1 - CO) R*(,)

n h o ace, - 1) 3.8)

+ E JR(T) T_.d'r

fal
il

Applying the mean value theorem of integral to Eq.(3.8) gives

CoR*() 1, =1 -CR*(t)

m 3.9)
* ER([.‘-I * hr ) (Cm.r' T “m, 1'-1)
i=
where

b=t -t 0<¢<1

C, = C(

o = (3.10)

CM.‘ =C@, -t)
b, = u1(t,)
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To solve equation (3.9) to obtain p(r), { has to be determined. But we can set {=0.5 to

obtain an approximation of the error function u(¢) in the discrete series form:

T
= 3.11)
Ko x (
where
r =1+ %CO(RM_, -R]) - %q(gm_l PR
m-1
+YR1(C, . -C, ) (3.12)
in2 ) ' .
+ Rl (Cm-i - Cm)
and

1

A, = 5 iy (CD+C1)+7R% C.
R =R (1+4y)
3.13)
C=CG (1+vu
=L@ +R)
i= 2 i i-1
The first two values of u, are
1 2 ;
bo= v+ )+l ¢ 2h) - (D) (1 - L1
¥ 2y Y Co Ry (3.14)
B 44C, 5
H = (Z_A—) [-1 +(1 - T)I]
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where

A=vyC RS
B=R"(C,+C)+yC (R, *+R) (3.15)
C=2C0 R‘. _2 -(RU+R|.) (CU- C|.)

In this way, the error function can be evaluated, And the experimental data {C"}, (R}
can be modified. Based on these modified experimental data, we can establish the model of creep
and relaxation functions. Generally, the creep and relaxation functions may be represented,

respectively, by [see, e.g., Gradowczyk and Moavenzadeh, 1969]

cw = Y a, )
=0 (.16)
R@Y =3 b, g0

where {fi(t)} and {g,(1)} are suitable sets of functions, and {4} and {4} are unknown real

coefficients, which can be determined by the following condition ( setting m = n)

Cr) = G7I1 + yu(e))
(i=0,1, ~ n) 3.17)
R(Ig) = RI.[I + #(f')]

at instants £y, 1;, ..., #,. In the general case, m=n, the functions {fi(t)} and {g,(1)} must satisfy,

respectively, the following two conditions
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£ £y~ £
s - folt) £i@) — f£() 20 (3.18)
o) LG -~ f.0)
and
et gt) - g,
A o[B8 g, () %0 (3.19)

8.() &) - gf)

Equation (3.16) is in a general form. In practice, the relaxation and creep function are

usually written as [see, e.g., Gradowczyk and Moavenzadeh, 1969]

R(® =R_ + R'(»

-]

(3.20)
Cw = C, + C'()

where R,, and C, are, respectively, the relaxation function at z = oo and the creep function at
t = 0, and R'(t), C'(t) are called, in the same order, transient parts of R(z) and C(2).

For the transient parts R'(z), C'(¢) , the most widely used representations are, respectively,

RO =YXe"
i=0

(3.21)
'ty = 3, (1-¢ %)

i=0
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In each equation of Eq.(3.21), there are 2(n+1) unknowns {X;, 7/} or {¥,, 7}. But there

are only n+1 equations ( for 1y, f,, ..., #,). To avoid this indetermination, it is suggested to take

4 (3.22)
g

7, =
where I, = 107

That is, / are taken a decade apart. « is the exponent of the initial time decade and
B=1/2.

Through the above presentation, we find that the classical methods are really coarse. The
very fundamental problem is that the characteristic times {7;} in the model equation (3.21) are
arbitrarily set through Eq.(3.22), and the number of terms in Eq.(3.21) are taken to be the same
as the nuinber of experimental measurement points in time-scale. Generally speaking, it is
sometimes unrealistic,

To overcome this problem, the recent work is reported in [Haddad and Tanary, 1989],
in which the so-called differential approximation of the creep and relaxation functions is
introduced. By this method, in the creep case, for instance, the rate of the creep function,
denoted by H() is assumed to satisfy an N-th order differential equation with constant

coefficients, i.e.,

ky H(@t) + ky HO® + k, HO® + - + k,, HO™ + HO™ = 0 3.23)

where the superscript represent the corresponding order differential of the creep function with

respect to time and k,, k), ..., ky, are constants to be determined by differential approximation
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using the creep experimental data. In the relaxation case, the same assumptions can be made.
Eq.(3.23) is a homogeneous differential equation with constant coefficients which has the
following characteristic equation

ky +hy U+ ky Y 4 o+ ke M w Y = 0 (3.24)

Denote the roots of the N-th order algebraic equation (3.24) by

¢]v ll/z s "o H{'N (3-25)

The general solution of the rate of creep function H(t) can be written as

N
Ht) = Y A, exp(y, ) (3.26)
i=]

where A,(i = 1, 2, ...N) are constants.

To define the govemning differential equation (3.23) for the creep function, the
coefficients {k, i = O, I,... N-1} and order N have to be determined. To do S0,
Haddad{Haddad, 1981, 1984 and 1992; Haddad and Tanary, 1987 and 1989] provided the

following method, which is based on the definition equation of creep function, that is,

1]

&0 = C) o,

!

Co, + 0, LH(T)dT

(3.27)

!

£ + 0, IH(r)d'r

where &, is the instantaneous strain response in creep.
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Through creep experiments, the experimental strain &) (i =1,2, ..., n)canbe

obtained. Then the first step is to use the following function

&) = &(0) + 1, )
(i= 1’2! "':n)

(3.28)

to fit the experimental results. For a linear viscoelastic material, the function 6,(r) usually

expressed by the following form

0(0) = 1™ (3.29)

where m; (i = 1, 2, ..., n) are constants.

The second step is to approximate the rate of the creep function H(r) by

H 4 o] (3.30)
(t) - ‘a f(t) 1 *
i=1,2,...n

where T represents the total time of the creep experiment.

Denote

X, = gi 0() (3.31)

Because it is assumed that the sought creep function H(r) satisfies the differential equation

(3.23), the unknown coefficients {k} and the order N in the latter equation can be determined
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by requiring the following expression

N
f=l

r
1( ku Xf * k| xf” + oy st kN-| X:N-n + X:M )2d[ (3'32)
(i=12,...N)
be a minimum with respect to all possible choices of the coefficients {k} and order N.
After the coefficients {k;} and N of the equation {3.23) are determined, the roots {y,} of
the characteristic equation (3.24) can be numerically obtained. Substituting the general solution

of H{t) by Eq.(3.26) into Eq.(3.27), we have
N
&) = & + g, ¥ B, [exp(y, H-1] (3.33)
=]
WhereB, = A[/‘lbl ([ = ], 2, reey N)
Finally, the coefficients {B;}, equation (3.33) are determined with the inclusion of the

experimental creep data within the specific range of strain input and the extent of time

considered,

N
(D) = & + g ;B, [exp (4, ) ~ 11 + e(t) (3.39)

where ¢(t) are error functions. By requiring the following
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n

. .
Yo ‘[[ e(n) Ydr (3.35)

i=]

to be minimum, the constants B, can be determined. In the Eq.(3.35), o; represent some suitable
weighting factors.

In the relaxation case, the above procedure can be exactly followed to obtain the
relaxation function from the quasi-static relaxation experimental measurements,

Practical numerical examples were given in the referred to reference [Haddad and
Tanary, 1987 and 1989]. The results show that the differential approximation method is a
reasonable method and the model is accurate and efficient. It is obvious that this method gave
a significant improvement to the classical method on the following fact: in the classical method
presented earlier in this section, the order N and the parameters {7;} of the method (Eq.(3.21))
are actually determined arbitrarily, while in the differential approximation method, the pertaining

parameters of the mode! (Eq.(3.26)) are determined by differential approximation with the

inclusion of the viscoelastic data.

3.2 The Time-Temperature Superposition Method

In the quasi-static method, the experimental data are obtained from direct simple creep
and relaxation tests. By "simple" here, one means that

a) the experimeﬁts are conducted directly from the definition of creep or relaxation
function as mentioned previously in Chapter 2, sections 2.1 and 2.2.

b) the experiments are conducted at constant temperatures.
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As pointed out in section 3.1, to obtain enough experimental data which can represent
the characteristics of creep or relaxation of a certain viscoelastic material, one usually requires
very long period of time (at least weeks or months) to finish a creep or relaxation experiment.
This requirement of very long time often makes carrying a quasi-static experiment an unrealistic
task.

To overcome the fundamental problem mentioned above, and to obtain the creep or
relaxation data in a relatively short period of time, the time-temperature superposition method
is usually employed. This method has been developed on the basis of a particular property of
viscoelastic materials, that is, the " time-temperature equivalence " property.

Due to the temperature influence on the viscoelastic response of materials, the creep and
relaxation functions are not only functions of time, but also functions of temperature [Plazek,
1965]. Thus in general terms, the creep and relaxation functions may be expressed respectively

as follows

Q
]

(T, 1)
= R(T, 1)

(3.36)

o
I

where "T" represents the temperature.

For a large class of linear viscoelastic materials, the effect of temperature on the creep
or the relaxation function is as shown in Fig.3.1, in which one can observe that temperature
change causes a shift of the creep or relaxation function along the time axis.

The special property of the viscoelastic materials shown in Fig.3.1 can be expressed

mathematically as
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ar n = A7, 9

R(T, 1) = R(T,D
, (3.37)
)
log$ = logr - log(a(T))

here 7 is the actual time of observation measured from first application of load, 7 and T, are
absolute base temperatures where T is the test temperature and T, is a selected reference
temperature and { is referred to as the "reduced time parameter”. As indicated by Eq.(3.37), the
reduced time £ is related to the real time ¢ by a factor a{7T), which is called the "temperature
shift factor". Equation (3.37) means that the effect of changing temperature is the same as
applying a multiplication factor to the time scale, or an additive factor to the log time-scale. This
concept is referred to as the "time-temperature superposition principle”. The materials with such
properties are termed as thermorheolgically simple materials[see, €.g., Schwarzl and Staverman,
1952; Haddad, 1988].

The implication of the time-temperature superposition principle is significant. It states that
the creep function or relaxation function at a temperature can be shifted along the time axis by
a factor to obtain the creep function or relaxation function at another temperature. Usually, at
a high temperature, the creep and relaxation process can proceed at a faster rate. Thus, by
employing the time-temperature superposition principle, one can determine the corresponding
creep or relaxation behaviour at room temperature, which would, otherwise, require a much
longer time to be established by simple quasi-static experiment.

Equation (3.37) is widely used in the practice and was proven to be successful.
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Allonis[1972], however, argued that when shifting experimental data, one additional conversion
is necessary. By shifting creep and relaxation curves horizontally (along the time axis), we
compensate for a change in the time scale which is brought about by changing temperature. In
addition to the change of the time scale, there is another inherent change in the relaxation or
creep function, which is also caused by a change in temperature, that is, there must be a vertical
shift of the response curves due to the temperature variation. In addition, he concluded that the
vertical shift is necessary by the fact that volume of a viscoelastic material is a function of
temperature. Therefore the density is obviously the parameter that must be used in the
correction. These consideration leads to the following equations concerning the creep and

relaxation functions respectively, [see, Aklonis, 1972)

)
C(Tl, f) ) C(Tg! a—r)

oT) T, o) T,

(3.38)

t
R(T,, —
RT, 1 _ (% a,.)

oMy T, o) T,

where p is the material density.

