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Abstract

In the first part of this thesis, we study the existence of superinvolutions of both
kinds on finite dimensional central simple superalgebras. We study the group of au-
tomorphisms of a central simple associative superalgebra with superinvolution, and

then study the group of automorphisms for two examples in detail.

In the second part, we give the definition of projective supermodules; it is used to
study separable superalgebras over super-commutative super-rings. We prove that a
central separable superalgebra over a given field is a finite dimensional central simple
superalgebra over the field and vice versa. We also present the fundamental theory
of separable superalgebras, with the attendant theory of the Brauer-Wall group of
supercommutative super-ring. Finally, we give the definition of superinvolutions of
central separable superalgebras, and then extend two results on involutions of central
separable algebras proved by D.J. Saltman.
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Introduction

An associative superalgebra is simply a Z,-graded associative algebra, A = Ag + Az
the elements of Aj are said to be even, elements of Az, odd. A superinvolution of an

associative superalgebra A is a graded linear map * from .A into A such that
a* =a and (aubs)* = (—1)*bjal, aa € Aa, bs € As.

Our main purpose in the first part of this thesis is to study the existence of superin-
volutions of both kinds on finite dimensional central simple associative superalgebras.
We extend the Skolem-Noether Theorem to the supercase, and use it in our work to

study proper analogues of the Albert-Riehm results on the existence of involutions.

In Chapter 1, we introduce some basic results about finite dimensional central simple

algebras, finite dimensional central simple superalgebras, and Azumaya superalgebras.

If A is a finite dimensional central simple superalgebra over a field K, and * is a
superinvolution on A, then * is called a superinvolution of the first kind if the restric-
tion *|x = idk, and * is called a superinvolution of the second kind if o = *|x is a
Galois automorphism of order 2 on K.

In Chapter 2, we prove that over a field of characteristic not 2, a finite dimensional
central simple superalgebra A = M, (D), where D is a division superalgebra with
non-trivial grading, does not have a superinvolution of the first kind. Also we prove
for a finite dimensional central simple superalgebra A = M, (D) over any field K,
where D is a division superalgebra with non-trivial grading whose center is even, has

a superinvolution of the second kind if and only if the corestriction of A (Tr(A))



splits. However, if the center of D is not even, it is of the form Klu], u € Aj,
u? = X € K. If the characteristic of K is not 2, then such an 4 has a superinvolu-

tion of the second kind (say #) if and only if the corestriction of A splits and A* = —A.

In Chapter 3, we use the classical Skolem-Noether Theorem to study the automor-
phisms of a central simple superalgebra A with a superinvolution, over fields of char-
acteristic not 2. We prove for A, with a superinvolution *, that the group of inner

automorphisms of (A, ) is
inAut(A4, x) = G/ ~= {[b5] | b5 € G},

where G = {b5 € Ap | bybj = a € K*}. We use this and the analogous fact from the
algebra case (see [27, pages 593, 595]), to study in detail the group of automorphisms
of A= M,,(D), and A = M, ,(D), where D = H or R, where H is the Hamiltonian

Quaternion algebra and R is the field of real numbers, with a given superinvolution.

The main purpose of the second part of this thesis is to study the separable su-
peralgebras over supercommutative super-rings, and to show that a central separable
superalgebra over a given field (or Azumaya superalgebra), is a finite dimensional
central simple superalgebra over the field and vice versa.

In Chapter 4, we give the definition of projective supermodules, and we extend the
Generalized Nakayama Lemma to the super case. The most important results of this
chapter are the Morita Theorems (section 3) and the theorem of invariance of rank
for projective supermodules over supercommutative super-rings with no idempotents

other than 0 and 1 (section 4).

In Chapter 5, we present the fundamental theory of non-supercommutative separable
superalgebras, with the attendant theory of the Brauer-Wall group of supercommu-
tative super-ring. In the last section, we give the definition of superinvolutions on
Azumaya superalgebras over supercommutative super-rings, and then we extend two
results on involutions of central separable algebras proved by David J. Saltman [23,
theorem 4.2, 4.4].



Chapter 1
Background

The first part of this chapter contains basic results about finite dimensional simple
algebras. A large part of the results was developed by Albert, Artin, Brauer, and
Noether. The proof of these results can be found in many algebra texts such as [16],
[8], and [25]. In the second part of this chapter we introduce some basic results about
finite dimensional central simple superalgebras obtained by C. T. C. Wall [26] and
M. Racine [21]. In the final part of this chapter we recall some basic results about

Azumaya algebras, the proof of which can be found in [18], [6], and [23].

1.1 Simple Algebras and Involutions

Definition 1.1.1 Let R be a ring. An R-module M # 0 is called simple if it has no
submodules other than {0} and M. The ring R is called simple if it has no two-sided
ideals other than (0) and R.

Theorem 1.1.2 (Schur’s lemma) If M is a simple R-module, then the endomor-

phism ring A = Endg(M) is a division ring.

Definition 1.1.3 A ring R is said to be artinian if any non-empty set of right ideals

has a minimal element.

Theorem 1.1.4 (Wedderburn-Artin) Let R be a simple artinian ring. Then R is

isomorphic to M, (D), the ring of all n X n matrices over the division ring D. Moreover

3



CHAPTER 1. BACKGROUND 4

n and D are unique up to isomorphism. Conversely, for any division ring D, M, (D)

is a simple Artinian ring.

Corollary 1.1.5 Let K be a field and R a finite-dimensional simple K-algebra.
Then R = M, (D) for a suitable division ring D.

Definition 1.1.6 A finite dimensional K-algebra A is called central if K is ezactly
the center of A. For any subset B of A the centralizer of B in A s

Zs(B)={a€ A | ab=ba ¥b € B}.

In this section our main subject is finite dimensional central simple algebras. We will

use the abbreviation c.s. algebra for this concept.

Theorem 1.1.7 (i) If A and B are finite dimensional K-algebras and A’ C A,
B' C B subalgebras, then

ZagxB(A @k B') = Z4(A") @k Zg(B').

In particular, A ®x B is central if A and B are central.
(ii) If A is a c.s. algebra and B is simple, then A @ B is simple.
(iii) A®k B is a c.s. algebra if A and B are.

Definition 1.1.8 If R is a ring we define a ring R° by R° = R as additive abelian
groups while the product o in R° is defined by a o b = ba. The ring R° is called the
opposite ring of R.

It is obvious that R° is in fact a ring. Moreover, R is central or simple or a division ring
exactly when R° is. Clearly R°° = R, and R = R° if and only if R is commutative.
In general, R and R° are not isomorphic. If the K-algebra A is a c.s. algebra, then

A° is a c.s. algebra.

Theorem 1.1.9 Let A be a c.s. algebra over K. Then A ®x A° = M,(K) where
n = dimg(A). d
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Definition 1.1.10 Two c.s. algebras A and B over K are called similar (A ~ B) if
for some integers m and n, A Qg M,,(K) = BQ®x M,(K).

Similarity is obviously an equivalence relation. The set of similarity classes will be
denoted by Br(K). If [4] denotes the class of A we define a product in Br(K) by
[A][B] = [A @k B], one can easily check that this product is well-defined. The class
of the matrix algebras M, (K) is a neutral element for this product. By the previous
theorem every element in Br(K) has an inverse, namely the similarity class of the

opposite algebra. Therefore, Br(K) is a group which is called the Brauer group of K.

Lemma 1.1.11 If K is an algebraically closed field, then Br(K) = {1}.

1

If Ais a K-algebra and « an invertible element of A, then z — aza™" is an auto-

morphism of A. Automorphisms of this kind are called inner automorphisms.

Theorem 1.1.12 (Skolem-Noether) Let A be a c.s. algebra over K and B a
simple K-algebra. Let 0,7 : B — A be two algebra homomorphisms. Then there

exists an inner automorphism ¢ such that 7 = ¢o.

Corollary 1.1.13 Every automorphism ¢ of a c.s. algebra A is an inner automor-

phism.

Definition 1.1.14 Let R be a ring. A map *: R — R is called an involution if

* * %

(z+y) =2"+y, (zy)" =yz", 2" =2
for all z,y in R. The pair (R, ) is called a ring with involution.

Remark. If (A, ) is a finite dimensional K-algebra with involution *, then K* = K,
and therefore we distinguish two possibilities:

(i) *|k is the identity, that is * is K-linear. In this case * is said to be of the first
kind.

(ii) *|k is not the identity, that is *|x is a non-trivial automorphism o of K. In this
case * is o-linear, that is (Az)* = o(A)z* for all z € A, A € K. The involution is

said to be of the second kind. If k denotes the fixed field of o, we get the separable
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quadratic extension K/k.

We now give a theorem which allows us to divide involutions of the first kind into
two separate classes (if Char(K) # 2). If (A, %) is a finite K-algebra with involution
* we define

H(A,x) ={zr € A|z*=12} (symmetric elements)
S(A,x)={zx € A|z*=—z} (skew symmetric elements)
Theorem 1.1.15 Let A be a c.s. algebra of dimension n? over K and * an involution.

(1) If char(K') # 2 then A = H(A, *) ® S(A4, x) as vector spaces.
(ii) If * is of the second kind, then

dimg (H(A, *)) = dim(S(A4, *)) = n?,

where k is the fixed field of o = *|k.
(iii) If * is of the first kind, then either dimg(H (A4, %)) =

If char(K) = 2 one has always dimg (H(4, ¥)) = 3n(n + 1

n(n+1) or = zn(n —1).
O

Let A be a c.s. algebra of dimension n? over K, and * an involution of the first
kind. Let L be a splitting field of A. Extend * to an L-linear map (say J) on
Ap = A®k L = M,(L). The involution * is called of orthogonal type if there exist a
diagonal matrix H = diag{~v1, ..., ¥»}, where ; # 0 € L such that

X/ =HX'H™' VX € M(L).

The involution * is called of symplectic type (and in this case n is even) if there exists

0
a matrix S = diag{Q, ..., Q}, where Q = (

1
, such that
-1 0

X7 =8X'S7!, VX € M,(L).

Examples.
(i) If A = M,(K), where K is a field, then the transposition is an involution (of the
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first kind).

(ii) However, there may exist essentially different involutions on M, (K). For example

(57)-(57)

is the symplectic involution on My(K).

(iii) If R is a ring with involution *, then (ay;) — (o;)" is an involution on M, (R).
(iv) Let K/k be a Galois extension with Galois group G = {1,0}, then (ay;) — (af;)*
is an involution of the second kind on M, (K).

The next theorem gives us the condition on a c.s. algebra A over K to have an

involution of the first kind.

Theorem 1.1.16 (Albert) Let A be a c.s. algebra over K. Then A admits an
involution of the first kind if and only if A & A° or equivalently A is of order 2 in

the Brauer group.

Let K/k be a separable quadratic extension with non-trivial automorphism . We
will give a condition on a c.s. algebra A over K to have an involution of the second
kind extending 0. We first define the conjugate algebra A?. We set A = A as a ring,
but the product by a scalar in A7 is defined by A - a = o(A)a. Of course, A is a c.s.
algebra over K.

Now we consider the canonical map
T AQr A° 52 A®Kk A, a®b—b®a.

This is obviously a ring automorphism of order 2. Moreover 7 is o-linear; in particular,
it is k-linear. We define

Tr(A) = {z € A®k A’ | 7(z) = z}.
Obviously, Tr(A) is a k-algebra.

Definition 1.1.17 The k-algebra Tr(A) is called the corestriction of the algebra A.
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Lemma 1.1.18 There is a canonical K-algebra isomorphism
Tr(4) @y K = A®k A°.
Corollary 1.1.19 If A is a c.s. algebra of K then Tr(A) is a c.s. algebra over k.

We can formulate the existence criterion for unitary involutions:

Theorem 1.1.20 (Albert, Riehm) Let K/k be a separable quadratic extension
and A a c.s. algebra over K. Then A admits a K/k-involution of the second kind if
and only if Tr(A) splits.

1.2 Central Simple Superalgebras

In this section we start with some examples of central simple associative superalge-
bras, and then we give some basic results about central simple superalgebras obtained
by C. T. C. Wall [26] and M. Racine [21].

First we start with the following definitions.

Definition 1.2.1 An associative super-ring is a Zo-graded associative ring. An as-

sociative superalgebra A is a Zy-graded K -algebra (where K is a field)
A= A; + Az
which is associative and such that A;A; C A;y;.

Definition 1.2.2 If A = Aj + A; is an associative superalgebra then the elements
in Ay U Aj are called the homogeneous elements of A. The elements of Ag are said
to be even and those of Aj, odd.

Lemma 1.2.3 If R = Rj + Rj is a unital associative super-ring then 1 € Rj.

Proof Assume that 1 = ej+e; whereeg € Rjande; € Rj. Thenejg=1-¢5 = e5.1
which implies that e = e5 and eger = ejeg = 0. Therefore e; = 1- €7 = egej + €2 = €2
in Ry and so e; = 0, since e; € RzN R; = {0}. O
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Definition 1.2.4 A wunital super-ring R is said to be a division super-ring if all

nonzero homogeneous elements are invertible.

Examples:

(1) Let R be the field of real numbers and let A, u € R* such that A, u < 0, then
the quaternion algebra A = R1 + Ru + Rv + Ruw, where u? = A1, v? = pul, and
uv = —uvu, is a division superalgebra whose center is even. The grading on A is
A; = R1 + Ruv, A; = Ru + Rw.

(2) If K is any field then D = K1 + Ku, u> = X\ € K*, is a division superalgebra

whose center is not even. The grading on D is Dy = K1, D1 = Ku.

Definition 1.2.5 The opposite super-ring R° of the super-ring R is defined to be
R° = R as an additive group, with the multiplication given by

bpocy:=(~1)"c,bs bsg€Rs, ¢, €ER,.

Definition 1.2.6 If R = Rj+Rj is an associative super-ring, a (right) R-supermodule
M is a right R-module with a grading M = Mg+ My as Ry-modules such that

Marg € Mayp for anymy, € Mo, 73 € Rp, a,8 € Zy. An R-supermodule M
is simple if MR # {0} and M has no proper subsupermodule.

Definition 1.2.7 An R-supermodule homomorphism from M to N, where M and
N are R-supermodules, is an Rg-module homomorphism hy, : M — N, v € Zy, such
that hyM, < Nu4, and

hn,(marﬁ)z(hn,ma)rg, Vmg, € M,, rg € Rﬁ, a,B € Zs.

Definition 1.2.8 A (right) super-ideal I = Iy + I7 is a (right) subsupermodule of
the super-ring R considered as a (right) R-supermodule. An associative super-ring is

simple if it has no non-trivial two-sided super-ideal.

Definition 1.2.9 A superinvolution of an associative superalgebra A is a graded ad-

ditive map * : A — A such that

a* =a and (aabp)* = (-1)*’b3al.
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If A is of characteristic 2, this is nothing more than an involution respecting the

grading. An associative superalgebra A over a field K is central if Z(A) = K, where
Z(A) = {aa € Ay | aobs = (=1)%bga, Vb € Ap, 0,8 € Zy}.

If Z(A) = A, then we say that A is supercommutative.

If A is a central associative superalgebra over K and * a superinvolution on .4 then
we say that the superinvolution * is of the first kind if x| = idx and it is of the

second kind if o = x|k is a Galois automorphism on K of order 2.

Examples of associative superalgebras.

(i) Let K be a field of characteristic not 2, then the quaternion algebra A = K1 +
Ku+ Kv + Kuv, where u? = ), v?2 = u, and uv = —vu. In this case the grading on
Ais A = K1+ Kuv, A; = Ku + Kv.

(ii) The algebra of p+ ¢ x p+ ¢ matrices M,4,(D), where D is a division algebra, can
be viewed as an associative superalgebra by taking the diagonal components M,(D)
and M, (D) as the even part and the off-diagonal components as the odd part; this is
an example of simple associative superalgebra.

(iii) A superspace over K is a left K-vector space which is Zy-graded V = V5 & V4.
The associative algebra Endg (V') = [Endg (V)]s + [Endg (V)]1, where [Endg(V)], :=

a € Endg (V) | vga € vaip}, is an associative superalgebra.
B 8 '

An associative super-ring is (right) artinian if it satisfies the descending chain con-
dition on right super-ideals. A superspace over an associative division superalgebra
D = Dy + Dy is a left D-supermodule V such that V = V5@ V; as a Dy (left) vector
space. Let dimp; V5 = p and dimp, V§ = ¢. If p+ ¢ < oo then we say that V is finite
dimensional. If Dy # {0} then for any 0 # d; € Dy, diV5 C Vi and d;V; C V;. Then,
p = ¢ and Endp(V) = M,(D). If D; = {0} then Endp(V) = M, ,(D) as in Exam-
ple(ii). Thus the grading of Endp (V') is induced by the grading of D if D; # {0} and
by a partition of dimp(V) =n=p+ ¢ if D = Dj.

An associative super-ring is simple if it has no non-trivial graded ideal.
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Theorem 1.2.10 If A = Aj + A; is an artinian simple associative super-ring then,
as a super-ring, A = Endp(V), V a finite dimensional superspace over an associative

division superalgebra D.
We recall the Division Superalgebra Theorem which was proved in [21].

Theorem 1.2.11 (Division Superalgebra Theorem) If D = Dj+Dj is a central
division superalgebra over a field K, then exactly one of the following holds, where
throughout C denotes a central division algebra over K.

(i) D=Dsy=Cie,D;=0.

(ii) D = C ®k K[u], u> = X € K*, the multiplicative group of K, D5 = C ® K;
D; = C ® Ku, where K in this case is a field of characteristic not 2.

(iii) D = C, Dy = Cc(u), the centralizer of u in C , D; = {d € C | du = u’d} , for
some quadratic Galois extension K[u] C C with Galois automorphism o.

(iv) D = My(C) 2 C ®k My(K); D5y =C Q@ K[u], D1 =C ® Kujw

where

u=<2 ;)wz((l) _01>eM2(K), N g K2, Char(K) 42,

0 1 10 ) _
uz(}\ 1>,w=<1 1>€M2(K),)\¢{a+a |« € K}, Char(K) =2

and Ku] does not embed in C.

(v)D=C+Cv, Dy =C, D; =Cv, v* =d € C*, va= a*v (a® = vav™?!) Va € C,
where ¢ is an outer automorphism of C over K such that ¢? = ¢, where ¢4(a) =
dad™',Va € C, and d? = d.

This last case can occur only if C is infinite dimensional over its center K. a

Note that in theorem 1.2.11, Z(D)ND; # 0 if D is of type (ii). Hence, following Wall
[26], we call it a division superalgebra of odd type. If D is of type (i), (iii) or (iv),
Z (D) N D; = 0. Therefore, we call it a division superalgebra of even type.

Also we should recall that a central simple superalgebra over a field K is a finite

dimensional central simple superalgebra over K.

Proposition 1.2.12 Let A = M, (D) be a finite dimensional central simple superal-

gebra over field K, where D is a division superalgebra with non-trivial grading, then
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A has a superinvolution if and only if D has a superinvolution. The superinvolutions

on A and D are of the same kind.

Proposition 1.2.13 Let D = Dy ®x K[u], u?> = A € KX, D = D® Ku. If D
has a superinvolution, then we can choose u such that v* = u and \* = —)\. If the
characteristic is not 2, this implies that *|p, is of the second kind. Conversely, if ~ is
an involution of Dy and X # 0 is an element of K the center of Dy such that A = —),
the superalgebra D = Dy @ K|u], u2 = ), has a superinvolution * extending ~ given
by

(a+ bu)* == a + bu.

a

If D is a division superalgebra as in cases (iii) and (iv) of the Division Superalgebra
Theorem(1.2.11) and 0 # v € D then for all a € D, va = a®v, where a ~ a? :=

vav~! is an automorphism of Dj.

Proposition 1.2.14 Let D = Dj + D; be a division superalgebra as in cases (iii)

and (iv). If D has a superinvolution * then Dj contains a 0 # v = v*. Moreover,

d* = —d, where d =% and (1)

Vé=b""*  Vbe Dy (2)
Conversely, if x is an involution of Dy, satisfying (1) and (2), then
(a+bv)* == a* + b*%
extends * to a superinvolution of D.

Remark. For (D, *) as above. One checks that if x satisfies (1) and (2), then *¢ is

an involution of Dy which extends to a superinvolution of D via

a+bv e a®+ b,
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In order to obtain more information on central simple associative superalgebras (A, )
we first start with elementary results for super-rings. The next lemma is a version of
a standard result for rings with involution. We say that (A, x) is simple if the only

*-stable super-ideals of 4 are 4 and (0).

Lemma 1.2.15 If A is an associative super-ring with superinvolution * such that
(A, *) is simple then either A is simple as a super-ring or A = B & B*, with B a

simple super-ring. ]

In the second case B* is isomorphic to the opposite super-ring B° of B. We will
consider a super-ring A with non-zero odd part. To avoid double indices, we will
write 4 = A + B, where A = Aj is the even part and B = A;j the odd part.

Theorem 1.2.16 Let A = A+ B be an associative super-ring with B # {0}, and x

a superinvolution of A. If (A, %) is simple, then either (A, x|A) is simple, or
A=A1EBA2, BZBl@B%

where (A;, *|4,) are simple and B; are irreducible A-bimodules with

Bi=B, and Bj=DB, (3)
such that
A1B; = B; = BiAj,  AyBy; = By = ByA;, (4)
BlB2 = A17 BQBI = A27 (5)
{0} —_ AgBl = A1B2 == BlAl - B2A2 = BlBl = B2B2. (6)
O

Remark. If A = A; @ Ay + By @ By with A; *-stable, B; irreducible A-bimodules
satisfying (3), (4), (5) and (6) then there is no proper *-stable ideal I of A with
INBIB # {0}.

We will need more information on the superinvolutions of A when the grading is
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not inherited from that of D, that is, D = Dg, and A is finite dimensional. If
A = M,,,(D), A = M,(D) & My (D), p,q > 0, then we are in one or the other of
the situation, described in Theorem 1.2.16. We consider each case in turn using the

notation of Theorem 1.2.16..

Proposition 1.2.17 If A = M,.,(D), p,q > 0, is a superalgebra with 4; = 4 =
M,(D) & M,(D) and (A, x|4) is simple, then p = ¢, M,(D) has an involution ~ and
(A, *) is isomorphic to (Ma,(D), *) with the superinvolution * on Ma,(D) given by

a b ) d —b
(c d>:<é a)’ ()

for a,b,¢c,d € M,(D). Conversely, if M,(D) has an involution ~ then (7) defines a

superinvolution on the simple superalgebra Ma, (D). a

Proposition 1.2.18 If A = M,.,(D), p,q > 0, is a superalgebra with A = A; @ A,,
Ay = My(D), Ay = M,(D), and (A, *|4) is not simple then (A, *|4,) and (Az, *|4,)
are of the same kind. If A is finite dimensional over a field of characteristic not 2 and
* is of the first kind then one (A4;, *|4,) is orthogonal type and the other of symplectic
type. O

1.3 Azumaya Algebras

In this section we shall set out resﬁlts about projective modules and separable alge-
bras. The proof of these results can be found in [6] and [18]. In what follows R will
always be a commutative ring with 1. All rings have a unit element, all modules are

unitary.

Definition 1.3.1 An R-module M is called projective if it is a direct summand of a

free R-module.

Equivalently, every epimorphism N — M — 0 splits. Another characterization of a
projective R-module M is that M has projective basis {z;, fi}; i.e., z; is in M, f; in
M* = Homg(M, R) and for each z in M, z = Y, fi(z)z; (almost all f;(z) are zero).



CHAPTER 1. BACKGROUND 15

If M is finitely generated and projective, then it admits a finite projective basis.
If R is commutative then an R-module M is called faithfully projective if it is finitely
generated, projective and faithful (faithful means that its annihilator in R, annihg(M),

is zero).

For any R-module M, consider the subset Tg(M) of R consisting of elements of
the form ) fi(z;) where the f; are from Hompg(M, R) and the z; are from M, then
Tr(M) is a two-sided ideal of R, called the trace ideal of M.

Lemma 1.3.2 (Generalized Nakayama Lemma) Let R be a commutative ring
and M a finitely generated R-module. An ideal I of R has the property that IM = M
if and only if I + annithg(M) = R.

Corollary 1.3.3 If M is a finitely generated, projective R-module, where R is a
commutative ring, then Tg(M) @ annthg(M) = R.

Corollary 1.3.4 Suppose M is faithfully projective over R. Then Tg(M) = R.

Proposition 1.3.5 Let R be a commutative ring and M and N, R-modules. Then
(1) M ®g N is faithfully projective over R if both M and N are.

(2) There is an isomorphism
P EndR(M) Rr EndR(N) — EndR(M Rr N)
given by sending f ® g to ¥ (f ® g}, where ¥(f ® g)(m ®n) = f(m) ® g(n).

For an R-algebra A, we shall let A° denote the opposite algebra of A. The enveloping
algebra is defined by A° = A ®p A°.

A® has the following useful property: an (A,A)-bimodule M whose induced left and
right R-actions coincide (i.e., a(mb) = (am)b and rm = mr Va,b € A,m € M,r € R)
is characterized as a left A°-module, with action (¢ ® b)m = amb. In particular, A is

a left A®-module. There is an epimorphism of left A°-modules
pw:A®— A

satisfying u(a ® b) = ab.
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Definition 1.3.6 A is said to be R-separable if u splits as an A°-homomorphism,

or, equivalently, if A is A®-projective.

If A is R-separable then y is split by an A®-map ¢ : A — A® (uyp = 1). Thus there
exists an element e = (1) in A® satisfying u(e) = 1 and (1 ® a)e = (a ® 1)e for all
a € A. Conversely, if such an e exists, then A is R-separable. Such an e called a

separability idempotent.

Proposition 1.3.7 Let A be a separable R-algebra which is projective as an R-

module. Then A is finitely generated as an R-module.

Corollary 1.3.8 Let K be a field and A a separable K-algebra. Then dimg(A) is

finite and L ® x A is semisimple for every field extension L of K.

Remark. Let K be a field. If A is a finite dimensional K-algebra, semisimplicity of
L ®g A, for every field extension L of K, is equivalent to A being K-separable.

Definition 1.3.9 An R-algebra A that is faithful, separable over R and has R as its

center, will be called a central separable R-algebra (or Azumaya algebra).

Remark. If A = Homg(P, P), where P is a faithfully projective R-module, then A

is a central separable R-algebra.

Proposition 1.3.10 Let R be a field and let A be an R-algebra. Then A is a central
simple R-algebra if and only if A is a central separable R-algebra.

