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ABSTRACT

In this thesis, we present a new technique of semiconductor modulation that maintains
simplicity of design and overcomes many deficiencies of current direct modulation
technologies. This technique of negative differentiated optical injection locking, makes it
possible to equal or improve the Q factor and reduce the chirp penalty of a directly
modulated laser source. Using this new structure we stabilize the dielectric properties of
the slave laser, beyond the performance of standard optical injection locking, by reducing
the refractive index excursion in the active layer and minimizing optical frequency chirp.
This enables more reliable bandwidth efficient communication without compromising
linearity or demanding prohibitive control complexity. We contrast this technique with
direct, standard injection locking, electro absorption and Mach-Zehnder modulators at
various speeds and find that our particular technique demonstrates desirable trade-offs

between performance, control flexibility and simplicity.
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1. INTRODUCTION

1.1 THESIS MOTIVATION

The idea of confining electrons and holes in double heterojunction lasers was first
published by Kroemer in 1963 [1]. This proposal eventually led to the development of
attractive alloys, such as GaAs and InGaAsP, in semiconductors lasers for use over the
2™ and 3" generation transmission windows of glass fiber. By 1974, Dingle, Weigmann
and Henry [2], produced a double heterojunction active layer less than 30nm thick,
resulting in a quantum confinement of injected carriers. These devices brought increased
reliability and superior commercial telecommunications prospects through their higher
gain, lower threshold biases, and superior efficiencies. In these devices, the thin active
layers of quantum well designs break the energy-momentum profile (see Appendix B) of
permissible energies from a parabolic continuum to a discrete set of permissible energy
density states. Thus, larger portions of carriers contribute to lasing as well as improve the
linewidth enhancement factor of the device. Another essential feature of semiconductor
lasers is that modulating their input drive current can directly modulate their optical
ouput. This has been shown [47], to be valid up to speeds near the relaxation oscillation
frequency of the device, given by

(1.1)

27




Chapter 1 Introduction

where c¢' is the velocity of light in a particular environment, d% 2is the differential gain,

S is the photon density, and 7, is the photon lifetime. This rate is usually not achieved

in practice as modulation speed is generally limited by driving electronics parasitic
capacitance, which also limits the utility of electrical pre-distortion, and not by the
relaxation oscillation frequency of the laser. The optical bandwidth of the modulated

signal however is a very different problem altogether.

There are three important technologies, for optical fiber, which attempt to address user
bandwidth demand [40]. The first is, Optical Time Division Multiplexing (OTDM),
which uses interleavers to provide extremely high data rates. This technology has led to
dispersion compensated signalling such as soliton transmission, pico and femto second
pulse shaping. The second is, Optical Code Division Multiple Access (OCDMA), which
admittedly is still in its infancy, but draws from a rich electrical heritage. It offers the
possibility of reusing the same bandwidth over and over with simple efficient means for
maximizing the practical spectral bit utilization of the channel. It remains in its infancy
due to limitations in high-speed optical signal processing techniques. The third and more
disruptive technology is that of Wavelength Division Multiplexing (WDM). Since the
late 80’s WDM has provided a measure of scalability attractive to the demands of data-
driven traffic, requiring far less stringent timing complexity than is necessary using
OTDM or OCDMA. In WDM, the channel capacity of the fiber is divided into equally
spaced frequency bands over which multi-rate, multi-signalling and multi-users can be
supported. In conjunction with optical switches, optical amplifiers and optical equalizers

it makes for a very dynamic and effective telecommunication network solution. Since the

)
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80’s WDM has evolved, by reducing the channel frequency spacing and supporting more
simultaneous users, by Dense Wavelength Division Multiplexing (DWDM) providing a

more effective utilization the available optical bandwidth.

The most critical aspects of laser emission in Dense Wavelength Division Multiplexing
(DWDM) systems are channel width, modulation rate and frequency stability. These
issues are physically entangled with the laser structure and its operating parameters. In
the forefront of semiconductor direct modulation optical frequency stability is the
problem of “chirp”. Chirp refers simply to a time-varying change in the oscillation
frequency of the laser, measured by the rate of such a change. Chirp is the result of
changes in the refractive index of the active layer of the lasing material and subsequent
shifts in the laser’s emission frequency resultant of instantaneous free carrier injection
and relaxation. Its effects affect, on a system level, the modulation response, chromatic
and to a lesser extent polarization dispersion [39] and represent a reduction of total fiber
usable bandwidth because the actual bandwidth utilization per channel is increased. Thus
channel capacity and bit error rate (BER) performance of an optical communications link

are degraded.

There are three primary technologies that attempt to address the shortcomings of direct
semiconductor modulation with respect to its chirp penalties. The first is the Mach-
Zehnder (MZ) modulator, an external modulator that splits an optical signal into two
paths of different optical length, recombining them and using the superposition principle

of constructive and destructive interference to key the modulation. A second solution is

(V3]
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the electro-absorption modulator, which couples a gain cavity with a reverse biased
semiconductor that modulates by absorption. In this instance, the frequency chirp shift is
opposite to the chirp normally produced in direct modulation and thus presents the
designer with a useful equalization mechanism over standard dispersion fiber. Finally, a
third technology is optical injection locking modulation. It reduces frequency chirp in a
directly modulated laser’s output by injecting an unmodulated laser’s output into the
modulated laser, a technique known as optical injection. This technique reduces
spontaneous emission interaction with the lasing field and mitigates the relaxation
oscillation time through electro-optical carrier population control. These three modulation
schemes represent the bulk of current commercial technology for high-access optical
modulation. It is important for us to understand how each addresses the issue of chirp and

the technological compromises they engineer to achieve this goal.

Semiconductor optical injection can significantly increases the intrinsic modulation rate
and decreases the frequency chirp of a laser. Frequency chirp is reduced and peak
modulation rate is enhanced because of the presence of optical carriers; overriding
spontaneous influences and alleviating the electrical carrier pressures in the active region,
thus reducing the relaxation oscillation intensity. This technique however has the
disadvantage that it cannot produce modulation at rates as high as those possible with a
MZ modulator. Still, it is a simple robust and highly effective means of low chirp high-
speed modulation and remains linear in its electro-optical modulation. To us, thisis a

significant advantage if understated in the evolution of an optical system towards simpler
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high data rate communication, higher access metro markets, and towards OCDMA

modulation.

Until recently, the primary focus of the optical telecommunication community has been
in long haul applications where the cost and complexity of Mach-Zehnder modulators
were acceptable compromises in favor of their superior speed and frequency stability.
This market has apparently proven to be dramatically overbuilt and thus has prompted a
renewed interest in designing optical systems to meet the demands of more metro market
type applications. With this in mind, companies are beginning to invest more heavily in
developing systems that address the optical communications needs between cities rather
than across oceans, where carrier modulation speed now plays a secondary role to cost
efficiency and simplicity of design. It is in this context that we propose a new method of
optical injection locking. Like direct modulation, the electro-absorption modulator and
standard injection locking, our modulation does not solely attempt to compete in terms of
speed, frequency stability, and optical bandwidth but also as a function of its simplicity

and efficiency of design.

1.2 THESIS OBJECTIVES AND HYPOTHESIS

Our aim in this thesis is to improve the optical frequency chirp performance of direct
semiconductor modulation through a simple signal dependent optical carrier injection
locking mechanism. We attempt to reduce the relaxation oscillation duration, reduce
chirp, and consequently improve the performance of systems employing direct

modulation through this technique.

(9]



Chapter 1 Introduction

The principal causes of spectral broadening degradation in single mode directly
modulated semiconductor lasers are phase noise and frequency chirp. Phase noise is an
issue we shall consider largely addressed by the principle of standard injection locking as
described in Chapter 3. (We present a short examination of this subject in Appendix C.).
Optical frequency chirp however, is the primary focus of this thesis. It has two main
sources: electrical carrier concentration changes and electro-optically coupled relaxation
oscillations. The electrical carrier concentration changes are a fundamental property of
direct modulation and remain a physical penalty to the process of direct modulation in the
form of adiabatic chirp. Electrical carrier concentration changes influence the dielectric
function of the laser active layer and consequently shift the refractive index of the
material and its emission wavelength spectrum as depicted in Figure 1.1, which shows
the typical evolution of these material parameters under a current step function and is

intended to simplify the understanding of the relationships between them.
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Figure 1.1 Semiconductor relationships of material properties due to a current step function.

The relaxation oscillation that occurs from instantaneous electrical carrier concentration
changes results in an equilibrium searching condition between the changes in electrical

carrier concentration and optical carrier concentration. This is an uncontrolled process in
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direct modulation (DM) and standard injection locking (SIL), and one that we attempt to
address in this thesis by modifying the practice of standard injection locking taking into

account this effect.

Master Laser Isolator Slave Laser

Negetive
Derivative and
Delay circuit

Modulation Stream

Figure 1.2 Schematic diagram of negative differentiated optical injection locking.

Figure 1.2, depicts the system topology of our proposed modulation. Essentially, a
differentiated version of the electrical input signal is used to drive the optical
characteristics of the master laser as it is injected into the modulated slave laser.
Typically, the relaxation oscillation duration and the gain mechanism of the slave laser
result in a birth-death process between electrical and optical carrier populations in the
active layer of the laser. By optically controlling the relaxation oscillation mechanism we
propose to mitigate a degree of the adiabatic and transient chirp, which brings us to the

statement of our hypothesis:

Hypothesis:
Addressing the electro-optical carrier population dynamics with a proportionally negative
differentiated optical injection field can mitigate the adiabatic and transient chirp of a

directly modulated semiconductor laser.
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Mitigating chirp focuses the spectral utilization of the signal and reduces the influence
optical amplitude phase coupling. The technological audience of negative differentiated
optical injection locking is not to address high power long haul telecommunications
lasers. It is rather to present a simple solution in the emerging or future DWDM metro
networks. Also, it is to present a solution to semiconductor laser applications that require

a high degree of frequency stability upon modulation.

1.3 ORGANIZATION OF THESIS

In Chapter 2, we present a literature review of semiconductor electrical carrier
confinement. Chapter 3 discusses direct modulation laser dynamics and investigates the
theoretical justification of our proposed model. In Chapter 4, we review the significant
results between the transmission line and rate equation simulation models and contrast
them to contemporary external modulation devices. In Chapter 5, we conclude the thesis
presentation and précis the work to date. There we also discuss possible future
enhancements and research which might help better understand the physical limits of our
new optical injection model. Finally, in the appendices we examine the relevant subjects
of dispersion, quantum confinement, noise, and present the MATLAB engine developed
to simulate the direct, standard injection locking, and negative differentiated injection

locking models.



2. SEMICONDUCTOR ELECTRICAL CONFINEMENT
REVIEW

2.1 MOTIVATION

In this chapter we review the static physical framework of the most important feature of
semiconductor technology, that of electrical carrier confinement. The main feature of a
semiconductor laser that makes it so attractive as a technology is that it can be directly
modulated. Ironically, the mechanism of this feature is also the source of its greatest
technical challenges as the effects of modulation rate, relaxation oscillation, and emission
frequency stability are directly related to its structure as shall be demonstrated in

Chapter 3. In this chapter, we will investigate the basic evolution of the semiconductor
laser from the simple pn junction to heterojunction carrier confinement and relate
refractive index to bandgap energy and emission wavelength for Al,Ga,,As. In Appendix
B, we go further by investigating the quantum confinement of electrical carriers. Finally,
we shall briefly review the implication of direct vs. indirect bandgaps in semiconductor
lasers, which will set the stage for the next chapter, Chapter 3, investing the dynamics of

the semiconductor laser under modulation.
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2.2 THE HOMOJUNCTION DIODE

We begin with an exploration of the pn junction, which forms the core of semiconductor
lasers and receivers. Doping part of a semiconductor crystal p-type and an adjacent part
n-type creates a pn junction. By investigating the depletion region of the junction where
the concentration of mobile carriers is reduced with respect to the bulk regions, we can
investigate some of the semiconductors fundamental properties. Under equilibrium
conditions we first make the assumption of charge neutrality for the device. We would
initially expect diffusion to take place and equalize the carrier concentration throughout
the semiconductor crystal, but we must also take into account the effect of charge
balance. As majority carriers diffuse across the depletion region, they leave behind
ionized atoms of opposite charge that are fixed in place within the crystal lattice. From
Gauss’s law [44], the net charge density produces an electric field in the semiconductor.
The generated electric field opposes the diffusion of the majority carriers. The carrier
concentration imbalance between regions will cause an inevitable charge imbalance. The
jonic charge imbalance counteracts further carrier diffusion until an equilibrium point is
reached where the net flow of carriers is nil. By integrating over the electric field we see
that a built-in potential difference exists over the device under thermal equilibrium. If a
forward bias is then applied, using Kirchhoff™s voltage law, the depletion region must

accordingly shrink. Similarly, the opposite effect occurs if the device is reverse biased.

Building on these notions in the depletion region, we might ask if minority carriers will
slide down the built-in potential of the depletion region. If so, what happens to the null

carrier flow in the bulk regions of the device? Clearly, to maintain flow neutrality

10
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minority carrier drift must be compensated for by majority carrier diffusion in the

opposite direction.

