N

[0

Pommmanamel
=

uOttawa

1" Université canadienne
Canada's university



-

FACULTE DES ETUDES SUPERIEURES jiin| FACULTY OF GRADUATE AND
ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

1.'Universit¢ conadiennc
Canada’s university

Kevin Weicker
AUTEUR DE LA THESE TAUTHOR OF THESIS

M.A Sc. (Civil Engineering)
GRADE / DEGREE

Department of Civil Engineering
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT

Finite Element Formulation for Analysis of Pipes Based on Thin Shell Theory

TITRE DE LA THESE / TITLE OF THESIS

Dr. Magdi Mohareb
DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS

Dr. Heng Khoo

Dr. Dan Palermo

Dr. Mamadou Fall

Gary W. Slater

Le Doyen de la Faculté des études supérieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies




FINITE ELEMENT FORMULATION FOR
ANALYSIS OF PIPES BASED ON
THIN SHELL THEORY

by

Kevin Weicker

A thesis submitted to the University of Ottawa
in partial fulfillment of the requirements for

Masters of Applied Science in Civil Engineering

Department of Civil Engineering
Faculty of Engineering

University of Ottawa

© Kevin Weicker, Ottawa, Canada, 2008



Bibliothéque et
Archives Canada

I*. Library and
Archives Canada

Direction du

Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street
Ottawa ON K1A ON4

395, rue Wellington
Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-50935-7
Qur file  Notre référence
ISBN: 978-0-494-50935-7
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par l'Internet, préter,
distribuer et vendre des théses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canad;

Conformément a la loi canadienne
sur la protection de la vie privée,
quelques formulaires secondaires
ont été enlevés de cette thése.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



ABSTRACT

A general solution for the stress-deformation analysis of pipes subjected to general loading
conditions is developed. The solution is based on the assumptions of thin-walled shell
theory and is limited to straight pipes of prismatic cross-section made of linearly elastic

isotropic material subjected to general loading.

The principle of stationary potential energy is used in conjunction with general Fourier
series expansion for the displacement fields to formulate the equilibrium conditions and
boundary conditions. The equilibrium equations for each Fourier mode are observed to be
uncoupled from other modes, a feature that is exploited in formulating a general closed form

solution for the displacement fields.

The analytical solution developed is then successfully adopted to solve two pipe problems.
Comparisons with established finite element solutions demonstrate the ability of the model
to accurately capture complex shell behaviour with a remarkably small number of degrees of
freedofhs. However, the algebraic manipulations in the analytical solution are found quite

tedious for hand calculations, even for simpie problems.

In order to remedy this limitation and to make the solution scheme amenable to more
complex problems, a finite element solution is formulated based on the analytical solution
developed. The expressions for the displacement fields obtained are used to formulate a
series of exact shape functions which relate the intermediate displacements within a finite
element to the nodal displacements. Using the exact shape functions, the principle of
stationary potential energy is adopted to formulate the stiffness matrices and associated
energy equivalent load vectors for pipe finite elements. The new finite element is tested for
a variety of practical loading conditions including point loads, gravity loads, internal and
external pressure, twisting deformation, axial deformation, transverse deformations, and
combinations thereof. Results are found in excellent agreement with those based on shell

finite elements in ABAQUS.
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The pipe element developed is shown to be free of discretization errors and is thus
computationally efficient. The element can very accurately predict the displacements and

stresses of a pipe with only a very few elements and a few Fourier modes.
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CHAPTER 1: INTRODUCTION

Pipes are commonly used to convey oil, natural gas and other commercial products. The
ability to accurately model the displacements and stresses in a pipeline is required to
produce an economical design. As the scale of pipeline projects can be quite large, the
economic savings resulting from an efficient analysis can be significant. However, the
model must be comprehensive enough to cope with the wide variety of loading conditions
possible. Pipelines can be subjected to biaxial bending moments and shears, torsion as well
as internal and external pressure in any combination. Failure to account for any of these

loading conditions can have severe consequences.

Traditional shell finite element models are capable of accurately modeling pipe behaviour
for any type of loading. However, the effort and resources required to create and execute
such comprehensive models make them impractical as design tools. There is a need to
develop a simple finite element model that can accurately predict displacements and
stresses. Simple elements have been developed in the past but have been hampered with

restrictive assumptions regarding the displacement field and associated strains.

In the current study, a simple yet accurate element is established which can model general
loading conditions. The element is not restricted by the assumptions made with previous

elements and 1s based on the exact solution of the equilibrium equations.

1.1 Previous Work

Much of the previous computational research conducted in the field of stresses and
displacements of pipes has been concerned with the deformation of pipe bends subjected to
bending moments in the plane of the bend. However, the majority of the results can be
applied to straight pipes by assuming the radius of the pipe bend to be infinitely large.
Recent studies have also investigated the effects of out-of-plane bending and even general

loading on pipe deformation.
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The sign convention adopted in most previous studies, and in the present study, for the
positive direction of the longitudinal displacement, u, tangential displacement, v, and radial

displacement, w, is shown in Figure 1.1.

~. Undeformed middle surface

Figure 1.1 — Sign convention for displacements u, v, and w

In the following, a summary of important work on the analysis of pipelines is presented.
von Karman (1911)

The pioneering work in the study of pipe deformation was conducted by von Karman (1911)
and much of the research carried out in the past century is based on his theory. Von
Karman’s research was related to the response of pipe elbows when subjected to bending
moments in the plane of elbow bend. He realized that deformation of the pipe cross section,
specifically ovalization, induces additional strains not included in the traditional curved

beam theory. The additional strains due to ovalization include a circumferential strain, &,,

and a longitudinal strain, € , that is in addition to the longitudinal strain captured by the

traditional beam theory. In his analysis, von Karman included a number of simplifying

assumptions:

1. Cross sections which are plane and normal to the neutral axis before deformation

remain plane and normal to the neutral axis after deformation.
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2. Longitudinal strains, &, , are constant throughout the pipe wall thickness (only

z’

membrane longitudinal strains are present).

3. Circumferential strains, £,, vanish at the pipe wall middle surface. All

circumferential strains are a result of transverse bending of the pipe wall.
4. The elbow bend radius is much larger than the pipe middle surface radius.
5. Poisson’s ratio is disregarded.

In simple terms, Assumption 1 states that warping of the pipe cross section is not accounted
for, while Assumption 3 states that pipe is inextensible in the radial direction. Much of the
research that followed von Karman adopted the same two assumptions. In contrast, these
assumptions are not made in the present study in which both warping and pipe extensibility

are represented.

- By minimizing the total potential energy of the system, von Karman concluded that for an
* elbow subjected to in-plane bending, the radial displacement, w, of the pipe cross section is

* given as:
N

(.nH  w= ch sin 2n¢
=1

in which von Karman determined the parameters ¢, by Ritz analysis. In Eq. 1.1, the term N

is the total number of modes to be included in the analysis. Von Karman gave suggestions

on the value of N based on the geometry of the problem.

Wood (1958)

Wood (1958) extended von Karman’s work by including the effects of internal pressure. He
adopted the same restrictive assumptions as von Karman, including neglecting warping
effects and assuming the pipe as inextensible. Wood considered a long, uniformly
pressurized circular elbow subjected to a uniform in-plane bending moment. Under the

influence of internal pressure and in-plane bending, Wood postulated that the total

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 1
April 2008 Page 3



displacement of a point on the pipe middle surface would be the superposition of three
displacement components: St. Venant beam displacement, ovalization displacement and
pressurization displacement. He then expanded the tangential displacement, v, and radial

displacement, w, due to ovalization as Fourier series:

=

(122) v(z,¢)= ZA,, (z)sinng

n=1

=

(12b)  w(z.@)= nA,(z)cosng
n=1
The coefficients A, were determined by minimizing the total potential energy of the system.

In his work, Wood assumed that A =0 for n>4, thus taking only the first three Fourier

modes. Note that mode zero was not included in the Fourier expansion as it was accounted

for directly in the calculation of the pressurization displacement.

Ohtsubo and Watanabe (1978)

Ohtsubo and Watanabe (1978) developed a finite element based on ring elements. In the
development of their element, they relaxed some of von Karman’s assumptions and
accounted both for shear deformation and warping of the pipe cross section. However, the
inextensibility assumption for the pipe cross section was retained. While the element was
developed to model pipe elbows, the authors noted that it can be made equally suitable for
straight pipes by assuming an infinitely long bend radius. In addition, both the in-plane
bending and out of plane bending were considered. Strain expressions were developed
based on the Love-Kirchhoff thin shell theory, which states that “straight fibres
perpendicular to the middle surface before deformation remain straight and perpendicular to
the middle surface after deformation” (Ohtsubo and Watanabe, 1978). The same Love-

Kirchhoff model is also followed in the current study.

The displacements in the longitudinal, tangential and radial directions, u, v and w
respectively, were expanded in Fourier series. Separate Fourier series were developed based

on whether the element was subjected to in-plane or our-of-plane bending.
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In-plane bending:

(132) u(z,9)= Z a,(z)cosng+ b, (z)sinng

(13b)  v(z,0)= c,(z)cosng+ d,(z)sinng

n=1,3,5... n=2,4,6...

(13¢c) w(z.9)= Y. e,(z)cosng+ f,(z)sinng

n=0,2,4... n=1,3,5...

Out-of-plane bending:

(14a) u(z,0)= Y. a,(z)cosnp+ b,(z)sinng

n=1,3,5... n=2,4,6...

(14b) v(z,8)= D ¢, (z)cosng+ d,(z)sinng

140y w(z,@)= e,(z)cosng+ £, (z)sinng

In Egs. 1.3 and 1.4 the coefficients a,(z), b,(z), c,(z), d,(z),e,(z) and f,(z) are

functions of the longitudinal coordinate, z. The functions were interpolated between nodes
with second order Hermite polynomials. The total potential energy expression was
formulated and minimized with respect to the nodal displacement parameters in order to
recover the discretized form of the equilibrium equations. Results were presented for a
number of specialized cases, including: (1) uniform in-plane bending; (2) neglecting the

effects of cross section warping; and (3) neglecting the effects of shear deformation.

Bathe and Almeida (1980)

Bathe and Almeida (1980) developed a linear finite element which also relaxed a number of
von Karman’s assumptions. The von Karman formulation was based on the assumption that
the bending moments and ovalization were constant along the length of the elbow. In Bathe
and Almeida’s formulation, however, the ovalization was assumed to vary along the length

of the elbow in the form of a cubic polynomial. This assumed ovalization distribution
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allowed for the fact that no ovalization may be present at the ends of the elbow while being
present in the intermediate section. In addition, von Karman assumptions 2, 4 and 5 were
relaxed, permitting the element to: (1) capture the varying longitudinal strains through the
pipe wall thickness; (2) model elbows with a small bend radius relative to the pipe radius;
and (3) capture the effects of Poisson’s ratio. The element does, however, retain von
Karman assumptions 1 and 3 and thus the warping of the cross section is neglected and the

pipe wall is assumed inextensible in the radial direction.

The element had four nodes and postulated the displacement of a point on the cross as a
combination of centreline displacement (beam displacement) and cross section deformation.
The centreline displacement was expressed in terms of the nodal displacements and
interpolation functions that vary cubically with respect to the longitudinal coordinate.
Displacements in the tangential and radial directions, representing the deformation of the
cross section, were described with Fourier series expansions similar to those used by
Ohtsubo and Watanabe (1978). The difference is that Bathe and Almeida base their
interpolation functions on four nodes within the element rather than two. Cubic polynomials
were used for the interpolation functions. The formulation of the Fourier series expansion
allowed for both in-plane and out-of-plane bending moments to be considered. Equilibrium

equations were established and solved to determine the unknown displacement parameters.

Bathe and Almeida continued their work to provide enhancements to the element.
Subsequent improvements included developing interaction effects between elbow elements
and straight pipe segments (Bathe and Almeida, 1982) and developing the non-linear
capabilities for the element (Bathe and Almeida, 1983).

Militello and Huespe (1988)

Further improvements to the Bathe and Almeida element were made by Militello and
Huespe (1988) who relaxed the assumption that plane sections remain plane. The element
formulation was similar to that presented by Bathe and Almeida in that it used four nodes,
assumed the pipe inextensible in the radial direction and expanded the tangential and radial
displacements with Fourier series. The contribution of Militello and Huespe was to also

expand the longitudinal displacement in a Fourier series to account for warping of the cross
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section. The coefficients of the longitudinal displacement Fourier series were interpolated
with third-order Lagrangian polynomials. Their formulation allowed the number of Fourier

terms to be specified by the analyst.

Abo-Elkhier (1990)

Abo-Elkhier (1990) also improved upon the Bathe and Almeida element by presenting a
formulation consistent with thin shell theory. The same assumptions employed by Bathe
and Almeida (1980) were used, including pipe inextensibility in the radial direction and
neglecting the effects of warping. Abo-Elkhier improved the element by including
additional strain terms that Bathe and Almeida did not take into consideration. By
developing a formulation consistent with thin shell theory, Abo-Elkhier incorporated all
direct membrane strains as well as the strains induced by bending of the pipe wall. The
Fourier series expansions and interpolation functions were consistent with those used by

Bathe and Almeida.

Yan et al. (1999)

A significant improvement to the elements develéped by Bathe and Almeida (1980) and
Militello and Huespe (1988) was made by Yan et al. (1999) by relaxing the assumption of
pipe inextensibility in the radial direction. The remainder of the formulation is consistent
with that presented by Militello and Huespe. Cross section deformations, in the form of
warping and ovalization, were added to the beam displacement to give the total
displacement of the pipe. The longitudinal, tangential and radial displacements were all
expressed as Fourier series in the circumferential direction with the interpolation functions
being the same as those derived by Militello and Huespe, namely a third-order Lagrangian
polynomial for the longitudinal displacement and third-order Hermite polynomials for the
tangential and radial displacements. The importance of accounting for pipe extensibility
was highlighted as it allows the effects of internal pressure to be included. The internal
pressure in the elbow causes direct tangential stresses due to radial expansion, stiffens the
elbow which in turn reduces ovalization due to bending and creates a non-uniform stress
distribution in the elbow. All of these effects were captured in the new element. The

authors also extended their work to determine the plastic limit load of a pipe elbow.
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Millard and Roche (1984)

Several variations of the elbow bending problem have also been examined. Millard and
Roche (1984) considered the propagation of ovalization from an elbow subjected to in-plane

bending along an adjacent straight section of pipe. For a straight pipe subjected to end
displacements  v(@)=—(a,/2)sin2n¢ and w(@)=a,cos2ng, they expressed the

longitudinal, tangential and radial displacements, u, v, and w, as Fourier series:

5

(150)  u(z.8)= > b,(z)cos2ng
n=]
5 an

(156)  v(z,¢)= Z—%)-sin 2ng

n=

150 w(z,¢)= Zslan (z)cos2ng

A unique feature of the element is that conventional interpolation functions for the

coefficients of the Fourier series were not postulated. Rather, the coefficient functions

a,(z) 'jand b, (z) were assumed to take the form:

(1.6a) a,(z)=a,e™

(.6b) b, (z)=pBe*

The equilibrium equations were established by minimizing the total potential energy of the
system. The result was two coupled, fourth order differential equations which were solved

for A,. The coefficients &, and S, were determined from the boundary conditions. The

solution procedure is similar to the one used in the current study, with the exception being
the loading conditions and assumed strains. Millard and Roche subjected their element to a
prescribed displacement at one end and investigated the propagation of the displacement
along the length of the element. In contrast, the element in the current study can be

subjected to any general loading condition. Also, Millard and Roche neglected the strains

due to shear curvature, &, , and the tangential hoop strain, €, (i.e. pipe inextensibility was

assumed). Both of these strains are included in the current study.

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 1
April 2008 Page 8



The propagation of ovalization due to Fourier modes 2n=2 through 2n=10 were
compared and they discovered that in the straight section of the pipe mode 2 ovalization
dominated and the higher modes decayed quickly. The effects of further simplifying
assumptions were investigated. These are: (1) neglecting the warping of the cross section;
(2) neglecting shear deformation; and (3) neglecting the variation of the bending curvature,

K, » in the longitudinal direction. The results based on simplified displacement fields were

compared to those based the full formulation. Millard and Roche’s solution was only

presented analytically and was not implemented in a finite element context.

Berton (1992)

Berton (1992) extended the analytical work of Millard and Roche by investigating the
propagation of ovalization of an elbow element subject to in-plane and out-of-plane bending
as well as torsional loading along an adjacent straight pipe. The assumptions and
displacement functions were identical to those proposed by Millard and Roche. The
solution also followed the same procedure but accounts for out-of-plane bending and

torsional loads. Only mode 2 ovalization was considered.

Karamanos et al. (2002)

Karamanos (2002) broadened the previous work to include buckling instability of pipes. His
work included non-linear elastic effects and investigated the relationship between
ovalization and buckling of pipes subjected to a uniform bending moment. This work was
followed up by Karamanos et al. (2003) who included the effects of plasticity and internal

pressure. They further investigated the influence of the type of loading on the failure mode.

Madureira and de Melo (2000, 2004); Fonesca, et al. (2002)

Simplified analytical models to describe pipe deformation have also been developed.

Madureira and de Melo (2000, 2004) and Fonesca, et al. (2002) developed elements based

on a semi-membrane formulation. Strains due to longitudinal curvature, k,, and shear

curvature, x

5. » were neglected resulting in a much simplified set of equilibrium equations.

Warping of the cross section was considered but the pipe was assumed to be inextensible in
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the radial direction. Fourier series expansions were used to describe the displacement in the
longitudinal, tangential and radial directions. The coefficients of the Fourier series were
solved exactly for given loading and boundary conditions. The solution procedure was

similar to that presented by Millard and Roche (1984).

The solution presented in the current study follows the general procedure used by Millard
and Roche (1984) and Berton (1992). However, some of the limiting assumptions in the
previous work are relaxed in the current study. In addition, the solution obtained is

implemented in a finite element context.

1.2 Terms Included in Fourier Series Expansion

In much of the previous work outline in Section 1.1, Fourier series expansions are used to
describe the longitudinal, tangential and radial displacements, u, v and w, in terms of the

longitudinal variable z and the tangential variable ¢. The general form of the expansion is:

@

(172 u(z,9)= ZSM (z)cosn¢+itu (z)sinng

n=0

a

S

176 v(z.0)=_s, (z)cosn¢+itv (z)sinng

n=

[24

(170 w(z.9)=D_s, (z)cosn¢+itw (z)sinng

n=0

e

In Eq. 1.7 «, and «, represent the number of terms included in the expansion for cosn¢
and sin ng , respectively, while s, (z), s, (z) s, (z), 4, (), 1,(z) and 1,(z) are functions
of z only, which are to be determined. As outlined in Section 1.1, functions s, (z), s,(z),

s, (z), 1,(z), 1,(z) and 1,(z) were either solved exactly or approximated by polynomial

interpolation functions.

Considerable disparity exists among the previous works with regards to the number of terms

included and the postulated shape functions which express s,(z), s,(z), s,(z), 2. (z),

t,(z) and t,(z). In some work, only even or odd terms are included while other work
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includes all terms. In addition, a wide variety exists in the number of terms included in the

expansion. Some work includes only two terms while others include up to sixteen terms.

The number and type of terms included is dependent on many factors such as loading
conditions, assumed displacements and the amount of accuracy desired. In many studies,
only bending in the plane of the pipe elbow was considered. For such loading cases only the
even or odd terms are required for the Fourier expansion, depending on which displacement
is being defined. Conversely, for out-of-plane bending the opposite terms will be required.
Both odd and even terms are required to describe the deformation resulting from combined
in-plane and out-of-plane loading or any other general loading condition. For certain
loading cases, however, only one particular Fourier mode may be required to completely
describe the displacement. For example, as will be shown in Chapters 4 and 6, the
displacement of a cantilevered pipe subjected to only its own self weight can be completely

described with only Fourier mode n=1.

Assumptions regarding the displacement field of the pipe also have a significant impact on
which terms are to be included in the expansion. Much of the early work disregards warping
of the cross-section, assuming instead that the cross-section remains plane during
deformation. As such, a Fourier series expansion is not required to describe the longitudinal
displacement of the pipe. In these formulations Fourier series expansions were required

only for the tangential and longitudinal displacements.

Table 1.1 contains a summary of the terms included in the Fourier expansions in the
previous work for the longitudinal, transverse and radial displacements of the pipe. Also
included in the table are the loading and displacement assumptions employed in each of the
works. Note that previous works present elastic solutions with no geometric or material

non-linear effects.
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Table 1.1 — Number of terms #» included in the Fourier series expansions of displacements «, v and w

Longitudinal Tangential displacement, | Radial displacement,
Source Notes displacement, u v w
cos ng sin ng cos ng sin ng cosng sin n¢g
Wood, 1958 1,6 none none 1,2,3 none 02,3 none
Ohtsuboand | ¢ 0,2,4... 135... 1,35... 24.6... 0,2,4... 1,3,5...
Watanabe,
1978 7 1,3,5... 2,4.6... 024... 1,3.5... 1,3,5... 24.6...
Bathe and
Almeida, 1,2,8 none none 0,2,4,6 0,2,4,6 0,2,4,6 0,2,4,6
1982
Millard and
Roche, 1984 6 2 none none 2 2 none
Militello and
Huespe, 3.6 0,1,4,6,8 0,1,4,6,8 0,2,4,6 0,2,4,6 0,2,4,6 0,2,4,6
1988
AboI | 1 none none 0.2.4.6 0.2,4.6 0246 | 0246
Yan, Jospin
and Nguyen, 2,3,4 2,34 2,4,6 2,4,6 2,4.6 2,4,6
1999
Karamanos
et. al, 2003 6 246...,16 | 35,7...,15 } 3,5,7...,15 1,24...,16 0,2,..,16 | 1,35...,15
Fonesca,
Melo and
o 456 | 0,1,2,4,6,8 none none 0,1,2,4,6,8 0,1,2,4,6,8 none
Oliveira,
2002
Melo and ,
Madureira, 5 1,2,3,4,5 none none 1,2,3,4,5 1,2,3,4,5 none
2004
Notes for Table 1.1:
1. Warping of the cross section is neglected; plane sections remain plane.
2. The number of terms included depends on the pipe and bend geometry.
3. Terms n=0 and n=1 for the longitudinal displacement are accounted for in the
beam theory.
4, The solution was also implemented with the odd terms included and the results were
compared.
5. Semi-membrane formulation was used in which longitudinal curvature and curvature
due to shear were neglected.
6. Only in-plane bending was considered.
7. Only out-of-plane bending was considered.
8. Both in-plane and out-of-plane bending were considered.
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For a pipe subjected to a general loading condition, the accuracy of the solution increases as
the number of Fourier modes included in the analysis increases. The contribution of each
Fourier mode to the total displacement is further examined with examples in Chapters 4 and

6.

1.3 Strain and Curvature Terms

In the previous work, as well as in the current study, the equilibrium equations are
established by minimizing the total potential energy of the system. The internal strain
energy of a pipe is a function of its total strain in the longitudinal and tangential direction
and its shear strain. Each of these strains consists of direct (or membrane) strains plus
strains due to curvature. The direct and curvature strains are in turn functions of the

longitudinal, tangential and radial displacements, u, v and w.

The previous works, as well as textbooks on thin shell theory (Wang, 1953; Flugge, 1973;
Saada, 1974), all agree on the expressions for.the direct strain. However, different sources
provide different expressions for the strains due to curvature. Table 1.2 contains a
comparison of the expressions for strains due to curvature in all three directions from

different sources.

Note that the sign convention from some sources in Table 1.2 has been modified to match

assumed positive direction of the tangential displacement, v, given in Figure 1.1.
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Table 1.2 — Expressions for strains due to curvature

Tangential curvature Longitudinal Shear curvature
Source curvature
59 k. (29) s (2f)
Wang 1w ov 0w 2(w _lov
(1953) r*\ 0¢* 9¢ 9z’ r\ogdz 29z
Flugge 1 azw__w o’w 1f o°w _,__l_éLi__l_@
(1973) r*\ 0¢ oz> r\dgz 2rd¢ 209z
Saada 1(o*w v 0w 2 I’w _lov
(1974) r’\ 0¢® ¢ 0zt r\ogz 209z
Ohtsubo and 1 &_ﬂ o’w 2 dw _ﬂ
Watanabe (1978) r’\ 0¢* 9¢ 9z r\d@dz oz
Millard and Roche 1 (0w ov 9w 2(°w _ov
(1984) r*\ 0¢* 9¢ 97° r\ogz oz
Niordson 1{d*w 20v 9w 2(dw _ov
(1985) r*\ 9¢° 0¢ a7 r\ogdz oz
Abo-Elkhier 1(d°w ov o’w 2( 3w v
(1990) . r’\ 0¢* d¢ e r\ddgoz 9z
Berton 13w av o’w 2(w _ov
(1992) r’\ 0¢*> d¢ 97> r\dgdz 9z
Madureira and 1 o’w _ ov 0 * 0 *
Melo (2000, 2004) r’ a¢2 d¢

* Semi-membrane formulation was used which does not account for longitudinal and shear curvatures

The variation in the terms for strains due to curvature is a result of the assumptions made
while deriving the expressions. For consistency with most recently published work, the
strains due to curvature in the current study are assumed to be the same as those first

presented by Ohtsubo and Watanabe (1978).
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1.4 Outline and Objective

The objective of the current study is to develop a new finite element that accurately predicts
pipeline deformations under general loading conditions. To accomplish this, the strain-
displacement relationships for the pipe are established in Chapter 2 within a defined set of
assumptions. The stationarity condition is then invoked on the total potential energy of the
pipe, which is defined in terms of the strain-displacement relationships, to generate the
equilibrium equations and boundary conditions. The displacement field for the pipe is
ascertained in Chapter 3 by solving the equilibrium equations within the constraints of the
boundary conditions. Chapter 4 presents two examples to verify the displacement field
determined in Chapter 3. The results from the current method are compared to both the
Euler-Bernoulli beam theory solution and the results from a traditional shell finite element

analysis using the commercial software program ABAQUS.

In Chapter 5, the displacement field solution is implemented in a finite element context. The
displacement at any point on the pipe middle surface is related to the nodal displacements
througfil the development of exact shape functions. Several examples are presented in
Chaptér 6 to show the effectiveness of the element. The results are compared to the results
of a shell finite element analysis conducted in ABAQUS. Some conclusions and

recommendations are discussed in Chapter 7.
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CHAPTER 2: FORMULATION OF EQUILIBRIUM CONDITIONS

The exact displacement fields for a pipe are developed using the principle of stationary
potential energy. The unknown displacement fields are expressed as Fourier series, which
are used to develop expressions for the strains within a set of assumptions. From these
strains and corresponding stresses, the internal strain energy of the pipe is formulated. The
internal strain energy is combined with the potential energy from externally applied tractions

to give the total potential energy of the system.

Equilibrium is found by evoking the stationarity conditions for the total potential energy
functional with respect to the unknown functions. The result is a set of equilibrium
equations and boundary conditions. These equations are subsequently solved for the
unknown functions in the Fourier series, allowing the displacement of the pipe to be exactly

expressed within the limitations of the assumptions of the formulation.

2.1 Element Geometry

The pipe element under consideration is shown in Figure 2.1 both in its undeformed and

deformed configurations. The geometry of the element is described in a cylindrical

coordinate system (z,¢,£). The z direction and corresponding displacement u are

orientated along the longitudinal axis of the element. The ¢ direction and corresponding
displacement v are orientated in a direction tangent to the cross section. Finally, the &

direction and corresponding displacement w are orientated in a radial direction away from

the center of the pipe cross section, with £ measured from the middle surface of the pipe.

Figure 2.2 shows the pipe cross section, both undeformed and deformed, with thickness ¢
and middle surface radius r. As loads are applied to the pipe, point A on the undeformed
middle surface moves to A" on the deformed middle surface. The total displacement A of
the point A is composed of the tangential displacement v, and the radial displacementw, .

Note that the displacement v, is tangent to the undeformed middle surface and the

displacement w, is in the radial direction of the undeformed middle surface.

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 2
April 2008 Page 16



[ Deformed shape of middle surface

Undeformed shape of middle surface

Figure 2.1 — Pipe element deformation and coordinate system

Undeformed middle surface ‘ Deformed middie

surface

Deformed middle surface
Figure 2.2 — Pipe cross section deformation
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The stresses acting on a small piece of the pipe are shown in Figure 2.3. Normal stresses in

the z, ¢ and & directions, as well as shear stresses, are present in the element.

Jdo
+ 224
0.+ 9
O
0o &% T
% +a—¢d¢ § T
¢ T&< ZgT .
ya
Ty Oy
\\
o

Figure 2.3 — Stresses on a pipe element with middle surface area dA = rdzd¢

2.2 Assumptions

Various assumptions have been made in the development of the element, as outlined below:
1. The pipe element is initially straight with no bends.

2. The pipe wall thickness ¢ and middle surface radius r are constants with respect to

tangential coordinate, ¢, and longitudinal coordinate, z.

3. The pipe is modeled as a thin-walled member, meaning that the ratio of pipe wall

thickness to cross section radius is small (r>>1).

4.  Normal stresses in the radial direction throughout the pipe wall thickness are

negligible (0‘5 = 0) .
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5. Transverse shear stresses in the radial direction are negligible ( T, =Tpy = 0).

6.  The Kirchhoff-Love hypothesis is assumed: Straight fibres initially perpendicular to
the middle surface before deformation remain straight and perpendicular to the middle

surface after deformation.
7.  Pipe material is linearly elastic and isotropic.
8. All strains are small.

2.3 Total Potential Energy

The displacement field for the pipe is developed by using the principle of stationarity of total
potential energy. The total potential energy of the system, 7, is the difference between the

internal strain energy in the pipe, U, and the work done by externally applied loads, W:
T=U-W
1 :
@.1) 7= [{e.0.+&0,+7,47,}av

_ J;{qu(Z,¢)u(z,¢)+qv(z,¢)v(z,¢)+qw(z,¢)w(z,¢)}ds

In Eq. 2.1 the functions ¢, (z,9), g,(z.¢) and g, (z,9) are the tractions acting on the pipe
middle surface in the #, v and w directions respectively. Note that o, =7, =7, ~0 as a

result of applying Assumptions 4 and 5 in Section 2.2. Thus, terms involving these three

stress components are not included in Eq. 2.1.
2.3.1 Stress — Strain Relationships

Applying Hooke’s Generalized Law and Assumptions 4 and 5 gives the well known stress-
strain relationships in the longitudinal and tangential directions as well as the shear stress-

strain relationship:

(2.22) O‘Z(Z,¢,¢f)=l—-_Eﬂ—2—|:82(Z,¢,f)+ﬂ8¢(z,¢,5):|
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E

7 &, (2.0,8)+ e, (2.0.£)]

(2.2b) 0,(z.0.£)=

2.2¢) T4(2.0.8)= 5 Y (2.0.6)=GY,(2.0.5)

_E
(1+4)
In Eq. 2.2, u is Poisson’s Ratio, E is Young’s Modulus and G is the shear modulus of the

pipe material. Stresses o,, 0, and 7, are defined in Figure 2.3.

The total strain at an infinitesimal element of pipe at a distance & from the mid-surface
consists of two parts: the direct or membrane strain and strain due to curvature. Based on

Assumption 6 in Section 2.2, the total strain is given by:
(2.3&) 82(Z,¢,§)=6_‘Z(Z,¢)+§KZ(Z,¢)

(2.3b) £,(2,9.£)=2,(2.0)+{x, (2.9)

@30 Vy(2.0.8) =T, (2.0)+ &K, (2.9)

In Egs. 2.3, £ is the material coordinate measured from the middle surface of the pipe (see

Figure 2.2). The range of & is ~#/2 to #/2.
2.3.2 Strains in Terms of Mid-surface Displacements

Using the principles of tensor analysis, membrane strains £, €, and 7, and bending
curvatures K, K, and «, » can be expressed in terms of the mid-surface displacements u, v

and w and their derivatives (Ohtsubo and Watanabe, 1978) as:

_ du _ dv 1 du
(2.4a) ENZP)=— (2.4c) 2,0) = — 4 ——
z ( ¢) aZ }/Z¢ ( ¢) az r a¢
— 1 ov aZw
(2.4b) ENLQ)=—| wt— 2.4d K, \z,9)=
o (2.9) r( an (2.44) (2.0)=25
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o*w avj

*w o
0¢® 09

(2.4e) K,(z.0)= ( (24D) Ky (2.0)= (aza;» s

Several variations of Eq. 2.4 appear in the literature, as discussed in Chapter 1. The
expressions presented above and used in the current study correspond to those used most

often in recent publications.
2.3.3 Internal Strain Energy in Terms of Strains

The total internal strain energy of the pipe, U, in Eq. 2.1 is the volume integral of the
product of the stresses and the corresponding strains. Eq. 2.1 is expanded by inserting the
expressions for stress in Eq. 2.2 as well as the expressions for strain in Eq. 2.3. For
simplicity, expand each term of internal strain energy in Eq. 2.1 individually. After the

substitutions the first term becomes:;

1 1 =P
2.5) UI:ELEZGZ‘W:EJ J (€, +§KZ){1

Aé=—1]2

E 1. _
7 [ez +¢&x, + u (g, + £k, )]}dfdA
After performing the integration across the thickness along coordinate £. Eq. 2.5 becomes:

3
(2.6) UI:%JL_ELZ (6“:22+ﬂ§zg¢)+—l—2—(%l—2—)—(xzz+ﬂkzk¢):|dA

Perform a similar expansion of the second and third terms of Eq. 2.1 and integration with

respect to £ to obtain:

(3]

3
2.7 = L ,pdv_—j{ Er (E¢2+y§@)+_@_2)(;;¢2+yxzzc¢)}dA

1-u

Ly J — 72 —————Et3 K 2ldA

=%;W 0 }d
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Thus the total internal strain energy, U, in Eq. 2.1 is written as the sum of Egs. 2.6 through
2.8:

Et ., _ -
[ (82 +8 +2uE 8, )+ Gty
2.9) ; ,
K} +K, +2,UK'ZK'¢)+EKZ¢ dA

12(1-p )( ‘
In Eq. 2.9, dA =rd@dz is an element of area of the middle surface of the pipe.

2.3.4 Internal Strain Energy in Terms of Mid-surface Displacements

The internal strain energy of the pipe is expressed in terms of the mid-surface displacement
by substituting the strain and curvature expressions from Eq. 2.4 into Eq. 2.9. Performing
the required substitutions, expanding the squares and converting the area integral into a
double integral over the circumference of the middle surface and length of the pipe gives the

final fcérm of the internal strain energy:
' B au Ao, v (Y i v
=—I I | W 2w+ — | |+2U| — w+—
040 r op |\ 09 0z o9

[ av)z 2avau (Y| B [(w)
TGt | — | +———+—5|—| |+ >
0z) rozog r\dg 12(1-;12) 0z
ov
¢

2.10) - , X
1 azw) (aZWJ(av) ( H 2ﬂ(azw)(azw av]}

= | 2| = || = |+ = | [+ = || == ~—
|\ o0¢? 09> \op ) |0 r’\ o2 \og® 0¢

G| (3w o dwYw) (wY

"3 (@J _2(aza¢j(a_zj+ a_z” ok

2.4 Assumed Functions for Mid-surface Displacements

The exact equations for the deformation of a pipe section under general loads are unknown.
In the present work, the mid-surface displacements u, v, and w are expressed as Fourier

expansions:
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(2.11a) u(z,0)=a, (z)+ian (z)cosn¢+ibﬂ (z)sinng

(2.11b) v(z,0)=c¢, (z)+icn (z)cosn¢+azddn (z)sinng

ar

@iy w(zg)=f(2)+D.f, (z)cosn¢+ig,, (z)sinng

n=1

In Eq. 2.11 ¢,,@,,... are the number of terms included in the Fourier expansion. As the

number of terms included approaches the limits ¢,,¢,,... = o, Eq. 2.11 approach the exact
displacements of the mid-surface within the limitations of the assumptions outlined in
Section 2.2. In practicality, the number of terms included must be truncated and an

appropriate value for ,,@,,... assumed.

The number of terms does not necessarily need to be identical for each Fourier expansion.
Different values could be used for each ¢,,¢,,... if desired. However, using the same
number of terms in each expansion leads to simplifications in handling the equations
developed in the following sections. Therefore, all subsequent formulations will use the

same number of terms for each Fourier expansion and the notation &,,¢,,...=«a will be

adopted.

The following partial derivatives will also be required to formulate the internal strain energy

expression in Eq. 2.10:

[/

a b ’ ’ < 7 .
(2.12a) —lgzﬁzao(z)+ > a, (z)cosng+ D b, (z)sin ng
Z n=1 n=1

(2.12b) aig%ﬂzi—nan(z)sinn¢+inb"(z)cosn¢

ov(z0) ., SN
(2.12¢) —a—-——=co(z)+2cn(z)cosn¢+2dn(z)smn¢
Z n=1 n=1
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0 , a a
(2.12d) —%=Z—nc}1(z)sinn¢+2nd"(z)cosn¢
n=1 n=l1
’*w(z, ’ S C Ve
(2120 %Lfi):fo<z)+zfn(z)cosn¢+zgn<z)smn¢
< n=1 n=1
82 , o o
(2.12f) ——g;ll:z-#fn(z)cosn¢+2—n2gn(z)sinn¢
n=1 n=1
a2 b a ’ Z ’
(2.12¢) —M:Z—nf"(z)sinn¢+2ng"(z)cosn¢
aZa¢ n=1 n=l
d d’
In Eq. 2.12 above the notation a, (z)= (;(Z) and f/(z)= ‘{SZ , etc. is used.
2 z

2.4.1 Physical Significance of Fourier Modes

- Each mode n in the Fourier Series in Eq. 2.11 corresponds to a different type of deformation.
As shown in Appendix 1, mode n'=0 represents axi-symmetric deformation. An example
" of axi-symmetric displacement is the uniform expansion of the cross section of a pipe

subjected to internal pressure.

Fourier mode n=1 represents a displacement similar to that predicted by traditional
Bernoulli beam theory. The displacement from the current method with n=1 will not,
however, be identical to the displacement obtained from Bernoulli beam theory. The
difference between the two methods is a result of the assumptions made in their

development.

The higher Fourier modes, n 22, correspond to deformation of the pipe cross section, such
as ovalization and warping. These deformations are not captured by the traditional Euler-

Bernoulli beam theory.
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2.5 Internal Strain Energy in Terms of Assumed Displacement Functions

The total internal strain energy of the pipe is converted into a function of z only by
substituting the Fourier expansions for #, v and w and their derivatives from Egs. 2.11 and
2.12 into the internal strain energy equation of Eq. 2.10. The squares and product terms are

then expanded. Finally, the integration with respect to ¢ is performed explicitly as the only
functions containing ¢ are cosng and sinng. The resulting expression is a function of z

only.

The general expression for the integral of the product of two generic Fourier functions,

q,(¢) and g, (@), with respect to ¢, as developed in Appendix 2, is as follows:

Given:

a

@132  q(z.9) =x0(z)+2xn(z)cosn¢+iyn (z)sinng

n=1

(2.13b) 4, (z,0)=u, (z)+iun (z)cosn¢+iw" (z)sin ng

It is demonstrated that:

(2.14a) qu 2.0)q,(2.0)do=27x,(z -I-Zﬂx z)+i7ryn(z)w (2)
$=0 n=1

and

wrw JlateoT do=2nla ] +Ean (O + Sl (]

Eq. 2.14 is used to expand each term of the internal strain energy in Eq. 2.10 independently

and perform the integrations with respect to ¢.
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Before performing the substitutions, the following constants are defined for simplicity (note
that constants Cyo through Cj» and Cy4 through Cy7 are dependent on the Fourier mode n and

will be used in Chapter 3):

Ernx Gt’r
2158 C,=—— 15i =
TR @.151) G, »
Ewx C.nt
2.150) C,=——"— 2150 C. =4
2 r(l-ﬂZ) (2.15)) 10,n 2
@158 G, =(C,+C,)n
(2.15¢) Q:ftﬂf wa =(G+G)
A @15 C,,=(C,+C,)n*

2. =
215d) C,=Grtx @15m) C,=C,+C,

@15%) C,=Gix .
215n)  C,,=Cn+Cn

Ert’'m
(2151 G =12—(1~:7l—2—) (2150) G, =(C8 +Cy)n
. @215p) G, =C,+Cn’
2.15gy C _______Et'ﬂ' |
e 12r° (1- %) , @15 G, =(2G+Cy)n’
2.15n) G, =————t——/-l—”7
12r(1- 4*)

Each term of Eq. 2.10, as well as the corresponding term after performing the integration
with respect to ¢ using the identities in Eq. 2.14, is summarized in Table 2.1 below.

Table 2.1 — Expansion of internal strain energy terms

Term in Eq. 2.14 Term after integration with respect to ¢
rkt 22 au ? C. L ’ 2 Z ’ 2 Z ’, 2
— — | dod —L 142 b
i (5 e Tl @) Sfe ) +Sfe @) e
C ! a a
R S ETACE G yXE )
Et I 2z s av av 2=0 n=l n=|
— +2w—+| — | d¢d a a
S R AR ) L R TR
n=1t n=l
+Zn2 (cn (z))2 +in2 (dn (Z))z}dz
n=1 n=1
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%H[?] zg_% [g;} wi| +§[gnb,,<z)c,:<z)+g—na,.(z)dmz)}
AErer o) e

rEL LYY 2 ) ] e e, i
24(1jy2)z:0¢;[)(8;2v] dodz C {2(f0 (z)) +"Z(fn (z)) +;(g" (z)) }dz

oy |l
247 (1- 47 ) 20,42 \ 99" «
2 ) —2[;—# +ch
9 wav_,_(_f_)_\ij }d(ﬁdz . . )
39’ 99 09 + 3 e, () + 3 (4, (2) }dz

G % o*w o’w v (av) [” S ’ }
8 | — -2 degdz - -nd, + c
6r szo[azaqﬁ] 3z0¢ 9z \ 9z g Z::‘ (@ () Z:‘n - (2)8.(2)
2 @y, 2 @ 2
2(c) (2)) +2(e (2)) +2(4, () }dz
=1 =1
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2.6 Load Potential in Terms of Assumed Displacement Functions

An expansion similar to that used for the internal strain energy is developed to express the

load potential terms from Eq. 2.1 in terms of the Fourier expansions from Eq. 2.11. The

load potential W can be expressed as W =W, +W, +W_ in which:

(2.16a) W = ]

J q,(z, )[ao (z)+zal:a,l (z)cos n¢+"Z::b,l (z)sin n¢i] rd ¢dz

@.16b) W = I _Tqv(z,¢)[c0(z)+icn(z)cosn¢+idﬂ(z)sinn¢:|rd¢dz

2=0 ¢=0 n=1
{ 2z o
(2.16¢) W, = j Iqw ) [fo +Zf cosn¢+Zg,,(z)sinn¢}rd¢dz
20 §=0 n=l n=l

In the case of the load potentials the integrations with respect to ¢ cannot be performed

explicitly because the load functions ¢(z,4) are generally dependent on ¢. The integrals

-will depend on the specific form of g(z,9).

2.7 Variation of Total Potential Energy

The equilibrium conditions are obtained by evoking the stationarity condition of the total

potential energy functional:

a aﬂ' a or or or or
or = cS' —da,+—0c,+—0c,+—0f +—=Of +=—=If;
a aco Cyt+ ac(/) C0+af0 f0+af0/ f0+af0” Jo
@.17) i or on or or or
' pe ob, ob, ac, E)c,l od,
or or or or
+—dd ’+——c5' + Of +—0J0g +=——05g, o
3 2y af,, 3, 5o T8 T ogr gj

The equilibrium equations and corresponding boundary terms are obtained by applying Eq.

2.17 to the sum of the eight terms in Table 2.1 minus the sum of the load potential terms in
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Eq. 2.16. Details of the procedure, including performing integration by parts and grouping

similar terms, are outlined in Appendix 3.

As also shown in Appendix 3, the field equations for each Fourier mode n are independent

from every other Fourier mode m for n#m. Given that the functions da,, dc, and Jf,
for n=0,1,...,a as well as 6b,, dd, and dg,6 for n=12,...,a are arbitrary, the

coefficients of each of these functions must vanish. The equilibrium equations and

boundary conditions can be written independently for each mode n.

2.7.1 Equilibrium Equations

The resulting field equations relating to functions a,(z), ¢,(z) and f,(z) for mode n=0

are:

2
@182)  2Caj+2C,f+ [4q,(z.0)rdp=0
. #=0

: 27
@18b)  2(C,+C,)c)+ qu‘,(z,¢)rd¢:0
¢=0

2z

@180 2Cay+2C,f,+2Cf," - [ q,(2.9)rdgp=0
¢=0

For modes n >1 the field equations relating to functions a,(z), ¢, (z) and f,(z) are:

2
Cyn

r2

2z
a,+(C,+C)nd, +C,f,+ [ q,(2.9)cos(ng)rdg=0
#=0

(2.18d) Ca, -

(C,+Cy)na, +(C,+C, ) n'd, —(C4+C9)d:+(C2n+C7n3)fn

(2.18¢) . = _
~(C+C)nf= [ 4,(z.¢)sin(ng)rdg =0
#=0
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Cyd, +(C2n+C7n3)dn -(C, +cg)ndn’+(cz+c7n4)f" —(2C,+C)n* f)
(2.18f)

”»r

2r a
+C, f, - Iqw(z,¢)Zcos(n¢)rd¢:O

#=0 n=1
Similarly, the field equations relating to functions b,(z), d,(z) and g,(z) are for modes
n21:

2
C,n
2
,

2z
b, —(C,+C)nc, +Cyg, + jqu (z,9)sin(ng)rdg=0
9=0

(2.18g) Ch, -

(C,+C5)nb, —(C,+C, ) n’c, +(C, + Gy )l +(Cn+Cyn’ ) g,

(2.18h) , =
~(Cy+Cy)ng, + _[ g, (Z’¢)COS(”¢) rdg=0
¢=0
Cib, —(Cyn+Con’ ), +(Cy+ Gy )ne, +(C, + Cyn') g, —(2C, + G, ) n’ g,
(2.18i) ’

2r
+C6g"uu _ J. qw(z, ¢) sin (l’l¢) rd¢ =0
¢=0

The equilibrium equations in Eq. 2.18 are ordinary, linear differential equations. For Fourier
mode n =0, the differential equations are 2™ order with respect to the functions a,(z) and
¢,(z) and 4™ order with respect to the function f,(z). For the cases of n>1, the
differential equations are 2™ order with respect to the functions a, (z), b,(z), c,(z) and

d, (z) and 4™ order with respect to the functions f,(z) and g, (z).

Multiple functions of z, a,(z),b,(z)..., appear in each of the differential equations,

indicating that the equations are coupled. As a result, the individual functions of a given
mode n cannot be solved independently. The solution procedure must consider all of the

functions simultaneously. It is of interest to note, however, that the field equations for

an(z), d, (z) and f,,(z) are completely uncoupled from the field equations for b,(z),

c,(z) and g,(z).
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Also, it can also be noted from Eq. 2.18 that the equations for Fourier mode n, a,(z),

b,(z) ..., are uncoupled from the equations for Fourier mode m, a,(z), b, (z) ..., for

n+#m. The fact that the equations for different Fourier modes are uncoupled considerably

simplifies the solution of resulting equations.
2.7.2 Boundary Conditions

The boundary terms arising from integration by parts provide the possible boundary

conditions of the problem. For mode n =0 these are:

(2.19a) [(2Ca}+2C.f,) §a0]’z =0
(2.19b) :(2(C4+C9)c('))500]’=0 =0
r ” 1
(2.19¢) (—2C6f0 )5f0} =0
L. z=0
(2.19d) :(2C6 o fo’]lzzo =0

For modes n 21 the boundary conditions relating to functions a,(z), ¢,(z) and f,(z) are:

(2.19%) [(Ca,+Cynd, +C.f,) ba, LO =0

(2.19f) :(—CSnan +(C,+GC,)d, +Cynf;)d, LO =0

(2.19) :((Cg +C)nd; +(Cy+ C,)nt - Co 1) 5f,,LO =0
(2.19h) :(—andn —Cn’ f, +C,f)) S f,,’LO =0

Similarly, the boundary conditions relating to functions b,(z), d,(z) and g,(z) are for

modes n>1:
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2.190) [(CB,—Cync, +Cyg,) b, LO =0

(2.19§) [ (Conb, +(C, +Cy ), —Cyng.,) b, ]l:o =0
— ” ]
(2.19%) (-(c8 +Cy)nc, +(G+Gy)n’g, - Ceg, )5&,} =0
!
(2.191) [(ancn ~Cyn’g, + Cag:)5g;] o 0

The number of boundary terms present in Eq. 2.19 is directly related to the order of the

differential equations in Eq. 2.18. For the Fourier mode n=0, the total order of the
differential equations with respect to the functions a,(z), ¢,(z) and f,(z) is eight,

resulting in a total of eight integration constants. These eight constants are determined from

the 8 boundary conditions in Eqgs. 2.19a through 2.19d.

For the cases of n 21, the total order of the differential equations, for each mode n, with

respect to the functions a,(z), b,(z). c,(z).d,(z), f,(z) and g, (z) is sixteen.

Correspondingly, the solution will result in a total of sixteen integration constants to be

determined from the sixteen boundary conditions in Egs. 2.19e through 2.191.