In (3.38), division by the temperature accounts for the changes in the values of the
material function C(T,f) or R(T,t) due to the inherent dependence of these function on
temperature, while the division by the density accounts for the change of matter per unit volume
with temperature variation.

If one chooses a reference temperature T, then, the creep or the relaxation function at
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the reference temperature can be obtained from the creep or relaxation function at other

temperatures by

T, 1 = ”—(g'% o, Ly
g d (3.39)
p(Ty) T, !
R ) = —
Ty 1) = =2 R, ;)

The complete creep or the relaxation function at the reference temperature is referred to
as the "Master Curve". It is obvious that to obtain a master curve, from equation (3.39), the
creep or the relaxation experiments can be carried out at different temperatures. The
corres.ponding viscoelastic experimental curves from these tests can then be shifted horizontally
and vertically to the reference temperature T}, and combined to form the required master curve,
After one obtains the master curve, the methods described in the previous section, such as the
differential approximation method [see, e.g., Haddad and Tanary, 1987 and 1989] can be used
to establish the model of the creep or the relaxatior: function.

To use the time-temperature superposition principle, the shift factor has to be determined
first. It is now common practice to reduce most relaxation or creep data to the temperature T,

the glass transition temperature[Aklonis, 1972] of the material. Then the shift factor is given by

loga, = Sar-n (3.40)
G+T-T)

This equation is called the "WLF equation” and it is due to Williams, Landel and

Ferry[see, e.g., Aklonis, 1972]. The constants C, and C, in equation (3.40) were originally
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"universal constants" and were given, respectively, the values

C, =174
(3.41)
C, = 51.6

But later, they have been shown to vary slightly from one linear viscoelastic material to
another. Fig.3.2 gives the variation of loga, versus the temperature difference T-T,.

It should, however, be pointed out that, although the time-temperature superposition
principle has been proven to be successful and generally applicable to most viscoelastic
materials, Plazek[1965] has shown that it is not quantitatively correct except in limited time-

temperature ranges.

3.3 Dynamic Methods

The quasi-static and time-temperature superposition methods described in the foregoing
section are both time-domain methods, in which the time behaviour of creep (or relaxation)
process is measured and directly analyzed in the time domain, Another alternative is the dynamic
method, which mainly deals with the properties of viscoelastic materials in the frequency
domain.

In the dynamic method, the acquisition of experimental data is different from the above
mentioned two methods. Instead of applying a step loading to the viscoelastic specimen, the
dynamic method applies a sinusoidal strain (or stress) to the specimen, and measures

simultaneously the stress (or strain) response of the viscoelastic material [Szyszkowski and
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Glockner, 1985].

For a linear viscoelastic material, when the input is sinusoidal, the output signal will also

be sinusoidal, but the phase is shifted with respect to the input, as shown in Fig.3.3,

ol

In a dynamic relaxation experiment, let the strain input be

() = g, sin(ws) (3.42)

The stress response will be

o(t) = o, sin(wr + 0) (3.43)

where w and § are, respectively, the frequency and the phase shift.

Expanding the stress response, Eq.(3.43), one has

o(r) = (o, cosd) sin(wr) + (v, sind) cos(we) (3.44)

Thus we see that the stress can be considered to consist of two components; one
component of magnitude 0,058 in phase with the strain, and the other component is of

magnitude o,sind and it is 90° out of phase with the strain.

The stress-strain relationship Eq.(3.44) can therefore be defined by a modulus E, in phase

with the strain and by a modulus E, which is 9¢° out of phase with the strain,i.e.,

o)) = &, E, sin(wr) + g, E, cos(wi) 3.45)
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where E; and E, are defined, respectively, as

E = — cosd
€o
(3.46)
g, .
E‘2 = — sind
€

With reference to equations (3.45) and (3.46), E, is referred to as "the storage modulus”,
and E, is termed as “the loss modulus", The modulus E, is associated with the energy storage
and release in the periodic deformation, while E, is associated with the dissipation or loss of
energy as heat. The ratio of the loss modulus to the storage modulus is called "the loss tangent",

which is expressed as

tand (3.47)

LI

If we change the frequency of strain input, the storage modulus, loss modulus and loss
tangent will all change, i.e., E;, E, and § are al] the functions of frequency. Typical variations
of E;, E, and & with frequency are shown in Fig.3.4.

Similarly, in a dynamic creep experiment, let the stress input be

ot) = g, sin{wr) (3.48)

the resulting strain response is then
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i

e(r)

&, sin{wr - §) a 4'9)

= (g, cosd) sin(wr) - (g, sind) cos{wr)
Thus one can define a storage compliance J, and a loss compliance J, as

J, = % cosd
%
g

J, = — sind (3.50)
Ty
J

tand = 2

Jl

The storage compliance and loss compliance are also functions of frequency.
Equations (3.46) and (3.50) immediately suggest complex representation for both the

modulus and compliance. For the complex modulus, we have:

E(iv) = 2 o?

(3.51)
= 20 (coss + i sind)

1
try

+ 1 E,

For the complex compliance, we have

€

J(iw) = DLe-i®
O
(3.52)
= %0 (cosd - i sind)
gy
=J -il,
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From equations (3.51) and (3.52), one sees that the product of Efiw) and J(iw) are unity,
however, their individual components are not reciprocally related, and given by[see, for

instance, Lee, 1960b and Ferry, 1970;]

E
J, = L
| + tans
1
E
J, = 22_1
1 + (tan%)) (3.53)
1
g . T
"T T tan®
1
J
E, = 2

1 + (tan?s)”

Therefore, in a dynamic experiment, we apply a sinusoidal strain (or stress) to a
specimen, and measure the stress (or strain) simultaneously. Then we can obtain the storage
modulus (or compliance) and loss modulus (or compliance) of the linear viscoelastic material at
the given frequency. By changing the frequency, one obtains the values of modulus (or
compliance) at other levels of frequency. Thus, in an experiment of N levels of frequency, one
can obtain the following sets for the components of the material complex compliance and

modulus [Struik, 1987 and Orbey and Ded, 1991],
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Jt(w1)s Ji(m'z)a oy J;(“‘N)
Jz(w;)v Jz(wz)’ "y J-;_(w,v)
E;(wl)s El(wz)a Tt Et(wN)

Ez(wl)s Ez(wz): " Ez(mN)

(3.53)

Combining the above measurements, one can determine two discrete series of the

corresponding complex modulus and complex compliance

E(iwl)! E(iwz): "y E(in) (3 55)
TGy, JGiwy), - , Jiw,)

From the foregoing dynamic measurements, one needs to determine the creep and
relaxation functions. In chapter 2, the relation between the complex modulus and the rate of
relaxation function has been determined by equation (2.21), and the relation between the
complex compliance and the rate of creep function have been established by equation (2.21).
They are related with each other by Fourier transform pairs. For the relationship between the

creep function and the complex compliance, we have

CQ) edr

e, @

J(iw) =

(3.56)
cw) = _2.1; [ Jie) etde

For the relationship between the relaxation function and the complex moduius, we have
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E(iw) = j R(1) e~dr
- (3.57)

R = I E(iv) e“'dw

RS
27
If the inverse Fourier transform is denoted by F'(- ), the creep and relaxation functions

are, then, given, respectively, by

H

c) = 1!’" [J(iw)d: + C(0)
(3.58)

H

RO = 1F“ [E(iw)}dr + R(0)

where C(0} and R(0} are, respectively, the initial values of the creep and the relaxation functions
at r=0.

It is obvious that in order to obtain the corresponding creep and the relaxation functions
from dynamic measurements, the integrals in Eq.(3.58) have to be evaluated. During the early
period of development of viscoelasticity theory, the application of computers was not as widely
used as today. The evaluation of integrals such as those given in Eq.(3.58) was considered to
be a difficult problem. Thus Ninomiya and Ferry[see, Roscoe, 1950 and Ferry, 1970] devised
two approximate formulae to fulfil the transformation of dynamic parameters to creep and

relaxation functions. They are, respectively,
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C®) = Jy(w) - 0.40 j,(0.40w) + 0.014 J,(10w)| 1
)

3.59)
R() = E(w) + 0.40 E,(0.40) - 0.014 E(10w)|

Through these two equations, the creep and the relaxation functions are related to

complex compliance and complex modulus, respectively, at three different frequency points, that

is:

o =1

b

Q,z:o;r‘* (3.60)
_ 10

W, =

T

Equations (3.59) were widely used in practice. But from Eq.(3.56) we know that the
creep function is dependent on the distribution of the complex compliance in the whole
frequency range. Similarly, the relaxation function is dependent on the distribution of the
complex modulus in the whole frequency range. Indeed, Ninomiya and Ferry expressions (3.59)
are very coarse. To overcome this problem, Gibson, Hwang and Sheppard[1990] employed the
Fast Fourier Transformation (FFT) technique. The later technique is based on the Discrete
Fourier Transform (DFT)[e.g., Brighham, 1974]. The DFT pairs corresponding to equations

(3.56) and (3.57) are as follows
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N-1 {2xn k

J(2 )y =aTY € (k-ATy e 7
k=0

N-AT
. N-1 n {2 n k
C k-AD = Afﬂ);; J (N.AT) e ¥
(3.61)
n N=l . -i2xnk
E —— = .
(=7 Arg Rk-aDe ¥
. N-1 n i2x n k
R (k- = E N
(k-AT) Af§ (N_AT) e

where n =0, 1, ..., N-1
= number of samples

k =0 1,.., NI

AT = time interval

Af = frequency interval, must equal to 1/(N+AT)

It should be pointed out that in equations (3.55) and (3.56), the frequency w is in radian
per second, while in equation (3.61), the frequency is in Hz.

FFT and inverse FFT can be used very effectively in the calculation of Discrete Fourier
Transform and the inverse Discrete Fourier Transform. From the dynamical experiments, one
can obtain the discrete series of complex modulus and complex compliance (equation (3.55)),
therefore, equation (3.61) can be used to obtain the rate of both the creep and relaxation
functions. Then, through equation (3.58), one can finally obtain the creep and relaxation

functions by numerical integration,
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3.4 Concluding Remarks

In this chapter, we have classified the characterization methods of viscoelastical response
into three categories, i.e., quasi-static, time-temperature superposition, and dynamic methods.
A brief review on the three characterization methods have been presented.

From the description of these methods, it is clear that the dynamic experimental ‘method
is an efficient one to conduct, as the quasi-static method requires a very long period of time, and
the time-temperature superposition method would require complex temperature control facilities.

But the described dynamic analysis method of linear viscoelasticity serves only as an
alternative way to obtain the creep and relaxation data. It first calculates the complex modulus
and complex compliance from the measured oscillating strain or stress experiment, then converts
the complex modulus and complex compliance to time domain obtaining the creep and relaxation
data. Finally, one establishes the models of creep and relaxation functions from those data. The
whole analysis process could be time-consuming and not very accurate.

