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‘ABSTRACT

This thesis addresses two problems.” In the first problem
the conventional theory of lattice-dQnamicé is generalized to
inéludé the effect of volume forc%s on the phonon frequencies.
This generalizatioh provides a new way of tackliﬂg the
compressibility problem in that it establishes the equivalence
of the bulk modulus‘calculateq by the method of long waves and
that calculated by differentiation of the ground state energy
without the need to include higher order perturbation terms in
the dynamics. The effect of .the volume forces on the phonon,
frequencies is studied for a number of simple metals using three
local model pseudopotentials. ‘Calcuiatibns are also presented
for the polyvalenyemetals Al and Pb. _ S

IE the second prcoblem the eﬁergies and lifetimes of phonons
in Li 5etween 110 and 424K are calculated using the self-
consistent phonon th?ory. To describe Li the non-local ion-ion
interaction potential described by Dagens, Rasolt and Taylor (DRT)
was used. The results are compared with the neutron scattering
measurements of Beg and Nielsen and these indicate that Li is
less’anharmonic than Na or K, and this is due to the strong-ti
ion-ion interactibn potential which has a relatively soft core.
There are aiso indications that in Li many body forces not |

included in the DRT potential ‘have a more significant role’

than in Na or K.
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CHAPTER 1

A

INTRODUCTION

1.1 Introduction *

TwO ptoblems are studied in this thesis; we study the
compressmblllty or bulk modulus problem which has appeared
in the literature from time to time but W1th no final solutlg;{
We also study anharmonlc properties of, Ll over the . temperature
range llO to 424K using-the self-consistent phonon theory.
15 recent years the theory of metals has progressed to
the point where thé~calculation of dynamiq&l properties can be
'expected to yield rellable results. This is particularly s0 in
simple metals like Na’;nd K where 1nterlon1c potentials have
been calculated whlch‘descrlbe the phonon spectra of these metals
'_well over wide ranges of temperature. Much of the progress that
has been made in the understanding of {hese metals can be
attributed to the introduction of the pseudopotentlal concept
which is used as a means of describing the interaction of a
conductlon eleetron and an ion in the metal. When the electron-
ion 1nteract10n is known, then the effective ion-ion interactien
can be galculated, and s%nce the aim in solid state theory is to
’

. describe this interaction in such a way that a whole range of

solid state properties can be calculated from it, a great deal of

»




attention has in recent years'been directed'towards-tne
-calculation of reliable interionic potentials.

It has been known for many years that good qualitative
calculations of some properties of metals could be obtained
by applying the free—electron theory according to which the
electrons in a metal move freely. What pseudbpotential,
theory does is to give some justification for the nearly
free—électron assumption and to provide a mathematical
framework tnat'can be used to calculate many properties of .

6 -
metals.,

'1.2.1 Interionic Potentials Based on Pseudopotential Theory

An electron in the neighboﬁrhood of an ion experiences
a strong Coulomb attraction but is at the same time repelled
by the core electrons. The cancellation betﬁeen'these'two
contributions results in a small net effective interaction,
and it is this interaction which is represented by a
‘pseudopotentlal. At the basis of pseudopotential theory is
the fact that the conduétlon electrons are excluded from
those regions of space occupied by the ions. This concept
"is represented mathematically by writing the wave function

of a conduction-electron in state |k> as a

linear combination of OPW's which are plane waves that

>
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have been orthogonalized to the core states. Let |a>

denote a core state, then an OPW is given by -

1S

) xk = |k> - z<a|k>‘_a> (1.1) ‘
. o
The conduction electron wave function is then given by
by = éaql¥-+‘g> (1.2)

where q is a general vector reducing to a' reciprocal lattice
‘vector for a crystal potential.” The Shroedinger equation

for the energy'eigenstates ER‘ of . the conduction electrons

: L ¢
is . ,. ‘. I-,.. . L
HYp = ¥y

and if we substitute (1.2) info this we end up.with the
equation
{H + (Ek - H)P}¢k = Ek¢k- o ‘ {1.3)
This is equivalent to a Shroedinger equation in which the
N : a

wave function ¢k is replaced by the pseudowave function ¢k'
and the pdtential energy V(r) is replaced Sy the péeuQapotential

W= Vi) + (g - HP (1.4)

A

~ ) el
- where P is the projection operator ) '

/




P = £|a><al ‘ | o (1.5)
a

. » . ‘ S
In,a rigorous theory W is an energy depéndent non-hermitian
. 6 ) . )
operator, but in many cases it 1is convenient to make a

local approximation and replace the second term in (1.4)-by
a non-operator term so that ﬁ then simply bécomes a. function
of'posatiOn. Lo -

The conductioh électrons in ‘a metal tend to move in such
a. way that they form a screening charge around the jons. The
ions together with their screening charges then form the units

2 )
J ¢ 7
of a metal and have been referred to as pseudoatoms. As a

result of the screening a conduction electron experiences not

only the potential WB(I) of the bare ions, but also - that

-
-

of the screening charges. The screening is usually described
by a dielectric function e{(g) and in ﬁermq\of this the form
factors or matrix elements of w_(r) the screened ion potential

and wB(r) are linearly related.

<k .+ gqlw_(x) [k> = <&k * qlug (o) [lo/elane (1.6

v

In the local approximation the equation takes the form

¥ w lq) = wylq)/e(q) : | o (1.7 _

\

When the screening function e{(q) and the bare ion

7
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potential wB(r) have been determined, the ion-ion interaction

potentialhcan be calculated. An essential approximation that

~

is made towards this goal is the assumptlon that W is small

compared to the kinetic energy and hence can be regarded as

a perturbatlon with the free-electIOn gas as the zero order

approximation. Applicqtion of pe?tprbation theorf to second
order then gives for the total ground state energy of the

~electron gas

EGas = Eo.+ Ebs | | . (1.8)

Eo comes from the zerceth and first order terms and is

independent of the positions of the ions, depending only ?n

the volume per ion. The band structure energy Ebs is given

\
by
' -ig.R
Ebs=§l2'é§F(q)e :
(1.9) -

L'y (r) + LI F@

==k V (r,) + 5 I F(qg
N£ N~ g

1
where the prime on £ means the q=o term is omitted.
- q '

u
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Here F(g) is the energy wave\number characteristic and it -

contains the pseudopotential ‘to second order and the

J
screening function. V (r) represents the interaction of

two ions via the electron gas and is giveh by
' % e 3 -
v (r) = —— [ F(q)gsin(qr)dq - (1.10)
T°r o

[

In addition to this indirect interaction the ions also

interact directly through a Coulomb force softhat the total

i

ion-ion interaction takes the form 1

2 1]
_ {Ze)” - "o
VII(r) = - +

SPF(q)gsin(gridq - (1.11)
T°r o .
‘;)'.
: ~
where Ze is the effective charge on the ion, and QO the

-

volume per ion. In general the pair potential VII(r)

decreases from a strong repulsion at small values of r to an

attractlve minimum at about the nearest nelghbour. At large

b

r it has the oscillatory behaviour

V) joum © gos (2ker)

(2kfr)3
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where kf is the Fermi wave vector.

The conditions for the pseudopotential fqrmulationé
namely that.the‘metal should exhibit free-electron liké
behaviour, have spherical'Fermi‘surface, and that the ion
cores should be small and tiéhtly bound so Ehat they are
not easily'polarized,are best met in the alkali metals. As
a result many calculations of pair potentials based dnx
pseudopotential theory have been made for these metals; " Some
calculations. have also been done for:'the polyﬁalent metals

8
like Al.

1.2.2 Empirical Pair Potentials Based on Pseudopotential

Theory

In many cases.a model potential representing the electron-

ion interaction is assumed and its parameters are adjusted to
CATEE .

reproduce some observed physical properties and in this way an
empirical pair potential is determined. The most often quoted

09 .
model is that of Heine and Abarenkov in which the bare ion

-

potential is given by

yB(r<Rm)= iAﬂ(E)PE.
2 (1.12)
_Ze .

r

1

wB(r>Rm)

AQ(E) is a parameter which varies slowly with E the energy

4t



of the incident conduction electron and with Rm the radius

of the core region, Pz is a projection operator which
seledts from the wave function of the'incident electron that
component with angular momentum £.) The constants of'this
‘model are fitted to specttoscopic data and hence it is an

empirical model but one which follows the formal theory in .
having an energy dependent operator pseudopotential. |
Shyu and Gaspariohave calcufated pair potentials for
the flve alkali metals on the basis of the Heine-Abarenkov-
Anlmalu (HAA) form factors and they found that these
potentials typically have asymptotic oscillations which
decay rapidly after about the fifth neighbour except in Li
-where their range was lohger. They also calculated the

elastic constants‘Cll, C12 and 044 by the‘method of long

waves and found good agreement with experiment except in Li.
These ‘authors repeated their calculations using Ashcroft's

form factors which also have experlmental 1nput The

Ashcroft model is a local form of the HA model in which A (E)

is identi?ally zero. Their results showed that Li stands
apart from the other four alkali metals in having long‘raage
oscillations in its potential. Again the experiméntal '
elastic constants were well reproduced except in Li.

It can be deduced from this that.although Li has no



_.9 - .

significant core polarization, it nevertheless has its own
special problems. These arise from the fact that the ionic

core has only two electrons .both of which are in €he s state,

and any p component in the wave function of the conduction
electron is not shielded from the qpclear chargé by fhe core
electrons‘heﬁce strdhg scattering phase shifts occur. The
Fermi su}face of this metal also.shqws proﬂounced deviationé
from sphericity and these are probably manifestations of this
facgf 'The weak sﬁielding of the Li core regults in an ion-
ion potential which is relatively strong and this in turn

means that straightforward application of perturbation theory

to second order is highly_questionébie.

1.2.3 First Principles Pair Potentials Based on

Pseudopotential Theory

-

When the'form factors which are needed to calculate
F{g) from which the indirect interaction of the ions is
determined are calculated from first principles, a non-
local energy dependent operator is required and the
calculations become involved.‘,Earlier first principleé
calculations of pair potentials include those calculated by
Picﬁson the basis of the Harrison form factors. When these
were used to calculate the vibrational spectra of Na and Al,
large variances with gbserved neutron scattering data were

found. The HA form factors are ggperally'fégéfded as being
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more reliable.

. Until about a'Qecade ago the most reliable interionic
boténtials were those which incorporated some_ererimentél
input. But more réqently interionic potentiais have beehf
calculated by Dagens, Rasolt and Taylor, DRT? which #5™not’
contain any parameters adjuéﬁed to any experimental data,
hence the F(q) calculated'by these authors represents a

first principles calculation. The procedure followed by

' 17
these authors is given in the literature, in chapter IV a

summary of their method is given, here we simply point out
that by following their procedure all higher order terms
rebresenting multiple scattering events at a single ion site
when the ion is placed in an electron gas are éﬁlded into the -
pseudopotential which can then be used in l@y.o;der
perturbation theory. [Using a DRTapseudopotéﬁtial to second
order in perturbation theory provides an effective sum of
all higher contributions to the two-body potential.

An interionic ﬁotential similar to the -DRT pseudopotential
has been used to calcﬁlate the phonon dispersion-curves in
the alka11 metals Na and K with much success. In Na
Glyde and Taylor used it and the self-consistent phonon theory\
to calculate the dispersion curves at 90K and 293K where
anharmonic effects‘can be expected to be large. In both cases*

they found good agreement with experiment without prior

fitting to experimental data. Subsequently

calculations gimilar to those done for Na were

e



made for K .at various temperatures from 9 to 2§9K. 'Again

good agreement with experiﬁent for the dispersion curves

was obtained indicéting_that these two metals c;n be adeguately
described by two-body interachions. The metals Rb and Cs o,
Ithe other hand have lérge ionic cores which ahe loosely bound
and therefore can have apprec1able core polarlzabllltles ~ This
effeét has yet' to be included in lattice dynamlcs, also the

extension of the DRT method to these metals is still being done.
! , '
‘ We now come to Li whose problems have already been mentioned.

AN

There are a hhmber of calculations for L1 but these have been
18-21 -
in the harmonlc approximation. 1In view of the fact: that the
+ R
Li ion is very light, the lightest of the alkali metals,

it is conceivable that significant anharmonic effects are

'

still present even at liguid nitrogen temperatures where
. i
neutron scattering experiments have been made, we have therefore

calculated the anh;rmonic'ﬁéoéerties of Li using the self—h
consistenh phondg théory partly to invégtigate this point.

To describe the metal we used a DRT intefionic potential and
in view of the reasons mentioned above it is gquite appropriate .
to use the DRT pseudopotential for the calculation of
a Li pair potential. Furthermore, the recent neutron
écattering measurements of Beg and Nielson22 of the

_ |
phonon ‘dispersion curves up to| 424K provide
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\

a challenging test of theory to see how well they can be
reproduced from first_principlesacalculations, In chapter IV
we describe the potential used to describe-Li and the

techniques used to handle it. We calculate the energies and

lifetimes of anharmonic phonons over tHe entire temperature

rangé and compare these with experiment. There are no
parameters adjusted to experiment and therefore the

rd

calculations can be regarded as being.from first principles.

1.3.1. Calculations -of Bulk Modulus by Static Method

The other problem to which we focus attention is the
compressibility problem which arises }rom the observation -
that the bulk moduius calculated by static method; for an
assuyed model is POt identical with thaf calculated by
dyn?micdl method;'for the same model, This problem is

closely related to another concerning the originvof the

violation of the Cauchy relation C,,=C,, which has been

observed ,in cubic metals.

The starting point in the detgrmination of the bulk
modulus by the static method is the célculation of the ,
total ground state energy which we equéte to the internai
energy or the free energy of the metal. To ggﬁ the ground
state energy we have to add to (1.8) the energy due to the

direct Coulomb interaction of the ions. We can then write



o3 -t

.

L - . ’

the total energy calculated to second order in the electron—'
. N - \

ion pseudopotential in .the form . - .

¢ = ¢ + ¢ + ¢ ' {(1.13)

where the last two terms, the Ewald energy and the band
structure energy, depend on the structure of the crystal
L 4

and are together called the structural energf ¢5¥¢Ew + ¢bs'

The first term depends parametrically on the positions of
the ions in the adiabatic approximation but is primarily
a function of the volume per ion.‘ It can be regarded as
being due to volume (éependent) forces. When.the bulk
modulus B is célculated by static methodé, the total

.
energy is differentiated twice with respect to volume so

that

4

B = — | ’ (1.14)

where I, is the volume of the crystal. The compressibility

K;B measures the response of the crystal volume to changes
in pressure and since the application of pressure changes
the elastic energy of a crystal the calculation of the bulk
modulus from (1.14) ﬁeans that we are equating changes in

N
the ground state energy (1.13) brought about by a particular

r

deformation of the crystal, namely a uniform dilation, to
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changes in tﬁe elastic energy. The statié ﬁethod is alsd
sometimes referred to as the method of homogéneous
deforma£i6n§f By considering other deférmations of the .
crystal besides the uniform d%lation, we can calculate.the
elastic constants by taking strain dexrivatives of the energy.

In cubic metals three deformations are required to evaluate

Cyyr Cypr and Cpye

1.3.2 calculation of Bulk Modulus by Dynamical Method

.In the dynamical method of calculating the bulk modulus,
we use the result from elasticity theory that the bulk

modulus is given by
P, B = X(C.. + 2C..)
3'711 12

- and thén calculate the elastic constants by the method of
long waves. The principle of the method is that in the
limit of long wavelengths the frequencies of longitudinal

~ and transverse aédustic phonons élong symmetry directions

‘are the same as those of elastic waves in the crystal. The

léngitudinal elastic constants Cll and C12 calculated from

derivatives of the energy are not the same as those obtained
from dynamics, but the transverse elastic constants C44
A ' :
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-

and (C,,-C,,) are the same. The difference in each case is

Abs where the subscript indicates that this term which is not

found in the dynamicallmetﬂod comes from the band structure
energy. Since a fluid cannot support a shear wave, this
dlfference is attrlbuted to the presence of the electron gas.
T6 calculate the phonon frequenc1es only the structural
energy is required because a lattice wave is a rearrengement
of atoms at-constant energy. At first sight it seems natural
that there should be this difference in the 1ong1tudlnal
'elastlc constants calculated in two ways because in one
_method all terms in the ground state energy expre551on
are used whrle in the other method onlf some of the terms
are used. But then the total energy expression in (1.13)
can be written as the sum of a voluﬁe term plus another term
which is a summation‘in real space, or as a volume term plus

a summation in Fourier space. ‘

¢ = u(@) + 5T Vo (R) (1.15)
ga! |

When the energy is expressed as in® (1.15) then it can be

shown as Finni;Bhas done that even though the volume term
U(Q) accounts for most of the binding energy and tuat its
second volume derivative is a substantial fraction of the

bulk modulus, the term itself makes no contribution to the

Er
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bulk modulus because it is cancelled by similar ‘terms
arising from the volume deéeﬁdence of the paif potential

VII(R), henég the problem still remains, there is this
difference Abs between values of the bulk modulus calculated

by the two methods.

