
u Ottawa 
l.'Univcrsild cnn.iflicnnc 

Oinar/a's linivcrsiiy 



FACULTE DES ETUDES SUPERIEURES l = = l FACULTY OF GRADUATE AND 
ET POSTOCTORALES U Ottawa POSDOCTORAL STUDIES 

I.'Universittf canadienne 
Canada's university 

Kevin Weicker 
TuTEWDFUTHlWrAUTHOR^THESfs" 

M.A.Sc. (Civil Engineering) 
GRADE/DEGREE 

Department of Civil Engineering 
"FAOJlT^rfCOL^DEP^^^ 

Finite Element Formulation for Analysis of Pipes Based on Thin Shell Theory 

TITRE DE LA THESE / TITLE OF THESIS 

Dr. Magdi Mohareb 
TJIRliCilEURlDiREC^^ 

EXAMINATEURS (EXAMINATRICES) DE LA THESE /THESIS EXAMINERS 

Dr . H e n g K h o o 

Dr. Dan Palermo 

Dr. Mamadou Fall 

Gary W. Slater 
Le Doyen de la Faculte des etudes superieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies 



FINITE ELEMENT FORMULATION FOR 

ANALYSIS OF PIPES BASED ON 

THIN SHELL THEORY 

by 

Kevin Weicker 

A thesis submitted to the University of Ottawa 

in partial fulfillment of the requirements for 

Masters of Applied Science in Civil Engineering 

Department of Civil Engineering 

Faculty of Engineering 

University of Ottawa 

© Kevin Weicker, Ottawa, Canada, 2008 



1*1 Library and 
Archives Canada 

Published Heritage 
Branch 

395 Wellington Street 
Ottawa ON K1A0N4 
Canada 

Bibliotheque et 
Archives Canada 

Direction du 
Patrimoine de I'edition 

395, rue Wellington 
Ottawa ON K1A0N4 
Canada 

Your file Votre reference 
ISBN: 978-0-494-50935-7 
Our file Notre reference 
ISBN: 978-0-494-50935-7 

NOTICE: 
The author has granted a non­
exclusive license allowing Library 
and Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distribute and sell theses 
worldwide, for commercial or non­
commercial purposes, in microform, 
paper, electronic and/or any other 
formats. 

AVIS: 
L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par Plntemet, prefer, 
distribuer et vendre des theses partout dans 
le monde, a des fins commerciales ou autres, 
sur support microforme, papier, electronique 
et/ou autres formats. 

The author retains copyright 
ownership and moral rights in 
this thesis. Neither the thesis 
nor substantial extracts from it 
may be printed or otherwise 
reproduced without the author's 
permission. 

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. 
Ni la these ni des extraits substantiels de 
celle-ci ne doivent etre imprimes ou autrement 
reproduits sans son autorisation. 

In compliance with the Canadian 
Privacy Act some supporting 
forms may have been removed 
from this thesis. 

Conformement a la loi canadienne 
sur la protection de la vie privee, 
quelques formulaires secondaires 
ont ete enleves de cette these. 

While these forms may be included 
in the document page count, 
their removal does not represent 
any loss of content from the 
thesis. 

Canada 

Bien que ces formulaires 
aient inclus dans la pagination, 
il n'y aura aucun contenu manquant. 



ABSTRACT 

A general solution for the stress-deformation analysis of pipes subjected to general loading 

conditions is developed. The solution is based on the assumptions of thin-walled shell 

theory and is limited to straight pipes of prismatic cross-section made of linearly elastic 

isotropic material subjected to general loading. 

The principle of stationary potential energy is used in conjunction with general Fourier 

series expansion for the displacement fields to formulate the equilibrium conditions and 

boundary conditions. The equilibrium equations for each Fourier mode are observed to be 

uncoupled from other modes, a feature that is exploited in formulating a general closed form 

solution for the displacement fields. 

The analytical solution developed is then successfully adopted to solve two pipe problems. 

Comparisons with established finite element solutions demonstrate the ability of the model 

to accurately capture complex shell behaviour with a remarkably small number of degrees of 

freedoms. However, the algebraic manipulations in the analytical solution are found quite 

tedious for hand calculations, even for simple problems. 

In order to remedy this limitation and to make the solution scheme amenable to more 

complex problems, a finite element solution is formulated based on the analytical solution 

developed. The expressions for the displacement fields obtained are used to formulate a 

series of exact shape functions which relate the intermediate displacements within a finite 

element to the nodal displacements. Using the exact shape functions, the principle of 

stationary potential energy is adopted to formulate the stiffness matrices and associated 

energy equivalent load vectors for pipe finite elements. The new finite element is tested for 

a variety of practical loading conditions including point loads, gravity loads, internal and 

external pressure, twisting deformation, axial deformation, transverse deformations, and 

combinations thereof. Results are found in excellent agreement with those based on shell 

finite elements in ABAQUS. 
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The pipe element developed is shown to be free of discretization errors and is thus 

computationally efficient. The element can very accurately predict the displacements and 

stresses of a pipe with only a very few elements and a few Fourier modes. 
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CHAPTER 1: INTRODUCTION 

Pipes are commonly used to convey oil, natural gas and other commercial products. The 

ability to accurately model the displacements and stresses in a pipeline is required to 

produce an economical design. As the scale of pipeline projects can be quite large, the 

economic savings resulting from an efficient analysis can be significant. However, the 

model must be comprehensive enough to cope with the wide variety of loading conditions 

possible. Pipelines can be subjected to biaxial bending moments and shears, torsion as well 

as internal and external pressure in any combination. Failure to account for any of these 

loading conditions can have severe consequences. 

Traditional shell finite element models are capable of accurately modeling pipe behaviour 

for any type of loading. However, the effort and resources required to create and execute 

such comprehensive models make them impractical as design tools. There is a need to 

develop a simple finite element model that can accurately predict displacements and 

stresses. Simple elements have been developed in the past but have been hampered with 

restrictive assumptions regarding the displacement field and associated strains. 

In the current study, a simple yet accurate element is established which can model general 

loading conditions. The element is not restricted by the assumptions made with previous 

elements and is based on the exact solution of the equilibrium equations. 

1.1 Previous Work 

Much of the previous computational research conducted in the field of stresses and 

displacements of pipes has been concerned with the deformation of pipe bends subjected to 

bending moments in the plane of the bend. However, the majority of the results can be 

applied to straight pipes by assuming the radius of the pipe bend to be infinitely large. 

Recent studies have also investigated the effects of out-of-plane bending and even general 

loading on pipe deformation. 
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The sign convention adopted in most previous studies, and in the present study, for the 

positive direction of the longitudinal displacement, u, tangential displacement, v, and radial 

displacement, w, is shown in Figure 1.1. 

Figure 1.1 - Sign convention for displacements u, v, and w 

In the following, a summary of important work on the analysis of pipelines is presented. 

von Karman (1911) 

The pioneering work in the study of pipe deformation was conducted by von Karman (1911) 

and much of the research carried out in the past century is based on his theory. Von 

Karman's research was related to the response of pipe elbows when subjected to bending 

moments in the plane of elbow bend. He realized that deformation of the pipe cross section, 

specifically ovalization, induces additional strains not included in the traditional curved 

beam theory. The additional strains due to ovalization include a circumferential strain, e^, 

and a longitudinal strain, ez, that is in addition to the longitudinal strain captured by the 

traditional beam theory. In his analysis, von Karman included a number of simplifying 

assumptions: 

1. Cross sections which are plane and normal to the neutral axis before deformation 

remain plane and normal to the neutral axis after deformation. 
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2. Longitudinal strains, ez, are constant throughout the pipe wall thickness (only 

membrane longitudinal strains are present). 

3. Circumferential strains, e^, vanish at the pipe wall middle surface. All 

circumferential strains are a result of transverse bending of the pipe wall. 

4. The elbow bend radius is much larger than the pipe middle surface radius. 

5. Poisson's ratio is disregarded. 

In simple terms, Assumption 1 states that warping of the pipe cross section is not accounted 

for, while Assumption 3 states that pipe is inextensible in the radial direction. Much of the 

research that followed von Karman adopted the same two assumptions. In contrast, these 

assumptions are not made in the present study in which both warping and pipe extensibility 

are represented. 

: By minimizing the total potential energy of the system, von Karman concluded that for an 

' elbow subjected to in-plane bending, the radial displacement, w, of the pipe cross section is 

' given as: 

N 

(1.1) w = ^cnsm2n0 
M = l 

in which von Karman determined the parameters cn by Ritz analysis. In Eq. 1.1, the term N 

is the total number of modes to be included in the analysis. Von Karman gave suggestions 

on the value of N based on the geometry of the problem. 

Wood (1958) 

Wood (1958) extended von Karman's work by including the effects of internal pressure. He 

adopted the same restrictive assumptions as von Karman, including neglecting warping 

effects and assuming the pipe as inextensible. Wood considered a long, uniformly 

pressurized circular elbow subjected to a uniform in-plane bending moment. Under the 

influence of internal pressure and in-plane bending, Wood postulated that the total 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 1 
April 2008 Page 3 



displacement of a point on the pipe middle surface would be the superposition of three 

displacement components: St. Venant beam displacement, ovalization displacement and 

pressurization displacement. He then expanded the tangential displacement, v, and radial 

displacement, w, due to ovalization as Fourier series: 

(l.2a) v(z,^) = ^A n ( z ) s inn^ 
n=\ 

(1.2b) w(z,0) = ^nAn(z)cosn</> 
n=l 

The coefficients A„ were determined by minimizing the total potential energy of the system. 

In his work, Wood assumed that An = 0 for n > 4 , thus taking only the first three Fourier 

modes. Note that mode zero was not included in the Fourier expansion as it was accounted 

for directly in the calculation of the pressurization displacement. 

Ohtsubo and Watanabe (1978) 

Ohtsubo and Watanabe (1978) developed a finite element based on ring elements. In the 

development of their element, they relaxed some of von Karman's assumptions and 

accounted both for shear deformation and warping of the pipe cross section. However, the 

inextensibility assumption for the pipe cross section was retained. While the element was 

developed to model pipe elbows, the authors noted that it can be made equally suitable for 

straight pipes by assuming an infinitely long bend radius. In addition, both the in-plane 

bending and out of plane bending were considered. Strain expressions were developed 

based on the Love-Kirchhoff thin shell theory, which states that "straight fibres 

perpendicular to the middle surface before deformation remain straight and perpendicular to 

the middle surface after deformation" (Ohtsubo and Watanabe, 1978). The same Love-

Kirchhoff model is also followed in the current study. 

The displacements in the longitudinal, tangential and radial directions, w, v and w 

respectively, were expanded in Fourier series. Separate Fourier series were developed based 

on whether the element was subjected to in-plane or our-of-plane bending. 
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In-plane bending: 

(1.3a) u(z,0)= ]T an(z)cosn0+ ^ bn(z)sinn0 
n=0,2,4... n=l,3,5... 

(1.3b) v{z,0)= ^ cn(z)cosn^ + ^ dn(z)sinn0 
n=l,3,5... B=2,4 ,6 . . . 

(1.3c) w(z,^) = J ] <?n(z)cosn^ + £ /„(z)sinn^ 
n=0,2,4... n=l,3,5... 

Out-of-plane bending: 

(1.4a) w(z,^) = ]T an(z)cosn0+ ^ Z?n(z)sinft^ 
«=1,3,5... n=2,4,6... 

(1.4b) v(z,^) = 2 c„(z)cosn^ + ]T dn(z)sinn^ 
n=0,2,4... n=l,3,5... 

(l.4c) w(z,0)= ]T e„(z)cosn<z>+ J ] /„(z)sin/i^ 
n=l,3,5... n=2,4,6... 

In Eqs. 1.3 and 1.4 the coefficients an(z), bn(z), cn(z), dn(z),en(z) and fn(z) are 

functions of the longitudinal coordinate, z. The functions were interpolated between nodes 

with second order Hermite polynomials. The total potential energy expression was 

formulated and minimized with respect to the nodal displacement parameters in order to 

recover the discretized form of the equilibrium equations. Results were presented for a 

number of specialized cases, including: (1) uniform in-plane bending; (2) neglecting the 

effects of cross section warping; and (3) neglecting the effects of shear deformation. 

Bathe and Almeida (1980) 

Bathe and Almeida (1980) developed a linear finite element which also relaxed a number of 

von Karman's assumptions. The von Karman formulation was based on the assumption that 

the bending moments and ovalization were constant along the length of the elbow. In Bathe 

and Almeida's formulation, however, the ovalization was assumed to vary along the length 

of the elbow in the form of a cubic polynomial. This assumed ovalization distribution 
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allowed for the fact that no ovalization may be present at the ends of the elbow while being 

present in the intermediate section. In addition, von Karman assumptions 2, 4 and 5 were 

relaxed, permitting the element to: (1) capture the varying longitudinal strains through the 

pipe wall thickness; (2) model elbows with a small bend radius relative to the pipe radius; 

and (3) capture the effects of Poisson's ratio. The element does, however, retain von 

Karman assumptions 1 and 3 and thus the warping of the cross section is neglected and the 

pipe wall is assumed inextensible in the radial direction. 

The element had four nodes and postulated the displacement of a point on the cross as a 

combination of centreline displacement (beam displacement) and cross section deformation. 

The centreline displacement was expressed in terms of the nodal displacements and 

interpolation functions that vary cubically with respect to the longitudinal coordinate. 

Displacements in the tangential and radial directions, representing the deformation of the 

cross section, were described with Fourier series expansions similar to those used by 

Ohtsubo and Watanabe (1978). The difference is that Bathe and Almeida base their 

interpolation functions on four nodes within the element rather than two. Cubic polynomials 

were used for the interpolation functions. The formulation of the Fourier series expansion 

allowed for both in-plane and out-of-plane bending moments to be considered. Equilibrium 

equations were established and solved to determine the unknown displacement parameters. 

Bathe and Almeida continued their work to provide enhancements to the element. 

Subsequent improvements included developing interaction effects between elbow elements 

and straight pipe segments (Bathe and Almeida, 1982) and developing the non-linear 

capabilities for the element (Bathe and Almeida, 1983). 

Militello and Huespe (1988) 

Further improvements to the Bathe and Almeida element were made by Militello and 

Huespe (1988) who relaxed the assumption that plane sections remain plane. The element 

formulation was similar to that presented by Bathe and Almeida in that it used four nodes, 

assumed the pipe inextensible in the radial direction and expanded the tangential and radial 

displacements with Fourier series. The contribution of Militello and Huespe was to also 

expand the longitudinal displacement in a Fourier series to account for warping of the cross 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 1 
April 2008 Page 6 



section. The coefficients of the longitudinal displacement Fourier series were interpolated 

with third-order Lagrangian polynomials. Their formulation allowed the number of Fourier 

terms to be specified by the analyst. 

Abo-Elkhier (1990) 

Abo-Elkhier (1990) also improved upon the Bathe and Almeida element by presenting a 

formulation consistent with thin shell theory. The same assumptions employed by Bathe 

and Almeida (1980) were used, including pipe inextensibility in the radial direction and 

neglecting the effects of warping. Abo-Elkhier improved the element by including 

additional strain terms that Bathe and Almeida did not take into consideration. By 

developing a formulation consistent with thin shell theory, Abo-Elkhier incorporated all 

direct membrane strains as well as the strains induced by bending of the pipe wall. The 

Fourier series expansions and interpolation functions were consistent with those used by 

Bathe and Almeida. 

Yan et al (1999) 

A significant improvement to the elements developed by Bathe and Almeida (1980) and 

Militello and Huespe (1988) was made by Yan et al. (1999) by relaxing the assumption of 

pipe inextensibility in the radial direction. The remainder of the formulation is consistent 

with that presented by Militello and Huespe. Cross section deformations, in the form of 

warping and ovalization, were added to the beam displacement to give the total 

displacement of the pipe. The longitudinal, tangential and radial displacements were all 

expressed as Fourier series in the circumferential direction with the interpolation functions 

being the same as those derived by Militello and Huespe, namely a third-order Lagrangian 

polynomial for the longitudinal displacement and third-order Hermite polynomials for the 

tangential and radial displacements. The importance of accounting for pipe extensibility 

was highlighted as it allows the effects of internal pressure to be included. The internal 

pressure in the elbow causes direct tangential stresses due to radial expansion, stiffens the 

elbow which in turn reduces ovalization due to bending and creates a non-uniform stress 

distribution in the elbow. All of these effects were captured in the new element. The 

authors also extended their work to determine the plastic limit load of a pipe elbow. 
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Millard and Roche (1984) 

Several variations of the elbow bending problem have also been examined. Millard and 

Roche (1984) considered the propagation of ovalization from an elbow subjected to in-plane 

bending along an adjacent straight section of pipe. For a straight pipe subjected to end 

displacements v(0) = -(ao/2)sm2n</> and w(^) = a0cos2n^, they expressed the 

longitudinal, tangential and radial displacements, u, v, and w, as Fourier series: 

5 

(1.5a) u{z,<p) = 'Yjbn{z)cos2n(/> 

n=\ 

5 a (z\ 

(1.5b) v(z,0) = V—n-^-Lsin2n^ 
«=2 2n 

5 

(l.5c) w(z,0) = '£ian(z)cos2n0 

A unique feature of the element is that conventional interpolation functions for the 

coefficients of the Fourier series were not postulated. Rather, the coefficient functions 

an(z) and bn(z) were assumed to take the form: 

(l.6a) an{z) = ane^ 

(l.6b) bn(z) = pne
Kz 

The equilibrium equations were established by minimizing the total potential energy of the 

system. The result was two coupled, fourth order differential equations which were solved 

for Xn. The coefficients an and f3n were determined from the boundary conditions. The 

solution procedure is similar to the one used in the current study, with the exception being 

the loading conditions and assumed strains. Millard and Roche subjected their element to a 

prescribed displacement at one end and investigated the propagation of the displacement 

along the length of the element. In contrast, the element in the current study can be 

subjected to any general loading condition. Also, Millard and Roche neglected the strains 

due to shear curvature, K^ , and the tangential hoop strain, e^ (i.e. pipe inextensibility was 

assumed). Both of these strains are included in the current study. 
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The propagation of ovalization due to Fourier modes 2n = 2 through 2n = 10 were 

compared and they discovered that in the straight section of the pipe mode 2 ovalization 

dominated and the higher modes decayed quickly. The effects of further simplifying 

assumptions were investigated. These are: (1) neglecting the warping of the cross section; 

(2) neglecting shear deformation; and (3) neglecting the variation of the bending curvature, 

Ka, in the longitudinal direction. The results based on simplified displacement fields were 

compared to those based the full formulation. Millard and Roche's solution was only 

presented analytically and was not implemented in a finite element context. 

Berton (1992) 

Berton (1992) extended the analytical work of Millard and Roche by investigating the 

propagation of ovalization of an elbow element subject to in-plane and out-of-plane bending 

as well as torsional loading along an adjacent straight pipe. The assumptions and 

displacement functions were identical to those proposed by Millard and Roche. The 

solution also followed the same procedure but accounts for out-of-plane bending and 

torsional loads. Only mode 2 ovalization was considered. 

Karamanos et al. (2002) 

Karamanos (2002) broadened the previous work to include buckling instability of pipes. His 

work included non-linear elastic effects and investigated the relationship between 

ovalization and buckling of pipes subjected to a uniform bending moment. This work was 

followed up by Karamanos et al. (2003) who included the effects of plasticity and internal 

pressure. They further investigated the influence of the type of loading on the failure mode. 

Madureira and de Melo (2000, 2004); Fonesca, et al. (2002) 

Simplified analytical models to describe pipe deformation have also been developed. 

Madureira and de Melo (2000, 2004) and Fonesca, et al. (2002) developed elements based 

on a semi-membrane formulation. Strains due to longitudinal curvature, KZ, and shear 

curvature, K^, were neglected resulting in a much simplified set of equilibrium equations. 

Warping of the cross section was considered but the pipe was assumed to be inextensible in 
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the radial direction. Fourier series expansions were used to describe the displacement in the 

longitudinal, tangential and radial directions. The coefficients of the Fourier series were 

solved exactly for given loading and boundary conditions. The solution procedure was 

similar to that presented by Millard and Roche (1984). 

The solution presented in the current study follows the general procedure used by Millard 

and Roche (1984) and Berton (1992). However, some of the limiting assumptions in the 

previous work are relaxed in the current study. In addition, the solution obtained is 

implemented in a finite element context. 

1.2 Terms Included in Fourier Series Expansion 

In much of the previous work outline in Section 1.1, Fourier series expansions are used to 

describe the longitudinal, tangential and radial displacements, u, v and w, in terms of the 

longitudinal variable z and the tangential variable 0. The general form of the expansion is: 

a, a, 

(1.7a) u(z,0) = ^su(z)cosn0 + y^tu(z)sinn0 
n=0 ra=0 

as a, 

(1.7b) v(z,0) = ^sv(z)cosn0 + 2^ v(z)s inn0 
K=0 n=0 

as a, 

(l.7c) w(z,0) = '£sv/(z)cosn0 + 2^tw(z)smn0 
n=0 n=0 

In Eq. 1.7 as and a, represent the number of terms included in the expansion for cosn</> 

and sinn(j), respectively, while su(z), sv(z), sw(z), tu(z), tv(z) and tw(z) are functions 

of z only, which are to be determined. As outlined in Section 1.1, functions su(z), sY(z), 

sw(z), tu(z), tv(z) and tw(z) were either solved exactly or approximated by polynomial 

interpolation functions. 

Considerable disparity exists among the previous works with regards to the number of terms 

included and the postulated shape functions which express su(z), sv(z), sw(z), tu(z), 

tv(z) and tw(z). In some work, only even or odd terms are included while other work 
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includes all terms. In addition, a wide variety exists in the number of terms included in the 

expansion. Some work includes only two terms while others include up to sixteen terms. 

The number and type of terms included is dependent on many factors such as loading 

conditions, assumed displacements and the amount of accuracy desired. In many studies, 

only bending in the plane of the pipe elbow was considered. For such loading cases only the 

even or odd terms are required for the Fourier expansion, depending on which displacement 

is being defined. Conversely, for out-of-plane bending the opposite terms will be required. 

Both odd and even terms are required to describe the deformation resulting from combined 

in-plane and out-of-plane loading or any other general loading condition. For certain 

loading cases, however, only one particular Fourier mode may be required to completely 

describe the displacement. For example, as will be shown in Chapters 4 and 6, the 

displacement of a cantilevered pipe subjected to only its own self weight can be completely 

described with only Fourier mode n = 1. 

Assumptions regarding the displacement field of the pipe also have a significant impact on 

which terms are to be included in the expansion. Much of the early work disregards warping 

of the cross-section, assuming instead that the cross-section remains plane during 

deformation. As such, a Fourier series expansion is not required to describe the longitudinal 

displacement of the pipe. In these formulations Fourier series expansions were required 

only for the tangential and longitudinal displacements. 

Table 1.1 contains a summary of the terms included in the Fourier expansions in the 

previous work for the longitudinal, transverse and radial displacements of the pipe. Also 

included in the table are the loading and displacement assumptions employed in each of the 

works. Note that previous works present elastic solutions with no geometric or material 

non-linear effects. 
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Table 1.1 - Number of terms n included in the Fourier series expansions of displacements u, v and w 
r " 

Source 

Wood, 1958 

Ohtsubo and 
Watanabe, 

1978 
Bathe and 
Almeida, 

1982 
Millard and 
Roche, 1984 
Militello and 

Huespe, 
1988 

Abo-Elkhier, 
1989 

Yan, Jospin 
and Nguyen, 

1999 
Karamanos 
et. al, 2003 
Fonesca, 
Melo and 
Oliveira, 

2002 
Melo and 

Madureira, 
2004 

Notes 

1,6 

6 

7 

1,2,8 

6 

3,6 

1 

6 

4,5,6 

5 

Longitudinal 
displacement, u 

COS710 

none 

0,2,4... 

1,3,5... 

none 

2 

0,1,4,6,8 

none 

2,3,4 

2,4,6...,16 

0,1,2,4,6,8 

1,2,3,4,5 

sinn^ 

none 

1,3,5... 

2,4,6... 

none 

none 

0,1,4,6,8 

none 

2,3,4 

3,5,7...,15 

none 

none 

Tangential displacement, 
V 

COS«0 

1,2,3 

1,3,5... 

0,2,4... 

0,2,4,6 

none 

0,2,4,6 

0,2,4,6 

2,4,6 

3,5,7...,15 

none 

none 

sin«0 

none 

2,4,6... 

1,3,5... 

0,2,4,6 

2 

0,2,4,6 

0,2,4,6 

2,4,6 

1,2,4...,16 

0,1,2,4,6,8 

1,2,3,4,5 

Radial displacement, 
w 

cosrup 

0,2,3 

0,2,4... 

1,3,5... 

0,2,4,6 

2 

0,2,4,6 

0,2,4,6 

2,4,6 

0,2,...,16 

0,1,2,4,6,8 

1,2,3,4,5 

sin«0 

none 

1,3,5... 

2,4,6... 

0,2,4,6 

none 

0,2,4,6 

0,2,4,6 

2,4,6 

1,3,5...,15 

none 

none 

Notes for Table 1.1: 

1. Warping of the cross section is neglected; plane sections remain plane. 

2. The number of terms included depends on the pipe and bend geometry. 

3. Terms n = 0 and n = 1 for the longitudinal displacement are accounted for in the 

beam theory. 

4. The solution was also implemented with the odd terms included and the results were 

compared. 

5. Semi-membrane formulation was used in which longitudinal curvature and curvature 

due to shear were neglected. 

6. Only in-plane bending was considered. 

7. Only out-of-plane bending was considered. 

8. Both in-plane and out-of-plane bending were considered. 
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For a pipe subjected to a general loading condition, the accuracy of the solution increases as 

the number of Fourier modes included in the analysis increases. The contribution of each 

Fourier mode to the total displacement is further examined with examples in Chapters 4 and 

6. 

1.3 Strain and Curvature Terms 

In the previous work, as well as in the current study, the equilibrium equations are 

established by minimizing the total potential energy of the system. The internal strain 

energy of a pipe is a function of its total strain in the longitudinal and tangential direction 

and its shear strain. Each of these strains consists of direct (or membrane) strains plus 

strains due to curvature. The direct and curvature strains are in turn functions of the 

longitudinal, tangential and radial displacements, u, v and w. 

The previous works, as well as textbooks on thin shell theory (Wang, 1953; Flugge, 1973; 

Saada, 1974), all agree on the expressions for the direct strain. However, different sources 

provide different expressions for the strains due to curvature. Table 1.2 contains a 

comparison of the expressions for strains due to curvature in all three directions from 

different sources. 

Note that the sign convention from some sources in Table 1.2 has been modified to match 

assumed positive direction of the tangential displacement, v, given in Figure 1.1. 
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Table 1.2 - Expressions for strains due to curvature 

Source 

Wang 
(1953) 

Flugge 
(1973) 

Saada 
(1974) 

Ohtsubo and 
Watanabe (1978) 

Millard and Roche 
(1984) 

Niordson 
(1985) 

Abo-Elkhier 
(1990) 

Berton 
(1992) 

Madureira and 
Melo (2000, 2004) 

Tangential curvature 

1 

r2 

1 

r2 

1 

r2 

1 

r2 

1 

1 

r2 

d2w dv 

fd2w ) 

(d2w dv ' 

^ 2 a * , 
d2w dv 

d2w dv 

d2w 2dv 

[df d</> ) 

1 

r2 

1 

r2 

1 

r2 

d2w dv 

Kdf d0j 

d2w dv 

rd2w dv^ 

ydf d+J 

Longitudinal 
curvature 

Kz{z,(j)) 

d2w 

dz2 

d2w 

dz2 

d2w 

dz2 

d2w 

dz2 

d2w 

dz2 

d2w 

dz2 

d2w 

' dz2 

d2w 

dz2 

0 * 

Shear curvature 

2 ' 
r , 

1 

r 

32w 1 3v 

3 ^ z 2 3z ) 

d2w 1 du 1 dv | 

v 3 ^ 2 r3^ 2cfeJ 

2 

r 

2 

r 

2 

r 

2 

r 

2 

r 

92w 13v 

dcfiz 2 dz 

d2w dv 

yd<j)dz dz , 

d2w dv 

yd(fiz dZ; 

fd2w dv^ 

ydfi)z dz j 

d2w dv 

Kd<fdz dzy 

fd2w dv^ 

Kdft)z dz j 

) 

0 * 

* Semi-membrane formulation was used which does not account for longitudinal and shear curvatures 

The variation in the terms for strains due to curvature is a result of the assumptions made 

while deriving the expressions. For consistency with most recently published work, the 

strains due to curvature in the current study are assumed to be the same as those first 

presented by Ohtsubo and Watanabe (1978). 
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1.4 Outline and Objective 

The objective of the current study is to develop a new finite element that accurately predicts 

pipeline deformations under general loading conditions. To accomplish this, the strain-

displacement relationships for the pipe are established in Chapter 2 within a defined set of 

assumptions. The stationarity condition is then invoked on the total potential energy of the 

pipe, which is defined in terms of the strain-displacement relationships, to generate the 

equilibrium equations and boundary conditions. The displacement field for the pipe is 

ascertained in Chapter 3 by solving the equilibrium equations within the constraints of the 

boundary conditions. Chapter 4 presents two examples to verify the displacement field 

determined in Chapter 3. The results from the current method are compared to both the 

Euler-Bernoulli beam theory solution and the results from a traditional shell finite element 

analysis using the commercial software program ABAQUS. 

In Chapter 5, the displacement field solution is implemented in a finite element context. The 

displacement at any point on the pipe middle surface is related to the nodal displacements 

through the development of exact shape functions. Several examples are presented in 

Chapter 6 to show the effectiveness of the element. The results are compared to the results 

of a shell finite element analysis conducted in ABAQUS. Some conclusions and 

recommendations are discussed in Chapter 7. 
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CHAPTER 2: FORMULATION OF EQUILIBRIUM CONDITIONS 

The exact displacement fields for a pipe are developed using the principle of stationary 

potential energy. The unknown displacement fields are expressed as Fourier series, which 

are used to develop expressions for the strains within a set of assumptions. From these 

strains and corresponding stresses, the internal strain energy of the pipe is formulated. The 

internal strain energy is combined with the potential energy from externally applied tractions 

to give the total potential energy of the system. 

Equilibrium is found by evoking the stationarity conditions for the total potential energy 

functional with respect to the unknown functions. The result is a set of equilibrium 

equations and boundary conditions. These equations are subsequently solved for the 

unknown functions in the Fourier series, allowing the displacement of the pipe to be exactly 

expressed within the limitations of the assumptions of the formulation. 

2.1 Element Geometry 

The pipe element under consideration is shown in Figure 2.1 both in its undeformed and 

deformed configurations. The geometry of the element is described in a cylindrical 

coordinate system (z,0,£). The z direction and corresponding displacement u are 

orientated along the longitudinal axis of the element. The <j> direction and corresponding 

displacement v are orientated in a direction tangent to the cross section. Finally, the % 

direction and corresponding displacement w are orientated in a radial direction away from 

the center of the pipe cross section, with £, measured from the middle surface of the pipe. 

Figure 2.2 shows the pipe cross section, both undeformed and deformed, with thickness t 

and middle surface radius r. As loads are applied to the pipe, point A on the undeformed 

middle surface moves to A' on the deformed middle surface. The total displacement A of 

the point A is composed of the tangential displacement vA and the radial displacement wA. 

Note that the displacement vA is tangent to the undeformed middle surface and the 

displacement wA is in the radial direction of the undeformed middle surface. 
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Deformed shape of middle surface 

Undeformed shape of middle surface 

Figure 2.1 - Pipe element deformation and coordinate system 

Undeformed middle surface 

w 

/V 
/ 

A 

/ 

Undeformed 
middle 
surface 

Deformed middle surface 
Figure 2.2 - Pipe cross section deformation 
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The stresses acting on a small piece of the pipe are shown in Figure 2.3. Normal stresses in 

the z, </> and % directions, as well as shear stresses, are present in the element. 

c, + ^ dz 

da. 

Figure 2.3 - Stresses on a pipe element with middle surface area dA = rdzdfi 

2.2 Assumptions 

Various assumptions have been made in the development of the element, as outlined below: 

1. The pipe element is initially straight with no bends. 

2. The pipe wall thickness t and middle surface radius r are constants with respect to 

tangential coordinate, <j), and longitudinal coordinate, z. 

3. The pipe is modeled as a thin-walled member, meaning that the ratio of pipe wall 

thickness to cross section radius is small (r » t ) . 

4. Normal stresses in the radial direction throughout the pipe wall thickness are 

negligible \o^ = 0 ) . 
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5. Transverse shear stresses in the radial direction are negligible (T>Z = z>, = 0] . 

6. The Kirchhoff-Love hypothesis is assumed: Straight fibres initially perpendicular to 

the middle surface before deformation remain straight and perpendicular to the middle 

surface after deformation. 

7. Pipe material is linearly elastic and isotropic. 

8. All strains are small. 

2.3 Total Potential Energy 

The displacement field for the pipe is developed by using the principle of stationarity of total 

potential energy. The total potential energy of the system, 7t, is the difference between the 

internal strain energy in the pipe, U, and the work done by externally applied loads, W: 

In Eq. 2.1 the functions qu (z,0), qv {z,0) and qw (z,0) are the tractions acting on the pipe 

middle surface in the u, v and w directions respectively. Note that cr* ~ T^z ~T^~0 as a 

result of applying Assumptions 4 and 5 in Section 2.2. Thus, terms involving these three 

stress components are not included in Eq. 2.1. 

2.3.1 Stress - Strain Relationships 

Applying Hooke's Generalized Law and Assumptions 4 and 5 gives the well known stress-

strain relationships in the longitudinal and tangential directions as well as the shear stress-

strain relationship: 

E r i 
(2.2a) (Tz(z,0,t;)=- j[£t{z,^,4) + ^{z,^)j 

1 - LI 
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(2.2b) <T+(z,fr£) = -—j[£j,(z,</>,£)+juez{z,0,t)] 
1 ~ Lt 

(2.2c) ^ ( z , ^ ) = — — 7z^z4^) = Gyz^zAZ) 

In Eq. 2.2, ju is Poisson's Ratio, E is Young's Modulus and G is the shear modulus of the 

pipe material. Stresses <rz, Oy and xz(j) are defined in Figure 2.3. 

The total strain at an infinitesimal element of pipe at a distance <f from the mid-surface 

consists of two parts: the direct or membrane strain and strain due to curvature. Based on 

Assumption 6 in Section 2.2, the total strain is given by: 

(2.3a) £z(z,0,£) = £z{z,0) + frz{z,0) 

(2.3b) £ , ( z , 0 , £ ) = £ r , ( z ,0 ) + £ r , ( z , 0 ) 

(2.3c) ^ (z,t,£) = fz<P M ) + fr* (z.» 

In Eqs. 2.3, t, is the material coordinate measured from the middle surface of the pipe (see 

Figure 2.2). The range of £ is -til to til. 

2.3.2 Strains in Terms of Mid-surface Displacements 

Using the principles of tensor analysis, membrane strains ez, e^ and yz(j) and bending 

curvatures KZ , K^ and KZI/I can be expressed in terms of the mid-surface displacements u, v 

and w and their derivatives (Ohtsubo and Watanabe, 1978) as: 

(2.4a) et{z^) = Ik 
_ / ,N dv 1 du 

(2AC) r^~Tz+-rBJ 

(2.4b) £ # ( z , 0 ) « - w + -
3v 

3^ 
(2.4d) ^ ( Z , ^ ) : 1̂ 

3z2 
w 
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(2.4e) * A Z, (/>) = -
fl2. 

w dv 

df d</> 
(2.40 

r 

( 12 d w dv 

dzd</> 3z 

Several variations of Eq. 2.4 appear in the literature, as discussed in Chapter 1. The 

expressions presented above and used in the current study correspond to those used most 

often in recent publications. 

2.3.3 Internal Strain Energy in Terms of Strains 

The total internal strain energy of the pipe, U, in Eq. 2.1 is the volume integral of the 

product of the stresses and the corresponding strains. Eq. 2.1 is expanded by inserting the 

expressions for stress in Eq. 2.2 as well as the expressions for strain in Eq. 2.3. For 

simplicity, expand each term of internal strain energy in Eq. 2.1 individually. After the 

substitutions the first term becomes: 

(2.5) 
1 1 M2 [ E -|] 
Z ZA<?=-</2 I 1 " ' " J A £=-t/2 

After performing the integration across the thickness along coordinate %. Eq. 2.5 becomes: 

(2.6) <WJ Et ( — 2 \ Et (2 \ 
l-ju 12(l-//2) 

dA 

Perform a similar expansion of the second and third terms of Eq. 2.1 and integration with 

respect to g to obtain: 

(2-?) U*=\[£^dV=\\ (g,2+//gzg,)+ / (KJ+HK^) 
1-JU 12(l-//2) 

IdA 

(2.8) 

um=Urz^dv=^-j Et 
•rz/ + 

Et' 
2(1+//) '* 24(1 + //) 

KJ MA 

- \ \ 
GtyJ+^-Kz;]fiA 
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Thus the total internal strain energy, U, in Eq. 2.1 is written as the sum of Eqs. 2.6 through 

2.8: 

(2.9) 

1 Z7V 

Et / ? 2 /•» \ Gt 

+—- -fa +*> + 2 w > ) + — * , 12(l-//2) 
dA 

In Eq. 2.9, JA = rd<f>dz is an element of area of the middle surface of the pipe. 

2.3.4 Internal Strain Energy in Terms of Mid-surface Displacements 

The internal strain energy of the pipe is expressed in terms of the mid-surface displacement 

by substituting the strain and curvature expressions from Eq. 2.4 into Eq. 2.9. Performing 

the required substitutions, expanding the squares and converting the area integral into a 

double integral over the circumference of the middle surface and length of the pipe gives the 

final form of the internal strain energy: 

(2.10) 

'z=0<M) 

'du* 

\dzj +-
1 2 ~ ^ 

w +2w h d(j) \d0 

dv 

+Gt 

+-

(M 
+-

2 dv du 1 | du 
-+-dz) r dzd0 r \^J 

\urj 

+ 

+2ju 
^ « Y l ^ 

Et3 

^V 
v u ^ J df 

^ f 2L.A 

+ M) \M 
dv 

12(l-//2) 

2/n 

\> 

r^.,\2 

w+-
dv_ 

d(/> 

!V^ 2 y 

V w W 

+-
Gf 

V 
' a w 

dzd</> 

d w 

dzd<f> + 

ydz>j 

)rd(pdz 

d w dv 

~dft~li<j> 

2.4 Assumed Functions for Mid-surface Displacements 

The exact equations for the deformation of a pipe section under general loads are unknown. 

In the present work, the mid-surface displacements u, v, and w are expressed as Fourier 

expansions: 
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(2.lla) u(z,0) = ao(z) + ̂ an(z)cosn0 + '£bn(z)sinn<t> 
«=1 

(2.11b) v(z,^) = c0(z) + ]Tc n (z)cosn^+^(i n (z)s inn^ 
B=l 

J K 

(2.11c) w(z,^) = / 0 (z) + ̂ / „ ( z ) c o s n ^ + ^ g „ ( z ) s i n n ^ 

In Eq. 2.11 aa,ah,... are the number of terms included in the Fourier expansion. As the 

number of terms included approaches the limits aa, ab ,...—> °°, Eq. 2.11 approach the exact 

displacements of the mid-surface within the limitations of the assumptions outlined in 

Section 2.2. In practicality, the number of terms included must be truncated and an 

appropriate value for aa,ab,... assumed. 

The number of terms does not necessarily need to be identical for each Fourier expansion. 

Different values could be used for each aa,ab,... if desired. However, using the same 

number of terms in each expansion leads to simplifications in handling the equations 

developed in the following sections. Therefore, all subsequent formulations will use the 

same number of terms for each Fourier expansion and the notation aa,ab,...= a will be 

adopted. 

The following partial derivatives will also be required to formulate the internal strain energy 

expression in Eq. 2.10: 

(2.12a) —\^-— = a'0(z) + ̂ a'n(z) cos n^> + Yjb
,
n(z)smn^ 

OZ „=i „=i 

du(z,(/>) A , x . , # , , , v 
(2.12b) — r - = > -nan(z)smn<p+ > nbn (z)cosn(Z) 

d0 n=l n=\ 

(2.12c) —^— '- = c0(z) + Lcn{z) cos n0+2^dn(z)smnt 
«=1 n=l 
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(2.l2d) —;-—-= \-ncn (z)smn^ + 2_jndn (z)cosn^ 

(2.120 ^ ^ = / o ' ( ^ ) + z / ; ( ^ ) c o s ^ + i ; ^ i ( ^ ) s i n ^ 
w=l n = l 

(2.l2f) — - ^ - ^ = y - n V „ z cosn^ + 2 , - n 2 g „ z sin # 

a2w(z,0) A . . ^ (2-12s) - /^ =z ,~<( z ) s m n ^ + z , n g»( z ) c o s ^ 
dzd^> n=1 n=1 

, , . da(z) ,. , d2f(z) 
In Eq. 2.12 above the notation an \z) = and f„\Z) = ~— ' e tc- *s used-

dz dz 

2.4.1 Physical Significance of Fourier Modes 

Each mode n in the Fourier Series in Eq. 2.11 corresponds to a different type of deformation. 

As shown in Appendix 1, mode n = 0 represents axi-symmetric deformation. An example 

of axi-symmetric displacement is the uniform expansion of the cross section of a pipe 

subjected to internal pressure. 

Fourier mode n = 1 represents a displacement similar to that predicted by traditional 

Bernoulli beam theory. The displacement from the current method with n = \ will not, 

however, be identical to the displacement obtained from Bernoulli beam theory. The 

difference between the two methods is a result of the assumptions made in their 

development. 

The higher Fourier modes, n > 2, correspond to deformation of the pipe cross section, such 

as ovalization and warping. These deformations are not captured by the traditional Euler-

Bernoulli beam theory. 
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2.5 Internal Strain Energy in Terms of Assumed Displacement Functions 

The total internal strain energy of the pipe is converted into a function of z only by 

substituting the Fourier expansions for u, v and w and their derivatives from Eqs. 2.11 and 

2.12 into the internal strain energy equation of Eq. 2.10. The squares and product terms are 

then expanded. Finally, the integration with respect to <p is performed explicitly as the only 

functions containing <j> are cos n<j) and sin n<j>. The resulting expression is a function of z 

only. 

The general expression for the integral of the product of two generic Fourier functions, 

qx (<Z>) and q2 (<f>), with respect to <f), as developed in Appendix 2, is as follows: 

Given: 

a a 

(2.13a) ql(z,0) = xo(z) + J]xn(z)cosn</>+J^yn(z)smn0 
n=l n=\ 

a a 

(2.13b) q2 (z,0) = uo(z) + '£lun(z) cos rKft + ̂ w^z) sm n0 

n-\ n=\ 

It is demonstrated that: 

2^ a a 

(2.14a) \qx(z,(p)q2{z^)d(/> = 2^X0(z)u0(z) + YJ^n(z)un(z) + ^yn{z)wn{z) 

and 

(2.14b) \[qAz,0)J d0 = 2x[xo{z)J +!>[>„(z)]2 + i > [ ^ ) T 

Eq. 2.14 is used to expand each term of the internal strain energy in Eq. 2.10 independently 

and perform the integrations with respect to (j). 
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Before performing the substitutions, the following constants are defined for simplicity (note 

that constants C\o through Cn and Cu through Cn are dependent on the Fourier mode n and 

will be used in Chapter 3): 

(2.15a) Ci = 

(2.15b) C2 = 

(2.15c) C3 = 

ErtTt 

Etn 

7(TV) 
Etjux 

(2.15i) C, = 
Gfji 

3r 

CM 

I - / / 2 

(2.15d) CA=Grt7t 

(2.15e) C5=Gm 

(2.151) C6 

(2.15g) C7 = 

(2.15h) C = 

ErV7t 

12(l - / / 2 ) 

Efn 

12r3(l-//2) 

Et3/ix 

(2.-15J) CIOiB 

r 

(2.15k) C l l r e = ( C 3 + C 5 ) n 

(2.151) C12,„=(C2 + C7)n2 

(2.15m) C 1 3 = C 4 + C 9 

(2.15n) C 1 4 n =C 2 n + C7n3 

(2.l5o) C 1 5 j „=(C 8 +C 9 )n 

(2.15p) C 1 M = C 2 + C 7 n 4 

(2.15q) C 1 7 „=(2C 8 +C 9 )« 2 

12r(l-//2) 

Each term of Eq. 2.10, as well as the corresponding term after performing the integration 

with respect to (/) using the identities in Eq. 2.14, is summarized in Table 2.1 below. 

Table 2.1 - Expansion of internal strain energy terms 

Term in Eq. 2.14 Term after integration with respect to (f> 

rEt 

2(i-//2)i>4)laz L 7=0 l 1=1 "=1 j 

C, 

£f 
; 2;r 

2r( l- / / 2) 
f \w2 + 2w— + 

z=O0=O 

fdv^ 

Kd<f>J 
d<zWz 

+ 2 Z " ^ (Z)/« W + Z _ " C « (Z) #>> (Z) 
0=1 «~1 

+ Hn2(cn(z))2
+±n>(dn(z))2}dz 
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Etju 

M) 
l-2^du^ 

dz n 
;=0 0=0 

W + 
[dzj Kd(/>j 

d(/)dz n=\ n=\ 

a a 1 

4 

c .2 a 2 a 

' 2 ^ / ^ . . A2 

2 3v 3M 1 f 3M ' rG? V z r f 3v 

2 z i J o U z J ^ rdzdcj) ' r 2 ^ 

• ( 2 ( c 0 ' ( z ) ) + X ( C ; ( z ) ) + E ^ ( z ) ) 

d(fo/z 
+ • 

+ -

a a 

^nbn(z)cn' (z) + ̂ -nan(z)dn' (z) 
n=\ 

a 

X»2KW)+Z»2(ft.(4 
«=i 

•dz 

rEf I 2* ('^2 A 2 

o w 
24(l-^2)=i,.U3z J J d<j)dz 

c V f j 2(/o'(o)+z(//w)+z(*/u)) k 

^ 3 

24r3(l-//2) 

-2 

; in n 
z=0 0=0 

'3 V 
3^2 

^)\±n*{fSz)U±n*{gAz))2 

z = o L«=i 

3 2 w dv ( dv 

df d(j) 
• + 

Kd(f>j 
d(f)dz 

IJ-nX{z)fAz)^n\{z)gAz) 

+ Zn2(cn(z))2+in2(dAz))2U 

Et3ju t Z.JL 

11 W 

l2r(\-M
2)lAW)W W 

d2w dv 
d0dz 

C, l\±-n2f;(z)fAz) + i-n2
8;(z)gAz) 

1 n=l 

a a ~| 

-J^-^niz) gj {Z)-Y,ndn(z) fj (z)\dZ 

=0 I "=1 

6r 

3 I 2x ( -v 

H 8 
=o «s=o v 

2 v v ^ 

3z3<z> 

, 32w 3v 
3z3<z> 3z 

— | d<j)dz 

f i{i>2(/;wf+i"Vw) 
- 2 £-</(z)/„'(^)+£^;(z)g„'(z) 
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2.6 Load Potential in Terms of Assumed Displacement Functions 

An expansion similar to that used for the internal strain energy is developed to express the 

load potential terms from Eq. 2.1 in terms of the Fourier expansions from Eq. 2.11. The 

load potential Wean be expressed as W = Wu +WV +WW in which: 

l In 

(2.16a) Wu= j" \qu{^) 
z=0</>=0 

ao(z)+Za«(z)cosn^+ZMz) s inn^ 
7 1 = 1 n=\ 

rd<f)dz 

l 27! 

(2.16b) Wv= j" \qv{z,<t>) 
z=0</>=0 

co(z) + YJcn(z)cosn^ + YJdn(z)smn^ rd0dz 

t l7C 

(2.16c) Ww= j" \qw{z4) 
2=0^=0 H=l n=\ 

raoaz 

In the case of the load potentials the integrations with respect to <j) cannot be performed 

explicitly because the load functions q(z,0) are generally dependent on 0. The integrals 

will depend on the specific form of q (z,</>) • 

2.7 Variation of Total Potential Energy 

The equilibrium conditions are obtained by evoking the stationarity condition of the total 

potential energy functional: 

(2.17) 

c dn 0 dK c , dK „ dK c , dK e „ dK „ r, dK 0 ,„ 
OK - oan H roan H dcn H -<?cn H o tr, H -e>/n H -o fn 

dan daQ dc0 dc0 df0 df0 df0 
a f 

+ 
671 e d7t 0 , 671 „, d7l c , , dTt ,. 67t „ , d7t 0 , 

8a„ +—-8a + 8b +—-8b + — 8c„ +—-8cn + 8d„ 
da, db db„ dc„ dc dd„ 

n=i\dan 

d7C c ,, d7C e . d7t c „ , dK Q .„ dK ~ dK ~ , dn c , 
H od H of H of H of H OS H OS -\ OS o 

The equilibrium equations and corresponding boundary terms are obtained by applying Eq. 

2.17 to the sum of the eight terms in Table 2.1 minus the sum of the load potential terms in 
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Eq. 2.16. Details of the procedure, including performing integration by parts and grouping 

similar terms, are outlined in Appendix 3. 

As also shown in Appendix 3, the field equations for each Fourier mode n are independent 

from every other Fourier mode m for n^m. Given that the functions 8an, 8cn and Sfn 

for n = 0,l,...,ar as well as Sbn, Sdn and Sgn for n = l,2,...,a are arbitrary, the 

coefficients of each of these functions must vanish. The equilibrium equations and 

boundary conditions can be written independently for each mode n. 

2.7.1 Equilibrium Equations 

The resulting field equations relating to functions a0 (z), cQ(z) and f0(z) for mode n = 0 

are: 

lie 

(2.18a) 2C,ao + 2C3/0'+ j qu(z,0)rd0 = O 
I 0=0 

- lit 

(2.18b)- 2(C4+C9)c"+ $qv(z,0)rd0 = O 
0=0 

27C 

(2.18c) 2C3a„ + 2C2/0 + 2C6f0"" ~ j Vw (Z, 0) rd(/> = 0 
0=0 

For modes n > 1 the field equations relating to functions an (z), cn(z) and fn(z) are: 

C n2 lM 

(2.18d) Cxa"n
 ir-an+(C3 + C5)nd'n+C3f^+ f qu (z,0)cos(n0)rd0 = O 

v 
<P=o 

(C3+C5)na'n+(C2 + C1)n
2dn-(CA + C9)d"n+{C2n + C1n

3)fn 

(2.18e) 2* 
-(Cg + C9)w/*- J qv(z,0)sin(n0)rd0 = O 

0=0 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 2 
April 2008 Page 29 



C3a:+(C2n + C 7 « 3 ) ^ - ( C 8 + C 9 ) n < + (C2 + C 7 n 4 ) / „ - (2C 8 +C 9 )nV; 

(2.18f) „„ 2* a 
+cJn ~ J qw{z,</>)^cos(n0)rd0 = O 

Similarly, the field equations relating to functions b„(z), dn(z) and gn(z) are for modes 

n>\: 

/-- 2 In 

(2.i8g) Qfc;—v*»-(Q+QK+Q«-+ kM)sinM*rf*=o 
r J 

(C3+C5)n&;-(C2+C7)n2
C„+(C4 + C9)c; + (C2n + C7n3)gn 

(2.18h) ^ 2* 
-(C8 + C9)ng" + j^ r v (z ,^ )cos(n^) r^ = 0 

C3&:-(C2n + C7n3)c„+(C8+C9)nc; + (C2 + C X ) g n - ( 2 C 8 + C9)n2g; 

(2-18i) „„ 2? , , 
+c68n - ]qw(z,0)sm{n0)rd0 = O 

The equilibrium equations in Eq. 2.18 are ordinary, linear differential equations. For Fourier 

mode n = 0, the differential equations are 2nd order with respect to the functions a0(z) and 

c0(z) and 4th order with respect to the function / 0 ( z ) . For the cases of n>\, the 

differential equations are 2nd order with respect to the functions an(z), bn(z), cn(z) and 

dn(z) and 4th order with respect to the functions f„(z) and gn(z). 

Multiple functions of z, an(z),bn(z)..., appear in each of the differential equations, 

indicating that the equations are coupled. As a result, the individual functions of a given 

mode n cannot be solved independently. The solution procedure must consider all of the 

functions simultaneously. It is of interest to note, however, that the field equations for 

an(z), dn(z) and fn(z) are completely uncoupled from the field equations for bn(z), 

cn{z) a n d 8n{z)-
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Also, it can also be noted from Eq. 2.18 that the equations for Fourier mode n, an(z), 

bn(z) ..., are uncoupled from the equations for Fourier mode m, am(z), bm(z) ..., for 

n^m. The fact that the equations for different Fourier modes are uncoupled considerably 

simplifies the solution of resulting equations. 

2.7.2 Boundary Conditions 

The boundary terms arising from integration by parts provide the possible boundary 

conditions of the problem. For mode n = 0 these are: 

(2.19a) [(2C}a'0 + 2C3f0)Sa0]z=o=0 

(2.19b) (2(C4+C9)c'0)Sc0 
Jz=0 

= 0 

(2.19c) {-2CX)df, = 0 
z=0 

(2.19d) [(2C6 /0V/o'L=0 

For modes n>\ the boundary conditions relating to functions an(z), cn(z) and fn(z) are: 

(2.i9e) [{qan+C3ndB +CJn)San]z=o=0 

(2.191) [{-C5nan + (C4 + C9 )d'n + C,nfn) 5dn = 0 
z=0 

(2.19g) ({c,+c9)nd:+{ci+c9)n
2f;-c6fH

m)sfn = 0 
z=0 

(2.19h) \-C,ndn - Csn
2fn + Cj:) Sftf = 0 

Similarly, the boundary conditions relating to functions bn(z), dn{z) and gn(z) are for 

modes n > 1: 
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(2.19D [(CA'-c3ncH +c3g„)^L = o 

(2.19J) [(C5nbn+(C4+C9)cn-C9ng'a)Scn = 0 

(2.19k) -(C8 + C9)nc'n+(C,+C9)n
2g'n-C6gn}Sgn 0 

z=0 

(2.191) [(C8ncn -Csn
2gn + C 5 g ; ) ^ : ] ' = o =0 

The number of boundary terms present in Eq. 2.19 is directly related to the order of the 

differential equations in Eq. 2.18. For the Fourier mode n = 0, the total order of the 

differential equations with respect to the functions a0(z), c0(z) and fQ(z) is eight, 

resulting in a total of eight integration constants. These eight constants are determined from 

the 8 boundary conditions in Eqs. 2.19a through 2.19d. 

For the cases of n > 1, the total order of the differential equations, for each mode n, with 

respect to the functions an(z), bn(z), cn(z),dn(z), f„(z) and gn(z) is sixteen. 

Correspondingly, the solution will result in a total of sixteen integration constants to be 

determined from the sixteen boundary conditions in Eqs. 2.19e through 2.191. 

2.8 Expressing Equilibrium Equations in Matrix Form 

To facilitate the solution of the equilibrium conditions in Eq. 2.18, they are rewritten in 

matrix form. For Fourier mode n = 0, the equilibrium conditions are: 

(2.20) [xoL3 

a0(z) 

fo(z) 
co(z) 

:{QoL 

3x1 

where 
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(2.21) [x.] 3x3 

2 C D 2C3D 

2C3D~j 2C 2 +2C 6 D 4 j" 

0 

0 ! 0 2(C4 + C9)D
2 

in which the notation Dn =^—^f{z) for [n = 1,2,4) is used and 
oz" 

(2.22) { Q J = 

IK 

- \ « 
0=0 

2x 

K 
0=0 

In 

" J * 

«(*>> 

( * ' 

v ( * 

z)rd<() 

z)rd(j> 

z)rd</> 

The matrix form of the equilibrium conditions for each Fourier mode n > 1 is: 

(2.23) 
Xi,« 

0 

0 

"2,n 
J6x6 

8„{z) 

={Q-L 

6x1 

in which 

(2.24) 
[X i .»L3-

r 

(C3 + C5)nD 

C3D 

(C3+C5)nD 

(c2+c7)«2 

- (C 4 +C 9 )D 2 

C3D 
- i 

C2n + C7n -

(Cs + C9)nD2 

C2n + C7n
3 -

(Cz+C^nD2 

C2+C7n
4+C6D* 

(2C,+C9)n
2D2 
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(2.25) 
[X2,«]3x3~ 

C,D2—-cy 
r 

(C3 + C5)nD 

C3D 

•{C3+C5)nD 

-(C2 + C7)n
2 

+ {C4+C9)D
2 

—C2n — C7n + 

(Cs + C9)nD2 

C3D 

C2n + C7n' — 

(Cs+C9)nD2 

c2+cy+c6D
4 

(2Cg + C9)n
2D2 

(2.26) {Q.}. 6x1 

o' 

=0 

An 

qu(0, z) cos (n(/))rd<p 

qv(0,z)sin(n0)rd0 

qw(0,z)cos(n0)rd</> 

l*o<lu{<t>>z)sm(n0)rd</> 

~l*o<lv(0'Z)cos(n0)rd0 

I^w{^z)sin(n0)rd0 

By inspection of Eqs. 2.24 and 2.25, it is apparent that the matrices Xln and X2n are 

similar. In fact, the two can be equated by multiplying the second column of X2n by -1. 

Correspondingly cn (z) must be multiplied by -1 for the modified matrix operator X2n to be 

identical to Xx n. Eq. 2.23 can now be written as: 

(2.27) 
X. ! o_ 
0 j X . 

J 6x6 

an{z) 

dn(z) 

f„{z) 
K{z) 

-Cn(z) 

Sn(z) 

={Qn}6xl 

6x1 

In Eq. 2.27 Xn is the same as Xx n defined in Eq. 2.24. 

It is emphasized that Eq. 2.27 is in fact a series of matrix equations for each Fourier mode 

(n > 1). The equations for mode n are completely uncoupled from those of mode m^n. 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 2 
April 2008 Page 34 



CHAPTER 3: SOLUTION OF EQUILIBRIUM EQUATIONS 

The unknowns in the equilibrium equations from Chapter 2 (Eqs. 2.20 and 2.27) are the 

functions an (z)...gn (z) • With the solution of these unknown functions, the displacement 

field of the pipe element in Eq. 2.11 will be completely defined. The functions are solved 

by assuming their form and inserting into Eqs. 2.20 and 2.27 for each Fourier mode n. The 

system of equations for mode n = 0 is different from that of the general solution of modes 

n > 1 and will be handled separately. 

3.1 Solution for Axi-Symmetric Displacement Contribution; n = 0 

The axi-symmetric displacement components of the pipe cross section, represented in Eq. 

2.20 with the terms corresponding to n = 0, must be considered separately from the general 

solution. The case of n = 0 involves a smaller system of equations than the general solution 

for n > 1. Expand Eq. 2.20 with Eqs. 2.21 and 2.22 to obtain the equilibrium equations for 

n = 0: 

(3.1) 

2CXD 2C3D 0 

2C3D 2C2+2C6D
4 0 

0 0 2(C4+C9)£>2 

«o(z) 

/oM 
c o ( z ) 

=o 
7! 