The following chapters of this thesis are based on the measured oscillating strain and
stress from dynamical experiments, where one develops a new method to establish the models

of creep and relaxation functions directly from the measured oscillating strain and stress.



CHAPTER 4

A New Method for the Identification of a Dynamic System

As it is well known, a fundamental task of most physical sciences is the establishment
of a mathematical model, which is essential for the analysis, prediction and even control of the
physical process. Basically, models can be obtained through the following two approaches,i.e.,

1. physical reasoning from the observations of the behaviour of the physical process.

2. mathematical modelling as based on the analysis of the experimental data pertaining
to the system.

The first approach is mainly based on the analysis of the basic properties, basic principles
of the system. The second approach, however, does not concern itself about what kind of
physical system really is. It analyzes and estabiishes a model from the experimental input and
output signals of the system [Kolsky, 1967].

In this chapter, adopting the second approach, we develop a new method for the
identification of dynamic system [Yu and Haddad, 1994a and 1994b]. This method will act,
then, as an important basis for further development of the characterization procedure of the

mechanical response of viscoelastic materials.

4.1 Introduction
A system is actually a very abstract and general concept. A specimen in a vibration test
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is a system. An airplane, for example, can also be considered as a system, but larger and more
complicated. It is convenient to visualize a system schematically by a box, as shown in Fig.4.1
where x(r) and y() represent, respectively, the input and the output pertaining to the system,

Symbolically, the dependence of the system output on the input can be expressed as

¥() = 0] @.1)

where the symbol -] represents the system, and it is referred to as an operator, or a

functional,

In the present analysis, we assume the system Q[-] is linear. Mathematically, a linear

system is one which satisfies the following criterion. If

»(0) = Qx, 0]
Y0 = Qfxy(0)]

4.2)

and a; and o, are constants, then

o, V(0 + ay,) = Ao, () + ax, )] @.3)

Usually, we are interested in obtaining explicit relationships between the input and output
variables of a system. Let the input x(#) be an arbitrary continuous function of time in the time
interval 7,<¢<T, and zero elsewhere, as shown in Fig.4.2. We can approximate x(1) by a

stairstep function £(¢j[Rodger, 1983 and Smith, 1989], that is
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My

20 = Ex(n-A}\)U("_'A"XLA_)‘)
e 4.4)

Ex(nA)\)—_U( ”A") AN T<i<T

nah,

where

T, = (N, - 1) A
(4.5)
T, = (N, + %) AN

In the equation (4.4), we introduced the unit pulse function, which is defined as:

1
uG) = { : < 3 “.

0 otherwise

From unit pulse function U(r), we can construct another function O,(t)

50) = -U)

1 @.7
{ = |t < &
=4 2¢
0 lt] > &

It is obvious that if we let e+0, we obtain the following &8¢ function, that is
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() = limd () 4.8)
)

From Eq.(4.7), we have

_I_U(r - neA\

- — 1 4.9
3 Y 5 1 at = neAN) 4.9

In terms of the §,(¢) function of equation (4.7), Eq.(4.4) can be expressed as:

N,

20) = Y x(n-AN) 81 = nAN)- A (4.10)

LALA

Now consider the output of system Q[ -] corresponding to the input of Eq.(4.10), i.e.

J@ = Qi)
)

4.11
= Q[E x(n+AN) G;M(t ~ n+AN)+AN] .10
n=N,
Because {[ -] is a linear system, from Eq.(4.3), one has
N,
§& = Y x(n-aN QU81,( - 7+AN) -AN (4.12)

nalN,

By denoting the unit pulse response of the system by 9(:), that is,
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k() = 0031 ,,(0)] (4.13)

Eq.(4.12) becomes

N,

) = 2x(n-Ah) At = n-AN) -AN (4.14)

n=j,

We know that a characteristic function of a system, the impulse response, is the response

to a unit impulse applied at /=0 with all initial conditions of the system equal to zero, that is

h(®) = D{3(5) 4.15)

Hence, from equations (4.8) and (4.13), it is obvious that

h{t) = limA() (4.16)
Al

Returning to Eq.(4.14), and taking the limit as AN—=0 and n+AA->A, we recognize that

Eq.(4.14) becomes

Y0 = limg(r)

AN-0

T, 4.17
’[x()\)h(t-K)d)s T,<1<T,
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Assuming that the input may have been present since the infinite past and may last

indefinitely into the future, we have, in the limit as T, -0, and T,>+oo

YO = Ix()x)h(r—k)dk (d.18)

Making the substitution £ =¢-A, we obtain the equivalent result

o) = jx(r-g)h(g)dg (4.19)

Equations (4.18) and (4.19) are the integral representations of a linear system in terms

of the impulse response function of the system.

It should be pointed out that for a causal system, the impulse response function has the

following properties

h(5) =0 t <0 (4.20)

Almost every physical system is a causal system, because the output of a system can not

be dependent on the future input. Therefore, for a causal system, we have

o0

) = 1x(r—$)h(s)ds . @.21)
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From equations (4.18), (4.19) or (4.21), if the input x(z) and the system characteristic
function h{r) are known, the output of the system can be easily obtained by integration. Now,
our problem is an inverse problem, that is:

If the output y{r) and input x(#) have been obtained from experiments, we would like to
determine the system, that is, to establish the characteristic function A(z) of the system. It is the
so-called system identification problem [Ljung, 1987]. This chapter will develop a new method

for such a problem.

4.2 Theory

Equations (4.18) and (4.19) are the integral representation of the relationship between the
input and output of a system in the time domain. Here we would like to obtain a representation
of the relationship in frequency domain. Therefore, Fourier transform and its inverse [Bracewell,
1978, i.e.,

Giw) = L g(ne“ds (4.22)

- 1 3 H il
g = "Z?.L Gliw)e“dw

are employed. Here g(1) is a time function, Gfiw) is the Fourier transform of g(), and i=V/-]
Denoting by Y(iw) and X(iw) the Fourier transforms of the output y(¢) and input x(z)
respectively, and taking Fourier transform of Eq.(4.19) (or Eq.(4.18)), one has

Let ¢p=r-£, we have
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Y(io) = j y(r)e ety
= [(jx(r-s)h(s)dzs)e “ietgy 4.23)
= j ( j h(E)e “tx(t-£)e "t-9dg)dr

Y(iw) = j ( j X(¢)e “edp)h(g)e “dt

]
g

4.249)

]ﬂ X(p)e "d¢ - T h(§)e ™“dk

In the above equation, the first integral is the Fourier transform of the input x(f) and the

second integral is the Fourier transform of the impulse response function of the system.,i.e.,

Hiw) = J h(t)e -idt 4.25)

in which, Hfiw) is usually called the frequency response function of a system

Thus, we have the following relation in frequency domain

Y(ivw) = H(iw) X(iw) (4.26)

Eq.(4.26) is obviously an algebraic equation. Thus, in time domain, the input and output

relation is governed by an integral equation, while in the frequency domain, the input and output
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relation is governed by an algebraic equation. It is why sometimes the analysis in frequency
domain is more convenient.

Because the system characteristic function A(t} is unidentified, the frequency response
function Hfiw} is unknown. To model the behaviour of the system, we have to invoke the
approximation theory[see, e.g., Dunham, 1930}, According to the theory of approximation, any
continuous function can be approximated by a rational function with any desired accuracy.
Therefore we assume, in the frequency domain, that the frequency response function Hfiw) can

be expressed by

H(iw) = — 2
(fwy + b(jwy™ + - + b, (iw) + b,
] . @4.27
ib*(iw)f""

kel

where a, b,, b, b,, ... b, and p are constant parameters with b,=1, and p is the order of the
denominator polynomial.
The rational function of Eq.(4.27) for the frequency response function is the basic model

we assumed for the system. From this model, and with reference to Eq.(4.26), we have

Yiw) = —2 g X(iw)

4.28
Y biwy™ @28
k=0

Rearranging the above equation, one further has
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ib*(im)f"* Y(iw) = a X(iw) (4.29)
£=0

By the differentiation theorem of Fourier transform[e.g., Bracewell, 1978], i.e.

280 . Gy Giw) (4.30)
dar"

and taking the inverse Fourier transform of Eq.(4.29), one obtains the model of the system in

the time domain

i b,y () = a x(t) (4.31)

k=)

where superscript " (p-k)" represents the (p-k)-th differentiation order of yft) with respect to the

time ¢. Explicitly, we have the following p-th order differential equation

dr
Ydr!

.g;;y(t) w0, Ly + - + by = a x) @.32)

The differential equation model Eq.(4.32) in the time domain is the very interesting result
from the corresponding frequency model. In view of the forgoing analysis, one can consider that
using a rational function in frequency domain to approximate the system frequency response
function means using a differential equation in the time domain to model the behaviour of the

system.
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Assume the p-th order equation

EP + blEp-l + o+ bp'lg + bp = 0

has roots: £, &,, ..., £,. Eq.(4.27) can, then, be written as

H(io) = 4
(fo =€ Yiw=E)) -~ ({w-E)

Further, the above equation can be expressed in a partial fraction form as

A, 4 A

H(iw) = - . +oe
iw ~ £ iw - &, v - £,
P Am
-

{4.33)

4.34)

4.35)

Where A,,(m = 1, 2, ..., p ) are constants corresponding to root £, and are calculated

by the following procedures.

Multiplying Hfiw) by (iw-£,), we have

,w-E"'+---+A iw - £,

io - £, "iw - E_

H(iw)io - £,) = 4,

iw -
+ Am + Amal"._“_EE—m' p‘.—‘—"g—
w - lw —

m~1

From Eq.(4.36), it is obvious that

35
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A, = limH(iw)iow - £ )
ft, 4.37)
(’" =] ’ 2 » oy P )

Substituting Eq.(4.34) into Ex.(4.37) we obtain the formula to determine the constants

A, (m=12,..,p)ie,

A, = lim. ‘ o - & .
et (f0 = &) (0 - &) ~ (i - £)
_ a (4.38)
1-[ (Em = E,g)

k=l
k=m

The system characteristic function /(#) (or the impulse response function) and frequency

response functiun Hfiw) are a Fourier transform pair, Taking the inverse Fourier transforin of

Eq.(4.35), one has

il

h(r)

where u(t) is the unit step function defined by
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oo

u(r) = { (1)

nv

Thus, the system characteristic function can be written as

F
A et !
h(t) = { ,; "

0 t <90

v
=

4.40)

Eq.(4.40) indicates that the system is a causal system. This is exactly a result which we
want.