2.8 Expressing Equilibrium Equations in Matrix Form

To facilitate the solution of the equilibrium conditions in Eq. 2.18, they are rewritten in

matrix form. For Fourier mode n =0, the equilibrium conditions are:

ay ( Z)
(2.20) [Xo ]3x3 fo (Z) Z{QO }3><1

CO (Z) Ix1

where
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2cp*! 20,0 | 0
________________ e
ey [Xoly, = _2_C_32_5_2_(_72_1L_2_C_6_D_4_L_____9 _____
0 | 0 12(C,+C,)D?

n

3" f(z) for (n=1,2,4) is used and
z

in which the notation D" =

- [ 4,(9,2)rdg
$=0

(2.22)

{Q}),, =1 [4.(¢.2)rdg
#=0

- [4,(9.2)rdg
#=0

The matrix form of the equilibrium conditions for each Fourier mode n 21 is:

Q

. (2)]
d,(z)
Xln I 0 f (Z)
(2.23) e oy ={Q )
|: 0 ;Xz”' 6x6 b, (2) ™
c,(z)
g"(z) 6x1
in which
|
C,D? rlz C4n2i (C,+C,)nD i C,D
IR A b i -
G, +C)n* 1 Cpp+Cn’ -
2.4 | (C,+C; |
(@29 [Xl,n:L)G: (C3+C5)nD | 21 ’ 7 2
L—(C4+C9)D_} (Cy+Cy)nD
oD | Cn+Cn’ = 1 C,+Con* +CD* -
I ’ | (G+G)nD? | (26,+C,)n*D’ |

Chapter 2
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B 1
, 1 5 | I
D’ -—=Cn* | =(C,+C;)nD ! C,D
r | |
— I oo -
(2.25) (X1 =| (C,+C)nD i—(C2+C7)n2 i C,n+Con —2
s !L+(C4+C9)D2J} (Cy+C,)nD
- | —Cn—Cyn’+ | C,+Cyn* +CD* -
C,D : |
? | (C,+C,)nD? i(2C8+C9)n2D2
2T
_L=oq“ (@, 2)cos(ng)rdg
27T .
[.,4.(9.2)sin(ng)rdg
27
[ 4.(6.2)cos(ng) rdg
(2.26) {Q" }6><1 = 27
_.Lzoq“ (¢,z)sin(ng) rd¢
27
= |49, (9.2)cos (ng) rdg
2T -
[ . (0.2)sin(n0)

By inspection of Egs. 2.24 and 2.25, it is apparent that the matrices X,, and X,, are
similar. In fact, the two can be equated by multiplying the second column of X, by -1.
Correspondingly ¢, (z) must be multiplied by -1 for the modified matrix operator X,, to be

identical to X, ,. Eq. 2.23 can now be written as:

= {Q" }6><1

8, (Z) 6x1

In Eq. 2.27 X, is the same as X, defined in Eq. 2.24.

It is emphasized that Eq. 2.27 is in fact a series of matrix equations for each Fourier mode

(n21). The equations for mode n are completely uncoupled from those of mode m#n.
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CHAPTER 3: SOLUTION OF EQUILIBRIUM EQUATIONS

The unknowns in the equilibrium equations from Chapter 2 (Eqgs. 2.20 and 2.27) are the

functions a,(z)...g,(z). With the solution of these unknown functions, the displacement

field of the pipe element in Eq. 2.11 will be completely defined. The functions are solved
by assuming their form and inserting into Egs. 2.20 and 2.27 for each Fourier mode n. The
system of equations for mode n =0 is different from that of the general solution of modes

n 21 and will be handled separately.

3.1 Solution for Axi-Symmetric Displacement Contribution: n = (

The axi-symmetric displacement components of the pipe cross section, represented in Eq.
2.20 with the terms corresponding to » =0, must be considered separately from the general
solution. The case of »=0 involves a smaller system of equations than the general solution
for n>1. Expand Eq. 2.20 with Egs. 2.21 and 2.22 to obtain the equilibrium equations for

n=0:

2 )

[ a.(p.2)rdg
26D 20D 0 a,(z)] |o

@) | 206D 2C,+2C.D* 0 £ =1 [4.,(p.2)rd¢
0 0 2(C,+GC,)D* || ¢, (2) ”’;"

[ 4.(¢,2)rdg
L#=0

3.1.1 Solution of Homogeneous Part of Equilibrium Equations

The unknown functions a,(z), f,(z) and ¢,(z) are determined by considering the

homogeneous portion of Eq. 3.1. The homogeneous equation can be simplified by

separating it into two systems. Such a separation can be performed because the first two

equations of 3.1 involve only a,(z) and f,(z) while the third equation involves only

¢, (z). The simplified homogeneous equations are:
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2cD* | 20,D H%(Z)}:O

G2 {‘z‘c;b‘*;‘z'c';;a‘c;ﬁ £ (2)

33)  2(C,+GCy)ci(z)=0

The solution to Eq. 3.3, a second order linear differential equation, is:

G4 ¢ (2)=A, + Az

In Eq. 3.4 Zon and ZO’S are constants determined from the boundary conditions.

The solution to Eq. 3.2 is more involved. Assume the solution takes the form

<a0(z) fo(z)>T —<K0e’""z 17()e""’z>lTX2 and substitute into Eq. 3.2:

1x2 -

) _
(3.5) 2Cim, 2Cm, ) Aol e ]9

12Cm, 2C,+2Cm, || F, 0
For thé relation in Eq. 3.5 to be true, either the constants KO and 170 should vanish or the

determinant of the matrix on the left hand side must be zero. Setting A, = F, =0 leads to

the trivial solution that is of no interest. - Therefore, the determinant of the matrix must

vanish:

36 2C,m,’ 2Gm, | _ o
' 2C,m, 2C,+2C,m,’*

Expand Eq. 3.6 and solve for m:
37 (CC,~C)m) +CCom,° =0
Eq. 3.7 can be simplified to

68 m’[(CC,-C)+CComt |=0
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The roots of Eq. 3.8 are:

(3.92) my; =0

(3.9b) my,=0

Clcz _C32
(3.9c) my,=——12—3
| C1C6
CC,-C?
(3.9d) m,, =—4——>—2
' C1C6
2
(39e) my =4 G666,
’ C]C6
/ CC,-C}?
39 m,, =—4——12
(3.91) 0.6 CC.

Hence, the solution to the field equations becomes:

—_— — 6 —
(3.100) @, (z)= Ay, + 4,2+ ZAo,iemO'iZ
: i3

il

— — 6 —
3.100) [, (z)=F,, + Fy,z+ ) Fy e
i=3

Note that by inserting the values for the constants C,, C,, C, and C, from Eq. 2.15, the
non-zero roots of Eq. 3.8 become:
12(1- 1)

G1) my, =——s5

T3 for i=3,4,5,6
r

The expression for the roots m; in Eq. 3.11 matches exactly the roots of the equilibrium

equation for the homogeneous case derived by Flugge (1973: 272). Note, however, that the

displacement field assumed by Flugge does not include the terms 7&0,1, Zo,zz , 17“0’1 and IT*QJZ

from Eq. 3.10 which correspond to roots m,, =m,, =0.
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The displacement field in Eq. 3.10 is valid only if the four roots m,, for i = 3 to 6 are

distinct. The roots will be distinct if the right hand side of Eq. 3.11 is non-zero. Given that
the condition x4 #1 will always hold for practical problems, it follows that the right hand

side of Eq. 3.11 will be non-zero and the solution in Eq. 3.10 is always valid.
3.1.2 Reducing Integration Constants for Fourier Mode n =0

In Egs. 3.4 and 3.10, fourteen integration constants appear in the solution, namely ZOJ. for i
=1 to 8 and F’OJ for i = 1 to 6, but only eight boundary conditions are provided in Eq. 2.19.

However, because the determinant of the equilibrium equation matrix in Eq. 3.5 was set to

zero the equations are linearly dependent. As a result, the integration constants ZOJ. and FO,,-

are inter-dependent and one set of constants, F_OJ., can be written in terms of the other, Zo;

The details of relating the sets of constants are presented in Appendix 4.

The solution to the homogeneous part of the field equations in Eq. 3.1, given in Egs. 3.4 and

3.10, is written in matrix form:

(3.12a) CO(Z) = <:0(Z)>T {ZO}M

fo(2) = ) T
<
L 0 ( >1x8 _
Ao,
Ao
ao (Z l z e'"osz e’"o 4% e’"o,sz e’”oez 0 0 22’3
3.120) 3¢,(z)p=|0 O 0 0 0 0 1 JZOA
= = = = = .5
H(2)] o F, F,e™* F.™ F @™ Fe™ 0 0 i
6
Ao
Aog
in which
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(3.13a) F =——
0.1 CZ
= Cimy,
(3.13b) Fy, =——— fori=3to6
> C3

T

and <EO (z)> are functions of the constants C;,
1x8

= T

The values contained in vectors <I70 (Z)>
1x8

which are known and defined in Eq. 2.15. Thus, the only unknown values are the elements

of the vector {ZO}M, which represent the integration constants. The system now has only

eight independent integration constants: ZO,,. for i = 1 to 8. These eight constants are

determined from the boundary conditions in Eq. 2.19.

3.2 Solution for General Displacements: n > 1

The equilibrium equations for each Fourier mode n =1 are given in Eq. 2.27. Assume the

solution takes the form:

T

(3.14) <a,,(z) d,(z) f.(2) b,(z) —c,(z) g"(z)>1><6:

(3, D, F, B, -C, G) e

n n n 1x6

Substitute the assumed solution vector into Eq. 2.27 to obtain:

[ Znemnz
D,e™
| I mzz
3.15 LER N ={Q,}
19 0 ; Y, 6x6 Enemnz "o
_Enemnz
=
G,e J6x1
in which
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!
{..
(3.16) [Y,,]Mz C,\..m, L Cy,, —Cpm
|
|

and the constants C;, are as defined in Eq 2.15.
3.2.1 Solution of Homogeneous Part of Equilibrium Equations

The homogeneous part of the equilibrium equations corresponds to solving Eq. 3.15 with the

right hand side equal to zero:

Zne"’"z 0

D™ 0

Y10 JEem | _Jo

(3.17) [0 i‘Yni|6X6< Ene'”"z Vo= 0
~C ™" 0

Gev | o

J exi1 J 6x1

Eq. 3.17 can be split into two similar sets of equations:

0
(3.182) [Yn]ax3 Enemnz =<0
F 0

n 3x1 3x1

0
(3.18b) [Yn]3X3 —C ™" ={0
0

Egs. 3.18a and 3.18b are similar, but they are not identical. Coefficients A,, D, and F,
will generally be different from coefficients B,, C, and G, due to the difference in

boundary conditions and the loading conditions of a particular problem. However, the

solution procedure for the homogeneous case considered presently is identical. Eq. 3.18a
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will be solved for the unknown coefficients A, , D

n

and Fn while keeping in mind that the

same solution procedure can be used to determine B,, C, and G, .

n

Hence, the problem simplifies to:

A m,z

Ae

N m’lz —
De =

r . mz
Fe

319 [Y,]

3x3

<o o O

3x1 3x1

For the left hand side of Eq. 3.19 to vanish, either all of the constants A , D,

n? n’

and F,

should vanish or the determinant of the matrix Y, must be zero. Setting A =D, =F =0

leads to a trivial solution that is of no interest. Therefore the determinant of Y, must

vanish:
| | '
Gmy ~Con i Cot 1S Cym,
2 —_ 2 —
320 G CopmCmy 1 G G |=0
2 2
Cym, i Ciyp=Cisum,” | Com,” =Cyy ,m,”+Cy,

Expanding Eq. 3.20 leads to an 8" order polynomial in m, (see Eq. A5.9 in Appendix 5).

{[_C1C6C13 ] mn8

n

+c(cc

12,n

+C,G,, — C15,n2 ) +C (Clo,ncl3 - Cn,nz )} m,’

+ I:Cl ("C C17,n - C13C16,n + 2C14,nC15,n ) - ClO,n (Csclz,n + C13C17,n - C15,n2 ) + Cll,n2C17,n

12,n

3.21
G20 -2G,C,,,C5, + ClC ] m,’

+|:C1 (C12,nC16,n - C14,n2) + ClO,n (CIZ,nC17,n + C]3C16,n - 2C14,nC15,n ) + 2C3C11,nC14,n

-C

11,n

2C16,n - C32C12,n J m,’
~Cion (C12,nC16,n - C14,n2 )} =0

The 8" order polynomial in Eq. 3.21 is converted to a 4™ order polynomial with the

substitution M, = m,°. The determinant is now a 4™ order (quartic) polynomial of the form

322 p, M) +p, M’ +p, M +p, M, +p;, =0
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in which
(3.23a) D, = —C1C6C13

(323 p,,=C (C6C12,n +CG5, — C15,n2 ) +C (CIO,nCl3 - Cn,n2 )

P = Cl (—CIZ,nC17,n - C13C16,n + 2C14,nC15,n ) - ClO,n (C6C12,n + C13C17,n - C15,n2)

(3.23¢) s ,
+ Cll,n Cl7,n - 2C3C11,nC15,n + C3 C13,n

Pan = Cl (C12,nC16,n - Cl4,n2 ) + ClO,n (Clz,n C17,n + C13C16,n - 2Cl4,nC15,n )

(3.23d) ) 5
+2C3C11,nC14,n - Cll,n C16,n - C3 C12,n

(3233) p5,,, = —CIO,n (CIZ,nCIG,n - C14,'l2 )

The quartic equation in Eq. 3.22 is solved by Ferrari’s Method (see Appendix 6 for details)

to give the four roots M,. The eight values of m, are then computed from the relation

m, =+JM_ . Assuming that eight distinct roots are obtained, the solution of the

homogeneous part of the equilibrium equations becomes (with m,; #m, ; for i # j):

8 —_—
(3.240) a,(z)=D A, "
(3.24b) d, (z)=
(3240 f,(z)=

3.2.2 Solution of Homogeneous Part of Equilibrium Equation for the Case of n=1

The solution field presented in Eq. 3.24 is valid only when four distinct roots to the quartic

equation in Eq. 3.22 are obtained. Repeated roots in Eq. 3.22 lead to m,; =m, ; for i # j.

The solution for this case is different from the general solution presented in Eq. 3.24.

Multiple roots are encountered in the case of n=1 in which four equal roots are present.
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For n=1, p,, = ps, =0 in Eq. 3.23 (see Appendix 7) which results in Eq. 3.22 simplifying

to:
4 3 2 2 2
(3.25) p, M +p,,M;+p,, M, =M, (P1,1M1 +p, M, + P3,1) =0

Two of the roots of Eq. 3.25 are M, =M, =0 leading to m; =m,, =m; =m,, =0. The

solution to the equilibrium equations becomes:
3.260) a,(2)=A, +A,z+A,2° +A 0+ A ™
i=5
m .
3.260) d,(z)=D,, +D,,z+D,2’ +D,, 2’ +D_ D, ™"
i=5

— 8 _
(3.26¢) fl (Z) = Fi,l + E,2Z+Fi,3z2 +FL4Z3 +ZF1’iem1,iz

i=5

The displacement field in Eq. 3.26 is valid only when two distinct roots to the quadratic

portion of Eq. 3.25 exist. The solution to the quadratic is:

M TPy, * y p§,1 —4p,ps,

L4 2p,,

(3.27)

By inspection of Eq. 3.27 the requirement for M, , # M, , reduces to pf’1 #4p,p;,. Use

the definitions of p; ;, p2; and p3; from Eq. 3.23 to obtain:

P2271 = |:C1 (C6C12,1 + C13C17,1 - Cls,12 ) +C (C10,1C13,1 - Cu,l2 ):|2

2 2
= Cl2 [( C6C12,1 ) + (C13C17,1 ) + Cls,l4 +2 (C6C12,1C13C17,1 - C6C12,1C15,12 - C13C17,1C15,12 )]

(3.28)
2 2
+2C G I:C6C12.1C10,1C13 - C6C12,1C11,1 + C13,1C17,1C10,1C13 -GGG
2 2 2 2 2 4
-Cis, C10,1C13 +Ci5, Gy ]"' Cs I:(CIO,ICB ) - 2C10,1C13C11,1 +Cyy ]
Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 3

April 2008 Page 43



4P1,1 Py = 4 [—CIC()CB ] |:C1 (_C12,1C17,1 - C13C16,1 + 2C14,1C15,1 )
(3.29)
- C10,1 (C6C12,1 + C13C17,1 - C15,12 ) + C11,12C17,1 - 2C3C11,1C15,1 + C32C13:|
By inspection of Eqgs. 3.28 and 3.29, it is clear that the condition P22,1 #4p ,psy, is always

satisfied, leading to M, # M, ,. Therefore, the four roots are distinct and the displacement

field given in Eq. 3.26 is valid.

Use the relation m, = +,/M, and Eq. 3.31 to obtain the four roots of m,, fori=51to 8:

N
(3.30a) ml,sz\/ P2, D2, P11P3;

2171,1

2p1,1

—Paa /P —4Pup
(3.30b) m1,6:_\/ 21 2,1 1L1P331

2
—p. — \/—___4__
(3.30c) my, i\/ Po1 7N Por P P

2P1,1

2
n \/‘T
(3.30d) my ¢ :—\/ P2 Doy P11 P3y

2py,

3.2.3 Reducing Integration Constants for Fourier Mode n=1

In Eq. 3.26, twenty-four integration constants appear in the solution for the displacements
a,(z), d,(z) and f,(z), namely A, D, and F,, fori=1 to 8, but only eight boundary
conditions are provided in Eq. 2.19. However, as in Section 3.1.2 for n =0, the equations in
the displacement field of Eq. 3.26 are linearly dependent and the integration constants are
inter-dependent. By relating the integration constants, as shown in Appendix 8, Eq. 3.26 is

written in matrix form as:
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63 14(2)=|(D(2),, (7],
fl(z) < ( )>T
el < 1x8
in which
= T _ |: I: | = = 2 |
Al(z 18"0; 111; 1,21;( 2t HZ);
(3.32a) 8 _ = = =
= Lo l= = =
Ase™ LA™ AT A e ]82>1x8
= T _ = | = = = 2 | (= =
DI(Z e \CLL i D,z (D1,1.2+D1’£Z ) i (D122Z+D14Z
3.32b
( : 5 52 : n 62 I ~ ™32 :5 82
1,5€ i Pie€ i Pia€ | Drg€
18
i T _ 2 3 my sz m 62 maz m1,82>
: (3320) <e1(z,)>lx8—<l 2 25 7 e e )

: —=\T — = = = = = =
@34 (F) =(F, F, F, F, R, Fs F, Fg)

In Eq. 3.32, the values of XL,. and 51’,7 are:

(3.33a)

(3.33b)

(3.33¢c)

(3.33d)

= C3
C10,1

_ C11,1C14,1
C10,1C12,1

Z‘ _ 6C, C11,1C14,1
1,12 — C? - C
10,1 12,1

+C3}+
+C3]
+C3]

C10,1C12,1 C10,1 C12,1

2 [_ C11,1C14,1

12,1

S
o
3

vy 3 _ C11,1C14,1
13~
Cio, Chay

6Cvll,l [CII,I [CII,ICM,I _

;

_ C13C14,1
C12,1

+ C15,1:|
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(Cll,lml,i) (Cll,lml,i)(caml,i)

- (C14,1 - Cli,lml,iz )

- (3.33¢) X _ B (Clrnl,iz _CIO) (Clml,i2 - Cl(),l) ~ (Camu)
i = 2
(C —Cm, 2 ) _ (C1 1,1m1,i)2 (Clml,iz _Cw,x)
121 — Gty (C—“"‘"—lmuz _ Clo,l)
fori=5t08
= = == = C
(3.34a) D1,141 =D, =D,=D,=- Ciii

3340) Dy, =

2 Cl 1,1 [C11,1C14,1 . C3j _ C13C14,1 +C15’1

C12,1 B ClO,l C12,1 C12,1

6 Cll,l C11,1C14,] —-C. |- C13Cl4,1

(3.34¢) 51,2.2 = 3
C12,1 _C10,1 C12,1 C12,1

+ C15,1

(Cn,lml,i)(caml,i)
334d) j - (cm,’=Cp)

- (C14,1 - Cli,lrnl,iz)

i (C )2
_C 2y_ TRULT
(Clz,l 1377 ) (C1ml,i2 "Clo,l)

fori=5t08

= T = T
The values contained in vectors <A1 (z)> and <D1 (z)> are functions of constants C;;,
1x8 1x8

which are known and defined in Eq. 2.15. The only unknown values are the elements of

vector {E}le, which represent the integration constants. The system now contains only

eight sets of independent integration constants: 1—7—1‘1. fori=1to 8. These eight constants are

determined from the boundary conditions in Eq. 2.19.

Similar to Eq. 3.26, displacements b, (z), ¢,(z) and g, (z) can be written as:

8
(3352) b (Z) =B, +B,z+ Bl,3Z2 + Bl,4ZS + ZBl,ieml'iZ

i=5
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— [e— [— — 8 [e—
3.350) ¢ (2)=C,+Chz+C32" +C 2"+ ). C e
=5

_ 8 _
(3350) & (Z) = G1,1 + Gl‘zz + G1’3ZZ + G174Z3 + Z Gl,ie it
i=5

By following the procedure to relate coefficients Zl,l. and 51,,. to F—Li, outlined in Appendix

8, the coefficients B,, and 51,5 can be related to (_;1,:7- In fact, coefficients B, and Eu are

T

_ = 0T -
related to G, through vectors <A1(z)> and —<D1(z)> , respectively. The vectors are

1x8 1x8

identical to those used to relate Zl,i and 51’1. to fl’i because the relationship between

integration constants is independent of loading and boundary conditions. In other words, the
relationships between Zu and 171’1. is the same as the relationship between Eu and (—;L,.
because the relationships do not depend on loading or boundary conditions. Recall that from

Eq. 3.18 that Zu and EL,. are different only because of loading and boundary conditions;

otherwise the formulations of Zu and B,, are identical.

T

Note, however, the negative sign in front of the vector <51 (z)> relating C,, to G,,. The
1x8 ’ ’

negative sign is required because the displacement ¢, (z) was multiplied by -1 in Eq. 2.23 in

order to make the matrices X, and X, identical. The equations in these matrices provide

T
the basis for the method used to determine <D1(z)> in Appendix 8. As a result, the
1x8

equations in Appendix 8 also need to be multiplied by -1 for consistency, resulting in Eu

= T

being related to (_;u through —<51 (Z)>

1x8

Therefore, displacements b, (z), ¢ (z) and g, (z) are written as:
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(3.36) cl(z) = —<=1(Z)>T {61}8x1

= T -—
where vectors <Al(z)> . <D (z)>T and <e1(z)>1TX8 were defined in Eq. 3.32 and vector

1x8 1x8

{él}m contains the unknown integration constants.

3.2.4 Reducing Integration Constants for Fourier Modes n>2

For the general case of n>2, the eight roots of Eq. 3.21 are distinct and the equilibrium

equations given in Eq. 3.24 are valid. As in the previous case, twenty-four integration

constants appear in the solution for displacements a,(z), d,(z) and f,(z) for each mode

n, namely :4—,,,,. , En,i and 17’” for i = 1 to 8, but only eight boundary conditions are provided

in Eq. 2.19. However, the equations in the displacement field of Eq. 3.24 are linearly
dependent and the integration constants are inter-related. By relating the integration

constants, as shown in Appendix 9, Eq. 3.24 is written in matrix form as:

- T —
e 14,(2){=|(D,(2)) [{EL,
fn (Z) e ( )>T
n\% 1x8
in which:
= T = m, 12 = m, = m, = m,
<An (Z)> = <An,le AT AT A e
(3.382) bE _ _ _
Ase" A" AemT A semn‘sz>
’ ’ ’ 1x8
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n
(3.38b) 8

(3380 (e,(z))

1x8 -

o
N
>
3
< o
w
—
X
oo

—\T — — — —_ —
(338d) <Fn >l><8 = <Fn,1 Fn,2 Fn,3 Fn,4 Fn,S
The values of Xn,,— and Bn,i in Eqgs. 3.38a and 3.38b are:

_ (Cll,nmn,i ) (Cl 1"lni ) (C3mn'i ) - ( Cran— Cls,nmn,i2 )

(3.39) Zn — (Clmn,i2 - ClO,n) (Clmn,i2 - Clo,n) B (C3mm.)

J (C —C.m 2 ) _ (Cl LT )2 (Clmn,i2 ~Cion )

120~ C13ft (Clmn,i2 ~C,, )
(Cg,nmn,;) (23"1,.,;') _ (C14,n _ C15,nm,,,,-2 )

(33%) D,, =" (Cm,* ~Cuos) _

" (Cu nmni)

_ 2\ _ T,
(Cn,n Ciym,, ) (Clmn,i2 _CIO,n)

= T
For a given mode n and a given index i the values contained in vectors <A,. (z)> and

(B.(2)

The only unknown values, representing the integration constants, are the elements of the

T
are functions of the constants C;,, which are known and defined in Eq. 2.15.
1x8

vector {Fn}gxl‘ The system now contains only eight independent integration constants for

each mode n: FM. for i = 1 to 8. These eight constants are determined from the boundary

conditions in Eq. 2.19.

Similar to Eq. 3.24, displacements b, (z), ¢,(z) and g, (z) can be written as:
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(3.40a) b, (z)=

(3400 g,(z)=

8
2
8
(3.40b) c, (Z) — Z m,
i=1
8
2

As for the case of n=1, the vectors <

A (z)>I<8 and <5n (z)>T

can also be used to relate
1<8
coefficients En’i and En,i, respectively, to ém.

Hence, displacements b,(z), ¢,(z) and
g, (z) are written as:

N
/\
el
—

I\
~
-
]

b,(z)
G4 {c,(z)

-|-(B.(2),, ffE.),
: 8.(z)

where :Vectors <Xn(z)>T ) <5n(z)>T

18 X8 and <e"(z)>;i<3

were defined in Eq. 3.38 and vector
{ (_;n}g | contains the unknown integration constants.
X
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CHAPTER 4 — VERIFICATION OF ANALYTICAL SOLUTION

The objective of this Chapter is to provide a step by step solution of a simple pipe problem
based on the analytical formulation developed in Chapter 3. The solution is compared to
solutions based on the Euler-Bernoulli beam theory and established shell finite element

analysis.

4.1 Example 1: Cantilever Beam Under Concentrated Load

The pipe under consideration is a cantilevered beam with a point load applied to the top of
the pipe at the free end, as shown in Figure 4.1. The pipe has a span ¢, mid-surface radius r
and wall thickness ¢. It is required to find the vertical and longitudinal displacements of
Points A, B and C which are located on the pipe cross section shown in Figure 4.1 at the free
end of the pipe.

The geometric and material properties of the pipe are:{ =4 m, t = 6 mm, r = 200 mm,

P - P
/ "A A
T B f)
_____________________________________________________ C t
7] ¢ c
/ P

Figure 4.1 — Pipe geometry and cross section at free end.
#=0.3, E=200,000 MPa and G = E/2(1+ 1) ="76,925 MPa . The applied point load is P
= 16 kN.
4.1.1 The Euler-Bernoulli Beam Theory Solution

The Euler-Bernoulli beam theory does not capture cross section deformation and thus gives
only the vertical displacement of the beam centreline. Therefore, the vertical displacements

of Points A, B and C will all be equal.
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For the cantilevered beam under consideration the Euler-Bernoulli beam theory problem
includes four degrees of freedom. The degrees of freedom are the rotations and vertical

displacements at each end of the beam. The centreline vertical displacement of the free end,

A, , is governed by the moment of inertia, I, of the pipe cross section:

7z'[(2r+t)4 —(2r—t)4} 7z'[(406mm)4 —-(394mm)4}
@n I= ” = ” =150.83x10° mm*

Hence, the vertical displacement is given as:

P (16,000N ) (4000mm)’

= =11.315 mm
3EI 3(200,000MPa)(150.83x10°mm* )

42 Ay =

The longitudinal displacement at the top fibre at the free end of the cantilever (Point A) is
given as rsin @, where r is the pipe cross section radius and & is the angle of rotation at the
~end of the cantilever. The Euler-Bernoulli beam theory gives the angle of rotation as

. =P~ / 2EI . For the current problem, the resulting longitudinal displacement of Point A is

. 0.849 mm.
4.1.1.1 Displacement due to Shear Deformation

The vertical displacement given by the Euler-Bernoulli beam théory does not account for
any deformations due to shear. However, including the effects of shear deformation
provides a more accurate estimate of the vertical displacement. The vertical displacement

due to shear for a cantilever beam subject to a point load at the tip is:

44
GA

r

(43) AShear =

where Belvins (1984) gives the value of A, for a thin walled pipe section as:

2(1+
4.4) A= ( 'u) A
4+3u
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2(1+ﬂ)(
4+3u

vertical displacement of the free end of the cantilever is:

For the current problem A = 27crt) =4000 mm®. Hence the shear contribution of

ws A _PL_ (16,000 N ) (4000 mm)
' T GA, (76,925 MPa)(4000 mm?® )

r

=0.208 mm

The total vertical displacement of the free end from Euler-Bernoulli beam theory and shear

deformationsis A, , =11.523 mm.

Total

4.1.2 Shell Finite Element Analysis

A more accurate representation of the deflected shape of the pipe is given by a shell finite
element analysis. Such an analysis captures both centreline deflection as well as cross

section deformation.

The finite element analysis was conducted using the commercial finite element analysis
program ABAQUS. The model was created using the quadrilateral shell element S4R which
is internal to the program. The S4R element is a two dimensional element, with user-

specified thickness, that is arbitrarily oriented in a three-dimensional space.

The S4R element contains four nodes, each of which has five degrees of freedom. The
degrees of freedom include three translations (one in each direction of the global axes) and
two rotations. The rotations actually represent the changes of two independent components
of the unit vector that is normal to the shell mid-surface. The change of the third component
of the unit vector is dependent on the changes to the first two components and is derived

from the condition that the length of the vector is unity.

The S4R element contains both in-plane and out-of-plane stiffness, allowing for membrane
and bending characteristics, respectively. The membrane strains on the reference surface,
which follow a finite strain formulation, are obtained from the derivatives of the position
vector for the points on the reference surface in the deformed configuration with respect to
their position on the surface. The bending strains are obtained from the derivatives of the

vector normal to the mid-surface of the element. A result of the finite strain formulation is
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that the shell element thickness in the deformed configuration is different than the thickness
in the undeformed configuration. However, in the formulation of the S4R element, the
strain normal to the reference surface is assumed to be constant over the thickness of the

shell (Hibbit et al., 2001).

Both the displacement and position vectors are interpolated with the same functions, which

have C° continuity. The components of the vector normal to the reference surface (i.e. the
rotational degrees of freedom) are interpolated independently from the translational degrees

of freedom.

Transverse shear strain in the element is the change in the projection of a vector initially
normal to the reference surface onto the tangent to the reference surface of the shell. The
transverse shear acts as a penalty function to impose a constraint that approximately
enforces the Kirchhoff assumption that a line normal to the mid-surface before deformation
remains normal to the mid-surface after deformation. In contrast, the Kirchhoff assumption
is enforced in the current study in a strict sense (Section 2.2). The transverse shear strains of

the S4R element are evaluated at the mid-points of the element edges.

Five points are used for the through-thickness integration, which is conducted numérically

using Simpson’s Rule.

The material characteristics used in the ABAQUS model are the same as those shown in
Figure 4.1. Namely, the material is assumed to be linear elastic with Young’s Modulus

E =200,000 MPa and Poisson’s Ratio x#=0.3.

The finite element mesh for the model contains 102 elements along the length of the pipe
and 32 divisions around its circumference, corresponding to an aspect ratio for each element

of 1:4, for a total of 3296 nodes, 3264 shell elements and 16,480 degrees of freedom.

The results of the ABAQUS shell finite element analysis, including both the vertical and

longitudinal displacements of Points A, B and C in Figure 4.1, are given in Table 4.1 below.
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Table 4.1 — Displacements of Points A, B and C as determined by ABAQUS shell finite element analysis
Location Vertical Displacement Longitudinal Displacement
AVert,FEA Along JFEA
Point A 16.755 mm 1.142 mm
Point B 11.392 mm -0.132 mm
Point C 9.599 mm -0.742 mm

4.1.3 Methodology Developed in the Current Study

The displacements are now determined by the method presented in Chapter 3. The
unknowns sought are the integration constants fn’i for each mode n. The starting point for
the solution is the equation of the variation of total potential energy, Eq A3.7, from
Appendix 3. From this equation the relevant load potential and boundary terms are retained
and used to solve for the integration constants. It is clear from Eq. A3.7 that for any two
distinct modes, n and m # n, the field equations are always uncoupled. For a large class of

prbblems, including the present problem, the boundary conditions are also uncoupled.

The solution to the field equations is implemented in Borland C++. Details of the program

implementation are included in Appendix 10.
4.1.3.1 Load Potential Terms

The starting point of the solution is to formulate the expression for the load potential, W, as

given in Eq. 2.16.

¢ 2z o a

46 W=W, = I Iqw(¢,z){f0(1)+2fn (z)cosn¢+2gn (z)sin n¢}rd¢dz
2=0¢=0 n=1 n=1

Note that Eq. 4.6 contains only terms relating to the radial direction, w. For the loading

condition shown in Figure 4.1, the relation g, (¢,z )=aq, (#,z) =0 holds because the point

load at point A is applied vertically. The load is entirely in the radial direction with no

components in either the longitudinal or tangential directions. Thus in Eq. 2.16

W,=W,=0.
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The load function g, (¢, z) 1s expressed using the Dirac Delta Function both in the z and ¢

directions to represent the applied point load. In general, the Dirac Delta Function has the

following properties:

®,X=d . - .

@.7a) O(x—a)= { where a is any value within the domain of x
0,x#a

(4.7b) Ié‘(x—a)dle where b<a<c

x=b
(4.7¢) jé(x—a)h(x)dx:h(a) where h(x) is a continuous function of x on the

x=b
domain b<x<c

In the current example the point load is applied at z=/¢ and ¢ =x/2. Hence the load

function is:
(4.8) qw(¢,z)——P5 z- f ( 7%)

Note that in Eq. 4.8 the negative sign is due to the fact that P is applied in the opposite
direction of positive w, as defined in Figures 2.1 and 2.2. Substitute Eq. 4.8 into Eq. 4.6:

j—Pé ( 77){f0 +Zf cosn¢+ig,,(z)sinn¢}rd¢dz

In Eq. 4.9, functions f,(z), f,(z), &,(z), cosng and sinng are continuous. Evaluating
the integrals for the Dirac Delta functions in z and ¢ and using the relation in Eq. 4.7c,

gives:
4.10) Ww=—P[fo(f)+gfn(f)COS("%)Jfggn(f)sm("%)}

Take the variation of Eq. 4.10 to obtain the variation of the work done by the applied load:

@.11 oW, :—-P{é‘fo +Zcos(”77)§f +Zsm(”7y)5g }
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Eq. 4.11 is simplified by noting that cos(nz/2)=0 when n is odd and sin(nz/2)=0 when
nis even:

[24

4.12) §Ww=—P{5fO(£)+ > cos(”%)5fn(€)+ i sin(”%)é‘gn(ﬂ)}

n=2,4.6... n=1,3,5...

Note that the load potential for a point load applied at the tip of the cantilever does not
contribute any terms to the field equations in Eq. A3.7. The field equations remain

unchanged while the load potential term in Eq. 4.12 is inserted into Eq. A3.7.
4.1.3.2 Boundary Conditions

The load potential in Eq. 4.12 is substituted into the boundary load potential terms in Eq.
A3.7 to form the boundary conditions of the problem. For mode n=0 the boundary

conditions become:

@ {2€a;(0)+2C, £, (0)} 9a, (0)=0

(4.14b)§ {2(c,+Cy)c; (0)} 8¢, (0)=0

@140 {—2C6f0”' (0)} 5£,(0)=0

@1ad)  {2C,£(0)} 61, (0)=0

@14e)  {2Ca;(0)+2C,f, (¢)} Sa, (£)=0

@un  {2(C,+G)e(0)} e, (£)=0

wig 2G4 (0)+P}51,(1)=0

@.14n)  {2C,f(0)} 1, (¢)=0

Similarly, the boundary conditions for modes n>1 become:

@i1sy  {Ca,(0)+nCd,(0)+C,f,(0)}da,(0)=0

0

@ist)  {Cb(0)=nCsc, (0)+C,g,(0)} b, (0)

@150  {Csnb, (0)+(C,+C,)c, (0)-Cyng, (0)} 5c, (0)=0
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@15d)  {-Csna, (0)+(C,+C,)d, (0)+Cynf,(0)}5d, (0)=0

@.15e)  {-C,f0)+n(C+Cy)d, (0)+n” (C+C,) £/ (0)} 61, (0) =
{C.17(0)-nCyd, (0)-n"C,f, (0)} 61, (0) =

(4.159) {—Cﬁgf(o)—n(cg+C9)62(0)+n2(C8+C9)g,',(0)}5g,,(0)=0

@ish)  {C.g7(0)+nCyc, (0)-n"Cyg, (0)} 8¢, (0)=0

@15 {Cal(£)+nCd, (£)+C,f, (¢)}Sa,(£)=0

(4.15f)

@ispy  {CH(£)-nCy, (£)+Cyg, (£)} b, (£)=0

@150 {Cnb, (£)+(C,+Cy)c, (£)-Cyng. (¢)} oc, (€)=

@1sh  {~Csna, (0)+(C,+C,)d, (£)+Conf,(£)} 6d,(£)=0

@ismi  {=Cof(0)+n(Cy+Cy)d; (0)+n* (Co+C,) £;(£)} 61, (£) =
forn=1,3,5,.

@ismiy  {-Cof(0)+n(Cy+Cy)d, (£)+n* (Cy+Cy) £(£)+ Peos ("4 ) 61, (1) =
forn=2,4,6, ...

(4151’1) {C6fn”(£)—nc8dn (6) —nZCan (E)} 5fn’(£) =

(@.150.0) {—C6g:(f)—n(C8 +C,)c (0)+n*(C,+C,) g’ (z)+Psin(n%)} 5g.(0)=
forn=1,3,5, ...

@1s0d)  {—Cogr(£)—n(Cs +G,)c, (£)+n’ (Co+GC,) g, (£)} 68, (£)=0
forn=2,4,6, ...
(4.15p) {C6g:(£)+nC8cn(f)—nzcggn(f)}5g;(€)=
Note that the load potential terms from equation 4.12 are included in Eqs. 4.14g, 4.15m.ii

and 4.150.1. These equations represent the boundary conditions at the free end of the pipe

that are affected by the load potential.
4.1.3.3 Determining Required Constants

Numerous constants appear in the field equations and boundary conditions that are
dependent on the geometric and material properties of the pipe. The constants, from Eq.

2.15, are evaluated for the current problem:
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(4.16a)

(4.16b)

(4.16c)

(4.16d)

4.16¢)

(4.16f)
4.16g)
(4.16h)

| (4.16i)

" (4.16))

_Enrx

C, =% 828,550 kN
1-p
C, =—E = 2.0714x10" kN/m?
r(1-17)
C, =BT 1 5428%10° kN/m
3 1—#2

C, = Grtxr = 290,280 kN
C, =Gt =1.4514x10° kN/m

3
=T 4857 kN -t
12(1-4)
3
=T 15535 kN/m
127 (1- 417
. 3
C,=—ETHT 18642 kN
12r(1-4%)
3
C, =7 _g87.185kN
3r :

C,=C,+C, =290,370 kN

The remaining constants, Cy,,, C,,, C,,, Cy,> Cs,, Cg, and C_, in Eq. 2.15, are

dependent on the Fourier mode » under consideration. They will be evaluated as required in

subsequent sections of this example problem.

4.1.3.4 Displacement Fields for Fourier Mode n =0

The general form of the solution for mode n = 0, from Eqgs. 3.4 and 3.10, is:

(4.17a)

(4.17b)

4.17¢)

The values of m,, are determined by solving the 4™ order polynomial in Eq. 3.8:
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(4.18a) }C —6G =37.107+37.107i m™

(4.18b) ’C —GG =-37.107-37.107i m™

(4.18¢) ’C CC =-37.107 +37.107i m™
GG

(4.18d) ’C CC =37.107-37.107i m™

As in Eq. 3.12, the displacements a,(z), ¢,(z) and f,(z) can be written in terms of the

integration constants ZO,,. .

a,(z) _ T |
(4.19a) ¢, (z) = < O(Z)>1x8 {AO}le
£(2) = T
_<F0(Z 1x8 _|
A,
A
ao(z) 1 z e"’mz e"‘o4~ e”’o,sz e"'oﬁz O () 2_2,3
(4.19b) c(z)r=|0 0 0 0 0 0 1 z ZO"H
5 (2) 0 ?0,1 ?O,Semmz }?046”1042 F_o,semosz E()éem“ 00 Zo,s
6
Az
[ Aos

Integration constants fO,i were related to constants Zo’i through the coefficients fO, Recall

that the coefficients EM were defined in Eq. 3.13 as:

@200  Fy, = ——gi =~0.0600 m

2
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(4.20b)

(4.20c)

(4.20d)

(4.20e)

(4.201)

C
Fy=——003 _ _24738-24.738i

3

C
F,,=——004 = 94738+24.738i

3

C
F =——005 224738 24.738i
STTTC

3

Cm
F, =———2%=-24738+24.738i
* C

3

The integration constants ZOJ are now determined from the boundary conditions in Eq. 4.14.

At the fixed end, all displacements are zero. Hence, the boundary conditions at z =0 are:

T —
(4.21a) a, (O) = <'//0,1 >1x8 {AO}SXI =0
where <'//0,1>1sz :<eO (O)_>1Tx3 :<1 I 0 : 1 : 1 : 1 : 1 : 0 { O>1><8
. .
2y ¢ (0)=(v.), (A}, =0
T = T Inlolnolo!loli!
where <'//o,2>1x8 :<C0 (O)>1xg :<O I 0 I 0 ] 0 ] 0 | 0 I 1 I O>lx8
T p—
4.21c) £,(0) =<'/’o,3>lxg{Ao}8X1 =0
T = T — | = | = | = | = | I
where <'//0’3>1x8 =<F°(O)>1><s =<0 | Fou | Fos | Fou | Fos | Fog | O] O>1><8
4 T iy
(4.21d) f;(0)= <Vfo,4 )lxg {Ao}gx1 =0
where
T =, T o = = 1 = | r ol
<W0,4 >1><8 =<F0 (O)>lxg =<O P O3 mosFos o uFou | moskos | moeFos | 0 O>1x8
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At the free end of the pipe, none of the displacements are specified. Therefore, the natural

boundary conditions given in Eq. 4.14 must be applied. From Eq. 4.14e, noting

that 8a, (¢) # 0, the first boundary condition becomes:
(4.22) 2Ca, (£)+2C,f,(£)=0

Now substitute the vector expressions for ay(¢) and f,(¢) from Eq. 4.19 into Eq. 4.22.

The resulting boundary equation is written in vector form as:

(4.23a) <l//0~5 >1Tx8 {A_O}le =0

where

@230 {ws), =

8x1

Similarly, from Eq. 4.14f, with dc,(¢)# 0, the boundary equation is:

@240)  2(C,+Cy)c,(£)=0

wa (L (A),, -0

where
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@249 {Woely, =3

S O O O o o ©

2(C4+C9)J

8x1

The boundary condition from Eq. 4.14g, with &£, (¢)#0, must include the load potential

term from Eq. 4.12:

@252  —2C,f7(£)+P=0

(4.25b) <'//0~7 >;lx8 {‘ZO}M =-F

where

o O

my 3¢

|

3
—2Cgm, ,
-2C.m,

60,4 Lo,4

_ I most
2Cmy S F, e

. = my 6f
2C6m0’6 Fyce

0

0

L 4 8x1

0,3€

ol
Q
3

(4.25¢) { yfoj}gxl =

The final boundary condition is obtained from Eq. 4.14h, noting that & f; (£)#0:
(4.26a) 2Cf5(£) =0

(4.26b) <'//0’8 >1T><8 {ZO }le =0

where
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2C, m0
2C, m0
2C m0
2Cm, & Fy ge™
0
0

(4.26¢) {‘/’0,8 }SX]

mo,s"

1oﬁ~1uﬁ1nﬁ1u c @

5€

8x1

The boundary equations developed in Eqs. 4.21 through 4.26 can be written in a

consolidated matrix form;

(4.27) [lPO ]8x8 {ZO}SXI = {QO}SXI

where
_ < Yo >z<8 _
<l//0,2 >1T><8 [0
' 0
<l//0’3 >;[><8 O
T
Vo), 0
e, | el wd {0, -] 0
<l//0,5 >1><8 0
<l//0’6 >1T><8 —-P
<l//0’7 >1T><8 0
_<l//0’8 >1T><8 Jaxg

The components of the vectors (‘/’o,i>; are defined in Egs. 4.21 through 4.26. Hence, the
only unknowns in Eq. 4.27 are the elements of the vector { ZO}M. Solving the equation for

these unknowns gives:
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A 0
i :

Ayl |-2.2191x107° +1.5586 X107 i m
A J 1.5258x107 —5.2897x107*i m

@ (A} A, [ ] 1.5258x107 +5.2897%107%; m
As| 22191107 -1.5586x107"i m
A 0
Ao 0

With vector {ZO}8xl now completely defined displacements a,(z), ¢,(z) and f,(z) at the

tip of the pipe, with z =/, can be calculated from Eqgs. 3.12:

@29  a,(¢)
@29) ¢, (?) :<=o (f)>
(4.29¢) fo(f)=<:o(f)>

il
—_—
)

o

(£)) 140}, =0.000637 mm

{ZO}SXI =0 mm

{4}, =-0.0315mm

81 -

Note that displacement contributions u,(¢)=a,(£), v,(£)=c,(¢) and w,(¢)= f,(¢) are
equal at all locations on the pipe mid-surface. The fact that the displacement contributions
are independent of the value of ¢ is expected as u,(z), v,(z) and w,(z) for mode n=0

represent the axi-symmetric component of the longitudinal, tangential and radial

displacements, respectively, of the pipe.
4.1.3.5 Displacement Fields for Fourier Mode n=1

The general form of the solution for mode n = 1, from Egs. 3.26 and 3.35, is:
_ _ _ _ 8
(4.30a) q (Z) = Al,l + AI,ZZ + AL322 + AL4Z3 + Z Al’iemuz
— _ _ _ 8
(4.30b) d\(z)=Dy,+D,,z+D,;z2* + D, , 2’ + ) D, ™"

(4.30¢) N (Z) = Fl,l + sz + szz + FL423 + Z l’l.em"’z
i=5
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8
(4.30d) bl (Z) = Bl,l + B1,2Z + Bl,3Z2 + Bl,4Z3 + Z B1,z‘e'nl'iZ
i=5

— 8 ——
4300 ¢ (2)=C,+C,z+C 2 +C, 2+ C ™

i=5
— — — — 8 —
@300  £(2)=G,+G,,z+G ;2" +G 2+ G ™"
i=5
The values of the constants dependent on » in Eq. 2.15, evaluated at n =1, are:

@3l Cg, = E;— =7.2571x10° kN/m”
r

@31)  C,, =C,+C, =2.6942x10° kN/m
@31c) Gy, =C,+C, =2.0715x10" kN/m’
@31d)  C,, =C,+C, =2.0715x10" kN/m’
(4.31¢) Cis, =C+C, =105.73 kN

D@31 G, =C,+C, =2.0715x10" kN/m’

@3l Gy, =2C,+C, =1243TkN
The numerical values of the coefficients of the polynomial in Eq. 3.25, from Eq. 3.23, are:

Py =—CCC,

(4.32a) " .
=-5.9802x10" kN’ -m
(4.32b) P = CI (C6C12,l + C13C17,1 - Cls,12 ) + C6 (C10,1C13 - C11,12 )
=5.9770x10" kN*
Py =G (_C12.1C17,1 = Ci3Chey +2C4,Cis ) -Gy (C6C12’1 +C,Chy — C15’12 )
(4.32¢) + C11,12C17,1 - 2C3Cll,1C15,1 + C32C13

= —4.5343x10" kN* [m*

For n=1, the polynomial was shown to have four repeated zero roots and four distinct

roots. These are:
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(4.33a) My, =y, =my=m, =0

The distinct roots are determined from Eq. 3.30:

~ Dot Pi—4
@33)  m, = \/ PraZ NP2 Z2PuP 37 440-36.767i m™

2!’1,1

—py A P2 4
- PRt NP TIPS _ 39 4404 36.767i

433)  m=
° 2py,
—p. —p? -4
433d) m1,7=\/ Pas 52" Puibsi _ 37.440+36.767i m™
P

2
—p,y =[Pl —4
(4.33¢) mm:——\/ P NPT P 39 440 -36.767i m”

2p,,

As in Eq. 3.36, the displacements b,(z), ¢ (z) and g (z) can be written in terms of the

integration constants G, as:

(4.34) alz)p= —<:1(Z)>T {(—;I}SXI

in which
= T _ | = | = | (= et 2 ]
A(z s 0; 1L | 1,2zi(A112+ 132 ) |
(4.35a) DA . . .
A Mist 1 meZ A Mgz EERLTY
Ase™ | Age™ L Apen™ 1 Age™ >1><8
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(4.35d) <(_;1>T :<(_;1,1 (_;1,2 G1,3 G1,4 51,5 (_;lﬁ (_;1,7 51’8>1x8

1x8

In Eq. 4.35, recall that the coefficients ZU and 51,,. , which relate the integration constants

ZU and 51’,. to C_}U. , were defined in Egs. 3.33 and 3.34 as:

= C C
(4.36a) A1,1.1:CC3 14

10,1

XIMZ 69 ——C11’1C14’1+C3 4 6Cu,1 Ci C11,1C14,1_C3 _C13C14.1 +Cy,
(4.36b) Cioa Cias Ci01Cioi | Croa\ Ciay Cias

=-0.200m

CIO,I C12,1

=-0.1100 m’

= C, .C
(4.36¢) A,= 2 | S +C3)=—0.400m

ClO,l Cl2,l
= c, C

@36d) A, = SB T M Qj =—0.600 m
ClO,l C12,1

C
(Cu,lml,s ) ) {( 11175 ) (C3ml,5 ) —(C14,1 - C15,1ml,52 )

T - (Clm1,52 — Gy, (Clm1,52 = Coa ) (C3ml.5 )
15 = ' 2 B
(4.36¢) ) (C11,1m1,5) (Clrnl,52 - CIO,I)
(Clz,l —Cymy s ) - 2
(Clmx,s —Cy, )
=-0.019412-0.021001;
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(4.361)

(4.36g)

(4.36h)

(4.361)

(4.369)

(4.36k)

(4.361)

(4.36m)

(4.36n)

(C11,1ml,6 ) (C3m1,6 )

(Ciarms) {

(C1m1,62 —Cio, )

“(CM.I ~C15,1ml,62):| (C3m1,6)

z B (Clrn’l,62 _‘CIO,I )

1.6

(C11,1ml,6 )2 ) (C1ml,62 —Cio, )

(C12,1 - C13m1,62 ) - (

=-0.019412+0.021001:

Clml,s2 - CIO,I)

(C11,1ml,7 ) [ (C11,1ml,7 ) (C3ml,7 )

Z _ ) (C1m1,72 "Clo,l)

(C1ml,72 — Gy )

— (C14’1 - C15,1ml’72 ):| (C3m1,7 )

1,7

(C11,1m1,7 )2 ) (C1m1,72 =Cio, )

(C12,1 - C13m1,72 ) - (

C1m),72 - CIO,I)

=0.019412+0.021001;
B (C11,1m1,8) (Cn,lml,s)(caml,s)_(c —C.m, 2)
140 — Lis M g
:4—* 3 (Clml,s2 - CIO,I) (C1ml,32 - CIO,I) _ (C3m1’8)
1.8 . 2
2 (C11,1m1,3 ) (Clm1,82 —C, )
(Clz,l —Camy g )_ 2
(C1m1,8 _C10,1)
=0.019412-0.021001;
= C
D1,1.1 =-—=-]
Gy,
= C C, .C C.C
Dl,l‘2 _ 2 11,1 [ 11,1141 _ Caj_ 13™~14.1 + (/115’l —_ 0.024 m2
Cai| Cos C, Cy,
= C
D1,2.1 =l =]
Gy,

C12,1 C10,1 C12,1
= C14,1
= c =—1
12.1
= C14,1
L4 = — C = —1
12,1

Cl2,l

51’2.2 _ 6 |:C11,1 (CII,ICM,I _ C3J _ C5Cay " CIS,I:I —0.072 m>
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C C
el (e cons
177715 10,1

4360) D= =-0.00028135+0.020852i

(C111mls)2
_ 2\ SULH
(C12,1 Camy s ) (C1m1,52 —CJO,I)

C C
famlon)-(c, -cum.
_ My 10,1

(4.36p) D= > =-0.00028135-0.020852i

(Cll il 6)
_ 2\ _ SULH
(C12,1 Ciymy ¢ ) (C1m1,62 _C10,1)

(Cn,lmm ) (C3m1,7 )
(Clmm2 —-Cy, )

- (C14,1 - C15,1m1,72 )

@369 D, = c ; =0.00028135—0.020852i
C. —-C 2\ 1117
( 121~ L1afty; ) (C1m1,72 "Clo,l)
Cyiams NGy,
B ( (l(i”lm] SQ)E(; )8) _(C14,1 - C15,1m1,82)
4361 D= —————— ——— =0.00028135+0.020852i
(Cn,lml,s )

— 2 —
(Cl2,1 C13ml,8 ) (C1m1,82_C10,1)

The integration constants, {GI}M, can be now determined from the boundary conditions in

Eq. 4.15. At the fixed end, all displacements are zero. Hence, the boundary conditions at

z=0 are:

@37 b (0)= <z//1,1>1x8 {(_}'l}sx] =0

I
I

el

o)
1x8

=
[¢]
=
[¢]
X
=~
@®
i
—_
(=]
N—
~_
=
N
—
o
o
o
o
o
&

@37) ¢ (0)= (1//1,2>1Tx8 {G},, =0

T
=
[
o
X -
&
|
/\
iell
—~
<o
N’
~
-3
I
/\
|
Rl
—
o
|
I
—
(3]
o
|
Rl
w
|

"

] 1
6|_ 7|_18
ol o AN
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@370  g(0)= <WL3>I<8 {G} =0

8x1

T

where (,;)={,(0)), =(11ototol1i1ir}n),

1x8 -

(4.37d) g, (0)= <a//1,4>; {(_;1}8xl =0

where <l//1,4 >1sz :<el'(0)>

T

:<0 |I 1 : 0 = 0 : UL : "6 ; m, 5 : rn’l,8>1x8

1x8

At the free end of the pipe, none of the displacements are specified. Therefore, the natural

boundary conditions given in Eq. 4.15 must be applied. From Eq. 4.15j, noting

that ob, (f ) # 0, the first boundary condition becomes:
(4.38) Ch.(£1)+C,g,(£)-Cyc,(£)=0

Now substitute the vector expressions for b(¢),c (¢) and g, (¢) from Eq. 4.34 into Eq.