\qw{<j),z)rd<f) 
=o 

^qv((/),z)rd<j) 

In 

2K 

0=0 

3.1.1 Solution of Homogeneous Part of Equilibrium Equations 

The unknown functions a0(z), f0{z) and c0(z) are determined by considering the 

homogeneous portion of Eq. 3.1. The homogeneous equation can be simplified by 

separating it into two systems. Such a separation can be performed because the first two 

equations of 3.1 involve only a0(z) and f0(z) while the third equation involves only 

c0 (z). The simplified homogeneous equations are: 
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(3.2) 
2CXD2 ! 2C3D 

YC~D^~2CI+1C~DA 

ra0(z)} 

k / o ( * ) l 

(3.3) 2(C4+C9)c"0{z) = 0 

The solution to Eq. 3.3, a second order linear differential equation, is: 

(3.4) C0{z) = \7+\SZ 

In Eq. 3.4 A01 and \ s are constants determined from the boundary conditions. 

The solution to Eq. 3.2 is more involved. Assume the solution takes the form 

(«o(z) /o (z)L=(V"* V**)L and substitute into Eq- 3-2: 

(3.5) 
2C1ra0 2C3m0 

2C3m0 2C2 + 2C6m0
4 

A) 
•e"*> z = 

|0| 

lo l 

For the relation in Eq. 3.5 to be true, either the constants \ and F0 should vanish or the 

determinant of the matrix on the left hand side must be zero. Setting \ - F0 - 0 leads to 

the trivial solution that is of no interest. Therefore, the determinant of the matrix must 

vanish: 

(3.6) 
2Cxm,Q 2C3m0 

2C3m0 2C2 + 2C6m0 

= 0 

Expand Eq. 3.6 and solve for m0 : 

(3.7) (CXC2 - C3
2) m0

2 + CxCbmQ
6 = 0 

Eq. 3.7 can be simplified to 

(3.8) mn (CiC2-C3
2) + C1C6m0

4 = 0 
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The roots of Eq. 3.8 are: 

(3.9a) m0; = 0 

(3.9b) m02 = 0 

(3.9c) m0,3 = 4 | - - ^ - ^ 

(3.9d) mQA=-4\- l°2 3 

CC 

(3.9e) m0>5 = 4 - ^ 1 ^ 2 ^ 3 

c,c6 

C[C2 C3 
(3.9f) m 0 , 6 = - 4 | - ^ J ' 

Hence, the solution to the field equations becomes: 

_ _ 6 _ 

(3.10a) a0 (z) = A,,i + A>.2* + Z A . / * " 

_ _ 6 _ 
(3.10b) /„ (z) = F0>1 + F0i2z + ^ F 0 / 

1=3 

Note that by inserting the values for the constants Cx, C2, C3 and C6 from Eq. 2.15, the 

non-zero roots of Eq. 3.8 become: 

(3.11) m0
4.= V l — " for i = 3,4,5,6 

t2r2 

The expression for the roots m0i in Eq. 3.11 matches exactly the roots of the equilibrium 

equation for the homogeneous case derived by Flugge (1973: 272). Note, however, that the 

displacement field assumed by Flugge does not include the terms AQ^ , AQ2Z , F01 and F02z 

from Eq. 3.10 which correspond to roots m0l=mQ2=0. 
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The displacement field in Eq. 3.10 is valid only if the four roots m0j for / = 3 to 6 are 

distinct. The roots will be distinct if the right hand side of Eq. 3.11 is non-zero. Given that 

the condition // ^ 1 will always hold for practical problems, it follows that the right hand 

side of Eq. 3.11 will be non-zero and the solution in Eq. 3.10 is always valid. 

3.1.2 Reducing Integration Constants for Fourier Mode n = 0 

In Eqs. 3.4 and 3.10, fourteen integration constants appear in the solution, namely A0i for i 

= 1 to 8 and F0i for / = 1 to 6, but only eight boundary conditions are provided in Eq. 2.19. 

However, because the determinant of the equilibrium equation matrix in Eq. 3.5 was set to 

zero the equations are linearly dependent. As a result, the integration constants \ 4 and F0. 

are inter-dependent and one set of constants, F0., can be written in terms of the other, \ t . 

The details of relating the sets of constants are presented in Appendix 4. 

The solution to the homogeneous part of the field equations in Eq. 3.1, given in Eqs. 3.4 and 

3.10, is written in matrix form: 

(3.12a) 

(3.12b) 

a0(z) 
coU) 
fo(z) 

(*oU))I 
C0(z) 

^o(z) 

1x8 

T 

1x8 

T 

KL 

a0(z) 
co(z) 

/oU) 

I _ e"^,^ e"^,^ e"^,^ e
rn0fiz Q 

0 0 0 0 0 0 1 

0 F0>1 F0,e
m^z F0Ae^z F0^

z FQfie^z 0 

0 

z 

0 

A),i 

A),2 

A),3 

A>,4 
< _ 

A),5 

A),6 
A),7 

_A>,8^ 

in which 
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(3.13a) F 0 4 = -

(3.13b) F0J=- for / = 3 to 6 

The values contained in vectors (F0(Z)) and (C0(z)) are functions of the constants C„ 
\ /lx8 \ /lx8 

which are known and defined in Eq. 2.15. Thus, the only unknown values are the elements 

of the vector j / ^ j , which represent the integration constants. The system now has only 

eight independent integration constants: \ ( for / = 1 to 8. These eight constants are 

determined from the boundary conditions in Eq. 2.19. 

3.2 Solution for General Displacements; n > 1 

The equilibrium equations for each Fourier mode n > 1 are given in Eq. 2.27. Assume the 

solution takes the form: 

(3.14) (an{z) dn{z) fn(z) bn{z) ~cn{z) 8„(z))m = 

{An Dn Fn Bn -Cn G„)T 
em'z 

Substitute the assumed solution vector into Eq. 2.27 to obtain: 

(3.15) 
Y „ ! o 
o TY„ 

6x6 

Dne"v 

F_ne
m"Z 

Bne
m"z 

-C em"z 

n 

Gem"z 

={Q.}, 6x1 

6x1 

in which 
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^ [Y„L = 

C\mn •Q 10,n 

Cn,nmn 

C3mn 

CU,nmn 

C -C m 

^14,n ^ 1 5 , n m n 

C 3 W « 

^14,« ^15,nmn 

C6mn4-Cn,nm
n

2+Cl6,n 

and the constants C,> are as defined in Eq 2.15. 

3.2.1 Solution of Homogeneous Part of Equilibrium Equations 

The homogeneous part of the equilibrium equations corresponds to solving Eq. 3.15 with the 

right hand side equal to zero: 

(3.17) 
Y n ! o -
0 j~Y„ 

6x6 

Gem"z 

6x1 6x1 

Eq. 3.17 can be split into two similar sets of equations: 

(3.18a) [Y„]3x3 

'\e^ 

Dne
m"z 

V"1 
=. 

3x1 

0 

0 

0 
3x1 

(3.18b) [Yn]3x3 

' ^ ' 
-Cne

m»z 

Gne
m»z 

= • 

3x1 

0~ 

0 

0 
3x1 

Eqs. 3.18a and 3.18b are similar, but they are not identical. Coefficients \ , Dn and Fn 

will generally be different from coefficients Bn, Cn and Gn due to the difference in 

boundary conditions and the loading conditions of a particular problem. However, the 

solution procedure for the homogeneous case considered presently is identical. Eq. 3.18a 
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will be solved for the unknown coefficients An, Dn and Fn while keeping in mind that the 

same solution procedure can be used to determine Bn, Cn and Gn. 

Hence, the problem simplifies to: 

(3-19) [YnJ 3x3 

1 \em"z 

Dne^-

V"z 
= < 

3x1 

fo] 
0 

0 
3x1 

For the left hand side of Eq. 3.19 to vanish, either all of the constants An, Dn, and Fn 

should vanish or the determinant of the matrix Yn must be zero. Setting An = Dn = Fn = 0 

leads to a trivial solution that is of no interest. Therefore the determinant of Yn must 

vanish: 

(3.20) 

Cimn2-Cl0,» 

CU,nmn 

C3mn 

' CU,nmn 1 

i r -C m 2 ' 
1 ^I2,n v- '13"*n 1 

i r -C m ' c6 

C3mn 

CU,n-Cl5,nmn 

mn4-Cn,nmn2+C16,n 

>th 
Expanding Eq. 3.20 leads to an 8 order polynomial in m„ (see Eq. A5.9 in Appendix 5). 

{ K Q Q K 
+ [_ ^ 6 n ' n + u 17,ii _ ^15,n ) + ^6^10,»^13 — ̂ l l , n j m

n 

+ |_^1 V~ 12.«^17,n _ ^-13^16,« + "^14 ,n^ l5 ,n j ~~ ̂ 10,n \ ^ 6 ^ 1 2 , n + ^13^17,n ~~ ^15,n J + ^ l l , n ^17,/l 

(3.21) 2 -, 4 

—2C3Cn„C15K + C3 C13jwJn 

+ L 1 V 12,n^l6,n ~ ^U,n ) + ^10,n V^U.n^ll.n "*"^13^16,n _ ^^14 ,n^ l5 ,n J + ^ ^ 3 ^ 1 1 , n ^ l 4 , n 

-C 2C -C2C \m2 

H l , « ^16,n ^ 3 '-12,n \"ln 

~^10,n V 12,n^l6,n ^14,n ) \ " 

nomial in Eq. 

substitution M„ = m„2. The determinant is now a 4th order (quartic) polynomial of the form 

The 8th order polynomial in Eq. 3.21 is converted to a 4th order polynomial with the 

(3.22) p u M „ 4 + p2inMn
3 + pXnMn

2 + pAinMn + p5_n = 0 
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in which 

(3.23a) phn=-CxC6Cn 

(3.23b) p%n =C](C6Cn,n+CuCll,n-C15J) + C6(C10,nCl3-Clln
2) 

(3.23c) 
+ C 2C -2C C C +C2C 

(3.23d) 7 

+ 2CC C - C 2C - C 2 C 

(3.23e) ^„=-C10,„(C12;nC1M-C14;„
2) 

The quartic equation in Eq. 3.22 is solved by Ferrari's Method (see Appendix 6 for details) 

to give the four roots Mn. The eight values of mn are then computed from the relation 

mn = ±^/Mn . Assuming that eight distinct roots are obtained, the solution of the 

homogeneous part of the equilibrium equations becomes (with mn i ^ mn \ for i& j): 

(3.24a) «„(z) = X V V 

(3.24b) ^ ( z ) = XD„,em""; 

(3.240 fn(z) = iFnJe
m"Z 

i=l 

3.2.2 Solution of Homogeneous Part of Equilibrium Equation for the Case of n = l 

The solution field presented in Eq. 3.24 is valid only when four distinct roots to the quartic 

equation in Eq. 3.22 are obtained. Repeated roots in Eq. 3.22 lead to mni =mnj for i* j . 

The solution for this case is different from the general solution presented in Eq. 3.24. 

Multiple roots are encountered in the case of n = 1 in which four equal roots are present. 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 3 
April 2008 Page 42 



For n = 1, p4 j = p5, = 0 in Eq. 3.23 (see Appendix 7) which results in Eq. 3.22 simplifying 

to: 

(3.25) fljM,4 + p2XM? + pxlM
2 = M2( pnM

2 + p2lM, + pn) = 0 

Two of the roots of Eq. 3.25 are M u = Ml2 = 0 leading to n\x = m^2 = rr\3 = mj4 = 0 . The 

solution to the equilibrium equations becomes: 

o 

(3.26a) flj (z) = A u + A12z + A13z2 + A14z3 + J ] Aue 
1=5 

_ _ _ _ 8 _ 

(3.26b) dl{£) = A,i + Dl2z + Dl3z
2 + DlAz3 + X D u e 

muz 

1=5 

(3.26c) fx{z) = Fu + Fh2z + Fh3z
2 + FiAz3 + £ F u e m ^ 

1=5 

The displacement field in Eq. 3.26 is valid only when two distinct roots to the quadratic 

portion of Eq. 3.25 exist. The solution to the quadratic is: 

(3.27) M 
1.(3,4) 

-P2,l±jpll-4Pl,lPy 
2A,i 

By inspection of Eq. 3.27 the requirement for Af]3 •$• Ml4 reduces to p21 ^4/>1 1p3 1 . Use 

the definitions of pi,i, P2,i andp^j from Eq. 3.23 to obtain: 

P2,l ~ I m ^ 6 ^ 1 2 , 1 + ^13^17,1 ^15,1 j + ^-6 \^10,1^13,1 ^11,1 J 

(3.28) c 1^6^12,1 J + V 13^17,1 j + ^15,1 + ^ \ ^ 6 ^ 1 2 , 1 ^ 1 3 ^ 1 7 , 1 ^6^12,1^15,1 ^13^17,1^15,1 j 

+ ^ C j C g ^ 6 ^ 2 , 1 ^ 1 0 , 1 ^ 1 3 — ^6^2,1^11,1 + ^13,1 ̂ 174^10,1^13 ~~ ^13^17,1^11,1 

-C 2C C +C 2C 2~\ + C2\(C C )-2C C C 2+C 41 
^15,1 ^10,1^13 T ^15,1 H l , l J ^ 0 6 |_V 10,1 13 / ^ ' ' - ' lO.l^B'^ll ,! ^^11 ,1 J 
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^Pl,lPi,l 4|_ CjCgC^JI Cj ^ ^12,1^17,1 ^13^16,1 "*" ^14,1^15,1 j 
(3.29) 

-c ice +c c -c 2)+c 2c -2Cc c +c2c 
^ 1 0 , 1 ^ 6 ^ 1 2 , 1 13^17,1 ^15,1 /^*"11,1 ^17,1 •i,,-'3^11,l,"'15,l *"3 *-T3 

By inspection of Eqs. 3.28 and 3.29, it is clear that the condition p\x ^4phlp3l is always 

satisfied, leading to M13 ^ M, 4 . Therefore, the four roots are distinct and the displacement 

field given in Eq. 3.26 is valid. 

Use the relation m^ = +-sjM] and Eq. 3.31 to obtain the four roots of n\4 for / = 5 to 8: 

\~P2,l + \IP22J-4PI,IP3,1 
(3.30a) m , ^ J *_ 

,„„ f t1 , , -P2,i+^Pli-^Pi,iPxi 
(3.30b) ml6 = - , ' v 

2P i,i 

. \-P2,V-^Pu-4PuPxi 
(3.30c) ^ 7 = J ^ 

r ^2,i - V^22i-4A.ift.i 
(3.30d) ^ = - J ^ 

3.2.3 Reducing Integration Constants for Fourier Mode n = \ 

In Eq. 3.26, twenty-four integration constants appear in the solution for the displacements 

^ ( z ) , dx(z) and fx{z), namely Ali,Dli and Fu for / = 1 to 8, but only eight boundary 

conditions are provided in Eq. 2.19. However, as in Section 3.1.2 for n = 0, the equations in 

the displacement field of Eq. 3.26 are linearly dependent and the integration constants are 

inter-dependent. By relating the integration constants, as shown in Appendix 8, Eq. 3.26 is 

written in matrix form as: 
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(3.31) 

a,(z) 

d,(z) 

A(z) 

A(z) 

1x8 

T 

1x8 

T 

1x8 

tfL 

in which 

(3.32a) 
( A U ) ) I X 8 = ( 0 J A,u | A.2* | (A,I .2+A,3Z2) 

1x8 

(3.32b) 
A(^))"X8=(A,1, J A,2,̂  j (A,1.2+A,3̂ ) J ( A ^ + A ^ ) 

Di,5e""*z I A^""'6 ' I A,7^mi'7Z i A . / * " 
1x8 

(3.32c) ( ^ ( z ) ) ^ / ! Z Z2 z 3 m, ,z m16z m,-,z mlsz 

e e e e 1x8 

( 3 ' 3 2 d ) (F l )L.= (FU ^U *U ^,4 ^ 1̂,6 *i.7 *U) M 

In Eq. 3.32, the values of AM and Du are: 

(3.33a) A,u = 
Q ^11,1^14,1 

c c c 
Mo,l M0,1^12,l 

7 6 C i 
(3.33b) A,i.2=7^L 

10,1 

r r 
^11,1^14,1 

^12,1 

+c, +-
6C, n,i 

*-̂ 10,l 12,1 

Q 1,1 

r 
^10,1 

c 
V 12,1 

Q 
c c 

r 
*-"12,l 

+ Q 15,1 

(3.33c) A,: 
c, 

c c 
c, 10,1 V 12,1 

(3.33d) A 3 = 
Q 10,1 

C C 
M 1,1^14,1 

r 
^12,1 

+c, 
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{cmmu) 

(3.33e) 7 _ . ( c , im i . , 2- c io) 

(ciu"h,l){
C3mu) (r _r m i\ 

l n 2 n \ V°14.1 U15,1WU ^ 

(<>,,,. -Cm) 

\^n,i ^13^1,; j " 
( C i u w u ) 

( c i w « u 2 - c i o . i ) 

for / = 5 to 8 

(O^l,,) 

(£>,/-(:,„,) 

(3.34a) DlM = D1X1 = D u = DlA = -
Q 14,1 

c 12,1 

(3.34b) D] 1,1.2 
c, 12,1 

c 11,1 

c, 10,1 

M 1,1^14,1 

r 
V 12,1 

-a ^13^14,1 

r 
*-12,l 

+c 15,1 

(3.34c) £>i 1,2.2 
c 12,1 

^11,1 

c, 10,1 

^ l l , l M 4 , l 

^12,1 

-a 13^14,1 

c, 
+ G 

12,1 
15,1 

( C l U ? " l . . - ) ( C 3 , » u ) / r _ r m 2\ 
(r 2-r \ ^ 14J 15'l/7 -̂'' / 

(3.34d) ^ =J_2_2£_1££L 

V^12,l ^\lP\,i ) ' 
(C l l , l f f l l , , ) 

( C i ^ / - C i w ) 

for / = 5 to 8 

The values contained in vectors (^(z)) and (DI(Z)) are functions of constants Qi , and (DJz) 
'1x8 \ /lx8 

which are known and defined in Eq. 2.15. The only unknown values are the elements of 

vector JFj} , which represent the integration constants. The system now contains only 

eight sets of independent integration constants: Fl t for i = 1 to 8. These eight constants are 

determined from the boundary conditions in Eq. 2.19. 

Similar to Eq. 3.26, displacements bx (z), q (z) and gj (z) can be written as: 

o 

(3.35a) b1(z) = BU1 + Biaz + B^Z2 + B1AZ3 + £ A , / M 

i=5 
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(3.35b) Cl(z) = Cu + Ch2z + Ch,z
2 + ClAz3 + £CUie

m,'iZ 

_ _ _ _ 8 _ 

(3.35c) g, (z) = Gu + Giaz + Guz2 + G1Az3 + £ G u e m ^ 
i=5 

By following the procedure to relate coefficients Au and DXi to FM, outlined in Appendix 

8, the coefficients Bx, and Cl. can be related to G u . In fact, coefficients fij, and Cx i are 

related to Gu through vectors (Aj(z)\ and -(D^Z)) , respectively. The vectors are 

identical to those used to relate A1; and Du to Fu because the relationship between 

integration constants is independent of loading and boundary conditions. In other words, the 

relationships between AXi and Fu is the same as the relationship between Bu and Gu 

because the relationships do not depend on loading or boundary conditions. Recall that from 

Eq. 3.18 that Au and Bu are different only because of loading and boundary conditions; 

otherwise the formulations of A, • and Bu are identical. 

Note, however, the negative sign in front of the vector (D^Z)) relating Cu to Gu . The 

negative sign is required because the displacement q (z) was multiplied by -1 in Eq. 2.23 in 

order to make the matrices Xj 1 and X2 j identical. The equations in these matrices provide 

the basis for the method used to determine (JD](z)) in Appendix 8. As a result, the 
\ /lx8 

equations in Appendix 8 also need to be multiplied by -1 for consistency, resulting in Cu 

being related to Gu through -(Dj(z) 
T 

1x8 

Therefore, displacements bx{z), c{(z) and gx(z) are written as: 
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(3.36) i c^z) 

8i{z) 

4(z) 

AW 

1x8 

T 

1x8 

T 

1x8 

L ^ 8 x 1 

T 

1x8 
where vectors (Aj(z)\ , (DI(Z)) and (^(z)) were defined in Eq. 3.32 and vector 

\G,\ contains the unknown integration constants. 
I 1J8xl e 

3.2.4 Reducing Integration Constants for Fourier Modes n>2 

For the general case of n > 2, the eight roots of Eq. 3.21 are distinct and the equilibrium 

equations given in Eq. 3.24 are valid. As in the previous case, twenty-four integration 

constants appear in the solution for displacements an (z), dn(z) and f„(z) for each mode 

n, namely Ani, Dni and Fni for / = 1 to 8, but only eight boundary conditions are provided 

in Eq. 2.19. However, the equations in the displacement field of Eq. 3.24 are linearly 

dependent and the integration constants are inter-related. By relating the integration 

constants, as shown in Appendix 9, Eq. 3.24 is written in matrix form as: 

(3.37) dn{z) Dn(z) 

(<•(€ 

1x8 

T 

1x8 1 "J8xl 

in which: 

(3.38a) /lx8 \ 

>MZ 

K/^ \ ^ K/"> 4 / 
nm«»Z 

1x8 
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(3.38b) 

T 

1x8 
Dn(z)) =(DnSe^ Dn,e

m^ DnJe
m^ DnAem^ 

J~\ '"n 5<- T~\ rnnf,<- T\ "hi 1 <• T\ 

D„,e D„,e "6 Dnle D„xe 
H,J «,D «, / H,8 

„m»,«z 

1x8 

(3.38c) {en{z))m=(e "> e "'2 e "3 e '"4 e "•' 
/lx8 

( 3 ' 3 8 d ) ( F » ) L = ( F « . l F«.2 ^ ,3 F M F»,5 F«,6 F„,7 ^,8>1X8 

The values of Ani and Dni in Eqs. 3.38a and 3.38b are: 

iCn,nmn,i) 

(3.39a) Au=" 
( < > „ / - C i o , „ ) ( C i m « / - C i o , „ ) 

• ( C 1 4 , B - C , 1 5 , B » l n , . 2 ) 

(Cn,n-C13mn/y 
(Cllnmn,i) 

(Cimn/-C10,n) 

(3.39b) £>„,,= 

( C i i , « m
n , , ) ( C 3 m

n , , ) 
•(C,4,„-C15.»Wl

V
2) 

(C 1 2 n -C 1 3 m n / ) - ( ^ l l A ' l 
(C,m„/-C10i„) 

(C3O T«,,) 

(Q^2-C10>11) 

For a given mode n and a given index i the values contained in vectors \\{z)) and 

— \ T 

£) (z); are functions of the constants C,-„, which are known and defined in Eq. 2.15. 
V 7lx8 

The only unknown values, representing the integration constants, are the elements of the 

vector {Fn] . The system now contains only eight independent integration constants for 

each mode n: Fni for i = 1 to 8. These eight constants are determined from the boundary 

conditions in Eq. 2.19. 

Similar to Eq. 3.24, displacements bn (z), cn(z) and gn (z) can be written as: 
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(3.40a) M z ) = £ * « / " 
1=1 

(3.40b) C„(Z) = X C „ / V 

i=i 

(3.40c) gn{z) = tGn^
Z 

>=i 

As for the case of n = 1, the vectors / An (z)) and (DB (z)) can also be used to relate 

coefficients Bni and Cni, respectively, to Gni. Hence, displacements bn(z), cn(z) and 

gn(z) are written as: 

(3.41) • 

K(z) 
Cn{z) 

Sn(z) 

A(z) 

Dn(z) 

1x8 

T 

1x8 

T 

1x8 

HL 

where vectors \An(z)) , (Dn(z)) and Un(z)) were defined in Eq. 3.38 and vector 

\G„} contains the unknown integration constants. 
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CHAPTER 4 - VERIFICATION OF ANALYTICAL SOLUTION 

The objective of this Chapter is to provide a step by step solution of a simple pipe problem 

based on the analytical formulation developed in Chapter 3. The solution is compared to 

solutions based on the Euler-Bernoulli beam theory and established shell finite element 

analysis. 

4.1 Example 1: Cantilever Beam Under Concentrated Load 

The pipe under consideration is a cantilevered beam with a point load applied to the top of 

the pipe at the free end, as shown in Figure 4.1. The pipe has a span £, mid-surface radius r 

and wall thickness t. It is required to find the vertical and longitudinal displacements of 

Points A, B and C which are located on the pipe cross section shown in Figure 4.1 at the free 

end of the pipe. 

The geometric and material properties of the pipe are: I = 4 m, t = 6 mm, r = 200 mm, 

P P 

/ 

/ 

*A 

B 

C 

Figure 4.1 - Pipe geometry and cross section at free end. 

ju = 0.3, E = 200,000 MP a and G = £ / 2 ( l + ft) = 76,925 MP a. The applied point load is P 

= 16 kN. 

4.1.1 The Euler-Bernoulli Beam Theory Solution 

The Euler-Bernoulli beam theory does not capture cross section deformation and thus gives 

only the vertical displacement of the beam centreline. Therefore, the vertical displacements 

of Points A, B and C will all be equal. 
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For the cantilevered beam under consideration the Euler-Bernoulli beam theory problem 

includes four degrees of freedom. The degrees of freedom are the rotations and vertical 

displacements at each end of the beam. The centreline vertical displacement of the free end, 

AEB, is governed by the moment of inertia, /, of the pipe cross section: 

71 
(4.1) / = -

(2r + tf-(2r-t)4 K[(406mm)4 -(394mm)4 

= 150.83xl0b mm ,6 4 

64 64 

Hence, the vertical displacement is given as: 

Pt (16,000 AT) (4000mm)3 

(4.2) A - — = — K— 11 1 -T = 11.315mm 
3EI 3(200,000MPa)(l50.83xl06mm4) 

The longitudinal displacement at the top fibre at the free end of the cantilever (Point A) is 

given as r sin 9, where r is the pipe cross section radius and 6 is the angle of rotation at the 

end of the cantilever. The Euler-Bernoulli beam theory gives the angle of rotation as 

0 = P£2/2EI. For the current problem, the resulting longitudinal displacement of Point A is 

0.849 mm. 

4.1.1.1 Displacement due to Shear Deformation 

The vertical displacement given by the Euler-Bernoulli beam theory does not account for 

any deformations due to shear. However, including the effects of shear deformation 

provides a more accurate estimate of the vertical displacement. The vertical displacement 

due to shear for a cantilever beam subject to a point load at the tip is: 

Pi 
(4-3) &Shear=—r 

UAr 

where Belvins (1984) gives the value of Ar for a thin walled pipe section as: 

2(1 + //) 

(4.4) A = - i ^-A 
r 4 + 3// 
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2(1 + / / ) . • 
For the current problem Ar = [Inn) = 4000mm . Hence the shear contribution of r 4 + 3// v ; 

vertical displacement of the free end of the cantilever is: 

Pi (16,000 A0(4000 mm) 
(4.5) A s w = = —K— ^ '-^ = 0.208 mm 

Shear Q ^ ( ^ ^ M p a ) ( 4 0 0 0 m W
2 ) 

The total vertical displacement of the free end from Euler-Bernoulli beam theory and shear 

deformations is ATotal -11.523 mm. 

4.1.2 Shell Finite Element Analysis 

A more accurate representation of the deflected shape of the pipe is given by a shell finite 

element analysis. Such an analysis captures both centreline deflection as well as cross 

section deformation. 

The finite element analysis was conducted using the commercial finite element analysis 

program ABAQUS. The model was created using the quadrilateral shell element S4R which 

is internal to the program. The S4R element is a two dimensional element, with user-

specified thickness, that is arbitrarily oriented in a three-dimensional space. 

The S4R element contains four nodes, each of which has five degrees of freedom. The 

degrees of freedom include three translations (one in each direction of the global axes) and 

two rotations. The rotations actually represent the changes of two independent components 

of the unit vector that is normal to the shell mid-surface. The change of the third component 

of the unit vector is dependent on the changes to the first two components and is derived 

from the condition that the length of the vector is unity. 

The S4R element contains both in-plane and out-of-plane stiffness, allowing for membrane 

and bending characteristics, respectively. The membrane strains on the reference surface, 

which follow a finite strain formulation, are obtained from the derivatives of the position 

vector for the points on the reference surface in the deformed configuration with respect to 

their position on the surface. The bending strains are obtained from the derivatives of the 

vector normal to the mid-surface of the element. A result of the finite strain formulation is 
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that the shell element thickness in the deformed configuration is different than the thickness 

in the undeformed configuration. However, in the formulation of the S4R element, the 

strain normal to the reference surface is assumed to be constant over the thickness of the 

shell (Hibbitetal., 2001). 

Both the displacement and position vectors are interpolated with the same functions, which 

have C° continuity. The components of the vector normal to the reference surface (i.e. the 

rotational degrees of freedom) are interpolated independently from the translational degrees 

of freedom. 

Transverse shear strain in the element is the change in the projection of a vector initially 

normal to the reference surface onto the tangent to the reference surface of the shell. The 

transverse shear acts as a penalty function to impose a constraint that approximately 

enforces the Kirchhoff assumption that a line normal to the mid-surface before deformation 

remains normal to the mid-surface after deformation. In contrast, the Kirchhoff assumption 

is enforced in the current study in a strict sense (Section 2.2). The transverse shear strains of 

the S4R element are evaluated at the mid-points of the element edges. 

Five points are used for the through-thickness integration, which is conducted numerically 

using Simpson's Rule. 

The material characteristics used in the ABAQUS model are the same as those shown in 

Figure 4.1. Namely, the material is assumed to be linear elastic with Young's Modulus 

E = 200,000 MPa and Poisson's Ratio // = 0.3. 

The finite element mesh for the model contains 102 elements along the length of the pipe 

and 32 divisions around its circumference, corresponding to an aspect ratio for each element 

of 1:4, for a total of 3296 nodes, 3264 shell elements and 16,480 degrees of freedom. 

The results of the ABAQUS shell finite element analysis, including both the vertical and 

longitudinal displacements of Points A, B and C in Figure 4.1, are given in Table 4.1 below. 
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Table 4.1 - Displacements of Points A. B and C as determined bv ABAOUS shell finite element analysis 

Location 

Point A 

Point B 

Point C 

Vertical Displacement 

^Vert,FEA 

16.755 mm 

11.392 mm 

9.599 mm 

Longitudinal Displacement 

Long,FEA 

1.142 mm 

-0.132 mm 

-0.742 mm 

4.1.3 Methodology Developed in the Current Study 

The displacements are now determined by the method presented in Chapter 3. The 

unknowns sought are the integration constants Fn. for each mode n. The starting point for 

the solution is the equation of the variation of total potential energy, Eq A3.7, from 

Appendix 3. From this equation the relevant load potential and boundary terms are retained 

and used to solve for the integration constants. It is clear from Eq. A3.7 that for any two 

distinct modes, n and m ^ n, the field equations are always uncoupled. For a large class of 

problems, including the present problem, the boundary conditions are also uncoupled. 

The solution to the field equations is implemented in Borland C++. Details of the program 

implementation are included in Appendix 10. 

4.1.3.1 Load Potential Terms 

The starting point of the solution is to formulate the expression for the load potential, W, as 

given in Eq. 2.16. 

I In 

(4.6) W = WW= J \qw(t,z) 
z=0<i>=0 n=\ 

rd(/)dz 

Note that Eq. 4.6 contains only terms relating to the radial direction, w. For the loading 

condition shown in Figure 4.1, the relation qu (<j),z) = qv{</>,z) = Q holds because the point 

load at point A is applied vertically. The load is entirely in the radial direction with no 

components in either the longitudinal or tangential directions. Thus in Eq. 2.16 

W, =W = 0 . 
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The load function qw {(/>,z) is expressed using the Dirac Delta Function both in the z and (f> 

directions to represent the applied point load. In general, the Dirac Delta Function has the 

following properties: 

(4.7a) S(x-a) \°°,x = a 
0,x^ a 

c 

(4.7b) J S(x-a)dx = l 

where a is any value within the domain of x 

where b<a<c 
x=b 

(4.7c) j S(x-a)h(x)dx = h(a) where h(x) is a continuous function of x on the 
x-b 

domain b <x<c 

In the current example the point load is applied at z = I and <f> = jt/2. Hence the load 

function is: 

(4.8) qw{<t>,z) = -PS{z-l)S(0-y2) 

Note that in Eq. 4.8 the negative sign is due to the fact that P is applied in the opposite 

direction of positive w, as defined in Figures 2.1 and 2.2. Substitute Eq. 4.8 into Eq. 4.6: 

e in 

(4.9) Ww= J \-PS(z-£)S(</>-y2) 
z=0 0=0 

/O (*) + Z fn(Z) C0S # + IX(Z) ^ ^ rd(j)dz 

In Eq. 4.9, functions f0(z), fn{z), gn{z), cosn0 and sinn^ are continuous. Evaluating 

the integrals for the Dirac Delta functions in z and <f> and using the relation in Eq. 4.7c, 

gives: 

(4.10) Ww=-P 

Take the variation of Eq. 4.10 to obtain the variation of the work done by the applied load: 

(4.11) SW=-P SfM + ±cos(ny2)3fM + tMn%)SsM 
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Eq. 4.11 is simplified by noting that cos(«;r/2) = 0 when n is odd and sin(«;r/2) = 0 when 

n is even: 

(4.12) SWW Sf0{£)+ ± cos(ny2)Sfn(l)+ ± sm(n*/2)S8n(l) 
n=2,4,6... «=1,3,5.. 

Note that the load potential for a point load applied at the tip of the cantilever does not 

contribute any terms to the field equations in Eq. A3.7. The field equations remain 

unchanged while the load potential term in Eq. 4.12 is inserted into Eq. A3.7. 

4.1.3.2 Boundary Conditions 

The load potential in Eq. 4.12 is substituted into the boundary load potential terms in Eq. 

A3.7 to form the boundary conditions of the problem. For mode n = 0 the boundary 

conditions become: 

(4.14a). {iC.a, (0) + 2C3f0 (0)} Sa0 (0) = 0 

(4.14b); {2(CA + C9)c'0{0))Sc0(0) = 0 

(4.14c) {-2CJQ
m{0)}Sf0{0) = 0 

(4.14d) {2C6/;(0)}£/0 '(0) = 0 

(4.i4e) {2C,flJ {£) + 2C3f0 (£)} Sa0 (£) = 0 

(4.i4f) {2(C4+C9)c'0{£)]Sc0(£) = 0 

(4.i4g) {-2CX(Z) + p)df0{l)=Q> 

(4.l4h) {2C6f0y)}Sf^{£) = 0 

Similarly, the boundary conditions for modes n > 1 become: 

(4.15a) {<>; (0) + nC3dn (0) + CJn (0)} 8an (0) = 0 

(4.15b) {C1b'n(0)-nC3cn(0) + C3gn(0)}Sbn(0) = 0 

(4.15c) {C5nbn{0) + {C4+C9)c:{0)-C9ng'n{0)}Scn(0) = 0 
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(4.l5d) {-C5nan{0) + {C4+C9)d:{0) + C9nf;{0)}Sdn(0) = 0 

(4.15e) {-C6fJO) + n(C& + C9)d:(0) + n2(C8+C9)f:(0)}Sfn(0) = 0 

(4-15f) {C6r(0)-nC8J„(0)-n2CJ„(0)}^;(0) = 0 

(4.i5g) {-C6g:(0)-n(C8+C9)c:(0) + n2(Cs+C9)g:(0)}Sgn(0) = 0 

(4.15h) {C6g:(0) + nCscn(0)-n2C8gn(0)}Sg'n(0) = 0 

(4.i5i) {Cxan{£) + nC3dn{£) + CJn{£)}dan{£) = Q 

(4.i5j) { C A ' l ^ - ^ c J ^ + Q g J ^ l ^ W ^ O 

(4.15k) {C5nfo„W + (C4 + C 9 ) c : ( / ) - C 9 ^ : W } J C B W = 0 

(4.151) {-C5nan(£) + (C 4 +C 9 )< (£ ) + C9n/;(^)}^„(£) = 0 

(4.15m.i) {-C6/„i;f) + n ( C 8 + C 9 ) < ( ^ ) + n 2 ( C 8 + C 9 ) / ; ( ^ ) ) ^ / n ( £ ) = 0 

forn = 1, 3, 5, ... 

(4.15m.ii) { - C 6 r U ) + n(C8+C9)<(^) + n2(C8+C9)/;(^) + P c o s ( ^ ) } ^ ( ^ ) = 0 

. for n = 2, 4, 6, ... 

(4.15n) {C6fny)-nCsdn(t)-n
2CJn(Z)}tf;(l) = 0 

(4.l5o.i) { -C 6 g ; (^ ) -n (C 8 +C 9 ) C : ( ^ ) + n 2 ( C 8 + C 9 ) g : W + J P s i n ( ^ ) } ^ n ( ^ ) = 0 

for n = 1, 3, 5, ... 

(4.150.11) {-C6g:^)-n(Cs+C9yn(£) + n2(Cs+C9)g:{£)}Sgn{£) = 0 

forn = 2, 4, 6, ... 

(4.l5p) {C6g:(£) + nCscn{i)-n2Qgn(£)}S8:{£) = 0 

Note that the load potential terms from equation 4.12 are included in Eqs. 4.14g, 4.15m.ii 

and 4.15o.i. These equations represent the boundary conditions at the free end of the pipe 

that are affected by the load potential. 

4.1.3.3 Determining Required Constants 

Numerous constants appear in the field equations and boundary conditions that are 

dependent on the geometric and material properties of the pipe. The constants, from Eq. 

2.15, are evaluated for the current problem: 
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FrtJT 
(4.16a) C = -T = 828,550 kN 

l-ju2 

(4.16b) C2 = . ^ = 2.0714xl07 &V/m2 

r ( l - / / 2 ) 

(4.16c) r=^^- = 1.2428x10s &V/m 

(4.16d) C4 = G/t ;r = 290,280 kN 

(4.16e) C5 = Gw = 1.4514X106 kN/m 

Frt37t 
(4.161) Cfi=—7 — = 2.4857 iUV-m2 

12(l- / / 2) 

(4.16g) C7= -. - = \553.5kN/m2 

12r3(l-//2) 

(4.16h) C = ^ ^ = 18.642 ftiV 
12r(l-//2) 

(4.16i) C 9 = - = 87.185 JW 
3r 

(4.16J) CI3 = C4 + C9 = 290,370 kN 

The remaining constants, C10n, C l l n , C12n, C14„, C15iB, C16n and C17iB in Eq. 2.15, are 

dependent on the Fourier mode n under consideration. They will be evaluated as required in 

subsequent sections of this example problem. 

4.1.3.4 Displacement Fields for Fourier Mode n = 0 

The general form of the solution for mode n = 0, from Eqs. 3.4 and 3.10, is: 

6 _ 
,"<o,>z 

(4.17a) flo(z) = 4 w + V + S V 

(4.17b) C0(z) = \ 7 + A , i 8 z 

(4.17c) f0{z) = F0,+Foaz + YJKie 
6 

i=3 

The values of m0 (. are determined by solving the 4th order polynomial in Eq. 3.8: 
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(4.18a) 

(4.18b) 

(4.18c) 

(4.18d) 

m 0 3 = 4/ ' Q
 CiC2 ^37.107 + 37.107/m-1 

m 0 , 4 = - , 4 
|C 3 ^ ^ 2 

CC 
-37.107 -37.107/ rnx 

Q 9£^i = -37.107 + 37.107/ rnl 

m 0,6=- A
4 

/ C j C q C j 

QQ 
/ = 37.107 -37.107/ m"1 

As in Eq. 3.12, the displacements a0(z), c0(z) and f0(z) can be written in terms of the 

integration constants \ t . 

(4.19a) 

a0{z) 
(«oU))' 

C0(z) 

^o(z) 

1x8 

T 

1x8 

T 

1x8 

WM 

(4.19b) 

a0(z) 
coU) 
/.w 

1 z 

0 0 

, m 0 , 3 i , "0 ,52 ™0»Z 

0 0 0 

0 0 

1 z 

OF F p™0^ F P"^AZ F ^m°'5Z F f>m°''z 0 0 
U r 0 , l r 0 , 3 e M),4e r 0 , 5 e r 0 , 6 e w U 

A),l 

A),2 

A),3 

A),4 

A),5 

A),6 

A),7 

A),8 

Integration constants F0 i were related to constants \ . through the coefficients F0.. Recall 

that the coefficients F0>1. were defined in Eq. 3.13 as: 

C, 
(4.20a) F01 = 2. = -0.0600 m 

C, 
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(4.20b) F0 2 = 0 

— Cm 
(4.20c) F 0 3 =

 1—^- = -24.738-24.738/ 
^ 3 

(4.20d) F0A = — ^ - = 24.738 + 24.738/ 
^ 3 

(4.20e) F05 = ^ = 24.738- 24.738i 
^ 3 

(4.20f) F0 6 = — ^ = -24.738 + 24.738/ 
^ 3 

The integration constants A0i are now determined from the boundary conditions in Eq. 4.14. 

At the fixed end, all displacements are zero. Hence, the boundary conditions at z = 0 are: 

(4.21a) «o(0) = (^o4>Ig{A.L=0 

where ( ^ = («0(0))^ =(l | 0 j 1 | 1 | 1 | 1 | 0 | 0 ) M 

(4.21b) c0(0) = (^2)^8{A)}8 x i=0 

where ( ^ = ( c 0 ( 0 ) ) ^ =(0 | 0 | 0 | 0 j 0 | 0 | 1 | 0>M 

(4.21c) /o(0) = ( ^ , )L ,{A .L=0 

where ( ^ =( j? ( 0 ) ) ^ = ( o | F04 j F0,3 j F0,4 i F w j F0,6 | 0 | o ) ^ 

(4.2id) / ;(o)=(^4) ;x 8{^}8 x i=o 

where 

W L =(^(0))L = ( 0 ! 0 i ̂ . 3 ^ 3 I «0,4^4 j ^0,5^0.5 | ™o/o,6 | 0 \ ^ 
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At the free end of the pipe, none of the displacements are specified. Therefore, the natural 

boundary conditions given in Eq. 4.14 must be applied. From Eq. 4.14e, noting 

that Sa0 (l)tO, the first boundary condition becomes: 

(4.22) 2Qa0{l) + 2C3f0(l) = 0 

Now substitute the vector expressions for a'0(t) and f0(£) from Eq. 4.19 into Eq. 4.22. 

The resulting boundary equation is written in vector form as: 

(4.23a) ( ^ s L f t h =0 

where 

(4.23b) Ki, 

0 

2CX+2C3FC 0,1 

[2C,m^+2cf^)e^e 

(2C1m0A + 2C,F04)e^e 

(2C 1 m 0 , 5 +2C 3 F ( U )^ 

(2C 1 m 0 , 6 +2C 3 F M )^ 

0 

0 
8x1 

Similarly, from Eq. 4.14f, with Sc0 (l) £ 0, the boundary equation is: 

(4.24a) 2(C4+C9)c'0(£) = 0 

<4-24b> ( ^ > L { A » L = ° 

where 
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(4.24c) K 6 } 8 X 1 

0 

0 

0 

0 

0 

0 

0 

2(C4+C9)\ 
8x1 

The boundary condition from Eq. 4.14g, with Sf0(£)^0, must include the load potential 

term from Eq. 4.12: 

(4.25a) -2C6f0*(l) + P = 0 

(4.25b) (ro,)TJ\}M=-P 

where 

0 

0 

-zc6m03 t03e 

-2C6mQA%4e^ 

-2C6m0,%5e^e 

-2C6m0fi%6e
m°«e 

0 

0 

(4.25c) KL 

8x1 

The final boundary condition is obtained from Eq. 4.14h, noting that Sf0'(£) ^ 0 : 

(4.26a) 2C6f0'{£) = 0 

(4.26b) WMK)M=0 

where 
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(4.26c) KJ8X1 

0 

0 

ZLs6mQ3 rQ3e 

Z , L ' 6 m 0 ,4 r0,4 

2C m 2F e"0^ 

2C m 2F e™0*1 

z-y-6,nQfi 0,6C 

0 

0 
8x1 

The boundary equations developed in Eqs. 4.21 through 4.26 can be written in a 

consolidated matrix form: 

(4-27) [^oLktHSoL 

where 

[*.L 

wi 
(̂ 0,2 L 

(̂ L 
(̂ 0,4 )L 

(̂ 0,5 )L 

(̂ 0,6>L 

(̂ 0.7 )L 

>o,8L. 

^ {e0}8 x l 

0 

0 

0 

0 

0 

0 

-p 

0 

The components of the vectors (Wo.i) x
 a r e defined in Eqs. 4.21 through 4.26. Hence, the 

only unknowns in Eq. 4.27 are the elements of the vector {^J . Solving the equation for 

these unknowns gives: 
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(4.28) W= 

A),i 

A>,2 

A),3 

A),4 

A),5 

A),6 

A),7 

A),8 

0 

o 
-2.2191X10"73 +1.5586X10"71/ m 

1.5258xl0~23-5.2897xl0"38«m 

1.5258X10"23 + 5.2897xlO~38/ m 

-2.2191X10'73 -1.5586X10-71/ m 

0 

0 

With vector {^J now completely defined displacements fl0(z), c0(z) and f0(z) at the 

tip of the pipe, with z-t, can be calculated from Eqs. 3.12: 

(4.29a) 

(4.29b) 

(4.29c) 

«oW = («oW)M{A,}M= 0.000637 mm 

^(^) = (Co(^))ix8{A,}8xl=Omm 

mm 

Note that displacement contributions a0(£) = a0(^), v0(^) = c0(^) and w0(£) = fQ(i) are 

equal at all locations on the pipe mid-surface. The fact that the displacement contributions 

are independent of the value of 0 is expected as u0 (z) , v0 (z) and w0 (z) for mode n = 0 

represent the axi-symmetric component of the longitudinal, tangential and radial 

displacements, respectively, of the pipe. 

4.1.3.5 Displacement Fields for Fourier Mode n = 1 

The general form of the solution for mode n = 1, from Eqs. 3.26 and 3.35, is: 

(4.30a) fli (z) = Au + \ 2 z + AU3z
2 + A,4Z3 + 2 A,^mwZ 

i=5 

_ _ _ _ 8 _ 

(4.30b) dl(z) = Du + Dl2z + DU3z
2 + D1Az3 + £ Due

mu 

i=5 

(4.300 / ,(*) = F u + F u z + F U Z 2 + i ^ 3 + 2 f;,e
m'"z 

i=5 
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(4.30d) bl(z) = Bhl + Bi2z + Bu,z
2 + BlAz3 + £ Bue

mijZ 

i=5 

_ _ _ _ 8 _ 

(4.30e) Cx (z) = Cu + C12z + Cl3Z
2 + ClAZ3 + £ Cx/

U 

i=5 

_ _ _ _ 8 _ 

(4.30f) & (z) = GU + G u z + G u z 2 + G M z 3 + X G
1 / i=5 

2 

m2 

The values of the constants dependent on n in Eq. 2.15, evaluated at n = 1, are: 

(4.31a) C,01 =•% = 7.257IxlO6 kN/m2 

r 

(4.3lb) C1U = C3 + Q = 2.6942xl06 JUV/m 

(4.31c) C12il =C2 + C7= 2.0715X107 kN/;"2 

(4.31d) C14j, = C2 + C7 = 2.0715X107 kN/m 

(4.3 le) C15J = C8 + C9 = 105.73 kN 

(4.31f) C16, = C2 + C7 = 2.0715X107 iUV/. 

(4.31g) C17>1 = 2C8 + C9 = 124.37 kN 

The numerical values of the coefficients of the polynomial in Eq. 3.25, from Eq. 3.23, are: 

(4.32a) 
= -5.9802x10" kN3-m2 

= 5.9770xl013£2V3 

Ps,l ~ ^ 1 (—^12,1^-17,1 ~ ^-13^-16,1 """ ^^-14,1^-15,1 / ~ ^-10,1 ^ 6 ^ 1 2 , 1 "*" ^ 1 3 ^ 1 7 , 1 _ ^-15,1 J 

( 4 . 3 2 c ) +^-11,1 ^-17,1 ~~ ^^-3^-11,1^-15,1 ~*~ ^-3 ^-13 

= -4.5343xl018 kN3/m2 

For n = 1, the polynomial was shown to have four repeated zero roots and four distinct 

roots. These are: 
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(4.33a) mn=ml2=ml3= mlA = 0 

The distinct roots are determined from Eq. 3.30: 

(4.33b) m , = P»+SPl 4Pu^3a = 3 7 4 4 0 _ 3 6 ? 6 7 . ^ 

(4.33c) m j 6 = • 
\-Pit + 7^2,1-4A, ft 1^3,1 

2/>1.1 

: 37.440 + 36.767/m" 

(4.33d) m,;7 = , 
-P2.1 -VK1-4/7] i,ift,i 

2/7, 
= -37.440 + 36.767/ m -1 

1,1 

(4.33e) WJJ "ft,! •^Pll~4Pl 
2Pl,l 

iLlL = -37.440-36.767/ m"1 

As in Eq. 3.36, the displacements bx(z), cx{z) and gx{z) can- be written in terms of the 

integration constants Gu as: 

(4.34) cAz) 
S i ( z ) 

AW 

AW 

(*W) 

1x8 

T 

1x8 

T 

1x8 

>- ^ 8 x 1 

in which 

(4.35a) 
4 W ) ] x g = ( ° J A,u J 4.2* J (4.1.2+4.3Z2) 

A emuiZ 1 A emu"z 1 A e'"1'7' 1 A e 
ml,8Z 

1x8 
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(4.35b) 

A ( z ) L = (A - u \D^iZ! (A.1.2+A.3Z2) ](D12.2Z+D1AZ3) 

^ 1 . 5 ^ I ^ 1 . 6 ^ 1 ^ 1 , 7 ^ I ^ 1 , 8 ^ 
1x8 

, , » , , / ( \ V / 1 2 3 WW m.6z m, 7z m18z 

(4.35c) \*uU)/ =(1 z Z z el e • e • e u 
1x8 

(4.35d) \Gl)Jxg
=\GU GU2 Gl,3 Gl ,4 Gl,5 Gl ,6 Gl,7 G l , 8 / l x 8 

In Eq. 4.35, recall that the coefficients Au and Dl{, which relate the integration constants 

AUi and Du to GYi, were defined in Eqs. 3.33 and 3.34 as: 

(4.36a) A j . i 

(4.36b) 

(4.36d) 

(4.36e) 

Co ^11,1^14,1 

c c c 
^10,1 ^10,1 12,1 

= -0.200 m 

A, , n — 
_ 6C, 

ll,1.2 

c, 
c c 

c, 10,1 

-0.1100 m 

12,1 

3 

6C, 
+-

11,1 C 

(4.36c) A 2 = 1,2 

c, 

A,3 -

10,1 

3 

C, 10,1 

^11,1^14.1 

^12,1 

c c 
^ll.lM4.1 

c, 

+c, 

r r 

= -0.400 m 

C 10,1 

c c 
'-'ll,lM4.1 

c 
V 12,1 

• c 
c c 13^14,1 

c, 
+c, 15,1 

12,1 

+c 
V 12,1 

= -0.600 m 

( c i 1,1^1,5) 

A , 5 = -
( Q ^ - C J O J ) 

( C l l , i m i , s ) ( C 3 f f l l , 5 ) 

( C i ^ i Z - C i c i ) 
V 14,1 C^^mj, J 

(0^1,5) 

\^12,l ^13^1,5 / " 
(Cm™!*) 

( Q n ^ - Q a j ) 

(Ci^Z-Cioa) 

= -0.019412-0.021001/ 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 4 
April 2008 Page 68 



(4.361) 

(4.36g) 

(4.36h) 

( C i U ^ ) . 

(Cimi ,62-^10,l) 

(Cll,l/Wl,6)(C3yW1.6) 

(CiWll,62-C10.l) 
" ( i*a ^15,1^,6 J 

1,6 
f r _ r 2\ l^ i i,i/wi,6 J 

lCl/Wl,6 ~C10,lj 

(C,/ni,6
2-C10>1) 

-0.019412 + 0.021001/ 

( Q u ^ j ) 

A 
\^imi ,7 Mo,lj 

( Q U ^ K Q 1 " ! . ? ) 

(C,m,i7
2-C10>1) 

^ 1 4 , 1 ^15 ,1^1 ,7 j 

1,7 

(,^12,1 ^ttWh.l ) ' 
( C l 1,1̂ 1,7 ) 

^CjW]7
 — C10>1J 

( Q ^ I , ? ) 

yL1ml7 —CW1J 

0.019412 + 0.021001/ 

( M I A ) 

A,8 - • 
1^1^,8 Mo,l j 

( Q 1.1 .̂8 ) ( C 3 m i . 8 ) 

^Cjmjg — C1 0 1 j 
\ ^ 1 4 , l ^15 ,1^1 ,8 j 

^ 1 2 , 1 M3™1,8 j / 2 X 

\^i"n,8 Mo,i,/ 

\L,lmli — Cl0lJ 

= 0.019412-0.021001/ 

(4.36i) D, 
Q 14,1 

1,1.1 

a 
- i 

12,1 

(4.36J) D. 1,1.2 G 12,1 

c 11,1 

c, 10,1 

*-'ll,l t-'14,l 

M y 
G c c 

c 
°12,1 

15,1 = 0.024 m2 

(4.36k) £>, c 14,1 
1,2.1 

c, 
: - l 

12,1 

(4.361) D, 1,2.2 
M24 

c 
Mo,i 

c c 
V 12,1 

-c c r 13M4,1 

c, 
+c, 15,1 

12,1 

• 0.012 m2 

= C 
(4.36m) D 1 3 = ^ - = - 1 

^12,1 

(4.36n) D 1 4 = ^ = - 1 
M24 
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(4.36o) 

(4.36p) 

(4.36q) 

(4.36r) 

A,= 

( c i 1,1 ,̂5) ( O p 

( C i m i , 5 2 - C 1 0 , l ) 

\ ^ 1 2 , 1 ^ 1 3 ^ 1 , 5 j 

A,6 = 

( Q 1.1^1.6 ) ( Q ^ , 6 ) 

( Q " l , 6 2 - Q o , l ) 

( ^12 ,1 ^ 1 3 ^ 1 , 6 j " 

A,7 = 

( C U / \ 7 ) ( Q % ) 

1^1^1,7 — ^10,1/ 

( ^12 ,1 ^13^*1,7 j " 

M,8 = 

( c i i A 8 ) ( Q ^ m ) 

^ 1 ^ 1 , 8 _ ^10,1 j 

^ 1 2 , 1 ^ 1 3 ^ 1 , 8 j 

^14,1 ^15 ,1^1 ,5 / 

( C l 1 . 1 ^ , 5 ) 

= -0.00028135 + 0.020852/ 

^ 1 ^ , 5 ^10,1 / 

^14,1 ~~ ̂ '15,1W*1,6 ) 

( Q 1,1^1,6 ) 

-0.00028135-0.020852/ 

^ 1 ^ , 6 ^ 1 0 , 1 / 

^14,1 ^'15,l'?^l,7 / 

( Q 1 A 7 ) 

= 0.00028135-0.020852/ 

^ l ' W l , 7 ^10,1 j 

^14,1 _ ^15 ,1^1 ,8 / 

( C n ^ g ) 
• = 0.00028135 + 0.020852/ 

Cjmj 8 C 1 0 i l J 

The integration constants, {Gj , can be now determined from the boundary conditions in 

Eq. 4.15. At the fixed end, all displacements are zero. Hence, the boundary conditions at 

z = 0 are: 

(4.37a) ^ (0 ) = (yr u )^{G 1}M=0 

where(^ u )^=(A(0) 
T 

1x8 

I I 

0 ! 4.1.1 ! 0 ! 4,,.2 ! 4,5 ! 4,6 ! 4.7 ! 4 ; 
1x8 

(4.37b) c1(0) = (n2)i
T

x8{G1}8xi=0 

where 

( n 2 ) M = - A ( o ) 
1x8 

-A,i.i i 0 j -A,i.2 i 0 | ~Dh5 j -D, 6 j - D u j -D, 8 
1x8 
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(4.37c) ft(0) = (n 3 > M {G 1 } M =0 

where (Wh3) = (er(0))l& =(l j 0 | 0 | 0 | 1 j 1 j 1 j l ) M 

(4.37d) g ;(0) = (^4);x8{G1}8xi=0 

where (j/1>4)^ = (^ ' (0 ) \ = <0 | 1 | 0 | 0 | ŵ  5 ( nhfi j ml7 | m,8) 

At the free end of the pipe, none of the displacements are specified. Therefore, the natural 

boundary conditions given in Eq. 4.15 must be applied. From Eq. 4.15j, noting 

that Sbt (t) =£ 0, the first boundary condition becomes: 

(4.38) c^M+c^M-c^it)^ 

Now substitute the vector expressions for i»1'(^),c1(/) and g^t) from Eq. 4.34 into Eq. 

4.38. The resulting boundary equation is written in vector form as: 

(4.39a): (V^IMI^O 

where 

Q ( l + Aa.i) 

^ ( l + A.2..) 

2cx\3i+c3e(e2+Dl22+BlAt2) 

Q ^ A . e + Q ^ + A.e) 

C1mli7A1|7+C3(l + JDu) 

(4.39b) fo*L 

8x1 
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Similarly, from Eq. 4.15k, with Sc{ (£) ^ 0, the boundary equation is: 

(4.40a) C5bl{£) + (C4 + Cg)c'l(£)-C9g;(e) = 0 

(4.40b) {WusfjG^O 

where 

(4.40c) K*L 

0 

^ A . U ~~ 1^4 + ^ 9 ]M,2.1 ~^"9 

C5 A 2f - 2 (C4 + C9) Dt/ - 2C9£ 

(A,I.2 + A , 3 ^ ) - ( Q + C 9 ) ( B U 2 + 3 D 1 / 2 ) - 3 C C ^ 2 

Q A,5 - ( Q + C9) m, 5Dj 5 - C9m! 5 

QA,6 - ( Q + C9) m^Z), 6 - C9n\fi 

5 1,7 ~~V 4 "^ 9 / ^1,7 1,7 ~~ 9^h,l 

'1,4^ / - ^ 9 ^ 

?
m l , 6 ( ' 

QA,8 ( Q + Q ) ^,8^1,8 Qwi,f ^m-'8' 
8x1 

The boundary condition from Eq. 4.15o, with Sg^^^O, must include the load potential 

term since n = 1. Therefore, use Eq. 4.15o.i: 

(4.4ia) -C6g^)-{C8+C9)c;{£) + {Cs+C9)g;{£) + Psm{y2) = 0 

(4.4lb) (W^JC^-P 

where 
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(4.41c) KvL 

(C 8 +C 9 ) (A . Z , + I ) 

2(C8+C9)(Bu+l)f 

-6C6 +{CS+C9) (3DlAf + Dh22 + 3£2 

-Q^/+(Q+QK5(^+1)]gmi' 

-Q^/+(Q+QK6(4,6+i) 

-C6ml/+{C8+Cg)ml7(Dll+l) 

-C.m,/ +(C8 + C9)mls(5[S+l) 
8x1 

The final boundary condition is obtained from Eq. 4.15p, noting that Sg[(l) * 0: 

(4.42a) C6g;(£) + Csci{l)-C8gl{() = 0 

(4.42b) (VX{G,}M=0 

where 

(4.42c) K*L 

- C 8 ( A , i . i + 1 ) 

-Q(A,2,+I)^ 

2C6-C8(5lX2 + Dh3f+£2) 

6C6£-Cs(Dh22 + DlA£2+f) 

8x1 
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The boundary equations developed in Eqs. 4.37 through 4.42 can be written in a 

consolidated matrix form: 

^ [*uL{G.L=teuL 

where 

[*ul 

( ^ 1 , 
\ T ' 

'/1X8 

(̂ L 
(^.3>L 

Ml* 
(vi. Vlx8 

(̂ L 
( ^ i , 

_ ( ^ i . 

