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Abstract

The present research is concerned with the application of optimal control theory
to time-dependent viscous flows. Some specific designs of artificial hearts are described
briefly, followed by a review on common hemodynamic problems created by artificial
hearts and heart valves. Some mathematical models for certain types of artificial hearts
arc formulated. Optimal control theory has been applied to some of these models to
obtain the necessary conditions of optimality. The optimization problemr consists of
determining the optimal control policy in order to minimize the value of an appropriate
cost functional, which accounts for differences from a desired flow rate and the mean
squared shear stresses and vorticity. The necessary conditions of optimality include the

Navicr-Stokes cquations, the associated adjoint equations and an inequality.

For the purpose of the numerical solution of the governing equations, a numerical
code has been developed, which solves the Navier-Stokes and the corresponding adjoint
cquations by the Finite Element Method with penalty function formulation. The Navier-
Stokes and the adjoint equations ‘were solved iteratively. Each system of equations was
solved separately but the two systems were iteratively coupled in the control problem
context. At the end of each iteration a new control was computed .using the inequality,
and the process was repeated until convergence was achieved. Numerical solution of the
optimization algorithm was achieved for a two-dimensional model with an initial velocity
distribution as the control variable, and a two-dimensional model with a time-dependent
boundary velocity applied at some part of the boundary as the control. The latter case
was further extended to an approximate three-dimensional model of an artificial heart.
In all cases, it was observed that, in the absence of shear stressia.nd vorticity in the cost

functional, the desired flow rate was almost achieved, while including these parameters



resulted in a decreased optimal How rate but with smoother velocity distributions, In
the case of two- and three-dimensional boundary control, it was found that, when the
stress and vorticity levels were minimized. the optimization algorithm could suceessfully
rcarrange the flow distribution. smoothen the sharp gradients and remove the vortices

that would occur otherwise in the velocity tield.

This study demonstrates that optimal control of flow systems is practical and can

be used as a design tool.
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Chapter 1

Introduction

The outline of the present thesis is as follows. Chapter 1 is devoted to a literature
review of subjects related to the present optimal control problem. Chapter 2 contains
the formulation of simplified mathematical models of the artificial heart system and an
analytical expression of the optimal control problem. The finite clement formulation of
the governing equations is presented in Chapter 3 for blood flow as well as the optimality
conditions. Some results of the application of the optimal control algorithm to a few
models of artificial hearts are reported in Chapter 4. The main conclusions of the present

work are summarized in Chapter 3, followed by some suggestions for future research.

1.1 Motivation and Objectives

In recent years, there has been a growth of interest in theorctical studies of human
organs. The heart, being of great importance to human life, has attracted the attention
of many researchers in different areas of science z-md engineering. Indeed, certain aspects
of ca.rd‘iology lend themselves in a natural way to physical and mathematical description,
modeli‘ng and analysis. Artificial hearts have been devised to assist and/dr replace end

stage failing natural hearts.



The objectives of this study are as follows:
a) to develop a mathematical model describing the blood flow in artificial hearts.

b) to propose some simplified models, suitable for the numerical study of the prob-

lem,

c) to apply optimal control theory to the governing equations in order to obtain the

necessary conditions for optimal performance of the above models, and

d) to develop the necessary computer codes for the numerical solution of the gov-

crning equations and the corresponding optimality conditions.

1.2 Mathematical Modeling of the Human Heart

The process of analyzing and modeling of any physical svstem requires an identification of
the geometry and materials, an expression of the governing natural laws and their math-
ematical formulation, the solution of the corresponding equations and the verification of

the results.

Recent advances in the development of the theory of heart function and suitable en-
gineering models have not yet had a significant impact in clinical cardiology. Theoretical
studies deal with different aspects of the cardiac system, e.g. stress analysis of the heart,
finite element modeling of ventricular mechanics and mathematical models of pacemaker
tissue in the heart (Glass et al., 1991). Some numerical studies on heart valves have

“been reported by Peskin (1972 and 1982). The purpose of heart is to pump blood to
the circulation system. To do so- continuously for over 70 years or more requires a very
sophistircated organ (Glass et:al, 1991). Figure 1.1 shows a schematic of the natural
heart. One may refer to Fung (1990) for details on the blood circulation inside the heart

and other related aspects of blood flow.

[\



Related to the study of the natural heart is the modeling of artiticial hearts, The
need for artificial hearts stems from the lack of adequate avatlability of natural hearts tor
transplantation and the need for supporting devices for partly disabled hearts. Artilicial

hearts will be discussed briefly in the following section.

1.3 Artificial Hearts

Although controversial. the development and clinical tcstini: of artificial hearts has been
necessitated by inadequa.te availability of heart donors for transplantation. By 1965,
2 number of research teams around the world. including teams in the USA. Japan and
Europe, were involved in the development of artificial blood pumps as temporary support
or pennaner‘xt replacement of a failing heart. During the last two decades, this extensive
research actlii'ity has led to the successful development of a number of experimental
artificial blood pumps, such as the Penn State total artificial heart {TAH) and ventricular
assist device (VAD), the Jarvik 7 TAH (University of Utah), the Novacor VAD. the
Termedics VAD (Thermo Cardiosystems Inc.), the NIMBUS-Cleveland Clinic Foundation
TAH and VAD, and the University of Ottawa EVAD.

The first generation of clinically applicable TAHs and VADs was based on modecls
activated by external pneumatic drivers. while newer permanent devices, currently under
development and testing, are meant to be totally implantable and powered by an internal
source, such as electrical, thermal or even thermonuclear encrgy. An early review of the
world experience in using artificial hearts has been presented by Joyce et al. (1986). One
may also refer to Kﬁlff (1988), Bernhard (1989) and Nose (1990) for detailed information
on artificial hearts. Atsumi et al. (1990) report some developments of artificial hearts in
Japan. Some artificial hearts consist of 2 blood chamber, a pusher plate or diaphragm
and two valves. Some of these mechanisms are shown in Figure 1.2. For example, in one
design (Figure 1.2b), the diaphragm divides the blood chamber into the pump atrium and
the pump ventricle. In this design, the inflow valve is located on the diaphragm and the

3



outflow valve is incorporated into the outlet port of the blood chamber. In the systolie
phase, the inflow valve is closed and the blood in the pump ventricle is sent out to the
artertal side through the outflow valve. Suction is generated inside the pump atrium and
blood enters shnnltancously into the pump atrium from the left or right atrium. In the
diastolic phase, the pressure inside the pump ventricle is reduced following the movement
of the diaphragi, the inflow valve is opened and the blood enters into the pump atrium
(Atsumi ef el 1990). Oune may refer to Sakakibara ef al. (1939) and Cheon et al. (1990)
for alternative designs. Some experimental studies and flow measurements in artificial
hearts have been reported by Tarbell ef al. {1986), Mann et al. (1987), and Mussivand
et al. (1988). In a recent report, Jin-and Clark (1993) reported an experimental study
of nnst_énd_\' flow in a sac-type VAD and illustrated the development of flow patterns and

the velocity distributions within the VAD chamber. _

1.4 Optimization of Artificial Hearts

Stirce its early conceptualization in the 1960s, the artificial heart has been under contin-
uous development. Considerable amount of studies have been directed toxva.rds artificial
heart valves, which have been used both as components of total artificial hearts and
as artificial cardiac prostheses. The most serious problems and complications experi-
enced both by total artificial hearts and by heart valves may be divided in two distinct

categories as follows.

Problems related to blood-conlacting surfaces. Thromboembolism has been one of
the major clinical complications in all long-term artificial heart recipients; Thromboem-
bolism is believed to originate from the intrinsic thrombogenicity of the blood contacting

surfaces within the cardiac devices (Lelkes and Samet, 1991).

Problems related to undesirable flow patterns inside the blood container. One of the
problems and complications experienced by artificial hearts and artificial heart valves

are related to the dynamics of blood flow. Damage to red cells and platelets could be

4



the result of elevated turbulent shear stresses {(Woo and Yoganathan, 1936}, Flevated
shear stress levels can also cause element trauma {(Williams, 1978). Blackshear { 1972) has
shown that red blood cells, which adhere to foreign surfaces. may be damaged by shear
stresses of the order of 10-100 dyn em™*. Suterd and Mehrjardi (1975) have demonstrated
that red blood cells fose their bi-concavity when subjected to bulk turbulent stresses of
500 dyn cm* for a duration of 4 min. Clinically significant levels of hemolysis as well as
thromboembolic complications are problems associated with implanted prosthetic valves

(Yoganathan et al.. 1979 and 19382).

According to Blackshear (1972), Coulantuoni (1977). and Sallam and Hwang (1983),
high turbulence activity can cause lysis of red cells {cell destruction) and platelet acti-
vation. The latter may lead to clot formation and thrombosis (Stein and Sabbah, 1974).
The severity of damage to blood constituents by fluid shear ts highly influenced by both
the magnitude and the duration of the shear stress {Schwartz ¢t al., 1980; Tiederman et
al., 1986). According to the experimental study of heart valves by Galanga and Lloyd
(1981), areas of high shear rates, slow-moving separated regions and stagnation point
flows contribute to thrombus formation. These authors found high mass transfer rates
both in regions of high velocity gradients and in regions of flow separation with low shear
stresses, which, in their view, provide support to the hypothesis that thrombus formation

occurs in both high- and low-shear regions.

Optimization of artificial hearts attempts to reduce and, if possible, climinate the
above problems. Significant resources are directed towards reducing the thrombogenicity
of the blood containing surfaces. One of the proposed approaches include casting of a
smooth polymeric surface, which would ensure minimal cell adhesion/growth improving
hemocompatibility of the biomaterials by organo-chemical modification of their surfaces.

One may refer to Lelkes and Samet (1991) for a detailed study on this issue.

The above review of experimental results is aimed at providing some initial insight
towards formulating realistic optimization criteria, which identifies certain types of hemo-

dynamic problems that the designer of artificial hearts has to take into consideration. It
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should also be noted that the shape and size of artificial hearts are usually the results
of empirical design. within constraints dictated by physiological considerations. power
source limitations, biocompatibility of materials and ease in surgical implantation (Mus-
stvand el al., 1993). On the other hand, for a given heart design, it appears possible
to minimize the probability of blood damage and thrombus formation by controlling the

flow-generating system.

"The main goal of this study is the application of optimal control theory to artificial
~hearts in an attempt to minimize the How-related problems. In order to achieve this
optimization, one should develop necessary conditions of optimality for blood flow and

construct an efficient algorithm for the numerical solution of the problem.

In the present analysis, blood is assumed to bé a homogeneous Newtonian fluid. Al- 7
t.hough'it is known that, as. a suspension, whole blood has.non-\Tewtonia.n characteristics
(Chein et al., 1966; Shah, 19S0; Bird et al., 1983), at the high shear rates occurring near
the walls of the heart and the pulmonary and systemic artertes and veins, whole blood
can bc modeled as a Newtonian fluid with a constant coefficient of viscosity (Pedley,
19580; Fung, 1981; Fung, 1990). A similar assumption may reasonably be made for blood

flow in artificial hearts.

1.5 Optimal Control Theory and the Navier-Stokes

Equations

The optimal control problem in its general sense consists of the following essential ele-
ments:

a) & mathematical model of a dynamical system to be controlled,

b} a specified target (or desired state) for the system,

c) a cost functional or performance index, and

d) a set of admissible controls.



Consider the differential equation in B

X =g(x.v.1) (L

as the equation to be controlled. The vector x is the state vector and v(¢) is the countrol
parameter vector. The set of admissible controls. [yq. is an arbitrary set in the space of
control parameters R". This set is said to be the set of admissible values of the control
parameter. An arbitrary measurable and bounded function, v(t). which is defined in the
set {/,q is said to be an admissible control. The set of all admissible controls is called the

class of admissible controls (Gamkrelidze, 1978).

Given a dvnamical sysiem, we are interested in moving the state from its specified
initial condition to the desired state or specified target. while minimizing a given cost
functional, J(x,Vv). This cost functional is supposed to quantify the performance of the
system under application of different controls so that its value decreases as the quality
of the control parameter improves. The optimal control problem is to find an admissible
control, v°(2), which simultaneously ensures the attainment of the system objective and

the minimization of the cost functional, J(x, v}, such that
J(x,v°) < J(x.v) (1.2)

A pair, (x,Vv°), which satisfies this property is called the optimal pair for the system
(Owens, 1981).

Given an optimal control problem, two different aspects of the problem should be
studied: the existence of an optimal control and the necessary (and possibly sufficient)
conditions of optimality. The term “necessary conditions of optimality” refers to the
set of conditions which should be satisfied in order to minimize the cost functional,
J(x,v). For further studies on optimal control problems, the existence problem and
the necessary conditions of optimality for specific differential equations, one may refer
to Gamkrelidze (1978), Ahmed and Teo (1981), and Ahmed (1988). The subject of the
optimal control theory has been under rapid development over the last three decades, In

the early 1960s, Pontryagin et al. (1962) made a fundamental contribution to optimal
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coutrol theory. followed by further works of Gamkrelidze (1978) in the theory of necessary
conditions for general optimization problems. Further developments of the subject have
been achieved, among others. through the works of Warga (1972) in delay differential
cquations, Wonham (1970), Fleming and Rishel (1973). Ahmed (1979}, and Kkrylov (1930)
in stochastic differential equations and Butkovskiy (1969), Lions (1971), and Ahmed and

Teo (1981) in partial differential equations.

Optimal control theory has found many interesting applications in physics, systems
theory. chemical processes, mechanics, and many other science and engineering fields. In
recent years, a considerable effort has been spent on the application of optimal control
theory to fluid dynamics systems described by the Navier-Stokes equations. Among the
carliest studies one may refer to the work of Cuvelier (1976), who applied optimal control
theory to the Navier-Stokes equations coupied with the heat equation. Forsikov (1982 and
l;':)S:}) has studieﬂ some control problems concerning the Navier-Stokes equations. More
recently, Abergel and Temam (1990) have used optimal control theory towards mini-
mizing turbulence in a few fluid mechanical problems through distributed and boundary
controls. Fattorini and Sritharan (1992) have provided a mathematical formulation for
the existence of optimal controls for certain boundary control problems. while Sritharan
(1992) has studied an optimal cuntrol problem in exterior hydrodynamics. Gunzburger et
al. (1992) have studied the problem of drag reduction in an incompressible flow thfough
Boundary velocity control. In a recent paper, Ahmed (1992b) has proved the existence
of an optimal control for fluid systems with an initial velocity distribution or a bound-
ary velocity distribution as the control variables. Finally, some general issues regarding
shape optimization for the Navier-Stokes equations have been outlined by Gunzburger

and Peterson (1992).



1.6 Modeling of Blood Flow

For Newtonian fluids, the relation between stress and deformation is given by a lin-
ear constitutive relation (see equation {1.1d) in the next section). In these Huids the
viscosity 1s assumed to be constant at a given temperature. Noun-Newtonian Huids are
those for which the constitutive relation {1.14) does not hold. For non-Newtonian tiwids
the interaction between stress. deformation and time can be much more complex. Non-
Newtonian behaviour of fluids is observed in a number of different ways. Such [uids may
be divided into t\\;o different categories: inelastic fluids and viscoelastic fluids. Inelastic |
fluids, also viewed as generalized Newtonian fluids, exhibit a viscosity that depends on
shear rate. Pseudo-plastic (shear-thinning) fluids have a viscosity that decreases with
increasing shear rate, while dilatant (shear-thickening) fluids have a viscosity that in-
creases with decreasing shear rate. Viscoelastic fluids on the other hand, behave much
more differently than Newtonian fluids do. In such fluids, the memory of the fluid is
important, and the motion of a material element depends on both the present stress
state and the deformation history of the element. This time-dependent behaviour leads
to more complex constitutive relations. A comprehensive discussion of non-Newtonian

fluids may be found in the texts by Bird et al. {(1987) and Tanner (1985).

Human blood is a suspension of cells and plasma. The cellular contents are the
red cells, whfte cells and platelets. Red cells which are the most numerous, completcly
dominate the mechanical properties of blood and occupy about 50% of the blood volume.
Human red cells are deformable, disk shaped, with a diameter of 7.6 um and an average
thickness of 2.8 pm. They number about 5 million per mm®. The normal white cell count
is considered to be from 5,000 to 8,000 per mm? and, therefore, dynamically unimportant.
White cells are slightly larger than red cells and equally deformable. The platelets are
more numerous than white cells (250,000 to 300,000 per mm?®) and have a diameter of

about 2.5 pm. They too are unimportant dyna.mlca.lly (see Pedley, 1980; Fung, 1981).

Experimental results show that plasma behaves like 2 Newtonian fluid (Merrill el
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al., 1963; Gabe and Zazt, 1968), while the whole blood is found to be non-Newtonian
(Chein et al., 1966; Shah, 1980: Bird ¢! al., 1983). Therefore, the non-Newtonian features
of whole blood come from the suspended cellular bodies. Some authors have sought to
explain the flow behaviour of blood in terms of continuum theories. Among the available
literature on the bulk properties of blood, one may refer to Goldsmith and Skalak (1975)
and Fung (1981). Regarding the constitutive relation of blood, Fung (1981) has proposed

the lollowing equation
ci; = —pbi; + 2p(l)d;; (1.3)

in which o;; is the stress tensor, p.i‘s the pressure, p is the coefficient of viscosity, { = -‘,_;d;jd,-_,-
and d;; is the rate-of-deformation tensor, defined by equation (1.15) in the next section.
This equation describes a strain-rate dependent viscosity for the whole blood. However,
Fung (1981) discusses that, at high shear rates, whole blood behaves like a Newtonian
fluid with a constant coefficient of viscosity, while, at low shear rates, non-Newtonian
behaviour of blood can be described by the constitutive relation (1.3). In relatively large
animals such as cat and man, the shear strain rate of blood near the walls of the heart
and the pulmonary and systemic arteries and veins exceeds 100 s™!, so that in these
regions the viscosity of blood may be regarded as constant, and flowing blood in these
vessels may be treated as Newtonian (Pedley, 1980; Fung, 1990). A similar assumption
appears to apply to blood flow in artificial hearts, at least for regions where the shear

stress is not extremely low.

Whole blood cannot be regarded as a homogeneous fluid in the small blood vessels,
because the diameters and spacings of red cells are comparable to the capillary vessel
diameters. However, in analyzing blood flow in large blood vessels, whose diameters
exceed 100 pm, and, consequently, in blood chambers of artificial hearts, blood can be
regarded as effectively horriogeneous (Pedley, 1980; Fung, 1981).

According to Peskin (1982), the most difficult experimental information to obtain
in vivo is a measurement of the flow pattern of blood in the heart. This problem was

first attacked by Taylor and Wade (1973), who used thin, carefully injected streams of
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contrast material to trace the flow pattern of blood around the atrioventricular valves on
cineangiograms. Their principal finding was that the flow pattern of blood in the heart
forms a stable system with no evidence of large-scale mixing. disorder or turbulence. This
is an experimental result of great importance for any theoretical treatment of the Huid
dynamics of heart and heart valves. However, there are some indications (Mussivand et

al., 1988) that the blood flow in artificial hearts, at least in some regions. is turbulent.

In conclusion, we shall take blood to be a homogencous Newtonian fluid of density
p=1.05%x10%kg m™3, viscosity u=0.004 kg m='s"! (at 37°C) and, hence, kinematic vis-
cosity v=3.5 x107®m?s~! (Pedley, 1980). Blood flow in artificial hearts will be assumed

to be laminar (Peskin, 1982).

Concerning the non-Newtonian behaviour of blood, Shah (1930) has written a review
paper on the subject and Bird et al. (1933) have reported on the application of the Casson
model for representing the blood flow. Nakamura (1990) has also reported a numerical
study on the non-Newtonian blood flow in an axisymmetric stenosis. Pham and Mitsoulis
(1994) have numerically studied the non-Newtonian blood flow in an abrupt contraction
using the Casson model. Other works in this area include papers by Perktold (1991 and
1994), in which the pulsatile non-Newtonian blood flow in carotid artery models have

been numerically studied.

1.7 Governing Equations of the Fluid Flow

In this section the governing equation of blood flow in an artificial heart will be considered.
Because blood flow is characterized by non-Newtonian behaviour of the fluid, we shall
first consider the general equations of motion. For an isothermal flow, this consists of the
equations for the conservation of mass and momentum and general constitutive relations.