Applying a forward bias to this model decreases the potential hill in the depletion region.
Thus the slope of the band edges in the energy band diagram of the device is reduced
with respect to thermal equilibrium. Therefore, the electric field and potential difference
at the ends of the diode must also be reduced. Subsequently, the barrier for electron
diffusion is reduced and electrons are more likely to make their way through the
depletion region. The same argument can be applied for the holes in the p-doped region.
Drift current, however, usually remains near its thermal equilibrium level since its carrier
supply is limited by thermal generation. This is the fundamental path that will lead
electrons from the conduction band to recombine with holes from the valence band and

produce light.

Applying a reverse bias to this model increases the potential height in the depletion
region. Now the slope of the band edges in the energy band diagram is exaggerated with
respect to thermal equilibrium and the potential barrier is increased. Thus the majority
carriers are further blocked by the potential hill and minority carriers dominate current
flow by drift. This flow may be significantly increased when excess carriers are created

as is the principal of a photodiode.

11
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Figure 2.1 Semiconductor Fermi level and depletion width with bias conditions.

When the junction is forward biased according to [3], the Fermi levels between the bulk

regions split because of the injection of minority carriers. This injection creates a region

over the depletion region where there is a high concentration of both electrons and holes.
Considering the higher mobility of the electrons, the majority of recombination events

will occur in the p region after diffusing a distance d given by the diffusion length

“.qr,
d=,—. 2.1
P 21

where 7, is the carrier lifetime, ¢ is the charge on an electron, 4 is Boltzmann’s constant,
T is the temperature and , is the electron mobility. The rate equation governing the
recombination/loss mechanisms of the minority carrier injection 7, into the p region is

given as follows:
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where 7 is an arbitrary fitting parameter and p, are majority hole carriers. If we were to

assume the electron distribution at 7=0K a few electron volts above the conduction band

edge we could estimate the number of electrons per cm cubed as,

— , (2.3)
37 h

where m1 is the effective mass of an average electron, AE is the electron energy and / 1s

Planck’s constant, this equation can be related to a current density by the relationship,

J=nae 2.4)

(2"

Clearly one important feature is that the diffusion length and carrier lifetime play a
pivotal role in the current density. For typical values in GaAs homojunction laser
structures, J =23.5 kA/cm®. Among the other disadvantages of homojunction lasers are
lack of design freedom with respect to the depletion length; the dimensions of the cavity
do not allow for a cylindrically symmetric beam pattern and the minority carriers are free
to diffuse where they will. Another important feature according to (2.3) is that carrier
concentration and effective mass are related to an energy change, which can be related to
a change in emission wavelength. In Section 3.5, we will explicitly relate carrier

concentration and refractive index changes.

In order for electron transitions to efficiently result in stimulated emission between the
conduction and valence bands, energy and momentum must be preserved. Although

photons can carry significant energy hc/n(w)A , their momentum is quite small 4/ n(w)i,
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where cis the speed of light, and n(a)) is the refractive index of the medium.

Semiconductors are classified into either direct bandgap or indirect bandgap for this
reason. A direct bandgap material is one where electron and hole momentums are
identical; during recombination, a photon is emitted with little other effect. However, n
indirect bandgap materials the conduction band energy minimum and valence band
energy maximum occur at different momentums. To conserve the momentum crystal
lattice vibrations, called phonons make up in heat the difference in momentum. Apart
from generating unwanted heat, the simultaneous combinational probabilities of
recombination, with an appropriate phonon, make indirect bandgap materials generally

less inviting for our purpose.

2.3 CARRIER CONFINEMENT

The main draw back of the pn junction is that the carrier confinement is so poor as to
only allow a region of about 0.01 micrometer of sufficient gain to allow lasing to
dominate over absorption. Such homojunctions generally have not been able to function

at room temperature.

However, by using a heterojunction we can more efficiently confine electrical carriers in
the active region in the plane perpendicular to the junction. In this configuration the
active layer bandgap is sandwiched between two cladding layers of larger bandgap
energies. When they are forward biased, the injected carriers can become trapped

between the potential well of the cladding junctions. This confinement of carriers makes

14
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lasing more easily achievable since the necessary current is greatly reduced even at room

temperature.

Another important form of carrier confinement is lateral confinement. Lateral
confinement improves laser efficiency and beam shape. One method commonly used to
achieve this lateral confinement is by varying the refractive index discontinuity between
the active and cladding layers by total internal reflection, as is similar to the fundamental
practice of an optical fiber for photons but for the confinement of electrons in this

instance.

2.4 DOUBLE HETEROJUNCTION DIODE

In [4], we learned that creating semiconductors between two dissimilar materials form
heterojunctions, which enhance the electrical carrier confinement between them. To
allow the growth of one layer, say of AL,Ga..As, under another material layer, of say
GaAs, it is important to have nearly matched lattice constants as shown in Figure 2.2.
This matching is important to minimize lattice strain and to minimize the density of traps

at the surface.
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Figure 2.2 Lattice constant, bandgap and emission wavelengths for selected binary substrates.

The most important role, however, of this heterojunction is that as the percentage of Al
directly increases the bandgap and it directly influences the index of refraction
accordingly. This allows us to confine electrons and photons into a region using Snell’s
law and the band gap by growing a third layer, of say Al,Ga,,As, over the second layer.
These effects allow for a generally wavelength designable device with dramatic
reductions in threshold currents due to the enhanced electrical confinement of carriers in

the active region.
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Figure 2.3 Bandgap and refractive index dependence of aluminium gallium arsenide.

Figure 2.3 depicts the dependence [5,6] of the bandgap and index of the refraction x, on
the fraction of aluminium in the alloy. It is important to note that bandgap energy and
refractive index are generally related. If we further increase the electrical confinement of
a double heterojunction laser down to the DeBroglie wavelength of the active material we
can break down the energy momentum profile into a discrete number of permissible
energy levels as described in Appendix B. What is of general interest to this thesis is that
in all the semiconductor structures we have classified, they all conform to the relationship
that changes in carrier density, effective mass in the active region, precipitate
proportional changes in refractive index, and emission wavelength as detailed in

Section 3.5. The particulars of this relationship we shall postpone until then however;
what is of interest to our current literature review is that dependence on material active
layer refractive index remains a fundamental property of any directly modulated

semiconductor laser.

17
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2.5 POPULATIONS IN A SEMICONDUCTOR LASER

We are interested in the lasing action that is possible within a semiconductor, which can
be described by the following chemical equation

electron + hole— (hv)> E . (2.5)
4

For this reaction to occur with high probability, it is necessary to conserve the momentum
of the involved electron and hole population interactions. This conservation of
momentum usually translates itself into favouring direct bandgap materials for light
emission. The conservation of momentum requirement in this context corresponds [7], to

the following equation

hk, +hk, =k, (2.6)

where % is Planck’s constant over 27, k is the wave vector, where the subscript f
indicates the wave vector of the final electron state, p the photon state, and i the initial
state. Considering the following conservation of energy assumption, letting the electron

temperature equal the lattice temperature, we can approximate the momentum of the

electron ‘hl-c- ‘ by using the relationship

myv'  3kT,
2 2

, (2.7)

where vis the speed of the electron. When comparing the momentum of an electron

|m:,v| to that of a photon 4/ A4 ,we generally observe a large discrepancy. Thus without

involving lower probability interactions with events such as phonons, the hole

18
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momentum must account for the difference between electron and photon momenta and
thus necessitate an almost direct bandgap transition in order to conserve momentum and

energy.

During direct amplitude modulation, of direct bandgap materials, the amplitude change
couples itself to changes in the phase of the output in part through the material refractive
index change of the laser altering the effective optical length of the resonator and its
output wavelength. Typically in standard injection locking the frequency of the master
laser is negatively detuned from the free-running slave laser optical frequency. According
to Schunk [43], negative detuning is favoured because the electro-optic conversion of the
injected field tends to reduce the carrier concentration in the slave laser. This increases
the active layer’s refractive index thus lowering its emission frequency and all but
eliminates the phase deviation response based on spontaneous emission. Since coupling is
enhanced when the frequencies of the master and slave lasers more closely coincide, this
activity favours the master laser being negatively detuned from the slave free running

laser emission frequency.

Under injection locking the coherent light already in the optical cavity reduces the degree
of amplitude phase coupling by reducing the phase deviation in the transition from

spontaneous to a stimulated emission lasing process by suggesting an emission frequency
to the cavity. However, to additionally mitigate the residual frequency chirping that exists

during the transition relaxations of modulation is the principal target of this thesis.
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2.6 SUMMARY

In this chapter we reviewed the essential feature of semiconductor lasers that of electrical
carrier confinement. We discussed the failings of homojunction lasers and described the
general characteristics of heterojunction lasers. Finally, we introduced the concepts of
bandgap energy and momentum transitions and ultimately introduced the relationship
between emission frequency and electrical carrier injection. We will now focus on
developing these notions further and investigate how controlling carrier densities can be
related to the index of refraction and how such a relationship will present an opportunity

to mitigate transient frequency chirp for directly modulated semiconductor lasers.



3. LASER MODULATION DYNAMICS

3.1 MOTIVATION

Essential to this thesis is the modulation dynamics of a semiconductor laser. In the
previous chapter we examined, in part, some of the physical structure of the types of
semiconductor lasers we are interested in; a more detailed perspective on quantum
confinement is also addressed, in part, in Appendix B. Now that the necessary physical
and historical appreciation of the semiconductor structure have been briefly reviewed we
turn our attention to models of laser dynamics under modulation. The models we will
consider are the standard rate equation model and the phonon-polariton and lattice
absorption/emission simple harmonic oscillator (SHO) model. We will also review
salient laser dynamics relevant to carrier induced frequency chirp and concentrate our
focus on an analysis of direct modulation, injection locking and our proposed negative

differentiated optical injection locking method.

Using the standard laser rate equation model, we will study how the relaxation oscillation
induces a chirp penalty to the device, how injection locking can be used to mitigate the
performance degradation of these effects, how negative differentiated optical injection
locking would compare to standard injection locking in terms of chirp, distortion,

modulation response, stability over injected optical frequency range, Q factor statistics of
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the laser source in relation to amplitude phase coupling, and finally, to contrast these

result to external modulation techniques.

The reason for including the SHO model is to have a physical model to support the
hypothesis of negative differentiated injection locking. We seek to explain why the
change in index of refraction is caused by a change of electrical carriers that can be
directly countered by an opposite change in optical carrier density, and why this will lead

to a optical frequency chirp reduction that will improve the laser source figures of merit.

3.2 MODULATION OF LASER DIODES

In Keiser [8], it was reported that the fundamental limitation on direct carrier injection
modulation speed depends on cavity photon lifetime and spontaneous electrical carrier
lifetime respectively. Spontaneous carrier lifetime is dependent on semiconductor band
structure and carrier concentration and has a radiative lifetime of about 1ns for average
dopant concentrations in GaAs type materials. The cavity photon lifetime is the average
time it takes a photon to either be emitted or reabsorbed from the cavity and is usually on
the order of 2 ps. Therefore, to operate the device the direct modulation duration of the
laser must be longer than the relaxation oscillation duration of the lasing field. If we
assume a linear dependence of optical gain on carrier density, we can approximate the

relaxation oscillation duration as

AT S (3.1)
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where z,is the electron lifetime, 7, is the photon lifetime, / is current and 7, is the

rh

threshold current for lasing.

3.3 CAVITY PHOTON LIFETIME

The photon lifetime is a time constant describing the decay of energy in the optical

cavity. This process is depicted in Figure 3.1 below:

Figure 3.1 Schematic description of photon lifetime mechanism.

Using the analysis presented in [10], assuming we begin with N photons, the energy in
the cavity will be N, v . The number of photons surviving one round trip in the cavity is
N,RR,, where R,R,represent the reflectivity factor of the cavity walls. Thus, the
number of photons lost in one round trip is [1- R R, ]N ,- Taking the limit as the number

of photons lost in one round trip divided by the time taken to complete one round trip, we

obtain the rate of change of photons in the cavity.
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where, by definition, we have labeled the photon lifetime as 7, . One solution of the

differential equation is obviously,

4

N,(t)=N,(0)e ™. (3.3)

. 2nlew)L
For the assumed cavity 7., = ( )

, defined to be the round trip time, where L is the

cavity length. One extra point to consider is that we might model a round trip “lossy”
transmission through the cavity as R R,e™"*", where njrepresents and arbitrary loss

coefficient. We make this point to illustrate that any process that changes the photon

concentration can be incorporated into our model in this fashion.

Later in the thesis, we will contrast our various modulation techniques as a function of
their relaxation oscillation durations as described by (3.1), (3.2) and (3.3) thus relating

the envelope of the relaxation oscillation to the photon lifetime.

