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Abstract

This PhD thesis is comprised of 3 results in computational geometry and graph theory.

In the first paper, I demonstrate that the piercing number of a set S of pairwise inter-
secting convex shapes in the plane is bounded by O(α(S)), where α(S) is the fatness of
the set S, improving upon the previous upper-bound of O(α(S)2).

In the second article, I show that anagram-free vertex colouring of a 2 × n square
grid requires a number of colours that increases with n. This answers an open question
in Wilson’s thesis and shows that even graphs of pathwidth 2 do not have anagram-free
colouring with a bounded number of colours.

The third article is a study on the geodesic anagram-free chromatic number of chordal
and interval graphs. Geodesic anagram-free chromatic number is defined as the minimum
number of colours required to colour a graph such that all shortest paths between any pair
of vertices are coloured anagram-free. In particular, I prove that the geodesic anagram-free
chromatic number of a chordal graph G is 32p′w, where p′ is the pathwidth of the subtree
intersection representation graph (tree) of G, and w is the clique number of G. Additionally,
I prove that the geodesic anagram-free chromatic number of an interval graph is bounded
by 32p, where p is the pathwidth of the interval graph.
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Chapter 1

Introduction

Structure of the Thesis

This thesis is article-based. It is comprised of three articles, one in computational geometry
and two in graph theory. Chapter 1 has three sections, each giving a brief motivation behind
the problems studied in these three articles and presenting the obtained results. Chapters 2,
3 and 4 are the full copies of these three articles. The thesis ends with directions for some
future work.

1.1 Article 1: Piercing Pairwise Intersecting Convex
Shapes in the Plane

In this subsection, I outline the background and terminology required to understand the
results in the first article. Then, I talk about the problems related to this article. The
article itself can be found in Chapter 2.

Given a set C of convex shapes in the plane, what is the smallest integer k for which
it is possible to partition C into k sets C1, . . . , Ck such that the shapes in each Ci have a
non-empty common intersection for every i, 1 ≤ i ≤ k? We call k the transversal number
or piercing number of the set C. A set of points P pierces a set C, if any element of C has
a non-empty intersection with P .

In 1923, Helly [24] proved that if the intersection of any d+1 shapes of a set of convex
shapes in d-dimensions is non-empty, then the intersection of all of them is non-empty.
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This result is known as the Helly’s Theorem. For example, if H is a set of convex shapes in
R2, such that every three of them have a common intersection, then, by Helly’s theorem,
all shapes in H have a common intersection. Thus, it is equivalent to saying that the
piercing number of H is 1.

Helly’s theorem in R2 requires that every triple of convex shapes intersect. It is easy to
observe that “every triple” cannot be replaced by “every pair”. Consider, for example, the
easily verifiable fact that a set of n pairwise intersecting line segments in general position
cannot be pierced with less than ⌈n

2
⌉ points. This gives rise to the following natural

question: can a set of pairwise intersecting shapes be pierced with one, or a constant
number of points, if we restrict possible shapes in some way. Bárány et al. [5] proved
that the Helly number1 of the Cartesian product of intervals is 2. This implies that the
piercing number of a set of pairwise intersecting axis-parallel rectangles is 1, since every
axis-parallel rectangle is the Cartesian product of 2 intervals. To pierce a set of pairwise
intersecting homothetic2 triangles, three points are sufficient, as shown by Chakerian et al.
(1967) [13]. In the case of pairwise intersecting disks, four points are sufficient to pierce
a set of pairwise intersecting disks. The proof of the existence of four piercing points was
independently demonstrated by Danzer (1956, 1986) [14] and Stacho (1981) [43, 44].

As observed above, pairwise intersecting skinny objects (like line-segments) may require
an unbounded number of piercing points, while pairwise intersecting fat objects (like disks)
may be pierced by a constant number of points. This naturally leads to the following
question: what role does the geometry of a shape, its roundness or fatness, play in the
number of points needed to pierce the set?

This problem was considered by Agarwal et al. [2], Nielsen [37], Overmars et al. [38]
and Katz [28]. The main approach used to pierce a set of pairwise intersecting fat convex
shapes is to construct a grid of points whose resolution is quadratic in the fatness parameter
α [2, 28, 37, 38]. In the first article, we were able to reduce the number of points required
to pierce a set of pairwise intersecting fat convex shapes from quadratic to linear with
respect to the fatness parameter. We achieved this by placing points near the perimeter
of a convex shape that has a non-empty intersection with every other shape in the set.
In essence, we show that it is possible to pierce the set by focusing on the perimeter of a
shape as opposed to filling an area with points.

The details of this approach are given in Chapter 2. There, we look at various families
1For a family of sets F , the Helly number h(F ) of F is the minimal positive integer h such that if a

finite subfamily K ⊂ F satisfies ∩K ′ ̸= ∅ for all K ′ ⊂ K of cardinality ≤ h, then ∩K ̸= ∅
2An object B is homothetic to another object A if B can be obtained by scaling and translating the

object A.
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of pairwise intersecting convex shapes in two-dimensional Euclidean space. Define a shape
to be α-fat when the ratio of the radius of the smallest disk that encloses the shape over
the radius of the largest disk that is enclosed in the shape is at most α. Let C be a set of
shapes. Define α(C) to be the minimum value where each shape in C is α(C)-fat.

The following results are proved in Chapter 2.

• Any set C of pairwise intersecting arbitrary convex shapes with fatness α(C) can be
pierced with at most 39.788α(C) + 4 ∈ O(α(C)) points.

• Any set C of pairwise intersecting rectangles of arbitrary orientation with fatness
α(C), can be pierced by (5

√
2 + 2)α(C) + 25 + 5

√
2 ∈ O(α(C)) points.

• Any set of pairwise intersecting convex homothets3 can be pierced by 15 points.

• A set of pairwise intersecting homothets of regular hexagons can be pierced by 2
points.

1.2 Article 2: 2 × n Grids have Unbounded Anagram-
Free Chromatic Number

In this subsection, I provide the background and terminology required to understand the
results in my second article and then I present the result. The article itself can be found
in Chapter 3. My second and third contributions are related to a special kind of graph
colouring.

A graph, G = (V,E), consists of a set of vertices V and a set E of pairs of distinct
vertices called edges. If {v, w} is an edge then the vertices v and w are neighbours. Graph
theory provides a versatile and powerful framework for modeling and analyzing complex
relationships and structures in various fields. Graphs have been extensively studied. See,
for example, the graph theory book authored by Diestel [15]. A (proper) vertex colouring of
a graph is a function that assigns one colour to each vertex, such that neighbouring vertices
receive distinct colours. Graph colouring is a topic of central importance in graph theory,
both historically and in applications. The objective in graph colouring is to minimise the
number of colours used. A famous example is the 4-colour theorem [4]. It states that
the regions of any map can be coloured with four colours, such that neighbouring regions

3A set C of shapes is called homothets, if every pair of shapes in C is homothetic.
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receive distinct colours. Graph colouring is one of the most well-known and well-studied
topics in graph theory. See, for example, survey [40] and the 511 references there.

Numerous types of graph colourings have been studied in the literature. The focus in
my second article is on so-called anagram-free colouring. A sequence of characters with
an even length is called an anagram if, for every character c in the sequence, the number
of occurrences of c in the first half of the sequence is equal to the number of occurrences
of c in the second half of the sequence. A sequence s is anagram-free if every even-length
subsequence of s is not an anagram. In 1961, Erdős [18] asked if arbitrarily long anagram-
free sequences over an alphabet of size 4 exist. In 1968, Evdokimov [19, 19] proved the
existence of arbitrarily long anagram-free sequence over an alphabet of size 25 and in 1971,
Evdokimov [41] showed that an alphabet of size 5 is sufficient. Erdős’ question was not
fully resolved until 1992 when Keränen [30] answered it in the affirmative.

A notion of anagram-free sequences can be extended to graphs as follows. For a graph
G, a k-vertex colouring Ξ : V (G) −→ {1, . . . , k} is anagram-free if the sequence formed by
the colours assigned to the vertices along any even-length path in G is not an anagram. The
minimum integer k for which G has an anagram-free colouring is called the anagram-free
chromatic number of G.

To present the results obtained in both the second and the third article of this thesis, the
notions of chordal graphs, interval graphs, treewidth and pathwidth need to be introduced
next. Let X be a set of sets. The intersection graph G of X is the graph G with vertex
set V (G) = X and vw ∈ E(G) if and only if v ∩ w ̸= ∅. When X is a set of real intervals
the intersection graph of X is called an interval graph. Let T be a tree and let X be a
set of subtrees of T . Then, the intersection graph of X is called a chordal graph. Given
any graph G, the treewidth of G is the minimum k such that G is a subgraph of a chordal
graph with the maximum clique size k + 1. Given any graph G, the pathwidth of G is
the minimum k such that G is a subgraph of interval graph with the maximum clique size
k+1. Both treewidth and pathwidth are extensively studied notions of central importance
in Robertson–Seymour’s graph structure theory.

A corollary of Keränen’s work [30] is that the anagram-free chromatic number of any
path is 4; that is, it is bounded by a constant. In contrast, Wilson and Wood [47] showed
that there exists trees, even binary trees, with arbitrary large anagram-free chromatic
number. On the positive side, Wilson and Wood [47] showed that trees of pathwidth
p have anagram-free chromatic number 4p + 1. This gives rise to the following natural
question: what are graph classes in which anagram-free chromatic number can be bounded
by their pathwidth?
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In 2018 Carmi et al. [11] proved that there are planar graphs4 of pathwidth 3 with
arbitrarily large anagram-free chromatic number. Since paths have pathwidth 1, the result
of Wilson and Wood [47] and the result of Carmi et al. [11] leave as unresolved the question
if graphs of pathwidth 2 have bounded anagram-free chromatic number? We answer this
question in the negative by showing that a 2× n grid graph (that graph has pathwidth 2)
has an unbounded anagram-free chromatic number.

The full article can be found in Chapter 3.

1.3 Article 3: Geodesic Anagram-Free Chromatic Num-
ber

In this subsection, I provide the background and terminology required to understand the
results in my third article and then I present the result. This article is a follow up of the
second article. The article itself can be found in Chapter 4.

For a graph G, let pw(G) denote the pathwidth of G. As mentioned in the previous
section, Wilson and Wood [49] proved that the anagram-free chromatic number of a tree
T is upper-bounded by 4 pw(T ) + 1. Their proof is inductive and relies on the existence of
a path P such that pw(T −V (P )) < pw(T ). This observation allowed them to colour each
tree in T−V (P ) anagram-freely using 4 pw(T )−3 colours, while colouring the path P with
4 distinct colours that differ from those used in the remainder of the tree. Observe that
the path connecting any two vertices u, v ∈ V (T ) either avoids any vertex of P , hence, the
path is anagram-free by induction or, it can enter and exit P at most once. That together
with the fact that the colours assigned to P are distinct from those used in the rest of the
tree gives angram-free colouring of the whole tree T with the claimed number of colours.

It is well known and easy to verify that every tree T is an intersection graph of subtrees
of the same tree. Thus every tree is a chordal graph and in fact a graph with the maximum
clique size 2. This points to one possible direction for generalizing the above result. Namely,
one may wonder if the result can be extended to all chordal graphs with bounded maximum
clique size, that is, if it is possible to prove that such graphs have anagram-free chromatic
number bounded by their pathwidth. However, that is not possible by the previously
mentioned result by Carmi et al. [11], as well as the result in the second article of this
thesis. In particular, consider again 2 × n grid graph G. G has pathwith 2 and thus
it is well known that it is possible to add edges to G and obtain a graph G′ that is an

4A graph is planar if it can be drawn (in two-dimensional space) without edge crossings.

5



interval (and thus a chordal) graph of pathwidth 2. Thus G′ is a chordal graph of bounded
pathwidth with maximum clique size 3. If G′ had a bounded anagram-free chromatic
number so would G, contradicting our result in the second article.

Notice next that, not only is every tree a chordal graph but every path in a tree is
a shortest path (that is, a geodesic path). That observation leads to another possible
direction for generalization of Wilson and Wood’s [49] result on trees. Namely, one may
wonder if the result can be extended in the following direction: is it true that for every
chordal graph G with a bounded maximum clique number, where G is an intersection
graph of a bounded pathwidth tree, can be coloured in a way that ensures the colouring
of every geodesic path in G is anagram-free?

Specifically, a k-vertex colouring Ξ : V (G) −→ {1, . . . , k} of a graph G is geodesic
anagram-free if the sequence of colours corresponding to any shortest path between any
two vertices in V (G) is anagram-free. The minimum integer k for which G has a geodesic
anagram-free colouring is called the geodesic anagram-free chromatic number of a G.

In the third article, we show that the geodesic anagram-free chromatic number of an
interval graph is bounded by 32p where p is the pathwidth of the interval graph. Then,
based on Wilson and Wood’s approach, we generalize this result to chordal graphs. In
particular, we prove that the geodesic anagram free chromatic number of a chordal graph
G is 32p′w where p′ is the minimum pathwidth of a tree used in any subtree intersection
representation of G and w is the clique number of G. This result generalizes the theorem
by Wilson and Wood [49].

The full article can be found in Chapter 4.
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Chapter 2

Piercing a Set of Pairwise Intersecting
Fat Objects in The Plane
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Abstract. Let C be any family of pairwise intersecting convex shapes in a two dimen-
sional Euclidean space. Let τ(C) denote the piercing number of C, that is, the minimum
number of points required such that every shape in C contains at least one of these points.
Define a shape to be α-fat when the ratio of the radius of the smallest disk that encloses
the shape over the radius of the largest disk that is enclosed in the shape is at most α.
Define α(C) to be the minimum value where each shape in C is α(C)-fat. We prove that
τ(C) ≈ 39.788α(C) = O(α(C)) for any set C consisting of pairwise intersecting convex
α-fat shapes. This improves the previous best known upper-bound of O(α(C)2). This re-
sult has a number of implications on other results concerning fat shapes, such as designing
data structures with less complexity for 3-D vertical ray shooting and computing depth
orders. Additionally, our results reduce the time complexity of the query time of these data
structures. We also get better bounds for some restricted families of shapes. We show that
(5
√
2+2)α(C)+25+5

√
2 ≈ 9α(C)+32 = O(α(C)) piercing points are sufficient to pierce

a set of arbitrarily oriented α-fat rectangles. We also prove that τ(C) = 2 when C is a set
of pairwise intersecting homothets of regular hexagons. We show that the piercing number
of a set of pairwise intersecting homothets of an arbitrary convex shape is at most 15. This
improves the previous best upper-bound of 16. We also give an algorithm to calculate the
exact location of the piercing points.

2.1 Introduction

Let H be a set of convex shapes in d−dimensions such that every subset of d + 1 shapes
in H has a non-empty intersection. In 1923, Helly [24] proved that the intersection of all
shapes in H is non-empty. This result is known as the Helly’s theorem. For example, if H
is a set of convex shapes in R2 such that every three of them have a common intersection,
then by Helly’s theorem all shapes in H have a common intersection. In the other words,
all shapes in H can be pierced with one point.