4.38. The resulting boundary equation is written in vector form as:

(4.392) <Wl’5 >1T><8{ 1}8><1 =0

where

G, (1+l:)1,1.1)
ct(1+D,,,)
CA,+C (¢ +D,,,+D,,0*)
2C,A L +Cyt (2 +D,,, +D, 1)

(4.39b) = - _ _ -
{%’S}BXI Cimy A 5 +C, (1+ 15 "

my

e

= N\ ;e
e’"n,s

)
hClmmAm +C, {1+ :1’6) emet

)

)

- ’ — 8x1
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Similarly, from Eq. 4.15k, with &c, (£) # 0, the boundary equation is:

(4.40a) Ch, (£)+(C,+C,)c/ (£)-Cyg/(£)=0

T ¢—
CRIUS (7 >lx8 {Gl}gx1 =0
where

0
CSZI 1.1 —(C4 + C9 ) 51,2.1 - C9
CSZI,ZK - 2(C4 + C9 ) —1,3€ - 2C9€
C5 ( -—1,1.2 + ;4-1 362 ) - (C4 + Cg )( _172.2 + 351’4’62 ) - 3C9£2

(4-40) {Wl~6}8x1 - -Cs =1,5 —(Cy+Cy )y :1 s~ Lol s [em (

- 8x1

The boundary condition from Eq. 4.150, with g, (¢)= 0, must include the load potential

term since n =1. Therefore, use Eq. 4.150.1:

@a1a)  —Cegl(0)—(Co+Cy ) (£)+(Co+Cy) g/ (£)+ Psin(%) =0

@awy  (y,) {G} =-P

1x8 8x1 -

where
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(4.41¢)

The final boundary condition is obtained from Eq. 4.15p, noting that &g, (£)#0:

(4.42a)

. (4.42b)

" where

(4.42¢)

{'/’1,7 }gxl =

[ 0
(Cs + C9 ) (51,2.1 + 1)

2(C,+G,) (D, +1)¢

Cégl”(g)-l_cscl (£)-Cyg,(£)=0

<Wl-8 >1T><8 {(_;1 }le =0

{%’8 }8><1 =

L 6n1153+(c8+C9)ml,5( 15 *

:_C6’nl,63 +(Cy+Cy )my ( Dy + 1)_
—Com ' +(Cy+ Cy)m; Dy +1),
—Com’ +(Cy+Cy)myy ( D, +1)

8x1

—6C, +(Cy +C,) (3D, 47 + Dy, +3¢%)

e

e

e

e

my sl

m 6!

iy 7€

m gt

8x1
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The boundary equations developed in Eqs. 4.37 through 4.42 can be writien in a

consolidated matrix form:

(4.43) I:lPIJ ]8><8 {C_;l}le - {Q“}le

where

1
H

S X

o -
>~
o0

X
= :
o

=

1x8 { } =
and Q1,1 o

I:\PLI ]8><8 -

o O O o o o

=

A

D e I I
X
o

L 0/ 1x8 _gxg

T
1x8

The components of the vectors <WM> are defined in Eqs. 4.37 through 4.42. Hence, the

only unknowns in Eq. 4.43 are the elements of the vector {él}sxl' Solving the equation for

these unknowns gives:

(G, 2.4916X10™° m
G, ~4.3542x10°°
G, ~0.0010610 m™"
wany {6} _JGe| _] 8.8413x107° m™
¥ |Gy, 2.3549x107° —1.6208%x107°i m
G, 2.3549x107° +1.6208x107; m
G, 1.2458x107° —1.3278x10%i m
Gis |, | 1.2458x107 +1.3278x10%im |,
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With the vector {él}sn now completely defined the displacements b, (), ¢, (£) and g, (/)

at the tip of the pipe can be calculated from Eq. 4.34:

sy b(0)=(A(0) {G},,=0849mm

1x8

(4.45b) c1(£)=—<51 (£)> {51}8X1 =-11.516 mm

1x8

@450 g (0)=(g(0) G},  =-11.579mm
4.1.3.5.1 Determining Functions a,(z), d,(z) and f,(z)

As shown previously, functions a,(z), d,(z) and f,(z) are inter-related but uncoupled
from functions b,(z), ¢,(z) and g,(z). For mode n = 1 the variation of the load potential
term contains only Jg, (¢). As such, the boundary conditions in Eq. 4.15 relating to

functions ¢, (z), d,(z) and f,(z)become:

@46a)  a(
446b)  d,(0)=0
(4.46c) fi(
(4.46d) £(0)=0

(4.46¢) Sa,(£)#0—> Ca (£)+Cyd (£)+C,f,(£)=0

(
(4.46) ad, (
(4.46g) dfi(

(

(4.46h) Sf/(¢

The only solution to the system of equations in Eq. 4.46 is the trivial one of

a,(z)=d,(z)= f,(z)=0. In contrast, functions b, (z), ¢,(z) and g,(z) are non-zero.
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This condition can also be realised by considering Eq. 4.43. If Eq. 4.43 had been developed

with the boundary conditions in corresponding to displacements «, (z), d,(z) and f,(z), it

would have the following form:

(4.47) I:‘PI,Z ]ng {Fl}gxl :{Ql’Z}le

In Eq. 447, matrix [¥,, ] is similar to matrix [W,, |  defined in Eq. 443. The only

difference between the matrices is that the sign on the coefficients 51’1. will be opposite.

However, vector {Qll}sxl ={0},, and is different from vector {Q, } #{0}, in Eq. 4.43.

8x

Thus, vector {F, }8x1 must vanish for the relation [‘I‘Lz]gxg{i’—l }.={0}, to be realised in

8xt

view of the fact that matrix [‘I‘Lz o 18 non-singular. Given that {F}  ={0} . it follows

8x1

that the displacements a,(z), d,(z) and f;(z) are all zero.

4.1.3.5.2 Total Displacement Contributions for Fourier Mode n =1

Given that the displacements a,(z), d,(z) and f,(z) are all zero, the displacement

contribution of any point on the pipe mid-surface at the free end, z =/, from mode n=1 is

found by substituting Eq. 4.45 into Eq. 2.11:

@as (4 @) =h (£)sing =(0.849mm)sin ¢
(4.48b) vi(4,$)=c, (£)cos¢ =(—11.516mm)cos @

(4.48¢) w (4, 0)=g,(¢)sing =(-11.579mm)sin ¢

The first mode (n =1) contributions to the vertical and longitudinal displacement at Point A,
B and C on Figure 4.1 are found by evaluating Eq. 4.48 at the values of ¢ =7/2, ¢ =7 and
¢ =372, respectively. Eq. 4.48a gives the longitudinal displacement at all three points

while Eq. 4.48b gives the vertical displacement at Point B and Eq. 4.48c gives the vertical

displacement at Points A and C. The displacements are summarized in Table 4.2 below.
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Table 4.2 - Displacement contributions of Fourier mode n =1 for Points A, B and C

Location Vertical Displacement Longitudinal Displacement
AVm,n:x ALong,n:l
Point A 11.579 mm 0.849 mm
Point B 11.516 mm 0 mm
Point C 11.579 mm -0.849 mm

In Table 4.2, downward vertical displacements are assumed positive. Also, longitudinal
displacements are assumed positive when oriented in the positive z-direction. Hence, a
positive longitudinal displacement represents elongation of the pipe fibres (as is the case for
the longitudinal fibre passing through Point A) while a negative longitudinal displacement
represents contraction of the pipe fibres (such as is the case of a longitudinal fibre passing

through Point C).

The vertical displacement of Point B ascertained from mode n=1 is comparable to that
obtained from the Euler-Bernoulli beam theory. The Euler-Bernoulli theory gives a
displacement of 11.315 mm while the displacement predicted by the methodology in the
current study is 11.516 mm. As expected, the Euler-Bernoulli beam theory provides a

“stiffer” model, resulting in a lower vertical displacement.

The Euler-Bernoulli beam describes the displacement of the pipe-centreline at the free end
of the pipe (z=¢) as a 3" order polynomial function with respect to the pipe length, £.
The method in the current study, for mode n=1, uses a 3™ order polynomial plus four
exponential terms with respect to ¢, as seen in Eq. 4.35 evaluated at z=/. 1If the

exponential terms are ignored, then the resulting 3" order polynomial can be more readily

compared to the Euler-Bernoulli solution. Dropping the exponential terms from Eq. 4.35¢
gives the vertical displacement of Point B as A, =g(£)=G,, +G L +G > +G /°, in
which the values of (_;u are the integration constants in Eq. 4.44. The resulting vertical

displacement of all three points A, B and C is 11.516 mm, which is nearly identical to the

value predicted by the Euler-Bernoulli beam theory.

A similar comparison can be made with the longitudinal displacement at Point A. The
displacements predicted by both the Euler-Bernoulli beam theory and current method for

mode n=1 are nearly identical at 0.849 mm.
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It is of interest to note that the contribution of the exponential terms becomes more
significant as the pipe span, £, reduces. In this case, the present sciution yields a
significantly more flexible representation of the stiffness and the predicted displacements are

larger than those based on the Euler-Bernoulli beam.
4.1.3.6 Displacement Fields for Fourier Mode n =2

The general form of the solution for n =2, from Eq. 3.24, is:

8 s
(4.49a) a, (Z) = Z Az,iem'“z (4.49d) dz (Z) — Z z’iemz,iz
i=1 i=1
8 s
(4.49b) b,(z)= Z s (4.49) £(z)= Z el
i=1 =1
8 s
(4.49¢) ,(2)=).C, ™" (4.49f) 2,(2)=Y.G, ™"

Similar to mode n=1, functions a,(z), d,(z) and f,(z) are inter-related but are
uncoupjled from functions b,(z), ¢,(z) and g,(z). For mode n = 2 the variation ‘o_f the
load pc->tential term contains only &f,(¢). Therefore, functions b,(z), ¢,(z) and g,(z)
will all vanish while the functions a,(z), d,(z) and f,(z) will be non-zero. The three

non-zero functions are determined below.
The values of the constants dependent on n in Eq. 2.15, evaluated at n =2, are:

(4.50a) Cos = 4—%- =2.9028x10" kN/m’
: r

(4.50b) C» =2(C; +C,)=5.3885x10° kN/m
@500 Gy, =4(C,+C,)=8.2861x10" kN/m’
@50  C,, =2C, +8C, =4.1440x10” kN/m’
(4.50¢) Cis, =2(Cs+C,) =211.45kN

(4.50f) Cys, =2C, +16C, =2.0739x10” kN/m’

(4.50g) Cp,, =4(2C; +C, ) =497.48 kN
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The numerical values of the polynomial in Eq. 3.22, from Eq. 3.23, are:

P = —C,CCis
(4.51a) Lo
=-5.9802x10" kN* -m
(4.51b) Doy = Cl (C6C12,2 + C13C17,2 - C15,22 ) + C6 (C10,2C13 - C11,22)

=2.3908x10" kN?

Psy = C (_C12,2C17,2 - C13C16,2 + 2Cl4,2cls,2 ) - C10,2 (C6C12,2 + C13C17,2 - C15,22)
(4.51c) + C11,22C17,2 - 2C3C11,2C15,2 + C32C13
=-4.5591x10" kN*/m?

Psr = Cl (C12,2C16,2 - C14,22 ) + C10,2 (C12,2C17,2 + C13C16,2 - 2C14,2C15,2 ) + 2C3C11,2C14,2
(4.51d) - C11,22C16,2 - C32C12,2
=1.3447x10" kN/m*

Ps> =—Cin (C12,2C16,2 - C14,22 )

4.51e)
| =-3.3628x10" kN/m®

Solving Eq. 3.22 using Ferrari’s Method (see Appendix 6) gives the eight roots of the

polynomial:

(4.52a) m,, =38.476+35.78Tim™ (4.52¢) m, s =1.1965+1.1333i m™
@520)  m,,=-38476-35.787im™ @520 myg=-1.1965-1.1333i m™'
(4.52¢) m,, =1.1965-1.1333i m™' @529)  m,,=38.476-35.78Tim"
(4.52d) m,, =-1.1965+1.1333i m™ (4.52h) m,, =—38.476+35.787i m™"

As in Eq. 3.37, the displacements a,(z), d,(z) and f,(z) can be written in terms of

integration constants F,; :
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a2(z) T
(4.53) d, (Z) = <=2 (Z) 8 {FZ}SXI
£ (2], T

L 138

in which
= T = mz r maar g mpsz Tk mpygz
i 2.1 2 3 4
<A2(Z)>lx8 —<A21(3 A, e A, 5e A, e
(4.54a) B
A sl A a4 Mol 4 Mgl
A, se A, e A, e A)ge >
=8
= T y 12 = —_— = "y 52 = o 1z
1 2 3 2.4
<D2 < >1><s = <D2,1e 2,2€ 2.3€ D, e
(4.54b) _ _ —
my 52 my 62 n my a2 M) 8%
Dyse™ Dy Dyse™ Dye™)
1x8
T z 4 Z
. (4.54c) <e2 (Z)>l = <em”z e g™ M e e M emz'sz>
3 X 1x8

Z T = = = = _
(4.54d) <F2> _<F2,1 Fz,z F2,3 F2,4 Fz,s Fyg F2,7

1x8 -

Recall that integration constants Zz,i and 52’1. in Eq. 4.54 are related to constants F,,

through the coefficients Xz,r and 52’1., respectively, as defined in Eq. 3.39:

_ (Cn,zmz,i) (Crams, J{Cms) —(Cm,z —Cys5,m,")

2
= (ClmZ,i2 =Cy, ) (ClmZ,i —Cy, ) (C3m2,,- )
(4.55a) A= 2 - 2
2 (Cll,zmz,i ) (Clmz,i - C10,2 )
(Cu,z -Cymy, ) - 2
(Clm2,i =Cy, )
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(Cl 121 ) ( Cymy, )

2 ——
(455b) 52,1- _ (C1m2,i C10,2)

2
- (C14,2 —Cis5,mmy,; )

(C11,2m2,i )2
(Clmz,i2 =Cy, )

(Clz,z - C13m2,i2 ) -

Evaluating Eq. 4.55 for i =1 to 8 gives:

(4.56a) Z,l =-0.017102+0.023451i (4.56¢) Z’S =-0.056353-0.060468i
@s6b) A, =0.017102—-0.023451; @560 A, =0.056353+0.060468i
@560) A, =-0.056353+0.060468i 565  A,,=-0.017102-0.023451i
456d) A, =0.056353—0.060468i @56h) Ay, =0.017102+0.023451;

il

@5s6) D, =—6.7955x10° —0.041679  (4.56m) s =—0.50048+0.0041107

@56n) D, =-0.50048+0.0041107i

. n —_ -5 __ ; =
(456_]) D2’2 = 67955X10 004]6791 (4560) D2,7_ = *6.7955XI0—5 +0.0416791

@36k Dy =-0.50043-0.0041107: 456p)  Dy5=—6.7955x107° +0.041679i

!

(4.561) D, , =-0.50048-0.0041107:

The integration constants {l_?;}gxl can now determined from the boundary conditions in Eq.

4.15. At the fixed end, all displacements are zero. Hence, the boundary conditions at z =0

are:

(4.57a) a,(0)= <¢,z/2,l >1sz { _2}8xl =0

T = T = ] = | = | = | = | = | = | =
where <'//2,1>1x8 :<A2 (0)>1><8 :<A21 1A, | A, LAy, L Ays | Ay ) A, | A2,8>1x8
T —
(4.57b) d2(0)=<¢//2,2>1x8{ )}, =0
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where

<‘//2,2>1Tx8:< 2(0)>Z<8:<=2,1 :' 22 E =, :l

o
w
N
~
)
W

@519 £(0)=(w,) (B}, =0

T

where () =(e,(0)) =(1{1i1j1i1initln

(457d) fz,(o) = <W2,4 >I<g {I?Z}SXI =0

where

T
|

»
=)}
o
“

2.8>
1x8

T ’
_ — | | | | | |
<‘//2,4>1x8 —<62 (O)> _<m2,1 f Mg | My | Moy | Mys | Mg | My m2,8>]x8
1x<8

At the free end of the pipe, none of the displacements are specified. Therefore, the natural

boundary conditions given in Eq. 4.15 must be applied. From Egq. 4.15i, noting

that da, (f ) # 0, the first boundary condition becomes:

(4.58) Ca, (£)+2Cd, (£)+C, f,(£)=0

Now substitute the vector expressions for a,(¢),d,(¢) and f,(¢) from Eq. 4.53 into Eq.

4.58. The resulting boundary equation is written in vector form as:

(4.5%) <W2’5 >1Tx8 {Fz }le =0

where
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my gl

(
(
(
(
S N
(
(
(

- - 8x1

Similarly, from Eq. 4.151, with 8d, (£) 0, the boundary equation is:

(4.602) —2Csa, (£)+(C,+Cy)d (£)+2C, f(£)=0

(4.60b) <y/2’6 >1sz {FZ }le =0

where

@600 {¥e}, =1 =

8x1
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The boundary condition from Eq. 4.15m, with &f,(¢)# 0, must include the load potential

term since n=2. Therefore, use Eq. 4.15m.ii:

@612 _Cﬁfn”’(f)+2(C8+C9)d;(€)+4(C8+C9)fn'(€)+Pcos(2%)=O
(4.61b) <'//2,7 >1T><8 {E}le =P

where

(4.61c) {Wz,v}gxl =

- - 8x1

The final boundary condition is obtained from Eq. 4.15n, noting that §f, (¢) #0:

(4.622) C,f/(£)=2Cd, (£)-4C,f,(£)=0

(4.62b) <W2,3 >1T><8 {E}le =0

where
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(4.62¢) {Wz,s}gxl =

L ' J 8xl

Similar to mode n =1, the boundary equations developed in Eqs. 4.57 through 4.62 can be

written in a consolidated matrix form:

(4.63) [lPZ ]8><8 {E'}le = {Q2}8>‘1
where |
(WN >1sz
T
W2s2>lx8
T
W2’3 1x8
v T
2.4 /1
[lpz]z;xs = ng and {Q2}8x1 = (

S

S
LN R AR

- 7 3

¥ 7K

=
p

=%
oo

P P I U
A
W

D

—_
X
o

8x8

S v oo o o o o
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1

The components of the vectors <W2'i>T8 are defined in Eqs. 4.57 through 4.62. Hence, the

only unknowns in Eq. 4.63 are the elements of the vector {172} . Solving the equation for

8x1

these unknowns gives:

~1.9167x107° +1.0962x107i m
1.7255%107° +1.4494x107°i m
-1.9167x107° —1.0962x107i m
1.7255%107° —1.4494%107°i m
2.3495x107 +5.4222x10im
1.9117x107 +2.1546x107 i m
2.3495x107* —=5.4222x10 i m
| 1.9117x107" —2.1546x107 i m

3=

a8

k%

(4.64) {5}, =

B

REIIRCTIRG IR (IR TR TIRG (IR T

o

8x1 81

With vector {E}le now completely defined, displacement contributions a, (¢), d,(¢) and

f,(£), corresponding to the second mode n=2, at the tip of the pipe can be calculated

from Eq. 4.53:
4650  a,(!) :<K2 (£)>1X8 {E},, =-0.152mm
(4.65b) dz(f):<:2(€)>1xg{1'52}gx1 =—1.335mm

o

(4.65¢) £, (4)

(

The displacement contribution of any point on the pipe mid-surface at the free end, z =1/,

2 (0), (F],, =2.74Tmm

for mode n = 2 is found by substituting Eq. 4.65 into Eq. 2.11:

(4.66a) u,(£,9) = a, (£)cos 2¢ = (~0.152mm) cos 2¢
(4.66b) v,(£,¢)=d, (£)sin2¢ = (—1.335mm)sin 2¢

(4.66¢) w,((,0) = f,(£)cos2¢ = (2.74Tmm)cos 2¢

The vertical and longitudinal displacement contributions at Point A, B and C on Figure 4.1

are found by evaluating Eq. 4.66 at the values of ¢ =7/2, ¢=7x and ¢ =37/2 respectively.
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Eq. 4.66a gives the longitudinal displacement at all three points while Eq. 4.66b gives the
vertical displacement at Point B and Eq. 4.66¢ gives the vertical displacement at Points A
and C. The displacements are summarized in Table 4.3 below (recall that a positive vertical

displacement indicates that the point moves downward).

Table 4.3 — Displacement contributions of Fourier mode n = 2 for Points A, B and C

Location Vertical Displacement Longitudinal Displacement
AVert.n=2 Aumg,n=2

Point A 2747 mm 0.152 mm

Point B 0 mm -0.152 mm

Point C -2.747T mm 0.152 mm

The displacement contributions for mode n =2 represent deformation of the pipe cross
section. The difference in the vertical displacements at Points A and C, namely that Point A
moves downward while Point C moves upward, is evidence of ovalization of the cross
section. Similarly, the fibres at Points A and C elongate longitudinally while the fibres at

- Point B contract, indicating warping of the cross section.
- 4.1.3.7 Displacement Fields for Fo_urier Modes n > 2

The procedure developed in Section 4.3.6 to calculate the displacements for mode n =2 can
also be used to determine the displacements for the higher modes. Applying this procedure
for modes 3 through 6 gives the vertical and longitudinal displacement contributions at

Points A, B and C at the free end of the pipe. Note that for each mode n only one of the two
sets of orthogonal displacement functions will be non-zero. If a,(z), d,(z) and f,(z) are
non-zero then b,(z), ¢,(z) and g,(z) will be zero, and vice-versa. The displacement

contributions are summarized in Tables 4.4 through 4.7 below (recall that a positive vertical

displacement indicates that the point moves downward).
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Table 4.4 — Displacement contributions of Fourier mode n = 3 for Points A, B and C

Uy (4, 4) = Vo U4, ) = W (4, ) = Vertical Longitudinal
Location ¢ 3 9 3 9 3( 2 Displacement | Displacement
by (E) sin 3¢ c3 (f) cos 3¢ 83 (f) sin 3¢ Ayppins ALong,n=3
Point A 7[/2 0.0537 mm 0 mm 0.972 mm 0.972 mm 0.0537 mm
Point B V2 0 mm -0.303 mm 0 mm -0.303 mm 0 mm
Point C | 3%/2| .0.0537 mm 0 mm 0.972 mm 0.972 mm -0.0537 mm
Table 4.5 — Displacement contributions of Fourier mode n = 4 for Points A, B and C
Vertical Longitudinal
U E’ = v g, = w E, = g
Location ) 4 ( ¢) 4 2 4( 2 Displacement | Displacement
a, (¢) cos 4¢ dy (¢)sin4¢ fa (¢)cos 49 A A Longn=s
Point A z/2 0.0254 mm 0 mm -0.503 mm 0.503 mm 0.0254 mm
Point B V.4 0.0254 mm 0 mm -0.503 mm 0mm 0.0254 mm
Point C | 37%/2| 0.0254 mm 0 mm -0.503 mm -0.503 mm 0.0254 mm
Table 4.6 — Displacement contributions of Fourier mode n =5 for Points A, B and C
Vertical Longitudinal
u(4,9) = ve (£, 0) = we (4, 0) = . ong
Location ) 5 (.9 5( ? 5( 2 Displacement | Displacement
bs(£)sin5p | cs(f)cosSp | gs(¢)sinSp Avrins Ay s
Point A z/2 0.0133 mm 0 mm -0.297 mm 0.297 mm 0.0133 mm
Point B V4 0 mm 0.0522 mm 0 mm 0.0522 mm 0mm
PointC | 3%/2| 00133 mm 0 mm 0.297 mm 0.297 mm -0.0133 mm
Table 4.7 — Displacement contributions of Fourier mode n = 6 for Points A, B and C
Vertical Longitudinal
u L4, 0)= v (£,0) = w,(l,0) = g
Location ) 6 ( ¢) 6("-9) 6 2 Displacement | Displacement
ag (¢)cos6g | dg (¢)sin6p | f¢ (€)cos6p Ay s A g nes
Point A z/2 0.0074 mm 0 mm -0.187 mm 0.187 mm 0.0074 mm
Point B V4 -0.0074 mm 0 mm 0.187 mm 0mm -0.0074 mm
Point C 3”/2 0.0074 mm 0 mm -0.187 mm -0.187 mm 0.0074 mm
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4.1.3.8 Total Displacement

The total displacements of Points A, B and C at the free end of the pipe are the sum the
values in Eq. 4.29 and Tables 4.2 through 4.7. The vertical and longitudinal displacement
contributions for each mode n at Point A, as well as the total cumulative displacement, are
summarized in Table 4.8.

Table 4.8 — Contribution of mode n to total displacement for Point 4

Mode n Vertical Displacement (mm) Longitudinal Displacement (mmm)
Mode n Cumulative Mode n Cumulative
0 0.032 0.032 0.001 0.001
1 11.579 11.611 0.849 0.850
2 2.747 14.358 0.152 1.002
3 0.972 15.330 0.0537 1.055
4 0.503 15.833 0.0254 1.081
5 0.297 16.130 0.0133 1.094
6 0.187 16.317 0.0074 [.101
Total - 16.317 - 1.101

It is apparent from Table 4.8 that as the number of Fourier modes included in the analysis
increases, the predicted vertical and longitudinal displacements of Point A also increases.
Also, as the mode n under consideration becomes higher, the displacement contribution for
the mode decreases, indicating that the solution is converging to the true displacement value.
The convergence of the solution is from below, meaning that the vertical and longitudinal
displacements at Point A determined from the method in the current study are always lower

than the “true” displacement.

Both the vertical and longitudinal displacements compare well with the values from the
ABAQUS shell finite element analysis of 16.755 mm and 1.142 mm, respectively, given in
Table 4.1.

The vertical and longitudinal displacement contributions for each mode » at Point B, as well

as the total cumulative displacement, are summarized in Table 4.9.
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Table 4.9— Contribution of mode r to total displacement for Point B

Mode n Vertical Displacement (mm) Longitudinal Displacement (mm)
Mode n Cumulative Mode n Cumulative
0 0 0 0.001 0.001
1 11.516 11.516 0 0.001
2 0 11.516 -0.152 -0.151
3 -0.303 11.213 0 -0.151
4 0 11.213 0.0254 -0.126
5 0.0522 11.265 0 -0.126
6 0 11.265 -0.0074 -0.133
Total - 11.265 - -0.133

The vertical and longitudinal displacement contributions for each mode n at Point C, as well

as the total cumulative displacement, are summarized in Table 4.10.

Table 4.10 — Contribution of mode n to total displacement for Point C

Mode n Vertical Displacement (mm) Longitudinal Displacement (mm)
Mode n Cumulative Mode n Cumulative
0 -0.032 -0.032 0.001 0.001
1 11.579 11.548 -0.849 -0.848
2 -2.747 8.801 0.152 -0.696
3 0.972 9.773 -0.0537 -0.750
4 -0.503 9.270 0.0254 -0.725
5 0.297 9.567 -0.0133 -0.738
6 -0.187 9.380 0.0074 -0.731
Total - 9.380 - -0.731

Unlike Point A, the vertical and longitudinal displacements of Point C oscillate as the

number of Fourier modes included in the analysis increases, as seen in Table 4.10. The

contributions from the odd Fourier modes (n =1,3,5) increase the displacement while the

contributions from the Fourier modes (n=2,4,6) decrease the displacement. As the

number of modes included in the analysis increases, the cumulative displacement converges
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to the displacement sought. However, the true displacement is not always higher or lower
than the displacement predicted by the method on the current study. The current solution
oscillates above and below the true displacement at Point C as the total number of Fourier

modes included in the solution increases.

Both the vertical and longitudinal displacements for Points B and C provide excellent

correlation with the ABAQUS shell finite element analysis results in Table 4.1.
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4.2 Example 2: Cantilever Beam Under Self Weight

As a second example of the solution developed in Chapter 3, it is required to find the
deformed shape of an initially horizontal cantilevered pipe, as shown in Figure 4.2, under its
self weight. The pipe has the same geometric and material properties as the previous

problem, namely span {=4m, thickness ¢=6mm, mid-surface radius r=200mm,

Poisson’s ratio #=0.3, Young modulus E =200,000 MPa and density of pipe steel

¥, =T8kN/m’ .
/
_____________________________________________________ A ‘
P | B f>
g C X,
/ C
/ 7

Figure 4.2 — Pipe under self weight

In the érevious example, loads were applied to only the end of the pipe. As a result, only the
homogéneous version of the equilibrium equations needed to be solved. In the current
example, tractions are applied along the pipe mid-surface and

the particular solution is required in addition to the DRSS

homogeneous solution.

The tractions g, (z,9), ¢,(z.¢) and g, (z.9) associated with

the self weight are determined by considering an infinitesimal

piece of pipe of volume #(rd¢)(dz) as shown in Figure 4.3.

The load due to self weight acting on the piece of pipe is given

as g=ty,. The traction g acts in a vertical (downward)

direction. From the geometry in Figure 4.3 the tractions in the

Figure 4.3 — Tractions

qv(z,¢) and g, (z,¢) as
components of pipe self weight

longitudinal, tangential and radial directions are:

(4.672) q,(z,¢)=0

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 4
April 2008 Page 92



(4.67b) q,(z,0)=—ty,cos ¢

@670  q,(z.¢)=-ty,sing

For mode n =0, Eq. 2.20 provides the following equilibrium conditions:

2r
- [ q,(¢.2)rdg
D7) 26D 0 a,, (z) -
wey |2GD 126, +26D° ) 0 fo (2)p={Q}=1 [a,(p.2)rds
R Cer 0l
- [a,(¢.2)rdg
#=0

In Eq. 4.68, the general displacements a,,(z), ¢,,(z) and f, (z) are the sum of the

displacements corresponding to the homogeneous solution and the displacements

corresponding to the particular solution:

4.69) ay, (z)=a,(z)+a,,(z)
CO(Z)+CO17 (Z)

5o(2)+ £, (2)

(4.69) ¢, (2)

4.69%) fp, ()

When the tractions in Eq. 4.67 are substituted into the ride hand side vector {QO} of Eq.

4.68, the energy equivalent load vector is found to vanish:

O e
0
2 ) O
. y2

470 {0}, =1 _[ —ty,singrd¢ ; ={1y,r[cos ¢]¢:O s =<0

=0 . 2 0

21 ty,r[sing] " 31
- 9=0 } 3
- I—t}g cosPrd¢
L 9=0 3x1
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Eq. 4.68 then simplifies to:

2cp*| 20,0 | 0 ay, (2) 0
_____ _|_________._..__+_._____________
a7y | 2GD | 2C,+2C,D* | 0 foo (2)p =40
————— —'—_—_——_—_—_1—_—_.—_—_—_—_—
0 ! 0 12(C,+G,) D’ o LCog (2)],, 0]y,

The solution of Eq. 4.71 in which the effects of self weight are included is shown to coincide

with the homogeneous solution. The particular solutions are a,,(z)=0, ¢,,(z)=0 and
fo,(2)=0 so the resulting general solutions are a,, (z)=a,(z), ¢, (z)=¢,(z) and
Jog (2)= fo(2) in which a,(z), ¢,(z) and f(z) are the displacement corresponding to

the homogeneous solution provided in Eq. 4.19.

The boundary conditions for the homogeneous case of the problem for mode n=0 were

given in Eq. 4.27 as [‘{’0]8)(8{30}8)<1 ={0Q,},, in which [¥ ] _ is the matrix of boundary

equations, { A 1s the vector of integration constants and is the load vector. For
4 8x1 g 0J8x1

. the current problem of self weight, the load vector is {Qy}, ={0},,. The only possible

solution for the boundary equations is that the integration constants must vanish, leading to

a,(2)=c¢,(2)=f;(2)=0.

The equilibrium equations for Fourier modes n 21 were given in Eq. 2.27 as:

[ @2
_ L:o q, (#.z)cos(ng) rd¢
a,,(2) _Lj:)qv((/ﬁ,z)sin(n(/j)rdqj
dn,g (Z) %
[x,,; o} [l oy | [L49.(9.2)cos(ng)rag
@m (S| 4 {0} =10
01X oo | bns (2) "= 4. (9.2)sin(ng) rdg
¢, (2) .
2.0(2) ), =|.,4.(9.2)cos(ng) rdg
Jz)qw (¢:2)sin(ng)rdg |
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in which

(4.73) [X" ]3)(3 — (C3 + CS )nD

The general displacements a,,(z), b,,(z).....&,,(z) are the sum of the displacements

corresponding to the homogeneous solution, a, (z), b,(z),...,g,(z), and the displacements

corresponding to the particular solution, a, ,(z).b,,(z)....8,, (z)-

The tractions in Eq. 4.67 are substituted into the vector on the ride hand side Eq. 4.72 to give

the load potential vector for mode n:

__[Z)C]u (¢,2)cos(ng)rdg 0
-[::)qv(¢’z)5in(”¢)rd¢ _[Z)—t;’s cos¢sin(ng)rdg
.E:)qw(¢,2)cos(n¢)rd¢ Lz:)—t;/s sin¢cos(n¢)rd¢
@1 {Q,}..=1" .. _] b O >
1,4 (@, 2)sin(ng)rd¢ )
2% 4 _ _ d
__Lzoqv(¢,z)cos(n¢)rd¢ 2;0 ty, cosgcos(ng)rd¢
%3 _ . . d
Lzoqw(¢,z)sin(n¢)rd¢ o -L:o 17, sin gsin (ng) rd ¢ N

Consider first Fourier modes n = 2. The load potential vector in Eq. 4.74 becomes:
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0 —1yr
27 .

-[7=0 —ty, cos @sin ngrd ¢ _ 0
2 . 0
LO —ty, sin ¢cos ngrd ¢ 0
0 0 0

= cos pcos nprd ¢ sin(1-n)¢ sin(1+n)¢ i 0

— — ¥ —n 1 n

Coomseoms |, Fa T | [

J:; —tY, sin @sin ngrd ¢

@715 {Q,}, =

7 6x1

2(1=n)  2(1+n)

_Ws{sin(l——n)(b sin(1+n)¢:!

9=0 ) 6x

Substitute the load potential vector in Eq. 4.75 into Eq. 4.72 to obtain the equilibrium

equations for modes n>2:

S O o o o O

g",g (Z) 6x1 6x1

Similar to the case of mode n=0, the solution for the effects of pipe self weight the
coincides with the homogeneous solution and the particular solution vanishes. The
boundary conditions for the homogeneous case of the problem for modes n>2 were given

in Eq. 4.63 as [¥,]. .{F,}  ={Q.},, in which [¥,]__ is the matrix of boundary equations,

8x1

{F_ } is the vector of integration constants and {Q,}  is the load vector. For the current

mJgx1

problem, the load vector is {Q,}  ={0}, . The only possible solution for the boundary

equations is that the integration constants must vanish, leading to

a,(2)=b,(z)=c,(2)=d,(z)=f,(2) =g, (2) =0.
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Consider now the first Fourier mode. For mode n =1, the load potential vector Q; becomes:

0
SR
0 iy sin” @
27 . 2 =
L |1, cosgsin prd¢ - =#=0 0
= r -2z
on sin” ¢ 0
L , 17, sin pcosgrdg | —ty.r 5 0
477 =47 = = dp=0 -
( ) {Ql }6><1 0 0 0
2
- L ~ty, cos’ prd¢ ¢ sin2¢]” LY
= ot —zty,r
27 . 2 $=0 s ex1
L_ —ty, sin” grd¢ 5
=0 ox1 1y ¢ sin2g g
\ s 2 4 #=0 J 6

The load potential vector in Eq. 4.77 is substituted into Eq. 4.72 to give the equilibrium

equations for mode n=1:

al,g (Z) O
dg,(z) 0
X, 1o 0
(4.78) {—0-1—5———} R ON
| X, 66 bl’g (Z) 0
-, (2) zty,r
gl’g (Z) 6x1 —ﬂ't}/sr 6x1

The general displacements q,, (z), b, (2),.... &, (z) are the sum of the displacements

1.8

corresponding to the homogeneous solution, 4,(z), b,(z),.... g (z). and the displacements

corresponding to the particular solution, 4, ,(z),b,,(z).....&,,(z)-

Similar to modes n=0 and n=2, it is apparent from Eq. 4.78 that

a,(z)=d,(z)=f,,(z)=0. However, the displacements corresponding to the particular

solution for b ,(z), ¢, ,(z) and g, ,(z) are non-zero. The equilibrium equations in Eq.

4.78 can therefore be simplified as
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| |
S I

e O] |
4.79 + ! ' 1"
( ) 3 5 :(C4+C9)D2 : (C8+C9)D2 Clg(z) ysr

o TR Lo e 81g( ) N WL AL PV

ch :C2+C7 :C2+C7+C6D -
? i(C8+C9)D2 E(2C8+C9)D2 23

The displacement contributions for modes n=0 and n>2 are zero, so the only mode

which contributes to the displacement of the pipe is mode n =1, specifically b, (z), ¢, (z)
and g, (z). The displacements corresponding to the homogeneous displacements, b, (z),

¢,(z) and g,(z), were provided in Eq. 4.34. It is now required to formulate a particular

solution for Eq. 4.79. Assume that the particular solution takes the form:

4.80) b, (z)=Tz+T,2°
480b) ¢,(z)=T,2" +T,z*

@800 g, (2)=To2* +T,2"

in which constants 7, through 7, are to be determined by substituting the expressions in Eq.

4.80 into Eq. 4.79 and matching the coefficients of the left hand side of the equations for z°,

z, 2%, 2> and z* to those of the right hand side. The resulting particular solution is:

@812) b, (z)=Tz-4T7
@816) ¢, (2)=Tz"+T,2"

4.81c) g, (z) = Tsz2 +7,7*
Constants T;, T;, T, and T, were determined numerically to be:

(4.82a) T, =-2.3654x10"
4.82b) T, =1.6053x107° m™

4.82c) T, =-8.1244x107 m™
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4.82d) T, =1.4883x107 m™

The particular solution is added to the homogeneous solution to give the total displacement
of the pipe. The homogeneous solution for the current self weight problem is the same as
the homogeneous solution for the point load applied at the tip of the cantilever presented in

Section 4.3.5. From Eq. 4.34 the homogeneous solution is:

(4.83) | Clh(Z) = "<l=)1(z)>T {él}sxl

T = T
in which the vectors <A1(z)> : <Dl(z)> and <e1 (z)>i8 were defined in Eq. 4.35. Hence,

1x8

the total displacement is given as:

(A(2), 3

| bi(2) blh(z)+b1p(z) _ lxi T,z—-4rT,z
(4.84) Cl(z) = clh(z)+c1p(z) = _<~_1(Z)>1><8 {él}gxl+ EZ2+T4Z4
gl(z) glh(z)+g1p(z) <e(Z)>T 715Z2+71424

The unknown integration constants, {51}8 ,» can now be determined from the boundary
X.

conditions in Eq. 4.15 and the total displacement expressions in Eq. 4.84. At the fixed end,

all displacements vanish. Hence, the boundary conditions at z =0 are:

@385 b (0)= <'//1 1 >1><8 {é }gxl +1;(0) - 4rT, (0)3 = <'//1,1 >1T><3 {él}le =0

= | Lo | i | | =
Where '//11 18=<A >lx8 <0: 1,11 :O: 2 ) Ais | A A | 1,8>1Xg

(4.86) cl(O):<y/L2>lx8{(_}l} +T3(o)2+T4(o)4:<l//1,z>lTX8{(—}1}gxl=0
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where

(o) ==(D.(0), =(-

_
wl]
=
=

o
|
2
=
3]
o
|
-
wn
|
-
(=)}
|
o
~1
|
NI
o0
——
iy
X
o0

|

487 g (0) = <l//1,3 >I<8{ 1}8><1 +TS (0)2 +T4 (0)4 = <l//1’3 >Z<8 {Gl}ale =0

where () =(¢, (0)) =(110folo}11i1]n)

T

@88) £/(0)=(,) {51}8X1+2T5(0)+4n(0)3:0

1x8

where <'/’1,4 >1Txg = <ell (0)>

T

— l1ip!lo! | | ]
'"<0 (1100 mys ymygmy;, |m1,8>1x8

1x8

At the free end of the pipe, none of the displacements are specified. Therefore, the natural

boundary conditions given in Eq. 4.15 must be applied. From Eq. 4.15j, noting

that 8b, (f ) # 0, the first boundary condition becomes:
4.89) Cpb/(£)=Cic, (£)+Cyg,(£)=0

Now substitute the vector expressions for the total displacements b/(¢),c, (¢) and g, (¢)

from Eq. 4.84 into Eq. 4.89.

@90) G [y, (0)+T,=12T,0 |- C,[ 8, () + LL +Tt* |+ Gy ¢, () + T + T, | =0
The boundary equation in Eq. 4.90 is written in vector form as:

@on (w) {G}  =-C(n-12T,0%)+C,(T,-T,) ¢

where
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@9 {Wisk, =1 1 =

Similarly, from Eq. 4.15k, with ¢, (£) #0, the boundary equation is:

e

A, +Cy(£2+D,y,+D,,0" )

2CA 0 +Cyt (£ +D,,, + D17 )

my sf

my 6l

my 14

m gt

4.932) Csh, (£)+(C, +Cy)c/(£)—Co8/(£)=0

Cs [:blh (f)

. (4.93b) ,
" -G, [glh (¢

)+ 210 +4T,0° | =0

8x1

+ T L= 4rT, 0 |+(rC, +Cy)[ er, (£)+ 2Ty 0 +4T,1* ]

@930 (Vo) (G} =-Cot (T, = 4rT,?) =20 (rC, + G, ) (T, +20,02) +2C,¢ (T +2T,0%)

where

Cidh
Cyh,
Cy (A + 4,0
@930 {Wie},, =1 (C,4,—(C,+C))m,
—CSZ —(C,+Cy)m,
(C,A,—(C,+C,)m,
(CAL-(C, +C)

0

15

16

18

(C +C) 121_C
0=2(C, +C,) D, —2C,t
)-(c, +c)(13122+3014£2) 3C,0°

9mls

9"116

9ml7

9"118

€

4

4

4

my s{

my gl

my 1€

my gl

8x1
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The boundary condition from Eq. 4.150.ii, with dg, (¢)#0, gives (note that Eq. 4.150.ii is

used because no point load is present and P =0 ):
“942) —Cog/(0)—(Cy+C,)c/(£)+(C +G;)8/(£)=0

Co[ g (0)+24T,0 ]~ (Cy+ Cy) | ¢, (¢) + 20 +4T,0° |

(4.94b)
+(G+C,)| &1, (0)+2T0+4T,0° |=0

(4.940) <V’17>lg{5} = 24C T, 0 +20(Cy + Cy )T, + 21,02 ) - 2¢(Cy + G, ) (T, + 2T,07)

where
0
(Co+C)(Dios +1).
2(C,+G,) (D, +1)1
~6C, +(Cy+C,) (3D, £ + Dy, +30°)
@90 {y.},, = _-c6mu3+(cs+cg)mu =L5+1)—e'"1’5'”

- 6’"1,63 + (Cs +G, ) m ¢

(

(Do)
~Cymy;” +(Cy + Cy)my; ( :1,7 +1) e’

(D +1)

—C6m1,83 + (Cs +GC, )m'l,S

- 8x1

The final boundary condition is obtained from Eq. 4.15p, noting that dg;(¢)#0:

4.952) Cog/(£)+Cyc, (£)-Cyg, (£)=0

@9sb) C,[ g1, (0)+2L+12T,6 |+ G [ ¢, (O)+ 0 +T,* |- C[ £, (O)+T50* + T, | =0

@950 (w,. 8>1XB {G},  =—20(T+61,0%)-Cy (T, -T3) ¢
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where

2C6 '"Cs ( izt 13£2 +£2)
6C.0—C, ( D,y + D, 0 +zz)£
@osa) {wigh,, = Com g =G (Dys+1) [
_C6ml,62 -, ( =1,6 n 1)‘ o
- _ Z
_CG”H,72 —C, ( L+ 1)_ e
:CGml’82 -G ( =”8 - 1)}3’"118@ 8x1

The boundary equations developed in Egs. 4.85 through 4.95 can be written in a

consolidated matrix form:

(4.96) [‘Pl',l ]m {él}gxl = {QLI}SXI

where

—

<

=X
oo

<

D I e
- s
\/\/\/\/}/\/\/\/
X
®

4%
o

<

=4 %
o

I:\PLI ]8)(8 -

—

<

X
oo

<

=34 %
oo

<

43X
oo

<

-
X
oo

8x8

and
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0
0
0
0

{0}, = —C (T, -12/T, )+ G, (T, - T,) ¢
~Cyl(T; —4rT, 0 ) =20 (rCy + C, ) (T, + 2T,0* ) + 2C, ¢ (T + 2T, % )
24CT,0+2£(Cy +C, ) (T, +2T,0° ) = 2£(Cy + G, ) (T, +2T,0°)

2C, (T, +6T.0* )~ (T, - T,)

The components of the vectors <y/1,l.>T are defined in Eqs. 4.85 through 4.95 and all of the

1x8

components of {QU}Bxl are known. Hence, the only unknowns in Eq. 4.96 are the elements

of the vector {51}8 e Solving the equation for these unknowns gives:
X

—1.8449x10° m

él,l
G,, —6.7798x107°
G,, ~7.8644x107° m™
asn {G) - ?__1,4> _) 1.2999x107° m™
B |G 4.1076x107° +7.7211x107°i m
Gy 4.1076x107° =7.7211x107%i m
G, 9.2245x107 —1.0316x10i m
Gig |, | 9:2245%107 +1.0316x10%im |,

With vector {él}le now completely defined, displacements b, (), ¢, (¢) and g, (¢) at

the tip of the pipe can be calculated from Eq. 4.84:

@9 b (0)=by, (O)+b,()=(A(0)) (G}, +Te~4TL=0.041611 mm
1x8

@) 6(0)=c,(¢)+,(0)=—(D ()

498 g,(£)=gy (0)+8,(1)=(g(0)), (G}, +T:f* +T4* =-0.63950 mm

{G} +T0* +T, 0" =-0.63949 mm
8x1

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 4
April 2008 Page 104


http://fe.iL

The displacement of any point on the pipe mid-surface at the free end, z=/, is found by

substituting Eq. 4.98 into Eq. 2.11:

4.992) u(£,¢)=b(£)sing=(0.041611mm)sin¢

)
4.990) v(£,0)=c, (¢)cos@=(-0.63949 mm)cos ¢

4.99%) w(4,0)=g,{¢)sin¢=(-0.63950 mm)sin ¢

The vertical and longitudinal displacement at Point A, B and C on Figure 4.4 are found by
evaluating Eq. 4.99 at the values of ¢=7/2, ¢=x and ¢ =37/2, respectively. Eq. 4.99a
gives the longitudinal displacement at all three points while Eq. 4.99b gives the vertical
displacement at Point B and Eq. 4.99c gives the vertical displacement at Points A and C.
The displacements are summarized in Table 4.11 below (recall that positive vertical

displacement is downward).

