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ABSTRACT

The use of the method of orthogonal collocation for:
solving boundary value problems in structural and applied
mechanics is investigated. Some linear analysis of stafic
problems, free vibrations of isotropig and orthotropic beams "

and plates with various boundary conditions are presented.

A computer program coded in FORTRAN is written for

IBM 360/65.

rThe results obtained are presented in tabular forms and
graphical forms, and whenever possible, are compared with
existing solutions based on more tedious and lenghﬁier
methods of analysis. Very good agreements are gene€rally

obtained.



- T i Tl
e O AT

iv

Acknowledgement

The author wishes to express his sincere gratitude

to Dr. S.F. Ng ﬁnder whose guidance this,work‘was carfiéd
out. His generous encouragement, helpful suggestiogs and
valuable £ime spent during the course of thif study are
particularly appréciated.

The financial assistance given by the'Natio;al Rese-
arch Council of Canada .under Grant A-4357 and by Depaftmeqt
of Civil Engineering, Uﬁiversity of Ottawa, is gratefully

[N

acknowledged.



"

NOMENCLATURE

:

‘rectangular Cartesian coordinates

displacements in x,y, and z - directions

direct stresses

shear stresses

direct strains

shear strains

moduli of elasticity and shear modulus of
isotropic material \

modulus of elaskicity and shear modulus -
of isotropic mateﬁiai

Poisson's ratios for isotropic material

Poisson's ratios for orthotropic material
plate thickness

flexural rigidity of plates

bending and twisting stiffnesses of
orthotropic plates

modulus of elastic foundation
lateral load per unit area B}

plate dimensions in x and y - directions

aspect ratio of plate, (a/b)

Kronecker delta

z



vi

dimensionless.parameters of x and y di-

rectional coordinates, (£ = x/a, n = y/b)
orthogonal polynomial sets
constants

eigenvalue corresponding to the nth mode
of vibration

functions of x only

fuﬁctions of v only

integers

shearing forces perbendicular to ‘the plane

of the plate -

bending moments in x and y = directions

normal forces in x and y - directions



CHAPTER I

INTRODUCTION

h

Thelorthogonai collocation method was first introdﬁced to
boundary value problems in' structural and appiied mechdnics -
by Chan and Ng (4). The types of problem Chan éﬂd Ng
investigated were ' static problems suéh as torsion of
réctangular bars; bending of plates, large deflection
analysis.of rectangular isotropic, orthotropic, and sandwich
plates. In this thesis .the orthogonal colloca;ion ﬁethod
.is further employed to investigate some additional static
problems in applied mechanics and to extend the method to
the analysis of free ’ vibration of beams (with classical and
non classical boundary, conditions) and free vibration of

rectangular isotropic and orthotropic plates. .

The collocation method is one of many methods- inrthe
numerlcal treatment of boundary value problem using error
dlstrlbutlon principles. Generally, the most" rapidly
converging method using error distribution principles is the

Galerkin method.

The Galerkin method 1is not very efficient as it
involves tedious and lengthy definite Enteg;ation
procedures. While the collocation method is the simpliest

numerical scheme , it does not always yield reliable results

Al
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since tbersolution of a problem can fluctuate greatly for

arbitrary ghoices-of_collijijion points.

Orthogonal collocation is a numerical scheme which has
the accuracy of the Galerkin method and the simplicity of

the collocation method.

In orthogonal collocation method, the most crucial
phase of the solution lies in the formulation og the
orthogonal polynomial sets, a step which provides Fhe trial
function as well as the collocation points. _Through the use
of a éimple computer program, the orthogonal polynomlal sets
can ~easily- be formulated, and the thts of the polynomials
lndlcatlng the location of the collocatlon points are
obtained by using standard iteration schemes. Once the
orthogonal polynomial sets for the problem is formylated,
the rest of the computation is as simple as the collocation

method.

The orfhogonal collocation method is used to obtain

s . . 2 . . . .
approximate solutions to the governing differential equations
of boundary pro?lems in applied mechanics. The numerical
method provides convergence to the exact answer as the
approximation is refined in successive calculations by ‘using
more collocation points, a procedure similar to the technique
of using finer grid in the finite difference method or the

finite .element method.



Furtﬁermore,;the-first approximation'of the orthogonal

collocatlon method which can easily be obtalned without

resortlng to computers would generally glve insight to the

qualitative behaviour of the structural problem to be solvedf



CHAPTER IT

Review of Literature 4,

The‘governing differential equations of boundary va-

¥aé problems in structural and appiied mechanics for alil
but the simpliest of cases are usually rather complex. For
this reason, exact solutions to these types of problems can
r

only be obtained for a few simple cases. Because of this

many numerical methods have been developed to solve complex

boundary value problems. These numerical methods vary

in accuracy, applicability and: simplicity .

Every methad- has its advantages and didadvantages
For a given boundarj‘value problem in applied mechanics P
different‘numerical schemes have to be tried to arrive at a

numerical method where the advantages of such a method

greatly outweighs the -disadvantages.

-~

Collocation methods have been used for more than fifty
years to solve differential equations. They were ' firsf
applied to diffe%ential equations.by Frazer, JonE% aﬁd Skaﬁ
(12) and indepenﬁently by Lanzosr(i7). ?he'Lanzos method as
adopted by Clenshaw and Norton {5,24) has found i many

applications . This method capitalizes on the " good



' ‘to chemical engineering problems.
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convergence properties of the expansion of the Tschebysheff

LY

polynomials; however » it does not take full -advantage of the .

boundary éonditiqns. For an arbitrary. positiohipg of the
collocation points the method .ﬁéy ibe divergéht even for
rathe: simplé ordinéry differential equations (36) and fof
parti;l differentiai equations such phenomenon probably

occurs even more frequently.

In 1967 Villadsen and Stewart {35) developed a new

method called Orthbgonal Collocation, using orthogonal po-

lynomjals as trial, functions and the roots as the colloca-

tion points over its region.™ It is 'a special case of the

coliocétion.method and the method of weighted residuals.

L-

Such methods are discussed in more detail by Finlayson

(11). Since then, many problems have been solved using

the orthogonal collacation method, mostlyf in application.

REN

Serth (27) wutilized the method to sokﬁ%ﬂstiff boundary

value problems, stiff différential equationsare those which

are difficult to solve numerically' due to accuracy and

stability problems associated with eigenvalues of wide- .

ly different magnitudes. Villadsen and Sorenson (37) used
the double collocation method whereby the collocation was
extended to both space and time variables to yield algebraic

equations. In their work the collocation apéroach was handled

S ———a e m—r



in a manner reminiscent of implicit finite difference
approaches in which the values of the dependeht variabfeé.

. . : - . ’ ) - 0
were solved line by line (or section by section depending on

. the number .of unknown points) into the infinite domains.

Birnbauﬁ and Lapidus (1). illustrated that the -infinite
aomain can be covered with a single orthogonal polynomial
énd that, in turn, the entire problem can be solved in a
single pass. Carey and Finlayson (2) explored the method of
orthogonal éollocation on finite elements combiﬁing the rapid
convergence of the orthogona; collocation method with the
convenience associated with finite difference methods of
locating grid points or element§ where the solution is
i@portant or has large gradients. The solution of such
complek problems as the large deflection analysis of rec-
ta%gular isotropic, orthotropic, and sandwich plates employ-
ing the method of orthogonal collocation were demonsérated by

Chan and Ng (4). s

A relatively large number of techniques are available

e

fof'solving boundary value problems in structural and applied

—

mechanics. Many problems of rectangular plates ,have been’’
studied hitherto by methods of wvarious kinds because of

theoretical interest and practical importace.

Problems involving vibrations of thin, elastic plates

!
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occur in a wide va:ieﬁy of applications of structural
mechanics in .all aspects of engineering. ‘An ’excélient-g
comprehensive summary of existing analytical and

experimental information relevant to this problem area has

been presented by A.W. Leissa.(19).

Various methods have been used by investigatd?s to
determine the natural frequencies of free vibration and the
associated mode shapes of thin elastic plates (19,32). Some

of the most important of these techniques are:

{a) Exact Solutions -

~

In a few cases iqvolving relatively simpleAplate cont-
ours and associated boundary conditions an exact solution of
the governing differential equation may be found. Tﬁis
yields frequeﬁcies as eigenvalues of ;the eguation
and the associated mode shapes are then readily determinéd:
Exact solutions for certain rectangular plates have been

found by S. Iguchi as well as H.J.Fletcher, N.Woodfield, and

K.Larsen and M.Vet and'A.W.Leissa (19).

i

(b} Energy Methods

In any conservagiVe system the total energy must remain

constant. Hence for.the vibrating plate the sum of the po-
: . L A
tential and kinetic energies is constant and if @ realistic

e o i, i i e i



vibratory configuration L (satisfying boundary conditions)

is assumed, it is possible to determine the natural .

'frequencies. Since the vibr&tory cbnfiguration employed
may not be the true one occurring during motion, the use of
this technique leads to values of natural frequencies that
are tco great. Unfortunately, the errof involved is

usually difficult to estimate.

Lord Rayleigh 1in his classic work gives a method for
the approximation of the frequencies of dynamical systems.
Later W.Ritz produced what is known as the "Rayleigh - Ritz"
method for approximating frequencies in vibrating systems.He
applied his technique to sgquare plates with all edges free.
The Ritz method is 6ne of several possible proceaures for
obtaining approximate solutions for the frequencies and
modes of vibration of thin elastic plates. The convergence
and aécuracy of the Ritz method have been discussed by
various authors including L.Coliatz (6). It is known that
this method gives upper bounds for the frequencies, that is,
the freguencies calculated by Ritz's procedure are always
higher than the exact values. Also, the accuracy of the re-
sults cannot be estimated with cértainty in most
cases. In spite of this limitétion the method has yielded
gatisfactory solutions for numercus problems in equilibrium,

buckling, and vibration.While the Ritz method is well known,



!
it has not been used as much as might ‘kEJrexpécted - for

plate vibration problems. This is probably due, at least in

part, to the great amount of computational labour whiéh g
requires both, setting up and solving the necessary equa-
tions. The amount of computations involved - depends
to a large e#tent upon the set of functions used to -
. represent the plate deflection problems. For these func-
tions some investigators have taken a series of
polynomials while others have used combinations of the
characteristic functions which define the normal modes of a
vibration. Dana Young (42) used the latter types .of
functions to obtain three specific plate problems, namely,
sguare plate clamped at all fou£ e@ges,'square plate clamped
along two adjacent edges and free along the other two edges,
and square plate clamped along one edge and free 4&long the
other three edges.Waqurton(4l) presented frequency formulas
for alil twenLy one types of problems derived by using the
Rayleigh method with assumed modes shapes which are the
products of vibrating beam eigenfunctions. Later, another
set of formulas was published by Janich in 1962 for 18 cases
(for fundamental modes only). Again, the Rayleigh technique
was utiiized, but simple trigonometric functions were chosen

to represent the plate deflections. However, these functions

do not represent the mode shapes nearly as well as the beam



e e e e s s T

10,

»

EUnctions Lelssé presented accufg;;h;;ET§t1cal results for
the free vibration of rectangulal plates of various cases.
There are many more authors applying the energy methods for
other shapes of plates such as V.G.Sigillito, M.hasegawa,

S.T.Odman, N.Aronnzajin and D.Young (42).
(¢) Numerical Method ' .