Consider the following fundamental geometric problem: What is the minimum number
of points that is sufficient to pierce a given set of pairwise intersecting shapes in the
plane? In the case of homothetic triangles, three points are sufficient, as was shown by
Chakerian et al. (1967) [13]. In the case of disks, four points are sufficient. The proof of
the existence of four piercing points was independently shown by Danzer (1956, 1986) [14]
and Stacho (1981) [43, 44]. To pierce a set of pairwise intersecting line segments, Ω(n)
points are sometimes required. This huge gap between the number of points required,
from a constant to linear, to pierce different sets of pairwise intersecting shapes gives

9



rise to many interesting problems. Notice that the linear lower-bound to pierce a set of
pairwise intersecting line segments comes from the fact that line segments are essentially
“thin". How round or fat an object is plays a vital role in the number of points needed to
pierce the set. The main problem that we study in this paper is the following: How many
points are sufficient to pierce a set of pairwise intersecting shapes in terms of their fatness
parameter?

In the literature, the main approach used by researchers to pierce a set C of pairwise
intersecting α-fat shapes is by constructing a grid whose resolution is quadratic in the
fatness parameter [2,28,37,38]. In this article, we are able to reduce the number of points
to linear with respect to the fatness parameter by placing points near the perimeter of a
shape that has a non-empty intersection with every other shape in the set. In essence,
we show that it is possible to pierce the set by focusing on the perimeter of an object as
opposed to filling an area with points. The details of our approach are given in Section
2.2.

2.1.1 Preliminary

Informally the fatness of a shape is a parameter that tries to capture how close a shape
is to a disk. There are many different definitions and variations of the fatness of a shape
[1, 17, 29, 35, 38, 39, 46]. Most of them share some similarities. In this paper we use the
following measure of fatness. The fatness of a shape c is the ratio of the radius of the
smallest disk that encloses c over the radius of the largest disk that is enclosed in c. This
measure of fatness will be denoted by α. We say that a shape c is α-fat if its fatness is at
most α. A set C of shapes is referred to as α(C)-fat if α(C) is the smallest value such that
∀ci ∈ C, the fatness of ci is greater than or equal to α(C). We note that a set of disks is
1-fat, since a disk is perfectly fat according to our fatness definition.

The piercing number of a family of sets F is the smallest integer k for which it is
possible to partition F into subfamilies F1, . . . ,Fk such that the sets in each Fi have a
non-empty intersection for every 1 ≤ i ≤ k [21]. We say that a set of points P pierces a
set of shapes C if every shape in C contains at least one point of P .

A shape B is a homothet of a shape A if B can be obtained by scaling and translating
the shape A. Two geometric figures are homothetic if one is a homothet of the other. A
set C of shapes is called homothets, if every pair of shapes in C is homothetic. A set of
shapes C is unit if all the shapes in C have the same area.

10



2.1.2 Our Contributions

In this paper we prove the following results in 2-dimensions:

• Any set C of pairwise intersecting arbitrary convex shapes with fatness α(C) can be
pierced with ≈ 39.788α(C) ∈ O(α(C)) points.

• Any set C of pairwise intersecting rectangles of arbitrary orientation with fatness
α(C), can be pierced by (5

√
2 + 2)α(C) + 25 + 5

√
2 ∈ O(α(C)) points.

• Any set of pairwise intersecting convex homothets can be pierced by 15 points.

• A set of pairwise intersecting homothets of regular hexagons can be pierced by 2
points.

Table 2.1: Known results for piercing sets of pairwise intersecting convex sets.

Family of convex shapes Known results Our results
Homothetic Triangles 3 Points [13] _
Homothetic Rectangles 1 Point [folklore] _
Homothetic regular
Hexagons

Not known 2 Points, Theorem
2.5

Disks 4 Points [12, 14,43,44] _
Centrally symmetric 7 Points [22] _
Unit Shapes 3 Points [26] _
Convex Homothets 16 [32] 15 Points, Theorem

2.3
α-fat Rectangles O(α2) [2, 28, 37,38] ≃ 9α + 32 , Theo-

rem 2.2
α-fat Convex shapes O(α2) [2, 28, 37,38] ≃ 39.788α, Theo-

rem 2.1

2.1.3 Previous Results

Overmars et al. (1994) [38] proved that for a set of disjoint convex α-fat objects and a
restricted range query (with diameter h × p where h is a constant and p is the radius
of the minimal enclosing hyper-sphere among the objects in the set) in d-dimensions,

11



O((αddh)d) points are enough to pierce all the shapes. They use a grid of points inside and
around the range query to pierce such a set. Agarwal et al. (1995) [2], Katz (1996) [28]
and Nielsen (2000) [37] among other results proved that O(α2) points can pierce a set
of pairwise intersecting α-fat shapes in 2-dimension. The definitions of fatness that they
use are similar. The unifying theme among these proofs is to cover the area around and
inside the smallest shape with a grid of Θ(α2) piercing points. To find the piercing points
Nielsen (2000) [37] uses Fredman’s sampling technique [28]. Agarwal et al. (1995) [2], Katz
(1996) [28] use a similar gridding technique.

Let F be a family of pairwise intersecting and centrally symmetric convex homothets.
Grünbaum (1959) [22] showed that τ(F ) ≤ 7. He transforms all the shapes from Euclidean
space into Minkowski space. The reason behind this transformation is that any centrally
symmetric shape in Euclidean space can be treated as a disk in Minkowski space. This
transformation maintains the pairwise intersecting property of the set. The fact that
4 points pierces a set of pairwise intersecting disks applies [12, 14, 43, 44]. Grünbaum
(1959) [22] also showed that τ(F ) = 3 when F is a family of pairwise intersecting and
centrally symmetric convex unit-shapes. He conjectured that τ(F ) = 3 for any family of
pairwise intersecting convex unit-shapes. This conjecture was proved by Karasev (2000)
[26]. Karasev (2001) [27] subsequently showed an upper-bound of d + 1 on the number
of points sufficient to pierce a family of d-wise intersecting homothets of a simplex in Rd.
He also gave an upper-bound for a family F of d-wise intersecting spheres which is the
following: τ(F ) ≤ 3(d+ 1) when d ≥ 5 and τ(F ) ≤ 4(d+ 1) when d ≤ 4.

In case of pairwise intersecting disks, Danzer (1956, 1986) [14] and Stacho (1981) [43,44]
were the first to give a proof of the existence of 4 piercing points. However, both of their
proofs are essentially non-constructive. Har-Peled et al. [23] were the first to present a
deterministic and constructive algorithm. They find 5 piercing points, in O(n) expected
time, that pierces a set of n pairwise intersecting disks. Biniaz, Bose and Wang [7] gave
a linear algorithm that finds 5 piercing points given a set of pairwise intersecting disks
that does not use a LP-type framework unlike Har-Peled’s algorithm. Carmi, Katz and
Morin [12] gave a linear time algorithm to compute 4 piercing points which also uses
LP-type machinery.

2.2 General Convex Shapes

2.2.1 Piercing a Set of fat Shapes

In this section we prove the following theorem which is our main result.
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Theorem 2.1. Any set C of pairwise intersecting arbitrary convex shapes on a plane with
fatness α(C) can be pierced with 39.788α(C) ∈ O(α(C)) points.

Proof of Theorem 2.1. Let S = {S0, S1, . . . , Sn−1} be a set of pairwise intersecting convex
shapes with fatness at most α. For any Si ∈ S, we define αi as the fatness of Si. Let o be
the smallest disk that has a non empty intersection with every shape in the set S. Let δ be
the radius of o. Define sq1 to be an axis-parallel square that is concentric with o. Let the
side length of sq1 be 2cδ for a constant c. And let sq2 be an axis-parallel square concentric
with o with side length 2c1δ for a constant c1 (c1 > c). We specify the exact values of c
and c1 at the end of the proof.

If all the shapes in S have a common intersection we can pierce the whole set with
one point and as a result o will have radius zero. Otherwise o is tangent to at least three
shapes, say S1, S2, S3. Let L1, L2, L3 be the three tangent lines to o where S1, S2, S3

intersect o. Note that L1, L2, L3 form a triangle. Suppose they do not form a triangle,
and two of them are parallel, denoted as L1 and L2. Consequently, S1 and S2 are located
on opposite sides of L1 and L2, which contradicts the assumption that S1 and S2 have a
non-empty intersection. (See Figure 2.2).

a′ a

b
b′

p∗
δ

√
2cδ

cδ

cδ − δ

Figure 2.1: Outer case

δ
c · δ

c1 · δ
o

sq1
sq2

L1

L2

L3

Figure 2.2: Initial setup and information
required for the proof

We partition the set S into two groups, Sgp1 and Sgp2. A shape Si ∈ S will be in Sgp1

if the center of the largest enclosed disk in Si or at least one of the largest enclosed disks
in Si (in case Si has multiple largest enclosed disks) is located completely outside of sq1.
Otherwise Si will be in Sgp2.
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Piercing Sgp1 By the definition of o, every shape in Sgp1 intersects o. Every shape Si

in Sgp1 is convex, intersects o and has at least one of the largest disk(s) enclosed in Si

centred outside of sq1. We now show how to place a set of points on the boundary of
sq1 to pierce all the shapes in Sgp1. Let Si be an arbitrary shape in Sgp1. Let p∗ be an
arbitrary point in the intersection of Si and the boundary of o. Let o′ be the largest disk
enclosed in Si and centered outside of sq1(in the case of multiple disks satisfying these
conditions, pick an arbitrary one). Without loss of generality, assume that Si intersects
the right vertical side of sq1. Let ab be the diameter of o′ parallel to the y-axis. Since Si is
convex, there exists a triangle p∗ab that is contained in Si. Observe that the triangle p∗ab
intersects a contiguous portion of the boundary of sq1. Let the boundary of the triangle
p∗ab cross the boundary of sq1 at points a′ and b′. Now the minimum possible length
of the segment a′b′ gives us the required resolution of points to put on the boundary of
sq1 to pierce Sgp1. Recall that αi is the fatness of Si. The smallest disk that encloses
Si has a radius greater than or equal to |p∗b|

2
since the segment p∗b is in Si and any

disk with diameter less than |p∗b| cannot have a segment of length |p∗b| in it. Thus,

αi ≥
|p∗b|

2
|ab|
2

= |p∗b|
|ab| . Moreover, since the two triangles p∗ab and p∗a′b′ are similar we get

following equation: |a′b′|
|p∗b′| =

|ab|
|p∗b| =⇒ |a′b′| = |ab|·|p∗b′|

|p∗b| =⇒ |a′b′| ≥ |p∗b′|
αi

. Furthermore,
note that (c− 1)δ ≤ |p∗b′| ≤ 2

√
2cδ and α(S) ≥ αi. Therefore, |a′b′| is at least (c−1)δ

α(S)
.

Exceptional Case The only exceptional case in this scenario is when a′ is not located
on the same side of sq1 as b′. Considering the fact that the disk o′ is centered outside of
sq1, the convexity of Si implies that Si contains a corner of sq1 . To pierce such shapes we
put points on the 4 corners of sq1.

Proof of exceptional case (2.2.1) of Sgp1 in Theorem 2.1. Without loss of generality, as-
sume that the center of o′ is to the right of the line that passes through the right side
of sq1. Let side1 be the side of sq1 that b′ is located on. Without loss of generality, let
side1 be the bottom side of sq1. Let side2 be the side of sq1 that a′ is on. side2 is either
the right or the top side of sq1.

Let D be the intersection of side1 and side2. If s1 and s2 were parallel, let D be the
right end point of b′. Take the triangle p∗ab. By definition D is in the halfspace that is
tangent to p∗b and contains p∗ab. D is in the halfspace that is tangent to p∗a and contains
p∗ab. D is in the halfspace that is tangent to ab and contains p∗ab. Thus, D is in the
convex hull of p∗, a, b. That implies that Si contains D.
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a′

a

b

b′

p∗

D

Figure 2.3: Exceptional case for a shape in Sgp1

The perimeter of sq1 is 8cδ, therefore the number of points placed on the perimeter of
sq1 to pierce all the shapes in Sgp1 is 4 + 8cδ

(c−1)δ
α(S)

= 4 + 8c
c−1

α(S).

Piercing Sgp2 Let Si be an arbitrary shape in Sgp2. Let L
′
i be a line through the center

of circle o and parallel to Li for i ∈ {1, 2, 3}. We call a point p proper with respect to
Li, i ∈ [1, 3] if it is located inside sq2, and p is located on the same side of Li and L

′
i but p

is closer to L
′
i. For an illustration see Figure 2.4.

Lemma 2.1. Any point inside sq2 is proper with respect to some Li, i ∈ [1, 3].

Proof. Let Hi, i ∈ [1, 3] be the halfspace that is tangent to L
′
i and does not contain Li.

Since H1, H2, H3 intersect at a point and the union of the angle that they cover is 2π
(otherwise it contradicts with the fact L1, L2, L3 form a triangle). Using the result of Bose
et al. [8] we have that the ∪Hi, for i ∈ [1, 3] covers the entire plane. Thus, they cover any
point in sq1 as well.

Without loss of generality, assume that the center of at least one of the largest disks
enclosed in Si is a proper point respected to L1. Such a disk exists, since, at least one of
the largest disks enclosed in Si is centred in sq1.
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L2

L3

L1

L
′
1

L
′
2

L
′
3

Figure 2.4: Any point in the blue region are proper points with respect to L1

We analyze two cases, namely when Si ∩ Li ∩ sq2 ̸= ∅ and when Si ∩ Li ∩ sq2 = ∅

Case 1. Si has an intersection with L1 inside sq2.

Let p∗ be an arbitrary point in the intersection of L1 and Si interior to sq1. Let o′ be
a largest disk enclosed in Si centred inside sq1. Let ab be the diameter of o′ parallel
to L1. Since the center of o′ is proper point with respect to L1, the triangle p∗ab
intersects L

′
1 at two points a′ and b′. Recall that αi is the fatness of Si, the smallest

disk that encloses Si has a radius greater than or equal to |p∗b|
2

, since the segment p∗b
is in Si and any disk with diameter less than |p∗b| cannot have a segment of length

|p∗b|. Thus, αi ≥
|p∗b|

2
|ab|
2

= |p∗b|
|ab| . Moreover, since the triangles p∗ab and p∗a′b′ are similar

we get following equation: |a′b′|
|p∗b′| =

|ab|
|p∗b| =⇒ |a′b′| = |ab|.|p∗b′|

|p∗b| =⇒ |a′b′| ≥ |p∗b′|
αi

. By
definition and the relation between L1 and L

′
1, δ ≤ |p∗b′| ≤ 2

√
2cδ and α(S) ≥ αi.

Therefore, |a′b′| ≥ δ
α(S)

.
The length of L′

1 ∩ sq2 is at most 2
√
2c1δ, which is the diameter of sq2. Hence, we

place 2
√
2c1δ
δ

α(S)

= 2
√
2c1α(S) points on L

′
1. So, in total 6

√
2c1α(S) points on L

′
1, L

′
2, L

′
3

are sufficient to pierce shapes in this case.

Case 2. Si only intersects L1 outside of sq2.