From the fact that C and C, . both involve A, whereés
11 ’ 12 bs

C44 and Cll—c12 d? not, it follows that one of the reasons

- why the Cauchy relation is not satisfied in metals is the
presence- of the electron gas. The hétallic solid is not in
equilibrium under the operation of central forces only, which
is a precondition for the validity of the Cauchy relafion,
but also under the operation of volume forces. hThe Cauchy
relation will also not necessarily be satisfied if therélare
p:esenffin the metal many-body forces in addition to central

forces. We can study the Cauchy relation and evaluate all

contributions to (Clz-C44) working entirely with static

methods, $his however, would still leave the compressibility
problem. .Therefore even though we calculate these |
quantities in" chapter III, the main interest is in the
extension of lattice dynamical theory in such a way £hat the

‘bulk modulus obtained by the two methods is. the same.



- 17 -

1.3.3 Previous Discussions of the Compressibility Problem

.Inrhis studies of lattice dynamics aﬂd élasticity of
-stressed -crystals Wallacéqshowed that the dynamical matrices
for a homogegéously strained crystal and for an ideal
unstrained crys£al aré of the same form. He calculatéd the
elastic cqnstants by the method of homogeneous déformations
and by the method of iong waves and found fhat the two methods
gavg the same‘results if the same approximations were made
in bo;h treatments. Thus there exists ; general derivation
sho&ing thé equivalence of the bulk modulus calculated from
the longawave limit Ef the harmonic phonon freguencies to
that calculated by differentiation of the tqtdl energy. But
as pointed out already the conventignal tﬁeory of lattice

dynamics using second order -perturbation theory gives results

which have the discrepancy Abs in B. This discrepancy is

attributed by Wallace to the use of finite order perturbation
theory. -‘In lattice dynamics the total energy is ekéanded in
powers of the ion dispiacements)and Wallace points out that
there are éontributions to the totai energy which are of
second order in the ion displacements but which appear in
every‘order of the pseudopotentiél. If the ion displacements

rather than the pseudopotential are treated as perturbations

of the ground state energy, then in the'dynamics terms of
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. third and fourth order in the péeudopoﬁential appear and

when these are included the discrepéncy will be removedt:
Ih another study 0# the compressibility problem in

© metals, B;ovman‘et al wrote the energy of the metal in the

form

¢=Ei+E°+El+E2+ (1.16)

where Ei is the energy of the ions, Ecr = 5° + El + E2 +

b

is that of the electron gas and each E" involves the order

" parameter (VT/EF) to order n. Vq is the Fourier transform
of thé}pseudopotential and EF the Fermi energy. For a
-static lattice and for n»2 all the qg's in Vq are equal to

reciprocal lattice yectors 1. In dynamics each E" is
“expanded in powers of the ion displacements and the dynamical
matrix for harmonic phonons can contain any order of

'(VT/SF). These authors thén point out that the force

constants involve Fouiier transforms of the pseudopotential

for arbitrary g not just g=1, as a result, although the

contributions of E3 and E4 to the dynamical matrix are of
order 3 and 4 in the pseudopotential, in some regions of s
phase space and ih-the limit of long waves the ordering

parameter in these terms is (VT/eF)z. They then proceeded to

-
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. show that when these terms are included in the dynamics

the compressibilities calculated from statics and dynamics

are the same.

25 .
“Pethick also studied the compressibility problem and

made the point that the correct ordering parameﬁer of terms

-

,which appear in the dynamical matrix is not the total

number of elgctron-ion interactions but the total number

. - - ’
of electron-ion umklapp processes. His conclusion is that

in calculations of the dynamical matrix terms of third and
fourth order in the eleétron—ion interaction must be
included if results a;e to pe the same as those based on the
second order perturbation expregéion for the energy.

.In a recent .paper Upadhyaya?smade'the point based on
Finnis' work that the use of central force models which are

Al

implied in a second order perturbation term of the electron-ion

pseudopotential is not satisfactory‘for the calculation of
phonon- £requencies in metals because it leads tor the

discrepancy we hgve mentioned in the bulk modulus.. On the
basis of the work of Brovman' et al and Wallace he proposed

that unpaired forces introduced by sthird and fourth order

terms in perturbation theory be taken into account.

-



1.3.4 Present Approach to the Compressibility Problemn

In all previous discﬁs§ibns—of the compressibility
problem\the approach has been to ;nclude higher ordér term;
in the dyﬁamigs. The app;oach of Brovman et al, Wallace -
and Pethick leads to the conclusion that the phonon

frequencies should be calculated not to second order in

Vq as g+o, but to second order in Vq + T In this thesis a

different approach is followed. To begin, we note that the
fundamental approximation made in the static.ﬁethod is that
of equating the internal energy 5r the Helmholtz free energy
which we repreéent by the total ground state energy to\Fhe
elasticfenergy. The total energy can be expanded in powers
of the strains, and the elastic constants are strain
derivativgs of the ground state energy. 'If_the strains are
now functions of time we get the equation for the propagation
of elastic waves in the crystal, aﬁd this is exactly the same
as the equation fof the propagation of acoustic phononsalong,
symmetry directions in’the.;épit of long wavelengths. The
elastic constants which appear as-coefficients in the
expansion of the é?ound state'energy in powers of the strains
are the same whether the strains are time depe;hent or time-
independent. The conclusion from this is that the method of

long waves leads to identical results for the elastic



constants and bulk modulus as does the static method when the
same apprbximations are made in both cases. It also follows
from this that if we make the approximation that the ground

state energy be given by

? = By + g + B! + E°

so that E'=0 for all n3, then the elastic constants obtained
from this as our starting éoint should be consistent whether
calculated by the method of long waves oxr from deriﬁatives
of the energy. We have therefore extended lattice dynamics
to satisfy this consistency criterion. In the Born-
Oppenheimer approximation the total energy of the vibrating
crystal is given by the kinetic energy of the ions plus the
change in the energy of the statié lattice introduced by the
periodic distortions of the vibrating ions. When these two
guantities are knggaiwe can construct the Lagrangian of the
system and find the equatiofis of motion of the ions. Now,
the displacements of the ions change the total“éﬁéféy of the
static lattice in two distinct ways. Firstly, they change
the structure factor of éhe crystal and secondly they change
the electron charge distribution. Conventional lattice
dynamical theory does not fake into account the second

contribution to the total energy change. Our approach to the-

compressibility problem is to incorporate this contribution

=
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¥

to the total energy change of’the static lattice into lattice
dynamics. , '

In chapte{ II the total grouq}_staté energy of a cubic
lattice is calculated and differentiated twice with respect
to volume to find the staﬁic method expression of the bulk
modulus. This is followed by a discussion of lattice
dynamics in the hérmonic approximation and of self-consistent
phonen theory. 1In chapter I1l lattice dynamics is extended
to satisfy the consistency criterion stated above, we give

numerical values of the elastic constants and of Abs

calculated for a number of simple metals using three nmodels

as well as some calculations of the polyvalent metals Al and
Pb: We also show that lattice dynamics in-real space and in
Fourier space leads to the samé frequencies at all phonon.
wave vectors. The need to show this arises because in the
expressions for the total ground state energy the volume terms
in the real space formulation and‘in the Fourier space
formulation are of different magnitudes and have different
volume dependences from which it follows that the structure
dependent terms which go into the dynamics afe also different

in a similar way.

/
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CHAPTER 2

BACKGROUND THEORY

2.1 Introduction -

The main interests in this éhapter are the calculation
of the é}ound state energy of a staéic lattice from which the
bulk modulus may be calculated by the method of gomogéneous
deformations, and the calculation of the fregquencies of lattice
vibrations from which the bulk modulus may be calculated by the
method of long waves. To beéin, an outline of the
pseudopotentialAtheory of simple metals in the local approximétion
is given, and the total ground state energy of a metallic
crystal is calculated to second order in the electron-ion
interaction pseudopotential. This ground state enérgy is
differentiated tﬁice with respect to volume to find the static
method expression for the bulk modulus. The main points in
the conventional lattice dynamical theory of Born and von Karman
as well as the self-consistent concept are stated and the
expressions for the frequencies of lattice vibrations both in
the guasiharmonic and in the self-consistent harmonic
approximation are given. This chapter concludes with a brief

discussion of anharmonic phonons.



2.2.1 Thegry of Metals j

T

We consider a metallic solid of volume Q containing N
closed shell -ions arranged in a primitive lattice in the
electron subsystem formed by the ZN conduction electron,
whére Z is~the valency of the material. More sgg¢ificélly we
will be copfidering cubic materials. The conduction electrons
are regarded as free to a first approximation;land the toﬁél
interaction potential experienced by the conduction electron®
at some point in the crystal in the potéﬁ;iai field of all thé
electrons and that of the ions is represented by a
pseudopotential which is rega¥ded as a perturbatidn of the
free elkctron gas. |

In the adiabatic approximation the total crystal potential

energy splits into an ion-ion potential WI and an electron gas

potential WG. The contributions to WG are the Coulomb
interaction between the conduction electrons and WB(r) the

poteﬁtial energy due to all the ions in the system. We can
A

write
wB(r)=in(lr- R D) (2.1)
where wB(r) is the potential of a conduction electron at the

point r due to a single bare ion. placed at the origin. One

of the major approximations of Pseudopotential theory is the



. 1 )
self-consistent field approximation. In this approximation

the Coulomb interaction between the electrons is replaced by

a self-consistent or screening field Ws(r) which is the same

for each conduction electron. When this is done £he total
Hamiltonian for the conduction electrons is the sum of single
particle Hamiltonians'and we therefore have a single particle-
theory. A second major épproximationfmade in the theory is
the small core aﬁproximation. The electron states in the
'crystal are divided into conductlon band states and core

~ states. The ion cores are assumed to be small, do not overlap
or touch and they interact directly throﬁgh a central force
potential the most important part of which is the Coulomb
force. They‘also look essentially the same in the solid as in
the free atom and hence they can be described by atomic wave

2
functions. Herring pointed out that |a> the wave function

of the core state%\and wk that of the conduction band states
t

are orthogonal. This means that wk may be expanded in plane

waves which are orthogonalized to the core states. When this
is done we find that we can replace the wave equation of the

single electron Hamiltonians by the pseudopotential equation
(T + Wigp = € by . (2.2)

In this equation ¢k is the pseudowavefunction which replaces

~
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~

ﬁhe conduction electron wave function wk' W the pseudopotential

which replaces W, ek‘is the exact single electron energy

eigenvalue and T is the kinetic energy. The third major
approximation of pseudopotential theory is to regard W as

small compared to the kinetic energy T and this enables
perturbatlon theory to be used.

The ground state energy of a conduction electron in state
k calculated to second .order in the pseqdopotentlal is

¥
+ Lt <k + q|W(x) |k> + 3 EF ng_l_k;“lelk + g> (2.3)
g+o q - Tk k + g

€ = ©x
where e, = Eﬁﬁé is the energy eigenvalue for a free particle
in the‘state lk>. The pseudowavefunction ¢k correct to first

order in W is found to bhe

6 = Ik> + 2 cl@®|k + a @y
g -

where the expansion coefficients C(g,k) are given by

A

Cla,k) = =X q"’”’” g #o (2.5)
°k ~

°k + q
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- .
The operator W has matrix elements <k + q|W{r)|k>

which factorize into a structure factor and a form factor.
' The structure factor S(g) is defined by

-ig.R
s(@) = g Ie . (2.6)
g

and is a function which depends only on the detailed positions
of the ions. The form factor <k +'q|w(rY|k> depends only

on the potential field of the individudl ions and is independent
of their positions. In the case of local pseudopotentials to
which we confine ourselves here, W(r) is simply a funcpion

of position and the form factor becomes the Fourier transform

of thecfimple ion potential.

I

w{q) <k + q|W(r)|k>

(2.7)

S({a)w(qg)

where the form factor is given by w(q)=% fW(r)e”lq'rdr
Yo

and QO=Q/N is the volume per atom.

The‘total ground state energy of the ZN electrons is the

sum over all occupied states of the one electron energies €yt

minus a correction for double counting. This double counting

is always present in self-consistent calculations. In this
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- case it §rises because the energy of each conduction electron
is calculated in the potential field of the ions and all the
electrons, so that the’ Coulomb interaction between any pair

of electrons A and B say, is counted when the energy of
electron A ié calculated and again when calculating the energy
of electron B. This mean; that an energy equal to the
electron—-electron Coulomb interaction energy has to be

subtracted from the sum over occupied states to get WG

v e |

ek—ek_'_,q

“W.=F e +Lt I W(g +I I
gro k<kg k<kc g

(2.8)

kIp(r)Ws(r)dr

where kf-is the Fermi wave vector and p(r) is the electron

density at the point r. The overcounting correction can also

be written in the form

»

500 (x)¥, (r)dr %g o (@)W (@)

il

(2.9)

2 (o)W, (o) + I Fo(@¥g(a)
a

The first term in (2.8) gives the average kinetic energy of

the NZ electrons in the system

oy
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3 ‘<
z e, = NzZze . (2.10)
k<k, k 5ke -

The second term in (2.8) is combined with thé g=o part of
the overcounting correction to.give
f
NZ{w(g=0) - igp(q=o)ws(q=o)} (2.11)
The third term in (2.8) is combined Qith-the g#o part of the
overcounting correction to giﬁe the total secdnd order’

contribution to the electron gas, energy viz ¢bs the band

structure energy. To combine these terméJwe first calculate
. . \.ﬁ .

p(r) the electron gas density using equation (2.4) for the

wavefunction of the conduction electron, and expréss this in

terms of its Fourier components. We find that p(o)=Z/nO
and also that

v W(q}ws (_q)

- %z'p(q)ws(q) = -3 D (2.12)

q k<k_ g "k k + g

From equations (2.8), (2.9) and (2.12) we can write the band

-structure energy in the form

, W) {W(-q) - Ws(-q)}

o =1 g - (2.13)
"bs k<k, q *k T %k + ¢
. , 2 Qoq2

q Bre
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s B 1 T e
o s )

where e(gq) is the static dielectric functionigivendby

2k ;me a2 - q2£ 2k, + q
e{q) =1 + ——2-—-2—{1 + n :
mh™ g 8k _a 2k, - g
£ £ ) |
(2.15)
, |
=1+ 48 1 (@ /
q
’.’

where B is Planck's constant, m the eléctron mass and e the

electronic charge. This equation also defines the function

-

Ho(q)' . ~ ‘\__‘/-

The total field seen by a conduction electron is the
-4

sum of that due to the bare ion;WB(r)'and the self—qonsistent
field Ws(r) whose effect is to screen the bare ion potential.

In the Hartree approximation which neglects exchange and

correlation in the gas, the Fourier .transform of the_screened

-

interaction is linearly related to the total potential.

1‘3
W(g) = Wy(q)/e(@) ' (2.16)

~

The use of this relation enables us to write the contribution

T
Y

of the electron gas to the total ground state energy in the

form
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A

- 4

| v '
W = Nzde, + z[wlg=o) - —2(g=0)1+ I |S(@)|?F(@} (2.17)
f ' 2 q .

ol

where the énergy wave number characteristic F(gq) is given by

aa™ _ o
F(q) = - —2|Wy(q) |2 L = 1) (2.18)
gre e{q)

-4
The total Hartree wave function for the conduction

electrons in the ground state is

"
v =/ 1o, ) (2.19)
[
L]

where A is an antisfmmetrization operator. This
antisymmetrization of the wave function introduces exchange
interactions into the electron system and these hawve to be
taken into account. The above discussion has also not taken
into account correlation effects in the system. Now, if all

the effects of exchange and correlation are approximated by

. 3
one electron potentials Wx(r); then we can write the total

potential experienced by a conduction electron at a given point
% )

in the form

ox
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W(g) = Wgla) + W, (@) + W, (a)

WB(q) + Ws(q) (1 - Y{q)) (2..20)-

WB(q) + st(q)

The function ¥ (g) takes into account the é{{zcts of exchange
and correlation in the ‘electron gas and is zero if they are

negleéted. WB(q) now includes exchange and correlation

effects between the core electrons and the conduction

electrons, and also ey in equation (2.8) includes the

exchange and correlation energies of a uniform electron gas.
This inclusion of exchandé and - correlation modifies‘(z.IO)
to
Nz{de, +e +e) (2.21)
5 kf X c .

»

where e, and e, are the exchange and correlation energies per

electron for a uniform electron gas. Instead of (2.11) we

now have LN

[

NZ{w{g=0) = %wsk(q=o)} ’ (2.22)
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v | |
The energy wave number characteristic is still given by\,///,
equation (2.18) except that the dielectric function € (q)

now has to include exchange and correlation effects.

