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Abstract

We develop the description of the derivation algebras of orthosymplectic Lie super-
algebras over supercommutative, associative superrings containing % and determine
conditions under which the derivation algebra can be written as a semidirect product
of the inner and the outer derivations. We then describe the supersymmetric invariant
forms of the elementary orthosymplectic Lie superalgebra and determine the outer
derivations which are skew with respect to a given supersymmetric invariant form. Fi-
nally, we describe the universal central extension and its centre, the second homology
group, of the elementary orthosymplectic Lie superalgebra. The original motivation
for this comes from the theory of extended affine Lie algebras. Specialized to the
orthosymplectic Lie superalgebras representing the centreless cores of extended affine
Lie algebras of type B and D. the above descriptions are the necessary and sufficient
building blocks for the construction of an extended affine Lie algebra of type B and

D from its centreless core.
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Introduction

In this thesis we study the derivations, invariant forms and the second homology
group of certain subalgebras of the orthosymplectic Lie superalgebras. The original
motivation for this comes from the theory of extended affine Lie algebras. In order to
construct an extended affine Lie algebra one needs to describe its centreless core K.
This has been done for the various types of root systems by Allison, Berman, Gao,
Krylyuk, Neher and Yoshii. The extended affine Lie algebra of a particular type is
then constructed by forming a central extension L. of K and adding to it a subalgebra
of skew derivations with respect to an invariant symmetric form on L. (and possibly

a 2-cocycle).

The centreless core of an extended affine Lie algebra of type B or D is an orthogonal
Lie algebra. To construct the extended affine Lie algebras of these types one needs to
know precisely the derivations. invariant forms and the second homology group of this
Lie algebra. The results in [Be] and in [ABG] are not specific enough for the purpose
of constructing extended affine Lie algebras. The results we develop in this thesis
provide us precisely with the descriptions we need for the construction of extended
affine Lie algebras of types B and D. Moreover. because of the interest in generalizing
the theory of Lie algebras and. in particular the extended affine Lie algebras. to the
supersetting, we prove our results in the Lie superalgebra setting but they are new

even in the classical. nonsuper, setting.

The Lie superalgebras we consider are generalizations of the orthosymplectic Lie
algebras and superalgebras studied by many, including Kac ([K1],[Kk2]). Scheunert
([S]), Garcia and Neher ([N2], [GN]), all on theory of Lie algebras and superalgebras.
Examples of the Lie superalgebras we study include the Lie algebras graded by root
systems of type B and D ([BM]), the cores of the extended affine Lie algebras of type
B and D ([AG]) and an orthosymplectic Lie superalgebra studied in [KP], [DJKM]
and [CW]. The results we develop on the structure of the derivations and super-
symmetric invariant forms generalize the results developed by Benkart ({Be]). The
description of the second homology group of Lie algebras graded by root systems of
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tvpe B and D developed by Allison, Benkart and Gao ([ABG]) is a special case of a

result we will prove.
We will now explain our program in detail.

Basic definitions: We define the orthosymplectic Lie superalgebra as follows. Let
k be a commutative, associative and unital ring containing ;. We let A" be a super-
extension of k, i.e., A" = R ® R is a Zy-graded algebra, called superalgebra, over k
which is supercommutative (i.e., ab = (—1)*?ba for all @ € A,. b € A, a,3 € Z,).
associative and unital. Let M be a A-supermodule, i.e.. M = Mz® Mj is a Zo
graded A’-bimodule with am = (—1)*’ma for a € A, and m € M. Throughout
this thesis, any time we talk about a Z,graded structure Z = Zz < Z; we will call
an element = € Z homogeneous if = € Z, for some a € Z, and we will say that =
is of degree a. denoted by |z| = «; in this case we will assume throughout that
when |z| occurs in an expression, then it is assumed that : is homoge-
neous, and that the expression extends to the other elements by linearity.

If f: M = N is an additive map between supermodules then we sav that the degree
of fisa€Z,if f(Mg) C Nyyg forall B € Z,.

A A'-supermodule L is called a Lie superalgebra if it is equipped with a A™-bilinear
bracket multiplication [-,-] : L x L = L such that:

(SL1) forall z.y € L,
[z,9] = —(-1)* ¥y, 2]
(SL2) forall z.y,z € L.
(—1)=H [z, g], =] + (~1)¥fy, =] =] + (~ 1) [=. 2], 4] = 0.
Note that, using (SL1), (SL2) is equivalent to

[:L‘, [yv z]] = [[Iv ylvzl - (“l)ly"z'[[l’? z]? y]'



We let g : M x M — K be a supersymmetric (i.e., ¢(m,n) = (=1)"™lI"lg(n, m) for
all homogeneous m,n € M) R-bilinear form (q is additive and g(am,n) = aq(m,n),
g(ma,n) = g(m,an) for all a € K, m,n € M) on M of degree 0, called the quadratic
(super)form on M. The orthosymplectic Lie superalgebra osp(q) is defined by

osp(q) = {z € Endx M | g(z(m),n) + (—1)*Pq(z(n),m) =0, m € M,.n € Mz}.

The bracket multiplication in osp(q) is induced from the bracket in Endx M which is
given by [z, y](m) = z(y(m)) — (=1)*Wy(z(m)) for all z,y € Endx M and m € M.
If M = Mj then osp(q) is an orthogonal algebra. If M = M; then q is a symplectic
form. Note that in this case osp(q) is not a symplectic Lie algebra.

An important subalgebra. in fact an ideal. of osp(q) is the elementary orthosym-
plectic Lie superalgebra eosp(q) which is constructed as follows. Given m € .M, and

n € Mg we define a map E,,, € Endg M by setting
En.n(p) = mg(n.p) — (=1)*’ng(m.p), p € M.

We can extend this definition using bilinearity to E, , for all m.n € .M. Then eosp(q)
is defined as

eosp(q) = spanz{En.. | m.n € M}.

i.e., the additive subgroup generated by {E,,. | m.n € M}. This is indeed an
important Lie superalgebra because. among others, the Lie superalgebras graded by
(possibly infinite) root systems of types B and D over A (é- € R’) are central ex-

tensions of eosp(q) for a suitable g (see [GN]), including the centreless cores of the
extended affine Lie algebras of tvpes B and D ([AG]).

To describe these algebras we need the following notions. Given A-supermodules
M, and M, with A'-quadratic forms q; and ¢, respectively, we define their orthogo-
nal sum as the A’-supermodule M = M; & M, with the K-quadratic form ¢ = q; 2 ¢,

where

(1 & @2)(my @ m2,ny & n2) = qi(my, ny) + g2(m2,n2), my,ny € My, ma,n2 € M.



An important example of the orthogonal sum is the hyperbolic superspace (over R’)
H(I) = H(I; K) = @ (Kh: @ Kh_),
el

where [ is an arbitrary index set. The A’-quadratic form gr on H(![) is given by
qr(hoir hyj) = b6—pdij, oo p =%, 1,5 € I

Note that H(I) is an orthogonal sum of H({i}), i € I[. If |I| = 1 we call H([) the
hyperbolic superplane and we denote it by H({oo}). Garcia and Neher ([GN]) proved

the following for an arbitrary index set [:

(Br) Assume that ; € A" and |/| > 3. A Lie superalgebra L over A" is B;-graded if
and only if there exists a superextension A of A", an A-supermodule M with an
A-quadratic form q and an element m € M satisfving q(m.m) = 1 such that L

is a central extension of the Lie superalgebra eosp(q; = q).

(Dr) Assume that ; € A and |/| > 4. A Lie superalgebra L over A is D-graded
if and only if there exists a superextension A of A such that L is a central

extension of the Lie superalgebra eosp(gr)-

Here the root systems B; and Dy are given by

D[ = {iC;:ﬁC,‘li.jE[. l#_]}:
By {£e: |t € [}U Dy

where the ¢; form the orthonormal basis of @,c; Re.. In [AG], the authors Allison
and Gao described the centreless core K of the extended affine Lie algebra (over C)
graded by the root system of type B, and nullity v. It can be shown that K is
isomorphic to eosp(qr < q) where [ = {1.2.... .n}. Here q is an 1-quadratic form on
M for A = C[t'.... .t the Laurent polynomials over C in v variables and a free
A-module M = &Am, of finite rank satisfying

q(m;, mj) = §;t™



(1]

where 7; € Z” such that 7, =0 and = # 7; mod 2Z" for : # ;.

This construction is what motivated this thesis. In Chapter 5 we describe the uni-
versal central extensions of certain eosp(q) which in particular cover the case of the
centreless core of extended affine Lie algebras of types B and D. In Chapter 4 we
describe the invariant supersymmetric forms on this eosp(q) and in Chapter 3 we
describe the structure of the derivation algebra of certain orthosymplectic Lie super-

algebras including eosp(q).

Using the description of [GN], in order to study the derivations of Lie superalge-
bras of types B and D we need to study the derivations of the Lie superalgebra
eosp(qr & q) for an arbitrary quadratic form q. Note that. if [ # 0, eosp(qr S q) =
eosp(q{cc} 2 qn\{xo} T q) Where we denote an (arbitrary) element of [ by oc. Hence
it suffices to consider Lie superalgebras eosp(q{w}  q) for an arbitrary A-quadratic
form q (we will denote g{o} @ q by goo) however we will do this in a more general
setting. We wish to consider all the subalgebras £ of osp(gq) which contain eosp(q)
for some A’-quadratic form q on a A’-supermodule M. Given such a superalgebra.

we define the Lie superalgebra £ as follows:
v ={(a.m.n.z)|a€EA. mneM.z€&}
with multiplication

[(a,m.n.z),(a’.m',n'.2")] = (g(m.n") —q(n.m’),
am’ + zm’ — ma’ — (—1)¥1mlz'm,
—an’ + zn' 4+ na’ — (=1)F ey,

Em.n’ + En.m’ + [I' I’])
for all a,a’ € A, m,m',n.n" € M and z.2' € £. We will show that, for example.

€0SP(Qeo) = (€0sp(q))eo and 0sp(ges) = (05p(q))co-

- An example of a subalgebra of osp(q) which contains eosp(q) is the Lie superalge-
bra eosp(q) which is defined as follows. If z = (z;);ier is a family in eosp(q) we say



that z is summable, if for every m € M, (z;(m)):er has only finitely many nonzero
terms and in this case we define r = )., z; € End4 M by setting

(Z zi) (m) =) _ z(m)
i€l i€lm

for [m = {i € I | zi(m) # 0} (In is finite). We say that )., z; is summable to
indicate that (z;);es is summable. The set of all summable Zie [ Ti. Ti € eosp(q)

is denoted by eosp(q) and is a subalgebra of osp(q) which contains eosp(q) (we dis-

cuss summable homomorphisms in greater detail in Section 1.5). We will show that

€0sP(geo) = (e0sp(q))eo-

Another example of a subalgebra of osp(q) containing eosp(q) was studied in [KP],
[DJKM] and [CW] and this will be explained in the body of the thesis.

Derivations: Our first task is to describe the derivations of £.,. However. we need
to make it clear whether we are using the proper super-ring as a base ring, keeping
in mind the characterization of the Lie superalgebras L graded by root systems of
types B and D. Using this characterization we can view L = eosp(q)« both as a Lie
superalgebra over A" and as a Lie superalgebra over A where 4 is a superextension
of A. So from now on we assume that 4 is a superextension of A". all supermodules
are over A and all quadratic forms are A-bilinear. Hence we can view osp(q) and
any of its A-subalgebras £ (containing eosp(q)) as subalgebras of both End4 M and
Endx M. However, in what follows we will view the Lie superalgebras £ and £ as

subalgebras of Endx M even though they consist of A-linear maps.

Let L be a Lie superalgebra over A. A A -derivation d : L — L of L of degree

a € Z, is a A-linear map which satisfies

d([z,y]) = [d(z).y] + (=1)*°[z.d(y)]

for all y € L and z € Lg, B € Z,. The set consisting of all derivations d, of degree
a € Z, is denoted by (Derx L)a. The derivation algebra of L is defined as

Derg L = (Derx L) ® (Derg L)i
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and is a Lie superalgebra over A* with respect to the usual bracket multiplica-
tion in Endg M (i.e., [d,d](z) = d(d'(z)) — (—1)14I¥ld'(d(z)) for all homogeneous
d,d € Dery Land allz € L). Givenz € L,themapad(z): L > L:y— [z,y]isa
derivation, called the inner derivation of L determined by z. We denote the set of all

inner derivations (which is an ideal of Ders L) by ad L.

We will show that L = €, is a toral 3-graded Lie superalgebra.ie.,L = Ly S Lo S L_
is 3-graded ([L,, L,] C Lotu, o, p € {0.£}) with a toral element ( € (Lo)s satisfying
[(,z,] = oz, for z, € L,. o € {0, %}. Indeed. if we set

Ly = {(e.0.0.z)|a€ A. z €&}
L, = {(0.m.0.0)]me M}
L. = {(0.0,m.0) | me M}

then it is clear that L is 3-graded and that (1,0.0,0) is a toral element of L. Then
it is well-known that Derx L = ad L + (Derg L)o where (Derg L)o = {d € Derx L |
d(L;) € Ls,o0 = 0,%} and ad L N (Dery L)o = ad Lo. Therefore. to describe the
derivations of L it suffices to describe (Derg- L)o. We will assume that L is centreless
which we prove to be equivalent to Anny M = (0). We define two sets. S¢ and Tz,
of A-endomorphisms of M and show that S¢ & T¢ C Endg M = Endgy M is a Lie
superalgebra with multiplication

[SaT.8'aT) =([S.5+[T.T]) £ ([S. T+ [T.51)

where [ . ] is the usual bracket multiplication in Endz M. We set D¢ to be the set
of all A-endomorphisms dsr of L for which there exist S € Se. T € T¢ satisfving

dsr(a.m.n,x) = ([S.a-Id] + [T.z].(S + T)(m).(S — T)(n).[T.a-Id] + [S. z]).

Using this notation we will prove the following:

Theorem 1. (3.2.13) Derivations of £, satisfy the following:

(1) Ds = (Derg-&x)o, in particular, De is a subalgebra of Dery €. Moreover, the
map ¢:Se @ Te = De : S&T — ds is a Lie superalgebra isomorphism.



(2) Derg- € = ad € + Ds.
3) ad&cNDs={dsT €D |S€E, T € A-Id} = ad(Ex )o-
(4) IfS=E&So and T = A-1d & Ty where So & To is a subalgebra of S & T then

Derg € = ad £ % (So & To).

The symbol x stands for the term semidirect product. The item (4) of the above
result is important because, using our original motivation to describe the derivations
of the (centreless) core of the extended affine Lie algebras of types B and D. it is
extremely useful to describe conditions under which the derivation algebra can be
written as a semidirect product of the inner and the outer derivations. We need the

outer derivations to construct the extended affine Lie algebra from its core.

We make the following definitions. We say that. given a free A-supermodule M =
SierAm;, a quadratic form g on M is almost diagonizable if for each : € [ there
exists ¢ € [ such that

g(mi,m;) € A*: and
g(m;,m;)=0forall jeI.j#1

Here A* denotes the invertible elements of A. In addition. if q is almost diagoniz-
able with respect to {m; | i € [} where i = i for all 1 € [ then we say that q is
invertibly diagonizable. For example, q; is almost diagonizable with respect to the
basis {hs; | ¢ € [} of H(I) and is invertibly diagonizable with respect to the basis
{hi £ h_; | i € I} (since % € R).

Using this we have the following:
Theorem 2. (see 3.3.7 for a more detailed version) Let N and R be free

A-supermodules with A-quadratic forms qyx and qr respectively such that gz = 0 and

qx is an orthogonal sum of an almost diagonizable A-quadratic form and an invertibly



diagonizable A-quadratic form on a free A-supermodule of rank 2. Let M =N &R
with the A-quadratic form q = qx @ qr and let £ be a subalgebra of osp(q) containing

eosp(q).

(1) If € = eosp(q) then Derg € = adioe £ % (Ends R & Derg A). Moreover, if
M is free of finite rank then Derg £ = ad £, % (End4 R & Derg A).

(2) If £ = eosp(q) then Derg £ = ad € 1 (Ends R & Derg A).
(3) If £ = osp(q) then Derg €, = ad €, % Derg A.

In (1) above. adjoc £ denotes all locally inner derivations. These are the derivations
d of £, such that for each finite set {v;,... .v,} C € there exists v € £, such that
d(v;) = {v.v].

As a consequence to Theorem 2. since the centreless cores L of the extended affine
Lie algebras of types B and D are isomorphic to eosp(q) where ¢ is an invertibly
diagonizable A-quadratic form on a free A-supermodule of finite rank and A is the

ring of Laurent polynomials over C in v variables for some v,
Derc L = ad L x Derc A.

Another result we develop on derivations (see 3.3.9) is a generalization of Benkart’s
result for Lie algebras of type B and D ([Be. Theorem 3.6]). This result describes
the derivations of eosp(qr < q) in terms of the inner derivations and the derivations

of a certain Jordan superalgebra associated to g.

Supersymmetric invariant forms: We now turn to the topic of supersymmet-
ric invariant forms. Again. the original motivation for this problem comes from the
study of extended affine Lie algebras and the fact that one needs a nondegenerate
symmetric invariant form on the centreless core of extended affine Lie algebra L in
order to be able to contruct L. We wish to describe the supersymmetric invariant

forms on the Lie superalgebras graded by root systems of types B and D.
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Let L be a Lie superalgebra over A". We say that a K-bilinear map (-|-): Lx L = K
of degree 0 is (L-)invariant if and only if

([Ivy] I :) = (II [yvzl)

for all z,y,> € L. We denote the A5-module of invariant supersymmetric A-bilinear
forms (-|-): L x L — R by [nv(L: R).

As in the study of derivations, to describe Inv(L: R) for L a Lie superalgebra over
R graded by root systems of types B and D, it suffices to describe the invariant
supersymmetric forms on central extensions of eosp(q)e.. It is well-known that the
R3-module of supersymmetric invariant forms of a Lie superalgebra L is isomorphic
to the Ajg-module of supersymmetric invariant forms of L/Z(L) where Z(L) = {z €
L | [L.z] = 0} denotes the centre of L. Hence it suffices to consider a centreless
€0sp(ge ). Since eosp(ge) is a toral 3-graded Lie superalgebra it is natural to first
describe the invariant supersymmetric forms on 3-graded Lie superalgebra. In partic-
ular, we derive the necessary and sufficient conditions for existence of supersymmetric
invariant forms on toral 3-graded Lie superalgebras L = L, & Lo & L_ over A" with
a toral element ( and the conditions under which these forms are nondegenerate. We

will show the following:
Theorem 3. (4.1.3 and 4.1.8) Let L be a toral 3-graded Lie superalgebra over
K. Then
Inv(L: A") = Inv(Le: A).
Moreover, if € [L+.L_] then
Iv([L, L_]; K) = {¢ € (Homg([Ly, L_]. K)o | @([[Ls- L_].[Ls. L_]]) = O}.
In particular. if Lo = [L+, L_] then
Inv(L; K) = Inv(Lo; K) = {p € (Homg (Lo, K)s | @([Lo, Lo]) = 0}

where (-[-) € Inv(L; K) is nondegenerate if eand only if (-|-)|L,xz, is nondegenerate
and ker(poadyr,) [L_,= 0. In addition, if L is a toral 3-graded Lie superalgebra over a
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superextension A of K with Lo = [Ly,L_) and Lo = A{ x X for some supereztension

A of K and a Lie superalgebra X over A then
Inv(L; R) = Homg(A. R)s & {x € Homg (X, K)s | x([X. X]) = 0}.

We will show that eosp(q; & q) is perfect if |I| > 2 and so the supersymmetric in-
variant forms of Lie superalgebras over A" (including the EALA) graded by root sys-
tems of (not necesarily finite) type B,, Dn, n > 3, 4 respectively are isomorphic to
Homp (A, R')g for some superextension A of A". This is a generalization of Benkart’s
result (see [Be]) on invariant forms on Lie algebras graded by finite root systems and
over fields of characteristic zero for root systems of type B, and D,, n > 3. 4 respec-

tively.

To conclude our study of invariant supersymmetric forms on L = eosp(gs). using the
results we developed on derivations. we describe the derivations of L which are skew
with respect to a given supersymmetric invariant forms. A homogeneous d € Dery- L
is skew with respect to an invariant form (- | -) if (d(z) | y) = —(~=1)¥=(z | d(y)) for all
z,y € L. z homogeneous. We denote the skew derivations of L by SDers- L. These
are the derivations that we use in constructing the extended affine Lie algebras of

type B and D from their cores. In particular, we will show the following:

Corollary 4 (4.3.4): Let N and R be free A-supermodules with A-quadratic forms
qyv and gr respectively such that qr = 0 and qy is an orthogonal sum of an almost
diagonizable A-quadratic form and an invertibly diagonizable A-quadratic form on a
free A-supermodule of rank 2. Let M = NS R with the A-quadratic form q = qx Sqr

and let L = eosp(qu)- Let (-|-) be an invariant supersymmetric form on L. Then
SDerp L = adjoc L x (Endy R & SDerg- A).

Note that if A above is of finite rank then adj,c €0sp(go.) = ad eosp(qu ).

Universal central extensions and the second homology group: As the fi-

nal part of our program of research in this thesis, we consider the second homology



group of eosp(qe)- It is the centre of the universal central extension of eosp(g«) and

is used in constructing the central extensions of eosp(qu)-

Let L be a Lie superalgebra over A. A central ertension of L ({SZ]) is a short
exact sequence 0 — C —» L —+ L — 0 of Lie superalgebras where C is a central
ideal of L. By abuse of notation, L is also called a central extension. If L is a per-
fect Lie superalgebra and for any central extension s : L’—L there exists a unique
Lie superalgebra homomorphism ¥ : L — L’ such that pw = =. then L is called a

universal central extension of L. The following construction is due to Neher ([N4]).

Set L1 = L 9 L/B where

B = spang{[z.y] ® = + (=1)FWsHD [y o] @ 7 4 (=102 2] 3y,
rQy+(-1)¥Ely 2|1y 2 € L}

We let (z.y) =z Qy+ B for z.y € L and extend it A’-linearly. The map
m:L = L:(z,y) = [z,y]

is a well-defined A’-supermodule homomorphism. We can view L as a superalgebra
over A with respect to the multiplication [l;,{2] = (m(l,). m(l2)) and. in this case.

the map m is a superalgebra isomorphism. Let

Ha(L) = {Z(XJE) €Ll Y [X.¥i]= 0}.

The following theorem justifies to call Ho(L) the second homology group of L.

Theorem 5. (see 5.1.3 for a more detailed version) Let L be a perfect Lie

superalgebra over K" and write L = L.
(1) The superaigebra L is a Lie superalgebra over K .

(2) The eztension 0 — Hy(L) = £ —> [L.L] — 0 is a central extension of the
Lie superalgebra [L. L].
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(3) If L is a perfect Lie superalgebra then L is the universal central extension of L
and Z(L) =m~Y(Z(L)) = Hy(L/Z(L)).

We first consider the toral 3-graded Lie superalgebras L = L, $ Lo & L_ with ( € Lo
the toral element.

Proposition 6. (see 5.2.1 for a more detailed version) Let L be a toral 3-
graded Lie superalgebra. Then L is a 3-graded Lie superalgebra where Lo = (Lo, Lo) +
(L4, L_) and L, = (¢, Ls) = (Lo, Ls) for o = . If( € [L.L] then L is toral.
Moreover, the map m preserves the 3-grading and m|c, : L, — L, for o = + are

R -supermodule isomorphisms. In particular. Ho(L) C Lo.

We now wish to describe the second homology group of L = eosp(qs).- Consider
the A’-supermodule J = A & M and define the multiplication in J by

(a®dm)(b3n) = (ab+ q(m.n)) & (an + mb).

Then J is a Jordan superalgebra. Let s be the submodule of J ©x J spanned by
{zRy+(-1)My@z.2y@:-zQys:—(~1)"My@zz.a@m | z.y.2€ T. a €
A, me M} Let {J.J}:=(J O« J)/s and for z.y € J, let {z.y} denote the
coset r @ y+ 5. We define the full skew-dikedral homology group of J (see [ABG]) as

HF(J) = {Z{ai~,bi} + Z{mk,nk} | @i, b; € A. Mg, ne € M, Z Enn, = 0} X
i P k

In particular. we have the following:

Theorem 9. (see 5.3.5 for a more detailed version) Let .V and P be A-
supermodules with quadratic forms qx and qp respectively such that qy is almost
diagonizable with respect to some basis {n; | i € [} and that there erists ani € [ such
that i =i. Let M =N @ P with q=qny S qp. Let L = eosp(qe) and assume that
eosp(q) is perfect. Then if we set Jpy = AGS M and Jp = A S P we have

HF(Jp) = HF(Jm) = Ha(L).
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The above is a generalization of the result on the centre of the universal central ex-
tension of a Lie algebra over a field and graded by the root system of type B or D
proved in [ABG].

This thesis consists of five chapters. Chapter | covers the basic notions of superstruc-
tures and Lie algebras and superalgebras in particular. Chapter 2 contains the defi-
nitions and properties of the orthosymplectic Lie superalgebra osp(q) and eosp(ge).
the elementary orthosymplectic Lie superalgebra eosp(q) and eosp(qe). and certain
subalgebras of osp(q) (0sp(gw)) containing eosp(q) (respectively, eosp(g«)). In Chap-
ter 3 we describe the derivations of subalgebras of osp(q.) containing eosp(g.,) while
in Chapter 4 we describe the supersymmetric invariant forms on eosp(q.,) and deter-
mine the derivations which are skew with respect to a given supersvmmetric invariant
form. Finally, in Chapter 5 we describe the second homology group and the universal

central extension of eosp(gec)-



Chapter 1

Preliminaries

1.1 Classical Case

Let R be an associative and unital ring.

Given R-bimodules M,,--- ..M, and .V, wesay thatamapo: M; x---x .M, -

is R-multilinear if

o(my,....mi1, M. Migy, ... .My) +

é(ml~>“ ~mi—l7m£9mi+l ~~~~ mn) =

’
O(ml?--- M. T + M. M4ty -- ~mn):

o(my,... .mi_ymia, Miqq,... .My) =

o(my,... . m;i,@Mig1. Miy2,... . My); and

o(my,... . Mp_1,Mmpa) = o(m,....my)a

(1.1)

(1.2)

(1.3)

forallae R.1 <i<n—land m;,m, € M;. 1 <j < n. Theset of all R-multilinear

maps ¢ : M; x --- x M, — N forms an R-bimodule via the action

(aé)(mlv .. ',mn) = a‘p,(ml? ces s mn): and

(¢a)(ml7-~’ 7m‘n) = ¢(am17m29--- 7mn)

15
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foralla€e Rand m; € M;,t =1....,n. An R-linear map between R-bimodules M
and N is called an R-bimodule homomorphism from M to N. A bijective homomor-
phism is called an isomorphism. The set of all R-bimodule homomorphisms from M
to N is denoted by Homg(M,N). In the case when M = N we write Endg(M)
instead of Homg(M, M).

If M,,..., M, are R-bimodules then the direct sum M = M| $--- S M,, is also
an R-bimodule via the action

a(m & --- @ m,) = (am;) S --- 3 (am,)
and
(my&--- T mp)a:=(ma)S---F(maa)

foralla € R,m; € M;. Let M = M| &---ZMand M'=M|F5---=M],

n

be R-bimodules which can be expressed as direct sums of R-bimodules M; and M;
respectively. For each i € {1.... .n} we define [In, : M — M, to be the canonical
projection of M onto the submodule M; and we let ¢, : M; = M be the embedding
of M; into M. Similarly we define Iy : M’ — M| and tar: : M] — M. Then we

have an isomorphism
¢ € Homp(M. M) ¢+ ()
where ¢;; = Haeoem, € Hompg(M;, M), and, in particular. for Endg M,
¥ € Endr(M) «— (p;;)

where Yi; = H,M.QQLMJ € HOHIR(.‘\AJ', J\/(;').

For a bimodule M we say that a map ¢ : M x M — A\ is symmetric if
é(m.n) = ¢(n.m)
for all m.n € M. We say that ¢ is antisymmetric if

¢(m? Tl) = —tb(n, m)
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for all m,n € M.

An algebra over R (or a k-algebra) A is an R-bimodule equipped with an R-bilinear
map - : 4 X A = A (note that an algebra as defined here need not be associative). A
subalgebra of an algebra A is a submodule of A satisfving 4 - A C A. If no confusion

is possible, we usually abbreviate ab =a - b.

Through the remainder of the thesis, £ will denote an associative and
commutative ring with unity 1. In addition we will assume that ; € k. In
particular. all of the definitions above apply to R = k.

Given a left k-module M, we can define a k-bimodule action on .M by setting
ma =am for all a € k. m € M. (L.4)

Throughout this section when we talk about a k-module .M we shall assume that .\
is a k-bimodule satisfying (1.4).

Remark 1.1.1 The k-module Endi(.M) forms a k-algebra under the multiplication
o : Endg(M) x Endi(,M) — Endi(.M) defined by

(f 0 g)(m) := f(g(m))

for all f,g € Endg(M), m € M. The algebra Endi(.M) is associative but not. in

general, commutative.

Example 1.1.2 Let G be the associative k-algebra generated by {&;}.en subject to
the relation

&€+ &€ =0foralli.jeN.
Since ; € k, we have in particular that £2 =0 for all i € N. It is easily seen that

g=spa.nk{1,§;l§,-,-~-§,-n I ij eEN nu<i<...<iy, n GN}.
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The algebra G is called the exterior algebra over k on a countable number of generators
i, ¢ € N, or simply the Grassmann algebra. The Grassmann algebra is associative

but not commutative.

An algebra A" which is an associative, commutative, unital algebra over k is called
an ertension of k. Throughout this section, A" shall denote an extension of k. Note

that k Is an extension of itself.

Definition 1.1.3 Let A be an algebra over an associative commutative ring R in a
variety V and U an R-bimodule (not necessarily satisfying (1.4)). Suppose that we
have a pair of R-bilinear mappings (a.u) — au, (a.u) = ua.a € A, u€ U, of AQU
into U. Let X = A& U and define multiplication in X by

(e +u)(b+v)=ab+ av + ub (1.3)

for all a.b € A and u.v € U'. Symbolically, this could be written as

.v:.wc,—:{(“ )
0 a

Since this product is bilinear. X is an algebra over r. X is called the split null
eztension of A determined by the bilinear mappings of 4 and U (see [La. Chap. II.
Sect. 5]). If X is an algebra in the variety V then we say that X is a V-module for A.

If it is clear from the context what V is. we will write simply that X is an .4-module.

a € A. uéU}.

If K is an extension of k then a k-module M is a A-module if there exists a pair of
bilinear mappings (a.m) — am. (a.m) — ma.a € A, m € M. of A" x M into M
such that for all a.b € A" and m € M.

(1) em = ma and
(i1) (ab)ym = a(bm).

Quadratic maps. Given two A-modules M and .V, we say that a mapq: M —
N is K-quadratic if

1) g(am) = a%q(m) for all a € K, m € M, and
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2) q(m,n) := q(m + n) — q(m) — q(n) for m,n € M is a A-bilinear map from
M x M to N, called the polar of q.

Remark 1.1.4 The polar ¢ : M x M — N of a A-quadratic mapqg: M — N is
symmetric.

Quadratic forms. Given a A'-module M, a quadratic map q: M — K is called a
K -quadratic form. We define its radical by

R={meM]|qg(m.,n)=0 forall n € M}.

It is easy to see that R is a submodule of M and that q(m) = 0 for all m € R (since
% € R’). We say that q is nondegenerate if R = 0. If we have two A"-modules .M, and
M with quadratic forms ¢; and g, respectively, we can define the orthogonal sum of

q1 and g2, denoted by ¢ = ¢ $ ¢2, as the A'-quadratic form on M, & .M given by

(@1 3 g2)(my & m2) = qi(my) + g2(m2)

for m; € JM[ and ma € .“42.

Example 1.1.5 For an arbitrary set /. the hyperbolic R-space (of rank 2|I]) is the
free A'-module of rank 2|7|,

H(I)=H(I.RA)=H([.K)® H_(I.K)

where H,([.R) = SierR'h,; for o0 = £. We assign to it a A-quadratic form q; :
H(I) - R determined by

QI(h{, h_._,') = 6,']' fOI‘ i.j € [ a.nd qr lHt(’): 0.

Note that q is nondegenerate. A hyperbolic space of rank 2 is called a hyperbolic plane.
We note that H(/) is an orthogonal sum of the hyperbolic A-planes H({i}), ¢ € I.

Given two K-algebras A and B, amap ¢ : A = Bis called a K-algebra homomorphism
(or a K'-algebra endomorphism if A = B) if ¢ is a A-module homomorphism satisfying

w(aa’) = p(a)p(a’) | (1.6)
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for all a,a’ € A. If B is an 4A-module (in the sense of Definition 1.1.3), 2 map
d: A > B is called a A -derivation (from A to B) if d is a A'-module homomorphism

satisfying
d(ad’) = d(a)-a' + a -d(a") (L.7)
for all a,a’ € A. We denote the A*-module of all A-derivations from A to B by
Derg (A, B). We abbreviate Derg(A) = Derg(A, A).
A K-bilinear map (-,-) : A x A = B is called invariant if
(ab.c) = (a.be)
for all a.b,c € A.

Lie algebras. A Lie algebra L over A is a A-module with a multiplication [-,-] :
L x L — L called the bracket which satisfies the following properties for all z.y.= € L:

(L1) [z.y]l = —[y.z};
(L2) [[z.y],=]+ [[y. =], z] + [[=- z],y] = 0.

The axiom (L2) is called the Jacobi identity.

A submodule L of L is called an ideal of L if [L.L] C L.

Example 1.1.6 Let A be an associative algebra over A" : then A is a A-module. We

can create a Lie algebra structure A"} on A by defining the bracket of A!™) as

[z.y] =zy —yz

for all z,y € A. In particular. if M is a A’-module then Endx(.M) is a A’-algebra
and so (Endg M)~} forms a Lie algebra.

Example 1.1.7 Given a K-algebra A, the K -module Derg(A) is a Lie subalgebra
of Endg(A)(-).
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Example 1.1.8 Given a A-module M with a A-quadratic form ¢, we define a
K -module o(q) by

o(q) = {z € Endgx M | g(z(m),n) + q(m.z(n)) =0 for all m,n € M}.
Since 3 € k. we have that
o(q) = {z € Endx M | q(z(m),m) =0 for all m € M}.

It is easy to check that o(q) is a subalgebra of the Lie algebra (End s M)(~}. called
the orthogonal Lie algebra of q. In addition, we define for each m.n € M a A’-linear
map E,,, : M - M by

Enm.a(p) = mq(n, p) — q(m.p)n.

[t is easy to check that aE,,, = Eqnm., foralla € A. m.n € .M (for a proof in a more

general setting see 2.1.1). Since for all m.n,p € M.

q(Em.n(p).p) = q(q(n, p)m.p) — q(¢(m.p)n.p) = 0

we have E.,, € o(q) for all m.n € M. In addition. we have that for r € o(q) and
m,n € M,

[Iv Em,n] = E:(m).n + Em..:(n)

(for a proof of this in more general setting see 2.3) and so the submodule eo(q) of

o(q) spanned by {E. . | m.n € M} is an ideal of o(q) and is called the elementary
orthogonal Lie algebra (of q).

If L is a Lie algebra. we define the centre of L by
Z(L)={zeL|[z.yj=0forall y € L}.

Central extensions of Lie algebras. A Lie algebra L is called a central eztension
of the Lie algebra L if there exists a central ideal C of L such that L/C = L.
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Example 1.1.9 ([FLM]) Let g be a Lie algebra over a field F of characteristic 0 and
(-,-) an F-bilinear, invariant, symmetric form on g. Let A" = F[t¥] be the ring of

Laurent polynomials over F. Then the F-vector space
§=gQ@rFt*| o Fc
becomes a Lie algebra under the bracket operation

[Rt" yQ ¢t = [z.y] @ t™" + (z.y)Mmémsnoc: T.YyE @, m.n € Z;
[c,gl =0

extended F-bilinearly. Moreover. §/Fc = g @7 F[t*] and so § is a central extension of
the Lie algebra g @g F{t=].

Derivations of Lie algebras. Given a Lie algebra L over A". for any element r
of L. we can define the map ad(z) : L — L by ad(z)(y) := [z.y]. Then from the
A -bilinearity of [-.-] and the Jacobi identity, we have that ad(zr) € Ders (L) for all
z € L. Moreover, we have a Lie algebra homomorphism ad : L — Derx(L). The

derivations in the image of ad are called the inner derivations of L and are denoted
by ad(L).

Example 1.1.10 The derivations of a finite-dimensional semisimple Lie algebra L

over a field of characteristic zero are simply the inner derivations of L.

Example 1.1.11 Let g be a finite-dimensional split simple Lie algebra over a field
F of characteristic zero. Let A" be an extension of F and let L = g®r A. Then L is
a Lie algebra with bracket

lg@a.h 28] =[g.h] D ab

for g.h € gand a.b € K. It is well known (see for example [K1. Exercises 7.3-7.3].
[(BM]) that Derg(L) = ad(L)&Derg A" via Derg K — Derg L : § — §(g®a) := gQ6(a).

Jordan algebras. A Jordan algebra J over K is a K-algebra such that for all
a,be J,
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(JA1) ab = ba; and
(JA2) (a%b)a = a?(ba).

Example 1.1.12 Let U be a A-module with a K-quadratic form q. Define J =
K & U to be the A-algebra with multiplication given by

(e @& m)(b&® n) = (ab+ q(m,n)) & (an + mb). (1.8)

One can easily check that J is a Jordan algebra. This algebra is called the Jordan

algebra associated with the quadratic form q .

Jordan algebra modules. Let J be a Jordan algebra over A" and U/ a A™-module.
Suppose we have a pair of bilinear mappings (a, u) = au, (a,u) — ua, a € J. u € U.
of J@U into U. Then by definition of modules of the algebras in the variety of Jordan
algebras (see 1.1.3), U is a Jordan module for J if the split null extension X = J& U

with multiplication
(a+u)(b+v)=ab+au+vb (1.9)

for a,b € J and u,v € U is a Jordan algebra. In fact. this holds if and only if the
following are satisfied (see [La. Chap. II, Sect. 3]):

au = ua (1.10)
(ua®)a = (ua)a? (1.11)
2((ua)b)a + u(a®h) = 2(ua)(ab) + (ub)a? (1.12)

foralla € Jand u e [

Example 1.1.13 Let M be a2 A-module. Consider the A™-module {7 = eo(q) = .M.
Define the action 0 of / = A" % .M on U by setting

(z+p)o(a+m) = (za+Epm)+(z(m)+ pa) (1.13)
= (a+m)o(z+p)

foralla+m € Jand z+ p € U. Then U is a Jordan module for J (we will prove

this in a more general setting later, see Example 1.3.22).
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Jordan pairs. ([L]) A Jordan pair over k is a pair V = (V*,V~) of k-modules
together with a pair (Q*+, Q™) of k-quadratic maps @7 : V° — Hom(V~*,V?) such
that the following identities hold in all scalar extensions Vi of V:

(JP1) D°(z.y)Q°(z) = Q°(z)D°(y.x)

(JP2) D%(Q°(z).y) = D°(z.Q°(y)x)

(JP3) Q%(Q%(z)y) = Q°(z)Q° (y)Q°(z)

forall z € V°, y € V™°, 0 = + where D = (D*.D~), D° : V° x V™ o
Hom(V?,V?) is defined by

D°(z,y)z = Q% (z.2)y =: {z.y.=}°

and Q(-, -) is the polar of the quadratic map Q. [t is important to note that D(z.y)z =
D(z.y)x forallz.z€e V°, ye V=°, o0 = +.