7 / lx8 

3 / lx8_ 

and te.,}M 

0 

0 

0 

0 

0 

0 

-p 

0 

The components of the vectors (wu) are defined in Eqs. 4.37 through 4.42. Hence, the 

only unknowns in Eq. 4.43 are the elements of the vector JG,} . Solving the equation for 

these unknowns gives: 

(4.44) 
t 1 J8xl 

'G_u 
Gl,2 

Gi,3 

G l , 4 

G,5 

Gh6 

Gn 
Gw. 

> = • 

8x1 

-2.4916xl(T5 m 

-4.3542 xlO"5 

-0.0010610 m"1 

8.8413xl0~5m~2 

-70 •1.6208xl0"70^ 2.3549x10 - l .bzusxiu ~im 

2.3549 xlO"70 +1.6208X10"70 im 

1.2458xl0-5-1.3278xl0-5/w 

1.2458xl0-5+1.3278xl0_5/m 8x1 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 4 
April 2008 Page 74 



With the vector {GA now completely defined the displacements bx {£), c{(£) and g{ {£) 

at the tip of the pipe can be calculated from Eq. 4.34: 

'mm (4.45a) ^(^)=(A(^)) ix8{G1}8xi=0.849, 

(4.45b) c1(£) = -(31(e)\ {G{}m= -11.516 mm 

(4.45c) 8lU) = (eM))1jG1}m =-11.579 mm 

4.1.3.5.] Determining Functions ax(z), dx(z) and f{(z) 

As shown previously, functions a{{z), dx(z) and /j(z) are inter-related but uncoupled 

from functions Z>, (z), ^(z) and g, (z). For mode n = 1 the variation of the load potential 

term contains only Sgl(£). As such, the boundary conditions in Eq. 4.15 relating to 

functions a^z), dx(z) and fx (z)become: 

(4.46a) a1(0) = 0 

(4.46b) d,(0) = 0 

(4.46c) /1(0) = 0 

(4.46d) /,'(0) = 0 

(4.46e) ^ (£) * 0 -> C1a1
/(^) + C3^1 (^) + C3/1 (^) = 0 

(4.46f) ^ (f) * 0 -> -G>, (^) + (C4 +C 9 )<(^) + C9/1'(^) = 0 

(4.46g) ^ / 1 ( l ) ^ 0 - > - C 6 / ] V ) + (C 8+C 9 )<(£) + (C8 + C9)/1
/(f) = 0 

(4.46h) Sftt) * 0 -> Q / J / ) - Qd, (*) - Q / , {£) = 0 

The only solution to the system of equations in Eq. 4.46 is the trivial one of 

al(z) = di(z) = f1(z) = 0. In contrast, functions bx(z), cx(z) and gY{z) are non-zero. 
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This condition can also be realised by considering Eq. 4.43. If Eq. 4.43 had been developed 

with the boundary conditions in corresponding to displacements ax (z), dx (z) and fy (z), it 

would have the following form: 

In Eq. 4.47, matrix r ¥ 1 2 l is similar to matrix T^n ] defined in Eq. 4.43. The only 
l_ ' _J8x8 I— * —18x8 

difference between the matrices is that the sign on the coefficients Dlt will be opposite. 

However, vector {21,2} ~{0}8xi
 a n ^ is different from vector {Qu} ^{0}8 X 1

 m Eq- 4.43. 

Thus, vector \E) must vanish for the relation r*P,,] {F} = { 0 ] O , to be realised in 
l Usxl L 1'2Mx8 I ' J 8x1 l J8xl 

view of the fact that matrix [*¥, ,1 is non-singular. Given that \E) ={0) ,, it follows 
L l.2J8x8 ° l ' J 8x1 l J 8 x l ' 

that the displacements ax(z), d^z) and fx(z) are all zero. 

4.1.3.5.2 Total Displacement Contributions for Fourier Mode n-\ 

Given that the displacements aY(z), d{{z) and fx(z) are all zero, the displacement 

contribution of any point on the pipe mid-surface at the free end, z = I, from mode n — 1 is 

found by substituting Eq. 4.45 into Eq. 2.11: 

(4.48a) M1(f,^) = &1(^)sin^ = (0.849mm)sin^ 

(4.48b) v1(4^) = c,(f)cos^ = (-11.516/nm)cos^ 

(4.48c) w1(£0) = gi(^)sin0 = (-11.579m/n)sin0 

The first mode (n = 1) contributions to the vertical and longitudinal displacement at Point A, 

B and C on Figure 4.1 are found by evaluating Eq. 4.48 at the values of <f> = TtjT., <f) = 7t and 

0 = 3;r/2, respectively. Eq. 4.48a gives the longitudinal displacement at all three points 

while Eq. 4.48b gives the vertical displacement at Point B and Eq. 4.48c gives the vertical 

displacement at Points A and C. The displacements are summarized in Table 4.2 below. 
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Table 4.2 - Displacement contributions of Fourier mode n = 1 for Points A, B and C 

Location 

Point A 

Point B 

Point C 

Vertical Displacement 

11.579 mm 

11.516 mm 

11.579 mm 

Longitudinal Displacement 
A, 

Long ,n=\ 

0.849 mm 

0 mm 

-0.849 mm 

In Table 4.2, downward vertical displacements are assumed positive. Also, longitudinal 

displacements are assumed positive when oriented in the positive z-direction. Hence, a 

positive longitudinal displacement represents elongation of the pipe fibres (as is the case for 

the longitudinal fibre passing through Point A) while a negative longitudinal displacement 

represents contraction of the pipe fibres (such as is the case of a longitudinal fibre passing 

through Point Q. 

The vertical displacement of Point B ascertained from mode n = 1 is comparable to that 

obtained from the Euler-Bernoulli beam theory. The Euler-Bernoulli theory gives a 

displacement of 11.315 mm while the displacement predicted by the methodology in the 

current study is 11.516 mm. As expected, the Euler-Bernoulli beam theory provides a 

"stiffer" model, resulting in a lower vertical displacement. 

The Euler-Bernoulli beam describes the displacement of the pipe-centreline at the free end 

of the pipe (z = £) as a 3rd order polynomial function with respect to the pipe length, £. 

The method in the current study, for mode n = 1, uses a 3rd order polynomial plus four 

exponential terms with respect to £, as seen in Eq. 4.35 evaluated at z = £. If the 

exponential terms are ignored, then the resulting 3rd order polynomial can be more readily 

compared to the Euler-Bernoulli solution. Dropping the exponential terms from Eq. 4.35c 

gives the vertical displacement of Point B as AB = g(£)-Gu+Gl2£ + Gl3£
2+Gl4£

3, in 

which the values of Gu are the integration constants in Eq. 4.44. The resulting vertical 

displacement of all three points A, B and C is 11.516 mm, which is nearly identical to the 

value predicted by the Euler-Bernoulli beam theory. 

A similar comparison can be made with the longitudinal displacement at Point A. The 

displacements predicted by both the Euler-Bernoulli beam theory and current method for 

mode n = 1 are nearly identical at 0.849 mm. 
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It is of interest to note that the contribution of the exponential terms becomes more 

significant as the pipe span, £, reduces. In this case, the present solution yields a 

significantly more flexible representation of the stiffness and the predicted displacements are 

larger than those based on the Euler-Bernoulli beam. 

4.1.3.6 Displacement Fields for Fourier Mode n = 2 

The general form of the solution for n - 2, from Eq. 3.24, is: 

8 _ 

(4.49a) a2 (z) = X A2,ie'"2jZ (4-49d> 

8 _ 

(4.49b) b2 (Z) = X El/** (4-49e) 

8 _ 

(4.49c) C2(z) = X C 2 / V <4-49f> 

i=i 

Similar to mode n = l , functions a2(z), d2(z) and f2(z) are inter-related but are 

uncoupled from functions b2{z), c2(z) and g2{z). For mode n = 2 the variation of the 

load potential term contains only Sf2(£). Therefore, functions b2(z), c2(z) and g2(z) 

will all vanish while the functions a2(z), d2(z) and f2(z) will be non-zero. The three 
non-zero functions are determined below. 

The values of the constants dependent on n in Eq. 2.15, evaluated at n = 2, are: 

(4.50a) 

(4.50b) 

(4.50c) 

(4.50d) 

(4.50e) 

(4.50f) 

(4.50g) 

r 
"-"10,2 

c 
Hl.2 

r 
'"12,2 

r 
*"14,2 

c 
^15,2 

c 
^-16,2 

r 
v"17,2 

= 7 =2.9028xlO7 kN/m2 

r" 

= 2(C3+C5) = 5.3885X106 kN/m 

= 4(C2+C7) = 8.2861xl07 kN/m2 

= 2C2 +8C7 = 4.1440X107 kN/m2 

= 2(C8+C9) = 211.45iUV 

= 2C2 +16C7 = 2.0739X107 )tiV/m2 

= 4 (2C8+C9) = 497.48 ytiV 
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The numerical values of the polynomial in Eq. 3.22, from Eq. 3.23, are: 

(4.51a) 
Pl,2 ^ 1 ^ 6 ^ 1 3 

= -5.9802x10" kN3-m2 

(4.51b) 
P2.2 ~ ^ 1 \ ^6^12,2 "*" ^13^17,2 ^15,2 j + ^ 6 \ 10,2^13 ^11,2 J 

= 2.3908xl014fc/V3 

^3,2 — ^ 1 V ^12,2^17,2 ^13^16,2 + ^14 ,2^15 ,2 j ^10,2 {^6^12,2 + ^13^17,2 ^15,2 J 

(4.51c) + ^11,2 ^17,2 _ ^^3^11,2^15,2 "^"^3 ^13 

= -4.5591xl018&V3/V 

^4,2 = ^ 1 (,^12,2^16,2 _ ^14,2 j + ^10,2 V 12,2^17,2 + ^13^16,2 ~~ "^14,2^15,2 j + ^ 3 ^ 1 1 , 2 ^ 1 4 , 1 

(4.51d) — C11>2 C j 6 j 2
 — ^ 3 ^12,2 

= 1.3447xl018£/V/V 

(4.5 le) 
Pi,2~ ^10,2 (^12,2^16,2 ^14,2 J 

' =-3.3628xl019£/V/m6 

Solving Eq. 3.22 using Ferrari's Method (see Appendix 6) gives the eight roots of the 

polynomial: 

(4.52a) m21 =38.476 +35.787/m"1 

(4.52b) m2 2 = -38.476 - 35.787/ m"1 

(4.52c) m23 =1.1965-1.1333/ra"1 

-1.1965 + 1.1333/ m-1 
(4.52d) m. 

(4.52e) m25 = 1.1965 + 1.1333/ m" 

2.4 

(4.52f) m26 =-1.1965-1.1333/m 

(4.52g) m2 7 = 38.476-35.787/ m"1 

(4.52h) m2 o = -38.476 + 35.787/ m 

- i 

As in Eq. 3.37, the displacements a2(z), d2(z) and f2(z) can be written in terms of 

integration constants F%i: 
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(4.53) 

a2(z) 

d2(z) 

3x1 

A2(z) 

D2(z) 

{e2(z)) 

1x8 

T 

1x8 

{5}. 

3x8 

in which 

(4.54a) 

T 

1x8 
Mz)) = U i ^ " \ ^ \ ^ A^e "hAz 

"h.iZ A
 mm7-A,/^ A,/--- A,/^ \,e 

1x8 

(4.54b) 

T 

1x8 
A(z)> = ( A , i ^ j Z A,2^'2 Z ^ V " " * D2Ae 

m2Az 

^ 2 , 5 g L>2,t>e ^ 2 , 7 ^ ^ 2 , 8 ^ 
1x8 

(4.54c) ( e 2 ( z ) ) ^ = ( e m 2 l Z ^ ' 2 Z e""* effl24Z e " ^ e"2*' e " ^ e"*'z 

(4.54d) \ 2/lxg
 = \ ^ 2 , 1 ^ 2 , 2 ^2 ,3 ^ 2 , 4 ^2 ,5 ^ 2 , 6 ^2 ,7 ^ 2 , 8 / l x 8 

Recall that integration constants ^ ; and Z)2. in Eq. 4.54 are related to constants F2. 

through the coefficients A2i and D2i, respectively, as defined in Eq. 3.39: 

( Q i A . ) 

(4.55a) A1. 
yClm2j f-io^j 

(Cn,2m2,i)(Cim2,i) 

\^im2,i _ ^10,2/ 

{Cu ,2 ^I5,2m2,i j 

\^12,2 ^13^2,/ ) 
(Cn,2m2,i) 

(c,m2i,
2-c102) 

(C3m2. ;) 

yC1m2i ~C102j 
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(4.55b) *>2J = 

(CU,2m2,i){C3m2,i) I _ r 2^ 

(Cm 2-C ) ' M '2 l5'2M2J I 
\ ^rn2j ^10,2 ; 

yCn2 C1 3m2 ; J-
{Cn,2m2j) 

yC1m2i —Cl02) 

Evaluating Eq. 4.55 for / = 1 to 8 gives: 

(4.56a) Ay =-0.017102 + 0.023451/ 

(4.56b) AJJ2 =0.017102-0.023451/ 

(4.56c) ^ 3 =-0.056353+ 0.060468/ 

(4.56d) Â  4 = 0.056353 - 0.060468/ 

(4.56e) 

(4.56f) 

(4.56g) 

(4.56h) 

\ 5 = -0.056353 - 0.060468/ 

\ 6 = 0.056353 + 0.060468/ 

Aji7 = -0.017102-0.023451/ 

A 8̂ =0.017102 + 0.023451/ 

(4.56i) 

(4.56J) 

A ,= -6.7955 xlO"5- 0.041679/ (4.56m) £>,s =-0.50048+ 0.0041107/ 

£> 2,2 -6.7955x10" -0.041679/ 

2,5 

(4.56n) D2 6 = -0.50048 + 0.0041107/ 

(4.56o) D27, = -6.7955X10-5 +0.041679/ 

(4.56k) £>„ 3 =-0.50048-0.0041107/ 

(4.561) D24 =-0.50048 -0.0041107/ 

(4.56p) D2 8 = -6.7955X10"5 +0.041679/ 

The integration constants JF2} can now determined from the boundary conditions in Eq. 

4.15. At the fixed end, all displacements are zero. Hence, the boundary conditions at z = 0 

are: 

(4.57a) 

where ( j / 2 a ) ^ = ^ ( 0 ) 
T 

1 x 8 

= 1 = 1 = 1 = I = I = I = 1 = 

\ \ j \,2 \ ^2,3 ! ^2,4 | A,5 ! A,6 | ^2,7 | \ i 
1x8 

(4.57b) J 2 ( 0 ) = ( ^ 2 2 ) ' X 8 { F 2 } 8 > < I = 0 
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where 

(^2,2>L = ( A ( 0 ) ) T =(D2, J D22 I 5 2 3 j D 2 4 i D25 | B 2 6 | D27 | B 
\ / IXo * * l X o 

(4.57c) / 2(0) = ( ^ { F 2 } M = 0 

w h e r c ( ^ 3 > L = ^ ( o ) ) L = ( i j i i i i i i i i i i i i i > M 

(4.57d) /2'(0) = ( ^ > ^ { F 2 } M = 0 

where 

(^2,4 ) L = ( ^ ' ( 0 ) ) =(m2, l j ™2,2 j ™2,3 | m2,4 j ™2,5 | ™2,6 | ™2,7 | ^ )J; 
1X8 • ' l x 8 

At the free end of the pipe, none of the displacements are specified. Therefore, the natural 

boundary conditions given in Eq. 4.15 must be applied. From Eq. 4.15i, noting 

that£a2 (l) ^ 0, the first boundary condition becomes: 

(4.58) Cla2{e) + 2C3dn{£) + C3fn(£) = 0 

Now substitute the vector expressions for a2(£),d2(l) and f2(i) from Eq. 4.53 into Eq. 

4.58. The resulting boundary equation is written in vector form as: 

<4-59a> {^5yjF2}m=o 

where 
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<4-59b> K 5 } 8 X 1 

2™2,2 " " " ^ 3 

^1 W 2 ,3^*2 ,3 "*" ^ 3 

^ 1 ^ 2 , 4 - ^ 2 , 4 """ ^ 3 

^ 1 ^ 2 , 6 ^ 2 , 6 "*" ^ 3 

Cjm2 

^ l W 2 , 8 - ^ , 8 "*" ^ 3 

l + 2£>. 2,1 

1 + 2D, 2,2 

1 + 2A 2,3 

1 + 2D. 2,4 

1 + 2D. 2,5 

1 + 2Z> 2,6 

1 + 2D2>7 

1 + 2 A 

, " i2, l^ 

„m2,2 ' ' 

J<h^ 

m-,A 

mid 

m21y 

8x1 

Similarly, from Eq. 4.151, with 8d2(l)^0, the boundary equation is: 

(4.60a) -2C5an{£) + {C4 + C9)d'n{£) + 2C9f;(£) = 0 

(4.60b) (^6)L{^L=0 

where 

<4-60c) { v ^ L = 

^ ^ ^ ^ ( Q + C 

5 ^ 2 "^ V 4 "^ 9 

_2Cji42 3 + (^4 + t--9 

~2C5^2j4 + (^4 + ^9 

-2C5A,5 +(C4+C9 

-2C5 Ajg + (C4 + C9 

"ZCj A2 7 + ^ ̂ 4 + Lg 

-2C5A2S+{C4 +C 9 

m2lD2x + 2C9m21 

W 2 , 2 A , 2 "*" - ^ ^ 9 ^ 2 , 2 

III"-) r*LJ'j -1 _ I - £/\^ (\fI Vry T 

m2,4D2,4 + 2C 9m 2 4 

m2,5D2,5 +2C9m2i5 

m2,6 A,6 + 2C9m2 6 

ffLiy -jlSry n "T" A^\-/(\ftl'-\ *j 

m2,&'-'2$ ~*~ ^9m2,% 

J>hll 

"h,il 

«hA' 

"h,^ 

^"hf.1 

Shn1 

8x1 
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The boundary condition from Eq. 4.15m, with Sf2 (£) * 0, must include the load potential 

term since n = 2. Therefore, use Eq. 4.15m.ii: 

(4.6ia) -CJny) + 2{Cs+C9)d:{£) + 4{Cs+C9)/:{£) +Pcos(^/2) = 0 

(4.61b) (¥2,)l{F2}m=P 

where 

(4.61c) {^2,7}8xi 

- C 6 m 2 , l 3 + ( Q + C 9 ) O T 2 , 1 

- C 6 m 2 , 2 3 + ( C ' 8 + C 9 ) m 2 , 2 

-C6m23
3+(C8+C9)m23 

-C6m2A
3 + (Cs + C9)m2A 

- C 6 W 2 , 5 3 + ( Q + C 9 ) W 2 , 5 

- Q m 2 , 6 3 + ( C 8 + C , 9 ) m 2 , 6 

-C6w27
3+(C8 + C9)m27 

- C 6 m 2 , 8 3 + ( C 8 + C 9 ) W 2 , 8 

!2D2l+4\ 

[2B2>2+4) 

^ + 4 ) 

| 2A,4+4) 

!2A.5+4) 

(2A,6+4) 

' 2 A , 7 + 4 ) 

'24,8+4) 

, " 2 , 3 ^ 

, " 2 , 5 ^ 

"h.f,1 

n^-jt 

8x1 

The final boundary condition is obtained from Eq. 4.15n, noting that Sf2(i) ^ 0: 

(4.62a) Cj:{£) - 2C8dn {£)-4Csfn {£) = 0 

(4.62b) {V2,8)
TJF2\XI=0 

where 
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(4-62c) K s L 

^fJW"> 1 *^B -6'"2,1 

^ 6 W 2 , 2 ^ 8 

r m
 l -C 

L6m24 Ls 

^ 6 m 2 , 5 ^ 8 

^ 6 ^ 2 , 6 ^ 8 

L6m21 C8 

^6 ' "2 ,8 *^8 

2D2l+4 

2D22+4 

2D2i3+4 

2A.4+4 

2A,5+4 

2A.6+4 

2D2-7+4 

2^2,8+4 

„ m 2,2 f 

,"?2,4« 

„m2,5^ 

„m2,6« 

8x1 

Similar to mode n = 1, the boundary equations developed in Eqs. 4.57 through 4.62 can be 

written in a consolidated matrix form: 

(4-63) } [ ¥ 2 U F J M ={&}«, 

where 

[**L 

(^2,1 ) 

(^2,2 ) 

( ^ 2 3 ) 

( ^2 ,4 ) 

( ^2 ,5 ) 

(^2,6 ) 

( ^ 2 , 7 ) 

(^2,8 ) 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

and (&L, = 

0 

0 

0 

0 

0 

0 

p 

0 

18x8 
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The components of the vectors \Y2i)
 a r e defined in Eqs. 4.57 through 4.62. Hence, the 

only unknowns in Eq. 4.63 are the elements of the vector |F 2 ] . Solving the equation for 

these unknowns gives: 

(4.64) 
l 2J8xl 

Pn 
p 
1 2,2 
F 

1 2,3 

^ 2 , 4 

^ 2 , 6 

P 
1 2,7 
P 
1 2,8 ^ 

= -

8x1 

-1.9167X10"6 +1.0962xl0"5/ m 

1.7255xl(T6+1.4494xl(r5/m 

-1.9167xl0"6-1.0962xl0"5/m 

1.7255X10"6 -1.4494xl0"5i m 

2.3495xl0"72+5.4222xl0"72/m 

1.9117xl0"7 + 2.1546xl0"'im 
- 7 2 • 

2.3495xl0",z -5.4222xl(Tzz m 

1.9117xl0~7-2.1546xl0"7/m 8x1 

With vector {F2} now completely defined, displacement contributions a2(£), d2(t) and 

f2(£), corresponding to the second mode n = 2, at the tip of the pipe can be calculated 

from Eq. 4.53: 

(4.65a) a2(£) = (A2(£)\ {F2}m =-0.152mm 

(4.65b) d2(£) = (D2(£)\ {F2}gxi=-1.335mm 

(4.65c) f2(£) = {e2(£)\jF2}m=2J41mm 

The displacement contribution of any point on the pipe mid-surface at the free end, z = £, 

for mode n = 2 is found by substituting Eq. 4.65 into Eq. 2.11: 

(4.66a) u2{£,0) = a2 (£)cos 20 = (-0.152mm)cos 2(f) 

(4.66b) v2(£,0) = d2 (£) sin 20 = (-1.335mm) sin 2(j) 

(4.66c) w2(£,0) = f2 (^)cos2^ = (2.747mm) cos 2(Z> 

The vertical and longitudinal displacement contributions at Point A, B and C on Figure 4.1 

are found by evaluating Eq. 4.66 at the values of 0 = 7tj2, 0 = 7t and 0 = 3^/2 respectively. 
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Eq. 4.66a gives the longitudinal displacement at all three points while Eq. 4.66b gives the 

vertical displacement at Point B and Eq. 4.66c gives the vertical displacement at Points A 

and C. The displacements are summarized in Table 4.3 below (recall that a positive vertical 

displacement indicates that the point moves downward). 

Table 4.3 - Displacement contributions of Fourier mode n = 2 for Points A, B and C 

Location 

Points 

Point B 

Point C 

Vertical Displacement 

**Ven,n=2 

2.747 mm 

0 mm 

-2.747 mm 

Longitudinal Displacement 

Long,n=2 

0.152 mm 

-0.152 mm 

0.152 mm 

The displacement contributions for mode n = 2 represent deformation of the pipe cross 

section. The difference in the vertical displacements at Points A and C, namely that Point A 

moves downward while Point C moves upward, is evidence of ovalization of the cross 

section. Similarly, the fibres at Points A and C elongate longitudinally while the fibres at 

Point B contract, indicating warping of the cross section. 

4.1.3.7 Displacement Fields for Fourier Modes n > 2 

The procedure developed in Section 4.3.6 to calculate the displacements for mode n = 2 can 

also be used to determine the displacements for the higher modes. Applying this procedure 

for modes 3 through 6 gives the vertical and longitudinal displacement contributions at 

Points A, B and C at the free end of the pipe. Note that for each mode n only one of the two 

sets of orthogonal displacement functions will be non-zero. If an (z), dn (z) and fn(z) are 

non-zero then bn(z), cn(z) and gn(z) will be zero, and vice-versa. The displacement 

contributions are summarized in Tables 4.4 through 4.7 below (recall that a positive vertical 

displacement indicates that the point moves downward). 
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Table 4.4 - Displacement contributions of Fourier mode n = 3 for Points A, B and C 

Location 

Point A 

Point B 

Point C 

t 

njl 

X 

3*/2 

«.,(£, 0) = 

fe,(^)sin30 

0.0537 mm 

0 mm 

-0.0537 mm 

Co (^)cos 30 

0 mm 

-0.303 mm 

0 mm 

w3(t,f) = 

£ 3(^)sin30 

-0.972 mm 

0 mm 

0.972 mm 

Vertical 
Displacement 

0.972 mm 

-0.303 mm 

0.972 mm 

Longitudinal 
Displacement 

Long,n=3 

0.0537 mm 

0 mm 

-0.0537 mm 

Table 4.5 - Displacement contributions of Fourier mode n = 4 for Points A, B and C 

Location 

Point A 

Point B 

Point C 

0 

Jl/l 

7t 

-bTCJl 

" 4 (*.#) = 

a 4 (^) cos 40 

0.0254 mm 

0.0254 mm 

0.0254 mm 

d 4 (^)s in40 

0 mm 

0 mm 

0 mm 

w4(t,0) = 

/ 4 ( / ) c o s 4 0 

-0.503 mm 

-0.503 mm 

-0.503 mm 

Vertical 
Displacement 

&Vert,n=4 

0.503 mm 

0 mm 

-0.503 mm 

Longitudinal 
Displacement 

Long,n=4 

0.0254 mm 

0.0254 mm 

0.0254 mm 

Table 4.6 - Displacement contributions of Fourier mode n - 5 for Points A, g and C 

Location 

Point A 

Point B 

Point C 

* 

;r/2 

K 

37T/2 

fc5(/)sin50 

0.0133 mm 

0 mm 

-0.0133 mm 

v5(*,0) = 

Cr ( i? ) COS 5 0 

0 mm 

0.0522 mm 

0 mm 

g 5 (^)s in50 

-0.297 mm 

0 mm 

0.297 mm 

Vertical 
Displacement 

**Vert,n=5 

0.297 mm 

0.0522 mm 

0.297 mm 

Longitudinal 
Displacement 

Long ,n-5 

0.0133 mm 

0 mm 

-0.0133 mm 

Table 4.7 - Displacement contributions of Fourier mode n= 6 for Points A, B and C 

Location 

Point A 

Point B 

Point C 

<t> 

Ttjl 

7t 

3;r/2 

«6(t0) = 

a,-(^) cos 60 

0.0074 mm 

-0.0074 mm 

0.0074 mm 

V 6( t0) = 

afg (^) sin 60 

0 mm 

0 mm 

0 mm 

/ 6 (£)cos60 

-0.187 mm 

0.187 mm 

-0.187 mm 

Vertical 
Displacement 

^Vcrr,n=6 

0.187 mm 

0 mm 

-0.187 mm 

Longitudinal 
Displacement 

Long,n=6 

0.0074 mm 

-0.0074 mm 

0.0074 mm 
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4.1.3.8 Total Displacement 

The total displacements of Points A, B and C at the free end of the pipe are the sum the 

values in Eq. 4.29 and Tables 4.2 through 4.7. The vertical and longitudinal displacement 

contributions for each mode n at Point A, as well as the total cumulative displacement, are 

summarized in Table 4.8. 

Moden 

0 

1 

2 

3 

4 

5 

6 

Total 

^oninouuon 01 moae n to toiai displacement lor r 
Vertical Displacement (ram) 

Mode n 

0.032 

11.579 

2.747 

0.972 

0.503 

0.297 

0.187 

-

Cumulative 

0.032 

11.611 

14.358 

15.330 

15.833 

16.130 

16.317 

16.317 

oini/i 

Longitudinal Displacement {mm) 

Moden 

0.001 

0.849 

0.152 

0.0537 

0.0254 

0.0133 

0.0074 

-

Cumulative 

0.001 

0.850 

1.002 

1.055 

1.081 

1.094 

1.101 

1.101 

It is apparent from Table 4.8 that as the number of Fourier modes included in the analysis 

increases, the predicted vertical and longitudinal displacements of Point A also increases. 

Also, as the mode n under consideration becomes higher, the displacement contribution for 

the mode decreases, indicating that the solution is converging to the true displacement value. 

The convergence of the solution is from below, meaning that the vertical and longitudinal 

displacements at Point A determined from the method in the current study are always lower 

than the "true" displacement. 

Both the vertical and longitudinal displacements compare well with the values from the 

ABAQUS shell finite element analysis of 16.755 mm and 1.142 mm, respectively, given in 

Table 4.1. 

The vertical and longitudinal displacement contributions for each mode n at Point B, as well 

as the total cumulative displacement, are summarized in Table 4.9. 
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Table 4.9- Contribution of mode n to total displacement for Point B 
— ^ = = n = = x ^ ^ = „ „ i i ,I.,T.|—M-mtiinin"u..iii in n i in nii.r iwni —i'„Lj.iL.mwwM I-IIW " M M - I ^ m = ^ ^ ^ = ^ ^ = 1 .. ,uL. 

Mode n 

0 

1 

2 

3 

4 

5 

6 

Total 

Vertical Displacement (mm) 

Mode n 

0 

11.516 

0 

-0.303 

0 

0.0522 

0 

-

Cumulative 

0 

11.516 

11.516 

11.213 

11.213 

11.265 

11.265 

11.265 

Longitudinal Displacement (mm) 

Moden 

0.001 

0 

-0.152 

0 

0.0254 

0 

-0.0074 

-

Cumulative 

0.001 

0.001 

-0.151 

-0.151 

-0.126 

-0.126 

-0.133 

-0.133 

The vertical and longitudinal displacement contributions for each mode n at Point C, as well 

as the total cumulative displacement, are summarized in Table 4.10. 

Table 4.10 - Contribution of mode n to total displacement for Point C 

Mode n 

0 

1 

2 

3 

4 

5 

6 

Total 

Vertical Displacement (mm) 

Moden 

-0.032 

11.579 

-2.747 

0.972 

-0.503 

0.297 

-0.187 

-

Cumulative 

-0.032 

11.548 

8.801 

9.773 

9.270 

9.567 

9.380 

9.380 

Longitudinal Displacement (mm) 

Moden 

0.001 

-0.849 

0.152 

-0.0537 

0.0254 

-0.0133 

0.0074 

-

Cumulative 

0.001 

-0.848 

-0.696 

-0.750 

-0.725 

-0.738 

-0.731 

-0.731 

Unlike Point A, the vertical and longitudinal displacements of Point C oscillate as the 

number of Fourier modes included in the analysis increases, as seen in Table 4.10. The 

contributions from the odd Fourier modes (n = 1,3,5) increase the displacement while the 

contributions from the Fourier modes (n = 2,4,6) decrease the displacement. As the 

number of modes included in the analysis increases, the cumulative displacement converges 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 4 
April 2008 Page 90 



to the displacement sought. However, the true displacement is not always higher or lower 

than the displacement predicted by the method on the current study. The current solution 

oscillates above and below the true displacement at Point C as the total number of Fourier 

modes included in the solution increases. 

Both the vertical and longitudinal displacements for Points B and C provide excellent 

correlation with the ABAQUS shell finite element analysis results in Table 4.1. 
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4.2 Example 2: Cantilever Beam Under Self Weight 

As a second example of the solution developed in Chapter 3, it is required to find the 

deformed shape of an initially horizontal cantilevered pipe, as shown in Figure 4.2, under its 

self weight. The pipe has the same geometric and material properties as the previous 

problem, namely span £ = 4 m, thickness t = 6 mm, mid-surface radius r = 200 mm, 

Poisson's ratio ju = 0.3, Young modulus E = 200,000 MPa and density of pipe steel 

ys = 78 kN/m3 . 

/ 
A 
/ 

% 

B 
C 

-> 

Figure 4.2 - Pipe under self weight 

In the previous example, loads were applied to only the end of the pipe. As a result, only the 

homogeneous version of the equilibrium equations needed to be solved. In the current 

example, tractions are applied along the pipe mid-surface and 

the particular solution is required in addition to the 

homogeneous solution. 

The tractions qu(z,0), qv{z,(j>) and qw(z,0) associated with 

the self weight are determined by considering an infinitesimal 

piece of pipe of volume t(rd(f))(dz) as shown in Figure 4.3. 

The load due to self weight acting on the piece of pipe is given 

as q = tys. The traction q acts in a vertical (downward) 

direction. From the geometry in Figure 4.3 the tractions in the 

longitudinal, tangential and radial directions are: 

(4.67a) qu(z,0) = O 

Figure 4.3 - Tractions 

qv(z,(f>) and qw(z,<f) as 

components of pipe self weight 
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(4.67b) qv(z,0) = -tys cos0 

(4.67c) qw(z,0) = -trssin0 

For mode n = 0, Eq. 2.20 provides the following equilibrium conditions: 

(4.68) 

2C,DZ 

~2C~D 

0 

2C3D ! 

~2C~+2C~D4~\ 
'2 ' ~^6' 

"o 

0 
o" 

2{C4 + C9)D
2 

aog U) 
fog W 
coAz) 

~ \%(^z)rd<j) 

In 

= {<2o} = j \qw(0,z)rd# 
>=o 

in 
• \qv(0,z)rd# 
<s>=0 

In Eq. 4.68, the general displacements a0g(z), c0g (z) and f0g(z) are the sum of the 

displacements corresponding to the homogeneous solution and the displacements 

corresponding to the particular solution: 

(4.69a) aQg(z) = a0(z) + a0p(z) 

(4.69b) c0g(z) = c0{z) + c0p{z) 

(4.69c) f0g{z) = f0{z) + f0p{z) 

When the tractions in Eq. 4.67 are substituted into the ride hand side vector {<20} of Eq. 

4.68, the energy equivalent load vector is found to vanish: 

(4.70) toL 
0 

j -tys sin 0rd(f) 
=o 

J -tysCQ%(f>rd(j) 

</>=o 
In: 

0 
2x ?%r[cos^] 

^ r [ s i n«Coj 

> =< 

3x1 

3x1 

3x1 
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Eq. 4.68 then simplifies to: 

(4.71) 

2QD2 ! 2C3D 0 

2C~D ~"\2C~+~2C~DA~ \ 0 

0 0 | 2 ( C 4 + C 9 ) D 2 

< 

3x3 

«0g U) 

fog(z) 
cog {z) 

= . 

3x1 

0 

0 

0 
3x1 

The solution of Eq. 4.71 in which the effects of self weight are included is shown to coincide 

with the homogeneous solution. The particular solutions are a0p(z) = 0, c0p(z) = 0 and 

fop{z) = 0 so the resulting general solutions are a0g(z) = a0(z), c0g(z) = c0(z) and 

/0 (z) = f0(z) in which a0(z), c0(z) and f0(z) are the displacement corresponding to 

the homogeneous solution provided in Eq. 4.19. 

The boundary conditions for the homogeneous case of the problem for mode n = 0 were 

given in Eq. 4.27 as [^0]8x8{A)}8xl ={GO}8X, i n w n i c h [^oLs i s t h e matrix of boundary 

equations, \AA is the vector of integration constants and {<20}„ is the load vector. For 
8x1 oxi 

the current problem of self weight, the load vector is {<2o}8x]
 ={^}8xi • The o m y possible 

solution for the boundary equations is that the integration constants must vanish, leading to 

a0{z) = c0{z) = f0{z) = 0. 

The equilibrium equations for Fourier modes n > 1 were given in Eq. 2.27 as: 

(4.72) 
X ! o" 
_o [xn_ • 

6x6 

an,g(
Z) 

KM) 
fn,g (Z) 

Ks(z) 
-Cn,AZ) 
_Sn,AZ) , 

{Qn\ 6x1 

6x1 

-^o<lu{0>z) cos (n</>)rd</> 

\^o<lv{0>z)sm(n</>)rd</> 

\^o<lw{0,z)cos(n</>)rd0 

_|Jo4»(^z)sm(>¥W0 

-l=0lA
</>'Z)cos(n^>)rd^ 

l*0<lw{</>>z)sm(n</>)rd<f> 
6x1 
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in which 

(4.73) 
[X»L = 

CxD
l -C4n 

1 — 

(C3 + C5)nD 

i : _ 

C3D 

(C3+C5)nD 

(C2 + C7)n
2 

(C4+C9)D
2 

C2n + C1n -

(C8+C9)nD2 

C3D 

C2n + C7n -

(Cs + C9)nD2 

C2 + C7n
4+C6D

4' 

(2Cs+C9)n
2D2 

The general displacements an (z), b (z),. . . ,g (z) are the sum of the displacements 

corresponding to the homogeneous solution, an(z), bn(z),...,gn(z), and the displacements 

corresponding to the particular solution, anp (z) ,bn p (z),..., gn<p (z). 

The tractions in Eq. 4.67 are substituted into the vector on the ride hand side Eq. 4.72 to give 

the load potential vector for mode n: 

(4-74) {Q„L = 

~ll0^u(^z)cos(n^)rd^ 

qv(0,z)sin(n0)rd0 

I^w{^z)cos(n0)rd0 

^=oqv(0>z)cos(n0)rd0 

qw(0,z)sin(n0)rd0 

> = < 

0 

[ —tys cos0sin (n0)rd0 

f —tys sin 0 cos {n0)rd0 

0 

tys cos 0 cos (n0)rd0 

[ -^s in^s in(n^)ra!0 

=o 
In 

6x1 
6x1 

Consider first Fourier modes n > 2. The load potential vector in Eq. 4.74 becomes: 
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(4-75) {Q„l = 

I -tys cos ̂  sin ruj)rd<j) 

An 

I -tyssin0cosn(/>rd0 

0 

-tys cos ̂ cos n̂ rĴ z> 

-f 7S sin ̂ sin ruj)rd(j) 
6x1 

-̂ z 

-f^r 

n/ 

-tysr 

0 

cos(l-rc)^ cos(l+«)0 

2(l-n) 2(l+n) 

cos(l-n)^ cos(l+n)^ 

2(l-n) 2(l+«) 

0 

sin(l-n)^ sin(l+n)0 

2(l-n) 2(l+n) 

sin(l-n)^ sin(l+n)0 

2(l-n) 2(l+n) 

2 * 

0=0 
2;r 

10=0 

2;r 

0=0 
i2;r 

>=0 

6x1 

6x1 

Substitute the load potential vector in Eq. 4.75 into Eq. 4.72 to obtain the equilibrium 

equations for modes n > 2: 

(4.76) X ! o 
_°TX«_ 

• 

6x6 

an,S(
Z) 

<M 
fn,AZ) 

KM) 
~Cn,g {Z) 

Jn,AZ). 

= • 

6x1 

[0] 
0 

0 

0 

0 

0 
6x1 

Similar to the case of mode n = 0, the solution for the effects of pipe self weight the 

coincides with the homogeneous solution and the particular solution vanishes. The 

boundary conditions for the homogeneous case of the problem for modes n > 2 were given 

in Eq. 4.63 as [^„]8x8{^„}8xl = {2 j 8 x l
 i n w h i c h [^J8x8

 i s t h e matrix of boundary equations, 

\F) is the vector of integration constants and {<2„]0, is the load vector. For the current 
l " J 8x1 l J 8x1 

problem, the load vector is {j2„}8xl
 = {0}8xl- The only possible solution for the boundary 

equations is that the integration constants must vanish, leading to 

an(z) = bn{z) = cn{z) = dn{z) = fn(z) = gn{z) = 0. 
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Consider now the first Fourier mode. For mode n=\, the load potential vector Qi becomes: 

(4-77) {QJ = 

I -tys cos <j) sin (j)rd(j) 

An 

I -tys sin ̂  cos <j>rd(j) 

0 
rift « 

_ i = o ~ ^ C O S ^rd^ 
An 2 

6x1 

0 
In 

-tysr 

-tyr 

tysr 

-tysr 

0 

<f> sin 20 

."2 4 

0 sin 20 

2" 4 ~ 

=0 

0 

In 

0=0 

2 * 

0=0^ 

. = -

0 

0 

0 

0 

my/ 

-mysr 

6x1 

6x1 

The load potential vector in Eq. 4.77 is substituted into Eq. 4.72 to give the equilibrium 

equations for mode n = 1: 

(4.78) 
"x, ! 01 

< 

6x6 

au (zY 
*u.(z) 
AAz) 

-ciM) 
^iAz). 

=• 

6x1 

0 

0 

0 

0 

mysr 
-mysr 

6x1 

The general displacements alg(z), big(z),...,ghg(z) are the sum of the displacements 

corresponding to the homogeneous solution, ax(z), bl(z),...,gi(z), and the displacements 

corresponding to the particular solution, alp (z) ,bip (z), . . . , gUp (z). 

Similar to modes n = 0 and n > 2, it is apparent from Eq. 4.78 that 

alg(z) = dlg{z) = flg(z) = 0. However, the displacements corresponding to the particular 

solution for bip{z), clp(z) and gUp(z) are non-zero. The equilibrium equations in Eq. 

4.78 can therefore be simplified as 
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(4.79) 

— -I-

(C3+C5)D 

C3D 

{C3 + C5)D C3D 

{C4+C9)D
2\ (CS+C9)D

2 

C2+C7- !C2 + C7+C6£>4 

(C8+C9)D2 !(2C8+C9)D2 

< 

3x3 

>.U)' 
- c l , g ( ^ ) 

. « i . g ( z ) . 

= • 

3x1 

' 0 

;»ftr 

r**ftr. 3x1 

The displacement contributions for modes n = 0 and n > 2 are zero, so the only mode 

which contributes to the displacement of the pipe is mode n = 1, specifically blg (z), clg(z) 

and glg (z) . The displacements corresponding to the homogeneous displacements, by(z), 

Cj(z) and g{(z), were provided in Eq. 4.34. It is now required to formulate a particular 

solution for Eq. 4.79. Assume that the particular solution takes the form: 

(4.80a) blp(z) = T}Z + T2z
3 

(4.80b) clp(z) = T3z
2+T4z

4 

(4.80c) glp{z) = T5z
2+T6z

4 

in which constants Jj through Tb are to be determined by substituting the expressions in Eq. 

4.80 into Eq. 4.79 and matching the coefficients of the left hand side of the equations for z°, 

z , z2, z3 and z4 to those of the right hand side. The resulting particular solution is: 

(4.81a) blp(z) = TlZ-4rT4z
3 

(4.81b) clp(z) = T3z
2+T4z

4 

(4.81c) glp{z,) = T5z
2+T4z

4 

Constants Tx, T3, T4 and T5 were determined numerically to be: 

(4.82a) Ty= -2.3654xlO"7 

(4.82b) T. = 1.6053X10"6 m"1 

(4.82c) r4=-8.1244xl0"7m" 
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(4.82d) T, =1.4883xlO"7m~ 

The particular solution is added to the homogeneous solution to give the total displacement 

of the pipe. The homogeneous solution for the current self weight problem is the same as 

the homogeneous solution for the point load applied at the tip of the cantilever presented in 

Section 4.3.5. From Eq. 4.34 the homogeneous solution is: 

(4.83) 

K(z) 
cih{z) 

Sih(z) 

4(z) 

DAz) 

1x8 

T 

1x8 

T 

1x8 

I- ^ 8 x 1 

in which the vectors (Aj(z)\ , (£>, (z)) and (e:(z)) were defined in Eq. 4.35. Hence, 

the total displacement is given as: 

(4.84) 

S i (z ) 

K{z)+blp(z) 
cih{z) + clp{z) 

8ih(z) + glp(z) 

A(z) 

AW 

1x8 

T 

1x8 

T 

1x8 

I- ' J 8x1 + < 

TlZ-4rT4z
3 

T3z
2+T4z

4 

T5z
2+T4z

4 

The unknown integration constants, { G J , can now be determined from the boundary 

conditions in Eq. 4.15 and the total displacement expressions in Eq. 4.84. At the fixed end, 

all displacements vanish. Hence, the boundary conditions at z = 0 are: 

(4.85) ^ (0 ) = (yr l i l)^{G1}M +2l(0)-4rr4(0)3 ^ L i ^ t =0 

where ( j / , , )^ =fl (off =(o | A1L1 j 0 j A112 | \ 5 j \ 6 j A1>7 j A1>8 

(4.86) c1(o) = (^2) i x 8{G1}8 x i +r3(o)2
+r4(o)4=(^2) i x 8{G1}8 x i=o 
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where 

( ^ L = - ( A ( ° ) ) L = ( - % . i o i -A,L2 i o j -Bl5 j -D1>6 i - B u j - A A / M 

(4.87) *1(o) = (|/,3>lxg{G1}M + r 5 (o ) 2
+ r 4 (o ) 4

 = ( ^ > M { G 1 } M =o 

where (^u> = («i(0)>^ =(l | 0 j 0 | 0 j 1 | 1 j 1 \ l ) M 

(4.88) ^;(o) = (^4);x8{G1}8xi+2r5(o)+4r4(o)3 =0 

where (yr14)^ =U{0)\ =(0 | 1 | 0 | 0 ] m u | m16 | ^ | m18) 

At the free end of the pipe, none of the displacements are specified. Therefore, the natural 

boundary conditions given in Eq. 4.15 must be applied. From Eq. 4.15j, noting 

that^&j (£)^0, the first boundary condition becomes: 

(4.89) C1b'l{l)-C3cl{l) + C3gl{£) = 0 

Now substitute the vector expressions for the total displacements b[{l),cx(l) and g^t) 

from Eq. 4.84 into Eq. 4.89. 

(4.90) c1[^(f)+r1-i2rr/2]-C3[^(£)+r3^+r/]+C3[c1,(^)+r/+r4^
4] = o 

The boundary equation in Eq. 4.90 is written in vector form as: 

(4-91) MlAG^^-C^-UrT^ + C^-T^l2 

where 
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<4-92> K i i = 

C3(l + Aa.i) 

Q^(i+M,2 ,) 

2C^/ + C3£ [t + Dl22 + Dl4£
2) 

Q n ^ A1>7 + C3 (1 + Dj 7 j 

Q ^ 8 A . 8 + Q ( 1 + A , 8 ) 

m,nl 

8x1 

Similarly, from Eq. 4.15k, with J q (•£) £ 0, the boundary equation is: 

(4.93a) C,bx{£) + (C4+C,)c[{£)-C,g[{l) : 0 

(4.93b) 
-c9U;m+27;f+4r/l = o 

(4-93c) ( ^ L K l s x i =-C5t(Tl-4rT4£
2)-2£(rC5 

where 

+ C9) (T3 + 2T4£
2) + 2C9£ (T5 + 2T4£

2) 

(4.93d) K 6 } 8 X 1 = 

0 

^5 A,l.l V^4 + ^9 j M.2.1 _ ^ 9 

C5 A>2^ - 2 (C4 + C9) D u l - 2C9f 

QfA^+A^j-lQ+c^fA^+SA/2)-

C5 A,5 - ( Q + C9 ) ̂ 1,5 A.5 ~ Q^l.S J ^ 

QA,6 ~ ( Q + C9)^,6 A,e -Qw,,, 

5 1 7 _ V 4 "^ 9 )^h 7 1 7 _ ^ 9 ^ 1 

Q A,8 ~ ( Q + Q ) ̂ 1,8^1,8 ~~ Q^l,! 

• 3 C Q 

»>1,6* 

m l , 8 « 

I 8x1 
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The boundary condition from Eq. 4.15o.ii, with Sg^ty^O, gives (note that Eq. 4.15o.ii is 

used because no point load is present and P = 0): 

(4.94a) -C6g:(£)-(C8+C9)c1(£) + (C8+C9)8;(£) = 0 

-c6[gi:(^)+24v]-(c8 + c9)[ci;(^)+2r3^+4r/] 

+ {Cs+C9)[g'lh{t) + 2T5l + 4T4f] = 0 

(4.940 (^7)"x8{G1}8xi=24C6v+2£(c8 + c9)(r3 + 2r/)-2^c8+c9)(r5 +2r/2) 

where 

(4.94b) 

(4.94d) { ^ 7 } M = 

0 

( C 8 + C 9 ) ( D U 1 + I ) 

2{C& + C9)(Dl3+l)£ 

-6C6 + (C8 + C9 )(3Dl4£
2 + Dl22 + 3£2) 

-CbmJ +{CS+C9) m^ [DX5 +1) 

-C6m16
3+(C8+C9)m16(A,6+l) 

-C6m17
3+(C8+C9)m17(D17+l) 

- Q ^ . 8
3 + ( Q + C 9 K 8 ( A . 8 + 1 ) 

m1>5 .f 

," •1 / 

mi 7 £ 

8x1 

The final boundary condition is obtained from Eq. 4.15p, noting that dg\[{£) ̂  0 : 

(4.95a) C6g;{£) + C8Cl{£)-Cs8l{£) = 0 

(4.95b) c6[gI;(^)+2r5+i2r/]+c8[c l f t(^)+r3^+v4]-c8[g1/!(^)+^2+v4] = o 

(4.950 (^8)1
T

x8{G1}8xl=-2C6(r5+6r/)-c8(r3-r5)^ 
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where 

(4.95d) K 8 } g x l = 

-Q(A,u+i ) 

-C8(DIM+\)I 

2C6-C8(DU2+Dh3l
2+l2) 

6CJ-C8(5lX2+DlAl2+l2) 

C6m,7
2-C8(B17+l) 

C 6 m i ,8 2 - C 8(A,8+ 1 ) 
8x1 

The boundary equations developed in Eqs. 4.85 through 4.95 can be written in a 

consolidated matrix form: 

^ MM{G1}M={GuL 

where 

L^uJgxs 

(^1.3 ) 

( ^ 7 > -

(Vl.8 ) 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 8x8 

and 
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fe.iL 

0 

0 

0 

0 

-C, (?; -l2rT4£2) + C3 (T3 -T$)£
2 

-C5£ (rt - 4rT4£
2 )-2£(rC5+C9)(T3 + 2T4£

2) + 2C9£ (T5 + 2T4£
2) 

24C6T4£ + 2£{C,+C9)(T3 + 2T4£
2)-2£(Cs+Cg)(T5 + 2T4£

2) 

-2C6(T5 + 6T4£
2)-C,{T3-TS)£

2 

The components of the vectors wu) are defined in Eqs. 4.85 through 4.95 and all of the 

components of {Qu} are known. Hence, the only unknowns in Eq. 4.96 are the elements 

of the vector JG,} . Solving the equation for these unknowns gives: 

(4-97) feL 

'Gu 
G l , 2 

G l , 3 

G\A 
— 
Gw 

GJfi 

Gn 

- G i . s . 

> — « 

8x1 

-1.8449.x 10"6 m 

-6.7798 xl0~6 

-7.8644X10"5 m"1 

1.2999-XlO"5 m"2 

-75 
4.1076xl0"'3+7.721 lxl0~/&*m 

4.1076x10"' -7.721 l x l O ^ / m 76; 

v - 6 : 9.2245x10"' -1.0316x10 ~i m 

9.2245x10 7+1.0316xl0"6/m 8x1 

With vector JG,} now completely defined, displacements blh(£), clh(£) and glh(£) at 

the tip of the pipe can be calculated from Eq. 4.84: 

(4.98a) bl{£) = blh(£) + blp{£) = l2l(£)) {Gj + 7 ^ - 4 r r / = 0.041611mm 

(4.98b) q (I) = clh {£) + clp {£) = - ( A (f ))IX8{G1}8XI + r 3 ^ + r / = -0.63949 mm 

(4.98c) ft (*) = 8lh (£) + glp (£) = fa (£)\xs { G j ^ + T5£
2 + r / = -0.63950 mm 
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The displacement of any point on the pipe mid-surface at the free end, z = i, is found by 

substituting Eq. 4.98 into Eq. 2.11: 

(4.99a) u(^,^) = ^(^)s in^ = (0.041611 mm)sm<j) 

(4.99b) v ( ^ ) = c,(^)cos^ = (-0.63949mm)cos^ 

(4.99c) w(£,</>) = gy(^)sin^ = (-0.63950mm)sin</> 

The vertical and longitudinal displacement at Point A, B and C on Figure 4.4 are found by 

evaluating Eq. 4.99 at the values of <j) = nj2, <p-7t and (/> = 3^:/2, respectively. Eq. 4.99a 

gives the longitudinal displacement at all three points while Eq. 4.99b gives the vertical 

displacement at Point B and Eq. 4.99c gives the vertical displacement at Points A and C. 

The displacements are summarized in Table 4.11 below (recall that positive vertical 

displacement is downward). 

Table 4.11 - Vertical and horizontal 

Location 

Point A 

Point B 

Point C 

displacement for Points A, B and C under pipe self weight 

Vertical Displacement 

0.63950 mm 

0.63949 mm 

0.63950 mm 

Longitudinal Displacement 

0.041611mm 

0 mm 

-0.041611 mm 

The Euler-Bernoulli beam theory gives the vertical displacement of the tip of the cantilever 

under its self weight as: 

(4.100) A F B -
8£7 

For the case of pipe self weight, the load term q is given as: 

(4.101) q = 2mrys = 2^(0.006 m)(0.200 #»)(78 kN/m3) = 0.588 kN/m = 0.588 N/mm 

Hence, the Euler-Bernoulli vertical tip displacement is: 

(4.102) AF = 
qt _ (0.588 N/mm)(4000 mm)4 

SEI ~ 8(200,000MPa)(l50.83xl06mm4) 
= 0.62386 mm 
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As with the previous case of a cantilever subjected to a point load at the tip, the Euler-

Bernoulli beam theory does not account for cross-section deformation. The vertical 

displacement predicted from this theory is equal for all Points A, B and C in Figure 4.4 and 

is given in Eq. 4.102. 

A shell finite element analysis of the self weight problem was also conducted in ABAQUS. 

The model parameters, including the element mesh, were identical to those used in Section 

4.2 except that the loading was altered. The point load at the tip of the cantilever was 

removed and replaced with a body force acting on each shell element in the downward 

direction. The magnitude of the body force was q-tys- 0.468 kN/m2. 

The finite element model was able to capture cross-section deformation and provide specific 

values for each of Points A, B and C in Figure 4.4. The results are summarized in Table 4.12 

below. 

Table 4.12 - Displacements of Points / 

Location 

Point A 

Point B 

Point C 

, B and C as determined by ABAQUS 
Vertical Displacement 

^Vert,FEA 

0.64554 mm 

0.64553 mm 

0.64554 mm 

shell FEA for pipe self weight 
Longitudinal Displacement 

Long,FEA 

0.042016 mm 

0 mm 

-0.042016 mm 

By comparison of Tables 4.11 and 4.12, it is clear that the method developed in the current 

study provides results very comparable to those obtained with a shell finite element analysis. 

The difference between the vertical displacements is 0.9% while the difference between the 

horizontal displacements is 1.0%. Both models provide a more flexible model that the 

Euler-Bernoulli beam theory, resulting in a larger predicted vertical deflection. 

As illustrated in the two examples presented in this Chapter, the closed-form solution using 

the methodology developed in this study is rather lengthy. From a computational viewpoint, 

however, it requires significantly less effort than a shell finite element analysis. In the 

current method, a total of eight degrees of freedom were enough to capture the behaviour of 

the problem within the assumptions of the current theory (two nodes with four degrees of 
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freedom per node). In contrast, the shell finite element analysis used a total of 16,480 

degrees of freedom (3,296 nodes each with five degrees of freedom per node). The 

following chapter presents a method to automate the solution procedure used in the 

examples in this chapter. 
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CHAPTER 5: FINITE ELEMENT FORMULATION 

The solution derived in Chapter 3 is applicable only to the simple problem of a pipe with 

defined boundary conditions and subjected to general loads. The objective of the current 

chapter is to extend the solution so that it can be utilized in a finite element application. A 

solution is developed in a finite element context by expressing the variation of the total 

potential energy of the system in terms of nodal displacements and evoking the stationarity 

conditions. 

5.1 Displacement Fields in Terms of Nodal Displacements 

The displacement field contribution for mode n = 0 is given in Eq. 3.12, while Eqs. 3.31 

and 3.37 give the displacement field contributions for modes n = 1 and n > 2, 

respectively, for displacements an (z), dn (z) and /„ (z) and Eqs. 3.36 and 3.41 give the 

displacement field contributions for modes n = 1 and n > 2, respectively, for 

: displacements bn (z), cn (z) and gn(z). The development of the finite element solution 

to the problem requires the displacement field contributions to be written in terms of the 

nodal displacements of the element. In the present study, the relationship between the 

displacement field contributions and the nodal displacements is established by 

formulating the exact shape functions for the element. This is a difference from previous 

finite element formulations in which approximate polynomial shape functions are 

postulated to relate the displacements within the element to nodal displacement. 