3.4 LINEWIDTH BROADENING

Linewidth describes the spectral spread of a laser about a particular frequency, which is
derived largely from its phase fluctuations, which can be divided into phase noise and
frequency chirp. Phase noise, has its origins rooted in spontaneous emissions, which
change the phase of the lasing field through the gain mechanism of the laser. It was
shown, in [18], that spontaneous emissions add new components to the lasing field in the

form of a random phase deviation &, (t) Thus field intensity gives rise to, two phase
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changes, an instantaneous one Ag, (t) and a delayed phase change. The instantaneous

phase change is related through spontaneous emissions is given by

Ag, (z)=5il(j}(—’)). (3.4)

The phase change after the relaxation oscillation was given to be
. acos(@ (¢ -
Ag; () = ‘—"_( '( )) . (3.5)
Jr

A more detailed presentation on phase noise is presented in Appendix C. Frequency chirp
then is largely the result of an instantaneous adiabatic change in electrical carrier
concentration. This change causes the laser to go through relaxation oscillations, which
typically last, using direct modulation, on the order of Ins. According to Henry [19]

during the relaxation oscillation there will be a net gain change of

Ag(t)= —2wAn"(t)

: (3.6)
where n"(t), is the imaginary refractive index change during this time. This change is
caused by a change in carrier density and will affect the real part of the refractive index
#'(¢) as well. The ratio of changes in the real and imaginary refractive indices called the

linewidth enhancement factor is defined by:

An'
o =— 3.7
An S

Henry’s formulation of linewidth enhancement factor [19], encapsulates both the effects

of changing gain and changing index of refraction. It has been described in {21] that

o
(9]
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measuring the coupling between AM and FM noise essentially describes the linewidth

enhancement factor of the laser and is given by,

(3.9)

Electron density changes cause changes in phase. Thus ultimately, we find that electron
density changes change the photon density, refractive index, and optical output intensity

gain). Since deviations in phase result in variations in frequency dispersion, we can
relate the changes in phase to changes in frequency chirp and its evolution by

0= (Adf(’)) (.9)

where, A¢(t) , represents changes in the laser field phase deviation and , Af (t), 1s its
coupled frequency deviation. Thus linewidth broadening can be computed from the

spectral density of the phase given as described in [20], by

1 ®Bn, -
o = 5, 2 () (3.10)

Where S is the photon density, ® is the spontaneous emission coupling coefficient, B is
the radiative recombination coefficient, » is the carrier density and « is the linewidth

enhancement factor.
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3.5 PHONON-POLARITONS AND LATTICE ABSORPTION, SIMPLE HARMONIC
OSCILLATOR MODEL

According to [30], a laser will oscillate at the wavelength at which gain exceeds loss by
the largest amount with the consideration of the mode spacing of the cavity. To study this
we can employ the plasma equation, the Drude model [14], which relates negative

changes to the refractive index of the material caused by the injection of free carriers

602 n qZ/“Z
AI?((U): n(a))_no R P — e (2

pe-—el L (3.11)
Ny dmc nym, g,

where ¢, is the permittivity of free space, @, is the plasma frequency, r, is static
refractive index and is so labelled to distinguish this quantity from the carrier
concentration 7. In Figure 3.2, we show the carrier density n(t), for a typical

semiconductor laser under standard optical injection locking.
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Figure 3.2 VPI simulation of typical electrical carrier concentration in active region of
semiconductor laser under standard injection locking.
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For quantum well distributed feedback structures two guides have their phase velocities
differing by the wave number periodicity of the grating, thereby maximizing the energy

between the guides

ﬁz—ﬁll=27”, (3.12)

where A = A, /2n,_,is the mechanical periodicity that maximized the energy interchange

between the two guides. Using the definition of the phase constant (see Appendix A)

B=2mm ;! 2. (3.13)

We can express the wave number as

A=A

Mooy =My |- (3.14)

We observe that the output wavelength is especially susceptible to the refractive index
difference. In this section, we shall present a more detailed development of the Drude
plasma model and relate it to our proposed model of negative differentiated injection

locking.

From [13] and [14], if we consider phonons that interact with the lattice by way of
electromagnetic radiation, we might quantify the dielectric properties of an isotropic
medium by quantized simple harmonic oscillators. Consider the applied electrical field
E(@t) = Ee’™, (3.15)
inside the medium. Consider also that the harmonic oscillators are of mass m and charge

g and are displaced by a distance x from their equilibrium positions by the application
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of the electric field. Thus, the equation of motion can be approximated by the universal

equation describing an oscillating system driven by 2 complex exponential field

4

m

2

—m?]%+ mwlx = gEe’™, (3.16)
t

where 77 is the damping constant, and @, is the natural vibration frequency. One possible
steady state solution is
x=x,e™, (3.17)

where substitution back into the differential equation (3.16) yields

E
R .. B— (3.18)
nz(a); - —jna))
The displacement of the charges produces a polarization field
P = Ngx, (3.19)

where NV is the density of simple harmonic oscillators. Finally, relating polarization,

displacement vector, electric field and dielectric function, we have
D=E+47P = ¢(w)E, (3.20)
where &(@)is the dielectric function of the material, and so the complex dielectric

function is then expressed by

5((.’))= E, T+ 47[1\[(]-

m(w,. —_]7760)
3.21
"ot <w /mh(w/wr) G20
£y e(o oo —> €&, =
£, :&(@=0)

To express the free carrier contribution to the dielectric function we may proceed along

the standard line of following the Drude model. Setting the term for the natural frequency
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of the material to zero and appropriately changing the values for the density of
oscillators, effective mass of carriers, and the damping coefficient accomplish this. Then
it becomes a simple matter to decompose the real and imaginary parts of the dielectric

function:

47N e’

e@)= 6, ~—7— (322)
m ia)' + joy, )

-

w2

elw)=¢e,1- ﬁ—/—-— , (3.23)
.0y
g — ow _ p c -
(@) oo a7 (3.24)
; _ 4m}7‘.e2 . (3.25)
m e,

where @, is the plasma frequency of the free carriers. Recalling the Lyddane-Sachs-Teller
relation [13],

& .
L2 (3.26)
e, ;

o

The values of the constants w, ,, and y, from [15], in these equations are provided in

Table 3.1.

Table 3.1 Semiconductor natural, longitudinal frequencies and damping constants for select

materials.
Semiconductor | Temperature o, [em™] w, [em™] v. !y
InP 300 307.2 347.5 0.01
GaAs 296 268.2 291.5 0.007
GaP 300 366.3 401.9 0.003
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Finally recalling, the relation between the refractive index and dielectric function

new) = el). (3.27)

If we neglect the damping constant for the moment using (3.22), (3.25) and (3.27) we

obtain the following relationship using the binomial expansion

2
n,(a))=n0% 1—;::2 el
12
.
n (@)= n, 1 1—;"—”2 (3.28)
w, | 20
2
A (@) = —ny 2L =
©, m &0

Careful attention must be paid to the distinction between electrical carrier density nand

the index of refraction n{w).n,. Equation (3.28) relates the change in refractive index to

carrier concentration and electron effective mass. Since refractive index and emission

energy are related h% (0)2 we now have a picture of the influence of the carrier

concentration on emission wavelength.

Therefore, for an opto-electrical transition, one can use the Drude model to approximate
the dielectric function of a material with respect to the electromagnetic field frequency
and carrier concentration. For instance. we show in Figure 3.3, the calculated dielectric
impact for radiative transitions in gallium arsenide depicting the relationships between

emission frequency and refractive index for various carrier concentrations.
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Figure 3.3 Refractive index dependence on emission frequency and carrier density for GaAs.

In the context of the current discussion of optical injection locking this presents an
interesting symmetry between absorptive transition and stimulated emission. In the case
of injection resulting in an absorptive transition from the valence band to the conduction
band, one would expect the dielectric change to be opposite to the above figure, which
would lead us to the conclusion that positive differentiated optical injection might
counteract the swings in dielectric function due to modulation and thus reduce frequency
chirp. However, in the case of stimulated or spontaneous emission electrical transitions
occur in the other direction from conduction to valence. Thus the idea of using negative
differentiated optical injection is to decrease the frequency chirp of the modulating laser
by reducing the relaxation oscillation; this in turn results in minimizing the carrier

induced refractive index change during modulation supported by this model.
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3.6 CLAsSICAL MAXWELL STANDARD RATE EQUATIONS

Semiconductor laser structures by virtue of their greater wavelength selectivity have

greatly enhanced the optical telecommunications community. The dynamic properties of
the active region in a semiconductor laser can be modeled by well-known rate equations.
These equations describe the photon, electron and optical phase evolution of the laser are

given in [11] as,

dn = S (An+Bn* +Cn’)-Tgc'S, (3.29)
dt gN_ L,
-di = ®Bn* +Tgc'S —i , (3.30)
dt T,
49 &g 1|, (3.31)
d 2 T

where the symbols in these equations are defined in Table 3.2.

Table 3.2 Direct modulation parameter definitions.

Parameter Definition
J Injected current density
Number of quantum-wells

z

Quantum-well thickness

Nonradiative recombination coefficient
Radiative recombination coefficient
Auger recombination coefficient
Optical confinement factor
Optical gain
Photon density
Electron density
Spontaneous emission coupling
coefficient
Speed of light in medium
Linewidth enhancement factor
Phase

3L n b =2

9}

. R

(93
(93]
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Once a population inversion is achieved within a forward biased semi-conductor
stimulated minority carrier recombination can be made to dominate over spontaneous
emission and give way to a coherent optical output. Equation (3.29), describes how the
injected current relates to spontaneous losses and stimulated emission as a result of
changing electron carrier density. Equation (3.30), describes the evolution of the photon
density in the active region by spontaneous, stimulated, and absorptive processes. The
last term in (3.30) describes light that is lost internally by absorption in the lasing cavity

from [11], we have an expected photon lifetime given by

(93]
(93]
[\S)
~

' -1
T {rc.am —%m(;e)} ) G.

where I is the confinement factor, c'is the speed of light in a medium, L is the cavity
length and R is the facet reflectivity. Equation (3.31) describes the evolution of optical
phase in relation primarily to the linewidth enhancement factor. By ignoring the number
of photons in play we may observe that the change in phase is proportional to the cavity
gain minus the internal losses. This amplitude phase coupling forms the basis of our
exploration into negative differentiated optical injection locking as a means to
minimizing the duration of the relaxation oscillation’s impact on gain and to stabilize the

optical frequency chirp.

. d%1(n—n,,,). (3.33)

~ A

Equation (3.33) refers to the gain function in a semiconductor laser as being a function of
electron density, which in turn is a function of injected current. This is an important

parameter in relation to how much light will actually escape the cavity. Since electron
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density is directly related to phase through equation (3.31) optimizing the amplitude
excursion of the relaxation oscillation also helps minimize the correlated phase excursion.
This will be a key result in our effort to minimize chirp as it directly relates the
mechanism of amplitude phase coupling. These equations model the active layer of the
semicenductor under direct modulation of a single mode laser cavity. They will be
explored in one form or another throughout the thesis to gain further insight into the laser

dynamics of direct modulation.

3.7 OPTICAL INJECTION LOCKING

Adler [48], presented a fundamental theoretical investigation on the injection locking of
classical oscillators over half a century ago. Similar to the equations used to explore the
dynamics of single cavity semiconductor lasers are the rate equations for an optical

injection locking system as presented in [12] by Petitbon.

Mester Laser —1 Isolator Slave Laser :_:_:-
bias bias + modulation

Figure 3.4 Schematic diagram of optical injection modulator.

In this regime, the master laser’s optical field is decoupled from the slave laser by an

isolator. The purpose of this field is to maintain a coherent lead emission wavelength for

(V)
(9]
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the slave laser over its amplitude modulation range. This greatly improves the frequency

stability of the slave laser thanks to the coherent lead of the master laser field. However,

the slave laser still remains susceptible to frequency deviation due to dielectric function

changes in the active layer caused by electro-optical carrier injection concentration

changes due to ever present relaxation oscillations.

: N , )
N=;-—GP~———BN' - CN”;
gN L T

w2z 4

1/2
P= G—L+(DBN2+L(EJ cosd |P;
T n L\ P

¥4
1/2
¢ (ﬁ) sing+Zle-L|1.
2n L\ P 2 o

where the new symbols in these equations are as defined in Table 3.3.

¢= wmo —a)0+

Table 3.3 Standard injection locking parameter definitions.

Parameter Definition
a’y Differential gain
dn
N, Carrier number for transparency
T, Photon lifetime
n, Group index of refraction
P Cavity photons
P Cavity injected photons
0 Phase difference between injection and
free-running laser fields
@, Angular frequency of master laser
o,, Angular frequency of free-running laser
T, Spontaneous carrier lifetime
c Speed of light
G Optical gain
L Cavity Length
N Carrier number
q Charge of electron
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The optical gain G can be modeled by

G= Fd%7(N—N,,,). (3.37)

These equations (3.34),(3.35) and (3.36) are identical to those presented for the single
diode rate equations. However they are more complete in that they include the effect of
injection locking on the dynamics of the active region. In fact, in order to solve the rate
equations for standard injection locking it is necessary to solve equations (3.34),(3.35)
and (3.36) twice simultaneously, once to establish the operating conditions of the master
laser while simultaneously coupling the operation of the master laser to the dynamics of
the slave laser operation. For the remainder of this subsection we will investigate two of
the fundamental effects of injection locking on the standard rate equations. The first deals
with the locking range of the laser pair and establishes under unmodulated conditions the
frequency detuning the master laser can support relative to the free running optical
frequency of the slave laser and still “lock” to the same frequency when coupled. The
second investigates the locking stability under small signal conditions where the locking

range is explored over a modulation rate.