Y .
Hubbard has shown that these can be included by writing

2
e(q) = 1 + 5T (q) (2:23)
q L
IIO (q)
where Il{q) = % (2.24)
4Te

Several versions of the function d)(q):Y(q)/q2 have

5-7
appeared in the literature. In the original Hubbard

» approximation ¢ (g) was given by (q2 + .kfz)/z but the\fii:h’/r_
useful - version is that of Geldart and Vpskéswho wrot

6 (q) = ——g—i—y (2.25)

2(a” + gk")

where £ is chosen to satisfy the compregsibility theorem,
There have also appeared in the literature other calculations
of the dielectric constant beyond the Hubbard approximation.
These however, do not have(analytic exprgssions which are

valid for the entire range of gq- and as a result the

et



\

Geldart-Vosko formulﬁ is still exﬁensively uged. Another

formula for $(q) which is simpler than th ubbard expression

has been proposed by Taylor? He treats ¢{gq) as a constant

and determines its value by requiring it to satisfy the

cémpressibility theorem. This apﬁroximation is equivalent

to the Kohn and Sham approximation'for exchange and correlation
10

in the gradient expansion of the electron density. He arrives

at the expression

olq) = (1 + o.153)/4k§ (2.26)

where k=(waokf)-l, a is the Bohr radius, and kf the Fermi

wave vector.

-

2.2.§ Total Ground State Energy

To complete the calculation of the ground state energy

of the crystal we have to add to WG the direct interaction

energy of the ions. Since the ions are assumed to be small

non-polarizable and non-overlapping, their direct interaction

is a Coulombic interaction between sets of point. charges
at lattice points. It is convenient to write this energy in

11
two parts and use the Ewald-Fuchs transformation. We then

have
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' 2 2 “
21r22e2 e d /4n7 , 1deRgp

W, = ") r e o+
I R g ;f oot
(2.27)
2 2
2 e 1
————7F —— erfc(nRk } >
2 g Rpgo 2 .

where the complementary error function is defined by

2 o Y
erfc(x) = = fx e Y dy
Vs )

In the first term of (2.27) we add the 2=4%' term and subtract

it in the form szeznﬁr‘, we als-é -write the g=o term

separately. Equation, (2.27) becomes

—

2,.2 .
= _..T—— T e

Zz‘e.2 /— szezn
1 -
—2—2 erfc (an.Q.' ) e

= + ' (2.28)
[ AR A v

2 2 ig.R
© 5 5.9/ ¢ q-Fogr
Lt 2nZ e -5 Zg-ﬁ ‘
g>o g 1
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we have
ig.R, 4, ig.R «ig.R,, .
Ly o 7R < - Nre | “RIe . (2.29)
e’ oL Lt
N | B :
= 5-S(q)s(-q) (2.30)
(8] .
2 2
- -q”/4n 2 2 2.2
L2 2 e 7 N 2 _ 2nZ e N 212 e N
- go a 0 g+o g o 490n

We now add the g=o terms from the electron gas energy and the

ion-ion energy

2 2

Nz{w(g=0) = %w_{(g=0) (1 - Y(g=o0))} + Lt l’&re_N_
g*c g QO
2 - -
= nt N2{glQ) + w (@) - b (a): +,_2.1_T.§'3_} (2.31).
q+o ‘ . a0,
_ 21rZe2
= Lt Nz{w (@) + 5]
d+o q 90

where equations (2.20), (2.25) and the Poisson equation

2
_dge . ‘
Ws(q)——gz—p(q) have been used to arrive at the last formula.
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The bare ion potential wB(r) is a Coulomb interaction

—

outside the small region of the ion core. It also has a

contribution localized in the: core region so that

w.{g) = = iEEEE + w_(g=0) {(2.32)
p'd 2 c'd 7 .

q i,

We can now write the total ground state enefgy for the

metal in the form

_ 3 —ay] -
= NZ [§ekf te +te +w, (g=0}]

N '
nzle (L + —F—} + np [s(@ | PR +
T 2n 0 q

2 2 |
) -q~/4n 2 2 2.2, 4
NE |S(q)|2 Ef Zﬂg S+ sze oX ﬁ—erfc(an) (2.33)
q 0 L L
g
=0+ b+ 0 - (2.34)

where ¢0 comes from the first two terms in (2.33) and is

independent of structure, and'dbEw the Ewald energy is from

the last two terms.
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Equation (2.33) is'convenient for calculation purposes

because the Ewald convergence factor n can be chosen to

optimize the convergence of the real space and Fourier space
sums in the Ewald energy. To work entirely in Q-space we

write the ion-ion Coulomb interaction energy in the form

K 7202
Wy = *22. Tyt | | (2.35)

- EE. v(r)

T Zgqe

. ' . ° ’
Wy = %%E Eelq'rv(q) (2.36)
Le'q '

where vi{r) = %Eelq'rv(q)

q
In this way the jion-ion energy is written as a Fourier sum,
and since the R-space sum in (2.33) comes from this
contribution the total energy will then involve sums in
rQ-space only. This is equivalent to letting n+= in (2.33).

.It can be shown that

'
Lt I erfc(nRE)/Rz = Lt n/2/m ' (2.37)
, n+e L T+ ‘
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henCév.“;
P
2 2 ;
NZ%el ! 2 2, n ]
Lt r erfc(nR,)/R, — NZe“{ + ——5——} =0
T oo A L 2’_ % I 2n '90 .
The total energy becomes N\
~
3 3 - . _ ' 2
» = N2{3e. +e_ +e_ + w_(g=o)} + NI |S{q)]|“G(q)
5 kf X c c q
: : 22
where G(g) = F(q) + 2nZ_¢
‘ : knoq

(2.39)

In the real space formulation we retain (2.35) for the

jon-ion energy and write the electron gas energy in the form

. ' ] ‘
Wg = NZU__ + Lt Nzw (q) + N3 |s(q)|2F (q)

' iq.R =
22k (@)

N -
= NZU + Lt Nzw _(gq) + T L e
ed  g+o < ' gﬁé A
N Z' El iq-ngl
= NZUeg Lt Nch(q) + % e

. g+o0 L2'q

2 .

(2.40)

1
F(q)
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T

' 1
= {NZU + I F(g) + Lt NZw _(q)} +
eg q q+o c

2 ¢ 1g9.R

2 ' '
s (284 %—z e e (2.41)
e At q : )

where U = ge + e + e
eg 5

To conclude this section we note that in the band
structure energy we have F(g) which has the explicit volume

dependence ﬂo_l because wB(QJ is proportional to Qo“l, it

also depends on volume through g and through the Fermi wave

vector kf contained in the screening function.

2.3 Bulk Modulus by Differentiation of the Energy

The adiabatic bulk modulus Bs is obtained as the second
volume derivative of the thermodynamic state function U,

the internal energy. That is

s dzU

B = R (2.42)
an?

The isothermal bulk modulus BT is similarly defined but in

terms of the Helmholtz free energy E. The bulk moduli are
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related to the isothermal and adiabatic elastic constants
which appear as strain derivatives of Fhe free energy and
the internal energy respectively: The thermodynamic
functions U and F are invariant under rotatidns and
tfanslations of the crystal. These invariance conditions
together with the symmetry requirements of the crystal place
restrictions on -the elastic constants. In cubic materials

there are three independent elastic constants viz Ci1r

v

€y and Cagr and in terms of these, bulk moduli are given by
B = i(c,, + 2C,.) {2.43)
3'711 12 (Ve

At T=0°K theré is no difference between the isothermal
and adiabatic elastic constants and between the” corresponding
bulk moduli. In particular in the potential approximation
when the free energy or the internal energy are approximated
by the total ground state energy ¢, the elastic constants are
obtained as strain derivatives of the crystal potential.

The bulk modulus is given by . '
2 ' (
B = nj—gg- ) \ | (2.44)

e

The total volume derivative is written in the form
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4 dk 2-
' d _ d £f 9 . dg d
@™l ta, Wt aE, 32 (2.43)
——— 0 o] £ o] aq40
\ .

\

: 1z
f@hen using the Pines Nozieres formula for the exchange and
™, ' .

correlation energy per electron for a uniform electron gas
A

we find the contributiop of the volume term ¢  in (2.34) to

) \;..‘
- I’ .

' 2 2
o} 7 2 4 . ' - Z27e"m .
= — + - . ) = - -
0 . o

where BOQO is in Rydbergs. ' The contribution of the R-space

part of the Ewald energy is .
R 222,21 ¢ 4 1 2
B = =3 {gx ) (RR)RQ - gi ¢(R2)R£ (2.47)

where'¢'(R) = QQL%L

dr

| 2
_ a4 m
o' (R) = iy

d(R™}

and d(R) = erfc(nR)/R

/

The total contribution from the Fourier sums is found to be
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Q 22 21 4 4

1! ' ‘
= o d —
B q L {2G(1) 5 | G (1) +316 (t)} + A s (2.48)
oT 5
2ﬂZze2 e-q2/4n2
where G(q) = F(g) + =3 .
- )
,\/’/ 4
) _
i n = s earn) , XE ok, 2TKe 22F (1)} (2.49)
| bs QOT 9 3kf 9 Bkg 9 dTdk,
. L4
AY
The total bulk modulus is given by
B =8° + BR + B® = {2.50)

Although equatfbn (2.50) - and (2.33) from which it is derived
are convenient for purposes of numerical calculations they
do not show the role of the volume terms ¢0 and Bo. TQ

clarify the role of the volume term in the bulk modulus we
13 ) .
follow Finnis who writes the total energy ¢ in the real spaces

formula;ion {2.41) in the form

_ 1 ' "

o
~ _\)

where the pair potential is written as ¢(R,p) to emphasize

the fact that it depends on the average density p of the

\\ ’. o



- 46 -

Wi

electrons. The total volume derivations is written as

-

=l

R

—é-: +
a8 T T en_

where B/BQSC operétes on the impiicit~volume dependence

of the screening fdnction while 3/3Q operates on the
remaining explicit volume dependence. The bulk modulus B

is given by

= I &¢(R p)} (2.52)

This result which was obtained by Finnis shows that the
contribution of the volume term U{Q) to the bulk modulus is
to a:large extent. cancelled by similar terms arising from the

SN

volume dependence of the pair interaction. There is however.

a term A __ which is not carcelled, and it is this term which

] ' .
is omitted when the bulk modulus or the longitudinal elastic

conétahts are calculated by the method of long waves.

o,

2.4 Lattice'Dynamicé - (&

In calculating the ground state energy of the crystal in
section 2.2 the ions were assumed to be stationary. In a real

crystal and at all temperatures, the atoms are always in a
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r

state of ¢ontinual motion therefore the Hamiltonian 6f-the‘
system is.the sum of the kinetic energy of the ions and thé
pétenfial eﬁergy of the system. When the vibrational
amplitudes of the ions are not large the crystal potential ¢
can be e;panded in‘é‘Taylor serieé in powers of the
displacemehts Ua(z,t) of the ions *from their equilibrium
positions R(%). In the Born Oppenheimer approximation the
énergy of the vibrating crystal is g;ﬁen at anyltime t hy
the énergy of the static lattice structure in which theé
positions. of the atoms are given by'§(2,§)=g(£)+g(2,t)'
gor that value of t plus the kinetic energy of the ions.
The vibrational frequency of the lattice can then be
calculated if the changé in energy due to the statid

distortion of the lattice introduced by the ion displacements

Q(E,t)_is known.

r
2.4.1 Quasiharmonic Approximation

S
In the harmonic approxima;;én thé sefies éxpansion of
the dgystal‘potential is terminated after terms of second
order in the ion displacemeﬂts, and the resulting quadratic
Hamiltonian is solﬁed for the .normal vibrational modes{q
When the temperature of the crystal is increased the lattice

expands and the expansion of the crystal potential has to be

made about a new eguilibrium position, we then have a
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guasiharmonic treatment and it provides an account of the
va:iétion.df the frequencies with volume.l5 The frequencies
of the vibrational modes of the crystal or of the phonons
wﬁ;éh describe ﬁravelling waves through the crystal are

calculated‘from the eigenvalue equation

2, .y _ o : _
W (kj) = isea(kj)DaB(k)EB(k]) . (2.53)

where the polarization vectors ea(kj) are usually chosen to be

orthonormal. w{kj) is the Prequency of a phonon of wave
vector k when it vibrates in mode j(=1,2,3), and o and B

are Cartesian indices. The dynamical matrix DaB(k) is given

by

¥ . L
~ik.R :
1 % (2.54) °

where M is the mass of eéch ion. The force constants
@as(z,o) describe the change in the total potential of the v~
crystal ¢ which results from the displacements Ua(l) and

UB(o) while all the other ions are held stationary, and they

~N

satisfy the translational invariance condition.

i@aB(l,o) = 0 ' {2.55)

-



Using this expression in the case of a potential which can
be written as a sum over pair interactions, we arrive at the

following formula for the dynamical matrix

1+ -ik.R
DaB(k) =_E§ (e

0 -
- 1)va(2)v8(b)vII(r) . (2.56)

where VII(r) is the pair interaction potential.

For the purposes of .lattice dynamics the only relevant
part of the total ground state enefgy calculated in equation
(2.33) ig the structure dependent part, this is because a
lattice wave is a rearrangement of the atomg while the
macroscopic volﬁme of the crystal remains unchanged. It is
evident from eguation. (2.33) that the structure dependent
., part of the energy has a part which is simply a function of
the positions of the ions and anéther which involvesa Fourier
sum. As a result the dynamical matrix can alsoc be written
as the sum of two parts one of which is conveniently

evaluated in Q-space while the other is evaluated in R-space

_ R 0 ' :
Das(k) —'D“ﬂif) + DaB{k) (2.57)
wheré
R 1 —ik.RE . - 22e2 .
Das(k) ¥ i (e - l)va(z)vﬁ(o)—ﬁz— erfc(nRg) A{2.58)
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EG(]T + kl)(T + k) (t + k)

Q .., _ 2
DaB(k) M

-

is a reciprocal lattice vector and the function G(q) was

introduced in equation (2.48).

2.4.2 Self-Cénsistent Phonons

i1f a solid is only weakly anharmonic then its dynamics
can be successfully treated using. perturbatlon theory in which
the harmonic, term is treated exactiy while the cubic and
gquartic terms in the expansion of the potential are treated
as perturbations. But when” the displacements of the atoms
from their equilibrium positions are not small as would be
the case in metals at high temperatures, then the treatment'
of the motion. of the atoms in an approximation in which all the
other equivalent atoms are held stationary is no longer a
good approximation, and self-consistent methods have to be
used. The self—consistgnt concept is that the forces on the
atom of interest should rather be derived by regarding the
other atoms as moving equivalently to the atom of inter:est}.?-18
This in turn means that the force constants ¢GB(2,0) have
to be thermodynamically averaggd over the vibrational

distributions of the atoms.



The lowest order approximatibn in the self-consistent
phonon theory is the self-consistent harmonic (SCH)
approximation in which the idea is to find an effective
harmonic Hamiltonian that best approximates the crystal
Hamiltonian. Whereas in the QH approximation the freguencies

are obtained by solving the harmonic Hamiltonian
S :
{

1 2
= —— + . .
Hy M ip {(2,t) QEBUG ¢uB UB

in the SCH approximation the harmonic Hamiltonian is

) |
H = =— Ip“(g2,t).. I U .0 _.U
s 2M 2 B o af 8

and the force constants matrix Hae is determined variationally.

It turns out that the best choice for the force constants is
given by the thermal average of the equilibrium force °

constants ¢a hence the effective Hamiltonian can be written

B

in the form

[ 28'aB

/M : ‘
A DRI ' '
H_ 5 TP (2,t) T IT I <3;;TE? )iEg;z,t)UB(z ,t)
./

-The averaging of the force constants <¢u8z22')> is taken

with respect to the exact SCH frequencies 2(kj) which are

still obtained from the eigenvalue equation
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a2(x3) = t e{kj)D B(k)ea(kj)' | (2.60)
aB i

where the dynamical matrix is now éiven by

' —J‘.k.R2
DaB(k) = (e

L

i -'1)<va(£)VB(o)VII(r{>

Although the lowest order SCH theory equations which
have to be solved by iteration are most easily derived by
variational principles, when higher order terms are included
the variational principle is lost. The most general method

~

of calculating the self-consistent frequencies is via the use

kS

of many-body perturbation theory of the thermodynamic
. 19-21
Green functions.
The use of a harmonic Hamiltonian means that the
vibrationaly,distribution of the atoms is Gaussian. Hence

the averaging can be effected by using Gaussian wavefunctions.

