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ABSTRACT ' D )

LY

' ) -~ . ’ .
’ It is well-known that’ the set ° J2n of all complex- = . ,&
structures on .a finite- dlmen51onal real vectorspace is
a homogenous space G/H , where G is & Lie group and
H a closed subgroup. Instead of 'the standard procedure
for intr duciﬁg a' émooth ‘manifold structure on’ ¥pn , -
we present in Chapter IIT a different ad hoc atlas.
Some aspects of J3, are then investigated. Among them
1s the study of complex strucdtures on the quaternlons, .
in partlcular, those structures 1nduced 1n various ways '
fﬁy the rlng structure. L
: .o —~—
In Chapter IV, the set K,, of guaternion structures
is deflned and developed in a manner very analegous to e
. thét Of- Jon - ) : -

3

. | i . . M
Chapter I is a short chapter which mqtiva{es the
definition of Jon , and Chapter II develops the necessary

algebraic preliminaries. . s F N

&



" Chapter I -INTRODUCTION . S

*a

3 1. Definition: the 4- -tuple (V,+, .,F)., or just simply .

(V,+,1) over F, where V is”a nonempty set, +: VXV yv o, -
and ~-va + V are functions, and F 1s a skew fleld

(ie. p0551bly non—commutatlve),'ls called a vector space 7

i}

if: . .
' I. (V,+) is an Abelian group;
1. Yo, e E, ¥v,w e V:
; 4 ,
1) o (viw) = a-v + a*w,
. ‘ 2) ., (a+B)*v = a*v + Bev, *
- 3) a-(Bv) = (aB)-v,’ :
4) 1v =v (where 1 1s the unit of F).

_2. Theorem: Let (V,+,*c) be an n-dimensional vector s$pace cver‘
o (+p:CxV > V). Define function R. |R*V Then

(V,+,*g) is a 2n-dimensional vector space over R - S

Proof : Clearly (V,+,*R) is a vector space. To determine
1ts dimension, let Be —'{x',ﬁ..,x } © V be a basis of ﬁ
(v +! C) Then ‘BR_ {Xl,...,x ,(l cxl)'-..'(l CX' }CV ]
is a hasis of (V,+,*Rg): '

1) - n n “2'1 S
. I ak'RXk‘+ ZBk-R ] .ka) = ( > . :
. k=1 k=1 = : o . o .
n‘ - , - .
L (ox+iBx)*cxx = 0 ~+ ok+iBk =0 k=1,...,n =+’
=1 . -

k

~

ck=3k=p k=l,...,n JBR is linearly independent; .

: n . “ n - . I'l ' . ’ .
2) xeV + x= L (akx+iBk) *CXk= Lok *RXkt -z Bk‘_'R(j;'CXk) . T
N =1 k=1 v k=17, B

' ]

3. Let (V,+,*R) be the real vector space‘obtained in such a '
manner from the_complex vector space (V,+,°c). ' Define map
. _ . . ) oy

- ,J _ . o —



frv +,V‘where.f(x) = 1-Cx. Then f(x+y) = 1-C(x+y)
iecx t irgy = £{x) + £(y) and £((0H#iB) "ox) = i+ ((a+iB)- Cx) N
= (o+@B) *cf(x) imply that £ is a linear endomorphism of -

f (V,+}-Cr:' Clearly, any linear~endombrﬁhism f of the complex
vector space (V,+,:0) is also a linéar ehdomorphism of the
rgal)linear space (V,+,-ﬁ). ' |

£ satisfies, £2(x) = iic(i-cx) = -x , (thus, f2 = -id. ny
b8
and . (a+13) X = arex + Beo(ic cx) = a‘Rx + Begpfix).
. N . w !
4, We now turn the question around: Given'(v o, R) over R, is o
it p0531ble to find an extension *J: :CXV > V of R.RxV + 'V

such that (v,+,- J) 1s a complex véctor space7

Clearly, necessary ‘conditions aré‘the ex1stence of a linear .
, endomorphlsm J of (V, +,+r) such that J? = —idy, and the
. " definition o%f- the extensmon *J:CxV + V being o
‘ (a+iB)*3x = aspx + B+pJ(x). : !

v We show that these are also suff1c1ent conditions by show1ng
that (V,+,- g) is a complex vector _space and that J{x} = i-35x
%fxev. . : : : ) cootT

, v : We call a linear
endomorphfsm ‘J which satlsfles J? = -I a complex structure

"~ on the real vector space -(V,+,* R)

5. Theorem: ﬁet J and/(Vrt‘J) be defined as above. Then

J(x) = i+gx and (V,+,-3) is a complex vector space.
Eroof: Iﬁ.is clear that J(x) = i-gx foev. ‘ . e

To show that (V, +,°7) is a complex vector space we check the’

axioms. Let o+iB, yv+id ¢ C, X,y € V: ////’
T (a+iB) tglxty) = %'R(x &/RJT/l

A e P T P
M/d{ge) gx t (0.+18) JY ¢ . ‘
. 2) ((aFiB)+(pHiE)) - gx = (oY) *px + (B+8)-gd(x) '
L | T (e pat BT () 4 e gackse RJ (x))

(a+iB) «gx + (y+i6)- gx g

3) {ot+i )f'((i+iﬁi- x} = a*p( x+6 J(x}) X+6 e J(x))
=y '////////'%-g F g RIYTEO ) R Rk & (as+ey) J(x§ X
,///f///’ , S ' 5 ((a+lB)(Y+16)) JE P R

o . ﬂ . * 1

4) 1-5%=1lpx=x . |



;Y g L .+-3 s
. Thus for a given real vector -space (V, + R),-there is a
S1-10 correspondance between the set {(V,+, J)} of complex vector‘
spaces’ on v and. the set’ {J|J2-—I} of llnear endomorphlsms of
(V,+,° R) 7 ) _ ' ‘ . .
6. Theorem: If {x ,..:,x } 1é -a basis. of (V,+,- J), then -
g ax T (xy ),...,J(x )} is a Basis of Vo, - R):

proof: follows from the proof of theorem I.2.. 1 J

. A ' o -
‘Corollary: Only even-dimensional vector spaces can, have

complex stfuo}ures: ' : . T <:_;“\v;

From now d¢n we will consider'compkfx structures only on the
specific-vector spaces R2D '

&G

T-

. EE . b
7. Definition""GL(n R(or C)) = the general 11near-group of
real (or complex) non-gsingular matrices of order n, where

ta

-

the group operatlon is matrix multlpllcatlon,

Since a complex structure J is a nonzsindular (J 1l=_7)
linear endomorphism, we can cons;der it as an element of

GL (2n; \g) __i ]

—~

-Fr

'8. Definition:: ¥, = {’JEGL_(zn;R)|J2=-12n},c‘-GL(2n;R) .
J,_ # ¢ becBuse T, = ”9_ In
2n 0 -
. =110
canonical complex structure. : o
— : - .
J2n is not a subgroup.of GL{(2n;R) because "(for examéle)‘
. T2 S . . ' '
fzn' JO '4 Jzn- - - : 1_-‘ i

] € J2n " We call Jo‘the
n _




Chapter II - (GROUP) ACTIONS AND EQUIVARIANCES

. ;“ ‘ o | ' v \
. ¢ : R , ) ;L
- 0. Now that the set J2n has been deflned we take thls chapter . kR
" to bu1ld up some’ the‘machlnery of -actions and. equlvarlances
v
.The important part’ fhls theory for the next chapter is S

*

| \“that concerning ho genous spaces.
. -. " ‘ . . ) 7 /

The first part of the chapter is developed in the setting”

- of general categorles. Zd"the rest of the chapter we
-restrlct ourselves to th category of sets and>mapé because
the theorems that we prove are not' frue in generaI for

arbitrary catego s. It is true that if one con51ders.