It is worthy to note that several other numeriaal
approaches have been employed by previous investiéators.
These include: i) point matching techniéues by H.D.Conway(7)
where an assumed solution satisfies the governing equation at
all interior points of the plate but satisfies the boundary
only at designated points along the edges; ii) finite differ-
ence method: Szilard (28) solved a variety of plate problems
using this method. He also has an exténsive discussion of the
method, and of'ﬁean refining the method as applied to plate
" bending; iii) finite element metﬂbd: The advancement in the
technology in computing facilities makes this method to be
widely used to solved many types of problems. Szilérd (28)
presented this method and many other_numefical m;thod for
solving plate problems. '

More recently laser holography has:Beeh applied to determine
natural frequencies and associated mode éhapes of plates by
G.M.Mayer and this approach has been found to be excellent
particularly for vibrations at higher modes.

[
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CHAPTER III ' -

3.1 Orthogonal collocation method.

Applications of error distribution principles for
numerical treatment of boundary value problems are widely
used byAmany investigators. The expansion coefficients of
the trial function used are determined mostly by weighted
residual methods. These methods are more attractive due to
the ;imple numerical scheme énd compactness of the results,
as compared to other principles. Of all the numerical
methods that are based on the principles of error distribu-
tion, the Galerkin metﬁod i generally the most rapidly
converging method (12), whilz the collocation method is
definitely the most simple numerical scheme.In the colloca -
tion method, it is only necessary to evaluate the residual
at éhe collocation points.This is easily done, so that the
collocation method appears to be the simpliest form of
weighted residual methods. However, both methods have their
drawbacks. The collocation method, though simple in ‘applica
tion, is not very reliable since the solution of a problem
can. fluctuate greatly for arbitrary choices of the colloca-
tion points and an equidis;ant sSpacing is not g;zerally
appropriate. Comparatively,little has been done on setting
out definite criteria for selecting the location of colloca-~
tion points. On the other hand, the Galerkin method is much

more cumbersome to use due to tedious finite integrations

required before a solution can be obtgined.



A Mumerical scheme which,in the opinion of the
writér, has the accuracy of the Galerkin method and the
31mp11c1ty of the collocatlon method is the method of ortho-
gonal collocation. : In fact, orthogonal collocatlon lS a
discrete analogy of Galerkln s method since the formulatlon'
of the method is also based on orthogonality though not of
the residual function, but of a polynomial which vanishes at
the same points. Thus instead of requiring the residual func-

“tion to be orthogonal to each term of the trial function as
is done in most weighted residual methods, the residual here
is+matched to an orthogonal function at its zeroes. The

hecessity of integrating the residual is thereby avoided.

The most Wmportant is the formulation of the orthogonal
polynomial sets, 'a step which provides the trial functions
as well as the collocation points. For a symmetrical
boﬁndér§ value problem in one independent variable, x, in
the fééion x? <1 , the formulation of the orthogonal

polynomial sets can be written as follows

o = 1.1
{W(xz) P, (x?) Pn(xz) dx = ¢ & 3

where : i and n are positive integers
w(x?) is a weight function

Ci are constants

%in is the Kronecker .delta.

-«

12
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2i(x2) are polynomials of degree i in x?
[* ]

The formulation of the orthogonal polynomials sets will

be described in more'detail in section 3.2,

For interior collocation, the trial function is chosen
such that the boundary conditions are satisfied. The trial

function for the solution is then written in the form

w(xz)_z A Pi(xz) 3.1.2

in which w(x?) is usu#lly chosen such that the boundary

conditions are satisfied. By adjusting the trial function to
satisfy the governing differential equation at n collocation
pSiﬁés, which are the roots of the polynomial %1(x2), then n

equations with n undetermined parameters Ai can be evaluated.

To illustrate the orthogonal collocation method, consi-
der a symmetrical second order boundary value problem in one
independent variable, x, in the region x? < 1

The differential equation is

L(Y) = o0 for x? <1 3.1.3
Sy
and the boundary conditions are : ' o
Y = 0 at x2 = 1 3.1.4
T o atx = 0 3.1.5

dx

B
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For interior collocation, the assumed solution is chosen

such that the boundary conditions are satisfied.

- A suitable function is :

. n-1 ’
Y=(1-x* 7 A P (x?) . : 3.1.6
_ : i i
: 1=0
where P, (x?) are polynomials of degree i in x?, yet to be

_specified and the A, are undetermined constants.

Once Y has been adjusted to satisfy equation 3.1.3 at

n collocation points xl, x2 ..... X the residual function
L(Y) either tvanishes everywhere or contains a polynomial
factor Gn(xz) of degree n in x? whose zeroes are the colloca-
tion points. Then by analogy with Galerkin's method which
specifies that the residual be orthogonal to all the trial
functions, the collocation points are selected by specifying
that Gn(xz) be orthogonal'to all the functions. (1-x?) Pi(xz)
of equation 3.1.6 over the region x2? < 1 . Such a specifi-
cation is automatically satisfied by taking Gn(xz) and Pn(xz)
from the orthogonal set defined by

! .

{ {1-x2) Pi(xz) En(xz)‘dx = ¢ 6 3.1.7
for all positive integers i and n, where qi is ‘a constant

and ain is a kronecker delta.

The orthogonality relation in equation 3.1.7 ensures
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that the zeroes of Pn(xz) are real, distinct and located with-—
in the open interval 0,1 . The equation 3.1.7 is the key
formula here which provides both the trial functions a@d_ the

collocation points.-

In the Galerkin interior method, the approximate solution
of equation 3.1.3 is obtained by setting the differential -
equation residual L(Y) orthogonal to all the trial functions.

For the assumed solution, equation 3.1.6, this orthogonality

relation over the region x2? < 1 becomes

(1-x2) pi'(xz) [ L(Y) ] a&x = 0 3.1.8

—_ g Y

i=0,1, . . . ,n=1)

The present collocation method, on the other hand, uses
the orthogonality relation

1

S o(1-x?) P, (x?) [(x%-x2) ..... (x?-x2)]dx
h 1 n
1]
, 3.1.9
(i=0,1, . . . 4n-1)
to define the collocation points, X o« oe e Xy where the

residual L(Y) is to vanish. The two methods agree if L(Y)

-is a polynomial of degree d <=n in x? .

Although the derivation here is based on cone dimensional

secbnd o;der problems, the present method can be easily
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extended to two dimensional problems and probléms in@oljing

higher order derivatives. To demonstrate this, bou;aaryl

value problems such as the static and dynamic analysis of

clamped beams and clamped plates will be solved in chapter V

using the orthogonal collocation method.

Section 3.3 described the method to develop the orthogonal
. )

polynomials used in chapter V. Subsequent steps required by

the orthogonal collocation method Insohﬂﬁgprdﬂemsarealmoﬂ:

identical as the ordinary collocation method..

Instead ‘'of using equal spacing or arbitrary collotation

ppints , the orthbgonal coilocatign_method uses the roots

of the orthogonal polynomial ag collocation points. Therefore

unlike the collocation metﬂod which forced the residuél

function to be zero only at the collocation points, the

orthogonal collocation method also ensures that the mean

of the residual functién is zero over the entire region.

The extra efforts to develop the orthogonal polynomials

used in the orthogonal collocation method coméare to

the simple collocation method are insignificant considering

the enormous advantages in accuracy that results in such a.

method.
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:3.§ Formulation of the orthogonal polynomials

. . b-'
Let f(x) be a function for which [ w(x) [f(x)]? dx
. a .
exist and let [¢.(x}] “be a set of ;functibns for which

WEx) 6y (x) y(x) Ax = ¢ 6 3.2.1

B g

where 6ij is the krocnecker delta function and Qithé value

of the integral for i = j§

The weight function w(x) is assumed to be integrable '
(but not necessarily continuous or even defined for all x ¢ l

[‘a,b 1.)

Then

1. If equation 3.2.1 holds for every (i,j) the set [¢i(X)] is

an orthogonal system on [a,b] with respect to the weigﬁt

function w(x).

The weight function is now assumed to belpositive in [a,b].
2. The set of parameters 5* for which the weightéd L, norm

e 29,1%
sz(f) = [i w(X){f(X)—Ln(f,X)} dx] 3.2.2

is minimum is obtained by formula 3.2.3

-k 1 b _:
a = & S wix) ¢i(x) f(x) ax 3.2.3
ia’
- )
The parameters a chosen in accordance with eqg. 3.2.3

minimizes the square of distance function weighted by w(x)
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‘and inteérated frbm "a to b . “The form of 3.2.2 justlfles
‘the name. st welghted mean approxlmatlon, normally glven

to the a;:ijlmatlon deflned by equatlon 3.2. l‘and equation -
3;2.3 - Particularly simple expre531ons for the approxlmatlon
functions are obtained when w(x)~= (x—a) (x—b)B and the
_approx1mat10n functlons are chosen as algebralc (or trlgono—
m?trlc) polynqmlals. If a = gj’and b = 1 the resulting

'bolynOmials are‘cal%fd 'shifted‘.Jacobi polynomials,

Thz most,importaﬁt relatioﬁ petween orthogonal polyno—-
mials is eguation 3.2.3 ., It deﬁineé'the polynomia;s, it
illustrates oﬁe of their most importaht geometricél and ana-
lytical properties-apd it may be used to construct the poly-
nomials.

For the speéific.weight function of Jacobi polynomials :
8

Let w(x) = x° (1-x)% where a 3 0 and B > 0 , let ¢n(x)

be polynomials and let.the range of brthogonality be [0,1].

The set of approximations ¢i(x) are then defined as

Jacobi polynomials Pn(a’s)(x) :
1 '
,or xP (1-x) @ pn“"s) (x) pj(“'B) (x) ax = C_ 6
3.2.4
i

The coefficients of an orthogonal polynomial Pn(x),
whigh is normalized such that the coefficients of x 1is (-1)2

are most conveniently found py a simple . recurrence formula
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(36 pp 41] :
o VRIS T § : 40
Pn._(x) = Yn’g! =1 X + . ¢« + (-1)
n S '
-1 i
=1 LTy x 3
- 150 i .2.5
_ n-k n+u+s+k+1' :
Tk+l T kFL T B*kFL . Yk . 3.2.6
where k = 0,1,2, . . ,n=1 , ¥,='1 and a and B are both . -
greater than -1. And values of
1
- oy 2 . . N
c, = { w(x) [P (x)]° dx 3.2.7
or _
c, = (T(B+1))? afl .r(n+et+l) 3.2.8

I (n+B+1) I (n+to+s+1l) (2nta+s+1)

s Form > 0 and (a«,8) > -1

The Jacobi polynomials defined by equation 3.2.4 and

equation 3.2.5 are given explicitly by

¢ =

an'm Ixs{l-x

S -1" s+ 47

MR o™ 30209
T (n+g+1) ax

" The proof of this is given by Villadsen [36].