Table 4.11 — Vertical and horizontal displacement for Points A, B and C under pipe self weight
Location Vertical Displacement Longitudinal Displacement
Point A 0.63950 mm 0.041611 mm
Point B 0.63949 mmi .0 mm
Point C 0.63950 mm -0.041611 mm

The Euler-Bernoulli beam theory gives the vertical displacement of the tip of the cantilever

under its self weight as:

qt*

4.100) AEB = g‘ﬁ

For the case of pipe self weight, the load term g is given as:
@.101) g =2xtry, =27(0.006 m)(0.200 m)(78 kN/m’ ) =0.588 kN/m = 0.588 N /mm

Hence, the Euler-Bernoulli vertical tip displacement is:

gt (0.588 N/mm)(4000 mm)"
(4.102) A, = = = 0.62386 mm
8EI  8(200,000MPa)(150.83x10° mm*)
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As with the previous case of a cantilever subjected to a point load at the tip, the Euler-
Bernoulli beam theory does not account for cross-section deformation. The vertical
displacement predicted from this theory is equal for all Points A, B and C in Figure 4.4 and

is given in Eq. 4.102.

A shell finite element analysis of the self weight problem was also conducted in ABAQUS.
The model parameters, including the element mesh, were identical to those used in Section
4.2 except that the loading was altered. The point load at the tip of the cantilever was

removed and replaced with a body force acting on each shell element in the downward

direction. The magnitude of the body force was g =ty, =0.468 kN / m’.

The finite element model was able to capture cross-section deformation and provide specific
values for each of Points A, B and C in Figure 4.4. The results are summarized in Table 4.12

below.

Table 4.12 — Displacements of Points A, B and C as determined by ABAQUS shell FEA for pipe self weight

Locati Vertical Displacement Longitudinal Displacement
ocation _
AVert,FEA Along,FEA
Point A 0.64554 mm 0.042016 mm
Point B 0.64553 mm 0 mm
Point C 0.64554 mm -0.042016 mm

By comparison of Tables 4.11 and 4.12, it is clear that the method developed in the current
study provides results very comparable to those obtained with a shell finite element analysis.
The difference between the vertical displacements is 0.9% while the difference between the
horizontall displacements is 1.0%. Both models provide a more flexible model that the

Euler-Bernoulli beam theory, resulting in a larger predicted vertical deflection.

As illustrated in the two examples presented in this Chapter, the closed-form solution using
the methodology developed in this study is rather lengthy. From a computational viewpoint,
however, it requires significantly less effort than a shell finite element analysis. In the
current method, a total of eight degrees of freedom were enough to capture the behaviour of

the problem within the assumptions of the current theory (two nodes with four degrees of
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freedom per node). In contrast, the shell finite element analysis used a total of 16,480
degrees of freedom (3,296 nodes each with five degrees of freedom per node). The
following chapter presents a method to automate the solution procedure used in the

examples in this chapter.
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CHAPTER 5: FINITE ELEMENT FORMULATION

The solution derived in Chapter 3 is applicable only to the simpie prdblem of a pipe with
defined boundary conditions and subjected to general loads. The objective of the current
chapter is to extend the solution so that it can be utilized in a finite element application. A
solution is developed in a finite element context by expressing the variation of the total

potential energy of the system in terms of nodal displacements and evoking the stationarity

conditions.

5.1 Displacement Fields in Terms of Nodal Displacements

The displacement field contribution for mode n =0 is given in Eq. 3.12, while Egs. 3.31

and 3.37 give the displacement field contributions for modes n=1 and n2>2,
respectively, for displacements a,(z), d,(z) and f,(z) and Eqgs. 3.36 and 3.41 give the
displacement field contributions for modes n=1 and n=>2, respectively, for
- displacements b, (z), c,(z) and g,(z). The development of the finite element solution

. to the problem requires the displaéement field contributions to be written in terms of the
nodal displacements of the element. In the present study, the relationship between the
displacement field contributions and the nodal displacements is established by
formulating the exact shape functions for the element. This is a difference from previous
finite element formulations in which approximate polynomial shape functions are

postulated to relate the displacements within the element to nodal displacement.

5.1.1 Nodal Displacements

The nodal displacement vector for the axi-symmetric displacement contribution

corresponding to Fourier mode n =0 is defined as:
G.1 (Ao >Lg = <a0 (0) «(0) £(0) £(0) a(£) «(f) f(¢) fo/([»

The nodal displacement vector for the general case of mode n 21 is defined as:
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62 (A) :<<An,1>3;8 | <A"’2>1sz>

in which

63 () =(a,(0) 4,(0) £,(0) £/(0) a,(6) d,(¢) £,(£) £(0)
30 (A,,) =(5,(0) ¢,(0) &(0) &.(0) b,(0) ¢ (0) &(£) &.(0)

5.1.2 Relating Integration Constants to Nodal Displacements: Exact Shape

Functions

The vectors of unknown integration constants, {ZO}M, {E}le, {F-"}8x1’ {(—}“1}8x1 and

{5,,}8x1, are eliminated from the displacement field equations by expressing the constants

in terms of the nodal displacements. For a given mode n, the relationship between the

constants and the nodal displacements is established by introducing matrix [L,], .. For

mode n=0:
(5-4) {AO }gxl = [LO ]8><8 {KO}SXI

The entries of [L,] . are determined by evaluating the mid-surface displacement

functions from Eq. 3.12 at z=0 and z=/ in Eq5.1.
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5.5

[LO ]8><8 =

Evaluate the vectors in Eq. 3.12 at the values of z=0 and z =/ and substitute the result

into Eq. 5.5 to obtain the expanded version of [L]

(5.6)

[1'0]8><8 =

-0 O O
o 5;11” = = P”'J“ o o

o o O

8x8 °

o O O
S O =~ O O O O O

The nodal displacements corresponding to a,(z), d,(z) and f,(z) for modes n>1 are

established in a similar manner:

(5.7a)

{ALI }le = I:L“ ]gxg {F—I}le
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) {AL) =L ] AR, r=23..a

The elements of matrices [Lu }M and [Lml }M are determined by evaluating the mid-

surface displacement functions in Eqgs. 3.31 and 3.37, respectively, at the values of z

corresponding to the nodal displacements in Eq 5.2.

Ix8 _18x8,n>1

For the case of n=1, evaluate the vectors in Eq. 3.31 at the values of z=0 and z=/

and substitute the result into Eq. 5.8 to obtain:

0 Zl 1.1 0 21,142 ZI,S Z1 6 Z1,7 ZI,B
51,1.1 0 51,1 2 0 51,5 51,6 51,7 51,8
1 0 0 0 1 1 1 |
5.9) I:lﬂ :I% _ 0 :l :0 _ 0= =m1,5 =ml,6 :ml,7 =m1,8
0 Ay Al A, +AGL ’ A;,semu/ A 68'"1'6[ Aqe” " A1,8em1’8[
51,1.1 51,2.1£ 51 12t :1,3[ : :1 22l + 51 A 51,58”&'5[ 51,68”5’6[ 51,7eml " Bl,semme
1 14 7 r e’ et &’ it
0 1 2/ 307 m, ™ mmem“e me™" m e ]
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For modes n=>2 substitute the values of z=0 and z=/ into Eq. 3.37 and insert the

result into Eq. 5.8 to obtain:

r = = = = = s = = A
An,l An 2 An 3 An,4 An,S An 6 An 7 An 8
Dn,l Dn 2 n3 Dn,4 Dn,S n,6 n,7 Dn,S
1 1 1 1 1 1 1 1
(5.10) [L J | Mg m,, m, s m, 4 m, s m, e m,; m, g
.1 - = = = = = = = =
188 my, £ my, o ¢ my, 3¢ m,,ﬂ '”,.,5[ my, of m, 1¢ mn,gf
A, e A, e A, 5€ A, e A,se A€ A, qe A, ge
B omd O mol ; mat o ml R mt o ml N mal R mpf
D, e D, .e ,3€ D, e D, e D, e D, e .86
£ ¢ m, 4¢ i, 4 m, s{ opt3 m, ,¢ m, gf
emn,l emn,Z e 3 e 4 e 5 e'" 5 e 7 e 8
m, £ ni, oL m, 5l m, 4 m, sf m, ¢f my, 1€ m, of
L™ le 7,2 n3 mn,4e n,S n,6 mn,7e mn,Se B

In a similar way, the nodal displacements corresponding to b(z), c(z) and g(z) for

modes n >1 are:

(5.11a) {A1v2}8x1 = I:Ll.2 :ngg {él}SXI

Gy {A,,} =[L.,] {G),, n=23..a

The entries of matrices | L, and | L are determined by evaluating the mid-
1.2 lgxs n.2 lgxg y

surface displacement functions in Egs. 3.36 and 3.41, respectively, at the values of z

corresponding to the nodal displacements in Eq 5.2.
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(5.12) [

L

n,2

]

8

For the case of n=1, evaluate the vectors in Eq. 3.36 at the values of z=0 and z=/

and substitute the result into Eq. 5.12 to obtain:

(5.13) [1-1,2]% =

S
S >

—_
—

. AL +ALL
21l _ﬁ,u _ﬁ,afz _DLzzg_ﬁAE "l_%sem"sz _l_q,ﬁeme

Mg

= Y = ¢
Al,7 e"'m A,S e'"ls
_ﬁ 76”“[ _ﬁ semwg

For modes n =2, substitute the values of z=0 and z=/ into Eq. 3.41 and insert the

result into Eq. 5.12 to obtain:
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A, Ay A A As A A, A
- nl —Dn,Z k! _Dn,4 _Dn,S _Dnﬁ —Dn 7 _Dn,S
1 1 1 1 1 1 1 1
(5.14) I: L :| L m., m.s m, 4 m,s m.s m,; mg
1,2 o -

Zn,l e’"n,lf Zn,z e’"n.z[ an e”‘nsk %’4 e"‘n.zt" Zn,S e"‘n,sf Zn,6 €m"'6[ Znﬂ e’"nnf Zn’g e’"n.s‘)

Nty gty gt Ml [ sty ey gy el
n,le Dn,Ze Dn,3e Dn,4e Dn,Se Dn,Ge Dn,7e Dn,8e

13 ¢ 4 4 £ £ 3 4
e"‘n,l e"‘n,z e’"n,a e L¥ e’"n,s e’"n,c e"‘n.7 e"‘n.s
My 1l 1,2t 1, 3¢ 1, 4l My st My 6t m, ¢ m, gt
mn,le mngze m"’3e m", 4€ mn,se mn‘ﬁe mn‘7e mn’se

With the non-singular matrices [L,]_ ., [Ln,l :Ist and [Ln,z :ISXS now defined, the unknown

integration constants, {ZO}M, {E}le and {(_}n}8x1 can be written in terms of the nodal

displacements. For mode n=0:

(5.15) {IKO}8><1 :[LO];ig {AO}M

Formode n=1:

ciew {F), =[L {8, sien (G}, =L ], {80,

For modes n>2:

s (R} (L] {anh, e {6 =L a)

With the integration constants known in terms of the nodal displacements, the constants
{.:fo}&<1 , {F"}sn and {f}_n }8X1 can be eliminated from the displacement field contribution
equations in Egs. 3.12, 3.31, 3.36, 3.37 and 3.41. Hence, the mid-surface displacement

contributions of the element for each mode n can be written in terms of the nodal

displacement. From Egs. 3.12a and 5.15, the displacement contributions for n =0 are:
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(5.18) CO(Z) = <=0(Z)>T [LO];S{AO}SXIZ <NC’O(Z)>1><8 {AO}le

From Egs. 3.31, 3.37, 5.16a and 5.17a, the displacement contributions for a,(z), d,(z)

and f,(z) for n>1, are:

(5.19) d ()= <5"(Z)>T I:Ll,l:l;g{Al,l}gxlz < DJ(Z)>1><8 {ALI}SXI

(5:20) d"(z) = <=" (Z)>T I:L"J :If:S {A"J}le = <ND’"(Z)>E<8 {A"'l}le

1x8 .

The displacement contributions for b,(z), c,(z) and g,(z) for modes n21 are

established by substituting Eqs. 5.16b and 5.17b into Egs. 3.36 and 3.41, respectively:

) . ’
(5.21) ¢(z)p= *< 1(Z)> [11,2];3{&'2}&1: <Nc,1(Z)>ITx8 {AI,Z}gxl
)
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622 e (2)=~(B,(2)) Lol Bk, =|(Neu (D (A1,

In Egs. 5.18 through 5.22, vectors <NA,O (z)>:;8, <NC,0 (z)>:;8, <NF,O (z))lTxg, <NA,,, (z)>:;8,

T

<ND,,,(Z)>M, <NF,,,(Z)>L8, <NB,,,(Z)>1Tx8, <Nc,n(z)>l8 and <NG7,l(z)>l8 consist of exact

shape function for the respective displacement contributions corresponding to mode n

and are functions only of z.

5.2 Variation of Potential Energy in Terms of Nodal Displacements

Recall that the total potential energy of an element is the difference between the internal

strain energy of the element and work done by the applied loads:
(5.23) T=U-W

The internal strain energy, U, is given in Table 2.1 while the work done by the external
loads, W, is given in Eq. 2.16. As in Section 2.7, equilibrium of the system is ensured by

setting the variation the total potential energy with respect to each function to zero:
(5.24) Oom=0U-06W =0

However, as opposed to the procedure used in Chapter 2, the variation of the total

potential energy will now be written in terms of the nodal displacements.
5.2.1 Internal Strain Energy

For simplicity, consider each internal strain energy term in Table 2.1 individually.

The first term of the internal strain energy is:

!

(525 U, ——C1 J[ a(z)) 2 (a (z)) +Z(b (Z))}d

=
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Take the variation Eq 5.25 with respect to each variable to obtain:

1 a
(5.26a) §U1=% J.l:4a(;(z)§a(;(z)+22a;(z +22b :ldz
2=0 n=1
(526b)  &U, =-—C .[4‘10 )da,(z +Z o I[Za (z)+2b,(z) b, (z) ] dz

Note that in Eq. 5.26 the order of summation and integration are interchangeable.

Substitute the expressions for a,(z) and b,(z) from Egs. 5.18 through 5.22 into Eq.

5.26b to write the variation of internal strain energy in terms of the nodal displacements.

1 !
ECI J. 4|: §A lxx{NAO }le <NA0 1xg 0}8x1:|d
=0

Z=!

(5.27) + Z flz, C J‘ 2[<§A" 1>1 8 {NA n }8><1 <N;‘v" (Z)>1Tx3 {A"vl }8><1

n=1

+<6An.z>lxg{zv;,n (2 (N () (8,0, [z

Eq. 5.27 can be rewritten as:

(528) U, =(M) [ Ko |, {80}y +§[<§AM >1Ts [ K o {B0), +<§An,2>lsz [Kl,n,z]sxs{An,z}sxl]

In Eq. 5.28 [k, | and [k ],.. are the contributions to the total stiffness matrix from
1.0 lgxg Lr lgyg

the first term of the internal strain energy for modes n=0 and n 21, respectively:

(529 [Ky]., { f 2C, ({NA0 }8X1<N;,0(z)>fx8)dz}

8x8

! , T
(5.30) Klnl 88 I: G {N 8><1<NAv" (Z)>1x8 dz:l
2= 8x8

!
630 [K,,,]., { Jeim. (D, (M. (D), dzJ
8x8

=
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A similar manipulation can be done to the other seven internal strain energy contributions
given in Table 2.1. The resulting stiffness matrix contributions for Fourier mode n =0

are:

T

(5.32a) I:Kz,o :IM = IJ. 2C, ({NF,O (Z)}gxl <NF,0 (Z)>1x8 )dz:l

L.z=0 8x8

(5320) [K,o] = l_fzc3 ({N;,O ()}, (Voo (), +{Nrp (2D} (Voo (2))., )dz}

| z=0 8x8

(532)  [K,o] = lj 2, ({Né,o (DD (Moo (D)), )dz}

(5.32d) I:KS’O:Ist :{ lJ. 2C, ({N;-O (Z)}le <N;*° (Z)>E<8)dz}

(532) [ K, | =[0],,

6320 [ Ky, ],y =[O0

(5320 [Ky, ], { ij'zCQ ({Né,o (2)},, (Mo (Z)>1Tx8 )dz}

8x8

The remaining stiffness matrix contributions for each Fourier mode n 21 are:

l -
T

o (Mo (@ (N (), ([, (2 (N (D), +

(5.33a) [Kz,nyl]mz 20
[V (@ (N (D) ) #72 (N (20} (N (2D [

—8x8

T

J €[ (Mo (I (Ve () = (e (2 (Ve (), +

(5.33b) [Kz,n,z]mz 20
{Noa (2 (Ve (2} (Ve (DL (e (D), 2|

T

J [ @ (e 2N #4022

(5.33¢) [Kln,l:lgxg =| 20
(Var (s (Wi () + (Vo (D (Vi (), |2

8x8
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6330 [k,,,]. = ’

(Mo (2 (Ve (D, +Nen (D (N () ) |

[t DM () ol (D (V5 (L
539 [kl 2
(¥ 2y (o N S I I, [
l.‘- [C“ {NC (Z)}le <NC (Z)>3><8 + C5n({NB’" (Z)}m <NC (Z)>'1T><8 +
30 [K,,,] =" ,
(Ve (Moo ), J 2o 2 (Mo (),

(5-33¢) [Ki"ll; 8 ={ IJ. Cs {NF (Z)}le <NF (Z)>1Ts dz}
(5.33h) [Ks’n’sz =[ lj C{N¢,, (z)}m < v (z))]T8 dz}
(5.331) I:Kﬁv",l l;xg = z;[) “ I:n4 {NF,n (Z)}le <NF," (Z)>1><8 +n ({ND’" (Z)}M <NF’" (Z)>1X8 *

(Vo (s NV () (Vo (0 (Vo (] J |
o [rl I (1 (Vo (D (Vo (2= (Ve (2D, (N (), +

(Wou (o (Ve (L )+ 72 (Ve (D (Ve (), Jee |
(5.33k) I:K7,n,2 :|8><8 = Z;‘:) C8 I:_n ({NF" (Z)}SXI <NF'" (Z)>1x8 +{NF’" (Z)}le <NF’" (Z)>1><8 )_

(¥ @ (V70 @)+ (D (Vo (), |
(5.331) [&,MJM = z='[> . [_n ({NG’" (Z)}le <NGv" (Z)>lx8 +{NG-" (Z)}le <NG’" (Z)>1x8)+

N (W () +NEL (Ve () J |
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sm k] = zlco[nz{Nixn(z)}M<N;,ﬂ(z)>l8+n({N;,n(z)}8x1<N;,n(z)>f;8+

8x8
T T

N (@ Vo @)+ Vi (2 (Vi (2D e

8x8

!

J e 0 D O (Ve s (2 I,

(5.33n) I:K&nﬂ:lgxsz 2=0
(N (2} (New () JHINE (), (N (), [

—8x8

The total variation of the internal strain energy of the element is now written as:

(534 oU = <6Ao >1Txg [KO ]gxg {AO }s><1 + Z=1: [<5A"J >1T><s [K"»l ]sxs {A"-l a T <§A"’2>LS [K’“z ]sxs {A"*z}le }

in which the stiffness matrices [KO]M, [Kml :]m and [Kn,z:lm are:

: 8
(5.35) [KO]MZZI['KJ"OLXS

R 8
636 [K,,], = Z;[Km Jus
<

8

$3D [Koz oy = 2K s

j=1

In Eq. 5.35 matrices |:K j‘0] . defined in Eqgs. 5.29 and 5.32, are the stiffness

8
contributions of U; (for j =1 to 8) as defined in Table 2.1 to the total stiffness matrix,
[KO]N, for mode n=0. Similarly, matrices I:K j,“]m and I:KJ.,"J]M in Egs. 5.36 and
5.37, defined in Egs. 5.30, 5.31 and 5.33, are the stiffness contributions of U, (for j=1
to 8) as defined in Table 2.1 to the total stiffness matrices, [KM]M and [Km]m

respectively, for each of modes n >1.

It is apparent from Eq. 5.34 that Each Fourier mode n can be independently considered

from other modes m # n. The result is & independent stiffness matrices (one for each
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Fourier mode n with a total of & Fourier modes) and & sets of nodal displacements.
The o equations are solved for the & sets of nodal displacements that are then summed

to obtain the total nodal displacement.

5.2.2 Load Potential Vector
The total load potential for the externally applied tractions g, (z,¢), g,(z.#) and
g, (z,¢) was derived in Eq. 2.16. Taking the variation of the load potentials with respect

to each variable gives:

:[ q, (z,¢){5a0 (z)+ ) cosngda, (z) +nZ::sin ngdb, (z)]rd¢dz

{ 2x
(5.38b) §Wv:.[
=0

4

q, (z,¢)[5c0 (z)+Za:cosn¢5cn (z)+>isin ngod, (z)} rd ¢dz

9=0

2z

(538c) oW, = i[

72=0 ¢=0

qw(z9¢)|:6f0 (z)+za:cosn¢5fn (z)+za:sin ngdg, (Z)}rdWZ

In Egs. 5.18 through 5.22 the displacement contributions for each mode n were related to
the corresponding nodal displacements. Use these relationships to rewrite the variation

of the load potential terms in Eq. 5.38 as:

{ 2z a
W,= [ [a.(z9) {(&0 Do {Nao (2}, + D cosnp(an,,) {N,,(2)}
z=0 ¢=0 n=1
(5.39a)
+Z sin ng <5An’2 >1Txg {N (2 )}8)<1 } rd ¢dz
n=1
{2 @
w,= [ [a, (w){(éAO); {Neo(2)}, +Dcosnp(an,,) {Ne,(2)},
z=0 ¢=0 n=1
(5.39b)
+ Z sin ng <5A,,,1 >1TX8 {ND,,, (z )}8)(1 } rdgdz
n=1
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jqw o9 [ 5A IXS{NI 0 )}le +Za:COS n¢<5A"’1>1T><8{NF’" (Z)}8><1
o n=l

+Z sin n¢<5An’2 >1TXg {Ng..(z )}8X1 } rdddz

As with the internal strain energy terms, the order of the summation and the integration in
Eq. 5.39 are interchangeable and each Fourier mode n is considered independently.
Combining Egs. 5.39a through 5.39¢ gives the total variation of the traction load potential

of the element. Formode n=0:

(5400 W, =(R,), {0},
in which

2

a1 {Q}y, = [f _f[qu 20){N o (D)}, +4, (20 Ney ()}, + 4, (2 0){Nio (2)},, oz

Z

¢

For each mode n>1:

| (542) OW, = <5A"’1>I<8 {Q"J}gx1 + <5A"v2 >1T><8 {Q"~2}8><1

in which

(0.1~ | [[a 00N (D), cos(n9) 4. (2.8){N,., (2]}, sin(ng)

(5.43a) 2=0 $=0
+q,(2.0){N;,.(z )}8X1 cos (n¢)} rdgdz

2

{Q" 2 }8><1 :[)

(5.43b) z

)

[ 4. (2:0){ Vs (2}, sin(ng) +q, (2.0){Nc., (2)},, cos(ng)

¢
+4,(2.0){ N, (2)}, sin(ng) | rdpdz

Thus, the variation of the total load potential for the element is given by:

(5.44) oW = <5A0 >1<8 {QO }8><1 + Z:<5A"’1>Z<8 {Q”J }le z <5A >1><8 {Q” 2}8><1

n=1
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where the vectors {Q, }8><1 ; {Q,,’I}S)<1 and {Qn,z}8><1 were defined in Eqgs. 5.41 and 5.43.

5.2.3 Total Potential Energy

The variation of the total potential energy of the element, given in Eq. 5.24, is the
difference between the variation of internal strain energy and the variation of the load
potential. Substitute the expression for the variation of the internal strain energy from
Eq. 5.34 and the expression for the variation of the load potential in 5.44 into Eq. 5.24 to

obtain the expression for the variation of the total potential energy of the element:

or = <5A0 >i<8 {[Ko ]gxg {AO }8><1 o {QO }8><1 }le

<5A"’1>1T><8 {[K"J l;xs {A"J }le _{Qn,l }le}le
<5A"’2 >1T><8 {I:K"’2 l;xs {A"’2 }8><1 _{Q",2 }le }le =0

M=

(5.45) +

]
N

n

M=

-+

1l
—

n

The equilibrium equations for the system can be recovered from Eq. 5.45. It is apparent
from Eq. 5.45 that the contribution of each Fourier mode n is independent of the

contribution of each other Fourier mode m # n. Thus, the equilibrium equations for each
mode can be written individually. For mode n =0, noting that the vector <5A0>1T><8 is

non-zero, Eq. 5.45 gives the equilibrium equations as:

(5.46) [K0]8xs {AO}le _{QO}le =0

Similarly, for each of the modes n =1, noting that the vectors <5An’1 >L8 and <5A",2 >L8 are

non-zero, the equilibrium equations are:

(5.47a) I:K"J :IM {AnJ}M _{Q"»I}SXI =0

47 [K,, ]| A}, 1@}, =0 forn=12,..a
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CHAPTER 6: VERIFICATION PROBLEMS

In this chapter several simple problems are solved with the finite element procedure
developed in Chapter 5 to demonstrate the features, validity and convergence characteristics
of the new element. The results from the new element are compared to those based on

traditional shell finite element models.

The shell finite element models were created using the S4R shell element in ABAQUS.
Details of the element and its characteristics were outlined in Chapter 4. The solution
developed in Chapter 5 was implemented with Borland C++. Details of the program

implementation are included in Appendix 11.

6.1 Example 1: Vertical Point Load Applied to Tip of Cantilever

The example solved in Chapter 4 of a cantilever pipe subjected to a vertical point load
applied to its tip is now solved using the finite element developed in Chapter 5. The
geometry of the problem, shown in Figure 6.1, is the same as that used in Chapter 4. The

loading, geometric and material properties of the pipe are: P=16kN, {=4m, t=6 mm,

r=200mm, =0.3, E=200,000 MPa and G = E/2(1+ ) =176,925 MPa.

YA A

---------------------------------------------------- B BD
..................................................... c rC

NONCON NN

o~
v

Figure 6.1 — Example 1: Cantilever pipe with point load

It is required to determine the displacement of Points A, B, C and D located on the pipe

middle surface at the free end (Figure 6.1).
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6.1.1 Load Potential Vectors

The loading condition in the current example consists of a point load applied to the element

at z=/ and ¢ = 71'/ 2. Hence, the load functions are:

6.12) q,(z,¢)=0
©.10) q,(z,9)=0

©6.1¢) gq,(z,¢)=-Pd(z—1) ( 77)

In Eq. 6.1c, functions & (z—f) and 0 (¢—%) are the Dirac Delta Functions defined in

Section 4.3.1 of Chapter 4.

The load potential vectors were developed in Chapter 5. For mode n =0, Eq. 5.41 gives:

{Q}y, = ej [ . (2.0){Nyo (2)}, oz

II—P&'Z ?) ( 7){1\’1@0 }sxd¢dz

z=0¢=0

= _P{NF,O (g)}gxl

(6.2)

For modes n2>1, the load potential vector {Q,,,l}8x1 corresponding to displacement

contributions a, (z), d,(z) and f,(z) from Eq. 5.43a is:

(€.}, = [ [ 020N, (2}, coslnplrapi

T “P5(Z‘5)5(¢—%){NF,,, (z)}gxl cos (ng)dgdz
=—P{N,, (0)},, cos("74)

14
(6.3) = j
=0

Similarly, from Eq. 5.43b, the load potential vector {Qﬂl}m corresponding to displacement

contributions b,(z), c,(z) and g,(z) for modes n>1 is:
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(6.4) =ij ~P5(2~)8(p-/ (N, (2)},, sin(ng)dgdz

6.1.2 Results from Current Finite Element Analysis

With the load potential vectors completely defined, the nodal displacement contributions for

each mode n are determined independently from Eqs. 5.46 and 5.47. The stiffness matrix,
[K,. ]M, for each mode # in Egs. 5.46 and 5.47 is constructed using the procedure outlined
in Chapter 5.

For comparison with the solved example in Chapter 4, the current example is solved with a
total of seven Fourier modes (i.e. & =6). The results of the current finite element method,

those based on the analytical method in Chapter 4, and those based on the ABAQUS shell

finite element analysis, are presented in Table 6.1.

Table 6.1 — Comparison of results for Current FEA, Analytical Method and ABAQUS shell FEA Example 1

Point A Point B Point C Point D
= | Current FEA 16317 11.265 9.380 11.265
Q
ER:
£ & | Analytical Ch.4) | 16,317 11.265 9.380 11.265
> &
A | ABAQUSS4R 16.755 11.392 9.599 11.392
element
= B | Corent FEA 1.101 -0.133 0.731 0.133
=
o= E
o]
2 8 | Analytical (Ch. 4) 1.101 .0.133 0731 20.133
B3
Q .2
A | ABAQUSS4R 1.142 0.132 0.742 0.132
element

As expected, the results from the current finite element analysis exactly match those based

on the analytical solution in Chapter 4. The equilibrium equations for both methods were
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established through the same method so it is expected that they would produce the same

solution. Both methods provide excellent correlation with the ABAQUS S4R FEA model.

6.1.3 Inclined Point Load Applied to Tip of Cantilever

A variation of the previous example is now presented in which the point load is applied at an
angle ¢ =7x/8 to the horizontal, as shown in Figure 6.2, rather than vertically. The load is
again applied in the radial direction with no tangential or axial components present. The
magnitude of the load, as well as the geometric and material properties, is the same as those

used in Example 1.

p=TTr/8

NN
)

Figure 6.2 — Inclined point load at tip of cantilever

6.1.3.1_; Load Potential Vectors

The procedure for developing the load potential vector is that used in Section 6.1.1 for the

vertical load. However, for the case of an inclined load, the load functions are:

6.5 q,(z,0)=0

0

6.5 q,(z,9)

650 q,(z,0)=—Pd(z —5)6(¢—7%)
The resulting load potential vector for mode n=0 from Eq. 5.41 is:

(6.6) {QO }8x1 = _P{NF~0 ([)}le

The load potential vectors for each mode n>1 corresponding to displacement contributions

a,(z), d,(z) and f,(z) and b,(z), c,(z) and g, (z), respectively, from Eq. 5.43 are:
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(6.7a) {Q’lsl}gxl = _P{NF,n (g)}gx] cos (7n%)
61 {Q.2),, =—P{No.(0)},, sin(7"%4)

The nodal displacements for modes n=0 and n >1 are determined from Eqgs. 5.46 and 5.47,

respectively, with the load potential vectors given in Eqs. 6.6 and 6.7. The nodal
displacement vectors {A"J}M and {AM}8X1 obtained by solving Eqgs. 5.47a and 5.47b are

different from the corresponding nodal displacement vectors for the vertically applied point

load. However, the total longitudinal, tangential and radial displacements, u, v and w, as

determined by Eq. 2.11 are identical. While the displacement contributions a,(z),

b,(z),..., g,(z) are different for the two loading conditions, the actual total displacements

n

of Points A, B, C and D are the same, as expected.

6.1.4 Solution with Multiple Finite Elements

The problem of a vertical point load applied to the top of thé tip of a cantilevered pipe was
also solved using multiple elements rather than just one. The analysis was conducted with
two elements of different length as well as with five elements of equal length. In both cases,
the results for the displacement of Points A, B, C and D at the free end of the cantilever were

identical, to five significant digits, to those obtained using only one element.

These results illustrate that refining the finite element mesh by using a larger number of
smaller elements does not increase the accuracy of the analysis and thus is shown to be
unnecessary. The additional computational effort of using more elements is not required. A
single element produces the same results as multiple elements because the shape functions
describing the displacement along the element exactly satisfy the homogeneous form of the
equilibrium conditions. In previous finite element work, the shape functions were
interpolated with polynomial functions (Ohtsubo and Watanabe, 1978; Bathe and Almeida,
1980; Mitello and Huespe, 1988; Yan et al., 1999). With such interpolation, refining the
finite element mesh produces results that are more accurate. However, in the current study

the shape functions are exact and refining the mesh is not needed.
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The proceeding examples will be modeled with only one element, where appropriate, as no

accuracy is gained by using multiple elements.
6.1.5 Convergence and Number of Modes

Convergence toward the “exact” displacement of the pipe is achieved by increasing the
number of Fourier modes above the zero mode, «, included in the analysis rather than
increasing the number of elements. As « increases, the accuracy of the results also
increases. The effect of increasing « is shown graphically in Figures 6.3 and 6.4 for both

the vertical and longitudinal displacements of Points A, B and C (see Figure 6.1).
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Number of Fourier modes included (o)
—e— Point A - Current Method Point A - ABAQUS S4R Shell FEA
—&— Point B - Current Method — = Point B - ABAQUS S4R Shell FEA
—— Point C - Current Method = = = Point C - ABAQUS S4R Shell FEA
Figure 6.3 - Cumulative vertical displacements for Points A, B and C
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—e— Point A - Current Method Point A - ABAQUS S4R Shell FEA
—&— Point B - Current Method =— = Point B - ABAQUS S4R Shell FEA
—— Point C - Current Method = = = Point C - ABAQUS S4R Shell FEA

Figure 6.4 — Cumulative longitudinal displacement for Points A, B and C

It can be seen in the figures that as & increases, the displacement for all three points given
by the current analysis approaches the displacement given by the shell finite element

analysis.

The benefit of the element developed in the current study is that increased accuracy can be
obtained with little additional computational effort. In a traditional shell finite element
solution, convergence is achieved by refining the element mesh and increasing the number
of degrees of freedom. The mesh is continually refined and the analysis repeated multiple
times until convergence is achieved. Successive refinements of the model do not benefit

from the results of previous trials.

In contrast, in the current method convergence is achieved by adding the contributions of

higher Fourier modes to those of previous Fourier modes to obtain the total displacements,
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stresses, etc. Thus, the solution based on the sum of the contributions of modes 0, 1,...,
a+1 is always an improvement over the solution based on the sum of the contributions of

modes 0, 1, ..., «. The solution based on modes 0,1,...,a+1 is the solution based on

modes 0, 1,...,a plus the contributions from mode & +1.

The element in the current study also benefits in a computational manner from the fact that
the displacement contributions from each Fourier mode n are uncoupled from every other
Fourier mode m#n. A total of ¢ +1 smaller systems of equations are solved rather than
the one larger system of equations that is solved in a traditional shell finite element analysis.
The advantages of solving smaller systems of equations are not fully apparent in the current
example due to its small size. However, for larger and complex problems, the ability to

solve a number of smaller systems of equations efficiently can become a substantial benefit.

6.1.6 Stress Analysis

Once the nodal displacements of an element have been determined, they can be used to
calculate the stress at any point within the element. Consider the longitudinal stress in the

element, which was given by Hooke’s Law in Eq. 2.2a as:

E
1-u

68 0, (2.0.8) ==& (2.0.8)+ue, (2.6.)]

in which Egs. 2.3a and 2.3b gave &, (z,4,) and &,(z,8,£) as:

692) £,(2,0.6)=F (z2.0)+¢k,(z.0)
©9)  £,(2,6,6)=E,(z,0)+¢K,(2.9)

As a special case, the longitudinal stress at the pipe middle surface, £=0, is considered.

Using the relationships for membrane strain from Eq. 2.4, Eq.6.9 reduces to:

(6.102) £, (z,¢,£=0)

a<z,¢>:?,—j

@(w)z}(w%]

(6.10b) £,(z,0,£=0)
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Substitute Eq. 6.10 into Eq. 6.8 to obtain an expression for the longitudinal stress in terms of

the displacement at the middle surface of the element:

6.11) 0, (Z,¢) = l'iz [%+ﬁ[w+§—;ﬂ

dz r

Recall from Eq. 2.11 and 2.12:

a

(6.12a) w:fo(z)+2fn(z)cosn¢+ign(z)sinn¢

n=1
(6.12b) %Liza{,(z)+2a;(z)cosn¢+2b,:(z)sinn¢
Z n=1 n=1
(6.12¢) —=Z —nc, s1nn¢+2nd )cos ng

n=1

The displacement functions a(z), b(z)...g(z) were defined in terms of the nodal

displacements in Chapter 5 through the shape function vectors. Recall from Egs. 5.18
through 5.22:

6130 ay(2)= (N, (2)),, (8o} = 5 (2)= (N0 (2)), {80 )y,
6.13b) f,(z)=

{
( {a

©6.13¢) a,(z)=(N,, (z)>:;8 {A.),, 2 a(z2)=(N., (Z)>L8 {8k
( {

6.13d) b,(z)= NBn(Z)>I<g{A"'2}8x1 ;(Z):<N;"(Z)>L8 Aoy,
6.13¢) ¢,(z)= (Nc,n (Z)>1Tx8 {A"’Z}le
(6.130) d,,(z):<NDn(Z)>I<8{A"s1}8x1
6130 1,(2)= (Ve (), (801,
6130 g,(z)=(N,, (Z)>1TX8 {8}y

Substitute Egs. 6.12 and 6.13 into Eq. 6.11 to express the total longitudinal stress of the pipe

middle surface in terms of the nodal displacements:
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O'Z(z,¢,§=0)= E <<N;,0(2)>;+%<NF.0(Z)>ITX8>T {AO}SXI

l-ﬂz 18
2 Ecosng /.., T nl T K r\'
(6.14) +Zl—2 <NA’”(Z)>1xg+_<ND’”(Z)>1x8 +_<NF,n(Z)>1x8 {An,l}sxl
n=1 _/‘l r r b8
2. Esinng T nl T_H r\!
3 B, 2~ N () + N (), ) (B

The longitudinal stress at the pipe middle surface was determined for Point A, at ¢ =7/2,

along the length of pipe from z=0 to z=/ using Eq. 6.14. The stress contributions from
each mode n=0 to n=6 were combined to obtain the total stress. The stress contribution
from each mode, the total stress and the longitudinal stress at the middle surface as
determined by ABAQUS S4R shell finite element analysis are shown in Figure 6.5. Note

that the stress contribution for mode n =0 is negligible (< 0.7 MPa) and it is therefore not

included in Figure 6.5.
90
80 :
Euler-Bernoulli Beam Theory ABAQUS S4R Shell FEA
70
Current Method, Total

60
©
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< 50-
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Figure 6.5 — Longitudinal stress variation of Point A along length of pipe
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It is apparent from Figure 6.5 that the longitudinal stresses predicted by the current method
closely match those determined by the shell finite element. Of particular note is that the
current method captures the local stress increase near the applied point load at z=/. The
stress contributions from the higher Fourier modes are responsible for capturing this local
stress variation while the lower modes, especially modes n=1 and n=2, capture the stress
variation along the remainder of the length of the pipe. Of interest is to note that the stress

converges with as few as seven modes.

The longitudinal stress at Point A can be determined from traditional Euler-Bernoulli beam
theory as ¢ =M /S, where M is the bending moment in the pipe and S is the elastic modulus
of the pipe cross section. The longitudinal stress at Point A predicted by the Euler-Bernoulli
beam theory along the length of the pipe is also shown in Figure 6.5. As indicated in
Chapter 4 (Section 4.3.5.2), the Euler-Bernoulli beam theory is closely approximated by the
mode n =1 displacement contribution in the current method. From Figure 6.5, it is evident
the stress contribution from mode n=1 closely estimates the stress predicted by the Euler-

Bernouélli beam theory.

Relationships similar to Eq. 6.14 can also be derived for the hoop stress, o,, and the shear

stress, 7,,, using the strain and displacement expressions in Chapters 2 and 5, respectively.

2
Also, the results can be generalized to determine the stresses at any point in the pipe wall
thickness (for any £#0) by retaining the terms «,(z,0), &,(z,¢)and k,,(z,¢) in the

general strain expression in Eq. 2.3.

6.2 [Example 2: Cantilever Beam Under Self Weight

The example of a cantilever beam subjected to its self-weight that was solved analytically in
Section 4.4 is now solved using the finite element formulation developed in Chapter 5. The
geometry of the pipe, shown in Figure 6.6, and material properties of the pipe are identical

to those used in Section 4.4, namely: {=4m, t=6mm, r=200mm, u=03,

E =200,000 MPa, G = E/2(1+ ) =76,925 MPa and y, =78 kN/m’ .
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Figure 6.6 — Example 2: Pipe under self weight

6.2.1 Load Potential Vectors

The load due to the self weight of a pipe, expressed as
q=ty,, acts as a vertical traction applied to the mid-
surface of the element. By considering an infinitesimal

piece of the pipe with volume (rd¢)(dz), as shown in

Figure 6.7, the load functions in each of the longitudinal,

tangential and radial directions are given as:

6.152) q,(z,¢)=0

(6.15b) q,(z,9)=-ty, cosd

(6.15¢) gq,, (Z, ¢) =—tY, sin @ ~ Figure 6.7 — Tractions
gy (z.¢) and q,, (2.4) as
Each Fourier mode n is independent from each other components of pipe self weight

mode m# n, so each mode will be considered
individually. From Eq. 5.41, the load potential vector for

Fourier mode n =0 is:

2

N

{2 }8x1 = |:qu (Z’¢){NA,O (Z)}gxl + qu’¢{Nc,0 (Z)}gxl + qu’¢{NF,(] (Z)}le }rd(édz

4

&'——n"‘
T,

¢

(6.16) ,

[—t}/s cos¢{N, (Z)}m —ty,sing{N,, (z)}g)<1 :]rd¢dz

Il
&!——.(\
g'——.ﬁ

Performing the integral in Eq. 6.16 with respect to ¢ gives:
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611 {Q )y =—17, [|{Nco (2}, [ cosgrag+{n,,(2)} Isin¢rd¢]dz={0}8xl

2=0 =0 ¢=

The load potential vectors for modes n>1 are given in Eq. 5.43. From Eq. 5.43a, the load

potential vector {Q"’I}SXI is:

2z

(0.} = j [0, (200N, (2)},, cos(19) + 4, (.0){ Ny, (2]}, sn (n9)

#=0

(6.18) +4,(2.0){Nr. (D)}, COS(W)] rdgdz

z

¢ 2 2r

=1y, j {ND,n(z)}gx1 J’cosg)sin(ng))ra’¢+{NF,,,(z)}8X1 Isin¢cos(n¢)rd¢}dz

2=0 ¢=0 ¢=0

Similarly, Eq. 5.43b gives the load potential vector {Q"»Z}m as:

(.} = | [[a (0N (2}, sin(19)+ 4, (20 H{Ne, (21}, cos(ng)
. z=0¢=0 .

(6.19) +4,(2.0){Ne., (2)},, sin(n9) | rdpaz
=1y, éj N, (z)}gXl 2} cos pcos(ng)rdp+{Ng, ()}, 2} sin @sin (ng) rd¢]dz

z=0 $=0 $=0

Performing the integrals with respect to ¢ in Egs. 6.18 and 6.19 leads to:

6200 {0Q,,}. =10}, for n =1

£
©200) {0}, =-m7.r [{Ne, (2)}y, +H{Nos (2)},, 2z

z=0

6200 {Q,,}  =1{0},, for n22
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6.2.2 Results from Current Finite Element

With the energy equivalent load vectors completely defined, the nodal displacements can
now be determined. The equilibrium equations for mode n=0 from Eq. 5.46, with the

energy equivalent load vector in Eq. 6.17, are:

(621) [KO ]8><8 {Ao}gxl —{O}le - O

Given that the stiffness matrix [KO]8><8 is non-zero and non-singular, the only possible

solution for Eq. 6.21 is the trivial one of {A}, ={0},, .

81

Consider now Fourier modes n>2. Substitute the load potential vectors from Eqs. 6.20a

and 6.20c into the equilibrium equations from Eq. 5.47a and 5.47b, respectively, to obtain:

(6.222) I: A"J}le _{O}le =0

K"vl :|8x8 {
(6.22b) [KM]M {An,z}gx1 -{0},,=0

Again, given that the stiffness matrices [Kn,]:l and [Kn,z 4 are non-zero and non-

8x8

singular, the only possible solutions for Eqs. 6.22a and 6.22b are the trivial ones of

{An,l}gn :{O}le and {A"’z}le :{O}le'

Finally, consider the displacement contribution from Fourter mode n=1. The equilibrium

equations in Eq. 5.47a with the load potential vector in Eq. 6.20a give:

(6.23) I:Kl’l:lsxs {AU}le _{O}le =0

As in the previous cases, the stiffness matrix [Kl 1] is non-zero and non-singular so the

8x8

only possible solution to Eq. 6.23 is the trivial one of {A,;} ={0} . Substituting the load

8x1
potential vector in Eq. 6.20b into the equilibrium equations from Eq. 5.47b for mode n =1

gives:
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£
620 [K,, | Ao}, =—mrr [{Ne, ()}, +{ Ve, ()}, 2z

z=0

It is clear from Egs. 6.21 through 6.24 that the only non-zero nodal displacement

contribution is from {ALZ}8x1 corresponding to mode n=1. Therefore, the total nodal

displacements of the element are contained in the vector {Alﬂ}gxl' Solving Eq. 6.24 for the

nodal displacements gives the displacements of Points A, B and C. The results based on the
current FEA, those based on the analytical solution in Chapter 4 and those of the ABAQUS

shell finite element analysis are given in Table 6.2.

_Table 6.2 — Comparison of results for Current FEA, Analytical Method and Shell FEA for Example 2

Point A Point B Point C
z Current FEA 0.6395 0.6395 0.6395
= E
% S | Analytical (Ch. 4) 0.6395 0.6395 0.6395
> o
A | ABAQUSS4R 0.6455 0.6455 0.6455
element
32 Current FEA 0.04161 0 -0.04161
=
. — E
o]
g & | Analytical (Ch. 4) 0.04161 0 -0.04161
& =
o .£
3A | ABAQUSS4R 0.04201 0 -0.04201
element

As in Example 1, the results from the current finite element method for Example 2 are
identical to those from the analytical solution in Chapter 4. Such agreement is expected

given that the FEA formulation is based on the exact shape functions.

6.3 Example 3: Uniform Torque Applied to Tip of Cantilever

In the current example, it is required to determine the displacements of a cantilever pipe
subjected to a uniform torque applied to the free end as shown in Figure 6.8. The loading,

geometric and material properties of the pipe are as follows: T =10kN-m, £=0.6 m,

t=5mm, r=150mm, y=0.3, E=200,000 MPa and G=E/2(1+,u)=76,925MPa.
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Figure 6.8 — Example 3: Cantilever with uniform torque

6.3.1 Load Potential Vectors

The loading condition for this example consists of a uniform torsion applied to the tip of a

cantilevered pipe. The load functions are given as:

(6.252) q,(z,¢)=0

T
6.25b) q,(z,9)= 2 d(z—4)

(6:25¢) ¢,(z,4)=0

In Eq. 6.25b, the expression d(z—¢) is the Dirac Delta function. Consider each Fourier

mode n independently to develop the load potential vectors. Eq. 5.41 gives the load

potential vector for mode n=0 as:

{QO}gxl = '[ '[qv(z’¢){NC,0(Z)}8xlrd¢dZ
z=0¢=0
{ 2z T
(6.26) g ;[0 ¢ ;[) Py S(z—0){Ney(2)}, rdgdz
_T
=L {vea ()},

For modes n=2>1, the load potential vector {Q"’I}le corresponding to displacement

contributions a,(z), d,(z) and f,(z) from Eq. 5.43a is:
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j q,(z, ¢){ND,,1 ( z)}8x1 sin (ng)rd gdz

z=0 ¢
{ 27 T
(6.27) = IO J3ed (2= Ny, (2}, sin (ng)rdddz

Similarly, from Eq. 5.43b, the load potential vector {in}gn corresponding to displacement

contributions b, (z), ¢,(z) and g, (z) for modes n>1 is:

{Qn,z}gxl = j ‘Tqv (Z’¢){Nc,n (Z)}gx1 cos (ng)rdpdz

(6.28) J. I T (z-0){Ne, (z)}gxl cos (ng)d ¢dz

6.3.2 Results from Current Finite Element

The nodal displacements are now determined from Eqgs. 5.46 and 5.47. Consider first modes
n2>1. Substitute the load potential vectors from Eqs. 6.27 and 6.28 into the equilibrium

equations from Eq. 5.47a and 5.47b, respectively, to obtain:

(6:299) I: } { }le
2 Jys 1Bnaly ={0), =0

(6.29b) [

It is apparent, given that the stiffness matrices [Km] and I:Km2 ]ng are non-singular, that

8x8

the only possible solutions for Eqgs. 6.29a and 6.29b are the trivial ones of {Aml}8><1 ={0},,
and {4,,} ={0}, .

For mode n =0, substituting the load potential vector from Eq. 6.26 into the equilibrium

equations in Eq. 5.46 gives:

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 6
April 2008 Page 140



T
(6.30) [KO]8x8 {AO}8x1 —7{Nc,o (f)}8Xl =0

Eq. 6.30 is solved to obtain the nodal displacement contributions for mode n =0, which
correspond to the total nodal displacements since the contributions from higher modes
vanish. For the loading condition of a uniform torque applied to the free end of a

cantilevered pipe, the displacements are entirely axisymmetric.

The resulting tangential displacement is the same at all points on the middle surface at the

free end of the cantilever. The value of the tangential displacement is v(¢,¢)=0.1103 mm

giving an angle of twist of 8 =v(¢,¢)/r =0.1103mm/150mm =735.3x10"° rad . From the

theory of mechanics of materials, the angle of twist at the free end of the cantilever is:

T/

oy = =———=735.7x10° rad
" 2xGrit

©31) 6,

The corresponding tangential displacement is v(e, ¢)Them = 1O,y =0.1103 mm . The angle

of twist, and corresponding tangential displacement at the free end of the cantilever,
determined by the current method is nearly identical to that predicted by the simplified

theory of mechanics of materials.

6.4 Example 4: Pipe with Two Elements of Different Thickness

Given the convergent characteristic of the element developed, all previous examples were
successfully solved using a single element. In contrast, the current example considers a pipe
consisting of two segments with different thicknesses. The problem is modeled with two

elements. The pipe configuration is shown in Figure 6.9. Both segments of the pipe have

r=200mm, u=03, E=200,000MPa and G=E/2(1+x)=76,925MPa. While the

thickness of the left section is ¢, =5 mm , that of the right segment is t, =6 mm .

