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ABSTRACT

Recent advancements in machine learning (ML) for potential energy surfaces (PESs)
have yielded promising results, with much of the focus on isolated ground-state surfaces.
Extending machine learning to coupled excited state surfaces introduces significant chal-
lenges, however, particularly in regions of conical intersections. At these points, the adia-
batic potentials are non-differentiable, complicating the application of standard ML tech-
niques. In this work, we build on a previously proposed approach that overcomes this
issue by learning the nuclear coordinate dependent characteristic polynomial coefficients of
the potential matrix instead, which enables the construction of smooth, accurate machine
learning models even at seams of conical intersections.

The proposed approach is first validated at the ab initio multi-reference configuration
interaction (MRCI) level of theory for various molecules. We examine the ability of the
proposed model to accurately reproduce energies near a minimum energy conical inter-
section (MECI) and analyze its performance in capturing seams of conical intersection
against analytical MRCI solutions. The results demonstrate that, through this approach,
quantitatively accurate machine learning models of seams of conical intersection may be
constructed.

We further demonstrate the application of this framework to the combined density
functional theory and multi-reference configuration interaction (DFT/MRCI) method. The
selected configuration interaction nature of the method enables the calculation of accurate
excitation energies at a low computational cost. However, the potential energy surfaces
produced resemble smooth underlying surfaces contaminated with noise, rendering them
locally non smooth. To mitigate this, we treat the local discontinuities in the potential
surfaces as noise by explicitly optimizing a whitenoise kernel within a Gaussian process
regression framework. We apply this method to optimize DFT/MRCI minimum energy
conical intersection geometries and compare the results to ab initio MRCI solutions. While
treating the locally discontinuous surface as noise limits the ability to achieve arbitrarily
small energy gap at nominal intersections, the structures and branching spaces obtained
are in strong agreement with ab initio data. This approach thus proves to be a viable
method for generating smooth, accurate representations of DFT/MRCI(2) PESs.
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MOTIVATION

Understanding chemical processes at the molecular level relies heavily on the concept of
potential energy surfaces (PESs), which describes the energy landscape of a molecular sys-
tem as a function of atomic positions. These surfaces provide critical insight into reaction
dynamics, transition states, and molecular interactions, making them central to fields such
as reaction mechanism prediction, material design, and photochemistry. The generation of

accurate PESs is therefore a crucial step in computational chemistry. However, producing



these surfaces requires high-level electronic structure methods, which can be computation-
ally expensive and formally complex, especially for large systems or when multiple excited

states are involved.

Recent advances in machine learning (ML) offer promising solutions to this computa-
tional bottleneck by providing efficient methods to approximate PESs, with the potential
to revolutionize the way these surfaces are represented. However, when it comes to excited
states and the complex phenomena associated with them, such as conical intersections
(Conlns), standard ML techniques face significant challenges. Conlns are points in the
PESs where electronic states become degenerate, leading to cusps in the potential surface.
This non-differentiability at the intersection complicates the application of traditional ML

methods, which typically rely on smooth and differentiable functions to train models.

This thesis aims to address this challenge by leveraging a framework that has been
previously proposed to overcome the difficulties posed at Conlns. Rather than directly
learning the adiabatic PESs, our approach involves learning the nuclear coordinate de-
pendent characteristic polynomial coefficients of the potential matrix, which are smooth
functions of nuclear coordinates and enables smooth interpolation of the potential energy
surface (PES) even at Conlns. This strategy provides a computationally efficient way to

construct coupled PESs without sacrificing accuracy or computational feasibility.

This thesis is structured into five main chapters: Chapter 2 and 3 introduces the back-
ground necessary to keep all the analysis done in this thesis self contained, including the

theory of coupled potential energy surfaces, electronic structure theory and machine learn-



ing methods. Chapter 4 of this work applies the proposed framework to study Conlns
in multireference configuration interaction (MRCI) calculations for various molecules. By
benchmarking this approach against analytical MRCI solutions, we demonstrate the ac-
curacy and robustness of the proposed method. Chapter 5 of this thesis extends the
framework to the combined density functional theory and multireference configuration
interaction (DFT/MRCI) method, where no analytical solutions exist. This application
further highlights the versatility and potential of the framework for handling more complex,
non-analytical systems, as well as gain insight into the PESs generated at the DFT/MRCI

level of theory.

In summary, this thesis presents progresses in the intersection of machine learning and
computational chemistry, offering a novel and efficient way to model excited-state PES,
particularly in the presence of conical intersections. Through careful validation and appli-
cation to a range of systems, we demonstrate the potential of this approach to transform the
way PES are generated, opening new avenues for the study of machine learning chemical

processes in the excited-state regime.
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2.1. BORN-OPPENHEIMER APPROXIMATION

2.1 BORN-OPPENHEIMER APPROXIMATION

The quantum mechanical description of atoms and molecules involved in any chemical

process can be extracted by solving the time-independent Schrodinger equation (TISE)

HU = EV (2.1)

where U is the full molecular wavefunction and H here is the field-free, non-relativistic

molecular Hamiltonian in the position basis given by:

ﬁZTAN—FTe-i-‘;;e-FVeN-i-VNN

:‘Z—V2 Z%V *er 2.2

T J>1
_ZZ|»,~ —R|+ZZ|R R]|
1 J> 1 J>

where the Hamiltonian is shown in terms of atomic units. Herein, all the operators and

wavefunctions are expressed in the position basis.

In the first line of Eq.2.2, Ty and T, are the nuclear and electronic kinetic energy
operator, respectively, and Vee, V.x and Vyy are the pair-wise Coulomb potential operators
between the electronic (with subscript e) and the nuclei (with subscript N) degrees of
freedom. In the second line, the sum for the nuclear components runs over the N number of

nuclei atoms, and similarly the electronic component runs over the n number of electrons.

5



2.1. BORN-OPPENHEIMER APPROXIMATION

The gradients V,., and Vg, are taken with respective to the i electronic and nuclear
position coordinate, r; and R;, respectively, and the same notation is used throughout this
thesis. Solving the TISE with the full molecular Hamiltonian (Eq. 2.2) for real systems
is an extremely challenging task, and approximations are needed to effectively solve the

systems beyond the Hyrdogen Atom [1].

The central approximation that underlie most of modern quantum chemistry is the
Born-Oppenheimer approximation [1]. The first step in the approximation is the clamped-
nuclei approximation, which, through a mass analysis of the nucleus and electrons, shows
that the nuclei and electron motions evolve on drastically different timescales. As a result,
the electrons are thought to adjust ”instantaneously” to the nuclei positions. In terms
of the molecular Hamiltonian, this means that the nuclear kinetic energy operator Ty is
removed from the full molecular Hamiltonian, and the nuclear-nuclear repulsion term Viyy
becomes a constant and thus can be removed without changing the equations of motion.
The resulting Hamiltonian is often referred to as the electronic Hamiltonian, which is given

by:

He:Te_F‘A/ee_‘_f/eN

_yleeyy L yy A
o2 |7y — 7 7 — R;|

i g>i i g>i

(2.3)

The clamped nuclei approximation enables the separation of the full Hamiltonian into
an electronic Hamiltonian [1], defined in Eq.2.3, which can now be solved independently

of the nuclear degrees of freedom. Even with this simplification, solving the TISE with
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the electronic Hamiltonian is a non-trivial task, and is the subject of electronic structure
theory, which will be discussed in Section 2.3. Once the electronic Hamiltonian is solved,

we get the set of electronic states and electronic energies

Hepm (75 R) = By, (R)m(T5R), (2.4)

where as a consequence of the clamped-nuclei approximation, the electronic wavefunctions
and energies are only parameterized by the nuclear degrees of freedom. The eigenvalue to
the above equation, E¢ (R), is the adiabatic potential energy surface (PES) with m = 0
corresponding to the electronic ground state energy and m = 1 the first excited state

energy etc.

PESs are the cornerstone of modern chemistry and have been used to rationalize a
plethora of chemical processes, including the dynamical and spectroscopic properties of
molecules. The choice of electronic structure method is therefore crucial in any chemical
studies, as the generated PESs, and subsequently the theoretical understanding, can differ

drastically at different levels of theory.

The wavefunction that solves the full molecular Hamiltonian (Eq.2.2) can now be ex-

panded in a complete basis of the adiabatic states {¢,,}:
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) = 3 f (il )

=2 ba) (2.5)

V(r,R) = (r,R|V) = Zwi(r;R)Xi(R)

The expansion in Eq.2.5 is known as the Born-Huang expansion [2], and is an exact
solution given the electronic states form a complete basis. Substituting the Born-Huang
expansion into the full molecular TISE (Eq.2.1) and taking the expectation value with
respect to v; (left multiply by w; and integrating out the electronic degrees of freedom),

we arrive at:

Ty + E5(R) — Z Aji| xi(R) = Exi(R) (2.6)

The A term is the non-adiabatic coupling [2], given by Aj; = 6;;Tn — (¢¥;|Tn|i). Tt
couples the electronic and nuclear motions through the nuclear kinetic energy operator
acting on the nuclear coordinate parameterized electronic adiabatic states. Intuitively, if
the electronic states do not change with respect to R, then the nonadiabatic coupling is
small or becomes zero in the limit that the electronic states are independent of R. Setting
Ty = ;—;V%, where p is the reduced nuclear mass of the system, we can rewrite the

non-adiabatic coupling A in Eq.2.6 after some algebra as [2]:
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1

o
FA(R) = (0] V20) = 5y~ h 1)

sz’ = <¢j|vi€¢i>

The second part of the Born-Oppenheimer approximation then assumes that the full
molecular wavefunction can be described solely as a single product of the nuclear and

electronic wavefunction:

U = ) (r;R) xm(R), (2.8)

and after going through the same algebra as the Born-Huang expansion leads to a similar

equation
Ty — G + E.(R) (R)=F (2.9)
Unlike the full non-adiabatic coupling term in Eq.2.6, however, the % above is just

a scalar that modifies the energy, as shown in Eq 2.7, and is often called the diagonal
Born-Oppenheimer correction. The equation can be further approximated by neglecting

the % term, resulting in the final Born-Oppenheimer adiabatic approximation:

[Tn + Ee(R)] Xm = EXom (2.10)
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It is evident from Eq 2.10 that the nuclear coordinate-dependent electronic energies are
referred to as potential energy surfaces because they directly serve as the potential in the
nuclear TISE. This picture is central to understanding many thermochemical processes,
where the nuclear configuration evolves along a single PES, typically the ground state.
However, this single product approximation breaks down in excited state photochemistry,
where multiple electronic states can couple due to significant non-adiabatic effects, as
shown in Eq 2.6. In such cases, it becomes necessary to consider multiple PESs simultane-
ously. This can lead to regions of degeneracy between PESs, known as conical intersections
(Conlns), which play a critical role in photochemical processes. Conical intersections will

be discussed in more detail in Section 2.2.

2.1.1 DIABATIC STATES

It is clear from examining Eq.2.7 that in regions where the adjacent adiabatic energies are
close-lying or become degenerate, such as at a conical intersection, the coupling term F';;
diverges due to the inversely proportional energy gap, which is a major problem of study-
ing coupled PESs in the adiabatic representation. To overcome this problem, a different

electronic representation is introduced by a change of basis U (R):

$(r;R) = U(R)3(r;R) (2.11)

The states 1® above are called the diabatic states, and are defined such that the

derivative coupling is removed. That is, F?i = 0, where the superscript d denotes the

10



2.1. BORN-OPPENHEIMER APPROXIMATION

coupling in a diabatic basis. When the coupling term can be rigorously set to zero, the

states are referred to as strict diabatic states.

A solution to F‘ji = 0, however, do not in general exist for polyatomic molecules when
the electronic states are truncated [3]. In practice, a transformation that minimizes F?i

is used, resulting in quasi-diabatic states [2]. Since strict diabatic states do not in general

exist, diabatization approaches seek to remove or minimize the singular parts of the F?i,
which can be accomplished in many different ways. The construction of quasi-diabatic

states is thus not uniquely defined, and multiple approaches of obtaining them exist [2].

The diagonal potential matrix originally in the adiabatic state basis, now also trans-

forms into a diabatic potential matrix which contains non-zero off-diagonal terms.

Vi=U"'VU (2.12)

An important property of the diabatic representation is, in addition to removing the
singularity of F';; at Conlns, the diabatic surfaces (elements of diabatic potential matrix)
do not exhibit cusps at conical intersections that is otherwise present in the adiabatic
basis, which will be detailed in Section 2.2, and are thus the preferred basis when fitting

or learning coupled PESs. This is an important property that is used in the next Chapter.

While diabatic states are the preferred basis for quantum dynamics, the global rotation
of the surfaces is in general not feasible for on the fly dynamics. This can be overcome if
the global surfaces are known a priori, but for high dimensional systems, they are generally

not. In many instances, adiabatic surfaces are adequate and is a more intuitive basis to

11
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work in despite their issues, which may include propagating a trajectory or optimizing a

structural minimum.

12
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2.2 (CONICAL INTERSECTIONS

Conical intersections (Conlns) are defined as regions in the nuclear coordinate space where
the adiabatic PESs intersect and the degeneracy is lifted to first order [2]. They are
ubiquitous in excited state manifolds and are crucial to understanding many excited state
photo-dynamical phenomena [2, 4]. ConlIns also have important theoretical consequence as
it give rise to geometric phases in the electronic wavefunction, and can affect the quantum
dynamics. There can in principle be an arbitrary number n of intersecting states forming
an n-state Conlns, but the most commonly encountered and studied are two-state and

three-state Conlns, which are also the models studied in this thesis and outlined below.

2.2.1 TwoO-STATE CONICAL INTERSECTIONS

A two-state Conlns has two degenerate (intersecting) adiabatic energy surfaces, and is the
most studied model due to its simple analytical solution but significance to the modeling

of many phenomena. To start, we take a general 2 x 2 Hamiltonian matrix:

Hll H12
H = (2.13)

H12 H22

where H;; = (¢;|H|¢;) and ¢ is the arbitrary basis used to expand the electronic states.

