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INTRODUCTION

A number of techniques have‘been suggested in the.

llterature for testing the wvalidity. of learning hierarchies.
-

These technigques may be criticized for not fully taklng into
account problems aSsociated with measurement error and skill

difficulty, and, with one exception, for not having knqyn
. . ¢ 2
sampling distributions.

In order to overcome these problems an alternative

.

validation technigue based upon the method of maximum likeli- -
hood is proposed in this report. *This technique is then
compared to existing techniques usrng simulated data. The
purpose of the comparison 1s to determine the decision error
which may be expected with each technlque on var;bus populai&ons

and sample sizes, and to determine wh;ch technlque is the most

accurate overall. . B

This investigation should be partlcularly lmportant .

in providing an empirical assesement of learnlng hlerarchy
techniques. Presently there is a paucity of 1nformatlon on
the effectlveness of these techniqoes, hence the researcher
faces a_dllemma when ch0651ng a technlque to validate a '

hierarchy. | ,

-

: In the first part of this report the. llterature on
learning hierarchy theory and validation methodology ig revrewed.
The strengths and weaknessegs of existing validation technlques

are then discussed. From this discussion the need for an

™, o

\ 2



INTRODUCTION ix

alternative validation technique is shown and such a
Y . L .
technique is proposed. This part is then concluded with a

statement of the problem and the research hypot£esis.

The experimental design” is described neLt. This -
@escription includés £he method gsed for generaLing simulated
data by computer, the selection of population p%rameters and

sample sizes and the procedure by which the hypothesis was

tested.

The results of the inQestigqgion are presented\and
discussed following the experimental design. First the
results of the test of the hypothesis are reported and then
each technique is discussed in detail and specific recommeﬂé-
ations on its utility are made. *

-

Finally several implications for futtre research are

given, and in an appendix, the computer p&ograms used in

the research are listed and the raw dataare tabulated.

17
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CHAPTER I

BACKGROUND OF THE STUDY

The concept of a learning hierarchy was first introduced

4

.over a decade ago by Robert Gagné. Since then numerous claims

have been made about the usefulness of learning hier@:chies in
the fieid of educaticn. Uespite‘these claims, little progréss
has been made in applying learning ﬁierarchy theory to practice.
Part of tﬁe reason for this appears to be the_lack of an
entiFely satisfactory technique for testing the validity of

hypothesized hierarchies, and a dearth of information about the

. effectiveness of available validation techniques. [The aim of

this ipvestigatioh'}s\EEvETEifizally examine several of the
most ofteh used and theoretically most accurate techniques
available with the hope of providing the researcher with
specific reéom@endations whdn these technigues may be expected
to correctly detect valid and invalid hierarchies.

The firstlchapter begins with a review,of learning .
hierarchy theory. Following this, the problems ené¢ountered
;n testing the validity of learning hierarchies‘are diséuséed,
and then available wvalidation techniques are critically
reviewed. The chapter concludeg with a suggestion for an
alternative validation teehnique and a statement of the problem

and hypotﬁesis.
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1. Learning Hierarchy Theory.

Basi¢ to the understanding ofiI;;;;:;g hierarchies is

the concept of positive transfer. Positive transfer implies
that learning or doing a new activity is made easier by the
learning of a previous-activityl. For instance, suppose two
groups of individuals A and B, are known to be equivalent in
their ability to perform a task ¥. Before attempting to learn
task Y, members of one group, say group A, learn anoth%r
task - - task X. Positive transfer is said to occur from
task X to task Y if members of group A learn task Y ﬁore
readily than those of group B. That'is,:positive transfer
occurs if members of group A require less time or fewer trials
to successfully perform task Y than do members of group B.
Gagné2 states that the fundamental unit of a learning
hierarchy is positive transfer between pairs of tasks. A
learning hierarchy is a network of tasks arranged in a manner
such that a substantial amount of posftive transfer occurs
from tasks in a lower position in the network to connected
ones. in a higher position. Figure 1 shows,a typical arrange-

ment of tasks in a learning hierarchy. In this hierarchy,

1 R. M. Gagné and E.A. Fleishman, Psychology and
Human Performance, New York, Holt, 1959, P.l62..

‘ 2 R. M. Gagné, The Conditions of Learning, 2nd ed.,
New York, Holt, Rineh%;t and Winston, 1970, p.239.
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Level III . . Iask '
) A
3
Task . Task
Level II Yl . Y2
h
v I
Level I Task Task Task'
Xy X X3
——

Figure 1 : Typical Arragement of Six Tasks

in a Learning Hierarchy
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- ‘ . ) . ' : . .
there are six tasks labelled X;, X, Xé, ¥y Yi; and Z.
Arrows indicate the direction in which positive transfer- occurs
‘between tasks. When positive transfer does not occur, the
corresponding connection does not éépear in the network.
Positive transfer occurs from the“tasks at level I in

Figure 1 to connected ones at level IT. The tasks at level II

then transfer positively to the tasks at level III. The task

at level III is called the terminal task since all oéher tasks

transfer positively to it; the tasks below the terminal task

are subordinate tasks. Thus it is implied that the terminal
task is more readily learned if the learner poséésses all
necessary subordinate tasks, or conversely, failure to learn
the terminal task may be due to failure to learn one or more of
the essential subérdinate tasks. Evidence.to support this
idea comes from a variety of sources which .are comprehensively
documented by Walbesser and Eisenberg3
: . .
Learning hierarchies are characterized by three impo;tant

features. The first concerns the nature of the tasks in a

hierarchy. Gagn'e4 describes the tasks as acquiring intellectual

3 H. H. Walbesser and T. A. Eisenberg, A Review of
Research on Behavioral Objectives and Learning Hierarchies,
S.M.E.A.C. Report, Columbus, Ohio, ERIC Information Analysis
Center, 1972. ' :

4 R. M. Gagné&, "Learning and Instructional Sequence”,
in F. N. Kerlinger, Ed., Review of Research in Education, Vol.l,
Itasca, Ill., Peacock, 1973, p.21.
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skills,'each of which is'etited in behaviorai terée. An
ekemple of a ‘task is "given-t&o single digit integers and
the insttuctfon to add,lthe learne? SOIVes.toAfind the sum"
Equally important as what the tasks are is what they are not.
The tasks are not descriptions of verbal information, cognitive
st>ateg1es, motlvatlonal factors, or’ performance sets. While[

-

Gagné acknowledges that the. latter variables contrlbute to
the learning of the.inte}lectual skills in a hie;erchy,.his
intention is not to describe them sbecificelly in a learning
hierarchy. Tﬁus when the elements ot’a hierarchy are being
derived, emphasis must be placed upon what the individuel is
able to do, and_statements about what the individual knows
must be avoideds.

Another feature of learning hierarchies is the role
they ‘play in the act of learning. Complex learning, such as
school learning, is composed of three distinct classes of

stimuli, each of wh%zh must be present at the time wf learning

otherwise some reduction of learning ease OT efficiency may

be expected to occurG. They are (1) integral stimuli - -

5 R. M. Gagné, "Learning Hierarchies", Educational
Psychologist, 1968, 6, 1-9

6 R. M. Gagn&, "Learning and Instructional Sequence"
in F. N. Kerlinger, Ed. Review of Research in Education,
Vol. 1, Itasca, Ill., Peacock 1973, p.21.
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stimuli that enter dlrectly 1nto learnlng such asAthé prlnted
text; (2) activating stlmull -- stlmull that make actlve'
previously acquired states or processes such as the teacher
commanding "Remember Fhat...“; and (3) stimuli from recall --
stimuli that arise inéernally from recalled capabilities. Each
of these classes of stimuli }s in turn made up of various sub-
classes of stimuli. Of particular importance in the discussion
of learnjng hierarchies are Ehe subclasses of stimuli from
recall. The subclasse§ of stimuli from recall are stimuli .
provided by recall of intellectual skills, recall of infofmation,J
and recall of cognltlve strategies. When the learnlng objective
is the acqulgitlon of a new intellectual skill, the stlmulus
provided by the recall of 1ntellectual skllls is a crucial
component of the total stimulus 51tuatlon for effipient learning.
The theoretical position of Gagné7 is that at the time of
learning, the learner must recall a qperarchy of intelleétual
skillg which‘mediate positive transfer.to the new intellectuél

skill. Thus the role of learning hierarchies in the act of

learning is that they constitute an important internal component

7 Idem, ibid., p-22.




\\_ BACKGROUND OF THE STUDY o7

of the total stimulus situation.

The third feature of learning hierarchies has to do

L™

with their uniqueness. Gagné8 arguesithat lea:ning hierarchies

do not necessarily represent a uniquenor'most-efficient route

. to acquiring a new skill for any given learner. Indeed, some

learners may possess all the skills in the hierarchy before
instruction; others may be able\ to omit a subordinate skill

and learn a higher order skill throﬁgh-a problem-solving

approach while Stlll others may p0551bly combine several

|atyplcal subordI;gte skills which yield an unexpected source
of positive transfer. What a learning hierarchy represénts
then is "the most probable expectation of greatest positive
transfer for an entire sample of learners concerning whom .
we know nothing more than what specifically relevant skills

they start with"g.

Thus learning hierarchy theory provides a model which

[

helps to explain the acquisition of intellectual skills.
The practical uses of the model are next discussed.

8 R. M.‘Qaqﬁé, "Learning Hierarchies", Educational
Psychologis;,frgss, 6, 1-9.

9 Tdem, ibid.
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. S . -,
2. Uses of Learning Hierarchies. .

. . b

" The nature of learning hierarchies suggests that they
would be of greatluse in designing instructional sequénces,’
either fér single lessons OY for entirercurricula. heimerlo
states that even though learning hierarchies are.widely used
in the development of éresentation sequences,.fheir role is
. not yet clear. Theoretically a léarning hierarchy is not
intended to be a. description of én.enti;e instructional
sequence. Rather it should ind}cate to ‘the. curriculum designer
that among other-stimuli, a deftéin set'of prerequisite
intellectual skills must be available to the learner.for
recall at the time new learning occurs. Learning hierarchies
can, however, provide.a rough guide for sequencing instruétion
in the sense that they indiqaté.the intellectual skillglthat
need to be successively mastered by the learner. Suppdft fof
tﬂis stateﬁent comes-f¥om a npmber of sources. Briggsll, for
example, concludes after completing a most comprehensive review
of research on instructional sequences,'that arranging instruction

according to the hierarchical nature of the topic is a powerful

10 R. T. Heimer, t"conditions of Learning in Mathe-
matics", Review of Educational Research, 1969, 39, 493-508.

@ 11 L. J. Briggs, Sequencing Instruction in Relation
to Hierarchies of Competence, Pittsburg, Pa.., American
Tnstitute for Research, 1969, p. 1l4.
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R

influence on.the outcome of an inslructional unit. More s
reoently; Brown12 compared'the performance of groups of tenth-
and’ eleventh- grade students after completlng a programmed
leSSOn in mathematlcs The control group followed the lesson
in a scrambled order and the experimental group followed the
same lesson in hierarchical sequence. Brown found that the
experimental group required less time to complete the lesson,
and'méde fewer errors during the lesson and on the postﬂteér.

) Another use of learning hierarchies is outllned by
Glaser and Resnlck ﬁLey suggest that learnlng hierarchies
can provide a basis for tailored testlng; that is, they can be
used to design tests which locate an individualzs weaknesses
in a particular skill area. This is accomplished first By
deriving a hierarchy for the skill area of interest and
estimating the position of an individual on the hierarchy. Then
if:each sequential skill in the hierarchy defines a test'exercise,
a‘decision tree results for determining the mext test exercise

for an individual. If an individual “"fails" a test exercise,

he should be tested at a subordinate level to determine whether
< .

12 J. L. Brown, "Effects of Logical and Scrambled
Sequences in Mathematical Materials on Learning Programmed

Instruction Materials", Journal of Educational Psychology,
1970, 61, 41-45.

13 R. Glaser and L. Resnick, "Instructional Psychoclogy”,
Annual Review of Psychology, 1972, 23, 207-276.
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he needs more instruétion for that skiil or is 1aéking _
suborainate skills. On ‘the other hénd, if an'individuél
"passes“ a- test exercise he should. be tested aflthe nexé
superordinate léﬁel. The advantages of this method of téstiﬁg
are that it is efficient timewise, boredom and frﬁstgation
: fesulting from testing individuals at inappropriate levels

S e
is reduced, and it is particularly suitable for computer
based testing.

Learning hierarchies have also been used in mastery
learning 4 learning where a high degree of proficiency is
required in certain fundameﬁtal skills necessary for later
learning; and they haée been used for developing seguential
achievement tests15 -— tests which are iﬁtended to measure
achievement of an ordeted series of ékills.

Coﬁmon to the above mentioned uses of learning ‘
hierarchies ag well as any other uses is that a valid hierarchy
for the skill area under consideration must be derived. The
derivation of learning hierarchies is considered in the next

section.

14 B. S. Bloom, J. J. Hastings, and G. G. Madaus,
Handbook of Formative and Summative Evaluation of Student
Learning, New York, McGraw-Hill, 1971, p.27.

15 R. C. Cox and G. T. Graham, "The Development of
a Sequentially Scaled Achievement Test", Journal of Educational
Measurement, 1966, 3, 147-150.
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3?3._ De:ivation ofJLearning Hierarchies.
The usual method of deriving learning hlerarchles is
_ to hypotheglze them on &p Erlorl baéls through the process.
‘known'as task analysis, and then to subject them to emplrlcall
validiation. Most researchers have adopted this procedure as
the most suitable even though it has been'criticized for
relying heavily on the analyst's knowled&% of the lé@rners

Y b

and his ability to specify prerequisite égills accuratelyls.

. ;
Other procedures, such as the one Bart and Airasian17 gsuggest,
p ugg

require an a posteriori examipation of the data to ideﬁtify.

prerequisite relationships among skills. Neverthel?ss, the

a posteriori procedures necessitate a prior analysis of the

skill area in order to deie}miée-what data to collect. Thus,
the difference between the two methods of deriving leérning
hierarchies is eséentiélly a matter of emphasis on the prior
logical analysis of the skill area.

The derivation of a learning hierarchy by task analysis

is illustrated below because the a Eridri method is the most

widely used.

16 G. M. Huntley, "Skill Hierarchies and Their Implications
for Testing and Teaching"”, Paper presented at the Annual Meeting
of the American Educational, Research Association, Chicago, 1974,
p.3.

17 P. W. Airasian and W. M. Bart, "The Uses of Ordering
Theory in the Identification and Specification of Instructional '’
Sequences”, Paper presented at the Annual Meeting of the American
Educational Research Association, Chicago, 1974, p."1-14.
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“; Task analy51s, according to Gagné, requlres starting
with the desired terminal skill and asking the ques§§on, "What
must the learner have ﬁo be able to do in order that he can
*successfully attain performance of the skill provided he is
given only instructions?“ls. The qﬁestion is thén applied
successively to the subordinate skills identified by the answer
until the very basic skills required by the problem are reached.
.?iguré 2 illustrates a learning hierarchy for a pre-kinder-
lgarten topic in mathematics derived from task analysis by
Resnicklg. In this hierarchy the task to be learped by: the
child is the aﬁility to demonstrate "halves" of a set of objects
as two equivalent subsets, and "thirds" as three equivalent
subsets. In order for the chil@{to suécessfully perform this
task, R§§nick suggests that he must be able to identify two
equivalent subsets as "halves" of a total, andcthree equivalent
‘subsets as "thirds" of a total; also the child mﬁst bé able to
conskruct equivalent subsets by distributing objects, one to each of
two.or three subsets. These tasks are further analyzed until
the basic prerequisites of identifying the number of subsets
of a group of objects as 2 or 3, and identifying one object of

a set are obtained.

18 R. M. Gagné, op. cit., p.l.

19 L. B. Resnick, "Design of an Early Learning
Curriculum®, Working Paper 16, Pittsburg, Unlver51ty of Pittsburg
Learning and Research Center, 1967.
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Demonstrate "halves"
set of objects as tw
equivalent subsets;
as three equivalent

of a
o} i
"thirds"
subsets

h

1

Identify two equivalent
"halves"

subsets as

of a total; three

subsets as "thirds" of

a total

1

Construct subsets
which are equivalent
by distributingobjects
one to each of two
or three subsets

Tdentify the number

of subsets of a
group of objects
as‘2 or 3

Deal out cbjects
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two or three
subsets

Apportion leftover
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Figure 2:

objects, one to each

h

1

of a

Tdentify one object

set

An Example of Pre-Kindergarten
Mathematics Learning Hierarchy

Derived by Resnick

(1967)
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- It is important to note that in task analysis the -
guestion one asks in order to identify prerequisite skills
relates to what the individual can do -- not éo what the
individual knows. ‘!heérly, in Resnick's example, the tasks

are concerned with what the child can do as he i;asked to

deal out","to apportion", and "to construct”.
4, Validation Methodology.

Once a learning hierarchy has been derived, there is 4
no guarantge.that it is valid. That is, even though a particular
ordering of skills is obtained from the above concepts, one does
not know whether the, ordering represeﬁts a learning hierarchy
as some skills may have been overlooked, while others may be
superfluous. Thus empirical evidence must be obtained to
support or vélidate the hypothesized hierarchy.

Anderson20 states)that the criticai.test of the validity
of a learning hierarchy must rest upon”thé demonstration of
positive transfer from subordinate £6 superordinate skills in
the hypothesized hierarchy. To this end, two general methods

of validating learning hierarchies have evolved. White and

20 R. C. Anderson, "Educational Psychology”, Annual
Review of Psychology, 1967, 18, 129-164.
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Gagné 21 refer to them as the “positive" and "negative" methods.
The positive methéd‘is based uﬁon the classical
transfer model. The method requires examination of each pair
of adjacent skills in the hypothegized hierarchy and comparléon
of the performance of subjects with and without instruction
on the subordinate skill(s). If the performance of subjects
who received instrucﬁ}on on the subordinate skill(s) is
superior on a eriterion variable to those who did not, the
hierarchf is said to be valid; otherwise it is not valid. |
‘The main drawback to using the positive method of
validation is the large number of groups and subjects required

to validate even the simplest hierarchy. Uprichard22 adapted

//'

-

this method in an investigation with pre-schdbl children on

the Sequence of learning the concepts equivalence, greater

than, and less than. Since Uprichard found no obvious
hierarchy to hypothesize, he taught the concepts in the 3l
or 6 possible sequences to as many different groups in order

to determine the optimum seguence for learning these concepts.

However, i1f a hierarchy can be hypothesized, fewer groups are

21 R. T. White and R. M.' Gagné, "Past and Future Research

on Learning Hierarchies", Educational psychologist, 1974,
Il, 19-28. ‘

22 A. E. Uprichard, "The Effect of Sequence on the '
Learning of Three Set Relations: An Experiment with Pre-
Schoolers", Arithmetic Teacher, 1970, 17, 597-604.
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reguired. White23 shows in this case that 2(k-1) experimenta;
.groups are required to validate ;imple hierarchies of k elements.. '
For instance, suppose thelsimple hierarchy shown in Figure 3.
is to be validated by the positive method. Since this hierarchy
has three elements, ' _fo@r‘ experimental groups are
necessary. These groups are shown in Figure 4. At each
.connection in the hierarchy two experimental groups are required-
one to be taught oniy the superordiﬁate skill, and the other
to be taugﬁt the two skills in the hypothesized order. For '
complex hierarchiés, that is hierarchies with.a number of
branches and elements, even more than 2(k-1) experimental groups *
may be required to validate hypothesized hierarchies by the
pqs}tive method. White calculated that seventy-four experimental .
gioﬁgé would have been necessary to validate a twenty element
hierarcﬁy'hypothesized by Gagné in oné.of his earlier studies,.

" In addition to the disadvantage of requiring-a large
number of groups, the positive methéd of ;alidation is
generally very time consuming and costly. The result is that
the positive method is rather cumbersome; hence it is seldom
used siﬂce'most_investigators are concerned with hierarchies

of more than just a few skills.