For any R-algebra A we have seén that A is naturally a left A®-module. This
structure induces an R-algebra homomorphism ¢ : A° — Homg(A, A) defined by
d(a® b)(x) = axb for all a,b,z € A. The next theorem states, in the case that A is

a central separable R-algebra, this algebra homomorphism ¢ is an isomorphism.

Theorem 1.3.11 Let A be an R-algebra. The following conditions are equivalent:
(1) A is a central separable R-algebra.

(2) A is A®-projective and A is R-separable.

(3) A is faithfully projective as an R-module, and the R-algebra map ¢ is an isomor-

phism.
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Corollary 1.3.12 Let A be a central separable R-algebra. Then there is a one-to-
one correspondence between ideals I of R and ideals U of A, given by I — I A and
U—-UNR.

For A,B central separable R-algebras, write A ~ B if there exist faithfully projective
R-modules P, @ such that AQzEndg(P) & BrEndg(Q) (R-algebra isomorphism).
Then ~ is an equivalence relation. Let B(R) denote the set of equivalence classes of
central separable R-algebras. Write [A] for the class of A in B(R). Define a product
on B(R) by [A][B] = [A ®g Bj; this is a well-defined operation. It is easy to check
that B(R) is an abelian group, with [4]~! = [A4°] and [R] = 1. B(R) is called the
Brauer group of R.

Finally, we recall two results proved by David J. Saltman [23].

Suppose R is a commutative ring, o an automorphism of order 2, P a faithfully projec-
tive R-module, and I a rank one R projective module. A morphisme: P®P — I is
called a bilinear I form on P, a morphism e : P® P° — I is called a o bilinear I form
on P. Such a form induces a map e* : P — Homg(P,I) (or e* : P — Homg(P?,I))
given by €*(p)(¢q) = e(p, ¢). In a similar manner, we define e, by e.(p)(q) = e(q,p).
The morphism e is nondegenerate if e*, e, are isomorphisms. The next result shows

that the existence of involutions on Endg(P) is equivalent to the existence of forms
on P.

Theorem 1.3.13 Let A = Endg(P), where P is a faithfully projective R-module.
(a) A has an involution of the first kind if and only if there is a rank one R-projective
I, a nondegenerate bilinear I form e on P and a 6 in R such that 62 = 1 and

e(z,y) = de(y,z) for all z,y in P.

(b) Let o be an automorphism of R of order 2. Then A has an involution of the
second kind extending o if and only if there is a rank one R-projective I with a
o-linear automorphism of order 2 (also called o) a o-bilinear I form e on P and an
element § in R such that 0(6)d =1 and o(e(z,y)) = de(y, z) for all z,y in P. O
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We call a commutative ring local if it contains a unique maximal ideal, and we call
it semilocal if it is a finite direct product of local rings. Also we call a commutative

ring R connected if the only idempotents in R are 0 and 1.

Theorem 1.3.14 Suppose R is a connected semilocal ring, and A is Azumaya over
R. If R/S is a Galois extension with Galois group {1,0}, then Tr(A) ~ 1 if and only

if A has an involution of the second kind extending o.



Chapter 2
Superalgebras with superinvolution

In this chapter we will develop the theory of superinvolutions on finite dimensional
central simple superalgebras. First we generalize the Skolem-Noether Theorem to the

superalgebra case since we use it in this work.

2.1 Superinvolutions of the First Kind

In this section we show which kinds of superalgebras do not have a superinvolution
of the first kind.

Before we generalize the Skolem-Noether Theorem, we need the following definitions.

Definition 2.1.1 Let A = M,(D) be a central simple superalgebra over field K.
Then A is of even type if Z(A)NA; = {0}. A is of the odd type if Z(A)N.A; # {0}.

Definition 2.1.2 Let A = Aj + Ai, B = By + Bi be associative superalgebras. Then
the graded tensor product

A®kB = [(A; ® Bg) @ (A1 ® Br)] @ [(As @ Bi) @ (A1 Q By)]
where the multiplication on AQkB is induced by
(aa ® bg)(c, ® ds) = (—1)"a0c, ® bsds, an € Aa, ¢y € A,, bg € By, ds € Bs.
If A and B are associative superalgebras, then AQgB is an associative superalgebra.

19
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Definition 2.1.3 Let A be any K-superalgebra. For any aq, € A,, we define

& = (—1)%a.

The map v is a superalgebra automorphism since (agbg)” = (—1)**Pagbs = ayb for
any a, € A, and bg € Ag. If Char(K) # 2 and A; # {0} then v has order 2,

otherwise v = id 4.

Lemma 2.1.4 If A is a central simple superalgebra over field K of even type. Then
v is an inner automorphism. If A is of odd type and Char(K) # 2 then v is not

inner.

Proof If A = M,,(C) where C is a finite dimensional central simple division algebra
I, 0

0 -1
finite dimensional division superalgebra with non-trivial grading of even type over

over K. Then a% = ua,u~! where u = ( ) .If A= M,(D) where D is a

field K of characteristic not 2,then a¥, = ul,a,u™'I, where u as defined in type (iii)
or (iv) in the Division Superalgebra Theorem. If Char(K) = 2 then v = id4, and
hence let u = I,,.

If Ais of odd type and char(K) # 2 then A = M,(D) where D = D; + Dyu,
u? = )\ € K*, is a division superalgebra of odd type. If b5 is an invertible element in
Ap such that af = bgagby’ for all ¢, € A, then w” = —u = bguby’ = u since u €
Z(A), a contradiction. O

Theorem 2.1.5 (Skolem-Noether Theorem) Let B be a central simple super-
algebra over the field K, and let A be a simple subsuperalgebra over K. Then any
superalgebra homomorphism f of A into B can be extended to an inner automor-
phism of B if B is even. If B is odd then f or fv can be extended to an inner

automorphism but not both of them, where v : B — B such that a% = (—1)%a,.

Proof Let E = B°®gA, where B° is the opposite superalgebra of B, then by [16,
Theorem 2.3 (2)] F is a simple superalgebra over K. Using the homomorphism f of A
into B, we make B into a right F-supermodule in two ways. In the first way, the action
i8 Z,.(bg ® aa) = (—1)P7bgz a4 and the second action is z,.(bg ® aa) = (—1)"bsz,af

where f is the given superalgebra homomorphism of A into B. Then B is a right
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E-supermodule under these two actions. By [21, proposition 4], these supermodules
are isomorphic. Hence there exists an isomorphism s; such that
55(T-(bg ® aa)) = s5(z).(bsg ® af) therefore

(=1)"s5(bsz100) = (=1)PT*bs(s5(z,))al
and so
55(bp4a0) = (—1)%bg(s5(z,))al.- (8)
For bg = 1, s5(xyaa) = ss(z,)al. Letting z, = 1, we have
s5(aa) = ss(1)al. (9)

For a, = 1, (8) gives you s5(bsz,) = (—1)*°bgss(z,) and for z, = 1, we have s;(bg) =
(—1)P°bgs4(1), but from (9),

(s5(1))f = (=1)Pbgss(1)
and therefore we have
bh = (=1)%(s5(1)) "bgss(1).
For § =0
b = (s5(1) " bgss(1).
For 6 =1
b = (s5(1)) " bgss(1).

For B even, v is an inner automorphism but not for odd B. Therefore f can be
extended to an inner automorphism on B if it is even. If B is odd then f or fv is
inner but not both of them. O

We now turn to another classic result in the theory of superalgebras; it is usually
called the double super-centralizer theorem. We recall the notation: if A C R then
éR(A) = Cj + C1 where

Co ={re € Ro | 7oy = (—-1)*zyry V2, € Ay}
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Theorem 2.1.6 Let R be a central simple superalgebra over field K, and let A C R
be simple subsuperalgebra over K and containing it. Then

(1) Cr(A) is simple, and

(2) éR(éR(A)) =A.

Proof Let £ = Endg A and let

To, A=A, 2,15, = T0,.

Then A, = {T,, | 6o € A (a =0,1)} £ A (aq — T,,). Thus, A is imbedded in E
as A,.
Claim :

(1) CA’E(Ar) = A,;, where
A= {Lma | 25 € A5 ; agLqy; = (‘—1)(16.’115&(1} CE.

(2) A, is simple.
Proof of the Claim :

1) (2)

(aaTys)Las = (aayp)Le; = ,

1% z5(aqys)
1)‘5("‘+5)(x5a )ys
1)% (aaLas)ys

)

1)*(aaLs;) Ty, -

Therefore, T,y L,; = (— 1)° L”T which implies that L,, € (Cr(4,))s so

(=
(=
= (=
(-

Al g CA’E’(‘Ar)

(C) let f5 € (C’E(A,))g then it easy to check that fs = Liys € (A;)s. Therefore,
Cu(4,) = A,

(2) Since A° is simple, it is enough to show that A; = A° to prove that A; is simple.
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Let the map ¢ from A° to A; be defined by z¥ = L,,. Then

aq (%5 © yw)¢ = GaLlgsoy, =

Therefore, ¢ is an onto superalgebra homomorphism and if 5 # y, then 1-Ly; # 1-L,,
which implies that 1 is 1-1 and so A° & A;. Therefore, A; is simple.

Now, we show that C5(Cr(A4,)) = Cp(4) = A,.
Let T,, € (A,)q then Yys, x5, gLz, Tu, = (—1)*%ysT,, Ly, Therefore,

T,. € (Cu(A))a

and hence, A, C Cg(4)).
Conversely, let gg € (Cz(A;))s then it is easy to check that g5 = Ty, € (4,)s.

For the general case let £ = R®xEndg A, then E is a central simple superalgebra over
K. Since A C Endg A (considering A as A,) and A C R, A®1, 1®A are finite dimen-
sional simple subsuperalgebras over K in E. Also, ¢ : A®1 — 1®A (a,®1 — 1Qa,)
is a superalgebra isomorphism, so by the Noether-Skolem Theorem, ¢ can be extended
to an inner automorphism on F (if E is even) or ¢ or ¢v can be extended to an in-

ner automorphism on E but not both of them (if £ is odd). Therefore in all cases
Cr(A®1) = Cz(1® A), and Cp(Cs(A® 1)) ~ Cx(Cs(1® A)). But

Ce(A®1) = Cr(A)&kEndy A

and
Ce(1® A) = R®xCrnaya(A) = RO A = RO A°.

Hence

Cr(Cr(A®1)) = Cr(Cr(4))&xK = Cr(Cr(A))
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and
C’E(éE(l@A)) = K®KéEndKA(C’EndKA(A))
= K®KC'EndKA(A°)
~ K®gA,
~ KA
>~ A,
Therefore,

A= Cp(Cr(4))
but A C Cr(Cr(4)) so, A = Cr(Cr(A)).

Now, we have seen that
Ce(1® A) = R&xA° = Cp(A®1) = Cr(A)®kEndk A,

but R®x A° is simple. Thus Cz(A ® 1) is simple. In consequence Cr(A) is simple.[]

Now, by using [16, Theorem 2.3(3)], we shall define the similarity of finite dimen-

sional central simple superalgebras over a given field K.

Definition 2.1.7 Two finite dimensional central simple superalgebras A and B over
a gwen field K are called similar (A ~ B), if there exist graded K -vector spaces V =
Voo Vi, W =W;® Wi, such that AQxEndV = B&xEndW as a K -superalgebras.

It can easily be seen that similarity is an equivalence relation on finite dimensional
central simple superalgebras over a field K. The equivalence class of a finite dimen-
tional central simple superalgebra A is denoted by < A >. By using [16, Theorem
2.3(3)] the operation < A >< B > = < A®B > is well-defined, and makes the set
of similarity classes of finite dimensional central simple superalgebras over K into a
commutative group, BW(K). (the Brauer-Wall group of K). [16, Proposition 4.13].

Lemma 2.1.8 (1) Let D = Dj + Dj be a central division superalgebra of odd type

over field K of characteristic not equal to 2, then D does not admit a superinvolution
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of the first kind.
(2) If D is a central division superalgebra with non-trivial grading of even type over

any field K of characteristic not 2, then D does not admit a superinvolution of the
first kind.

Proof (1) Let * be a superinvolution of D , then (u?)* = —(u*)? = A* = — )\, where
u and A are as defined in type(ii) of the Division Superalgebra Theorem 1.2.11. Thus,
* is a superinvolution of the second kind.

(2) For D of even type we use a proof by contradiction.

Assume that D admits a superinvolution * of the first kind and let ~ = x |p,. By
[21, Proposition 10] D; contains v # 0 such that v* = v. Then, let ¢ : D — D be
defined by z% = vzv~!. If ~ is an involution of the first kind on D then ~¢ is an
involution of the second kind on D and vice versa.

Assume that ~ is of the first kind. We have H(K(u), ~¢) = {z € K(u) | ¢ =
z} = K, where u is as defined in the cases (iii) and (iv) in the Division Superalgebra
Theorem 1.2.11. Then (Dg®x K (u))e is a (~ ®1)-stable proper ideal in Dy @k K (u),
where e = 1%, and z = 2% where A = u? € K*. Therefore, (D ®x K(u),* ® 1)
is as in [21, Theorem 12]. Now D ®k K(u) = My(C'), where C' is a central simple
division algebra over K(u). The grading on M,(C’) is not inherited from C’, because
if the grading were inherited from C’ then Z(M,(C')) would be a field and equal to
Z(Ds Qk K(u)) = K(u) ®k K(u), a contradiction. Thus, D ®k K(u) = Mpy.4(C'),
where n = p + ¢, but

dimK(u) (D() QK K(u)) = dimK(u)(Di Sk K(u))

Hence p = ¢, and therefore D ® x K(u) = M,,(C'), which implies that D Qg K (u) =
M,(C") @ M,(C'). By [21, proposition 14], * ® 1 restricts to an orthogonal involution

on one of the summands of Dy ®x K (u), and to a symplectic involution on the other
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summand. Thus,

dimpgy) H(Dy Ok K(u),~ ®1) = dimg(y) H(M,,(C’), ~ ®1)
+ dimg S(M,(C), ~ ®1)
= dimK(u) MP(C’)

= dimK(u) D@,
where S(M,(C"),~ ®1) = {z € M,(C') | z~®* = —z}. But this is impossible since

dimg @) H(Dg ®x K(u),~ ®1) = dimgw)(H(Ds, ~) ®x K(u))
= dimg H(Dg, ~)
= 2 dimK(u) 'H('D(), N).

Now, if ~ is of the second kind then
e+t a®+bw !t a,be Dy

is another superinvolution on D whose restriction to Dy is of the first kind and will

lead to the same contradiction above. U

Moreover, we will find an example of a superalgebra A of order 2 in the BW(K)

(i.e., A = A°) which does not have a superinvolution of the first kind.

Example : Let K be any field of characteristic not equal to 2 such that ¢ =
vV—1€ K. Let a,b € K, where a not in K? then the K-superalgebra A = (a,b) has
two generators u,v with defining relations :

u? = a, v? = b, uv = —vu. Therefore, the quaternion algebra A = K& Ku®KvdKuv
is a division superalgebra with basis {1,u,v,uv}. (45 = K ® Ku, A; = Kv ® Kuv).
By Lemma 2.1.8, A does not have a superinvolution of the first kind but it is of order
2 in BW(K). To see this, define the K-linear map x : A — A as follows : o* = «
Va € K ; u* =u;v* =1 ; (uw)* = ivu = —iuv then * is a K-antiautomorphism on
A, which is of order 2 in BW(K). O
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2.2 Existence of a Superinvolution of the Second
Kind

In this section we investigate the existence of superinvolutions of the second kind.
We will do that case by case on the division superalgebra D.

Let K /k be a separable quadratic extension. We want to find conditions for D to ad-
mit a K /k-superinvolution of the second kind. A necessary condition is the existence
of a K /k-graded anti-automorphism on D (say J) (i.e., J is a K /k-anti-automorphism
respecting the grading on D). We define the conjugate division superalgebra D. We
set D = D as a super-ring, but the multiplication by a scalar on D is defined by
Ad = M d. Therefore, a K/k-graded anti-automorphism J is simply an isomorphism
D =D (o: the opposite). Fix such a J. Then z/° = z, Vz € D;. For if not, we
can define another graded anti-automorphism I on D such that z!° = z, Vz € D;.
7= yzy

where v € Dg, and vy’ = 1 [25, theorem 8.2]. Let a = (1 +)~! (y # —1). A trivial
J

To show this, assume that J? |p,# idp, but since J |p, : Dy ~ Dy, so @
computation shows that z/ = az’a™!, Vz € D, is another graded anti-automorphism
on D, and z”° = z, Vz € D [25, Theorem 8.2]. Therefore we may fix a K /k-graded

anti-automorphism J on D such that z/° =z, Vz € D;.

Theorem 2.2.1 If D =Dy + Dj is a central division superalgebra of odd type over
the field K of characteristic not equal to 2 then D admits a superinvolution * of the
second kind if and only if D ~ D" and D = Dy ®x K(u), u2 = A € K, \% = =),

where o is the Galois automorphism on K/k.

Proof. If * is a K /k-superinvolution of the second kind on D then % : D — D' is an
isomorphism, so, by [21, Proposition 9], D = Dy ® K(u), where u? = A € K and
u* = u. This implies that A* = A7 = —A.

Now, if D is isomorphic to D°, we may fix a K /k-graded anti-automorphism J on
D such that z/° = z, Vz € Dy. However, 42 = X and A/ = A* = —), and therefore
() = —(u?)? = —\ = —u?. This implies that u/ = v or u/ = —~u. If u/ = —u then

J

replace © by Au. Then in all cases we have u’ = u, and therefore *x : D — D defined

by (a + bu)* = a’ + b’u, Ya,b € Dy, is a superinvolution of the second kind on D. O
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The following example shows that the condition D isomorphic to D° under J, where
J is a K /k-antiautomorphism on D, is not enough to say that D admits a K/k-

superinvolution.
01

10
J : D — D as follows: u— u and o + fv2 — a — fv/2, Vo, B € Q[i]. Then a com-
putation shows that D L D but D does not admit a superinvolution of the second
kind. For if D has one (say *) then 3 v/ = yu € D1 such that (a + bu')* = o’ + b/v'.

Then *J is an automorphism on D, and therefore, by the Skolem-Noether Theorem,

Example Let K = Q[i](v2) and D = K & Ku, u = ( ), u? = 1. Define

xJ or v x J is an inner automorphism, but not both of them (since D is odd)

Case(1) : +J is inner . Then v, € D, such that Va,b € K (a + bu')*’ = v,(a +
bu'yv;! = a+ bu' = a + b(u')’; therefore, (v')’ = v = (yu)! = v/u/ = v/iu = vyu.
Then, v/i = v, if v =  + yv2 € Q[i](v/2). In that case, (z — yv2)i =  + yv/2 so

z(1 — 1) = —yv/2(1 4+ 1), and therefore v/2 = ;ﬁ:;) € Q[i] (y # 0, because y = 0

implies that v/ = v = i = 1), a contradiction.

Case(2) : v J is inner. Then Jv, € D, such that Va,b € K (a + bu')"* = vy(a +
bu')v;t = a+bu' = a—b(u')’; therefore, —(u')’ = u' = —(yu)’ = —y/u’ = —yliu =
yu and so —y’i = v, if y = z+yv/2 € Q[i](v/2). In that case, (—z+yv2)i = z+yv/2
so z(1 + 1) = yv/2(=1 4+ 14), and therefore v/2 = -ﬁ%% € Q[i] (y # 0, because y = 0
implies that v/ = v = i = —1), a contradiction. (]

Lemma 2.2.2 If an even division superalgebra D with non-trivial grading admits
a K /k-graded antiautomorphism J such that z’ =g,V € Dy, then J? is an inner
automorphism, and z7° = bzb~! for b € Z(Dp).

Proof Since D is a central simple algebra over K, the map J? is an inner automor-
phism on D. Hence z/° = bzb~!, for a suitable invertible element b = by + b1 € D.
Now, if Char(K) # 2 then for u € D as defined in cases(iii) and (iv) in the Division
Superalgebra Theorem 1.2.11, u’* = u = (by+by)u(bg+b;) ™" = w(bs—b1)(by+b7) ! <
(g —bi)bg+ b)) =1 b—-bi=b+bi<b=0c0bcD; If Char(K) = 2
then u’” = u = (b + by)u(bs + br)~" = (ubs + (u + 1)b1)(bg + b1)~* = u implies that
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(u(bg+b1) +b1)(bg+b1)~! = u and so u+by (b +b;) ™! = u. Therefore b;(bg+b;)~! =0
so by = 0. Therefore b = by € Dg. But 27 =2 Vz € Dg, so b € Z(Dg). O

Lemma 2.2.3 Let D be as in the lemma above. If D° £ D and D° % D such that
J? |py= I? |py= idp,, where I and J are K/k-graded antiautomorphisms on D. Then

3 a4 € D, such that ! = ay,z’a>l, Vz € D.

a )

Proof (i) (Char(K) # 2). Since u/ € Z(Dg) and (u’)? = (u?)’ € K, we have
u/ = yu, where v € K*. So, u'* = y9/u = u; therefore v9/ = 1. By Hilbert’s
theorem 90, 3 p € K* such that u(u')’ = pu= = v. Now (u~7u)’ = u~Ju, so if

2 . .
7 = u. However, u! = Bu and v!” = 87y = v implies

we replace u by p~7/u, we have u
BBF =1 for some B € K*. By the Skolem-Noether Theorem, 3 a = a5+ a; € D such

that 2/ = az’/a"!, Vz € D. Now

w =Bfu=av’a! = aua’?

= (ag +ai)u(as +az)”"
= u(ap —ar)(eg + 1)~

= B =(ag—ai)(ag+a;)™ = 1= '8 = p'(ag — a1)(ag + a1) " = (a5 —a1) =
ag + a1 = (8" — 1)ag = 0 and (67 + 1)a; = 0.

For (8! — 1)ag = 0, we get that ' = 1 ora; = 0 < a; = 0 or a5 = 0. For
(BT +1)a; = 0, we get that B = —1 ora; =0 a5 = 0 or a; = 0. So in all cases we
have that a = a, € D,,. ,

(ii) (Char(K) = 2). Since K = k(\) such that AY = A+ 1, Al = A+ 1 and u/ €
Z(Dg) = K(u), we have u/ = a + Bu. However, v/ = dv € Dyuv = D; and so
vl (v)l = a+ Brvuv! = a+ Bl +u) = a+ B+ Pfu = F+u’. But also
v/u! (v7)! = (vluw)’ = (1+u)’ = 1+u’; therefore 8 =1 and so u/ = a+u. Since
v’ =(a+u) =a’+a+u=u wehavea’ +a=0andsoa’ =ack. Ifa=0
then u’ = u; if not then replace u by 1u we get u’ =1+ u and since A\’ =1+ ) we

have (A + u)? = X + u. Therefore, we may assume that v/ = v and v/ = v + u for
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some 7y € k. Now,

wW'=y+u=av’a? = a(l +u)a?
= (ag+a7)(l +u)(ag +a7)”"
= 1+ (ag+ a7)u(ag + a7)™*
= 1+ (uag + (u+1)ag)(ag +a7)™*
= 1+ (u(ag + a1) +ai)(ag +a7)~"
= 1+u+ai(ag+a7)™".

However, (y+1) = ai(ag+a1)~}, and therefore (y+1)(ag+ai) = aj and so (y+1)ag =
vas which implies that ya; = 0 so v = 0 or a; = 0 but if ¥ = 0 then a5 = 0. Therefore,

we have a = a, € D,. O

Lemma 2.2.4 Let b € Dj be as in Lemma 2.2.2. Then
(i) b7 = b/b € k*.
(ii) b7 does not depend on the choice of J and b.

Proof (i) the equation 27 = bz,b~! implies

gl = (&) = (baad™") = b7zl
J)J2

= bxivb”l

:(a:

= brlb™! = bzlb’ = zJ = b6~ Tx/b/b. Hence b’b € K. In fact b’b € k since
(67b)7 = b7b. Therefore, (b7b)7bb" = b(b'b)7b" = b(b7b)b’ = (bb7)(bb") = bb = bb”.
(ii) Let I be another K /k-graded antiautomorphism on D such that z!° =z , Vz €
Dg. Then, by Lemma 2.2.3, 3 a, € D, such that 2/ = a,z’a;! Vz € D.

Fora=0:

a:éz = a()(aﬁxéagl)Jag

1

— g~ b h=Llad o1
= apag” brgb "agagz".
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Claim : (a(,anb)(a()ang)I = bb’.

Proof of the claim :

(a@ag"b)(a@ag‘]b)l = aga-’Jba@(aga-_Jb)Ja—l
= apag ~Tbag b"b a; ~1p-1 ao ~1
Ek
= b’b.
Foro=1":
x{; = ai(aizja;') a7’

= (-~ (1) oo rl)beﬁb-la{agl-
= —ai(ay")’bash~ afa;".

—l)J

Since (a1a7’)’ =1 = —(q]

J
a3

= 1, we have (a7')’ = —(af)™" and therefore,

(af)~'b)(az(af)70)" = bb”.

Proof of the claim :

1601
2’ = ai(af)tbzgbladar".
(a1(a

(ar(af)~"b)(ar(af)~'0)" =

Q
—
~
Q
e M ey

)~lbai(—1)b7 (—1)bas b afag?

)~lbai b7b a7 b afas!

Il

Q
=
—_

Q

Il
Q
=
—
Q

1

o> o~
SV
-g °~

O

Theorem 2.2.5 In the situation described above. The even division superalgebra

D = Dj + Dj with non-trivial grading admits a K /k-superinvolution if and only if
b’ € N(K*) := {aa’ | a € K*},

where b as defined in the lemma above.
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Proof (=) Choose b = 1.

(<=) We can write bb’ = aa’, where a € K, and replacing b by ba™!

we may assume
bb’ = 1. If b = —1 we are finished, since J is a superinvolution of the second kind.

Otherwise we show that the map
I1:D—D

= (14 56)" 27 (1 +b)

is a K/k-superinvolution.

Notice that v/ = v/, Vy € K. Moreover,

(1+0)" (zays)’ (1 +b)

(— 1)aﬂ(1+b) yﬂm T(1+0)

= (=D)*1+0) " ys(1+b)(1+b)zl(1+0)
(—1)*Pypal,

(xayﬁ)l =

and

I (1+8)71 (1 +b) e (1 + b))’ (1 +b)
= (1+b)7"11+b) bagb™ (1 +b)7/(1+b)
= (1+0) "1 +b)xsdb™ (1 +67)"1(1 +b)
= z5((1+b7)b)"1(1 +b)
z5(1+b)"1(1+b)

= CIIﬂ.