-

The preceding paragraphs of this section gave an outline

of the most impdrtant properties of orthogonal polynomials.
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In many engineering problems, symmetrical:boundary_value
problems érg very often encountered, therefore it is more
efficient to-solve‘those problems using polynomials in x2.
The following paragraph studied some useful even degree poly—

nomials as examples of the general theorems:-and formulas.

The orthogonal-relation for Jacobi polynomials is

5

1

{ (l—ufa:u? %_(u) gj(u) du = Qi . . 3.2.10

Substitute u = x? and du = 2x dx

1

;o(1-x%) @

0 .

x28+1 i:&.
1]
3.2.11

Equation 3.2.11 is the recipe for construction of a particu -

P (x?) Pj (x?) dx =

|0

lar set of even orthogonal polynomials. The physical problem
often dictates the form of integral in eqg. 3.2.11 that is i
the exfonents a and 2§+l .- and the formula allpws one to work
backwards to a and 8 , and hence to the apbrop}iate set of
:poiynomials. For a =28 + 1 and C: = gi formula 3.2.1}

2 a
yvields 1

_e2y0 _a 2 2 _ *
{ (1-x“)" x .Pi(x ) gj(x } dx Ci Gij 3.2.12

The orthogonal polynomials are constructed from Rodriques
formula (eq.3.2.8).

Pn(x ) = Pn(u)

S P
AT AT R 1T S T
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l-a
a+l a-1l .
o moul Qew T(FT) g0 = n+a
P (u) = (-1) = vs) —n [ (1=u)™ 7]
n F(n+~§~) du

with a = 28 + 1 3.2.13

All supplementary information such as the recurrence"
formula, the formulas for Yn and the formula for Cj are
obtained directly from the preceding paragraphs with proper

interpretation of o« and 8 and replacing x with xi

Villadsen and Stewart (35) showed the orthogonal polyno-
mials and constants whefe the weight functions are W(x2)=(1l-x2)

and ﬁ(x) = xX(L - x?2 ) and w(x?) = x2 (L - x2 ).

- .--In this thesis, while the weight function has to satisfy
the boundary conditions of the problém as used bylothers,

the orthogonal polynomials developed here are different from
those of other investigators such as Villadsen and Stewart (35).
The fdllowing section outlines in detaii the development of

the orthogonal polynomials and the constant used in this thesis.



3.3 Orthogonal polynomials. >

From Equation 3.1.1

1
'Jam%gﬁﬂ)%mhdx=%&

in
0 .
if i % n 8, =0
if i =n 8 =1
in
- d, d, dm
Let W(x?) = b, x + b, x t ... +Db x 3.3.1
m d.
= Y b, x 7 -
j=1
1 ) _
and Ty o k3D Sieryax L 5 =1,2,... 3.3.2
0
Assumed Py, =1
Py =1 + a;x?
P, = 1 + ax? + asx*
P; = 1 + ayx? + asx* + agxS
\-—__.__‘ 2 - .
Pl, =1 + arx + agx“ + agxs +\-__'10 x®
For i =0 and n = 0 - R
1 L]
Co = J w(x?) dx = T,
a
For i =0 and n =1

Jow(x?) (1) (l+a;x?) dx = 0
0
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1 _ 1 _ n
£ w{x?)dx + g w(x”) (a;x2) dx = 0
TL +  a; T, =0 a; = - Lt

cPor i =1 and nh = 1

2

—
i}
~

- .
! w(x?) [(lra;x?) (l+a;x?)] dax

il
O Sy e

- 1 - 1 _
w(x2) dx + 2a, 5 w(x?) x2 dx + af{ w(x?)x4dx

= Ty + 2aq Ts + af ) Ty

This can go on to as many  terms as regquired. This type

of computation is best achieved by computer programming, because

the input to the progfam is just the coefficients and the
powers of the weight function. Once the polynomial is
found, the roots can easily be computed using built-~in
subroutines which usually are readily available. The list-
igg of the program is at the back of this thesis, also the

polynomials for different weighing functiéns, their constants

and the roots are-tabulated.
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o | CHAPTER IV

Fundamental Theories and Equations of

Beams and Plates
4.1 Basic Equations for Free Vibration of Beams.

Generally, the assumptions in the derivation of

the basic differential equations governing the free vibration

~of beams are as follows:

L. Properties of the beams are elastic, homogeneous,
isotropic and have uniform cross section throughout
ﬁPe length of the begm.

2. Plane sections that are initially normal to the
middle plane remain plane and normal to it. |

3. The beam is long in proportion to its depth.

4. The effect of the rotary inertia is negligible

and need not be taken into consideration.

In Fig.” 4.1 a small cut out section from a loaded
beam with length dx is shown. For uniformly distributed load
the total load qd#, acts through the center of the element A.
By taking moments about A and neglecting the product of dv.dx

gives

vV = aM 4.1.1

dx
-

Also, by taking the sum of forces in the vertical direction

-



25

equal to zero:

— av ‘
4 = - g | 4.1.2

M
— T A
V+dv
\r
Y
FIGURE 4.1

It can also be shown from elementary strength of material

that the moment and the beam curvature are related by

’ 2
M = gr 4y ‘ 4.1.3

Provided that M can be expressed as function of x, eq.4.1.1

and eq.4.1.2 yield:

v = g1 &% : 4.1.4
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and the load (or force)

q = 514 ' 4105
dx*®
Equation 4.1.5 is a differential equation for beams
without elastic foundation. For free vibration of beams,
using the displacement w(x,t) as a function of time and
distance and p as mass, the force q in equation 4.1.5 can be

substituted and the following equation can be obtained:

3%w _ EI 3'w

at?. p ax'i

4.1.6

Assuming that equation 4.1.6 has a variable
separable solution, dependent variable w(x,t) can be
represented by the product of W(x) and T(t)f where W(x) is
the shape function and depends upon X only and T(t) is a
function of time. With this, w(x,t) can readily be written

as:

w(x,t) = W(x) T(t) , 4.1, 6a

Substituting equation 4.1.6a into equation 4.1.6 gives:

2 ’ 4
- W(x) d—Tf—tl = EL p0p Qﬂu"—)» 4.1.6b
dt p dx

1

Separating the variables we obtain:
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L d°T(e) _ EI _1 d'W(x) _ 2"

4.1.6¢
T(t) dt? p W(x) dx*

where a' is a constant.
It can be shown that the constant a‘ of equation
4.1.6c is a positive quantity. Therefore from equation

4.1.6¢c the two ordinary homogeneous differential equations

are obtained:

~

d*W(x). pat

Wix) = 0 i 4.1.7
dx* EI
and
2
d T§t2 + a* T(t) = 0 4.1.8
dt

It is highly advantageous to work with non-
dimensionalized variables of space and displacement. To
transform into dimensionless form the variable E = x/L
is introduced.

_Equation 4.1.7 may be written as:

N
3 W(E) K*W(E) = O 4,1.9
g
where now
2
K = pw'L' 4.1.10
EI
and w = 2xf 4.1.11

where f is frequency
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4.2 Basic Equatioﬁs of the Theory of Elasticity for

Rectangular Plates.

The basic assumptions.

1. The plates are continuous and homogeneous.
2. The strains are infinitesimal.

The equations will be refered to a rectangular Cartesian

system.
4.2.1 The Strain-Displacement relations.

The components of deformation can be expressed in
term of displacements. When there are no limitations to the

extent of deformation, then the relation between the normal

strain € ey, €, and the shear strain ny, Yz sz, are
related to the displacement u, v, w in the following
- manners (21).
- ou, (dUy2 )2 2
e, =/ 1+232+ 55 +(3Y) 242y
_ / ou, 2 2
e, = 1+2 ( ) +( ) ( ) 1 5.2.1a
e, = /1+2""’_W+( yer @Yy (@2 g
3u,3Vv, 3u 3u,3Vv BV, IW W
LA L A _+-_~ 9w
sian _ 9Y 9X 23X 3y 9xX 3y 9xX 3y 4.2.1b
!Y (L+e) . (L4e )
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aw,aulau du,3v 3v,3Iw aw
3X 3Z JX"3Z 93X 9Z 9X a3z

sin Yxz = 4.2.1b
(l+ex).(l+ez)
9V, 9w, du 3u 3V 3v, 3w W
sin sz — 92 9y 3y'3z 3y'3z dy 3=z

(l+ay).(l+ez)
In the case of small deflections, when the

derivatives of displacements are small compared with unity,

these formulas can be‘simplified, as follows:

_ 2u _ v _
€x = 3% , Ey =3y T 4.2.2a
- ou . 8v - 3w . du
Yxy = 3y * oA r Yxz T 3x T3z
' 4.2.2b
-Y =B_V+§'E

4

4.2.2 The Stress-Strain Relations According t@\generalized

Hooke's Law.

For elastic plates in which the components of
strain are linear functions of the components of stresses,

the generalized Hooke's Law can be written in matrix form as:

) |—‘3x EM daz @13 dw a5 ap| (O
Ey &2 82 A3 g A5 A3 O'y
Ez‘ _ d3 d32 833 @3y &35 a3 Uz 423
sz 84 &y Ayz Ay Aus dus Tyz T
Yzx a5 8sz &s3 85y dss Asg sz
-ny- .851 dez 83 By Hes asa‘ _Txy‘
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where an , ayp :..ag are the elastic constants or the
coefficients of deformation, and_aﬁ— = gﬁ .

4.2.3 The Equilibrium Equations.

The following equilibrium equations for the stress

- components in a continuous body which is in equilibrium must

be satisfied.

%U 9T aT
X Xy Xz _
3 X + oy + Sz T fx 0
30,  at at,
5y -+ % -+ 5y + fy 0‘ 4.2.4
da 3T atT
Z XZ vz -
%z + 9% + 3y + fz 0 =

where fx,,f;;\fz are projection of the body force along the

directions x, y, z. Eq. 4.2.4 can be transformed into a

differential equation of motion by adding inertia terms.

azux 324 azuz
o - , o —X, § 4.2.5
at? at? at?

where p is the material density and t is time.



31

4.3 Equations for Theory of Rectangular Plates.

Basic assumptions:

-

The plate is considered thin when its thickness
h is small compared with-its other dimensions.‘The X~y
plane in the undeformed state is called the middle
surface, as shown in_fig:ﬁ;Z

The pléﬁe séétions normal to thé middle
surface before deformation remain plane and normal
to the middle surface after deformation.

