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Abstract

The realizations of the basic representation of g/;\lr are well-known to be parametrized
by partitions of r and have an explicit description in terms of vertex operators on
the bosonic/fermionic Fock space. In this thesis, we give a geometric interpreta-
tion of these realizations in terms of geometric operators acting on the equivariant

cohomology of certain Nakajima quiver varieties.
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Résumé

Il est bien connu que les réalizations de la représentation de base de g? [, sont paramétrisés
par les partitions de r et que chacune de ces réalization possede une description ex-
plicite en termes d’opérateurs de sommet qui agissent sur ’espace de Fock bosonique
et fermionique. Dans cette these, nous donnons une interprétation géometrique de
ces réalizations en termes d’opérateurs géometriques qui agissent sur la cohomologie

équivariante des variétées de carquois de Nakajima.
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Introduction

Let g be a semisimple Lie algebra and denote the corresponding untwisted affine Lie
algebra by g. The basic representation of g, which we denote by Viasic = Vhasic (@), 18
the irreducible highest weight representation whose highest weight is the fundamental
weight corresponding to the additional node of the affine Dynkin diagram (compared
to the corresponding finite Dynkin diagram). The basic representation is so-named
since it is, in a sense, the simplest nontrivial representation of g. In the late 70’s and
early 80’s mathematicians began constructing the first explicit realizations of Vj.gc.
The first such realization was given by Lepowsky and Wilson in [14] for Vbasic(sAIQ).
Their construction was later generalized to arbitrary simply-laced affine Lie algebras
and twisted affine Lie algebras in [10], and this construction became known as the
principal realization of Vi.g.. However, Frenkel and Kac in [6], and Segal in [25],
gave an entirely different realization of Vj,.g; this construction was referred to as the
homogeneous realization. While the principal and homogeneous realizations seemed
completely unrelated, it was discovered by Kac and Peterson in [12], and by Lepowsky
in [13], that the two realizations depend implicitly on the choice of a so-called maximal
Heisenberg subalgebra of g. Indeed, one can associate a realization of V. to each
maximal Heisenberg subalgebra of g.

In this thesis, we will focus on the case where g = gl,. While gl, is not semisimple,
it is a one-dimensional central extension of the semisimple Lie algebra sl,., and thus has

a similar representation theory. Up to conjugacy under the adjoint action of the Kac-
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Moody group, the maximal Heisenberg subalgebras of an affine Lie algebra are known
to be parametrized by the conjugacy classes of the Weyl group of the corresponding
finite-dimensional Lie algebra (see [12, Proposition of Section 9]). The Weyl group of
gl,. is the symmetric group on r elements, S, and the conjugacy classes of S, are in
one-to-one correspondence with partitions of r, i.e. s-tuples (ry,...,r;) € (NT)® such
that

r=ri+---4+rs, and r3 <--- <7

Thus, there exists a realization of Vbasic(g/;\lr) for each partition of r, the principal
and homogeneous realizations corresponding to the two extreme partitions (r) and
(1,...,1), respectively. The realizations for every partition of r were described by
ten Kroode and van de Leur in [26] using vertex operators acting on bosonic Fock
space (a representation of the Heisenberg algebra) and fermionic Fock space (a repre-
sentation of the Clifford algebra). More precisely, for each partition of r, there exists
a precise vector space isomorphism between bosonic Fock space and fermionic Fock
space (known as the boson-fermion correspondence), and thus the Heisenberg and
Clifford algebras may be thought of as operators acting on a common space. The
construction in [26] defines a representation of g/;\[T on bosonic/fermionic Fock space in
terms of vertex operators (i.e. formal power series) of Heisenberg and Clifford algebra
operators. The so-called “zero-charge” subspace of bosonic/fermionic Fock space is
then shown to be isomorphic, as a glr-representation, to Viasic-

In this thesis, we give a geometric interpretation of these algebraic realizations
of Vbasic(g/]\[,,). Our general strategy is as follows. We fix a partition (rq,...,7,) of r
and consider the moduli space of framed torsion-free sheaves of rank r and second
Chern class n, M(s,n). In [15], Licata and Savage showed that, under a suitable
torus action, the localized equivariant cohomology of (a disjoint union of infinitely-
many copies) of M(s,n) provides a suitable geometric analogue of bosonic/fermionic

Fock space. This is accomplished by defining an action of the Heisenberg and Clifford
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algebras on this cohomology in terms of the top Chern classes of certain equivariant
vector bundles on M(s,n). The construction given in [15] naturally corresponds to
the homogeneous realization in [26], and thus we generalize their construction to an
arbitrary partition. With this framework in place, we define a new set of operators
using vector bundles on certain subvarieties of M(s,n). We then show that these
operators may be expressed as vertex operators of our “geometric” Heisenberg and
Clifford algebra operators, and that the formulas we obtain exactly match those
found in the algebraic realizations of the representation of é\lr on Vyasic, thus giving
us geometric realizations of Vjagic.

The paper is organized into 5 chapters. In Chapter 1, we review the Heisenberg
and Clifford algebra representations on bosonic and fermionic Fock space. We also
briefly summarize the various algebraic realizations of Vj,.g. found in [26]. In Chapter
2, we recall some of the basic concepts from algebraic geometry, especially geometric
invariant theory, that we will use in subsequent chapters. In Chapter 3, we will
discuss our main geometric object of interest: Nakajima quiver varieties (of which the
aforementioned moduli space M(s,n) is a special case). Chapter 4 will describe our
method of constructing geometric operators on the localized equivariant cohomology
of quiver varieties from equivariant vector bundles. Finally, in Chapter 5, we define
our geometric analogues of the action of the Heisenberg algebra, Clifford algebra, and
5 [, on bosonic and fermionic Fock space. We also present our main theorem (Theorem

5.21), which is a geometric analogue of Theorem 1.20 (the main theorem of [26]).



Chapter 1

The Basic Representation of the
Affine General Linear Lie Algebra

In this first chapter, we will summarize the known algebraic realizations of the basic
representation of g/;\[r. In particular, the inequivalent realizations are parametrized by
the different partitions of r. For a more in-depth treatment of this topic, the reader
is encouraged to see [26] or [11]. The goal in the subsequent chapters will be to give
a geometric construction of the representations presented here.

We begin with a description of the s-coloured oscillator algebra and s-coloured
Clifford algebra, along with the associated s-coloured bosonic and fermionic Fock

spaces.

Definition 1.1. (s-coloured oscillator algebra) For s € NT| the s-coloured oscillator

algebra, s, is the complex Lie algebra

5= @ (@ (CPg(ﬂ)) ® Cec,
(=1 neZ
with the Lie bracket determined by
1
[57 Pg(O)] = 07 [Pf(n)v Pk(m)] = Eée,k(sn—l-m,ocu n 7é 07

forall (,k=1,...,s and m,n € Z.
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Remark 1.2. Our presentation of the s-coloured oscillator algebra differs slightly
from the one sometimes found elsewhere in the literature. In particular, in [26,
Section 1], s is defined as the complex Lie algebra with basis {a(n) }nez =1, U {c}

and Lie bracket given by
[ap(n), ag(m)] = ndpk0n1m oc.
The connection between the two presentations is made by setting
Pi(n) = —ay(n), n#0, and Py(0) = ay(0).

We favour the presentation given in Definition 1.1 since this one turns out to be more
natural from a geometric point of view.
Definition 1.3. (s-coloured Heisenberg algebra) The subalgebra
S0 = @ @ CPy(n) | @ Cc,
(=1 neZ—{0}
of s is the so-called s-coloured Heisenberg algebra and, as we will see later, it serves

as the main ingredient in the various realizations of the basic representation of é\[r.

Let A C C[ty,ts,...] denote the ring of symmetric functions in infinitely many

variables. It is well-known that

A = (C[pl,pg,...],

where p,, is the n-th power sum
Pp = Z L.
i=1

We define the s-coloured bosonic Fock space to be the space

B := B®, where B := A ®c Clg,q ]
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We define a Z-grading on B given by
B=@B., B.:=A®Cq"
cEZ

This induces a Z*-grading on B given by

B=B., Be:=B, @ @B,

ez
For ¢ = (cy,...,¢5) € Z°, we use the notation |c| = ¢; + --- 4+ ¢,. We then have a
Z-grading on B given by
B=PB(), B)=PBE.
c€Z lc|=c
One can easily verify that the mapping

0
— 1% n>0,

Py(n) — 1961
() ® Opn

1
Py)(—n) — 191 @ Zp, @ 19574 n >0,
n

)
Py(0) —» 11 a5, ® 19576 e 1,
q

defines an irreducible representation of s on B.

Remark 1.4. Again, our definition of s-coloured bosonic Fock space differs slightly
from the definition sometimes found elsewhere in the literature. In particular, s-
coloured bosonic Fock space is often only considered as a representation of the s-
coloured Heisenberg algebra (rather than of the full oscillator algebra). The s-coloured
Heisenberg subalgebra acts trivially on the C[q,¢™!] factors of bosonic Fock space,
and so, as an sp-module, B is isomorphic to a direct sum of infintely many copies of

A®s. In [26, Section 1], bosonic Fock space is defined as

C[Qfl, To, ... ]®s’
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with the action of the Heisenberg algebra given by

0
O[g(n) — 1®£_1 ® 8_ ® 1®S_€, n > 0,
T,

a(—n) = 1% @ nr, @ 19974 n >0,
c— 1.

However, one has an isomorphism (a priori, only of rings) A — Clxy, za,...], de-
termined by the mapping p, + nz,. This in turn induces an isomorphism A®* —

Clzy, xg,...]®%. One easily checks that the diagram

A®54’C[$1,I27 .. .}®S

l )| Jatn)
A®s —Clxy, xo,...]%*

commutes for all £ = 1,...,s and n € Z — {0} (this justifies the statement from
Remark 1.2 that Py(n) = ‘—Tll‘ag(n)). Thus, the map A®® — Clxq, xq,...]% is in fact

an isomorphism of s-coloured Heisenberg algebra representations.

Remark 1.5. Notice that the sets {1,...,s} x N and N* are countable. Pick a

bijection ¢ : {1,...,s} x N* — N*. Then the mapping

0k
Puk) =5 PR, Pi—k) o PP by, e
for all ¢ € {1,...,s} and k € N, is an isomorphism from the s-coloured Heisen-

berg algebra to the 1-coloured Heisenberg algebra. Thus, we will often use the term
“Heisenberg algebra” without specifying the number of colours. Moreover, one can
show (see, for instance, [11, Lemma 14.4(a)]) that A®* and A are isomorphic as Heisen-
berg algebra modules. The reason for the s-coloured presentation of the Heisenberg
algebra will become clear when we describe the various realizations of the basic rep-

resentation of g/;\lr.
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Definition 1.6. (s-coloured Clifford algebra) The s-coloured Clifford algebra, Cl, is
the complex associative algebra generated by elements (i), ) (i), ¢ = 1,...,s,i € Z,

and relations
{be(i), ¥r ()} = 050, {1be(d), i ()} = {1z (), ¥ (4)} = 0.
where {z,y} = zy + yx.
A semi-infinite monomial is an expression of the form
I =iy NigNig A=+
where the 1,, are integers such that
i1 >0 > 103> ..., lpy1 =1, — 1, for n > 0.
The charge of a semi-infinite monomial [ is the integer ¢ = ¢(I) such that
i, =c—mn-+1, forall n > 0.

The energy of a semi-infinite monomial is

Z in—(c—n+1).

neN+t
Let F' be the complex vector space with basis the set of all semi-infinite monomials.
The charge induces a grading on F":

P-@r.
cEZ
where F, is the subspace with basis the set of semi-infinite monomials of charge c.
Define wedging and contracting operators (i) and ¢*(i), i € Z, on F' by
(DR A N N Ndggr A-ee ), if i >0 > a0,

Y(E) (i Nig A -+ ) =

0, if 1 = 1,,, for some n,
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o (=D oy A Ny Ay Av--),  if 6 =y,
Y@ (i Nig A ) =
0, if i # i,, for all n.

It is easy to see that, when they do not act as zero, the wedging and contracting

operators raise and lower the charge of a semi-infinite monomial by 1, and so
w(l) F.— Fc+17 1/}*(2) F.— FC—17

for all 7,c € Z.

We define s-coloured fermionic Fock space to be
F .= F®s,
By our decomposition of F' in terms of the charge, we have a Z*-grading

F=EPFe, Fe:=F, @ - ®F,,.

ceZs

This induces a Z-grading on F given by

F=@DF(c), F(c):=PF..

cEZ le|=c

One can show that we have a representation of Cl on F given by:
Ye(i)[re > (1) (197 @ (i) © 19°71)

wZ(Z)‘FC — (—1)cl+”'+0471 (1®271 X 1/}*@) ® 1®sf€) )

One can also show that [F is a faithful, irreducible representation of Cl. In fact, [ is

generated by the so-called vacuum vector, |0)®*, where
0) =0A—=1A=2A---.

Note that F is referred to as the spin module in [26].
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Remark 1.7. We have used here the convention that Clifford algebra generators of
different colours anti-commute. However, the Clifford algebra is sometimes defined
by letting generators of different colours commute (see for example [15, Section 1.2]).

In this case it is necessary to modify the action of Cl on F to
Ye(i)]e, = 197 @ (1) @ 1957,
Vi ()lre = 197 @ 9" () @ 197

Remark 1.8. By an argument completely analogous to Remark 1.5, the s-coloured
Clifford algebra is isomorphic to the 1-coloured algebra, and, by identifying the two
algebras, s-coloured fermionic Fock space is isomorphic to 1-coloured fermionic Fock
space. Thus, we will often refer to the Clifford algebra and fermionic Fock space

without specifying the number of colours.

In the sequel, it will be useful to think of fermionic Fock space not only in terms
of semi-infinite monomials, but also in terms of Young diagrams. Recall that a Young
diagram is a finite collection of boxes arranged in rows and columns such that the
number of boxes in the i-th row is greater than or equal to the number of boxes in
the (i 4+ 1)-st row. There are different conventions regarding the way to draw Young
diagrams, but we will choose the English notation. That is, our rows will be left-
justified and subsequent rows are placed underneath the previous one, as illustrated
in Figure 1.1. We say that a box is in the (4, j)-th position if it is in the i-th row and
J-th column of the diagram. For example, in Figure 1.1, the box labelled with a “x”
is in the (3,2)-th position. We may thus view a Young diagram A as being a subset
of (NT)?, where (i,7) € A if and only if A has a box in the (i, j)-th position. For any
Young diagram A and any k& € N* | let A, denote the number of boxes in its k-th row
(A, = 0 if there are no boxes in the k-th row). For any (4, j) € (N7)?, define the arm

and leg length of (i,7) to be

ax(i,j) ==X —j and {y(i,j) = max{i € NT | (¢, j) € \} — i,
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Figure 1.1: Young diagram

respectively. Intuitively, for each (i,j) € A, a)(4,7) and £,(¢,j) count the number of
boxes to the right of and below (i, j), respectively. For two Young diagrams A and p,
we define the relative hook length of (i, j) to be

hoau(d, J) o= ax(i, 3) + €u(4, j) + 1. (1.1)
If X = u, we will simply write hy(i,j) := haa(4,7). Finally, we define the residue of

box in the (i, j)-th position to be j —i.

Clearly, every weakly decreasing sequence of non-negative integers
()\17 )\27 )\37 s )7

such that Ay = 0 for £ > 0 uniquely defines a Young diagram. Thus, one has a
bijection between the set of semi-infinite monomials of a fixed charge and the set of

Young diagrams. Indeed, suppose
IT=1 NigNigN--- |

is a semi-infinite monomial of charge ¢. Define A\(I) to be the Young diagram deter-
mined by

Lemma 1.9. The mapping I — X(I) is a bijection from the set of semi-infinite
monomials of charge c to the set of Young diagrams. Moreover, if I is a semi-infinite

monomial of energy n, then \(I) consists of n boxes.
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Hence, by Lemma 1.9, we may think of F,. as the complex vector space with
basis the set of all Young diagrams, thus giving us a Young diagram interpretation of
fermionic Fock space.

The description of the realizations of the basic representation of é\[T will rely
on the precise relationship between bosonic and fermionic Fock spaces known as the
boson-fermion correspondence. It is well-known that the set of Schur functions {s)},
where A runs over all Young diagrams, is a basis of A (see statement (3.3) of [17]).
We then have a vector space isomorphism

B. — F,,
(1.3)
SA®q° = A,
for each ¢ € Z. This induces isomorphisms B(c) = F(c) and B = F.

We turn our attention now to the representation theory of Lie algebras. Let g
be a matrix Lie algebra and let g = g ® C|[t, '] be the loop algebra on g. The affine
Lie algebra of g is

g:=gaCc,

with Lie bracket given by
[6,c] =0, [z@t",yt™] = |z,y] " + népimo tr(zy)c. (1.4)

Here we follow the conventions in [26, Equation (4.2.5)] (note that the two-cocycle
w in [26] simplifies to a multiple of the trace map when restricted to elements of the

form x ® t").
Remark 1.10. In the literature, the Lie bracket on g is usually defined as
[r@t",y@t"] = [z,y] @ " + M0n4m,0(z|Y)c,

where (z|y) = tr(adxady) is the Killing form on g. For each of the classical Lie

algebras, the Killing form is just a (nonzero) multiple of the trace map. In particular,
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for sl,.,
(x|ly) = 2rtr(xy).
Thus, up to a scaling factor on ¢, there is no difference between using the Killing form

and the trace map. Meanwhile, on gl., the Killing form is degenerate since
(I|z) =0,

for all x € gl,, whereas the trace map is nondegenerate, making it a more appropriate

choice. This is our motivation for defining the Lie bracket on g by (1.4).

Remark 1.11. The loop algebra g is sometimes defined as

i=Pes,

nez

where 6 is a formal parameter. Of course, one has the obvious isomorphism of Lie
algebras

Pe'sg gt

nez

ey r@t",

and so both definitions are equivalent. We will use this alternative description when

it is more convenient.

Next, we describe the basic representation, Viasic = Viasic(8), of g when g = sl,
or gl., r € NT (although the description applies to other Lie algebras as well). Let
{E; ;}1<ij<r be the standard basis of gl,. That is E; ; is the r x r matrix with (4, j)-th
entry 1 and zeros elsewhere. Recall that, for r > 2, ;[T is generated by its Chevalley

generators F;, F;, H;, © =0,1,...,r — 1, which are given by
Ei=FE;in®l, F=E;®1, H=(E;-E.;1)®1, i=1...r—1,

Eoy=FE,1®t, Fy=F,Q t7', Hy= (Brr —E11)®1)+c.

The Chevalley generators of ;[,, satisfy the well-known Kac-Moody relations (for ;I,n):
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1. [H;,H;] =0,

2. [E;, F;] = 0;jH;,

3. [Hi, Ej| = a;;E;,

4. [H;, Fj] = —a;; F},

5. (ad E;)1-%i)(E;) = 0, for i # j,

6. (ad F;)179)(F;) =0, for i # j,

where
2, ifi =7,
a;j = for r =2,
(
2, ifi =7,
aij = ¢ =1, if|i —j| =1, for r > 2.
0, otherwise,

\

Note that the r x r matrix (a;;) is called the generalized Cartan matriz associated to

;[r. We define the triangular decomposition of ;[T:
~ /\J’_ o~
sl, =sl, DHhDsl,,

where ;[:r (resp. ;[T_ ) is the subalgebra generated by the E; (resp. the F;) and b is the
abelian subalgebra with basis {H;}. The subalgebra b is called a Cartan subalgebra
of sA[r. Given v = (90,71, - -, Yr—1) € Z", a highest weight representation, V', of sl, is

a representation such that there exists a vector vy € V satisfying
E;-vy=0, and H;-vy= o, (1.5)

foralli=0,1,...,7—1, and
U(sl,) -vg =V,
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where U(sl,) is the universal enveloping algebra of sl,. Note that, in terms of the
triangular decomposition of sl,, (1.5) is equivalent to

~+

sl, -v9=0, and H;-vy= Y.

