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ABSTRACT

The product-limit estimalor is sboum‘ to be a strongly
uaniformly consistent estimator of the distribution function of a
renewal process which sftarlcd long before the commencement
of observation. This product-limil estimalor is based on the
censored data obtained fro{n indepemi’ent realizations of such a
process m one of two scenarios: one observation per renewal

process, and multiple observations per renewal process. In the

Jormer scenario a lower bound on the rale of convergence is

oblained.
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CHAPTER 1: Introduction

This thesis considers one form of the problem of estimating the underlying distribution .

function of a renewal process from censored observations. In particular, we investigate the

properties of a product-limit estimator for the. distribution function when the ohservations

begin between renewals and are deterministically censored on the right.

o
—

i

: Nonparametric estimation of distribution functions
AR = .. .. . . :
In the class’ﬁ‘hpproach to estimating distribution functions one makes n independent
observations of a random variable (r.v.) which has the distribution function {d.[.) F. If these
observations are. denotéd by the random variables X;, ... , Xn, then a natural nonparametric

estimator for the distribution function is the step function

Fa(s) = § 3 Toop(Xe(w) 1)

where 14 is the indicator function of the set A. This is the empirical distribulion function for
the independent and identically distributed random variables Xis s s Xuo By the Glivenko-
Cantelli ‘theorem [B1] the error in this empirical distribution function has the property that

sup|Fn(x) — F(x)] — 0 a.s. That is, there is uniform convergence of the empirical distribution
it Bl .

to the distribution function F as. This is referred to as slrong uniform comsistency of the

estimator. (Strong consistency refers to the a.s. convergence; for convergence in probability the
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qualifier strong is omitted.} Some authors: have attached such importance to this result that

they have referred to it as the fundamental theorem of statistics [L1]. There has been

considerable research effort spent searching for cstimators which have similar convergence

. properties under less restrictive conditions.

In the area of survival analvsis and life testing, where observations may be censored, a
frequently useful estimator of the distribution function is the product-limit or Kaplan-Meier

estimalor [K1]. For instance, to represent the independent random censoring sitvaiion, we let

- (Xn: n2>1) be an independent sequence of positive random variables with common distribution

function' F, and let (Un: n>1) be an independent sequence of positive random variables,
independent of (Xa: n>1), with a common distribusion function G. The actual observations

(and their types: censored or not) are represented by

¢

%, =X AU, re=1(.<0] @
where A denotes minifnum_. The two processes D, and Rn deﬁned by
 Dae) = 3 IR L= @
- = | ‘ | -
Ru(t,w) = i".l[ Xe(w)>t} ” c . “4)
= .. r=1 . ' '
are combined t_p form the pr@uct-iimit estimate,
1= Fa(tw) = 1;'[= (1: - —%ﬁl“;)—) . _. | | | L B) |

where ADn(s,w)= D(s*.w}—D{(s~,w), and the product is over that [inite number of s where
ADn(S,U) # 0.
The product-limit estimator is used in lieu of the empirical distribution function in many

situations which involve censored data. In a number of cases it has been shown to have strong

>

N .
uniform: consistency and other properties analogous to those of the emmpirical distribution

function.

v



The application — stabilized renewal processes

The prototype physical model of a renewal process involves the successive replacement of
light bulbs. A bulb is installed for service at time 0, fails at time X,, and is then renewed with
a new bulb. Thé second bulb fails at time X;+X, and is renewed with a third bulb, and so
on. The lifetimes of the bulbs (inter-renewal times) are assumed to be independently and
identically distributed according to a distribution function F. If one observes o single renewal
process until the nik renewal, or equivalently n independent renewal processes until the first
renewal, then the observations which are made on the process are the random variables Xy,
X2, - . -, Xn which represent the inter-renewal times. For this situation the cmpirical
distribution function (1} is a strongly uniformly consistent estimator of the distribution

function F.

.However, the process we will consider corresponds to the physical situation of
commencing observations at some time after the renewal process has started; we will refer to

this as a stabilized rencwal process. *
Definition A stabilized renewal process with underlying distribution F ix an independent
sequence of random variables {(Y,Z)., X;, Xs, ... ) delined on a .common probability space
(2,%,P). The inter-renewal times X;, Xa, ... are distributed according to F where .F(l)-)#l)
and p=fsdF(s)<co. The pair of r.v.s (Y, Z) are positive and independent of the X; but not

necesssarily of each other, and are distributed according to

Fygza) = & [ () - P es | - (6)
{0,¥] |

for non-negative y and z, with FY,Z(y,z) = 0 elsewhere. .

The r.v. Y represents the age of the object in use at the time the observations commcn.c':_d; A
represents the remaining life of that object; and X;, Xa, «. Tepresent the times bel.wt;eu all
‘renewals after the first one:observed. The d.f. (6) is the ]iﬁliting joint distribution of the
backward and forward recurrence  times of a renewal process if F is non-arithmetic. A
stabilized renewal process intuitively models the situation where observations of a rcngwal

process commence a relatively long time after the process started.
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We shall assume that a sequence of independent and identically distributed stabilized
renewal processes can be observed. Consequently, even with a finite censoring time, one can
make statements about the asymptotic properties of various functions as the number of

renewal processes under observation tends to infinity.

We will consider the problem of estimating the d.f. F of a stabilized renewal process for
two different cases. Both cases are subject to deterministic censoring at a time T after the
observations commence. In the first casei\t\hc only observations are the -pair of random
variables (Y,Z) or their censored version. In the second case, one cominucé observing each

stabilized renewal process until censoring occurs.

Previous results

‘The product-limit estimator was proposed by Kaplan and Meier in 1958 [K1], and since
that time it has been the subject of much study regarding its application to the statistics of
censored data. Recent developments in this area have sean\the application of the theory of
counting processes, martingales and stochastic integration to the analysis of the product-limit
estimator [AI], [G3], {S1], and [F2]. The application of product-limit estimators to renewsal
processes is of interest because it is one instance where standard techniques are not readily
applicable [G1]. Previous work in the area of applying product-limit &stimatdfs to renewal
processes includes [G1], [G2], and [W1].

-~
P 2z
- -~

= . X - N - _ . .
“Ia [G2] Gill shows the strong uniform consistency of the product-limit estimator in the

case of an ordinary renewal process with deterministic censoring. By an ofdinary renewal
process we mean the observations commence at the same time as the process. Gill goes on to
show that, in the case of integer-valued observations the error at the integers converges to a
normal distribution; and in the case of continuous F, the error in the product-limit estimator

converges weakly to a continuous zero-mean Gaussian process.

In [W1] Winter and Féldes consider the first form of the problem that we will study.
They assume that the pair (Y,Z), or a censored version thereof, is the only observation made of
cach of n stabilized rencwal processes. Under these conditions Winter and Féldes show the

strong uniform consistency of a modified form of the product-limit -estimator as the number of

\¢



renewal processes approaches infinity. They also obtain lower bounds on the rate of

convergence of the estimate,

Outline

In Chapter 2 we summarize the assumptions, notation and conventions used throughout
this thesis, and describe the relationship between product-limit estimators and hazard

functions.

In Chapter 3 we further investigate the case of a stabilized renewal process studied by
Winter and Fdldes [W1]. We refer to this as a stabilized rencwal process with a simgle
observation. By modifying and extending the approach used in [W1] we are able to obtain
strong uniform consistency resﬁlts over the whole real line. We also obtain a lower bound on

the rate of convergence.