23 R. T. White, "Research into Learning Hlerarchles"
Review of Educational Research, 1973, 43, 361-374.
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SKILL III{
3
SKILL II
-
' SKILL I
~ Figure 3: A Simple Hierarchy of Three Skills
GROUP 1 GROUP 2 " GROUP 3 GROUP 4
SKILL III SKILL III|. SKILL II SKILL II
: ko
SKILL II SKILL I

Figure 4: Experimental Groups Required to Validate
a Three-Skilled Hierarchy by the Positive
Method
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The negative method of validation is based upon the
.premisé that learners -cannot acguire a particular skill
unless they possess all of its relevant subordinate skills.
Unlike the positive method, the negative one requires only
one group of subjects to test the wvalidity of a hierarchy.
white?? suggests the steps‘to be followed with this method.
The first step of validation is to teach and fest the
possession of each skill in the hypothesized hierarchy,
séarting from the bottom and working ﬁpwards. The test data
collected for each pair of adjacent skills are then analyzed
for skill dependency with any one of a number of validation
technigues which’aré reviewed later in this chapter. If a
pair of skills is found to be independeny, the connection is
removed. Thﬁs the method only removes invalid connections
and does not uncover new ones. Examples of this method are
common in the literature as it is a rélatively straightforward
and less costly way to validate a hierarchy witg many skills.

Pedagogically, learning hierarchies valléﬁted by the

negative method do not appear to be gquite as useful as

24 R. T. White, "A Model for the Validation of
Learning Hierarchies", Journal of Research in Sciehce Teaching,
1974,-11, 1-3.
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positively validated hierarchies. Glasef_and Resnick25
point out that negatively validated hierarchies do not
establish sufficient conditions for positive trénsfe; while
positively'validated ones do. That is, the. negative ﬁethod
cannot be used to determine all of the skills which must be
acquired before a specific new skill can be learned. Negatively
.

validated hierarchies do, however, provide necessary conditions
for positive transfer as they indicate a minimum set of skilges
which the learner mus t possess tc learn the next skill.
Furthermore, négatively validated hierarchies can be used to
suggest %o ;he researcher which skills must be.included i
studies using the positive method. The exact nature of the
relationship betweenrnegatively and positively validated
hierarchieg is not clear at present. White and Gagné26 call
for a continuation of studies using botﬁ mé@hods as well as
.for research to establish a correspondence between the two
methods.

The general focus of this study is on the negative-

method of validation as the researcher is able to obtain much

25 R. Glaser and L. B. Resnick, op. cit., pp.207-276.

26 R. T. White and R. M. Gagné, op. cit.
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.

more infofmation abbut the validity of a hierarghy'per
experimental grdup_with it than with the positive method.
Fér this reason the ﬂegative method will likely continue to
be thé most freéuenfly used ﬁethod; hence information about
it is 'of practical value in validating learning hierarchies.
More specifically, skill dependency validation techniques
used with 'the negative method are inveétigated in this study
. as they are the mbst essential part of the method.

In o?der to examine these validation techniques it 1is
_first necessary to discuss the nature of the relationship
betweeﬂ two'hierarchical skills so that a common frame of

reference may be obtained.

5. Nature. of the Relationship Between Hierarchical

Skills.

To clarify the dispussion of the nature of the
relationship between two hierarchical skills and subsequently
to discuss validation techniques, a uniform system of nopation
is first adopted. )

Let a hierarchical connection be defined as the
relationship between two intellectual skills, skill I and
skill II, such that posseésion of skill I is hypothesized to

be prerequisite to possession of skill II. For any given

population four groups maylthen be distinguished: 3
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1. those who possess only skill I,

2. those who possess only Sklll I,

3. those_who‘possees both skill I and Sklll II, and

4. those who possess neither skill.

The statlstlcs fl ' foi, fll} and f are defined to be the
number of members of a sample of size N from this population
obeerved_in groups (1) to (4) respectlvely, where the first
subscript indicates possession or non-possession of skill I

agd the second subscript indicates possession or‘hon-possession
of skill II. In Figure 5 a summary of the different groups

and the notation for the number of members o% the sample in
them is presented.

A hierérchicai connection is defined to be valid if
the proportion of the population possessing skill ITI without
also possessing skill I is equal to zere. and conversely,

a hierarchical connection 1is defined te be not wvalid if the
proportion of the population possessiﬁg skill IT without also
possessmng skill I is greater than zero. Hence in terms of
the notatle; in Figure 5, a hierarchical connection is valid
lif the expected frequency in the 01 cell is zero for the
population under consideration; otherwise, if the expected

frequency in the Ol cell is greater than zero, the connection

is not valid.



Possess

(1)

SKILL I

_Do not
pOSSess
{C) -

Figure 5:

N
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SKILL II
Do not possess Possess
(0) (1)
f10 £11
fOO fOl
10 * foo (£11 + 1)

Notation Used to Describe

the Number of Members of the Sample
Observed in Each of the Four
Possible Groups Invelved in a
Hierarchical Connection.

22
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- When an attempt is made to demonstrate that a hier-
archical connection is valid by testing a sample of learners
to determine their possession of skills I and II and observing
the value of fOl’ problems of measurement error and sampling
error arise. Because of these errors, the observed distribution
of cell frequencies in Figure 5 is only an approximation of

ghe true d;stribution. Therefore, even though the observed’

fOl may be zero the hierarchicél connection is not necessarily

\

valid, and similarly, if the observed fOl is’found to be

greater than zero the connection is not necessarily invalid.

The problem of sampling error is discussed when particular
Jalidation techniques are.described later in this chapter.

As far as measurement error is concerned, two kinds may exist: an
individual may answer a skill-testing question correctly

without truly possessing the skill, or an’'individual may. '
answer a gquestion incorrectly while truly possessing the

skill. The first kind of measurement error will be referred

to as "guessing", the second as "blundering”. The effects

of guessing and blundering on fOl and indeed on all cell
frequencies in Figure 5 are very complex and cannot be

readily predicted. There are at least three reasons why

this is so. First, both guessing and blundering are likely

to occur simultaneously with different probabilities of

occurence. Second, the probability of committing these
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errors is not necessarily the same for both skill I and

skill IX. Third, the éffect of eiéher of the errors on the‘
cell frequencies of Figure 5 depends upon the p;oportibn of
the sample size each cell freguency comprises. That is, if
fij/N is close to unity, the effect of measurement error on
£ is different than it would be if fij/N was close to 0.5.

If a hierarchical connection is valid and there is no
measurement error, skill I and skill II are maximally corfelated
for any given set of marginal frequencies in Figure 5. This
is demonstrated by comparison of the expression for the phi
correlation coefficient to the expression for the maximum
pogsible value of phi when fOl-iS equal to zero. The phi
correlation coefficient27 for skill I and skill II is estimated

by

(f _£.. - £, £..) °
0011 10701 (1)

(f15 + Loo) (11 * fo1) (oo * £5,) (£

\II

+ £

10 11’

Since fOl is equal to zero when the skills are hierarchical
R
foof11 (2)

(flé + £54) £1,500 (E10 7 £1p) '

'\'[I

27 J. P. Guilford and B. Fruchter, Fundamental
Statistics in Psychology and Education, 5th. Ed., New York,
McGraw-Hill, 1973, p. 306.
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The maximum possible correlation28 for any given_set of

Il

marginal frequencies is

o = (Fo0 * fo1) (£1y * foy) (3)
max (flo + fll) (flo + foo)

When f01 is equal to zero, )
o < footia ' ()
max (flO + £1) (flo + fOO)

-

3

which may be shown to be algebraically equivalent to (2).
Thus a valid connection implies that the two skills are
maximally correlated. Maximum correlatiqg, however, does -
not necessarily imply that a hierdrchical connection is valid.
This can be seen from (3) because maximum correlation for a
given set of marginal totals is dependent upon only the
marginal totals, hence maximum correlation may occuf when
any one of the four cell frequencies flo’.foo' fol’ or fll
are zero.

On the other hand, when there is measurement error
and the connection is valid,.there is no certainty that the
two skills are maximally correlated for a given set qf\Farginal
totals as the correlatibn céefficiént may 5e suppressed‘é%e to

guessing in the Ol cell of Figure 5.

28 Idem, ibid., p. 309.

A

\/



BACKGROUND OF THE STUDY ' 26

Furthermore when there is measurement error, maximﬁm
correlation does not necessarily imply that the connection
is wvalid for the same reason as stated above iﬁ the case
without measurement error.

_ The.relationship between the difficu}ﬁies of skill I
and skill II in a hierarchical connection is also of interest.
Skill difficulty (di) may be defined as the proportion of
iﬁdividuals of the population possessing a skill. Hence by

definition, the difficulty of skill I is

_ *10 11
d, = —x—— (5)

and the difficulty of skill II is
d._ = ‘11 * for (6)
II N

where N = fOO + fll + fOl + flO'

If a hierarchical connection is valid and there is no
measurement error, skill I must necessarily be as easy as or
easier than skill II (i.e. d; z dII). This can be proven

quite readily because when the connection is valid,_fol is

equal to zero by definition; thus
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By substituting (7) into (5),

£ \
d. = d__ + o) © (8)

I IT N
since flO 2 0,
2 .
dI = dII ' (9)

However, skill I being as easy as or easier than skill
IT does not necessarily imply that the connection is wvalid.

For instance, if

v

d

1" % | (10)

then by substitution,

liv

(f + £

10 11) = (Fp + £

11 (11)

Ol)

hence,

18%

£ £ . (12)

10 01
Thus when skill I is easier than skill II, the only condition

that needs to be satisfied is that flO be greater or equal to

fOl’ and there is no requirement that fOl be egqual to zero.
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In the case where a hierarchical connection is valid
and there is measurement error, skill I does not necessarily
have to be obsefved to be as easy as or easier than siill II.
This is apparent be;ause individuals could blunder on a
question testing possession of skill I, which would then ﬁake
the skill appear more difficult than it actually is. Nor does‘
skill X beiné as easy as or easier than skill II imply that the
connection.is valid for the same reason as the caée when there
is no measurement error. Therefore, as with correlation, skill
difficulty is a necessary condition for the validity of a
connection only when there is'no measurement efror.

There is an obvious relationship between skiil difficulty
and skill intercorrelation. So far it ﬂés been shown that when
there is;;o measurement error and a connection is valid (1)
skill I and skill II are maximallylcorrélated for givep marginal
totals, and (2) skill I is as easy as or easier than skill II.
Since skill difficulty is derived froﬁ the marginal totals, the-
correlation between skill I and skill II is a function of the
difficulty of the skills. An inspection of the formula for
dpax Jiven in (3) together with the definitions of skill

difficulty given in (5) and (6) shows that ¢ .. is equal to

unity when dI is equal to dII However, when dI is greater
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than dII’ Brax is always less than unity. Therefore, one
can conclude more precisely that when a connection is valid,
skill I and II are maximal}y correla£ed, and the degree of
correlation is dependent upon how close in difficulty the.
two skills are; ‘

In summary, a uniform system of notation for describing
skills in a hierarchical connection has been defined. "Following
that, the effects of measurement error, skill intercorrélation,
and skill difficulty on a pair of hierarchically related skills
were discussed. Next, the techniqﬁes availablé for testing

the validity of learning hierarchies are reviewed.
6. Validation Techniques.

A number of techniques are proposed in the literature
for testing the validity of learning hierarchies. These
techniques can be claésified 5§Wprobabilistic or deterministic
according to the theoretical model upon which they are based.
Furthermore, the téchniques can be subdivided into those used
for testing the validity of eachtconnecfion in a hierarchy, and
those used for'testing the validity of linear sequences of
connectians.

“Rbgardless of the technigue used, the researcher faces

the possibility of committing two types of error when testing
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the validity cf- a hierarchy. He'may conclude that the
hypotﬁesized hierarchy is valid when it actually is not wvalid,
or he may conclude that the hierarchy'is not valid when it
actually is valid. 1In this study, the former type of error is
refeéred to as type V-1 error (concluding that hierarch& is
valid when it actually is invalid). The latter is referred
to a type I-V error (c&ncludiﬂg that a hierarchy is invalid
when it actually is valid). These errors are summarized in
Figure 6. From the point of view of "scientific conservative-
ness"”, type V-1 error is more serious than type I-V error.
Scientific conservativeness implies that it is preferable to
make no claim to knowledge than to make a false claim. Thus
to make a mistake in claiming that a hierarchy is valid is more
‘serious than to make a mist?ke in claiming tHat a hierarchy

is not valid.

Now, the various validation technigues available are
defined, illustrated with an example, critically reviewed, and
their overall merits assessed.

a) Proportion of Positive Transfer (PPT). - The

"proportion of positive transfer" index was originally

proposed by Gagné . and Paradise29 as a deterministic measure

29 R. M. Gagné and N. E. Paradise, "Abilities and
Learning Sets in Knowledge Acquisition", Psychological Monographs,
1961 ,-75, Whole Number 518. ‘
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True State of Connection

valid Invalid
Error Correct
Invalid
{(type I-V) Decision
Indicated State
of Connection Correct Error
valid Decision (type v-1)
Figure 6 : Types of Errors Possible when the Validity of

a Connection in a Hierarchy is Tested.

o
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of the validity of a hierarchical connection. They define
the index as the proportion of the population which supports
the hypqthégized hierarchy. Symbolically the index can be

-

written as,

PPT = — ' (13)

Implicit in the definition of PPT by Gagné‘and Paradise is_
) ,

that flo does not ¥ield information to support the hierarchy
because subjects may not have received sufficient instruction
to learn skill II and hence cannot be included in the ratio.

PPT has a possible range of values 6¢f from O to 1,
with closeness to 1 being indictive of a valid connection.
Gagné and Paradise3o state that the "chaﬁce" value of the
~index is,gengrally in the range of 0.25 to 0.502 however, no
reason was offered wﬁy’this.is the case. Presumably what
the authors mean by fhe chance value ;s the calculated value
of PPT when the skills are independent. - Furthérmore, Gagné

and Paradise do not suggest a criterion value for PPT, sO one

must assume that any value exceeding the chance value would be -

L]

30 R. M. Gagné and N. E. Paradise, op. cit.



BACKGROUND OF THE STUDY 33

evidenée of a vyalid hierarchy. Most subéequym:validation
studies which {ysed PPT cited values of 0.90 or greater as the
criterion for a wvalid hieraré%y and this has become the common-—
ly accepted criterion3l '

-To illustrate the calculation of the ;atio suppose

the data in Table I are observ in a validation expériment.

Thus the value of PPT is found| to Be,

2 + 15 - ole (14) - ‘

- PR = 515 + 5

Siﬁce PPT is grea¥er than the criterion, the hierarchical
connection is assumed to be valid.

P,_hillips32 inveétigated the efficacy of PPT.* Two tests
‘were administered to a large sample of elementéry school children
of varying ability. One test had items orderéd according to
a hypothesized hierarghy, while the other had the same items
randomly ordered. The value of PPT was calculated for each pair
of adjacent itemg on both tests, and at almost every connection
in both hierarchies values of 0.90 or greater were found. A
closer examination of the index suggests some reasons why this

may be so.

f-
31 H. H. Walbesser and T. A. Eisenberg, op.cit.

32 £. R. Phillips, "Development of Optimal Instructional

Sequences", Paper presented at the Annual Meeting of the American
Educational Research Association, Chicago, 1974, p.4.

€
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Table I

Hypothetical Observed Freguencies Used
in TIllustrative Examples of Deterministic
Validation Techniques

SKILL IT
Do not possess . Possess
(0) > (1)
Possess flO = 35 fll = 45 80
(1) .
SKILL I
Do not 3
POTS?SS fOO = 15 fOl = 5 20

50 50 - 1oo
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First, PPT is directly influenced by the difficulty of
the skills in a4 connection. If the skills are easy, the
calculated value of PPT will be closer to unity than if the
skills are difficult because of the influence of fll on PPT
Thus if the connection is valid there is a lesser probability
of committing type I-V error with PPT when the skills are easy
than when they are difficult. On the other hand, if a connection
is invalid, there is a lesser probabil{ty of committing ty$e
V-1 error when the skills are éifficult than when they are easy.

Another reason why PPT may be misleading is that it can
take values greater than the crite%}on even when the skills are
independent. White33 illustrates this characéeristic of PPT by
comparing for each connection the observed value of PPT in a
thierarchy validated by Gagné&, to the value of PPT expected when
the skills are independent. °In almost half of the connections
Wﬁite found the expected value of PPT for independent skills
greater than 0.90, and in one case the expected value even
exceeded the observed value of PPT vet the connection was never-
theless sho%n to be valid. White concludes that PPT is little

more than a measure of the co;relation bhetween two skills. It

was shown in the previous section that skill intercorrelation

33 R, T. White, "Indexes Used in Testing the Validity
of Learning Hierarchies", Journal of Research in Science
Teaching, 1974, 11, p.61-66. )
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is a necessary but not sufficient indicator of the validity of
a connection,

Besides these weaknesses, PPT lacks a known sampling
distribution. Thus a subjective judgement has to be mgde when
generalizing from the sample to the.population. Furthermore,
it does not take into account measurement errors wﬁich are bound
to occur in any behavioral research.

In general then, PPT appears to be a technique of very
little utility for hierarchy wvalidation.' The next technique
proposed by Walbesser was intended to overcome the faults of

PPT.

b) Walbesser Ratios (WR). - Walbesser34

suggests three
ratios for testing the wvalidity of hierarchical connections;
the consistency ratio, the adequacy ratio, and the completeness
ratio. The ratios range in value from O to 1, and all three
ratios mﬁst exceed an arbitrarily set criterion of 0.85 for a
connection to be valid. )
The consistency ratio is intended to test the implication

that possession of skill . II implies possession of skill I.

Symbeolically, the ratio is defined as

34 H. H. WalbesSser, An Evaluation Model and its
Application, American Association for the Advancemgnt of
Science, Washington, D.C. 1968.
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1

£ + fo

(15)
11

1

In effect, the consistency ratio compares the number of subjects
who possess both skills in the connection, to tﬁe total number
who possess the superordinate. The ratio wiil be cloée to 1

if relatively few subjects are observed to possess only the
superordinate skill, and it will be close to zero if a relatively
large number of subjects are observed to possess only the super-

ordinate skill.

The adequacy ratio is defined as

fll

£11 7 f10

(16)

This ratio is intended to test the implication that acgquisition
of skill I implies acquisition of skill ITI provided appropriate
instruction in skill II is given. This is accomplished by
comparing the number of subjects possessing both skills to the
total number possessing the subordinate skill. The ratio will
be close to unity if relatively few subjects possess the sub-
ordinate skill only, whereas it will be close to zero if a

relatively large number of subjects possess only the subordinate

skill. B
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The third ratio, the completeness ratio, is intended
to compare -the number of subjects possessing both skills in a
cdnnection relative to that who possess neither or both skills.
It is defined as
£

11

£11 * foo

(17}

The ratio is close to unity if relatively few subjects possess
neither of the skills in the connection, whereas it.is close to
zero if a relatively large number of subjects possess neither
skill.

Calculation of the Walbesser ratios can be illustrated

from the sample data in Table I, as follows: .

. . _ 45 _
consistency ratio = 35 T 5 = 0.90 (18)
adequacy ratio = —33 = 0,56 (19)
: 45 + 35 ’
completeness ratio = 45 = 0.75 (20)

45 + 15
Since two of the three ratios do not exceed the 0.85 criterion,
the hypothesis that skill I is subordinate to skill II must be

rejected with the sample data.
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- The above example demonstrates a difficul£y likely to
be experienced quite often when attempting to validate a o
hiefarchy with WR -- the criterion of ©0.85 for the ratios is
very stringent. It can be shown that flo' fOl' ané fOO all
have to be quite small relative to fll in order to validate

a connection. For instance, the followingcondition must be

satisfied for the consistency ratio for a valid connection:

£
11 2 o.85 (21)
£11 * fo1
Therefore, .
> .
fll = (.85 fll + Q.85 fOl (22)
so that
i Z 4
fll = 5.67 fo1 {(23)

Similarly, it can be-Shown that £,, also has to be at least 5.67

n magnitude than each of foo ahd flO by use of the

times greater
completenegs and adequacy ratios. Hence for a connection to be

valid fl must be approximately six times greater in magnitude

than each of £ £

o1’ oo and flo' This may occur\at the bottom

of a hiergrchy where most individuals would be expected to possess
both the skills in a connection. However, as progress is made

up the hieradchy, more and more individuals are likely to "drop

out" as the ski\lls become increasingly more complexanmcdifficult.
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That is,lfll is likely to decrease in magnitude relative to
the other three'frequencies. As a result, the probability of _
a connection being validated would tend to decrease as the skills
become more difficult. In theory at the uppermost levels of a
hiera;chy it is possible that one or more of‘foo, flO and fOl
may be greater than fll and the connection still be valid - a
situation in which WR would be useless. The above discussion
suggests-that with WR the probability of committing type V-I
error decreases as the skills become more difficult if the
connection is not valid, and if the connection is vaiid, the
probability of type I-V error increases as the skills become
more difficult.