The.rmormal stresses in the transverse direction to

the plate can be_disregérded in comparison to the normal

_stresses Y% and ©

There is no straining of the middle surface after
bending, and therefore it becomes the neutral surface.
Since h is small, andé%on§idering (3), tﬁe

vertical displacemeﬂE of any point not on the middle

surface will be the same as the vertical displacement of

the point above it on the middle surface.

4.3.1 The Strain-Displcement Relations.

2]

It follows from second assumption that u and v

can be expressed in terms of derivatives of the transverse

displacement w, which is a function of x and .y only. The

expression are as follows:



u= -z == , V= -z 2 4.3.1

Using the above equations the strain-displacement relations

in equation 4.2.2a can written as follows:

Exzhzé?- ' Eyz’za—}?z_
_ 52w 4.3.2
ny IXoy

4.3.2 The Stress-Strain relations.

Since the transverse stresses , , are
z zy ZxX

small relative to the in-plane stresses in a plate problems

eq. 4.2.3 reduces to

| EX = an Gx + ap CI'Y + ag Txy :
- EY = ap O'X + as 'OY + ca s "Exy 4.,3.3
ny = a; Oy + ag Oy + ag Txy

Eq. 4.3.3 can be put in matrix form as follows:

X '
£ = tajy agp a5 o) 4.3.4
Yy ¥y
a .
ny 16 a 26 s |, ?xy

The inversion of eq. 4.3.4 gives the stresses in

terms of the strains and result in-:
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-. _,- Ox . bn bu b15 Ex ‘
a = b b b 4$.3.5
y | 12 22 25 Ey | 7 :
xy | bis bk bg ny

'The substitution of eq.4.3.2 into eq.4.3.5 yields:

2 B
Gx bn b by g—};g‘
- a‘w
qy = -z{bp b b o 3Xf 4.3.6
T bis bz  bg | |2 8w
Xy | L j 1 3xdy

The shearing stresses T,y 2nd Tpy Can be determined

" from the equilibrium equations, eq. 4.2.4 ahd_eq.4.3.6

T o= (22 - BYyp w4 +
zX 4 /1 %3 ¥ xTay

2 3
(brz + 2bg ) ¥+ b, W

IX9y oy?3
\ ; . 4.3.7
T = m@r - By, 2w 2w
sz = %(z % )b %7 T 3bax 8x8y2+
(bro + Zbg ) oW 4 q 2w
12 % 7/ dxay? Z 3y

4.3.3 The Equilibrium Equations.

When the plate in figure 4.3 is cut with certain
surface parallel to the initial middle surface X-y with
- height equal to the plate thickness h and the bases dx and
dy, then the forces and moments per unit length are obtained

by integrating the stresses over the plate thickness.

N
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h/2 h/2
= [ g¢g_ z dz R M = f o_z dz
" -h/2 ¥ Y -hy2 ¥
‘ h/2 .
ey = Myx =-h;2 Txy z dz . 4.3.8
h/2 h/2-
R e = Y hyp yE

From this and from eq.4.3.6 and eq. 4.3.7 the expressions

for Mx’ My' Mxy' Qx’ and Qy become:

_ 3%w 3w  3%w
_ 32w 3w 52w
_ 3w 3w 3w
. Q _ -D 33w + 3D aaw‘ - & 4.3.8
% no5x3 T OV SxZay
: 3w 3w
(D + 2Dg ) §§§§2+ Do 3y
Q = py 2¥ 4 (py,+ 20 0 w_
Y = =Dy EYEN (D1 56 ) g;rgy
9w 3w
Px pxayr t P2 gy
. h?
;yhere Dij = 17 bij . 4.3.9

L4

The constants Dii_are called rigidity; Dy , Da
are bending rigidities about y and x axes respectively, Dg
is the twisting rigidity and Dy, , D are additional

rigidities.
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In the case of orthotropic plates equation 4.3.8

can be applied by letting D, = D,, = 0

26

Using relationship such as:

- Do _ Dn
vy = Dzz ] Va2 DII P
_ _ E:h? -
Dy, =Dp = ——1— , Da= D1v2+2Dk 4.3.10
12(1—-\)1\)2)
‘ 3 3
D2 = D22 = -—EA_._ s Dk = DSG = gb_
12(1—U1V2) 12

where E;, E,, v;, v,, G are Young's Moduli, Poisson's ratios
and shear modulus for the principal directions.

Equation 4.3.3 and equation 4.3.8 becomes:

_ 1 o1,
€ = _ET(UX vloy) , oy = E2(0y Uzdx)
= l T 4-3.11
ny G xy
32w 3%w
Mo = -D (5= + Uzgy—z)
_ 3%w 3%w
My = '-Dz (8——y2- + \)l'a—xz-)
_ 32w
Xy =Dy 3X3y 4.3.12
_ ) 32w . 1. 3%w
% =~ 3xPigze + Doy
_ 3 23w 3%w
Q = - §§(D axz + D g;y)

The above equations for orthotropic plates are
valid only if the direction of x and y axes coincide with

the principal direction of elasticity.

1
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When the plate is isotropic plate, all the

rigidities are reduced to one rigidity only. :

E -h3

D1 =D2‘=D3 =D= ——— 4.3.13
12(1-v?)
and
Ey = E, = E , V] = v, =y
4.3.14
G = —E
2(1 + v)

Therefore for isotropic plates eq. 4.3.12 becomes:

: M, =-D( g%g + v %;¥ ) ‘
M, =-D( %%% + v %%?‘)
xy = " D (1-v) 53% 4.3.15
% 7D G D
o =-d &+ LY

4.4 Equations for Bending Analysis

By considering the equilibrium of the plate

element in figure 4.3 and figure 4.4 the following equations

results:
3Q 3Q
3y Ix
aM.. oM
X + xY - Qx = 0 ' 4.4-2

ax ay
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8M_ oM
—¥ ¢ XY g -0 4.4.3
dy ax y

Substituting eq.4.4.2 and eq.4.4.3 into eq. 4.4.1

and then substituting the values of M, My and Mxy from

eq. 4.3.8 will get the governing equation for the bending of

an anisotropic plate.

3w 3w
Dn 3% oy + 2(D12+ 2D g )——a xT5y7 +
6Dy 29 4p, &W o 4ot 4
26 ax3y3 2 gyu qix,y AL

When the plate is orthotropic,*equations 4.3.10
can be applied to equation 4.4.4 which gives the governing

differential equation for bending of an orthotropic plate:

94w a W - 3w
D 5w ayz Dg B_y_‘* = q(}(,y-) 445

In particular for an isotropic plate with D = D;= D,=

Dy, equation 4.4.5 becomes:

34w
ax

'w 3'w _ g
v2 e+ 2 - & 4ok, 6

4.5 Equations for Free Vibration Analysis.

-

The equations governing the free vibration

analysis of anisotropic plates are obtained by writing the
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equations of motion for the elemental rectangular plate
element shown in figure 4.3 and figure 4.4 or by replacing

.t
the external force of eq.&zﬁiﬂrby inertia term.

3w ' w 3w
otw 3w 3w
4 Do Xy T + Dx 3y" + p stz = 0 4.5.1

where p is mass density per unit area of the plate.

When free vibrations are assumed, the motion is

expressed as:
w = W(x,y).cos ut ' 4.5.2

where w is the circular frequency in radians/unit time.

Substituting eq. 4.5.2 into eq. 4.5.1 yields:

W YW W
Dn W"‘*‘ 4 D15 -3?‘-8—)7 + 2(D12 + 2D55 )W + ‘
B4W 24W - |
4 Do TxoyT TPz ogge - K'W = 0 4.5.%§:
where k is a parameter of convenience defined as k* = pw?.

‘For the special case of an orthdtropic plate,

equation 4.5.3 becomes:

%W 34y 3*W by
Dlm"'ZDgW'f‘Dzw—kw—o 4.54
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When the plate is isotropic, equation 4.5.4
becomes:
3'W 3'W - k!

axzayz + ayq — T W = O‘ | 4.5.5

4,6 Elastic Constant.

When a body-possesses symmetry of'internal structure,
its elastic properties would show the symmetry. If an elastic
body possesses symmetry, each point if the body has identical
elastic properties (equivalent direction). Specimen made -of
natural wood, delta wood, plywood have elastic symmetries.

The type of symmetry that encountered most in practice a&e
usually homogeneocus body with three mutually perpendlcular
planes of elastic symmetry passing through every point. The
body which has that type of symmetry is called orthotroﬁic
and the equations of generalized Hooke's Law can be expressed

in the following manner:

= l _ MV _ Vg - l

®x T E. %% T E, %y T E; %2  Yyz T Gnyz
- V1 1 _ Vm» =1

Ey E, % + Ezoy E, Og o Yxz Gﬁrxz 4.6.1
= V1 _ Vg 1 =1

E'Z E1 GX Ez Gy + EgUZ ! YXY G12TXY

Due to the symmetry of eq. 4.6.1 , the following relations

between the Young's moduli and the Poisson's ratios exists:

1

Eiva = Eaviz , Ezvep = Ejva , Egviy = Eyvy 4.6.2
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The following are some numerical values of the
elastic constants for anisotropic plates of non-crystalline

nature, namely pinewood, delta wood and plywood. -
1. Natural pinewood. °

Consider a rectangular plate cut off from a

natural pinewood with normal annular rings.

!
Z

Let the plate, the edges of which are parallel to

the annular layers be subjected to generalized plane stress.

Therefore,
=Ll oy
x TE%x T E, %
VY L
Ey = T, Ty + Ezcy 4.6.3
_ 1
Yxy = C Txy

' The numerical values of the elastic constants from
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equation 4.6.3 for pinewood are given below,
Ey = 10° kg/em®* E, = 0042 x 10° kg/cm?
Vs = 001 G

-

0.075 x 10° kg/cm?

2. Delta wood.

Delta wood is made of wood layers impregnated with
resin and compressed. After every ten layers with identical
directions of the fibers, comes one layer with fibers
perpendicular to the first fibers.

The average elastic constants are:

Il
)

Ey = 3.05 x 10° kg/em® E, = 0.467 x 10° kg/cm?

Il

Va 0.02 G

0.220 x 10° kg/cm?

3. Birch plywood
Made of odd numbers of wood layers arranged
symmetrically with respect to the middle layer and glued

with bakelite. The average elastic constants are:

E; =.1.2 x 10° kg/cm? E, = 0.6 x 10° kg/cm?

I

V2 0.036 G

0.07 x 10° kg/cm?

Anisotropic materials of non-crystalline nature
such as pinewood, delta wood and plywood can be considered
as homogeneous and orthotropic for the first approximation.
The average elastic constants for such materials are
generally obtained through various approved testing

procedures.
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CHAPTER V
Application to Some Problems

5.1 Static and Dynamic Analysis of Clamped Edged Beam by

Orthogonal Collocation Method.