¢

categories with nderlylng sets and Faps, one can also

develop a theory_ ot too different from ours, e.qg. for groups
My .
and homomorphisms., topologlcal spaces and contlnuous maps, or

.smooth manlfolds and dlfferentlable maps, but addltlonal

theorems and condltlons would be needed. Since our
Ipurposes are besq served w1th the study of the category
of sets and maps, we develop only this theory, and we prove
other specrflc results when we need:them. ) o ’
1. ‘\Definitiohs- Let & be a category ? denote by ~obj ( AR
he class ¢of objects in g and by hom(X Y) the set. of
j\orphlsms f:X - ¥ in é ) : )

2.'Definition Tet fehom (X, Y) - Then f is c¢alled- an equivalence.
in & if j?gshom(y %) such that gefs 1y and feg=ly (ie. f has’
a 2- s:.ded 1nverse g in 5) ' '

’

. * ’ 1 -'
3. pDefinition: Let X €. obj(gﬁ .  Then . s .
Aut'x ={ fe hom(x X) | F is an equivalence } (# ¢ ).

-
Aut X becomes a group under comp051t10n in é’ - This group

is sometimes called the automorphlsm gﬁoup of X in éf or the

*

group of symmetries of .-X in g!
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If % is the categorygfj sets and maps., then 'Aut X consists
of the‘ set of all bljectlons (or. permutat:l.ons) of X. s . ' o

Although generallyf it is not a group, we will somet:l.rnes use_. -
the notatlon Aut(x Y) = {fehom (X, Y) ]f ls an equlvalence} w7

) .y 1
o il ’

4. Deflnltlon.. Let G))e a-s group. ‘Let € be ‘a. 'categorf, and
"let . X e&obj(g Thet (left) (group) ac"tlon b of G-on X
.in £ .is a group ho omorphlsm o S o

sy

. .
-

¢;:'G- + _AOt X. .- . , '"“, o C—
¢ is also called a representatlon of G by automorpHJ.sms of x ?

in { (X, ) lS caIa}.ed a G-object wrt ¢, and G is called P
a transformatlon group acting on X vra . - ™ c /< : .

| We will denote ¢(g):X » X by.dg. o ("

5. If £ is the category of sets and functlons, then an actlon
has the following equlvalent deflnltlon-l

-]
L

An actlon cb is a map d: G\[ + X SEltleyn.ng . . . “

YLy ¢(g1g %) ¢(g .¢(gﬁ,x)) vgl,g €G, *cr‘xgxe{@1 Cat e
' an O

2) ¢(e xT = x ere e .is’ th neutral
6. Definitioh . Let (G, ) be a group. Then we deflne the lé
‘opp051te gr\uP of G to Bb the group. (G, 0) (whlch we'will .

0

.1also denote by G ) where 0:1GxG + G, 1s deflned as

. glo g2 = 92 . JV gl, g2 e G. |
xs 1somorph1c to G by the i omorphlsm X » X l._; _
. . . \: + s .

O’

7. Definition. . Let G be a. group. ‘Let { be a category, and
“let X g obj( 2. Then a rlght (group\} actlon ¢ of G on
in £ isva group homomorphism

. (Y

¢ + G° > _ Aut X. .,

' . . o

' 'Agaln, if 5 is sets and maps, a rlght actJ.on ca‘n be defn.ned

equrvalently as/,a map ¢ X%G + X satisfylng, oo - _‘ (’\
) .¢(x,g192) = ¢(¢(X,gl),g2 ‘Vgl,gsz, szx- ' S .
2). qb(x,é) = X Ao‘xex, where e is the neutral element of G.
~ . . .-

. &
8. Note that the only reason why our,- deflnltlon of a left actlon
appears more natural than that of a. rlght action is because . "5
- ) I LY ')
/N i - o

I " . | a . 4 .'or - . . N .

- P

3



10.

11.

. of, our, conventlon of wrltlng

. .
. .
. . - 6

'e functlon symboi to the left
wrlte fx, not %£.J

- '
L

of the element symbol (ie. 1
"\) LT h -f"f'-‘” S e e ¥ ' -
ExamEl'e. Let { be the catego of ;sets and maps. Let G
be any group ' Then,the set G ¥%.0 3 (&) . We define‘ ' i

:G. > Aut G by L{gf .= Lg:G + G whé Lg(x)- = gx Q,
(1.e.~ left translatlonf by g) Theﬂ L r?s a bljectlon -\{’geG.
Also, L is a group homomo phlsm because

glgz(x’)’ﬁ\glgzx glL (X) l (X) ‘VLXEG ‘Q[g 9, €G

Thus L 1s a. (left) act:z.on of .G orr 'the set G in 5

Sy

In a sfhrlar way, we deflne R:G .+ Aut G wheé%v R {(x) = xg.’

Then R is a rlght action of G on thé set G in 4f

L’j < " ' ER ’ .
- . - .
o .
~2 3 o

Note that L ‘and R ‘would . not be actlons if qne took the

category of groups and"homomorphlsms. (The Lg s and Rg s

LA

would not be group 1somorphlsms y - g 7~L

L

Examgle-r Let 4 be tﬁ?category of Lle groupgs and smooth (Cw_)
homomorphlsms, ‘and . let RrD have t (add1t1Ve) Lle group
structure. HDeflne ‘an actlon (whigh depends on, the cholce of
basis ‘for RD) $:GL(n; R) + Aut RP where | D (x) ‘AX. '

-

Then ¢~r§ an-action of GL(n R) on tbgFLle gxbup Rn in kﬁr' ' ///

(¢ is also am action 1f £ is sets and maps, topologlcal

vecto? spaces and contlnuous linear 6/erators, dlfferentlable'
m folds and smooth ma Sy etc. ;)

Deflnltlon' L\t f be a category, let X, X% ¢ obj({) .~ )
let G, G' be two groups, let ¢ G + Adt X, ¢' G 2 Aut X!

be two actions, and let p: G > G’ be a group homomorphlsm

Then a p- equlvarlant morphlsm ¢ is a ¢,s.hom(x,x ) such_that-
*fgsG the diagram .= * )

Ty - ~
P . . g .4¢' - : e
b — . . . . . - -

o . . .commutes. - &




’ - . l
. . ° . S0
‘

. Lo o - g ‘- | l , . . ."'.' ' ‘. . o :.'
In particular, if .G = G' and p'=- idG' then “we call | v ' ‘ v
T de hom(X,X') ' an equivariance. (ie. ¢ is "cofipatible"

w1th the G—actlons on X and X'.)

(

\ Clearly’} the compos:.tlon of equlvarlances is also an equ:.var:.ance.
. . Y

N
l.

12. In zase A 1?s sets and maps, then ¢ ¢ horri(x,x') i's a ,. ' . t
p-e ’ : '

uivariant morphlsm 1f '

—

X !

o GxX — G'xX' - o -\
Ly o 4 e .
: X — X T
\ " -commutes.
1. - ‘ .. A

‘a v

. , . P 9 .

13. Examgle":' Let € be sets and maps, let our group be the real
line (Ii,':k)_ , and take as objects R & obj(&).. Define the
Sﬂ—act_'ion's ‘as cb:.R"-» Aut R where dpg~(x) =g + x and

T

R Aut'R " where ¢ {x) . -—\e . Then- ¢:§ + R where
p(x) = ¥ 1is an equlvarlance. . ' o
T . "X ..
. . A R —— R . .
) g+x - l e9x o ’
. ' ) ‘ ' ——>» R ,
A E -~ e¥ /‘
- \ , | - l\ . .

14, Theorém: Let 4 be Iany catege;:y, and let G be any gro'up..
Then all G-objécts in z t‘oéether.w'ith all equivariant
morphisms in 5 form a category which we will call £(G).
(The composut:.on is the same as in G ) |

»

Eroof:' .Slnce 1y e hom g“(x,)c) commutes with every mbrphism

" in _ hom , (X,X) , - 1y is an equivariant morphism and so B
1y € hom 2(G) ((X,9),(X,9)) . The other conditions follow .
triyially.~ ¥ _ - .

. : L ‘
- o 4 . R H 1

We cannot in general deflne a similay category where’ the 7
morphlsms are p-equ1Var1ances because in- general comp051tlon
‘of p- equlvarrg:ces is not—e—phequlvarlance and 1n general

the identitfies 1y are not P-equivariances.’
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. - 8 _-‘ 'I\(‘ . _-
15. Theorem: Let @ € hom pqy ((X,9),(X!,9')) . Then'
' .¢ € Aut 5(6)((x,;§) L (X',8")) iff ¢ € A‘utg,(x,}'_:') . .
‘ Eroof:' One direction is trivial. In the other direction, _
let ¢ e Aut g (X,X') , Then F VY ¢ Au_té (X',X) such that ~

o¢¥ = 2, and Y& =1, . But ¢ € hom (X, ), (X, 00))
X X , : G (G) NIV AR
‘means ” Py = $é¢, kfg € G . Thus Nfg's G we have -

-

=¢'d- =‘P"(b- = 1 Y ' '
¢¢g g~ w¢¢gw g wl+-l b W¢g}x* > o Y=o, .