The two adiabatic energies, F1(R) and Ey(R) (E; < Es), then take on a simple form:

13



2.2. CONICAL INTERSECTIONS

Ei2(R) =w(R)* \/AH(R) + H%(R) 2.14)
W(R) = Hi(R) ‘;‘ Hy(R) N
AH(R) = Hy (R) ; Hy(R) )

The two energy surfaces are degenerate (E; = F5) at a Conlns, Ry, which can only
be achieved if the matrix elements AH and H;, are both zero. The conditions needed for
AH = Hy; = 0 and insight into the surfaces in the vicinity of the Conlns is obtained by

Taylor expanding the matrix elements about a Conlns to first order [5]:

AH(R) ~ AH(RC[) + VR<AH)|RCI'R
=Vgr(AH)-R
(2.16)
Hi3(R) = His(Rep) + Ve(Hi)|re, R
=Vgr(Hp) R
For the degeneracy condition to hold, the second line for both quantities in Eq.2.16

need to be zero. That is,

Vr(AH)-R=0
(2.17)
VR(H12) -R=0

which implies that for the degeneracy to be preserved by a (linear) displacement, it needs

14



2.2. CONICAL INTERSECTIONS

to be orthogonal to the two vectors V(AH) and V(H;z).

The two vectors, V(AH) and V(Hi3), are commonly referred to as the energy difference

gradient g and derivative coupling vector h, respectively [2, 5, 6]:

(2.18)

h = Vg(His)

The g and h vector form the two-dimensional subspace that lifts the degeneracy to first
order, and is termed the branching space (BS), while the N — 2 orthogonal complement
which preserves the degeneracy is termed the seam space. Conlns are therefore not isolated
points on the energy surfaces, but rather form a seam in the N — 2 subspace. The nuclear
configuration on the seam with the lowest energy is called the minimum energy conical
intersection (MECI) structure, and is an important stationary point used to compare the

Conlns of different methods and molecules.

The nascent BS vectors in Eq.2.18 are in general not orthogonal to each other, but can

be orthogonalized via a rotation:

g = —cos(B)g +sin(pB)h

h = sin(8)g + cos(8)h (2.19)
2(g,h)
0= ) — (g.9)

where g and h are the orthgonalized BS vectors, and <, > refers to the inner (dot) product.
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Let  and y be the unit branching vectors,

x=4/9
o (2.20)
y=nh/h
where § = |§| and h = |h| are the [?>-norms, then the tilt parameters s, and s, are defined

as the projection of the average energy gradient onto the unit branching vectors:

s = Vw(R) - x
(2.21)
sy = Vw(R) -y
Using the parameters s, s, and the branching vectors, the 2 x 2 Hamiltonian of Eq.2.13

can be written in the intersection adapted coordinate & and y to first order as [2, 5|

gr  hy
WO (2, y) = (s22+ s,y) Lo+ | (2.22)

hy —gx
Eq.2.22 is the main working equation for a 2-state Conlns used to characterize the
intersection topography, such as at a MECI. The set of parameters {s,, sy, J, ﬁ} can fully

characterize the first-order intersection topography of a two-state Conlns. The energy

expressed in the intersection adapted coordinates then read as:

E1,2(~T7 y) = ST + SyY + (gx)Z + (hy)27 (223>
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which shows the cusp at a Conlns in the BS (x-y plane) that renders it non-smooth, as

shown in Fig.2.1

0.4

0.0

Energy (Arb. Unit)

-0.4
-1.1

y 0.6 1.1 11

Figure 2.1: Example of a typical Conlns double cone in the 2 — y branching plane plotted using
energies given by Eq.2.23, with s, = s, = 0 and g = h = 0.3. The energy is given in arbitrary
units, and the origin exhibits a cusp that is characteristic of Conlns

A two-state Conlns can be fully characterized in a first-order model by the set of
parameters {s,, sy, g, ;L} Specifically, the norms of the BS vectors, § and h, characterizes
the asymmetry of the cone. When § = h, the typical double cone structure, as shown in
Fig.2.1, projected onto the x —y plane will be circular (symmetrical), whereas if § and h are
different, the resulting  — y plane projection will be elliptical. The s, and s, parameters
describe the tilt of the double cone relative to the principle axis, defined as the normal
vector of the x —y plane. When both s, and s, are zero or close to zero, the Conlns exhibits

a vertical double cone. If one or both of the tilt parameter is non-zero, the intersection will
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2.2. CONICAL INTERSECTIONS

Figure 2.2: Comparison of different Conlns intersection topography given by Eq 2.23 for: a)
same parameters as Fig 2.1, namely s, = s, = 0 and ¢ = h = 0.3, b) s, = s, = 0.5 and
g=h=0.3,¢)s, =0.5,s,=0and g=h=0.3.

be sloped. The intersection topographies are important for a simple characterization of the
dynamic as it passes through the Conlns. For example, it can be seen from using simple
trajectory arguments that vertical cones facilitate surface transitions more efficiently than

a tilted cone. [5] To illustrate some examples of different intersection topography, Fig.2.2

shows a first-order Conlns with varying asymmetry and tilt parameters.

2.2.2  THREE-STATE CONICAL INTERSECTIONS

A brief introduction of a three-state Conlns is given, which follows the same analysis as

the two-state Conlns. The 3 x 3 Hamiltonian is given as:

Hll H12 Hl3 A1¥l3 H12 Hl3
H = Hyy Hy Hy| = H2213 + Hy AHQg Hos | (224)
H13 H23 H33 Hl3 H23 0
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2.2. CONICAL INTERSECTIONS

where the last diagonal term is subtracted out, and AH;; = H;; — Hj;.

Using the same arguments as the two-state case, at a Conlns geometry R¢;, the con-
ditions Hys = Hi3 = Hy3 = 0 and Hy; = Hyy = Hsz are required for the eigenvalues to be
degenerate. Taylor expanding the matrix elements to first order, we get a set of condition

at a Conlns [7]:

AHZ(R) =~ AHij(RC]) + VR(AHij)|RCI'R

= VR(AHZ]) ‘R
(2.25)

Hij(R) ~ Hij(Rcr) + Vr(Hij)| e, R

for which the necessary conditions for the degeneracy results in a set of five equations

(2.26)

with {ij} = {13,23} and {kl} = {12,13,23}.

The BS for a three-state Conlns is therefore a 5 dimensional subspace, with a N — 5

dimensional seam space.
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2.2.3 TvYPES OF CONICAL INTERSECTIONS

There are in general three types of Conlns: the (1) symmetry allowed, (2) symmetry
required and (3) accidental Conlns. In this thesis, we focus and examine the symmetry

required (2) and accidental Conlns (3).

The symmetry allowed (1) Conlns refer to crossings when the two states have different
symmetries. Since the Hamiltonian is totally symmetric and the two states have different
symmetry, the condition Hys = 0 is automatically satisfied because only totally symmetric

integrals are non-zero.

The symmetry required (2) Conlns, also commonly known as the Jahn-Teller effect,
are the earliest studied type of Conlns. For molecules exhibiting degenerate irreducible
representations (irreps), which are defined as those having dimensions greater than 1, the
electronic states that transform as the degenerate irrep will have degenerate energies. The
Jahn-Teller theorem tells us that at these symmetry-induced degeneracy, the BS vectors
1 (vibrational modes) are those whose irreps are contained in the symmetric product of
the electronic state irreps. That is, [V C [['® x T'°],, where 'V and I'® are the irreps of
the vibrational mode and electronic state, respectively, and [['¢¢¢ x T'?¢¢|, the symmetrized
product. An implication of the symmetry required Conlns is the double cone will be

symmetrical (§ = h).

Finally, the accidental (3) Conlns refers to degeneracies that do not arise due to any

!In the context of Jahn-Teller systems, the degeneracy lifting BS vectors are often referred to as the
Jahn-Teller active modes
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2.2. CONICAL INTERSECTIONS

symmetry argument, and thus cannot be located a prior: by symmetry. For many years,
accidental Conlns were considered rare, as it was believed that the degeneracy conditions
(Eq 2.17) would generally be difficult to satisfy without symmetry. However, advances
in computations and simulations over the past two decades have revealed that accidental

Conlns are ubiquitous in practical molecular systems, which in general lack high symmetry.

2.2.4 METHODS OF BRANCHING SPACE DETERMINATION

While the BS vectors have simple analytical forms given in Eq.2.18, they may not be
readily available from general quantum chemistry programs, and their implementations
are often non-trivial. In lieu of analytical solutions, the BS vectors can also be obtained
by considering the energy difference squared surface AE?(R) at a Conlns [8, 9]. Since the
BS and seam space lifts degeneracy at first and second order, respectively, AE?*(R¢y) will

be lifted to second-order in the BS, and to fourth-order in the seam space.

The AFE?(R) surface at a Conlns will therefore only have non-zero curvatures in the
BS, while the seam space will have zero curvature. The Hessian of the energy difference

squared surface at a Conlns

_ O*AE?
"~ OR,OR, ’
R,

CI

Hap (2.27)

thus has a column space corresponding to the BS and a null space corresponding to the

sealmn space.
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In addition, the intersection topography ¢ and h can also be obtained from the non-zero
eigenvalues of the AFE?(R) Hessian. Note that from the first-order intersection adapted
energies (Eq.2.23), the energy difference squared surface is given as AE*(R) = 4((gz)? +
(hy)?). Taking the Hessian and solving for the eigenvalues yield A\; = 832 and A, = 8h?2,
where \ are the eigenvalues of the AE? Hessian [9]. The norms of the orthogonalized BS

vectors are therefore

N}
I
>~
=
~
oo

(2.28)

)
I
>

[}
~
0]

For a general n-state Conlns with multiple intersecting surfaces, each pairs of sur-
faces needs to be considered as degeneracy can be lifted within any pairs of surface. The

equivalent quantity would therefore generalize to:

O’F
Hap = OR,OR,
. Ror (2.29)
F= Z AFE?
1<j

The orthogonalized branching (seam) space vectors may be computed as the eigenvec-

tors of the AFE?(R¢;) Hessian with nonzero (zero) eigenvalues.
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2.3  ELECTRONIC STRUCTURE THEORY

Electronic structure theory refers to the study of electrons in atoms and molecules, which
amounts to solving the electronic TISE (Eq.2.4) encountered earlier. Even without the
nuclear degrees of freedom, it is an extremely difficult problem to solve and approximations

are needed. We give here only briefly some of the underlying theory.

2.3.1 HARTREE-FOCK THEORY

To solve the electronic eigenvalue problem, the wavefunction is expanded in a single parti-
cle bases, commonly known as molecular orbitals (MOs), which are themselves expanded
in a basis set. Taking the anti-symmetrized product of n MOs so that the electronic
wavefunction satisfies the correct fermionic (electrons) symmetry, we arrive at the Slater

determinant (SD) [1]:

O1(x1) ... On(xr)

1 . _ .
ﬁ : " : ;
o1 (xn) .. On(xn)

VP (@1, .. ) = (2.30)

where ¢; are the single particle MOs, and x; = {r;,w} is a composite coordinate that

describes an electron’s Cartesian r; € R? and spin w € {1,l} coordinates.

Given this trial wavefunction, the energy can be obtained by invoking the variational

principle, which provides a lower bound on the approximated ground state energy. Solving
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2.3. ELECTRONIC STRUCTURE THEORY

the stationary point for the energy of the trial wavefunction with respect to linear orbital
variations subsequently returns a variationally optimized wavefunction. The assumption
that the ground state wavefunction can be expressed by a single SD is the core of Hartree-

Fock (HF) theory, and is the foundation for more complex wavefunction type methods.

The variational optimization of the orbitals in the SD results in a pseudo-eigenvalue

problem that needs to be solved self-consistently:

f(@1)gi(z1) = €idi(x1) (2.31)

The f(x1) in Eq.2.31 is the Fock operator, which is a mean-field approximation of the

electronic Hamiltonian that arises as a consequence of the SD ansatz:

f(@1) = b)) + ) Ji(an) — K@) (2.32)
i#i

Ji(x1) :/dwzﬁb;(mz)%ﬁbj(wZ)
12 (2.33)

. 1
Kj(x1)¢i(x1) = [/ dm2¢j(w2)r_12¢i($2>:| ¢;(x1)
The HF ground state wavefunction then corresponds to a SD formed by the set of
converged and variationally optimized MOs {¢}. The mean-field approximation results
in a solvable problem, but necessarily introduces errors. The energy that is missing or
otherwise not captured by the HF mean-field approximation is known as the correlation

energy, defined by
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2.3. ELECTRONIC STRUCTURE THEORY

Ecor’/‘ = Eea:act - EHF, (234)

where E.,.. is the correlation energy, Fe.. is the unknown exact electronic energy, and

Eyr corresponds to the mean-field, HF energy.

SDs are particularly important because they form a complete basis for the anti-symmetric
subspace of the N-particle Hilbert space. That is, any anti-symmetric N-particle state can
be expressed as a linear combination of N-particle SDs [1]. This is an important result
that is the foundation for more advanced, post-HF methods, which attempts to retrieve
the correlation energy that is unaccounted for in HF by expanding the wavefunction in a

basis of SDs.

2.3.2 MULTIREFERENCE CONFIGURATION INTERACTION

The idea behind configuration interaction (CI) is to use SDs as the many-body Hilbert
space bases to build more complicated wavefunctions that cannot be adequately described
by a single SD alone. In particular, CI wavefunctions are built by taking (fermionic)
excitations from occupied to virtual orbitals out of a single SD (usually the HF solution),

given by the general form [1]:

U) = co|[Wpr) + Y U+ > W)+ ... (2.35)

a<br<s

where |U7) refers to a different SD formed by exciting an electron from the occupied
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2.3. ELECTRONIC STRUCTURE THEORY

orbital ¢, to an unoccupied orbital ¢,, and the linear expansion coefficients {c} now being
the variational parameters. As a technical side-note, a single SD is in general not an
eigenfunction of the total spin operator, unless it has equal spin densities. In practice,
spin-adapted configurations called configuration state function (CSF) is used, which is
obtained by taking linear combinations of SDs, but this does not change the arguments

made here.

When the zeroth order wavefunction in a CI expansion is a single SD, as implied in
Eq. 2.35, it is referred to as a single-reference CI, or simply CI. In contrast, when the
zeroth order wavefunction is a linear combination of SDs, it is referred to as a multiref-
erence CI (MRCI). The idea behind MRCI is intuitive: The zeroth order description of
some electronic states are not well described by a single SD, especially with electronic
states that involve near-degenerate configurations [10]. The correlation arising from such
near-degenerate electronic configurations is referred to as static correlation [1, 10], and is
ubiquitous when describing non-adiabatically coupled excited states. The remaining elec-
tronic correlation, aptly named dynamical correlation, refers to the instantaneous electron-
electron repulsion that is absent in a mean-field approximation, and is typically recovered
by perturbation theory or a CI expansion [10, 11]. Finally, if the expansion in Eq.2.35 is
truncated to include only single excitations, it is referred to as (MR-)CI singles (MR-CIS).
Similarly, if both single and double excitations are included, it is referred to as (MR-
)CI singles doubles (MR~CISD). A typical method to generate the multiple reference CSF's
needed in MRCT is to use the restricted active space- (RASSCF) and complete active space-
(CASSCF) self consistent method. The main idea behind both RASSCF and CASSCF is
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to do a full configuration interaction (considering all possible excitations) within a small
chosen subset of orbitals [12], where both the CI and MO expansion coefficients are si-
multaneously optimized. RASSCF is a more flexible method than CASSCF, where aside
from a full CI within an orbital subspace, an additional subspace is defined with truncated

excitations carried out within it [12].