3.7.1 INJECTION LOCKING RANGE

The locking range describes the range of frequencies where the unmodulated slave laser
will lock to the frequency of the master laser. Proceeding with the analysis of [12],
solving and equating the steady state solution for photon number and phase we can

express the laser detuning as
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172
Aw = —-c—-(%) (sin @ - acos 9). (3.38)

2
_ng

Defining 6, = tan™' (@), we then have using the trigonometric relationship

sin(4 - B)=sin Acos B - cos 4sin B, (3.39)
a
sin(g, )= —_—,
\1+10" (3.40)

005(90 )= —1_\/_*_—7 ’

from which we obtain,

1/2
Aw=— (5) V1+a®sin(@-6,). (3.41)

- 2ngL P

Consequently, the locking range must be limited to

lAw

1/2
<< (ﬂ) l+a® . (3.42)
2nxL P

Another limit must be that the gain of stimulated emission must be greater than the
amplification of spontaneous emission or stated another way that the photon lifetime

must be longer than the gain process time of the cavity

—<T,- (3.43)
This means that in our steady state solution,
1 ¢ (P
G-——-=- (—’—J cosd,. (3.44)
T on n, L\ P

Both LHS and RHS must remain negative. Consequently, the limitation is IH| < —gwhich

puts us in the situation of re-expressing the detuning range as
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Aw=—< (%J -(1/1-c052(9 —cos(@)tan(@o)). (3.45)

2ngL

Maximizing this quantity yields 16’] = % which bounds the locking range by

172 172
¢ [-PA) N+a? <aw<=< (ﬁJ . (3.46)

2 L\ P 2n, L\ P

The locking range is asymmetric due to the phase amplitude coupling and favours
theoretically negative master laser optical frequency detuning with respect to the optical

frequency of the free running slave laser.

3.7.2 INJECTION LOCKING STABILITY

A laser is stable if after some time it returns to its original operating point after a slight
perturbation. One method of examining the stability of our system is to linearize the rate

equations by:

dapP Lp ip _Q_p
dr 6P~ 80 N AP
aoi_ 194 %4 94| |agl, (3.47)
dr P 00 AN | | o
dN| 195 SN Sy
dar | lePT 86 oN' |
yielding,
e
dt pcosf -2pPsing ATP AP
—di‘g - =2 S;“e pcosd —“fr A0,  (3.48)
dN | |Geos-1/7,k) 0 ~(/z,~ATP)| AN
L dt ]
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where p = (c/ 2n, L L/P, /P .Under usual experimental conditions and weak

injection (P /P < 107), the system reduces to the results given in [12] as:

(1/7,+T4P)> p(asind—cosd), (3.49)

which implies that for low injection rates where p < (1/7, + TAPN1+a? ,for the laser to

remain unconditionally stable.

3.8 NEGATIVE DIFFERENTIATED INJECTION LOCKING
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Figure 3.5 Block diagram of negative differentiated injection locking modulator (NDIL).

Figure 3.5, depicts a more detailed description of our negative differentiated injection
locking model. Unlike standard injection locking however both the master and slave laser
fields are modulated. This is accomplished via both the traditional mechanisms of bias
and scaling as well as a new mechanism of delay and differentiation to compensate for

optical frequency chirping effects upon modulation of the slave laser.
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Though the mechanism of negative differentiated injection locking is generic our
particular characterization in this thesis is based on a binary modulation. The modulation
rise and fall characteristics are controlled via modelling the signal by a time domain
raised cosine pulse train. This modulation format greatly resembles the conventional
signailing in DWDM binary networks. The model of this signal in MATLAB is presented
in Appendix D. Solving the large signal model rate equations (3.34),(3.35) and (3.36) is
generally studied using numerical simulations. Our simulations in MATLAB and VPI
allow us to investigate the electro-optical properties and performances of the model while
optimizing control parameters such as gain, bias and delay of electrical input signals to
the master and slave lasers. In the MATLAB model the input signal is modeled by a time

domain raised cosine whose pulse shape is given by

1-¢
T, 0<l< o7
T, a7, 1-¢ 1-¢ 1 .
Y=l 1+coshb -5 m L isE L e
~ ~*b ~*b b
0 lll>1+é
2T,

where ¢ is the roll off factor, 77 is an arbitrary scaling constant and T, is the bit period.

We must also note that in our simulation models we have assumed a perfect ideal

isolator.

The rate equations defining negative differentiated injection locking are identical to those
that describe standard injection locking. The master laser however is distinct from the
standard case in that it is both biased and modulated. The modulated signal is a delayed

scaled derivative of the slave laser modulation stream. The purpose of this is to mitigate
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the refractive index shifts in the slave laser that coincide with electrical carrier
concentration injection as detailed in the section using the simple harmonic oscillator
model. Essentially looking at equations (3.34), (3.35) and (3.36), we recognize that the
relaxation oscillation of the slave laser links to a birth-death process between the photon
and electron densities in the active region of the slave laser. Modulated optical injection
provides a means of controlling the evolution of this relaxation oscillation and thus
provides a means of further controlling the frequency deviation of the slave laser due to
refractive index changes; possibly beyond what is currently achievable using standard
injection locking. Also, this method circumvents the effects of parasitic capacitance that
prevent us from using direct electric pre-distortion near the resonant frequency of the

cavity.

3.9 SEMICONDUCTOR LASER SIMULATION MODELS

To verify, at least from a theoretical perspective, the premise of this thesis we shall
explore two numerical simulation models to verify the hypothesis we formulated based
upon the SHO model. As explained in the previous section we have chosen a binary
modulation format that is consistent with current DWDM transmission systems. The
reason we have chosen to study a binary modulation format is because it is exceptionally

susceptible to chirp induced relaxation oscillations.

The first numerical simulation we designed to study negative differentiated injection

locking is a modification to the standard injection locking model, (3.34), (3.35) and
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(3.36), where the master laser field is modified from a strictly biasing condition to a
modulating one using our time domain raised cosine modulation as a base electrical input
signal. The MATLAB code we have written (see Appendix D.2) to model this system
was solved using standard Runge-Kutta numerical methods and optimized over the
parameters of bias, drive and delay. We also wrote code to analyze some of the salient
performance characteristics we are interested in investigating and optimizing. These
codes include the following: source Q factor estimation, optical frequency chirp,
modulation response, relaxation oscillation duration, optical power spectral density,
optical frequency chirp-power index, electro-optical distortion analysis, slave laser
optical stability analysis, dielectric function analysis, carrier evolution and various

optimization codes.

The second set of numerical simulations, used to verify our theoretical negative
differentiated injection locking model, was constructed using the active photonics,
photonics and signal processing modules of the Virtual Photonics simulation software
package. The core functionality of this piece of software is very similar to the MATLAB
Simulink environment. What was of particular interest was the transmission line
modeling of the MQW DFB laser. Both simulations were used to model the laser

dynamics under negative differentiated optical injection locking.

Our first simulation uses a time driven variation of the raised cosine modulation
waveform (see Appendix D.2) to simulate the variable rise and fall time of a given

modulator. This waveform, once differentiated, is also used as an input to the master laser
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modulator where the signal is scaled in terms of injection depth, delayed and optimized
for a source Q factor estimate constraint. The Q factor estimates are based upon the
knowledge of amplitude phase coupling influence on adiabatic and transient chirp. We
have written such a statistic estimator and optimization code in MATLAB as well as

routines to measure a variety of other figures of merit.

We must also note that we attempted to use the internal VPI language estimators of these
quantities but unfortunately discovered a critical error in the software, which produced
results that were inconsistent in the frequency responses of the simulations. The VPI
model performs a transmission line spectral analysis on the interaction inside or between
connected components as displayed in Figure 3.6. This model has a more complete
control over the parameters and responses of individual components but lacks some of
the functionality, user language interface, and complexity of analysis provided by the
MATLAB language environment. Also as mentioned we discovered a design error in the
VPI simulation language that favored the development and analysis of the MATLAB
simulations. For these reasons the performance characteristics estimators of the optical
output signal were implemented in MATLAB. Both models however present cogent
results with respect to the analysis of direct modulation and optical injection locking
mechanisms. However the VPI model, could not be optimized in the same manner as the
MATLAB model could; consequently, we have made a much greater effort in the

development of the MATLAB codes.
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Figure 3.6 Schematic of VPI simulation model of negative differentiated injection locking.

In Figure 3.6, we depict the VPI model used to investigate our proposed modulator. This
schematic model displays the modulation, differentiation circuit, laser structure and
analysis functions used to probe the device’s performance. In the top right quadrant of
Figure 3.6 we observe the pseudo random bit source feeding into a non return to zero
modulation formatting block which is fed into a rise/fall time pulse shaping block. The
signal at this point is branched off into two paths. The first path is conditioned in terms of
bias, gain, delayed and then fed into the slave laser MQW DFB block as an electrical
input. The second path is numerically differentiated conditioned in terms of bias, gain,

delayed and then fed into the master laser MQW DFB block as an electrical input. Both
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master and slave laser blocks are then optically coupled using a perfect ideal isolator. The
optical output signal of the slave laser is then presented to a number of analysis blocks
which monitor power, frequency and convert the signal into text output for further signal

processing. Simulation results and interpretations are presented in Chapter 4.

3.10 SUMMARY

In this chapter we reviewed the theory behind semiconductor laser modulation dynamics.
We began by developing a model for cavity photon lifetime and related it to the duration
of the envelope of the relaxation oscillation. We then defined the linewidth enhancement
factor and related it to the changes in real and imaginary refractive index changes. Tying
these concepts together using the simple harmonic oscillator model, we related changes
in carrier density. refractive index and emission wavelength excursion in the form of
transient frequency chirp. We then explored the fundamental rate equations for a generic
semiconductor laser followed by one under standard optical injection locking and related
the effect of amplitude phase coupling on frequency chirp, optical locking bandwidth and
the stability of the slave laser optical output for our proposed negative differentiated
injection locking mechanism. We then presented under the conditions of large scale
binary signal modulation the salient parameters of the MATLAB simulation. Having
examined the MATLAB simulation model we discussed the equivalent VPI simulation
and reported on the structure and discoveries we made using this software. In Chapter 4,

we will review and analyse the results of these simulations.
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4. SIMULATION PARAMETERS AND RESULTS

4.1 MOTIVATION

In this chapter we review the results of simulation comparisons among direct modulation.
standard injection locking, negative differentiated injection locking in terms of relaxation
oscillation duration, optical frequency chirp, source Q factor estimates, power spectral
density. master laser optical frequency detuning, chip-power index. constrained
modulation response, and constrained slave laser electro-optic distortion. Also, we
present the typical performance of Mach-Zehnder and electro-absorption modulators as a
framework to our discussion on modulation compromises engineered to meet user
demand. Finally we must note that because of the variable step differential equation
solver used in MATLAB to solve the rate equations our MATLAB simulations lack
Langevin noise source influences; however this might be resolved in future work by

using a fixed step solver.
i~

4.2 RELAXATION OSCILLATION DURATION

The relaxation oscillation is a transient response caused, typically, by current swings in
direct modulation. As the electron density increases, physical loss mechanisms come into
play such as nonradiative recombination and spontaneous emission. However, stimulated
radiative recombination, in the instances just after current onset drive the electron

concentration back down, possibly below the lasing threshold concentration. Such a
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system will then try to equilibrate itself reaching towards either a steady state or unstable

evolution of photon and electron decay rates.

It was believed, prior to 1983, that the spectrum of single mode semiconductor lasers
would be consistent with the Lorentzian shape developed in gas laser theory. Flemming
and Mooradian [17], found single mode AlGaAs lasers to have a Lorentzian spectrum
width inversely proportional to their drive intensity but 30 times larger than can be
explained by the corrected Schawlow-Townes formulae. More detailed studies [16], of
the spectrum have turned up a substructure line shape equally spaced in resonance with
the relaxation oscillation frequency of the laser; it was shown this enhanced linewidth is

due to refractive index changes occurring as a result of relaxation oscillations.

The derivative of phase variation due to the relaxation oscillation is equal to the shift of
the cavity resonance angular frequency caused by carrier density changes. Since the
carrier density undergoes damped forced oscillations, it is reasonable to model it
proportionately along classical differential equation lines as e™ sin(€r) whereQ is the
angular frequency and 7is the damping rate. Also, according to Henry [16], the

integration of our carrier density is proportional to the time fluctuation function of the

delayed phase changes and is related by:

QP + 177 cos(Q - 6) @1

f@=1-¢ a )

where,
Q

cos(8)= 4.2)
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Thus the total phase change over a time [O,t] is given by

a9= Y 23 ZEEO )= 1011, (43)

and the mean square value of this phase change is given by

R ,| 7" cos(Qt = 306) - cos(39)
(a¢° ()= {(Ha Y- { 2770:5(5) ]} (4.4)

where R' is the average spontaneous emission rate. Expanding in powers of ¢ the delayed

phase change due to the relaxation oscillations can be expressed as

A (1)) = £ t+a’ Mﬁ + higher order terms. (4.5)
27 2n

The first term is an adiabatic chirp and is due to instantaneous amplitude change. The
second term is due to transient chirp resulting from relaxation oscillations following from
amplitude phase coupling as a result of the instantaneous amplitude change. The salient
features pertinent to our discussion can be summarized as follows. Electron density
increases with current injection. Electron density decreases with radiative and non-
radiative recombination. Photon density increases with radiative and non-radiative
recombination. Photon density decreases with photon lifetime. The key result of these
features in terms of the relaxation oscillation is that they are dependent essentially on two

parameters fyand f,. The parameter f; results from the birth-death concentration

equalization process between electro-optic carriers and is directly related to the electron

and photon lifetimes in the cavity. The parameter f, is the damping frequency and is

related to the photon lifetime and dielectric function. In [21], under the condition of small

signal analysis, the following equations describe in more detail these relationships:
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PO
’ 27[‘\'TnTph ’
&s
Ja=5 (4.6)
277,
fp2 = fo2 _Tdv

where £, is the relaxation oscillation gain peak frequency. In (3.1), we observed that the

relaxation oscillation gain peak frequency is also dependent on the square root of the bias
current. However, according to [31], increasing the bias current degrades the maximum
possible extinction as expressed by (4.14). Thus, in theory, it would be advantageous to
devise a modulation technology that addresses the relaxation oscillation of a laser without
changing the biasing levels, as we have attempted to do by negative differentiated
injection locking.
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Figure 4.1 Output power of direct modulation.