The r-tuple v is called the highest weight of V' and the vector v is called a highest
weight vector of V. If V is irreducible, one can show that any two highest weight
vectors are proportional, thus, in this case, we will often abuse terminology and call

vg the highest weight vector of V. Given a highest weight representation V' of highest

r—1
Hz' sV = (”yl — Zai]ﬂj) U} .
7=0

Clearly, vy € V. Let 1; denote the r-tuple with 1 in its i-th entry and zeros elsewhere.

weight v, for each 5 € Z", define

VﬂI:{UEV

It follows from the Kac-Moody relations that, restricted to Vj,
Ei, F; - Vﬁ — ngzli,

and so

V= (1.6)

pezr
We call the decomposition in (1.6) the weight space decomposition of V.
Remark 1.12. In our treatment of weights above, we are slightly abusing terminol-
ogy. Given a semisimple Lie algebra g and a Cartan subalgebra h C g, a weight is

defined to be a linear map

p:h—C,
and the associated weight space decomposition of a representation V' is

V=EPRVs, Vi={veV|h-v=7p(hwforalhch).
B

However, the Chevalley generators Hy, Hy,--- H,_; form a basis of our Cartan sub-
algebra h and thus induce a basis of the vector space of weights. Our description

merely identifies the weight with its coefficients with respect to this basis.
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Definition 1.13 (Basic representation of 5A[T) The basic representation of E:\[T, which
we denote Vbasic(;[r), is the (unique) irreducible highest weight representation with

highest weight v = (1,0, ...,0).

Remark 1.14. See [11, Proposition 9.3| for a proof that there is a unique irreducible
highest weight representation of sl, with highest weight v = (1,0,...,0).

There is another way to describe Vbasic(g[r) that amounts to the same thing.
Namely, one can define vbasic(£/’\[r> to be the unique irreducible representation that

admits a vector vy satisfying
(sl, @ C[t]) -vo =0, and c-vy=vp.

It is easy to check that this alternate description is equivalent to Definition 1.13
and that vy here plays the role of the highest weight vector. The advantage to this

construction is that it naturally generalizes to 5 (..

Definition 1.15 (Basic representation of é\ (). The basic representation of é\[r, which
we denote Vbasic(glr), is the (unique) irreducible representation that admits a vector

vo (highest weight vector) such that

(gl, @ C[t]) - v =0, and c-vg=vp.

~

From now on, unless otherwise specified, Viasic will always mean Viasic(gl,.).

Remark 1.16. The proof that Vi is unique is essentially the same as [11, Propo-
sition 9.3].

Remark 1.17. There is a way to describe Vj . that is more akin to Definition 1.13

by introducing a triangular decomposition of g[r. Firstly, we observe that
gl. =sl. & Cl,

and so

~ ~

[, =sl.® (I®C[tt"]).
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Thus, we can define a triangular decomposition of thT by extending the triangular

decomposition of sA[,,. Namely, we write

where

i (@ouer),

keNt
and b is the Cartan subalgebra with basis {Ho, Hy, ..., H,—1, (I ® 1)}. We can then

define Vjusic to be the unique irreducible representation that admits a vector vy (high-

est weight vector) satisfying

~

g[: Vg = O, Hz * Vg = 04,000, ([ X 1) Vg = 0.

Our next task is to describe the various vertex operator realizations of Vjagic as
given in [26]. The motivation for these different realizations comes from the following

proposition.

Proposition 1.18. Let V' be a representation of the 1-coloured Heisenberg algebra

such that ¢ acts as the identity and there exists an N € N such that
a(ng)---a(ng) -v =0,

for allv € V and n; € NT such that ny +---+mng > N. Then V is isomorphic to a

direct sum of copies of A.

Proof: This is [11, Lemma 14.4(b)] (where the fact that ¢ acts as the identity

implies a = 1). i

Suppose that g is an affine Lie algebra with underlying finite dimensional Lie
algebra g and V is a representation of g. Furthermore, suppose that we have a (1-

coloured) Heisenberg subalgebra sy C g such that the restriction of V' to sq satisfies
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the hypotheses of Proposition 1.18. Then, by Proposition 1.18, one can, in principle,

give a realization of V' completely in terms of (a direct sum of copies of) A. That is,
V=P,
i€T
as sp-modules, for some indexing set Z. Define the vacuum space, Q2 = Q(V') to be

the subspace

Q:={veV|a(k)-v=0foral ke N*}.

It is an easy exercise to see that {1;};e7 is a basis of Q (€D,.; A). Therefore,
VEQV)eA,
as so-modules, where the action of 55 on Q(V) ® A is given by
ak) - (v® f) =vealk)-f,

forall k € Z — {0} and v ® f € Q(V) ® A. Of course, in general, one has many
Heisenberg subalgebras of g, and so we naturally have several realizations of V. When
g is semisimple, a complete classification of the Heisenberg subalgebras of g is given
in [12, Section 9]. We briefly summarize the classification below.

Let W be the Weyl group of g. Fix a Cartan subalgebra h C g and an element
w € W. Let m be the order of w. Recall that there is an action of W on b induced

by the action of W on the root space of g. Write
m—1
b=EDbe, be:={heb|w-h=e"""h}.
k=0

There exists an = € g such that Ad(exp 2miz)|, = w and [z, ho] = 0 (see, for instance,
[8, Section 14.3] and [4, Theorem 2.5.5]). For each h = (ho,h1,..., hpm—1) € h and
k € Z, define h(k) to be the loop

h(k) = /™ Ad(exp ifz)h; € G, (1.7)
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where k is the unique integer 0 < k < m — 1 such that kK =k mod m. Then

sY = (@h(k)) @ Ce, (1.8)

kEZ

is a maximal Heisenberg subalgebra of g. Let W’ be a set of representatives of
the conjugacy classes of W. Then the subalgebras s/, w € W’ form a complete
nonredundant list of maximal Heisenberg subalgebras of g, up to conjugacy under
the adjoint action of the Lie group of g (see [12, Proposition of Section 9]). Hence,
the maximal Heisenberg subalgebras of g are parametrized by the conjugacy classes
of W.

Recall that the Weyl group of sl,. is the symmetric group S,.. Define a partition

of r of length s to be an s-tuple of positive integers (ry,...,rs) such that
TlZ...er, rn+--+rs=r.

Every o € S, can be written as a product of disjoint cycles, 0 = ¢;--- ¢4, and so o
defines a partition of r by setting r; equal to the length of the cycle ¢; (reordering
the ¢; if necessary). Two elements in S, are conjugate if and only if they define the
same partition of . Thus, conjugacy classes in 5., and hence Heisenberg subalgebras
of ﬁA[r, are parametrized by partitions of r.

We can extend these ideas to g/;\[T (since the Weyl group of gl, is also S,.). That is,
to each partition of r we associate a Heisenberg subalgebra of ;T[T asin (1.7) and (1.8).
The most well-known Heisenberg subalgebras of QT [, are the so-called principal Heisen-
berg subalgebra and the homogeneous Heisenberg subalgebra, which correspond to the
partitions (r) and (1,1,...,1), respectively. The principal Heisenberg subalgebra is
given by

(E0+E1+"'+Er_1)n, for n > O,
a(n) =

(F0+F1—|—"'+FT,1)_”' forn<(),

where the Ej and F}, are the Chevalley generators of ;[T (which, of course, is a sub-

algebra of é\[T) and exponentiation is meant to be taken in the underlying associative
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algebra of g[r. Setting
a(0)=1®1,

the a(n), n € Z, define a 1-coloured oscillator algebra. The homogeneous Heisenberg

subalgebra, presented as an r-coloured algebra, is given by
ap(n) = E @t",

forn € Z — {0} and £ =1,...,r. Setting
ap(0) = Epr®1,

defines an r-coloured oscillator algebra. The Heisenberg subalgebras associated to
the other partitions of r are “blends” of these two extremes. Namely, for an arbitrary
partition (ry,...,r,), we divide matrices in gl, into s? blocks, with the (4, j)-th block
of size r; x rj for all i,j = 1,...,s. The (¢,¢)-th diagonal block corresponds to the
subalgebra gl C gl,, and on the level of affine algebras, é\lré C gl.. Let E, F!, H be
the Chevalley generators for E/l\[m C gA[T .- The Heisenberg subalgebra corresponding to
the partition (rq,...,rs), presented as an s-coloured algebra, is given by

(E§+ E{+---+ Ef,_)", forn>0,
a(n) =

(F§+Ff+--+Ff

re—1

)", forn <0,

for ¢ = 1,...,s. It is worth noting that, restricted to the ¢-th colour, the a;(n)

determine the principal Heisenberg subalgebra of ET (., Set
Oég(O) = Ig & 1,

where I, is the identity matrix in gl,,. Then the ay(n) define an s-coloured oscillator
algebra.
To each partition of r, we have associated a Heisenberg (and oscillator) subal-

gebra of QT[,,, and, as mentioned before, each Heisenberg subalgebra gives rise to a
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realization of Vi.g.. These various realizations were described explicitly in [26] in
terms of vertex operators on bosonic and fermionic Fock space. We summarize the
main theorem of that paper here.

Conceptually, it is easier to begin with the principal realization (corresponding
to the partition (7)) before generalizing to the realizations corresponding to arbitrary
partitions of . One begins by defining formal fermionic fields

U(z) =Y e(k)2F, v(2) =D Yt (k)z "

keZ kEZ
where z is a formal variable. These are power series with coefficients in the (1-
coloured) Clifford algebra. Define the normal ordering on the Clifford algebra gener-

ators

D),  ifj >0,
) : = (@)Y (4) j>
= (), ifj<0.

We also define formal bosonic fields

Expanded as a Laurent series a(z) = Y, ., a(k)z~%, one finds
alk) =@ (i+k):.
i€z
Theorem 1.19. Let w = e2™/". Then the homogeneous components of

ch(WP2)* (wiz) 1 — 1<p,qg<r p#q,

1—wra’
p(2)y7(2)
together with the identity operator, span a Lie algebra of operators on F (1-coloured
fermionic Fock space) that is isomorphic to g[r. Moreover, via this identification with
al,,

F(0) = Vhasic,



1. The Basic Representation of the Affine General Linear Lie Algebra 22

as gl,-modules and the a(k), k € Z—{0} (resp. k € Z.), together with the identity op-

erator, form a basis of the principal Heisenberg subalgebra (resp. oscillator subalgebra)

of gl,.

Proof: This is a special case of Theorem 1.20 below. |

Note that the isomorphism F(0) = Vhasic in Theorem 1.19 is determined by
|0) — vg. Also, recall that the idea behind the realizations of V}.s. was to describe
Vbasic in terms of A (or bosonic Fock space), whereas Theorem 1.19 describes Viasic
in terms of fermionic Fock space. However, via the boson-fermion correspondence
(see (1.3)), F(0) = B(0), and so Theorem 1.19 satisfies our goal of describing Vi in
terms of bosonic Fock space.

We would now like to generalize Theorem 1.19 to an arbitrary partition of r. We

fix, once and for all, a partition,

r= (rla"'vrs)a

of . As with our construction of the Heisenberg subalgebra associated to r, we divide
matrices in gl, into s* blocks of size r; x r;. The operators associated to the (¢, £)-th
diagonal blocks correspond to the subalgebra ;T [, and the -th colour of the Heisenberg
subalgebra is the principal Heisenberg subalgebra of é\[r ,- Thus, we can simply take s-
copies of the principal realization above, which amounts to taking s-coloured versions
of the Heisenberg and Clifford algebras as well as s-coloured versions of bosonic and
fermionic Fock space. The operators associated to the off-diagonal blocks can be
obtained by “mixing” Clifford algebra generators of different colours.
Let R =lem{ry,...,rs} and define
R, iR (i v i) € 27 for all i, j,

R =
2R, if R <Tl + %) ¢ 27 for some i, j.



1. The Basic Representation of the Affine General Linear Lie Algebra 23

Define the normal ordering on the s-coloured Clifford algebra generators

Ve(i)y(4),  if >0,
—i()e(i), if j <0.

() Yr(d) - =

We introduce the formal s-coloured fermionic and bosonic fields:

Z We() 2 Bk Z Wt (k)= (B/rok

keZ kEZ

Zae —(R/ro)k . . ()Y (2) 1,

keZ
This brings us to the main theorem of [26] (as stated at the end of the introduction).
Theorem 1.20. Let w = e>™/%. Then the homogeneous components of

(R/re)(p—q) (l#k 1<p< 1<qg<my)
. D (q.) . W ) SP=Te, Sq>Tg
W) | T D or (= ky 1 <p g <o),

1

the(2)Yi(2) . 1< U<,
together with the identity operator, span a Lie algebra of operators on F (s-coloured
fermionic Fock space) that is isomorphic to g[r. Moreover, via this identification with
al,.
F(()) = ‘/basica
as gl,-modules and the ay(k), k € Z — {0} (resp. k € Z), together with the identity

operator, give a basis of the Heisenberg subalgebra (resp. oscillator subalgebra) of Etr

associated to the partition r.

As was the case with Theorem 1.19, the isomorphism F(0) = Vbasic in Theorem
1.20 is determined by |0)®* — wy.
As stated at the outset, our goal is to give a geometric version of the various

realizations of Vj,q.. Our strategy will be as follows. We first construct geometric



1. The Basic Representation of the Affine General Linear Lie Algebra 24

analogues the oscillator and Clifford algebra representations on bosonic and fermionic
Fock space. Our method for doing this will be similar to [15, Section 3]. Next, we
would like to construct an action of QT [, on our geometric fermionic Fock space in the

spirit of Theorem 1.20. To do this we recall a previous observation:

gl, =sl,® (IC[t,t7Y]),

and so g[r is generated by the Chevalley generators Ey, Fi, Hi, k = 0,1,...,r — 1
of f,A[T and loops on the identity, I ® t", n € Z. Thus, to define an action of g?[r on
our geometric Fock space, it is enough to define the action of Ej, F, Hy and I ® t".
Algebraically, the action of g[r on fermionic Fock space is given by the homogeneous
components of vertex operators as in Theorem 1.20. We explicitly describe the action
of Ey, F}, and I ®t™ in the following Lemma 1.21 below (the action of Hy, is determined
by Ej and F}, since Hy, = [Ey, F]). First, we observe that for each k =0,1,...,r—1,
we can write

k:T1+"'+7"g_1+l€/,
for unique 1 </ <sand 0 <k < r,p;.
Lemma 1.21. The action of é\[,, on F from Theorem 1.20 is given by the map p :

Etr — gl(F ), described below. For each k =0,1,...,r—1, writek =ri+---+r,_1+k.
If k' # 0, then

p(Ey) = Z VoK' +are)y (K +ire + 1), (1.9)

p(Fy) = ng(k/ +irg + Di (K + iry). (1.10)
If k' =0 and £ # 1,

p(ER) = D Yea (i 4 Drea)wi(ire + 1), (1.11)

p(Fr) =Y lirg + 1)y (i + Dreca). (1.12)

i€EZ
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Ifkl =0 and ¢ =1, (i.e. k=0)

p(Eo) =) wslirs)vi(ir +1), (1.13)
i€,
p(Fo) = i (iry + 1)} (iry). (1.14)
i€
Finally,
° n| > iy rePe(nre), if n #0,
p(It") = Zag(nrg) = =t (1.15)
=1 > oy Pu(0), if n=0.
Proof: We will prove Equation (1.9) and leave the remaining equations up to

the reader since they can be derived in a similar manner. The proof simply requires
picking out the appropriate components from the vertex operators constructed in [26].
As before, we decompose the r x 7 matrices of gl, into s? blocks of size r; X r;. For
1<ij<sand1l<p<r,1<q<ry, define B to be the matrix with 1 in the
(p, ¢)-th entry of the (i, j)-th block and zeros elsewhere. Let w; = €2™/"i be an r;-th
root of unity. As in [26, Equation (2.3.3)], define

1 ri T

g b i

A = E E wf“wj TEY.
VIl o3 =

- i L -
The A}’s form a basis of gl,,. Thus, one can express the Ej}’s in terms of the A} ’s

by [26, Equation (2.3.7)],

i 1 . —pa i
B = Z Zwi P qu»bAjb. (1.16)
Now, as in [26, Equation (3.3.4)], define

=T —2p+ 1
he =33 B

/=1 p=1
The element h, induces a Zg-gradation of g,

n+mR

al, = P o, gl = {z gl ||, 2] =

nNELR

x for some m € 7},
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where we use the notation 7 = n mod R. Then the elements

x(n) = e Wadhegi/RY o g — (2,) € gl n € Z, (1.17)

form a spanning set of gl, (see [26, Equation (4.2.4)]). For each z € gl, and n € Z,
define
z(n) == xz(n) — dpo tr(h,z)c, (1.18)

as in [26, Equation (4.2.9)]. The map p : gl, — gl(F) is given explicitly in terms of
the elements ﬁ;{](n) Namely, we define the formal power series
By = X oo
nez

and let p be the map determined by setting

o LR/2)(A/r)~(1/r) o L W Ere-a) |
qu(Z) = m : %(W ’Z)wj (w Z) : _7“_162]]. _ W(R/Ti)(p—q)’ lfp 7é q,

(1.19)
~i 2(B/2)((1/r;)=(1/r4)) T
AV (2) = = sahi (W)Y (WP2) - (1.20)

Note that our equations vary slightly from [26, Equation 5.5.4] since we do not “ab-

sorb” the 2f/2" terms into our definition of the fermionic fields.

Let k=ri+---+r1+k €{0,1,...,r — 1} such that ¥’ # 0. Then
Ey = Epji1 = Ep 1.

By [26, Equation (3.4.5)],

E+1 K 1 1 1
KL e Lpe
Ty Ty 27"g 27‘1) Kk 1 Ty kK1

s Bl ] = (

and so EY ., € gl/™ and, by Equations (1.17), (1.18) and (1.16),

]_ i —(— kl -~
Br = Bl (Bfre) = B a(R/re) = = 3wy O AL (R /o)
p,q=1



1. The Basic Representation of the Affine General Linear Lie Algebra 27

Now, p(gﬁg(R/w)) is equal to the coefficient of z=f/™ in the vertex operators in

Equations (1.19) and (1.20). A quick calculation then reveals that

PR (RIr)) = — 57wl i+ 1)

ez
Thus,
re—1
11— k?/ — . k[ -
Z Z k") (p— q () (i +1) Z Z ( )(p q>¢2(2)¢e(3+1)~
¢ pg=1 icZ ZEZ
Since,
re—1 : c L
ZZ w(z ¥—a _ )T ifrg| (i — &),
(p—a)= 0, otherwise,
one finds,

p(Er) = > ()i +1) = (K + i) (K +rei + 1),

(i—K") i€Z



Chapter 2

Geometric Invariant Theory

Our main geometric objects of interest will be the so-called Nakajima quiver varieties,
which are examples of geometric (invariant) quotients. The purpose of this chapter
will be to review some of the basic results from geometric invariant theory that we
will need before studying quiver varieties in the following chapter. The material in
this chapter is based largely on [19]. However, while [19] deals in full generality with
schemes over an arbitrary field, we will deal exclusively with algebraic varieties over
C.

Throughout this chapter and all subsequent chapters, whenever X is a set and
G is a group acting on X, we will denote the set of G-fixed points of X by X¢.