2.3.3 DENSITY FUNCTIONAL THEORY

A very brief summary of density function theory (DFT) is presented in order to keep the

introduction of the method in Section 2.3.4 self contained.

The idea behind DFT is to avoid the direct construction of high dimensional electronic
wavefunctions by describing the system solely with the real space electron density, which
has three degrees of freedom. The Hohenberg-Kohn theorems proved that the ground state
properties of a many-particle system can be uniquely described by an electron density, and
that the total energy is a functional of the electron density [13]. Kohn and Sham further
introduced a non-interacting kinetic energy functional and constrained the density to be

formed from a set of single particle MOs [13], i.e. SD for electrons.

While Kohn-Sham density function theory (KS-DFT) has a different derivation and
origin, the resulting working equations are equivalent to that of HF. That is, a pseudo-
eigenvalue problem (Eq.2.31) that needs to solved self-consistently. Similarly, it results in a
set of optimized MOs that form the density, where in place of the Fock operator (Eq.2.32),

it is replaced with a KS effective potential vgs [13]:
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OE e
p('r), , OBkelp]
r—7| dp

vrs(r) = v(r) + /dr'|
. (2.36)
plr) = Y I ()P

where p(r) is the non-interacting v-representable electron density and E,.[p] is the exchange-
correlation functional [13], and is the main quantity of interest in KS-DFT. The main
strength of KS-DFT lies in its ability to efficiently capture dynamic correlation compared
to standard post-HF methods. The recovery of dynamic correlation in post-HF methods
relies on a CI expansion, as shown in Eq.2.35, which converges slowly and grows factorially
in dimension. In comparison, a well-chosen exchange-correlation functional in KS-DFT
can capture a high degree of dynamic correlation more efficiently [14]. The accuracy of the
method is thus dependent on the choice and design of the exchange-correlation function,

and is an active area of research [14].

2.3.4 THE COMBINED DENSITY FUNCTION THEORY AND MULTIREFER-

ENCE CONFIGURATION INTERACTION

As the name of the method implies, the combined density function theory and multirefer-
ence configuration interaction (DFT/MRCI) method seeks to combine the advantages of
KS-DFT and a CI expansion. In essence, DFT/MRCI uses optimized KS-DFT MOs (con-
trary to HF MOs in a usual CI expansion) as the basis for a CI type expansion. With this

ansatz, the dynamic correlation can be more efficiently captured by the KS-DFT MOs,
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while the static correlations can be accounted for with a MR-CISD expansion [15, 16].
Before showing the DFT/MRCI Hamiltonian, we first note that the ab initio diagonal

Hamiltonian elements can be written in second quantization as [16]

. 1 1
<’lUUJ|H — Escplww> = zz: Ezsz + 5 Z (‘/;ijj — 5‘/;”@) AU)ZA’{UJ

’ (2.37)

1 5 i 1
t3 D Vi | (ww] B Ejlww) (1 - 6;5) — 5

§,jESw

Here, each CSF |ww) is represented as a spatial occupation w and spin coupling pattern
w in Fock space [15, 16]. Aw; = w; — w; is the occupation number difference of the ™"
spatial orbital to a reference configuration w, typically the HF occupation. Vj;i; denotes
the two electron integral in chemist notation, Fj; denotes the Fock matrix elements, and
EAIIC is a singlet excitation operator. The set 5, summed over in the third term is the set of

indices that has single orbital occupation in the configuration w.

The DFT/MRCI ansatz using the KS-DFT orbitals then results in diagonal matrix

elements

. 1 ~ ~
(ww|HP™ — Epprlww) =(Escr — Eppr) + Y _ € * Aw; + 3 > (v;ijj _ Wjji) Auw; A,
i -
= i i 1
" 2 Z Vigsi | (ww|E; Ejlww> (1—46;) — 3
1,jE€Sw
(2.38)
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where V;;;; and Vi;;; are the DFT/MRCI down-scaled Coulomb and exchange integrals

given by

v /Bc
Viijj = (1 — —— | Viijj

nCLEC

¥ 1 B:c(no en)
V;jji = (5 - —p) Vz‘jjz‘

ne:cc

(2.39)

By using the KS-DFT instead of HF orbital energy differences, a larger portion of
dynamic correlation can be incorporated but necessitates the down-scaling of the Coulomb
and exchange terms. However, since static and dynamic correlation cannot be clearly
partitioned, damping terms in the off-diagonal Hamiltonian matrix elements are used to
mitigate the double counting of dynamic correlation that arise from a CI expansion [15,
16]. The damping term is at the heart of the method, as it allows for the decoupling of
a large portion of the base and excited CSFs, thereby discarding a large portion of the
excited CSFs and often leads to many order of magnitude reduction on the basis size. In
practice, an a priori orbital energy criterion is used to decide whether a CSF is included.

The off diagonal DFT/MRCI matrix elements are simply given by

(ww|HPTT — Eppr|w'v’) = (ww|H — Escp|w'w’) D(AEuwy ) (2.40)

where D(AEywwe) is the damping function typically chosen to decay rapidly with in-

creasing AFE.

Additionally, a perturbative variant of the parent DFT/MRCI method, simply termed
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the combined density functional theory and multireference configuration interaction(2)
(DFT/MRCI(2)) has been developed in our group, which further reduces the computa-
tional cost without sacrificing the accuracy [16-18]. In essence, DFT/MRCI(2) partitions
the Hamiltonian based on the reference CSFs and CSFs generated via single and double
excitations out of the reference space, from which an effective Hamiltonian is constructed
using quasi-degenerate perturbation theory [16]. The energy can then be obtained as the
eigenvalues of the effective Hamiltonian, and the wavefunction with perturbative correc-
tions. In practice, this reduces the diagonalization of the original Negp x Nogr Hamiltonian
to one that is N, X Ny, where Nggp is the number of CSFs generated and N, is the number

of states requested, and typically Ny << Nggr [16].
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3.1 SMOOTH OVERLAP OF ATOMIC POSITIONS

To learn or model any structure-property relationship of a molecule, there naturally needs
to be a way to represent the nuclear structure. While there is a plethora of methods to
represent a molecule, the most straightforward being the Cartesian coordinates of the 3NV
atoms, the prevalent way of representing molecules in the context of machine learning is

with molecular descriptors.

There exists many molecular descriptor variants, with some descriptors tailored for cer-
tain systems. For the learning of interatomic potential and PESs, however, most descriptors
share a common set of important qualities [19]:

1. Invariant to spatial translations

2. Invariant to rotation of the coordinate system

3. Invariant with permutations of equivalent atoms

4. Complete and unique: the structure and descriptor representation has a bijective

mapping and each property corresponds to a unique descriptor

5. Continuous and differentiable: ‘small’ changes in the structure result in a ‘small’

change in the descriptor.

6. Non-redundant and computationally cheap to construct
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The descriptor should be both translational and rotationally invariant, as the field-field
electronic Hamiltonian (Eq. 2.3) and the resulting PESs are invariant to these transforma-
tions. Similarly, permutation of atomic indices do not affect the electronic Hamiltonian.
The descriptor’s completeness and uniqueness ensure that any molecular structure can be
accurately represented, with distinct descriptors corresponding to different molecular struc-
tures up to a symmetry. Its continuous and differentiable nature guarantees that PESs can
be differentiated to yield quantities like force. Moreover, the continuous nature ensures
that small perturbations to atomic positions lead to similar descriptors without exhibiting
rapid changes. This is particularly important for kernel methods such as Gaussian process
regression, which will be discussed in the next section. These methods rely on kernels to
assess the similarity between atomic positions, which are in this work represented by a
descriptor. Finally, the descriptor’s non-redundant and computationally efficient design
ensures that it represents molecular structures without unnecessary components, and the

construction of descriptors do not become a bottleneck in the ML procedure.

In this work, we employ the smooth overlap of atomic positions (SOAP) descriptor.
The SOAP descriptor is a three dimensional descriptor that satisfies the general qualities
of a descriptor listed above [19, 20]. Other commonly used three-dimensional descriptors
include variants of the Coulomb matrix [21], many-body tensor representation [22], and
atom-centered symmetry functions [23]. We have chosen to initially use the SOAP de-
scriptor, as it has proven to be an efficient representation for predicting the energies of
organic molecules with chemical accuracy using kernel methods [24-26]. Additionally, it

has demonstrated consistently higher accuracy in predicting the formation energies of inor-
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ganic crystals compared to the other descriptors mentioned above [25]. As will be shown in
Chapters 4 and 5, we found that the SOAP descriptor can be used to adequately learn the
quantities of interest in this thesis, and thus more complex descriptors were not explored.
Additionally, as will be outlined below, the SOAP descriptor do not directly depend on the
number of atoms, but rather on the number of atomic species. For the learning of PESs
of organic molecules, the number of species is often small and constrained, thus making
the scaling of SOAP descriptors favorable. In brief, the SOAP descriptor encodes local
atomic environments through a sum of Gaussian-type densities placed at a number of lo-
cal centers, and the densities are subsequently expanded in terms of Gaussian radial and
spherical harmonic angular basis functions. These local environments are expressed as a
power spectrum and can be placed arbitrarily in real space, but they are often, and in this
work, placed on each atomic centre in the molecule. These power spectra satisfy the above
requirements of a descriptor, the proof and derivations can be found in Reference [19]. A

partial power spectrum placed on a single centre is given by [19, 24]

[ 8
AYS Z1 * 29
pnn’l =m 2l 4 1 ;(Cnlm) Cn’lm’ (31)

where n is the radial basis indices, and [ and m index the angular spherical harmonic basis

Z
nlm

functions. The coefficient ¢Z, is defined through the following inner product:

= [ [ Va0 Vin0.0007 ), (3.2)
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|Zi )
prir) =) e @ET, (3:3)
gnl(r) - Z ﬁnn’lrle_anlr2, (34)

where p? in Equation 3.3 is a species-dependent pseudo-atomic density built from a Gaus-
sian controlled by the width parameter o, and the Y}, are spherical harmonics. The decay
parameter o, in the Gaussian radial function g, is chosen such that each term in g, decays
to a threshold value of 1073 at a cutoff radius r.,;. The coefficient c,,, is invariant to trans-
lation as well as permutation of atomic indices, as permutation of indices would simply
amount to changes in the summation order for Eq.3.3, which does not affect the results.
Regarding rotational invariance, it can be shown that an arbitrary rotation operator acting
on the coefficient ¢, (specifically the spherical harmonics Y}, as the radial component
is not affected by rotation) transforms it via the Wigner matrix, which form the irrep of
the three dimensional rotation group SO(3). The Wigner matrix is unitary, and therefore
the power spectrum of Eq. 3.1 is invariant under rotation. More detail on the derivation
for this result can be found in Ref. [19]. Since the coefficients ¢, are continuous and dif-
ferentiable with respect to the nuclear coordinates, the SOAP descriptor will be smooth.
It has been determined that the SOAP power spectrum is overcomplete, i.e. redundant
components in the power spectrum [19, 27|, thus reducing the efficiency of the method.
However, this does not significantly impact our studies, and therefore, we do not consider

1t a concern.

36



3.1. SMOOTH OVERLAP OF ATOMIC POSITIONS

A full power spectrum that represents a local environment is taken as the concatenation
of the partial power spectrum pf}ﬁ? for all unique pairs of atomic species. A global SOAP

descriptor P with elements

-y (Axan) (Lxan) 39

is then built from a sum over the local power spectra centered at each site. The size of
the SOAP descriptor P therefore does not depend directly on the size of the molecule, but
rather the number of angular and radial basis {Y},,, g}, and the number of atomic species
included in Equation 3.1. The length of the resulting power spectrum can be calculated as

28]

1
L= énmaxsn(nmaxsn + 1>(lmam + 1)7 (36)

where S,, is the number of atomic species included. For a fixed number of radial and
spherical expansion terms, n,,q, and l,,.,, the length of the SOAP descriptor only scales
with the number of species. For studying organic molecules, the species are restricted
to the first two rows of the periodic table, with the molecules studied in this thesis only

containing C and H.

The SOAP descriptor is specified by four parameters: .., Mmaz, lmaz, - The parame-
ters Nz and ., specifies the angular expansion of the spherical harmonic in Equation 3.2,

o controls the width of the Gaussian-type pseudo-density in Equation 3.3, and r.,; implic-

37



3.1. SMOOTH OVERLAP OF ATOMIC POSITIONS

itly changes the decay parameter in Equation 3.4, which controls the maximum reach of

the radial basis. Computations of the SOAP descriptor were carried out using the DScribe

Python package [25, 29].
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3.2 (GAUSSIAN PROCESS REGRESSION

3.2.1 INTRODUCTION

In this thesis, we focus on regression problems, specifically the construction of surrogate
models for mapping nuclear coordinates to the PESs. Various machine learning mod-
els, particularly neural networks in their many forms, are commonly employed to predict
excited-state adiabatic energies[30]. The ultimate objective of constructing these surro-
gate PESs is to enable simulations of molecular dynamics, including both ab initio and
quantum dynamics. In this context, we identify three key reasons for choosing Gaussian

process regression (GPR) for this task.

First, GPR performs well with small amounts of training data and is less data inten-
sive compared to neural network architectures [31], thus making it suitable for on-the-fly
generation of PESs. That is, relevant local surfaces will be built and updated throughout
the dynamic as opposed to building a global surface. Second, the differentiability class of
the predictor can be guaranteed by the choice of kernel, and different types of noise can be
accounted for surprisingly well with a stochastic noise model in a straightforward manner.
Finally, uncertainty quantification is easily achieved via the predicted variance, which also
aids in the construction of on-the-fly surfaces, as it can be used to determine areas where
more training data is needed. The uncertainty quantification via predicted variance also
enable us to quantify the nominal DF'T/MRCI(2) MECIs, which will be discussed in detail

in Chapter 5.
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3.2. GAUSSIAN PROCESS REGRESSION

3.2.2 DERIVATION OF WORKING EQUATIONS

GPR is a classical machine learning technique that falls under a broader category called
kernel methods, which includes support vector machines and kernel ridge regression. While
the derivation and interpretation of each kernel method may differ, they all employ the
kernel trick, which may loosely be thought of as casting a non-linear regression problem into
a linear one by mapping the original inputs into some higher (possibly infinite) dimensional
feature space [32]. GPR in particular is different from the others in the kernel method

category due to its Bayesian interpretation and derivation of the working equations.

