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Abstract

In this thesis, dynamic mathematical models are constructed to describe the population

distribution in Canada based on the model in previous work by Ahmed and Rahim [1].

Numerical results demonstrate that the model population is in close agreement with the
actual population. This indicates that the presented model can be used as a valuable
tool for describing the dynamics of population distribution. We also demonstrate that by
using modern Systems and Optimal Control theory [2], it is possible to formulate opti-
mum immigration and job creation strategies while maintaining population level close to

certain pre-specified targets.

An optimization algorithm [2] is then developed based on dynamic programming and
gradient algorithm approach. Unknown parameters such as birth rate, death rates and
transition rates are estimated and identified. The system model obtained by using the
identified parameters is then augmented by adding a fourth equation describing the dy-
namics of unemployment rate. This model is then used to formulate a control problem
with immigration and job creation rates being the decision (control) variables. Using
optimal control theory, optimum immigration and job creation policies are determined.

Results are illustrated by numerical simulation and they are found to be very encouraging,.

iii



Contents

Acknowledgements i
Dedication ii
Abstract iii
Table of Contents iii
List of Figures vi
List of Tables viii
List of Acronyms X
List of Symbols xi
1 Introduction 1
1.1 Motivation . . . . . . . . . e 1
1.2 Objective . . . . . . . . e 4
1.3 Thesis Organization . . . . . . . . . . . . 5
2 Demographic Science 6
2.1 Definition of Demography . . . . . . ... .. ... oo 6
2.2 Historical Review . . . . . . . . . . . e 6

v



Dynamic Models for Demography

3.1 Fundamental Population Models . . . . . .. .. ... ... . ... ...
3.1.1 Malthus’model . . . . . ... ... ...
3.1.2 The Lotka Equation . . . . ... .. .. ... ... . ........

3.2 System Theoretical Models for Population Distribution . . . . .. ... ..
3.2.1 Canadian Population Characteristics . . . . .. .. .. ... .. ..
3.2.2 Population Dynamics . . . ... ... ... oL
3.2.3 Mathematical Model . . . . ... ... ... . oL

Population Distribution by Groups
4.1 Simulation Results Based on Dynamic Models and Available Parameters
4.2 Census Data Obtained from Statistics Canada . . . . ... ... ... ...

4.3 Comparison and Conclusion . . . . . ... ... ...

Optimization Methodologies
5.1 Dynamic Programming Principle . . .. ... ... ... ... ... ...
5.2 Pontryagin’s Minimum Principle . . ... ... ... ... ... .. ...

5.3 Gradient Method . . . . . . . . . . e e e e e e

Parameter Identification

6.1 System Identification . . . . . . .. ... ..o
6.2 Problem Formulation and its Solution . . . . . . . ... ... ... .....
6.3 Simulation Results Based on Identified Parameters . . .. ... ... ...

6.4 Comparison of Results Based on Available and Identified Parameters

Optimum Immigration Policy
7.1 Problem Formulation and its Solution . . . . . . .. ... ... ... ....
7.2 Numerical Analysis and Simulation Result . . . .. .. ... ... .. ...

7.2.1 Without Specified Target (Fig.7.1-7.3) . .. .. ... ... ... ..

21
21
24
25

27
27
29
31
33



7.2.2  With Specified Target (Fig.7.4-7.12) . . . . . .. .. ... ... ...

8 Immigration Policy Versus Job Creation Rate

8.1 Modified System Model and Problem Formulation . . . . . ... ... ...

8.2 Unemployment Rate . . . ... ... ... .. . ... ...

8.3 Data Used for Simulation . . . . . . . . . . . e e

8.4 Discussion of Simulation Results . . . . . . . . . . . ... ... ... ...

9 Conclusion and Future Work

9.1 Conclusion .

9.2 TFuture Work

Appendix

vi

48
49
51
52
53

60
60
61

66



List of Figures

41 Populationof G1 . . . . ... ... ... 19
42 Population of G2 . . . .. ... 20
43 Populationof G3 . . . .. ... 20
6.1 Populationof G1 . . .. ... ... ... ... ... 32
6.2 Populationof G2 . . . . . .. ... 32
6.3 Populationof G3 . . .. ... ... ... 33
7.1 Immigration and Emigration Rates of G2 (Statistics Canada) . . . . . . . . 38
7.2 Total Population (Statistics Canada) . . . ... ... ... ......... 39
7.3 Total Population (Model) . . . .. ... ... .. .. ... ... ... 39
7.4 Gradient (Target T1) . . . . . . . o o 41
7.5 Gradient(Target T2) . . . . . . . o oo 42
7.6 Optimum Immigration Rate of G2 (Target T3) . . . . . .. ... ... ... 42
7.7 Optimum Immigration Rate of G2 (Target T5) . . . . . .. ... ... ... 43
7.8 Total Population with Optimized Immigration Rate (Constant Target) . . 43
7.9 Optimum Immigration Rate of G2 (T5(¢)) . . . .. .. ... ... .. ... 44
7.10 Total Population with Optimized Immigration Rate (T3(t)) . . . . . . . .. 45
7.11 Optimum Immigration Rate of G2(Ty(t)) . . . . . . . .. . . ... .. ... 46
7.12 Total Population with Optimized Immigration Rate (T4(t)) . . . . . . . . . 46
8.1 Percentage of labour Force in G2 (Statistics Canada) . . .. ... .. ... 52

vii



8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9

Gradient g(uy) - -« - o v e 54

Gradient g(ug) . . . . . . . 55
Optimum Immigration Rate of G2. . . . . ... .. ... ... ... ... 55
Optimum Job Creation Rate (for G2) . . . . ... ... .. ... ...... 56
Total Population with Optimized Immigration and Job Creation Rates . . 56
Population of G2 . . . . . . . .. . 58
Unemployed Population (z4) . . . . . . .. . ... .. 58
Unemployment Rate . . . . .. .. ... .. . . ... ... 59

viii



List of Tables

8.1 Control Constraints . . . . . . . v v v v i e e e e e e e

X



Acronyms

DP
DPE
GA
IDP
Gy
Gy
G
ODE
AC

Dynamic Programming

Dynamic Programming Equation
Gradient Algorithm

Iterative Dynamic Programming
Age Group G1 (age 0-14)

Age Group G2 (age 15-64)

Age Group G3 (age 65 and above)
Ordinary differential equation

Absolutely continue



Symbols

I
o)
T3
Tq
Z1

)

T12
T23
€

€9

Population of age group G1

population of age group G2

population of age group G3

Unemployed population in age group G2

Growth rate of population of age group G1

Growth rate of population of age group G2

Growth rate of population of age group G3

Growth rate of unemployed population of age group G2
Initial population(condition) of age group 1

Initial population{condition) of age group 2

Initial population(condition) of age group 3

Initial unemployed population(condition) of age group 2
Birth rate due to population of age group G2

Child mortality rate

The mortality of age group 2

The mortality of age group 3

Transition rate from age group G1 to age group2
Transition rate from age group G2 to age group3

Child emigration rate

Age group G2 population emigration rate

xi



€3
i
i2
i3
Zo

pl
Uy
U2

TMm

Upm

Age group G3 population emigration rate

Child immigration rate

Age group G2 population immigration rate

Age group G3 population immigration rate

Initial condition

The fraction of accompanying children

The fraction of accompanying seniors

Age group 2 population immigration rate

Job creation rate for age group 2

The upper boundary value of the target population
The lower boundary value of the target population
The upper limit of age group G2 population immigration rate

Percentage of labour force in the age group G2



Chapter 1

Introduction

1.1 Motivation

Since demography was introduced by the work of the English merchant John Graunt
(1620-1674) [3], demographic research has focused on different areas.

Following Afred Lotka’s work, stable population has been one of the most important
research areas in demography. Multi-age models with constant vital rates over time [4]
and multi-state stable population models can be regarded as good examples in this area
[5]. Both of the models mentioned above use the fixed rates. There are limits to the use
of fixed rate models because those models can not efficiently describe dynamic behavior.
For instance, usually migration rates, birth rate, death rates, transition rates from one
age category to the next, labour force participation rate and job creation rate are vari-
able from time to time, even within short periods. Currently, there is not much work
on any demographic models that can describe changing behavior or the relationship be-
tween current population and current rates composition. The mathematical model built
in this thesis is based on the model presented in paper [1]. Birth rate, death rates,

transition rates, emigration rates, immigration rates and job creation rate are variables.



Following the variable rates policy, dynamic multi-state population models with variable
demographic rates were built, which recognize more than one living state [6]. Because the
dynamic multi-state model is highly flexible, it can describe any observed population’s

behavior at any time.

Early work to model population using dynamic optimization was done by Arthur and
McNicoll in 1977 [7]. They tried to create an age-dependent population policy theory by
applying integral-equation control techniques and integrating an aged-structured popula-
tion model with a vintage capital model. By employing fertility and savings as control
variables, Arthur and McNicoll analyzed the relationship of social discounting and welfare
trade-offs. The greatest innovation of this model is that decision variables and a perfor-

mance function were introduced into demographic models.

Optimal control of immigration and saving rates were also analyzed in paper [8]. In
this paper Feichtinger, Prskawetz and Veliov expanded the Arthur-McNicoll model and
added immigration as another control variable. They presented an approach for dynamic
optimization in population economics. The optimal control model that was built was
based on age-structured differential equations for the dynamics of both the population
and the capital. The maximum principle newly derived in paper [9]{10] was applied into

age-structured systems.

In addition, there are some papers investigating optimal control of population dynamics.
In paper [11][12] optimal birth control of age-dependent models were studied. Optimal

control of illicit drug, violence and social welfare was analyzed in paper [13].

Since immigration is one of the most efficient control instruments for many countries,

immigration in Canada will be considered as a control variable in this thesis. According



to current practice in Canada, each year the target level of immigration, for the follow-
ing year, is proposed. The obvious question is: how is the target level of immigration
determined? In general, this level is influenced by changes in manpower requirements
and other socio-economic and political conditions of the country. If there are not enough
job positions to match the level of immigration, this may cause many social and political
problems. Currently, immigration and unemployment in Canada is an interesting and im-
portant topic [14]. Some papers have been published investigating the immigration and
UI system [15] as well as immigration and the rate of growth of population and labour
force [16]. This thesis will consider job creation rate as another control variable. Both
immigration and job creation can be adjusted by the Canadian government as required

to change the dynamics of population distribution in Canada.

Actually, in optimal control of population, the original population model was the de-
scriptive model which was expanded by performance function and decision variables such
as fertility, immigration, job creation, savings and welfare [17]. In general, the decision
makers are assumed and are the control variables. The system develops from the given
initial condition. Taking a certain time period, some of these developments are more likely
to be accepted by the decision makers, while some are less likely to be accepted. But how
should the decision-makers affect the system development over time? The mathematical

foundation of such decision-processes is the optimal control theory.

It has been noticed that most demographic research has concentrated on fertility and
birth function and from it population change can be predicted. This is fundamental and
it is required in modeling any population dynamics. In contrast, this thesis will focus
on constructing dynamic models for population distribution in Canada by following the

systems and control theoretic approach as developed in [1].



In general, population changes with time because of birth, death, immigration and emi-
gration etc. If the total population is divided into several age groups, there is a continuous
process of transition from one age group to the next. To capture the temporal variation
of population in each group one must build a dynamic model. Such a model can be con-
structed if basic parameters like birth rate, death rates, and transition rates from one age
group to the next are available. Very often these parameters are not readily available;
only the population data in each individual age group is available for a given period of
time. Based on this information, estimation and identification of unknown parameters
are explored using the mathematical model mentioned above. The methodology pro-
posed in this thesis may be useful for the Government of Canada to formulate optimum

immigration and job creation policies.

1.2 Objective

The main objective of this thesis is to demonstrate that by using modern Systems and
Optimal Control theory, it is possible to formulate optimum immigration and job creation
strategies while maintaining the population level close to certain pre-specified levels. It
is reasonable to think that immigration should be tied to the demand for manpower, the

availability of jobs and the ability to create new jobs.