Example 1.1.14 ([L]) Given a A'-module M with a A’-quadratic form ¢. we can
define a Jordan pair V' = (M, M) by setting Q(z)y = q(z.y)z — q(z)y for all z.y &
M. 1t is called the quadratic form pair (associated to q).

Tits-Kantor-Koecher algebras of Jordan pairs. ([N1],[Ko]) Let V' = (V+.V ™)
be a Jordan pair over A". For (u.v) € V' put

d(u.v) = (D*(u.v),—D"(v,u))

and denote by D the A-span of all maps 6(u,v). One can show that §(u.v) is
a derivation on V in the following sense: A pair of maps D = (D*.D~). D° €
Endg V7. 0 = + is called a derivation of V ifforallco =+ and r.z€ Vo.ye V-7

we have
D°({z.y.z}°) = {D"(2).y, 2} + {z. D™ (y). =} + {z.4. D" (=)}.
It is well known that §(u,v) is a derivation of V and that

[D,é(u,v)] = 8(D*(u),v) + §(u, D~ (v))
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for all u € V¥ ,v € V~ and so D forms an ideal of the derivation algebra of V. Hence
D is a Lie algebra called the inner derivation algebra of V. We set

K=K(V)=VteDaV~
and define the product on K by

Wt Pedu". vt @bsvT] =(a*vt —btut) & ([a,b] + 6(ut.v7)
-dvT.u") & (a" v —b"u") (1.14)
where u?,v? € V7 and @ = (a*.a”), b = (b*,67) € D. We then have that K is

a Lie algebra over A" ([M]). It is called the Tits-Kantor-Roecher algebra (or the
TKRK-algebra) of V.

Example 1.1.15 ([N1]) Let M be a A-module and q a A’-quadratic form on .M.
Let V' = (M. M) be the associated quadratic form pair. Then

D(m.n)(p) = Q(m.p)(n)=Q(m+ p)(n) — Q(m)(n) — Q(p)(n)
= gq(m+p,n)(m + p) —q(m + p)n
—q(m.n)m + q(m)n — q(p.n)p + q(p)n
= q(m.n)p+q(p.n)m — q(m. p)n — g(m)n — q(p)n
+q(m)n + q(p)n
= gq(m.n)p+ En.(p)
for all m,n,p € M and so D = spang{q(m.n)-Id + E,,. | m.n € M}. Let
L=L_& Lo& L, where
Ly = {(0.m.0.0) | m € M}
Lo = {(e,0.0.z) |a € K. z € eo(q)}
Ly = {(0,0.m.0) | m € M}

with multiplication given by

[(a,m.n,z),(a',m',n’,z")] =(q(m,n") — ¢(n,m"),am’ + zm' — a'm — z'm,

—an’' +zn' +a'n — 2'n,En v + Ep e + [z, 2])
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for all ¢,a’ € K, m,m’,n,n’ € M and z,z’ € eo(q). We will show later that L is
a Lie algebra isomorphic to eo(q & q(.)) Where q(} is the A-quadratic form on the
hyperbolic A’-plane (see Example 1.1.5). One can see that the TKK-algebra of V' is

isomorphic to
Ly®[L,.L.,]/C& L,
where [Ly,L_,] C Lo is spanned by commutators
[(0.m.0,0),(0,0,n,0)] = (¢(m.n),0.0.Ep )
and
C={l€[LiLoy]|[l.Ls] =0 for o = £}.

If Anngp M{a € R | am =0 for all m € M} = 0 and there exist m;.n; € .M such
that }_. q(m:,n;) =1 i.e.. q represents 1. then K(V') = L (see Proposition 2.3.10).

1.2 Graded Lie algebras

In this section we review the theory of certain graded Lie algebras, in particular root-
graded Lie algebras, 3-graded Lie algebras, and we define toral 3-graded Lie algebras.

The reader is referred to [N1] for a more detailed study of those algebras.

We continue to assume that k£ is a commutative. associative and unital ring con-
taining -;- By a k-module. we mean a k-bimodule satisfving (1.4). We denote by A

an extension of k.

Given an abelian group G and an algebra 4. we say that A is G-graded if there
exist submodules A;., g € G of A such that A = Sgegdg and A4, € Agyn for all
g.hegqg.

Root Systems. ([Bo], [N1], [LN]) A subset R of a real vector space X with a scalar
product (-,-) is called a root system (in X) if R has the following three properties:
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(RS1) R generates X as a vector space and 0 ¢ R,
(RS2) for each a € R we have s,(R) = R where s,(z) =z — 2%0: for z € X,

(RS3) for all ,8 € R. we have (a.3) € Z, where for z € X, a € R,

5 (z:0)
(a,a)

(z,a) :=

A root system R is irreducible if R # 0 and if R is not an orthogonal sum of two
non-empty root systems. Every root system is an orthogonal sum of irreducible root
systems which are uniquely determined and are called the irreducible components of R.
Note that in the finite-dimensional case, these definitions conform with the traditional
definition of (finite) root systems. An irreducible root system is isomorphic to a finite
root system or to one of the infinite analogues of the root systems of type A — D.

explained in Example 1.2.1 below.

Example 1.2.1 For a nonempty set /. let X; be the real vector space with basis
{e: | i € I'} and scalar product (- | -) satisfving (¢; | €;,) = &;. Assume that < is a
symbol not in [ and define [, = [ U {oc}. The following are root systems of rank |/|
which are irreducible if | /| > 4 ([N3]):

A = {ei—¢|i.j € lo, i # j} C XL,

Br = {teate|ijel.i#j}ul{tealicl}cC Xy

Cr = {eaxe|i,jel.i#j}U{X2 |i€l}C X,

Dr = {te+e¢ |ijel. i%j}cC X

BC; = BrucCy.
Example 1.2.2 ([N1]) We call (R. R,) a 3-graded root system if R is a root system
which has a disjoint decomposition R = RiUR;UR_, such that
R, =—R,

Ro={a~3|a.8€Ry, (a,8) #0, a# 3}
(R: + Rj))N R C Riy; whereR, =0 if k ¢ {+1.0}.

Then one can show that all irreducible reduced root systems of type other than Eg, F,
or G are 3-graded.
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Root-graded Lie algebras. ([N2]) Let R be a root system. A Lie algebra L
over R is called R-graded (or a Lie algebra graded by root system R) if there exist
K-submodules L*, @ € RU {0} of L such that

(RG1) L = @acruo}L™:

(RG2) for all @,3 € RU {0},

(L°.1% L**8 ifa+ 3 € RU {0}
' {0} ifa+4¢ RU{0}

(RG3) as a Lie algebra. L is generated by UserL®:

(RG4) for every a € R thereexists 0 # X, € L® such that H, := [X_,,.X,] operates
on L? (3 € RU {0}) by

[(Ha, =] = (8.a)zs (=5 € L°).

Remark 1.2.3 Note that (RG3) is equivalent to

L°=Y"[L°. L7
a€ER
Remark 1.2.4 The condition (RG4) implies that when A’ is a field of characteristic
zero, the split simple Lie algebra g = § & (S.er g-) Whose root system is R relative
to the split Cartan subalgebra § = spang{H, | @ € R} := go is a subalgebra of L
and g, C L, for all « € RU {0}. Here g is generated by {Xi, | @ € B} where B is a

root basis.

Example 1.2.5 Lie algebras over fields of characteristic zero and graded by finite
root systems have been classified by Berman and Moody ([BM]) in case of root systems
of types An, n > 2, D, and E, and by Benkart and Zelmanov ([BeZ]) in case of root
systems of types A;, Ba(n 2> 3), Ca(n 2> 2). F; and G,. The classification in all of

these cases was arrived to by using the decomposition of an R-graded Lie algebra L



CHAPTER 1. PRELIMINARIES 29

into a direct sum of g-modules, where g is the split simple R-graded Lie algebra, as

follows:

L=(gA)&(V®B)&D

where a := A& B is an algebra over A, V is the vector space associated with g and
D is an algebra of derivations on a which map A to A and B to B. Types of both a

and D are determined by R.

Example 1.2.6 Lie algebras over rings graded by root systems of types # Eg, F; or

G, were classified by Neher in [N1]. In particular:

(1) Let k be a ring containing ;. Then a Lie algebra L over k is Bj-graded (]/] > 3)
if and only if there exists an extension A" of k and a A'-module M with a A™-
quadratic form q and an element m € M satisfving ¢(m) = 1 such that L is a

central extension of the Lie algebra eo(qr % q).

(2) Let k be a ring containing 3. Then a Lie algebra L is D;-graded (|/| > 4) if and
only if there exists an extension A" of k such that L is a central extension of the

Lie algebra eo(qy).

3-graded and toral 3-graded Lie algebras. A Lie algebra L over a ring A is
called 3-graded if it has a decomposition L = L, = Lo = L_,; such that

[Li.L,] C Lix; where Liy; =0 if i + j ¢ {£1,0}. (1.15)

Note that we do not assume that Lo = [L;. L_;] as was done in [N1]. We say that a

3-graded Lie algebra is toral if there exists an element ( € Lo such that
[(.zs] =0z, forall z, € L,, 0 = £.0. (1.16)

Example 1.2.7 Let A" be an extension of k£ and M a A-module with a quadratic
form ¢q. Let M be the orthogonal sum of A-modules M and a A-hyperbolic plane
H with the quadratic form g, = ¢& qu. Then eo(gs) is a toral 3-graded Lie algebra
where ¢ = (1,0,0,0) (see Example 1.1.15).
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Remark 1.2.8 From the Example 1.2.6 we see that a Lie algebra over a ring con-
taining ; is By-graded (]| > 3) or Dy graded (|| > 4) only if it is a central extension
of eo(ge) for some extension A of k, a A-module M and a A’-quadratic form q on

M.

1.3 Superalgebras

In this section we will describe some fundamental concepts of k-superstructures, in
particular Lie superalgebras and the superversion of eo(q). The reader can find more
extensive coverage of this material in [S], [K2], [N2] and [N3].

Recall that k is a commutative. associative and unital ring containing . We continue
to call a k-bimodule satisfying (1.4) a k-module.

Let Z, = {0.1} be the field of two elements. A k-module M is called a k-supermodule
if M = Mg & M;j for some submodules Mg and M of M. We call the elements of
M,. a € Z,, homogeneous elements of degree . We denote the degree of a homoge-
neous element m by |m|. The homogeneous elements of degree 0 are called even and
the homogeneous elements of degree I are called odd. We will assume throughout
that when |m| occurs in an expression, then it is assumed that m is homogeneous.

and that the expression extends to the other elements by linearity.

A k-algebra A is called a superalgebra over k (or a k-superalgebra) if A" is a Zo-
graded algebra, i.e., A = A5 $ Aj for some k-submodules A and A7 satisfving
KoKg € R,4g for all a.3 € Z,. We say that a k-superalgebra A" is supercommuta-
tive if ab = (—1)I*Plbq for all a.b € K and (super)associative if it is associative as a
k-algebra. A k-superalgebra is unital if there exists 1 € R such that la = a = al for
all a € A'. Note that £-1 C Kj.

Example 1.3.1 Let R be a Zygraded supercommutative ring, i.e. R = R5 & Ry
"and RoRs C Raoyp for a,8 € Z,. Then R is called a supercommutative superring and
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in particular, R is a superalgebra over Rj.

A k-superalgebra A is called a k-supereztension (or a superertension of k) if R is
unital, associative and supercommutative. Throughout this section, A" shall denote

a superextension of k. Note that k is a superextension of itself by setting k5 = k and
ki = (0). ’

Example 1.3.2 An important example of a superextension of k is the Grassmann
algebre G (see Example 1.1.2). Fix an order (for example. the natural order) on N.
If we write § = g and & = &,6, --- &, for a nonempty set [ = {i;,i5,--- .1n,} CN
with i} < i3 < --- < i,, then

{€r | I is a finite subset of N}

is a k-basis of G. Moreover. G = G5 © G; where
Go= P k&
|} even
and
Gi= P k.
|1} odd

the sums being taken over finite ordered subsets of N. is a Zs-grading of G and so G
is a k-superalgebra. Clearly G is unital with unit §. By definition. G is associative.
The defining relation &&; + £;& = 0 implies that &&; = (—=1)YWig; €, and so G is

supercommutative. Hence G is a superextension of k.

Supermodules over superextensions. In keeping with the Definition [.1.3. a
A’-bimodule M is a supereztension-module for K or R-supermodule for short if M =

Mg S M;j for some k-submodules M, . a € Z, such that
R Mg C Maug
for all a,3 € Z, and the A-bimodule action satisfies

am = (=1)l¢mlye
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for all @ € A, m € M. In particular, if M;, M,,--- , M, are A-supermodules
then the direct sum M; @ M, & --- & M, is a KR-supermodule via the action

a(my,ma,--- ,my) = (am,amq,---amy,) forallae K, m;e M;, 1 =1.2,--- ,n.

Example 1.3.3 Let / be an arbitrary set. We define the A’-supermodule H(/, R’)
to be the direct sum of free A-supermodules A'hy; for ¢ € [ where the hs; are of even
degree and form a A-basis of H(I,R’). In other words

H(I) = H(I.K) = (Kh: & Kh_).
iel
where the elements of the basis {h4;}ics are all of even degree. Then we have that
H(I)= H(I)s & H(I); is 2 A'-supermodule where

H( [)a = :ie[([\’ohi = [\’ah-i)
for a € Z,.

Given a A'-supermodule M, a A-submodule A of M is a sub(super)module of M if
N =(MsgnNA) & (MijNnAN). Throughout we will refer to a subsupermodule of the
K'-supermodule M as simply a submodule of the A”-supermodule M.

Lemma 1.3.4 Let M be a supermodule over R and N a submodule of M. Then
the quotient M /N is a R -supermodule with respect to the induced actions arm =

am, ma =ma fora € K, m € M.
Proof: Since M = M5 & Mj and A, Mg C Mq,5. we have M/N = (Ms/N) S
(Mi/N) with R(Mg/NV) C (RKaMg)/N C Mqaip/N under the induced actions

am = am, ma = Ta for a € K, m € M. Moreover.

fafim| laflm| =

am = am = (—1) ma = (—1) ma

for all a € A" and m € M and so M/N is a A-supermodule. (]

Let M, M,,--- ,M, and N be A-supermodules. A map & : M; x Myx---x M, —
N is said to have degree a (a € Z,) if

é(mlv Tty mn) € A/a-l-lml|-|»--<l—lm.,l
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for all homogeneous m; € M;, 1 <: < n.

Remark 1.3.5 If M and A are K-supermodules, Homy (M, ) is a A-supermodule
with

Hompg (M, N) = (Homg (M, \))s & (Homg (M, N));
where Homg (M, N), = {f € Homg (M, N) | degree of f is a}.
We say that a A™-bilinear map o : M x M — N is supersymmetric if
d(m,n) = (—=1)™g(n. m) (1.17)
for all m,n € M and that is superantisymmetric if
o(m,n) = —(=1)mo(n.m) (1.18)

for all m.n € M. Note that if ¢ is supersymmetric. then o|m,xm, is symmetric and

®|myx.m, is antisvmmetric. The radical of a supersymmetric ¢ is defined by
Rad(¢) = {m € M|o(m.n) =0 for all n € M}.
and ¢ is nondegenerate if Rad(¢) = {0}. We have

Proposition 1.3.6 Let M be a R -supermodule and o : M x M — .\ a supersym-

metric K -bilinear map. Then
(i) Rad(®) is a R -submodule of M;

(ii) The induced R -quadratic form & : M/Rad(¢) — NV : (.R) — o(m.n) is

nondegenerate.

Proof: (i) We need to prove that the homogeneous parts of r € Rad(¢) belong to
Rad(¢). Let r = r5 + r; € Rad(é). Then for all homogeneous m € M,

0 = ¢(m,r) = ¢(m,r5) + $(m, 1)
— A
ENjm| ENimi+1
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and, as a result, ¢(m,rs) = 0 = ¢(m, ;) for all m € M and so r5,r; € Rad(9).

(ii) For all m,n € M and r,s € Rad(9),
S(mF7,n+s) =o(m+r.n+s)=o(m,n)=¢(m.a),
hence ¢ is well-defined. It inherits from ¢ the K-bilinearity and supersymmetry.
Moreover,
d(m,7) =0 foralln € M = dé(m,n) =0 for alln € M = m € Rad(¢) = m = 0.

Hence ¢ is nondegenerate. ]

Quadratic maps. A A-quadratic map between A-supermodules M and .V is a
R'-supersymmetric, A™-bilinear map ¢ : M x M — N of degree 0. Note that.
since 3 € K. the map q induces a Aj-quadratic map between Mg and N via

gs(m) = 3q(m.m), m € M.

Quadratic forms. Given a A-supermodule M. a quadratic map ¢ from M to
R is called a A-quadratic form on M. Given two A-supermodules M, and .M, with
R’-quadratic forms q; and ¢, respectively, we define their orthogonal sum q=q, = ¢

to be the A'-quadratic form on the A-supermodule M = M,; & M, given by
g(mi D@ ma.ni B n2) = (q13q)(m1 &m0 Ena)
= q(my,n1) + g(m2. n2)

for my.n; € M, ma,n; € M.

Example 1.3.7 Let [ be an arbitrary set. We define the A'-quadratic form g; on
the A-supermodule H(/: R’) (see Example 1.3.3) by setting

qr(hai, h-uj) = Jc'u‘;i»J

forall 7,7 € I, o,u € {+} and extending ¢ bilinearly over A’. We call H([; K) the
hyperbolic R -superspace. In the case when |I| = 1, we call H(/; R’) the hyperbolic

superplane.
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Superalgebras over superextensions. Given a superextension A" of k, a A-
superalgebra A is a R'-supermodule with a A’-bilinear map - : A x A — A of degree
0. A subalgebra B of the superalgebra A is a K-submodule B of A such that B is
closed under -|gxp. A subalgebra B of A is a (left) ideal of A if A- B C B. A unital,

associative, supercommutative superalgebra A over A’ is called a supereztension of K.

Example 1.3.8 Let M be a A-supermodule. Then Ends (M) is a K-superalgebra
via o : Endg (M) x Endg (M) — Endg(M):

(f o g)(m) = f(g(m))
for all m € M.

Given two A'-superalgebras - and B. a A-algebra homomorphism o : 4 — B of
degree 0 is called a A -superalgebra homomorphism. If. in addition. o is bijective. we

say that ¢ is an isomorphism.

Definition 1.3.9 Let . be a A'-superalgebra in a variety U (later D will be the
variety of Jordan or Lie superalgebras). Let & be a A’-supermodule equipped with a
pair of A’-bilinear mappings (a,u) — au, (a.u) — uva,a € A.u €U, of A xU into U

of degree 0. Then X = AU is a A'-supermodule on which we define a multiplication
by

(a+u)(b+v)=ab+av + ub (1.19)

for all a.b € A. u.v € U. Since this product is A-bilinear. X is a superalgebra
over A, called the split null extension of A determined by the bilinear mappings of
A and U (see [J1, Chap.Il. Sect..5] for the classical case). If X is a superalgebra
in the variety U then we say that U is a U-module for A. In this case. for each
a € Z, let (Derp(A.U)), be the space of all homogeneous A-module homomorphisms
d € Homp(A,U), satisfying for all homogeneous r € A and all y € 4

d(zy) = d(z)y + (=1)°Flzd(y).

We define

DerK(Avu) = (DerK(Asu))ﬁ & (DerK('Avu))P
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Then it is easy to see that Derg(A,U) is a submodule of Endz M and hence a A'-
supermodule. The elements of Dery(A,U) are called the A -derivations (from A to
U). If A =U, we simply write Derg A.

T-envelopes. Let A" and T be k-superextensions and M a A-supermodule. We
define the T-envelope T(M) of M by

T(M) = (T5 ®x Ms) & (T7 Qk Mj).

If we take M = R’, we have that T(R’) is an extension of k, i.e.. 2 commutative,

unital and associative algebra over k£ under the multiplication
(sQa)(tRb)=stZab

for s,t € T and a.b € R such that |s| = |al, [t| = |b|.

In general. if .M is a A'-supermodule. T(M) is a T(A’)-module under the action
(sQa)-(tOm):=stDam

for all s,t € T.a € R and m € M such that |s| = |a|. |[t| = |m|. Moreover. if Ais a
K-superalgebra. T(4) is a T(A')-algebra with multiplication given by

(sz)(tRQy) =stDzy

forall s.t € T. z,y € A. |s| = |z|, |t] = |yl

Let M,,--- .M, and N be A-supermodules and ¢ a A-module homomorphism
from M; x --- x M, to N of degree 0. We define its T-envelope T(o0) : T(.M,) x
-+ x T(M,) = T(N) by

T(O)(tl®mh"' ~tn®mn) = tl"'tnEO(mlr'°' -mn)

forall ¢y,--- ,th € Tand m; € M;,i=1.--- .n.
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Let M and N be K-supermodules and ¢ from M to N a K-quadratic map. Let
G be the Grassmann algebra and define the map G(q) : G(M) = G(N) by

G & @mp) = 21s 8 qlmayme) + 3 E16s @ glmy,my)
I = {LJ}CN
where the sums are taken over finite and ordered subsets of N and in the second sum
the subsets are distinct (including the possibility / = @). We then have that G(q) is
a G(R')-quadratic map such that the polar of G(q) is the Grassmann envelope G(q)
of q (for proof see [N3]). G(q) is called the Grassmann envelope of q.

Example 1.3.10 ([N3]) Let A be a A-superalgebra and G the Grassmann algebra.
A G-envelope of A is called the Grassmann envelope of A. We will use the Grass-
mann envelopes to define varieties of superalgebras. For example, suppose 4 is a
R-superalgebra. Then it is easy to show that G(A) is an associative G(A')-algebra
if and only if A is associative. Similarly, A is a supercommutative A’-superalgebra if

and only if G(4) is a commutative G(A')-algebra. This is easily seen from the fact
that

(§r@z)(&sBy) = &Sy
= ((=1)gser) @ ((—1)Flyz)
= §ryr
= (s eyl )
for all finite ordered subsets [.J € N and z,y € A such that || = |z, [&;] = |y|.

In general. we have the following definition:

Definition 1.3.11 Let V be a homogeneous variety of k-algebras. A A-superalgebra
A is called a V-superalgebra if G(A) belongs to V.

Proposition 1.3.12 Let V be ¢ homogeneous variety of k-algebras and let A be a
V-superalgebra. Then M is an A-supermodule if and only if G(M) is a G(A)-module.



CHAPTER 1. PRELIMINARIES 38

Proof: Using the Definitions 1.3.9 and 1.3.11, an A-module M is an A-supermodule
if and only if G(A® M) is a V-algebra where the multiplication on G(A & M) is given
by

(&1 @ (a +m)) (€5 B (b+n)) = &€ Q (ab+ an + mb)
and extended linearly. Since
G(AB M) = GsQ (Asg® Mp) + Gs ® (A1 & M)

= ((Go® A5) T (G1 S 47)) & ((Gs ® Ms) & (G ® M;))
= G(A)e G(M),

we have
Er@(a+m)) (€@ (b+n))=((2a)S(Erdm)) (& 3b)=(5s 2 n))
and since the typical element of G(A) & G(.M) looks like 3~ (&1 © ar < 1 & my). the

assertion now follows. ]

Lie superalgebras. Let A" be a k-superextension and L a A’-supermodule. L is
called a Lie superalgebra if it is equipped with a A-bilinear bracket multiplication
[-.-]: L x L = L such that:

(SL1) Forallz.y € L.
[z.y] = —(-1)Fl[y. 2];
(SL2) Forall r,y,z € L.
(=) [z, y]. =] + (=), ], 2] + (— ) [[=. 2] o] = 0.
The property (SL2) is called the Jacob: identity and is equivalent to

[lz.y]. 2] = [z. [, =l] = (= D)Wy, [z. =]] (1.20)

forall z,y,= € L.

In fact, this definition is consistent with the Definition 1.3.11. We have the well
known
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Proposition 1.3.13 Let L be a K -superalgebra. Denote the multiplication in L by
[-,)]- The Grassmann envelope G(L) of L is a Lie algebra if and only if L satisfies
(SL1) and (SL2).

Proof:[=-] Since G is free, every X € G(L) has a unique representation of the form
D (&1 @ z1) where the sum is over finite subsets of N. As a result. X = 0 if and only
if z; = 0 for all finite / C N.

Denote the multiplication in L by [-,-]. Let &, @ z.£; @ y € G(L). Then

Er®@z.& Y+ Qy.6r0 ] =
= &6 @ [z yl + &6 2 [y. 7]
= 161 @ [z, y] + (~1)FAg 16, 3 [y, 2] (1.21)
= &6 9 ([z.y] + (- M [y. z]).
If L satisfies (SL1) then (1.21) implies that G(L) satisfies (L1). Conversely, for any
r.y € L we can find disjoint [.J C N such that |§;| = |z| and |£,] = |y| and so.

in particular, such that £;£; # 0. So if G(L) satisfies (L1). by 1.21 we have that L
satisfies (SL1).

Similarly, for £, ® .65 9 y.€x ® = € G(L) we have

@z 60y ]+ Q. En DD 2]|+ [ @ . [6r D .65 D y]]
= £€s€k @ [z. [y, =]] + EsEREr © [y.[=. 2]]
+ Ex€rés © [=.[z. ¥]] (1.22)
= E161€r D ([z. [y, =[] + (=1)}HWl+ED [ 1= 2]]
+ (_1)I:I(lrl+lyl)[:. (. y]]).

Hence if L satisfies (SL2) then. by 1.22. G(L) satisfies (L2). Conversely, for any
z,y,z € L we can pick disjoint /.J, A" C N such that |&]| = |z|, |&7] = |y, [Ex] = |=]
(and so, in particular, such that £;£;6xr # 0). Therefore if G(L) satisfies (L2) then
by 1.22. L satisfies (SL2). Hence L is a Lie superalgebra if and only if G(L) is a Lie
algebra. a
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Example 1.3.14 Given an associative R-superalgebra A, we can define a Lie su-

peralgebra structure on A, denoted by A{~), by defining the bracket operation via
[z,y] = 2y — (=1)FIPlyz

for all r,y € A homogeneous and extending it linearly on all of 4. In particular. one
can easily check that Derg(A) is a subalgebra of End g (A)(-).

Example 1.3.15 Let L be a Lie superalgebra over k£ and A™ a superextension of k.
Then L &k A is a Lie superalgebra via

[t®a,y@b] =(=1)M[z. y] R ab
forall z.y € L. a,b € K. The Z,grading is given by
(L 3k K)o = (Lg Ok Ag) = (Li &k AT);
(L 3« K)1 = (Lo Sk A7) © (Lt 2k AG)-
Example 1.3.16 Let M be a A-supermodule with a A-quadratic form q. Set

osp(q) = {z € Endx M |q(z(m),n) + (=1)™lI"g(z(n). m) = 0 for all
m.,n € M}.

We define. for homogeneous m.n.p € .M.
En(p) = mq(n.p) — (=1)"WPlg(m_ p)n.
and we extend E : M x M — Endg M linearly. Let
eosp(q) = spang{En.. | m.n € M homogeneous}.

We will show in Chapter 2 that osp(q) is a subalgebra of the Lie superalgebra
Endg (M) and that eosp(q) is an ideal of osp(q). We call osp(q) the orthosymplec-
tic Lie superalgebra of ¢ and eosp(q) the elementary orthosympletic Lie superalgebra
(of q). In fact, we will show that the Grassmann envelopes G(osp(q)) and G(eosp(q))
are the orthogonal Lie algebra and the elementary orthogonal Lie algebra of G(q)

respectively.
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Example 1.3.17 Let L be a Lie superalgebra over A" and let M and N be sub-
modules of L with M, M]C M, [M,N] C N and [N, N]C M. Then MG N is
a Lie superalgebra under the multiplication

[m & n,m' @ n'" = ([m.m’] + [n,n]) & ([m,n] + [n,m']) (1.23)

where [-,-] denotes the bracket in L. Indeed, since M and N are submodules of L.

they are themselves A’-supermodules and so we can set
(M =7/ N’)o =M,S -'va; ac€ Z2-
Foralmeéne(ME&N),,man € ( MN)z. a.8 € Z,,

manm'saT = (m.m]+[rn))3(m.n]+[nm])
64\7‘:4»3 eAL.-;

C (M3 Naus
and so M 3 N is a Z,-graded superalgebra over A. Moreover. using the fact that L
is a Lie superalgebra. we have
monm &l = ([m.m]+[n.n])S(m.n]+[n.m])
= (=1)*([m".m] + [n'.n]) & ([m".n] + [n'. m])
= (-1)**[m'2n" . mSnl
and
[mEafm an' . m"sn" - (-1)°[m' 20" . [mSn.m" 3n"T]
= [m&n.([m'.m"] + [n".n"]) & ([m'.n"] + [n". m"])"
= (=1)[m’ 2 ', ([m. m"] + [n.n"]) 2 ([m.n"] + [n.m"])"
= ([m.[m'.m"]] + [n, [n".n"]] + [n. [m". "]] + [n. [0". m"]))
S ([m.[m".n"]] + [m. [2".m"] + [0, [m’. n"]] + [n. [n".n"])
— (=1*(([m". [m.m"]] + [, [2". 2"} + [0". [m. "]} + [0 [n. m"]])
S (['.[m.n"]] + [ [n. m"]] + [n'. [m. m"]] + [0". [n. n"]])
= ([[m, m7, m"] + [[m.n],n"] + [[n, m"]. n"] + [[n.n"], m"])
+ &([[m. m’, n"] + [[m.n7], m"] + [[n, m], m"] + [[n. ], n"])
=[[m&n,m' &nl,m" &n"}"
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and so [-, | satisfies the Jacobi identity. Therefore M & N is a Lie superalgebra over
R with the bracket given by (1.23). [ ]

If L is a Lie superalgebra. we define the centre of L by
Z(Ly={z€L|[z,y]=0forally € L}.

We have that Z(L) is an ideal of L. We say that a A’-bilinear form (-.-): L xL = KA
on a Lie superalgebra L over A  is a 2-supercocycle (see [Fuks]) if

(LSC1) (z.y) = —(—1)Wl(y, ), and
(LSC2) ([z.y],=) = (z.[y.=]) = (~=1)FPl(y, [z.2])

for all homogeneous r.y.z € L.

Homomorphisms of Lie superalgebras. Given two Lie superalgebras L and
L' over R'. we say that a map ¢ : L — L’ is a Lie superalgebra homomorphism if o is

a R-supermodule homomorphism of degree 0 which satisfies

o([z.y]) = [o(z), o(y)]

for all z.y € L. We say that a A”-homomorphism o is a Lie superalgebra isomorphism

[
if @ is a bijective map. In this case, we write L = L’ or simply L = L'.

Central extensions of Lie superalgebras. A Lie superalgebra L is called a cen-
tral extension of the Lie superalgebra L if there exists a central ideal C of L (ie..

C c Z(L)) such that L/C = L.

Example 1.3.18 Let L be a Lie superalgebra over A" and (-.-) a 2-supercocycie on
L. Consider the A-supermodule L = L 3 RA'c where A'cis a free A™-supermodule with
even A-basis {c}. Define the bracket [-.-] on L by

[z.y]"=[z.y] + (z.y)c
[z, =0
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for all z,y € L. Then it is easy to check that L is a Lie superalgebra and so a central
extension of L. Indeed, since Ac C Z (f.) we only need to show that [-,-] L« satisfies
(SL1) and (SL2). Let z,y.z € L. Then

[z.y]" = [z.y] + (z.y)e = —(—=1)FW([y, z] + (y, z)e) = —(~ 1)y, 2]
and
[z. [y, =] T = (=)W, [z. 5] T = [=. [y, =[] = (= D)Wy, [z. =]
= [z.[y, z]] + (2. [y. z])e
- (_l)lrllyl[y’ [::. :]] — (-1 )lzllyl(y, [z.2])e
= ([z.y]. z] + ([z. 4], 2)e
= [[z. 4] 2]~

Hence [, -] satisfies (SL1) and (SL2) and so L is a Lie superalgebra.

Example 1.3.19 Let L be a Lie superalgebra over k and k[t%] the ring of Laurent

polynomials over k. Let (-,-) be a supersymmetric invariant form on L. Set
L =(LQK[t*])= ke
and define the bracket operation by

z@tT.y@t"] =[z.y] S t™" + (2. y)MmImsnoc: T,y E L. m.n € Z
[e.L] =0.

By Example 1.3.15. L @ k[t*!] is a Lie superalgebra over k. Let (-.-) : (L S k{t=!]) &
(L ® k[t*']) — k be defined by

(zQtm.yQtr) = (z.y)mbémsno

for all z,y € L. m,n € Z. Then it is easy to check that (-,-) is a Lie supercocycle
on L ® k{t*'] and so by Example 1.3.18, L is a central extension of L & k[t*']. The
Zrgrading of L is given by

(L)o = (Ls ® K[t*]) @ ke and (L); = L; ® k{*].
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Derivations of Lie superalgebras. In keeping with the definition of derivations
of arbitrary K-superalgebras, given a Lie superalgebra L over K, a A"-module homo-
morphism d : L — L is called a R -dertvation (of L) if d = dy & dj where d, (a € Z,)
is a A-module homomorphism of degree a satisfying

do[z.y] = [da(z), y] + (—1)°F[z, da(y)] (1.24)

for all z € L,y € L. We denote the set of R'-derivations of a Lie superalgebra L
by Derg(L). For any element z of L. we can define the map ad(z) : L — L by
ad(z)(y) := [z,y]- The A-supermodule ad(L) forms an ideal of Ders L called the
inner derivation algebra of L, denoted by ad L. Further, we define the locally inner
derivations of L to be the derivations d € Derg L such that for any finite subset
{z1,-.. .za} of L there exists = € L satisfying d(z;) = [z. ;] (see [DZ]). We denote
the locally inner derivations of L by adjec L.

Lemma 1.3.20 Let L be a superalgebra over A" . Then adjoc L is an ideal of Derg: L.

Proof: Let d € Derx L. d' € adjoc L. Let {z;.....z,} be a finite subset of L. Then
{z1,-.. . Zn,d(z1),... .d(zn)} is also a finite subset of L and so, since d is locally

inner. there exists £ € L such that
d'(z;) = [z.zi] and d'(d(z;)) = [z.d(z:)].

Note that |d’'| = |z|. Hence

[d.dl(z:) = d(d'(z:)) — (-1)"d'(d(z:)) = d([z. z:]) = (= 1)z, d(;)]
= [d(z).z] + (-1)*¥z. d(z)] — (-1)[z, d(z;)]
= [d(.‘l.'),.ti]
and so [d,d"] is a locally inner derivation of L. (]

Example 1.3.21 ([K2, Prop.2.3.4]) Any finite-dimensional Lie superalgebra L over
a field & whose Killing form is nondegenerate has no outer derivations, i.e., Derg(L) =

“ad(L).
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Jordan superalgebras. A Jordan superalgebra J = J3g & Ji over R is a K-
superalgebra such that its Grassmann envelope G(J) is a2 Jordan algebra over G(R’).
One can check that this holds if and only if for all a,b,¢,d € J,

(JSA1) ab=(—1)klblpg

(JSA2) ((ab)e)d + (—1)"‘""a'((bd)c) + (—1)Bllai+ldldlp( (ad)c) =
(ab)(cd) + (=1)I¥(ac)(bd) + (—1)IBI+D(ad)(bc)

(JSA3) (a%c)a = a*(ca).

Example 1.3.22 Let M be a A-supermodule with a A'-quadratic form q. Define
J = R $ M to be the A’-superalgebra with the natural Z,-grading and multiplication
given by

(e @ m)(b& n) = (ab + q(m.n)) & (an + mb). (1.25)

One can easily check that the Grassmann envelope of J is the Jordan algebra G(J) as-
sociated with the G( A')-quadratic form. Consider the A™-supermodule X = eosp(q) <
M. Define the action o of J/ = A" & M on X by setting

(z+p)o(a+m) = (za+Epm)+ (z(m)+ pa) (1.26)
= (=1)*%(a+m)o(z +p)

for all a + m € J, and £ + p € X3 homogeneous. Then. as we will see later (see

Example 1.5.14), X is a Jordan supermodule for J.

Jordan superpairs. ([N3]) A Jordan superpair over A is a pair V" = (V+.177)
of A-supermodules together with a pair (Q*.Q~) of A-quadratic maps Q° : V7 —
Hompg (V' =7, V) such that its Grassmann envelope G(V') together with the G(A')-

quadratic maps (é“',é”) is a Jordan pair over G(A'). The maps @‘ are defined
as

Q" :="0G(Q") : G(V°) - Homgs(G(V "), G(V?))
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where G(Q?) is the Grassmann envelope of @7 for ¢ = £+ and
T: G(Homgp (V7. V7)) — Homga)(G(V™7),G(V7))
is defined by
€1 ® 01{Es @ v™7) = E1€1 © or(v™°)

for all £ ® o1 € G(Homg(V=7,V)), &, Qv 7 € G(V™7),0 = %.

Define a A’-trilinear map {---}: V? x V=7 x V2 = V7 by
{u.v.w} = (-1)M1Q(u. w)v

for u,w € V°, v € V7. Then we have

(JSPO) {u.v.w} = (=1)klvt+ullwi+iviivi £, 4 4}

foraluwe Ve, ve V-7,

Example 1.3.23 ([N3]) Given a A*-supermodule .M with a A’-quadratic form q. we
can define a Jordan superpair V = (M..M) by setting

Q(m.n)p = (—1)™Plg(m, p)n + (=1)"Pimg(p, n) — g(m.n)p

for all m.n.p € M. It is called the quadratic form superpair (associated to q) and

its Grassmann envelope G(V') is a Jordan pair associated to the Grassmann envelope

G(Q) of Q.

Tits-Kantor-Koecher superalgebras of Jordan superpairs. LetV = (V*.V")
be a Jordan superpair over A" with respect to the pair (Q%. Q™) of A-quadratic maps.
We define D =(D*. D7) : (V¥ x V7)) x (V* x V=) = End(V*) x End(V ™) by

D? (u.v)w = (- 1)*MQ% (u, w)v.

It is important to note that D?(u,v)w = (—1)MblHullwitilivi Doy )y for all u.w €
Ve, ve V™, o==. For (u,v) €V put

8(u,v) = (D(u,v), —(—1)*"D(v,u)) € Endg V¥ x Endg V™
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and denote by D the A-span of all maps 8(u,v). D is called the inner dertvation

superalgebra of V and the elements the inner derivations. We set
K=K(V)=VteDs V"~
and define the product on K by

ur@adu ,v*@bBv™] =(atvt — (=1t 1% gty ty
3 ([a.b] + 8(ut.v™) — (=) 7I5(u¥ w™))  (1.27)
& (a” v~ — (=1)"17lp=y ) (1.28)
where u%.v° € V? and a = (a*,a”), b = (b*.b~) € D. Then G(K(V)) = K(G(V))

(see [Kr]), hence (V') is a Lie superalgebra called the TR A-superalgebra of the Jordan

superpair V where D, = Y S(VF.Vy)and K(V), =V} 35D, 2V . v €2

v=a+0
Example 1.3.24 ([N3]) Let M be a A-supermodule and ¢ a A'-quadratic form on
M. Let V = (M, M) be the associated quadratic form superpair. Then
D(m.n)p = (=1)"PIQ(m.p)n
= gq(m.n)p+ mq(n.p) — (—1)™Plg(m.p)n
= q(m.n)p+ Em.ap
for all m.n.p € M and so D = spang{g(m.n)-[d + Enn | m.n € M}. Let
=L_; 3 Lo® L, where
Ly = {(0.m.0,0) | m € M}
Lo = {(a.0,0.z) | a € spang{q(m.n) | m.n € M}. z € eo(q)}
L_, = {(0.0,m.0) | m € M}

and multiplication given by

[(a,m,n,z),(a,m',n’,2)] = (g(m.n") —q(n,m’),
am’ + zm’ — (=1)*"™a'm — (=1)F ™z m,
_ ¢z“’ll + m, + (_l)lc'"nlaln . (_1)'2’“‘nlzln.