Following Rasumussen and William, there are two equivalent but alternative derivations
to arrive at the working equations of GPR, namely the weight- or function- space view.
A brief summary of the function-space view is given here, and interested readers can find

details in Ref. [32]. The following derivation closely follows Rasumussen and William [32].

A Gaussian process is a collection of (possibly infinite) random variables, any finite
number of which have a joint Gaussian distribution. The notation for a Gaussian Process

1s written as:

f(®@) ~ GP(m(x), k(z, z')) (3.7)

(3.8)
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where the function, f(x), is a Gaussian process that is fully specified by a mean function
m(x) and the covariance function k(x, x’). Gaussian processes could also be thought of as
a distribution over functions, and Gaussian process regression (GPR) starts by assuming
the function f(x) that is being learned is modeled by a Gaussian process. In this work,
the f(x) are either the adiabatic energies or the w-CP surfaces, which will be introduced
in the next chapter, and @ is the nuclear coordinate represented via the SOAP descriptor.
In Cartesian representation, © € R*V, where N is the number of atoms in the molecule. In
SOAP representation, € RY, where L is the length of the SOAP power spectrum given
by Eq. 3.6.

The covariance function, also commonly referred to as the kernel, specifies the covari-
ance between pairs of random variables, in this case the image (outputs) of the function
f(x) being learned !. The covariance between the output is written as a function of the

inputs:

cov(f(x), f(2')) = k(z, ') (3.9)

By the consistency (also known as the marginalization) property of Gaussian processes,
the function evaluated at a set of finite input points, {X;,i = 1,..., N}, is simply a
multivariate Gaussian distribution specified by the mean and covariance function. i.e.

some finite dimensional vector

"'We consider only functions that map to a single output. That is, f : X — Y,Y € R. This can be
generalized for a vector-valued output by considering multi-output GP, which is beyond the scope of this
thesis
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<~
Il

~N(0,K) (3.10)

f(znN)

where for simplicity, the mean is taken to be a zero vector, which can always be achieved
by subtracting the mean from the data set, and K corresponds to an N x N covariance
matrix with elements K;; = k(x;, ;). This property allows us to consider only the subset of
points of interest, as supposed to requiring the consideration of the full infinite dimensional

distribution.

Sampling from the unconditioned prior distribution (Eq.3.10) of f amounts to drawing
random functions. To turn it into a useful regression method requires conditioning of
the prior using Bayes inference. Let D = {(x;, f;),i = 1,..., N} be the training set and
fx = f(z.) be the function evaluated at a test point x,. The joint (Gaussian) distribution

of the training and test outputs is given as [32]

f K K,
=N |0, (3.11)

where for notational convenience, K is the N x N covariance matrix for the training data,

K., is a vector with elements k;(x;, x.) for @; € D, and K .. = k(x., z.).

The Gaussian property ensures that the posterior will also be Gaussian, and more
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importantly, the inference can be done analytically, which after some algebra shows that

f*’w*a D ~ N(,uposta Epost)
fpost = K. K f (3.12)
2;laosst =K., — K*K_IK*

where the predicted value is obtained by conditioning the distribution of f, given the

training data and the prediction point z,, and f refers to a vector of the training values.

The above corresponds to the learning of a noiseless model. For more general cases, the
function is assumed to take on the form y = f(x)+ €, where € is assumed to be an additive
independent identically distributed (i.i.d.) Gaussian noise 2. That is, € ~ N(0,02), and

the covariance function is given as

cou(y(ai), y(a;)) = k(zi, x;) + 070y (3.13)

The joint distribution is now in terms of the ‘noisy’ data y, but as everything is Gaus-

sian, the posterior is still simply a Gaussian with modified posterior mean and variance:

f*|iL'*, D~ N(ﬂposta Epost)
fipost = K (K +021) 1y (3.14)

Yost = Ko — K. (K +021) 'K,

2In practice, even when learning a noiseless function, a small additive noise is included for numerical
stability
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It can be seen from the posterior mean that GPR is determined solely by the choice
of kernel. An advantage of GPR that makes it stand out from other kernel methods
is the access to the variance at a predicted point. Note that the variances corresponds
to the diagonal of the covariance matrix. This information allows for the uncertainty
quantification of the model at a prediction point, which is a quality that will be utilized in

the analysis in Section 5.4.

3.2.3 CHOICE OF KERNEL

The posterior mean in Eq.3.12 and Eq.3.14 is the main working equations of GPR, which

can be rewritten in a more compact form that clearly shows the role of the kernel:

@) = k(@ @.) (3.15)

where a = (K + 021) 'y is an N-dimensional vector with elements «;.

Specifically, it shows that the non-linearity in GPR arises from the linear combination
of kernels evaluated between the training and prediction points. An important property
of the kernel is it determines the differentiability class of the model, which can be clearly
seen by taking the derivative of Eq.3.15, and noting that «; is a constant with respect to
the inputs .. The kernels should thus be chosen such that it has the same differentiability

class as the function being learned, if that information is a priori known.

A kernel takes two inputs as arguments and assigns a ”similarity” between them. It
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is specified by a set of hyperparameters that can be optimized to yield a better fit, which

will be discussed in the following subsection.

Below we show a list of the kernels that was used in this thesis,

e Squared Exponential Kernel:
The squared exponential (SE) (also commonly known as radial basis function) kernel
is given by
(z-;)"
ksp(xi,x;) = o™ 7 (3.16)
where the hyperparameters are the variance (0?) and length-scale(l), which can be
loosely thought of as the amplitude and frequency of the fitted function. A SE kernel

is infinitely differentiable, thus functions fitted using this kernel are very smooth:

they belong to the C'*° class.

¢ Exponential Kernel:

The absolute exponential kernel is given by

kemp(mip CUj) = 0'267 l , (317)

where the hyperparameters play a similar role as that of the SE kernel, with the main

difference that it is only continuous but not differentiable.

¢ Whitenoise Kernel:
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The whitenoise kernel is given by
kwhite(afi> CUj) = 0721(51']' (3-18)

It has a simple form that models the noise as independently and identically normally-

2

= simply equals the variance of the noise.

distributed. The parameter o

3.2.4 KERNEL OPTIMIZATION

As seen in the previous section, the kernel is only specified by the hyperparameters 3. While
in principle the GPR mean (the fi,05 in Eq 3.14) does not require an explicit optimization

of the hyperparameters, doing so usually improves the prediction results in practice.

As in most regression or supervised ML methods, a cost function needs to be designed,
in which the optimal (hyper)parameters are those that minimizes or maximizes the cost
function. Some of the common cost functions include the root mean squared displacement

or mean absolute error.

A natural cost function in the GPR framework is the marginal log-likelihood:

log(p(y|X. 8)) = / p(y|f. X)p(£|X)df

1 _ 1 n
= _EyT(K +oe?1) y — élog]K +0e?1| — alog(%)
3They are called hyperparameters (as supposed to parameters) because they are parameters of a non-
parametric model

(3.19)
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where 0 is the set of kernel hyperparmeters that needs to be optimized, and the marginal-
ization is over the function values f, which has an analytical solution due to all the dis-
tributions being Gaussian. The marginal likelihood has a simple interpretation: The first
term encourages the model fit to the data, while the second term is the complexity penalty
and last term is a normalization constant [32]. The optimal hyperparameter values are

thus those that maximizes the marginal log-likelihood.
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4.1 INTRODUCTION

This Chapter is based on the results and work published in Machine Learning Seams of
Conical Intersection: A Characteristic Polynomial Approach. The chapter reuses a large

portion of the work.

Reprinted with permission from J. Phys. Chem. Lett. 2023, 14, 35, 7780-7786. Copy-

right 2023 American Chemical Society.

The ACS Articles on Request author-directed link:

https://doi.org/10.1021/acs.jpclett.3c01649

Adiabatic PESs are the natural quantities used to rationalize many chemical processes.
The generation of high quality PESs, however, is a non-trivial task, and is heavily de-
pendent on the level of electronic structure theory used, which is often computationally
expensive for accurate ab initio methods. The advent of machine learning offers a promis-
ing way to accelerate the generation of high quality PESs with reduced quantum chemistry
calculations [33-37]. While machine learning of PESs has seen rapid advances in recent
years, majority of the work has focused on the learning of isolated ground state PESs.
Extension of standard machine learning methods from the ground state to coupled excited
state PESs poses challenges due to the ubiquitous existence of Conlns seams, whose de-
scription was outlined in section 2.2. The existence of an n-state Conlns seam means that
the corresponding adiabatic PESs belong to the C° differentiability class over any domain

containing it. This lack of differentiability, or non-smoothness, of the PESs on the locus

49


https://doi.org/10.1021/acs.jpclett.3c01649

4.1. INTRODUCTION

of seam points is problematic for many standard machine learning approaches, including
kernel methods, and neural networks employing gradient-based optimization. This has
traditionally been overcome by learning the diabatic surfaces instead [38-40] , however,
diabatic representations are not unique and constructing a general adiabatic to diabatic

transformation is a non-trivial task.

In this chapter, we show that this can be overcome instead by learning the nuclear coor-
dinate dependent characteristic polynomial coefficients of the potential matrix, which will
be outlined in detail in section 4.2. This proposal follows directly from the previous work
of Opalka and Domcke who used expansions of the CP coefficients in terms of permutation-
ally invariant polynomials to fit models of intersecting adiabatic potentials [41]. Using ab
intio MR-CIS calculations, we learn the coupled PESs with the characteristic polynomial
coefficients at the MECI of three prototypical systems: the accidental Sy/S; Conlns of
twisted-pyramidalized ethylene, the symmetry required (E ® e) two-state Conlns between
the two components of the D; state of NH7, and the symmetry-required (7% ® (e @ t5))

three-state intersection between the components of the Dy state of CHJ .
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4.2  CHARACTERISTIC POLYNOMIAL COEFFICIENTS

This section introduces the characteristic polynomial coefficient and the Frobenius com-
panion matrix, and shows a few important properties relevant to its application to the

learning of adiabatic energies.

The characteristic polynomial (CP) pa(x) of an m x m invertible matrix A is defined

as the m*® order monic ! polynomial

pa(zr) =det(zl — A) = H(Jc —X) = Z cix', (4.1)

of which its roots® are the eigenvalues of A. In Eq. 4.1, {\;,i = 1,...,m} are the eigen-
values of A, and {¢;,i = 0,...,m} are the CP coefficients. The set of CP coefficients
corresponds to the elementary symmetric polynomials of the eigenvalues up to a sign,

where the k' elementary symmetric polynomial of m eigenvalues is expressed as [42]

er(M, . Am) = > Aiy - Ny (4.2)
1<i1<ip<...<ip<n
There are up to £ = 0,...,m non-zero elementary symmetric polynomials, with the
k = 0 elementary symmetric polynomial having a simple form eg(Ay,...,\,) = 1. For

' A monic polynomial is defined such that its leading coefficient c,, = 0
2The roots of polynomial are the set of values {\} such that the polynomial maps to zero. i.e. the set
of \; such that pa(X;) =0,0=0,...,m
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example, let A be a 3 x 3 matrix with three eigenvalues {1, Ao, A3}. Then the elementary

symmetric polynomials are (excluding eg(Aq, ..., \p) = 1)

61()\1, )\2, )\3) = )\1 + )\2 + )\3
ea( A1, A2, Ag) = Ao + Atz + AoAg (4.3)

630\1, A2, )\3) = A A3

The CP coefficients {¢;,i = 0,...,m} are related to the elementary symmetric polyno-
mials by the following relationship [42]:
[ (—1)kcm_k (44)
To illustrate this, consider a simple 2 x 2 matrix A with eigenvalues {A;, As}. The
corresponding CP of A is
pa(r) = (x — X)) (x — A1) = 2% — (AL + X))z + A\, (4.5)

and the elementary symmetric polynomials of the eigenvalues are

e1( A1, A2) = A+ Ao,
(4.6)

ea(A1, Ag) = A1,
which comparing Eq.4.5 and Eq.4.6 shows that ¢y = (—=1)%cy, e; = (—1)'¢; and ey =
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(— 1)260 .
An important property of CPs are their invariance under similarity transforms, meaning

that the set of CP coefficients {¢;}y for the matrix V' and the set of CP coefficients {¢;}w

for the matrix W = U~1VU for some invertible U, are equivalent:

det(z1 — W) =det(U'2U — U 'VU)
=det(U™ (21 — V)U)
(4.7)
= det(z1 — V)det(U'U)

= det(z1 - V)

Just as the CP casts an eigenvalue problem to a root finding problem, the inverse can
also be inquired. That is, given a polynomial p(z) = Y_.", c;xt, what is the corresponding
matrix C' whose eigenvalues are the roots. One of the possible method is by constructing

the so called Frobenius companion matrix [42]:

0 0 0 —c
10 .0 —C1

C=(01..0 - [ (4.8)
00 ... 1 —Cm—1

the diagonalization and eigenvalues of which are the roots of p(z).
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4.3 COMPUTATIONAL DETAILS

Before showing the results and discussion, this section defines the computational details
used in the study. Namely, the electronic structure method employed, the sampling scheme
used to generate the training and test geometries, and the GPR details used to learn the

relevant quantities.

4.3.1 QUANTUM CHEMISTRY CALCULATIONS

The ab inito MR-CIS single point energies are computed using the COLOMBUS quantum
chemistry package [43]. The MECI geometries about which the adiabatic energies were
sampled were computed at the same (MRCI) level of theory. In these calculations, com-
plete active space self-consistent field (CASSCF) calculations were used to generate the
molecular orbital bases and to provide the MRCI reference spaces. CAS(2,2), CAS(5,3),
and CAS(5,3) reference spaces were used for CoHy, NH;, and CHJ, respectively. In all
CASSCF calculations, state averaging was performed over the three lowest-lying states.
MRCI configurations were then generated by allowing all single excitations out of the

reference space. The cc-pVDZ basis was used in all calculations.

4.3.2 LATIN HYBERCUBE SAMPLING

The training data is generated with atom-centered Cartesian Latin hypercube sampling

(LHS). LHS is a space-filling design which seeks to spread out the sampling whilst main-
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taining some degree of random sampling [44]. That is, rather than randomly or uniformly
sampling over the space, LHS seeks to find a balance. In brief, this is done by partitioning
the volume evenly into cubes, and each dimension into equally sized segments, and en-
suring that each segment contains exactly one point [44]. For this thesis, the space to be
sampled is the 3N-dimensional hypercube with the origin corresponding to a specific nu-
clear configuration, and the bounds being displacements from the origin. For the following
studies, the origin simply corresponds to the MECI geometries obtained using COLUM-
BUS, and the bounds are displacements of each atomic Cartesian coordinate by +0.05A.