Therefore I is a K/k-superinvolution on D. d

2.3 The Corestriction.

We generalize the method due to Riehm which improves on Albert’s original approach

to superalgebra case, to formulate the existence criterion of superinvolutions of the
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second kind. First we have to start with the corestriction of central simple superal-

gebras.

Let D = Dg + D;j be a. central division superalgebra over K with non—trivial
grading. Let K /k be a separable quadratic extension with non-trivial automorphism.
Let D be the conjugate K-division superalgebra as defined above. Consider the
canonical map

v:DR®kD — DRxD
(aq ® bg)" = (—1)“5b,3 ® Qg

Clearly v respects the grading and

((aa ® bg)(cy @ ds))” = (—1)ﬂ7(aa07 ® bads)”
— (_1)ﬂ7(_1)(a+1)(/3+5)bﬂd6 ® GaC,
= (—l)aﬁ+aé+76bﬂd5 @ G Cy (10)

and

(a0 ®bp) (¢, ® ds)” = (=1)*(bs ® aa)(—1)"(ds ® c;)
= (—1)aﬂ+a6+7‘sbﬁd§ & anCy (11)

so, from (10) and (11), v is a graded algebra homomorphism of order 2. Moreover, v

is semilinear, since

'

(Maa ®bg))” = (Maa®bg)”
(—1)aﬂbﬁ &® )\.aa
(—1)aﬂb5 ® /\Jaa
= /\J(aa ® bﬂ)".
In particular v is k-linear. Define
Tr(D) = {z € DD | 2* = 1}

obviously, Tr(D) is a k-space. However, Tr(D) is also closed with respect to multipli-

cation since (zy)” = z¥y” = zy, Vz,y € Tr(D). Therefore, it is a k-superalgebra.
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Definition 2.3.1 The k-superalgebra Tr(D) is called the Corestriction of the super-
algebra D.

Lemma 2.3.2 Thereis a ganonical K -superalgebra isomorphism
K& Tr(D) ~ D&kD.
Proof Consider the canonical map
Y : K x Tr(D) — D&xD
(o, z) = az.
¥ is a k-bilinear and multiplicative. It induces a k-superalgebra homomorphism
¢ : K& Tr(D) — D&kD.

¢ is K-linear. To prove that ¢ is bijective choose A € K such that K = k + kX and
A = =) (if Char(K) # 2), A’ = 14 A (if Char(K) = 2). Now, every z € D®kD can
be written in the form z =y + Az with y,z € Tr(D) : z = 3(z +2¥) + M (x — 2¥))
(if Char(K) # 2) and £ = (M z + Az¥) + A(z¥ + z) (if Char(K) = 2). O

Corollary 2.3.3 If D = Dy + Dj is a central simple division superalgebra over K

with non-trivial grading, then Tr(D) is a central simple superalgebra over k. d

Definition 2.3.4 For v € k* a /-dimensional k-superalgebra with a trivial grading
(K /k,y) is defined by (K /k,y)= K ® eK , exe™ =7 for z € K, € = v where
a+pBr=a—PBAVa,B €k (if Char(k) #2) and o+ A=+ B\ +1) Va,B €k
(if Char(k) = 2).

This is a central simple superalgebra (with trivial grading). It splits if and only if
v € N(K™). See [25, section 11].

Lemma 2.3.5 Let J be a K/k-graded antiautomorphism on D, where D is an
even division superalgebra with non-trivial grading, such that z7° = bzb~! then the
opposite superalgebra (Tr(D))° ~ (K /k, (b7b)71).



CHAPTER 2. SUPERALGEBRAS WITH SUPERINVOLUTION 35

Proof Using the graded isomorphism J : D° = D, we get a graded isomorphism
EndgD = D°®xD = DRkD. Since Tr(D) C DRxD

supermodule.

Claim : T° ~ EndreD (where T = Tr(D)).

Proof of the claim : Let T ~ M,(C), where C° is the commuting super-ring of T

we can consider D as a Tr(D)-

on /, a minimal right superideal in T. Now, D = M", where M is an irreducible
T-supermodule. So, by [21, Proposition 4] I ~ M since Endr-I =~ C° we have
Endre M = Endrol ~ C° and therefore EndreD =~ Endre M" &~ M, (C°). Therefore,
EndzpeD ~ T°. Now, dim; EndreD = r?d?, where d? = dim; C = dim; C°. But

n*d® = dim; T° = dimg(D®xD)°
= dll’nK §®KD
= (% dlmk Mr)2

1
= Zn2r2d4.

Therefore, Endy.D has dimension 4 over k. For v € K multiplication by < is a
T-supermodule endomorphism on D. This gives an inclusion KX C Endr.D. Now,
consider the map

e:D—D (z—z/(b)).

Case(1) Char(K) # 2. Then e € Endr.D since
(i) for a,d € Dy we have

(@48 a)) = (P2y0)* = (&,0) ()"
= a’zlbdb™ (b7)!
= aJav:y'bd(be)_1
= W)
= aJa:de

= z°(a®d).

Therefore, (z,.(a®d+d®a))® = 25(a ® d+ d ® a) and (z,(a ® a))® = 2%(a ® )
Va,d € Ds.
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(ii) for a,d € Di and for any 6§ € K we have

(z,-(6(d ® a)))°

so for § = A where )\’ =

d+d®a)))®

(
(=
(=
(=
(=
(=
(=
(=
(=

-

2,-((0.4) ® 0))°

(
1)7((6”d) z,a)"
1)"(d’ z,ad)®
1)"(d"z,ad)” (b7)
1)7(=1)7*1(=1)"6” 0’ 2/ bdb™} (7)1
1)7*67a’ 2] (b7)71d
1)"*67a’z2d
)(=1)"(ba)’z5d
)

(-
(-1)7(¢”.a) z5d
A
(

1
(67.0) ® d)

e
e
e
e

—22.(07(a ® d))

—A we get (z,.(A(a® a)))® = 25.(Ma ®a)) and (z
=z:(Ma®d+d®a)) Ya,d € Ds.

(iii) for a € Dy and d € D; and for any 6 € K

(

7,.(0(d ® a))*

|
—
2
~—~
Z 8
2
O
~
8
2
o
[l |
o=
——~
<o
N
N
—_

36
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and

(zy.(6(a®d)))* = (2,.((0.0) ® d))°
= ((¢7a)’z,d)°
= (a’2,dd)"
= (a’z,dd)’(67)
(-1)767d’ Jbab Lp/)!
— ( 1)76Jd.] J(bJ)
(-1)"(6d)’z
= (=17’ )
O )®a)
5’ (d® a))

= 22
= 22
= (2,-((e®d) + (d®a)))® = 2. ((a®d) + (d®a)) and (z,.(A(a®d) + X/ (d®a)))° =
(Ma®d) + X (d ® a)) Va € Dy, d € D;. Therefore, e € Endz-D and z¢* = (2°)¢ =
(7 (7)1 = (7 (0))"H)7(B7) 7! = bbb (b7) 7! = b1 (bY) "tz = (b7b) "1z Yz € D.
Moreover, z¢ = §z¢ = 627 (b))~ = (67b71z)! = (b71(672))! = (') (') =
(67z)¢ =a"¢s0ef =67e Vo € K.
Case(2) Char(K) = 2. Then for any a, and bs in D, we have

(€1-(aa ® b)) = (aazyb5)° = (agmybp)” (b))
' = byzlbagh™ (b))
= béﬂlcibaa(b‘]b)_1
— bJ J(b.])—l
= bﬁx Qo
= x,y(bﬁ®aa).
Therefore, e € EndpD and z¢° = (z°)¢ = (2/(b’)"1)e = (27 (b)) (b7)?
b=tozb 1 (b)) = b7 (b)) lx = (bb)7lz Yz € D, also z%° = 62° = 6z (b7)!
(6767 1z)? = (b1(67z)) = (672) () = (67z)¢ = z¥¢ s0 ed = 67e V6 € K.
Therefore, we have (K /k,(b7b)7!) ~ Endp-D ~ T°. O
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Theorem 2.3.6 (1) If D = Dj+ Dj is an odd central division superalgebra over the
field K of characteristic not equal to 2 then D admits a K /k-superinvolution (of the
second kind) if and only if Tr(D) splits, and D = Dy&®g K (u), u? =X € K, A7 = =\
where o is the Galois automorphism on K/k. |

(2) If D = Dy + D is an even central division superalgebra over the field K with
non-trivial grading, then D admits a K /k-superinvolution (of the second kind) if and
only if Tr(D) splits.

Proof (1) (=) If D admits a K /k-superinvolution (say %) then D° ~ D so D&xD
splits, and hence Tr(D) splits, and so by [21, proposition 9] we can choose u such
that u* = u and A* = \? = —\ where u? = ).

(«<=) If Tr(D) splits then DR D splits, so D admits a K /k-antiautomorphism J such
that z7° = 2 Vx € Dy, therefore, by Theorem 2.2.1, D admits a K /k -superinvolution.
(2) (=) If D admits a K /k-superinvolution (of the second kind) (say J) then by
Theorem 2.2.5, bb’” € N(K*), which implies that (bb”) ! is also in N(K*). Therefore,
(K /k,(bb”)~1) splits, and hence Tr(D) splits also, since (Tr(D))° splits.

(«<=) If Tx(D) splits then D kD splits, therefore D admits a K /k-antiautomorphism
J such that z/° = z Vo € Dg. Since K ~ (Tr(D))° ~ (K /k,(bb’)"!) we get that
(bb')~! € N(K*), and hence bb’ € N(K™) so again , by Theorem 2.2.5, D admits a
K /k-superinvolution. a

Now, let A = A5 + A;j, where A; # 0, be a central simple superalgebra over K.
Then by [21, Theorem3], A = M, (D), where D is an associative division super-
algebra over K. Therefore, if .4 has a superinvolution then by [21, Theorem 7] D

has.

Lemma 2.3.7 If K is a field of characteristic not equal to 2 and A = A + Aj,

where A7 # 0, is a K-superalgebra with a superinvolution of the first kind, then
A = M, (D) and D has the trivial grading.

Proof by [21, Theorem 7] D has a superinvolution of the first kind. Therefore, D

must be as in case (i) of the Division superalgebra theorem, so D has a trivial grading.
g
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Lemma 2.3.8 For a non-trivial division superalgebra D = Dj + Di, A = M, (D)

has a superinvolution if and only if D has.

Proof (=) If A has a superinvolution then by [21, Theorem?7] D has.
(<=) If D has a superinvolution (say *) then the map

t®*): Mpy(K)®D — My(K)®D

(Sa® ds)'®* — Sa! ® d

where ¢ is the transpose; is a superinvolution on 4. W]

Corollary 2.3.9 (1) for a division superalgebra D = Dy + Dj of odd type. A =
My (D) has a superinvolution of the second kind if and only if Tr(D) splits, and D =
Dj ®x K(u) where u?2 = XA € K and X\° = — ), where o is the Galois automorphism
on K /k.

(2) for a non-trivial division superalgebra D = Dg + D of even type. A = M, (D)
has a superinvolution of the second kind if and only if Tr(D) splits. ]



Chapter 3
Group of Automorphisms

In this chapter all superalgebras are central simple over a given field K of charac-
teristic not equal to 2. Using the classical theorem of Skolem-Noether we study the
automorphisms of a simple superalgebra 4 = Aj + A; with a superinvolution * (i.e.,
the automorphisms of the superalgebra A which commute with the given superinvo-
lution). In this chapter ¥, : A — A is an inner automorphism on 4, conjugation by

u.

3.1 Superalgebras of odd and even types

In this section Aut(A, x), where 4 is a superalgebra of any type, means the set of
all automorphisms on A commuting with a given superinvolution * and inAut(A, )

means the set of all inner automorphisms on A commuting with x*.

Lemma 3.1.1 Let A = A+ Ajv be a superalgebra of odd type over a field K with

a superinvolution *. Then
Aut(A, *) = inAut(A, *) U v.inAut(A, *),
where v is the automorphism on A defined by a% = (—1)%a,.

Proof If ¢ € Aut(A4, x) then by Skolem-Noether theorem ¢ or ¢v is inner but not
both of them, so, ¢ € inAut(A, *) or ¢v € inAut(A, *). O

40
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Now, let any ¢ € inAut(A, *). Then ¢ = 9, for some invertible ¢, € A,. But ¢ | 4; is
inner , s0 ¢ | 4,= ¥s,;. Therefore, c, (b abs)c:' = a, Ya € A, and cA,(bglvb(,)c;? =
which implies that 1/16ng1 =1dg = Y., =

Now, az,wb‘_’ = azb‘j* © bibp = A € K and v; = ¥y, < g = aby for some a € K. Let

5°

G = {b; € Ag | b = ab;" for some a € K*}. Let ~ be an equivalence relation on G
defined as follows, ag ~ by <> bga;’ = a € K*. Then G/ ~ = {[bg] | b5 € G}, where
[bg] = {abs | @ € K>}, is a group with a well defined operation [bg)[c5] = [c5bs)-

Theorem 3.1.2 Let A be a superalgebra of odd type over a field K with a super-
involution *, then inAut(A4,*) = G/ ~.

Proof Let ¢ : inAut(A, x) = G/ ~ such that §(¢y;) = [bg] then 6(ve;%c;) = 6 (Veppy) =
[caba] = [bo)[ca) = ()0 (they)- So, 0 is a group homomorphism where ¢ is onto and
kerd = id4 = 1. Therefore, inAut(A4,*) 2 G/ ~ . O

Let A = M, (D) be a superalgebra over K, where D is a non-trivial grading division
superalgebra of even type. Then A is of even type and D = Dy+D; = Cp(u)+Cp(u)v
where uv = —vu and Z(A) = Z(A) = K, Z(Ag) = K (u).

Let * be a superinvolution on A, and let ¢ € Aut(A4, ). Then by the Skolem-
Noether theorem a® = c,ac;!, Va € A. Since a® = a**, Va € A, we have
¢y = A € K. If ¢ |4= %, |4

af = byaby 1 Va € Aj, and therefore, wbglc‘y = idy,. Let z, = b3 107, where

, is inner then ¢ |4,= %, which implies that
v = 1. Then z,az;' = a Va € Aj;. Since A; = Agz,, we have z., centralizes Aj,
so z, € Z(A) = K. This is a contradiction and therefore, v = 0. So that, for any
¢ € Aut(A, x) such that ¢ |4, is inner, ¢ = 1y, for some invertible element b5 € Aj,
and hence inAut(A, *) = {¢ € Aut(A, x) | ¢ =y, by € Ag}.

Corollary 3.1.3 Let A = M,(D), where D = Dy + D7 = Cp(u) + Cp(u)v and

uv = —vu, be a superalgebra with a superinvolution . If ¥, * = ), then Aut(A, ) =
inAut(A4, ) U t,.inAut(A, ). If not then Aut(A, *x) = inAut(A4, *).

Proof If 1,* = %1, then for any ¢ € Aut(A, *) such that u® = —u we have u®¥ =
—u¥ = u which implies that ¢v, |4,

, is inner and so ¢, = 1y, where bj is an
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invertible element in Aj. Therefore, ¢ = 1)y,%,. Hence,
Aut(A, x) = inAut(A, *) U ¢,.inAut(A, x).

But, if ¢, * # *1), then Aut(A, ) = inAut(A, *). O

Theorem 3.1.4 Let A = M, (D), where D = Dy + D; = Cp(u) + Cp(u)v and

uv = —vu, be a superalgebra with a superinvolution *. Then inAut(A, *) = G/ ~.

Proof Let § : inAut(A,x) — G/ ~ such that §(vby;) = [bg]. Then 6(vp;%e;) =
0(Yezbs) = lcabs] = [ba)lca) = 0(v5)d(%e;)- So, & is a group homomorphism where
keré =1id4 = vy, and ¢ is onto. Therefore, inAut(A, *) = G/ ~ . d

We end this section by this example to show that uu* may equal A with A # aa*
for any a € K,
Example Let k = Q(e), K = k(+/2) and u = \/ei, v = v/2j where i> = —1, j2 =
—1 and ij = —ji. Then A = (K + Ku) @ (Kv + Kuv) is a quaternion division
superalgebra over field K. Let * be a superinvolution on A defined by
(a+b0/2)* =a+bv/2=a—bV2, Va,b € k, u* = u, v* = v, then (uwv)* = vu = —uv.
Now, 9, € Aut(A, %), since uu* = —e € K. But uu* # aa*, where o € K because if
—e = (a + bv/2)(a + bv/2)* where a,b € k then

—e=(a+bv2)(a—-bV2) =d’ - 20 = (pl(e))2 _ Z(Pz(e))z

Where p;(e), gi(e) € Q[e] and g;(e) # 0. Hence,

~e(q1(€))*(a2(e))” = (p1(€)ga(e))? — 2(p2(e)a (€))*.

But the highest power of e in the left hand side is odd, and the highest power of e in
the right hand side is even, since /2 ¢ Q, a contradiction. O
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3.2 Even Superalgebras Continued.

Let A = M,,(Dg), where Dy is a division algebra over K and let x be any superin-
volution on A. If ¢ = thny, € Aut(A4, *) then Mo P;M;' = (M P,M;Y)*, VP, € A,

S0,

Mo Py M;*

(=1 (=)™ (M) Py M,
= (-1)*(M;") PyM;,
= (M) PyMg,

which implies that MiM,P;M; (M;)™" = Py, VP,, and therefore, MjM, = Ay,
where A € K*. If * is a superinvolution of the first kind then a = 0 and therefore,
Aut(A, x) = {¢5s | M is an invertible element in Ag, with MM* = Al5,}. Moreover,
if % is a superinvolution of the second kind then Aut(A, ) = {¢5r | M is an invertible
element in Ag, with MM* = Ao,} U {95 | M is an invertible element in Aj, with
MM* = yI,,}.

Theorem 3.2.1 Let A = M,,(Dj) where Dj is a division algebra over K and
let * be any superinvolution on A. If x is a superinvolution of the first kind then
Aut(A, ) = G/ ~ where G/ ~ is the group defined as in Theorem 3.1.2. If  is
a superinvolution of the second kind then Aut(A,*) =2 G/ ~ where G = {b; €
Ap | bby = o € K*}U{b; € A1 | bibt = A € K>} and the relation ~ on G is defined
by a, ~ by & by = ya, for some v € K*.

Proof If * is a superinvolution of the second kind then it is easy to check that G/ ~

is a group under the well-defined operation [a,][bs] = [bgaa], 50, in all cases
§: Aut(A, %) = G/ ~, (Yo, — [a0])

is a group isomorphism and therefore Aut(A, ) = G/ ~ . O

Let A = Mp.4(Dg), where Dy is a division algebra over K and (p # ¢). Let * be

any superinvolution on A. If ¢ = 15, € Aut(A, ), where M is an invertible element
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in Ag, then, VP, € A, we have,
MP:M™' = (MP,M7Y)
= (M‘l)*Pj;M*
= (M*)T'PM”.
Therefore, M*MP,;‘M‘I(M*)‘1 = P}, VP,, and hence, M*M = Al,,, where A € K.

Similarly, Aut(A,*) = {¥a | M is an invertible element in A5, where MM* =
Myio} = G/ ~, where G = {b5 € A5 | bgbj = o € K*}.

3.3 Examples of Even Superalgebras

In this section we study in details the group of automorphisms of superalgebras
A = My,(D), and A = M,4,(D), where D = H or R, where H is the hamilto-
nian quaternion algebra and R is the field of real numbers.

Let A = M;,(D), where D = H or R, and let * be a superinvolution of the first kind

on A defined by:
a b d —b
—
c d c a

where ~ is the involution on M,(D) induced by *. Then H = Aut(A,*) = {¢ | M
is an invertible element in Aj, where MM* = aly,, and a € R}.

If @ > 0 then replacing M by ﬁM we get MM* = I,

If o < 0 then replacing M by \/—%—aM we get MM* = —1,.

So H ={ys | MM* = I, or —I}.

Theorem 3.3.1 In the situation described above. Let
G = Aut(Ap, * | 4;)-
Then H/R* = G, where G is the connected component of the identity in G.

0 I,

Proof By [27, page 593], G = Gy U NGy, where N = ( ) and where Gj is

P
the connected component of the identity. Let

¢ZH—-)G0
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(Y — ¥ | 45)-
Then ¢ is onto because if go € Go then go = 1y |4, for some invertible element
M € Aj since Gy is the connected component of the identity. It is then easy to check
that MM* = aly, (o € R)since Yy = *9yy.
If o > 0 then replacing M by %M we get MM* = Iy,
If o < 0 then replacing M by \/——%—EM we get MM* = —1I,,. Therefore, ¥p € H and

AL, O
é(¥ar) = go. Also it is easy to check that ker¢ = {¢ppy | M = ( Op ; ), where
Vp

M, 0 I, 0 ML, 0
A yeR})But | 7 Ve o = I, or —Iy,. So,
0 I 0 AL 0 AL

A 0 Al 0
v = % or ‘Tl Therefore, ker ¢ = {¢p; | M = b ,or M = P )
0 3 0 ‘Tll,,

where A € R*} = R*. Therefore, Gy = H/ker ¢ & H/R*. O

Now, let 4 = Mp.4(D), where D = H or R, and let * be a superinvolution of
the first kind on .A defined by:

z Yy Z —NztM™!
—
z w MyptN—! W

where £ = NZ'N~! (N* = =N € M,(D)) and & = Mw!M~! (M* = M € M,(D)),
and " is the standard involution on D.
Since * is a superinvolution of the first kind we have H = Aut(A,x) = {¢n | M

is an invertible element in Aj, where MM* = alpi,, and o € R}. Similarly, H =

{Yn | MM* = Ipyq or —Ipiq}
We will start with the case p # ¢

Theorem 3.3.2 In the situation described above, let
G = Aut(Ap, * | 45)-
Then H/ker ¢ =2 ImH < G where

¢:H—=G (Yn ¥n |ag)-
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Proof Since Aj is semi-simple and p # ¢ we get G = Aut(Ag, * |45) = {¢m | M =

A 0
( 0 B ), where A, B are invertible matrices }. If ¢); € G then

- M, 0
’l/}M* IA():*lAﬁwM & MM* = P 7()‘)76R)7
0 I,
I, 0 -1, 0
& MM eV ={l1,~Io,| 7 , P .
et (20 ) (50

So G = {¢Yn | MM* € V}. Therefore,

¢:H—=G (Un N |a)
is a group homomorphism and ker ¢ = {¢n | Yn [43= iday} = {ida, Yy, M =
( 0 >} To see thislet N = ( 1;1 ;)3 ) such that ¢y € ker ¢ then NN* =1,

0 -1,
or —I,, (since ¢y € H), and

(o) (o v) (5 5)=(0 )

if and only if A = AI,, B =+vI, (), v € R), since

A, 0 A, O NI, 0
NN* = ’ b = ! € {Ip1g —Ip+q}
0 ~I, 0 I, 0 ~%,

we get NN* = I,.,. Therefore, X2 = 42 =1 = A~y € {1,-1} which im-

-1, O
plies that ker¢ = {9y, ,Y_1,.,» ¥n,¥Ym}, Where N = ( Op I and M =
q
I, 0 . .
0 _1 and hence ker¢ = {id4, ¥a} since ¢, = Y_p,., and Yn = VPu.
g
Therefore, H/ ker ¢ = ImH < G. O

Lemma 3.3.3 As in the theorem above, if p # ¢q then G = ImH U |4, ImH for

A0
a fixed invertible matrix M = ( 0 B ) such that

wee(s ) (22



CHAPTER 3. GROUP OF AUTOMORPHISMS 47

| I, 0
Proof ¢u |4,¢ ImH since MM* € { 0
0

X 0. I, 0 ~I
such that NN* e {| 7 : P } then
0 Y : 0 -1, 0 I

(NM™Y)WNM™Y* = NMY(M™)*N*

Therefore, (NM™Y)(NM~1)* € {14, —Ip+4} and so
Unp-1 = Yy-10n € ImH = H/ ker ¢.
Now, Yn = Unm-1m = UmUym-1UN = Yar YUnm-1 € Y ImH. Therefore,
——
G=1ImHUYy ‘A() ImH.

O

0 I
For the case p = ¢, G = Aut(Ap, * |45) = Go U ¢nGo, where N = I (;) )
Y4

(it is easy to check that wy* |4,= * |45 ¥n), and where Go = {¢ps | MM* € V'} is
the connected component of the identity in G. Now, let ¢ : H — G (¥n — ¥n |4;),
where H = {yp | MM* = I, 4 or —I,.,}, then ¢ is a group homomorphism and

I, 0
ker ¢ = {id4, ¥n} where N’ = ( (;’ ) Therefore, H/ ker ¢ = ImH < G,.

p

Theorem 3.3.4 In the situation described above, if p = ¢ then

Go = ImH Uy |4, ImH,
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A
0

MM*‘e{(g» ¥ )(0 f)}.

Where G is the connected component of the identity in G.

0
for a fixed invertible matrix M = ( B ) such that

I, 0 -I, 0
Proof u |4¢ ImH since MM* € {(; ),( P )} Let N =

I 0 I,

X 0 I, 0 -I, 0
such that NN* € {| 7 , P } then
0 Y 0 —I, 0 I,

(NM™Y)(NM™Y) = NMY(M)*N*

Therefore, (NM~1)(NM~1)* € {I5, —I5,} and so,
Ynm-1 = Yy-1¢Yn € ImH = H ker ¢.
Now, ¥v = Yypm-1m = Um¥u—1¥n = Yu Ynm-1 € Yy ImH. Therefore,
N——

Go = ImH Uty | 4 ImH.



Chapter 4
Projective Supermodules

The purpose of this chapter is to present material from the theory of super-rings
which we will need in our consideration of separable superalgebras.

We begin with some fundamental definitions and conventions. Throughout we will be
considering associative super-rings possessing an identity element 1. We will always
suppose that subsuper-rings contain the identity of the overring and that a super-
ring homomorphism from a super-ring R to a super-ring S takes the identity of R
to the identity of S. Finally, all supermodules will be unitary. In what follows, R-

supermodule means right R-supermodule.

Suppose R = Rj + Rj is a supercommutative super-ring. Then, for any r; € Rj,
r? = —r} and 2r} = 0. If R has no'2-torsion (i.e., for any z € R, 2z = 0 if and only
if z = 0), then 2 = 0. We will assume that if R is supercommutative then r? =0,
Vr; € R;. This assures, for example, that the natural lie superalgebra structure on a

supercommutative super-ring is trivial.