Afterwards, we shall simplify the general equations for Newtonian fluids to obtain the

so-called Navier-Stokes equations.
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Conservation of Mass:

Let © denote a physical closed domain in R® with the boundary I. A generic
point in the domain is represented by x = (ry,z2,z3). According t_ the principle of
the conservation of mass, the total mass of a system occupying the domain Q does not

change when the domain moves with the system

?——fpﬂ—ﬂ (14)

in which m denotes the total mass of the fluid and p the density of the fluid. Consider

the Reynolds transport theorem {Tanner, 1985)

d 9 :
5 [ ovda= [ Sipw)a+ [ ppuinds (15)

where S is the surface of the domain @ and n is the outward unit vector normal to the
boundary. The quantity ¥» may be any specific (per unit mass) quantity of a scalar,
vector or tensor nature, and u = (u;, up, u3) denotes the velbcity vector. Applying (1.5)

with 1 =1 to (1.4) vields

5 :
jn =pdQ + [3 pu-ndS = 0. (16)
By using the divergence theorem,
js ®-ndS = fﬂ V-3dQ, 1.7)
where ® is any vector, the second term in (1.6) can be converted to a volume integral,
so that
f (%2 4+ V.pu)dQ = 0. (1.8)
Since the domain Q is arbitrary, one may conclude that
9 P4V .pu=0 (1.9)
P '

which is called the continuity equation.
_ Conservation of Momentum:

According to the principle of conservation of momentum, the rate of cﬁha.nge of linear

momentum, pudQl, of a system, occupying the material volume 2, is equal to the net
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force on the system. consisting of surface and body forces. Using the transport theorem

(1.5) with ¥» = u for the rate of change of linear momentum, one linds

f P do+j(pu)u ndS —fpfdo+] rdS (1.10)

in which £ = (fi, fa. f3) is the body force per unit mass and 7 is the traction vector
defined as

= 0ogn; (l.“)
where o;; are the components of the stress tensor. Using the divergence theorem (1.7)

for surface integrals in (1.10) yields. in cartesian indicial notation,

d a doi; | ;

Considering that equation (1.12) should apply to any volume £ and using the continuity
equation (1.9), equation (1.12) can be written in differential form as
du; | .dw doi; ‘ .
LTy - + i s =efi+ 3 (1.13)

z;

This equation is the general differential momentum equation for fluids. Together with
the continuity equation it forms a set of governing equations for fiuid flow. Because the
number of unknowns is higher than the number of equations, the concept of constitutive
relations has been introduced (see e.g. Landau and Lifshitz, 1959) which relates the
stress to the motion of the material. Newtonian and non-Newtonian fluids differ from
each other in the way these constitutive relations are defined. A Newtonian fluid is

defined by the following constitutive relation for the stress tensor
i = —pbi; + Mdibi; + 2pud;; (1.14)

where A and p are coefficients of viscosity, p is the pressure and d;; is the rate-of-

o 1{0u; Ouy
d:J - § (a_zj + a_I;) - (1'15)

If the fluid is incompressible, then the continuity equation (1.9), and accordingly the

deformation tensor, defined as

Newtonian constitutive relation (1.14), can be simplified to the following equations, re-

spectively

3u, : ’
=0 (L.16)
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oi; = =pdi; + 2ud;;. (1.17)
By substituting the Newtonian constitutive relation (1.17) in the momentum equation
(1.13) and assuming a constant viscosity. onc may obtain the so-called Navier-Stokes
equations

du; Ju; g du; ()u_,) lap

W-*‘uja?j_u.r,(dzj dz;'  pox; =i

. . { - - . »
in which v = "5 is the kinematic viscosity. In vector notation these equations can be

(1.18)

written as -

du
ED

Equations (1.16) and (1.19) are the governing equat:ons of a Newtonian incompressible

+ (u.Viu - vViu+ l\"ﬂ’p f. (1.19)

fluid, which may be solved over the domain Q after introducing appropriate initial and
boundary conditions.

1.8 Alternative Formulations of the Navier-Stokes

Equations

In this section, some alternative formulations of the Navier-Stokes and continuity equa-

tions will be briefly discussed.

1.8.1 The Velocity-Pressure Formulation

This formulation, also called “primitive formulation”, refers to the Navier-Stokes and
continuity equations in their original form with (u,p) as unknowns. Using the symbols
as defined in section 1.6, this formulation will have the following form:

%‘f—-{-(u-V)u— vWou+iVp=f inQx(0,T]

V-u=0 inQ ' (1.20)

ujizo = u(x,0) = up(x) in Q; u=g(x,t) on the boundary I x [0,T]

where g(x,1) is a given function and [0,7] denotes the time interval.
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1.8.2 The Penalty Function Method

" The presence of the continuity equation in the governing equations introduces difficultics
in the numerical treatment of the problem (Reddy., 1982: Cuvelier ef al., 1986). The so
called penalty method has been introduced to decouple the momentum equations and
the continuity equation by elinﬁnating the pressure from the momentum equations. n
this methed, the continuity equation is perturbed with a sufficiently small proportion
of the pressure. The formulation procedure is the same for transient or steady. Navier-
Stokes or Stokes {neglecting the inertia term) equations. For simplicity. the steady Stokes
equations will be considered first in the following discussion and then the results will be

extended to the unsteady Navier-Stokes equations.

The original formulation of the penalty method has been on the basis of a minimiza-
tion problem. It follows from the calculus of variations that a necessary condition to make
a functional stationary is that the Euler-Lagrange equation of the functional be satisfied
together with the boundary conditions. This Euler-Lagrange equation is preciscly the
governing partial differential equation of the problem (Cuvelier et al., 1986, and Ahmed,

1988). Consider the following Stokes equations with homogeneous boundary conditions
—vV*u+Vp=f inQ
Vu=0 in® (1.21)
u=0 on the boundary I'.
It can be shown (Girault and Raviart, 1986) that the Stokes equations (1.21) are the
Euler-Lagrange equations for the following minimization problem
nﬁn{J(u, p): u=0 onT}
where
J(u,p) = j _Vu-vuTdQ -2 j _pV-ud -2 j £-ud® (1.22)

It is also known that one may introduce a constraint in a minimization problem through

penalization. Thus, for € > 0, one may consider a minimization problem of the form
min{Je(u): u=0 onT}
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‘ 1
Je(u) = ufﬂvu-VufdQ - :jn(v.u) - (Veu)dQ - 2]nf-ud§2. (1.23)

'Then the Euler-Lagrange equations of the functional (1.23) are given by

~V, - 1¥(Vu)=f in©

(1.24)
u, =0 on the boundary T,
By introducing p. = —}(V - ug). equations (1.24) can be written as
-V +Vp, =f inQ
e (125) |

Vo, = —ep,

which implies that the effect of penalization is simply to relax the incompressibility con-
dition {Gunzburger, 1939). Given a small parameter, ¢, one may extend the above result
in the Navier- St:.okes eﬁuations by considering a perturbed version of these etiua.tions, as
follows
_%ut;. + (e Vu, —vVu, +Vp, =f inQ
Vu,=—ep, inN (1.26)

u =0 onl.

Then the pressure may be easily eliminated from the above equations to yield the fol-
lowing penalty formulation of the Navier-Stokes equations

—%‘ + (U Vu, — vV3u, — %—V(V-ut) =f inQ (1.97)

21
u, =0 onl.

Once the decoupled equations (1.27) are solved, the pressure field may be recovered
using the second equation in (1.25). Regarding the implementation of this method, the
convergence of the solution of the perturbed system to the exact solution and the effects
of the penalty.parameter, ¢, on the accuracy of the results, one may refer to Polya (1971),
Hughes et al. (1979), Reddy (1979 and 1982), Cuvelier et al. (1986), and Gunzburger

(1989). Mathematical aspects of the method may befound in Temam (1979) and Girault
and Raviart (1936). |
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1.8.3 The Streamfunction-Vorticity Formulation

For an incompressible flow. a vector (¢, can be introduced as
u= VN (1.28)

In a two-dimensional mediwm, this is reduced to ¢ = (0.0, 24). where e is known as the

streamfunction.

Similarly, the (vector) vorticity, w. is introduced to be
w=Vxu (1.29)

which in the case of a two-dimensional flow, reduces to w = (0.0.w).

To derive the streamfunction-vorticity formulation, we limit our discussion to two-
dimensional problems. In this context we shall utilize a definition of curl operators, which
is distinct from the one customarily used in three-dimensional flows (Gunzburger. 1939).

The curl operators in R® arc defined as

L O¢ O -
u=Vxe= 3::’—63:; {1.30)
and
duz au; .
u.-V)cu—((,h_l—al_2 (1.31)

In the above equations, the first curl operator takes the scalar # into the vector u, while
the second does the opposite and takes the vector u into the scalar w. Since for any scalar
function, ¢, V-(V x ¢) = 0, the continuity equation is satisfied by the above definition
of the stream function . The following equalities can be easily verified using the above

definition for w in (1.29) as

(u-Vu=(Vxu)xu+ V(_-l)-(u-u)) =wxu-+ V(%(u-.n)) (1.32)
| Vxw=Vx{Vxu)=-Vu (1.33)

Taking the curl of the momentum equation in (1.20), usiné the identities in equations

(1.32) and (1.33), using the continuity equation and also noting the fact that, for any
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scalar function, o, ¥ x (Vo) = 0, one may obtain the following equation

O a af.  Ofi

=t (u Ve — Vi = —f— - (1.34)
whicl is the vorticity transport equation. Substituting u from (1.28) in the above equa-
tion vields

= (T x g)(Ta) = p P = o2 = L (1.35)

in which » is the kinematic viscosity, ¥ combining equations (1.30) and (1.31). one may
obtain

T = —w. (1.36)

The set of equations (1.35) and (1.36), with appropriate boundary and initial condi-
tions, form the streamfunction-vorticity iormulation equivalent to the original formula-
tion (1.20) of the Navier-Stokes equations for two-dimensional flows. One may note that

these are two scalar equations with two unknowns w and .

Introducing the appropriate boundary and initial conditions is an important issue
in this formulation. For a detailed discussion on initial and boundary conditions for this
formulation, one may refer to Cuvelier et <L (1986) and Gunzburger (1989). Several so-
lutions are available in the literature for the above equations in particular configurations.

Some of them.may be found in Campion and Crochet (1978), and Dhatt et al. (1981).

T -

1.8.4 The Streamfunction Formulation

Another alternative formulation for two-dimensional flows, may be obtained by substi-

tuting (1.36) in cquation (1.33) as

NG  IAY I IAY
- - h= == — = 1.37

ot dzs 0z, Oz, Oz A 9z, Oza (1.37)
This fourth-order partial differential eqﬁation is called the strea.xr;function formulation,
which is equivalent to the original Navier-Stokes formulation of the problem. One may

note that in this formulation, the problem has been reduced to one scalar equation, in
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which the only unknown is the streamfunction ¢. On the other hand. in this formulation.

a fourth-order partial differential equation should be dealt with.

Similarly to the streamfunction-vorticity formulation. the continuity equation is
automatically accounted for in this formulation. In both formulations the velocity and
vressure fields can be recovered. Once the streamfunction. e, is determined. equation
(1.30) may be used to recover the velocity ficld. The most common method to recover |
the pressure field is taking the divergence of the original momentum equation in (1.20)

and using the continuity equation and equation (1.27) to obtain the following Poisson

equation for the pressure

P P Fe L\ Of L Of: \
AP=2 (. 2)(. -_l)_(.' =Y )’ +"._+._ (l.3b)
Oxi " Oz3 dx\Jzxa dr,  dry
One may refer to Gunzburger (1989) for more discussion on the recovery of the velocity
and pressure fields. The boundary and initial conditions in this formulation can be
found in the same references stated for the streamfunction-vorticity formulation. Some

mathematical aspects of this formulation have been presented in Girault and Raviart
(1986).

1.8.5 Ewvaluation of the Various Formulations

In this section we shall briefly compare the various formulations of the Navier-Stokes
equations. In the velocity-pressure formulation, the unknowns are the velocity and the
pressure fields, which are physical quantities. This method can be applied to both two-
and three-dimensional problems. No boundary condition for pressure is specified in this
method. while boundary conditions are implicitly applied in terms of boundary stresses.
The numerical solution of the equations requires a considerable amount of computing

time and memory space.

In the streamfunction-vorticity and streamfunction formulations, the continuity
_equation is automatically satisfied, so that the set of equations to be solved does not
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contain that equation. In the streamfunction-vorticity formulation one has to deal only
with two unknowns ¢* and w, and in the case of the streamfunction formulation only with
one unknown . These methods, however, can be applied only to two-dimensional and
axi-symmetric problems, due to the use of the strecamfunction. In these formulations,
the velocity is obtained by numerical differentiation of the computed streamfunction, ¢,
which is an inaccurate process. Finally, defining the appropriate boundary conditions
for vorticity is not very straightforward. In the streamfunction formulation, the problem
is reduced to one scalar, fourth-order, differential equation. Numerical solution of this
cquation by the finite clement method 1s not an easy task and it is usually solved by the

finite difference method.

In the penalty formulation, one needs smaller amounts of computing time and mem-
ory, compared to those required for the velocity-pressure formulation. In this method,
however, the accuracy of the results depends on a suitable choice of the penalty param-

cter.

We shall usc the penalty function formulation of the Navier-stokes equaf.ions for
numerical simulation of these equations. This formulation applies equally to two- and
three-dimensional problems and, especially in the later case, it reduces substantially the
amount of memory size and CPU time. There is no difficulty in applying this method to

the adjoint equations, to be introduced in Chapter 2.

1.9 Computational Fluid Dynamics

Because an exact solution of the general governing equations for viscous flow is unavail-
able, it is necessary to seek a computational solution. Computational techniques replace
the governing partial differential equations with systems of alg_ebraic equations, so that
a digital computer can be used to obtain the solution. Among the available numerical
techniques inl computational fluid dynamics, one may refer to the finite difference and the

finite element methods as the most cémmonly used ones. The finite difference model of a
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problem gives a pointwise approximation to the governing equations. In this method the
set of algebraic equations is obtained by writing the difference equations for all the grid
points of the domain (Huebner. 1975). The difference equation is obtained by express-
ing the differentials in the governing equation as finite differences using a Taylor series
expansion. One may refer to Forsythe and Wasow (1960) for an extensive discussion on

finite difference methods for partial differential equations.

The finite difference formulation of the Navier-Stokes cquations has been known
for many years, but the extensive resources and time required to carry out step-by-
step solution of the equation were prohibitive until about 1950. when the electronic
computer made high-speed calculations possible. and the works of Von Neumann gave a
considerable impetus to this field. The report by Cebeci and Smith (19638) explains an

early application of the method for solving the incompressible, turbulent, boundary-layer

equations.

In the finite element method, unlike the finite difference method, which replaces
the solution region by an array of grid points, the domain is replaced by many small,
interconnected subregions or elements. This method also gives a piccewise approximation
to the governing equations (Huebner, 1975). The finite element method was originally
developed by engineers in the 1950s to analyze large structural systems for aircrafts
(Baker, 1983). Later, Zienkiewicz and Cheung (1965) reported the applicability of this
method to field problems like flow and electromagnetism. One may consuit Brebbia
and Connor (1975), Huebner and Thornton (1982), Rao (1982), Zienkiewicz (1979) and

Zienkiewicz and Morgan (1983) for more recent works in structural finite element analysis.

Despite having a long history in solving structural problems, the finite clement
method has only recently been applied to computational fluid dynamics. Oden (1972) was
among the first who derived the finite element equations for the Navier-Stokes equations.
Some results on elementary incompressible flow were first reported by Baker (1971, 1973
and 1974), Talor and Hood (1973) and Tanner (1973). Ladyzhenskaya (1969, 1970a
and 1970b), Oden and Reddy (1976). Thomasset (1981), Glowinski (1984)-a.nd Girault
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and Ravier (1936). have contributed to the development of the mathematical theory and
numerical analvsis of the Navier-Stokes equations. Baker (1983). Cuvelier e! al. (1936).
and Glowinski and Pireuncau (1992) have described some finite clement aspects of the

equations,

Onc interesting aspect in the applichtion of the finite element method in fuid flows
is the modeling of the flow domains with moving and free surface boundaries. Some
cxamples of such problems are extrusion processes, flow in cylinder-piston systems and
blood flow in an artificial heart. Floryan and Rasmussen (19892) have provided a useful

review on the subject.

1.10 The Finite Element Method

The finite element method is a numerical technique which can be applied to a wide
variety of ordinary and partial differential equations of interest to physics and engineering
to obtain approximate solutions. In this method, like for any numerical technique, the
governing continuous differen.tia.l equation, having infinite degrees of freedom, is reduced
to a discrete set of equations with a finite number of degrees of freedom. The solution

procedure in the finite element method can be summarized in the following steps.

1. Definition of the Governing Partial Differential Equation. The first step is to
define the equations to be solved and the appropriate boundary and initial conditions.

The physical region in which the solution of the governing equation is sought must also
be defined.

2. Discretization of the Domain. The continuous region is divided into a number of
simple subdomains which are called finite elements. The collection of these elements is
called the finite element mesh. A wide variety of element shapes has been used, including
triangies, rectangles and quadrilaterals. Different element shapes may be used in the same

solution domain. In general, the solution becomes more accurate as the number of the
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elements increases. However. the optimal number and the tyvpes of the elements to be

used depends on the particular problem to be solved and the analyst’s experience.

3. Polynomial Approrimation. In the finite element method. method. In variational
methods. the differential equation is transformed into an equivalent integral form and

then the approximate solution is assumed to be of the form

u=y cd; (1.39)

where ®; are known approximate functions and ¢; are unknown parameters to be deter-
mined in such a way that the integral form of the original cquation is satisficd. This can
be achieved by a variational approach such as the Ritz method. In the Ritz method, a
potential functional equivalent to the differential formulation of the problem should be
known. The approximate solution is substituted into the functional, which is then differ-
entiated with respect to each coefficient ¢;, and the resulting expressions are set equal to
zero. The solution of these simultaneous equations determines the unknown coefficients
¢;, which in turn determine the approximate solution. In this method, the approximating
functions are required to be defined over the whole domain and to satisfy the boundary

conditions (Huebner, 1975).

Another common approach is the weighted residual method, in which the approxi-
mate functions are defined only over one element and they have to satisfy no boundary
conditions, while the coeflicients ¢; are taken to be nodal values of the solution variable,
U;, at each element, namely u = Y%, U;®;. Moreover in this method there is no nced
for the equivalent functional of the governing differential equations. Substitution of the
approximation (1.39) into the governing differential equation &(®,u) = 0 would result to
the residual (error) R, written as .

¢(d,u) = R. ' . (1.40)

In the weighted residual method, this residual is reduced to zero by making the residual

orthogonal to a weight function, w, as
f w-RAQ = f w-B(®, u)d = 0. (1.41)
Q o
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The weighted residual method is known as Galerkin method. if the weight function w« is
chosen to be the same as the approximation function @ in {1.41). Repeating the same
procedure for all elements of the whole domain would result in integral equations for the

clements (Hucbner, 1975).

4. Assembly of the Elemenl Equations. After determining the matrix equations for
the individual elements, they should be combined to form the global system of equations
describing the entire domain. The basis for the assembly procedure is to require that, at
cach node which is common to neighbouring elements, the solution value has to be the

same for all clements containing that node.

5. Imposition of lhe Boundary and Initial Conditions. Once the global system of

equations is obtained, the boundary and initial conditions are applied.

6. Solution of the Algebraic Equations. The global system of equatiéns should be
~ solved to obtain the unknown nodal values of the state variable. This may be performed
by either direct matrix solvers, like the Gaussian elimination method or the Cholesky

decomposition method, or iterative methods, like the Gauss-Seidel method.

7. Post-Processing of the Results. The final stage in a finite element solution is to
present the results in such a way as to facilitate their interpretation. This is usually done

by graphic display of the solution variables and other related quantities.

For further details concerning the finite element method, one may refer to standard
texts by Huebner (1975), Hinton and Owen (1979), Davis (1930), Becker et al. (1981),
Huebner and Thornton (1982), Rao (1982), Carey and Oden (1983), Zienkiewicz (1879),
Zienkiewicz and Morgan (1983), and Reddy (1984).



Chapter 2

Mathematical Formulation of the
Optimal Control Problem

This Chapter describes models of the artificial heart and the optimal control problem re-
lated to it. In sectiou 2.1 we present a mathematical model for a generic commercial-type
artificial heart. Some simplified models are then discussed, which will be used later to
develop the formulation of the optimal control problem and the necessary computational
codes. In section 2.2, we introduce the cost functional related to the physical problem
to be used in formulation of the optimal control problem. In section 2.3, a model of the
artificial heart will be considered and the corresponding optimal control formulation will
be stated, followed by a discussion on another simplified model of the problem in scction

2.4.

2.1 Modeling of the Physical Problem

In this section the mathematical formulation of the blood flow in an artificial heart
is presented. The formulation of a general model will be followed by some simplified

formulations , which are more suitable for numerical study of the optimal control problem.
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In section 1.3 some artificial hearts were schematically shown. For the purpose of the
formulation, we consider the artificial heart in Figure 2.1, which consists of two chambers,
two valves for inflow and outflow of the blood and a membrane. The membrane is the
moving part of the flow boundary. On one side of the membrane there is blood flow
and on the other side there is a chamber. connected to an air supply. The air pressure
varies periodically with the use of pneumatic controls. The domain of the flow and its
boundaries are denoted as follows,

% the blood flow domain, Q € RS,

I': the whole boundary of the flow domain,

I'y: fixed boundary of the domain,

I';: the boundary of the inlet valve, with cross-sectional area A;,
',: the boundary of the outlet valve, with cross-sectional area A,.
s moving boundary of the flow {(membrane surface),

A: boundary of the membrane fixed to the walls.

The above boundaries satisfy the relation: [y UT; UT, UT, =T. In the following
models, we assume that they are isolated from the characteristics of the cardiovascular

systems.
Model No. 1

In this model the artificial heart of Figure 2.1 is considered. The governing equation
of the membrane is coupled to those of the flow inside the blood chamber, for the location
of the membrane is the time-dependent boundary for the blood flow. The motion of the
membrane depends on the pressure and flow patterns inside both the blood and the air
chambers. The formulation of this model would result in a system of coupled nonlinear
partial differential equations. The coupled system of governing equations of the flow in

this model has been presented by Ahmed (1992a) as follows.



Membrane dynamics:

f 2 a2a als o

Pt = (onTE + 2oy T onsF) = p) - pleay O (e e Uy,
oy Ha=0

4 . 2.1
:(I.y.0)=:u: (-P-!J)e lrn

| E(ry.0) =23 (r.y) € Ty

Fluid dynamics:

,

M4 (u-Tu- oV + L0p=f in Q% (0.7]

V-u=0 inQ
< lll(:o =u(x.0) =uy in.ﬂ (2.2)
ujr, =0; u-nl, =-2.n

u-n|p, =0 u-njr, = 'TII I %:—(:r.y. t)dxdy for systole half cycle

L | u-nlr, = 7}: I %—i—(.’c.y. t)dzdy; u-njr, =0 for diastole hall cycle

where z = (0,0.2), x = {z.7.3). u = (2, 2, u3) and

p.(t): compressor pressure applied to one side of the mémbranc,

p(t. z,y): fluid pressure on the surface of the membrane inside the blood chamber,
=: height of the membrane.

pm: mass density of the membrane,

o;;: components of the stress tensor on the surface of the membrane.