As a result Si intersects with the boundary of sq2. Let p∗ be a point in the intersection
of Si and the boundary of sq2. Without loss of generality, assume that p∗ is located

16



on the right side of sq2. Let o′ be a largest disk enclosed in Si centred inside sq1.
Let ab be the diameter of o′ parallel to the y-axis. Recall that αi is the fatness of Si.
The smallest disk that encloses Si has a radius greater than or equal to |p∗b|

2
. By an

identical argument as in Case 2.2.1, we have |a′b′| = |ab|.|p∗b′|
|p∗b| =⇒ |a′b′| ≥ |p∗b′|

αi
. By

definition of sq1, sq2 and P ∗a′b′; (c1−c)δ ≤ |p∗b′| ≤ 2
√
2c1δ and α(S) ≥ αi. Therefore,

the minimum length of |a′b′| is (c1−c)δ
α(S)

. The perimeter of sq1 is 8cδ, therefore the
number of points required to put on the perimeter of sq1 is 8cδ

(c1−c)δ
α(S)

= 8c
c1−c

α(S).

L1

L2

L3

L
′
1

p∗

a b

a′ b
′

o′

Figure 2.5: A convex shape with the largest
enclosed disk centred in sq1 and intersecting
L1 inside sq2

L1

L2

L3

p∗

a

b

a′

b′

o′

Figure 2.6: A convex shape with the
largest enclosed disk centred in sq1 and
intersecting L1 only outside of sq2

Let m = max( c
c1−c

, c
c−1

). The number of points sufficient to pierce the set S using
the placements described above is 4 + (8m + 6

√
2c1)α(S). Our objective is to minimize

8m+6
√
2c1. Here we break down this optimization problem into two simpler optimization

problems:

1. Minimize 8c/(c1 − c) + 6
√
2c1 subject to 1 < c < c1 < 2c− 1.

2. Minimize 8c/(c− 1) + 6
√
2c1 subject to 1 < c < 2c− 1 ≤ c1.

The minimum value for both of these optimization problems is 39.788, which occurs when
2c− 1 = c1. Specifically, when c = 1 +

4√2√
3

and c1 = 1 + 2 4√2√
3

.
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2.2.2 Implications

Our result has a number of implications on other research problems concerning sets of fat
objects, such as computing depth orders, 3-D vertical ray shooting, 2-D point enclosure,
range searching, and arc shooting for convex fat objects. The following are some corollaries
where the asymptotic complexity is improved from O(α2) to O(α) using our results:

• Piercing a set of pairwise intersecting c-oriented convex polygon
A c-oriented convex polygon is a convex polygon whose edges are parallel to a fixed
collection of c distinct directions.
Nielsen [37][Lemma 3] showed that the best known upper-bound for the piercing
number τ(β) when β is a set of pairwise intersecting c-oriented α-fat polygons is
O(α)2ϕ(β) where ϕ(β) is the packing number of the set β. The packing number of a
set B is the maximum number of disjoint objects in B.

• Computing depth order for fat objects
An object is considered simply-shaped if it can be described by a constant number
of polynomial inequalities, whose degrees are bounded by a small constant.
A set of objects β in 3-D have the α-ratio property if the xy-projections of any pair
of objects in β have the property that the ratio of the side length of the smallest
axis-parallel square that contains K over the side length of the largest axis-parallel
square that is contained in L is at most α.
Agarwal et al. [2][Theorem 4.1]: The 2-dimensional linear-extension problem for a
collection β = {β1, β2, . . . , βn−1} of n convex, simply-shaped, α-fat objects with the
α-ratio property is the following: Let C = {c1, . . . cn} be a set of n objects in the
plane, and let < be a partial binary anti-symmetric relation over C such that, for
any pair of objects ci, cj ∈ C, if ci ∩ cj ̸= ∅ then either ci < cj or cj < ci, and if
ci ∩ cj = ∅ then ci and cj are incomparable. Computing such a partial order is called
2-dimensional linear-extension. Agarwal et al. [2] showed how to solve this problem in
time O(α2nλ

1/2
s (n) log4 n), where s is the maximum number of intersections between

the boundaries of any pair of objects in β. Within the same time bound, they show
how to compute a depth order (if it exists) for a collection of n non-intersecting
convex objects in 3-space, whose xy-projections have the above properties. The
constant of proportionality is bounded by cα2, for some absolute constant c. λs(n)
is the maximum length of (n, s) Davenport-Schinzel sequences.

To compute depth order for fat objects Agarwal et al. [2] used a tool such that given
a collection β of pairwise intersecting fat objects, the tool partitions the collection
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into a number of subsets L = {β1, β2, . . . , βl} such that each subset βi ∈ L has the
property τ(βi) = 1. The number of groups is upper-bounded by τ(β).

• 3-D vertical ray shooting and 2-D point enclosure, range searching, and
arc shooting amidst convex fat objects

Katz et al. [28] claim the following two theorems.

Katz et al. [28] Theorem 2.4 Let C be a set of n non-intersecting convex simply-
shaped flat objects in 3-space, and assume that the xy-projections of the ob-
jects in C are all α-fat. It is possible to construct a data structure of size
O(λs(n) log

3 n) in O(λs(n) log
4 n) time, where s is the maximum number of in-

tersections between the boundaries of the xy-projections of any pair of objects
in C, so that, for a given query point p, the object of C lying immediately below
p (if such an object exists) can be found in O((α2 logα) log4 n) time.

Katz et al. [28] Theorem 3.1 Let C be a set of n convex simply-shaped α-fat ob-
jects in the plane. It is possible to construct a data structure of size O(λs(n) log

3 n)
in O(λs(n) log

4 n) time, where s is the maximum number of intersections be-
tween the boundaries of any pair of objects in C, so that, for a given query point
p, the k objects of C containing p can be reported in O((α2 logα) log3 n+k log2 n)
time.

Let κ be the set that consists of xy-projections of the objects in C. In both the-
orems stated above, Katz et al. [28] needed a tool to partition κ into smaller sets
κ0, κ1, . . . , κl, such that every κi ∈ L has the common point property : "A set has a
common point property if all objects in that set have a point in common".

1. Piercing a set of pairwise intersecting c-oriented convex polygon

Corollary 2.1. The piercing number τ(β) when β is a set of pairwise intersecting
c-oriented α-fat polygons is O(α).

2. Computing depth order for fat objects

Corollary 2.2. The time complexity of 2-dimensional linear-extension problem can
is of O(αnλ

1/2
s (n) log4 n).

3. 3-D vertical ray shooting and 2-D point enclosure, range searching, and
arc shooting amidst convex fat objects
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In order compute this, that they used Fredman’s sampling algorithm. This sampling
process finds O(α2) piercing points of a set of pairwise intersecting convex α-fat
objects in O(α2 logα) time. However, our result can replace Fredman’s sampling
algorithm and improve the query time complexity with respect to alpha for both
cases.

Corollary 2.3. For a given query point p, the object of C lying immediately
below p (if such an object exists) can be found in O(α log4 n) time.

Corollary 2.4. For a given query point p, the k objects of C containing p can
be reported in O(α log3 n+ k log2 n) time.

2.2.3 Piercing Fat Rectangles

In this section we demonstrate how to pierce a set C of pairwise intersecting rectangles
of arbitrary orientation with fatness α(C). This theorem is a generalization of pairwise
intersecting line segments in terms of fatness.

Theorem 2.2. Any set C of pairwise intersecting rectangles of arbitrary orientation of
fatness α(C) can be pierced with (5

√
2 + 2)α(C) + 25 + 5

√
2 ≈ 9α(C) + 32 = O(α(C))

points.

Lemma 2.2. The maximum area of a square that does not have any lattice point in it is
less than 2. A lattice point is a point with integer coordinates.

Proof of Lemma 2.2. Let sq be an arbitrary oriented square of side length
√
2. There

always exists a circle o of diameter
√
2 in sq. Since there exists an axis-parallel square in o

of side length 1, we observe that, any axis-parallel square of side length 1 has at least one
lattice point in it. Therefore, any square of side length

√
2 of arbitrary orientation has at

least one lattice point in it.

Proof of Theorem 2.2. Let R = {r0, r1, ..., rn−1} be a set of pairwise intersecting rectangles.
Denote a rectangle r of width w and height h as (w, h). We assume that the longer side
of an arbitrary oriented rectangle is the height of the rectangle (h ≥ w). Without loss of
generality, Let r1 = (w1, h1) be the rectangle with the minimum width among all rectangles
in the set R. Without loss of generality, assume that r1 is axis parallel.
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Structure of the grid points Let ri = (wi, hi) be an arbitrary rectangle in R, let p∗

be one of the intersection points of the boundary of r1 with ri. By definition of r1 we have
the following two inequalities: wi ≥ w1 and hi ≥ w1. For every ri ∈ R there exists a square
si located inside ri of side length w1 such that, si contains the point p∗. Suppose that
such a square does not exists. It implies that any square of side length w1 that contains
p∗ intersects with the boundary of ri. Thus, either wi < w1 or hi < w1, both of which
contradicts with the minimality of w1.

Let G be a grid of points whose resolution is 1. Let G′ be a grid of points whose
resolution is w1√

2
. By Lemma 2.2 we see that any square of side length at least w1 must

contain at least one point of G′ (To see the argument simply scale down the squares and
G′ by factor of w1√

2
). By definition, every si intersects r1, and, the distance from any point

in any si, i ∈ [0, n− 1] to the boundary of r1 is at most
√
2w1(in the worst case the point

can be on the opposite side of the diameter of a square). Therefore, we cover an axis-
parallel rectangle centred with r1, whose distance to r1 is at most

√
2w1, with a grid of

points. See Figure 2.7 for illustration. That rectangle has width w1 + 2
√
2w1 and height

h1 + 2
√
2w1. Therefore, The number of the grid points (w1+2

√
2w1

w1√
2

+ 1)× (h1+2
√
2w1

w1√
2

+ 1) =

(
√
2 + 5) × (

√
2 h1

w1
+ 5) ≤ (5

√
2 + 2)α(C) + 25 + 5

√
2. Therefore the sufficient number of

points on the grid to pierce the set C is (5
√
2 + 2)α(C) + 25 + 5

√
2 that is approximately

9α(C) + 32

rir1
p∗ w1

Figure 2.7: How an arbitrary rectangle in R gets pierced by a point on the grid.

2.3 Refined Results for Specific Shapes

In this subsection we study the number of points sufficient to pierce more specific sets of
shapes. First we study sets of pairwise intersecting homothets and design an algorithm
that computes the exact location of the points that pierce the set. Next, we show that 2
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points are sometimes necessary and always sufficient to pierce a set of pairwise intersecting
homothets of a regular hexagon.

2.3.1 Homothets of a convex shape

In this section, we show how one can pierce any set of pairwise intersecting homothetic
shapes with a constant number of points. More precisely, we give an upper-bound of 15
piercing points. Kim et al. [32] proved that 16 points are sufficient to pierce any pairwise
intersecting homothetic convex shapes. Since our approach is similar, we restate their proof
with some small modifications. Let S be a set of pairwise intersecting homothetic shapes.
We prove that 15 points are enough by eliminating one of the 16 points. Finally, given
a set S of n k-gons, we give an algorithm of complexity O(n + log2 k) to find the exact
location of 16 piercing points and O(n log k + log2 k) to find 15 piercing points.

Theorem 2.3. Any set of pairwise intersecting convex homothets can be pierced by 16
points.

Proof of Theorem 2.3. Observe that the shapes in the set R = {R0, R1, ..., Rn−1} will be
pairwise intersecting, since S consists of pairwise intersecting shapes. Therefore, one point
is enough to pierce the set R.

Since the set S is a set of convex homothets, sets R and r = {r0, r1, ..., rn−1} are also
homothets (Proof is mentioned below). Without loss of generality, assume that the sets R
and r consist of axis-parallel rectangles.

Without loss of generality, let R∗ = (W ∗, L∗) be the rectangle with the minimum
width in R and, r∗ = (w∗, l∗) be the corresponding rectangle in r. Schwarzkopf et al. [42]
showed that 2w∗ ≥ W ∗ and 2l∗ ≥ L∗. Now shrink the rest of the convex shapes in S while
maintaining the following three conditions: First, the shapes should intersect S1. Second,
after shrinking, the resulting shapes should be enclosed by the corresponding original
shapes. Third, after shrinking, the shapes should be the same size as S1. Resulting shapes
after shrinking are enclosed by original shapes, thus, piercing resulting shapes pierces the
original shapes as well. Notice that S1 and as a result R∗ and r∗ does not change. For any
Ri ∈ R, define R−

i to be the rectangle corresponding to Ri after shrinking Si. Similarly,
for any ri ∈ r, define r−i to be the rectangle corresponding to ri after shrinking Si. And
let R− = {R−

0 , R
−
1 , ..., R

−
n−1}.

For any rectangle r−i , the horizontal distance between the center points of r−1 and r−i is
at most W ∗(which is less than 2w∗) and the vertical distance is at most L∗(which is less
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than 2l∗). Since, rectangles in R− are of the same size as R∗ and all of them intersect with
R−

1 .

Without loss of generality, assume that center of r−1 is on the origin. The center of any
rectangle r−i , i ∈ [0, n− 1] can only be in the following range. ([−2w∗,+2w∗], [−2l∗,+2l∗]),
Figure 2.8. Therefore, the area that we need to cover is (2w∗− (−2w∗))× (2l∗− (−2l∗)) =
16w∗l∗.

ri

Ri

rj

Rj

Figure 2.8: Relation between centers of two arbitrary ri, rj ∈ C

We cover that area by following 16 points. Each of these points will cover a rectangular
area of size w∗ × l∗. Consider a point at the origin. Any axis-parallel rectangle with
side lengths (w∗, l∗) contains the origin if their center point (px, py) is in following range:
−0.5w∗ ≤ px ≤ 0.5w∗ and −0.5l∗ ≤ py ≤ 0.5l∗. Therefore, one piercing point can cover
a rectangular area of size (0.5w∗ − (−0.5w∗)) × (0.5l∗ − (−0.5l∗)) = l∗w∗. The total area
that we need to cover is 16w∗l∗, that can be partitioned into 16 rectangles of size w∗ × l∗.
See the Figure 2.9 for illustration. Thus, 16w∗.l∗

w∗.l∗
= 16 piercing points are always sufficient.

r1

Figure 2.9: 16 points that pierce the set C
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Let S = {S0, S1, . . . , Sn−1} be a set of pairwise intersecting homothetic convex shapes in
the plane. We transform every shape Si ∈ S into a pair of homothetic orthogonal rectangles
(ri, Ri), with each pair satisfying the following three conditions: First, ri is enclosed in Si,
and, Ri encloses Si. Second, the side length of ri is at least half of the side length of Ri.
Third, the vertices of ri are located on the boundary of Si.

For a shape Si, define Ci to be a cross-shaped polygon with edges parallel to the edges
of ri, with ri ⊆ Si ⊆ Ci ⊆ Ri. Let Vi be the vertices of Ci which include the vertices of ri.

ri

Ri
Si

Ciri
Si

Figure 2.10: ri and Ci are enclosed in Si and Ri

The existence of such a pair of enclosed and enclosing rectangles for any convex shape
was shown by Schwarzkopf et al. [42]. They designed an algorithm to compute such a pair
for a convex polygon in time O(log2 k) when the k vertices of the polygon are given in a
sorted array.