5.1.1 Nodal Displacements 

The nodal displacement vector for the axi-symmetric displacement contribution 

corresponding to Fourier mode n = 0 is defined as: 

(5.1) (A0);x8=(a0(0) c0(0) /0(0) /0'(0) a0(i) c0{t) f0(£) /„'(/)) 

The nodal displacement vector for the general case of mode n > 1 is defined as: 
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<5-2> ( A X 6 = ( ( A X i ( A X ) 
in which 

(5.3a) (*„$«= {*.(<>) d„(0) fn(0) /;(0) «„(*) dn(t) fn{l) /„'(*)) 

(5.3b) (\2);x8=(^(o) c„(o) g„(o) g;(o) *„(<) c„(*) gn{i) g'M) 

5.1.2 Relating Integration Constants to Nodal Displacements: Exact Shape 

Functions 

The vectors of unknown integration constants, {^j , JF,} , JFK} , { G J and 

{Gn} , are eliminated from the displacement field equations by expressing the constants 

in terms of the nodal displacements. For a given mode n, the relationship between the 

constants and the nodal displacements is established by introducing matrix [£„]8x8- For 

mode n = 0: 

(5-4) {A0}8X1=[A)L{A>L 

The entries of [A>]8x8
 a r e determined by evaluating the mid-surface displacement 

functions from Eq. 3.12 at z = 0 and z = £ in Eq 5.1. 
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(5.5) L^oJ8x8 ~ 

(«o(0))' 

c0(o) 

Fo'{°) 

FM 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

r 

1x8 

T 

1x8 

T 

1x8 

T 

Evaluate the vectors in Eq. 3.12 at the values of z = 0 and z = I and substitute the result 

into Eq. 5.5 to obtain the expanded version of [ i J 
J8x8 

(5.6) iLoL8 -

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

^0,1 

0 

t 

0 

^0,1 

0 

1 

0 

^0 ,3 

m 0 , 3 ^ 0 , 3 

e^ 

0 

\ ^ 

" h ^ ^ 

1 

0 

F 
1 0,4 

W 0 , 4 M ) , 4 

e™«Al 

0 

F P™*.*1 

1 0 , 4 e 

m0,4 OA^ 

1 

0 

^0 ,5 

^0 ,5 -^0 ,5 

„ m 0 , 5 < ' 

0 

W 0 , 5 ' ' ' o , 5 e 

1 

0 

^ 0 , 6 

m 0 , 6 ^ 0 , 6 

e
m 0 . 6 < > 

0 

F P™0*1 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

£ 

0 

0 

The nodal displacements corresponding to an(z), dn(z) and fn(z) for modes n>\ are 

established in a similar manner: 

<5-7a> { A u t = M x 8 { ^ L 
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(5.7b) {A„,| =\L ,1 \F„] n = 2,3,...,a 
V ' l " ' ^ 8 x 1 L " ' ^ 8 x 8 l "J8X1 

The elements of matrices \h^\ and \h A are determined by evaluating the mid-
l_ ' —18x8 I— ' —18x8 

surface displacement functions in Eqs. 3.31 and 3.37, respectively, at the values of z 

corresponding to the nodal displacements in Eq 5.2. 

,T 

1x8 

T 

1x8 

T 

(5.8) 
L «JJ8x8 

4.(0) 

(*.(o)>: 

A.W 

DM) 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 . 8x8, n>\ 

For the case of n = 1, evaluate the vectors in Eq. 3.31 at the values of z = 0 and z-i 

and substitute the result into Eq. 5.8 to obtain: 

<5-9> [ A a L r 

0 

n i,i.i 
I 

o 

o 

D, i,i.i 

1 

0 

Aj . i 

o 

0 

1 

Aa.i 

%/ 

t 

l 

o 

A.1.2 

o 

0 

\2l 

A,1.2 

o 

0 

0 

DU2+Dl3£
l Dh22£+DlAl 

21 3f 

A,5 

1 

™1,5 

"hi1 

A,1.2+A,3^ A,5e 

D e^5 

M,5e 

"hi* 

„"hS 

A,6 

1 

™1,6 

"\,5e ™i,<? 
r\,6'-

4.7 

1 

A,7^ '7 ' 

m^e 
"h.i* 

A,8 

A,8 

1 

™1,8 

„mi/ 

v ,v 
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For modes n > 2 substitute the values of z = 0 and z = t into Eq. 3.37 and insert the 

result into Eq. 5.8 to obtain: 

(5.10) 
r^ii = 
L K.!J8X8 

4,, 
Au 

I 

mn,l 

4/ 
D em" 

mnJ. 
e • 

m„ 

>! 

/ 

/ 

A* 
A,2 

1 

mn,2 

Aae 

Dn,2e 

em"J 

m„ 
mn,2e 

,2l 

,2? 

^ 

4,3 

A.3 

1 

mn,3 

Dn,3e 

em^ 
m„ 

3
f-

*t 

J 

4,4 

AA 

1 

mn,4 

A A
e "• 

DnAe 

e".At 

m„ 
mnAe 

4-f 

/ 

A1 

4,5 

A,,5 
1 

™„,5 

D„,5e 

e ^ t 

>t 

ft 

y 

4,6 

A,6 

1 

mn,6 

~~A rn„ 
A n t e 

Dnfi* 

em"-6t 

tt 

/ 

fit 

4,7 

A.7 

1 

mn,l 

A^ 
Dn,ie 

emnJi 

m„ 
m„ne 

it 

it 

it 

4,8 

A,,8 

1 

™„,8 

4,8* ' 

e ^ t 

In a similar way, the nodal displacements corresponding to b(z), c(z) and g(z) for 

modes n > 1 are: 

<5-lla) K A X ^ M J G , } 8x8 I ' J8x1 

(5.11b) {A ,] =r^„?l \G„) n = 2,3,...,a 
v > l «.2J8xi L « . 2 J8x8l "J 8x1 

The entries of matrices \L ,1 and fz>n2l
 a r e determined by evaluating the mid-

l_ ' J 8x8 i— ' —18x8 

surface displacement functions in Eqs. 3.36 and 3.41, respectively, at the values of z 

corresponding to the nodal displacements in Eq 5.2. 
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<5-12> [ L J 8 : 

4(0) 

4(o) 

«(o)) 

Dn(<) 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

T 

1x8 

1x8 

T 

8,B>1 

For the case of n = 1, evaluate the vectors in Eq. 3.36 at the values of z = 0 and z 

and substitute the result into Eq. 5.12 to obtain: 

<5-13> fcL= 

0 

•4.i 

i 

0 

0 

4.i 
1 

0 

Ai, 
0 

0 

1 

4 , 
-k^ 

£ 

1 

-4 

0 

-4.2 
0 

0 

V 
,1.2 _ M , 3 ^ 

^ 

2£ 

4,1.2 

0 

0 

0 

4,1.2 +4,3^ 

—M,22^~ *\lf 

e 
3i2 

4,5 

- A 5 
i 

"Is 

V 
-4^ 

^ 

"4^ 

4,6 

-A,6 
1 

"1,6 

V* 
-4^ 

ev 
rryr* 

4,7 

-Av 
1 

"I? 

V"17* 

-A,7^'7 ' 

P* 

4,8 

-As 
1 

"Is 

v* 
-4 '̂ 

e"\/ 

rry:* 

For modes n > 2 , substitute the values of z = 0 and z = £ into Eq. 3.41 and insert the 

result into Eq. 5.12 to obtain: 
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(5.14) 
1/w.L ~ 

4, 
-A K,l 

4,2 

- A 

4,3 

-D. 

4,4 

»,3 -A n,4 

4, 
-D. 

4,6 4,7 4,8 

n,5 -a R,6 -/?. n,7 -A «,8 

1 

™„,1 

4/ J 

-5 e"̂  
£ ? " * ' 

"til* 

1 

™«,2 

4 , 2 ^ 

-B„,/^ 
^ 

1 

^ , 3 

4 , 3 ^ 

-Dn3e^ 

e"^ 

mn3e 

1 

™nA 

4 , 4 ^ 

-\/ul 

J"n,ie 

mnil-
mnAe 

1 

™„,5 

4/^ 
- 4 ^ 

e^' 

1 

"U 

4/w 

-A/"* 
« ^ 

H,6 

1 

™„,7 

V^ 

e ^ l 

1 

mn» 

\ / ^ 

- \ ^ 

e^ 

With the non-singular matrices [LJ O , \L , 1 and \L ,1 now defined, the unknown 
& L^UJ8x8' L "-^8x8 L ""^8x8 

integration constants, JA.) , |F„) and \G„\ can be written in terms of the nodal 
° 1 ^ 8 x 1 I "-18x1 I "J8xl 

displacements. For mode n = 0: 

(5-15> { 4 L = [ ^ O C { A 0 } 8 X 1 

For mode n = 1: 

(5.16a) {F1}M=[I1 4]^{A1 4} <5-16b> {G
1L=[^Ix8{Au}8x1 

For modes n > 2 : 

(5.17a) J F ] =rL„,T1 {A,,] (5.17b) \Gn) =\L,,Y { A . ] 
v 7 I "J8xl L " .^8x8 I " ^8x1 I "J8xl L «'2J8x8l- "-^8x1 

With the integration constants known in terms of the nodal displacements, the constants 

JA.) , \F ) and \G ) can be eliminated from the displacement field contribution 
l ^^8x1 I "J8xl I "J8xl r 

equations in Eqs. 3.12, 3.31, 3.36, 3.37 and 3.41. Hence, the mid-surface displacement 

contributions of the element for each mode n can be written in terms of the nodal 

displacement. From Eqs. 3.12a and 5.15, the displacement contributions for n = 0 are: 
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(5.18) 

a0(z) 
co(z) 

fo(z) 

(eM) 

C0(z) 

Fo(z) 

1x8 

T 

1x8 

T 

1x8 

K O A O L 

(N^(z))l 
Ko(z)) 

(NFAz)) 

1x8 

T 

1x8 

T 

KL 

From Eqs. 3.31, 3.37, 5.16a and 5.17a, the displacement contributions for an (z), dn (z) 

and fn (z) for n > 1, are: 

(5.19) 

(5.20) 

a,(z) 
dx{z) 

\{z) 

Dn(z) 

1x8 

T 

1x8 lAlIxglA'-L-

"K(*))' 
(ND>(z)) 

T 

1x8 

T 

1x8 

T 

1x8 

{AuL 

an{z) 

dn(z) 

L(Z) 

\{z) 

Dn(z) 

1x8 

T 

1x8 L ".U8X8 1 nlhxl 

(NAAz)) 

K„(*))' 
1x8 

T 

1x8 

T 

1x8 

KaL 

The displacement contributions for bn(z), cn(z) and gn{z) for modes n>\ are 

established by substituting Eqs. 5.16b and 5.17b into Eqs. 3.36 and 3.41, respectively: 

(5.21) 

\{z) 
cAz) 
8i(z) 

A(z) 

AW 

mi 

1x8 

T 

1x8 L^-2J8x8l 1'2-'8xl 

K.(z)) 
Kiz))l 
(NGAZ)) 

T 

1x8 

1x8 

T 

lAl2} I 1.2 J 8 x i 
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(5.22) Cn(z) 

8n{z) 

4(z) 

A(z) 

(en(z)) 

1x8 

T 

1x8 

T 

1x8 

IL 2T1 {A j 
L " . 2 J 8 x 8 l " ^ J S x l 

K»(*))' 

{*GA4 

1x8 

T 

1x8 

T 

1x8 

l A " .2J8xl 

In Eqs. 5.18 through 5.22, vectors (^,0(z))^, (tfc.o W)L' K o i ^ L K»(z))ix8' 

K - ( C « K . ( C ' K ^ L <^(z))L a n d K » ( * ) ) L ins i s t of exact 

shape function for the respective displacement contributions corresponding to mode n 

and are functions only of z. 

5.2 Variation of Potential Energy in Terms of Nodal Displacements 

Recall that the total potential energy of an element is the difference between the internal 

strain energy of the element and work done by the applied loads: 

(5.23) 7t = U-W 

The internal strain energy, U, is given in Table 2.1 while the work done by the external 

loads, W, is given in Eq. 2.16. As in Section 2.7, equilibrium of the system is ensured by 

setting the variation the total potential energy with respect to each function to zero: 

(5.24) Sx = SU-SW=0 

However, as opposed to the procedure used in Chapter 2, the variation of the total 

potential energy will now be written in terms of the nodal displacements. 

5.2.1 Internal Strain Energy 

For simplicity, consider each internal strain energy term in Table 2.1 individually. 

The first term of the internal strain energy is: 

(5.25) Vl = I q j 2{a'0(z))2
 + ±(an'(z))\±(bn'(z))2 dz 
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Take the variation Eq 5.25 with respect to each variable to obtain: 

(5.26a) SU,=^ \ dz 4a0(z)Sa0(z) + YJK(z)Sa:(z) + Y,2K(z)SK(z) 

(5.26b) SUy =
 l-C, 'jAa^Sa^zht^-q )[2an(z)San(z) + 2b:(z)Sb:(z)]dz 

S 2 z=0 

Note that in Eq. 5.26 the order of summation and integration are interchangeable. 

Substitute the expressions for an(z) and bn(z) from Eqs. 5.18 through 5.22 into Eq. 

5.26b to write the variation of internal strain energy in terms of the nodal displacements. 

MU=k i4[(^oL{<o(^LKo(z))L{A0}8xi}/z 

(5.27) 

z=0 

^ 1 

n=\ *• z = 0
 L 

Eq. 5.27 can be rewritten as: 

(5.28) ^ = < ^ [ * , o ] M { M M + i r ^ 

In Eq. 5.28 ["#, „1 and [K, 1 are the contributions to the total stiffness matrix from 
71 L l.°J8x8 L ]-"J8x8 

the first term of the internal strain energy for modes n = 0 and n > 1, respectively: 

(5-29) K L = 

(530) [*,,a 

(531) [^L = 

j2q({A^(z)}M(^>0(z)>^)dZ 

KK„U)}8>;„U)}> 
z=0 

J Q K , ( 0 L K ( Z ) » 
,z=0 
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A similar manipulation can be done to the other seven internal strain energy contributions 

given in Table 2.1. The resulting stiffness matrix contributions for Fourier mode n = 0 

are: 

(532a) KL = 

(5-32b) [*3,J8X8 = 

(532c) [<L = 

(5-32d) IXoL, 

(532e) [^.oLs=[0L: 

(5.32f) [K1S~\ 

)2C2({NFfi(z)}jNF,(z))l]dz 
.2=0 8x8 

-2=0 J8x8 

j2C4({^(z)}M(^(Z)>^)fe 

)^6({N;Az)}jKAz))l)dz 

=K 8x8 L J8x8 

("2g) [*8,0]8 |2c 9(K, 0(z)} 8 x i(yv; , 0(z)>; x 8^ 

The remaining stiffness matrix contributions for each Fourier mode n > 1 are: 

(5.33a) [> I = 
L 2-"-1 J8x8 

J c2 [K„ u)t K. (C+«(K,» (*)L K- ( C 
=0 L 

dz 

(5.33b) I V _] = 
L 2."-2J8x8 

J C 2 [ { * « , ( Z ) } M (NG,n(z))l -n({Nc,n ( Z ) } M ( ^ (*)£ 
=o L 

K„ (̂ )L K . (C)+"2{ ,̂„ (Z»M K„ (z)>; 

+ 

1x8 <fe 

(5.33c) I V ."] = 
L 3.".1 J8x8 

j c, [ K . (z)}8xi (*uC+K« (*)L « - ( C + 

z=0 

"(K«wt K- (C+K« wt K- (C) dz 
8x8 
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(5.33d) VK 1 = 
L J>"'2J8x8 

J C3 [{K,n (z)}8xl (NG, (z))l +{NG,n (z)}8x i (N'B,n (z))l -
=0 

w(K» (*)L K» (*)>L+K.« (*)L « - (C) rfz 

(5.33e) IV "I = 
J [ Q K „ ( Z ) } M (N'D,n (z))l -C5n({NA,n (Z)}m (N>D,n (z))l + 

K» (*)L K ( C + i f K- <*»*. K ( C & 

(5.33f) [^4,B.2]a 

J [Q K, (*)}„ «„ (C+c»"(to.. (*)L «« ( C + 

=0 

{<„ U)t K„ ( C ) + ^ K . (*)L K« (*)>L 

(533g) l K ^ l 

(533h) l K ^ l 

(5.33i) IV ,1 = 
L S."'1 J8x8 

Jc6{^(z)}M(^(z)» 
LJ=O 

Jc6{^(z)}MK(z)» 

J c7 k K,„ w t (^ (C+«3 (K„ (Z»M K , (z)>: + 

R . (z)}M K„ (C)+«2K.« (*)L K (*)>' dz 
J8x8-

(5.33J) L^6,„,2j8x8 - =0 L 

K» (*)L K,„ (C)+«2K« (z)}M K „ ( C 

+ 

dz 

(5.33k) V ] 
L 7-" '2 J8x8 

J Q p (K„ (z»M (^ ( C + K „ (Z)}M « n (Z));j-
=0 L 

"(K. (*)L «« (C+K.« (*)L K- (C) 

(5.331) V ] = 
L 7."-2 J8x8 

J c. [-«> ( « , (z)L K> « L +K- « t « - <C) 
=0 L 

»(to, (*)L K.(C+K«(*)L K. (C) 

+ 
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(5-33m) K . , L = 
J 4 « j w, . M L (N;JZ))1+<.(K, (Z)}M (AT,. (Z)): 
=0 L 

+ 

(5.33n) fK 1 = 

{< n ( z )L« n (^L) + {^(^)L« n (^ ) ) I 

+ 

The total variation of the internal strain energy of the element is now written as: 

(5.34) ^=(^>^[i8r0LKL+i:r<^>L[^4]M{A.JL+K2L[^.2]M{A^}i 

in which the stiffness matrices \Kn] , \K ,1 and [~£ .1 are: 
t 0 j 8 x 8 ' |_ V l J 8 x 8 L ".2J8x8 

<5-35>; K L . = Z f c 
. 7 = 1 

. 7 = 1 

(5-37) [ ^ L , = S [ ^ 1 

In Eq. 5.35 matrices T ^ o ] > defined in Eqs. 5.29 and 5.32, are the stiffness 

contributions of £/. (for _/ = 1 to 8) as defined in Table 2.1 to the total stiffness matrix, 

fKA D, for mode n = 0. Similarly, matrices \K. n, 1 and \K,. , 1 in Eqs. 5.36 and 

5.37, defined in Eqs. 5.30, 5.31 and 5.33, are the stiffness contributions of £/. (for 7 = 1 

to 8) as defined in Table 2.1 to the total stiffness matrices, \K .1 and T ^ , ] 
' L ".U8X8 L «.2J8x8 

respectively, for each of modes n > 1. 

It is apparent from Eq. 5.34 that Each Fourier mode n can be independently considered 

from other modes m^n. The result is a independent stiffness matrices (one for each 
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Fourier mode n with a total of a Fourier modes) and a sets of nodal displacements. 

The a equations are solved for the a sets of nodal displacements that are then summed 

to obtain the total nodal displacement. 

5.2.2 Load Potential Vector 

The total load potential for the externally applied tractions qu{z,</>), qv(z,<f>) and 

qw(z,</>) was derived in Eq. 2.16. Taking the variation of the load potentials with respect 

to each variable gives: 

l 2n 

(5.38a) SWu= J \qu{z,<f>) 
z=0 f»=0 

In 

Sa0 (z) + ̂ cos n<j)dan (z) + ̂ s i n n<j)8bn (z) 
n=\ n=l 

(5.38b) SWV= J jqv(z,</>) 
z=0 <p=0 

In 

Sco(z) + ̂ Jcosn<f>Scn(z) + y£Jsinn0Sdn(z) 
n=\ n=\ 

rd(/)dz 

rd<j)dz 

(5.38c) SWw= \ jqw{z,< 
z = 0 <z>=0 n=\ n=\ 

rd^dz 

In Eqs. 5.18 through 5.22 the displacement contributions for each mode n were related to 

the corresponding nodal displacements. Use these relationships to rewrite the variation 

of the load potential terms in Eq. 5.38 as: 

t 2n 

(5.39a) 

<W„= J K M ) ( ^ o L K J z ^ + X c o s n ^ ^ ^ f ^ J z ) } ^ 
7=0 (4=0 _ n=l 

+t^nHSA^)ls{NBJz)}m 
n=\ 

rd(/>dz 

t In 

(5.39b) 
7=01*=0 - «=1 

+ Xsin^AXK.WL 
n=l 

rd(/)dz 
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(5.39c) 

l 2K |~ a 

7=n <*=n L «=i z=o f*=o 

4>^KXK^)t rd<j)dz 

As with the internal strain energy terms, the order of the summation and the integration in 

Eq. 5.39 are interchangeable and each Fourier mode n is considered independently. 

Combining Eqs. 5.39a through 5.39c gives the total variation of the traction load potential 

of the element. For mode n - 0: 

(5.40) SW0=(SA0)18{Q0I 1x8 l«-UJ8xl 

in which 

l 2K 

(5-4D { G , L = J f [ ? J z ^ ) { ^ ( z ) } M + ^ ( z ^ ) { ^ ( z ) L + ^ ( z ^ ) K . o ( z ) L ) r f ^ f e 
z=0^=0 

For each mode n > 1: 

(5.42) ^ =KX8{eJ8xl+(^,2>;x8{a,2} 

in which 

(5.43a) 

t 2K 

fe,i}8xl = J J [«. M ) K » W} 8 x l cosM + </v M ) K , „ (z)}M sin(#) 
z=0j*=0 

+ qw{z>0){NF,n{z)}Sxlcos{n0)]rd<f>dz 

(5.43b) 

l 2K 

z=0(*=0 

+ ?W(Z^){^G,„ (z)}M sin(/i^)]rd^fe 

Thus, the variation of the total load potential for the element is given by: 

(5.44) SW = {SA0)l {Q0}m +t(SAn,)l feat +±(*JM {dJM 
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where the vectors {<20}8xl > {Qn,i}
 a n ^ {Qn,i] w e r e defined in Eqs. 5.41 and 5.43. 

5.2.3 Total Potential Energy 

The variation of the total potential energy of the element, given in Eq. 5.24, is the 

difference between the variation of internal strain energy and the variation of the load 

potential. Substitute the expression for the variation of the internal strain energy from 

Eq. 5.34 and the expression for the variation of the load potential in 5.44 into Eq. 5.24 to 

obtain the expression for the variation of the total potential energy of the element: 

'8x1 
^=<^OL{[^OL{A0}8 X 1-{GOL}8 

(5.45) +Z(^A«,i)lx8 {[XiL, K i L -{&.iLL 
n=l 

+ f(SA J {[K ,1 {A 2} -{Q J } =0 
£->\ " '2/lx8 IL ">2J8x8l ">2J8xl l ^ " ' 2 J8x l J 8 x l . '8x1 

The equilibrium equations for the system can be recovered from Eq. 5.45. It is apparent 

from Eq. 5.45 that the contribution of each Fourier mode n is independent of the 

contribution of each other Fourier mode m^n. Thus, the equilibrium equations for each 

mode can be written individually. For mode n-0, noting that the vector (<5>A0V is 

non-zero, Eq. 5.45 gives the equilibrium equations as: 

(5-46) [*oUAoL-{e0L=o 

Similarly, for each of the modes n > 1, noting that the vectors \SAn,) and (SA 2) are 
\ ' /1x8 \ * /1x8 

non-zero, the equilibrium equations are: 

<5-47a> [Jsr-4]MKaL-{0.a)M=0 

<5-47b> [ ^ i s K 2 L - t o i l =° f o r n = l,2,...,a 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 5 
April 2008 Page 123 



CHAPTER 6: VERIFICATION PROBLEMS 

In this chapter several simple problems are solved with the finite element procedure 

developed in Chapter 5 to demonstrate the features, validity and convergence characteristics 

of the new element. The results from the new element are compared to those based on 

traditional shell finite element models. 

The shell finite element models were created using the S4R shell element in ABAQUS. 

Details of the element and its characteristics were outlined in Chapter 4. The solution 

developed in Chapter 5 was implemented with Borland C++. Details of the program 

implementation are included in Appendix 11. 

6.1 Example 1; Vertical Point Load Applied to Tip of Cantilever 

The example solved in Chapter 4 of a cantilever pipe subjected to a vertical point load 

applied to its tip is now solved using the finite element developed in Chapter 5. The 

geometry of the problem, shown in Figure 6.1, is the same as that used in Chapter 4. The 

loading, geometric and material properties of the pipe are: P = 16 kN , £ = 4m, t = 6 mm, 

r = 200mm, ju = 0.3, E = 200,000MPa and G = E/2(l + ju) = 76,925MPa. 

B 
C 

Figure 6.1 - Example 1: Cantilever pipe with point load 

It is required to determine the displacement of Points A, B, C and D located on the pipe 

middle surface at the free end (Figure 6.1). 
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6.1.1 Load Potential Vectors 

The loading condition in the current example consists of a point load applied to the element 

at z = I and <j) = # / 2 . Hence, the load functions are: 

(6.1a) qu{z,0) = O 

(6.1b) qv(z,0) = O 

(6.1c) qw(z,0) = -PS(z-t)S(0-%) 

In Eq. 6.1c, functions S(z~t) and Sl^-^/C) are the Dirac Delta Functions defined in 

Section 4.3.1 of Chapter 4. 

The load potential vectors were developed in Chapter 5. For mode n = 0, Eq. 5.41 gives: 

In 

z=0 0=0 

I 271 

(6.2) = J l-PS(Z-l)s(0-y2){NF,o(z)}Sxd<?dz 
z=0 0=0 

For modes n > l , the load potential vector {Qnl} corresponding to displacement 

contributions an (z), dn (z) and fn (z) from Eq. 5.43a is: 

tea}M= J J ^ ( z ^ ) { ^ , „ ( z ) } 8 x l c o s ( ^ ) r ^ z 

t In 

(6.3) = J l-PS{z-l)s(0-x/2){NFJz)}mcos{n<?>)d</>dz 
z=0 0=0 

Similarly, from Eq. 5.43b, the load potential vector {<2„,2} corresponding to displacement 

contributions bn(z), cn(z) and gn(z) for modes n>\ is: 
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I 2K 

2=0f»=0 

l In 

(6.4) = J $-PS{z-l)s(0-y2){NG,n{z)}msm{n0)d<?dz 
z=0 0=0 

=-'K-WL«i»("^) 

6.1.2 Results from Current Finite Element Analysis 

With the load potential vectors completely defined, the nodal displacement contributions for 

each mode n are determined independently from Eqs. 5.46 and 5.47. The stiffness matrix, 

[A" 1 x8, for each mode n in Eqs. 5.46 and 5.47 is constructed using the procedure outlined 

in Chapter 5. 

For comparison with the solved example in Chapter 4, the current example is solved with a 

total of seven Fourier modes (i.e. a = 6). The results of the current finite element method, 

those based on the analytical method in Chapter 4, and those based on the ABAQUS shell 

finite element analysis, are presented in Table 6.1. 

Table 6.1 - Comparison of results for Current FEA, Analytical Method and ABAQUS shell FEA Example 1 
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3 a 

Current FEA 

Analytical (Ch. 4) 

ABAQUS S4R 
element 

Current FEA 

Analytical (Ch. 4) 

ABAQUS S4R 
element 

Point A 

16.317 

16.317 

16.755 

1.101 

1.101 

1.142 

Point B 

11.265 

11.265 

11.392 

-0.133 

-0.133 

-0.132 

Point C 

9.380 

9.380 

9.599 

-0.731 

-0.731 

-0.742 

Point D 

11.265 

11.265 

11.392 

-0.133 

-0.133 

-0.132 

As expected, the results from the current finite element analysis exactly match those based 

on the analytical solution in Chapter 4. The equilibrium equations for both methods were 
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established through the same method so it is expected that they would produce the same 

solution. Both methods provide excellent correlation with the ABAQUS S4R FEA model. 

6.1.3 Inclined Point Load Applied to Tip of Cantilever 

A variation of the previous example is now presented in which the point load is applied at an 

angle <p = l7z/% to the horizontal, as shown in Figure 6.2, rather than vertically. The load is 

again applied in the radial direction with no tangential or axial components present. The 

magnitude of the load, as well as the geometric and material properties, is the same as those 

used in Example 1. 

/ 

A 

At 
D 

B 
* > 

Figure 6.2 - Inclined point load at tip of cantilever 

6.1.3.1 Load Potential Vectors 

The procedure for developing the load potential vector is that used in Section 6.1.1 for the 

vertical load. However, for the case of an inclined load, the load functions are: 

(6.5a) q„{z,0) = O 

(6.5b) qv{z,0) = O 

(6.5c) qw{z,(/>)^-PS{z-i)S{(l)-^/^ 

The resulting load potential vector for mode n = 0 from Eq. 5.41 is: 

(6-6) {Q0}8xi=~P{NF,M}m 

The load potential vectors for each mode n>\ corresponding to displacement contributions 

an {z)' dn U) a n d fn (z) a n d K {A > Cn U) a n d S„ {z), respectively, from Eq. 5.43 are: 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 6 
April 2008 Page 127 



^ faL=-p{NFAt)L™(7n*A) 

The nodal displacements for modes n = 0 and n > 1 are determined from Eqs. 5.46 and 5.47, 

respectively, with the load potential vectors given in Eqs. 6.6 and 6.7. The nodal 

displacement vectors {Anl} and {An2} obtained by solving Eqs. 5.47a and 5.47b are 

different from the corresponding nodal displacement vectors for the vertically applied point 

load. However, the total longitudinal, tangential and radial displacements, u, v and w, as 

determined by Eq. 2.11 are identical. While the displacement contributions an(z), 

bn(z),..., gn(z) are different for the two loading conditions, the actual total displacements 

of Points A, B, C and D are the same, as expected. 

6.1.4 Solution with Multiple Finite Elements 

The problem of a vertical point load applied to the top of the tip of a cantilevered pipe was 

also solved using multiple elements rather than just one. The analysis was conducted with 

two elements of different length as well as with five elements of equal length. In both cases, 

the results for the displacement of Points A, B, C and D at the free end of the cantilever were 

identical, to five significant digits, to those obtained using only one element. 

These results illustrate that refining the finite element mesh by using a larger number of 

smaller elements does not increase the accuracy of the analysis and thus is shown to be 

unnecessary. The additional computational effort of using more elements is not required. A 

single element produces the same results as multiple elements because the shape functions 

describing the displacement along the element exactly satisfy the homogeneous form of the 

equilibrium conditions. In previous finite element work, the shape functions were 

interpolated with polynomial functions (Ohtsubo and Watanabe, 1978; Bathe and Almeida, 

1980; Mitello and Huespe, 1988; Yan et al., 1999). With such interpolation, refining the 

finite element mesh produces results that are more accurate. However, in the current study 

the shape functions are exact and refining the mesh is not needed. 
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The proceeding examples will be modeled with only one element, where appropriate, as no 

accuracy is gained by using multiple elements. 

6.1.5 Convergence and Number of Modes 

Convergence toward the "exact" displacement of the pipe is achieved by increasing the 

number of Fourier modes above the zero mode, a, included in the analysis rather than 

increasing the number of elements. As a increases, the accuracy of the results also 

increases. The effect of increasing a is shown graphically in Figures 6.3 and 6.4 for both 

the vertical and longitudinal displacements of Points A, B and C (see Figure 6.1). 

1 8 | : 

0 1 2 3 4 5 6 7 

Number of Fourier modes included (a) 

• — Point A - Current Method Point A - ABAQUS S4R Shell FEA 

•m— Point B - Current Method — - Point B - ABAQUS S4R Shell FEA 

•*— Point C - Current Method - - - Point C - ABAQUS S4R Shell FEA 

Figure 6.3 - Cumulative vertical displacements for Points A, B and C 
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Current Method 

Current Method 

- Current Method 

Point A 

— - Point B 

- - - Point C 

ABAQUS S4R Shell FEA 

ABAQUS S4R Shell FEA 

- ABAQUS S4R Shell FEA 

Figure 6.4 - Cumulative longitudinal displacement for Points A, B and C 

It can be seen in the figures that as a increases, the displacement for all three points given 

by the current analysis approaches the displacement given by the shell finite element 

analysis. 

The benefit of the element developed in the current study is that increased accuracy can be 

obtained with little additional computational effort. In a traditional shell finite element 

solution, convergence is achieved by refining the element mesh and increasing the number 

of degrees of freedom. The mesh is continually refined and the analysis repeated multiple 

times until convergence is achieved. Successive refinements of the model do not benefit 

from the results of previous trials. 

In contrast, in the current method convergence is achieved by adding the contributions of 

higher Fourier modes to those of previous Fourier modes to obtain the total displacements, 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 6 
April 2008 Page 130 



stresses, etc. Thus, the solution based on the sum of the contributions of modes 0, 1,..., 

a+\ is always an improvement over the solution based on the sum of the contributions of 

modes 0, 1, ..., a. The solution based on modes 0, l,...,ttr+l is the solution based on 

modes 0,1,..., a plus the contributions from mode a +1. 

The element in the current study also benefits in a computational manner from the fact that 

the displacement contributions from each Fourier mode n are uncoupled from every other 

Fourier mode m^n. A total of a +1 smaller systems of equations are solved rather than 

the one larger system of equations that is solved in a traditional shell finite element analysis. 

The advantages of solving smaller systems of equations are not fully apparent in the current 

example due to its small size. However, for larger and complex problems, the ability to 

solve a number of smaller systems of equations efficiently can become a substantial benefit. 

6.1.6 Stress Analysis 

Once the nodal displacements of an element have been determined, they can be used to 

calculate the stress at any point within the element. Consider the longitudinal stress in the 

element, which was given by Hooke's Law in Eq. 2.2a as: 

(6.8) az{z,(/>^) = -—r[^(z,0,£) + /«?,(z,0,£)] 
1-/1 

in which Eqs. 2.3a and 2.3b gave £z [z,(/>,^) and e^ (z,0,£) as: 

(6.9a) £z(z,0,Z) = £z{z,0) + £K{z,</>) 

(6.9b) £^ (z, 0, £) = £, (Z, </>) + fr, ( Z, iff) 

As a special case, the longitudinal stress at the pipe middle surface, % = 0, is considered. 

Using the relationships for membrane strain from Eq. 2.4, Eq.6.9 reduces to: 

(6.10a) £ (z,(/>4 = 0) = £z(z,^) = — 
oz 

(6.10b) ^(z,<Z>,£ = 0) = ^(z,<Z>) = 
if ^ 

WH 
d</> 
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Substitute Eq. 6.10 into Eq. 6.8 to obtain an expression for the longitudinal stress in terms of 

the displacement at the middle surface of the element: 

(6.11) ffz(zj) = — 
du JU 
— + — 
dz r 

w + -
3v 

Recall from Eq. 2.11 and 2.12: 

(6.12a) w = / 0 ( z ) + 2 /„ (z )cos / i ^ + 2]g„(z)sin/i^ 
n=\ 

du 
(6.12b) — = a0 (z) + Y,an(z) cos n0 + Yb'n(z) sin n0 

dz n=\ n=\ 

dv a a 

(6.12c) — = V-nc„(z)sinn^ + Y'nJn(z)cosn^ 
60 „=i „=i 

The displacement functions a(z), b(z)... g(z) were defined in terms of the nodal 

displacements in Chapter 5 through the shape function vectors. Recall from Eqs. 5.18 

through 5.22: 

(6.13a) a0(z 

(6.13b) f0(z 

(6.13c) an(z 

(6.13d) bn(z 

(6.13e) cn(z 

(6.13f) dn(z 

(6.13g) fn{z 

(6.13h) gn(z 

= K(z)>M{A0L^flSW = (A^U))M{A0}1 

= (AUC{Ao}8xl 

=K (C K.*L -» fo«' (*)=K (C kJ 
=K,„ (^)L{A„ , 2 } 

8x1 

8x1 

'8x1 

8x1 

8x1 

Substitute Eqs. 6.12 and 6.13 into Eq. 6.11 to express the total longitudinal stress of the pipe 

middle surface in terms of the nodal displacements: 
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(„4) + £ * ^ L ( l ) );+SE {NDAZ))I+E {NFAZ)) :J K ,L 
n=\ *--{*• \ ' ' /lx8 

n=\ l'M \ ' ' /lx8 

The longitudinal stress at the pipe middle surface was determined for Point A, at 0 = 7tj2, 

along the length of pipe from z = 0 to z - £ using Eq. 6.14. The stress contributions from 

each mode n = 0 to n = 6 were combined to obtain the total stress. The stress contribution 

from each mode, the total stress and the longitudinal stress at the middle surface as 

determined by ABAQUS S4R shell finite element analysis are shown in Figure 6.5. Note 

that the stress contribution for mode n = 0 is negligible (< 0.7 MPa) and it is therefore not 

included in Figure 6.5. 

Figure 6.5 - Longitudinal stress variation of Point A along length of pipe 
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It is apparent from Figure 6.5 that the longitudinal stresses predicted by the current method 

closely match those determined by the shell finite element. Of particular note is that the 

current method captures the local stress increase near the applied point load at z = I. The 

stress contributions from the higher Fourier modes are responsible for capturing this local 

stress variation while the lower modes, especially modes n = 1 and n — 2, capture the stress 

variation along the remainder of the length of the pipe. Of interest is to note that the stress 

converges with as few as seven modes. 

The longitudinal stress at Point A can be determined from traditional Euler-Bernoulli beam 

theory as <J = M/S , where M is the bending moment in the pipe and S is the elastic modulus 

of the pipe cross section. The longitudinal stress at Point A predicted by the Euler-Bernoulli 

beam theory along the length of the pipe is also shown in Figure 6.5. As indicated in 

Chapter 4 (Section 4.3.5.2), the Euler-Bernoulli beam theory is closely approximated by the 

mode n = 1 displacement contribution in the current method. From Figure 6.5, it is evident 

the stress contribution from mode n = 1 closely estimates the stress predicted by the Euler-

Bernoulli beam theory. 

Relationships similar to Eq. 6.14 can also be derived for the hoop stress, G^ , and the shear 

stress, Tz</), using the strain and displacement expressions in Chapters 2 and 5, respectively. 

Also, the results can be generalized to determine the stresses at any point in the pipe wall 

thickness (for any £ # 0 ) by retaining the terms KZ(Z,$), Jf0(z,^)and K^{Z,^>) in the 

general strain expression in Eq. 2.3. 

6.2 Example 2: Cantilever Beam Under Self Weight 

The example of a cantilever beam subjected to its self-weight that was solved analytically in 

Section 4.4 is now solved using the finite element formulation developed in Chapter 5. The 

geometry of the pipe, shown in Figure 6.6, and material properties of the pipe are identical 

to those used in Section 4.4, namely: t = 4m, t = 6mm, r = 200mm, ju = 0.3, 

E = 200,000 MP a , G = EJ2 (1 + jU) = 76,925 MPa and y, = 78 kN/m3 . 
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-> 

Figure 6.6 - Example 2: Pipe under self weight 

6.2.1 Load Potential Vectors 

The load due to the self weight of a pipe, expressed as 

q = tys, acts as a vertical traction applied to the mid-

surface of the element. By considering an infinitesimal 

piece of the pipe with volume t(rd<p){dz), as shown in 

Figure 6.7, the load functions in each of the longitudinal, 

tangential and radial directions are given as: 

(6.15a) qu(z,#) = 0 

(6.15b) qv (Z,0) = -tys c o s 0 

(6.15c) qw{z,0) = -tYssin0 Figure 6.7 - Tractions 

qv(z,<p) and qw{z,<p) as 

Each Fourier mode n is independent from each other components of pipe self weight 

mode m^n, so each mode will be considered 

individually. From Eq. 5.41, the load potential vector for 

Fourier mode n = 0 is: 

t In 

{£o}8xl = H [ *« (* .* )K .o (* )L + 9vz,^{Ncfi{z)}M+qwzj{NFfi(z)}M}dftlz 

(6.16) 
z=0 f»=0 

2n 
= J { [ - ^ ^ ^ { ^ ( z ^ - ^ s i n ^ j ^ J z ^ J r ^ J z 

z=0 ^=0 

Performing the integral in Eq. 6.16 with respect to (/) gives: 
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(6-17) {Qo}M = -tr, j " 
z=0 

In 2K 

{^c,o (z )}gxl j* cos 0r<ty + {NFfi (z )}gxi | sin 0rd<f> dz = {0}8xi 

#=o 

The load potential vectors for modes n > 1 are given in Eq. 5.43. From Eq. 5.43a, the load 

potential vector {<2„,iL is: 

(6.18) 

0 

+ tfw(z.0){#/>(z)}8cos(/i0)]r<ty*fe 

z=0 d=0 

•c 

z=0 

2^ 2;r 

{ ^ ( z ) } ^ Jcos^sin(n^)r^+{^V f„(z)}g x i J sin ̂  cos ( n ^ ) r # dz 
0=0 0=0 

Similarly, Eq. 5.43b gives the load potential vector \Qn 2} as: 

in 

fe,2/8xl = j j [ f t ( z ^ ) K . - ( z ) } M M n M + 9 v(z^){jV c > I I(z)}Mcos(^) 
z=0 0=0 

(6.19) +^(z,^){7VG„(z)} s in(n^)] r#Jz 

=-tr, J 
z=0 

2a- 2a-

{Nc,n{z)}m jcos^cos(n^)r#+{iVGn(z)}8)<i J sin0sin(n0)rd0 dz 
0=0 0=0 

Performing the integrals with respect to <j) in Eqs. 6.18 and 6.19 leads to: 

(6.20a) { a , } 8 x l = { 0 L forn>l 

(6.20b) {Ql2}m=-mrsr l{Nc,{z)}sxi+{NGl{z)\jz 
z=0 

(6-20c) {0..2}M={o}M
 for^2 
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6.2.2 Results from Current Finite Element 

With the energy equivalent load vectors completely defined, the nodal displacements can 

now be determined. The equilibrium equations for mode n = 0 from Eq. 5.46, with the 

energy equivalent load vector in Eq. 6.17, are: 

(6-21) [ * o U A o L - { ° L = 0 

Given that the stiffness matrix [^0]8x8 is non-zero and non-singular, the only possible 

solution for Eq. 6.21 is the trivial one of {A0}gxl ={0}8xl. 

Consider now Fourier modes n > 2. Substitute the load potential vectors from Eqs. 6.20a 

and 6.20c into the equilibrium equations from Eq. 5.47a and 5.47b, respectively, to obtain: 

(6.22a) [K ,1 {A„,| -JO] =0 
V ' L ™.!J8X8 I ". 'Jsxl l J 8x1 

(6.22b) \Knl~\ | A M 7 ] - { 0 ] o l = 0 
v ' L «.2J8x8 I " '2 J 8x1 I- J 8x1 

Again, given that the stiffness matrices [Kri,~\ a nd T^s,?! are non-zero and non-
fc ' to |_ ™.!J8x8 L «'2J8x8 

singular, the only possible solutions for Eqs. 6.22a and 6.22b are the trivial ones of 

{A«.iL={0}8xiand{A„,2}sxi={0}8xi. 

Finally, consider the displacement contribution from Fourier mode n = 1. The equilibrium 

equations in Eq. 5.47a with the load potential vector in Eq. 6.20a give: 

<6-23> [*uUAut-{°L=0 

As in the previous cases, the stiffness matrix \ ^ u ] is non-zero and non-singular so the 

only possible solution to Eq. 6.23 is the trivial one of {Au} ={0}gxl. Substituting the load 

potential vector in Eq. 6.20b into the equilibrium equations from Eq. 5.47b for mode n = 1 

gives: 
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<6-24> K ] 8 x 8 k 2 } 8 x l = - ^ J{^ (z )} M +Ka(z )L* 
z=0 

It is clear from Eqs. 6.21 through 6.24 that the only non-zero nodal displacement 

contribution is from {A12} corresponding to mode n = l. Therefore, the total nodal 

displacements of the element are contained in the vector {A, 2} . Solving Eq. 6.24 for the 

nodal displacements gives the displacements of Points A, B and C. The results based on the 

current FEA, those based on the analytical solution in Chapter 4 and those of the ABAQUS 

shell finite element analysis are given in Table 6.2. 

Table 6.2 - Comparison of results for Current FEA, Analytical Method and Shell FEA for Example 2 
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Current FEA 

Analytical (Ch. 4) 

ABAQUS S4R 
element 

Current FEA 

Analytical (Ch. 4) 

ABAQUS S4R 
element 

Point A 

0.6395 

0.6395 

0.6455 

0.04161 

0.04161 

0.04201 

Point B 

0.6395 

0.6395 

0.6455 

0 

0 

0 

Point C 

0.6395 

0.6395 

0.6455 

-0.04161 

-0.04161 

-0.04201 

As in Example 1, the results from the current finite element method for Example 2 are 

identical to those from the analytical solution in Chapter 4. Such agreement is expected 

given that the FEA formulation is based on the exact shape functions. 

6.3 Example 3: Uniform Torque Applied to Tip of Cantilever 

In the current example, it is required to determine the displacements of a cantilever pipe 

subjected to a uniform torque applied to the free end as shown in Figure 6.8. The loading, 

geometric and material properties of the pipe are as follows: T = 10kN-m, I = 0.6m, 

t = 5mm, r = 150mm, // = 0.3, E = 200,000MPa and G = EJ2(l + //) = 76,925MPa. 
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Figure 6.8 - Example 3: Cantilever with uniform torque 

6.3.1 Load Potential Vectors 

The loading condition for this example consists of a uniform torsion applied to the tip of a 

cantilevered pipe. The load functions are given as: 

(6.25a) qu(z,0)=O 

(6.25b) qv(z,<t 
27Zr2 

(6.25c) qw(z,0) = O 

S(z-t) 

In Eq. 6.25b, the expression S(z-t) is the Dirac Delta function. Consider each Fourier 

mode n independently to develop the load potential vectors. Eq. 5.41 gives the load 

potential vector for mode n = 0 as: 

In 

{0oL= J l^(zMNcA^)}sxl^dz 
z=0 0=0 

(6.26) = J \—-5{z-l){Ncfi{z)}mrd<l)dz 
z=0 0=0 

=7KoWL 

For modes n>\, the load potential vector {Qnl} corresponding to displacement 

contributions an(z), dn(z) and f„(z) fromEq. 5.43a is: 
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I 2tf 

fe,i}8xl= j \qv{^){NoAz)}msm{n<l>Yd<t>dz 

In 
T (6-27) = I I^TT^(^-^)K,«(2)}8xl

sin(^)^* 
z=o^=o z ; r r 

={o}: 8x1 

Similarly, from Eq. 5.43b, the load potential vector \Qn2] corresponding to displacement 
*• ' -* 8x1 

contributions bn(z), cn(z) and gn(z) for modes n>\ is: 

in 

I In j , 
(6-28) = I j^rrs(z-e){NcA4m

C0S(n^dz 

z=o^=o z ; r r 

6.3.2 Results from Current Finite Element 

The nodal displacements are now determined from Eqs. 5.46 and 5.47. Consider first modes 

n>\. Substitute the load potential vectors from Eqs. 6.27 and 6.28 into the equilibrium 

equations from Eq. 5.47a and 5.47b, respectively, to obtain: 

(6.29a) | X .1 {A .] -{0) =0 
' L ".^8x8 I "'^8x1 l J 8x1 

(6.29b) X J |A„,) -{0] =0 
v ' L ".2J8x8 l n-2J8xl l J8xl 

It is apparent, given that the stiffness matrices X n i l anc* X«2 I a r e non-singular, that 

the only possible solutions for Eqs. 6.29a and 6.29b are the trivial ones of {Anl} ={0}8xl 

and{A„,j ={0) . 
I " ,2J 8 x l I J gxl 

For mode n - 0, substituting the load potential vector from Eq. 6.26 into the equilibrium 

equations in Eq. 5.46 gives: 
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(6-30) [ * O L { A O L - T K * ( C , = 0 y - - • - - J 8x1 

Eq. 6.30 is solved to obtain the nodal displacement contributions for mode n = 0, which 

correspond to the total nodal displacements since the contributions from higher modes 

vanish. For the loading condition of a uniform torque applied to the free end of a 

cantilevered pipe, the displacements are entirely axisymmetric. 

The resulting tangential displacement is the same at all points on the middle surface at the 

free end of the cantilever. The value of the tangential displacement is v(l,</>) = 0.1103 mm 

giving an angle of twist of 6 = v(l,0)/r - 0.1103mra/l50mm = 735.3xlO"6 rad . From the 

theory of mechanics of materials, the angle of twist at the free end of the cantilever is: 

Tl 
(6-3D Bnemy=-—- = 12,5.1x10-* rad 

zTtGr t 

The corresponding tangential displacement is v(£,0) = r6Theory =0.1103mm. The angle 

of twist, and corresponding tangential displacement at the free end of the cantilever, 

determined by the current method is nearly identical to that predicted by the simplified 

theory of mechanics of materials. 

6.4 Example 4: Pipe with Two Elements of Different Thickness 

Given the convergent characteristic of the element developed, all previous examples were 

successfully solved using a single element. In contrast, the current example considers a pipe 

consisting of two segments with different thicknesses. The problem is modeled with two 

elements. The pipe configuration is shown in Figure 6.9. Both segments of the pipe have 

r = 200mm, ju = 0.3, E = 200,000MPa and G = E/l(l +ju) = 16,925MPa. While the 

thickness of the left section is tx = 5 mm, that of the right segment is t2 = 6 mm . 
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Figure 6.9 - Example 4: Pipe with two elements of different thickness 

6.4.1 Load Potential Vectors 

The pipe is assumed to be full of highly pressurized fluid of density yw. The pipe is 

subjected to loading consisting of internal pressure, p = 1000 kPa, self weight of the fluid 

yw = 10 kN/m3 and self weight of the pipe, ys = 78 kN/m3. Both the internal pressure and 

the weight of the fluid have components in the radial direction only. From Figure 6.10, their 

load functions are: 

(6.32a) qu,{z,0) = O 

(6.32b) qvl(z,0) = O 

(6.32c) qwl (z,0) = -7wr(sin0-1) + p 

Total 
Internal Weight of 
pressure water -ry 

* + 
+ 

p 2ryw P + ryw ry 

Figure 6.10-Example 4: Load function qw, (z,(f) 

The load functions for the self weight of the pipe, qu2, qv2, and qw 2 are identical to those 

of Example 2 (Eq. 6.15): 

(6.33a) qu,2{z,0) = O 
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(6.33b) qv2 (z,0) = ~tys COS(j> 

(6.33c) qw2{z,^) = -tys sin (/> 

The total load functions for the problem are obtained by adding Eqs. 6.32 and 6.33: 

(6.34a) qu{z,0)=O 

(6.34b) qv(z,0) = -tys cos0 

(6.34c) qw(z,0) = -ywr(sm<f>-l) + p-tyssin0 

Consider the load potential vector for each Fourier mode n independently. For mode n - 0, 

Eq. 5.41 gives: 

I In 

{<2o}8xl= J l[^A^Ncfi(z)\xi + qAz^){NFfi(z)}m}d^dz 
z=O0=O 

I. 2% 

(6.35) = J j[-tyscos^{NC0(z)}8xl+(-ywr(sm^-]) + p-tyssm^){NF0(z)}Sxl]rd^dz 
z=0 f»=0 

e 

= 2nr(ywr + p) \{NFfi{z)}Sxdz 
z=0 

The load potential vectors for modes n >1 are given in Eq. 5.43. From Eq. 5.43a, the load 

potential vector {Qnl} is: 

e in 

fe.lL = I j [ ^ ( z ^ ) { ^ D . » ( z ) L s i n ( ^ ) + ^(z^){^.B (z)} 8 > < 1cos( /^)] r r f^ 
z=O0=O 

I. In 

(6.36) - \ J[-^cos^{iVDj„(z)}8xisin(n^)-+ 
z=0 0=0 

(-ywr(sin0-l) + p-tyssm0){NFn(zj\mcos(n0)jrd0dz 

Similarly, Eq. 5.43b gives the load potential vector {Qn2} as: 
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lit 

fe.ii = I j [ « v ( z . r t { ^ ( z ) } M c o s ( i i ^ ) + ^(z^){iV0 i l I(z)}Msin(i^))rf^fe 

(6.37) = J J[ -^cos^{yVC n (z)} 8 x icos(^) + 

( - ? y (sin 0 -l) + p-tys sin ̂ ){^G„(z)}8x] sin (n^)]rd<fefe 

Performing the integrals with respect to 0 in Eqs. 6.36 and 6.37 leads to: 

(6.38b) {Q12}sxi=-xrtys \{Nc,{z)}^dz-xr{ywr + tys) \{NGl{z)}&xldz 

z=0 z=0 

<«*) {en,2}8xl={0}8xl f o rn>2 
6.4.2 Results from Current Finite Element Analysis 

The energy equivalent load vectors developed above and the stiffness matrices developed in 

Chapter 5 are valid for a single element only. The current example uses two elements to 

model the pipe. The stiffness matrix and energy equivalent load vector for the system will 

be the addition of the individual matrices and vectors from each individual element. As 

such, the system stiffness matrix size, for each mode n, will be 12x12 and the system energy 

equivalent load vector size will be 12x1. Correspondingly, the system has three nodes with 

four displacements per node resulting in the system nodal displacement vector being 12x1 in 

size. 

The nodal displacements can now be determined from the energy equivalent load vectors 

defined in Eqs. 6.35 and 6.38. The equilibrium equations for mode n = 0 were given in Eq. 

5.46: 

(6-39) [^0]12xl2{A0}i2xl={e0}12xl 

Solving Eq. 6.39 for the vector {A0}12xl gives the nodal displacement contributions for mode 

n = 0. 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 6 
April 2008 Page 144 



Consider now the equilibrium equations corresponding to the nodal displacements {Anl} 

for modes n>\, which were given in Eq. 5.47a. Introducing the energy equivalent load 

vector from Eq. 6.38a into the equilibrium equations gives: 

(6.40) \K ,~\ {A .] -{0j =0 
V ' L "'U12X12 I n'1 J 12x1 l J 12x1 

Given that the stiffness matrix \Kni~\ is non-zero and non-singular, the only possible 
l— —J I ZXi A, 

solution for Eq. 6.40 is the trivial one of { A ,) = |0) „ . 
^ l ra.lJnxl l J12xl 

Next consider the equilibrium equations corresponding to the nodal displacements {An 2} 

for modes n > 2, which were given in Eq. 5.47b. Insert the energy equivalent load vector 

from Eq. 6.38c to obtain: 

(6.41) \K ,1 {A„,| -{0] =0 
V ' L n ' 2Jl2xl2 I n'2112x1 l J 12x1 

Again, given that the stiffness matrix \Kn21 is non-zero and non-singular, the only 
I— ' —' 1ZXIZ 

solution for Eq. 6.41 is the trivial one of {A ,) ={0) . 
^ l n.2J[2xl l J 12x1 

Finally, consider the nodal displacement contribution [Ax 2} for Fourier mode n = 1. The 

equilibrium equations in Eq. 5.47a together give: 

<6-42> [^J 1 2 x l 2 { \ 2 } 1 2 > < 1 ={a 2 } 1 2 x l 

The solution to Eq. 6.42 will be {Aj 2J ^{0}12 because the energy equivalent load vector 

{Gu}12xl is non-zero. 

It is evident from Eqs. 6.39 through 6.42 that the only non-zero nodal displacement 

contributions are from {A0j , corresponding to mode n = 0, and JA, 2] , corresponding 
1ZXI I ' J12x1 

to mode n = 1. Solving Eqs. 6.39 and 6.42 for the nodal displacement contribution vectors 
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{A0} and JA12} , respectively, gives the total displacement for the pipe. The total 

vertical, lateral (horizontal) and longitudinal displacements for Points A, B and C at the 

intersection of the two elements in the pipe (see Figure 6.10) are summarized and compared 

to the results of the ABAQUS S4R shell finite element analysis in Table 6.3. 

Table 6.3 - Comparison of results for Current FEA and ABAQUS S4R shell FEA for Example 4 

V
er

tic
al

 
D

is
p.

 
L

at
er

al
 

D
is

p.
 

L
on

g.
 

D
is

p.
 

Current FEA 

ABAQUS S4R 
element 

Current FEA 

ABAQUS S4R 
element 

Current FEA 

ABAQUS S4R 
element 

Point A 

0.4022 

0.4143 

0 

0 

-0.05109 

-0.05419 

Point B 

0.4361 

0.4491 

0.03331 

0.03453 

-0.000672 

-0.00160 

Point C 

0.4688 

0.4833 

0 

0 

0.04974 

0.05099 

In Table 6.3, a positive value for the vertical displacement indicates downward movement 

while a positive value for the longitudinal displacement indicates that the pipe fibres are in 

tension. 

The results in Table 6.3 show that the displacements predicted by the current method closely 

match those of the ABAQUS S4R shell finite element analysis. The current method is able 

to capture the axisymmetric radial expansion of the pipe due to the internal pressure as well 

as the vertical displacement due to the weight of the pipe and the fluid with a remarkably 

small number of degrees of freedom. The ABAQUS solution requires 7,776 degrees of 

freedom (1296 nodes with six degrees of freedom per node) while the solution from the 

current method requires only 24 degrees of freedom (three nodes with four degrees of 

freedom each per mode n and a total of two modes, n=0 and n=l). 
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CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS 

7.1 Summary 

The principle of stationary potential energy was used in conjunction with general Fourier 

series expansion for the displacement fields to formulate the equilibrium conditions and 

boundary conditions for elastic prismatic pipes subjected to general loading. The 

formulation was based on the assumptions of thin-walled shell theory (Ohtsubo and 

Watanabe, 1978). The general analytical solution of the coupled differential equations of 

equilibrium derived was developed for all Fourier modes. The analytical solution developed 

was successfully used to solve two simple problems. Comparisons with established finite 

element solutions demonstrate the ability of the model to accurately capture the shell 

behaviour of pipes with a remarkably small number of degrees of freedoms. However, the 

algebraic manipulations required in the analytical solution were found quite tedious to 

conduct by hand, even for simple problems. 

In order to remedy this limitation and to make the solution scheme amenable to more 

complex problems, a finite element solution was formulated based on the analytical solution 

developed. The expressions for the displacement fields obtained in the analytical solution 

were used to formulate a series of exact shape functions which relate the intermediate 

displacements within a pipe finite element to the nodal displacements. Using the exact shape 

functions, the principle of stationary potential energy was adopted to formulate the "exact" 

stiffness matrices and associated energy equivalent load vectors for common loads. The new 

finite element was tested for a variety of practical loading conditions including point loads, 

gravity loads, internal and external pressure, twisting deformation, axial deformation, 

transverse deformations, and combinations thereof. Results were in excellent agreement 

with those based on shell finite elements in ABAQUS. 

7.2 Advantages of the Formulation 

The pipe element developed was shown to be free of discretization errors, a direct result of 

adopting the exact shape functions in the formulation. More refined results within the 

element are obtained by using higher order harmonics. A main advantage of the new 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 7 
April 2008 Page 147 



element, in comparison with the shell FEA, is its computational efficiency. This is a direct 

outcome of the orthogonal properties of the Fourier terms. 

The new element can very accurately predict the displacements and stresses of a pipe with 

just a single element between supports. Excellent displacement results are obtained using a 

few harmonics and accurate stress values were obtained using only seven harmonics. In 

comparison, conventional shell FEA would require a number of degrees of freedom a few 

order of magnitudes higher to obtain results of comparable accuracy. The simplicity of the 

new element relative to a shell FEA also greatly reduces the modeling effort required by the 

analyst. 

Another feature of the new element is its convergence characteristics. In conventional shell 

FEA solutions, accuracy of results is improved by refining the element mesh and repeating 

the analysis until convergence is achieved. In contrast, with the new pipe element, improved 

accuracy is achieved by including additional Fourier modes in the analysis. The results from 

the additional modes can simply be added to those of previous modes to obtain the total 

results; There is no need to repeat the analysis for previous modes. 

7.3 Recommendation for Future Work 

The methodology developed in the present research lends itself to a variety of possibilities 

for further research. Some possible extensions for the finite element formulations include 

1. Pipe bends and elbows rather than straight sections only. 

2. Analysis of Pipes under dynamic loading 

3. Modelling geometric and material non-linear behaviour. In this type of problems, the 

use of exact shape functions is not feasible and the analyst would have to resort to 

more conventional polynomial interpolation functions. 

