il

Acquisilions and

Bibliothéque nalionale
du Canada

Direction des acquisitions et

Bibliographic Services Branch  des services bibliographiques

395 Wellington Streel
Otiawa, Ontario
K1A ON4 K1A ON4

NOTICE

The quality of this microform is
heavily dependent upon the
quality of the original thesis
submitted for  microfilming.
Every effort has been made to
ensure the highest quality of
reproduction possible.

If pages are missing, contact the
university which granted the
degree.

Some pages may have indistinct
print especially if the original
pages were typed with a poor
typewriter ribbon or if the
university sent us an inferior
photocopy.

Reproduction in full or in part of
this microform is governed by
the Canadian Copyright Act,
R.S.C. 1970, c¢. C-30, and
subsequent amendments.

Canada

385, rve Wellington
Ottawa (Ontario}

Your Tlg  VOIre 1fidvence

Owr e Nuoire rétéronce

AVIS

La quaiité de cette microforme
dépend grandement de la qualité
de la thése soumise au
microfilmage. Nous avons tout
fait pour assurer une qualite
supérieure de reproduction.

S'il manque des pages, veuiliez
communiquer avec l'université
qui a conféré le grade.

La qualité d'impression de
certaines pages peut laisser a -
désirer, surtout si les pages
originales ont été
dactylographiées a Paide d'un
ruban usé ou si I'université nous
a fait parvenir une photocopie de
qualité inférieure.

La reproduction, méme partielie,
de cette microforme est soumise
a la Loi canadienne sur le droit
d’auteur, SRC 1970, c. C-30, et
ses amendements subséquents.



Bounded Cocycles:

von Neumann Algebras and
Amenability

An M.Sc. Thesis
by Teresa Bates

submitted to the School of Graduate Studies and Research
in partial fulfillment of the requirements for
the Master’s degree in Mathematics®

University of Ottawa
Ottawa, Ontario

Canada
4th May, 1995.

* The M.Sc. Program is a joint program with
Carleton University, administered by the Ottawa-Carleton

Institute of Mathematics and Statistics

© Teresa Bates, 1995.



l * I National Library Bibliothégue nationale
of Canada du Canada

Acquisilions and Direction des acquisitions et
Bibliographic Services Branch  des services bibliographiques
355 Wellington Street 395, rue Wellington

Ottawa, Onlario

K1A ON4

THE AUTHOR HAS GRANTED AN
IRREVOCABLE NON-EXCLUSIVE
LICENCE ALLOWING THE NATIONAL
LIBRARY OF CANADA TO
REPRODUCE, LOAN, DISTRIBUTE OR
SELL COPIES OF HIS/HER THESIS BY
ANY MEANS AND IN ANY FORM OR
FORMAT, MAKING THIS THESIS
AVAILABLE TO INTERESTED
PERSONS.

THE AUTHOR RETAINS OWNERSHIP
OF THE COPYRIGHT IN HIS/HER
THESIS. NEITHER THE THESIS NOR
SUBSTANTIAL EXTRACTS FROM IT
MAY BE PRINTED OR OTHERWISE
REPRODUCED WITHOUT HIS/HER
PERMISSION.

ISBN 0-612-04956-6

Canadi

Ottawa (Ontario)
K1A ON4

Your g Voure rélivence

Ow e Notre relerence

L'AUTEUR A ACCORDE UNE LICENCE
IRREVOCABLE ET NON EXCLUSIVE
PERMETTANT A LA BIBLIOTHEQUE
NATIONALE DU CANADA DE
REPRODUIRE, PRETER, DISTRIBUER
OU VENDRE DES COPIES DE SA
THESE DE QUELQUE MANIERE ET
SOUS QUELQUE FORME QUE CE SOIT
POUR METTRE DES EXEMPLAIRES DE
CETTE THESE A LA DISPOSITION DES
PERSONNE INTERESSEES.

L'AUTEUR CONSERVE LA PROPRIETE
DU DROIT D'AUTEUR. QUI PROTEGE
SA THESE. NI LA THESE NI DES
EXTRAITS SUBSTANTIELS DE CELLE-
CI NE DOIVENT ETRE IMPRIMES OU
AUTREMENT REPRODUITS SANS SON
AUTORISATION.



[==>| UNIVERSITE D’'OTTAWA
|2 UNIVERSITY OF OTTAWA




Acknowledgements

I would like to thank my supervisor Prof. Thierry Giordano for all his help
and advice. I would also like to thank Dr. Guyan Robertson for suggesting
one of the main problems solved in this thesis. Thanks are also due to Prof.
Alex Kumjian, Dr. David Pask, Dr. Ken Dykema, Prof. Alan Paterson,
Karen Egede Nielsen and Jonathan Samuel for some helpful discussions .

I would like to thank the Department of Mathematics at the University of
Newcastle and the Fields Institute where much of the research for this thesis
was carried out. In addition I would like to thank the staff at CBIE who,
until recently, have administered the Canadian Commonwealth Scholarships
and Fellowships Plan for funding and supporting me in many other ways.
Finally I would like to thank my family and friends for all their love and
support during some difficult times.



Abstract

In a 1693 preprint Guyan Robertson proved that every uniformly bounded
representation of a discrete group on a finite von Neumann algebis is similar
to a unitary representation. We have since discovered that this result was
first proved in a paper of Vasilescu and Zsidé, published in 1974 [VZ]. In
this thesis we generalise this result for discrete groupoids, proving that every
uniformly bounded cocycle into a finite von Neumann algebra is cohomolo-
gous to a unitary cocycle. The correspunding result for cocycles into fiite
dimensional algebras was proved in {Zim3]. We also dcrive some equivalent
definitions of amenability of group actions and provide a new proof of a result
of Zimmer regarding uniformly bounded cocycles on amenable C-spaces. We
develop some machinery in order to prove these results. This is the theory of
G-flows in which we explore the actions of groupoids on Borcl fields of sets.
Our development of this theory follows that of the usual theory of lows from

topological dynamics.
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Chapter 1

Introduction

In a 1993 preprint Guyan Robertson proved the following theorem.

Theorem 1 ([Rob, Theorem 1.1]) Let m be a uniformly bounded represen-
tation of a discrete greup I' such that M = =(I')" is a finite von Neumann
algebra. Then m is similar to a unitary representation. In fact, there is a
positive, invertible element a € M such that 7w(g) = ap(g)a™! where p is a

unitary representation of I' into M.

We have since learned that a slightly more general version of this result was
proved in a 1974 paper of Vasilescu and Zsidé [VZ].

The following related result for amenable groups is due to Dixmier.

Theorem 2 (Dizmier, e.g. [Pau, Theorem 8.8]) Let G be an amenable group
and let p : G — B(H) be a strongly continuous homomorphism with p(e) = 1,

such that

liell := sup{lin(g)li; g € G} < o0.



Then there ezists an invertible S € B(H) with ||S||.1S7Y| < Wpll* such that
S=1p(g)S is a unitary representation of G.

The proofs of boih of the above-mentioned theorems exploit fixed point
properties. In the case of the representation into a finite von Neumann
algebra M, the existence of a finite trace on M enables us to use the Ryll-
Nardzewski fixed point theorem. The amenability of the group G provides
the required fixed point property for the proof of Dixmier's theorem.

A corresponding result does not hold in general for group representations
n + @ = B(H). Kuntze and Stein gave an example of a uniformly bounded
representation of SL(2,R) which is not similar to a unitary representation
in [KuS, Theorem 5).

In this thesis we generalise the above-mentioned results for uniformly
bounded cocycles. Recall that a Borel function & : § x G = H, where G and
H are topological groups and (S, u) is a standard Borel G-space is called a
cocycle if for all g and & in G, a(s,gh) = al(s,g)a(sg, k) for p-ac. 8 € S.
We may view cocycles as a generalisation of group representations in the
following manner. Let G be a locally compact group, and let 7w : G — B(H)
be a continuous representation of G. Suppose § is a G-space. Then we can
define a cocycle ax : S x G — B(H) by a.(s,g) = 7n(g).

In order to provide proofs of our results, we generalise the fixed point
properties used in the proofs of the original results. Our proof of our gener-
alisation of theorem 1 contains the proof of a version of the Ryll-Nardzewski
fixed point theorem for Borel fields of compact sets in von Neumann algebras,

We also generalise Day’s fixed point theorem to amenable actions.



Our proofs of these results require the development of some new machin-
ery. This is the theory of G-flows which is a generalisation of the usual theory
of flows from Topological Dynamics as discussed in Chapter 4.

We conclude this discussion with a brief synopsis of the remaining chap-
ters of this thesis.

In chapter 2 we review some basic facts from the theory of von Neu-
mann algebras. We include here only those facts which are necessary for an
understanding of our proofs in later chapters.

In chapter 3 we review the basic theory of Borel spaces and give an
overview of the theory of Borel fields. We prove that if E is a separable
Banach space, then for a Borel field {A,} of compact subsets of E;, the set

A={) € L™®(S E")|\(s) € A, pae. }

is a compact subset of L{°(S, E). We also provide a new proof of Zimmer's
corresponding result for Borel fields of compact, convex sets.

In chapter 4 we review the basic definitions and theory of Borel group
actions and ergodicity. We also review the theory of flows as developed
in topological dynamics and give a very brief introduction to the theory of
groupoids.

In chapter 5 we define and discuss the theory of cocycles. We prove
that every cocycle on a free, transitive G-space is equivalent to the trivial
cocycle. We also prove our result for uniformly bounded cocycles into finite
von Neumann algebras in some special cases.

In chapter 6 we prove one of our main results, namely:



Theorem 3 Let G be a countable discrete group, and let (S, u) be a standard
Borel G-space. Let o : S x G = GL(M) be a uniformly bounded cocycle

into a finite von Neumann algebra M with separable predual. Then a is

cohomologous to a unitary cocycle.

This is the generalisation of Theorem 1.

In chapter 7 we develop the theory of G-flows. Our development follows
that of the usual theory of flows from topological dynamics.

In chapter 8 we discuss amenability of groups and of group actions. In the
first section we review the theory of amenability for locally compact groups.
In the second section we give Zimmer’s original definition of amenability
for actions as stated in [Zim4]). We develop and discuss several equivalent

definitions of amenability of actions. Chief amongst these is the following.

Definition 1 Let G be a countable discrete group and let (S, i) be a stendard
Borel G-space. Then S is an amenable G-space if for every uniformly bounded
cocycle a : § x G — B(E), where B is a separable Banach space, and for

every a-equivariant Borel field {K,} C E; of compact, convex subscts, there

exists an a-equivariant section in {K,}.

We use this definition to provide a new proof of the following result of

Zimmer which is a generalisation of Theorem 2.

Theorem 4 Let H be a separable Hilbert space. If G is a countable discrete
group and S is an amenable ergodic G-space, then every uniformly bounded

cocycle @ : § x G — GL(H) is equivalent to a unitary cocyele.



Chapter 2

von Neumann Algebras

In this chapter we recall some facts from the theory of von Neumann algebras.
We shall require these facts in the later chapters of this thesis. For more

information and a fuller discussion see, for example, [Dix], [Sak], [Tak] and

[Mur].

2.1 Topologies on B(H)

The sirong operator topology on B(H) is the topology which has a base of

neighbourhoods at the operator T, consisting of sets of the form
V(Toi o1y 18ms €©) = {T € BHK (T - ToJosll < 6,5 =1,... ,m}.

Here ¢ > 0 and z3,... ,2p, € H. Thus a net {T;} of operators is strong
operator convergent to Tp if and only if {||(T; — To)=||} converges to 0 for
each z € H.



The weak operator topology on B(H) is the locally convex topology having

a base of convex open neighbourhoods at the operator Ty given by the family

of sets
V(To;w1,... ywmi€) = {T € B(H); {(T - To)wi, w;)| < &4, =1,... ,m}.

Heree > Oand wy,... ,wy € H. The net of operators {T;} in B('H) converges

to Tp in the weak operator topology if and only if (Tz, y)} converges to (Tox, y)
for all z and y in H.

The weak operator topology is strictly coarser than the strong opera-

tor topology. However, we have the following well-known result for convex

subsets of B(%).

Theorem 2.1.1 (See, for ezample, [KR, Theorem 5.1.2]) The weak and

strong operator closures of a convez subset K of B(H) coincide.

Definition 2.1.2 (Compare [Mur, p 126]) The ultraweak or o-weak topol-
ogy on B(H) is the Hausdorff locally convez topology on B(H) generated by

the seminorms

B(H) — R*

u = Jir(uo)]

Here v € LY(H), the set of trace-class operators on ‘H, and for w € L}(H),

we define tr(w) = Ty(v(es),en) where {ex} is an orthonormal basis of H.

Recall that L*(H) is an ideal in B(H).



Remark ([Mur, p 126])) The ultraweak topology is just the weak*-topology
on B(H). Hence, by the Banach-Alaoglu theorem, the closed unit ball of
B(H) is ultraweakly compact.

The operations of addition and scalar multiplication are both weak oper-

ator and ultraweakly continuous, as is the involution operation.

The weak operator topology is coarser than the ultraweak topology. How-
ever we have the following result for the unit ball of B(H).

Theorem 2.1.3 (For ezample, [Mur, Theorem {.2.4]) If H is o Hilbert
space, then the relative weak operator and ultraweak topologies on the closed
unit ball of B(H) coincide, and hence the ball is compact in the weak operator

topology.

2.2 Some Basic Definitions and Properties

Let 7 be a Hilbert space and let A C B(H) be an associative *-algebra
of operators. We say that A is a von Neumann algebra if A is closed with
respect to the weak operator topology on B(H). All non-zero von Neumann
algebras contain a unique identity element. Recall that every von Neumann
algebra is a C*-algebra.

Let H be a Hilbert space and let S C B(H) be a non-empty subset.
The commutant §’ of S in B(#) is the collection of all operators in B(H)
which commute with all the operators in S. It is always a weak-operator
closed algebra. If S is self-adjoint, then S’ is a von Neumann algebra. The

bicommutant §” is the commutant of the algebra 5.



We have the following characterisation of von Neumann algebras. For a

proof see [Mur].

Theorem 2.2.1 (von Neumann’s Double Commutant Theorem. For ezam-

ple, [Mur, Theorem 4.1.5]) Let M C B(H) be a *-subalgebra with 14 € M.

Then the following are equivalent:
(i) M is strong operator closed.
(i) M is weak operator closed.

(iii) M = M".

The von Neumann algebra generated by a set S is the smallest von Neu-
mann algebra containing all the elements of that set. It is the intersection of

all von Neumann algebras containing S. We shall denote this algebra by S”.

Remark If the set S is self-adjoint, then the bicommutant of S and the

von Neumann algebra generated by S coincide.

A von Neumann algebra has an essentially unique predual, that is a Banach
space A. such that (A4.)" = A. It is isomorphic to the space of ultraweakly
continuous linear forms on A. The weak™-topology o(A,.A.) is called the
weak topology on A. A factor is a von Neumann algebra which has trivial
centre. That is, one for which only scalar multiples of the identity commute
with every operator in the algebra. Finite dimensional examples of such
algebras include all the full complex matrix algebras. A more interesting

example of such an algebra will be given shortly.



A positive linear functional ¢ is called normal if whenever (p;)ier is an

increasing net of projections in A we have
d(sup{p:}) = supg(p:).
i€l el

A positive linear functional 7 on A is said to be tracial if it satisfies 7(ab) =
7(ba) for all a,b € A. In this thesis we shall be concerned with von Neumann
algebras on which there exists a finite normal trace, that is, a normal tracial
functional such that 7(a) < co for all @ € A*. Such von Neumann algebras
are said to be finite. If an infinite dimensional factor is finite, then we call
it a IIj-factor. An equivalent definition of finiteness for a von Neumann
algebra is the following. A is a finite von Neumann algebra if for every
partial isometry v € A we have v™v = vv". In particular, if « is an operator
in a finite von Neumann algebra A which satisfies u"u = 1, then « must be
unitary. If a von Neumann algebra is finite, we may clearly assume that the

trace satisfies 7(1) = 1.