- In Chapter 4 we look at stabilized rencwal processes with mulliple observalions, that is,
cbservations are not stopped after the first renewal but continue until the censoring time 7T,
We are able f(y\show that a product-limit type estimator also provides a strongly uniformly .

consistent estimate of the underlying distribution function over the whole real line in this case. -

Considerable effort was spent trying to obtain weak convergence results for the cstimators
of Chaptcré 3 and 4, with very limited success. The results which were obtained are not

" included because of their incomplete nature.

Results which were straightforward to prove but could not be found in the literature have
been included in the appendix, for the sake of completeness. Also proofs whiclh are only minor
variations on those which can be found in the literature have been relegated to the appendix.

References to the appendix use the form, for example, (Al).

‘F



CHAPTER 2:. Stochastic processes, hazard functions,
,_7/F\', -
8 and related miscellanea

Before we delve further into the theory of product-limit estimators for distribution

functions, the requisite number of definitions, notations and conventions are in order.

Notation and conventions

-

All real-valued or extended real-valued functions or processes, Q:R—R or Q:R—R, shall
be a&;umc:d\ to be 0 on (—o0,0). A function shall be said ‘to be increasing if it is monotone
nondecreasing; decreasing functions are defined similarly. If Q has left-hand limits everywhere
we dcfim: ) |

v=1-0w). )

If Q has both left- and- right-hand limits at t we define AQ(t)=Q(tH)—Q(t™), provided the
right-hand side is defined. For Q, Q':R—IR and 0<t<co the sup-norm metric will be defined
by

p@Q) = s [0~/ - , o

We use the notation:I, and I[...] to denote the indicator of the set A and the event [...],

respectively, and



t = min {t;,T} _ (3)

where T is a fixed positive real (a deterministic censoring time). We follow the convention

that —%--0 = oo0:-0 =0and that%— =0.

Stochastic processes

Let (2,%,P) be the probability space underlying the discussions which follow. Let B be
the Borel o-algebra on R. A real-valued stochastic process on (Q,%F,P) is a map X:RxQ—R
such that the maps w»-X(t,w) are measurable from (Q,%) to (R, B) for all teR; e, X=(X:
teR) is a family of random variables indexed by R. The dependence on w will frequent!y be
suppressed when working with stochastic processes. When we say a process is lelt-continuous,
right-continuous, decreasing, increasing, has limits from the left or right, or is of bounded
va.riatiori, then we mean that the sample paths X(-,w) have these propertics a.s. Let E be the

expectation operator.

Sample-path integrals

The integrals considered here will be of the form [ [n.HXdY where X and Y are .
stochastic processes that are of bounded variation on 2 closed interval containing [a,b] in its
interior. We refer to such integrals as Lebesgue-Stielljes iniegrals by analogy with thcw
termihologjr used when the integrator is increasing (sce (Ai)). Under these conditions, the
integral \«‘
( f X dY)(w) = j X(s,w) Y(ds,w) - (4)

[a.8] [a,2]

refers to the Lebesgue-Stieltjes integral along the sample paths of the two processes X and Y.
Under conditions which will generally hold in this thesis, [a‘b]}( dY is a random variable, see
(A2).

£\



Hazard functions

Although the focus of this thesis is the product-limit estimator, we will deal mainly with
the associated hazard function because it provides both a motivation for the use of the pro@uct-
limit estimator and a convenient framework for analyzing the product-limit estimator. A life
distribution is a distribution function F with F(0=)=0 and F(c0)<1. The cumulative hazard

Junction A, associated with a life distribution F, is defined by the Lebesgue-Stieltjes integral

a0 = [ (e dFe . o (5)
[O’t’] . ’

In the following, we will refer to the cumulative hazard function as simply the hazard function,
dropping the modifier cumulaiive as is usually done with its counterpart, the cumulative

distribution funcﬁoln. ,
. b . i .

. \ . B .

. | Bample 2.1 Let F be the d.f. corresponding to a uniform probability density on [0,1], ihat is,

[ oo 0 ‘ Cif 6<0
’ Ft) = {f, t ifo<t<l .
1 if t>1

Then the corresponding hazard function is

¢ if <0
Alt) = { —log(1-t) ifogt<l .

o0 ift>1

!

Conscquently we sce that A can be infinite for finite t.

Example 2.2 Let F be the following d.f. which includes a jump of e~latl:

0 i <0
» Fm={1~w ifo<t<l .
| 1 ift>1

Then the corresponding hazard function is



9.
\ '.‘ . -~
o0 - ift<0
A(t)“—'{-. t fo<t<l . -
o 2 ife>1, o

- ST NI
Consequently we see that ‘A can have ﬁnitg_jum'ﬁé and need not be unbounded.

Let F be a life dist.ribut-ion, with hazard function A, then define

_ 7 = sup{t€R: A(t)<co} ' {6)
- =

‘and, for t<T, let
AS() SAM) =D o AALS) _ ) M

be the continuous part of the hazard functiou where the sum is over the countable number of 5 °

where AA(s)>0. Define the transformation @ of the hazard function of a life distribution by

1 —exp {—A%t) }- [I(1- AA(s)) if —co<t<r
R(A() ={ ' SEE (8)

ifr<oo and t>r

 where []é(s) = exp {Es(g log ¢(S)}v with log 0=—co and ¢~ °=0. Then ¢ is the inverse
<t =

of the transformation (5) (sce [G2], [S1], or [W2]); i.c.,
Ft) = ®A®) 5 for —co<t<oo. (9)

The following examﬁlgs illustrate the correspondence between hazard functions and distribution

functions.

Example 2.3 For a partial proof of (9), consider a d.f. F which is continuously differentiable on
[0,7). For such F, note that
) N
),
S



10.

_ dF(s) F'(s)
A = [ e =/ ToFm
[0,t] [0,t]

ds

is continuous on [0,7) by the fundamental theorem of calculus, and hence
d(At)) =1 — exp {—A(t) }.
Let G(s) = —log(1—F(s)); then G'(s)=F'(s)/(1—F(s)); consequently A(t)=G(t) and

F(t) =1 — expflog(1—-F(t)} = 1— exp{—A(t)} = P(A(L))-

Example 2.4 1f the distribution function F is a step function with jumps at 05t1<t-_;<---<t.k
and X~F, then A is a step function with jumps ' '
N [X=t]
’ P X:t,-
MO =T

if t=t; and 0 otherwise.

Furthermore, with t;=max {t; : t;<t}

PX>t] _ PX>t] P>t PIX>t;]

JO= 28 =11 prsir = PRzl PlXswl 7 PINS]

_ P2t} | PIX>t] | PX>1]
= PRzl PRzl PIXEt)

="P[X>t]

i

1 — F(t) .
This verifies (9) when the distribution function is a step function.

Example 2.5 If the hazard function A is a step function with jumps at 0<t, <t,<...<t, then

. the inversion formula reduces to

Fit) =1 — ] (1 — AA(t,)). ‘ (10)

i<t
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The observant reader will note the similarity between (10) of Example 2.5 and the
product-limit estimator of (1-3). The advantage of the hazard function approach is that it

suggests some natural estimators for distribution functions. In particular, (5) implies that

AA(s) = %((?)

and this suggests that AA(s) might be estimated by

#{inter-renewal times of exactly s} / #{objects observed}
#{objects observed at age s} / #{objects observed}

where #{...} is the cardinality of {...}. This empirical estimate of AA(s) is the ratio of the
number of observed inter-renewal times of exactly s to the number of objects observed at age s,
The latter is often referred to as the number at risk at time s. This approach provides a
discrete estimate (step function approximation) of the hazard function using the observations

at hand.