By an R-superalgebra we mean a super-ring A along with a super-ring homomor-
phism 6 of R into Z(A) (the super-center of A). This induces a natural R-supermodule
structure on A by defining

asTe = agf(rs) = (=1)*%0(ra)as ¥V ro € Ry, ag € Ag. (12)

49
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Conversely, if A is a super-ring which is also an R-supermodule satisfying (12), then
r — 1.7 is a super-ring homomorphism of R into the super-center of A and so A is

an R-superalgebra.

We describe an R-superalgebra as ﬁnifely generated or faithful if it is finitely generated
or faithful when considered as an R-supermodule. Thus A is a faithful R-superalgebra
if and only if the homomorphism 6 from R into the super-center of A is one to one.
In this event R = 1 - R, so we identify R with 1- R.

Let R be any super-ring (ring). Suppose {M;}:cr is a family of right R-supermodules
(R-modules), where I is some (not necessarily finite) indexing set. Let € ,.; M;
denote the set of all functions from I into |J; M; such that f(¢) isin M; and f(i) =0
for all but finite set of indices i of I. Then & > _,.; M; has a natural structure as an

R-supermodule (R-module) given by
(f +9)(@) = f(i) + 9(s)

and

(Fr)(@) = f().r Viel,reR, fgeP) M.

i€l
We call this R-supermodule (R-module) &3 .., M; the direct sum of the family
{M;}icr. In the event I = {1,2,...,n}, we sometimes write @ ,., M; as M1 @ ...

M,.

Finally, we speak of a subsupermodule N of a right R-supermodule M as being a
direct summand of M if M contains a subsupermodule L such that N + L = M and
NN L ={0}. In this case, it is apparent that M = N & L.

4.1 Progenerator Supermodules

Let R = Ry + Ry be any super-ring, then for any indexing set I, we denote by R!
the supermodule @Y, ; R; where each R; equals R; hence, R’ = R{ + Rf as an
R-supermodule. If I = {1,2,...,n}, we write R" for R’.
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Definition 4.1.1 Let R = Rj-+ Ry be any super-ring with Ry # 0, then a right (left)
R-supermodule M is called free R-supermodule if M is isomorphic, as a right (left)
R-supermodule to R!, for some indering set I. Moreover, if Ry = {0} then a right
(left) R-supermodule M = Mg+ M7 is called free R-supermodule if M, is isomorj)hic,

as a right (left) R-module, to R' for some indezing set I,, where a =0, 1.

One can easily check that M satisfies the usual universal conditions for a free object
([11, Example 2, page 43]).

Define b; in R! by b;(j) = &, 1,5 € I, where §;; equals 1 if ¢ = j, and 0 if 1 # j.
Then we see that

(1) every element of R’ has a representation of the form )", ;, b;.r;, where r; € R and
I' is some finite subset of I; and,

(2) for any finite subset I' of I, D, ., bi.r; = 0 implies r; = 0, Vi € I'.

Lemma 4.1.2 Let R be any super-ring. If R; = {0} then a right R-supermodule
M is free if and only if there exists {m;g}icr; C M, {mii}ier; € Mi (I5, I7 some
indexing sets) satisfying (1) and (2) above. If R; # 0 then M is free if and only if for
6 =0 or § = 1, there exists {m; s}ic;r € M; (I some indexing set) satisfying (1) and
(2).

If Ry = {0} then the sets {m,g}icr; and {m,1}icr; are called bases for My and M
(resp.). If R; # 0 then the set {m;s}cs is called a basis for M.

Proof Case(1) R; = 0. Then by Definition 4.1.1, Mg, M; are free R-modules, so
by [6, Lemma 1.1.1] each Mz and Mj has a basis satisfying (1) and (2) above.
Case(2) R; # 0. Suppose M is free over R then there exists an R-supermodule
isomorphism 5 : RY — M; put m; s = ¥5(b;). Then for any m, € M, we have

Mo = Ys(fars) = V() biTiars)

iel’

= _S_ mis-Tia+s-

il
If > e Mis-Tie = 0, then ¥5(3°, . bi-Tia) = 0 and, hence, Y, b;.750 = 0. There-
fore, r; =0, Vie I'.
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Conversely, if M is an R-supermodule and {m;s}icr € Ms (I some indexing set)
satisfying (1) and (2), then the map 1); : R — M defined by

Us(fa) = s bi-fald)
iel’
Z mi,d'fa (’L)
il
is an R-supermodule isomorphism, so M is R-free. O

Note that in Lemma 4.1.2 if R is a super-ring where R; # 0 and M is a free R-
supermodule then Mz.R; = My if § =0 or M1.R; = M; if 6 = 1.

We speak of a subsupermodule N of an R-supermodule M as being a direct summand
of M if M contains a subsupermodule L such that N+ L =M and NNL = {0}. In
this case, we have M &2 N @ L.

Definition 4.1.3 If R is a super-ring with Ry # {0}, an R-supermodule M is called
an R-projective (or projective as a supermodule over R) if M is isomorphic, as an
R-supermodule, to a direct summand of some free R-supermodule. If R1 = {0} then

M is called R-projective if My and Mi are R-projective as R-modules.

RS

Note that in Definition 4.1.3, if R is a super-ring with Ry # {0}, and M N
where 5 is an R-supermodule isomorphism, without loss of generality, we may as-
sume that R" fiﬁ“ N&L as R—supefmodules. Then, for any mj in Mj, we have that
Yo(mi) = d5(b1)r1+...405(bn)n, where each r; is in Ry, and b; in R defined as before
(after Definition 4.1.1). Now for each 4, dg(b;) = b} + b}, where b; € Nj, and b} € Lg;
therefore, y5(mi) = bjr, + ... + b),r,. However, for any i, b} = ¢5(m}), where m/ is in
Mj. Hence, ¢¥g5(mi) = Y5(m)r1+...+m) r,). Thisimplies that m; = miri +...4+m] ry,
and M; = M3R;. Similarly, if M g N then My = M;iR;.

Throughout this chapter we will assume (unless otherwise specified) that if R; # {0}
then an R-supermodule M satisfies at least one of the two conditions
(1) M§.R1 = M-
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(2) Mi.Ry = Mj.

When R is a super-commutative super-ring, then by the next theorem it can be
shown that if a free R-supermodule M has a finite basis consisting of n elements,

then any other basis consists of n elements. This integer n is called the rank of M.

Theorem 4.1.4 For any super-commutative super-ring B, R* = R™ implies that

n=m.

Proof If Ry = {0} then R is a commutative ring and so, by [10, Theorem 4.3],
n =m.

If Ry # {0} then we will show that it is impossible to have a set {c;1}ics C Rf
such that {c;i}icr is a basis for R, for any finite set I = {1,2,..,n}. Suppose
by contradiction that we have such a set and let, for some i € I, 0 # ¢;7 € R{.
Then ¢;1 = (01,0, ...,0), where each a; € R;. Since ¢;1 # 0 there exists a; €
{o1, a9, ..., a5} such that a; # 0. We may renumber {4, oo, ..., a5} so that a; # 0.
Consider aja, if it is zero just ignore oy and multiply a; by as to get ajas , but
if @105 # 0, multiply this element by a3 to get ajosas. Again multiply the new
element by oy, if this multiplication is not zero otherwise ignore a4 and multiply it
by as and so on. At the end we will have an element of the form o404, v,...c;, # 0,
where 1 < 4) < 73 < ... <1 < n. Now, for any 1 < j < n, o, 04,...05,05 = 0,
we have a non-zero element a;q; a,...05, in R such that ¢; 1(o4,4,...05,) = 0, a
contradiction. Therefore it is impossible to form a basis from R. So if R* = R™

then R} = RT, but again R; is a commutative ring so by [10] n = m. a

Lemma 4.1.5 If R is a super-ring with R; # {0}, then any R-supermodule M is

an R-supermodule homomorphic image of a free R-supermodule.

Proof We have assumed that MgR; = Mi;. Let I = {m5 | mg € M}. We use [
as an indexing set. Consider the free R-supermodule R’ and let ¢ : Rl — M be a
map defined by ¢(bm,) = mg. Then it is easy to see that ¢ is an onto R-supermodule

homomorphism, since MzR; = M;. O
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Lemma 4.1.6 Let R be a super-ring with Ry # {0}, and let R’ be a free R-
supermodule. Then for any diagram of R-supermodules and R-supermodule homo-

morphisms

RI
Ay
N&N’—)O,

with the bottom row exact, there exists an R-supermodule homomorphism 8 : Rf —
N with af = pu.

Proof For each i € I choose an element u € N such that a(u) = u(b;) and let
B be the R-supermodule homomorphism of R! into N such that 8(b;) = u. Then
a(B(b;)) = u(b;) for all : € I so aff = p. O

The next proposition follows from Lemma 4.1.5, Lemma 4.1.6 and [10, proposition
3.10].

Proposition 4.1.7 If R is a super-ring with R; # {0}, then the following properties
of an R-supermodule M are equivalent:

(a) M is isomorphic, as an R-supermodule, to a direct summand of some free R-
supermodule. '

(b) Every short exact sequence of R-supermodules
0=>L—->N3M-0

splits; that is, there exists an R-supermodule homomorphism p : M — N such that
op = idy.
(c) For any diagram of R-supermodules and R-supermodule homomorphisms
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M

\y”
N3N =0,

with the bottom row exact, there exists an R-supermodule homomorphism 8 : M —
N with aff = p.

O
We isolate another equivalent condition for projectivity in the following lemma, which

we call the Dual Basis Lemma.

Lemma 4.1.8 Let R be any super-ring, and let M be an R-supermodule. If R; =
{0} then M is projective as an R-supermodule if and only if there exist index sets I
and J along with {m;gs}ic; C Mg, {figlier € (Homgr(M, R))s, {m;i}jes € Mi and
{fii}ies € (Homg(M, R))1 such that

(a) for every mg € Mp and for every mi € My, fi5(ms) = 0 and f;1(mg) = 0 for all
but a finite subset of ¢ € I and 5 € J respectively, and

(b) for every mg € My and for every my; € Myj,

mg =) mipfip(mg) and my=) mfi1(m).
iel jeJ
Moreover, I, J are a finite sets if and only if Mg and My are finitely generated.
If Ry # {0} then M is projective as an R-supermodule if and only if there exist an
index set I, {m;,}ier € M, and {fi,}ier C (Homg(M, R)), such that
(a) for every mq € My, fi,(me) = 0 for all but a finite subset of ¢ € I and,

(b) for every m, € M, where a =0 or 1,
Mo = Z mi,’)’fi,’y(ma)-
iel
Moreover, I is a finite set if and only if M is finitely generated.

Proof Case R; = {0}, use [6, Lemma 1.1.3].
Case Ry # {0}: Suppose R! = N @ L, where N, L are R-subsupermodules of R!
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©-

and I is an indexing set. Suppose further M ~ N , where ¢, is an R-supermodule

isomorphism. Now, define 7, : R — M by my(n +1) = ¢;'(n), for n € N and
[ € L. Then it is easy to check that 7, is an R-supermodule homomorphism and
Tydy = idp. Let & : RT — R be the map defined by &;(f) = f(i), for every f € R’
Then for any f € R, f =Y, b:6:(f). Thus {4;,b;} forms a dual basis for R’. Set
m;, = m,(b;) and f;, = d;¢,. Then for any m, € M,, fiy(ms) = 0 for almost all
t €l and

Zmi,'yfi,w(ma) = Zﬂ'v b ¢'y ma)

i€l i€l

- m(Z b9, (ma))
= 7r7¢7(ma)

= Mg.

Thus {f;, i }ier forms a dual basis for M over R.
Conversely, suppose {fi, mi}ics forms a dual basis for M over R. Then define
the map ¢, : M — R’ by ¢,(mo)(i) = fiy(ma), and the map =, : Rf — M by
Ty (f) = DicrMinyf(5). Then it is easy to check that ¢,, m, are R-supermodule
homomorphisms. Now,
Tyy(Me) = ”7(2 bi. fiy(Ma))
i€l

= Zmiﬂ'fiﬂ(ma)
icl
= M.
Thus, ¢, is a one-to-one R-supermodule homomorphism from M into R, so M is
isomorphic to a direct summand of R! and therefore M is R-projective as an R-

supermodule. O

Corollary 4.1.9 Let R by any super-ring. If M is a left R-projective as an R-

supermodule then M is a right R°-projective as R°-supermodule and vice versa.

Proof Let {f;,, miy}icr be a dual basis for M. Then for each i, let F;,(m,) =
(— 1)*'mf7 | then F;, € (Homge(M, R°)), and hence one can easily check that {F;,,

(—1)Ym; 4} forms a dual basis for M as an R°-supermodule. O
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Corollary 4.1.10 Let R by any super-ring, with R; # {0}. If M is an R-supermodule
which is R-projective as an R-module, and MR; = Mi (or MiR; = Mj) then M is

R-projective as an R-supermodule.

Proof By [6, Lemma 1.3], let {m;, f;}ic; be a dual basis for M over R. We will show
that {m; s, figtier U {m;1, f;1}es yields a dual basis for M, as an R-supermodule.
We may assume that MyR; = Mj then, without loss of generality, for each j we will
assume that m; 1 = m/ 7, 1. Therefore for any mq in M,, we have
My = Z mi,(_)fi,(_)(ma) + mj,ifj,i(ma)
1]
= Z m;0fi,0(Ma) + m;',()rj,ifj,i (Mma)
2
= Y migfip(ma) + mjg(riifin)(ma).
4]

One easily checks that for each j, (r;1f;1) is in (Homg(M, R));. Therefore
{mig, fiokier U{mjg, (r51f51) }ies

form a dual basis for M over R, and hence, by Lemma 4.1.8, M is R-projective as an

R-supermodule. O

Suppose R and S are (possibly non-super-commutative) super-rings and § : R — S
is a super-ring homomorphism. Then S becomes an R-supermodule under the op-
eration s.r = s.0(r). This naturdlly induces an R-supermodule structure on any

S-supermodule.

As a typical application of the Dual Basis Lemma we prove

Proposition 4.1.11 (Transitivity of Projective Supermodules) Let R and S
be super-rings and 6 : R — S a super-ring homomorphism such that S is projective
as a supermodule when considered as an R-supermodule. Then, any projective S-
supermodule M is R-projective, as an R-supermodule. Furthermore, if M is finitely
generated over S and S is finitely generated over R, M will be finitely generated over

R.
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Proof. Case R; = {0}

(a) If S; = {0} then use [6, Lemma 1.4].

(b) If S; # {0} then we may assume that M;S; = M; and so by the Dual Ba-
sis Lemma 4.1.8 there exist {m;g}icsr C Mj and {f;g}ier € (Homg(M,S))s with
fip(me) = 0 for almost all ¢ € I and }_,.; m;5.f;5(ma) = mq for every my € M,.
Similarly there exist {g;5};cs, © Homg(Ss, R) and {s;5};es; € Sp with g;5(s5) = 0,
for almost all 7 in Jp, and Z]’eJﬁ $;,0-95,0(55) = sg, for every s5 € Sp; and {g;1}jen C

Hompg(Si, R) and {s;i1}jes; C St with g;i(si) = 0, for almost all j in Ji, and

Zjeh s;1.9;1(s1) = s1 for every s; € S;. Then, g;5fip is in Homg(Ms, R) and
m;58;p is in Mg with g;5f;5(mp) = 0, for almost all (4, j) in I x J5, and
> migsiagiofiolma) = Y mig(D_ s;0850(fio(ma)))
) i J
= Zmi,ﬁfi,ﬁ(mﬁ)

= my.

Moreover, g;1f5 is in Homg(Mj, R) and m; s, 1 is in M with g;5f;5(mi) = 0, for

almost all (¢, 7) in I x Ji, and
> migsiigiifismi) = Y mig(D_ s;1951(fia(ma)))
= Y migfis(mi)

= mj.

Thus M is R-projective as an R-supermodule.

Case Ry # {0} then Sy # {0}. We may again assume that MS; = M;j and
SsRi1 = Si and so by the Dual Basis Lemma ( 4.1.8), there exist {m;g}icr C
M and {fig}ier € (Homs(M,S))s with fi5(m,) = 0, for almost all ¢ € I, and
YicrMip-fig(Mma) = mg for every my, € M,. Similarly there exist {s;5}jes C
Ss and {g;5}jes € (Homg(S,R))s with g;5(s4) = 0, for almost all j € J, and

ZjEJ 5;5-95,5(8a) = 8q for every s, € S,. Then g;5f;5 is in (Homg(Mz, R)); and
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m; 5,5 is in Mg, with g;5fi5(mes) = 0, for almost all (4, ) in I x J, and
Zmi,(‘)sj,(‘)gj,ﬁfi,ﬁ(ma) = Zmi,ﬁ(z $;,0950(fi0(Ma)))
0] i J
= > mipfio(ma)

= Myg.

Thus M is also R-projective as an R-supermodule. The conclusion concerning finite

generation is obvious. O

For any R-supermodule M, consider the subset Tr(M) of R consisting of the ele-
ments of the form ), ; fi(m;) where f; € Homg(M,R) and the m; € M. Since
Hompg(M, R) is a left R-supermodule under the operation (r.f)(m) = rf(m), we
see that 7(3_; fi(ms)) = 2, rfi(mi) = 32, (r.f)i(ms) € Tr(M) and (3, fi(mi))r =
> filmy)r =32, filmyr) isin Tr(M). 1t follows that Tr(M) is a two-sided super-ideal
of R, called the trace super-ideal of M. We call an R-supermodule M an R-generator
if TR(M) = R. Therefore, M is an R-generator if and only if there exist f;3,..., fu 5
in (Homg(M, R)); and myg,...,m,5 in Mg; and fi1,..., fr,1 in (Homg(M, R)); and

My, ..., Mg 1 in My with

k

Z fip(mip) + Z fiilm;1) =1
i=1

j=l1

Corollary 4.1.12 Let R and S be super-rings and § : R — S a super-ring homo-
morphism such that S is a generator, when considered as an R-supermodule. Then

any S-generator supermodule M is an R-generator. O

We call an R-supermodule M an R-progenerator if M is finitely generated projective
and generator over B. We observe that as a result of the transitivity, finite generation,

and being a generator, we have

Proposition 4.1.13 (Transitivity of Progenerators) Let R and S be super-

rings and § : R — S a super-ring homomorphism such that S is an R-progenerator
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when considered as an R-supermodule. Then any S-progenerator supermodule M is

an R-progenerator. 0

It seems an opportune moment to prove Nakayama’s Lemma for the super-case. For
any super-ideal I of a super-ring R and any R-supermodule M, MI means the set
of all finite sums of the form > m;w; where o; comes from I and m; comes from M.
Define the annihilator of M in R by annihg(M) = (annihg(M))g + (annihg(M))1
where (annihg(M)), = {r, € R, | mary =0, Vm, € M,}

Lemma 4.1.14 (Generalized Nakayama Lemma) Let R be a supercommuta-
tive super-ring and M a finitely generated supermodule over R. A super-ideal I of R
has the property that MI = M if and only if I + annihg(M) = R.

Proof If I + annihg(M) = R, we can write 1 = a + (3 for some « in I3, § in
(annihg(M))g, so that for every m in M, m = ml = ma + mf. Thus, MI = M.
Conversely, let my 5, ..., Mg 5, Mg41,1, -, My 1 De elements of M such that M = m, R+
o +mgR 4+ my 1R+ ... + my, 1R, We proceed by induction on n. Set M; =
mjp : 1<j<k

m; i k+1<j<n’
and M, .1 = 0. We will show that for every ¢ = 1,2,...,n+ 1, there exists o; in [

miR+mip R + ... + mpR, i =1,2,...,n, where m; = {

with M (1 — ;) C M;. Clearly we may choose a; = 0. Suppose we have «; in I with
M1 -o;) C M. Then M(1 — ;) = MI(1 — ;) = M(1 — ;)] C M;I. Then,

n
m;(1l— o)’ = ijaij, a;; € 1.
j=i
Since m; are homogeneous elements, we may assume that «;; in I3. Hence, m;(1 —
o; — o) € M. Then M(1 — oy — ay)(l — o) = M(1 — o;))(1 — o5 — o) C
M;(1 — o5 — az;)) C M;yq, showing M[1 — (2a; + oy — o — aza)] C My, We
complete the induction step by setting a1 = 2a; + a;; — & — ;04 Then there

exists a1 in Iy such that 1 — a4 is in (annihg(M));s, finishing the proof. O

Corollary 4.1.15 Let M be a finitely generated supermodule over a super-ring R,
where R is super-commutative. If MI = M for every maximal super-ideal I of R,
then M = 0.
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Proof M = 0 if and only if annihg(M) = R, but if annihg(M) # R, there is some
maximal super-ideal I with annihg(M) C I, whence annihg(M) + I # R, a contra-
diction. (]

It is often very difficult to tell whether a finitely generated, projective supermod-
ule is a generator. However, in the case of a super-commutative super-ring, there is

an easy criterion.

Proposition 4.1.16 Let R be a super-commutative super-ring and M a finitely

generated, projective R-supermodule. Then Tg(M) @ annihg(M) = R.

Proof If R; = 0 then My and Mj are finitely generated, projective R-modules. We
will show that M is finitely generated, projective as an R-module, and therefore, by
[6, Proposition 1.1.9], Tr(M) @ annihg(M) = R. Since My and Mj are projective
R-modules we have R = My @ L for some indexing set Iy; similarly R* & Mj & N

for some indexing set I;. Now,

RI()UI]_ o RI() X RI]
= (Mg® L) x (M;® N)
= (Mgx Mj)®[(Mgx N)® (L x M;) ® (L x N)]
and therefore M = My x Mj is projective as an R-module. Moreover, M is finitely

generated since My and M7 are finitely generated.
If R; # {0} then there exists a dual basis

{fiys-» foy} € (Homg(M,R)), and {my,,..,mp,} € M,

such that m = 3" | my; 4 fiy(m) for every m € M. However, f;.,(m) is in Tg(M), so
MTgr(M) = M. Thus by Lemma 4.1.14, Tgr(M) + annihg(M) = R. We will show
that annihp(M).TrR(M) = {0}. Let rs € (annihgr(M))s, f, € (Homg(M, R)).,, for
any mg € Mg we have

(rsfa)(mg) = r5(fr(mg)) = (=1)°0FB) £ (mg)rs = (=1)°OHP) £ (mgrs) = 0.
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Thus annihg(M).Tr(M) = {0}. It follows that for every z in Tr(M) N annihg(M),
z2=zl1l=za+26=0+0=0,

where 1 = a + £ with « € (Tar(M)); and £ € (annihg(M))s. Thus annihg(M) N
Tr(M) = {0} and hence Tr(M) & annihgr(M) = R. O

Corollary 4.1.17 Let R be a super-commutative super-ring, and an R-supermodule
M be a finitely generated, projective as a module over R. Then Tr(M)@annihg(M) =
R. O

Corollary 4.1.18 If R is super-commutative super-ring, an R-supermodule M is

an R-progenerator if and only if M is finitely generated, projective and faithful. O

Corollary 4.1.19 If R is super-commutative with no idempotents but 0 and 1,
every finitely generated, projective non-zero R-supermodule is faithful and therefore

a progenerator. O

4.2 Categories and Functors of Supermodules

In this section we will consider the categories whose objects are supermodules. We
therefore restrict our attention in to the collection of all supermodules over some
super-ring. For a super-ring R, we will let R — SM denote the category of left R-
supermodules, that is the collection of all left R-supermodules along with, for any R-
supermodules M and N, the set Homg(M, N) of all R-supermodule homomorphisms
from M to N. Similarly, SM — R will denote the category of right R-supermodules

and R-homomorphisms.

For any super-ring R, we let R° denote the super-ring whose underlying abelian group
is the same as that of R but whose multiplication o is given by a, 0 bg = (—1)*Pbga,
where bga, is the product in R, R° is called the opposite super-ring of R. It is clear
that a left R-supermodule M can be given the structure of a right R°-supermodule by
defining marg = (—1)*rsm, where 153 € Rg, my € M,. Thus, in particular, if R is
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super-commutative, R = R° and any one sided R-supermodule can be considered as

both a left and right R-supermodule. Consequently, when R is super-commutative,

R-SM=8M-R.

By a (covariant) functor from a category of supermodules € to a category of su-
permodules D, we mean a correspondence J which associates to every supermodule
M in € a supermodule J(M) in ® and which associates to every homomorphism
fs: M — N in € a homomorphism J(f5) : J(M) — J(N) such that for every M in €
(a) J(ida) = idyary and

(b) if fs, gs are homomorphisms in € such that f,gs is defined then J(fags) =
J(fo)3(9s)-

A functor J from a category € to a category D is called left ezact if for every ex-

act sequence of supermodules and maps
0=L—-M->N=0

in €,
0— J(L) = J(M) — J(N)

is exact in ©. Similarly J is called right ezact if for every sequence of supermodules
and maps
0L—->M->N=>0

in €,
(L) = I(M) = J(N) =0

is exact in D. A functor that is both left and right exact is called exact.

The two functors we will be must concerned with are the tensor product ( ® ) and
the set of all supermodule homomorphisms from some fixed supermodule to another.
Now, we have to recall the following :

(1) For any super-ring R and any right R-supermodule M, left R-supermodule N,
M®rN = N®goM under the map m, ® ng = (—1)*¥ng @ m,. Therefore if R is
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super-commutative, Mg N = N®rM as R-supermodules.

(2) For any super-ring R and any right R-supermodules M, left R-supermodules NV,
M®pgN is aright R-supermodule under the operation (mq,®mng)rs = (=1)%mars@ng,
since (mq ® 1) (7555) = (=1) P my(rssy) ® ng = (=1)% (mars @ np)sy = ((ma ®
ng)Ts5)Sy. A

(3) For any right R-supermodules M, M', left R-supermodules N, N’, and for any
fo € Homg(M,M"), g5 € Hompg(N,N'), there is a well-defined R-supermodule
homomorphism f, ® g from M&gN to M'@rN', given by f, ® gs(me ® n,) =
(=1)PFH £ (me) ® (n,)9%, since

fa® gs((me ®@mu)rs) = (=1)™fa ® gs(mers ® ny)
(_1)5u+ﬂ(e+5+u)f (mers) ® (n,)9
— ( 1)5u+ﬂe+5+u ( e)”@(n#)gﬁ
(=17 (fa(me) @ (n)*)1s
(

fo ® gg(me ® ny))rs.
(4) For any exact sequence 0 — N; = N, LN N3 — 0 of left R-supermodules
M&RN; “5* M&pN, "M Ny = 0

is exact for any right R-supermodule M. Thus M®g( ) is a right exact functor.
Similarly, ( )®gN is a right exact functor. If tensoring by a supermodule is exact,
that is, it is left exact as well as right exact, we say the supermodule is flat.