The force constants are given by

s

<Va(l)VB(Q')VII(r)> = {(2w)2detn}_ifd3u exp(-éu.A—lu) x

VG(L)VB(E')VII(r) (2.61)

and the width of the Gaussian distribution is
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AQB(EQ') = <Ua(2£')UB(££')> wf
-ik.R
_ A& e 7 A . .
= N ]Ec (1 -e < e, (kJ)e8 (kj} x
J
=
coth(h (k3))/Q (kj) {(2.62

U{LL')=u(l) - U(L) is the relative vib;atiohal amplitude,

‘A is Planck's constant and B=(KBT)_:L where T is the

temperature and KB the Boltzmann's constant.

2.4.3 Anharmonic Phonons

In the self-consistent phonon theory the Hamiltonian
is split into a harmonic and‘an anharmonic part. The total
anharmoni¢ part is usually broken up into terms which
introduce interactions between a particular number of phonons,
the harmonic part leads to noninteracting phonons and it
includes all even anharmonic terms that wéuld appear in a
first order perturbation evaluation of the anharmonic shift to
the QH frequencies. Of these the leading one is the guartic
term representing a four-phonon process to first order. The
leading correction to the SCH approximation in perturbation

theory is the cubic anharmonic term which represents a three-

a



phonon process to second order, and this can simply be added
as a perturﬁation to the SCH frequencies, With the inclusion

of the cubic anharmonic term the dynamical independence of the

different lattice modes becomes destroyed: and the phonon

-

interactions lead to. finite lifetimes.

Exﬁerimentally the phonon frequencies are determined by
scattering thermal’neutrons from a crystal. The incoming
beam of ﬁeutrqns e¥citesmostly single phonons whose frequency
is to be measured. When this is the case the scattering
function S(Q,w) for momentum transfer %Q ﬁas a maximﬁ% at
enefgy transfer fiw equal or near the energy of the phonon
excited, hence the energies of the phonons are identified %
with the positioﬁs of the resonances in the scattering cross
section or in the response function A(QA,w) of the cryst&i
which appearglin the scattering function.

The tot&i.scattering function S(é,m) includes
contributions from single and multiple phonons excited by
the incoming neutron as well as interference effecté between
the phonons. Thus we.can write

S(Q,w) = s1 +.52 + s12 + S3 U - (2.63)

where Sl, 82 and S_. are the contributions of one, two and

3
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three phonons respectively and S12 represents the interference
between S1 and 52' The properties of interference between

one and multiphonon contributions to the scattering function
5(Q,w) have been discussed by GleefzIn this work only the
first three terms in (2.63) are included in the calculationf

of S(Q,w).
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CHAPTER 3

VOLUME FORCES IN SIMPLE METALS

-

3.1 Introduction

In this chapter we outline the derivation of the
'equation of propagation of elastic waves_iﬁ a solid whose
solutions give fhe reiations between the elastic constants
and the frequencies of the waves. Using these relations we
calculate the bulk modulus by the method of ;oﬁg waves and
compare the result with that obtained by the static method
in the previous chapter. We also show that the R-space and
the Q-space formulations of dynamics are equivalent. We
generalize lattice dynamics to take into .account the effect of
volume forces which are usually omitted in conventional lattice
dynamicai theory, and we aléo pr‘esent numerfz'.al calculations of
these effects on the dispersion curves and the Cauchy relation
.made for a number of simple metals using thriee model
pseudopotentials. Some results are also presented for the

polyvalent metals AL and Pb.

3.2.1 Dynamics without Volume Forces

-An expression for thé bulk modulus in the potential
approximation was derived by differentiation of the total
éround state energy. The bulk modulus can also be calculéted
from dynamical eéuations using the meﬁhod of long waves.

The essence of the method is that when the wavelengths of the

-
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ﬁhonons in a crystal are long compared to the range 8f thew
interatomic forces, then the systeﬁ may be regarded as a
chtinuous elastic‘medium. The frequencies of the phonons
in the limit of long waves must therefore be the same as S;\
those obtained from the equations of propagation of elastic
waves in an elastic medium.

Ela;tic vibrations in a medium are set up as a ré;ult
of the interplay of inértial forces and elastic restoring
forces developed between neighbouring;parﬁicies when the
medium is deformed. The deformatidn of .a material comes
about when it changes from one configuration to another
and strain is one measure of such a deformation. It has

to be defined in such a way that if excludes rigid rotations

and translation?. Let éi be the initial éeparation of two

'
Fig. 1 dL

. <>
particles in a..solid, and 4% be their separation after
‘deformétion, then the relative displacement
e > + L -
du = d¢ - dL »

e . ,
is a measure of the deformations. In the linear approximation



we can write iA matrix ﬁotation .
[au] = [p][ar] (3.1)

where D is the displacement gra&iqu matrix. This matrix
can also be written as the sum of a symmetric strainAmatrix
S8 which excludes rigid translations and rotations, and an
antiéymmetric matrix R which describes rotations in the

. 1
crystal. The strain matrix can be written in the form

| a/3x 0 ‘ o | [ uxw
0 ' 3/9 0 u
_ /3y | y
[s] = 0 0 3/3z Luz
0 © 3/%z 3/3y
3/3z 0 3/8x
3/3y 3/9x 0
| _
S = v u
s‘

L]

where vs is the symmetric differential operator.

The energy of a‘crystal depends on its configuration,
anq ;f the crystal is strained, then its energy can be
expanded in a Taylor_series in poweis of the strains.
S%arﬁing with the expression for the change in the elastic
energy- of the crystal which has undergone a uniform

dilation it can be shown that the bulk modulus defined by.
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B= —= is inen by
ae -

B = 3(c,, * 2C,) (3.2)
'~ The calculation of the bulk modulus by static methods thus
" leads to equation (3%2)}. In order to make connection with

the bulk ﬁodulus calculated by dynamié methods we allow the
fdisélacements u in the crystal to be'fﬁnctions of time.
This lea&s to the equation of propagation of elastic waves
which in the limit to long wavelengﬁhs has - the same solutions
és the eqﬁations for harmonic ﬁhonons.

We now considerlan element of volume 8v and surface area

és withiﬁ the crystal. The equation for translational motion

is
IGST§S = favp—;f v _ (3.3)

where p is the equilibrium density of the material within
§v, T is the symmetric stress tensor. By using the

divergence theorem we can write the equation of motion in

the form : \
2 .
d u . .
V.T = p_-i' - (304)
dt
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We also use Hooke's law whichlstates that for small
deformations stress and strain are linearly related
C

Tig = Cijke5

kL
‘ (3.5)
T=C0C 5

We can now substitute for T in (3.5) in terms of the elastic

e

constants Ciij and the strain parametgrs Ski’ and also

write the divergence operator in terms of the symmetric .
~ : 1
differential operator (V§=V.) to get the equation of motion

~ 2
Vs{gzvsu} = p%;% &5.6)
This equation describes the propagation of a displacement
wave in the crystal and it is the frequencies of such elastic
waves which must be the same as those of phonons of long
wavelengths. The latter are calculated from the dynamical
matrix in (2.53). To find the relation between these

" frequencies and the elastic constants we assume plane’ wave

solutions to (3.6) in the form u=u exp{i{wt - k.r)}, where

tQEfwave vector k is along a symmetry direction. Substitution

of this into the wave equation leads to expressions relating

the density, elastic constants and frequencies for specified

2
wave vectors. These expressions are :

3

AN

i
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n
0
A

= FCyy

c12 + 2c44)

12

12 44

c,, - C..)

44 12

’»

(3.7

From these equations we find that a convenient expression for

the bulk modulus is

_ 2 _
. _“(“L[qqq]

4 2 )
3¥r[qoo]

3.2.2 Bulk Modulus by Method of Longwaves

In the method of long waves the dynamical matrix is

(3.8)

expanded in powers of the phonon wave vector k up to second

order and the frequencies are calculated from the eigenvalue

equation (2.53).

We write (2.59) in the form
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2k k.
Q = a B
Dus(k) T G(|kl} +

2N

piielix + ) (x +K) (1 + K, -
T

TuTSG(ITl)} (3.9)
A Taylor series expansion of G(|t * k|) gives
2

(lc # k|) = G(x) *+G'(n) + G"(r)i"‘z— oo

where A = 21.k -+ k.k. Hence up to order k2

0 2kak8 5 1
= + = + G +
Dy g () TG(IkI) Mi{G(T)kaB G' () [4(r.X) 7 Kk, *
N
2 " 2
k%t t.] + 6" () 2(t.k) "7 T,} (3.1
a B a B /
) ‘//
By expanding the exponential in Diﬂ(k) we find that up to
order k2
R o) = L r'(26(R)s , *+ 40" (RIR R }-(L'iz—
. aB M R af ) a B 2 (3.11)

The derivatives of G(1) and ¢ (R) are defined as in (2.47).
The polarization vectors and phonon wave vectors for

longitudinal and transverse waves along the [goo] and [gaq]

directions are:



T{goo] K, = k, ky = kz = 0
E_ = e = 0 = e = 1
X z y
vk
Llgaa] k, =k, = k, =3
= = - L
Ex Ey E‘.z /3

To calculate the contributions of the different terms in the

dynamical matrices” (3.10).and (3.1l1l) we use the following

-3
relations which are valid for primitive cubic lattices.

£ $(R)R R, = “ap z/;af(R)R2 | s
¢ o B 3. . .

}:: +(R) [BRi+ + 6R§RE] = %T(R)R'L‘

A. Contribution of DS {k) to Bulk Modulus

B

The contribution of ¢'(R) is found from:

§ e € R.k.R.
R A |

5 $48%¢ Bki (3.12)
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¥
=1 E'¢' (R)k—z-(Rz .+ R2 + R2 + odé terms)
M R 3 p 4 Y Zz
' 2.2
2 1 k R
“’L[qqq] A Z ¢ (R)=—7— (3.13)
Similarly we find that
5 .
2 I
“laoq] T H L ¢ R (3.14)
(w2 402 ) I e (3.15)
L [gaq] 37T [qoo] QO R 9 ’
. om
The contribution of ¢ (R} is
[}]
w’ =235 (k)R R (R)eeg (3.16)
R af a.
. -
For L[gqq] we have
E(kR)(R + R + R )2=M(R + R +R)2
o8 ®Ex vEy 22’ - 3 X v z

(3.17)

_ 2

't 2 2 2.
2 = 2_
ofraqq = o I k"(R" + 2R.R+ 2R R+ 2R.R )¢ (R)
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“ilgqq] = g%-§'¢ ®x*{r* + 4r2R i + 4R§R§ + 4R2R] +
odé terms}-
= g%-§'¢"(R)k2{*R? +l;;ia§} (3.18)
For the.T[goo] direction we find that
I
©F [qaq] ™ %u;,i[qooljff = —fz— i'dﬁ (R)R* (3.20)"

The total contribution of the R-space dynamical matrix to

the bulk modulus is

pR_ L

- £ {26 ®RR? - R (R)} (3.21)
o R

B. Contribution of D (k) to Bulk Modulus

We calculate the contributions of the terms in the
) Q-space dynamical matrix to the bulk modulus in the same

manner outlined above for D (k), and find that the term
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n
G (t) contributes

y 1 L1}
_33 = 3%— z T4G (t)
oot -

. [ ]
The contribution of G (1) .is

1 T
B2 = 22 1'% (1)
S0
0T

and that of G(t) is

[ ]
Bl=9%zc(-r)
o T

From the G(k) term in (3.10) we have

wi[qqq] = 1?1 sz e.Ka G(|k|)
= &c%6 (k)
and wéﬂqoo] =
(mi[qqq] %0 'i‘{qoq)% - It :—G(k)

Evaluation of Lt G(k)
k+o

'(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Ve
C
' 2 2 2 2
: 2n18 e -q~ /4n
Lt G(k) = Lt {F{g) + =——=— e }
k+o q-+o Qoq
2 2 2.2 , -
= 1t {F(q) + 2025 - T2 Sy 0g°} (3.27)
q+o Qoq 29011 . .

We combine equations {(2.18), (2.23) and (2.32) to write

the first term in the form

o2 q2 4“zé2 2 ﬁnezﬂ( )
Lt 2F(q) = Lt = —.22—7 - 5 + Qowc(q=0) 5 q2
a0 q e Qo q q° + 4me”N{q)
= - L ‘v(q)2 - 2Q W (q=0)v(.:q) +
QO ‘ ' 0 C
2 N(g) : 28)
(2 w_{g=0)) , (3.28)
o"c )1 + Xidhy (q)

where v(q)=4ﬂZe2/q2. We write the screening function in

the form
{q) _ 1
1+ 32(.—‘1-)4 (Q) (q) +IIV—Z(-‘1-)-

= 2 vl 1y (3.29)
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Lt 2F(g) = Lt - Zz[‘- iﬁ&w (g=0) +-"(q’ - ] (3. 30)
q+o Cgro JlL Ec Z )

.

0 q Qon
o

To evaluate the middle term we make use of the compressibility

Lt 2G(k) = Lt g-{2v_(q)z +
k+0"0 g+o’0 . c

theorem which states that

I (e) K
°e__. =2 (3.32)
(o) K. .

where g is the compressibility of the interacting electron

gas. The subscript o refers to the non-interacting gas.

d2U
o)

KO = 90—2— (3.33)
- Oaq? .

Using U0=—§-ef and equation (2.15) from which Ho(q) can be

determined we find that for the non-interacting electron gas

Ko 2
= . 3
I_(o) % ' (3.34)
o
.2
1 34 Us .
= ° —E&9 (3.35) .

T()  ° an?
&)

Ueg is the energy per electron for the interacting electron
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gas and hence includes the exchange and correlation energies,

' 2G(k) _ -2 .2 4
= — + - 0. -
i_t';o = o {38 + 3o, — 0-OL(Ry) + 2w_(q)}
O L8] "
Zzezﬂ
55 (3. 36)
Qon -» . ‘ . 5

The term (2/90)Lt G(k) coincides with B of equation (2.46)
k+o ‘ .

hence when the method of long waves is used to calculate the
bulk modulus every term obtained by differentiating the
ground state energy to calculate the bulk modulus is recovered

‘except the term A written in (2.49).

bs

3.2.3 Equivalence of Dynamics in R—spéde and Q-space

Whether the real space or the reciprocal space
formulation® is used the total ground sfate energy is still
expressible as the sum of a volume dependent term and a
structure dependent term. The volume terms in the two
formulations are different in magnitude and they have
different volume dependencesﬁ It follows from this that
the structure depehdent terms have different magnitudes and
volume dependences., In view of this it is necessary to show
that in spite of this difference between the structure
dependent terms which go into the dynamics, the phonon
frequenéies are the same at all phonon wave vectors.

The dynamical matrix in the real space formulation is

given by



"

. 2 ’
B A )
- 1) ¢ (x)
. a;u(l)ars(o) . ///

(3.37)

+

where ¢ (r) is a pair interaction potential. If. we write

¢ (r) in terms of its Fourier compoﬁents, then (3.37) takes

_the form -
§ :
. 2 .
_ 1 .Y, —~ik.R{Q) 3 .1 iq.
Dag k) = j5 L (e - Doz et (o) & ie % @
| (3.38)
1 ', ilg-k).R(2 iq. . o -
Dag®) = 3 é(el(q kYR Qa-ROV)y (5q ) (-iqq) ¢ (a)
(3.39)
_ 1 -
Dyg ) = F- E{¢(r FR) (T + k) (T + K)g
ruTB¢(T)} (3.40).

-Equations (3.37)'and (3.40) lead to exactly the same
frequencies for all phonon wave vectors k because the Fourier

transformation 'is complete, and (3.40) differs from Dgs(k)

of (2.59) in having the Tt=o included in the second term.

We have to show that this extra term which is ‘included in

(3.40) but not'in (2.59) is always zero whenever some
screening is included in the theory. 1In a Coulomb lattice

2 2
¢ (q) =ﬂT—Zfe—t

g9
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T T 2.2 . .
e 2Ee(r) = anz e | (3.41)
T*0 0 : 0 .
P

where wp is the ion plasma frequency. When the ions are

%
screened the range of ¢ (r) is curtailed._ At small g values

' . . . . 2
Thomas-Ferml screening 1S valid and we have

.. : 41rZ262' - :
$(q) = 5 (3.42)
g + A :

where A is the screening lehgth.

TaTB 124ﬂzze2
T+0 "o +03 (1" + f)QOM

0 for finite A

It is evident from this that as long as the ions are

screened the x;b term can be added to D&B(k) or omitted and

the frequencies will be identical to those obtained from its

real space counterpart.