Based on the previous paragraph, the following objective will be the focus of my the-
sis:

(1) The construction of a dynamic model describing the population distribution in Canada
for the three age groups. It will be described later;

(2) The simulation of a system of ODE based on the available parameters, like birth rate,
death rates, transition rates, immigration rates and emigration rates;

(3) The identification of the unknown parameters by minimizing the identification er-



ror(defined later) when the parameters are not available;

(4) The optimization of the immigration policy (rate) by minimizing an objective func-
tional called the (cost function);

(5) The optimization of immigration and job creation rates by minimizing a similar cost

function (described later).

1.3 Thesis Organization

In this thesis, demographic science is first described in chapter 2. Dynamic models for
demography are given in chapter 3. Population distribution by groups, which is applied
to evaluate the dynamic population model, is introduced in chapter 4. Optimization
methodologies are defined in chapter 5. In chapter 6, the unknown parameters are identi-
fied based on the optimal control strategy and gradient algorithm. Optimal immigration
policy is discussed in chapter 7. Immigration policy versus job creation rate, which is

based on the optimal control principle and gradient algorithm, is displayed in chapter 8.



Chapter 2

Demographic Science

Since its emergence, demography has successfully developed in many different directions
such as stable population model, dynamic population model and dynamic optimization
population model. In this chapter we will first give the definition of demography, then

the historical background of demography will be introduced.

2.1 Definition of Demography

Demography is the study of the characteristics of human populations, such as size, growth,

density, distribution, and vital statistics [18].

2.2 Historical Review

Demography was born through the work of the English merchant John Graunt (1620-
1674)[19]. In that work, he analysed London’s “Bill of Mortality,” which included the
production of a sort of life table, “the life table was developed to express probabilities
pertaining to individual persons [20],” however the calculation method used by Graunt

was rather obscure. Another important development in the late seventeenth century in-



cluded the work of Edmund Halley(1693), Astronomer Royal, who was famous for his
research on comet. He calculated the first life table for the city of Breslau (now Wroclaw

in Polish Silesia), which was based on actual numbers of deaths by age [21].

In 1760, Euler invented the famous concept of Stable Population. Approximately by
150 years later, Lotka, who is generally regarded as the father of Stable Population The-
ory, published his first paper about Stable Population. In the late eighteenth-century,
significant achievement in demographic research was done by T.R. Malthus, who pro-
posed the very first demographic model in 1798. As he stated: “It has been frequently
observed that though we cannot hope to reach perfection in any thing, yet that it must
be advantageous to us to place before our eyes the most perfect model,” Malthus was

usually considered “the founder of modern demography.”

As previously mentioned, in the eighteenth-century, there were several important develop-
ments in demographic research. In the early nineteenth, Milne’s (1815) great contribution
to demography was the formulation of the conventional calculation and the presentation
of the life table, which is the same concept accepted today. After that, from 1841, William
Farr, the famous Victorian Registrar-General of England, started to produce the decen-
nial series of English life tables, which have been used in demographic research up to the

present.

After 1900 the greatest accomplishment in demographic research was due to Alfred Lotka,
who developed the mathematical Stable Population in his three papers [22][23][24]. In
these papers he indicated that if the schedules of age-specific mortality and fertility was
kept constant, the fluctuation tendency of population would be close to the true value
of population. Along this line, a predictable path to the final stage with the fixed age-

structure was constructed. Finally, Lotka and Louis Dublin added the concept of “in-



trinsic” (or “true”) rates into the theory [25]. Another twentieth century development
in demographic research is Hajnal’s Singulate Mean Age at Marriage (1953)[26], which
is applied to indirectly estimate the mean age of marriage. Here the prefix “singulate”

refers to the computational method of arriving at the mean age of marriage.

Excluding Lotka’s Stable Population, the first widely used demographic models were
the models of life tables, which were published by the United Nations (1955,1956). From
this base, Coale and Demeny (1966) constructed Princeton regional model life tables and

developed the mortality models [27].

Since the 1970’s, the main development in demographic research has been building model.
A good example of this is the multi-regional demographic modeling proposed by Rogers
in 1975 {28]. Now, demography has become a discipline in the field of science as Achille

Guillard envisioned in 1855.



Chapter 3

Dynamic Models for Demography

As Bartholomew noted: “The model is an abstraction of the real word in which the relevant
relations between the real elements are replaced by similar relation between mathemat-

»

ical entities.” Demographers have constructed different kind of mathematical models to

describe population’s characteristics in the real word.

3.1 Fundamental Population Models

3.1.1 Malthus’ model

Malthus’ model was proposed in 1798 by the Englishman, Thomas R. Malthus. By ob-
serving human populations, he conjectured that “Populations appeared to increase by a
fized proportion over a given period of time, and that, in the absence of constraints, this

proportion is not affected by the size of the population.”

Motivation for Malthus’ Model:
To develop a mathematical representation of Malthus’ model, we use the above hypothesis

as our governing principle.



Notation:

o tg,t1,ty, -+ ,ty: discrete times at which the population is determined; all ¢; are

equally spaced with time step h = t,;1 —¢; for all ¢;
e Py, P, P, -, Py: populations at times tg,t;,%9,- - ,ty, respectively;

e b and d: birth and death rates, respectively (with units consistent with those used

to measure time);

c=b—d is the effective growth rate.

Mathematical Equation:
(Piyr = Pi)/Pi = cx h
or

Pyy=P+cxhxP,

for i =0,1,---,N — 1. The initial population, Py, is given at the initial time ¢,[29)].

3.1.2 The Lotka Equation

The greatest single contribution to population theory has been that of A.J.Lotka, con-
tained in a series of papers extending from 1907 to 1948. Lotka emphasized the continuous

model in development of the theory.

In the Lotka Theory, the unknown function is B(t), the number of births at time t.
Let us consider only women, and female born from these women. The data are the ob-
served probability of surviving to age a, denoted [,, and the chance m,da of bearing a
child between the ages a and a + da. Of the births B(t — a) at time ¢ — a the proportion [,

will survive to time ¢ on this deterministic model, and of these m,da will themselves bear

10



children during the interval of age da. We can find the total number of births at time ¢

by the fundamental Lotka equation shown as below:

B(t) = /ﬂ B(t — a)l;m,dzx, (3.1)

where ages a and 3 are the lower and upper limits of reproduction. In this form of the
equation, we suppose that the birth and aging process has been going on for a long time.
If the process started recently, we need an additional term, say G(t), to provide for the

births at time ¢ occurring to the women alive at the beginning time [20].

3.2 System Theoretical Models for Population Dis-
tribution

Models mentioned above can not be directly used to model population distribution by
categorical distribution. In this section, we will use system theoretical models for popu-

lation distribution.

System theoretical models built in this thesis are based on the previous work by Ahmed
and Rahim [1]. In [1], they presented a set of (dynamic) mathematical models represent-
ing the population distribution in general. The dynamic models presented in my work
are modified according to the actual population grouping and characterization used by
Statistics Canada [30]. This is then used to describe the population variation (dynamics)

in Canada.

Statistics Canada divides the Canadian population into three age groups. The group
G1 consists of all children younger than 15 years old. The population at time ¢ in this
group is represented by z;(t). Group G2 consists of the population between the age of 15
to 64, and we denote the population at time ¢ in this age group by x,(¢). The population

11



over age 65 is grouped as G3, and the population count in this age group is represented

by z3(t).

The reason why the population is partitioned into these different age groups is that
many Government programs (for example; child care, education, health, old age pension,
unemployment insurance, welfare etc.) and the cost of administering those programmes

and services are strongly dependent on the population distribution.

3.2.1 Canadian Population Characteristics

“Canada’s population was about 3.7 million in 1871 shortly after the confederation. Most
Canadians lived and worked on the family farm, and the country was young with more

than one-third of the population under the age of 15 [31].”

Today, Canada is a nation of 31,559,186 people based on the April 2003 census [32].
“The majority of Canadians live in cities. The birth rate has declined, and less than
one-fifth of the population is under 15 years old. Each year, approximately 200,000 new

Canadians arrive from around the world [31].”

“These shifting demographic patterns are reflected in many aspects of Canadian life:
jobs, family arrangements, housing, education, health care, religion, language, leisure
time, travel patterns and cultural pursuits [31].” Several characteristics are considered in

this thesis:

e Transition Rate;

e Birth Rate;

e Death Rate;

¢ Immigration Rate;

12



e Emigration Rate;

e Employed;

e Labour force;

e Unemployment rate.

Transition Rate
Transition rate is the ratio of the number of people who will transit to the next age group
to total population of the present age group. In this thesis, weekly transition rate 715 and

To3 are defined as:

Number of 14 years old people

= 100%
Total population of age group G1 x o

T12

_ Number of 64 years old people
~ Total population of age group G2

723 x 100%.

Birth Rate
In this thesis, we assume that there is no baby born by population in age groups G1 and

G3. The weekly birth rate caused by population in age group G2 is defined as:

Number of births

= x 100%.
Total population of age group G2 %

Death Rate
Death rate is the ratio of deaths to total population over a specified period of time. In

this thesis, we define the weekly death rates for three age groups by:

Number of deaths in age group G1

di =
! Total population of age group G1

x 100%,

Number of deaths in age group G2

dy = x 100%,

Total population of age group G2

13



Number of deaths in age group G3

d3 = x 100%.

Total population of age group G3

Immigration Rate

Immigration population in Canada refers to “people who are, or have been, landed im-
migrants in Canada. A landed immigrant is a person who has been granted the right to
live in Canada permanently by immigration authorities. Some immigrants have resided
in Canada for a number of years, while others are recent arrivals. Most immigrants are

born outside Canada, but a small number were born in Canada [30].”

The ratio of total immigrants to Canada to total population in a specified community
or area over a specified period of time is the immigration rate. In this thesis, we define

weekly immigration rates for three age groups by:

Number of immigrants in age group G1
Total population of age group G1

x 100%,

11 =

. Number of immigrants in age group G2
19 = - X 100%,
Total population of age group G2

, Number of immigrants in age group G3
i3 = = x 100%.
Total population of age group G3

Emigration Rate
Emigration rate is the ratio of total emigrants from Canada to total population in a
specified community or area over a specified period of time. In this thesis, we define

weekly emigration rates for three age groups by:

Number of emigrants in age group G1

e = X 100%,

Total population of age group G1

Number of emigrants in age group G2

€y = X 100%,

Total population of age group G2

14



Number of emigrants i G3
umber of emigrants in age group % 100%.

= T Total population of age group G3

Employed

The employed people are “persons 15 years of age and over, excluding institutional resi-
dents, who, during the week (Sunday to Saturday) prior to Census Day: did any work at
all for pay or in self-employment; or were absent from their job or business for the entire

week because of vacation, illness, a labour dispute at their place of work or other reasons

[30).”

Labour Force

“The labour force consists of the number of people aged 15 and over who are employed
(that is, those who currently have jobs) and unemployed (that is, those who do not have
jobs but who are actively looking for work) [32].” In this thesis labour force only is con-

sidered in the age group G2.

Unemployment Rate
“The unemployment rate is the percentage of the labour force that actively seeks work
but is unable to find work at a given time. Discouraged workers-persons who are not
seeking work because they believe the prospects of finding it are extremely poor-are not
counted as unemployed or as part of the labour force [32].”

Number of umemployed people

U 1 t rate = %X 100%.
flemployment tate Number of people in the labour force %

3.2.2 Population Dynamics

Population in Canada is always changing with time because of these events like birth,
death, immigration, emigration and transition from one age group to the next one. This

behavior is described in dynamic mathematical models built below.

15



Yearly data on birth, death, immigration, emigration and population of all the three
age groups for the period 1972 to 2002 was obtained from Statistics Canada [30]. This
data was then converted to weekly values, which is shown in the following section. Here,
719 stands for the weekly transition rate from G1 to G2 and 73 from G2 to G3. The
coefficient b stands for the weekly birth rate, dq,ds, ds stand for weekly mortality rates,
i1, 192,73 stand for weekly immigration rates, and ey, eg, e3 weekly emigration rates for the
groups G1, G2, and G3, respectively. Firstly, we will give some characteristics of Canadian

population, which will be applied in our demographic models.