Em.n‘ + En.m' + [I . z’H
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for all a,a’ € K, m,m',n.n" € M, z,2’ € eosp(q). We will show in Section 2.3 that
L = eosp(q(0} ® q) where g} is the quadratic form on a hyperbolic superplane and

so L is a Lie superalgebra. Moreover, one can see that the TKK-superalgebra of V is
isomorphic to

Lig[Li,La]/C& L
where [Ly, L_,] C Lo is spanned by commutators
[(0,m.0,0),(0,0,n,0)] = (¢(m,n),0,0.E,, ,)
and
C={A€([L,L.]]|[A.Ls] =0 for o = £}.

If {a € A |am =0forallm € M} = 0 and there exist m;.n; € M such that
Y.q(mi,n;) = | then (V) = L (see Proposition 2.3.10).

1.4 Graded Lie Superalgebras

In this section we review some basic definitions and facts of root-graded Lie super-
algebras and 3-graded Lie superalgebras, as well we define the toral 3-graded Lie

superalgebras. The reader is referred to [GN] for a more detailed discussion on these

topics.

Let k£ be a commutative and associative ring with unity and containing ;. We denote

by A a superextension of k.

Root-graded Lie superalgebras. ([GN]) Let R be a root system (as defined
in Section 1.2). We say that a Lie superalgebra over A is R-graded if there exist
supermodules L*, a € RU {0} of L, such that

(SG1) L = @acruiopl™;
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(SG2) for all @,3 € RU {0},

(Lo, 1% L**? ifa+3€ RU{0}
' {0} ifa+B¢RU{0}

t

(SG3) as a Lie superalgebra, L is generated by UserL®;

(SG4) for every a € R there exists 0 # X, € (L®) such that H, := [X_,, X,]
operates on L® (3 € RU {0}) by

[Ha,zs] = (8.@)z5 (z0 € L?)

where

@
3

(B.a) =

3
3

Remark 1.4.1 (SRG3) is equivalent to
L°=>Y"[L5. L7
S€R
Remark 1.4.2 By definition we have that if L is an R-graded Lie superalgebra. then
Lo = (L°N Lg) @ (LN Li) for all « € RU {0}. O

Remark 1.4.3 This is a generalization of R-graded Lie algebras (as defined in Chap-
ter 1.2) in the following sense: Every R-graded Lie algebra is an R-graded Lie su-
peralgebra (by setting L = L and L; = 0). However, if L is an R-graded Lie
superalgebra, Lj need not be an R-graded Lie algebra (L need not be generated by

(La)g; see example below). g

The techniques developed in [N1] to describe root-graded Lie algebras can be adapted
to the supercase, see [N2. Section 5.4] and [GN] for part of this adaptation. In

particular, given an index set /. one obtains:

(Br) Assume that ; € A and /| > 3. A Lie algebra L over A" is B/-graded if and
only if there exists a superextension A of A, an A-supermodule M with an
A-quadratic form g and an element m € M satisfying g{m,m) = 1 such that L
is a central extension of the Lie superalgebra eosp(qr & q).
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(Dr) Assume that ; € K and || > 4. A Lie superalgebra L over A" is Dj-graded
if and only if there exists a superextension A of A" such that L is a central

extension of the Lie superalgebra eosp(qr).

Example 1.4.4 Let L = eosp(q; & q) be Bj- or D -graded for an index set [ and
an A-quadratic form ¢ on an A-supermodule M. The root systems By and Dy are
given by

D[ = {:tﬁg:'tfjli.jel.i#j}t
By = {xe¢|i€l}uD;

where the ¢; form the orthonormal basis of ier Rei If L is D;-graded then M = (0).
Let R = By or D;. Then

La(¢'+¢1) = .'1Ehm,hal. l._] el.: # j, c==x
Lt,-gl = .-lEh.,h_,. i.jel.t#)
Loei = ABj . m. t€l.o==
Lo = cons) @) (D48
el

gives eosp(qr 3 q) the R-grading.

Example 1.4.5 Let A" be a commutative and unital ring containing ;. We consider
R as a superring with A7 = (0). Let [ and J be arbitrary index sets (|/| > 3 and
J # 0) and let M = S c;A'm; be a free A™-supermodule with a basis consisting of odd
elements and with a nonzero A-quadratic form gu. Consider L = eosp(qr 2 qm = qo)
where q; is defined as in Example 1.3.3 and qq is the quadratic form on the free module
K'zq given by qo(zo,z0) = 1. Then by (B;), L is a Br-graded Lie superalgebra over
KA. In particular. eosp(qu)(— eosp(qr & qum)) is contained in (L%)5 but it is not
generated by (L), a € B;. Hence Lj is not a Bj-graded Lie algebra.

3-graded and toral 3-graded Lie superalgebras. A Lie superalgebra L over
K is called 3-graded if it has a decomposition L = Ly & Lo & L_; such that

[L;,LJ‘] C Li+.i where Ly =0 1if k ¢ {:tI,O}.
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Given a 3-graded Lie superalgebra, we define
C(L) = {z € Lo | [, L] = 0} (1.29)

Remark 1.4.6 Note that if C(L) = (0) then if z,y € Lo satisfy ad zj,, = ady|.,
then z =y.

We say that a 3-graded Lie superalgebra L is toral 3-graded if there exists an element
¢ € Lg such that

[CY IU] = JIG for all Tao 6 La. g = O. :tl.

One can easily show that the Grassmann envelope L' = G(L) is a toral 3-graded Lie

algebra over G(K), i.e.

L'=L",%Ly& L] (namely L), = G(L,)):
(L5. L)) € Ls,,, 6.7 € {0.£1}. where Ls;, = {0} if § +v ¢ {0,£1l}; and

lg @ ¢ € L satisfies {1g @ ¢, &1 ® z5] = 6(&r @ z5), 6 = 0.£1.

Example 1.4.7 Every 4,-graded Lie superalgebra over k is a toral 3-graded Lie
superalgebra. )

Example 1.4.8 Let M be a A-supermodule with a A-quadratic form q. Let M
be the direct sum of the A-supermodule M and a hyperbolic A™-superplane H({oc})
with the A-quadratic form g = ¢ g{eo}- Then eosp(qe) is 3-graded. In particular.
¢ =(1.0,0.0) and so L is toral. =

Remark 1.4.9 From (B) and (D;) we see that a Lie superalgebra over a superring
R containing § is B-graded (]I| > 3) or D-graded (]/| > 4) only if it is a central
extension of eosp(ge,) for some superextension A of A", an A-supermodule M and an

A-quadratic form q on M. 0
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1.5 Summable Supermodule Homomorphisms

We assume that A is a superextension of a superring A". As before, when we talk

about a submodule AV of a supermodule M, we mean that A is also a supermodule.

Definition 1.5.1 Let M and A be A-supermodules and let z = (z;);cs be a family
in Hom4(M,N). We say that z is summable if for every m € M, (zi(m))ies has

only finitely many nonzero terms, and in this case, we define

Zz; € Hom (M. N)

i€l
by setting

(Z z,) (m)=)_ zim)

€l i€lm
for I, = {i € I | zi(m) # 0} (In is finite). We will say that }_ ., z; is summable
to indicate that (z;);es is summable. Also. given a summable r = 3_ ., z; we will
throughout denote by [,, the finite subset of I such that for : € I. z;(m) #0.

Example 1.5.2 Let / be an index set and (0;);e; be a family in Hom4(M..V) :
0;(m) = 0. Then clearly (0;)ies is summable and .., 0; = 0.

Example 1.5.3 Let [ be a finite index set and z; € Homus(M.N), i € [. Then

(z:)ier is summable.

Definition 1.5.4 Given a submodule X C Homs(.M,\") and a homomorphism
z € Homy(M, N), we say that z is summable with respect to X (or X-summable) if

= Ziel z; where z; € X. i € [ and Zie[ z; is summable. We set. for a € Z,,
Y: = {z € Hom4(M.N), | z is X-summable}.
Then
X'=X;9X:= {z € Hom4(M,N) | £ is X-summable}.

We will abbreviate X by X when there is no possibility for confusion.
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Remark 1.5.5 The summability is equivalent to convergence in finite topology in
the following sense ([J2]): The basis of open sets in finite topology is the set consisting
of Ofiymy....ma} = {9 € Enda M | g(m;) = f(m;), 1 < i < n} for some map
f: X > Xand my,... ,m, € M. To a family z = (z;)ier C End4 M we associate

a net
I = {finite subsets of I},

ordered by inclusion

e

= (Z:rj) . .i'J=ZIJ‘.
1€J Jci J€J
The net Z converges to the map y : M — M if and only if for every open neighborhood
Oyifm.....m,} there exists Jo € [ such that for all finite J D Jo we have r;(m;) =
y(m;), 1 <1 < n. Note that Oy;(m,...m} = NizyOyim,. So. convergence is equivalent
‘to: for every m € M there exists J, € . depending on m. such that for all finite
J D Jp we have y(m) = z4(m) (= z:‘e., zi(m)). Since y(m) = z;,(m) this means that
zj(m) = 0 for all 7 € Jo. Hence convergence in the finite topology is equivalent to
summability. [t is known ([J3]) that End 4 M is a topological ring, i.e.. multiplication

is continuous.
Remark 1.5.6 X C X (but not equal in general). However we have the following:

Proposition 1.5.7 Let M be a finitely generated A-supermodule and let X be a
submodule of Homs(M.,N) for some A-supermodule N'. Then X = X.

Proof: Let z =), ,z: € X. Let {m; | 1 < j < n} be a generating set for .M. Set
I;={i € [ | z{m;) # 0}.

Since z is summable, each [;, 1 < j < n is finite. Set fo = U}_[;. Then if
t€ I\ Iy, zi(mi)=0foralll <k <nandsoz;=0foralli e [\ [. Hence for all
me M,

(Z ri) (m) =) _zim) = (Z zf) (m)

el t€ly i€l
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and so z = Zie[o z; € X since z; € X and I, is finite. Therefore X = X. -

Proposition 1.5.8 Let M be an A-supermodule. Suppose that the set {m € M |
am =0 for a € A only if a = 0} is not empty. Then A-Id= A-Id.

Proof: Let z = Zie, a;ld € A-Id. Let m € M such that am = 0 only ifa = 0. Since
z is summable, there exists a finite subset [, of ] such that egm =0foralli € I'\ [,
andsoa;=0foralli € [\ [n. Hencez =} o, a;-ld= (3, ai)-[d€EAId m

Proposition 1.5.9 Let M and N be A-supermodules and let X C Hom4(M..V).
Then

and. in particular. (Homa(M. V) = (Homa((M.N)) . Hence.

(HomA(M. V)" = Homa(M.\).

Proof: Clearly X* C X". Let z = dierTi € X" be homogeneous. Then s Tils
summable where z; € X C Homg(M. V). Then for all a € A.

z(am) = (Z) zi{am) =) zi(am) = ) (=1)*laz,(m)

el t€lm t€1m
= (=1)fla Y zi(m) = (—1) (Z ,-,,.) (m)
t€Im el
and so £ € Hom4(M. V). Hence Xt =X". n

Proposition 1.5.10 Let X be a submodule of Homa(M.N"). Then X is a submodule
of Hom (M, V).

Proof: 0 € X soclearly 0 € X. Let z =Y, ;zi.y = Y ies¥i €X. Let K = I10J
and

e : kel
Up = .
yu : ked
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Then for each m € M there exist finite [, C [, Jn C J such that z;(m) = 0 and
yilm)=0foralli€ I\ I, € J\ Jn and so ug(m) =0 for all k ¢ I, U J,,. Hence
> ke Uk is summable and since z;,y; € X, 3,k uk € X. Also,

(z +y)(m) =z(m) +y(m) = Y _zi(m)+ Y_ yi(m) = Y ue(m)
i€Im JE€EJm keER
and so z + y € X. Let z be X-summable, say z = Y icr Ti, and a € A. Then clearly
Y icraTi € X. LeemeMoandlet [, ={i € [ | zi(m) #0} and [,, = {i € |
az;(m) # 0}. Then I, ,» C I, and so

a(z z;)(m)=a Z ri(m) = Z ar;(m) = Z az;(m) = (Z az;)(m).

i€l t€lm 1€1lm i€la.m 174

Hence ar € X. Similarly, za € X and so X is a submodule of Hom (M. \) with
the induced Z,-grading. (]

Proposition 1.5.11 Let Y C X be submodules of Homs(M.N). ThenY C X.

Proof: Let y = 3 ..;y; €Y. Then }_ ., y, is summable and y; € ¥ C X for all
j€J. Hencey=3 _,y; € X. -

Proposition 1.5.12 Let X. Y and Z be submodules of End 4 M satisfying [X.Y] C
Z. Ifr=3 1z € X.y= ZJGJ y; €Y then ([zi» il iyerxs is Z-summable and

S feoul = [zzi,zy,].

(s,7)€IxJ i€l 1€d

Hence [X.Y] C Z. In particular. if X is a subalgebra (ideal) of (End 4 M)(=). then
X is also a subalgebra (respectively, ideal) of (End 4 M)(-).

Proof: Let z = Y .., 7. € X,y = Y,es¥i € Y. Note that if r and y are homoge-
neous then [z| = |z;| and |y| = |y;]| for all : € I.j € J. First we claim that

Z [zi.y5] € Z.

(¢.5)elxJ

Given m € M, z;(m) # 0 and y;(m) # 0 for only finitely many : € I, j € J which
in turn implies that, for all m € M, z:(y;(m)) — (—1)¥y;(z:(m)) # 0 for only
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finitely many (i,j) € [ x J, hence 3 ; i/, s[Zi,y;] is summable. Moreover, since
z; € X,y; €Y, [zi,y;] € Z and s0 1, jyerxulzinyil € Z.
Now, for all m € M, let

In={i€l|zdm) #0}, Jn=1{j €J|y;(m)#0}
and

I = Ujedn ly,im)) U Im, I, = (UietnJz,(m)) U Im-
Clearly he set [, x J,, is finite. Then

[y.=l(m) = y(z(m)) = (=1)Wx(y(m))

=z (Z y,»(m)) = (=1)¥lily (Z z,-(m))

J1E€EIm 1€lm

= Y D mlmm) = (=DEE YT S yy(ai(m))

J€Jm i€y (m) i€Im j€Jz (m)
= Z (ziyi(m)) — (= D)¥Hly,(zi(m)))

(s.J)EL, xJL,
= ( Z [-’L'ivyj]) (m)

(.2)€lxJ
and so [y, z] = 3 serxslZi-yi] € Z. The rest of the assertion now follows. ]

The following will also be useful later:

Proposition 1.5.13 Let M = M| S M, where M, and M, are R -supermodules
and let X CEndya M. If X = X1 S X12% X2z where X;; = XNEndg M, fori=1.2
and .le =XnN (HOIDK(.’M[,JMg) ar; HomK(;\/Ig,./\d;)) then

X =X & X123 Xoa-

Proof: Let £ € X. Then z = z;; + z12 + 22 where z; = Zj y;i for some y;; €

Xi, i=1,2and ;2 = ), ¢} for some y; € X1,. Since z is summable, so are 11, z,
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(3]
-~

and z, and so z € X}, + X2 + X22. Suppose z = 0. Then for all m; € M, and

m, € M, we have

0 = z(my) = zu(my) + z12(my) + T22(my)
N e s e, i’
eM, EM2 =0

and

0 = z(m3) = z11(m2) + T12(Mm2) + T22(m3) .
N N e ammtan e
=0 eEMy EM2

Hence z;; = 0 and so we have

X=X,3X22 X
[ ]

Example 1.5.14 Let M be a A-supermodule with a A’-quadratic form gq. Define
J = K & M to be the A*-superalgebra with the natural Z,-grading and multiplication
given by

(a2 m)(bsn)=(ab+ q(m.n)) F (an + mb). ¢1.30)

Recall from Example 1.3.22 that the Grassmann envelope of J is the Jordan superal-
gebra G(J) associated with the G( A')-quadratic form. Let £ be a subalgebra of osp(g)
which contains eosp(q). Consider the A’-supermodule X = £ 5 M. Define the action
oof J= R & M on X by setting

(z+p)o(a+m) = (za+Epn)+(z(m)+ pa) (1.31)

= (-1)"(a+m)o(z +p)
for alla + m € J, and  + p € X; homogeneous. Then X is a Jordan superalgebra
supermodule for J. Indeed. to check this we need to verify that G(X) is a Jordan

module for G(J). Recall from Chapter 1, Section 1 that a k-module V' is a Jordan
module for J if it satisfies the following three relations:

av = va; (1.32)
(va®)a = (va)a?; and (1.33)
2((va)b)a + v(a®h) = 2(va)(ab)+ (vb)a® (1.34)
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foralla € J and v € V. We have, given M,N,P CZand a+m,b+ne Jz+pe X

homogeneous of degrees M, N and P respectively,

(Em @ (a +m)) o (€p ® (z + p)) = (—=1)MIPlgy €0 @ (za + Epm + z(m) + pa)
= §{pém @ (za + Ep;m + z(m) + pa)
= (€p ® (z +p)) o (€M @ (a + m))

and so in that case, G(X) and G(J) satisfies (1.32). Note that if M is odd then €3, = 0
and so (1.33) and (1.34) are satisfied. Now, suppose M is even. Then

((€p ® (z + p))o(€rr @ (a +m))?) 0 (Ep @ (a + m))
((€p @ (z + p)) 0 (Emr ® (2 + m))) 0 (€M B (a + m))?
= (§p€r @ (z(a® + g(m.m)) + Epaam + z(2am)
+ p(a’ + g(m.m)))) o (€ ® (a + m))
— (€Pém @ (za + Epm + z(m) + pa))
o (Em @ (a® + q(m,m) + 2am))
= £p€ir ® ((z(a® + qim.m)) + Ep2am)a + Ez2am)ipia+e(m.m)).m
+ (z(a® + g(m,m)))(m) + pq(2am.m) — q(p, m)2am
+ p(a® + g(m.m))a)
— €pEat @ ((za + Epm)(a® + g(m.m)) + B (m)tpazam
+ za(2am) + pg(m,2am) — q(p, 2am)m
+ (z(m) + pa)(a® + g(m.m)))
=0
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hence (1.33) is satisfied for M even as well. In addition,

2(((p @ (z+p)) o (M @ (a+m)) o (§n B (b+n))) o (§m @ (a +m))
+(6p ® (z +p)) 0 ((€m ® (a +m))*(Ex @ (b+n)))
=2((§p ® (z + p)) 0 (€m @ (a + m))) o ((§m @ (a + m))
o ((ém @ (a +m))(§n ® (b+n)))
~((€p®@(z+p)) o (En @ (b+n))) o (Em ® (a + m))?
= 2((({p€m @ (az + Epm + ap + z(m)) o (§n ® (b + n)))
o (§m @ (a +m))
+(€p @ (z +p)) 0 (64 @ (a® + g(m.m) + 2am))(Ev © (b + n)))
- 2((pém @ (az + Epm + ap + z(m))
o (mén @ (ab+ qg(m.n) + an + bm)
— ((€p€v @ (zb+ Epn + pb + 2(n))) 0 (€3 @ (a” + g(m.m) + 2am))
= 2(&Epémén @ ((aT + Epm)b + Eapiz(m).n
+az(n) + pg(m.n) — q(p.n)m + (ap + £(m))b) o (§u @ (a + m))
+(€p ® (z +p)) o (€xrév B ((a® + g(m.m))b+ g(2am.n)
+ (a? + g(m.m))n + 2amb))
( —2(€p€3sEn © ((az + Epm)(ab + q(m.n)) + Eap + z(m).an + bm
+az(an + bm) + pg(m.an + bm) — q(p. m)(an + bm)
+(ap + z(m))(ab + q(m,n))))
—(EpEnErs D ((zb + E,n)(a? + g(m.m)) + Eppiz(n).2am
+zb(2am) + pg(n,2am) — q(p, 2am)n
| +(pb + z(n))(a® + g(m.m))

* <
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= 2(6pExEn © (((az + Epm)b + Eaprz(m)n)a
+ Ez(n)+pg(m.n)~qlp.n)m+(ap+z(m))b.m
+ az(bm) + (ap + z(m))q(n,m) — q(ap + =(m),n)m
+ (az(n) + pg(m.n) — q(p,n)m + (ap + z(m))b)a
+ EpE3iEn @ (z((a® + g(m, m))b+ g(2am.n))
+ Ep (a2 +q(m.m))n+2amb
+ z((a® + g(m.m))n + 2amb) + p((a* + q(m,m))b + q(2am.n))
+ (*)
= 0.

Hence G(.X) and G(J) satisfy (1.34) and so G(.X) is a Jordan module for G(J). There-

fore X is a Jordan supermodule for J.



Chapter 2
Orthosymplectic Lie Superalgebras

Throughout this chapter we will assume that A is an associative supercommuta-
tive unital superring containing { and A will denote a superextension of A'. i.e.. an
associative supercommutative unital superalgebra over A". We will denote the in-
vertible elements in A by A*. We will assume throughout that when |m| occurs in
an expression for some m € M for some supermodule M. then it is assumed that
m is homogeneous. and that the expression extends to the other elements of M by

linearity.

2.1 The Elementary Orthosymplectic Lie Superal-
gebra eosp(q)

Let M be an A-supermodule with an A-quadratic form q. Recall that the orthosym-
plectic Lie superalgebra (of q) osp(q) is defined by

osp(g) = {z € Ends M | g(z(m),n) + (—1)™INg(z(n).m) =0 for all m.n € M}
(2.1)

In addition, we defined, for homogeneous m,n.p € M,

Ema(p) = mq(n,p) — (—1)"Plg(m, p)n.

61
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and we extended E additively to E: M x M — Ends M, i.e.,
Em+n.p+r = Em,p + Em,r + En.p + En,r

for all m,n,p,r € M. The elementary orthosympletic Lie superalgebra (of q) is
defined as

eosp(q) = spang{E,, . | m,n € M}.
In this section we will investigate some of the properties and the structure of eosp(q).
Lemma 2.1.1 Let M be an A-supermodule with an A-quadratic form q. Then for
allm.n,pe M,
(i) Enn €osp(q). m,n€ M;
(ii) the map E: M x M = Endy M : (m,n) — E,., is A-bilinear of degree 0,
Emn=—(=1)™ME, , for all m.n € M. and

(iit) we have
@(Ema(p).r) = (_1)(lml+lnl)(lpl+lrl)q(Ep‘r(m)'n)' (2.2)

Proof: (i) First. for a € A. m.n.p € M we have

Enn(pa) = mq(n.pa) — (=1)MEHPg(m pa)n
= (mgq(n.p) — (=1)"Plg(m, p)n)a
= (Emana(p))a
and so. since obviously E..(p + p') = Emn(p) + Ema(p) for all m.n.p.p’ € M.
En.n € End4(M). Since for all m.n.p.r € M we have
AUEmn(p). 1) +(=1)G(E n(r). ) =
= q(mq(n, p).r) — (~1)"Flg(g(m. p)n.r)
+ (=¥ g(ma(n, ). p) — (~1)"lg(g(m. r)n. p))
= (=1)"+Pilg(m, r)g(n, p) — (~1)"Plg(m. p)q(n. )
+ (_1)IPII?I+(InI+IrI)lPiq(m’ plg(n.r) — (__1)(IlﬂHﬂl)l"Iq(m~ r)q(n. p)
=0,
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it follows that E,, . € osp(q) for all m,n € M.

(ii) Fora € A, m,n € M we have

Emen(p) = mag(n,p) — (—1)Pl"lg(ma, p)n = mq(an, p) — (—1)"Plg(m. ap)n
= mq(an, p) — (=1)"PHllPlg(m p)(an)
= Enan(p) = (—l)lc“nlEm.na(P)
= (=1)e"(mgq(na,p) — (—1)Pli*lelg(m_p)(na))
- (_l)lcllnl(mq(n. ap) — (_1)(lnl+lal)lpl+lallnlq(m.pa)n)
= (=Dl (mg(n.ap) - (—1)Unl+laDipi+Halinl+plialy o, gp)n)
= ("'l)lc"nlEm.n(ap)'

Hence E: M x M — Ends M : (m.n) = E,, . is A-bilinear and clearly of degree 0.
In addition, for all m.n,p € M.

Emna(p) = mgq(n.p) — (~1)""lg(m, p)n
= (_[)lml(lnl+lpl)q(n_p)m — (_I)Imllnlnq(m.p)
= —(=1)"INE, n(p)

and so the assertion holds.

(iii) Let m,n.p,r € M. Then

4(Enmn(p),r)—(—1)ImHInIIHG(E, (m).n) =
= q(mgq(n,p) — (~1)"Wlg(m, p)n.r)
— (=1)ImiHnDPHAD o pa(r m) — (—1)FI™g(p.m)r.n)
= (—1)Fg(m . r)g(n. p) ~ (~1)™Plg(m. p)g(n.r)
— (=1)mInDRHA+PIr ) o 1 3 )g(p, n)
+ (=1){mi+nbUp+rD+irtimig o m)q(r, n)
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= (-1) lfl(lnl+lpl)+lnllpl-i—lrlI'nlq(r, m)q(p, n)

— (=1)rliptHimlpnlir g (5 Y g(r, n)
— (= 1)UmEnDUpl+HrD+HPIr+ImD o (1 )g(p, n)

+ (= 1)UmiHaD R +rlIml o1 ya(r )
= 0.

In addition,

Proposition 2.1.2 Let M be an A-supermodule with an A-quadratic form q. Then
(i) osp(q) is a subalgebra of the Lie superalgebra (Endy M)!7):
(it} for all m.n € M, and r € osp(q).

[z.Emn] = Ezxpm)n + (—l)lzllmlEm,x(n); and hence (2.3)

(iii) eosp(q) is an ideal of osp(q).

Proof: (i) We need to prove first of all that osp(q) is a A'-submodule of End 4(.M).
i.e.. that osp(q) contains the homogeneous parts of its elements. that it is closed
under addition and that - -osp(q) € osp(q). That osp(q) is closed under addition
follows from the fact that ¢ is bilinear. Let £ = 15 = z7 € osp(q). Then we have for
m.n € M,

0 = gq(z(m).n)+ (—1)™g(z(n), m)
= g(z5(m),n) + (—1)"™"g(z5(n), m)

EAl:u»lnt
+g(zi(m), n) + (=1)™P"lg(zi(n).m).

EAmi+ini+1

Hence

q(za(m),n) + (—1)™IMg(z,(n),m) =0



CHAPTER 2. ORTHOSYMPLECTIC LIE SUPERALGEBRAS 65

forallm,n € M, a € Z; and so z, € osp(q) for all @ € Z,. Let a € A and = € osp(q)
be elements. Then for all m,n € M
q((az)(m),n) + (-1)™g((az)(r),m) = q(az(m),n)+ (-1)"™g(az(n),m)
= aq(z(m),n) + (—1)™ag(z(n), m)
=0
and so osp(q) is a A-submodule of End 4 M. To show that osp(q) is a A’-subalgebra

of End 4 M(~), we need to show that [osp(q),osp(q)] € osp(q). Let z.z’ € osp(q) and
m.n € M. Then

q([z.2|(m), n)+(-1)™Mg([z. £'](n). m) =
=q(z(z'(m)).n) = (-1)F¥g(z'(z(m)), n)
+ (=)™ (g(z(2'(n)). m) = (=1)Fg(z'(2(n)). m)
=g(z(z'(m)).n) - (-1)g(z'(z(m)). n)
- (_1)I'nlln|+(Ir’l+lnl)lmlq(z(m), r'(n))
+ (= 1)lmlint+li =m0 1))
=0.
Hence osp(q) is 2 A’-subalgebra of End 4(M)(~).
(i1) Let = € osp(q). m.n.p € M be homogenous. Then

[z.Emal(p) = z(mg(n.p)—(-1)"Plg(m.p)n)
—(=1)F D (mg(n. z(p)) + (—1)FImHPlRlg(m . 2(p))n)
= z(m)g(n.p) — (—1)MIpH=lUmIH g (i _p)2(n)
+(_1)ltl(lml+lﬂl)+lrllﬂlmq(1.(n). p) ~ (_]_)l-l'”ml'*'lﬂ”ﬂ‘f'lf“mlq(1.(m). pin
= Ef(m).n(P) + ("'U‘IumlEm-:(n)(P)

(iii) By 2.1.1 (i), eosp(q) is contained in osp(q). Moreover,

eosp(q) = eosp(q)s T eosp(q)1

where

eosp(q)o = {Em.n I lm! + Inl = a}s aec ZZ-
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By Proposition 2.1.1 (ii), we have that eosp(q) is a K-submodule of End 4(M ). Hence.
by (ii), eosp(q) is an ideal of osp(q). .

Remark 2.1.3 Note that if A is just an extension of &, i.e. A; =(0), and M is an
A-supermodule such that M; = (0) with an A-quadratic form g, then eosp(q) is just
eo(q). If M5 = (0) then q is skewsymmetric however eosp(q) is not a symplectic Lie
algebra (it is not a Lie algebra).

Lemma 2.1.4 Let M be an A-supermodule with a quadratic form q. Suppose that

there ezists mqg € M such that q(mg, mg) is invertible in A. Then
P ={me M| q(m,mg) =0}

is an A-submodule of M such that

and
q(Amo, P) = 0.

Proof: If amg € P we have 0 = q(mg, amg) = aq(mg. mg) forcing a = 0. Moreover.

for m € M we have

m= g(m07 m)Q(mOv mO)—lmq+ gm - Q(mOv m)Q(mOs mO)-lmOl

€Amo €P

since

q(mo, m — q(mo, m)q(mo, mo)"'me) = gq(mo, m) — q(mo, m)q(mo. mo)~' q(mo, mo)

= 0.

Let G denote the Grassmann algebra. Let M be an A-supermodule with an A-
quadratic form q. Recall that the Grassmann envelopes G(M) and G(A) are defined
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by G(M) = (G5 ® M5) @ (G1 ® Mj) and G(A) = (G5 @ As) @ (G1 ® A1). One knows
that G(M) is a G(A)-module via (§; @ a) - (E5 @ m) = £;€; @ am. In addition we had
defined the Grassman envelope G(q) : G(M) — G(A) where G(q) is a G(A)-quadratic
form on G(M) (see [N3]) with polar

G(q)(&r@m, &5 @ my) = £1€5 ® q(my.my)
for all £, @ m, €5 @ my € G(M). In fact. we have

Proposition 2.1.5 Let M be a A-supermodule with a A-quadratic form q. Then

G(eosp(q)) = eo(G(q))-

Proof: We have

G(eosp(q)) = (Ga D eosp(q)s) 2 (Gi @ eosp(q)1)
= span,{& @ En.||m| +In| =0=|I]}
Sspan 4 {€1 @ Emn | Im| + o] = 1 = [[[}
= span,{§; ® Emn||m| + |n| = |[]}.

On the other hand, for any £ @ m. £, @ n € G(M). and for all £p @ p € G(M) we

have

Egeme,on(Ep@p) = (&1 m)(Es€p D g(n.p) — (—1)"IP(&6p © q(m. p)) (&5 © n)
= £1€,6p @ mg(n.p) — (—1)™PIEEpE; @ q(m. p)n
= &€s€p @ mq(n.p) — (—1)P"g£,6p © q(m. p)n
= &s6p @ (m(q(n.p) — (—1)Plg(m. p)n)
= &€i€p S Emap
= (€5 Q@ Ema)(€p @ p).

Hence

Eggmeson =60 O Empn (2.4)
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which proves that eo(G(q)) C G(eosp(q)). Conversely, for any £; @ E... € G(eosp(q))
we have that |/| = |m| + |n| and hence & = £1,£;, for some [, [, C N satisfying
|Ii| = |m|, |I2] = |n|. Therefore (2.4) implies the other inclusion. In addition, for all
Er®@m,E,@n.Ep @m', €y @n’ € G(M), using (2.3) we have that

(E¢,em.cien: Bepami guon] = BB gme, onléna@m).c on’
+(— 1)(lmlH“n'mllEél:em’-ﬁe,em.c,eu(fﬂan')

= E(ElfJGBm.n)(€l'®m')-€y®n’

+H(— 1) IIE, o (616,0Em n ) pem
= Bges6@Emn(mi pen + Egom g16,6,10Emnin’)
= £165€r€r S Eg,, n(myn

+(—1)ImDImie 661650 D Bt B n(n)
= £1€561€r @ [Emimn, Emvnr]

= [EIEJ ® Em.ny &rr @ Em'.n’]
and so we have eo(G(q)) = G(eosp(q)) as Lie algebras. |

Recall that. given A-modules M,,--- .M, and M = Z,_,... ..M,, we have the em-
bedding

Ends(M;) — End, M

gi = gi(my, - omy) = gi(my).
Also recall that. given two .-supermodules M, and .M, with .4-quadratic forms ¢
and ¢, respectively, we define their orthogonal sum q = ¢; < ¢, to be the A-quadratic
form on the A-supermodule M = M; £ M, given by
glmy € m2,n1 S n2) = (1 3 @)(my T me,n T ny)

= q(ml,nl) + Q(m27 n2)

for m;,n; € M, and ma,n; € M;. We then have the following:
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Proposition 2.1.6 Let M, and M, be A-supermodules with A-quadratic forms q,
and g, respectively. Let q = q1 © qa2- Then

eosp(q) = spans{Em,n, | mi,n1 € My}
@span A {Em,.a, | m1 € My, n; € M}
@span 4 {Em,.n, | m2,n2 € M,}
= eosp(q:) & eosp(qi, q2) © eosp(q2)

where
eosp(ql.qg) = spanA{Emhm, | my € J\/ll, maq € ;\42}.
Proof: Clearly, using bilinearity of E and Proposition 2.1.1.2,

eosp(q) = span.-\{Em;.nl I my.n; € -'\41}
+spans{Em, n, | m1 € M. na € My}
+spang {Emz.n: l ma, Ny € JMZ}-

Let £ = z,; + 12 + T22 € eosp(q) where z;; € span {Emn. | m € M;, n € M;} for
1 <t < j<2. Suppose £ =0. Then for all m; € M, and m, € M, we have

0 = z(my) = z1i(my) + T12(my) + T22(my)
N e s st e
eM EM2 =0

and

0 = z(m2) = z11(m2) + £12(m2) + T22(M2) .
N e bty st ety o

=0 eEMy €EM;

Hence z;; = 0 and so we have

eosp(q) = Spa-nA{Eml.n; ' mi.ny € Ml}
@Spa.II.A{Eml'ﬂ2 | my € J‘A;, n» € Jwg}

@SPMA{Emz,nz I ma,n2 € sz}'
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In addition, for z = 1,2, any = € spans{En.. | m,n € M;} satisfies z(M) C M; and
z(M;) = 0 for j € {1,2} — {i} and so = can be viewed as an element of eosp(q;).
Hence

eosp(q) = eosp(q1) & eosp(q1, qz) © eosp(q2)

where

eosp(qlv‘h) = Spa-nA{Em;.mz GI my € M, m, € J‘/(g}.

We shall now consider eosp(q) for free A-supermodules. Throughout. when we talk

of an index set we assume that it is totally ordered. We have the following:

Proposition 2.1.7 Let A be a supereztension of R’, [ an arbitrary (not necessarily
finite) index set and M = G;c;Am; a free A-supermodule with an A-quadratic form q
such that the basis {m.} consists of homogeneous elements (not necessarily of degree
0). Then {Em,m, | i.7 € [.i < j} U {Em,m, | mi € M} forms a spanning set of

eosp(q) over A, and, if q is nondegenerate. an A-basis.

Proof: Let L = eosp(q). We have in general that E,, ,, = 0 if and only if for all
pE M.

0 = Ep m.(p) = mig(m;, p) — (—1)™lm;q(mi. p) = mi(1 — (=1)™l)q(m;, p). (2.5)
Then E,..n» = 0 for all m € Mg and so by Proposition 2.1.1.
L =span ({Em,.m, |t < j} U {Em,.m, |m:i € Mi}).

Assume that q is nondegenerate. Let z = Y. ;@ijEm, m, € eosp(q) where a;; =0 for
m; € Mg. Suppose that £ = 0. Then for all m € M.

(my) = Za;jEm,,m,(m) = Z a;j(miq(m;. m) — (—1)™W™g(m;. m)m;)

i< i<j
= Z(z aijmiQ(mjy m) - Z(-I)'""“""aj;q(mj, m)m.)
iyt j<i

=3 m (Z(—I)""-"“-:'af,-q(m,-,m) - 2(—1)""-""*f"‘""-"“J-'aﬁq(m,»,m)) :

i>i i<i
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Since M is free, for a fixed : we have

0 _ Z(_l)lMtllaqlaijq(mj,m) —_ Z(_1)'ml"myl‘{'lmt“a,tla‘”q(m:”m)

IS i<i
= Q(z(—l)lm'"a"laijmj + (—1)fmllel(q — (—1)™agm;
>0
—_ Z(_l)Iml"mﬂ"‘lmcuaplajimj, m)
i<i

for all m € M. Therefore, since q is nondegenerate.

Z(_I)Imllla‘Jlaijmj + 2(_l)|¢u|a‘,imi — Z(-l)lm'"m’|+|m.”a”|a1:m1 - 0
1>t i<t

and so using again the fact that M is free.
a;, =0 for all : < j and a;; = 0 for all m; € M;.

Hence {Em,m, | i.7 € [.i < j} U {Em,.m, |m: € M;} forms an A-basis of eosp(q). ®

In particular, for an arbitrary set /. the hyperbolic .A-superspace H(/[) is a free
A-supermodule with even basis {h4;}iesr and a nondegenerate A-quadratic form gq;.
Given a total order < on /. define a total order on —/ by setting —i < —j if and only

if 1 < j. Hence we have:

Corollary 2.1.8 Let I be an arbitrary set and H(I) a hyperbolic A-superspace. Then
{Eh"};, lijel.i < ]} U {Eh..h_, | 1.j € [} U {Eh_..h-, li.jel.i < _)} forms a
basis of eosp(qr)-

Another example of an A-supermodule .M which satisfies the conditions in Proposi-

tion 2.1.7 is the following:

Definition 2.1.9 Let M be a free A-supermodule with a homogeneous basis {m; |
i € I'} and an A-quadratic form q. We say that q is almost diagonizable if for all i € [
there exists a (necessarily unique) z € [ such that g(m;, m;) € A* and q(m;,m;) =0
forall j € I. j # i. In addition, if q is almost diagonizable with respect to {m; | : € I'}
where ¢ = i then we say that q is invertibly diagonizable. If q is almost diagonizable
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with respect to a basis {m; | ¢ € I} consisting of odd elements and q(m;, m;) € {1}
then we say that q is standard alternating (see [La]).

Lemma 2.1.10 Let M = @;e;Am; be a free A-supermodule with the homogeneous
basis {m; | 1 € I} with an almost diagonizable A-quadratic form q.