Let X be an algebraic variety and let G an algebraic group acting on X, i.e. the

group action

c:Gx X =X,

(9,7) = g -,

is a morphism of varieties. Then for any G-invariant open set U C X, we have an

induced action of G on Ox(U) given by

(9- @)= flg™ ),

28
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for all g € G, f € Ox(U) and x € U. Note that if f € Ox(U)Y, then f is constant
on the orbit G - x for each x € U. Thus, f induces a well-defined function on the
orbit space U/G given by

f:U/G — C,

(2.1)

This leads us to the definition of a geometric quotient. Note that our definition is a

slightly simplified version of [19, Definition 0.6].

Definition 2.1 (Geometric quotient). Let X be an algebraic variety and let G an
algebraic group acting on X with group action ¢ : G x X — X. A pair (Y,9),
where Y is an algebraic variety and ¢ : X — Y is a morphism of varieties, is called a

geometric quotient of X by G if the following conditions hold.

1. The diagram

GXXL*X
L
X p Y

commutes, where the map p is the projection onto the second factor.

2. The map ¢ is surjective and the fibres of ¢ are precisely the G-orbits of X (i.e.
for all y € Y, there exists an # € X such that ¢~ !(y) = G - z).

3. The variety Y has the quotient topology induced by ¢.
4. The structure sheaf of Y is given by
Oy(U)={f:U—=C|fe0Ox(¢p " (U)“},

where f is defined as in Equation (2.1).
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Remark 2.2. Geometric quotients are not guaranteed to exist. However, if a geo-
metric quotient (Y, ¢) of X by G does exist, then by (2) and (3) of Definition 2.1, it
is clear that, topologically, Y = X/G. Hence, whenever a geometric quotient (Y, ¢)
exists, we will identify it with (X/G, ), where 7 : X — X/G is the canonical pro-
jection. Moreover, by a slight abuse of notation, we will simply refer to X/G as the

geometric quotient of X by G, leaving the map 7 implied.

We will, of course, also be interested in morphisms between geometric quotients.

The next lemma will prove useful in constructing such morphisms.

Lemma 2.3. Let X and Y be algebraic varieties and let Gx and Gy be algebraic
groups acting on X and Y, respectively, such that X/Gx and Y/Gy are geometric
quotients. If ¢ : X — Y is a morphism of varieties and ¥ : Gx — Gy 1is a group

homomorphism such that

GxxX — X

Y X @ o (2.2)

GyXY

Y

commutes (where the horizontal arrows represent the group action), then the induced

map
@IX/GX — Y/Gy,
Gx -z Gy - ¢(x),

1s a well-defined morphism of varieties. Moreover, if ¢ and 1 are isomorphisms of

varieties and groups, respectively, then © is an isomorphism of varieties.

Proof: The fact that p is well-defined follows directly from the commutativity
of Diagram (2.2). Clearly, ¥ is continuous. Thus, to show that ¥ is a morphism of

varieties, it remains only to show that the mapping f + f o @ is a pullback

Ov/ay (U) = Oxjax (7 1)),
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for all open U C Y. Let mx : X - X/Gx and 7y : Y — Y/Gy denote the canonical
projections. By definition of geometric quotients, this is equivalent to showing that

the mapping f — f o is a map
Oy (my' (U))* = Ox(mx! (771 (U))™ = Ox (¢ (n7 ' (U)) 7,
for all open U C Y. For any f € Oy (" (U)9Y, z € (7 1(U)) and g € G,
(9 (fop)(z) = flolg™ - 2)) = f(¥(g™") - p(x)) = flp(x)) = (f o p)(2),

where the second equality follows from Diagram (2.2) and the third equality follows
from the fact that f € Oy (7' (U))r. Therefore, we conclude that % is a morphism
of varieties.

In the case that ¢ and 1 are isomorphisms, we have the following commutative

diagram:
Gx x X X
Pt x wll ot
Gy XY Y

By repeating all the same arguments, we have a morphism of varieties

p1:Y/Gy — X/Gx,
Gy -y Gx -9 '(y),

which is the inverse of ®. Thus, ¥ is an isomorphism. i

We now turn our attention to tangent spaces, as they offer a very useful means
for studying the local behaviour of a variety. We begin by recalling the definition.
Let X be an algebraic variety. Recall that the stalk of x € X is

Ox . = 1limOx(U) (for open sets U > z)
e
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={[f,U] |open U 3 x and f € Ox(U)},

where [f, U] is the equivalence class of (f, U) under the equivalence relation (f,U) ~
(f',U") if and only if there exists an open V' C UNU’ such that z € V and f|y = f'|v.
By a slight abuse of notation, we will denote [f, U] simply by f, leaving the open set

U implied. A derivation of Ox , is a linear map d : Oy, — C such that

6(fg) =o(f)g(x) + f(x)d(g),
for all f,g € Ox,.

Definition 2.4. (Tangent space) Let X be an algebraic variety. For x € X the

tangent space of X at x is the set of derivations of Ox ., i.e.

To(X) = {6 € Home(Ox.0, C) | 6(f9) = 0(f)g(x) + f(x)d(g), for all f,g € Ox.}.

If X is an affine variety, we may define the tangent space in more global terms

by replacing the stalk Oy, with the coordinate ring C[X] of X, i.e.
To(X) = {6 € Home(C[X],C) | 6(fg) = 6(f)g(z) + f(x)d(g), for all f,g € C[X]}.

If X and Y are algebraic varieties and ¢ : X — Y is a morphism of varieties,

then we have an induced map on the stalks

(P* : OY,LP(LE) — OX,:EJ

[ foyp,

for each # € X (in the affine case, we may replace the stalks Ox , and Oy, ;) with

the coordinate rings C[X] and C[Y]). This induces a map on the tangent spaces

d— ot
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called the differential of ¢ (at x). If X is smooth, then we say that ¢ is étale if dy
is an isomorphism. Note that this is not the original definition of an étale morphism
(see [7, Definition 17.3.1]), but rather an equivalent characterization in the setting of
smooth varieties (see [7, Corollary 17.11.2]).

Let G be an algebraic group acting on X and let ¢ : G x X — X denote the
group action. Define o, := 0(g,—) : X — X and ¢® = o(—,z) : G — X for all

g € G and z € X. We then have induced maps on the tangent spaces
dog : To(X) = Tye(X) and do®: Ti(G) = T.(X).

For sufficiently nice varieties, the following lemma allows us to compute the tangent

space of X/G.

Lemma 2.5. Let X be a smooth algebraic variety and let G be a reductive algebraic
group acting freely on X such that the geometric quotient X/G exists. Let m: X —
X/G denote the canonical projection. Then, for all x € X,

0= Ti(G) “= To(X) T Tou(X/G) = 0,
1 a short exact sequence.

Proof:  Luna’s étale slice theorem (see [16, Section III, Théoreme du slice étale])
implies that, for all x € X, there exists a subvariety V' C X, which we may assume to
be smooth (see Remark 1 following the slice theorem in [16]), containing x such that
o|axy is étale (note that since G acts freely on X, the stabilizer G, is trivial and the

orbit G - z is closed). Therefore,
do: Tan(G x V) = T.(X),

is an isomorphism. Luna’s étale slice theorem also implies that the morphism &,

induced from the following commutative diagram
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GxV X

| l
(G X V)/G=V-----X/G,

where the vertical maps are the canonical projections, is étale. Thus,
do : TG-(l,x)((G X V)/G = Tx<V) — TGm(X/G),

is an isomorphism. Notice that we have a commutative diagram:
¢ 5 GxV % X/G
idl ‘ id‘
¢ 2% x X/,

where i1(g) = (g,z) for all g € G. This induces the following commutative diagram

on the tangent spaces:

diy T, (G x V) drodo
0 - T(G) — Te.(X/G) — 0
~T(G) T.(V)
. l l . l (2.3)
id do id
0 —» TG —T T.(X) e TeuX/G) 0.

Clearly, the first row of Diagram (2.3) is a short exact sequence. Since the vertical
arrows of Diagram (2.3) are all isomorphisms, it follows that the second row is also a

short exact sequence. |

Corollary 2.6. Let X and G be as in Lemma 2.5. Then, for all x € X,
Toe(X/G) =2 Tp(X)/imdo®.

Proof: = By Lemma 2.5 and the first isomorphism theorem, 7¢..(X/G) = im dr =
T.(X)/kerdr = T,(X)/imdo®.
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Let us keep the assumptions of Lemma 2.5. Suppose ¢ : X — X is a G-

equivariant morphism of varieties. Then we have a well-defined morphism

p:X/G— X/G,
G-z G- p(x).

Let z € X such that G-z € X/G is a fixed point of 3. Then, there exists a unique

g € G such that p(x) = ¢g7! - 2 and the map @ induces a map on Tg..(X/G):
dp : T6..(X/G) = T6..(X/G).

By Corollary 2.6, we may identify 7Tg..(X/G) with 7,(X)/imdo®. Via this iden-
tification, dp induces a map on 7,(X)/imdo”, which we compute in the following

lemma.
Lemma 2.7. Let X, G, ¢, x and g be as above. Let
U Tae(X/G) = To(X)/imdo”,
be the isomorphism described in Corollary 2.6. Then we have well-defined maps

dy : T(X)/imdo® — T (X)/ im do?™),

6 +imdo® — dp(8) + im do¥®@,
and

doy : Towy(X)/imdo?™ — T,(X)/imdo®,

6 +imdo?™ = do,(8) + im do®.
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Moreover, the following diagram commutes.

T6(X/G) Ta2(X/G)
vl v
T.(X)/imdo®------ >T:(X)/imdo” (2.4)

In particular, the induced action of dp on T,(X)/imdo® is given by the dashed line

in Diagram (2.4)

Proof:  Let 7, : G — G be the map 7,(h) = ghg™". Note that 7, is a morphism of

varieties. We have the following commutative digram:

™

G s X/G

idl . 7|

oe(x)

G — X — X/G

SR

G — X/G7

which induces the following commutative diagram on the tangent spaces:

do® dm

0 - T(G) —— T.(X) — Te.(X/G) — 0

1d4 d¢l d@l

do#(®) dr

| e

dcr" dm

0 = Ti(G) To(X)  — Tau(X/G) — 0,

where every row is a short exact sequence by Lemma 2.5. Therefore, dp(im do®) C

im de?® and do,(im do?®) C im do®, thus proving that dy and do, are well-defined.



2. Geometric Invariant Theory 37

One then easily verifies the commutativity of Diagram (2.4). i

Remark 2.8. Let X and G be as in Lemma 2.7 and let H be an algebraic group
acting on X such that the G and H actions commute. Then each h € H induces a
G-equivariant morphism of varieties ¢, : X — X, given by x +— h-x. Let x € X
such that G -z € (X/G)". Then H acts on Tg..(X/G) by

for all h € H and § € T5..(X/G). By Corollary 2.6, we may identify 7T¢..(X/G) with
T.(X)/imdo®. For each h € H, let g(h) € G be the element such that h-x = g(h)™'-z.
By Lemma 2.7, the induced action of H on T.(X)/imdo® is given by

h- (6 +imdo®) = (dogym) o dep)(0 +imdo™) = (doym) o dep) (6) 4+ imdo®,
for all h € H and 6 + imdo® € T,(X)/imdo”.

Let X be an algebraic variety (not necessarily smooth) and G an algebraic group

(not necessarily reductive) acting on X. Let ¢ € G and consider the morphism
byt X = X x X,
x = (z,9- ).
By definition of a variety, the diagonal
A(X) ={(z,x) € X x X},
is a closed subset X x X. Therefore,

3y (A(X)) = X7,

g

is closed in X. Hence,
X9 = x,

geG
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is a closed subvariety of X. For each g € G, let

pg 1 X — X,

T g,
Recall that, for each x € X%, the group G acts on T,(X) via

for all ¢ € G and 6 € T,(X). The following lemma shows that we may naturally
identify 7,(X%) with 7,(X)¢.

Lemma 2.9. Let X be an algebraic variety and let G be an algebraic group acting on
X. Let

i X% X,
be the inclusion map. Then, for all x € X, the differential di maps T,(X%) isomor-
phically onto T,(X)%.

Proof: Without loss of generality, we may assume that X is affine. Suppose
X C A™ and let C[X] and C[X¢] be the coordinate rings of X and X%, respectively.
Both C[X] and C[XY] are quotients of the polynomial ring C[ti,...,t,]. For each
g € G, we may consider the morphism ¢, to be an n-tuple (goé, -+, ¢y) of polynomials
in C[X]. Then

C[XY = C[X]/J,

where J is the radical of the ideal generated by the set {p} —t; | g € G,i=1,...,n}.
In particular, ¢! +.J = t;+.J in C[X“] and so, ¢} (f)+J = f+J forall f+J € C[X€].
The pullback of ¢ is the map

i* : C[X] — C[XY],

f—=f+J
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Now, we consider the differential di : T,(X%) — T.(X). Since i* is surjective, it is
clear that di is injective. Thus, it remains only to show that di(T,(X%)) = T,(X)C.
Let § € T,(X%). Then for any g € G and f € C[X],

(g - (di(0)))(f) = 0(py(f) + J) = o(f + J) = (di(9))(f)-

Thus, di(d) € T.(X)% and so, di(T,(X%)) C T.(X)¢. Conversely, let ¢ € T,(X)C.
Notice that, for all g € G and ¢ € {1,...,n},

e(py —ti) = e(py) —e(t) = (g-e)(t;) — e(t;) = e(t;) — e(t;) = 0.

Thus, € vanishes on the generators of J. Moreover, the generators of J vanish on =z,

and so £(J) = 0. Hence, we have a well-defined derivation

§:C[X% = C,
f+J=elf),
and di(d) = . Therefore, T,(X)“ C di(T,(X%)), completing the proof. 1

In the following chapters, we will commonly identify the tangent space of varieties
with the middle cohomology of certain complexes. In light of the previous lemma,
it will be useful for us to compute the fixed points of the middle cohomology of

complexes.

Lemma 2.10. Let G be a finite-dimensional torus or a finite group and let

Xy .y

be a complex of of G-modules such that o is injective and [ is surjective. Let ag =

alxe and Bg = Blye. Then ker Bg/imag = (ker B/ im ) as G-modules.
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Proof: We have the following commutative diagram

XG . %G YG B ZG

! il !
a B
X — Y — Z
where the vertical arrows represent the inclusion maps. Note that the restrictions

ag and B remain injective and surjective, respectively. By commutativity of the

diagram, ¢ induces a G-module morphism

iy : ker Bg/imag — ker 5/ im «,
y+imag — i(y) +ima =y +ima.

Suppose y+im ag € keri,. This implies that y € im «, and so we have a (unique)

r € X such that a(z) = y. Because y € Y, for every g € G we have

alg-z)=g-alr)=g-y=y=alx)
Since « is injective, we have that ¢ - = . Therefore, x € X% and so y € imag.
Thus keri, = 0 and i, is injective. Hence, by the First Isomorphism Theorem,
ker B¢/ im ag = im .

We claim that imi, = (ker 8/im a)%, which would complete the proof of the
lemma. Clearly, imi, C (ker 3/im«)®, thus it remains only to check the reverse
inclusion. If G = (C*)¢ is a d-dimensional torus, then we have a weight space decom-
position of X:

X = @Xk, Xk::{xeX\(gl,...,gd)-:z::gi‘l---ggdx, for all (g1,...,94) € G}.
kezd

We also have a weight space decomposition Y = @, ;. Yk, where the Yy are defined in
the same way as the Xj. Suppose y = (yi) € ker 3 such that y+im « € (ker 3/im )€,
Thus, for every g € G, we have (¢ -y) —y € ima. Moreover, since « is a morphism

of G-modules, alx, : Xk — Yk, and so

((9-y) —yh = (gi‘l---ggd — Dy € imay,



2. Geometric Invariant Theory 41

for all k € Z% and g = (g1,...,94) € G. For each k # 0, we may choose a g =
(g1,...,94) € G such that g€t --- g&¢ = 1, and thus g € im a. Therefore,

y+ima =1y + ima € imi,,

since 1o € Y©.
If G is a finite group, we again suppose y € ker 3 such that y+im a € (ker 3/im a)®,
ie. (g-y)—y €ima for all g € G. Thus,

LONIEVEY 55w e

geG geG
and so
y+ima = ‘%Zg-y—i—ima € 1m 7,
9eG
since ﬁ > gecd-yeYQ 1

We end this chapter with the following lemma, which gives a sufficient set of

conditions to determine when a morphism of varieties is an isomorphism.

Lemma 2.11. Let X and Y be smooth algebraic varieties and let ¢ : X — 'Y be a

bijective étale morphism. Then ¢ is an isomorphism (of varieties).

Proof:  The Inverse Function Theorem found in [18, Theorem 5.31] implies that ¢
is birational. Then, since ¢ is bijective and Y is smooth (in particular, Y is normal),
by a version of Zariski’s Main Theorem (see [20, Chapter III, Section 9, Theorem IJ),

it follows that ¢ is an isomorphism. |



Chapter 3

Quiver Varieties

The key result of this chapter is Theorem 3.20, in which we show that the Z,,-fixed
point set of certain Nakajima quiver varieties is isomorphic to a disjoint union of
Nakajima quiver varieties of type /Alm_l. In Chapter 5, we will see that the equivariant
cohomology of these varieties will provide us with a suitable geometric analogue of
Vhasic-

Let @ = (Qo,®@1) be a quiver. For all p € Qq, write t(p) and h(p) for the tail
and the head of p, respectively. Let @ = (@0, @1) be the double quiver of ). That is,

@0 = Qo, and @1 = Q1 UQy,

where () is the set of arrows in (), with orientation reversed. We then have a natural
involution ~: @)1 — ()1, which sends every arrow in ()1 to its corresponding reverse

arrow in Q, and vice versa. We define the function ¢ : Q; — {#1} by

1a lfp S Qh
e(p) = B
-1, ifpe@,.

Let V = @ke@o Vi and W = ®ke@o Wy be éo—graded complex vector spaces and let

42
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n=dimV and s = dim W. Define

By = @ Hom(Viy). Vap):  Lvw = @D Hom(Vi, Wi).

PEQ1 keQo

We define a “multiplication” Ey x Ey — Ly given by

(AB)y = Y. A,B,
pEQ1,t(p)=k

for all A= (A,), B = (B,) € Eyv. We then define
M = M(V,W) = By & L.y ® Ly

The function e : Q; — {£1} induces a function ¢ : By, — Ey given by

We have a symplectic form w on M given by
w((Ch, i1, 1), (Ca, i, J2)) = tr(e(C1)C) + tr(inga — injr)-
Let Gy = [, GL(Vk). Then Gy acts on M via
g9-(Ci,j) = (9Cg", gi,jg™"),

for all g € Gy and (C,1,j) € M. Then Gy is an algebraic group whose action on M
preserves the symplectic form w. The moment map vanishing at the origin is given

by
p:M = Lyy,
(C)1,7) — e(C)C + 1y,
where the Lie algebra Ly of Gy is identified with its dual via the trace.

Remark 3.1. Note that the set M and the map p do not depend on the orientation
of the quiver (). Thus, our construction above, as well as the definition of quiver

varieties below, depend only on the underlying (undirected) graph of Q.
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Definition 3.2 (Invariant, Stable). Let S = @, 5, Sk, where each Sy is a subspace
of Vi. For C € Ey, we say that S is C-invariant if C,(Sy,)) C Sk for all p € @1.

An element (C,i,j) € M is called stable if the following condition holds: if S is
a éo—graded subspace of V' such that S is C-invariant and im(z) C S, then S = V.
We denote by M®* the set of stable points of M.