. f |

& iy ' g
X ——-—-"‘){' _ X' — X~
ogf 4,08 el Y
‘ ‘ .q). A5 C : LA \;

Thus ¥ is an equivariance and so ¢ & Aut g,(‘(;)((x}¢),(x',¢')_) .1
- . ¢ A " .

"“16. Définitioh: Let (X.¢[‘ and [X',@') be twofG4objects in ﬂrtﬁ"

‘Then (X,¢) -and (X',ﬁ')‘ are called isomorphic G-objects
if F ¢ ¢ Aut £(G) ((X,9),(X',d%) (ie. ¢ is an equivariant
equivalence}. . T, . N

We see that here "isomorphic" has its usual meaning, namely,

thét‘isomorphic'G—objects-are indist;nguishable,as G—objects.“'

17.

Then we defiﬂe K = ker ¢ =|{gEG[¢g=lX [ ker ¢ is/a”'
normal subgrbup'of G (gkg_‘l £ K \/‘gg(;, ngz{) . e

.Definitions: Let X be a G-object in fi/yia TG > gut‘x .

v

We calkthe action ‘¢ effective if ker ¢ is trivial. (ie. if
E . : 3 .
hére’ is a faithful representation of G.by.automorphisms of ¥ in &£ .)

-
»

18. Theorem: Let G act on X in & via -¢:G > Aut X . ;et K = ker 7¢. '
* Then there.ié a natural way of inducing an effective action on e
X, called "dividjng the kernel out". Define VY:G/K *+ Aut X
"» by WY(gK) = ¢(g) . Then Y is an .effective action of G/K on X in é%?,

.} proof: |

. Y . o %= -1
Y -is well-defined: glK g2K+gl

—lr "l.“— -+
g,eK+9{g,7g,) =1y @(g13f¢(g2) . .
~¢.is a homomorphism:y (g Kg,K)=¥(g;g,K)=¢(g;9,)=¢(g7) 9(g;)=¥(g;K) ¥ {g,K)
¥ is effective: g KAg,K > g1lg iR * 8(g]19,)#ly ~ $lg)F0(g,)
| . 3 | /



21,

22.

'For the rest of this chapter, we restrict ‘ourselves to the

equivalence relation- 'xlmx if e gsG such that d_(x_)=x

" Let 'gOEG‘ and let xeofxo) .' Then F geG 'such that x=¢ (x')

— L 4

L= 9 = e ‘ . B - @
U . . . o . ’

-

category of sets and 5.

paceony, of sets @ e

Definition:' Let X be ‘a G- object :Ln é’ via ¢,_and let x_ e X,
Then define O(x,) = {xex|3-geG st d) (xo)-x} 4V {qb (g Y} e x -

o gEG
to be the orbit of'x0 under ¢. - | |

Clearly, the orbits in X are equi?alehce classes under the

1

2 g™ 2

. The set of all orbits of X we will denote by X/¢G o

(ie. the orbit space) . ’

L

Theoremt- Let ¢ be ar* action of G on X, and let O(xo) be an
orbit in x. Then U:G -+ Aut 0(x where P

g = dglotxy)  is
an actlon of G on o(xo) e |

0

Then Yo (x)=dq4 (x)=bg ¢5(xq)= (xo)eo(x ) > g (O(xo))c:o(xo) B

0 0 0 0 O .
ane Vg (¢g-1g(x0)) =X > g (O(xo)l:2 O(xo) . (ﬂ

0 0 70 . : L "

- ) ' "-\L.
X - i . L
"Definition: Let & be an action of G on X, and let xoex
Then we define Gy = f-y,\EGld) (x,)=x,} € G to be the g Y
1sotropy subgrouE_ of G et go‘, or the stablllzer of xo under ¢.
Clearly, Gy is a subgroup of G.
. 0 : : .
We call the action ¢ free if G is trivial ¥ =x ex .
. . . 0' .

Theorem: Let,¢‘be an action of G on X. Then

ker ¢ .= (} G, . -
x.eX 0 - ¢
0 g . .
proof: gé%er ¢ f+ ¢g=lx +f gEGxoﬁ ﬁfxoex IS gexfngxo . 'ﬂ
R o
Corollary: -Every free action is effective.

1

-



, c s - 10 - | - '
24. Theorem: Let G act on X via'¢, and let x, y € X 1ié in
a common orbit (then 3’9 EG st . y= (x) and x=?b_1(y) )y . -
L 0 . 90 oo L -
hen G, = 9, xgal\ (1e. Gx and Gy are conjugate subgroups of G):'.

»Erocfk geGy, - ¢gogg 1(y) =9g g(x) =bg (x)?y - goggaleGy } and so - \

g Gxg0 c Gy : OlequC G’F folfows'similarly. T .

25. Definition: Let‘G act on X via ¢.‘ Then ¢ is called a.transitive
action {(and X is called a homogenous G-set) if for.any two .
oints x, y € X , "3 g € G such that y = g (x) .
(ig: if there is exactly one orbit in X.)

, ) v :
;QGT‘Theorem: Let G be a group, and H € G a subgroup. .Let G/H
be the set of all left cosets' (ie. G/H = {gH|geG} » Which in

general is not a group) . ;@hen ¢:G - Aut G/H where

g (YH) = gYH is a transitive action. | v lT
- proof: Cleaﬁ}y every ¢g 'is a bijection. Since- N L
‘ ¢g g (YH) = qigzyﬂ = g1¢g (yH) = g ¢g (yH) , ¢ is a hoﬁomor@hismf
L0172 o 2 A 1 72 _ . :
And éince k¢g gl1(g1H) = gZH , O isjtrans%tiﬁe. Al

27. Theorem: Conversely, let X be a homogenous (left) G-set via ¢.
Then X subgroup H €.G  such that X is isomorphic {as a G-set)
to the left coset‘space G/H, where the action ¢' on G/H is

defined by o4 (YH) = gYH .
proof: Take any xosx . Then 'Gxo
Define map f:X G/Gxo by

= {g€G|¢g(x0)?xO} is the

isotropy subgroup of G 4t X4-
. y .

f(x)f= ngo where g is such that. x = ¢g(x0) . This is,pogsiblé
because X is homogenous.” Let x,yéx . Then 3‘gl}g§€G st

— —-_-.-. ] -_ = G ) f = G .
X ¢g (xq) + ¥y =0 2(x0) . (e, £(x) = gg g (Y)Agz X, )
Then f 15 well—deflned and 1-1 because x=y =+ ¢gl(x0) ¢g (xo)‘

“+ x—_gb
0 gl 2

< : . ' <

-1 - ]
‘19 ()< g1 gzegxo +* 918x4=92%%, o FosEy)
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{

» —‘11_ | : P
Cf is’ ontp because f(¢g(x0y) = ngo . Thus £ is a bijection.

To show that £ is an equlvarlance, we will shbw that ™ ‘VgeG

the diagram L f : \
X ——— G/Gy, . A
L]
bg R : -
X—*'—-G/Gx . .
£ ~0 commutes.

fWe have (f¢gf—l)(YGx0) = f¢g1¢th0)) = f(¢gY(xo)) =:g'YGx

P Tt [ : ’ O
= ¢'(YGx } " . and so f¢g ='¢éf . q

: The a%t&en ¢g(yH) = gYH on G/H we will call the

canonlcal action on G/H .

.

- In the above two theorems, we have an analogougaresult if

- 28.

29.

¢ is well defined because - gqH =¢é2H'-+ ngn—l = ngn'l

we consider right cosets and right actions. g.' : s
Definition: Let G be a group and , HE€ G a subgroup. Then _
define N(H)‘= {gEGlgHg‘1=H} to be the normalizer of H in G.

N(H) is the 1érggst subgroup of G in which H is normal.

*
.

Theorem: Let G be a group and H & G a subgroup. Thus
G/H is a (left) G-set w¥kh thé canonical action ¢gkyH) = gyH .