(5) It follows easily from the characterization of projective supermodules as direct-

summands of free supermodules that every projective R-supermodule is flat.

In addition to these properties, we need a few more results on the behavior of super-

modules under &.

Proposition 4.2.1 Let R be a supercommutative super-ring and let A and B be
R-superalgebras. If M is a right A-supermodule, then M& B is projective (resp., a

generator) over A®rB if M is projective (resp., a generator) over A.



CHAPTER 4. PROJECTIVE SUPERMODULES 65

Proof Case (1) Ry # {0}. Then A;, B; # {0}. Assuming M to be A-projective,
there exists a dual basis {f;; € (Homu(M, A))s, mi5 € Ms}. One easily verifies that
{fis ® idg, m;s ® 1} forms a dual basis for M®rB over AQgB. Similarly if M is
an A-generator, there exist f; € Hom4(M, A) and m; € M with Y fi(m,;) = 1. Then
S (fi ®idp)(m; ®1) =1® 1, so M®gB is an A®B-generator.

Case (2) R; = {0}.

(a) If Ay # {0}, By # {0} then by the same argument used in case (1) we can easily
prove the proposition.

(b) If A7 # {0}, By = {0}, then there exists a dual basis {f; 5 € Homu(M, 4), m;5 €
My} for M over A. One easily verifies that {f; 5®idp, m;5®1} forms a dual basis for
M&grB over A®gB. Similarly if M is an A-generator, there exist f; € Homa(M, A)
and m; € M with )" f;(m;) = 1. Then (i ®idp)(m; ®1) = 1®1, so M®gB is
an A®pgB-generator.

(c) If A; = {0}, By # {0} then M, Mj are A-projective as modules over A.
Let {fi5 € Homu(M, A), mi5 € Mplier, {91 € Homu(M,A), m;1 € Mi}jes
be dual bases for Mz, Mi over A (resp.). We are looking for a dual basis for
M&gB over AQrB. We may assume that (M®zB);.(A®rB); = (M&rB)i. Now,
{fis ® idg, m;5 ® 1}ier forms a dual bases for My®rB over AQRB, since for any
mg ® b € Mz®pB we have

mi®ba = () migfis(ms)) ®ba
el

= Z(mi,ﬁfi,ﬁ(mﬁ)®ba)
i€l

- Z (Mg ® 1)(fi5(ms) ® ba)

= Y (mig ®1)(fig ® idp)(mp @ by).
i€l 4
We now find a dual basis for Mi®rB over AQgB. For any j in J we have m;i® 1
in (M®pgB)1, therefore,
n;

(M1 ®b1)-(1® b 1) =m;1® 1,
k=1
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since (M®gB);.(A®rB)1 = (M®gB);. Now, for any m; ® b, € Mi®pB we have

mi®b, = (Z m;19;,1(mi)) ® b

jeJ
= )" (m;1g;1(m1) ® ba)
jeJ
= Y (mj1 ®1)(g;1(m1) @ ba)
jedJ
= DD (e ®bii)-(1 ® b, 1)l(g51(m1) © ba)
JE€J k=1
= > (mye1 ® bi1)(g5,1(m1) ® b 1ba)
7.k
= > (myxi ®by1)(—g;1 ® by 1idp) (m1 @ ba).
1,k

Therefore, {m; 1 ® by1, —g;,1 ® b}, 14dB}jey, k=1,.,n; forms a dual basis for M;®rB
over AQgB, and hence, {m,5®1, m;; 1®b 1, [;3®idp, — 95,10, 1-idB }icr jes, k=1,..n;
forms a dual basis for M®rB over A®rB. Similarly, if M is an A-generator, there
exist f;5 € Homus(M, A) and m;5 € Mp and g;1 € Homu (M, A) and m;1 € M; with
> fio(mig) + 32 g51(my1) = 1. Then

Z (fio®idg)(mig®1) + z Z (=951 ® b 1.idp) (M1 @ b 1) =1®1

i i k=1
where Y71 (Mg 1 ® be1).(1® b1) =mi1® 1. So M®gB is an A®gB-generator.0]

Corollary 4.2.2 If M is projective (resp., a generator) over a super-commutative
super-ring R, then for any R-superalgebra B, M®prB is projective (resp., a generator)

over B.
Proof In the proposition above let A = R. O

Proposition 4.2.3 Let R be a super-ring, M a right R-supermodule, N a left R-
supermodule. Then, .

(a) M®gN is finitely generated over R if both M and N are.

(b) M&gN is R-projective if both M and N are.
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(¢) M®gB is an R-generator if both M and N are.
(d) M®gB is an R-progenerator if both M and N are.

Proof (a) If M and N are finitely generated over R then it is easy to show that
M®pgN is finitely generated over R. -

(b) Case(R; # {0}).
Let {m;, fiq}icr be a dual basis for M over R, and {n;g, g;s}jes be a dual basis for
N over R. Then for any m, in M, and ng in Ng we have mq = Y. my 4 fiv(Mma), and

ng =, (ng)%4n;s and so
Ma®ng = Y Miyfin(ma) ® (n)%4n;,s
]

= (—1)6(a+7+ﬁ+6) Z (Miy ® n6) (firy(Ma)-(ng) %)
1,5
= (1) 0N " (i ® 115) (firy ® 95.8) (Ma @ )
1,j
= Y (=10 (myy @ ny5) (fiy @ G56) (M ® )

Y]

Therefore, {fiy ® g;5, (=1)°0(m;., ® n;4)} form a dual basis for M&gN over R.

Case(R; = {0}).
Then Mg, Mi, N5, N7 are projective modules over R. Let { f; 5, m;5}ier, {fi1,mi1}jes
be dual bases for Mj, M;j over R (resp.), and {gx5, "k 5}kek, {911, 7,1 er be dual

bases for N3, Ni over R (resp.). Then for any mg, mj in M and ng, n; in N we have

mg®ng = () miafis(mp)) ® (Y (ng)?onyp)

iel keK
= > migfia(mo) ® (ng)* oy g
ik

= > (mig ® nig) (fin(ma)(ng)?o)

ik

= > (mip ® ) (fig ® gip) (Mo ® mo),
ik
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mi®n; = (O _mifzm) ® (O (n1)%iny1)

jeJ leL

= > mjifii(m1) ® (n1)%inyg
i

= ) (my1 @ n1)(f1(ma)(ng)%1)

gl

= > (m;1 @ mp)(f51 ® g1) (mi ® ),
7l

me®ny = (O migfipmg)) ® (O (n1)%ny1)

il leL

= Zmi,ﬁfi,ﬁ(m()) ® (n1)?1ny 3
i

= 3 (mip ® m,1) (fip(me) (ng)%1)
il

= E (mis ®nu1)(—fip ® g,1)(mp ® n1),
2,0

and

mi@ng = (O myif;i(mi) @ (Y (ng)®ong)

JjeJ keK
= Z m;1f;1(mi) ® (ng)?0ny 5
7.k

= ) (m;1 ® nid) (f5,1(m1) (ng)99)

Jsk
= Z (M1 ® nie5) (f1 @ gr0) (M1 ® ).
Jsk
Therefore, {fi5 ® gk, fi1 ® 9,1, Mip ® Ngp, m;1 ® ny1} forms a dual basis for
M; ® Ny & Mi®Nj as a module over R. Similarly {~f;5 ® 9t fi1 ® grg, Mis ®
n i, M;1 @ ngp} forms a dual basis for Mz&N; & Mi®Nj as a module over R.

(c) Let fi5,mip, fj1,mj1 and ge5, Mk, 91,1, 7,1 such that

Z fip(mig) + Z fixmi1) =1 and Z (m,5)%%0 + Z (ng,p)%t = 1.
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Then [ Y fig(mig) + 2 fi1(m; D)l 3 (e 5)%0 + Y (ny,1)%1] = 1 and therefore,

Z (fig ® grp) (Mg @ nip) + Z (=fis ® gu,1) (M5 @ ny 1)

< i,k il

+ ) (51 ® 98,0) (M1 ® ip)
ik

+ Y (fii®an(mii®mn) = 1.

il
Therefore, M®@pN is an R-generator.
(d) Use (a), (b) and (c). O

For any R-supermodules M, N and N’, and any R-supermodule homomorphism

fs € Homg(N, N'), we have a mapping
Hompg(idys, f5) : Homg(M, N) — Hompg(M, N')

given by Homg(idur, f5)(9,) = fsg9y. With this in mind it is easy to check that
Hompg(M, ) can be viewed as a functor from SM — R to SM — R.

The following fundamental properties of Hom are easily verified.

(1) Hompg(M, ) is a left exact functor which by Proposition 4.1.7 is exact if and only
if M is R-projective.

(2) For R-supermodules M, ..., M,,, N1, ..., N, we have

n k n,k
Homp(®© Y  M;,®)» N;) =@ > Hompg(M;, N;)
i=1 j=1 irj
where the map is given by f — ¢ with g((¢, j))(ms) = 7;f(0,...,0,m;,0, ..., 0) where
m; is in the 4-th spot of the n-tuple and 7; is the projection of N onto N;.
(3) Hompg (R, M) = M under the map f — f(1).

We next give some isomorphisms involving the relationship between Hom the su-
permodule tensor product (i.e., ®).

Theorem 4.2.4 (Hom-Tensor Relation) Let R be a super-commutative super-
ring and let A and B be R-superalgebras. Let M and M’ be A-supermodules with M
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finitely generated and projective A-supermodule (A-module) and let N and N’ be B-
supermodules with N finitely generated and projective B-supermodule (B-module).

Then for any the mapping
¥ : Homu (M, M")@gHomp (N, N') — Hom g p(M&rN, M'@rN’)

induced by ¥(fa ® gg)(m, ® n.) = (=1)P*fa(m,) ® gs(ne) is an R-supermodule
isomorphism. If M = M’ and N = N’, then v is a super-ring homomorphism.

Proof That 1 is a well-defined R-supermodule homomorphism which preserves mul-
tiplication when M = M' and N = N' is easily checked. Therefore we need only
show that v is one-to-one and onto.

(a) A1, Br # {0}.

Case 1: Suppose M = A and N = B. Then Property (3) above yields that ¢ is an
isomorphism.

Case 2: Suppose M = A™ and N = B". Then by the distributivity of Hom and &

over finite direct sums, we have

1%

HOIIIA(Am, MI)®RH0mB(Bn, N’) (HomA(A, M’))m®R(HomB(B, NI))n
o~ M’m®RNm
@Y M'@gN' (mn-times)

@) Hom g, s(A®RB, M'&N')

HomA®RB(Am®RBn, M,®RNI)7

[

1%

1%

where the composition of these isomorphisms is .

General case: Suppose M and N are finitely generated and projective. Then there
exist integers m, n, an A-supermodule (A-module) L and B-supermodule (B-module)
K such that ML = A™ and N® K = B". It follows that there is an R-supermodule
(R-module) H of Hom4(A™, M')®gHompg(B™, N') such that

Hom 4(M, M")® gHomp(N, N') @ H & Hom(A™, M')®gHomp(B", N')
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and an R-supermodule (R-module) H' of Hom gy 5(A™®gB", M'®rN') such that
HOH]A®RB(M®RN, M’®RNI) &b H = HomA®RB(Am®RB", M’@RN,)

in such a fashion that the isomorphism established in case 2 maps H into H’ “and
equals ¢ on Hom (M, M")®gHomp(N, N'). Therefore 1 is one to one and onto.

(b) A1 = {0} and By # {0}.

Case 1: Suppose M = A and N = B. Then Property (3) above yields that v is an
isomorphism.

Case 2: Suppose M = A™ @ A™ and N = B", let m = mg + m;. Then by the

distributivity of Hom and & over finite direct sums, we have
Homy(A™ & A™, M")®gHomp(B", N') & (Homy(A4, M'))"®r(Homp(B, N'))"
(M,)m®R(N,)n
@Y M'&pN' (mn-times).
@ Hom,ug,5(A®RB, M'&RN').

mn

1%

1%

IR

However,

® > Homyg,5(A®rB, M'®rN') = Hom g, 5((A™ & A™)®rB", M'@rN').

mn

Therefore,
HomA(Am° & A™ y M’)@RHOIHB(B", N,) = HOIHA®RB((AmO 85 Am1)®RBn, M’®RN’).

where the composition of these isomorphisms is .

General case: Suppose M and N are finitely generated and projective. Then there
exist integers mg, m;, n, an A-modules Lg, L1 and B-supermodule (B-module) K
such that Mz @ Ly = A™, Mi® Li £ A™ and N & K = B". It follows that there
is an R-supermodule (R-module) H of Hom4(A™ & A™, M")&gHompg(B", N') such
that

Hom4(M, M")®rHomp(N, N') & H = Homy(A™ & A™, M')®gHomp(B", N')
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and an R-supermodule (R-module) H' of Homyg p((A™ @& A™)QrB™, M'@gN')
such that

HomA®RB(M®RN, M,®RN,) &) H =~ HomA®RB((Am° & Am1)®RBn, MI®RN,)

in such a fashion that the isomorphism established in Case 2 maps H into H' and
equals 1) on Hom (M, M")®rHomp (N, N'). Therefore ¢ is one to one and onto. O

Corollary 4.2.5 For any R-superalgebra A and any finitely generated, projective
R-supermodule N, we have A®QpzHompg(N, N') & Homs(A®rN, A®rN') for any R-

supermodule N'.
Proof Set M = M' = A and B = R. O

Corollary 4.2.6 If the R-supermodules M and N are finitely generated, projective

as R-supermodules (or as R-modules), then
Homp(M, M)®rHompg(N, N) = Homg(M®gN, M&gN)
as R-superalgebras.
Proof Sss A=B=Rand M =M', N=N". ]

Theorem 4.2.7 Let A and B be super-rings. Suppose L is a finitely generated,
projective A-supermodule, let M be a right A, left B supermodule and N right B-

supermodule, then the map
¥ : N&pHomu(L, M) — Homy(L, N&pM)
induced by ¥(nq ® f5)(ly) = na ® fs(l,) is an additive group isomorphism.

Proof The proof is analogous to that of Hom-Tensor Relation (Theorem 4.2.4). O

4.3 The Morita Theorems

Let € and ® be categories of supermodules and suppose we have two functors J

and J' from € to ®. The two functors J and J' are naturally equivalent if for every
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supermodule M in € there is an isomorphism ¢y, in Homg(J(M), J'(M)) such that
for every pair of supermodules M and N in € and any f € Hom¢ (M, N), the diagram

s 2 3

le lm

v 2 (v
commutes. We denote by ids the identity functor on the category € defined by
ide(M) = M and ide(f) = f, for supermodules M and maps f. Then the two cate-
gories € and @ are equivalent (€ ~ D) if there is a functor J : € — © and a functor

£ : D — € such that J o £ is naturally equivalent to idp and £ o J is naturally

equivalent to ide. J and £ are then referred to as inverse equivalences.

In this section we show that R — SM and S — SM are equivalent categories when S
is chosen as the endomorphism super-ring of some R-progenerator. This equivalence
and it’s consequences are known as the Morita theorems and we speak of R and S as

being Morita equivalent.

The only result of a general categorical nature that we need is the following, where
the proof is in [6, Proposition 3.1], since to prove it in the supermodule case is the

same as in the module case.

Proposition 4.3.1 Let € and ® be equivalent categories of supermodules under
the inverse equivalences J : € =+ ® and £ : ® — €. Then for any objects L and L’
in €, the homomorphism from Home(L, L') to Homg (J(L), J(L')) given by g — J(g)

is one-to-one and onto. O

For any super-ring R and any right R-supermodule M, set M* = Homg(M, R),
and S = Hompg(M, M). Since R is a left and right R-supermodule, M* is a left R-
supermodule under the operation (r4fg)(my) = r4(fs(m,)). Moreover, M is a left
S-supermodule with s,m, = s,(m,). Under these operations M is a right R left
S supermodule. Whence, M* becomes a right S-supermodule under the operation
(fass)(mg) = fa(ss(mg)). So M* is a left R, right S supermodule. It follows that we
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can form M®rM* and M*®sM. Moreover, M@rM* is a left S right S-supermodule
by virtue of M being a left S right R supermodule and M* being a right S left R
supermodule. (i.e., M®rM* is a left S right S-supermodule under the operations
55(Me ® fy) = (ssma) ® fy and (Mg ® fy)ss = Mma ® (f,5s). Similarly, M*®5M is
a left R right R supermodule under the operations r5(fo ® m,) = (rsfa) ® m, and
(fa ®my)rs = fo ® (M,y7s).

Let 0 : M®rM* — S be the map given by Or(ma ® f3)(ns) = mafs(ns), Ymg €
M,, fs € M}, ns € M;. Then fg is both a left and right S-supermodule homomor-

phism, since

Or(ss(ma @ f3))(n,) = Or((ssma) ® f3)(my)
= (ssma)fo(ny)
= ss(mafp(ny))
= 5s0r(ma ® fg)(ny)

and

Or((ma ® fg)ss)(ny) = Or(ma ® (fs6))(n)
= mafﬁ(sti(nu))
= Or(ma ® fg)ss(ny).

Let 05 : M*®sM — R be the map given by 0s(f, ® mg) = fa(mg). Then fg is a
left and right R-supermodule homomorphism whose image is the trace super-ideal
Tr(M), since

Os(rs(fa ®mg)) = 0s((rsfa) ® mp)
= (rsfa)(mp)
= r5(fa(mp))
= 1505(fa ® mp)
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and

s

O0s((fa ® mg)rs) = Os(fa ® (mprs))

= Jfa(mgrs)

= fa(mg)rs
(

- 95 fa & mﬂ)r5'

Lemma 4.3.2 (i) 0z is onto if and only if M is finitely generated and R-projective,
as a supermodule over R. If 6p is onto then it is one to one.

(i) @5 is onto if and only if M is an R-generator. If s is onto then it is one-to-one.

Proof We start with the case R; = {0}.

(a) Suppose Og is onto. Then there exists Y . Mg ® fig + Y iy M1 @ fii In
M®gM?* such that 0r(3_1, M5 ® fig + Doi Mii® fi1) is the identity map from
M to M, that is, for any m, € M,,

n n
Z m;5fip(ma) + Z m;,1fi,1(Ma) = Ma.
=1 i=1

For oo = 0, we have Y i, m; 5f;5(ma) = mq, since Ry = 0.

Similarly, for @ = 1, we have Y i m;ifi1(ma) = mq. Thus, the set fig,..., fn0,
M0y -y M 8y J1,15 -o0» fn, T, M1y .., My 1 forms a finite dual basis for M. By the Dual
Basis Lemma 4.1.8, M is finitely generated and projective as an R-supermodule.
Conversely, suppose there exists a dual basis fi 3, ..., fn5 € (M*)5, M1, ..., Mp5 € Mp
and fi1,..., fa1 € (M*)1, mig,....mp1 € M such that > m;5fis(mg) = mp
and Y0 m;if;1(mi) = mg, for any mg € My and m; € Mj. Then for any
9o € (Homp(M, M))q, Or(3 =1 Mip ® figga + D iy Mi1 ® fi19a) = ga- Thus, Op is

onto.

Now, given that 6 is onto, we know M possesses a dual basis fi3, ..., fug € (M*)s,
Mig, -y Mpg € Mg and fi1,..., fu1 € (M*)1, my1,..,mp1 € Mi. Suppose z =
>; 1 ® hy is an element of M&pM* with Og(z) = 0, that is >_;njhj(m) = 0 for any
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m &€ M. Then
2=Y n;®h; = 3 (zn: migfig(ng) + zn: m;1fi1(n;)) ® h;
i i =l i=1
= > (migfio(ng) + miifii(ng) ® hy
i
= 3 miofio(ng) ® hj + miifiz(ng) ® h;
ij

= D _mig® fis(ng)hy +miz ® fii(n;)hy
= ZJ mip ® (D fin(ny)hy) +mii (D fiz(ny)hy)
_ o.i j j
Since for any i, m € M and for any o = 0 or I,
(Z fia(ns)hs)(m) = Z fia(nj)hi(m)
j j
fi,a(z nih;(m))
— ful0) =0

This proves (a).

(b) Because the image of s equals Tr(M), the trace super-ideal of M, it is clear
that 85 is onto if and only if Tr(M) = R, that is, if and only if M is an R-generator.

Suppose fs is onto and Y, h; ® n; € M*®sM with 65(3°, h; ® n;) = 0; that is,
>_;hj(n;) = 0. Since fs is onto, there exists fi,..., f» € M*, my,...,m, € M with
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>, film;) = 1. Hence
Zhj@)n,- = Zhj®nj(z.fi(mi))
Zh]‘ ® Or(n; ® fi)(mi)

2y

= Z (Z hifr(n; ® fi)(m;))

)

= 0.

Since, for any 4, and for every m € M,
D_hibr(ns ® f)(m) =3 hi(n;(fi(m))
= (Z hj(n;)).fi(m)

Now, for the case R # {0}. We may assume that Mj.R; = Mj

(a) Suppose g is onto. Then there exists Y o Mg ® fig + > M1 ® fi1 in
M®grM?* such that Op(3"7 mip ® fig + Doiym;1 ® fi1) is the identity map from
M to M that is, for any m, € M,,

n n
Z m;5fi5(ma) + Z m;1fi1(Ma) = Ma.
i=1 i=1

Since Mp.R; = Mj, we have for any i € {1,2,...,n}, m;1 = 115711 + ... + Nk, 5Tks 15
where 713, ..., i, 5 in Mp and 7411, ..., 74, 1 in Ry. Therefore, for any m, € M,,

n ki
Z [migfio(ma) + (Z nijari 1) fia(me)] = Z [mipfio(ma) + nijo(ri1fi1) (Me)]
i=1 j=1 i

= Mg
For any i € {1,2,...,n}, let g;;5 = r;;1f;1 where j = 1,2, .., k;. Then it easy to check
that g,,5 € (M*)g, and hence for any m, € M, we have

n k;

Z [misfis+ Z 145,09i;0) (Ma) = Mq.

i=1 j=1
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So, by the Dual Basis Lemma 4.1.8, M is finitely generated and projective. Con-
versely, supposing there exists a dual basis fig,..., fng € (M*)5, M1, ..., Mnp € Mj,
we see that 0 (D" M5 ® fis9a) = 9o for any g, € (Homg(M, M)),. Thus, 0y is

onto.

Now, given that fg is onto, we know M possesses a dual basis fi,..., fag € (M*)s,
M1, s Mnp € Mp. Suppose z = 3, n; ® h; € M®rM* with fr(z) = 0, that is
;i nih;(m) = 0 for any m € M. Then,

= Tmen = S mats) ot
] = Z]:m;ﬁfi,ﬁ(nj)®hj
= imi,(_)@fi,(_)(nj)hj
= imi,(—)@(Zfi,ﬁ("j)hj)
- 0. ’
Since for any i, m € M,
(Zfi,ﬁ(nj)hj)(m) = Zfi,ﬁ(”j)hj(m)
] = fiﬁ(anhj(m))
- fi,(—)(ojz .

This proves (a).

(b) Use the same proof as in case one. O

Corollary 4.3.3 An R-supermodule M is an R-progenerator as a module over R if

and only if fg, s are supermodule isomorphisms, where S = Hompg(M, M). O

For any right R-supermodule M, we have seen that M is a right R, left S su-
permodule and M* = Hompg(M, R) is a left R, right S supermodule, where S =
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Homp(M, M). Therefore, for any left R-supermodule L, M®gL has a structure of a
left S-supermodule. While for any left S-supermodule N, M*®g¢N has a structure of

a left R-supermodule. Thus we have functors
M®g():R—S8M - S—8M and

M*&g():S—SM — R—SM.
The following is the crucial proposition.

Proposition 4.3.4 Let R be any super-ring and let M be a right R-progenerator
as an R-supermodule (R-module). Set S = Homg(M, M) and M* = Homg(M, R).
Then,

M&p():R—8M — S —-SM and

M*®s():S—8M — R—SM
are inverse equivalences, establishing R — SM ~ § — SM.

Proof We must show that each of the two ways of composing the above functors
gives a functor naturally equivalent to the identity functor.

Let L be any object of R — SM. Then by the basic properties of tensor product
and Lemma 4.3.2(ii) (Corollary 4.3.3), we have M*®s(M®rL) & (M*®sM)®rL =
R®gL = L. This isomorphism allows one to verify that M&pg( ) followed by M*®s( )
is naturally equivalent to the identity functor on R — SM.

Similarly Lemma 4.3.2(i) (Corollary 4.3.3) yields that for any left S-supermodule N,
MIp(M*®sN) = (MOrM*)®sN = S®sN = N. Again this gives us that M*®g( )
followed by M®g( ) is naturally equivalent to the identity on S —SM. Thus M®g( )

and M*®g( ) are inverse equivalences. O

Corollary 4.3.5 In the setting of the proposition, we have

(a) R = Homg(M, M) (as super-rings) under the mapping which associates to an
element r, € R, the endomorphism of M induced by scalar multiplication by r,.
(b) M* =2 Homg(M,S) (as right S-supermodules) under the mapping which asso-
ciates to an element f, € (M*), the homomorphism 6z(( ) ® f,) from M to S.

(c) M = Homg(M*, R) = M** (as right R-supermodules) under the mapping which
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associates to an element m, € M, the element in M** which takes f, in (M*), to
fr(me).

(d) S = Hompg(M™*, M*) (as super-rings) under the mapping which associates an ele-
ment s, of S, to the homomorphism from M* to M* given by f, — f,sa.

(e) The left R-supermodule M* is an R-progenerator as a left R-module.

(f) The left S-supermodule M is an S-progenerator as a left S-module.

(g) The right S-supermodule M* is an S-progenerator as a right S-module.

Proof Under the equivalence of R — SM and § — SM, the left R-supermodule R
corresponds to the left S-supermodule M&®zR = M, and the left R-supermodule
M* corresponds to the left S-supermodule M@®gM* = S. Therefore, we can apply
Proposition 4.3.1 to obtain

(a) R = Hompg(R, R) = Homg(M, M)

(b) M* = Homg(R, M*) = Homg(M, S)

(¢) M = Homg(S, M) = Homg(M*,R) = M**

(d) S = Homg(S, S) = Hompg(M*, M*).