The above equations contain a number of simplifying assumptions, including the
following:
1} Shear stresses acting on the membrane surface from the fluids on cither side are
negligible. |
2) The body force on the membrane is neglected due to its negligible mass.
3} The supplied air pressure, p.(t). is uniform in space.

4) The tangential velocity of the fluid on the membranc is neglected.

One may note that the dynamics of the fluid are coupled to that of the membrane
through the boundary condition for the fluid. This formulation represents a coupled and

moving boundary problem, which is difficult to deal with both in deriving the necessary

27



conditions of optimality and in solving them numerically. To avoid such complications.
we are going to consider some simplified models. to be presented in the remaining of this

seetion.
Model No. 2

In order to simplify the general formulation described above, we decouple the dy-
namic equation of the membrane from the governing equations of the fluid. This requires‘
the assumption that the membrane has a known, time-dependent motion. or, in other
words, that the moving boundary T, of the domain © has a prescribed motion. In that
case, the governing cquations and the related boundary and initial conditions are reduced

to the following form

Htu-Vu-rVu+1ivp=f inQx(0,T]
Vu=0 inQ
=0 =u(x.0)=0 inQ

ulr, =0; ur,, = 3—}%%‘-3

ulr, =0; u-nlr, =4 fr, 3 -nds for systole half cycle

| | u-n|r, = -_}- I %‘t—‘- -nds; u-n|rpb =0 for diastole half cycle

in which h(x,t) is the prescribed position of the membrane. One may note that this
problem is 2 moving boundary problem and the size of the domain is varving as a result

of the movement of the boundary T,,.

Model No. 3

Some further simplification of the problem can be made by replacing the moving
boundary by a fixed boundary. This is done by assuming that the boundary I',, is no
longer moving but, instead, a prescribed fluid velocity, equivalent to the motion of the

boundary I',, is imposed on a fixed surface. This assumption results in the following
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equations

‘—:39 +(u-Viu—-rT+ _'—.Y'p =f in )~ (07]

Yu=0 in
U= =u(x.0}=0 in

3 . (2.1
ufr, =0 ujr,, = v(x.H)

ule, =0: Tlr.=0: 0<t< T

{ Tr,=0 uj,=0 Ti<tLT

in which T is the traction vector defined by equations (1.11) and (1.17). In this model,
v(x.t) is a known velocity profile applied on the boundary, I',. which is now assumed:
to be fixed. This time-dependent velocity profile causes the low through the inlet and

outlet valves.
Model No. 4

In this model, the problem is reduced to an initial-value problem. No mwoving
boundary or boundary velocity are present in this formulation, and the forcing function
is assumed to be the initial velocity field. At time ¢ = 0, the blood flow is being given
an impulse through the initial velocity field ug(x), which causes blood to be discharged
through the outlet valve. Obviously, this model is quite unrealistic, but we shall take
advantage of its simplicity to develop the optimal control formulation of the simplest

relevant problem. The governing equations for this model are as follows

Wi(-Vu-vVu+iVp=f inQx(0,7]

V-u=0 inQ

4 Ule=o = u(x%,0) =uo(x) inQ (2.5)
ulp, =0; T|r,=0; 0<iLZT

ulr, =0; 7jr,=0; 0<t<T

.

in which uo(x) is the initial velocity distribution applied to the system at time ¢ = 0,
which should satisfy the continuity equation. This initial velocity distribution is assumed

to cause the flow through the outlet valve during the period of the flow.
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2.2 Formulation of an Appropriate Cost Functional

In this section we present a cost functional. which will be used in the following sections,

in the formulation of the optimal control problem.

An optimization problem, in general, requires the specification of a “target” or “de-
sired state” for the system as \';'c]l as a suitable optimization criterion, to be determined
from physical considerations. Asbriefly discussed in section 1.5, a cost functional is the
expression used in optimal control terminology. which provides a measure of those pa-
rameters which should be minimized inside the flow domain. In view of the experimental
results discussed in section 1.4, an optimization criterion appmpri#te to artificial heart
design should prdba,bly include parameters such as shear stress, vorticity and residence
time of blood in the heart, as it is known that regions with excessively high stresses
and recirculation should be avoided. Since the control variable v(x,t) is a measure of
the energy spent on the system, it may also be included in the criterion. In addition,
the solution may be required to satisfy certain constraints. In the case of cardiac assist

devices, the desired blood flow rate, averaged over a cycle, can be viewed as a constraint.

To introduce the constraint of desired flow rate, two approaches are considered here.
In a less realistic approach, we assume that a desired velocity field, u?(x,t) is known.
The integral of this desired velocity over I',. would produce the desired flow rate as a
function of time. Then, it is necessary to minimize the difference between u? and the
velocity produced by the device. Including all the above requirements would result in

the following definition for the cost functional

J(v)= %_/IL{QJV x u(x, )| + ap|Vu(x, t)|* + agu(x,t) - u"(x,t)[2
+ a;v(x)[*}dQdt (2.6)

where u is a velocity produced by the device corresponding to the control v and I is the

period of the flow.

A more realistic and less restrictive criterion can be formulated by using the time-
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dependent. “desired flow rate”™, Q4. produced by the deviee as

1 . , .\ 1 , ,
Ji{v) = -E./!'/;‘{QIT X ou(N T+ agiVux O FdQdt + ;‘/’ a 1@ — QO Nt

1 \ ) ]
+ §]Ifrmol.1v(x.r)| dsdt. 2.7\

where Q(t) = [ u(x.)ds, The requirement of minimizing the mean squared [ — Q)

over the period of the flow introduces the constraint of a desired tlow rate.

In the above expressions. V' x u and Vu denote the curl and the gradient of the
~ velocity vector, u(x.t). respectively. and a.. a,. a4 and o, are positive constant weights,
By choosing different values for the weights, one can assign ditferent imiportance to the

various components of (2.6) and (2.7).

2.3 Optimal Control Using Boundary Velocity

The main goal of the present research is the application of optimal control theory to
artificial hearts in an attempt to minimize the flow-related problems. In order to achieve
this optimization, one should define a suitable cost functional and develop necessary con-
ditions of optimality for blood flow and construct an efficient algorithm for the numerical

solution of the problem.

To accomplish the above objective, it would be more appropriate to model the
actions of moving boundaries (diaphragm and valves) and of the cardiovascular system.
However, in order to simplify the problem numerically, we consider an idealization of
an isolated artificial heart and demonstrate how optimal control can effectively modify
the flow pattern, by attaining goals prescribed by a performance functional. A realistic
control pararﬁeter for several popular designs of artificial hearts and ventricular assist
devices would be the oscillatory motion of a pusher plate or diaphragm. For mathematical
and numerical simplicity, we model this motion by a time-dependent boundary velocity
distribution over the boundary occupied by the diaphragm at its equilibrium position

(model No. 3). The time-dependent boundary velocity, v(x, t), is applied on some part
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of the boundary, I',,,. of the physical domain. which causes the blood flew inside the

domain.

it is clear that different boundary velocity profiles would result in different velocity
ficlds inside the domain, cach producing different distributions of shear stresses and
vorticity. We are interested in finding such a boundary velocity that would minimize
the cost functional (2.7). This boundary velocity and the resulting velocity field inside
the domain are the optimal control. v, and the optimal velocity, u®, respectively. The
formulation of the control problem of this model will contain all the essential aspects of

an optimal control probiem.

2.3.1 Statement of the Boundary Control Problem

[u this section we procced with a formal statement of the optimal control problem of
the Navier-Stokes equations with the control on the boundary. The governing équa.tions
of model No. 3 are repeated here from section 2.1 for the purpose of convenience. The
discussion and derivations will be represented for the general three-dimensional problem,

which could be casily applied to two-dimensional problems.

The time-dependent, three-dimensional flow of an incompressible, Newtonian fluid
in the domain  is described by the system of the momentum (Navier-Stokes) and the
continuity equations,

’

%‘%+(u-V)u—vV2u+%Vp=f in Q x (0,7]
V:-u=0 inQ
Ul = u(x,0) =0 inQ
ulr, =0; ulr, =v(x.t)
ulr, =0; Tir,=0; 0<t<Ty
- \ Tr,=0; ulp,=0; Ty<t<T

where X = (z,. T2, z3) denotes the coordinates, u = (u;, up, u3) is the velocity vector, p is

the pressure, » is the coefficient of kinematic viscosity, p is the density and f = ( f;, far fa)
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is the body force per unit volume and T ix the traction vector. In equations (2.8), §?
represents the domain occupied by the finid, which is assumed to be a three-dimensional
open bounded set in B*. whose boundary is denoted by U= 1, UT, U 0D, Ty is
the part of the boundary which has the preseribed velocity v. Uy is the part with zero
velocity. U; is the inlet and T, the outlet boundary of the domain. 1 is the unit normal
vector and [ = [0.7] is a time interval and Ty is the end ol systolic and beginning of
diastolic cycle. The control varizable is the boundary veiocity. v(x.t). in equation (2.8),

applied over the boundary T'y,.

Qur objective is to determine a contiol variable v(x,t) E Usg (whers the set of
admissible controls, Uyg. is a closed convexset in La (0. T)x ), ). which would produce the
optimal state that minimizes the cost functional in cquation (2.7). The weight coeflictents
Qc, O, &g and @, in equation (2.7) may be adjusted according to the perecived importance
of the various components of the cost functional. The pair (v°,u°) satislying these

requirements is called the optimal pair.

The existence of an optimal control; namely of at lcast one clement v°el,, such
that J(v®) <J(v), for all v € U,q, has been proved by Ahmed (1992) (with a slightly
different cost functional). However, the question of uniquencss of cpiima! c.ntrol has
not yet been resolved. In general, because the mapping v — u, is nonlincar, J(v) is

nozzonvex, and uniqueness cannot be guaranteed (se~ Abergel and Temam, 1990).

- The necessary conditions of optimality for a similar problem were derived l;y Ahmed
(1992). In that paper, the problem (2.8) was cast on the space of solenf)idal vector findds
and the pressure was removed by applying the orthogonal projéctio'ﬁ" operator on both
sides of equation (2.8). However, in practical applications, it is more convenient to
maintain the pressure ari to derive the necessary conditions of optimality in a form
that is more suitable for numerical implementation. The formal necessary conditions
of optimality, corresponding— to the present cost functional, are outlined below, while

derivation details are presented in Appendix A.

——
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2.3.2 Necessary Conditions of Optimality

Consider the svstem of equations (2.8). Assume that the integrand. g. of the cost func-
tional in (2.7) is once continuously Gateaux differentiable, and denote the Gateaux deriva-
tives of ¢ with respect to the state u and the control v by G! and G?. respectively. Then,
in order that the pair (v?, u°) be the eptimal pair, it is necessary that there exists a 2°(x. ¢)
such that the triplet (v®, u®, z°) satisfies the following cquations and inequality

’

S+ (u - Ve = oV + 2V = in Q x (0, 7]
V-u'=0 inQ
T ue=o = °(x.0) =0 inQ | 29)

wlr, =0; i, = vo(x,i)

=0 Tlr,=0; 0<isTh

=0 wr, =06 Ti<t<T

\

[ "'%zg—ﬂ —(u®-V)z° + (vuo)Tzo - ?sz" + -:-’.Vq: = GHu’v°) in Qx(0,7T)

V.-z2=0 inQ
°leer = 2°(%.T)=0 in
) 2°|i=r = 2°(X. T) n (2.10)
2°lr, =0; 2°lr,, =0
z°’lr, =0; 2%, =0; 0<t<Th
2, =0 2%, =0; TY<tLT

J(vov=v)= /’j{_m | {(—v(n -V)z°+¢2-n+ Gz) (v - v°)} |dsdt > 0; V.v € U,q.

) o (2.11)
The system of equations {2.10) represents the “adjoint equations™ along the optimal
flow u°. The variables z and gq. are called the “adjoint state” and “adjoint pressure”,
respectively. I_t should be noted that the definition of the initial condition for the adjoint
state z is al time 1 = T, in contrast to the definition of the initial condition in the Navier-
Stokes equations. This is an important feature of the adjoint field. In the following we

present a brief derivation of the above “necessary conditions of optimality”.

The basic idea in deriving the necessary conditions of optimality is to require that
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the cost functional attains its minimum for the control v, which means that
JvY < J(vY Yvel, (2.1

Since vo + (v — v} € Uy for 0 < ¢ < 1. then the following inequality holds

J{vO A+ (v = vU)) = J{v)

¢

lim { >0 Ye & (0.1 (2.13)
¢—0
The left-hand side of this inequality coincides with the definition of the Gateaux derivative
of J(v) with respect to v at v° in the direction of (v — v*). {The Gateaux derivative of

- - ‘ - - ¢ » -
a functional J at ¢* in the direction of v, denoted by J (e, v). is delined as

J{v° + ev) —

(4

A Gl SOV (2.14)

J(.v)= tim {
e—0
The cost functional, J(v), in its general form, is as follows

J(v) = f[ jﬂ g(u,v)dQd. | (2.15)

One may note that the functional J(v) is a function of the control v and the state u,
which is in turn a function of v. Carrving out the differentiation and using the chain

rule, one would oBtain

J(v,v—v°) = j’ fn G- wdQdt + f, fn G2 (v — v°)dQu (2.16)

in which G! and G? are the Gateaux derivatives of the cost functional with respect to
the state u and the control v, respectively. w is the Gatecaux derivative of the state u

with respect to v in the direction of (v — v°).

In order to find an expression for w, consider the optimal control v* and an arbitrary
control v¢ = v° + ¢(v — v°) € Uyq. The corresponding solutions to these controls are
obtained from equations (2.8) by applying the boundary conditions at [, as ufr, =
v?(x,t) and ulr,, = v¢(x,t), respectively. We denote the resulting system of equations
for the boundary controls v° and v as N° and N°, respectively. The velocity field and the
pressure corresponding to the equations N® and N* are denoted as (u®,p°) and (u*,p%),

respectively. In the limit, € — 0, v¢ — v° and it can be shown that

du”  Ju°
¢ ¢ —_—— i =1,2 2.
a—u® . bz, 92, t=1, {2.17)
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in some appropriate function spaces. If we subtract the equations V° from the equations
N’ divide the result by ¢ and let ¢ — 0, we obtain the {ollowing cquations
(W (0 V)w + (WP = o VW + 1V, = 0 in Q x (0.7)
V-w=0 mQ
W|izo = W(x.0)=0 inQ
wlp, =0: W], = v(x.t) - v°(x.t)
w].-, =0; |, =0, 0<t<T
l," N =0 wpe, =0 Th<t<T

in which

= lim, _, O{LP—} = lim, O{p(v" te(v _Evo)) —p(v")}; Ve € (0,1)

‘ (2.19)
and |
w=lim, _, 0{ = uo} =lim¢ ., ¢ {u(v" telv _cvo)) — u(v")}: V.c € (0.1).
(2:20)

[t is important to note that, in the above equation, w is the Gateaux derivative of u with
“respect to v in the direction of (v — v®), as it appeared in (2.16) and it is given by the

solution of {2.18).

At this staée we consider the adjoint equations as stated in (2.10), in which the
adjoint cperator z can be directly obtained by multiplying both sides of (2.18) by z°,
intcgrating over the. domain and integrating by parts. The right-hand side of the first
equation in (2.10) and the initial and boundary conditions are defined with consideration
of the cost functional (2.7). Substituting in (2.16) for G! from the first equation of (2.10)

results in

J(vv—v) = /r./n tho ‘
+ j ; j _G? - (v — v)dad. (2:21)

The next step is to trade the derivatives in the above equality from z° to w. This can

)2° + (Vu)z° — vV°2° + %ng}.wdﬂdt

be performed by integration by parts using the following Green-Gauss formula

j wa—x'dﬂ == / S+ jr nswzdS; i=1,2,3 (2.22)
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where n = n;e; is the normal to the boundary and ¢, are unit vectors i the coordinate
directions. Performing the required integrations. the tinal expression for the Gateaux
derivative of the cost functional (inequality (2.11))} tmay be obtained (see Appendix A for

details).

Finally, performing the required differentiations and omitting intermediate steps,
one gets the following expressions for the Gateaux derivatives of the integrand of the
cost functional
.

G! = a.{[V x (Vxu)llg = [n x (¥ x 0)]lr} + a,4(0) + 0g(Q — Q%)

G2 = vilrm

¢ where (2.23)
S 3] 8’ : Fua T J‘zu; By
A(u) - (31-5 + * ; + i;,-' . ‘)1-? + .‘jx:_ ) |n
du 3u Sup Oua Jun Sua
=HL [ L AR -
L + (anng -+ 3:31’23._ 3 11 + 1’!3. 3z ™ + ..h__:?l_v) || .

The details of derivation of G! and G* are given in Appendix A.

2.3.3 Numerical Algorithm and Solution Procedure

In order to compute the optimal control-state pair (v°, u®), we use a gradient-type algo-
rithm, based on the necessary conditions of optimality stated in equations (2.9)-(2.11).
This approach uses the gradient of the cost functional J(v) with respect to the control,
which leads to an iterative computation of the optimal control. This iterative algorithm

is summarized in the following steps.

Step 1: The system of equations (2.9) is provided with a guess for the boundary velocity

v, which is the control in the first iteration.

Step 2: At the n-th step, with v, known, the system of equations (2.9} is solved to

obtain (u,,p.). These equations are solved by forward marching in time.

Step 3: With (u,,v,) known, equation (2.10} is solved for the adjoint pair (z,,q.).

These equations are solved by backward marching in time.
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Step 4: With {v,.u,.2,) known. the following gradient is computed at each discrete
time step

J(va) = —v(n-V)2p +¢: -0+ G (e va) on . (2.24)

Step 5: A new control v,.(2) is calculated from the following equation

Vgl = Vp — )\J‘(vn)

P
I
H -
Ior
(<]}

A

for a suitable choice of the descent parameter A > 0, so that J(v,u41) SJ(vy).

Step 6: The norm || V.41 —Va|| is computed using an appropriate definition. If ||Viyy =v,||
< «, for v > 0 sufficiently small, the computation is stopped, and v,.1(t) and the
corresponding U.+1(t) are taken as the approximate optimal control and the optimal
state, respectively. Otherwise the steps 1 through 6 are repeated with vy,44(2) as the new

control.

In step 3 of the above algorithm, the right-hand side, G!, of the first equation in
(2.10) is found by computing the Gateaux derivative of the cost functional with respect to
the state variable u (see equation (2.23)). Then, the Gateaux derivative, G2, of the cost
functional with respect to the control variable v is computed, which in turn is used in
(2.24) togetherﬁwvith the adjoint state z to find J'(v,). In the numerical implementation
of the algorithm, we have removed the term aa(Q — Q°) from G! in equation (2.23) and
have imposed it on the boundary conditions on inlet and outlet ports (I; and T,) in
adjoint equations (2.10). Therefore, the boundary conditions for the adjoint state, z, on
these ports will be replaced by

2l =Q°-Q% Zr,=0; 0<t<T

(2.26)
zolr'. = U: zolro = QO -_— Qd; T1 <t S T.

2.4 Optimal Control Usiﬁg Initial Velocity

In this section we study the optimal control using an initial velocity distribution as

control, model No. 4 in section 2.1. In this model, the forcing function is the initial
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velocity field. which implies that the flow of blood is caused by a known initial velocity
distribution. which is applied to the physical domain at time ¢t = 0. It s clear that
different initial velocities would result in different velocity fields inside the domain. cach
having different patterns for shear stresses and vorticity, Simitlarly to the previous case,
we are interested in finding such an initial velocity field which would minimize the cost
functional (2.6). All the cssential aspects of derivation of the necessary conditions of
optimality for this model are present in model No. 3. discussed in the previous section.
Then. we shall outline the optimality conditions for this model based on the results of

the previons section, while the details will be given in Appendix A.

2.4.1 Statement of the Control Problem

Consider the time-dependent, three-dimensional flow of an incompressible, viscous, New-
«onian fluid in the domain . Then the flow is described by the system of the momentum

(Navier-Stokes) and the continuity equations

L@ Vu-rVu+iVp=f inQx(0,T]

V-u=0 in§
{3 Uli=o = u(x,0) =v(x) inQ (2.27)

u|r1=0; T, =0; 0<t<LT

ulr, =0 T, =0 0<t<T

where in the present problem v = (v, vp,v3) is the initial velocity distribution and the

rest of the variables were defined previously.

In the present case we assume that the control variable is the initial velocity field
v(x) in equation (2.27), which should of course satisfy the continuity equation. This re-
quires that v should belong to a set of admissible controls, U, = {v : v € La(Q); divv =

0}. The optimization problem is to find a control v € U,s which would minimize the

cost functional (2.6).
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2.4.2 Necessary Conditions of Optimality

ln order to develop the necessary conditions of optimality. we consider the system of
cquations (2.27). Assume that the integrand g of the cost [unctional in (2.6) is once
continuously Gateaux differentiable. As before, denote the Gateaux derivatives of g with
respect to the state u and the control v by G! and G?. respectively. Then. in order that
the pair (v° u®) be an optimal pair, it is necessary that there exists a 2°(x.t) such that

the triplet {(v°, u®,z°) satisfies the following equations and inequalities

[ (e T = vV + 10 = £ in @ x (0.7]
V-uwr=0 inQ
¢ w0limg = W2(x,0) = vo(x) in O (2.28)
wir, =0 7|, =0 0<t<T
L W, =0; T, =0; 0<t<T
(~3Z (4. V)2° + (Vu)T2® — vV 4 102 = GY(u%,v?) in © x (0,T)
< V-22=0 inf (2.29)
Zh—r=2°(x.T)=0 inQ
| 2, =0; 2%, =0 0<t<T2, =0 ZEr,=0; 0<i<T
J'(vo.v —v°) = [(2°(0) + /! G2(u®, vO)dt,v —v%)| 2 0; Vv € Usa (2.30)

The system of equations (2.29) represents the adjoint equations along the optimal flow u
of the Navier-Stokes equations, and z and ¢. are the adjoint state and adjoint pressure,

respectively.