3.2.3 Mathematical Model

The growth rate of population of group Gl is given by

T = bxy — T1ox1 — d1x1 — €121 + 1121 = f1 (32)

where b denotes the birth rate due to population of age group G2. We assume that the
contribution to birth rate due to population below age 15 and above age 65 is negligible.
The parameter 7, denotes the maturity rate or transition rate from age group G1 to age
group G2, d; denotes the child mortality rate, e; and ¢; denote the child emigration and

immigration rates respectively. Similarly the growth rate of G2 can be written as

_’1::2 = T12X1 — Ta3To — dgﬁL’Q — €99 + 7:2-’172 = f2 (33)

where the parameter 7,3 denotes the transition rate from age group G2 to age group
G3, dy denotes the mortality rate of the age group G2, e; and iy are the emigration and

immigration rates respectively. The growth rate of G3 can be written as
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I3 = ToaLg — d3T3 — €3X3 + i3x3 = f3 (34)

where the parameters ds, es, i3 are, respectively, the mortality rate, emigration rate, and
immigration rate of population in age group G3. We can write the above population

model in the following Canonical form:
z = f(z(t)),t > 0. (3.5)

where

x = (x1, T2, 73)’ (3.6)

denotes the population vector in the three age groups. The vector function

f=(f1,f2 f3) (3.7

denotes the vector field representing the population growth rates.
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Chapter 4

Population Distribution by Groups

In this chapter, we will follow the mathematical models and the three age group policy

proposed in section 3.2.

4.1 Simulation Results Based on Dynamic Models
and Available Parameters

The solid lines in Figure 4.1, 4.2 and 4.3 represent the model population for the three age
groups, which are based on the dynamic models constructed in subsection 3.2.3 and the

weekly rates mentioned in section 3.2.

4.2 Census Data Obtained from Statistics Canada

In Figure 4.1, 4.2 and 4.3, the dashed lines display the real population for three age groups

obtained from the census data mentioned previously.
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4.3 Comparison and Conclusion

Comparison of the actual population with the model population using the infinitesimal

rates computed from the data obtained from Statistics Canada is shown in Figures 4.1-4.3.

Based on the assumptions mentioned above, we conclude from the simulation results
that the model population is fairly close to the actual population though it falls short of
an exact match. The discrimination is possibly due to the presence of nonlinearity in the
true population model and numerical errors in computing the rates from the raw data.
Using neural networks, it is possible to construct more accurate nonlinear models. We
leave it for future investigation.
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Figure 4.1: Population of G1

19



Poputation(G3}

Population(G2)

real population
model population

1.3 s L 1 L ! ) L L
0 200 400 600 800 1000 1200 1400 1600 1800
Week
Figure 4.2: Population of G2
x10°
4.5 T T T T T T T T
real population
model population
15 L L 1 L L ' . )
o) 200 400 600 800 1000 1200 1400 1600 1800
Week

Figure 4.3: Population of G3
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Chapter 5

Optimization Methodologies

The optimization problem is “a computational problem whose goal is to find the best
of all possible solutions. More formally, find a solution in the feasible region which has
the minimum (or maximum) value of the objective function [33].” In Chapter 6, 7 and
8, optimization methodologies will be employed in parameter identification, optimum

immigration rate and job creation rate.

5.1 Dynamic Programming Principle

Mathematical way of thinking about it is to look at what you should do at the end, if
you get to that stage. So you think about the best decision with the last potential goal
(which you must choose) and then the second to last and so on. This way of tackling the

problem backwards is Dynamic programming.
The word Programming in the name has nothing to do with writing computer programs.

Mathematicians use the word to describe a set of rules which anyone can follow to solve

a problem. They do not have to be written in a computer language [34].
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Dynamic programming is an algorithmic technique in which an optimization problem
is solved by considering subproblem solutions rather than recomputing them [33]. The
essence of dynamic programming is Richard Bellman’s Principle of Optimality that was
first introduced in 1957 [35]. This principle, without rigorously defining the terms, is

intuitive:

“An optimal policy has the property that whatever the initial state and the initial de-
cisions are, the remaining decisions must constitute an optimal policy with regard to the

state resulting from the first decision.”

The overall problem can be divided into sub-problems without violating the optimal
policy. Dynamic programming can make the complicated problem easier to solve. A
complicated problem can be seen as a “dynamic” problem which is composed of time
dependent stages. The state variable is defined in such a way that it can describe the
process at a specific stage. Given the state of the process at the beginning of a stage,
a decision, which is known as u (the control variable), is made. That gives a return at
the stage and transform the process to the ending stage. The decision 4 must be optimal
such that the overall return of all stages from the current stage to the ending stage must

be the minimum or maximum according to the requirements of the objective function.

Considering a system governed by a state equation with X (k) denoting the state variable
at time stage k and u(k) the control variable or the decision variable, we formulate the

following system of equations:

X(k+1) = F(k, X (k),u(k)), k=0,1,2,--- ,N—1

(5.1)
X(0) = XO

where X (k) € RN and u(k) € R".
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The controls belong to a specified set U,y called the class of admissible controls. The

cost function is defined as:

=z

J(u) = - Uk, X (k),u(k)) + W(N,X(N)) (5.2)

0

E
1l

where the summation represents the running cost and the last term determines the ter-
minal cost. The objective is to find a control policy from the admissible class U,4 that
minimizes the cost functional J. We formulate this as a dynamic programming problem.

Given the state X (r) at time r, we may define

=z

T, X () ) = S £k, X (), u(k)) + WN, X(N) (5.3)

r

=
i

as the cost of operating the system from time r starting from state X (r) and using the
control policy u € Uy, where U,4 is a closed bounded subset of R™. We need to find a
control policy u* such that J(u*) < J(u). Let [ = 0,1,2,--- /N and r € I. We define

the value function:
Vi(r,X(r)) = inf{J(r, X(r),u), u € Up} (5.4)

where V' (r, X (1)) gives the best performance at time r. Clearly this gives the minimal cost

to run the system starting from state X (r) at time r until the end of the whole process N.

To solve the above equations, several methods have been developed by scientists: La-
grange multipliers, tabular computation, quadratic programming algorithm [35][36] and
IDP(Iterative Dynamic Programming){37]. These methods have been used to shorten the

computation time required by the optimization process.
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The gradient algorithm is widely used in optimal control. It will also be used in our

work.

5.2 Pontryagin’s Minimum Principle

Consider the system
m':f(t,x,u), .T(t) GRS, te [tl,tQ] :‘I,
with the cost functional

J(w) = /t ® ot 5(0), u(t))dt. (5.5)

1

The problem is to find a control u € U that transfers the system starting at time ¢,
from a smooth manifold M;(C R®) of dimension < s to a smooth manifold My(C R°®)
of dimension < s at time t, (free) while minimizing the cost functional (5.5). Define the

Hamiltonian H (¢, z, 9, u) as

H(t,z,¥,u) = (f(t,z,u),9) + €, z,u). (5.6)
Here
(f(t,z,u),9) = f(t,z, )y
In order for the pair (z,u) to be optimal, it is necessary that there exists v € AC(I, R®)
such that [38]

(a)
H(t,z(t),¥(t),u(t)) < H(t,z(t),¥(t),v) for all v € Ua.e. on I,

"/IJ = _Hza ¢(t2) =0



M1 = {LL’O}
M, =R’

5.3 Gradient Method

Pioneered by H. J. Kelly, the gradient method consists of updating the controls using the
gradient vector. In a way such that successive iterates produce maximum reduction of

the cost. To illustrate it, we consider the following control problem:
minimize {J(u) = B(@(T)) + [T (¢, 2(8), u(t))dt} (5.9)

subject to the dynamic constraint

= f(t,z(t),u(t), veld (5.10)

z(0) = z°

Define the Hamiltonian H (¢, z, v, u) by
H{(t, z, ¢, u) = £, 2(t), u(t)) + (f(t, z(t), u(t)), (1)) (5.11)

Then it follows from Pontryagin’s Minimum Principle that the optimal control v* and the

corresponding pair {z*,1¥*} satisfy the system equation (5.8), the adjoint equation

{ b = —L,(t, x(t), u(t)) — fL(t,2(t), u(t))d (5.12)

$(T) = (£¢)((T))
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and the inequality
H(t,z*(t),v*(t), u"(t)) < H(t,z*(t), " (t),u(t)), velU (5.13)

where z* = z(u*) and ¥* = ¥(u*). Using the above necessary conditions, we can devise
an iterative algorithm for computing the optimal control «*. We note that although the
necessary conditions (5.10)-(5.13) are based on rather general assumptions on the func-
tions f and ¢, numerical evaluation of u* calls for somewhat stronger conditions. The

gradient algorithm is represented by the following steps:

Step 1 Guess u; € U and set n = 1.

Step 2 Solve the initial-value problem (5.10) with u(t) = u,(t) to get z,(t) = zn(un)(t).
Step 3 Using the data z, and u,, solve the adjoint system (5.12) to obtain 1.

Step 4 Compute the gradient vector

n(0) = Tt 20 (0), Y0, () (5.14)

Step 5

(@) If gn(t) # 0, modify uy,(t) to Unt1(t) = un(t) — €gn(t) by choosing € > 0 sufficiently
small so that u,1(t) € U and J(up41) < J(u,). A stopping criterion may be used at this
stage. If |J(upy1) — J(un)| < 6 for some small & > 0, then stop; otherwise set u, = un1,
n =n+ 1, and go to step 2.

(b) If gn(t) = 0 at the nth stage, then u, is a (local) minimizing element of J(u) [2].
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Chapter 6

Parameter Identification

In chapter 4, the parameters, like the birth rate, death rates and transition rates, were
assumed to be given or computed approximately from available population data. But
in some cases, the actual parameters mentioned above may not be available however
the population data for a particular period of time is available. In that situation, the
methodology of system identification provides an effective tool for estimating these un-
known parameters [39]. They can be determined also by an alternative approach provided
by optimal control theory [2] and this is what we use here. Firstly, the methodology of
system identification, which is the basic theory applied to identify unknown parameters

in the following sections, is defined.

6.1 System Identification

The identification problem can be understood as an optimization problem. A number of
unknown parameters are introduced in the differential equations which are expected to
describe the evolution of the physical system. A fundamental problem in system modeling
is determination of these unknown parameters so that the corresponding response of the

model equation approximates as closely as possible the actual response of the physical
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system [2]. Consider the following model equation

= flt,z,a), te[0,T)|=1
M ft,z,a) [0, ] (6.1)
z(0) = z° given,
where z(t) € R" is the state vector and «, taking values in a closed bounded subset P of
R™, is the parameter vector which is unknown. The function f: I x R* x R™ — R" is
known, except for the vector a. It is assumed that the response of the physical system,

which M is desired to represent, is given in the form of data y(¢),t € I. Then the problem

is to find a parameter o* € P C R™ that minimizes the identification error

T
Je) =7 /0 jo(t, @) — y(®)Pat, (6.2)

ie.J(a*) < J(a) for all & € P C R™, where z(t, a) is the response of the model equation

M corresponding to the parameter o and the initial condition z°.

Based on the above discussion, it is clear that a very natural approach for solving the
identification problem is to consider it as a control problem. We can obtain a set of nec-
essary conditions for identification of the unknown parameters.

Define the Hamiltonian H(t,z,v, ) by

H(t,2,9,0) = (/(6,5,0),8) + 3s(t, @) — y(t) (6:3)

Then by the necessary conditions of optimality, it follows that the optimal parameter o*
and the corresponding pair z*, ¥* satisfy the following set of equations:

State equation

i‘ = f(t7 x? a)
z(0) = z°
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Costate equation

(6.5)

and the inequality

H(t,z"(t), ¥"(t), @) < H(t, =" (1), ¥"(2), @) (6.6)

for all « € P.
For numerical computation of the optimal parameters o*, we can use the gradient method

described in section 5.3.