One can easily check that the composite isomorphisms are in each case the maps
described in the statement of the corollary.

To obtain parts (e) and (f) we need to show that Homg(M*, R) = Hompg. (M*, R°)
as right R-supermodules, Homg(M, S) = Homg.(M, S°) as right S-supermodules,
and Homg(M, R) = Homg. (M, R°) as left R-supermodules. Since the proofs are the
same it is enough to prove one of them. So, let ¢ be the map from Homg(M, S) to
Homg- (M, S°), such that for any f, in (Homg(M, S))a, ¥(fs) is in (Homge (M, S°))4
where 9(fa)(m,) = (—1)**mL for any m., in M.,,. One can easily check that ¢(f,) €
(Homge (M, S°)), for any f, in (Homg(M, S)),. Now we will show that for any s; in
Sy Y(fa-55) € (Homge (M, S°))a+s where for any m, in M,,

Y(fa-56)(my) = (_1)7(a+6)mf/a.36

(-—1)"(“+6)m!;" .85-
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Then for any sj in Sp,
1)@+ (o S,B)fa.Sé'

1)75+ BNt sy ( (fa-85))(my)
$(fa-55)) () 0 55.

Y(fa-55)(my 0 5p)) = (-
= (-
(=
(

Therefore 1 is an S-supermodule homomorphism, ker(y)) = 0, and if g, is any element
in (Homge (M, S°))a, we let g be defined by mJ* = (—1)*# g4 (my), then it is easy to
check that g; € Homg(M, S), and ¢¥(G,) = ga, hence ¢ is one to one.

(e) Now, since we have that S = S° as a left and right S-supermodules, R & R°
as a left and right R-supermodules and M = Hompg(M*, R) = Homg.(M*, R°),
M* = Homg(M, R) = Hompge. (M, R°). Therefore,

M&rM* = Hompg(M*, R)®rM*
> M*®p-Hompg(M*, R)

M*®poHompe. (M*, R°)

Hompg. (M*, M™)

go

1%

1%

1%

and

M*®5M = M*®5HomR(M*,R)
> Hompge(M*, R°)®gs. M*

Homg. (M*, M™*)

R°.

1%

1%

Hence by Lemma 4.3.2, M* is a right R°-progenerator as an R°-module, so M* is a
left R-progenerator as an R-module.
(f) Similarly, since M* = Homg(M, S) = Homg- (M, S°) we have

M®geM* = M&g-Homge(M,S°) = R° and
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M*® pe M = Homge (M, S°)&pe M = Hompe (M, M) & 5°.

Hence by lemma 4.3.2, M is a right S°-progenerator as an S°-module, and so M is a
left S-progenerator as an S-module.

(g) Since M is a left S-progenerator as an S-module, M is a right S°-progenerator,
we can apply (e) to the S°-module M to conclude that Homg. (M, S°) is an S°-
progenerator as a module over S°. But M* = Homg(M, S) = Homg-(M, S°), there-
fore M* is a left S°-progenerator as a module over S° and hence M* is a right

S-progenerator. d

4.4 Local Super-rings

In this section we prove that the concept of the rank of a free supermodule can
be extended to finitely generated, projective supermodules over super-commutative
super-rings containing no idempotents but 0 and 1. To do this we must introduce the

important technique of localization.

We call a super-commutative super-ring a local super-ring if it contains a unique
maximal super-ideal. Clearly a field is a local super-ring. We will soon show that
there is associated to every prime super-ideal P of a super-commutative super-ring

R a local super-ring, denoted Rp.

In the next proposition we prove that a finitely generated projective supermodule

over a local super-ring is free.

Proposition 4.4.1 Let R be a local super-ring, where R; # 0, with maximal super-
ideal I and let M be a finitely generated, projective R-supermodule. Suppose {m; s+
MI,...,mp5 + MI} is a free basis for M/MI over R/I. Then {m;g5,...,m,5} is a
free basis for M over R. If Ry = 0 and {m5+ MI,...,m,5+ MI} is a free basis for
M;/MgI over R/I and {m;1+ MI,...,my1+ MI} is a free basis for M;/Mil over
R/I. Then {my3,...,m, 35} is a free basis for Mj over R and {m;,...,my 1} is a free

basis for M7 over R.
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Proof The case Ry = {0} follows from [6, Proposition 1.4.1].

When R; # {0} we may assume that MgR; = Mj. Let ¢ : R* — M be defined by
A((T1y ey Tn)) = Dory My 575 Since {my 5+ MI, ..., m, 5+ MI} generates M/MI, we
have (m; gR+...+m,5R) + MI = M. Therefore, by applying Corollary 4.1.15 to the
supermodule M/(m;sR+ ...+ m,5R), we have m; gR+ ... + m,gR = M. Thus, ¢ is
an onto R-supermodule homomorphism.

Now suppose (71, ...,7,) is in the kernel of ¢. Then Y o m,gr; = 0, s0 Y iy (Mg
+MI)r; = 0 in M/MI. Thus r; is in I since m;5 + M are free over R/I, so

ker(¢) C R™I. Since M is a projective supermodule over R, the exact sequence
O-—>ker(¢)—>R"£>M—>0

splits, so there exists a supermodule L of R™ with ker(¢) & L = R™. Now, ker(¢) =
R"INker(¢) = (ker(¢)® L)INker(¢p) = ker(¢)I. But ker(¢), being a direct summand
of R", is finitely generated over R and so by Corollary 4.1.15 equals (0). Thus ¢ is

an isomorphism. (]

We call a subset W of R, where R = Rg + Rj is a super-commutative super-ring,
multiplicatively closed if

1)lew

(2) w,w' € W implies that ww' € W.

In what follows, multiplicatively closed sets will consist either of all the non-negative
powers of an element of R or of all the elements of R not contained in some proper

prime super-ideal.

Suppose M is any R-supermodule and W is any multiplicatively closed subset of
Rp. We introduce a relation = into the set M x W by defining (mq, w1) ~ (mj, w;)
if and only if there exists w € W with (my,ws — m}iwl)w = 0, where my, m’ﬂ are
in M. One sees that ~ is an equivalence relation. We denote the equivalence class
containing (mq,w) by 2=, and the collection of all equivalence classes by My (i.e.
Mw = (Mw)s + (Mw)1 where (My)o = {22 | mq € My, w € W}). Define addition
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and R-scalar multiplication in My by 7« + %% m“—ﬁ:—)’fﬂ and (Z2)r, = T2 One
can easily check that these definitions are independent of the choice of representatives
of the equivalence classes and therefore My, forms an R-supermodule. My, is called
a supermodule of quotients. |

If, in addition, M is an R-superalgebra, My can be checked to be an R-superalgebra
under the multiplication E‘f&% Z;Zf In particular, Ry is called a super-ring of
quotients of R. If we take W to be Rz — Pj, where P is a prime super-ideal of R, we
denote Rw by Rp, and observe that the super-ideal PRp = {% | r € P, s € Ry — Fs}
of Rp has the property that every element in (Rp), — (PRp), is a unit of Rp. There-
fore every proper super-ideal of Rp is contained in PRp, whence PRp is the unique
maximal super-ideal of Rp. Thus Rp is a local super-ring, called the localization of
R at the prime super-ideal P.

We now state some fundamental properties of super-rings and supermodules of quo-

tients without proof since their proof is the same as in {6, Lemma 1.4.2, 1.4.3].

Lemma 4.4.2 Let W be any multiplicatively closed subset of Rz. Then for any R-
supermodule M, My is an Ry -supermodule and the mapping from My to MRy

given by 7= — m, ® % is an Ry -supermodule isomorphism. O
Lemma 4.4.3 Ry is a flat R-supermodule. O

Proposition 4.4.4 Let M be an R-supermodule such that My, = 0 for every max-
imal super-ideal W of R. Then M = {0}.

Proof Let m, be any element of M,. It sufficies to show that m, = 0. For each max-
imal super-ideal W of R, %& = 0 in My, so there exists an element aw in R5 — Wj
with meaw = 0. Thus the annihilator super-ideal of m, in R is contained in no

maximal super-ideal and so equals R. Hence M = {0}. a

We would like to generalize the concept of the rank of free supermodule to pro-
jective supermodules. Suppose M is a finitely generated, projective R-supermodule,
where R is any super-commutative super-ring, where R; # {0}. For any prime super-
ideal P of R, we can form the Rp-supermodule M®rRp = Mp. By Corollary 4.2.2,
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and Proposition 4.4.1, we know that M&zRp is an Rp-free supermodule, so there
exists a unique non-negative integer n, with M®rRp = (Rp)™. If R; = 0 then
Mg ®r Rp = (Rp)™ and M; ®g Rp = (Rp)™, let n, = n% + nb. We call n, the
P-rank of M and denote it rankp(M). For a non-negative integer n, we call n the

rank of M and write rankg(M) = n if and only if all the P ranks are equal to n.

Proposition 4.4.5 Let R be a super-commutative super-ring and M a finitely gen-
erated, projective R-supermodule such that rankg(M) is defined. Then for any super-

commutative R-superalgebra S, ranks(M®gS) is defined and equals to rankg(M).

Proof Let B be any prime super-ideal of S. It is clear that P = {r € R|1.r € B} isa
prime super-ideal of R. Moreover one checks that Sy is naturally an Rp-superalgebra,
since 1.(Ry — P3) C S; — By. Therefore, for R; # {0}, we have

1

(M®rS)®sSp = M®r(S®sSp)
M®gSp
M@gp(Rp®r,Sp)
(M®rRp)®r,Sp

> (Rp)"®r,Sp = (Sp)"

IR

1%

1%

where n = rankg(M). If R; = {0} then

(Mg + M1)®rS)®sSp =& M&R(S&sSp)
~ M®gSp
~ M&r(Rp®r,Sp)
=~ (M®rRp)®r,Sp
= [(Rp)" @ (Rp)""|@n, S5 = [(S5)™ & (S5)"]
where n = n% 4+ nh = rankg(M), therefore if Sy # 0 then (Sg)"* & (Sp)"™ = (Sp)™,

but if S; = 0 then Mz ®f Sp = (Sp)™* and M; ®z Sp = (Sp)™P. Since B is arbitrary,
this proves the proposition. O

Now we will prove that when Rj contains no idempotents other than 0 and 1, the
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rank of any finitely generated, projective R-supermodule is defined.

For any super-commutative super-ring R, we call the collection of all prime super-
ideals of R which do not equal R, the spectrum of R and denote it Spec(R). We
introduce a topology, the Zariski topology, into Spec(R) as follows: for any subset L
of R, let h(L) = {P € Spec(R) | P D L}. If we designate the subsets h(L) of Spec(R)
as closed sets, we have the following lemma and proposition, whose proofs are found

in [6, page 28]

Lemma 4.4.6 The subsets h(L) form a topology for Spec(R). O

Proposition 4.4.7 The topological space Spec(R) is connected if and only if 0 and
1 are the only idempotents in Rj. U

We return to the consideration of super-rings of quotients.

Lemma 4.4.8 Let W and W’ be multiplicatively closed subsets of Ry with W C W'.
Then the map from Ry to Ry given by = — * is a super-ring homomorphism which

induces in Ry the structure of an Ry superalgebra. Moreover, Ry = (Rw)w'r,,
where W'Ry = {¥£ € Rw | w' € W'} is a multiplicatively closed subset of Ry .

Proof Since W C W', the map £ — L is well-defined. To show the isomorphism
between Ry and (Rw)w:g,, , one can define a map which takes 2 of Ry to & / “’T'

in (Rw)wrr,, and show it is well-defined and an isomorphism. O

Lemma 4.4.9 If M is a finitely generated R-supermodule and W is a multiplica-
tively closed subset of Ry, then My = {0} if and only if there exists an element
w € W with Mw = {0}.

Proof Clearly if Mw = {0}, then any element 2+ of My equals zero.
Conversely, suppose My = {0} and M = my o R+ ... + My 4, R. Since 5% =0 in
My, there exists w; in W with m; o, w; = 0. Then w = w;.w; ... w, has the property

that m; o,w = 0 for every i, so Mw = {0}. O
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We have seen that for a finitely generated, projective R-supermodule M, Mp is a
free Rp-supermodule for any prime super-ideal P. Our next proposition shows that
we can take a multiplicatively closed subset considerably smaller than Ry — Py and
obtain the same result. |

For any element a in Rj, we let R, denote the super-ring of quotients of R deter-
mined by the multiplicatively closed subset of R consisting of the non-negative powers

of a.

Proposition 4.4.10 Let M be afinitely generated, projective R-supermodule and P
any prime super-ideal of R. If R; # 0 then there exists a € R — P; with M® rR@) =
M, free as an Rg)-supermodule. If R; = 0 then there exists a € Ry — F; and
a' € Ry — P; with Mi ®g R(y) = (Mi) (o) free as an R(y)-module.

Proof If R; = 0 then the proof follows immediately from [6, Proposition 1.4.10].

m

If R; # 0 then we know that Mp is a free supermodule of finite rank. Let {m—allﬁ, oy =22}
(under the assumption MgR; = Mj) forms a basis for Mp over Rp. Since %, . i

are units in Rp, it follows that {m—io—, - m'l"‘_’

Define a R-supermodule homomorphism ¢ : R* — M by ¢((r1,...,7n)) = Y i) My 575

} also forms a basis for Mp over Rp.

This gives rise to an exact sequence
0 — ker(¢) — R" B M~ coker(¢) — 0.
Where coker(¢) = M/Im(¢), since Rp is R-flat, we obtain the exact sequence
0 — ker(¢)p — (R")p > Mp — coker(¢)p — 0.

Because {722, ..., 228} s a basis, ker(¢)p = coker(¢)p = 0. Now coker(¢) is finitely
generated, because M is finitely generated. By Lemma 4.4.9, there exists b € Ry — P;
with (coker(¢))b = 0, so coker(¢)e = 0. Thus we obtain the exact sequence

0— ker(¢)(b) — (Rn)(b) ﬁ) M(b) — 0.

Next we see that ker(¢)e) must be finitely generated over Ry, since the preceding

exact sequence splits, M) being R)-projective supermodule by Corollary 4.2.2. But
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by Lemma 4.4.8, Rp is an R(y)-superalgebra and R) = (B(b)) (rg—Ps)R(s)» SO We have
ker(¢)n)®ry Rp = (ker(¢)®rR(r))®ry, Rp

ker( R(R(b)®R(b)RP)
ker( RRP = ker(d))p = {0}

1%

$)®
3)®

1

So again by Lemma 4.4.9, there exists & in (Ry — P;)(Rw))s with (ker(¢)) & =
0. Since gz is a unit in Ry, this equivalent to (ker(¢)w))p = 0. Since [Rp))(y is

isomorphic to R, we have

{0} = [ker(8) )] = (ker(d)®rR(r)) Org) [Rr)lw) = ker($)®rR ey = ker() ep-

Since (coker(¢))b = 0 we also have coker(¢)s, = 0. Thus we obtain the exact
sequence

0 — [R™]ow) = Moy — 0,

proving that for a = bu, M) is an R(,)-free supermodule. g

Corollary 4.4.11 Let M be a finitely generated, projective R-supermodule. The
map from Spec(R) to {0,1,2,3,....} given by P — rankp(M) is continuous when the

non-negative integers are given the discrete topology.

Proof Suppose a is any element of R such that M, is free of rank m over R(,.
Then for any prime super-ideal P of R not containing a, we have that Rp is an

R ,)-superalgebra and
M®grRp = (M®RR(a))®R(a)RP

= (R(a) )m®R(a) RP
(RP)m’

1%

so rankp(M) = m.

Now let P be any prime super-ideal and suppose rankp(M) = n. If R; # {0} then
by the preceding proposition, there exists an a in Ry — P with M, free of finite rank
over R(). By the preceding paragraph, this rank must equal n. If R; = {0} then by

the preceding proposition, there exist a, a' in Ry — Py with (Mj),) free of finite rank
(a)
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equal to n; over R, and (Mj)y) free of finite rank equal to n, over Ry, again by
the preceding paragraph, n; +ny, = n.

For R; # {0}, consider Spec(R) — h(a). Since h(a) is closed, Spec(R) — h(a) is an
open subset of Spec(R) containing P. But for R; = 0, consider Spec(R) — (h(a) U
h(a')). Since h(a) U h(a') is closed, Spec(R) — (h(a) U h(a')) is an open subset of
Spec(R) containing P. Again by the preceding paragraph, if ¢ in Spec(R) — h(a)
(Spec(R) — (h(a) U h(a'))), then rank,(M) = n = rankp(M), so the preimage of n is

open in Spec(R). Therefore the map is continuous. O

From now on, we say that a super-commutative super-ring R is connected if and

only if the only idempotents of R is 0 and 1.

We can now deduce the following theorem as an immediate corollary of this result
and Proposition 4.4.7, recalling that the continuous image of a connected space is

connected.

Theorem 4.4.12 Let R be a super-commutative super-ring with no idempotents
but 0 and 1. Then for any finitely generated, projective R-supermodule, rankg(M)
is defined; that is there exists a non-negative integer n such that rankp(M) = n for

every prime super-ideal P of R. O



Chapter 5
Azumaya Superalgebras

In this chapter we present the fundamental theory of non-commutative separable su-
peralgebras with the theory of the Brauer-Wall group of supercommutative super-ring.
This theory successfully generalizes the classical theory of central simple superalge-
bras over fields and the Brauer-Wall group of a field. Throughout this chapter A
will denote a not necessarily supercommutative R-superalgebra. The symbol & will

always mean tensoring with respect to R.

5.1 Definitions and Basic Properties

This section begins with the fundamental definition of separability. The fact that a
superalgebra over a field is separable in the present sense if and only if it is finite
dimensional and separable in the classical sense (see Section 2) is the crucial connec-
tion with the classical theory.

Let R = Rg+ R; be any supercommutative super-ring, then for any R-superalgebra
A = Ag + Aj, we form the enveloping superalgebra A° = A°®A (A° : the op-
posite superalgebra of A). A has a right A°-supermodule structure induced by
ao(cy ® ds) = (—1)*"c a4ds. We show now that,

piA® = A (ag ® bg > aqbp)

90
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is a left A°-supermodule homomorphism.

u((aa ® bs).(c; ®ds)) = (=1)"p(aac, ® byds)
= (—1)ﬁ7+a707aabﬁd5

and

oo ®bg).(cy ®ds) = aabp(c, ® ds)
= (—1)7(a+ﬂ)c7aabgd5.

Thus, p is a left A°-supermodule homomorphism, and if A is a supercommutative
super-ring then y is a super-ring homomorphism. Let J = ker(u) we obtain the exact

sequence of right A®-supermodules :
0=Jo A B 450

Now, it is easy to check that J is a right super-ideal of A generated by all elements
of the form a, ® 1 — 1 ® a,.

Proposition 5.1.1 The following conditions on an R-superalgebra A are equivalent.
(i) A is projective as a right A®-supermodule under the u-structure.
(ii) 0= J<— A° # A — 0 splits as a sequence of right A°-supermodules.

(i) (A®)s contains an element e such that u(e) =1 and eJ = 0.

Proof The equivalence of (i) and (ii) is clear.

(ii)=>(iii) If the sequence splits then there exists a left A°~homomorphism ¢ from A
to A® such that ut is the identity on A. Denoting (1) by e, we see that u(e) = 1
and eJ = 0.

(To see that eJ = 0, let z € J then u(ex) = ple)z = 1.z = p(r) = 0 and so
$(0) = ¥(1.7) = ¥(1).7 = e.z = 0) '

(ii1)=-(ii) If (A®)5 contains an element e such that u(e) = 1 and eJ = 0 then the map
P A — A° defined by 9¥(a,) = e.(1 ® aq) = €.(aq ® 1) is A>-homomorphism from A
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into A¢ since

Y(cy(aa ®bg)) = (=1)*"4(aaCybs)

1)¥e.(1 ® aqcybp)
1)*e.((1 ® agcy)(1 ® bg))
1)7e. ((aaey @ 1)(1© b))
= e((cFa, ®1)(1®bg))

= e(c; ®1)(aa ® bg)

= P(ey)(ea ® bp).

Moreover, u1 is the identity on A, since

mp(aa) = ple(a. ®1))
= pe)(a®1)
= 1.(a,®1)

= Qg

a'ye

(__
(_
— (_
(_

Therefore, 1 is a splitting map. J

Definition 5.1.2 (definition of separability) An R-superalgebra A is called sep-

arable if it satisfies the equivalent conditions of the proposition.

We should remark that the element e described in condition (iii) is necessarily an
idempotent, since e? —e =e.(e—1®1) € eJ = 0.

If M is a right A®-supermodule, then M can be regarded as a two sided A/R-
supermodule (i.e., M is an A-supermodule such that R € C(M)) by defining :

(1) aams = (~1)%my(aa ® 1)

(2) mpay, = mp(1 @ ay).

Conversely, any two sided A/R-supermodule can be considered as a right A®-supermod-
ule (under the action : my(a, ® bg) = (—1)*"agm,bg).

Let M2 denote the set {m, € M, | agmy = (-1)*mgap VYag € Ag, B8 = 0,1}.
Then M4 = Mg + M# is an R-subsupermodule of M. One can check that ()4 is a
covariant functor from the category of two sided A/ R-supermodules to the category

of R-subsupermodules.
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Lemma 5.1.3 For any two sided A/R-supermodule M, Homg.(A4, M) = M4 as
R-supermodules under the correspondence f — f(1) where f € Homg.(A, M). For
any other two sided A/R-supermodule N and any g € Hom (M, N), the diagram

Home (A, M) =% Hom (4, N)

l !

MA g]MA NA

commutes.

Proof If f, € (Homue(A, M)), then

a.(f>(1)) = (-1)7f,(1)(ea®1)
(=1)*7f5(L.(aa ® 1))

= (-1)*f(a)
(1) (1.(1® a))
(1) fy (1)1 ® aa)
(=1)*fy(1)aq

Therefore, f,(1) € M. So f(1) € M#, Vf € Homge(A, M). Conversely, for any

me € M2 the function f, : A — M, defined by f,(ag) = maag, is an element of
(Hom e (A, M))o. To see this, we have

-1 a’Yf’Y

falag(z, ®y5)) = malas(zy @ ys)

= (=1)Pmaz,asys
and also we have

falag)(z, ® ys) = (meag)(zy ® ys)
= (-1)"z maapys
= (—1)7ﬂmax7aﬂy5,

Therefore the mapping f — f(1) is one to one and onto M. The rest follows imme-
diately. O
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REMARK : In categorical terms the lemma establishes that the left exact covariant

functors Hom ¢ (A, ..) and (..)4 are naturally equivalent.

Corollary 5.1.4 Homy.(A, A) = Z (A), the super-center of A, under the correspon-
dence f — f(1).

Proof Set A = M in the lemma and note that A4 = Z(A). O

Corollary 5.1.5 Let (J : 0) denote the left annihilator of J in A¢. Then
Hom . (4, A%) & (J : 0)

and, if A is R-separable, u(J : 0) = Z(A).

Proof Setting M = A® in the lemma, we have

(Ai)A = {zy € A | aazy = (-1)*"2,04 Ya, € A}
= {zy € A5 | (-1)"24(a0 ® 1) = (-1)¥2,(1 ® aa) Vao € A}
= {z, € 42 | 1,[(aa ®1) — (1 ® aa)] = 0 Va, € Ay}
= (J:0),.

So, Hom 4 (A, A®) & (A9)A 2 (J : 0). Also, A* & A — 0 exact implies that
Hom 4 (A4, A°) *25” Hom e (A, 4) — 0

is exact if A is A®-projective. (Homge(A4,..) is an exact functor if and only if A is
A¢-projective.) Then applying the lemma yields u(J : 0) = Z(A). a
Corollary 5.1.6 An R-superalgebra A is separable if and only if (..)# is a right exact
functor; that is, if and only if M 18 N 5 0 exact implies M4 Q)' N#4 — 0 exact, where
fs | is the restriction of f; to M#, for every pair of two-sided A/R-supermodules M

and N and every A®-epimorphism f;.

Proof We know that Homu.(A,..) is right exact if and only if A is A®-projective,
that is, if and only if A is R-separable. But the lemma yields that (..)4 is right exact
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if and only if Hom4e(A4,..) is. O

We now need to investigate the behavior of separable superalgebras under certain
formal operations, for example the taking of graded tensor product. The next five
propositions set out the crucial properties and in each case we use the separability

criterion of Corollary 5.1.6 as a tool with proof.

Proposition 5.1.7 Let S; be super-commutative R-superalgebras (i=1,2). Let A;
be separable S;-superalgebras (i=1,2). Assume that A;®rA; # {0} and S1®rS> #
{0}. Then A;®rA, is a separable S;&®rS,-superalgebra under the operation induced
by (s, ® t5).(ae ® bg) = (=1)%*s,a, @ tsbs.

Proof It is easy to check that (8 ®t5).(a0 ® bg) = (—1)ENE+A) (a, @ bg).(s, ® t5).
So A1®A, is S ®9;-superalgebra. Now, let M IS N =5 0 be an exact sequence of
two-sided 4;®A,/5,®S;,-supermodules. Then the natural map A; — A;®A; given
by a — a® 1 endows M and N with a structure as two-sided A;/S;-supermodules.
Therefore

M4 K A g

is exact by Corollary 5.1.6 since A, is S;-separable. Now, the natural image of A; in
A;®A, super-commute with the image of A;, therefore M4t and N4 are two-sided
Ay /Ss-supermodules, under the operation induced from 1 ® A,, so again applying
Corollary 5.1.6, we have

(M)A J5 (yAnyAs g

is exact by the Sy-separability of Ay. But (M#A1)42 = MA41842 gpd (N41)42 = N4i184z
implying that A;®A, is S1®S,-separable. O

Corollary 5.1.8 Let A be a separable R-superalgebra and S any super-commutative
R-superalgebra. Then S®xA is an S-separable.

Proof Set A = A;, R=5,, S =51 = A, in the proposition. O

We can also prove a converse to the proposition.
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Proposition 5.1.9 Let S; be super-commutative R-superalgebras (i=1,2). Let A;
be any S;-superalgebra (i=1,2) such that A;®rA; is separable over S;®gS;. Then,
if A; is faithful as an R-supermodule and contains R as an R-direct summand, then

Aj is separable over S,.