Example 2.2.2 (Compare [Pop, Example I1.2.2]) Consider the matrix alge-
bras

0CCCM(C) EM(C)C...C Mu(T) C...

where the inclusion is given by

Let



We define a norm on R by ||a|| = ||alla,, where & is the smallest integer such
that @ € Mz:. The completion of R in this norm is a C*-algebra R/,
There is a trace T on R' defined by

r(A) = Tr(4)

where T'r is the usual matrix trace on M, and & is the smallest integer such
that A € M.

Consider the GNS-construction (., Hr, ) for R’ with respect to 7. We
can identify R’ and n.(R') since R’ is simple. The weak closure Ry of R
in B(H,) is a von Neumann algebra which is a II;-factor. We call Ry the
hyperfinite II;-factor.

The ||+]|2-norm on a firite von Neumann algebra M with trace 7 is defined
by

lall2 = 7(a"a)'/%.

Let » > 0. Let M, denote the norm-closed ball in A of radius ». We have

the following result for finite von Neumann algebras.

Proposition 2.2.3 (For ezample [Sak, Corollary 1.8.10] and [Diz, Propo-
sition I.4.4]) Let M be a finite von Neumann algebra and let f: M — C be
a linear form on M. Then f is ultraweakly continuous on M, if and only if

f is continuous with respect to the ||.|[2-norm on M,.

10



2.3 Tensor Products

Let M and N be von Neumann algebras, with preduals M. and N, respec-
tively. Form the C*-tensor product M ®,, N of M and N with respect to
the minimal C"-norm, a;. Let af denote the dual norm,
op(f) = ow Iz, F)|

where f lies in the algebraic tensor product M™ ® A", Since the preduals of
M and A are contained in their respective duals, we may form the algebraic
tensor product M. @® M. and consider the norm o on this algebra. We form
the completion M. ®qg N, in this norm, and note that it is a closed subspace
of (M ®a, N)*. The spaces M ®q, N, M. ® N., and hence M. @a3 N.,
are invariant under left and right multiplication by 2 € M ®4, . It follows
that the polar Z of M. ®qz N. in (M @q, N)™ is a two sided ideal such that

(Ma @ap M)™ = (M @0, N)™/T.

Definition 2.3.1 (Compare [Sak, Definition 1.22.10]) The von Neumann
algebra (M. ®q; N.)°, denoted by M®N, is called the von Neumann tensor
product or the tensor product of the von Neumann algebras M and V.

We have the following results which shall be of use in the later chapters
of this thesis.

Proposition 2.3.2 (For ezample, [Sak, Proposition 1.22.12]) Let L*(S, u)
be the commutative von Neumann algebra of all essentially bounded p- meq-

surable functions on a measure space S. Let M be a von Neumann algebra,

11



Then
L}(S, 4) ®ay M. = LY(S, 1) ®y M. = L(S, p, ML),
where LY(S, u, M.) is the Banach space of all M.-valued p-integrable func-

tions on S and v is the mazimal cross-norm on the algebraic tensor product

LS, u) © M..

Theorem 2.3.3 (For ezample, [Sak, Theorem 1.22.18]) Let M be a von
Neumann algebra with separable predual M., and let L®(S,u, M) be the
Banach space of all M-valued, essentially bounded weakly-" pu-measurable
functions on the measure space S. Then L*(S,u, M) is a von Neumann
algebra under pointwise multiplication and its predual is L'(S, p, M.).
Further, the mapping f®a — f(t)a for f € L=(S,p) and a € M eztends
uniquely to a *-isomorphism of the von Neumann algebra L%(S, p)®M onto

L=(S, p, M).

2.4 Conditional Expectations

Definition 2.4.1 Let M be a von Neumann algebra and N C M a von Neu-
mann subalgebra of M. A linear map B : M — N satisfying the propertics

(i) B(M}) C Ny, that is E is positive
(i) E(b)=b forallbec N
(iit) E(bizby) = biE(z)b; for all by,be Nz e M

is called a conditional expectation,

12



Remark Such a mapping is a projection of norm 1 from M onto N.

Proof. We follow the proof found in [KR2, p 834]. Condition (ii) above

implies that E is a projection. Let H be a Hilbert space such that M has a
faithful representation as M C B(H). Since $*5 < ||3]|*.1 we have E(S*5) <
IS)E(1) = ||S]|2.1. Also, by positivity and linearity of E,

0 < B((E(S) — S){(B(S) ~ 8)) = B(5"S) — E(5)"E(S).
Hencefor z € H

I12(5)=]1*

(B(5)"B(S)z,2)
< (B(5"8)z,z)
< ISP

Thus ||E]| < 1. Condition (ii) implies that ||E|} > 1 and the result follows.
a

In fact, we have the following result.

Theorem 2.4.2 (Tomiyama, for ezample [Str, Theorem I1.9.1]) Every pro-
jection of norm 1 from a von Neumann algebra M onto a von Neumann

subalgebra N is o conditional ezpectation.

13



Chapter 3

Borel Spaces

3.1 Basic Definitions and Results

We begin by recalling some basic measure-theoretical definitions. For further
details see [Arv}, [Coh] and [Zim1]. Let S be a set. A o-algebra of subsets of

S is a collection A of subsets of § satisfying the following axioms.
(8) S€ A
(b) A is closed under set complementation.
(c) A is closed under the taking of countable set unions.

The subsets of S which are contained in A are called the measurable
subsets of S. We call the pair (S, .A) a measurable space.

A Borel space is a set S together with a g-algebra B of subsets of S, called
the Borel (measurable) sets of S. In particular, if S is a topological space,

then S becomes a Borel space under the o-algebra generated by the open

14



(or equivalently, the closed) subsets of 5. A subspace of a Borel space § is
a subset X C S with the Borel structure induced by the Borel structure on
S. That is, E C X is a Borel set if and only if there exists a Borel subset
B C S such that E =B N X.

Let S and T be Borel spaces. A function f: S — T is a Borel functionor a
measurable function if, for every Borel subset A C T, f~'(A) is a Borel subset
of §. Recall that finite sums, limits, and compositions of Borel functions into
R or C are all Borel functions. Let X and Y be two Borel spaces. A mapping
¢: X = Y is said to be a Borel isomorphism if it is one to one, onto, and

both ¢ and ¢~! are Borel functions.

Remark We have the following equivalent definition of measurability for
functions into separable Banach spaces [Din]. A function f : § — C is
measurable if for every open set U C C, f~'(U) is a measurable subset of
S. A function f: S — E where E is a separable Banach space is said to be
measurable if for all ¢ € E*, the function ¢o f : § = C is measurable. We
now prove the equivalence of these definitions in this case.

Clearly the usual definition of measurability implies the above condition,
since compositions of measurable functions are measurable. Suppose the
above condition holds. Let B(a;r) denote the closed ball in E of radius r,
centred at a. Let {¢,} be a countable dense subset of E. Since E is separable,
there exists a sequence {¢.,} in E~ such that for every z € E

o)
Iell =swe T

15



Thus
f(Blair)) = {tisup{|¢n(f () - dula)l < rlldall}}
= Moz {8 9n(F(28)) — ¢n(a)] < rildall}.

Since ¢, o f is measurable for all n, the above sets are all measurable. It

follows that f is also measurable. 0

We now discuss some Borel structures on the spaces which we shall con-

sider in later chapters of this thesis.

Examples 3.1.1 (i) Let M be a finite von Neumann algebra with sepa-
rable predual M., and let GL(M) denote the group of invertible ele-
ments of M. We denote by B(M) the Banach space of all (M, M.,)-

continuous linear maps from M into itself.

For every ¢ € M. and every ¢ € M, we define a bounded linear form
¢(.z) on B(M) by

#(.2)(T) = §(Tz) where T € B(M) .
Let B(M). denote the norm-closed linear subspace
B(M). = 5pan{#(.c); € M.,z € M}
of B(M)".
For z € M, let adz denote the element of B{(M) defined by
adz(y) = zyz" forall y € M .

16



Lemma 3.1.2 If M is endowed with the strong topology and B(M) is
endowed with the o(B(M), B(M).)-topology, then the map ad : M —
B(M) defined above is continuous on bounded subsets of M.

Proof.

Let » > 0 and let (Zm)m>1 C M, be a sequence which converges
strongly to z € M,. Since M is finite we also have z;, — z" strongly,
by [Sak, Theorem 2.5.6). Let ¢(.y) € B(M).. Then we have

|4(adzn(y)) - d(adz(y))| = |P(zmyzr) — SlzyzT)|

< H(zm - 2) (2 ~ 2)) 2 $omy"yzy,)
+(y"z"2y)*$((2m — ) (Tm — 2)")"/*
Illr*($((2m — 2)(2m — 7))*/2
+¢((2m — z)(2m — 2)")/?)

- 0.

IA

Continuity of ad on M, follows by the definition of the o(B{M), B(M).)-
topology. W]

(ii) (See, for example, {Zim4]) Let E be a separable Banach space and
denote by Homeo(E}) the group of homeomorphisms of the unit ball
E7 of the dual space E*. We shall take the Borel structure on this

space to be that induced by the topology of uniform convergence.

(iii) Let E be a separable Banach space and let End(E) denote the Banach

space of bounded linear maps from E to E, endowed with the strong

17



operator topology. For every » > 0, the ball
End(B), = {T € End(E);||T|| < r}

with the strong operator topology is metrisable as a complete scparable
metric space. We take the Borel structure on End(E) induced by the

strong operator topology.

Let Iso(E) C End(E) denote the group of isometric isomorphisms of
E. Then, by [Zim4, Lemma 1.1}, I'so(E) is a Borel subset of End(E),.
Note that for every { € E, the map T — T¢, End(E) — E is Borel.

The o(E", E)-topology on the dual space E” of E is the locally convex
topology induced by the family of semi-norms:

pe: E" > Rwheref € E

defined by
pe() = [(AE, ).

On End(E") consider the locally convex topology defined by the semi-

norms
Pe : End(E") 2> Rwheref € E
Pe(-) = sup [(§,.4)]. (3.1)
$€E}
Then the transpose map
End(E) — End(E")
T » T
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is continuous if End(E) and End(E") are respectively endowed with
the strong operator topology and the topology defined by 3.1. Indeed,

Pe(T7)

Il

sup [(§, T"¢)|

PEE}

= sup |(T¢,¢)|
deE}

< 7€l

Definition 3.1.3 Let S be a set, and let A be a o-algebra of subsets of S.
A function p: A > [0, 00] is said to be ¢ measure if it is countably additive
and satisfies u(0) = 0. The triple (S, A, u) is then celled a measure space,
or a Borel space if the o-algebra A is the collection of Borel subsets of S.

A subset A € A is said to be null if u(A) = 0 and conull if u(S\A) = 0.

A measure p is said to be finite if u(S) < 0o and o-finite if S can be writ-
ten as a countable union of disjoint sets of finite measure under . The Borel
space (S, u) is then said to be a finite or o-finite Borel space, respectively.

A positive Borel measure on the measure space X is said to be regular if
w(B) = sup{u(K)|K C B} = inf{u(G)|E C G}

for every Borel subset E C X where K ranges over the compact subsets of E
and G ranges over the open supersets of E.

A measure p i3 said to be non-atomic if p({z}) = 0 for every z € X.
The measure space (S, ) is said to be a probability space if y is a positive
measure which satisfies p(S) = 1. The measure yu is then called a probability
measure.

Two functions f and g: S — E are said to be equal u-almost everywhere,

abbreviated p-a.e., if the set of points at which they differ has measure zero.
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We have the following theorem for probability measures on metric spaces.

For a proof see [Par, Theorem II.1.2].

Theorem 3.1.4 (For ezample, [Par, Theorem II.1.2]) Let X be a meiric

space and p a probability measure measure on X. Then p is regular.

Definition 3.1.5 Let i and v be measures on the measurable space (S, A).
Then u is said to be absolutely continuous with respect to v if each A€ A
which satisfies v(A) = 0 also satisfies u(A) = 0. The measures p and v lie

in the same measure class if each is absolutely continuous with respect to the

other.

The following result, which is usually called the Radon-Nikodym theorem,
will be of importance in Chapter 5 where we prove some special cases of our

main result. For a proof see, for example, [Coh)].

Theorem 3.1.8 (For ezample, [Coh, Theorem 4.2.9]) Let (X, A) be a mea-
surable space, and let p be a o-finite measure and v a finite measure on
(X,A). If v is absolutely continuous with respect to u, then there is a func-

tion, g € L} (X, A, u,R*) that satisfies v(A) = [, gdu for cach A € A.

The function g of Theorem 3.1.6 is called the Radon Nikodym derivative of
v with respect to u. It shall form the main ingredient of one of our principal

examples in Chapter 5.

We now discuss the topology with which we shall work on the space of

positive measures on a metric space X.
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Theorem 3.1.7 (For ezample, {Ash, Theorem {.5.1]) Let X be a metric
space, B a o-algebra of Borel subsets of X and py,pa,... ,p finite Borel

measures on (X, B). Then the following conditions are equivalent:
(a) [y fdpn — [y fdu for all bounded continuous functions f : X — R.

(6) [x fdpn — [x fdp for cll bounded measurable functions f : X = R

such that f is continuous u-a.e..
(c) nangoinf pin(A) > pu(4) for every open set A C X and pa(X) - u(X).
(d) Jim sup pn(A) < p(A) for every closed set A C X and pa(X) — p(X).

Definition 3.1.8 ([Ash, p 198]) The topology of convergence as described
in Theorem 8.1.7 is called the weak or vague topology on the space of finite

measures on X.

Remark ([Ash, p 198]) The equivalences in Theorem 3.1.7 hold when the

sequences are replaced by nets.

3.2 Special Borel Spaces

Let F be a family of Borel subsets of a space S. The family F is said to
be separating if for every pair of distinct points z , y in 5, there exists a
set A € F such that z € A, but y & A. A Borel space § is said to be
countably separated if there exists a countable family F of Borel subsets of
S which is separating for S. A Borel space § is countably generated if there
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exists a countable family of Borel subsets of S which is both separating, and

generates the Borel structure on S.

Example 3.2.1 [0,1] is countably separated.

Consider the countable family of Borel subsets

{[0,7]lr € @N[0,1]}
of [0,1]. Let z, y be elements of [0,1] with = # y. We may assume z < y.

By the density of the rationals in R there exists ¢ € Q with z < ¢ < y. Then

z € [0,q], but y & [0,q]. It follows that [0,1] is countably separated. The
family of sets described above also generate the topology on [0, 1], and hence,
the Borel structure. It follows that [0,1] is countably generated.

Our proof of the following Proposition follows that found in [Zim1] and [Col].

Proposition 3.2.2 (For ezample, [Zim1, Proposition A.1])

(i) A Borel space X is countably separated if and only if there erists an
injective Borel map X — (0,1].

(i) A Borel space X is countably generated if and only if it is Borel iso-
morphic to a subset of [0,1].

Proof.

(i) Suppose X is countably separated. Let {A;} be a countable separating
family. Let & = []{°{0,1}. Define f : X — Q by f{a); = xa,(a) where x4 is
the characteristic function of A. Then f is injective since {A;} is separating.

It is well known that © is homeomorphic to the Cantor set in [0,1]. Let
¢ : @ - K be a homeomorphism. Then ¢o f: X — [0,1] is an injective
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map. The map ¢ is Borel since it is a homeomorphism., We claim that f is
Borel. It then follows that ¢ o f is an injective Borel map from X into [0, 1]
as required.

It remains to establish our claim. We follow the proof of [Coh, Lemma

8.6.3). By [Coh, Proposition 8.1.5), the sets
E;, = {{n,} € Q; ng = 1}

generate the Borel structure on 2. Further, for each ¢ € N, we have 4; =
F~Y(E;). The measurability of f follows by [Coh, Proposition 2.6.2).