Let S∗ be the smallest shape homothetic to the shapes in S that intersects every shape
in S. Minimality of S∗ implies that there exists at least 3 shapes in S, say S1, S2, S3, that
are tangent to S∗ at points x1, x2, x3. Let L1, L2, L3 be the tangent lines to S∗ at x1, x2, x3.
These three lines form a triangle. For simplicity we assume that S∗ is an element of S.

Theorem 2.4. Any set of pairwise intersecting convex homothets can be pierced by 15
points.

Before proving this theorem, we prove a few helper lemmas. The 16 piercing points
derived from the proof of Theorem 2.3 form a grid (see Figure 2.11). We label the points
from 1 to 16 starting at the top left point. We show that a corner point can be removed
from this set of piercing points.

According to the Theorem 2.3 every shape in S contains at least one of these 16 piercing
points. If there is no shape in the set S that contains only one corner piercing points (points
1, 4, 13, 16) we can simply remove one of the corner point and reduce the piercing number
to 15. Otherwise, without loss of generality, let S4(resp. S5, S6, S7) ∈ S be a shape that
only contains the point 13 (resp. 1, 4, 16).

Let Hk,+
i,j (resp. Hk,−

i,j ) be a halfspace defined by the line that goes through the piercing
points i, j and contains the piercing point k (resp. does not contain the point k).
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16

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15

Region3
1

Region1
1

Region2
1

Region2
1

H4,+
3,8

H13,+
9,14

13 14

p′

p

Figure 2.11: Dividing the space into different regions and The area that the intersection
of S4 and S6 cannot be.

Let Region1 (resp. Region2, Region3, Region4) be the area defined as H4,+
5,7 ∪ H4,+

7,15

(resp. H4,+
7,15 ∪ H13,+

10,12, H
13,+
2,10 ∪ H13,+

10,12, H
4,+
5,7 ∪ H13,+

2,10 ). Let Region1
1 be H4,−

1,5 ∩ H13,−
1,2 . Let

Region2
1 be H4,−

15,16 ∩ H13,−
12,16. Let Region3

1 be Region1 ∩ (H4,+
1,5 ∩ H4,+

15,16) and Region3
2 be

Region2 ∩ (H13,+
1,2 ∩H13,+

12,16).

Lemma 2.3. S4 ∩ S6 ̸⊆ Region1
1 ∪Region2

1.

Proof. Let p ∈ S4 ∩ S6. Suppose, for the sake of a contradiction, p ∈ Region2
1. Let

p′ ∈ S4 ∩ S∗ and let p′′ ∈ S6 ∩ S∗.

• Suppose that p is not located in Region2
1 ∩H4,+

3,8 .
In this case the triangle formed by 4, p′′ and p will contain point 8, which is a
contradiction to the definition of S6.

• Suppose that p is not located in Region2
1 ∩H13,+

9,14 .
Similarly, in this case the triangle formed by 13, p′ and p will contain point 14, which
is a contradiction to the definition of S4.

Since H4,+
3,8 and H13,+

9,14 have an empty intersection, it implies that the point p cannot be
in Region2

1. The same argument holds for Region1
1. Thus, S4 and S6 cannot intersect in

Region1
1 either.
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Lemma 2.4. S4 ∩Region3
1 has an empty intersection.

Proof. Let p be a point on the boundary of Region3
1 ∩ S4. Let S

′
4 be a shape homothetic

to S4 with the following conditions:

1. S
′
4 has the same size as S∗.

2. S
′
4 has p on its boundary.

3. S
′
4 is contained in S4.

Let C
′
4 be the cross shaped polygon corresponding to S

′
4. Let (r′

4, R
′
4) be the pair

of enclosed and enclosing rectangle corresponding to S
′
4. Let v be the top right vertex

of r
′
4. By the definition of S

′
4, v cannot be inside of the rectangle defined by piercing

points 9, 10, 13, 14. Otherwise it contradicts S
′
4 having an intersection with the boundary

of Region3
1.

• If v is below point 13 then the triangle defined by point 13, p and v contains the
piercing point 14.

• If v is to the left of point 13 then the triangle defined by point 13, p and v contains
the piercing point 9.

• If v is to the right and above the piercing point 13, then since the resolution of the
piercing points and resolution of the vertices that define r

′
4 (size of r′

4) are equal it
implies that r

′
4 as well as S4 contains another piercing point beside point 13.

A similar argument holds for S6 ∩Region3
2. Lemmas 2.3 and 2.4 imply that S4 ∩ S6 is

located in the rectangle formed by piercing points 6, 7, 10, 11.

Lemma 2.5. S4 ∩Region1 has an empty intersection.

Proof. Let p be a point from the intersection of the boundary of Region1 and S4. Notice
that Region1 = Region3

1 ∪ (H4,+
11,15 ∩ H4,−

15,16) ∪ (H4,−
1,5 ∩ H4,+

5,6 ). Suppose that S4 intersects
Region1. We analyze the following three cases:

1. p ∈ Region3
1: According to the Lemma 2.3, p cannot be in Region3

1
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Region3
1

p

v

pv

13
C

′

4

14 14

Region3
1

Figure 2.12: S4 does not have an intersection with Region3
1

2. p ∈ H4,+
11,15 ∩ H4,−

15,16: Let p′ be a point from the intersection of S4 and S6. S4 ∩ S6

is located in the rectangle formed by vertices 6, 7, 10, 11. This means that p′ is to
the right of point 14. And it implies that the triangle formed by points 13, p and p′

contains point 14 which is a contradiction to the definition of S4.

3. p ∈ H4,−
1,5 ∩ H4,+

5,6 : Let p′ be a point from the intersection of S4 and S6. S4 ∩ S6 is
located in the rectangle formed by vertices 6, 7, 10, 11. This means that p′ is above
point 9. And it implies that the triangle formed by points 13, p and p′ contains point
9 which is a contradiction to the definition of S4.

Thus, S4 has an empty intersection with Region1.

For a region Reg, let Reg be the complement of the region Reg. More precisely,
Reg = {x|x /∈ Reg, ∀x ∈ R2}.

Notice that S1, S2, S3 are tangent to S∗. Also, S4 intersects with S1, S2, S3 and S∗.
These two facts imply that S4 intersects with L1, L2 and L3. Moreover, Lemma 2.5 implies
that the intersection of S4 with each L1, L2, L3 should be located in Region1. By symmetry
S5 (resp. S6, S7) intersects with L1, L2, L3. This intersection is located in Region2 (resp.
Region3, Region4).

Lemma 2.6. Each Regioni, i ∈ [1, 4] has a non-empty intersection with at least one of
L1, L2, L3.

Proof. Notice that the bottom-left vertex of of r∗ is in the Region1 and the triangle defined
by the intersection of L1, L2, L3 encloses r∗. Suppose that Region1 has empty intersection
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with all L1, L2, L3. This implies that the triangle defined by the intersection of L1, L2, L3

does not enclose r∗, which is a contradiction. Similarly this argument can be applied for
Region2, Region3 and Region4.

Lemma 2.7. At least two of the regions in {Regioni, i ∈ [1, 4]} do not have an intersection
with all three of L1, L2, L3.

Proof. Observe that each Li, i ∈ [1, 3] can intersect with at most three regions of {Regioni|i ∈
[1, 4]}. Thus, we have at most 9 pairs of (Li, Regionj) when Li intersects with Regionj for
i ∈ [1, 3], j ∈ [1, 4]. According to the Lemma 2.6 and the Pigeonhole theorem at least two
of the regions in {Regioni|i ∈ [1, 4]} does not intersect with all three of L1, L2, L3.

Proof of Theorem 2.4. Lemma 2.7 implies that the regions corresponding to at least two
of the shapes S4, S5, S6, S7 do not intersect with all three of L1, L2, L3. This contradicts
the fact that the shapes in the set S are pairwise intersecting. Thus, at least one piercing
point can be removed from our piercing point set.

Algorithm to find the exact location of the piercing points First, we find the
smallest shape, S1, of the set in O(n). Next we apply the Schwarzkopf et al. [42] algorithm
on S1 to compute the vertices of r1 = (w1, h1) in O(log2 k). This allows us to compute the
16 points outlined in the proof of the Theorem 2.3, in a constant time. Thus the complexity
of finding 16 piercing points is O(n + log2 k). Next, we can determine in O(n log k) time
which of the 4 corner points can be removed. Thus, we can find 15 piercing points in
O(n log k + log2 k) time.

2.3.2 Hexagons

In this section we determine the piercing number of a set of pairwise intersecting homo-
thets of a regular hexagon. We show that two points are always sufficient and sometimes
necessary to pierce such a set. For a hexagon s with an edge parallel to the x-axis, we
refer to its edges by Bottom, BottomRight, TopRight, Top, TopLeft, BottomLeft edges. We
denote the Bottom edge of s by sB. Respectively we refer to BottomRight, TopRight, Top,
TopLeft, BottomLeft edges of s by sBR, sTR, sT , sTL, sBL.

Theorem 2.5. Any set of pairwise intersecting homothets of a regular hexagon can be
pierced by two points.
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Proof of Theorem 2.5. Let C = {C0, C1, . . . Cn−1} be a set of pairwise intersecting homo-
thets of a regular hexagon. Without loss of generality, assume that the bottom edge
of every hexagon in C is parallel with the x-axis. Let TL = {CTL

i |∀Ci ∈ C}, and
TR = {CTR

i |∀Ci ∈ C}, and BE = {CB
i |∀Ci ∈ C}. Each element of these sets is a

line segment. Segments of each set are associated with the same side of hexagons in C.
∀CTL

i ∈ TL let TL+
i be the halfspace defined by CTL

i that does not contain the correspond-
ing hexagon to CTL

i . Let TL+ = {TL+
0 , TL

+
1 . . . , TL+

n−1}. ∀CTR
i ∈ TR let TR+

i be the
halfspace defined by CTR

i that does not contain the corresponding hexagon to CTR
i . Let

TR+ = {TR+
0 , TR

+
1 . . . , TR+

n−1}. Let tl∗ be the halfspace in TL+ that contains all other
halfspaces in TL+. Let tr∗ be the halfspace in TR+ that contains all other halfspaces in
TR+.

Let tl be the corresponding segment in TL to tl∗. Let tr be the corresponding segment
in TR to tr∗. Let be be the top most segment in BE.

Define L1 the line that is parallel to and goes through tl. Similarly, define R1 to be the
line that is parallel to and goes through tr, and B1 to be the line that is parallel to and
goes through be.

Assume that L1, R1, B1 do not intersect at a point p. You will see that in such a case
the two piercing points will be on top of each other at p, thus, p pierces the whole set.
Observe that, the intersection points of L1, R1, B1 form a equilateral triangle Th = ABD.
Let point B be the intersection point of lines L1 and R1. Let point D be the intersection
point of lines L1 and B1 and let point A be the intersection point of lines B1 and R1. This
triangle can have one of the two following possible shapes.

Case 1. In the first case, the point B is located above the segment AD. Therefore, the
left top side of any hexagon in C is to the left of L1. Similarly, the right top side of
any hexagon in C is to the right of R1 and any bottom side of any hexagon in the
set is below B1.

Case 2. In the second case, the point B is located below the segment AD. Therefore,
the bottom right side of any hexagon in C is to the right of L1 since, each pair of
hexagons have to intersect. The top side of any hexagon in C is above B1 and, the
bottom left side of any hexagon is to the left of R1, otherwise it contradicts the fact
that each pair of hexagons intersects. Observe that this case is symmetric to the first
case. Therefore, giving the proof for the first case is sufficient.

Proof for the case 1 Let ML, MR and MB be the mid points corresponding to sides
AB,BD and AD of the triangle Th = ABD. We prove that every hexagon in C contains

29



either MB or B.

Take an arbitrary hexagon s from C. If s contains MB then we are done. Suppose that
s does not contain the point MB. Without loss of generality, assume that the point MB is
to right of the sBR. By the definition of R1 the top right edge of any hexagon in C is to
the right of R1. Similarly, the bottom edge of any hexagon in C is to the bottom of B1.
This implies that the right bottom side of s should cross the lines B1 and R1. Let i1 be
the intersection point of sBR and B1, and i2 be the intersection point of sBR and R1.

The point i1 is to the left of MB and i2 is to the left of MR. Observe that the triangle
i1i2C is similar to MBMRC and |Ci2| > |CMB|. Therefore, the segment i1i2 is larger than
MRMB. Moreover, the side length of s is greater than or equal to the length of the segment
i1i2, and it is greater than MBMR (|sB| = |sBR| ≥ |i1i2| > |MRMB| = |MRB| = |MBA|).
Considering the facts that the side length of s is greater than |MRMB|, and sTR is parallel
to R1 and to the right of R1. Thus, by convexity of s, sTR crosses L1, and similarly sB

crosses B1. Thus s contains the segment AB and in particular the point B. See Figure
2.13 for illustration.

B1

R1 L1

A

B

D

MR

MB

ML

i1

i2

s

Figure 2.13: A hexagon s ∈ C has to contain the point B if it does not contains MB.

2.4 Conclusion

In this paper we showed that pairwise intersecting convex shapes of fatness α with arbi-
trary orientation can be pierced by a linear number of points with respect to the fatness
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parameter of the shapes in the set. The main idea to achieve our results is to avoid covering
an area with a grid of high resolution but rather focusing on the perimeter of a specific
shape. By using this idea we reduce the number of points sufficient to pierce any pairwise
intersecting convex α-fat shapes from O(α2) to O(α). Our theorem is an improvement over
Fredman’s sampling algorithm to find piercing points.

Moreover, for a set of pairwise intersecting homothets we showed that the piercing
number is at most 15 points. The piercing number of a set of pairwise intersecting set of
homothets of regular hexagons is 2 which is tight. We leave as an open problem to improve
our upper bounds.
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Chapter 3

2× n Grids have Unbounded
Anagram-Free Chromatic Number
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Abstract. We show that anagram-free vertex colouring a 2 × n square grid requires a
number of colours that increases with n. This answers an open question in Wilson’s thesis
and shows that even graphs of pathwidth 2 do not have anagram-free colourings with a
bounded number of colours.

3.1 Introduction

Two words s and t are anagrams of each other if s is a permutation of t. A single word
w := w1, . . . , w2r is anagramish if its first half w1, . . . , wr and its second half wr+1, . . . , w2r

are anagrams of each other. A word is anagram-free if it does not contain an anagramish
factor. Anagramish words are also known as abelian squares and anagram-free words
are also known as abelian square free words [30, 31], strongly nonrepetitive words [41], or
strongly asymmetric sequences [19, 19].

In 1961, [18] asked if there exist arbitrarily long anagram-free words over an alphabet
of size 4.6 In 1968 [19, 19] showed the existence of arbitrarily long anagram-free words
over an alphabet of size 25 and in 1971 [41] showed that an alphabet of size 5 is sufficient.
Erdős’s question was not fully resolved until 1992, when [30] answered it in the affirmative.