In terms of Eq.(4.40), the input-output relationship can be expressed as

W) = [x(:-r)h(r)d—r
(4.41)

r oo

= EAm [x(t-r)e£~'df

mel

On the basis of approximation of the frequency response function by a rational function,
which actually models the system by a differential equation in the time domain, we finally
arrived at the integral representation of the input and output relation Eq.(4.41). Examining
Eq.(4.41), we find that using the model Eq.(4.27), the identification of the system is reduced
to the determination of the parameters 4,, &, (m = 1, 2, ..., p ) and the order p from the

input x(7) and the output y(}.
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In practice, the input x(r} and the output y(r) signals are usually given in the form.of
discrete-time signals, that is, the time-continuous signals x(#) and yft) are sampled into discrete
series. Let AT represent the sampling interval. Thus from experimental measurements, we can

obtain two discrete-time series in the form

X, = x{(aT- i)
I : } (i=0,1,2,) (4.42)

Y, = y(AT' i)

To analyze the above two discrete-time series and develop a method to determine the
parameters in Eq.(4.41), we introduce the concept of discrete-time system [see, e.g., Cadzow,
1970 and 1973; Freeman, 1965; Pandit and Wu, 1983 and Pandit, 1991]. In doing this, one

assumes that the relation between {x;} and {y;} is governed by a discrete-time system. That is

Vi * By ¥ e * Bpdipar * By = X, (i=0,1,2,~) 443

where «, B;, B2 ..., B, and p are constant parameters. Denoting:

= Y (4.44)
WD) =1 +BD + - + 8D
where "D" is called "single-step delay operator", Eq.(4.43) can, thus, be writien as:
\[’(D)y, = ox; (4.45)
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Denoting the z-transforms of {x,} and {y} by X(z} and Y{z), that is[see Cadzow, 1973]

X@) =) Xz
in()

(4.46)
Y2) =Y 5z
=

where z is a complex variable, Taking the z-transform of Eq.(4.45), and using the fact that

ED y 2zt = g)’f-:z-f

P (4.47)
=z Y2
one has
(1 + B8zt +w+ 827 Y2) = a X(@ (4.48)
Thus, it follows that
Y(z) = H(2) X(2) 4.49)

in which, H,{z} is the transfer function of the discrete-time system, and from Eq.(4.48), it is

obvious that

H ) = o
2) T~ Bz 7 Bz7 v~ T 4.50)
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By denoting the roots of the characteristic equation of H,(z), i.e.,

L+B N+ s g A7 =0 (4.51)

by Ass Az ..., N, the transfer function of discrete-time system Eq.(4.50) can be written as:

H/2) = &
ANy (I
S . T (4.52)
I -2z VS '
) i B,
m=] l_kmz-l
where B, corresponding to root X, is calcuiated by
B, =lim H(z)-(1 - Az
A,
. o (m=1,2,,p) (4.53)
ITa-»nxh
k=]
k#m

Taking the inverse z-transform of the transfer function H,(z), one obtains the system

characteristic series of the discrete-time system in the form

hfk) = ZP:BM)\; ulk} ; (k=0,1,2 +) 4.549)

m=]



where

(0 k<0 4.55
ulk] = { | k=012 3 4.55)

is a discrete-time unit step function. Thus the discrete-time system is also a causal system
By the convolution property of the z-transform, and taking the inverse z-transform of
Eq.(4.49), the relation between the input and output of the discrete-time system in the discrete-

time domain can be expressed as

i = f) hk) x; ., (4.56)
k=0

(i=01,2,..)
Here we have to establish a relation between the system characteristic function 4(t) of a
continuous-time system and the system characteristic series /,(k) of the corresponding discrete-

time system. Therefore we approximate the integral representation Eq.(4.19) by

YT = i) = Y h(k « aT) x{aT - i - AT « k] + aT
#=0 4.57)

= ih(k - AT) x[AT « (i-k)] + AT
k=0

(i=012,..)
From Eq.(4.42), one has
Yo=Y htk - al) x, + oT (4.58)
k=0
(i=012..)
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By comparing equations (4.56) and (4.58), the following equation holds approximately

h(k « aT)aT = h (k) (4.59)

Meantime, from equations (4.40) and (4.54), one has

14 P
Y A T AT =Y B M (4.60)

met mal

In order that Eq.(4.60) holds, we can establish the following relation

AT Am = Bm (4-61)

et =\

n

In terms of the parameters of the discrete-time system, the parameters of the continuous

time system can be expressed as

(4.62)

Laad
3
il
3
o~
3
1]
P
[ ]
|
L

— In\
AT

Eq.(4.62) is the relation which determines the parameters of the model equation (4.27).
If the parameters (@, p, B,,m =1, 2, ..., p } of the discrete-time system are determined from
the discrete-time series of the input signal {x,} and of the corresponding output signal {y,}, then,

the parameters (@, p, b,, m = 1, 2, ..., p ) for the continuous model equation (4.27) can be
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determined from Eq.(4.62).

In what follows, we discuss the method to determine the order p and the parameters o
and 8, (m =1, 2, ..., p ) of the discrete-time system.

Choose arbitrarily an order p and parameters &, @,,, fm=1,2,.., p)of adiscrete

system. Then, with reference to Eq.(4.43), one writes that

Y4Byt v By, =ax ve, (i=1,2,,N) (4.63)

where ¢, (i = I, 2, ..., N ) is the error in choosing the values of &, @m (m=12 .., p)and
the order p.

The error ¢; can be expressed as:

By
€=y - (— Yieg s vevr s —yi'P’ x,.) Bp (4,64)
&
=yi-{‘V;‘}T{B}: (i=1:2:"'$N)

where the vectors in Eq.(4.64) are expressed by

{VV,}T =(- Yier » ™ s _y.'-p ' x,‘)
(4.65)

A

B =B, 8.
By minimizing the sum of the error squared, i.e.
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D
e —er,-

iwp+]

(4.66)
N
= 5.2 0= (WY (8D 0, - By (W
one has
v Ty (A 1 w
( M‘E {WHWIT) {8} = ngl v, {W} (4.67)

Thus, for every choice of an order p, a corresponding {8} can be determined by
Eq.(4.67). Then, from Eq.(4.66), the error corresponding to the choice of the order p can be
calculated. Since ¢° is a function of the order P, the choice of the order of the discrete-time

system can be made by requiring that it will result in a minimum ¢,

4.3 Numerical Examples

To test the analytical model developed in the previous section, a number of numerical

illustrations will be carried out. The formalism of these illustrations is outlined as follows:

I. For a given system, calculate the response of the system under certain dynamic
loading by a numerical method (Runge-Kutta Method][see, e.g., Morris, 1983] is
employed). Then, two discrete-time series ( One is the input to the system and
the other is its response) are obtained.

2. Assume that no other knowledge about the system is given except the two
discrete-time series mentioned by Eq.(4.42). Apply the Dynamic System
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Identification Method developed before to the two discrete-time series.
First, determine the parameters of the discrete-time system (DTS) function, then,

secondly, determine the corresponding continuous system function.

Example (1)

Consider the system

(4.68)
¥y + 259 + 100y = 100 sin(r'®)

with the input x(#) is

x(®) = 100 sin(0.5 % 4.69)

The input and response of the system are plotted in Figures 4.3 and 4.4 respectively, with

AT = 0.01.

The parameters of this system are listed in Tables 1 and 2 below

Table 1
b, b, a
2 25.0 100.0 1
Table 2
A A, £ £
0.06666 -0.06667 -5.0 -20.0
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The errors for different DTS’s are shown in Table 3.

Table 3
Order First Second Third Fourth
Error 0.254506E-02 0.971892E-05 0.234843E-04 0.877769E-03

It is clear from Table 3 that, the DTS of second order is the system with minimum error.

The parameters of the pertaining second order DTS are listed in the Tables 4 and 5.

Table 4
Parameter ‘@, fé\z
Value -0.175611E+01 0.764908E+00 0.996642E-04
Table §
Parameter A\ Ay
Value 0.95601 0.80010

where A, and A, are two roots of the characteristic equation of the corresponding DTS.

From Eq.(4.53), the parameters B, and B, for the discrete-time system can be calculated

as follows:
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B = —% - 6.111x10™
1 - a0

B, = —=— = -5.111x10™
1 - A

4.70)

Then from Eq.(4.61), The parameters for the continuous system can be easily obtained

as

o
I
|
.-
I

0.06111

o
I
|

R
Ii

-0.5111

._‘.'\'I
B

>
n

-4.4987

e
»

[f)
)
s

Y

!

= -22.302

{(4.71)

The estimated and exact values of parameters of the corresponding continuous system are

listed in Table 6.

Table 6
Parameter A, A, ) £,
Exact 0.06667 -0.06667 -5.0 -20.0
Estimated 0.06111 -0.05111 -4.4987 -22.302
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Figures 4.5, 4.6, and 4.7 show the exact and estimated responses of the system using
discrete time system of Ist, 2nd and 3rd order DTS respectively.

Fig.4.8 shows the exact and estimated system characteristic functions h(r) for the

2nd order DTS.

In the following example, the same procedure in example (1) is followed.

Example (4)

Consider the system

(4.72)
y + 5.5y + 2.5y = 100 sin(s'?)

with the input x(t) is

x(®) = 100 sin(0.5 ') 4.73)

The input and response of the system are plotted in Figures 4.9 and 4.10, respectively,
with AT = 0.01.

The parameters of this system are listed in Table 7 and 8 below

Table 7

68



Table 8

A

A,

§i

&

-0.22222

0.22222

-5.0

-0.5

Meantime, the errors for different DTS’s are shown in Table 9.

Table 9
Order First Second
Error 0.731543E4-01 0.654397E-04 0.197870E-02

It is clear that from Table 9, the DTS of second order is the system with minimum error.

The parameters of the obtained second order DTS are listed in the Tables 10 and 11,

Table 10
A
Parameter B, @z
Value -0.194887E+01 0.949087E+00 0.945613E-04
Table 11
Parameter A A
Value 0.99522 0.95364

where A, and A, are two roots of the characteristic equation of the corresponding DTS.

The estimated and exact values of parameters of the corresponding continuous system are

listed in Table 12.
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Table 12

Parameter A, A, & £,
Exact -0.2222 0.2222 -5.0 -0.5
Estimated -0.216877 0.226333 -4.7469 -0.479146

Fig.4.11 shows the exact and estimated responses of the system from the obtained 2nd

discrete time system.

Fig.4.12 shows the exact and estimated system characteristic functions h(t} for the

obtained 2nd order DTS.
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CHAPTER 5

Dynamic System Identification Method for the

Characterization of Viscoelastic Materials --- Method I

5.1 Some Basic Considerations

A linear viscoelastic material can be considered as a dynamic system. Therefore, the
dynamic system identification method developed in the Chapter 4 can be applied to the
characterization of the mechanical response of a viscoelastic material.