The details of the derivation of the above conditions of optimality are similar to
those in the case of boundary control problem discussed in the previous section, except
that the boundary integrals in Appendix A will no longer exist for this case. Regarding

the Gateaux derivatives of the cost functional, a similar analysis as in Appendix A for
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the cost functional (2.6) would result in

G! = a {V x (V xu)|g + a,A{u) + ag(u — u)]y
G = n,.Vlg‘:
) (2.31)
where
RN Dy Fua O Ay uy
| _.l(u) = — (Tzl'z‘L + E_'-:tl'. _'f‘a:i + "'"""";,1_3 . "-,:{ + ._;_rl'l':") l!}.

2.4.3 Numerical Algorithm and Solution Procedure

Similarly to the case of boundary control problem. in order to compute the optimal
control-state pair (v, u’). we use a gradient-type algorithm based on the above necessary

conditions of optimality. This iterative algorithm is summarized in the following steps.

Step 1: The system of equations (2.28) is provided with a guess for the initial veloaity

distribution vg, which is the control in first itcration.

Step 2: At the n-th step, with v, known, the system of equations (2.28) is solved to

obtain (u,,ps). These equations are solved by forward marching in time.

Step 3: With (u,.v,) known, equation (2.29) is solved for the adjoint pair (z,,q.).

These equations are solved by backward marching in time.

Step 4: With (v,,u,,2,) known, the following gradient is computed at the end of time

integration

fwg=zmn+£cmhmmqm in Q. (2.32)

" Step 5: A new control V4 is calculated from the following cquation
Vil = Vn — AJ (Vn) (2.33)

for a suitable choice of the descent parameter A > 0, so that ./{v,4) <J(V,).

Step 6: The norm |[Va4; — Val| is computed using an appropriate definition. If ||[v,4 —

Vall € %, for 4 >0 sufficiently small, the computation is stopped, and va4y and the
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corresponding U, . {t) are taken as the approximate optimal control and the optimal
state, respectively. Otherwise the steps 1 through 6 are repeated with vpy; as the new

control.
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Chapter 3

Finite Element Formulation of the

Control Problem

3.1 Introduction

The solution of the set of the Navier-Stokes equations and the cc;;rrcsponding adjoint
equations described in Chapter 2 can only be achieved numerically. The finite clement.
method appears to be most suitable for the solution of such equations, because it can deal
effectively with complex geometries and boundary conditions, which are both present in

our problem. Hence, this method will be employed in the numerical analysis of these

equations.

In this section we shall demonstrate the discretization of the Navier-Stokes and
corresponding adjoint equations by the Galerkin finite element method. For this purpose
the velocity-pressure formulation of the Navier-Stokes équations'(see section 1.8.1) in
indicial notation will be used. The penalty function formulation of the Navier-Stokes
equations will be used in our numerical code. Then, the finite element discretization of
this formulation (see section 1.8.2) will also be presented. The flow will be considered to

be three-dimensional, time-dependent, incompressible, laminar and Newtonian.
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The finite element method replaces the continuous physical domain by a number
of simple subdomains, called finite elements. For one-dimensional domains these sub-
domains are intervals, for two-dimensional domains they are triangles or quadrilaterals.
and for three-dimensional domains they are tetrahedrons or hexahedrons. Within each
element the solution of the governing equations is approximated by interpolating poly-
nomials. Finally, the discrete representation of the whole domain is obtained through
asscmblage of the element equations. This assembly procedure is performed in such a

way that interclement continuity of the nodal unknowns is met.

3.2 Finite Element Discretization of the Navier-Stokes

Equations

The Navier-Stokes and continuity equations are first written for each individual finite

element as follows

Bu; Buy D Bw o Bwyy, Fp
P‘Ea':""‘"“:'a'a'.-: #3::,(-3-:_:4-3:.')-!-3:. =pfi

(3.1)
=0 i,j=1,23
Over a typical element, Q°, the (continuous) velocity components and pressure (u; and

p, respectively) are approximated as

ui(x,1) = TN, UP(0@(x) = #T(x)Ui(1); i =1,2,3

(3.2)
pe(x,t) = ZM_, Pm(t)U™(x) = ¥7(x)P(2)

where ¢ and ¥ are column vectors of interpolating functions for velocity components and
pressure, respectively, and the superscript T denotes their transposes. x = (zy,x2,23)
is a generic point in the domain. U; are N nodal unknowns of the velocity components,
u;, within the element and P™ are M nodal unknowns of the pressure. As can be seen
from the above expressions, the interpolating functions for velocity and pressure do not
belong to the same class of functions because they are not of the same order. We shall

consider this in more details in Appendix B.
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Because the expressions in equations (3.2) are approximations to the solution of
cquations (3.1). substituting them in those equations would produce errors ( “residuals™)

in (3.1). rather than exactly satisfying them. These residuals are presented in the form

Lo v U . P)=R: =123 lor momentum

(3.3)
Lo(v.U) =Ry for continuity

where U = (. Ua, U3)T is the vector of nodal values of the velocity vector,

The basic premise in the formulation of (3.1) is to require that these residuals be
zero. This can be performed in a weighted form by making the residuals to be orthogon:il

to the corresponding interpolation functions in a proper vector space, namely

(R, @)= [o Re®ddQ =0, =123 (3.4)
(R, ¥) = [ Ry WdR = 0. f
Multiplying both sides of the first equation in (3.1) by the weight function, w, and

integrating over an element area produces integral equations of the form

Jow [p% + p(wr 3 + w2 + usds) — pi (P + 52) + 2] dO 55)
= [owpfdQ.

Similarly, the second equation in (3.1) can be integrated as

L g:‘]dQ 0. (3.6)

The presence of second-order derivatives with respect to velocity components requires
that the approximating function & € C*(Q) (T*Q) is the set of functions on  that have
two continuous derivatives) and w € C°(?). The so-called “weak variational formulation”
has been introduced to trade the differentiation from u; to w once. This can be done by

virtue of the following Green-Gauss formula

] waz dQ = -—j . 2 od0 + j nwhds; i=1,2,3 (3.7)

where n = n;e; is the normal to the element boundary and ¢; are unit vectors in the

coordinate directions.



Integration by parts, applied to the & component of equation (3.5) «nd use of (3.6)
will give rise to the following weak variational form of the i component of the momentum

cquation ix (3.1 and the continuity equation

Jup=i2dQ + fopu (b, = e )t + [apuw(us: ‘; WY+ fopu u-ii_:—;":]dQ
Ff B TdQ + pf g T8O L [ g 220

as by Oxy bea Jzs o l'.rl
+f‘fn.'}%;:_:f df} 4+ pfo i ;_"‘_‘ 2dQ = Joit . pdp
= fapfiwdQ + 3[‘f|*ft’??1;ﬁ,'i"fi-“ + ufl-u'n-n—i-ds + ;Lfru?ngg—:f-ds (3.8)
— [-on pdQ + ;tfru'nJE-‘-ds + pfru,nd—-ds .

fﬂ 'lb[‘.:—:‘:" + Ju- Jm ]dQ 0.

Note that, in the momentum equation, the derivative in pressure has also been traded.
If the weighting function, w, is chosen to be the same as the approximating function,
¢, the resulting formulation is called “Galerkin finite element model”. By doing so and
substiiut.ing (3.2) in (3.8), one gets the final Galerkin finite element model equivalent to

eq:-ations (3.1) and (3.2), as

{Tap®®TdQ} 2 + {[op®(un 225 + un 22T + 33;;: )dQ} Uy

axy - 3:

+{ fn-p:?—"ﬂdn} Ur + {foui22a0l Uy + {2 2240} U,

ary dr -3::7 drs Jxy dry

+ {fg 20 9ordﬂ} Us + {fg# a0 a"’rdﬂ}o

a.rs ar; dzy 9z

(3.9
—{f Q 5z, ‘I’TdQ}P Japf12dQ + [rmi®ds )

{fa¥ de} Ur + {fo 92540} Uz + {f W20} Us = 0

where
0u; 3u1 BUG 3u1 3u3
T ) Tl m— —— — — — Je
1= {nl( )+ (3x2+3x1)+n3(3$3+3x1) mp (.3 10)
is the £ component of the traction vector ;. defined by equations (1.11) and (1.17). Note
that, in the continuity equation, the weighting function has been chosen as w = ¥. The

same procedure can be applied to other components of equation (3.5) to obtain similar

expressions for the y and = components of the momentum equation.

One can combine the three components of the momentum equation and the conti-
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nuity equation to obtain one stngle matrix equation, as

[ M 0O 0 0 17 [-'; ] [ ¥ N 0 \ 0 17 { ]
0 Mo 0|0 . 0 AR 0 o]t
0 0 Mol 0 0 TN 0]
00 o0 oj[P| | o 0 o ol e
] 2R+ K+ Ay Kya Ky -y 1 ' ] [ Iy ]
+ Ky Ku +2Re + K o hw - i Fy
Ky Kas Ko+ Ko +2Kn -Gy Uy | - ky
I ~cf -CcT e 0 [P ] 0
' (3.11)
where the coefficients are defined as follows
M:mem - (3.12)
Nilu / pu <b—dQ (3.13)
v 907 |
t o d 3.1
K;; = ./'ud:r:,_dm, Q (3.14)
Ci= f 22974 303
et . (3.15)
m:jr.-‘-q»dHLpfi«bdQ | (3.16)
and 7; is defined as
Ti = 0Ny (KIT)

where ¢;; is the stress tensor defined in (1.14). As mentioned earlicr, the above equations
have been derived for one element a'nd the matrices are called “clement matrices”. After
assemblage for all elements in the solution domzﬁn, the global set of equations can he
obtained. Solving the global system of equations, alter imposing boundary conditions,

would result in the set of nodal values of the velocity components and pressure.
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3.3 Finite Element Discretization of the Adjoint Equa-

tions

The optimal control problem described in the previous Chapter. requires that the adjoint
system of equations curresponding to the Navier-Stokes equations be solved at each con-
trol iteration. Similarly in the case of the Navier-Stokes equations, the Galerkin finite
clement method is employed to discretize these equations. In this section we present the

finite clement formulatie:. of-the adjoint cqnations.

The adjoint equations (2.10) arc rewritten here in standard indicial notation as

2 92 4 . D8y 4 9my 4 133 _
-‘?i_zl_ J:E-’;'i-“'.?ﬁr, Y3z, gz, dzJ 3.:-.)+ PO, C ]
3.. = o
=90 ) (3.18)
Z(x. )=

where z; arc adjoint state components, ¢. the adjoint pressure and G} are components of
the Gateaux derivatives of the cost functional, J(u, v), with respect to the state variable

= (u1.u2, u3) {see equation (2.23)). This system satains four equations with four
uﬁknowns, =1, %2, =3 and ¢;. It should be noted that the velocity components, u;, uz and
uy, and their spatial derivatives are known quantities, obtained from the solution of the

Navier-Siokes equations.

Ot-lc may note that the above system of equations is a terminal value prbblem for the
condition 2(x,T). This system of equations together with the Navier-Stokes equations,
which are initial value equations, form a two-point boundary-value problem. To solve
these cquations efficiently, we reverse the time in adjoint equations by using ¢t = T — ¢,

Hence the adjoint equations will have the following form

Dz 2z Ouy LE 9z 29: _
B¢~ Wigs tliam T az,(E-’; 'é}":)'*'%ﬁg:?—G}
3_ = +
2= (3.19)
:.-(x, 0) =0

which is now converted to an initial-value problem. In the above equations, the value of

the adjoint state in the first time-step corresponds to the value of the velocity vector in
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the final time-step and so on. which should be kept in mind during the numerical solution

of the adjoint equations.

The procedure of discretizing the above equations ix essentially the sime as iun the
casc of the Navier-Stokes equations. Over a typical element Q7. the (continuous) adjoint
velocity components and the adjoint pressure (3 and g¢.. respectively) are approximated
as follows

x ) =000, 2O (x) = ¢T (X)) i =123
gi(x.8) = T, QU™ (x) = T (x)Q.(D)

where ® and ¥ are described in the previous section. and Z are N nodal unknowns of

(3.20)

the adjc’at state components. z;.within the clement. and Q7 are \I nodiv ankoowns ol

the adjoint pressure.

Then multiplying both sides of equations (3.19) by the weight function, w. and
integrating over the clement area, integrating by parts using the Green-Gauss fornula
(3.7). using w = & in the adjoint momentum cquations and w = ¥ in the adjoint
continuity equation, and combining the three components of the adjoint momentum and

the adjoint continuity equation, one obtains the following single matriz equation

(s 0 0 ol[Z] [By B B o] 2]
0 M 0 0|2 L Ba Bz Bn 0 Z
0 0 MO0 Zs By By By 0 Zy
00 0 0f]lQ ] [0 0o o0 0]]|Q:
[ 2Ky, + Koz + Kag Kiz Ry ~alfz] [&]
Ky K + 2K + K R -C» Zny | E
¥ K Kz K+ Ko +2Ks =Co { | Z | | Bs
] -CT =4 -C7 0 [[@] [0
' (3.21)
in which
By =L Ni(uwi) + Au(g'g"‘) . Br= Alz(:ﬁ") s Bi= /lr'(z::)
By = -421(;3—3",5:') ; 322 =¥ Ni(u;) + Az j:; y Ba= Az:s(?fii‘) (3.22)
By = An(52) Baz—Asz(Z;;) Boe = T Ni(w:) + An(52)
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A

where the coeflicents Mo N{u,). A, and € are defined by equations {3.12)-(3.15).

respectively, and the new coeflicient matrices, A;; and E;. are defined as

;o Ju; 3 e
Ay = P07 (3.23)

v = | Tidds ! ! 3.2
E; j[ bd +f9,aG,¢d9 (3.24)

in which 7, is defined by equation (3.17).

The two- and three-dimensional elements used in the numerical solution of the above

equations and sotne other related issues are discussed in Appendix B.

3.4 Penalty Function Formulation -'

The derivation of the finite clement equations in section 3.2 for the Navier-Stokes equa-
tions was based on the velocity-pressure formulation, in which both the velocity and the
pressure unknowns are directly approximated and both are present in the global matrix
of unknowns. In this section, we derive the finite element equations for the so-called
penalty function formulation of the Navier-Stokes equations as described by equation
(L.27) (szc Gartling, 1987). Using the approximation in equation (1.23) for the original
continuity constraint and applying the usual Galerkin weighted residuals method with the

approximating functions (3.2) produces the following discretized form for the perturbed

{ fn ‘I’%dﬂ} U= - { fn chdg} P (3.25)

which in terms of a matrix equation will be

continuity equation

CTU = —eM, P (3.26)

where the components of matrix C = (Cy, Ca, C3)T are defined by equation (3.13), U=

(Uh. U, Us)T is the vector of unknown nodal velocities and
M, = '[p T UTd0. (3.27)
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By assuming that M, can be inverted. the equation (3.26) can be written as
Lyt Tye
P =--M7'Cchu. (.28
[4

Inserting (3.28) into the & component of the momentum equation in (3.9) and repeating

the same procedure for the other couponents, one gets the following matrix equation

M0 0 r T Vi(w) 0 0 3
0 MO Uy | + 0 T Ni(w) 0 U
0 0 M|l 0 0 TN () || s
2R + Koo+ Ry Ky Ky 1 U,
+ f\-gl [\-11 + 2[\-2-; + 1\3_3 f\.-_:;; U-_:
K3 K K+ Ror 4 2R Uy
KPH Km: ‘Kp:s Ul Fy e
+ | Koy N Kpy U, =1 FR (3.29)
K,, R,., K., Us oL Fy

where K, = K, is given by
t =t ~T .
K, =-CM; 'Ct. (3.30)
The system of equations (3.29) represents the penalty form of the flow problem. The

penalty parameter ¢ is a small constant, typically in the range of 107%-1072. After solving

this equation, the pressure can be recovered from equation (3.28) with a known velocity.

It is important to note that in the above representation, the discretized (projected
or weaker) continuity equation (equation (3.26) or equivalently (3.28)) was used as the
penalty approximation to eliminate the pressure from the momentum equation. This
formulation is commonly referred to as “consistent penalty method”. Other formulations
are possible, such as the so-called “reduced integration penalty method”, in which the
original perturbed contiriuitjr equation (1.25) is substituted into the original partial dif-
ferential form of the momentum equation. Application of the Galerkin method to the

resulting perturbed partial differential equations leads to a system of cquations similar
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to (3.29). These two formulations are in general different. hence their choice would affect
the numerical implementation. For details on the reduced integration penalty method
see Carey and Oden (19383).

The successful numerical implementation of the penalty method relies on the con-
struction of the K, matrix. Similar to the other finite clement matrices in (3.11). this
matrix should also be cvaluated at the clement level. We note in equation (3.30) that,
to construct K, efficiently, C and A should be first constructed. The C matrix can
be easily constructed and poses no difficulty. However, evaluation of M requires that
M, be invertible at the element level. and this requirement restricts the choices for the
basis [unction, ¥, approximating the pressure. To be invertible at the element level. the
function ¥ should be dehined only within the element level, or, in other words, it should

be discontinuous between consecutive elements.

In the following, we shall concentrate on the construction of K, matrix for 9-node,
two-dimensional elcments and 27-node, three-dimensional elements. In the case of 9-node
quadrilateral elements. two possible approximating functions for pressure are described
in section B.1, from which only the second one (equation (B.3)) is discontinuous between
clements. When this discontinuous function is used for pressure approximation, a 3 x 3
Gaussian integration rule must be used to evaluate C and M, matrices. The resulting
pressure mass matrix, M, is a 3 x 3 matrix, and it can be easily inverted by standard

; -1
techniques to produce M.

It should be noted that another discontinuous pressure approximation is possible
for this quadrilateral element, which is a bilinear interpolation defined at the 2 x2 Gauss
points. However, this interpolation function will lead to a larger matrix for M, (a full 4

x -1 matrix) and undesirable checkerboards (spurious oscillations) for the pressure (see

Sani et al., 1981).

In the case of 27-node, three-dimensional elements, two discontinuous pressure ap-

proximations are possible, as described by equations (B'.:f'-)m and (B.8). The use of the

(%]}
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discontinuous linear approximation function (B.&). will lead to a 4 X 1 matrix for M,
which. as in the two-dimensional case, can be easily inverted to produce M7 However,
if the discontinuous trilincar approximation function (B.7) is used, the resulting M, ma-
trix will be a full § x 8 matnx which requires an expensive operation to invert. and the

spurious checkerboards will be present in the pressure mode.

In the light of the above discussion. we shall use the discontinuous linear approxi-
mation functions (B.3) and (B.8) in our penalty function lormulation for two- aud three

dimensional elements, respectively.

Regarding the penalty function formuiation for the adjoint cquations (3.18). a sim-

ilar procedure could be performed. which would result in a system of equations similar
to (3.29).

3.5 Nondimensionalization

It is well known that the dimensionless formulation of engineering problems has consid-
erable advantages over dimensional representations. In numerical studies of cngincm’fng
problems, the relative importance of the various terms in the equations can be systemati-
cally studied by nondimensional formulations to identify the dominant terms. It can also
reduce large differences in orders of magnitude between different terms in the cquation
and allows an estimate of the difficulty of the problem. In this section, we consider the

nondimensional form of the Navier-Stokes equations (3.1).

In general, two characteristic scales are needed to scale the velocities and the lengths
(physical coordinates). The velocities are scaled with respect to a characteristic speed

U. and a characteristic length L is used to scale the physical coordinates, as follows

Tr = — u: =

ug
=% =g 331)

where superscript * denotes a dimensionless quantity. These two scales can be combined
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to produce scales for time. pressure and body forces. as g.pl:" * and LL: . respectively.
Then
ttr P fL
1" = w—: )" = ey ;= T 3.32
L I p(_ ft ["._ ( )

Using the relations (3.31) and (3.32). the dimensional momentum equation in (3.1) is

transformed to the following dimensionless equation

dui L du; 1 9 du;  Ouj, It o o
ot 55 T Reds; 9r; T 0x) T Bar = (3:33)
in which Re = % is the Revnolds number.
An alternative dimensionless form of equation (3.33) is possible as
Ju;  Ou} d Qu;  Oui = Gp "
RC(W T ax}') - az; (d:r; + Bm;-') + o7 Rel; (3:34)

where p** = ;%p. If equation (3.33) is used in the numerical simulation, then the input

data for density and viscosity should be chosen as

1

p=1 p= Te (3.35)
and if equation (3.34) is used, then this requirement would be of the form
p=Re; pu=1. (3.36)

Note that the pressure will have different interpretation in these two formulations. It is
also noted that the form of the continuity equation does not change with nondimension-

alization.

Regarding the adjoint equations, the same procedure will result in nondimensional

forms similar to the above.



Chapter 4

Numerical Results

4.1 Introduction

The numerical '_:jalgorithms described in sections 2.3 and 2.4 show that. at cach opti-
mization iteration, first the Navier-Stokes equations should be solved for the velocity
field, based on which the corresponding adjoint equations should be subsequently solvc;l.
Therefore, the solution of the present problem requires a computer code, which would be

able to solve both systems of equations for time-dependent boundary conditions.