(a) If m; € Mg for all it € [ then q is invertibly diagonizable (with respect to a
possibly different basis).

(b) Ifm; € Mj foralli € I then q is standard alternating (with respect to a possibly
different basis).

(c) If q is almost diagonizable then q is an orthogonal sum of an invertibly diagoniz-
able form and a standard alternating form (with respect to a possibly different

basis).

Proof: (a) If i € I such that i # i and m; € Mj then, using the fact that } € A,
Am; & Am; = A(m; + m;) & A(m; — m;). Moreover. ¢(m; + m;,m; — m;) = 0 and
q(m; + om;, m; + om;) = 20q(m;, m;) € A*. ¢ = £, hence we can modify the basis
of M so that q is invertibly diagonizable.

(b) If {m; | i € I} is an odd basis of M with respect to which q is almost diagonizable.
then [ is a disjoint union of two index sets J and J such that j € J < j € J. Then
{m;|jeJ}u {ag(mj,m;)~'m; | j € J} is an odd basis of M with respect to which
q is standard alternating.

(c) By (2) and (b) we can modify the basis so that q is invertibly diagonizable with
respect to {m; | ¢ € [} and standard alternating with respect to {m; | i € ['}; hence

the assertion follows. e

Remark 2.1.11 It is clear that an orthogonal sum of two almost diagonizable (in-
vertibly diagonizable, standard alternating) quadratic forms is almost diagonizable
(invertibly diagonizable, standard alternating, respectively). It is also clear that an
almost diagonizable quadratic form is nondegenerate. a
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Example 2.1.12 Let [ be an arbitrary set and H(/) a hyperbolic A-superplane.
Then q; is almost diagonizable with respect to the basis {h4; | ¢ € [} and is invertibly
diagonizable with respect to the basis {h; + h_;,h: — h_; | i € I}. a

Example 2.1.13 Let L. be the core of the extended affine Lie algebra of type B;
(I > 3) with nullity v (see [AG]) Then one can show that L./Z(L.) = eosp(qr € qx)
where [ is an index set of cardinality [, gx = qw & qo is the orthogonal sum of the
quadratic form quw on a free Ap-module W = é‘: Ap)w;: and the quadratic form ¢ on

=1

a free Apj-module Apjzg and Ay = CltF,--- . t2!]. The quadratic forms qw and qo
are given by
QO($07 xO) = 1

and
W(iaiwﬁibewi) = Zm:ajbjtrJ
=] =1 =1

for some fixed 7; € Z*. j = 1,--- ,m. Then it is easily seen that q; T gx is invertibly
diagonizable with respect to the basis {h;xh_;|i=1.--- [JU{w;|j=1.--- .m}U
{zo} o

Example 2.1.14 Let [ be an arbitrary set and let A([) = H([)+ = H-(I) be a free
left A-module where H, = :-B.-e[.»lf.t,i for o = £. Define the right A-module action by
setting hgia = (—1)19+1gh,; forall i € [.a € A and ¢ = +. Then it is easy to see
that H([) is an A-supermodule with the Z,-grading given by

H(Do = (H(D4)a 5 (H(I)-)a
where
(H(Do)o = DierAiho: and (H(I)s)i = SierAsho:-

Note that {f.z,-,l.z_i | i € [} is an odd basis of H(I). Define an A-quadratic form §; on
H(I) using

qr(hih_j) = &; for all . j € I; Gi(H,(I), H,(I)) =0 for all 0 = +.
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Then it is easy to check that §; is a standard alternating quadratic form with respect
to {hy; |1 € I}. a

Remark 2.1.15 Let A be a field of characteristic 0 and let M be a finite dimensional
vector space over A with an A-quadratic form on M. Then ¢ is almost diagonizable
iff it is nondegenerate. Indeed, it is clear that if ¢ is almost diagonizable that it is
nondegenerate. The proof of converse was done by Lang (see [La]): one can show that

M has a homogeneous basis say {n:}f, U {r;},=, where n; € Mg and r; € Mj. Let

N = tpl An; and R = @ Ar;. Since q is supersymmetric, g(A,R) = 0. Moreover.
= =1
using the fact that ¢ is nondegenerate. one can readjust the bases of ' and R so that

gnxv is invertibly diagonizable and grxx is standard alternating. 0

Proposition 2.1.16 Let [ be an arbitrary index set and M a free A-supermodule
with a homogeneous basis {m; | i € [} and an almost diagonizable A-quadratic form

qi- Let N be an A-supermodule with an A-quadratic form q; and let ¢ = q1 = qa.
Then

spans{E,m |meM.neN} = @{En'm' |n€ N}
i€l

Proof: Let z € spans{Em. | m € M,n € N}. Then z = ZE,} p, for some
p; € M.r; € N. j € J where J is a finite set. Since m;, i € [ form a basis of M we

can write p; = Y., a;jm; for some a;; € A. Then by Lemma 2.1.1.

ZEFPP; = ZE",'Z:,G, a,m, — ZZEr,a., m, = ZE Z: r,a., m, = ZE“' e

J€J J€J sel jed el el
=n, EM

Suppose r = Y. E, ., = 0 for some n; € N and [j;, C [ finite. Then for all
ie[’lﬂ
k € [finv

0 p— Z Eﬂnm.(mb) = nk q(mk' mk)
e EAX

and so n; =0 for all 1 € [y, i.e.. Eq », =0 for all 1 € I£;,. Hence

spang{E.m |mMeEM, neN} = @{Enm, |ne N}

el
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In particular, we have that for a hyperbolic A-superspace H(I), H(I) = (&:c1Ah:) &
(®Ah_;) where q(hs:, hyj) = 64, and so:

Corollary 2.1.17 Let [ be an arbitrary set and M an A-supermodule with an A-
quadratic form q. Let L = eosp(qr & q). Then L can be identified with

L=(8Li)dLed(&L)
el el
where
Lo = eosp(qr) & eosp(q)
Li=M=L_;, (writelL, = (Jw)gi)
with induced multiplication
[@Bh,, b, (M)uk] = vad_iujlam)e; — vpé_ ok si(am),,
= - (—l)lauml[(m)l‘k’ aEhezvhn]]
[z.(m)ue] = (zm)ue = —(=1)F1™[(m),4, 2]
[(m)aiv (n)uj] = d#(q(m~ n)Eh,,.hc. - J—ai.qum.n)
= —(=1)"M[(n),,. (m),]
forallac A. 1,5,k [, m,n € M, r € eosp(q), o, u,v € {£}.
Proof: By Proposition 2.1.6.
L = spa.nA{E;,,hn l h.h' € H([)}
Dspans{Eam | h € H([), m € M}
Dspang{Emn, | m.n € M}.

But H(I) and M satisfy the conditions of Proposition 2.1.16 and so we have

spang{Esm | R €H(I), m € M}

= (@{Eh.,m me .M}) @ (@{Eh_..m ime JM}) -

el el
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So if we set

Lo = spana{Bax | h.h' € H(1)} D span{Ema | m,n € M}
Li={Exnm|meM} iel
L-i = {Emvh_. I m € M}; iel

then L = ( e[L.») S Lo®( elL_.-) and we can clearly identify the above with
i€ 1€
Lo = eosp(qr) & eosp(q)

Li==(M);=M; i€l
Lei=(M)i=M: 1€l

by identifying E4, .» = m and E,. »_, = m. with induced multiplication
def'n
[aEhcnhy] ' (m )Ukl = [aEhonhu,7 VEhvkvm]
(2.3)
=" VEaE,  a,,(hus)m + VER B, (m)
= V(s-ug,ukEh,.,am - ¢s.—o'i.ultEh“,.am)
def'n
=" vob_yuuk(am)ei — vpd_oivk(am),,:
def'n
[z.(m)u] = [z.VEnm] = VEz(hu)m + VER, 2(m)
dei’n

=" (z(m))uk; and

def'n
[(m )ais (nuj] = [O'Eheumv “Ehu -n]
= U‘uEBh,,.m(huJ)J‘ + U#Ehupshm.m(n)

= ‘U#J—ci.uJEm.n + G”Q(mv n)Eh“,.h,.
foralla€ A,i,j,k€ I, m,n € M, z € eosp(q), o.u.v € {£}. .

Remark 2.1.18 Another characterization of eosp(qr & ¢q) can be developed using
. the same methods as in [N1] for eo(qr @ q): Let I be an arbitrary set and M an
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A-supermodule with an A-quadratic form ¢q. Then with respect to the decomposition

a (—m])ier b
A€eosp(qrdq) ® A= | (niier z (m:)ier
c (—n})ier ~aT

where a.b,c € Mat(I,I; A), b= —bT, c = —cT, z € eosp(q) and (m;).(n;) € BietM
and T denotes the matrix transpose. Here Mat([.I; A) is the set of [ x [ matrices

with entries in A and finitely many non-zero rows. a

In later chapters it will be important to know when eosp(q) is perfect. i.e. when

eosp(q) = [eosp(q).eosp(q)].

We can establish the following:

Proposition 2.1.19 Let N = Sic1An; be a free A-supermodule with an almost diag-
onizable A-quadratic form qy and let P be an A-supermodule with the quadratic form
gp. Set M=N&SP withq=qu&qp. Thenif{n;|i €[} #0or|{{n.|i€ [}s] >3
then eosp(q) is perfect.

Proof: By Lemma 2.1.10 we can rearrange the basis so that ¢ is an orthogo-
nal sum of an almost diagonizable form and a standard alternating form. Assume
that {n; | i € [}; # 0. It is easy to see that eosp(q) is spanned by the el-
ements of the form E, .,, Emn and Ep o for i,j € [ such that ni.n; € A
and m,m’ € N © P. Hence it suffices to show that these elements of eosp(q)
are contained in [eosp(q).eosp(q)]. Let i{ € [ so that n; € Nj. Then E, . =
%q(n,—,ng)“l[Em,n',E,.!.,,,] and En, ., = tq(ni,n;) " [Ep, .n,. En,.n,]. Moreover. for j €
I. j # i.i such that n; € NV} we have E, . = q(n;.n;)7'[En, s,.En ] Hence
En.n, € [eosp(g),eosp(q)] for all i.j € [ such that n;,n; € Nj. If m € N5G= P
then for all 7 € I such that n; € N7 we have that B, », = q(n:.n;) " [Emn, . Ex 0] €
[eosp(q).eosp(q)]- In addition, if m’ € N5 & P and i € I such that n; € Aj then
Enm = g(ni,n;)™" ([Em.n.rEn,.m’] — (—1)I*™ig(m, m')En,.n.) € [eosp(q).eosp(q)]
and so the assertion follows for the case when {n; | 7« € I}; = 0. Now suppose
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that {n; | i € [}; = 0 and that |[{n; | i € [}5] > 3. Note that E,, ., = 0 for all
i € I and eosp(q) is spanned by the elements of the form E,, ., and Eqn 4. for all
i,€l.i#j,a€ Aand p,r € P. Let i,j € I, i # j. We can take k € [ such that
k # 1,j and obtain

En.n, = q(nk,n6) 7" ([Enviner Engon,] = 4(ni: 1) En, 2, ) € [eosp(g), eosp(q)]-
Moreover, forall i € I, p,r € F and a € A we can take 7 € I. j # 1 and obtain

Ean tpr = 4(1,7;)"" ((Banytpin,s En,.r] + @(p.7)En,.n,) € [e0sp(q).eosp(q)].
Hence [eosp(q).eosp(q)] = eosp(q). =

Corollary 2.1.20 Let M be a free A-module with a quadratic form q which is in-
vertibly diagonizable with respect to a basis {m; | i € [} for some indezr set [. Then
eosp(q) is perfect if and only if |[| # 2.

Proof: [=]Suppose |I| = 2. Then since the basis is even. by Proposition 2.1.7. eosp(q)
is a 1-dimensional Lie superalgebra with even basis and so [eosp(g).eosp(q)] = 0 #
eosp(q).

Since the basis is even, if |I| = | we have by Proposition 2.1.7 that eosp(q) =0
and so eosp(q) is perfect. If |[I| > 3. the assertion follows from Proposition 2.1.19. =

Corollary 2.1.21 Let M be a free A-supermodule with an A-quadratic form q which
is standard alternating. Then eosp(q) is perfect.

Proof: It follows directly from Proposition 2.1.19. ]

2.2 Subalgebras of osp(q)

We denote by M an A-supermodule with an A-quadratic form q. In this section we
will study the properties of some examples of subalgebras of osp(q) which contain
eosp(q)-

Let £ be a subalgebra of osp(q) containing eosp(q). For example, £ = eosp(g).
€ = eosp(q) or € = osp(q). We have the following facts:
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Proposition 2.2.1 Let M be an A-supermodule with an A-quadratic form q. Then

osp(q) = osp(q) and eosp(q) is an. ideal of osp(q) containing eosp(q).

Proof: To show that osp(q) = osp(q) we only need to show that osp(q) C osp(q).

Let z = ) ,c, z: € osp(q), i-e., }_;c; Zi is summable and z; € osp(q), ¢ € [. Then for
all m,n e M,

q(z(m), n)+H—1)F"lg(m, z(n))

() )

=gq <Z z,-(m).n) + (—1)"’"""q (m. Z z;(n))
In

t€lm
= Y (q(zi(m).n) + (=1)"™lg(m. zy(n))
i€ImUIn
=0

and so r € osp(q). The rest of the assertion now follows from Proposition 1.5.12. =

Remark 2.2.2 Recall that. given two A-supermodules M, and M, with A-quadratic

forms q; and ¢, respectively, we have for M = M, § M, with g =q, 5 qa,
eosp(q) = eosp(qy) & eosp(qn. gp) T eosp(gp)
where eosp(qy. qp) = spana{En, | n € V. p € P}.

Proposition 2.2.3 Given two A-supermodules M, and M, with A-quadratic forms

q1 and q; respectively, we have for M = M| = M, with q = q1 = qa.

eosp(q) = eosp(q1) < eosp(qi. g2) = eosp(qz)

where eosp(q1, q2) = spana{En,.m, | mi € My, ma € M,}.

Proof: Follows from Propositions 2.1.6 and 1.5.13. [}
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Proposition 2.2.4 Let M = N @ P be an A-supermodule where N and P are A-
supermodules with quadratic forms qy and qp respectively. Assume that qu is almost
diagonizable with respect to a basis {n; |i € I} of N. Then

osp(q) = eosp(qx) & eosp(qw, gp) © osp(gp)-
If, in addition, qp = 0 then
osp(q) = eosp(q) x End 4 P.

In particular. if N has finite rank and P = (0) then

osp(q) = eosp(q).

Proof: By Propositions 2.2.1 and 2.2.3, eosp(qy) & eosp(qy. gp) C eosp(q) C osp(q).
If z € osp(gp) we can extend r to M by setting z(n + p) := z(p) for n €.V. peP.
Then for all n,n’ € .V and p,p’ € P.

q(z(n + p).n' + p)H(—1)M+PIHPlg(2(n’ + p), n + p)
NLP ’ 4 7
=" gp(z(p), F') + (=1)PIPlgp(2(p'). p) = 0
and so osp(gp) — osp(q). Conversely, let = € osp(q). i.e.. £ € End4 .M such that
q(z(m),m") + (=1)™™lg(z(m"),m) =0 VYm.m' € M.

Since M = N $ P we can write

co [ TVN Tap

IpN ZTp.p

where zxp € Homs(N . P), etc. For all n € V" and p € P we have

0 = g(z(n), p) + (—1)™Plg(z(p), n) 2 q(zxp(n), p) + (=1)"WPlg(zp \(p), n)

and so

q(zn.p(n),p) = —(—1)MPlg(zp y(p),n) | (2.6)
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Moreover, since N is free with the homogeneous basis {n; | i € [} we can write

zyn(ng) = Za,-jnj, for some a;; € A
I
zpn(p) = Y _bip)ni, for some b; € Homg(P, K).
i€l

Note that for each i € [ and p € P, thesets {k € [ | air # 0} and {k € I | bi(p) # 0}
are finite. Then for all i,k € [,

0 = q(z(n:),ng) + (=L)l~lg(z(ny), n;)
= () aynjne) + (=1)™Ilg( " ay;nj.ni)
1€l €l
= agq(ng, ne) + (=1)™Ilaq(n;, n;)

= |aix = —(=1)™W™*layq(n;, ni)q(ng, ne)™ Vike I} (

o
2

Hence in particular. for each i € [. the set {k € [ | ax; # 0} is finite. Let
i, 1
y= Z q(n;, n;) 1($Er,\r~v(n.).n, + Etx.v(n-)-n, ).
el =

Then for each k£ € I.

1 L
5Ezp v(nny (n8) = 5(zxar(ni)qlng. ne) — (=1)™lg(z(n;), ni)n;)

which is not zero only if i € {k} U {l{ € [ | ai # 0}, which is a finite set. and

E*-‘M.P(n.).n,(nk) = l',v,p(n,')q(ni, ng)
which is not zero only if : € {k}, which is a finite set. Moreover, for each p € P.
2Brr v(n)m, (p) = 0 and

Esy p(n)m(P) = —(=1)™lPlg(z v p(n:), p)n; 2 q(zp x(p), ni) = bi(p)qg(n;, n;)

which is not zero only if : € {k € I | bi(p) # 0} and this is a finite set. Hence
’;’Z{e[ Q(ni9 nt')—lErAr_,v(n.')vng € eosp(qM) and Zie[ Q(nf? nf)-lEtAr,P(m)-n, € eosp(qu Q‘P)
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and so y € eosp(qx) & eosp(qur, gr)- Moreover, forall k € I,

y(ni) = %q(nkvnk)-lIN~V(nk)Q(n.’svnk) - é Z(-l)ln‘"""IQ(ng, n;) tq(zaar(ni), ni)n;

i€l
+ q(ng, ne) " zap(nk)g(ng, nk)
1 1 -
= 51-:\(_4\{(71::) -3 ZI(—I)'"‘"""ICI(T% n:) " aiq(ng, ne)n; + zap(ne)
&
2.7 1 -
=4 FInN(ne) + 35 Z q(n;, ni) ™ akiq(ny, ni)q(ng, ni) ' g(ne, nedn; + za.p(ne)
2 el
1 1
= 3evN(ne) + 5 D awn: + zu.p(ne)
i€l
=(zv v S INp D TrN)(nk).
and for all p € P.
y(p) = =Y (=1)MPg(n;, )" q(zip (). Py B Y glngni) " g(zp (p). ni)ng
€l €l
= Y a(n.n) T 'b(pla(ni nidng = > bilp)n:
{34 el

= (znnv@znrDzrN)(p)

since zp v(N) = (0) and zx.p(P) = (0). Hence zy v SznpDTp.yv = y € eosp(qn) &
eosp(qn.») C osp(q) and so z = y + zp p. Since z.y € osp(q). we have that zpp €
osp(gp). Hence

T=zynvBDzNyrDIpy ® Ipp € eosp(qy) T eosp(qn.qp) = osp(gp).

If gp = (0) then osp(gr) = End 4 P and eosp(gqpr) = 0. Hence. by Proposition 2.2.3.
eosp(q) = eosp(qy) & eosp(qar, gp) and so

osp(q) = eosp(qx) & eosp(qv.qr) & End 4 P = eosp(q) & End 4 P.

Moreover, by Proposition 2.2.1. eosp(q) is an ideal of osp(q) and clearly End 4P is a
subalgebra of osp(q). Hence osp(q) = eosp(q) x End, P. If \V is of finite rank then
by Proposition 1.5.7, eosp(qa) = eosp(qar) and so if P = (0) then osp(q) = eosp(q).m

Another example of a subalgebra of osp(q) which contains eosp(q) is the following:



CHAPTER 2. ORTHOSYMPLECTIC LIE SUPERALGEBRAS 83

Example 2.2.5 Let M = H([, A)&Aho®H(J, A) or M = H(I,A)S H(J, A) where
I CZ*and J C(Z+ 3)*. We assume that / U J is well-ordered using the standard
well-ordering of 7Z. Let q be the quadratic form q = (gz © o ® Gz +ix)| mxm Where
q(ho, ho) = 1. Since q is almost-diagonizable. by Proposition 2.2.4, osp(q) = eosp(q).
Since M is free we can write the elements of osp(q) in the form of matrices. With

respect to the natural ordering of }Z, we index the matrices as follows:

-iz+ o iz~

Let ospr(q) be the set of all (a;;) € osp(q), i.j € [UJU {=I}u {=J}(U{0})
such that (a;;) has only finitely many non-zero diagonals. Note that (a;;) has only
finitely many non-zero diagonals if and only if there exists N € [UJ such that for all
n € [UJU{—-T}u{-J}(U{0}). In| > N the n** diagonal of (a;;) is zero. i.e.. @; n4i =0
forall: € TUJU {-I}u{—J}(U{0}). It is easy to verify that ospg(q) contains
eosp(q). Indeed. let {v; | i € ITUJU{~=I}U{=J} (U {0})} where vg; = hos, vs; = ko,
and vo = ho for i € [ and j € J. denote the standard basis of M. The map E,, ., for
t,j € [TUJU{=I}U {—~J}(U{0}) is represented by the matrix (a;;) where a;; = 0
for (z,7) # (k.=!l), (I, k), ak.—t = q(vi.v_;) and a;_; = —(=1)I*lg(v, v_i). This
matrix clearly has finitely many diagonals (in fact, at most two) and so is in ospw(q).

We need the following result for the description of the derivations of osp w(q).

Proposition 2.2.6 Let M = H(I[,A) 2 Aho S H(J.A) or M = H([.A) & H(J. A)
where [ CZ and J C Z + % and assume that elements of [ and J are invertible in
A. Let q be the quadratic form q = (qZ@qoaéz.._.})lM where q(ho. ho) = 1. Then the

normalizer of ospwu(q) in osp(q) is ospr(q), i.e.,

{z € osp(q) | [z.0spr(q)] C ospu(q)} = ospulq)-

Proof: Since ospw(q) is a Lie superalgebra, the inclusion follows.
Let {v; |t € TUJU {-I}U{-J}(U{0})} denote the standard basis of M (see
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above). Let z = Y .1 J(u{0}) Evev_i- Then it is easy to verify that z is eosp(q)-
summable and so z € osp(q). Its matrix representation is given by (b;;) where bix =
k, k # 0 and b; =0, ¢ # j. It is clearly in ospu(q). Let (a;;) € osp(q). Since
M is almost diagonizable, from the proof of Proposition 2.2.4 we have that a;; =
—a_j_iq(vi, v—¢)q(vj,v-;) for all i,7 € TUJ U {-I}U {-J}(U{0}). Then if the
matrix (a;;) is in the normalizer of ospwu(q), i.e.. [(ai;),0sp(q)] C ospw g, we have
in particular that

(cij) = [(aij). (bi;)] € osprlq).

By definition, since osp(q) is a Lie superalgebra, this holds if and only if (¢;;) has only

finitely many non-zero diagonals. Consider the n'* diagonal of (c;;), i-e.. (Ci.n+i )ietus:

Cinti = Gintibniinti — bii@ing:
= ai.n+i(bn+t‘n+i - bi.i)
NS
=0¢> n=0

Since (c¢;;) € ospga(q). there exists N € [ U J ((ci;;) # 0) such that for each n €
IUJ. |n] > N, the n** diagonal of (c;;) is 0, i.e.. ¢iaei = 0 for all : € [ U J. This
occurs if and only if foralln € TUJ, [n| > N >0.a;n4i =0foralli € TUJ. ie..
(ai;) € ospu(q)- .
Remark 2.2.7 Note that if 4 = A =C and if / = Z and J = @ then ospw(q) is
isomorphic to 5zl 2 Lie algebra studied by V.G. Kac and others (see for example
[KP| and [DJKM]). In addition, if A = A =Cand [ =Z.J = Z + } then ospr(q)
is isomorphic to B. a Lie superalgebra which was studied recently by S.J. Cheng and
W. Wang in [CW].

2.3 The Orthosymplectic Lie Superalgebra £

Let M be an A-supermodule with an A-quadratic form q.

Definition 2.3.1 Given a subalgebra £ of osp(q) which contains eosp(q), we define
the algebra &, as follows:

x = {(a,m,n,z)|a € A,m,nE M, z€ &}
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with multiplication

[(a,m,n,z),(d’,m'.n",2")] = (q(m,n’) - q(n,m'),
am’' + zm’ — ma’' — (-1)FI™lz'm,
—an' + zn' + na’ — (=1)FMz/n, (

Em.n’ + En,m’ + [I, I’])

o
oo

foralla,a’ € A, m.m',n.n" e M, z,2’ € €.
Recall that the centre Z(L) of a Lie superalgebra L is defined by
Z(Ly={z e L|[z.L]=0}.
In addition, for a 3-graded Lie superalgebra L, we have defined
C(L)={z € Lo | [z. L] = 0}.

Proposition 2.3.2 Let £ be a subalgebra of osp(q) which contains eosp(q). Then
L = &, is a toral 3-graded Lie superalgebra. Moreover, Z(L) = C(L) = (Anng M. 0.0.0).

Proof: If we set
L, ={(a.m.n,z) |a € A,. m.n € M,. 2 €E,}

then it is clear that L is Z,-graded A-supermodule. To show that L is a Lie super-
algebra we need to verify that (2.8) satisfies (SL1) and (SL2). It is clear that (SLI)
holds. To show that (SL2) holds we define the map

h:LxLxL — L
(i la. ) = ([l la], o] = [l {2, ] + (= 1)l (1, )]

Then h is A-trilinear and for all homogeneous [;.[;.l3 € L and 7 in the symmetric

group S3 we have

h(ly, bz, l3) = ah(w(l1). 7(l2). 7 (I3))
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where o € {£} 'depends on 7 and the degrees of [,/ and [3. Indeed

R(la, Ly, 03) = [[la bl ls] = [l2 I, Ga]] + (=D, 1, 4]
= (=1l ({1, L], L] + (=D)L, [T, )] = (4, [, 4])
= —(—l)"l”hlh‘([l?l27 [3)

and

h’(llv l37 12) = [[Il? 13]7 [21 - [117 [l3v 12]] + (__1)[“"'3‘[[2? [[37 lll
= —(_1)"2'"3' ((-1)“1"‘2'[127 [119 [31 - [llr [[2? 13]] + [[llv 1217 13] )
= —(=1)EIR(, b k)

for all I;,1;.13 € L. Since S is generated by (12) and (23). this implies the assertion.

If we set
Lo = {(a.0.0.z)|a€ A. r €&}
L, = {(0,m.0.0) | me M}
L_ = {(0.0.m.0)| me M}

we have

h(Ls.Ls.Ly) = (0) since [L,,L,] = (0) and
h(Ly.Ls,Lo) = (O) since [L,,L,] = (0) and {L,, Lo] = L.

In addition. A(Lgs.Ls. L-o) = (0) since

h(m?.n.p~%) = — [m7q(n.p) + En] + (—1)™"[n7.oq(m. p) + Em ]
=mgq(n.p) + (=PI (ng(p.m) — (=1)"Plpg(n. m))
+ (=1 (—ng(m. p) — (=1)I™HW(mg(p. n) — (—1)" " pq(n. m))
=0
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for all m.n,p € M and o = +. Moreover, h(L,, Ly, L_,) = (0) since

h(m?,a+z,n7%) =[—om?a — (-1)™=E(m)* n~] — [m?, —6an™ + z(n)~’]
+ (=1)mlle+=llg 4 £ oq(m,n) + Emal
= — q(ma,n) — o(—1)™lg(z(m).n) — 0Emain — (—1) ™ Ey(m) 0
+ q(m.an) — oq(m, z(n)) + 0Eman — Em.z(n)
+ (_l)l"ﬂlrlEx(m)m - (_l)lml(lﬂl-i-l-':l)Er(n)'m)
=0

forallm,ne M. a€ A, r € £ and ¢ = + and h(L,. Lo, Lo) = (0) since

h(m’.a+z.b+y) =[~om®a — (=1)™=lz(m)? b + y] — [m. [z, y]]
+ (=1)tmlle*=llg 4 2 —om?b — (—1)m¥ly(m)]
=mab+ o(~1)"=z(m)7b + o(—1)UmFleblvly(mq)e
+ (_,]_)|mlltl+|yl(lrl+|m|)y(z(m))0’ + (-1 )(|-7~'|+|!I|)|ml[l.. y](m)ﬂ
+ (= 1)+l _amb — g(—1)™lay(m)°
— oz(mb)” — (=1)Im¥z(y(m))”
=0

foralla,.be A, r.y€ & m € M and ¢ = +. Finally, h(Lg. Lo, Lo) = (0) since
h(a+z.b+y.c+2) = [[z.y]. 2] — [z. [y, ]| + (= 1)y, [z. ]| = 0.

[t now follows from the symmetry and the R’-trilinearity of k that (2.8) satisfies (SL2).
Hence L is a Lie superalgebra and it is clear from (2.8) that L is 3-graded and that
(1,0,0,0) is the toral element in L. Now, suppose that (ag, mg, no.zg) € Z(L). Then
for all m € M,

0= [(1- 07 0?0)7((107 mg, Ng, 1:0)] = (0~ Mg, —Ng, 0)
and so mg = 0 = ng. Also, for all m € M,

0 = [(@e,0.0,z0), (0,m,0,0)] = (0,aem + zom, 0, 0)
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and

0 = [(ae, 0,0, z0),(0.0,m,0)] = (0,0, —agm + zom,0).

Hence agm + zom = 0 and —aom + zom = 0 for all m € M and so since % € A,

aom = 0 and zogm =0 for all m € M, i.e., o = 0 and ag € Ann, M. Coversely, let
ao € Anng M. Then for all (a,m,n,z) € L,

[(a0,0,0,0),(a,m.n,z)] = (0,a0m, ~agn.0) = 0.
Leta+reC(L),aed.z€&. Thenforalme M, o = +.
0 = [a + z.m?] = (cam + z(m))°

and so am =0 for all m € M. i.e.. a € Anny M. and z(m) =0 for all m € M. i.e..
z =0. Hence C(L) C (AnnyM,0.0.0). The rest is trivial. .

Let M be an A-supermodule with an A-quadratic form q. Let g(.; be the quadratic
form of the hyperbolic superplane H({oc}) = Ak} T Ah{_co}- Set

o = 9 G{oo}

SO geo is defined on M & H({oc}). Let £(qgc) be a subalgebra of osp(gs) containing
€osp(gwo). Set £(q) to be the Lie superalgebra

&(q) = {z|m | € €(gee) such that z|y € End 4 M. z(H({oc})) = (0)}.

Using the Proposition 2.1.6 we have that eosp(g.,) = eosp(q) = eosp(gq. qix}) =
€osp(g{w}) and so since eosp(ge) C £(ges) We have that eosp(q) C £(q). Moreover.
since £(go) C 05p(ges), for each z € £(q) we have, for all m.n € M.

0 = goo(z(m), n) + (=1)™lgy(2(n), m) = g(z(m), n) + (= 1) g(z(n). m)

and so r € osp(q). Hence £(q) C osp(q) and so £(q) is a subalgebra of osp(q)
containing eosp(q).
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Remark 2.3.3 It is easy to verify, using Propositions 2.1.6, 2.2.3 and 2.2.4, that

if €(qgeo) is €0SP(geo), €0SP(gos) OF 0sp(geo) then E(q) is eosp(q), eosp(q) or osp(q)
respectively.

Proposition 2.3.4 In the above setting,

€(gee) = E(q)cw-

Proof: Since osp(q) < 0sp(ge.) where to y| = y and 0 YlH({}) = 0. we have that
£(q) = E(goo). We will simply write y instead of : 0 y when the context is clear.
We claim that

E(Goe) = ABhphooe @ {Bmhe [ M E M} E {Epi_ | m € M} £ E(q). (2.9)

Indeed. the inclusion ™ O 7 clearly holds since eosp(ge) C £(geo) and. by above.

&(q) = €(go). Let z € £(geo). Then there exist a.a’.b. b € A and mg.ng € M such
that

I{hy) = moS ahs T bh_. and

z(h_)

ng & a’ho & 0'h_.
Since z € 0sp(qes) and |h+o| = 0.

0 = q(z{he).hoo) + q(z(h-x). he) =a + .
0 = g(z(hw).ho) =b. and
0 = q(z(h-).h_x) =d.

Set
y=z— Emo-l‘—oo - Eno»hoc - aEhcnvh—on'
Then y € £(qeo) and y(H({oo})) = (0). Suppose that

y(m) =y’ (m) ® e(m)hee G d(m)h_oo
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for some y’ € Ends M, c¢,d € Hom4(M, A) and for all m € M. Then since y €
E(geo) C 0sp(guo ), we have that for all m € M,

0 = q(y(m), heo) + q(y(he). m) = d(m); and
0

q(y(m), h—x) + q(y(h-o), m) = c(m).
and so ylu = ¥’ € End4 M. Hence y|um € £(q) and therefore
E(ge) = AEBho o + {Emne | m € M} + {Emn_. | m € M} +E(q).

fy=aBs s +Emre +Eni_o +7 € £(ges) wherea € A, m.n € M and = € &(q)
and, if y =0 then

0 = y(hwo) = ahe & n. and

0=y(h-x) =—ah_x3m

hencea =0 and En s, = Enx_ =0, and so £ = 0. Therefore the claim (2.9) is true.
Let ¢ : £(goo) = £(q)c be a2 map defined by w(aEBs_i_, S Emn, ® Enn_, T2)=
(a,—m,n.z) for alla € A, m.n € M and z € £(q). Note that aE,_4__ = 0 if
and only if a = 0, and Ep4,,, = 0 if and only if m = 0. Hence ¢ is well-defined
and injective. It is clearly surjective and A-linear, and so it is an A-supermodule
homomorphism. It remains to show that z is a Lie superalgebra isomorphism. Indeed.

if y=aBhohoo + Emhoo + Enho +Tand ¥y =a'Ba_s_ + Emvny + Bpn_ + 2
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are elements of £(q.,) then

21,91 = ¢([aBheitow: Emte + Boi]) + ([Embe + Enticw: @ Eagi_g])

+P([Emnew + Enn w2 + 0([2, Emtiie + Enin_s])
+9([Emho Bun_c]) + 0([z, 27)

= P(aEmpe — 6Ewn_ o) + P(—Emathe + Enati_o)
+@(—=q(m, R Erph_o = Eminr = (1) V"™ E ) 4., )
+2(q(n, m\Es he — Bnr = (—1)FINE () 4_)
+0(Exim) hee + By o) + 2([2, 27)

= (—q(m,n) + q(n,m"), —am’ + m'a — z(m) + (=1)F1"z'(m),

—an’ + na’ + z(n') = (=1)F ' (n), ~Epr ~ Epme + [2. 27)
= [(a.—-m.n.z),(a',—m’,n’.z")]

= [o(y).- 2]

Hence ¢ is a Lie superalgebra isomorphism. [

Corollary 2.3.5 We have that eosp(qe) = €0Sp(q)es, €0SP(ges) = eosp(g)e and
05P(geo) = 05P(q)oo-

We will use the isomorphism of Proposition 2.3.4 throughout the thesis.

We wish to investigate now when eosp(q.,) is perfect. With respect to that we have
the following:

Lemma 2.3.6 Let M be an A-supermodule with an A-quadratic form q and let £ be
a subalgebra of osp(q) containing eosp(q). Set L = £,,. Then

(1) {Ly.L_] =span{q(m.n)|m.n € M} Geosp(q) C Lo =AZE:

(2) [Lo. Lo] C [E.E]. In particular, if € = eosp(q) then [Lo, Lo] = [L+.L_];

(8) L is perfect if and only if € = eosp(q) + [€, £] and there exist m;,n; € M such
that Y_.q(m;,n;) = 1, i.e., q represents 1. In particular, if £ = eosp(q) then &
is perfect if and only if q represents [.
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Proof: (1) Let m,n € M. Then

L - miin L - 1 .
;[m'*’n ]—(_]_)l 1l ‘s[n'*’m ] = ;q(m’n)_(_l)l I lsq(n’m)
1 1
- — (—1)imlinl 2
+2Em,n ( l) zEn.m
1 1 1 1
= §Q(m,n) - §q(m, n) + §Em,,, + §E'm',,

= Em.!v

Hence E,., € [L*.L™] for all m,n € M and so eosp(q) C [L*.L~]. Using (2.8) we
have, for all m,n € M,

g(m.n) = [m"', n-] — Emn

and so span{q(m.n) | m.n € M} € [L4+,L_]. Also, using (2.8) it is clear that
[L+.L.] C (g(m,n) | m.n € M) & eosp(q), hence

[L+,L_] =span{qg(m.n) | m.n € M} Seosp(q) C Lo=ASE.
(2) Let a,b € A and z,y € €. Then by (2.8),
[a +z.b6+y] =[z.y] € [€.£].

In particular, if £ = eosp(q) then. by (1), [Lo, Lo] C [E.€] C [L+.L-].
(3) Note that L, = [(1.0.0.0), L,] for ¢ = + and so L, C [L.L]. Hence L is perfect
if and only if Lo C [L, L]- By (2).

Lo C [L. L] n Lo = [Lo, LoI + [L+, L_] C [S.gl + [L.{..,L-] C LQ
and so Lo = [L+.L_] + [£.E]. Hence, by (1).
Lo = span{g(m,n) [ m.n € M} S (eosp(q) + [£.£]) .

It now follows that L is perfect if and only if £ = eosp(q) + {£. €] and span{q(m.n) |
m.,n € M} = A, ie.. there exist m;,n; € M such that > gq(mi,n;) = 1. If
€ = eosp(q) then eosp(q) + [E,E] = eosp(q) and so the rest of the assertion fol-
lows. a

We shall now look at when eosp(g.,) is simple.
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Lemma 2.3.7 Let M be an A-supermodule and let q be a degenerate A-quadratic
form on M. Then eosp(qx) is not simple.

Proof: Let n € M, n # 0 such that g(n, M) = 0. Then it is easy to check that the
submodule (0, An, An,E, v() is a proper ideal of eosp(ges)- [ ]

Proposition 2.3.8 Let A be a field (so Aj = (0)), N = SienAn; with an invertibly
diagonizable A-quadratic form qy and R = H(R; A) with the standard alternating
formgr. Let M = NOR and set q = qu S qr- Then eosp(qw) is (Z2-graded-)simple
if R#0 or |N| > 3.