Figure 4.1 and Figure 4.2 illustrate the relaxation oscillation of a directly modulated
semiconductor laser. These oscillations are electro-optically coupled with a Markovian
birth-death process [45]. These oscillations are the result of the interplay between the

electro-optic re-balancing of carriers. Figure 4.1, depicts the laser optical output power
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and details its relaxation oscillation, whereas Figure 4.2 details the coupled relaxation

oscillation experienced by the electrical carrier population over time.
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Figure 4.2 Carrier concentration of direct modulation.

Figure 4.3, contrasts the computed relaxation oscillation duration with respect to standard
injection locking and negative differentiated injection locking using identical common
biasing parameters similar to those presented in Appendix D. In general, for modulation
rates where the relaxation oscillation is appreciable, not critically damped, we note that
negative differentiated injection locking outperformed standard injection locking over
similar physical biasing contexts. Specifically, at a constant master laser injection level of
0.6, we note that both the relaxation oscillation duration offsets of, 0.01 vs. 0.03, and
exponential slopes of, 0.26 vs. 0.25, of the data fitting, for a standard best fit analysis,
parameters show superior performance for negative differentiated injection locking than
for standard injection locking for the four simulated transmission rates. This clear
advantage is carried over to the higher injection level of 0.8 where the model of our best-

fit approach changes from an exponential to a linear model. The fit parameters for NDIL
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relaxation oscillation duration of, offset 0.21 and slope —0.08, again out perform those of
SIL, offset 0.22 and slope —0.07. Going beyond these injection levels, and modulation
rates revealed that the relaxation oscillations are either critically damped or insignificant
in terms of oscillation strength. A situation which might be addressable by extending the
injection duration and thus changing the modulation design. This has not been

investigated yet within the scope of our current research.
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4.3 OPTICAL FREQUENCY CHIRP

The injection current of direct modulation leads to a linewidth broadening of a laser’s
optical output spectrum. This broadening is a frequency chirp associated with carrier
density changes influencing the refractive index of the active layer of a semiconductor
directly modulated laser. This effect can be decomposed into two essential features,
adiabatic and transient chirp. Adiabatic chirp is a direct result of the sudden change in
electrical carrier concentration in the active layer as a result of direct modulation
applying a sudden “pressure” to the material “volume” and precipitating a rapid change
in emission frequency. Transient chirp is a result of the relaxation oscillation and results
in a variation in the refractive index that oscillates proportionally to the electro-optical
carrier population interplay. In a DWDM network, laser chirp may push a signal outside
the receiver’s passband representing a significant loss to channel passband utilization
appearing as cross talk in adjacent channels or carrying signal power away from
dispersion compensation devices. To a reasonable approximation the extent of time

dependant frequency chirp can be expressed according to Keiser [9] by,

A= [% m(s(z))ms(z)J @)

T4z | de
where 7 is an arbitrary scaling factor. One can increase the bias level of the electrical

drive of a laser to reduce frequency chirp. However, this occurs typically at the cost of a
lower extinction ratio which usually imposes a significant system penalty by reducing the
signal to background noise ratio. This is one situation where negative differentiated
injection locking clearly attempts to reduce chirp while preserving the extinction ratio

without increasing the bias level.
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The second derivative of the phase response is usually called the frequency dispersion

and it describes the change in instantaneous frequency of a signal. This is given by

y)= L 429 (43)

27 dt

Phase and chirp are related through their derivatives. As such, if the linewidth
enhancement factor was zero the only contribution to phase deviation would come from
the Langevin phase noise. From texts [22],[23],[25], chirp is essentially defined under
laser modulation such that the previous small signal analysis, discussed in Sections 3.7.1
and 3.7.2 , may not always be applicable. However, taking the approach of [25], as
current density deviations must now be non zero, one can model the Fourier

representation of the injection current by
AT ()= [AIQ)-e™™dr, (4.9)

and the noise-driven frequency domain rate equations can be used to determine the phase

variation, resulting in the expressions

L, = ®Bn;, _dg )
So ds
[y =20Bn, +Z—°;fc'So , (4.10)
T, =, +Ts )2
t dg vdg 2 2
QR= r g+ESO I'c ESO'*'-(DB’Z;I, —FR s (4.11)

2% & (@Xo - JT,)
dan

2‘]“’[“’ —(QR +er )Ia’ —(_ QR +er )]

A (@)=- (4.12)
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Knowing that a multiplication by jw in the Fourier domain corresponds to differentiation

in time we can express chirp using (4.8), (4.12) as

edw. (4.13)

- ag 51 7 ()Xo - jTs)
@)= J ('”)

2jqlw - @, +JFR)Iw Ca,+ Tl

In [24], when chirp is small, the eye diagram closure can be approximated by,
4 ,
0= (:rz‘ - 8) iy DLB 82 {1 +Z(pLsr-1 (,,,,,,)} (4.14)
b

where D is the fiber dispersion, L is the fiber length and 4 the chirp induced
wavelength excursion, and the power penalty for an APD system can be estimated as

x+2
pchirp =10 X+

log(l 0). (4.15)

Even single mode lasers [27], exhibit chirping by as much as 1nm when they are directly
modulated. These observations of chirp are consistent with the relaxation oscillations of
carrier density. The reduction in index of refraction is paramount to a reduction in the
optical path length of the cavity. The turn off characteristics result in the opposite effect,
an increase in the output frequency of the laser. Restating the simple model for the

duration of the excursion of carrier density during the relaxation oscillation given by [28],

-1/2
Loy = 27 L A . (4.16)
TsTph J/Iz

The fraction of energy contained in the chirp is related to the bit rate and is given as

B. When coupled with a dispersive fiber D (ns’km*nm), we will get temporal

clnrp

diffusion with blue shifted wavelength arriving at earlier times and red shifted
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wavelength arriving later. All the chirped power will escape the bit interval when
LD =t,,, /AA.The resulting power penalty assuming the remaining power 1s the

difference between the powers in and out of the bit period is given by
P(dB) = —10log(1 - 4LDBAX) for LD < %}1 (4.17)

Therefore, the less energy confined in the fraction 2z,,,,B the less sensitive the laser will

be to the effects of cross talk, receiver passband range and channel passband utilization.

Chirp Power Penalty vs. Total Power Penalty for D=17.3psAnm*km), 1nm Chirp Excursion
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Figure 4.4 Chirp bandwidth power penalty vs. dispersion.
Figure 4.4 depicts a typical chirp bandwidth power penalty for a frequency excursion of

1 nm over a single mode fiber with dispersion 17.3 ps/ (nm- km). Clearly increasing the

modulation rate exponentially increases the chirp penaity.
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Figure 4.5 Chirp simulation of direct modulation from VPI.
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Figure 4.6 Chirp simulation of standard injection locking from VPL.

In Figure 4.5 and Figure 4.6 we observe the degree of chirp for direct modulation and
standard injection locking respectively in the context of the VPI software simulation
model. We observe a significant improvement on the frequency stability of the slave laser
due to the master field in standard injection locking. However, with standard injection

locking we also clearly observe the effects of adiabatic and transient chirp.
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The next three diagrams, Figure 4.7, Figure 4.8, and Figure 4.9 depict the optimized chirp
responses of direct modulation, standard injection locking, and negative differentiated
injection locking respectively under the conditions described in the MATLAB chirp
parameters of Appendix D and identical common biasing conditions. We clearly observe
a distinct improvement under these conditions from direct modulation, standard injection
locking toward negative differentiated injection locking in both adiabatic and transient

chirp response.

Figure 4.7 shows the normalized chirp of a directly modulated laser and exhibits the
greatest normalized frequency excursion Af > 40 ; however, magnitude aside, another
point to note is that the relaxation oscillation excursion is relatively unconfined, meaning
that the energy of the signal is spread out over a large frequency range. Figure 4.8 shows
the normalized chirp for standard injection locking. The normalized frequency excursion
of the relaxation oscillation in this instance is greatly reduced Af <10 and though the
excursion is more controlled it is still largely unconfined over this frequency span. Figure
4.9 depicts the normalized chirp for negative differentiated injection locking. This
modulation shows the smallest relaxation oscillation frequency excursion Af < 6 and
reflects the most confined excursion range of £1. This indicates that the power is largely
confined to a narrow frequency span and thus would be less sensitive to the previously
mentioned system penalty effects of chromatic dispersion, cross talk interference and

poor channel energy confinement.
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Figure 4.8 Chirp response of a semiconductor

Figure 4.7 Chirp response of semiconductor

under standard injection locking conditions.

laser under direct modulation.
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Figure 4.9 Chirp response of semiconductor laser under negative differentiated injection locking

conditions.
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From these computations we conclude frequency stability can be greatly enhanced using
negatively differentiated optical injection locking for conditions where relaxation

oscillation effects are significant.

4.4 SOURCE Q FACTOR ESTIMATES

There exist many ways of estimating the bit error rate (BER) of an arbitrary binary signal
based on threshold detection. The most obvious [29], is to divide the number of errors
Ne by the number of transmitted bits Nt over a sufficiently long sequence:

BEr=2¢. (4.18)
Nt

Since the error rate is dependent on the signal to noise ratio, knowing the probability
distribution of the signalling levels about a decision threshold would allow us to calculate
the BER based upon signal statistics without resorting to bit counting. However in
general, the probability distribution function of the signal is unknown due to the
interaction of different distorting noise forces. The most common approach is then to
assume the noise perturbing the signal level has a Gaussian probability distribution
function. Under this assumption, the probability that the signal falls into the range s to
s+ds is given by

f(s)ds = ——i—e'(“"’)z 120 s . (4.19)

270°?

where f(s) is the assumed Gaussian probability distribution function and o is the noise

standard deviation. Using such a probability distribution function we can estimate the
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error rate of the signal. For instance, the probability the noise will exceed the threshold

decision voltage v, and be mistaken for the opposite signalling level is given by

BGu)= [p00) = [£.0)

Vih Vi

0 _(‘l-burf )
1

\/2/70'017 ‘.{e T
RG)= [P = [y

()
PP

(4.20)

If we assume the on and off statistics are equiprobable, then the bit error rate can be

written as

| a]'e"‘:dx

“/-’T_Q/\G
_l o _Q__ _ e-QHz
sl f)- 5 o

BER=PF.(0)=

The following figures compare the computed Q factors and associated Gaussian statistic
source, and not system level, BER estimates for direct modulation, standard injection
locking, and negative differentiated injection locking under similar common biasing
conditions as described in Appendix D. We observe a net improvement from direct

modulation towards negative differentiated injection locking.
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Figure 4.10 depicts the estimated Q factor of 2.7244 (source BER estimate of 0.0032) for
direct modulation under the conditions labelled in the graph. The normalized rise time
from this simulation is 0.05 and the poor mean and standard deviation spread of this

signal’s statistics are responsible for its poor Q factor estimate. Figure 4.11 shows the

estimated Q factor of 4.5819 (source BER estimate of 2.6651x10™) and a normalized
rise time of 0.1 for this standard injection locking simulation under the conditions

labelled in the graph. Figure 4.12 depicts the estimated Q factor statistic of 17.3539

(source BER estimate of 9.3846x107") and a normalized rise time of 0.05 for the
simulation of negative differentiated injection locking under the conditions labelled in the
graph. It demonstrates superior performance among these simulations with a quicker rise
time and better stability than was demonstrated by standard injection locking or direct

modulation under similar common biasing conditions.

The Q factor is a signal statistic that is independent of the probability distribution
function and is related to a perception of signal strength and clarity. It is a measure of the
signal to noise ratio and through the previously described mechanism of amplitude phase
coupling, is directly related to the inherent chirp of the signal for directly modulated
semiconductor lasers. The Q factor will directly influence the eye diagram of the laser
output and is therefore considered along with its relation to amplitude phase coupling to

be a key figure of merit.
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Figure 4.14 Q factor estimates vs. bit rate comparison between NDIL, SIL and DM for 2.5 slave drive
scaling.
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Figure 4.13 and Figure 4.14 contrast the Q factor estimates over a large class of
modulation rates between weak and moderate slave drive extinction ratio scaling
conditions of 0.5 and 2.5 respectively. Our analysis shows that Q factor optimization is
bias level dependent as well as modulation rate dependent. In all the cases we have
studied the Q factors of optimized negative differentiated injection locking outperform
standard injection locking and direct modulation. In our simulation NDIL clearly
achieved superior performances at normalized injection levels of 0.6, 0.8 and 1.2 between
1 and 20-50 Gbps with up to a 5 times improvement in the NDIL modulation Q factor
source signal statistic. An interesting reversal in Q factor performance was also observed
between SIL and DM where it is believed that the interplay between relaxation oscillation
and signal distortion due to the optical injection forcing field in SIL degrade its
performance with respect to direct modulation at rates below 10 Gbps. Beyond these rates
the relaxation oscillation effect is diminished and thus SIL performance reclaims its Q
factor superiority, or at least equality, with respect to direct modulation. Finally, above 10
Gbps NDIL performance was only marginally better than standard injection locking
which itself remains significantly superior to direct modulation for a slave laser scaling of
0.5. These statistics were computed under conditions reported in Appendix D and
optimized in MATLAB. As such we have imposed a negative detuning of 10 GHz of the
master laser optical frequency relative to the free running slave laser optical frequency in
all these computations. It may be of interest to future researchers to compute the Q factor
performance improvement simultaneousl.y over a range of master laser optical frequency

detuning.
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4.5 POWER SPECTRAL DENSITY OF PHOTON DENSITY

The optical power spectrum output derived from equations (3.29), (3.30), (3.31) and
(3.34) are computed using not only photon concentration but also phase information as

well. According to Agrawal [37], using the following relationship

E()= VI ‘: S() gilon080) 422)

where E(t) is the complex energy of the signal, the power spectrum is then given through

the Fourier transform of the autocorrelation function,

G(w)= 2—1/7- J (EC@) E@)e dz. (4.23)

Applying these relations to our simulation models for direct modulation, standard
injection locking and negative differentiated injection locking, we observe in Figures
4.15,4.16 and 4.17, that negative differentiated injection locking, under the conditions
presented, can achieve a crisper more compact spectral profile than either direct
modulation or standard injection locking. In these illustrations we have used common

parameters to those presented in Appendix D and added noise to the signals.
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Figure 4.15 Time and power spectral density estimate of direct modulation.