There are six cases which inveolve the possible
combinations of claﬁped, simply supported, andhfree edge
conditions. 1In static problems only four cases are
considered. In what follows, two illustrative examples are
presented using the orthogonal collecation  method. ihey are
transverse deflections of a clamped edged beam and free
vibration of a clamped edged beam. The results for other

boundary conditions are also in good agreement with

corresponding results obtained by other investigators.
~

5.1.1 Deflection of a clamped edged beam.

Consider the dimensionless governing differential

equation for beams

4z d? _ gqL*
a‘gz( Elafg) = 18 5.1.1

The boundary cbnditionsfor ‘the beam in figure 5.1. are

T

<
It
o
mm
Y
Il

T

o e
s1g
I
o
)
Y
i
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The assumed function is

B n-1 A
= (1-£72)2 2
y(g)y = (1-g*)* 1 A, P,(g%) 5.1.2
i=0
which satisfies the boundary condition.

N ‘
Forn = 1, Pe(E%) = 1 and from table A.4

Collocation point is 0.377964473

The assumed function,i.e. equation 5.1.°2 for n = 1 become
y(E) = Ao (1-28%+5")

Substituting y{(g) into equation 5.1.1 gives

’ 4
( EI 24 Ay ) = %% or

AU = i&f_
384EI

Substituting Ay back into the assumed function, the deflection,
moments, and hence stresses at any section of the beam can

be determined. .

Maximum deflection occurs at the center, &€ = 0

I
y(y= 3L _ (1.-90 - 0) ’
384ET -

L
ymax-.iﬂi__ (exact answer)
384EI .

There are many other methods that will yield the same results,

this example is for illustration purposes. only.

A



44

5.1.2. Free vibration of a clamped edged beam

Consider the governing differential egquation from

equation 4.1.9;

4

L
Q;Kéil -k y{(g) = 0 5.1.3
dg ’

The boundary conditions and the assu;;a\ggiction are the

same as in the previous case.
Forn = 2

y(£)

2
(1-5%)“[noPy 2,2 |

1

(1—52)2|A0(l) A1(1-752)| - 5.1.4

Collocation points are 0.2505628078 and 0.6947465906
by substitute Eq: 5.1.4 into the governing differential
equation and the collocation points,

N
24Rp + 201.7901A; = k (0.8784A, + 0.4924A;) 5.1.5

Y
k (0.2676A - 0.6366A,) 5.1.6

L}

24Ag - 856.3355A;

Putting the equations 5.1.5 and 5.1.6 in matrix form and

solving for k, Ay and A;

24  201.7901 A , |0-8784  0.4924 Ag’
= k
24 ~856.3355 A, 0.2676 =-0.6366 A
5.1.7

: 4
Using a simple computer program, k value from Egq. 5.1.7

is found to be:

.
[
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k' = 31.2874

ku = DNZSL/ZEH

(EI

From equation 4.1.10 ,

Therefore

o = (TIDE %§ X

Comparing it to available result using more.
complicated method, the error is insignificaﬁt,'0.00ZZ.

For n = 3 and n = 4 results yield the/ exac

answer,

5.2 Static and Dynamic Analysis of- Rectangular Clamped

Isotropic and Orthotropic plates,

. The derivation of orthogonal collocation polynomials

and their roots is based on a one dimensional problem, but
thelmethod can be easily extended to two dimensional
problems. To demonstrate this, static and dynamic linear
analysis of plates will be solved in the following sections
using the present method. In order to 'meet the requirements
at the boundary, other orthogonal polynomial sets have to be
formulated, since the weight function in the orthogonality
relation, equation 3.1.2, must be replaced by a suitable
function to meet.the various requirements of a particular

boundary value problems,
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5.2.1 Static analyses of Isotropic rectaﬁgular plates

To verify the_analogy be;ween the orthogonal colioca-
tion method aﬁd the Galerkin method, and to prove its
validity, the torsion of rectangular barsare considered
to servé as an‘illustrativé_examéle by Chan [3] .

‘—The results obtained for one term solﬁtion agree very
favourably with Timoshenko and also identical with the
one term‘solution of the Galerkin method and Ritz method.

To demonstrate the ébility and the simplicity of the
orthogonal collocation mé%ﬁéd in handling higher order
complex differential equations, the step by step calculatién
pf deflection of an isotropichrectangular plate are shown -
Qiﬁ the following. For the plate considered here, the effegt
-of the elastic foundation will not be accounted for, thougp
this effect can easily incorporated in the solution. The
well known expression, of governing differential equation

-

of plates is:

™

4 u 3 i
ax* 3x%dy? oy* D

-

For convenience purposes it is better to work with dimen-

sionless form. See figufé 5.2 for the geometry of the

plate in Cartesian coordinate system. Introducing\non-

e
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] dimensional'parameters,'E = x/a, n = y/b and R = b/a.
Utilizing the chain rule of diffefentiation, then the

© dimensionless differential equation can be written as:

" Y 2 A4 b
R* 3'w  2R® _9'Ww . ¥'W _ Pp(&,n) .

ALt 3E%3n? an* - D

For the present method, an admissable solution of equation

(5.2.1) for clampededges all sides can be taken as:
n~-1 n-1 C .
W= (1-£2)2(1-n*)2Z I Ay P, (E%) Pj(nz) . 5.2.2

1=0 3=0

and the collocation points where the residual is to be set
equal tp.zerohare combinations of %he roots of Py (£2) and
Pn (n?).

For the particular case df square plate under a uniform
distributed load, Pz(E,n)=q, and a one term solution, i.e,
n=1l, substituting equation (5.2.2} into equation.(5.2.l)

result in

’\\J - .

Aw|24(1f”2)2;2ii3§i:§’(12n2~4)+z4(1-52)2| - § o
" ‘ , , 5.2.3

Since there is only one unknown, that -is‘Ay, by setting
equation (5:2.3) to zero at a single collocation point

will yield the solution of this particular case. From

\
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table A4,the roots of Py (&%) is 1//7, hence the location

of the collocation point is (1//7,1/¢7). Substituting the

£ and n coordinate of this collocation point into 5.2.3

r .

' L
gives Am'=_A0.02023g§— from which the maximum deflection
n

which occur at £=n=0 is 0_02023q§

. Y
agreement with Timoshenko's 0.020163§~, considering the

This value has good

crudeness of the one term solution used.

To investigate the convergence of the orthogonall
‘collocation method, results are obtained for n=2, n=3 and
n=4, i.e, 4 term, 9 term and 16 term solution. .These
result; are shown in table 33.

As can be seen from the results presented, the conver-
gence is very consistent, and thé agreement of thesg results
with thbse of Timoshenko is excellent.

-

5.2.2 Dynamic analyses of Isotropic rectangular plateé

The free vibration analysis of rectangular plates .
have been studied until this time by methods of various .
kinds because of theoretical interest and practical import-
ance. Probiemsfggquently encountered by the structural
design e;gineer is to find the stresées, frequency, mode-
shapes and defiections in cases of irregular boundary shapes

and arbitrary transverse loadings. It is well



known that the classical, exact methods of analytical
solutién cannot be applied to the abgve problem with any
reasonable degree of generality, and that approximate
‘mathematical techniques must be used if realistic answers
are to be obtained.

The author introduced the orthogonal collocation
method to the free vibration‘analysis of rectangu;ar plates
because from the solution of illustrative examples at the
‘Qrevious section, orthogonal collocation is seen to.Be an
‘accurate yet simple numericalrmetﬁod for the solution of
various boundary problems. As an illustrative example the
calculation of the natural frequency of .isotropic rectangular
plates clamped on ail sides is shown below ., Consider the
governing differential equation for free vibration of iso-

tropic rectangular plates, eq. 4.5.5,

9YW 3'W L 3'W  pw?.., _
— + 2‘szay2.+ S5 - W= 5.2.4

Using dimensionless form, £ = x/a, n = y/b, and R = b/a and
‘'utilizing the chain rule in differentiation, then the

dimensionless differential equation can be written as follow,

4 4 4
R“gE? + 2R2351;;z + gnf - k'W =0 230203

where k% = & 42 p* 5.2.6

oo

Since the plate boundary condition is the same as section

5.2.1, thé function in eq.5.2.2 can be used as trial function,
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For a particular case of square plate and a two

term solution, that is n = 2.

W= (1-8%)%(1-n?) % [Aw.+ An (1-7n%) + Ay (1-7£2)
+ An (1-762) (1-7n?%) | - 5.2.7

The collécation points are combination of the roots of
P_'(E?) and Pn'(ﬁz) in this casé“Pz'(gz) = 1-18£2+33¢* and
P,'(n?) = 1-18n2+33n*. The roots are 0.25056280708 and
0.69474659060.
The collocation points are:

(0.25056280708, 0.25056280708)

(0.25056280708, 0.69474659060)

(0.69474659060, 0.25056280708)

(0.69474659060, 0.69474659060)

Then substituting equation 5,2.7 into equation 5.2.5 yields

A |24R“(l-n2)2+2R2(-4+12g3)(-4+12n2)+24(l-g2)2] +

Agy |R#§360-2520£2)(l-nz)é;ZRz(-18+180§2—2105“)(-4+12n2)
+2z;,(‘1-9g2+15g“—7g'8)| +

Ay IZiR“(l-9n2+15n“-7n6)+2R2(—4+12E2)(—18+180n2-210n”)
+(1-£2)2(360-2520n2) | + ‘ |

Ay |R“(360-255052)(1-9n2+15n“~7n5)+2R2(-18+18052-210g")
(-18+180n2—210n“)+(360-2520n2)(1-952+}SEQ—7EG)I = k* {

Aw | (L-£2)2(L-n?)?| + An | (1-£2)2(1-n?)?(1-Tn?)| +

A [(L1-62)2(1-n?)2(1-76%) | + An |(1-62)2(1-n?)?(1-Tn®) (1-75%)| }

5.2.8
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Substitute collocation points and the aspect'ratio into
equation 5.2.8 which becomes an algebraic eigenvalue problem
in the form |C||A| = k*[A] = . 5.2.9

It is clear that the zero vector |A| = 0 is a.
solution of eq.5.2.9 for any value of k*. A value of k* for
which eq.5.2.9 has a solution |A| # 0 is called eigenvalue
of the matrix [C|. The corresponding solutions [A| # 0 of
eq. 5.2.9 are called eigenvectors of |C|{. The lowest value of
eigenvalues correspond to the natural frequency. For a square
plate R = 1, the lowest eigenvalues for the above\illﬁst:ation

is

K4 = Qm;b“ - &Iz)a R

It

80.8807 5.2.10

Leissa (19) uses the constant a

the length of the plate
while the author choosed a = half the length of the plate.
For the purpose.of comparison the value at the right hand
side of equation 5.2.10 can be multiply by 16. Therefore the

natural frequency of a square homogeneous isotropic plate is:

1
wa? ( % Y2 = 35.973

The result using only 2 terms (i.e. n = 2) has discrepancy
less than 0.1%. The results usiﬁg more terms, also for

various aspect ratio are presented in a tabular and graphical

forms.
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5.2.3 Static Analysis of Orthotropic Rectangular Plates.