Suppose that there exists an injective Borel map f from X into [0,1). By
Example 3.2.1, [0,1] is countably separated. Consider the subsets f~![0,7]
of X where r € Q. These form a countable family of Borel subsets of X. Let
z and y be elements of X with z # y, and assume, relabelling if necessary,
that f(z) < f(y). Then, there exists a set [0, g] C [0,1] with ¢ € Q such that
f(z) € [0,9] and f(y) € [0,q]. The set f~1[0, g] separates z and y. It follows
that X is countably separated. |

(ii) Suppose X is countably generated. Since Q is a Borel subset of [0, 1]
([Coh, Proposition 1.4.6)), it is enough to prove that X is Borel isomorphic
to a subset of 2. But this follows from [Coh, Corollary 8.6.4].

The converse is easy to prove, since it is clear that every subspace of a

countably generated space is, itself, countably generated. o

Definition 3.2.3 (Compare [Zimi, Definition A.2]) A Borel space is called
standard if it s isomorphic to a Borel subset of a complete separable metric

space.

23



Example 3.2.4 ([Zim4]) The Borel structure induced by the strong opera-
tor topology on the group Iso(E) discussed in example 3.1.1(ii) and (1ii) is

standard.

We have the following Theorem for standard Borel spaces.
Theorem 3.2.5 (For ezample, [Zim1, Theorem A.8]) Buvery standard Borel
space is either finite, isomorphic to Z, or isomorphic to [0, 1].

Thus it follows, by Proposition 3.2.2, that every standard Borel space is

countably generated.

Let £ be a separable Banach space, and let S be a Borel space. The

space L}(S5, E) is the collection of functions
LS, E) = {f : § = E|f measurable and f||f(s)]|dp < oo}

where functions which agree on a conull set are identified. Recall [Edw, p

587) that this space is a separable Banach space when endowed with the

norm

Il = [ £
The space L*(S5, E) is the collection of functions defined by

L*(8,E) = {f : S = E|f measurable and esssup| f(s)| < oo}.

We again identify functions which agree on a conull set. This space is a

Banach space when endowed with the supremum norm [Edw, p 578].

Definition 3.2.6 A simple function F : S = E is a function of the form
F(s) = 1%, 2ixa;(8) where z; € B and {A;} is a countable partition of S,
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Lemma 3.2.7 (For ezample [Zim6, p 292]) Let E be a separacble Banach
space and let S be a standard Borel space. Then the simple Borel functions
are dense in L*(5, E).

Proof.

Our proof is based on the proof of [Edw, Theorem 8.15.2]. Let (£,) be
a dense sequence in E. Let f € L*(S5, F). We construct a sequence (gi) of
simple Borel functions such that g, — f in L*°(S, E). We define

A=t €S |F(0) — &l < 1)

By [Edw, Lemma 2, section 8.15], Ak, is measurable. Also, § = UpApn for
each k. Let
By = An

and

Bin = A\ U {Bs;:j <n}forn>1.

Then for a given k, the By, are measurable sets which partition S. We define

o0
gk =Y EnXBin-
n=1

We claim that for each k, g is a Borel simple function.

Fix k. Then consider the sequence (gi;) of functions defined by

gk = Z EI'XBJ,,"

n=l

Note that
lim ge = gs

pointwise on 5. It follows, by [Edw, Theorem 8.15.1), that gi is measurable.
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Moreover,
17 - (o)l < 1

for all t € S and all k. It follows that g — f uniformly, establishing our
result. 0

Definition 3.2.8 Let S be a set and let f: § — X be a surjective function.
A section for f is a function g: X — § such that f o g =idyx.

The following result about the existence of Borel sections is due to Kall-

man. It shall be of use in Chapter 5 when we prove some special cases of our

main result.

Theorem 3.2.9 (For ezample, [Zim1, Corollary A.8]) If H C G is a closed

subgroup of a locally compact second countable group, then there is a Borel
section G/H — G.

3.3 Borel Fields

We give a brief overview of the basic theory of Borel fields. For more details
see [Azo] and [Nie].

Let E be a metric space, and let S be a standard Borel space. A family
{F,}ses of Borel subsets of E is said to be a Borel field of subsets of E if the
set F = {(\,3)|A € F,} is a Borel subset of E x S.

Let X be a complete separable metric space. Let C(X) denote the col-

lection of non-empty closed subsets of X. We introduce a Borel structure on
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C(X), turning it into a standard Borel space as follows. Our discussion is

based on that found in [Azo]. Form a metrisable compactification (Y,d) of

X. We define a metric p on C(Y) by

p(S1,83) = m“{,}j‘;g{d(y“ 52)}, j‘éls’,{d(y” S1)}}.

Then C(Y) is a compact space when endowed with this metric. The induced
Borel structure is standard. Let j : C(X) — C(Y') be the injective map
sending each set § € C(X) to its closure in Y. The map j induces a Borel
structure on C(X) which is standard and independent of the choice of Y. We
call this structure the Hausdorff Borel structure on C(X )

Given an open subset U of X, we write (U) for the subset {S € C(X)|Sn
X # 0} of C(X). By [Azo, Proposition 2.1], the collection {{U'}|U open in X}
generates the Hausdorff Borel structure on C(X).

Let Y be standard Borel space, and @ : Y — C(X). A selector of @ is a
function ¢ : Y — X satisfying ¢(y) € ®(y) forally € Y. A dense sequence of
selectors for @ is a sequence {@,}2, of selectors for @ such that {gn(y)}2,
is dense in ®(y) for all y € Y. A family of Borel subsets {F,},cs of X where
S is a standard Borel space is a Borel field of sets if and only if there is a
Borel map @ : S = C(X) such that &(s) = F, for all s € §.

Our proofs of the following Proposition and its Corollary follow those
found in [Azo].

Proposition 3.3.1 (For ezample, see [Azo, Proposition 2.2]) Let X be a
complete, separable metric space. Then there is a sequence {9}, of Borel

functions from C(X) into X such that {9,(5)}, is a dense subset of § for
each S € C(X).
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Proof.

Let Y = {z:}32, be a dense subset of X. Let » > 0. Define a function
m:CX)—=X

by 71(S) = zx where k is the smallest integer for which SN B(z,§) # 0.
We inductively define a sequence of functions 5, : C(X) — X by setting
Nn+1{S) = ox where ;. is the element of ¥ of smallest index satisfying z;, €
B(nn(8), ) and B(z, 557) N S # 0.

The sequence {n,}32, converges to a Borel function % : C(X) = X such
that 9(S) € S for every S € C(X). Note that ¥(S5) is within 2» of z,
whenever the ball of radius /2 about z; intersects S.

We repeat this construction of ¢ for each sequence obtained from {z}{2,,
by interchanging z, and some other z;, and for each positive r € Q, to obtain

a sequence {¥n}52, of functions having the required properties.

Corollary 3.3.2 (For ezample, [Azo, Corollary 2.8]) Let Y be a standard
Borel space, and X a complete, separable metric space. A map fromY into

C(X) is Borel if and only if it has a dense sequence of Borel selectors,

Proof.
If®:Y — C(X) is Borel, then the maps ¢, = 1, 0 & where the v, are

those from the above Proposition form a dense sequence of Borel selectors
for ®.
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Suppose that {$.}22, is a dense sequence of Borel selectors for &, Let
V C X be open. Then &~1((V)) = UZ,4;2(V) is a Borel subset of Y. The
result follows. O

Let E be a separable Banach space. We denote by Ej the unit ball in the
dual E* of E. Since F is separable, this ball is metrisable in the o(E", F)-
topology [Con, Theorem V.5.1]. In addition, by the Banach-Alaoglu Theo-
rem (for example, [Con, Theorem V.3.1]}, E} is a compact, convex set with
respect to this topology.

Recall that the closed unit ball of L*(S, E*) is a compact metrisable space
with the o(L®(S, B*), L}(8, E))-topology. We denote this ball by L$(S, B").

Proposition 3.3.3 Let {A,},es be a Borel field of compact subsets of E}.
The set
A={) € L*®(S,E")|A(s) € A, y-a.c.}

is a compact subset of L$°(S, E*).

Proof.

Let 7 denote the o(L*(S, E*}, L}(S, E))-topology on L*(S, B,)* = L{(S, E").
With the #-topology, L3°(S, E*) is a compact metrisable space, and hence is
separable. Thus it is enough to prove that A is F-closed.

Let (€x)n31 be a countable dense sequence in E. For n,m > 1, we define

a neighbourhood Vi, of 0 in E} with the o(E", E)-topology by
1
Vam = {¢ € Bj;|($ ) < -1 Sk <n}.
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The sets {Vam }nmp: form alocal basis of 0in B, endowed with the o( E*, E)-
topology.
Let A be a cluster point of A in the 7-topology. Then there exists a

sequence (Ap)p»1 such that A, converges to A in the 7-topology. Thus for

every n > 1 we have

L(AP(S) — M(8),&;)du(s) — 0 for 1 < j < as p— oo

But, by [Coh, Propositions 3.1.2, 3.1.4], this implies that there exists a sub-
sequence (A, ) of (A;) and S, C S, p(Ss) = 1 such that

(Ape(8) — A(8),§;) 2 0ask —»oofor i <j<m.

Let So denote the conull set () Sn. Then for all n,m > 1, there exists p such
n>1

that Ay(8) — A(s) € Vpm for all 53 € .
But A (s) € A, p-ae. Since A, is compact, it follows that A(s) €
A, p-a.e., and hence that A € A, establishing our result. ()

We shall also make use of the following results due to Zimmer in Chap-
ter 7. For a proof of the first result see [Zim4]. We provide a new proof of

the second result.

Lemma 3.3.4 (Compare [Zim{, Lemma 1.7]) If {A.}ses is a Borel field
of compact conves sets in ET, then there is a counteble collection of Borel

functions a; © S — E} such that, for all s in a conull Borel set, A, =

{a:(s)|s =1,2,...}. Conversely, given Borel functions a; : § — E}, then
s~ {ai(s)|i =1,2,...} defines a Borel field of compact convez sets if each

of these sets is convez.
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Let {A,},es be a Borel field of compact convex subsets of E]. Let
B={)\:8 > E;|\(s) € A, for p-ae. s € S}

Proposition 3.3.5 (Compare [Zim{, Proposition 2.2]) The set B defined

above is a closed convez subset of LY(S, E™).

Proof.

The set B is compact by Proposition 3.3.3. It is easy to see that B is

convex, since all the sets A, are convex. ]

Proposition 3.3.6 Let E be a separable Banach space. Let K = {f : 5 —
Si f = ¥ qixa,} where the g; are positive numbers and {A;} is a finite parti-
tion of §. Let B be a compact, convex subset of L°(S, E”) such that for all
fiyeoo s Jn € K which satisfyif.-(t) =1forallt€ S, andallby,... b€ B

1=1
we have

3" A(8)bi(E) € B.

=1

Then there exists a Borel field of compact, convez sets {B,}ies such that

B ={\€ L*®(S,E*); A(t) € B, p-a.e.}.

31



Proof.

Recall that L{°(S, E*), when endowed with the o(L*(S, E*), L}(S, E))-

topology, is a compact, separable, metrisable space. Thus B is a compact,

separable, metrisable space.

Let (bn)n>1 be a countable dense subset of B. For each t € [0,1], let
By = ¢a{ba(t)in = 1,2,...}

where the closure is taken in the ¢(E", E)-topology. Since (b,) is countable,

it follows, by Lemma 3.3.4, that {B,} is a Borel field of compact, convex
subsets of ET.

Let
B ={x € L®(8,E"); A(t) € B, p-ael}.

Then B C L{P(S, B). By construction, we have B C B. Also, by [Zim4,

Lemma 2.5], the functions of the form
t e > filt)ai(t)
f=1

where f; € K and for all t € S, ¥ f;(t) = 1 are dense in B. It follows that
B ¢ B. Our result follows. ]
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Chapter 4

Group Actions

4.1 Introduction

We begin by recalling some basic definitions. An action of a group G on a

set S is a map

SxG—+ 8

satisfying the following conditions:

i) Forallgand Ain Gand forall s € §
s(gh) = (sg)h.
ii) If e denotes the identity of the group, then for all s € S we have

8e = 8.
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An action is said to be transitive if for all 3,1 € § there exists g € G such

that sg =¢. An action is free if for all s € S the stabiliser of s
Stabg(s) = {g € Glsg = s} = {e}.
The orbits of an action are the sets
Orbitg(s) = {sglg € G}.

The orbits of an action form a partition of the set S. It is clear that an action
is transitive if and only if there is exactly one orbit. The orbits are invariant
under the action of G. Thus the restriction of an action of a gronp G on a
set S to an action on one of its orbits is transitive.

In this chapter we shall consider actions of a second countable locally

compact group G on a standard Borel probability space S such that the

action map

a : SxG=S

(s,9) — sg

is Borel. Such a space (5, &) is called a standard Borel G-space.

4.2 Ergodicity

Definition 4.2.1 Let u be a o-finite measure on S, Then p is said to be
quasi-invariant under the action of G if the measures u and p o g are in the

same measure class for all g € G.
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Remark Every o-finite measure is in the same measure class as a proba-

bility measure.

Proof.
Let 4 be a o-finite measure on a Borel space §. Choose a strictly positive
Li-function f such that [ fdu = 1. The measure fdy is a probability measure

in the same measure class as . ]

Definition 4.2.2 [Ziml, Definition 2.1.1] The action of G on (S, p) with p
quasi-invariant is called ergodic if every G-invariant measurable set is either
null or conull.

If there i3 a conull orbit, then the action is said to be essentially transitive.

If all orbits are of measure zero, then the action is called properly ergodic.

Examples 4.2.3

1) Let H C G be a closed subgroup. Then, by [Mac, Theorem 1.1}, there
is a unique invariant measure class on G/H. The action of G on G/H
defined by

[klg = [kg]

is transitive, and hence ergodic.
2) (Ziml, Example 2.1.4] Let § = {z € C||z| = 1}, and let

T:5285
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be defined by

Tz=¢e"2

where a/2x is irrational, Then T generates an action of Z on § by

ne—= Tz,

Let u be Lebesgue measure on S. Since it is invariant under rotation,
this action preserves u. The action is not essentially transitive since all
orbits are countable and the measure is non-atomic. We claim that this
action is ergodic. Suppose A C § is invariant. Let xa(z) = ¥, a.2"
be the L2-Fourier expansion of its characteristic function 4. Then, by
invariance:
xa(z) = xa(e®2) = Zanei“az“.
n

it follows, by the uniqueness of Fourier expansions, that a,e™ = a,
for all n, and hence that a, = 0 for » # 0 in view of the irrationality

of a/2m. Thus x . is constant and the action is ergodic.

Our proof of the next proposition follows that found in [Zim1}.

Proposition 4.2.4 (For ezample, see Proposition 2.1.7 [Zim1]) Suppose
that S is a second countable topological space, that G acts continuously on S,
and that e quasi-invariant measure p i3 positive on open sets. If the action

is properly ergodic, then for almost every s € S, Orbitg(s) s a dense null

get.
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Proof.

Suppose that W C S is a non-empty open set. Then UgecW.g is an open
invariant set for the action. By assumption, p(UzecW.g) > 0, and the action
is ergodic. It follows that (S — UzegW.g) = 0. Thus if {W;} is a countable
base for the topology on S, K = N;(UyecWi.g) will be a conull invariant set.
Now, for every point s € K, the orbit intersects all the W;’s, and hence must

be dense in S. m|

Definition 4.2.5 {Compare Definition 2.1.9 [Ziml1]) Let S be a countably
separated Borel G-space. The action of G on S is said to be smooth if the
quotient Borel structure on S/G is countably separated. Here S{G denotes

the set of equivalence classes defined by the orbits of the action.

Proposition 4.2.86 (For ezample, Proposition 2.1.10 [Zim1]) Suppose G
acts smoothly on §. Then every quasi-invariant ergodic measure g on §

is supported on an orbit.

Proof.

We follow the proof found in [Ziml]. Let J = {A;} be a sequence of
Borel sets separating points in S/G. We can assume that J is closed under
taking complements (if not, add the complements).