At least three possibilities appear to exist for mini-
mizing skill difficulty troubles with WR. One is to validate
the hierarchy using a more able group of learners so as to ensure
that the criteria of the adequacy and completeness ratios are
satisfied. Another possibility is to use WR only in situations
where the skills have just been taught. The third possibility
is to lower the criteria for the adequacy and completeness.ratios.

Kane, McDaniel, and Phillips35 suggest the later possibility to

35 R. B. Kane, E. D. McDaniel, and E. R. Phillips,
"Analyzing Learning Hierarchies Relative to Transfer Relationships
within Arithmetic", U.S.0.E. Project No. 9-E-128, Purdue University,
1971, p. 28.



BACKGROUND CF THE STUDY 41

reduce skill difficulty problems ﬁith WR. They recommend that
the’adeduacy ratio criterion be lowered to 0.70, and the criterion
of the completeness ratio be lowered to 0.50 and the consistency
ratio be left unchanged at 0.85. No reasons were given fdr .
selecting these'criteria, so‘presumably_they were chosen on. the
basis of experience with the ratios in validating learning
hierarchies. Further research is necessary to determine the
usefulness of the Kane, McDaniel, and Phillips suggestion.

Another difficulty with WR is that, like PPT, it is
a deterministic technique which does not take into account
measurement error. Also, the ratios lack a known samplihg
distribution; thus a subjective judgement is required whén
making inferences beyond the sample of learners with whom the
hierarchy is validated.

The three troubles with WR - their sensitivity to skill
difficulty, their susceptibility to measurement error, and
their lack of sampling distribution - suggest that the technique
is .of little use for testing the validity of hierarchical
connections. The technique has been used quite often in validation
studies and appears to be regarded as an acceptable measure of the
validity of a connection, an anomaly which warrants further

investigation.



e

BACKGROUND OF THE STUDY | 42

¢} The Diffexence Ratio (DR). -~ fhe difference ratio
is a d;terministic index developed by Dure1136 to test the
validity of hierarchical connections. Durell estabegﬂed
four a prioxi criteria to guide the development of the technique.
The criteria wefe that the technique would (1) make use of all
the cells in Table I so as to utilize the maximum amount of
information-available about the re;ationship between a pair
of skills; (2) rely heavily on fll and fOl since they contri-
bute the most important igfqrmation for acceptance or rejection
of.the hypothesis of skill dependency respectively;- (3) reguire
fll/N to be equal to or greater than 0.50 before the_hypothesis

1

of skill depengency can be supported; and (4) cause the hypothesis

»

of skill depen{incy to be rejected if fOl/s is greater than 0.25.
The two last criteria were arbitrarily determined.

The technique yields an index ranging in value from +1
to -1, with a value of 0.50 or greater required before a

conmection can be considered valid. Originally the formula for

DR was presented as

£14

DR = ' — - Pifaq) (24)
F . + £, + £, t Eqq * [£19 fo0l 0l

. 36 A. B. Durell, "A Comparison of Measures for valida-
ting Learning Hierarchies", Unpublished Doctoral Dissertation,
University of Toronto,1973.
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¢

where the right hand term represents the proportion of (0,1)
responses. For the sake of simplicity the formula can be

reduced to

DR = —— , - (25)

since fll' fOl’ flo’ and fOO sum to N, the sample size.
Using{the data in Table I as an illustration, DR is

calculated as follows:

_ 45 5
DR = —150 + |35 - 15| Tog - ©-32° (26)

In this case, the hypothesis of skill dépendency is not supported
since the calculated value of DR is less than-the criterion of
0150.

Again, like PPT and WR, DR appears to be sensitive
to skill-difficulty. When £

11 is large relative to each of

f £

and fOl’ the value of DR tends to be greater than

00’ T1l0’

when.fll is small relative to each of fOO' flO’ and fOl' regard-,
less of whether or not the connection is valid. The first
situation would be one when the skills in a conhection are easy,
the latter when the skills are difficult. Thus DR would tend
to validate connections more readily when the skills in a

connection are easy than when they are difficult. As a result



" BACKGROUND OF THE STUDY ! 44

if a connection is not valid, the‘probability of committing

type V-1 error increases as both of the skills become easier.

Whergas, if a connection is valid, the probapility of type

I-V error increases as both skills become more difficult. -
‘Besides the effects of skill difficuléy several other

;éfiticisms may be made of DR. The first concefns one of the

original criteria used by Durell to develop the ratio. DR

was developed so that as much as 25% of the sample can be

observed to possess skill II without skill I and the-connection

still can be congidered valid. No justification for choosing

this criterion is offered by Durell, and indeed, no justification

seems plausible which would allow such a great proportion of

the sample to contradict the hypothesis of skill dependency.

The proportion of the sample allowed t@ contradict the hypo;

thesis cag, however, Be reduced by raising the criterion for

the. ratio above 0.50. By doing so, the probability of type

v-I error, the most serious kind of decis;on error, wouid be

decreased. /
Other criticisms of DR are that, like PPT and WR, it

does not have a known sampliné distributien and it does not

take gnto account measurement errors.

The above criticisms suggest that theoretically the
~ et L4

technique is weak. Not enough empirical research evidence is

-



BACKGROUND OF THE STUDY 45

available to determine whether or not this-is alsb true in
practice. )

d) Guttman-Scalogram Analysis (GSA). - The Guttman37
Séalogram aﬁalysis techniqﬁe was applied tg learning hierarchy

validation by Resnick and Wang38.

Essentially GSA is a method
of depérmining to what extent the: response patterns of
dichétdhous}y scored (0 or 1) test items'form a linear oxdering.
When the method fs applied to vaiidating a learning hierarchy,
an attempt is made to establish if the test items measuring
the skills under consideration form a linear ordering in the
maﬁner hypothesized. From the order of the test items it is
then inferred that the skills were acquired in that sequence.
Unlike the validation techniques discussed to this
point, GSA is typically used for validating linear.sequences
of more than two skills. Figure 7 illustrates a perfect linear
ordering of a hierarchy of five skills for a group of six learners.
From this illustration it can be seen that possession of a given
skill implies possession of .all subordinate skil%s. However,
rarely is such a perfect scaling obtained in experimehtal

situations. The extent to whid¢h the data can be arranged in the

37 L. Guttman, "A Basis for Scaling Qualitative Data',
American Sociological Review, 1944, 9, p. 139-150.

38 L. B. Resnick and M. C. Wang, "Approaches to the
validation of Learning Hierarchies", Proceedings of the Eighteenth
Annual Regional Conference on Testing Problems, Princeton, N.J.,
Educational Testing Service, 1969.
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manner shown in Figure 7 is expressed .as the coefficient of
reproducibility (Rep) which ranges in value from O to 1.

The coefficient of reproducibility is given by the

b
formula

" total number of errors
total number of responses

Rep = 1 - (27)

where én error is defined as an inversion in the order in
which the skills are acgquired as comparéd to the order in
which they are hypothesized to be acquired. Figure 8
illustrates a linear ordering with‘one érfor - learner number
3 failed the item testing possession of skill II,lbut passed
that"testing skill III. The total number of responses possible
is obtained by multiplying the number of lééfners by the
number of items. Hence, the maximum number of errors possible
is .equal to the number of responses. From formula (27) it can
be seen that when thergqare no errors Rep is equal to 1, when
the maximum humber of errors occurs Rep is equal to O.

Calculation of Rep can be illustrated with the data in

Figure 8 as follows:

R
Rep 51~ 35 = 0.967 | (28) .
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Skill
I I IIT IV ‘ \%
D1 1 1 1 1 1
2 1 1 1 1 0
Learner 3 3 1 1 . ° °
4 1 1 0 0 0
5 1 o 0 0 0
6 0 o' ) 0 0

Figure 7: A Perfect Linear Ordering of Five Skills for a
Group of Six Learners. For Each Learner-Skill
Combination a 1 Indicates that thé Learner Possesses
the Skill; a O Indicates that he does not Possess
the Skill. ‘
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Figure B8:
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.
/) ’
Skill

I 1T . III Iv v
1 1 1 1 1 1
2 1 1 1 1 0
3 3 0 1 0 0
4 1 1 0 0 0
5 1 0 0 0 0
6 0 0 0 0 0

A Linear Ordering of Five Skills for Six Learners
with One Error. The Error is Indicated by the
Performance of Learner 3 Who Passed the Item Testing
Skill III But Not Thatt Testing Skill IT.



1
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No sampling‘distribution has been found for Rep. A Rep of
0.90 or greater is generally considered to be sufficient for
a lineér ordering of items as this represents 1l0% or fewer
errors. Thus according to the Guttman technigue the data in
Figure 8 indicate a wvalid linéar hierarchy. Torgenson39
points out, however, that care must be taken when evaluating
Rep as it has a tendency to depend upon the values of the item
marginal totals consegquently the expected'value of Rep is high
even when the items are independént.

Several weaknesses with GSA as a hierarchy validation
technique are apparent. First, like the other deterministic
techniques discussed, Rep is affected by measurement errors.
For instance in the hierarchy illustrated in Figure 8, there
is no available method of estimating whether learner 3
blundered on the item testing skill II, correctly guessed
the answer to the item testing skill III or that it is his
true state. The exact effect of measureﬁént errors on Rep is
not readily determinable as the matter is complicated by the

additional- variable of position of the skill-testing guestion

in the hierarchy. Generally speaking, however, both guessing

39 W. S. Torgenson, Theory and Methods of Scaling,
New York, Wiley, 1958.
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and blundering are likély.to cause an "error" as defined in
formula‘(Z?). The effect of an error on Rep is to decrease its
calculated value. Thus if the hierarchy is wvalid, type I-V
error would tend to increase as measureqent errors increase
since Rep would tend to be lower than its true value. For the
same reason, if.the‘hierarchy is not valid, type V-I error would
tend to increase as measurement effors increase.

A second weakness of Rep is that learners who correctly
answer all or noné of the skill testing items tend t§ inflate
the calculated value of the coefficient. " This is because such
learners contribute no additional information about the sequential
order of the skills, yet they increase the tatal number of item
responses thus decreasing the ratio of errors to responses iV
the formula for Rep. This in turn increases the calculated
~value of Rep over what it would be had such learner responses
not been part of the data. For example had learners 1 and 6
not been included in the data in Figure 8, Rep would be 0.95
instead of 0.967 as galculated in (28), since there would be
a total of only 20 responses instead of 30.

Another weakness of GSA is that one invalid connection,
in @ otherwise valid hierarchy, may lead to the rejection of

the entire hierarchy. This is because Rep is inversely
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:proportional‘to the total number of errors made by alf subjects,
even if the errors are committed on the same connection. As

an example, the connection between skill I and II in Figure 7
may be considered. If this connection were invalid, learners

1 to 5 inclusive would have "O" under the skill I column.

The result would be five errors; thus

- - S -
Rep = 1 5~ = 0.83 (29)

-

and the entire hierarchy would be considered invalid since Rep
is less than the criterion value of 0.90.. In this case the
connectioris between the remaining skills are balid, yet the
hierarchy was—rejected because of an invalid connection between
skills I and II. This weakness could be dealt with by eliminating
the connection and re-calculating Rep; however, theoretically
there would be no grounds for doing so since the pufpose of
applying Rep to the criginal data would be to validate a
particular postulated hierarchy.

'A third Weakneés with GSA is that it has very limited
applicability since the technigue can be used only to validate

inear hierarchies. According to Airasian and Bart:



BACKGROUND OF THE STUDY 52

Most prior research in the areas of cognitive
development, tests and measurement, and curriculum
development has demonstrated that groups of tasks
are much more likely to form non-linear, branched
hierarchical networks than they are to form linear
networks. As a consequence, reproducible Guttman
scales exceeding six or seven tasks are rare. While
non-linear networks of tasks or behaviors do not
manifest the conceptual simplicity of linear networks,
it is likely that the former represent a more accurate
representation of the prerequisite relationships
existing among tasks or behaviors.40

While it it passible to apply GSA to linear branches in a
non-linear hierarchy, the results would not prove very meaning-
ful, and the single advantage of GSA- that it provides an

overall index of the validity of a many-skilled hierarchy -

would be lost.

"

In summary, GSA is a deterministic technique which ihas
been applied to the validation of learning hierarchies. The
technique yields a single index, Rep, which gives an indication
of the overall validity of a linear hierarchy. Its usefulness,
however, is minimal as the technique does not have a known
sampling distribution, does not take into account measurement
erfors, permits one invalid connection in a hierarchy to cause

rejection of the entire hierarchy, is inflated by learners who

40 P. W. Airasian and W. M. Bart, "Validating a Priori

Instructional Hierarchies", Journal of Education Measurement,
1975, 12, p. 1l66.
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correctly answer all or ﬁone of the test items, and is
applicable only to linear hierarchies.

e) White and Clark Technique (WC). - Unlike the vali~
dation techniques discussedAthus far, the White and Clark4l
technique is based upon a probabilistic model. WC is used.
to test the validity of hierarchical relationships hypothe51zed
between pairs of skills. This is accomplished first by use of
two questions for testing subjects for possession of each of
the skills. The assumption is made that the squ%s have been
so precisely defined that, if it were not for erxrors of
measurement, both skill-testing questions per skill would be @
answered either correctly or incorrectly.by all subjects. Also,
for each skill the probabilities of random erfors are assumed
to be equal, yet independent, for the two questions. An estimate
is then obtained of the number of subjects expected at a particular
confidence level to answer two skill II gquestions correctly and
no skill I questions correctly. In order to do this the assumption

) is made that the skills are hierarchical. The hierarchical

connection is concluded to be valid if the observed value of

41 R, T. White and R. M. Clark, "A Test of Inclusion
Which Allows for Errors of Measurement", Psychometrika, 1973,38,
77-86.
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f02 is less than or equal to the upper limit of the confidence
iﬁterﬁal of Fhe éxpectgd value oflfoz; otherwise, the connection
is concluded to be not\valid. .

Before illustrating the details of the technique, the
probabilistic model used by WC is described. .

The model is given in Table II. White and Clark derive
it by dividing the Rppulation into four mutually exclusive and
exhaustive groups - subjects who possess only skill I, subjects
who possess only skill II, subjects who possess neither skill,”
and subjects who possess both skills. , The proportion of the
population belonging in each of these groups is defined to be
Pl' Pirs Pgr and Py respectively. Next, the probability of aA
individual answering a skill I question correctly who truly
possess the skill is défined as 8, {i.e. the probability of not
blundering on a skill I guestion), and who does not possess the
skill as eb (i.e. the probability of guessing the answer correct-
ly to % skill I question). The corresponding probabilities for
skill II are defined as ec and Bd' Then the probabiiities,

wheré i, 9 =0,1, 2, of a member of a randomly selected sample

Pij

being classified into one of the nine cells in Table II are
found in terms of the proportions P and the probabilities 8.
These are obtained by summing over the four possigle groups,
the probability of an individual being a member of each group

rmultiplied by the conditional probability of members of the
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Probabilities (p..) of Answering Correctly the

Various Possible

ombinations of Numbers of Questions

Testing Skills I and II Respectively (White and Clark

Model) - _
Number of Skill II Test
Questions Answered Correctly

0 1 2

Pyo " Py " Py 7
Pyo2 (10 22929, (1-9) P o8, 20,
+ pral1-a)? +2p, 826, (1-8,) - » p9 28,2
. Plxegtl-ec)z +2PIIe§ec(1-ac) . pIIebzecz
. Paﬂi(l-ec)z- ~2p_8%8_(1-8 ) « 20 %8 7

Plo ” Pt Py

2
ZPOGb(lTe’) (l-Bd}

) 2
1 *ZPIBa(l-Ba) (l—ed) .

2
*ZPIIGb(l-Gb)(l-Gc)

'zpBeatl-eaatl-acaz

4P°9b(l-9b) Bdfl-ad)

4P 0, (1-8,18, (1-84)

*4PII8b(l-8b) Bc(l-ec)

OAPBBa(].-Ga) Bc (l-Ec)

2
zpneb(i—eb)ed
+2p.8 (1-8)8 2
I"a a’"d

2

+2p_ 8, (1-8,18_

II'b

: 2
+2Pg8, (1-8,) 8,

Pyg

2 2
PD (l-Bb) (l—ﬁd)

2 2
Q + pI(l-Ba) (1—Bd)

+ poof1-efa-6)?

. pa(l-aa)zu-ec)2

Py

28, (1-8,) 28, (1-8,)
p(l-8y) 85013

+2p_(1-6 )28, (1-6.)
I a d d

s2p_ (1-8) %8 (1-8.)

’293(1‘5a)29c(1'5c)
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group answering the relevant number of guestions correctly.

| WC may be illustrated with the samp%g data in Table III.
The statistical null hypothesis tested by WC is that the
proportion of the population possessing only skill II is equal
to zerc; the alternative hypothesis that the same proportion
is greater than zero. Symbolically, the null and alternative
hypotheses_ére respectively,

By ¢ Prp =9

and

HA : PII > Q

In order to estimate Py, and subsequently to test’ the null
hypothesis, estimates of the parametexrs in the model must be
obtained under the assumption thét Pry is equal to zero.- The
parameters are estimated from the marginal frequencies ' E,
c, d, ekﬁand f which are respectively the number of subjects
answering 2, 1, and O skill I questions correctly and 2, 1,
and 0 skill II questions correctly. To arrive at estimates
from the marginal frequencies White and Clark found it
necessary to assume that 5;5 0 and BC = 1. This is equivalent
to saying that there is ﬁo chance of an indiv%dual guessing
the answer to a skill I guestion corredtly, and no chance of

an individual blundering on a skill II guestion.
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Table IIT

Hypothetical Observed Frequencies Used in

Illustrative Example of the White and Clark
Technique

Number of -Skill II Test Questions Answered Correctly

™

-t

S

U 1]

3 0 1 2
oYy
u o
o Q.
E"'C!
Q2 | £,0 =31 £, =19 f£,, = 95 a = 145
~ QO
-~ =
-~ U}
G & 1] f 4 £ 4 b 8

= = O f = =

“ o 10 11 12
[ 3 = -

8]
o o
8no | ¢ = 11 £ = 3 £ 0= 1 = 1
g 0 00 = 01 02 ¢ = 15
= O

£ = 46 e = 22 d =100 N = 168

lMarginal frequencies for 2, 1 and 0O questions
answered correctly testing skills I and II are defined as

a, b, ¢, 4, e,7and f respectively; the sample size is defined
by N.
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When the appropriate marginal frequencies in Table III
are substituted into the White and Clark formulae the P's and

B's are estimated to be: . '

. ' 3

~ . 2a 2 x 145 _ .
%2 2a+b ~“Zx 145+ - 0973 . (30)
~ e 22 _
®a = e T 2f T 37F 2 x 46 - 0-1929 (31)
5. T= (e + 2602 1 - (22 + 2 x 46)2 _ 0'5756 (32)

B ~ ~ 4f §§§ B 4 x 46 x 168 - *

N 2 -~ - 2
_ (Za + b)Y _ _ {2 x 145 + 8)" _ _

P =i Py = T 5Ti5 % Tet 0.5796 = 0.3318 (33)

~ - . )
Po =1 - (Py +P) =1~ (0.5796_+ 0.3318) = 0.0886 (34)

-

The above estimates are then substituted into the
expression for Py, in the model in Table II, and ﬁozlis found
to be 0.0023. It should be noted that Pgo is estimated under the

is

assumption that the null hypothesis is true, therefore Prg

assigned the. value of zero. According to White and Clark; foz‘—
the observed frequency in the 02 cell of Table II - is a binopial

random variable with parameters (N, poé), Using the binomial
’ ~

expansion of (N = 168, = 0.0023), the cumulative probability

Po2
of f02 =0, 1, or 2 is greater than 0.95.  Thus f02 would not

be expected to'be greater than 2 at the 95% confidence level

—~—

ot
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under the null hypothésis. However in éable III, f02 was
observed to be 1 so the‘null hypothesis must not be rejected,
-and it mﬁst be concluded that it is reasonable to assume that
skill I is prerequisite to skill II. -

While WC appears to be a more reliable validation
technique than the preceding ones since it par;ially takes into

account measurement errors-and provides a sampling distripution,,

(2

.several weaknesses in the technigue are evident.
concerns the pérameter eg}imation procedure used
White and Clark model is based upon seven independent
Under the null h;;;thesis Py is equal to zero, there
parameters must be estimated. White and Clark chose to estimate
the parameters by marginal frequencies, and since only four of
these frequencies are independent it was necessary to make
assuﬁptions about the values 6f two parameters. As mentioned
previously Bb and ec were assumed to be zero and unity respect;vely.
Ag examination of the expression for Po2 in Table II shows that

the fesult of this assumption is that Po2 tends to be over-
estimated when'the population values of eb and ec are not zero

and unity. Since the null hypothesis is tested by determining

if the observed frequency in the 02 cell of Table II is greater
than that expected by chance, over-estimating Po2 makes the

null hypothesis less likely to be rejected. The result of the

tor
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above assumptions therefore is to increase the probability of
committing type V-1 error. This weakness, however, could be.
overcome by obtaining parameter estimates from the cell fregquencies
in Table II. Since there are eight independent cell frequencies
all of the parameters could be estimated from them, and the
need to make assumptions about the values of two of the para-
meters wouid be eliminated.