6.2 Problem Formulation and its Solution

As mentioned in the previous section, we formulate the identification problem as an opti-
mal control problem. The unknown parameters are found by minimizing the error between
the model response and actual data. Population in the three age groups are known for
a period of time, say I = [0,T], including the weekly emigration and immigration rates.
We need to estimate the weekly birth and death rates for the three age groups and the
transition rates from G1 to G2 and from G2 to G3. These six parameters, which are func-

tions of time, are to be identified (estimated). The state equation, as described before, is

given by
113:1 = (3To — 1 T1 — 0T — €1T1 + ’ilfIZl
Tg = Q1T — QTy — A5Ty — €2%g + LaTo (6.7)
T3 = 0Ty — QT3 — €3%3 + 133,

with the unknown parameters denoted by o = {a, -, a6}. The parameters oy, ap de-

note the transition rates from G1 to G2 and from G2 to G3 respectively. The parameter

oy denotes the birth rate in group G1, and the three parameters a4, as, and ag denote
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the death rates in groups G1,G2, and G3 respectively. The initial population (condition)
of the three age groups in the year 1972 is given by:

21(0) = 6338787
25(0) = 14073277 (6.8)
23(0) = 1807496.

We choose the cost function as being the identification error,

T
Ja)=3 [ Netto) - I ds (69)

where 2:(t, &) denotes the population vector obtained by solving the model equation (6.7)

corresponding to any arbitrary choice of the parameter o. The vector,

y(t) = (11 (1), v2(t), a(t)), (6.10)

denotes the actual population obtained from census data for the period [0, T]. The objec-
tive is to find the vector a that minimizes the error J(a). We use optimal control theory
(Pontryagin Minimum Principle) to determine this. According to this theory one defines

the Hamiltonian H(¢,z, 9, «) as

H(t,2,1,0) = (£(6,2,0),9) + 5 [l 2(t,0) ~ y(t) (6.11)

where the adjoint state (co-state) ¢ (also known as Lagrange multiplier) is given by the

solution of the adjoint system,
¥ =—H,, (6.12)
written explicitly as,

U1 = a1t + aar + e — i1 — aie + Y1 — 2
o = —aahy + 0aths + agthy + exthy — igtp — Qoths + Yo — T2 (6.13)
13 = agihs + ezths — izts + Y3 — T3
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subject to the terminal condition given by ¢(T") = 0; that is,

Pi(T) = 1o(T) = ¢3(T) = 0. (6.14)

The gradient vector 0H/0a = g(«) is given by

$1(¢2 - ¢1)

xy(1h3 — 1)

g(Oé) = g(Oél,Oég, Qag, Gy, 05, aﬁ) =9 x2¢1 (615)
—Z19Y1

—T2%

—T31s3.

Using the state and co-state equations and the gradient as defined above, one can write

an algorithm for numerical solution of the optimization problem.

6.3 Simulation Results Based on Identified Parame-

ters

For the three age groups, Figures 6.1-6.3 show the actual and model population, the later
based on identified parameters (birth rate, death rates and transition rates). Because
the two curves overlap, it appears that there is no difference between the actual and the
model population. In fact the maximum error over the time period (3lyears) is about

+327 which is considered to be an excellent match.
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6.4 Comparison of Results Based on Available and
Identified Parameters

The simulation results based on actual parameters are shown in Figures 4.1-4.3, and those
based on identified parameters are displayed in Figures 6.1-6.3. It is clear that the model

population based on identified parameters matches the real population much better.
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Chapter 7

Optimum Immigration Policy

There has been a long history of immigration in Canada. The first period of immigration
was in the last decade of the nineteenth-century. Since then many people have immigrated
to Canada. The Canadian population has a high percentage of foreign-born people. In
order to avoid population decline and maintain a level of labour force to sustain economic
growth [40], Canada is looking for more immigrants. The Canadian government considers

immigration as a priority.

Some developing countries like China and India are over populated. This causes many
social problems in areas like education, employment,transportation and environment. In
order to pursue better living standards, people from these developing countries are eager
to migrate to developed countries. On the other hand, some developed countries, like
Canada, Australia and New Zealand accept immigrants from other countries to prevent

their own population decline and maintain a labour force for economic growth.

Since immigration is one of the most efficient instruments of population growth for many

countries [8], immigration in Canada will be considered as a control variable in this thesis.
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Canada has some very clear immigration policies. In the fall of each year, the immi-
gration level for the coming year is set by the Canadian Government. Using systems
and control theory as proposed here one can determine the optimum immigration levels
subject to any number of constraints that may be applicable. This is formulated in the

following section.

7.1 Problem Formulation and its Solution

Our objective is to maintain the total population above a minimum level and not to
exceed far above a maximum level. Ideally the immigration policy should be one that
maintains the population variation within the specified band determined by the minimum
and the maximum levels. This is to be achieved by adopting an appropriate immigration
rate (policy) for the age group G2. This appropriate immigration rate is obtained by
minimizing a cost functional which penalizes when the population level is outside the

boundary of the target described above.

The weekly birth and death rates; the transition rates from group Gl to group G2,
and group G2 to group G3; the emigration rates; and the lower and upper boundaries
of the target population are given. The immigration rate u of the age group G2 (adult

population) is the control variable to be determined.

The state equation, including immigration rate as the control variable, is given by

Ty = bry — TieTy — d1T1 — €171 + p1us
Ty = T1aT1 — TosTy — daTo — €2Tg + ULy (7.1)
23 = Tpaxz — da¥yz — €3T3 + PrUs

where u denotes the (weekly) immigration rate. The parameters p; and p, are nonneg-
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fractions determining the accompanying children and seniors. Here, p; = 0.31 and py =
0.054 are obtained by using the mean of actual values reported by Statistics Canada. The
range of the control variable is defined by the interval 0 < u < up; = 5 x 1074, where
the upper limit means that immigration rate must not exceed 0.05 percent of the aclult
population. This limit can be fixed by the immigration department on the basis of other

national concerns. The initial population of the three age groups in the year 1976 is given
by:

z1(0) = 5959921
75(0) = 15467175 (7.2)
73(0) = 2022697.

In view of the objective described above, the cost function is defined as follows:

J(u) = /OT(/\l(iUM — 1z — 29 — 33) L1 (w1 + 25 + 23) > Tar)
+ AT — T1 — T2 — 23)2 L (31 4+ 29 + 3) < Tp))dE (7.3)
= /T L(t, x,u)dt,
40
for convenience of explanation, we define 1 = A\ (xar — z1 — x3 — 33)?, fo = \ay(z,, — 21 —

Ty — x3)%. so L(t,x,u) can be represented as £ = /1) + £31; where I;(¢) and L(() are

indicator functions given by

0 ¢<
ne =4 0 e (7.4)
1 (>ay
() > V7Tl,
no={ " 3" (7.5)
1 (< ap,.

The symbols z,,, £ denote the lower and upper boundaries of the target population
[Tm, Za], A1 and Ay are the weights assigned to deviations from the boundaries of the

target set. They are chosen as A\; = 0.5 x 10! and Ay = 0.5 x 10%°. We choose Ay > \; to
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emphasize the relative importance of maintaining the population above the lower limit.

Again, the Hamiltonian H (¢, 2,1, u) is given by

Ht,z,9,u) = (f{t (), u), ¥@) + £ 2(t), ult)) (7.6)

where the adjoint system is given by

¥ = —H, (7.7)
it can be represented in three different cases

“‘f;¢—€1z (xl +$2+$3)>.’L’M
=S —fib =l (@14 T2+ ) < Tm (7.8)

—f_,;’lﬁ T S (.Z'l + Iy + 1’3) S T,

or equivalently,

lﬁl = To¢1 + dithr + eryhr — o + 8
’l/}g = —bihy — prunhs 4 Tagty + dathy + eathy — uthy — Togs — pauthsy + 3 (7.9)
¢3 = dytps + egths + 3,

where, for convenience of presentation, we have introduced the function 8 as given by

B = 2)\1($M—$1—$2—$3)Il(($1+$2+$3)>.’IJM)

+20 (T, — 21 — X2 — 23) Lo (21 + 22+ x3) < Ty) (7.10)

and the terminal co-state ¢(T") = 0 as for equation (7.8). In this case the gradient vector

is given by
g(u) = praths + Taths + pagatfs. (7.11)

Using the state and co-state equations along with the gradient as defined above, we use
the optimization methodologies indicated in chapter 5 to determine optimum immigration

policies.
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7.2 Numerical Analysis and Simulation Result

7.2.1 Without Specified Target (Fig.7.1-7.3)

In this subsection, we show numerical results on population growth corresponding to
actual immigration and emigration data (Fig.7.1) obtained from Statistics Canada. No
target population was specified. Figure 7.2 shows the actual population dynamics in
Canada from 1976 to 2002 as reported by Statistics Canada. Figure 7.3, describes the
corresponding model population based on identified birth, death, and transition rates
and given immigration and emigration rates as shown in Fig.7.1A-7.1B. The results are
quite close. Clearly Fig.7.3 shows the natural population dynamics without any external
intervention (that is without any other control). Thus according to current immigration

policy, the Canadian population would monotonically increase with time.
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G2 Immigration Rate u and Emigration Rate
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Figure 7.1: Immigration and Emigration Rates of G2 (Statistics Canada)
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Figure 7.2: Total Population (Statistics Canada)
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7.2.2 With Specified Target (Fig.7.4-7.12)

In this subsection, we present numerical results corresponding to population targets as
described in section 7.1. Using the system (7.1) with immigration rate w as the control
variable and (7.3) as the objective functional, and using the optimization procedure as
described in section 7.1, we obtain the optimum immigration policy. The results corre-

sponding to the optimum immigration policy are displayed in Figures 7.4-7.12.

(A) Constant Target (Fig.7.4-Fig.7.8)

The gradients corresponding to the targets T} = [z, zy] = [2.8 x 107,2.9 x 107} and
Ty = [T, ar) = [2.9 x 107,3 x 107] are indicated in Figure 7.4 and 7.5 respectively. The
optimum control (or immigration) policies corresponding to the targets T; and 75 are
shown in Figures 7.6 and 7.7. The curves 7.6B and 7.7B are the expanded versions of
7.6A and 7.7A respectively showing the detailed transition from high to low immigration
rates. Note that the immigration rate corresponding to target 75 remains at its maximum
admissible rate for a longer period of time compared to that of target 71 because the lower
and the upper boundaries of T are above those of T;. It appears from this result that
optimum immigration policy is to keep the immigration rate (actual number = rate X z5)
at its highest admissible level (constant) during the early period of the planning horizon
and then rapidly reduce to zero. In control theory this kind of phenomenon is known as

bang-bang control.

The graphs of Figure 7.8 show the corresponding population growth for target sets Tj
and T3. The cost functional (7.3) is designed so as to reach the desired targets. The solid
curve represents population growth corresponding to the target 77 and the dotted curve
corresponds to T5. It is clear from this result that population increases much more rapidly

during the first 5-6 years. This is because the target is far from the initial population
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and the error is large which encourages maximum immigration rate for reaching the lower
boundary as quickly as possible. The speed of approach is dependent on the maximum
admissible immigration rate u;s. Once the total population exceeds the lower boundary,
the growth slows down and the optimum immigration policy seems to maintain the pop-
ulation in the neighborhood of the target set. In fact once the population exceeds the
upper boundary, the optimum policy seems to pull it down by cutting down immigration

rate.

Comparing the population growth (Fig.7.8)corresponding to optimum policies with those
of (Fig.7.2 and Fig.7.3) corresponding to the official immigration policy, it is clear that
the total population can be well regulated and steered to any specified target.
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Figure 7.4: Gradient (Target T7)
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Figure 7.6: Optimum Immigration Rate of G2 (Target T7)
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(B) Variable Target (Fig.7.9-Fig.7.12)

If it is required to reach the desired population level smoothly (over several years), the
target set can be modified by use of a pair of smooth curves describing the upper and the
lower boundaries starting around the initial population see Fig.7.10. For illustration, we

chose the variable target given by T3(t) = [z (¢), za(t)] where

T () = 1.23 x 107(1 — e~ %0%7) 1230 x 107
zar(t) = 1.23 x 107(1 — e %9%7) 1 2.35 x 107.