Let p: S — S/G be the canonical surjection, and let v = p.(u). By
ergodicity of y, for every A € 7, v(A) =0 or 1. Let

B=n{Ae Jw(A)=1}.
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Then v(B) = 1 and it is enough to prove that B consists of a single point.
Suppose B contained two points. Then these could be separated by an
element of 7. But then either this set or its complement would have measure

1, contradicting the definition of B. 0

Definition 4.2.7 Let S be an ergodic G-space, and Y a countably separated
space. A funciion

Fi8=Y

is said to be G-invariant if for all g € G and almost every s € § we have
f(sg) = f(s).

Proposition 4.2.8 (For ezample, Proposition 2.1.11 [Zim1]) Suppose § is
an ergodic G-space and that Y is a countably separated space. If f: § = Y

is a G-invariant Borel function, then f is essentially constant.

Proof.
Our proof is the one found in [Ziml]. If y is a quasi-invariant ergodic
measure on S, then we claim that it is enough to show that f.(z) is supported

on a point. The proof of Proposition 4.2.6 shows this.

0

Definition 4.2.9 A subset A of a topologicel space (X,T) is said to be lo-
cally closed if A is an open subset of AT with the subspace topology. Equiv-
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alently, A is locally closed if A is the intersection of a closed and an open

subset of (X, T).

The following result gives some equivalent conditions for the smoothness

of an action.

Theorem 4.2.10 (For ezample, Theorem 2.1.14 [Ziml]) Suppose G acts
continuously on a complete separable metrisable space. Then the following

conditions are equivalent,
i) All orbits are locally closed.

i) The action is smooth.

iti) For every s € S, the natural map G/Stabg(s) — Orbitg(s) is a home-
omorphism, where Orbitg(s) has the relative topology as a subspace of
S.

Proof.

() = (32) We follow the proof of Proposition 2.1.12 {Zim1].

Let p: S — S/G be the natural map. Since p is open (see, for example,
[HeR, Theorem 5.17]) and S is second countable, so is S/G. Thus to show
that S/G is countably separated, it is enough to show that S/G is a To-space.

Suppose z and y are elements of S such that p(z) and p(y) are not
separated by an open set. Then yG C zG, and similarly zG C yG. It
follows that yG is dense in G. But zG is locally closed, and hence zG is
open in zG. It follows that =G NyG # B, and we must have p(z) = p(y).
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The equivalence of (i) and (iii} follows from the following lemma, the

proof of which is found in {Zim1, Lemma 2.1.15).

Lemma 4.2.11 (For ezample [Zim1, Lemma 2.1.5]) Suppose G acts con-
tinuously on a complete separable metrisable space S. Suppose s € § has a

dense orbit. Then Orbitg(s) is open if and only if G/Stabg(s) — Orbitg(s)

is @ homeomorphism.

The implication (iz) => (¢) is the most difficult to prove. For a proof

see [Zim1], Chapter 2: Lemmas 2.1,16 - 2.1.18, and the discussion preceding
Lemma 2.1.16. m

Corollary 4.2.12 (For ezample, [Zim1, Corollary 2.1.21]) Every continu-

ous action of a compact group on a separable metrisable space is smooth.

Proof.

Our proof is based on that found in [Zim1), Let X be a separable, metris-
able space, and let G be a compact group acting continuously on S. Let
z € X. We consider the orbit Gz. This is a compact subset of X since G
acts continuously. It is closed, and hence locally closed, since X is Hausdorff.
It follows, by the equivalence of statements (i) and (ii} in the above Theorem,

that the action of G on X is smooth. O

Theorem 4.2.13 (For ezample, [Zim1, Theorem 2.1.19]) Let S be a count-

ably separated Borel G-space. Then there is a compact metric space X on
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which G acts continuously and an injective Borel G-map § — X.

Proof.

Our proof follows that found in [Zim1]. Let {A;} be a countable separat-
ing set for §, and let x; denote the characteristic function of A;.

Let B be the unit ball in L*°(G). Then, by the Banach-Alaoglu Theorem,
and Theorem 9 [Gil], B is a compact metric space in the weak-topology.
The action of G on B is induced by the action of right translation on L*(G).
That is, for f € L*(G), we have f.g(h) = f(hg). Let X = [I%2, B. Then,
by Tychonoff’s Theorem, X is a compact metric G-space where G acts by
componentwise translation as described above.

Define a map

p:5S > X
by
$(3) = (¢i(s))
where ¢;(s) € B is given by {#;(3)](g) = x:(sg). We claim that ¢ is a G-map.

For,
($i(s9)](h) = xi(sgh)
= xi(s(gh}))
= [¢:(s)](gh)
forallgand hin Gandall s € S.

To prove that ¢ is Borel, it is enough to prove that each ¢; is Borel. For
this it suffices to prove that for all f € L(G)

3 f f(9)¢i(s))(g)dg = f f(9)xi(sg)dg
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is Borel. But this follows from Fubini's Theorem.

We claim that ¢ is injective. Suppose s,t € S are such that ¢(s) = §(¢t).
Then for each i, xi(sg) = xi(s) for almost every g € G. It follows that for
some gy € G, xi(3g0) = xi(tgo) for all 4, and since {A;} separates points, we

must have sgo = tgo, and hence s = ¢. ]

Corollary 4.2.14 (For ezample, [Zim1, Corollary 2.1.20]) Let S be a count-
ably separated Borel G-space. Then orbits are Borel sets and stabilisers of

points are closed subgroups.

Proof.

By theorem 4.2.13, there exists a compact metric space X on which G
acts continuously and an injective Borel G-map ¢ : § = X. Let z € X.
Since G is og-compact, it follows, by continuity of the action, that Gz is o-
compact. Hence Gz is a countable union of closed sets, and it follows that
Gz is Borel. Now for s € S, we have Gs = ¢~ (G¢{s)). Our result follows.

Let s € 5. Suppose that g is a cluster point of Stabg(¢#(s)). Then there
exists a sequence {gn} C Stabg(¢(s)) such that g, — g. Now, by continuity
of the action, we have g,$(3) = goé(s). But gnd(s) = ¢(s) for all n, and hence
we must have gé(s) = #(s), that is g € Stabg(¢(s)). Our result follows since

¢ is an injective G-map. m}
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Remark If G acts transitively on S, then the action is equivalent to an
action of G on G/Gy, where Gy = Stabg(x) for some # € S. The above
corollary implies that Gy is a closed subgroup of G. It follows that the usual
quotient map g : G = G/G) is continuous and open, and that the quotient
space G/Gq is Hausdorff and locally compact. (For a discussion see {HeR,
Section 5]).

Definition 4.2.15 If (S, ) and (', y') are standard Borel G-spaces, then
they are said to be equivalent if there ezist conull G-invariant Borel sets

So C 8§ and Sy C S’ and a measure class preserving Borel isomorphism

¢ : So = S§ such that ¢(sg) = ¢(s)g for all s € Sp and all g € G.

Thus, by a similar argument to that discussed above, with Sp denoting the
orbit of measure 1, we see that every essentially transitive G-space is equiv-

alent to G/Gq for some closed subgroup Gy of G.

Corollary 4.2.16 (For ezample, [Zim1, Corollary 2.1.21]) Every action of

a compact group on a countably separated Borel space is smooth.

Proof.
We follow the proof found in [Zim1)]. Apply Corollary 4.2.12 to the con-

tinuous action of G on the separable metrisable space of theorem 4.2.13. O
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4.3 Flows

In this section we briefly describe the basic theory of flows for discrete groups
G. We shall generalise this theory in Chapter 7. For some fuller discussions

and for the development of the theory for coutinuous groups, see, for example,

[Glal], [Gla2], [Nam], and [Phe].

Definition 4.3.1 A flow (G, X) is a pair consisting of a countable discrete
group G and a compact Hausdorff space X such that the group G acts con-
tinuously on X. The pair (G,Y) is said to be a subflow of (G, X) if Y is e

non-empty closed subspace of X which is invariant under the action of G.

Definition 4.3.2 A flow (G, X) is said to be minimal if it has no proper

subflows.

Remark A simple Zorn’s lemma argument shows that every flow has a

minimal subflow.

If (G,X) is a flow and z € X, then the orbit of z is the set O(x) =
{zglg € G}-

Proposition 4.3.3 (For ezample, [Glal, p 2]) A flow (G, X) is a minimal
flow if and only if X = O(z) for every z € X.

Proof.

Suppose (G,X) is minimal. Then since X is invariant under the action

of G we must have O(z) C X for all z € X. Further for cach z € X, O(«z)
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is a subset of X which is invariant under the action of G. It follows, by

minimality of X, that X = O(z) for all z € X.

The converse is clear. D

Definition 4.3.4 Two points ¢ and y € X are said to be proximal if there
ezists a sequence {g:;} C G and z € X such that

lim zg; = z =lim yg;.

Points  and y are said to be distal if we have either x = y or & and y are
not prozimal. The flow (G, X) is said to be proximal if every pair of points
in X is prozimal and distal if every pair of points in X is distal.

Remark The above definitions are given in terms of sequences since the
group G we are working with is discrete. See [Fur] for further discussion
of these concepts in the case where G is an abelian discrete group. The
corresponding definitions for continuous groups are the same, except that in
this case we need to work with nets rather than sequences. See [Glal] for a

discussion.

Remark Clearly a flow (G, X) is both proximal and distal if and only if

the space X consists of exactly one point.

Example 4.3.5 (Example I1.5.2 [Glal])
Let Y = {¢*®|0 < 8 < 1}, and let ¢ : Y — Y be the homeomorphism
defined by #(e*"®) = ¢, Let 5: ¥ — Y be the homeomorphism defined
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by s(e?™?) = ¢*™6+8) and let G be the group of homeomorphisms generated
by s and ¢. If B is irrational, then (G,Y’) is minimal. Further, every point of
Y is clearly proximal to 1 and hence the flow (G,Y) is proximal.

Proposition 4.3.6 (For ezample, [Glal, p 20]) Every prozimal flow (G, X)

has a unique minimal sub-flow,

Proof.

Suppose (G, A) and (G, B) are two minimal sub-flows of (G,X). By

Proposition 4.3.3, A = O(a) for every a € A and B = O(b) for every b € B.
Fix a € A. Then, by proximality of (G, X), for every b € B there exists a
sequence {g;} C G such that lim bg; = lim ag;. It follows that B C O(a) =
A, and, by minimality of (G, A), we must have A = B. 0

Let Y be a compact space. Let M(Y') denote the space of all probability
measures on the set Y. The space M(Y') can be considered as & convex

subset of the space C(Y)” via the mapping

u(f) = [, fdp
for u € M(Y) and f € C(Y'). With the weak*-topology induced from C(Y)",
M(Y) is a compact Hausdorff space by [Par, Theorem II.6.4]. This topology

corresponds to the vague topology on M(Y).
We have the following results for M(Y). See [Par] for proofs.

Theorem 4.3.7 {Compare [Par, Theorem I1.6.2]) The space M(Y) can be

metrised as a separable metric space if and only if Y is separable.
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Theorem 4.3.8 (Compare [Par, Theorem I1.6.3]) Let Y be a separable met-
ric space, and let E be @ countable dense subset of Y. Then the set of all

measures whose supports are the finite subsets of E forms a countable dense

subset of M(Y).

Theorem 4.3.9 (For ezample, [Par, Theorem II.6.4]) The space M(Y') is

a compact metric space if and only if Y is a compact metric space.

Theorem 4.3.10 (For example, [Par, Theorem I1.6.5]) Let Y be a separable
metric space. Then M(Y') is topologically complete if and only if Y is so.

Proposition 4.3.11 (For ezample, [Con, Theorem V.8.4]) The set of ez-
treme points of M(Y) is
{&:|z € Y}

Proof.,

Our proof is based on that found in {Con]. Let z € Y. We show that
d; is an extreme point of M(Y). Suppose py,pu2 € M(Y) are such that
8 = %(.ul + pa). We show that the support of u; and pp is {z}. Since
1 and p, are regular measures, it is enough to show that for all compact
subsets D C Y\{z} we have u;(D) = uy(D) = 0. Suppose D is such a subset
but p1(D) > 0. Then since g, and p, are positive measures we must have
0z(D) > 0. But this is impossible. It follows that we must have y; = ya = 4,.

Suppose that u is an extreme point of M(Y'). Let K be the support of
p. Fix zgp € K, and suppose that there exists z € K with z # zo. Let
U and V be open subsets of Y such that o € U, 2 € Vand TNV = 0.
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Then 0 < u(U N K) = r < 1. Define measures juy, u2 for each Borel subset
B C Y by ua(B) = r~'u((U N K) N B) and pa(B) = (1 — 7) " p((K\(U N
K))N B). Then g, and p, are non-equal probability measures which satisfy
g =7y + (1 — r)pg, contradicting p € ex(M(Y)). It follows that u = 4, for
some y € Y. 0

Remark The above proposition, together with the Krein-Milman Theorem,

shows that the set of atomic measures is dense in M(Y) with the vagune

topology.

Given a flow (G,X), we can view the pair (G, M(X)) as a flow. The
action of G on M(X) is defined as follows. Let p € M(X) and g € G. We
define the measure gu by

fx fd(gu) = (9u)f = p(f.9) = fx f.gdp.
Further, each g € G acts affinely on M(X).

Definition 4.3.12 A flow (G, X) is said to be strongly proximal if the flow
(G, M(X)) is prozimal.

Remark We can identify the space X with the subset {dz|z € X} of M(X)
so that (G,X) can be regarded as a subflow of (G, M(X)). Under this

identification it becomes clear that every strongly proximal flow is proximal.

We now give an example of a proximal flow which is not strongly proximal.
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Example 4.3.13 ([Gla2, p 162]) Consider the compact group X = {0,1}%.
Let = be the shift homeomorphism on X. That is,

(rz)(n) = z(n—1) for z € X.

Let the map ¢ : @ — @ for a € {0,1} be defined by T = 0 and 0 = 1. Define
oz =z if (0) = 0 and oz = 2’ if 2(0) = 1. Here 2’ is the two sided sequence
defined by z'(n) = z(n) for n # 1 and z(1) = z(1). Finally, define pz = z if
z(0) = 1 and pz = 2z’ if 2(0) = 0. Let T be the group of homeomorphisms of
X generated by 7, o and p.

The flow (T, X) is proximal since, given z and y in X, we can apply the
homeomorphisms 7, ¢ and p alternately to both z and y in such a way that
an arbitrary given block of z will become identical to the corresponding block
of y, but this block of ¥ will remain unchanged.

Finally, the flow (T, X) is measure preserving. It preserves the product

1

measure on X obtained from the measure u(0) = p(l) = 3 on {0,1}. It

follows that the flow (T, X) is not strongly proximal.

We prove an analogue of the following Lemma for our generalised flows

in Chapter 7. Our proof here follows that found in [Pie].

Lemma 4.3.14 (For ezample, [Pie, Lemma 5.1]) The flow (G, X) is strongly
prozimal if and only if given p € M(X) there ezists a sequence {g;} C G
such that lim g;u = z for some z € X.
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Proof.

Suppose that (G, X') is strongly proximal. if z € M(X) and 7 € X, therc
exists a sequence (g;) € G such that lim; g;u = lim; g;d,. It suffices to put
z = lim; g;n. The result follows under the identification described carlier.

Conversely, let g, v € M(X). Let ¢ = 1(p+v) € M(X). By our assmmp-
tion, there exist a sequence (g;) C G and z € X such that lim gio = z. By
compactness of M(X), we may assume that im g;u = y; and im g = 1
for some py, 11 € M(X). Then we must have z = 3(u; + 11). The result

follows since  is an extreme point of M(X). a

4.3.1 Affine Flows

Definition 4.3.15 A flow (G, X) is an affine flow if the space X is a com-
pact, convez subset of a locally convez Hausdorff linear topological space and
G is a group of affine transformations of X. The affine flow (G, X) is said

to be irreducible if it has no proper affine subflows.

Remark Again, a simple Zorn'’s lemma argument shows that every affine

fiow has an irreducible affine subflow.

The barycentre of a compact, convex set will be of great use in what follows.