" Then as groups, Aut.‘(G)TG/H $) is isomorphic to N(H)/H -

proof: Define actiqn ?: N(H) + Aut d(G)(G/H ¢) .where
. . . (gH) = gn~lu .

n e -
. . .y gl lH g2 _lH: > »¢n(ng) = ¢n(ng) -

o is a bijeégzdﬁ because ¢51(éH) = gnH .is the inverse.

¢n is an équivér;ance bgcause 9 ¢9‘YH){= ¢ﬁ(ng)
=gyn~lE = og(yn7ln) = ¢ 0 (vH) .

& 1is a-hbmomorphism because nyn (gH) = gn ln'ilH
F —luy _ _
. = ¢&_ (gn,+H)} = ¢, & (gH) .
ny 972 PR
- ker ¢ = {ngN(H) |0,=1 G/H} . But’ befause ¢

L

G/H :
++ ¢ (yH)=YH *fYEG “r Yn'lH =vH xfysG ++> n~1lH=H «+ neH , -
we have ker ¢ = H . Thus by theorem II1.18, there is/an
. i



30.

31.

/

L= 12 -

a

induced effective action YN (H) /H + Autg(G) (G/H, )

where

¥ H(

it remains
Then call

Since
= gnH,
Since
Thus

o is
and

o is
'lHn

gH) ='ghf1H . To show Y is a (group) 1somorphlsm
to. show that ¥ is onto. ‘Thus ‘let acAut qu)(G/H,¢)'.
a(H) = nH .. ) | o

‘an - equivariance, a¢g(H) = ¢ o (H) > akgH) = ‘?(H)

so o is comp}etely determlned by 1ts value a(H)=nH .
well-defined, hH=H + hnH=nH -+ n~lhnH=H - n~lhnen
CH.

-

'_\

Since o 1s '‘bijective, o has an inverse ol which is equivariant

(by -II1.15). fThus' q“l is also completely determined by
its value a~ 1 (H) = h;H ., And;singe o~ is well-defined
ﬁg alsé have '_lHﬁ"C'H . n'and n' are thus related:

Thus

+ nEinlc H - H < n~lpn .
Thus

- Thus « =Y _ and so ¥ is an onto map . \\\d
n kH/

. 1 - - -
| gH= lG/H(gH)qaa (FH) a{gn'H)= gn 'nH » H n'nH » n'n= hosH > n'=hgn 1

n""lHn' e H =+ nhath n lc;.H + nh= 1hh0n"1 e H A heH

"7 nh3I(hghhj

H=n"

Corollary

,Aut'JWG)(X ¥) is igomorphic to N({(H)/H , where H =

0 .0
Ol)hon"l e'H t‘heH + nhn~l ¢ H #‘heH_

lpn and so n & N{H)

o .
If (X{w)-‘is a homogenous G-set, then \\
. S,

0

for any Xg € X .

"~

+
s ' b

et q¢?G + Aut X be an action, let- x eX, and

Theorem: L 0
let G#O be the 1sotropy subgroup at Xq - Thus by II.21 ,
¥:G ~ Aut 0(xg) where w = bg |0(x ) is also an action.
Then ker ¥ 1is the 1argest normal subgroup of G contained
in Gyx. . ' B |
in Xy ‘
proof: Clearly ker ¥ is normal in G and ker § < Gxo .
) ; . I1 -
From II.23, ker y = N Gy = ¢ (x ) (1 fﬂ gG
J xeo(xo_) ggG o' -24) geG .
~ Take any M € Gy, which is normal in G . Then _ |
- gMg~l = M #‘ge nd so '
= N gug~1 QQ\%X gl=%ery. 1 . . . L
geG . G 0 B

t




32.

33.

34.

éorollarz: If ¢:G°> Aut X is a transitive action, }hen

for a

conta

A
/ o .f‘ v Q;_,,
ny xgeX , ker ¢ is the largest normal subgroup of .G i
ined in Gxqy - '

r

Cofollarx; If ¢:G + Aut G/H is the cafhonical action, then

‘ker ¢ =

(1'gHg”1 issthe 1argést/norma1 subgroup of G contained in H.
geG : o | ' »

‘proof: G, =_{geG[¢g(eH)=eH} = {geG|gH=H} = H . 1 <

.

em: Let H be a subgroup of G . Then |

Theor )
N = {h&H|ghg~leH *fgsG} c H c:G is the largest normal Subgroup
of G contained in H . T IR
' ., rs
proof: Y

1} N is a SUbgroup of H: ' _

" neN -+ gng‘leH MgeG + C gn—lg-led ifgeG i n-leN . - —~

ny /M, eEN + gnyg —len, gnzg ~len #geG - gnlnzg ~leH 4fgeG + nlnzeN .

2) N is normal 1Q_G-‘,

39

neN -+ gong0 len ﬁfgoeG + g(gongol)g len ﬁfgo,gsG

> gongolaN -'dl'gost‘. Thus gNg lew -V'gsG and so /'

gNg~l = N 1*géG . - ’
Let Mc H be normal in G,..'gaéh gMg~l = M %fgéG .
Then neM - gng~leMcH 4fgeG + neN , and so M cCN. 1
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cghpter III - THE SET OF COMPLEX STRUCTURES .

.

O

0. There are natural bijectionslbetween the,setf”Mh(R) (ox | Mg(C) )
‘of all n-sguare real-(ér‘complex)\@atrices and_EEe/set/f’/M o
' an (or an y of n°¢ —tupies.- Any such natural bljectlon

can be used tq give the set M, (R) .a tobology, and a .

smooth (C%) manifold structure/whose complete atlas is

generated by a single chart’/'Thus every subset. of My (R)

can be topologlzed by the induced topology, and every’ open

subset of Mp(R). can be given a manifold structure which would
make it a regulay submanifold of Mp(R)

Since the determinant function det:Mp(R) ~ R is continuous

(it is even smooth), ‘we have that GL(n R) is an open subset
~of. Mp(R) . Thus GL(n;R) has a natural topology and manifold

structure.- Since the ope}atlons of matrix multlplrcatlon ard

inversioh are smooth we have that GL{n;R) 1is an n?-dimensional

°.L1e group. Since J2n is a subset of GL(2n‘R) (and of

MZn(R) ), the natural topology to glve it is the 1nduced topology
of Mzn(R) But JZn is not an open subset of M2n(R)
(though it is a closed subset) . * Thus we will attempt to

. give Ion ."natural" manifold structure in a different way..

By definlng the tranSLtlve actiod on J2n , we automatically

-ensure the ex1stence of such a (unlque) manifold structure

(cf. Warner , p. 120) . : o T ‘_ - /
' - . .on - L j
1. pefine action ¢:GL(2n;R) » Aut J,, where ¢ (J) = g3g~! .
Since (gJg~1}% = -Ipp thEJzn , we have ¢g(J2n)(: Ion

. Clearly every ¢g is a homeomorphism. Also, "¢ 1is a homomorphism
‘-because‘ $B~g (J) = glngg§191 = 91¢g (J)gl ¢91¢g2(J) )
Thus , ¢ 1is a- (left) action of GL(2n R) on the .set and
topqlogical space J, . '
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/;,012. Theorem:_The action ¢ of GL(2n;R) on the ‘set: Ion

is transiﬁivé.. ' C

proof: Let J, J E JZn“ Then by 1.6, 3‘bases of R2n | .-
{xl, ..,x ,Jxl,...,Jx ¥ and {xl,...,x ,J! xl,...,J X 'y, o

Then deflne gsGL(Zn,R) by g(x ) xk and g(Jxk)—J xk k=1l,...,n

[} ]
+an;xn)

)+ ola+b_glgT LT ix!)