- Bending analysis of orthotropic rectangular plates
with all edges fixed are presented below using 4 collocation
points. For the sake of accuracy, all calculations are carried
out using double precision arithmetic.

To demonsfrate the ability and the simplicity of the orthogonal
collocation method in handling higher order complex differential
equations, the step by step calculation of bending of an
orthotropic rectangular plate are shown in the following.

For the plate considered here, the effgct of the elastic
foundation will not be accounted fof, though this effect

can be easily incorporated in the solution. The known

expression of ‘the governing differential equation of orthotropic

plates is:

3'W 3*W 3*W _
, D11§§T + 2(Dy; + 2Dg )§§7§§7 + Dn‘g?? = q
\\ : 5.2.11

For convenience purposes it is better to work with dimension-
less form. Introducing non-dimensional parameters £ = x/a ,
n =y/b and R = b/a and utilizing the chain rule of differentia-

tion, the dimensionless differential equation can be written

as :
Di "nud'W 2, Dy Degs 34W
Do Nagw AR+ 2 5 dgrrgr +
W _ b* .
T 5.2.12
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For the present method, an admissable solution to equation
5.2.12 for clamped edges all sides can be taken as:

n-1 n-1 o
m (1=FE2Y2¢1.n2y2 2 2
W(E,n) (1-£¢)*(1-n*) iZO jEO Aij Pi(E ) Pj(n )

5.2.13
For a particular case of square plate (R = 1) under
a uniformly distributed load q, and a two term solution,

that is n = 2, and using the elastic constants

DU =40 DB =0.25 285 0.5 5.2.14
2 Dp Doy
where Py (£2) = Py, (n?) =L1.0
Py (%) =1 - 78 ' ' 5.2.15
P; (n?) =1-7n?

and the collocation points are:
(0.2505622807, 0.2505622807) , (0.2505622807, 0.6947465906)

(0.6947465906, 0.2505622807) , (0.2505622807, 0.6947465906)
Then substituting eq. 5.2.13 into eq. 5.2.12 yield:

Ag [4O0R*24(1-n2)2+1.25R22(-4+12E2) (-4+12n2)+24(1-E2) 2| +

Ag |40R* (360-2520£2) (1-n2)2+1.25R22(-18+180£2-2108"%) (~4+12n2)
+24(1-9E2+15E%-7E5) | + ‘

Ay |40R“24(l-9n2+15n“-7n5)+l.25R22k-4+1252)(«18+180n2-210n“)
+(1-£2)2(360-2520n2%) | +

Ay |40R“(360-2520£2)(l-9n2+15n“-7n5)+1.25R22(-18+180£2-210£“)
(-18+180n2-210nj%i(360-2520n2)(1-9§2+155“-755)| - gb’

D2
5.2.16



54

Substitiite collocation points and result in 4 equation with

4 ﬁnknownu which are Aw , An ,-An , and Ay . This can be put
“in a matrix form [C| |A| = |I] %%;‘. By multiplying both
side with the inverse of matrix [C|, matrix |A| is computed.
Put the A].j back into equation 5.2:13. For maximum deflection
of the plate £ = 0 and n = 0. By substituting this into the
equation, W(E'n)max. can be found in terms of %%; .

The result using only 2‘terms has discrepancy less than 1%.
The results using larger terms, also for various aspect ratio
are presenteﬂ in a tabular and graphical forms. These
quantities represent typical properties of high modulus
graphite-epoxy fiber reinforced composite materials.

The solution for plates with other types of boun-
dary conditions are also obtained by thé\quPod of orthogonal
collocation. Figures 6.6 through 6.9 show thé graphs of
central deflection, W, and bending moment, M

<’ as functions

of plate aspect ratio.
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CHAPTER VI

DISCUSSIONS AND CONCLUSSIONS

The Collocation method developed here is seen to be an
accurate yet simple numerical method for the solution of

difficult boundary value problems.

By choosing the collocation points in a well defined
manner, very accurate results can be obtained even with a

4 - term (4 collocation points) solution, a feat practically

gr-rirar

Ay _
impossible by the conventional collocation method, and with

a nine term (9 collocation points) solution, the results are
almost identical if not better than those obtained by the
collocation least square method which uses a large number .of

points for a solution.

-

The Orthogonal Collocation method . differs from other
weightéd residual methods in that the fesidual method here
is not directly orthogonalized, but is matched to an orthogo
nal function at its zeroes. The tedious task of integrating
the residuél is thereby avoided, and the calculations are co

respondiﬂgly simplified.

The vital part of the solution lies in the formulation
of the orthogonal polynomials. Once ‘these polynomials are

formulated and their zeroes obtained, the solution of a

™ -
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problem becomes very straight forwards.

It can be said that in addition to its simplicity in appli-
cation, the orﬁhogpnal collocation method has an accuracy-
comparable to other weighted residual methods, and as such,
can be used as a convenient tool in the numerical treatment

of very complex boundary ﬁalue problems.



[
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Appendix A.
Orthogonal pbiynomials using trigonometric function.

In the process of searching for orthogonal polynomials
the author alsc tried trigonometric functions agfq;thogonal
polynomials. The orthogonal polynomial trigonomet;iéhfunc -
tion are more powerful than the orthogonal polynomial using
geometric function due tb the ability of the orthogonal
polynbmia} to help the weight function to satisfy boundary
condition exactly, which will be illustrated in the following,

v
7

-

Let expression 3.1.2 equal to two separate functions

.- n=1 _
Y = w(x?) ) A, Pi(xz) = w(x?) s(x?) A.l
i=0

Siﬁply supported boundary condition will be used tb illustra-

te the example.

Differentiate eq. A.1 with respect to x? vyields

2 - a2 = 2=
a<y - d<s + 2 gﬂ gi + d<w

dx? dx?.- dx dx dx?

s A.4

The weight function w(x2) have to satisfied boundary éondi -



tions, in this case : : ‘ g
wi(x?) = 0 at x =+ 1.0 - A.S
e 2
d wix®) _ at x = £ 1.0 A6
‘dx2

But as it can be observed from equation A.4, in order Y
to satisfy boundary condition A.3 (which is the condition of
interior collocation to satisfy boundary conditions exactly),

the three groups have to equal zero, that is ;

_ a2 ' = 2=
wds=0,d—w9§=o,§—“s=o A.7
dx? dx dx dx?
Using A.5 and A.6 , now the choices are g% =0 atx=1%1
or g% =0 atx =+ 1. It is not required in the boundary

condition considered in this example for w(x2?) to satisfy

g¥\<hg at x =+ 1 ., Therefore g% =0 at x=%1 1is used

as a condition to get the orthogonai polynomial.

The selection of geometric polynomials to satisfy the
above condition and orthogonality at the same time are
restricted only to a few cases of boﬁndary conditions, while
the trigonometric polynomials are more flexible but the for-
mulation of the polynomials are cdﬂsiderably longer compared
to geometric polynomials due to.many integration of trigono-

metric functions.

!
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Let T

The weight fu
boundary cond
For j = 1,2,3

T
T2
T3
Ty
Ts
Applying the

55 follows }

Py
Py

P2

and the roots

59

= 1 + a; cos xn

= 1 4 a; cos xt + a, cos’xw 1

-

n
b

w(x?) [cos xnljfl dx A.

nction w(x?) = x* - 6 x* + 5 satisfied the

itions A.5 and A.6 .

4,5 expression A.8 become

= 3.2

1.056953

1.490973

Il

0.815991

= -1.911744

same technique as section 3.4 yieid polynomial

=1

= 1 - 3.027570 cos xm

I

1 + 0.760921 cos xm - 2.685656 cos? xm
are ;. 7 ¢ 0.3928508149 for n=1

0.2212043140 for n = 2

0.6610959681

B N



T e

. < , ) .
A7 A |_‘.-_—-:~..-.-.m."--.‘.._......_‘....m..,.—...... ——l e e e—— ,\—‘/S e o
. .y .

Using this orthogonal polynomial to solve %roblems such as

“free v1brat10n of beams with simply supported edges yields

excellent agreements compared with available data in the ~

. literature. In formulating the orthogonal polynomials for

unsymmetrical problems the variable x? shall be substituted

by variable u and all the derivatives shall be chlinged

B

accordinéiya (36) A; o ) )

60
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The middle surface of a plate element

Figure 4.1

Direction of positive stresses on a plate element

Figure 4.2
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Clamped edged Beam
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Figuré 5.1

Y

r

2a

Figure 5.2

Y

The geometry of a plate in Cartesian coordinate system.

L)



center deflection, w
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center moment, M
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Figure 6.6 Center deflection of a rectangular
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orthotropic plate clamped all edges
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° 1.0 2.0 3.0

aspect ratio a/b

Figure 6.7 Center moment M of a rectangular

4.0

orthotropic plate clamped all edges
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2% 2 2 6
a

&
22 22 3L 3 R R R R F R R R N Y Y R R AR ]
BOUNDARY FUNCTION
FOR

-

CLAMPED ** CLAMPED
KhkhkhkkrhkkAA kR Ak hkhkkhkkhdkkkk

3 32 2 2 o

COEFFICIENTS ‘ X - POWER

LE AR R R R XS TEE EE y rY  R R

COEFFICIENTS OF ORTHOGONAL POLYNOMIALS

AEAAA LA AR AR AR R A A AL AT AR ARk Rk A AR Ak kokkdok sk

of
of
o
C{
C{
C{
C{
of
C(
oF

ALPHA (
ALPHA (
ALPHA (
ALPHA (
Alpha (

1) = =0.7000000000000000D 01
2) = »6.1800000000000000D 02
3) = 0.3300000000000000D 02
4) = =-0.3300000000000000D 02
5) = 0.1430000000000000D 03
6) = -0.1430000000000000D 03
7) = -0.5200000000000000D 03
8) = 0.3900000000000000D 03
9) = -0.8840000000000000D 03
10) = 0.5998571428563779D 03
1) = 0.5333333333333333D 00
2) = 0.7111111111111109D 00
3) = 0.7501831501831482D 00
4) = 0.7648926237161255D 00
5) = 0.7719881025927293D 00

TABLE A.l.

*
*
*
*
*
*
*
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*
*
*

020 A 2 N N

. . é',.