The results of Figure 4.15 are very similar to those presented in [38], where essentially

the spectral energy is largely spread out and not concentrated about any particular

frequency band which is consistent with the results we achieved in Section 4.3. Also, this

figure shows that the binary keying modulation has been severely distorted by the

dynamics of the uncontrolled amplitude phase relaxation oscillation coupling penalties

associated with direct modulation.
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Figure 4.16 Time and power spectral density estimate of standard injection locking.

Figure 4.16 shows modulation sidebands and carrier spikes as expected with good

standard injection locking. However, there is a large noise content on the signal that we

do not associate with the additive noise we introduced. Insufficient re-sampling and

relaxation oscillation effects are possibly responsible for the lack of detail we achieved in

this calculation. The result however is consistent, albeit noisily, with the theory of

standard injection locking power spectra. As such it shows a better confinement of

spectral energy and a spectral structure that begins to mimic one of binary amplitude

keying.
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Negative Differentiated Injection Locking 2.5 GBps,
Master Bias Level 0.8
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Figure 4.17 Time and power spectral density estimate of negative differentiated injection locking.

In Figure 4.17, we present the power spectrum for negative differentiated optical
injection locking. We observe a better modulation sideband energy distinction than with
standard injection locking and superior spectral confinement in general for this particular
optimization. It is clearly representative of binary modulation and is consistent with the
result we achieved in Section 4.3 indicating that the adiabatic and transient effects of

frequency chirp have been greatly mitigated.
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Figure 4.18 Time and power spectral density of ideal signal.

Figure 4.18 depicts the idealized signal and power spectral density representation of the

studied signal included to serve as a reference for weighing the modulation mechanisms

against each other.

These figures clearly show that, under the common simulation biasing condition of

Appendix D, negative differentiated injection locking can improve the spectral

performance beyond standard injection locking and direct modulation.
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Figures 4.19 and 4.20 show similar results using the VPI simulation package in terms of
the spectral confinement efficiency of optical injection locking over direct modulation.
Thus we conclude that the results are an acceptably accurate representation of

performance.
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Figure 4.19 Optical spectrum of direct modulation.
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Figure 4.20 Optical spectrum of standard injection locking.

4.6 MODULATION RESPONSE

The modulation response depicts the gain response of a device under modulation relative
to its unmodulated output gain. Essentially, it establishes the speed at which a device may
be driven with a normalized power output ratio attributed to its modulation speed. One
common feature of interest is that generally, the peak gain in the modulation response

occurs at the relaxation oscillation frequency of the device [21].
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Figure 4.21 Modulation response of direct modulation.

In the above Figure 4.21, we observe that the modulation response of direct modulation
using common parameters presented in Appendix D and a gain peak estimate somewhere

below 3 GHz due to the limited number of pertinent computed samples available.
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Figure 4.22 Modulation response of standard injection locking over a range of normalized electrical
injection ratios from 0 to 1.1.
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From Figure 4.22, we note that the gain peak is proportional to the normalized electrical
injection ratio of the lasing fields with an apparent maximum gain peak frequency of 31
GHz at a normalized electrical injection ratio of 1.1. This significant enhancement in
modulation rate is due to the presence of a coherent field pre-established in the slave laser
within the locking range deeply curtailing the cavity photon density build up time

through the spontaneous emission mechanism inherent to direct modulation.

Modulation Response of Negative Differentiated Injection Locking
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Figure 4.23 Modulation response of negative differentiated injection locking (NDIL).

Finally, in Figure 4.23, we show the modulation response of negative differentiated
injection locking, we observe that under common biasing condition to those employed for
the analysis of direct and standard injection locking modulations and constrained by Q
factor optimized statistics, that we do not discern a significant difference in the gain

peaks from the case presented in Figure 4.22 for standard injection locking. The
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modulation response mechanism of a coherent lead emission for negative differentiated
injection locking at high modulation rates is a near identical mechanism in terms of
photon density build up time to that of standard injection locking. However, for an
unconstrained optimization of negative differentiated injection locking, Figure 4.24, does
show that this form of injection locking can enhance the modulation rate for a normalized
electrical injection ratio of 0.6. This result is achieved only at the expense of the Q factor
statistic, which is why we shall only consider constrained results in the remainder of our

analyses.
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Figure 4.24 Modulation response of unconstrained negative differentiated injection locking over
normalized electrical injection ratios of 0.6 and 1.2.
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4.7 MASTER LASER OPTICAL FREQUENCY DETUNING

The following diagrams show the unstable and stable operation respectively of standard
injection locking with optical frequency detuning of the master laser with respect to the
free running slave laser optical frequency as an independent parameter. This was
achieved by studying the probability density function of the slave laser output and
defining decision threshold levels as indicated in Figure 4.25 b) and Figure 4.26 b) by the
figure crossbars. Where significant signal statistics above both the vertical crossbar and

outside the horizontal crossbars depict acceptable binary stable performance.

3) Laser Evolution
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Figure 4.25 a) Slave laser photon density and b) stability plot of a typical unstable 1 Gbps laser under
standard injection locking detuned by +50 GHz at a normalize electrical injection level of 0.6.

From the distribution function of Figure 4.25 b), we observe that the signal is dispersed
inconsistently with the probability density function of the input raised cosine square wave

modulation and fails the criteria for stability depicted by the figure crossbar criteria.
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a) Laser Evolution
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Figure 4.26 a) Slave laser photon density and b) stability plot of a typical stable 1 Gbps laser under
standard injection locking detuned by — 25GHz at a normalized electrical injection level of 0.6.

In Figure 4.26 b) contrary to our previous example, we observe that the signal is largely
divided between two distinct on-off states consistent with the expected statistics of a

square wave modulation and that the stability criteria established by the figure crossbars

1s met.

Figure 4.27 and Figure 4.28 below, depict an application of the crossbar stability analysis
to standard injection locking and negative differentiated injection locking over a 200 GHz
range of master laser optical frequency detuning and master laser electrical normalized
injection levels ranging from 0.5 to 1.2. In both cases as predicted in Section 3.7.1, these
injection locking mechanisms favor negative detuning of the master laser with respect to

the frequency of the free running slave laser.
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Figure 4.27 Stability response of standard injection locking.
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Figure 4.28 Stability response of negative differentiated injection locking.

Figure 4.27 and Figure 4.28, above illustrate the electrical normalized master laser

injection level ratios versus master laser optical frequency detuning relative to the free
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running slave laser optical frequency under common conditions to those presented in
Appendix D with respect to the slave laser stability for standard and negative
differentiated injection locking cases. We observed no significant change in stability of
either system. However, both systems do follow the expected theoretical shape outlined

in Section 3.7.1 favouring negative optical frequency detuning in both instances.

4.8 OPTICAL FREQUENCY CHIRP-POWER INDEX

Having investigated the Q factor constrained slave laser optical frequency chirp
responses for direct, standard and negative differentiated injection locking, it seems
logical to index both optical frequency chirp and power as a combined figure of merit.
Since output power is related to the spatially uniform photon density according to Green
[41], we renommalize chirp and photon density with respect to each other and multiplied

them to produce a time resolved optical frequency chirp-power index.

Figure 4.29 depicts the chirp-power index (CPI) for direct, standard injection and
negative differentiated injection locking over normalized electrical injection ratios of 0.6,
0.8 and 1.2. In all the studied cases the lowest CPI was achieved by negative
differentiated injection locking relating that the chirp-power utilization is most effectively
being minimized over modulation rates below 50 Gbps. Standard injection locking
similarly showed a lesser improvement in CPI performance over direct modulation for

the studied modulation rates.
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4.9 ELECTO-OPTICAL DISTORTION ANALYSIS

In this subsection, we compare the electro-optical distortion of direct modulation,
standard and negative differentiated injection locking. Borrowing a technique from
synthetic aperture radar theory, we use the cross correlation of the electrical input to
optical output of the slave laser to synchronize the signals and then renormalize the

signals for distortion comparison.

Negative Differentiated Optical Injection Locking Distortion Analysis s;/s,=0.6
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Figure 4.30 Synchronized and normalized electro-optic signals and distortion estimate plot of
negative differentiated injection locking at an injection ratio of 0.6.

Figure 4.30 depicts an example of the distortion signal between the slave laser electrical
input and its optical output; it is important to stress that distortion analysis does not affect
the linearity of the device but does play an important role nonetheless. In characterizing
this signal we model the distortion error signal in terms of its mean and standard

deviation.
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In Figure 4.31, we compare the mean error distortion signal for negative differentiated
injection locking, standard injection locking, and direct modulation. Our analysis
suggests there are a variety of regimes where each modulation technique is favored. For
instance, below 1 Gbps standard injection locking is globally but marginally superior to
NDIL and DM in terms of its distortion performance. However above 10 Gbps DM is
often superior to either NDIL or SIL which favor slightly SIL independent of injection
level. This paints a complex picture that depends on the signal conditioning and purpose.
In this case, we again chose parameters that maximized Q factor for NDIL as depicted in

Figure 4.13 as an underlying constraint to the analysis.
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4.10 NONLINEAR MODULATORS

There are three important technologies that currently attempt to address the shortcomings
of direct semiconductor modulation with respect to its typical system penalties of: speed,
chirp, and complexity. The first is the Mach-Zehnder modulator, which splits an optical
carrier into two paths of different length and relies upon controlled superposition to
produce a modulation. Another technique employs an electro absorption modulator that
couples a gain cavity with a reverse biased semiconductor producing modulation by
varied absorption. Finally, optical injection locking uses direct laser modulation but
reduces chirp by reducing spontaneous interaction within the lasing field. These three
modulation schemes represent the bulk of current commercial technology for high speed
optical modulation. Thus, it is important for us to understand how each addresses the

issue of frequency chirp and the technological compromises they engineer to mitigate it.

4.10.1 MACH-ZEHNDER MODULATOR

The Mach-Zehnder modulator consists of an integrated waveguide of an electro-optic
material that has an index of refraction that is influenced by an applied voltage over a
lithium niobate or gallium arsenide substrate. The device operates by splitting the input
light into two branches whose path length must be carefully electrically controlled such
that upon recombination, by virtue of the signals optical phase differences, they
superimpose constructively or destructively. The advantage of this technology is that,
properly configured, there is no spectral broadening due to relaxation oscillations and it

has been shown that it is possible to achieve modulation bandwidths well above 50 GHz
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[36]. However, the cost and complexity of use are serious disadvantages to this
technology. Also, the electro-optic effect in MZ modulators is relatively weak, so they

tend to be devices that become walk-off length limited.

The phase relationship for the coupled branches of a MZ modulator are given in Green
[42] by,

27 @) (4.24)
A

¢=

n(a))= n, = Y%nd r-E , (4.25)

where L is the (walk-off) arm length, 7 is the linear electro-optic coefficient tensor and

E is the applied electrical field vector. To obtain a phase shift of x for typical values in
GaAs imply a necessary arm walk-off length of about 2 cm and as such implies a
minimum transition from minimum to maximum extinction of > 25 ps, which is

remarkably fast!

MZ modulators however require specifically adjusted input polarization states, careful
attention to thermal compensation, and produce a nonlinear distortion between the
electrical and optical modulation. Chirp control with Mach-Zehnder modulators can be
achieved by altering the drive conditions on the interferometer arms separately but
always at the cost of additional complexity balanced with the walk-off length inherent to

the device.
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Figure 4.32 Schematic representation of Mach-Zehnder modulator.
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Figure 4.33 Optical spectrum of Mach-Zchnder modulator at 10 Gbps.

Figure 4.33 depicts the optical output spectrum of a typical Mach-Zehnder modulator

driven at 10 Gbps. Notice the harmonic spacing is at odd multiples of the bit rate clearly
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evident due to the high extinction of this modulation approach. Also with respect to
Figure 4.15, Figure 4.16, and Figure 4.17 we note that the binary keying spectrum is
clearly defined and modulation spikes are clearly distinguishable. This finding, in terms
of time and frequency resolution shows this modulation technology to be superior to our
previous simulations of direct modulation, standard injection locking, and negative

differentiated injection locking.
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Figure 4.34 Eye diagram of Mach-Zehnder modulator at 10 Gbps.