4. Modelling non-prismatic elements in which the cross section radius and/or pipe wall 

thickness vary along the length of the element. In this type of problems the obtained 

differential equations of equilibrium will involve non-constant coefficients and 

formulating the exact shape functions becomes unattainable. Again, the analyst 

would have to resort to conventional polynomial functions. 
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APPENDIX 1 - PHYSICAL SIGNIFICANCE OF FOURIER MODES 

The total displacement of the middle surface in each of the u, v and w directions given in Eq. 

2.11 is the sum of the respective displacement contributions of each Fourier mode n. As 

evident from Eq. 2.11, the displacement contribution for any mode n is independent of the 

displacement contribution for any other mode m^n. No coupling occurs between the 

different modes. The displacement contribution for each mode is computed individually and 

added to the displacements from all other modes to obtain the total displacement. In this 

appendix, the shape of the displacement contribution for each Fourier mode n, as well as the 

shape of the total displacement, is examined. 

In Eq. 2.11 the displacement contribution for each Fourier mode n is a function of z only 

multiplied by a function of 0 only (either sin(/i^) or cos(n^)). The function of z describes 

how the displacement varies along the length of the pipe while the sin(n^) and cos(n^) 

terms describe how the displacement varies around the circumference of the pipe. 

As an example, consider the radial middle surface displacement w at a given value of z. At a 

given value of z the functions f„(z) and gn(z) are constants. The radial displacement, 

given in Eq. 2.1 lc, then becomes a function of 0 only: 

a a 

,A11, w(^)=/o+S/«cosw<z>+Z^s in^ 
(Al.l) „=i Ti 

- fo+ f \ c o s $ + 8\sm 0 + ficos 20 + g2 sin 20 +... fa cos (X0 + ga sin a0 

For this example, consider a problem where the total number of Fourier modes included is 

a = 3. The functions cos 0, cos 20, cos 30, sin 0, sin 20, and sin 30 are plotted in Figures 

Al. l through A 1.7 to show the physical shape of the radial displacement contribution, 

wn (0), for each mode n = 0 to 3. 
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<j) = nj2 

<j) = 37tl2 

Figure Al.l - n = 0 

0 = x/2 <p = 7tll 

<f)-7t 

<f> = 3x/2 

Figure A1.2- COS^ 

0 <j) = 7t-

</) = 371/2 

Figure A U - COS 2(f) 
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<t> = 7tj2 <j) = 7tl2 

>=!3^/2 

Figure A1.4- COS 30 

0 <f>=7l 

<j> = 3^/2 

Figure A1.5 - sin 0 

<t> 

0 = x/2 0 = x/2 

0 = 3tf/2 

Figure A1.6 - sin 20 

(j) = 0 <t> = X 

Figure A1.7 - sin 30 

$ 
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As shown in Figure A 1.1 Fourier mode n = 0 represents uniform axisymmetric 

displacement. Also, as evident from Figures A1.2 and A1.5, Fourier mode n = 1 represents 

displacement that is similar to that described by traditional Euler-Bernoulli beam theory. 

The higher Fourier modes (n > 2) represent deformation of the pipe cross section. 

The shape of the total radial displacement of the middle surface is the sum of the above 

figures multiplied by the appropriate constant values. For this example, assume that 

fa iz)= 8o iz)= c' where c is an arbitrary constant, and fn (z) = gn (z) = l/n for n > 1. 

The total radial displacement of the middle surface is then: 

(A1.2) w(0) = c + cos^ + sin^ +—cos20H—sin20H—cos3^H—sin30 
£• /* D D 

Plotting Eq. A 1.2 gives a graphical representation of the total radial displacement, w, for this 

example, as shown in Figure A1.8. 
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Deformed Shape 

Original Shape 

^ = 3^/2 

Figure A1.8 - Total Radial Displacement, w 
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APPENDIX 2 - INTEGRATING THE PRODUCT OF TWO FOURIER SERIES 

This appendix evaluates the integral of the product of two finite Fourier Series in <f> when 

the limits of (j) are 0 and 7.7t. The two series do not necessarily need to have an equal 

number of terms. 

Assume the two Fourier Series to be multiplied and integrated are: 

(A2.1) f(0) = ao+y]an cosn0 + T ^ n sinn<p 
n=\ n=\ 

(A2.2) g (0) = c0 + ]T cm cos n(j> + £ dm sin n</) 
m=\ m=\ 

It is required to find the integral for: 

In 

(A2.3) \f{#)g{t)dt 
0=0 

Start by defining a new function h{(/>) = f(0)g{</>) • Substitute the expressions from Eqs. 

A2.1 and A2.2 to obtain: 

(A2.4) h{(p)= a 0 + ^ a n c o s n ^ + ̂ ^ n s i n n ^ c 0 + ^ c m c o s « ^ + ^ d m s i n n ^ 
n=\ m-\ m-\ 

Expand Eq. A2.4 to give: 

ac a,, 

h(</)) = a0c0 + a0^cm cosm<f) + a0^dm sinm<f) + 

(A2.5) c 0Va n cosn^+ ^jancosn<p ^ c m cosm^ + ^ancosn0 ^dm sinm<f> 
re=l \n=l J\m=l J V«=l J\m=l 
<*b ( ab V ac \ f ah \f ad 

A 

+ 

n=l \n=l \n=l 
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Rearrange Eq. A2.5: 

(A2.6a) 

h ((Z>) = a0c0 + a0 ̂ T cm cos m(j> + A0 ̂ T dm sin m^ + 
m=l m=l 

C0 X fl« C°S H0 + Z X fl«Cm C°S H^ °°S "^ + Z Z fl«^»> C°S "̂  S^ "̂  + 

«=1 «=1 m=l «=1 m=l 
ab ab ac ab a,, 

C0 Z K Sln H^ + Z Z Vm Sln "̂  C0S ̂  + Z Z &«dm Sil1 ̂  Si]1 W^ 
n=\ n-\ m-1 «=1 m=l 

(A2.6b) 

/* (^) = fl0C() + « 0 Z C™ COS m ^ + floX^" S^n m ^ + 

m=l m=l 

C0 Z a» C°S "̂  + ( Z Z fl«Cm C0S ̂  COS m0 ) + ( Z fl"C« C0S2 "̂  ) + 

n=l \ «=1 m=l / n+m \ n=l / 

aa ad ah ah a,. 

Z Z andm cos n<t> sin m0 + c0 Z ^n sin n0 + Z Z Kc
m

 s i n ^ c o s ^ + 
n=\ m=l «=1 n=l m-\ 

I <*h ad \ lab4 \ 

l n-\ 

In Eq. A2.6b aa c is the smaller of aa and «rc and similarly for ab d . 

Substitute the expression for h(<f>) from Eq. A2.6b into Eq. A2.3 and consider each term of 

the integral individually: 

171 

(A2.7) j" aocod0 = [(aoco)0]2*=Q = 2ff(a0c0) 
0=0 

(A2.8) J a 0 Z c m cos /n^ t f y ^ O o Z 
,A=0V m=l / m=l 

C 
-^sinm^ 
m 

2JT 

a 0 ]T^[s in(2; rm)-s in(0)] = 0 
m=i m 

The right hand side of Eq. A2.8 is zero because sin {2.7tm) = sin (0) = 0 for any integer m. 
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2K ( a,, 

(A2.9) J \a0 ]T dm sin m(/> d<j) = a^ 

=̂o V m=1 

d. 
-,2K 

m 
cos m(f) a0J^—^[cos(2;rm)-cos(0)] = 0 

=0 m=l 

The right hand side of Eq. A2.9 is zero because cos(2;rm) = cos(O) = 1 for any integer m. 

In f n 

(A2.10) J c0 ̂  an cos rc^> 
=o V "=i 

# = 0 

(A2.ll) J (££a B c m cos / i^cos /n^) ^ = X I X C » 
-0 \ «=1 ffJ^l =1 m=\ 

sin(n — m)(j) sin(n + m)0 

2(n-m) 2(n + m) 

2K 

= 0 
i=0,n*m 

2 * f aa.c \ aa,c 

(A2.12a) J X a«c'« c o s 2 n ^ d0 = £ ««cn 
0=0 

0 sin(2n^) 

2 4n 

2tf 
- a,c 

— / a c 
/xx i n n 

2K sin(4ntf) rt 

— + — - - - 0 
2 An 

(A2.12b) j ^ancncos2n0 d<j) = ^7tancn 
d)=0\ n=\ ) n=\ 

"l. "a ud \ "a "d 

(A2.13) J(J]5]a I//mcos/i0sinm0] # = X Z a A 
0=0 \ «=1 m=l n=i m=l 

cos(m-n)^ cos(m + n)0 

2(m — ri) 2{m + n) 

In 

= 0 
=0,ra*m 

f I ua,i \ u„,d 

(A2.14) j ^a n d n cosn^sinn^ d^ = ^andn 
d=0\ n=\ I n=\ 

sin2 ru/> 

2n 

2K ( ah 

(A2.15) J c 0 2Xs in / i^ 
=0 V "=1 

rf^ = 0 

2K ( ah ar 

(A2.16) ^\^2^bncm sin n0cosm0 
A-0 V re=l m =l 

# = 0 
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<% ad 

(A2.17) § t^£bndmsmn</>smrn</>) d0 = YJ^bndm 

-Q \ n=l m=\ n=\ m=\ 

sm(n-m)</> sin(n+m)(f> 

2(n-m) 2(n+m) 

in 

= 0 
0=0, ntm 

(A2.18) J £&Xsin2# # = £ V „ 
^ sin(2«^) 

2 An 

in 

-TPA 
-V=o n=i 

271 sin(4fyr) 

2 4n 
:l>x 

Summing the expressions in Eqs. A2.7 through A2.18 gives the final form of the integral in 

Eq. A2.3: 

(A2.19) J / z ( ^ = 2;r(a0c0) + £ ; r a „ c „ + £ ^ A 
0=0 =1 n=l 

In Eq. A2.19 aa c is the smaller of aH and «c and ab d is the smaller of ah and flrd 

For the case of f {//>) = g{</>) then h(#) = [/(#)] and Eq. A2.19 becomes: 

2x aa ah 

(A2.20) J [ / (#)] ^ = 2^a0
2 + £ ^ „ 2 + £ ^ 2 

0=0 n=l «=1 
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APPENDIX 3 - VARIATION OF TOTAL POTENTIAL ENERGY 

The objective of this appendix is to determine the field equations and boundary terms using 

the principle of stationary total potential energy. Equilibrium of the system is ensured by 

applying the stationarity conditions of the total potential energy as defined in Eq. 2.17. The 

total potential energy is the sum of the internal strain energy, given in Table 2.1, and the 

load potential terms given in Eq. 2.16. 

For simplicity define each internal strain energy term in Table 2.1 independently as: 

C. f (A3.1a) t / , = ^ - J 2(a0'(z)) + l ( « / ( z ) ) + l ( ^ ( z ) ) dz 

(A3.1b) 

C, ', u2=^-\ 2(/o(z))2
+Z(/na))2

+S(g„(z))2 

•̂  z=o I «=i »=i 

+ 2 
n~l n=\ 

+ ^{cn{z))2+±n\dn{z)f\dz 

(A3.1c) z=o 

U3=C3U2a0'(z)fQ(z) + fjan'(z)Uz) + ibn
,{z)gn(z) 

dz 

(A3. Id) 

G ', .2 a 2 _a 

i / 4=^ { 2(c0'(z)) +£('/(*)) +S(<(z)) 
^ 7=n I «=1 n=l z=0 

+ " 

+ 7 

!=1 n = l 

z»2K(z))2+z»2&(*)r ^ 
n=l 

(A3.1e) t / 5 = - | )\2{f;(z))\±{fAz)") +±{gn\z))2 & 
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(A3. If) 

U6=^)\±n*{fn(z))2 + ±n\gn{z))2 

=o I n=i 

+ Z»2(^U))2 + InaK(z))2U 

(A3.1g) 
f7=Q j i-«2/;(z)/.a)+i-«v(z)g.(z) 

2=0 L n=l n=l 

•Z-^„(Z)^;(z)-J^„(z)/;a) <fe 

(A3.1h) 
=0 L"=l 

- 2 ^-ndn\z)fn'(z) + Ydncn\z)gn\z) 

2 cc 

+ 2(c0'{z)) +Z(c.'(z)) +2(rf;(z)) U 

The total internal strain energy, U, is the sum of Eqs. A3.la through A3.1h. 

Take the variation of each term in Eq. A3.1 with respect to each variable: 

(A3.2a) fl/,=^-J 
z=0 

4a'0Sa0 + £ 2anSan + £ 2b'nSb'n dz 

(A3.2b) 

su,=& I 
z=0 

tfM+ltfnSfn+lfignSg* 
n=\ n=\ 

i a a a a 

n=l 

a 

+Y2n2c8c+Y2n2d8d 
n=\ 

dz 
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(A3.2c) 

SU3=C3 J 2f0Sal+2alSf0+fjfndan+fjandfn 
z=OL- n=\ n=l 

+YsnSb'+fb'M +f-nenSb' 
n=l 

a 

n=\ 

+ E -nb'Sc + yW„<Sa' + Yna'Sd„ n n / i n n / t n n 
n=\ n=\ 

dz 

(A3.2d) 

r ' 
z=0 

+ -

n=\ n-\ 

9 (J*, _a _a J*, 

Yjm'n5K +YjnbndCn + Z _ , K ^ a « +Y^mn5d'n 

+ -
1 

^ n=l n=\ n=\ 

fa a 

Z 2n2a da +Y^n2bSb„ n n ^j n n 
V n=l n=\ 

n=l 

dz 

+ 

(A3.2e) # 7 c ', 
z=0 

4f0Vfom+Ii2m:+'Z2g;sg; dz 

(A3.2f) 

z=oL»=l n=\ n=\ 

a 

•2 Y.~n'fnSdn +2>X<^„ +2X&.&; +^n\Sgn 
,«=! n=\ 

+X2n2cnScn+^2n2dnSdn 

n=\ 

dz 

(A3.2g) 

^ 7 = Q j t-n2fnsf:+l-n2mn+i-n2gnsg:+±-n2
8:sgn 

7=0 n=\ n-1 n=\ n=\ z=Ql_n=l 

a 

-YrnS"nSCn - Y r ^ S l - Y / ^ n ^ n ' Y ^ f n 
n=\ n=\ n=\ 

dz 

(A3.2h) 

r ' 

z=0 

t&fM+trtg'M 
.n=l 

a 

n=\ 

a 

- 2 Y~nfnSdn +Y~ndndfn+YnSnSc'n + YjK»S8« 
."=1 n=l «=1 n=l 

+4c;&;+X2cX+x^< 
«=i n=l 

* 
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Derivatives of the functions, having the forms Sy'n or 8y"n, in Eq. A3.2 are eliminated using 

integration by parts on the relevant terms. The resulting field components of the equations 

will contain only the functions themselves, Syn, with no derivatives. The general rules for 

integration by parts are: 

(A3.3a) \xnSyndz = [xnSyn^- \ xn8yndz 
z=0 z=0 

(A3.3b) j" xn5y"ndz = [xnSy'n ][=Q - [xnSyn ]'=0 + J x"ndyndz 
z=0 z=0 

Applying the relations in Eq. A3.3 to Eq. A3.2: 

(A3.4a) 

SU^C, 

+ 

[2a0Sa0]'0- J 2a"0Sa0dz + ^\[an8an~f0- \an8andz\ 
Z=0 

z=0 

(A3.4b) 

SU2=C2 \2f,df0dz+YJ\fndfndz+Y.\snSgndz 
_Z=0 "=1 z=0 n = 1 z=o 

" 'r " V " 'r r 
+ Z J V n ^ i / f e + Z J - " « « * » * + Z W ^ / n ^ + S J -™nSSA 

"=1 z=0 "=1 z = 0 

+ Z j " ^ A n * + Z J ndn5dndz 

n=\ 2 = 0 n=l z=0 

"=' z=0 n=l z=o 

#/3=c3 

(A3.4c) 

z=0 z=0 n=l [ z=0 J 

+Z )<Wz+t\[gnSbX- )g'nSbndz}+t )KSgndz 
n=\ z = 0 n=\ [ z = o J n=l z=0 

+ Z j H C A ]0
 _ j -™'«8bn& + Z J -nh'nKdZ 

n=l [ z=0 J "=1 z=0 

+Zj MAlo ~ J ^'n^Z f + Z J "4X^ 
z=0 n=l Z=Q 
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(A3.4d) 

(A3.4e) 

(A3.4f) 

(A3.4g) 

su4=c4 [KScX- \KKdz+t\[cn8cX- \c:8cndz\ 
2=0 2=0 

«=1 [ z=0 J r n=1 z=0 *" n=l [ z=0 J 

V n=\ z=o r "=1 [ z=0 J 

1 A +—£ \n\Sandz+—£ \n\dbndz 
n=l z = 0 n= l 2 = 0 

< ^ 5 = Q [2 /o^ /o t - 2 /o '"^/o + J 2 / o ^ / 0 & 
L J 0 2=0 

n=l L L J ° 2=0 J 

2=0 

# / 6 =C 7 I J»7.*/.<fe+£ J»4*A»<fe-£ I - " 3 / A * - £ l^dmSf„dz-
n=\ z=o «=1 2=0 "=1 2=0 «=1 2=0 

Z J " ^ A ^ Z J "^A-A + X J^A/fe+Z \n2dndd
ndZ 

n=\ 2=0 n=l z=0 n=l z=0 n=l z = o 

#/7=c8 
n=\ y 2=0 J B=l 2=0 

"=1 [ 2=0 J "=1 2=0 

"Zj [_ncAl]0 -[-<^„]0 + J -"c"n8gndz f~Z j -ng"nScndz 
n=l [ 2=0 J n=l 2=0 

2=0 n=l 2=0 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 3 
April 2008 Page 168 



su&=cg 

(A3.4h) 

«=1 t z=0 J «=1 I z=0 J 

-LJhtf&U- J-C^-zil-K^J'o-1-<^4 
n=l [ z=0 J "=1 I z=0 J 

- E l ["&&„ J - J ng"Scndz - £ j [/!<<%„ J, - J #<<%„dz + [2c'0Sc0 ] 

- j2c0'&0^+x([c:&„j- j"c>/zj+| ;{[<^j^- )d:sdndZ 

The potential energy from the externally applied loads must be added to the internal strain 

energy to give the total potential energy. The total load potential for an arbitrary loading 

condition is given as: 

t 2n 

(A3.5a) W„= J \qu{z,(/)) 
z=O0=O 

2n . 

a0(z) + ^an(z) cos n</> + ^bn(z) siring 
n=l 

(A3.5b>; Wv= j" \qv{z,(/)) 
z=0 (/>=(> 

In 

c0(z) + ^cn(z) cos n0 + ^dn(z) sin n0 
B=l «=1 

rd<f)dz 

rd^dz 

(A3.5c) Ww= J J ? w ( z , 0 ) 
z=O0=O 

fo(z) + ^fn(z) cos n0 + £ g„ (z) sin # 
«=i «=i 

rd</>dz 

In Eq. A3.5, functions gM (z,^), qv{z,(/>) and <?H, (z,^) represent the load potential for the 

traction loads applied to the middle surface of the pipe. 

Take the variation of the load potential terms in Eq. A3.5 with respect to each variable: 

t 2% 

(A3.6a) Wu= J \q„{z,0) 
2=00=0 

27C 

(A3.6b) SWV= j " jqv{z,0) 
z=O0=O 

Sa0 + E c o s n0^an + E s m n^^« 

Sc0 + 2 ] cos n(f>8cn + ^ sin «0&/n 

rd0dz 

rd(/klz 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 3 
April 2008 Page 169 



t 271 

(A3.6c) SWW= J jqw{z,</>) 
z=O0=O 

Sfo + Z C ° S "^fn + Z Sln H0S8n 
n=l n=\ 

rd0dz 

The variation of the load potential terms, Eq A3.6, is subtracted from the variation of the 

internal strain energy, Eq. A3.4, to give the variation of the total potential energy of the 

element. Note that the order of the summation and integral in Eq. A3.6 is interchangeable. 

Subtracting Eq. A3.6 from A3.4 and grouping like terms together gives: 

* r = J. 
z=0 

27t 

+ 

+ 

2C1a0' + 2C3/0'+ jqu(z,0)rd$ 
0=° 

In 

2C4c" + 2C9c" + ^qv{z,(/>)rd(j) 
0=0 

(Sa0) 

(A3.7) 

2C3a'0+2C2f0+2CJ0""- \qw{^)r^ 

+ [{2C1a0+2C3f0)Sa0l__o 

+ [(2(C4 + C9)c'0)Sc0l__o 

(-2cj;)sf0 

Sf0 dz 

+ 

+ [(2C6/o0^/o'L 
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(A3.7 
cont'd) 

+ If C I £Jt 

Lian V Qn + ( C3 + C5 ) nd'n +CJ^+ J #„ ( Z, (/)) COS ( Ulf) rd0 
r J 

' 0=0 

+ [(C3 + C5)nan+(C2+C1)n
2dn-(C4+C9)d: + (C2n + C7n')fn 

-(C 8+C 9)«/„*- jqv(z,(f>)sm(n<f))rd0 

( " *« . ) 

0=0 

Sddz 

+ C,dn^{C1n^C1n')dn-{C^C,)nd: + {C^C1n")Sn 

r 
Jz=0 

- (2C 8 + C 9 ) n 2 / ; + C 6 / ; ' " - J ^ ( z , ^ ) £ c o s ( ^ ) r # 

+ [(-C5na„ +(C4 + Cg)d:+Cgnf:)Sdnl 

(+{Cs+C9)nd:+(Cs+C9)n
2f;-Cj:)Sfn 

(-C,ndn-Csn
2fn+C6f:)Sf: 

8fn dz 

Jz=0 

z=0 

+i(i 
n=l \ z = 0 

C n2- 2r 
CA* ±^bn-{C3+C5)nc'n+Cig'n+ J $B(z,0)sin(/i0)rd0 

0=0 
MO 

+ [(C3 + C5)nfo;-(C2 + C7)«2c„+(C4 + C 9)c; + (C2n + C7n3)gH 

2n 

-(C8 + C9)ng" + $qv(z,0)cos(n<p)rd0 
0=0 

( - & . ) 

+ C3&:-(C2n + C7«3)cB+(C8 + C9)«c; + (C2+C7n4)g„ 

-{2CS + C9)n
2g"n+C6gn'"'- \qw(z,t)sm(nt)rdt 

0=0 

+ [(CA-C3nCK+C3^)^K]'=o 

+ [(C5n^+(C4 + C9)c:-C9^:)^HL 

(-(C& + C9)nc:+(Cs+C9)n
2g:-C6g;)Sgn 

+[(c8«c„-c84+c6?;)^;]'J=o 

<%„ ^ 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 3 
April 2008 Page 171 



It is apparent from Eq. A3.7 that each Fourier mode n is independent from every other 

Fourier mode m^n. Hence, the summations in the above equations can be removed and 

the equilibrium equations and boundary conditions written independently for each mode n. 

Note also that the variation of each displacement function in the field terms of Eq. A3.7 is 

arbitrary with respect to z. Therefore, the bracket multiplying the variation of the function 

must be zero. The result is a set of equilibrium equations for each mode n. 

in 

(A3.8a) 2C,flo+2C3/o+ $ qu(z,0)rd0 = O 

2x 

(A3.8b) 2(C4 + C9)c*+ jqv(z,0)rd0 = O 

In 

(A3.8c) 2C3a0 + 2C2f0 + 2Cj"" - \ qw{z,(/>)rd$ = 0 

C n2 2" 
(A3.8d) Cxan ^-an + (C3 + C5)nd'n+C3f^+ f q (z,0)cos(n0)rd0 = O 

r 

{C3+C5)na:+{C2 + C7)n
2dn-{C4+C9)d: + (C2n + C7n

3)fn 

(A3.8e) 2* 
-(C 8 + C9)/!/„*- J qv(z,0)sm(n0)rd</> = O 

C3a:+(C2n + C7n
3)dn-(Cs + C9)nd: + (C2 + C7n

4)fn-(2Cs + C9)n
2f: 

(A3.8f) „, ln. a 
+C6fn ~ \qw{z,0)J^cos(n0)rd<f> = O 

(A3.8g) Cxb"n
 4-^bn-{C, + C5)nc'n+C3g'n+ f qu{z,<?>)sm(n<t>)rd<?> = 0 

r 
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(A3.8h) 

{Ci+C5)nb'n-{C2 + C1)n
2cn+(C4+C9)c: + (C2n + C1n

3)gn 

271 

-(Cg + C9)ng"+ jqv(z,</>)cos(n<f>)rd</) = 0 

(A3.8i) 

C 3^-(C 2n + C7n3)cn+(C8+C9)n< + (C2 + C7n4)g„-(2C8 + C9)n2g; 

In 
+C68n""'~ $qw(z,</>)sm(n<f>)rd0 = O 

In the boundary terms in Eq A3.7, the variation of the function can equal zero at either end 

of the element. Therefore, the term must be retained. Assuming no concentrated loads are 

applied at the end of the element, such as the loading case presented in Eq. 2.16, the 

resulting boundary terms for each mode n are: 

(A3.9a) [ ( 2 C X + 2C3f0) SaQ ] ' = Q = 0 

(A3.9b) (2(C4+C9K)£c( 

- i / 
= 0 

z=0 

(A3.9c) (-2C6f')Sf0 = 0 
z=0 

(A3.9d) [(2C6 /0V/0 ' ] z = 0=0 

(A3.9e) [{Cxa'n + C3ndn + CJn) 8an ]'=Q = 0 

(A3.9f) [(-C5nan +(C4+C9)d:+C9nf:)Sdnl=o =0 

(A3.9g) ((C8+C9)nd:+(CS + C9)n
2f:-C6f;)sfn = 0 

z=0 

(A3.9h) \-C,ndn - Csn
2fn + Cj:) Sf^ = 0 

(A3.9i) [((ft -C3ncn +C3gH)SbH] =0 
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(A3.9J) (C5nbn +{CA + C9)c'n- C9ng'n) 8cn 
z=0 

= 0 

(A3.9k) -(Cs+C9)nc'n+(C,+Cg)n
2g'n-C6gnjSgn = 0 

(A3.91) (c$ncn ~C8n
2gn

 +C6Sl)^8n\=0 = 0 
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APPENDIX 4 - REDUCING INTEGRATION CONSTANTS FOR n=0 

The solution of the equilibrium equations for n — 0 in Eqs. 3.4 and 3.10 appears to have 

sixteen integration constants, but only eight boundary conditions are presented in Eq. 2.19. 

In this appendix the integration constants C0 (. and F0 (. are related to \ { . As a result, only 

eight independent integration constants will remain which can be determined from the eight 

boundary conditions. 

The simplified homogeneous equations for displacements a0(z), c0(z) and f0(z) for 

n = 0 are given in Eq. 2.20 with the right hand side of the equation being {Q0} = {0} 
'3x1 I J 3x1 

(A4.1) [x.L 
a0(z) 

c o(z) 3x1 

2CXD' 

YC'D" 

0 

2C3D \ 
- H 

2C2 + 2C6Z)4 ! 

0 
"o 

0 \2{C4 + C9)D
2 

a0(z) 

/o(z) 
co{z) 

!{°L 
3x1 

Expanding Eq, A4.1 gives: 

(A4.2) Cla0"(z) + C3f0'(z) = 0 

(A4.3) C3a0'{z) + C2f0{z) + CJ0
{4){z) = 0 

(AAA) 2 ( C 4 + C9)c0*(z) = 0 

As shown in Chapter 3, Eqs. 3.10 and 3.4, the solution field for Eq. A4.1 is: 

(A4.5) a0 (z) = A,, + \ 2 z + \3e^z + \4e^z + \5e^z + \6e "h^ 

(A4.6) /„ (z) = F o a + Foaz + F 0 ^ z + F0Ae^z + F 0 ^ z + F0fie ">0,6Z 

(A4.7) C0(z) = \ 7 + \ g Z 
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The integration constants in Eq. A4.7 are independent of all other integration constants. 

The derivation of the solution field in Eqs A4.5 and A4.6 is based on the fact that the 

determinant of matrix Xo in Eq. A4.1 is zero. Therefore Eqs. A4.2 and A4.3, which are 

independent of Eq. A4.4, are linearly dependent. To relate constants F0i to constants \ 4 , 

substitute Eqs. A4.5 and A4.6 into Eq. A4.2 or A4.3 (either one will do). After the 

substitutions, Eq. A4.2 becomes: 

f 6 
(A4.8) C, XmoA;< 

^ 
,"^iz 

\i=3 

+ C, 
i=3 

^ • i * 
0,ic = 0 

Expanding Eq. A4.8 gives: 

(A4.9) 
^3^0,2 ~*~ 1,^1^0,3 A),3 "*" ̂ 3 ^ 0 , 3 * 0 , 3 / ^ ~*~ \ ^1^0,4 A),4 ~*~ ̂ 3^0,4-^0,4 j e 

+ (c>0
2, A , + C3m0^5) e^z + (QinJeAw + C3m0,6F0>6) e™ = 0 

Eq. A4.9 must be valid for any value of z, giving the following: 

(A4.10)- C3F0 2 = 0 -> F0 2 = 0 

(A4.11) Qm ,̂. A ,̂. + C3m0iF0J - 0 for i = 3 to 6 

From Eq. A4.11 F0i can be written in terms of Aj; for i = 3 to 6: 

(A4.12) F0. = -Cltn°JA0i for i = 3 to 6 

Perform a similar substitution into Eq. A4.3 to find an expression for F01 and to check the 

relations in Eqs. A4.10 and A4.12: 

(A4.13) C, A),2+Zmo,A/ ""o,.2 

V <=3 
+ c, 

u 
m 0 , , Z 

3 J 

r 6 

+c Zmo4A«< ^>,iz 

V<=3 

= 0 

Expand Eq. A4.13: 
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e^z + i^3A),2 + ^2^0,1 ) + *-2*ioaZ + \J-'3mO,3/%,3 + \^2 + ^6W0,3 ) M),3 

(A4.14) [ c 3 m M \ 4 +(C2 + C6m0
4

4)F0j4]^42 + [C3m0j54,5 +(C2 +C6m0
4,5)^5 e » * * + 

C
3"V4>.6 + ( C2 + C$K(, ) F0,6 ^ = 0 

Again, Eq. A4.14 must be valid for any value of z, resulting in: 

(A4.15) (C3A),2 + C2F0jl) = 0 ^ F 0 i l = - - f \ 2 
L2 

(A4.16) C2F02z = O—> FQ2 = 0 (same expression as Eq. A4.10) 

(A4.17) C3m01\,. + (C2 + C6m0
4,.) F0. =0 for / = 3 to 6 

From Eq. A4.17 another relationship is established between AQ . and F0; for / = 3 to 6: 

C2 + m0>; C6 

for / = 3 to 6 

Eqs. A4.12 and A4.18 can be used as a check for the four roots, m0i for i = 3 to 6, given in 

Eq 3.9. For both Eqs. A4.12 and A4.18 to be valid their right hand sides must be equal: 

(A4.19) Q =
C2+™0iiC6 

Cxmai C3m0. 

Expanding Eq. A4.19 leads to a fourth order equation in m0i: 

(A4.20) (QCj - C3
2) + C, C6m0/ = 0 

The four roots of Eq. A4.20 coincide with the roots determined in Section 3.1 (Eqs. 3.9c 

through 3.9f)- Therefore, both Eqs. A4.12 and A4.18 are valid relationships between \ t 

and F0J for / = 3 to 6. In fact, the two relationships are identical. 

In summary the relationships between \ { and F0. are: 
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(A4.21) F0>1 = - ^ - A , . 2 = ^o, A . 2 

(A4.22) F 0 2 = 0 

(A4.23) F ^ - ^ L \ t 
C^m, 3'"0,i 

C2 + m0A C6 

\ = ^ o A for/ = 3 to 6 

The integration constants C0. and F0i are now known in terms of the constants \ t so only 

eight independent integration constants are present, \ t for / = 1 to 8. 

The solution to Eq. A4.1, given in Eqs. A4.5 through A4.7, can now be rewritten in matrix 

form: 

(A4.22a) 

a0(z) 
coU) 

{e0(z)} 

C0(z) 

F0(z) 

1x8 

T 

1x8 

T 

1x8. 

KL 

(A4.22b) 

a0(z) 

fo(z) 

1 z e"" ew e** e^ 0 0 

0 0 0 0 0 0 1 z 

0 F0<1 F^em°iZ F^e"**1 F05e
m°-5Z F06em°'6Z 0 0 

A),i 

A>,2 

A),3 

A),4 

A),5 

A),6 

A),7 

A),8 

in which 

(A4.23) F0 4 
C, 

(A4.24) F 0 , . = -
Cimo,i 

for / = 3 to 6 
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APPENDIX 5 - DETERMINANT OF FIELD EQUATION MATRIX 

The operator matrix for the field equations for Fourier modes n > 1 is given in Eq. 3.16 as: 

(A5.1) [ Y 1 = 

Cimn ~ClO,n 

Cn,nmn 

C3mn 

Cn,„mn 

c. 12,n -C»mn 

Cu,n-Cl5,nmn
2 \C6m. 

C3mn 

Cl4,n-Cl5,„mn 

•Cll,nmn +C16i„ 

In the solution of the homogeneous case it is required to find the values of mn for which the 

determinant of Yn in Eq. A5.1 is zero. In this appendix the determinant of Yn is expanded 

3th 
to give an 8 order polynomial in mn which is subsequently solved in Chapter 3. 

The matrix Yn in Eq. A5.1 has the form: 

(A5.2) C: 
a 
— 
b 
— 
c 

b 
1 

d 
~ 7 n 

/ 

C 

/ 

8 

Expanding the determinant of C in Eq. A5.2 gives: 

(A5.3) | d = f l f\8 
b\j_ 
c | 8 

+ c 
b ! d 
— i -

c ! / 

(A5.4) |C| = a(dg - f2)-b(bg- fc) + c(bf -de) 

(A5.5) Id = adg-af2- b2g + bfc + cbf - dc2 

From Eq. A5.1 the values of a through/are: 

a = Clfnn - C 1 M 

(A5.6) b = Cnm 

c = C3mn 

d = Cn,n-Cumn 

f=Cu,n-Cl5,nmn 

8=C6mn
4-Clltnmn

2+Cl6tn 

Substitute Eq. A5.6 into Eq. A5.5 to obtain: 
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| Y n | = (CXmn ~ CW,n)(Cn,n ~ ^ n ) ( Q V " Cn.n™* + C16,„ ) ~ 

(A5.7) ( Q ^ 2 - Q o J ( Q 4 , „ - C 1 5 , ^ , , 2 ) 2 - ( C u , „ m K ) 2 ( C 6 m n
4 - C 1 7 , n m K

2 + C16,„) + 

{CU,nmn )(C14,n ~ CK,n
mn ) ( Q ^ ) + ( Q ™ „ ) ( C ^ / B , , ) ( C , 4 „ - C ^ / I I , , 2 ) 

- ( C 1 2 , „ - C 1 3 W » 2 ) ( C 3 m „ ) 2 

Expand the brackets of Eq. A5.7 and rearrange: 

| Y „ | =(C£n,nmn2 -CiCnmn"-CWnCnn + CWnCl3mn
2)(C6mn

4 ~Cxlnm
2 +Cl6n)-

(A5.8a) (Cxmn
2 -C 1 0 J (C 1 4 , „ 2 -2C14,„C15,nm„2 + C 1 5 > K

4 ) - ( C n > „ 2 ) ( C 6 m / -CI7,„m„2 + C16,„ ) + 

(QQM^) (C 1 4 , „ -C 1 5 , n m„ 2 ) + (C3Cu,„m„2)(C14>„-C15!„m„2)-(C12,n-C13m„2)(C32m„2) 

f n | = C£6
CYl*mf ~ ClC12,nCn,nmn4 + CXCn,nCl6,n

mn 

f^ f^ f^ d s-i s~i *~i A . jr-i ^ s~t 

|Yn| = 
1 C m4+CC C m2-CCC m&+CC C m6 

T r m4+r r r m2-c c c +cc c m6 

^ in„L- l4 ,„ + 2 C j 0 n ^U.,n^l5,nmn 

^I^l3^l6,n"ln ^6^W,n^l2,n''ln ~ ^\^,n^\2,n^\l ,n"ln ^\Q,n^\2,n^\(,,n """ ^ 6 ^ 1 0 , n ° 1 3 m n 

(A5.8b) _ ^ -- ^ m 4 + c C C m2-(CC 2m2-2CC C m4+CC 2m6 

-Cio,n
Ci4,„2 + 2C10j„C14?„C15>„m„2 -C10>nC15>n

2m„4) - ( C 6 C n
2 m n

6 - Cn
2Cxlnm

4 

+Cn,„2C16,„™„2) + 2(C3CluCUjnmn
2 - C3CnnC15nmn

4) - [C2Cx%nm
2 - C2Cum

4) 

Collect like terms of mn from Eq. A5.8 to obtain the final form of the determinant of Yn : 

(A5.9) 

|Yn| = [ -C J C 6 C 1 3 R 8 + 

[ Q (C6C12,„+CI3C17,„ -C15,„2) + C6 (C10,„C13 -CUin
2)]mn

6 + 

I^Cj ^ *-'12,n*-'17,n _ ^13^16,n "*" ^^14 ,u^ l5 ,n J ~~ ^10,n V 6^12,rc "*" ^13^17,n — ^15,n j "*" 

^ii,n ^n,n — 2C3C11]nC15^+C3 C13>nJmn + 

~ ^ 3 ^12,n ~ ^ 1 0 , K 1^12,n^l6,n _ ^ 1 4 , n j 
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APPENDIX 6 - QUARTIC EQUATION SOLUTION: FERRARI'S METHOD 

The determinant of the operator matrix for the homogeneous case of the field equations 

reduces to the fourth order polynomial in Mn given in Eq. 3.22. The four roots of the fourth 

order polynomial (quartic) equation are found by using Ferrari's Method which is described 

below (Wikipedia, 2006). 

In general, assume the polynomial has the following form: 

(A6.1) Ax4+Bx3+Cx2 + Dx + E = 0 

Divide Eq. A6.1 by A to obtain: 

4 B 3 C 2 D E 
(A6.2) x + — x + — x + — x + — = 0 

A A A A 

Define x in terms of a new variable u: 

(A6.3) X = u • 
B 

4A 

Substitute Eq. A6.3 into Eq. A6.2 to eliminate the x3 term: 

(A6.4) 
B 

4A + -
B BY C( B\2 D( 

u 
v 4A. 

+ — 
A u — 4A + -

B 
AA A 

Expand the powers of Eq. A6.4 and regroup like powers of u to give: 

(A6.5) vC + 
f _3B2 C A ( D3 

- + -
v 8AZ A j 

u2 + B" BC D 
+ 

ySA' 2Al A j 
u + 

-3B4 B2C BD E 
- + - - + — 256A4 16Aj 4AZ A 

= 0 

Define new constants for the coefficients of u: 

-3B2 C 
(A6.6a) a = ^- + — 

8A2 A 
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0 B3 BC D 
(A6.6b) /? = - + — 

8A3 2A2 A 

-3B4 B2C BD E 
(A6.6c) y = r + - + — 

256A4 16A3 4A2 A 

Use the new constants in Eq. A6.6 to rewrite equation A6.5: 

(A6.7) u4 +au2 + j3u + y = 0 

The objective now is to complete the square in Eq. A6.7 and make the equation a perfect 

square in terms of u. First add the following identity to Eq. A6.7: 

(A6.8) (u2+a) -u4-2au2 =a2 

After the addition Eq. A6.7 becomes: 

(A6.9) {u2+a) + /3u + y = au2+a2 

Introduce a new variable y that is defined as follows: 

(A6.10) {u2+a + y) -{u2+a) =2yu2 + 2ya+y2 

(A6.ll) 0 = (a+2y)u2-2yu2-au2 

Add Eqs. A6.10 and A6.11 to Eq. A6.9: 

(A6.12) [u2+a+y) + f5u + y = {a+2y)u2 +a2 +2ya+y2 

Rearrange Eq. A6.12: 

(A6.13) (u2+a+y) =(a+2y)u2-fiu + (y2 +2ya+a2-y) 

Find the value of y for which the right hand side becomes a perfect square by solving the 

following equation for y: 
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(A6.14) 
(-J3)2 -4(2y + a)(y2+2ya+a2-y) 

= J32 -4\2y3 +5ay2 + (4a2 -2y) y + (ai -ay)] = 0 

Divide Eq. A6.14 by -8 and rearrange to obtain a cubic equation for y: 

(A6.15) y3+-ay2+(2a-A)y + 
r a3 ay (3 
T~T~~8 

2\ 

= 0 

The cubic equation in Eq. A6.15 for y must be solved. Define y in terms of a new variable v: 

(A6.16) V = V a 
6 

Substitute Eq. A6.16 into Eq. A6.15, expand the powers and rearrange to obtain: 

(A6.17) V + 
( ~2 

a 
1 12 

^ 

-7 
) 

v + 
C ™3 

a ay _p 
2\ 

108 3 8 
= 0 

Define-new constants for the coefficients of v: 

(A6.18a) P = 7 
12 

a ay 0 
(A6.18b) Q = + — - — 

108 3 8 

Use the new constants in Eq. A6.18 to rewrite Eq A6.17: 

(A6.19) v* + Pv + Q = 0 

The solution to Eq. A6.19 can be obtained from the solution of the cubic equation. Any root 

will be sufficient. Define the variable U as: 

*"•»"-#*£•£ 
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The solution to Eq. A6.19 is: 

(A6.21) v = U 
3U 

The solution for the original nested cubic equation in Eq. A6.15 is: 

5 P 
(A6.22) y = a + U 

6 3U 

Since the value of y is known the right hand side of Eq. A6.13 can now be written as a 

perfect square: 

(A6.23) (a+2y)u2 - fiu + (y2 + 2ya + a2 -y) = Ua + 2y)u + 
yy ' 2y[a + 2y 

Eq. A6.13 is rewritten as: 

(A6.24) [u2+a+y] = ^a+2y)u--j£ 
2yja + 2y 

Take square root of each side of Eq. A6.24: 

(A6.25) (u2+CC+y) = ± (Ja + 2y)i P 
2sja+2y 

Collect like powers of u to express Eq. A6.25 in the form of a quadratic equation in u: 

(A6.26) u2+(±1^Ja + 2y)u + a+y+! 
P 

2yja+2y 

Note that the subscripts on the ± symbols indicate that they are not independent. The values 

of the two must be opposite; if the value of the first + is + then the second must be - and 

vice versa. 

Solve Eq. A6.26 by the quadratic equation: 
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±^a+2y± \(a + 2y)-4 

(A6.27a) u = -

±iyla + 2y±2. 3a+2y±l 
2/3 

(A6.27b) u=-
Ja+2y 

Note that +1 must now have the same sign at both places it occurs in Eq. A6.27 (since the 

first one is multiplied by -1 in the quadratic equation) and that ±1 is independent of +2. 

Use the relation from Eq. A6.3 to obtain the final form of the roots of the quartic equation: 

B 
(A6.28) x = + -

AA 

Ja+2y± l-\3a+2y±1
 2 /? 

The four roots are found from the four possible combinations of ±1 and ±2 
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APPENDIX 7 -MULTIPLE ROOTS FOR FOURIER MODE n=1 

The determinant of the operator matrix for the field equations, Eq. 3.20, must vanish as 

described in Chapter 3. The resulting equation is an eighth order polynomial in mn, or 

fourth order in Mn=m2
n. It is shown in this appendix that for mode n = 1 two of the roots 

of the polynomial are zero, leaving only a quadratic polynomial in Mn. For modes n>2, 

none of the roots of the polynomial are zero and the polynomial is truly fourth order in Mn. 

The fourth order polynomial in Mn was determined in Eq. 3.22 to be: 

(A7.1) plnMn
4 + P%nMn

3 + pXnMn
2 + p4tnMn + p5n = 0 

in which 

(A7.2a) pu=-ClC6Cl3 

(A7.2b) P2,n=Cl(C6Cl2A+C13C1^n-Cl5/) + C6(CW:nCn-Cn,n
2) ' 

(A7.2c) 
i f lr -2C C C +C C 

PA,n ~^l\^l2,n^\(, ^14,n ) ~*~ ^10,n (^12,n^l7,« + ^ 1 3 ^ 1 6 , H ^ 1 4 , n ^ l 5 , n J "*" ^r^W.n U,n 
(A7.2d) 

- c n
 2c, -c,2c, 

11, n 16,n 3 12,« 

(A7.2e) p5,„ = -C10„ (C12;„C16>n - C14,„
2 ) 

Multiple roots occur at Mn =0 if certain values of pjn forj = 1 to 5 are zero. In particular, 

if p5n =0 then roots occur at Mn =0 and Eq. A7.1 reduces to a third-order polynomial. 

Also, if both pln =0 and /?5n =0 then double roots occur at Mn = 0 and Eq. A7.1 reduces 

to a quadratic polynomial. It is shown subsequently for mode n = \ that p4A = p51 = 0 and 
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double roots occur at Ml = 0. It is also concurrently shown that, in general, pjn^0 for j=l 

to 5 for all n > 2 and four independent roots Mn exist. 

It is required to expand Eqs. A7.2 using the relations in Eqs. 2.15j through 2.25q to 

determine which of the coefficients p.n are zero. Consider first the expression for pln in 

Eq. A72.a: 

(A7.3) 
P\,n ~ M ^ 6 M 3 

A,„=-c,c6(Q + c9) 

In Eqs. 2.15a through 2.15i, all of the constants Cx through C9 are real and positive. 

Therefore, it is not possible to have C4 = -C 9 , which leads to pln £ 0 for all values of n . 

From Eq. A7.2b, the expression for p2 n is expanded as 

Pl,n ~~ M \ ^ 6 ^ 1 2 , n + M3^17,n M5,« j + ^ 6 \ 10,nM3 Ml ,n j 

(A7.4) 

Pl.n = n ^V-'l 1^6 "'~M7/~'~ M ^ 4 V ^ 8 "*" M J / M M i "*" 2 3 ^"6 

Again, as the constants are all positive and non-zero it follows that /?2 „ ̂  0 for all values of 

n . Expand p3n from Eq. A7.2c as 

P%n = M \ M2,nM7,n ~ M3M6,n + ^M4,nM5,n j ~~ M0,u \^6^l2,n + M3M7,n _ M 5 , n J 

+ /" V -ICC C +C2C 

(A7.5) ft,„=M 

+2C3
zq 

2C2C8n2(l-n2)-C2C9(l-n2)2-C4n2(C2+C7) - % - [ C 6 ( C 2 + C 7 ) - C 8
2 ] 

For the general case of n > 2, it is apparent that p3n ^ 0 . However, for the special case of 

n = 1, Eq. A7.5 simplifies to 
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(A7.6) p3] = C4 c +^-
^ j T 2 

V r J 

(c2+c7)+ 
C0 

+c, 

Using the relations in Eqs. 2.15a through 2.15h, Eq. A7.6 is further simplified to: 

(A7.7) p3l 
Ertx 
1 + jU 

E2t2x2(\2r2+t2f 

144r2( l- / /2) 

For the right hand side of Eq. A7.7 to be zero the relation 12r2 =-t2 must hold, which it 

does not since both r and t are real numbers. Therefore, it follows that p3n ^ 0 for all 

values of n > 1. 

The expression in Eq. A7.2d for p4 is expanded as 

- c „ 2clfi -c2c,7 
ll,n 16, n 3 12,« 

\2 . C > 2 

r2 

2C3C4C7n4(l-n2) 

(A7-8) p 4 , „=C 1 C 2 C 7 n 2 ( l -n 2 ) 2 +^rC 2 C 9 ( l -n 2 ) 2 -2C 2 C 8 n 2 ( l -n 2 ) 

-C3
2C7n2(l-n2) + -

For the general case of n > 2 , it is apparent that p4n ^ 0. However, for the special case of 

n = 1, the right hand side of Eq. A7.8 vanishes leaving p4l - 0. 

Finally, from Eq. A7.2e, p5n is expanded as 

Ps,n~~ ^W,n \^12,«^16.n ^14,n / 

(A7.9) 

P5,n= - C2C7n2(l-n2)2 

It is apparent from Eq. A7.9 that p5l=0 and p5n^0 for alln > 2 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 7 
April 2008 Page 188 



For Fourier mode n = 1 two of the polynomial coefficients, namely p41 and p5l, in Eq. 

A7.2 are zero. Therefore, Eq. A7.1 reduces to 

(A7.10) puMx
A + puM? + pxlMx

2 = M,2 (A4M,2 + puMx + p3l) = 0 

Two of the roots in Eq. A7.10, M,, and M12, are zero leading to mu=m12=ml3-ml4=0. 

The remaining two roots of Eq. A7.10, M13 and M14, are determined by solving the 

quadratic equation pnM
2 + p2xM{ + pxi = 0 as shown in Chapter 3. 

For modes n > 2 all of the polynomial coefficients in Eq. A7.2 are non-zero and no repeated 

roots occur at Mn = 0. However, it is possible for repeated roots to occur at Mn*0 for 

specific geometric and material properties of the pipe. In these circumstances the repeated 

roots will be apparent after solving the polynomial with Ferrari's Method (see Appendix 6) 

and handled accordingly on a case by case basis. 
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APPENDIX 8 - REDUCING INTEGRATION CONSTANTS FOR n=1 

The solution of the equilibrium equations for n = l in Eq. 3.26 has twenty-four integration 

constants, but only eight boundary conditions are presented in Eq. 2.19. In this appendix 

two sets of integration constants, Au and Du, are related to the third set, Fu. As a result, 

only eight independent integration constants will remain which can be determined from the 

eight boundary conditions. 

The simplified homogeneous equations for displacements ^(z), d{(z) and fx{z) 

for n = 1 are given in Eq. 2.27 with the right hand side of the equation being 

{QiL={o}, '3x1 I J 3x1 

(A8.1) [XiL 
Mz) 

CD2 -C 
M ^ Mo,i 

CulD 
C3D 

1 C i *-
. 4 

1 C -
1 ^12,1 "i" 
i C -
j 14,1 

-CnD
2 

CmD2 

-* 
C3D 

r -CD2 

^14,1 M5.1 
i~ C -CD2 + QD 4 

\<h(z) 
U(z) 
UwJ 

> = < 

0~ 

0 

0 

Expanding Eq. A8.1 gives: 

(A8.2) ClaZ(z)-Cmal(z) + Clud'l(z) + C3fl'(z) = 0 

(A8.3) Cma[(z) + Cludl(z)-C13d:(z) + C^fi{z)-Cl5Jl\z) = 0 

(ASA) C3a;(z) + C 1 4 ^ 1 ( z ) - C 1 5 X ( z ) + C1 6 ,J1(z)-C1 7 ,1 /1^) + Q / r ( ^ ) = 0 

As given in Eq. 3.26, the solution field for Eq. A8.1 is: 

(A8.5) al{z) = A,i + 4,2* + A,3*2 + A,4*3 + 4,5e
mi'5Z + A,6^m''6Z + A,^muiZ + A»e' 

m l , 8Z 

(A8.6) dl(z) = £>u + A,2z + A,3z + A,4* + A,5^
m''5Z + A,6^""'6Z + A,7^""'7Z + DU8e

mi 

(A8.7) / t ( z ) = F u + FU2z + Fh3z
2 + F M z 3 + Fl5e

m"z + Fx^
z + Flt7e^z + F ^ *z 
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The derivation of the solution field in Eqs A8.5 through A8.7 is based on the fact that the 

determinant of the matrix in the left hand side of Eq. A8.1 is zero. Therefore Eqs. A8.2, 

A8.3 and A8.4 are linearly dependent. Constants AXi and Dlt can be related to constants 

Fu by substituting Eqs A8.5 through A8.7 into Eqs. A8.2, A8.3 and A8.4. After the 

substitutions Eq. A8.2 becomes: 

Cu (2A,3 +6\4z+rf5\5e^ +ntA/h*Z + < V " * ' + " 6 V ^ ) -

Clw (A,i + \iZ + \3z
2 +\Az + \5e^z +Al,6e

m>fiZ +\1e
hlZ + \ s e v ) + 

(A8.8) . _ _ _ v 

Cm(Dl2+2Dh3z+3D1Az2+ml/Dh5e^+m1/Dh6e^z + 

q , (F u +2Fl3z+3FlAz2 +mu5%5e
n^ + ^ V V + > % % ^ + V V V ) = 0 

Eq. A8.8 must be valid for any value of z. Thus the coefficients of z°, z, z2, z3 and 

e™1'1 must vanish. Rearrange Eq. A8.8 to group like terms of-z: 

(A8.9a) 2QA13 - CmAu + CmD12 + C3F12 = 0 

(A8.9b) (6ClAlA-CmAl2+2CmDl3+2C3Fu3)z = 0 

(A8.9c) (-CmAl3+3CmDlA + 3C3Fl4)z
2 = 0 

(A8.9d) ~Cm\4Z
3 = 0 

(A8.9e) (QmJ - Cm) Au + Cnxm,?Du + C3m^Fu 

Perform a similar substitution to Eq. A8.3 and rearrange to obtain: 

(AS.lOa) Cm\2 + Cl2ilDu - 2C13D1>3 + C14>1FU - 2C154^ i3 = 0 

(AS.lOb) (2C1UA,3 +Ci2,iA,2-6C13A,4 +C14 j l^ i 2-6C154F l i 4)z = 0 

^ ' z = 0 fori = 5 to 8 
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(A8.iOc) (3C1UA]>4 + CmDl3 + CmFh3)z
2=0 

(AS.iOd) (CmD1A + CUtlFlA)z3 = 0 

(A8.10e) Cn,^A,i + (Ci2,i " C n r f j ) D u + (ci4,i " C i s M i F u ) 

to 8 

e u = 0for i = 5 

Also perform the same substitution to Eq. A8.4 and rearrange to obtain: 

(AS.lia) C3AU+C1 4 > 1DU-2C1 5 ,1Z)U+Q,^u-2C1 7 ,1FU = 0 

(AS.rib) (2C3AU +CmDU2-6C15JA,4 + CmFh2-6CmF1A)z = 0 

(AS.iic) (3C3\4+Cl4,Dl3+CmFu)z
2 =0 

(AS.iid) (C14]DlA + CmFlA)z3=0 

(A8.11e) Q^i,-A,,- + (Ci4,i - C i 5 , i " i ) D u + (Cm -CnMj + CeK) Fu 
,,muz _ 0 

for / = 5 to 8 

The solution for the case of i > 5 is identical to the general solution for n > 2 given in 

Appendix 9. Only the constants with i < 4 are of interest here. 

Twelve relationships have been developed in Eq. A8.9, A8.10 and A8.ll between the 

twelve unknown constants. However, because the equations are linearly dependent, the 

equations are redundant and only four of the equations are independent. The eight 

redundant equations are used to relate eight of the constants to the other four. 

Consider Eqs. A8.9 and A8.10 and note that the equations must be valid for any value of z. 

Since z, z2 and z3 are not zero for all values of z the value of the brackets multiplying z, z2 
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and z3 must be zero. The following relationships between Au, DXi and FXi for / = 1 to 4 

result: 

(A8.12a) 2Q A 3̂ - C m A { l + CniDl2 + C3Fl<2 = 0 

(A8.l2b) 6 C ] A 1 4 - C m \ 2 + 2CniDl3 + 2C3F1>3 = 0 

(A8.l2c) -Cm\3+3CUiDiA + 3C3FJ4 = 0 

(A8.l2d) -CmAl4=0 

(A8.i2e) CnJA>2 + C 1 2 Ai -2C1 3DU + C14>1FU -2C 1 5 4 ^ i 3 = 0 

(A8.i2f) 2C11>1Ai3+C12)1D1,2-6C13D1,4 + C14,1^,2-6C15ilF1>4=0 

(A8.12g) 3C1UAM + C12JDli3 + C14>1^i3 = 0 

(A8.12h) C12ilD1>4 + Cu<lFlA = 0 

From Eq. A8.12 A1( and D1>(- can be written in terms of FXi for i = 1 to 4. 

FromA8.12d: 

(A8.13) A 1 4 =0 

FromA8.12h: 

- C -
(A8.14) D l i 4 = - - ^ - F 1 > 4 

^12 ,1 

FromA8.12gandA8.13: 

r 
F; 14,1 F 

(A8.15) A.3 = - 7 7 - ^ 1 . 3 
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FromA8.12b, A8.13 and A8.15: 

(A8.16) Al2 

2C1UA3+2C3F,3 2 

r 
Mo,i 

G 10,1 

C C 
- 1U 1 4-1+q r 

V 12,1 

1,3 

From A8.12c and A8.14: 

(A8.17) A, 
jC, , .iVi 4 + Jl/ifi * j - ' l l ,! 1,4 ' ~ " - ' 3 I 1,4 

13 
G 10,1 c 

*-"10,l 

r r 
C 

V 12,1 

1,4 

From A8.12e, A8.15 and A8.16: 

(A8.18a) Du = 
G l , l A , 2 "*" ̂ 1 3 ^ 1 , 3 ^14,1M,1 "^ ^^15,1M,3 

G 12,1 

2G i u 

(A8.18b) A , = 
G 10,1 

C C A 
14,1 

, r 
V 12,1 

G 
- C C 
F . - 2 m m 

1,3 

y G 
M,3 ^ i 4 , r 1,1 "*" ^ G s , r i,3 

12,1 

G 12,1 

F ; ^14 ,1 = 

(A8.18c) A i = Fu+-C C 
^12,1 M2,l 

r 
Ml,l 
G 10,1 

r c 
r 

V 12,1 

Q r r 
^ 1 3 ^ 1 4 , 1 

^12 ,1 

+ G 15,1 * U 

From A8.12f, A8.14 and A8.17: 

(A8.19a) D] 
~^Gl,lA,3 "*""G3,lM,4 G4,lM,2 """"^15ri,4 

1,2 G 12,1 

6G 11,1 

(A8.19b) £>] 
G 10,1 

C C 
u l l , r i 4 , l 

r 
V 12,1 

- G - r - - -
f -6C 14J F - T F +6C F 
1 1,4 " ' " ' B ^ M , 4 v "14 , l x 1,2 ^ ' " " - ' 1 5 , 1 " ' 1,4 

'12,1 

1,2 
G 12,1 

(A8.19c) D] 

G 14,1 - . 6 
1,2 • ^ 1 . 2 + -

r r 
^12,1 ^12,1 

G 1,1 

G 10,1 

^11 ,1^14,1 

c 
V 12,1 

G c c 
G 

15,1 

12,1 
1,4 
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From A8.12a, A8.17 and A8.19: 

(A8.20a) A,, = 
^GA,3 + ^11,1 1,2 "*" ^ 3 M , 2 

G 10,1 

A,, 
_ 2 C i 

G 
(A8.20b) 

+ -

10,1 

6 

^10,1 

C C 

G V 12,1 

FIA + 
r 
un,i 

c 

"14,1 

C 1,2 

c, 12,1 

G 11,1 

c, 10,1 

^11,1^14,1 

c 
V 12,1 

G c c 
^ 1 3 ^ 1 4 , 1 c, 

+G 15 
12,1 

12,1 

1,4 
c, -

+ — 2 - F 1 2 
*-io,i 

V 
C3 G l u C 1 4 a [ - | ) 6Q 

r r r 
^10 ,1 ^10 ,1^12 ,1 

G 
c c 11.1^14,1 

(A8.20c) 

+ -
6G n, i 

c c 
^10 ,1^12 ,1 

c, 11,1 

c 10,1 

c c 
^11 ,1^14 ,1 

c 
V 12,1 

10,1 

c3 

G 
+G 

12,1 

c c 
^13 ,1^14 ,1 

G 
+c, 15,1 

12,1 

F 1,4 

Now all values of A,. and DXi are known in terms of F{ . for / = 1 to 4. In 

summary: 

\ i 

G3 C 1 U C 1 4 > 1 I - | 6C, 

c c c 
^10 ,1 ^10 ,1^12 ,1 

l C > 
r c 
^11 ,1^14 ,1 

(A8.21a) 

+ 
6 C 11.1 

c c 
^10 ,1^12 ,1 

r 
' - ' lU 
r 
Mo.i 

*-'ll ,l '- '14,l 

r 
V 12.1 

10,1 

c3 

G 
+G 

12,1 

^ 1 3 ^ 1 4 , 1 

G 
+G 15,1 

12,1 

F = 4 F + A F 
i 1,4 ^ 1 , 1 . r 1,2 ^ • r t l , 1 . 2 i 1,4 

(A8.21b) Al2 = 
G 10,1 

C C 
^11,1^14,1 

c 
V 12,1 

+c F = A F 
1 1,3 / 1 1 , 2 / 1,3 

(A8.21c) A,3 = 
G 10,1 

^11 ,1^14 ,1 

c 
V 12,1 

+ G F =A F 
i 1,4 / ^ [ , 3 i 1,4 

(A8.21d) A , 4 = 0 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory 
April 2008 

Appendix 8 
Page 195 



Fi 141 7^ *. 