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 6
April 2008 Page 141



B
//i///
N
W

{,=2m 0, =6m

Figure 6.9 — Example 4: Pipe with two elements of different thickness

6.4.1 Load Potential Vectors

The pipe is assumed to be full of highly pressurized fluid of density y,. The pipe is
subjected to loading consisting of internal pressure, p =1000 kPa, self weight of the fluid

¥, =10kN/m’ and self weight of the pipe, 7, =78 kN/m’ . Both the internal pressure and

the weight of the fluid have components in the radial direction only. From Figure 6.10, their

load functions are:

0

6322) q,,(z.9)

(632b) q,,(z.¢)=0

632) q,,(z.0)=-7,r(sing-1)+p

Total Internal Weight of
4, (27 ¢) pressure water =Y,
%X - * g B ¥
p 2ry,, prry, "V

Figure 6.10-Example 4: Load function ¢, (z, ¢)

The load functions for the self weight of the pipe, ¢,,, g,,, and g, , are identical to those

of Example 2 (Eq. 6.15):

6.332) q,,(z,0)=0
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(6.33b) q,,(z,¢)=—1y,cos¢

6.33¢) q,,(z,0)=-ty,sing

The total load functions for the problem are obtained by adding Eqgs. 6.32 and 6.33:

(6.342) ¢q,(z,9)=0
(6.34b) q,(z,9)=—1y,cosd

6.34c) q,,(2,0)=—y,r(sing—1)+ p—ty,sing

Consider the load potential vector for each Fourier mode n independently. For mode n=0,
Eq. 5.41 gives:

2

{QO }8><1 =

4

[4,(2.0){Neo ()}, + 2, (2.0){Nro (D)}, [rdodz

%'—,\
!OI'—.‘;‘

¢
2

3

[ ty, cos¢p{N.,(z) o +(=y,r(sing—1)+ p—1y,sing){N,,, (z)}8xl]rd¢dz

0

- (6.35) =

H

H Oy ™
(=

Z

¢

¢
=2zr(y,r+p) I{N Z)}sx1dz
z=0

The load potential vectors for modes n =1 are given in Eq. 5.43. From Eq. 5.43a, the load

potential vector { Q"J}sx1 is:

(0.}, = [ [[a.(20){Np, ()}, sin(n0)+ 4, (.0){N, , (2)}, , cos(np) [rdouz
z=0¢=0
(6.36) = I ”[—t;/scosgli{ND,n(z)}gxlsin(n¢)+

(—}/wr(sin ¢—1)+ p—ty,sin ¢){NF,,, (z)}8><1 cos(n¢)} rdgdz

Similarly, Eq. 5.43b gives the load potential vector {Qn,z}le as
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{Q"*Z }8><1 = :J;)

(6.37)

Il
(] - [

~y,r(sing—1)+ p—1y,sing){N,;,, (z)}8><1 sin (n¢)} rdgdz

Performing the integrals with respect to ¢ in Egs. 6.36 and 6.37 leads to:

©382) {0Q,.},  ={0},, for n>1

¢

¢
(6.38b) {Q1,2}8><1 =ty I{Nc,l(z)}sxl dz—mr(y,r+1y,) I{NG,I(Z)}SXI dz

z=0 z=0

©380) {Q,,} =10}, for n>2

6.4.2 Results from Current Finite Element Analysis

The energy equivalent load vectors developed above and the stiffness matrices developed in
Chapter 5 are valid for a single element only. The current example uses two elements to
model the pipe. The stiffness matrix and energy equivalent load vector for the system will
be the addition of the individual matrices and vectors from each individual element. As
such, the system stiffness matrix size, for each mode n, will be 12x12 and the system energy
equivalent load vector size will be 12x1. Correspondingly, the system has three nodes with
four displacements per node resulting in the system nodal displacement vector being 12x1 in

size.

The nodal displacements can now be determined from the energy equivalent load vectors
defined in Egs. 6.35 and 6.38. The equilibrium equations for mode n =0 were given in Eq.

5.46:

(6.39) [KO ]12><12 {AO }12><1 = {Q0}12><1

Solving Eq. 6.39 for the vector {A, }1 ., gives the nodal displacement contributions for mode

n=0.
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Consider now the equilibrium equations corresponding to the nodal displacements {An’l}u}<1

for modes n =1, which were given in Eq. 5.47a. Introducing the energy equivalent load

vector from Eq. 6.38a into the equilibrium equations gives:

(640) [:Kn,l :|12X12 {A”*I }12><1 a {0}12)(1 - O

Given that the stiffness matrix [:Kmllzxn is non-zero and non-singular, the only possible

solution for Eq. 6.40 is the trivial one of {A, g =10}, -

Next consider the equilibrium equations corresponding to the nodal displacements {An,z}m1

for modes n =2, which were given in Eq. 5.47b. Insert the energy equivalent load vector

from Eq. 6.38c to obtain:

(6.41) [:K,,,z ]12><12 {An,z}ml _{O}lle =0

Again, given that the stiffness matrix I:K”*Z:IIZXIZ is non-zero and non-singular, the only

solution for Eq. 6.41 is the trivial one of {Amz}m1 =1{0},,,-

Finally, consider the nodal displacement contribution {ALZ}12><1 for Fourier mode n=1. The

equilibrium equations in Eq. 5.47a together give:

(6.42) [KLZ :Illez {ALZ}IZXI - {Q1’2}12><1

The solution to Eq. 6.42 will be {ALZ}12X1 #{0} ,, because the energy equivalent load vector

{0..}, . is non-zero.
< J12x1

It is evident from Eqgs. 6.39 through 6.42 that the only non-zero nodal displacement

, corresponding to mode n =0, and {Am} o’ corresponding

contributions are from {A,}
12x1 12x

to mode n=1. Solving Egs. 6.39 and 6.42 for the nodal displacement contribution vectors
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{AO}12><1 and {A1,2}12><1’ respectively, gives the total displacement for the pipe. The total

vertical, lateral (horizontal) and longitudinal displacements for Points A, B and C at the
intersection of the two elements in the pipe (see Figure 6.10) are summarized and compared

to the results of the ABAQUS S4R shell finite element analysis in Table 6.3.

Table 6.3 — Comparison of results for Current FEA and ABAQUS S4R shell FEA for Example 4

Point A Point B Point C

T . | CumentFEA 0.4022 04361 0.4638

g

2/ | ABAQUSS4R 0.4143 0.4491 0.4833
element

= Current FEA 0 0.03331 0

5 &

S A | ABAQUS S4R 0 0.03453 0
element

o | Current FEA -0.05109 -0.000672 0.04974

[ BT

.o p— .

= A | ABAQUSS4R 10.05419 _0.00160 0.05099
element

In Table 6.3, a positive value for the vertical displacement indicates downward movement
while a positive value for the longitudinal displacement indicates that the pipe fibres are in

tension.

The results in Table 6.3 show that the displacements predicted by the current method closely
match those of the ABAQUS S4R shell finite element analysis. The current method is able
to capture the axisymmetric radial expansion of the pipe due to the internal pressure as well
as the vertical displacement due to the weight of the pipe and the fluid with a remarkably
small number of degrees of freedom. The ABAQUS solution requires 7,776 degrees of
freedom (1296 nodes with six degrees of freedom per node) while the solution from the
current method requires only 24 degrees of freedom (three nodes with four degrees of

freedom each per mode » and a total of two modes, n=0 and n=1).
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CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS

7.1 Summary

The principle of stationary potential energy was used in conjunction with general Fourier
series expansion for the displacement fields to formulate the equilibrium conditions and
boundary conditions for elastic prismatic pipes subjected to general loading. The
formulation was based on the assumptions of thin-walled shell theory (Ohtsubo and
Watanabe, 1978). The general analytical solution of the coupled differential equations of
equilibrium derived was developed for all Fourier modes. The analytical solution developed
was successfully used to solve two simple problems. Comparisons with established finite
element solutions demonstrate the ability of the model to accurately capture the shell
behaviour of pipes with a remarkably small number of degrees of freedoms. However, the
algebraic manipulations required in the analytical solution were found quite tedious to

conduct by hand, even for simple problems.

In order to remedy this limitation and to make the solution scheme amenable to more
complex problems, a finite element solution was formulated based on the analytical solution
developed. The expressions for the displacement fields obtained in the analytical solution
were used to formulate a series of exact shape functions which relate the intermediate
displacements within a pipe finite element to the nodal displacements. Using the exact shape
functions, the principle of stationary potential energy was adopted to formulate the “exact”
stiffness matrices and associated energy equivalent load vectors for common loads. The new
finite element was tested for a variety of practical loading conditions including point loads,
gravity loads, internal and external pressure, twisting deformation, axial deformation,
transverse deformations, and combinations thereof. Results were in excellent agreement

with those based on shell finite elements in ABAQUS.

7.2 Advantages of the Formulation

The pipe element developed was shown to be free of discretization errors, a direct result of
adopting the exact shape functions in the formulation. More refined results within the

element are obtained by using higher order harmonics. A main advantage of the new

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Chapter 7
April 2008 Page 147



element, in comparison with the shell FEA, is its computational efficiency. This is a direct

outcome of the orthogonal properties of the Fourier terms.

The new element can very accurately predict the displacements and stresses of a pipe with
just a single element between supports. Excellent displacement results are obtained using a
few harmonics and accurate stress values were obtained using only seven harmonics. In
comparison, conventional shell FEA would require a number of degrees of freedom a few
order of magnitudes higher to obtain results of comparable accuracy. The simplicity of the
new element relative to a shell FEA also greatly reduces the modeling effort required by the

analyst.

Another feature of the new element is its convergence characteristics. In conventional shell
FEA solutions, accuracy of results is improved by refining the element mesh and repeating
the analysis until convergence is achieved. In contrast, with the new pipe element, improved
accuracy is achieved by including additional Fourier modes in the analysis. The results from
the additional modes can simply be added to those of previous modes to obtain the total

results: There is no need to repeat the analysis for previous modes.

7.3 ‘Recommendation for Future Work

The methodology developed in the present research lends itself to a variety of possibilities

for further research. Some possible extensions for the finite element formulations include

1. Pipe bends and elbows rather than straight sections only.
2. Analysis of Pipes under dynamic loading
3. Modelling geometric and material non-linear behaviour. In this type of problems, the

use of exact shape functions is not feasible and the analyst would have to resort to

more conventional polynomial interpolation functions.

4. Modelling non-prismatic elements in which the cross section radius and/or pipe wall
thickness vary along the length of the element. In this type of problems the obtained
differential equations of equilibrium will involve non-constant coefficients and
formulating the exact shape functions becomes unattainable. Again, the analyst

would have to resort to conventional polynomial functions.
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APPENDIX 1 - PHYSICAL SIGNIFICANCE OF FOURIER MODES

The total displacement of the middle surface in each of the u, v and w directions given in Eq.
2.11 is the sum of the respective displacement contributions of each Fourier mode n. As
evident from Eq. 2.11, the displacement contribution for any mode 7 is independent of the
displacement contribution for any other modem#n. No coupling occurs between the
different modes. The displacement contribution for each mode is computed individually and
added to the displacements from all other modes to obtain the total displacement. In this
appendix, the shape of the displacement contribution for each Fourier mode n, as well as the

shape of the total displacement, is examined.
In Eq. 2.11 the displacement contribution for each Fourier mode »n is a function of z only
multiplied by a function of ¢ only (either sin(n¢) or cos(n¢)). The function of z describes

how the displacement varies along the length of the pipe while the sin(ng) and cos(ng)

terms describe how the displacement varies around the circumference of the pipe.

As an §xample, consider the radial middle surface displacement w at a given value of z. Ata

given value of z the functions f,(z) and g,(z) are constants. The radial displacement,

given in Eq. 2.11c, then becomes a function of ¢ only:

w(¢):f0+ifn cosn¢+igﬂ sin ng

= f,+ ficos@+g sing+ f,cos2¢+g,sin2¢ +... f, cosad+ g, sinag

(A1.1)

For this example, consider a problem where the total number of Fourier modes included is
a=3. The functions cos¢, cos2¢, cos3¢,sing@, sin2¢, and sin3¢ are plotted in Figures
Al.1 through Al.7 to show the physical shape of the radial displacement contribution,

w, (@), for each mode n=0 to 3.

n
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As shown in Figure Al.1 Fourier mode n=0 represents uniform axisymmetric
displacement. Also, as evident from Figures A1.2 and A1.5, Fourier mode n =1 represents

displacement that is similar to that described by traditional Euler-Bernoulli beam theory.

The higher Fourier modes (n 2 2) represent deformation of the pipe cross section.

The shape of the total radial displacement of the middle surface is the sum of the above

figures multiplied by the appropriate constant values. For this example, assume that

fo(z) =g, (z)=c, where c is an arbitrary constant, and f, (z)=g,(z)=1/n for n21.
The total radial displacement of the middle surface is then:

: 1 1. 1 1.
(Al2)  w(g)= c+cos¢+s1n¢+-2—cos 2¢+5s1n 2¢+§cos3¢+§sm 3¢

Plotting Eq. A1.2 gives a graphical representation of the total radial displacement, w, for this

example, as shown in Figure A1.8.
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APPENDIX 2 — INTEGRATING THE PRODUCT OF TWO FOURIER SERIES

This appendix evaluates the integral of the product of two finite Fourier Series in ¢ when
the limits of ¢ are 0 and 27 . The two series do not necessarily need to have an equal

number of terms.

Assume the two Fourier Series to be multiplied and integrated are:

(A2.1) f(¢)=a0+zaan cosn¢+zbbn sin ng
n=l] n=1

A222)  g(@)=c,+ Z ¢, cosng+ Zd:dm sinng
m=1 m=1

It is required to find the integral for:
w23 [ f(9)s(9)ds

Start by defining a new function k(@)= f(¢)g(¢). Substitute the expressions from Egs.

A2.1 and A2.2 to obtain:

(A24) k(@)= [ao + Z a, cosng + ben sin n¢j(co + Zcm cosng+ Zd d, sin n¢}
n=1 n=1 m=1 m=l

Expand Eq. A2.4 to give:

aQ, 2,
h(P)=ayc,+a,) ¢, cosm¢+a02dm sin mg +

m=1 m=1

(A2.5) Coi a,cosng+ (i a, cos n¢] (i c, COS m¢J + (i a, cos n¢J (i d, sin m¢} +
n=1 m=1 n=1 m=1

n=1

coi b, sinng+ [azbbn sin n¢](az c, COS m¢j + (azb b, sin n¢j (azd d_ sin m¢]
n=1 n=] m=1 : n=1 m=1
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Rearrange Eq. A2.5:

a, Q
h(P)=ayc,+a, Y c, cosm¢+aozd:dm sin mg+

m=1 m=1
(A2.62) COZa cos n¢+22a ¢, COSnPcos m¢+ZZa d,_ cos ngsin mg+
n=1 m=1 n=1 m=1
COZb sin ng+ ZZ[) c, sin n¢cosm¢+i§b d,_ sinn@sin meg
n=1 n=1 m=1 n=l m=1

a, a,
h(¢)=ayc,+a, Y c, cosmp+ aOZdM sin m@+

m=1 m=l

COZa cosn¢+<ZZa vcosn¢cosm¢>

n=1 m=1 ntm

(A2.6b)

aﬂyc
+{( D a,c,cos’ ng )+
n=l
o, o

ZZandm cos n@sin m¢+cOZb smn¢+22b ¢,, Sin ngcos me +

n=1 m=1 n=1 m=1

< i i b,d, sin ngsin m¢> + <HZM: bd, sin’ n¢>
ntm n=1

n=1 m=1

In Eq. A2.6b @, is the smaller of &, and &, and similarly for &, , .

Substitute the expression for 4(¢) from Eq. A2.6b into Eq. A2.3 and consider each term of

the integral individually:

27

(A2.7) .[ a,c,d¢ = [(aoc0 ) ¢]ZO =27 (ay,c,)

[ sin(272m)—sin(0)]=0

-
m

(A2.8) Z.T (ao Z c,cosm@ dp=a, Z [C—”‘ sin m¢} i
m mel

m=1 #=0

The right hand side of Eq. A2.8 is zero because sin(27m)=sin(0)=0 for any integer m.
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2z 27 a

(A2.9) J (aoazddm sin m¢Jd¢ = aoi{—d_mcos m¢} = aozd:—--d—”‘[cos (27xm)—cos (O)] =0
m=1 m=1 m m

#=0 $=0 m=1

The right hand side of Eq. A2.9 is zero because cos(27zm)=cos(0)=1 for any integer m.

2z a,
#210) (co > a, cos n¢J dg=0

I
M:z

. . 2
ac sin(n—m)@ N sin(n +m)¢ -0
n=1 m=1 2(” - m) 2(” + m) ¢ 0.ntm

(A2.11) T <iiancm COos ngcos m¢> dg =
g=0

n¥Em

#=0\_n=1 n=1 n=|

iz (. a,, in(2 2z a,, in(4
o J(ecoiopo-Soo 3] FeclForge

2r ( @, | [
(A2.12b) '[ (Za ¢, cos’ n¢] dg=> rza,c,
n=]

¢=0\ n=1
7 [ a, « a, ¢ r
o . 4 cos(m—n)p cos(m+n)p
(A2.13) a,d, cosngsinmp) do= ad, { - =0
¢;[)<§; >n 21; 2Am—n) 2(m+n) ¢=0,n%m

2z

27 [, Ay 2
(A2.14) J(Za d cosn¢smn¢J o= Z nd{smz n(q —0
n

¢=0 ¢=0

n=1

2z

(A2.15) j [COan sin n¢] d¢=0
n=1

=0

2z (@ a
@216 (Zancm sin ng cos m¢] d¢=0
$=0

n=1 m=1
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m [ a by & i - i i
(A2.17) J <22bndm sin ng@sin m¢> dg= sz {81121&1— Z;¢ ~ SHZIEZ : Z;ﬂ =0
” ¢=0,n#m

#=0 n=l m=1 n=1 m=1

n=1 n=1

(A2.18) Z]E[aibdnsiﬁw]dqj z [¢ Sm;"‘q ai {2” sin(4n7) } % whd,

Summing the expressions in Eqs. A2.7 through A2.18 gives the final form of the integral in
Eq. A2.3:

2 @y 4
#4219 [ h(9)dp =27 (ayc, +Zﬂac +> 7bd,
$#=0 n=] n=1

In Eq. A2.19 «,_is the smaller of &, and ¢, and @, , is the smaller of ¢, and «, .

For the case of f(¢#)=g(¢) then h(g)= [f(¢)]2 and Eq. A2.19 becomes:

2z

w2200 [[£(9)] do=27a; +Zf:a +Zﬂb2

#=0
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APPENDIX 3 — VARIATION OF TOTAL POTENTIAL ENERGY

The objective of this appendix is to determine the field equations and boundary terms using

the principle of stationary total potential energy. Equilibrium of the system is ensured by

applying the stationarity conditions of the total potential energy as defined in Eq. 2.17. The

total potential energy is the sum of the internal strain energy, given in Table 2.1, and the

load potential terms given in Eq. 2.16.

For simplicity define each internal strain energy term in Table 2.1 independently as:

(A3.1a)

(A3.1b)

(A3.1¢)

(A3.1d)

(A3.1e)

U =

) |_<'d

el o) +Zleo) +Elero) b

n=1

!
Uﬁ% H (fo(2)) +Z £.(2) +Z gn(z)
+2[Z"dn(z)f,,(z)+Z—ncn(Z)gn(z)}

+f:n2 (c,(2))’ +in2 (dn(z))z}dz

n=l1

!

U,=¢, | {Zao'(z)fo )+3a) (2 f,,(z)+2b )£,(2)

7=0 n=1

+f—nbn’u)cn(z)+Znan’(z>dn<z>}dz

_24 l { (z))z+Zi:(cn'(z))2+i::(dn'(z))2

=

inb (2)c, (z)+Z~na (2)d, (z)}

‘:Il\.)

iz inz (a,(2)) +Zn b,(2)) }}

Foin

v,=% {Z(fo’(z))z+"Z:(fn’(z))2+Z(gn'(z))2}dz

z=0
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(A3.1f) 2[ Y -n'd (2)f,(2)+ Za:rfcn(Z)g,,(z)}
) n=1

! o
U, =C, I{Z‘"an’ ) £, (z)+Z—n g, (2)g,(2)
(A3.1g) e=oLn=l =

- 2.-ne,(2)g, (- an )f, (z)}dz

0% [l +E e

(A3.1h)
- [Z—nd 1, (z)+znc ()8, (z)]

n=] n=1

w2 ) + 3o @) + e @) e

n=1

The total internal strain energy, U, is the sum of Eqs. A3.1a through A3.1h.

Take the variation of each term in Eq. A3.1 with respect to each variable:

(A3.2a) §U1

r3 |_<'3

!
{4ao§ao +22a da, +22b Sb’ }dz

n=| n=1

c !
U, = '2_2 |:4f05f0+22f5f +Zzgn5gn
2= n=]

n=1 n=1

(A3.2b) +2(an od, +Z—ng oc, +an of, +Z—nc 5gn)

+ Z 2n’c dc, + Z2n2dn5dn } dz

n=1 n=1
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8U, =C, j[zﬁ)aa0+2a05ﬁ)+2f5a +Za 5,

z=0 n=t

(A3.2¢) +z 8,00, +Zb;5gn + Z—ncndb;

n=l1 n=| n=l1

+Z—nb dc, +an da, +Zna od }

n=1

8U, =—% I[4c 8¢ +3° 2088+ 2d 5,

n=1 n=1

(A3.2d) [ch b, +an oc, +Z—nd da, +Z—na d, j

n=| n=1 n=1

1 a 23
+r_2(z 2n’a ba, + Zanb,ﬁbn H dz

n=1 n=1

C, !
(A3.2¢) U, = =5 jo[4f06f0+22f 9/, +22gn5g }

zZ=

I T«
oU, = —€27— I[ZZn f5f +22n 8,08, —
’ z=oLn=1 n=1
(A3.2) - Z(i-—rf f.0d + i—n3dn5 .+ irf g, 0c, + irﬁcﬁ gnj
n=1 n=l1 n=1 n=1

n=1 n=1

+i 2n’c,0c, + iandn od, } dz

oU, =C, J[i—n 101, +Z—n 1071, +Z—n 2,08, +Z—n g.0g,

( A3, zg) =0Ln=l1 n=l1 n=1
[23 (24 [23 [24
=Y —ng'bc, - > —nc,68,— > nf6d,~> nd,d j;,’} dz
n=1 n=1 n=1 n=]
C [ a o
OU, == I[ZZann'é'f,: +> 2n°g. 5,
2 7=0L n=1 n=}
[73
(A3.2h) —Z(Z—nf od. +Z—nd S +ann5c +ch 5gn]
n=1 n=1 n=1
+4cdc, +22c;5c; +22d;5d;}dz
n=1 n=l1
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Derivatives of the functions, having the forms Jy, or Jy’ , in Eq. A3.2 are eliminated using

integration by parts on the relevant terms. The resulting field components of the equations

will contain only the functions themselves, Jy,, with no derivatives. The general rules for

integration by parts are:

!
(A3.3a) Ix,ﬁy;dz =[x,8y, ]lzzo - Ix;5yndz

z=0 z=0
1 ; ; !
(A3.3b) I x,0y,dz=[x,0y,] _ ~[x.6y,]_ + I X 0y,dz
0
Applying the relations in Eq. A3.3 to Eq. A3.2:

i
U, =C, [[Za(;ﬁao] J.2a05aodz+2{[a da,| IaZﬁandz}
z=0

z=0 n=l

(A3.42)

+Z{[b ob,], - jb b dzH

2=0

n=l z=0 n=l z=o

8U,=C { J.Zfoé'fodz+z jfafdz+z jgnag,,dz

(A3.4b) +3 jnfad dz+y j—ngnac dz+y jnd Sfdz+y j—nc 8g,dz

n=l ,—0 n=1 ;=0 n=l , n=l

+z I n’c dc dz + z I nzdné'dndz}

n=1 z=0 n=l1 =0

sU, C{[Zfoé'ao IZfOé'adz+ jza é'fodz+2{[fé'a] - Ifé'adz}

n=1

+Z J.a 5fdz+2{[g 5b] - J.g é?)dz}+z Ibé‘g dz

n=1 ;=0 7=0 n=1 2=0

+i{[—ncn5bn L= | —nc;é‘b,,dz}+i [ —nb; oc,dz

n=l z=0 n=l z=0

a ! a !
Sl o] - [zl jm;adndz}

n=1 z=0 n=l ;=0

(A3.4¢)

Finite Flement Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 3
April 2008 Page 167



=0

U, = C{[Qz de, ) ~ j 2, codz+§a:{[p se,) - jc o, dz}

a a ! 1
+Z{[ d.éd ] - Id od dz}+ ! > _[nc’é'b dz+— Z{[nb Jcn]i)— Inb;dc"dz}
(A3.4d) nl 20 T net o4 0
I
+— Z j—nd Ja dz+——Z{[—na &d,),~ [-na5d a’z}
L 7=0 n=1 z=0
—i—i J.n a da dz+——z I n’b §bdz}
n=l ;=0 Fna 2=0
!
SUs = C,q [[2fo”5fo] (2 Jfo] + | 2079
a I
(A3 .4e) +Z;{[ fi5f; ]; —[ ] + j 18f, dz}
n= =0
o I}
+Z{ [g wé‘g } + J.gn””5g dz}
n=1
o 1
é‘U6 C{Z In4f§fdz+z In 8,08,dz— Z _[—n f,0d dz— Z J.—ngd ofdz—
(A3.46) l T n=l , n=l , n=l ,
> In3gn5cndz Z _[n c,08 dz+z In c,0c dz+z I n’d od dz}
n=l ;=0 n=1 ;=0 n=l =0 n=l 4
sU, =C, {i{[—nz fné‘fn’]; ~[-7£51,] + j —n* f'5, dz}+z j 2 5 F.dz
n=1 n=t ;=0
a {
+Z{[—n2g 5, | -[-ng.d8, | + | —n2g25gnd2}+z [-ng.dg,dz
n=l 2=0 n=l z=0
(A3.4g)
Z{[—nc 5gn] —[-nc. g, ] + _[—nc Og dz}—z I—ng dc dz
n=1 7=0 n=l ;-0
i{[nd 8t ~[nd.Sf,], + jnd dez}—z [nf5d dz}
n=1 n=1 2=0
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SU, =C, L {[ f’Jf] j n fé'fdz}+2{[n gn5gn:l - ljnzg,f&gndz}

=0

—i{[—-nf;ﬁdn];— f —nfn’ﬁdndz}—i{[—nd;ﬁf,,];— ] —nd:rff,,dz}

(A3.4h) l - =0
_Z{[ng;é'cn ]i) - .[ng,fé'c"dz}—Z{[nc é'gn] - .[nc 0g dz}+[2c05c0]
n=1 z=0 =] z=0
— .[2c05c0dz+2{[c oc, ] - .[c oc, dz}+2{[d 5a' .[d’é'd dzH
2= n=l z=0

The potential energy from the externally applied loads must be added to the internal strain
energy to give the total potential energy. The total load potential for an arbitrary loading

condition is given as:

(A352) W = l:[

u

_[ q,(z,0) [ao(z) + ian(z)cos neg+ ib,, (z)sin n¢:| rd¢dz

(A3.5b)§ W = qu co(z)+icn (z)cos n¢+za:a'n (z)sin n¢} rd ¢dz
n=1 n=1 .

) £
(A3.5¢) W = I .[qw 7,0 [fo(z)+2f(z)cosn¢+Zg,,(z)Smn¢}ra'¢dz
=0 ¢=0

n=1

In Eq. A3.5, functions g, (z,¢), q,(z,¢) and g, (z,¢) represent the load potential for the

traction loads applied to the middle surface of the pipe.

Take the variation of the load potential terms in Eq. A3.5 with respect to each variable:

14
(A3.62) oW, = .[ q,(z.9) {&zo + Zcos ngda, + Zsm n@ob, }ra';/)dz
=0

{ 2z a a
(A3.6b) oW, = .[ _[qv(z,¢)[5co+Zcosn¢5cn+Zsin n¢5a’ni|rd¢dz

n=1 n=1
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2

(A3.6c) oW, = I Iqw z,0 [5f0+200sn¢5f +Zsmn¢)5g }rd¢dz

z=0 ¢=0

The variation of the load potential terms, Eq A3.6, is subtracted from the variation of the
internal strain energy, Eq. A3.4, to give the variation of the total potential energy of the
element. Note that the order of the summation and integral in Eq. A3.6 is interchangeable.

Subtracting Eq. A3.6 from A3.4 and grouping like terms together gives:

on = ]
=0

z

i 2 ]
{ 2C1ag+2C3fO'+ _[qu (Z’¢)rd¢ (—5(10)
#=0

2
| 20,65 +2C,e5+ [ g,(2.0)rdg |(=c,)
¢=0

i V4
+ 2Cia;+2C, £, +2C,1,” - | a, (z,¢))rd¢)} 5 fo}dz
$=0

(A3.7) + [(2C a; +2G,f,) 5a0] y
+|:(2 2 +Cy)cy 560} »
+ [( -2C,1) )5 fo}
+[(C6R]
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#=0

a ! 2 27
+z< {{Cla:— C:? a,+(C,+C,)nd, +C, f, + Jqu (z,¢)cos(n¢)ra’¢}(—5an)
+l:(C3 +C5)na; +(C2 +C7)n2dn —(C4 +C9)d:+(C2n+C7n3)fn

—(Cy+Cy)nf, - ][ 9,(2.9)sin(ng) rdd od,dz

#=0
+ G +(Cn+Cn’)d, —(C+C,)nd] +(C,+Cn*) §,

—(2C,+C,) 2 f +C f” - ][ q,(z.9) Za:cos (ng) rdd 5f, }dz
#=0 n=1

+[(C\a, + Cynd, +Cf,) ba, :|

=0

+_(-C5na +(C,+C,)d.+C nf)5d:| .

+—(+(C8+C9)nd,: +(C, +C9)n2fn'-c6fn”)5fn}l

z=0

—C,nd, Cnf+Cf)5f] >

: a ! . 2

©(A37 +20 [il el —=45-b,~(C,+C,)nc, +Cyg,+ [ q,(2.9)sin(ng)rdg |(~6b,)
" cont’d) m=1 \ ;20 r 420

+(Cy+C )b, =(C, +C))n'e, +(C,+Cy ) e +(Cn+ Cy') g,

—(Ca+Cy)ng, + 2][ q, (2.9)cos(ng) rd¢}(—5cn)

¢=0
+[C3b,’l ~(Cn+Con*)e, +(Cy +C,)nc) +(C,+Con') g,

—(2C,+C,)n*g7 +Cyg,” - qu(z,¢)31n(n¢)rd4é‘g }

#=0

+[(Cb, —Cync, +Cg, 5b]

+| (Csnb, +(C,+ G, )<, Cng)5c] .

(
(
+( (C,+C, nc;+(C8+C9)n2g;—C6gn”)5gn]l
z=0
I

Cyne, —Cyn’g, +C6gn)5gn} =O>=O
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It is apparent from Eq. A3.7 that each Fourier mode » is independent from every other
Fourier mode m# n. Hence, the summations in the above equations can be removed and

the equilibrium equations and boundary conditions written independently for each mode 7.

Note also that the variation of each displacement function in the field terms of Eq. A3.7 is
arbitrary with respect to z. Therefore, the bracket multiplying the variation of the function

must be zero. The result is a set of equilibrium equations for each mode n.

2z
w38 2Cay+2Cfi+ [ aq,(z.9)rdg=0
#=0

2
w3sh)  2(C,+G))+ [q,(z.9)rdg=0
$=0

2z
W38 2C,a,+2C,f,+2C,f," = [ q,(2.0)rdp=0
$#=0

» Cun
(A38d)  Ca, ——5
.

2 2
a,+(C,+C,)nd, +C, f+ I q,(z,8)cos(ng)rdp=0
=0

(C,+C5)na, +(C,+C,)n*d, —(C, +C9)d:+(C2n+C7n3)fn

(A3.8¢) o= '
~(C,+C)nf;~ [ a,(2.9)sin(ng) rdg=0
$=0
Cya, +(Cn+Cyn’)d, —(Co+ Cy)nd +(Cy + Cn*) £, = (2C, + Cy ) £
(A3.81) i

+Cof, - J. q, (z,¢)za:cos(n¢)rd¢ =0
#=0 n=1

, Cn’ , , .
(A38n)  Cbl——-b,~(C+C)nc, +Cog, + | q,(2.9)sin(ng) rdg=0
r
$=0
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(C,+Cs)nb, ~(C,+ Cy) e, +(C,+ Gy )l +(Cn+Cyn' ) g,

(A3.8h) , =
~(C+Cy)ngl+ [ q,(z.9)cos(ng)rdgp=0
#=0
Cab;—-(C2n+C7n3)cn+(C8+C9)nc:+(C2+C7n4)gn—(2C8+C9)n2g:
(A3.81) s

2z
+C,g”" - jqw(z,¢)sin(n¢)rd¢:o
¢=0

In the boundary terms in Eq A3.7, the variation of the function can equal zero at either end
of the element. Therefore, the term must be retained. Assuming no concentrated loads are

applied at the end of the element, such as the loading case presented in Eq. 2.16, the

resulting boundary terms for each mode » are:

399 [(2Ca;+2C,f,)0a,] =0

!
z=0

(A3.9b) (2(c, +C9)c(',)5co:] =0

l
=0

(A3.9¢) (—2C6 fo") 5 fo}

=0

1

z=0
Pall

4399 [(2G,f)6f;] =0

A39%)  [(Ca,+Cypnd,+C.f,)ba, | =0

!
z=0

, 1
(A3.90) (~Cyna, +(C, +C,)d, +Cynf)) 5dn] =0

z=0

- 1
@99 |((C+C)nd; +(Co+C,)n £, - Cﬁf,,”)5fn] =0
L z=0
B 2 » Mt
(A3.9h) (~Cynd, —Cyn’ f, +C, f]) 6 fn} =0
a39)  [(Ch,—Cyne, +Cig, )b ]I =0
. 1“n 370 36n n {0
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(A3.9j) :(Csnbn +(C,+G)c, —ang;)§cn] =0

!
z=0

!
(A3.9k) (_(Cs +C9)nc:l +(C8 +C9)nzg:l —-Cﬁgn,”)égn—J =0

z=0

(A3.91) :( Cyne, —Cen’g, +C6g:) §g;} =0

!
z=0
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APPENDIX 4 —~ REDUCING INTEGRATION CONSTANTS FOR n=0

The solution of the equilibrium equations for n=0 in Eqs. 3.4 and 3.10 appears to have

sixteen integration constants, but only eight boundary conditions are presented in Eq. 2.19.

In this appendix the integration constants 50,1, and 17071. are related to Zo, As a result, only

eight independent integration constants will remain which can be determined from the eight

boundary conditions.

The simplified homogeneous equations for displacements a,(z), ¢,(z) and f,(z) for

n=0are given in Eq. 2.20 with the right hand side of the equation being {Q,}, ={0}, :

a,(2) 26D° | 26D I+ 0 a,(z)
aan (Xl h(2)p =|26D 126G +26D ) 0 fH(2)p ={0},,
¢ (2) 3 0 i 0 :2(C4+C9)D2 ¢ (2) -

Expanding Eq. A4.1 gives:

ad42)  Ca, (2)+GCf, (z)=0

(A4.3) C3a0,(z)+C2f0(z)+C6fo(4)(z)=0

(A44)  2(C,+GC,)cr(z)=0

As shown in Chapter 3, Egs. 3.10 and 3.4, the solution field for Eq. A4.1 is:
a45)  ay(z)=A4, + Zo,zz + Zo’ae""”z + A_OAem""‘z + Ay s€™ + Ay €™

(A46)  fo(2)=Fy,+Fy,z+ F ™ + F ™ + F ™ + F, ™

A4 cp(2)=Ay; + Agsz
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The integration constants in Eq. A4.7 are independent of all other integration constants.

The derivation of the solution field in Eqs A4.5 and A4.6 is based on the fact that the
determinant of matrix Xg in Eq. A4.1 is zero. Therefore Eqs. A4.2 and A4.3, which are

independent of Eq. A4.4, are linearly dependent. To relate constants I*_*O,l. to constants Zo;

substitute Eqgs. A4.5 and A4.6 into Eq. A4.2 or A4.3 (either one will do). After the
substitutions, Eq. A4.2 becomes:

6 _ . 6 i
(A48) C, (Z mg A, €™ j +C, (FOZ + Z mo,l.FO’l.e""’"Z] =0
i=3 i=3

Expanding Eq. A4.8 gives:

My 42
4 )e

_ . = — , , =
GFy, +(C1m0,3A0,3 +Cmy Fy )emo'ﬂ + (C1m0,4A0,4 +Cymy,
F 0.6 )emo'ﬁz =0

(S |

(A4.9)

>

3
+ (Clm(iSZO,S +Cymy sy 5 )emwz + (C1m§,6ZO,6 +Cymy 6
Eq. A4.9 must be valid for any value of z, giving the following:

(A4.10) C,F,,=0—F,,=0

a4l Cmi A, +CmyF,, =0 fori=3106
From Eq. A4.11 170,1- can be written in terms of EOJ. fori=3to6:

A412) F, :_%LZOJ fori=3t06

3

Perform a similar substitution into Eq. A4.3 to find an expression for F_OJ and to check the

relations in Eqs. A4.10 and A4.12:

_ 6 _ _ _ 6 _ 6 _
(A4.13) G, (AM + > my A e J +C, (Fm +Fy,z+ ) E)J.e'"‘”z} +C, (Z my F, ™ j =0
i=3 i=3 i=3

Expand Eq. A4.13:
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(C3ZO’2 + CZFOJ ) + CZFO,ZZ + [C3mo,3go,3 + (Cz + C6m3,3 ) F(m ] e +
14) [ Comyo T +(Cot Cort ) oy [+ Comy sy (G + Coi s iy ] +

|:C3m0,620,6 + (Cz + Camg,s ) Fo,a :| e™* =0
Again, Eq. A4.14 must be valid for any value of z, resulting in:

_ _ _ C. —
(A415) (GA,+CF,)=0-F, = _FBAO’Z
2

(A4.16) CZE)JZ =0- F—OJ =0 (same expression as Eq. A4.10)
(A417)  Cymy Ay, +(Cy+Cgmy ) F,, =0 fori=3106

From Eq. A4.17 another relationship is established between ZO,,- and FOJ. fori=31t0 6:

(A4.18) ﬁo:_ﬂﬂ_‘, fori=3t06
. C,+my'Cy ™

Eqs.'A4.12 and A4.18 can be used as a check for the four roots, m,, for i = 3 to 6, given in

Eq 3.9. For both Egs. A4.12 and A4.18 to be valid their right hand sides must be equal:

4
aa19 G _GHrmi G
Cimy, Cymy,;

Expanding Eq. A4.19 leads to a fourth order equation in m:
(44200 (CC,-C?)+CCm, [t =0

The four roots of Eq. A4.20 coincide with the roots determined in Section 3.1 (Eqgs. 3.9¢

through 3.9f). Therefore, both Eqs. A4.12 and A4.18 are valid relationships between KO,,-

and F_OJ. fori=3to 6. In fact, the two relationships are identical.

In summary the relationships between ZOJ. and 170’,. are:
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(A42D) By =——FA, =F 4,

(A422) F,,=0

= Cmy, — Cm,, —

(A423) F =—L0iZ -1 4 =FOJZOJ fori=31t06

N - 4
C,+my; Cg

The integration constants EOJ. and FOJ are now known in terms of the constants KOJ. so only

eight independent integration constants are present, ZO’,. fori=11to 8.

The solution to Eq. A4.1, given in Eqs. A4.5 through A4.7, can now be rewritten in matrix

form:

. (A4220) ¢, (z)}= < 0(z)>T {Al,,

(A4.22b) {¢,(2) =

in which
= C
A423) F . =——2
0,1 Cz
= Cimy,;
(Ad24) Fy,=——— fori=3to6
C3

A,
As
0]|%:
Ay,
Ass
Ay
Ay
Ao

N
|

o
(e
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APPENDIX 5 - DETERMINANT OF FIELD EQUATION MATRIX

The operator matrix for the field equations for Fourier modes n >1 is given in Eq. 3.16 as:

2 | |
Cm —Ciopr  Coma Cm,
s — | _ 2 — 2
@D VL= Com § Cap=Com” | Cup =G’
3 2
Cm, iC]4n C15,nmn iCGm" -G, m, +Cg,

In the solution of the homogeneous case it is required to find the values of m, for which the
determinant of Y, in Eq. A5.1 is zero. In this appendix the determinant of Y, is expanded

to give an 8" order polynomial in m, which is subsequently solved in Chapter 3.

The matrix Y, in Eq. A5.1 has the form:

alblc
(A52)  C=|bldlf
cifle

Expanding the determinant of C in Eq. AS5.2 gives:

bif

+cC
Cig

a.f

fis

(A5.3) lC| =a

(A54)  |C|=a(dg—f*)-b(bg ~ fc)+c(bf —dc)
(A55)  |C|=adg—af—b*g +bfc+chf —dc’

From Eq. AS5.1 the values of a through f are:

a=Cm?-C, d=Cy,-Cym,’
(AS5.6) b= Cll,”mn f= Cl4,n - Cl5,nmn2
c= C3mn 8= C‘6’nn4 - C‘l7,n’nn2 + C16,n

Substitute Eq. A5.6 into Eq. AS5.5 to obtain:
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IYnI = (Clmn2 - )(CIZ,n - C13mnz ) (Cﬁmn4 - C17,nmn2 +Cis, ) -
(Clmn2 -
(Cll,nmn )

- (CIZ,n - C13mn2)(c3mn )2

11,n"""n

ClO,n
(A57) ClO,n )(C14,n - ClS,nm112 )2 - (C m )2 (C6mn4 - C17,nmn2 + C16,n ) +
(Cua

- Cls,nmn2 ) (Can )+ (C3mn )(Cll,nmn )(C14,n - ClS,nmn2 )

Expand the brackets of Eq. A5.7 and rearrange:

|Yn| = (CICIZ,nmn2 ~C,Cym, " — CionCron t C1o,nC13mn2 )(Cémn4 - C17,nmn2 +Clg ) -

(A>.82) (Clmn2 —Cy ) (C14,n2 - 2C14,nC15,nmn2 + C15,n2mn4 ) - (Cll,n2mn2 ) (C6m114 - Cl7,nmn2 +Cis. ) +

(C3C m 2)(C14,n =Cs,m 2)+(C3C m, 2)(C14,n _C15,nmn2)_(C12,n _C13mn2)(c32mn2)

11,n""*n 15.n°""n 1, "n

Yn| =C,C,C,,,m,"—CC,,,Cppm,' +CCy,, Co .m* ~C,C,Cram * +C,C,C,, m,°

12,n"""n 17,n""*n 16,n""*n 17,0 *n
4 4 2 6
"'C1C13C16,nmn _C6C10,nC12,nmn +C10,nC12,nC17,nmn —CIO,nCIZ,nCIG,n +C6C10,nC13mn
(A5.8b) 4 2 2.2 4 2.6
-Co..CCyym, +C C G .m"—(CC,,'m”-2CC, C5 m," +CC;,"m,

2 2 24 26 2 4
=C.C, +26,,C,,.C5,m,” —C,,C5,'m, )—(Cbcll,n m, =G, ,"C,,m,
2 2 2 4 2 2 2 4
+C,y, G, )+2(C3C11,ncl4,nmn -GG, Cs,m, )_(Ca Cpam,” —C Cym, )

11,n 16,n"" *n

Collect like terms of m, from Eq. A5.8 to obtain the final form of the determinant of Y, :

lYnl = [_CJC6C13 ] mn8 +
[Cl (C6C12,n +C3Cq, — C15,n2 ) +C (Clo,ncla - C11,n2 )] mn6 +

|:Cl (_C12,nC17,n - C13C16,n + 2C14,nC15,n ) - ClO,n (C Crot C13C17,n - ClS,n2 ) +

(A5.9) 6 12.n
Cll,n2C17,n -2G,G,,, G, + C32C13,n ]mn4 +
[Cl (C12,nC16,n - C14,n2 ) + ClO,n (C12,nC17,n + C13C16,n - 2C14,nC15,n ) + 2C3C11,nC14 - Cll,n2C16,n
2 2
—C32C12,n — Gy (CIZ,n Cion = Cun )] m,
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APPENDIX 6 — QUARTIC EQUATION SOLUTION: FERRARI’S METHOD

The determinant of the operator matrix for the homogeneous case of the field equations

reduces to the fourth order polynomial in M, given in Eq. 3.22. The four roots of the fourth

order polynomial (quartic) equation are found by using Ferrari’s Method which is described

below (Wikipedia, 2006).

In general, assume the polynomial has the following form:
A6.1) Ax*+BxX’+Cx*+Dx+E=0

Divide Eq. A6.1 by A to obtain:

D E
A6.2) x* +-§x3 +£x2 +—x+—=0
A A A A

Deéfine x in terms of a new variable u:

B
(A63) x=u——
4A

Substitute Eq. A6.3 into Eq. A6.2 to eliminate the x* term:

( B)“ B( BJB C sz D( BJ E
A64) |u——| +—u——| +=|u—| +—|u——[+==0
aA) AU 4A) AU 44) AU a4) A

Expand the powers of Eq. A6.4 and regroup like powers of u to give:

. (-3B> ¢\, (B BC D -3B* BC BD E

(A6.5) u + —t—|u+ T t+t— [u+ T+ - ——5+—|=0

8A° A 8A° 2A° A 256A" 16A° 4A° A
Define new constants for the coefficients of u:

3B C
(A6.6a) a= 5+ —

8A A
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B® BC D

8A° 24 A

(A6.6b) S =

-3B* BC BD E

+ - +
256A% 164° 4A* A

(A6.6¢) V=
Use the new constants in Eq. A6.6 to rewrite equation A6.5:
Aa6.7) u'+ou’+Pu+y=0

The objective now is to complete the square in Eq. A6.7 and make the equation a perfect

square in terms of u. First add the following identity to Eq. A6.7:
(A6.8) (u2 +a)2 —u' —2au’ =a’

After the addition Eq. A6.7 becomes:

269) (u’® +a/)2 +Bu+y=au’ +o’

Introduce a new variable y that is defined as followé:

(46.10) (1’ +a+ y)2 —(w’ +a/)2 =2yu’ +2ya+y’

(Aa6.11) 0=(a+2y)u’ —2yu’ —au’

Add Egs. A6.10 and A6.11 to Eq. A6.9:

(A6.12) (1’ +a+ y)2 +Bu+y=(a+2y)u’ +a’ +2ya+y’
Rearrange Eq. A6.12:

(A6.13) (u” +ar+ y)2 =(a+2y)u’ - Bu+(y* +2ya+a’ —y)

Find the value of y for which the right hand side becomes a perfect square by solving the

following equation for y:
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http://A6.ll

(-B) —4(2y+a)(y* +2ya+a’ -y)

(A6.14)
:ﬂ2—4|:2y3+5ay2+(4a'2—27)y+(a3—a7)}=0

Divide Eq. A6.14 by —8 and rearrange to obtain a cubic equation for y:
5 2
(A6.15) y’ +§a’y2 +(2a-4)y +[————_—) =0
The cubic equation in Eq. A6.15 for y must be solved. Define y in terms of a new variable v:
(A6.16) y= v——éa
' 6
Substitute Eq. A6.16 into Eq. A6.15, expand the powers and rearrange to obtain:

2 3 2
(A6.17) V* + —a—-y v+ __a_+gz_,8_ ~0
: 12 108 3 8

Define new constants for the coefficients of v:

2
(A6.18a) P = e y

12

a ay B
A6.18b =——t——
( ) L 108 3 8

Use the new constants in Eq. A6.18 to rewrite Eq A6.17:
(A6.19) V' +Pv+Q =0

The solution to Eq. A6.19 can be obtained from the solution of the cubic equation. Any root

will be sufficient. Define the variable U as:

2 3
o0 U:\/gi . »
2 4 27
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The solution to Eq. A6.19 is:
(A6.21) v:i—U
3U
The solution for the original nested cubic equation in Eq. A6.15 is:

(A6.22) _—ECZ-F——P—'—U
S YETE Ty

Since the value of y is known the right hand side of Eq. A6.13 can now be written as a

perfect square:

2
(s —p
(A6.23) (a+2y)u2—,Bu+(y2+2ya'+a'2—}’)—[( a+2y)u+m

Eq. A6.13 is rewritten as:

(624 (W +a+y) {(\/“_*27 )”_TJa—ﬂTT_y}

Take square root of each side of Eq. A6.24:

(2625 (u2+a+y):i|:(\/M)u__i_:|

2Ja+2y

Collect like powers of u to express Eq. A6.25 in the form of a quadratic equation in u:

(A6.26) u’ +(i1,/a+2y)u +[a+ yE n\/—%——z—]zo
y

Note that the subscripts on the + symbols indicate that they are not independent. The values
of the two must be opposite; if the value of the first £ is + then the second must be — and

vice versa.

Solve Eq. A6.26 by the quadratic equation:
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+ Ja+2y \/(a+ 2y)—4(a+ v ﬁg\/—TTy]

A627a) u=
( a >
a2y 2p
TJa+2yE, - 3a+2yil—J—;2—
a+
(A6.27b) u = d

Note that +; must now have the same sign at both places it occurs in Eq. A6.27 (since the

first one is multiplied by —1 in the quadratic equation) and that +, is independent of +;.

Use the relation from Eq. A6.3 to obtain the final form of the roots of the quartic equation:

tJa+2yt, \/—[3a+ 2y% %J
y
(A6.28) x=—£+

4A 2

. The four roots are found from the four possible combinations of +; and +;.
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APPENDIX 7 -MULTIPLE ROOTS FOR FOURIER MODE n=1

The determinant of the operator matrix for the field equations, Eq. 3.20, must vanish as

described in Chapter 3. The resulting equation is an eighth order polynomial in m,_, or
fourth order in M, =m’. It is shown in this appendix that for mode n=1 two of the roots
of the polynomial are zero, leaving only a quadratic polynomial in M . For modes n>2,

none of the roots of the polynomial are zero and the polynomial is truly fourth orderin M .
The fourth order polynomial in M was determined in Eq. 3.22 to be:

(A7.1) anMn4 + pz,an + Pa,nan +p,M,+ps, =0

in which

(A7.2a) p,, =—CC,Cs

(A7.2b) p,, = Cl (C6C12,n + C13C17,n - C15,nz ) + Co (Clo,nC13 - Cll,nz) ’

Pin = o (_Clz,ncn,n - C13Cl6,n + 2Cl4,nC15,n ) - ClO,n (C6C12,n + C13C17,n - ClS,n2 )

(A7.2¢) ) )
+ Cll,n C17,n - 2C3C11,nC15,n + C3 C13

Psn = C1 (C12,nC16 - C14,n2 ) + ClO,n (CIZ,nCU,n + C13C16,n - 2Cl4,nC15,n ) + 2C3C11,nC14,n
(A7.2d) ) )
—Cll,n C16,n - C3 C12,n

(A7.2¢e) Ps, = _Clo,n (C12,nC16,n - C14,n2)

Multiple roots occur at M, =0 if certain values of p;, forj =1 to 5 are zero. In particular,

if p,, =0 then roots occur at M, =0 and Eq. A7.1 reduces to a third-order polynomial.
Also, if both p,, =0 and p;, =0 then double roots occur at M, =0 and Eq. A7.1 reduces

to a quadratic polynomial. It is shown subsequently for mode n=1 that p,, = p;, =0 and
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 (A7.3)

double roots occur at M, =0. It is also concurrently shown that, in general, p, #0 for j=1

to 5 for all n>2 and four independent roots M, exist.