Then - ng*lfx) gJg~ 1(a ?..&a X +le xl+

= a cqTah(x')}+...+a +qIg-1 vqJqL(I"
al gJg lﬂxl)+ a ng (\J}cn)+bl qJg= = (J
= al-gJ(xl)+...+an-gJ(xn)+bl.gJ(Jx1)+___+bn.g (an)

=1 - i - L .' 2 M 2 1
) aq J'xi+...+an J'xﬁ&bl_J' xi+...+bn J'*x

Il

J'(x)
Thus '¢g(J) = J" and 50 ¢ is.transitive. i

3. Corollary: J,. = {gJOg‘llﬂgeGL(Zn:R) } , where J_ = [%.-Lé]
- . n

“is the canonical complex: structure.
¢ : '

4. Thus by II.27, 3 subgroup H ¢ GL(2n;R) such that

J, e GL(2n R)/JH . We take H =G , the isotropy subgroup
2n R JO ;
at..the canonlcal»complex structure _J0 = :Q-Lé:] .
G; = {geGL(2n;R) |64(3)=T )} = {geCL(2n; R) |93 ;=T 59}

0 ) .
{(ie. the centralizer of JO in GL(2n R) ) . To obtain a more

,.ekpligit charadterization of GJ' , we have the following

lemma: _ A'EB
proof: [A 'B ey |2 B[ _[o m][a B
Jp -I, O <I, 0]|C D

is ,not’ a normal subgroup of GL(2n R) because, for ekample,

[oﬂ [I,i [ ‘[‘Zé*f-?;J-Eﬁ;éﬂf e v,

- 2
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5. Theorem: GL(n;é) ‘is’ (grouph 1somcrph1c to GJ'c: GL(2n R)

proof: Define e:GL(n;C) ~+ Gy .. where
. T N 0 e(A+J.B)
gince EK+iB is invertible <. . T unlque C, D st (A+1B)(C+1D) In
«» F unique C, D st AC-BD=I, and AD+BC-
%> F unique C, D st

8 ][ 7 ez '-;':3::12] & ;J

—B A is invertible, ‘it is clear that e is a bijectionu

e 1is a homomorphlsm because A ‘
e((A+1B) (c+1D))_ = e{(AC- BD)+1(AD+BC)) [AC—BD AD+Bc:|

-AD-BC AC-BD
A D '
BB

-ql . . . .
(Thﬁs GL(n,C) may be considered as a subgroup pf GL(2n;R) . )

i

e(A+iB)e(Q+iD) .0

v
e

t !
. LA

6. GJO and GL(n; C) are‘eveh more strongly related: .

Theorem: . ' ' »
- _ detl: ] |det(1>,+1‘e,)]2 ‘v“.A, B .gm\(_) .

proof: Since the dete;ﬂinant is a contlnuous functlon a d

’

since the set of matrices in Mn(c) whose»elgenvalues are
all distinct is dense in M,(C) , it is sufficient tg prove
the theorem only for our dense subset. Fyrthermore, Since
s every such matrix A+iB is similar to a matrix 1n diagonal
form and since det (A+1iB) det((S+1T)(A+1B)(S+1T) 1y and

- ' o
T A B SIT S T - . + *

c’lc’at [—B A = det(ET S:I[—B P][—T S:l )A , it is suf.flcn.ent
to prove the“theorem only for diagonal matrices A+iB .
. B | n i - - -

ay; b1 , | —

g ) : o . T _
. : .
. ’ a b v q - - . -

Thus det :E-_-..Bp__._f.ﬂ L= (ézi(~l)2pb2)...(a2+(~1)2b2)

A X B n n

. l L] L4
L - an, arl - . - -a1+:|_bl

= |(a1+ibl).;.(aﬁ#ibnf|2=[det ST, 1z .

= | X 2
lal+1bll e -
. anflbn
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7. Cofollari: : A B
' | B A £ GL(Zn R) , then =det =B al.> O'.

8. .From now on.we w111 use the 51mp11f1ed notatlon G/H -instead
of- GL(2n; R)/GJ0 - - ' '

.

9. The spec1f1c G- 1somorphlsm f-J2 + G/H is given by

then. f‘ and f-1 _are contlnuous functlons, and so J2 and

=gH . If we glve G/H the quotlent topology,

~

G/H are Q?meomorphlc as well. | ; '_' o ) .

There is a well-known general ppocedure. (see Warner ) to -
_flntroduce a manlfold structur?/Zn a homogenous space G/H if
-G ' is g Lie group-and H is a closed subgroup; we however

prefer” to use an ad hoc method .for our spgcial case, as follows.‘

*

. . - B B
. . - T - ey

A . - T

10. The sét A {[511‘ éMn(R), Q0eGL{n;R)} can.be'oonsidered as
1 F ! . 2 o ’ . .
an open subset of R{% . h h
Define y:V + G/H where ¢ g ) = é ’

y is 1-1 because 2 R
e w5 -

HE
5 & -[o QHH
7] b

=Q[é“2]-h=‘-[§nz:[ J-[on]

+ B kbecause det Q! # 0-) and '"A =1

o

a
i -~

_ C
+ + +
[ -
O'"U' HO‘IO HI
| D |
Il nn
0O
L= -, *U

11. lemma: [?

B Pl om s BB 370 %
= Bl de- Il - éi:ﬁs]e_ﬂ '
a1l e R o i I

12. We show that ' ¥(V) 1is an open neighbourhood of the coset H

I.U' U.'J’
1
[
o
n -

honieomorphic to V (via ¢~1 ) :

P ' . | t
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If we let P=0, Q=1I, then we see that the coset H ¢ m(ﬁ)

L]

To show that w(V) is an open subset in G/H we prove the

lemma:, A B|~ , .'- . ’ A -C
— -[; EJ H e ¢(V) 1f£ . det[; A # o .

CE PR e b

13.

. . X -_.1 . _ - . - . N
o -EI)n g] = [’é-g]_ [‘é‘ A] with- det.Q # 0 ++ det[‘é' NEAR

Thus (V) is-an open neighbourhood of H -in " G/H

In genergl w(v) # G/H ; for example,‘
. -1 e

¢ L fro00 100 -1
! 1001  Ji1o00 -1
forio 011 -0

~n

It is not toodifficultsiosee that ¥ and V™1 are continucus:

we omit the details. o -

Thus Iw(V),wfl) is a chart arouhd He G/H . Since the. ¢g's
are homeomorphisms,lkt is now clear how one would geflne a

chart around any point in G/H : - For any gH £ G/H , ¢g P (V)

"is an .open nbd of gH . Since ¢§,¢g“l,$,w'1 are qontinuous[:
“both ¢g°¥ and (¢g°w)“1 = w'1a¢g“l ‘are also qoﬁtinudus.

Thus- (¢gow(V), (¢g°w)‘l) is a chart around gH € G/H .
TQus \ (throvdgh ." G/H ) becomes a homogendus manifold of
dimension 2n? . ‘ ‘

,.L/-f ¢
, = -
One can generallze the IEmma in III 12 - .
lemma: [A B|- o [BWHBY -CW-DY] o
T E: D e Tg{' Z:|° vevy o 1EE 'd_let[cwwy AW—%-BE;l # 0.

R
proof: [é g -1H € ¢[ ]ow(v) «+ 3 P, Q, det Q;# 0 st

. . ) . * !

Y

. -1 . . _ "& L' ‘
;. BEoof: [ ] H € wm - F P,Q,det Q;éo st [:g > by - Bn -g:IH
' ' ' SR - s

R

A B —l W x III Pl _ WX -1 A B -1 -CW—DY with -
e L o Tzl feo AW+BY| det Q # 0

. ‘\ .

-
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i ) ) L- -'.L': " N
I, P w X ~1fa. AWABY -CW-DY]® . . .
R I:o“ Q_-J = E{ z] [c ] l:cwioy aw+py| With det Q # 0 :
AW+BY -CW-DY . S,
- det | cwygpy Aw+BY Ao SR e
} v : .

. 15. We show that we have a smooth [{e/a8] manlfold by show1ng that
the coordlnate transformatrmhs re smooth,

o (e, ewTl f R
\g-—l—_’/_,’ V-C Rzn T
L T T 2L < L

-

IR -1 | S
. ( ¢g’29. ¥) | P AL \
R . )

. e ‘ o I :
',"L,;_PLet g = 95191 + -Then (d) e llJ) l‘-" (Cb ° ‘P) = l,U-lo d) e 1S5 a map ;-
LY

w‘1o¢gow=(¢glo'wl_fl c”%iow(_ww ow(vn - (¢g oY)~ 1(¢g aw(vmqsg oy (V) .