(A8.21e) D u = - — - F u + — -
<-'12,l ^12,1 

c 
M l , ! 
Q 10,1 

r c 
Mi,iM4,i 

r 
^12,1 

Q c c 
M3M44 

c 
+ G 15,1 

12,1 

F =D F +D F 
1 1,3 M,1.1M,1 T ' t n , 1 . 2 i l , 3 

r\ M4,l F , O 
(A8.219 A,2 = - 7 7 ^ ^ , 2 + 7 7 -

M2,l M2,l 

c 
C, 10,1 

r c 
Mi, iM4, i 

M y 

-c, c c 
M3M4.1 

C 
M2,l 

+c« F =D F +D F 
1 1,4 M.2 .1 1 1,2 T M.2.2 1 1,4 

_ C - = -
(A8.21g) A,3 = - 7 7 ^ ^ 1 . 3 = M.3^1,3 

h 2 , i 

- C - = -
(A8.2ih) D1>4 = —^-FlA = Dli4FM c, 12,1 

For i = 5 to 8 the relationships between Au, Dlt andFM are given in Eq. A9.20 and A9.21 

in Appendix 9: 

(A8.22) ^ I 

( C i i , i ^ , , ) 

(C 1m u
2-C, 0 i l) 

( C l l , l ? W l . < ) ( C 3 m i , i ) 

(<W-Q») 
• ( C 1 4 , l - C 1 5 , l ^ , / 2 ) 

\^12,1 ^3,1^,1 ) ' 
(C l l jMl , , - ) 

(Q^Z-Cioa) 

(C3™1,,) 

( C ^ Z - C J O J ) ^ = AA; 

(A8.23) ^ 

1^12,1 ^13,1^1,/ J 
( C l l , l ^ , , : ) 

^ = AA 

In summary, the equilibrium equations are written in matrix form as: 
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(A8.24) 

« i ( z ) 
AW 

AW 
1x8 

T 

1x8 

T 

1x8 

tfL 

in which: 

(A8.25) 
A(Z)) =(0 j A.1.1 | A.2* ] (A,1.2+A,3^) ] 

A ^ j A^m'fiZ 
1 , 5 C I ^ W I 

i A e Xl i A e 
1x8 

(A8.26) 

A ( Z ) } L = ( A ' U l ^ i (DU.2+A,3Z
2) j ( A ^ + A , ^ ) j 

1x8 

(A8.27); (F^fa Fu F„ F w F u F,6 F u F,8) 

(A8.28)' / I \ \ / 1 2 3 » W fKieZ mi7z "iisZ 

\e\(z)) =(1 z z z e • e ' e ' <? 

1x8 

1x8 

The values of A1; and D,, are defined in Eqs. A8.21, A8.22 and A8.23. 

Integration constants A,,- a nd Du are now known in terms of constants FXi so only eight 

integration constants are present. These unknown constants are the elements of vector 

'1x8 
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A P P E N D I X 9 - R E D U C I N G I N T E G R A T I O N C O N S T A N T S F O R n > 2 

The solution of the equilibrium equations for n > 2 in Eq. 3.24 appears to have twenty-four 

integration constants, but only eight boundary conditions are presented in Eq. 2.19. In this 

appendix two sets of integration constants, An. and Dn., are related to the third set, Fn.. 

As a result, only eight integration constants will remain which can be determined from the 

eight boundary conditions. 

The simplified homogeneous equations for displacements an{z), dn(z) and fn(z) for 

n > 2 are given in Eq. 2.27 with the right hand side of the equation being {Qn} = {0} : 

(A9.1) [X»L3 

an(z) 

fn{z) 

1 D2 -r ! CD 

CUD \Cl2-CnD
2 

C,D ]cu-c15b
2 

C3D 

Cl4-Ci5D
2 

C^-C^+C.D 

\an{z) 

KU) 
UwJ 

'=• 
\°] 
0 

0 

Expanding Eq. A9.1 gives: 

(A9.2) Cyn{z)-Cw,nan{z) + Cnj'n{z) + Cj;{z) = 0 

(A9.3) CnX(z) + CnjAz)-Cnd:(Z) + CuJn(z)-Cl5j:(z) = 0 

(A9.4) C,a:(z) + CUJM-C15j:(z) + Cjn
(4\z)-C17j:(z) + C16jn(z) = 0 

As in Chapter 3 the solution field for Eq. A9.1 is: 

(A9.5) «„(z) = X V V 

(A9.6) dn(Z) = ±Dn4e
m" 
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(A9.7) /B(Z) = £ F B / " 
1=1 

The derivation of the solution field in Eqs A9.5 through A9.7 is based on the fact that the 

determinant of the matrix in the left hand side of Eq. A9.1 is zero. Therefore Eqs. A9.2, 

A9.3 and A9.4 are linearly dependent. For each root mn i the constants AnJ and Dni can be 

related to the constants Fni by substituting Eqs A9.5 through A9.7 into Eqs. A9.2, A9.3 and 

A9.4. After the substitutions and considering each root i independently Eq. A9.2 becomes: 

(A9.8) ( < > „ / -C10iB) AnJe
m-z + (Clumn,)DHje^ + (C3mn,) fn/^ = 0 

(A9.9) (Clumn,) AnJe
m-z + (C12,„ - C X X n m J ) D n / ^ + (C14,„ -C15,„m„,2)FHje^ = 0 

(A9.10) {C3mni) Aj™ +(C14,„ - C ] 5 , „ m „ / ) ^ / ^ +(C6mnf -C^rnJ +CxJ)Fn/^
1 =0 

I Eq. A9.8 must be valid for any value of z. Since em"'z can never be zero Eqs. A9.8 through 

A9.10 reduce to: 

(A9.il) (C 1 m„/-C 1 0 j4 ,+(C 1 1 > „m„jD„,+(C 3 m„,jF„, = 0 

(A9.12) (Clumn,) A,, + (C12,„ - C13,„m„,2) Dni + (C14,„ - C^nmJ) F„, = 0 

(A9.13) (C3mni) An. +(C14,„ -C15,„m„,2)D„, +(C6mnf -C^nmJ + C 1 6 jF„ , = 0 

Rearrange Eq. A9.11 to write Ani in terms of Dni and Fni: 

7 -(Cn,nmn,i) A,,, - (£>„,, ) K,i 
(A9.14) A„, = — 

(<=>„,, -C10)B) 

Rearrange Eq. A9.12 and substitute Eq. A9.14 to obtain the relationship between Dni and 
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(A9.15) DnJ 

(Cn,n-CiXllmJ) 

(A9.16) Dn. = 

(Cn,nmn,i)(C3mni) 

(CltnJ-C10M) 
-(Ci4,„-C15,„WfW-2) 

(C -C m 2) ^Cll '"m"^ 

Substitute Eq. A9.16 into Eq. A9.14 and rearrange to obtain the relationship between A n i 

and F ,.: 

(A9.17) A. = 

{Cn,nmn,i) 

(C^nf-C^) 
{CU,n-Cl5,nmn,,2) 

(C3mn>l) 

\C„ — C, m 2 |-
V 12,n 13,n n,i ) 

(CU,nmn,i) 

( C i ^ / - C i o , « ) 

(QmJ-C^) 

The integration constants A n i and Dn i can now be written in terms of Fni as: 

(A9.18) An,=An.Fn<i 

(A9.19) Dn^Dn.Fn. 

in which: 

(A9.20) 4, , , .=-
(<W-C10,„) 

( C i i A ) ( Q % ) 

(C,mJ-CWn) 
{Cu,n-C15,nmn,,2) 

(Cn - C „ m l — 
V 12 ,n 13, n n,i ) 

(CU,nmn,if 

(C3mni) 

(Qn„,2-C10,„) 
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(A9.21) Dn-
\Cimn,i - C 1 0 , » j 

(C -C m 2) (C"-"m»') 

In summary, the solution field in Eqs. A9.6 through A9.8 is written in matrix form as: 

(A9.22) 

an{z) 

dn{z) 

fn{z) 

\(z) 

Dn(z) 

1x8 

T 

1x8 

T 

1x8 

t " J8x l 

in which: 

(A9.23) 
MZ)) =(A,4^ K ^ \^Z KA'™ /us \ 

«,5e A..6* A,.7e A,** 
1x8 

(A9.24) 

T 

1x8 
DM)..,={D^mnlZ Dn^lZ D n ^ DnA^AZ 

K ^ Dnfie
m^ D^e™ Dn,em"A 

(A9.25) (e„(z)) =(e • e • e • e • e • e • e ' e 
1x8 

(A9.26) (Fn)ls=(Fn, Fna FBi3 F„,4 F„,5 Fn>6 F„,7 F„,8}i><8 

The values of Ani and Dni in Eqs. A9.23 and A9.24 are given in Eqs. A9.20 and A9.21 

respectively. 
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Integration constants An. and Dn. are now known in terms of constants Fn. so only eight 

integration constants are present. These unknown constants are contained in the vector 

\ «/lx8 
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APPENDIX 10 -PROGRAM LISTING FOR ANALYTICAL SOLUTION 

The analytical method developed in Chapter 3 was implemented using the C++ 

programming language and compiled with the software program Borland C++, version 5.02. 

Included in the subsequent sections are the listing of the program and the program output for 

the examples given in Chapter 4. 

The program utilizes the built-in C++ class "complex" which can carry out all required 

mathematical manipulations of complex numbers. The geometric and material properties 

are hard coded into the program. These can be changed and the program re-run to model 

different pipe geometries. Alternatively, a simple modification could be made to the code to 

allow the user to input the pipe properties. The latter alternative would be useful for a small 

problem involving only one or two elements but would quickly become cumbersome for a 

larger model. 

The loading conditions are also hard coded into the program. The main program listing in 

Section A10.1 includes the code for the loading given in Example 1 in Chapter 4. As with 

the pipe properties, the loading can be change by modifying the code and re-running the 

model. The section of code that is required to be changed to alter the loading is relatively 

small. The code for the loading conditions used for the self weight example in Chapter 4 is 

also included in this appendix. 

Note that the only changes to the program listing required to model the two examples in 

Chapter 4 are the pipe properties and the loading conditions. All other aspects of the 

program listing, including the calculation of the all constants and the determination of the 

stiffness matrix, do not need to be altered. 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory 
April 2008 

Appendix 10 
Page 203 



A10.1 Program Listing 

Below is the listing for the program used to analytically calculate the deflection of the tip of 

a cantilevered pipe with an applied point load at the tip. The geometry, material properties 

and loading are those of Example 1 in Chapter 4. 

Note that everything in italics in the program listing is a comment that is ignored by the C++ 

compiler. These comments are included for clarification only. 

linclude <complex.h> 
#include <math.h> 

// Function definitions 
void input(double *, double *,double *, double * 
void constantsl(double *, double, double, double 
void constants2(double *, int, double); 
void coefficients(double *, double * ) ; 
void quartic„roots(complex *, double * ) ; 
complex complex_root(double); 
void multiply_matrix(complex [][9], complex 
void multiply_vector(complex [], complex [] 

double *, double 
double, double); 

] [9] , complex!] [9] ) ; 
complex [] [9] ) ; 

int * ) ; 

// Begin main program 
main() , 

double pi=M_PI; 
double r, t, E, G, mu, 1; 
double en[18]; 
double p[6]; 
int i, j,k; 
int n; 
int alpha; 
complex i_sqrd, im; 
complex M[5]; 
complex m[9]; 
complex A_bar[9], D_bar[9] 
complex Al_bar[10], Dl_bar 
complex H[9][9], H_inv[9][ 
complex e[9]; 
complex Q[9], d e l t a [ 9 ] ; 
complex a, b, c, d, f, g; 

//physical properties of pipe 
//array of constants from Eq. 2.15 
//coefficients of quartic equation 
//counters in "for" loops 
//current Fourier mode 
//total number of Fourier modes included in analysis 
//imaginary number defined as sqrt (-1) 
//roots of quartic equation 
11sqaure roots of roots of quartic equation 

, F_bar[9], C_bar[9]; //vectors relating integration constants 
[11]; //vectors relating integration constants for mode n=l 
9]; //Matrices of boundary equations 

//load potential and nodal displacement vectors 

//Define imaginary number i and call it "im" 
i_sqrd=-l; 
im=sqrt(i_sqrd); 

//Get element data 
input(&r, &t, &1, &E, &G, Srau, &alpha); 

//Calculate constants not dependent on "n" 
constantsl(en, r, t, E, G, mu); 

// *** Axi-symmetric case n=0 *** 
/ / * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * rt * * * * * * * * ^ ̂  

//Calculate each of the roots for i=3 to 6 
m[l]=-12*(l-pow(mu,2)) /pow(r*t ,2) ; 
m[2]=sqrt(m[l] ) ; 
m[3]=sqrt (m[2] ) ; 
m[4]=-l*m[3] ; 
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m[5]=m[3]*im; 
m[6]=-l*m[3]*im; 

//Construct F_bar and C_bar. 
for(i=l;i<=8;i++) 

Fbar[i]=0; 
Fbar[2]=-l*mu*r; 
for(i=3;i<=6;i++) 

Fbar[i]=-l*r*m[i]/mu; 

//Construct the transformation matrix H from the boundary conditions 

//Row 1 - Eq. (4.21a) 
H[ l ] [1]=H[1] [3]=H[1] [4]=H[1] [5]=H[1] [ 6 ] = 1 ; 
H[ l ] [2]=H[1] [7]=H[1] [8 ]=0 ; 

//Row 7 - Eq. (4.21b) 
f o r ( i = l ; i < = 8 ; i + + ) 

H[7] l i ] = 0 ; 
H[7] [ 7 ] = 1 ; 

//Row 3 - Eq. (4.21c) 
f o r ( i = l ; i < = 8 ; i + + ) 

H[3] [ i ] = F _ b a r [ i ] ; 

//Row 4 - Eq. (4.21d) 
H[4] [1]=H[4] [2]=H[4] [ 7 ] =H [ 4 ] [8 ]=0 ; 
f o r ( i = 3 ; i < = 6 ; i + + ) 

H[4] [ i ] = m [ i ] *F_bar [ i ] ; 

//Row 2 - Eq. (4.23) 
H[2] [1]=H[2] [7]=H[2] [8 ]=0 ; 
H [ 2 ] [ 2 ] - 2 * c n [ l ] + 2 * c n [ 3 ] * F _ b a r [ 2 ] ; 
f o r ( i = 3 ; i < = 6 ; i + + ) 

H [ 2 ] [ i ] = ( 2 * c n [ l ] * m [ i ] + 2 * c n [ 3 ] * F _ b a r [ i ] ) * e x p ( m [ i ] * 1 ) ; 

//Row 8 - Eq. (4.24) 
f o r ( i = l ; ± < = 7 ; i + + ) 

H [ 8 ] [ i ] = 0 ; 
H [8] [ 8 ] = 2 * ( c n [ 4 ] + c n [ 9 ] ) ; 

//Row 5 - Eq. (4.25) 
H[5] [1]=H[5] [2]=H[5] [7]=H[5] [8 ]=0 ; 
f o r ( i = 3 ; i < = 6 ; i + + ) 

H [ 5 ] [ i ] = - 2 * c n [ 6 ] * p o w ( m [ i ] , 3 ) * F _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 

//Row 6 - Eq. (4.26) 
H[6] [1]=H[6] [2]=H[6] [7]=H[6] [8 ]=0 ; 
f o r ( i = 3 ; i < = 6 ; i + + ) 

H[6J [ i ] = 2 * c n [ 6 ] * p o w ( m [ i ] , 2 ) * F _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 

//Invert the martix [H] 
i n v e r s e ( H , H_inw); 

//Create the load vector Q - Eq. (4.21) 
f o r ( i = l ; i < = 8 ; i++) 

Q [ i ] = 0 ; 
Q [ 5 ] = - 1 6 ; 

//Calculate the integration constants from {A_bar) = [H_inv]*(Q) 
multiply_vector(A_bar, Q, H_inv); 

//Find a(l), c(l) and f(l) from c (1) =<C_bar (1) >{A_bar) in Eq. (4.17) 
a=A_bar 11 ] +A__bar [ 2 ] * 2; 
f=A_bar[2]*F_bar [ 2]; 
for(i=3; i<=6; i++) 
{ 

a+=A_bar[i]*exp <m[i]*1); 
f+=F_bar[i]*A_bar[i]*exp(m[i]*1); 

} 
c=A_bar[7]+A_bar[8]*1; 
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//Output the nodal displacement contributions at z=l for mode n-0 in mm 
cout<<"\n*** Nodal displacement contributions for n=0 ***"<<endl; 
cout<<"aO(1) = "<<a*1000<<" mm"<<endl; 
cout<<"cO(l) = "<<c*1000<<" mm"<<endl; 
cout<<"fO(l) = "<<f*1000<<" mm\n"<<endl; 

/ / **************************************************************************************** 
// *** End mode n=0 *** 
/ / * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * • * ************************************ 

//****************************************************************************************** 
// *** Special case of n=l *** 
//****************************************************************************************** 

//Calculate constants that depend on 'n' and coefficients of quartic equation 
constants2(en, 1, r); 
coefficients(en, p) ; 

/ / C a l c u l a t e each of the roots for i=5 to 8 
m[l]=pow(p[2],2)-4*p[l]*p[3] ; 
m[2]=sqrt (m[l] ) ; 
m[5]=sqrt((-1.0*p[2]+m[2])/(2*p[l])); 
m[6]=sqrt( (-1.0*p[2]-m[2] )/(2*p[l] ) ) ; 
m[7]=-1.0*m[5]; 
m[8]=-1.0*m[6]; 

//Construct vectors {A_barj and {D_bar} 
Al_bar[l]=0; 
Al_bar[2]=cn[3]/en[10]-(en[11]*cn[14])/(en[10]*cn[12]); 
Al_bar[3]=(2/cn[10])*(en[3]-(en[11]*cn[14])/cn[12]); 
Al^bar[4] = (3/cn[10])*(en[3]-(en [11]*cn [14])/en [12]); 
Dl_bar[1]=-1.0*cn[14]/en[12], 
Dl_bar[2]=-l.0*cn[14]/en[12], 
Dl_bar[3]=-1.0*cn[14]/en[12] 
Dl_bar[4]=-1.0*cn[14]/en[12]j 
for(i=5; i<=8; i++) 
{ 

D l _ b a r [ i ] = ( ( e n [ 1 1 ] * m [ i ] ) * ( e n [ 3 ] * m [ i ] ) / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) - ( c n [ 1 4 ] -
c n [ 1 5 ] * p o w ( m [ i ] , 2 ) ) ) / ( e n [ 1 2 ] - e n [ 1 3 ] * p o w ( m [ i ] , 2 ) -
p o w ( e n [ 1 1 ] * m [ i ] , 2 ) / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) ; 

A l _ b a r [ i ] = ( ( - 1 ) * c n [ 1 1 ] * m [ i ] / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) * D l _ b a r [ i j -
cn [3] *m[i] / (en [1] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ; 

} 
A l _ b a r [ 9 ] = - 6 * r * c n [ l ] / c n [ 1 0 ] + ( 6 * c n [ l l ] / ( e n [ 1 0 ] * c n [ 1 2 ] ) ) * ( r * c n [ 1 1 ] - e n [ 4 ] t e n [ 8 ] ) ; 
Dl_bar [9] = (2 / cn [12] ) * ( (en [11] / e n [10] ) * (en [11] *cn [14] / en [12] - e n [3] ) -

( c n [ 1 3 ] * c n [ 1 4 ] / e n [ 1 2 ] ) + c n [ 1 5 ] ) ; 
D l _ b a r [ 1 0 ] = 3 * D l _ b a r [ 9 ] ; 

/ / * Calculate first the displacements al, dl and fl 

//Construct the matrix [H] from the boundary conditions 
//Row 1 - Eq. (4.37c) 
H [ l ] [1]=H[1] [5]=H[1] [6]=H[1] [7]=H[1] [ 8 ] = 1 ; 
H [ l ] [2]=H[1] [3]=H[1] [ 4 ] = 0 ; 

//Row 2 - Eq. (4.37d) 
H[2] [1]=H[2] [3]=H[2] [4 ]=0 ; 
H [ 2 ] [ 2 ] = 1 ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 2 ] [ i ] = m [ i ] ; 

//Row 3 - Eg. (4.37b) 
H [ 3 ] [ l ] = D l _ b a r [ 1 ] ; 
H[3] [2]=H[3] [4 ]=0 ; 
H [ 3 ] [ 3 ] = D l _ b a r [ 9 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 3 ] [ i ] = D l _ b a r [ i ] ; 

//Row 4 - Eq. (4.37a) 
H [ 4 ] [ 2 ] = A l _ b a r [ 2 ] ; 
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H[4] [1]=H[4] [3 ]=0 ; 
H [ 4 ] [ 4 ] = A l _ b a r [ 9 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 4 ] [ i ] = A l _ b a r [ i ] ; 

//Row 5 - Eq. (4.39) 
H[5] [ l ] = c n [ 3 ] * ( l + D l _ b a r [1] ) ; 
H [ 5 ] [ 2 ] = c n [ 3 ] * l * ( l + D l _ b a r [ 2 ] ) ; 
H [ 5 ] [ 3 ] = c n [ l ] * A l _ b a r [ 3 ] + c n [ 3 ] * ( p o w ( 1 , 2 ) * ( 1 + D l _ b a r [ 3 ] ) + D l _ b a r [ 9 ] ) ; 
H [ 5 ] [ 4 ] = 2 * c n [ l ] * A l _ b a r [ 4 ] * l + c n [ 3 ] * ( p o w ( l , 3 ) * ( l + D l _ b a r [ 4 ] ) + D l _ b a r [ 1 0 ] * 1 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 5 ] [ i ] = ( c n [ l ] * m [ i ] * A l _ b a r [ i ] + c n [ 3 ] * ( 1 + D l _ b a r [ i ] ) ) * e x p ( m [ i ] * 1 ) ; 

//Row 7 - Eq. (4.42) 
H[7] [ l ] = - l * c n [ 8 ] * ( 1 + D l _ b a r [ 1 ] ) ; 
H[7] [ 2 ] = - l * c n [ 8 ] * l * ( 1 + D l _ b a r [ 2 ] ) ; 
H[7] [ 3 ] = 2 * c n t 6 ] - c n [ 8 ] * ( p o w ( l , 2 > * (1+Dl_bar [3] ) + D l _ b a r [ 9 ] ) ; 
H [ 7 ] [ 4 ] = 6 * c n [ 6 ] * l - c n [ 8 ] * ( p o w ( l , 3 ) * ( 1 + D l _ b a r [ 4 ] ) + D l _ b a r [ 1 0 ] * 1 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 7 ] [ i ] = ( c n [ 6 ] * p o w ( m [ i ] , 2 ) - e n [ 8 ] * ( 1 + D l _ b a r [ i ] ) ) * e x p ( m [ i ] * 1 ) ; 

//Row 6 - Eq. (4.40) 
H[6] [ 1 ] = 0 ; 
H[6] [ 2 ] = - l * c n [ 5 ] * A l _ b a r [ 2 ] + ( e n [ 4 ] + c n [ 9 ] ) * D l _ b a r [ 2 ] + c n [ 9 ] ; 
H [ 6 ] [ 3 ] = l * ( - l * c n [ 5 ] * A l _ b a r [ 3 ] + 2 * ( c n [ 4 ] + c n [ 9 ] ) * D l _ b a r [ 3 ] + 2 * c n [ 9 ] ) ; 
H[6] [ 4 ] = - l * c n [ 5 ] * ( A l _ b a r [ 9 ] + A l _ b a r [ 4 ] * p o w ( 1 , 2 ) ) + ( e n [ 4 ] + c n [ 9 ] ) * ( D l _ b a r [ 1 0 ] + 3 * D l _ b a r [ 4 ] * 

pow (1 ,2 ) )+3*cn[9] * p o w ( l , 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H[6] [i] = (-l*cn[5]*Al_bar[i] + (en[4]+cn[9])*Dl_bar[i]*m[i]+cn[9J *m[i])*exp(m[i] *1) ; 

//Row 8 - Eq. (4.41) 
H[8] [1 ]=0 ; 
H[8] [2] = ( c n [ 8 ] + c n [ 9 ] ) * (1+Dl_bar [2 ] ) ; 
H[8] [3] = ( c n [ 8 ] + c n [ 9 ] ) * 1 * 2 * ( 1 + D l _ b a r [ 3 ] ) ; 
H[8] [ 4 ] = - 6 * c n [ 6 ] + ( c n [ 8 ] + c n [ 9 ] ) * (3*pow(l , 2 )+Dl_bar [10]+3*Dl_bar [4] * p o w ( l , 2 ) ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H[8][i]=(-l*cn[6]*pow(m[i],3)+(en[8]+cn[9])*(1+Dl_bar[i])*m[i])*exp(m[i]*1); 

//Invert the martix [H] 
inverse(H, H_inv); 

//Create the load vector Q in Eq. (4.43) 
for(i=l; i<=8; i++) 

Q[i]=0; 
Q[8]=-16; 

//Calculate the integration constants from (F_bar) = [H_inv]*(Q) 
multiply_vector(F_bar, Q, H_inv); 

//Find the vector <e(l)> from Eq. (4.35c) 
e[l]=l; 
e[2]=l; 
e[3]=pow (1,2) ; 
e[4]=pow(l,3) ; 
for(i=5;i<=8;i++) 

e [i] =exp(m[i] *1) ; 

//Calculate tip deflection as f=<e (1)>{F) from Eq. (4.34) 
f=0; 
for(i=l;i<=8;i++) 

f+=e[i]*F_bar[i]; 

//Calculate tip deflection as d=<Dl_bar (1) >{ f) from Eq. (4.34) 
d=0; 
d+=Dl_bar[l]*F_bar[1]; 
d+=Dl_bar[2]*l*F_bar[2]; 
d + = ( D l _ b a r [ 9 ] + D l _ b a r [ 3 ] * p o w ( l , 2 ) ) * F _ b a r [ 3 ] ; 
d + = ( D l _ b a r [ 1 0 ] * 1 + D l _ b a r [ 4 ] * p o w ( l , 3 ) ) * F _ b a r [ 4 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

d + = D l _ b a r [ i ] * e x p ( m [ i ] * 1 ) * F _ b a r [ i ] ; 
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//Calculate the axial deflection of the tip as a-<Al_bar(1)>{f} from Eq. (4.34) 
a=0; 
a+=Al_bar[2]*F_bar[2]; 
a+=Al_bar[3]*l*F_bar[3]; 

a+=(Al_bar[9]+Al_bar[4]*pow(l,2))*F_bar[4]; 
for(i-5;i<—8;i++) 

a+=Al_bar[i]*exp(m[i]*1)*F_bar[i]; 

//Output the nodal displacement contributions at z=l for mode n=l in mm 
cout<<"*** Nodal d i s p l a c e m e n t components f o r n=l ***"<<end l ; 
c o u t « " a l ( l ) = "<<a*1000<<" mm"<<endl; 
c o u t « " d l ( l ) = " « d * 1 0 0 0 < < " m m " « e n d l ; 
c o u t < < " f l ( l ) = " < < f * 1 0 0 0 « " m m " « e n d l ; 

//*** Calculate now the displacements hi, cl and gl *** 

//Construct the matrix [H] from the boundary conditions 
//Row 1 - Eq. <4.37c) 
H [ l ] [ 1 ] = H [ 1 ] [ 5 ] = H [ 1 ] [ 6 ] = H [ 1 ] [ 7 ] = H [ 1 ] [ 8 ] = 1 ; 
H [ l ] [ 2 ] = H [ 1 ] [ 3 ] = H [ 1 ] [ 4 ] = 0 ; 

//Row 2 - Eq. (4.37d) 
H [ 2 ] [ 1 ] = H [ 2 ] [ 3 ] = H [ 2 ] [ 4 ] = 0 ; 
H [ 2 ] [ 2 ] = 1 ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 2 ] [ i ] = m [ i ] ; 

//Row 3 - Eq. (4.37b) 
H [ 3 ] [ l ] = D l _ b a r [ 1 ] ; 
H [ 3 ) [ 2 ] = H [ 3 ] [ 4 ] = 0 ; 
H [ 3 ] [ 3 ] = - l * D l _ b a r [ 9 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 3 ] [ i ] = - l * D l _ b a r [ i ] ; 

//Row 4 - Eq. (4.37a) 
H [ 4 ] [ 2 ] = A l _ b a r [ 2 ] ; 
H [ 4 ] [ 1 ] = H [ 4 ] [ 3 ] = 0 ; 
H [ 4 ] [ 4 ] = A l _ b a r [ 9 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 4 ] [ i ] = A l _ b a r [ i ] ; 

//Row 5 - Eq. (4.39) 
H [ 5 ] [ l ] = c n [ 3 ] * ( 1 + D l _ b a r [1 ] ) ; 
H [ 5 ] [ 2 ] = c n [ 3 ] * l * ( 1 + D l _ b a r [ 2 ] ) ; 
H [ 5 ] [ 3 ] = c n [ l ] * A l _ b a r [ 3 ] + c n [ 3 ] * ( p o w ( l , 2 ) * ( 1 + D l _ b a r [ 3 ] ) + D l _ b a r [ 9 ] ) ; 
H [ 5 ] [ 4 ] = 2 * c n [ l ] * A l _ b a r [ 4 ] * l + c n [ 3 ] * ( p o w ( l , 3 ) * ( 1 + D l _ b a r [ 4 ] ) + D l _ b a r [ 1 0 ] * 1 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 5 ] [ i ] = ( e n [ 1 ] * m [ i ] * A l _ b a r [ i ] + c n [ 3 ] * ( 1 + D l „ b a r [ i ] ) ) * e x p ( m [ i ] * 1 ) ; 

//Row 6 - Eq. (4.42) 
H [ 7 ] [ l ] = - l * c n [ 8 ] * ( l + D l _ b a r [ 1 ] ) ; 
H [ 7 ] [ 2 ] = - l * c n [ 8 ] * 1 * ( 1 + D l _ b a r [ 2 ] ) ; 
H [ 7 ] [ 3 ] = 2 * c n [ 6 ] - c n [ 8 ] * ( p o w ( l , 2 ) * ( 1 + D l _ b a r [ 3 ] ) + D l _ b a r [ 9 ] ) ; 
H [ 7 ] [ 4 ] = 6 * c n [ 6 ] * l - c n [ 8 ] * ( p o w ( l , 3 ) * ( 1 + D l _ b a r [ 4 ] ) + D l _ b a r [ 1 0 ] * 1 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H [ 7 ] [ i ] = ( c n [ 6 ] * p o w ( m [ i ] , 2 ) - e n [ 8 ] * ( 1 + D l _ b a r [ i ] ) ) * e x p ( m [ i ] * 1 ) ; 

//Row 7 - Eq. (4.40) 
H [ 6 ] [ 1 ] = 0 ; 
H [ 6 ] [ 2 ] = - l * c n [ 5 ] * A l _ b a r [ 2 ] + ( e n [ 4 ] t e n [ 9 ] ) * D l _ b a r [ 2 ] + c n [ 9 ] ; 
H [ 6 ] [ 3 ] = l * ( - l * c n [ 5 ] * A l _ b a r [ 3 ] + 2 * ( c n [ 4 ] + c n [ 9 ] ) * D l _ b a r [ 3 ] + 2 * c n [ 9 ] ) ; 
H [ 6 ] [ 4 ] = - l * c n [ 5 ] * ( A l _ b a r [ 9 ] + A l _ b a r [ 4 ] * p o w ( 1 , 2 ) ) + ( e n [ 4 ] + c n [ 9 ] ) * ( D l _ b a r [ 1 0 ] + 3 * D l _ b a r [ 4 ] * 

p o w ( l , 2 ) ) + 3 * c n [ 9 ] * p o w ( l , 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

H[6] [i] = (-l*cn[5] *Al__bar [i] + (en [4]+cn [9] ) *Dl_bar [i] *m[i] +cn [9] *m[i] ) *exp(m[i] *1) ; 

//Row 8 - Eq. (4.41) 
H[8] [1]=0; 
H [ 8 ] [ 2 ] = ( c n [ 8 ] + c n [ 9 ] ) * ( 1 + D l _ b a r [ 2 ] ) ; 
H [ 8 ] [3 ] = ( c n [ 8 ] + c n [ 9 ] ) * 1 * 2 * ( 1 + D l _ b a r [ 3 ] ) ; 
H [ 8 ] [ 4 ] = - 6 * c n [ 6 ] + ( c n [ 8 ] + c n [ 9 ] ) * ( 3 * p o w ( l , 2 ) + D l _ b a r [ 1 0 ] + 3 * D l _ b a r [ 4 ] * p o w ( l , 2 ) ) ; 
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for (i=5;i<=8;i + + ) 
H[8][i]=(-l*cn[6]*pow(m[i],3)+(en[8]+cn[9])*(1+Dl_bar[i])*m[i])*exp(m[i]*1); 

//Invert the martix [H] 
inverse(H, H_inv); 

//Create the load vector Q in Eq. (4.43) 
for(i=l; i<=8; i++) 

Q[i]=0; 
Q[8]=-16; 

//Calculate the integration constants from {G_bar) = [H_inv]*{Qj 
m u l t i p l y _ v e c t o r ( G _ b a r , Q, H _ i n v ) ; 

//Find the vector <e(l)> from Eq. (4.35c) 
e [ l ] = l ; 
e [ 2 ] = l ; 
e [ 3 ] = p o w ( l , 2 ) ; 
e [ 4 ] = p o w ( l , 3 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

e [ i ] =exp (m[i] *1) ; 

//Calculate tip deflection as g=<e (1) >IG) from Eq. (4.34) 
g=0; 
for(i=l;i<=8;i++) 

g+=e[i]*G_bar[i]; 

//Calculate tip deflection as c=-l*<Dl_bar (1) >{G) from Eq. (4.34) 
c=0; 
c+=Dl_bar [ 1 ] *G_bar [ 1 ] ;. 
c+=Dl_bar[2]*l*G_bar[2]; 
c + = ( D l _ b a r [ 9 ] + D l _ b a r [ 3 ] * p o w ( l , 2 ) ) *G_bar [3] ; 

. c + = ( D l _ b a r [ 1 0 ] * 1 + D l „ b a r [ 4 ] * p o w ( 1 , 3 ) ) * G _ b a r [ 4 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

c + = D l _ b a r [ i ] * e x p ( m [ i ] * 1 ) * G _ b a r [ i ] ; 

//Calculate the axial deflection of the tip as b=<ALbar(1)>(G) from Eq. (4.34) 
b=0; 
b+=Al_bar[2]*G_bar[2]; 
b+=Al_bar[3]*l*G_bar[3]; 
b + = ( A l _ b a r [ 9 ] + A l _ b a r [ 4 ] * p o w ( l , 2 ) ) * G _ b a r [ 4 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

b + = A l „ b a r [ i ] * e x p ( m [ i ] * 1 ) * G _ b a r [ i ] ; 

//Output the nodal displacement contributions at 
cout<<"*** Nodal displacement components for 
cout«"bl(l) = "<<b*1000«" mm"<<endl; 
cout«"cl(l) = "<<c*1000<<" mm"<<endl; 
cout<<"gl(l) = "<<g*1000<<" mm"<<endl; 

// *** End mode n=l *** 

//****************************************************************************************** 
//****************************************************************************************** 
// ***General case of n>=2 *** 
//****************************************************************************************** 

//Calculate each Fourier mode 'n ' independently 
for(n=2; n<=alpha; n++) 
{ 
//Calculate constants that depend on 'n ' and coefficients of quartic equation 

constants2(en, n, r); 
coefficients(en, p); 

//Use Ferrari 's method to determine roots M and then take square roots to get m 
quartic_roots(M, p); 
m[5]=sqrt(M[l] ) ; 
m[6]=-l*sqrt(M[l] ) ; 
m[3]=sqrt (M[2] ) ; 
m[4]=-l*sqrt(M[2]); 

z=l for mode n=l in mm 
n=l ***"<<endl; 
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m [ l ] = s q r t ( M [ 3 ] ) ; 
m [ 2 ] = - l * s q r t (M[3] ) ; 
m [ 7 ] = s q r t ( M [ 4 ] ) ; 
m [ 8 ] = - l * s q r t ( M [ 4 ] ) ; 

//Establish relationships between vectors of integration constants 
f o r ( i = l ; i < = 8 ; i++) 
{ 

D _ b a r [ i ] = ( ( e n [ 1 1 ] * m [ i ] ) * ( e n [ 3 ] * m [ i ] ) / ( o n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) - ( c n [ 1 4 ] -
cn [15 ] *pow(m[i] , 2 ) ) ) / (en [ 1 2 ] - e n [13] *pow(m[i] , 2 ) -
p o w ( c n [ l l ] *m[i ] ,2 ) / (en [1] *pow (m[i] , 2 ) - e n [10] ) ) ; 

A _ b a r [ i ] = ( ( - 1 ) * c n [ 1 1 ] * m [ i ] / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) * D _ b a r [ i j -
cn [3] *m[i] / (en [1] * p o w ( m [ i ] , 2 ) - c n [ 1 0 ] ) ; 

F _ b a r [ i ] = l ; 
} 

//*** Calculate first the displacements an, dn and fn *** 

//Construct the matrix [H] from the boundary conditions 
f o r ( i = l ; i < = 8 ; i + + ) 
{ 

H[ l ] [ i ] = A _ b a r [ i ] ; 
H [ 2 ] [ i ] = D _ b a r [ i ] ; 
H[3] [ i ] = l ; 
H[4] [ i ] = m [ i ] ; 
H[5] [ i ] = ( c n [ l ] *m[i]*A__bar [ i ] + c n [ 3 ] * ( l+n*D_bar [ i ] ) ) *exp (m[ i ] *1) ; 
H [ 6 ] [ i ] = ( - l * n * c n [ 5 ] * A _ b a r [ i ] + ( e n [ 4 ] + c n [ 9 ] ) * m [ i ] * D _ b a r [ i ] + 

n * c n [ 9 ] * m [ i ] ) * e x p ( m [ i ] * 1 ) ; 
H[7] [ i ] = ( - l * c n [ 6 ] * p o w ( m [ i ] , 3 ) + (en [8]+cn [9] ) * (n*D_bar [ i ] +n*n) *m[i] ) * e x p ( m [ i ] * l ) ; 
H [ 8 ] [ i ] = ( c n [ 6 ] * p o w ( m [ i ] , 2 ) - e n [ 8 ] * ( n * D _ b a r [ i ] + n * n ) ) * e x p ( m [ i ] * l ) ; 

] 

//Invert the martix [H] 
i n v e r s e ( H , H _ i n v ) ; 

//Create the load vector Q 
f o r ( i = l ; i<=8 ; i++) 

Q [ i ] = 0 ; 
if(n%2==0) 

Q [ 7 ] = - 1 6 * c o s ( n * p i / 2 ) ; 

//Calculate the integration constants from (F_bar) = [H_inv]*(Q) 
m u l t i p l y _ v e c t o r ( F _ b a r , Q, H _ i n v ) ; 

//Find a(l), d(l) and f (1) from a (1) =<A_bar (1) > (F_bar} 
a=d=f=0; 
f o r ( i = l ; i < = 8 ; i++) 
{ 

a+=A_bar [ i ] *exp (m[i] *1) *F__bar [ i ] ; 
d+=D_bar [ i ] * e x p ( m [ i ] * D *F_bar [ i ] ; 
f+=F__bar [ i ] *exp (m[i] *1) ; 

} 

//Output the nodal displacement contributions at z=l for mode n in mm 
cou t<<"*** Nodal d i s p l a c e m e n t components f o r mode "<<n<<" ***"<<end l ; 
cou t<<"a"<<n<<"(1) = "<<a*1000<<" mm"<<endl; 
cou t<<"d"<<n<<"(1) = "<<d*1000<<" mm"<<endl; 
cou t<<"f"<<n<<"(1 ) = "<<f*1000<<" m m " « e n d l ; 

//*** Calculate now the displacements bn, en and gn *** 

//Construct the matrix [HI from the boundary conditions 
f o r ( i = l ; i < = 8 ; i + + ) 
{ 

H [ 1 ] [ i ] = A _ b a r [ i ] ; 
H [ 2 ] [ i ] = - l * D _ b a r [ i ] ; 
H[3] [ i ] = l ; 
H[4] [ i ] = m [ i ] ; 
H [ 5 ] [ i ] = ( c n [ l ] * m [ i ] * A _ b a r [ i ] t e n [ 3 ] * ( l + n * D _ b a r [ i ] ) ) * e x p ( m [ i ] * 1 ) ; 
H [ 6 ] [ i ] = ( n * c n [ 5 ] * A _ b a r [ i ] - ( e n [ 4 ] t e n [ 9 ] ) * m [ i ] * D _ b a r [ i ] - n * c n [ 9 ] * m [ i ] ) * e x p ( m [ i ] * 1 ) ; 
H[7] [ i ] = ( - l * c n [ 6 ] * p o w ( m [ i ] , 3) + (en [8] t e n [9] ) * (n*D_bar [ i ] +n*n) *m[i] ) * e x p ( m [ i ] * l ) ; 
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H[8] [ i ] = ( c n [ 6 ] * p o w ( m [ i ] , 2 ) - c n [ 8 ] * ( n * D _ b a r [ i ]+n*n) ) * e x p ( m [ i ] *1) ; 
} 

//Invert the martix [H] 
inverse(H, H_inv); 

//Create the load vector Q 
f o r ( i = l ; i<=8; i++) 

Q [ i ] = 0 ; 
if(n%2==0) 

Q[7]=-16*sin(n*pi/2) ; 

//Calculate the integration constants from {G_bar} = [H_inv]*{Q} 
multiply_vector(G_bar, Q, H_inv); 

//Find b(l), c(l) and g(l) from b (1) =<A_bar (1) >{G_bar} 
b=c=g=0; 
for(i=l; i<=8; i++) 
{ 

b+=A_bar[i]*exp(m[i]*1)*G_bar[i]; 
c+=D_bar[i]*exp(m[i]*1)*G_bar[i]; 

g+=F_bar[i]*exp(m[i]*1) ; 
} 

//Output the nodal displacement contributions at z=l for mode n in mm 
cout<<"b"<<n<<"(1) = "<<b*1000<<" mm"«endl; 
cout«"c"«n«" (1) = "<<c*1000<<" mm"«endl; 
cout<<"g"<<n<<"(1) = "<<g*1000<<" mm"<<endl; 

} 

/ / ****************************************************************************************** 

// *** End mode n *** 
/ / * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * • * 

// ********************************************************************************** 

// *** 'END MAIN PROGRAM *** 

//Function to get the physical properties of the pipe 
void input(double *r, double *t, double *1, double *E, double *G, double *mu, int *alpha) 
( 

*r=0.2; 
*t=0.006; 
*E=200000000; 
*mu=0.3; 
*G=*E/(2*(l+*mu)); 
*1=4; 
*alpha=6; 

} 

//Function to calculate the constants dependent on physical properties of the pipe 
void constantsl(double *c, double r, double t, double E, double G, double mu) 
( 

double pi=M_PI; 
c[l]=E*r*t*pi/(l-pow(mu,2)); 
c[2]=E*t*pi/(r*(l-pow(mu,2))); 
c[3]=E*t*mu*pi/(l-pow(mu,2)); 
c[4]=G*r*t*pi; 
c[5]=G*t*pi; 
c[6]=E*r*pow(t,3)*pi/(12*(l-pow(mu,2))); 
c[7]=E*pow(t,3)*pi/(12*pow(r,3)*(1-pow(mu,2))); 
c[8]=E*pow(t,3)*mu*pi/(12*r*(l-pow(mu,2))); 
c[9]=G*pow(t,3)*pi/(3*r); 
c[13]=c[4]+c[9] ; 

) 

//Function to calculate constants dependent on Fourier mode n 
//Function will be called for each mode n 
void constants2(double *c, int n, double r) 
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{ c [ 1 0 J = c [ 4 ] * p o w ( ( n / r ) , 2 ) ; 
c [ l l ] = ( c [ 3 ] + c [ 5 ) ) * n ; 
c [ 1 2 ] = ( c [ 2 ] + c [ 7 ] ) *pow(n, 2) ; 
c [ 1 4 ] = c [ 2 ] *n+c[7] *pow(n,3) ; 
c [ 1 5 ] = ( c [ 8 ] + c [ 9 ] ) *n; 
c [ 1 6 ] = c [ 2 ] + c [ 7 ] * p o w ( n , 4) ; 
c [ 1 7 ] = ( 2 * c [ 8 ] + c [ 9 ] )*pow(n ,2) ; 

//Function to calculate the coefficients of the quartic equation 
void coefficients(double *c, double *p) 
{ 

double dl, d2, d3, d4, d5; 
p[l] = (-l)*c[l]*c[6]*c[13]; 
p [ 2 ] = c [ l ] * ( c [ 6 ] * c [ 1 2 ] + c [ 1 3 ] * c [ 1 7 ] - p o w ( c [ 1 5 ] , 2) ) +c [6] * (c [10] * c [ 1 3 ] - p o w ( c [ 1 1 ] , 2) ) ; 
p [ 3 ] = c [ l ] *( ( - l ) * c [ 1 2 ] * c [ 1 7 ] - c [ 1 3 ] * c [ 1 6 ] + 2 * c [ 1 4 ] * c [ 1 5 ] ) - c [ 1 0 ] * ( c [ 6 ] * c [ 1 2 ] + c [ 1 3 ] * c [ 1 7 ] -

pow(c[15] ,2 ) ) + p o w ( c [ l l ] , 2 ) * c [ 1 7 ] - 2 * c [ 3 ] *c [11] *c [15]+pow(c [3] , 2 ) *c [13 ] ; 
d l = c [ l ] * ( c [ 1 2 ] * c [ 1 6 ] - p o w ( c [ 1 4 ] , 2 ) ) ; 
d2=c[10] * ( c [ 1 2 ] * c [ 1 7 ] + c [ 1 3 ] * c [ 1 6 ] ~ 2 * c [ 1 4 ] * c [ 1 5 ] ) ; 
d3=2*c[3] * c [ l l ] * c [ 1 4 ] ; 
d 4 = p o w ( c [ 1 1 ] , 2 ) * c [ 1 6 ] ; 
d 5 = p o w ( c [ 3 ] , 2 ) * c [ 1 2 ] ; 
p[4]=dl+d2+d3-d4-d5; 
p [5] = (-!) *c[10]* (c[12]*c[16]-pow(c[14] , 2) ) ; 

//Function to solve the quartic equation with Ferrari 's Method for modes n>=2 
void quartic_roots(complex *root, double *pp) 
{ 

int i; 
double alpha, beta, gamma; 
double p, q, radical; 
complex r, u, sqroot, y, w, bracket_pos, bracket_neg, polynomial[6], temp[3]; 

alpha = -3*pow(pp[2],2)/(8*pow(pp[1],2))+pp[3]/pp[1]; 
beta = pow(pp[2],3)/(8*pow(pp[l],3))-(pp[2]*pp[3])/<2*pow(pp[1],2))+pp[4]/pp[1]; 
gamma =-3*pow(pp[2],4)/(256*pow(pp[1],4))+pp[3]*pow(pp[2],2)/(16*pow(pp[1],3))-

pp[2]-*pp[4]/(4*pow(pp[l],2))+pp[5]/pp[l]; 

//Check if beta=0 
if (beta<-000001 && beta>-.000001) //Equation is Biquadratic 
{ 

p = pow(alpha,2)-4*gamma; 
if(p>0) 

sqroot = sqrt(p); 
else 

sqroot = complex_root(p); 
bracket_pos = -alpha+sqroot; 
bracket_neg = -alpha-sqroot; 
root[l] = -pp[2]/(4*pp[l])+sqrt(bracket_pos/2.0); 
root[2] = -pp[2]/(4*pp[l])+sqrt(bracket_neg/2.0); 
root[3] = -pp[2]/(4*pp[l])-sqrt(bracket_pos/2.0); 
root[4] = -pp[2]/(4*pp[l])-sqrt(bracket_neg/2.0); 
for(i=l; i<=4; i++) 

if(abs(root[i])<.00001) 
root[i]=0; 

1 

else //Equation is not Biquadratic - Full Ferrari 's method is req'd 
{ 

p = -pow(alpha,2)/12-gamma; 
q = -pow(alpha,3)/108+alpha*gamma/3-pow(beta, 2)/8; 
radical = pow(q,2)/4+pow(p,3)/27; 

if(radical>0) 
r = q/2.0 + sqrt(radical); 

else 
{ 

sqroot = complex_root(radical); 

r = q/2.0 + sqroot; 
} 
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u = pow(r, 1.0/3.0); 

//check if u=0 
if(abs(u)<.000001) 

y = -(5.0/6.0)*alpha; 
else 

y = -(5.0/6.0)*alpha - u + p/(3*u); 

w = sqrt(alpha + 2*y); 
bracket_pos = -(3*alpha+2*y+2*beta/w); 
bracket_neg = -(3*alpha+2*y-2*beta/w); 

r o o t [ l ] = - p p [ 2 ] / ( 4 * p p [ l ] ) + ( w + s q r t ( b r a c k e t _ p o s ) ) / 2 
r o o t [ 2 ] = - p p [ 2 ] / ( 4 * p p [ l ] ) - ( w + s q r t ( b r a c k e t _ n e g ) ) / 2 
r o o t [ 3 ] = - p p [ 2 ] / ( 4 * p p [ l ] ) + ( w - s q r t ( b r a c k e t _ p o s ) ) / 2 
r o o t [ 4 ] = - p p [ 2 ] / ( 4 * p p [ l ] ) - ( w - s q r t ( b r a c k e t _ n e g ) ) / 2 

//Function to compute the complex square root of a number of type "double'' 
complex c o m p l e x _ r o o t ( d o u b l e x) 
{ 

complex root, xx=x; 
root = sqrt(xx); 
return root; 

//Function to compute the inverse of a matrix [a] 
v o i d i n v e r s e ( c o m p l e x a [ ] [ 9 ] , complex a _ i n v [ ] [ 9 ] ) 
( 

i n t i , j , k ; 
complex value; 

f o r ( i = l ; i < = 8 ; i++) 
{ 

f o r ( j = l ; j < = 8 ; j++) 
! 

i f ( i = = j ) 
a _ i n v [ i ] [ j ] = 1 . 0 ; 

e l s e 
a _ i n v [ i ] [ j ] = 0 . 0 ; 

f o r ( i = l ; i < = 8 ; i++) 
{ 

f o r ( j = l ; j < = 8 ; j++) 
{ 

i f ( i ! = j ) 
a [ i ] [ j ] / = a [ i ] [ i ] ; 

a _ i n v [ i ] [ j ] / = a [ i ] [ i ] , 

a [ i ] [ i ] = 1 . 0 ; 
f o r ( k = l ; k<=i 
{ 

i f ( i ! = k ) 

k++) 

f 
v a l u e = a [ k ] [ i ] ; 
f o r ( j = l ; j < = 8 ; j++) 
{ 

a [ k ] [ j ] - = a [ i ] [ j ] * v a l u e ; 
a _ i n v [ k ] [ j ] - = a _ i n v [ i ] [ j ] * v a l u e ; 

1 

/ / Calculates the product of 2 8x8 matrices -> [product]=[x][y] 
v o i d m u l t i p l y _ m a t r i x ( c o m p l e x p r o d u c t [ ] [ 9 ] , complex A [ ] [ 9 ] , complex B [ ] [ 9 ] ) 
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{ 

int i, j, k; 

for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
{ 

product[i][j]=0; 
for(k=l; k<=8; k++) 

product [i] [j]+=A[i] [k]*B[k] [j]; 
) 

1 

// Calculates the product of an 8x8 matrix and an 8x1 vector -> (result}=[matrix]{vector} 
void multiply_vector(complex result[], complex vector[], complex matrix!] [9]) 
{ 

int i, j; 

for(i=l; i<=8; i++) 
{ 

result[i]=0; 
for(j=l; j<=8; j++) 

result[i]+=matrix[i][j]*vector[j]; 
} 

} 

// *** END PROGRAM *** 
//*************************************************** *************************************** 
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A10.2 Output 

Below is the output given by the program listed in Secion A10.1: 

*** Nodal displacement contributions for n=0 *** 
aO(l) = 0.000637487 mm 
c0(l) = 0 mm 
f0(l) = -0.0314979 mm 

*** Nodal displacement components for n=l *** 
al(l) = 0 mm 
dl(l) = 0 mm 
fl(1) = 0 mm 
bl(1) = 0.848928 mm 
cl(1) = -11.51643 mm 
gl(l) = -11.579102 mm 

*** Nodal displacement components for mode 2 *** 
a2(l) = -0.152271 mm 
d2(l) = -1.3352 mm 
f2(1) = 2.74664 mm 
b2(l) = 0 mm 
c2(l) = 0 mm 
g2(1) = 0 mm 

*** Nodal displacement components for mode 3 *** 
a3(1) = 0 mm 
d3(1) = 0 mm 
f3(1) = 0 mm 
b3(1) = -0.0536703 mm 
c3(1) = 0.302682 mm 
g3(1) = 0.972001 mm 

*** Nodal displacement components for mode 4 *** 
a4(l) = 0.0254056 mm 
d4(l) = 0.113397 mm 
f4(l) = -0.503479 mm 
b4(l) = 0 mm 
c4(l) = 0 mm 
g4(1) = 0 mm 

*** Nodal displacement components for mode 5 *** 
a 5 ( 1 ) = 0 mm 
d 5 ( l ) = 0 mm 
£ 5 ( 1 ) = 0 nun 
b 5 ( l ) = 0 . 0 1 3 2 9 8 4 mm 
c 5 ( l ) = - 0 . 0 5 2 2 0 2 5 mm 
g 5 ( l ) = - 0 . 2 9 7 1 6 9 mm 

*** Nodal displacement components for mode 6 *** 
a6(1) = -0.0073683 mm 
d6 (1) = -0.0269971 mm 
f6 (1) = 0.187143 mm 
b6(1) = 0 mm 
c6(1) = 0 mm 
g6(1) = 0 mm 
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A10.3 Example 2: Cantilever Beam Under Self Weight 

Example 2 in Chapter 4 consists of a cantilever beam under self weight. The pipe properties 

are the same as those used in Example 1 in Chapter 4 and listed in Section A10.1 above. 