It is required to expand Eqs. A7.2 using the relations in Eqgs. 2.15j through 2.25q to

determine which of the coefficients p,, are zero. Consider first the expression for p, , in

Eq. A72.a:

Pin= -C,CC,
Py = -GGy (C4 + C9)

In Egs. 2.15a through 2.151, all of the constants C, through C, are real and positive.

Therefore, it is not possible to have C, =~C,, which leads to p, , #0 for all values of n.
From Eq. A7.2b, the expression for p, , is expanded as

Prn = C1 (C6C12,n + C13C17,n - Cls,n2 ) + Cs (Clo,nC13 - Cll,nz)

C,CCs

lZ.n ”2 :1:2(:6 :7) :1:4( :8 :9) :1[82 2 32:6
r

2@@@}

r

Again, as the constants are all positive and non-zero it follows that p,  #0 for all values of

n. Expand p,, from Eq. A7.2c as

Pin = Cl (_Clz,ncw,n - C13C16,n + 2C14,nC15,n ) - ClO,n (C6C12,n + C13C17,n - C15,n2)
+ Cll,n2C17,n - 2C3C ClS,n + C32C13

11,n

2
Cn
2
’

2gcﬁw%bf"0+c%?@?4f+2Qqu%#_0
39

r r

R - [zczcg,f (1-n2)-C,G, (1-*) —Ci?(c, +C7)}— (G (6,+C)-¢7 ]

+C,’°C,

+2C,"Cn* (n* =1) +

For the general case of n>2, it is apparent that p,, #0. However, for the special case of

n=1, Eq. A7.5 simplifies to
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C, C, g
(A7.6) p;,=C,| - C1+7 (C2+C7)+ T+C3

Using the relations in Egs. 2.15a through 2.15h, Eq. A7.6 is further simplified to:

Enz| Erm(12r+r8)
Thepl| 1447 (1-4*)

(A7) ps,

For the right hand side of Eq. A7.7 to be zero the relation 12r* = —t* must hold, which it

does not since both r and ¢ are real numbers. Therefore, it follows that p,, #0 for all

values of n>1.

The expression in Eq. A7.2d for p,, is expanded as

Pi, = Cl (CIZ,nclﬁ - C14,n2 ) + Clo,n (CIZ,nCﬂr,n + C13C16,n - 2C14,nC15,n ) + 2C3C11,nC14,n
- Cll,n2C16,n - C32C12,n
2 2 : 2 2
Pi, =CC,Con* (1-n*) +9i;i-[czc9 (1-n%) —2¢,c0° (1-17) }

r

(A7.8)

26,C,Con’ (1-n*)

r

~-cjcn’ (1— n’ )2 +

For the general case of n22, it is apparent that p,, # 0. However, for the special case of

n =1, the right hand side of Eq. A7.8 vanishes leaving p, =0.

Finally, from Eq. A7.2e, ps, is expanded as

(CIZ,nCIG.n - C14,n2 )

pS,n = —C N
(A7.9)

10,n
2
Ps, = C4;l [C2C7n2 (l_nz )2}
r

It is apparent from Eq. A7.9 that p;; =0 and p;, #0 foralln>2.
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For Fourier mode n=1 two of the polynomial coefficients, namely p,, and p,, in Eq.

A7.2 are zero. Therefore, Eq. A7.1 reduces to
(A7.10) p1,1M14 + 1’2,1]‘413 + p3’1M12 = ]‘412 (171,11‘412 +pyM, + p3,1) =0

Two of the roots in Eq. A7.10, M, and M, ,, are zero leadingto m, =m,, =m , =m,, =0.

The remaining two roots of Eq. A7.10, M , and M,,, are determined by solving the

quadratic equation p,, M+ p, M, + p,, =0 as shown in Chapter 3.

For modes n >2 all of the polynomial coefficients in Eq. A7.2 are non-zero and no repeated
roots occur at M, =0. However, it is possible for repeated roots to occur at M, #0 for
specific geometric and material properties of the pipe. In these circumstances the repeated
roots will be apparent after solving the polynomial with Ferrari’s Method (see Appendix 6)

and handled accordingly on a case by case basis.
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APPENDIX 8 — REDUCING INTEGRATION CONSTANTS FOR n=1

The solution of the equilibrium equations for n=1 in Eq. 3.26 has twenty-four integration

constants, but only eight boundary conditions are presented in Eq. 2.19. In this appendix

two sets of integration constants, Zu and l_)-l’,., are related to the third set, fll As a result,

only eight independent integration constants will remain which can be determined from the

eight boundary conditions.

The simplified homogeneous equations for displacements a,(z). d,(z) and f,(z)

for n=1are given in Eq. 2.27 with the right hand side of the equation being
{Ql}3><1 ={0}3><1 :

a(2)] |GD'=Coyi  CuD__ | ¢ GD a(z)| [0
asn  [X]aqd(@) = _GuD | Go=GD' | Gu=Cy D’ hdi(z)p=10
: i C14,1 "C15,1D2 ; C16,1 "C17,1D2+C6D4 fl(z) 0

fl(z) GD

Expanding Eq. A8.1 gives:
(A8.2) C1“1”(Z) Gy (Z) + C]l,ldl’(z) + C3f1’(z) =0

a83)  C,q(2)+Cppd (2)-Cud[(2)+Cy, fi (2) - Cis, £12)=0

I
o

(A8.4) C3“1’ ( Z) + C14,1d1 (Z) - C15,1d1’( Z) +Ci.1 /) (Z) - C17,1f1’( Z) + C6fl(4) ( Z)
As given in Eq. 3.26, the solution field for Eq. A8.1 is:

A85)  a(z)= Zl,l + 51,22 + 21,322 + 31,423 + Zl,semmz + Zl,eemmz + leemuz + A_l,semmz
A8.6)  d,(z)=D,, +Dy,z+D,2° + D42’ + D 5™ + D, ™ + D, €™ + D, g™

(A8_7) fl (Z) = Fi,l + FI,ZZ + szz + 171,4213 + I’;Lseml.sz + E,Gemmz + Ejemmz + F-Lgeml,sz
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The derivation of the solution field in Eqs A8.5 through A8.7 is based on the fact that the
determinant of the matrix in the left hand side of Eq. A8.1 is zero. Therefore Egs. AS8.2,

A8.3 and A8.4 are linearly dependent. Constants ZL,. and 51,,: can be related to constants

E,i by substituting Eqs A8.5 through AS8.7 into Egs. A8.2, A8.3 and A8.4. After the

substitutions Eq. A8.2 becomes:

Cu (2:4_|,3 +6A  z+m A € +ml A €M +ml A L™+ ml A e ) 3
ClO,l (‘Zl,l + IZLZZ + 1KL3Z2 +IZL4Z3 + ;‘1’56”‘152 + Abe”h_bz + ;4_1’7em1,7z + A’Seml,gz ) +

(A8.8) — _ _ - — —
G (D1,2 +2D, 52+ 3D1,4Z2 + ”11,521)x,5‘3ml’SZ + rnl,ﬁle,ﬁemi’GZ + ’711,721)1,761'&7Z +’nl,82D1,Semmz )+

C

- - - 2 2 Mt 27 meZ 2 maz 27 mg?y _
3,1(E,2+2E,3Z+3E,4Z +my s B e Am R et tmy g E et +my CF e )—0

Eq. A8.8 must be valid for any value of z. Thus the coefficients of z°, z, 2 2 and

LCFES

e " must vanish. Rearrange Eq. A8.8 to group like terms of-z:

(A8.92) 2C1-A1,3 —-C, A, +C D, +CF,=0

89ty (6CA,~Cy A, +2C, D, +2CF,)z=0

(A8.9¢) (_C10’1A173 + 3C1 1,1D1,4 + 3C3E4) Zz =0
Aa89d) —Cy,A,2° =0

(A8.9¢) [(Clmﬁi -Cy, ) ;l_u + C11,1m1,i251,i +C3m1’i2F;iJem""z =0 fori=5to8

Perform a similar substitution to Eq. A8.3 and rearrange to obtain:

(A8.10a) Cl 1,121,2 + C12,151,1 - 2C1351,3 + C14,1 Fl,l - 2C15,1Fi,3 =0

(A8.10b) (2C11,1Zl,3 + C12,151,2 - 6611351,4 + C14,1F1,2 - 6C15,1Fi,4 ) z=0
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(A8.10c) (3C11,1Z1,4 + C12,151,3 + C14,1Fl,3 ) Z2 =0
(A8.10d) (C12,151,4 + C14,1F1,4 ) Z3 =0

(A8.10¢) |:C11,1rn1,i‘Xl,i + (C12,1 - C)3’”12,i ) 51,1' + (C14,1 - C15,1m12,ifl,i )} e" =0for i =5

to 8

Also perform the same substitution to Eq. A8.4 and rearrange to obtain:

A8.11a) GA,+C, D, -2C,,D,+Cy,F,-2C,,,F,=0
@a8.11b) (2C,A,+C,, D, -6C;,D,, +Cy,F,,—6C;; F,)2=0
a8.11¢) (3C,A ,+Cy Dy +Cp,F4)2* =0

a8.11d) (Cyy,D,4+Cig,Fr4)2> =0

: (A8.11¢) |:C3m1J.ZLi + (C14’] - C15,1’n]2’,->) El’i n (C16,1 B C”‘l’,nii 4 C6}’n:l. ) I_;i’i]emuz =0

fori=5t0 8

The solution for the case of i>5 is identical to the general solution for n=2 given in

Appendix 9. Only the constants with i <4 are of interest here.

Twelve relationships have been developed in Eq. A8.9, A8.10 and AS8.11 between the
twelve unknown constants. However, because the equations are linearly dependent, the
equations are redundant and only four of the equations are independent. The eight

redundant equations are used to relate eight of the constants to the other four.

Consider Eqs. A8.9 and A8.10 and note that the equations must be valid for any value of z.

Since z, 2 and 7’ are not zero for all values of z the value of the brackets multiplying z, Z
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and 7’ must be zero. The following relationships between le El’i and I—*:U fori=1to4

result:

(A8.12a) 2C1AL3 — C10,1A1,1 + CH’IDL2 +C, 2= 0

(A8.12b) 6C,A,, —Cy, A, +2C,,\D,, +2C,F,, =0

(A8.12c) _C1o,1A1,3 + 3C11,1D1,4 +3C3F1,4 =0

(A8.12d) —Cpy A, =0

(A8.12¢) C11,1A1,2 + C12,151,1 - 2(:131_)1,3 + C14,1E,1 - 2C15,1F1,3 =0

(A8.126) 2C1 1,121,3 + C12,151,2 _'6C1351,4 + C14,1Fi,2 '“6C15,1I-51,4 =0

(A8.12) 3C,y A4+ Cpp Dy +Cyy F3=0

s8.12h) Cp,, D, +C, F,=0

From Eq. A8.12 ;4_1,,» and 51,,- can be written in terms of FU fori=1to4.
From A8.12d:

(A8.13) A, =0

From A8.12h:

(A8.14) Dy, =——F,

D. = C14,1 -
(A815) 13 - 13
C12,1
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From A8.12b, A8.13 and A8.15:

(A8.16) ZI,Z - 2C11,151,3 +2C3Fl,3 _ 2 [_ Ci.Cluy +C3} —
Cl(),l ClO,l

From A8.12¢ and AS8.14:

—  3C,,D ,+3CF c,,C _
(A8.17) A1,3 g Vg ¥ 3714 3 [_ 11,1141 +C3JFL4
C10,1 C10,1 C12,1
From A8.12e, A8.15 and A8.16:
~ _C11,1Zl,2 + 2C1351,3 B C14,1Fi,1 + 2C15,1F;,3
(A8.18) D, =
C12,1
ZCHJ CHJCMJ -G Fl 32 CBJCMJ Fl 3= Cy 1F11 +2C; 1Fl 3
= ¢ C121 ’ 12,1 ’ T S
(A8.18b) D, = 2 : ’
C12,1
_ C,i = 2 | C C, C C,C —
(A8.18¢) D1,1 __ il Fl,1+ 11,1 1L,1-14.1 "C%]_ 13%-14,1 +C15,1 Fl,3
C12,1 C12,1 C10,1 C12,1 C12,1

From A8.12f, A8.14 and A8.17:

=~ —2C11,1A1,3 +6C13,151,4 - C14,1F1,2 + 6C15,1F1,4
(A8.192) D, = C
121

6C,,(C,,C - Cua = F
11’1( ¢ 14’1'—C3JF’4—6C13 o 1,4—C14,1Fl,2+6C15,1Fl-4

~ ClO,l 12,1

(A8.19b) Dy, =

— C, = C. | C..C C,C —
(A8.19¢) Dy, =— 14,1 F,+ 6 11,1 ( 1114141 _C3j___ 134141 +Cy, |F,
Ciay Coi| G\ Cuy Cia
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From A8.12a, A8.17 and AR.19:

(A8.202) A, = 2CA,+C,,D,+C,F,
ClO,l

- C,,C - C C,, =
A, = 2¢, | 3 [_ 111%14,1 +C3] F,+ C11,1 {_ 14,1 F,
Cos | Gy Cay 01 | Cia

(A8.20b)
.6 | Gu [cc _ C3]_ CCu o | 1e SR
C12,1 ClO,l C12,1 C12,1 ClO,l
_1’1 ={ C3 _ C‘11,16‘14,1 }Ez +{ 6?1 |:_ C‘11.16‘14,1 + C3:|

ClO,l C‘10,16‘12,1 ClO,l C‘12,1

(A8.20c)
6C‘11,1 Cll,l (CII,ICM,I _ C3j— C13,1C14,1 + C15’1 Fl’4
CIO,ICIZ,I Cl(),l C‘12,1 12,1

Now all values of A; and D,

summary:

- C, .C — C,C
A, = {CC3 _ C11,1C14,1 }Flz +{gfl {_ 18 1l CB}
101 101%121 10,1 12,1

(A8.21a)
.\ 6C,,, {Cm (CII,ICM,I _CB)_ CiyCuy +C15,1]} F, = :1,1‘11?1,

are known in terms of IT] j fori=11t 4. In

C C T4 1.2fi,4
Ci01Crai1 | Croy 12,1 12,1
Y 2 Ci,Cuy = A
(A821b) A, = ————=+C; |F, =4,
10,1 C12,1
- 3 Ci1.Cuy = T F
(A821lc) A= -———+GC, |F,=A,F,
Cioy Chay
(A821d) A, =0
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= Cu = 2 1 Gl GG, GGy, r _A ©r .o T©
(A821e) D =- LR+ - . ==Cy |-——=+C, |F;=D,, ,F,+D,,F,
I, c. wro e C g C ' ARLEY 1217,
12,1 12,1 “01 12,1 12.1
— C, = 6 |C..[C,C C.C - = _ = _
(a821fy D, =- I4JF;2+ = — l4’1—C3 —_‘1'3'“&“"(:15 F,=D,F,+D,,,H,
’ C G, | C C C ’ o R
121 121 | “101 121 121
B=-Cuf 5.7
(AB2lg) U3 =— 13 = Pials
Cha,
b, =-4F -p.F
(A8.21h) L), ——C 14 = Pata
12,1

For 1 =5 to 8 the relationships between Zl’l., D,

and E,i are given in Eq. A9.20 and A9.21

in Appendix 9:
(Cnlmli) (Clllmli)(CSrnli) 2

- — —— == Clyy — Cisimy;

(A822) 7 _ (Clrnl,iz —CIO,I) (Clml,i2 - Clo,l) ( e ) _ (szu) F —aF
R (Clml,i2 - CIO,I)
(Cum,,; )(Com,)
B (gllmlliz Eglo 1 ) - (C14,1 - C15,1ml,i2) o
(48.23) Dy; = - ’ (C )2 F, =Dk,
C. —C 2\_ 1M
( 12'1 117 ) (Clrnl,iz —CIO.I)

In summary, the equilibrium equations are written in matrix form as:
Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 8
April 2008 Page 196



al(z)
(A8.24) <d,(z)p= < ()

filz
(2) (

in which:

(A8.25)

(A8.26)

B _F 5 v B 5 BB B
(A8.27)° <F1>1><s:< 1 K, FKs F, Fs; F¢ Fj Fl,8>lx8

‘l T my 52 m, m; m
(A8.28) <el(z)>lxg=<l z ¢ 7 &Mt Mt M e“‘z>lx8

The values of Zl’i and 517,. are defined in Eqgs. A8.21, A8.22 and A8.23.

Integration constants ZLI. and l_)l’l. are now known in terms of constants I?L,. so only eight

integration constants are present. These unknown constants are the elements of vector
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APPENDIX 9 — REDUCING INTEGRATION CONSTANTS FOR 711>2

The solution of the equilibrium equations for n =2 in Eq. 3.24 appears to have twenty-four

integration constants, but only eight boundary conditions are presented in Eq. 2.19. In this

appendix two sets of integration constants, ZM. and 13",,., are related to the third set, 17,”

As a result, only eight integration constants will remain which can be determined from the

eight boundary conditions.

The simplified homogeneous equations for displacements a,(z), d,(z) and f,(z) for

n > 2are given in Eq. 2.27 with the right hand side of the equation being {Q, }, ={0},

a,(2)] |GDT=Cyi  CD 1 GD  |[a(z)] [0
@) [X 14 (=GP 1G-GD 1 Gi=CD®  hd,(2)r=10
fn(Z) GD ; C14_C15D2 ; CIG_C17D2+C6D4 1 (Z) 0

Expanding Eq. A9.1 gives:
(A9.2) Cla:(z) —C,4, (Z) + Cu,nd:, (Z) + Cafn’(z) =0
(A9.3) Cll,na; (Z) +C,.d, (Z) - CISd:( Z) +Cy,f, (Z) - C15,nfn”(z) =0

(A94) C3ar’z (Z) + C14,ndn (Z) - ClS,nd:(Z) +C6fn(4) (Z) - C17,nfn”(z) + C16,nfn (Z) = O

As in Chapter 3 the solution field for Eq. A9.1 is:

8 —_—
9.5  a,(z)=) A, ™"
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8 —
(A9,7) fn (Z) = Z F;.,iem"'iz

i=1

The derivation of the solution field in Eqs A9.5 through A9.7 is based on the fact that the
determinant of the matrix in the left hand side of Eq. A9.1 is zero. Therefore Eqgs. A9.2,

A9.3 and A9.4 are linearly dependent. For each root m,; the constants An and D ,; canbe

related to the constants FM. by substituting Eqs A9.5 through A9.7 into Egs. A9.2, A9.3 and

A9.4. After the substitutions and considering each root i independently Eq. A9.2 becomes:

(A9.8) (Clmn,i2 G ) A, ™+ (C m )5 e +(C3m,”. ) Fn,iem""'z =0

(A9.9) (Cl 1,nMy i ) —n’iemn,;z + (C12,n - C13,nmn,i2 ) En,iemwz + (C14,n -Cys5,m,, ) F_ =0
(A9.10) (C3mn,i ) An’iemn,.vz +(C14,n - ClS,nmn,i2 ) l_)n,iem"’iz + ( Cem C17 M i + G- ) F =0

Eq. A9.8 must be valid for any value of z. Since €™ can never be zero Egs. A9.8 through

. A9.10 reduce to:

wo.1y  (Cm, 2 =Cy,)A,,+(Cm,)D,, +(Cm,,)F,, =0

n,i

@912 (Cp,m,)A,, +(Cy,—Ciuom, ) D, +(Cu, —Cis., m’)F =0

(A9.13) (C_qm,,,,- ) Z,,,i +(Cl4,n -C

15n ni

\D,,+(Cm, ;' -Cp;m +c16,,)FM.=0

17,n" " "n i

Rearrange Eq. A9.11 to write A . interms of D, and Fn’i:

n,i

—(Cllnm ) )F

A9.14) A, = ( i
~Co )

Rearrange Eq. A9.12 and substitute Eq. A9.14 to obtain the relationship between 5,“. and

F,:

sl

Finite Element Formulation for Analysis of Pipes based on Thin Shell Theory Appendix 9
April 2008 Page 199


http://A9.il

_ —(¢m,)A, - (Clun=Csum,})F,

a9.15 D, =——"" 15,0 Mi ) i
" (Cl2,n - (’113,nrnn,i2 )
[ C n'"ni C ni )
( (E,;n .’2)_( cam 5) ~(Cun=Cism)
@9.16 D, =|———— ( ) F.;
C, m.
C _C '2 _ 11,n" " *n,i
i ( 12,n ERULT, ) (Clmn,iz_clo,n) |

Substitute Eq. A9.16 into Eq. A9.14 and rearrange to obtain the relationship between Zmi

and F,
B (Cll,r;mn,i ) (Cll,nmn,; ) (C3mn,i ) _( C., ClS,nmn,i2 )
- (Clmn,i —Cy ) (Clmn,i —Con ) ( Cm,,; ) =
(A9.17) A= > - - F,,
5 (Cu,nmn,i ) (Clmn,i ~Clon )
(C12n _C13,nmnt )_ 2
i (Clmn,t - ClO,n ) N
The integration constants Zn,i and 5,,11. can now be written in terms of Fmi as:
(A9.18) A = :,u. F
(A9.19) D, = =n’i F
in which:
(Cllnmni) (Cllnmni)(c3mni) 2
- n Lkl _(C,. —C..m,
= (Clmn,i2 - ClO,n ) (Cvlrnn,i2 - ClO,n ) ( o ls,nmn” ) (C3m i )
4920) A, = 7 - T
) (Cll’nmn,l. ) (Clmn,i ~Ciom )
(CIQ,n —Cp,MM,; )_ (C e
lmn,i - 10,n )
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( G 12 M ) ( CSmn,i )

_ Cm. =C
(A9.21) D, = ( 1", 1o,n)

2
- (C14,n -Cys,m,, )

(Cllnmni)z
—_ ? - ’ ’
(Cap=Cpam,.?) (Cm, 2~ Ca)

In summary, the solution field in Egs. A9.6 through A9.8 is written in matrix form as:

4922) {d,(z)}= <=H(Z)

(A9.24) b

(29.25) (e, (z))

1x8 -

(A9.26) <I'5,,>L8 =(F,

The values of Zn’l. and l—)_—n,i in Egqs. A9.23 and A9.24 are given in Egs. A9.20 and A9.21

respectively.
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Integration constants Zn,i and D, are now known in terms of constants F,; so only eight

n,i

integration constants are present. These unknown constants are contained in the vector
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APPENDIX 10 —=PROGRAM LISTING FOR ANALYTICAL SOLUTION

The analytical method developed in Chapter 3 was implemented using the C++
programming language and compiled with the software program Borland C++, version 5.02.
Included in the subsequent sections are the listing of the program and the program output for

the examples given in Chapter 4.

3

The program utilizes the built-in C++ class “complex” which can carry out all required
mathematical manipulations of complex numbers. The geometric and material properties
are hard coded into the program. These can be changed and the program re-run to model
different pipe geometries. Alternatively, a simple modification could be made to the code to
allow the user to input the pipe properties. The latter alternative would be useful for a small
problem involving only one or two elements but would quickly become cumbersome for a

larger model.

The loading conditions are also hard coded into the program. The main program listing in
Section A10.1 includes the code for the loading given in Example 1 in Chapter 4. As with
the pipe properties, the loading can be change by modifying the code and re-running the
“model. The section of code that is required to be changed to alter the loading is relatively
small. The code for the loading conditions used for the self weight example in Chapter 4 is

also included in this appendix.

Note that the only changes to the program listing required to model the two examples in
Chapter 4 are the pipe properties and the loading conditions. All other aspects of the
program listing, including the calculation of the all constants and the determination of the

stiffness matrix, do not need to be altered.
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A10.1 Program Listing

Below is the listing for the program used to analytically calculate the deflection of the tip of
a cantilevered pipe with an applied point load at the tip. The geometry, material properties

and loading are those of Example 1 in Chapter 4.

Note that everything in italics in the program listing is a comment that is ignored by the C++

compiler. These comments are included for clarification only.

#include <complex.h>
#include <math.h>

// Function definitions

void input (double *, double *,double *, double *, double *, double *, int *);
void constantsl(double *, double, double, double, double, double);

void constants2(double *, int, double);

void coefficients (double *, double *);

vold quartic_roots(complex *, double *);

complex complex_root (double);

void multiply_matrix(complex [][9], complex [][9], complex[]([9});

void multiply vector(complex [], complex ([}, complex {}[9]);

// Begin main program
main ()} .

{ :
double pi=M_PI;

double r, t, E, G, mu, 1; //physical properties of pipe

double cn[18]; //array of constants from Eq. 2.15

double pl6]; //coefficients of quartic equation

int i,3,k; //counters in "for" loops

int n; //current Fourier mode

int alpha; //total number of Fourier modes included in analysis

complex i_sqrd, im; //imaginary number defined as sqrt(-1)

complex M([5]; //roots of quartic equation

complex m{9]; //sgaure roots of roots of quartic equation

complex A _bar[9], D_bar[9], F_bar({9], C_bar[9]; //vectors relating integration constants
complex Al_bar([l10], Di_bar(1il]; //vectors relating integration constants for mode n=1
complex H[9][9], H_inv[9][%2}; //Matrices of boundary equations

complex e[9];
complex Q[9], deltal9]; //load potential and nodal displacement vectors
complex a, b, ¢, d, £, g;

"im"

//Define imaginary number 1 and call it
i_sqgrd==1;

im=sqrt (i_sqrd);

//Get element data
input (&r, &t, &1, &E, &G, &mu, &alpha);

//Calculate constants not dependent on "n"
constantsl(cn, r, t, E, G, mu);

//******************************************************************************************

// *** Axi-symmetric case n=0 ***
//******************************************************************************************

//Calculate each of the roots for i=3 to 6
m{l]=-12*(1-pow{(mu, 2)) /pow(r*t,2);
m[2]=sqgrt (m[1]);
m[3}=sqrt (m[{2]);
m[4]=-1*m[3];
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m{5]=m[3]*im;
m(6]=-1*m[3]*im;

//Construct F_bar and C_bar.
for(i=1;i<=8;i++)
Fbar[1]=0;

Fbar[2]=-1*mu*r;
for(i=3;i<=6;1++)
Fbar{il=-1*r*m[i]/mu;

//Construct the transformation matrix H from the boundary conditions

//Row 1 - Eq. (4.2la)
H{1][1]=H[1][3}=H[L1] [4]=H[1][S]=RH[1][6]=1;
H{1][2]=H([1][7]=H[1][8]=0;

//Row 7 - Eq. (4.21b)
for(i=1;i<=8;1i++)

H[711i]1=0;
H[71(7]1=1;

//Row 3 — Eq. (4.21c)
for(i=1;1<=8;i++)
H[3}[i]=F_bar[i];

//Row 4 — Eq. (4.21d)
H[41[1]=H[4] (2]=H[4][7]=H[4][8]=0;
for (1i=3;1<=6;i++)

H[4] {i]l=m[i] *F_bar{i];

//Row 2 — Eq. (4.23)
H[2][1]=H[2][7]=H[2][8]1=0;
H[2][2]=2*cn[l]+2*cn[3]*F_bar[2];
for(i=3;1i<=6;1i++)
H[2] [1]=(2*cn[l]*m[i]+2*¢cn{3]*F_bar[i])*exp(m[i]*1l};

//Row 8 - Eq. (4.24)

for(i=1l;i<=7;i++)
H[8][i]=0;

H[8][8]=2*(cn[4]+cn[9]);

//Row 5 - Eq. (4.25)

H[5][1]=H[5][2]=H{5][7]=H[5][8]=0;

for(i=3;i<=6;1i++)
H[5][i]=-2*cn[6]*pow(m[i],3)*F_bar[i] *exp(m[i]*1);

//Row 6 — Eq. (4.26)

Hle][1l]=H{6][2]=H[6][7]=H[6][8]=0;

for (i=3;i<=6;i++)
H[6][i]=2*cn[6]*pow(m[i],2)*F_bar[i]*exp(m([i]*1);

//Invert the martix [H]
inverse(H, H_inv);

//Create the load vector Q -~ Eq. (4.27)
for(i=1; i<=8; i++)
QLi]=0;
Q[51=-16;

//Calculate the integration constants from {A_bar} = [H_inv]*{Q}
multiply vector(A_bar, Q, H_inv);

//Find a(l), c(1) and f(1) from c(1)=<C_bar(l)>{A_bar} in Eq. (4.

a=A_bar[l]+A_bar[2]*2;

f=A_bar [2}*F_bar([2];

for(i=3; i<=6; i++)

{
a+=A_bar[i]*exp(m[i]*1);
f+=F_bar[i]*A_bar[i]*exp(m{i]*1);

}

c=A_bar{7]+A_bar(8]*1;

17)
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//Output the nodal displacement contributions at z=1 for mode n=0 in mm
cout<<"\n*** Nodal displacement contributions for n=0 ***"<<endl;

cout<<"al(l) = "<<a*1000<<" mm"<<endl;
cout<<"c0(l) = "<<c*1000<<™ mm"<<endl;
cout<<"f0(l) = "<<£*1000<<"™ mm\n"<<endl;

//******************************************************************************************

// *** End mode n=0 ***

//******************************************************************************************

//******************************************************************************************

// *** Special case of n=1 ***

//******************************************************************************************

//Calculate constants that depend on 'n' and coefficients of quartic equation

constants2(cn, 1, r);
coefficients(cn, p);

//Calculate each of the roots for i=5 to 8
m[l]=pow(pl[2],2)-4*p[l]*pi(3]1;
m[2])=sqgrt(m([1]);
m[5)=sqrt ((-1.0*p[2]+m[2])
m{6j=sqgrt((-1.0*p[2]1-m[2])
m{7}]=-1.0*m[5];
m[8]=-1.0*m[6];

//Construct vectors {A bar] and {(D_bar}
Al_bar[l} O;
Al_bar[2]=cn{3]1/cn[l10]-(cn[ll]l*cn[14]1)/(cn[10]*cn(12]);
Al_bar[3]—(2/cn[lO])*(cn[3]—(cn[ll]*cn[l4])/cn[lZ]),
Al _bar[4}=(3/cn{l0])*{(cn[3]1-(cn[ll]l*cn([14])/cn[12]1);
D1_bar{l]=-1.0*cn([l1l4]/cn[12];
Dl_bar[2]=-1.0*cn[14]/cn[12];
Dl_bar[3}=-1.0*cn[14])/cn[12];
Dl _bar(4}=-1.0*cn[14]/cn{l2};
for (i=5; i<=8; i++)

{

D1 bar[1]= (c
n[l5]*pow(m[i],2)))/(cn[1l2]-cn[13]*pow(m{i], 2)-
pOW( cn{ll]*m[i],2)/(cn(l ]*pOW(m[l],2>—cn[10]));
Al_bar[i]l=((-1)*cn{11]*m[i]/(cn[l]*pow(m[i],2)-cn[10]))*D1l_bar[i]-
cn(3]*m[i}/(cn{l]*pow(m([i],2)~cn[10]);

}

Al _bar[9]=-6*r*cn[1]/cn[10]+(6*cn{11]1/(cn[10]}*cn[12]}))*(r*cn[ll]-
D1_bar([9]1=(2/cn[12])*({(cn[11l]/cn[10]1)*(cn{ll]l1*cn{14]/cn[12]-cn(3])-

(cn[13]1*cn{l4]/cn[12])+cn[15]);
D1 _bar[10]=3*D1l_bari9];

//*** Calculate first the displacements al, dl and f1l ***

//Construct the matrix [H] from the boundary conditions
//Row 1 - Eq. (4.37c)
H[1} [1]=H{1][5])=H[1]([6]=H{1][7])=H[1][8]=1;
H{1]{2]=H[1]{3]=H[1]{4]=0;

il

//Row 2 - Eq. (4.37d)
H{2][1]=H[2][3]=H[2] [4]
H{2] [2]=1;
for(i=5;i<=8;1i++)

H{2] [1]=m[i];

I

0;

//Row 3 - Eq. (4.37b)
H[3][1]=D1l_bar([1l];
H{3][2]=H[3]1[4]=0;
H[{3][3]=D1l_bar([2];
for(i=5;i<=8;i++)
H[3][1i1=D1l_bar[il;

//Row 4 - Eq. (4.37a)
H{4] [2]=Al_bar[2];

n(11li*m[i])*(cn[3 j [ 1)/ (en[l]*pow(m[i], 2)-cn[10])-(cn[l4]-
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H{4][1]=H[4][3]=0;
H{4][4]=A1 _bar(92]1;
for(i=5;1i<=8;1i++)

H{4} [i1=Al_bar[i];

//Row 5 — Egq. (4.39)
H[5] [1]=cn[3]1*(1+D1_lkar[l]);
Hi51[2]=cn[3]*1*(14D1_bar(2]});
H[5]{3]=cn[l]*Al bar{3l+cn{3]*(pow(l,2)* (1+D1_bar{3])+D1_bari{92]);
H[5] {4)=2*cn[1l]*Al_bar([4]*l+cn[3]*(pow(l,3)*(1+D1_bar[4])+D1l_bar[10]*1);
for(i=5;i<=8;i++)
H{S1[1il=(cn[l]*m[i] *Al_bar[il+cn[31*(1+D1_bar(il}))*exp(m[i]*1);

//Row 7 - Eq. (4.42)
H[7}[1]=-1*cn[8]*(1+D1_bar[l]});
H{7}{2]=-1*cn[8]*1*(1+D1_bar[2]);
H[(71[31=2*cn[6]-cn{81* (pow(l,2)*(1+D1_bar[3]1)+D1l _bar([2]);
H(7114]=6*cn[6]1*1l-cni{8]1*(pow(l,3)*(1+D1_bar[4])+D1_bar[10]*1);
for(i=5;1<=8;i++)

H[7] [i]l=(cn[6]*pow(m[i],2)~-cn[8]*(1+D1_bar[i]))*exp(m[i]l*1);

//Row 6 — Eg. (4.40)

H{6][1]=0;

H(6][2]=-1*cn[5]*Al_bar[2]+(cn[4])+cn[9])*D1_bar([2]+cn([9];

H[6] [3]=1*(-1*cn[5]*Al_bar(3]+2* (cn[4]+cn[2])*D1l_bar([3}+2*cn[2]);

H[6] [4]=-1*cn[5]*(Al_bar[91+Al_bar[4]*pow(l,2))+(cn[4]+cn{2])*(D1_bar[10]+3*D1_bar[4]*
pow(l,2))}+3*cn[2] *pow(]l,2);

for(i=5;i<=8;1i++)
H(6][i]l=(-1*cn[5]*Al_bar([il+(cnf4l+cn[2])*D1l_bar(i]l*m[il+cn{9]*m[i]) *exp(m[i]*1);

//Row 8 — Eg. (4.41)

H[8)[1]=0;

H[8][2]=(cn[8]+cn[9])*(1+D1l_bar([2]);

H[8][3]=(cn{8]+cn[9])*1*2*(1+D1_bar[3]);

H[8][4]=-6*cn[6]+(cn[8l+cn(9])*(3*pow(l,2)+D1l_bar[10]1+3*D1_bar([4]*pow(l,2));

for (i=5;i<=8;i++)
H[8][i]l=(-1*cn[6]*pow(m[i],3)+(cn[8]+cn{9])*(1+D1_bar(i])*m[i]) *exp(m[i]*1);

//Invert the martix [H]

inverse(H, H_inv);

//Create the load vector Q in Eq. (4.43)

for(i=1; i<=8; i++)
Q[i)=0;
Q[8]=-16;

//Calculate the integration constants from {F_bar} = [H_inv]*{Q}

multiply vector(F_bar, Q, H_inv);

//Find the vector <e(l)> from Eq. (4.35¢c)

e[l]1=1;

el[2]=1;
e[3]=pow(l,2);
e{4)=pow(l,3);
for(i=5;i<=8;i++)

e[i]=exp(m{i}*1);

//Calculate tip deflection as f=<e(l)>{(F} from Eq. (4.34)

£=0;
for(i=1l;i<=8;i++)
f+=e[i]*F_bar[i}];

//Calculate tip deflection as d=<D1_bar(1)>{f} from Eq. (4.34)

d=0;

d+=D1_bar[l]*F_bar(1l];

d+=D1_bar[2]1*1*F_bar[2];

d+=(D1_bar{2]+D1_bar[3]*pow(l,2))*F_bar[3];

d+=(D1_bar[101*1+D1_bar[4]*pow(l,3))*F_bar([4}];

for(i=5;1<=8;i++)
d+=D1_bar[il*exp(m[i]*1)*F_bar{i};
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//Calculate the axial deflection of the tip as a=<Al_bar(l)>{f} from Eq.

a=0;

at=Al_bar[2]*F_bar|[2];

a+=Al_bar [3]*1*F_bar[3];

a+=(Al_bar[9]+Al_bar[4]*pow(l,2))*F_bar[4];

for(i=5;1<=8;1i++)
at=A1_bar[i]*exp(m[i}*1})*F_bar([i};

//Output the nodal displacement contributions at z=1 for mode n=l1 in mm
cout<<"*** Nodal displacement components for n=1 ***"<<endl;

cout<<Mal(l) = "<<a*1000<<" mm"<<endl;
cout<<"dl(l) = "<<d*1000<<" mm"<<endl;
cout<<"fl(1l) = "<<£*1000<<" mm"<<endl;

//*** Calculate now the displacements bl, cl and gl ***

//Construct the matrix [H] from the boundary conditions
//Row 1 — Eq. (4.37c)
H{1][1]=H[1}{5]=H[Lli(6]=H[1]([7]=H[1](8]=1;
H{11{2]=H[1][31=H[1][41=0;

//Row 2 - Eg. (4.37d)
H[2][1}=H[2} [3]=H[2] {4}=0;
H[2]1[2]=1;
for (i=5;i<=8;i++)

H[2] [i]=m[i];

//Row 3 - Eq. (4.37b)
H[3]}{l]=Dl_bar[1l];
H[3]{2]=H[3][4]=0;
H[{3][3]=-1*D1_bar(9];
for(i=5;i<=8;1++)
H[3][i]= ~1*D1_bar[i];

//Row 4 - Eq. (4.37a)
H[4][2}=Al_bar(2];
H{4][1]=H[4][31=0;
H[4]1[4]=Al_bar[9];
for(i=5;i<=8;i++)

H[4] {i]=Al_bar|[i];

//Row 5 - Eq. (4.39)

H[5][1]l=cn{[3]*(1+D1_bar([l]);

H[5][2]=cn[3]1*1* (1+D1_barl[2]);

H[(5] [3]=cn[1]*Al_bar[3]+cn[3]*(pow(l,2)*(1+D1_bar{3]1)+Dl_bar([9]);

(4.34)

H{5][4]=2*cn[1]*Al_bar[4]}*1l+cn[3]* (pow(l,3)*(1+D1_bar[4])+D1_bar[10]*1);

for(i=5;1<=8;1i++)
H(5] [1i]=(cn[l1]*m[i]*Al_bar{iJ+cn[3]1*(1+D1_bar([i]))*exp(m[i]*1);

//Row 6 = Eq. (4.42)

H[(7][1l]=—1*cn[8}*(1+D1_bar[l]);

H[7][2]=-1*cn[8]*1*(1+D1_bar[2]);

H[7][3]=2*cn[6]-cn[8]*(pow(l,2)*(1+D1_bar([3])+D1l_bar([9]);

H[7][4]=6*cn[6]*1-cn[8]* (pow(l,3)*(1l4D1_bar[4])+D1l_bar[10]*1);

for(i=5;i<=8;1i++)
H{7][i]=(cn[6])*pow(m[i]),2)-cn[8]*(1+D1l_bar(i]))*exp(m[i]*1);

//Row 7 - Eq. (4.40)

H{6][1}=0;
H[6]{2]=—1*cn[5]*Al_bar[2]+{cn[4]+cn[9])*D1l_bar([2]+cn[9];
H[6][3]=1*(-1*cn[5]*Al_bar[3]+2*(cn[4]1+cn{9])*D1_bar([3]1+2*cn[91);

H[6] [4]=—1*cn[5]*(Al_bar[9]+Al_bar[4])*pow(l,2}))+(cn[4]+cn[9])* (Dl _bar[10]+3*Dl_bar[4]*

pow(l,2))+3*cn{9]*pow(l,2);
for (i=5;i<=8;1i++)

Hi6]1[1l=(-1*cn[53]1*Al_bar[il+{(cn[41+cn{9])*Dl_bar[i]*m{i]l+cn{9]*m[i}) *exp{(m[i]*1);

//Row 8 - Eq. (4.41)

H{B8][1]=0;
H[81[2]=(cn[8]+cn[9%9])*(1+D1_bar([2]);
H{8] [3]=(cn[8}+cn([9])*1*2* (1+D1_bar[3]};

H[8] [4]=-6*cn[6]+(cn[8]+cn[9])* (3*pow(l,2)+D1l_bar[l1l0]+3*D1_bar[4]}*pow(l,2));
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for (i=5;1i<=8;i++)

H{8] [i]=(-1*cn[6])*pow(m[i],3)+(cn[8]+cn[9])*(1+D1_bar[i])*m[i]) *exp{(m[i]*1);

//Invert the martix [H]
inverse (H, H_inv);

//Create the load vector Q in Eq. (4.43)
for(i=1; i<=8; i++)
Qli}=0;
Q[8}=-16;

//Calculate the integration constants from {G bar} = [H_inv]*{Q}
multiply vector(G_bar, Q, H_inv);

//Find the vector <e(l)> from Eq. (4.35c)
e[l]=1;
el[2]=1;
e[3]=pow(l,2);
el4]=pow(l,3);
for (i=5;1<=8;i++)
e[i]l=exp(m[i]*1);

//Calculate tip deflection as g=<e(l)>{G} from Eq. (4.34)
g=0;
for(i=1;i<=8;i++)
g+=e[i]*G_bar(i];

//Calculate tip deflection as c=-1*<DI1_bar(1)>{G} from Eq. (4.34)

c=0;

c+=D1l_bar{l]*G_bar[1l];

c+=D1_bar{2]*1*G_bar{2];

c+=(D1_bar[9]+D1_bar [3]*pow(l,2))*G_bar[3};
.c+=(D1 bar[101*14D1_bar[4]*pow(l,3))*G_bar{4d};

for (i=5;1i<=8;i++)

c+=D1_bar[i]*exp(m[i]*1)*G_bar[i];

//Calculate the axial deflection of the tip as b=<Al_bar(l)>{G} from Eq.

b=0;

b+=Al_bar[2]*G_bar[2];

b+=Al_bar{3]1*1*G_bar{3];

b+=(Al_bar[9]+Al_bar{4]*pow(l,2))*G_bar[4];

for (i=5;1i<=8;1i++)
b+=Al_bar{i}l*exp(m[i]*1)*G_bar([i];

//Qutput the nodal displacement contributions at z=1 for mode n=1 in mm
cout<<"*** Nodal displacement components for n=1 ***"<<endl;

cout<<"pbl(l) = "<<b*1000<<" mm"<<endl;
cout<<"cl(l) = "<<c*1000<<" mm"<<endl;
cout<<"gl(l) = "<<g*1000<<" mm"<<endl;

(4.34)

//******************************************************************************************

// *** End mode n=1 ***

//******************************************************************************************

//******************************************************************************************

// ***General case Of n>=2 ***

//******************************************************************************************

//Calculate each Fourier mode 'n' independently
for(n=2; n<=alpha; n++)

{

//Calculate constants that depend on 'n' and coefficients of quartic equation

constants2(cn, n, r);
coefficients(cn, p);

//Use Ferrari's method to determine roots M and then take square roots to get m

quartic_roots (M, p);
m{5]=sqrt (M[11);
mi6]=-1*sqrt (M[{11);
m[3)=sqrt (M[2]);
m{4]=-1*sgrt (M[2]);
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m[l]=sqrt(M[3]);
m{2]=-1*sgrt (M[3]1);
m[7]=sqrt (M[4]);
m[8]=~1*sqrt{M{4dl};

//Establish relationships between vectors of integration constants
for(i=1; i<=8; i++)
{

D_bar{i]l=((cn[11]*m[i])}*(cn([3]1*m[i])/(cn[1l]*pow(m[i],2)-cn[10})-(cn[14]-
cn[l5])*pow(m[i],2)))/(cn[l2]-cn[13]*pow(m[i],2)—
pow(cn[1l]*m[i},2)/(cn[l])*pow(m([i],2)-cn[10]));

A _bar[i}j=((-1)*cn[11l]1*m[i]}/(cn[l] *pow(m[i],2)-cn[10]))*D_bar{i]-
en[3]1*mli]}/ (cn[l]*pow(m[i},2)-cn[10]);

F _bar{il=1;

}

//*** Calculate first the displacements an, dn and fn ***

//Construct the matrix [H] from the boundary conditions
for(i=1l;i<=8;i++)

{

H{l][1i]=A_bar([il;
H[2}[{i]=D_bar{il;
H{3][1]=1;
H{A] [i]=m[1i];
H[5] [1]=(cn[l]*m[i}*A_bar[i]+cn{3]*(14n*D_bar([i])) *exp(m[i]*1);
H(6][1]l=(~-1*n*cn{5]*A_bar[i]l+(cn[4]+cn[9])*m[i]*D_bar[i]+
n*cn(9]*m[i]) *exp(m[i]*1);
H[7}{i]l=(-1*cn[6]*pow(m[i},3)+(cn(8]+cn[2])* (n*D_bar[i]+n*n)*m[i])*exp(m[i]*1);
H[(8)][il=(cn{6]l*pow(m[i], 2)-cn[8]*(n*D_bar([il+n*n))*exp(m[i1*1);

}

//Invert the martix [H]
inverse(H, H_inv);

//Create the load vector @
for(i=1; i<=8; 1i++)
Q[i1=0;
if (n%2==0)
Q[7]=-16*cos(n*pi/2);

//Calculate the integration constants from {F_bar} = [H_inv]*{Q}
multiply_vector(F_bar, Q, H_inv);

//Find a(l), d(1l) and f(1l) from a(l)=<A bar{(l)>{(F_bar}

a=d=f=0;

for(i=1; i<=8; i++)

{
at+=A_bar[i}l*exp(m[i]*1)*F_bar[il;
d+=D_bar[i]*exp (m[i]*1)*F_bar{i];
f+=F_bar[i]l*exp(m[i]*1);

}

//Output the nodal displacement contributions at z=1 for mode n in mm
cout<<"*** Nodal displacement components for mode "<<n<<" ***"<<endl;
cout<<Mam<<n<<"(l) = "<<a*1000<<" mm"<<endl;
cout<<"d"<<n<<" (1) = "<<d*1000<<" mm"<<endl;
cout<<"f"<<n<<" (1) "e<f*1000<<" mm"<<endl;

I

//*** Calculate now the displacements bn, cn and gn ***

//Construct the matrix [H] from the boundary conditions
for(i=1;i<=8;i++)
{

1=A_bar{il;

i]=-1*D_barl[il;
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H[(8}[i]=(cn[6]}*pow(m[i]},2)-cn[8]*(n*D_bar[i]+n*n))*exp(m[i]*1);
}

//Invert the martix [H]
inverse(H, H_inv);

//Create the load vector Q
for (i=1; i<=8; i++)

Q{i1=0;
if (n%2==0)

Q[7]=-16*sin(n*pi/2);

//Calculate the integration constants from {G_bar} = [H_inv]*{Q}
multiply_vector (G_bar, Q, H_inv);

//Find b(1l), c(1) and g(1l) from b(l)=<A bar(l)>{G _bar}
b=c=g=0;
for(i=1; i<=8; i++)
{
b+=A_bar[i]*exp(m[i]*1)*G_bar[i];
c+=D_bar[i] *exp(m[i]*1)*G_bar[il];
g+=F_bar[i] *exp(m[i]*1);
}

//Output the nodal displacement contributions at z=1 for mode n in mm

cout<<"b"<<n<<" (1) = "<<pb*1000«<<" mm"<<endl;

cout<<mc"<<n<<" (1) = "«<c*1000<<™ mm"<<endl;

cout<<"g"<<n<<™ (1) = "<<g*l000<<" mm"<<endl;
g

}

//******************************************************************************************

// *** End mode n ***
//******************************************************************************************

}

//*****,*************************************************************************************

// *** END MAIN PROGRAM ***

//*****‘*************************************************************************************

//Function to get the physical properties of the pipe
void input (double *r, double *t, double *1, double *E, double *G, double *mu, int *alpha)
{

*r=0.2;

*t=0.006;

*E=200000000;

*mu=0.3;

*G=*E/(2* (1+*mu) ) ;

*1=4;

*alpha=6;
}

//Function to calculate the constants dependent on physical properties of the pipe
void constantsl (double *c, double r, double t, double E, double G, double mu)
{

double pi=M_PI;

c{l}=E*r*t*pi/(l-pow(mu,2));

cl[2]=E*t*pi/(r*(l-pow{(mu, 2)));

c[3]1=E*t*mu*pi/ (l-pow(mu,2));

c[4]=G*r*t*pi;

c[5]=G*t*pi;

cl6l=E*r*pow(t,3) *pi/(l2*(l~pow(mu,2)));

c[7)}=E*pow(t,3)*pi/ (12*pow(r,3)* (l-pow(mu,2)));

c[8]=E*pow(t, 3) *mu*pi/ (12*r* (l-pow(mu, 2)));

c[9]=G*pow(t,3)*pi/(3*r);

c(13)=cfd4]+c[9];
}

//Function to calculate constants dependent on Fourier mode n
//Function will be called for each mode n
void constants2(double *c, int n, double r)
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{ cll0]=c[4]*pow((n/r),2);
c{ll]=(c[3]+c[5])) *n;
cll2)l=(c[2]+c[7}) *pow(n,2);
c[ld4j=c([2]*n+c|[7]*pow(n,3);
c[15]=(c{8]+c[9])*n;
c{lée]l=c[2]+c[7]*pow(n,4);
cfl7]=(2*c[8]+c[9])*pow(n,2);