Among the available commercial computer codes for solving the Navier-Stokes equa-
tions, the computer code FIDAP (FIDAP7.07, 1993) was tried to solve some preliminary
examples. Although FIDAP, to some extent, accommodates time-dependent boundary
conditions, it was found impractical in the simulation of the time-varying boundary con-
ditions for two outlet valves in the domain shown in Figure 4.1. Moreover, neither FIDAP
nor any other commercial computer code can easily be adopted for the solution of the
adjoint equations. These reasons necessitated the development of our own specialized

computer code, FLOPTIM, which is described in some detail in Appendix C.
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4.2 Two-Dimensional Systems

4.2.1 Optimal Control Using Boundary Velocity

In this section the control problem corresponding to model No. 3 is studied numerically.
The governing cquations for this model and the mathematical formulation of the nec-
essary conditions ol optimality and the numerical algorithm were discussed in section

2.3,

In order to illustrate the optimization algorithm, three numerical examples are pre-
sented here. The physical domain used in these examples is a two-dimensional idealization
of a prototype, moving diaphragm type, artificial heart, with outlet and inlet ports, and
having the physical dimensions shown in Figure 4.1.- The physical domain is divided into
863 nine-noded quadrilateral elements with 3621 nodes. The flow is caused by a bound-
ary velocity applied on the control boundary I',,. In order to obtain volume flow rates
comparable to those in a three-dimensional geometry, we assumed that the depth of the
present two-dimensional flow was equal to the height, d,, of the control boundary. Using
data from Jin and Clark (1993), it was assumed that an average flow rate of Q,=4.05
[/min was supplied by the system. With an average heart rate of T0 pulses per minute,
one cycle of operation would be completed in 0.857 s with 0.300 s for the systole and
0.557 s for the diastole, respectively. This information, together with the height of the
control boundary, d,=S8.0 cm, result in an average velocity of u,=1.055 cm/s of the fluid
at control boundary I',, during systole. The reference quantities, u, and d,, were used to
non-dimensionalize all equations. Assuming a viscosity of ¥=3.5x10"2em?/s for blood,
the Reynolds number for this flow would be Re=y-"yé’-=241. The time scale was formed
as the ratio of velocity and length scales with a value of $,=7.584 5. The time domain was
divided into S0 equal time intervals, which resulted in non-dimensionalized time steps
of At=0.0014125. The problem was solved for one cycle of operation, equal to 0.857 s.
It is recognized that the proper simulation of a periodic system, such as the operating

artificial heart, would require the solution to extend over several cycles. Unfortunately,
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example | a. a, ag | a, | CPU min.

1 0.0 0.0 | 10|00 1300
2 0.00t { 0.001 | 1.0} 0.0 100
3 0.00+¢ | 0.004 { 1.0 | 0.0 2700

Table 1.1: Weight coefficients in the cost functional in examples 1-3 in two-dimensional

boundary velocity control.

this was not practical, because of the enormous computational time required for this so-
lution to be obtained (see Tables 4.1 and the results section 1.2 for typical CPU times for
single-cycle solutions in two- and three-dimensional domains, respectively). It is assumed
that the chamber is initially filled with fluid. During systole the outlet port is open while
‘the inlet is closed and conversely for the diastole. The desired flow rate, Q%, is assumed
to have the time-dependent profile shown in Figure 4.2 (also nondimensionalized using
the desired “average” flow rate, Q). The peak values and the profile were chosen to be

close to those measured in a sac-type ventricular assist device (Jin and Clark, 1993).

The cost functional in these examples was the one described by equation (2.7),
expressing an attempt to approach a desired flow rate while maintaining relatively low
mean-squared shear stress and vorticity. The term corresponding to the boundary ve-
locity has been neglected, as power consumption is not of concern within the present
approximation. The weight coeflicients in the cost functional in these examples as well

as the required computational times are presented in Table 4.1.

The non-dimensionalized form of the Navier-Stokes and adjoint equations were
solved by the finite element method. The penalty [unction formulation of the Navier-
Stokes equations with u and p as unknowns was used (séc section 1.8.2 and Girault and
Raviart, 1986). Zero initial conditions for the Navier-Stokes equations were used to start
the first control iteration. For each subsequent control iteration, the flow solution from

the previous iteration was used as the initial condition for the Navier-Stokes equations
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at that iteration. In view of the nonlinearity of the Navier-Stokes equations, the conver-
gence of the flow solution was checked at cach time step by evaluating the relative error.
After solving the Navier-Stokes equations, the adjoint equations were solved for all time
steps. The simulation was performed using a finite element package developed for this
purpose, which uses the Galerkin approach in discretizing both the Navier-Stokes and
adjoint cquations. The discretized finite clement equations were solved using a slightly
modificd version of an out-of-core cquation solver (see Hasbani and Engelman, 1979).

All computations were performed on an IBM AIX 3.2 workstation.

The first numerical example was performed with the objective to achicve a desired
flow rate, regardless of the amount of shear stress and vorticity in the field. In the second
cxample, shear stress and vorticity were also taken into account. The third example was
performed with a higher importance given to shear stress and vorticity. The value of v
(convergence tolerance) was 0.01 in all examples. The descent parameter, A, was chosen
as 0.001 in example 1 and 0.0001 in examples 2 and 3. This value seems to be near
optimal for examples 2 and 3 because the control iteration did not converge for higher

values of A, while the convergence was too slow for smaller values.

The flow rates achieved in these examples and the corresponding desired flow rate
are plotted in Figure 4.2. The convergence rates and the value of (@ — Q%) are plotted
in Figure 4.3 versus the number of the iterations. In Figure 4.4, the velocity vector and
the streamline contours in example 1 are plotted for time steps 16 and 61, corresponding
to peak systole and diastole, respectively. Similar field plots are presented in Figure 4.5
for example 3 . The optimal boundary velocity profiles (optimal controls) are shown in
Figure 4.6 for a few time steps. Finally, the evolution of a particular control velocity

profile (at time step 16) as a function of control iteration is presented in Figure 4.7 .

Our numerical experiments have indicated that the value of the descent parame-
ter, A, in equation {2.25) should be chosen carefully. In fact, for large values of A, the
Navier-Stokes equations do not converge. In linear-quadratic problems, an optimal de-

scent parameter can be computed. Since our system is nonlinear with a quadratic cost
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functional. it is not possible to choose a universal optimal descent parameter, but a value
must be chosen optimally at every step. Because this proved to be time consutuing, it
seemed better to start the computation using as large a \ as possible and o reduce it

whenever numerical divergence occurred.

The speed of convergence of the design scheme was tound to be sensitive to the
initial guess for the control v(x). Because the selection of a suitable non-zero initial
guess could only be done by trial-and-error and would require an a priori knowledge of
the solution. we found it more suitable to choose a zero initial guess for the control in abl

the examples.

Convergence of the design algorithm suffers from the presence of the second-order
derivatives on the right-hand side of the adjoint equations in (2.10). The relative impor-
tance of these second-order terms is set by the values of the weight coefficients a, and
a, in equation (2.7). Indeed, for large values of these cocfficients the convergence of the
algorithm became more difficult (both for the Navier-Stokes equations and the control
iteration). Figure 4.3(a) shows that the solution in example | converged in 20 iterations,

while this value increased to 36 in example 2 and to 31 in example 3.

In the first example, the goal was to match a realistic flow rate regardless of the
amount of shear stress and vorticity produced by the resultant flow pattern. .l-‘igurc 4.2
shows that, in this case, the differences between the desired and obtained flow rates were
relatively small, with the obtained average flow rate being equal, within 10%, to the
desired value. In order to understand the second and third examples, one has to consider
that, in the absence of any constraint or desired flow rate specification, the optimal
velocity field would be the trivial one, which obviously produces zere mean-squared stress
and vorticity. When the cost functional accounts for the desired flow rate, shear stress
and vorticity (exampl&s. 2 and 3), the optimal flow rate was expected to be lower than
the desired one, because the algorithm tends to reduce the stress level by rearranging
the flow distribution in the domain as well as by reducing the velocity amplitude. This

expectation is confirmed by the results shown in Figure 4.2 for examples 2 and 3. The
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% and 63% lower than the specified desired flow rate

average flow rates were about 15
in examples 2 and 3. respectively. This discrepancy poses no problem because it can be
casily accommuodated by specifying a higher desired flow rate. Figure -1.3(b) shows that.
thronghout the iterative process. the value of (Q — Q%) did not decrease in examples 2
and 3 as much as it did in example 1. It is interesting to note the difference in the shapes
of the control velocity profiles in these examples (Figure 1.6). In the first example, the
velocity profiles are nearly flat with sharp edges close to the walls, while in examples 2
and 3 these profiles are smoother. One might also note that the profiles in example 3
are smoother than the ones in example 2, which is attributed to the larger values of the
weight coeflicients a. and a4 in example 3. This confirms our physical expectation that a
smoother profile would produce lower velocity gradients in the regions close to the walls.
Another intercsting obscrvation is that, when the stress level is minimized, the control
velocity is highly skewed (Figures 4.6(b) and -.6(c)), so that higher velocity amplitudes

correspond to locations facing an open port.

Finally, concerning the evolution of the boundary control profiles in Figure 4.7,
we observe that in all the examples the first profile suggested by the algorithm is flat.
As the control iteration advances, the profile in example 1 reaches higher magnitudes
but remains flat. On the other hand, in examples 2 and 3 the algorithm increases the
magnitude of the control profiles while at the same time decreasing the values near the

boundary and skewing them towards the open port.

4.2.2 Optimal Control Using Initial Velocity Distribution

In this section some numerical results for the control problem described in section 2.4
(model No. 4) are presented. The geometry used in the following examples and its
discretization are the same as presented in the previous section in Figure 4.1. Also, the
same average velocity of u, = 1.055 em/s and the same Reynolds number of 241 were
assumed for the boundary I',,. The time scale of 7.584 s and the non-dimensionalized

time steps of At=0.0014125 were used in accordance with their values in the previous
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section. As discussed in section 2.1, this model is a rough approximation to the control
problem and it is presented here only for the purpose of illustration of the method. In
this model. it is assumed that the forcing function is the initial velocity distribution in the
entire domain. In the context of the optimal control of this probleny, this initial velocity
distribution is taken as the control variable (see equation 2.27), and the optimization
problem for this case consists of finding an initial velocity distribution, which causes the
fluid to flow out of the domain with a velocity distribution as closely as possible to a
specified. “desired” one and at the same time minimizes the mean-squared vorticity and
shear stress. Due to the nature of the control variable in this problem. the flow starts
from an initial velocity distribution and develops to a steady-state solution. We have
assumed that this process happens while I'; is closed and T, is upen. with U, being part
of the solution domain, for the entire time interval. Our objective in this problem was to
demonstrate the applicability of the optimization algorithm as presented in section 2.2
This objective can be illustrated by solving the optimization problem for any number of
time steps; hence, we decided to solve the problem for only 5 time steps, to avoid the

requirement of excessive CPU time.

The cost functional was chosen to be the same as described in section 2.2 by equation
(2.6). As t%le optimization algorithm in section 2.4.3 and the cost functional in equation
(2.6) suggest, a time-dependent desired velocity field, u?(t), and an initial control, v(x),
should be specified. In order to compare the results, all the following examples have
been provided with the same desired velocity ficld. This time-dependent desired velocity
field does not correspond to any real situation and is introduced only for the purpose
of illustration of the optimization algorithm. It was obtained from the solution of the
Navier-Stokes equation (2.27) with ulr, = u, ‘(a. constant velocity profile corresponding
to the average velocity during systole in the boundary control problem of the previons
section) and u(x,0)=0.0, over 5 time steps. The weight coefficients in the cost functional

in these examples as well as the required computational times are presented in Table 4.2.

In example 1, two different initial controls, vy(x) and va(x), were used. The initial

velocity distribution vy (X} corresponds to zero initial field, and v,(x) was obtained from
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example | a. a; | aq | ap | CPU min.
l 0.0 | 0.0 | 1.010.0 | 550 with v,
2 0.01 {0.01 |1.0{0.0 310
3 0.0570.05| 1000 330

. Table 4.2: Weight cocfficients in the cost [unctional in examples 1-3 in two-dimensional

initial velocity control.

the solution of the Navier-Stokes equations and corresponds to the velocity field in the
first step of the solution of these equations with u|r, =0.5u,. Examples 2 and 3 were
obtained with the same initial control va(x). One may note that the zero initial control is
admissible because it satisfies the continuity equation. In all examples, the convergence
criterion in the optimization algorithm was chosen to be ||v,uq1 — Vn|| as described in
section 2.4 with ¥=0.01 (convergence tolerance). Regarding the value of the descent
parameter, A, in equation (2.33), a few values in the range of 0.1 to 6 were tried for each
example, among which, a value of y=4.0 was chosen for example 1 and y=1.0 for examples
2 and 3; these values seemed to be near optimal for the corresponding examples. In f;.ct,
as in the case of the boundary control problem in section 4.2.1, the control iteration
did not converge for relatively large values of A, while the convergence was too slow for

relatively small values.

In Figure 4.3 the convergence rates and the value of u — u? in examples 1-3 are
plotted versus the number of iterations. The resultant optima.l_velocitj} field in example
1 is compared with the desired velocity profiles in Figure 4.9 for both controls vy(x) and
va(x). All results correspond to the solution at time step 5. Similar results are presented
for examples 2 and 3 with the control va(x) in Figures 4.10 and 4.11, respectively. In

Figure 4.12, the velocity vector in examples 1, 2 and 3 are plotted for time step 5.

The algorithm converged in 22 iterations in example 1 for the control va(x), while

this number increased to 34 and 42 in examples 2 and 3, respectively, which were provided
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with the same initial control as example 1. This increase in the number of required
iterations can be attributed to the lower value of descent parameter. A which is in turn
due to the presence of the second order derivatives in the right-hand side of the adjoint
equations {sec equation (2.29). In example I, with ay=1.0 and a, = a,=0.0. the goal
was to demonstrate the applicability of the optimization algorithm by matching a desired
velocity distribution. The above values for the weight coeflficients imply that our only
concern was to obtain a velocity field as close to the desired velocity distribution as
possible, regardless of the amount of shear stress and vorticity produced by the resultant
flow pattern. Asexpected. the desired and optimal velocity field in this example are quite

close, within 30% and 90 % for the controls vi{x) and va(x). respectively (see Figure
1.9).

In examples 2 and 3, the optimal velocity field is not as close to the desired velocity
as it was in example 1 (see Figures 4.10 and 4.11, respectively). This is due to the presence
of the curl and gradient of the velocity ficld in examples 2 and 3, respectively. In other
words, the algorithm in examples 2 and 3 tries to compromise between minimizing the
difference of the desired and optimal velocities and minimizing the mecan-square vorticity
and shear stresses. Because the desired velocity field does not correspond to a minimum
vorticity/shear stress field, the resultant optimal velocity ficld has a different profile,

containing respectiveiy lower levels of vorticity or shear stresses.

I3

In the first example, the velocity profiles have sharp edges close to the walls (Figure
4.9), while in examples 2 and 3 these profiles are smoother. This is attributed to the
non-zero values of the weight coefficients ¢, and a, in examples 2 and 3. Similarly to
the case of the boundary velocity control, this confirms our physical expectation that
a smoother profile would produce lower velocity gradients in the regions close to the
walls. This result can also be observed in Figure 1.12 by comparing the flow patterns in

examples 1, 2 and 3, especially at the outlet port of the domain.

63



4.3 Three-Dimensional Systems

In this section we present a numerical study of the three-dimensional boundary control
problem corresponding to model No. 3. The discussion of the necessary conditions of
optirality and the optimization algorithm in section 2.3 is quite general and is valid both

for two- and three-dimensional domains.

Similarly to the two-dimensional case of this problem in section 4.2.1. three nu-
merical examples were computed in this case. The physical domain, shown in Figure
1.13, is an approximate three-dimensional model of a sac-type artificial heart studied
experimentally by Jin and Clark (1993). The physical dimensions, as well as the outlet
and inlet ports (I', and T, respectively) and the control boundary, 'y, are shown in
Figure 1.13(b). In the finite element discretization of the problem, 27-noded bricks (see
Figure B.2) were used. and the physical domain was divided into 3353 nodes with 326
27-noded elements. In this three-dimensional case, a boundary velocity is applied on the
control boundary, I'y,, which causes the blood flow through the domain. It was assumed
that an average fow rate of Q,=4.05 [/min was supplied by the system as reported by
Jin and Clark (1993). The width of the control boundary, d,=6.53 cm, was taken as the
reference length for the domain. With an average heart rate of 70 pulses per minute,
one cycle of operation would be completed in 0.857 s with 0.300 s for the systole and
0.557 s for the diastole, respectively. Therefore, the average flow rate of Q,=4.05 [/min
results in an average velocity of u,=4.063 c¢m/s of the fluid at the control boundary Ty,
duriag the systole. The reference quantities, u, and d,, were used to non-dimensionalize
all equations. Assuming a viscosity of ¥=3.5x10"2cm?/s for blood, the Reynolds num-
ber for this flow would be Re=£§;‘-i’-=756. The time §E:;fé_ was formed as the ratio of
- velocity and length scales with a value of {,= 3.20 s. The time domain was divided into
20 equal time intervals, which resulted in non-dimensionalized time steps of A{=0.0134.
The problem was solved for one cycle of operation, equal to 0.857 s. As in the case of the
two-dimensional problems in the previous section, this restriction was imposed in order

to reduce the required computational time. It is assumed that the chamber is initially
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filled with fluid. During systole the outlet port is open while the inlet is closed and con-
versely for the diastole. The desired flow rate. Q% is assumed to have the time-dependent
profile shown in Figure 4.14 (also nondimensionalized using the desired “average™ tlow
rate. @,). The peak values and the profile were chosen to be close to those measured in

a sac-type ventricular assist device (Jin and Clark, 1993).

Similarly to the two-dimensional case in section -L.2.1, the non-dimensionalized form
of the Navier-Stokes and adjoint equations were solved by the linite element method,
with the use of the penalty function formulation for the Navier-Stokes equations with
u and p as unknowns (sec section 1.8.2 and Girault and Raviart. 1986). Zero initial
conditions for the Navier-Stokes equations were used to start the first control iteration.
For each subsequent control iteration, the flow solution [rom the previous iteration was
used as the initial condition for the Navier-Stokes equations at that iteration. In view
of the nonlinearity of the Navier-Stokes equations, the convergence of the flow solution
was checked at each time step by evaluating the relative error as described in section
C.7. After solving the Navier-Stokes equations, the adjoint equations.were solved for
all time steps. The simulation was performed using the three-dimensional finite clement
package FLOPTIM developed for this purpose, which uses the Galerkin approach in
discretizing both the Navier-Stokes and the adjoint equations. The discretized linite
clement equations were solved using a slightly modified version of an out-of-core equation
solver (see Hasbani and Engelman, 1979}. All computations were performied on an 1BM

AIX 3.2 workstation.

Regarding the cost functional in thes: examples, the one described by equation
(2.7) was used. The weight coefficients for the cost functional as well as the required

computational times are presented in Table 4.3.

As illustrated in Table 4.3, the weight coefficients in these examples arc the same
as those in their counterparts in the two-dimensional case in section 4.2.1. The objective
of the first example was to achieve a desired flow rate, regardless of the amount of shear

stress and vorticity in the field. In the second example, shear stress and vorticity were
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example | o, Qg ag | o, | CPU min.
1 0.0 0.0 |1.0]0.0 3500
2 0.00! | 0.001 ; 1.0 | 0.0 9300
3 0.004 | 0.004 | 1.0 | 0.0 9900

Table 4.3: Weight coefficients in the cost functional in examples 1-3 in three-dimensional

boundary velocity control.

also taken into account. The third example was performed with a higher importance
given to shear stress and vorticity. The value of 4 (convergence tolerance) was 0.01 in
all examples. The descent parameter, A, was chosen as 0.0001 in all examples, among a
few other values in the range of 0.00005 to 0.0005. This value seems to be near optimal
for these examples because the control iteration did not converge for higher values of A,

while the convergence was too slow for smaller values.

The flow rates achieved in these examples and the corresponding desired flow rate
are plotted in Figure 4.14(a). The value of (@ — Q%) and the convergence rates are
plotted in Figures 4.14(b) and 4.14(c). respectively, versus the number of iterations. The
velocity vector and the streamline contours in example 1 are plotted in Figures 4.15 and
1.16 respectively, for time step 4 corresponding to peak systole. In Figures 4.17 and 4.18,
the velocity vector and the streamline contours in example 1 are plotted respectively, for
time step 16 corresponding to peak diastole. Similar field plots are presented in Figure
4.19-4.22 for example 3 . Finally, the evolution of a particular control velocity profile
(at time step 16) as a function of control iteration is presented in Figures 4.23-4.25, for

examples 1-3 respectively.

As shown in Figure 4.13(a), a relatively rough mesh was employed for this three-
dimensional problem. This was due to the practical restrictions in the amount of available -
memory size and CPU time in our computer. The maximum Reynolds number we could

achieve for this mesh was 277, which corresponds to a flow rate of 1.484 lit/min. For
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higher values of Reynolds number. the solution of the Navier-Stokes equations did not
converge. Our numerical experiments with the two-dimensional case of this problem
(section -1.2.1) show that flows at higher Reynolds numbers can be solved by using a finer
mesh with more clements and nodal points and also by using smaller time increments
for the time interval. Despite the fact that the calculated Reynolds number of 756 was
not achieved in the present three-dimensional case, the application of the optimization

algorithm to three-dimensional problems is well demonstrated by the achieved results.

Concerning the sensitivity of the design scheme to the descent parameter, A, and
to the initial guess for the control, v(x). the discussion of section -1.2.1 applics equally
to this three-dimensional case. In all the examples. a zero initial guess for the control
was chosen, which avoids the complicated trial and error in providing a suitable non-zero

velocity profile for the control.