A path v1, . . . , v2r in a graph G is anagramish under a vertex c-colouring ϕ : V (G) →
{1, . . . , c} if ϕ(v1), . . . , ϕ(v2r) is an anagramish word. The colouring ϕ is an anagram-free
colouring of G if no path in G is anagramish under ϕ. The minimum integer c for which
G has an anagram-free vertex c-colouring is called the anagram-free chromatic number of
G and is denoted by χ̇π(G).

For a non-empty graph family G, χ̇π(G) := max{χ̇π(G) : G ∈ G} or χ̇π(G) := ∞ if
the maximum is undefined. The results on anagram-free words discussed in the preceding
paragraph can be interpreted in terms of χ̇π(P) where P is the family of all paths. Indeed,
Keränen’s result shows that χ̇π(P) ≤ 4. Slightly more complicated than paths are trees. [49]
showed that χ̇π(T ) = ∞ for the family T of trees and [25] showed that χ̇π(T2) = ∞ even
for the family T2 of binary trees.

One positive result in this context is that of [49], who showed that every tree T of
pathwidth p has χ̇π(T ) ≤ 4p+ 1. Since trees are graphs of treewidth 1 it is natural to ask
if this result can be extended to show that every graph G of treewidth t and pathwidth p

6This was an incredibly prescient question since it is not at all obvious that there exist arbitrarily long
anagram-free words over any finite alphabet. The only justification for choosing the constant 4 is that a
short case analysis rules out the possibility of length-8 anagram-free words over an alphabet of size 3.
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has χ̇π(G) ≤ f(t, p) for some function f : N2 → N. [11] showed that such a generalization
is not possible for any t ≥ 3 by giving examples of n-vertex graphs of pathwidth 3 (and
treewidth 3) with χ̇π(G) ∈ Ω(log n). The obvious remaining gap left by these two works
is graphs of treewidth 2. Our main result is to show that Gn, the 2 × n square grid has
χ̇π(Gn) ∈ ωn(1). Since Gn has pathwidth 2, we have:

Theorem 3.1. For every c ∈ N, there exists a graph of pathwidth 2 that has no anagram-
free vertex c-colouring.

[47, Section 7.1] conjectured that χ̇π(Gn) ∈ ωn(1), so this work confirms this conjecture.
Prior to the current work, it was not even known if the family of n × n square grids had
anagram-free colourings using a bounded number of colours.

In a larger context, this lower bound gives more evidence that, except for a few special
cases (paths [19,30,41], trees of bounded pathwidth [49], and highly subdivided graphs [48]),
the qualitative behaviour of anagram-free chromatic number is not much different than that
of treedepth/centered colouring [36]. Very roughly: For most graph classes, every graph in
the class has an anagram-free colouring using a bounded number of colours precisely when
every graph in the class has a colouring using a bounded number of colours in which every
path contains a colour that appears only once in the path.

The remainder of this paper is organized as follows: Section 3.2 gives some definitions
and states a key lemma which shows, under a certain periodicity condition, that every
sufficiently long word contains a factor that is ϵ-close to being anagramish. In Section 3.3
we use this key lemma to prove Theorem 3.1. In Section 3.4 we prove the key lemma.
Section 3.5 concludes with some final remarks about the (non-)constructiveness of our
proof technique.

3.2 Periodicity in words

An alphabet Σ is a finite non-empty set and each element of Σ is called a letter. A word
over Σ is a (possibly empty) sequence w := w1, . . . , wn with wi ∈ Σ for each i ∈ {1, . . . , n}.
The length |w| of w is the length, n, of the sequence. A word of length at least 1 is non-
empty. The unique word of length 0 is denoted by ε. For a word w := w1, . . . , wn, we let
Σw := {wi : i ∈ {1, . . . , n}}. For each 1 ≤ i ≤ j ≤ n + 1, wi, wi+1, . . . , wj−1 is called a
factor of w.7 The set of all factors of w is denoted by F (w).

7Note that this definition includes the empty factor ε obtained when i = j.
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A language L over Σ is a set of words over Σ. A language L is infinite if |L| = ∞. We
let ΣL :=

⋃︁
w∈L Σw and F (L) :=

⋃︁
w∈L F (w). The language L is factor-closed if F (w) ⊆ L

for each w ∈ L. For any alphabet Σ and any k ∈ N, Σk (the k-fold cartesian product of
Σ with itself) is the language consisting of all length-k words over Σ. The Kleene closure
Σ∗ :=

⋃︁∞
k=0Σ

k is the language consisting of all words over Σ.

Let w := w1, . . . , wn be a word over an alphabet Σ and, for each a ∈ Σ, define |w|a :=
|{i ∈ {1, . . . , n} : wi = a}|. The Parikh vector of w is the integer-valued |Σ|-vector
p(w) := (|w|a : a ∈ Σ) that is indexed by elements of Σ. For example, the parikh
vector of the word w := abac over the alphabet Σ = {a, b, c, d} is (2, 1, 1, 0). Observe
that a word w1, . . . , w2r is anagramish if and only if p(w1, . . . , wr) = p(wr+1, . . . , w2r)
or, equivalently, p(w1, . . . , wr) − p(wr+1, . . . , w2r) = 0. For each a ∈ Σ, let δa(w) :=
|w1, . . . , wr|a − |wr+1, . . . , w2r|a and let τa(w) := |δa|. Then τ(w) :=

∑︁
a∈Σ τa(w) is a useful

measure of how far a word is from being anagramish and τ(w) = 0 if and only if w is
anagramish.

A word w := w1, . . . , wn is ℓ-periodic over an alphabet Σ ⊇ Σw if each length-ℓ factor
of w contains every letter in Σ. A language L is ℓ-periodic if each of its words is ℓ-periodic
over ΣL. A language L is periodic if it is ℓ-periodic for some finite ℓ. We make use of
the following key lemma, which states that every sufficiently long ℓ-periodic word contains
arbitrarily long factors that are ϵ-close to being anagramish.

Lemma 3.1. For each r0, ℓ ∈ N and each ϵ > 0, there exists a positive integer n such that
every ℓ-periodic word w1, . . . , wn contains a factor w := wi+1, . . . , wi+2r of length 2r ≥ 2r0
such that τ(w) ≤ ϵr.

The proof of Lemma 3.1 is deferred to Section 3.4. We now give some intuition as to
how it is used. The process of checking if a word is anagramish can be viewed as finding
common letters in the first and second halves and crossing them both out. If this results
in a complete cancellation of all letters, then the word is an anagram. Lemma 3.1 tells
us that we can always find a long factor w where, after exhaustive cancellation, only an
ϵ-fraction of the original letters remain.

Stated differently, if up to ϵr letters in each half of w were each allowed to cancel
two of the same letters in the other half of w, then it would be possible to complete the
cancellation process. To achieve this type of one-versus-two cancellation in our setting, we
decompose our coloured pathwidth-2 graph into pieces of constant size. The vertices in
each piece can be covered with one path or partitioned into two paths (see Figure 3.4). In
this way an occurrence Hz of a particular coloured piece in one half can be matched with
two like-coloured pieces Hx and Hy in the other half. We construct a single path P that
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contains all vertices in Hz and only half the vertices in each of Hx and Hy. In this way,
the colours of vertices P ∩Hz can cancel the colours of the vertices in P ∩ (Hx ∪Hy).

Since Lemma 3.1 requires that the word w be ℓ-periodic, the following lemma will
be helpful in obtaining words that can be used with Lemma 3.1. (Although Lemma 3.2
follows immediately from considerably stronger results in combinatorics on words—for
example [33, Proposition 1.5.12]—we provide a proof here for the sake of completeness.)

Lemma 3.2. Let L be an infinite factor-closed language over an alphabet Σ. Then there
exists an infinite periodic factor-closed language M ⊆ L.

Proof. Let Ξ ⊆ Σ be any minimal subset of Σ with the property that M := Ξ∗ ∩ L is
infinite. Observe that, since L is factor closed, M is also factor-closed. Therefore M is
infinite and factor-closed. All that remains is to show that M is ℓ-periodic for some integer
ℓ.

Since Ξ is minimal, Π∗ ∩ L is finite for any strict subset Π ⊊ Ξ. Since L is factor-
closed, Π∗∩L is factor-closed. Since Π∗ ∩L is factor-closed and finite, |w| is finite for each
w ∈ Π∗ ∩ L. Therefore, the value

ℓ := 1 + max{|w| : w ∈ Π∗ ∩ L, Π ⊊ Ξ} (3.1)

is finite. Now, consider any factor f of any word in M that does not contain every letter
of Ξ, i.e., f ∈ Π∗ for some Π ⊊ Ξ. Since Π∗ ∩ L is factor closed, f ∈ Π∗ ∩ L so, by
Equation (3.1), |f | < ℓ. Contrapositively, any factor of length at least ℓ of any word in M
contains every element of Ξ, so M is ℓ-periodic.

3.3 Proof of Theorem 3.1

For each n ∈ N, let Gn be the 2×n square grid with top row a0, . . . , an−1 and bottom row
b0, . . . , bn−1 (see Figure 3.1). Our proof strategy is a proof by contradiction. Ultimately,
we will assume (for the sake of contradiction) that there exists an integer c such that
χ̇π(Gn) ≤ c for each n ∈ N and use this to derive a contradiction. In the following, we will
define several languages L1, L2, and L3 that would be infinite if the preceding assumption
were true. The final contradiction will occur if L3 contains a sufficiently long string.

As a first step, observe that for any n ∈ N there is a bijection between vertex c-
colourings of Gn and words of length 2n over the alphabet Σ0 := {1, . . . , c} where a word
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a0 a1 a2 a3

· · ·

an−3 an−2 an−1

b0 b1 b2 b3 bn−3 bn−2 bn−1

Figure 3.1: The graph Gn. These graphs are known as ladder graphs.

w := w0, . . . , w2n−1 corresponds to the colouring ϕw : V (Gn) → {1, . . . , c} defined by
ϕw(ai) := w2i and ϕw(bi) := w2i+1, for each i ∈ {0, . . . , n− 1}.

For reasons that will become apparent, it is useful to break Gn into blocks consisting
of 4 columns each. Let Σ1 := Σ8

0 and define the language L1 to consist of exactly those
words w1, . . . , wr ∈ Σ∗

1 for which ϕw1···wr is an anagram-free colouring of G4r.

By the definition of anagram-free colouring, every factor of a word in L1 is also anagram-
free, hence, L1 is factor-closed. Define the language L2 ⊆ L1 as follows: If L1 is finite, then
L2 := L1. If L1 is infinite then, by Lemma 3.2, there exists an infinite periodic factor-closed
language contained in L1 and we let L2 be any such language. Note that in either case L2

is periodic, since every finite language is periodic.

Let x be any letter in ΣL2 . Note that the word xx is not in L2 since the corresponding
colouring ϕxx of G8 has, for example, the anagramish path a0, . . . , a7. Since L2 is factor-
closed, no word in L2 contains xx as a factor, i.e., xx ̸∈ F (L2). Let Σ3 ⊂ F (L2) contain
only those factors of L2 that do not contain x. Thus, any word in L2 is of the form
w0xw1xw2 · · ·xwrxwr+1 where each of w1, . . . , wr is in Σ3 and each of w0, wr+1 is in Σ3∪{ε}.

Since L2 is periodic, each word in Σ3 has bounded length, so Σ3 is finite, i.e., Σ3 is
an alphabet. Let L3 be the language consisting of all words w1, . . . , wr ∈ Σ∗

3 such that
xw1xw2 · · ·xwr ∈ L2. If L2 is infinite, then so is L3. Since L2 is factor closed and periodic,
L3 is also factor-closed and periodic.

See Figure 3.2 for what follows. Each word w := w1, . . . , wr ∈ L3 defines a word
w′ := xw1xw2 · · ·xwr ∈ L2. In graph colouring terms, w defines an integer n(w) :=
4
∑︁r

i=1(1+ |wi|) and an anagram-free colouring ϕw := ϕw′ of Gn(w). The word w′ partitions
the columns of Gn(w) into blocks, each of which corresponds to a letter a of w′ of length
4|a|. There are two types of blocks:

• There are boring blocks Q0, . . . , Qr−1, each containing 4 columns of Gn(w), and each
corresponding to an occurrence of x in w′.

• There are colourful blocks H1, . . . , Hr, where Hi is the subgraph of Gn(w) correspond-
ing to wi and contains 4|wi| columns of Gn(w).
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(1, d) (1, a) (2, b) (1, a) (1, d) (1, a)(3, c) (2, b) (3, c)(2, b)

Figure 3.2: A word w := dabacbdabc, its corresponding word w′ :=
xdxaxbxaxcxbxdxaxbxc, and its corresponding coloured graph Gn(w).

The following lemma shows that any sufficiently long string w in L3 must define a
colouring ϕw of Gn(w) that is not anagram-free.

Lemma 3.3. There exists ϵ > 0 and r0 ∈ N such that, for any w ∈ L3 that has even length
2r := |w| ≥ 2r0 and that has τ(w) ≤ ϵr, the graph Gn(w) contains a path that is anagramish
under ϕw.

Proof. Let w1, . . . , w2r := w so that the colouring ϕw is defined by the word xw1xw2 · · ·xw2r.
For each a ∈ Σ3 \ {x}, define X+

a := {i ∈ {1, . . . , r − 1} : wi = a} and Y +
a := {i ∈

{r+ 1, . . . , 2r− 1} : wi = a}. (The sets X+
a and Y +

a index the occurrences of a in the first
and second half of w, respectively.) We will now define two sets Xa ⊆ X+

a and Ya ⊆ Y +
a

with the following properties:

1. If δa(w) = 0, then Xa = Ya = ∅.

2. If δa(w) > 0, then |Xa| = 2δa(w) = 2|Ya|.

3. If δa(w) < 0, then |Xa| = δa(w) =
1
2
|Ya|.

Let X :=
⋃︁

a∈Σ3
Xa, let Y :=

⋃︁
a∈Σ3

Ya, and observe that the three preceding properties
imply that |X| = |Y | = 3τ(w)/2. The sets Xa and Ya will be chosen so that X ∪ Y
satisfies the following global independence constraint : There is no pair i, j ∈ X ∪ Y such
that i − j = 1. We now explain why, with appropriately chosen ϵ and r0, it is always
possible to find sets Xa and Ya (for each a ∈ Σ3 \ {x}) that satisfy these three properties.

We choose the elements of X∪Y using the following greedy strategy. Suppose Xa or Ya

does not yet contain enough elements, for some a ∈ Σ3. Without loss of generality, assume
it is Xa. Choose an arbitrary element from X+

a \
⋃︁

i∈X∪Y {i− 1, i, i+ 1} and add it to Xa.
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(1, d) (1, a) (2, b) (1, a) (1, d) (1, a)(3, c) (2, b) (3, c)(2, b)

Figure 3.3: Constructing the anagramish path P : (1) pairs of top and bottom paths are
matched with zig-zag paths; (2) all remaining colourful blocks receive top paths; (3) all
boring blocks receive top, updown, or downup paths.