Example 2.6  If the distribution function F is a step function with ‘:jumps at
0<t, <ta<...<tiand X~F, then A(t) can also be written as

A(t)_z IIZR;]] th P[X=t,|X>t] -

(3

This form suggests an estimator of the form

2 AD(s) .

Alt) = —_— 11
( ) ’%:t R(S) . (11)

where AD(s) is the number of inter-renewal times of exactly s, and R{s) is the number of

objects observed at age s. An estimator of this form was first proposed by Nelson [N1], [\ 2]

and is often referred to as the Nelson hazard est:mator.
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Example 2.7 If we apply the inverse transformation (8) to the hazard estimator of Example

2.6, we obtain

Py =1-J] 1 = 8A()

=1 —‘LI‘ (1'—-%2‘)‘) (12)

as an estimator of the distribution function, a type of product-limit estimator.

As the last two examples indicate, hazard estimators and product-limit estimators are

two sides of the same coin. They are related by the transformation v

F = &) - - . C13)

The hazard function is inherently easier to analyze because of the linear way in which it treats

" the observaiions, as opposed to the nonlinear form of the product-limit estimator. This

advantage will become evident in the following chapters and, as an aside, we note that the
relapion?.ship between hazard functions and product-limit estimators is one instance of a larger

class of corresponding sum- and product-integrals [G3].

(]

i
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CHAPTER 3: Product-limit estimator — single observatlon
of a stabilized renewal process

In this chapter we study a form of the problem of estimating the distribution function
associated with a stabilized renewal process which was considered by Winter and Foldes [W1].
We consider a sequence of“such processes, independent of each other, each with anderlying
distribution F; we suppose ihat. cach process is observed only until the {irst renewal or the
censoring time T, whichever occurs first. For the rik process (Y('),Z(r).h(r) \S.r), - ), er)

represents the age of the rih among the n objects under observation at the time the

observations commenced, and Z‘r) represents the remaining life of that object. The random

" variable Z(r)= min{Z(r),T} represents the length of time, possibly censored, that the object

was under ‘observation. Define I\")= I[Z(P)ST] to indicate whether an observation was
censdred or not. Then the single observation made on the rih process is, represented by the
random triple (Y(r) (F) (r)) This information is used to cstimate the ﬁuclur[viug
distribution, F, usmg a product-limit estimator, and to st.ud\. t.hc a:-vmpt,ouc behaviour of the

estimate as n-—-oQ.
Assumptions
We assume there exists a >0 such that F(+~) = 0. We also assume that T>+ because

otherwise the situation becomes trivial. The constant 5 is akin to a warranty period over

which the object is guarantced not-to fail. This constant ¥ is needed to show uniform .
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convergence over an interval starting at zero. As the lifetime of an object decréases, the
probability of observing it also decreases in the scenario described above. In the limiting case
it is impossible to observe an object with a lifetime of zero. In practice the constant ¥ could be
as small as one wishes, and if it is much smaller than the time scale of the process, it will for

practical purposes be equivalent to zero.

Estimation equations

"The time axis for each stabilized renewal process is defined such that t==0 corresponds to
the beginning of the life of the first object observed. The number of observed inter-renewal

times of t or less is represented by

Dat) = 3 IV 420 <, 17=1] . Q)
r=1 ! .

This process is clearly right-continuous and increasing. The number of objects under

observation (number at risk) at agetis represented By the rov. '

Ra() = D IYV<t < Yzt " )

r=1

{(We define Ra(t) with Y <t rather than, as in [W1], Y(F)St. This is of no practical
consequence since Fy(t)= f[o_,l{l—F(s)}ds [W1], and thus P[Y:t]:l].- However, this

i
modification js useful because it makes Rn(+) left-continuous.)

To estimate A, we use a Nelson hazard function estimator, analogous to (2-11):

ADﬂ(S)
Al = _—. 3
lt) 2 ey @
N :
It is useful to note that An can al<o be represented by the stochastic integral
RN

tn(®) = [l d0ae . @

[0,(1 ’

SN
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T{ we note that (4) can also be written as

o = [ 020

iy

[0.2]

then it can be shown that the integrand in this cxpression is of -bounded variation and

consequently, by (A2), An(t) is 2 random variable.

To obtain an estimator of F, we apply (2-13) to the hazard function estimator in 1), and

-that yields the product-limit estimator

; F..(t)—l-l;[(l—ARI?:ES)).. . - ®)

Example 3.1 Suppose the following observations were made on four stabilized rencwal
processes: Y(1}=1, 2(1)=4, Y(2)=2, '2(2)=1, Y(3)=4, 2(3)=4, Y(q)zﬁ, 7 =1, and only the
third observation was censored. . Figures 3.1 and 3.2 show different representations ol these
observations and the functions D,, K, Ay, and Fq, for this outcome. Note that F {eo)<! in

this example.

b}

Altcrqft:'vc representation of the hazard function

.. Several results which are useful in showing the convergence of the hazard estimator (4) to
the true hazard function can be extracted directly from [Wl] The first is obtained from
Lemma 3.8 of Wl w lth 02 =0; when adjusted for the redefined Ry it states that l.h-: n.\pcctcd
number of objects under observation at age t satisfies

W

ELRa(t) = & F(t) for 0<t<oo . o (6)

Since F(t) is a decreasing function, (6) implies

ELRn(t) 2,’”}5‘,’) if y<t<o . (7)

\_\
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Represe_ntqﬂon of observations of object lifetimes for Example 3.1:
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N — JELD.)) = j _
. ELRn(s)

13.

The second useful result is obtained from Lemma 3.9 of [W1]; it states that the expected

numbet of renewals observed at ages up to and including:t satisfies

ELDa() = L / 5 dF(s) for 0<t <0 - ()
(0.1

It follows from (8) and the assumption that F(y~}=0 that

ELD.(t) =0 iftcy (9

since, for such ¢, '
0 < ELDA() = ) f sdF(s) < 3 (F() — F(0) = 0. (19)
0]

The combination of these two results leads to the following alternative representation of

the hazard function.

Lemma 3.1 For every teR :

AQY) = 1 4ELDa)s). - o)
g ERRA(S) ‘

Proof By (6) and (8), and since F(0)=0 by assumption,

I
=
&

[

o
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Variation properties of the number at risk

If f is a function of bounded variation on the bounded interval [a,b], such that [(x)>c>0

on [a,b], then -%.— is also of bounded variation and the total variation, V3§, satisfies
vicp shkvan. | ' (12)
Furthermore, if f and g are functions of bounded variation on [a,b], then so s [z and

Vitig) < V() sup [s(x)] + Vitg) sup |i(x)]- (13)
a<zr<h o alr<b -

The proofs of these results are straightforward and are provided in (A3) and {A4)} of the
Appendix.

Lemma 3.2 For o such that y<e<oo and F(o) > 0,

ve( ( ELR,)! _.io_.'i‘__, 14)
SCERRY) < e o

Proof From (13) and (0) it follows that

V3( ELRn) <1+l = 2; .