The scikit-learn library [45] was used perform the LHS.

4.3.3 CHOICE OF KERNEL AND HYPERPARAMETER OPTIMIZATION

The SOAP descriptor outlined in Section 3.1 is used to represent the molecular structure.
The SE kernel was used, which was introduced in Section 3.2.3. The w-CP surfaces are
hypothesized to be smooth and slowly varying functions of nuclear coordinates, which
can also be visually appreciated in Fig. 4.1. We thus consider kernels that learn smooth
function, and the ”default” choice is the SE kernel due to its simplicity. While there are
certainly more kernel options, starting with a SE kernel showed to give accurate results, as
will be shown in subsequent sections. We consider the ability for a SE kernel to describe
the w-CP surfaces despite its simplicity a strength rather than weakness of the proposed

method. The scikit-learn library [45] was used to construct the GPR surrogates.

In this section, the SOAP parameters were optimized in tandem with the kernel hy-
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perparameters. Specifically, the combined parameters {r, nmaz, lmaz, 0,1} are optimized
simultaneously. Since the spherical harmonic expansion terms 7,4z, lmae Only take integer
values, however, standard gradient based optimization cannot be employed. To overcome
this, a genetic algorithm (GA) is used. The GA search algorithm follows a generic proce-
dure of creating a population, selecting top candidates based on chosen metric and random
selection, then allowing combination and random mutation which form a new set of popula-
tion. The process is repeated until an optimal solution is found. First, an initial population

is generated by randomly sampling from the bounded set of parameter values:

reut€[1,9] C R

Nmaz€]2,9] C Z

lmaz€[2,9] C ZT

oe[1073, 107 Cc R

lkernel6[10_5; 10_1] CR

Once a population (parameter set) is generated, a metric is used to score each individual
(sets) in the population, here taken as the root mean squared displacement (RMSD) of
the GPR model predictions relative to a test set. The training/test sets were generated
by randomly splitting the data set into 15%/85% subsets. Once scored by their RMSDs,
survival of the fittest is applied, and from the remaining survivors, crossover and mutation

operations are performed to generate a new population (set of parameters) of the same
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length, and the whole process is repeated until convergence. Simulated Binary Crossover
(SBX) [46] and Polynomial Mutation (PM) [46] algorithms were used for the crossover and

mutation procedure, respectively. The GA search is done with the pymoo library [47]
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4.4 CHARACTERIZING BRANCHING SPACES WITH CHARAC-

TERISTIC POLYNOMIAL COEFFICIENTS

To connect the CP framework to the learning of adiabatic PESs, we begin with the de-
composition of the diagonal adiabatic potential matrix with elements corresponding to the

adiabatic PESs, into an average energy and traceless (by construction) splitting matrix [41]:

Fi(R) 0 e 0
0 Ey(R) ... 0
V(R) = ' ' . ‘ =w(R)1, + Z(R) (4.9)
I 0 0 EH(R)_

where w = % > i, E; is the average energy of n adiabatic energies, 1, is the n x n identity
matrix, and Z is called the splitting matrix, with elements Z;; = (E; — w)d;;. Since the
average energy is a smooth function of nuclear coordinates, which we state as a fact for
now and we will discuss shortly, this decomposition separates out the component in the
potential matrix that give rise to the discontinuous derivatives (cusps) along the seams of
CIs. To overcome the non-smoothness in the splitting term Z, which prohibit standard

machine learning techniques, the CP coefficients of Z is learned instead,

p*(\) =det[AL, — Z(R)] = ) /(RN (4.10)
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with CP coefficients ¢Z(R) given by Eq.4.4, and below a few terms are explicitly listed:

¢ 5(R) = Zi(R)Z;;(R) (4.11)

a(R)=— Z Zi(R) =0
E(R)=1

Given the CP coefficients, the adiabatic energies can then be easily obtained as the

eigenvalues of the following Frobenius companion matrix defined in Eq.4.8:

wR 0 -0 0 —c(R)
1 wR) -0 0 —c(R)

CR)=| : T : (4.12)
0 0 1 w(R) —c_o(R)
0 0 0 1 w(R)

where the —cZ_; term is zero because Z is traceless. Since wl, commutes with Z, the
eigenvalue of the potential matrix (which is the adiabatic energies) is simply w + z;. In
Eq.4.12, the w is added into the diagonal for a compact representation, but only the

eigenvalues of the companion matrix for pz is needed. For clarity, there are n — 1 number
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X 11 -1.1

Figure 4.1: The left panel shows the adiabatic PESs at a conical intersection given by Eq.2.23.
The middle and right panel shows the corresponding w and c§ surface. It shows the removable of
the cusp and smoothness of the functions compared to the adiabatic PESs

of non-trivial CP coeflicients that needs to be fitted for an n-state CI due to —c;_; =
plus the w surface. For example, a two-state CI would have only ¢f(R) and the average
energy w(R) surface, and a three-state CI would have ¢§(R), ¢f(R) and the w(R) surface.

The method of learning the CP coefficients of Z and the average energy w is herein referred

to as the w-CP model.

The first and main advantage of the w-CP approach is that the CP coefficients are
smooth functions of the nuclear coordinates. As an example, the ¢} and w surface for the
two-state model (Eq.2.23) is shown in figure 4.1, which visually shows the smoothness of

the ¢f and w surfaces in the BS.

The motivation behind learning the CP coefficients is its invariant with respect to the

choice of electronic basis. That is, the potential matrix in a diabatic basis W is given by
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W=S8"'vS (4.13)

where S is the adiabatic-to-diabatic transformation introduced in Section 2.1.1. Since
the CP coefficients are similarity transform invariant (by Eq.4.7), the same set of CP
coefficients are generated in the adiabatic representation as for a diabatic representation.
The same holds for the w(R) term, being as it is the trace of the potential matrix, which
is also invariant to the choice of basis®. Since the diabatic surfaces (which are in general
not eigenvalues of the electronic Hamiltonian) are smooth functions of nuclear coordinates,
the CP coefficients, which are sums and products of diabatic surfaces, are also expected to

be smooth functions.

A second reason is that all of the BS information is contained in the single CP coefficient
surface ¢Z_,(R), irrespective of the number of intersecting states. Recall that in lieu of
direct access to the BS vectors (Eq.2.18), they can also be obtained by considering the
eigenpairs of the generalized energy difference squared surface (Eq.2.29). That is, the

eigenvectors with non-zero (zero) eigenvalues form the branching (seam) space.

It was determined in the work of this thesis that the following relation ¢;,_, = ;—i o i AFE?
holds, thus the CP coefficient ¢ _, captures all of the branching space information. The

derivation is as follows:

Eq.2.29 is first expanded out to have the same elements as the splitting matrix:

3Note that the average energy, which is the trace of the potential matrix divided by the number states,
also corresponds to the ¢, _1 coefficient of the potential matrix
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n n n

S (E-E)=) [(Bi-w) — (B —w)*=> (Zi— Z;) (4.14)

1<J 1<J 1<j

Expanding out Equation 4.14 and multiplying out the summation we obtain

NE-E) =) (Z+7Z) -2 ZuZ; (4.15)
1<J 1<J 1<j

Taking the first term on the right-hand side of Equation 4.15, expanding it, and sim-

plifying the double ordered summation to a single summation, we obtain

zn:(zf; + 7)) =(n— 1)iz§ (4.16)

i<j

We now make use of the trace property of a Kronecker product

Tr(Z ® Z) = Tr(Z)Tr(Z) = 0, (4.17)

where the last equality in Equation 4.17 holds because the diagonal splitting matrix Z is
by construction traceless. We now note that the trace of a tensor product of the n x n

diagonal matrix Z with itself can be written as a sum of the form

TrHZ®Z)=)Y Z;+2Y ZuZ (4.18)

i<j
Setting Equation 4.18 to zero from the result of Equation 4.17 gives
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zn: 7%= -2 zn: ZiZ; (4.19)

i<j
Substituting Equation 4.19 into the right-hand side of Equation 4.16, we obtain the

relationship

Z(Zi +77) = —2(n 1) Z ZiiZjj (4.20)
1<j i<j
Equation 4.20 can now be substituted into Equation 4.15. and after simplifying we get

the result

i<j i<j
The sum term on the right-hand side of Equation 4.21 is precisely the definition of the

cZ_, CP coefficient,

1<j

Thus, the desired result is obtained:

1
=== S (Bi— Ey) (4.23)
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4.5 REPRODUCTION OF CONICAL INTERSECTIONS

Before examining w-CP model’s ability to characterize the branching and seam spaces, we
first evaluate the model’s ability to reproduce the adiabatic energies in the vicinity of the
MECI by comparing it to the direct learning of the adiabatic PESs, which we refer to as
the direct-energy model. Specifically, we compare the mean absolute errors (MAEs) * of
the adiabatic energies in the vicinity of the MECI geometries as a function of training set

size. Figure 4.2 shows the log MAE as a function of the training set size.

For all the molecules studied, sub-chemical accuracy ® can be achieved with around
300 training points in both the direct-energy and w-CP model. An important difference,
however, is that the PESs obtained from the w-CP model are consistently more accurate
at a fixed training size compared to the direct-energy model. The consistently better
performance is accentuated at Conlns as the cusp cannot be well modeled in the direct-
energy model. This is evident when plotting the energies along the BS vectors for both the
w-CP and direct-energy models, which is shown in Fig.4.3. It can be seen that the cusp
as well as the energies are well produced at the locus of a Conlns for the w-CP model. On
the other hand, not only does the direct-energy model fail reproduce the cusp, it learns
an avoided crossing instead, where the degeneracy is completely absent. As a result of
the avoided crossing, large errors accumulate in the vicinity of the Conlns. It should be

noted here that since the energies are tightly sampled (evaluated from LHS geometries

4The MAE is the error metric given by %E?IE — E4|, where E; and E; is the predicted and actual
energies, respectively
5Sub-chemical accuracy is defined as 0.04 eV. In Fig.4.2 it is taken as log(0.04)
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Figure 4.2: log of Mean absolute error as a function of training set size, in terms of number
of nuclear configurations, when fitting the characteristic polynomial parameters (w-CP) or the
adiabatic energies (Direct).
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Figure 4.3: Adiabatic potentials in the immediate vicinity of a minimum energy conical intersec-
tion as determined from ab initio computations (isolated points) and the w-CP and direct energy
surrogate potentials. The latter fail to capture the degeneracy and instead show an avoided
crossing.

with bounds of £0.05), it is not indicative from Fig.4.2 alone either method’s ability to

extrapolate away from the training region. This will be shown and discussed in Section

4.6.

As mentioned in Section 3.2.3, the smoothness and differentiability of a learned GPR
surrogate is determined by the choice of kernel. To ensure that the avoided crossing in
the direct-energy model is not an artifact, since the SE kernel only learns an infinitely-

differentiable function, a kernel of the same differentiability class as the seams of Conlns
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Figure 4.4: Adiabatic potential in the vicinity of a minimum energy conical intersection as
determined from ab initio computations and the direct-energy model. The direct-energy model
is learned with the absolute exponential kernel here instead. Even with a kernel belonging to the
same differentiability class, the avoided crossing is reproduced in the direct energy model

is also used, namely the absolute exponential kernel

_lz1—=o|

kaps (21, 79) = 0% 1 (4.24)

which is non-differentiable.

The energies plotted along the BS cuts using the absolute exponential kernel is shown
in Figure 4.4, which shows that even with a non-differentiable kernel, the cusp cannot be
reproduced. While more sophisticated kernels such as additive or combined kernels can
be conceived, which may enable the direct-energy model to better approximate or fully
capture the seams of Conlns, the simplicity of the w-CP model is seen as a strength and

not a weakness. Namely, a simple isotropic SE kernel can quantitatively capture the cusp.
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4.6 ABILITY TO LEARN BRANCHING SPACES

In the previous section, the figure showing the energies along the BS cuts (Fig.4.3) was
slightly putting the cart before the horse, as the direct-energy and w-CP model’s ability
to reproduce the BS vectors have not been examined. In this section, we first compare the
ability for the direct-energy and w-CP model to reproduce the branching and seam space
dimensions, which is achieved by examining the eigenvalues of the ¢§ Hessian at a MECI,

shown in Figure 4.5.

It is evident from Fig.4.5 that aside from a worse MAE and learning an avoided crossing,
the direct-energy model has a more fundamental issue of getting the incorrect branching
space dimensions. That is, the number of non-zero eigenvalues should be strictly two and
five for the two-state (CoHy and NHy) and three-state (CHJ) Conlns. The presence of
small nonzero eigenvalues in the direct-energy model implies that there are more than two
linearly independent vectors that lifts degeneracy. This could not only lead to incorrect
photodynamics due to qualitatively incorrect PESs, but also result in erroneous geometric
phases if the wavefunction encircles additional artificial Conlns, thus changing the parity

of the phase [2].

While Fig.4.5 is indicative of the model quality, it does not give information on the
learned BS vectors themselves. Recall that the normalized BS vectors is obtained as the
eigenvectors associated with the non-zero eigenvalues. To check that the GPR learned

and ab initio BS vectors coincide, the angle between the x (6,) and y (6,) BS vectors
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Figure 4.5: Eigenvalues of the ¢ _, Hessian matrix as computed from ab initio data and using

the w-CP and direct-energy models.
dimension of the branching space.

The number of non-zero eigenvalues corresponds to the
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0, 0, g h Sy Sy
ab initio 0.0 0.0 0.213 0.125 -0.130 -0.046
CoHy w-CP 0.0 0.3 0.214 0.126 -0.130 -0.046

direct-energy 3.7 8.0 0.130 0.084 0.128 -0.050

ab initio 0.0 0.0 0.342 0.342 0.000 0.000

NH; w-CP 0.3 0.3 0.342 0.342 0.000 0.000
direct-energy 5.3 5.3 0.202 0.202 0.000 0.001

Table 4.1: Comparison of the branching space parameters determined from ab initio data and
using the surrogate potentials. The parameters § and h are the norms of the orthogonalized
gradient difference and non-adiabatic coupling vectors, respectively, and the 6;, i = x,y are the
angles between the ab initio and w-CP and direct-energy GPR model branching space vector
vectors x and 3. Angles are given in units of degrees. All other values are given in units of Ej, /A.

are computed. In addition, the intersection topography g, h, s, s, defined in Eq.2.21 and
Eq.2.20 for both method is also computed, where the BS vector norms can be computed
A1,2

from the eigenvalue as g,h = 4/=g* with A;5 being the two non-zero eigenvalues, which

was shown in Eq.2.28. The intersection topographies and BS vector angles are summarized

in Table 4.1.