Figure 4.34 above, is of particular interest because it showcases some of the great
strengths and weaknesses of this modulator. The eye diagram in this case is clear and

open, relatively jitter free with well defined logic levels. However, the transitions
between these levels are nonlinear and follow a trajectory given by [36] as cos® )

where ¥ is the modulating voltage, which limits modulation pulse shaping formats.
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Thus Mach-Zehnder modulators exhibit excellent chirp suppression and modulation rate
advantages but can also be critiqued in terms of their cost, complexity of control,
polarization state controller requirements at the input, nonlinear responsiveness and an

insertion loss hit of 1-2 dB.

4.10.2 ELECTRO-ABSORPTION MODULATOR

The electro-absorption modulator uses the effect of adjusting the bandgap of a reverse
biased semiconductor to transmit or absorb an injected optical field. The absorption can
thus be adjusted to be high loss or transparency depending on the modulating voltage.
However, this technique can result in excessive chirp through the same electro-optic
refractive index sensitivity to electrical carrier population we discussed throughout this
thesis but in the opposite wavelength direction since we are substituting opaqueness for
transparency with respect to this modulator. Another consequence is that this effect again
degrades the linearity of the electro-optical modulation because absorption is an

exponential process according to [36] by,

P =P, (4.26)

oul n

where P is power, 7is an arbitrary scaling coefficient, ¥’ is the modulation voltage and

Lis the cavity length of the reversed bias semiconductor again referred to as the walk-off

length.

The primary advantages of this technology, however, are the ease of producing

modulators at low cost for digital links and the fact that these devices can be
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monolithically constructed. In [36], it is explained that the device employs an active layer
surrounded by a reversed biased blocking layer. These devices offer typically very good
modulation responses of about 20 GHz and chirp in the opposite direction of directly
modulated lasers (see Figure 4.36). This last point has the advantage of presenting an

option where dispersion can be compensated at the source.
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Figure 4.35 Schematic representation of electro-absorption modulator.
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Figure 4.36 Chirp of electro-absorption modulator at 10 Gbps.
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Figure 4.37 Optical spectrum of clectro-absorption modulator at 10 Gbps.

Now that we have commented on the advantages of this modulator we shall discuss a few
of its disadvantages. This device suffers from a significant insertion loss hit of 6-7 dB.
Also, in general, the absorption peak of the reverse bias semiconductor moves in
frequency with applied blocking voltage, which results in chirp. This frequency chirp is
opposite to fiber dispersion and over long lengths can be used to counter its
depressiveness. However, this suggests an increased possibility of cross-talk and poor
channel energy utilization. Also, like Mach-Zehnder modulators, these modulators are

nonlinear and can only be modulated up to speeds of 40 Gbps presently.
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4.11 SUMMARY

In this chapter we presented the results of simulation models for the proposed negative
differentiated injection locking, standard injection locking and direct modulation systems,
calculating the merit figures of relaxation oscillation duration, frequency chirp, source Q
factor statistics, power spectrum of the photon density, chirp-power index, modulation
response, effects of master laser frequency detuning and signal distortion estimates. We
concluded the chapter with a review of external modulators, contrasting their advantages

and disadvantages.

Our simulations of the relaxation oscillation duration analysis showed that the system
isn’t critically damped at normalized master laser injection levels of 0.6 and 0.8. We
observed that negative differentiated injection locking possesses a steeper decay rate and
offset than standard injection locking with offset improvements of 0.02 and 0.01
respectively. Our simulations of chirp responses demonstrated that direct modulation
exhibited an unconstrained normalized frequency excursion greater than 40. Standard
injection locking showed a great improvement in normalized frequency excursion, 10, yet
still exhibited a largely unconstrained frequency excursion within this region. Finally,
negative differentiated injection locking displayed the smallest normalized frequency
excursion, 6, largely constrained within #1 indicating adiabatic and transient chirp have
been greatly suppressed. The source Q factor statistics revealed that in all cases of the
studied normalized electrical injection locking bias ratios and modulation rates that
optimized negative differentiated injection locking equalled or outperformed standard

injection locking. Of particular interest in these results was the discovery that the
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performance of negative differentiated injection locking appears to be bias level and
modulation rate dependent. As such at normalized electrical injection ratios of 0.6, 0.8
and 1.2 negative differentiated injection locking outperformed standard injection locking
and direct modulation by up to 5 times between the modulation rates of 1 and 20-50
Gbps. The power spectral density analysis of direct modulation, standard injection
locking, and negative differentiated injection locking has shown that the spectrum of
modulation improves respectively from DM to NDIL. Our investigation of Q factor
constrained optical frequency chirp-power index related negative differentiated injection
locking over modulation rates from 1 to 50 Gbps with respect to direct and standard
injection locking. Looking at their modulation responses however we observed no clear

distinction between SIL and NDIL in terms of modulation rate improvement.

Similarly, no clear distinction could be made between SIL and NDIL in terms of the
stability responses over various master laser optical frequency detuning. The distortion
analysis revealed that within the constraints of Q factor performance, the distortion
analysis between DM, SIL and NDL showed no global advantage to any of the studied
modulation responses; however, we did find regions where one modulation response

could dominate over another over modulation rate and injection ratio.

One dimension where negative differentiated injection locking seems to clearly surpass

direct and standard injection locking on a system level analysis is by achieving superior

chirp control without changing the electrical bias levels. Thus negative differentiated
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injection locking minimizes to a degree the extinction and chirp power penalties beyond

the capabilities of either of these two systems.

Finally, we simulated the typical response of the Mach-Zehnder modulator and the
electro-absorption modulator. Though we observed superior performance in the MZ
modulator in terms of its time-frequency responses, we noted that the complexity, cost
and dependence on polarization state control and nonlinear modulation format of this
design make it unfavourable for certain applications. Similarly, the nonlinearity, insertion
loss penalty and inherent chirp of the electro-absorption modulator also make it
unsuitable for certain applications, which may favour direct, standard injection, or
negative differentiated injection locking modulations for example, in OCDMA fractal
modulation or DWDM metro applications where channel energy utilization, cross talk

minimization and control complexity must be balanced.

In this chapter we have investigated a comparison of negative differentiated injection
locking with respect to contemporary direct modulation and contemporary external

modulation technologies.



5. CONCLUSIONS

5.1 SUMMARY OF THE THESIS

In this thesis, we have presented a new form of optical injection locking which improves
slave laser frequency stability by reducing chirp through the relaxation oscillation
mechanism. This was accomplished by reducing the relaxation oscillation electro-optical
carrier birth-death process caused by instantaneous electrical carrier changes during

modulation.

Using the simple harmonic oscillator model, we verified the analysis of [13] and
employed the Drude model to relate instantaneous carrier concentration changes through

the material dielectric function to a chirp of optical output emission frequency.

Next, we reviewed the rate equation models for direct, standard injection locking, and
negative differentiated injection locking. Then we contrasted these simulation models

with ones we developed using the Virtual Photonics simulation software.

In addition, we explored the performance of direct modulation, standard optical injection

locking, and negative differentiated injection locking by comparing their respective

performances to the theory developed in Chapter 3. We contrasted these modulation
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schemes with respect to their relaxation oscillation duration, slave laser emission
frequency chirp, the source Q factor, slave laser photon power spectral density, chirp-
power index, modulation response, master laser optical frequency detuning with respect
to slave laser stability, and electro-optical slave laser distortion analysis. Finally, we
reviewed two forms of external modulators, the Mach-Zehnder modulator and the
electro-absorption modulator and contrasted the general advantages and disadvantages of

these with the results achieved by direct modulation devices.

5.2 THESIS CONTRIBUTIONS

Negative differentiated injection locking provides a new means of controlling the
relaxation oscillation excursion during direct modulation by opposite optical carrier
injection during the instantaneous electrical carrier changes of modulation. We have
shown in Chapter 4, that when the relaxation oscillation is not critically damped between
the modulation rates of 1 and 20 to 50 Gbps over normalized electrical injection ratios of
0.6, 0.8 and 1.2, negative differentiated optical injection locking greatly improves the
source Q factor and chirp-power index estimates over direct modulation and standard
injection locking. This results in an improved signal clarity and fidelity. Following from
this result, as expected, we observed regions of operation where the spectral profile
energy confinement of negative differentiated injection locking was more efficient not

only to direct modulation but also to standard injection locking as well.
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5.3 SUGGESTIONS FOR FUTURE RESEARCH

There are several ways of achieving high modulation rates while improving the source Q
factor in lightwave communication systems. Some external modulators, such as Mach-
Zehnder modulators are superior to optical injection modulators with respect to sheer
speed and signal clarity but fail to be as proficient in terms of modulation adaptability,
operational and design simplicity, linearity or cost. However, our investigation of
negative optical injection locking itself is in no way a complete treatment. At the cost of
extra complexity, one could investigate the possibility of multiple negative optical
injection locking as experimented with using standard injection locking in [46]. Clearly,
there is more than a single electro-optic relaxation oscillation in the active layer of a
semiconductor laser and multiple negative differentiated optical injection maybe one
means of addressing them. Also, investigating the properties of linewidth enhancement
factor mismatching between the master and slave lasers could possibly expand the
potential of negative optical injection locking by improving the opto-electrical relaxation

counter coupling.

It is also important to address the fundamental limitations and constraints of negative
differentiated optical injection locking. First and foremost come the effects of
temperature expansion and distortion. Though it is easy to compensate for slow effects by
retuning the delay between the master and slave laser field evolutions, calculating this
relationship and correcting for it over standard commercial or industrial operating ranges
presents a clear opportunity for future research. Also, an investigation of the Q factor

performance of negative differentiated injection locking simultaneously over bit rate,
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injection ratio, and master laser detuning is also worthy of further research. This would
allow a more complete picture of overall performance relative to the dynamics of

standard injection locking for instance.

Another aspect of this technology that we have not addressed in this thesis is taking into
account indirect bandgap phonon heating effects on the locking mechanism as well as
isolator feedback contributions. We have learnt that it is possible to have a laser diode
and isolator on the same chip. Another possibility for future research would be to
investigate the possibility of angled input injection locking and possibly reducing the
need for isolators by angling slave laser feedback away from the master laser and

adjusting the mode field optical input into the slave laser.

Mode Field Lens
—e
ML A = Drive SL
Bias Signal Bias

Figure 5.1 Future research isolator free negative differentiated injection locking modulator.

Finally, it may be of significant research interest to pursue an investigation on the effects

of positive differentiated injection locking on an electro-absorption modulator.
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APPENDIX A - WAVE PROPAGATION AND DISPERSION

The wave propagation constant [31], is described by,

B=—, (A.1)

where £ is the wave propagation constant, #is an integer and A is a wavelength. We can

compute the dispersion effects of the wave propagation constant by expanding a Taylor

series about a central frequency

ﬂ(a))z :Bo(c')o)'*'ﬁx (C')o)((*')_C‘)c)'*'%):ﬂz(Wo)(“)_a)o)2 +%/33(Wo)(0)—0)o)3 +--- (A2)

Defining,

B (@)= (:ﬂ J : (A.3)
a) @w=0,

]

The first term represents a phase shift and, decomposed into perpendicular components,

gives rise to the product

POI(Z) = lﬂox (&')o )— B, (‘00 )J Z, (A4)

where z is the time difference between the x and y components and which describes the
polarization evolution of the optical wave. The group delay of the optical wave is given
by

GD = B(w,) . (A.5)

Thus we can calculate the group velocities as
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Appendix A Wave propagation and dispersion

1
V Io = ——T. A.6
(@)= 2 (48)

By combining (A.4), (A.5) and (A.6), we can now express the arrival time difference for
the orthogonal polarization states we defined earlier. We define the differential group

delay or polarization mode dispersion as

A‘L'pal = Z‘ﬂlx(wo)—ﬂly(wOX‘ (A7)

We observe from (A.2) that the factor 3, indicates that signal components of different

frequencies propagate at different speeds. This spectral velocity dependence results in
temporal spreading called chromatic dispersion or group velocity dispersion. This

dispersion is quantified as
2zc
D(wo)= - PE B (wo ) (A8)

The variation in dispersion with wavelength is characterized by £;and defined as the
dispersion slope

B, (wo)= b, (wo) - £ 0p, (wo) ' (A9)

ow 2me B4
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APPENDIX B - DENSITY OF STATES

By expanding on the notions we will develop in exploring the density of states we will
learn that quantum confinement on the order of the DeBroglie wavelength results in a
quantization of permissible energy levels in the active layer material of a double
heterojunction structure. This quantization will demonstrate emission linewidth
improvement yet remains sensitive to changes in active layer change in refractive index
making this technology particularly complementary to both standard injection locking

and negative differentiated injection locking.

When the active layer material thickness becomes on the order of the DeBroglie
wavelength [35],

L B.1)
my

The quantum size effects can easily be observed over macroscopic scales as explained in
Verdeyen [32], where the initial momentum states of carriers where described as a

continuous variable and expressed the density of states as a function of energy as follows

\/E s 2m

272\ R”?

p(EXE =

dE . (B.2)

Within DeBroglie wavelength layer thickness materials, the density of states expression
must change accordingly to capture the effect of the quantized momenta perpendicular to

the layer plane as shown in Figure B.1.
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Density of states

Figure B.1 1D confined quantum state representation.