Proof Let M be any two-sided A,/S>-supermodule, then
A1QpM

is a two-sided A;®rA3/S1®rSs-supermodule. Since R is an R-direct summand of
Aj, we have

Ai®rM = (LOrM) & (RORM)
as two-sided Aj/Ss-supermodules where L is an R-subsupermodule of A;. Therefore
M = R®rM can be identified with a direct summand of A;®rM. Moreover, since
the projection of A;®rM onto M is a two-sided Ay/Sy-homomorphism, it is easily
seen that under this map, (4;&rM)41®242 is projected onto M42. Now consider the

commutative diagram

A1®RM lLf&) A1®RN — 0

l !

M L5 N —0
where the vertical maps are the projections and the rows are exact. This gives rise

to the commutative diagram

(A @pM)u®4 15, (4 o Nymes g

! !

M4z __i‘i) NAz
where the vertical maps are still projections and the top row is exact since A;®rA,

is S;®gSa-separable. it follows that M 42 s N2 5 05 exact, so A, is S,-separable.
g

Corollary 5.1.10 If A; is an R-superalgebra (i=1,2), with A;®zA, separable over

R, and A; contains R as an R-direct summand, then A, is R-separable.
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Proof Take S; = 53 = R in the proposition. O

Corollary 5.1.11 If A is an R-superalgebra and S is any super-commutative R-
superalgebra containing R as an R-direct summand, then A is R-separable if S®rA
is S-separable. Moreover, if S®1 is the super-center of SQrA, i.e., S®1 = Z(S@RA),
then R.1 is the super-center of A.

Proof To obtain the first conclusion, set Ay = A, S = R and A; = S5; = S. To
see the second, we have by the proof of the proposition that S ® 1 = Z(S&gA) =
(S&RA)5®R4 is projected onto A4 = Z(A). But S®1 is projected onto R®1 = R.O

Remark : If I = I3+ I; is any superideal of R such that 1.1 = 0 then A is naturally
an R/I-superalgebra. Moreover, A°®pA = A°®p/1A. So A is R-separable if and only
if A is R/I-separable.

Proposition 5.1.12 Let A be a separable R-superalgebra and let I be a two-sided
superideal of A. Then A/U is a separable R-superalgebra (and hence, by the preceding
remark, A/U is separable R.1/(R.1 N U)-superalgebra). Furthermore, Z(A/U) =
Z(ApU

-
Proof It is easy to see that every two-sided (A/U)/R-supermodule is naturally a two-
sided A/R-supermodule under the action m,a, = m,(a,+U) and agm, = (ao+U)m.,.
Under this arrangement, M4 = M4/Y so A/U is R-separable. Now, A = A/U — 0
is an exact sequence of two-sided A/R-supermodules, so separability of A over R
implies

A% = (A/U)A =0

is exact, but A4 = Z(A) and (4/U)* = Z(A/U), so Z(AJU) is the image of Z(A)
under the natural map, that is Z(A/U) = ﬂ%ﬂ. O

Proposition 5.1.13 (Transitivity of Separability) Let S be a supercommuta-
tive separable R-superalgebra and let A be S-separable. Then A is naturally an R-
superalgebra and is R-separable. If, on the other hand, A is given to be R-separable
and S is any R-subsuperalgebra of Z (A) then A is separable over S.
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Proof Any two-sided A/R-supermodule M is a two-sided S/R-supermodule. More-
over, for z; € (M%)5, an € Aa, Sy € Sy 84(aa;s) = (=1)7@+) (a,z4)s,. So, anzs €
(M%) oqs. Similarly, for z5a,. It follows that M® is a two-sided A/S-supermodule,
with (M®5)4 = M4 (as is easy checked). Therefore, the separability of 4 over S, and
the separability of S over R gives, by corollary 5.1.6, that M -@) N — 0 exact implies
that (M5)4 = M4 Is| (NS)A = N4 — 0 is exact. Hence A is R-separable. To prove
the final statement of the proposition, consider M to be any A/S-supermodule then
M is A/R-supermodule, so M —{‘3) N — 0 is an exact sequence of A/S-supermodules
implies that M4 8 N4 0 exact, so A is S-separable. 0O

Proposition 5.1.14 Let A; be any R;-superalgebra, where i=1,2, and where R; is
a super-commutative super-ring (i=1,2). Then A; & A, is (R; & Ry)-separable if and
only if both A; and A, are separable over R; and R, respectively.

Proof (<) Let M AN S 0bea right exact sequence of two-sided A; ® A2/ R, ® R,-
supermodules. Then M41842 = (M#41)42 50 by R;-separability of Aj,

MA T A g

is a right exact sequence of two-side A,/Ry-supermodules, again by R,-separability
of A2
(MA)A2 B (a2 g

is exact, so A; @ A, is (R; ® Ry)-separable.
(=) Use corollary 5.1.6 and proposition 5.1.12. O

5.2 Separable Superalgebras over Fields

We devote this section to proving the connection between the present and the classical
definitions of separability in the case that the coeflicient super-ring R is a field. We
begin by extending a general result of Villamayor and Zelinsky to the superalgebra
case to show that A is R-separable if and only if A is classically separable and the

dimension of A as a vector space over R is finite. But first we start with a definition.
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Definition 5.2.1 Let R be a field. An R-superalgebra A is called classically separable
if the Jacobson radical of AQgK is zero (i.e., AQrK is semi-simple) for every field
extension K of R.

Proposition 5.2.2 Let A be a separable R-superalgebra which is projective as an

R-supermodule. Then A is finitely generated as an R-supermodule.

Proof We start with the case R; # {0}.

Let {f7, a]} be a dual basis for A° over R, where A° is a right R-supermodule and
a] € AS and f] € (Hom(A°, R)),. (Clearly A° is projective as an R-supermodule if A
is.) Then, for any aq € Ao, 6o = Y, a] f(aa), where f7(a,) = 0 for all but finitely
many i. If we identify RQrA with A, then f] ® 1 € Homa (A%, A),, 50 {f/ ®1,a] ®1}
forms a dual basis for A° = A°®zA as a projective right A-supermodule, that is,

us = 3" (a] ®1).(7 ® 1)(us),

1
for any us € A§, implies that, for us = e.(as ® 1),

ple(as®1) =1(as®1) =a; = () (o] ®1).(57 ® e.(as®1)))

- Zag.(fg®1)(e.(a5®1)). (13)

Since e.(as ® 1 — 1 ® as) = 0, we have (f] ® 1)(e.(as ® 1)) = (f] ®1)(e).(1 ® as). So,
the set of subscripts ¢ for which (f®1)(e.(as®1)) # 0is contained in the finite set of
subscripts for which (f] ® 1)(e) # 0 (independent of a;). Therefore, the summation
in (13) may be taken over a fixed finite set. Writing e =3 _.(z; ® y;) + 2, (7% ® 43,

where z;,y; € Aj, 2,y € Ai, we have, from (13),
> Yj ko Yk

as = Y al.(ff ®1)(zjas ®y; + (-1)°2has ® yp)

1,5,k

= ZGZ-(f?(ijaa) ®y; + (1)’ f] (zhas) ® y3)
1,5,k

= S0 (mya5)aly; + (~1)7 £ (zhas)aly
1,5,k

= > (DY (wja5)a]y; + (-1)f] (@ha5)a] ).
1,3,k
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Therefore the union of the finite sets {a]y,} U {a]y,} generates A° (and therefore A)
over R.

For the case Ry = {0}, let {fi5, aig}, {fi1, a;i} be a dual basis for (A°);, (4°); over
R (resp.). If we identify RQrA with A, then f;5 ® 1 € Hom (A%, A)p for all 7 and
fi1®1 € Homy(A®, A); for all j, so {fig®1,a,5®1} U{f;1 ® 1,01 ® 1} forms a
dual basis for A° = A°®rA as a projective right A-module, that is,

Uy = Z (aig ® 1).(fig ® 1)(us) + Z (a;1 ®1).(f;1 ® 1)(us),

i

for any us € A§, implies that, for us = e.(as ® 1),

ple(as®1))=1.(as@1) =a; = M(Z(ai’@ ®1).(fig ® 1)(e.(as ® 1)))

)

+ 1) (a;1®1).(f;1 ®1)(e.(as ®1)))

= Zaz‘,(')-(fi,(') ®1)(e.(as ® 1))
+ Z%’,i-(fj,i ® 1)(e.(as ® 1)). (14)

Since e.(as ® 1 —1®as) = 0, we have (f;i5®1)(e.(as®1)) = (fig®1)(e).(1®a;), and
(f;191)(e(as®1)) = (f;:1®1)(€).(1®as). So, the set of subscripts ¢ for which (f;5®
1)(e.(as®1)) # 0 is contained in the finite set of subscripts for which (f;5®1)(e) # 0
(independent of a;), similarly the set of subscripts j for which (f;1®1)(e.(as®1)) # 0
is contained in the finite set of subscripts for which (f;1 ® 1)(e) # 0 (independent of

as). Therefore, the summation in (14) may be taken over a fixed finite set. Writing
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e= ,(zn ®yr) + (2} @ y),) where x4,y € Ag, T, Y € A1, we have, from (14),

a; = Z aip-(fi5 ® 1)(znas ® ya + (—1)°z}a5 © yj,)

i,h,k

+ Y a;1(f31® 1)(z05 ® Y + (—1)°7ha5 ® 4
Jh.k

= Y aig(fiolznas) @ yn + (-1) fig(zhas) @ v;)
i,h,k

+ D e (fia(enas) ® v + (=1)fx(zhos) ® i)
Gihok

= Zfzo (wnas)aigyn + (=1)° fip(zhas)a: oy
i,hk

+ Z(“)6+1fj,i($haa)aj,iyh + fj,T(x;caﬁ)aj,Iyllc'
Johok

Therefore the union of finite sets {a; gyn} U {a; 53} U{a;1yn} U{a; 1y} generates A°
(and therefore A) over R. O
Corollary 5.2.3 Let A be a separable R-superalgebra where R is a field. Then the

dimension of A as a vector space over R is finite. O

Proposition 5.2.4 Let A be a separable R superalgebra. Any left A-supermodule

M which is R-projective, under its induced of R-supermodule structure, is A-projective.

Proof We start with case R; # {0}.

Let 0 > L - N B3 M — 0 be any exact sequence of left A-supermodules. We
need to show that this sequence splits over A. We know that this sequence splits
over R, so there exists an R-supermodule homomorphism %, from M to N with
Yany = tdpy. Since both N and M are left A-supermodules, Homg(M, N) can be
given the structure of right A® = A°®pA-supermodule under the operation induced
by

m{7~(aa®bﬂ) _ (—1)(6+7)(°‘+ﬂ)aa(bﬁmg)f7

Vao, bsg € A, f, € Homg(M,N), m. € M,. To see this :

(Téme)fv'(aa(gbﬂ) = (bﬂrdme)

(-
= (- )(6+7 O‘-m)rﬁ%z(bﬁme)f7
— rd(mef'r-(aa@bﬁ))

)(6+e+'y a+ﬁ) fy
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and,
m{’7~((aa®bﬁ)(06®du)) - (_l)éﬂmé"y.(aaoca@bﬁdu)

— (_1)65+(e+7)(a+6+ﬂ+u)(aa o ca)(bﬁdume)f”

On the other hand
mgf‘r-(aa‘@bﬂ))(c(i@d#) — (_1)(a+ﬂ+e+7)(6+,u) es( d#me) Fr-(aa®bg)
= (=1)etBren0tn)(_q)ertneth e q, (bsd,m)
(_1)5ﬂ+(€+’v)(a+6+ﬂ+u)(aa o Ca)(bﬁdume)f”-

Therefore Homg (M, N) is a right A%-supermodule. Now, A is R-separable, so let e
be a separability idempotent for A. Let ! = 1),.e, that isif e = } x; ® y; then

(m:}b," ) Z mw—y(z@y,
Z zi(yims)¥7)"
i
> zi(yims) P
i
Z TiYims
i

= ple).ms

= 1.mgs

= ms.

Since e.J = {0}, we have ¥/ (aa ®1 —1®as) = ¢y.€(aa ®1~1®a,) = 0, Va, € 4,,
)
m;ﬂ’«(aa@) _ m;ﬁ%(l@aa)

which implies that (—1)E+M2q, (ms)¥ = (—=1)+1%(q,ms)¥ and therefore

(Gamms)¥" = aq(mes)¥".

So ¢, € Homs(M, N) and hence, the sequence splits over A.
For the case R; = 0,let 0 - L —- N M = 0 be any exact sequence of left
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A-supermodules. We need to show that this sequence A-splits. But
0—5Lg—Ng B M, -0 and0 - Ly = Nt B M1 — 0

are right exact sequences of left R-modules, since M, M; are R-projective, these
sequences are R-split. Therefore there exist R-module homomorphisms g, from M,
to Ng and h, from M, 1 to N (resp.) with g,n, = idy, and hyn, = idp ;. One
can easily check that ¢, = g,|n, & h,| m,,; € Homg(M, N) and ¢,n, = idy. Again
as in the first case Homp(M, N) can be given the structure of right A° = A°®pA-

supermodule under the operation induced by

m{q.(aacpbg) — (_1)(f+7)(°‘+ﬂ)aa(bgme)f'7

Vaa,bs € A, f, € Homg(M, N), m, € M.
Now, A is R-separable, let e be a separability idempotent for A, and let ¢, = v, .e.
Then as we shown in the first case ¢.7, = idy, ¥, € Homa(M, N), and hence the

sequence splits over A. O

Corollary 5.2.5 If A is a separable R-superalgebra where R is a field, then A is

classically separable as an R-superalgebra.

Proof Let K be any field extension of R. By the corollary we know that K®pA is
K-separable. But every K®pA-supermodule is K-projective (since K is a field and
every supermodule over a field is free) so by the proposition above every K®pgA-
supermodule is projective. Hence the Jacobson radical of K®gA is zero by the next

lemma. O

Lemma 5.2.6 Let R = R+ R; be an artinian super-ring with 1 such that every

R-supermodule is R-projective then the Jacobson radical of R is zero.
Proof Let I = the largest direct sum of minimal right super-ideals of R (since R is

artinian it has a minimal right super-ideal).

Claim: I = R.
Proof of the claim : Let o : R - R/I (a — a + I), then kery = I. So,
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0] R%Y R/I — 0 is an exact sequence of right R-supermodules, so it splits,
and therefore there exists 1 : R/I — R such that p1y = idg/;. Let I' = ¢(R/I), then
R =I® I where I' is a right super-ideal of R generated by one element. If I’ # 0 let
I" G I' be a maximal right super-ideal of I'. Then I' = I" @ S, for some S = f’/I".
Since S # 0 is a minimal right super-ideal of R, S C I, a contradiction. Therefore
I'=0and R=1.

Since R is artinian we have R = I, & I, & .... ® I,, of minimal right super-ideals

of R, therefore the Jacobson radical of R is zero. 0O

Examples :

(1) Let R = Ry + R; be a super-commutative super-ring. Then A = M,(R) =
M, (R5) ® M, (Rz), is R-separable.

Proof Let e;; denote the matrix having 1 in the (4, j)-th spot and 0 elsewhere. Then

e = E e,-j®eji

1<ikn

it is easy to check that

for a fixed 7 between 1 and n is a separability idempotent for R. O

(2) Let K be any field of characteristic not equal to 2 and A = M, (K) & M,(K)v
where v? € K*. Then Z(A) = K and A is K-separable.

Proof Let e;; denote the matrix having 1 in the (¢, j)-th spot and 0 elsewhere, and

let

1 1

e = 5[ Z eij (0%4] eji -+ 1)_2 Z ve,-j (%) veji].
1<i<n 1<i<n
Then p(e) = 1 and
1
e(l Xex — e R 1) = (ek]- Qe —ex eﬂ) + '1;5('06}6]’ Qe —veg; @ ejl)
= 040

=0
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and also,
1
6(1 R ueg —vey 1) = (ekj Q vej — veg; Q ejl) + ;)—2('06;9]' ® ’U26jl — ’U26k]‘ ® veﬂ)
| = 0+0
= 0.
Therefore eJ = 0 where J = kerpu and hence A is K-separable. O

(3) In example (2), if K is a field of characteristic equal to 2 and A = M,(K) &
M,(K)v, then Z(A) = Z(A) = K + Kv, where v> = 0 since Z(A) is a super-
commutative super-ring. Therefore A is not classically separable since the Jacobson

radical of A itself not equal to zero. (W

(4) If A is classically separable finite dimensional over any field R of any charac-
teristic then A is R-separable.

Proof Since R®rA, where R is an algebraic closure of R, is a finite dimensional
over R having zero radical, we have R®gA, is a semi-simple artinian super-ring and
therefore by [21, theorem 4]

where each D; is a finite dimensional division super-ring over R, so each D; is either of
the form R+ Rv; or D; = R since R is algebraically closed field. Therefore, by exam-
ples (2) and (3) each M,,(D;) is R-separable, so R®rA is R® R ® ... ® R-separable.

k times
Now, EQBREB GBE is R-separable (easy to check) and so by proposition 5.1.13
k t;nes
R&grA is R-separable, and hence from corollary 5.1.11 A.is R-separable. O

Theorem 5.2.7 A superalgebra A over any field R is separable if and only if A is

classically separable over R and the dimension of A over R is finite. O



CHAPTER 5. AZUMAYA SUPERALGEBRAS 106

5.3 Central Separable Superalgebras

We have seen that if A is a separable R-superalgebra, then A is separable over its
center. We now turn our attention to this type of superalgebras.

An R-superalgebra A is called central if A is faithful as an R-supermodule and R.1
coincides with Z (A). When dealing with faithful superalgebras, we identify R with
R.1 and therefore consider R as a subsuper-ring of Z(A). We call A a central separable

R-superalgebra (or Azumaya superalgebra) if A is both central and separable.

Proposition 5.3.1 Let R be any field and A be an R-superalgebra. Then A is
central simple R-superalgebra finite dimensional over R if and only if A is central

separable R-superalgebra.

Proof Assume that A is a central separable R-superalgebra then, by Theorem 5.2.7,
A is semi-simple finite dimensional over R, and since Z (A) = R, A can have only one
simple component. Therefore A is central simple R-superalgebra.

Conversely, if A is a finite dimensional central simple R-superalgebra then by [16,
Theorem 2.3(2)] K®rA is a finite dimensional central simple K-superalgebra, for
every field extension K of R. Therefore A is classically separable and so by Theo-

rem 5.2.7 A is a central separable R-superalgebra. O

For any R-superalgebra A we have seen that A is naturally a right A®-supermodule.
This induces an R-superalgebra homomorphism ¢ from A® to Hompg(A, A) by asso-

ciating to any element z, ® yg of A® the element (z, ® ys)?, where for any a, € A,,

. ®ys)?
agrx o)’ = Gy-(Ta ® Yp) = (—1)*Tat,yg.

We now set out to prove that, in the case A is a central separable R-superalgebra,

this superalgebra homomorphism ¢ is an isomorphism.

Lemma 5.3.2 Let A be a central separable R-superalgebra. Then R is an R-direct

summand of A.

Proof Let e be a separability idempotent for A (in A¢). Consider e® in Hompg(4, A).

Since ¢ is a super-ring homomorphism e? is an idempotent. We will show that
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A = Im(e?)@ker(e?). Let aq € Aq, then a? € Im(e?) and ap—af’ € ker(e?), and
If bs € Im(e®)Nker(e?) then by = c§ for some cg € Ag, and so by =c§ =0=10s
which implies that

A = Im(e®) @ ker(e?),

as R-subsupermodules of A. Now, since e.J =0, for any a, € A, and by € Ag we

have

(b§¢)aa = (bg-e)aa = (bg.€).(1® aq)
= bg.(e(a, ® 1))
= (bg.e).(aa ®1)
= (~1)®a.(pee)
= (~1)%a.b .

Therefore, b‘; € Z(A) = R. Hence Im(e®) = R, since R C Im(e?). O

Corollary 5.3.3 Let A be a central separable R-superalgebra. If I is any two-sided
super-ideal of R, then JANR = 1.

Proof By Lemma 5.3.2 A = R® L, for some R-subsupermodule L of A. Then
IANR=I(R®L)NnR = (I®IL)NR
= I (since IL C L).
g

Proposition 5.3.4 Let A and B be central separable R-superalgebras. Then AQrB

is a central separable R-superalgebra.

Proof Since R is an R-direct summand of both A and B, R®zR = R is a subsuper-
ring of AQgB, so AQrB # {0}. Therefore AQ g B is R-separable by Proposition 5.1.7.

Now, by the Hom-tensor relation, we have
Hom e (A, A)@®rHomp. (B, B) = HomAe@,RBe(A@)RB,A@RB)
= HOYI](A®RB)¢ (A®RB, A®RB)
(AQrB)"€rB,

1%
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But, by Corollary 5.1.4, this is equivalent to
AA®RBB ~ (A®RB)A®RB
or
R= R®rR = Z(AQgB).
Therefore AQgB is central. O

The next theorem generalizes the result proved by F. DeMeyer to the supercase,
see [6, Theorem 3.4].

Theorem 5.3.5 The following statements about an R-superalgebra A are equivalent
(i) A is central separable over R.

(ii) A is an A®-progenerator and A is R-central.

(iii) A is an R-progenerator as an R-module and the map ¢ from A¢ to Homp(A, A)

is an isomorphism.

Proof It is clear that (ii) implies (i).

The equivalence of (ii) and (iii) follows from the Morita Theorems. Indeed, if A
is R-central we have by Corollary 5.1.4 that Homue(A, A) & R; thus, A is an R-
progenerator as a module over R if A is an A®-progenerator as a supermodule over
A¢. Moreover, A® would then be isomorphic by Corollary 4.3.5 to Hompg(A, A) under
right multiplication, which is precisely the map ¢, so (ii) implies (iii). The reverse

process takes us from (iii) to (ii).

The only remaining implication is (ii) from (i). By definition A is A®-projective
and it is obvious that 1 generates A over A, so A is finitely generated over A°. It

remains to show that A is an A®-generator. To accomplish this we must show that
A*® R=Hom 4 (4,4)A = Home (A, A°)QRA,

where A* = Hom 4. (A, A®), is isomorphic to A® under the map f ® a — f(a). But, by
Corollary 5.1.5, A* is isomorphic to J : 0 under map f — f(1). Therefore, we have
to prove that

(J: 0)®A = A°
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under b® a — b(a ® 1) = b(1 @ a). But this last is easily seen to be equivalent to
(J : 0)A¢ = A°. To prove this result, we need the following lemma, which we will

later improve in Corollary 5.3.9.

Lemma 5.3.6 For every maximal two-sided super-ideal M of a central separable

R-superalgebra A, there exists a super-ideal I of R with A = M.

Proof Let ] = MNR and set M = IA. Clearly M C M and we wish to show equality.
By Proposition 5.1.12, A/M is a central separable superalgebra over R/I. However,
A/M is simple (hence, A/M is a division super-ring) since M is maximal, so by the
next lemma, its center R/I is a field. However, since M N R =1, by Corollary 5.3.3,

we have, also, by Proposition 5.1.12, that A/M is a central separable superalgebra
over R/I, and so is simple. Therefore, M/M is 0, and so M = M = I A. O

Lemma 5.3.7 Let R = Ry + Rj be any super-commutative super-ring. Then for
any super-ideal I of R such that R/I is a division super-ring we have I1 = Ry and [

is a maximal ideal in R and hence R/I is a field.

Proof For any 0 # r; € R;, we have (ri + )2 =7} +I =TI andsor; € I;. This
implies that R; = I1. Therefore I = Ij+ R; and hence R/I ~ Ry/I which is a field.O

We now complete the proof of Theorem 5.3.5 by assuming (J : 0)A® is not all of
A¢ and proceeding to a contradiction. If (J : 0)A® is a proper super-ideal of A°® then
it is contained in some maximal two-sided super-ideal M of A¢. Then A is a central
separable R-superalgebra by Proposition 5.3.4. Therefore, by Lemma 5.3.6, M = I A®

for some proper super-ideal I of R, so
(J : 0)A° C T4°.
Applying the multiplication map u, we get
p((J 1 0)).A° C u(I4°%) = IA.

By Corollary 5.1.5, u((J : 0)) = R, so R.A* = A C IA. But A = IA implies
A¢ = IA® = M, a contradiction. Therefore (J : 0)A¢ = A° and A is an A°-generator.
O
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Corollary 5.3.8 If A is a central separable left R-superalgebra, then for any R-
supermodule M, (M®grA)* = M as R-supermodules under the map m®1 <> m, and
for any two-sided A/R-supermodule N, NA®A = N as two-sided A/R-supermodules
under the map > . n; ® a; — Y_; na;.

Proof Since A is an R-progenerator and Hompg(A, A) = A®, we have by the Morita
Theorems that
(M&rA)®acHom 4¢ (A, A%) 2 M.

But by the hom-tensor relation:
HomAe (A, (M®RA)®AS Ae)

Hom e (4, M&rA)
~ (M&rA)“.

1%

(M®RA)®A€ HomAe (A, Ae)

1%

Therefore M = (M®pA)4.

Similarly,

N 2 AQp(N&sHomye (A, A%))
A@rHom 4 (A, N® 4. A°)
A®rHom (A, N)
AQRN4.

IR

R

IR

O
Again, the next corollary generalizes the result proved by F. DeMeyer to the super-
case, see [6, Corollary 3.7].

Corollary 5.3.9 Let A be a central separable R-superalgebra. Then there is a one
to one correspondence between super-ideals I of R and two-sided super-ideals ¢f of A
given by I - ITAand U - UNR.

Proof By Corollary 5.3.8,

I (IQrA)A 2 (1QTA)A = (TA*=IANR
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and
UXUAQRrA = UNR)QRA= (UNR)A.

This establishes that the correspondence is one-to-one. g

Theorem 5.3.10 An R-superalgebra A is R-separable if and only if A is separable
over Z(A) and Z(A) is a separable R-superalgebra.

Proof Let C = Z(A). By transitivity of separability we have that if A4 is separable

over C and C is separable over R then A is R-separable.