‘ Take anY-/[%-'iu the domain of - v lo¢gow ‘above, denote: g by .
kg g

7
e [ R EIE ]H

'Aand because matrlx multlpllcatlon and matrlx inversion are

smooth operatlons’(they are even. real analytlc), we have that

*w

Yo ¢gam 1 is smooth L R : R \Q

| Thus JZn (through G/H ") with- the compiete smooth atlas . -

generatea by. the charts {(¢ mw(v),(¢ oy)‘l)I geG} becomes .

‘" a smooth (C%) homogenous manlfold of dlmen51on 2n . .

: ! - | L

16. We have deflned a smooth.man1§§Tﬁ structure on G/H 1n oertain
'way. What dis 1ngu1shes thlS structure fram other ones g&e

two nice propertles which, ln fact, characterlze our structure.

We identify M,p (R} with rén® anQ\deflne e:G » M, (R) to
be the indlusion map. '(ie. .(G,&2) 1is the chart fOri G )

=

o

The first property is that, the prOJectlon m: G -+ G/ﬁ is €mooth,

Las is eesily seen_from. Afor flxed g = [: %} )

. . .o .
X 4
1 . .

N

b
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18.

19.

‘R

- - 20 -

Su, ) § e LD e Weh Iy o R2n? o\

BB ].._ BN E ETRY e

¥

4n?

The second property is that for each pomnt in G4ﬁ there exlsts

a local smoq\h function T whose range_rsuln G .and ;s such .

hat mor = id: - L

2 dgéV Y Tg T e | | ;- g
RZn oDV . g+ G/&H »9 G -, Mo, (R) =°R4n2‘ I )
e S[w x| [, P W X[ [Ty P o - [w ¥|[1, B]
0 -fak - BI6Y - Bk
it ‘ _ , .
where Tg;¢gow(V)tf:G: and ety = id'_on ¢gow(V1=. .
: . - _ ' ¥
Conversely, suppose we have any other complete smooth atlas = ¢

deflnlng a manifold structure on G/H ' that satlsfles the.

two properties above. Denote this new. structure by (G/H)' ..~

S G . b. .
. L Tox T S S
: G/H ~ - (G/H)" ' |
| id - 1

Then the identity‘map apd its inverse are, smooth at a nbd of

T every. point and ‘5o are themselves 'smooth Thus the 1dent1ty

map is a dlffeomorph1Sm and so we have (G/H)' = G/H .
.\ ] i 5, .. hd '

Now that a smooth homogenous mahifold structure has been deflned

on G/H (and on J2n }, we examlneémore closely its: consequences.

In the case that n=1, lemma III. 12 tells us that w(V) = G/H ’ ‘

~and so the manlﬁold structure on Jon, can be generated by only

one chart. [This also mears that Jon lsrhomeomorphlc”to a
real plane with a straight line removed, ‘ie. the .topological
sum R2VR2 ‘ S ' '

. . . ) . . -,. . O
However, for hlgher n it is in general not true'that the
manifpld structure &gn he spe01f1ed by one of our charts, as‘

the counterexample’ln IIT.12 shows. Coa R

- . , ' .
q

» . ,l . . ) . .- * "
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20. Theorem: Let ¢ be the action defined in III.1

" Then ker ¢ = { kIo, | k & R~{0} } .

. proof: By 112:3 and II.34, ‘ker ¢ = {heH[ghg‘lsP rﬁfth} .
: Thus all matrices of the form _kIyn. k#0. belong to ker ¢

To show that there are no,others we take specific cases ‘of

geG to eliminate the others;

We will denote by.squgre partitioning.g=Eil_iil, §'1=[?1 Bﬂ '
‘ : : 3 A3

By By
. Oh=[;g=g_ . i Take case A,=RA4=0, A4~I A1=ZI.. Then 82—83—0,
- B4=I, B1=%I . Then ghg“‘l [2 ]I: :[ ;510] I:Z :I;SICE]
[ c 20 .
-5 €H + 2D=%D,+ D=0 . Now take the 31mp11f1ed case

D=0, Az—ﬁ3-—0 32 B3, Px4 I=By., l-—All . Then g_hg'l =

A, o {AT+ O ’ cajl o W ' ‘
1 - = ‘1 -l = -
—— ({ For 1<s,t<n s#t. define 15+ to be the identity matrix

v - exdept for the s, f .entry which'we set = 1 . Then 1st-l.
is the identity mat ix which has _-li in the s,t th entry. )

—3- ﬂ-c - . C 7 .
r e C 11 "' TIn ¢
Then tc1\£ R 117" Cln "= | 1,71
S c ...Cc__+c S
' s L eeal sl "tl n “tn
‘ nl , nn . .
r_/"‘ .“ ,cnl .s '-cnn -
f PR o -C - .g . N - . -
|11 7771t T1sT T ;
e +C. ... + :
) Ce1%%1 " "%t %kt " CenT%n - "~
= “Css™Cts ..+ | =C implies, if one takes all
c .- r .-‘n -C PR o4 ‘ . &P" ' i
cnI‘ cnt ns - onn° L - .
| ) . . . ) - v s . ' = - :
. 5’.ch01ces of s.t ,Jthat cij =0 for 1 # j , and tha; C; s S35 - 1
v . ' | . Co-
. Thus ker ¢ = {g&ngJ=Jg -%éJtJ {kI |kgR\{O} } .

'



T .' t K ' '1, . ' C ‘. . . /

.o ' N ) ) ' - 22_ \ .
22. lemma: Let H “be a épbgrgup of (any |group)” G . Then
{geG|gHg™1=H} = {geG|gHg~! < H) iff o ’
P g ¢ {geG|gHg™l & H} +» g~Vg {geG|gHg™1 c H} ..

o proof: trivial. &

“23.

If
and if E};‘ B] has an inverse, it is off the form |:C [ﬂ

then getseslangle w - et - (M A2][S B [B1 22

lemma A .B] _ o :
[—B A:I has an inverse, it is of the form I;g B] ;

~h D -¢| °

b

proof: The first part follows from III.4 or III.S The second

part follows from the obsgrvation, that
. Ia Bl"l_ [¢ b A B|-1 S
e R ALS e BT8R 5

i . .
Theorem> y(y) = {qgeG|ghg~l=H} = {[;g g]eG} vl ;g]eG} :

By By

r

proof: Take g¢eG . Then denote g é‘[%l A%‘ and g~ 1 = [%I-B%l

Az By
cD

We will denote an heH by h =.|_g ol

¥

LY
(AjCB1+A,CB3)é (ADB3=A,DB1)  (A;CB,+A,CH, )+ (A;DB,-A,DB,) |
= : - - cH heH
|ZA3C51+A:4CBB)+(A3DBB A4DB1) (A3CB2+A4CB4)+(A3DB4 A4DB2) ‘b‘ .
A=y -

- —_ . . : . heH.
If we take C = I, , then all the terms containing" C ' cancel
and only terms containing D remain. . If we riow take all
possible sums of these equations where D has exactly one
non-zero entry in each, and if we proceed in exactly the same
way for the remaining terms containing -C only, then we have
that the last two eguations. are equivalent to the following:

'A1CBj+ A,CB3 = A3CB,o+A,CBy

A.DB.-A.DB ,
1°°3 2 °1

A.DB.-A DB for every” C “and D .
3ard_R4nR2

i

. ; | : _ o
. ! Dy A a:= b: B B Weos Moo
' We now denote 1 *2| by ij Hig and |21 22| by ij Mijl .
; . [;3 AJ : ¢ij 433 . . |B3 Bg Yi3 2ij |

Define lst. to be the matrix whose s,t th entry is 1 and «
0 elsewhere. If we let C and D equal to 1.4 fbr all

)
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26.

27.
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>»

' values)of s and .t , then the four above equations are

v

equivalent to:

l.. . —
alswtj blsytj €i xtj+disztj
2. =-c. w _.-d. y . = a ¥ +b. _z . :
3. a%syt?-;b%swt? = cy zt:| dls;\:,t:J ) ¥ 1£41,3,s,t%n . (%)
is7t]y Tis t3 s"ty isvtj .
4. -c, cLtd. . =
clsytj dlswtj a ztj bisxtj

.~3. .+ . . . == { .- -C.
2 3 +,(xtj ytj)(§15+dls) | (ztj wtj)(bis cis)

gase F t,3 ‘st ztj-wtj#o ; .
Xegt¥eg=0 @ ajgt854=0 , bjgmcig=0 i,s
’case xtj+ytj#0

Then 1.+4. -+ (xtj+ytj)(bishcis) = (ztj'wtj)(ais+disj_ |
. 1l<i,5, S, t<n.