Consequently, (12) and (7) imply that

a 1p y-t 7F(o) T2 9 . 20p .
SCERR) < (T57) - B = .o

‘Kiefer's result and its consequences
In [K2] Keifer obtains a result which can be shown (see (A3)) to imply the following. For
deNT, let ((Xsl), s ng)) ri= 1,2,...) be an independent identically 'distributed sequence of

: ¥
’d
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R?%-valued random vectors on a probability space (§,%’,P"). Then there exists Q€% with

P’(Q,)=1 such that if w&Q, then one can find ny(w) for which n>ngy(w) implics

a

sup__pa [Qh(aw) — Q)] < Ja~llog n (15)

where, for a= (2;,24, ... 33),

’ n d . . .
Q@ =13 1xP<ay, . XE<a,] and Q)= EQX() (16)
r=1
Le., 'Qa) = F"[XgIJ <ay, e ng)sad]. The inequality (15) implies the multidimensional
Glivenko-Cantelli theorem, and it is stronger in the sense that it provides information on the

rate of convergence. In our application it leads to thc iollowing lemma.

Lemma 3.3 There exists Q€T with P(2;)=1 and where, for each w&Qy, there is a nglw)
such that if n>ny(w) then

SUPteR I%D“(ta“’) - ‘E%Dn(t)l < {n"llog n N
"and
| sup, g [iRa(tw) — IE,liRn(t_)l < 2/n~llogn . | (18)

Proof From (1),
n ‘
oa®) =53 127<T, YO +20<y.
r=1
As this is the \ra._luc at (T,t)€R? of the two-dimensional empirical distribution function of

@7, ¥ 42, (15) implies (17).

From (2),

BRa) = £33 1Y <ty 42
r=

ra=l r=1

] =13 y<g - LYy« Y420y



As (15) clearly remains valid when some “<™s are replaced by =< in (16). (18) follows. a

Convergence of the hazard function estimator

The above results are used in the proof of the following theorem to show the strong
uniform consistency of the hazard function estimator and to provide a bound ou the rate of

convergence.

B

'
|

Theorem 3.4 Consider 7<a<oo with F(o~) < 1. There exists Q*€TF with P{Q*)=1 such
that for each weQ*

— :
——
-

sup |An(tyw)—A(t)] < ct;,..ln‘1 log n _ (19)

0<t<e

for some constant ¢y depending on F and ¢ but not on w and all sufficiently large n.

Proof Consider t€[0,0]. From (4) and (11),

[An(t) — A = —2— ddpa)s) - [ —pl— dELDM)G)
[0.‘] ﬁRn( ) ’ [a{] EﬁRn(b)
: m/q( o B ko

d(iD. — ELDa)(s)

[0,¢] EIlR"( )

< Aa(t) + Ba(t)

where ! ]
#iRn(s) — E;Ra(s)

An(t) = iRn(s) EjRn(s)

and (0,e]

d(1Da)(s)




1
tw

- —1 _d(lp, —ELDn)) |-

" ' Bn(t) =
A ELRn(s)

To obtain a bound for An(t) we make the following observations.

» Let 0<t;<y and t;—7 as j—oo. Then (9) and the fact that Da(-,w) is non-negative and’
increasing imply that TliDn(t,w)=0 for 0<t<t; for all we; for some Q;€F with P(Q;)=1.
Lét Qp=nNQ;; then P(QY=1 and, for w€Q,, Dn(t,w)=0 if t€[0,7). Therefore An(7) =0
on Q. Similarly, Ba(y~)=0 on some QY where P(Qf)=1.

In the following assume that weR*=QINQYNQ,, where Q; is as in Lemma 3.3, let ny(w) be

as in that lemma, and suppose that y<t<o.

s Let ny be the smallest n satisfying 2,ln'llog n < I:E‘a). If n>max{ng(w). ny}, then (7) and

(18) imply
iRn(tw) > EfRa(t) — 2‘,] n"log n > 71::,((40) ..

. %Dn(-,w) isa probabilif.y subdistribution function.

Combiniﬁg these observations with (7) and (18) we have, at w and for n>max{ng{w),m},

2,] n"log n

7E(s) ¥F(s)
2u M

< 4p2,[n'llog n

= (F())

| Anlt) € An(r?) + j d(1Dn)(s)
[nt]

To obtain a bound for B,(t) we make the following observations. BN

o Let f(s) = (E%Rn(s))"‘ and g(s) = -}iDn(s,w) - E%Dn(s). Note that fis Ict't.:-cont.inuous, see
(6), and g is right-continuous. By (14), { is of bounded variation over [7,0] and, since g is the

difference of two monotonic functions, it is of bounded variation as well. Applying the general



formula for integration by parts, see (A6),

Balt,w) € Ba(y,w) + -/ i(s) da(s) + f f(s7) dg(s) + f f{s) dg(s)

{+} (r.7) {1} 7

[0 2 + 19ete) = trMetr™) = [ e a9 + [ auto.
{7} (r.1) . )

From {7) and (17}, for all n>ng(w),

- _ A n~! logn ‘ + + ,l n~t log n
]f(t' )g(t’ )[ < '—TW * [f('r ')g('J'. )1 < ’TF—M .
H Iz

From (14) and (17), for 2ll n>ny(w),

- — .
sup. lg)] - ViD € {nTlogn —=Z

*) dfl _— .
JESTC RO

(7-!)

From (7) and (17), for nzno(w),

e - s < L2 il n

f 1) dg(s)| <
{1} '

and, similarly,

f i(s) dg(s)| < 7—-F“F)z,[m—1 ogn. -

{7}

Combining these observations we obtain

__f_.’_q__ n'llo n.
) +7F(0))’I log

Combining the bounds for An(t) and Bn(t) shows that

]An(t) A(t)[ < F( ) .:'F-i(-‘i)ﬂ) ,] “llogn



for each w€Q™ and for all n2max{ng(w), n,}. The claim of the theorem follows. o

Convergence of the product-limit estimator

The previcus theorem shows the strong uniform coﬁsistency of the hazard function
estimator over the interval [0,6] when F(¢)>0. It remains to show that this implies the
convergence of the product-limit estimator to the true d.f. Recall that & is the inverse
transformation of the hazard function, defined in (2-8), and p, is the sup-norm metric defined

in (2-2). Then we have the following result.

Theorem 3.5 For any two hazard functions A’ and A", with F"=3(A’") and 1 —F"(s=)>0,

2
<

PUB(ANB(A) € ——F - p,(A"A") 20
(1-F"(e7))

for 0<t<e.

Proof 1t is shown in [W2] that if ¥’ and F* are life distributions, A’ and A" are their hazard

~functions, and t€ [0,00) is such that F//(t)<1 and A’(t)<oo, then

Pt(F'»F") < _5"'"‘_2' PR(A" A”)'
‘ (1-Fv)

For t<o, (20) follows immediately from this result. With te this result yields

[B(AY ) =AW ) €

(1 —F"(a‘))"' ‘PG(A’v A")

which is used inlthe following,.