[T

The volume term.'Abil which appears'as the difference
5
between values of the bulk modulus calculated by differentiation
of the total ground state energy.and that calculated by the

method of long waves is also the difference between values of
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the longitudinal elastic constants calculated by the two
methods. |

In materials with cubic symmetry where*there are only
three 1ndependent elastic constants, their values ‘can be -
determlned by considering changes in the ground state energy
when the crystal undergoes three deformatlons. A unlform
dilation ef the material is one convenient deforﬁation and

this as pointed out in section, 3.2 leads to the equation

S ¥

s . : . 6
In addition to this particular deformation Fuchs who was

+2c)

uh—*

12

the first to make a satisfactory calculation of the elastic
.constants in cubic‘metals also considered an expansion of the

crystal by the amount €. along the x—-axis and a contraction

along the y-axis of such an amount that the volume remains

constant to order si.- This leads to

P

o)
[\

=

o =C -C __(3.44)

o1

®x

The third deformation considered was a shear by an amount

ley in the xy plane such that the volume remains constant,

-

frbm.wﬁich we get

24
»

b [
hlm

= C (3.45)

44

4



‘are present many-body forces in the crystal.

~dependent forces giving rise to A
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Thé 'volume congerving deformations from which the transverse.

elastic cgnstgnts ¢44 and Cll—Clz.can be calculated via
(3.44) and .(3.43) do not involve A, _, on the other hand

o . . . . +
thegcalgulatlon of ¢1l and C12 does involve Abs' It is

evident from this that one of the reasons why the Cauchy

relations ‘according to which Clz—C44 mus@ vanish in a cubic

material which is in equilibrium under the action of central

-

_forces only breaks down in metals is the presence of volume
' ¥

bs The Cauchy relation

can_ also break down if in addition to central forces there |

-+

The Cauchy difference_clz—c44 can also be calculated
q .

-

from dynamics by making use of equg;ions (3.7) which relate

> - .
. the phonon.frequencies as k+o to the elastic constants. 1In

terms of\thése

C

12 44 (3.46) ’”\

R

e

-

3.5.2 Volume Forces andJCauchy Relations

)
. v
Pt 7 B v

-

W: ~ i . i . H
;In‘this section we calculate the Ca}éhy difference

Ciz-é44 ;:é idgntify the'various contributions to it suépras -

B e AREER ¥ .
those from the electron gas and the band structure-energy.
c..“ i K . . . = N - 4 N .
. p. . ‘-‘_' ‘&.‘4
l.‘\
- » - \
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-

This will shoﬁ how well pseudopotential theory carried to
second order accounts for the violation of the Cauchy
relation and it will ;lso give an indication of the -
importance of many-body forces in this respect.

The first volume derivative of the total energy of the

crystal gives the pressure, and from equation (2.33) we

obtain
/ ' _ _d¢ : -
P=-3
1 " 2.2 Ke ar(r) 1 oto20
= = ¥ {G(1) + Zt°G (1) + — - £ R;d (R,) +
Y 3 3 "ok 30 3 2
0T : £ 0o 2
e 2 2
ni{ée-k + ¥ - 0.01(Ry) + w_(g=0)} ~ 257 (3.47)
[o
o £ . 20%n

By using the polarization vectors and phonon wave vectors for
the’ ([gqgo] and [goo] directions in (3.10) and (3.11)‘we can

write (3.46)} in the fbrm

-

Y

b
_ ' 4 z' 2.0 2 ;:' 2 +
R (Cyy = €4y) = 27 G(1) + 32 7% (1) - 5 I Rj$(R))
T T 'A
Z{Ze + ie ~ 0.01L(Ry) + 2w (q=o).} -
3 kf 9 x * c

2%e%n (3.48) »
nS?O ‘



This equation differs from one that is obtained from

derivatiﬁes of the energy by Abs' and since C12 includes

A we can simply add it to (3.48)

bs

-2ntem + 2% my-22'R% )+
T .‘“ )

W)

- C

8,(Cip = Caq)

2 4 ~
z{ge ) + 38y 0.01§Ry) + 2wc(q—o)} -

S Q
T]Q bs o (3.49)

Combining (3.49) with (3.47) for the pressure we get

r

. 2 TaF (1)
(C.. = C,.) = 2P + A, = ==Xk, I
12 ~ Cas Bs 30, °F L 9K,
27,1 1 (2)0.01 )
‘ﬁ”(Ee ke ey “?i:“(RY) . (3.50)

3y

From (3.50) we see that even if the pressure of the crystal’
was zero the Cauchy relation would still not be satisfied din
a cubic metal because of the presencé of the electron gas,

which gives rise to the last two terms, and also because of

* the variation of the screening function with volume from which
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we get the second and third terms.

If we write the electron gas energy per electron as

€g

2,21 _ .916 :

r ]

Then we can show that

U
e - - 1 1 0.031
Z(Z—-g- + Q _d?i) .2.2(_(53 f + Sex) + 390 {Ry) (3.52)

The Cauchy difference now becomes.

- _ 2 '9F (1)
(Cyo = Cyqq) = 2P+ 8y = 35 Fe 2 5 ¥
o] T £
au_ dzue
7222 + o —35) -
( ° an _ (3.53)

The last equation is the same as that found by Finnis working
: : 7

in the real space formulation, or that derived by Brovman

et al. In the next section the contributions of the various

+
terms to the guantity (C12—C4i) are calculated for a number

of simple metals using three model pseudopotentials and the

results are compared with experiment.
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3.4 Volume Forces and Dynamics .

The difference between values of the bulk modulus
calculated by static method and dynamic method comes from
variations of the screening parts of the energy wavenumber
characteristic F(t) for 1#0 with volume. In this section
we generalize lattice dynamics to include this term.

The general formula for the dynamical matrix is

-1k.R2l

=1 _
D,ak) = & icb (L,0)e (3.54)

af

These force constants ¢GB(£,0)_describe the change in the
total energy ¢ resulting from the displacements ua(l) and

uB(o). These displacements change the energy of the crystal

-

by changing the structure factor but. also by changing the *
screening of the ions. We therefore have to take into

account the;e two contributions when calculating the force
constants. We depote the total change in energy resulting

from the displacements ua(l)-of one atom by d@/dua(l), and ,
this is made up of the term 3¢/3u, (2) describing th&” change
in the structure factor, and another term a¢/3ua(2)sc

which describes the change in the screening function. 1In

our modkl of the metal this second factor will only be



non-zero in the band structure energy.
The screening function depends on the Fermi wave vector
'kf so we can write

3 5 . dkg dQ

: _ _ o
F?a(l)sc ﬁkf dﬂo duu(IT

(3.55)
_ e R
dua(l) BRQSQ
- L ]
. dq
BN BN I (3.56)
duu(l) Bua(i) dua(i) aﬂosc | | o
9
LA
2423 = gaz + {2 7% LI
dua( ) uB(?) ?ua( )Bus(p) . .dua(ﬂ) Busgo)aﬂoﬁp
ﬂo dﬂqgi a2 }- . (3.57)
. - (3.
dua(l) duB(o) anosc

—~

From equation (3.56) we can see that by rewriting the partial
derivatives in the force constants as total derivatives, we
can write the dynamical matrix as the sum of two parts of

each involving one of the two terms in (3.57).

A
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SC

~-ik.R

¢(£ o) A
GB (k) = = Z W + DGB (k) (3.58)

sc ' da , 52

where DaB(k) = Z{zdu (%) au (o)dﬂ se +
dﬂo dﬂo 32 -ik.Rg
‘ }¢(2,0)e {3.59)
dua(l) duB(o) aﬂz

In the cross term in equation (3.59) we make use of the fact

that the screening function depends on g to write

i

s & 99 | | (3.60)

3uﬁ(0) aq du8(5§ 3q

The differential operatof\in equation (3.59) can now be

. written in the form

s 0__ { 2 } (3.61)
24 + .61)
aﬁ;Tf? 3, (8) dn 5@39 T3

We use the relations dq/d§20=—2q/390 and Qkf/d90=—kf/39O
to write (3.61) in the form

5

de. - aq_ 4y
o) o) S (3.62)
dua(l) duB(o) 93 .




where the operatorx Ab is given by

s ‘.
- ok 4 kg 32 2 32 '
A = e ¥ = —— —qk (3-63)

This expression is of the same form as that appearing in

.equation (2.49). The total dynamical matrix Gan now be

written as

1 v —ik.Rg
P S— - . +
Dcr.B(k) Mi Se l)@uB(R,O)
dq an A -ik.R
1 o o bs )
M . dua(l) duB(o) no

where the force constants ¢GB(£,O)=32¢/auu(£)au8(o) are

evaluated at the equilibri&g'points. The translational
invariance condition has been used in the first part of

DaB(k)'

The factors dno/dua(l) describe changes in the volume

per atom when the zth atom is displaced in the a-djrection.
These changes are local and we note also that they X

affect only the longitudinal vibrations of the lattice.

The displacements ua(n) have been written by Heine and

Weai:;e8 in the form



- 83 -

uu(z) = u_ cos wt cos k.R{R) (3.65)

Since only longitudinal phonons are going to give a volume

change we retain the a-cqggpnent only in k.R
N ) '
ua(l) = u cos wt cos kaRu(E) (3.66)

To find dﬂo/dua(ﬂ) we determine the chang in the ionic
positions induced by a lattice vibratign frozen at t=o.
With ua(i) given by (3.66) the displacements are all equal.

and maximum as k+zero and this corresponds to a uniform
translation of the crystal. If we choose the phases in such

a way that as k+o, the displacements are zero then

— o . ‘.
ua(l) = 1 sin kaRa(E)
ikaRa (2)
=u Ime
£+
L-1 L
>
b
Fig. 2

We now consider a simple cubic lattice of a side a,- Then

Qo=ag=Aao. The change in the atomic volume around atom 2

is given by



o' ik R (2 +1) ik R (2 - 1)
dg =Im 2 (e ¢ ¢ - o0
.o 2 . .
o ik R (&) ik R (1) -k R (1)
Au a o aa aa
=ImTe {e - e L (3.67)
dﬂo
HEZTIT = A sin k R (1) : ) (3.68)

Substituting for on/dua(l) and dﬂo/duB(o) from® (3.68) and

sC
using Q =Aa_we can write the dynamical matrix D_,(k) in
o o aB

the form
sc _ 1 . . ~ik.R({2)
DaB(k) = ;;f i sin kaao sin kBaoe Abs¢(£,o) {(3.69)
, o

The only coptribution to Dig(k) comes from the band structure

energy

1
: ¢bs = N é S(q)s(-q)F(q{ (3.70)

' ig.R{%)

8 (2,0) = % e F(q) | | (3.71)

Z
- g
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~ i(g-k)R(L)

sc _ v, .
DaB(k) —-MNa i I sin kaao sin kBaoAbse F(q)
o ta .
(3.72)
. l 2 1 . . ~ F
= ;;7 E sin-k a  sin kBao%bs (|t + k|)
o

ik.R(2)

where the relation Ie =NA(k-%) has been used to arrive

2
at the last equation.

3.5 Longwave Limit of Dﬂ%(k)

In deriving this additional dynamical matrix we have
been strongly guided by the fact that in the long wave limit

we must get the contribution Abs to the dbulk modulus. For

phonons of long wavelengths as k+o, sin kaao-*kaaO also

F(|t + k]) = F(|t]) + E-F—-(--Tz‘.-l-(z'r.k + kok) + ...
9T

a

The dynamical matrix calculated to second order in k becomes

sc .y _ 1 ! 27 o
Dig (k) = EQE  kyHgaghyst (7) (3.73)

This makes no contribution to the transverse frequencies.

The contribution to w? is given by

Llaqaq]
~
<
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2 1

“L lagql” M 2 2o Safa e alns RS
2 .
_ 'k |
=1 s T AL
B = (u - 4, )8
Ligag] I T[q00] 'y 2
=iz A F(r). ' ' (3.75) -
. 'n'?f bs K '
- Abs

The new term ng(k) which we add to the usual form of

the dynamical matrix is thus seen to have the correct
behaviour at long wavelengths. Its effect on phonon
frequencies at finite wave vectors is investigated in the.

next section for three local pseudopotential models.

3.6.1 Numerical Calculations

The dynamical matrix ng(k) introduced in the last
section has been used to study the effects of volume forces
on longitudinal phonon frequencies along s etry directions
in simple'metals. Calculations of elastic 6nstants have

also been made on the polyvalent metals Al ?Qd Pb. Because
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the total dyhamicai matrix used gives resﬁlts for the
elastic constants which are exactly the same as those

found by differentiqting the total energy,. these gquantities
need only_bé calculated by one method, and the method of
long waves was used. The model pseudopotentials used for
the siﬁple meta}s are the modified point-ion model of

. 9 ‘ - 10 1.1
Harrison and the local models of Ho and Taylor.

o

3.6.2 Point-Ion Model

This model consists of a Coulomb interaction with a

function of the form of a 1ls electron density for the core

region. The bare ion form factor is given by

' 2 v
0 q (1 + R a)

For g=0 the ion core part is given by

Vo
wc(q=o) = ﬁ;

where the constants V_ and Rm are treated as adjustable

parameters. En.hisocalculétions for the alkali metals Na
and K using this model Wallace included a Born-Mayer
repulsion between ions in the group? state energy ¢, and

the three parameters Vo' Rm and ap were adjusted so that
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- L)

Lo

theory and experiment agreed for the crysfal binding
energy and its first two volume derivatives at zero

temperature and pressure. The parameter o, comes from

B .-

\f_\ ] —YRE . .

the Born-Mayer energy I age .and y was chosen to be the -
L Y '

same for all metals. For a pr1m1t1‘# lattlce S(q)*A(q—T)

so that the band structure energy is glven by

i} ' '
"9 = I F(T)
bs <

The model is used in tonjunction with RPA screening and

" 12
the Hubbard-Sham modification to take into account exchange

and correlation in the electron gas. In accordance with

the notation used in section 2.3 we write F(q) in the form

2 2
ra) = - b "B @) - 1)
81re2 1+ (e(q) - 1) (1 - Y}q))

P

where e£{g) is the static dielectric function, v (q)=

q2¢(q)=q2/(q2+gk§)2, and £ is fixed by requiring agreement

between the homogeneous deformation and the long.waveé,
calculation of the bulk modulus; This has been showﬁafo be
equivalent to the Geldart-Vosko result which is obtained by
u51ng ‘the compre531b111ty theorem.

-Tpe parameters used in the calculations of the alkali
metals Li,; Na and R are givén in Table i, aiso included in

! : ) ¥
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this table ‘are the constants for Al; these are quoted by

13 : A . -
Wallace.  In the case of Al the parameters were adjusted

“

to give good graphical fit to the measured phonon

frequencies along symmetry directions. Table 2 gives the

elastic- constants and energy calculated with the point—ion'
model for the metals listed. The values in brackets were

calcul%ted by the method of’long waves with Dig(k) excluded,

and the theoretical values of the bulk modulus B were
calculated by nuﬁerical differentiation ?f the ground'state
energy - These agreed with those calculated by the method of
long waves using the total dynamical matrix to within 0.3% in
Li and K, and to within 3% in Na. The othef theoretical

values of the elastic constants were calculated by the method.

_of long waves with the total dynamical matrix. The

-~

experimental valqes of the elastic constants are from 4.2K
measurement of Marquardtlzt al in the case of K, in Na they
are from 78K data of Diederich and Trivisonﬁé? in Li they
are from Nashlét al measurements at 78K and in 21 from

the measurements of Kamm and Alers}7 |

The values of the elastic constants calculated indicate

that on the basis of this simple model the exclusion of by

can lead to large errors in the bulk modulus calculated
from dynamics. ~The model can however, only give a good

qualitative description of the dispersion curves. 1In the

<
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case of Al Abs is about -170% of the experimental value

for the bulk modulus, it is a smailer percentage in the

——

alkali metals. The vglue of Abs

found for Al is much

bigger than that predicted by Finnis and of a-different
sign. However, even in this case we still find that the
bulk modulus calculated by the method of long waves and
that calculated by differentiation of the energy are the

- same, whereas with ng(k) excluded they are different.

Beéause Abs is so large in Al, calculation of the dispersion

L

curves with Dig(k) included renders some of the frequencies

imaginary and this is regarded as indicétion éf the weakness
of the_model. It waﬁ/ﬁgnnd that in order to satisfy the
symmetry requirements at the zone ﬁoundaries 100 shells haq
to be summed over in Q-space in the case of Al whereas only
20 shells were required to achieve the same accuracy in the
alkali metals.

In Fig. 3 the dispersion curves for Li calculated with
the full dyhamical matrix are shown together with the 98K
ﬁeasurements of Smith et all.8 The effects of the volume

forces on the frequencies are shown in Table 3 where the

frequencies calculated with and without ng(k) in the

dynamical matrix are compared. In Table 4 the contributions

of the various terms in eduation (3.53) to the quantity



>C12-C44 are presented and Fompared with the experiﬁanfal

values fékén from.Tablé 2. In all qstals except Al 30 shells.
in Q-space were suﬁmed over and the ldngitﬁainal”and
transverse frequencies at the zone boundary along the[loq

and [111) directions Qere the same to within less than

0.001%.

mable 1 Values of the constants used in the point-ion

.

model. ag is the Bohr radius.