The results are shown in Fig.7.9-7.10. Fig.7.9 shows the optimal control (immigration)
policy. It is clear from the graph that it is smooth (not bang-bang as in the case of
constant target) and the corresponding population grows smoothly and remains confined

in the target set.

G2 Immigration Rate=u
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Figure 7.9: Optimum Immigration Rate of G2 (T3(t))
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Now, the variable target is defined by Ty(t) = [£m(t), 2p(t)] where

T (t) = 1.23 x 107(1 — e7%9%07) 1 2,40 x 107

zp(t) = 1.23 x 107(1 — ¢7*0%97) 1 2,50 x 107,

The results are shown in Fig.7.11 and 7.12. The optimal immigration rate is displayed
in Figure 7.11. The immigration rate remains at its maximum admissible rate ups at
the beginning of simulation, then it gradually decreases compared to Figure 7.6 and 7.7.
As can be seen, this is not bang bang control. The corresponding population growth is
indicated in Figure 7.12. As shown in Figure 7.12, the initial value of total population is

below the lower target z,,(t).
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We conclude from these results that control theory provides a promising tool for deter-
mining the optimum immigration policy seeking specified targets. In fact one can add
to the cost function as many factors as one desires to reflect the concerns of the society
and use the optimization methodology proposed here to determine the optimum policy.
This technique can be used by the Department of Immigration as an intelligent tool for

determining the optimum immigration policy.
We must mention that the numerical results presented here are applicable only for the

years 1976-2002. For current and future years one must use the corresponding data for

simulation and optimization and derive the optimum policies.
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Chapter 8

Immigration Policy Versus Job

Creation Rate

Besides having enough immigration to maintain the population within the predefined
boundary values, keeping the labour force at a certain level to allow for economic devel-

opment is also considered.

Although many factors may affect the immigration policy, the unemployment rate is
one of the most important [41][42][43]. The question is what should be the intake rate
(immigration rate) so as to satisfy the manpower demand and at the same time keep the
unemployment rate low. In addition to humanitarian factors, it is reasonable to tie the
immigration rate with availability of jobs and job creation rate. Otherwise one can expect

many social and political problems.
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8.1 Modified System Model and Problem Formula-
tion

The system model (7.1) of the previous section does not include the unemployment fac-
tor. To introduce this factor, we note that the growth or decline of unemployment rate
is proportional to the growth or decline of population of age group G2 (the employable
population) and the job growth rate. For this purpose we introduce a fourth state variable

x4,the unemployed population, and modify the model (7.1) to the following one,

)
21 = bxy — T1971 — d1T1 — €171 + P1UL1T2

Ly = T19%1 — Tog®a — da%y — €2T2 + UL T2 (8.1)

T3 = To3Ta — d3T3 — €3T3 + Pau1 T

L Zg = (T12CL’1 — T3y — doTp — €T3 + U1932) — U2Ty

where 24 is the growth rate of the unemployed population(considering only second age
group G2). This is given by the growth rate (rise/decline) of the population of group G2
minus the job creation (or loss) rate upzy. The range of the decision variables {u;,us} are
given by 0 = ay < uy < by, 0 = as < ug < by. The initial condition is denoted by

2(0) = (o1, Toz, To3; Toa)', (8.2)

where the value of g4 gives the number of people initially unemployed. The cost functional

(7.3) is modified as follows:

T
J(u) = / {Milzy — 21 — 29 — 22)2 (1 + 2o + 23) > 28p)
0
+ X — 21 — Tg — 23)? I (21 + T2 + T3) < Tpn)

+ X3(24)? + Ag(wr@2)? + As(uoz4)®}dt, (8.3)

where Ay, Ag, A3, Ay and A5 are the weights assigned to each of the factors. The first two

terms are identical to those of the cost functional (7.3). The third term represents the
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cost of unemployment (measured in terms of loss of productivity, UI payments, welfare
payments etc), the fourth term represents the cost of administering immigration and the
fifth term represents the cost of creating new jobs. For numerical simulation, the values
chosen are A\; = 0.5 x 1015, Xy = 0.5 x 101%,A3 = 0.5 x 1013\, = 0.5 x 10'2, A5 = 0.5 x 1012,
These parameters can be arbitrarily chosen by the planner. Using the state equation and

the cost functional, we have the Hamiltonian given by,

H(t,z,,u) = (f(t2(t),u(t), $(t) + (¢, =(t), u(t) (8:4)

where the adjoint system is given by

which after expansion gives:

4

¥y = Tty + ditr + ety — Tiows — oty + B
o = —bhy — pruaths — i (o + ) + A2 + ¥a) — Taaths — paurhs — 2Mgulza + B

. (8.6)
Vg = dsths + ez + 0
L ’1/}4 - *2)\31‘4 + UQ’(/J4 - 2)\5’11%1‘4.
For notational convenience, we use A to denote the sum of terms as shown
A=Ty+dy+ ey (8.7)
and (3 as defined in equation (7.9). The terminal costate is given by
h1(T) = ¢o(T) = ¥s(T') = ¢4(T) = 0, (8.8)

and the gradient vector is given by

za(pripr + 2 + pabs + Pa) + 20 qu1 23
g(u) = , (8.9)
—£L’4’lﬁ4 + 2)\5U2.’134.
For numerical results, using the state equation (8.1) and the co-state equation (8.6) along

with the gradient (8.9) as defined above, we use the algorithm as indicated in section 5.3.
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8.2 Unemployment Rate

According to Statistics Canada definition, the unemployment rate is given by the ratio of
the number of unemployed people in labour force to the number of people in the labour

force. Here, we only consider labour force in the age group G2.

For composition of labour force, a certain percentage of the population in age group
G2 is eliminated. These are people in the age group G2 who are not actively seeking for
jobs (such as students, handicaps, terminally sick, etc.). According to Statistics Canada

definition, the labour force is given by some percentage of this population. That is,
labour force = p X x».

The factor p is a function of time as shown in Figure 8.1. The unemployment rate is then

expressed by:

lab f — -
Unemployment rate = abour force — (3 = 24) x 100%
labour force

= pﬂv_?:(x_2:$_4)x 100%. (8.10)

bz
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Figure 8.1: Percentage of labour Force in G2 (Statistics Canada)

8.3 Data Used for Simulation

For simulation results, the data used are as given below:

(A) Initial Condition of the State Equation

The initial condition for the state equation is given by:

)

o1 = 5959921
Zop = 15467175
Zo3 = 2022697
g = 6304875.

(8.11)
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(B) Control Constraint

Control variable Case A Case B
Uy OS’UIIS5X10—4 OSU135X10~4
Us 0<u; <1.63x% 1073 0<uy<1.81x103

Table 8.1: Control Constraints

For better illustration and comparison of results, we use two different sets of control
constraints(A) and (B). The ranges of control variables u1,us are described in Table 8.1.
It is clear that the upper limit of the job creation rate in case (B) is larger than that of
case (A).

(C) Percentage of labour force (Fig.15)

Percentage of labour force, which is obtained from Statistics Canada, is shown in Figure

8.1.

8.4 Discussion of Simulation Results

Using the system equation (8.1) with immigration rate u; and job creation rate uy as con-
trol variables, corresponding to the target level Ty = [z, zar] = [2.9 x 107,3 x 107], the
expression (8.3) as the objective functional and the optimization procedure as described
in section 8.1, we obtain the optimum immigration and job creation policies. The results

are displayed in Figures 8.2 - 8.9.

The gradient g(u;) for Cases A-B is displayed in Figure 8.2. Figure 8.3 shows the gradient
g(up) for Cases A-B. The optimum immigration rate (or intake rate) of population of age
group G2 is shown in Figure 8.4. The curves Case A and B represent the simulation re-

sults corresponding to the Cases A and B respectively. The optimum immigration policies
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corresponding to cases A and B are very close. Hence, the total population of the two
cases (shown in Figure 8.6) coincides. But the optimum job creation rates indicated in

Figure 8.5 are significantly different.

Again it is clear that for constant (non variable) target, the optimal control policy is
nearly bang-bang. As a result of this control policy, the population rapidly increases
initially and then slows down preventing large deviation from the upper boundary of the
target set. Again, we expect control policies to be smooth if variable target T'(t) is chosen
as in subsection 7.2.2.
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Figure 8.2: Gradient g(u;)
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The unemployment rate is calculated by equation (8.10), which is also represented as

follows:

Unemployment rate = prp — (25— 24) x 100%
b2

e T (8.12)
p b2

Since the percentage of labour force p (Figure 8.1) is the same for cases A and B, the
value of 2—;—1 in case A is equal to that in case B. The working age group populations
zo for cases A and B (Figure 8.7) are very close, but the job creation rate in case B is
higher compared to that in case A (Figure 8.5), thus the unemployed population of age
group G2 x4 in case A is higher than that in case B (shown in Figure 8.8). Based on the
above results, the value of ﬁ; in case A is higher than that in case B. From the above

analysis, the unemployment rate ( %1 + fﬁ;) in case B is lower than that in case A, which

is consistent with the simulation result shown in Figure 8.9.
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Chapter 9

Conclusion and Future Work

9.1 Conclusion

In this thesis we have demonstrated that by using modern Systems and Optimal Control
theory, that is possible to formulate optimum immigration and job creation strategies

while maintaining population level close to certain pre-specified targets.

We have constructed in chapter 3, a simplified dynamic population model using the mod-
els proposed in [1]. Using the basic data (birth, death and transition rates etc.) from
Statistics Canada [30], we found the simulation results (population) based on our model

in close agreement with the actual population. This was presented in chapter 4.

Optimization methodologies, which are the basic methods employed in chapter 6, 7 and 8,
were discussed in chapter 5. In case of non availability of the basic parameters, one must
use available population statistics to determine the unknown parameters. This is known
as identification, and we have demonstrated in chapter 6 that optimal control theory can

be used to determine these parameters.
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Based on the model constructed in chapter 3, we have formulated in chapter 7 a con-
trol problem with the objective of reaching a specified population target (constant as well
as variable) by use of immigration rate as the control variable. Optimal control theory is

used to determine the optimum immigration policy as illustrated by numerical results.

In chapter 8, the population model is augmented by including a fourth equation describ-
ing the dynamics of unemployment rate, including job creation rate as another control
variable. Following our methodology optimum immigration and job creation policies were
determined. Results are illustrated by numerical simulation and they are found to be very

encouraging.

Using actual field data along with the desired objective functional reflecting important
social concerns, and following the methodology presented here one can develop optimum

immigration and job creation policies from the simulation results.