If. t.<$up{t.€R: A'(t)<oo} then 1—¢>(A"(t.))={1—¢(A’)(t-)}(1—AA'(t)) from the
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inversion formula (2-8); this can be shown [\W2] to be true for all t€R provided that AN () is

defined to be zero when A’(t~)=co: analogous remarks apply to A”. Consequently.
[(@(A)—2(AM)o)| =] {1=S(A"N )} 1—AA"(5)) — {1:_—‘?(:\')(&‘)}(1-A:\'(«)) |
| < max {1-2(A")(e"): 1= 2(A) (07} [AA"(e) = 2n(e)]
+ max{l=AA"(0), 1= AA%G)} - [¥(A")(6™) — (A"} )]
< |8A(0)=AN(o)] + |#(A) (o) — H(AN ™Y
< 2po(AA") + ———B g (ATA7)

(1=F(e-))

= Pl AY)

: (1—F"(0'—.))

T

In

- where the second line follows from the relation

~
e

1

jab—ab'] < max{jal ]} - [b=b'| + max{bh{b'T} - [a—a’]. 0

This result combined with Theorem 3.4 on the convergence of the hazard fuuction
estimator proves the following theorem which bounds the rate of convergence of the product-

limit estimator to the distribution function F.

Theorem 3.6 Consider y<o <oo with F(o=)<1. There exists Q*€¥ with P(Q*)=1 and some
constant ¢, depending on F and ¢ but not on w, such that if weQ* then

oiug |Fn(t,w) - F(t)| < ¢y ,] n log n (21)
Siso ,

for all n gfeater than some ng{w).

feZ

This theorem clearly implies that

%]
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- —_ - N D)
Jim po(FaF) =0 as; | (22

that is, there is strong uniform consistency of the product-limit estimator over the interval
[0,6]. The following theorem shows that, as in the Glivenko-Cantelli theorem, this property

holds over the whole real line.
Theorem 3.7

lim sup | Fa(t) = F(t) [=0 as. ' (23)
nT LeR ‘ :

Proof For keN™, let o =inf{s€R: F(s) >1—%}. Then F(UI)SI—% and therefore there
exists Q,, with P(2,)=1, on whick lim pg, (Fn, F)=0.

Consider wENPQ, and an arbitrary €>0, and k such that ll_c<§' Then for t<o,. there

exists ng{w) such that

sup | Fa(t,w) — F(t) | <: % when n>ng(w).
0LtLoy
For t>0, and n>ny(w)

-

12FH>1-F
and "

12 Fa(te) 2 Faloge) > Flew) — L 2 (1-1) -

b Ll

hence |Fa(tw)—F()}< 3 < e | - | .0

This theorem shows that the product-limit estimator for the stabilized renewal process
with single observations is strongly uniformly consistent on R. The proofs of Theorems 3.5 and
3.7 do not depend on the form of the product-limit estimator, but rely only on the

N

transformation © which links the hazard estimator with the product-limit estimator. Thus any



o,T

hazard estimator which has the property Pa(-’\n.l\),—tQ a.s. when F(e)>9 will result in a
strongly uniformly consistent product-limit estimator t.hr&ixgh the application of these two

theorems. In particular, we have the following lemma.

Lemma 3.8  For any sequence of hazard functions (Aa)5°, and their corresponding life
distributions F. obtained via (2-8), if pg(An,Ag)—0 whenever Fy(e)>0 then ' |

lim  sup | Fa(t) — Foft) | =0 ‘ (24)
n o0 tER -

Related results

The apj;roach taken in this chapter closely parallels that of [W1]. Winter and Fokles use -

a hazard function estimator of the form

) = 5 Gy
REEY:

where (8s) is a sequence of positive reals tending to zero, and show that the corresponding
product-limit estimator is a strongly uniformly consistent cstimator of the ..umlcri_\'ing
distribution function for 0<t<e where F{o=)<1. Here, we have replaced the sequence (04)
with the condition F(y~)=0 for some >0 and have obtained similar results.. The
substantially new result in this chapter is the extension of the range of coﬁvcrgcncc to the
whole real line. This extension relies on a result from [W2] relating the error in the d.f.

estimate to that in the hazard estimate.

’

2

re



CHAPTER 4: Product-limit estimator — multiple observations
of a stabilized renewal process

In Chapter 3 we looked at the case where one observation is made of each stabilized
renewal proc:ss. In this chapter we will consider the case where observations continue until the
censoring time T. Recall that for a stabilized renewal process ((Y,2),X, X0, ... ) the random
vartable Y represents the age of the first object at the time when the observations begin, Z -
represents the ren:afning life of the first object, and X;,Xa,,... represent the subsequent: inter-
‘renewal times. In the following we carefully distinguish between age and time: the former
refers to the age of an in;iividual object, whilel the latter represents the total length of time
observations have been made on the process. The censoring time, T, refers to the total:length
of time the process is observed; and during this time zero, one, two, up to any number of
renewals could have been observed. All observed ages, after the first, must surely be less than
T. We begin the investigation of this problem by presenting the following useful result from’

renewal theory.
Expected number of renewals

For the stabilized renewal process (Y, Z,X;yX24.) PUt

. Sa= 2+ 3. X, 020 ’ )

k=1



/

ed

A

20,

and

]

I[Sk ‘-_f.:i‘:: R ) {'

g

N{t) =

I
—

"
i
o

The partial sum S, represents the waiting time to the (n+1)tk renewal (the first renewal
occurs at $g=2), and N(t) represents the number of renewals observed up to and including

time t. Observe that (Z,X;,Xa,...) is an independent sequence of r.v.s and, see (1-G),

PlZ<t] =/1_$2 ds. (3)
[0.e]

.
|
!

Thus (Z,X,,Xqs-.) Is 2 stalionary renewal process [F1] with uhdcrlying—,&?ﬁ"f l_“:"\f.-i;:ﬁ(t.) also

represents the number of renewals (up to and including time t) in this stationary renewal

process, it follows that

P[S, <t

It
.Mg

.
If
)

EIN()]

if 0<t <00 ; (1

Rl

see, for example, §X1.4 in [F1].

L

. N
Estimation equations

When observing one stabilized renewal process the number of observed inter-renewal
times ol t or less is represented by the r.v.

. o0 :

D(t) = I[Y+Z<t, ZLT) + 3 I{X,<t, S, <7}

k=1

) . Pore) ) :
=I[Y+Z<t, So<T) + 3 T[X, <t S, <T)- (5)

k=1 '

The number of objects which are under observation at age t is represented by

- l. - § m
R(t) = I[Y<t<Y+Z] + > [[X;2t, S, ST~y o ®
k=1

£
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- .
IY+Z>4] — 1{Y>t] + 3 I[X.>t, T—S;, >t)- (7)
k=1

Observe that, for any age t, D(t)<N(T) and R(t)<1+N(T—t). Since EN(T)=T<oo, it
follows that P[N(T)<oo]=1 and, for every we&[N(T)<oo], D(-,w) is right-continuous and
increasing, and R{-,w) is left-continuous. Equation (7) is useful because it expresses R{-,w) as
a difference of decrcasing functions and shows that R(-,w) is of bounded variation on R when

WweEN(T)<o0]. =~

As in Chapter 3 we shall assume that observations are made on a sequence of
independent copiecs of this process, the rth one being denoted by (Y('),z‘f),x(’),;’ﬁ_.", we)e
Define D" (t) and R.(r)(t) in a manner analogous to (5) and (6), respectively, and let

Ip.m=13 p% | ®)

r=1

and

r

IRy =13 rRO). (©)
) =1

To simplify notation=in the following we will make use of the observation that
ED(t)=EL1Dn(t) and ER(t)=ELRa(t).