To see that this is always possible observe that at the beginning of each step,⃓⃓⃓⃓
⃓X+

a \
⋃︂

i∈X∪Y

{i− 1, i, i+ 1}

⃓⃓⃓⃓
⃓ ≥ |X+

a | − 3|X ∪ Y |

≥ |X+
a | − 3 (3τ(w)− 1)

≥ |X+
a | − 9ϵr − 3 ,

so there will always be an element to choose provided that |X+
a | > 9ϵr + 3. Since w ∈ L,

w is ℓ-periodic, so |X+
a | ≥ ⌊(r − 1)/ℓ⌋. Therefore, this procedure will succeed in finding

sets X and Y with the global independence property provided that 9ϵr − 3 < ⌊(r − 1)/ℓ⌋.
In particular, ϵ < 1/(9ℓ) satisfies this requirement.

To simplify notation, let G := Gn(w). For each i ∈ {1, . . . , 2r}, let Hi be the subgraph
of G induced by the vertices corresponding to wi; the subgraphs H1, . . . , H2r are referred
to above as colourful blocks. We now construct the anagramish path P in a piecewise
fashion, as illustrated in Figure 3.3.

• For each a ∈ Σ3 such that δa(w) > 0, group the elements of Xa into pairs. For each
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Figure 3.4: Subpaths of P through colourful blocks: A pair of top and bottom paths
contribute the same amount as a single zig-zag path.

Figure 3.5: The paths taken by P through boring blocks: A top path, a downup path, and
an updown path.

pair (i, j), P contains the path through the top row of Hi and the path through the
bottom row of Hj. For each element i ∈ Ya the path P contains the zig-zag path
with both endpoints in the top row of Hi and that contains every vertex of Hi.

• For each a ∈ Σ such that δa(w) < 0 we proceed symmetrically to the previous case,
but reversing the roles of Xa and Ya. Specifically, we group the elements of Ya into
pairs. For each pair (i, j), P contains the path through the top row of Hi and the
path through the bottom row of Hj. For each element i ∈ Xa, P contains the zig-zag
path with both endpoints in the top row of Hi and that contains every vertex of Hi.

• For each i ∈ {1, . . . , 2r} \ (X ∪ Y ), P contains the top row of Hi.

The rules above define the intersection, Pi, of P with each colourful block Hi of G. If Pi

is the path through the bottom row of Hi then we call Hi a bottom block. If Pi is the
path through the top row of Hi then we call Hi a top block. If Pi is the zig-zag path that
contains every vertex of Hi then we call Hi a zig-zag block. Note that

∑︁
a∈Σ3

δa(w) = 0
and this implies that the number of bottom blocks among H1, . . . , Hr−1 is the same as the
number of bottom blocks among Hr+1, . . . , H2r. Indeed, this number is exactly 1

2
τ(w).

We now define how P behaves for the boring blocks, denoted by Q0, . . . , Q2r−1. The first
boring block Q0 comes immediately before H1. Each boring block Qj, for j ∈ {1, . . . , 2r−1}
comes immediately after Hj and immediately before Hj+1. In almost every case, P uses
the path through the top row of Qj. The only exceptions are when Hj or Hj+1 are bottom
blocks. Note that, because of the global independence constraint, these two cases are
mutually exclusive. See Figure 3.5.
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• When Hj is a bottom block, P uses a path that begins at the bottom row of Qj but
moves immediately to the top row of Qj and uses the entire path along the top row.
We call this a downup path.

• When Hj+1 is a bottom block, P uses a path that begins at the top row of Qj and
moves immediately to to the bottom row of Qj and uses the entire path along the
bottom row. We call this a updown path.

This completely defines the path P := v1, . . . , v2m. All that remains is to argue that the
word ρ := ϕw(v1), . . . , ϕw(v2m) is anagramish.

Observe that the number of downup paths and the number of updown paths that appear
in Q0, . . . , Qr−1 is exactly the same as the number of bottom blocks among H1, . . . , Hr−1

which is exactly 1
2
τ(w). Similarly, the number of updown paths and downup paths that

appear in Qr+1, . . . , Q2r−1 is exactly 1
2
τ(w). Now every path that is neither downup nor

updown uses the top row. This implies that the sequence of colours contributed to ρ by the
intersection of P with Q0, . . . , Qr−1 is a permutation of the sequence of colours contributed
to ρ by the intersection of P with Qr+1, . . . , Q2r−1. These two sequences cancel perfectly.

Next, by construction, each pair of top and bottom blocks in H1, . . . , Hr−1 contributes
exactly the same amount as a single matching zig-zag block in Hr+1, . . . , H2r−1. Specifically,
if x, y ∈ Xa, z ∈ Ya, Hx is a top block, Hy is a bottom block and Hz is a zig-zag block,
then the contributions of Px and Py to ρ cancels out the contribution of Pz. After doing
this cancellation exhaustively, all that remains are top blocks, which also cancel each other
perfectly. This completes the proof.

To be explicit, we finish the proof of Theorem 3.1 by pointing out the contradiction
between Lemma 3.1 and Lemma 3.3:

Proof of Theorem 3.1. Assume for the sake of contradiction that there exists some c ∈ N
such that χ̇π(Gn) ≤ c for each n ∈ N. Then the language L1 is infinite and, by Lemma 3.2
so are L2 and L3. Therefore L3 is an infinite periodic language. Therefore, Lemma 3.1
implies that for every ϵ > 0 and r0 ∈ N there exists a word w ∈ L3 with 2r := |w| ≥ 2r0,
and τ(w) ≤ ϵr. In particular, this is true for the specific values of r0 and ϵ that appear
in Lemma 3.3. However, Lemma 3.3 implies that ϕw is not an anagram-free colouring of
Gn(w), which contradicts the fact that w ∈ L3.
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3.4 Proof of Lemma 3.1

All that remains is to prove Lemma 3.1, which we do now.

Proof of Lemma 3.1. First observe that, for any ℓ-periodic word w, |Σw| ≤ ℓ. Define an
even-length word t to be a-unbalanced if τa(t) > ϵ|t|/ℓ and a-balanced otherwise. If t
is a-balanced for each a ∈ Σt then t is balanced. Observe that, if t is balanced then
τ(t) ≤ |Σt|ϵ|t|/ℓ ≤ ϵ|t|. A word is everywhere unbalanced if it contains no balanced factor
of length r ≥ r0. Our goal therefore is to show that there is an upper bound n := n(ℓ, ϵ, r0)
on the length of any ℓ-periodic everywhere unbalanced word.

Let h be a positive integer whose value will be discussed later and let n := r02
h. Let

w be an ℓ-periodic everywhere unbalanced word of length n over the alphabet Σ. Assume,
without loss of generality, that r0 is a multiple of ℓ.

Consider the complete binary tree T of height h whose leaves, in order, are length-r0
words whose concatenation is w and for which each internal node is the factor obtained
by concatenating the node’s left and right child. Note that for each v ∈ V (T ) and each
a ∈ Σ, the fact that w is ℓ-periodic and r0 is multiple of ℓ implies that |v|a ≥ |v|/ℓ.

For each a ∈ Σ, let Sa := {v ∈ V (T ) : v is a-unbalanced}. Since w is everywhere
unbalanced,

⋃︁
a∈Σ Sa = V (T ). Therefore,

(h+ 1)n =
∑︂

v∈V (T )

|v| ≤
∑︂
a∈Σ

∑︂
v∈Sa

|v| .

Therefore, there exists some α ∈ Σ such that
∑︁

v∈Sα
|v| ≥ (h + 1)n/|Σ| ≥ (h + 1)n/ℓ. At

this point we are primarily concerned with appearances of α, so let X := Sα, and, for each
node v ∈ V (T ), let W (v) := |v|α.

For each non-leaf node v of T , let R(v) denote a child of v such that W (R(v)) ≤ 1
2
·W (v).

It is helpful to think of T as being ordered so that each right child y with sibling x has
W (y) ≤ W (x). For a non-leaf node v ∈ X the fact that v is α-unbalanced implies that

W (R(v)) ≤ 1
2
·W (v)− ϵ

2ℓ
· |v| ≤ (1

2
− ϵ

2ℓ
)W (v) .

From this point on we use the following shorthands. For any S ⊆ V (T ), L(S) :=∑︁
v∈S |v|, W (S) :=

∑︁
v∈S W (v), and R(S) = {R(v) : v ∈ S}. Summarizing, we have a

complete binary tree T of height h and X ⊆ V (T ) with the following properties:

• For each v ∈ V (T ), W (v) ≥ |v|/ℓ.
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• L(X) ≥ (h+ 1)n/ℓ.

• For each non-leaf node v ∈ X, W (R(v)) ≤ (1
2
− ϵ

2ℓ
)W (v).

For each i ∈ {0, . . . , h}, let Xi ⊆ X denote the set of nodes v ∈ X for which the path from
the root of T to v contains exactly i nodes in X, excluding v. See Figure 3.6. Observe
that, since each node in Xi has an ancestor in Xi−1,

n ≥ L(X0) ≥ L(X1) ≥ · · · ≥ L(Xh) .

We will show that there exists an integer t := t(ϵ, ℓ, r0) such that, for each i ∈ {0, . . . , h−
t},

L(Xi+t) ≤ (1− (1/2)t+1)L(Xi) . (3.2)

In this way,

(h+ 1)n/ℓ ≤ L(X) =
h∑︂

i=0

L(Xi)

≤
h∑︂

i=0

L(Xt⌊i/t⌋) (since i ≥ t⌊i/t⌋, so L(Xi) ≤ L(Xi⌊i/t⌋))

= t ·
h/t∑︂
i=0

L(Xit) (for h a multiple of t)

≤ t ·
∞∑︂
i=0

(1− (1/2)t+1)iL(X0) (by Equation (3.2))

≤ tn ·
∞∑︂
i=0

(1− (1/2)t+1)i (since |X0| ≤ n)

= tn2t+1

which is a contradiction for sufficiently large h; in particular, for h > ℓt2t+1 − 1.

It remains to establish Equation (3.2), which we do now. Fix some i ∈ {0, . . . , h− 1},
define A0 := Xi and, for each j ≥ 1, define Aj to be the subset of Xi+j that are descendants
of some node in R(Aj−1). See Figure 3.6. To upper bound L(Xi+t) observe that Xi+t can
be split into two sets A′

0 and B defined as follows: The nodes A′
0 do not have an ancestor
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Figure 3.6: The partitioning of X into X0, . . . , Xh. Shaded nodes are in X and all nodes in
Xi are shaded with the same colour. Starting with A0 = X0, the elements of A0, . . . , Ah are
highlighted (in orange). The elements of R(A0), . . . , R(Ah) are also highlighted (in pink).

45



in R(A0) and therefore L(A′
0) ≤ (1/2)L(A0). The nodes in B do have an ancestor in R(A0)

and therefore have an ancestor in A1. Iterating this argument, we obtain

L(Xi+t) ≤
t−1∑︂
j=0

(1/2)L(Aj) + L(At)

≤
t−1∑︂
j=0

(1/2j+1)L(A0) + L(At)

= (1− (1/2)t)L(A0) + L(At)

= (1− (1/2)t)L(Xi) + L(At) .

So all that remains to establish 3.2 is to prove that L(At) ≤ (1/2)t+1L(Xi). To do this,
observe that, for each j ∈ {1, . . . , t},

W (Aj) ≤ W (R(Aj−1)) ≤ (1
2
− ϵ

2ℓ
) ·W (Aj−1) (3.3)

which implies

W (At) ≤ (1
2
− ϵ

2ℓ
)tW (A0) ≤ (1

2
− ϵ

2ℓ
)t · L(A0) = (1

2
− ϵ

2ℓ
)t · L(Xi)

Since w is ℓ-periodic,

L(At) ≤ ℓ ·W (At) ≤ ℓ · (1
2
− ϵ

2ℓ
)t · L(Xi) ≤ L(Xi)/2

t+1

for t := ⌈log(2ℓ)/ log
(︁
1/(1− ϵ

ℓ
)
)︁
⌉.

3.5 Reflections

Although an explicit upper bound on n := n(ϵ, ℓ, r0) could be extracted from the proof of
Lemma 3.1 it would likely be far from tight. We suspect that there is a Fourier analytic
proof that would give better quantitative bounds. We have not pursued this, because we
have no idea how to explicitly upper bound ℓ, for reasons discussed in the next paragraph.

Lemma 3.2 and its proof give absolutely no clues to help find a concrete bound on ℓ or
to find a minimal set Ξ. Indeed, for some choices of L, doing so can be a difficult problem.
Consider the example where |Σ| = 5 and L is the language of all anagram free words in
Σ∗. It is easy to see that this language L is factor-closed and the result of [41], published
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in 1970, shows that this L is infinite. The question of whether |Ξ| = 4 or |Ξ| = 5 is then
the question of determining whether there exist arbitrarily long anagram-free words on an
alphabet of size 4. This was the open problem posed by [18] in 1961 and again by [9] in
1971 and not resolved until 1992 when [30,31] showed that the answer, in this case, is that
|Ξ| = 4. However, if this were not the case, then determining ℓ would be the question of
determining the length of the longest anagram-free word over an alphabet of size 4.

Our proof uses Lemma 3.2 twice and each uses a language L3 that is considerably more
complicated than the language of anagram-free words. It seems unlikely that we will obtain
concrete upper bounds on ℓ as a function of c except, possibly, through the use of computer
search. The resulting value ℓ is used in the application of Lemma 3.1 and also within the
proof of Lemma 3.3.
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Geodesic Anagram-Free Colouring of
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Abstract. A sequence of even length characters s is called an anagram if for every
character c in s the number of occurrences of c in the first half of s is equal to the number
of occurrences of c in the second half of s. Define a sequence s to be an anagram-free such
that any subsequence of s is not an anagram. A colouring of a path p in a graph is an
anagram colouring if the sequence corresponding to the colours of the vertices in p is an
anagram. A graph colouring is an anagram-free colouring if the graph does not contain any
anagram path. The anagram-free chromatic number of a graph is the minimum number
of colours required to colour a graph anagram-freely. It is known that this number is
unbounded for graphs of pathwidth ≥ 2 [6, 11]. Moreover, Wilson and Wood [49] showed
that the anagram-free chromatic number of a tree T is upper-bounded by 4p + 1 where
p is the pathwidth of T . Define the geodesic anagram-free chromatic number of a graph
to be the minimum number of colours required to colour a graph such that all shortest
paths among any pair of vertices are coloured anagram-freely. In this chapter we give an
upper bound on the geodesic anagram-free chromatic number of specific graph classes. A
graph is chordal if every cycle of length at least 4 has a chord. We prove that the geodesic
anagram free chromatic number of a chordal graph G is 32p′w where p′ is the minimum
pathwidth of a tree used in any subtree intersection representation of G and w is the clique
number of G. Our result generalizes the theorem by Wilson and Wood [49]. Moreover, we
show that the geodesic anagram-free chromatic number of an interval graph is bounded by
32p where p is the pathwidth of the interval graph.