Proof: Let L = eosp(qw). Let [ be a Z,-graded ideal of L. hence [ = (I N Lg) =
(I N L;). First note that if | € [ then [ = L. Indeed. suppose first that R # 0.
Let 0 # (a,my,m_,z) € IN L;. Then a = 0 (since 4; = (0)), my,m_ € R and
r € eosp(qn,qr)- Suppose m, # 0 for some u € {£}. Then there exists £k € R and
o € {x} such that q(m“,iz,k) # 0. Hence

(L (0, oy, o 2], 2], R, B2
L O s, 2] RS2 RS A2 B i (2.10)

= —2uoq(m,. ko) € [

and so [ = L. Now suppose that m, = 0. u = = and = # 0. Then there exists
i € N such that z(n;) # 0 and so {z.n}] = z(n;)* € (I N L;)* hence using (2.10) we
get [ = L. Hence if IN Ly # (0) then [ = L. Now, let 0 # (a.0,0.z) € I N Lg. If
z =0 then I = L. Suppose z # 0. If z(R) # 0 then there exists k € R and o € {£}
such that z(h,e) # 0. Therefore [a + z, E; i) =2E_ )i, € [0 Liandso by
(2.10), [ = L. If z(R) = 0O, then there exists ¢ € [ such that z(n;) # 0. If R # (0)
let 0 # g€ R. Then [a + z.E, ;] = Ez(n,) g € [N L; and so [ = L. Now suppose
that R = (0). Assume that a = 0. Let : € [ such that z(n;) # 0. Then it is easy to
check that z(n;) ¢ An; and so there exists j € [ such that ¢ # j and q(z(n:),n;) #
0. Then [[[z,n]],En ], n]] = —q(z(ni),n;)q(n: n;) and so I = L. Suppose a #
0. Then if k € [ is such that k& # .7, [[[a + z.nf],En 4,1, 77 |, En, 0. ). 0] 0] =
aq(n;,n;)*q(n;,n;)q(ni,ni) and so [ = L. Finally, suppose (a,m4+,m_,z) € I N Ly
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such that m, # 0 for some u € {£}. Let /a € M such that g(m,,m) # 0. Then

([L,(a,me,m_,z)],m™¥] = q(my,m) + pEm, s #0

’

and so by above I = L. Therefore if I # 0 is a Z-graded ideal of L then [ = L and
so L is simple. ]

Example 2.3.9 Let A be a field of characteristic zero and M a finite dimensional
A-supermodule. Assume that dim Mg > 3 or dim Mj > 2. Let g be a A-quadratic
form on M. Then eosp(qe) is simple if and only if g is nondegenerate. Indeed, if g
is nondegenerate, by Remark 2.1.15 one can show that M = V & P so that quxy
is invertibly diagonizable and grxr is standard alternating. Hence by Proposition
2.3.8. eosp(ge) is simple. The converse follows from Lemma 2.3.7. Note that if
N = H(k/2; A) when k is even or N = H((k — 1)/2; A) & Ang where q(no,n0) = 1
when k is odd then L = osp(2 + k,!) and. as indeed also proved by Kac ([K2]), L is
simple.

The following is worth noting.

Proposition 2.3.10 Let M be an A-supermodule with an A-quadratic form q. As-
sume that Anna(M) = 0 and that there exist m;,n; € M such that 3 q(mi.n;) = 1.
Then eosp(qe) is the TKK-superalgebra of the associated quadratic form Jordan su-
perpair V = (M, M).

Proof: By Example 1.3.24. K(V') can be represented by
K(Vy=Ly&[Ls, L_]/C T L
where

L. = {(0.m,0,0) | m € M};

L. = {(0,0,m,0) |m e M};
Lo = {(a,0,0,z)|a€ A, z €eosp(q)};
[L+,L_]/C =D = spana{g(m.n)|m,n € M}-Id+eosp(q) C Lo/C:

C = {A€[Ly,L]|[A, L] =0 for o==};
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and the multiplication is given by

[u+ e a @ u—’ v+ ® b@ U—] =(a+v+ — (_l)lu+llb+lb+u+)
@ ([ab] + 8(u*.v7) — (1) 750+ u7))  (2.11)
& (a” v~ — (=1)71E7lp=y )
where u?.v? € L,, 0 = + and a = (a*,a”), b = (b*,b~) € D. Since eosp(q) is per-

fect we have that (L4, L_] = Lo. In addition, by Proposition 2.3.2, C = {(a,0,0.0) |
a € Anny(M)} = (0) and so K(V') = eosp(goo) With multiplication given by (2.8). =



Chapter 3
Derivations

Throughout this chapter k£ will denote a commutative. associative. unital ring con-
taining %, R a superextension of k and A a superextension of A. [n addition. we will
assume throughout that when |m| occurs in an expression for some m € .M for some
supermodule M., then it is assumed that m is homogeneous. and that the expression

extends to the other elements by linearity.

3.1 Derivations of toral 3-graded Lie superalge-

bras

Recall that given a Lie superalgebra L over A". a A-module homomorphismd: L — L
is called a A-derivation (of L) if d = dj & di where d, (@ € Z2) is 2 A'-module
homomorphism of degree a satisfving

dafz.y] = [da(z), y] + (—=1)*W¥[z, do(y)] (3.1)

for all z € Lg,y € L. We denote the set of A'-derivations of a Lie superalgebra L
by Derg(L). For any element z of L., we can define the map ad(z) : L — L by
ad(z)(y) := [z.y]- The K-supermodule ad(L) forms an ideal of Derx L called the
inner derivation algebra of L, denoted by ad L.

96
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In this section we will study the properties of derivations of toral 3-graded Lie su-
peralgebras over A'. These will be useful in the sections that follow when we will
concentrate on determining the structure of the derivation algebras of orthosymplec-

tic Lie superalgebras.

Recall that a 3-graded Lie superalgebra is a Lie superalgebra L with a decompo-
sition L = L, & Lo $ L_, such that

[Li.L;] C Liy; where Ly, =0 if k ¢ {£1.0}.
In addition, a toral 3-graded Lie superalgebra is a 3-graded Lie superalgebra L such
that there exists an element { € Lo so that
[(,zs] =0z, forall z, € L,. 0 =0.£1.
Proposition 3.1.1 Let L be a toral 3-graded Lie superalgebra over A . Then
Derg L =ad L + (Derg L)o

where
(Derg L) := {d € Derx L|d(L;) € Ly,0 =0.%}
= {deDerxL|d(()e Z(L)}.
In particular. {d € Dery L | d(¢) € Z(L)} is a subalgebra of Derg: L and
ad LN {d € Derx L | d(¢) € Z(L)} = ad Lo.

Remark 3.1.2 The first assertion of above result is well known (see for example

[Fuks]).

Proof: It is clear that ad L +(Derx L)g C Derg L. For z € L we will writez = z_ +
zo+z, wherez, € L,, u =0,%. Let d € Derg L and set d' = d+ad(d(¢)+—d(¢)-).
Then forall z € L

d(z4) = d(z4)+[d(Q)+ — d(()-.z4] = d[(, z4] — [d({)-. T4]

= [d(C)z+] + [(- d(z4)] — [d({)-. z4]

= [(d({))o,z+] + [, d(z4)] € L+
€L+ €L+
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since

d(z+)- = (d[(,z+])- = [d((), z4]- +[C,d(z4)]- = —d(z4)-

=0

and so d(z;)- = 0. Similarly,
d(z_)e L_.
In addition, (¢, zo] = 0 implies 0 = [d((), zo] + [, d(zo)] which in turn implies
d(z0)x = F[d({)x, Zo]-
Hence

d'(zo) = d(zo) + [d({)+ — d({)-. zo]
d(zo)o — [d(¢)+ — d(C) -, zo] + [d({)+ — d(Q)-. Zo]
= d(zo)o € Lo.

Therefore d' € (Derp L) and so Dery L = ad L + (Derx L)o. Now. let d € (Derg L)
and z € L. Then

d(z4) = G, z4] = [d(Q),z4] + [¢, d(z4)] = [d(Q), 74] + d(z+)
€L;

which implies that [d(¢), z4+] = 0. Similarly, [d({), z_] = 0. Moreover. since [(.zo] =
0.

0 = [d(¢). zo] + [¢, d(z0)]
——
€La
and so [d(({).zo] = 0. Hence d(¢) € Z(L) and so (Derx L)o C {d € Derg- L | d(¢) €
Z(L)}. Conversely, if d € Derg- L is such that d(¢) C Z(L) then for all z € L.
d(zs)- +d(z+)o +d(zs)s = d(zz) = £d[(, z2] = £([d(¢), z<] + [(. d(z2)])
= H(d(zz)s+ —d(z£)-) = d(Ls) C Ls

and

[¢: zo] =0 = [(. d(z0)] = —[d({), zo] = 0 = d(Lo) C Le.
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Therefore (Derg L) = {d € Derx L | d({) € Z(L)}. It is easily verified that
(Derg L)o is a subalgebra of Derg L and so all of the statements of the proposition
hold. ]

3.2 Derivations of orthosymplectic Lie superalge-

bras

Throughout this section we shall denote by M an A-supermodule with an A-quadratic
form q. We will assume that Anny M = 0.

In this section we will study the A’-derivations of &, where £ is a subalgebra of
osp(q) containing eosp(q). Recall from Proposition 2.3.1 that £, = {(a.m.n.z) |
a € A,m,n € M, z € £} with multiplication given by (2.8). Since Anng M =0, by
Proposition 2.3.2, Z(€,) = (0). In addition, we have the superalgebra isomorphism
A= A-Idlpm : a = a-Id|pm. We will sometimes. for ease of notation. write a-[d

instead of a for a € A. The meaning of a-[d will be clear from the context.

We make the following definitions which will be instrumental in describing the deriva-

tions of &.

Definition 3.2.1 For each a € Z,, let (S¢). be the set of all A-linear endomor-
phisms S of M of degree a satisfying

(S1) [S.a-Id] € A-Id for all a € A:

(S2) [S,q(m,n)-Id] = (q(S(m),n) + (=1)mlInlg(S(n),m))- Id for all homogeneous
m.n € M;

(S3) [S.£] C E.

Definition 3.2.2 For each a € Z,, let (7T¢), be the set of all K-linear endomor-
phisms T of M of degree « satisfying

(T1) [T,a-Id] € € for all a € 4;
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(T2) [T,q(m,n)-Id] = Er(m).n + (=1)™IME(,) , for all homogeneous m,n € M;
(T3) [T,€] C A-Id.
Set

Se = (Se)o © (Se)i and Te = (Te)s & (Tehi-

We see immediately that S¢ and 7¢ are submodules of the A'-supermodule End 5 (M).
We will write S and T for S¢ and 7T¢ respectively when the context is clear. In fact.
if we define, for V € {1,2,3} and a € Z,,

SV} = {S € (Endg M), | S satisfies (SN)}
and
T = (T € (Endx M). | T satisfies (TN)}
and set SV) = Sé‘v) ooy S{‘V). TW = 73(N) & 7?‘“ then
Se =3, 8™ and Te =0}, TV

Remark 3.2.3 Note that the ( )¥) notation is traditionally used to denote the
derived algebras of a Lie algebra however in what follows we will not be using the

derived algebras at all so there should be no confusion resulting from the above
definition.

Remark 3.2.4 It follows from the definition of T¢ that A-1 d’\ ] C 7T¢. Indeed. by
Proposition 1.5.9. 4-Id = A-Id" and so [A—[d!\..-l-[d] =0€¢&,

E(éz,a‘-ld)(m).n-*'(—l)lmunlE(%‘-"ﬂ(n).m = B £ amat(-1)™ME & o)um

1€Imuln s€IlmUlin
B ( > af) (Emn + (~1)™ME, ) =0
t€ImUIn

and. using Proposition 1.5.12, for all z € £,

> ai-ld.z] = [a:i-Id,z] =0 € A-Id.
iel tel

Hence elements of A-Id - satisfy (T1)-(T3) and so the assertion follows. ]
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We have the following result:

Lemma 3.2.5 Assume that M is an A-supermodule with an A-quadratic form q such
that q represents 1, i.e., there ezxist m;,n; € M such that Zfil g(m;,n;) =1. Then

1) S® c SM; and
2) T cTW,

Proof: For all a € A we have

N N
a= Zq(m;,n;)a = Zq(m;,nga).

=1 =1

1) Let S € Endg M such that S satisfies (S2). Let a € A. Then if we write
m; = (m;)s + (m;)i and n; = (n;)s + (n:)1.

N N
[S.a-Id] = [S.Zq(m,-,nga)—[d]=Z[S.q(m,',n,-a)-[d]

=1 =1
N
= Y (q(S(m),nia) + (—1)mlimtHebg(S(n.a), m,)) - Id € A-Id.
s=1
Hence S satisfies (S1).
2) Let T € (Endg M), such that T satisfies (T2). Let a € A. Then

N N
[T.a-Id] = [T, q(mina)-Id] =Y _[T.q(m:, nia)-Id]
i=1 =t
N
= Z (ET(m.).n.c + (-I)'m'l(ln.l+lcl)ET(n.a),m.) € eosp(q) C E’
=1
Hence T satisfies (T1). .

Remark 3.2.6 If ¢ = 0 then (S2) and (T2) hold trivially for all A’-linear endo-
morphisms of M and so $* = Endg M and 7%®) = Endx M. Hence in this case,
Se=8MNSE and Te = TW N T,

Proposition 3.2.7 We have the following properties of S and T :
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(1) Properties of S¢:
(i) For all S € SV, the map A : A — A given by A(a)-Id = [S.a-Id] is a
K -derivation of A. Moreover, [End4 M, S] C End 4 M.
(it) For all S € S and for all m,n € M,

[59 Em.n] = ES(m),n - (—l)lm"nlES(n).m- (3'2)

(i1i) Let X = eosp(q), eosp(q) or osp(q). Then [S®. X]| C X. In particular. if
& = eosp(q), eosp(q) or osp(q) then S} C SB),

(iv) osp(q) is an ideal of SN S? and so
osp(g) N S 1 5. (3-3)

In particular. £ < Sg. Moreover. osp(q) < S¢ for any ideal £ of osp(q)
which is true in particular for £ = eosp(q), eosp(q) and osp(q).

(2) Properties of T¢:

(i) For all T € TW, the map » : A — £ given by w(a) = [T.a-Id] is a

K -derivation from A to €.

(it) For all T € T'® and for all m.n € M.

[T.Em.n] = (¢(T(m).n) — (=1)™*g(T(n), m))- Id. (3.4)

(iii) Suppose that £ C eosp(q) and A-Id. = A-Id if £ # eosp(q). Then
T® C 7V,

(iv) [E.[T®), A- Id]] = (0) and [T®.[£.£]] = (0).
Remark 3.2.8 We should note the following:

(1) The assertion (1liii) in the above proposition does not hold for general eosp(q) C
& C osp(q), for example see Example 2.2.6.

(2) A sufficient condition for A-Id = A-Id to hold was described in Lemma 1.5.8.
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Proof: |(1z)| Let S € Endx M satisfying (S1). Since Anny M = 0, the map A :
A — A is a well-defined A-linear map. For all a,b € A, p € M,
A(ab)p = [S,ab-Id](p) = S(abp) — (—1)¥1I+ENap S (p)
= S(abp) — (—1)laS(bp) + (—1)1MelaS(bp) — (—1)1S1Ue+BlgpS(p)
= [S,a-1d](bp) + (—1)S"a[S, b- Id](p) = Aa)bp + (—1)13Nela A(b)p.

So using the fact that Anny M =0,
A(ab) = A(a)b + (—1)lalgA(b).
Hence A € Derg- A. Let z € Endg M. Thenforallae A. m € M.
[c.Sl(am) = z(S(am)) - (—=1)=151S(z(am))
= (=1)PFWlz(aS(m)) + z(A(a)m) = (~1)F1ISHeD S(a(2(m)))
= (=1)elISHEDG(2(S(m)) + (=1)=0SHeD A (@) (m)
..(_1)lrl(|5l+|¢|)+l5llala5(z(m)) - (_1)l=|(|5l+I¢I)A(a)1.(m)

= (_l)lcl(lrlHSl)a[I’Sl(m)

and so [z, S] is A-linear.
(Izz) | Let S € Endp M satisfying (S2) and let m.n € M. Then for all p € M.

[S.Emal(p) = S(mgq(n.p) — (=1)"WPlg(m, p)n) — (—1)S™+Dmg(n_ 5(p))
+ (_1)ISI(ImI+InI)+InI(ISI+|PI)q(m? S(p))n
= S(mq(n.p)) — (-1)"™"S(g(m. p)n)

—(- l)lnllpl+(lpl+lnl)lmlq( S(p).n)m + (_1)(lml+lnl)!plq( S(p), m)n
(_I)Iml(lnl-blpl)[g. q(n, p) .[,[l(m) + (_1)([ml+l$l)(lnl+lpl)q(n. p)S(m)
— (=1)Il[S, g(m, p)- I[d](n) — (—1)mlIPHISIImI+ED oy 5V S ()
- (_l)lml(lpl-i-lnl)[g, g(n.p)-Idj(m) + (_I)ImI(IpH-InI)q(S(n). p)m
+ (=1)"IPI[S, g(m, p)- [d](n) — (~1)"IPlg(S(m), p)n
= S(m)q(n.p) — (—1)"IP1S(n)g(m, p)

+ (=1)Imlir+PDg(S(n), pym — (—1)"IFlg(S(m), p)n
= (Esm)n — (=)™ Eg(a) )(p)-

(s2)
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(Iiti) |Let S € End g M satisfying (S2). Then it follows from (1ii) that [S, eosp(q)] C
eosp(q) and so by Proposition 1.5.12,

(S, eosp(q)] C eosp(q).

So the assertion for X = eosp(q) and eosp(q) holds. Now, let £ € osp(gq) and m,n €
M. Then

q([S. z)(m), n)+(=1)I"g([S, z](n), m) =
= q(S(z(m)),n) — (=1)*Wlg(z(S(m)), n) +
+ (=1)™lirlg(S(2(n)), m) - (—1)Sletimlirlg(2(S(n)), m)
2 (S, q(a(m),n)- Id] - (1) HmMrlg(S(n), 2(m))
~ (=1)FWlg((S(m)), n) + (=1)"M[S. g(z(n), m)-d]
- (_1)lfnllnl+(lrl+lnl)lrnlq(S(m)’I(n)) — (=1)SlI=t+HmIRl (2 S(R)), m)
= [S.(q(z(m),n) + (=1)"g(z(n),m))-Id]
- (_1)(l=l+lml)(Inl+|$|+lnl)q(z(m)’ S(n)) — (_1)ISII=|+ImIIﬂ|q(x(3(n)), m)
- (_1)l3|lzlq(1.(5(m))’ n) — (_1)lmunl-i-(lzl-i'lnl)(lml+|$l+lml)q(l.(n)’ S(m))
= — (=1 g(2(m), S(n)) + (~1)I™ISHMg(2(S(n)), m))
— (=1)Fl(g(z(S(m)), n) + (-1)MISHI™Dg(z(n), 5(m))
= 0.

Hence [S,z] € osp(q). The rest of the assertion now follows from the definition of
(S3). |

(Iiv)| Every = € osp(q) is A-linear and so [z,A4 - [d] = (0) and (g(z(m).n) +
(=1)mirlg(z(n),m))-Id = 0 = [z,q(m,n)-Id]. Hence osp(q) € SN NS®. In
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addition, if §$ € S NS? and z € osp(q) then

q([z. S)(m), n)+(=1)"W"lg([z, S](n), m) = q(z(S(m)),n) — (—1)I¥lg(S(z(m)), n)
+ (—1)mlnlg(2(S(n)), m) — (—1)™IHEISg(S(2(n)), m)
= — (=1){IHmDIlg(z(n), $(m)) — (—1)FIFI[S, g((m), n)-[d]
+ (= 1)lSkH=lminlg(S(n), z(m)) — (—1)1™lg(z(m), S(n))
- (_I)Imllnl-i-lzllsl[g’ g(z(n),m)-Id] + (_l)lxl(lsl+lml)q(5(m)’ z(n))
=0
and so osp(q) is an ideal of S N S). Now (3.3) follows from the definition of S¢
and from the fact that, if z € osp(q) N S®® then

(=.S1, ] = [=.[S. €] +1S. =.£]].

cE ce

ce ce
Hence in particular osp(q) < S¢ whenever £ is an ideal of osp(q). In particular. £
is an ideal of osp(q) for £ = eosp{g} {Proposition 2.1.2). £ = eosp(q) (Proposition
2.2.1), or £ = osp(q).
(21¢)| Let T € Endg M satisfying (T1). Clearly ¢ is a A-linear map. Then by an
argument similar to the one in (1i), for alla.6 € A and p € M

[T.ab-Id)(p) = [T.a-Id|(bp) + (—1)""*la[T". b- Id](p).

So by (T1) .
p(ab) = o(a)b + (—1)las(b).

Hence € Derg (4, ).
(2 11)|Let T € Endg M satisfying (T2) and let m.n € M. Then for all p € M.

[T, Em.al(p) = T(mg(n,p) — (—=1)™"lng(m, p))
- (_1)ITI(Iml+InI)mq(n’T(p)) + (_1)lTI(lmI+lnl)+lmllnlnq(m. T(p))
= (_l)lml(lnl-i-lpl)[T? q(n, p)- Id}(m) + (__1)lml(lnl+lpl)+lTl(InI+IPI)q(n’ p)T(m)
- (_I)IHIIPI [T, q(m, p)-Id](n) — (_I)Inllp[+l’1'l(lf'll+lpl)q(m’ p)T(n)
- (_I)ITl(lml+lnl)mq(n’ T(p)) + (_1)ITI(ImI+Inl)+ImIInInq(m, T(p))
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T2 ml(ln it [N n
(T2) (=1)imid HPV By p(m) + (—1)miiniHeDHRIPE . ()

- (-1)"‘""E1~(m),,,(n) —(- l)lpl(lnl+lmI)ET(p)'m(n)

+ T(m)q(n, p) — (—1)"I™T(n)q(m, p)

- (_I)ITI(IMH-Inl)mq(n, T(p)) + (_1)ITI(IMI+InI)+IMIInI)nq(m’ T(p))
= (=1)lmllinBeDT (n)g(p, m) — (—1)I™nlg(T(n), m)p

+ (_1)Iml(Inl+lp|)+lnllplT(p)q(n, m) — (_l)lpl(lml-f-lnl)q(T(p), m)n

— (=1)"PT(m)q(p,n) + q(T(m),n)p

- (_I)IPI(InI+ImI)T(p)q(m’ n) + (__1)lpl(lnl+lml)+lmllnlq(T(p), n)m

+ T(m)q(n, p) — (—1)"I™IT(n)q(m, p)

- (_.]_)ITl(lml-i-lnl)mq(n, T(p)) + (_]_)ITI(IMI+InI)+ImIIn|nq(m’ T(p))
= q(T(m),n)p — (=1)™"lg(T(n), m)p

and so

(T.Em.n] = (¢(Tm,n) — (—1)™nlg(Tn, m))-Id.

(2 i11) | The assertion for £ = eosp(q) clearly follows from (2ii). Suppose that A-Td =
A-Id. Then by Propositions 1.5.9 and 1.5.12. for any € C eosp(q),

[T.€] C [Te.e0sp(q) | C [T-eosp(q)] = [T,eosplq)]’ € A-Td = A- Id.

(21v){Let T € Endx M satisfying (T3). Then for all z.y € £.

[T.[z.9]] = (.2} 4] —(=1)kli (T.yl.z]=0

€A-Id €A-Id
w
=0 =0

hence [T, [£, €]] = (0). In addition, for all £ € £ and a € A.

[z,[T.a-Id]] = [w,a—[d] —(=1)\Thelf[z, a-Id], T] = 0.

€A-Id =0
——  —
=0

In fact, S and 7 give rise to a Lie superalgebra structure in the following way:
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Proposition 3.2.9

(1) For all N € {1,2,3}, S™) is a subalgebra of Endx M. In particular, S is a
subalgebra of Endp M.

(2) [SH NSO, TWATE] ¢ TW N TG gnd [SP, T ¢ TA. [n particular,
[S.T1cT.

(3) [T N TR, TW AT and [T, TP are subalgebras of SV N SB and S©@
respectively. In particular, [T, T] is a subalgebra of S.

(4) S®T C Endy M & Endny M is a Lie superalgebra with multiplication
SaT.S3TT =(S.5+[T.TNHa(S. T+ [T.S) (3.5)
where [ . | is the usual bracket multiplication in (Endx M)(7).

Proof: Let V € {1.2.3}. Clearly $'¥) and 7'™) are A-supermodules.
(1) Let . € SWM and T.T" € T™W). If ¥ =1 then using the Jacobi identity. for all
a€ A,

. - ' —(=1)SII5"1 187 [S. q- 4.
(.5, a-Id] = [S.[S", a- [d]] —(—1)SUS" [§". [S.a-Id]] € A-Id
€A-Id €A-Id
€A-Id cA-Id

and so S{!) is a subalgebra of (Endsg M)(=). If N =2 then for all m.n € M.

[[S. 57, g(m.n)-Id] = [S,[S’. q(m. n)-Id]] — (—1)!*WS"I[S".[S. q(m.n)- [d]]
= [S.4(S'(m),n)-Id] + (—=1)™I"[S, g(S"(n), m)- Id]
= (=1)PISN[S". g(S(m). n)-Id] — (—1)ISWHImlnl[ G2 0 S(r). m)- Id]
= ¢(5(S'(m)), n)-Id + (—1)¥HmDINlg(S(n). §'(m))-Id
+ (=1)™Mg(§(5'(n)), m)- Id + (—1)¥™lg(S(m), S'(n))- Id
— (—=1)Wg(S(S(m)), n)-Id — (—1)ISIS"HUStHImbInl g 51(n) S (m))
- (_1)ISHS'I+ImlIan(S'(S(n)), m)-Id — (_I)ISI(IS'IHmI)q(S'(m), S(n))-Id
= q([S, §'[(m), n)-Id + (—1)I"lg([S, S}(n), m)-Id
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and so $® is a subalgebra of (Endx M)(=). If N = 3 then

[[S.ST.E1C[S,[S € +[S".[S.E]] C €
S’ S
N cE cE
ce ce
hence S is a subalgebra of (Endx M)(~). It now follows that S = N},_,S™ is a
subalgebra of (Endx M)(-).

(2) Let Se S NSB, TeTWANTE, Then

[(S.T), A-Id] C [S. [T, A-Id]| + [T.[S. A-Id]] C €
ce A-ld

- »
— o

ce cE

so [S, T} € T™). In addition,

[5.T].€]=(S.[T.E] +[T.[S, £]

cAld _ cAld
CA-Id CA-Id

and so [S,T] € T®). For S € $® and T € T and for all m.n € M we have
[[S.T], q(m,n)-Id] = [S.[T.q(m.n)-Id]] - (=1)SWTYT (S. g(m.n)-Id]

S mn
((T=Z: [S.ET(m)n + (=)™ Er(n) m)
— (=L)SUTHT. g(S(m), n)-Id + (—1)™"g(S(n). m)- Id]

(3.2)
(T2 ES(Ttmpn = (= D)ITHmINE ) 7m)

+ (—I)lm"nES(T(n)),m — (_1)Imllnl+(lTl+Inl)ImIES(m)'T(n)
- (—I)IS"TlET(S(m)) - (_I)lsllTl+(|5|+|mmn|ET(n) S(m)
(L)l o (yST s
= EsTima + (—1)™MEs 11(2).m
Hence [S.T] € T®. The rest of (2) now follows.
(3) Let T, T € TN T®. Then [T,T'] € S since for all a € A,

([T, T, a-1d] = [T,[T',a- [d]} +(—1)TWT VT’ [T, a-Id]] € A-Id.
N, e e

(=3 €E
—  —— —  —
€A-Id €A-Id



CHAPTER 3. DERIVATIONS 109

Moreover,

(T, T.€] = [T.[T", &) + [T". [T, €]
CAld cAld

o

ce ce
and so [T, T € SWNSB. For T,T' € T, for all m,n € M,
((T.T7.q(m.n)-Id] = [T.[T',q(m.n)-Id]] - (=1)TWI[T", [T, q(m,n)-Id]]
T Ermyn + (—1)™MEqn) ]
- (_l)lT||T'l[T" ETm,n + (-I)hn”nlETn.m]
) (T(T(m)). n)-1d = (=T WG T(n), T'(m))-Id
+ (=1)"lg(T(T'(n)), m)- Id
— (— )i (Tl g (T (), T'(n))- [d
— (=)TTg(T"(T(m)).n)- Id
+ (_1)ITIIT'l+(ITI+ImI)Inlq(T'(n). T(m))-Id
- (_1)ITIIT’I+ImIIan(T'(T(n))’ m)-Id
+ (=1 )ITIIT'I+ImIIn|+(ITl+InI)Iml q( T'(m),T(n))-Id
= q([T.T'}(m),n)-Id + (=1)""g([T, T"|(n), m)- Id

and so [T.T'] € 3. It now follows that [T.7] C S. Clearly [T.7T] has a Z,-grading
given by

T.Tl=[T-Tl+ [Ti.Til = [T. TINS5
and
[T.Th =TT =[T.TINS

and so it is a submodule of S. Hence we only have to show that [[T.T].
[T.T]] C T. We have

7. TLIT. TN C [T.[T.[T. TN C [T.T]

cs
a—  —
cT
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and so [T, 7] is a subalgebra of the Lie superalgebra S.
(4) Follows from (1)-(3) and from Example 1.3.17. s

Remark 3.2.10 It is important to note that S¢ ® Tz does not in general naturally
imbed in Endg M. For example, if ¢ = 0 then Endg M C Sg N Tz and hence
SsNTe #0.

Recall that we identify A-/d with A via a-/d — a and we will sometimes write a-/d

instead of a for a € A. The meaning should be clear from the context.

Definition 3.2.11 We set D¢ to be the set of all A-endomorphisms ds.1 of £ for
which there exist S € Sg, T € T¢ satisfying

dsr(a,m,n.z) = ([S.a-Id]+ [T.z],(S+ T)(m).
(S -~ T)n),[T.a-Id] + [S.z]). (3.6)

Note that D¢ is a A-supermodule with the Z,-grading given by (De), = {dsr | S €
(SE)av T e (7—5)0} fora € Zz.

Using Proposition 3.2.9 it is easy to see that D¢ is well defined.

Remark 3.2.12 Note that for (S5, 7T),(S’.T") € S¢ © T¢ such that dst = ds.1» we

have

(S +T)m)=(5"+T")(m)
(S =T)(m)=(S"-T')(m)

for all m € M. Since % € R it follows that S = §'. T = T’ and so S and T are
uniquely determined by d.

We will often use the following notation:

a = (a,0,0.0) forallae€ 4:
m*t = (0,m,0,0) forall m e M:
m~ = (0,0,m.0) forallme M:
z = (0,0,0,z) forallze€:

the meaning will be clear from the context.
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Theorem 3.2.13 Derivations of €., satisfy the following:

(1) De = (Derg Ex)o, in particular, De is a subalgebra of Dery E. Moreover, for
all (S, T7),(S"\T"YeSa&T.

lds.r,ds 1] = dissT.5'9T7

In other words, the map ¢ : Sc¢ @& Tg = Dg : S&T — ds1 is a Lie superalgebra

isomorphism.
(2) Derp € =ad €, + Ds.
(3) adEcNDe ={dst €D |S€E. T € A-Id} = ad(Ex)o-
(4) IfS=E5 S0 and T = A-Id 5 Ty where So S To is a subalgebra of S = T then

Dergp € = ad &, % (So = To)

where ~: So B To — Derg € : SST > dsr is a Lie superalgebra monomor-

phism.

Remark 3.2.14 We will see some examples where the conditions in 3.2.13.4 are
fulfilled in the next section.

Proof:
(1) Let d = ds € Ds. Clearly d € (Endi £x)o. We have to check that d is

indeed a A’-derivation. i.e. we have to check that for all u.v € L homogeneous.
d([u.v]) = [d(u), v] + (= 1) [u. d(v)]
We have for all u = (a.m,n.z),v = (b,p.r.0) € £,

df(a,m,n.z),(b,p,r.0)] =
= d(q(m,r) — q(n,p).ap + zp — mb, —ar + zr + nb,E,. . + E,.,)
= ([S.(q(m,7) — q(n.p))-Id] + [T, Em, + Enp], (S + T)(ap + zp — mb).
(S —T)—ar + zr + nb), [T, (¢(m.T) — q(n,p))- [d] + [S. Em+ + En ).
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On the other hand, using (S2), (T2) and Proposition 3.2.7 we have

[d(a,m,n,z),(b,p.7,0)] + (=1)"[(a,m,n.z),d(b,p,r,0)] =
= ([S,a-Id] + [T, z],(S + T)m,(S — T)n,[T.a-Id] + [S, z]), (b, p,7,0)]
+ (=) {(a, m, n, z), ([S,b-Id],(S + T)p, (S — T)r,[T. b-Id))
= (¢((S + T)m,r) — q((S = T)n, p),
[S.a-Idlp+ (T, z]p+ [T.a-[d]p+ (S, z]p — (—1)lI=+Dp(S + Tym,
—[S,a-Idlr = [T.z]r + [T.a-Id]r + [S, z]r + (—1)"HDy( S _ T)n,
Es+nyms + E(s-Tnp)
+ (—1)! = (g(m, (S = T)r) — q(n.(S + T)p).
a(S + T)p+ z(S + T)p — (—=1)HDII[S b [djm — (—1)14+9)2[T b. [d]m,
~a(§ = T)r + 2(§ = T)r + (—1)WHI[S b. [djn — (=1)1+EDIT b, [d]n.
Enm(s-1)r + En(s+1)p + [z.[T.b-1d]])
= ([S.(g(m.r) — q(n.p))-Id] + [T.Em. + En ),
S(ap) + T(zp) + T(ap) + S(zp) — (—1)*I*S(bm) — (—1)*MT(bm),
— S(ar) = T(zr) + T(ar) + S(zr) + (-1)MS(bn) — (=1)*IT(bn),
[S.Em.- + Eop] + [T.(g(m.1) — q(n. p))-Id]
= d[(a.m,n.z), (b, p.7.0)].

Now, let u = (0.0.0,y), v = (a,m,n,z) € €. Then. using Proposition 3.2.7.

[d(u), v]+(— 1) [u. d(v)] = [([T.4].0.0,[S. y]). (a.m.n. )]
+ (=1)M[(0,0.0,y), ([S.a-Id] + [T.z].(S + T)(m).
(S =T)(n).[S,z] + [T.a-Id])]
=(0.[T, yl(m) + [S. yl(m), =[T, yl(n) + [S. y](n). [[S. y]. z])
+ (=)0, y((S + T)(m)),
y((S = T))(n). [y.[S. 2]l + [y.[T. a- [d]])
=(0,(S + TXy(m)), (S — T)Xy(n)),[S. [y, =]])
=d(0, y(m),z(n), [y, z]) = d([u, v])
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Hence De C (Derg- € )o-

Let d = dj & di € (Derg €x)o- Then there exist M, N € Endp M, ¢4 €
Endg A, ¢oc € Homg (A, €) and ¢4 € Homg (€, A), e € Endg € such that

d(a,m,n,z) = (gala) + Ya(z), M(m), N(n), gs(a) + ve(z)).
Since d is a derivation, for all ¢,b € A and z,y € €,

(Ya([z.y]):0.0.ve([z. y])) = d([(a.0,0, ), (b,0,0,y)]
= [(pala) + va(z).0.0,p¢(a) + ¥e(z)), (b.0,0, y)]
+ (—1)le00=ME00N (4 0.0, 2), (£a(b) + wa(y).0.0.95(b) + ve(y))
= (0.0,0, [pe(a) + ve(z). y] + (—1)N00MEOLDN 2 o0 () + we(y)))

which implies that
Valz.y] = 0. pe(A) C Z(€) and we(€) C Derg €.
Moreover. for all a € 4 and m € M.

(0. M(am + zm),0.0) = d(0.am + zm.0.0) = d([(e.0.0.z). (0. m.0.0)])
= [(pa(a) + wa(z).0.0.ps(a) + ve(z).(0,m.0.0)]
+ (—1)lel{(2.0.0. z), (0. M(m).0.0)]
= (0.(¢a(a) + ¥a(z) + pe(a) + we(x))(m).0.0)
+ (=1)MlI=*=l(0_a M (m) + zM(m),0.0).

Hence
[(M.a-Id] = pa(a)-Id + pe(a) and [M,z] = wva(z)-Id + ve(z)
for all a € A and z € £. Similarly,

[N,a-Id] = pa(a)-I1d — pe(a) and [N, z] = —4(z)-Id + we(z)
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foralla€ Aand r € £ Let S,T € Endgx M be given by
S = é(M-{-lV);
1
T = §(M-N).

Then [S,a-Id] = p4(a)-Id € A-Id and [T.a-Id] = pe(a) € E. Moreover, [S,z] =
Ye(z) € € and [T,z] = va(z)-Id € A-Id. Hence S satisfies (S1) and (S3) and T
satisfies (T1) and (T3). Moreover, we have that

dla.m,n.z) = ([S.a-Id} + [T.z],(S + T)m.(S — T)n.[S.z| + [T.a-[d])
and so for all m.n € M,
d(Emn) = d([(0.m.0,0),(0.0.n.0)]) — d(g(m.n).0.,0,0)

= [(0.(§ + T)(m).(S — T)(n).0).(0.n.0.0)]
+(—1)"1"1[(0,m,0.0),(0.0.(S — T)(n).0)]
—([S.q(m.n)-1d],0.0.[T.q(m.n)-[d])

= (q((S+ T)(m).n) + (=1)Mlmlg(m (S — T)(n)) — [S. q(m. n)-[d]).0.

0, E(senyim)n + (=D)N™E_ (s _1y(n) — [T. g(m.n)-[d]).

Since E,,, = —(—1)I™IRE_ . we have to have
q((S + T)(m).n) + (—=1)¥I"lg(m, (S — T)(n)) — [S.q(m.n)-Id]) =

= (=1)™Mlg((S + T)(n), m) — (—1)élrHminlg(n (S — T)(m))
+ (=1)"(S, g(n, m)- Id])

and so

(4((S + T)(m), n) 4 (—1)lintHmiln+td+imbinlg (6 T)(m),n) +
+ (—1)llimtrldirnbinlg((§ — T)(n), m) + (—1)ImiNg((S + T)(n), m))-Id =
= 2[5. q(m,n)~[d].

Therefore we have

(¢(S(m),n) + (=1)"g(S(n), m))-Id = [S, ¢(m,n)-Id]
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and so S satisfies (S2).

Moreover, we have

Es+Tyimpn + (=1)™E, (s 7)m) — plg(m,n)) =
= _(—I)Im"n'E(S+T)(n).m _ (-1)Idlln|+lmllnlEn,(s_1')(m)
+ (=1)Imlirl s (g(n, m))

and so

E (54 7)(mpm — (—1 )ittt d+imbinig, o o

(=)D gyl
= 2[T.q(m.n)-[d].

Therefore. we have
E7(m)n + (=)™ Er(n)m = [T.q(m.n)-Id])
and so T satisfies (T2). Hence (S.T) € S® T and so d € De. Therefore we have
Ds = (Derg € )o

and so D¢ is a subalgebra of Dery €,. In particular we have. for d = dsr.
d =ds . € Ds
[dd|(a,m.n,z) =
d([S',a-1d] + [T'.z], (S’ + T'}(m), (S’ — T")(n),[S".z] + [T".a-Id])
— (=) ([S, a- Id] + [T, z],(S + T)(m),(S - T)(n),[S.z] + [T, a- Id])
= (S8, a-Id] + [T".z]] + [T.[S.2] + [T".a-1d]], (S + T)((S' + T")(m)),
(S =TY(S —=T")n)),[S.[S".z] + [T".a-[d]] + [T.[S'.a- [d] + [T". z]])
— (=)MN((S" [S.a-Id] + [T, z]] + [T".[S. z] + [T. a- Id]], (S’ + T')((S + T)(m)).
(S =TS — T)(n)),[S",[S.2] + [T, a- Id]] + [T". [S, a- Id] + [T ]])
= ([S: ST+ [T. T, a-1d] + [[S, T + [T, §7, 2], ([S. S + [T. T + [S, T'] + [T, ST)(m).
(S, ST+ [T, T - [S. T - [T, SH)(n), [[S. ST+ [T. T, 2] + [[S. T'] + (T. §']. a- Id])

= dis,s1+{T.T145.T1+(T.51(a, m, n, T).
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Hence
[ds.r,ds 1] = diseT.s7eT - (3.7)

Now, let @ : S @ T — D¢ be defined by ¢(S.T) = dsr. Clearly this map is well
defined and is A’-linear since'S and T are A™-linear.