In the first example, the only term in the cost functional (2.7) was (Q—@Q%). implying
that our goal was to reach a realistic flow rate, Q¢, regardless of the amount of shear
stress and vorticity produced by the resultant flow pattern. According to Figure 4.1:4(x),
the differences between the desired and optimal flow rates were relatively small, with the
obtained average flow rate being equal, within 12%, to the desired one. On the other
hand, in examples 2 and 3, shear stress and vorticity are present in the cost functional and,
as discussed in section 4.2.1, the algorithm tends to reduce the stress level by reducing the
velocity amplitude as well as by rearranging the flow distribution. Therefore, the optimal
flow rate would be expected to be lower than the desired one. This is demonstrated in
Figure 4.14(a) for examples 2 and 3, which shows that the average flow rates were about
50% and 75% lower than the specified desired flow rate in examples 2 and 3, respectively.
This discrepancy poses no problem because it can be easily accommodated by specifying
a higher desired flow rate. Figure 4.14(b) shows that, throughout the itcrative process,
the value of (Q — Q%) did not decrease in examples 2 and 3 as much as it did in example
1. One may note the oscillations in the convergence of example 1 in Figure 4.14(c).
These oscillations can be attributed to the higher magnitudes of the velocity field in

this example compared with those in example 2 and 3. In fact, further increase in
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Revnolds number will result in divergence of the solution in Example 1. Regarding the
rearrangement of the flow distribution by introducing the shear stress and vorticity in
the cost functional. oue may compare the velocity vector plots in Figures 1.17(b) and
1.21(b). In the first one, corresponding to example 1, sharp gradients in the velocity
field around the middle of the plane can be observed. Also, a vortex scems to form
under the control boundary facing the closed port. These two observations are no longer
present in example 3 (Figure 4.21(b}), showing the success of the optimization algorithm

in rearranging the flow distribution favoring the reduction of shear stress and vorticity.

It is interesting to note the difference in the shapes of the control velocity profiles
in these examples (profiles corresponding to the last iteration in Figures 4.23-4.25). In
the first example, the velocity profiles are nearly flat with sharp edges close to the walls,
while in examples 2 and 3 these profiles are smoother. One might also note that the
profiles in example 3 are smoother than the ones in example 2, which is attributed to the
larger values of the weight coefficients a. and o, in example 3. This confirms our physical
expectation that a smoother profile would produce lower velocity gradients in the regions
close to the walls. Another interesting observation in these plots is that, when the stress
level is minimized, the control velocity is highly skewed (Figures 4.24 and 4.25), so that

higher velocity amplitudes correspond to locations facing an open port.

Finally, concerning the evolution of the boundary control profiles in Figures 4.23-
4.25, we observe that, in all examples, the first profile suggested by the algorithm is flat.
As the control iteration advances, the profile in example 1 reaches higher magnitudes
but remains flat. On the other hand, in examples 2 and 3 the algorithm. increases the
magnitude of the control profiles while at the same time decreasing the values near the

boundary and skewing them towards the open port.
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Chapter 5

Conclusions and Suggestions for

Further Studies

5.1 Conclusions

" In the present work we have applied optimal control theory to the time-dependent Navier-
Sokes equations in some models of artificial hearts. The main results of this study are as

follows.
i} A few simplified mathematical models for artificial hearts were presented.

i1} The optimal control theory was applied to the governing cquations, and the necessary
conditions of optimality were derived in a manner suitable for numerical trecatment of

the theory.

iii) A cost functional, approximately relevant to artificial heart operation was formulated;
it accounts for differences from a desired flow rate and the mean-squared shear stresses
and vorticity.

iv) The numerical solution of the governing equations and the optimality conditions in
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two- and three-dimensional domains were achieved,

v) Three models were studied numerically, which consist of a two-dimensional model
with an initial veloeity distribution as the control, a two-dimensional model with a time-
dependent boundary velocity as the control and a three-dimensional model with a time-

dependent boundary velocity as the control. In all cases, it was found that,

" @ in the absence of shear stress and vorticity in the cost functional, the optimization

algorithm produces, within about 10%. the desired flow rate,

e when shear stress and vorticity are included in the cost functional, a decreased

optimal flow rate is obtained,

e minimization of the stress and vorticity levels results in smoother velocity distri-

butions, and

o the speed of convergence of the optimization algorithm is sensitive to the initial

guess for the control variable and to the value of the descent parameter.

vi) In the case of two- and three-dimensional boundary velocity control, it was found
that minimizing the stress and vorticity levels results in a highly skewed profile for the
optimal boundary velocity control. so that higher velocity amplitudes correspond to
locations facing an open port. These profiles are also smoother close to the walls, as
opposed to the flat profiles with sharp edges close to the walls when stress and vorticity

are not included in the cost functional.

vii) In the case of three-dimensional boundary control problem, it was found that, by
including the stress and vorticity in the cost functional, the optimization algorithm suc-
cessfully rearranges the flow distribution, it smoothens the sharp gradients and removes

a vortex that would occur otherwise in the velocity field.

Because our objective was to demonstrate the validity of the application of optimal

control theory in the area of fluid dynamics, and in order to avoid unnecessary com-
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plications. we introduced certain idealizations and simiplifications into our model of the
physical system and the cost functional. Nevertheless, the same procedure could be ap-
plied to more realistic models of a given device withont any conceptual ditficuliy, provided
that increased computational resources are available. Thix study has demonstrated that
optimal control of flow systems is vractical and may be used as a design tool. Tn addition
to artificial hearts. boundary control can be applied to the optimal design of a variety of
other engincering systems involving fluids. such as hydraulic and pneumatic svstems and
flow generating apparatus. including wind tunnels and water channels. Generalization of
optimal control may lead to the optimization not only of operational characteristics but

also of geometrical features of such systems.

5.2 Suggestions for Further Research

5.2.1 Introducing a Moving Boundary as the Control

An extension of the present research will consist of studying modecl No. 2, as presented
in section 2.1. This model represents a more realistic apbroximation of artificial hearts,
in which the control is the motion of a boundary with a specified velocity profile. This
boundary, in fact, represents 2 membrane or pusher plate, whose dynamics is assumed
to be decoupled from the motion of the fluid as discussed in section 2.1. To implement

this model, the following two distinct and demanding tasks must be undertaken:

{a) Developing the optimization algorithm. Due to the presence of a moving boundary,
the derivation of the necessary conditions of optimality for this model would be quite
complicated. As far as the author is informed, no optimization algorithm on moving

boundary problems has been reported in the literature.

(b) Developing the necessary computer code. Having derived the necessary conditions of

optimality, one should devise the necessary code to perform the numerical computations.
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This consists of solving two different sets of equations, i.e. the Navier-Stokes equations
and the corresponding adjoint cquations. The solution procedure of the Navier-Stokes
cquations for moving boundary problems is not well established in the literature, al-
though some results on moving boundary problems have been reported (e.g. see the
FIDAP Manuals and the paper by Florvan and Rasmussen, 1989, for more references).
Substantial efforts should be spent to modify our present Navier-Stokes program to ac-
count for moving boundaries in this model. The implementation of this algorithm would
first be applied to two-dimensional problems and then extended to three-dimensional

ones.

5.2.2 Implementation of More Realistic Models

A more realistic model of artificial hearts was formulated as model No. 1 in section 2.1.
A possible continuation of this research, would be to develop the complete mathemati-
cal formulation of this model and to derive the necessary conditions of optimality (see
Ahmed, 1995). it should be emphasized, however, that even proving the existence of
an optimal control for this coupled moving boundary problem is not a trivial task from
a mathematical point of view. The computational implementation of this model would

also be the most difficult one among the alternative models presented in section 2.1.

5.2.3 Optimization with Different Cost Functionals

The optimal control problem described in previous chapters requires a cost functional
to be specified. The choice of the cost functional requires a good understanding of the
physical and physiological functions of artificial hearts. Extensive experimental studies
on complications and problems in artificial hearts and heart valves have been reported in
the literature. A brief review of these results was presented in section 1.4, which could

be further continued in the future with the aim of determining the most realistic criteria

to be included in the cost functional. Further numerical simulations of the problems

2



described in the previous sections may be carried out with these eriteria included in the

cost functional.

5.2.4 Introducing a Flow Constraint in the Adjoint Equations

A glance at the {ormulation of the optimal control problems discussed in sections 2.3
and 2.4 shows that the constraint of a desired flow rate has been taken into account by
introducing the squared norm of (Q — Q%) in the cost functional. This formulation results
‘in a discrepancy between the desired and optimal flow rates, especially when shear stress
and/or vorticity are present in the cost functional (sce the numerical results in sections
4.2 and 4.3). An alternative approach in implementing the constraint of flow rate would
counsist of introducing this constraint in the adjoint cquations with a Lagrange Multiplier .
technique. This would require revising the mathematical formulation and deriving the
new conditions of optimality and then incorporating them in the present numerical code.

By doing so the above mentioned discrepancy will be removed.

5.2.5 Towards an Optimal Artificial Heart Configuration

The present optimization study has so far been concerned with minimizing a cost. func-
tional, consisting of fluid mechanical parameters, in a specified geometrical configuration.
It is obvious that a general optimization of an artificial heart should also deal with opti-
mization of design parameters, such as shape, overall sizc, location of ports and surgical
convenience. In the past, extensive multidisciplinary rescarch has improved the design
of artificial hearts. Blood chambers have beehn redesigned to eliminate stagnation areas,
while the traditional diaphragm-type blood chamber has, in some designs, been replaced
by a flexible blood sac (Jin and Clark, 1993). The present optimization process could
be applied to various acceptable designs, and the design producing the lowest minimum

value for the cost functional would be considered as the optimal one.
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Figure 1.1: Blood flow through the heart. The arrows show the direction of blood flow.
The symbols are: SVC, superior vena cava; IVC, interior vena cava; RA, right atrium;
RV, right ventricles; PA, pulmonary arterv; LV, left ventricle. The valves are T, tricuspid,

P, pulmoaary, AQ, aortic, M, mitral. From Fung (1990).
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Figure 4.13: (a) Computational grid system with 326 27-node elements (mid-side nodes

are also connected); (b) Coatrol, inlet and outlet boundaries in the mesh.
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Figure 4.20: Streamlines in systolic peak in example 3; (a) three-dimensional view; (b)

top view; {c) side view.
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Figure 4.23: Evolution of the boundary control profile at diastolic peak with design

iteration in example 1; (a) three-dimensional view; (b) side view.
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Appendix A

Derivations in the Optimization

Algorithm

A.1 Derivation of the Gradient of the Cost Func-
tional

We start, from the expression for the Gateaux derivative of the cost functional in equation -

(2.21) as

Jv,v-v°) = ff{—-— ~{(u-V)z+ (Vﬁ)rz - VV22+%VQ=} -w ddt

‘-!-./r../s:sz- (v —v°) dQdt. | _ (A1)

in which the superscript ° for z is dropped for convenience. The first term in the first
integral of this equation will take the following form

jf—— wdoit = [ -z wdQ|o+fj—dedt

= f[— .z dQt (A2

(we note that 2(T) = w(0) = 0 from equations (2.10) and (2.18), respectively).
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For the second term of the first integral we have

fljn—(u-V)z-wdet =

B:l 8:1 621
- u —w + ot} + Ug—u*
f{/(l 1 ? Oira t ‘03“
+u 02, =Wa + L 0, +
) tn— (l! i
'8z, a.r._ ‘a Ty

-

-+ ul'-é—a'lbg + u_\a w'; + u;;%;:—u,;} dQdt

Jw o
[{f(l 1+u1 l~1'*'H:z—“—}=1

+w aux +w au» +w Bu;;.
~" T — -') _—
3 4 "6 Lo ‘3:1:3

du, Ous o
3:‘1 33+ w36: 23+ ws = -3)dQ

- j; (uynjwn z; + upnoun 2 + uznzun s

+ ws

+ U Wels + UsToWaIy + UgTzlWoly

“ Uy W23 + UpNpW3Z3 + UzNaWazz)ds pdt
u-Vv w-de—f u-n}w-zds

JATACRY) [(0-m)

+ fﬂ(V-u)w-de}dt

_/I{_/Q(H'V)W'ZdQ—[r(u-n)w-zds}dt.

The third term of the first integral would take the following form

f.[(v“ z-w dilat ‘ff{(zla ‘+zzg + 228y

3::.
ouy Jus Jug
+ (213$2 + Zza 2 + Zsazz)’LU2
duz
623

Uy
+ 22

7/
+ (21 333

+ 2331;: )‘w:;} dQdt

_ 3u1 au1 8u1
- f:fn{(wlazl + w26z2 + wsax:;)ZI

du
+ (wl% + wzg—z + w;»,%

+ (w;é;ﬂ + Wy gtts + wg—)z:,} dQdt

)22

- 112

(A.3)



= /: /Q (W V)u-z ddt. (A4)

For the fourth term of the first integral we have

j’/n—v.ﬁz - w dQdt

o+ fzgazwadﬂ ]

f/ -2 w dQdt

o [ LG+ T+ T

62..-: 62..\ 62")
+ (Gt gt gz

+ (aa.'.? wy + %;wa + a-h-? ws)} dQdt

€T3
-y 6..1 311!1 6..1 3w1 6..1 6w1
.[{ 61’.'1 63:1 jl'; a.‘r-x a.'Bo el -[Q 6:r3 a.‘ta el
+ fnlwl-—ds+jnqwlax ds+fn3w1——-d.s
3-2 6w-:d9 ‘/!; 6..«, au,-»dn 6..-» dwa

6_:c1 3:::1 a:ro a.'.rg - 6.23 81:3
Oz
-+ fn1w2a—1d8+fn¢uJ36 2db+j n3u.,_a qdo
8..3 3w3 j’ 6..3 Bws W3 1) - &i %
o 01, 6::1 0 Oz 61:» o O3 O3

+ f n1w35;:ds + f nzwaaTds + f nswaﬁds}dt
iS5 e [anie

+ f ..la_w‘ ‘n.o Lods + f n2w1 ds

+ [ -132"“0152 f nsa“"qu+ A nsml—ds

+ [ -,32"’”519 f na—z ...,ds-:- Ji n;w-_,——ds

+ f2 ""azwzdﬂ f ™ 52

+ f ..oazwde. f ngaw°~ods+ [ nswz ds

szS'i'fngu.?g'—'dS

+ [2332w3d9 nt ~3d-5‘+f'n1wsa 1ds

+ f z;;azwsdﬂ f nga—223d3+ f n2w3 ds

35 323ds+ f n3w3 ds}dt
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= —u/{/ Aw - z<1’9+f ul(n,—-—--+n -—-—+m_—\

(s
+ ("l:)_ + ”'3 - + n;-gi—{)
24
+ ‘(111‘5— -+ N\g 2 + N\g-.‘) ]d.\‘
1'| t)!ll duy
f[ -.1("1 () t}!x)
Sy du'- dus
-...)Ul]a + "‘0 . +rh ]
3w‘ dua

+ g+ g ‘3“ )}.u]m

—u-/;{LAw~zdﬂ+jl"\v-(n~V)zds
- jr z- (0 V)w ds}dt.

]

Finally, for the last term of the first integral we have

dq:

j;-/s;Vq:-wdet = .[.[(w‘dxl-*-m‘!d ‘+w3 ;),,:th

31:.1 6!!;\__»
_.[.[ (a:C1 a.’l’.'g + 3:(:3 )mdt

+ /! -[r g:(nywy + nawa + ngwy)dsdt

= —fr'/;t(v-w)fh dﬂdt+'/;frq=n-wdsdt.

Since V - w = 0 (see equation (2.18)), then

ftfn\'f'q:-wdgdt =f’_[[_q._.n-wdsdt.

Combining the above results for the various terms would result in
Jv,v-v?) =
ff{a—w+(u-V)w+(w-V)u—vAw} -z dQdt
ra" ot :

on

('l{

+ fr_/;{—(u-n)w-z+v(n-V)w-z-u(n-V)z-w-i—q:n-w}dsdt

+ [; [ &(v - v,

(A.6)

(A7)

(A.8)

Comparing the first integral in the above equations with the first equation in (2.18),

would result in the following form for this integral

[+ @ Ot - Dpu-vaw}ozai = 2 [ [ (Va.)-z doae
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=,,/[ Bqu L0 aqu)mdt

ax, “ Oza Oz
— ~r) a..a
- /./ T o, 3;:1 e B:cm qua J)dpdt

Cp .[1 ./r(n'q‘”:' + N2y 32 + Naqu33)dsdt

_ % f: fn 0u(V - 2)dQt — % f, fr qu(n-z)dsdt.  (A9)

Since V -z = 0 and z|r = 0 (see equations (2.10) ), then
ow ) .
f: [ﬂ {5+ @ V)w+ (w-V)u-vAw}.zd0dt = o. (A10)

Now consider the second integral in equation (A.8). The first and the second terms in
this integral are zero because of the condition z|r = 0 in equation (2.10). For the third

term of this integral, we have

J [v@-z-wasit=[ [ —v(@-9)z-(v-vo)dsat (A.11)

because of the condition wir, = Wiy, = w|r, =0 and w|r,, = v—v° (see equation (2.18)).
Similarly, because of these boundary conditions for w, the last term of the second integral

“iuequation {A.8) will have the following form

Rt

ffrarwia= [ | et wm

Regarding the last integral in equation (A.8), we use the result in the next section that
G? = v, where the control v is defined only on the boundary T',,. This results in
restricting this volume integral to the boundary I',. Using the above results and noting

that .J (v — v°) > 0 would resuit in an inequality for the Gateaux derivative of the cost

functional as

f(v,v—v°) = _/;jr :[(—v(n- V)z° +g; -n+G2) . (v—v")}dsdt >0, Vve U;ad.
(A.13)
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A.2 Derivation of G! and G2

A.2.1 Derivation of G!

We consider the cost functional in its general form (equation (2.6) or (2.7)) as

Ju,v) = :1_5 J AR x ) + o) + Ry(u — u) + R (v) 2
= j, g(u, v)dt (A.14)
= ./;{gl(u. v) + g2(u, V) + gz(u, v} + gq{u. v)}dt
in which R is a quadratic function zﬁd g = g + g2+ gs + g4 is the integrand of the
cost functional. In the following, we shall restrict our discussion to the case of boundary

control problem with the cost functional (2.7). Then, the integrands g — gy will have

the following forrh

au(u,v) = % [ B x wae, (A.15)
ga(a,v) = 5 [ Ra(Vu)de, (A.16)
ga(a.v) = 3Rs( [ uds — @) ©(AD)
and
ss(w.v) =3 [ Ri(v)de (A.18)

We recall the following definitions
Gl = G;l + G;: + G_,In + G, : Gateaux derivative of the integrand of the cost functional,
g, with respect to u and
G? = G2 + G2, + G2, + G2, : Gateaux derivative of the integrand of the cost functional,

g, with respect to v.

In the following, we outline the derivation of these derivatives. For brevity, we shall

use the following notations |

=2 o= ij=123 (A19)
| S 8::,-’ > M 3:1:,-3:1:," 1] = 4,40, M
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We have the following definition for G}, = g;(u.v)

gi(u+ew.v)— gi{u.v)

(gy(w.v). w) = lim - (A.20)
[ general R has the following form
3
R(Vxu)= Y Ri;(V xu)(V xu);. (A.21)
tg=1
Then .
1 3 _
alev) = fn 3 Ri(V x u)i(V x u);dQ (A.22)
<R 5=
and .
1
aa+ewn,v)=3 [ 3 RV x @+ew(Vx (atew))dd  (A2)
tJ=

We ignore the cross components of Ri;. Then

(91 (, v}, W)

= lim '1"{%./9 [ Ru(V x (u+ew))i(V x (u+ew)),

c—>0¢

+ RV x (w4 ew))a(V x (u+ew))e

+ R33(V % (u+ ew))3(V x (u + ew))s | dQ
= 3 ) [Ru(Y X 0 (¥ x ) + Raal ¥ X wa(V x 0
+ Ra3(V x u)3(V x u); ] dQ }

= i = {5 [ [ Rul@slus + ews) = By(us + ew)(Baloss + ews) — Bs(uz + ewy)

ce—=>0c¢

-+ Rgg(a;;(ul + ewl) - 61(713 + 6'&&;))(63('&1 + ewl) - 31('&3 + Gw:;))

— Ry (01 (up + ews) — Sa(uy + ewy)) (0 (uz + ewe) — Oa(uy +euwn)) ] dQ  (A24)
- .[n [ Ru(azﬂs - 33?12) (32113 - 33‘“2) + R22(33u1 - 31113) (33u1 - 31?13)
+ Ra3(01u2 — Gaur )(Gouz — Gsup) | dQ }.