Y R R NI

-BOUNDARY ~ FUNCTION
FOR
CLAMPED * SIMPLY

% e e s gk v 7o e ok v e g ok e % o e o T o o ok ke b e ok e ke ok

bt et 2 gt ]

X - POWER

COEFFICIENTS
1.0 2.0
—3-0 4o0
3.0 6.0
-1.0 8.0

khkhdkdhkhkhkhhkhkrhrhhkhrhkhbhhdrhkhkhdddhkrhhhdbhkhhbhhhrhhh kit

COEFFICIENTS OF ORTHOGONAL PdLYNOMIALS

KA AR AR AR T A AR A AR A A A AR A AR AT AAA N AR AT A AN A AR kK

c(
C(
C{
o
cl
o
C(
cl
C(

1)
2)
3)
4)
5)
6)
7)
8)
9)

C(10)

AT,PHA (
ALPHA (
ATLPHA {
ALPHA (
ALPHA (

1)
2)
3)
4)
5)

= -0.3666666666666666D
= —0.866666666666§666D
= 0.1299999999999986D
= ~0.1499999999999429D
= 0.5099999999999678D
= -0.4612485714281991D
= =-0.2266666666652752D
= 0.1291999999986653D
= =-0.2583999999996533D
.= 0.1650888888862808D

= 0.5079365079365079D-
= 0.2083842083842070D-
= 0.1158929217751501D-
= 0.7422962524968878D-

01
01
02
02
02
02
02
03
03
03

0l
0l
01
02

= 0.5172980106053159D-02

TABLE A.2.

*
*
*
*
*
*
*
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*
*
*

%
*
*

‘:*********;i**t*********f*****#

* BQUNDARY  FUNCTION *

* . : *

; \ FOR i

* MPLY ** SIMPLY *
*****************?*t***********

COEFFICIENTS : X - POWER
l.o

-3.0 .
3.0 4.0
~-1.0 ’ ' 6.0

Ahkhkrhhhhhhhhkhhhh kb rhr bk hdhhkdkhh kb hhkrhhn

COEFFICIENTS OF ORTHOGONAL POLYNOMIALS
*************************************t********55*;

* C(
, o

c(

C(
of
C(
o
C(
o
C(

ALPHA (
ALPHA (
ALPHA (
ALPHA (
ALPHA (

1) =, -0.9000000000000000D 01
2) = -0.2200000000000000D 02
3) = 0.4766666666666697D 02
4) - = -0.3900000000000000D 02
5) =  0.1950000000000000D 03
6) - -0.2210000000000000D 03
7) = =0.6000000000000000D702
8) =" 0.5100000000000000D 03
9) = -0.1292000000000000D 04
10) = 0.9690000000000000D 03
1) = 0.4571428571428571D 00
2) = 0.6649350649350660D 00
3) =  0.7223985890652727D 00
4) =  0.7465937571210510D 00
5) = 0.7590786025751299D 00

TABLE A.3.

*
*
*
*
*
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Table

X

R b/a n = 2 n =3 n =4 IGUCHI
1.0 - 35.9735 15.9778 35.9832 35.98
i.5 27.0014 27.0072 27.0102 27.00

. 2.0 24!5778 24,5753 24.5720 24.57
2.5 23.6449 23.6598 23,6972 23.77
3‘[0@ 23.1981 23.1998 23.2013 23.19

-
4 Natural Frequencies ( wa? % ) of Isotropic

Rectangular Plates Clamped

All Edges for n = 2,




T e b T s o A+ e <o e b i an te ks,

o

[

. SIMPLY SUPPORTED EDGES

b ' '

R = "/a n =.2 n=3 n = 4 IGUCHI
1.0 21.0052 20.5319 20.4160 19.74
1.5 15.4847 15.0483 14.8290 lﬁ.26
2.0 ©13,7821 13,2813 12,9370 12.34
2.5 13.0588 12.5018 lZlQE?O 11.45
3.0° ¢ 12.6869 12,0896 11.6210 10.97
Table 5 : Natural Frequencies (wa? £) of Isotropic Rec-

D

tangular Plates Simply Supported All Edges for

n =2 ,
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SIMPLE-CLAMPED-SIMPLE-CLAMPED
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b

a R = Ja n =2 n= 3 n = 4 LEISSA
1.0 29,3725 29,2188 29.0107 28.946
1.5 25,1204 25.0795 25.0603 25.047 .
2.0 23.8440 23,8231 25.0603 25.047
2.5 23.2953 23.2796 23.2705 23,271
3.0 23.0086 22.9946 22.9838 22,985

Table 6 Natural Frequencies ( wa? % ) of Rectangular

\/Fd~\\\\~_~rf— Plates with Two Opposite Edges Simply Supported and

ther Two Edges Clamped for m = 2 ,

n =3

¥
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COMPUTER PROGRAM

The computer progra capable to analyse plate problems
using Orthogonal Collocation method for va;ious boundary
conditions.

It generates the orthogonal polynomials associated with the
boundary conditions gi#en, thus build the shape functions
accﬁrdingly,than multiply by the boundary function to give

the assumed function for the plate which than substitute into
appropriate governing differential equation. The roots of

the orthogonél polynomial are the collocation points to be
substituted into the equatidns resulting from differentiation.
The results after substituting the collocation points were put
in a matrix form to be process according to the analyseg

desired. - ‘ i

The higher accuracy can be achieve by increasing. the
number of terms used, in this'case line number 58 in the main
program (NN = 2) can be increase to 3 or 4 . If NN = 3, all
the value in line 3 and line 4 have tolﬁe changed to 9 in
order to acquired eﬁough space storage cépacity for the

‘pPurpose.

Line 71 determine which analyses is desired.

Line 45 is the aspect ratio of the plate.



N

For orthotropic plates, flexural rigidities are required
and can be‘ihputed in lines 28 to 31l.

For stability analyses, the types of inplane forces can be

specified in lines 39 to 41.

The first input data is an 80 characters title to be
printed on the output. | .
The next input data are coeff1c1ents of boundary
;}hntlon, power of x and power of y in boundary functioen.

For example

Rectangular plates clamped all edges.
The boundary function can be taken as

(1 - x2)2 (1 - y3)?2

The input data will be :

1.0 0.0 0.0
~2.0 2.0 0.0
1.0 4.0 - 0.0
1.0 0.0 0.0
~2.0 0.0 2.0
1.0 0.0 4.0

Subroutihe EIGZF is employs to find the eigenvalues
and the eigenvectors. The subroutine is an internal subroutine
supplied by IMSL package. The information about the subroutine

is accompanied at the end of this thesis.
. RN
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SUBROUTINE ZPOLR (A+NDEGs2Z,lER) 2PLR0DIn

c
c ZPLROO20
C=ZP0LR===mecnenS/Deaeaal [BHARY |ecmamccmancccccancacs ——— ZPLRO03D
¢ , ' ) ZPLKO04D
€  FUNCTION =~ ZEROS OF A POLYNOMIAL WITH KEAL 2PLKOOSO
c COEFFICIENTS (LAGUERRE) . Y 2ZPLRO0e6O
¢ USAGE = CALL ZPOLRUAWNDEGeZ¢IER) ZPLKOOTO
C PARAMETERS A = REAL VECTOR OF LENGTH NDEG+}l CONTAINING THE ZPLNGO0BD
c - ' COEFFICEIENTS IN ORDER OF DECREASING ZPLROOYO
POWERS OF THE VARIABLE (INPUT). ZPLROLOD
NDEG = INTEGER DEGREE OF THE POLYNUMIAL (INPUT),. . ZPLROI11D
z = COMPLEX VECTUR OF LENGTH NDEG CONTAINING ZPLR(Q120
THE COMPUTED ROOTS OF THE POLYNDHMIAL ZPLRU130
{OUTPUT) . ZPLRO1a0
1ER = ERROR PARAMETER (QUTPUT) IPLRO1S0
TERMINAL ERROR ' ZPLRO160
IER = 129+ . INDICATLS THAT THE DEGREE OF THE ZPLRKRO170
POLYNOMIAL 1S GREATER THAN 100 OR LESS ZPLRO130
THAN 1 ZPLRO190
IER = 130y INDICATES THAT TRE LEADING ZPLROZ200
COEFFICIENT IS ZERO. THIS RESULTS IN AT ZPLK0210
LEAST ONE ROOTs Z{(NDEG)s BEING SET TO IPLHO220
POSITIVE MACHINE INFINITY. ZPILROZ 30
IER = 131+ INDICATES THAT. ZPOLR FOUND ZPLROZ40

FEWER THAN NUEG ZEROS. IF ONLY ™M ZFROS ZPLKO2S5D
ARE FOUND Z(J)sJd=MelsesesNUEG ARE SET TO 2PLKOZ260

OOOOoO0O0OnOnNDOnO0OGOH0ODO0O0000O0n

POSTTIVE MACHINE INFINITY. ZPLRO270
PRECISION = SINGLE/DOUBLE ZPLR0280
REWD. IMSL ROUTINES = SINGLE/UERTSTZUADC.ZQADR ZPLR0290
= DOUBLE/UERTST+VAPAQDZQADCHZ2QADK ZPLRQ300
LANGUAGE ~ FORTRAN ' ' ZRPLRO310
eemecc e e ————— m—————————————————————— e m———— Dl L TP PR pR——— 1 - T 1T K 7Y
CALL ZPOLR(A,NDEG,Z,IER)
?ugpose
NDEG NDEG-1
ZPOLR computes the NDEG zeros of the polynomial P(Z)-Al*z HA,*Z S 4 ANDEG*Z+ANDEG+1

where cthe coefficients,.Ai, i=1,2,.,.,NDEG+1, are real. The zeros are stored in the complex
array Z with complex conjugate pairs stored contiguously,

¢l

Algorithm i
ZPOLR uses Laguerre's method. The routine is a modification of 3. T. Smith's routine ZERPOL.

ZPOLR. iterates toward a zero using Lag;.xerre's method, which is cubically convergent for isclated
zeros and linearly couvergent for multiple zeros. The maximum length of the step between succes-
sive iterates 1s restricted so that a new iterate lies inside a certain region, about the pre-
vious iterate, proved to contain a zero of the polynomial. An iterace 1s accepted as a zero

when the polynomial value at that iterate is smaller than a computed bound for the rounding er-
ror in the polynomial value at that iterate. The original polynomial is deflated after each

real zero or pair of complex zeros is found, and subsequent zaros are found using the deflated
polynomial.

See reference: Smith, B. T., "ZERPOL, a zero finding algorithm for polynomials using Laguerre's
method"”, Department of Computer Science, Uaiversity of Toronto, May, 1967.

Programming Notes

1. The degree of the polynomial, NDEG, must be greater than or equal to 1 and less than or
equal to 100. -

ZPOLR-1
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2.. If the 1aad1ng:coefficiant is zero, at least one root, |Z(NDEG) is set to positive machine
infinity. In this case, ZPOLR does attempt to find thé other roots. .

3. If the routine finds fewer than NDEG zeros, the remaining roots are set to positive machine °

infinity (i.a., if only M zeros are found, 2(J), J=M#l,...,NDEG are sat to positive machine
fafinity). . am

4. If the number of iterations for any one root is greater than 200*NDEG, the remaining roots
are sat to positive machine infiniry and the routine terminates.