Another weakness of WC is that large samples are re-
quired in order to reduce the probability of type V-1 and type
I-V errors to acceptabld levels. Typically, White and’ Clark4
found that with 10% measurement erroxr, that is 6 = 0.90,
8y = 0.10, ec = 0.90, and Bd = 0.10, and w1th PO = 0.45,
PI = 0,175, PII = 0.025, and PB = 0.35, a sample of size 500
is required to make the probability of type I-V error 5% and the
probability of type v-I error 6%. Decision errors such as
these would be acceptable to most researchers. However, as
sample size decreases, the risk of decision error increases to -
unacceptable levels with thlS technique. Under the same‘

conditions as above but with a sample size of 100, White and

Clark found that with a 5% probability of type I-V error, the

42 R. T. White and R. M. Clark, op.cit., p-83.
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-

pfobability of type V-1 error increaseg to 60%. Also, the
risk of-decision error decreases as measurement errar decreases
for a given sample size. For example with_ﬁ% measuremeﬁt error
and the same parameters as before, the probability of tybe I-V
error is 5% and type V-I 1is 0.5% for §fsample of size 500, for
a sample of size 100 the correspondiné decisions errors‘were
5% énd 35%.

The above situation could be improved by basing the
significance test on all nine cells of Table II rather than
on only one as done in WC. White and Clark argued that it was
sufficient to use only the 02 cell for the significance test
as that cell exhibits the greatest péoportional change of all
nine cells for changes in PII' While it is true that the 02
cell is the most sensitive to changes in Py, there is little
doubt that a significance test basea upon all of the information
available would be superior to one baged upon only partial
iﬂformation. Recently, White and Linke 43 suggested this
improvement to WC but did not work out a general procedure

to follow.

43 R. T. White and R, D. Linke. “Alternative"
Procedures for the White and Clark Test of Inclusion",
Unpublished Paper, Monash University, 1974, p.6-9.
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From the aiscussion thus far, WC appears to be the moet
satisfactory existing technique for testing the vatidity of
learning hierarchy connections. Its superiority is* due to the
use of a probabilistic model which takes into account some
measurement erroxrs. and prévides a known sampling distribution.
However, the technlque may be criticized since it uses a T
method of parameter estimation which requlres assumptlons to
be made about the values of two of the measurement error para-
meters, and also since the significance rest is based upon
only partial information. These criticisms imply the need for

a theoretically more rigorous validation techniqgue and indicate

the manner in which it may be developed.

n Alternative Validation Technigue.

‘The technigue suggested as an alternative is based upon
the original.White and Cclark model given in Table II; however,
parameter esfgggzée\ere obtdined from cell frequencies by the
cethod of maximum liKelihood. From the maximum likelihood
estimate of the proportion of the population possessing only
the superordinate skill (PII), a confidence interval is then
established about ;II' If it is found that this confidence
interval includes the value zero, the.conclusion is that skill I

is a prerequisite to skill II: whereas, if it is found that
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the interval does not include zero, the conclusiohvis that
skill I is not prerequisite to skill II. -

Before the details of the suggested technique are
discuséed; the theory of the method of maximum likelihood
applied to the estimation af several parameters simultaneéusly
is outlined to prévide a theoretical.rationale for the.
technique.

a) The Method_of Maximum Likelihood. - Four geheral
methods of parameter estimation could be used to éstimate the‘
parameters in the model - (1) the method of least squares,

{2) the method of moments, (3} the method of‘aafes, and (4}
the method of maximum likelihood. Of these four methods, the
least desirable'one to use is the method of ;Qast‘squares
because, unlike the other three.ﬁethods, variance éstimates
of the parameters are not readily obtainable so the accuracy'
of the paraﬁeter estimates is not known. ‘Therefore, a choice
had to be made among the three remaining methods.

According to Mood and Graybill44, moment, Bayesian

and maximum llkellhOOd estimators are squared error consmstent

and simple consistent under very general conditions. That is,

44 A.’'M. Mood, and F. A, Graybill, Introduction to the
Theoryﬁof Statistics,- 2nd ed., New York, McGraw—Hlll, 1963,
pp. 161-197. .
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the estimators become increasingly "better" as sample size
) -~ ~ .

increases. More precisely, if Bl, ceay B

n’ ., 1s a sequence

of estimators of &, the seguence is squared erxror consistent-

if

. ~ 2
lim E {(an - 98)°} =20 . (35)
N+
~
for all & in some interval. Furthermore, the sequence is

simple consistent if for every & 2 0,

lim P (6 — ¢ < &, < 8 +eg) =1 A (36)

N+

for all & in .some interval. Bayesian and maximum likelihocod

estimators, however, are superior to moment estimators because

-

in addition to being squared error consistent and simple

v

consistent they are asymptotically efficient and best asymptotic-
ally‘nérmal (BAN) estimators. The choice of which method to

use for the technique developed in this study was therefore
narrowed to a choice between the method of Bayes and maximum
likelihood. Finally, the method of maximum likelihood was

chosen because maximum likelihood estimators are sufficient
whenever sufficient estimators exist, and unlike the method

& 1
of Bayes, the method of maximum likelihood does not require
S

2 NG

g
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any assumptions about the density functions of the parameters
being estimated.

Now, the theory of the method of maximum likelihood
applied to the estimation of several parameters simultaneously
is reviewed. The review is based chiefly upon the work of

45 46 47 48

Fisher '~, Kendall =, Kempthorne ', and Rao

Assume that g parameters are to be estimated from n
independent trials. The sample space may be partitioned into

k non-overlapping events, say E;, ..., E,. Let xi.be the

number of outcomes of E;, and let p; = Prob (Ei) where %pi =1
i
Also assume that each Py is defined as a function of the Eﬁra-

meters 9y, -.- Bq where g < k. Hence the probability of ob-
serving fi cutcomes of Ei in any order in n independent trials

is given by the multinomial probability distribution function:

N k £5
Prob {Xl = fl, s v g xf.= fk} = k .T[ Pi (37)
: n £.1 1=l
Y i ‘
K i=l
where O'i f. £ N and L £, = N
- i 1 1

The expression in (37) is known as the likelihood function (L)

45 R. A. Fisher, Statistical Methods for Research
Workers, 8th Ed., New York, Stechert, 1941, pp. 293-325.

46 M. G. Kendal, The Advanced Theory of Statistics,
Vol. 2, London, Griffin, 1948, pp. 1-45.

47 0. Kempthorne, An Introduction to Genetic Statistics,
New York, Wiley, 1966, pp. 172-177.

48 C. R. Rao, Linear Statistical Inference and its
Applications, New York, Wiley, 1968, pp.. 302-309.
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and this function is maximized by the method of maximum likeli-
- hood. One may accomplish the maximization of L by (1) finding

the first pa?tial derivatives of L with respect to each of the
Lq parameters, (2) eqﬁating each’ of the first.derivatiﬁes to
zero, (3) solving the resulting system of g equations simultaneously
and (4) checking to ensure that each of the second partial
derivatives of L with respect to each of the g parameters is
negative. The solutions to the system of equations would then
be the maximum likelihood estimates of the parameters. In
practice, however, the system-of equations is often too'complex
to.solve by ordinmary methods, hence an iterative technigque
known as the method of scoring is often used to solve the
eqguations.

With the method of scoring, the complexity of the
calculations is often reduced by maximizing the logarithm of
the likelihood function rather than the function itself. This
is possible since the values of Sq which maximize L also .:
maximize log L because log L is a monotomic increasing function
of L. Therefore, when the logarithm of expression (37) is
téken, the following is obtained;

log L = C +
i

e =

log p, i (38)
1 |
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where C is a constant given by:

C = log — N0 | | O (39)

|
Il
[

When the partial derivatives of the logarithm of the likelihood
functioh are taken with respect of the g parameters, and the
resulting functions then equated to zero, a system of equations

- of the following form is obtained:

—%%23—£-= 0 where i =1, ..., q. (40)
i .

Now any function, say £ (81{ ...&k),_may be approximated
at a point (81 = 82, ey Gk = GE) by a Taylor series in the
following way provided, the function is continucus and

différentiable in an interval containing the point:

- o] o] +
E(Bysvens8) = £(07,...,08,) + 68 gg 1(80 )
1 l,c--’ k
Lo + 86, 3f \
96 o] o]
k (91""’ek) (41)
where 68,% = 8,-8° for 1 £ 1 £ k, and 3f
. N 30, | , .0 o
il (e 8.)
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means the partial dérivative of the function f with respect

to 8, evaluated at the point (Bi, <oy &E). This type of
approximation corresponds toc a linear approximation of a
function, and is known as a linearization of a function. Thus .

the function in (40) may be approximated in a similar manner:

3log L 3log L 2
— = : o o,+86, 971log L
o 8y 985 | Crreeer8g) T ggae, | 69,...,8D)
q (42)
2 : - W2
+ 682 3" log L o o + ... +86. 3 log L o o
36,00, | (85,...,8°) - - 45890, (8], ... 0800
2774 1 q gL 172771 "q
where i = 1, ., Q. T
The expression glog L o o, is called the ith efficient
aei (el, ...,aq)
score and will be denoted S?. Now if Igj is defined as -
2
- %El%%—é (eo BO) for i, j =1, ..., g, the system in (40)
i j r st
may be written using the approximations in (42) as follows:
O (o) O . Q &
Ill 661 + 112 682 + .. + Il §9 = Sl
(43)
ol o} o 0
+ it + I 86 =S
Iql 681 + qu 682 aq q q
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or more simply in matrix form as,

o 1 - 1 T

- o .o o ]
I11 T12 T1q 58, 51
e o : o
121 I22 LRI S - 682 Sz
- - = (44)
Q - O o
I R 86 s
L al qaq | | 9| | q

The matrix on the left side of (44) containing the elements
Izj is known as the information matrix. The elements of the
information matrix and the elements of the vector of.efficient
scores are obtained by evaluating the appropriate expressions
with approximations eg of Bi. The deviations, aei, of these

approximations of 6, from the maximum likelihood estimates

of Bi, can be solved for as follows:

- ; [0 O o 1._ o |
86, 17, I35 +-ee I |72 57
@] Q Q
58, S O 53

- (45)

58 % 1% s®
q gl qaq q

L ] L | |

where the determinant of the information matrix is non-zero.
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Thus by starting .with approximations for ei, additive

corrections 5% can be found for 8; ¢ and then new approximations

8; of 6; <an be calculated as in {(46) below. 3
- \ - - o - - 7
el . Gl 681
]
! o
_ + (46)
5 82 86
q q ' d

‘The new approximations,ei, are substituted back inEp (42), then
after tﬁe information matrix and efficient score vector a?e
reCOmputed,-new additive corrections are found. The whole process
is then régeated as many times as necessary for the additive
corrections, 865 s to be zero, or very close to zero, so that
stable valugs for the parameter estimates are obtained. Care

must be taken, however, that the additive corrections do in fact
converge towardé zero; con&ergence can be ensured by using
efficient estimators of the parameters as the initial approximations
in the iterative process. When the process is completed, the
final corrected values for the parameters are good approximations
of the maximum likelihood estimates of the parameters. In fact,
approximations as good as necessary can be obtained since the

process is controlled.
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Thé application of the method of maximum iikelihood to
obtain estimates of the parameters in the White and Clark model
is next discussed.

b) Maximum Likelihood Parameter Estimation in the white
and Clark Model. The likelihood function, L, for the White

and Clark model is:

L == — T Py (47)
T g, +.3%0
i,5=0 1J

where fij is the observed frequency in the ijth cell of Table II,
and Pj4 is the probability of a member of a randomiy selected
sample being classified in the ijth cell. Important to note is
thgt_the fij are treated as constants once they are observed and
hence (47) is a multinomial function. In the model it can be
seen that each.pij is a function of Ba’ Bb, ecf ed, PI’ PII' /)

P and P however, only the first seven of these parameters

oM B’

need to be estimated since PB =1 - (PO + PI + PII)'

Next, the logarithm of the likelihood function in (47)

is found to be:
L2
log L = ¢ + L £f,. log p..
i,j=0 *J +
(48)
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For simplicity let Fel, evr 89) = (Pq, Pry Prys 650 Bps By &i)-‘
The efficient scores are then obtained by evaluating the

-y

followiné expression at approximations,_eg, ey eg,“of the

. .4
parameters in the model and at particular observed cell frequencn.es;9

.' : . ' 2 £, 3D, .
Se = gg ot | = I 5 %ee 0
u o oy, 1i,j=0 Pij (8%,...,82) (49)
(B 144+, B 1. 7
1 7 : o
L . th X
where u =1, ..., 7, and 8, is the u coordinate of (al, ey 67)-
Also,- the elements of the.information matrix can be found SQ
.\'by’ “
o o2 ) 3
I, =N I -1 Fij Piy :
' 1,350 py4 36, 38 (89,...,689) (50)

where ¢y, t = 1, .., 7.
o N
At this point the applicatibn of the method of maximum
likelihood to estimate the parameters in the White and Clark
. _ . - : : )
a model would best be shown by an example. Therefore, using ‘“the

- sample data in Table III, approximations of the parameters fin
i ; -

»

[N

. 49 Note that the derivative of the logarithm of a
> "function is found by multiplying. the reciprocal of -the function
by tﬁe derivation of the_funct%gp,‘gg.

- _plog ¥ _
3 3

1 ,% -
Y 53X

50 C. R. Rao, op.cit., p. 305. %

. .
by . v

3
-v\' N ™~
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the model may.be obtained by the White and Clark method
discussed previously. These approximations are suﬁmarized
in Table IV. The efficient scores‘are then.obtained by
substituting the pérameter approximations and observed cell

frequencies into (49):

-sﬁ [ 0.08784
sg ‘( 1.66100
sg \ 100. 84000
. 5% - | "3.11200 (51)
se 12.,05000
se ‘19.1ogoot
- sg 3.35800 |
T Sims .Ei§, éhe elemends of-the information matrix
are found by evaluating (50):
2163 273.2 1928 "93.75 " 335.3  328.9  44.69
B¢ 736.2 241.7 0.9705 84.58  903.0  100.8
. 45290 1440  "299.2 291.1 1508
%;34 = _;- 11155 "1063 T1.168 47.97|(52)
Jész.s © T101.8 * T9.965
e - 2.563  724.4
- L. 682.1
- ’ 9z, = o

q: ,
Since the informat matrix is always symmetrical about the

N
¥
diagonal, only the-diagonal and one triangular part need to be

‘ralculated. *
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TABLE IV

Parameter Estimates by White and Clark Method
for Data of Table III

u u
1 PO 0.0886
2 PI 0.3318
3 ?II 0.0000
4 6 0.9731
a
5 7 | Gb Q.0000
6 8 1.0000
C
7 Bd Q.l929
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The product of the +<inverse of the information matrix
and the vector of efficient scores yields the following vector

of corrections for the initial approximations of the parameters.

(625 | [ 9.0073‘

§P1 "0.0967

Py 0.0055

§6a = 0.0068 (53)
§8b ' 0.0694

§ec "0.0611

664 | |0.0844 |

Corrected estimates of the parameters are then found
by adding the vector of corrections in (53) to the initial

approximations given in Table IV:

P oAy -| A _ _ -
PO PO + GPO 0.0959
Pr PI +:GPI 0.2351
PII PII+ 5PII 0.0055 ‘
&a = aa + 88 = 0.9799 (54)
A. Fal
‘ &b &b +6eb 0}0694 .
I\' ~
& g+ &8 0.9378
c c c
I\' Pl
i &d ] &d + Ged ] _0.1085‘

The corrected value of PB is determined as follows:

A~ -l ~ ! ~f .
Py=1- (Py + P B Pp) = 0.6835 (55)

T
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Sincé thé corrections in (53) were not very close to
zero, the whole process is repeated using the estimates in
(54) and (55) to evaluate a new set of efficient séores and
a néw information matrix. in the present example a total df
eight iterations were necessary for each of the elements of
. the vector of correctibns to be less than 0.0001. Téble \Y
summarizes the results of eleven iterations. |

The last row of Table V gives the final maximum
likelihood estimates’for-the model based upon the data in

3
Table III, while the first row (iteration zero) gives the

White and Clark estimates which were used as initial approxi-.

mations for the maximum likelihood method. There is a
noticeable disﬁrepancy between the estimates obtained by,
the two methods -~ in some caseé the estimates differ by as
much as 0.10.

Next, a prpcedu}e is suggested for testing the hypo-

. / .
thesis of skill dependen g thenmaximum likelihood

estimate of P its variance, and the that the distri-

I’

bution of maximum likeiihood estimators is asymptoticaily

i

normal. ' . - : .

~
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N\

TABLE V

. Estimates of Parameters in Whlte and Clark Model
Obtained from Data in Table III by the Method of Scoring Using
Eleven Iterations .

Iﬁi;gZ;OH o Fr A T 6. Og
e .0886 .3318 ..0000 .5796 .9731L  .0000 1.0000 .1929
1 0959 .2351 .0055 < .6635 .9799  .0694 .9389 .1085

2 . .1006 .2351 .0068 .6584  .9829  .0910 .9432 .0988
3. 0996 .2308 .0070 .6624  .9824 ;fogss .9406 .0938
4 .1001 .2316 .ooid_ 6611 .9827 .0886 .9414 .0954
5. 0996 .2312 .0070 6617  .9826 ' .0878 .941Q .0947
6~ .1000 :2314 .0070 .6615 .9827  .0881 9412 0949
7. 1000 .2314 .0070 .6616 ".9§27 0880 .9411 *.0949
s * .1000 .2314 .0070 .6615 . .9827  .0881 .9412 0949
‘9. 1000 .2314 .0070 L6615  .g927  .0B81l: .9412 .0949

10 - .1000 .2314 .0070 .6615 . .9827. .0881 .9412 ..0949 .
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é) Testing the Hypothesis of Skill Dependency. -
Elandt - Johns;:-n51 demonstrates that the asymptotic variances

and covariances of the maximum likelihood estimates of the

parameters g,,...,8, are given by the matrix
I -1 _ 1 i,y =.1,...,9and det 1..¥ 0
ii 2 ' +J
, E (3210q -V 56
38 98 . )

which is the inverse of the information matrix evaluated
with the maximum likelihood estimates of the parameters.
Thus the estimated variance of ei is the (i, i)th element of

the final information matrix after inversion:

var(ai) = - [E(azlog L) ]—l = (i, i)th element (Iut)—l (57)
2
a8
i

where T . is evaluated at the maximum likelihood estimate of
the parameters. Since maximum likelfhood estimators are

approximately normally distributed for large samples, a
52

ai— z/ var(&i) < @i < &i+ z/ var(Bi) {(58)

where z is the normal deviate such that there is a (1L - o)

probability between -z and z.

. 51 R. C. Elandt-Johnson, Probability Models and
Statistical Methods in Statistics, New York, Wiley, 1671,
p. 306

52 0. Kempthorne, op.cit., p. 172.

:
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The above information may now be applied to test the
hypothesis of skill dependency - that skill I is prerequisite
to skill II - in the example discussed in the last section.

. ... 53 : .
From the inverse of the information matrix , the estimated
oy

variance of PII_was found to be 7.451 x 10;5; also; from Table

v, PII is 0.007. If one substitutes into (58) PIIfor ei,

the estimated variance of PIIfor var(ei), and 1.96 for z, the

-~

following-SS% confidence interval can be established:

- 0.005%94 < PII < 0.02394 (59)
For practical purposes the above interval may be regarded as
equivalent to O 2 PI& < 0.02394. Since this interval includes
the value zero, it may be concluded that skill I is a
prerequisite to skill II. However, if the interval had not
includéd zero, the conclusion would have been that skill I is
not prerequisite to skill II.