-

Material Vo(Ryag) Rm(ab) aB(Ry) ‘ Qoiag)

Li. 23 .33 0 142.5

Na 37 .50 10.5 255.5
K 66 - .69 124 485.3

Al 47.5 . .24 0 110.6 .
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Table 2. Values of n=m=w4~*mm calculated with

1
Expt

1.48

.85

.416

11.425

- bulk modulus B-and elastic constants

C

Theary
d.dqw.
ﬁd.mmmv
.696

‘ﬂ.uamv

.350
(.381)

(4.271)

12
Expt

1.248

.704

341

6.798

R »
Caa
Theory  Expt
71.106 © 1.08
.539  .588
.263  .286
3.472 3.166

Theory
1.248
(1.626)
.728
(.773)
. 366
(.406)
-8.088
(5.476)

the point-ion model. The

are in 10

B

o

Expt
1.325

.741

. 367

1 a«:mm\ngm .

Aug %
-.382 -30.6%
-.046  -6.4%
-.031  -8.4%
-13.537 -167%

a(Ry)
Theory Expt
-.555 -.512
-.475 -.46
-.394 -.388
-1.578 -1.38
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Table 3. Phonon freguencies . v in units of
1013'c/s for Li calculated with the
point-ion ‘model. v®C is calculated

with Dig(k) included

Y

| ' [qoo] ﬂ [qaal = [aqe]
g(2r/a) Y vS€¢ \ vS€ v vSE -
1.0 .843  .843+  .B45 .B845 - -
.7 .805  .803  .384 .341 - -
.5 .690 .690 710  .710 .981 .981
.3 465  .457  .843 .831 .777 .768
.1 .163 .147 -. 365 .347 .287 .271
Table 4. Values g} terms con£ributing.t3 (0}2 - 044) in

Li

Na

equation (3.53) calculated with the point-ion

model. All guantities in 101l dynes/cm2

aF(-})

?P bug —2233 . Elec gas Total (C12 -
. T oscC
-.0896 -.382 .2695 .272 .0699
.0014 ~.046 .0292 175 .159

.0096 ~-.031 .0139 .095 - .088

C44)exp

.168.
.116

.055
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3.6.3 The Ho Local Model

The model used by Ho is essentially a local form of
the Heine-Abarenkov model.. It consists of a‘bou}omb
interaction outside the core region and a square well -of

radius R and depth V inside the ion core. The form
factor ‘for the bare ion is given’by

2 RV R V_ sin R q
m o m

4n2e m o :
w,, (a) - — (1 - Jcos R _q +
B 2 m
The core part is given by
2
2Ry
_ _ 2. 2

o

r

‘The parameters Vo and Rm are adjusted to the experimental

elastic constants using the method of long waves without

ng(k). The model is also used with the Geldar+t Vosko 4

screening function y(q)=q2/«q2+gk§)2 which takes into account

exchange and correlation in the electron gas. Calculations
were done for the alkali metals and the Qalues of the
constants used are given in Table 5.

In Table 6 the values of the'quantities calculated
with this model and their experimental values ére givén.

As did the point~ion model this model also shows that Abs

is not negligible being of the order 20% in some cases.
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For the degcription.of the dispersion‘curves'Fig. 5 and 6
show that the Ho model is not very differént from the
point-ion médgl-(see'Fig. 3 and 4) in that it too fails to
show the dip near (2r/a)g=.7 on the longitudinal branches '
along the [lOO]directioﬁ. ‘In Table/ 7 the values of the

" various quantities contributing Cy,7Cyy in (3.53) are'

given and compared with the experimental values in the ..

last column.

Table 5. Parameters used in the Ho model for

+ the alkali metals. ay, is Bohr radius

. ' 3
Material VO(eV) Rm(A) no(ab)
Li 9.38 0.89 142
Na 7.75 1.27  255.5

K '5.17 1.60 , 485.3




Theory

Table 6. Quantities calculated with the Ho model. The bulk modulus B and

1.472

(1.567)

- ,816.

(.912)

.395
{.482)

elastic constants are in units of aodd a«:mmxnam
Expt  Theory " Expt  Theoly Expt  Theory . Expt Theory  Expt
1.48 1.283 1.248 1.053 1.08 1.349 1.325 -.095 -7% | -.585 -.H12
- (1.379) (1.442) ‘ .
.85 .693 .704 .558 .558 .736 741 -.096 -13% -.466 -.46
(.789) (.830)
A6 .324 .341 .276  .286 .mam .367 -.087 ~24.9% -.390 -.388
(.411) (.435)
Table 7. Values of terms contributing to ﬁndm - naav in equation {3.53) /
calculated with the Ho model. A1l quantities in 10'] az:mm\nam
'3F (1) .
2p A -2% — Elec gas Total (c -C,,)
. bs T E. 12 44’ exp
.0086 -.0951 .0483 272 .234 .168
.0229 -.096 .035¢2 175 .137 116
0073 -.08741 04823 095 049 55
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3.6.4 The Taylor Local Model

This'model is similar to a local forﬁ of the
Heine-Abarenkov type of pseudopotential in that it uses a
squaré well to describe the ion core region and a Coulomb
interaction outside the core. The model is used with the
Taylor_séreening function described in sect}on 2.2.1 This
is similar to ééA screening with Hubbard-Sham modification
for exchange and correlation. The difference is that the
funcfion ¢(q)=i-f(q)/q2 which accounts for exchange and
&orrelétion is a constant independent of q:land its value
is chosen to satisfy the compressibility theorém. From

equation (2.26) ¢(q)=(1+.153x)/4k§ , where A—l=(1rabkf).

The bare ion form factor for the model is given by

: - 2", "V _R V R. sin R q
g (@) = - 41r22:e (1 - ozm)cos R g + 02m . qm
qQ, T Ze Ze S m

For the core region we have

2TR, 2 2

o 2 '
wc(q—o)— Qo (Ze 3VoRm) ‘

where VO is the depth of the square well and R the radius.

The oniy experimental -input required for doing calculations

with the model is the lattice spacing since v, and 'R are

Pl



not fitted to any experimental data, instead they are \ -
adjusted so that the charge density'calculAted using the
pseudopotential and linear response theory gave a
. . v

.best fit to the non-linear calculations of Dagens

22 :
et al.

The values of the constants of the Taylor model are
given in Table 8 while the elastic constants. and energy

calculated are shown in'Table 11. The effects of the

additional ‘dynamical matrix Dig(k) on the phonon frequencies

- of Na are shown in Table 10 where the frequencies calculated

with and without ng(k) are compared. The dispersion curves

for Na and K are shown'in Figs. 7 and B respectively and in

Table 9 the contributions to the Cauchy relation Clz—C44

-

are given. Fig. 9 éhows éhe [gooJL branch for Na.

Since the only experimental input'required in this
model is the lattice constant, calculations done with the‘
_ Taylor model are a_se#erér £est of theory thaﬁ those done
withhthe point-ion or the Ho models. The results of the
dispersion curves show. that the Taylor model gives more
detailed information in that the dip in the longitudinal
branch along the [100] direction is ;ow obtained whereas

the other models did not show it. The frequencies for Na

calculated with ng(k) included are much lower around
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q(2x/a)=.7 aleng the 1111 direction than those calculated

without the additional.dynamicai matrix, or the experimental -Q\g

ones. The value of Abs-found using this modei is again

negative and this agrees with the calculations done using

the qjher two models. In Al Abs is neither large nor

positive as predicted by Finnis, and in general it depends on

the model pseudopotential used as well as on the volume per

-

" atom of the material studied.

Table 8. values of the parameters used in the

Téylor model. ay is the, Bohr radius

.Materlal VO(RY) Rm(ab)
and
Na .32 1.94
)
K .42 2.94
Al 2.22 1.4

Table 9. Values of quantities contributing to (C12 - C,..)

-d

44

(C12 = Caddexp

.116

.055

in (3.53). All guantities in ynits of
lOll dynes/cm2 ‘
) 2P A, » —ZEEE(T) Elec gas Total
: bs 1Y)
1  oscC

Na -.206 -.2675  .1372 .175  -.162
K -.075 -.0871 .0395 *.095 &-.027
Al 1.1134 -.8488 2.1404 -.251 2.154

3.032
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Table 10. Phonon frequencies v in 10l3 c/s for Na

calculated with the Taylor model. »°° f

w

is calculated with'DuB(k) included

[goo] [gaql [qqo]
q(Zn/a) . N vgc v Usc v usc
1.0 .361 .36l .362 .362 - -

.7 .321  .320 .172 .138 - -

.5  .268 .268 .286 .268 .378  .378

.3 .185 .178  .337  .330 .310  .303
.1 .067 .056 -.153  .141 .120 .llo
-
s:A c
\ I
N

A,
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Na

Al

c

Theory

.546
(.814)

.304
(.391)

10.536
(11.385)

Table 11.

1 - Gy ¢
Expt Theory Expt  Theory
.85 420 .704 .587
. {.688}

416 .240 .341 .269
(.327)

11.425 6.204 6.198 4.131
(7.053)

g

e

44

Expt
.588

-.286

3,166

B
Theory
474
(.730)

.263
(.349)

" 7.765
(8.497)

Expt
g4

. 367

7.94

ol

pcm

-.268

-.087

-.849

Elastic constants and binding energy calculated with the Taylor model.
The bulk modulus B and elastic constants in 1

awsmm\nam
% - o(Ry)

Theory  Expt
56.5% -.48 -.46
33.1% -.40 -.388
10.9% -1.41 -1.38

1

A/,

_J
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3.6.5 Localized.Heine—Abarénkov Model

In view of the fact that the value of & found with all

bs

. the three local pseudopotential models described above was

pegative whereas Finnis specifically predicts that in the

'polyvalent materials such as Al and Pb Ay e should be positive

A

and about 50% of the bulk medulus, further calculations for

r 1

the metals Al and Pb as well as K were done, and for these

) 23 ' '
the Heine-Abarenkov model pseudopotential-was adopted. In this

model the bare ion potentiai is représented by-
i

WB(r<Rm) = AQ(E)PQ
2
Ry = - 28
wB(r>Rm) = =

where AQ(E) is a parameter which varies slowly with E the

L
energy of the incident conduction electron, P, is a projection
operator which selects from the incident wavefunction a

component with angular momentum %. The constants AE(E) are

fitted to spectroscopically observed energy levels of a free
ion. To simplify the calculations we édopted a local form of
this model in which only the 2=0 component was used, the;
assumption made béing that only the magnitude of Ahs and not
its sign would be affected by this approximation, This was

confirmed by making calculations on K. With this approximation

_+he bare ion form factor becomes the same as those of Ho and

I3

Taylor models, and the .screening function used was

that of Geldart and Vosko which was employed in the point-ion



model éga'fhe Ho model.

Tables 12 and 13 give the parameters used with this

_103_

S

model and the values of the quantities calculated. Fig. 10

shows the dispersion curves ‘for Pb and these are, compared

24 -
with the experimental data of Brockhouse et al. Table 13

shows that the values of A _ fpuhd‘in K and Al are still

£
negative in agreement with previous results, in Pb however,

it is positive.

The calculated frequencies in Fig.l0 are

higher than the observed ones, it is expected however, that

the inclusion of the %0 components in the bare ion potential

would lead to improvements between experimental and theoretical

Table 12.

Al

Pb

" values of the frequencies.

values of the constants used in the

localized HA model

Q

v, (Ry) R (a) a(A)
.48 4.2 5.239
2.76 2.0 4.0321

3.84 2.1 4.94
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Al

Pb

Table 13.
O

Theory Expt Theory

. 866 416 . .40
(.495) (.429)
22.99 11.425  17.84
(23.21) | (18.06)
3.417 ' 5.55  2.631
(1.741) . (.955)

model.

ak:mm\nam

Expt
.341

.6.198

4.54

The bulk moduius B and elastic constants are in 10

npp . B
Theory Expt q:moxz Expt
.252 .286 424 .367
{(.451}
9.28 3.166 19.55 7.94
(19.78)
1.268 1.94 2.884 4.877
(1.214)

1

B %
-.029 -6.7%
-.2284 1%
A“mnm 58%

Vaiues of quantities calculated with the Jocalized Heine-Abarenkov

#(Ry)
Theory Expt
.38 -.388
-1.30 -1.38
-1.73  -1.81
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CHAPTER 4
- *

ANHARMONIC PROPERTIES OF Li

4

.1 Introduction

This chapter dea%§_wiFh'tpe calculation of anharmonic
phonon energies and lifetimes in Li over the tempefature-
range 110 'to 424K which is .94 of the melting point. To
describe Li we used the hon—local ion~ion interaction
potential described by Dagens, Rasolt and Taylor (DRT) .
ThiS‘poténtial is strong and it exhibits asymptotic Friedel
oscillatiéns éf.large.amplitude over a ldng range. As a
result speé;;l techniques are required to handle it. The
phonon energies and iifetimes were calculated using the
self-consistent phonon theory, and the results are compared
with the neufron scattering measurementszof Beg and Niels;n.

4.2 Interionic Potential

Inlthe DRT method of constructing interégnic potentials,
use is made of the-fact that the charge densify playé an
im@ortant role in the calculation of pfoperties. For
example, if the charge dehsi;y as a function of-pbsition.is
known, then the cohesive energy may be calculateéi Tﬁe

o
procedure is firstly to calculate the charge density induced

-
>
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by an isolated ion placed in an electron gas. This is

R . 2 -
carried out by solving the Hohenberg-Kohn-Sham self-

consistent eéuations. Next the full ionic potential'is
represented by an'energy independent non~local pseudopotential
of thediype inﬁroduced by Heine. and Abarenkov? and_then._
linear ‘response theory is used to calculate the charge

density induced in the electron gas by an isolated ion
represeﬁ&ed by this pseudépotential and placed in the gas. t

The parameters of. the pseudopotentlal are adjusted to make

this second calculation agree with the flrst for r values

o&“ﬁ}de the ionic core.  These authors point out that in this

way the procedure is equivalent to summing the corresponding

‘pseudopotential perturbdtion approach to all orders neglecting

. core effeets, and as such takes into account multiple-

scattering events at a single ion site. The interiqnic
potentiai is useé in conjunction with the Geldaz;t--Taylorl+
dielectric function which igcludes both exchange and
correlatiee in the electron gas. '

h A characterisfic of this interionic potential is that

it has Friedel oscillatjons. "Its asymptotic form is well

described by

2{| cos(2kfr) , Sln(2k r) )
v_(r) = 2k (ze) “{A_ + A S (4.1)
as (2K, )3 Yk, r)EI T

b
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%here the amplitud? of the oséillation; is large. Equation
(4.1) gives the first two terms‘of an infinite series,
however its truncation at this point still gives a good ///
description of Li in the r;nge of interest and this was

done in this work. The functional form of the potential

gives rise to problems of convergence when sums over

neighbours are performed, and this comes about because the

number of neighbours summed over is proportional to

r2 and hence truncation of the sums at any finite distance

can lead to large errors. In Fig. 11 we have plptted

;ZVII(r) where VII(r) is the ion-ion potential, and there it

can be clearly seen that the long range oscillations of the
Li poténtial are indeed large, particularly when compared

with those of the K intérionic potential derived according

to the DRT prescription., _,)/// 4

From the functional form of Vas(r), we see that the

[ :
oblem of summing (4.1) -over all neighbours is equivalent

to that of summing functions of the form elk'r/rm

,. and these

can be handled with the Ewald-Fuchs construction. Following
¢

) . . . . . .
Duesbery and Taylor we write the interionic potential in the

form

*vII(r) = v _ (x) +V, (r) (4.‘2)_
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where V_ (r) is that part of V ;(r) that is left over when
i,VaS(r) is subtracted. The asymptotic part of the potential
is evaluated by employing the identity

2
= ......._2.......—-. fooum_le-(ux)
I(m/2) o

1
-ﬁ_ du
X

(4.3)

2 2
—2 {faum—le-(ux) du + fmum-le—(ux) du}
r{m/2) o o

where T {(m/2) is the gamma function. From equations (4.1)

and (4.3) we have

2A 2.2

N 3 w 2 —-u"x
Vas(r) = 7372 cos xi u‘e ldu +
25 2 2
4 . w 3 =-u'x a
< T sin xf u e du + QVas(r) {4.4)

a

where x = 2k_.r

£
23 2.2
o _ 3 a 2 —-u"x
and ovas(r) = T{3/2y ©°S xi u'e du +
. - _ '/
2n 2 2

TT?% sin_xfau3e-u % du . (4.5)
: o
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we evaluate zvas(r) in q—spacé‘aﬁd hence write
o~ uQ " R | .
vV (r) = v (x) + v (x) _ | (4.6)

(

The short range part of the potential is given by

; ; _ , cos X _ ., sin x
Vo (x) = VII(r) Aj—zg-— BT (4.7)

The total interionic potential can now be written in terms

of Vas(r) and Vsr(r) in the fqrm

Veglr) = {Vsr(r) + vas(r)} + vV (xr)

S .
(4.8)
= veff(r) + Vas(r)
where
Veff(;) = VII(r) + Ajcos x[TT§$§T J3(x) - ;%ﬂ+
[ ’ \ Fl .
a,sin XEF{%T J4(x) - :& ] (4.9}
© m-1 -u2x2
and Jm(x) = [ u e du - (4.10)

a »
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‘This representation of the potential raises the

possibility of replacing VII(r) by Veff(r) ignoring

Va%(r) and working entirely in the ’E‘t—space formulation,

To do this a suitable valug of & would have to be chosen

such that Véff(r) remains convergent in real space while at
the same time leaving V;i(r) negligible. No such value

was found and as a result calculations had to be done in

both the real space formulation with Veff(r) and the
reciprocal space formulation with V;i(r). The phonon

frequencies were calculated from the dynamical matrix

_ R Q,
Dg (k) = Dyg (k) + Dy (k) (4.11)

-

=i The constants A3 and A4 were determined by joining

'VII(r) and V__(r) smoothly and at a point where their

second derivatives were closest, that is at r such that

L}

Vi1 (’f) = V,e(0)

dVII(r) _ dVas(r)

dr dar
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dZVII(r) dzvas(r)_ .
and > - - is smallest,

ar ar>

. . . o -
Starting with the expression for oVas(r) ge calculate

DaB(r) as follows

o - 2A3 a 2 4u2x2 !
Let 0Vas(r) = cos x/ u'e du +
T(3/2) o
22 2 2 .
TT%T sin xfauBe U X a4

o

= Uylx) + U, (x)

£

We can then write

F(q) = falre T T{u (x) + U, (x)})

= F3(q) + F4(q)

The integrak;FB(q) and F4(q) reduce to exponential and

pawson's integrals and are evaluated in the appendix.