For linear viscoelastic behaviour, the general expressions of the constitutive relations

between strain and stress are [Christensen, 1971]

For stress relaxation o(f) = I dfi(T) R - 7)dr
T
e (5.1
For creep & = J d;(r) Cit - nydr
r T

]

where oft) is the time-dependent stress,
£(t) is the time-dependent strain,
R(t) is the relaxation function of the material,

Cft) 1s the creep function of the material.
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Here it should be pointed out that by the convention of the research work. in
viscoelasticity, the loading is usually considered to begin at the time r equal to zero, i.e. usually

we assume that

&N =0 (5.2)
t <0
o) = 0

Further, both the relaxation function R(r) and creep function Cfr) are usually defined for

=0, whereby for 1 <0, one has

R() =0 (5.3
r <0
cnH =0

Therefore, Equation (5.1), can be written, respectively, as

de{r)

alf) = I —OR( - 7)dr (5.4)
&) = [dt;gr) C(t - ndr (5.5)

Mathematically, equations (5.4) and (5.5) have the same structure and both can be written

in the same form. If in the situation of Eq.(5.4), we write

72



20 = 260

dt
(5.6)
) = o(r)
h() = R()
and in the situation of Eq.(5.5), we write
_ da(n)
x(f) = -
(5.7
¥ = &@)
h(n) = CQ)

Then, both equations (5.4) and (5.5) can be written in the following general form

|

¥ = £X(T)h(t—r)dr (5.8)

For simplicity, we shall refer to the situation of Eq.(5.6) as "dynamic relaxation
experiment”, and to the situation of Eq.(5.7) as "dynamic creep experiment”. Thus, in the later
analysis, Eq.(5.8) represents the dynamic relaxation experiment, and in this case y(z) is the stress
response, x(¢) is the rate of strain loading and A(?) is the relaxation function. Similarly, Eq.(5.8)
represents also the dynamic creep experiment, and in this case Y(¢) is *he strain response, x(1)
is the rate of loading stress and At} is the creep function.

Thus, from Eq.(5.8), we can conclude that if one considers the viscoelastic material

specimen as a dynamic system, then, the characterization of its rtheological response would be
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a process of identification of the corresponding system from dynamic measurements, The method

developed in the previous chapter can, thus, be modified to apply to our present problem.

5.2 Theoretical Model

In the development of the dynamic system identification method in Chapter 4, we first
transformed the problem into frequency domain by Fourier transform, assumed a rational
function model for the frequency response function of the system, then, a discrete-time system
method was introduced to analyze the input and output discrete-time series and to establish a
procedure for the estimation of the order and parameters of the assumed model.

In this chapter, the same idea of Chapter 4 is employed. But in the analysis of
viscoelastic properties, almost every function of time, such as strain, stress, creep and relaxation
functions are usually considered to begin at time ¢ equal to zero. Therefore Laplace transform
may be more suitable for the analysis of the viscoelastic problem.

The Laplace transform pair

L(s) = ‘[ i) edr
(5.9)

reiom

i) = -21? J L(s) e*ds

r=1

will then be en:ployed in the analysis of this Chapter, Here /2) is a time function. L(s) is the

Laplace transform of /(t). r is a real constant.

Denoting the Laplace transforms of y(t), x(t) and h(t) of the equation (5.8) by Y(s), X(s)
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and H(s), respectively, and taking Laplace transform of Eq.(5.8), we obtain the following

relationship between input and output

Y(5) = H(s) X(s) (5.10)

where the theorem of Laplace transform of the convolution of two signals has been used [e.g.,

Fodor, 1965].

In the dynamic relaxation experiment cases, H(s) is

o

H(s) = [R(t) et (5.11)

and in the dynamic creep experiment cases, H(s) is

H(s) = l C() e'dr (5.12)

Before a model is assumed for H(s), we have to analyze the special behaviour of the
relaxation and creep functions at +=0. We know that both R(t) and C{t) are not continuous
functions at r=0. Each is equal to zero at 7=0", and is equal to a finite value at r=0".

From the initial value theorem of Laplace transform[see, Fodor, 1965], we have

lim s H(S) = RO ;  for the relaxation case
— (5.13)
lim s H(s) = C(0") ; for the creep case

Soeco
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Because each of R(0%) and C(0*) is not equal to zero, we can assume the following

rational function for H(s)

H(s) = Q(s)
P(s}
) . (5.14)
_bsT bt e b
SP+ash v va
where,
Q) = bsPt + bsP? 4 [+ b s+ b
‘ 4 et (5.15)

Y = of p-1
P(s) =s? +as” + .+ a4,.,5 + a,

in which, b;, b..., b, a;, a, ..., a, are constant parameters, and p is the order of the
polynomial expressed above. To satisfy the condition in Eq.(5.13), the order of polynomial Qfs)
has to be one less than the order of P(s).

On the basis of the assumption of Eq.(5.14), we have

- 20 5.16
Y(s) 70 X(s) (5.16)

which can be rewritten as
P(s) Y(s) = O(5) X(s) ' (5.17)

Taking the inverse Laplace transform of Eq.(5.17), we obtain the corresponding time-
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domain mode]

dr ar . /
E;;y(t) + a;w)’(’) o a,.)’()
(5.18)
=0, xy + 5,8 k) ¢ b
= b X0+ X o+ b()
Assuming the characteristic equation of Eq.(5.14), i.e.,
EP + aIEP'I e o ap-IE + ap = 0 (5-19)
has the roots
E]s Ez, - ’EP (5.20)
then, we can write the transfer function H(s) in the following partial fraction form
H) = D87 0T e b
G -E)6-£) -6 -&)
R T (5.21)
s-& s-§ s - &,
4 Am
-Es-g

where A,(m = 1, 2, ... p) can be calculated by
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h
[l

m 1i'En H(s) (s - £)

_ blE;;-l + 25.:"-2 o bp_lEm + bp {5.22)
P
H (I
fm

By taking the inverse Laplace transform of Eq.(5.21) and noting that the inverse
Laplace transform of 1/(s-£) is e, we can obtain the time-domain model for h() as

h(t) = SP_:AM et (5.23)

mnl

5.3 Determination of Parameters

In the previous sectior, we established the models for the characterization of the response
behaviour of a linear viscoelastic material. This section will discuss the determination of the
pertaining parameters from the experimental measurements [Partl, Tinic and Rosli, 1982 Partl

and Rosli, 1985}. Assume in the dynamic relaxation experiment, we obtain two discrete-time

series of stress response and the rate of loading strain, i.e.,

é(to)» é([l), ’é([N-])! é(thr)
(5.24)
a(tg)s U(tl); e &U(t -1), U([N)

or, in the dynamic creep experiment, we obtain two discrete-time series of strain response and
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the rate of stress loading, i.e.,

6'("()), 6(‘1); o !6([1'\.'-1)! 6'(fN)
(5.25)

8(!0): 8(£1), ,8([~_1), S(IN)

where " - " represents the derivative with respect to time.
From Eq.(5.6) or Eq.(5.7), we can obtain two general input and output discrete-time

series

x([())s x(tl)! ,X([ -|)$ x(!,-,r)
(5.26)

y(to): y(‘r])s ,)’(f,-.--l), y(IN)

Now we have to analyze these two discrete-time series Eq.(5.26) to determine the
parameters A, £, (m = 1, 2, ... p) in Eq.(5.23). In doing so, corresponding to the

continuous-time differential model Eq.(5.18), we introduce the following discrete-time system

Ve ¥ Bl Vg Bt p-1 yk-pﬂ + Bp yk-p

(8.27)
QX o Xy o X,
(k=012 ..)
where ay, «f, ..., o, and 8,, 8,..., B, and p are constant parameters. Denoting
}_)y.t = yk_! (5.28)
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and

¢(D) =1 + BD + = + D7
(5.29
6D) = o+ @D + - + a, D
Eq.(5.27) can be written as
@(D) y, = 8(D) x, (5.30)

Representing the z-transform of {y,} and {x,} by Y(z) and X(z; respectively, and taking

z-transform of Eq.(5.30), we have

e@™ Y2 = 0z X(2) (5.31)
or
¥ = 240 xq
¢(27) (5.32)
= H(2) X(2)

where H,(z) is called the "transfer function" of the discrete-time system
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0iz™h

H() = ==
el
(5.33)
_ oy + 27V o, LAk il
1 + 61 zV+ s -~ z-wh 3;' TP
Assume that the equation
e =1 « ‘31 ) L Bp AP =0 (5.34)
has roots A;, A,,...\,. Then, Eq.(5.33) can be written as
T R .
(U2 = Nz = (1 = Nz
S IR TSR (5.35)
1 - Nz 1 - Az 1 -xz!
P Bm
) m=] 1 - )\mZ_l
where B, (m = 1,2, ..., p ) are calculated by
B, =1lim Hfz) (1 - A2
2=,
_ Gt ah s v N (5.36)
14
ITa-a\A)
k=l
k#®m
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Taking the inverse z-transform of Eq.(5.35), one obtains the system characteristic series
or weighting sequence of the discrete-time system:

h (i) = Z,,: B_ N, u(i) (5.37

mal]
(i=012 ..)
As discussed in Chapter 4, a relation between the system characteristic function A(t),
Eq.(5.23), of a continuous-time system and the system characteristic series /,(i), Eq.(5.37) of
the corresponding discrete-time system can be established. Finally we can also obtain the

following equations

Ay = = B,
| (m=1,2,-,p) {5.38)
$m=ﬁ,1n)\m

To determine the parameters B, A, (m = 1, 2, ... p) for the discrete-time system, the

parameters a,, @, ... o, B, B, ..., B, in the model Eq.(5.27) has to be determined first.

. . A A A . .
Choose arbitrarily an order p and parameters &, &,, ... &p, By, Bi ..., B, of a discrete-time

system. Substituting them into Eq.(5.27), we have

Yi * Bl Yeg ¥ % Bp Yiep (5.39)

S X o Xyt O X

i1 t e

i-p+l i

(i=1,2,...,N)

where ¢/ = 1, 2, ..., N') is the error in choosing the values of the parameters &y &y, ... &p,
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A
8., Bar oee fi\,, and the order p.

Then, the error e/ = 1, 2, ..., N) can be expressed as:
B,
J .P
&G =Y - ( _y,,‘..l 'y ‘}’,-.,, [ x,‘ ¥y 'rf-pOI ) Q ([
% (5.40)
L&p-l
=¥ - {w,'}T {6}
(i=1,2,-,N)
where
{“).'}T = ( “)’,--1 17y ')’,-.,, y x,' ] x,‘_l y Ty x,‘-p.] )
(5.41)
{B}T = (B; 'y Bp ' &0 ) &1 r s &p-l )
and "7 " represents the transpose of a matrix.
By minimizing the sum of the error square, i.e.,
1 - 2
2 _
e’ =_ Y ¢
N &
pel (5.42)

(yi = {wf}T {ﬁ} ) ()’. - {W:}r {B} )

)
-1
v
ha

I
zl -
M-

one has
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N N

N T T s 8 = Ly (5.43)

fepsl iz=p+l

Thus, for every choice of an order p, a corresponding {fi\} can be determined by
Eq.(5.43). Then, from Eq.(5.42), the pertaining sum of square error can be calculated. The
choice of the order p of the discrete-time system can be made by requiring that it results in a

minimum sum of error square,

5.4 Numerical Examples

To test the analytical model developed in the previous section, numerical illustrations will

be carried out.

Example 1

Consider the first order system:

(5.44)
¥+ 02y = x(1)

By using the notations of Eq.(5.18), the parameters of this system are listed in Table 1.

Table |
p b, 4,
0.2 1.0
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Then, the parameters A, and £, , which are defined in Eq.(5.21) can be calculated from

equations (5.19) and (5.22), and listed in Table 2.