The only non-zero load potential vector is the one corresponding to displacement 

contributions bj, ci and gi for mode n=\. The C++ code for the load potential vector must 

be modified to include the particular solution for the self weight. Also, the particular 

solution must be included when calculating the tip displacement. The relevant modified 

sections of the C++ code are: 

/ / C r e a t e the load vector Q in Eq. (4.95) 

//Find coefficients T[i] of particular solution in Eq. 4.80 
//LHS matrix and RHS vector 

x [ l 
x [ l 
x [ l 
x [ l 
x [2 
x[2 
x[2 
x[2 
x [3 
x [3 
x [3 
x [3 
x[4 
x[4 
x[4 
x[4 

q [ i 
q [ 3 
q [ 4 

[ l ] = - l * c n [ 5 ] / r ; 
[ 2 ) = ~ 2 * ( c n [ 3 ] + c n [ 5 ] ) ; 
[ 3 ] = - 2 4 * r * c n [ l ] ; 
[ 4 ] = 2 * c n [ 3 ] ; 
[1 ]=0 ; 
[ 2 ] = - l * ( c n [ 2 ] + c n [ 7 ] ) ; 
[3] =-12* ( r * c n [ 3 ] + c n [ 8 ] ) ; 
[ 4 ] = c n [ 2 ] + c n [ 7 ] ; 
[ l ] = c n [ 3 ] ; 
[ 2 ] = 2 * ( c n [ 8 ] + c n [ 9 ] ) ; 
[3 ]=24*cn[6 ] ; 
[ 4 J = - 2 * ( 2 * c n [ 8 ] + c n [ 9 ] ) ; 
[ l ] = c n [ 3 ] + c n [ 5 ] ; 
[ 2 ] = 2 * ( r * c n [ 5 ] + c n [ 9 ] ) ; 
[ 3 ] = 0 ; 

[ 4 ] = - 2 * ( c n [ 8 ] + c n [ 9 ] ) ; 
= q [ 2 ] = 0 ; 
= - l * p i * t * 7 8 * r ; 
= p i * t * 7 8 * r ; 

inverse(x,x_inv); 
raultiply_vector(T, q, x_inv); 

f o r ( i = l ; i < = 4 ; i++) 
Q [ i ] = 0 ; 

Q [ 5 ] = - l * c n [ l ] * ( T [ l ] - 1 2 * r * T [ 3 ] * p o w ( l , 2 ) )+cn [3 ] * ( T [ 2 ] - T [ 4 ] ) *pow( l , 2) ; 
Q [ 6 ] = - l * c n [ 5 ] * l * ( T [ l ] - 4 * r * T [ 3 ] * p o w ( l , 2 ) ) - 2 * 1 * ( r*cn [5] +cn [9] ) * (T [2]+2*T [3] *pow ( 1 , 2) ) + 

2 * l * c n [ 9 ] * ( T [ 4 ] + 2 * T [ 3 ] * p o w ( l , 2 ) ) ; 
Q [ 7 ] = 2 4 * c n [ 6 ] * T [ 3 ] * 1 + 2 * 1 * ( e n [ 8 ] + c n [ 9 ] ) * ( T [ 2 ] + 2 * T [ 3 ] * p o w ( l , 2 ) ) -

2 * l * ( c n [ 8 ] + c n [ 9 ] ) * ( T [ 4 ] + 2 * T [ 3 ] * p o w ( l , 2 ) ) ; 
Q [ 8 ] = - 2 * c n [ 6 ] * ( T [ 4 ] + 6 * T [ 3 ] * p o w ( l , 2 ) ) - e n [ 8 ] * ( T [ 2 ] - T [ 4 ] ) * p o w ( l , 2 ) ; 

//Calculate the integration constants from {G_barj = [H_inv]*{Qj 
m u l t i p l y _ v e c t o r (G_bar, Q, H__inv) ; 

//Find the vector <e(l)> from Eq. (4.35c) 
e [ l ] = l ; 
e [ 2 ] = l ; 
e [ 3 ] = p o w ( l , 2 ) ; 
e [ 4 ] = p o w ( l , 3 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

e[i]=exp(m[i]*1); 

//Calculate tip deflection as g=<e(l)>{G} from Eq. (4.83) 
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g = T [ 4 ] * p o w ( l , 2 ) + T [ 3 ] * p o w ( l , 4) ; 
f o r ( i = l ; i < = 8 ; i + + ) 

g + = e [ i ] * G _ b a r [ i ] ; 

//Calculate tip deflection as c=-<Dl_bar(1)>{g} from Eq. (4.83) 
c = T [ 2 ] * p o w ( l , 2 ) + T [ 3 ] * p o w ( l , 4) ; 
c + = - l * D l _ b a r [ l ] * G _ b a r [ 1 ] ; 
c + = - l * D l _ b a r [ 2 ] * l * G _ b a r [ 2 ] ; 
c + = - l * ( D l _ b a r [ 9 ] + D l _ b a r [ 3 ] * p o w ( l , 2 ) ) * G _ b a r [ 3 ] ; 
c + = - l * ( D l _ b a r [ 1 0 ] * 1 + D l _ b a r [ 4 ] * p o w ( l , 3 ) ) * G _ b a r [ 4 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

c + = - l * D l _ b a r [ i ] * e x p ( m [ i ] * l ) * G _ b a r [ i ] ; 

/' /Calculate the axial deflection of the tip as b=<Al_bar (1) >{g) from Eq. (4.34) 
b = T [ l ] * l - 4 * r * T [ 3 ] * p o w ( l , 3 ) ; 
b + = A l _ b a r [ 2 ] * G _ b a r [ 2 ] ; 
b + = A l _ b a r [ 3 ] * l * G _ b a r [ 3 ] ; 
b+=(Al_bar [9]+Al_bar [4] * p o w ( l , 2 ) )*G_bar [4] ,-
f o r ( i = 5 ; i < = 8 ; i + + ) 

b + = A l _ b a r [ i ] * e x p ( m [ i ] * 1 ) * G _ b a r [ i ] ; 

//Output the nodal displacement contributions at z=l for mode n-1 in mm 
cout<<"*** Nodal displacement components for n=l ***"<<endl; 
cout<<"bl(l) = "<<b*1000<<" mm"<<endl; 
cout<<"cl(l) = "<<c*1000<<" mm"<<endl; 
cout«"gl(l) = "<<g*1000<<" mm"<<endl; 

The output from the program for the self weight of Example 2 is: 
*** Nodal displacement components for n=l *** 
al(l) = 0 mm 
dl(l) = 0 mm 
fid) = 0 mm 
bl(l) = 0.0416114 mm 
eld) = -0.639488 mm 
gl(l) = -0.639504 mm 
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APPENDIX 11 -PROGRAM LISTING FOR FINITE ELEMENT SOLUTION 

The finite element method developed in Chapter 5 was implemented using the C++ 

programming language and compiled with the software program Borland C++, version 5.02. 

Included in the subsequent sections are the listing of the program and the program output for 

the examples given in Chapter 6. 

The program utilizes the built-in C++ class "complex" which can carry out all required 

mathematical manipulations of complex numbers. The geometric and material properties 

are hard coded into the program. These can be changed and the program re-run to model 

different pipe geometries. Alternatively, a simple modification could be made to the code to 

allow the user to input the pipe properties. The latter alternative would be useful for a small 

problem involving only one or two elements but would quickly become cumbersome for a 

larger model. 

The loading conditions are also hard coded into the program. The main program listing in 

Section A 11.1 includes the code for the loading given in Example 1 in Chapter 6. As with 

the pipe properties, the loading can be change by modifying the code and re-running the 

model. The section of code that is required to be changed to alter the loading is relatively 

small. The code for the loading conditions used in each of the examples in Chapter 6 is 

included in this appendix. 

Note that the only changes to the program listing required to model the examples in Chapter 

6 are the pipe properties and the loading conditions. All other aspects of the program listing, 

including the calculation of the all constants and the determination of the stiffness matrix, do 

not need to be altered. 
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All. l Program Listing 

Below is the listing for the program used to calculate the deflection of the tip of a 

cantilevered pipe with an applied point load at the tip. The geometry, material properties 

and loading are those of Example 1 in Chapter 6. 

Note that everything in italics in the program listing is a comment that is ignored by the C++ 

compiler. These comments are included for clarification only. 

#include <complex.h> 
#include <math.h> 

// Function definitions 
void input(double *, double *,double *, double *, 
void constantsl(double *, double, double, double, 
void constants2(double *, int, double); 
void coefficients(double *, double * ) ; 
void quartic_roots(complex *, double * ) ; 
complex complex_root(double); 

double *, double 
double, double); 

int * ) ; 

void get_Nl_l(complex 
void get_Nl_2(complex 
void get_Nl__3 (complex 
void get_Nl_4(complex 
void get_Nl__5 (complex 
void get_Nl_6(complex 
void get_Nl_7(complex 
void get_Nl_8(complex 
void get_Nl(complex [] 
void get_N2(complex [] 
void get_N3(complex [] 

double, double); 
void get_N4(complex [] 

double) ; 
void get_N5(complex [] 
void get__N6 (complex [] 
void get_N7(complex [] 
void get_N8(complex [] 
void get_sub_sub_N(complex 
void multiply_matrix(complex [][9 
void multiply_vector(complex [] 

[9 
[9 
[9 
[9 
[9 
[9 
[9 
[9 

9][9], 
9][91, 
9] [9], 

, complex [ 
, complex [ 
, complex [ 
, complex [ 
, complex [ 
, complex [ 
, complex [ 
, complex [ 
complex [], 
complex [], 
complex [], 

complex [], 
complex [], 
complex [], 
complex t. 
double, double) 

double, 
double, 
complex 
complex 

double); 
double); 
[], double, double); 
[], double, double, double); 

complex [], double, double); 

9][9], complex [], 

9][9], 
9][9], 
9][9], 
9][9], 

complex 
complex 
complex 
complex 
[9], complex 

[]. 

complex [], double, double) 
complex [], double, double) 

complex [], double, double); 
complex [], complex [], double, double, double), 
complex [], complex [], complex [], double, 

complex [], complex [], double, double, double, 

complex [], double, double); 
complex [], complex [], double, double, double) 
complex [], complex [], double, double, double) 
complex [J, complex [], double, double, double) 

complex •my J-^^ L J , ̂ WI.I^J-^.^ L1, complex [], int, int, double); 
complex [][9], complex[][9]); 

complex [], complex [][9]); 

// Begin main program 
main() 
{ 

double pi=M_PI; 
double r, t, E, G, mu, 1; 
double en[18]; 
double p [6]; 
int i,j,k; 
int n; 
int alpha; 
complex i_sqrd, im; 
complex M[5]; 
complex m[9]; 
complex A_bar[9], D_bar[9], 
complex Al_bar[10], Dl_bar[ 
complex L01[9][9], L01_inv[ 
complex L02[9][9], L02_inv[ 
complex Ll[9][9], Ll_inv[9] 
complex L2[9][9], L2_inv[9] 
complex Kn[9][9], Kn_inv[9] 

//physical properties of pipe 
//array of constants from Eq. 2.15 
//coefficients of quartic equation 
//counters in "for" loops 
//current Fourier mode 
//total number of Fourier modes included in analysis 
//imaginary number defined as sqrt(-l) 
//roots of quartic equation 
11'sqaure roots of roots of quartic equation 
F_bar[9], C_bar[9]; //vectors relating integration constants 
11]; //vectors relating integration constants for mode n=l 
9][9]; //matrices required for modes n=0 and n=l 
9][9]; //matrices required for modes n=0 and n=l 
[9], Ll_invt[9][9]; //matrix [Ln,l] and its inverse 
[9], L2_invt[9][9]; //matrix [Ln,2] and its inverse 
[9]; //stiffness matrix and its inverse 
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complex N[9][9], subN[9][9][9], LN[9][9]; //intermediate matrices needed to determine [K] 
complex LL[9][9], prod [9] [9); 
complex e [9] ; 
complex Q[9], delta[9]; //load potential and nodal displacement vectors 
complex a, b, c, d, f, g; 

//Define imaginary number i and call it "im" 
i_sqrd=-l; 
im=sqrt (i_sqrd) ; 

//Get element data 
input(&r, &t, &1, &E, &G, &mu, Salpha); 

//Calculate constants not dependent on "n" 
constantsl(en, r, t, E, G, mu) ; 

// * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
// *** Axi-symmetric case n=0 *** 
//****************************************************************************************** 

//Calculate each of the roots for i=3 to 6 
m[l]=-12*(l-pow(mu,2))/pow(r*t,2); 
m[2]=sqrt(m[l]); 
m[3]=sqrt (m[2] ) ; 
m[4]=-l*m[3]; 
m[5]=m[3] *im; 
m[6]=-l*m[3]*im; 

//Construct F_bar and C_bar. 
for(i=l;i<=8;i++) 

Fbar[i]=0; 
Fbar[2]=-l*mu*r; 
for(i=3;i<=6;i++) 

Fbar[i]=-l*r*m[i]/mu; 

//Construct the matrix [LO] 
for(j=l;j<=8;j++) 
{ 

switch!j) 
{ 

case 1: //Column 1 
M l ] [ j ] = L [ 5 ] [ j ] = l ; 
L f 2 ] [ j ] = L [ 3 ] [ j ] = L [ 4 ] [ j ] = L [ 6 ] [ j ] = L [ 7 ] [ j ] = L [ 8 ] [ j ] = 0 ; 
b r e a k ; 

c a s e 2 : //Column 2 
M l ] [ j ] = M 2 ] [ j ] = M 4 ] [ j ] = L [ 6 ] [ j ] = L [ 8 ] [ j ] = 0 ; 
M 3 ] [ j ] = L [ 7 ] [ j ] = F b a r [ 2 ] ; 
L [ 5 ] [ j ] = l ; 
b r e a k ; 

c a s e 7 : //Column 7 
M 2 ] [ j ] = L [ 6 ] t j ] = l ; 
L [ l ] [ j ] = L [ 3 ] [ j ] = L [ 4 ] [ j ] = L [ 5 ] [ j ] = L [ 7 ] [ j ] = L [ 8 ] [ j ] = 0 ; 
b r e a k ; 

c a s e 8 : //Column 8 
L [ 6 ] [ j ] = l ; 
L [ l ] [ j ] = L [ 2 ] [ j ] = L [ 3 ] [ j ] = L [ 4 ] [ j ] - L [ 5 ] [ j ] = L [ 7 ] [ j ] = L [ 8 ] [ j ] = 0 ; 
b r e a k ; 

default: //Columns 3 to 6 

M l ] [ j ] = l ; 
L [ 2 ] [ j ] = L [ 6 ] [ j ] = 0 ; 
L [ 3 ] [ j ] = F b a r [ j ] ; 
L [ 4 ] [ j ] = m [ j ] * F b a r [ j ] ; 
L [ 5 ] t j ] = e x p ( m [ j ] * l ) ; 
L [ 7 ] [ j ] = F b a r [ j ] * e x p ( m [ j ] * l ) ; 
L [ 8 ] [ j ] = m [ j ] * F b a r [ j ] * e x p ( m [ j ] * l ) ; 
b r e a k s -
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// *** Need to rearrange [LO] to calculate inverse - cannot have zeroes on diagonal *** 
// Previous order for nodal displacements: <a(0) c(0) f(0) f (0) a(l) c(l) f(l) f'(l)> 
// New order for nodal displacements: <a(0) f(l) f(0) f'(0) a(l)- f'(l) c(0) c(l)> 

for(i=l; i<=8; i++) 

L01[l 
L01 [2 
L01 [3 
L01 [4 
L01[5 
L01[6 
L01[7 
L01 [8 

[ i ] = L [ l ] 
[ i ] = L [ 7 ] 
[ i ] = L [ 3 ] 
[ i ] = L [ 4 ] 
[ i ] = L [ 5 ] 
[ i ] = L [ 8 ] 
[ i ] = L [ 2 ] 
[ i ] = L [ 6 ] 

[ i ] ; 
[ i ] ; 
[ i ] ; 
[ i ] ; 
[ i ] ; 
[ i ] ; 
[ i ] ; 
[ i ] ; 

//Invert the martix [LO] 
inverse(L01, L01_inv); 

// *** Need to rearrange L_inv so it is the inverse of L rather than LO. 
// This is necessary because shape function vectors N are written in terms of L, not LO. 
// It is accomplished by switching columns in L_inv corresponding to rows switched in L 

for(i=l; i<=8; i++) 

L_ 
L_ 
L_ 
L_ 
L_ 
L_ 
L_ 
L_ 

_inv 
_inv 
_inv 
_inv 
_inv 
_inv 
_inv 
_inv 

[ i ] 
i ] 
i ] 

[ i ] 
[ i ] 
i ] 
i ] 
i ] 

[ 1 ] 
[2 ] 
[3 ] 
[4 ] 
[ 5 ] 
[ 6 ] 
[ 7 ] 
[8 ] 

=L01_ 
=L01. 
=L01_ 
=L01_ 
=L01_ 
=L01_ 
=L01_ 
=L01_ 

_inv 
_inv 
_inv 
_inv 
_inv 
_inv 
_inv 
_inv 

[ i ] 
i ] 
i ] 
i ] 
i ] 
i ] 
i ] 
i ] 

[1 ] 
[7 ] 
[3 ] 
[4] 
[5] 
[8 ] 
[2 ] 
[6 ] 

} 

//Find the transpose of matrix L_inv 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
L^invt[i][j]=L„inv[j][i]; 

//Calculate the stiffness matrix for mode '0' 
//Initialize all sub-matrics subN to zero 

for(k=l;k<=6;k++) 
for(i=l;i<=8;i++) 

for(j=l;j<=8;j++) 
subN[k][i][j]=0; 

//Calculate each sub matrix as the integral of the product of the vectors eO, FO and CO 
// and the constants as per Eqs. 5.31 and 5.32 

subN[l] [2] [2]=2*c[l]*l; 
subN[2] [2] [2]=2*c[2]*pow(Fbar[2] ,2)*1; 
subN[3][2][2]=4*c[3]*Fbar[2]*1; 

for(h=3;h<=6;h++) 
{ 

subN[l] [2] [h]=subN[l] [h] [2]=2*c[l] * (exp(m[h] *1)-1) ; 
subN[2][2][h]=subN[2][h][2]=2*c[2]*(Fbar[2]*Fbar[h]/m[h])*(exp(m[h]*1)-1); 
subN[3][2][h]=subN[3][h][2]=2*c[3]*(Fbar[h]/m[h]+Fbar[2])*(exp(m[h]*1)-1); 

for(j=3;j<=6;j++) 
for (h=3;h<=6;h++) 

if(abs(m[j]+m[h])<0.000001) 
( 

subN[l 
subN[2 
subN[3 
subN[5 

[j] [h]=2*c[l]*m[j]*m[h]*l; 
[j] [h]=2*c[2]*Fbar [j] *Fbar [h]* l ; 
[j] [h]=2*c[3] * (Fbar [h] *m[ j] *Fbar [j] *m[h] " 1 ; 
j ] [h]=2*c[6]*Fbar[ j]*Fbar[h]*pow(m[j] ,2)*pow(m[n],2)*1; 

e l se 
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subNtl] [j] [h]=2*c[ l ]*(m[j]*m[h] / (m[j ]+m[h]))*(exp((m[j]+m[h])*l ) - l ) ; 
subN[2] [j] [h]=2*c[2]*(Fbar [ j ] *Fbar [h] / (m[ j ]+m[h] ) )*(exp( (m[j ]+m[h] ) *1)-1) ; 
subN[3][j][h]=2*c[3]*((Fbar[h]*m[j]+Fbar[j]*m [h] ) / (m [ j ]+m [h] ) ) * 

(exp( (m[ j j+m[h] )* l ) - l ) ; 
subN[5] [j] [h]=2*c[6] *(Fbar [j] *Fbar [h] *pow (m[ j ] ,2) *pow(m[h] , 2) / (ra[ j ]+m[h] ) ) * 

(exp( (m[j]+m[h] )*1)-1) ; 
} 

subN[4][8][8]=2*c[4]*l; 
subN[6] [8] [8]=2*c[9]*l; 

//Matrix [N] is sum of all the subN matrices 
for(i=l;i<=8;i++) 

for(j=l;j<=8;j++) 
{ 

N[i] [j]=0; 
for(k=l;k<=6;k++) 

N[i] [j]+=subN[k] [i] [j] ; 
} 

//Calculate the stiffness matrix as [K] = [Linvt] [N] [Linv] 
mult(LN, Linvt, N); 
mult(K, LN, Linv); 

//Set the nodal load vector Q 
//Note that this section is adjusted for different loading conditions 
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.2 
//Find fe(l)} 

e[l]=0; 
e[2]=F_bar[2] ; 
f o r ( i=3 ; i<=6; i++) 

e[i]=F_bar [i] *exp(m[i] *1) ; 
e[7]=el8]=0; 

//Set fQ}=-P*[L_invt]*fed) ) 
for(i=l; i<=8; i++) 
! 

Q[i]=0; 
for(j=l;j<=8;j++) 

Q[i]+=-16*L_invt[i] [j]*e[j] ; 
} 

//Modify [K] for the boundary conditions of a cantilever with one end completely fixed 
for(i=l; i<=4; i++) 
{ 

for(j=l; j<=8; j++) 
if(i!=j) 
( 

Kn[i] [j]=0; 
Kn[j] [i]=0; 

} 
} 

//Invert the modified stiffness matrix to find nodal displacements {delta} 
inverse(Kn, Kn_inv); 
multiply_vector(delta, Q, Kn_inv); 

//Find the displacement contributions a, c and f for mode 0 
a=delta[5], 
c=delta[6] 
f=delta[7] 

//Output the nodal displacement contributions at z=l for mode n=0 in mm 
cout<<"\n*** Nodal displacement contributions for n=0 ***"<<endl; 
cout<<"aO(l) = "<<a*1000<<" mm"<<endl; 
cout<<"cO(l) = "<<c*1000<<" mm"«endl; 
cout«"fO(l) = "«f*1000«" mra\n"«endl; 

// *** End mode n=0 *** 
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//*************************** 
// *** Special case of n=l ** 
//******************* 

****************************************** ******************* 

********* *************** **************************** 

//Calculate constants that depend on 
constants2(en, 1, r) ; 
coefficients(en, p) ; 

and coefficients of quartic equation 

I/Calculate each of the roots for i=5 to 8 
m[l]=pow(p[2],2)-4*p[l]*p[3); 
m[2]=sqrt (m[l] ) ; 
m[5]=sqrt((-1.0*p[2]+m[2])/(2*p[l] ) ) ; 
m[6]=sqrt((-1.0*p[2]-m[2])/(2*p[l])); 
m[7]=-1.0*m[5] ; 
mt8]=-1.0*m[6] ; 

[ 2 ] = - 1 . 0 * c n [ 1 4 ] / c n [ 1 2 ] 
[ 3 ] = - 1 . 0 * c n [ 1 4 ] / c n [ 1 2 ] 
[ 4 ] = - 1 . 0 * c n [ 1 4 ] / c n [ 1 2 ] 

=5; i<=8 ; i++) 

//Construct vectors (A_bar} and (D_bar) 
A l _ b a r [ 1 ] = 0 ; 
Al_ba r [2] =cn [ 3 ] / e n [10] - (en [11] *cn[14] ) / (en [10] *cn [12] ) ; 
A l _ b a r [ 3 ] = ( 2 / c n [ 1 0 ] ) * ( e n [ 3 ] - ( e n [ 1 1 ] * c n [ 1 4 ] ) / e n [ 1 2 ] ) ; 
A l _ b a r [ 4 ] = ( 3 / c n [ 1 0 ] ) * ( e n [ 3 ] - ( e n [ 1 1 ] * c n [ 1 4 ] ) / e n [ 1 2 ] ) ; 
D l _ b a r [ l ] = - 1 . 0 * c n [ 1 4 ] / e n [ 1 2 ] 
Dl_bar 
Dl_bar 
Dl_bar 
f o r ( i 
{ 

' D l _ b a r [ i ] = ( ( e n [ 1 1 ] * m [ i ] ) * ( e n [ 3 ] * m [ i ] ) / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) - ( c n [ 1 4 ] 
e n [ 1 5 ] * p o w ( m [ i ] , 2 ) ) ) / ( e n [ 1 2 ] - e n [ 1 3 ] * p o w ( m [ i ] , 2 ) -
p o w ( c n [ l l ] * m [ i ] , 2 ) / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) ; 

A l _ b a r [ i ] = ( ( - 1 ) * c n [ l l ] * m [ i ] / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) * D l _ b a r [ i ] -
c n [ 3 ] * m [ i ] / ( c n [ l ] * p o w ( m [ i ] , 2 ) - e n [10] ) ; 

} 
A l _ b a r [ 9 ] = - 6 * r * c n [ 1 ] / e n [ 1 0 ] + ( 6 * c n [ 1 1 ] / ( e n [ 1 0 ] * c n [ 1 2 ] ) ) * ( r * c 
D l _ b a r [ 9 ] = ( 2 / c n [ 1 2 ] ) * ( ( e n [ 1 1 ] / e n [ 1 0 ] ) * ( e n [ 1 1 ] * e n [ 1 4 ] / e n [12] 

( c n [ 1 3 ] * c n [ 1 4 ] / c n [ 1 2 ] )+cn[15] ) ; 
D l _ b a r [ 1 0 ] = 3 * D l _ b a r [ 9 ] ; 

n [ l l ] - c n [ 4 ] + c n [ 8 ] ) , 
- c n [ 3 ] ) -

/ ' / C o n s t r u c t the matrix [Ll,l] 
//Column 1 
L l [ l ] 
L l [ 3 ] 
L l [ 2 ] 
//Column 2 
L l [ l ] 
L l [ 2 ] 
L l [ 4 ] 
L l [ 6 ] 
L l [ 7 ] 
//Column 3 
L l [ l ] 
L l [ 2 ] 
L l [ 5 ] 
L l [ 6 ] 
L l [ 7 ] 
L l [ 8 ] 
//Column 4 
L l [ l ] 
L l [ 2 ] 
L l [ 5 ] 
L l [ 6 ] 
L I P ] 
L l [ 8 ] 

1]=L1[4] [1]=L1[5] [1]=L1[8] [1 ]=0 ; 
1 ] = L 1 [ 7 ] [ 1 ] = 1 ; 
1 ] = L 1 [ 6 ] [ l ] = D l _ b a r [ 1 ] ; 

2 ] = L 1 [ 5 ] [ 2 ] = A l _ b a r [ 2 ] ; 
2 ] = L 1 [ 3 ] [ 2 ] = 0 ; 
2]=L1[8] [ 2 ] = 1 ; 
2 ] = D l _ b a r [ 2 ] * 1 ; 
2 ] = 1 ; 

3]=L1[3] [3]=L1[4] [3 ]=0 ; 
3 ] = D l _ b a r [ 9 ] ; 
3 ] = A l _ b a r [ 3 ] * 1 ; 
3 ] = D l _ b a r [ 9 ] + D l _ b a r [ 3 ] * p o w ( 1 , 2 ) ; 
3 ] = p o w ( 1 , 2 ) ; 
3 ] = 2 * 1 ; 

4 ] = A l _ b a r [ 9 ] ; 
4 ] = L 1 [ 3 ] [ 4 ] = L 1 [ 4 ] [ 4 ] = 0 ; 
4 ] = A l _ b a r [ 9 ] + A l _ b a r [ 4 ] * p o w ( 1 , 2 ) ; 
4 ] = D l _ b a r [ 1 0 ] * 1 + D l _ b a r [ 4 ] * p o w ( l , 3 ) ; 
4 ] = p o w ( l , 3 ) ; 

[ 4 ] = 3 * p o w ( l , 2 ) ; 
//Default: Columns 5 through 
f o r ( i = 5 ; i < = 8 ; i++) 
{ 

L l [ l ] [ i ] = A l _ b a r [ i ] ; 
L I [ 2 ] [ i ] = D l _ b a r [ i ] ; 
L l [ 3 ] [ i ] = l ; 
L l [ 4 ] [ i ] = m [ i ] ; 
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L I [ 5 ] [ i ] = A l _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
LI [6] [ i ] = D l _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
L I [ 7 ] [ i ] = e x p ( m [ i ] * 1 ) ; 
LI [8] [ i ] = m [ i ] * e x p ( m [ i ] * D ; 

1 

//Construct the matrix [LI,2] 
//Column 1 
L 2 [ l ] [1]=L2[4] [1]=L2[5] [1]=L2[8] [1 ]=0 ; 
L2[3] [1]=L2[7] [ 1 ] = 1 ; 
L 2 [ 2 ] [ 1 ] = L 2 [ 6 ] [ l ] = - l * D l _ b a r [ 1 ] ; 
//Column 2 
L 2 [ 1 ] [ 2 ] = L 2 [ 5 ] [ 2 ] = A l _ b a r [ 2 ] ; 
L2[2] [2]=L2[3] [2 ]=0 ; 
L2[4] [2]=L2[8] [ 2 ] = 1 ; 
L 2 [ 6 ] [ 2 ] = - l * D l _ b a r [ 2 ] * l ; 
L 2 [ 7 ] [ 2 ] = 1 ; 
//Column 3 
L 2 [ l ] [3]=L2[3] [3]=L2[4] [3 ]=0 ; 
L 2 [ 2 ] [ 3 ] = - l * D l _ b a r [ 9 ] ; 
L2[5] [3]=Al_bar [ 3 ] * 1 ; 
L 2 [ 6 ] [ 3 ] = - l * D l _ b a r [ 9 ] - D l _ b a r [ 3 ] * p o w ( 1 , 2 ) ; 
L2[7] [ 3 ] = p o w ( l , 2 ) ; 
L 2 [ 8 ] [ 3 ] = 2 * 1 ; 
//Column 4 
L 2 [ l ] [ 4 ] = A l _ b a r [ 9 ] ; 
L2[2] [4]=L2[3] [4]=L2[4] [4 ]=0 ; 
L 2 [ 5 ] [ 4 ] = A l _ b a r [ 9 ] + A l _ b a r [ 4 ] * p o w ( l , 2 ) ; 
L2[6] 14]= - l * D l _ b a r [ 1 0 ] * 1 - D l _ b a r [ 4 ] * p o w ( l , 3 ) ; 
L2[7] [ 4 ] = p o w ( l , 3 ) ; 
L2[8] [ 4 ] = 3 * p o w ( l , 2 ) ; 
//Default: Columns 5 through 8 
f o r ( i = 5 ; i<=8 ; i++) 
{ 

L 2 [ l ] [ i ] = A l _ b a r [ i ] ; 
L 2 [ 2 ] [ i ] = - l * D l _ b a r [ i ] ; 
L2[3] [ i ] = l ; 
L 2 [ 4 ] [ i ] = m [ i ] ; 
L2[5] [ i ] = A l _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
L 2 [ 6 ] [ i ] = - l * D l _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
L 2 [ 7 ] [ i ] = e x p ( m [ i ] * l ) ; 
L2[8] [ i ] = m [ i ] *exp (m[ i ] *1) ; 

1 

//Rearrange i 
//Previous oi 
//New order 1 

f o r ( i = l ; 
{ 

L01 [ l 
L01[2 
L01 [3 
L01 [4 
L01[5 
L01 [6 
L01 [7 
L01 [8 
L02[ l 
L02[2 
L02[3 
L02[4 
L02[5 
L02[6 
L02[7 
L02[8 

} 

//Invert the martices [Ll,l] and [LI,2] 
i n v e r s e ( L 0 1 , L 0 1 _ i n v ) ; 
i n v e r s e ( L 0 2 , L 0 2 _ i n v ) ; 
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Ll,l] and [LI,2] to calculate inverse - cannot have zeroes on diagonal 
Tfer for nodal displacements: <a(0) d(0) e(0) e'(0) a(l) d(l) e(l) e'(l)> 
7or nodal displacements: <d(0) a(0) e(l) e'(l) a(l) d(l) e(0) e'(0)> 
i < = 8 ; i++) 

] [i] 
] [i] 
] [i] 
] [i] 
] [i] 
] [i] 
J [i] 
] [i] 
] [i] 
] [i] 
] [i] 
] [i] 

] [i] 
] [i] 
] [i] 
] [i] 

=L1[2] 
=L1[1] 
=L1[7] 
=L1[8] 
=L1[5] 
=L1[6] 

=L1[3] 
=L1[4] 
=L2[2] 
=L2[1] 
=L2[7] 
=L2[8] 

=L2[5] 
=L2[6] 
=L2[3] 
=L2[4] 

[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 



//Need to rearrange L_inv so it is the inverse of L rather than LO. 
//This is necessary because shape function vectors N are written in terms of L, not LO. 
//It is accomplished by switching columns in L_inv corresponding to rows switched in L 

for 

{ 

} 

(i=l; i<=8 

Ll_inv 
Ll_inv 
Ll_inv 
Ll_inv 

Ll_inv 
Ll_inv 

Ll_inv 

Ll_inv 

L2_inv 

L2_inv 
L2_inv 
L2_inv 
L2_inv 
L2_inv 
L2_inv 
L2_inv 

[i] 
[i] 
[i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 
i] 

• i+ + ) 

1]=L01_ 
2]=L01_ 
3]=L01_ 

4]=L01_ 
5]=L01_ 
6]=L01_ 

7]=L01_ 
8]=L01_ 

1]=L02_ 

2]=L02_ 
3]=L02_ 
4]=L02_ 
5]=L02_ 
6]=L02_ 
7]=L02_ 
8]=L02_ 

_inv 
_inv 
_inv 

_inv 
_inv 
_inv 
_inv 

_inv 

„inv 

_inv 

_inv 
_inv 
_inv 
_inv 
_inv 
_inv 

[i] 
[i] 
[i] 
i] 
i] 
i] 
i] 
i] 
i] 

i] 
i] 
i] 
i] 
i] 
i] 

[2] 
[1] 
[7] 
[8] 
[5] 
[6] 
[3] 
[4] 
[2] 
[1] 
[7] 
[8] 
[5] 
[6] 
[3] 
[4] 

//Find the transpose of Ll_inv and L2_inv 
for(i=l;i<=8;i++) 

for (j = l;j<=8;j + + ) 

{ 

Ll_invt[i] [j]=Ll_inv[j] [i] ; 

L2_invt[i] [j]=L2_inv[j] [ i ] ; 

/ / * Calculate first the displacements al, dl and fl *** 

//Calculate the stiffness matrix for mode '1' 
//Initialize matrix [N] to zero 

fo r -< i= l ; i<=8 ; i++) 
- f o r ( j = l ; j < = 8 ; j++) 

N [ i ] [ j ] = 0 ; 

//Calculate Sub Matrices Nl_l through Nl_8 
get_Nl_l(subN, Ll_inv, Al_bar, m, 1, cn[l]); 
get„Nl_2(subN, Ll_inv, Dl_bar, m, 1, cn[2]); 
get_Nl_3(subN, Ll_inv, Al_bar, Dl_bar, m, 1, cn[3]); 
get_Nl_4(subN, Ll_inv, Al_bar, Dl_bar, m, 1, en[4], r ) ; 

get_Nl_5(subN, Ll_inv, m, 1, cn[6]); 
get_Nl_6(subN, Ll_inv, Dl_bar, m, 1, en[7]) 
get_Nl_7(subN, Ll_inv, Dl_bar, m, 1, en[8]) 
get_Kl_8 (subN, Ll_inv, Dl__bar, m, 1, en [9]) 

//Calculate total stiffness matrix N as sum of Nl_l through Nl__8 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
for(k=l; k<=8; k++) 

N [ i ] [ j ]+=subK[k] [ i ] [ j ] ; 

//Calculate stiffness matrix [Kl,l] 
m u l t i p l y _ m a t r i x ( L N , N, L l _ i n v ) ; 
m u l t i p l y _ m a t r i x ( K n , L l _ i n v t , LN); 

//Set the nodal load vector Q 
//Note that this section is adjusted for different loading conditions 
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.3 

//Find (e(l) } 
e [ l ] = l ; 
e [ 2 ] = l ; 
e [ 3 ] = l * l ; 
e [ 4 ] = l * l * l ; 
f o r ( i = 5 ; i<=8 ; i++) 

e [ i ] = e x p ( m [ i ] *1) ; 
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//Set {Q}=-16*[L_invt]*{e(l) }*cos(pi/2) 
for(i=l; i<=8; i++) 
{ 

Q[i]=0; 
for(j=l;j<=8; j + + ) 

Q[i]+=-16*Ll_invt[i] [j]*e[j]*cos(pi/2) , 

//Modify [K] for the boundary conditions of cantilever fixed at one end 
for(i=l; i<=4; i++) 
{ 

Q[i]=0; 
for(j=l; j<=8; j++) 

if(i!=j) 
{ 

Kn[ i ] [ j ] = 0 ; 
K n [ j ] [ i ] = 0 ; 

} 
} 

//Invert the modified stiffness matrix to find (deltal) 
inverse (Kn, Kn__irw) ; 
mu l t ip ly_vec to r (de l t a , Q, Kn_inv); 

//Find the displacement contributions a, d and f for mode 1 
a=del ta[5] 
d=del ta[6] 
f=del ta[7] 

//Output the nodal displacement contributions at z=l for mode n=l in mm 
cout<<"*** Nodal displacement components for n=l ***"<<endl; 
cout<<"al( l ) = "<<a*1000<<" mm"<<endl; 
cout<<"dl( l ) = "<<d*1000<<" mm"<<endl; 
c o u t « " f l ( l ) = " « f * 1 0 0 0 « " mm"«endl; 

//** Calculate now the displacements bl, cl and gl 

//Calculate the stiffness matrix for mode '1 
//Inititalize matrix [N] to zero 

for(i=l; i<=8; i++) 
for(j=l; j<=8; j++) 

N[i] [j]=0; 

//Calculate Sub Matrices Nl_l through Nl_8 
get_Nl_l(subN, L2_inv, Al_bar, m, 1, cn[l]); 
get_Nl_2 (subN, L2_inv, -l*Dl_bar, m, 1, cn[2]); 
get_Nl_3(subN, L2_inv, Al_bar, -l*Dl_bar, m, 1, en[3]) 
get_Nl__4(subN, L2_inw 
ge t_N1_5(subN, L 2_i nv, 
get_Nl_6(subN, L2_inv, 

Al_bar, -l*Dl_bar, 
m, 1, en[6] ) ; 
l*Dl_bar, m, 1, cn[7]) 

1, cn[4], r); 

get_Nl_7(subN, L2_inv, -l*Dl_bar, m, 1, cn[8]) 
get_Nl_8(subN, L2_inv, -l*Dl_bar, m, 1, cn[9]) 

//Calculate total stiffness matrix N as sum of Nl_l through Nl_8 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
for(k=l; k<=8; k++) 

N[i] [j]+=subK[k] [i] [ j ] ; 

//Calculate stiffness matrix [Kl,l] 
multiply_matrix(LN, N, L2_inv); 
multiply_matrix(Kn, L2_invt, LN); 

//Set the nodal load vector Q 
//Note that this section is adjusted for different loading conditions 
//Below is the load vector corresponding to Example 1 in Chapter 6, Eg. 6.4 

//Find (e(l)} 
e [ l ] = l ; 
e [ 2 ] = l ; 
e [ 3 ] = l * l ; 
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e [ 4 ] = l * l * l ; 
f o r ( i = 5 ; i < = 8 ; i++) 

e [ i ] = e x p ( m [ i ] *1) ; 

//Set {Q)=-16*[L_invt]*{e(l> }*s±n (pi/2) 
f o r ( i = l ; i < = 8 ; i++) 
( 

Q [ i ] = 0 ; 
f o r ( j - 1 ; j < = 8 ; j + + ) 

Q [ i ] + = - 1 6 * L 2 _ i n v t [ i ] [ j ] * e [ j ] * s i n ( p i / 2 ) ; 

//Modify [K] for the boundary conditions of cantilever fixed at one end 
f o r ( i = l ; i<=4 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j++) 

i f ( i ! = j ) 
{ 

K n [ i ] [ j ] = 0 ; 
Kn[ j ] [ i ] = 0 ; 

//Invert the modified stiffness matrix to find {delta2} 
i n v e r s e ( K n , K n _ i n v ) ; 
m u l t i p l y _ v e c t o r ( d e l t a , Q, K n _ i n v ) ; 

//Find the displacement contributions b, c and g for mode 1 
b = d e l t a [ 5 ] , 
c = d e l t a [ 6 ] 
g = d e l t a [ 7 ] 

//Output the nodal displacement contributions at z=l for mode n=l in mm 
c o u t « " b l ( l ) = "<<b*1000<<" m m " « e n d l ; 
c o u t < < " c l ( l ) = "<<c*1000<<" mm"<<endl; 
c o u t < < " g l ( l ) = "<<g*1000<<" nun"<<endl; 

// ******************************************************************************* ** ********* 
// *** End mode n=l *** 
//****************************************************************************************** 

//****************************************************************************************** 
// ***General case of n>=2 *** 
//****************************************************************************************** 

//Calculate each Fourier mode 'n' independently 
f o r ( n = 2 ; n < = a l p h a ; n++) 
{ 

//Calculate constants that depend on 'n' and coefficients of quartic equation 
c o n s t a n t s 2 ( e n , n , r ) ; 
c o e f f i c i e n t s ( e n , p ) ; 

//Use Ferrari 's method to determine roots M and then take square roots to get m 
q u a r t i c _ r o o t s ( M , p ) ; 
m [ 5 ] = s q r t ( M [ l ] ) ; 
m [ 6 ] = - l * s q r t ( M [ l ] ) ; 
m [ 3 ] = s q r t ( M [ 2 ] ) ; 
m [ 4 ] = - l * s q r t ( M [ 2 ] ) ; 
m [ l ] = s q r t ( M [ 3 ] ) ; 
m [ 2 ] = - l * s q r t ( M [ 3 ] ) ; 
m [ 7 ] = s q r t ( M [ 4 ] ) ; 
m [ 8 ] = - l * s q r t (M[4] ) ; 

//Establish relationships between vectors of integration constants 
f o r ( i = l ; i < = 8 ; i++) 
{ 

D _ b a r [ i ] = ( ( e n [ 1 1 ] * m [ i ] ) * ( e n [ 3 ] * m [ i ] ) / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) - ( c n [ 1 4 ] -
e n [ 1 5 ] * p o w ( m [ i ] , 2 ) ) ) / ( e n [ 1 2 ] - e n [ 1 3 ] * p o w ( m [ i ] , 2 ) -
p o w ( c n [ l l ] * m [ i ] , 2 ) / ( c n [ l ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) ; 
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A _ b a r [ i ] = ( ( - 1 ) * c n [ 1 1 ] * m [ i ] / ( e n [ 1 ] * p o w ( m [ i ] , 2 ) - e n [ 1 0 ] ) ) * D _ b a r [ i j -
cn [3] *m[i] / (en [1] *pow(m[i] , 2) - e n [10] ) ; 

F _ b a r [ i ] = l ; 

instruct 
for(i=l; 

t 
Ll[l 
LI [2 
LI [3 
Ll[4 
Ll[5 
LI [6 
Ll[7 
LI [8 
L2[l 
L2[2 
L2[3 
L2[4 
L2[5 
L2[6 
L2[7 
L2[8 

the 
i<= 

[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 
[i] 

matrices [Ln,l] and [Ln,2] 
-8; i + + ) 

=A_bar [ i ] ; 
= D _ b a r [ i ] ; 
= i ; 
= m [ i ] ; 
= A _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
= D _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
= e x p ( m [ i ] *1) ; 
= m [ i ] * e x p ( m [ i ] * 1 ) ; 
=A_bar[ i ] ; 
= D _ b a r [ i ] ; 
= 1; 
= m [ i ] ; 
=A__bar [ i ] *exp(m[ i ] *1) ; 
= D _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
= e x p ( m [ i ] * 1 ) ; 
=m[i] *exp (m[ i ] *1) ; 

//Invert the martices [Ln,l] and [Ln,2] 
i n v e r s e ( L I , L l _ i n v ) ; 
i n v e r s e ( L 2 , L 2 _ i n v ) ; 

//Find the transpose of Ll_inv and L2_inv 
f o r ( i = l ; i < = 8 ; i + + ) 

f o r ( j = l ; j < = 8 ; j + + ) 
{ 

L l _ i n v t [ i ] [ j ] = L l _ i n v [ j ] [ i ] ; 
L 2 _ i n v t [ i ] [ j ] = L 2 _ i n v [ j ] [ i ] ; 

//* Calculate first the displacements an, dn and fn 

//Calculate the stiffness matrix for mode 'n ' 
/'/Inititalize matrix [N] to zero 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
N[i] [j]=0; 

//Calculate sub matrices subN[l] through subN[8] 
get_Nl(subN, Ll_inv, A_bar, m, 1, cn[l]); 
get_N2(subN, Ll_inv, D_bar, F_bar, m, 1, en[2], 
get_N3(subN, Ll_inv, A_bar, D_bar, F_bar, m, 1, 
get_N4(subN, Ll_inv, A_bar, D_bar, m, 1, en [4], 
get__N5 (subN, Ll_inv, F_bar, m, 1, cn[6]); 
get„N6(subN, Ll_inv, D_bar, F_bar, m, 1, en[7], 
get_N7(subN, Ll_inv, D_bar, F_bar, m, 1, cn[8], 
get_N8(subN, Ll_inv, D_bar, F_bar, m, 1, en [9], 

n); 
en [3 
n, r) ; 

n); 
n); 
n); 

], n); 

//Calculate total stiffness matrix N as sum of subN[l] through subN[8] 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
for(k=l; k<=8; k++) 

N[i] [j]+=subK[k] [i] [j]; 

//Calculate stiffness matrix [Kl,l] 
multiply_matrix(LN, N, Ll_inv); 
multiply_matrix(Kn, Ll_invt, LN); 

//Set the nodal load vector Q 
//Note that this section is adjusted for different loading conditions 
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.3 

//Find led) } 
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f o r ( i = l ; i<=8; i++) 
e [i]=exp(m[i] *1) ; 

//Set {Q)=-16*[Ll_invt] *{e(l) } *cos(n*pi/2) 
f o r ( i = l ; i<=8; i++) 
{ 

Q[i]=0; 
for ( j= l ; j<=8; j++) 

Q[i]+=-16*Ll_invt[ i ] [ j ]*e [ j ] * c o s ( p i / 2 ) ; 
} 

//Modify [K] for the boundary conditions of cantilever fixed at one end 
for(i=l; i<=4; i++) 
f 

Q[i]=0; 
for(j=l; j<=8; j++) 

if(i!=j) 
{ 

Kn[i] [j]=0; 
Kn[j] [i]=0; 

} 
) 

//Invert the modified stiffness matrix to find {delta2j 
inverse(Kn, Kn_inv); 
multiply_vector(delta, Q, Kn_inv); 

//Find the displacement contributions a, d and f for mode n 
a=delta[5]; 
d=delta[6]; 
f=delta[7]; 

//Output the nodal displacement contributions at z=l for mode n in mm 
cout<<"*** Nodal displacement components for mode "<<n<<" ***"<<endl; 
cout<<"a"<<n<<"(1) = "<<a*1000<<" mm"<<endl; 
cout«"d"«n<<" (1) = "«d*1000«" mm"«endl; 
cout«"f "<<n<<" (1) = "<<f*1000<<" mm"<<endl; 

//*** Calculate now the displacements bn, en and gn *** 

//Calculate the stiffness matrix for mode 'n ' 
//Inititalize matrix [N] to zero 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
N[i] [j]=0; 

//Calculate sub matrices subN[l] through subN[8] 
get_Nl(subN, L2_inv, A_bar, m, 1, cn[l]); 
get_N2(subN, L2_inv, -l*D_bar, F_bar, m, 1, en[2], n); 
get_N3(subN, L2_inv, A_bar, -l*D_bar, F_bar, m, 1, cn[3], n); 
get_N4(subN, L2_inv, A_bar, -l*D_bar, m, 1, en[4], n, r); 
get_N5(subN, L2_inv, F_bar, m, 1, cn[6]); 
get_N6(subN, L2_inv, -l*D_bar, F_bar, m, 1, en[7], n); 
get_N7(subN, L2_inv, -l*D_bar, F_bar, m, 1, en[8], n) ; 
get_N8(subN, L2__inv, -l*D_bar, F_bar, m, 1, cn[9], n) ; 

//Calculate total stiffness matrix N as sum of subN[l] through subN[8] 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
for(k=l; k<=8; k++) 

N [ i ] [ j ] + = s u b K [ k ] [ i ] [ j ] ; 

//Calculate stiffness matrix [K2,l] 
multiply_matrix(LN, N, L2_inv); 
multiply_matrix(Kn, L2_invt, LN); 

//Set the nodal load vector Q 
//Note that this section is adjusted for different loading conditions 
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.4 

//Find {e(l)} 
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f o r ( i = l ; i < = 8 ; i++) 
e [ i ] = e x p ( m [ i ] * l ) ; 

//Set {Q}=-16*[L2_invt] *{e (1) ) *sin <n*pi/2) 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 1 6 * L 2 _ i n v t [ i ] [ j ] * e [ j ] * s i n ( p i / 2 ) ; 
} 

//Modify [K] for the boundary conditions of cantilever fixed at one end 
f o r ( i = l ; i < = 4 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j++) 

i f ( i ! = j ) 
{ 

K n [ i ] [ j ] = 0 ; 
K n [ j ] [ i ] = 0 ; 

} 
} 

//Invert the modified stiffness matrix to find {delta2} 
i n v e r s e ( K n , K n _ i n v ) ; 
m u l t i p l y _ v e c t o r ( d e l t a , Q, K n _ i n v ) ; 

//Find the displacement contributions b, c and g for mode n 
b = d e l t a [ 5 ] ; 
c = d e l t a [ 6 ] ; 
g = d e l t a [ 7 ] ; 

. //Output the nodal displacement contributions at z=l for mode n in mm 
c o u t « " b " < < n < < " (1) = "<<b*1000<<" mm"<<endl; 
c o u t « " c " « n « " (1) = " « c * 1 0 0 0 < < " m m " « e n d l ; 
cou t<<"g"<<n<<"(1) = "<<g*1000<<" mm"<<endl; 

) 

// *** End mode n *** 

// *** END MAIN PROGRAM *** 

//Function to get the physical properties of the pipe 
void input(double *r, double *t, double *1, double *E, double *G, double *mu, int *alpha) 
{ 

*r=0.2; 
*t=0.006; 
*E=200000000; 
*mu=0.3; 
*G=*E/(2*(l+*mu)); 
*1=4; 
*alpha=6; 

} 

//Function to calculate the constants dependent on physical properties of the pipe 
void constantsl(double *c, double r, double t, double E, double G, double mu) 
{ 

double pi=M_PI; 
c[l]=E*r*t*pi/(l-pow(mu,2)); 
c[2]=E*t*pi/(r*(l-pow(mu,2))); 
c[3]=E*t*mu*pi/(l-pow(mu,2)); 
c[4]=G*r*t*pi; 
c[5]=G*t*pi; 
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c [ 6 ] = E * r J ' p o w ( t , 3 ) * p i / ( 1 2 * ( l - p o w ( m u , 2) ) ) ; 
c [ 7 ] = E * p o w ( t , 3 ) * p i / ( 1 2 * p o w ( r , 3 ) * ( l - p o w ( m u , 2 ) ) ) ; 
c [ 8 ] = E * p o w ( t ; , 3 ) * m u * p i / (12 * r * ( 1 - p o w (mu, 2) ) ) ; 
c [ 9 ] = G * p o w ( t , 3 ) * p i / ( 3 * r ) ; 
c [ 1 3 ] = c [ 4 ] + c [ 9 ] ; 

//Function to calculate constants dependent on Fourier mode n 
//Function will be called for each mode n 
v o i d c o n s t a n t s 2 ( d o u b l e * c , i n t n , d o u b l e r ) 
{ c [ 1 0 ] = c [ 4 ] * p o w ( ( n / r ) , 2 ) ; 

c [ l l ] = ( c [ 3 ] + c [ 5 ] ) * n ; 
c [ 1 2 ] = ( c [ 2 ] + c [ 7 ] ) * p o w ( n , 2 ) ; 
c [ 1 4 ] = c [ 2 ] * n + c [ 7 ] * p o w ( n , 3 ) ; 
c [ 1 5 ] = ( c [ 8 ] + c [ 9 ] ) * n ; 
c [ 1 6 ] = c [ 2 ] + c [ 7 ] * p o w ( n , 4 ) ; 
c [ 1 7 ] = ( 2 * c [ 8 ] + c [ 9 ] ) * p o w ( n , 2 ) ; 

//Function to calculate the coefficients of the quartic equation 
v o i d c o e f f i c i e n t s ( d o u b l e * c , d o u b l e *p) 

{ 
d o u b l e d l , d 2 , d 3 , d 4 , d 5 ; 
p [ l ] = ( - D * c [ l ] * c [ 6 ] * c [ 1 3 ] ; 
p [ 2 ] = c [ l ] * ( c [ 6 ] * c [ 1 2 ] + c [ 1 3 ] * c [ 1 7 ] - p o w ( c [ 1 5 ] , 2) ) + c [ 6 ] * (c [10 J *c [ 13 ] - p o w (c [ 1 1 ] , 2) ) ; 
p [ 3 ] = c [ l ] * ( ( - 1 ) * c [ 1 2 ] * c [ 1 7 ] - c [ 1 3 ] * c [ 1 6 ] + 2 * c [ 1 4 ] * c [ 1 5 ] ) - c [ 1 0 ] * ( c [ 6 ] * c [ 1 2 ] + c [ 1 3 ] * c [ 1 7 ] -

p o w ( c [ 1 5 ] , 2 ) ) + p o w ( c [ l l ] , 2 ) * c [ 1 7 ] - 2 * c [ 3 ] * c [ l l ] * c [ 1 5 ] + p o w ( c [ 3 ] , 2 ) * c [ 1 3 ) ; 
d l = c [ l ] * ( c [ 1 2 ] * c [ 1 6 ] - p o w ( c [ 1 4 ] , 2) ) ; 
d 2 = c [ 1 0 ] * ( c [ 1 2 ] * c [ 1 7 ] + c [ 1 3 ] * c [ 1 6 ] - 2 * c [ 1 4 ] * c [ 1 5 ] ) ; 
d 3 = 2 * c [ 3 ] * c [ l l ] * c [ 1 4 ] ; 
d 4 = p o w ( c [ l l ] , 2 ) * c [ 1 6 ] ; 
d 5 = p o w ( c [ 3 ] , 2 ) * c [ 1 2 ] ; 
p [ 4 ] = d l + d 2 + d 3 - d 4 - d 5 ; 

p [ 5 ] = ( - l ) * c [ 1 0 ] * ( c [ 1 2 ] * c [ 1 6 ] - p o w ( c [ 1 4 ] , 2 ) ) ; 

) 

//Function to solve the quartic equation with Ferrari 's Method for modes n>=2 
void quartic_roots(complex *root, double *pp) 
{ 

int i; 
double alpha, beta, gamma; 
double p, q, radical; 
complex r, u, sqroot, y, w, bracket_pos, bracket_neg, polynomial[6], temp[3]; 

alpha = -3*pow(pp[2],2)/(8*pow(pp[l],2))+pp[3]/pp[ll; 
beta = pow(pp[2],3)/(8*pow(pp[l],3))-(pp[2]*pp[3])/(2*pow(pp[l],2))+pp[4]/pp[l]; 
gamma =-3*pow(pp[2],4)/(256*pow(pp[1],4))+pp[3]*pow(pp[2],2)/(16*pow(pp[1],3))-

pp[2]*pp[4]/(4*pow(pp[l],2))+pp[5]/pp[l]; 

//Check if beta=0 
if (beta<.000001 && beta>-.000001) //Equation is Biquadratic 
( 

p = pow(alpha,2)-4*gamma; 
if(P>0) 

sqroot = sqrt(p); 
else 

sqroot = complex_root(p); 
bracket_pos = -alpha+sqroot; 
bracket_neg = -alpha-sqroot; 
root[l] = -pp[2]/(4*pp[l])+sqrt(bracket_pos/2.0); 
root[2] = -pp[2]/(4*pp[l])+sqrt(bracket_neg/2.0); 
root [3] = -pp[2]/(4*pp[l])-sqrt(bracket_pos/2.0); 
root[4] = -pp[2]/(4*pp[l])-sqrt(bracket_neg/2.0); 
for(i=l; i<=4; i++) 

if (abs(root [i] X . 00001) 
root[i]=0; 

} 

else //Equation is not Biquadratic - Full Ferrari 's method is req'd 
{ 

p = -pow(alpha,2)/12-gamma; 
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q = -pow(alpha,3)/108+alpha*gamma/3-pow(beta,2)/8; 
radical = pow(q,2)/4+pow(p,3)121; 

if(radical>0) 
r = q/2.0 + sqrt(radical); 

else 
{ 

sqroot = complex_root(radical); 
r = q/2.0 + sqroot; 

u = pow(r, 1.0/3.0); 

//check if u=0 
if(abs(u)<.000001) 

y = -(5.0/6.0)*alpha; 
else 

y = -(5.0/6.0)*alpha p/(3*u); 

w = sqrt(alpha + 2*y); 
bracket_pos = -(3*alpha+2*y+2*beta/w) ; 
bracket_neg = -(3*alpha+2*y-2*beta/w) ; 

root[l] = -pp[2]/(4*pp[l])+(w+sqrt(bracket_pos))/2 
root[2] = -pp[2]/(4*pp[l])-(w+sqrt(bracket_neg))/2 
root[3] = ~pp[2]/(4*pp[l])+(w-sqrt(bracket_pos))/2 
root[4] = -pp[2]/(4*pp[l])-(w-sqrt(bracket_neg))/2 

//Function to compute the complex square root of a number of type "double" 
complex complex__root (double x) 
{ 

complex root, xx=x; 
root = sqrt(xx); 
return root; 

//Function to compute the inverse of a matrix [a] 
v o i d i n v e r s e ( c o m p l e x a [ ] [ 9 ] , complex a _ i n v [ ] [ 9 ] ) 
{ 

i n t i , j , k ; 
complex value; 

f o r ( i = l ; i < = 8 ; i++) 
{ 

f o r ( j = l ; j < = 8 ; j++) 
{ 

i f ( i = = j ) 
a _ i n v [ i ] [ j ] = 1 . 0 ; 

e l s e 
a _ i n v [ i ] [ j ] = 0 . 0 ; 

f o r ( i = l ; i < = 8 ; i++) 
{ 

f o r ( j = l ; j < = 8 ; j++) 
{ 

i f ( i ! = j ) 
a [ i ] [ j ] / = a [ i ] [ i ] ; 

a _ i n v [ i ] [ j ] / = a [ i ] [ i ] ; 
} 
a [ i ] [ i ] = 1 . 0 ; 
f o r ( k = l ; k<=8; k++) 
( 

i f ( i ! = k ) 
{ 

v a l u e = a [k] [ i ] ; 
f o r ( j = l ; j < = 8 ; j++) 
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a[k] [j]-=a[i] [j]*value; 
a_inv[k][j]-=a_inv[i][j]*value; 

1 
} 

} 
} 

} 

//Functions to compute required integrals 
complex into(complex a, double 1) 
{ 

complex integral, exponent; 

exponent=exp(a*l) ; 
integral—(exponent-1) /a; 
return integral; 

complex intl(complex a, double 1) 
{ 

complex integral, exponent; 

exponent=exp(a*l); 
integral-((a*1-1)*exponent + l)/pow(a, 2); 
return integral; 

complex int2(complex a, double 1) 
{ 

complex integral, exponent; 

exponent=exp(a*l); 
integral=pow(1,2)*exponent/a-(2/a)*intl(a,l); 
return integral; 

complex int3(complex a, double 1) 
{ 

complex integral, exponent; 

exponent=exp(a*l); 
integral=pow(l,3)*exponent/a-(3/a)*intl(a,l); 
return integral; 

// *** Functions to get matrices subN for case of n=l *** 

// C1{N_A-'}<N_A'> from Eq. 5.30 
v o i d g e t _ N l _ l ( c o m p l e x N [ ] [ 9 ] [ 9 ] , complex A _ b a r [ ] , complex m [ ] , d o u b l e l e n g t h , d o u b l e 

c o n s t a n t ) 
{ 

i n t i , j ; 

N [ l ] [ 3 ] [ 3 ] = A _ b a r [ 3 ] * A _ b a r [ 3 ] * l e n g t h ; 
N i l ] [ 3 ] [ 4 ] = N [ 1 ] [ 4 ] [ 3 ] = A _ b a r [ 3 ] * A _ b a r [ 4 ] * p o w ( l e n g t h , 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ l ] [ 3 ] [ i ] = N [ l ] [ i ] [3]=m[i]*A__bar [3]*A_bar [ i ] * i n t O ( m [ i ] , l e n g t h ) ; 
N [ l ] [4] [ 4 ] = 4 * A _ b a r [ 4 ] * A _ b a r [ 4 ] * p o w ( l e n g t h , 3 ) / 3 ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ l ] [ 4 ] [ i ] = N [ l ] [ i ] t 4 ] = 2 * m [ i ] * A _ b a r [ 4 ] * A _ b a r [ i ] * i n t l ( m [ i ] , l e n g t h ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

f o r ( j = 5 ; j < = 8 ; j + + ) 
i f ( a b s ( m [ j ] + m [ i ] ) < . 0 0 0 1 ) 

N [ l ] [ i ] [ j ] = m [ j ] * m [ i ] * A _ b a r [ j ] * A _ b a r [ i ] * l e n g t h ; 
e l s e 

N [ l ] [ i ] [ j ] = m [ j ] *m[i] *A_bar [ j ] *A_bar [ i ] * in tO ( (m[ i ]+m[ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N [ l ] [ i ] [ j ] * = c o n s t a n t ; 
} 
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// Eq. 5.33a 
void get_Nl_2(complex N[][9][9], complex D_bar[], complex m[], double length, double 

constant) 
{ 

int i, j; 
complex integral; 