Herewith, an alternative probabilistic technique is
available to test the validity of hierarchical connections.
This alternative teqpnique will be referred to as MAX, and will‘
include the entire process of obtaining a maximum likelihood
.estimate for PII from cell frequencies and esféblishing a

confidence interval about PII to determine if it is signi-

ficantly different from zero.

a

53 The information matrix was inverted using the MINV
subroutine - of the System 360 Scientific Subroutine Package, _
Version III, Programmers Manual h20-0205-3, International Business
Machines Corporation, White Plains, N.Y.,1968. //

x
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8. Summary and Hypothesis.

This chapter began with a brief aiscussion of learning
hierarchies and their important iﬁfluences on learning and
instruction. Any application of learning hierarchies, however,
must necessarily rest upon empirically validatea hierarchies.
When testing the wvalidity of hypothesized learning hierarchies,

the researcher faces the possibility of erring by concluding
that a connection in a hierarchy is valid when it actually is
not valid, or by concluding that the connection is not wvalid
when it actually is valid. These types of errors were defined
as type V-I and type I-V respectively.

Existing validation techniques werxe next, reviewed.

The techniques PPT, WR, and DR coméare observed test item
response patterns to arbitrarily determined criteria in order
to test the validity of connections hypothésized to be hier-
archical; the technique gSA is used to determine if a set of
skills form a iinear ordering; and WC uses a probabilistic
model for which parameter estimates are obtained to test the

hypothesis that all subjects who possess the superordigate

skill also posses the subordinate skill. All of these techniques

with the exception of WC were criticized on the basis that
they do not take into account measurement errors, do not have

a knoyn sampling- distribution, and are very dependent upon
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+

w”skill difficulty. Also, WC was criticized for the generally
. weak method of parameter estimation employed which fails to
make usé of all of the informati&n available from the data
and for requi:ing assumptions about the value of two measure-
ment error parémeters. In response to the criticisms made
about existing techniques, the technigque MAX was suggested as
an alternative, since it uses the superior maximum likelihood
method of parameter estimation and does .not require assumptions
about the value of any of the measﬁrement error parametefs.
Throughout the review of existing validation technigues
it was remarked that there is a distinct lack of informaticon
available to guide the researcher on the risk of committing
decision errors when using these technigques. From this lack
of information together with the development of an alternative
validation technique, the problem of the present investigation
arose. Tﬁe problem of this investigation is to determine
E}der what specific conditions certain selected validation
techniques may be expected to yield the least amount of
decision error, and to determine which technique is the most
accurate overall for testing the validity of hierarchical
connections. The investiéation will be limited to only four

validation technigues - WR; DR, WC, and MAX.

-

<
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PPT is not included in this study because the findings
of available research suggest that the technigque is of little or
no value for testing the validity of connections. Nor is GSA
included since the technique is applicable essentially only
to linear hierarchies which are seldom hypothesized. |

From the review of validation technigques in this
chapter, three factors emerged as determiners of the accuracy
of validation techniques. These factors are skill difficulty,
measurement error, apd sample size. Because of their impoftant
influence on the accuracy of validation techniques, the
research hypothesis of this study is based upon them. Beforé
éresenting the hypothesis, a brief summary of the effects .
of skill difficulty, measurement error; and'sample size on
the accuracy of WR, DR, WC and MAX is presented as a rationaie
for the hypothesis.

Both WR and DR depend greatiy upon skill Qifficuity for
making a correct decision about a hierarchical connection.

When fll is at least 5.67 times as great in magnitude as each-
of £,4s £5;+ and £, the probability of type V-I erfor for WR
will be close to unity and the'probability of type I-V error

-

will be close to zero. However, when fl is less than S5.67

1

times the magnitude of each of f £ and f the probahilities

107 "o1" ™ 00’
of decision error will be opposite. The decision errors for

DR will be the same as those of WR when £, 1s not less than

&
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50% of the sample size, and Qhen fll is equal to or greater
than 50% of the sample size respectively. On the other hand,
the effect of skill difficulty on the accuracy of MAX and WC
is less clear; Undoubtedly the effect will be less than it is
on WR and DR because MAX and WC are based upon probabilistic
models, and likely skill difficulty will affect the accuracy
of MAX less than that of WC because of the theoretically
superior method of parameter estimation used in MAX.

The techniques WR and DR do not take into account
measurement errors at all. Wﬁile WC and MAX do take measure-
ment errors into account, MAX should be . the least
affected due to its maximum likeliﬁood parameter &stimation
procedure which uses cell frequencies.

Since WR and DR are deterministic techniqueé, the
effect of sample size on their accuracy is indirect and not
entirely clear. Generally, it can be said that the larger
the sample the more éeprésentative of the population it will
be, and hence, the more:accurate the techniques should be.
However, since MAX and WC are theoretically superior to WR
and 5h they should be ﬁore accurate for any given sample size.
When MAX and WC are compared, MAX should be the more accurate

for the same reason as stated above.

4 SN
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Thus from a consideration of the characteristics
on the four selected validation techniques, it was hypothesized
. that MAX is a more accurate validation technique than either
WC, WR or DR over various sample sizes, probabilities of
measurement error, and skill difficulties likely to be encountered
by the researcher. -

In the next chapter; the method by which this hypothesis

was tested is explicated.

£



CHAPTER 1II
EXPERIMENTAL DESIGN " &

The research hypothesis stated in the prepeding‘chapter
was investigated through the use of simulated data. For this
investigation, simulation cffered two important advantages over
empirical methods using live data. First, simulation allowed
a comparison of validation techniques on hierarchies of known
validity. If validation technigques were compared‘using live
data seldom, if ever; would the true state of validity of a 2
particular hierarchy be known, thus making it difficult to say ]
with certainty whether or not the techniques yielded correct
decisions. The seQOnd adyantage of simulation was that
validation technigques co&ld be compared over a number of
different combinations of sample sizes, skill difficulties and
measuremeﬂt erforslwith little effort and expense as compared
to using live subjects.

Thus, in this chapter an outline of the method used to
genrerate the simulated‘data ié firstgiven. Following this, the
rationale for selecting éertain sample sizes, skill difficﬁlties
and measureméht errors on which to study the validation
techniques is presénted. The chapter is then concluded with a
description of the procéﬁure by which the research hypothesis

was tested.

[
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1. Data Generation.

. s
-

Simulated data were obtained through a computer
generation procedure. This procedure yielded ‘random samples
of a specified size which simulated subjects' responses to two
test questions for each skill in a hierarchical conﬁéction.
Since the procedure was controlled; the difficulty of the
skills and the probability of the océﬁgggghe of measurement
error could also be specified.

The procedure used to generate the data is illustrated
in Figure 9 and is described below in seven phases. In order
to clarify the description, the definitions .of the P 's and

1

1 1 P
ei s should be'recalled, The P; 's consist of PO' PI, PII and

PB which are defined respectively as the proportions of t@e
population posseséing neither skill I nor.skill II, only skill
I, only skill II, and both skills I and II. The ﬁi's, consist
of Ba’ Bb, Bc and B_d which are definecﬁ respectively as the
probabilities of: answering a skill I guestion correctly while
truly possessing skill I, of answering a skill I guestion
correctly without truly possessing skill I, of answering skill
II question cérrectly while truly possessing skill II, and of
answering a skill II guestion correctly without trﬁly possessing

skill II. 1In the text, the ei's are referred to as the parameters

associated with measurement error; ea and ec are probabilities
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of not blundering, eb and B4 are probabilities of guessing.

- ~

Phase 1

This is the definition'bhas;. It is in this phase
that the Pi's and.ei's are assigned.SPecific values according
this characteristics of the population bging studied. If §;;T
is assigned a value of zero the skills are defined as hierar-
. chicai; otherwise if PII is assigned a value greater than
zero. the skills are defined as not hierarchical. The difficulty
of skiil I is (PI + PB) and the difficulty of skill II is
(PII + PB). -Sinc? the Pi's and Gg's are ‘proéortions, éhey
are assigned values in the range from zero to unity inclusive.
Algé ih..this phase the size of the random sample, N, to be
generated is specified.
Phase 2 . o =

The state of skill possession of each simulated subject
is determined iﬁ this phase according to the probability of

his possessing only $kill I, only skill II, both skill I and II,

or neither skill as defined in phase.l. This is done by first

& -

randomlf generating a real number, r, such that O £r i,

The state of skill possession is then determined by the following

algorithm:
>
. (\
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if o, £ r £ P, the subject possesses neither skill;

o
: < P
if Py <= (Pg + Py the subject possesses only skill I;
I} ) < ' L]
' if (PO + PI) < r = (PO + PI + PII)' +the subject possgsses
only skill II;
iE(P, + P+ Pry) €T = i, the subject possesses both

skill I and II.
This algorithm allows for the random sampies generated to be
representaﬁive of the population in terms)bf the proportion of
subjects possessing the various combinations of skills I and Ii.
Phase 3

In this phase the apprépriate parameters associated with
measurement error are selected to correspond with the state of
skill possession of the simulated subject as determined in Phase
2. That is, if the subject possesses neither skill he could
answer a skill-testing guestion correctly only by guessipg, hence
the appropriate parameters would be &, and 3 according to
definiéion. Similarly, if the sugject possesses only sgill I
he could blunder on this skill and guess the-answer correctly
to a skill II guestion; if the subject possesses only skill JI
Qé could guess the answer to a skill I'qﬁestion correctly an
blunder on skill II; and if the subject possesses both skills \\\\
he could blunder on either one of them. In these latter - )

/
situations the appropriate pairs of parameters to be selected f

p

are'a‘a and Bgr 8y, and €. and Ba and Bc respectively. These

parameters are designated as el and 82 in Figure 9;
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éhase 4
In Phase 4 the number of guestions answered correctly
by a simulated subject for skill I is determin?d. This is
accomplished/gy generating a random) real numbér, s, such that
0<s S1. Ifs is less than or egual to the probability of
answeézﬁg a skill I quesEion correctly as sﬁecified in phase 3,
Ba or eb, a subject answers the first skill I question
~—c6%rectly; otherwise, he answers the gquestion iﬁcorrectly.
* By the same-method-as described above it is determined
whethe: or not a subject answers the second skill I guestion
. correétly.
Phase 5
' Phase 4 is repeated to determine whether a simulated
subject answers 0, 1, or 2 skill II gquestions correctly. The.
appropriate measﬁréﬁent error paraﬁeters in this case are Sc
and Bd.
Phase 6
~ In this phase iﬂﬁiﬂ}lhted subject is classified into
the cell of the 3 x 3 ntigency table correspond;ng to
whether he answers O, 1 or 2 of the skill I questions c;rrectly
and O, 1 or 2 of the skill II questions correctly.
Phase 7
Phases 2 through 6 ar;\;gpeated N - 1 more times in

order to obtain the reguired size of random sample. Each time

Phases 2 through 6 are repeated,-the number of subjects in each

= .
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of thé cells of the 3 x 3 table is tallied.
The random numbers required of the data generation
weré obtained by the I.B.M. computer subroutine RANDU} on
an I.B.M. model 360/65 machine. RANDU supplies pseudo-random \

numbers by the power residue method, and will generate 239

numbers before repeating a sequencez.f/Adirding to the

technical staff at I.B.M.3, the power |residue method of

genera?ing random numbers has been extensively tested and
found to be superior in many ways to other arithmetic methods.
The RANDU subroutine is'initiated by a random six digit integer
called the "seed". Thereafter, the seed for RANDU for each
successive random number is the random number previously
generated. The use of this method prevents the duplication
of a sequence of random numbers which, otherwise, would in-
validate.the data generation process.

A FORTRAN IV computef program was written to generate
simulated data by the procedure described in this section.

A.Iisting of the program appears in Appendix A.

f

1 System/360 Scient}fic Subroutine Péckage, Version III
Programmers Manual h20-0205-%, International Business Machines
Corporation, White Plains, N. .,1968, p.77.

2 System/360 Scientific Subroutine Package, op.cit.

3 Random Number Generation and Testing, Technical
Publication no. GC20-8011-0, International Business Machines
Corporation, White Plains, N.Y., 1969, p.9.
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2. Specifiéation of Parameters Values and

Sample Sizes.

The first pﬁase of the random sample generation process
just outlined required specification of values for the
popuiation parameters P{ and %L’ and the sample size. The
sélectibn of these values required a compromise between choosing
a sufficient number of values to simulate almost évery set of
conditions an experimenterqp@ght encounter when testing the
validity of hierarchies, and choosing a number which the time
and resources available for this study would permit. With
_this as a basic consideration, the rationale for selecting
parameter values and sample sizes is outlined starting first
with the seléction of values for the Pi's.

In the first chapter after the validation techniques
were examined, skill_difficulty was found to be related to the
risk of decisioe error for most validation techniques. Thus,
for comparing validation techniques, it seemed logical to
select values of Pi which represent a variety of levels of
skill ﬁifficulty. Consequégziy, four levels of difficulty
for skill I (dI), the subordinate skill, were selected: 0.95,
0.70,‘0.40, and 0.10. Four values appeared to be appropriate
in order to avoid obtaining an excessive number of populations

to study. Furthermore these values provided a reasonable

range of skill difficulty, from easy (0.95) to difficult (0.1l0}
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and are approxmmately evenly spaced in the interval ranging from
0O to 1. It was con51dered necessary to have thlS range of skill
difficulty because typlcally at the bottom of hierarchies 5kills
tend to be fairly easy,_whlle at the top skills tend to be complex
and difficult: hence it is of interest to know the performance of
validation technigques at a wide range of difficulty levels.

After the skill I difficulty levels were decided upon;ithe
skill IT difficulty levels (dII) were qelected Thls selection was“
bésed upon two criteria. First, in a valid hierarchy. adjacent
skills are usually close in.difficulty with the subordinate skill
"being less difficult than the superordinate. second, hierarchical
skills';re always positivelf correlated to a moderate extent. An
analysis of data on validated hierarchies 1in mathematics collected
by Gagné and Paradise4 showed that hierarchical skills were inter-
correlated 0.68 typically. While not every connection in the Gagné
and Paradise hierarchy is likely to be valid, it is reasonable
to assume ™at a number of conne;tions are in fact valid because
of the logical nature of the skills involved. consequently, the
Gagné and Paradi;e hierarchy provided a useful model to ‘follow in
this_study. Thué for each of the four levels of skill 1 difficulty,

a corresponding skill 1T difficulty was computed so that skill I

and skill II would have a correlation

4 R. M. Gagné& and N. E. paradise, - mpbilities and T,earning
Sets in Knowledge Acquisition", psychological Monographs,

1961, Whole No. 518. ' Q\\\\
-~
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of approximately 0.68 assuming a valid connection. The
computed skill II difficulties were 0.80, 0,50, 0.25, and

0.05 respectively. The pairs of skill I, skill II difficulties
were defined as difficllty levels 1 to 4. In summary, |
difficulty levels 1 to 4 are (.95, .90), (.70, .50), (.40, .25)
and (.10, .05) resPecéively.

For each of the four difficulty levels the corresponding
P, were computed for valid connections. Thesé were found by
using the fact that when a connection is valid PII is zero;
therefore PB = @rq’ PI = (dI - PB) and PO =1 -(PI + PB).

The resulting sets of values of P for the four levels of skiil
difficulty for valid connections were {.05, .05, .00, .50),
(.30, .20, .00, .50), (.60, .15, .00, .25), and (.90, .05, .00,
.05} respectively fqr (PO, PI’ PII’ PB). These sets of values
wére defined as P; sets 1, 2, 3, and 4.

Next, for the purpose of comparing the performance of
validation techni@ues on invalid connections in hierarchies,
eight more P; sets were defined. Sets 5 to 8 inclusive were
defined as those having‘the same levels of skill difficulty
as sets 1 to 4, however, the Pi wem chosen so that skills I
and II would be independent (¢ = 0.00). Sets 9 to 12 inclusive
were also defined as having the same level of skill difficulty

as sets 1 to 4 but the Pi were chosen so that the skills

would be positively correlated with ¢ = 0.25 and not hierarchical.
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A corrglation of 0.25 was used because it yielded values of
'PIIwwhich were approximately mid-way between zero and the value
for independent skills, thus proéiding four sets of Pi values
to test how well the validation techniques.could detect invalid
connections. Furthermore, a correlation of this degree is’
typical of what might be expected among achievement test items
which are homogeneous in content but not necessarily
hierarchibally relateds. The resulting twelve sets of Pi
used for the experimental populations are shown in Table'VI.'
After the P; were selected, the parameters associated
with measurement error, ei’ were then chosen.'fﬁhe same
probabilities of blundering and guessing on skill T questions
were used for skill II guestions in order to limit the number of

combinations of levels of measurement error (i.e. 1-ea =1 - ec

and Bb = Sc). Four levels of measurement error were used in
the generation of random samples. When these four levelé were
combined with the twelve sets of P;, forty-eight experimental
populations resulted - a number sufficient to rebresen£ the
variety of ﬁierarchies researchers are likely to encounter.
The four levels of measurement error were obtained by

first setting (1 - BH) and (1 - Sc), the probabilities of

5 F. M. Lord and M. R. Novick, Statistical Theories of
Mental Test Scores, Reading, Mass., Addison Wesley, 1968, p. 337.
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* TABLE VI

-

Sets of P, Used for Experimental Populations
in Complter Generation of Random Samples@

96

NS
:

Nuilenzr PO ' PI PII PB
1 .050 .050 .000 .900
2 . 300 . 200 000 - .500
3 . 600 150 000 . 250
4 ¢ 900 .050 . 000 .050
5 .005 .095 .025 . 855
6 .150 .350 150 7 .350
7 .450 . 300 1150 .100
8 . 855 095 .045 .005
9 .020 .080 -  .030 .870

10 210 .290 .090 .410
11 . 500 . 250 .100 .150
12 .870 080  .030 .020

Sets 1 to 4 represent populations with the

connection valid (¢ = .68) and sets 5 to 12
represent populations with the, connection not
valid (¢ = .00 for sets 5 to 8; ¢ = .25 for

sets 9 to 12).
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blundering on a skiil I and skill II question both at 0.05. The
reasons for choosing this value were that rareiy with carefully
constructed test items would the pfobability of Blundering on

a skill-testing guestion be expected to be greater in practice,
and by making these parameters constant, the guessing parameters,
thch are more‘likely to vary, could take on several values
without resub@;ng‘in an unmanageable number of combinations of
values. Next, the values of &b and ed, the probabilities of ‘
answering a skill I and skill II guestion correctly while not
possessing the skill, were selected as 0105, 0.10, 0.20, and
0.25. The first two values were chosen so as to simulate
situations whereby subjects have to supply the answer to open-
ended test items, but perhaps because of testwiseness, thege

is a chance that some subjects may be able to guess the ansﬁer
correctly on a skill-testing item. The 0.20 and 0.25 values
were chosen to simulate situations where multiple choice test
items are used; there would be a 0.20 probability of guessing
on an item with five possible choices, and a 0.25 probability

of guessing on an item with four possible choices. Finally,

the selected values of the measurement error parameters were
combined in the order (i-e ; B

a b’
levels of measurement error. Levels 1 to 4 were respedtively

l—Bc, ed) to produce the four

defined as (.05, .05, .05, .05), (.05, .10, .05, .10),

(.05, .20, .05, .20) and (.05, .25, .05, .25). -~

f

1



-

EXPERIMENTAL DESIGN ) .98

The result of the parameter values selected wae that
48 different populations could be‘51mulated. These populatlons
represented four levels of skill difficulty and four levels of
measurement error for pairs of skills which are hierarchically ‘
related, independent, and positively‘relaéed but not hierarchical.
Next the retionale for selecting appropriate sample sizes is |
described. . . '

. Samples of size 25, 40, 100 and 400 were used in the
datalgeneratlon. Samples of SLze 25 were employed to determine
the accuracy of the selected validation techniques on samples
the size of a typical school classroom —--— the smallest sample
upon which a learning hierarchy would likely be validated.

The fema;ning three sample sizes of 40, 100 and 400 were, chosen
to represent, in order, samples of large school c;asses, several
classes combined, and large groups of pupils such as all those
at a partlcular grade level in a schpol or schooﬁe i

To this podat, thegmethod of generating simulated data
and the specification of parameters and sample sizes ueed in
the data generation have been described. Now the manner in

-which the simulated data werf. employed for testing the research

hypothesis is presented.
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3. Procedure for Testing the Hypothesis.

~ The fesearch hypothesis propég;;—;E the end of Chapter

I has to do with the relative acchracy of four selected
validation tgchﬁiques over different sample sizes from various
populations. The following procedure was’used to test the
hypothesis.