Table 2
A £
1.0 -0.2
Let the input x{z) be
x() = 100 sin(r'*) (5.45)

By employing the Runge-Kutta method [Morris, 1983], with AT=0.0!, we can obtain
two discrete-time series of input and output, which are shown in Figures 5.1 and 5.2.
Using discrete-time systems (DTS), Eq.(5.27), of different orders to model the system,

The errors for different DTS's are given in Table 3 below.

Table 3

Order First Second Third
Error 0.526948E+00 0.205991E+2 0.206344E+01

From Table 3, the DTS of first order is the systcm with minimum error, therefore, we
choose the first order of DTS to model the system . The parameters of this DTS are listed in

Table 4 below.
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Table 4

A
Parameter B, &, A

Value -0.998250E+00 0.997577E-02 0.99825

where ﬁ,, &, are parameters of the discrete-time system defined in Eq.(5.27) and A, is the root
of the characteristic equation {5.34) of the DTS. Because this DTS is of first order, its transfer

function, Eq.(5.33), is written as

B
H(z = — " (5.4
(D T )\IZ'I 6)

where B, is calculated according to Eq.(5.36) as

B, = o = 0.997577E-02
Then, according to Eq.(5.38), the parameters of the corresponding continuous-time

system can be calculated as
l
A, = (— = 0. 77
| (AT) B, = 0.9975

(5.47)
- ¢l - -
£ = (5 In\, = -0.1852

For comparison, we list the exact and estimated values in Table 5



Table 5

parameter A &
Exact 1.0 -0.2
Estimated 0.997577 -0.1852

Thus, the estimated system characteristic function is written as

_ £
hiy =4, e (5.48)

= 0.997577 ¢ 0w

Fig.5.3 shows the exact and the estimated responses given by the /s order DTS.
Fig.5.4 shows the exact and the estimated system characteristic function /1(r) obtained

from the Ist order DTS,

In the remaining examples given below, the same process we carried out in Example |

is followed.

Example (2)

Consider the system

(5.49)
y + 5y = 100 sin(0.5 ')

where the input x(t) is
x(t) = 100 sin(0.5 ¢'9) (5.50)
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The corresponding input and output discrete-time series are plotted in Fig,5.5 and Fig.5.6

respectively, with AT = 0.0].

The parameters of this system are listed in Table 6 below

Table 6

b,

Ay

3

0.5

1.0

-3.0

The errors for discrete-time systems of different orders are listed in Table 7 below

Table 7

Order

First

Second

Third

Error

0.852409E-02

0.253336E+00

0.634591E-1

From Table 7, the DTS of first order is the system with minimum error, the parameters

of which are given in Table 8.

Table 8
A n
Parameter 8 o A
Value -0.952681E+00 | 0.951930E-02 0.95268

The estimated and exact values of parameters of continuous system model are listed in

Table 9.
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Table 9

Parameter A, £
Exact 1.0 -0.5
Estimated 0.95193 -4.8476

Fig.5.7 shows the exact and the estimated response given by the st order DTS.

Fig.5.8 shows the exact and the estimated system characteristic function A ft) obtained for

the first order DTS,
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CHAPTER 6

Dynamic System Identification Method for the

Characterization of Viscoelastic Materials --- Method I

6.1 Introduction

In Chapter 5, we developed a dynamic system identification method for the
characterization of linear viscoelastic properties by considering the linear viscoelastic material
as a dynamic system. A relation was established between the creep or relaxation function and
the transfer function of the dynamic system. In the frequency domain, an analytical model was
first assumed for the transfer function of the system, then, a discrete-time system analysis was
introduced to determine the order and parameters of the proposed model from dynamic
experiment measurements, The method requires two discrete-time series, i.e., the time-rate of
the input signal and the corresponding output signal.

In the present chapter, the basic idea of Chapter 5 as summarized above, is extended to
directly treat the input signal itself (stress in a dynamic creep experiment or strain in a dynamic
relaxation experiment) rather than the time-rate of the input signal as cousidered previously in
Chapter 5. Laplace transform method is employed and the relation between the creep or
relaxation function and the transfer function of the dynamical system is first established. In this

context, a model of rational function of polynomials for the transfer function is assumed. A
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discrete-time system analysis method is, then, introduced to identify the order and parameters

of the pertaining model from the discrete-time series of both the input and output signals.

6.2 Theory

The mechanical response of a linear viscoelastic material is conventionally characterized
by the concepts of creep and relaxation functions. For the convenience of the analysis in this
Chapter, the creep and relaxation functions can be represented in Fig.6.!1 and 6.2 with some
modification of definitions.

With reference to Fig.6.1, in a creep experiment, C, represents the instantaneous
response of the material per unit stress input, while, C,(z) represents the ti me-dependent delayed

part of the response. Thus, the creep function Cf1) is expressed as

C» =C + CW ; =0 (6.1;

Meantime, in a relaxation experiment, Fig.6.2, R, represents the instantaneous response

of the material per unit strain input, and R.(1) represents the time-dependent part of the response.

Thus, the relaxation function R(r) is written as

R(H) =Ry - R.(® ; t

v
<

(6.2)

Taking Laplace transform of the creep function C(t) as expressed in Eq.(6.1), one has
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Cls) = l C(t) e ~“dr

(6.3)

I}

‘[(C(, + CNedt

Cl + C)
5

h

where C.{s) is the Laplace transforms of C.(!)
Similarly, the Laplace transform of the relaxation function R(r), Eq.(6.2), is
R(s) = [R(t) et

= [(RD - R.(f))e~'dt (6.4

= R - R(s)
§

where R.(5) is the Laplace transform of R_1).

Since

C|.p=0
Rc(r)lnaﬂ = 0

(6.5)

we have [see, e.g., Fodor, 1965],
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Cinl, =lims C(s) =0
" (6.6)

R(Nf, = Him s R(5) = 0

Thus,
Iim s C(s) = G+ lim s Cs)
= C,

6.7)

lim s R(s5) = R, - Iim s R (y)

In a dynamical creep experiment, the stress input is a function of the time, and the

resulting strain in the material is given by,

I

J C(r-7)

do(7) dr
7L

T

&(n

(6.8)

-]

[ o dot=n) 4y
! d(t-71)

Similarly, in a dynamic relaxation experiment, the strain input is a function of time, and

the occurring stress in the material is given by
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de(r) dr
dr

o(t) = JR(!"T)
- 6.9

- de(t~T)
{R(-r) T

Taking Laplace transform of Eq.(6.8), one finds that

£(s) = ‘[e(t)e “s'dt

([ e dot-1) (6.10)
J;[C(r) = e 'drdt

w -]

- ‘[ Ce 1| _.‘;‘;g)e 4 dg)dr

-r

where ¢ =1-7.

Since oft)=0 for t<0, one has

do(d) , sz, _ [ do($) -
j 76 dé [ e de

=5 a(s) - o(-0)

=T

(6.11)

=5 o(s)

where o(s) is the Laplace transform of the time-dependent stress input ¢(z). Thus, by combining

equations (6.10) and (6.11), the former equation can be written as
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-] o

= g [ do(®)
&) = {C(r)e dr‘[we *dd 6.12)
= C(s) 5 o(5)
Substituting Eq.(6.3) into Eq.(6.12), one has
=[G, + sC
£(s) = [C + 5C(9)] o(s) 6.13)

= H/(s) o(s)

Similarly, for a dynamic relaxation experiment, by taking Laplace transform of Eq.(6.9),

one can write that

a(s) = [Ry - SR (5)]e(s) 610
= H(5) &(s)

From a dynamic system point of view, the viscoelastic material is considered as a
dynamic system, thus, the function H.(s}=[{C,+sC,(s)] in Eq.(6.13) is the transfer function in
a dynamic creep experiment. Similarly, the function H,(s)=[R,-sR.(s)] in Eq.(6.14) is the
transfer function in a dynamic relaxation experiment,

At this point, it is necessary to make an assumption concerning the functions C.(s) and
R.(s) in equations (6.13) and (6.14). Both of the two continuous functions may be apprcximated

by rational functions of polynomials, i.e.,
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1]

q
SCs) = Q.(s)
Pl(s)

(6.15)
Tro
R - 2O
P/(s)

where (. (s) and (,(s) are two g-th order polynomials, and P(s) and P7(s) are two p-th order

polynomials. Combining equation (6.13) and (6.15), the transfer function in a dynamical creep

experiment can be expressed as

Il

H(s) = C, + C(9)s

C, PX(s) + QJ(s) (6.16)
P2(s)

With reference to Eq.(6.6), since sC.(5) and SR.(s) tend to O when s—oo, then, in

Eq.(6.15), the order g of the polynomial must be smaller than the order p, that is g<p-1.
Similarly, in a dynamical relaxation experiment, the transfer function H (5} can be written
as,
H(s) =R, - R(s)s

R, PXs) - 0(s) (6.17)
P!(s)

Mathematically, Eq.(6.13), for a dynamical creep experiment, and Eq.(6.14), for a

dynamical relaxation experiment, can be written in the following general form"
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Y(s) = H(s) X(s) (6.18)

In Eq.(6.18), Y(s) represent the Laplace transform of the strain response in a dynamical
creep experiment, or Laplace transform of the stress response in a dynamical relaxation
experiment. Meantime, X(5) represent the Laplace transform of the stress input in a dynamical
creep experiment, or Laplace transform of the strain input in a dynamical relaxation experiment,
In this equation, Hfs) is a transfer function which can be modelled in the following rational
function form

He) = 276 (6.19)
P?(s)

where,

O7(s) = bs? + bs*™ + = v b 5+ b,
{6.20)
Pr(s) = 5P + qs7) + o + a,s+a,

in which, by, by, ..., b,, a;, @, ..., 6, are constant parameters, and p is the order of the both
polynomials Q°(s) and P?(s), because from Eq.(6.16) and Eq.(6.17), the numerator polynomial
Q(s) and the denominator polynomial P(s) must have the same order.

With reference to Eq.(6.20), since the two polynomials (s} and (s) have the same

order, the transfer function H(s}, can be written as
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Hs) = b, + ’}‘)’: g; (6.21)

where N(s) is a q-th order polynomial with ¢<p-J and b, is a constant.

Assume that the p-th order algebraic equation

sP o+ alsﬂ'l + o 4 ap-ls - ap = 0 (6-22)

has the roots

Ep Ezs " 'EP (6-23)

then, the transfer function H(s) can be further written as

PA _
HE) = by + ¥ = (6.24)
{=] 1

where 4, (i = 1, 2, ..., p) are calculated by
. N4(s)
A = lim(s-¢,
i-s,( & P?(s)
NYE) (6.25)

d
=P

sef,

(i=12..,p)

or, alternatively,
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N9(E)

A = — &7
' r (6.26)
mH_l(E,,, £)
maf
(i=1,2..,p)

In a dynamical creep experiment, one has, with reference to Eq.(6.12),

HGs) = 5 C(s) (6.27)
Thus, by combining equations (6.24) and (6.27), it follows that
ce) = LHe)
s

i
—_— 2
5 i 5§ (s-§) (6.28)

Taking the inverse Laplace transform of Eq.(6.28), one has

Cwy = b, + i% (e" -1 : t=0 (6.29)

ix] i

Comparing Eq.(6.29) with Eq.(6.1), it follows that, in a dynamical creep experiment,
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A (6.30)
Cc([) E ?