Remark 3.3. Recall that a path (of length ¢) in a quiver is a sequence of arrows
pe -+ - pap1 such that h(px) = t(pry1). For any path p = py--- pap; and any C € Ey,
let CP) = Cy0---0C,0oC

1, which is a linear map Vj(,,) = Vi(,,). For (C,4,7) € M,
define

S(C,1,7) := span {C(p)i(xk) | p is a path starting at k, xp € Wy, k € @0} )

Notice that (C,1,7) is stable if and only if S(C,4,j) = V. Indeed, suppose (C,1,j) is
stable. We have that S(C,1,j) is a éo—graded subspace with k-th component S;, :=
S(C,i,5)NV; for all k € Qo. Moreover, S(C,1i,j) is C-invariant and im(7) C S(C, 1, j),
thus S(C,i,j7) =V.

Conversely, suppose S(C,i,j) = V. Let T be a C-invariant éo—graded subspace
of V' with im(¢) C T. Then we have S(C,i,7j) C T, and so T'= V. Thus, (C,i,j) is
stable.

Lemma 3.4. The set M5 := p71(0) N M* is a quasi-affine algebraic variety.

Proof:  We will show that M (resp. u~*(0)) is a Zariski open (resp. closed) subset
of M. By choosing bases for V;, and Wy, for each k € @0, we may identify M with a
direct sum of matrix vector spaces, which can then be identified with affine space. Via
this identification, it is clear that ~'(0) is the vanishing set of a set of polynomials
whose variables are the entries of the matrices defined by C, i and j, and thus p~1(0)

is a Zariski closed set.

By Remark 3.3,

M = {(C,i,§) € M| S(C,i,j) = V}.
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Suppose z € Wy, for some k € @0, such that i(z) # 0, and p = py, - - - p2p1 is a path in
@ starting at k with m >n =dim V. Let p, = p;- - - pap1, for all 1 < £ < m. Choose
¢ minimal such that {i(x), C®Vi(z),..., C®)i(z)} is linearly dependent. Then

CPi(x) = agi(z) + o, CPVi(z) + - - + a1 CP=Vi(x),

for some a, € C, ¢ = 0,1,...,¢ — 1, where we may choose a, = 0 if h(p,) # h(ps).

Therefore,

CWi(z) = (C,, 0---0C

Pe+1

)(agi(z) + al(](pl)i(a:) S az_lc’(pﬁ—l)i(x))’

and so C®i(z) € span{C®)i(z) | p’ is a path of length smaller than m}. Thus, by

induction,

S(C,i,7) = span{CPi(z}) | p is a path starting at k

of length less than n, z, € Wy, k € @0}.

For each k € @0 let iék), 1 < ¢ < dim Wy, denote the images under ¢ of the basis
k)

k

take all the paths p, starting at k of length less that n, 1 < ¢, < dim Wy, k € @0. By

elements of Wy. Let X(C,1,j) be the matrix whose columns are C(pk)zé where we

the above argument, S(C, 1, j) is the column space of X (C, 1, j), and so, by basic linear
algebra, S(C,i,j) = V if and only if tk(X(C,7,7)) = n. The rank of a matrix may
be defined as the size of the largest (square) submatrix with nonzero determinant.

Hence, M® may be described as
M* = {(C,i,j) € M | there is an n x n submatrix of X (C,i,j) with det # 0}.
The complement of M®', which we denote M"™*" (the set of unstable points), is thus
M"" = {(C,4,7j) € M | every n x n submtarix of X(C,i,j) has det = 0}.

Under our identification with affine space, the determinant of a submatrix yields a

polynomial whose variables are the entries of the submatrix, hence Mt is a vanishing
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set of polynomials, and thus a Zariski closed set. Therefore, M®® is a Zariski open
set.
Therefore, since M is the intersection of an open subset and a closed subset of

M, it is a quasi-affine variety. |

Lemma 3.5. The group Gy acts freely on M®,

Proof:  Let (C,4,j) € M®. Suppose g = (gx) € Gy such that g-(C,i,7) = (C,4,j)
(i.e. gCg7 ' =C, gi=1,and jg~! = j) and let v € V. By Remark 3.3, S(C,1,5) =V,

thus we may write v as a finite sum:
V= Zch(pq)i(xkq)’
q

where ¢, € C, p, is a path in @ starting at k,, zp, € Wy,, and k, € @0, for each gq.

Applying g to v we get

gv) =g (Z ch(pq)i(kaq)> = cugCPi(zy,) = c,CPgi(xy,)

q q q

= Z ¢y C"i(zy,) = v.
q

Therefore, g = 1 and thus Gy acts freely on M*'. |

Definition 3.6 (Nakajima Quiver Variety). The Nakajima quiver variety (associated

to @) is the geometric quotient
M =MV, W) :=M(V,W)/Gy.

We will write [C, 1, j]g, (or simply [C,i,j] when there is no risk of confusion) to

denote the Gy-orbit of a point (C,14,j) € Mg,
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As stated in Remark 2.2, geometric quotients are not guaranteed to exist, thus
Defintion 3.6 requires some justification. The fact that there exists a geometric quo-
tient of M’ by Gy is essentially proved by Nakajima in [21, Corollary 3.12], though
our definition of quiver varieties in Definition 3.6 is seemingly different from Naka-
jima’s definition in [21, Section 3.ii]. For convenience, we make precise the relation

between the two definitions.

Definition 3.7 (Costable). An element (C,i,j) € M is costable if whenever a Q-
graded C-invariant subspace S C V satisfies j(S) = 0, then S = 0. Denote by M
the set of costable points of M and by M the intersection M* N p~1(0).

Remark 3.8. Using arguments completely analogous to Lemmas 3.4 and Lemma
3.5, one can easily show that M{™" is a quasi-affine variety and Gy acts freely on

cost
Mot

Definition 3.9 (Dual Nakajima quiver variety). The dual Nakajima quiver variety

(associated to @) is the quotient
M =M (V, W) := M (V,W)/Gy.

Remark 3.10. Note that in [21, Definition 3.9], Definition 3.7 is used as the definition
of stability. By [21, Corollary 3.12], the Nakajima quiver variety defined in [21, Section
3.ii] corresponds to our definition of the dual Nakajima quiver variety in Definition 3.9.
However the conditions of stability (in Definition 3.2) and costability (in Definition
3.7) are merely duals of each other, which yields an isomorphism of varieties between

M;" and M§>*. This in turn will allow us to naturally identify 9t with 9*.

Lemma 3.11. There exists an isomorphism of varieties M (V, W) — Mt (V* V™)

and a group tsomorphism Gy — Gy« such that the following diagram commutes:
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Gy x MEY(V, W)

Mg (V, W)

GV* % M(C)OSt(V*, W*) - Mgost(v*’ W*)

where the horizontal arrows represent the group action.

Proof:  Let (C,4,5) € M. For each C, € Hom(Vy(,), Vi(,)), we have the transpose

map (C,)* € Hom(V}:‘(p), Vt’Ep)), so we have a mapping Ey — Ey« given by C' — C*,

where
(C%), = (Cp)",
for every p € @1. Moreover, since ¢ € Ly,y and j € Lyw, we have ¢* € Ly« y« and

J* € Ly~ y-. Hence, we have a map

MV, W) — M((V*, W),
(3.1)
(C,1,7) = (C7, 5%, 17).
We claim that above mapping induces a map OM(V, W) — 9t (V* W*). First, let
(C,i,5) € ME'. Note that £(C*)C* = C*e(C)*. Indeed, for every p € Q1,
e(C7)p(C7)p = e(P)(C7)p(C7), = e(p)(C,)"(Cp)" = (C)"(e(C);)" = (C7)(e(C)7),-

Thus, for each k € Qo, the Hom(V}*, V;¥) component of ¢(C*)C* is

(£(CNC = > eCC)= D (C)a(e(C)), = (C7e(C) )i

pEQ1, t(p)=k pEQ1, t(p)=k

Hence, applying the moment map to (C*, j*,i*) gives
WO, i) = (CT)C + 10" = Ce(C) + 17 = (e(C)C + )" = u(Cyi )" =0,

where the final equality holds because (C, 7, j) € p~1(0). Next we show that (C*, j*,i*)
is costable. Indeed, suppose S = @ke@) S € V* such that S is C*-invariant and
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*(S) = 0. For each k € Qq, let Uy, = {v € Vi | p(v) = 0 for all ¢ € S} and set
U = @yeg, Ur- For any p € Qi u € Usp) and ¢ € Sy(p) we have

P(Cp(u)) = (Cp)"(¢)(u) = (C7)5(¢)(u) = 0.
€5¢(p)

Therefore, C,(u) € Upy), and so U is C-invariant. Moreover, for any i(x) € im(7)

and ¢ € 9,

=0
Thus, i(xz) € U, and so im(i) C U. Because (C,1,j) is stable, we have that U = V.

By construction of U, (V) = ¢(U) = 0 for every ¢ € S, which means S = 0. Hence,
(C*, j*,1%) is costable.

Therefore, the mapping (C,i,j) — (C*, j*,i*) is a mapping
MEH(V, W) — M (V).

Note that this mapping is a morphism of varieties (since by identifying M with affine
space, this map corresponds to permuting coordinates and is thus a regular map).

Furthermore, by a similar argument, one can show that the mapping

M (VW) — MV W),
’ ’ (3.2)
(07,1/’]) H (C*7j*’i*)7
is also a morphism of varieties. Via the canonical isomorphisms V** =2V and W** =

W, one has a natural isomorphism of varieties
MV W) S MV, W), (3.3)

The composition of the maps (3.2) and (3.3) is the inverse of map (3.1). Thus, the
map (3.1) is an isomorphism of varieties M (V, W) 5 Mgt (V*, W*). Note also that

under this mapping

g-(C.i,7) = (9Cg~ " gi,jg~ ") —((9Cg™ ") (Gg~1)", (90)%)
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=((g)7'C" (g") 71" 17g")
— (g*)—l X (C*,j*7'L*)
for all g € Gy and (C,i,7) € M (V,W). Hence, we have a commutative diagram

Gy x M3V, V)

M (V, )

GV* % Mgost(v*, W*) M805t<v*’ W*>

where the horizontal arrows represent the group action and the mapping Gy X

M (V, W) — Gy x M (V* W*) is given by (g, (C,4,7)) — ((¢°) 1, (C*, 5*,4%)). 1

Corollary 3.12. The varieties M(V, W) and IM*(V*, W*) are isomorphic (as vari-

eties).

Proof: This follows from Lemma 3.11 and Lemma 2.3. |

Corollary 3.13. The varietes M§' and 9 are smooth.

Proof: By Corollary [21, Lemma 3.10, Corollary 3.12], we have that M** and
9M* are smooth varieties. Thus, by Lemma 3.11 and Corollary 3.12, M and 9t are

also smooth varieties. |

Let (C,i,7) € M. The tangent space of M at (C,1,7) is

ﬁC,i,j)(Mgt) = ﬁC,i,j)(Mil(O)) = kerdy,



3. Quiver Varieties 51

and one can easily check that the differential of the moment map p at (C,4,j) is

d[,b M — Lv7v,

(D,a,b) — e(C)D +e(D)C +ib+ aj.

By Corollary 2.6, the tangent space Tic; ;(9) can then be identified with the quo-
tient kerdyu/imdo(@).  Here, (@) . Gy — M is the map given by g

(9Cg~t,gi,jg~ '), and so

o) Lyy — Ticup(My) = kerdu,

X s (XC — CX, Xi, —jX).
Lemma 3.14. Let (C,i,j) € Mg'. Then
1. do'©%) s injective and dy (at (C,4,7)) is surjective, and

2. the tangent space of M at [C, i, j| may be identified with the middle cohomology

of the following complex:
do(Cind) dp

LV,V — EV D LW,V D LV,W E— vav. (34)

Proof:  The proof of (1) is completely analogous to [15, Lemma 3.2]. Part (2), as

above, simply follows from Corollary 2.6. |

It is worth noting that, up to isomorphism, the varieties Mg (V, W) and 9(V, W)
are parametrized by the graded dimensions of V' and W. Indeed, let v = (vi), w =
(wy) € N@ and, for i = 1,2, let Vi, Wi be Qq-graded vector spaces such that
dim V' = v;, and dim W} = wy, for all k € @0. Fix éo—graded vector space isomor-

phisms f: V! — VZand h: W' — W?2. Then we define maps

MG (V) = M (V2 I72),
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(Cyi,5) = (fCF7 fih™  hif™h),
and
Gy — Gye,
g faf ™"
One can easily check that these maps are isomorphisms of varieties and groups, re-

spectively. Thus, ME(VI W) = MEH(V2 W?) and, by Lemma 2.3, M(V?, W) =

M(V2, W?). Hence, we define one standard representative for each isomorphism class:

M (v, w) =My | (P C* P |,
k€Qo k€Qo

and

M(v,w) =M @ Cv*, EB CVk | =M (v,w)/Gy,
kEQo kEQo
where Gy = [[,.5, GLv,(C).

From now on, we restrict ourselves to the case where () is a quiver of type A\m,l,
m € NT (with the case m = 1 corresponding to the quiver consisting of one vertex
and one loop). We label the vertices of @ by {0,1,...,m — 1}, and hence we can
identify Qg = @0 with Z,,. In this case, we have that @ is the quiver:

We denote by M(m;v,w) (resp. MM(m; v, w)) the variety M(v,w) (resp. (v, w))

corresponding to a quiver of type ﬁm_l (recall that these varieties do not depend on
the orientation of @, thus M(m; v, w) and 9t(m; v, w) are well-defined). Of particular

interest to us will be the case m = 1, for which we introduce the special notation:

M(Svn) = M(L(”)?(S))’ M(S,TL) = m(l;(n)’(s))'
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Note that in this case
M(s,n) = Hom(C",C") ® Hom(C",C") @ Hom(C?*,C") ® Hom(C", C?),

and so we will denote elements of M (s,n) by (A, B,i,j) and the elements of M(s, n)
by [A, B, i, j|, where, by convention, A represents the linear map associated to the
loop in @, and B the linear map associated to the loop in @,. The moment map s

then simplifies to

Thus, by [22, Theorem 2.1}, M(s,n) is isomorphic to the moduli space of framed
torsion-free sheaves on P? with rank s and second Chern class ¢y = n.

Fix an (s + 1)-dimensional torus
T = (C")* x C*,

and denote elements of 7" by (e, t), where e = (eq,...,e5) € (C*)* and t € C*. We

have a natural action of (C*)* on C* given by
e (wy,...,ws) = (erwy,...,esws),

for all e € (C*)* and (wy, ..., w,) € C°. For each ¢ € Z°, we have an action of 7" on

M (s,n) given by
(e,t) - (A, B,i, j) = (tA,t7'B,ie "t~°, et)),

where

€= (..., t%).

The torus action preserves the space M§'(s,n) and commutes with the action of

GL,(C), thus we have a well-defined action on M(s,n):

(e,t) - [A, B,i,j] = [tA, t ' B,ie 't~ et%]. (3.5)
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Let Mc(s,n) denote the moduli space M(s,n) with the torus action given by Equa-
tion (3.5).

We restrict our focus for now to the case s = 1. It is known that (A, B,i,j) €
Mgt (1,n) = j = 0 (see [22, Proposition 2.7]), thus we will simply write (A, B, 1)
for an element (A, B,7,0) € Mgt(1,n). Let w := ™~/ The finite cyclic group of

order m acts on M.(1,n) via the embedding

Loy — T,
(3.6)
ks (1,w").
That is
k-[A, B, i] = WA w0 B, w k],
for all k € Z,, and [A, B,i] € M.(1,n). Recall that the fixed point set M.(1,n)%m is
a closed subvariety of M.(1,7n) (see the discussion preceding Lemma 2.9). The goal

for the remainder of this chapter will be to describe M.(1,n)% in terms of quiver

varieties of type A\m,l.
Remark 3.15. Let
F.(n) == {(A, B,i) € Mi*(1,n) | [A, B,i] € M.(1,n)""},

i.e. we let F.(n) be the preimage of M.(1,n)? under the projection M'(1,n) —»
M.(1,n). Thus, F.(n) is a closed subvariety of M§*(1,n). We have that (A, B,i) €
F.(n) if and only if there exists a g € GL,,(C) such that

wA =g 'Ag,

w B =g !By, (3.7)

Note that since GL,(C) acts freely on M, such a g, if it exists, is unique. Assume

that (A, B,i) € F.(n). By Remark 3.3, every v € V may be written as a finite sum

0= 3" A APBY

p.q
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where \,, € C (note that A and B commute since the moment map implies that

[A, B] = 0) and we identify the map i : C — C™ with i(1). For any p and ¢,
g(A\pgAPBY1) = w PN, APgBY = wi PN\, AP Blgi = wi TN, AP BY.
Thus, we have a weight space decomposition

C' = @ Vi(A, B,i), Vi(A,B,i):={veC"|gv=uwrv}.

kEZm

Note that by the above calculation, it is easily seen that
Vi(A, B,i) = span{A?’B% | (¢ — p) = (k —¢) mod m}. (3.8)

We observe that ¢ € Vz (where ¢ is the equivalency class of ¢ in Z,,) and the restrictions

of A and B to Vj yield maps
A|Vk(A,B,i) : ‘/k(A, B,i) — Vk_l(A, B,i) and B’Vk(A,B,i) : V}C(A, B,i) — Vk+1(A, B,i).

Conversely, suppose we have a weight space decomposition C" = rez,, Vi such that

Aly, : Vi = Vi_y and Bly, : Vi = Viyq and @ € Vz. Set

g= H wFidy, .

k€L,
Then g7 'Ag = wA, ¢g7'Bg = w™'B and g = w™, and so (A, B,i) € F.(n).
Moreover, Vi(A, B,i) =V} for each k € Z,,.

Lemma 3.16. Let (A, B,i) € F.(n) and h € GL,,(C). Then
Vi(h - (A, B,i)) = hVi(A, B, 1),

for all k € Zy,.

Proof:  Write

(A", B',i") = h- (A, B,i) = (hAh™ ', hBR™*, hi).
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Let g € GL,(C) be the (unique) element satisfying (3.7) for (A4, B,4). Let ¢’ = hgh™'.
Then

() rAG = (hg 'R (RAR ) (hg ' h™) = h(g ' Ag)h ™! = w(hAR™h) = wA'.
Similarly, (¢')™'B'¢’ = w™'B’. Moreover,
(¢) ' = (hg *h™ ') (ki) = h(g™ ") = w hi = w7,
Hence, ¢’ is the unique element in GL, (C) satisfying (3.7) for (A’, B',i"). Thus,
Vi(A,B,i) ={v e C" | gv=w"v}, and Vi (A B,i)={veC"|gv=urvl}.
For each v € Vi (A, B, 1),
g'(hv) = (hgh™)(hv) = h(gv) = W*(hv),

and so hv € Vi (A', B',i'). Thus, h is a linear map Vi (A, B,i) — Vix(A’, B',4). Since
h is invertible, Vi (A’, B',i") = hVj (A, B, 1). |

Lemma 3.17. 1. The variety M (1,n)%" is smooth.

2. The tangent space of M.(1,n)%m at [A, B,i] may be identified with the middle
cohomology of the following complex:

do(A;B;1)

d
L~ E~&E" & Hom(C,V,) ® Hom(V,,C) —— L, (3.9)
where L = ., Hom(Vy, Vi) and E* = Dicz, Hom(Vi, Vitr).