9.2 Future Work

The proposed dynamic demographic models in this thesis can be employed to identify
unknown parameters and optimize immigration and job creation rates. Based on our
work already done, future investigations will be on the following points: (1) Developing
demographic models for sex, education and marital status; (2)Using the present dynamic
models to predict the population in the future; (3) Adding labour forces into age group

3; (4)Using neural networks to construct more accurate nonlinear demographic models.
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Appendix A The Gradient Algorithm Flow Chart

| Guess ”1€U |

n=1

I Solve State Equation fromt=0to T |
I

I Solve Adjoint Equation from t=Tto O |
I

| Compute the Gradient g, |

n=1

No

Compute Search Direction
2 2 5, =—g
B =g /80 1 ol
Sn z_gn+ﬂnsn—l
Perform Linear Search for €, Compute cost for four suitable €'S;
s0 that u,+ 8nSn el and Interpolate using a cubic polynomial;
*
J(u, +€,5,)<J(u,) Find minimum cost and corresponding gn

Update U, by
*
un+1 = un + gn Sn

Printout Results
* * *

x> uJ
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Appendix B Fortran Code

Parameter Identification Code
Optimum Immigration Policy Code

Optimum Immigration and Job Creation Rates Code

Because of the length limitation of thesis, only a portion of the code, optimum Immigration

Policy Code has been included to the thesis. If requested, the full code can be provided.
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99

100

Optimum Immigration Policy

IMPLICIT REAL *8(A-H,0-Z)
REAL AGE1l(31),AGE2(31),AGE3(31),IMM1(31),IMM2(31),IMM3(31)
,EM1(31),EM2(31),EM3(31),BIR(31)
,DEATH1 (31) ,DEATH2 (31) ,DEATH3 (31)

,AGE14(31),AGE64(31)

DIMENSION YY(3,1613),U(1,1613),GRD(1,1613),UNEW(1,1613)
DIMENSION Y(3),DERY(3),AUX(4,4),YX(4),X(3),2(3),22(3,1613)
DIMENSION SRH(1,1613),PRMT{3),UU(1),GGG(1l),XX(3,1613)
DIMENSION R12(1613),d(3,1613),R{3,1613),dd(3),RR(3)

DIMENSION B(31)

,DE(3,31),8(3,31)
DIMENSION TRA(2),TTRA(3,1613),E(3,1613)

,TR{2,31),EMMI(3,31)
,EE(3),TOTALYY(1613)

DIMENSION NMIN(1613),KMAX(1613),TRTRA(2),NUMBER(1613)

COMMON/PARAM/MAXP, MINP, AA, BB, P1, P2

PRMT (1)=0.0
PRMT (2)=1612

PRMT (3)=1
NDIM=3
NPTS=1613
NCTL=1
MAX=10

STOP=1.0D-07

MAXP=30000000
MINP=29000000

AA=0.5D19
BB=0.5D20

DO 15 J=1,NPTS
U(1,J)=0
M=10

INITILIZATION OF CONTROL VECTOR

OPEN(UNIT=16, FILE='datal.txt',6 STATUS='OLD')

REWIND 16
I=1

READ (16, * , END=99)AGE1 (I),AGE2(I),AGE3(I),IMM1(I),IMM2(I),IMM3(I)

,GR(1)

WRITE(*, *)AGE1(I),AGE2(I),AGE3(I),IMM1(I),IMM2(I),IMM3(I)

I=I+1
GO TO 10
CONTINUE

CLOSE (UNIT=16, STATUS="'KEEP"')

OPEN (UNIT=16, FILE='data2.txt',6 STATUS='OLD')

REWIND 16
Jg=1

READ(16, *,END=100) EM1 (J) ,EM2 (J) , EM3 (J) , BIR(J)

WRITE(*, *)EM1(J),EM2(J),EM3(J),BIR{(J)

CONTINUE

CLOSE (UNIT=16, STATUS='KEEP"')

OPEN (UNIT=16, FILE='data3.txt',6 STATUS='OLD')

REWIND 16
K=1

READ (16, *, END=101)DEATH1 (K) ,DEATH2 (K) ,DEATH3 (K) , AGE14 (K) , AGE64 (K)

WRITE (*, *)DEATHL (K) , DEATH2 (K) , DEATH3 (K) , AGE14 (K) , AGE64 (K)

K=K+1
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GO TO 12
CONTINUE
CLOSE (UNIT=16, STATUS="'KEEP')

LOAD THE IDENTIFIED VARIABLE COEFFICIENTS FROM THE FILE

OPEN(UNIT=16, FILE='initial.txt',K STATUS='OLD')

REWIND 16
K=1

READ(16, *,END=102) TTRA(3,K),TTRA(1,K),TTRA(2,K),R12(K),d(1,K)

,d(2,K),d(3,K)

K=K+1

GO TO 16

CONTINUE

CLOSE (UNIT=16, STATUS="'KEEP')

% (here suppose the -1 year old is 1/16 of the total first age group)

PRINT*, ' *****x****x**THE NET IMMIGRATION RATE'
DO 13 1=1,31

$immigration rate in the three age groups
S(1,I)=(IMM1(I)*15/16)/(AGEL(I)*52);
S(2,I)=IMM2(I)/(AGE2(I)*52);
S(3,I)=IMM3(I)/(AGE3(I)*52);

$emigration rate in the three age groups
EMMI(1,I)={(EM1(I)*15/16)/(AGEL(I)*52);
EMMI(2,I)=EM2(I})/(AGE2(I)*52});

EMMI (3,I)=EM3(I)/{(AGE3(I)*52});

BIRTH RATE
B(I)=BIR(I)/(AGE2(I)*52);

death rate in the three age groups
DE(1,I)=(DEATH1(I)*15/16)/(AGE1(I)*52);
DE(2,I)=DEATH2 (I)/ (AGE2(I)*52);
DE(3,I)=DEATH3 (I)/(AGE3(I)*52);

TRANSITION RATE
TR(1,I)=AGE14(I)/(AGE1(I)*52)
TR(2,I)=AGE64(I)/(AGE2(I)*52)

CONTINUE

THE VALUES OF WEEKLY

R(1,1)=5(1,1)
R(2,1)=8(2,1)
R(3,1)=5(3,1)
ZZ(1,1)=AGE1(1)
27Z(2,1)=AGE2(1)
727Z(3,1)=AGE3 (1)

E(1,1)=EMMI(1,1)
E(2,1)=EMMI(2,1)
E(3,1)=EMMI(3,1)

COUNT=0

K=1

DO 14 M=2,NPTS

IF (COUNT .LT. 52)THEN

R(1,M)=S(1,K)
R(2,M)=S(2,K)
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R(3,M)=5(3,K)

727 (1,M)=AGE1 (K)
27 (2,M)=AGE2 (K)
72 (3,M)=AGE3 (K)

E(1,M)=EMMI(1,K)
E(2,M)=EMMI (2,K)
E(3,M)=EMMI(3,K)
COUNT = COUNT+1
WRITE(*,*)M,E(1,M),E(2,M),E(3,M), COUNT

ELSE
COUNT=0
K=K+1
R{1,M)=S(1,K)
R{2,M)=5(2,K)
R(3,M)=S(3,K)
ZZ(1,M)=AGE1 (K)
27 (2,M)=AGE2 (K)
zZ (3,M)=AGE3 (K)
E(1,M)=EMMI (1,K)
E(2,M)=EMMI (2,K)
E(3,M)=EMMI (3,K)
COUNT = COUNT+1
WRITE(*,*)M,E(1,M),E(2,M),E(3,M),COUNT

ENDIF

CONTINUE

WRITE(16,888)

FORMAT (10X, 'TRUE POPULATION '//)
FORMAT (10X, 'TRANSITION RATES '//)
T=1

DO 220 L=1,NPTS

DO 333 I=1,NDIM

TRA(I)=TTRA(I,L)

Z(I)=Zz(I,L)

NDIM)

WRITE(16,19) T, (Z2(I),I=1,
I=1,NDIM)

, I
WRITE(16,19) T, (TRA(I},
FORMAT (F9.3,8E18.9)
FORMAT (F9.2,8E18.9)
TT=M
T=T+PRMT (3)
CONTINUE
PRINT*, 'CALL INTFOR IN MAIN'
PRINT*, 'R12'
WRITE(*, *)R12
PRINT*, 'd’
WRITE(*, *)d
PRINT*, 'TTRA'
WRITE(*, *)TTRA
CALL INTFOR (NDIM,NPTS,NCTL, PRMT,Y,DERY,AUX,YX,U,UU,YY
,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST(NDIM,NCTL,NPTS,PRMT,YY,CST, TOTALYY, KMAX,NMIN)

WRITE (16,555)
FORMAT (//10X, 'TRAJECTORY WITH ASSUMED CONTROLS'//)
CALL OUTP(NDIM,NPTS,NCTL, PRMT,Y,YY,U, UU, M, GRD, GGG)

CALL CONJ(NDIM,NCTL,NPTS,MAX, PRMT, Y, X, DERY, AUX, YX, U, UNEW
,UU, YY, SRH, GRD, GR, CST, ALPA, STOP, Z,ZZ, XX, E, EE, TOTALYY, KMAX , NMIN
,R12,d,dd, TTRA, TRTRA)

CALL GRADV (NDIM,NPTS,NCTL, PRMT, XX, YY, GRD)

WRITE(16,222)

FORMAT (10X, 'FINAL RESULTS'//)

WRITE(16,20) CST
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FORMAT (10X, 'COST=",E15.5//)

WRITE(16,111)

FORMAT (10X, 'OPTIMAL TRAJECTORY'//)

WRITE(16,444)

FORMAT (10X, ' TRAJECTORY WITH OPTIMAL CONTROLS '//)
CALL OUTP{(NDIM,NPTS,NCTL, PRMT, Y, YY,U,UU,M, GRD, GGG)

STOP
END

SYSTEM DYNAMICS ( STATE EQUATIONS )

IMPLICIT REAL *8(A-H,0-Z)
DIMENSION Y (NDIM),DERY (NDIM),U(NCTL),E(NDIM),TTRA(3),d(NDIM)
COMMON/PARAM/MAXP, MINP, AA, BB, P1, P2

DERY (1)=R12*Y (2)-TTRA(1)*Y(1)-A(1)*Y(1)-E(1)*Y(1)+P1*U(1)*Y(2)
DERY (2)=TTRA (1) *Y (1) -TTRA(2) *Y (2)-d{(2) *Y(2) -E(2) *Y(2)+U (1) *Y (2)
DERY (3)=TTRA(2)*Y(2)-A{3) *Y(3)-E(3) *Y(3)+P2*U(1) *Y(2)

RETURN
END

INITIAL CONDITIONS FOR THE STATE EQUATIONS

IMPLICIT REAL *8(A-H,0-Z)
DIMENSION Y (NDIM)

Y(1)=6338787
Y(2)=14073277
Y(3)=1807496

RETURN
END

SUBROUTINE INTFOR (NDIM,NPTS,NCTL,PRMT,Y,DERY,AUX,YX,U,UU,YY
,E,EE,R12,d,dd, TTRA, TRTRA)

DIFFERENTIAL EQUATION SOLVER USING RUNGE-KUTTA METHOD
FORWARD SOLUTION OF STATE EQUATIONS

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION YY(NDIM,NPTS),U(NCTL,NPTS) , UU(NCTL)
DIMENSION Y {(NDIM), DERY (NDIM),AUX(4,NDIM), YX(NDIM)
DIMENSION PRMT(3),E(NDIM,NPTS),EE(NDIM),R12(NPTS)
DIMENSION d{NDIM,NPTS),dd(NDIM),TTRA(3,NPTS),TRTRA(2)

CALL INTCON (NDIM,Y)
X=PRMT (1)

H=PRMT (3}

K=1

DO 1 I=1,NDIM
YY(I,K)=Y(I)

DO 11 K=2,NPTS
XX=X

DO 21 LL=1,NCTL
UU(LL)=U(LL,K)
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DO 22 J=1,NDIM
dd(J)=4d(J,K)
EE(J)=E(J,K)

C WRITE(*, *)K,NN, RR (NN)
22 CONTINUE
DO 23 I=1,2
23 TRTRA(I)=TTRA(I,lK)
RR12=R12 (K)
CALL FCT1{NDIM,NCTL,XX,Y,DERY,UU, EE,RR12,dd, TRTRA)
DO 2 I=1,NDIM T 03690
AUX(1,I)=H*DERY(I) T 03700
2 YX(I)=Y(I)+AUX(1,I)*0.5 T 03710
XX=X+0.5*H T 03720
CALL FCT1 (NDIM,NCTL, XX, YX,DERY,UU, EE,RR12,dd, TRTRA)
DO 3 I=1,NDIM T 03740
AUX(2,I)=H*DERY(I) T 03750
3 YX(I)=Y(I)+AUX(2,I)*0.5 T 03760
XX=X+0.5*H T 03770
CALL FCT1(NDIM,NCTL, XX,YX,DERY,UU,EE,RR12,dd, TRTRA)
DO 4 I=1,NDIM T 03790
AUX(3,1)=H*DERY(I) T 03800
4 YX(I)=Y(I)+AUX(3,1I) T 03810
XX=X+H T 03820
CALL FCT1(NDIM,NCTL, XX, YX,DERY,UU,EE,RR12,dd, TRTRA)
DO 5 I=1,NDIM T 03840
5 AUX(4,I)=H*DERY(I) T 03850
DO 8 I=1,NDIM T 03860
DY=(AUX(1,I)+2.0*AUX(2,I)+2.0*AUX(3,I)+AUX(4,I))/6.0 T 03870
8 Y(I)=Y(I)+DY T 03880
X=X+H T 03890
DO 10 I=1,NDIM T 03900
10 YY(I,K)=Y(I)
11 CONTINUE
RETURN T 03930
END
G T 01270
SUBROUTINE FCT2 (NDIM,NCTL,T,X,Y,U,DERX,E,R12,d, TTRA)
G i e T 01290
c T 01300
C ADJOINT SYSTEM (ADJOINT EQUATIONS) T 01310
C T 01320
IMPLICIT REAL *8(A-H,0-Z) T 01330
DIMENSION X (NDIM),DERX(NDIM),Y (NDIM), U(NCTL)
DIMENSION E(NDIM),TTRA(3),d(NDIM)
COMMON/PARAM/MAXP, MINP, AA, BB, P1, P2
IF((Y{(1)+Y(2)+Y(3)).LT. MAXP .AND.(Y(1)+Y(2)+Y(3)) .GT. MINP) THEN

IMAX=0
IMIN=0

ELSE IF((Y(1)+Y(2)+Y(3)) .LT.