Qur proofs of the following propositions imitate those found in Chapter 1 of
[Phe].
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Proposition 4.3.16 {compare Proposition I11.2.1 [Glal]) Let E be a locally
convez topological vector space. Let Q be a compact, conver subset of E.

There ezists a unique map (the barycenire map) B : M(Q) — @Q satisfying

the following conditions.

(a) B is onto.
(b) B is affine.

(¢) B is weak™-continuous., That is, if po — p vaguely, then we have

Blpa) = B(n).

(d) If f is a continuous real valued affine function on Q then
FB()) = [, fou for u € M(Q).

Proof.

If u = T}, cid,; is an atomic measure, wherea; € Q,0 < ¢ < l,andy ¢ =

1, then properties (b) and (d) above imply that we must have B(u) =

t.1ca;. Since the set of atomic measures is dense in M(Q) this defines
the barycentre map 8 : M(Q) — @ on a dense subset of M(Q). We can
extend this map continuously to M(@Q). Our proof follows [Phe, Proposition
1.1). Let ¢ € M(Q). If f € E* then, by restriction, we have f € C(Q).
For each f € E=, let Hy = {y|f(y) = u(f) = fo fdu}. These are closed
hyperplanes. We wish to show that their intersection is non-empty. Since ¢

is compact, it is enough to show, by the finite intersection property, that for
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every finite subset {f1,...,fa} C E*, N, Hy, N Q # 0. Define a continnous
linear map I': E - R" by

Ty = (fly) ..., o)

Then TQ is compact and convex. It is enough to show that

p= (u(fr)su(f2)s...  p(fn)) € TQ. For then, p = Ty where y € NIL, H;,NQ.
Suppose p & T'Q. Then there exists a linear functional on R™ which strictly
separates p and TQ. If we represent this functional by a = (a,,as,...,a),
then we have (a,p) > sup{{a,Ty)jy € Q}. Defining g € B by g = L aif;

this last assertion becomes

f gdu > sup{g(z)}.
Q zEQ

But this is impossible since u(@Q) = 1. This establishes our claim, and

assertion (d) above.

The map 8 thus obtained is onto. Forif z € @, then §(4;) = z. Affineness
of 8 follows from its definition.

We show that 8 is weak*-continuous. Let {u.} C M(Q) be a net which
converges to ¢ € M(@). Let z, and = denote their respective barycentres.
Since X is compact, it is enough to show that every convergent subnet {z3}
of {z,} converges to . Suppose zg = y. Then pg — p and hence f(zg) =
ps(f) = p(f) = f(z) for each f € E". Since E" separates points of X, we

must have y = z. 0
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Remark ([Ziml,p 61)) IfT : E — E is an affine transformation such that
T(@Q) C @, then T commutes with 4. That is,

B(T.pe} = T(B(n))
for all p € M(Q).
Proposition 4.3.17 (compare Proposition II1.2.2 [Glal])
(1) Let X be a closed subset of Q such that 6(X) = Q, then ex(Q) C X.

(2) If z € ex(Q) then &, the point mass at , is the unique measure u in

M(Q) such that B(p) = =.

Proof.

We follow the proofs found in [Phe, Chapter 1].

(2) Suppose z € ex(Q) and p € M(Q) satisfies B(u) = z. Since u is a
regular measure, to show that p is supported by {z} it suffices to show that
for each compact subset D C Q\{z} we have u(D} = 0. Suppose u(D) > 0
for some such D. By compactness of D, there is a point y € D such that
£(UNQ) > 0 for every neighbourhood U/ of y. Choose U to be a closed convex
neighbourhood of y such that X = UNQ C Q\{z}. Then K is a compact
convex set of measure 0 < r = u{K) < 1. We can define Borel measures y,
and g2 on @ by p1(B) = r~u(BN K) and py(B) = (1 —r)"u(BN(Q\K))
for each Borel subset B C Q. Let z; = f(p;). Since p1(K) = 1, we have
#1 € K, and hence z; # z. Further, 4 = ryy + (1 — r)uy, and hence
z = f(u) = rey + (1 — r)z; contradicting = € ex(Q).
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(1) Suppose = € ez(@). Then, by Proposition 4.3.16, there cxists a

measure u on X such that A(u) = z. By part (2), we must have p = §,. It
follows that z € X. O

The following theorem is due to Furstenberg. The proof we give here is

the one fourd in [Glal].

Theorem 4.3.18 (compare Theorem II1.2.8 [Glal]) Let (G, Q) be an irre-
ducible affine flow. Then (T, Q) is a strongly prozimal flow. If X = e&(Q),
then X is the unique minimal set of Q. Thus (G, X) is e minimal strongly

prozimal flow.

Proof.

Since the action of G is affine, the set X = ex(Q) is an invariant subsct
of @. Hence (G, X) is a flow, Let z € @. Then, by irreducibility of @, we
have €(0(z)) = Q. Hence, by Proposition 4.3.17, we must have X C O(z).
It follows, by Proposition 4.3.3, that X is the unique minimal set in (G, Q).

Let u G M(Q) and let 8 : M(Q) — @ be the barycentre map. Then
B(ea(0(p))) is a closed convex invariunt subset of Q. It follows, by irre-
ducibility of (G, Q), that @ = B(ea(0(n))). Note, by weak*-continuity of
8, and compactness of ga(0O(u)),, we have B(ga(O(u))) = @(8(0(u))) and
hence, by Proposition 4.3.17, we have X C 8(0(u)).

If z € e2(Q) C X, then, by Proposition 4.3.17(2), 8~!(z) = {d.}. Thus
8z € O(u). 1t follows, by Lemma 4.3.14, that (G, Q) is strongly proximal. O
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4.3.2 Fixed Point Theorems

We shall use the second of these theorems in the next chapter when we prove
some special cases of our main result. For a proof of the first theorem, see
[Glal]. There are many different versions of the proof of the second theorem

in the literature. The one we give here is found in [NAs]. For other proofs

see [Nam| and [Glal].

Theorem 4.3.19 (Hahn, for ezample Theorem II1.5.1 [Glal]) Let (G, Q) be
an affine flow. If the action of G on @ is distel, then G has a fized point in
Q.

Theorem 4.3.20 (Ryll Nerdzewski, for example, [NAs]) Let @@ be a nonempty,
weakly compact, convez subset of @ Banach space E, and let S be a semigroup
of weakly continuous affine maps of Q into itself which is distal in the norm

topology on E. Then there is a common fized point of S in Q.

Proof.

We claim that every finite subset of & has a common fixed point. Then
we can use the finite intersection property to prove our result as follows.
We denote by F the set of all nonempty finite subsets of S, and for each
FeFltQr={zeQT(z)=zforallTinF} Then, since each T

in S is weakly continuous and affine, Qr is a convex, weakly compact set.
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The collection {@r|F € F} satisfies the finite intersection property, and the
result follows by compactness of Q.

It remains to establish our claim. Let F = {Ty,..., T} € 8. Put
To = (Th+...+ T,)/n. Then Ty is a weakly continuous affine map Ty :
@ — Q. By the Markov-Kakutani fixed point theorem (for example, [Con,
Theorem V.10.1}), there exists zo € @ such that Ty(zo) = zo. We show that
Ti(zo) =mo for k=1,... ,n.

Suppose that T(zo) # o for some k. Then, renumbering, we may assume
that there is an integer m such that Ti(zg) # z¢ for 1 £ k < m and Ty(zp) =
zoform <k <n Let Tg=(T1+...+ Tw)/m. Then

go = To(zo)

n—m

&o.

= %['ﬂ(mo) + ...+ Tu(mo)] + -

Hence,
To(zo) = i'[Tz(ﬂiO)'i'“'"*'T’"(mo)]

nl
= ——[Ty(z0) ... + Ton(z0)]

n—m

n
= ;;[-’Bu - 30]

= Zg.
Thus we may assume that Ti(zg) # zo for all k # 0 but that Tp(zo) = .

Since & is distal, there exists e > 0 such that foreveryt € Sand 1 <k <
n,
IT(Tk(z0)) — T(zo)l| > e.
Let S, be the semigroup generated by {Ty,...,Tx}. So & C S and §; =
{T1, -+ T,,Jlm 2 1,1 < l; < n}. Then 8, is a countable subsemigroup of S.
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Put X = @{T(z0)|T € 81}. Then K is a weakly compact convex subset of Q)
which is separable. By [Con, Lemma V.10.2], there is a closed convex subset
C of K such that C # K and diam(K\C) < e. Since C # K there exists
S € &8, such that S(zo) € K\C. Hence
§(z0) = STo(zo) = %[ST,(%) e+ STi(zo)] € K\C.

Since C is convex, there exists 1 < k < n such that STu(zo) € K \C. But
this implies that ||S(Tk(zo)) — S(zo)|| < diam(K\C) < ¢, contradicting the
norm distality of S. Our claim follows. 0

4.4 Groupoids

In this section we give the definition of a groupoid, together with some ex-

amples of groupoids. For more details of the theory of groupoids see [Ren].

Definition 4.4.1 A groupoid is a set G together with a subset G ofGxG
called the set of composable pairs and e product map (g, h) — gh: G* =g

and an inverse map g — §~* : G — G which satisfy the following azioms:

(1) If (g,h) and (h,j) are in G, then (gh,j) and (g,hj) are also in G%. In

addition,
(gh)j = g(hj).

(2) For every g € G, we always have (g, g) and (g7, 9) in G*. Moreover,

whenever (g,h) and (j,g) are in G?, we have
97 (gh) = h and (jg)g™" = 3.
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Examples 4.4.2 (1) Every group is a groupoid.

(2)

(3)

All disjoint unions of groups are groupoids. Elenients of the union are
composable if and only if they were originally elements of the same

group. The groupoid product is then the original group product.

Consider the set of homotopy classes of paths mapping the interval
[0,1] into a topological space X. If [f] is the path homotopy class of f,

then this set becomes a groupoid under the product operation defined
by

[£).[g] = (f.g]
where if f and g are two paths satisfying g(0) = f(1), we define
f(2s) for s € [0,1]
g(2s —1) for s €[},1]

and the inverse operation [f] — [f~!] where f~!(s) = f(s ~ 1) for
s € [0,1).

(4) If G is a group of transformations of the set S, then theset G = 5 x G

has the following natural groupoid structure:

g? = {((8,9’), (t$h))‘t = .gg}
(s,9)(sg,h) = (s,gh) and (s,9)™" = (sg,97").

Definition 4.4.3 Let G and H be groupoids. A function f : G — H is a

groupoid homomorphism if the following conditions are satisfied:

(i) If (g, ) € G, then (f(g), (1) € H? and then
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(ii) f(gh) = f(g)f(h).

We shall see some examples of groupoid homomorphisms in the next

chapter.
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Chapter 5

Cocycles

5.1 Definitions and Examples

Definition 5.1.1 Let G be a second countable locally compact group and let

H be a topological group. Let (S, u) be a G-space. A cocycle
a:SxG—+H

is a Borel function which satisfies the following equality for all g and h in
G: afs,gh) = a(s,g)afsg,h) for almost all s € S. We shall refer to the
above equality as the cocycle identity. If a cocycle satisfies this identity for

all s € S, then it is said to be a strict cocycle.

Remark Thus a cocycle is a groupoid homomorphism from the groupoid
S x G to the group H.

Remarks 1) {Compare [Ziml, p 67]) If G is a countable discrete group,

and H is a Borel group, then for every cocycle a@: § x G — H there is
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a strict cocycle o' : § x G = H such that @ = o' almost everywhere.
Proof.

We follow the proof found in [Zim1]. For all g and A in G there exists a
conull subset S, 4 C S such that a(s, gh) = a(s, gla(sg, h) for s € Sy .
Let So = Ny recSyn- Then Sp is a conull subset of S and for all g and
h in G we have a(s, gh) = a(s, g)a{sg, k) for all s € So.

Define a function

a:SxG—H

by
, a(s,g) fora e S
o'(s,g) =

ex otherwise

Then o' is a strict cocycle which is equal to a almost everywhere.

2) Mackey proved (e.g. Proposition 4.2.15 [Zim1}) that if a is a cocycle
from a transitive G-space into a second countable group, then thereis a
strict cocycle o' such that for each g € G, a(s,g) = o/(s, g) for almost
every 8 € 5.

3) (e.g. Theorem B.9 [Ziml]): If § is a standard Borel G-space with quasi-
invariant measure g and H is a second countable topological group,
then for each cocycle @ : § x G -~ H there exists a strict cocycle
f:8 x G = H such that for all g € G, B(s, g) = a(s, g) for almost all
s€s.
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Examples 5.1.2 1) (Compare [Ziml, Example 4.2.6]) Let 7 : G — H be

a group homomorphism, and let S be a G-space. Define a map

or:SxG— H
by
a,.-(s,g) = 11'(9’).
Then, for all g and & in G, we have
an(s,gh) = =(gh)
= w(g)w(h)
= a,,(s,g)a,.-(sg,h)
for every s € S, and hence «, is a strict cocycle. The cocycles of this

form are precisely those which are independent of s.

2) (Compare [Ziml, Example 4.2.4]) Let (S, u) be a G-space with quasi-
invariant measure y. Then, for all ¢ € G, the measures y and poy
have the same null sets, and hence, for all ¢ € G, we can form the

Radon-Nikodym derivative of u o g with respect to u. Let
r,: Sx G2 RT

be defined by the Radon-Nikodym derivative

_ dp(sg) _dpog
Tu(8,9) = du(s) = dp ().

Then for every g € G and every s € 5,

_ dp(ag) du(sgh) _ dp(agh)
du(s) du(sg)  du(s)
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= ru(s, gh).

Thus r, is a cocycle, called the Radon-Nikodym cocyele of the G-space
(S, p).

We now derive some elementary consequences of the cocycle identity.

1) Let S be a G-space, let a: § x G — H be a cocycle and let eg and ey
denote the identity elements of G and H respectively. Then for almost

every 8 € 5 we have:
a(s,eq) = a(s, e}) = afs, eg)a(s, eg)
and it follows that (s, eg) = ey for almost every s € S.
2) Let g € G. Then for almost every s € S we have
a(s,g)a(sg,g7") = afs,997") = ex

for almost every s € §. That is, for all ¢ € G and almost every s € S,
a(s,g)™" = ofsg,g7).

5.2 Equivalence of Cocycles

Definition 5.2.1 Leta: S x G = H and 8: 5 x G = H be cocycles. We
say that a and B are equivalent or cohomologous, denoted by a ~ 8, if there

is ¢ Borel function ¢ : S — H such that for eachg € G
B(s,9) = $(s)a(s, g)¢(sg)™
for almost all s € S.
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If a and B are strict cocycles and the above equation holds for all s € §,

then a and (3 are said to be strictly equivalent.

Definition 5.2.2 Let E be a Banach space. A cocycle o : § x G — End(E)
is said to be uniformly bounded if there exists a constant C > 0 such that
le(s,9)|| £ C for all g € G and almost every s € S.

Examples 5.2.3

1) Suppose 7 : G = H and p : G — H are conjugate homomorphisms.
That is, there exists h € H such that forall g € G

ha(g)h™ = p(g).

Then the map
¢: S H

defined by
$(s) =h

for all s € S is a Borel map implementing the strict equivalence of ay,

and .

2) (Compare example 4.2.4 [Zim1]) Suppose y and v are equivalent quasi-
invariant measures on a G-space S. Then the Radon-Nikodym deriva-
tive ¢ : S — Rt is a positive function such that du = ¢dv. It follows

that : :
_ ¢lsg)dv(sg)
a8 9) = o)
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That is,

B(a)r,(s, 9)$(s9) ™" i((g))

I

= r,,(s,g)

and hence 7, ~ 7.

In fact, every cocycle r : § x G — R™ such that » ~ 7, for some
measure 4, is the Radon Nikodym cocycle of a measure equivalent to
g. Suppose that ¢ : S — R* is a Borel function implementing the

equivalence of r and r,,. Then » = ry,.