}

//Function to calculate the coefficients of the quartic equation

void coefficients(double *c, double *p)

{
double dl1, d2, d3, d4, d5;
pll)=(-1)*c[1l]*cl6]*c[13];
pl2i=c[l]*(c[6]1*c[1l2]+c[13]*c[17]-pow(c[15],2))+c[6]1*(c[10]*c[13]-pow(c[1l1l],2));
pl3l=c[1l1*((-1)*c[12]*c[17}-c[13]*c[1l6]+2*c[14])*c[15])-c[10]*(c[6]*c[1l2]+c[13]*c[17]-

pow(c[15},2))tpow(c[11l],2)*c[17]-2*c[3]1*c[1l1l]*c[l5]+pow(c(3],2)*c[13};

dl=c[l]*(c[l2)}*c[l6]-pow(c[1l4],2));
d2=c[10]*(c[12]*c[17]+c[13]1*cllé6]-2*c[14]1*c[15]);
d3=2*c[3]*c[11]*c[14];
dd4=pow(c[11],2)*c[1l6];
d5=pow(c[3],2)*c[12];
pl4]=dl+d2+d3-d4-d5;
pldl=(-1)*c{l0}l*(c[l2]*c[l6]-pow(c[l4]},2));

}

//Function to solve the quartic equation with Ferrari's Method for modes n>=2
void quartic_roots(complex *root, double *pp)
{

int i;

double alpha, beta, gamma;

double p, q, radical;

complex r, u, sqroot, y, w, bracket_pos, bracket_neg, polynomiall[6], temp[3];

alpha = -3*pow(ppl2],2)/(8*pow(pp(l],2))+pp[3}/ppll];

beta = pow(pp[2],3)/(8*pow(pp[l],3))~(ppl2]*pp[3])/(2*pow(ppll],2))+pp[4]/pp[1l];

gamma =-3*pow(pp(2],4)/(256*pow(pp[l],4))+pp[3]*pow(ppl2],2)/(l6*pow(pp(l],3))-
pp(21*pp[4]/ (4*pow(pp{l],2))+pp[5])/pp[1];

//Check if beta=0
if (beta<.000001 && beta>-.000001) //Equation is Bigquadratic

{
p = pow(alpha,2)~4*gamma;

if (p>0)

sqroot = sqrt(p};
else

sqroot = complex_root(p);
bracket_pos = -alpha+sqroot;
bracket_neg = -alpha-sqroot;
root{1l] = -pp[2]/(4*pp[l])+sqrt (bracket_pos/2.0);
root[2] = -ppl[2]/(4*pp[l])+sqgrt (bracket_neg/2.0);
root[3] = -ppl[2]/(4*pp[l])-sqgrt (bracket_pos/2.0);
root[4] = -pp[2]/(4*pp[l])-sgrt (bracket_neg/2.0);

for(i=1; i<=4; 1i++)
if (abs(root[i])<.00001)
root[1]=0;

}

else //Equation is not Biquadratic - Full Ferrari's method is reg'd
{

p = —pow(alpha,2)/12-gamma;

q = -pow(alpha,3)/108+alpha*gamma/3-pow(beta,2)/8;

radical = pow(q,2)/4+pow(p,3)/27;

if(radical>0)
r = g/2.0 + sgrt{radical);

else

{
sqroot = complex_root{radical);
r = g/2.0 + sqroot;
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i

u = pow(r, 1.0/3.0);

//check if u=0
if (abs(u)<.000001)

bracket_pos))/2;
bracket_neg))/2;
bracket_pos))/2;

y = —(5.0/6.0)*alpha;
else

y = -(5.0/6.0)*alpha - u + p/(3*u);
w = sqrt(alpha + 2*y);
bracket_pos = -(3*alpha+2*y+2*beta/w);
bracket_neg = -(3*alpha+2*y-2*beta/w);
root 1] = -ppl[2]/(4*pp[1])+ (wtsgrt(
root [2] = -pp[2]/(4*pp{1])-(wsqrt(
root[3] = -ppl2]/(4*ppl1])+(w-sqrt(
root[4] = -ppl2]/(4*ppll])-(w-sqgrt(

bracket_neqg))/2;

//Function to compute the complex square root of a number of type “double”
complex complex_root (double x)

{

complex root, Xx=X;
root = sgrt (xx);
return root;

}

//Function to compute the inverse of a matrix [a]

void inverse (complex all[9],

{

int i,3,k;
complex value;

for(i=1; 1i<=8; i++)
{
for(j=1; j<=8; j++)
{
if (i==3)

}

for(i=1;

{

for(j=1;

{

}

a_inv[i][3j1=1.0;
else
a_inv[i][j1=0.0;

i<=8; i++)

Jj<=8; Jj++)

if(i1=9)
alil[jl/=alil[i];

a_inv[i][j}/=alil[1];

[1]1=1.0;
(k=1; k<=8; k++)
if(it=k)

value=alk] [1i];
for(j=1; j<=8;
{

J++)

complex a_invI[][9])

alkl[jl-=alil [j]*value;
a_inv(k] [j}-=a_inv([i] [j]*value;

// Calculates the product of 2 8x8 matrices —-> [product]=[x][y]

void multiply matrix(complex product/[]

(o1,

complex A[][9],

complex B[][2])
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int i, j, k;

for(i=1; i<=8; i++)
for(j=1; j<=8; j++) -
{
product[11{j]1=0;
for (k=1; k<=8; k++)
product [1] [§1+=A{i] [K]1*B[k][j];

}
// Calculates the product of an 8x8 matrix and an 8xl vector —> {resultj}=[matrix]{vector}
void multiply_vector (complex result[], complex vector[], complex matrix{][9])

{

int i, 3j;

for (i=1; i<=8; i++)
{
result{i}=0;
for(j=1; j<=8; j++)
result [i]+=matrix([i][]j]*vector[j];

//******************************************************************************************
*#** END PROGRAM ***

//******************************************************************************************
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A10.2 Qutput

Below is the output given by the program listed in Secion A10.1:

*** Nodal displacement
a0(l) = 0.000637487 mm
c0(l) = 0 mm

f0(1) = -0.0314979 mm

*** Nodal displacement

al(l) = 0 mm

dl(l) = 0 mm

£1(1) = 0 mm

bl(l) = 0.848928 mm
cl(l) = -11.51643 mm
gl(l) = -11.579102 mm
*** Nodal displacement
az2(ly = -0.152271 mm
d2(1l) = -1.3352 mm
£2(1) = 2.74664 mm
b2(l) = 0 mm

c2(l) = 0 mm

g2(l) = 0 mm

*** Nodal displacement
a3d3(l) = 0 mm

d3(l) = 0 mm

£3(1) = 0 mm

b3(1) = -0.0536703 mm
c3(l) = 0.302682 mm
g3(l) = 0.972001 mm
*** Nodal displacement
a4(l) = 0.0254056 mm
d4(l) = 0.113397 mm
£f4(1) = -0.503479 mm
b4(l) = 0 mm

c4(l) = 0 mm

g4(l) = 0 mm

*** Nodal displacement

a5(l) = 0 mm
d5(l) = 0 mm
£5(1) = 0 mm
b5(1l) = 0.0132984 mm
c5(l) = -0.0522025 mm
g5(1l) = -0.297169 mm

*** Nodal displacement
a6 (l) = ~-0.0073683 mm

dé(l) = -0.0269971 mm
f6 (1) = 0.187143 mm
b6(1l) = 0 mm

c6(l) = 0 mm

g6(l) = 0 mm

contributions for n=0 ***

components

components

components

components

components

components

for

for

for

for

for

for

n=1 *x*%*

mode 2

mode 3

mode 4

mode 5

mode 6

* * *

* Kk x

* Kk *

* kK

* kK
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A10.3 Example 2: Cantilever Beam Under Self Weight

Example 2 in Chapter 4 consists of a cantilever beam under self weight. The pipe properties
are the same as those used in Example 1 in Chapter 4 and listed in Section A10.1 above.
The only non-zero load potential vector is the one corresponding to displacement
contributions by, ¢; and g; for mode n=1. The C++ code for the load potential vector must
be modified to include the particular solution for the self weight. Also, the particular
solution must be included when calculating the tip displacement. The relevant modified
sections of the C++ code are:

// Create the load vector Q in Eg. (4.95)

//Find coefficients T[i] of particular solution in Eg. 4.80
//LHS matrix and RHS vector

x[1][1}=-1*cn[5]/r;

x[1]1[2}=-2*(cn[3]+cn[5]);

x[1][3]=-24*r*cn[1];

x[1][4]=2*cn{3];

x[2)[11=0;
x[2]{2]=-1*(cn[2]+cn[7]);
"x[2]{3]=-12*(r*cn[3]+cn[8]);
x[2] [4]=cn{2]+cn[7];
x[3]1[1l=cn{3];
x[31[2]=2*(cn[8]+cn[9]);
x[3]1[3]=24*cn[6];
X[3][4}=-2*(2*cn[8]+cn[9]);
x{4}[1]l=cn[3]+cn[5];
x[4][2]=2*(r*cn{5]+cn[3]);
x[4][3]=0;
x[4][4]=-2*(cn[(8]+cn[9]);
qll]l=q{2]=0;
q[3]=-1*pi*t*78*r;

q[4]=pi*t*78*r;

inverse(x,%_1inv);
nultiply_vector (T, g, x_inv);

for(i=1; i<=4; i++)
Q[i]=0;
QiS51=-1*cn[1]1*(T[1}~12*r*T (3] *pow(l,2))+cn[3]1*(T[2]-T[4])*pow(l,2);
Q[6]=~1*cn[5]*1*(T[1]-4*r*T[3]*pow(l,2))-2*1*(r*cn[5]+cn[9])*(T[2]1+2*T[3]*pow(l,2))+
2*1*cn[9]*(T[4]+2*T[3]*pow(l,2));
Q[7]1=24*cn[6]1*T[3]1*1+2*1*(cn[8]+cn([9])*(T[2]+2*T[3]*pow(l,2))-
2*1*(cn{8]+cn[9])*(T{4]1+2*T{3]*pow(l,2}));
Q[8]=-2*cn[6]1*(T[41+6*T{3]1*pow(l,2))-cn[8]*(T[2]-T[4]) *pow(l,2);

//Calculate the integration constants from {G_bar} = [H_ inv]*{Q}
multiply vector(G_bar, Q, H_inv);

//Find the vector <e(l)> from Eg. (4.35c)
el[l]=
el2]1=1;
e[3]=pow(l,2);
el[4]=pow(l,3);
for(i=5;1i<=8;i++)
elil=exp(m[i]*1);

//Calculate tip deflection as g=<e(1l)>{G} from Eg. (4.83)
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g=T[4}*pow(l,2)+T[3]*pow(l, 4);
for(i=1;i<=8;i++)
g+=e[il*G_bar[i];

//Calculate tip deflection as c=-<Dl_bar(l)>{g} from Eq.

c=T[2]*pow(l,2)+T{3]*pow(l, 4);
c+=-1*D1_bar[l]*G_bar{l};
c+=-1*D1_bar[2]*1*G_bar(2];

c+=-1*(D1_bar[9]+D1l_bar [3]*pow(l,2))*G _bar(3];
c+=-1*(D1_bar[10]*1+D1_bar [4]*pow(l,3))*G_bar[4];

for(i=5;i<=8;1i++)
c+=-1*D1_bar[i]*exp(m[i]*1)*G_bar[i];

//Calculate the axial deflection of the tip as b=<Al_bar(l)>{g} from Eq.

b=T[1]*1-4*r*T[3]*pow(l,3);
b+=A1_bar (2] *G_bar{2};
b+=Al_bar[3]1*1*G_bar{3];

b+=(Al_bar[92}+Al_bar[4] *pow(l,2))*G_bar{4];

for (i=5;i<=8;i++)
b+=Al_bar[i} *exp(m([i]*1)*G bar[i}];

//Output the nodal displacement contributions at z=1 for mode n=1 in mm
cout<<"*** Nodal displacement components for n=1 ***"<<endl;

cout<<"bl(l) = "<<b*1000<<" mm"<<endl;

cout<<"cl(l)
cout<<"gl(1l)

The output from the program for the self weight of Example 2 is:

*** Nodal displacement components for n=1 ***

al(l)
dl(l)
£1(1)
bl(l)
cl(l)
gl(l)

0

=0

0
0

"<<c*1000<<™ mm"<<endl;
"<<g*1000<<" mm"<<endl;

i

mm
mm
mm
.0416114 mm

-0.639488 mm
-0.639504 mm

(4.83)

(4.34)
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APPENDIX 11 -=PROGRAM LISTING FOR FINITE ELEMENT SOLUTION

The finite element method developed in Chapter 5 was implemented using the C++
programming language and compiled with the software program Borland C++, version 5.02.
Included in the subsequent sections are the listing of the program and the program output for

the examples given in Chapter 6.

The program utilizes the built-in C++ class “complex” which can carry out all required
mathematical manipulations of complex numbers. The geometric and material properties
are hard coded into the program. These can be changed and the program re-run to model
different pipe geometries. Alternatively, a simple modification could be made to the code to
allow the user to input the pipe properties. The latter alternative would be useful for a small
problem involving only one or two elements but would quickly become cumbersome for a

larger model.

The loading conditions are also hard coded into the program. The main program listing in
Sectiori A11.1 includes the code for the loading given in Example 1 in Chapter 6. As with
the pipé properties, the loading can be change by modifying the code and re-running the
model. The section of code that is required to be changed to alter the loading is relatively
small. The code for the loading conditions used in each of the examples in Chapter 6 is

included in this appendix.

Note that the only changes to the program listing required to model the examples in Chapter
6 are the pipe properties and the loading conditions. All other aspects of the program listing,
including the calculation of the all constants and the determination of the stiffness matrix, do

not need to be altered.
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All.1

Program Listing

Below is the listing

for the program used to calculate the deflection of the tip of a

cantilevered pipe with an applied point load at the tip. The geometry, material properties

and loading are those

of Example 1 in Chapter 6.

Note that everything in italics in the program listing is a comment that is ignored by the C++

compiler. These comments are included for clarification only.

#include <complex.h>
#include <math.h>

// Function definitions

void input(double *, double *,double *, double *, double *, double *, int *);

void constantsl (double *, double, double, double, double, double};

void constants2(double *, int, double);

void coefficients(double *, double *);

void guartic_roots(complex *, double *);

complex complex_root (double);

void get_N1_1(complex []1[9][9], complex {], complex [], double, double);

void get_N1_2(complex []1[9][9], complex [], complex [], double, double) ;

void get_N1_3(complex []([9][9], complex [], complex [], complex [], double, double);

void get N1_4(complex [1[9]1[9], complex [], complex (], complex [], double, double, double);

void get_N1_5(complex [][9]1[9], complex [], double, double);

void get_N1_6(complex [][9][9], complex [], complex [], double, double);

void get_N1_7(complex []1[9][9], complex [], complex [], double, double);

void get_N1_8(complex [][9][9], complex [], complex [], double, double);

void get_NI(complex [1[9]1[9], complex {], complex [], double, double);

void get_N2(complex [][91[9], complex [], complex [], complex [], double, double, double);

void get_N3(complex [][9][9], complex [], complex [], complex [], complex [], double,
double, double};

void get_N4 (complex [][91([9], complex [], complex [], complex [], double, double, double,
double) ;

void get_Nb5(complex []{9]1[9], complex [}, complex [], double, double);

void get_ N6 (complex [1[9]1({9], complex [], complex [], complex [], double, double, double);

void get_N7(complex [1[9]1[9], complex [], complex [], complex [], double, double, double);

void get_N8(complex []1[9]([9]}, complex [], complex {], complex [], double, double, double);

void get_sub_sub_N(complex [][9], complex [], complex [], complex {], int, int, double);

void multiply_matrix(complex [][9], complex [][9], complex[][9]);

void multiply_vector (complex [], complex [], complex [][9]);

// Begin main program
main ()

{

double pi=M_PI;

double r, t, E, G, mu, 1; //physical properties of pipe

double cn([l181]; //array of constants from Eg. 2.15

double pl[6]; //coefficients of quartic equation

int 1i,3j,k; //counters in "for" loops

int ny //current Fourier mode

int alpha; //total number of Fourier modes included in analysis

complex i.sqrd, im; //imaginary number defined as sqrt(-1)

complex M[5]; //roots of quartic equation

complex m{9]; //sqaure roots of roots of quartic equation

complex A_bar[9], D_bar[9], F_bar[9], C_bar[9}; //vectors relating integration constants
complex Al_bar({10], Dl_bar[ll]; //vectors relating integration constants for mode n=1
complex LO1[9][9 ], LO1_inv([9][9)}; //matrices required for modes n=0 and n=1

complex LO2[9][9], LO2_inv[9][9] //matrices required for modes n=0 and n=1

complex Ll[9][9 Ll_inv[9]1([91], Ll_invt[9][9]; //matrix [Ln,l1] and its inverse
complex L2[9 ][9} L2_inv[9][9}, L2_invt[9]19]; //matrix [Ln,2] and its inverse
complex Kn[9]([9], Kn_inv[9]1[9}]; //stiffness matrix and its inverse
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complex N[9][9], subN{9][9]([9}, LN[9][9]; //intermediate matrices needed to determine [K]

complex LL[9]}1(9}, prod[9][9];
complex e[9];

complex Q[9}, deltal9]; //load potential and nodal displacement vectors

complex a, b, ¢, d, £, g;

//Define imaginary number i and call it "im"
i_sqrd=-1;
im=sqrt (i_sqrd);

//Get element data
input (&r, &t, &1, &E, &G, &mu, &alpha);

//Calculate constants not dependent on "n"
constantsl(cn, r, t, E, G, mu);

//******************************************************************************************

// *** Axi-symmetric case n=0 ***

//******************************************************************************************

//Calculate each of the roots for i=3 to 6
m[1l)=-12*(l-pow(mu, 2))/pow(r*t,2);
m[2}=sqrt(m[1]);
m{3}=sqrt(m[2]);
m{4]=-1*m[3];
m[5]=m[3]*im;
m[(6]=-1*m[3] *im;

//Construct F_bar and C_bar.
for(i=1;i<=8;1i++)}
Fbar[i]=0;
Fbar[2]=-1*mu*r;
for(i=3;i<=6;1++)
Fbar [i]=-1*r*m[i] /mu;

; //Construct the matrix [LO]
for (j=1;3<=8;j++)
{
switch(j)
{
case 1: //Column 1
L{1}{j1=LI[5][]j1=1;

L{2}[31=L[3][3]1=LI14][3]=L{6][3]1=LI[7][3]=Li8]1[]1=0;

break;

case 2: //Column 2
L[1]1[j)=L{2]1[ji=L[4]1[]j]l=LI[6]1[]]1=LI[8][3]1=0;
L[3][jl=L[7][jl=Fbar[2];

L[5]13]
break;

case 7: //Column 7
L{2)[j1=L[61[]j]1=1;

L{11{j1=L[3]1(31=L{43[J1=L(51[3]1=L[71(J]1=L{8]1[]1=0;

break;

case 8: //Column 8
L6l (jl=1;
L{11[31=L12)[J1=L(3}(31=L[4][3)=LI51[3)=L{7][31=L(8]1[51=0;
break;

default: //Columns 3 to 6
L{1}{]jl=1;

Li2}[jl=Ll6][]1=
Li3}[j]l=Fbar[j];
L{4][jl=m{j]*Fbar[jl;
Li51{jl=exp(m[j]*1);
L[7]1[jl=Fbar[jl*exp(m[j]1*1l);
L[8][jl=m[Jj]*Fbar[jl*exp(m[j]*1);
break;
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}

// *** Need to rearrange [L0O] to calculate inverse - cannot have zeroes on diagonal ***

// Previous order for nodal displacements:
// New order for nodal displacements:
for(i=1; i<=8; i++)
{
LO1[1][4il L[l}[l
LOo1(21[1

3 r
] r
] ’
1
17
1i
} r
] I

}

//Invert the martix [LO]
inverse (L01l, LO1_inv);

// *** Need to rearrange L_inv so it is the inverse of I rather than LO.

// This is necessary because shape function vectors N are written in terms of L,

<a(0) c(0) £(0) £'(0) a(l) c(l) f(1) £r(1)>
<a(0) f£(1) £(0) £'(0) a(l} £'(1l) c(0) c(l)>

not LO.

// It is accomplished by switching columns in L_inv corresponding to rows switched in L

for(i=1; i<=8; i++)

{
L_inv[i] [1}=L01_inv[i][1};
L_inv{i][2]=L01l_inv{il{7];
L_invi{il[3]1=L01_inv[il[3];
L_invi{i] [4]=L01_inv[i}[4];
L_invi{i] [5]1=L01_inv[ij[5];
L_inv[i}[6])=L01_invI[i][8];
L_inv([i][7]=LO1_inv[i][2];
L_inv([i][8]=L01_inv[i][6];

}

//Find the transpose of matrix I_inv
for(i=1; i<=8; i++)
for (j=1; j<=8; j++)
L_invt[i][§)1=L_inv[i][i];
//Calculate the stiffness matrix for mode 'O’
//Initialize all sub-matrics subN to zero
for(k=1;k<=6;k++)
for(i=1;i<=8;i++)
for(j=1;j<=8;j++)
subN[k] [i] [j1=0;

//Calculate each sub matrix as the integral of the product of the vectors e0,
// and the constants as per Egs. 5.31 and 5.32
subN[1] [2][2}=2*c[1]*]1;

subN{2][2][2]=2*c[2]*pow(Fbar[2],2)*1;
subN{3][2][2]=4*c[3]*Fbar[2]*1;
for (h=3;h<=6;h++)
{
subN{1}[2] [h]=subN{1l]{h]([2}=2*c{l]*(exp(m[h]*1)-1);

2
subN[2][2] [h]=subN[2] [h][2
subN[3][2] [h]=subN[3] [h][2]

J=2*c[2]*(Fbar[2] *Fbar [h]l/m[h]
=2*c[3]*(Fbar [h]/m[h]+Fbar[2])* (exp(m[h
}

for(j=3;j<=6;j++)
for (h=3;h<=6;h++)

if(abs{(m{j)+m[h])<0.000001)

{
subN[1] [J] [h]=2*c[1]*m[j]1*m[h]*1;
subN[2] [j] [h]=2*c[2]*Fbar[j] *Fbar [h]*1;
subN{3] [j]) [h]=2*c[3]*(Fbar[h]*m[j]*Fbar [
subN[5] [J] [h]

jl*m[h})*1;

}

else

{

I*1)

=2*c[6]1*Fbar[j]*Fbar{h]l*pow(m[j], 2)*pow(m[h], 2)*1;

FO and CO

) *(exp(mfh}*1)-1);
-1);
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SubN {1 }[JJ[h]—Z* cll1*(m[j)*m[h]/(m{jl+m[h]))*(exp((m[j]l+m[h])*1)-1);

subN{2]j[j][h]=2*c[2]*(Fbar[j]*Fbar[h]/(m[j]l+m[h])})*(exp((m[j]+m[h])*1)-1);

subN[B][j][h}—2*c[3]*((Fbar[h]*m[]]+Fbar[j]*m[h] /(m[jl+m[h})) ™
(exp((m[jl+m{h])*1)-1);

subN[5] [j] [h]=2*c[6]*(Fbar [j]*Fbar [h]*pow(m[]j],2)*pow(m[h],2)/(m[]j)+m[h]))*
(exp((m{jl+m[h])*1)~1);

subN[4]}[8][8]=2*c[4]*]1;
subN[6] [8] [8]1=2*c[9]*]1;

//Matrix [N] is sum of all the subN matrices
for(i=1;i<=8;i++)
for (j=1;3<=8;j++)
{
N[i][j1=0;
for (k=1;k<=6;k++)
N[i] [j)+=subN[k][i][3]);
}

//Calculate the stiffness matrix as [K]=[Linvt][N][Linv]
mult (LN, Linvt, N);
mult (K, LN, Linv);

//Set the nodal load vector Q
//Note that this section is adjusted for different loading conditions
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.2
//Find {e(1l)}

e{1]=0;

el[2]1=F_bar[2];

for (i=3; i<=6; i++)

e[i]=F _bar[i]*exp(m[i]*1l);
e[7]=e{8]=0;

//Set {Q}=-P*[L _invt]*{e(l)}
for (i=1; 1i<=8; i++)

t

1;3<=8;3++)
J+=-16*L_1invt[i] [jl*e[]];

Q[i]1=0
for(j=
Qli
}
//Modify [K] for the boundary conditions of a cantilever with one end completely fixed
for(i=1; i<=4; i++)
{
for (j=1; 3j<=8; Jj++)
if (i1=7)
{
Kn[i] [j]=0;
Kn[j]{i]=0;

r

}

//Invert the modified stiffness matrix to find nodal displacements {delta}
inverse (Kn, Kn_inv);
multiply_vector (delta, Q, Kn_inv};

//Find the displacement contributions a, c¢ and f for mode 0
a=deltal5};
c=deltal6];
f=deltal[7];

//Output the nodal displacement contributions at z=1 for mode n=0 in mm
cout<<"\n*** Nodal displacement contributions for n=0 ***"<<endl;

cout<<"al(l) = "<<a*1000<<" mm"<<endl;
cout<<"cO(l) = "<<c*1000<<" mm"<<endl;
cout<<"f0 (1) = "<<£*1000<<"™ mm\n"<<endl;

//******************************************************************************************

// *** End mode n=0 ***

//******************************************************************************************
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//******************************************************************************************

// *** Special case of n=]1 ***

//******************************************************************************************

//Calculate constants that depend on 'n' and coefficients of gquartic equation

constants2{cn, 1, r);
coefficients(cn, p);

//Calculate each of the roots for i=5 to &
m[l]=pow(p[2],2)-4*p[1]*p[3};
m[2}=sqrt(m[1]);
m[5}=sqrt((-1.0*p[2]+m{2])/(2*p[1]))
m[6]=sqrt((-1.0*p[2]-m[2])/(2*p[1]));
m[7]=-1.0*m[5];
m(8]=-1.0*m[6];

//Construct vectors (A _bar} and {D _bar}
Al _bar([l]=

Al_bar([2]=cn[3]1/cn[10]-(cn[1l1l]*cn[14]1)/(cn[10]*cn{12]);
Al_bar[3]=(2/cn[l0])*(cn[3i-(en[11]*cn(14})/cn{l2});
Al_bar[4]=(3/cn[l10])*(cni3]~(cn[lll*cn[1l4]})/cn{l2]);

Dl_bar{1]=-1.0*cn[14]/cn
Dl_bar{2]=-1.0*cn[14]/cn
Dl_bar[3]=-1.0*cn[14]/cn
Dl_bar[4]=-1.0*cn[14]/cn
for(i=5; i<=8; i++)

{

1
[
l
[

’
7
14
’

21;
12];
12];
12];

- Dl_bar[i]=((cn{ll]*m[i]l)*(cn[3]*m[i])/(cn[l]*pow(m([i],2)-cn[10])-(cn[1l4]-

n[l5]*pow(m{i],2)))/(cn{l2]-cn[13}*pow(m[1],2)—-
pow(cn[l1l1*m{i],2)/(cn[l]}*pow(m[i],2)-cn[10]))

Al _bar([i)=((-1)*cn[1ll]*m{i]/(cn{l)*pow(m{i],2)-cn[10]))*D1l_bar{i]-

- cn[3)*m[i]/(cn[l]*pow(m[i],2)-cn[10]);
) :
Al _bar[9]=-6*r*cn[l]/cn[1l0}+(6*cn[11]/(cn[10]*cn{l12])}
Dl_bar[%]=(2/cn[12])*((cn{ll]/cn[10])*(cn[ll]*cn[l4}/cn[l2]-cn{3])-
(cn[13]*cn([14]/cn{l2])+cn([15]);
D1_bar[10]=3*D1_bar[9];

//Construct the matrix [L1,1]
//Column 1
L1{11([1]=L1[4]1[1)=L1([5}({1]=L1([8][1])=0;
L1{31([1]=L1(7][1]1=1;
L1{2](1]=L1([6]1[1]=D1_bar(1l];
//Column 2

L1[1][2]=L1[5 ][2}~Al bar(2];
Li[(2][2] L1[3][21
L1[4][2}=L1[8][2]= l
L1[6][2]=D1_bar(2]*1;

L1[71[2]=1;
//Column 3
L1[1]1[3]=L1{31{31=L11{4]1[3]=0;
1[2][3]1=D1_bar(9];
L1[5]([3]1=Al_bar(3]*1;
1[6][3]=D1_bar([2]+D1_bar[3]*pow(l,2);
L1[7][3]=pow(l,2);
L1[8]([3]=2*1;
//Column 4
L1[1][4]1=Al_bar(9];
L1[2])[4]1=L1([3](4]=L1{4]([4]1=0;
L1[5][4]=Al_bar[9]+Al_bar{4]*pow(l,2);
L1[6]1{4]1=D1_bar[10]*1+D1_bar([4]*pow(l,3);
L1[7}{4]=pow(l,3);
L1[8][4]=3*pow(l,2);
//Default: Columns 5 through 8
for(i=5; i<=8; i++)
{

L1[1]{i]=Al_barli];

L1[2)] [1]_131 bar[i];

L1{3][i]l=1

L1{4][i]=m[i];

*(r*cn[ll]-cn[4]+cn[8]);
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L1[5][1i}=Al_bar[i}*exp(m[i]*1);
L1[6][i]1=D1_bar[i]*exp(m[i]*1);
Li[7][i]l=exp(m[i]=*1);
Li[8][i]=m[i]*exp(m[i]*1};

}

//Construct the matrix (L1,2]
//Column 1

2[11([1]1=L2[4][1]=L2([5][1]=L2([8])[1]=0;

L2{3][1]=L2[7][1]=1;
L2{2][1]=L2[6][1]=-1*D1_bar|[l];

//Column 2
2[1112]1= [5][2]—Al bar(2];
20211 ]= [31102]1=
2[4} ([2]=L2([8][2]=
L2[6][ ]= -1*D1 bar[2]
2{71121=1;
//column 3
L2[1][31=L2[3}[3]=L2[4]1(31=0;
L2{2]1{3]= -1*D1_bar(9];

2(51[3]=A1_bar([3]*1

L2{6](3]= -1*Dl_bar[9]-Dl_bar[3]*pow(l,2);

L2[7]1[3]=pow(l,2);
L2[8][3]1=2*1;

//Column 4
L2[1][4]=Al_bar|[9];
L2[2]1[{4]=L2[3][4]=L2[4]([4]1=0;

L2[5]1{4]=A1l_bar[9]+Al _bar[4]*pow(l,2);

L2[6][4]= -1*D1_bar[10]*1-D1_bar[4]*pow(l,3);

L2[7][4]=pow(l,3);
L2[8][4]=3*pow(l,2);
//Default: Columns 5 through 8
for (i=5; i<=8; i++)

{ .
L2[1][i]=Al_bar[i};

L2[2][i]= -1*Dl_bar[i];
L2[3]([1i]=1;

L2[4] [il=m([i];
L2[5][1i]=Al_bar[il*exp(m[i]*1);

L2[6][i]= -1*Dl_bar[i]l*exp(m[i]*1);

L2171 {il=exp(m[i]*1);
L2[8] [i]=m[i]*exp(m[i]*1);
}

//Rearrange [L1,1] and [L1,2] to calculate inverse =~ cannot have zeroes on diagonal

//Previous order for nodal displacements:

//New order for nodal displacements:

for(i=1; i<=8; i++)

{
LO1[1}[i]=L1[2][4i];
LO1{2}[i]=L1[1][i];
LO1[3][]=L1[7][1i]);
L01[4][i]=L1[8][1i];
LO1[5] [i]1=L1[5][i];
LOl1[6] [il=L1{6][i};
LOL1[7][1]=L1{31([4i};

LO1(8][1]=L1[4][41];
LO2[1][i}= L2[2][l];
LO2[2] [1}=L2[1][4];
LO2({3] [1]=L2[7]1[41];
L02[4]{1]~L2[8]{1],
L02[5}[ ] 2[5]111];
Lo2([6] I L2[6][1},
L02[7][ ] =L2[3][4i];
L02[8][1]=L2[4][41};

}

//Invert the martices [L1,1] and [L1,2]
inverse (L01, LOl_inv);
inverse (L02, L02_inv);

<a(0) d(0) e(0) e’'(0) a(l) d(l) e(l) e'(1l)>
<d(0) a(0) e(l) e'(l) a(l) d(1) e(0) e’'(0)>
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//Need to rearrange I_inv so it is the inverse of L rather than LO.
//This 1is necessary because shape function vectors N are written in terms of L, not LO.
//It is accomplished by switching columns in L_inv corresponding to rows switched in L
for (i=1; 1i<=8; i++)
{
L1_inv[i] [1]=L01l_inv([i]{2];
Ll _inv[i][{2]1=L01l_inv([i}{1];
Ll_inv[i] [3]1=L01_inv[i][7];

Ll_inv[i][4)=L01_inv[i][8];
Ll_inv([i]l[5]=L01_inv[i][5];
Ll _inv([i] [6}=LO1_inv[i][6];
Ll _inv{i] [7]=L01l_inv([i][3];
Ll _inv{i][8]1=L01_inv[i]l[4]};
L2_inv{[i] [1]=L02_inv[i][2];
L2_inv([i] [2}=L02_inv[i][1];
L2_inv[i] [3]=L02_inv(i][7];

L2_inv[i] [4]=L02_inv(i] [8];

L2_inv[i] [5]1=L02_inv([i][5];

L2_inv{i} {6]=L02_inv{i}{6};

L2_inv{i] [7]=L02_inv{i][3];

L2_inv([i] [8]=L02_invi{i] [4];
}

//Find the transpose of LI1_inv and LZ2_inv
for(i=1;i<=8;1i++)
for(j=1;j<=8; j++)
{
Ll _invt([il[] ] =L1_inv(j]
L2_invt[i][j]=L2_inv[j]{i];
}

//*** Calculate first the displacements al, dl and f1 ***

//Calculate the stiffness matrix for mode '1'
//Inititalize matrix [N] to zero
for{i=1; i<=8; i++)
‘for (j=1; j<=8; 3++)
N[i]{3]=0;

//Calculate Sub Matrices NI1_1 through NI_8
get_N1_1(subN, Ll1_inv, Al_bar, m, 1, cn[l])
get_N1_2(subN, Ll1_inv, Dl_bar, m, 1, cn[2]);
get_N1_3(subN, Ll_inv, Al_bar, Dl_bar, m, 1, ¢n[3]);
get_N1_4(subN, Ll_inv, Al _bar, Dl_bar, m, 1, cn[4], r);
get_N1_S5(subN, Ll_inv, m, 1, cn[6]);
get_N1_6(subN, Ll_inv, Dl_bar, m, 1, cnl7]);
get_N1_7(subN, L1l _inv, Dl_bar, m, 1, cnl8]);
get_K1_8(subN, L1_inv, Dl_kar, m, 1, cni9]);

12

//Calculate total stiffness matrix N as sum of NI_1 through NI1_8
for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
for(k=1; k<=8; k++)
N[i] [jl+=subK[k][1][]];

//Calculate stiffness matrix [K1,1]
multiply matrix (LN, N, L1_inv);
multiply_matrix(Kn, L1_invt, LN);

//Set the nodal load vector Q
//Note that this section is adjusted for different loading conditions

//Below is the load vector corresponding to Example 1 in Chapter 6, Eg. 6.3

//Find {e(1)}

el{ll=1;
el2]=1;
e[3]=1*1;
e[4]=1*1*1;

for(i=5; 1i<=8; 1i++)
el[i]l=exp(m[i]*1);
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//Set {Q}=-16*[L invt]*{e(l)}*cos(pi/2)

for(i=1; i<=8; i++)
{
Q[i]=0;
for (j=1;3<=8;j++)
Qlr

//Modify [K] for the boundary conditions of cantilever fixed at one end

for(i=1; i<=4; i++)
{
Q{i}=0;
for(j=1; j<=8; j++)
if(il=73)
{
Kn[i}[j]=0;
Kn{j 1=0;

}

1]1+=-16*L1_invt[il[jl*e[]jl*cos(pi/2);

//Invert the modified stiffness matrix to find {deltal}

inverse (K

n, Kn_inv);

multiply vector (delta,

Q, Kn_inv);

//Find the displacement contributions a,

a=deltalb
d=deltalé
f=deltal7

//Qutput the nodal displacement contributions at z=1 for mode n=I1 in mm
cout<<"*** Nodal displacement components for n=1 ***"<<endl;

cout<<"al
cout<<"dl
cout<<"fl

//*** Calculate now the displacements bl,

1i
17
1;

d and f for mode 1

(ly = "<<a*1000<<" mm"<<endl;

(1)
(1)

i

"<<d*1000<<" mm"<<endl;
"<<f*¥1000<<™ mm"<<endl;

cl and gl ***

//Calculate the stiffness matrix for mode '1'
//Inititalize matrix [N] to zero

for(i=1;

1i<=8; 1i++)

for(j=1; j<=8; Jj++)
N{i] [j1=0;

//Calculate Sub Matrices NI_1 through NI1__8

get _N1_1¢(
get_N1_2(
get_N1_3(
get_N1_4(
get NI1_5¢(
get_NI1_6(
get_N1_7¢(
get_ N1_8(

//Calculate total

for(i=1;

subN, L2_inv,
subN, L2_inv,
subN, L2_inv,
subN, L2_inv,
subN, L2_inv,
subN, L2_inv,
subN, L2_inv,
subN, L2_inv,

1<=8; 1i++)

for(j=1; j<=8; J++)
for(k=1; k<=8;
N[i] [j]+=subKI[k][1]1[]];

Al _bar, m, 1,
-1*D1i_bar, m,

Al _bar, ~1*D1_]
Al_bar, -1*D1_]

m, 1, cni6]l);
-1*D1_bar, m,
-1*D1_bar, m,
-1*D1_bar, m,

stiffness matrix N as sum

k++)

//Calculate stiffness matrix [K1,1]
multiply matrix (LN, N,

multiply matrix{Kn,

L2_inv);

L2_invt, LN);

//Set the nodal load vector Q

//Note that this section is adjusted for different loading conditions
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.4

//Find {e(1)}

el[l]l=1;
el[2]=1;
ef[3]1=1*1;

cn[l});
1, en{2]);

bar, m, 1, cn[3]);
bar, m, 1, cn[4],

‘

1, cnf7]);
1, cni8l);
1, cn(92})

’

r);

of NI_1 through NI_§&
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el4]=1*%1%1;
for(i=5; 1<=8; i++)
elil=exp(m[i]*1);

//Set (Q}=-16*[L_invt]*{e(l)}*sin(pi/2)
for(i=1; 1<=8; i++)
{
Qrii=0;
for{j=1; j<=8; j++)
Qf{i]+=-16*L2_invt[i][jl*elj]*sin(pi/2)};
1
//Modify [K] for the boundary conditions of cantilever fixed at one end

for(i=1; i<=4; 1i++)

{

QLi1=0;
for (j=1; j<=8; j++)
if (i1=9)
{
Kn(i] [j]=0;
Kn[j][i]=0;

}

//Invert the modified stiffness matrix to find {deltal}
inverse(Kn, Kn_inv});
multiply vector(delta, Q, Kn_inv);

//Find the displacement contriputions b, ¢ and g for mode 1
b=deltal5];
c=deltal6];
g=deltal7];

//Output the nodal displacement contributions at z=1 for mode n=1 in mm

cout<<"bl(l) = "<<b*1000<<" mm"<<endl;
cout<<"cl(l) = "<<c*1000<<™ mm"<<endl;
cout<<"gl(l) = "<<g*1l000<<"™ mm"<<endl;

//********************************************************************************,**********

// *** End mode n=1 ***
//******************************************************************************************

//******************************************************************************************

// ***General case of n>=2 ***
//******************************************************************************************

//Calculate each Fourier mode 'n' independently
for(n=2; n<=alpha; n++)
{
//Calculate constants that depend on 'n' and coefficients of quartic equation
constants2(cn, n, r);
coefficients(cn, p);

//Use Ferrari's method to determine roots M and then take square roots to get m
quartic_roots (M, p);
m{5]=sqrt (M{1]);
m{6]=-1*sqrt (M[1]);
m{3]=sqrt (M[2]);
m{4]=-1*sqrt (M[2]);
m[l}=sqrt (M[3]};
m{2]=-1*sgrt (M{3]);
m{7]=sqrt(M[4]);
m[8]=-1*sqrt (M[4]);

//Establish relationships between vectors of integration constants
for(i=1; i<=8; i++)
{
D_bar[i]l=((cn[ll]l#*m[i])*(cn[3]1*m([i])/(cn[l])*pow(m[i],2)-cn[1l0]))-(cn[l4]-
cn[l5]*pow(m[i],2)))/(cn[l2]~cn[13] *pow(m[i],2)-
pow(cn([11}*m{il},2)/(cn[l]*pow(m(i],2)-cn[10]));
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A bar[i}l=((-1)*cn{l1l)*m[i}/(cn[l]*pow(m[i],2)-cn[10}))*D_bar{i]-
cen[3]1*m[i]/(en[l]*pow(m([i], 2)-cn{10]);
F_bar{i]=1;
}

//Construct the matrices [Ln,1] and [Ln,Z2]
for(i=1; i<=8; i++)

{

L1[1]{i]=A_bar[i];
L1[{2][i]=D_bar[il};

L1[3][1i]=1;

L1[4}[i}=m{i];
L1[5][i}=A_bar[il*exp(m[i]*1);
L1[6] [i]=D_bar(i]*exp(m{i]*1);
L1[7} [i]=exp(m{i]*1);

L1[8] [i]=m[i]*exp(m[i]*1);

L2{1)}[ij=A_bar[il;
L2{2][i]=D_barlii};
L2[311{il=1;
L2[4] [i]=m[1i];
L2[5] [i]=A_bar[i] *exp(m[i]*1);
L2[6][i]=D_barl[i]l*exp(m[i]*1};
L2{7] [i]=exp(m[i]*1);
L2[8] [i]=m[i]*exp(m[i]*1);

}

//Invert the martices [Ln,1] and [Ln,2]
inverse(Ll, Ll_inv);
inverse(L2, L2_inv);

//Find the transpose of Ll_inv and L2_inv
for (i=1;i<=8;i++)
for(j=1;j<=8;j++)
{
Ll_invt[i] (jl=L1_inv[jl[i};
L2_invt{i] [j]1=L2_inv{j]{i};
}

//*** Calculate first the displacements an, dn and fn ***

//Calculate the stiffness matrix for mode 'n'
//Inititalize matrix [N] to zero
for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
N[i]{j]=0;

//Calculate sub matrices subN{1] through subN[8]
get_NI1(subN, L1_inv, A bar, m, 1, cn[l]);
get_N2(subN, Ll_inv, D_bar, F_bar, m, 1, cn(2], n);
get_N3(subN, Ll_inv, A bar, D_bar, F_bar, m, 1, cnl{3}, n);
get N4 {subN, Ll _inv, A bar, D_bar, m, 1, cnl4], n, r);
get_N5(subN, Ll _inv, F_bar, m, 1, cnl6]);
get_N6 (subN, Ll _inv, D_bar, F_bar, m, 1, cnl[7], n);
get_N7(subN, Ll_inv, D_bar, F_bar, m, 1, cnl[8], n);
get N8 (subN, Ll_inv, D_bar, F_bar, m, 1, cn[%9], n);

//Calculate total stiffness matrix N as sum of subN[1] through SubN[8&]
for(i=1; i<=8; i++)
for(j=1; j<=8; Jj++)
for (k=1; k<=8; k++)
N[i}[jl+=subK[k][i][]];

//Calculate stiffness matrix [K1,1]
multiply matrix (LN, N, L1 _inv);
multiply _matrix(Kn, Ll_invt, LN);

//Set the nodal load vector Q
//Note that this section is adjusted for different loading conditions
//Below is the load vector corresponding to Example 1 in Chapter 6, Eg. 6.3

//Find {e (1)}
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for(i=1; i<=8; i++)
e[i]=exp(m[i]*1);

//Set {Q}=-16*[L1 invt]*{e(l)}*cos(n*pi/2)
for(i=1; 1<=8; i++)
{
Ql1]1=0;
for(j=1;j<=8;j++)
QIi}+=-16*L1_invt[i] [jl*e[j]l*cos(pi/2);
}

//Modify [K] for the boundary conditions of cantilever fixed at one end
for(i=1; i<=4; i++)
{
Q[i]=0;
for(j=1; j<=8; j++)
1f (i!l=7)
{
Kn[i][j1=0;
Kn[]j][1]1=0;

)

//Invert the modified stiffness matrix to find {deltaZl}
inverse(Kn, Kn_inv);
multiply_vector (delta, Q, Kn_inv);

//Find the displacement contributions a, d and f for mode n
a=delta{5];
d=deltaf6];
f=deltal7];

//0utput the nodal displacement contributions at z=1 for mode n in mm
cout<<"*** Nodal displacement components for mode "<<n<<" ***"<<endl;

cout<<"a"<<n<<" (1) = "<<a*lQOO<<" mm" <<endl;
cout<<"d"<<n<<" (1) = "<<d*1000<<" mm"<<endl;
cout<<"f"<<n<<" (1) = "<<f*1000<<" mm"<<endl;

//*** Calculate now the displacements bn, cn and gn ***

//Calculate the stiffness matrix for mode 'n’
//Inititalize matrix [N] to zero
for(i=1; i<=8; 1i++)
for(j=1; j<=8; Jj++)
N(i][J]1=0;

//Calculate sub matrices subN[1] through subN[8]
get_Nl(subN, L2_inv, A _bar, m, 1, cn(l]);
get_N2(subN, L2_inv, -1*D_bar, F_bar, m, 1, cnl[2], n);
get_N3(subN, L2_inv, A_bar, -1*D_bar, F_bar, m, 1, cnl[3], n);
get_N4(subN, L2_inv, A_bar, -1*D_bar, m, 1, cnl4], n, r);
get_N5(subN, L2_inv, F.bar, m, 1, cnf6]);
get_N6 (subN, L2_inv, -1*D_bar, F_bar, m, 1, cn[7], n);
get_N7(subN, L2_inv, =-1*D_bar, F_bar, m, 1, cnl[8], n);
get_N8(subN, L2_inv, -1*D_bar, F_bar, m, 1, cn[9], n);

//Calculate total stiffness matrix N as sum of subN[1] through subN[8]
for(i=1; i<=8; 1i++)
for(j=1; j<=8; j++)
for(k=1; k<=8; k++)
N[i] [j]+=subK[k][i][j};

//Calculate stiffness matrix [K2,1]
multiply_matrix (LN, N, L2_inv);
multiply_matrix(Kn, L2_invt, LN);

//8et the nodal load vector @

//Note that this section is adjusted for different loading conditions
//Below is the load vector corresponding to Example 1 in Chapter 6, Eq. 6.4

//Find f{e(1)]
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for(i=1; i<=8; i++)
elil=exp(m[i]*1);

//8et {Q}=-16*[L2_invt]*{e(l)}*sin(n*pi/2)
for(i=1; i<=8; i++)
{
Q[1]1=0;
for(j=1;j<=8;j++)
Q[il+=-16*L2_invt[i][jl*el[j]*sin(pi/2);
}

//Modify [K] for the boundary conditions of cantilever fixed at one end
for (i=1; i<=4; i++)

{

Q0li]1=0;
for(j=1; j<=8; j++)
if(i1=9)

{
Kn{i]}{j1=0;
Kn{j]l[i]=0;

}

//Invert the modified stiffness matrix to find {deltal}
inverse(Kn, Kn_inv);
multiply_ vector(delta, Q, Kn_inv);

//Find the displacement contributions b, ¢ and g for mode n
b=deltal[5];
c=deltal6];
g=deltal[7};

. //Output the nodal displacement contributions at z=1 for mode n in mm

cout<<"b"<<n<<" (1) = "<<b*1000<<" mm"<<endl;
cout<<"c"<<n<<" (1) = "<<c*1000<<"™ mm"<<endl;
cout<<"g"<<n<<" (1) = "<<g*1000<<" mm"<<endl;

}

[ /%K Kk ok ok ok Sk ok ok Sk Sk ok ok ok ok Sk kS sk ok ok ok ok ok ok ok ok ok ok o o o sk Sk ke st s o ok ok sk sk ok sk Sk ok ok Sk Sk K o o ok ok ok ko o o o S ok ok ko ok ok kK ok ok

// *** End mode n ***
//******************************************************************************************

}

KKK R ok ok sk ok ok ok ok ok ok sk sk ok sk ok ok ok ok ok ok ok ok K ok ok Sk ok ok oK S S ok sk sk sk ok ok o ok ok ok ok sk sk sk sk sk ok ok ok Sk ok oK ok ok ok ok ke kK oK oK oK o K ok ok ok ks ok ok ok ok ok kK ok

// *** END MAIN PROGRAM ***

//******************************************************************************************

//Function to get the physical properties of the pipe
void input (double *r, double *t, double *1, double *E, double *G, double *mu, int *alpha)
{

*r=0.2;

*£=0.006;

*E=200000000;

*mu=0.3;

*G=*E/(2* (1+*mu) ) ;

*1=4;

*alpha=6;
}

//Function to calculate the constants dependent on physical properties of the pipe

void constantsl (double *c¢, double r, double t, double E, double G, double mu)

{
double pi=M_PI;
c[l]=E*r*t*pi/ (l-pow(mu,2));
c[2]=E*t*pi/(r*(l-pow(mu,2)));
c[3]=E*t*mu*pi/ (l~-pow(mu,2))
c[4]=G*r*t*pi;
c[5]1=G*t*pi;

’
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}

cl[6]1=E*r*pow(t,3) *pi/ (12* (1-pow(mu,2)));

c[7]1=E*pow(t, 3) *pi/ (12*pow(r,3)* (l-pow(mu,2)));
c[8]=E*pow(t,3) *mu*pi/ (12*r*(l-pow(mu,2)));

c[9]=G*pow(t,3)*pi/(3*r);
cl13]=c{4]+c[9];

//Function to calculate constants dependent on Fourier mode n
//Function will be called for each mode n

void constants2{(double *c,

{

}

int n, double r)
c{l0]=cl4]*pow((n/r),2);
c[1l]=(c[3]1+c[5]}) *n;
c[1l2)=(c(2])+c(7])*pow(n,2);
cl[l4]=c[2]*n+c[7]*pow(n,3);
c[1l5]=(c[8]+c[9])*n;
cllé}j=c[2]+c[7]*pow(n,4);
c[17)=(2*c[8]+c[9]) *pow(n,2);