IMAX=0
IMIN=1

ELSE IF((Y(1)+Y(2)+Y(3)) .GT.

IMAX=1
IMIN=0

ELSE IF{((Y(1)+Y(2)+Y(3)) .EQ.

IMAX=0
IMIN=0
ENDIF

MINP) THEN

MAXP) THEN

MAXP .OR. (Y(1)+Y(2)+Y(3)) .EQ. MINP)THEN

DERX{1)=TTRA (1) *X(1)-TTRA(1)*X(2)+d (1) *X(1)+E(1)*X (1)
* +2*AA* (MAXP-Y(1)-Y(2)-Y(3)) *IMAX
* +2*BB* (MINP-Y(1)-Y(2)-Y(3))*IMIN

DERX(2)=TTRA(2)*X(2)-TTRA(2) *

X(3)-R12*X(1)+d(2) *X(2)-U(1) *X(2)

* +E(2)*X(2)-P1*U(1) *X(1)-P2*U (1) *X(3)
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* 42*AA* (MAXP-Y (1) -Y(2)-Y(3))*IMAX
* +2*BB* (MINP-Y(1)-Y(2)-Y(3))*IMIN

DERX(3)=d(3)*X(3)+E(3) *X(3)

* +2*AA* (MAXP-Y(1)-Y(2)-Y(3))*IMAX
* +2*BB* (MINP-Y(1)-Y(2)-Y(3))*IMIN
RETURN

END

TERMINAL CONDITIONS FOR THE ADJOINT EQUATIONS

IMPLICIT REAL *8(A-H,0-Z)
DIMENSION X (NDIM)

X(1)
X(2)
X(3)

0
0
0

I}

RETURN
END

SUBROUTINE INTBAK (NDIM,NPTS,NCTL, PRMT,Y,DERX,AUX,YX,X,U,YY,UU
* ,XX,E,EE,R12,d,dd, TTRA, TRTRA)

RUNGA-KUTTA SUBROUTINE FOR BACKWARD SOLUTION OF ADJOINT EQUATIONS

IMPLICIT REAL *8(A-H,0-%7)

DIMENSION YY (NDIM,NPTS),U(NCTL,NPTS},UU(NCTL)

DIMENSION Y (NDIM),DERX(NDIM), AUX(4,NDIM), YX(NDIM) , X (NDIM)
DIMENSION PRMT (3),Z(NDIM), 2Z (NDIM,NPTS) , XX (NDIM,NPTS)
DIMENSION E(NDIM,NPTS),EE(NDIM),R12(NPTS)

DIMENSION d(NDIM,NPTS),dd(NDIM), TTRA(3,NPTS), TRTRA(2)

CALL TERCON (NDIM,NPTS, X)

T=PRMT (2)
H=-PRMT (3)
K=NPTS

DO 11 J=1,NPTS
DO 9 I=1,NDIM
dd(1)=d(I,K)
EE(I)=E(I,K)
Z({I)=2Z(I,K)
Y(I)=YY(I,K)

DO 81 I=1,NCTL
UU(I)=U(I,K)
DO 16 I=1,NDIM

XX(I,K)=X(I)
CONTINUE

DO 23 I=1,2
TRTRA(I)=TTRA(I,K)
RR12=R12 (K)

TT=T

CALL FCT2 (NDIM,NCTL,TT,X,Y,UU,DERX, EE,RR12,dd, TRTRA)
DO 2 I=1,NDIM

AUX(1,I)=H*DERX({(I)

YX(I)=X(I)+AUX(1,I)*0.5
TT=TT+0.5*H
CALL FCT2 (NDIM,NCTL,TT,YX,Y,UU,DERX, EE,RR12,dd, TRTRA)
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DO 3 I=1,NDIM

AUX(2,I)=H*DERX(I)

YX(I)=X(I)+AUX(2,I)*0.5

TT=T+0.5*%H

CALL FCT2 (NDIM,NCTL,TT,YX,Y,UU,DERX, EE,RR12,dd, TRTRA)
DO 4 I=1,NDIM

AUX(3,I)=H*DERX(I)

YX(I)=X(I)+AUX(3,I)

TT=T+H

CALL FCT2 (NDIM,NCTL,TT,YX,Y,UU,DERX, EE,RR12,dd, TRTRA)
DO 5 I=1,NDIM

AUX(4,I)=H*DERX(I)

I=1,NDIM

8
(AUX(1,I)+2.0%AUX(2,I)+2.0*%AUX(3,I)+AUX(4,1))/6.0
y=X(I)+DX

OUTPUT SUBROUTINE FOR PRINTOUT OF SYSTEM TRAJECTORY

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION Y (NDIM),YY(NDIM,NPTS),U(NCTL,NPTS), PRMT(3),UU(NCTL)

DIMENSION GRD(NCTL,NPTS),h GGG (NCTL)
T=1

DO 222 L=1,NPTS

DO 111 I=1,NDIM

Y(I)=YY(I,L)
TOTALP=YY{1,L)+YY(2,L)+YY(3,L)

DO 112 I=1,NCTL

UU(I)=U(I,L)

WRITE(16,12) T,TOTALP, (Y(I),I=1,NDIM)

TT=M

T=T+PRMT (3)

FORMAT (F9.1,8E18.9)
CONTINUE

WRITE(16,555)

FORMAT(////10X, 'BIRTH RATE, DEATH RATES AND TRANSITION RATES

T=1

DO 221 L=1,NPTS

DO 113 I=1,NCTL

GGG (I)=GRD(I,L)

UU(I)=U(I,L)

WRITE(16,13) T, (UU(I),I=1,NCTL), (GGG(I),I=1,NCTL)

TT=M
T=T+PRMT (3)

FORMAT (F9.1,8E18.9)
CONTINUE

RETURN

END

COMPUTE THE COST USING THE TRAPEZOIDAL RULE FOR INTEGRATION
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IMPLICIT REAL *8(A-H,0-Z)
DIMENSION YY (NDIM,NPTS),PRMT(3),ZZ (NDIM,NPTS)
DIMENSION NMIN (NPTS),KMAX(NPTS), TOTALYY (NPTS)

COMMON/PARAM/MAXP, MINP, AA, BB, P1, P2
NN=NPTS-1

TOTALYY (1)=YY(1,1})+YY(2,1)+YY(3,1)
TOTALYY (NPTS) =YY (1,NPTS)+YY (2,NPTS)+YY(3,NPTS)

IF (TOTALYY (1) .LT. MAXP .AND.TOTALYY(1l) .GT. MINP) THEN
KMAX (1)=0
NMIN(1)=0
ELSE IF(TOTALYY(1l) .LT. MINP) THEN
KMAX(1)=0
NMIN(1)=1
ELSE IF(TOTALYY(l) .GT. MAXP) THEN
KMAX (1) =1
NMIN(1)=0
ELSE IF(TOTALYY(1l) .EQ. MAXP .OR. TOTALYY{l) .EQ. MINP)THEN
KMAX (1) =0
NMIN(1)=0
ENDIF

IF (TOTALYY (NPTS) .LT. MAXP .AND.TOTALYY (NPTS) .GT. MINP) THEN
KMAX (NPTS) =0
NMIN (NPTS) =0
ELSE IF (TOTALYY(NPTS) .LT. MINP) THEN
KMAX (NPTS) =0
NMIN (NPTS)
ELSE IF (TOTALYY (
KMAX (NPTS)
NMIN (NPTS) =
ELSE IF(TOTALYY (N.
KMAX (NPTS) =
NMIN (NPTS) =0
ENDIF

TS) .GT. MAXP) THEN

=l

1
P
1
0
PTS) .EQ. MAXP .OR. TOTALYY(NPTS) .EQ. MINP)THEN
0

SUM=0.5*AA* ( (TOTALYY (1) -MAXP) * (TOTALYY (1) -MAXP) *KMAX (1)
+ (TOTALYY (NPTS) -MAXP) * (TOTALYY (NPTS) -MAXP) *KMAX (NPTS) )
+0.5*BB* ( (TOTALYY (1) -MINP) * (TOTALYY (1) -MINP) *NMIN(1)
+ (TOTALYY (NPTS) -MINP) * (TOTALYY (NPTS) -MINP) *NMIN (NPTS) )

DO 2 J=2,NN
TOTALYY (J)=YY(1,J)+YY(2,J)+YY(3,J)
IF (TOTALYY(J) .LT. MAXP .AND.TOTALYY(J) .GT. MINP) THEN

KMAX (J) =0
NMIN(J) =0

ELSE IF(TOTALYY(J) .LT. MINP) THEN
KMAX (J) =0
NMIN(J)=1

ELSE IF(TOTALYY(J) .GT. MAXP) THEN
KMAX{(J) =1
NMIN(J)=0

ELSE IF(TOTALYY(J) .EQ. MAXP .OR. TOTALYY(J) .EQ. MINP)THEN
KMAX (J) =0
NMIN(J)=0

ENDIF
SUM=SUM+AA* (TOTALYY (J) ~MAXP) * (TOTALYY (J) ~-MAXP) *KMAX (J)
+BB* (TOTALYY (J) -MINP) * (TOTALYY (J) -MINP) *NMIN (J)

CONTINUE
SUM=SUM*PRMT (3)
CST=SUM

RETURN
END

SUBROUTINE FIRST (NCTL,NPTS,GRDO, SRH, VALUO}

T
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INITIALIZES THE SEARCH PROCESS

IMPLICIT REAL *8(A-H,0-Z)
DIMENSION GRDO (NCTL,NPTS), SRH(NCTL, NPTS)
VALUO=0.0

DO 1 I=1,NCTL

DO 1 J=1,NPTS
VALUO=VALUO+GRDO(I,J) *GRDO (I, J)
CONTINUE

DO 2 I=1,NCTL

DO 2 J=1,NPTS
SRH(I,J)=-GRDO(I,J)

RETURN

END

COMPUTES SEARCH DIRECTION

IMPLICIT REAL *8 (A-H,0-2Z)
DIMENSION GRDN (NCTL,NPTS), SRH(NCTL,NPTS)
VALUN=0.0

DO 2 I=1,NCTL

DO 2 J=1,NPTS
VALUN=VALUN+GRDN (I,J) *GRDN (I, J)
BTA=VALUN/VALUO

BTA=0.0

DO 3 I=1,NCTL

DO 3 J=1,NPTS
SRH(I,J)=-GRDN(I,J)+BTA*SRH(I,J)

VALUO=VALUN
RETURN
END

SYSTEM DYNAMICS ( STATE EQUATIONS )