Example
DIMENSION A(4),2(3)
COMPLEX Z

Input:

KDEG = 3

M

A = (1.0, -3.0, 4.0, -2.0)

CALL ZPOLR(A,NDEG,Z,IER)

Queput:

IER = 0

z - (1.0, 1.0+1, 1.0-1) (roots)
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SUBRQUTINE EIGZF leIA.B.IB.N.IJOB-ALFA.BETA-Z;IZ.UK.IER) EIZFOOlC
EIZF002¢C

EIGZF----—--—-S/D-----LIBRARY === --------------------------------------LIZFOOBr
LIZFo04c

FUNCTION - TO CALCULATE EIGENVALUES AND tOPTIONALLYI E12F0QSC
EIGENVECTOKRS OF THE SYSTEM Aex=p AMBDA®BE®X EIZFO06"

WHERE A ARD B ARE REAL MATRICES OF OPDER N. EIZFDOQTC

USAGE = CALL EIGZF (AsIAvBelBaNsIJOBWALFA+BETA+Zs12Zy EIZFO0QHD
WK» IER) B E1ZFQ09°

-PARAMETERS A = THE INPUT REAL GENERAL MATRIX OF. ORDER N. E1ZFQlorn
INPUT A IS DESTROYED IF 1408 IS EQUAL EIZF011:

TO 0 OR 1. CE1ZFQl2"

IA = THE ROwW DIMENSION OF THE HATRIX A IN THE EIZFO137

CALLING PROGRAM. TA MUST BE GHEATER THAN £12F014:

OR EwualL TO N, {INPUT) EIZFO1S¢

B - THE INPUT REAL GCNERAL MATHIX OF QRDER N. EIZFO014&2

INPUT B8 [5 DESTROYED IF 1JOH IS EQUAL E1Z2F017¢C

TO 0 OR 1. EIZFO1AT

18 - THE ROUW DIMENSION QOF THE MATRIX 8 IN THE EIZFQ1=:

CALLING PROGRAM, B MUST BE GHREATFR THAN t{ZFoznn

OR EQUAL T0O N. (INPUT) EI1ZFO2).

N - THE ORDER OF THE MATRICES A AND B. (INFUT) ELIZFCEZ.

1JOB = INPUT OPTIUN PARAMETERK. WHEN EIZF 0233

IJUGE = 0y COMPUTE EIGENVALUES ONLY . E1ZF 02l

IJOB = 1+ COMPUTE EIGENVALUES AnND EIGEN- EIZF 0250

YECTORS. , EIZF02690

IJOB = 2+ COMPUTE EIGENVALUES; EIGENVECTOKS EIZF02THD

AND PERFORMANCE INDEX. EIZF0z832

IJOB = 3+ COMPUTE PERFORMANCE INDEX ONLY. E1ZF029n

IF THE PERFYRMANCE INDEX IS COMPUTEDs, IT IS EIZFOQ200

RETURNED IN WK(l). THE ROUTINES HAVE EIZF0310

PERFORMED (WELL+ SATISFACTORILY. POOFLY) EIZF0320

WK(1) IS (LESS THAN 1y BETWEEN 1 AND 100, EIZF0330

GREATEH THAN 100} EIZF0340

ALFA = QUTPUT VECTORS OF LENGTH N, ETZF 0350,

BETA ALFA IS TYFE COMPLEX AND BETA IS TYPF REAL. EIZFO03b690

IF A AND B8 WERE SIMULTANEQUSLY REDUCED . EIZF0370

TO TRIANGULAR FORM BY UNITARY EQUIVALENCESsy EIZF03A0

ALFA AND BETA wWOULD CONTAIN THE DIAGONAL ETIZF 0390

ELEMENTS OF THE RESULTING MATHICES. {SEE EIZF 040D

MUOLER-STEWART REFERENCE) . EIZFCGalD

THE J=-TH EIGENVALUE IS THE COMPLEX NUMRER EIZF 0420

GIVEN BY ALFA(J)/BETaA{J). EIZF G430

Z - THE OUTPUT N BY N COMPLEX MATRIX CONTAINING EIZF04a0

THE EIGENVECTORS. ] EIZR0450

THE EIGENVECTOR IN COLUMN J OF Z CORPES- EIZF 046D

PONDS TO THE EIGENVALUE ALFA(J)/BETA(J}. E1ZF 04N

IF IJOB = (s 2 IS HOT USED. EIZF G40

12 - THE ROw DIMENSION OF THE MATRIX Z IN THE EIZF 04990

o CALLING PROGRAM. IZ MUST BE GREATER THAN EIZF 0500
OR EQUAL TO N IF IJOB 1S nNOT BUUAL TO 2EKO. EIZFOSI1DN

WK - WORK AREAs THE LENGTH OF wK DEPENDS EIZF0520

ON THE VALUE OF IJUB AS FOLLOwS, EIZF0539

IJ0B = 0y THE LENGTH OF wK IS AT LEAST H. tIZF0540

JJO0B = 1y THE LENGTH OF WK IS AT LEAST N« ETZF 0S50

IJ0B = 2+ THE LENGTH OF wK IS AT LEAST EIZFGS64

ZRNeN, . EYZFOS5T0

IJOB = 3+ THE LENGTH OF WK IS5 AT LEAST 1. EIZF0S530

IER - ERROR PARAMETER EIZF0S90

TERMINAL ERROR EIZFO&0C

108
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c IER = 128+J, INDICATES THAT EQZTF FAILED EI2F0610
c TO CUNVERGE ON EIGENVALUE J. EIGENVALUES EIZF0620
£ JelyJde2re..oN HAVE BEEN COMPUTED COR- EIZFo630 110
c RECTL*Q EIGENVALUES l!--.ld Hay aF. EIZFOéQU
c INACCURATE. IF IUUB = 1 OR 2 EIGENVECTORS EI12F0650
c MAY BE INACCURATE. THE PERFORMANCE INUDEX EIZFQ660
C IS SET To 1000. EIZFO067¢C
c WARNING ERROK (WITH FIX). EI1ZFQ&8C
c IER = 66y INDICATES 1J08 IS LESS THMAN 0 OR EIZF0690
c 1J08 IS GREATER THAN 3. IJOB IS RESET EIZFOTCC
c To 1. EIZFOT10
c IER = 67+ INDICATES IJ08B IS NOT EQUAL TO ETZF0720
c Oy AND IZ IS LESS THAN THE ORDER OF . EIZFO0730
c _ ' MATRIX Ao 1JUB IS RESET TO 0. ) EIZFO74¢
C PRECISION ’ = SINGLE/DOUBLE ' EIZC275¢
€ REQD. IMSL ROUTINES = EQZUF+EQZTFyEQZVFIUERTST)VHSH2C s VHSHRR + VHSHIR E1ZF0700
C  LANGUAGE ~ FORTRAN E1zFo770
D e L L L PP PR bt LETEEE TR ST m e e e cemam———— EIZFO7&0

CALL EIGZF(A,IA,B,IB,N,IJOB,ALFA,BETA,Z.IZ,HK,IER)

Purpose

EIGZF computes eigenvalues and (optionally) eigenvectors for the generalized eigenproblem Ax=)\BE:
where A and B are real N by N matrices. It can also compute & performance index.

The eigenvalues Al'AZ""'AN can be calculated from the output by setting AI-ALFA(I)/BETA(I)
when BETA(X)$#0. If BETA(I)=0 then AI is regarded as being infinite. The elgenvectors are re-
turned in the complex matrix Z so that column M of Z contains the eigenvector corresponding to
Ay )
Algorithm

EIGZF calls IMSL routine EQZQF to reduce A to upper Hessenberg form and B to upper triangular
form. Then, EQZIF is called to further transform A to quasi-upper triangular form (upper Hessen-
berg with no two consecucive subdiagonal elements being nonzero) while retaining B in upper trian-
gular form. EQZVF is called to compute ALFA(I) and BETA(I), I=l,2,...,N and, optionally, the
assoclated elgenvectors. ‘

The performance index is defined as follows:
P = max IIB1Azj-uisz|]m

A (g, Hatly =2 1 +eg) FIsl1 11211 yees

wWhere the max is taken over the j eigenvalues Ajcuj/Bj and associlated eigenﬁectors zj. Here,
uJEALFA(j), BjEBETA(j), and zj denotes coluwmn i - of Z. EPS specifies the relative precision of

fleating point arithmetic. When P is less than 1, the performance of the routines is- considered
to be excellent in the sense that the residuals 8Az~aBz are as small as can be expected.’ When T
is between 1 and 100 the performance is good. When P is greater than 100 the performance is con-
sidered poor.

See reference: Moler, C. B., and Stewart, G. W:, "An algorithm for generalized matrix eigenvaiue
problems', SIAM J. Numer. Anal. 10, 241-256 (1973).

Programming Notes

1. A and B are preserved when IJOB=2 or 3. 1In all‘acher cases A and B are destroyed.

2. The eigenvalues are unordered except that complex conjugate pairs of eigenvalues appear con-
secutively. That is, if ly and AH+i are such a pair then ALFA(M+1)/BETA(M+l) is the complex
conjugate of ALFA(M)/BETA(M). ALFA is type COMPLEX and BETA is type REAL. It is not neces-
sarlly true that ALFA(¥+1) is the conjugate of ALFA(M) for such a pair.

3. The eigenvectors are normalized so that the largest component has absolute value 1,

P
.EIGZF-2 r
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4. When LJOB=3 (i.e., to compute a performance index only) the eigenvalues, ALFA and BETA, and

eigenvectors, Z, are assumed to be input.

S. If parameter IJOB is not in the range 0 to 3, computation cdntinues with 1305 teset to 1 and
IER=66 is returned. If IJOB is greater thanp zero {indicating that eigenvectors are desired)
and IZ is less than N, computation continues with LJOB reset tc O end IER=6] iz returned.

Example ’ ‘o
- DIMENSION . A(3.3),B(3,3).ALFA(B),BETA(B),Z(3,3).NK(18)
IA = 3
IB = 3
IZ = 3
N - 3
1J0B = 2
1.0 0.5 0.0 0.5 0.0 0.0
A =|-10.0 2.0 0.0 1 and B - 3.0 3.0 0.0
5.0 1.0 0.5 ' " 4.0 0.5 . 1.0

CALL EIGZF(A,IA,B,IB,N,IJOB,ALFA,BETA,Z,1Z,WK, 1ER)

Cutput:
IER = 0

ALFA = (1.2705 + 3.03864, 0.40869 - 0.977441, 1.0031 + 0.00001)
BETA = (1.5246, 0.45043, 2.0061)

-0.2520540.191691  -0,25205-0.191691 0,0+0.01
Z - —-0.08799-0.725981  -0L0879940.725981  0.0+0.01 (eigenvectors)
1.00000+0. 000004 1.00000+0.000001  1.0+0.01

WK{1x< 10 {performance index)

The eigenvalues are as follows:

Al - 0.B3333 + 1.99304
12 - 0.83333 - 1.59930¢

33 - 0.50000 + 0.00001

vl

EIGZF-3
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