W. Follows from Remark 3.2.12.

surjective| Follows from the definition of Dg.

LSA - homomorphism] Let (S, T7).(S'.T"Y€ S& T. Then

o([(S.T).(S". T = dystys.my
= [dS.T° dSI'TI]
= [&(S.T), (5. T

and so ¢ is a Lie superalgebra isomorphism.

(2) Since £ is a toral 3-graded Lie superalgebra, by Proposition 3.1.1.
Derp € = ad €, + (Derx £ )o
and so by (1),
Derp £ = ad £ + Ds.
(3) Let d = ds.;t € D¢ such that
dla.m.n.z) = ([S.a-Id] + [T.z].(S + T)(m).(S - T)(n).[S.z] + [T.a-Id])

for some S € € and T = b-Id € A-Id. Then since S and T are A-linear. and r € € is
A-linear.

[S.a-1d] =0: [T.a-Id] =0: and [T.z] = [b-Id.z] = 0.
Hence,

d(a,m,n,z) = (0,(S + T)(m), (S — T)(n),[S.z]) = (5,00, 5), (a,m.n, )]
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and so
d =ad(b,0.0,5) € ad £, N Dss.

Therefore, {dsT € Ds | S€ E.T € A-Id} Cad €, N Ds.
Let d € ad £, N De. Then d = ds;r = ad(ag, mo,ng, o) for some S € S. T €
T, (ao,™mg,nq, Zo) € €. So for all m € M,

(S+T)Ym) = agm + zom
(§=T)(m) = —aom + rom.

Hence, since ; € A. S(m) = zro(m) and T(m) = aem for all m € .M and so

S=z€ & and T = ag-Id € A-Id. Therefore.
ad & NDe C {ds,r €D |Se€€&. Te A-[d}.
Hence.

ad& NDs = {dst€D:s|S€&. T € A-Id}
= ad(A-Id=€) = ad(E)o.

(4) Assume S = £ F Sp and T = A-Id$ Ty where Sp & Ty is a subalgebra of S = T.
Then

S2T.€EcAIdl=([S.E]+[T.A-Id))=([S.A-[d]+ [T.E]) c €= A-Id
and so £ 2 A-Id is an ideal of S = 7. Hence
ST =(£3AId) x (Se 2 To).
Therefore, since by (1), S & T = Ds as Lie superalgebras via S < T — ds.1. we have

D: = {dsr|S€E. TeAId}x{dst|Se€Se. T<ETo}
= ad(£E 2 A-Id) % {ds1 | S € So. T € To}

i.e. {dst|S € So, T € To} is a subalgebra of the Lie superalgebra De. By (3). we
have ad £, N Ds = ad(€, )0 = ad(€ & A-Id) and so by (2),

Derg € =ad & + Dg =ad €, @{dsj’ | S €8T 676}.
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Since {dst | S € So, T € To} is a subalgebra of Ds and Ds is a subalgebra of

Derj: £, we have

Dergx €e = ad&x x {ds7|S €S0, T € To}

where
T So&To — Dergés
SeT — dsr
is a Lie superalgebra monomorphism. [

Recall from Section 1.3 that locally inner derivations of a Lie superalgebra L are
derivations d of L such that for each finite set {vy,... .v,} C L there exists v € L
such that d(v;) = [v.vi].

Proposition 3.2.15 Let M be an A-supermodule with an A-quadratic form q and
let £ = eosp(q). Then {dst | S € eosp(q), T € A-Id} C adjoc -

Proof: Recall first from Remark 3.2.4 and Proposition 3.2.7 that A-Id C T¢ and
osp(q) C S. If we consider S = 3., y: € eosp(q) Cosp(q) and T = 3_ . ,a;-[d then
for all (a,m,n,z) € €

dsr(e,m.n,z) = (0,(S+T)(m),(S—T)(n),[S. z])

= (0, )_ulm)+(D_ a;)m. > w(n) —(D_ a;)n.[S.z]),

t€Im J€Im i€ln 1€Jm

where we use the fact that S and T are A-linear and that [A-Id.€] = 0. Let v; =

(ar,my,ny,z1) € eosp(ges). { =1,... . N. Since z; € eosp(q) we can write

R
Iy = E :EPU:J'U:
k=1
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where pix, 71 € M. Then using the fact that S is eosp(q)-summable and using Lemma
2.1.2 we get

S(my) = (Z y.-) (m) =Y w(m)  S(m) = (Z ) =Y gilm);

el i€lm, i€l i€ln,
T(mi) = (Zaj) (m) =) ajlm); T(m)= (za,) (m) = Y aj(m)
ieJ J€Jm, ied J€Jn,
and

[S,.‘L’z] = SZEP&J:&] Z(ES(P&)"&'*'( I)ISHPMEP -5("&))

k=1

= Z Z (EV:(PU:) o T (- l)lsumklEmk y-("u:))

k=1 le[y‘k Ul"u;

Take

Then I,,... .y and J,,, . .y are finite and

[( > yi) +( > a;) ~Ul} = ds.r(v)
i€loy.....on i€doy.. vy

where 3° ., vy @ € A-ldand ziel.l.....u,, yi € eosp(q). Therefore the assertion
follows. ]

In fact, the 4-supermodules S and T can be described in the following terms: Recall
the Jordan superalgebra J = A & M with the multiplication o given by

(a@®m)o (b n) = (ab+ q(m,n)) @ (an + mb). (3.8)
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In addition, given a subalgebra £ of osp(q) containing eosp(q), recall the J-supermodule
X from Example 1.5.14 where X = £ & M with action of J on X given by

(z@p)*(adm) = (za+Eym)& (z(m)+ pa)
= (_l)laemllzepl(a@m)*(z@p)

forae K, m,p€ M and z € £. Recall that

Derx(J) = {d € Enda(J) | d((a ® m)o(b & n)) =d(a & m)o (b& n)
+ (—1)kle®ml(g 5 m) 0 d(b & n).

Let
Der.(J) = {d € Derg(J) | d(A) C A and d(M) C M}.
Set

Derg(J. X)={d € Homa(J. X)|d((a = m)o(bFn)) =d(asm)*(b=n)
+(—1)elleeml(q 3 m) x d(bS n)}

and
Der.(J. X) = {d € Dernx(J, X) | d(€) C A and d(M) C M}.
Proposition 3.2.16 In the above setting we have that

(1) the map Der.(J) = SWNS? :d > dly is a Lie superalgebra isomorphism:

and
(2) the map Der.(J,X) = TWNT? :d— d|y is a K -supermodule isomorphism.

Proof: (1) Let d € Endx M such that d(A) C A4 and d(M) C M. Then for all
homogeneous a @ m,b&n € Ag M,

d({a @ m) o (b@ n)) = (d(ab) + d(g(m.n)) & (d(an) + d(mb))
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and
da®m)o (b n)+(—1)¥+"(a g m)od(b@n) =
= (d(a)b + g(d(m), n) + (—1)!**™I(ad(b) + q(m.d(n)))
& (d(a)n + d(m)b + (—1)le+™l(ad(n) + md(b))).
Hence d € Der.(J) if and only if

d(ab) = d(a)b+ (—1)¥elgd(b) for all a.b € A: (3.9)
d(am) = d(a)m + (—1)"lad(m) for all a € A. m € M: and (3.10)
d(g(m.n)) = q(d(m),n) + (—1)¥lelg(m.d(n)) (3.11)

= g(d(m),n) + (—1)™"g(d(r).m) for all m.n € M
which holds if and only if

d|4 € Dery A: (3.12)

[dlm.a-[d] = d(a)-Id|y for all a € 4. m € M: and (3.13)
[d.g(m,n)-1d](p) = d(q(m.n)p) — (=1)! i+ g(m._n)d(p)

2 d(g(m.n))p ~ (—1)UImHg(m n)d(p)  (3.14)

+ (= 1)lm g (m ) d(p)

2" (g(d(m).n) + (~1)imlrlg(d(n), m))p.

Now. (3.13) holds if and only if d| s satisfies (S1) and (3.14) holds if and only if d]u
satisfies (S2). Moreover, by Proposition 3.2.7.1.1, (3.12) follows from (3.13). Hence
we have that d € Der.(A & M) if and only if djy € SN NS It is obvious that the

map is a Lie superalgebra isomorphism.
(2) Let d € Homp (A & M. E & M) such that d(4) C € and d(M) C M. Then

d((a & m) o (b2 n)) = (d(ab) + d(q(m.n))) = (d(an) + d(ma))
and
dla@m) + (b@n)+(—1)*(apm)*d(bon) =
=(d(a)b + Egimn + (—1)**™*+"(d(b)a + Egin).m))
& (d(a)(n) + d(m)b + (—1)l**™+nld(n)q + d(b)(m)).
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o

Hence d € Der.(A & M, & & M) if and only if

d(ab) = d(a)b+ (—1)%lad(b) for all a,b € A; (3.15)
d(am) = d(a)(m) + (—1)lad(m) for all a € A, m € M; and (3.16)
d(Q(m~n)) = Ed(m).n + (-1)lm"n|Ed(n).m for all m,n € M (3'17)

which holds if and only if

d|s € Derg(A.E); (3.18)
[d.a-Id]|m = d(a)|m-Id; (3.19)
[d. q(m.n)-Id|(p) = d(q(m.n)p) — (—1)™+™Dg(m n)d(p) (3.20)

CL% d(q(m.n))(p)

C2 (Bipmyn + (= 1) E ) ) (p).

—

It is clear that (3.19) and (3.20) hold if and only if dju satisfies (T1) and (T2)
respectively. Moreover. by Proposition 3.2.7.2.1, (3.19) implies (3.18) and so the

assertion holds. .

3.3 Derivations as a semidirect product of the in-

ner derivations and the outer derivations

Here we will present some examples of subalgebras of osp(q) containing eosp(q) where

we get a direct splitting of the algebra of derivations into inner and outer derivations.

We let A* to be the set of all invertible elements of 4. Recall that, given a free
A-supermodule M = $;erAm; with a homogeneous basis {M; | i € I} and an A-
quadratic form ¢, we say that q is almost diagonizable if for each i € [ there exists
t € [ such that

g(m;, m;) € A*; and
glmi,m;) =0 forall j € I, j #1i.
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If ¢ is almost diagonizable then for each : € [, i is unique, ¢ = ¢ and |m;| = |m;|. In
addition, if q is almost diagonizable with respect to {m; | i € I} where ¢ = { then
we say that q is invertibly diagonizable. Note that if q is invertibly diagonizable with

respect to {m; | i € [} then the basis elements m; are even.

Proposition 3.3.1 Let P be an A-supermodule with an A-quadratic form gp and an
element p € P such that Annas(p) = (0). Let N = G;=+1An; be a free A-supermodule
with an invertibly diagonizable A-quadratic form qy. Set M = N&P with q = quSqr
and let £ be a subalgebra of osp(q) containing eosp(q). Then

Te=T® =4A-Id
and
ad(€.) + {dso €D | S €Sc} =Derg € ={dso | S € &}
with
ad€ =ad(€,)N{dso € D| S € S¢}.
Hence, whenever Sg = € x Sy,
Derg €4 =ad(€x) ¥ {dso € Ds | S € So}-

Proof: Recall that by Remark 3.2.4. A-IdCT C T?®. Let T € T and write
T T;
o (T )
Tvp Tpp
. N )
with respect to p | so Typ € Homg(.V.P), etc. Let p € P and let 1.k €

{#1}, k # i. Then by (T2).

0 = [T,q(an;,p)-Id(nk) = Ex(an,)p(ni) + (=1)EPEL,, o0 (nk)
= —q(T(an:), ne)p — (—1)*Plg(T(p), ni)an;. (3.21)
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Since M = N @ P and ¢(N,P) = q(P,N) = 0 we have that if p € P is such that
AnnA(p) = (0)7 then

0= Q(T(ani),nk) = QN(T:V.JV(ani)’nk) for all i~k € [1 k # i

We write T v(an;) = t;1(a)n, + t;-1(a)n_, where t; € Endg A for i € {£1} and we
obtain

0 = tix(a)q(ni, ne)-

Since g(ni,ni) € A*, we therefore have that t; x(a) = 0 for  # k and so Ty v(an;) =

t;i(a)n;. Moreover, since p € P and i € {1} were arbitrary in (3.21) we have that
0 = q(T(p).n) = qu(Tp.v(p).n) forallne V. pe P

and so since qy is nondegenerate. we have that Tp v = 0. Now. let i € {+1}. Then
for all p € P,

0 = [T.q(ni.p)-Id)(n:) = Ern,).p(n:) + ET(p).n,(n:)
= —q(T(ni).n:)p+ T(p)q(ni.n;)
= —ti(l)g(ni,ni)p — T(p)g(n:. n;)

and so we have that T(p) = t;;(1)p. i € {£1}. Set t := t;;(1).

Let i.k € {£1}.i # k and let a € A. Then

0 = [T- Q(nir ank)’ldl(ni) = (ET(n.).ang + ET(ank).n.)(ni)
= —q(T(n;).n;:)ane + T(anc)q(ni.n;) — q(T(ank), n:)n;
= —tq(ni, ni)ang — tc(@)neq(ni. ni — Ty p(ane)q(ni. n;)).

Since q(n;:.n;) € A%, Typ = 0 and tix(a) = ta. Hence T =t-Idand so T = A-Id.
The rest of the assertion now follows from Theorem 3.2.13.3 and 3.2.13.4. ]

Remark 3.3.2 For [ and P different from above the situation seems to be more
complicated. For example, if rank(N) = 2 and P = (0) then T # A-Id x T for a
submodule 7,.
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Recall that if A and P are A-supermodules with A-quadratic forms gy and gp re-
spectively, then for M = N & P with ¢ = qx D g¢»p,

eosp(q) = eosp(qn) D eosp(qu. gp) © eosp(gp)

where eosp(qx, qp) = spans{E,, |n € NV, p € P} and

eosp(q) = eosp(qyx’) © eosp(qy . gp) & eosp(gp)
We define
Sh={Sya®Spe va?) 5 SP | [Sy S Sp.a] = A(a) for some A € Derg A}.

Proposition 3.3.3 Let M = N & P where N and P are A-supermodules with A-
quadratic forms qy and qp respectively. Assume that qy is almost diagonizable with

respect to some basis {n; | i € [}. Then
SMNS? = eosp(qn.qr) & S

and

S = {Sceosp(qv.ap) ST |[S.€] C €}
Proof: Let § € SWNS?. By (S1), [S.a-Id] = A(a)-Id for some A € Dery A. Write

5= < Svwv Swrp )
Spn Spp

where Sy.» € Homp (N, P). etc. Then for all n € A" and p € P.

A(a)(n+p) = [S.a](n+p) = S(a(n+p)) — (-1)""aS(n + p)
= Sywlan) — (=1)P1aSy yv(n) + Sy.p(an) — (—1)¥MlaSy p(n)
+Sp.p(ap) — (—1)°MaSp p(p) + Sp_v(ap) — (—1)¥14aSp \(p)

and so

[SM.N’@ST’.‘P?a] = A(a)v and
Syr S Spny € Homy M.
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In addition, for all n,n’ € NV, p,p’ € P,

[SJVHV? Q(n? n,)”M = A(Q(nv n’))IN = [Sv Q(nv n,)“N
= q(S(n),n’) + (=1)"¥g(S(n"), n)

MEP g(Swa(n),n') + (=1)Mlg(Sy w(n'), n)

and, similarly,
[Sp.p.q(p. P)llp = a(Sp.2(p), p') + (—1)P1Plq(Sp 5(p), p).
Hence Sy.v & Spp € 5_5, Moreover,

Sy pBSpu(n +p).n’ + p') + (= 1)V lg((Sy p & Spv(n’ + p)).n + p)
=q(S(n + p).n’ + p') + (= 1)I"+AIN*Plg(S(n’ + p'). n + p)
— q(Svx(n+p)n' + p') = (—1)MPIN*g(S \(n' + p).n + p)
—q(Spp(n + p).n’ + p') — (=1)In+PR'+Plg(Sp p(n' + p').n + p)
=[S.q(n + p.n" + p')] — A(g(n.n)) — A(q(p. p))
=0

and so by Proposition 2.2.4

Sw.p 3 Spyv € osp(q) = eosp(qy) T eosp(qv. gp) < 0sp(gp)-
Hence clearly
Sx.p S Sp.v € eosp(qn. qp)
and so
SM NS C cosplqu-gp) & ST

Conversely, to show that eosp(qn.gqr) & S§ C S N S, by Proposition 3.2.7.1.4.
we only need to show that S§ C SN SP. Let Sy ® Sp € ST and let A € Derg A
such that [Sy @ Sp.a] = A(a). Hence clearly Sy & Sp € SV). Moreover, for all
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n.n' €N, p,p €P,

A(Sy®Sp)(n +p),n’ +p) + (- *lg((Sy & Sp)(n' + '), n + p)
=qn(Sn(n),n') + (=1)"lgy(Sx(n'), n)
+ qp(Sp(p). ') + (—1)PIPlgp(Sp(p). p)
=A(qn(n,n")) + A(gr(p. P)
=A(g(n + p,n’ +p'))

and so Sy 5 Sp € S'?. Rest of the assertion now follows. ]

Proposition 3.3.4 Let N and R be free with homogeneous bases {n; | i € I} and
{ri | 7 € J} and A-quadratic forms qy and qr respectively, where qy is almost
diagonizable with respect to {n; | i € [} and qr = 0. Set M = N 2 R with the
A-quadratic form q = q S qr. For A € Derp A define Ay € Endy M by setting

Auv (Z a;n; + Z b,-r,-) = Z (é.—k(q(ni. n;))q(n;. ng)"a,- + A(ai)) n;

el 1€J

Set (Derp A)m = {Am | A € Derg A}. Then the map Derg A — (Derg A): A —

A is a Lie superalgebra isomorphism and

SMNS? = osp(q) x (Dergx A)m
= eosp(q) x (Ends R x (Derg A).um)-

Hence if € is a subalgebra of osp(q) containing eosp(q) then
Se = {S € osp(q) » (Derp A | [S.E] C €}
and in particular, if £ = eosp(q), eosp(q) or osp(q) then

Se = SN S? = osp(q) x (Derx A)m
= eosp(q) % (Ends R x (Derx A) m)-
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Proof: Let S € SMNS?). By (S1), [S,a-Id] = A(a)-Id for some A € Dery A. Then
for each m € M and a € A.

S(am) = (-1)¥1aS(m) + A(a)m.
Set Sp € End4 M by
Solm) = S(n:) = 3A(aln mi))a(ns mi) '
Solrs) = S(r;)
fori € [. j € J. Then for each i,k € I.
a(So(ma), ni)+(= 1)l g( So(ne). my)
=q(S(n;),ne) — éA(Q(nisné))Q(ni’ni)-l‘I(nivnk)
+ (=1 g(S(ne), ) = 5 A(g(nes mg)a(me. ng ) gln, )

= it ([S. q(ni. ng)- [d] — A(q(n;. ny)))
(s2)

Moreover. foreach i € I, j € J.
a(So(r;) mi) + (=1)"i™lg(Sa(ne). 1) = (S(r,).n:) 2 (S, q(rjomi)-Ld) = 0
and for all j,l € J.
q(So(r;).r1) + (—1)ltlg(So(ry), rj) = 0.
Hence since Sy € Endy M, Sy € osp(q) and so

S(an; +br;) = (=1)PWlaS(n;) + (—=1)S"16S(r;) + A(a)n: + A(b)r;
= So(and) + (2 A(g(neny))a(ni, n)"a + Ala)m
+50(br;) + A(B)r,
= (So + Am)(an; + br;).

Therefore it follows by linearity of S that

SMNS?@ < osp(q) + (Ders A) pm-
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Conversely, to show that osp(q) + (Derg A)pm € SN S?), by Proposition 3.2.7.1.4,
we only need to show that (Derx A)p C SMNSP). So let A € Derg A. By linearity.
it suffices to show that A, satisfies (S1) and (S2) for elements of M of the form
an; + br; for some a,b€ A,1 €I, j € J. We have

[A s, a-Id](bn; + cr;) = Am(abn; + acr;j) — (= 1)1l A (bn;) — (= 1)1l A y(er;)
= (A(q(ni, ng))q(ni, n;) " ab + A(ab))n;
— (A(g(ni, ng))g(ni, n) " ab + (=1)Plla A(b))n;
+ (A(ac) — (=1)*lela A(c))r;
= A(a)(bn; + crj)

and so Ay € SY). Moreover.

q(Amlan; + brj), cng + dry) + (=1)emtonllenctdrla N (eny + dry).an; + brj)
= 52(g(ni,my))a(mis ny) ™2 + Ala) gl brs)
+ (_l)(l“l+|"tl)(lbl+'nk|) %A(q(ni, n;))q(ni, n;)~'b + A(b))q(nk, an;)
= 8;x A(q(ni, n))q(ni, n;) ' q(an;, bn;)
+ 6,-1_,((—l)lbil'“'l./l(a)bq(n.-. ng) + (_1)|AII6I+I6IIn-IaA(b)q(n‘.’ n;))
= &ie(—1)PI™I(A(g(n:. n;))ab + A(ab)q(n:. n;))
= §i(—1)PlImIA(abg(n;, n;)) = 8 A(g(an;, bny)
= A(q(an;, bn;))

and so Ay € S?). Hence SN S = osp(q) + (Derg A)m. Since (Dergx A)u N
Ends M = (0) and osp(q) € Endy M. S NS = osp(q) & (Derg A)m. It is easy

to see that

Der;\—A - (Der[\’:{),u
A — AM

_ is an A-supermodule isomorphism. To see that it is also a Lie superalgebra iso-
morphism let A, A’ € Derg A. Then for all a,b € A,i € I and j € J, if we set
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c= Q(n‘i7 ni)v

[Am, Alyl(an; + b)) = Am((5A%(c)c ™ a + A'(a))n; + A'(b)r;)

—(—1)IMIAIAY ((3A(e)e ™ a + Ala))ni + A(B)r))

= 1A(c)c" (A c)c7 a + Al(a))n;
+A(3A(c)c™'a + A'(a))n: + A(A(H))r;
—(=1)IAIALA () (2A(c)eta + Ala))n;
—(—D)AIMIAEA(c)e™ a + Aa))n; — (—1)PIBTAY(A(B))r,

= (1A(eH)A(e)c™%a + $A(c)c A/ (a)
+1A(A(c)c7ra + (= 1)AINIA () A(c)a
+(—1)'A"A'lé.’_\'(c)c“'_\(a)
+A(A(a)) = (=D)IRIRIEA () A(c)e™? — (= 1)1 A (¢)c ™ A(a)
—(=1)AIMLIA(A(c)ela — (= 1)PIIA(c)A' (¢ Ya
—A(c)e7rA(a) — (—1)IAIATA(A(2))) n;
+[A. A](b)r;

= (3[A. AN la + [A, A(a)) i + [A. A(b)r,

= [A,ANmlan; + brj).

Using linearity, we therefore have that Derpg A — (Derg A) : A = Ay is a Lie
superalgebra isomorphism. Hence (Derg A)u is a subalgebra of S(!) N S and so
since by Proposition 3.2.7.1.4. osp(q) is an ideal of St N S,

SN S? = osp(q) x (Derx A)um.
By Proposition 2.2.4, osp(q) = eosp(q) % End4 R and so
SM N S? = (eosp(q) % Endy R) x (Derx A) .y = eosp(q) = (End 4 R = (Derk A).u)

Since (Derx A)u and End 4 R are subalgebras of SN S to show that End4 R =
(Derg A) um is a subalgebra of VNS, we only need to show that [(Ders A)am, Ends R] C
(Derg A)am @ End4 R. In fact, we will show that

[(DerK A)M, End‘q R] C EndA R.
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\
Indeed, let A € Derg A and S € End4R. Then with respect to M = ( ",R. ), we

have

[ Alv 0 00\l (0o o ormie(
[A“’SI'K 0 Aln)'(o 5)]'(0 [Aln,51>€H w(M-R)

and so [(Derg A)um,Ends R] C Homa (M, R). Moreover, if S(r;) = >, sjiri for
some s;; € 4, 1,7 € J then

[[Am, Sl a-Id)(br;) = (—1)U=H+BUISIY " (A(abs;;) — A(ab)s;i)r:

t€J
_(_1)([AI+ISI)IGI+I"IISI Z(a(-’—\(bsﬁ) = A(b)s;i)r:
1€J
= (—1)UHEDISIN "(A(a)bs i — A(a)bsi)r:
€J

=0
and so
[(Dergx A)m.Ends R C 04 Endy R = Endy R.

Hence [(Dera A)m @ Ends R. (Derg A)m S End 4 R| C (Derg A)ar 2 Ends R and so
(Derp A)mE End 4 R is a subalgebra of S. The rest of the assertion now follows from
the definition of S and from Proposition 3.2.7.1.3. [

Corollary 3.3.5 Let N and P be A-supermodules with A-quadratic forms qy and

gp respectively where qn is almost diagonizable with respect to some basis {n; | i € [}

of N. Then

eosp(qy) B eosp(qy-qp) T (S5’ NSF) — SHINS?

&S — r5(adaS)yv=S

is a Lie superalgebra isomorphism. If £ = eosp(q). eosp(q) or osp(q) then

S = eosp(qn) & eosp(qn, gp) & Sp
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and in particular, if q is the orthogonal sum of an almost diagonizable quadratic form

and an tnvertibly diagonizable A-quadratic form of rank 2, then

adloc(goo) +Sp €= eosp(q);

Derg £o = { _
ad(€x)+Sp  : &€ =eosp(q), osp(q).

Proof: By Proposition 3.3.3,
SMNS? = eosp(qu.gp) B ST
By Proposition 3.3.4, Sy = m % (Derg A)y. We claim that
Sx = (eosp(qn) & 0) 3 {([Sp, A-Id])x 5 Sp | S € Sp}.

Indeed, if Sy $Sp € ST then Sy =r+ Ay € eosp(qyv)&(Derx A)y and [Sy, A-[d] =
A = [Sp. A-Id]. Hence

Sv3Sp=(z80)+(Ax 3 Sp) = (£ 30) + (([Sp. A-Id]) v 2 Sp).

Conversely, since [eosp(qy), A-Id] = 0. eosp(qx) S0 C ST. Moreover. given Sp € Sp.
[Sp.A-Id] = A € Derp A and so Ay € Sy. Moreover, for all a.b€ 4 and i € I.

[Aw-a-Id(br) = (3abAlgln, n))g(ni, ne)™" + A(ab)n

~(= 1)l - abA (g, mi)g(mie 1)~ + a A (b))
= A(a)(bn;)
and so [Ay, A-Id] = A hence ([Sp, A-Id])y & Sp € S%. In addition. if 0 = (z =0) +

(([Sp, A-Id]) v ® Sp) = (z+([Sp, A-Id])x) € Sp) then Sp = 0 hence ([Sp. Ald))y =0
and so r = 0. Therefore

SN N S® = eosp(qu, gp) @ eosplqn) B {([Sp. A-Id])v 3 Sp | Sp € Sp}.

[t is easy to see that Sp — {([Sp. A-Id])x&Sp | Sp € Sp} : Sp — ([Sp. A-Id]))ir & Sp
is a Lie superalgebra isomorphism and so the first assertion of the Corollary holds.
The second assertion follows from 3.2.7.1.3. If £ = eosp(q), eosp(q) or osp(q) then
by Proposition 3.3.1, § = S N S?). The rest of the Corollary now follows from
‘Theorem 3.2.13 using the fact that eosp(qun, gp) © eosp(qn) C eosp(q) and that, by
Proposition 3.2.15, eosp(q) C adioc(eosp(q)). .
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Remark 3.3.6 In [Be], Benkart described the derivations of root-graded Lie algebras
over a field F of characteristic 0. In particular, for a centreless Lie algebra L graded
by root systems B or D she proves that

Dery L = ad L + Der.(J)

for a certain Jordan algebra J. Since L is isomorphic to £ = eosp(qr & ¢z, & ¢p) for
some index set [, base point zo and an A-module P where A is an extension of F.
qr D gz, is almost diagonizable and by the above corollary, Derp £ = ad(Ex) + Sp.
However, by Proposition 3.2.16. Sp = Der.(A & P) where A & P is a Jordan algebra
and this algebra is isomorphic to the Jordan algebra which appears in Benkart's
description of B-graded Lie algebras.

Theorem 3.3.7 Let N and R be free A-supermodules with A-quadratic forms qy
and qr respectively such that qr = 0 and qu is an orthogonal sum of an almost
diagonizable A-quadratic form and an invertibly diagonizable A-quadratic form on a
free A-supermodule of rank 2. Let M = N &R with the A-quadratic form q = quvSqr
and let € be a subalgebra of osp(q) containing eosp(q). For A € Derx A define
Am € Endg M using (3.22). Let the map {S € osp(q) @ (Derg A | [S,€] C
€} = Ds : S > dso be the Lie superalgebra monomorphism given by (3.6). Then
Derg A — (Derp A)m : A — Apq is a Lie superalgebra isomorphism and

Derp € =ad &4 + {dso € D | S € osp(q) & (Dern A)m such that [S.E] C £}.
with
ad £, N {dso € Ds | S € osp(q) such that [S.E] CE} =ad € = {dso | S € £}.
Hence, whenever S = € 1 S,

Derp £ = ad(€x) % {dso € D | S € So}-
In particular:

(1) If € = eosp(q) then

Derg €0 = adioc £ % {ds,o €D I S € Ends R @ (Derg A)M}.
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Moreover, if M is free of finite rank then
Derg € =ad & % {dsp € D| S € Endy R & (Derg A)m}-
(2) If € = eosp(q) then

Derk Eoo = ad Euo % {dso € D | S € End4 R & (Derx A)um}.

(3) If £ = osp(q) then

Derp € =ad € % {dso € D| S € (Derp A) i}

Proof: Recall that by Theorem 3.2.13.2 we have that the map S&T — D¢ : (S.T) —
ds.t given by

dsr(a.m,m'.z) = ([S.a-Id] + [T.z].(S + T)(m).(S — TYm').[S.z] + [T.a-Id})
is a Lie superalgebra isomorphism with the induced bracket operation and that
Derg € = ad(€x) + Ds.
By Proposition 3.3.4,
S = {5 € osp(q) x (Derx A)m | [S, €] C €}

where the map Derg A — (Derp A)m : A — Ay is a Lie superalgebra isomorphism.
Moreover, by Proposition 3.3.1, T = A-[d. Hence since by Theorem 3.2.13.3.

ad £ N Ds = {ds,‘r |S €&, Te .-1-[(1},

Derx £ = ad € + {dso € Ds | S € osp(q) & (Derg A} such that [S.€] C €}.

The rest of the main assertion now follows from Theorem 3.2.13.3 and 3.2.13.4. and
so (3) follows immediately from this and (2) follows from Proposition 2.2.4. Let
& = eosp(q). By Propositions 3.3.4 and 2.2.4,

S = osp(q) x (Derg A)am = eosp(q) % (End4 R & (Derg A)am)
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and so
Derp £ = ad €, + (eosp(q) ® Ends R & (Derg A)m)e -

We will show that adjoc(€) = ad(€x) + m. Indeed, by Proposition 3.2.15.
m € adjoc e0sp(ges). Moreover. since adjoc(€w) C Endj €, from (3.6) we
have adioc(€xc) N (End s R & (Derg A)m)e, = adioc(€s) N End4 R. Suppose that
Se.. € adioc(€osp(ge)) for some S € EndyR. Then for each j € R there exists

(ag, mo, no, To) € €0sp(ge) such that

Se(0,75;,0.0) = (0.5(r;),0,0) = [(ag, mo. na, Za), (0.7;.0.0)]
= (0,a0r,,0.En, ()
S£.(0.0,7;,0) = (0.0.S5(r;).0) = [(aq. ma. ng, ro).(0.0.7,.0)]

= (0. 0. —QagqT;, Emo-"))

and so S(r;) = aor; and S(r;) = —aqr; hence S(r;) = 0. Since j € R was arbitrary.
S = 0 and so adioc(€x) N (End4s R)s, = (0). Hence since clearly ad €. C adioe €.

adloc(goo) = ad(goo) + (eosp(Q) )..‘.'oo
and so since adjoc(€ ) is an ideal of €.

Derg(€x) = adioc(€x) % (Ends R = (Dern A)m)e-

Now, if M is of finite rank then by Proposition 1.5.7. eosp(q) = eosp(q) and so

adjoc €0 = ad £, hence the assertion follows. .

Corollary 3.3.8 If M = H(I,A)& Ahe@ H(J. A) or M = H([.A)& H(J. A) where
[ CZand J C Z+§ with the quadratic form q = (qzeqoequ%)m and £ = osplq)
where [ U J C A* then

Derg £ = ad(€x) % {dsp € Ds | S € (Dergx A)m}-

In particular, if A = K then all the derivations of £, are inner.
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Proof: By Proposition 3.3.4,
S = {S € osp(q) @ (Derx A)um | [S,E] C £}.

Since the elements of (Derx A)um satisfy (S1), by Proposition 3.2.7.1.1, [(Derg A)m,
Ends M] C Ends M. Hencesince the elements of (Dery A) ¢ are diagonal. [(Derg A) s,
E] C €. Therefore by Proposition 2.2.6,

S = {S€osp(qg) x(Derp A)m | [S, €] C €}
{S € osp(q) | [S.E] C €} x (Derx A)m
= ospg(q) x (Derx A)m
and so
Derp € = ad(&,) + {dso €Ds|S € ospra(q) x (Derg A)am}-
Hence by Theorem 3.2.13.4,
Derp £ = ad(€) % {dso € Ds | S € (Derg A) i}

wThe following corollary is a generalization of Benkart’s result for Lie algebras of
type B and D ([Be, Theorem 3.6]).

Corollary 3.3.9 Suppose M = H([: A)&P where |[| > 2 or|[| > | and Anna(p) =
(0) for some p € P. Let qp be an A-quadratic form on P and set ¢ = qr & qp.
Let L = eosp(qe) and £ = eosp(q) (e.g. L is a centreless Ds- or B;-graded Lie
superalgebra for J = [U{oc}, [GN]). Then

Derg L = adic L+ {ds,o € D¢ l Se S‘p}
= adjec L + Der.(J)

where J = A® P and Der.(J) are defined as in Proposition 3.2.16. Moreover.,
ad LN {dspo € Ds | S € Sp} = ad eosp(gp).
Hence if Sp = eosp(gp) x Sy then

Derg L = adjoe L {dS.O € D¢ l Se So}.
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In particular, if P = N @& R with the A-quadratic form q = qx & qr where N and R
are free A-supermodules with A-quadratic forms qx and qr respectively such that qun

is almost diagonizable and qr = 0 then
Derg L =adijoc L % {dso € Ds | S € End4 R & (Derg A) )

where d(pecy. A) .0 IS iSomorphic (as a Lie superalgebra) to Dery A. In particular, if
L is of finite rank,

Derp L =ad L x {dsg € De | S € Ends R & (Derg A)m}-

Proof: Since |I| > 1. H(I: A) contains a two-dimensional invertibly diagonizable free

A-supermodule as a direct summand and so by Proposition 3.3.1
Derg- L =ad L + {ds,o €EDe|S e Sg}.

By Corollary 3.3.5,

S = eosp(qr) D eosp(qr.qp) & Sp
and so
Derp L = adjoc L + {ds_o €Ds|S € S‘p}.

The rest follows from Proposition 3.2.16 and Theorem 3.3.7. ]

We can apply Theorem 3.3.7 to extended affine Lie algebras of types B and D:

Corollary 3.3.10 Let K be the centreless core of an extended affine Lie algebra of
type By or Dy (I > 3.4 respectively) with nullity v. Then

Derc K = ad K x Derc C[t¥!.. .. t¥!].

The last assertion of the following was proved in [K2, Proposition 2.3.4] and [S.

Proposition 3.1.2.3] and is a special case of Theorem 3.3.7.

Corollary 3.3.11 Let K be an algebraically closed field of characteristic 0.
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(1) Let m,n € Z%, q = qqu.....m}  G{1.....n} over R and let o : Kmg X Kmg =& K
be the R -quadratic form on a free supermodule K'mg given by g(mo, mo) = 1.

Then eosp(q) = osp(2m, 2n) and eosp(q & qo) = osp(2m + 1,2n).

(2) Let A be a superextension of R and let L = osp(m,2n), m.n € Z*. Then
Derp(L ® A) = ad L x Dery A. In particular, for A = R, L has no outer

dertvations.



Chapter 4
Invariant forms

Throughout this chapter £ will denote a commutative. associative. unital ring con-
taining %, R a superextension of k and A a superextension of A". In addition. we will
assume throughout that when |m| occurs in an expression for some m € .M for some
supermodule M. then it is assumed that m is homogeneous. and that the expression

extends to the other elements by linearity.

4.1 Invariant forms on 3-graded Lie algebras

Let L be a Lie superalgebra over A’. We say that a A™-bilinear map (-|-): Lx L = A
of degree 0 is (L-)invariant if and only if ([z.y]| =) = (z|[y.=]) for all z.y.= € L. De-
note the Ag-module of invariant supersymmetric A-bilinear forms (- |-) : LxL — A
by Inv(L: R).

First we consider the relation between supersymmetric invariant forms of a Lie super-
algebra L and its central extensions L. Recall that L is a central extension of a perfect
Lie superalgebra L if there exists a short exact sequence 0 - C — L 5 L — 0 with
C C Z(L). We have the following result which is well known in case of Lie algebras
(for example, see [BK, Remark (a), p. 315]):

Proposition 4.1.1 Let L be a Lie superalgebra over K and let # : L — L be a

139
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covering, i.e., L is perfect and = : L — L is a central extension. Then

(a) Every (-|-)r € Inv(L; R’) gives rise to an invariant bilinear form (-|-); on L

una
(z|y)g=(n(z) 7))t z.y€L. (4.1)

(6) (Z(L) | L); = (0) for any (-|-); € Inv(L:R) and hence every (-|-); €
Inv(L; R) gives rise to an invariant bilinear form (-|-)r on L via ({.1).
(c) The maps described in (a) and (b) are inverses of each other. thus
Inv(L: A) = Inv(L: R)
(isomorphism of Rg-modules).
Proof: Let (-|-). € Inv(L: R"). Define (-|-); using (4.1). Then for z; € L.i=1.2.3.
([z1, z2] | z3); = (7{[z1. 22]) | w(23)) = ([7(z1), T(z2)] | 7(z3))L

= (m(x1) | [7(z2), 7 (z3)])r = (7(z1) | 7([T2. za]))L

= (21 | [z2. z3]) -

Conversely, given a form (-|-); € Inv(L: A') we have. for all = € Z(L), i.gel.