Skipping the intermediate steps, we will have

(g'l (u, V), W) =

. %.[n { Ri1(8aus3 - Byws — Boug ~Bawy + Bows - Sous — Sows - Byuy

— O3z - Orws + Oauy - Gswp — Oaws - Goug + G3wy - Oaup)
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+ Raa{Osuty - Oauey = Shuy » Qywy + Gatey - Gatry = Gyey - Qrua (AL25)
— Qyuy - Bywey + Gyug - Qg — Oy« Haty + Oq ey - )
+ Ra3(Oyuy - Oywen — Ay « Bowry + Oy ten - oty = Oy ten - Gutyy
- 6_)u| . a['u‘-_‘ + a_un . 0_‘::'1 - Bgu'l . i)l o + a_‘tt‘l . D;:u;) } dL2,
Using integration by parts and some rearrangements we shall have
' 1 , . .
(g1(u,v),w) = 3 _/; { Rui{Borttg ~ wo + Ogotin ~ wy — Banty » ey — Ougten + )

+ Ruo(O31uy » w3 + Oy« wy — Saatyy - wy — Oy tig - wy)

+ Raa(al-_)u'_) iy 3311;1 s Wy - 8nu2 i - a_tg‘tn . u.'l) } d (:\26)

+ jr {Rn(Bous » naws — Gaug - ngwa — Oyt » nawy + Gy « nig1w)

+ Roa(Gauy » ngwy — Gsuy » myws — Qg » nawy -+ Gyuug » naws)

-+ R;;;;(alu'_» s We — a[u2 iy — 6\3u1 syt + 6;u1 - n-_;wl) } dQ.
For simplicity we take R); = Rs» = Rj3. Then after some steps we will have the following

(9:(u,v), w)
= fn { Ru V x [ (%us — dsua)i + (Bswr = Biwa)j + (Bruz — Bowa)k | - w } a2
- _/l:{Rn[(nz(axuz — Botty) — na(Dsuy — Dyua))i - wyt | |
+ (n3(8aus — Gsuz) — n1(Gous — Gsu2))j - wng ' (A.27)
+ (ny(Bsw; — Biug) — na(Bouz — yup))k - w k] }dT
= fnRu [V x(Vxu)] -wdn-j;Ru[nx(vXu)] -w dT.

Then the final expression for G;,1 will be of the form

Gl =Ru{ [V (Vxu)lo~x(Vxu)r. (A.28)

Now we consider the integrand of the second term in the cost functional as

g(u,v) = é ]Q Ry(Vu)dQ : (A.29)

ij=

3
- % [n > Ry(Vul(Vu); 42
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We are interested in quadratic form for shear stresses as
wyyo ipy o Uz Ry Ry Ry -‘ U e g
(V= BVu) = | wy wn Ry Rw Ry 2y Upz Upg (A.30)
Upy ey Uay Ry Ry Ray u31 Uz Uzl

where R;; are the elements of the coefficient matrix R and u;; = % In order to have
4

the quadratic cross terms, we consider the trace of the above equation. Then

1 P 2 i b 2 s
gg(u,v) =3 ./; {Rggu-ll + Ra_-;ug_l + Rggugl:_; + Rnﬂ'l'.g + Ru'u'f.;; + Rg-_)‘lbz‘;;} dq, (.‘\.31)

g(utew,v) = 3 [ {Realdi(ua+ )l + Rs[Bu(us + cus)]

+ Ryz [6a(us + €ws)]® + Ry [Ba(uy + )
+ Ry [Bs(ws + €w))]* +Roa [B5(uz + €w)]'} d2.

Since G}, = ga(w, v) and

(Ga(a,v),w) = lim ZEEEY) Z 8 V) (4.32)

then, after some algebraic manipulations, we will have

(go(w.v), w) = fn {Roa(B1u20,w2) + Rz (Byuzdrws)
+ Raz(Gousdows) + R (Fau102wn)
+ Rn(a;;ulas'wl) +R22 (83!52331.62)} d2. (.&33)

Integrating by parts, would result in

Gafo )W) = = [ {Ru(@ssws + S} + Rea(Bue + ol
+ Rasz(Ohnus + Onuz)ws } dQ
+ j; {R11(G2urns + Bsuyng)un + Roa(O1uony + Osuans)w,
+ Raz(Byugn; + auanp)ws } dT (A.34)

For the choice of R); = Rx = R33, we will have

(92(n,v), W) =
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3""1:, 62l11 d o 62£13 -~ .D.JN;\_ () H A 3
fR“ (( o2 ar',) Gr e Gt az-”‘) Tw s
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Finally
Fuy  Fu P Fue  Fuy  Fu
1 _ ! ! 2 2 3 2
G = —Fu (3:::'3'; %2 am tam om T a.._.) lo

% dul R du‘? + dth ()H{ - Juy |
6 Lo 6’1‘3 B f o] n a.l.'g '3 aJ| (,?.l.‘-_‘ A

For the third term in the cost functional, a similar procedure should be performed.

For this case we have G}, = g;(u, v) and

(g0, ), w) = lim 2A8H ) — ) (237
Also
g, v) = .Z_ Ry uds - Q:(f uds - Q") (A.38)
and .

gs(u + ew,v) ZR,,(/ (u+ ew)ds — Q9 (j (u+ew)ds—QY; . (A.39)

:.J—
Substituting equations (A.38) and (A.39) in equation (A.37), ignoring the cross compo-

nents of the coefficient matrix R and skipping some intermediate steps, we will have

GL = Ru( fr uds — Q%) ywy + Raa [r uds — O%)wz + Ru( ]r uds — QV)zws (A.40)

Similar to the previous cases, we take Ry, = Ry = Raz. Then

Gl = Ru([_uds- Q% = Ru(@- Q" (A41)

Finally we consider the fourth term in the cost functional. Since there in no u in
this term,

Gl =o0. (A.42)
g4
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Combining the above results, the final expression for G' is obtained as

G' = o{ [Vx(Vxu)a—[mx(Vxu)r}
82'111 8"'u1 32?1.2 62u2 32'113 32113

+al-lgEtgs FE e R tagle
[auln. + auln 3u2n + au'_)n Bugn + auan ]l }
Ors * Or3 » Bz, v Oxs OV Oz ' Oz T
+ a(Q-Q% ‘ (A.43)

A.2.2 Derivation of G2

In the first three terms of the cost functional, there is no v. Then for these terms the

Gateaux derivative with respect to the control will be zero, namely
2 _m2 2 =
G, =G, =G, =0 ‘ (A.44)

Regarding the fourth term in the cost functional, we have G2, = g;(u,v) and

(g4, v), v = v)) = limg = {gu(v + v = v7)) = 9s(¥)} (A.45)
in which
1 3
alv)=3 fn idzﬂ Ri;(v):(v); dQ (A.46)
and

| gi(v+e(v—v°)) = %_L; > Rij(v+e(v — vO))i(v +¢(v — v9)); dQ. (A.47)

17=1
Substituting equations (A.46) and (A.47) in equation (A.45) and ignoring the cross terms
results in '

(G(v),(v=v*)) = * fim 1

R .[9 {Rn(v + (v — )i (v + (v = "))

+ Rap(v + €(v — v%))2(v + €(v — 2°))2

+ Ras{v + €(v — 1°))3(v + (v —2%))3

— Ru(viv1) — Roa(v2v2) — Ras(vavs) } dQ (A.48)
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or

which results in

(G (¥). (v = v)) = [9 Ru(v)- (v — v°) dQ

G‘2 = G:il - Rn(\").
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Appendix B

Some Details on the Finite Element

Formulation of the Problem

B.1 Admissible Class of Approximating Functions

s and v

A brief examination of equations (3.9) will readily reveal the following facts:

1. First-order derivatives of the velocity shape function & occur, which implies that &
and its first derivatives must be continuous in each element ($ € C'(Q)). They should
also be continuous in the entire physical domain.

2. There is no differentiation with respect to ¥ in the Galerkin equations (3.9). Hence
¥ € C°%Q) within each element but it may be discontinuous in the entire domain. Both
& and ¥ should be integrable. |

These considerations show that the choices of the approximation furctions for veloc-
ity and pressure cannot be arbitrary and that conditions for the approximating functions
for the pressure are weaker than those for the velocity approximating functions. In gen-

eral, the pressure may be approximated by polynomials that are at least one degree less
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than the polynomials for the velocity.

In the following, we summarize one type of admissible two- and three-dimensional
elements. For other admissible elements in two- and three-dimensional domains, one may

consult Cuvelier et al. (1986), Reddy (1984) or any standard finite element text.

9-node quadrilateral element

In this two-dimensional element the velocity components are approximated by the

following biquadratic approximating function

rs(l—-r)(1-s)
—irs(l+7r)(1-s)
rs(L+r)(1+5s)
—irs(l—r}(1+5s)
=4 -is1-s)(1-7%)
-,f_;r(l +7)(1 -7
s +s)1-7%)
=1 -r)(1-+%)
1-r)(1-5%

e
.

(B.1)

This element and the ordering of the various interpolation functions are shown in Figure
B.1, while » and s refer to the normalized (local) coordinates of the element, which vary
from -1 to +1, as shown in the figure.

Two different pressure approximations are possible for this element. One is a contin-
uous approximating function, in which the degrees of freedom are located at four corner

nodes of the element and the approximating function is given by

r

Y1—r)(1—s) |
H{1+7)(1-5)
L1+7)(1+5)
| {0 -7)(1+s) |

(B.z;)

P
.

The second possible approximation for pressure.in this element is 2 discontinuous linear
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Figure B.1: %-node two-dimensional quadrilateral element.

approximation described by

=Sz (B3)

in which the pressure is approximated by P = a 4 bz 4+ cy within the element. Note that
in this case the unknowns are the coefficients in the above expression and not the values

of the pressure at the nodal points.

One more relation is required to relate the global coordinate system, (z,y). to the

local coordinate system. (r,s). This is obtained using the parametric concept, as
r=ATX , y=ATY. (B.4)

If A = &, then the element is called isoparametric, which means that the interpolation
functions used to define the dependent variables are of the same order as the functions

defining the element geometry.

27-node three-dimensional element

In this element, the velocity components are approximated by the following tri-
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quadratic approximating function.

' —irst(1=r)(1 =91 -1 1
e+ )1 =91 -9
—arst(L+7)(1 +8)(1 =)
irst(l—r)(1+5)(1 1)
tl =71 = 8)(1 - )
—Lrt(L+ )1 - (1 - 1)
—Lst(l = )1+ s)(1 - 1)
(-7~ s (1 -2
-1 -r)(1-s)(1-1¢)
rs(1-r)(1-s)(1-1t3)
—irs(1+7r)(1-35)(1-8)
Irs(l+r)1+9)(1-83)
—irs(l~ 7)1 +)(1-t3) ‘
&= -s(l-)(1-95)1-13) ¢ (B.5)
(1 +7)(1 = 2)(1 ~ £)
s(1=-r)(1+s)(1-t%)
—ir(l1-7)1 =531 -t?)
Q-(1-s)(1-t3)
grst(l—7r)(1 — s}l + 1)
—srst(l+7)(1—s)(1+12)
srst(l+ 7)1+ s)(1+1¢)
—irst(l—7r)(1 +5)(1 +¢)
~Lst(1 - r2)(1 — 5)(1 + 1)
rt(l+7r)(1-s)(1 +1)
2st(1 =) (1 +s)(1 + ¢t)
—rt(l=r)(1 - %) (1 +1)
| (1= -1+

The ordering of the various interpolation functions is shown in Figure B.2, while r, s and

t refer to the normalized (local) coordinates of the element, which vary from -1 to +1,
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surface number nodes
! 373.]31612.223521 |
| 13:2.10.14.11,19.2320 |
3 3811317.1023.26.19 |
S _362121511.21.2420 |
S __ 481795362 _ __ _ |
6 22,26,19,25.27.23,21,2420

Figure B.2: 27-node three-dimensional element.

as shown in the figure.

Three different pressure approximations are possible for this element. One is a
continuous trilinear approximating function, in which the degrees of freedom are located
at eight corner nodes of the element and the approximating function is given by

t1-7)(1-95)(1-1)
s+ -9 -1
A+ +s)(1-12)
g s-nE0=0 1 (B:6)

sA-r)1-s}1+1t) |
s1+rH{1—s)(1+1¢)
H1+7)(1+8)(1+12)
$1-7)(1+38)(1+1)

The second possible approximation for pressure in this element is a discontinuous trilinear
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approximation described by

ile=rg-9)g-/g"
s(g+r)(g=-9)g-/d
e+ +s){g-t)/g*
slg-r)g+s)g-t)/¢* L
sleg-rg—sHg+t)/g*
tHe+r)g—s)g+t)/d°
slg+r)g+s) g+ t)/g
39 =Yg +9s)g+t)/g*

. L,

(B.7)

in which ¢ = 2,/1/3 and the pressure degrees of freedom are located at the cight points

of 2x 2 x 2 Gaussian integration points and are the actual pressure values at these points.

The third possible approximation for pressure in this clement is a discontinuous

- linear approximation described by

1

. .
¥ =4 4 (B.S)
y
<

in which the pressure is approximated by P = a+bz+cy+dz within the element. Similar
to two-dimensional elements, in this approximation the unknowns are the coefficients in

the above expression and not the values of the pressure at the nodal points.

As in two-dimensional cases, one more relation is required to relate the global co-

ordinate system, (z,y, z), to the local coordinate system, (r, s,t). This is obtained using

the parametric concept, as
z=ATX , y=ATY |, z=ATZ (B.9)

If A = ®, then the element is called isoparametric, which means that the interpolation

functions used to define the dependent variables are of the same order as the functions
defining the element geometry.
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B.2 Evaluation of the Derivatives and Integrals

In this section we consider three-dimensional problems. The results may, however, be

casily simplified to describe the corresponding two-dimensional cases.

A glance at the cocfficients of the matrix equations (3.11) and (3.21) shows that,
in order to construct the coefficicnt matrices, some integration and derivation of the
approximating functions ® and ¥ with respect to the global coordinates. (z,y,z), is
needed. Onc may also note that these interpolating functions are described in local
coordinates, (r, s, t), while their integrals and derivatives are needed in global coordinates,
(x,y,z). Since these integrations and derivations are most easily carried out in local

coordinates, the following transformations are introduced

ae or oy 8 | [ 2 ATy Ty ety | T e a0
dar o Or Or ar ar = ar ar ar dx
20 |=| oz & 8:|| 20 |=| aaTy aaTy aT 2 |=g| 2
s ds ds Os Jy ds X 8s Y as dy J Sy (B.].O)
e oz oy oz || & ATy 8Ty Ty || 2 2
gt a gt ot 5 ot - L3 at gz =

where J is the Jacobian of the transformation from global coordinates, (z, y, z), to the lo-
cal eclement coordinates, (r, s,t). Using isoparametric elements, i.e. A = ®, and inverting

equation (B.10) one gets the required transformation, as

3% 8
ar ar
— 7-1
‘%’ =J 3‘_; . (B.11)
& 2e J
H ot
The transformation of the element area is given by the foilowing relation
dQ) = dzdydz = |J|drdsdt (B.12)

and the new integration limits would be the limits of the local coordinates, which are

from -1 to +1.

After transforming all the integrals in coefficient matrices, (3.12)~(3.16) and (3.23)-
(3.24), they will be of the general form

I= /:l [: l [_: l‘f(r,s,t)jdrdsdt.  . ' (B.13)
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i

These integrals are evaluated using a numerical quadrature formulae. as

I= ZLZ}'(:‘, LRI (B.14)

i=l j=lk=1

where the weighting coefficients 115, 17 and 1 depend on the specific quadrature used.
i, §; and t; are quadrature points. One may consult Zienkiewicz and Morgan (1983)
for the location of the quadrature points and the values of the weight coeflicients in two-

and three-dimensional integrations.

B.3 Solution Methods

In general, the application of the Galerkin finite clement method as described in section
3.2 to the steady Navier-Stokes equations or to the transient Nav er-Stokes equations
after time discretization would result in a system of algebraic nonlincar equations, which

in matrix form can be written as

KU)W =F (B.15)

In this equation, K is the global matrix whlch has becn obtained after asacmblagc of
the eleme~t matrices and is generally large, nou-svmmemc and sparse; U is the global
vector of unknowns, namely the nodal values of velocity components and pressure; and
F is a known vector containing the effects of body forces and boundary conditions. Due
to the presence of the convective term in the Navier-Stokes cquatrionsv. the above system
of equations is nonlinear. For high Reynolds numbers, the nonlinear character will be
dominant, in which case the rate of convergence and the cost efficiency of the soiution
method would be important issues. In general, the most time consuming part of a finite

element program is the solution of the final algebraic equations (B.15).

In the following, some iterative methods for solving equations (B.15) are briefly
discussed. Two major points should be considered in cﬁoosing one specific solution

method: the radius of convergence and the rate of convergence. The algorithm should be -

E‘onvergent for a wide range of problems with different material properties and geometries.
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The rate of convergence should also be sufficiently high for computational cost efficiency.

Unfortunately no solution method satisfies all these requirements.

B.3.1 Successive Substitution Method

This method, which is also called Picard or functional iteration, is relatively simple and

has a large radius of convergence. In the (n + 1)-th iteration this method has the form

KU™U™+ = F(U™). (B.16)

The rate of convergénce of this method, especially for highly nonlinear problems, is slow
because it is only a first order method. The rate of convergence can be improved by

| using an accelerat;iﬁg factor as
- K™ = F({U™) ' (B.17)

UH=alU*+(1-a)U" , 0<a<l. © (B.18)

B.3.2 Newton’s Method

This method, which is a second order method, has a higher rate of convergence. Let U*

be an approximate solution of equation (B.15). Then

U=U"+AU

| (B.19)
R(U) = K(U)U - F(U) =0.

. The Taylor series expansion of R(U) in the neibourhood of U/ may be written as

R(U) = R(U") + g—g—. U")AU + O(AU?). (B.20)

Truncating the above expression and using (B.19) results in the approximation
R(U") = —g—g(U‘)AU (B.21)
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which suggests the following iteration algorithm

R(D'n) — _:g_g(erl)(L;n+l - L,'u) = _J(L"n)(b'ud-l - ['u) (B23
or
Ut = Un = J (UM R(L™) (B.23)

where J is the Jacobian matrix. This algorithm has the advantage of having a better
rate of convergence than the Picard methed but its radius of convergence is small, i.e. it

is more sensitive to the initial solution vector U/°.

B.3.3 Modified Newton-Raphson Method

The main drawback in Newton’s method is that the Jacobian matrix should be computed
at each iteration, which is computationally expensive. In the modified Newton-Raphson
method, this Jacobian matrix is not .computed at each iteration but instead a fixed
Jacobian is used, which is computed once at some initial estimate of the solution vector

U, as
Uttt = Ut - JTHUP)R(U™). (B.24)

This method also suffers from a relatively small rate of convergence.

B.4 Initial and Boundary Conditions

The solution of the transient Navier-Stokes equations like that of any other time depen-
dent partial differential equation, requires initial conditions to be specified. The initial
condition in the Navier-Stokes equations can be applied by prescribing the velocity field
at time ¢ = 0. In specifying this, one should note that the initial velocity field must
satisfy the contiﬁuity equation. An initial velocity field that is zero everywhere obviously
satisfies this equation.-
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Two kinds of boundary conditions are possible: Dirichlet and Neumann bound-
ary conditions, also known as essential and natural boundary conditions, respectively.
Dirichlet boundary conditions (namely, specified values for the velocity components, U/,
along the boundary) are explicitly imposed as u = U on T, while Neumann boundary
‘conditions (namely, specified values for the derivatives of the velocity components) are

applied through boundary integrals on the right hand sides of equations (3.11).

In the case of incompressible flows, no boundary conditions for pressure are nec-
essary (see e.g. Cuvelier et al, 1986). Boundary conditions for pressure are actually
given implicitly through normal stress components (Neumann boundary conditions) in

boundary integrals, as mentioned earlier. It is important to note that, at each node,

the velocity and the stresses can not be specified in the same direction. As a general

rule, only one of the pairs (u;,us), (111, 22), (t1,u2) and (t;,2) can be specified at each
boundary node of a two-dimensional domain.

Both initial and boundary conditions are applied after all element matrices are
assembled in the single global matrix.

'B.5 - Time Discretization

'\fter assembling the element eqﬁations (3.11), the following global equations for the

whole domain are obtained
Py + KO =[] wI=[0T) (®:25)

This equation represents the original Navier-Stokes equation, it is discrete in space and
continuous in time and may be solved in time by a direct time integration iﬂéthod, which
in a finite difference manner approximates the continuous time derivative by the solution
in discrete time steps. In this approximation, the time interval, I = [0, T, is divided into
N discrete time intervals of length At = Z (in general, the time step may not necessarily
be fixed), resulting in the set of discrete points £y, {1, ...,2x5. Then the solution is sought
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at these discrete points.

This kind of discretization of continuous time derivatives can be further divided
in one-step and multi-step methods and in explicit and implicit methods. In one-step
method approximations for the computation of the solution at time step t,. only the
solution at the preceding time step t,_; is required, whereas multi-step methods require
that the solution be available at some intermediate steps as well. In this section, only

one-step time integration methods will be considered.

Explicit metixods are characterized by the fact that the solution at time t, can be
computed by simple algebrai¢c manipulations from the solution at the preceding time step
ta-1- In implicit methods a set of simultaneous equations must be solved. In constructing
a time integration scheme the problem of stability and accuracy of the results should be
considered. Explicit methods, although simpler to implement and less expensive to run,
require smaller time steps for their stability. Implicit methods are generally preferable for
the solution of the Navier-Stokes equations, due to their superior stability characteristics
and their consistent treatment of the pressure. In this section, the so-called one-step
6-method will be discussed for the solution of the ordinary differential equations (B.25).
In the # method, the solution, U, and the forcing function, f, between two successive
time steps ¢, and #,,, are assumed to vary linearly. Then, at the time ¢,,4 = t, + 0AL,
between time steps £, and t,.,, the solution is approximated as

Utnto) = Unso = (1 — 8)Un + 6Unp1 (B.26)

in which 6 € [0,1] and At may be constant or variable. Similarly f at time £, is
approximated as.
faso = (1= 0)fn +0fns1. (B.27)
From (B.26), the time derivative of U at time ¢, becomes

. 1 .
Un-{-ﬂ = E(Un-[-l - Un)- | (B-28)

Now consider the equation (B.25) at time £n.9

[MUnso + [_KIUnw = [flaso- (B.29)
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Substituting (B.26), (B.27) and (B.28) in (B.29) results in the following recursive rela-
tionship

(MU = [f] (B.30)
in which

[M] = [M] + 6ALK]

A= {[M] - 1 - OAUK]} Un + At {(1 - 6)[fu] + 8[fana]}.  (B.31)

Thus, by using the system of algebraic equations (B.30), the solution at time step n +1
is obtained from the known solution at time step n. Some initial velocity, Uy, is specified
to initiate the procedure. From a computational point of view, the above discretization
is performed on the elements rather than on the global equations, which would result in
':signiﬁcant savings in the computer memory size required for solving the problem. The
following are some well known methods, corresponding to special stability conditions for
9 | _
a) =0 : explicit Euler scheme; conditionally stable (small At),
b) 8 = 1 : Crank-Nicolson scheme; unconditionally stable,
¢) 6=1: implicit Euler scheme; unconditionally stable.