N[2] [1] [ l ] = ( l + 2 * D _ b a r [ 1 ] + D _ b a r [ 1 ] * D _ b a r [ 1 ] ) * l e n g t h ; 
N [ 2 ] [ 1 ] [ 2 ] = N [ 2 ] [ 2 ] [ l ] = ( l + D _ b a r [ 1 ] + D _ b a r [ 2 ] + D _ b a r [ 1 ] * D _ b a r [ 2 ] ) * p o w ( l e n g t h , 2 ) 1 2 ; 
N[2] [1] [3]=N[2] [3] [2) = ( ( 1 + D _ b a r [ 1 ] + D _ b a r [ 3 ] + D _ b a r [ 1 ] * D _ b a r [ 3 ] ) * ( p o w ( l e n g t h , 3 ) / 3 ) + 

( D _ b a r [ 9 ] + D _ b a r [ 1 ] * D _ b a r [ 9 ] ) * l e n g t h ) ; 
N[2] [1] [4]=N[2] [4] [1] = ( ( 1 + D _ b a r [ 1 ] + D _ b a r [ 4 ] + D _ b a r [ l ] * D _ b a r [ 4 ] ) * ( p o w ( l e n g t h , 4 ) / 4 ) + 

( D _ b a r [ 1 0 ] + D _ b a r [ 1 ] * D _ b a r [ 1 0 ] ) * p o w ( l e n g t h , 2 ) / 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N[2] [1] [ i ]=N[2 ] [ i ] [ l ] = ( l+D_bar [1]+D__bar [ i ]+D_bar [ l ] *D_ba r [ i ] ) * i n t 0 ( m [ i ] , l e n g t h ) ; 

N [ 2 ] [ 2 ] [ 2 ] = ( l + 2 * D _ b a r [ 2 ] + D _ b a r [ 2 ] * D „ b a r [ 2 ] ) * p o w ( l e n g t h , 3 ) / 3 ; 
N [ 2 ] [ 2 ] [ 3 ] = N [ 2 ] [ 3 ] [ 2 ] = ( ( 1 + D _ b a r [ 2 ] + D _ b a r [ 3 ] + D _ b a r [ 2 ] * D _ b a r [ 3 ] ) * ( p o w ( l e n g t h , 4 ) / 4 ) + 

( D _ b a r [ 9 ] + D _ b a r [ 2 ] * D _ b a r [ 9 ] ) * p o w ( l e n g t h , 2 ) / 2 ) ; 
N[2] [2] [4]=N[2] [4] [2] = ( ( 1 + D _ b a r [ 2 ] + D _ b a r [ 4 ] + D _ b a r [ 2 ] * D _ b a r [ 4 ] ) * ( p o w ( l e n g t h , 5 ) / 5 ) + 

( D _ b a r [ 1 0 ) + D _ b a r [ 2 ] * D „ b a r [ 1 0 ] ) * p o w ( l e n g t h , 3 ) / 3 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N[2] [2] [ i ]=N[2 ] [ i ] [2] = ( 1 + D _ b a r [ 2 ] + D _ b a r [ i ] + D _ b a r [ 2 ] * D _ b a r [ i ] ) * i n t 1 < m [ i ] , l e n g t h ) ; 

N [ 2 ] [ 3 ] [ 3 ] = ( ( 1 + D _ b a r [ 3 ] + D _ b a r [ 3 ] + D „ b a r [ 3 ] * D _ b a r [ 3 ] ) * ( p o w ( l e n g t h , 5 ) / 5 ) + 
( 2 * D _ b a r [ 9 ] + 2 * D _ b a r [ 3 ] * D _ b a r [ 9 ] ) * p o w ( l e n g t h , 3 ) / 3 + D _ b a r [ 9 ] * D _ b a r [ 9 ] * l e n g t h ) ; 

N [ 2 ] [ 3 ] [ 4 ] = N [ 2 ] [ 4 ] [ 3 ] = ( ( 1 + D _ b a r [ 3 ] + D _ b a r [ 4 ] + D _ b a r [ 3 ] * D _ b a r [ 4 ] ) * ( p o w ( l e n g t h , 6 ) / 6 ) + 
( D _ b a r [ 9 ] + D _ b a r [ 1 0 ] + D _ b a r [ 3 ] * D _ b a r [ 1 0 ] + D _ b a r [ 4 ] * D _ b a r [ 9 ] ) * p o w ( l e n g t h , 4 ) / 4 + D _ b a r [ 9 ] * 
D _ b a r [ 1 0 ] * p o w ( l e n g t h , 2 ) / 2 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 2 ] [ 3 ] [ i ] = N [ 2 ] [ i ] [ 3 ] = ( D _ b a r [ 9 ] + D _ b a r [ i ] * D _ b a r [ 9 ] ) * i n t 0 ( m [ i ] , l e n g t h ) + ( 1 + D _ b a r [ 3 ] + 

D _ b a r [ i ] + D _ b a r [ 3 ] * D _ b a r [ i ] ) * i n t 2 ( m [ i ] , l e n g t h ) ; 

N [ 2 ] [ 4 ] [ 4 ] = ( ( 1 + D _ b a r [ 4 ] + D _ b a r [ 4 ] + D _ b a r [ 4 ] * D _ b a r [ 4 ] ) * ( p o w ( l e n g t h , 7 ) / 7 ) + ( 2 * D _ b a r [ 1 0 ] + 
2 * D _ b a r [ 4 ] * D _ b a r [ 1 0 ] ) * p o w ( l e n g t h , 5 ) / 5 + D _ b a r [ 1 0 ] * D _ b a r [ 1 0 ] * p o w ( l e n g t h , 3 ) / 3 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 2 ] [ 4 ] [ i ] = N [ 2 ] [ i ] [ 4 ] = ( D _ b a r [ 1 0 ] + D _ b a r [ i ] * D _ b a r [ 1 0 ] ) * i n t l ( m [ i ] , l e n g t h ) + ( 1 + D _ b a r [ 4 ] + 

D _ b a r [ i ] + D _ b a r [ 4 ] * D _ b a r [ i ] ) * i n t 3 ( m [ i ] , l e n g t h ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
f o r ( j = 5 ; j < = 8 ; j + + ) 

i f ( a b s ( m [ j ] + m [ i ] X . 0 0 0 1 ) 
N [ 2 ] [ i ] [ j ] = ( l + D _ b a r [ j ] + D _ b a r [ i ] + D _ b a r [ j ] * D _ b a r [ i ] ) * l e n g t h ; 

e l s e 
N[2] [ i ] [ j ] = ( l+D_bar [j]+D__bar [ i ]+D_bar [ j ] *D_bar [ i ] ) * i n t 0 ( (m[ i ]+m[ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; ]++) 

N [ 2 ] [ i ] [ j ] * = c o n s t a n t ; 
} 

/ / Eq. 5.33c 
v o i d get_Nl__3 (complex N[] [9] [ 9 ] , complex A_bar [ ] , complex D_bar [ ] , complex m [ ] , d o u b l e 

l e n g t h , d o u b l e c o n s t a n t ) 
{ 

i n t i , j ; 
complex integral; 

N[3] [1] [3]=N[3] [3] [ l ] = (A_bar [3]+A_bar [3] *D__bar [1] ) * l e n g t h ; 
N [ 3 ] [ 1 ] [ 4 ] = N [ 3 ] [ 4 ] [ l ] = ( A _ b a r [ 4 ] + A _ b a r [ 4 ] * D _ b a r [ 1 ] ) * p o w ( l e n g t h , 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 3 ] [ 1 ] [ i ] = N [ 3 ] [ i ] [ l ] = ( A _ b a r [ i ] + A _ b a r [ i ] * D _ b a r [ 1 ] ) * i n t 0 ( m [ i ] , l e n g t h ) ; 

N [ 3 ] [ 2 ] [ 3 ] = N [ 3 ] [ 3 ] [ 2 ] = ( A _ b a r [ 3 ] + A _ b a r [ 3 ] * D _ b a r [ 2 ] ) * p o w ( l e n g t h , 2 ) 1 2 ; 
N [ 3 ] [ 2 ] [ 4 ] = N [ 3 ] [ 4 ] [ 2 ] = 2 * ( A _ b a r [ 4 ] + A _ b a r [ 4 ] * D _ b a r [ 2 ] ) * p o w ( l e n g t h , 3 ) / 3 ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 3 ] [ 2 ] [ i ] = N [ 3 ] [ i ] [ 2 ] = m [ i ] * ( A _ b a r [ i ] + A _ b a r [ i ] * D _ b a r [ 2 ] ) * i n t l ( m [ i ] , l e n g t h ) ; 

N [ 3 ] [ 3 ] [ 3 ] = 2 * ( A _ b a r [ 3 ] * D _ b a r [ 9 ] * l e n g t h + ( A _ b a r [ 3 ] + A _ b a r [ 3 ] * D _ b a r [ 3 ] ) * p o w ( l e n g t h , 3 ) 1 3 ) ; 
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N [ 3 ] [ 3 ] [ 4 ] = N [ 3 ] [ 4 ] [ 3 ] = ( ( A _ b a r [ 3 ] * D _ b a r [ 1 0 ] + 2 * A _ b a r [ 4 ] * D _ b a r [ 9 ] ) * ( p o w ( l e n g t h , 2 ) 1 2 ) 
+ ( A _ b a r [ 3 ] + 2 * A _ b a r [ 4 ] + A _ b a r [ 3 ] * D _ b a r [ 4 ] + 2 * A _ b a r [ 4 ] * D _ b a r [ 3 ] ) * p o w ( l e n g t h , 4 ) / 4 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 3 ] [ 3 ] [ i ] = N [ 3 ] [ i ] [ 3 ] = < A _ b a r [ 3 ] + A _ b a r [ 3 ] * D _ b a r [ i ] + m [ i ] * A _ b a r [ i ] * D _ b a r [ 9 ] ) * 

i n t 0 ( m [ i ] , l e n g t h ) + ( m [ i ] * A _ b a r [ i ] * ( l + D _ b a r [ 3 ] ) ) * i n t 2 ( m [ i ] , l e n g t h ) ; 
N[3] [4] [4] = ( ( 1 + D _ b a r [ 4 ] ) * p o w ( l e n g t h , 5 ) / 5 + D _ b a r [ 1 0 ] * p o w ( l e n g t h , 3 ) / 3 ) * 4 * A _ b a r [ 4 ] ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 3 ] [ 4 ] [ i ] = N [ 3 ] [ i ] [ 4 ] = ( 2 * A _ b a r [ 4 ] * ( 1 + D _ b a r [ i ] ) + m [ i ] * A _ _ b a r [ i ] * D _ b a r [ 1 0 ] ) * 
i n t l ( m [ i ] , l e n g t h ) + ( m [ i ] * A _ b a r [ i ] * ( 1 + D _ b a r [ 4 ] ) ) * i n t 3 ( m [ i ] , l e n g t h ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
f o r ( j = 5 ; j < = 8 ; j + + ) 

i f ( a b s ( m [ j ] + m [ i ] X . 0 0 0 1 ) 
N [ 3 ] [ i ] [ j ] = ( m [ j ] * A _ b a r [ j ] * ( l + D _ b a r [ i ] ) + m [ i ] * A _ b a r [ i ] * ( 1 + D _ b a r [ j ] ) ) * l e n g t h ; 

e l s e 
N [ 3 ] [ i ] [ j ] = ( m [ j ] * A _ b a r [ j ] * ( l + D _ b a r [ i ] ) + m [ i ] * A _ b a r [ i ] * ( 1 + D _ b a r [ j ] ) ) * 

i n t 0 ( (m[ i ]+m[ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N [ 3 ] [ i ] [ j ] * = c o n s t a n t ; 
} 

/ / Eq. 5.33e 
v o i d g e t _ N l _ 4 ( c o m p l e x N [ ] [ 9 ] [ 9 ] , complex A _ b a r [ ] , complex D _ b a r [ ] , complex m [ ] , d o u b l e 

l e n g t h , d o u b l e c o n s t a n t , d o u b l e r ) 
( 

i n t i , j ; 
complex i n t e g r a l ; 

N [ 4 ] [ 2 ] [ 2 ] = ( D _ b a r [ 2 ] * D _ b a r [ 2 ] - ( 2 / r ) * ( A _ b a r [ 2 ] * D _ b a r [ 2 ] ) + 
( l / p o w ( r , 2 ) ) * A _ b a r [ 2 ] * A _ b a r [ 2 ] ) * l e n g t h ; 

N [ 4 ] [ 2 ] [ 3 ] = N [ 4 ] [ 3 ] [ 2 ] = ( l e n g t h * l e n g t h / 2 ) * ( 2 * D _ b a r [ 2 ] * D _ b a r [ 3 ] -
( 1 / r ) *(A_bar [3] *D_bar [2] +2*A__bar [2] *D_bar [3] ) + (1/pow ( r , 2) ) *A_Joar [2] *A_bar [3 ] ) ; 

N [ 4 ] [ 2 ] [ 4 ] = N [ 4 ] [ 4 ] [ 2 ] = ( ( D _ b a r [ 2 ] * D _ b a r [ 1 0 ] - ( 1 / r ) * ( A _ b a r [ 2 ] * D _ b a r [ 1 0 ] + A _ b a r [ 9 ] * D J o a r [ 2 ] ) • 
( l / p o w ( r , 2 ) ) * A _ b a r [ 2 ] * A _ b a r [ 9 ] ) * l e n g t h + ( 3 * D _ b a r [ 2 ] * D _ b a r [ 4 ] — 
( 1 / r ) * ( 3 * A _ b a r [ 2 ] * D _ b a r [ 4 ] + A „ b a r [ 4 ] * D _ b a r [ 2 ] ) + ( 1 / p o w ( r , 2 ) ) * A _ b a r [ 2 ] * A _ b a r [ 4 ] ) * 
p o w ( l e n g t h , 3 ) / 3 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 4 ] [ 2 ] [ i ] = N [ 4 ] [ i ] [ 2 ] = ( m [ i ] * D _ b a r [ 2 ] * D _ b a r [ i ] - ( 1 / r ) * ( m [ i ] * A _ b a r [ 2 ] * D _ b a r [ i ] + 

A _ b a r [ i ] * D _ b a r [ 2 ] ) + ( l / p o w ( r , 2 ) ) * A _ b a r [ 2 ] * A _ b a r [ i ] ) * i n t 0 ( m [ i ] , l e n g t h ) ; 

N [ 4 ] [ 3 ] [ 3 ] = ( 4 * D _ b a r [ 3 ] * D _ b a r [ 3 ] - ( 4 / r ) * ( A ^ b a r [ 3 ] * D _ b a r [ 3 ] ) + 
( 1 / p o w ( r , 2 ) ) * A _ b a r [ 3 ] * A _ b a r [ 3 ] ) * ( p o w ( l e n g t h , 3 ) / 3 ) ; 

N [ 4 ] [ 3 ] [ 4 ] = N [ 4 ] [ 4 ] [ 3 ] = ( ( 2 * D _ b a r [ 3 ] * D „ b a r [ 1 0 ] - ( 1 / r ) * ( A _ b a r [ 3 ] * D _ b a r [ 1 0 ] + 
2*A_bar [9]*D_bar [3] ) + (1/pow ( r , 2) ) *A_bar [3 ] *A_bar [ 9] )* (pow ( l e n g t h , 2) / 2 ) + (6*D__bar [3 ] * 
D _ b a r [ 4 ] - ( 1 / r ) * ( 3 * A „ b a r [ 3 ] * D _ b a r [ 4 ] + 2 * A _ b a r [ 4 ] * D _ b a r [ 3 ] ) + 
( l / p o w ( r , 2 ) ) * A _ b a r [ 3 ] * A _ b a r [ 4 ] ) * p o w ( l e n g t h , 4 ) / 4 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N[4] [3] [ i ] = N [ 4 ] [ i ] [3] = ( 2 * m [ i ] * D J o a r [ 3 ] * D _ b a r [ i ] - ( 1 / r ) * ( m [ i ] * A _ b a r [ 3 ] * D _ b a r [ i ] + 

2 * A _ b a r [ i ] * D _ b a r [ 3 ] ) + ( 1 / p o w ( r , 2 ) ) * A _ b a r [ 3 ] * A _ b a r [ i ] ) * i n t l ( m [ i ] , l e n g t h ) ; 

N[4] [4] [4] = ( (D_bar [10]*D_bar [ 1 0 ] - ( 2 / r ) * (A_bar [9] *D__bar [10] ) + 
( l / p o w ( r , 2 ) ) * A _ b a r [ 9 ] * A _ b a r [ 9 ] ) * l e n g t h + ( 6 * D _ b a r [ 4 ] * D _ b a r [ 1 0 ] -
( 2 / r ) * ( 3 * A _ b a r [ 9 ] * D _ b a r [ 4 ] + A _ b a r [ 4 ] * D _ b a r [ 1 0 ] ) + 
( 1 / p o w ( r , 2 ) ) * 2 * A _ b a r [ 4 ] * A _ b a r [ 9 ] ) * p o w ( l e n g t h , 3 ) / 3 + ( 9 * D _ b a r [ 4 ] * D _ b a r [ 4 ] -
( 6 / r ) * ( A _ b a r [ 4 ] * D _ b a r [ 4 ] ) + ( 1 / p o w ( r , 2 ) ) * A _ b a r [ 4 ] * A _ b a r [ 4 ] ) * p o w ( l e n g t h , 5 ) / 5 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N[4] [4] [ i ]=N[4 ] [ i ] [4] = ( m [ i ] * D _ b a r [ 1 0 ] * D _ b a r [ i ] - ( 1 / r ) * ( m [ i ] * A _ b a r [ 9 ] * D _ b a r [ i ] + 

A _ b a r [ i ] * D _ b a r [ 1 0 ] ) + ( 1 / p o w ( r , 2 ) ) * A _ b a r [ 9 ] * A _ b a r [ i ] ) * i n t 0 ( m [ i ] , l e n g t h ) + 
( 3 * m [ i ] * D _ b a r [ 4 ] * D _ b a r [ i ] - ( 1 / r ) * ( m [ i ] * A _ b a r [ 4 ] * D _ b a r [ i ] + 3 * A _ b a r [ i ] * D _ b a r [ 4 ] ) + 
( l / p o w ( r , 2 ) ) * A _ b a r [ 4 ] * A _ b a r [ i ] ) * i n t 2 ( m [ i ] , l e n g t h ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
f o r ( j = 5 ; j < = 8 ; j + + ) 

i f ( a b s ( m [ j ] + m [ i ] )< .0001) 
N [ 4 ] [ i ] [ j ] = ( m [ j ] * m [ i ] * D _ b a r [ j ] * D _ b a r [ i ] - ( 1 / r ) * ( m [ j ] * A _ b a r [ i ] * D _ b a r [ j ] + 

m [ i ] * A _ b a r [ j ] * D _ b a r [ i ] ) + ( 1 / p o w ( r , 2 ) ) * A _ b a r [ j ] * A _ b a r [ i ] ) * l e n g t h ; 
e l s e 
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N 14] [ i ] [ j ] = ( m [ j ] * m [ i ] * D _ b a r [ j ] * D _ b a r [ i ] - ( 1 / r ) * ( m [ j ] * A _ b a r [ i ] * D _ b a r [ j ] + 
m [ i ] * A _ b a r [ j ] * D _ b a r [ i ] ) + ( l / p o w ( r , 2 ) ) * A _ b a r [ j ] * A _ b a r [ i ] ) * 
i n t o ( ( m [ i ] + m [ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N [ 4 ] [ i ] [ j ] * = c o n s t a n t ; 
} 

/ / Eg. 5.33g 
v o i d ge t_Nl_5 (complex N [ ] [ 9 1 [ 9 ] , complex m [ ] , d o u b l e l e n g t h , d o u b l e c o n s t a n t ) 
{ 

i n t i , j ; 
complex add_value; 

N [ 5 ] [ 3 ] [ 3 ] = 4 * l e n g t h ; 
N [ 5 ] [ 3 ] [ 4 ] = N [ 5 ] [ 4 ] [ 3 ] = 6 * p o w ( l e n g t h , 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 5 ] [ 3 ] [ i ] = N [ 5 ] [ i ] [ 3 ] = 2 * p o w ( m [ i ] , 2 ) * i n t O ( m [ i ] , l e n g t h ) ; 
N [ 5 ] [ 4 ] [ 4 ] = 1 2 * p o w ( l e n g t h , 3 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 5 ] [ 4 ] [ i ] = N [ 5 ] [ i ] [ 4 ] = 6 * p o w ( m [ i ] , 2 ) * i n t l ( m [ i ] , l e n g t h ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
f o r ( j = 5 ; j < = 8 ; j + + ) 

i f ( a b s ( m [ j ] + m [ i ] X . 0 0 0 1 ) 
N [ 5 ] [ i ] [ j ] = m [ j ] * m [ j ] * m [ i ] * m [ i ] * l e n g t h ; 

e l s e 
N [ 5 ] [ i ] [ j ] = m [ j ] * m [ j ] * m [ i ] * m [ i ] * i n t O ( ( m [ i ] + m [ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N [ 5 ] [ i ] t j ] * = c o n s t a n t ; 
} 

/ / Eg. 5.33i 
v o i d ge t_Nl_6 (complex N [ ] [ 9 ] [ 9 ] , complex D _ b a r [ 1 , complex m [ ] , d o u b l e l e n g t h , d o u b l e 

c o n s t a n t ) 
{ 

i n t i , j ; 
complex i n t e g r a l ; 

N[6] [1] [ l ] = ( l + 2 * D _ b a r [ 1 ] + D _ b a r [ 1 ] * D _ b a r [ 1 ] ) * l e n g t h ; 
N [ 6 ] [ 1 ] [ 2 ] = N [ 6 ] [ 2 ] [ l ] = ( l + D _ b a r [ 1 ] + D _ b a r [ 2 ] + D _ b a r [ 1 ] * D _ b a r [ 2 ] ) * p o w ( l e n g t h , 2 ) / 2 ; 
N[6] [1] [3]=N[6] [3] [2] = ( (1+D_bar [1 ]+D_bar [3 ]+D_bar [1 ] *D_bar [3] ) * ( p o w ( l e n g t h , 3 ) / 3 ) + 

( D _ b a r [ 9 ] + D _ b a r [ 1 ] * D _ b a r [ 9 ] ) * l e n g t h ) ; 
N [ 6 ] [ 1 ] [ 4 ] = N [ 6 ] [ 4 ] [ 1 ] = ( ( 1 + D _ b a r [ 1 ] + D _ b a r [ 4 ] + D _ b a r [ l ] * D _ b a r [ 4 ] ) * ( p o w ( l e n g t h , 4 ) / 4 ) + 

( D _ b a r [ 1 0 ] + D _ b a r [ 1 ] * D _ b a r [ 1 0 ] ) * p o w ( l e n g t h , 2 ) / 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N[6] [1] [ i ]=N[6 ] [ i ] [ l ] = ( l + D _ b a r [ 1 ] + D _ b a r [ i ] + D _ b a r [ 1 ] * D _ b a r [ i ] ) * i n t 0 ( m [ i ] , l e n g t h ) ; 

N [ 6 ] [ 2 ] [ 2 ] = ( l + 2 * D _ b a r [ 2 ] + D _ b a r [ 2 ] * D _ b a r [ 2 ] ) * p o w ( l e n g t h , 3 ) / 3 ; 
N [ 6 ] [ 2 ] [ 3 ] = N [ 6 ] [ 3 ] [ 2 ] = ( ( 1 + D _ b a r [ 2 ] + D _ b a r [ 3 ] + D _ b a r [ 2 ] * D _ b a r [ 3 ] ) * ( p o w ( l e n g t h , 4 ) / 4 ) + 

(D_bar [9 ]+D_bar [2 ] *D_bar[9] ) * p o w ( l e n g t h , 2) /2 ) ; 
N[6] [2] [4]=N[6] [4] [2] = ( (1+D_bar [2 ] +D_bar [ 4] +D_bar [2 ] *D_bar [4] ) * (pow ( l e n g t h , 5) / 5 ) + 

( D _ b a r [ 1 0 ] + D _ b a r [ 2 ] * D _ b a r [ 1 0 ] ) * p o w ( l e n g t h , 3 ) / 3 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 6 ] [ 2 ] [ i ] = N [ 6 ] [ i ] [ 2 ] = ( 1 + D _ b a r [ 2 ] + D _ b a r [ i ] + D _ b a r [ 2 ] * D _ b a r [ i ] ) * i n t l ( m [ i ] , l e n g t h ) ; 

N[6] [3] [3] = ( ( 1 + D _ b a r [ 3 ] + D _ b a r [ 3 ] + D _ b a r [ 3 ] * D _ b a r [ 3 ] ) * ( p o w ( l e n g t h , 5 ) / 5 ) + (2*D„bar [9] + 
2 * D _ b a r [ 3 ] * D _ b a r [ 9 ] ) * p o w ( l e n g t h , 3 ) / 3 + D _ b a r [ 9 ] * D _ b a r [ 9 ] * l e n g t h ) ; 

N [ 6 ] [ 3 ] [ 4 ] = N [ 6 ] [ 4 ] [ 3 ] = ( ( 1 + D _ b a r [ 3 ] + D _ b a r [ 4 ] + D _ b a r [ 3 ] * D _ b a r [ 4 ] ) * ( p o w ( l e n g t h , 6 ) / 6 ) + 
( D _ b a r [ 9 ] + D _ b a r [ 1 0 ] + D _ b a r [ 3 ] * D _ b a r [ 1 0 ] + D _ b a r [ 4 ] * D _ b a r [ 9 ] ) * p o w ( l e n g t h , 4 ) / 4 + 
D _ b a r [ 9 ] * D _ b a r [ 1 0 ] * p o w ( l e n g t h , 2 ) / 2 ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N[6] [3] [ i ]=N[6 ] [ i ] [3] = ( D _ b a r [ 9 ] + D _ b a r [ i ] * D _ b a r [ 9 ] ) * i n t 0 ( m [ i ] , l e n g t h ) + ( l + D _ b a r [ 3 ] -

D _ b a r [ i ] + D _ b a r [ 3 ] * D _ b a r [ i ] ) * i n t 2 ( m [ i ] , l e n g t h ) ; 

Nl ][4][4]=((1+D_bar[4]+D_bar[4]+D_bar[4]*D_bar[4])*(pow(length,7)/7)+(2*D_bar[10]+ 
2*D_bar[4]*D__bar [10] ) *pow (length, 5) /5+D_bar [10] *D_bar [10] *pow(length, 3 ) /3) ; 
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for(i=5;i<=8;i++) 
NL6][4] [i]=N[6][i][4]=(D_bar[10]+D_barLi]*D_bar[10])*intl(m[l],length)+(1+D_bar[4]+ 

D_bar[i]+D_bar[4]*D_bar[1])*int3(m[i] , length); 

for(i=5;i<=8;i++) 
for(j=5;j<=8;j++) 

if(abs(m[j]+m[i])<.0001) 
N[6][i][j]=(l+D_bar[j]+D_bar[i]+D_bar[j]*D_bar[i])*length; 

else 
N[6] [i] [j] = (l+D_bar[j]+D_bar[i]+D_bar[j]*D_bar[i])*int0((m[i]+ra[j]) , length); 

for(i=l; i<=8; i++) 
for(j = l; j<=8; j++) 

N[6][i][j]*=constant; 
} 

// Eg. 5.33k 
void get_Nl_7(complex N[][9][9], complex D_bar[], complex m[], double length, double 

constant) 
( 

int i, j; 
complex integral; 

N [ 7 ] [ 1 ] [ 3 ] = N [ 7 ] [ 3 ] [ 1 ] = 2 * ( 1 + D _ b a r [ 1 ] ) * l e n g t h ; 
N[7] [1] [4]=N[7] [4] [ l ] = 3 * ( l + D _ b a r [ 1 ] ) * p o w ( l e n g t h , 2 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N[7] [1] [ i ]=N[7 ] [ i ] [ l ]=pow(m[ i ] , 2 ) *(1+D_bar [1] ) * i n t 0 ( m [ i ] , l e n g t h ) ; 

N[7] [2] [3]=N[7] [3] [2] = ( 1 + D _ b a r [ 2 ] ) * p o w ( l e n g t h , 2 ) ; 
N [ 7 ] [ 2 ] [ 4 ] - N [ 7 ] [ 4 ] [ 2 ] = 2 * ( 1 + D _ b a r [ 2 ] ) * p o w ( l e n g t h , 3 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N[7] [2] [ i ]=N[7 ] [ i ] [2]=pow(m[i] , 2 ) * (1+D_bar [2] ) * i n t l ( m [ i ] , l e n g t h ) ; 

N [ 7 ] [ 3 ] [ 3 ] = 4 * ( D _ b a r [ 9 ] * l e n g t h + ( 1 + D _ b a r [ 3 ] ) * p o w ( l e n g t h , 3 ) / 3 ) ; 
N [ 7 ] [ 3 ] [ 4 ] = N [ 7 ] [ 4 ] [ 3 ] = ( ( D _ b a r [ 1 0 ] + 3 * D _ b a r [ 9 ] ) * p o w ( l e n g t h , 2 ) + ( 8 + 2 * D _ b a r [ 4 ] + 6 * D _ b a r [ 3 ] ) * 

p o w ( l e n g t h , 4 ) / 4 ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N[7] [3] [ i ]=N[7 ] [ i ] [3J = (2+2*D_bar [ i ]+pow(m[ i ] , 2 ) * D _ b a r [ 9 ] ) * i n t O ( m [ i ] , l e n g t h ) + 
( p o w ( m [ i ] , 2 ) * ( 1 + D _ b a r [ 3 ] ) ) * i n t 2 ( m [ i ] , l e n g t h ) ; 

N [ 7 ] [ 4 ] [ 4 ] = 2 * ( 6 * ( 1 + D „ b a r [ 4 ] ) * p o w ( l e n g t h , 5 ) / 5 + 2 * D _ b a r [ 1 0 ] * p o w ( l e n g t h , 3 ) ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 7 ] [ 4 ] [ i ] = N [ 7 ] [ i ] [ 4 ] = ( 6 + 6 * D _ b a r [ i ] + p o w ( m [ i ] , 2 ) * D _ b a r [ 1 0 ] ) * i n t l ( m [ i ] , l e n g t h ) + 

( p o w ( m [ i ] , 2) * (1+DJoar [4] ) ) * i n t 3 (m[i] , l e n g t h ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
f o r ( j = 5 ; j < = 8 ; j + + ) 

i f ( a b s ( m [ j ] + m [ i ] ) < . 0 0 0 1 ) 
N [ 7 ] [ i ] [ j ] = ( m [ j ] * m [ j ] * ( 1 + D _ b a r [ i ] ) + m [ i ] * m [ i ] * ( 1 + D _ b a r [ j ] ) ) * l e n g t h ; 

e l s e 
N[7] [ i ] [ j ] = ( m [ j ] * m [ j ] * ( l + D _ b a r [ i ] ) + m [ i ] * m [ i ] * ( l + D _ b a r [ j ] ) ) * 

i n t 0 ( ( m [ i ] + m [ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N [ 7 ] [ i ] [ j ] * = c o n s t a n t ; 
} 

/ / Eq. 5.33m 
v o i d g e t _ N l _ 8 ( c o m p l e x N [ ] [ 9 ] [ 9 ] , complex D _ b a r [ ] , complex m [ ] , d o u b l e l e n g t h , d o u b l e 

c o n s t a n t ) 
{ 

i n t i , j ; 
complex i n t e g r a l ; 

N [ 8 ] [ 2 ] [ 2 ] = ( l + 2 * D _ b a r [ 2 ] + D _ b a r [ 2 ] * D _ b a r [ 2 ] ) * l e n g t h ; 
N [ 8 ] [ 2 ] [ 3 ] = N [ 8 ] [ 3 ] [ 2 ] = ( 1 + D _ b a r [ 2 ] + D _ b a r [ 3 ] + D _ b a r [ 2 ] * D _ b a r [ 3 ] ) * p o w ( l e n g t h , 2 ) ; 
N[8] [2] [4]=N[8] [4] [2] = (D_bar [10] * (l+D_Joar [2] ) * l e n g t h + (1+D_bar [2] +D_bar [4] +D_bar [2] * 

D _ b a r [ 4 ] ) * p o w ( l e n g t h , 3 ) ) ; 
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f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 8 ] [ 2 ] [ i ] = N [ 8 ] [ i ] [ 2 ] = m [ i ] * ( 1 + D _ b a r [ 2 ] + D _ b a r [ i ] + D _ b a r [ 2 ] * D _ b a r [ i ] ) * i n t O ( m [ i ] , l e n g t h ) ; 

N [ 8 ] [ 3 ] [ 3 ] = ( 4 / 3 ) * ( l + 2 * D _ b a r [ 3 ] + D _ b a r [ 3 ] * D _ b a r [ 3 ] ) * p o w ( l e n g t h , 3 ) ; 
N[8] [3] [4]=N[8] [4] [3] = ( D _ b a r [ 1 0 ] * ( 1 + D _ b a r [ 3 ] ) * p o w ( l e n g t h , 2) + ( 3 / 2 ) * ( 1 + D _ b a r [ 3 ] + D _ b a r [ 4 ] + 

D _ b a r [ 3 ] * D _ b a r [ 4 ] ) * p o w ( l e n g t h , 4) ) ; 
f o r ( i = 5 ; i < = 8 ; i + + ) 

N [ 8 ] [ 3 ] [ i ] = N [ 8 ] [ i ] [ 3 ] = 2 * m [ i ] * ( 1 + D _ b a r [ 3 ] + D _ b a r [ i ] + D _ b a r [ 3 ] * D _ b a r [ i ] ) * 
i n t l ( m [ i ] , l e n g t h ) ; 

N[8] [4] [ 4 ] = ( D _ b a r [ 1 0 ] * D _ b a r [ 1 0 ] * l e n g t h + 2 * D _ b a r [ 1 0 ] * ( 1 + D _ b a r [ 4 ] ) * p o w ( l e n g t h , 3 ) + ( 9 / 5 ) * 
( l + 2 * D _ b a r [ 4 ] + D _ b a r [ 4 ] * D _ b a r [ 4 ] ) * p o w ( l e n g t h , 5 ) ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
N [ 8 ] [ 4 ] [ i ] = N [ 8 ] [ i ] [ 4 ] = m [ i ] * D _ b a r [ 1 0 ] * ( 1 + D _ b a r [ i ] ) * i n t 0 ( m [ i ] , l e n g t h ) + 3 * m [ i ] * 

( 1 + D _ b a r [ 4 ] + D _ b a r [ i ] + D _ b a r [ 4 ] * D _ b a r [ i ] ) * i n t 2 ( m [ i ] , l e n g t h ) ; 

f o r ( i = 5 ; i < = 8 ; i + + ) 
f o r ( j = 5 ; j < = 8 ; j + + ) 

i f ( a b s ( m [ j ] + m [ i ] X . 0 0 0 1 ) 
N[8] [ i ] [ j ]=m[ j ] * m [ i ] * (1+D__bar [ j ] +D_bar [ i ] +D_bar [ j ] *D_bar [ i ] ) * l e n g t h ; 

e l s e 
N [ 8 ] [ i ] [ j ] = m [ j ] * m [ i ] * ( l + D _ b a r [ j ] + D _ b a r [ i ] + D _ b a r [ j ] * D _ _ b a r [ i ] ) * 

i n t o ( ( m [ i ] + m [ j ] ) , l e n g t h ) ; 

f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N [ 8 ] [ i ] [ j ] * = c o n s t a n t ; 
} 

// *** Functions to get matrices subN for general case of n>=2 *** 

// Eq. 5.30 
void get_Nl(complex Nl[] [9] [9], complex A_bar[] , complex m[], double length, double 

constant) 
{ 

int i, j; 

get_sub_sub_N(Nl[1], A_bar, A_bar, m, 1, 1, length); 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
Nl[1][i][j]*=constant; 

} 

// Eq. 5.33a 
void get_N2(complex N2[][9][9], complex D_bar[], complex F_bar[], complex m[], double 

length, double constant, double n) 
{ 

int i,j ; 
complex t e m p _ N [ 5 ] [ 9 ] [ 9 ] ; 

get_sub_sub__N(temp_N[l] , F_bar, F_bar, m, 0, 0, length), 
get_sub_sub__N(temp_N[2] , D_bar, F_bar, m, 0, 0, length) 
get_sub_sub_N(temp_N[3], F_bar, D_bar, m, 0, 0, length) 
get_sub_sub_N(temp_N[4], D_bar, D_bar, m, 0, 0, length) 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
N 2 [ 2 ] [ i ] [ j I n c o n s t a n t * ( t e m p _ N [ l ] [ i ] [ j ] + n * ( t e m p _ N [ 2 ] [ i ] [ j ] + t e m p _ N [ 3 ] [ i ] [ j ] ) + 

n*n*temp_N[4] [ i ] [ j ] ) ; 
} 

// Eq. 5.33c 
void get_N3(complex N3[][9][9], complex A_bar[], complex D_bar[], complex F_bar[], complex 

m[], double length, double constant, double n) 
{ 

int i, j ; 
complex temp_N[5][9][9]; 

get_sub_sub_N(temp_N[l], A_bar, F_bar, m, 1, 0, length); 
get_sub_sub_N(temp_N[2], F_bar, A_bar, m, 0, 1, length); 
get_sub_sub_N(temp_N[3], A_bar, D_bar, m, 1, 0, length); 
get_sub_sub_N(temp_N[4], D„bar, A_bar, m, 0, 1, length); 
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f o r ( i = l ; i < = 8 ; i++) 
f o r ( j = l ; j < = 8 ; j++) 

N 3 [ 3 ] [ i ] [ j ] = c o n s t a n t * < t e m p _ N [ l ] [ i ] [ j ] + t e m p _ N [ 2 ] [ i ] [ j ] + 
n * ( t e m p _ N [ 3 ] [ i ] [ j ] + t e m p _ N [ 4 ] [ i ] [ j ] ) ) ; 

} 

// Eq. 5.33e 
void get_N4(complex N4[][9][9], complex A_bar[], complex D_bar[], complex m[], double 

length, double constant, double n, double rad) 
{ 

int i,j ; 
complex temp_N[5] [9] [ 9 ] ; 

ge t_sub_sub_N( temp_N[1] , D_bar, D_bar, m, 1, 1, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 2 ] , A_bar , D_bar, m, 0, 1, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 3 ] , D_bar, A_bar , m, 1, 0, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 4 ] , A_bar , A_bar , m, 0, 0, l e n g t h ) ; 
f o r ( i = l ; i < = 8 ; i++) 

f o r ( j = l ; j < = 8 ; j++) 
N 4 [ 4 ] [ i ] [ j ] = c o n s t a n t * ( t e m p _ N [ l ] [ i ] [ j ] - ( n / r a d ) * ( t e m p _ N [ 2 ) [ i ] [ j ] + 

t e m p _ N [ 3 ] [ i ] [ j ] ) + ( p o w ( n , 2 ) / p o w ( r a d , 2 ) ) * t e m p _ N [ 4 J [ i ] [ j ] ) ; 
} 

// Eq. 5.33g 
void get_N5(complex N5[][9][9], complex F_bar[], complex m[], double length, double 

constant) 
( 

int i,j ; 
get_sub_sub_N(N5[5], F_bar, F_bar, m, 2, 2, length); 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
N5[5][i][j]*=constant; 

} 

// Eq. 5.33i 
void get_N6(complex N6[][9][9], complex D_bar[], complex F_bar[], complex m[], double 

length, double constant, double n) 
{ 

int *i,j; 
complex t e m p _ N [ 5 ] [ 9 ] [ 9 ] ; 

g e t _ s u b _ s u b _ N ( t e m p _ N [ 1 ] , F_bar , F_bar , m, 0, 0, l e n g t h ) ; 
ge t_sub_sub_N( temp„N[2] , D_bar, F_bar , m, 0, 0, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 3 ] , F_bar , D_bar, m, 0, 0, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 4 ] , D_bar, D_bar, m, 0, 0, l e n g t h ) ; 
f o r ( i = l ; i < = 8 ; i++) 

f o r ( j = l ; j < = 8 ; j++) 
N 6 [ 6 ] [ i ] [ j ] = c o n s t a n t * ( p o w ( n , 4 ) * t e m p _ N [ l ] [ i ] [ j ] + p o w ( n , 3 ) * ( t e m p _ N [ 2 ] [ i ] [ j ] + 

t e m p _ N [ 3 ] [ i ] [ j ] ) + p o w ( n , 2 ) * t e m p _ N [ 4 ] [ i ] [ j ] ) ; 
} 

// Eq. 5.33k 
void get_N7(complex N7[][9][9], complex D_bar[], complex F_bar[], complex m[], double 

length, double constant, double n) 
{ 

int i,j; 
complex t e m p _ N [ 5 ] [ 9 ] [ 9 ] ; 

get_sub_sub_N(temp_N[1], F_bar, F_bar, m, 2, 0, length); 
get_sub_sub_N(temp_N[2] , F_bar, F_bar, m, 0, 2, length); 
get_sub_sub_N(temp_N [3] , D_bar, F_bar, m, 0, 2, length); 
get_sub_sub_N(temp_N[4], F_bar, D_bar, m, 2, 0, length); 
for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
N7[7][i][j]=-l*constant*(pow(n,2)*(temp_N[l][i][j]+temp_N[2][i][j])+ 

n*(temp_N[3] [i] tj]+temp_N[4] [i] [j])); 
} 

// Eq. 5.33m 
void get_N8(complex N8[][9][9], complex D_bar[], complex F_bar[], complex m[], double 

length, double constant, double n) 
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i n t i , j ; 
complex t e m p _ N [ 5 ] [ 9 ] [ 9 ] ; 

g e t _ s u b _ s u b _ N ( t e m p _ N [ 1 ] , F_bar , F_bar , m, 1, 1, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 2 ] , D_bar, F_bar , m, 1, 1, l e n g t h ) ; 
ge t_ sub_sub_N( t emp_N[3 ] , F_bar , D_bar, m, 1, 1, l e n g t h ) ; 
g e t _ s u b _ s u b _ N ( t e m p _ N [ 4 ] , D_bar, D_bar, m, 1, 1, l e n g t h ) ; 
f o r ( i = l ; i<=8 ; i++) 

f o r ( j = l ; j<=8 ; j++) 
N8[8 

; j ^ = o ; ] + + ; 
3] [ i ] [ j ] = c o n s t a n t * ( p o w ( n , 2 ) *temp_N[l] [ i ] [ j ]+n* (temp_N[2] [ i ] [ j ] + 
t e m p _ N [ 3 ] [ i ] [ j ] ) + t e m p _ N [ 4 ] [ i ] [ j ] ) ; 

//Compute the integral of the product of two 8x8 vectors (vectors N in calculating the 
// stiffness matrix). 
//'Der' is necessary to do integrals. Value of 'der' is the order of the derivative of 
// exp(mz). 
//Der=0 means no derivative; der=l means first order; der=2 means second order. 
void get_sub_sub_N(complex sub_N[][9], complex A_bar[], complex B_bar[], complex m[], int 

derA, int derB, double length) 
f 

int i, j, k, h, derivative; 
complex m_prod; 

derivative=derA*10+derB; 
for(i=l; i<=8; i++) 

for(k=l; k<=8; k++) 

{ 
sub_N[i][k]=0; 
for(j=l; j<=8; j++) 

for(h=l; h<=8; h++) 
{ 

switch (derivative) 
( 

case 0: 
m_prod=l; 
break; 

case 1: 
m_prod=m[h]; 
break; 

case 2: 
m_prod=pow(m[h],2); 
break; 

case 10: 
m_prod=m[j]; 
break; 

case 11: 
m_prod=m[j ]*m[h] ; 
b r e a k ; 

c a s e 12 : 
m_prod=m[j]*pow(m[h] , 2) ; 
b r e a k ; 

c a s e 2 0 : 
m _ p r o d = p o w ( m [ j ] , 2 ) ; 
b r e a k ; 

c a s e 2 1 : 
m_prod=pow(m[ j ] , 2 )*m[h ] ; 
b r e a k ; 

c a s e 2 2 : 
m _ p r o d = p o w ( m [ j ] , 2 ) * p o w ( m [ h ] , 2 ) ; 
b r e a k ; 

} 
i f ( a b s ( m [ j ] + m [ h ] ) < . 0 0 0 0 0 1 ) 

s u b _ N [ i ] [ k ] + = m _ p r o d * A _ b a r [ j ] * B _ b a r [ h ] * l e n g t h ; 
e l s e 

s u b _ N [ i ] [k]+=(m_prod*A_bar [ j ] *B__bar [h] / (m[ j ]+m[h] ) )* 
( e x p ( ( m [ j ] + m [ h ] ) * l e n g t h ) - 1 ) ; 

1 
} 
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// Calculates the product of 2 8x8 matrices -> [product]=[x][y] 
void multiply_matrix(complex productU 19], complex A[][9], complex B[][9]) 
{ 

int i, j, k; 

for(i=l; i<=8; i++) 

for(j=l; j<=8; j++) 
{ 

product [i] [j]=0; 
for(k=l; k<=8; k++) 

product[i][j]+=A[i][k]*B[k][j]; 
} 

1 

// Calculates the product of an 8x8 matrix and an 8x1 vector -> {result}=[matrix]{vector} 
void multiply_vector(complex result[], complex vector[], complex matrix[] [9]) 
{ 

int i, j; 

for(i=l; i<=8; i++) 
f 

result[i]=0; 
for(j=l; j<=8; j++) 

result[i]+=matrix[i][j]*vector[j]; 
} 

} 

/ft******************************************** 

// *** END PROGRAM *** 
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A11.2 Output 

Below is the output given by the program listed in Secion Al 1.1: 

*** Nodal displacement contributions for n=0 *** 
aO(l) = 0.000637487 mm 
c0(l) = 0 mm 
f0(l) = -0.0314979 mm 

*** Nodal displacement components for n=l *** 
al(1) = 0 mm 
dl(l) = 0 mm 
fl(l) = 0 mm 
bl(l) = 0.848928 mm 
cl(l) = -11.51643 mm 
gl(l) = -11.579102 mm 

*** Nodal displacement components for mode 2 *** 
a2(l) = -0.152271 mm 
d2(l) = -1.3352 mm 
f2(l) = 2.74664 mm 
b2(l) = 0 mm 
c2(1) = 0 mm 
g2(1) = 0 mm 

*** Nodal displacement components for mode 3 *** 
a3(1) = 0 mm 
d3(1) = 0 mm 
f3(l) = 0 mm 
b3(l) = -0.0536703 mm 
c3(l) = 0.302682 mm 
g3(1) = 0.972001 mm 

*** Nodal displacement components for mode 4 *** 
a4(l) = 0.0254056 mm 
d4(l) = 0.113397 mm 
f4(l) = -0.503479 mm 
b4(l) = 0 mm 
c4(1) = 0 mm 
g4(l) = 0 mm 

*** Nodal displacement components for mode 5 *** 
a5(1) = 0 mm 
d5(l) = 0 mm 
f5(l) = 0 mm 
b5(l) = 0.0132984 mm 
c5(l) = -0.0522025 mm 
g5(l) = -0.297169 mm 

*** Nodal displacement components for mode 6 *** 
a6(l) = -0.0073683 mm 
d6(l) = -0.0269971 mm 
f6(l) = 0.187143 mm 
b6(l) = 0 mm 
c6(1) = 0 mm 
g6(1) = 0 mm 
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A11.3 Example 1: Inclined Point Load Applied to Tip of Cantilever 

Example 1 in Chapter 6 also included the results of an inclined point load applied to the tip 

of the cantilever. The pipe properties are the same as those listed in Section A 11.1. The 

revised code for the load potential term for each mode n=0 to n=6 are given below. 

Mode n=0: 
//Set the nodal load vector Q 
//Below is the load vector for the Inclined load In Example 1 In Chapter 6, Eq. 6.6 

//Find {e(l)> 
e[l]=0; 
e [ 2 ] = F _ b a r [ 2 ] ; 
f o r ( i = 3 ; i < = 6 ; i++) 

e [ i ] = F _ b a r [ i ] * e x p ( m [ i ] * 1 ) ; 
e [ 7 ] = e [ 8 ] = 0 ; 

//Set tQ}=-P*[L_invt] *{e(l) } 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 1 6 * L _ i n v t [ i ] [ j ] * e [ j ] ; 
) 

Moden=l: 
//Set the nodal load vector Q 
//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6.la 
II corresponding to displacements a, d and f for mode n=l 
//Find led)} 

e [ l ] = l ; 
e [ 2 J = l ; 
e [ 3 ] = l * l ; 
e [ 4 ] = l * l * l ; 
f o r ( i = 5 ; i < = 8 ; i++) 

e [ i ] = e x p ( m [ i ] *1) ; 

//Set {Q)=-16*[L_invt]*{e(l) } *cos (7*pi/8) 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 1 6 * L l _ i n v t [ i ] [ j ] * e [ j ] * c o s ( 7 * p i / 8 ) ; 

//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6. 7b 
II corresponding to displacements b, c and g for mode n=l 
//Find le (1) } 

e [ l ] = l ; 
e [ 2 ] = l ; 
e [ 3 ] = l * l ; 
e [ 4 ] = l * l * l ; 
f o r ( i = 5 ; i < = 8 ; i++) 

e [ i ] = e x p ( m [ i ] * 1 ) ; 

//Set {Q)=-16*[L_invt]*{ed) } *sin (7*pi/8) 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 1 6 * L 2 _ i n v t [ i ] [ j ] * e [ j ] * s i n ( 7 * p i / 8 ) ; 
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Modes n>2: 

//Set the nodal load vector Q 
//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6. la 
// corresponding to displacements a, d and f for modes n>=2 
//Find (e(l) I 

e[l]=l; 
e[2]=l; 
e[3]=l*l; 
e[4]=l*l*l; 
f o r ( i = 5 ; i < = 8 ; i++) 

e [ i ] = e x p ( m [ i ] *1) ; 

//Set {Q}=-16*[L_invt] *{e(l) }*cos (7*n*pi/8) 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 1 6 * L l _ i n v t [ i ] [ j ] * e [ j ] * c o s ( 7 * n * p i / 8 ) ; 

//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6. lb 
/ / corresponding to displacements b, c and g for modes n>=2 
//Find {e (1) I 

e [ l ] = l ; 
e [ 2 ] = l ; 
e [ 3 ] = l * l ; 
e [ 4 ] = l * l * l ; 
for(i=5; i<=8; i++) 

e [i]=exp(m[i]*1) ; 

//Set {Q}=-16*[L_invt]*fe (1) ) *sin (7*n*pi/8) 
for(i=l; i<=8; i++) 
{ 

Q[i]=0; 
for(j=l;j<=8;j++) 

Q[i]+=-16*L2_invt[ij [j]*e[j]*sin(7*n*pi/8) ; 

The output from the program for the inclined load portion of Example 1 is: 

*** Nodal displacement contributions for n=0 *** 
aO(l) = 0.000637487 mm 
c0(l) = 0 mm 
f0(l) = -0.0314979 mm 

*** Nodal displacement components for n=l *** 
al(1) = -0.784307 mm 
dl(l) = -10.6876 mm 
fl(l) = 10.7712 mm 
bl(l) = 0.324871 mm 
cl(1) = -4.42696 mm 
gl(l) = -4.46158 mm 

*** Nodal displacement components for mode 2 *** 
a2(l) = 0.107672 mm 
d2(l) = 0.944131 mm 
f2(l) = -1.944131 mm 
b2(l) = -0.107672 mm 
c2(l) = 0.0944131 mm 
g2 (1) = 1.94217 mm 

*** Nodal displacement components for mode 3 *** 
a3(l) = -0.0205409 mm 
d3(l) = -0.115846 mm 
f3(1) = 0.372017 mm 
b3(1) = 0.0495902 mm 
c3(1) = -0.279676 mm 
g3(1) = -0.898128 mm 
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*** Nodal displacement components for mode 4 *** 
a4(l) = 0 mm 
d4(l) = 0 mm 
f4(l) = 0 mm 
b4(l) = -0.0254056 mm 
c4(l) = 0.113397 mm 
g4(l) = 0.503479 mm 

*** Nodal displacement components for mode 5 *** 
a5(l) = 0.00509033 mm 
d5(l) = 0.0199827 mm 
f5(l) = -0.113756 mm 
b5(l) = 0.0122891 mm 
c5(l) = -0.0482424 mm 
g5(l) = -0.27463 mm 

*** Nodal displacement components for mode 6 *** 
a6(l) = -0.00521016 mm 
d6(l) = -0.0190898 mm 
f6(l) = 0.13233 mm 
b6(l) = -0.00521016 mm 
c6(l) = 0.0190898 mm 
g6(l) = 0.13233 mm 

A11.4 Example 2; Cantilever Beam Under Self Weight 

Example 2 in Chapter 6 consists of a cantilever beam under self weight. The pipe properties 

are the same as those used in Example 1 in Chapter 6 and listed in Section A 11.1 above. 

The only non-zero load potential vector is {<212] corresponding to displacement 
*• ' -* 8x1 

contributions bj, ci and gj for mode n=l. The relevant C++ code for the load potential 

vector is: 

//Set the nodal load vector Q 
//Below is the load vector for the self weight, Example 2 in Chapter 6, Eg. 6.20b 
II corresponding to displacements b, c and g for mode n=l 
//Find {e(l) } 

e [ l ] = ( l - D l _ b a r [ 1 ] ) * 1 ; 
e [ 2 ] = ( l - D l _ b a r [ 2 ] ) * l * l / 2 ; 
e [ 3 ] = ( l - D l _ b a r [ 3 ] ) * l * l * l / 3 - D l _ b a r [ 9 ] * 1 ; 
e [ 4 ] = ( l - D l _ b a r [ 4 ] ) * l * l * l * l / 4 - D l _ b a r [ 1 0 ] * l * l / 2 ; 
f o r ( i = 5 ; i < = 8 ; i++) 

e [ i ] = ( l - D l _ b a r [ i ] ) * ( e x p ( m [ i ] * 1 ) - 1 ) ; 

//Set {Q)=-gamma*t*r*pi*[L_invt]*{e(l) } 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 7 8 * t * r * p i * L _ i n v t [ i ] [ j ] * e [ j ] ; 
} 

The output from the program for the self weight of Example 2 is: 

*** Nodal displacement components for n=l *** 
al(l) = 0 mm 
dl(l) = 0 mm 
fl(l) = 0 mm 
bl(l) = 0.0416114 mm 
cl(1) = -0.639488 mm 
gl(1) = -0.639504 mm 
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A11.5 Example 3: Uniform Torque Applied to Tip of Cantilever 

Example 3 in Chapter 6 consists of a cantilever beam subjected to a uniform torque at its tip. 

The pipe properties are the same different from those listed in Section A 11.1 above. The 

revised code for the pipe properties is: 

//Function to get the physical properties of the pipe 
void input(double *r, double *t, double *1, double *E, double *G, double *mu, int *alpha) 
{ 

*r=0.15; 
*t=0.005; 
*E=200000000; 
*mu=0.3; 
*G=*E/(2*(l+*mu)); 
*1=0.6; 

*alpha=0; 

} 

The only non-zero load potential vector is {G0}8xi corresponding to displacement 

contributions ao, Co and fo for mode n=0. The relevant C++ code for the load potential 

vector is: 

//Set the nodal load vector Q 
//Below is the load vector corresponding to Example 3 in Chapter 6, Eq. 6.26 
//Find {e (1) } 

;for(i=l; i<=6; 'i+ + ) 
e[i]=0; 

"e[7]=e[8]=l; 

//Set {Q} = (10/r)*[L_invt]*{e(l) } 
for(i=l; i<=8; i++) 
( 

Q[i]=0; 
for(j=l;j<=8;j++) 

Q[i]+=(10/r)*L_invt[i] [j]*e[j]; 

} 

The output from the program for the torque of Example 3 is: 

*** Nodal displacement components for n=0 *** 
aO(l) = 0 mm 
cO(l) = 0.110307 mm 
f0(l) = 0 mm 

A11.6 Example 4: Multi-Element Pipe 

Example 4 in Chapter 6 consists of a multi-element pipe subjected to its self weight, the 

weight of fluid in the pipe and an internal pressure. The properties of the pipe, namely 

length and wall thickness, are different for the two elements. The values used are given in 

Chapter 6. 
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The only non-zero load potential vectors are {20}8x, a nd { d 2} corresponding to 

displacement contributions ao, CQ and fo for mode n=0 and bi, ci and gi for mode n=\, 

respectively. The relevant C++ code for the load potential vectors is:. 

Mode n=0: 
//Set the nodal load vector Q 
//Below is the load vector for Example 4 in Chapter 6, Eq. 6.35 

//Find ie(l)} 
e[l]=0; 
e [ 2 ] = F _ b a r [ 2 ] * 1 ; 
f o r ( i = 3 ; i<=6 ; i++) 

e [ i ] = ( F _ b a r [ i ] / m [ i ] ) * ( e x p ( m [ i ] * l ) - l ) ; 
e [ 7 ] = e [ 8 ] = 0 ; 

//Set {Q}} 
f o r ( i = l ; i < = 8 ; i++) 
( 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j + + ) 

Q [ i ] + = - 2 * p i * r * ( g w * r + p ) * L _ i n v t [ i ] [ j ] * e [ j ] ; 

Moden=l: 
//Set the nodal load vector Q 
//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6.la 
II corresponding to displacements a, d and f for mode n=l 
//Find (db(l)} and {e(l)j 

d b [ l ] = D l _ b a r [ 1 ] * 1 ; 
db [ 2 ] ;=D1 J a a r [ 2 ] *pow ( 1 , 2) / 2 ; 
db[3]=Dl_bar[9]*1+Dl_bar[3]*pow(l, 3)/3; 
db[4]=Dl_bar[10]*pow(1,2)/2+Dl_bar[4]*pow(1,4)/4; 
for(i=5; i<=8; i++) 

d b [ i ] = D l _ b a r [ i ] * ( e x p ( m [ i ] * 1 ) - 1 ) / m [ i ] ; 
e [ l ] = l ; 
e [ 2 ] = p o w ( l , 2 ) / 2 ; 
e [ 3 ] = p o w ( l , 3 ) / 3 ; 
e [ 4 ] = p o w ( l , 4 ) / 4 ; 
f o r ( i = 5 ; i < = 8 ; i++) 

e [ i ] = ( e x p ( m [ i ] * l ) - l ) / m [ i ] ; 

//Set {Q} 
f o r ( i = l ; i < = 8 ; i++) 
{ 

Q [ i ] = 0 ; 
f o r ( j = l ; j < = 8 ; j++) 

Q [ i ] + = p i * r * t * g s * L l _ i n v t [ i ] [ j ] * d b [ j ] * p i * r * ( g w * r + t * g s ) * L l _ i n v t [ i ] [ j ] * e [ j ] ; 

Note that the code given above is for the load potential vector for one element only. This 

code is repeated twice to create a load potential vector for each of the elements. The two 

vectors are then combined to create the load potential vector for the system. 
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The output from the program for the multi-element pipe of Example 4 is: 

*** Nodal displacement components for n=0 *** 
aO(l) = 0.000672406 mm 
c0(l) = 0 mm 
f0(l) = 0.0333118 mm 

*** Nodal displacement components for n=l *** 
al(l) = 0 mm 
dl(l) = 0 mm 
fl(l) = 0 mm 
bl(l) = 0.0504136 mm 
cl(l) = -0.436128 mm 
gl(l) = -0.435521 mm 

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory 
April 2008 

Appendix 11 
Page 248 