Proof:  For Part (1), note that Z,, is a compact Lie group, and thus, the category
of finite-dimensional linear representations of Z,, is semisimple. Therefore, by [9,

Proposition 1.3], M.(1,n)% is smooth. For Part (2), we first note that the tangent



3. Quiver Varieties 57

space of M,(1,n) is obtained by setting V' = C" and W = C in Complex (3.4), i.e.
the tangent space of M.(1,n) is the middle cohomology of
Hom(C", C") & Hom(C™, C")
do (A B,1) dp

Hom(C",C") —— D —» Hom(C",C"). (3.10)
Hom(C,C") & Hom(C", C)

Therefore, by Lemma 2.9, the tangent space of M.(1,n)%" 2 (ker duu/ im do4B:9))Zm,
Let Z,, act on C" by

w-v = gu,

for all v € V, where ¢ is the element in GL,,(C) satisfying properties (3.7) for (A, B, ).
Likewise, let Z,, act on C by

w-u = wu,

for all uw € C. Then Hom(C",C"), Hom(C,C") and Hom(C", C) naturally become
Zm-modules. In order for do*5% and du to be Z,,-module maps, we introduce the
one-dimensional modules w and w™!, (on which w acts by multiplication by w and
w™!, respectively), and modify Complex (3.10) to
wHom(C",C") & w™! Hom(C",C")
do(A:B:0) du
Hom(C",C") —— ® — Hom(C",C"),

Hom(C,C") & Hom(C", C)

where we use juxtaposition to indicate the tensor product. Ome checks that the
action of Z,, on kerdu/imdo®P% induced by the action on C" and C matches

the action described in Remark 2.8. Thus, by Lemma 2.10, (ker d/ im dg(4-5:9)%m =

) are the restrictions of dp and doAB)

ker dyuz,, /im da%:B’i), where dyiz,, and dagi’B
to the fixed points of their respective domains. Now, f € Hom(C", C")%Z if and only
if f =gfg~', which occurs if and only if f|y, : Vi — Vi. Therefore,

Hom(C",C")*" = @ Hom(V, Vi).

kEZm
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Similarly, one can show that
(w*! Hom(C",C"))*" = @) Hom(Vi, Viz1), Hom(C,C")*" = Hom(C, V5),
k‘GZm

and Hom(C",C)*" = Hom(V;, C),

which completes the proof. |

Let (C,i,5) € M(m;v,1;). We identify @, ., C¥* with C"I by identifying 1}
with 1y gy, +e, Where {15}7*, and {14}'2;‘1 denote the standard bases of C¥* and

CMI, respectively. Let Ac, B € Hom (C"", C"") be the maps determined by
(Ac)leve = e(p)C,  and  (Beo)lew = Cr, (3.11)

foreacthZm,p:k%k—linél and7:k—>k+lin@1 (note that in the m = 2
case, we simply make a choice as to which arrow of ()1 corresponds to £k — k+ 1 and
which one corresponds to k — k — 1). We thus have a mapping
M(m;v,1z) — M(1,|v]),
(3.12)
(07?’7]) = (ACaBCaiaj)'

Suppose that u(C,i,j) = 0. For every vertex k € @0, we have four arrows incident
to k as in the following diagram.

E—1 a L s k+1 (3.13)
(6

Thus, the Hom(CV#, CV*) component of (C)C' is
(e(C)O)k = e(@)CsCy +(B)CsC5 = —Cs(e(a)Cy) + ((8)Cs)C5 = [Ac, Bellev
Hence, ¢(C)C = [A¢, Be]. Therefore,
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Now, suppose (C,i,j) is stable. Furthermore, suppose S is a subspace of ClVl such
that Ac(S) C S, Be(S) € S and im(i) € S. For each k € Z,,, let Sy be the vector

space spanned by elements of the form:
Dy, Dy, - -~ Dy, i(1),
where each ¢; € {1,2}, p € N, D; = A¢, Dy = B¢ and
#{; | 6 =2—#{l; | ;=1 =k —c mod m.

Then S = @kezm Si. and, by construction, S is thus a C-invariant subspace of CVI.
Since (C, 1, 7) is stable, S = CIV. Therefore, (A¢, B¢, 1, j) is stable. In particular, this
means that if (C,1,7) € Mg (m;v, 1z), then (Ac, Be,i,j) € M§t(1, |v]). In particular,
by [22, Proposition 2.7], this implies j = 0. Since this fact turns out to be rather
important, we highlight it with the following lemma.

Lemma 3.18. If (C,i,7) € Mg (m;v,w) with |w| =1, then j = 0.

By the discussion above, the mapping (3.12) maps M5 — Mgt Thus, by Equa-

tion (3.11), Lemma 3.18 and Remark 3.15, we may define a morphism of varieties

pv i My (m; v, 1) = Fo(|v]),
(07270) = (A07B07i)'

Lemma 3.19. The map ¢ induces a morphism of varieties

Py M(m; v, 1z) — M(1, |V|)Z’”"7

[Cvl70] = [AC7307i]'

In particular, one has a morphism of varieties © : HIV|=n M(m; v, 1) — M(1,n)%m,

given by =, _, Pv-
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Proof: Let ¢ : Gy — GL}y|(C) be the group homomorphism induced by our
identification of @, CY* with CV!, i.e. partitioning GLjy|(C) into m? blocks of size
v; x vj, 4,5 =0,1,...,m — 1, we embed GLy, (C) into the (k, k)-th diagonal block
of GLyy|(C), for each k = 0,1,...,m — 1. One then has the following commutative
diagram:
Gy x M (m;v,1:) —— Mg (m; v, 1)
Y X @
GLv((C) x Fu(lv]) Fe(v]),

where the horizontal arrows represent the group action. The result then follows by

Lemma 2.3. |

Theorem 3.20. The map © from Lemma 3.19 is an isomorphism. Therefore,

M(L,n)"m = TT M(m;v, 10),

[v|=n

as varieties.

Proof: We first begin by showing that @ is bijective. Suppose that (C,7,0) €
M3 (m; v, 1z) and (D, a,0) € Mg (m;u,1z), with |v| = |u| = n, are such that

@[07 i7 0] - @I:D’ a? 0]7

i.e. [Ac, Be, i) = [Ap, Bp,a]. Then there exists g € GL,,(C) such that (A¢, Be,i) =
g- (Ap, Bp,a). For each k € Z,,,

C"* = Vi(Ac, Be, i) = g(Vi(Ap, Bp, a)) = g(C™),

where the second equality follows from Lemma 3.16. In particular, v = u. Moreover,
since glcvi : CV¢ — CVk, we may view g as an element of G. One then easily verifies

that (C,4,0) =g - (D, a,0). Thus, [C,i,0] = [D,a,0], and so @ is injective.
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Now, let (A, B,i) € F.(n). Set v; = dim Vi (A, B, i) and choose a graded linear

isomorphism

f: @ Va4, Bi) » P C*.

k€EZm kEZm

Then [A, B,i| = [fAf™', fBf~!, fi]. Define (C,a,0) € M (m; v, 1;) by

e(p)(fAfYeve, ifp:k—k—1, '
= and a = f1,

(fo71)|(Cvk7 lfpk_>k:+]-a
for all p € @1. We claim that (C,a,0) € Mg (m;v,1;z). To show that u(C,a,0) =0,
recall that for each k € Z,,, one has 4 arrows incident to k as in Diagram (3.13).

Thus, the Hom(CV*, CV¥)-component of £(C)C' is

(e(C)CO)r = e(@)CsCq + £(B)CsC35
= e(@)e(@)(fBf v (FAFleve +e(B)*(FASDleviss (fFBF ) eve
= [fAf B e

Thus, applying the moment map to (C,a,0),
M(Ca a, 0) = 5(0)0 - [fAf_la fo_l] = f[A7 B}f_l =0,

where the last equality follows from the fact that p(A, B,i) = 0. Therefore, (C,a,0) €
1~ *(0). To show that (C,a,0) is stable, suppose that S = @, ., S is a C-invariant
subspace of @, C¥* with a € S. Then by construction, A(f~'(S)), B(f~'(5)) €
f71(S) and @ € f7(S). Since (A, B,i) is stable, f~'(S) = @cz Vi, and thus
S = Dy, C. Hence, (C,a,0) is stable. Therefore, (C,a,0) € Mg (m;v, 1z) and

P[C,a,0] = [fAf™, fBf L, fi] = [A, B, ).

Hence, ¥ is surjective.
Next, we show that @ is an étale morphism. Recall that we identify the tangent

spaces of 9 and MZm with the middle cohomologies of Complex (3.4) and Complex



3. Quiver Varieties 62

(3.9), respectively. By construction of @, the induced map d@ on the tangent spaces
is
Az : Tic,i0)(M) = Tiae.pea(M™™),

(D,a,b) +im do (@) (D~,D",a,b) +im doAeBed)

where (D7), = €(p)Dproik—1 and (D)y = Dpypyq for all k € Z,,. Clearly, dp is
injective. Moreover, by Lemma 3.14 and Lemma 3.17, Tjc;.0)(9N) and T4, e (MZ™)
have the same dimension, and hence dp is an isomorphism. By Lemma 2.11, © is an

isomorphism. |



Chapter 4

Vector Bundles and Geometric

Operators

In this chapter, we describe how to obtain so-called “geometric operators” on the
(localized) equivariant cohomology of smooth algebraic varieties; this method was
first introduced in [3] . The methods outlined in this chapter will serve as our main
tool for constructing our geometric versions of the Clifford, Heisenberg and Chevalley
operators in the next chapter. We do not review equivarient cohomology theory here,
but instead refer the reader to such expository papers as [27] or [2]. Our constructions
rely heavily on the Localization Theorem (see Theorem 4.1). The reader may wish
to consult [1, Appendix to Chapter 6] for more information on localization.

Let G = (C*)? be a d-dimensional torus and, for each j = 1,...,d, we denote

the 1-dimensional G-module

(g17"'7gd) = 9y,

by g;. Let pt denote the space consisting of a single point equipped with the trivial
action of the torus G. Let ¢; denote the first Chern class of

63
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for each j = 1,...,d. Note that the ¢; are elements of degree 2. Recall that the

equivariant cohomology of pt is
H{(pt) = Clty, ..., ta).

Let X be a space with a G-action. Then H{(X) is an H}(pt)-module. We consider

the localized equivariant cohomology of X:
H*G(X) = HZ,‘(X) ®(C[t1 77777 tdl C(tl, SN ;td)-

Unless otherwise noted, “cohomology” will always mean “localized equivariant coho-
mology”. Let
i X% X,

be the inclusion of the G-fixed points and let
p: X% = pt.

The advantage of localized equivariant cohomology over nonlocalized equivariant co-
homology is that its study can be reduced to the cohomology of the G-fixed points.
We will only be interested in the case where X is a smooth variety with finitely many

G-fixed points. In this situation, we have the following theorem.

Theorem 4.1 (Localization Theorem). The following map is an isomorphism of

algebras:

e (X) = HE(XY) = @D Hept),
zeXC@ (41)

. (GE;Y‘)))X

where i, : {x} — X, T, is the tangent space of x in X, and eq(T,) is the equivariant

Euler class of T,. The inverse of (4.1) is given by the Gysin map i, : Hu(X%) —
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Proof: This is a restatement of [5, Proposition 9.1.2] in the case that X has
finitely many fixed points. i

Suppose now that X has real dimension 4n, for some n € N. We define a bilinear

form (-,-)x on the middle degree localized equivariant cohomology HZ'(X) by
<CL, b>X = <_1)np*(i*)_1(a U b)7 (42)

where 1, is invertible by the Localization Theorem. We can extend this idea to a
product of varieties. Indeed, suppose X;, X5 are varieties of real dimension 4n; and

4ny, respectively. We define a bilinear form (-,-) x, xx, on 7—[2G(n1+n2)(X1 x Xo) by
(a,0) 1= (—1)"pa((ir X i2).) (@ Ub), (43)

where i; and i, are the inclusions of the G-fixed points into the first and second

factors, respectively. An element o € HzG("l+"2)(X1 X X3) then defines an operator
o He (X)) — HE (Xa), (4.4)
by using the bilinear form to define structure constants:
(), 1) xy = (@, T @ Y) X, % Xo-

Thus, an element « € ’Hé(nﬁnz)(Xl X X5) will be called a geometric operator.

Recall that the torus 7' = (C*)® x C* acts on Mc(s,n) via
(e,t) - [A, B,i,j] = [tA,t 7' B ie 't~ etj], (4.5)

for all (e,t) € T and [A, B,i,j] € Mc(s,n). Let T, = C* and define an action of T,
on M.(s,n) via the embedding

T, —» T

2 (12,220,270 1),
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Similar to Remark 3.15, one sees that [A, B,i,j] € Mc(s,n)’* if and only if there

exists a group homomorphism g : T, — GL,(C) such that
9(2) "1 Ag(z) = A,

9(2)"'Byg(z) = B,

(4.6)
g(z)Yi=id(1,271 ... 27,
§9(2) = (1,z,...,2°71)j

Define

VP =V*A, B,i,j) = {veC"|g(z)v ="} (4.7)
By the stability of (A, B,1,j), we have that C"* = @;_, V*. Moreover,

A(V?),B(VF),i(C1y) C V¥, and (Vi) C Cly,
for all k = 1,...,s. Conversely, if there exists a decomposition C* = @;_, U k¥ such

that A(U*), B(U*), i(1;) € U* and j(U*) C C1;, then we may define a group
homomorphism g : T, — GL,(C) by defining g(2)|yx = 2*"!idyx. One easily checks
that ¢ satisfies the conditions of (4.6) and U* = V*(A, B,i,j). Thus, [A, B,i,j] €
Me(s,n)te.

Now suppose n = (n1,...,ny) € N® such that |n| = n. Define
Mc(n) := M, (1,n1) X -+ x M (1,ny).

Identify €, C™ with C" by identifying 15 with 1,,1..1n,_, s, where {15}7% is the
standard basis of C™. An element ([Ay, By,41],...,[As, Bs,is]) € Mc(n) then deter-
mines an element [A, B,i,0] € M.(s,n)’* by defining

A|(an = Ak, B|(an = Bk, 1= le + -+ 7:5. (48)

One can then check that we have a well-defined map

[T Mcm) = Me(s,n)",
In|=n (4.9)
([A1, Bi i), ..., [As, Bsyis]) — [A, B,4,0),
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where [A, B,1,0] is defined as in (4.8).

Lemma 4.2. The map (4.9) is an isomorphism of varieties. Thus, Mc(s,n)T =
H|n|:n Mc(l’l) :
Proof:  This is a straight-forward generalization of [23, Lemma 3.2]. i

We fix once and for all an » € N* and a partition of 7 of length s,

ri=(ry,...,rs).
Let R =lem{ry,...,rs} and define

R, iR (L + i) € 27 for all k, ,
R := Tk
2R', otherwise.

Consider the product variety Mc(n) = M, (1,1n;) x --- x Mc, (1,n,). Each compo-
nent M., (1,ny), for £ =1,...,s, carries with it the action of a 2-dimensional torus
T = C* x C* (given by setting s = 1 in Equation (4.5)). Let T, = (C*)* x C* and

define a Ti-action on Me,(1,n,) via the map

T, — T,

(e,t) > (eg, t7/0).
That is, T, acts on Mc,(1,n,) by
(6, t) * [Ag, Bg, Zg] = (eg, tR/w> . [Ag, Bg, Zg] = [tR/WAg, tiR/wB, igezlticé}z/”},

for all (e, t) € Ty and [Ay, By, ig] € Mc,(1,1n4). Then T, acts on the product M (n)

by acting on each of its components, i.e.

(e.t) x ([Ar, B, i), ..., [Ag, By, is]) = ((e.t) x [Ay, By, i, ..., (e,8) % [Ay, By, is)).
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Lemma 4.3. The set Mc(n)™ is in one-to-one correspondence with the set
{(I1,...,Is) | I is a semi-infinite monomial of charge ¢, and energy ny}.
Proof: We first prove that
M) = M, (1,n)" x -+ x M, (1,n,)".

Let ([A1, By,iil, ..., [As, Bsyis]) € Mc(n)?. Fix £ € {1,...,s}. For all (e,t) € T =
C* x C*, choose ¢ € C* such that £#/7 = ¢. Then

(e,t) . [Ag,Bg,ig] = ((1, N NN 1),5) * [Ag,Bg,ig] = [Ag,Bg,ig].

Therefore, M¢(n)"* C M, (1,n;)7 x -+ - x M, (1,n,)7. The reverse inclusion follows
by construction of the action of T, on Mc(n).

Now, by [21, Proposition 2.9], M,(1,n,)” is in one-to-one correspondence with
the set of Young diagrams of size n,, which is itself in one-to-one correspondence with

the set of semi-infinite monomials of charge ¢, and energy n, by Lemma 1.9. i

In light of Lemma 4.3, we will henceforth identify points of M. (n)** with s-tuples
of semi-infinite monomials.

Define an action of Zr on M.(n) via the embedding

ZR — T*,

ko (1,0"),

where w = €2™V=1/B_ Then Zy acts on the ¢-th component, M, (1,ny), of Mc(n) via
the embedding

ZR—>T,

ko (1,w%m)

(1’ 6271'\/—71/7”4).
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Thus,
/\/lc(n)ZR = /\/lcl(l,nl)ZT'l X oo X /\/lcs(l,ms)zrs7

where the action of Z,, on M., (1,1n,) is defined as in Equation (3.6). By Theorem

3.20, we know that M., (1, ng)% = [ vejmn, D2 (re; vt 1g,). Hence, we define

=ny
ﬁﬁc(vl, e ,Vs) = m(T1;V1, 151> X X gﬁ(rs;vsalés)v

and obtain

Mem)®m = TT Me(v,...,v%).

[v|=n,
We summarize the various fixed point varieties with the following diagram of inclu-

Mec(s,n) 2 Mc(s,n)’* 2], Mc(n) D [T, Mec(n)%e D [, Mc(n)%.

I
[Toe Me(vi, ..., v¥)

(4.10)
We now consider the localized T,-equivariant cohomology of M.(n). Denote the

one-dimensional 7,-modules
(e,t) — er, and (e, t)—t,

by ex and t, respectively, and denote the tensor product of such modules by juxtapo-

sition. Moreover, we denote the first Chern classes of
er — pt, and t+— pt,
by b and €, respectively. Thus,

Hy, (Me(n)) = Hp, (Mc(n)) @cpp,,...bsi Cb1, - .- bs, €).
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Since M.(n) has real dimension 4|n|, we define a bilinear form (-, -),, ¢ on HQTLH‘ (Mc(n))

as in (4.2), induced by
i: Mc(s,n)" < Mc(n) and p: Mc(n)"™ — pt.

We extend to a bilinear form (-,-) on @, . H%l*n‘(/\/lc(n)) =@, M (Me(s,n)™)
by

One also defines a bilinear form (-,-)pmeca On Hé(*'nmml)(/\/lc(n) X Mg(m)) as in

'H2(|n|+\m|) (Me(n)x

nm,c,d " “T

Equation (4.3), which we extend to a bilinear form (-, -) on €
Md(m)) by

<'7'> = Z <'>'>n,m,c,d-

n,m,c,d
Our goal will be to construct geometric operators on €, . ng'*n‘(./\/lc(n)) as in Equa-
tion (4.4). In order to simplify computations, it will be useful for us to introduce
an orthonormal C(by, ..., by, €)-basis for H}, (Mc(n)). For each I € Mc(n)™*, the
T.-action on M.,(n) induces an action on the tangent space T1 = Ti(Mc(n)). The

decomposition of 7y into one-dimensional 7, modules is given in the following lemma.