) Regarding the accuracy of the §-scheme, it is found that (see e.g., Dhatt and Touzot,
1984) the global error for the case 8 = } is O(At?) and for the other cases it is O(At).

It should be noted that, besides the Navier-Stokes equations, the continuity equation
should also be satisfied at each time step. Also note that in the case of velocity-pressure
formulation of the Navier-Stokes equations (see equations (3.11)), the pressure is included

in the solution vector, U, in (B.25).

In conclusion, the use of an ex_ﬁlicit procedure for the solution of time dependent
Navier-Stokes equations would-iesult in substantial difficulties and hence implicit meth-
ods are the widely used ones. = |
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Appendix C

Description of the Computer Code

C.1 General Description

The computer code FLOPTIM has been developed to perform the numerical simulation
of the optimization algorithms described in previous chapters. This program may also
be used to solve only the Navier-Stokes equations. The program is coded in FORTRAN
and is based on the Finite Element Method for the solution of the governing partial
differential equations. Double-precision real arithmetic is used throughout the program, -

which is mandatory for the present analysis and most finite element applications.

C.2 Program Capabilities

-

The program is capable of solving the Navier-Stokes and the adjoint equations as de-
scribed in Chapter 2. For the case of the Navier-Stokes equations, the simulations a,re'
possible for two-dimensional or three-dimensional, linear or non-linear, steady-state or
‘transient flows. Both essential and natural boundary conditions and initial conditions

can be specified. Also, time-dependent essential boundary conditions are allowed. The
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flow is restricted to be laminar and Newtoniaz. Regarding the optimization algorithm,
the program can be used for two- or three-dimensional initial velocity control and two-

or three-dimensional boundary velocity control.

The program has the capability of solving the equations both in dimensional and
nondimensional forms. If the dimensional form is chosen, the user is required to input
data in a consistent dimensional system, and output results will be in the same system
of units. On the other hand, if the nondimensional form is chosen, then the input data

should be nondimensionalized according to the discussion in section 3.5.

C.3 Boundary and Initial Conditions

The boundary conditions that can be applied to the fluid include specified nodal values for
velocity components {essential bounda:_v conditions) and specified total stress for element
sides (natural boundary conditions). Also a combination of these boundary conditions
may be specified provided that the theoretical restrictions described in section B.4 are
respected.

For time-dependent problems, initial conditions can be specified for velocity com-
ponents, which prescribe the state of the flow at the initial time. It should be noted that
the specified initial field for the velocity should satisfy the continuity equations.

C.4 Element Library

In the finite element discretization of the Navier-Stokes equations, the elemrents are char-
acterized by their geometric shapes and by the interpolation functions used in them to
approximate the velocii:y and the pressure as described in section B.1. In the program
FLOPTIM, for two-dimensional problems, 9-node quadrilateral elements are used. This
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element and the node numbering convention adopted in the program are shown in Figure
B.1. The approximating function for the velocity is described in equation (B.1) and, for
the pressure. the discontinuous linear approximation (equation {B.3)) is used. In the case
of three-dimensional problems, a 27-node quadratic brick is used. This isoparametric ele-
ment has the tri-quadratic velocity approximation as described by equation (B.5) and the
discontinuous linear pressure approximation given by equation (B.8). The ordering and
surface numbers for this element are shown in Figure B.2; those are needed in identifying

the element boundaries in case of natural boundary conditions.

| C.5 Mesh Generation

The physical coordinates of the nodal points and the node numbers associated with the
elements should be provided to the program. Any commercial mesh generator can Se
used to generate this data. We have used the mesh generator of the FIDAP code for this
purpose. We have also used the same package to identify the nodal points with specified
boundary conditions.

C.6 Physical Properties

The numerical values of the physical quantities, density and viscosity should be provided
to the program. If the non-dimensionalized version of the Navier-Stokes equations, as
described in Chapter 3 is solved, which is strongly recommended, then the value of 1
should be specified for viscosity and the value of density would be the Reynolds number

of the flow being studied. These quantities should be constant over the time and domain.

The volumetric force that can be applied to the fluid is the body force and, similarly

to the density and viscosity, it can only have a constant value over time and domain.
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C.7 Solution Techniques

In the present version of FLOPTIM, the penalty function formulation of the Navier-
Stokes equations, as described in sections 1.8.2 and 3.4, is used. Application of the
Galerkin Finite Element Method to this formulation results in the system of equations
(3.29). As discussed in Chapter 3, in obtaining the finite element formulation of the
governing partial differential equations, a weak variational approach is‘used, in which
the spatial approximations are considered first, resulting in a set of ordinary differential
equations. These equations are further approximated (dsing finite difference in time) to
obtain a set of algebraic equatioﬁs.. The element matrices and vectors in these equations
(see equations (3.12) -(3.16)) are calculated using an isoparametric formulation, in which
the same element interpolation functions are used to describe both the geometry of the
elemenf and the variation of the dependent variable. The isoparametric transformations,
the derivatives and integrals andi the-Jacobian matrix required to evaluate the element

matrices and vectors are performed as described in section B.2.

Regarding the time integration in the above element equations, a f-family of inte-
gration schemes, as described in sectior B.3, is used with a value of 8 = 1.0, which leads

to a fully implicit approximation in time.

The above finite element discretization of the differential equations gives rise to the
final algebraic equations in the form

AX=b (C.1)

In the present formulation, the matrix A is large, asymmetric, sparse and banded. There
are a few different schemes to store the global matrix A and to solve equation (C.1). We
have used the so-called out-of-core skyline storage method for A (see Dhatt and Touzot,
1984). In this method, due to the sparseness of matrix A, only the elements between the
leftmost and rightmost non-zero elements in each row are stored. The matrix is usually
so large that, even with this storage scheﬁ:e, it cannot be stored in core and it must
be segmented in blocks and stored on low-speed storage. We have adapted and slightly
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modified a solver developed by Hasbani and Engelman (1979), which uses the above
storage technique and the direct Gauss elimination method to solve the set of equations

(C.1). The details of this method can be found in the above reference.

The system of algebraic equations (C.1) should be solved at each time step. This
equation is nonlinear due to the convective term in the Navier-Stokes equations and
should be solved iteratively. We have used the successive substitution (or Picard) method
as discussed in section B.3.1 to perform this iteration. As a convergence criterion, we
have specified that the relative error must obey

llAua|t
eall

* in this nonlinear iteration, in which || - || is the Euclidean norm, u, is the solution at

<e¢

iteration n and Auw, = u, — Up_1-

After calculating the velocity vector, u, at each time step, the pressure is calculated
using equation (3.28).

C.8 Post-Processing

After the successful solution of the Navier-Stokes equations cr the optimization algorithm,
the results were written on output files which were further eﬁcported to a graphics package

to produce plots. We have used the TECPLOT graphics package (TECPLOT 1993) for
our two- and three-dimensional graphics.

C.9 Flow Chart

In this section, we present a flow chart of the computer code FLOPTIM and describe
the function of the various subroutines. The subroutines identified by the superscript *
are not called if the program is used to solve only the Navier-Stokes equations.
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Figure C.1: Flow chart of the program FLOPTIM.
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The program consists of 72 subroutines, which have been independently developed
excluding subroutines SETINT. GAUSQ, SINT3D. SHP2D1. SHP2D2, SHPP2D3 which
were taken from Akay (1990). Also subroutines FROW. FIXVAL, FBLOCK, ADDLUB,
SKYLUB and DOT were taken from Hasbani and Engelman (1979) and were slightly
modified.

o MAIN

Directs the execution of the program by calling subroutines to read the input data. to
form and to solve the finite element equations and to print the results.

« ADDLUB ‘

Called to assemble the coefficient matrix by blocks. Each block is of maximum size
- memory. Each block after assembly contains, in addition to appropriate scction uf- the
coefficient matrix, all the necessary information for the solution process.

e ADJCON*

Called in two- and three-dimensional initial control problems, at the end of cach opti-
mization iteration (after solving the adjoint equations), to calculate the gradient of the
cost functional (equation (2.32)) and the new control {cquation (2.33)). This subroutine
is called only at the end of the last time step.

e ADJNAT"

Called in two- and three-dimensional elements to calculate the contribution to load vec-
tor from right-hand side of the adjoint equations.

» AJBC2D"

Same as AJBC3D for two-dimensional boundary control problems.

e AJBC3D*

Called in three-dimensional boundary control problems, at the end of each optimization
iteration (after solving the adjoint equations), to calculate the gradient of the cost func-
tional (equation (2.24)) and the new control (equation (2.25)). This subroutine is called
at the end of each time step.

e BINT2D

Called to calculate the line integrals in two-dimensional elements.

e BINT3D
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Called to calculate the surface integrals in tiiree-dimensional elements.

e BNOD2D

Called to find the local nodes on a specific side of two-dimensional elements.

« BNOD3D

Called to find the local nodes on a specific surface of three-dimensional elements.

e CALPR3

Called in three-dimensional problems to calculate the pressure field from the total veloc-
ity ficld formed by COMSOL. This calculation is performed using equation (3.28). In
the case of adjoint equations, it calcuiat% the adjoint pressure field.

« CALPRS

Same as CALPRS3 for two-dimensional problems.

« CALTBC

Called in time-dependent problems at the beginning of each time step to calculate the
time-dependent essential boundary conditions for the specified nodal points.

» COMSOL

Called to combine the solution vectc~ ‘containing the nodal velocity unknowns) with the
input boundary conditions to form Vt;he\ total velocity vector after solving the finite ele-
ment equations. In tﬁe case of tke adioint equations, it forms the adjoint velocity vector.
« CONVRG '

Called to check the convergence of the Navier-Stokes equations at each time step.

¢ COST2D"

Called to calculate the numerical value of the cost functional in optimization algorithm
for t..", dimensional domains. '

e COST3D"

Called to calculate the numerical value of the cost functional in optimization algorithm
for three-dimensional domains.

¢ DOT

Called to calculate the scalar product of two vectors.

¢ FBLOCK

Called to determine the block structure for a skyline stored non-symmetric coefficient

s

143



matrix according to the core storage available.

o« FEHED2

Sa.mg as FEHEDS3 for two-dimensional problems.

e FEHED3

Called io form vectors LM and CONSTR for three-dimensional elements as needed in
suhroutines FROW and FIXVAL. For the definition of these vectors. see Hasbani and
Engelman (1979).

e FELEM2

Called to form the finite element -*_.Elua.tions at element level for two-dimensional clements.
e FELEM3

Called to form tho finite element equations at element level for three-dimensional cle-
ments.

e FIBNCN

Called to read nodal points with specified essential boundary conditions and their values.
e FIXVAL

Called to update the load vector BE $0 as to eliminate those degrees of freedom which
have a constrained value. Such values are indicated by a negative entry in vector LM.

« FMGDOF

Called to specify the global degrees of freedom of non-constrained nodal points (nodes
with no boundary conditions specified).

o FRMTBI o
Called in time dependent problems to set up step—-iay-step contribution of boundary in-
tegrals to load vector, in two- or three-dimensional elements.

¢ FRMTKF

Called in time-dependent, two- and three-dimensional elements to perform the time dis-
cretization of the finite element equations.

o FROW '

Called to calculate the difference between the leftmost (uppermost) non-zero coefficient
and the diagonal coefficient in those rows (columns) of the element stiffness matrix for

* which the vector LM(I) > 0, and the first and last equation to which the element con-



tributes to in the full svstem of equations.

e GAUSQ

Called to set up Gauss quadratures for two-dimensional surfaces of three-dimensional ele-
ments. This information is needed in calculating the surface integrals in three-dimensional
problems.

e GDER2D

Called to evaluate global derivatives of the approximation functions in two-dimensional
clements. |

« GDER3D

Called to evaluate global derivatives of the approximation functions in three-dimensional
clements. |

¢ INTEGR"®

Called at the end of the last time step, at each optimization i‘eration to perform the
time integration of the cost functional. -

o INVERS

Called to calculate the inverse of a square matrix.

« IZERO -

Called to initialize an integer vector.

e IZERO2

Called to initialize an integer matrix.

s MULTIP

Called to compute the product of a ({ x m) and a (m x n) matrix.

"o POSTAJ"

Called at the end of the last time step to write the optimal velocity and pressure after
convergence of the optimization algorithm.
e POSTUN

- Called at the end of each time step to write the solution field (velocity and pressure)

after solving the Navier-Stokes equations.
e PREPUN

Calls subroutines to read the information about the problem type, fluid properties, mesh
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data and consiant and time-dependent boundary conditions.

o PROSUN |

Calls subroutines to form and to solve the finite clement equations both for the Navier-
Stokes equations and the adjoint equations.

e QINT2D"

Same as QINT3D for two-dimensional problems.

e QINT3D*

Called in three-dimensional boundary control problems to compute the surface integral
of the adjoint pressure (see equation (2.24)).

¢ RDBNCN

Called to read nodal points with specified essential or natural boundary conditions and

their values.

» RDCONT

Called to read from input file the data on problem type, number of nodes, number of
elements, the value of the convergence tolerance in Navier-Stokes equations, maximum
number of iterations allowed, weight coefficients of cost functional ancd the necessary flags
to direct the execution of the problem. :

e RDFLPR

Called to read from input file the fluid properties p, g, two or three components of the
body force (in two- and three-dimensional problems, respectively) and the penalty pa-
rameter {see equation 3.26).

e RDICAD"

Called at the beginning of each optimization iteration in initial control problems to assign
the new control variable as the initial velocity field. It is not called in boundary control
problems.

¢ RDINCN

Called to read the initial velocity field if it is specified.

e RDMESH ,

Called to rezfd nodal coordinates and element connectivity matrix from input file for two-

and three-dimensional problems.
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o RDREST

Called to read the initial conditions from restart file. This subroutine is called only if
the problem is restart of a previously converged solution of the Navier-Stokes equations
(i.e. with a lower Reynolds number).

e RDTIMB

Called in time-dependeut problems to read time-dependent essential boundary condi-
tions. o

e RDTIME

Called in time—dcpendent problems to read data related to time integration, such as ini-
- tial time, number of time steps, time increment, &, and the time step at which the inlet
valve is closed and outlet valve is opened (in the case of boundary control optimization).
e RDUDES" : :

Called in initial control probl_ems to read the desired velocity distribution.

e RDUNUL" )

Called at the beginning of the solution of the adjoint equations to initialize the adjoint
velocity field. It is called both in initial control and in boundary control problems. In the
latter case, it is also called at the beginning of the solution of the Navier-Stokes equations
to give initial conditions to these equations from the previous iteration.

e READMS

Called to read information stored on a random access file.

e SETINT

Called to set up quadrature rules of orders 1, 2 and 3 for two-dimensional elements. This
information is needed in calculating the surface integrals in two-dimensional problems.
e SETNAT

Called in two- and three-dimensional elements to calculate the contribution to load vec-
_tor from natural boumiar_v conditions in Navier-Stokes equations.

e SHP2D1

Called to set up the appro.\'imatioﬁ function and its local deﬁ\'a{tives for 4-node two-
dimensional elements. This subroutine is not presently used.

e SHP2D2
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Called to set up the approximation function and its local derivatives for $-node two-
dimensional elements. This subroutine is not presently used.

e SHP2D3

Called to set up the approximation function and its local derivatives for 9-node two-
dimensional elements.

e SHP3D1

Called to set up the approximation function and its local derivatives for 8-node three-
dimensional elements. This subroutine is not presently used.

e SHP3D2

Called to set up the approximation function and its local derivatives for 27-node three-
dimensional elements.

o SINT3D

Called to set up quadrature rules of orders 1, 2 and 3 for three-dimensional clements.

This information is needed in calculating the \'olinﬁe integrals-in three-dimensional prob-

lems.

e« SKYLUB :

Called to solve the linear system of equafions AX = b, where A has been stored in
blocks on low-speed storage.

o STEERV

Called to form the steering vectors MLNODE and MLEAD. MLNODE contains the num-
ber of degrees of freedom at each nodal point and MLEAD contains the first position in
the global matrix of unknowns that this node appears.

e WRGNDT

Called to print out the generated input data.

e WRITMS

Called to write information to a random access file.

e WRICAD"

Called only once at the beginning of the first optimization iteration in initial control
problems to assign the initial velocity field as the first control variable. It is not called

in boundary control problems.
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e WRTTLE

Called to print the title page in the output file.

o WRUADJ"

Called in optimization algorithm. after solving the Navier-Stokes equations, to store the
solution field (velocity and pressure) to be used in solving the adjoint equations.

e ZERO

Called to initialize a real vector.

e ZERO2D

Called to initialize a real matrix.

e ZINT2D*

Same as ZINT3D for two-dimensional problems.

o ZINT3ID"

Called in three-dimensional boundary control problems to compute the surface integral

of the adjoint velocity (see equation (2.24)).
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Appendix D

Validation of the Computer Code

Because of lack of experimental and numerical results on the optimal control problems -

described in Chapter 4, it is not possible to validate our numerical results. However, it
is possible to test the results of our Navier-Stokes solver against other available results.
Among the available sources, we decided to compare the results of our code FLOPTIM
with those of the code FIDAP (FIDAP7.07, 1993) for a few geometries.

In all the following examples, 9-noded quadrilateral elements have een used and the
steady-state Navier-Stokes equations have been solved by the penalty function method

with a value of ¢ = 1.0 x 10~7 for the penalty parameter, for both the present and the
FIDAP codes.

D.1 Axisymmetric Step Flow

The geometry, the mesh and the boundary conditions are depicted in Figure D.1. A
parabolic velocity profile with a rnaximum magnitude equal to 1.0 has been imposed on
the inflow boundary. In Figure D.2, velocity vectors, streamlines, and pressure contours

from FLOPTIM are presented for Re=60. The corresponding results from FIDAP are
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shown in Figure [.2. The same problem was repeated with Re=200 and the results are

presented in Figures D.4 and D.5 for FLOPTIM and FIDAP, respectively.

In the case of Re=60, both codes are in very good agreement in predicting the
velocity profiles, streamlines and pressure contours. However, In the case of Re=200, the
velocity profiles immediately after the circulation zone are slightly different. The above

problems have also been numerically reported by Hughes et al. (1979).

D.2 Driven Cavity Flow

A problem description is shown in Figure D.6. The upper plate of the square cavity is
assumed to have a dimensionless velocity of magnitude 1.0. The problem was solved for
two different Reynolds numbers of Re=100 and Re=400. The results for Re=100 are
- shown in Figure D.7 and D.8 for FLOPTIM and FIDAP, respectively. In Figures D.9
and D.10 the corresponding results are presented for Re=400.

The results predicted by both codes are in very good agreement for both Re=100
and Re=400. In the case of Re=100, the center of vortex is predicted at (0.597, 0.736)
by FLOPTIM and at (0.606, 0.732) by FIDAP. In the case of Re=400, these values are
(0.569, 0.604) and (0.563, 0.598) for FLOPTIM and FIDAP, respectively.

D.3 Two-Dimensional Model in the Boundary Con-

trol Problem

In this section, the two-dimensional model of the boundary control problem in section
4.2.1 is studied. The geometry and the mesh are the same as shown in Figure 4.1. The
inlet port is closed and the outlet port is open and a constant velocity of magnitude one

is imposed on [y, The Reynolds number was Re=241, the same value used in section

-
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4.2.1. The velocity vectors and streamline contours are shown in Figures D.11 and D.12

for FLOPTIA and FIDAP. respectively.

A low velocity region at the top of the open port is similarly predicted by both

codes. Streamlines and pressure contours are also in good agreement in both cases.
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u,=1-r%, u,=0 (inlet) 1,=u,=0 (outlet)

\ Z t,=u,=0 (axis of symmetry) \
24r°F =
r u,=u,=0 (wall} l
2.1 42 |

Figure D.1: Top: Problem description, and bottom: the mesh in axisymmetric step flow.
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Figure D.2: Top: velocity vectors; middle: streaxﬁlincs, and bottom: pressure contours
from FLOPTIM (Re=60). |

M} ]

Figure D.3: Top: velocity vectors; middle: streamlines, and bottom: pressure contours
from FIDAP (Re=60).
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Figure D.4: Top: velocity vectors; middle: streamlines, and bottom: pressure contours
from FLOPTIM (Re=200).

Figure D.5: Top: velocity vectors; middle: streamlines, and bottom: pressure contours
from FIDAP (Re=200).

135



u,=1,u,=0

u,=u,=0 u,=u,=0

T

Figure D.6: Left: problem description, and right: the me&;h in driven cavity Row.
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Figure D.7: Left: velocity vectors, and right: streamlines from FLOPTIM (Re=100).
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Figure D.8: Left: velocity vectors, and right: streamlines from FIDAP (Re=100).
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Figure D.9: Left: velocity vectors, and right: streamlines from FLOPTIM (Re=400).
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Figure D.10: Left: velocity vectors, and right: streamlines from FIDAP (Re=400).
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Figure 7D.11: Left: velocity vectors; middle: streamlines, and right: pressure contours

from FLOPTIM (Re=241).
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Figure D.12: Left: velocity vectors; middle: streamlines, and right: pressure contours

from FIDAP (Re=241).
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