4.1 Introduction

A sequence w := w1w2 . . . wn is nonrepetitive if no two adjacent blocks (sub-sequences)
are the same. In 1906 Thue [45] managed to construct an arbitrary long nonrepetitive
sequence using only 3 symbols. Thue’s work influenced developing numerous works in
Combinatorics, specifically on Combinatorics of Words. A vertex colouring(colouring) of a
graph G is a mapping c : V (G) → C that assigns each vertex v of G to a colour in some
set C of colours. Call this a |C|-colouring of G. In 2002, Alon, Grytczuk, Hałuszczak,
and Riordan [34] introduced a new graph colouring inspired by Thue’s work. Let G be a
graph. Define a vertex colouring c : V (G) −→ C nonrepetitive if the sequence of colours
corresponding to any path in G is nonrepetitive, where C is the set of colours.

In the literature, nonrepetitive colouring has been studied extensively in terms of path-
nonrepetitive colouring, walk-nonrepetitive colouring, stroll-nonrepetitive. In 2002 Alon et
al. [3] showed that the nonrepetitive chromatic number of a graph G is upper-bounded by
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c∆(G)2, where c is a constant and ∆(G) is the maximum degree of G. In 2016, Dujmović
et al. [16] improved this bound to ∆(G)2 using entropy compression.

In the field of combinatorics on word, non-repetitive strings are also called square-free.
A variant on this idea is abelian square-free words, a.k.a anagram-free words, which we
now define.

A sequence s := s1, s2, . . . , s2r is an anagram if the sequence s1, s2, . . . , sr is a per-
mutation of sr+1, sr+2, . . . , s2r. Notice that odd length sequences are not an anagram. A
sequence s is an anagram-free sequence if no sub-sequence of s is an anagram.f Let G be
a graph. Define a vertex colouring c : V (G) −→ C anagram-free if the sequence of colours
corresponding to any path in G is anagram-free, where C is the set of colours.

In 2018, Carmi, Dujmović, and Morin gave examples of graphs of pathwidth 3 that
have unbounded anagram-free chromatic number. In 2021 Bazargani, Dujmović and Morin
showed that graphs of pathwidth 2 also have unbounded anagram-free chromatic number,
while Wilson and Wood [49] showed that the anagram-free chromatic number of a tree is
bounded by its pathwidth in 2016. In particular, they proved that any tree can be coloured
anagram-freely with 4p colours where p is the pathwidth of the tree.

As stated above, the anagram-free chromatic number is bounded by pathwidth in the
case of trees. Also, the anagram-free chromatic number is a constant in the case of a path.
Observe that the shortest path between any two vertices in either of these two graph classes
is unique. Motivated by the works of Bazargani et al. [6] Carmi et al. [11] and Wilson et
al. [49] and the above observation, a natural restriction can be added to the setting of
anagram-free colouring. Hence, in this chapter we study the following colouring problem:
Define the geodesic anagram-free chromatic number of a graph to be the minimum number
of colours required such that the sequence of colours corresponding to any shortest path
connecting any pair of vertices is anagram-free.
Theorem 4.1. Any chordal graph G that can be represented as an intersection graph of
subtrees of a tree T (Vt : t ∈ V (T )) has anagram-free chromatic number of 32p′w ∈ O(p′w),
where p′ is pw(T ) and w is the clique number of G.

The rest of the chapter is organized as following: In Section 4.2 we give the definitions
of basic required background and the terminology to understand this chapter. In Section
4.3 we present a greedy algorithm that gives a geodesic anagram free colouring of an
interval graph. Next, we show why this colouring is geodesic anagram free and we give
an upper bound on the geodesic anagram-free chromatic number of interval graphs . In
Section 4.4 we prove that chordal graphs have bounded geodesic anagram-free chromatic
number. Next, we give an algorithm that shows how to colour a chordal graph geodesic
anagram-freely.
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4.2 Definitions

Intersection Graph Let X be a set of sets. The intersection graph G of X is the graph
G with vertex set V (G) = X and vw ∈ E(G) if and only if v ∩ w ̸= ∅. When X is a set
of real closed intervals the intersection graph of X is called an interval graph. Let T be
a tree and let X be a set of subtrees of T . Then, the intersection graph of X is called a
chordal graph. This definition of a chordal graph is equivalent to the previous definition.
For more details, please refer to [20].

For an interval (vertex) i define i[0] (resp. i[1]) to be the left endpoint (resp. right
endpoint) of the interval i. For two intervals a and b, we say that a is to the right (resp.
left) of b if a[0] > b[0] and a[1] > b[1] (resp. a[0] < b[0] and a[1] < b[1]). An interval is
called the leftmost (resp. rightmost) interval if its starting point (resp. end point) has the
minimum (resp. maximum) value among all intervals.

Let G = (V,E) be a graph. The length of a path v0 . . . vr is r (the number of edges)
where vi ∈ V . Define dist(u,w) to be the length of a shortest path between two vertices
u,w ∈ V (minimum number of edges that connect u to v.) We use the convention that if
the graph is not connected and u and w are in two different disconnected components of
the graph then dist(u,w) = ∞. A path is called geodesic if that path is a shortest path
connecting two vertices.

Let S ⊆ V be any subset of vertices of G. Then the induced subgraph G[S] is the graph
whose vertex set is S and whose edge set consists of all of the edges in E that have both
endpoints in S.

Two vertices x, y are neighbours if xy is an edge of G. The set of neighbours of a vertex
v in G is denoted by N(v).

Tree Decomposition A tree decomposition of G = (V,E) consists of a tree T and a
subset Vt ⊆ V associated with each node t ∈ T . We will call the subsets Vt bags of the
tree decomposition. T and {Vt : t ∈ T} must satisfy:

• (Node coverage) Every node of G belongs to at least one bag Vt.

• (Edge coverage) For every edge e of G, there is some bag Vt containing both ends of
e.

• (Coherence) T [{t ∈ V (T ) : v ∈ Vt}] is connected for every v ∈ V (G).
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Treewidth The width of a tree decomposition T is maxt|Vt|−1, when Vt are the bags of T .
The treewidth tw(G) of a graph G is the minimum k such that G has a tree-decomposition
of width k.

Pathwidth A path decomposition is a tree decomposition T for which T is a path. The
pathwidth pw(G) of a graph G is the smallest k such that G has a path decomposition T
of width k. Note that the treewidth of a chordal graph is equal to the size of its largest
clique minus one. Similarly the pathwidth of an interval graph is equal to the size of its
largest clique minus one.

Language An alphabet Σ is a finite and non-empty set. Each elements of Σ is called
a letter. A word is a finite sequence of letters chosen from Σ. A factor of a word w is a
sub-sequence of w. A Language L over Σ is a set of words over Σ. Let s := s1s2 . . . sn−1 be a
sequence of characters. We denote the character at the index i by s[i]. Also, we denote the
sub-sequence of s from the character located at the index i to j by s[i : j] = si, si+1 . . . sj.
Define |s| the length of the sequence s.

4.3 Geodesic anagram-free chromatic number of inter-
val graphs

In this section, we prove that an interval graph has a geodesic anagram-free chromatic
number, that is linear in its pathwidth. For an interval graph G = (V,E), let P ∗ be
the shortest path that connects the leftmost interval to the rightmost interval. On an
abstract level any shortest path P between any two arbitrary intervals must follow the
shadow of P ∗, that means for any interval I ∈ P there exists an interval I∗ ∈ P ∗ such that
(I, I∗) ∈ E. Hence, the aim is to establish a colouring scheme such that the sequence of
colours correspond to P be a mapping of sequence of colour correspond to P ∗. We do this
by presenting a greedy colouring scheme that gives a geodesic anagram free colouring for
an interval graph.

Greedy colouring : Let G = (V,E) be an interval graph. Recall that an interval graph
is an undirected graph formed from a set of intervals on a real line. We assume without
loss of generality that in the interval representation all endpoints of intervals are distinct
integers in the range {1, . . . , 2|V |}. For a vertex v of G define τ(v) as follows:
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1. If there exists an interval v′ such that (v′, v) ∈ E and v′ is to the right of v then
τ(v) = argmaxv′∈N(v) v

′[1].

2. If v is not connected to any intervals to its right then τ(v) = argminv′∈V v′[0] where
v′[0] > v[1].

3. Otherwise, τ(v) = None (indicating that v is the rightmost interval in the graph).

Layering the graph Let G be a connected interval graph with pw(G) = p. Let the
vertex v be the leftmost interval of G. Define P1 as the vertex sequence of G defined by
vertices {v, τ(v), τ(τ(v)), . . . , v′} where v′ is the rightmost interval of G. By the definition
of τ ; G[P1] is a path. Let G1 be G − {P1}. Let P2, . . . , Pp′ and G2, . . . , Gp′ be vertex
sequences and induced subgraphs achieved by repeating the above process (taking a vertex
sequence Pi that starts at the leftmost vertex of Gi, then uses τ repeatedly to get to the
rightmost vertex of Gi. Next Pi is removed from Gi to get Gi+1) until no vertex remains
in the graph, where p′ ≤ p. We call P1, P2, . . . , Pp′ as first layer, second layer, . . . , p′ − th
layer. We get at most p layers since no two layers have a vertex in common and removing a
layer from G reduces the pathwidth of Gi at least by one. Denote Pi[j] as the j-th element
of Pi for i ∈ {1, . . . , p′}.

Observation 4.1. For any integer i, at most two intervals of Pk contain i.

Colouring the first layer In 1992, Keränen [30] proved the existence of an infinitely
long anagram-free word using only four letters. This implies that a path has an anagram-
free colouring using four colours.

4.3.1 Double anagram free sequence

Here we introduce a slightly different anagram-free colouring that is based on Keränen’s [30]
work.

Let L be an anagram free language over the alphabet Σ = {a, b, c, d}. Let g : Σ∗ → Σ′∗

be an endomorphism where Σ′∗ = {a, a′, b, b′, c, c′, d, d′}. We define g as following:

g(a) = aa′, g(b) = bb′, g(c) = cc′, g(d) = dd′

Define a language L′ as all factors of g(w) for every word w in L. We call L′ double anagram
free.
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Lemma 4.1. A double anagram free language L′ is anagram free.

Proof. Let s be a word from L′. Let seven (resp. sodd) be a sequence of characters from s
which their indices are even (resp. odd). Notice that the ordering of characters in seven
(resp. sodd) will remain the same as s. Without loss of generality, assume that seven ∈ L
thus, seven is anagram-free. By the definition of L′, sodd ∈ Σ′∗ is also anagram-free since
the characters of sodd follow the same sequence as their corresponding word in L. Here we
analyze two cases, when |s| is even or odd.

• |s| is even: Since seven is anagram-free, s will be anagram free, as the rest of characters
used in s are in Σ′∗ − Σ∗. In other word there is a character c ∈ seven that appears
more in one half of the sequence.

• |s| is odd: An odd sequence cannot be an anagram.

Lemma 4.2. Let s be a double anagram-free word. If we insert a character c ∈ Σ′∗ into
any location in s, the resulting word s remains anagram-free.

Proof. If the length of s is even, adding a character c makes the length of s odd, and by
the definition of an anagram sequence, an odd sequence is not an anagram. Let seven (resp.
sodd) be a sequence of characters from s which their indices are even (resp. odd). Notice
that the ordering of characters in seven (resp. sodd) will remain the same as s. Without
loss of generality, assume that seven ∈ L. As stated above both seven and sodd are anagram
free. Since both seven and sodd are constructed based on distinct alphabet and both are
anagram-free. It implies that each of them has at least one unique character that appears
more in one half of the sequence s than the other half of the sequence s. So, any double
anagram-free sequence has two such characters. Thus, after inserting one character to s
the new sequence remains anagram-free.

Let the mapping (colouring) γ : V (P1) → [1, 8] be a double anagram free colouring of
P1.

Lemma 4.3. Any vertex v ∈ V − P1 can only be connected to at most three consecutive
vertices of P1.
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Proof. Let P1 = v′0, v
′
1 . . . , v

′
p−1(p = |P1|) and let v

′
i be the leftmost vertex of P1 that v is

connected to. Supposed that v is connected to at least 4 consecutive vertices of P1. This
implies that τ(v)[1] > v′i+3[0] > v′i+1[1] > τ(v

′
i)[1]. That is a contradiction with the choice

of v′
i+1.

We will show that for each vertex v ∈ V (G), there exists an integer j such that v falls
into one of the following 5 categories. Notice that by our choice of intervals in P1, any
interval v ∈ V (G) intersects with at least an interval of P1 and by Lemma 4.3 v intersects
at most 3 intervals of P1. The interval corresponding to v is P1[j] if:

• Category 1: The only vertex of P1 adjacent to v is P1[j]. See Figure 4.1.

v

P1[j]

Figure 4.1: Category 1

• Category 2: The only two vertices of P1 adjacent to v are P1[j] and P1[j − 1] and
v[1] > P1[j − 1][1]. See Figure 4.2.

v

P1[j − 1]

P1[j]

Figure 4.2: Category 2

• Category 3: The only two vertices of P1 adjacent to v are P1[j] and P1[j + 1] and
v[1] < P1[j][1]. See Figure 4.3.

v

P1[j]

P1[j + 1]

Figure 4.3: Category 3
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• Category 4: The only three vertices of P1 adjacent to v are P1[j − 1] and P1[j] and
P1[j + 1]. See Figure 4.4.

v

P1[j]

P1[j + 1]P1[j + 1]

Figure 4.4: Category 4

• Category 5: v is P1[j].

For a vertex v denote Ξ(v) to be the function that gives the corresponding vertex to v with
respect to the five categories defined above.

We say that an interval is contained in another interval if it falls into category 1 or
category 3. We say that an interval is a bridge if it falls into categories 2, 4 or 5, in which
case we say that the bridge connects two intervals. In category 2 a bridge connects P1[j−1]
to P1[j]. In category 4 a bridge connects P1[j] to P1[j + 1].

Box Representation of intervals The box representation of a layer of an interval graph
is a partitioning of the intervals of that layer into a sequence of ordered sets such that all
intervals in a set have the same relation with a unique interval of the first layer. These
relations are defined as follows:

For a layer K ∈ {1, . . . , p′} let {BK,0, BK,1, . . . , BK,n0−1} s.t. n0 ≤ |P1| be the sequence
for the boxes of the layer K.

1. K = 1 : B1,j = {P1[j]} for 0 ≤ j ≤ |P1| − 1.

2. K ≥ 2 : BK,j = {i ∈ Pk : Ξ(i) = P1[j]} for 0 ≤ j ≤ |P1| − 1.

Notice that the box BK,j is the corresponding box for some intervals of the K-th layer that
correspond P1[j]. Moreover, observe that all of the intervals in BK,j are connected to P1[j].
We order the intervals in each box so that the intervals inside each box maintain the same
ordering as their original ordering in Pk.

Lemma 4.4. A box B can have at most 2 bridges.
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Proof. Without loss of generality assume that B = Bk,i+1 for two integers i and k. Suppose
that Bk,i+1 has more than two bridges. Recall that for an integer j any bridge that is in
Bk[j] is adjacent to P1[j − 1] and P1[j] (categories 2 and 4), thus every bridge in Bk,i+1

is adjacent to P1[i]] and P1[i + 1]. Let I1, I2, I3 be the three bridges that connect P1[i] to
P1[i + 1]. By the definition of a bridge all three intervals I1, I2, I3 should contain P1[i][1].
This contradicts with Observation 4.1.