To cstimate the hazard function A, we use a Nelson.hazard estimator, analogous to
. . o ‘ H ¥
(2-11): o -

= R“(é) - . .

: Ag%n, it is useful to note that A, is given by the sample-path integral

-
-

A,,(t,:[ f ]#(S) dDa(s) - _ (1)
‘ 0] . o :

In this case, the product-limit estimator of F is again, from the inversion formula:

Fa®) =1—J] (1 - ARI?ES) ). (12)

<t

A

b



Clearly there is no difference in form between the estimators of this chapter and those of
Chapter 3. The difference lies in the processes D, and Rn. Also note that in this chapter we
do not assume the existence of 7>0 such that F(7~)=0 or even that F(0)=0: we only require
that F(0-)=0. | "

Alternative representation of the hazard function

-

<
Following the approach taken in Chapter 3, we first determine the expected values of the

number at risk and the number of renewals. |

Lemma 4.1 ER(t) = % F(t) for t>0. : : ' {13)

Proof Using (3-2) and (3-6) with n=1, as well as (4),

. s}
ER(t) = P[Y<t<Y+Z] + ) P[X;>t, §,,<T—t] -
o k=1

= BFW + z P[X,2t] PS, <T—1)

= $F0 + 7O 3 PlsesT- =
T = o0

= L) + F®) Y PS.<T—4

k=0

F(t) + F(t)EN(T~t)

F(t) + Fo)- Lt 1[t<T)

i
Rl

~» As the proof of the Lemma 4.1 indicates, care must be taken to restrict all ages except

bl

the first, as well as the total observation time, to be less than T. For example, the situation

where the first renewal does not occur before observation ceases at time T is quite possible.



Lemma 4.2 '

ED(t) = & F(t). . - . i (14)

Proof Using (3-8) with n=1, and Theorem 20.3 of [B1],

o0
ED(t) = P[Y+Z<t, Z<T] + 3 P[X,<t, S, <T}
k=1 R

- .
[ 3dF(s) + Y [ P[Sp<T~s] dF(s)
(.} =

1
In
Since the integrand is nonnegative, the order of summation and integration can be

interchanged in the above expression. Using (4), this results in

Eb(t)' =1 f 5 dF(s) + f f P[S.<T—s] dF(s)

[9»!i ) [0.t) k=0 .

— . - ‘ T— .
= j $ dF(s) + f T3 1) aFE)
[.c] [0.6)
= [ T ars) = Tree). _‘ ‘ g ' )
[0.] )

' The two preceding lemmas lead to an alternative representation of the hazard function :

analogous to Lemma 3.1.

Lelmma 4.3 _ -
ED(t) = j ER(s) dA(s) | ' R
| - :
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and

A(t) = [Iﬁ(s)d(ED)(s). : : : | (16)
fo,t

Proof From Lemmas 4.1 and 4.2,

_/ ER(s) dA(s) = f T B
[B.] fo.:1

5 dF(s) = L & F(t) = ED(v).

Cancelling F(s) is permitted when F(t)>0, and it is casily shown that the result is in fact true

for all t as a consequence of the convention that 0-% = 0.

From (13) and (14),

j-muﬂm@"f

[0,2] [o,:

<Q=j-17 PO =AW, O

tf'-
=
3

Convergence of the hazard function estimator

We now consider the problem of showing the convergence of the hazard function
estimator to the true hazard function. In [G2] Gill examined a similar problem in the case of
an ordinary renewal process, and the following lemma is analogous to a result he establishes in

the first part of the proof of Lemma 2 of [G2]. A proof of this lemma can be found in (A7) of
the Appendix.

Lemma 4.4 Assume 0<o<co and F(e)>0. 1T IF(e) — ps(ER. LR.>0 then, on
oy

N(T)<oo] | . o 3
S pe(ED, 1D,) po(ER, LRa) (% + pg(rED”,’%D..))
————————————— + .

T oP0 -
P, An) € 2/ Dy (17)
¢ ) %F(O’) %F(U) F(O') -_— PQ(ER, "R.n))

Gz
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This lemma shows that pgz(A, An)—0 whenever pa-(iliDn, ED) and po-(xl-an, ER)
converge to 0. Clearly -.E.-o use Lemma 4.4 to show ihe strong uniform consistency of the hazard
estimator for a stabilized renewal processes, we must first show that po-(ll—an, ER) - 0 and
pg(il'l'Dn, ED) — 0 a.s. The following lemma provides this result. A proof of this lemma is

given in {A8) of the Appendix.

Lemma 4.5 Let h; :RxQ—R for i=1,2,... and let ¢ be a positive real. Suppose that either

-"\-

[

(a) for every fixed w, hy(,w) is a right-continuous, nonnegative, incréasing function and, for
fixed t€{0,e], (h;{t—,-): i=1,...) and (h;(t,-): i=1,...) are independent sequences of nonnegative,

identically distributed r.v.s of finite mean; or

(b) for every fixed w, h;(-,w) is a left-continuous, nolnnegahii'e, decreasing fﬁnct,ion and, for
fixed t€[0,0], (h;(t*,-): i=1,...) and (h;(t,-): i=1,...) are independent sequences of nonnegative,

identically distributed r.v.s of finite mean’

holds. Let H(t) = Eh,(t) and

Ha(t,w) = & i hy(t,w) .« - ' - (18)
k=1 .

Then pa(IIn, H)} — 0 as.

Part (2) of Lemma 4.5 can clearly be applied to Dn, and if we note by (7) that R, can be
written as a difference of two functions satisfying the conditions (b), this lemma can also be
applied to Ry. These observations combined -with. Lemma 4.4 lead to the following hazard

, function consistency result.

Theorem 4.6 Consider ¢ <00 with F{¢)>0. The hazard estimator for the stabilized rcn&m[

process with multiple obsc.rvatioﬁs'is strongly uniformly consistent over [0,0]; that is,

Jim po(And) =0as. ‘ ‘ (19)



¥
o

Proof Since .
o,
D(t~w) = I[Y+2Z<t, So<T) + 3 I[X, <t, $,.<T]
k=1
and the series becomes a finite sum on [N(T)<o0], the requirements on (h;: i=1,...), Il and
H in Lemma 4.5 are met on [N(T)<o0] by (D(i): i=1,..), %I-D,,, and ED, respectively. Thus,
po(ADn,ED)—0 as. |

Let f! and f2 be the two terms in the decomposition of R into left-continuous decreasing

functions given in (7),

£ =1Y+Z24 + > IX,2t, 5, ,<T—t] and 2 = I[Y>t],
k=1
and define Il—lﬁ, in'a manner analogous to (9). Then noting that remarks analogous to those
made about D(t—,w) also apply to R(t¥,w), we have

po(LRAER) € po(dfh L EM) + po(A . EF) — Oaws. | )

since each of the two functions in the decomposition satisfies the conditions of Lemma 4.5 on

[N(T)<oc]. Substituting these results in (17) proves (19). ‘ ‘ ‘ w

While this result proves convergence of the estimate to thie hazard function aws., it does
not guarantee a certain rate of convergence as the results of Chapter 3 did. This can be

attributed to the fact that Kiefer’s result does not scern to be applicable in this situation.