The w-CP models are found to quantitatively reproduce the Conlns topography in both
cases, with branching vector angles 0, , of less than 0.5° and parameters g, h and Sz 1N
almost perfect agreement with the ab initio MRCI values. Additionally, it was found that
the CP-coeflicients are able to reproduce the BS with very modest training set sizes, as
shown in Table 4.2, achieving reasonable accuracy with training set sizes as small as 500 ab
initio points. The direct-energy models, on the other hand, fare less well, with maximum
branching vector angles 0,, of 8.0° and parameters g, h and 5z that fail to correctly

describe the Conlns topography, even with large training sets containing many thousands
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CoHy 0, 0, g h Sa Sy
Ab initio 0.0 0.0 0.213 0.125 -0.130 -0.046
N=200 |w-cp |24 89 0.216 0.125 -0.130 -0.041
N=500 | w-cp |09 1.6 0.216 0.127 -0.130 -0.045
N=1500 | w-cp | 0.3 0.5 0.214 0.126 -0.130 -0.046

Table 4.2: Dependence of branching space topography parameters with respect to training set
size (N). N=200, N=500 and N=1500 is shown. Reasonable accuracy is obtained at N=500 and
approaches ab-initio values at N=1500

of points.

Finally, the ability for both the w-CP and direct-energy model to extrapolate the BS
away from the training region is examined. An extended displacement of the adiabatic

energies along the BS vectors is shown in Figure 4.6.

An interesting result is the w-CP model can accurately extrapolate the PESs to ge-
ometries outside of the training sets used to construct them. The w-CP model for both
CoH, and NH3 remain accurate out to displacements of around x = 4-0.4 and y = 4-0.4,
which correspond to geometries outside the span of the training sets. The difference in the
training and testing regions is made clear from Figures4.7 and 4.8, which shows a super-
position of the training set geometries as well as the geometries corresponding to x=0.4,

respectively.

Somewhat remarkably, for ethylene, this geometry corresponds to ethylidene, a different
structural isomer to the geometries present in the training set. Similarly, the ammonia
geometry at x=0.4 corresponds to a near-dissociated N-H bond, which is not represented

in the training set. The improved ability of the w-CP models to extrapolate is a direct
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Figure 4.6: Adiabatic potential in an extended region along the BS, with the origin corresponding
to the minimum energy conical intersection. The gray and beige shaded areas correspond to the

Sp and S; training energies, respectively. The w-CP model shows the ability to extrapolate far
from the training region compared to the direct energy model.
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> A

Figure 4.7: An overlap of all the training geometries for ethylene and ammonia cation. The
training geometry is generated with atom centered Cartesian Latin hypercube sampling with
4+0.05 A bounds, which results in very tightly sampled configurations
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Figure 4.8: The ethylene (top row) and ammonia cation (bottom row) MECI geometries Rcr,
and its displacements along the z and y BS vectors at 0.4 length. The displaced ethylene
MECI corresponds to a different structural isomer, and the ammonia cation resulting in a near-
dissociation N-H bond.
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result of the significantly longer length scales on which the surfaces w(R) and ¢Z(R) vary
compared to the PESs E;(R). That is, the w(R) and ¢Z(R) are more slowly varying than
the adiabatic energies F;(R). This, in turn results in an increased distance from which
knowledge may be transferred from the training to prediction points. On the other hand,
the rapidly-varying adiabatic PESs result in direct-energy GPR models that rapidly lose

all predictive power when moving away from elements of the training set.
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47 (CONCLUSION

In this chapter, we have demonstrated the ability to construct quantitatively accurate GPR
models of seams of Conlns via an indirect learning of the involved adiabatic PESs based
on a CP formalism. The advocated w-CP approach yields a correct description of the
branching and seam spaces, a feat that is harder to achieve for models based on the direct
learning of adiabatic PESs. Furthermore, it is found that a single CP coefficient, ¢Z ,(R),
contains all branching space information, irrespective of the number of intersecting states.
The use of machine learned adiabatic PESs and non-adiabatic couplings in excited-state
dynamics simulations is starting to gain traction [48, 49]. Here, there seems to be no reason
to continue using directly-learned adiabatic PESs, given the unambiguous advantages of
the indirect w-CP approach. We thus anticipate that the results presented here shall
be of great use in directing future developments in this nascent, yet important, field of
work. In terms of practical application, the w-CP formalism will be of use in a number
of situations. For example, in MECI optimisation using quantum chemistry methods for
which analytical gradients are not available; in such cases w-CP based surrogate potentials

may straightforwardly be utilized. This is explored in the following Chapter
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51 INTRODUCTION

This Chapter is based on the results in the non peer-reviewed work (as of the writing of

the thesis) Minimum Energy Conical Intersection Optimization Using DFT/MRCI(2).

Wang TY, Neville SP, Schuurman MS. Minimum Energy Conical Intersection Opti-
mization Using DFT/MRCI(2). ChemRxiv. 2024; doi:10.26434/chemrxiv-2024-3h77{-v2

This content is a preprint and has not been peer-reviewed.

Having established the ability for the w-CP model to quantitatively reproduce the
energies and intersection topography at a Conlns, in this chapter, we apply the w-CP model
to the optimization and characterization of DFT/MRCI(2) MECIs. The methodologies
used in this chapter are largely similar to those developed in Chapter 4, with only a few

minor modifications. However, a key difference lies in the role of the GPR surrogate.

As outlined in Section 2.3.4, the combined density functional theory and multi-reference
configuration interaction (DFT/MRCI) method employs a selected-CI algorithm for the
generation of the reference space, which when combined with DFT-specific corrections to
the Hamiltonian matrix, results in highly compact wave function expansions. In addition,
our group has developed a perturbative approximate variant of the parent DFT/MRCI
method, which is termed DFT/MRCI(2) [16] and drastically reduces the computational
cost while maintaining the accuracy of the original method. In this work, we will primarily
employ DFT/MRCI(2) and expect the results and conclusions to be equally applicable to
DFT/MRCI.
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However, since the reference space is generated through a selected-CI procedure, it
cannot be guaranteed that the DF'T/MRCI(2) energies for a set of closely spaced structures
form a reliably differentiable PES [15]. To overcome this, we treat the local discontinuities
as noise within the GPR framework, and learn the surfaces by explicitly incorporating
and optimizing a white noise kernel. The main difference in the application of GPR
to DFT/MRCI(2) compared to MR-CIS in the previous chapter is the explicit use and
optimization of noise as a smoothing device to an inherent electronic structure problem.
As in Chapter 4, the w-CP model is used to optimize the DFT/MRCI(2) MECI geometries

for representative intersection motifs in the molecules ethylene, butadiene, and fulvene
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5.2  MINIMUM ENERGY CONICAL INTERSECTION OPTIMIZA-

TION AND CHARACTERIZATION

In this section, additional MECI characterization metrics are defined, which is useful to
compare the results of two different electronic structure methods. The MECI optimization

method employed to obtain the DFT/MRCI(2) MECIs is also introduced.

5.2.1 CHARACTERIZATION OF TWO-STATE CONICAL INTERSECTION

As mentioned in Section 2.2.1, a two-state Conlns can be fully characterized in a first-order
model by the set of parameters {s,, s,, g, h} (Eq.2.21 and Eq.2.22), which describes the tilt
and asymmetry of the cones. While the set of parameters fully characterize the intersection
topography, they do not clearly link to the coupled electronic and nuclear dynamics that
may result when passing through this region of the PES. Recent work by Lindh et al.
[50] introduced composite parameters that correlate with potential reactive outcomes after

traversing through the Conlns region. The authors defined the following two parameters:

L
- A2,

L 3 3 .
B=p Az, (\/(1 + Agp)cos20s + \/(1 — Agh)sm203> ,

where the intersection asymmetry, Ay, and the parameters L and 6, are given by:

P (1 — Ay cos(265))
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For P < (>) 1, the Conlns corresponds to a peaked (sloped) intersection, and for B < (>)
1, the Conlns has a bifurcating (single-path) intersection. In short, a Conlns is peaked
(sloped) if the upper surface is (is not) at a minimum in the branching plane, and it is
single-path (bifurcating) if there is only one minimum (multiple minima) on the lower

surface in the branching plane.

While the above parameters P and B enable the connection of intersection topography
to preliminary dynamical outcomes, it does not provide a direct measure for comparing
the branching spaces of two different electronic structure methods. A metric to directly
compare two branching spaces is by projecting the branching space vectors of one method
onto the branching plane of the other [50, 51]. More precisely, let {x,y} and {«’,y’} be
the sets of orthonormalized branching space vectors for method I and J, respectively, then
the area enclosed by the unit branching vectors of method I projected onto the branching

plane of method J is given by:

riy = (- a)(y-y) — (z-y)(y - o) (5:3)

The value ry; is bounded between 0 for orthogonal branching planes and 1 for parallel
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branching planes.

Together, the MECI can be characterized with the parameters g, h, s;, s,, P and
B defined in Eqgs. 2.21 and 5.1, and the branching spaces of different methods can be
compared with r;; defined in Eq. 5.3, which we use to compare the optimized MECIs of
DFT/MRCI(2) to those of ab initio MRCI.

5.2.2  MINIMUM ENERGY CONICAL INTERSECTION OPTIMIZATION

Since this work focuses on the GPR surrogate representation of DFT/MRCI(2) seams of
Conlnss and the subsequent characterization of MECIs, we start from geometries close to
the MECT and build a static surface on which a Conlns optimization is performed. We thus
remove the requirement for active learning; namely the optimal approach for updating the
surrogate and hyperparameters during the course of the MECI optimization. The employ-
ment of an active learning process will be important for the practical deployment of the
approach for the optimization of structural minima, but would add additional complexity

to the present proof-of-principles study and is instead reserved for future work.

There are multiple approaches for optimizing MECIs [52-55], but most, including
the techniques employed here, require the identification and utilization of the BS vectors,
which is defined by the energy difference gradient g and the derivative coupling vector h
(Eq.2.18)

The direct optimization [52] approach, combined with the updated branching space

method [56] is employed for the MECI optimizations here. The direct optimization ap-
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proach in essence turns a constrained optimization problem into an unconstrained one by
utilizing the a prior: information on the constrained subspaces, which is the branching and

seam space. The minimizing gradient d in the direct optimization method is given by

d=c ((1 ) PVw+ 202AE%> , (5.4)

where w(R) is the average energy, and AFE is the adiabatic energy difference. We find that
the parameters used in Ref. [57] worked well, namely ¢; = 0.2 and ¢; = 0.9, and in this
work no Hessian is incorporated in the MECI optimization. P is the projector onto the

seam space,

P=l-zRz-yQuy, (5.5)

where & and y are the unit BS vectors defined in Eq.2.20 and ® refers to the outer product.

In the updated branching space method the derivative coupling unit vector y is not

explicitly computed, but rather updated iteratively using the following recursion relation,

<yk7 wk+1> Ty — <mk7 .’Bk+1> Yy (56)

\/<yk7 $k+1>2 + (x, iL‘k+1>2

Y1 =

where <, > refers to an inner product, and the initial guess used in this work is given by
Y, = Vw. For clarity, since the adiabatic energies have discontinuous derivatives along

seams of Conlnss, the w and AFE in Eq.5.4 are obtained by learning the w-CP model.
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5.3 COMPUTATIONAL DETAILS

5.3.1 QUANTUM CHEMISTRY CALCULATIONS

The DFT/MRCI(2) method was employed to compute single point electronic energies in
the vicinity of seams of conical intersection. Previous work has shown the (approximate)
DFT/MRCI(2) approach to furnish excitation energies in near-quantitative agreement with
the parent DF'T/MRCI method. [17, 18] The density fitted [58, 59] cc-pVDZ basis set was
used in all cases as implemented in the PySCF package, and 3 roots were computed for
all the molecules studied. The initial, guess reference space was generated using the previ-
ously discussed AutoRAS procedure. [60] The General Reference Configuration Interaction
(GRaClI) package was used for all DF'T/MRCI(2) computations [61], where the DFT por-

tion of the calculation was computed using PySCF [62-64].

For comparison, the MECIs and corresponding branching spaces were also determined
using ab initio MRCI methods. MR-CI singles (MR-CIS) and MR-CI singles and doubles
(MR-CISD) MECIs were optimized, employing state-averaged complete active space self-
consistent field (SA-CASSCF) reference wave functions, where m-electron, n-orbital active
spaces, and number of roots in the averaging procedure, S, are specified S-(m, n) and vary
by molecule. For ethylene, butadiene, and fulvene, these correspond to 2-(2,2), 2-(4,4),
and 2-(6,6), respectively. The COLUMBUS electronic structure package was used for all

ab initio MRCI computations. [43].
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5.3.2  SAMPLING

For the DFT/MRCI(2) MECI optimizations, we consider a distribution of the parameters
g, iz, Sz, Sy, P, B and r7; computed over a set of 50 surrogates, each constructed with
different LHS centered at the same geometry. The reason for this is we found that us-
ing atom-centered Cartesian LHS to generate the training data can result in deviations
between different learned surrogate surfaces. This can then manifest itself in slightly dif-
ferent optimized MECI geometries and branching space topographies. This dependence
on the training data is expected due to GPR being a non-parametric method. In contrast
to parametric fitting, GPR does not assume a functional form, but is based solely on the
correlation between each training point, given by the choice of kernel, thus its sensitiv-
ity to the training set. We have found this to be a more general problem, and believe
LHS generated nuclear configurations are not ideally suited to general, on-the-fly construc-
tion of PESs when the kernel hyperparameters are obtained from MLE, in terms of both
consistency and scalability. In addition to the curse of dimensionality from which LHS
suffers [65], it has been shown that GPR hyperparameters optimized with marginalized
log-likelihood from data generated with LHS can perform poorly due to irregular pairwise
distance distribution [44, 66]. The question of optimal sampling and fitting, however, is
not addressed in this work and we stick to atom-centered Cartesian LHS. To confirm the
observed sensitivity does not instead originate from the underlying DFT/MRCI(2) cal-
culations, however, the same procedure of constructing multiple different surrogates was

employed using ab initio MRCI energies, and the same sensitivity of the parameters on the
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training data was found. This will be discussed in more Section 5.6.

5.3.3  DESCRIPTOR AND KERNELS

In this chapter, the SOAP parameters were not explicitly optimized. A default set of SOAP
parameters were found to work well and subsequently used for all calculations. Namely,
{r=4,n=6,l=6,0 =0.1}. The original SOAP work [19] showed that [,,,, = 6 is able
to adequately reconstruct their test structures. Using this as a starting point, the 7,4,
term is matched to the same value, and the radial cutoff r is picked from the rounded
average of the GA optimized values from Chapter 4. We found this set of value able to
adequately reproduce the surfaces in the vicinity of the MECI for the molecules studied in
the previous chapter, i.e. at the MRCI level of theory without including the whitenoise,

and is thus used here.