Following the same procedure for creep, in a dynamical relaxation experiment, we have

A,

. 120 (6.31)
E,

p
R@t) = by + Yy =
i=l

Comparing Eq.(6.31) with Eq.(6.2), then,

R, = b,
- (6.32)
&m=2?u—ﬁ5 s (i=1,2,..,p)

i=1 i

Denoting the inverse Laplace transform of the transfer function H(s) by Af{t), then,

h() = lH(s) eds
(6.33)

P
= by 8 + Y 4, "'

i=]

where 8(7) is the Delta function defined by
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0 (6.34)

a={ % ' 120

3

— .

Recalling Eq.(6.19), if the transfer function H(s) of a system can be expressed by this

equation, then the relationship between the output y(r) and the input x(z} of the system is

governed by the following differential equation

ar de!
770 a0 e ayn
(6.35)
dr dr
= boz}-;x(t) + b'_dr"“x(t) * e+ bx(r)

The problem now is to determine the parameters in the model equations (6.20) from the
measurements of input and output which are usually given in the form of discrete-time signals.
To analyze these two discrete-time series, we introduce the concept of the discrete-time system
[see, Cadzow, 1973],

Ye * BiYiey * o * Bt Yeepar * B, Vi

(6.36)

I TR T T R A A R A 1

(k=01 2,..)
where a,, @), ..., a, and 8y, 8, ..., 8, are constant parameters.

Taking the z—tra'nsform of Eq.(6.36), one has
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Y2) = H,@) X@) (6.37)

where

g ) -7
H (@) Oy * 0o 27+ v 2 o,z
d - -(p- -

_ @
¢ ™) (6.38)
e =ay+ o,z v b, 2D s 27
Py =1+ Bz e w B 2D+ B g

where H,(z) is the transfer function for the discrete-time system Eq.(6.36).

In order to express Eq.(6.38) in a similar form of Eq.(6.21), we apply some

mathematical operations to Eq.(6.38), and, hence, one can show that
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-1 -p
aﬂ -+ al Z B

o+ 'U"'n -
Hd(z) - o, Z . @, Z
¢ @™ ¢
Gt e g 20N g B,z
¢ @) B, & @
I T AR IR -
@ @)
. & oF (z‘l) -(1 + Bl 27V o+ - Z'(}"U)
B, ¢ (™)
% LY Eh
B, &™)
where
Y@ =+ ozt 4w +q 2700
@
- _IC_P (1 + 6[ 7'+ e+ Bp-l Z'(P'l))
P
o
= (% - ”B_p) G % -gl) e (ap-l ) &) 27 eb
4 P P
is a polynomial of (p-1)th order.
Assuming the equation
¢P(z’1)=l+Blz'1+...+ﬁpz‘l’=0

has roots A;, A, ..

. A,. Then, it follows that
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o -1 -1
H P . YT
«@ B, (I =& z)(l-n_ 2z

[i]

(6.42)
o i B
= _" 4 _
B, g I -x 2z
where B, (i = 1, 2, ..., p) are calculated by
-1 A-]
B - Y W)
1!’1 a _ki-lkm) (6.43)
o

(i=12,..,p)
Taking the inverse z-transform of Eq.(6.42), one obtains the system characteristic series

or weighting sequence of the discrete-time system as

14
h, (k) = % 5, = Y B N uk) (6.44)
] mx=]
(k=012 ..)

where é,(k) is the Kronecker -function[Cadzow, 1973], defined as

1, k=0
5,(8) ={ ookl (6.45)

and u(k) is the discrete-time unit step function, i.e.,
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k<O (6.46)

By using a weighting sequence of Eq.(6.44), the relation between the input and oulput

series can be written as

=Y h®x, i (i=0,1,2~) (6.47)
k=0

Substituting Eq.(6.44) into Eq.(6.47), it follows that

o p
=% (% b + 1B, X 5,

k=0 P

m

- p
- kz; .gﬁ 5K Xy + TN B A, (6.48)
 p

k=0 mal

P -]

= & X+ ZEB’"}\:, Xick
5,

m=] k=0

(i=012,..)
For a continuous system, one has
@) = 1 h(r) x(r-7)dr (6.49)

By substituting Eq.(6.33) into Eq.(6.49), the latter equation becomes
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¥ = [h(r) x(t-7) dr

= L( b, 6(r) + i/lm es") x(t-7) dr (6.50)

m=]

= b, x(t) + ZP: J;Am e’ x(t-7) dr

m=l

Eq.(6.50) can be approximated further by the following expression

Y (AT + i) =b,x (AT i)

(6.51
P o
+ Y YA, e STk (k) - AT)- AT)
mal k=D
(i=012..)
which can be also written in the following form
-bx+ZA ATE(e“’" (6.52)

mul

(i=012..)
Comparing equations (6.48) and (6.52), one can finally establish the following relations

between the parameters of the continuous and discrete-time systems

[+
b, = £
0 Bp
6.53
ATA, =B ©.539)
eE.ﬁ'r:A (m:l,z’ ...’p)

106



6.3 Practical Considerations

For a viscoelastic material, the creep and relaxation functions are not continuous
functions at r=0. There are jumps in the two functions at = 0. For the creep function, the jump
is equal to C,, while, for the relaxation function the jump is equal to R,. The discontinuous
characteristic of the creep or the relaxation function at r=0 represents the so-called instantaneous
response of the material to the input,[see, Gross, 1953 and Christensen, 1971]. Due to this
characteristic, the corresponding dynamic system, which is represented by Eq.(6.33), has a
singular property at r=0, i.e., it goes to infinity when r=0. This singular property will cause
significant difficulties in practical numerical calculations. It is, thus, necessary to modify the
formulism presented in Section 6.2 so that it can be implemented numerically in a practical
manner.

By definition, C, and R, are the instantaneous responses of the viscoelastic material to
a sudden loading of constant strain or constant stress, respectively. Thus the constants C, and
R, are easily determinable through simple creep or relaxation experiments. Accordingly, it is
assumed, for the purpose of the present section, that the instantaneous responses C, and R, are
already known before the dynamical experiment begins. This means that b, in Eq.(6.21) is

known.

Because the transfer function H{s) can be written in the form of Eq.(6.21), Eq.(6.18) can
be expressed as

Y(s) = H(5) X(5)

(6.54)
= b, X(s) +

Ns) X(s)
kY

P¥s)
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If we introduce another function Y'(s) where

Y'(s) = ¥s) - b, X(s)

(6.55)
Eq.(6.54) can, thus, be written ag
Y(s) = Mﬁ X(s) (6.56)
Pr(s)
where N (s) is a q-th order polynomial, with q=p-1, which can be generally written ag
Ns) = plgr1 t b5 + b/ (6.57
where b,’, p,", ... b," are constants
If we denote
YO = y0-b, x@) (6.58)

and taking the inverse Laplace transform of Eq.(6.56),

We can have the following governing
differential equation

P p-1 p-1
di;; Y@ + a'&%y’(t) + o+ ap}”(t) = be '&‘i_rT X0 + - + b,,’x(t) (6.59)

The new system represented by Eq.(6.59),

is called the modified system of the original
system Eq.(6.39) and y

(1) is called the modified output of the modified system,

108



In view of Eq.(6.59), the modified system has the following transfer function

! . p- /
LI
A

P r-l
st +as + +d,

Hi@$) =

(6.60)
LA,
= ;E —t

1 578,

The system function /'(t) of the modified system, which is the inverse Laplace transform

of H'(s), is:

h@) = EF:A‘. e (6.61)

Corresponding to Eq.(6.58), the modified discrete-time output signals can be calculated
by

Y=y, -bgx, ; k=0,1,2, (6.62)

Corresponding to the continuous modified system of Eq.(6.59), we have the following

modified discrete-time system

' / /
i + B, y:-l o ¥ By Yep * BP Yi-p (6.63)

/ / !
=0y X, v op X vt YO X

The transfer function of the modified discrete-time system of Eq.(6.63) is
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/ I -
r1|+0122'

1 + Bl z7b 4 s Bp-] z'(!"l) + Bp z2F

! p-p-D
+ o+, 2
H(2) ’

(6.64)
>

inl 1-)\.. AL

By taking the inverse z-transform of Eq.(6.64), the system characteristic series of the

modified discrete-time system is

P
hiy =BXN.  ; k=0,1,2 (6.65)

With reference to Eq.(6.53), the parameters of the continuous and discrete-time systems

are related to each other by

=
h..i
b N
3

=]

(6.66)
E, AT

Next, we discuss the method for determining the order p and the parameters «,,’ and 8,

(m=1,2, ..., p) of the discrete-time system.

Choosing an arbitrary order p and parameters &,,’, A,,,,( m=1 2, ..., p), then, with

reference to Eq.(6.63), we have
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(6.67)

f s P . A
where e i = 1, 2, ..., N) is the error in choosing the values of the parameters &, ', 8,( m =

1, 2, ..., p), and the order p.

Then, the error ¢(i = 1, 2, ..., N} can be expressed as:

By
e vl ! ! d ‘p}_
ei =Y ( Yic1 5 yf-p ’ x; PAE) x,'-p.[ ) &I (6.68)
1
.:I
pJ
= yi, - {w;}T {3}
where
{WE}T = ( -y,- 1"y "yii- y KiK., )
- ? . (6.69)
{ﬁ}T = ( 31 »y 3‘,3 &‘lr PR &; )
where "T " represents the transpose of a matrix.
By minimizing the sum of the square errors, i.e.,
2 1 y 2
et=—_Y ¢
N i=p+]
(6.70)
1 + 2« 5
PR R UPACTRR I RIS
iap+
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one has

1 5 m oo LN 6.71)
(5 X 00 o) (B = & 35l )

Thus, for every choice of an order p, a corresponding {8} can be determined by
Eq.(6.69). Then, from Eq.(6.70), the pertaining sum of square errors can be calculated. The
choice of the order of the discrete-time system can be made by requiring that it results in a

minimum square error e’ by employing equation (6.70).

6.4 Numerical Examples

To test the model presented in the previous sections, several numerical examples are

given below. In all examples, the following system is considered

y+ay+ay=>bx +bx+byx 6.72)

the input x(t) is assumed to be given by:

x() = sin [(B ¢! + wi] (6.73)

where B, w, and y are parameters of an input.

It is obvious that the frequency of the input signal is

W) = B 17+ w, (6.74)
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Example 1.
The parameters in equations (6.72) and (6.74) are assumed as shown, respectively, in

Table 1 and 2 below

Table 1

a, 2, b, b, b,
51.000 50.000 2.000 113.000 160.000

Table 2

0.5 2.0 30.0

Solving equation (6.72) by using the Runge-Kutta numerical method [see, e.g., Morris,
1983), we obtain two discrete-time series {x,; k=0, 1, 2, ..., Nland {y,; k=0, I, 2,
..., N '} which are shown, respectively in Fig.6.3 and Fig.6.4 with 4T = 0.01. Here, the
parameter N represents the numbers of discrete points,

In order to implement the method, we assume that the parameter b,, which corresponds
to the instantaneous response of the viscoelastic material, to be known( b, = 2.000 ). Through
Eq.(6.62), we obtain the modified output { y,", k = 0, 1, 2, ..., N}, as shown in Fig.6.5.