Convergence of the product-limit estimator

At this point we-can appeal to some of the results in Chapter 3 which do not depend on
= t.he(; particular hazard or product-limit cstimator being used, but only rely on the
transformation ¥ linking the two. In particular, Lemma 3.8 can be applied directly to obtain

_the following:
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- Theorem 4.7 The product-fimit estimator for multiple. observations of a stabilized renewal

process is strongly uniformly consistent; that is,

lim sup |Fa(t) —F(t) | =0 as. (21)
Lt St = ] feR H

Proof From Theorem 4.6, pg{AnA)— 0 as. whenever F(o)>0, and under this condition

Lemma 3.8 implies (21). T n]

This is a very simple yet important result, and it comes, almost free using the tools of Chapter

3, from the convergence result for the hazard function estimator.

Related results

This is the first treatment of stabilized renewal processes with multiple observations of
which we are aware. In that sense all results concerning these processes are new, but clearly
the approach taken parallels that of Chapter 3 and [W1]. In [G2] Gill considered the related
case of cstimating the d.f. of a renewal process when the observations commer'lcle with the
process. Ile was able to show the strong uniform consistency of the product-limit estimator
over the interval [0,0] where F(o)>0. We have drawn Lemma 4.4 from Gill’s work. Iowever,
because of the nature of our process (its open-endedness on the left), we are able to obtain the

Glivenko-Cantelli-like result over the whole line.
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Concluding remarks

This thesis has shown the strong uniform consistency of the product-limit estimator when
it is applied tc the censored observations of a stabilized renewa:l process. It has extended the
results of [W1] in the case of a single observation per stabilized renewal process by showing
that, as in the ,GIivenko-CanthIi theorem, the strong uniform consistency holds over the whole
real line. This “hesis is believed to be the first instance where the case of multiple observations
of a stabilized renewal process terminated by a deterministic censoring time is investigated and

the strong uniform consistency of the product-limit estimator is shown.

One area which we would have liked to have treated in this thesis was the weak
convergence properties of the product-limit estimator when applied to the above situations.
Investigations lead us to believe that useful results in this area arc achievable, but we were

unable to rigourously develop these results for presentation here.

N
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Appendix

(A1) To define Lebesgue-Stieltjes integrals when the integrator F is not necmrilf increasing
but is of bounded variation over [c,d] we let the variation of F over fe,t] for e<t<d be denoted .

by V(F), and define F! and F* by

0 : t<<c
Fit) = { ViF) e<t<d
Lviry 7 e
and o : '
—F(c) - t<e
F2(t) = { VE(F)—F(t) c<t<d
V{F)-F(d) t>d.

Then, for Ae(c,d)ﬂ'iB and measurable ¥:R—R, if j P dF1 is finite, j ¥ dF is considered

(_\C defined a.ndhcquals . . | A
f¢dF=f¢dF1—j¢dF2
A A A

where these latter integrals are ordinary Lebesgue-Stieltjes integrals.
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(A2) Lemma Let X,Y:RxQ—R be increasing functions which are left- and right-continuous,

respectively. Assume both X(t,:) and Y(t,-} are G-measurable for a—8<1<b, for some §2>0-

and —co<a<b<oo. Then the function

uo—-(deY) {w) . i . (1
fa,b]

-

is §/® measurable.

Proof Let P, be a sequence of partitions of [a,b] defined by

Pa: a= sg")<s§n)< <s(?.) =b

where SS )= a +ib32 Lt A(")_ [(n) (n)] and A( M= (s ) (")] for 2<i<2™, Dcfmc the

.)u hd *3i41 "°

sequence of step functions x )(-,w) by

Xw) = :Z ‘\(s‘_], w) IA(")(t) . , | -

sl i - N

For fixed t and w, it is straightforward to show that XL")(t,u) T X(t,w) as n=0o.

From the definition of the Lebesgue-Stieltjes integral, the lcft-contimfit.}:;' of X, and the
right-continuity of Y we have’

rx

( j X(“)dY)(w) =, ‘\(s‘_1 ) (Y(Sgnj-,w) Y(S(") )

3—1 W
i=1 -
[a.b] o

+ X(a.w) (\'(a’,u) - \'(u-;u)).

Fn,

Since the functions w—X(s, w), w—Y(s, w), and w—Y(a~, w) are G-measurable, it follows

-

that the mapping : a

e x™ dY‘ (w)

A\

i
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is §-measurable. By the monotone convergence theorem , for fixcd u

\\
( f x™ dY (w) ] X dY (w),
2] 2]

consequently {B1, Thm 13.4], [(,, X dY is G-measurable. o .o

Corollary Let X,Y:RxQ—R be, rtspéct.ivel_v, left~ and right-continuous functions which are of
bounded variation on a closed interval containing [a,b] in its interior. Assume both X(t,-) and
Y(t,) are §-measurable for a—é<t<b, for some §>0. Then [ {a,3] * 4Y 1s G-measurable.

(A3) Lemma Let f be 2 function of bounded variation on the bounded interval [a,b], such that
f(x)>c>0. Then % is alsc of bounded variation on [a,b] and the total vartation, V 5, satisfies

vily <L vi. )

(A

Proof If a=xy< ... < xm=bisa part.it.ion of [a,b] t.hen

fx .) fx;1)

) |r- () — ra(\,-l)l = T i .

1—1

< (g |r(\)| (}: |f(\,)—f(\ 1)

= vi. |
Since this holds for any partition of the interval [a,b], the stated inequality follows. O

-

L

. (A4) Lemma 1 { and-g are functions of bounded variation on {a,b], then so is fg and

-

Z | Vi) < VA sup g0+ Vi@ sup |f®)] - ()
. . J ' .‘ . alrih alr<h ‘ )

i



)

Proof If a=x4< ... < Xm=b is a partition of fa,b] then

i::l [(fg)(xi) - (fg)(x,-_l)l = z':“'x l{r(xi)_'f(xi-l)}g(xi) + {u(x;)—s(x; )} l.('\.i;l)l
< a;l;l;blg(:c)l 'ir_%]f(x;)—f(x,--a)]

+ sup |l'(x)| i ]g(X;)—S(-‘i-x)I
alz<h i

=1

< sup |glx)| VE(D +  sup |((v)] Vi(e) o
dﬁtfb nSer

, . Ad)y . . S _—
(A5) For deN?, let ((.\Sl), -y hf- )) ti= 1,‘2,...) be an independent identically distributed
sequence of R%valued random vectors on a probability space (',%,P*). It is known [K2] that'
if 1<a<2 then there exists a constant K, dependent on a and the dimension d but uot on the

distribution of the random vectors, such that, for any n€NT and any §,>0,

P'(An) < Ke 0005 , SN )
where ) :
An = {wEQ’: sup |Qiaw) — Q(;t)|>6,.} (5)
aeR? ‘ . o
- y
and, for a= (a;,a,, ... a4), N
} Qula) = % S, I[X?')s_a.l, . Xsd)gad] and Q(a) = EQn(a). . ’ ()

If éx =..|n'llog n then SP'{An) < o0 so by the Borel-Cantelli lemma P'(lim inf An)=0. This

impli&that there exists a set Qu€F’ with P'(Qg)=1, such that if weQ, then, for some ny{w),

'“supd |Qﬁ(a,w) - Q(a)l < (n"log n if n>ng(w). ' (7)
acR o '

(AG) A general form of integr\at.ion by parts is the following, If -co<a<e<fB<h<ce and
f:R—R and g:R—R are of bounded variation on [a,b] then | '