A simple isotropic SE kernel combined whitenoise kernel is used to to model the dis-

continuties as i.i.d. homoscedastic noise.

k(zi, ;) = krpr + Kuwhite
X — X1

— (5.7)

2
krpr(z;,x;) = 0 exp —
2
Ewhite = 0n5z‘j

As noise is explicitly considered here, the kernel hyperparameters {02,1,02} are opti-

mized via the maximization of the marginal log-likelihood of Eq 3.19.
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54  MINIMUM ENERGY CONICAL INTERSECTIONS OF

DFT/MRCI(2)

As mentioned in the Introduction, the nature of DFT/MRCI(2) renders the surfaces lo-
cally non-smooth. More specifically, the DFT/MRCI(2) PESs resemble underlying smooth
surfaces contaminated by deterministic noise that arises from the native selection proce-
dure of the method. We have chosen to approximate the local discontinuous variations of
the DFT/MRCI(2) potentials as independent and identically distributed (i.i.d.) Gaussian
noise within the GPR framework, which has a simple and closed form method of determi-
nation via the optimization of a whitenoise kernel. It is important at this point to reinforce
the point that DFT/MRCI(2) PESs exhibit deterministic noise, but treating it as a i.i.d.
Gaussian noise within the GPR framework leads to significant formal simplifications. GPR-
DFT/MRCI(2) herein refers to the GPR surrogate fitted using DFT/MRCI(2) single point
energies, and is used to make clear the distinction between the surrogate DFT/MRCI(2)
and the actual DFT/MRCI(2) quantities. Additionally, the learned GPR surrogate of a

function f(z) is denoted with an overbar, as f(z).

In this section, the MECIs obtained via optimization on GPR-DFT/MRCI(2) is pre-
sented and compared to the MECIs computed using analytical ab initio MRCI gradients
and non-adiabatic couplings. The representative examples discussed below have been pre-

viously studied in detail: the accidental Sy/S; Conlns of “twisted-pyramidalized” ethy-

lene, [67-69] “transoid” butadiene, [70, 71] and “twisted” fulvene, [72].
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Figure 5.1: MECI geometries optimized using GPR surrogates of DFT/MRCI(2) potentials for
a) ethylene, b) butadience and c¢) fulvene. The atom numbers are also labeled, which is used to
define the internal coordinates of interest.

A comparison of the key internal coordinates! between the mean DFT/MRCI(2) struc-
tures, computed from the optimized MECI over the 50 surrogates constructed outlined
Section 5.3.2, and those obtained using ab initio MRCI is shown in Table 5.1. The nuclear
configurations for each of the structures used to define the internal coordinates are shown

in Fig. 5.1, where the atom numbering employed will be used throughout the subsequent

discussion.

The optimized GPR-DFT/MRCI(2) and ab initio MRCI MECI intersection topogra-
phy parameters {s., sy, g, B,P,B} for ethylene, butadiene and fulvene is summarized in
Table 5.2, and Table 5.3 shows the overlap of the branching spaces r;; for each of the
methods. For rows and columns corresponding to GPR-DFT/MRCI(2), the presented
value is the arithmetic mean + the standard deviation over the values obtained from the

set of 50 surrogates.

Turning first to the comparison of the structural parameters, we find that the DF'T/MRCI(2)

nternal coordinates here refer to general coordinates that is translational and rotational invariant.
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T(C’ng) 0(H401H3) 9<H502H6) ”}/(Cng)HGCQ)

1.43 114.2 93.70 62.76
Ethylene DFT/MRCI(2) +0.01 +1.424 +1.08 +1.124
MR-CIS 1.42 113.7 93.00 59.97
MR-CISD 1.41 112.4 94.3 61.39
7"(0102) T(CQCg) 7“(0304) 9(H501H6) 7(03H9H1004)
1.37 1.40 1.44 117.63 62.77
Butadiene DFT/MRCI(2) +0.002 +0.002 +0.004 +0.19 +0.26
MR-CIS 1.33 1.45 1.43 116.84 65.00
MR-CISD 1.35 1.45 1.42 117.11 65.74
r(C1Cy)  r(ChCs)  r(C3C5)  O(H.CaHs)  d(H:C>CiCs)
1.45 1.41 1.41 116.5 89.99
Fulvene DFT/MRCI(2) +0.009 +0.007 +0.004 +1.269 +0.007
MR-CIS 1.48 1.42 1.43 118.2 89.99
MR-CISD 1.48 1.43 1.43 118.05 90.03

Table 5.1: Comparison of optimized internal coordinates for the Sy/S; MECI of ethylene, buta-
diene and fulvene. r(xy) corresponds to a bond stretch between atoms zy given in Angstroms,
O(xzyz) corresponds to a bend angle between atoms zyz and v(xyzw) corresponds to the out of
plane angle of atom w, and d(xyzw) corresponds to the dihedral (torsion) angle of atoms xyzw.
The stretch coordinate r is given in Angstroms, and the 8, v and d angles are given in degrees.
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g h Sz Sy P B
0.209 0.181 0.056 0.019 0.087 1.526

Ethvlene DFT/MRCI(2) +0.002 +0.004 +£0.011 40.005 +£0.026 =£0.198
Y MR-CIS 0.213 0.125 0.130 0.046  0.507 1.289
MR-CISD 0.204  0.129  0.102 0.029  0.303 1.174

0.224  0.129  0.032 0.032 0.082 0.602

Butadiene DFT/MRCI(2) +0.002 =+0.001 =£0.007 +£0.001 =0.015 =£0.062
MR-CIS 0.207  0.110  0.133 0.023  0.452 1.114

MR-CISD 0.183 0.109  0.123 0.023  0.492 1.268

0.187  0.172 0.036  4.90e-4  0.052 1.902

Fulvene DFT/MRCI(2) £0.056 +£0.005 =£0.032 +£3.2¢-3 £0.116 =£0.742

MR-CIS 0.187  0.180  0.047 5.89e-5 0.063 2414
MR-CISD 0.202 0.199  0.032 1.74e-3  0.025 3.637

Table 5.2: Comparison of DFT/MRCI(2), MR-CIS and MR-~CISD derived Conlns topographies

at the respective MECI geometries.
2

MECTSs are generally in good agreement with the structures optimized using ab initio MRCI
methods, as shown by the similarity in the internal coordinates. Deviations in bond lengths
and bond angles are typically within 0.05 Angstroms and 3 degrees, respectively. Since

they are not the same level of theory, this deviation is well within reasonable agreement.

The good agreement between the GPR-DFT/MRCI(2) and ab initio MRCI structural
parameters is further mirrored in the comparison of the branching space parameters sum-
marized in Table 5.2, but with some caveats. The norms of the BS vectors, § and B, are
agreeable between all methods and levels of theory except for ethylene, which exhibits a
slight difference in the norm h. The deviation, however, does not give rise to a qualitatively

different Conlns region, as both methods furnish an asymmetric double cone. However,

there appears to be a consistent difference between the GPR-DFT/MRCI(2) and MRCI

89



5.4. MINIMUM ENERGY CONICAL INTERSECTIONS OF DFT/MRCI(2)

rry DFT/MRCI(2) MR-CIS MR-CISD

DFT/MRCI(2) 1000 0.950 0.988

Ethylene MR-CIS 0.950  1.000 0.978
MR-CISD 0988  0.978 1.000

DFT/MRCI(2) 1.000 0975 0.962

Butadiene MR-CIS 0.975  1.000 0.981
MR-CISD 0.962  0.981 1.000

DFT/MRCI(2) 1.000  0.975 0.976

Fulvene MR-CIS 0.975  1.000 0.999
MR-CISD 0.976  0.999 1.000

Table 5.3: Comparison of DFT/MRCI(2), MR-CIS and MR-CISD branching spaces at the re-
spective MECI geometries.

3

tilt parameters s, and s,. Specifically, these parameters are consistently smaller for the
GPR-DFT/MRCI(2) branching spaces in comparison to the ab initio MRCI results for
the examples considered here, resulting in the former yielding intersections with vertical
non-sloped cones. A more detailed analysis of this observation will be presented in Section

2.5.

While the absolute magnitude of the tilt parameters may exhibit large differences, we
see that if the ratio of s,/s, is similar, then the composite parameters P and B, defined
in Eq. 5.1, may be similar. For example, although the DFT/MRCI(2) tilt parameters for
ethylene are significantly smaller than their ab initio MRCI counterparts, the predicted P
and B values fall under the same category. That is, they both predict peaked and single-
path intersections. On the other hand, for butadiene, not only are the GPR-DFT/MRCI(2)
tilt parameters a lot smaller, the ratio is also significantly different. As a result, GPR-

DFT/MRCI(2) predicts a bifurcating intersection, whereas MRCI predicts a single-path
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intersection.

However, these differences in intersection topography, as discussed above, do not result
in significant differences in the corresponding branching spaces. As shown in Table 5.3,
the GPR-DFT/MRCI(2) and ab initio MRCI branching planes are all nearly-parallel (r;;
clost to 1). For comparison, a previous study by Filatov et al. and Lindh et al. compared
the branching spaces resulting from different electronic structure methods to MR-CISD
for a range of molecules. [50, 51] The methods examined included SA-CASSCF, ensemble
DFT approaches [73, 74], and the orthogonalization-corrected (OM2) semi-empirical con-
figuration interaction method [75, 76]. As that study demonstrated, the branching spaces
furnished by different electronic structure approaches can vary widely, with, for example,
spin-flip TDDFT (SF-TDDFT) yielding r;; overlaps with the benchmark MRCI ranging
from 0.64 for a twisted-bond-alternating methylimine MECI to near quantitative agree-
ment and a 0.986 overlap for methylimine MECI. Thus, the average overlap between the
GPR-DFT/MRCI(2) and MR-CISD branching spaces of 0.98 for the examples considered

should be considered near quantitative agreement.

Finally, to verify that the GPR-DFT/MRCI(2) potentials accurately reproduce the
DFT/MRCI(2) potentials, Fig. 5.2 displays the GPR-DFT/MRCI(2) energies calculated
along the BS directions, obtained from the non-zero ¢f Hessian eigenvectors, alongside the
DFT/MRCI(2) single-point energies, with the origin set at the MECI geometry. Fig. 5.2
shows that the GPR surrogates reproduce well the DFT/MRCI(2) energies in the vicinity

of the MECI along both branching space directions.
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At this point it is important to discuss a challenge that arises when learning the ¢§(R)
surface. In the direct MECI optimization approach used here, the minimizing gradient
(Eq.5.4) has two components, which can be thought as performing two operations. The
first minimizes the average energy projected onto the seam space, and the second min-
imizes a quantity proportional to AE?, with its minimizing gradient as 2AE(V&). For
the w—CP model, c§(R) is a strictly negative and real quantity for any R. Problems will
arise whenever the solution gets near the degeneracy and the ¢i(R) surrogate returns a
positive, albeit small value, which renders the predicted AE, and subsequently the gradi-
ent component responsible for minimizing the degeneracy, to be zero, since we only take
the real parts of the gradient. Thus the degeneracy cannot be made arbitrarily small with
increased iterations. To ensure that the branching space cuts in the vicinity of the origin
do not exhibit spurious cusps due to positive ¢ (R) values, all the cZ(R) values were shifted
with ¢§(Ryecr) in the branching space cut plots (Fig. 5.2), which also forces the origin
and AE(Rypc1) to be zero.

Additionally, Fig. 5.3 shows the eigenvalues of the ¢f Hessian, with the number of non-
zero (zero) eigenvalues corresponding to the branching (seam) space dimension. The first
point of note is that the eigenvalues of the seam space coordinates should be strictly zero.
For GPR-DFT/MRCI(2), the seam space eigenvalues show small deviations from zero, but
is within the uncertainty of the GPR surrogate model, which will be discussed in Section
5.6. In practice, Fig. 5.3 shows that GPR-DFT/MRCI(2) is able to correctly capture the

branching and seam space dimensions.

Summarizing these observations, we find that the optimized MECI structures, as well as
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Figure 5.2: Adiabatic energies in the vicinity of the MECI along the branching vectors for:
a) Ethylene, b) Butadiene, c) fulvene. Left panel shows the optimized MECIs and their corre-
sponding x (red) and y (blue) branching vectors. The middle and right panel shows the Adia-
batic energies along the x and y branching vectors, where the dotted points correspond to the
DFT/MRCI(2) energies and the solid lines correspond to the GPR predicted energies.
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Figure 5.3: Eigenvalues of the ¢§ Hessian for: a) Ethylene, b) Butadiene, c¢) Fulvene. The dotted
values are the GPR predicted values for DF'T/MRCI(2), and the cross and triangle points are the
ab initio MR-CIS and MR-CISD values, respectively. The number of non-zero (zero) elements
correspond to the branching (seam) space dimension.

the branching spaces of GPR-DFT/MRCI(2) and ab initio MRCI are in near-quantitative

agreement. The Conlns topography, however, exhibits systematic differences from ab initio

MRCI approaches in the form of smaller GPR-DFT/MRCI(2) tilt parameters s, and s,,.
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5.5 COMPARISON OF DFT/MRCI(2) AND ab initio MRCI

SURROGATE SURFACES

As shown in Section 5.4, the main qualitative difference between the GPR-DFT/MRCI(2)
and ab initito MRCI MECI topographies is the tilt of the double cones. Here, we explore this
finding in more detail and confirm that these deviations represent real differences in how
the electronic structure methods describe the seam of intersection, rather than artifacts of

the surrogate generation process.