Lemma 4.4. Let 1= (I,,...,I,) € Mc(n)™. Then, as a T,-module,

ﬁg@ @ (t~Mran DR/ gy haap GR/mey |
(=1

= (6,)EA(Le)

where A\(1y) is the Young diagram associated to I, and hqy is the relative hook length

(see equations (1.2) and (1.1)).

Proof: We have that
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The tangent space of M., (1,1n;) at I, may then be computed by replacing ¢ by /™
in [15, Proposition 2.2]. i

It will be convenient to use the decomposition 71 = 7;" @ T, where

7}:|: — @ @ tih)\(ll)(i:j)R/W

=1 \ (i,5)ex(Ly)

Lemma 4.5. For 1 € M.(n)", the equivariant Euler classes of Ty and Ty~ are given

by
er (T+) = li[ H h)\(I )(Z j)EE
*\71 N 0 ) e )
(=1 \ (i,5)EXTy)
— 2 .. R |n| +
6T*(7} ) = H H _h/\(IZ)<Z7j)r_€ = (_]‘> 6]’;(7} )

=1 \ (i.j)eALy) ¢

Proof: This follows directly from the definitions of 7;" and 7y . i

For each I € M,(n)™, let

_i(Ly) 2n| N
HN—GEUT)G%R(W%(D,

where 1y is the unit in H7}, (pt) and er, (77 ) is to be interpreted as an invertible ele-
ment in this ring. Since the elements 11 form a C(by, . .., by, €)-basis of the cohomlogy
P Hi, (Me(n)™), by the Localization Theorem (Theorem 4.1), the elements [I]
form a C(by, ..., bs, €)-basis of @,, . Hi, (Me(n)).

Lemma 4.6. The [I] are orthonormal with respect to the bilinear form (-, -).

Proof: The proof is completely analogous to [15, Proposition 2.4]. |
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Define
A =spang {[I] |1 € Mc(n)™, n e N°, c € Z°}. (4.11)

Then A is a full C-lattice in @, . H7, (Mec(n)). It will be useful for us to consider
the following gradings on A:

A=PAcm), Acn):={I|IeMcn)"},

and

A=A, Alc):={1]|TeMcn)"st. |c|=c}.

cEZL

Corollary 4.7. The restriction of (-, -) to A is non-degenerate and C-valued.

Proof:  This follows directly from Lemma 4.6. |

Remark 4.8. Notice that via the Kiinneth formula

M (Mo(n) = Hi, (Mo, (L)) @ - @ Hi (Mo, (1,1,)),
the element [I] € H}, (Mc(n)), where I = (I;,...,I,), maps to

L] @ ©[L] e Hy, (M, (1,m)) @ - - @ Hy, (M, (1,1)).

Therefore,

Ac(n) = Ag (n) ® -+ @ Ac, (ny).

Let X be an algebraic variety with a T,-action, and let ¥ — X be an T,-
equivariant vector bundle. We will denote the k-th equivariant Chern class of E by
cx(E). Note that ¢y (E) € H#(X). The following lemma will act as our main tool in

constructing geometric operators in the following chapter.
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Lemma 4.9. Let I € M.(n)™ and J € Mq(m)™, let E be an equivariant vector
bundle on Mc(n) x Mq(m) and let f € H3¥(Mc(n) x Mq(m)). Then

1.3 Y Clal+iml—k(Eay
(BU Cjyim—+(E) ], [J]) = & ’Jei (’|7;+;€T* ,(ﬁ%+()7 )>’

where Cnjim|—k(Exy) € Hp (pt) = Clb,...,bs, €| is the polynomial given by the
equivariant Chern class of the fiber E over the point (I,J) and Bry = i 3(8), where
ity : {(I,J)} = Mc(n) x Mq(m) is the inclusion of the fized point.

Proof:  See [15, Lemma 2.6]. i

Remark 4.10. The precise statement of [15, Lemma 2.6] differs slightly from ours
(since we use the variety M.(n) under the action of T, rather than M.(s,n) under
the action of 7'). However, every step in the proof of [15, Lemma 2.6] applies to

Lemma 4.9; thus the two lemmas are essentially the same.

The next step will be to construct T,-equivariant vector bundles over M.(n) x
Mga(m) whose Chern classes will define the appropriate geometric operators (as our
ultimate goal is to construct geometric versions of the Heisenberg, Clifford and Cheval-

ley operators from Chapter 1). We begin by defining vector bundles
C" Xcr, () Mg'(s,m) = Me(s,n), and  C* x Mc(s,n) = Me(s,n),

which we denote by V = V(c, s,n) and W = W(c, s,n), respectively. Note that V
and W are simply the associated bundles of the trivial GL,(C)-bundles

C" x Mt (s,n) — M(s,n), and C°®x M (s,n) — M (s,n).

The bundles V and W are T-equivariant with respect to the trivial action of 7" on C"
and the natural action of 7" on C?, respectively. Consider the Hom-bundle Hom(V, V)
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on Mc(s,n). We can define a global section s : Mc(s,n) — Hom(V,V) by defining
s|A, B,1,j] to be the (well-defined) linear map

c" X GL,(C) [A,B,Z,j] — C" X GL,(C) [Aa BaiajL

GLo(C) - (v, (A, B4, 7)) = GL.(C) - (Auv, (A, B, i, ).

By a slight abuse of notation, we will denote the section s by A. We similarly define
sections B, i and j of Hom(V,V), Hom(W, V) and Hom(V, W), respectively.

One can extend this construction to a product of moduli spaces. The bun-
dle V(c,s,n) — M.(s,n) may be extended to a vector bundle over the product
Mc(s,n) x Mq(s,m) by:

V(c,s,n) x Ma(s,m) = Mc(s,n) x Mq(s,m).

We denote this vector bundle by V; = V,(c,d, s,n,m). Likewise, we extend the bun-
dles W(c,s,n) = Mc(s,n), V(d,s,m) - Ma(s,m) and W(d,s,m) — Ma(s,m)
to bundles W, = Wi(c,d, s,n,m), Vo = Vs(c,d, s,n,m) and Wy, = Ws(c,d, s,n, m)
over Mc(s,n) x Mgq(s,m). We then have bundles Hom(Vy, V), Hom(Wy, V) and
Hom(Vy, Wy) as vector bundles over Mc(s,n) x Mgq(s, m) with sections Ay, By, i
and jp, where k = 1,2. We define a three-term, T-equivariant complex of vector

bundles on Mc(s,n) x Mq(s,m) by

tHOHl(Vl, VQ) ot ! HOH](V1, Vz)
Hom(Vy, Vs) LN P L Hom(Vy, Vs), (4.12)

Hom(Wl, VQ) D HOHI(Vl, Wg)

where
XA — AX C
XB; — By X D
X) = s and T = AQD — DAI —+ CBl — BQC -+ ’lgb -+ Cljl.
Xil a

o,
N

s
S
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Note that here the modules t*! are the one-dimensional T-modules (e, t) + t£!. One

verifies that 70 ( = 0.

Remark 4.11. We explain the presence of the “¢” and “t~!” terms in Complex
(4.12); they are the result of the action of T' on the section Ay and By. Let (; :
Hom(Vy,V,) — Hom(Vy, Vs) be the first component of . Denote the section “A;” by
s. To simplify notation, for every (I, Iy) € M§*(s,n) x M§t(s,m), we will denote the
corresponding pair of orbits in M (s,n) x Mqa(s,m) by (11, I). Moreover, we will
write sz 1) := s(I1, I2) and Uz ) = (GL,(C) - (v, I1), I5) for elements in the fiber
of Vi over the point (I1,I). We wish to compute the action of T on s. For every

(e,t) € T and ([, 1) € M (s,n) x M5 (s, m), with I = (Ay, By, 41, 1), the map
(e,t) - sz (C" Xar,© 1) X la = (C" Xer, @ ) X I,
is given by

((e.t) s Oarm) = (61)  Sepr@mm(et) ™ T m)

= (e, 1) - S(et)1-(T1,I2) (U(e,t)—l.(ﬁﬂ))

= (6, t) . t_lAv(e,t)_l'(Tl,E) == t_lAU(H7TZ),

for all v € C". Thus, the action of T on A; (viewed as a section) is given by

(e,t) - Ay = t71A;. Similarly, (e, t) - Ay =t~ ' Ay. Therefore,

Gllest) - X) = ((e; 1) - X) Ay = As((e, 1) - X)
= (e,) - (X((e, )"+ A1) = (1) " - A)X)
= (e,t) - (H(X Ay — A:X)) = t(e,t) - G(X),

for all X € Hom(V;,V,) and (e, t) € T. Hence, (; : Hom(Vy, Vs) — t Hom(Vy, V,) is
T-equivariant, thus justifying the extra factor “¢” in Complex (4.12). One can show,

by a similar argument, that ¢ and 7 in Complex (4.12) are both T-equivariant.
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Lemma 4.12. The cohomology ker 7/im ( of Complex (4.12) is a vector bundle on
Me(s,n) x Mq(s,m).

Proof:  See [15, Lemma 3.2]. i

For n,m € N, we will denote the vector bundle
ker 7/im { — Mc(s,n) x Maq(s,m),

by Kca(s,n,m). Notice that, by construction, one has the following vector bundle

on Mc(s,n)Ts x Mq(s,n)’:
(ker 7/im )™ — Me(s,n)™ x Ma(s,n)",
which we denote by K¢ a(s,n,m)™. By Lemma 4.2,

Me(s,n)™ x Ma(s,m)™ = J[  Me(n) x Mg(m),

In|=n, |m|=m

and so we may identify these varieties and consider the restriction of K¢ 4(s,n,m)T:
Kea(n,m) := Kca(s,n, m)’ | Me(n) x Ma(m)

which is a vector bundle on M.(n) x Mgq(m). On M,,(1,n,) x Mgq,(1,my), the
product of the ¢-th components of M.(n) and Mg(m), one has the vector bundle
Ke,a,(1,np,my). Let

fo: Mc(n) x Mg(m) — M., (1,ny) x Mq,(1,my),

denote the canonical projection. Then the vector bundle pullback, f;/Ce, a,(1, ng, my),

is a vector bundle on the full product M.(n) x Mq(m).

Lemma 4.13. Let X, X1, Xy be smooth algebraic varieties, G, Gy, Gy reductive alge-
braic groups acting freely on X, X1, Xa, respectively, such that X/G, X1/G1, Xo/Go
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are smooth, and let V, V1, Vy be representations of G, Gy, Gs, respectively. Moreover,
suppose that there exists an embedding G1 X Gy — G such that V= Vi®V, as G1 X Ga-
representations and that there exists a G1 X Go-equivariant morphism ¢ : X1 x Xo — X
such that the induced morphism @ : X1 /Gy X Xo/Go — X/G is an isomorphism. Let
fi: X1/Gy x Xo/Gy — X;/G; denote the projection. Then the vector bundles

iV xg, X1) & fo(Va Xg, Xo) = X1/G1 X Xo/Gy, and 'V xg X = X/G,

are isomorphic.

Proof: For simplicity, we will view G X G5 as a subgroup of G and identify V'
with Vi @ V5, as G; X Go-modules. Define

Y (Vix X))@ (Vax Xy) =V xX,

(v1,21) & (ve, T2) — (V1 B Vg, (21, X2)).

It is clear that v is a morphism of varieties. Moreover, one checks that the following

diagram commutes:
(G1 x G2) x (V1 x X1) @ (Va2 x X2)) (Vi x X1) & (V2 x Xs)
x| Y.
G x (V x X) VxX

where 7 : G; X Gy — G is the inclusion map and the horizontal arrows represent the
group action. So, by Lemma 2.3, we have an induced morphism 1 : (V; x¢, X1) @

(Va x@, X2) =V x¢ X, which yields the following commutative diagram:

(Vi xa, X1) @ (Vi xa, Xa) —2V 5 X

X1/G1 x X5 /Gy X/G.
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Since, by assumption, @ is an isomorphism, it remains only to show that 1 is an
isomorphism and that it induces linear maps on the corresponding fibers. The latter
is obvious, and so we focus on the former. By virtue of X/G, X;/G1 and X5/G5 being
smooth, we have that (V] xg, X1) ® (Vo X, X2) and V x5 X are smooth. Thus, by
Lemma 2.11, it suffices to show that 1 is bijective and étale. To show bijectivity, it
suffices to look at the fibers. For every (G - z1,Gs - x2) € X1/G1 x X3/Gs, the linear

map induced by v on the fibers is given by

(Vi X, Gy -x1) & (Vo X, Ga - x2) = V xXg G- p(21, 29),

G1-(v1,71) © Ga - (v2,72) = G - (V1 D v, (71, T2)),

which is clearly bijective. To show that v is étale, by Corollary 2.6,

7&1'(1)1:331)@9G2'(112,932) (@ (V;c X Gy Xk)) = @ ’T(vk,ﬂ?k)(vk X Xk)/lm doWeor)

k=1,2 k=1,2

k=1,2

and

%-(vleavz,w(m,wz))(v Xa X) = 7zv1®v2,<p(m1,zz))(v X X)/ m da(vle%%p(th))

o (ﬁvl@vz)(v) D T@(mm)(X)) /im do(v1®v2.p(z1,22))
The differential di is given by

(11 @ 21) +imdo™*)) @ ((yo @ 22) + im do2))

= (Y1 @ y2) ® dp(21, 22)) + im do (V1 Ev2elre2)),

We will first show that d) is surjective. Let (y/@2')+im do1®v2e@ne2)) ¢ (T, o (V)@
To@rs)(X))/ im do@r@v2#(@122) - Gince dp is an isomorphism, there exists a (21 +

imdo™) @ (z; + imdo™) € T,,(X1)/imdo®™ & T,,(Xs)/im do” such that

dp((z1 + imdo™) @ (2 + im do®?)) = dp(z1, 23) + im do?@72) = 2/ 4 im dg?@1e2),
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Equivalently, 2/ — dy(z1, 22) = do?@122)(h), for some h € T;(G). We also note that

oWdvze@e2)) - @ 5 V x X is the restriction of
o182 o gPTT) L G G Vo x X,
to the diagonal of G x GG. Hence,
(3, ') 4+ do1®v2el@ne2) — ((of _ dg™1®2(h)) @ (21, 29)) + dg@r@v2e(@1e2),

Thus, (y/,2") + do™®v2#@1e2) ¢ imdy. By dimension counting, di is an isomor-

phism, and so 1 is étale. |

Lemma 4.14. There is an isomorphism of vector bundles
Kea(n,m) = €P f7(Ke,a,(1, 0, my)).
=1

Proof: We identify each point
([AL Bioit)s - . [AL, B a3), [Ag, By, i), - [A5, B3, i3]) € Me(n) x Ma(m),

with its image, ([Ay, By, i1, 0], [A2, Ba, i2,0]) € M.(s, |n|)’* x Mq(s, |m|)™*, under the

isomorphism given in Equation (4.9). By Lemma 4.13,
Vk|/\/lc(n)></\/ld(m) = @ f;vlga
=1

where Vf = Vyi(cp, dy, 1,1, my). Likewise,

s

Wil Mem)xmam) = ED fiWVE,
=1

where Wi = Wj(cp, dg, 1,mp,my).  Thus, Kea(s,|n|,|m|) restricted to Mc(n) x
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Mg(m) is the middle cohomology of

. , Hom(fyVf, fiV5) @ Hom(fiVE, f;V3)
@D Hom(fiVE, £;V4) <= P ®
k=1 k,0=1 Ak R 50 *Y ok pryAI
Hom(fkwufevz) @Hom(fkvl,fng)
=5 € Hom(fiVY, fiva),

kt=1
(4.13)
where (s and T are the restrictions of ¢ and 7 to the indicated domains (note
that since we only consider the action of T,, the “¢” and “¢!” terms from Complex

(4.12) may be safely omitted). It is easy to see that we have the following equality of

sections:
S S S
A _ f*AZ B _ f*BZ . f* -f
k= ¢ s k= ¢Pry, W= X%
=1 =1 (=1

for k = 1,2. Therefore, Complex (4.13) decomposes as a direct sum of complexes:

) Hom(f;VE, f;V5) @ Hom(fyVE, fiVY)
D | Hom(f;VE, £;v5) 24 ®
k=1

Hom(f{ WY, fV5) & Hom(fVE, i)
4 Hom(f;VE, fiV4))
where
X fr(Af) - fe(45)x
Xfp(BY) = f7(B2) X

CkZ(X) = s and
X fr@)
0
C
D * Y4 * k * k * Y4 * (0
The = fi(A3)D — Dfi(AY) + Cfi(By) — f{(By)C + fi (iy)b.
a
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We therefore have that

s

Kea(n,m) = @ (ker The/ im Crg) ™.

k=1
The bundle ker 73,/ im (¢ is the vector bundle pullback of /e, q,(1, ny, my) by the
projection

Mec(n) x Mg(m) — M, (1,n5) x Mg, (1, my).
Thus the task of computing (ker 740/ im () ?®, reduces to computing K, q,(1, 0y, mg)7s.
The T,-fixed points of K, q,(1,n;, my) may be computed (as a set) by comput-
ing the T,-fixed points of the fibers. Over the point ([AY, BF %] [AS, BS,i5]) €
M., (1,n;) x Mg,(1,m,), we may identify the fiber of V¥ with C™ by

(C™ XLy, (o) (A1, BY, 1)) x [Aj, By, i) — C™,

(GLwy (C) - (v, (A}, By, i})), [AS, B, i5]) — v.

Similarly, we identify the fiber of Vi with C™¢, the fiber of W§ with C1; and the
fiber of W4 with C1,. Via these identifications, the fiber of K. 4(n, m) is the middle

cohomology of
Hom(C™, C™¢) & Hom(C™, C™)
Hom(C™, C™¢) 4 @ 5 Hom(C™, C™),
HOIIl(C].k, (Cmé) D HOIH((an, (C].g)

where here we view (i and 73, as linear maps. By Lemma 2.10, (ker 74/ im Cpo)T* =

1., where (po|7, and 7|7, are the restrictions of (iy and 7, to the

ker 7ye|7, / im Cre
T,-fixed points of their respective domains. Via our identification of V¥ with C™, we

have that T, acts on C™ via multiplication by 21 for all z € T,. That is,

for all z € T, and v € C™. Likewise, T, acts on C™¢ by multiplication by 2‘~!, on

C1; by multiplication by z*~!, and on C1, by multiplication by z‘~!, for all z € T,.
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Therefore, for all z € T, and f € Hom(C™, C™),

z- f =27t

Thus,

Hom(C™,C™), if k=,
Hom(C™, C™)T* =
0, if k # 2.
Similarly, Hom(C1;, C™¢) and Hom(C™,C1,) are zero when k # (. Since the fibers

of K¢, a,(1,n5, my)’* are all zero when k # ¢, we conclude that K¢, q,(1, n, my)™ =0

for all k # £. Therefore,

Kc,d(n7 m) - @ f;lccbdg<]-7 1y, mf)’
/=1

i
From our diagram of inclusions, (4.10), we have that
Me(n) x Mg(m) D M(n)?® x Mg(m)?#
= H M (v, .., v x Ma(u', ..., u’).
[vt|=n,
luf|=m,
We may thus view MM (v',...,v®) x Mg(ul,...,u®) as a subvariety of M(n) X
Mga(m), and consider the restriction of K¢ 4(n, m):
Rc,d(vla u17 s avsv us) = Kc,d<n7 m)|9ﬁc(v1 ..... vS)xMq(ul,...,us),
which is a vector bundle on M (v, ..., v¥) xMy(ul, ..., u®). In the following section,
the vector bundles K¢ q(n, m) and £ q4(v*,u',...,v* u®) will allows us to construct

geometric versions of the Heisenberg algebra, the Clifford algebra and g[T.