Observation 4.2. At most two bridges from a layer Pi can have the same corresponding
vertex. This case happens when the first bridge is from category 2 (the bridge that connects
two consecutive vertices of P1, say P1[j − 1], P1[j]), and the second bridge is from category
4 (the bridge that connects three consecutive vertices of P1, say P1[j − 1], P1[j], P1[j + 1]).

In the following section we define a colouring scheme for vertices of G. As we demon-
strate later the colour that the intervals inside a box take can be seen as a mapping of
colours to the colours of intervals in the first layer. Define the colouring Π : V → C such
that C = [1, pw(G)]× [1, 8]× [0, 3]. Let Pk[j] be the m-th interval of the box Bk,i.

1. If Pk[j] falls into categories 1 or 3 with respect to the first layer: Π(Pk[j]) :=
(k, γ(P1[i]), (m mod 2) + 2).

2. If Pk[j] falls into categories 2 or 4 with respect to the first layer: Π(Pk[j]) :=
(k, γ(P1[i+ 1]),m mod 2).

3. If Pk[j] falls into category 5 with respect to the first layer: Π(Pk[j]) := (1, γ(P1[i]), 0).

4.4 Geodesic Anagram Free Colouring

In this section we prove that Π is a geodesic anagram free colouring of G.

Let P ∗ = vs, P
∗[1], . . . , vt = P ∗[0], P ∗[1], . . . , P ∗[n0] be the shortest path between two

arbitrary vertices (intervals) vs, vt. Let s∗ be the index of the rightmost vertex (interval)
of the first layer connected to vs. Let t∗ be the index of the leftmost vertex (interval) of
the first layer connected to vt. Let seq1 be the sequence of vertices (intervals) from the
first layer that connect P1[s

∗] to P1[t
∗] (seq1 := P1[s

∗ : t∗]). Let set1 be the set of vertices
(intervals) of seq1.

Let seq2 = (Ξ(P ∗[0]),Ξ(P ∗[1]),Ξ(P ∗[2]), . . . ,Ξ(P ∗[n0])). Let set2 be the set of vertices
(intervals) of seq2.
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Lemma 4.5. set1 ⊆ set2.

Proof. Suppose that there is an interval P1[k] ∈ set1 − set2 for an integer k. By the
definition of a path and an interval graph the union of intervals of P ∗ form a continuous
interval. This union includes an interval which starts at vs[0] and ends at vt[1]. Notice
that P1[k][0] > vs[0] otherwise, P1[k] will be the corresponding vertex to vs. Similarly, the
end point of P1[k] can not be greater than vt[1] otherwise, P1[k] will be the corresponding
vertex to vt.

Let vi∗ be the rightmost interval in P ∗ that contains P1[k][0] thus, vi∗ [0] < P1[k][0]
and let vj∗ be the leftmost interval in P ∗ that contains P1[k][1]. Such two vertices vi∗ , vj∗
exist since the union of vertices in P ∗ form a continuous interval and P1[k][0] > vs[0]
and P1[k][1] < vt[1]. Since P1[k] is not the corresponding vertex to vi∗ it implies that
vi∗ [1] < P1[k− 1][1], moreover, since τ(P1[k− 1]) ̸= vj∗ it implies that vj∗ [0] > P1[k− 1][1].
Thus, vj∗ [0] > vi∗ [1] that means vj∗ is not connected to vi∗ . Moreover, P1[k − 1][1] is
contained in neither vi∗ nor vj∗ . Since the union of the intervals in P ∗ make a continuous
interval it implies that there is a sequence of intervals (a path) in P ∗ that connect vi∗
to vj∗ . Let v∗ be a vertex (interval) from that sequence that contains P1[k − 1][1]. By
the definition of vi∗ , P1[k] and v∗, v∗[0] > vi∗ [0] and P1[k][1] > v∗[1]. This implies that
Ξ(v∗) = P1[k] which is a contradiction. See Figure 4.5 for an illustration.

vs vt

vi∗

vj∗

v∗

P1[k − 1]

P1[k]

Figure 4.5: set1 ⊆ set2

Lemma 4.6. |seq2| − |seq1| ≤ 2.

Proof. According to our greedy colouring scheme, the path connecting two vertices of P1

only using the vertices of P1 is a shortest path between these two vertices. Therefore,
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P1[s
∗ : t∗] is a shortest path from P1[s

∗] to P1[t
∗]. Recall that |P ∗| = |seq2|. Suppose that

|seq2| − |seq1| ≥ 3. It implies that |P ∗| ≥ |seq1| + 3. This contradicts with minimality of
P ∗ since the path vs.P1[s

∗ : t∗].vt, that is of length |seq1|+ 2, is shorter than P ∗.

Let Π(seq1) = Π(seq1[0]),Π(seq1[1]), . . . ,Π(seq1[|seq1| − 1]) be the sequence of colours
of the vertices in seq1.

Lemma 4.7. At least |seq1| − 2 intervals in P ∗ are bridges (the first or maybe second
interval of a box).

Proof. Let I1, I2 be two consecutive intervals in P ∗, where I2 is to the right of I1. If
Ξ(I1) ̸= Ξ(I2) it implies that Ξ(I1)[1] > I2[0] and Ξ(I1)[1] < I2[1]. This implies that
I2 is a bridge. Since all of the intervals of seq1 are distinct and |seq2| − 2 ≤ |seq1| and
set1 ⊆ set2. Thus, there are at least |seq1| − 2 consecutive pairs of intervals in P ∗ that
their corresponding vertices are different. This implies P ∗ has at least |seq1| − 2 bridges.

I1

I2

Ξ(I1)

Ξ(I2)

Figure 4.6: P ∗ has at least |seq2| − 2 bridges

Lemma 4.8. P ∗ either has a non-bridge interval or there is at most one i ∈ [0, |P ∗| − 1]
such that Ξ(P ∗

i ) = Ξ(P ∗
i+1).

Proof. If P ∗ has a non-bridge interval we are done. According to Observation 4.2 the
number of bridges in P ∗ that correspond to the same interval can be at most 2. Suppose
that there are distinct i and j such that Ξ(P ∗

i ) = Ξ(P ∗
i+1) = P1[s

′] and Ξ(P ∗
j ) = Ξ(P ∗

j+1) =
P1[t

′]. Since set1 ⊆ set2 every interval in P ∗[i+1 : j−1] has a unique corresponding vertex
(interval), this implies that |P ∗[i + 1 : j − 1]| = |P1[s

′ : t′ − 1]|. Moreover, P1[t
′ − 1] is

connected to both P ∗[j] and P ∗[j+1] since both of them are bridges thus, P ∗[j] has to be of
category 1 and P ∗[j+1] has to be of category 4. This contradicts the minimality of P ∗ since
the path P ∗[i].P1[s

′ : t′−1].P ∗[j+1] is shorter than P ∗[i].P ∗[i+1 : j−1].P ∗[j].P ∗[j+1].
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Lemma 4.9. Π is a geodesic anagram free colouring.

Proof. According to Lemma 4.8 P ∗ either has a non-bridge interval or there is at most one
i ∈ {0, . . . , |P ∗| − 1} such that Ξ(P ∗

i ) = Ξ(P ∗
i+1).

1. P ∗ has a non-bridge vertex: Let I∗ be a non-bridge vertex in P ∗. It implies that
the third index of I∗’s colour is 2 or 3. This implies that I∗ has a distinct colour
compared to the colour of any bridge. Since |seq2| − |seq1| ≤ 2 and by Lemmea 4.7
P ∗ has |seq1| − 2 bridges, either this colour is unique in one half, which means that
this sequence is an anagram-free sequence. Otherwise, suppose that if there is a
vertex that has the same colour in the other half. Cancel out these two vertices. By
Lemma4.2, tge resulting sequence is anagram-free.

The only exceptional case is when P ∗ is constituted of only two non-bridge intervals.
In this case these two intervals have to be adjacent. If they belong to different layers
the values of their first colour indices are different. If they belong to the same layer,
it implies that the values of their third colour indices are different.

2. There is at most one i ∈ {0, . . . , |P ∗| − 1} such that Ξ(P ∗
i ) = Ξ(P ∗

i+1): According
to the colouring scheme the colouring of the first layer is a double-anagram free
colouring. Moreover, the value of the second colour index of each vertex is the same
as the value of the second colour index of their corresponding interval (vertex). Thus,
despite these vertices having a different colour from their corresponding vertices they
follow the same pattern as the first layer. seq1 is a double anagram free sequence
this implies if we remove that one extra character, say c, from seq2 (seq2 − c). The
new sequence will be double anagram-free sequence. According to Lemma 4.2 if we
add the character c back the whole sequence remains anagram-free.

Theorem 4.2. The geodesic anagram-free chromatic number of an interval graph G is less
than or equal to 32p where p is the pathwidth of G.

Proof. As we showed in this section Π gives an anagram-free colouring for any interval
graph G. The number of used colours is pw(G)× 8× 4 = 32p.

Theorem 4.3. Any chordal graph G that can be represented as an intersection graph of
subtrees of a tree T (Vt : t ∈ V (T )) has anagram-free chromatic number of 32p′w ∈ O(p′w),
where p′ is pw(T ) and w is the clique number of G.
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Colouring Algorithm The colouring algorithm consists of the following steps:

1. If G has more than one component then process each separately.

2. Take a maximal path P in T . Since G is chordal it implies that the induced graph
G∗ = G[∪t∈V (P )Vt] is an interval graph. By Theorem 4.2 G∗ can be coloured geodesic
anagram-freely with at most 32 pw(G∗) ≤ 32w colours.

3. Remove G∗ from G to get a graph G′ = G− (∪t∈V (P )Vt). G′ is a chordal graph.

4. Remove P from T . T ′ = T − V (P ) is a forest. Each component of T ′ has pathwidth
at most pw(T )− 1.

5. (Vt\V (G∗) : t ∈ V (T )\V (P )) is a forest decomposition of G′ and for each component
C of G′ some tree in this forest gives a tree-intersection representation of C.

6. Inductively colour G′ using 32 pw(T ′)w ≤ 32(p′ − 1)w colours that are distinct from
those used in Step 2.

To show that 32p′w colours are sufficient, we give a proof by induction on pw(T ).

Base Case In the base case pw(T ) = 1. In this case T is a path which implies G∗ = G
and pw(G∗) = w. We obtain a colouring using 32 pw(G∗) = 32w as required.

The total number of colours used by this colouring is at most 32w+32(p′−1)w = 32p′w.
All that remains is to show that this is indeed a geodesic anagram-free colouring.

Lemma 4.10. The colouring of G given by the colouring algorithm is a geodesic anagram
free colouring.

Proof. We give a proof by the induction on pw(T ). In the base case pw(T ) = 1. This
case follows from Theorem 4.2. Assume that pw(T ) ≥ 2, and consider some geodesic path
P ∗ in G. If P ∗ does not contain any vertices of G∗, then P ∗ is contained in G′ and is
anagram-free by the induction hypothesis. Otherwise, P ∗ contains some vertices of G∗.
Consider the subsequence P ′ of P ∗ consisting of only the vertices in G∗. We claim that P ′

is a subpath of P ∗. Since G∗ is coloured anagram-freely and the colour of vertices of G∗

are distinct from all other colours, therefore the colouring of P ∗ is anagram-free.
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Proof of the claim. Suppose that P ′ is not a subpath of P ∗. This means that P ′ consists
at least of two subpaths of P ∗. This implies that P ∗ leaves G∗ at a vertex vi ∈ P ∗ and
enters back to G∗ at a vertex vi+k ∈ P ∗ for some k ≥ 2. Let P” be a shortest path in G∗

connecting vi+k and vi. Here we show that vivi+k is an edge of G∗. Suppose otherwise.
This means P ∗[i : i+ k− 1].P” is either a cycle of length 3 which affirms the claim since G
is chordal, or P ∗[i : i+ k − 1].P” is a cycle of length greater than 3 with no chord, which
contradicts with G being a chordal graph. This contradicts with P ∗ being a geodesic path
since we can get a shorter path by avoiding P ∗[i+ 1 : i+ k − 1].

The colouring algorithm plus Lemma 4.10 proves Theorem 4.1.
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Chapter 5

Conclusion

We close this thesis with a summary of our results and directions for the future work. In
Chapter 2, we investigate the piercing number of families of pairwise intersecting convex
shapes in a two-dimensional Euclidean space. Recall that the piercing number of a set C is
denoted by τ(C) and the fatness of C is denoted by α(C). We establish that τ(C) is approx-
imately equal to 39.788α(C), improving upon the previous upper-bound of O(α(C)2). Our
findings have implications in various domains, such as designing efficient data structures
for 3-D vertical ray shooting and computing depth orders. Furthermore, we provide im-
proved bounds for specific families of shapes, including arbitrarily oriented α-fat rectangles
and homothets of regular hexagons. Specifically, we show that (5

√
2 + 2)α(C) + 25 + 5

√
2

and 9α(C) + 32 piercing points are sufficient for these families, respectively. Additionally,
we establish that the piercing number for pairwise intersecting homothets of an arbitrary
convex shape is at most 15, surpassing the previous bound of 16, and present an algorithm
to determine the exact locations of the piercing points.

As for the future work one shall look into the following problems:

• We believe that the number of points required to pierce a set of pairwise intersecting
homothetic shapes is less than 15. Specifically, we conjecture that the number of
points required is 8.

• We believe that the piercing number of a set of arbitrary pairwise intersecting con-
gruent shapes can be generalized in terms of fatness. In 2022, Caoduro [10] showed
that a set of pairwise intersecting congruent squares can be pierced by a constant
number. They also proved that a set of pairwise intersecting congruent rectangles
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can be pierced by 12 logα points, where α represents the fatness of any rectangle in
the set. We believe that their result is applicable to any arbitrary shapes.

• Many researchers in the literature studied the relation between the ratio of the pierc-
ing number over packing number of a set of shapes. We believe that this ratio has a
relation to fatness. One shall investigate finding this relation.

In Chapter 3, we demonstrate that the anagram-free vertex colouring of a 2×n square
grid necessitates an increasing number of colours as n grows. This finding resolves an
unresolved inquiry in Wilson’s thesis and establishes that graphs with a pathwidth of 2
cannot be coloured in an anagram-free manner using a finite number of colours.

In Chapter 4, we introduce and investigate the geodesic anagram-free colouring of
graphs, focusing specifically on interval and chordal graphs. We demonstrate that the
geodesic anagram-free chromatic number of an interval graph is bounded by 32p, where p
represents the pathwidth of the graph. Furthermore, we prove that the geodesic anagram-
free chromatic number of a chordal graph G is 32p′w, where p′ is the minimum pathwidth
of a tree used in any sub-tree intersection representation of G, and w represents the clique
number of G.

As for the future work one shall look into the following problems:

• For which other graph classes is the geodesic anagram-free chromatic number bounded?

• We conjecture that the anagram-free chromatic number of a chordal graph G is in
O(w log p′), indicating that our current bound of O(p′w) is not optimal.
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