First, for each of the 48 simulated populations described
in the last section, 1000 random samples of each of the sample
sizes 25, 40, lOO.and 400 were generated. Then after the random
samples were generated, the validati&n techniques were applied
to each sample to test the validity of the connection. Since
the random samples.were generated yielding simulated responses
to two test questions per skill, a decision had to be made
conerning the number of questions a simulated subjgct must answer
correctly in order to be deemed to possess a skill for the
purposes of WR and DR. Fortunately, some pfecedent was found
in the literature. In a discussion of WR,?Eisenberg and Walbesser6
state that a subject possesses a skill if 1n the opinion of the
instructor the task has hgeh mastered. Gagné et al.7 reqguire

/ ' \

& T. A. Eisenberg and H. H. Walbesser, “Leq}ning
Hierarchies - Numerical Considerations", Journal for Learning in
Mathematics, 1971, 2, 244-256. /,,\\

7 R. M. Gagné et al., op cit.
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subjects ts answer both of‘tﬁo guestions bqfore concluding that
théy mastered a partlcular task. Thus for this study the

Gagne et al. criterion was adopted: a subject was given. a’ "
denoting posse551on of a skill if poth skill-testing questions
were answered corféctly, and a "O" denoting non- posse551on if

.

-

one or none was answered correctly.
When tﬁe validation techniques were applied to each
sample, two decision g¢riteria were used for each technigue to
test the wvalidity of the connection. This was done to
investigate the relationship between the ﬁécision criterion of
a ﬁechnique and its accuracy. WR-1l was defined as WR with the A}
original criterion of 0.85 on 1 three of its ratiosr aHE
WR-2 was defined as WR Wlth 0.85, 0. 70 and 0.50 for the
consistency ratlo, the adequacy ratio and the completeness ratio
respectively. The use of the criterion values for WR-2 is
recommended by kane, McDaniel and Phillipse, since they suggest
that the technique is too stringent. This is egquivalent to
statlng that the probablllty of commlttlng type I-V error is "too
great’. Thus the probability of committing type I-V error should

be less for WR-2 than for WR-1. A consequence of reducing the

8 R. B. Kane, E. D. McDaniel, and E. R. Phillips,
"Analyzing Learning Relative to Transfer Relationships with
Arithmetic", U.S5.0.E. Progect No. 9-E-128, Purdue University,
1971, p. 28.
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probability of committing type I-V error, howevef, is to.
incréase the probability of committing type v-I error - the
more serious of the two decision.errorg. The use of WR-2
appears justified however because too s;;ingent a technique
would be of almost no Value for, with such a technigque, valid
connections woﬁld rarely, if ever, be dqtected.

| DR-1 was defined as DR using the original criterion
of 0.50 as Durell sugéesté. In order to reduce the probability
of committing type V—i error the second criterion used with
DR was arbitarily set at 0.60. This technique‘with the second
criterion was defined as.DR-2.

WC was used with o set at 0.05 and 0.10. The White and
Clark'technique with these respective criteria was defined as
WC-1 and WC-2. Theoretically the probability of-committing
type V-1 error with WC-2 should be less than that with WC-1.

The technique MAX was wused with Ewo Eonfidence intervals.
MAX-1 was the technique with a 95% confidence interval and
MAX-2 was Qith a 90% confidence interval. As with DR and WC
use of the technique wiéh the second criperion should reduce
-£he probability of committing type V-I error.

Next, for every set of 1000 samples generated, the
number of correct decisions yielded by each technique about
the validity of the connection was tallied. An estimate of
the probability of committing an incorrect decision about the

validity of a connection was then ‘obtained for each technique

-
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by subtracting the proportion of correct decisions from unity.
The‘estimatéd_probability of making an incorrect decision
abéut a valid connection was defineﬁ as Prob(I-V), and of an
invalid connection as Prob(V-I). Theoretically, the maximum
poqsible standard error of a proportion9 éstimated from 1000
samples is 0.0158. This amoupt of errér occurs when a proportion
of 0.50 is estimated. Hence the accuracy 'of estimates of Prob
(v-I) and Prob (I-V) for any given technique was considered
satisfactory for the direct comparison of techniques without
having to use an inferential statistical test. It is not
uncommon in Monte Carlo studies toO consider a proportion
estimated from 1000 random samples to be close enough to the
true population value for most practical purposes. Glass et
al,lO cited a number of studies where:. this was done for the
purpo;e of estimating tﬁe probability of committing type II
error in ANOVA and ANCOVA.

| The above @ré%edure yieided for each techni&ue 64
estimates of each of Prob(I-V), Prob (V-I) for independent skills
and Prob(v-I) for positively related skills.Each set of 64

estimates was comprised of estimates at all possible

9 Leslie Kish, Survey Sampling, London, Wiley, 1965,
pp. 49 - 53.

10 G. V. Glass et al., "Conseguences of Failure to Meet
Assumptions Underlying the Analysis of Variance and Covariance",
Review of Educational Research, 1972, 42, 3, 228 - 237.
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combinations of the four levels of skill diffiZElty, four
\”h’Iévels of measurement error and four sample sizés mentioned
in the previous section. Therefore; estimates of the probébility
of‘committing both’ types of decisioé error were available for
- ‘'each technique at given leve{s of skill difficulty and measure-
ment errér for various.sémple sizes. These estimates were then
used to test the hypothesis.

/ For all éossible combin;tions of skill difficulty,
measurement error and sample size, the estimates of Prob(V-I)
and Prob (I-V) for related skills for each technigque were
examined. Next, the number of times Prob{I-V) was less than
of equal to 0.20 ana Prob (V-I) was less than or equal to 0.05
simultaneoﬁsly was determined. The decision error criteria
of requiring Prob(I-V) and Prob(V-I) to be no greater than
0.20 and 0.05 respectifely were established arbitarily.
Implicit with the criteria is the conjecture that an incorrect
decision about an invalid connection shoula not be made mo;e
than 5% of the time, and that to make an incorrect decision -

about an invalid connection is four times as seripus as to

-
;

make an incorrect decision about a valid conheefion. Then

for the purpose of testing the research hypothesis, the most
accurate technigue was defined as the one with which botﬁ of
the decision error critegia were satisfied most often. There-
-fore if the decision error criteria were satisfied most often

with MAX, the research hypothesis woqld be supported;
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otherwise it would not be supported. It is important to

note that the estimates of Prob(V-I) for iedependent skille
were not included in the test of the hypothesis. These
estimates were not 1ncluded because when an incorrect decmsloe
is made about an independent skill an incorrect decision must
necessarily be made about the corresponding related skill.

After the hypothesis was tested the éata were inspected
to determine on which popu}ations and sample sizes the vali-
dation techniques satisfied the decisicn error criteria
simultaneously. This was_considered to be an importae£ follow-
up to the hypofhesis test because, ideally, if the hypothesis
was supported, ehe techniqqe MAX should satisfy the criteria
on the same populations an& sample sizes as the other three
validation techniqﬁes, as well as on other populations and
sample sizes. If this did not occur the support for the
hypothesis would be weakened.

Since one aim of this study is to provide the researcher -
with a delineation of the conditions under which each validation
technique is most useful, some exploratory analyses were carried
out. For each technigue the relationship between decision
errors and skill difficulty, probabgﬁlty of measurement error
and sample size respectively\were investigated. Wherever

appropriate, graphs were drawn to illustrate the result of

this investigation.

)
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FORTRAN IV computer prograﬁé were written to perform
all of the computations necessary for each technigue, and to

tally the number of correct decisions yielded by each vali-

dation technigue for each set of 1000 random samples.

"Listings of these programs are given in Appendix A. ,

In summary this chapter contained the experimental
design of the study under the headings: data generation,
selection of population parameters, and procedure for testing

S T

the hypothesis. The results are presented and discussed in

the next chapter.



CHAPTER III
PRESENTATION AND DISCUSSION OF RESULTS
. - » '

.. -~ The problem investigated in this study pertains to the

J
accuracy of four techniques used for testing the validity of

_connections in leérning hierarchies.‘ A research hypothesis
was formulated in Chapter I about the relgtive accuracy 6f the
technigues and the experimental procedurg used to test.the
hypothesis was described in Chapter II. In this éhapter, the
results of testing the hypotheéis are presented aﬁd discussed.
Féllowing this, each of the fouf validation techniques ;s

discussed in detail and specific recommendatiohs about their

utility are made.
1. Test of the Hypothesis.

It was hypothesized fhat_MAx is a meore accurate vali-
dation technigue than either WC, WR or DR over various sample
sizes, probabilities of measurement error and skill difficulties
likely to be encountered by the researcher.  In order to test
the hypothesis, data were generated to simulate subjects’
reéponses to tworquestions testing'possession of each of two
skills. for the data’generation; pérametgfs were selected to

represent four levels of skill difficulty and four probabiiities

of measurement error for valid connections, invdlid connections
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where the skills'épe independent and invalid connections

. where the skills are positively related. Estimates of the
probabiiity of committing type V-1 error( Prob(V-I)} and type
I-V error {Prob (I-V)) with each technique were, obtained -for
all possible combinations of sample size, measurement error
and skill difficulty. ' The sample sizes, probabilities of
measurement error‘and skill diffiéulties used represent those
most likely to ée encountered‘by_the ;esearcher. For each of
the resulting 48 simulated populations, 1q¢o samples of size 25,
40, 100 and 400 were generated. Prob (V-I) and Prob (I-V) were
then used to detgrmine’which technique. is the most accurate. '
The most accurate technique was defined as the one with which
bdth of the decision error criteria were simultaneously satisfied
the most often. )

The obtained values of Prob (v-I)} and Prob(I-V) for all‘
techniques,‘populations and sample sizes are given in Appgndiﬂ
B. Shown in Table VII is the number of times each technique
satisfied the decision error criterion of Prob(I-V) £ 0.20 for
valid connections, Prob (V-I) 2 0.05 for invalid connections
where the skills are positively related and the riumber of times
both these criteria were.satisfied simultaneously. The
maximum possible number of times the decision error criteria

could be satisfied was 6@ in each case. As‘mentioned in the-

last chapter, the estimates of Prob(V-I) for invalid connections

-
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where the skills“are independent were not required for the
hypothesis test because when aq};ncorrect decision is made
about an indepen§gﬂiu%kill,fan~iﬁ¢oxféct degiéion must
necessarily be made about the,cOrresponding related skill.
An inspection of the data in Appendix B confirmed that this

-

indeed was the case.

From Table yII one may See that with neitﬁer of the
deterministic techniques = DR and WR - could %he'; deC151q3 error
criteria be reached simultaneously. However, wikh poth WC and
MAX the decision error criteria could be regched simﬁltaneously.
With We-1 and WC-2 the criteria could be reached 9 and 6 times
resPectlvely, with MAX-1 and MAX-2 they could be reached
simultaneously 12 and 14 t{pes respectively. gsince with MAX-1
and MAX-2 the criteria were reached\simultaneously more often
than with WC, DR and WR it was concluded that MAX is the most
accurate technigue.

In the previous chapter it was mentioned that support
of the hypothesis 1is coﬁtingent upon the.casés where the less
accurate techniques satisfy the decision error criteria
simultaneously being 2 subset of those of MAX; otherwise, there
would be situations whereby the most accurate technique would
not be the best one to use. Since neither WR nor-DR‘satlsfled
the decision error crite&ia at all, it was necessaﬁy to examine

only the cases where WC and MAX did this to see if the cases
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TABLE VII '

Number of Times Validation Techniques Satisfied the
Decision Error Criteria on Valid Connections, Invalid -
Connections, and on Both Valid and Invalid Connections
Simultanecusly?d.

Technique Number of times criteria satisfied®
Valid : ‘;nvalid valid and Invalid
Connections Connections Connections
(¢ = .25) Simultaneously

Wwe-1 60 11 9

WC-2 51 lé 6

MAX-1 64 12 : 12

MAX-2 64 : ié‘ 14

DR-1 12 47 0

DR-2 "0 ' 51 . } 0

WR-1 - 0 48 fe

WR-2 o - 48 ' o

a

The decision error criteria were Prob (I-V) S 0.20 for wvalid
connections, Prob(V-I) & 0.05 for invalid connections and both
Prob (I-V) £ 0.20 and Prob(v-I} £ 0.05 for valid and invalid
connections simultaneously.

The maximum possible number of times the criteria could be
satisfied was 64 in all three cases.
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" where WC satisfied the criteria are a subse; of those of MAX.
The results of ,this examination are preéénted in Table VIII.

Shown 'in Table VIII are the conditions under which thg
decision error criteria were attainable simultaneously for
various combinations of measurement error ( ei), sample size,
and skill difficulty for MaAX-2 and WC-1. MAX-1l and -WC-2 are
not indicated as the c0nditions for these techniques to satisfy
‘the criteria ;re a subset of those for MAX-2 and WC-1 respectively.
Samples of size 25 and 40 are-not shown in Table VIII as the
criteria could not be attained with either technique on samples
of these sizes.

An examination of Table VIII shows that for the various
combinations of measurement error, skill difficulty and sample
gsize, the decision error criteria were nog attainable for
MAX-2 when they were not attainable'for WC-l. Conversely,
when the criteria were attainable fqr WC-1, they were also
attainable for.MAX-2. Thus it is evident that the cases when

'
WC~-1 satisfied the decision error criteria are a subset of those
when MAX-2 satisfied the criteria.

Therefore the résults of this study support the hypo-
thesis that MAX is a more accurate validafion technique than
elither WC, WR or DR over various sample sizes, probabilities
of measurement error and skill difficulties likely to be
encountered by the researcher. Furthermore both MAX-1 and

MAX-2 are more accurate than either of the other three

technigues ~ WC, DR and WR.
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Next, each of the four validation techniques studied,
MAX, WC, DR and WR, are'examiped and discussed in detail.
Three main topics are explored: (1) the most appropriate
decision criterion for each technique, (2) the nature of the

relationships between decision erxrors of a technique and

measurement error, skil difficulty, and sample siée, and

(3) the utility of each technigue. 1In the latter discussion
specific recommen hs are made about each technique. The

first technique to be examined is MAX.
2. The Technigque MAX.

a)_Decision criterion. —;The.technique MAX involves

the process bf estimating the proportion of the population
possessing only the superordinate skill in a hierafchical
EOnnection (EII) and constructing a confidence interval about
511 to determine if the interval is likely to include the
value zero._.In this investigation two different confidence
intervals were used for MAX - 95% and 90%. The techniques
using these intervals were labelled MAX-1 and MAX-2 respectively.

» Theoretically, since 95% and 90% confidence intervals
were used, correct decisions about valid connections sﬁould
be made in the long run 95% and 90% of the time with MAX-1
and.MAX—Z respectively. An inspection of the data in Appendix
B shows thét, in practice, one may expect to make correct . |

M :

decisions about wvalid connections.with MAX-1 between 92.8%
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ana 100% of the time, and between 91.8% and 1l00% of the time
with MAX-2 depending upon the population parameters and sample
size. Furthermore, .it was found that the number of correct
"decisions about valid connections yielded by MAX-1 always
exceeded the numger of correct éecisions yielded by MAX-2 or,
in terms of the probability of commitﬁing an incorrect decision 6%?
about a valid connection, Prob(I~V) for ﬂAx—l was always less Eﬁ
than Prob(IﬁV) for Mﬁ*-Z. 5

Since type I-V error and type V-I error are felated,
one would expec£ that wit@ MAX-2 there would be a lower ri;k
committing type V-I error than theré would be with MAX-1 in
any given siEuation. This was confirmed by the data. Indeed,
Prob(V-I) was less for MAX-2 than for MAX-1 on all samples
" from poPulations where the connection was invalid. Therefore
a 90% confidence “int'erval a?pears to be the more useful of
the two intervals studied as fype7V—I error is the }bst serious
decision error to commit.

"The results also suggest the“possibility of decreasing
the confidence interval to 80% or 85%. This suggestion stems
from the fact that on all four sample sizes arjd sixteen sets
of 90pula£ion parameters, the accuracy criterion was met for

3

type I-V error. Thys if the confidence interval is reduced,
the probability of committing type V-I error would be reduced |,
without likely exceeding the type I-V error accuracy criterion

of 0.20. The result would likely be an overall increase in accuracy.

-
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Further research into the optimum confidence interval to
use with MAX at this point appeafs desirable. Also, as an alternatiée
way to improve the accuracy of MAX, it may be of value to investigate
the procedure recently suggested by Dayton and Macrea&yl.which uses
xz,to cqméare vei;ifs of observed and expected frequencies in order

esis of skill dependency.-

to test the hypo

—_

b) Decision Error Relationships. - As mentioned above, Pob (V-T1)

with MAX remained relatively stable for all population-sample size
combinations studied. However, Prob(V-I) was found to be dependent
upon skill difficulty, measurement erroxr, and sample size, and hence,
these relationships are discuséed next.” To fécilitate the diécussion,
the relationship between the probability of making a correct decision
about an invalid connection gnd the square root of the sample size, .
fﬁ , for MAX-2 is shown in Figure 10. This relationship is shown for
independent skills (6 =0.00)- and ﬁor positively related skills (¢ =0.25)
for four.probﬁbilitiesnof measurement error (Gi) and fdur leéels of skill
difficulty. It is recalled from Chapter II that skill difficulty levels
1 tb 4 were éefined as {skill I, skill 1II) equal to (.95, .90),

(.70, .50}, (.40, .10), and (.10, .05) respectively. The relationship
was plotted for oﬁly MAX-2 because MAX-2 was found to be more accurate

than MAX-1, rand because the relationship was the same for MAX-l

except that the probabilities of a correct decision

1 C. M. Dayton and G. B. Macready, "A Probabilistic Model for
validation of Behavioral Hierarchies", Psychometrika, 1976, 41, 189-204.

-}
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were slightly lower in all éases. Ih this and.subsequent
" discussions it is important to note that Prob(v-I) and Prob
(I-V) are ﬁhe additive inverses of the probability of making
a correct decision about an invalid and valid connection |
respectively. |

From Figure 10, it can be seen that ‘a relatively
consistent relationship holds for all prObabiiitiesfof measure-—
ment error and skill difficulty levels for ¢ = 0.00 and ¢ 30.25.
The relationship between the probability of a correct decision
and /8 is non—linear. Prob(Vv-I) is relatively large for
samples of size 25. This was not unexpected as the m ximum
likelihood method of estimation is based upon the thegry of
large samples. Geﬂerally speaking, when the sample sizg was
guadrupled to 100, Prob (V-I) was reduced by approximately half.
Quadrupling thg sample size again to 400, resulted in a smaller
proportional decrease in Prob(v-I). However, when the sample
size was 400, Prob (V-I) was quite small except when &, = 0.25.

The relationship between Qrobability of a correct
decision and probability of measurement error can 5g_seen from
Figure 10 by comparing the vertical distance between adjacent
points on thé curves for gy at given skill difficulty levels
and sample sizes. When 84 is 0.05, Prob(v-I) is the least.
Generally little change is noted in Prob(V-I) when 8; is doubled

to 0.10. However, when 8y 1is doubled gggig/to 0.20 a substantial
é;d’\\

T~
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.

increase in Prob‘VfI) occurs. When ei is increasgd to 0.25
from 0.20, Prob(V-1} increases approximately the same amount

as it does when ¢ ; is increased from 0.05 to 0.10. Thus

even though the technique MAX uses parameter estimates obtained
from all freéuencies the technique is definitely affected by
méasurement error. In order to compensate for this] larger
samples should be used particularly when Bi is expected to be.
0.20 or gre Such a situation may be expected to occur

when Sklll a%;sessum is tested with multlple choice items.

The relationship between the probability of a correct
decision and skill difficulty is generally of an inverted
U-shape with the peak (the least Prob(Vv-I)) above the middle
difficulty point. A relationship of this nature was expected
with MAX bécause PII is closer to zero for very easy Or very
difficult skills than it is for skills of middle difficulty.

The population values of PII for difficulty levels 1~to 4

are 0.03, 0.09, 0.10 and '0.03 respectively when ¢=0.25 due to

diffeéerences between the difficulty of skills I and II at each of
/)thg four levels. As a result estimates of P, would tend to be

better at the middle difficulty range than at the extremes for a

given sample size and probability of measurement error.