£

fts) dgls) + [ (6™) dils) = K5 )g(6”) — fle)iter ) ®)
[G!B] [a,ﬁ]

see, for example, (21.67) of [H1]. It follows that if { and g are of bounded variation on [a,f]

f {(s") dg(s) + f g(s™) di(s) = f(8)g(87) — f(a™)g(a™) X (9)
(e,8) (a,8)

and if f and g are of bounded variation on [a,5]

[ a0 + [ sts) dtts) = 89e8) = Ko leer) - (10)
2 [a!ﬁ) [C",ﬁ) '

(A7) Lemma 4.4 Assume 0<a<co ax;d F(e)>0. If %F(o‘) — po(ER, ll—lR,.)>0 then, on
[N(T)<o0] B

< )po-(lED [,Dn) po(ER, §Rn) (X + po(ED, £Dn))

o(A, An
palhy Ar) < I‘(a) 7 TIR@ER() - ro(ER, IRa))

(1)

: Proof Consider a fixed t<o and a fixed we[N(T)‘<'oo]. For that w,

a1 N
MO 4l = ﬁjt e 4EDK0 el
_ [0, (X1ks :
_, | _al
= j £ d(EDG) - ﬁDn)() AED(‘)ER(S"D ()
oy [Ovt')
+ T ) AR -
ER 1 l].
| - [Oft] .(S) R=(9)
From (4-13), ER(s)= }E _Tl' () >0 when 0<s<t, and thus (ER)"! is of boundcd
N

variation on (—oo,0] and lelt-conr.muous By Lemma 4.2 and the remark following (4-7), ED

7
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and 11_1])“(.,,_,_,) are of bounded variation on R and right-continuous. Therefore we can integrate

[ e 4E0® - }
B

the first term by parts to obtain, see (A3),

Da)(s) =

ED(t") — &Du(t)  ED(07) — L1Du(0)

ER{t") - ER(07)

— [ €p6) - ko) e

()
-~

ER(t)

[0,

. f 1R.(s) — ER(s)

0.4 -
lNot.ing that
ED(t) — %Dn(t.‘) AIED(t.) — A%Dn(t) _ ED{t) - %D;;(L) 2
ER(t) ER(t) o ER() ’
© we obtain
-1
A(t) = An(t) = 2200 — wDn(t) _ f (ED(s) — §Dals)) d(gh)ie)

(0.t)

d(iD,)Es) . -
’ ER(s) 1Rn(s)

This expression can be bouiided as follows.

JA®) = An(t)] €

P
-

Since ER(t)=1F(t) 2% F(a),

PU(ED; II_ID“)

po(ED, £Dn)
ER(t)

o,

po(ED, 1D4)

ER(t)

FF(a)

+ [ potED, k) )
By

[

po(}Rn, ER) d(%Dn)\(s).‘

1 .
t]ER(S) ﬁRn(s).

i



and

4.

po(ED, 1D,)

2o (ED, 1Dn) d(g)(s) < po(ED, 1Dn) (T - 1) < P
and, i %‘ (o) — pa-([ER, an)>0 then
l ” v
£o(yfn; ER) ERERTS

'[pa'(;!lR"’ER) (il'iDn)(S) <
] ER(s)|ER(s)~ [ER(s)— LRn(s)]

ER(s Rn S
(" ) —';lan(G)

<

~ FF@(FF(@) — po(iRn, ER))

< PO’([]R": ER) ED 4 ED,an )

s %F(C")(TF(O‘)—-po—(an ER)) (ED(s) Pa(‘ ‘n )
]

Inequality (11) follows.

(A8) Lei:l'lma 4.5 Let :hi:RxQ—-R for i=1,2,... and let ¢ be a}msit.ive real. Suppose that either
(a) for every fixed w, hi(-,w) is a right-continuous, nonnegative, incréasing function and, for
fixed t€[0,0], (hy(t,-): i=1,...) and (hy(t=,): i=1,...) are independent sequences of nonnegative,

ix
identically distribuicd r.v.s of {inite mean; or

(b} for every fixed w, hy(-,w) is a left-continuous, nonnegative, decreasing function and, for
) i=1,.. ) are mdcpendenn sequences of nonncgat.n c,

) :md- (h;(t,

: fixed t€[0,0], (hy(t,-): i=1
:d-.nt.tc'xll\ dlatrlbuted r.v.s.of ﬁmtc mean,

holds.’ Let H(t) = Eh,(t) and



n

Ha(tw) = £ D hyte). . (12)

k=1

Then pg{Hn, H) — 0 ass.

Proof Consider case (a). For each t, Hn(t,-) is a r.v. and, by right continuity,
An(©) = po(Ha(-). H) = sup [Ha(t,e) — H(D)|
0<t<e

is unchanged if t€[0,c) is restricted to the rationals. Therefore An is a r.v. For fixed t, 1,(t)
— H(t) as. by the strong law of large numbers. Furthermore, for fixed t&(0,0].
Ha{t—})—H(t™) a.s. since k

E ky(t~) = lim E hy(s) = lim H(s) = H(z")
sTt B 2Tt
by the monotone convergence theorem. Therefore, for each t there is at most 2 set A, of
probability 0 on which Ha(t) does not converge to H(t) ot Ia(t~) does not eanverge to LI{L-).
The objective of the following is to show that this uncountable number of sets of measure § can

be included in a countable number of sets of measure 0. -

For meN* and k&{l,....m} define

-

e

and for k=m-+1 define
By mn={t€[0,0] : H(t) = 11()}.

Note that B, could be empty for some k. For B, non-empty, let ¢, , = sup B, , and
$nx = inf B,, ;. Note that, if nonempty, the set B,, ;. is an interval of the form [s,, 1, L, 1),

except that_Bm.mH:[sm.mH, o).

Let _ ‘ . T
Bmn@) =y w8 { Bl ) = B )]s [t 000) = HC70] -

CmkT



-

@

T

-
A

Then, for k<m and t€B, ;

12
!

Ha(t,w) € Haltr g @) € H(t1) + Ama(e) € HE) + & + Amn(e)
' (13)

where the first inequality follows because H, is increasing, the second follows from the

definition of Amn and the third because | H(x) — H(y) | < ,% when xX,¥eB,, ;.- Similarly, '

Hn(60) 2 Halsm e ) 2 Blsm) = Ama() 2 HE) = i = Ama(e)-
(14)

Furthermore, et

A....(g) = max { IlIn(sm_mH,u) - H(s,,:_m_'_l)l , IHn(a,:..') - H(cr)[ }

Then, for t€B,, 41 B : ~

Hn(t,w) € Halo, w) < B(0) + Aun(w) € H(L) + Sunlw) (15)
Similarly, ' ' .

Ha(t,w) 2 Ma(Sp, 10 @) 2 Hisp i) — Ban(w) 2 O) = Aln(w). ' (16)

The expressious (13), (14), (15) and (16) imply that o - B

An(w) € & + Amnlw) + Aln(w).

-

Let As . be the set of probaﬁilit.y 0 on which Ha(s,, ;, )does not converge to H(s,, ,),

and define A . and A, analogously. If w lies outside A=A, U U, (Asm PLLIE. W ‘),' then
m, 2 . m,k

\ limn Ama(w)=0 ;md limp A.n(w)=0. Hence limn An(w) = 0. But A has probability 0, so

=2

sy

the lemma follows.

~ ‘ . . ,
The result for case (b) can be proven analogously. o

e

J
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