3) Suppose that (S, u) is a free, transitive G-space, and let H be a second
countable group. Then every cocycle @ : § x G — H is cohomologous
to the trivial cocycle

1:5xG—H

defined by
1(319) =€H

forevery s€ S and g€ G.
Proof.

Since the action of G on § is transitive and free, it is equivalent to an
action of G on itself. Thus we need only consider a cocyclea: GxG —

H. Define a map
$: G- H
by

¢(s) = afeg, s) for every s € G.
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Then,

$(s)a(s,9)p(sg)} = ale s)a(s,g)ale,s9)™
= afle,s)a(s, g)a(ag, (s9)™")
= afe, s)afs,g(s9)™")
= afe,s)a(s,s™!)

= afe,987') = ey
for every g € G and almost every s € G. w
Remark The result of the previous example does not hold, in general, for

essentially free actions, Let 0 < A < 1 and consider the probability measure
gy defined on {0,1} by

1
w0 = 173

A
ml) = 5

Consider the Cantor set

x =TI{0, 1}

i=1

with product measure

[= ]
vn= [ i

i=1
where p; = py for all 4. The group X is compact by Tychonoft’s Theorem.
The Borel structure on X is that induced by the product topology. Consider
the action of Z on X induced by the odometer transformation. For a descrip-

tion see [Wei]. This is an essentially free action of Z. It is also clearly not

essentially transitive since Z is countable and the measure v, is not atomic.
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Let r,, : X x G = R denote the Radon-Nikodym cocycle. We claim
that r,, 7t 1 for A # 1. Now the only invariant measure on X is the product
measure, . For, suppose #' is an invariant measure on X. Then, the cylinder
sets A = {0} x[12,{0,1} and B = {1} x[]:2,{0, 1} must have equal measure.
Since X = AUB, we must have §'(A) = §'(B) = ;. Fixing the jth co-ordinate
for each j € N we see that the cylinder sets []i2;{0,1} x {0} x 1824110, 1}
and [1i21{0,1} x {1} x T1§2;41{0, 1} must also be of equal measure ;. But
these sets generate the topology, and hence the Borel structure on X. It

follows that 6’ = v, establishing our claim. Further, since

A
I1 3(5)" + (55)) = 0
n>l
it follows, by Kakutani's criterion [HeS, Theorem 22.36), that for A # 1, the
measures vy and ¢ are singular. Thus there is no invariant measure in the

same measure class as vy for A # 1, establishing our claim.

If G acts transitively on a standard Borel space S, the action is equiv-
alent to an action of G on G/Gy for some closed subgroup Gy of G. (See
Corollary 4.2.14 and the discussion following.) If @ : G/Go X G — H is
a strict cocycle, then we can associate with it a continuous group homeo-
morphism o, : Go = H defined by o,(g9) = a{[e],g) for g € Go. Here [e]
denotes the coset of G/Gy with representative e, the identity element of G.
There is a one-to-one correspondence between strict equivalence classes of
strict cocycles and conjugacy classes of homomorphisms [Zim1, Proposition

4.2.13).

We have the following result for cocycles on transitive Borel G-spaces.
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Proposition 5.2.4 Let G be a countable discrete group. Suppose that a :
G/Go x G — GL(M) 1is cocycle into a finite von Neumann algebra such that
the associated homomorphism o, is uniformly bounded. Then o is cohomol-

ogous to e unitary cocycle.

Proof.

We may assume that « is a strict cocycle. (See the remark following
Definition 5.1.1. ) Let M = a(G/Go x G)”. Since a is uniformly bounded,

there exists C > 0 such that ||e([s],g)]| < C for all [s] € G/Go and for all
g € G. It follows that

0721 < of[s], 9)"([s], 9) < C*.1
for all [s] € G/Gp and for all g € G. Consider the group of linear mappings:
F = {Tg : g € Go}
where for each g € G,
Ty M= M
is defined by
Tyz = af[e], g)"za([e], 9)

for ¢ € M. Let K be the a-weakly closed convex hull

K =co{c([e], 9) (e}, ) : g € Go}-
Then K is a o-weakly compact, convex subset of M and

C21<z<C%
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for all z € K. Consider M as a locally convex space with the strong topology
s(M, M.) [Sak]. The o-weak topology o(M, M.) is the corresponding weak
topology and K is weakly compact. Further, K is invariant under F.

We claim that the group F of affine mappings is distal. That is, given

u,v € K, v # v we have

(MM.)

0¢ {T,u—Tyv:g € Go} (5.1)
Since M is finite, there exists a normal trace 7 on M such that
7({z — v)?) > 0. Since 7 is a trace,
r{(w = v)?) = r(zTyfu — v)) (5.2)

where z = of[e], ) (v — v)(a([¢], 9)*) " and
21l < lie((e]s 9) Il (= = w)I | (ex([e], 9)) 71| < 2C°.
By the Cauchy-Schwarz Inequality applied to 5.2, we obtain

7(Tolw = v) Ty(u = 0))*/* 2 Ta(r((i;ff/): )5 "'((ZE:’)*) >0

for all g € Gp. This proves 5.1.
Thus the Ryll-Nardzewski fixed point theorem applies and there exists
an element b € K such that

a([e], g)"ba(le],g) = b

for all g € Go. Now b is positive and invertible in M. Put a = /2,
Let v: G/Gp — G be a Borel section of the canonical projection with
¥(le]) = e. Then for [s] € G/Go and g € G, ([s])g and ~([sg]) are equal
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when projected to G/Gyp, and so we have v([s))gv([sg]})! € Go. Let
B:G/Gox G— GL(M)

be defined by
ﬂ([3]19) = aa([e],7([3])97([891)-1)0_1_

Then S is a Borel cocycle. Further, for every g € G and every (3] € G/Gy
B(ls}, 9)B([s], 9) = a " a([e), 7([s])g7([39]) )" aa([e], v([s])gv([sg]) H)a™

=a"laaa™! = EGL{M)

and hence, since M is finite, we have 8([s], 9)B([3], 9)" = ecr(m). Thus B is

unitary, and if we define
¢: G/Gy = GL(M)

by
¢((s]) = a(le],v([s]))""a"B((e], v(s)),

then ¢ is Borel and
$((s))B([s), 9)¢([s]g) ™" = o([s],9)

for every [s] € G/Gop and every g € G, establishing our result. 0

We prove the above result for more general actions of discrete groups in
the later chapters of this thesis. The above proof is a generalisation of that
given in [Rob] and [VZ] for the corresponding result for uniformly bounded

group representations. We now obtain a corresponding result for essentially
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transitive actions of continuous groups. Note that we now restrict ourselves
to strict cocycles, since the group of invertible elements of a von Neumann

algebra is not,in general, second countable.

Proposition 5.2.5 Let G be a second countable locally compact group. Let
(S,p) be an essentially transitive standard Borel G-space. Suppose a: § X
G — GL{M) is a uniformly bounded strict cocycle into a finite von Neumann

algebra. Then a is cohomologous to a unitary cocycle.

Proof.
Let 8; be the orbit of full measure. Then p(S\&) = 0. Since G acts
transitively on its orbits, there exists a closed subgroup H of G and an

cquivalence of actions

¢:0; - G/H.

Define
$:5—G/H

q?)(3)={ #(s) if s eﬁ.,- |
le]  otherwise

Define a cocycle o' : G/H x G - GL(M) by

af(["]]s g9) = a(‘;-l([sl)a g)-

Then o is a strict cocycle. It follows, by the same argument as in the
proof of Proposition 5.2.4, that o is equivalent to a unitary cocycle 8’ :
G/H xG — GL(M). Let ¢': G/H — GL(M) be a Borel map implementing

the equivalence.
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Define a cocycle 8: S x G — GL(M) by B(s,9) = ,B"(J)(.u),g). Then g
is a unitary cocycle. Consider the map ¢ : § x G — GL(M), defined by

P(s8) = ¥'(4(s)). Then 9 is a Borel map implementing the cquivalence of «
and 8. o

Corollary 5.2.6 Let G be a second countable locally compact group. Let
(S,p) be a standard Borel G-space such that p is supported by a countable
number of G-orbits. Suppose a : § x G = GL(M) is ¢ uniformly bounded

strict cocycle into a finite von Neumann algebra. Then a is cohomologous to

a unitary cocycle.

Proof.

By a similar argument to that in the proof of the above proposition, we
may assume that the action has a non-zero, countable number of orbits. Then
the action of G on § is equivalent to an action of G on the space |JG/G;
where the union taken is the disjoint union, and the G;’s are closed subgroups
of G. For each ¢, the cocycle &; obtained by restriction of  to G/G; is Borel,
since each orbit is Borel. After rescaling u to be a probability measure on
G/G;, it follows, from the above proposition, that there is a unitary cocyele,
Bi: G/Gi x G = GL(M) which is equivalent to a;. Let ¢; : G/G; = GL(M)
be a Borel map implementing this equivalence.

Define a map

B :UG/G; x G — GL(M)

by B([sli. g) = Bi([s:, 9), where [s]; denotes the coset in G/G; with represen-

tative s. Then, since the orbits are disjoint Borel sets on which the cocycle
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identity holds, 3 is a Borel cocycle. Further, # is unitary since each §; is
unitary. The map
¢:UG/G; x G — GL(M)
defined by
$([s)s) = dil[s]:) for [s]: € G/G:

is a Borel map implementing the equivalence of @ and S. O

The proof of the following related result uses the Ryll-Nardzewski theorem
directly and is also a generalisation of that given for uniformly bounded group
representations in [Rob] and [VZ].

Proposition 5.2.7 Let M be a finite von Neumann algebra, let G be a count-
able discrete group, and let (S, p) be a standard Borel G-space such that the
Radon-Nikodym derivative f(s) = %{ff— is an L*-function for all g € G. Let
a8 xG = M be a uniformly bounded ¢ 2ycle. Then a is cohomologous to

a unitary cocycle.

Proof.
Since G is countable, we may assume that our cocycle a is strict. Let

T :8 x G = End(M) be the strict cocycle defined by
T(s,9)z = afs, g)za(s,g)" for z € M.

Let M = M @ L°(S,u). We will identify M with @ M,du(s) where
M, = M for all s € S. ([Tak, Corollary 8.3])

Let = be a measurable field of operators on M, and let T : G — End(M)
be defined by

T(g)z(s) = T(s, g)z(sg) for all s € §.
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Then the operators {T(g) : ¢ € G} form a group.
Forall s € 5, let K, denote the o(M,, M;)-weak closure of co{c(s, h)a(s, h)" :
h € G}. Thenforall g€ G we have

T(s,9)K,g =K, forall s € §.

We claim that K = {z € L®(8,p) ® Mlz(s) € K, ae.} is a o(M, M.)-
compact convex subset of M. We first prove that {K,} is a Borel field of
compact, convex subsets. We may assume that our cocycle a is uniformly
bounded in norm by 1. We define a countable family of functions ¢,, : § — E;
by

kn

¢ﬂ(3) = E Aia(s, g;)a(S,g.-)"
i=1

where the A; € Q vary over all possible rational convex combinations and the
g; € G vary over all possible finite subsets of group elements. These func-
tions are Borel since they are finite linear combinations of Borel functions.

Moreover, for all 3 € S we have

K, ={¢.(8)n =1,2,... }.

It follows, by Lemma 3.3.4, that {K,} is a Borel field of compact, convex

sets., Our claim follows by Proposition 3.3.5.

Further, for all g € G, T(g)K = K. We claim that the group {T(9)lg €
G} of operators is distal. It is enough to prove that given g € G, and z, y in
K such that z # y we have

0 ¢ {T(g)x — T(g)y} "M,
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Let 7 be a normal tracial state on M. Then 7 = g ® 7 is a normal tracial
state on M. Let z be defined by 2(s) = (s, g)(a(s, 9)") " (z—y)(sg)a(s,g) .
Then z € L*(S, 1) ® M and we have

#eTlola-1) = [ 7(=(s)T(e)(z = v)(s))dp(s)
= [ rlr(s,9)(e(s,9)") (= = v) (o)
a(s,9)"(als, 9)(z ~ y){sg)a(s,g)"))du(s)
= fs'r((a(s,g)')"(m - y)”(t‘sg)ar(ehg)")Cf;;f&g 3)
= 7((z - y)*(s9))du(sg)
= #(z-9)*).

It follows that

HI()e ~ v T - )t > ) > HEoil)

establishing the norm-distality of our group of operators.
Thus the Ryll-Nardzewski fixed point theorem applies and there exists
an element b € K such that
T(g)b=b
for all g € Go. Now b is positive and invertible in M. Put a = b*/2,
Let
B:5xG— GL(M)
be defined by
B(s,g) = aa(svg)a-1°
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Then £ is a Borel cocycle. Further, for every g € G and almost every s € S,

B(s,9)'B(s,9) = a'a(s,g)"aaa(s,g)a™" = a™'T(g)aaa™

1 b

= a aaa”" =1y

and hence, since M is finite, we have 3(s, 9)8(s,9)" = 1p. Thus 3 is unitary,
and if we define
¢:S5 - GL(M)
by
¢(s) =a™,
then ¢ is Borel and
$(s)B(3,9)9(s9)™ = (s, 9)

for every g € G and almost every s € 5, establishing our result. 0
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Chapter 6

Uniformly Bounded Cocycles
into Finite von Neumann

Algebras

In this chapter we prove the first of our main results.

6.1 Our First Main Result

Theorem 8.1.1 Let G be a countable discrete group, and let (S,u) be a
standard Borel G-space with guasi-invariant measure 1. Let M be e finite
von Neumann algebra with separable predual, and let GL(M) denote the group
of invertible elements of M, endowed with the Borel structure induced by the
strong topology. If a: § x G = GL(M) is e uniformly bounded cocycle, then

a is cohomologous to a unitary cocycle.
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Proof.

Since G is discrete, we may assume, by the remark following Defini-

tion 5.1.1, that a is a strict cocycle. Let T : § x G — B(M) be the strict
cocycle defined by

T(s,9)¢ = a(s,9)fc(s,g)" for £ € M.

Then T is a Borel map by Lemma 3.1.2.

Denote by M = M ® L*(S, 1) and let B(M) be defined as in chapter 3.
Let T : G — B(M) be defined by:
Ifz:s+ z, €M, then

T(g)a(s) = T(s, g)=(sg).
Since e is uniformly bounded, one checks easily that T(g) € B(M).
Further for all g and & in G and almost every s € S, we have
T(g)T(R)a(s) = T(s,g)T(k)z(sg)
= T(s,9)T(sg, h)(agh)
= T(s,gh)z(sgh)
= T(gh)z(s)

and T'(e) = idy. Therefore T is oM, M. )-continuous representation of G in
B(M).
For all s € S, let K, denote the o(M, M.)-closure of

co{a(s,h)a(s,h)"|k € G}.
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We claim that {K,} is a Borel field of compact, convex sets, equivariant
under the action of T'.

Let C > 0 be a constant such that forall g € Gand all s € S ||a(s, g)|| <
C. Then for all s € S and for all £ € K, we must have ||£|| < C*. For
each s € S, K, is a weakly closed, bounded subset of M, and hence is weakly
compact, Let ¢; : S — M be the functions s = 3 Ma(s, gi)a(s, g;)" where
¥ Xa(s, gi)a(a, gi)* is a finite rational convex combination of generating el-

ements of K,. Then for every s € S we have K, = {¢:(s)|t=1,2,...}. It

follows, by Lemma 3.3.4, that s = K, is a Borel field of weakly compact,
convex sets. We show that this field is equivariant under T'. Let g € G. Then

for every s € S we have

T(s, 9)a(sg, h)a(sg,h)" = afs,g)a(sg,h)a(sg, h) ofs,g)"
= afs,gh)a(s,gh)"
€ K,.

Further, for a(s,h)a(s, k)" € K, we have

T(s,9)a(sg, g7 h)e(sg, g7 h)" = afs,g)a(sg,g” " h)a(sg,g7 k) (s, g)"
= oafs,h)a(s,h)".