(4.12)

(4.13)

With

F(g) now determined, the dynamical matrix from the long range

part of the potential contained in 3Vas(r) is evaluated from
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D (k)-—l—‘glzzhﬂo (t + k) F(]T + k|) -
TaB T T MA o ag T( ] gt T |
-raTBF(lﬂ)} ) (4.14)

By writing DaB(k) as the sum of two parts as described above

the dynamical matrix can be evaluated exactly in spite of

23

the long range nature of VII(r)J

PR

4,3 Dynamics

A. The Quasiharmonic Approximation

The phonon frequencies were calculated using the
quasiharmonic approximation, the self-COnsistgnt harmonic
approximation as well as the self-consistent harmonic
approximation with the cubic anharmonic term included as

a perturbation. The outlines of these various approximation
were gi%en in chapter 2. In the quasiharmonic approximation,
k. .+

QH, the frequency of a phonon having wave vector k and branch

g

A 1is given by

g

2 _
wl{gA)”™ = iBE(qMDaB(k)EB(qM {4.15)
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where € (gA) is the phonon polarization vector. The

derivatives of the effective potential Veff(r) which is

: . R o) . . Q.
contained in DaB(k) gnd qf Vas(r) contained in DaB(k) are

evaluaged at the equilibrium lattice spacing, and bebause
the la

tice spacing changes with temperature, the QH

frequehcies are dependent on temperaturé. That part of the

potential which is contained in'D;%(k) particularly

affects the low frequency T1 branch along the [L11Q direction.

Calculation of the frequencies with o chosen to be zero

showed that this branch is still unstable when Dé%(k) is

summed to 19 shells (Vii(r)=0); For a choice qf o=,17

Di%(k) coriverges after about 20 shells and the energy of the

QH phohon at the zone boundary ignoring Vii(r) is 0.54 mey,

the complete value which includes the contribution of °
V;i(r) is 0.43 meV. Calculations were made with a=0.23

and tﬁis made D:E(k) to converge after 15 shells, and a
sum over T of three reciprocal lattice points was sufficient

. Q
to obtain DaB(k)'

B. The Self-Consistent Harmonic Approximation

It was pointed out in chapter 2 that the SCH

approximation is of lowest order in the self-consistent
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phonon theory, In this approximation the frequencies are
still given by (4.15), now however, the derivatives of the

potential,VII(r) are averaged over the vibrational amplitude

of the ions. That part of the dynamical matrix that is
evaluated in real space can be evaluated straightforwardly

in the SCH approximation, but D;%(k) cénnot be evaluated

-~

. - Lt .
in the same way since the averaging introduces correlation

between atomic motions and the reduction of DEB(k) to the

reciprocal space expression requires no correlation between

atoms. L.

. . Q
Since Veff(r) continues to 15 shells and Vas(r)

accounts for the remainder, we made the approximation

that the averaging of V;i(r) would have a negligible

effect on the phonon freguencies.Hence initial calculations
using the self-consistent harmonic approximation were done
without any averaging- for atoms separated more than 15 shells.

The QH values of Dé%(k) were used. This approximation was
found to work well for all the branches except the Tl[llo]

branch where tﬁgﬁ;;;aﬁencies showed unrealistic variations

' with wave vector. To improve this branch, the averaging of

- it
Q

- the outer shells in DaB(k)‘%as approximated by using an

~—

uncorrelated Einstein model like Gaussian averaging of the

~
same width as that in Dé%(k). This improved the frequencies in

N
~ .

T~
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Tl[llo]but did not completely remove their unrealistic

variation with wave véctor. Fig. 12 shows dispersion curves
for this branch calculated with no averaging of the outer
shells SCH-N, and also with an independent Einstgin model
averaging using a Gaussian distribution SCH-G. The curve
calculated using the quasiharmonic approximation is also

: . . B 6
shown as well as the experimental points of Beg and Nielsen

at 293K. *

C. The SCH + Cubic Approximation

In the SCH approximation all even anharmonic terms such

as V4, V6' ... that appear in a first order perturbation of

. L .
the anharmonic shift to the phonon frequencies are includedz

The leading connection to the SCH approximation in pe;turbation
theory is the cubic anharmonic term. In the SCHiC
approximation we add this term as a perturbation to the SCH
frequencies. The inclusion of cubic anharmonic terms leads

o interactions between the phonons which produce finite

phonon lifetimes. The frequency of the phonon is now
identified with the position of a resonance in the réspénse
function A(qx,m) of the crystal to an external probe when it is

assumed that the probe creates or destroys- a single phonon
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R ,
Algr,w) = 5 — 8w (qA)P(ql,%) | ,
{~ 0% + 0(qr) + 20{gh)A(ar,w)“} + {20(gM)T(gh,w)}

| . - (4.16)
where A(gh,w) is the shift in the SCH frequency resulting

from the addition of the cubic term. T(gd,w) is the inverse
8

lifetime of the phonons.
In order to simplify the calculéations wé made the follbwing
approximation, the‘starting frequencies in the calcﬁlation of
the frequency.shifts introduced by the addition of the cubic
anharmonic term were those calcﬁiated from Veff(r)_and

Dis(k) only. Tests of the dependence of A and T on w(g}i)

showed that this approximation of leaving out Dgs(k) could

lead to 10% error in A and T or =2% in the final SCH+C

v

frequencies.
.

In ﬁhe calculation of the response function A(gi,w)

we made the approximation of summing the cubic anharmonic

coefficient
3 —_—
| 37y Uzgeel)
< >
] [} ] -
ara(z)ars(n )8:6(2 ) '

to five shells onlﬁ. To test the validity of this approximation
we comparéd phonon frequencies obtained when only 3 shells

and when 5 shells were summed over in the cubic coefficient.

The comparison showed that the frequencies were the same to

within 2% for all g30.1l(2w/a).
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B g ke

The response function A(g,w) appears in the calculation

-

of the dynamic structure -factor S(Q,w) which is p;oportional‘
.to the cross-section for coherent inelastic scattering of
neutrons. This S(Q,w) is usually expanded in powers of .
gcattering from single phonons, pairs of phonons and

multiple phonons. That i%s

L}

|
\

Fo
S(Q,w) (Q,w) '+ Slz(Q,w)g _‘

I

Sl(Q,m) + 52

S (4.17)
= s, + 5,0 : |

\'\_'._.4/ ) U/-—-\

whe;:ﬁzi}}Q,w)represenfs the interference contribution

-

bet one and two phonon cases. Our calculations of

o’

SP(Q,m) + SZ(Q,w) revealed that the dominant contribution

came from the one phonon part

’ &
s,(0,w) = nlw + 1 |F@a0)|“a@,Hae -gq) (4.18)

!
where F{Q,g)) is the structure factor and n{w) the Bose

., 9
function. i
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4.4 Results

A. Low Temperéture Phonon

The phonon dispersion curves for Li at 110K calculated
with the cubic term added (SCH + C) and using the DRT ion-
ion interaction potential are shown in Fig. 13, and
compared with the experimental data of Beg ané Nielsen. The
comparison shows that there is good overall agreement but

there are also some discrepancies particularly around

q*= (1,1,0)=(2r/a)q, and at large wave vectors along the
L[ggo] bkranch. In a prewvious calcﬁlation of the dispersion
chrves in Li using the DRT potential and the QH approximation,
Dagenéoef al found siﬁilar but somewhat largerxr discfépancies.
It follows from this that the downward shifts in frequency
introduced by the addition of the cubic-ahharmonic term is

not large enough to make agreement with experiment better. It
is possiple that the discrépancy at this low temperature ﬁay
be a reflection of the ion-ion potential cused father'than

the theory, however, we refurn to this point in chapter 5.

In Fig. 14 which shows the longitudinal and transverse T2

branches we can see that the addition of the cubic term does
not greatly alter the frequencies calculated in the SCH

approximation.
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B. Temperature Shift

In Fig. 15 the dispersion curves calculated at 293K
are shown and in this case we notice that the discrepancy

along the ﬂtqqo] branch is greater, also the Tz[qqo] branch

now clearly lies above the éxperimental points., One of the
reasons for this greater discrepancy could be that the theory
does not predict a large enough downward shift in frequenc§
with temperature, and from Fig. 14 we see that the downward
shifts in frequencies from 293 to 424K is not large. It is
also possible that since the potential used simulates the |
non linear electron screening only between pairs of ions,
_the discrepancy could be g refléction of the role of three-
and four- body interactions in Li which are not represented
in the present potential, or it céuld bg‘that the pair
potential is not sufficiently accurate. In chaptér 5 we
assess which of these three factors is the likeliest cause

. of the discrepancy. P

With regard to the Tz[qqo] branch, we noté that in Na

and K it has been found that the shift in the energy of the
phononé along the branch in going from QH to SCH
approximations i% aggative, the shifts obtained when the cubic

term is added to SCH is also negative in these materials.
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In the case of Li we have found 51m11ar results except that
here the correSPOndlng energy shlfts ‘are small;r.n Table 14
.shows the phonon energles obtained in dlfferent approxlmatlons
for selected wave vectors. Generally the shlfts in Li,
(i.e.‘cubic shift and total shift) are a smaller percentage

of the energy than in Na and K. For examéle there is a 5.5%
'shift in energy from 110 to 424K (.94 of the melting point)

in Li at q*= («5,.5,0) for the longitgdinal phonons, the
calculated shift is 3.9%. 1In K.thié phonon has an energy
shift of 8% between 90K and 311K (.93 of the melting point),

whereas the calculated shift is 9%. The corresponding

calculated shifts for the T2 phonon at qf= («5,.5,0)

between the same sets of tempefatures are 3.4% in Li and
{ :
8.8% in K. ‘While the observed shifts are 10.2% in Li and

9% in K. In Fig. 16 the observed and calculated energy shifts

from 110K are shown.

C. Phonon Groups

e

We made calculations of the dynamic structure factor |
$(Q,s) which included the one phonon §cattering, the two
phonon scattering, and the interference contribution.between
these two. The 8(0Q,y) was also convoluted with a Gaussian
function of full width at half maximum equal to the

instrument resolution shown by the horizontal bars with the
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observgd phonon gfoups, in this way comparison with
experiment becomes more- direct.

The S{Q,w) calculated with the SCH+C theory for the
longiﬁudinal polarization at q*=(§—g,2-g,2-g) with
£=0.677 and at the temperatures 110, 293, 385 and 424K are
’ shown in Fig. 17, these are to be compared with the
corresponding observed phonon groups shown in Fig. 18. The
comparison shows that the‘shapes of the ca%culated phondn
. groups are similar to the observed ones, bﬁt that overall
their widths are too low. For example, we found 2.5 meV
at 424K as_against 4meV for the observed phonon group.

In general the calculated phonon lifetimes are often

7 .
three or four times as large as the observed ones. Some of

this discrepancy can be attributed to the SCH+C theory rather
than the interaction potential used because a comparison of
the lifetimes calculated using SCH+C theory with those
calculated usiﬁg molecular dynamical theory in boﬁh cases
using the same ion-ion interaction has 5eeﬁ made in K, and
it showed that a factor of two discrepancy arises from the use
of SCH+C theory.l1

The phonon groups shown in Fig. 17 do not have the
large intensity on tﬁe low energy siée of the observed
groups. Such large intensities on the low frequency side of
‘some phonon groups have been observed in K and these could

12
be reproduced by including the interference terms. We
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'ihvestigéted this intensity by calculating S{Q,uw).for

three phonons at three different wave véctors which had

the saﬁe reduced wave vector, Thé results shown in Fig. 19
“indicate that the interference does not contribute much
scattering intens;ty at low energy. Thereforé the ogserved

intensity at low energy arises from scattering from three or

more phononsﬂ In the SCH+C theory, a single phonon can

decay to ‘'two phonens via the coupling introduced by the

@
cubic anharmonic term, the above discussion indicates that

?

higher order processes are important.

~
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Table 14.
* Phonon
(1,0,0)L
hw

2r

(0.5,0.5,0)L

hw

2r

(0.5,0.5,0)T2

hw

2r

[

(0.5,0.5,0)T.I

hew

2T

‘;»
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)
!

Selected Phonon energies (meV) and intrinsic
phonon group widths, 2r (meV) {phonon lifetime,

y =17

Model

QH
SCH

SCH+C

0BS

i/CAL.~
0BS™
CH
SCH
SCH+C
0BS

CAL.

- ogst

QH
SCH
SCHC
0BS.
CAL.
0BS

QH
SCH
SCH+C
0BS.

CAL.
08S.

\

110K

40.0

39.8 -

38.6
37.5:1.0

0.3

41.2
42.3
41.0

0.6

24.1
24.0
23.5

0.3

4
7.3
(5.6)

(5.1)

0.3

Temperature
293K

39.3

38.9

36.9
35.8+1.0

0.3
1.94+0.6

40.2
- 41.7
40.6
36.51.0 -

0.8
0.020.3

23.9
23.9
23.1

0.8 -
2.20+0.5

-

7.3
(7.6)
(6.6)

8.6+0.6

1.6

3

424K

38.5

38.0 5

36.0
33.121.0

0.7
3.85+0.6

39.0
40.8
39.4

1.0

3.12+0.45 \//’J

23.8
23.6 -
22.7

1.8
2,77+0.64

7.3
(8.6)

(7.5}
/

2.8

BN
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CHAPTER 5

Discussion and Conclusion

‘ } v
‘The two. aims of this project have been firstly to study

the compressibility proplem with a view of extending the
usual lattice dynamiéal theory so thaf,the eiastic constants
and bulk modulus ‘calculated by the method of long waves
should be exactly the sdﬁa as those calculaﬁed by the method
of homogeneous deformations. Secondly to examine the
anharmonic propertles of Li both for ltS own interest as
well as with the purpose of testlng the effective ion-ion
interaction potential used to descrlbe it. We begin with the
discussion of the compressibility problem.

In the pséudopoténtial theory of simple metals the
assumption is always made that the pseudopotential which
replaces the full electron-lon potentlal in the metal is a
small perturbation of the free eleatron gas, and this
justifies the ﬁse'of perturbation'thebry usually to second
ordeﬁ’in the pseudopotential alfhough somé calculations
have been made to-third orderl To calculate the bulk modulus
by static methods we first calculate the ground state energy
and thgn differentiate it tﬁice with respect to volume. In '

~ the dynamical method the bulk medulus is calculated from

~
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4+ 2C..)