Chapter 5

Geometric Realizations of the

Basic Representation

In this chapter, we present the main theorem of this paper, Theorem 5.21, which
describes our geometric realizations of the basic representation of QT[,,. We will do so
by constructing the oscillator algebra, the Clifford algebra and é\[T as geometric oper-
ators (in the sense of (4.4)). Using the Localization Theorem, we will consider these
geometric operators as operators on the same cohomology. We will show that these
operators satisfy the same relations as those observed by their algebraic counterparts
in Lemma 1.21, and that the cohomology on which they act (or more specifically the
full C-lattice A) corresponds naturally to fermionic Fock space.

Throughout this chapter, for any T,-equivariant vector bundle F, we let ¢y, (E)
denote the top nonvanishing T,-equivariant Chern class of E. We will also frequently

make use of the Kiinneth formula
H}(X xY) = ’H; (X)® "H*T* (Y),

and simply identify the two rings.
We begin by constructing the geometric version of the oscillator /Heisenberg alge-

bra. The dimension of M.(n) is 4|n|, thus elements of H?F(Jnlﬂml)(/\/lc(n) X Mg (m))

83
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will define operators ng'*n‘(Mc(n)) — H%'*m‘(/\/ld(m)). Consider the vector bundle
Kea(n,m) over M.(n) x Mg(m). The rank of ¢ q(n, m) is |n| 4 |m|, which can be

seen from the following lemma.

Lemma 5.1. Let (I,J) € Mc(n)" x Mq(m)™. The equivariant Euler class of the

restriction of Kea(n,m) to (I,J) is

s

R
er,(Keamm)ay) = [ | T] (de—co— hagyaan (@) —e

.
=1 \zex1y) ¢

R
X H (dy —co + h)\(.]g),)\(lg)(y))r_ee

yEA(JY)

Proof: By Lemma 4.14,

»

’Cc,d(nﬂm) = f;(ICCg,dg<]-7nfamf))a
/=1

and so, by properties of the Euler class,

er,(Kea(n,m)) = [ [ f7 (en, (Ke, a,(1, 0, mp)))

(=1
s

— H (1®€71 ® e, (ICCZ’dZ(L ny, mé)) R 1®sf£) '
/=1

Now, by setting » = 1 and replacing € by (R/ry)e in [15, Lemma 3.3], we have that

R
er, (Kegpa, (1,07, mp)(1,,3,) = H (de — o = haapyaay (7)) —¢

Ty
z€A(Iy)

R
X H (d¢e —co + hA(JZ),A(IZ)(y))T_E
VENJT) ¢

The result follows. |



5. Geometric Realizations of the Basic Representation 85

Recall from [15, Section 3.3], that the top nonvanishing Chern class of K. .(1,n,m)
is

Con(Kee(1,m,n)), if n =m,
ol mym)) = {2 Ueeetb o) (5.1)

Cnpm—1(Kee(l,n,m)) if n # m.
By Lemma 4.14, the top nonvanishing Chern class of K¢ ¢(n, m) may be computed

by

CthUCC,C(n? m)) = Ctnv (@ fZ(K:Ce,Ce(lv ny, mﬁ))) = H fé*(ctHV(lCCz,Ce(l’ Iy, mﬁ)))

/=1 /=1

= H (1@5—1 ® Ctnv(ICCZ,Cg(L ny, mZ)) ® 1®s—€) .
/=1

Therefore, if n = m,
Ctnv<K:c,c(n7 l’l)) - c2\n|(lcc,c(n7 Il)),

whereas if n differs from m in exactly one component,
Ctnv<lcc,c(n7 m)) = C\n|+|m|—1(’Cc,c(n7 m))

Foreach ¢ =1,...,s, define o’ € H} (M, (1,n7)" x Mg, (1, m,)"*) = D) Hr, (pt)
to be the element with (7, J)-th component

. )
—< — ifn,=m
ol _ ) en(T1,n)’ ¢ &
(I,J) —

0, otherwise,

where 7(; ;) is the tangent space of (1, J) in M, (1,n,) x Mg,(1, m,). Let &* := i.(af),
where i : M., (1,n,)" x Mgq,(1,m,)" — M.(1,n;) x Mq(1,m,) is the natural
inclusion. Denote by i; s the inclusion {(I,J)} — Mc(1,n,) x Mqa(1,m,). Then by
[5, Equation (9.3)],

e, if n, =my,

i.4(a%) = (i7 ;0 i.)(a") = er, (Tr)) Y ag 5 =
0, otherwise.

Let 4* := f7(a) = 191 @ a* @ 1957 € Hj, (Mc(n) x Mg(m)). Note that +* is an

element of degree 2.
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Definition 5.2 (Geometric oscillator/Heisenberg operators). For ¢ = 1,...,s and

k € Z, define operators

Py(k) : P HI (Me(n)) - PHI (Me(n)),

(R/7)V U Ciny (Kee(m,n — k1)), if k <0,
P, (k)

|H2T‘;"<Mc<n)> , _
—(R/re)7' U oy (Kee(n,n — k1)), if k > 0,

e 1P (M (m) x Me(n — k1))

P,(0) =y Cnv(Kee(n,n)) = c/id.

ezt e
The Py(k) will be called geometric oscillators (or, for k # 0, geometric Heisenberg

operators).

Theorem 5.3. The operators Py(k) preserve the space A and satisfy the commutation

relations

1

[Pe(k), Pr(0)] =0, and  [Pe(k), P (5)] = o

demOrtjoid, k # 0.
In particular, the mapping
Pg(l{?) — Pg(k?),

defines a representation of the s-coloured oscillator algebra on A and the linear map

determined by
0 (ony 8 0) 0+ (00 907

is an isomorphism of s-coloured oscillator algebra representations A — B. This

isomorphism maps A(c) — B(c), for all c € Z.

Proof: Take m = n — k1,. We know that

Cony (Kee(n, m)) = Hf:l (1®i71 ® Cth(]CCi7Ci<]" n;,m;)) ® 1®87i) .
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By [15, Lemma 3.10], for i # ¢, we have that ¢y (Ke, ¢, (1, 04, 1;)) is the identity as an
operator Ha (Mo, (1,1;)) = HZ¥ (M, (1,1:)), Le. cony(Kere (1,15, m;)) = 1. Thus,

Cony (Ke,e(m,m)) = 1971 @ ¢y (Keyo, (1, mg, mp — £)) © 19575
Therefore, via the Kiinneth formula,

B H (Me(n) 2 @,  HE (M, (1,m1)) ® -+ © HE= (M, (1, 1)),

we have

Pé(k”’HzT‘nl(Mc(n)) = 181 ® (R/T’Z)&Z U Ctnv(/Cc£7C[(1’ ng, ny — ]{;)) ® 1®(s—0)

By [15, Theorem 3.14], for a fixed ¢ € {1,...,s}, the operators P,(k) preserve the
space €D, o, Ac, () (see Remark 4.8) and satisfy the 1-coloured oscillator algebra

relations. The general result then follows by extension to the whole tensor product.

For the geometric version of the Clifford algebra, we recall from [15, Section 3.2]
that
Ctnv(lcc,c:l:l(]-a n, m)) - Cn—i—m(lcc,c:l:l(]-a n, m)) (52)

Therefore, by equations (5.1) and (5.2), if n; = m; for all ¢ # ¢, then
CthUCc,c:l:lg (n7 m)) = C|n\+|m\ (ICC,C:E].[ (n, m))

Definition 5.4 (Geometric Clifford operators). For £ = 1,...,s and k € Z, define

operators
D vt Dt

by

\I,Z(k>|H§"‘n‘(Mc(n)) = (=) e (Koo, (m,n + (B — ¢ — 1)1))
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c H;(Q‘n|+k_cl_l)(./\/lc(n) % j\/lc+1e(n + (lf —Cyp — 1)10)’

*

Wy (k) = (=)t teten (Keeo1,(mn — (B —¢0)1y))

bz o)
c H;EZInl—k—&-cz)(MC(n) X Me_1, (Il - (k} B Cg)lg)).

The W,(k) and W} (k) will be called geometric Clifford operators.

Theorem 5.5. The operators W,(k) and W;(k) preserve the space A and satisfy the

relations
{Wo(k), Oi(i)} = Onidej,  {We(k), ;(i)} = { W} (k), ¥;(i)} = 0.
In particular, the mapping
be(k) = Wo(k), (k) — Ty(k),

defines a representation of the s-coloured Clifford algebra on A and the linear map

determined by
1] — 1,

1s an isomorphism of Clifford algebra representations A — F. This isomorphism

maps A(c) — F(c), for all c € Z.

Proof: Using an argument analogous to the proof of Theorem 5.3, one can show

that
‘I’g(l{}) |HT* (Me(n)) = (—1)C1+'”+CZ*1 (1®€_1 ®Ctnv(ICCZ,CZ+1(1, ny,ny —+ ]{I —Cy— 1)) X 1®s_£),

U (k) i, Moy = (1) F 1 (197 @ o (Ko -1 (1 mg, mg — K+ €0)) @ 19577,

By [15, Theorem 3.6], for fixed ¢, the operators (—1)* Te-1cq (Ke, co+1(1, o, 11p +
k—cy— 1)) and (1)t Te1e (Kepep—1(1, 0,00 — k + ¢4)) preserve the space

D, .c, Ac,(n0) (see Remark 4.8) and satisfy the 1-coloured Clifford algebra relations.
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The general result then follows by extension to the whole tensor product

Recall from Diagram 4.10 that, since

Me(m)*r = T Mc(v,...v%),

[vE[=n¢
we may view M (v, ..., v®) x My(ul, ..., u¥) as a subvariety of M.(n) x Mq(m),
where n, = |vf| and m, = |u‘|. We therefore have an action of T, on M(v?!, ... v*)
and

[[oe! v = [ Me(n)™.
Vé n
Let
Re(n; 0, k)* = H Ree(VHLVL o VEVEE T, VE V),
[vi|=n;
which is a vector bundle on [ [ i, M(vE, . v X Me(vE ., vEEL,, ..., v®). By
construction, for any (I,J) € M (v, ..., v)T x M (v, ..., vi£1,, ..., v)T,
Ctnv(ﬁc(n; f, k)(iLJ)) = Ctnv (Kc,c(n7 n & 1@)(I,J)>'
Thus,
Ctnv<ﬁc(n; ga k)i) = C(2|n\i1)71(ﬁc(n; f, k) )
By the same reasoning, for (I,J) € M (vh, ..., v)T x M (v, ..., v,
ctnv(ﬁc,c<vlv V17 CIE ’VS’ VS)(I,J)) = Cth(ICC,C(na n)(I,J))7
and so
,vev®)) = 02‘n|(ﬁcﬁc(vl, vi Ve ve).

Ctnv(ﬁc,c (Vlv Vla e

Let 7ot Jlgeqe Me(vh, ..., v°) x Ma(u',.
M(n) x Mg(m) denote the natural inclusion and let 3 := h*(¥*) forall £ = 1,...,s.

couf) 2 M(n)ZR x Mg(m)Zr —

For/=1,...,sand k=0,...,r, — 1, we define

€l (c,n) = —(R/re) B U o (Re(0; £, K)7)
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67-[4T|*n‘_2 H MV, V) X MV, v =1, V) |,

[vi|=n;
Fi(c,n) i= (R/re) B U ciny(Re(m; £, k)Y

6/7"[4T|*m‘+2 H M (v, V) XMV v+ 1, V) |

[vi|=n;

ro—1

fi(cvh, .. v = ((1C)k - Z a%vf) Cony (Rec(VH, V. V5 V)
=0

e MV D (on (v V) x MV V),

where af;j is the (k, j)-th entry of the generalized Cartan matrix of type meb ie.

(

2, ifk=j,

Ay =S 1, ifk=j+1, ifre>2,
0, otherwise,
\
2, if k=4,

aj; = if rp =2,
—2 ifk=j=+1,

afy =0, ifr,=1.

Note that the elements €%, Ft and £ do not define operators since they do not
lie in the middle degree cohomology of their respective quiver varieties. However,
we can push these elements forward to the middle degree cohomology of the appro-
priate moduli spaces; we describe this process below. For what follows, it will be
convenient to view elements of H%, (Mc(v', ..., v¥) x Mg (u', ..., u®)) as elements of

Hi (Me(n)?r x Mg(m)Z#). That is, by identifying

M (M) x Ma(m)™) =95 | J] Me(v'.ooov®) x Mgl )

|vi|=n;

[u?|=m;
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> P Hi(Me(v',... V") x Ma(u',...,u%)),
|vi|=n;

ut |=m,;

we will identify elements of 75, (M (v, ..., v*) x Mqg(u', ..., u®)) with their images

under the inclusion
Hy (M(v', .., v x Ma(u',...,u®)) = Hi (Mc(n)"" x Mg(m)™#).
In this way, we will consider
€ (c,n) € Hy, (Mec(n)™ x Mc(n —10)"),

Fi(c,mn) € Hi (Me(n)?R x Me(n + 1,)%%),
9(c; vl V) € Hi (Me(n)? x M (n)?).

Recall from the Localization Theorem (4.1) that we have isomorphisms f; and fs as

in the diagram below:

Let
p:Hy, (Mc(n)T* X ./\/ld(m)T*) — Hr, (/\/lc(n)T* X Md(m)T*),

be the C(by, ..., bs, €)-linear map determined by

/
Lag — %1(1,”,

where 7g 3 and 7y ; are the tangent spaces of (I, J) in Mc(n) x Mg(m) and Mc(n)?# x
Ma(m)?=, respectively. Let 1) : Hj (Me(n)% 5 x M (m)?7) — Hi (Me(n)x Mg(m))
be the composition

n:=filopo fo (5.3)
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Lemma 5.6. The map 1 is degree-preserving. In particular, the images of €% (c,n),
So(c,n) and Ht(c; vl ..., v®) undern lie in the middle degree cohomology of M(n)x
M. F1,) and Mc(n) x Mc(n), respectively.

Proof: The map f, decreases the degree by rk(er, (7;;)). The map p increases
the degree by rk(er, (T{5)) — rk(er, (T13)). Finally, the map f; ' increases the degree
by rk(er, (Tr3)). Thus, the composition of these maps is degree preserving.

The second statement in the lemma follows from the fact that &% (c,n), §%(c,n)

and % are elements of degree 4|n| — 2, 4|n| + 2 and 4|n|, respectively. i

Definition 5.7 (Geometric diagonal Chevalley operators). For £ =1,...,s and k =

0,...,r,— 1, define operators

B Fi H, - P H (M.(n) —» P H (Mc(n)),

n,c

Ef L 2iml upoqa = M(Eh(e,m)) € HIP T2 (Me(n) x Me(n— 1)),

) = 0(Si(e,n)) € HM T (Me(n) x Me(n+12)),

¢
Filsanl vtetm

ity = 0 0LV V) € H™ (M) x Me(n)).

[vi|=n;

The E, F% and H will be called geometric (diagonal) Chevalley operators.

Our next goal will be to describe the geometric Chevalley operators in terms of

geometric Clifford operators. To that end, we prove the following useful lemma.

Lemma 5.8. Let (I,LJ) € Mc(n)™ x Mg(m)™ and 8 € HFEM(v',...,v*) X
Ma(ul,... u®)). Let

Me(n) x Ma(m) <% Mo(m) x Ma(m)™ <% M (m)2R x Mg(m)Zs,



5. Geometric Realizations of the Basic Representation 93

be the natural inclusions and let (i X i2)xy) and (j1 X j2)a,3) denote the restrictions

of i1 X iy and j1 X jo, Tespectively, to {(I,J)}. If
(I,J) € M (v, ..., v x Mg (ul, ..., u¥)T,
then
(N(B U cfjm)-—k(Rea(vh ', v W), [I]) = (B U Cinfiim)—(Ke.a(n, m))[T], [J]),
where 5 is a preimage of (j1 X jg)’(“u)(ﬁ) under the map (i; X 7;2)?17‘]). Otherwise,

<77(5 U C\n|+|m|fk(ﬁc,d(vla u17 s avsv us)))[l]v [JD =0.

Proof:  To simplify notation, we write & = & 4(v',ul,...,v*,u®), K = Kcqa(n, m)
and ¢ = Cjn|4|m|—k- We begin by explicitly computing 1(8Uc(R)) (recall n = frtopofy
as in (5.3)). By definition of fs,
(J1 x j2)?K7L) (BU C<ﬁ)))
4
€T UEKL)) (K,L)EMec(n)T* x Mg (m)Tx

_ B U (1 x jZ)?K,L) (c(R))
er,(Tik.v))

f2(BUC(R)) = (

Y

> (K,L)EMc(n)Tx x Mg (m) T

where 77K,L) is the tangent space of (K,L) in M¢(n)?® x M.(m)%%, and fgy =

(J1 X j2){x 1) (B)- By applying s, we get

BrL U (J1 X J2){x 1) (c(8))
€T, (’ﬁK,L))

Y

o fa(BUC(R) = (

) (K,L)EMe (1) T x Mg (m) T
where Tk r) is the tangent space of (K,L) in M¢(n) x Mq(m). By definition, the
map f; ' = (i1 X i), and thus,

B U (J1 X J2){k 1) (c(R))
€T*(7ZK,L))

n(BUc(R)) = (i1 X iz)« (

) (K,L)eMec(n)Tx x Mg (m)Tx
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By definition of the bilinear form,

(B U e(K)), [I]) = (=)™ p.((ix x i2).) " (n(B U e(R) U 1] @ [3])

= (=1)M™Ip. (6 x 72).) " (engﬁiL;;ﬁ%> U (i1 X 732)*0@3))) ,

where the last equality comes from the definition of [I] and [J]. By the projection

formula,

(03 V), ) = (1. (DI Oy ).

By [5, Equation 9.3], (i; X i3)* (i1 X i3). is simply multiplication by the Euler class of
the tangent space. Hence,
(i x i2) (8 U o)) = (Bier U (i X 127k (l)) e gy entcimrto sttt

Thus,

B . Bra U (J1 X j2){1.5)(c(R))
(B U e(R))[M, [I]) = (=1)"™Ip. ( en (T )en (T ) :

By construction, if
(L,J) ¢ M(vh, ..., v)T x Mg(ul, ..., u*)T,
then
(J1 X j2)?1,J)<C<~Q)) = 0.
On the other hand, if
(L,J) € M (v, ..., v) T x Mg (ul, ..., u*)T,

then by functoriality of the Chern class and the construction of g,

(J1 x j2)?I,J)(C(ﬁ)) = C(ﬁ(LJ)) = C(IC(LJ))-
Therefore,

m| Pray c(Kwy)) _ Bra U c(Kuy))
er,(Ty Jer.(Ty ) er.(Ty Jer(T5)

(n(BLR), J]) = (=1) = ('), 1)),
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where the last equality follows from Lemma 4.9. |

Corollary 5.9. Let (I,J) € Mc(n)™ x Mc(m)?.
1. Form=n—1,, if
(LI) e M (v, ..., v x M (v, vE =1y, V)T,

then
(EL 1], [3]) = (Po(1)[T], [3]).

Otherwise

(B[, [3]) = 0.
2. Form=n+ 1y, if
(L) e M (v, ..., v x MV, Vi 1y, v T,

then
(FLI], [3]) = (Po(=1)[T], [3]).