Hence, for all g € G,T(9,9)K,, = K, for every s € §, and (T,{K,}) is an
affine G-flow.
Since a is uniformly bounded, there exists a constant C > 0 such that
K, C Mg for all s € S. Then
K={\e M;\s) € K, p-ae. }
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is a subset of Mc. Since M is o(M, M.)-compact, it follows, by an argument
similar to that found in the proof of [Zim4, Proposition 2.2], that K is a
o(M, M.)-compact, convex subset of Mg. Since {K,} is T(G)-cquivariant,
(T, K) is an affine flow in the sense of Chapter 4.

Let z and y be distinct elements of K. Then there is a subset S; C § of
positive measures such that z(s) # y(s) for every s € Sp. Since M is a finite

von Neumann algebra, there is a normal tracial state, 7, on M such that
7({z(s) — y(s))*) > 0, Vs € Su.

Let || « |l2 be the corresponding tracial norm. Let g € G, z € M be defined
by z(s) = (a(s,9)") (2(sg) — y(sg))e(s,9)™". Then r(z(s)(T(g)z(s) —
T(g)y(s)) = 7((z(sg) — y(sg))?) and

()l < [l(afs,9)) lliz(sg) = ylsg)Ii|ex(s, )"
< 20",

Further, by the Cauchy-Schwarz Inequality, we have

)z - ) ()T (@) —p) e} > E=0(s9))

7(z=2)1/2

{(z — y)*(sg))
2 504

>0 (6.1)

for all s € Sg~'. Note that u(Spg™!) > 0 since g is quasi-invariant and
#(5o) > 0.

Let (7,Q) be an irreducible subflow of (7, K). Let X = z(Q) where
the closure is taken in the (M, M.)-topology. Then (7, X) is a minimal
strongly proximal flow by Proposition 4.3.17.

80



Let € > 0. Let B = {f € Mc||f(s)|]2 < efor u-a.e. s € §}. This is a
bounded convex set which is ||.||;-norm closed, strong operator closed, and
hence, by Proposition 3.3.3 and since the strong and weak topologies coincide
on bounded convex sets, B is (M, M.)-closed.

Let {¢n} be a #-dense sequence in M¢. Then {¢,+B} is a countable cover
of X. By Baire’s theorem, there exists a (M, M.)- open neighbourhood W
of some ¢, such that WNX C (¢, + B)NnX.

Since (7, X) is strongly proximal, and hence, proximal, we have that for

each y, z in X there exists a sequence {g;} C G such that for some %
T(g:)y, T(g:)z € X NW C ¢ + B.
This implies that T'(g)(y — z) € B. That is,
| T(g:)(=(s) — 9(s))l|2 < € for p-ae. s €S.
Since ¢ is arbitrary, this implies that
lim T(gi){y —2) =0
in the 7-topology. But this implies that

sup||T(g:)(y — 2)(s)llz = 0,

contradicting 6.1 unless X, and hence also @, is trivial. Thus, there exists a -
Borel function ¢ : § — M such that for all g € G

T(s,9)d(s9) = 4(s) p-ae.
and ¢(s) € K, for y-ae. s€S.
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Define 8: S x G = M by

B(s,9) = ¢(s)"*als, 9)d(s9)"/".
Then 3 is a cocycle, and
B(s,9)B(s,9)" = (s) (s, 9)d(sg)als,g)"d(s) 7

= ¢(s) " g(s)g(s) ™2
=1

for almost every s € S. It follows, by finiteness of M, that 8(s, g)"f(s,g) = 1.

Thus 8 is a unitary cocycle which is equivalent to a, establishing our result.
]
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Chapter 7

G-Flows

7.1 G-Flows on Borel Fields of Compact Sets

Definition 7.1.1 Let (S, u) be a standard Borel space, and let G be a count-
able discrete group. If (S, u) is ¢ G-space, let G denote the groupoid SxG. Let
Y be a compact Hausdorff space. Let Homeo(Y') be the group of homeomor-
phisms of Y with the topology of uniform convergence and the corresponding
Borel structure. Let a: S x G = Homeo(Y) be a Borel cocycle. If s = Y,
i3 a Borel field of compact subsets of Y which satisfies

a(s,g)Y,; =Y, forallg € G and p-a.e. s€ S

then {Y,}.es i said to be an equivariant field of compact sets for . Let
{Y.}ies be a Borel field of compact subsets of Y which is equivariant for a.
Then we call the pair (a,{Y,}) a G-flow.

Let E be a separable Banach space, let G be a countable discrete group

end let (S, p) be a standard Borel G-space. Let {X,}.es be a Borel field of
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a(E", E)-compact subsets of Ey. Let a: § x G — Iso(E) be a Borel cocycle
such that {X,} is equivariant for a*. Then we call the pair (a*,{X.}) a
Banach G-flow.

Let (a,{X,}) be a G-flow. If (a,{Q,}) is a G-flow such that for p-a.e.
s €85, Q. CX,, then (a,{Q,}) is called a sub G-flow of (a, {X.}). We say
that a G-flow (e, {X,}) ts minimal if it has no proper sub G-flows.

Remark If S is a one point space, then « is a continuous group homomor-

phism since G is discrete and the pair ({a(s, g)},{Y:}) is a flow in the sense
of chapter 4.

Example 7.1.2 Let Y be a compact Hausdorff space, and let s — ¥, be
a Borel field of compact subsets of ¥. Then C(Y) is a separable Banach
space. We show that s = M(Y,) is a Borel field of compact subsets of
M(Y) Cc C(Y)]. First note that for all 3 € S we can consider M(Y,) as a
subset of M(Y) 'by considering the measures in M(Y,) to be the restrictions
of measures in M(Y') having supports contained in Y,. Further, we claim
that M(Y,) is a closed, and hence compact, subset of M(Y') for all 5 € S.
Let p be a cluster point of M(Y,). Let {u,}nen be a sequence in M(Y,)
such that g, — #x in the vague topology on M(Y'). By the definition of the
vague topology, u is a probability measure, and hence is regular, by Theorem
3.1.4. Suppose p € M(Y,). Denote by supp p the support of y in Y. Let
K C supp p\Y, be a compact set such that u(K) > 0. Then KNY, =0
and both K and Y, are closed in Y. Thus Urysohn’s Lemma applies and

there exists a continuous function f : Y — [0,1] such that f(¥;) = 0 and
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F(K) = 1. But then for all n we have

/;(fd,un =0

and
du> [ 1du=p(K) >0,
j;f p2 | ldp=p(K)
contradicting g, = p. Our claim follows.
Let {¢:} be a sequence of Borel selectors for {¥,},es. Consider the se-

quence of functions i, defined by all possible convex combinations

g

RS DILILINE
i=1

where A; € Q. These functions are Borel and satisfy

Q. ={¥;(s)li=1,2,...}

for p-a.e. 8 € 5. Thus, by lemma 3.3.4, {M(Y;)}.cs is a Borel field of
compact convex subsets of M(Y').
Let
a: S x G — Homeo(Y:)

be a Borel cocycle with respect to which (a,{Y;}) is a G-flow. Then the

cocycle
a:S5 xG = Iso(C(Y))
defined by
o(3,9)f(y) = f(els,9)7"y)
satisfies

a*(s,g)M(Y,,) = M(Y,) forall g € G and p-ae s€8S.
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Thus the pair {(a", {M(Y;)}) is a Banach G-flow.
Remark (Compare [Zim4, p 358]) Let (a*, {A,}) be a Banach G-flow. Then
A={re L=®(5,E);A(s) € A, p-ae. }

is a a(L>(S, E), L'(S, B))-compact, convex subset of L*(S, E*) by propo-
sition 3.3.3.

Further, the mapping,
T:G = Iso(L(S, E))

defined by
T(g)f(s) =r(s,9)a(s, 9}f (s9)

is a continuous representation of G.

Also, we have an induced adjoint action
T": G — Homeo(L(S, E™))

given by
T(g) = (T(g7))"
This map is defined by

(T (9)A)(s) = " (s,9)A(s9).

Since {A,} is a"-equivariant, it follows that the set A defined above is

T™- invariant, and hence, that (T, A) is an affine flow in the sense of chapter

4,
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7.2 Proximal and Distal §-Flows

Definition 7.2.1 Let 7 be a locally convez topology onY . A G-flow(e, {X,}}
i3 said to be T-proximal if for all Borel fields of vectors z : 3 — 2, and

y: 5y, in {X,} therc ezists a sequence {g;} C G and a Borel field of

vectors z : 8 = z, in {X,} such that

hm ofs, g:)z(sg:) = 2(s) =lim (s, g)y(sgi) p-a.c.

1

where convergence s with respect to the topology 7.

A G-flow (e, {X,}) is 7-distal if for all Borel fields of vectors z : s — =z,
and y : s = y, in {X,} we have either z, = y, for almost every s € S or,
for all sequences g = {gi} C G there exists a Borel subset §; C S of positive

measure such that for all s € S,

lim ofs,g:)2(sg:) # lim a(s, %)y(sg:).

Remark We work with sequences again here since the groups we shall
consider in this chapter are all countable discrete groups. The corresponding
definitions for continuous groups are the same, except that in this case we

need to work with nets rather than sequences.

Remark For a given topology, 7 on E*, a G-flow (a, {X,}) which is both
r-proximal and r-distal must clearly be trivial. That is, if we have z : 3 = z,

and y : 8 = ¥, in 8 — X, then, we must have z, = y, for almost every s € 5.
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7.3 Affine G-flows

Definition 7.3.1 An affine G-flow is a G-flow (e, { K,}) satisfying the addi-
tional condition that for each s € S, K, is a compact, convez set.

An affine Banach G-flow is a Banach G-flow (a, {K,}) which is affine in
the sense of the above definition.

An affine G-flow is said to be irreducible if it has no proper affine sub
G-flows.

Example 7.3.2 If (o, {Y,}) is a Banach G-flow, then (o™, {M(Y,)}) as de-

scribed in Example 7.1.2 is an affine Banach G-flow.

Lemma 7.3.3 Every affine Banach G-flow (a*,{K,}) has an irreducible sub
G-flow.

Proof.
If {X,} is a Borel field of compact convex subsets of E*, then, by Propo-
sition 3.3.5, the set

X ={)e L®(S, E")|A(s) € A, prae}

is a compact convex subset of L*(S,E"). Let 7 be the group of affine
mappings defined from a” as in the remark following example 7.1.2. Then
(7, X) is an affine flow in the sense of chapter 4.

Let 8, be the set of measurable simple functions

f= zﬂ: GiXA;

i=1
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where the ¢; are positive rational numbers which satisfy 3, ¢; = 1 and the

A; are measurable subsets of §. We will say that a compact, convex subset

B C L$(S, E*) has property (*) if for all fi,...,f. € S; which satisfy
T, fi(s)=1forall s € § and for all ay,...,a, € B, the map

s i{f;(s)a;(s)
is in B.

Since S is-a standard Borel space, we may conclude, by [Zim4, Lemma
2.5], that A has property (*).

Let (B;)icr be a chain, ordered by reverse inclusion, of compact, convex
T-invariant subsets of A which have property (*). Then (7] B; is a compact,
convex, T-i~variant subset of A which has property (*)‘gfld which forms a
lower bound for {B;)ics. It follows, by Zorn's Lemma, that there exists a
minimal compact, convex subset Q of A which is 7-invariant and which has
property (*).

By proposition 3.3.6, we can construct a Borel field {Q,} of compact,

convex subsets of B such that
Q = {X € L(S, E*)|\(s) € Q, p-ace. }.

The Borel field {Q,} is equivariant under a” since @ is T-invariant. Irre-

ducibility of (a", {@,}) follows from the irreducibility of (7, @).

Remark The proof of the above Lemma shows that if E is a separable

Banach space, and 7 is a group of affine mappings which can be defined in
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terms of the cocycle @ : § x G — Homeo(L{(S, E)), then, given an affine
flow (7,Q) in L*(S, E*) in the sense of Chapter 4 which has property (*),

we can construct an affine G-flow («”, {@,}) such that

Q ={A € L%(S, B)[A(s) € Q, p-ae.}.

7.4 Strongly Proximal G-Flows

Definition 7.4.1 A G-flow (e, {X,}) is said to be strongly proximal if the
G-flow (o, {M(X,)}) is prozimal in the vague topology.

Remark Let (a,{X,}) be a G-flow. We can identify (a,{X,}) with a sub
G-flow of (a*,{M(X,)}) via the identification of s — z, € {X,} with s —
bz, € {M(X,)}.

Thus, if (a, {X,}) is a strongly proximal G-flow, it is also a proximal G-

flow.

We denote by M(X) the Borel field of measure spaces s = M(X,). The
elements of this space are Borel fields of measures s — p, where g, € M(X,)

for p-a.e. s € S.

Lemma 7.4.2 A separable G-flow (o, {X.}) is strongly prozimal if and only
if for every Borel field of measures, y : s = u, € {M(X,)} there ezisis a
Borel field y : 8 — y, of vectors in 8 = X, and a sequence {g;} C G such
that im a”(3, gi)fteg; = 0y, in the vague topology for almost every s € S.
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Proof.

Suppose (a,{X,}) is strongly proximal. If s = pu, € {M(X,)} and
s+ z, € {X,} there exists a sequence (g;) C G such that

lizn a”(s, gy = Lm oa’(s,9i)dz,,,

iz lign o (a.g;

JTay;

f - p-a.e. 3 € S. The result follows with y, = lim; (s, g:)2,p-
Conversely, let g : s — p, and v : s = v, be two Borel fields of measures

in {M(X,)}. Let § = 3(x+ v). Then 8 is a Borel field of measurcs in
{M(X,)}, and there exists z € X and a sequence {g;} C G such that

a"(s,6i)0sg = 6., for all s in some conull subset Sy C S.

Suppose that for some 8 € Sy we havelim a”(s, gi)vag, = v} and im a™(3, g:)jiay; =
pl. Then (v} + ;) = &, and it follows, since §;, is an extreme point of

M(X,), that v} = pu; = §,,. Strong proximality of (e, {X,}) follows. |
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Chapter 8

Amenability

8.1 Amenable Groups

Definition 8.1.1 (Compare [Zim1, Definition 4.1.1.].) A locally compact
group G is said to be amenable if, for every continuous G-action on a compact

metrisable space X, there is a G-invariant probability measure on X, that is,

o G-fized point in M(X).

Examples 8.1.2 (1) If G is abelian, then G is amenable by the Kakutani-
Markov fixed point theorem. For a proof see [Zim1, Theorem 4.1.2].

(2) All compact groups are amenable. See [Ziml, Proposition 4.1.6] for a

proof.

(3) If G is amenable and H C G is a closed subgroup, then H is amenable.
For a proof see [Zim1, Proposition 4.1.6].

(4) (See, for example, [Zim1, Corollary 4.1.7)) Solvable groups are amenable.
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(5) (Compare [Ziml, Example 4.1.10]) Let F; be the free group on 2 gen-
erators. Then F; is not amenable. For, let ¢ : [0,1] — [0,1] be defined
by ¢(z) = z*. Then for a < 1, ¢([0, a]) = [0,a?], and a™ — 0. It follows
that all invariant measures are supported on {0,1}. We can consider
¢ to be a map on the circle. Let 3 denote a rotation of the circle by
an angle which is not a rational multiple of 2. Then there arc no
probability measures on the circle which are invariant under both ¢

and 1. The maps ¢ and i generate an F; action. It follows that Fj is

not amenasable.

There are many equivalent definitions of amenability to be found in the

literature. The following is due to Day, and is ofter. referred to as Day’s fixed

point theorem.

Proposition 8.1.3 (For ezample, [Zim1, Proposition 4.1.4]) A locally com-

pact group G is amenable if and only if there is a fized point in every compact

affine G-space.

The following result for uniformly bounded representations of amenable

groups is due to Dixmier. The proof which appears here was suggested by

Guyan Robertson in [Rob].

Theorem 8.1.4 (For ezample, [Pau, Theorem 8.8]} Let G be an amenable

group and let p : G — B(H) be a strongly continuous homomorphism with
ple) =1, such that

llell := sup{l|p(g)lllg € G} < 0.
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Then there ezists an invertible S € B(H) with
SIS < Hlell?

such that S~%p(g)S is a unitary representation of G.