To count the number of states for this confined configuration as k increases

by dk counting only one permitted mode in k. we may still regard £, , k, as continuous

variables and re-evaluate the number of allowed states in the interval kn to k|l + dk“ . Thus

the number of states between k and k +dk is the quarter-round area multiplied by the

number of permitted states in the confined plane multiplied by the two spins of the carrier

divided by the volume occupied by one state

Nk =| 2% Zie LL,L. :
k 4 L. 7

-

K =(L1] + k2,

and expressing the mode density per unit % with:

N, dk - pudk = 1 kdk(ﬁ}

L.LL.) L.

and again using the energy conversion relationships we obtain

now by relating &, t0 &

E=ﬂ k>z/L. E>E,=M g=1
2m i 2m

(B.4)

(B.5)

(B.6)
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Thus the density of states over the energy interval dE is

p@ﬁ&:l[bﬁlg}w E>E,. (B.7)

273 B2

By choosing L. we can thus select a base emission frequency. If we permit a second

mode in the quantum confinement region, the mathematical development is identical

except that it defines another subband that starts at

Rzl L)

2m

E=E,= (B.8)

By restricting the number of states in this fashion by mode confinement a greater number
of electrons can have the same energy within a band and can be stimulated coherently
with much greater efficiency. Also, this confinement can be achieved with a greatly
reduced current density allowing such a device to possibly operate at room temperature.
However we note the dependence on m~ which depends on the electrical carrier density,
which can be related to the index of refraction, and in turn alters the ultimate emission
wavelength.

EA

-
-
oo o e

Figure B.2 Density of states under quantum confinement.
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APPENDIX C - DESCRIPTION OF SPONTANEOUS
EMISSION NOISE

According to the analysis of Schunk [43], spontaneous emission noise is a white noise
process with a Gaussian probability distribution. Taking the derivative of the photon

number we obtain

= 2Re[ES,, j (C.1)

where E g, is the complex slave laser electric field, which can be re-expressed as

% - [ 2()- TL]S + 2k Re(Ey,E., )+ 2Re(ELE, ). (C2)
ph

The last term E,, in the previous equation refers to the spontaneous noise. If we express

E, () and E,(¢) in the forms

Eg (t) =E (t)exP(jC’).w,t) (C3)
E, (’ ) = E.\'p (I )exp(jw.w,[ )
we have then that
2Re(E}, Ey )= 2Re(E;, Eyy ). (C.4)

~

As Eg ,Eg , E, are all correlated, <2 Re(E;LEN )> # 0. If we partition time into sequences

of duration Az =¢,,, —t,, we can rewrite the spontaneous emission term as
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= E, ()E +AEg (1E,,, .
£ (c (C.3)

) SL ([1)

where E,  is zero mean and slot independent, so we can approximate the spontaneous

emission equation by

EyE, ~Ey()E, +(8EL ()E, ), (C6)

E, is expressed by white Gaussian random process, described by

, A .
ESP = E(xl +Jx2), (C.7)

x,, X, are independent Gaussian random variables with <xf> < Z> = 1 for any timeslot

At . A has to be chosen such that when E,, is zero it represents a solitary laser. If we

consider a solitary laser’s photon number rate equation

‘jj‘f (a(n)- —}S +R+F,(), (C.8)

where R, the spontancous emission rate.

If E,,is zero using (C.2) we have

R =2Re(AE (1)E,, ). (C.9)
Also if At is sufficiently small
d( ~
E( SL):ESP, (C.10)
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which yields
A .
AEg =t "A_t(xl ’*'sz)
e ]. o e
<AESL (Z)E.\'p> = <E J‘AESL E\pdt> 9
0
Ars 5
= <? (v; + x;)> =4
and to satisfy (C.9) yields

With Langevin noise force F,(r)described by the autocorrelation function

(F()F.()=2R(S)5(c-1).

Pulling these equations together we get

~. ~. ) , R ; R
ESLEsp = ESL(ti 7_&;(-’51 + JX, )+E

-~

Describing the phasor of E, yields

ESL (t)= \/EC_ ),
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And using this relationship yields

EyEs, = \/7_7(\' '*‘J‘~¢)+—
X, =X cos(g, ¢, ))+ X, sm(¢0(t ), (C17)
Xy ==X 5m(¢o (ti ))'*' X2 c°5(¢o (t,))

x,,x, are still Gaussian random variables with <x§> = <x§> =1.
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APPENDIX D - SIMULATION PARAMETERS AND
MATLAB ENGINE

D.1 MATLAB SEMICONDUCTOR MODULATION CONFIGURATION

alpha,5, % alpha of semiconductor laser

m_scale,0*-0.15%0.02*[1 -1], % master laser drive scaling

m_bias,2.2, % master laser bias level multiplier

m_delay,0, % delay between modulation fields

s_scale,0.5%[1 1], % slave laser drive scaling

s_bias,2.2, % slave laser bias level multiplier

bit_rate,l, % bit rate multiplier

beta,0.1, % rise/fall time factor (raised cosine shaped)

skip,1.5, % reject turn on time

m_rates,[1 2 5 10], % modulation rate factors or detune if opt 4

1_levels,[0.6 0.8 1.2], % injection level factors

opt,3, % 0:manual DM/SIL 1: BER 2: Distortion
% 3: M Resp 4: detune 5: Relax_osc

mod _id,july 25 ber sil, % ID label

%estimate_file,c3p0.mat, % estimation file ie: ¢3p0.mat

tlimit,[ 1000 1e-6], % optimization max cycles and tolerances

end

D.2 MATLAB DM,SIL AND NDIL SIMULATION ENGINE

function dy = sre21(t,y,varargin)

te=1e-9; % electron lifetime
tp=2e-12; % photon lifetime
T2=7e-12; % cavity round trip time
B=0.001; % fraction of spontaneous emission coupled to the lasing mode
En=0.01; % normalized gain compression factor
nth=1.9; % normalized carrier density at transparency
yamma=500; % ratio between photon and electron lifetimes
% input bias condition from user interface
for n= 1:length(varargin)
if ischar(varargin{n})
switch lower(varargin{n})
case 'm_bias'
biasm=varargin{n+1};
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case 'm_delta_scale'
deltascalem=varargin{n+1};
case 'beta’
rcbeta=varargin{n+1};
case 'bit_rate'
bitrate=varargin{n+1};
case 'm_delta_delay'
deltadelay=varargin{n+1};
case 's_delta_scale'
deltascales=varargin{n+1};
case 's_bias'
biass=varargin{n+1};
case 'f_detune'
dv=varargin{n+1};
case 'alpha’
alpha=varargin{n+1};
case 'bitpatern’
bitpat=varargin {n+1};
case 'sustain’
sustain=varargin{n+1};
rcbeta2=sustain(1);
rcbeta3=sustain(2);
otherwise
disp(strcat('unrecognized argument',varargin{n}))
end
end
end
if bitrate==0
deltascales=[0 0];
deltascalem=[0 0];
bitrate=5;
end
%Roll off and bitrate correction factors
if rcbeta==0
rcbeta=rcbeta+eps;
end
T= 2/bitrate;
%Pulse shaping of input bit pattern into normal and differentiated output streams
s1=0;
s2=0;
m1=0;
m2=0;

al=(1-rcbeta)*T/4;
a2=(1+rcbeta)*T/4;
al2=(1-rcbeta2)*T/4;
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a22=(1+rcbeta2)*T/4;
al3=(1-rcbeta3)*T/4;
a23=(1+rcbeta3)*T/4;

t1=(T)*(t/T-floor(vT));
t2=(T)*(((t-T/2)/T)-floor((t-T/2)/T));
t3=(T)*(((t-deltadelay)/T)-floor((t-deltadelay)/T));
t4=(T)*(((t-T/2-deltadelay)/T)-floor((t-T/2-deltadelay)/T));

b1=2*pi/(T*rcbeta)*(t1-al)+pi;
b2=2%pi/(T*rcbeta)*(t1-al-T/2);
b3=2*pi/(T*rcbeta)*(t2-al )+pi;
b4=2*pi/(T*rcbeta)*(t12-al-T/2);

c1=2*pi/(T*rcbeta2)*(t3-al2)+pi+deltadelay;
c2=2*pi/(T*rcbeta2)*(t3-a12-T/2)+deltadelay;
c3=2*pi/(T*rcbeta2)*(t4-al2)+pi+deltadelay;
c4=2*pi/(T*rcbeta2)*(t4-a12-T/2)+deltadelay;

c12=2%pi/(T*rcbeta3)*(t3-al3)+pi+deltadelay;

c22=2*pi/(T*rcbeta3)*(t3-a13-T/2)+deltadelay;

c32=2%pi/(T*rcbeta3)*(t4-al3)+pi+deltadelay;

c42=2*pi/(T*rcbeta3)*(t4-al3-T/2)+deltadelay;
flag=0;

if (11 >=al) & (11 <=a2)
s1=bitpat(2*ceil(t*bitrate/2+eps)-1)*deltascales(1)*0.5*(1-+cos(b1));

elseif (t1 > a2) & (t1 <= al+T/2)
s1=bitpat(2*ceil(t*bitrate/2+eps)-1)*deltascales(1);

elseif (11 > al+T/2) & (t] <=a2+T/2)
s1=bitpat(2*ceil(t*bitrate/2+eps)-1)*deltascales(1)*0.5*(1+cos(b2));

end

if (13 >=al2) & (13 <= a22)& t>T/2+abs(deltadelay)
flag=1;
m1=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps)-1)*deltascalem(1)*-
0.5*2*pi/(T*rcbeta2)*sin(cl);
elseif (13 > a22) & (13 <= al2+T/2)& t>T/2
m1=0;
elseif (13 > al2+T/2) & (13 <= a22+T/2)& t>T/2+abs(deltadelay)
m1=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps)-1)*deltascalem(2)*-
0.5*2%pi/(T*rcbeta2)*sin(c2);
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end

if (t3 >=al3) & (13 <= a23) & t>T/2+abs(deltadelay) & bitpat(2*ceil((t-
deltadelay)*bitrate/2+eps-0.5))==0
m1=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps)-1)*deltascalem(1)*-
0.5*2*pi/(T*rcbeta3)*sin(c12);
flag=1;
end

if(12>=al) & (12 <= a2) & >T/2
s2=bitpat(2*ceil(t*bitrate/2+eps-0.5))*deltascales(2)*0.5*(1+cos(b3));

elseif (12 > a2) & (12 <= al+T/2) & t>T/2
s2=bitpat(2*ceil(t*bitrate/2+eps-0.5))*deltascales(2);

elseif (12 > al+T/2) & (12 <= a2+T/2) & t>T/2
s2=bitpat(2*ceil(t*bitrate/2+eps-0.5)) *deltascales(2)*0.5*(1+cos(b4));

end

if (t4 >=al2) & (t4 <= a22) & t>T/2+abs(deltadelay)
if flag==1 & abs(m1)>0
m2=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps-0.5))*deltascalem(1)*-
0.5*2*pi/(T*rcbeta2)*sin(c3);
else
m2=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps-0.5))*deltascalem(2)*-
0.5*2%*pi/(T*rcbeta2)*sin(c3);
end
elseif (t4 > a22) & (t4 <= al2+T/2) & >T/2
m2=0;
elseif (t4 > al2+T/2) & (14 <= a22+T/2) & t>T/2+abs(deltadelay)
if flag==1 & abs(m1) >0
m2=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps-0.5))*deltascalem(1)*-
0.5*%2*pi/(T*rcbeta2)*sin(c4);
else
m2=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps-0.5))*deltascalem(2)*-
0.5*2*pi/(T*rcbeta2)*sin(c4);
end
end

if (t4 >=al3) & (14 <= a23) & 1>T/2+abs(deltadelay) & bitpat(2*ceil((t-

deltadelay)*bitrate/2+eps)-1)==0
m2=bitpat(2*ceil((t-deltadelay)*bitrate/2+eps-0.5))*deltascalem(1)*-

0.5*%2*pi/(T*rcbeta3)*sin(c32);

end

ss=s1+s2+biass;
mm=m l+m2+biasm;
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if y(1)<=0
y(1)=eps;
end
if y(4)<=0
y(4)=eps;
end
12d2=y(1)/y(4);
if y(4)== eps & y(1) ==¢eps
r2d2 = 0;
end
% Rate equation for master and slave laser diodes
np=mm-gc(y(2),y(1),nth,En)*y(1)-y(2);
sp=yamma*(nth*gc(y(2),y(1),nth,En)*y(1)-y(1)+nth*B*y(2));
dy =real([
yamma*(nth*gc(v(2),y(1),nth,En)*y(1)-y(1)+nth*B*y(2))
mm-ge(y(2),y(1),nth,En)*y(1)-y(2)
y(7)
yamma*(nth*gc(y(5),y(4),nth,En)*y(4)-y(4)+...
nth*B*y(3)+2*tp/T2*(r2d2)".5*y(4)*cos(y(6)))
ss-ge(y(5),y(4),nth,En)*y(4)-y(3)
y(7)+yamma*(-alpha/2*(nth*gc(y(5),y(4),nth,En)-1)...
-tp/T2*(r2d2)".5%sin(y(6)))
-alpha*yamma/2*(nth*(np*(1-En*y(1))-En*sp*(y(2)-1/nth+1)))
sl+s2
ml+m?2
D;
% Gain function with gain compression factor based on photon density
function g=gc(al,a2,nth,En);
g=(al+1/nth-1)*(1-En*a2);
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