Otherwise

3. Form = n,
w0, = (00 Yok s
J
Proof:  Statements (1) and (2) follow directly from Lemma 5.8 and the definitions
of Py(£1) (note that, in the notation of Lemma 5.8, (i; X i2)*(v*) = (j1 X j2)*(8Y)).
The third statement follows from Lemma 5.8 and the fact that ¢y (Kee(n,n)) = id

as an operator on H2T|*n|(/\/lc(n)) (see Definition 5.2). i
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Proposition 5.10. Let (I,J) € M(n)™ x Mc(n+ 1,)%. If A1) = A\(J,) for all
a # € and N(Jy) can be obtained by adding one box to A1), then

(Po(— DI, [7]) = 1.
Otherwise, (Py(—1)[I], [J]) = 0.

Proof: This is a direct result of [15, Proposition 5.3 and the proof of Theorem
3.14]. Note that in our case, A(J;) — A(Iy) consists of a single box. i

Lemma 5.11. If T € M. (v!,...,v¥)T, then vi is equal to the number of boxes in

A1) whose residue is congruent to k — ¢, modulo ry.

Proof: Let I, = [A, B,i] € M,,(1,n,)"™. By [24, Proposition 2.9], A\(I,) is
obtained from I, by drawing a box in the (p, ¢)-th position if AP~1B%"1i # 0 (note
that our Young diagrams are rotated 90 clockwise from those in [24]). From Equation
(3.8),

vt = dimspan{A*B% | ¢ —p = k — ¢, mod r,}.

Since the nonzero AP BYi are linearly independent, the boxes (p,q) € A(I;) whose
residue is congruent to k — ¢, mod ry are in one-to-one correspondence with a basis of

span{ AP B% | g—p = k—c,mod r,}. Thus, v{ is equal to the number of such boxes.

Lemma 5.12. Let (I,J) € M(n)™ x Mc(n+ 1,)". Then
(FLOL ) =1,

if A\(Io) = A(Jo) for all a # £ and A\(Jy) can be obtained from A(Iy) by adding one box

whose residue is congruent to k — ¢, modulo . Otherwise, (Fi[I],[J]) = 0.
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Proof:  This follows immediately from Corollary 5.9, Proposition 5.10 and Lemma

5.11. i

Proposition 5.13. Let (I,J) € M¢(n)" x Mc(n+ 1,)". Then for alli € Z,

L if 3= (i) (i — 1L,
(T (i)W (i — 1[I, [J]) = AQLACGEEY

0, otherwise.

Proof: This follows immediately from Theorem 5.5. |

Theorem 5.14. For{=1,...,s and k=0,1,...,r,— 1,
B =Y Wk +ir) Wik +ire + 1),
iE€EZ
Fl = Wk +irg+ 1)¥;(k +iry),
i€EZ

as operators on @, . Hle*n‘(/\/lc(n)).

Proof: Let I,J be two s-tuples of semi-infinite monomials of charge c. We first

prove that

(FL[I], [J]) = <Z U (k +irg + D)W (k + irg)[1], [J]> . (5.4)

€7
If there exists an a # ¢ such that I, # J,, then both sides of Equation (5.4) are zero

and we are done. Thus, we assume that I, = J, for all a # ¢. Write
Ig:’ilAiz/\ig/\"', and Jg:jl/\jz/\jg/\"',

where iy, jm € Z. Recall that the number of boxes in the m-th row of A\(I,) is
im — ¢¢ +m — 1 (likewise for A\(Jy)). Suppose that (F.[I],[J]) = 1. Then by Lemma
5.12; A(Jy) is obtained by adding one box of the appropriate residue to A(I;). This
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means that there exists an m € N such that j, = i, for all n # m and j,, = i,, + 1.
The position of the added box is thus (m, j,, — ¢, +m —1). The residue of the added

box must be congruent to £ — ¢, modulo 7, and so,
(Jm—ce+m—1)—m=j,—c,—1=k—c, mod ry,

or equivalently

Jm —k—1=0 mod ry.

Thus, j, = k +ir, + 1, for some i € Z. Now, since j, = i, for all n # m and

Jm = tm + 1, we have that

J = ¢€(]m)¢2(]m - 1)17 and J 7é ¢€(])¢;(] - 1)17 for all .] 7é jm~

Hence,

<Z Wk +ire + 1) W5 (k + iro)[T], [J]> = (e (jm) 7 (i — DI, [J]) = 1,

i€z
by Proposition 5.13. We have therefore proven that Equation (5.4) holds when
(Fi[D, [ = 1.
Suppose now that (F4[I],[J]) = 0. Then A(J;) cannot be obtained by adding one
box to A(Iy). In particular, J # ¢,(i)y; (i — 1)I for all ¢ € Z. Thus,

<§:mdk+wp+D@ﬂk+WQMJﬂ>:O.

i€z
Therefore, Equation (5.4) holds in all cases, and so
Fl =Y Wk +irg+ 1)¥)(k +iry).
i€z

Now, since Py(—1) and P,(1) are adoint (see [15, Lemma 3.13]), it follows by
Corollary 5.9 that Ef and F% are adoint. Moreover, since W,(i) and ¥} (i) are adjoint
(see [15, Lemma 3.5]), it follows that

S Wik +irg+ )W (k+iry), and Y W(k+irg) Wy (k + irg+ 1),

€L €L
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are adjoint. Therefore, for all s-tuples of semi-infinite monomials I, J,

(EL [T, [J])

(1), FLJ]) = <[1], ST Wik 4 irg+ 1)k + m)[J]>

€7
= <Z U, (k + irg) S (k + iry + 1)[I], [J]> .
€L
Thus,
Bl =Y Wk +ir) W (k +ir, + 1).

1€Z

Proposition 5.15. Foralll{=1,...,s and k=0,1,...,7p— 1,
(B i) = H.
Proof: If r, =1, then
Ej =Py(1), F;=P,(-1), Hj=id,

and the result follows from Theorem 5.3.

Now, fix an ¢ € {1,..., s} such that 7, > 2. For any semi-infinite monomial / of
charge ¢ € Z, we will say that a box (p, q) € A(I) is a k-box if its residue is congruent
to k—cmod r,. We will say that a box (p, q) € A\(I) is k-removable if (p, q) is a k-box
and (p, ¢) may be removed from A(I) to create a new Young diagram. Denote the set
of k-removable boxes of A(/) by R. We will say that a box (p,q) ¢ \(I) is k-addable
if (p,q) is a k-box and (p,q) may be added to A(I) to create a new Young diagram.
Denote the set of k-addable boxes of A(I) by A.

By Theorem 5.14, we have that, for all T € M (v, ..., v¥)T

El]=) [J, and FiI]=} [K],

J K
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where the J run over all semi-infinite monomials such that J; = I, for all i # ¢ and
J, is obtained from I, by removing a k-removable box, and the K run over all semi-
infinite monomials such that K; = I; for all ¢« # ¢ and K, is obtained from I, by
adding a k-addable box. Thus, it is easy to see that

[EL FLI = (Al - |R),

where here A and R refer to the sets of k-addable and k-removable boxes of I,

respectively. Therefore, it suffices to show that
Ty
|A| - |R| = (16)k_z af;jvﬁ = 66,7€ _2V£+U£+1 +V£—1 = 5&,15"‘ (V£+1 _Vi)"‘ (Vi—l —Vi),
5=0
where, of course, the indices of v/ are taken modulo 7.
For the remainder of the proof, we will identify I, with its Young diagram \ =

A(I;). The case where X is the empty Young diagram is trivial, so we assume A

consists of at least one box. The k-border of X is the set
B :={k-boxes (p,q) e A | (p+1,q),(p,q+ 1), or (p+1,q+1) ¢ A}
We partition B with respect to the main diagonal of A as follows:
B=UUMUL,

U={(p,q) €Blqg>p}, M={(p,p)e B}, L={(p.q) €Bl|p>q}.

The sets B,U, M and L are illustrated in the following diagram:
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U

Here B is the set of k-boxes in the shaded region, U (resp. L) is the set of boxes in B
that lie above (resp. below) the dashed line, and M is the intersection of B with the
dashed line. Let A_, (resp. A|) be the subset of B consisting of boxes which have a
right (resp. lower) neighbour. That is,

As={pgdeBlpg+1)er;, and A ={(pg)eB[(p+1q) €A}

Denote by A’, and A} the complements of A_, and A, respectively, in B.

We begin with the case where k #Z ¢, mod 7, (so that M = )). In the portion
of A above the main diagonal, every (k + 1)-box occurs as the right neighbour of a
k-box. Conversely, every right neighbour of a k-box (if it has one) is a (k + 1)-box.
If a k-box does not have a right neighbour, it must therefore lie in B. Hence, the
number of k-boxes less the number of (k + 1)-boxes above the main diagonal is equal
to [U N A’,|. In the portion of A\ below and including the main diagonal, we can
dualize this argument and conclude that the number of (k+ 1)-boxes less the number
of k-boxes is equal to the number of (k + 1)-boxes (on the border) with no lower
neighbour. Any (k + 1)-box not in the first column and without a lower neighbour
has a left neighbour, which must be a k-box and lie in L and A_,. Hence, the number

of (k + 1)-boxes less the number of k-boxes is equal to |[L N A_| 4§, where 6 = 1 if
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the last box of the first column of \ is a (k + 1)-box and § = 0 otherwise. Since v¥,

(vesp. vj_) is the number of k-boxes (resp. (k + 1)-boxes) in A,

Vi — Ve =|LNAL|+5—|UNAL (5.5)
By a completely analogous argument,

Vi — Ve =|UNA|+6 —|LNAY,

where §" = 1 if the last box of the first row of A is a (k — 1)-box and ¢’ = 0 otherwise.
Now, we note that a k-box is k-removable if and only if it has no right or lower

neighbours. Hence, R = A’, N A/ and so
IRl = |A, WA = B = |AL UA,| (5.6)

We can add a k-box at the end of the first row (resp. column) if and only if the last
box of the first row (resp. column) is a (k — 1)-box (resp. (k+ 1)-box). A k-box (p, q),
where p, ¢ # 1, is k-addable if and only if both (p—1,¢) and (p,q— 1) are in A\, which

occurs if and only if (p —1,¢ — 1) € A, NA,. Hence,
Al = [ASNA+0+0 = AL+ A = |[ALUA|+6+6. (5.7)
Since M = (), we have that B=U U L, and so
Al =1UNAL |+ [LNAL, (5.8)
Combining equations (5.6), (5.7) and (5.8), we get

Al = |R| = UNAS|+ | LNAL|+|UNA+|LNA|—|B|+6+¢
= U= |UNAL|+|[LOAL[+|UNA+|L] = [LOA]| = [B[+6+
=—[UNALI+|LONALI+|UNA = [LNA+6+ ¢

= (V£+1 - Vﬁ) + (Vi—l - Vi)
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In the case where k = ¢, mod r4, one only has to make a few modifications to the
above arguments owing to the fact that M now consists of a box. In the portion of
A above and including the main diagonal, the number of k-boxes less the number of
(k+1)-boxes is [UNA’,|+|MNA’,|. In the portion of A below the main diagonal, one
again has that the number of (k4 1)-boxes less the number of k-boxes is |[LNA_|+ 4.
Hence,

Vi —VE=|LNAL|+5—|UNAL| - |[MNA

S
"l

And again by a completely analogous argument,
Vi =V =[UNA+8 — LA — [MNA (5.9)

One can compute |A| and |R| exactly as in equations (5.7) and (5.6). The difference
now is that, since M # (), we have B=U U M U L, and so

ALl =UNAL [+ IMOAL,[+[LNAL,
Therefore, using similar calculations as before,

Al = |R| = |U| = [UNAL|+[LNALI+|[UNA+ L] = |[LNA)[ = B[40+ ¢
+ M NAL+ |MNA
= U= |UNAL|+|LOAL|+ |[UNAYL| = [LNA| = [Bl+ 6+
+ M| = |M AL+ M| — [M N A
= —[UNALI+|LOALI+|UNA = [LNA|+6+6 —|MnAL
+ |M|—|M N A

=1+ (Viﬂ —vi) + (Vi_y — Vi),

which completes the proof. |

With the operators Et, F{ and HY, we are able to give the following partial

result towards our goal of giving a geometric realization of Vj.gic.
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Proposition 5.16. The geometric diagonal Chevalley operators preserve the space
A. Moreover, when vy > 2, the operators B, Fi and HY, satisfy the Kac-Moody

relations for 5A[,né. In particular, the mapping
Ey—EL, F,—FL, H,— H, (5.10)

fork=0,1,...,r, — 1, defines a representation of ;Iré on A and the linear isomor-
phism determined by [I] — 1, is an isomorphism ofglré—representations A — F. The

mapping (5.10) together with
I@t" — In|riPi(nry), and I®1— Py0),

for n € Z — {0}, defines a representation of E[W on A and the mapping [I] — T is
then an isomorphism of g[ré-representations A —F.

When ry = 1, the mapping
It" = [n|Py(n), T®1=Py0), crida,

for alln € Z — {0}, defines a representation of gT[l on A and the mapping [I] — 1 is

an isomorphism of g[l—representations A—T.

Proof: The fact that the geometric diagonal Chevalley operators preserve A
is clear from Corollary 5.9. By Theorem 5.5, we have the following commutative

diagram:
A

W, (i), ¥ (i)

F
me), bi (1),
F

A

(5.11)

for each £ = 1,...,s and i € Z. Fix a value of £ € {1,...,s} such that r, > 2. For
each k =0,1,...,r,— 1, let

0 { L __
Ekz = ET1+~~~+7”g_1+k7 Fk == F’V‘1+~~~+7‘,g_1+k:7 Hk == HT1+~~-+rg_1+k-

Then by Lemma 1.21 and Theorem 5.14, we have the following commutative diagram:
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A

E;, F} Ey, Fy,

A

F

for all Kk =0,1,...,r, — 1. By Proposition 5.15, we therefore also have the following

commutative diagram:

Thus, when r, > 2, we have a representation of 5A[W on A and the map A — F is an

isomorphism of E:\[w—representations. The fact that the addition of the mapping
I®t"— |n|rng(m’g), I®l— Pg(O),

gives us a representation of Etw on A follows from Lemma 1.21 and Theorem 5.3.

The case where r, = 1 is obvious. |

Proposition 5.16 shows that the operators Ef, Fi, HY and Py(nr¢) on A corre-
spond to the operators associated to the (¢, ¢)-th diagonal blocks of gA[,, on . Thus,
as was the case algebraically, to complete our realization of gA[r, it remains only to
construct the operators associated to the off-diagonal blocks.

Let c € Z° and i # j € {1,...,s}. Suppose n,m € N* such that n, = m, for all
¢ #i,j. By equations (5.1) and (5.2), we have that

CtHV(ICC,C+1i—1j (l’l, m)) = Cln|+|m| (ICc,c—i-li—l]- (1’1, m))
Fori=1,...,s — 1 and k € Z, define

K& k) = Keerr,—1,,,(mn+ (k4 1)r; —¢; — 1)1; — (krigq — ¢q + 1)1549),



5. Geometric Realizations of the Basic Representation 106

Ke @i k) == Kecit-1,mmn+ ((k = Drign — €i1)Lis — (kry — ¢;)1).

We also define
Kfm;0,k) :=Keer1,-1,(m,n+ (krs —cy — 1)1y — (kry — ¢y + 1)14),
ICC_(I’I7 O, k‘) = ’CC,C+11—13 (1’1, n -+ (k’T’l - C1)11 - (kf?"s — CS>1S).

Definition 5.17 (Geometric off-diagonal Chevalley operators). Fori =0,1,...,s—1,

define operators

E;,F;,H/ @H2\n| _> @Hmn\

by
kEZ
F”HQT‘"‘(MC(n)) =(-1)¢ Z Ceny (K (154, K)),
. keZ
fori=1,...,s—1, and

Bz gy = (ZDT D (K (1:0,K)),
kEZ

Fé’%i‘nl(/\/lc(n)) = (_1)01+-..+c571 Z Ctnv(,Cc_ (Il; 0, I{Z)),
keZ

and finally, H, := [E,, F/], for all i = 0,...,s — 1.

Remark 5.18. For the diagonal Chevalley operators, the space Ac(v,...,v?®) is a
subspace of the the v/-weight space of é\[r ,» thus allowing us to define the operators
H{ explicitly in terms of the v*. For the off-diagonal Chevalley operators, the v no
longer encode information about the weights of é\[r. Hence, our defining H, simply as

the commutator of E. and F’, seems the best we can achieve.

Lemma 5.19. As operators on A,

B, = W((k+1)r)W;,, (kr + 1), = Wi ((k = Dries + 1) (kry),

keZ keZ



5. Geometric Realizations of the Basic Representation 107

fori=1,....,s—1, and

= W (kr)®i(kr +1), Fy=> y(kr +1)T5(kr,).

keZ kEZ
Proof: Fixie {l,...,s—1}. Consider the restriction of E; to H%l*n‘(./\/lc(n)). To
simplify notation, let d = c¢+1; —1;;; and m* = n+ ((k+1)r; —c; — 1)1; — (kripq —
Ciy1 + 1)1;41. Then

thnv cd n, m thnv (@fz ngg 1 nfﬁ( ) ))

keZ keZ

= (_1)% Z (H(1®€_1 ® Cth(]CCz,dz(lﬂ Iy, (mk)e)) ® 1®s_€)) )

keZ \t=1
where the second equality follows from Lemma 4.14 and the third equality is the
application of the Kiinneth formula. For ¢ # i,7 4+ 1,

Ctnv(’CCg,d[(lv nﬁ) (mk)f)) - Cth(ICCg,Cg(la nf) nf)) = 17

by [15, Lemma 3.10]. Thus,

E, = (—1)%> (197 & cine(Ke,a, (1, m;, (m*);)) @ 19°77) x

kEZ

(1®i ® Cth(]CCi+1,di+l (17 i1, (mk)erl)) ® 1®s*ifl)

— Z W, ((k+ 1)) Oy (krig +1).

keZ
The remaining equalities can be proved in an analogous manner. |
For k=0,1,...,r, we can write

k:7"1—|—"‘+7"g_1+/€/,
for unique 1 < /¢ < s and 0 < k' <r,— 1. For all k£ such that k' # 0, let

Ek- = E]ﬁ/7 Fk; = ]'?i/7 Hk = Hi/
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For all k£ such that ¢ # 1 and k' = 0, let

For k =0,
EO = EIO, FO = F6, HO = HIO

Theorem 5.20. The operators Ey, Fr and Hy, k =0,1,...,s—1, preserve the space
A and satisfy the Kac-Moody relations for £1A[r. In particular, the mapping

EkHEk, Fkl—>Fk, Hk'—>Hk,

defines a representation of ;[T on A and the linear map determined by [I] — I is an

isomorphism of f/y\lr—representations A—TF.

Proof: This follows from the commutativity of Diagram (5.11) and comparison

of Theorem 5.14 and Lemma 5.19 with Lemma 1.21. |

By Theorem 5.20, we have a geometric version of saA[T. As before, to get a similar
geometric version of QT[T, we need to add operators corresponding to the loops on the
identity. This leads us to our main theorem, from which we conclude that A(0) is a

geometric version of Vj.gic.

Theorem 5.21. For k=0,1,...,s— 1, and n € Z — {0}, the mapping
Eki—>Ek, ka—>Fk, ka—)Hk, ]®tni—> |TL|ZT@P@(TLT£), ]®1'_>ZP€(0)7
=1 =1

defines a representation of QT[T on the space A and the linear map determined by

I} — I is an isomorphism of é\lr—representations A — F. This isomorphism maps

A(0) = F(0), and thus A(0) = Viasic-
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Proof: From Theorem 5.20, the mapping
EkHEk, FkHFk, Hki—>Hk,
gives us a representation of ;[r on A. The additional mapping

It = |n| Y rPy(nry), T@1m Y Py0),

=1 /=1

gives us a representation of g/;\[r on A by Lemma 1.21. i
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