(=1[z.9]) =([=.2]1§) =0

and so since L is perfect. (Z(L) | IZ),: = (0). Moreover. since 7 is surjective. (-|-);
defines a supersymmetric invariant form on L via (4.1). The rest of the assertion is

clear. s

We now specialize to toral 3-graded Lie superalgebras over A". Recall that a Lie
superalgebra L is toral 3-graded if L = Ly © Lo &® L- is a 3-graded Lie superalge-
bra (i.e., [Lo, L,] C Loty, 0.p € {0,+}) with { € (Lo)s such that [(,z,] = oz, for
zs € L,, o € {0,%}. The following lemma will be instrumental in characterizing the

supersymmetric invariant K-bilinear forms on L:
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Lemma 4.1.2 Let L = Ly & Lo ® L_. be a 3-graded Lie superalgebra. Then for all
Tos Yo € La, g = :*:,

[(fz4, z-]s y4], y-] — (1) esirle=loabblo=Dity o 1, 2.],2_] € [Lo, Lo].-

Proof: Using the Jacobi identity and the fact that [L,,L,] =0 for & = %, we have

([([z+ 2-lye]s -] = [[z4. [z- w4 1], 5-]
= [+, [[z- gyl = (= D)ell=Plvab[z_ g ], (24, y-]]
= [z4, [z=, [y, y-Jl) = (D)=t D[z g ] (24 y ]
= [zs. 2] fys, y-]) = (D)W bHv=D(z |y, gy ]]. 2]
- (_1)Ir+l(lr-l+lv+l)[[x_’ vil [ze.y-]]
= [[z4. -] [ys. y-]] + (= 1)UeiFlo=Dlzeliz=biy y ] 2. 2 ]
+(—~1 )ly-l(lr-l-i—lwl)[[x*_, y-l [z-.y+]]

and so the assertion follows. ]

Theorem 4.1.3 Let L be a toral 3-graded Lie superalgebra over R™ such that Lo =
[Le,L_]. Let

™

Inv(Lo; K) = {(-]-) € Inv(Lo; R) | ([[zo.z4],2-] 1 ¢) = (x0 | [z4.z_]).
Zo € Ly, o =0.%}.

Then the map

Inv(L; ) > Inv(Le: R)
1) = 1 )oxte
is a Kg-module isomorphism. Moreover. the map
Inv(Lo; K) > { € (Homx(Lo, A))s | w([Lo- Lo]) = (0)}
('l') — D(-1-)s

e

where ¢(.1.)(zo) = (¢ | Zo) for all (-|-) € Inv(Lg; A) and zo € Lg, is an isomorphism
of Kg-modules. Hence, the map

dow

Inv(L; K) = {¢ € (Homg(Lo, K))5 | #([Lo, Lo}) = (0)}

42
1) = @iy (*2)
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where @(.1.)(z0) = (¢ | zo) for all (-|-) € Inv(Lo; K) and zq € Lo, is an isomorphism
of Kg-modules. In addition, a form (-|-) € Inv(L; R") is nondegenerate if and only if
(-|-)MzoxLo is nondegenerate and ker(p(.|.,0adz,) |L_,=0, o = +.

Remark 4.1.4 If L is a toral 3-graded Lie superalgebra satisfying Lo = [L4, L_]
then L is perfect. This holds in particular when L = eosp(ge,) where ¢ represents 1.
However, this is not true for L = eosp(g.) nor for any subalgebra of eosp(qs,) which

strictly contains eosp(geo )-

Proof of Theorem 4.1.3: Let (-|-) € Inv(L;A’). Then clearly (-|-)|Loxzo €

Inv(Lo; A’). By invariance of (-|-), we have

([[zo, z+], -] 1 ¢) = ([zo. 4] | =) = (70 | [x+.2-])

TN

for all z, € L,.0 = 0.£ and so ¥((-]-)) € Inv(Lo;A’). Hence v is well-defined
and clearly a Ajj-module homomorphism. Given (-|-),(-|-)” € Inv(L: A) such that
w((-1-)) = w((-]-)7). we have that

(x4 | z2) =(C | [z4.2-]) = (| [z z-]) = (24 | 22

and so since (L, | L,) = (0) for 0 # —pu. it follows that (-|-) = (-|-)". Hence ¥ is a
monomorphism. Let (-|-)” € Inv(Lg; A'). Note that

([Los Lo] 1 €)” = (Lo | [Lo,¢])" = (0).

Define (-]-) : L x L = K by setting

1 Neoxze = (1)
(I+ I I—) = (C l [I+,J,'_])- = (_1)'3-'4#”1'-'(2_ ’ I+)~, Is € [407 o=,
(Le | L) = (0), o # —p, o,u€ {0.£}.

Then clearly by definition, (-|-) is supersymmetric. It is invariant on Lo x Lo. Hence
to show that it is invariant on L x L. using bilinearity and the fact that ([L,,L,] |
L)) = (Lo | [Lu, L]) = (0) for all 0 + £ + v # 0, it suffices to show that ([z,,y,] |
2,) = (zo | [yp, z]) forall o+ p+v =0, (o, p,v) #(0,0,0). In addition, proving the
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case for (o, u,v) we prove the case for (v, u,0) by using supersymmetry. Hence the
combinations we need to check are: (1,-1,0), (1,0.-1), (-1,1,0).

(17 -1, 0)

(1.0,-1)

(_19 170)

([z+:4-11 20) = (—l)lz"l(lnﬁly’”([[;’o, x4+ y-]11¢)

= (=1)lelli=ebl=D(fzg, [z4, y-]] 1 )7 ~ (1), (20, y-]] | ¢)°
= (z4+ | [y, za])-

([z+: %0l | z-) = ([[z+. yo]. =-] | C)

= ([z+.[yo, =11 1 )" = (= 1)F*lol([yq, [z, =_]] | ¢)°

= (z+ | [yo, =-])-

([1._,y+1 | z0) = _.(__1)Izol(lr-l+ly+l)+lr-lly+l([[:0’ y+],.1:-] | ¢)
_ __(_1)lzol(lz+l+ly-l)+|=-lly+l([ZO’y+] z_)

= (z- | [y+- 20])-

Hence (- | -) is invariant and so (- | -) € Inv(L: A"). Clearly. v((-|-)) = (-]-)" and so v is

epimorphism, hence isomorphism. of Ag-modules. To prove that o is an isomorphism.
let (-|-) € Inv(Lo; A") and define the map ¢ : Lo — A by setting »(zo) = (¢ | zo)-

Then using the bilinearity of (-|-) and the fact that (-|-) and ( are homogeneous of

degree 0, we have that o € Homp (Lo, A)5. Also. since

([L07 LO] I C) = (0)~

@([Lo, Lo]) = (0) and so ¢ is a well-defined Aj-module homomorphism. Given
(-1-),(-1-)" € Inv(Lo; R') such that &.., = &(.|.)- we have that

(zo | [y+.9-D) = (lzo,y+],y-11¢) = o1 y([[xo: y+], y-])

= o1y ([[zo, y+]. y-1) = ({[zo, y+ ] y-] | §)”
= (20 l [y+7y—l)-

and so, since Lo = [L4, L_], the map o is 2 monomorphism. For ¢ € Homg (Lg, A );
such that ¢([Lo, Lo]) = (0) we can define the map (-|-) : Ly x Lo = A by setting

(zo | [y+-y-1) = ¢(l[zo, y+]. y-])
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for all z¢ € Lo, y+ € L+, y- € L_. Then clearly (-|-) is K-bilinear and of degree 0.
Moreover, for zo = Y_;[z%.z"], yo = ZJ[yi,y’_] € [L+, L] we have

> elllzo il vlD) = 3 o(llizh, =5, vl o))
(4.L:2) Z(_l)lrollmlsg([[[yi,y{], z' ], z'])
T

and so (z | y) is well defined and satisfies (z | y) = (=1)!¥(y | ). To check the
invariance, let uy,vs € L. and zo,yo € Lo. Then using the Jacobi identity and the
fact that o([Lo. Lo]) = (0) we have

([zo- [us+- u=]] | yo) = (zo | [[us,u-], yol) = ([0, us], u] = (= D)=+ V{[zq, u_]. us] | o)
~ (zo | [us-[u--yo]] — (_1)lu+llu-l[u_. [+, yol])
= o([[zo, us], [u—. yo]]) = (—1)*=M+ls([[zo, u_], [u4. yol])

= @([lzo. us]; [u—. yoll) — (=1)*+!=ls({[z0, u_], [t1+- yo])
=0.

Hence (-|-) € Inv(L: R'). Moreover.

([[zo, z+], -] | ) = @([[¢, [z, z+l].z-]) = P([[zo. 24+, z_]) = (0 | [z4.2-])

P g

for all z, € Ly, 0 = 0.+ and so (-|-) € Inv(Lg; A'). Since clearly o((-|-)) = . the
map ¢ is an epimorphism, hence isomorphism. of A-modules. It is now clear that
the map (4.2) is an isomorphism of Aj-modules. Now suppose (-|-) € Inv(L:A’) is
nondegenerate. Then clearly the form (-}-)|toxL, on Lo is nondegenerate. Moreover.

if £, € ker(poadr_,) [Lo. ¢ = (... then for all y = y, + yo + y- € L.
(zo ly+ + Yo+ y-) = (z¢ | y-o) = a(¢ ' [Ivv yo]) = O"P'([zcvy—cl) =0

and so since (-|-) is nondegenerate, z, = 0. Conversely, if we assume that the

form (-[-)o on Lo is nondegenerate and that ker(w o ad;__)[z, = 0, then for all
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T=zxy+z0+ - € L satisfying (z|y)=0forally=y; +yo+y- €L,

0= (z4+zo+2z- |y+ +y0 +y-) = (4 | y-) + (zo | yo) + (z- | y4)
=(( | [r+,y-1)o+ (zo | Yo)o — ({ | [z-, y+])o
=o([z+,y-]) + (zo | o) — @([z-. y+])

and so r =0, i.e., (| -) is nondegenerate. [ ]

Note that the above characterization of supersymmetric invariant forms was arrived
at by "shifting” to Lo. It is also possible to derive another characterization by "shift-
ing” to L, x L_ as was done by Benkart in [Be] for root-graded Lie algebras over

fields of characteristic 0. In this case we have the following:

Proposition 4.1.5 Let L = L, & Lo & L_ be a toral 3-graded Lie superalgebra sat-
isfying Lo = [L4,L_]. Then there erists a supersymmetric R -bilinear invariant form
(-]1°): LxL — R on L if and only if there exists a A -bilinear mapo : Ly x[L_ — K
of degree 0 satisfying ¢([z+.zo],2-) = &(z+,[T0,2_]) forall z, € L,. o € {0.+.-}.

In this case, (-|-) and @ uniquely determine each other via

(Lo | Lo + Lo) =0, o€ {+.-}
(zo | [z4.2-]) = o([z0. 24|, =), z5 € L,, 0 € {0.+.-} (4.3)

(I+ l I—) = é(l‘+,1’_), T+ € L+', z_e€L_.
Moreover, (-|-) is nondegenerate iff ® is nondegenerate and ker(ady,) |r,=0. 0 = £.

Remark 4.1.6 If a Lie superalgebra over A" 3 ; is R-graded. where R is a root

system not of Eg, F; or Ga-type. then L is perfect. 3-graded (see [GN]) and Lo =
[L4+, L_]. Moreover. for R = A, (ﬁ € K ifniseven), B, Cn, D, and E;, L is
toral. Note that Benkart described the symmetric invariant forms of R-graded Lie
algebras over fields of characteristic 0 where R is any finite reduced root system. In
this case, if R = A, ( n‘? € K if n is even), B,, Cs, D, and E:, L is toral 3-graded
and our result also applies, even for Lie superalgebras.
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Throughout the rest of this chapter we will use the result of Theorem 4.1.3 rather
than that of Proposition 4.1.5.

Proposition 4.1.7 Let L be a toral 3-graded Lie superalgebra over A for some super-
extension A of R’ and assume that ( € [Ly,L_]. Then every (-|-) € Inv(L; ') induces
a form (-|-)a € Inv(A; K) via

(a|b)a=(al]|bC)

and, in particular,

(a|b)a=(1]|ab)a=(¢]|abC) = (aq | b])
for all a,b € A.

Proof: Since ¢ € [Ly. L], ( =Y ;[z%.2"] and so

(¢ 15¢) = (a D[l 2111 8¢) = Y (azl | [22.6¢]) = D (¢ | [az’, 220]) = (¢ | abC).

13 t

Rest of the assertion now follows. s

Consider now a toral 3-graded Lie superalgebra over A" with Ly = A¢ % X for some
superextension A of A" and a Lie superalgebra X over A. Note that A( is a central
ideal of L. We have the following:

Proposition 4.1.8 Let L be a toral 3-graded Lie superalgebra over A with Ly =

[L+,L-] and Lo = A x X for some superertension A of K’ and a Lie superalgebra
X over A. Then

{¥ € Hompg(Lo; R) | ¢([Lo. Lo]) = 0} = Homg(4.R)5
& {x € Homk(X. K)s | x([X. X]) = 0}
and so the map

Inv(L; K) — Homg(A,R)s& {x € Homg(X, A)5| x([X.X]) =0}
(-11) » p=0@®x (4.4)
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defined by (4.2) ts a Kg-module isomorphism where

(Lt | L+ + Lo) = (0);
(AC | [X, X]) = (0);

(a¢ | 6¢) = (¢ | abC), a,be A ’ (4.3)
(1'0 l [y+=y-]) = (C l [[301 y+]7y—l)y Zo € LO? Y+ S L:k;
(z4 | z-) = (| [z4,2-]), Ty € L:

/

and @(zg) = (¢ | zo) for all zo € Lo. Moreover, (-|-) € Inv(L: R) is nondegenerate if
and only if (-|-)|LoxL, is nondegenerate and ker(p oady,) |1_.= 0. In particular,

(i} if [X.X] = X then Inv(L; R') = Homg (A, R)p;
(ii) if [X.X] =0 then Inv(L; A’) = Homg(A. K)s & Homa(X. A)s-

Proof: By Theorem 4.1.3. the map Inv(L; A) = {¢ € Homg(Le, A)g | ¥([Le, Lo]) =
0} given by (4.2) is a Ag-module isomorphism. Since Lo = A % X, we have
Hompg(Lg, K)s = Homg(AC. A)p @ Homp (X, A)g. We can identify A with A¢ via
a — a(. Moreover. [A¢, Lo] = 0 and so [Lg, Lo] = {X. X] hence by Theorem 4.1.3.
(0) = (¢ | [Lo» Lo]) = (¢ | [X. X]). The rest of the assertion now follows from Theorem
4.1.3 and Proposition 4.1.7. ]

Remark 4.1.9 For examples of toral 3-graded Lie algebras of type (i) and (ii) above.

see Corollary 4.2.7 and Example 4.2.6.

We now turn to the study of the module of co-invariants Vi (L) of L (for example.
see [BeK]). Given a Lie superalgebra L over A’ we define Vi (L) = L Qn L/{[zy]
:—zQ[yz]|z.y.= € L). We write z o y for the image of z @ y under this canonical
homomorphism. Note that if L is finite-dimensional. Va(L) = Inv(L: R').

In [BK], Berman and Kryliouk studied the universal central extensions of twisted
and untwisted Lie algebras over fields of characteristic not 2. extended over com-
mutative rings. These algebras generalize affine Lie algebras. Berman and Kryliouk
described the second homology group (for definition see Chapter 5) of this type of
algebra L using the module of co-invariants of L (for more background see [G]).
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If we consider the toral 3-graded Lie superalgebras over A we can express Vi (L)
in terms of Lo. We have the following

Proposition 4.1.10 Let L be a toral 3-graded Lie superalgebra. Then Vg(L) =
Loo Lo and o [Lo, Lo] = 0. Moreover, if Lo = [L.L_] then V(L) = C o Lo.

Proof: Since L is toral 3-graded we have for all zo € Lo and z4,ys € Ly,
(Zo + z+) o yx = (7o + 72) 0 (£[(, y]) = £[zo + z2.(Joys = —zr 0 ys
and so since 3 € K, (Ly + Lg) o Ly = (0). Moreover, if zo, yo € Lo then
¢ o [Zo,y0] = [(,To] o yo =0
and so ¢ o [Lq, Lo] = (0). If Lo = [L,, L_] then for all o € Lo. y« € Ly.
Z0 9 [y+.y-] = [zo, y+] 0 y- = (o [[z0, y4]. y-]
and so since Lo = [Ly. L ] = [[¢. L], L] C [[Lo.L+],L_] C Lo. the last assertion

holds. ]

In particular we have the following consequence:

Corollary 4.1.11 Let L be a toral 3-graded Lie superalgebra with Lo = [L,.L_] and
Lo = A( % [Lo, Lo]. Then Vi (L) = o AC.

4.2 Invariant forms of eosp(g.)

Throughout this section A will denote a superextension of A" and .M will denote an
A-supermodule with an A-quadratic form q. We now consider the Lie superalgebra
€osp(geo ). Recall that we can write eosp(gee) = Ly & Lo & L_ where

Lo = {(a,0,0,z)|a € K,z € eosp(q)}
Ly = {(0,m,0,0)|m € M}
L. = {(0,0,m,0)|m € M}
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with multiplication given by

[(e,m,n,z), (& m.7,T)]
= (¢(m,n) — q(n,m), arhn — ma + z(m) — (m)z,

na — an + z(n) — (n)z, Emi + En s + [2. 2]).

We will sometimes abbreviate L+ by M* when there is no possibility of confusion.
Hence L is 3-graded and ¢ = (1,0.0,0) satisfies [a(,z,] = caz, for a € A. z, €
L,. o € {0, £}, and so L is toral 3-graded. Moreover. Lo = A -1 x eosp(q) and L can

be viewed as a Lie superalgebra over A. Hence we have

Corollary 4.2.1 Let A be a supereztension of K" and M an A-supermodule with an
A-quadratic form q. Let L = eosp(qeo) and assume that L is perfect. Then

Inv(L, K) = Homg (A. ) T {x € Homg(eosp(q). A)g | x([eosp(q).eosp(q)]) = 0}.

via (4.4).

Proof: By Lemma 2.3.6. L perfect implies Lo = [L+. L_]. Hence the assertion follows

from Proposition 4.1.8. [

Corollary 4.2.2 Let M be an A-supermodule with an A-quadratic form q such that
eosp(q) is perfect. Let L = eosp(qe.) and assume that L is perfect. Then

Inv(L: R) = Homa(A. A)g

via ({.4). Moreover, if q is nondegenerate and (-|-) € Inv(L: K’). the following are
equivalent:

(1) (-]-) is nondegenerate:
(2) (-1-)| axa is nondegenerate;

(3) S={a€ A| p(ab) =0, forallbec A} = 0 where v € Homp(A.K )5 : a —
(1 | a), i.e., ¢ induces a nondegenerate K -bilinear invariant supersymmetric
form on A vie (a|b)s = p(abd).
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Proof: Since [eosp(g), eosp(g)] = eosp(q), by Corollary 4.2.1,
Inv(L; &) “Y Homg (A, K)s
is a K-module isomorphism. Note that since eosp(q) is perfect.

(A |eosp(q)) = (0) (4.6)

for any (-|-) € Inv(L; R).
(1) = (2) | Assume that (-|-) is nondegenerate. Let a € A such that (a|b) = 0 for
all b € A. Then by (4.5) and (4.6), (a|(b,m.n,z))=0forallbe A. m,ne M, z €

eosp(q) and so ¢ = 0.

(2) = (3)| Assume (-|-)| axa is nondegenerate. Let a € S. Then by (4.5). for
all be A.

0 =(ab) = (1|ab) = (a|b)

and soa = 0.

(3) = (1)| Assume S = 0. Let (a.m.n,z) € L. Suppose

((a,m.n.z)| (b.p.r.y)) =0 for all (b,p.r.y) € L.

Then by (4.5) and (4.6), (¢ | b) =0.(m* |r~) =0. (n~ | p*) =0. (z | y) = 0 for all
be A. p.r e M, y € eosp(q). Hence

w(ab) =(l|ab) =(a|b)=0 forallbe 4
o(g(m.r)b) = (1| g(m.rb))=(m* |r~b)=0 forallbe i. re M

2(q(n.p)b) = (1| g(n.pb)) = (n~ [ p¥5) =0 forallbe A. pe M

and so ¢ = 0 and since q is nondegenerate. m = 0 = n. Moreover, for all p.r €
M., a€ A4,

0=(z|aE,) = (z|lap*,r"]) ~(z | qlap,r)) L ([z.ap*] | )
= (1{[[z.ap*],r"]) = (1 | [=(ap)*.7"]) E (=1)lel=(1 | g(az(p),r))

(—1)o(ag(z(p), r)).-



CHAPTER 4. INVARIANT FORMS 151

Therefore q(z(p),r) € S for all p,r € M and so q(z(p),r) = 0 for all p,r € M.
Since ¢ is nondegenerate, z(p) = 0 for all p € M and so z = 0. Therefore (-|-) is

nondegenerate. .

Corollary 4.2.3 Let N = S;¢1An; be a free A-supermodule with an almost diagoni:z-
able A-quadratic form qy and let P be an arbitrary A-supermodule. Let M = N &SP
with q=qn ®qp. Then if {n; |i € [}1 #0 or |{n;|i € [}5]| > 3, the map

Inv(L; R’) - Homp (A . A)g: (-|-) = ¢
given by (4.4) is a RKg-module isomorphism and

(Le | Lo + Lo) =0
(4] eosp(q)) =0

(a|b) = (1] ab) = (ab), a.be A » (4.7)
(z | Ema) = (1] g(z(m).n)) = p(g(z(m).n)), m.n € M. z € eosp(q)
(m* | n™) = (1] q(m.n)) = @(q(m.n)). m.n € M.

Proof: Since .V # (0), L is perfect by Lemma 2.3.6. If {n; |t € [}; # 0 or
[{n: | ¢ € I'}s] > 3 then eosp(q) is perfect by Proposition 2.1.19. The assertion now
follows from Proposition 4.1.8. s

Corollary 4.2.4 Suppose M = H([; A)®N with qy an A-quadratic form on N and
set q = qr S qn. Assume that |I| > 2 or |[| > 1 and N contains as a direct summand
either an invertibly diagonizable A-supermodule of rank I or an almost diagonizable
A-supermodule of rank 2. Let L be a central extension of eosp(qe.) (€.9. L is a D;-
or Bj-graded Lie superalgebra for J = [U{oc}, [GN]). Then

Inv(L: A) = Homg(A. R)g
via (4.7).

Proof: It follows from Corollary 4.2.3. [

Example 4.2.5 For example, if L is the centreless core of an extended affine Lie
algebra of type By or D; ({ > 3, 4 respectively) then the invariant forms of L are
isomorphic to Hom¢(C[tE!,. .. ,t*!],C) for some v € N.
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N

We can now also look at an example of eosp(qw,) for which Inv(eosp(gs); K) is not

isomorphic to Homg- (4, A)s:

Example 4.2.6 Let M = Am & An be a free A-supermodule with the A-quadratic
form q defined by g(m.m) = g(n.n) = 1. q(m,n) =0. Let L = eosp(qe). Then

Inv(L; ') = Homg (A, A)g & Hompg(A. A)g

Proof: Since Lo = A- 18 A - Enp,, [Lo.Lo] = 0 and Homg(A(Enmn). R)g =
Hompg (A, A')5. and so by Proposition 4.1.8,

Inv(L; A’) = Homg(A. A)g S Homp(A. A)s
[ |

Proposition 4.2.7 Let L = eosp(ges). L = [L. L] and assume that eosp(q) is perfect.
Then V(L) =10 A.

Proof: It follows from Corollary 4.1.11.

4.3 Skew derivations of eosp(q.)

In this section we will describe the skew derivations of a toral 3-graded Lie superal-
gebra. We continue to assume that A is a superextension of A" and that M is an 4-

supermodule with an A-quadratic form q. In addition. we assume that Ann4 .M = (0).

In general, we have the following definition:

Definition 4.3.1 Let a € Z,. A R-derivation d € (Derg L), of a Lie superalgebra
L over A" with a AR-bilinear supersymmetric invariant form (-|-) is called a skew

dertvation if

(d(z) | y) = —(~1)¥¥(z | d(y))

for all r,y € L. We denote the A-supermodule of all skew derivations of L by
SDerg L.
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Lemma 4.3.2 Let L be a Lie superalgebra equipped with (-|-) € Inv(L; R’). Then
adjoc L < SDery L.

Proof: By Lemma 1.3.20, adjoc L < Derg L. Let d € adjoc L and z,y € L. Then
there exists = € L such that d(z) = (ad z)(z) and d(y) = (ad =)(y). Hence

(d(z)ly) = ([z2]ly) = ~(=1)Y[z. 2] | y)
= —(=D)FE(z | [z.y]) = (=D (z | d(y)

and so d € SDery L. [}

Theorem 4.3.3 Let A be a supereztension of A and let M be an A-supermodule

with an A-quadratic form q. Set L = eosp(qw) and assume that L and eosp(q) are
perfect. Recall from Theorem 3.2.13.2 that

Derk L=adL +{dst€D|Se€S, TeT}
Then given an invarient form (-|-) € Inv(L: R’),
SDery L =ad L + {dsr € D| (1| [S. A-Id]) = (0) and ([T.A-Id]| eosp(q)) = (0)}.
Moreover,
{dso € D[ (1|[S.A-Id]) = (0)} = {dso € D | (ad §)|a.1a C SDerx A}.

Proof: By Lemma 4.3.2, ad L C adioc L C SDers L. Recall from Theorem 4.1.3
that (L | L) = (Lo | Lo) + (Ly+ | L) and so since D C (Derg L)o. to check that
d = ds1 € D is skew, we otly need to check that

(a) (d(a+z) | b+y)+(—1)e+=l(a+ 2 | d(b+y)) =0 foralla.b € A. r.y € eosp(q):
and

(b) (d(m*) | n_) + (=1)4I™(m* | d(n—)) = 0 for all m,n € M.
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Recall that since eosp(q) is perfect, by Proposition 3.2.7.2.4 we have that [T, eosp(q)] =
(0) and, by Theorem 4.1.3, (1 | eosp(q)) = (0). Let S € S and T € T. Recall (4.7).
Then (a) holds if and only if for all a,b € A, z € eosp(q) and m,n € M we have

0 = (dla+z)|b+Emn)+(=1)S*T1e+(a 4 2 | d(b + En )
= ([S.a-Id]|b) +([S,z] + [T.a-Id] | Emn)
+(—1)S*Tllet= (g | (S, b-[d]) + (2 | [S, Erm.] + [T, b- [d]))
= (1][S.a-Idlb+ (—1)"Wa[S,b-Id]) + (1 | q([S. z](m).n))
+H=1)F(z | Esim)n + (—1)S™E,, 5(m))
+([T.a-1d] | Epn) + (=1)SW=l(z | [T.b-Id])
= (l|[S.ab-Id])+ ([T.a-Id] | Em.n) + (—=1)ISt=l( | [T.b-1d])
+(1 | (([S. z]ym.n) + (~=1)Mlg(2(S(m)), n) + (—1)SWt+Img(2(m), 5(n)))
2 (11[S.ab-Id]) + ([T.a-Id] | Ema) + (=1)ISW\(z | [T.b-Id])
(1 [S.q(z(m),n)-Id]).

Since a.b € A. m.n € M and z € eosp(q) above are arbitrary. dsr satisfies (a) if
and only if

(L|[S.a-Id])=0 forallae A: and } (4.8)

([T.a-Id]| y) =0 for all @ € A. y € eosp(q).

In addition, if m,n € M and S and T satisfy (4.8) then using (4.7) and Proposition
3.2.7.2.4 we have that

(ds.r(m™*) | n7)+(=1)¥+ T (m* | dsp(n7))
=((S+T)m)* | n7) + (1) (m* | (S — T)(n)")
=(1|q((§ +T)(m).n) + (=1)S+TI™g(m (S — T)(n)))
=(1[[S.q(m.n)-Id] + [T.Emn.))
=0,

Le., ds satisfies (b). It remains to be shown that {S € S| (1| [S.A-Id]) =0} =
{S € § | (ad S){a.ra C SDerx A}. Let S € S and a,b € A. Then by Proposition
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3.2.7.1.1 and (4.7),

((ad S)(a-1d) | b) + (—1)*el(a | (ad S)(8)) = (1][S,a-Id]b+ (—1)"I*la[S, b- Id])

= (1 | [S.ab'[d])

and so (1 | [S,a-Id]) = 0 if and only if (ad S)| 4.7« € SDerx A. Hence the assertion

follows. (]

In particular. we have that

Corollary 4.3.4 Let N and R be free A-supermodules with A-quadratic forms qu
and qr respectively such that qp = 0 and qy is an orthogonal sum of an almost
diagonizable A-quadratic form and an invertibly diagonizable A-quadratic form on a
free A-supermodule of rank 2. Let M = N'3R with the A-quadratic form q = qv=qr

and let L = eosp(q..). Let (-|-) be an invariant supersymmetric form on L. Then
SDern L = adjoc L x {dsp € D| S € Ends R = (SDerg A) m}-

Proof: [t follows from Theorems 3.3.7 and 4.3.3. ]



Chapter 5
The Second Homology Group

Throughout this chapter k& will denote a commutative. associative. unital ring con-
taining 3, A” a superextension of k and A a superextension of A". In addition. we will
assume throughout that when |m| occurs in an expression for some m € M for some
supermodule M, then it is assumed that m is homogeneous. and that the expression

extends to the other elements by linearity.

5.1 Universal Central Extensions of Lie Superal-

gebras

Many results in this section are due to Neher ([N4]).

Let L be a Lie superalgebra over A. A central estension of L ([SZ]) is a short

exact sequence
0—C—L-L—0

of Lie superalgebras where C is a central ideal of L. By abuse of notation. L is also
called a central extension. If, in addition, L is a perfect Lie superalgebra then L is
called a coveringof L. If Lisa covering and for any central extension ¢ : L’— L there
exists a unique Lie superalgebra homomorphism ¥ : L — L’ such that @Y = 7, then

L is called a universal central extension of L.

156
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Lemma 5.1.1 Let L be a Lie superalgebra over K.
(1) A universal central extension of L is unique up to isomorphism.

(2) If L has a covering then L is perfect. In particular, if L has a universal central

extension then L is perfect.

Proof: (1) Let 0 > C; - L 5 L - 0and 0 = C, = L' = L — 0 be universal
central extensions of L. Then there exist unique superalgebra homomorphisms ¢ :
L L, @ : L' — L such that m’¢ = 7 and 7@ = ' hence 7(po) = 7 and 7'(@w) = 7.
Note that since L is a universal central extension. it is also a central extension and
so the map ¢ : L — L is the unique homomorphism satisfying 7 (y2®) = 7. Since
clearly m/d]; = = it therefore follows that wo = [d|;. Similarly we can argue that
o = Id|r and so the assertion follows.

(2) Suppose that 0 — C — L 5 L — 0 is a covering of L. Then using the fact that

7 is surjective, we have
L=n(L)=n(L.L]) = [=(L.x(L)] = [L. L]
Since a universal central extension is a covering, the rest of the assertion follows. ®

Lemma 5.1.2 Let L and L' be Lie superalgebras over K" and let o : L — L’ be a Lie

superalgebra epimorphism.
(1) Then Z(L) C &~ Y(Z(L").
(2) In addition. if © is a covering then Z(L) = o~ (Z(L")).
Proof: (1) Since ¢ is a homomorphism. (Z(L)) C Z(L’) so by surjectivity of .
Z(L) C o~ Z(L"))
(2) Let £ € o~*(Z(L’)). Then ¢([z, L]) = [(z),v(Z(L))] = 0 so since v is a central

extension, [z, L] C kerp C Z(L). Hence 0 = {[z, L], L] = [z, [L, L]] + [L. [z. L]] and so
by Lemma 5.1.1.2, [z, L] = [z, [L, L]] = 0. The assertion now follows. .
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Set £ = L ®g L/B where

B = spang{[z,y] ® = + (—1)F=lIst+i=D]y Q@+ (_l)lzl(lr!+lyl)[__._,zl Ry,
z@y+(-1)""ly@z|z.y,z €L}

When it is clear which algebra L we are considering, we will simply write £ instead
of £;. In addition, we will always be considering the tensor products over A" and will
write ® instead of @x-. We let (z,y) = z@y+B for z,y € L and extend it A’-bilinearly.

We will use extensively the following two basic identities in £:

'Ol
—

(z.y) = —(=1)Fly, z) (
(£.y],2) = (z.[v.2]) = (—=1)FNy, (. 2]). (

Note that £ is a A™-supermodule with the Z,-grading given by £ = L5 & £; where

)
2)

S]]
h
(V]

Lo={z€l,®Lg|a+3=pu}. (5.3)
Consider the map
m:LxL—L:(z.y)— [z.y]

Then 2 is a A-bilinear map and so it gives rise tothe mapm : LQL - L:z2 Sy~
[z.y]. It is easy to check that the elements of B are in the kernel of m and so m

induces the map, also called m,
m:L— L:(z,y) = [z,y] (3.4)

It is easy to see that m is a A-supermodule homomorphism of degree 0. The A-

supermodule £ is a superalgebra with respect to the multiplication

[117[21 = (m(ll)~m(12)) (5-5)

where (m(l;),m((;)) is understood in the obvious sense: if {; = Y zi,y:) and

b = 3 (uj,v;) then (m(l), m(l2)) = (Cilzi il T, [ui vil) = T (lzer il [, v3])-

Hence in particular, for z,y,u,v € L we have

[(37 y), (u, v)] = ([I, y]1 [uv UI). (5.6)
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Since for all /,{, € £ we have that
m([ly, l2]) = m({m(l1),m(l))) = [m(l1), m(l2)],

the map m is a superalgebra homomorphism. Let

Ho(L) = {Z(.x;,}':) el Y [X.Yi]= o} ,

The following theorem justifies calling Ho(L) the second homology group of L.
Theorem 5.1.3 Let L be a Lie superalgebra over K" and write L = L.
(1) With respect to the product (5.5), the algebra L is a Lie superalgebra over K.
(2) If x: L — L' is a Lie superalgebra epimorphism and L' = L+ then
v: L= L:(z.y) = (o), 2(y)) (5.7)
is a well-defined Lie superalgebra epimorphism.

(3) Let L be a perfect Lie superalgebra and set L = Ly where ~: L — L/Z(L) is

the canonical map. Then the map

x: L — L .
o (3.8)
(z.y) — (2.9)
is a Lie superalgebra isomorphism.
(4) The extension
0 — Hy(L) —m L = [L.L]— 0 (5.9)

is a central extension of the Lie superalgebra [L. L].

(5) If L is a perfect Lie superalgebra then L is the universal central extension of L
and Z(L) =m~YZ(L)) = H(L/Z(L)).
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Proof: (1) By construction the map m : £ — L is homogeneous of degree 0. Hence
for [,l, € L we have

[, 8] = (m(L), m(l2)) ‘=) —(—1)al(m(L,), m(1y)) = —(=1)ll[1,, 1,].

In addition, using the fact that m is a superalgebra homomorphism, we have that for
a'u 117 127 13 € C

({1, 12], &3] [m([ly, L)), la] = ([m(l1), m(L)], m(l3))
" (m(h), [m(la), m(l3)]) — (=1l (m(Ly), [m(ly), m(L3)])
[0, [z, fa]] = (=D)L, (1, 4]
Hence by linearity we have that [[,, ;] = (=1)®Wal[l,, [] for all ,.l, € £ and that the
Jacobi identity holds and so £ is a Lie superalgebra.

(52

(2) Let x : Lx L = L' : (z.y) = (o(z).9(y)). Then ¥ is a A-bilinear map and
Is surjective since ¢ is surjective. Hence it gives rise to a surjective A-supermodule
homomorphism x : L® L — L' : 2@ y = ((z),v(y)). Moreover, since z: L — L’
is a superalgebra homomorphism of degree 0. we have for all z.y.z € L.

Xz ® y + (—1)Fly @ 1) = (p(z), o(y)) + (=1)¥MeON(5(y). 5(2)) = 0

and

x([z, 9] ® z =z ® [y, 2] + (- 1)y @ [. 2])
= (le(2), o), #(2)) = (2(2), [2(y), 2(2)]) + (— )M o(y) [o(). 2(2)])
=0.

Hence x induces the epimorphism (5.7). In addition, for all z.y,u.v € L.

x([(z- ), (u. v)]) = x({[z. 4], [u, v])) = (@([z. y]). o([u. v]))
=(le(z), p(y)]: [p(u), ()]} = [(2(2). 2(¥)). (&(u), p(v))]
=[x({z.9)), x((u, v))]
and so x is a surjective Lie superalgebra homomorphism.
(3) Using the canonical epimorphism ~: L — L/Z(L) and (2) we have a Lie super-
algebra epimorphism (5.8). Let & : L x L — £ : (£,§) — (z,y). This is a well
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defined A’-bilinear map. Indeed, for z,y,u,v € L such that (Z,3) = (&, ) we have
that z =u +cand y = v + d for some ¢,d € Z(L). Note that

(L, L], Z(L)) = (0)
since for all [w,z] € L, u € Z(L),
([w, =], u) = (w. [z u]) = (1)WY =, [w,u]) = 0
hence
(z.y) = (u + c.v +d) = (u.v)

and so ¥ is well defined. Moreover, since ¢ is A-bilinear and clearly surjective. it gives
rise to a surjective A’-supermodule homomorphism v: LY L —» L: 2® § — (z.y).

In addition. for z,y.s € L we have
v(2 @ § + (-G @ £) = (z.y) + (-1)W¥(y.2) =0
and

v([2,9] ® 2~z 8 [7. 3] + (-1)¥75 & [z, 3])
= ([z.y].z) — (z.[y, z]) + (=1)F¥(y, [z, z]) = 0.

Hence v induces the A-supermodule homomorphism v : £ = £ : (Z.§) — (z.y).

Moreover, for all z,y,u,v € L,

v(((2. 9). (. 0)]) = v(({[2.4]. [a.9]) = v({[e-g].[u.0])) = (= y]. [u. v]) = [(=. ). (w.v)]
= [v({Z, §)). v({T, 7))]

and so v is a surjective A-superalgebra homomorphism. It is easy to check that
xov = Idz and v o x = [d¢ and so (5.8) is a A-superalgebra isomorphism.

(4) By definition, Hz(L) = kerm and so [Ha(L), £] = (m(H,(L)),[L. L]) = (0). Hence
(5.9) is a central extension. .

(5) Since L is perfect, £ is also perfect. Let L — L be a central extension of L.
Choose a section s of = in the category of Z,-graded sets: a function s : L — L
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satisfying s(L,) C L. and 7 os = Idy. Note that in general s is not A-linear but

since 7 is A-linear and of degree 0, we have for ¢,b € A and z,y € L,

n(s(az + by)) = az + by = am(s(z)) + br(s(v) = m(as(z) + bs(y))

V-linear

and so s(az + by) = as(z) + bs(y) + ¢ for some ¢ € kerw C Z(L).
Define ¢ : L x L — L : (z,y) —> [sz, sy]. Then ¢ is of degree 0 and for all a,b € A"
and z,y,z € L with c € Z(L) as above,

o((az + by), =) = [s(az + by), sz| = [as(z) + bs(y) + ¢, sz] = a[s(z), s(=)] + b[s(y), s(=)]
= ap(z. ) + bp(y. ).

Similarly, @(z. (ay + bz)) = ay(z, =) + b(y, =) so ¢ is A-bilinear and hence it gives

rise to the A-linear map
: LAk L — L:z@yw— [sz.sy]
Moreover. for all z,y € L,
7(s([z,y]) = [s(z), s(y)]) = [z. 4] — [ (s(z)). 7(s(y))] = [z.y] - [z.4] = O

we get that s([z,y]) - [s(z),s(y)] € kerx C Z(L) and so using the Jacobi identity. it

is easy to show that
oz y]®@ =+ (_I)I:tl(lyl'l'l:l)[y’ Aoz + (_I)I=I(Irl+|yl)[:.z] Qy)=0.

In addition, since p(r Q@ y) = —(~1)FP¥y(y @ z).  induces a A-linear map v : £ —
L: (z,y) —> [sz, sy] of degree 0. Moreover, > is a Lie superalgebra homomorphism

since

2z y). (", ¥ = ol[z. 4], [=". 4] = [s([z. y]). s([=". y])]
= [[s(a:), s(y)], [s(z')’s(y')]] = [(,Q(I. y)- (,9(1.", yl)]'

Since

(m 0 p)(z,y) = n[s(z), s(y)] = [rs{z), 7s(y)] = [z, y] = m(z, y)
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we have that wo ¢ = m.