‘c) Spec1f1c Recommendations. — ToO thlS point, the

- results of the present investigation have suggested that MAX is
the most accurate of the four selected validation technigues

over var%ous levels of skill difficulty, probability of measure-
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ment error, sample sizes and skill intercorrelations. In.no
instance were the accuracy criteria attainable with WC, WR

and DR and not with MAX. Aiso the resuits suggested that MAX-2
is slightly more accurate than MAX-l. This observation led

to the suggestion that the use of MAX with 80% or B85%
confidence interval be examined in future research as a means
‘of improving the accufacy of the technigque. Thus when the

researcher is most concerned with the accuracy of the validation

technique he is using, it is recommended that MAx.be employed>

Even though MAX is the most accurate technique, cadéio
must still be exercisgd when it is used to validate hierarchigs.
The accuracy of MAX is generally unacceptable with sample siges
smaller than 40. This is true even when the probability oﬁ/z
measurement error is 0.05.

If the experimenter uses multiple choice test items he
must be prepared to sacrifice accuracy because of the probability
of subjects who do not possess the skills correctly guessing the.
answers. 1In fact the data suggest that the decision error
.criteria can be satisfied only at difficulty levels 2 and 3,

Temwith samples of size 406, when items having four or five
possible responses are used. At difficulty level 1‘only items
having five possible responses can be used with samples of

"
size 400, while at difficulty level 4, neither type of multiple

choice items should be used.

1%

\‘
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The above statements are based on Prob{(V-I) estimgted from
indépendent skills. When the skills are positively related
($=0.25), the decision error criter%a are less likely to be
satisfied. TFor example, with samples of size 400, the criteria were
satisfied with four and five alternatiﬁe items only at difficulty
level 2, while at difficulty level 3 they were satisfied with only
five alternative items. 1In addition, the data suggested that
neither type 1 multiple choice item should be used at difficulty
levels 1 and jﬁ)

A final point of caution is that attention must be given
to the level of difficulty of the skills in the hierarchy. Im the
validation methodology suqgested by Gagné, subjects are successively
given instruction and immediately tested on each skill. Thus one
would expect, certainly for the lowér level skills in a kierarchy,
that a large proportion of the subjects would possess the skill.

" Unfortunately, Prob(V-1I} was found to be higher when testingdthe
validity of connections with easy questions than with questions of
middle difficulty. This could have been due to the fact that, in
this study, skills T and IT were ‘close in difficulty at level 1, and
further apart at levels 2 and 3. Nevertheless, the res s suggest
that at difficulty level 1 samples of size 400 must békﬁse in.ordér
to satisfy the decision error criterion of Prob{(V-I) 5 0C05. Even
with samples of this size though, the probability of qé;surement

error should not exceed 0.20 for independent skillgpégd 0.10 for

positively reléigé skills if the criterion is to be satisfied.

Therefore when the experimenter uses MAX 'to validate hierarchies where

R ey T R e A R AT
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a Mé¥rge proportion of the subjects are expected to answer the
skill-testing guestions correctly, it is recommended that he
examines Figure 10 carefully to determine the probability of
committing type V-1 error; If Prob(V;I) appears excessive, the
experlmenter may wish to delay testing so that fewer subjects
would be expected to answer the test questions correctly,
thereby reducing the probability of committing this kind of
error. |

In'the next sect;on ﬁhe second most accurate technigue,

WC, is discussed.

!

3. The Techﬂique WC.

a) Decision Q;iterion. - The technigue WC involﬁes
obtaining estimates of four of the parameters in the White and -
Clark maéel, and then from these, Pg2 is estimated. The estimate
of Py, is the probability that a member of the sample will be
classified in the 02 cell of the White and Clark model.
According to White and Clark,foz, the expected frequency in
the 02 cell, is a binomial random variable of parameters (N, poz).
If f02 is observed to be significantly greater-than that which

would be expected by chance, the null hypothesis, HO: PII = 0,
is rejected. TwoO significance levels, o = 0.05 and o = 0.10,
were used in this study. The technique WC using these levels

was definea as WC-1 and WC-2 respectively.
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In thé first éection of fhis chapter it was seen that
WC-1 is a slightly more accurate technigue than WC-2. With
WC-1 the decision error criteria were met or exceeded 10 times,
while with WC-2 they were met OX exceeded 6 times. This perhaps
is contrary to what.would be expected. It would be expected
that wc—é would be the more accurate technique as the probability
of type V-I error, the most serious decision error, was found
to be less overall than that of WC-1. However even though
Prob (I-V) was theoretically set at 0.05 for WC-1 and 0.1Q
for WC—?,_Prob(I—V) was found in a number of cases to be greater
by more than 0.05 with WC-2 which resultéd in the ﬁype 1—& error
criterion of 0.20 not being met as often with WC-2 as with WC-1.
In fact, a closer examination of the data giveﬁ in Appendix B
revealed that with WC-2, Prob{I-V) increased to as much as 0.30
with sampies of size 400. Although Prob(I-V) also increased
with samples of size 400 with WC-1, it exceeded 0.20 only on
four occasions during the experiment. The reason for this
unexpected characteristic of WC is discussed in .the next sectiton,
however, the results of this study suggest that using a = 0.05
leads to greater overall ~. —accuracy with WC than o = 0.10.

b) Decision Error Relationships. - Ski}l difficulty
and measurement error affected type I-V error to some extent,

however the effect was not serious enough to warrant further

/

discussion. On the contrary, sample sige seriously affected

this kind of error, and-therefore, their relationship is now
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examined. : \

In Figure 1l the relationship between the probability
of making a correct decision about a valid connection with WC-1
and square root of sample size is illustrated. This relationship
is shown at fQur levels of skill difficulty and four levels of
measurement error. From the figure it can be seen that Prob
(I-V) decreases as sample size is increased from 25 to 100.
However as sample size is guadrupled again to 400, Prob (I-V)
increases to a magnitude §pproximataly the same or greater than
that with samples of size 25. The reason for this unexpected
increase in Prob (I-V) for samples of size 400 is not readily
apparent but it is lfigly due to the méZsﬁrement error assumptions
made with the technique. WC requires the assugption that &/
theuprobability of correctly guessing the answer to a skill I
gquestion, is zero: and that @c’ the probability of not blundering
on a skill II guestion, is unity. As mentionéd'in the discussion
of WC in Chapter I, these assumptions tend to over-—estimate Poy
the probability that a member of }he sample will be classified
in the 02 cell of the White and Clark model. A consequence of
over estimating Pgo is that the null hypothesis, Pr1 = 0, is
more difficult to reject,-and herce that estimates of Prob (I-V)
would tend to be lower than they would be if N > 0 and 6. < 1,

During the experiment @b was never less than 0.05 and &c was

set at 0.95. As sample size increased from 100 to 400, the
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estimates of Pgo would have tended to increase in accuracy

for the model with"Qb = 0 and ﬁc = 1. This then would have

resulted in a decrease in accuracy of the estimate of péé
=

increase in Prob (I-V) for larger samples. It is likely that

the model with ' Z 0.05 and B, = 0.95, and hence, an overall

the decrease in Prob (I-V) noted when sample‘size was increased
from 25 to 100 was - - due to insuffiéient
sample sizes to adequately represent the difference be tween
the population with @b = 0 and @c = 1 and the population with
@b Z 0.05 and @c = 0.95. Furthe; research should be directed
towards this type I-V error problem with WC. 1In particular,
sample sizes between 100 and 400 should be studied to locate’
the point where Prob(I-V) is least, and sample sizes greater
than 400rshould be studied to determihe if there is a general
trend for Prob (I-V) to decrease as sample size increases.

Next the tybe v-I error relationships are discussed. 3

Illustrated in Figure 12 is the relationship between
probability of a correct decision about,invalid connections
with WC-1 and square root of sample size for four probabilities
of measurement error at four levels of skill difficulty
when ¢ = 0.00 and ¢ = 0.25. Generally the probability of a
correct decision increases (Prob(V—I) decreases)'rapidly

when sample size is quadrupled from 25 to 100, however, when

the sample size is quadrupled again the increase in probability
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of a correct decision is not as marked. In no instance
could thé type V-I error criterion of 0.05 be attained with
.samples smaller than 100..

The relationsﬁip between probability of a correct
decision and équare root of sample size for‘WC-l is non-
linear, similar to that for "MAX. The chief difference between
_the family of curves for WC-1 and MAX-2 is that the probability
of a correct decision is on th%*whole less for WC-1 and hence
the curves are lower on the vertical axis. Another difference
is that at difficulty level 4 when &i‘is equal to 0.20 and
0.25, the probability of making a correct decision is |
considerably lower with, WC—-1 than with MAX-2 at all sample
sizes. As with MAX, the relationship between prBability of
a correct decision and square root of the sample size was not
unexpected as WC is a probabilistic tedﬁhique of which the
accuracy of parameter estimates is relat?d to sample size.

Also from Figure 12, the relatioﬁbhip between probabi-
lity of a correct decision aﬁout\gn ;nvalld connectlon and
méasurement error with WC-L can be seen. The deEision error
criterion of 0.05 for Prob (V- I) is not always attalnable
even when the sample size is 400 and the probab lity of
measurement error is 0.05. Furthermore, the dpcision error

criterion is never attainable when the probability of measure-

ment error is 0.20 or 0.25 on any of the sample sizes studied.
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The rélationshi? betwéen probability of a correét
decision and skill difficulty is, as with MAX-2, of an
inverﬁéd U-shape. The peak of the U-shape curve is located’
ébproximapely half way between difficulty levels 2 and 3.
‘From Figure 12 it can be seen that the probability of a correct
decision drops éff rapidly for diffiéulty levels land 4 ex&ept
when N = 400 and ei = 0305 at difficulty level l.. Again this
relationship. could have been due to the difference beéween
the difficulty of skills I and II at 1evels'1'and 4,
compared to the difference betweeh the difficulty of the -
skills at levels 2 and 3. However, given the present findings,
the accuraéy of WC is insufficient to test the validity of
connections where the skills are very easy or very difficult.

c) Spgcific Recopmendations. - Thé technique WC was
‘found to be less acéurate overall than MAX. WCyy is slightly
more accurate than WC-2 due to a lower probabiiity of ‘
committing type I-V error. It was recommended that further
research be aimed at identifying the reason why Prob(I-V)
increased substantially with samples larger than 100;

An examination of the data suggested that WC is useful
for wvalidating hierarchies only when the skills are of midale
difficulty, skill possession is tested by free responSé
questions and samples of size 400 are used.

P

5

il
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A

4, The Technique DR.

a) Decisién Criterion. - DR is a deterministic tech-
nigue with which ratios of observed freguencies are compared
to a criterion in order ta test the validity of hierarchical
connections. A criterion of 0.50 was used with DR-1 and a
criterion of 0.60 for DR-2. Since the decision error
criteria could not be reached with either DR-1 or DR-2,
another procedure was foliowea to-determine which criterioh
is mast appropriate. Thié procedure involved comparing the
average number of correct decisions that were made with DR-1
and DR-2 for valid cennections and for invalid connections
at difficulty level 1. Comparisons could not be made at the
remaining three difficulty levels because, when averaged,
Pr?b(V—I) was zero and Prob(I-V) was unity for both DR-1
and DR-2. .

From the raw data in Appendix B it was found that an
average of 886 correct decisions about valid connections were
made with DR-1, while an average of 561 correct decisions
were made with DR-2. When the conneétion was invalid
averages of 463 and 308 correct decisions were made with
DR-1 when the skills were partially correlated and independent
respectively. These same figures for DR-2 were.855 and 770.
Therefore Prob(V—Ii for DR-1 is 0.392 and 0.462 greater than
Prob (Vv-I) for DR-2 for partially correlated and independent

skills respectively, while Prob(I-V) for DR-1 was 0.325 less

=™
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than Prob (I-V) for DR-2. Since type V~I error -is considered
to be approximately four times as serious as type I-V
error, clearly DR-2 is more accurate overall than DR-1.

b) Decision Error Relationships. - Relationships
between decision errors and sample size and probability of
_measurement error for DR were evident only at difficulty
level 1. No relationships were evident at difficulty levels
2, 3,‘and 4 because, as mentioned above, Erob(V-Il tended
towards zero ana Prob (V-I) tended towards unity at these
levels. .

In Figure lé the relatiqnship between the probability
of a correct decision with DR-2 and square, root of saﬁple
size is shown for valid and invalid connections at four
probabilities of measurement error. Only the relationship
for DR-2 is given as it is more accurate than DR-1 and tﬁe
nature of the relationship is similar for both. From the
figure it is clear that'both Prob (I-V) and Prob (V-I) tend
to decrease slightly as the sguare root of sample size
increases and the relationships are generally non-linear
for both kinds of errors.

The relationship between p;obability of measurement
error (61) and Prob(V-I) and Prob(I-V) can be seen from

Figure 13 by compéring the vertical distance between lines

of Bi at given sample sizes. Both Prob (V-I) and Prob {I-V)
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tend to increase as the probability of measurement error

increases and the relationships also appear to be non-linear.
4

The data suggest'that Prob (V-I) and Prob(I-V) are
sensitive to changes in skill difficulty, however, insufficieht
data were gatheréd té show the<iilationship between the

i

probability of making correct d sfons and skill difficulty.

In order to show these relationships a number of skill

difficulties between levels 1 and 2 would have to have been
. #
. used. However, it is clear that one is virtually certain

never to validate a connection where the skills are as

difficult as, or more difficult than the skills at level 2
.

(d, = 0.70; dI = 0.50}.

I .
c) Specific Recommendations. - Since the decision

I

error criteria were never met with DR, the use of thig technigque
cannot be recommended.

An exception to this may be when the experimenter
wants to use a technique where calculations are very simple
and straightforward and where he is willing to sacrifice
raccuracy for ease of caleulation. If this-is done, the.
decis;on efror will be least when skills are easy (i.e. when
approximately 90% of the sample can answer the skill-testing
guestions correctly) and when DR-2 is used. The data suggest
however that Prob (I-V) may be as great as 0.45 and Prob (V-I)

as great as 0.25 with certain populations and samples.
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5. The Techhique WR.

-a) Decision priterion. - Like DR, WR is a deter-
ministic technique used to test the wvalidity of connections
by comparipg ratios of observed frequencies. The technique
consists of three ratios - the consistency ratio, the
adequacy ratio, ang the completenéss ratio. WR-1 used the
criterion of 0.85 for all three ratios; WR-2 used the '
criteria of 0.85, 0.70 and 0.50 respectively for the three
ratios.l

The decision error critéria could not be met with
either WR-l or WR-2. Thus it is‘useful to examine the
average number of correct decisions made with WR-1 and WR-2
to determine which of the two techniques is most accurate.
As was done with DR, the average numbers of correct decisions
were calculated only at difficulty level 1 since Prob (V-I)
and Prob (I-V) approach zero and unity respectively at '
difficulty levels 2, 3, and 4. With WR-1l, an average of
514 correct decisions were made about valid connections, and
with WR-2 an average.of 882 correct decisions were made.
However in the case of invalid connections, averages of 833
and 763 correct deciéions were made with WR-1 when the skills
were independent and partially correlated respectively; the

same averages for WR-2 are 267 and 396.° When the}ieiﬁzzzé“ﬂf

seriousness of type V-I and type IV errors is taken into
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consideration, the data collected in this study leads one
to conclude that WR-1 is more accurate than WR-2.

The above conclusion is consistent with what cne
would expect since lowering the 0.85 criteria for two of
the three ratios of WR makes it easier to validate a connection
and hence results in an.increase in Prob(V-I). However the
lower criteria of WR-2 were used because Kane, McDaniel and
Phillips:2 suggest that the criteria of WR-1 are too stringent.
it is evident from the present findings that the original
0.85 criteria are the preferred ones to use with WR.

b) Decision Error Relationships. - The reldtionships
between decisien error and sample size, probability of
measurement error and sk¥ll difficulty for WR were similar
to those of DR.

The relationship between the probability of making a
correct decision Qith WR-1 and square root of sample size at
four probabilities of.measurement error for valid and invalid
connections is shown in Figure 14. This relationship is
illustrated only for WR-1, as it is more accurate than WR-2,

and only at difficulty level 1 because Prob (V-I) and Prob (I~-V)

2 R. B. Kane, E. D. McDaniel, .and E. R. Phillips,
"analyzing Learning Relative to Transfer Relationships within’
Arithmetic", U.S.0.E. Project 9-E-128, Purdue University,
1971, p.28. g : '
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approach zero and unity respectively at the other three
difficulty levels. It is clear from Figure ‘14 that both
Prob(v-I) and Prob{(I-V)} decrease non-linearly as the sgquare
root of sample size increases. A similar relationship is
also evident between Prob (V-I) and Prob (I-V) and probability
of measurement error when the vertical distances between
lines of measurement error are compared at a given sample size.
Again like DR, WR wa found to be very dependent upon
skill difficulty since a connection could not be validated
on skills at difficulty levels 2, 3, and 4 but for a few
exceptions. The exceptions occurred at difficulty level 2
where with WR-2 a connection could be validated; however,
Prob (I-V) was greater than 0.73 in these instances. In order
to have illustrateé rhe relationships between Prob (V-I) and
Prob (I-V) it would have been necessary to study the technigue
on a number of populations where the skills were very easy.
However the general relationship was that the easier the
skills, the greater probability of committing type V-1 erroxr
and the lesser the probability of committing type I-V error.
c) Specific Recommendations. = The findings of this
study indicate that WR-1 is more éccurate than WR-2. WR-1
could be used when testing the validity of connections where
approximatély 90% of the sample are able to answer skill-testing

questioné correctly. When the skills are more difficult,
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Prob (V-I) approaches unity and Prob(I—Q) approashes zero.
Even when the skills are easy, however, Prob(V;I)/could-
well be as high as 0.30 and Prob(I-V) as high 4s 0.50 -
-unakcceptable probabilities of committing these kinds of
@rrors.

Also, the findings suggest that WR-1 is not as
accurate as DR-2 overall since with DR-2 an average of 561,
855 and 770 correct decisions were made in this study' for
valid connections, invalid connections with independent skills
and invalid connections with positively correlated skilils..
For WR-l thesé a&erége; were'514, 833 and 763.and hence the
technigue is less accurate. This conclusion supports that

of Durell3 in a computer simulation study which involved a

comparison of several deterministic techniques.

3 A. B. Durell, "A Comparison of Measures for Validating
Learning Hierarchies", Unpublished Doctoral Dissertation,
University of Toronto, 1973.



SUMMARY AND CONCLUSIONS

Learning hierarchies represent groups of tasks
arranged in a manner such that a substantial amount of
posi;ive transfer may be expected to occur frdm tgsks at
lower levels in the hierarchy to connected tasks at higher
levels. Since Gagné's initial studies in the early 1960's
a substantial body of literature on learning hierarchies
;has enérged. Their usefulness has been suggested in areas
which include £he design of instructional sequences and
curricula, mastery learning and tailored testing. Despite
these claims, little conclusive research evidence is
ava%lable to support their utility. A major reason fér this
éppears to be because of the lack of adequate techniques to ~
validate postulated hierarchies.

Two general methods are available to validate
learning hierarchies. These methods have been referred to as
the positive and negative methods. With the positive method
an attempt if®,made to demonstrate positive transfer by
teaching subjects the skills in a postulated hierarchy in
all possible combinations in order to see which combination
results in the most efficient learning. On the other hand,
with the'ﬁegative method of validation, all subjects are
taught the skills in the hierarchy and then tested on their
possession of the skills. Following this, the test data

are analyzed with any one of a number of available validation
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-techniques to establish which skills in the hierarchy are
_nécessary for possession of the terminal skill or skills.

Thi§ latter method, of validation has been found to be phé

most practical and efficient one to use and hence was selected
as the focus for. this stuay.

The validation technigues used with the negative °
‘method may be classified as either deterministic or
probabilistic. With deterministic techniques, the validity
of a hierérchical relationship between a pair of skills, or
an entire sequence of skills,; is tested by comparing rétios
of observed frequencies to arbitrary criteria. However with
probabilistic techniques, the parameters in an underlying
model are estimated for the purpose of establishing how well
the model fits the observed data.