1
B =3(Cyy 12

Firstly, the total energy of the static lattice is expanded
in a Taylor series in powers of the ion displacement
then after taking the long wave limit of the dynamical

matrix we can find expressions for the elastic constants

which except for 4, . are the same as those obtained by
taking strain derivatives of the total energy. By comparing

S
these expressions® it is easy to see what extra terms have to

be added to the long wave harmonic dynamiéal matrix. in orderx

" to bring the expressions for the elastic constants derived
ffom it into coincidence with those from the static method.
What has been done here is to extend this dynamical matrix
to finite phonon wave vedtors whileiﬁorking consistently to
sécond order in the electron-ion interaction in both of the
two methods. ,

' In our extension of the long wave dynamical matrix to
finité wave vectors great importance is attached to the
fact that the force constants which enter the dynamical
matrix describe changes in the total energy of the crystal
brought about by the displacement of two ions. From the

L

_fact that Abs which accounts for the difference between

the elastic constants Cll and C12 and the bulk modulus

AN
-

/)
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kY

obtained by the two methods comes froﬁ differentiation of
the screening part of the total energy with respect to
volume, we note that the results obtained from dynamics are
different because no account is taken of tpe change in the

total energy resulting from changes in the screening as

C

g (k)

2
“the ions are displaced. The dynamical matrix D:

we have added now. takes this into account. In terms of the

picture of a metal as consisting of interacting pseﬁdoatoms
described py Zimagi‘fheﬂ we can state that as the pseudoatoms
move. in the crfstal they not oﬂﬂ& change the structure factor
of tPe solid but ararthemselves deforﬁed somewhat."It”is
. this deformation that has not been previously.incorporated
into lattice dynamical theofy.

. To take this deformation into account we write the

4

total volume derivative in the form

4a - 3 4+ 3 AN
dv 9V v

\

where 3/3v operates on the explicit volume dependence of the

function differentiaﬁég> and B/Bvsc operates on the screening.

In the reciprocal space formulation the corresponding

expression is
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This method of writing the total volume derivative has been
4 1 o2

used by Wallace, Brovman et al and by Finnis. We use this

as a guide and write the derivatives with respect to the

-

ion displacements Ua(i) in the form

a _ 8 .2
ao_{0) - WD T B

v ) | | N
/ -

where the second term operiziéjonly on the screening function.
By writinglthe derivatives {EE? respect to the ion
displacements in two parts as done above, we find that not
only do we get the usual dynamical matrix but we also ge£

the extra term ng(k) which contains the operator Abs and

the factors dQO/dUa(z).

The fact that a lattice wave is regarded as a
rearrangement of atoms at constant volume does not preclude
local variations of the electron density as the ions move,

" it dges however, mean that such local variations must add up
to give a nef zero volume change in a crystal of macroscopic
s%}é. Again in terms of pseudoatoms the local variations of

electron density are equivalent to the deformations of the
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pseudoatoms which we now represent by changes in the volume
per atom, To ‘the extéﬁt that the net sum of such changes
must be zero, and since in a primitivé lattice there is an
atom ﬁ(l) for every one at R(-%2)=-R(%), these changes in
volume per atom must be described by odd functions so that
Zﬁﬁg%f)= 0. To meet this requirement we have used

L7 - ' .

sin kaRa(l) to desqribe the displaceménts of the ions as

. . . + 5
against cos kuRa(l) as has been done by Heine and Weaire,

The total dynamical matrix thus derived still satisfies the

‘herﬁiticiq-requirement DaBFk)=DaB(-k).

An examination of the dispersion curves for all the

metals studied with the new dynamical matrix shows that the

contribution of D3¢ (k) to the phonon frequencies is not large

oB

at any wave vector'exceét around &;(.7,.7,.7) in the Taylor ¢
model. ‘Here this additional dynamical matrix lowers the
frequencies by-rather large amounts. This effect comes about
because at this wave vector all the atoms are vibréting in
phase hence the change in density can be expected to be

largest.

Froﬁ’rables 2, 6 and 1l we see that.the va2lues of Abs

are dependent on the pseudopotential model adopted, hence

\
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~this quantity is not dnly a function of the volume. The

contribution of hbs to the bulk modulus or the elasﬁic

constants calcuhﬁted with the point ion model is negative
in all metals cohsidered, even in Al where the model does
not yield as extensive informatiqn as in the alkali metals.
We therefore find that our calculations do not bear out ‘the

prediction which hés been made viz thét A should be ~- 50%

bs
of the bulk ﬁodulus in polyvalent metals. The constants of
this model in the case of Na and K were chosen to give the
observed crystal binding_energy and its first two volume
derivatives and so within the accuracy of the determiﬁation
of these constants the dynamics should give the observed

bulk modulus when Abs is included.

' 6
In the model of Ho the parameters of the pseudopotential

were fitted to ;Le elastic constants using the method of long
waves when ng(k) is not included. In the light of the above
considerations it would be ﬁore appropriate -to include-
'ng(k) in the determination of these parameters. No dgta

\ were available for Al in this model and so calculations were
made for the alkali metals only. The results obtained with
this model agree with those found using the point ion model,

namely that Abs is negative and that ng(k) overall makes a



+
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progressivély small percentage change to the frequencies
with increasing phonon wave vector. A
The Taylor model is sligﬁtly similﬁr to the Hblmgdel
in that it uses a square well to describe the' ion core region

and a Coulomb interaction outside it. The constants of the

‘model are however, determined in a completely different

manner, also the screening function used is-different.

-

Since no experimental data is required in determining the
parameters of this model calculations made with the model

provide a severer test of theory. An examination of the

“~

dispersion curves calculated with this model shows that the
details in the dispersion curves calculated without

;(k) are still produced when ch

Dz 5 (k) is added, but overall

agreement with experiment is better when this extra term is

\Jexcluded from the total dynaﬁical matrix. On the other hand

the value of 4 _ is still found to be negative in agreement

with the calculations done with the other two models.

We have fougd that all the three models give good
descriptions of the ground state energies. The calculated
values are all within 4% of the observed onés except in Al
in the point ion mdael where the figure is 13%. In the case
of the,theore:kcal values of the bulk moduli which were

calculated by numerical differentiation of the ground state

energy the deviations from experiment can be large depending
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on the model under consideration. However, in all metals
- studied and- for all models used the bulk modulus found from
‘differentiation oflthe;energy is the same as.thét found
from the long wave limit of the total dynamical matrix.

The calculations made on Pb using a local Heine-

Bbarenkov model yielded a large and positive value for Abs’

hence the possibility of obtaining large and positive values

of Abs in polyvalent metals is not ruled out, on the other

hand generalization of this finding to all polyvalent“petals
seems unjustified in thé light of our calculations on Al
based on the point ion model and the Taylor model. We note
finaiiy on this point that Brovman et al have célculated the
elastic moduli in Na and Al using a local Heine-Abarenkov
type of model.” They calculated the bulk modulus.by
diffe?entiating the energy and by using the method of long
waves in the usual fprm;‘ Their findings were that the
dynamic aﬁproach to the bulk modulus yields a value which is

higher than that found by the static method. * Since Abs

accounts for this difference this means that it is negative
in boﬁh of these metals. . .

One of the conditions which have to be met in order for
the Cauchy relation to be satisfied is that the pressure

should be zero.. In the first three models used we calculated
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the pressure by numerically differentiating thé:ground
state energy with respect to volume and we found that
although small in some cases the pressure is still not =«
exactly zero. When the influence of the electron gas and
the pressure are taken into account then the deviation of

(C12 - C44) from zero gives an indication of the importance

of three-body forces. The results obtained indicate that
whern" non-locality is neglected then“of the three alkali
metals Na, K and Li, the'last is the one- in which three-
body forces are likely to.play a mo;e significant parf.

To summarize the results we can state that this study

-t
Ll

has shown that it is possible to make a simple extension of
conventional lattice dynamical theory by extrapolating to
finite wave vector; the 1on%-waveydynamiéai matrix which
gives the same results forrfhe‘elastic meoduli as those
obtained by differentiation of the energy and still retain
the smallness of the electron-ion pseudopotential as a
consistency criterion in both types of calculation. The sz
additional dynamical matrix does not appreciably alter the
g;equencies but it should be of interest to investigate its
effect on other properties such as Gruneisen parameters.

Also since non-lccality can be important in some cases, for -
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instance in Li, its incorporation into ng(k) should be a

useful extension of the theory described herein.
In the remainder of f{his chapter we discuss the

anharmonic properties of Li. The most outstanding single

i

o

result of the study is that Li is not very anharmonic..‘
Compared to Na‘and K, Li is the least anharmonic of these
a}kali etals. This can be understood by looking at) the !
maximum frequencies obtained as well as the interionic

. potential used to describe it,

The Li atom is the lightest of the alkali metals, and
k

because wem %, on the basis of the mass difference alone we

wguld expect a ratio of 1.8 between the maximum phonon
frequency in Li and that of Na: and a corresponding ratio of
2.4 for K. The ratioé calculated are 2.5 for Na and 4.0 for
“K. If on thé other hand.the interionic potential in Li

is strong, then it can counteract the effect of a small ﬁass P
by providing strong restoring forces as the ions vibrate
away from their lattice posiﬁions. The amplitude of the .
vibrations would ﬁﬁen belreduced by these forces and the
‘frequency would be.increqsed. We have al¥ready pointed out
that the pﬁtehtial in Li is strong gn account of the fact
that the p~wave component in the wave function of the

conduction electrons is not shielded from the nucleus by the

two s-state. electrons in the core of the Li ion.
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o 7 . ' .
A traditional measure of the importance of the anharmonlc

terms is the ratio § of the RMS vibrational amplitude

<U?'>!'i to the lattice spacing R. In Table 15 estimates of
) 2

‘§=<U >%/R at the melting points of Li, Na and K are given.

2.5

The va;ues of <U°>" are estimated from

g

which is the harmonic result in the high temperature limit
using a Debye approximation to the frequency spectrum. The

table shows that the large Debye  temperature GD in Li has

counteracted the effect of the small mass and that as a result

the shifts in frequency due to the aﬁharmonicity should be
, sméller in Li. 1In Tablerlﬁ we show the percentage anharmonic
shifts Aw}w in phonon frequency calculated using SCH + C
theory for Li, Na and K. The values calculated for Li are
smalier than those calculated for Na and K, and the observed
values are also smaller. Since th%_SCH + C theory works well
for Na and X, the large differences between the observed and
calculated valuet in Li are a reflection of the potential.

The weak shielding of the ion core‘in Li gives rise to

a soft repulsive part in the potential. This point can be

made more precise by considering the expansion of the potential

e



Table 15

M
(amu)
Li 7
¥ Na. 23
K 39
Table 16.
Phonon
(1.0,0,0)

(0.5,0.5,0)L .

(0.5,0.5,0)T,
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. Eétimates.of the expansioh parameter

6=<u2>§/R at the melting temberature Tm

T ‘ao(Th) GD(Tm)

(K) K
453 3.5 430
371" 4.25 160
337 534 100 13.3

Percentage anharmoriic shift Aw/w in phonon
frequency calculated using SCH + C theory

for Li (90 » 424K}, for Na (5-361K), and for
K (5 » 311K). The observed vaiues in brackets
are: Li Ref. 9 and K Ref. 10

Li Na K

-7.2%  -12,8%  -17.5%
(-12+6%) (-14%)

-4.0%  -10.0% -11.5%
(-6:3%)

03.54  -10.8% -14.5%

(-11£3%)
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]
: . 8 : E
as suggested by Horner. Usdally the potential is expandegﬁ

powers of the displacement

o = 9, + b,U%

Horner pointed out that the expansion parameter should include
a measure of the size of the derivatives of the potentiai{
'The size of these derivatives is largely fixed by the‘.
steepness of the repulsive part of the potential ¢ which can

be approximated.by

¢ (x) = e(%)“

where the index n measures the séEEerss of ¢ (r}). A more

precise expansion parameter for ¢ is A=nd= n<U2 k/R and

i

if n and hence X is small, the Taylor series expansion
converges rapidly. A compgrison of the relative sizes of

the cubic and quartic anharmonic terms giVes an indication of
how idly the Taylor ser}es expansion-convefges'end that
in turn indicates how large n is-and hence how steep the
repulsmve part of the potentlal' |

*

In the rare gases the guartic shift in frequency A4
is &@rge and is about twice the shift AB introduced by .
adding the cubic anharmonic term to the SCH appgoximation.

s
[
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. The Ta@lor series does not converge rapldly and this is

consistent w1th the large n(?n~12) in these materials. Thts

guartic shift A4 is approximately given, by the dlfference
; e

betweeh the QH and SCH frequencies. In the alkali halides,
the quartic and cubic frequency shifte are comparable in size
suggestlng a more rapid convergence of the Taylor series

here than in the\rare gases, and consequently a smaller value
of n. From the data given in ‘Table 14 we see that in Li the o
difference between the QH and the SCH frequencies is quite

small, This means that the shift A4 should also be quite

small.” The cubic anharmonic shift on the other hand is
relatively larger and hence the Taylor series expansion of

the Li potential in terms of the Horner parameter X should

converge rapidly so that the core of the interionic potential

is quite soft (n small). Finally on this point we note that

a small A4 is what is required to get agreement with

experiment. This is .because A4 is generally positive and as

can be seen in Fiq; 15 lower frequencies are required to
improve agreement with experiment at highltemperatures.

The overall agreemeht of the calculated frequencies and
anharmonlc shifts with experiment in Li is not as good as in
Na and K. To improve agreement wgﬁ..expermment, lower
frequencmes at high temperatures qQr larger negative shifts

are required. Since the potential when expanded in a Taylor

.
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series in terms of the Herner parameter converges rapidly,
;Le_%arge negative ‘'shifts requi}ed cannot be obtained by
including higher order anharmonic terms. If on the other hand
three-body forces play a significant role in Li, these

~

would introduce an additional class of cubic terms in 63

and these could suﬁstantially increase its size. |

To cénc}uée we poté*that the long range néture of the
potential made the calculations aifficult.l It particularly
affected the Tl[qQO] branch which did not stabilize even
when the force constants weré summed to 30 shells of

ngighﬁburs. However, by expressing VII(r) as the sum of a

'.Véff(r) and an asymptotigc part evaluated in reciprocal space

the QH frequencies could be obtained exactly. The averaging
oﬁ.the force constants in the SCH approximation was found to
be important for tﬁe Tl[qqd branch. This avéraging could
not be done exactly in reciprocal space.l Since it is possible
that the distant neighbour force constants affect other
branches also a more accurate determination of the SCH
frequencies as well as the SCH + C‘frgquencies would be to
fit a Born von Karman model to-the QH dispersiop curves.

The force constants so derived\ could then be averaged exactly

*in r-space for the determination of the SCH frequencies.

K
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. APPENDIX

{
A. Evaluation of F3(q)

From equations (4.12) and (4.13) F3(q) is given by

o
2 xzu2
- exp( —g—cosa) u-e cosxdu

F (q) 3/2 2n SlnedBS

J(2k )’

8- integration:-

L)

let I = jsinedee"‘|ncose \
-] .
i e'inx' _ e-inx
inx v
where n= q/2kf
3 o .nf
(2k) (o 22
3/2) F.(q)in =‘(xdxe1”x.5u2e XU ducosx -
2Aq (2) 3
i _1 22
J‘ nfju e "X U ducosx
2
ugu duI _Eu duI2
-]
x- integration:~ : ~ay_f
. ® , _

1 -=j><dxe-u2x2 + (1 + n)x
i .

]

(1)

(2)
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og
) . 2 . '
11 = exp[& (l;izﬂ) ]J; exp{-uz[x - 1(lzijlo]z}dx (3)
u u

By making the substitutions

x=y+i!1+n[

2u
_ 1+
B==
2u
' )
we find that )
(1) 2
1 2u u2 2
I1 = — + 16 e 4y dy
2u ]
f
1L '(]—h"}z /s '
= 18 u ’m 3
= Zz- + U e 2[1 + er'f(.lBU)]
'(mz (14 n)
_ 1 j(]-‘!'n) Z2u 1 +n Kl-i-n)
I. = + VT e - D (4)
1 2u2 4u3 2u3 : 2u

where D(x)} is Dawson's integral.

From equation (2) we have :-



r
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2

7 = +i(1-n)ﬁe-K§u\, (T-n)DU-n\

v A PRk
2k b
3 .
r_(glg_).. ( f) 3 = 2 - ' -~
o ‘

From equation (5) we'find,an expression for Fs(q);“and since F3(q)'

is real, we retain its real part which is given by

The integrals appearing in equation (6) were evaluated numerica11y;

B Evaluation of F4(q)
The §- and x- integrations in F4(q) are the same as those in

F3(q), and these give

&

23
—(—l (m) F,(a)in =S u"‘sdu[I1 - 1,]

o

= RHS

(6)

{7)
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Where I.I and I, are the same as those in (5)

) 2
o -\ﬁn). -(1;“)
RHS =ju3du[1!]4: n) /o e 2u _ 1!]4;31']) /o e 2u

-}

0o 5]« Lo (i

By taking the imaginary part of (8) we find that

2A, | .
Fyl) = oot (2“;3 §{(1 ta)p (1 - n)N}

" T(2) n n
(2kf o
fren
® '(1"11.)2 \:..q) 9
where P =j;u e 2u J’ et dt
]
) ©
1 =1y
" 3= =),
and N =.J;u e 2u ‘ -et dt
-]
: . O

The integrals appearing in (9) were evaluated numerically.

(8)

(9)