To this end, GPR surrogates for the ethylene MECI is constructed using MR-CIS single
point energies, and the resulting optimized kernel hyperparameters for the w and c% GPR
surrogates between MR-CIS and DFT/MRCI(2) is compared. These values are given in
Table 5.4. The difference in the tilt parameters can then be directly related to the learned
hyperparameters. It can be seen that apart from the noise term, the variance o2 and
lengthscale [ of ¢3(R) is similar between DFT/MRCI(2) and MR-CIS. The straight-forward
interpretation of these results is that the two learned surfaces are similar in terms of how
large and how rapidly the ¢§(R) surface is varying around a MECI, which are reflected
in the lengthscale and variance, respectively. The GPR-DFT/MRCI(2) surrogates have
a larger noise term to account for the local energetic variations. The two wW(R) surfaces,
however, are different, with the GPR-DFT/MRCI(2) having appreciably smaller o2 and [
hyperparameters. Examining Eq. 2.21 and taking the gradient of W(R), we can see that

the tilt parameters are proportional to o2 and inversely proportional to I,
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2

Zazexp( [1X: 2lX il )(X X)l2 (5.8)

Additionally, from the computed g and h norms as well as the large overlap between the
DFT/MRCI(2) and MR-CIS branching spaces, we can exclude differences in the branch-
ing vectors as the reason for the difference in the tilt parameters. That is, the norms
of * and y in Eq. 2.21 is not the dominant term that results in smaller values of s,
and s, for DFT/MRCI(2) compared to MR-CIS. The significantly smaller value of o2 for
DFT/MRCI(2) is thus found to be responsible for giving rise to smaller values of s, and

Sy-

There is a simple rationalization of the difference between the DFT/MRCI(2) and
MR-CIS ¢&(R) surfaces, which differ only in the noise term. Namely, that the MR-CIS po-
tential surfaces do not suffer from the presence of deterministic noise that is inherent to the
DFT/MRCI(2) method. However, the same conclusion cannot be drawn for the differences
in W(R). Since we cannot provide physically motivated reasons for the difference in the
log-likelihood landscape that arise due to different electronic structure methods, the MLE
optimized noise term does not offer insight into the physics of the DFT/MRCI(2) local
energetic variation. When the set of optimized hyperparameters {02, 1,02} differ signifi-
cantly, they may correspond to extrema of drastically different log-likelihood landscapes,
thus frustrating a simple interpretation. Furthermore, it is also important to remember that

the whitenoise kernel hyperparameter o2 is not an absolute measure of noise. Depending

on the kernel composition, the log-likelihood surface can differ, even employing the same

96



5.5. COMPARISON OF DFT/MRCI(2) AND AB INITIO MRCI SURROGATE
SURFACES

DFT/MRCI(2) MR-CIS
o2 316°%0.0 3162£0.0
g 1 0.09520.002 0.11140.001
o2 0.01140.001  2.52x100 +5.36 x 10~7
o2 407 207 2772 + 082
w 1 0.088+0.007 0.323-£0.010

20.002340.0001  3.27x107% £ 4.54 x 107°

n

Q

Table 5.4: MLE optimized GPR hyperparameters of ethylene for DFT/MRCI(2) and MR-CIS.
The first and second row corresponds to the learned hyperparameters for the ¢j(R) and W(R)
surface, respectively. The values presented is the arithmetic mean + standard deviation over 50
surrogates.

training data, thus using different kernels changes the learned o2 value significantly. More
importantly, different metric spaces or cost functions used in the training can result in
drastically different sets of optimized hyperparameters, and subsequently change the role
and interpretation of the noise term in the model. For the analysis performed here, we
assume that the PESs in the vicinity of the MECI computed using DFT/MRCI(2) and ab
initio MR-CIS do not have significant qualitative differences, which would otherwise make
the use of the same kernel inappropriate. Therefore, although the i.i.d. noise model pro-
vides a simple and intuitive picture, it should only be interpreted as a smoothing device in
the construction of PESs. The main consequence from all the above is, the DFT/MRCI(2)
w(R) surface is responsible for the smaller tilt parameters, but we cannot conclude from
the hyperparameters alone that the DFT/MRCI(2) and MR-CIS w(R) surfaces are similar
with added deterministic noise for DFT/MRCI(2), as in the case of the c¢§(R) surfaces,

because the optimized hyperparameters are drastically different.
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DFT/MRCI(2) MR-CIS

[52] +£0.011  £0.010
|5, +0.005  £0.005
P +0.002  £0.002
Ih| +£0.004  £0.002
P +0.026  +0.048
B +0.198  +0.056

Table 5.5: GPR surrogate hyperparameter dependence on LHS for MR-CIS and DFT/MRCI(2).
The magnitude of error that arise due to sampling is largely equivalent between the two methods.

5.6 FUNDAMENTAL UNCERTAINTY IN DFT/MRCI(2) DE-

RIVED GPR-SURROGATES

Before turning to the main challenges that arise from the present framework, we first
address the uncertainty corresponding to the surrogate dependence on different LHS dis-
tributions. To study the sampling dependence of the GPR surrogates, 50 surrogates were
also constructed at the MR-CIS level of theory by LHS about the MECI geometries. MECI
optimization was performed on each of the 50 GPR surrogate surfaces, and the mean and
standard deviation of the parameters reported in Table 5.2 were also determined for this
dataset. For each MECI optimization, the geometry with the largest AFE in the training
set was chosen as the starting geometry in order to keep the initial conditions consistent.
As expected, the surrogate dependence on LHS is also present in the MR-CIS derived sur-
faces, and the standard deviations on the branching space parameters is of the same order

of magnitude. These results are summarized in Table 5.5.
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These results demonstrate that there is a non-negligible sampling dependence to the

resulting surrogates, regardless of the electronic structure method employed to generate
the electronic energies. This can also be seen more directly from Table 5.4, which shows the
distribution of learned hyperparameters over the set of 50 surrogates. This error is clearly
always present when fitting surfaces using training data generated from LHS distributions,

and although usually small, it is particularly relevant when points of degeneracy are sought.

While this sampling dependence is present in both the MR-CIS and DFT/MRCI(2)
derived surrogates, a major difference is the value of the learned noise hyperparameter o?:
it is significantly larger for DFT/MRCI(2) compared to MR-CIS. Note that since these
hyperparameters are learned from data transformed to have zero mean and unit variance,
it does not correspond to a physically interpretable value. Nevertheless, by comparing the
learned DFT/MRCI(2) and MR-CIS o2 values, shown in Table 5.4, it is clear that the
learned DFT/MRCI(2) w(R) and c§(R) surface is a lot noisier compared to MR-CIS due
to the local energetic variations. This is not unexpected, since each nuclear configuration
results in the generation of a new reference space, but also highlights the need for surrogate
representations of the nascent DFT/MRCI(2) surfaces in order for them to be meaningfully

differentiable.

An important consequence of the larger noise in the DF'T/MRCI(2) potentials is that
it translates into a limitation on the level of degeneracy that can be achieved. The GPR
surrogate returns a mean y(X,) and standard deviation d5(X,) by treating the target y
as a Gaussian random variable. Within the GPR framework, we can then say that the

real value y(X,) falls between the interval (X, ) £ 205(X,) with a 95% confidence. For a
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noiseless GPR model, ignoring the presence of a small regularization term, the predicted

variance of a training point is zero:

F(X.) = V[f] = K(X., X.)

- K(X*aX)K(X>X)71K(X7X*)
N N
—1
=Ko = D2 Rl (5.9)
J %

N

- K** - Z(S*jKj*
J

- K** - K** - 07

where we have made use of the fact that K is symmetric and that for X, € D, where D
is the training set, the sum over ¢ on the second line becomes a Kronecker-o function. In
a noiseless model, adding a training point collapses the predicted variance (and standard
deviation) at that point to zero. Thus a model can be made arbitrarily accurate within
a region by adding training points, provided the covariance matrix does not become ill-
conditioned. The lower bound on the predicted standard deviation for a noiseless model
is therefore zero, such that §;(X.) = 07" = 0 for X, € D, where §7""" corresponds to
a minimum uncertainty given in terms of standard deviation. In our model, however, a
non-zero lower bound on the predicted variance exists at any point due to the learned
noise term, even if the point is in the training set. That is, Eq. 5.9 does not hold in the
presence of noise because the sum over ¢ does not become a Kronecker-¢ function when the

inverse takes on the form of (K 4+ 071)7". As a result, 07(X,) > 07" > 0 for X, € D.
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The presence of noise thus renders the minimum uncertainty non-zero, which means that

the degeneracy can only be meaningfully determined up to the lower bound before adding
additional points becomes irrelevant. Note that this statement holds on the condition that
re-optimizing the GP hyperparameters with additional training points does not decrease
the learned o2, which we found to be the case for the systems under study. Since the
minimum uncertainty is learned in terms of ¢§(R), it is propagated forward to AE(R) in

the small value limit as [77]

dAE
dcg
_ ‘ L

recalling that AE(R) = \/—4c§(R). The result of this is illustrated in Fig. 5.4, where

2z
€0

e ‘ (5.10)

¥4
CO7

the DFT/MRCI(2) AE at the MECI is non-zero, and the degeneracy falls within the 95%

confidence interval of the minimum uncertainty. That is,

0 € [AEPFT/MRCI®) _ggmin NpPFT/MRCIR) 4 ggmin] (5.11)

For comparison, the MR~-CIS minimum standard deviation 634" for ethylene was found to
be 6x 10~ eV, which is consistent with the level of convergence employed in the calculation
of the electronic energies. A major shift in interpretation resulting from treating the local
energetic variations in DFT/MRCI(2) as noise is the role of the single point calculations

in the construction of surrogate PESs. It is no longer taken as the ground truth and is

only meaningful within an interval governed by the learned noise. A consequence of this
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Figure 5.4: The effect of noise as a learned hyperparameter on the achievable accuracy of the
optimized DFT/MRCI(2) MECI degeneracy. The blue dots shows the DFT/MRCI(2) energies
at the optimized MECI, and the error bar shows the 95% confidence interval as a result of the
learned noise. The true degeneracy (dashed line) is contained in the 95% confidence interval for
all the molecules

is that the degeneracy may not exist simultaneously in the DFT/MRCI(2) PESs and the
GPR surrogate, and if it does, it may not correspond to the same set of geometries unless

the noise approaches zero.

In summary, there are two main challenges present in the GPR-DFT/MRCI(2) MECI
optimization. The first is quantifiable by examining the minimum uncertainty of the de-
generacy 0% and is to be expected since we are essentially smoothing a noisy surface.
The second challenge, maintaining a physical sign on the c¢§(R) surface, is related to the
machine learning architecture employed. Whether the physical constraints of a positive
ci(R) surface can be learned given enough data or requires a built-in constraint is an open
question. There has been recent work addressing this issue, including designing neural

network architectures [78] and employing different companion matrices [79]. In the case of

GPR, this issue is intimately related to the Gaussian noise model used, where the noise
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is symmetrical about the mean with infinite support and cannot guarantee a non-positive

value. This issue can be naively remedied in a noiseless setting by adding training points
where nonphysical ¢ is predicted, or more generally and robustly, even in the noised setting,
by considering bounded GPR [80], which includes the use of warped-GPR, non-Gaussian
likelihood or constrained kernel hyperparameter optimization, and may be worth exploring

in future work.
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5.7 CONCLUSION

In this work, we have evaluated the ability of DFT/MRCI(2) to describe seams of conical
intersections using a GPR surrogate approach. To obviate the need to learn adiabatic
surfaces, which exhibit cusps at points of degeneracy, we instead learned the coordinate
dependant coefficients of the characteristic polynomial of the potential matrix, which are
smooth functions of nuclear coordinates. We found that the explicit inclusion and opti-
mization of a whitenoise kernel allows for an intuitive framework to learn smooth surrogate
DFT/MRCI(2) surfaces that are otherwise discontinuous due to the selected CI aspects
of the method. Using the GPR surrogate characteristic polynomial coefficients, we opti-
mized the MECIs of ethylene, butadiene and fulvene and computed for the first time the
corresponding branching space and topography using DFT/MRCI(2). The asymmetry of
the double cones at the optimized MECIs agree well with ab initio MRCI, but the tilt
parameters are smaller in magnitude, indicating that DFT/MRCI(2) preferentially gives
vertical double-cones compared to ab initio MRCI for each of the molecules studied. The
difference in the optimized hyperparameters of the average energy surrogates, combined
with the good agreement between the branching spaces, shows that the difference in the

tilt parameters is a result of the learned average energy surface.

The presence of deterministic noise in the DFT/MRCI(2) potentials was dealt with
approximately via the inclusion of white noise in the GPR kernel. This leads to a fun-

damental change in interpretation of the optimised points of (near) degeneracy, and the
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question of the true existence of conical intersections at the DET/MRCI(2) level of theory.
As a result of the noise term, the surrogate surfaces cannot be made arbitrarily accurate
with the addition of more data points, thus affecting the level of degeneracy that can be
obtained. Despite the issue with explicitly incorporating noise, however, we have shown
that the GPR learning of characteristic polynomial coefficients to account for the deter-
ministic noise present in the DFT/MRCI(2) potentials is a viable method that returns
sensible surfaces that optimizes easily with direct optimization methods, and yields MECI

geometries in excellent agreement with their ab initio MRCI counterparts.

105



CONCLUSION

In this thesis, we have extended and applied a previously proposed method for the indirect
learning of coupled potential energy surfaces via the characteristic polynomial coefficient
of the potential matrix, which we term the w-CP model. Specifically, regions of conical
intersections was studied as the non-differentiability renders the direct learning of adiabatic

energies challenging for conventional ML methods.
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In Chapter 4, the w-CP model was first validated at the ab intio MRCI level of theory
for three different Conlns: the accidental Sy/S; Conlns of twisted-pyramidalized ethylene,
the symmetry required (E ®e) two-state Conlns of NH7 | and the symmetry-required (75 ®
(e @ ty)) three-state intersection of CHf. By using a SOAP descriptor and a simple GPR
framework, it was found for all three Conlns that the w-CP model is able to quantitatively
reproduce the branching and seam spaces, as judged by the accuracy of the predicted
intersection topographies as well as the adiabatic energies. The w-CP model also exhibited
high extrapolation fidelity in regions far away from the training set due to the slowly
varying nature of the w-CP surfaces. Additionally, it was found that all the branching

space information is contained in a single CP coefficient.

In Chapter 5, the w-CP model was extended to the DFT/MRCI(2) method. Contrary to
ab initio MRCI, DFT/MRCI(2) lacked analytical or reliable numerical solution to compare
against due to the locally non-smooth PESs. Aside from being able to effectively learn the
Conlns, GPR offered a natural mechanism to smoothen the locally non-smooth PESs
via the inclusion and optimization of a whitenoise kernel. Using the w-CP model, the
accidental Sy/S; MECI of “twisted-pyramidalized” ethylene, “transoid” butadiene, and
“twisted” fulvene were optimized and characterized. It was found that the optimized
DFT/MRCI(2) MECI structures are very similar to ab initio MRCI, while some of the
intersection topography differed. Namely, the asymmetry of the cones were similar, but
the tilt parameters were consistently smaller for DFT/MRCI(2). Despite the differences
in the intersection topography, the branching spaces between DFT/MRCI(2) and MRCI

were found to be highly similar as judged by their overlaps. This analysis paved way for
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the first quantitative Conlns analysis for DET/MRCI, and showed the validity of the w-CP

model to fit DFT/MRCI(2) PESs.
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