‘case

+y- -
=L (b-c)=(a+d) , Vi o
+ : + aig+d{s=0 & bjg—Cis=0 ¥i,s ™
| X X(a+d)=—(b—c) isT8is 1s7C1s™0 '
case  ZysWig =0 -b(t j ‘
case 3‘ t,j st th+YtJ§‘0 ay + i =0 & biS—ciS=0 #i;s
case Xyi*tyyy=0 A t,3 :III.23 » a35~djg=0 & bygtc; =0 #i,s .

Thus an& ge{geG{gHg‘1<: H} can only have the form

[ A B B e i Lo

-B é] - [% _,] And by verifying the equ?tlontl (*)
we have that any nen—51ngular matrix of the form _[;g g] or
A B , .

B é} is in our set. e

But from III.22 and III.23 we have that N'(H) 1is made up
precisely of these matrices. - ] "

.. o~
Corollarx N(H)/H is a cyeclic group of order 2

Eroof- This follows ea51ly from the fact that [% _é}[: _?]EH .

-Coroliarz ‘FrominI 30 it now follows that there are‘exactly
two bljectlve equlvarlances from (J5,,¢) > (Fp,.0) . '

(In fact there are exactly two equlvarlances as well, because

“'we have: every equivariance on a homogencus G~set is bljectlve

iff  {geG|gHg~1=H} = {geG|gHg~ lecH . ) -

We can find the eqﬁivariances_expliéitly by subsé%ting in the
functions defined in- IT.29. As coset representatives we choose

I
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30.
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32.

33
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The_first equivariance ¥ g (gH)

The second one is Y _(gH) =
‘ o n2H i
1nterpretatton in J2n : anH(g

4 -

= gH " is the identity map.

gn51H<='gn2H . But this has a nice.

-1y = -1g-1 = = -1

Thus the second equivariance (in ) is the map which- aésxgns

to each matrix (or linear endomorphlsm) 1ts inverse.

u

One of the topologlcal propertie

s of JZn is that J2n is not

compact because, for example, the sequence

5

0 kI,

} < J,  }s' unbound

{|_L
kIn 0 k=1 2

)

Another topologlcal property of
two (path) connected components.
well-known facts that GL(n;C)

“has prec1sely two connected comp

Define an equivalence relation
J; vJI, if Fs det s >0

lemma: 'If Jl " J2‘ and if - J1

proof : Jy VI, F'S det S
IIY

-

'Also. J2 £ J2 >3 = V' st

. o7
Thius ~ §J,571 TJZT L. s vggv-
+ 34 = (V"ls 1TV)J0(V 1s~irv)-

I§I det (V- lS‘lTV) >0 - ‘det(s”

And since det § >_0 , also det

ed,

Iy, is that it has exactly
To show thlS we will use the
is connected and that GL(n R)

onents

voon Jén by

_ -1
st J; = 83,571 .

= TJzT-l , then det T > 0
>0 st Jy = Sst‘l'.
J, = vIv Ll o

1 (sflT5VJOV'1(S'1T)*1
-1 4+ v-lg-lgv ¢ ®
lry > 0 ~». det(sT) > 0 .

T >0 . 9

Corollary: If Jq % J, then 3 S det § <0 st Jp = 53,871

- o

i‘COrollarx: 'If Jl " qz,-and Jy % J3 o then Jp v J3 .
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. proof: \Ul ="83,5"1 = og;7"1 where “det S, det T < 0 . L S

© Then Jp'= (s"lmag(s7lr)=l where getis™lm) >0 .} 1

34.

35.

©_36.

; -
Tﬁus'therg are preciéely two equivalence classes in Yo « If.
ong takes Jy v Jp then Jg = SJ25'1 det § > 00 . Then,
because GL(2n;R) has two connected compohents which consist
vf those matrices of positive. and negatiﬁe.determinant, there
exists a path p:lb:l > GL+(2n;R) from I to ~§“; Then
p':[b,l' + equiv. class in J§, “Wefined bé% p'(t)'=dp(t)J2p(t)'1
is, a.path from J; to Jy .- L !
And because elements in distinct classes cannot be joined by a ¢
path, therefore the connected components of J,, aré precisely

its two egquivalence classes under "..

It is.well-known that the set H of quaternions cah-by considered
in a natural way as a complex v&étorspace, whereby the comp_;Lex'm
structure is-.induced by the ring operations.

Since according to our genéréi theory R* can carry an- 8-dimensional
manifold of compléx structures, it seems worthwhile to.inveétigate
which of them can be considered "compatible" with the algegpra
operations. : - , Tb

-~

We first dtate a useful lemma:

lemma: If J' is a real square matrix, then any two of the

- following imply the third. ~ \
1) J is. orthogonal: 1JJT = I ; ' .

\ ~2) J is a complex structure: JJ = —I-; - _ -
3) J is'skgw-symmetric: gt = -3 . )

37.

Let H denote the algebra of guaternions. Then as a real‘vgctor
space H ‘is isomorpﬁighto R" .

' . ‘ . .
In the following whenever we use matrices to represent linear
endomorphisms we will do so with respect to the canonical basis
B ,of H .,Also, our quaternion norm N will be defined wrt

the canonical scalar product '~ Xy = IxXjy; -
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The s;mplest way in which one can con51der a complex structure | :

"compatible" with H 1s the following: P f
-*Let dg & H . Then deflne R-linear endomorphlsms

qu‘x) = qO-Hx and; JqO(x) = x.Hq ,*fxEH . qhen

38. Definition: We say that the complek structure 'J oan be’

simply‘represented by_a'quaternion if EquEH st either
. S . ) .

J=,d or J=2J .
g 9
: ; 2 - 2 2 (. = 2 ’
39. Since qQJ (#) q, % and Jqo (x) Xdy? o, qOJ and -JqO are v
compleg structﬁres iff q02 = ]‘l;0,0,0Y .

And since q02 = (a,b;c,d)? = (a?-b?-c?-d%,2ab,2ac,2ad) . , this is
“true iff a=0, bi+c?+d2=1 .

A simple calculation shows that the rebresentation wrt B of

such complex structures is

0 -b ~c -d|f 0 -b¥-c -d _

b 0-d c b 0 d-c T T
qOJ =le 4 0 -b _-and Jqo = C:fd 0 b r wher? b<+c fdz;l -

d-c b 0 ‘ d ¢ -b 0

A

Thus CI,OJ' and Jqo are orthogonal and skew-symmetric wrt B\

N

40. (There is also a converse toT&he above. If we-take'any ortheogonal

Awrt B ) complex structu;e; then by III.36 it is also skew-
etrlc. But - ' . . !
41. ‘lemma: Every‘ 4x4 orthogonal skéwsymmetr;c matrix J has the

form of one of the above two matrices.

proof: ‘ ' 10 -b -c :a ,
J has the form J = 2 fg, g "Z , J orthogonal.
d-y -z 0 .
By applying algebfaic.manipulations and by distinguishing cases,
.one obtains the solutions for x,y,z : either x=d, y:—c} z=bg
or .x=-d, y=¢, z=-b . 1
L §

42. Summarizing the abbvq,ﬁée have the
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theorem: If *J isa complex structure on H,, then

J can be (uniguely)- simply rﬁpresented by a quaternion
~»iff J‘._1s orthogonal (wrt B )

iff J is skew-symmetric (wrt. B ) . . !
9 L o
43. Corollary: 'The set of matrices which are complex structures
simply representablerby a guaternion is precisely the set of

matrices which are arthogonal and skew;symmetrié.

The set of such coﬁplex structures forms‘a_submenifold of the /
manifold of all complex structures which is homeomorphic io

two copies of the sphere §? .

44, Example: Take the canonical complex structure\.