In the first chapter of this study, available validation
techniques were discussed’ and critically analyzed. The
determinist;c technigues were generally cgriticized for not
taking into account measurement error, for being dependent
upon skill difficulty and for not having known sampling
distributions. Consequently, it %as suggested that they would
be of dubious value for testing the validity of learning
hierarchies. WC, the probabilistic technique developed by
White and Clark, does take into account measurement errors

to some extent and has a known sampling distribution; however,
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it was criticized on two main points. First, it is
necessary to make assumptions about the value of two measure-
ment error parameters. Second, the significance test for
the technigque is based only upcon partial information. It
.was suggested that both ofrthese difficulties would.ulti—
mately affect“£he accuracy of WC in validating hierarchies
and that therefore there was a need for an alternative
technique. 2 -
The technique MAX Qas developed to overcome the
above mentioned deficiencies of available validation
techniques. With MAX, estimates of the parameters in.the
White and Clark model are obtained by the method, of maximum
likelihood from cell frequencies. A confidence interval
is then constructed using the e;timate of the probability
that an individual possesses only the superordinate skill
in a pair of skills hypothesized 'to be hierarchical and its
variance estimate. If the interval includes the
value zero, the conclusion is that the skills are hierarchical;
otherwise the skills are not hierarchical.
Also in the first chapter, it was pointed out that
no matter what validation technique is used, two kinds of
error may be committed when testing the validity of a hierarchy.
One may conclude that a valid hierarchy is invalid,

or that an invalid hierarchy is valid. These errors were
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/

defined as type I-V and type V-I €rrors respectlvely (Ni
Throughout the discussion of the validation technlques i

-~

was noted that little evidence is évailgble to guide the
researcher on the probability of committing either éf these
xinds, of errors with the techniques. Thus the problem |
iﬁvestigated in this study arose from the need for more
information on the accuracy of existing validatioﬁ techﬁiques.
Theoregically, MAX appeared to be a superior
techniquevfo the other techniques reviewed, hence‘it was
hypothesized that MAX iélmore accurate thgn those techniques
over a wide variety of testing situafions likely to be
encountered by the researcher. 1In order to delimit the
étudy,.the hypothesis was tested by comparing MAX to three
other technigues - WC,WR ané Dﬁ. WC was included in the
study as it is a probabilistic technique, while WR and DR
were included despite their apparent weaknesses because they
appeared to be superior to other deterministic fechniques.
The hypothesis was tested using simulated data. A

total of 48 experimental populations were studie From each

of these populations, 1000 random samples of four different
sizes were generated by computer. Estimates of the probability
of making ‘an incorrect decision about the vaiidity of a

connection in a hierarchy (Prob (V-I) and Prob (I-V)) were

obtained for each technique on the basis of sets of

s



.
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1000 random samples. The most accurate technique was defined
as the one with whichra set of type V;I and type I-V erfor
criteria were simultaﬁeausly reached or e#ceeded the most”
often over all population - sample size combinations studied.

The results of the study supported the hypothesis

qﬁhat MAX is more accurate,than WC, WR and DR over various
probabilities of measurement error, skill di%ficulties and
sample sizes likely to be encountered by the researcher.
Indeed, there-was not a population - sample size ?ombination,
where the accuracy criteria were reaéhed with -another
technique and not with MAX.

After the hypothésis was tested each of the four
validation techniques - MAX, WC, Wﬁ and DR - were discussed
in detail, and when appropriate, grépﬂé were drawn to
i}lustra!e the relationship between the probability of making

- a ¢orrect decision about a connection and the variables of
measurement error; skill Qifficulty and sample size. In these
sections a number of observations aﬁd conclusions were made
about the techniques. |

First, ceonclusions ‘about *the mos€ appropriate decision
erroM criteria to use with the techniques were m;ée. It was
found that the mosé appropriate ones were a 90% confidence
interﬁal for MAX, e = 0.05 for WC, a criterion of 0.60 for

DR and the original gcriteria suggested by Walbesser for WR.

> . .
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Next, the effects of measurement error, skili difficulty
and sample sizg on the accuracy of the .techniques was
observed. While the accuracy of both MAM and WC was affected
by these factors to some extent, MAX was the least affected.
With MAX and WC, the probability of a correct decision about
an'invalid connectién increased non-linearly as measurement
erroxr incfeased, decreased non-linearly as samp;e size
increased and was‘ﬁuch greater with skillsﬁaﬁ middle
difficulty than Gith easy or difficult skills. The probability
of making a correct decision about a valid connection with‘MAX
was quitg constant over all population - sample size combi-
nations used, however, this probability increased with sample
sizes greater than 10O with WC. Whereas, the deterministic .
techniques, WC and WR, were much more seriously affected‘by
measurement error, skill difficulty and sample size. Of these
three factors, the effect of skill difficultypredominéted.
In fact, so serious was the effect of skill difficulty on WR
and DR that a connection could not be validated when much
fewgr than 90% of the sample answered the skill-testing
questions correctly. : -

Following this, specific recommig;ations were made
about each of the technigues for the purpose of providing
guidelines about when the technigues may best be used. It

was recommended that when MAX is used and skill possession
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.is tested'by'multiple choice type items, the sample size
should be -at least 400 and the skills be of middle‘difficulty.
However when the skills are tested with {tems where the
probability of measurement error is lower (i.e. free response
type items), smaller samples can be used but under no circum-
stances should samples smallex than 40 be‘employéd. WC should
be used only when the skills are of middle difficulty, skill
possession is tested by free response type items and sample
sizes gf at least 400 are 'used. The use of either of the
determiniétic techniques was not recommended except perhaps
that DR could be used when the skills are very easy and the
experimenter wants to obtain a rough idea of whefher or not

a qonnection is valid wiathout having to do the more complex
calculations required for the prdbabilistié techniques.

In conclusion, several implicétions for future research
have resulted from this-;nvestigation. Specifically, future
research should be carried out to determine the optimum size
of confidence interval to use with MAX éince the results
suggested that a 90% confidence interval is superior to a 35%
interval and Hence one less than 90% may be more desirable.
Also research is needed to ascertain why with WC, Prob (I-V)
increases as sample size increases - & difficul;y which appears
to be contrary to what would be expected. ' Furthermore, since

WR and DR appear to be most effective with very easy skills,
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it would be useful to examine in detail the effects of skill
difficulty on type V-1 and type I-V errors with a number of
different difficulty levels between 80% and 100%. |
Finally, a much broader implication has arisen from
this study for future research. Since learning hierarchy
research began, most investigators have used deterministic
techniques to validate hierarchies. fhe findings of this study
suggest, however, that deterministic technigues are so
innaccurate that they are virtually of no use for hierarchy
validation. Consequently, every effort should be made to use
probabilistic techniques, preferably MAX, whenever feasible.
These efforts should result in more accurately validated
hierarchies. Nevertheless caution must still be exercised when
employing probabilistic techniques since with certain popula-

tions and sample sizes the decision error may be excessive.
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MAlN OHOGRAM =~ = GEMEQATES DANUDM SAMPLES aAND [EST> FOUW yvaLIUItY
oF COMMECTIN . REQUE~ES SUJHULTISES GEN o« Maks
WM Or. ann WG,

DIVENSIAN “ ()
DIAENSIDN MNxiw
COYvOY AF AE«aU0sBF +BE 8N Cr (CECIsI R
IN EGFr» AF«2E+40,3F RE+3DCFCR LD
vame 15 = 3 DIGLT STARTING [MTERLE= FOR SusROUl JNE RANOU
+ 1823605007 9R
Mil1=25
M{d) =40
M{s) =100
Misl=aln
DO 50 L=t
Ny
NRY=0
NT =0 -
Nle=g
NJ1=0
NJz=0
NKL=0
NK =0
NLI=0
NLZ=0
eave AEvEQATE 1000 RaNUAM SaMPLES UF SIZE ™ .
DO 20 [=1.19009
POAYLATLION PamadETERS FALLOw
Fy=_15
P2=,1
P1=.25
P0=.5
TA=,95
TC=.6% .
TO=.25
Ta=.79
CA_L GE'I(204P1eP2,PATLTHWTCsID+15)
Ca_L wC 11412}
Ca_L maAx{j]le«JdE}
Ca_L NRIK}ex2)
tOCALL wHR(L1sL2)
I9=1lel2e lod2en]lenget 1+ 2
15 IR3=1R%=2
NRS[RS +NRS .
NIL=NTi+T1
Nle=NT2+12
NI =)Lt
NJe=NJ2»J)?
NKLENK ] «K)
NKZZNKZ oKD
NL1=NLE«L}Y
NLg=NL2sL?
Ja=1 :
20 CONTINUF
WRITE {3,82)P0,PL,P2,PB,TA,T3,TC,TD

6U FOR/MAT(v]rer POPULATION PARAME IE~S PO=teF 7,430 tP =" FT.3,P220F T3, a0=r,
13¢'PB=1yF 7+ 30 TAZ 1 F 7,3, Tozrur 7.3+ 1TCT00F 7,30 P02 F T, 0
WRITE(J.GaIN

59 FOAMAT (701, 'SaMPLF STZE«, 16) _
WRITE(3.A1)

61 FOAMAT('=1+40%Xe N0, OF CORAEGY (IMCORPLCT) DECISIO .St}
WRITE{3.67)

62 FOAMAT(0r«'TECRNIOUE %1% e 2% 13X * 3%, 13X 0ty 13Xe15ra 13X,
17674 13Xe77%413K4730)
WRITEL3v67)

63 FORMATLI01 % "WC{a05) *oSXa vl (o107 149%s PMAX {,05) " +3Xy
TOMAX (L4101 'eSXaP0R [,S) 1S4 70" [aB) P4SXe 1R (28S) "SRk e 0y (o837
2511}
WRITE(3e3n)  NILeNI2eNJ1aNIDWNK]eNRK2yHLTINLY

30 FO-MaT(AI1}

5TOP -
END
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SUSROUTINE GEN = = GENEGATES a FaNUOM SAHPLE ACCORJINL Tn
PAQAMETERS BP2CLFIEQC 14 MAIM PRUGRAM,
USES JTew.wm, S5P SUARQUTINE HANDU.

SUIRDUTEINF GENIPD.PY.PZ2, Pv'TA.Iﬂ-TC'TD-rS)
COYMON AF (AE+ 2D BF +BEWBNWCF (CECIuN
OIYMENSION M(3931salaledial

Do 5 aJd=1.3

DO 5 K=1.1

MiJJaK)=0

RASPOP]

RE=RAP2

DO 27 I1=1N

**0acELFCT TRUE STATE SKILL PO>S=S5SI0ON FOR A SUBJECT
CALL ®ANDUI[S+1%49)

1IF (R,LE.PU) GJ TD 19

IF (R,LE,21) GU 17 13
IFIR.LE,Ra! G0 TC le

Ally=TA

A{ey=TA

A{d1=7C

Alw)=7C

GO TQ 1A

A{l)=r8

Al2)=TE

A(dy=TQ

A{w)=TD

B0 TO 1a .
Afl1=TA

Al2)1=TA

Afdy=tU

A(»)=TD

GO TO LA ,
Atl)=To

Afe)=TH

a{3r=7C

A{=)=TC

*®caSELECT 0u>t°vn¢0 RESPOUSES
DO 24 I=1.u

CaLl FANDULIS1S.8)

IF  {R=aifr121.21.23

Jilr=2

GO TO 24

Jili=y

CONTINUE

K=3-(J{11+d(2))

LeJidysdial=-1

M{<yL)=M{nel ) *]

AF:“(].])

AE=M{le)

AD=M[1+])

gF=M{2+1}

BE=M(2+2)

80=4 (2}

CFR=d(3s 1)

CE=zd(3+M)

Co=w{a+3)

RETURN

END

149
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SUFROYTINE WC = = wHITE & CLAAR TEST OF INCLUSICN

SUSRQUTINE wCiIvillv2)
COMMON AF JAE 4 AULAF+REHNCF o CESC 9N
CO-MON /AQEAL/P 0P LePR21OBaTATB4TCTD
P2=0 .
TB8=0
TC=1
AzaFspAE+an
B=aF «AL+RN
2CFeCReCO
D=AD+ALCH
E=aE«RECF
F=AF+RF«CF
TAs(PoAYy /122 A%0O}
TO=E/ (EepoF )
A={{2edeR}Ba2) /(Lal8N)
PUTl =l [[F+2%Fleoa} /L FonN])
Q] =n-0d
Pg=],=(PL+73)
PO2=PquTNe?2+P o ( (], ~Tare-21o([Duod)sPnei],-Ta)we2
Z=1CD=50PA2) /SURT (M*ROZe {1~OnZ]}
2=235t2)
[FiZ.nT,1.96) GO TO 32
Ivl=]
GO TO ~&4
Ivli=p
IFIZ.GT. 1,05 GO TO kA
Ivé=t
6O TO 17
[vé=g
=EFURN
END &
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SUIROUTINF R == COMPUTES WarsESSER RATIUS

SUSROUTINF WRILVILLV?)

DIMENSION Ly (2) »w (3} CR{6}

COAMO AF!AE'ADUBF’BEan‘CF.CE'CL-)'N
CRI1)=.99

CRI2Y=>,.485

CRI3)1=.AS

CR{&)=.AS

CRIS)=.7

CRL&)=.5

wilt=alys (a0«dD«CDY
W12)=AD/ (a0« AF < AR)

w {31=AD/ (AD=BF +BE+CF+CE)

DO 12 I=1.2

00 5 J=141 '

[F Wi =CatUIITeded

CONT INUE

Lvily=1

60 To In LI

Lvily=0

CRit)=CR1{4?

CRt2)=CR ()

CR{31=CR{s)

Lvi=tvin

LvZ=Lv a2y

RE TURM .
END .

151
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SUIRONTINE OR = = COMPUTES AUAELt UIFFERENCE RATIOD

SUZRQUTIME DR{KVYKV2)

DIMENSINN CR{2) 4hy i)

COMMON AF JAES AU HF WRE +HN CF 4 CE+ LN
CRi{1}=.5S

CRI2¥=.k ‘

OR=(AD/ (M+ ARSU(AF*AF) =(BF+AE+CF+CEI ) I = (BD+CLY /N)
00 10 I=1.2

IF (DR-CR{E))T7+9.9

Kyii)=0

GQ TQ 1n

Kvili=l

COMTINUE

KyisKy (1)

Kyd=rkyi2)

RETURN

END
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SUIRONTINF wax ;/ﬁ MaxluyM [ IKELIHOOD TECANIQuE

SUSROIITINE MAL{IV]+ JV2)

DIMENGIAN STTIeS8TtTa11e2i7e1)4L(741)

DIMENSION mI7a 70wt e

EQJIVALENCEISII)eST IR 1)) !

COMMDL) AF v AE« ALY+ HF ¢ IF D CF 4 CE v CIai

ROJIGH 3TAOTING PAGAMETEY EST{VATES OSTAINEU FRUM SUSRUUTINE #C

COMMON ZA0EAL/POPLP2+0B+TAaTaTCTD

fefe fi= WU, UF [TeRATIONS

00 199 JJ=145 !

TAs=],-Ta __4*4

TR2=1.-TH

fCC=1.-TC

T0AI=1,=TD

TAS=Tyos2

T33=TRoe? (
TCoy»=TCee? ‘
TDaz=Tnve?

TAdS=(],-Ta) 2o .

TRag=(1.-TH) 292

TCCS=(1.=TC)ue2

T035=¢1,-TD1e=2

oofRposocol HL Sodupudaody

PRIJARILITIES UF A& RaANnQMLY SEL=CTED SUthCT HEING CLASSIFIED

INTO £aCH CELL QF 3 ¢ 3 Tas £ COMPUTED NEXT

P2u=PnaTageTDLS P TAS°TOD 3029 TS TCCSPRYTAS®TICC ' -
P2ls 2#“0“TH;°TU°70002°91°TAQ'TJ°l0002°92'TdSOICOTCL02°=R°1AS'TL'TCC
1€

P22=POPTRAGPTOS+P|oTAS*TNG+=2eTa50TCS+PueTASSTCY

Alu=2e (00eTEdeTAHRTRDG+P 1@ TaeTAA2 [0DS+P2oTRATAYOTCCHPdeTA%TAAR[LLS
1}

Pllza °(ﬂﬂ“Tﬂ“Tqb“TD°TDﬁ'p1°TA“TAQ'TDOTUDoPEOTuOTaﬂﬁTCDTrC
1-°ﬂ0Ta°Ta-°TC°TCc1

Ple=2, o{PavTyeTanaTNGe fAﬂﬂlﬂTAn°TDb'32°T5°THd°ICS‘“4°T\'T45°1Cb) .
PO0=POeTEES5aTULS 28T 4450 TUNS+PERTIBEeTCCS+AB2 14482 TCCS . -
POI=2, 2 (PAYTgaSeTaSTNN01eTAASeTU° D0+ Z2THASICoTLCoFIoTAAS?TCST
1CC} ’
PO2=PNeTHASSTUS+P | oT 4452 TOS+P2°THB5PTCS+PATAASSTCS

PO PRIRBOD uL]_ Gspglowsdgooe

PASTIAL DERVWIVATIVES COWPUTEN NEXT

P2020=TaseTDUS-TASeTCCS

P2ORP{=TASeTDUS-TAS®TCCS .
P2OPP=TRSaTCCS-TAS®TCCS

B20TAz2,*(P12TARTNDS+PraTASTECS)

P2UuTB=2,0({H0eTaeTNDS+P2eTH2TCCS)
PROTC=2.%1-P2°THSTCoP2eTa5-PHTAG+TCRHPRPTAS)

PRUTN=2.91-P0®*TASTNeRYeTHY=-P |*TAaS+TD#F|*TAS)

P21P0=2,2 (TAS°TDeTID=TAGSTCLTCC)

P21P] =2, #(TaS*TDTHD=-TAG®TLeTCL)

P2102-2,8(TaSeTCeTCC-TagR [LRTLL)

P21TAz4,#(FleTACTNeTNN+OReTaeTUATCC)

P21TB=z4,2(PN*TueIN*TND+22eTAMTL® [CC)
P2ITC=2,9220TA5=4,2P 2019507 29700 TAG-4 .0 PE#TASSTC

P21lTD= 2.°P0°THS~4oPadT3S9TN+2.9219TAS~4PP 12T T4AS 3
P2LoN=TASeTDS=TASeTCS

P2dP1=TASeTDS-TAaSeTLS

P22P2=TASeTCS-TaSeTCS h

P22TA=z2.0(P]1oTDS+PYeTCS)0TA '
PZ2TB=2.2(P08TDS+p2eTLR) T
P22TC=2,.,2 (29 THS+PHeTAS)
P22T0=2.¢(F0eTBS210TAS)*TV
PluP0=2.0(TAPTHRCTDOS-TA®TALeTCLS)
PlUPz2,eTarTRAAS (TLDS-TCCS)
PluP2=2,¢(TH2Tud=TASTAAI #TCCS

PlOTA=(2,0F =G ?P1YTAIYTODS (Pe®2P— &.°PB'TAJ'fLC5
PlOTAz (240 0=4.*P0alR) »INDS e (F.%P =4, 2P2eT) e TCLS
PleTCs2.*(1TRAYP 2o T TaASTAPDA) F{=2,+2,.°T()
PLUTD=2.#(PacToeTHH P OTARTAA) ¥ {=2,+2.°TD)
P11P0=4,*(TR*THYSTDeTOL-TASTAARTZOTCE)
P1LPlz4,#TASTAAS (TUSTRD-TCoTCC)
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APPENDIX C

'ABSTRACT OF

A Comparison of Learning Hierarchy
validation Techniques Using Simulated Data

Learning‘hierarchy theory appears to provide a
useful model to aid in imstructional design. However, to’
date, progress in the implementation of learﬁing hierarchy
theory to practice has been hindered by the lack of adequate
techniques to vélidate hypothesi;ed hierarchies.

. Iﬁ this investigation available validation techniques
were critically reviewed for the purpose of pfoviding a
rationale upon which an alternative validatibn technigue could
be developed. An alternative technique was then developed
- using the method of maximuqflikelihood for parameter estimation.
The alternative validation technique was compared to three other
validation technigues currently in use - the Walbesser Ratios,
the Durell Difference Ratio;. "and the White and Clark Test of
Inclusion. This comparison followed a Monte Carlo pfﬁcedure

and was based upon four different sample sizes from each of

48 populations ¢imulating valid and jnvalid hierarchies.

-

1 Ronald g. Owston, Doctoral thesis presented to the
Faculty of Education of' the University of Ottawa, Ontario,
March, 19785  S&°
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The results supported the hypothesis ﬁhat the
alternative‘validation technique developed in this s;udy
was more accurate, overla.wide variety of sample sizes and
populations, than the other three techniques studied. A
detailed examination of each of the validation technigues
was then made. From this examination several problems
associated with various technigues were identified and specific
recommendations éoncerning the utility of each technigque were
made .

A major implication of this study is that learning
hierarchies should be validated with probabilistic techniques

whenever possible, preferably with the maximum likelihood

technique.