To show that ¢ is unique, suppose ¥ : £L —» L is another Lie superalgebra homo-
morphism satisfying 7 0 &» = m. Then for [; € £ we have ¢(l;) — o(l;) € Z(L) and
hence

Yy, L] = (Wi, vl] = [ply, pla] = I, 1]

and so since £ = [£, L] we have ¥ = 5. Therefore £ is the universal central extension
of L. Since L = L, we have that Z(£) = Z(L£). By (4). Hy(L) C Z(L). Note that
since L is perfect. L is also perfect. In addition, Z(L) = (0). Indeed. let = € L such
that = € Z(L). Then for all z € L. Z(L) = [5, 3] = [z.z] = [z.z] + Z(L) and so
[z.L] C Z(L). Hence.

((z. L]. L] = [=.[L. L] + [L. [z L]] = [=. [L. L]] = [=. L]

and so = € Z(L). Therefore. Z(L) = (0). Then by Proposition 5.1.2 we have that
Z(L) = m~YZ(L)) = m~*(0) = Hy(L) and so the assertion follows. [

5.2 The Second Homology Group of Toral 3-Graded
Lie Superalgebras

We consider in this section toral 3-graded Lie superalgebras L over A’ ie.. [ =
Ly D Lo 2 L. satisfying with { € Lg such that [(,L,] = 6z,. 0 =0, %.

Recall from Proposition 5.1.3.2 that the map m : £ — [L.L] : (z.y) — [z.y] is
a central extension of [L, L].

Proposition 5.2.1 Let L be a toral 3-graded Lie superalgebra. Then

(Ls, Ls) =(0), foro ==+:
(¢, [Los Lol + [L+. L_]) = (0);
(2o, zs) = 0(C, [T0, 24]), for o = *:;

(IO’ [:l:.(,, I—D = ([‘7'.07 '7"+I?I-) - (—I)lr+[lr.l([z07I—]vz+)°

(5.10)
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forallz, € L,, 0 =0,% and L is a 3-graded Lie superalgebra where

Lo = (Lo,Le)+ (L4, L );

(5.11)
L, = ((,L;)=(Lo,L,), foro==%

and L is toral if ( € [L,L]. Moreover, the map m preserves the 3-grading and

m|c, : Lo = L, for 0 = + are K -supermodule isomorphisms. In particular,
Ho(L) C Lo.
Moreover, if Lo = [Ly,L_] then
L=(LisL)e(Ls. L)
and
Hao(L) C (L4, L)
Proof: Let z, € L,. y, € L, for o.u € {0,%}. Then by (5.2).
(€ [zo gul) = (¢ 2ol yu) — (1[G, yul 22) = 0(T0. 4) + plzonpa).  (5.12)

Hence for o = u € {+} we get (z,,y,) = —(2,.y,) and sosince L € KA. (L,. L,) = (0)
forc = £. If 0 = p = 0 then ({,[Lo.Lo]) = (0) and if ¢ = + and u = — then
(C,[L+.L_]) = (0). Moreover. if 0 =0 and u € {+} then

(C? ['1:07 Iu]) = #(307 zu)-
In addition. by (5.2),
(zo. [z+- r_]} = {[zo- T+l z-) — (-l)|r+ll:-'(['20? 't-IvI-i»)

and so (5.10) holds. It now follows from (5.10) that (Lo. L,) C (¢, [Lo, Lo]) = (C. Ls)
for o € {£} and so

£=(L,L) = (. Ls) + ((Lo» Lo} + (L, L)) + (¢, L_).
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Suppose that (¢,z+) + ({(Zo, Yo) + (y+.y-)) + {{,z-) = 0. Recall the A™-superalgebra
homomorphismm : £ = L : (z.y) — [z,y]. Then

0 = m({¢,z+) + ({zo. o) + (Y4, y-)) +((, 2-))
= [Cv .‘t+] + ([7:09 yOl + [y+v y-l) + [Cv I-I
= z4 + ([0, yo] + [y+,y-]) — z—

and so z, = 0 and z_ = 0. Hence ((,z+) = 0. {(,z_-) = 0 and so ({zo,y0) +
(y+,y-)) = 0. Hence £L = L, 5 Lo & L_ where Lo are as in (5.11). It is easy to
check that this gives £ a 3-grading. If ( = Y [z',4'] € [L. L] then for all ((.z,) €
l:g, c==*,

D (2 ) 6oz = Q2 vl o2a) = (G 20).
Moreover, for (w.z) € Lo = (L. Lo) + (L4+.L.) we have by (5.10)

) (w. )] = (L [wez]) = 0

and so J_,(z*.y') acts as a toral element. Hence if { € [L. L] then £ is toral 3-graded.
For z, € L, .y, € L4, 0. € {0, £} we have m({(z,.y,)) = [Ze, Y] € Loty and so
m preserves the 3-grading. Moreover, m|c, : £, — L, is clearly surjective and it is

injective since
m({(.z:)) =[(,2,] =02, =0=21, =0

and so it is 2 A-supermodule isomorphism. Let X = ({.z; S z_) + Y (z'..z") +
> {z3,v8) € L. Then X € Hy(L) if and only if

0=[Czr Sz ]+ ) [eh 28] + (23 ]
=2+ & (Q_[eh 2]+ D [zh @) @ (=)
hence if and only if

I+=I_=0
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and
Yl z] + Yled ] =0.
Hence

X =) (zh.2l) + Y (23, 8) C (Le L) + (Lo, Lo) = Lo

where 3" [z%,z ] + Ej[zﬂ,yg] =0. If Lo = [L+.L_] then (Lo, Lo) C (L+.L_) using

(5.1) and (5.2) and so the rest of the assertion follows. [

For example, Lie algebras over a ring containing . graded by a root system R #
Es, Fy, G2, A, (if = ¢ R') are toral 3-graded and so their £ as well as the second

n41
homology group can be described as above.

The following result will be used extensively in the next section.

Proposition 5.2.2 Let L be a toral 3-graded Lie superalgebra nver A where A is a
supereztension of K and suppose that ( € [L,,L_]. Then

(.4(, [Lo. Lol) = (0)
and
(aC.beC) + (—1)Plel(p¢ . acg) + (—1)lal+l o ap¢) =0 (5.13)

for all a,b.c € A where the tensor products are all over K. In particular. (. A¢) =
(0).
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Proof: We have (A(,[Lo, Lo]) C ([A(, Lo}, Lo) = (0) and so the first assertion follows.
Since ¢ € [L4, L_], we can write ( = Y_.[z",z" ]. Let a,b,c € A. Then

({ab¢, eC) — (a¢, be¢) — (—1)l¥l(b¢, acg))
= (Z[ab:zi,zi_],c() — {a(¢, Z[bzi?l'i-cl) - (—1)'“"“(2[61’1,:1:"_],acg')
= Z ((asz,,z‘_c) + (_1)(|al+lbl+lx;|)lz‘_|(zi’abz:.c))
- Z ((abfi.,ri_c) + (=)W= D=l (g 2t o ba:i_))
-y ((_1)lallbl<bz: 25 ac) + (—1)llbHLH= DIz 0 i ac))
=0

and so (5.13) holds. For b = ¢ = L. (5.13) implies that (¢, A¢) = (0). a

5.3 The Second Homology Group of eosp(gs)

Throughout this section we assume that M is an A-supermodule with a quadratic
form q. Set L = eosp(qx). Recall that L is toral 3-graded and that Ly = A2 eosp(q)
where 1 € A plays the role of the toral element. Recall from Lemma 2.3.6 that L is
perfect if and only if 1 € [L4+, L_] and so then by Proposition 5.2.2 if L is perfect we
have that

(a,bc) = (ab.c) + (—1)*l{ac. b) (5.14)
for all a.b,c € A. In particular. (1, .4) = (0).
Proposition 5.3.1 Assume that eosp(q) and L are perfect.
(i) Then
(A.eosp(q)) = (0); and (5.15)
(ii) for alla € A end m,n e M,

(am*,n7) = (-1)*I"m* an") + (a,q(m.n)). (5.16)
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Moreover, if there exists mq € Mg such that q(mo, mo) € AX then for all m,n € M

we have

(m',n+) = (m+yn-)+(Q(mOva)vQ(mvn)q(m()’m())—l)

—2(mg, q(mq, mo) "' q(m, n)mg). (5.17)
In particular, for all m € Mg, the following holds:
1
(am*.m_) = (m{,aq(mo,mo) " g(m,m)m3) — (a.q(m.m))

~ 5{a(mo. mo). ag(m. m)q(mo, ma) ™) (5.18)

Proof: | (i) | Since [Lo, Lo] = [eosp(q),eosp(q)] = eosp(q) and 1 € [L,. L_] by Propo-
sition 5.2.2 we have (0) = (A, [Lo, Lo]) = (A.eosp(q)).
(iz){Let a € A and m.n € M. Then

(am*,n”) = ([a.m*].n"7) 2 (=Dl m* an~) + (a.[m*.n"))

CL (~1)eImlm* an=) + (a, g(m. n))

By Lemma 2.1.4, we have that M = Am & P with ¢ = qlame 2 qlp. For a.b € A.

(amg.bmd) — (amg.bmg) =) —(—1)lbm amg) — (amy . bmy)
B2 —(—1)eBlmg, bamg) — (=1)=1(b. ag(mo, mo))
~(m¢, abmg) — (a.bg(mo, mq))

(5.14) —2(mg . abmg) + (q(mo, mo). ab).

Hence (5.17) holds for m.n € Amq. Moreover. for any p € P.

(p~.amg) = ([a(mo, mo) ™" Ep mq, mg |, amg)
(5.2 - -
=) (g(mo, mo) ™ Ep.mq» aq(mo, ma)) — (my . (pa)*)
S (—D)ePapt, mg)
(5.16)

(p*.amg) + (—1)elPl(a, g(p, mo))

(p*.amg)
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and so (5.17) holds for m € P and n € Amy. In addition, for all r € P, we have that

(p-v 1'+) = (p-v [Q(qu mo)-lEf.mo7 mg])

5.2 - - -
2 (g(mo. mo)Lq(p, FYmg, mE) — (Epumo» q(m0y mM0) " Er.my)

(5.1)
(5.15)
(5.2)

- (m:' q(m07 mO)-'IQ(pv T’)Tﬂ.;) - ([p+v m(;l, Q(m()v mO)-lEr.mo)

— (m§,q(mo, mo) ' q(p.T)mg ) + (p*.r7) + (mg, q(mo, mo) "' q(p, T)mg)

(5.1} , 4+
= ,r
(5.16) (p

) — 2(m§, q(ma, ma) " q(p, r)mg ) — (g(mo, mo) ™ q(p.T), (Mo, mo))

hence (5.17) holds for m,n € P and so by linearity (5.17) holds for al m.n € M. ®

In what follows. we abbreviate [z, y]@ =+ (—1)FWHD[y -]@z 4+ (—1)F=+D[= ]9y
by > ,lz.y] ® =. The set of }° [zs.y.] @ =, for 2, € Lo. yu € Ly = € L, will be
denoted by }_,[Ls. L] ® L,. The following is a technical result needed to simplify
the proof of the result which follows it.

Lemma 5.3.2 Assume that L is perfect i.e., Lo = [L+.L_] (see Lemma 2.3.6). Let
2: L@ L — V be a K-supermodule homomorphism satisfying

Az®y)=—(-1)Wo(y@z) forall z.ye L (5.19)

and

Y ole@Lo.L]®L)=0. (5.20)

N

Then 3, o([L,L]® L) =0.

Proof: Note that if weset g: Lx L xL = L3 L :(z.y.z)— Z‘J[r,y] Q = then g is
a well-defined A-trilinear homomorphism. Hence to show that }_ . o([L.L]S L) =0
we only need to show that 3. @([L+ 3 L..L]@ L) =0and }_ »([Lo.L]® L) =0.
Assume that ¢(z ® y) = —(—1)F¥le(y @ z) for all z,y € L and that Yoele &
L_,L]® L) =0. Note that this implies in particular that

?([2,4]® 2) = o(z ® [y, 2]) = (~1)Mp(y @ [. 2]) (5.21)
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forallz€ Ly ®L_and y,=€ L. Let m,n € M and y,z € L. Then

o([m*.n7]| @ z — [m*,n7| @ [y, z] + (= 1)ImHr¥ly @ [[m* 0], 2]) =
" o(m*, [0yl @ = — (=) [m* y]] @ = — [m*,n7] © [y, 2]
+ (_1)(|m|+ln|)ly|y @ [m+’ [n-?:]l — (_1)(lml+|n|)ly|+|mlln|y ® [Tl-. [m-{-, :])
@ (m* B [[n‘,y],:] - (_l)lml(lnl+lyl)[n-’y] @ [m"',:-:]
= (=1~ @ [[m*, y], 2] + (= 1)¥M[m*. y] @ [0 <]
-m* @ [y, 2] + (=1)™"n~ @ (m*. [y, =]
+ (_[)lrllyl[y’ m¥|@[n=.z] - (= 1)=lmiHmlini+(mi+in)iyl [y.[n".z]] @ m™
_..(_.1)(lml+lnl)lyl+lmllnl[y! n~] @ [m*.z]
+(—1)dmi+inblyi+=lin] [y, [m*.z]] @ n*)
= (m* e ([[n7.yl. sl + (=D)"My. 7. =)} = [ [y, <]D)
+ (=1)mn= o ([Im*. g, =] + [m*. [y. 2] = (= 1)y, [m*. -
= (=D'm|(n] + ly)[n". 4] ® [m*. 2]
— (=1 ){Imi+inDiyl+imiin| [y,n”] @ [m*.z]
+(_1)lyllnl[m+?yl Qn~.z]+ (_1)(Iml+lnl)|yl[y. m¥]@[n". =})

(5.21)

el
R e

(120

Since L is perfect, by Lemma 2.3.6 we have that Ly = [L,.L_] and so Y n#([Le. L]®
L)y=0. ]

Let 7 = A @ M be the Jordan superalgebra constructed in Example 1.3.22. Re-
call that the multiplication in J is given by

(a@m)(bs n) = (ab + q(m.n)) < (an + mb).
Let s be the submodule of J ®4 J spanned by the elements

TYyR@:—zrQyz—(—-1)"ly ® z= (5.

a®m

(G
[SV]
!_‘2
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forall z,y,z€ J and a € A, m € M. Let
{(I7.T}y=(T ®x T)/s

and for z,y € J, let {z,y} denote the coset £ ® y + 5. In particular, the elements of
{J. J} satisfy the following equations:

{ab,c} = {a,bc}+ (-1)t{p ac}, a,b.c€ A (5.23)
{am.n} = {a,q(m,n)}+ (-1)"{m an}. a€c A, m.ne M. (5.24)

Lemma 5.3.3 Let J be the Jordan algebra as above. Then there ezists a R -linear
map p : {J,J} — eosp(q) such that p({m,n}) = En.,.

Proof: Define p : J x J — eosp(q) by setting p(a = m.b=n) = E,,.. Thisis a
well-defined A’-bilinear map and so it gives rise to the map. also called . p: J S J —
eosp(q): (a@&m) R (b&n)— E,.... Since

pla®@m)=0.

p(ad@m)@(bsn)+(~1)" (b o n) Q@ (@@ n)) = Emn + (=1)™IME, . =0
and

P((asm)(b2n))@(cEp)—(asm)((b&n)(cSp))
= (-l b & n) @ ((a @ m)(c S p))
= p((g(m.n) & (an + mb)) @ (c & p) — (a © m) B (q(n. p) & (bp + nc))
- (—1)kemitenl(h 5 n) @ (¢(m, p) & (ap + mc)
= Eantmbp — Bmspine — (—1)E™ENE, 0

=0

for all a,b,c € A and m.n,p € M we have 5(s) = (0). Hence 5 induces a A-linear
map p : {J, J} — eosp(q) such that p({m,n}) = E,., for all m,n € M. ]
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[\

We define the full skew-dihedral homology group of J (see [ABG]) as

HF(J) = kerp

= {Z{af,b;} + Z{mk,nk} | @i, b; € A, my,n € M, ZEmhnk = 0} .
k k

t

Note that for all a.b.c € A, .
ab® c + (—1)llBHNpe @ g 4 (—1)elllel+Bleg @ p € 5
if and only if
ab@c—a@bc—(—1)p S aces

since a @ b+ (—1)llbly @ @ € 5 for all a,b € A. Also note that if we set M = (0)
then HF(J) is the Connes first homology group HC,(A) of an algebra A which is
isomorphic to Q! i/ dA. the Rahler differentials of the algebra A modulo ezact forms
(see [Ks] or [ABG]).

Theorem 5.3.4 Assume eosp(q) and L are perfect. Then there exists a well-defined
K -supermodule homomorphism ¢ : L — {J,J} satisfying

P({(LoD Ls. Ls)) =(0). o ==
g((m*.n")) = {m,n}. m.ne M
p({a.b+z)) = {a.b}, a.b € A. z € eosp(q)
2((2. Bnn)) = {z(m),n} = (~1)Iml{z(n). m}, m.n € M. z € eosp(q).

Conversely, there erists a K -supermodule homomorphism v : {J. T} — Lo satisfying
w({a+m.b+n}) = (@b) + 2((m*.n") + (m™.n*)) (5.26)
and potr = Id. Moreover, v(HF(J)) C Ha(L) and o(H2(L)) = HF(J). In addition.
¥ 0 pl(Le.Loyes = [d (5.27)
where S = span{(m*.n~) + (m~.n%) | m.n € M}. Hence if
Hy(L) C (Lo, Lo) + S (5.28)
then v o glu,z) = Id and Ha(L) = HF(J).
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Proof: Let f: L x L — {J.J} be the map defined by
f(LO 57 Las La) = f(LcyLOEB Lo') = (0)7 c==%
f(m*.n7) = f(m~.n*) = {m,n}, m,ne M
fla,b+1z) = f(a+z,b) = {a.b}, a,b € A, z € eosp(q)
f(z,Ena) = {z(m),n} — (=1)"I"{z(r),m}, m.n € M, z € eosp(q).

and extended to L x L bilinearly over A. This is a well-defined map, indeed. to
verify this we only need to show that f is well defined on eosp(q) x eosp(q), i.e.
that f(z,y) = 0if £ = 0 or y = 0. The first case clearly holds by definition. If
m.n,p,r € M then

f(EprsEmn) = {Epr(m).n} —(-1)™"{E, (n), m}

= {pg(r.m) — (=1)Plrg(p.m).n}
—(=1)™{pg(r.n) — (~1)"rq(p.n). m}
{p.q(r.m)n} + (=1)Ir+™DIPlfg(r m), q(p.n)}
—(=1)PW{r g(p. m)n} - (=1)™"{g(p. m).q(r.n)}
—(=D)"*p, g(r.n)m} — (= 1)r+inDleminifg(r n) g(p.m)}
(= 1)l Pl g(p. nym} + (—1)mHF+mD {g(p n).g(r.m)}
_(-1)(Ipl+lrl)(lml+lnl) ({Em.n(P), ,.} — (—I)"’”"I{Em,n(r),p})
—(~1 )(lpl+lrl)(Iml+lnl)f(Em'n, Ep.r)-

(5-24)

+

(5.22)

Therefore if £ = 37, By, ., y = 3 En, .n, € eosp(q) such that y = 0 then
Y ({z(m;).n}— (=1l {z(n)). m;})
J
= —(=D"Y " ({y(pi), i} = (=PI {y(r), pi}) = 0
and so f is a well-defined A’-bilinear map and. in particular,

flz,y) = —(~=1)W f(y, 2) (5.29)

for all z,y € eosp(q). Hence there exists a unique K-supermodule homomorphism
$:LQL — {J,J} such that 3(l, ® ;) = f(I},1;) for all {;,l, € L. It follows from
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(5.29) that zQy+(—1)FWly®z is in the kernel of  for all z,y € eosp(g). By inspection
we can see that a ® b+ (—1)1ltlp @ @ and m* ® n~ + (~1)I"lI"ln— @ m* are also in
the kernel of 3 for all a,b € A and m,n € M. In addition, since 3((Lo® L,)® L,) =
?(Ls @ (Lo ® Ls)) = (0) and $(A @ eosp(q)) = P(eosp(q) ® A) = (0), by linearity of
& we have that {; @ [, + (—1)"ll2l[, ® [, lies in the kernel of 3 for all {;,l, € L. Let
g:LxLxL—>LQL:(l,l5)— 20[11,12] ® [3. Then g is A -trilinear and for all

homogeneous [, /3,l3 € L and = in the symmetric group S3 we have
g(l1.l2,13) = ag(w(l1), 7(l2), w(l3))
where o € {+} depends on 7 and the degrees of [, l; and /5. Indeed

g(l2, 1, 13) = [, L] ® i3 + (=1)llM¥ED 1)@ 1, 4 (—1)kithHRbL Lo 1
= (=)l ([, L] @ I3 + (=1)Isln+RD[, 191,
+(_]_)|’1l(llzl+llal)[12, [3] ® [l)
= —(—I)ll‘”lzlg(llvl2s [3)

and

gl 13, l2) = [, ] @l + (=1, 1191, + (=1)lalhi+lshin, L1,
= (=) ([t 1] @ by + (—L)lalHED [, [ @
+(_1)l‘3|(llll+llzl)[[h[2] ® [3)
= —(=1)elslg(ly, I, 1)

for all {,,[5,13 € L. Since S; is generated by (12) and (23). this implies the assertion.
We claim that }_,[L, L]®L is in the kernel of . Indeed. by Lemma 5.3.2 to show this
it is sufficient to show that 3°,3([L+ @ L_. L] ®@ L) = (0) i.e.. 3(g9(L,, L. L)) = (0)
for o € {£}. We have for o € {£},

3(9(Lsr Loy Ls)) = (0) since [L,. L,] = (0)

#(g(Ls. Ly, Lo)) = (0) since [L,, L,] = (0) and $(L, ® L,) = (0)
?(9(Lo: Lo, L—s)) = (0) since [Lo, Lo] = (0) and (L, ® Lo) = (0)

&(9(Le, Lo, L)) = (0) since (L, @ L,) = (0).
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Hence we only need to verify that (3(g(L4, Lo, L-)) = (0). Let m,r € M and
a € A, z € eosp(q). Then

@(fm*.a+z]@r7) = H(m* ® [a + z,r7)) + ()" 3((a + 2) @ [m*, 7))
=3 ((—m*a - (=DM (m)*t) @ r7) =3 (m* @ (—ar” +z(r)7))
+ (=1)mlet=l3 (o + 1) @ (g(m.T) + Enm.r))
= — {ma,r} — (-1)F"{z(m),7} + {m,ar} — {m,z(r)}

+ (=1)elml{a g(m,r)} + (=1)EI™{z(m), r} — (=1)mH0=HD L 2(r) m}
(5.23)
(5.24)

and so ), F([L.L] ® L) = (0) hence ¢ induces the map  : £L — {J.J} given by
(5.25). Consider now the A-bilinear map g: J x J — Lo given by

flla+m,b+n) = (a.b) + % ((m*.n7)+ (m~.n%)).

This map is clearly well-defined and so there exists a unique A’-supermodule homo-
morphism ¥ : J @ J — Lo such that ¥(u Q@ v) = f'(u.v) for all u.v € J. Clearly
a®m,. mQ@aand a®b+ (—1)°PlpQ a are in the kernel of ¥ for all a.b € 4 and
m € M. Since

é((m*-,n‘) +({m~.n*%)) = —é(—l)'"‘”"'((nﬂm‘) +(n”.m"%)).
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we have that m®@n +(~1)™I"lp @ m is in the kernel of ¥ for all m,n € M. Moreover,
for all a,b,c € A and m,n,p € M,

¥(((a+m)(b+n)) ® (c+p)) — bla + m Q ((b+n)(c + p)))

— (~1)le+milbni b 4 1 @ ((a +m)(c + p)))

=¥((ab + g(m,n) + an + mb) ® (¢ + p))
— ¥((a +m) ® (be + q(n. p) + bp + nc))
— (=LYl (b + n) @ (ac + q(m, p) + ap + mc))

= (ab.c) + (g(m.n).c) + 5((an® + m*b.p") + (an™ +m™b.p*))
— (a,be) — (@ q(n.p)) — S((m*.bp" +n"c) + (m™.bp* + n*c)
—~ (=1)=lBI(b, ac) — (—1)™¥l(b. q(m, p))

- é(_[)lnlla+ml(n+.ap— +m7c) + (n".ap* + m*c))

I:%:: é(([m*’.n'],C) —(m*.[n".q]) + (=1)™(n= [m*. )

—_ é(([m-.n‘{’lv C) + (m—. [n'{'.c]) + (_1)|m||n|(n+. [m-.c]>)

({a,[n*.p7],0) = ([a.n*],p7) — (=1)e(n* [a, p7]))

o) —

5

+ 30 (17 ) = (a7 p) + (=D o p7])
+ ((=D)™Up, [m* . p7]) — (m*.[b,p7]) + ([m™*.8],p7))
+ %((—1)"’"""(6- [m=.p%]) — (m™.[b,p*]) + ([m™.b], p*))

5.2
(=)0_

Hence s € ker¢ and so v gives rise to the map ¥ : {J.J} — Lo given by (5.26).

Moreover, for a,b € A and m,n € M,

p({a+mb+n}) = o)+ e ((m*.n") +(m=.n%))

= {a.b}+3({m,n} + {m.n})
= {a+m,b+n}
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and so oy = Id. If z = 3 {a;,b;} + 2 i {pr. e} € HF(J) then 3, E,, -, =0 and

SO

2

S lagbil + 5 S (il + e ori) = Y Epur, = 0
" k

hence w(z) € Ho(L). If X = 3 (a;,b;) + 3, (me,ne) € Ho(L) then > q(me,ne) =0
and ) E,, ., =0. Hence

o(X) = Y {asb} + 3 3 ({mf.nz} + {mf.n}}) € HF(T).
J Tk

Given z € HF(J) we have that z = o ¥(z) = p(¥(r)) € w(Ha(L)) and so
¢(Hz(L)) = HF(J). In addition. any element of (Lq, Lo) can be written as a sum of

elements of the form (a.b) and (z.E,,.») and so since

v (¢ ({(a.8)+ (z.Ema))) =v ({a.b} + {z(m),n} — (=1)™"{z(n). m})
=(a.6) + 3((m)*.n") + 3(z(m)~.n*)
— (=D z(n)* o) — L= 1) z(n) m)
~(a.b) + %([z,m*‘],n-) + é([x.m-l.n*“)

— :])'-(—I)lmllnl(:t(n)*'.m") - é(_’l)lm"nl(z(n)‘,mﬂ

(5. 1 l Hm -
= (@.8) + 5(2. Bnn) = 3(=1)™(m* . 2(n)7)

+ 3(2 ) = 3(~1FI™(m™_2(n)*)

—_ %(-—I)lm"nl(z(n)“’. m—) - :I):_(_I)lm"nl(x(n)_~ m+)

(5.1)

=) (a.b) + (2. Em.n)
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we have Yopl(r,,1o) = Id. Moreover, for all 3_ (a;,b;)+3 2_i ((mf,ng) + (m,nf)) €

Ha(L),
oD tas by Tt ni) + (m, i)
= w(Y {asbi} + %Z({mz, n} + {mg.nf})
= 3 (et 45 3 zkj (m#.ng) + (mf,n7))

and so (5.27) holds. Hence if (5.28) holds. @|ur(7) and ju,(L) are inverses of each
other and so Ho(L) = HF(J). [

Theorem 5.3.5 Let N and P be A-supermodules with quadratic forms qy and qp
respectively such that qn is almost diagonizable with respect to some basis {n;|i € I}
and that there exists ani € [ such thati =i. Let M = NS P with q = qv Tqp. Let
L = eosp(qe) and assume that eosp(q) is perfect. Then

C=(1,L.)®(Le, L) D(1.L.)

and (5.28) holds. In particular,

k

Ha(L) = (4, 4) + {é D _UpEri) + (peer)) [Pk €P. Y By, = 0} . (5.30)
- k

Moreover, if Ty = A@ M and Jp = A & P are Jordan superalgebras as defined in
Ezample 1.3.22 then the maps

e :{Ip.Tr}r = {Tm:Tmlm

(5.31)
{e@pberir —» {aDp.bSrim
and
¢: {Im: Tmtm = {Tp,Tp}r
{a@bni @pyc@dnj @T}M — {avc}'p + {Py"}‘P'

(5.32

+3 ({6, q(ni, dnj)}p — (=1)lmlidml{d, g(n;, bn;)}p) |

)
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eztended bilinearly over K where a,b,c,d € A, p,r € P and 1,5 € I, are well-
defined K -supermodule homomorphisms satisfying ¢ 0 @(agp.aeP}, = [d, dop = Id,
&(HF(Jm)) C HF(Jp) and o(HF(JP)) C HF(Jam). Hence

(T, TIp}r = {AGP.AD Plm (5.33)
and
HF(J7) = HF(Jm) (5.34)
and, in particular.
H,(L) = HF(J»).

Proof: The first assertion follows from Proposition 5.2.1. Moreover. by the same
result we have that

Ho(L) = {Z(mz,ﬁz;) | me. e € M. Z[m:,rh;]) = 0} .
3 k

It is easy to verify that

(4.4) + {éZ((PIJ’E) +{Pc-T2)) | Pk € P. ZEmn = 0} C Ha(L).
“ ok 3

Take ¢ € [ such that i = ¢, say i = 0. By Proposition 5.3.1 we can write every element
z of (Ly,L.) in the form

z=) (aynf.n7)+ Y _ (aunf.n]) +(and.ng) + Y _(nf p‘>+2<rk sz

s.y€r6 N3 el
1<y In.j=1

for some a.a;; € A. pi, vk, s € P and x € (A.A). Suppose z € Hy(L). Then

0 = Y laynf.n7l+ Y [aant.n7]+ [ang.ngl+ Y [} p‘1+Zrk st

+J€I €1 el
1<j fnd=1
= E at] By + E an nen, T E Eﬂ. WP + § :Erk—ﬂ: +b
€I (134 té[
'<J Inll-l

’ eeosp(qx.qp) Emp(qv)
eeosp(tw)
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for some b € A and so by Propositions 2.1.6, 2.1.7 and 2.1.16, a;; = 0 and p; = 0 for

all z,7 € I. Hence
z = (and.ng) + Z(r,f,s,:) + x.
k

Now, since z € Hp(L),

0= [an{,", nE] + Z[TI,S;I = a‘I(nOv nO) + Z(Q(rkv sk) + E"kv-'k)
k k
and so a = — Y, q(no, no)~'q(rk, sk). By Proposition 5.3.1 we can write
(ang,ng) = =) (q(no.no)'q(re, sk)ng . ng)

. l
(5.16) 5 Z ((re.sf) = (rf.sg) + (a(no, no). q(r. sk )q(no, no) ))

and so

lvlv—

Z ((ré-se) + (i sE)) + (c.d)
k

for some c¢.d € A. Hence

Hz(L) = (4, 4) + {% D Uptre) + (Pr-ri) [ eeri €P. Y Eppr = 0} -
T ok k

and so (5.28) and (5.30) hold. Since
HF(JM) = {.’1, ."1}4\4 -+ {Z{mk, m;‘},\,{ I M, m; e M. Z Emk.m;‘ = 0}
k k

we clearly have that

{'4'7 A}M + {Z{pkv rk}M l Pk-Tk € P. ZEPI:J‘J; = 0} C HF(\Z\A)-
k k

We claim that indeed

{A,A}m+ {Z{pk,rk},u | pe, e € P, Z Epr, = 0} =HF(Jm).  (5.35)
k k
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It is sufficient to show that

{Z{mk, mL}M I M, mL eEM, Z Em,‘,m;‘ = 0}
k k

C{A . Alm + {Z{Pk, rktm | pr,Tk € P, Z Epre = 0} .
x P

First we should note that if m € M5 and a € A then {am,m}y = {a,q(m,m)}um +
(=1)elm{m am} .y and so {am.m}y € {A, A}y. Hence any r = S c{me, mitm

such that mg, m} € M, 3, Ep,, . =0 can be written as
Y A{asmimtu+ Y {awnondu+ Y {binipidm+ Z{r, Sitm+ X
t,j€1.i<y i€ln,|=1 el
for some a;;.b; € A, pi.r;,s; € P and x € {A. A} where
0= Z a;; n.n,+ Z a;; n.n.+ZbEn.p.+ZEr,s,
wi€li<y i€l.In,)=1 el

Hence by Propositions 2.1.6. 2.1.7 and 2.1.16. a;; =0 and p; =0 for all i,j € [ and

SO
r=3 {ris;lm+x
z

for some rj.s; € P and y € {4. A} . Therefore (5.35) follows. It is easy to verify
that (5.31) is well-defined and that w(HF(Jp)) C HF(Jum). Consider the map

fF:ITuxTmu = {Tp.Tpr}r
(e3bn; & p,ccbn;3r) — {a.b}p+ {p.r}r
+3 ({a.g(ni, bnj)}p — (=1)le™ltn1{b_g(n;, an;)}p)
and extend it bilinearly over A. Then it gives rise to the map o : Ju @ Ju —
{T».Tp}r where o(z @ y) = f(z.y). We claim that

tQy+ (—1)l Wy @z (5.36)
y®:—zrQyz — (-1)y @ zz (5.37)
a®m (5.38)



CHAPTER 5. THE SECOND HOMOLOGY GROUP 182

are in the kernel of ¢ for all z,y,2 € J and a € A, m € M. This is obvious for
(5.38). It is easy to see that the elements of the form (5.37) are in the kernel of ¢

once one verifies that
~ 1
dlan; @ bn;) = 3 ({a.q(ni, bn;)}e — (—1)™W™1{b, g(n}, an;)})
= —~(=1)m L (b, g(nj,an)} — (—1)Plemla, g(ny, bn;)}p)
= ‘-(—I)lcn'"bn’lé(b‘nj ® an,—).

To show that the elements of the form (5.36) lie in the kernel of &, we need to show

it for the following combinations:

z,y,=€ A (follows from relations in {Jp.Jp}p)
r,y.z€M (follows from the fact that ¢(A, M) = o(M. A) = (0))
r,y€ A,z €M (follows from the fact that &(A. M) = &(M. 4) = (0))
r€ Ay.-€eP (follows from relations in {Jp.Jr}»)
T€AyYyeN.z€P (follows from o(N.P) = (0) and q(N.P) = (0))
z€ 4,y,z€N.

Since o is bilinear, to show that (5.38) for z € A and y, = € A are in the kernel of o.
we only need to show it for r = a, y = bn; and = = cn; foralla,b.c€ Aand i,j € [.
Using (5.23) and (5.24) we have
2¢(abn; @ cnj—a ® bg(n;, cn;) — (—1)*W™lon; @ acn;)
= {ab,q(n;.cn;)} — (—1)l™leslic g(n;, abn;)} — 2{a.bg(n;.cn,)}
— (-1 )lalllm-l{b’ q(n;, acn_,»)} + (_1)lallbn.l+lbn-llamjl{ac. q(n_,g. bn,')}
= {ab, q(n;, cn;)} — (_1)labn.llcnzl-i-iallnjl{ca? q(n;,bn;)}
— (—1)ltmliensl¥lalibnd feq(n;, bn;), a} — 2{a. bg(n;, en;)}
- (_l)lallbn-l{b, g(n;,acn;)} + (_I)Ibml(lal'#lnm:l){ac? q(n;,bn;)}
= {ab, q(ni,cn;)} — {a.bq(ni. cn;)} — (1)1 {ac. g(n;, bn)}
- (_l)lbn.llcn,[{ac? Q(njv bnt)} - (_I)Ibﬁ'"m’l{ac? Q(ni~ bnt)}
+ (=1)Pmlisl{a, cq(nj, bni)} — {a.bg(n;, cn;)}
=0
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where we abbreviated {-,-}» by {-,-}. Hence (5.36), (5.37) and (5.38) are in the kernel
of ¢ and so @ induces the map (5.32). It is easy to verify that wod(agp agp},, = [dand
that ¢ o ¢ = Id, and so (5.33) holds. Moreover, using (5.35), 6(HF(Jux)) C HF(Jp)
and so since @(HF(Jp)) C HF(Ju) we have that (5.34) holds. Hence Hp(L) =
HF(Jp) by Theorem 5.3.4. . ]

Remark 5.3.6 The center of the universal central extension of a Lie algebra L over
a field F of characteristic zero and graded by finite root system was described in
[ABG|. The Lie superalgebra L over A and graded by the root system of type B
(I1] = 3) is a central extension of (a centreless) L' = eosp(q; ¥ gz, B gp) for some
base point zo and an A-supermodule P where A is a superextension of F with a zero
annihilator on P. Since qr @ gz, is invertibly diagonizable and |/| > 3 we have by
Proposition 2.1.19 that L is perfect. Moreover, by Theorem 5.1.3, the center Z(L) of
the universal central extension of L is isomorphic to Hy(L’). Hence by Theorem 5.3.5.
Z(L) = HF(Jp) which, for the case of the Lie algebra over a field and graded by the
finite root system of type B in particular, is precisely what was proved in [ABG].
Similarly. the Lie superalgebra L over A and graded by the root system of tvpe D;
([1] = 4) is a central extension of (a centreless) L’ = eosp(q;) for some superextension
A of F. Since gy is invertibly diagonizable and [/| > 3 we have by Proposition 2.1.19
that L is perfect. Hence by the same argument as for type B. the center of the
universal central extension of L is isomorphic to HC,(A) which. for the case of the
Lie algebra over a field and graded by the finite root system of type D in particular.

is precisely what was proved in [ABG].

Corollary 5.3.7 Let M be a A-supermodule with a quadratic form q such that q s
almost diagonizable with respect to some basis {m; | i € I} and that there exists an

1 € I such that i =i. Let L = eosp(qes) and assume that eosp(q) is perfect. Then
Ha(L) = {Jo, Jo}
where Jo = A= A& (0).

Remark 5.3.8 Corollary 5.3.7 holds in particular when |{i € [ | i = i}| > 3 or
{i € I | Imi| =1} # 0 since in that case eosp(q) is perfect by Lemma 2.1.19.
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Example 5.3.9 If L is the centreless core of an extended affine Lie algebra of type
Bior Dy (I > 3, 4 respectively) then Hp(L) = {C[tT!,... ,t¥!],C[tE,... ,t¥!]} for
some v € N.

Remark 5.3.10 In [IK], [ohara and Koga described the universal central extensions
of the basic classical Lie superalgebras g @ A over a free K-extension A where A is a
commutative ring containing % [n particular, for the case when g is of type B(m,n)
(and { € K), C(r) and D(m.n) they proved that the universal central extension of
8k ® A is isomorphic to (g @ A) S HC,(A) and that Hz(gr ® A) = HC,(A). Note that

B(m,n) = eosp(q; ® gz, © ¢s) where [I[|=m >0. |J/|=n>1 and
To is a base point
D(m,n) = eosp(qr3qs) where{I/|=m>2. |J|=n>1
C(n) = eosp(q(w} T Gs) where |[J|=n—1>2
and so every one of these algebras but B(0.n) is isomorphic to eosp(ge) for some

almost diagonizable q for which eosp(q) is perfect and hence by Corollary 5.3.7 we
can recover the result of [IK] for these types of Lie superalgebras as [IK].
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