Using discrete-time systems (DTS) of different orders of Eq.(6.63) to model the modified

system, the errors for different orders of DTS are shown in Table 3.
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Table 3

Order

First

Second

Third

Fourth

Error

0.704957E+00

0.124800E-04

0.510821E-04

0.900288E-04

Based on the results shown in Table 3, we choose the second order DTS, with minimum

error to model the modified system. The parameters characterizing Eq.(6.63) are determined as

shown in Table 4

Table 4
parameters B, B, o, &'
Value -1.59012 0.594102 0.109973 0.105197

The roots of the characteristic equation Eq.(6.41) of the discrete-time system of the

second order can be determined and given in Table 5.

Table 5
Roots N A;
Value 0.99004 0.60008

Accordingly, the pertaining parameters B, (i = I, 2 ) corresponding to Eq.(6.64) can

be determined and are shown in Table 6.
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Table 6

B,

B,

0.00943659

0.10053623

The parameters of the creep model Eq.(6.29) can be finally identified from Eq.(6.66) and

are given in Table 7.

Table 7
Parameter A, A, £, £,
Estimated 0.94366 10.05362 -1.00065 -51.069823
Exact 1.06000 10.00000 -1.00000 -50.00000

Fig.6.6 shows the exact modified output y’() and the estimated modified output y’(t).

Fig.6.7 shows the exact and estimated creep functions.

Example 2

The parameters in Eq.(6.72) and Eq.(6.73) are assumed, respectively, in Tables 8 and

9 below
Table 8
a4 ) bo b, b,
60.0000 500.0000 2.00000 115.0000 830.0000
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Table 9

0.1 2.0 30.0

Then discrete-time series {y, ;k=0,1,2,..., N},and {x,; k=0, 1,2, ..., N} are
obtained by the Runge-Kutta numerical method for solving equation (6.72) with aT = 0,01,
which are shown, respectively, in Fig.6.8 and Fig.6.9. The modified output y () can be obtained
through Eq.(6.62), and is shown in Fig.6.10.

Using discrete-time systems (DTS) of different orders of Eq.(6.63) to model the modified

system, the errors for different orders of DTS are shown in Table 10

Table 10

Order First Second Third
Error 0.302092E+00 0.186518E-05 0.482273E-05

Based on the results shown in Table 10, we choose the second order of DTS, with
minimum error to model the system. The parameters characterizing Eq.(6.63) are determined

and are shown in Table 11.

Table 11
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Table 11

A o
parameters B, B, &, &,

Value -1.503406 0.5417537 -0.0509786 0.0365676

The roots of the characteristic equation (6.41) of the chosen discrete system can be

determined and are given in Table 12.

Table 12
Roots A A,
Value 0.90436 0.59905

Then, the parameters B, (i = I, 2 } of the system corresponding to Eq.(6.64) can be

determined and are given in Table 13.

Table 13

B, B,
-0.03123 -0.019747

The parameters of the relaxation model Eq.(6.31) can be finally identified and are shown

in Table 14
Table 14
Al A2 El E').
Estimated -3.123 -1.9747 -10.05304 -51.2413
Exact -3.000 -2.000 -10.00C -50.000
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Fig.6.11 shows the exact modified output y'(r) and the estimated modified output y'(t).

Fig 6.12 shows the exact and estimated relaxation functions.
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CHAPTER 7

Conclusions

In the development of viscoelasticity theory, the characterization of the properties of
viscoelastic materials has been always an active and an important research field. There are two
aspects in the research, i.e.,

* developing more efficient experimental methods to obtain practical viscoelastic data

* constructing more efficient and accurate theoretical models to describe the viscoelastic
response behaviour under different mechanical and/or physical input conditions.

The experimental methods developed so far can be classified into three groups, i.e.,

* quasi-static methods

* time-temperature superposition methods

¢ dynamic experimental methods

Quasi-static experiments are usually carried out at room temperature. The specimen is
loaded with a suddenly applied constant stress or strain and the corresponding response is
recorded. The data that are required to determine the relaxation, or creep, function of the
material can directly be obtained from the experimental measurements. This method is simple,
but the required long period of experimentai time makes it impractical.

In the ﬁﬁe—tempemture superposition method, the experiment is carried out at an elevated

temperature. The viscoelastic experiment here requires much less time to complete by
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comparison with the time required at room temperature. The measurements taken at a high
temperature can then be transformed to a reference temperature., Then, the data obtained from
transformation can be used to determine the viscoelastic properties at room temperature.
However, the requirement of a set of complex temperature control facilities makes this method
a very expensive one. In addition, at high temperatures nonlinearity in the viscoelastic response
of materials may be introduced.

Recently, dynamic methods are attracting more and more attention from researchers,
because it has distinct advantages over quasi-static and time-temperature superposition methods
in the way that the dynamic experiments are relatively easy to conduct with no requirements on
the time-scale or any complex experimental instruments. In dynamic experiments, the specimen
is loaded with an oscillating stress or strain, and the dynamic response of the material is
measured. From the dynamic experimental measurements, we obtain two oscillating discrete-time
series of input and output are obtained.

However, from dynamic measurements, the relaxation and creep data of the material can
not be obtained directly. The common procedure to obtain the relaxation and creep data from
dynamic measurements is : First, one calculates the complex modulus and complex comipliance
from the measured oscillating strain or stress. Secondly, one converts the complex modulus and
complex compliance to the time domain in order to obtain the creep or relaxation data, then,
those data are used by existing analytical methods to establish the required models, The whole
process could be very time consuming and sometimes inaccurate. In addition, the existing
modelling methods for viscoelastic properties are generally very coarse and are difficult to use.

This thesis is mainly concerned with the theoretical methods by which the viscoelastic
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models can be obtained from experimental measurements. As the author assumes that the
dynamic experimental methods are efficient procedures to carry out viscoelastic experiments,
the analysis of this thesis is based on dynamic experimental measurements. In developing an
appropriate method to establish a model of relaxation, or creep, function directly from the
dynamical measurements of input and output signals, the following major contributions have
been made:

1. A new method for dynamic system identification has been developed.

The basic idea of this method is: First, establishing a rational function of polynomials
model for the frequency response function of a dynamic system. Then, a discrete-time system
analysis method is introduced to identify the order and parameters of the model directly from
the input and output measurements of the system.

Several numerical examples show that the proposed method is efficient and accurate.

2. A characterization method for the mechanical response of linear viscoelastic
materials from the measurements of output signal and the rate of input signal has been
developed.

To develop this method, the basic idea of the above dynamic system identification method
has been directly applied.

3. Finally, a characterization method for the mechanical response of linear
viscoelastic materials from the measurements of output and input signals has been
developed.

To develop this method, the basic idea of the dynamic system identification method has

also been used. But in this case, there occurs a singularity problem. In theory, this problem
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causes no difficulties, but in the practical calculation, there will be significant difficulties. To
overcome the problem, a modified system is introduced. The numerical examples given show

that the proposed method is reasonable and the presented models are accurate and efficient.
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Fig.2.1 Creep response of a linear viscoelastic material under constant level of stress
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( Loading Programme )

Acs3

Ao,

AT,

t

(Response )

Fig.2.2 Creep behaviour of a linear viscoelastic material under an increasing
tensile loading [see ward, 1983}
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Fig.2.3 An input loading situation in a creep experiment

Fig.2.4 The response of a linear viscoelastic material to the loading situation
shown in Fig.2.3 {see Ward, 1983]
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Fig.2.5 Relaxation response of a linear viscoelastic material
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T 1 T 2 ."n
logar) s
‘,‘.
Log (time)

Fig.3.1 Effect of temperature on the creep function [ see Aklonis, 1972 ]
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log(a,)

Fig.3.2 The variation of loga; versus the temperature difference T-T,
[see Aklonis, 1972])
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Input x(t) Qutput y(1)

- Q.)

Fig.4.1 A symbolic representation of a mechanical system
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'

L |
[UBF. R 7.} §

™~ -

Ti=(y "%)Ak Ty=(Ny + "-Ii)AR

(a) Input to a defined, linear system and a stairstep approximation

Superposition of all

\< pulse responses: y(t)

Response to rectangular
pulse occurring at t=A4AX

{(b) Output of a defined, linear system due to the stairstep' approximate input

Fig.4.2 Input and output signals for a defined, linear system that is used to
derive the superposition integral [see Rodger, 1983]
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C()

C.o

Fig.6.1 Creep function C(t)
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RO

R,

Fig.6.2 Relaxation function R(t)
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- time, t(second)

Fig.6.3 Input x(t}=sinf(Br' + wy)t] in which 8=0.5, y=2.0 and w,=30.0 to system

ytayray = bji+bx-+bx with q,=51.0, a,=50.0, b,=2.0, b;=113.0
and b,=160.0.
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output y(t)

time, t(second)

Fig.6.4 Output y(#) corresponding to the input shown in Fig.6.3.
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output y'(t)

] 1 T L}
0.2 exuact modified oculput —
| AWV
0.2 ]
0.4 | N
0.5 F 7]
08 B

. ) 1 J L
0 1 2 3 4 5

time, t(second)

Fig.6.5 Exact modified output y'(t) corresponding to the input shown in Fig.6.3.
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2, & M| D x 2 x N N BN * = “
@ X0 0 & I8 IR 38 A% O % 30 3 X
&% 9 h D P $ v 9L 3 P D g
0 9 3 $3E22 %] TELRERTES:
4 & "c-. & ¥ -:-. 0 ¢5 X .:|‘.
a &
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output y'(t)

time, t(second)

Fig.6.6 Exact and estimated modified outputs y‘() corresponding to the input shown in
Fig.6.3.
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creep C(t)

I i 1 1

exact creep Curve

est.moted creep Curve

time, t{second)

Fig.6.7 Exact and estimated creep functions.
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input x(t)

2 3

time, t(second)
Fig.6.8 Input x(t)=sinf{(Br! + wy)t] with 8=0.1, v=2.0 and vy=30.0 to system

ytay+ay = bgi+bi+bx with a,=60.0, a,=500.0, b,=2.0, b,=115.0
and »,=830.0.
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output y(t)

uuuuuu

time, t(second)

Fig.6.9 Output y(z) corresponding to the input shown in Fig.6.8.
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output y'(t)

1 1

exsct modified output

0 1 2

time, t(second)

Fig.6.10 Exact modified vutput y'f1) corresponding to the input given in Fig.6.8.
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Fig.6.11 Exact and estimated modified outputs y'(r) corresponding to the input
shown in Fig.6.8.




relaxation R(t)

] 1 1 i

exacl relaxaticon curve —
estimated relaxation Curve o] -]

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO0000000-4

time, t(second)

Fig.6.12 Exact and estimated relaxation functions.
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