T e
.J=J0= -—l 288 . Then JO:J.(O;O_,—I,O{' ie. .JO(‘X) = X-

o

45, There are other ways.in which one can try to represent complex&f
. structures by quaternlons. '

One way is by J(x) = p-Hx + x+yg , where, p=(p0,plpp2,p3) -and
q=(q,,9;,9,,94) are constant. Then the representation wrt B is:

o

& Po*qo Pl 93 “Py749, P3 q%

-|P1tay Po+qo ~P3td3 Py=d; | .
= . -th ial e
J P2+q2 P3‘Q3 Po+dy -P1+d; If we take't e spgcial cas

p3+q3 P2+q2 Pl_ql. Po+q0 = .

x~(l 0,0, 0) , then  J%(x) = .p+q)2~qp+pq = (-1,0,0,0)
T (ptg)? ((pd+q0) (pl+ql - (pyta,) 2=(py*ay) 2 2(pgtay) (pytag),
2(p0+qd)(p2+q2),2(po+qoh(p3+q§%t

;s

I

(-1,2pq,- 2p2q Zqu -2p,d, /2P ,9;~2P,9,) .
~ V2 _ - 2 . o1

(Pytay)? - (Py+ay) = (py+a,) P = (pyHay) 1

(Pota,y) (Pytaz) = Pya;-P19, . | ‘ - o

If we eomperé’the result after choosing -x=(0,1,b,0),'Xé(0,0;l,O),.
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. -

and x=(0,0,0, 1) then we see that the RHS of the 1ast three
above equations 1s zero. "~ Thus we obtaln two results: first,
o ;?Et p and - g /Qommute, and second, that p +q =0 . The
econd result tells us that J is a skew-symmetric matrix and
thus orthogonal, and thus simply representable by a quaternlon.

Thus we do not get any more complex structures in thlS way.
{ .

46.,Nor do we get any more if we try J(x) = = PrgXgd - If we let
N(x) = N((xo,xl,xz,xs)) = /(% xlz)' be the quaternion norm,

i=0 : . i ‘ v_
.and if we take the norm of both sides of J%(x) = p?xqg? ¥ -x

';then we obtain N(pqi_= L.
Thus N(J(x)) = N(pxqg) = N(X) , and so the representation of J
. wrt an orthonormal basis is orthogonal. Thus J. is simply

representable by a quaternlon.

1
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Chapter IV ~ THE SET OF QUATERNION STRUCTURES | ’

]

o

Ot Very mgch in the ‘same .vein as for complex structures, one has
similar results if one studies the ways to make a quaternion vector
space from a.complex.veetor space. Since the queternions are -
not commutative multiplicatively we can have two types of
quaternion Gector spaces, where the scalar multiplication
is asx  or is ®-a . For our purposes it doesﬂnotzmatter"which
one we plck, SO we arbltrarlly choose multlpllcatlon by the

sca}arﬁeg\the left. ’ - _ : ;

l. Similarly as in Chapter I, if (V,¢,°'y) is an n-dimensional

‘vector space over the queternions H , then, (V,+,-C) ; where A
‘c T 'H|CXV , 1s a 2g-dimensional vector space over H .
ra o , < . ‘

‘?q Define £:V+> V where f(x) = jeyx . (Using J gives;the simplest
" formulae, but similar consequeﬁces cpuld be obtained by . ’ -
multlpllcat;on by k .) Theh f(x+yf = f(x) + E{y) and
f((atip)® cx) = - (0-iB) *cf(x) imply that £ is-a conjugate linear
endomorphlsm of the vector space (V,+,'C) . - o
Note that f satisfies £? = -idy, , and that the telation
between <y and ¢ is .- . - \
PlatiB+iy+ks) cgx = (a+iB) ox + (y+i8) *cf(x) .

2. Theorem: Conversely, given a conjugate linear endomorphism K

on (V,+,*0) such that X2 = —'dv , then we obtain_a quaterﬁion'
vec;oriépace (V,+,°x) where the extension K of - 1is’
defined by (a+if+jY+k$§) "gx = (a+iB) - ox + (y+1id) CK(x) .

Eroof;' We need to check the axioms: i -

1 (a+iB+jY+k5)*K(X+y) = (a+13+;y+k5) ‘xx + (a+if+iy+kd) gy ;
2) (B +Iy k) + (a4 i85 Y,+kE,)) g }
d = ((ag+iB,y )+(a2+182)) cx + ({y i)+ {yy+id5)) T (x)
= (a1+1Bl+le+k5 ) oxx + (o,+iB otIY k) xx



L3 Awyris+Ivy ke, -

= (o +1s )ro((oy+iBs) - cx+(Y2+16 ) cK(x)) B

.ar—30—

K((a2+132+3y2+k6 ) Kx)

+ (Yl+161) *cK((ay+iB,) Cx+(72+162) CK(xg)

((a +iB4) (o, +iB o) (Y1+16 )(Y2~16 )) -cx

+ (e +1Bl)(Y2+16 )+(Y1+16 )(a -iB )) CK(x)

(o +1Bl)(u +182)+(371+k6 )(jY2+k6 )+

(al+181)(Y2+162)JT(Y1+161)(e ~1B,)3) "kx

= ((al+islfjw}+kai)(a2+i32+jyz+k52y)-Kg T
X » T '

4) legx = legx =

1.

r

Definitioh. Such a conjugate linear endomorphism K - as descr&bed

in* the prevmous "theorem we will call a quaternlon structure oh

the complex vector space

—

(v, +:'C) .
1

Thus a quaternlon structure is a conjugate llnear endomorphlsm

K such that K?* = —I -

Note in all the above that if we. had considered gquaternion

vecEBE“spaces with 5calar mﬁltip1ication on the right,.then.l

everything would;still be true, with only a minor adjustment

required in.the definition of %he.eXtension *k . Namely, |
Koy (0FLB+IY+k8) = xba(a+iB) + K(x) +o(¥y-16) .

—_—

“-

THus a quaternloﬁ‘structure can be con51déred independent of

whether we have a rlght or left vector space.

The interesting fact about quaternion.structlires is that, though
one expects that the fact th#¥t K is conjugate 1inear'(in§£€ad“'

of 11near) will cause problems, actually almost evehythlng whlch

- works for complex s%igctures also works for quaternion structures.

One can define a matrix representation (wrt a base)‘of a conjugate

llnear endomorphism in entirely the anangous way as one does

for linear endomorphisms.:

A slight problem is that the composition

of- twc'conjugate linear endomorphlsms is a linear endomorphism, and '’

that the com9051t10n of a- conjugate linear endomorphism w1th a

linear endomorphism is a

Since a given matrix K

conjugate linear endomorphlsm.

can denote either a linear endomorphism'

H
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. ;1 [ | S o J-1T= - ‘ |
l:é gJ H= |o" SZI.,H (eG/H)  iff [Z] = [é f,il [%] Cwith det Q # 0 .
. | - » I~k

or a conjugate linear endomorphlsm, we will denote the associated P‘

endomorphlsm by K and Ke. r resbectively. R
~. . . ] . - .‘ v Fl
Then the matrix representation of the composition of different
types of endomorphisms is: ' m(JeK) = UK . m(J.eK) = (IR)
-  M{TeKe) = (JK)g m(JgeKg) = JK . '
. L \ ) ) : lQ _. ..
Definition: K, = {KceGL(zn;C)[ Ke?=-I,.} c G;(gn;o) .7
. .’ . . . ’ : g ] o N
Define action ¢:GL(2n;CI* Aut'Kyy where ¢g(Kg) = gkl .
" Then results Qnaiogous to’ -III.1,2,3 hold. -
"In III.4 however, the explicit characterization of’ G(K ) ' \\\\\
becomes | A Bl L 0" |
: GKO‘ = {[_§ K:I € GL(2n;C)} .

In IXII.5 the 1somorphlsm e:GL{n; H) ~ Gy is given by
0

N ‘
e (A+Bj) = _% \g] :

i . ' . -

i

Lemma III.1l becomes - _ - =

The.change in this lemma, though, prevents us from making our

next result e;raner: - .

e |

Since matrix multiplication, inversion, and conjugatlon are

-smooth operations, we have that K, %an be given a smooth

real manifold structure . .
of dimension 4n? , but unfortunately in this wav

one can not make a complex manifold out of K2n.' though one-

" would have a much stronger result than one has now. Also, complex

manifolds, as all nice things, are rare. ' o .

-yl . . . »

- ker ¢ is the same as in III.20 but N(H) 1is probably larger .
than in TIII.24 . ) S * -
K,, is not compact,_but Kzn- is conneoted (in contrast to J, ) -

-
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