Proof.
Since p is uniformly bounded, there exists a constant C such that ||p{g)| <
C for all g € G. This implies that for all g€ G

C~%1 < p(g)"p(g) < C2.1.
Let M = p(G)". Define a group {7} : ¢ € G} of linear mappings on M by
T,z = p(g)"zp(g) for z € M.
Let K be the o-weakly closed convex hull
o{p(9)"p(9) : g € G}-

Then K is a o-weakly compact convex subset of M. Thus Day’s fixed point
theorem applies and there exists b € K such that

T,b=bforal g €G.

Now bis a positive, invertible element of M. Consider the operator b*/2p(g)b=*/2,

Then

(6" p(g)b™ %) (62 p()b™/%) = 57 /%p(g)"bp(g)b™ /2
= b-1/2bb-1/2

=1
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and, similarly (b*/2p(g)b2/2)(b'/2p(g)b~1/?)" = 1. The result follows with
S =bt/2, m]

Definition 8.1.5 Let G be a locally compact group. Let A denote the left
regular representation on G. A mean m on L®(G) is a continuous linear
functional on L®(G) which satisfies m(1) = 1 = ||m||. The mean m is said
to be left invariant if m(A(g)f) = m(f) for all g € G and all f € L™®(G).

A group G has the fixed point property if for every affine flow (G, Q) there
ezists a-G-fized point in Q.

We generalise the following result for amenable actions in the next section.

Theorem 8.1.6 (For ezample, [Glal, Theorem II1.8.1]} Let G be a locally

compact topological group. The following are equivalent.
(1) G has a left invariant mean on L*(G).
(2) G is amenable.
(8) G has the fized point property.

(4) Every minimal strongly prozimal flow for G is trivial.

Proof.

See [Glal] for a proof of the equivalence of (1) and (2). The equivalence of

(2) and (3) is given by Day’s fixed point theorem. Our proof of the remaining
implications follows that found in [Glal).
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((3) = (4)) Let (G, X) be a minimal strongly proximal flow. Then M(X)
contains a fixed point. It follows, by strong proximality, that this point must
lic in X. Minimality of X implies that X must be trivial.

((4) = (2)) Let (G, X) be a flow. Consider the affine flow (G, M(X)). Let
(G, @) be an irreducible subflow. It follows, by Theorem 4.3.18, that (G, Q)
is strongly proximal. Let X = ez(@). Then, by Theorem 4.3.18, (G, X) is a
minimal strongly proximal flow. By assumption, X, and hence ¢}, must be

trivial. Thus the unique point of Q is an invariant measure for (G, X). O

8.2 Amenable Actions

In this section we develop some equivalent conditions for amenability of an
action of a locally compact group G on a standard ergodic Borel G-space,
(S,p). This notion was introduced in [Zim4] where the definition given was
the following.

Suppose E is a separable Banach space, and that a : § X G — Iso(E)
is a cocycle. Let G denote the groupoid § x G. Let (a",{A,}) be an affine
Banach G-flow in Ef.

Definition 8.2.1 (compare [Zim{]) The action of G on (S, i) is called amenable
if every affine Banach G-flow (a*,{A,}) has an a-invariant section. That is,

if there exists ¢ € L{°(S, B™) such that ¢(s) € A, for p-a.e. 3 € § and for
all g € G, a"(s,g)P(3g) = ¢(s) for almost all 5.
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Examples 8.2.2 (1) ([Zim4, Theorem 2.1}) Let G be an amenable group

and (S, ) an ergodiz G-space. Then S is an amenable G-space.

(2) ([Zim4, Corollary 1.6]) The trivial G-space {e} is amenable if and only

if G is an amenable group.

(3) ([Zim4, Theorem 1.9] Let H C G be a closed subgroup. Then G/H is

an amenable G-space if and only if H is amenable.

Remark Note, in particular, that for all groups G, the trivial sub-
group {e} is a closed, amenable subgroup. Thus every group has an

amenable action, namely the transitive action on itself.

Proposition 8.2.3 The G-space S is amenable if and only if every irre-

ducible offine Banach G-flow 1s trivial,

Proof.

Suppose that S is an amenable G-space. Let a : § x G = Iso(E) be
a cocycle, and consider an irreducible affine Banach G-flow (a*,{4,}). It
follows, by the amenability of S, that there exists an a-invariant section ¢.
But then, (a”,{B,}) where B, = {¢(s)} is an affine Banach G-flow such that
B, C A, for almost every s € §. It follows that B, = A, for almost cvery
8 € S, and hence that (", {4,}) is trivial.

Conversely, let (a®,{A,}) be an affine Banach G-flow. Then, by lemma
7.3.3, there exists an irreducible sub affine G-flow (a”,{B,}) of (", {A.}).
It follows, by our assumption, that (a*,{B,}) is trivial. That is, there exists
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a Borel function ¢ € L{®(S, E*) such that ¢(s) = B, C A, for almost every
s € §, satisfying
a™(3,9)P(sg) = ¢(s) for almost every s € S.

Thus S is an amenable G-space. a

The initial definition of amenability of actions given in this section is a
generalisation of the definition of amenability for groups giver by Day’s fixed
point theorem. In [Zim5), Zimmer generalises the invariant mean definition
of amenability for groups given in [Glal], proving the following result for dis-

crete groups. This result is generalised for second countable locally compact

groups in [AEG].

Proposition 8.2.4 ([Zim5, Proposition 4.1]) If G is a countable discrete
group acting ergodically on (S, u) then S is an amenable G-space if and only

if there is o conditional expectation
o1 L(S x G) > L=(8)
such that
o(f.9)=0o(f).g
where {f.9)(s, k) = f(sg,hg) and (4.g)(s) = $(sg).
If A € L>(S, E*) and f € L*(S, E), define
(A5 = (Ao, Flo))duts).

Some of the techniques used in the proof of the following theorem are
taken from [Zim6)]. We consider the Borel structures on End(E) and End(E~)

introduced in example 3.1.1(iii).
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Theorem 8.2.5 Let G be a countable discrete group and let (S, i) be a stan-

dard Borel G-space. Then the followine conditions are equivalent:

(i) S is an amenable G-space.

(it) For every separable Banach space E and for every uniformly bounded
cocycle a : SxG — End(E) and every equivariant Borel field {K,}.es C
B} of compact convex sets for a” : S x G — End(E*) there ewists a

Borel function ¢ : S = E™ such that
a™(3,9)P(3g9) = ¢(8) for all g € G and p-a.c. s € S.

Proof.

Suppose that S is an amenable G-space. Let @ : § x G — End(E)
be a uniformly bounded cocycle and let M > 0 be a constant such that
la(s,g)l| £ M for all g € G and p-a.e. s€ S. Let

K ={Ae L™(S,E")|\(s) € K, p-a.e }.
Fix k € K and for all £ € E define a Borel map

¢2‘:S><G—)C

VE(s,9) = (€, 07 {s,97" )k(sg™")).
Then
s‘ggI(E,a'(a,g'l)k(sg'l))l < Néllle(s, g7 e(sg™)|
< Mk||l€
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and ¥f € L*(§ x G).
Let P: L®(S x G) = L**(S) be a G-equivariant conditional expectation.
Such a P exists by the amenability of S and Proposition 8.2.4. Define a map

u: B — L®(S)
by
u(€) = P({£,@"(5,97" )k(sg™")))-

Then 1w is a linear map which is clearly bounded, and hence continuous. By

[Edw, Theorem 8.17.2], there exists a measurable map a : § — E~ such that

u(€)(s) = (€, a(s)) p-ae..

Moreover, since E is a separable Banach space, the same theorem implies
that ||u|| = ||a|| and that a is unique up to p-a.e. equality.
We claim (compare {Zim6, Lemmal)) that for all 8 € L*(S, E) we have

P({8(s),a" (3,97 )k(sg™"))) = (8(s), a(s)) p-ae..
Suppose 8 is a simple function. That is,
b(s) = 3o
where {4;} is a partition of S and §; € E. Fix j € {1,2,... ,n}. Then for
p-a.e. 3 € A; we have
P((8(s), (s, g7 h(sg™* NNs) = P((B(s), (5,97 )h(39™"))x4;x6)(s)

= P((8;2"(s,97")k(sg™")))(s)
= (6;,a(s))
= (6(s),a(s)).
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Since j was chosen arbitrarily. we have

P({8(s), " (5,97 k(sg™))(s) = (8(s),a(s)) for p-nc. s € §

for simple 4.

Suppose 8 is an arbitrary function. Then there exists a sequence (8,) of

simple functions such that ||, — 6}|oc = 0. Then

(8n(s), @™ (5, 97 )h(sg™")) = (B(s), 0" (3,97 )h(sg™"))]

[18a(s) = 8(s)lllle™ (3, 97" V(g ™)l
M| [kico |16 (s) — 6(s)]

M|[kloo |16 — Bllco

0.

AN IA A

1

Let F(s,9) = a"(s,97')k(sg™"). Hence P({8.(.), F(.,.))) = P({8(.), F(.,.)})
in L*(S). Our claim follows since the continuity of the pairing {.,.) implies

that [(8(.), ()} = (Ba(-)sa(-}ee = 0.
Now for he G

Yeh(s,g) = WE(sh,gh)
= (£, a"(sh,(gh)™")k(sg™"))
= (£, (sh,h™")a (3,97 )k(sg™"))
= (afs,9)¢, " (s, 97" )k(sg™"))-

Consider the Borel mapping g: S — E defined by
g9(s) = a(s, h)¢.
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Then
llg(s)ll = llex(s, h)EN| < [lae(s, RIEN < M|
and g € L*®(S, E). It follows, by the above claim, that

P(pg.h)(s) = P{(g(s), o (3,07 )k(sg™"))
= (g(s),a(s))
= (s, )6, a(s))
= (& 0" (sh,h7")a(s)).

Also,
P(¢)(sh) = (£, a(sh)).
It follows, by equivariance of P, that
(€, a"(sh,h™1)a(s)) = (€, a(sh)).
Hence, by separability of E, we must have
a"(sh,h™')a(s) = a(sh) p-a.e..

It remains to show that a(s) € K, for p-a.e. s € S. Let {f,} be a count-
able dense subset of E. For each n, consider &, as a linear functional on E".
Consider the hyperplanes in E* defined by 8,,(f) = q for g rational. These
separate all convex compact subsets of E] from points in BEj. Therefore, it
is enough to prove that for all n and g, 8,(K,) > q implies that 8,(a(s)) > ¢
for p-ae. s € 8§.

Given 8, and gq, let

So = {s € S)0.(4,) > q}-
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Then Sy is measurable by Lemma 3.3.4. Suppose j(Sp) > 0. Then, by
positivity of P,

P((6n, s, 97" )k(sg™ Nxsoxa) 2 Pla-Xs0xc)
= 4XS%-
Thus (6, a(s)).xs, 2 ¢.Xs5,. Hence 8,(a(s)) > g for p-a.e. s € So. Theresult
follows since 8,, and g were chosen arbitrarily.

The converse is easy to verify since the original definition of amenability

of actions given in this chapter is just a special case of condition (ii) above.

i

We now provide a new proof of a result of Zimmer, [Zim5, Corollary 4.2].

Corollary 8.2.6 Let # be a separeble Hilbert space. If G is a countable
discrete group and S is an amenable ergodic G-space, then every cocycle
a: § x G = GL(H) for which there ezists a constant C > 0 such that
lla(s,9))| € C for all ¢ € G and p-a.e. 8 € S is equivalent to a unitary

cocycle.

Proof.

Let @ : S x G =+ GL(H) be a uniformly bounded cocycle. Consider the

sets

K, = @{a(s,g)a(s,9)"|g € G}
where the closure is taken in the weak topology. Then the sets {K,} form a
Borel field of compact, convex sets. Define a cocycle T': S x G — End(H)
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where for each ¢ € G and each s € §, T'(s,g9)z(s) = a(s,g)z(sg)a(s, g)".
Then, for almost every s € 8, T(s,9)K,; = K, and hence (T,{K,}) is an
affine G-flow. Applying Theorem 8.2.5 to the cocycle T and the Borel field
{K,} we obtain an equivariant point ¢ : S — H" for T'.

Define a cocycle, 8: S x G —» GL({H) by

B(s,g) = ($(s))*a(s, g)(¢(sg))*/*.

Then A is a unitary cocycle which is equivalent to a. m

Remark For discrete groups, theorem 8.1.4 is a special case of the above
result. We apply the above corollary with the G-space § = {e} and the
uniformly bounded cocycle a.

Lemma 8.2.7 Let {X,}.es be a Borel field of compact subsets of Ey for
some separable Banach space E. Let s — p, be a Borel field of measures in
the Borel field of compact convez sets s — M(X,). Consider the barycentre
map B : M(E7) = E;. Then s v B(u,) is a Borel field of vectors in { X, }ees.

Proof.

Since 8 — p, is a Borel field of measures in M(X,), the map f: S5 —
M(E}) defined by f(s) = p, is Borel. The barycentre map 8 : M(F;) -~ E;
is Borel since it is weak*-continuous. Thus 8o f is a Borel map. It follows

that s — B(y,) is a Borel field of vectors in {X,},es. D
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Definition 8.2.8 If (a,{Y,}) is a G-flow, then a function v : § = M(Y) ix
called a G-invariant field of probability measures for the G-flow (a, {Y,}) if it

satisfies the following conditions:
(i) v is a Borel map.
(i) v, € M(Y,) p-a.e.

(iit) For all g € G, a™(8,g)vyy = v, p-a.e.. That is, for all f € C(Y) we

have

(a'(s,g)u,ﬂ,, .f) = (v,, f).

Theorem 8.2.9 The G-space (S, ) is amenable if and only if every G-flow

has a G-invariant field of probability measures.

Proof.

Suppose (S, i) be an amenable G-space. Let Y be a compact Hausdorff
space and let (a, {Y,}) be a G-flow in Y. Let E = C(Y) with the ||.||-norm.
Then F is a separable Banach space. Let " : S x G — Iso(C(Y)) be the
Borel cocycle given by

(s, 9)f(y) = fla(s,g)""y)

for f € C(Y) and y € Y. Then (", {M(Y,)}) is an affine Banach G-flow.
The result follows by amenability of G.

Conversely, let E be a separable Banach space, and let a : SxG — Iso( E)

be a Borel cocycle. Let {A,},cs be a Borel field of compact convex subsets of
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E; such that for all g € G, a"(s,g)A,; = A, p-a.e.. Then (a”,{A,}) is a G-
flow in E;. By our assumption, there exists a G-invariant field of probability
measures s — v, on {4,}.

Let § : M(E]) = Ei be the barycentre map. As a" : § x G —=
Homeo(E;), the weak™-continuity of # implies that

Boa'(s,g) = a(s,g)0p.
Thus
B(va) = a(s,9)B(veg)

and hence, by lemma 8.2.7, 3 = fA(v,) is an a"-equivariant section of {A,}.

The amenability of G follows. D

Corollary 8.2.10 If S is an amenable G-space then every strongly prozimal

Banach G-flow (a, {X,}) has an a-equivariant section.

Proof.

Let (@, {X,}) be a strongly proximal Banach G-flow and suppose that §
is an amenable G-space. Then there exists an a"-invariant section ¢ : § -
M(X). By strong proximality of the G-flow, there exists a sequence g; C G
and a Borel field of vectors s — z(3) where z(s) € X, for almost every s € §
such that

lim a"(s, g:)#(sg:) = da,) for almost every s € S.

But,
lim a"(s,g;)d(sgi) = ¢(s) for almost every s € §,
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by the equivariance of ¢. It follows that ¢(s) = 4, for almost every s € S.
Let 8 : M(E;) = Ej be the barycentre map. Since a” : $xG — Homeo(E})
and 8 is weak™-continuous, we have a” 0 # = B o a". Thus, by lemma 8.2.7,

3+ f(8z,) = s — =z, is an a-equivariant section for (o, {X,}).
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