//Function to calculate the coefficients of the quartic equation

void coefficients (double *c,

{

}

double *p)

double dl, d2, d3, d4, d5;
plll=(-1)*c(ll*cl6]l*c(13];

pl2l=c[l]l*(c[6]*c[1l2]+c{13]*c[17]-pow(c[15]},2))+c[6]*(c[1l0]l*c[13])-pow(c[1ll],2));
*c[17]~c[1l3]*c[l6]+2*c[14]*c[15])-c[10]*(c {6
[17]-2*c

=c[1]*
pow({c[15],2
dl=c[1l]*(c[12])*c[16]
d2=c[10]*(c[12]*c[1l7]+cC
d3=2*c[3]*c[1ll]*c[1l4];
d4=pow(c[11l],2)*c[16];
dS=pow(c[3],2)*c{l2];
pl4]=dl+d2+d3-d4-d5;
pl5]l=(~1)*c[10]*(c[1l2]

({(-1)*c[12]
))+pow(c[11l],2)*c
-pow(c[14],2));

[13]1*c{le]-2*c

pl3]

[3]1*c[11l}*c[15]+pow(c[3],2)*c[13];

[14]*c13]);

*cl{l6]-pow(c[14],2));

//Function to solve the qguartic equation with Ferrari's Method for modes n>=2

void guartic_roots(complex *root,

{

int i;

double alpha, beta, gamma;
double p, g, radical;
complex r, u, sqroot, vy, w,

alpha = —3*POW(PP[2],2)/(8*pow(pp[ 1,2)
beta = pow(pp[2],3)/(8*pow(ppll],3))-(p
gamma =-3*pow(ppl2],4)/(256*pow (ppll],4
ppi21*ppl4]l/ (4*pow(ppl[l],2))+pp[5]/
//Check if beta=0
if (beta<.000001 && beta>-.000001)
{
p = pow(alpha, 2)-4*gamma;

if (p>0)

sgroot = sgrt(p);
else

sgroot = complex_root (p);
bracket_pos = -alpha+sqroot;

bracket_neg = -alpha-sqroot;

bracket_pos,

double *pp)

bracket_neg, polynomiall[6], temp[3];

y+pp[31/pp[1];

pl21*pp(31)/ (2*pow(pp(l],2)

))+pp (3] *pow(ppl2],2)/(16*pow(pp[1],3))-

pl1}i

//Bquation is Biquadratic

root[1l] = -pp{2]/(4*pp[l])+sqrt (bracket_pos/2.0);
root[2] = —ppl[2]}/(4*pp[l])+sqgrt(bracket_neg/2.0);
root [3] = ~ppl[2}/(4*pp[l])—-sqgrt (bracket_pos/2.0);
root[4] = ~pp[2]1/(4*pp[l])-sqgrt (bracket_neg/2.0);
for(i=1; i<=4; i++)

if (abs(root[1])<.00001)
root [1]=0;
}

else

{
p = —-pow(alpha,2)/l2-gamma;

//Equation is not Biquadratic - Full Ferrari's method is reg'd

y+ppl4l/pp(1];

J*c[12]+c[13])*c[17]~-
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g = -pow{alpha, 3)/108+alpha*gamma/3-pow(beta,2)/8;
radical = pow(qg,2)/4+pow(p,3)/27;

if(radical>0)

r = g/2.0 + sqrt(radical);

else

{

sgroot = complex_root (radical);

r = q/2.0 + sgroot;

u = pow(r, 1.0/3.0);

//check if u=0
if (abs (u)<.000001)

14

y = —=(5.0/6.0) *alpha;
else

y = —-(5.0/6.0)*alpha - u + p/(3*u);
w = sqgrt(alpha + 2*y);
bracket_pos = -(3*alpha+2*y+2*beta/w);
bracket_neg = —(3*alpha+2*y-2*beta/w);
root{l] = -pp(2]/(4*pp{l])+(wt+sqrt (bracket_pos))/2
root[2] = -pp[2]/(4*pp[l])-(w+sgrt (bracket_neg))/2
root[3] = -pp[2]/(4*pp{l])+(w-sqgrt(bracket_pos))/2;
root[4] = -ppl[2]/(4*pp[l])-(w-sqrt (bracket_negqg))/2

}

//Function to compute the complex square root of a number of type “double”

complex complex_root (double x)
{

complex root, =xXx=x;

root = sqrt{xx};

return root;

}

//Function to compute the inverse of a matrix [a]
void inverse (complex a[][9], complex a_inv[][9])

{
int 1i,3,k;
complex value;

for(i=1; 1i<=8; i++)
{
for (3=1; j<=8; j++)
{
if (i==3)

a_inv[i][j]1=1.0;

else

a_inv{i] [j]1=0.0;

}

for(i=1; i<=8; i++)
{
for(j=1; j<=8; j++)
{
if(i'=3)

alili{jl/=alil[i];
a_inv([i][j1/=alillil;

}
af[i][i]=1.0;
for (k=1; k<=8; k++)

value=alk}[il}];
for(j=1; j<=8;
{

J++)
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}

alkl[jl-=alillj]l*value;
a_inv[k]l{jl-=a_inv[i}[j]*value;

//Functions to compute required integrals
complex intO({(complex a, double 1)

{

}

complex integral, exponent;

exponent=exp(a*l);
integral=(exponent-1)/a;
return integral;

complex intl{complex a, double 1}

{

}

complex integral, exponent;

exponent=exp(a*l);
integral=((a*l-1)*exponent+l)/pow(a,2);
return integral;

complex int2(complex a, double 1)

{

}

complex integral, exponent;

exponent=exp(a*l);
integral=pow(l, 2) *exponent/a-(2/a)*intl(a,l);
return integral;

complex int3(complex a, double 1)

{

}

complex integral, exponent;

exponent=exp(a*l);
integral=pow(l, 3) *exponent/a-(3/a)*intl(a,l);
return integral;

// *** Functions to get matrices subN for case of n=1 ***

// CI{N_A'}<N_A'> from Eq. 5.30
void get_N1_1(complex N[][9][2], complex A_bar[], complex m[], double length, double

{

constant)
int 1, j;

N[l
N{1l]

1[31[3]1=A_bar[31*A_bar[3}*length;
[ ]

for (i
N

3]
3]7[4]=N{1][4][3]1=A_bar[3]*A_bar[4]*pow{length,2);
=5;i<= 8 1++)
[111311 N[1][i] [3]=m[i]*A_bar[31*A_bar[i]*intO(m[i], length);
N{l}[41{4]= 4*A bar[4]*A_bar[4]*pow(length,3)/3;
for(i=5;i<=8;1i++)
N{1]1[4][1}=N[1][il([4]=2*m[i]*A_bar[4]*A_bar[i]*intl(m{i], length);
for(i=5;1i<=8;i++)
for(j=5;j<=8;j++)
if (abs(m[jl+m{i])<.0001)
N[1][i}{jl=m[j]*m[i]*A_bar{j]*A bar{i]*length;
else
N[1]{i] [jl=m{jl*m[i]*A_bar[jl*A_bar[i]*intO((m[i}+m[]j]),length);

for(i=1; i<=8; i++)
for(j=1; J<=8; j++)
N[1][i]{j]l*=constant;
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// Egq. 5.33a

void get_N1_2(complex N[][9][9], complex D_bar[], complex m[], double length, double
constant)

{
int i, 3;
complex integral;

N{2]1(1]1[1}=(1+2*D_bar[1l]+D_bar([1l]*D_bar[1l])*length;
N{2][1][2]=N[2}[2])[1}=(1+D_bar([l]+D_bar([2]+D_bar([1l]*D_bar[2])*pow(length,2)/2;

N{2][1]([3)=N[2][3]{2}=((1+D_bar[l]+4D_bar[3]+D_bar[1]*D_bar([3])*(pow(length,3)/3)+
(D_bar [9]+D_bar[1]*D_bar[9])*length);
N[2][1}[4]1=N[2]14]1[1]=((1+D_bar[l]+D_bar[4]+D_bar{l]*D_bar(4])* (pow(length,4)/4)+

(D_bar[10]+D_bar[1]*D_bar[10]) *pow(length,2)/2);
for (i=5;i<=8;1i++)
N[2][1][1]1=N[2]1[1i][1}=(1+4D_bar[l]+D_bar{i]+D_bar(l]*D_bar(i])*intO(m[i],length);

N{2]1([2][2]=(1+2*D_bar{2]+D_bar[2]*D_bar (2]) *pow(length,3)/3;

N[2][2]1[33=N[2][3]1[2)=((1+D_bar[2]1+D_bar{3]+D_bar[2]*D_bar([3])* (pow(length,4)/4)+
(D_bar[9]+D_bar[2]*D_bar[9]) *pow(length,2)/2);
N[2][27[4]=N[2]1[4][2]=((14D_bar[2]+D_bar[4]+D_bar[2]*D_bar[4])*(pow(length,5)/5)+

(D_bar[101+D_bar[2]*D_bar{10]) *pow(length,3)/3);
for(i=5;i<=8;i++)
N[2}[2]1[1]1=N{2]1[1i][2}=(1+D_bar([2]+D_bar[il+D_bar(2]*D_bar{il)*intl(m[i}, length);

N{2][3][31=((14D_bar[3]+D_bar[3]1+D_bar[3}*D_bar(3])*(pow(length,5)/5)+
(2*D_bar [9]1+2*D_bar [3]*D_bar{9]) *pow(length,3)/3+D_bar[9] *D_bar[9] *length);
N[2]{3]1{4]=N[2][4][3]=((1+D_bar[3]+D_bar[4]+D_bar[3]*D_bar[4])*(pow(length,6)/6)+

(D_bar{91+D_bar[10]1+D_bar[3]*D_bar[10]+D_bar[4]*D_bar [9]) *pow(length, 4)/4+D_bar[9]*
D_bar{10]*pow(length,2)/2);
for(i=5;1i<=8;1i++)
N[2][3][1]=N[2][i]1[3])=(D_bar[2]+D _bar[i]l*D_bar[2])*int0(m[i], length)+(1+D_bar[3]+
D_bar{i}+D_bar[3]1*D_bar[i])*int2(m[i], length);

N[21[4][4]=((1+D_bar[4]+D_bar[4}+D_bar[4]*D_bar[4})*(pow(length,7)/7)+(2*D_bar[10]+
2*D_bar[4]*D_bar[10)) *pow(length,5)/5+D_bar[10}*D_bar{10]*pow(length,3)/3);
for (i=5;1i<=8;1i++) .
N{2][4)[i]=N{2]1{1][4]=(D_bar{l10]+D_bar[i]*D_bar[10])*intl(m[i], length)+(1+D_bar[4]+
D_bar[i]+D_bar[41*D_bar{i})*int3(m[i], length);

for(i=5;1i<=8;i++)
for (j=5;J<=8;j++)
if (abs(m[j]+m[i])<.0001)
N[2][i]{jl=(1+D_bar[jl+D_bar[i]+D_bar[jl*D_bar([i])*length;
else -
N{2][i][j]1=(14D_bar[jl+D_bar[i]+D_bar[j]*D_bar([i])*intO0((m{i]+m[]j]),length);

for(i=1; i<=8; i++)
for(j=1; Jj<=8; J++)
N[2][1][j]*=constant;
}

// Eq. 5.33¢
void get_N1_3(complex N[][9][9], complex A_bar[], complex D_bar[], complex m[], double

length, double constant)

{
int i, 7;
complex integral;
N{31[1]1[3]=N[3]1[3]1[1l=(A_bar[3]+A_bar[3]*D_bar[l])*length;
N[3]1({1]1{4]=N[3]1[4][1l]=(A_bar[4]}+A_bar[4]*D_bar[l]) *pow(length,2);

for (i=5;i<=8;i++)
N{3][1]1[1]=N[31[i1[1]=(A_bar[i]+A_bar{il*D_bar[l])*intO(m[i], length);

N[3][2]1[3]=N[3]1[3][2}=(A_bar[3]+A_bar[3]1*D_bar[2])*pow(length,2)/2;
N[3][2][4]=N[3}[4]([2]=2*(A_bar[4]+A_bar[4]1*D_bar[2])*pow(length,3)/3;
for(i=5;1i<=8;1i++)

N[31[2]{1i]1=N{3]{i1[2]=m[i]*(A_bar[i]+A _bar[i]*D_bar[2])*intl(m[i], length);

N[3]{3]([31=2*(A_bar[3]1*D_bar[9]*length+(A_bar[3]+A_bar[3]*D_bar{3])*pow(length,3)/3);
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}

N[3]1[3]1[4]=N[3}{4]1[3]=((A_bar{3)*D_bar[10]+2*A_bar[4]*D_bar[9])*(pow(length,2)/2)
+(A_bar[3]+2*A_bar[4]+A_bar[3]*D_bar[4)+2*A_bar([4]*D_bar(3]) *pow(length, 4)/4);
for(i=5;1i<=8;1i++)
N(3]1[3]1[1i]=N[3]1[1][3]=(A_bar[3}+A_bar{3]1*D_bar[il+m[i]*A_bar[i]*D_bar[9])*
int0(m[i], length)+ (m[i]*A_bar[i]*(1+D_bar[3]))*int2(m[i], length);
N[3]1[4][4]1=((1+D_bar[4]) *pow(length,5)/5+D_bar[10] *pow(length,3)/3)*4*A_bar[4];
for(i=5;1i<=8;1i++)
N[3][4][11=N[3][i][4]=(2*A_bar[4]*(1l+D_bar([i])+m[i]*A_bar[i]*D_bar[10])*
intl{(m(i],length)+(m[{i]*A_bar[i]*(1+D_bar[4]))*int3(m[i], length);

for(i=5;1i<=8;i++)
for (j=5;3<=8;3++)
if (abs(m[j]j+m[1])<.0001)
N[3]1{i][j]l=(m[j]*A_bar([jl* (14D _bar[i})+m[i]*A _bar[i]*(1+D_bar{jl))*length;
else
N[3]1[i][ji=(m[jl*A_bar[jl*(1l+D_bar[i])+m[i]*A_bar([i]*(1+D_bar(jl))*
intO((m[il+m{Jj]), length);

for(i=1; 1i<=8; 1i++)
for (j=1; J<=8; Jj++)
N[3][1][j]*=constant;

// Eq. 5.33e
void get_N1_4(complex N[][9]1[9], complex A_bar([], complex D_bar[], complex m[], double

{

length, double constant, double r)

int i, 3;
complex integralj;

N[4][2][2]=(D_bar([2]*D_bar[2]-(2/r)*(A_bar[2]*D_bar[2])+
(1/pow(r,2))*A_bar{2]*A_bar([2]) *length;

N[4](2]{31=N[4][3}[2]=(length*length/2)*(2*D_bar[2]*D_bar[3]1-
(1/r)*(A_bar[3]1*D_bar{2]+2*A_bar[2]*D_bar[3])+(1l/pow(r,2))*A_bar[2]*A_bar[3]);

N[4][2][4]=N[4]1[4])[2]1=((D_bar[2]*D_bar[10]-(1/r)*(A_bar{2]*D_bar[10]+A_bar[9]*D_bar{2])+
(1/pow(r,2))*A_bar[2]*A_bar[9])*length+(3*D_bar([2]*D_bar [4]}-
(1/r)y*(3*A_bar{2]*D_bar[4}+A_bar[4]*D_bar[2])+(1/pow(r,2))*A_bar[2]*A_bar[4])*
pow (length, 3)/3);

for(i=5;i<=8;i++)
N{4]{2] [1]=N[4][1i}{2}=(m[i]*D_bar([2]*D_bar [i]-(1l/r)*(m[i]*A_bar[2]}*D_bar[i]+

A _bar([i]*D_bar{2])+(1l/pow(r,2))*A bar[2]*A_bar[i])*int0(m(i], length);

N[4][3][3]=(4*D_bar[3]*D_bar([3]-(4/r)*(A_bar[3]*D_bar[3])+
(1/pow(r,2))*A bar(3]*A_bar([3])*(pow(length,3)/3);
N[4][3}[4]1=N[4]}[4][3]1=((2*D_bar[3}*D_bar[10]-(1/r)*(A_bar[3]*D_bar([10]+
2*A_bar{91*D_bar[3])+(1/pow(r,2))*A_bar([3]1*A_bar[9])*(pow(length,2)/2)+(6*D_bar([3]*
D_bar[4]-(1/r)*(3*A _bar[3]*D_bar[4]+2*A_bar(4]*D_bar[31)+
(1/pow(r,2))*A_bar[3]*A_bar{4]) *pow(length,4)/4);
for(i=5;i<=8;1i++)
N[4][3]1[1i]1=N[4][1]1[3]=(2*m[i]1*D _bar(3]1*D_bar[i]-(1/r)*(m[i]*A_bar[3]*D_bar[i]+
2*A_bar [i1]1*D_bar{[3])+(1l/pow(r,2))*A _bar[3]*A_bar{i])*intl(m[i],length);

N[4][4](41=((D_bar[101*D_bar({10]1-(2/r)*(A_bar[9]1*D_bar[10])+
(1/pow(r,2))*A_bar[9]*A_bar([9])*length+(6*D_bar[4]*D_bar[10]-
(2/r)*(3*A_bar[9]1*D_bar[4]+A_bar[4]1*D_bar[10])+
(1/pow(r,2))*2*A _bar[4]*A_bar(92])*pow(length,3)/3+(%*D_bar[4]*D_bar([4]-
(6/r)*(A_bar[4])*D_bar{4])+(1l/pow(r,2))*A_bar[4]*A_bar[4]) *pow(length,5)/5);

for(i=5;1i<=8;i++)
N[4][4])[1]=N[4][1][4]=(m[i]*D_bar[10}*D_bar[i]-(1/r)*(m[i]*A_bar[9]*D_bar[il+

A_bar[i]*D_bar[10])+(1/pow(r,2))*A_bar{9]*A_bar[i])*intO(m[i], length)+
(3*m[i]*D_bar [4]*D_bar[il—-(1/r)* (m[i]*A_bar [4]*D_bar [i]+3*A_bar[i]*D_bar[4])+
(1/pow(r,2)) *A_bar[4}*A_bar[i])*int2(m[i], length);

for(i=5;i<=8;i++)
for (j=5;Jj<=8;j++)
if(abs(m[j]+m{1i])<.0001)
N[4] (i} [jl=(m[j]l*m[i]*D_bar[jl*D_bar[i]-(1/r)*(m[j]*A _bar[i]*D_bar{jl+
m[i]*A_bar[j]*D_bar{i])+(1l/pow(r,2))*A_bar[j]l*A_bar{[i])*length;
else
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N{4][1]1[j)=(m[j]*m[i]*D_] bar[j]*D bar[i]-(1/r)*(m{j]*A_bar[i]*D_bar[jl+
m[i]*A_bar{j]*D_bar{i]l)+(1l/pow(r,2))*A_bar{j}*A _bar[i])*
int0((m{i)+m([Jj]),length);

for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
N[4]}{i][j]*=constant;
}

// Egq. 5.33g
void get_N1_5(complex N[]{9][9], complex m[], double length, double constant)

{
int 1, 7;
complex add_value;

N[5][3][3}=4*1length;
N[5] (3] [4]=N{[5][4] [3]=6*pow(length,2);
for(i=5;1i<=8;1i++)
N[5][3]1[i)=N[5][i][3]=2*pow(m[i],2)*int0(m[i], length);
N[5][4] [4]=12*pow(length,3);
for(i=5;i<=8;1i++)
N[5][4][1]1=N[5][1i][4]=6*pow(m[i],2)*intl(m[i], length);

for(i=5;i<=8;i++)
for(j=5;3j<=8;j++)
if (abs(m[{jl+m[1])<.0001)
N[51[1i][j]=m[j]*m[j]l*m[i]*m[i]*1length;
else
N[5][11[F]=m[J]1*m{F]*m[i}*m[i]*int0((m[i]+m[]]), length);

for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
N[5} [11{j]*=constant;
}

// Eq. 5.331i

void get_N1_6(complex N[][9]([9], complex D_bar{l}, complex m[], double length, double
constant)

{
int i, j:
complex integral;

N[(6]1[1])[1)=(1+2*D_bar{1]+D_bar[1l]*D_bar[1l])*length;

N[6][1]1[2]=N[6][{2][1]=(14D_bar[1l]+D_bar[2]+D_bar{l]*D_bar[2])*pow(length,2)/2;

N(6][1]{3]1=N[6]{3][2]=((1l+D_bar([l]+D_bar[3]+D_bar([l]*D_bar[3])*(pow(length,3)/3)+
(D_bar[9}+4D_bar{[1]1*D_bar[9]) *length);

N[6]{1][4]=N[6][4][1]=((1+D_bar[l}+D_bar[4}+D_bar{l]}*D_bar[4])* (pow(length,4)/4)+
(D_bar{10]+D_bar[1]*D_bar[10]) *pow(length,2)/2);

for(i=5;i<=8;i++)
N[6][1][1i}=N[6]{1][1]1=(1+D_bar[l]+D_bar[il+D_bar{1]1*D_bar[i])*intO(m[i], length);

N[{6][2][2]=(1+2*D_bar{2}+D_bar[2]*D_bar[2]) *pow{length,3)/3;

N{6][2]1{3]=N[6][3]1[2]=((1+D_bar[2]+D_bar(3]+D_bar([2]*D_bar(3])*(pow(length,4)/4)+
(D_bar{9]+D_bar [2] *D_bar{[9]) *pow(length, 2)/2);

N[6][2][4)=N[6]{4][2]=((1+D_bar[2]+D_bar[4]+D_bar([2]*D_bar[4])*(pow(length,5)/5)+
(D_bar[10]+D_bar[2]*D_bar[10]) *pow(length,3)/3);

for(i=5;i<=8;1i++)
N{6][2}[i]=N[61[1i]1[2]=(1+D_bar[2}+D_bar[i}+D_bar([2]*D_bar[i])*intl(m[i], length);

N{6]([31[3]1=((1l+D_bar[3]+D_bar[31+D_bar{3]*D_bar([3])*(pow(length,5)/5)+(2*D_bar[9]+
2*D_bar{31*D_bar{9])*pow(length,3)/3+D_bar([9]*D_bar{2]*length);

N[6]1[3][4]=N[6]1[4][3]=((1+D_bar([31+D_bar[4]1+D_bar[3]*D_bar([4])* (pow{length,6)/6)+
(D_bar{9]1+D_bar[101+D_bar[3]1*D_bar[101+D_bar{4]*D_bar[9])*pow(length,4)/4+
D_bar[9]*D_bar [10] *pow(length,2)/2);

for (i=5;1i<=8;i++)
N[6]{3][1]=N{6][i] [3]=(D_bar[9]1+D_bar[i]*D_bar[9])*int0(m[i],length)+(1+D_bar{3]+
D_bar[i]+D_bar[3]1*D_bar[i])*int2(m[i],length);

N[6}[4]1[4]1=((1+D_bar[4]+D_bar[4]+D_bar[4]1*D_bar{4})*(pow(length,7)/7)+(2*D_bar [10]+
2*D_bar[4]1*D_bar [10]) *pow(length,5)/5+D_bar[10]*D_bar [10] *pow(length,3)/3);
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for(i=5;i<=8;1++)
N[6][4][i]=N[6]}[i]}[4]=(D_bar[l0]+D_bar|[i]*D_bkar[10])*intl(m[i],length)+(1+D_bar[4]+

D_bar [i}+D_bar[4]*D_bar([i])*int3(m[i], length);

for{i=5;1<=8;1++)
for (§=5;<=8;j++)
if(abs{m[j]+m[i])<.0001)
N[6]{i][j]l=(1+D_bar[jl+D_bar[i]+D_bar({jl*D_bar([i])*length;

else
N[6][1][j)=(1+D_bar[jl+D_bar[i]+D_bar([j]l*D_bar[i])*int0((m{i)

+m{jl), length);
for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
N[6]([i] [j]l*=constant;
}

// Eq. 5.33k
void get_N1_7(complex N[][9][91,
constant)

complex D_kar[], complex m[], double length, double

{
int i, 7j;
complex integral;
N[7}[1][3]=N[7][3][1]=2*(1+D_bar{l])*length;
N[{7]1[1)[4}=N[7}[4]1[1]}=3*(1+D_bar[l])*pow(length,2);

for(i=5;1<=8;i++)
N[7][1][1)=N[7][i}[l}=pow(m[i],2)*(1+D_bar([l])*intO(mf{i], length);

N[7][2]1{3]1=N{7][3]1[2]=(1+D_bar[2]) *pow(length, 2);
N[7]1[2]1[4]1=N[7]1[4}[2]=2*(1+D_bar([2})*pow(length, 3};
for(i=5;1i<=8;1i++)

N{7]1[2] [1]1=N[7][i][2]=pow(m[i],2)*(1+D_bar([2])*intl(m[i], length);

N[7][3)[3]=4*(D_bar [9] *length+ (1+D_bar [3]) *pow (length, 3)/3) ;
N[7][3][4]=N[7][4][3]=((D_bar[10]+3*D_bar[9])*pow (length,2)+(8+2*D_bar [4]+6*D_bar [3]) *
pow (length, 4) /4) ; i

for(i=5;i<=8;1i++)
N[7}[3][11=N{7]([i][3]=(2+2*D_bar[i]+pow(m([i],2)*D_bar[9])*int0O(m[i], length)+

(pow (m[i],2)* (1+D_bar[3]))*int2(m[i}, length);

N[7][4][4]1=2*(6* (14D_bar([4])*pow(length,5)/5+2*D_bar [10] *pow(length, 3));

for(i=5;1i<=8;1++)
N[7][4}{1}=N[7][1i][4]1=(6+6*D_bar[i]+pow{m[i],2)*D_bar[10])*intl{(m[i], length)+

(pow(m{i},2)*(1+D_bar[4}))*int3(m[i], length);

for(i=5;i<=8;i++)
for(j=5;j<=8;j++)
if(abs{m[j]+m{i])}<.0001)
N{7][i][J)=(m[J]*m[j}* (14D _bar[i])+m[i]*m[i]*(1+D_bar[j])) *length;
else
N[{7}[i][j1=(m{j]*m[j]1*(1+D_bar[il)+m[i]*m[i]*(1+D_bar{j}))*

intO((m[i)+m([j]), length);

for(i=1; i<=8; i++)
for(j=1; j<=8; J++)
N[7] [i] [j]*=constant;

}

// Egq. 5.33m
void get_N1_8(complex N[][9][9],
constant)

complex D_bar([], complex m[], double length, double

{
int i, 7j;
complex integral;
N{8][2]([2]=(1+2*D_bar[2]+D_bar[2]*D_bar{2])*length;

N[8][2][3]=N{8][3]1[2]=(1+D_bar[2]1+4D_bar[3]1+D_bar[2]1*D_bar[3]) *pow(length,2});
N{8]1([2][4]=N[8]1[4][2}1=(D_bar{l0]*(1l+D_bar[2])*length+(1+D_bar([2]+D_bar{4]+D_bar[2]*

D_bar[4]) *pow(length, 3));
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for(i=5;i<=8;1i++)
N[8][2}[11=N[8][1i][2]=m([i]*(1+D_bar{2]+D_bar[i]+D_bar[2]*D_bar([i])*int0(m{i], length);

N{8]{31[3]1=(4/3)*(1+2*D_bar([3}+D_bar[3]*D_bar([3]) *pow(length,3);
N[8][31[41=N[8][4][3}=(D_bar[10]}*(1+D_bar{[3])*pow(length,2)+(3/2)*(1+D_bar[3]+D_bar{4]+
D_bar[3]*D_bar{4}]) *pow(length, 4));
for(i=5;1i<=8;i++)
N[8][3][1]=N[8][1]1[31=2*m[i]*(1+D_bar([3]1+D_bar[i]+D_bar[3}*D_bar[i])*
intl(m{i), length);

N[8][4][4]=(D_bar{l0]*D_bar[1l0]*length+2*D_bar[10]*(1+D_bar[4])*pow(length,3}+(9/5)*
(1+2*D_bar[4]1+D_bar{4]*D_bar[4]) *pow(length,5));
for(i=5;i<=8;i++)
N([8][4][1i]=N{8]{i]1[4]=m[i]1*D_bar[10]*(1+D_bar[i])*intO(m[i], length)+3*m[i]*
(1+D_bar [4]1+D_bar[i]l+D_bar[4]*D_bar([i])*int2(m[i], length);

for(i=5;1i<=8;i++)
for (j=5;j<=8;j++)
if(abs{m{jl+m{i])<.0001)
N[8][i]{Jjl=m[jl*m[i]*(1+D_bar([jl+D_bar[i]+D_bar[j]*D_bar([i]) *length;
else
N[8][i}[jl=m[j]*m[{i]*(1+D_bar([jl+D_bar[i}+D_bar[j]l*D_bar[i])*
intO0{{(m{il+m[j])}, length);

for{i=1; i<=8; i++)
for(j=1; j<=8; J++)
N{8][i] [j]*=constant;
}

// *** Functions to get matrices subN for general case of n>=2 **#*

// Egq. 5.30

void get N1 (complex N1{][9][9], complex A_bar{], complex m[], double length, double
constant)

{

int i, 3j;

get_sub_sub_N(N1[1], A_bar, A_bar, m, 1, 1, length);
for(i=1; i<=8; 1i++)
for(j=1; j<=8; j++)
N1[1]([i][j]*=constant;
}

// Eq. 5.33a

void get_N2 (complex N2[][9]1{9];, complex D_bar{], complex F_bar{], complex m[], double
length, double constant, double n)

{
int i;3;
complex temp_N[5]{9](9];

get_sub_sub N(temp N[1}, F_bar, F_bar, m, 0, 0, length);
get_sub_sub_N(temp_N[2], D_bar, F_bar, m, 0, 0, length);
get_sub_sub_N{(temp_N[3], F_bar, D_bar, m, 0, 0, length);
get_sub_sub_N(temp_N[4]}, D_bar, D_bar, m, 0, 0, length);

for(i=1; 1i<=8; i++)
for(j=1; j<=8; j++)
N2[2]{i] [j]l=constant*(temp_N[1] [i][j]+n* (temp N[2] [1i}[]j]l+temp N[3][1][F])+
n*n*temp_N[4] [i][]]);
}

// Eq. 5.33¢

void get_N3(complex N3[]1[9][9]}, complex A_bar{], complex D_bar{], complex F_bar[]}, complex
m{], double length, double constant, double n)

{
int i,73;
complex temp N[5][3]1[9];

get_sub_sub_N(temp N{1], A_bar, F_bar, m, 1, 0, length);
get_sub_sub_N(temp_N[2}, F_bar, A_bar, m, 0, 1, length);
get_sub_sub_N(temp_N[3], A_bar, D_bar, m, 1, 0, length);
get_sub_sub_N{(temp_N[4], D_bar, A bar, m, 0, 1, length);
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for(i=1; i<=8; i++)
for(j=1; j<=8; Jj++)
N3[3][i] [j]l=constant* (temp_N[1][i][j]l+temp_N[2][i][j]+
n* (temp N[3} (1] [jl+temp N[4][1i][31));
}

// Eg. 5.33e

void get_N4 (complex N4[][9]([9], complex A_bar[], complex D_bar[], complex m[], double
length, double constant, double n, double rad)

{
int 1i,3;
complex temp _N{S][91[92];

get_sub_sub_N(temp_N[1], D_bar, D_bar, m, 1, 1, length);
get_sub_sub_N(temp_N[2], A _bar, D_bar, m, 0, 1, length};
get_sub_sub_N(temp_N([3], D_bar, A_bar, m, 1, 0, length};
get_sub_sub_N(temp_N[4], A_bar, A_bar, m, 0, 0, length);

for(i=1; i<=8; i++)
for(j=1; j<=8; J++)
N4[4][i] [jl=constant*(temp_N[1][i]}[j]l-(n/rad)*(temp_N[2}[i][j]+
temp_N[3][1i][J])+(pow(n,2)/pow(rad,2))*temp_N[4}[i][J]);
}

// Eg. 5.33g
void get_N5(complex N5[]1[9][9], complex F_bar(], complex m[], double length, double
constant)
{
int 1i,3;
get_sub_sub_N(N5[5], F_bar, F_bar, m, 2, 2, length);
for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
N5[5][1i]){j]*=constant;
}

// Eq. 5.33i

void get_Né6 (complex N6[][9]1[9], complex D_bar[], complex F_bar[], complex m[], double
length, double constant, double n)

{
int ‘i, j;
complex temp N[5][9][9];

get_sub_sub_N(temp_N[1], F_bar, F_bar, m, 0, 0, length);
get_sub_sub_N(temp_N[2], D_bar, F_bar, m, 0, 0, length);
get_sub_sub_N(temp_N[3], F_bar, D_bar, m, 0, 0, length);
get_sub_sub_N(temp_N{4}, D_bar, D_bar, m, 0, 0, length);

for(i=1; i<=8; i++)
for (j=1; j<=8; j++)
N6[6][i][jl=constant* (pow(n, 4)*temp_N[1][i][jl+pow(n,3)* (temp_N[2] (i} [j]+
temp_N[3][i] [j])+pow(n,2)*temp N([(4}[i][J]);
}

// Eq. 5.33k

void get_N7(complex N7[]1[9]1([91, complex D_bar{], complex F_bar[], complex m[], double
length, double constant, double n)

{
int 1i,3;
complex temp N[5][9][9];

get_sub_sub_N{temp_N[1], F_bar, F_bar, m, 2, 0, length);
get_sub_sub N(temp_N[2], F_bar, F_bar, m, 0, 2, length);
get_sub_sub_N(temp_N[3], D_bar, F_bar, m, 0, 2, length);
get_sub_sub_N(temp_N[4], F_bar, D_bar, m, 2, 0, length);

for(i=1l; i<=8; i++)
for(j=1; j<=8; j++)
N7[7][1] [jl=-1*constant* (pow(n,2)* (temp N[1]{i]l[j]l+temp_N[2][i]}[j])+
n* (temp_N[3][i]{jl+temp N[4][i][]]));
}

// Eq. 5.33m
void get_N8(complex N8[][9]([9], complex D_bar[]), complex F_bar{], complex m[}, double
length, double constant, double n)
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}

int 1i,7;
complex temp_N[5][9]{%];

get_sub_sub N(temp N[1], F_bar, F_bar, m, 1, 1, length);
get_sub_sub_N(temp_N{2], D_bar, F_bar, m, 1, 1, length);
get_sub_sub_N(temp_N[3], F_bar, D_bar, m, 1, 1, length);
get_sub_sub_N(temp_N[4], D_bar, D_bar, m, 1, 1, length);

for(i=1; i<=8; i++)
for(j=1; j<=8; j++)
N8[8][i] [j]=constant* (pow(n, 2) *temp_N[1] [i][j)+n* (temp_N[2] [1i][j]1+
temp_N[3][i][j])+temp N[4][i][]j]);

//Compute the integral of the product of two 8x8 vectors (vectors N in calculating the

// stiffness matrix).
//'Der' is necessary to do integrals. Value of 'der' is the order of the derivative of

// exp(mz).
//Der=0 means no derivative; der=1 means first order; der=2 means second order.
void get_sub_sub N{complex sub_N[][2], complex A_bar[], complex B_bar[], complex m[], int

{

derhA, int derB, double length)

int i, j, k, h, derivative;
complex m_prod;

derivative=derA*10+derB;
for(i=1; i<=8; i++)
for(k=1; k<=8; k++)
{
sub_N[i] [k1=0;
for (j=1; j<=8; Jj++)
for (h=1; h<=8; h++)
{
switch (derivative)
{
case 0:
m_prod=1;
break;
case 1:
m_prod=m[h];
break;
case 2:
m_prod=pow(m[h}, 2};
break;
case 10:
m_prod=m[j};
break;
case 11:
m_prod=m[j]*m[h];
break;
case 12:
m_prod=m[j]*pow(m[h],2);
break;
case 20:
m_prod=pow(m[j],2);
break;
case 21:
m_prod=pow{(m([j], 2)*m{h];
break;
case 22:
m_prod=pow(m[j], 2) *pow(m[h],2);
break;
}
if (abs{(m[j]l+m[h])<.000001)
sub_N[i] [k]+=m _prod*A_bar[j]* B_bar[h]*length;
else
sub_N[i} [kl+=(m_prod*A_bar{j]*B_bar[h]/(m[jl+m[h]}))}*
(exp((m{jl+m[h])*length)-1);
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// Calculates the product of 2 8x8 matrices -> [product]=[x][y]
void multiply matrix(complex product|] [9], complex A[][%], complex B[]} [9])

{
int i, 7, k;

for{i=1; 1<=8; 1i++)
for (j=1; j<=8; J++)
{
product [1][j]1=0;
for (k=1; k<=8; k++)
product [1i] [Jl1+=A[i] [k]1*B(k][]j];

}
// Calculates the product of an 8x8 matrix and an 8xl vector ~> {resultj}=[matrix]{vector}
void multiply vector (complex result[], complex vector|], complex matrix([}([9])

{

int i, 3;

for(i=1l; i<=8; i++)
{
result [1]=0;
for(j=1; j<=8; j++)
result [i]+=matrix([i] []]*vector[j];

}

KRRk Sk ok oK ok KOk o ok kS kK K K ok ok ok ok ok ok ke Sk ok S Sk Sk oK S S o S o o ok ok ko ks St sk sk oK S ok sk sk Sk Sk Sk Sk ok o ok ok ko k ok Sk Sk S S Sk o ok ok ok o o K

*** END PROGRAM *+**
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A11.2 Qutput

Below is the output given by the program listed in Secion A11.1:

*** Nodal displacement

a0(l) = 0.000637487 mm
cO0(l) = 0 mm

£f0(1) = -0.0314979 mm
*** Nodal displacement
al(l) = 0 mm

dl(l) = 0 mm

£1(1) = 0 mm

bl(l) = 0.848928 mm
cl(l) = -11.51643 mm
gl(l) = -11.579102 mm
*** Nodal displacement
az2(l) = -0.152271 mm
d2(1l) = -1.3352 mm
£f2(1l) = 2.74664 mm
b2(1) = 0 mm

c2(ly = 0 mm

g2(l) = 0 mm

*** Nodal displacement
a3(l) = 0 mm

d3(l) = 0 mm

£3(1) = 0 mm

b3(l) = -0.0536703 mm
c3(1l) = 0.302682 mm
g3(l) = 0.972001 mm

*** Nodal displacement
a4(l) = 0.0254056 mm

d4(l) = 0.113397 mm
f4(1l) = ~0.503479 mm
b4(l) = 0 mm

c4(l) = 0 mm

gd(l) = 0 mm

*%* Nodal displacement
a5(l) = 0 mm
d5(1) = 0 mm

£5(1) = 0 mm

b5(1) = 0.0132984 mm
c5(1l) = -0.0522025 mm
g5(1l) = -0.297169 mm
*%* Nodal displacement
a6(l) = -0.0073683 mm
d6(l) = ~-0.0269971 mm
f6{(1l) = 0.187143 mm
b6 (1) = 0 mm

c6(l) = 0 mm

g6(l) = 0 mm

contributions for n=0 ***

components

components

components

components

components

components

for

for

for

for

for

for

n=1 **%*

mode 2

mode 3

mode 4

mode 5

mode 6

* Kk Kk

* Kk Kk

* k&

* Kk Kk

* ok Kk
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Al11.3 Example 1: Inclined Point L.oad Applied to Tip of Cantilever

Example 1 in Chapter 6 also included the results of an inclined point load applied to the tip
of the cantilever. The pipe properties are the same as those listed in Section A11.1. The

revised code for the load potential term for each mode n=0 to n=6 are given below.

Mode n=0:

//Set the nodal load vector Q
//Below is the load vector for the inclined load in Example 1 in Chapter 6, Eqg. 6.6

//Find {e (1)}
e[l]l=0;
e{2]=F_bar[2};
for(i=3; i<=6; i++)
e[i]=F_] bar[i]*exp(m[i]*l)i
e[7]=e[8]=0

//Set {Q}=-P*[I_invt]*{e(l)}
for(i=1; 1i<=8; i++)
{
Q[i]=0;
for(j=1;j<=8;j++)
Qiil+==16*L_invt[i] [j)*el]];

Mode n=1:

//Set the nodal load vector (@
//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6.7a
// corresponding to displacements a, d and f for mode n=1
//Find (e (1)}
el

1]1=1;
el2]=1;
e[3]=1*1;
e[4}=1*1*1;
for(i=5; 1<=8; i++)
el[il=exp(m{i]*1);

//8et {Q}=-16*[L invt]*{e(l)}*cos(7*pi/8)
for(i=1; 1<=8; i++)
{
Qii1=0;
for(j=1;j<=8;j++)
Q[i]+=-16*L1_1invt[i] [jl*e[]j]*cos(7*pi/8);

//Below is the load vector for the inclined load Example 1 in Chapter 6, Eg. 6.7b
// corresponding to displacements b, c¢ and g for mode n=1
//Find {e(1)}

el[l]=1;

el[2]=

e[3]=1*1;

e[d4]=1*1*1;

for(i=5; i<=8; i++)

e[i]=exp(m[i]*1);

//Set {Q}=-16*[L invt]*{e(l)}*sin(7*pi/8)
for(i=1; i<=8; i++)
{
Q[i]=0;
for(j=1; j<=8;j++)
Qli)+=-16*L2_invt[i] [jl*e[j]l*sin(7*pi/8);
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Modes n>2:

//Set the nodal load vector Q

//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq.

// corresponding to displacements a, d and f for modes n>=2
//Find {e (1)}

el[l]=1;

el[2]=1;

e[3]=1*1;

ef[4]=1*1*1;

for(i=5; i<=8; i++)
e[il=exp(m{i]l*1);

//8et {Q}=—16*[L_invt]*{e(l)}*cos(7*n*pi/8)
for (i=1; i<=8; i++)
{
Q[i1=0;
for(j=1;3<=8;j++)
Qiil+=-16*L1_invt[i]l [jl*e[]j]l*cos(7*n*pi/8});

6.

7a

//Below is the load vector for the inclined load Example 1 in Chapter 6, Eq. 6.7b

// corresponding to displacements b, ¢ and g for modes n>=2
//Find {e (1)}
e[l]l=1
e[2]=1;
e[3]1=1*%1;
el[d]=1*1*1;
for (i=5; i<=8; i++)
e{i]l=exp(m[i]*1);

//Set {Q}=-16*[L_invt]*{e(l)}*sin(7*n*pi/8)
for(i=1; i<=8; i++) .
{
Q[i]=0;
for(j=1;3j<=8;j++)
Q[i]+=-16*L2_invt[i] [jl*el[jl*sin(7*n*pi/8);

The output from the program for the inclined load portion of Example 1 is:

*** Nodal displacement contributions for n=0 ***
a0(l) = 0.000637487 mm

c0 (1) 0 mm

£f0(1) = -0.0314979 mm

fl

*** Nodal displacement components for n=1 ***

al(l) = -0.784307 mm
dl(l) = -10.6876 mm
£1{(1) = 10.7712 mm
bl{(l) = 0.324871 mm
cl(l) = ~4.42696 mm
gl(l) = -4.46158 mm

*** Nodal displacement components for mode 2 ***

a2(1) = 0.107672 mm
d2(1l) = 0.944131 mm
F2(1) = -1.944131 mm
b2(1) = ~0.107672 mm
¢2(1) = 0.0944131 mm
g2(1) = 1.94217 mm

*** Nodal displacement components for mode 3 ***

a3(l) = ~-0.0205409 mm
d3(1l) = -0.115846 mm
£3(1) = 0.372017 mm
b3(1) = 0.0495902 mm
c3(l) = -0.279676 mm
g3(l) = -0.898128 mm
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*** Nodal displacement components for mode 4 ***

a4(l) = 0 mm

d4{(l) = 0 mm

£f4(1) = 0 mm

b4(l) = -0.0254056 mm
c4(l) = 0.113397 mm
g4(l) = 0.503479 mm

*** Nodal displacement components for mode 5 **x

a5(1) = 0.00509033 mm
d5(1l) = 0.0199827 mm
£5(1) = -0.113756 mm
b5(1) = 0.0122891 mm
c5(1l) = ~0.0482424 mm
g5(l) = -0.27463 mm

*** Nodal displacement components for mode 6 ***

a6(l) = -0.00521016 mm
6(1) = -0.0190898 mm
f6(l) = 0.13233 mm
6(1) = -0.00521016 mm
c6(l = 0.0190898 mm

)
) 0.13233 mm

6(1

Al11.4 Example 2: Cantilever Beam Under Self Weight

Example 2 in Chapter 6 consists of a cantilever beam under self weight. The pipe properties

are the same as those used in Example 1 in Chapter 6 and listed in Section Al1.1 above.

The only non-zero load potential vector is {Qll}le corresponding to displacement

contributions b;, ¢; and g; for mode n=1. The relevant C++ code for the load potential
vector is:

//Set the nodal load vector Q

//Below is the load vector for the self weight, Example 2 in Chapter 6, Eq. 6.20b
// corresponding to displacements b, ¢ and g for mode n=1

//Find (e (1)}

el{l]=(1-D1l_bar([l])*1;
e[2]=(1-D1_bar([2])*1*1/2;
e[3]=(1-Dl_bar{3])*1*1*1/3-D1_bar{9]*1;
eld ]=(l Dl_bar[4])*1*1*1*1/4-~D1_bar[10]*1*1/2;
for(i=5; i<=8; i++)
elil=(1-Dl_bar[i])*(exp(m[i]*1)-1);

//Set {Q}=-gamma*t*r*pi*[L_invt]*{e(l)}
for(i=1; i<=8; i++)
{
Qlil=0
for (j= l j<=8;++)
Qlil+=—78*t*r*pi*L_invt[i] [j]l*e[]];

The output from the program for the self weight of Example 2 is:

*** Nodal displacement components for n=1 ***

al(l) = 0 mm
d1(1) = 0 mm
£1(1) = 0 mm
bl(l) = 0.0416114 mm
1(1) = ~0.639488 mm
gl(l) = -0.639504 mm
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A11.5 Example 3: Uniform Torque Applied to Tip of Cantilever

Example 3 in Chapter 6 consists of a cantilever beam subjected to a uniform torque at its tip.
The pipe properties are the same different from those listed in Section Al11.1 above. The

revised code for the pipe properties is:

//Function to get the physical properties of the pipe
void input (double *r, double *t, double *1, double *E, double *G, double *mu, int *alpha)
{

*r=0.15;

*t=0.005;

*E=200000000;

*mu=0.3;

*G=*E/ (2* (1+*mu) ) ;

*1=0.6;

*alpha=0;
}

The only non-zero load potential vector is {QO}8X1 corresponding to displacement

contributions ag, ¢p and fy for mode n=0. The relevant C++ code for the load potential
vector is:

//Set the nodal load vector Q
//Bélow is the load vector corresponding to Example 3 in Chapter 6, Egq. 6.26
//Find {e (1)}
for (i=1; i<=6; 'i++)
el[i]=0;
‘e[7]=e{8]=1;

//Set {Q}=(10/r)*[L_invt]*{e(l)}
for(i=1; i<=8; i++)
{
Q[il=0;
for(j=1;j<=8;j++)
Q{i}+=(10/xr)*L_invt (1] [F]1*e[]];
}

The output from the program for the torque of Example 3 is:

*** Nodal displacement components for n=0 ***

ad(l) = 0 mm
c0(l)y = 0.110307 mm
£f0(1l) = 0 mm

Al11.6 Example 4: Multi-Element Pipe

Example 4 in Chapter 6 consists of a multi-element pipe subjected to its self weight, the
weight of fluid in the pipe and an internal pressure. The properties of the pipe, namely
length and wall thickness, are different for the two elements. The values used are given in

Chapter 6.
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The only non-zero load potential vectors are {Q,} ~ and {Ql,z}gx1 corresponding to

displacement contributions ay, ¢y and fy for mode n=0 and b;, ¢; and g; for mode n=1,

respectively. The relevant C++ code for the load potential vectors is:.

Mode n=0:

//Set the nodal load vector Q
//Below 1is the load vector for Example 4 in Chapter 6, Eq. 6.35

//Find {e(1)}
e[l]=0;
ef2]=F_bar([2]*]1;
for (i=3; i<=6; i++)
eli]l=(F_bar[il/m[i])*(exp(m(i]*1)-1);
e(7)}=e[8]=0;

//Set {Q}}
for(i=1; i<=8; i++)
{
Qli]=0;
for (j=1;j<=8;j++)
Q[i]+=—2*pi*r*(gw*r+p)*L_invt([i] [jl*e[]];

Mode n=1:

//Set the nodal load vector Q
//Below is the load vector for the inclined load Example 1 in Chapter 6, Eg. 6.7a
// corresponding to displacements a, d and f for mode n=I1
//Find {db(l)} and {e(1)]}
dbfl]=D1_bar[1]*1;
db[2]1=D1_bar{2]*pow(1l,2}/2;
db{3]=D1_bar[9]}*1+D1_bar[3]*pow(l,3)/3;
db[4]=D1_bar [10]} *pow (1, 2)/2+D1_bar [4]*pow(l,4)/4;
for(i=5; i<=8; i++)
db[i]=D1_bar[i]* (exp(m[i]*1)-1)/m[i];
elll=1;
el[2]=pow(l,2)/2;
e[31=pow(l,3)/3;
e[4l=pow(l,4)/4;
for(i=5; 1i<=8; i++)
elil=(exp(m[i}*1)-1)/m[i];

//8et {Q}
for(i=1; i<=8; i++)
{
Qri]=0;
for(j=1;j<=8; j++)
Qlil+=pi*r*t*gs*Ll_invt([i] [j}*db{j]l*pi*r*(gw*r+t*gs)*L1l_invt{i] [j)l*e[]];

Note that the code given above is for the load potential vector for one element only. This
code is repeated twice to create a load potential vector for each of the elements. The two

vectors are then combined to create the load potential vector for the system.
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The output from the program for the multi-element pipe of Example 4 is:

*** Nodal displacement components for n=0 ***

al0(l) = 0.000672406 mm
cO0(l) = 0 mm
£f0(1l) = 0.0333118 mm

*** Nodal displacement components for n=1 ***

al(l) = 0 mm
di(l) = 0 mm
£1(1) = 0 mm
bl(l) = 0.0504136 mm
cl(l) = -0.436128 mm
gl(l) = -0.435521 mm
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