Conversely, assuming A is R-separable, we know that A is separable when considered
as a superalgebra over its center C. It remains to show that C is R-separable. We
will show that C' is C&rC-projective as a C&®rC-supermodule, which implies that
C is R-separable. Now, since A and A° are central separable over C, A¢ is central
separable over C®rC (see Proposition 5.1.7) and therefore, by Theorem 5.3.5, A®
is C®RrC-projective as a module over C&zC. But A is projective over A%, so A
is projective as C®gC-module. Now, one can easily check that any C®gC direct
summand of A is C&® zC-projective as a module over C&rC. However, any C-direct
summand of A is a CQrC-direct summand. But C is a C-direct summand of A.
Hence C is C®rC-projective as a module over C®C, since Cy.(C®RC)1 = Cy, C is
C&rC-projective as a supermodule over C®zC, which implies that C is R-separable.
O

5.4 The Commutator Theorems

In this section we will prove two striking theorems on the representation of a central

separable superalgebras as the tensor product of subsuperalgebras.

To begin, we remark that when A is a central separable R-superalgebra, we have seen
that A is an R-progenerator as a module over R, and if RjAg = Aj or RjA; = A or
if R; = {0} then A is an R-progenerator as a supermodule over R. Also we have seen

that Hompg(A, A), being isomorphic to A°®rA, is a central separable R-superalgebra.
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We have also seen that Hompg(FE, E) is a central separable R-superalgebra when E
is a finitely generated, free R-supermodule. The first proposition generalizes both of

these facts.

Proposition 5.4.1 Let an R-supermodule £ which is R-progenerator as a module

over R. Then A = Homg(E, E) is a central separable R-superalgebra.

Proof We will show that A satisfies the condition (iii) of Theorem 5.3.5. By Corol-
lary 4.3.3, EQRE* = Homp(F, E) = A. But the R-supermodule E* is finitely gener-
ated and projective as a module over R by the Morita Theorems, so A & EQrE* is
finitely generated and projective as a module over R. Moreover, it is clear that A is
R-faithful since F is R-faithful. Hence A is an R-progenerator by Corollary 4.1.17.
Finally we must show that the map ¢ from A® to Hompg(A, A) is an isomorphism.
By Corollary 4.3.5, we have A° = Hompg. (E*, E*) = Homg(E*, E*). Therefore, using
Corollary 4.2.6, we have

A°®RA = HOII’IR(E*, E*)@RHomR(E, E)

= HomR(E*®RE, E*®RE)
HOIIIR(A, A)

1%

One can easily check that the composition of these isomorphisms is indeed ¢. O

Corollary 5.4.2 Let A be an R-superalgebra which is a progenerator as an R-

module. Then R is an R-direct summand of any subsuperalgebra B of A.

Proof By the proposition above Hompg(A, A) is a central separable R-superalgebra.
A can be considered a subsuperalgebra of Homg(A4, A) by identifying it with set of
right multiplication by elements of A. Under this identification we have R C B C
A C Hompg(A, A). But by Lemma 5.3.2, R is an R-direct summand of Hompg(A4, A),
that is, there exists an R-subsupermodule L of Homg(A, A) with RN L = (0) and
R+ L = Homg(A,A). Then RN(BNL)=(0)and R+ (BNL) =B, so Risan
R-direct summand of B. O

Consider now the following general situation. Let A be any R-superalgebra and
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B any subsuperalgebra of A. Then A is naturally a two-sided B/R-supermodule
and, as before, we let AP = (AP); + (A®); where (A%), = {aa € Au | aabs =
(=)*Pbgay, V bg € Bg}. In this setting A® is seen to be an R-subsuperalgebra of A

which supercommutes with B.

Now the proof of the next Theorem in the algebra case is the same as the proof

in the subsuperalgebra case, so we can see its proof in [6, Theorem 2.4.3].

Theorem 5.4.3 Let A be a central separable R-superalgebra. Suppose B is any
separable subsuperalgebra of A containing R. Set C = AZ. Then C is a separable
subsuperalgebra of A and A® = B. If B is also central, so is C and the R-superalgebra
map B&rC — A given by bg ® c, > bgc, is an isomorphism. O

While the previous theorem states that the central separable subsuperalgebras of a
central separable superalgebra A occurs in pairs, each member of a pair being the
commutator subsuperalgebra of the other and whose &y is isomorphic to A, the next
theorem tells us that any representation of A as a tensor product of subsuperalgebras

can only occur in this way.

Theorem 5.4.4 Let A be a central separable R-superalgebra. Suppose B and C
are subalgebras such that the map from B&xC to A given by bs ® c, — bgc, is an
R-superalgebra isomorphism. Then B and C are central separable R-superalgebras
with AZ = C and A¢ = B.

Proof We know by Corollary 5.4.2 that R is an R-direct summand of both B and C,
so B and C are R-separable by Corollary 5.1.10. Since elements of B supercommute
with elements of C (i.e., (bs®1)(1®c,) = (—1)?'(1®c,)(bs®1)), the supercenter of B
is contained in the supercenter of A (i.e., is contained in Z(A4) = R), so B is central as
well as separable. Similarly for C. Finally, by Corollary 5.3.8, AZ = (B&rC)2 =C
and A° = (B&rC)¢ = B. a
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5.5 The Brauer-Wall Group

We devote this section to the definition and fundamental properties of the Brauer-
Wall group of a super-commutative super-ring.

For any super-commutative super-ring R, we proceed to construct the Brauer-Wall
group of R. For A, B central separable R-superalgebras, write A ~ B if and only
if there exist R-supermodules F;, E,, where E;, F5 are R-progenerators as modules
over R, such that

A®RH0mR(E1, El) = B®RH0H1R(E2, EQ)

One can easily check that this relation is an equivalence relation.

Definition 5.5.1 (Definition of the Brauer-Wall group) Let BW(R) denote the
set of equivalence classes of central separable R-superalgebras, and [A] denote the class
containing A. We define a binary operation in BW(R) by [A][B] = [A&rB].

If A" € [A] and B’ € [B], by definition there are R-supermodules E;, Ef, E,, E}, where
E,, E}, E,, E} are R-progenerators as R-modules, such that A&rHompg(E;, F;) =
A'@rHompg(E}, E!), and B&rHompg(Es, E;) & B'@gHompg(E), E}), from which we

obtain

A®B®HOI’DR(E1, E1)®HomR(E2, Ez) = A®HomR(E1, E1)®B®HomR(E2, Eg)
~ A'®@B'®©Homg(E;, E;)®Homg(E}, E))
~ A'@Homg(E;, E})®B'®Homg(E,, Ey).

Thus the operation is well-defined. Obviously it is commutative, associative, and
possesses an identity [R]. Finally by Theorem 5.3.5 if A is a central separable R-
superalgebra then A is an R-progenerator as a module over R and A°®gA is isomor-
phic to Hompg(A, A), whence [A°][A] = [Homg(A, A)] = [Homg(R, R)] = [R], proving
that [A4°] = [4]~!. Thus BW(R) forms an abelian group, known as the Brauer-Wall
group of R.

We next establish the basic functorial properties of the Brauer-Wall group.
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Lemma 5.5.2 Let A be a central separable R-superalgebra. Then for any super-

commutative R-superalgebra S, S®rA is a central separable S-superalgebra.

Proof Wé know that S®rA contains a copy of S since R is an R-direct summand of
A. Thus S®pA # 0 and is therefore separable over S by Corollary 5.1.8. Moreover,
by the hom-tensor relation 4.2.5,

S®R = S®H0mAe (A, A) = HomséAe (S@A, S®A) = Hom(séA)cé(séA) (S®A, S®A)

so by Corollary 5.1.4 we have S is the super-center of SQrA (i.e. S = Z(S&rA)).0

Let f : R — S be any super-ring homomorphism of R to the supercommuta-
tive super-ring S. Then f endows S with a structure as an R-superalgebra. By
the Lemma above, if A is central separable over R then S®pA is central sepa-
rable over S. Further, if the R-supermodule F is an R-progenerator as a mod-
ule over R, then S®zFE is an S-progenerator as a module over S, and, by Corol-
lary 4.2.5, we have S®rHompg(E, E) & Homg(S®F, S®E). 1t follows that the map
B(f): BW(R) — BW(S) given by B(f)([4]) = [S®rA] is well-defined. Also, for cen-
tral separable R-superalgebras A, B, we have (S®rA)®s(S®rB) & (A®rB)®rS,

so B(f) is a group homomorphism.

Suppose g : S — T is also a super-ring homomorphism from S the super-commutative
super-ring T'. Then T is an S-superalgebra via ¢ and R-superalgebra via gf in such
a way that for any central separable R-superalgebra A, T®g(S®rA) = T®grA, so
B(g)B(f) = B(gf). Thus we proved

Proposition 5.5.3 B( ) is a covariant functor from the category of supercommuta-
tive super-rings (and super-ring homomorphisms) to the category of abelian groups

(and group homomorphisms). O

It is clear that from the definition of the equivalence ”~” that any R-supermodule F
which is an R-progenerator as a module over R, Homg(FE, E) is equivalent to R. The
next proposition shows that conversely A ~ R implies that A = Hompg(E, E) where

E is an R-progenerator as a module over R.
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Proposition 5.5.4 For every central separable R-superalgebra A, A ~ R if and
only if A 2 Hompg(FE, FE), where the R-supermodule E is an R-progenerator as a

module over R.

Proof If A = Homg(F,E) then A ~ R. Conversely, if A ~ R then there exist
R-supermodules F; and F,, where E; and F, are R-progenerators as modules over
R, such that AQHompg(E}, Ey) & R®Homg(E,, E;) = Homp(E,, E,). Setting B =
Hompg(E), Ey), we can identify A and B via this isomorphism with subsuperalgebras
of Homg(Es, Es). E; can be viewed as a right B-supermodule under the operation
eabs = €a(l ® bg), for e, € E5 and bg € B. Since B = Homg(F), E;), we have, by
the Morita theorems, that the right R-supermodule M = E,®pE} corresponds to E,
under the category isomorphism between the category of right R-supermodules and

the category of right B-supermodules, since
MQrE, = E,QpE;QprE;

E2®BHOII1R(E1, El)
E,®B = E,.

1%

IR

So, by Proposition 4.3.1, Homg(M, M) = Homp(F,, Es) as R-superalgebras. But
if we consider F, as a right R-supermodule then Hompg(FE,, E3) & A°®rB° and

therefore
Hompg(E,, E;) = [Homp(E,, E»)]®° = A°.

So that A° = Hompg(M, M), and hence A = Hompg(M, M) when we consider M as
a left R-supermodule. Now, we will verify that M is an R-progenerator as a module
over R.

Since E; is R-projective as a module over R, it is B-projective as a module over
B by [6, proposition 2.2.3]. Because projectivity is preserved under the category
isomorphism, M is R-projective as a module over R. In addition, Ef and FE, are
both finitely generated over R, so M = E,®pFE} is finitely generated over R. Finally
because Homg(M, M) = A is a faithful R-superalgebra, M must be a faithful R-
supermodule. Therefore by Corollary 4.1.17 M is an R-progenerator as a module
over R. O
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Corollary 5.5.5 Let A and B be central separable R-superalgebras. Then A ~ B if
and only if B°®A = Homg(E, E), where the R-supermodule E is an R-progenerator

as a module over R.

Proof A ~ B if and only if [A] = [B] if and only if [B]"}[A] = [R] if and only if
[B°®A] = [R]. Now apply the proposition above. d

5.6 Superinvolutions

On a superalgebra A, amap J : A — A is called a superinvolution if J? is the identity
and J is an antiautomorphism. More explicitly, al’ = aa, (aq + bs)” = a + b} and
(aabs)’ = (=1)*PblaZ for all ag,bs in A. Let C = Z(A) (the super-center of A) then
J must preserve C. If J is the identity on C, J is a superinvolution of the first kind.
If not, J induces an automorphism of C of order 2, and J is said to be of the second
kind. Two superinvolutions, J, J' which agree on C are said to be of the same kind.
In the first theorem we try to find the conditions on a central separable R-superalgebra
A to have a superinvolution of the second kind, if R is a connected semilocal super-
ring. In the second one we try to find the conditions on A = Hompg(P, P) to have a
superinvolution of any kind, where P is an R-progenerator as a supermodule over R,

if R is a connected super-ring.

Let R/S be a Galois extension of super-commutative super-rings with Galois group
G = {1,0}. Let A be any central separable R-superalgebra, we define A% as fol-
lows, set A° = A as a super-ring, but the product by a scalar . on A7 is defined
by A.a = A%a. Then one easily check that A? is a central separable R-superalgebra.
Now let 7: A"®rA — A°®grA, be defined by 7(a, ® bg) = (—1)*Pbg ® aq, then 7 is

a o-linear automorphism. In particular 7 is S-linear. Define the corestriction
Tr(A) = {z € A°®rA | 7(z) = z}.

Obviously, Tr(A) is an S-superalgebra. But by [23, Lemma 2.1] Tr(A) is an S-
progenerator as an S-supermodule, if A is an R-progenerator as an R-supermodule.

Moreover if A is central separable over R then by [23, page 529] Tr(A) is central
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separable over S.

Our next example involves assuming that R, the base super-ring, is semilocal (i.e., a
finite direct sum of local super-rings). We will use the fact, from [22], that if A, B
are central separable R-algebras, A ~ B, and the rank of A equals rank of B,. then
A = B, which is also true in the superalgebra case (i.e., if A, B are central separable
R-superalgebras, A ~ B, and the rank of A equals rank of B, then A = B). Let
M be the Jacobson radical of R. Then A = A/MA is a finite direct sum of simple
superalgebras. We call A is perfect if every simple subsuperalgebra of A admits a

superinvolution of the second kind.

Theorem 5.6.1 Suppose R is a connected semilocal super-ring, and A is a central
separable R-superalgebra. Suppose R/S is a Galois extension with Galois group
{1,0}. Then A has a superinvolution of the second kind extending o if and only if
Tr(A) ~ 1 and A is perfect.

Proof Suppose A has a superinvolution, *, extending . Then it is easy to check that

A is perfect. Also * induces an isomorphism A% = A°, so there is an isomorphism
¢ : A®rA — Hompg(A, A)

given by z,(a, ® b)¥ = (—1)*aLx,bs. Set A’ = Aj + Al, where A, = {a, €
A, | @& = an}. Since x is o-linear R-supermodule automorphism of A, the S-
supermodule A’ is an S-progenerator as a module over S. ¢ induces an isomorphism
Tr(A) = Homg(A’, A’), hence Tr(A4) ~ 1.

Conversely, since R is a connected semilocal super-ring, one easily sees that S is a
connected semilocal super-ring also. Let Tr(A) = Homg(P, P). In other words let
T 1 AQrA — A°®gA, given by (a, ® bg)” = (—1)*bs ® a4, be a o-linear au-
tomorphism. Then Tr(A) is the fixed super-ring of A°®rA under 7. Say Tr(A4) =
Homg(P, P), where P is an S-progenerator as a supermodule over S. Then A°®rA =
R®rHomg(P, P) = Homg(R®sP, R®sP) and if p = 0 ® 1 : R®sP — R®3P, then
(Z1-(ae ® bg))? = 2£.(a0 ® bg)7, for all z, in ROsP and a, ® bs in A°QrA.

Since R is connected, rankg(A) = rankgr(A%), but A°®rA = Homz(R&®sP, R®sP),
therefore A°Qp(A°®rA) & A°®rHomp (A, A) & Homp(R®sP, R®sP)®rA°. So by
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[22, Corollary 3.3], A” & A°, which implies that Hompg (A, A) = Homg(R&®sP, R&sP),
but the R-rank of A equals the R-rank of R®sP. So again by [22, Corollary 3.3],
A = R®gP. In other words, A has a o-linear antiautomorphism J such that for
all aq,z,,bs in A, setting z,.(a, ® bg) = (—1)*7alz,bs yields the isomorphism
A°®rA = Homp(A, A) & A°®rA, and the map ¢ = 0 ® 1 : A R®sP) — A
satisfies ¢? = 1 and (z,.(as ® bg))? = z£.(ae ® bg)”. Therefore (—1)*7(agz,bs)? =
(—1)*x2.(bs ® ap) = (—1)P@*Mplata,. (o respects the grading). For w = 1¢ € A3

J J 1 . J2

we have ww’ = w/w =1 and wa,w™" =a;,, and

=1, (a)zybp)? = (—1)*"(-1)PCtblz¥a,. (15)

Lemma 5.6.2 Let A be a central separable R-superalgebra, with J and ¢ satisfying
(15). Then A has a superinvolution agreeing with J on R if ¢ fixes a unit of A,.

Proof If u, is a unit in A, such that u? = u, then u, = (Lug)? = ul.w, so

(ud)lug = w, but (ul)™! = (=1)*(u;!)’, therefore w = (—1)*(u;')’uq, implying

! . . . . . . .
that xi = u;lxi Uq i8 a superinvolution since J’ is an antiautomorphism on A and

(#7) = gtz Tue) ue = (—1)%ug (wlzy (uz")’)ua
= u'ul(wz,w Hw

: -1,J _ -1
Z, since uy u, =w .

O
Continuing proof of the theorem: Let M be the Jacobson radical of R. Then A =
A/MA is a finite direct sum of simple superalgebras. On A, ¢ and J induce maps @
and J satisfying (15). Every preimage of a unit i, of A is a unit u, of A,. Thus we can
change J by conjugation with a unit u,, to make J any desired antiautomorphism
of A of the same kind. In fact, if J' is defined by x,{' = u,'zJu,, we can find a
corresponding ¢’ so that J', ¢ satisfy (15). Specifically if L is the inverse map to
J, we can set z¥ = uj'zful, to show that we have (z¢')¥ = uj!(uz'zful)?ul
= (—1)*uz'(ut/z,z,)uk, where 27 = u3?,
()9 = (-1)*z,(uz") ul = z,, since (—1)*(ul)™" = (uz')". It suffices to find @,

of A such that (%,)? + 4 is a unit, for if u, is a preimage of @, then (ug)¥ + uq will

and hence z, = z/X = (u;')¥, so that

be a ¢ fixed unit of A,. Since A is perfect, it suffices to prove:
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Lemma 5.6.3 Let A be a finite dimensional central simple superalgebra over a field
F with a superinvolution J of the second kind and any associated ¢ to J then there

is an element @, in A, such that (Gie)? + Qg is a unit.

Proof The element w = 1¥ is central since J is a superinvolution. If w # —1, then
a5 = 1 will do. If w = —1, then (G,)¥ = (@a)’w = —(@,)’. Since J is of order 2 on

F, there is f in F such that f — f7 # 0, so again take ag = f — f. O

Suppose R is a local super-commutative super-ring, ¢ an automorphism of R of
order 2, P is an R-progenerator as a supermodule over R, and I a rank one R-
projective supermodule. A morphism e : PRgP — I is called a bilinear I form
on P, a morphism e : P°®rP — I is called a ¢ bilinear I form on P. The image
e(pa ®qg) is often written as e(pq,, gs) and in either case, e can be thought of as a map
e: PxP — I. Such a form induces a map e* : P — Hompg(P,I) ( P — Homg(P,I))
given by e*(po)(gs) = €(Po, gp). In a similar manner, we define e, : P — Hompg(P, I)
( P — Hompg(P?,I)) given by e.(gs)(pa) = €(pa, gs). If e* and e, are isomorphisms
then we say e is nondegenerate. Our final result shows that the existence of superin-
volutions on Homg(P, P), where Hompg(P, P) is an R-progenerator as a supermodule

over R, is equivalent to the existence of forms on P.

Theorem 5.6.4 Let R be a connected super-ring, and A = Hompg(P, P) be a central
separable R-superalgebra such that A is an R-progenerator as a supermodule over R,
then

(a) A has a superinvolution of the first kind if and only if there is a rank one R-
projective I, a nondegenerate bilinear I form e on P and a ¢ in Ry such that 2 =1
and e(zq,ys) = (—1)*Pde(yg, z4) for all z4,7ys in P.

(b) Let o be an automorphism of R of order 2. Then A has a superinvolution of
the second kind extending o if and only if there is a rank one R-projective I with a
o-linear automorphism of order 2 (also called o) a o-bilinear I form e on P and an
element ¢ in R such that 0(8)6 = 1 and o (e(zq, yp)) = (—1)*de(yg, zo) for all z4,ys
in P.

As a first step we prove the following lemma:
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Lemma 5.6.5 Suppose @ is a right A¢ = A°®rA-supermodule, then Q = M & I,
where M is the R-subsupermodule of ) generated by all elements of the form (a, ®
1 —1® a,)qs, where a, in A, and gp in Qp. If Q is R-projective as a supermodule
over R then rankg(A).rankg(l) = rankg(Q).

Proof Consider the well-known split exact sequence of A°-supermodules
05J—A5 450

where p(a, ® bg) = anbs and J is a right super-ideal of A® generated by all elements
of the form a, ® 1 — 1 ® a, where a, € A,. Suppose @ is a right A®-supermodule.

Tensoring by ) over A¢ yields a split exact sequence of R-supermodules
0= Q@ud = Q@A ¥ Q&4 A =0

of course, Q® 4 A° = @ under the map a, ® 23 — Qa2g. Under this isomorphism
Q® 4cJ is mapped onto M defined above. Thus Q & M @ I, where ] = Q&®4A
But I®rA & QR4 (AQrA) & Q®4.(A°®rA) (as an R-supermodules), therefore
I®RA = QR 4e A° = Q. O
We will handle cases (a) and (b) simultaneously by letting o be an automorphism of
R of order either one or two. Suppose e is an I form on P as in either (a) or (b). Let
ao € Ao. Then for fixed y, € P,, e(z,a4,¥,) € Io4y+, and so there is a unique ¥, ,,
in P, such that e(z,a4,Y,) = e(z,,9,,,). Define a}, € A, by (—=1)*"y,a} = ¢/,
Then for all y,

be(Tuta, yy) = (—1)*"0e(z,, y4a5) 7
= (=1)?(=D)*** Mo (e(yyay, 24))
(=1)F¥ 0 (e(yy, zuay’))

= (56(:17#(1(1 ’ y’Y)’

and

e(Tuaabp, yy) = (_1)(ﬂ+a)7e($wyv(aabﬂ)*)
- (—1)(ﬁ+a)7+°‘ﬂe(azu,yayb};a’;).
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Therefore o = a, for all a, € A,, and e(z,, yy(—l)aﬂb}’;a;) = e(z,, Yy(aabp)*), which
implies that (aqbg)* = (—1)*’bjal. So,  is the required superinvolution,
Conversely, suppose A has a superinvolution * extending ¢ on R (o is of order 1
or 2). View x as an isomorphism: A° = A°. Then * ® 1 : A°®pA = AQrA =
Homp(P°®gP, P°®gP). Therefore, P°®gP becomes an A°®rA-supermodule under
the action (from the right) (ps ® gy).(aa ® bg) = (—1)*"psa}, ® g,bg. According to the
lemma above P°®pP = M @I, where I has rank one and M is the R-subsupermodule
generated by bg(a, ® 1 — 1 ® a,) for all bg in P°®rP. Let e : P°®rP — I be the
projection on I. Since e(M) = 0,

ellz,®yp)(a,®1-1®a})] = e[(—1)*z,0, ® ys — 7, ® ypay]
= (.

Therefore, e(zyaq,y5) = (—1)*Pe(z., ypal), and e(P°®rP) = I. We need to show
now that if o is of order 2, I has the property required in (b). Recall that 7 :
P°QgrP — P°QgrP, T(ps ® q5) = (—1)* g5 ® p, is a o-linear automorphism and for
ae ® bg in A°®RA,

T((Py ® 45)-(6a @ bp)) = (—1)*7((pyaf, ® gsbp))
_1)a6+(6+5)(a+7)q6bﬁ ® p’ya;
—1)"°*5%(g5 @ p,) (b ® ay)
-1)

1) 1((py ® ¢5)) (b} ® af).

Thus, 7(M) = M, and 7 induces a o-linear automorphism on I & P°&,P/M which
we also call o.

We now show e, is an isomorphism. Let {p;,, fi,} be a finite dual basis for P. So if
zs in Ps, x5 = Y, 25" .pi. Suppose fz € Homg(P?,I) we wish to find zg in P such
that e.(zs) = fp. Let

f R
G =Dl = (O (Pin)7.pjq) "
j

= Z (i) T57) a5 45-

J
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Since e : P°®gP — I is onto, the e(p;,,pr) for all j and k, generate I. Write
iyt = 2k Tijhyy+8€(Pjsy Physy) then
Amy+p = ZU ((pmﬁ)fm)ai,wﬁ
i

= Z a((pmn)fi'7)Tz‘jk,7+ﬁe(pj,7v Pk,y)
4,5,k
= Z Tijk,7+ﬂe((pm,v)fmpj,'ya Dkyy)-

Lk

Define ¢;; € Hompg(P, P) by z4c;j = gl .Dj- Then

e((pm,v)fi’7pj,7’pk,7) = €(Dm,yCij> Pkyy) = e(pm,vvpk,'vc:j)‘

Thus setting z5 = Y-, . (=1)""" 1y 14 p1 €55, then

e(pm,wa 1135) = Z (_1)7(’Y+ﬂ)e(pm,7> 'rijk,’y+/3pk,'yc:j)
b5,k

= Zrijk,'y+ﬁe(pm,'ycij,pk,7)
0,5,k
= Gmqy+g for all m,
implying e.(zg) = fz. Thus e, is onto, and, by considering ranks, e, is an isomor-
phism. Similarly, e* is an isomorphism and we have proved the nondegeneracy of e.
For p, in P, define p,0 by e(pa, zy) = (—1)*"0(e(x, pab)), for all z, in P,. Then for

rs in R(j,

e(T6Pa, By) = (—1)"*"o(e(zy, (rspa)f))
(=1)*e(pars, )

= (=1)**"(pg, 2,0(rs))
(-1)
(-1)

1) (1) (e(zr0 (), o)
1)7etd ( (‘r777'5(pa9)))'

Thus, (r5pa)0 = 75(pa?), which implies that 6 € Hompg(P, P) = A. Now, e(pa,qs) =
(—1)*?0(e(gs, pab)) = (—1)*’a(e(gs8", pa)) = €(Pa;q8*0). Thus §*¢ = 1. Similarly,
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00* = 1, since e(pa, qs0*0) = (—1)*Po(e(gpb*8, pal)) = (—1)*Pa(e(gsd*, pab0*)), so
060* = 1. Furthermore, for a, € A,,
(—1)Pe o (e(ys, T4a09))
(— 1)ﬂ a+7)( )"7a(e(y5(aa0)*,x7))
= (-1)fe(=1)0(e(yp8"ay, z,))
(-1)

1)5%e(., ys6*a’)

e(Tya, Yp) =

= e(zy0%aab,yp).

We deduce that a, = 0*a,0 for all a, in A,,hence # € Rz and we set 6 = 6. O
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