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION YY(NDIM,NPTS) , XX (NDIM,NPTS), PRMT(3),GRD (NCTL,NPTS)
DIMENSION GR (NCTL)

DO 1 I=1,NPTS
GRD(1,I)=P1*YY(2,I)*XX(1,I)+YY{(2,I)*XX(2,I)+P2*YY(2,I)*XX(3,1I)
CONTINUE

RETURN
END

SUBROUTINE CONJ (NDIM,NCTL,NPTS,MAX, PRMT, Y, X,DERY, AUX, YX, U, UNEW
,UU,YY, SRH, GRD, GR, CST, ALPA, STOP, Z,2%Z,XX,E,EE, TOTALYY, KMAX, NMIN
,R12,d,dd, TTRA, TRTRA)

CONJUGATE GRADIENT ALGORITHM

IMPLICIT REAL *8(A-H,0-2)

DIMENSION YY (NDIM,NPTS),U(NCTL,NPTS), UNEW(NCTL,NPTS), PRMT (3)
DIMENSION Y (NDIM),DERY (NDIM),AUX(4,NDIM),YX(NDIM), SRH(NCTL,NPTS)
DIMENSION X (NDIM),b GRD(NCTL,NPTS),UU(NCTL),GR(NCTL)

DIMENSION Z(NDIM), ZzZ(NDIM,NPTS), XX{(NDIM,NPTS)

DIMENSION E(NDIM,NPTS), EE(NDIM),R12(NPTS)

DIMENSION d{NDIM,NPTS),dd(NDIM), TTRA(3,NPTS),TRTRA(2)

DIMENSION NMIN (NPTS),KMAX (NPTS), TOTALYY (NPTS)
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67

65

76

68

69

66

999

*

* UU, SRH, CSTOD, ALPA,ZZ,E, EE, TOTALYY, KMAX,NMIN,R12,d,dd, TTRA, TRTRA)

*

* UU, SRH, CSTOD, STEP, ZZ, E, EE, TOTALYY, KMAX,NMIN,R12,d,dd, TTRA, TRTRA)

ITER = 0

CSTOD=CST

CALL INTBAK (NDIM,NPTS,NCTL, PRMT,Y,DERY,AUX,YX,X,U,YY,UU
,XX,E,EE,R12,d,dd, TTRA, TRTRA)

CALL GRADV (NDIM,NPTS,NCTL, PRMT, XX,YY, GRD)
CALL FIRST(NCTL,NPTS,GRD, SRH, VALU)

WRITE(16,2) ITER,CSTOD,ALPA

FORMAT (//5X, 'ITER="',1I3,3X, 'COST="',E20.12,5X, 'ALPA=",E20.7/)
ITER=ITER+1

KOUNT=0

ALPAO=ALPA

IF(ITER .GT. MAX) GO TO 999

PRINT*, '4, HERE****kkkkkkkhkkk:
CALL ALPHA (NDIM,NCTL,NPTS, PRMT,Y,DERY, AUX, YX, U, UNEW, YY,

PRINT*, 'CALL INTFOR IN CONJ 1 '

CALL INTFOR(NDIM,NPTS,NCTL, PRMT,Y,DERY, AUX,YX,U,UU,YY
,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST (NDIM,NCTL,NPTS, PRMT, YY,CST, TOTALYY, KMAX, NMIN)

PRINT*, '7, HERE*****%%%kkkkk*%)

WRITE(16,2) ITER,CST,ALPA

IF(ITER .GT. MAX) GO TO 999
CSTDIF=CSTOD-CST
IF(CSTDIF .LT. STOP) GO TO 999

CSVALUE=CSTOD - CST
IF(CSTOD - CST) 65,65,66
ALPA=ALPAQO*0.01

DO 76 I=1,NCTL

DO 76 J=1,NPTS
U(I,J)=U(I,J)-ALPA*SRH(I,J)
KOUNT=KOUNT+1

IF (KOUNT - 3) 67,67,68
WRITE(16,69)

FORMAT (//10X, 'COST DOES NOT DECREASE ANY MORE'//)
GO TO 999

CSTOD=CST

CALL INTBAK{NDIM,NPTS,NCTL,PRMT,Y,DERY,AUX,YX,X,U,YY,UU
,XX,E,EE,R12,d,dd, TTRA, TRTRA)
CALL GRADV (NDIM,NPTS,NCTL, PRMT, XX, YY, GRD)

CALL SEARCH (NCTL,NPTS, GRD, SRH, VALU)
GO TO 210

CONTINUE

RETURN
END

SUBROUTINE ALPHA (NDIM,NCTL,NPTS, PRMT,Y,DERY, AUX, YX, U, UNEW, YNEW,

UPDATES THE PARAMETER VECTOR
LAGRANGE EXTRAPOLATION HAS BEEN USED

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION X (4),C(4),PRMT(3),UNEW(NCTL,NPTS), UU(NCTL)

DIMENSION YNEW (NDIM,NPTS), SRH{NCTL,NPTS), U(NCTL,NPTS)

DIMENSION Y (NDIM), DERY (NDIM),6 AUX(4,NDIM), YX(NDIM), ZZ (NDIM,NPTS)

HaHaa3

HaHad33334

Haad4

333

02730
02740
02750
02760

02900
02910
02920
02930
02940
02950
02960
02970
02980

03020
03030

04500

04530
04540
04550
04560
04570

04590
04600
04610



711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728

730
731
732
733
734
735
736
737
738

740
741
742
743
744
745
746
747
748
749
750
751
752

754
755
756
757
758
759
760

762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
7717
778
779
780
781
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DIMENSION E (NDIM,NPTS),EE(NDIM),R12(NPTS)
DIMENSION d(NDIM,NPTS),dd(NDIM),TTRA(3,NPTS), TRTRA(2)
DIMENSION NMIN({NPTS),KMAX(NPTS), TOTALYY (NPTS)

PRINT*, 'IN ALPHA CALL CONTROL 1--SRH'
WRITE (*, *)SRH

PRINT*, 'IN ALPHA CALL CONTROL 1---XX'
WRITE (*, *)XX
CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR (NDIM,NPTS,NCTL, PRMT,Y,DERY, AUX, YX, UNEW, UU, YNEW
* ,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST (NDIM,NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)

C(1)=CSsT

X(1)=STEP

STEP=2.0*X(1)

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR (NDIM,NPTS,NCTL, PRMT,Y, DERY, AUX,YX, UNEW, UU, YNEW
* ,E,EE,R12,d,dd, TTRA, TRTRA)

PRINT*, '3, ALPHA----- !

CALL COST (NDIM,NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN}

C(2)=CST

X(2)=STEP

CVALUE=C(1)-C(2)

PRINT*, 'CALL INTFOR IN ALPHA 2°'

IF(C(1)-C(2)) 3,3,4

STEP=0.5%*X (1)

PRINT*, 'IN ALPHA CALL CONTROL 3'

WRITE(*, *)SRH

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR (NDIM,NPTS,NCTL,PRMT, Y, DERY,AUX, YX, UNEW, UU, YNEW
* | E,EE,R12,d,dd,TTRA, TRTRA)

PRINT*, '5, ALPHA----- !

CALL COST (NDIM,NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)

C(3)=C(2)
X(3)=X(2)
C(2)=C(1)
X(2)=X(1)
C(1)=CSsT

X(1)=STEP

PRINT*,'5.1, ALPHA----- !

IF(C(1)-C(2)) 9.9,10

PRINT*,'5.2, CALL INTFOR IN ALPHA 3----- !

STEP=0.5*X(1)

PRINT*, 'IN ALPHA CALL CONTROL 4'

WRITE(*, *)SRH

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR{NDIM,NPTS,NCTL, PRMT,Y,DERY, AUX, YX, UNEW, UU, YNEW
* ,E,EE,R12,d,dd,TTRA, TRTRA}

CALL COST (NDIM,NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)

C(4)=C(3)
X(4)=X(3)
C(3)=C(2)
X(3)=x(2)
c(2)=c(1)
X(2)=x(1)
C(l)=CsT

X(1)=STEP

CC=C(1)-C(2)

IF(C(1)-C(2)) 9,9,100

PRINT*, '6.3, CALL INTFOR IN ALPHA 4----- '
STEP=2.0*X(2)

WRITE(*,*)SRH
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782
783
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801
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803
804
805
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809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
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828
829
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831
832
833
834
835
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19

301

10

200

100

345

o U

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)
CALL INTFOR(NDIM,NPTS,NCTL, PRMT,Y,DERY, AUX, YX, UNEW, UU, YNEW
* ,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST (NDIM, NCTL, NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)

C(3)=CST
X (3)=8STEP
A=C(2)-C(3)

PRINT*, 'VALUE C(2)-C(3) IS------- !

IF(C(2)-C(3)) 200,19,15

STEP=2.0*X(3)

PRINT*, 'IN ALPHA CALL CONTROL 6'

WRITE(*, *)SRH

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR (NDIM,NPTS,NCTL, PRMT,Y,DERY, AUX, YX,UNEW, UU, YNEW
* ,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST (NDIM,NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)
C(4)=CST

X (4)=STEP

CVALUE3=C(3)~C(4)

IF(C(3)-C(4)) 100,301,301

C(1l)=C(2)
X(1)=X(2)
C(2)=C(3)
X(2)=X(3)
C(3)=C(4)
X(3)=X(4)
GO TO 19

STEP=(X(1)+X(2))*0.5

PRINT*, 'IN ALPHA CALL CONTROL 7'

WRITE(*, *) SRH

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR(NDIM,NPTS,NCTL, PRMT,Y,DERY, AUX, YX, UNEW, UU, YNEW
* ,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST (NDIM,NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)

C(4)=C(3)
X(4)=X(3)
C(3)=C(2)
X(3)=X(2)
C(2)=CsT
X(2)=STEP
GO TO 100

STEP=(X(2)+X(3))*0.5

PRINT*, 'IN ALPHA CALL CONTROL 8'

WRITE(*, *) SRH

CALL CONTRL (NCTL,NPTS, STEP, U, UNEW, SRH)

CALL INTFOR(NDIM,NPTS,NCTL, PRMT,Y,DERY,AUX,YX, UNEW, UU, YNEW
* ,E,EE,R12,d,dd, TTRA, TRTRA)

CALL COST (NDIM, NCTL,NPTS, PRMT, YNEW, CST, TOTALYY, KMAX, NMIN)

C(4)=C(3)
X(4)=X(3)
C(3)=CsT

X (3)=STEP
GO TO 100

CALL POLY(C,X, STEP)

WRITE(16,345)

FORMAT (10X, ' LAGRANGE EXTRAPOLATION'/)
WRITE(16,5) (X(I),I=1,4)

WRITE(16,6) (C(I).I=1,4)

FORMAT (/10X, 'ALPHA',4D14.5/)

FORMAT (10X, 'COST ',4D14.5)

CALL CONTRL (NCTL,NPTS, STEP,U, U, SRH)
RETURN

Hrra33343 HHHHaaa494d
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05170
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05240
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05280
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05350
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END

SUBROUTINE FOR CURVE FITTING BY LAGRANGE EXTRAPOLATION

IMPLICIT REAL *8 (A-H,0-2)

DIMENSION C(4),X{(4)

Fl=C(1) / ({X{1)-X(2))*{X(1)-X(3) ) *(X(1)-X(4)
F2=C(2)/ ((X(2)-X(1) ) *(X(2)-X(3) )} *(X(2)-X(4)
F3=C(3)/((X(3)-X(2))*(X(3)-X(1))*(X(3)-X(4)
F4=C(4)/((X(4)-X(2))*(X(4)-X(3)) *(X(4)-X(1)
A=F1+F2+F3+F4

B=F1* (X(2)+X(3)+X(4) ) +F2* (X (1) +X(3)+X{4) ) +F3* (X (1) +X(2) +X(4))
*  +F4F(X(1)+X(2)+X(3))
CC=F1*(X(2)*X(3)+X(3) *X(4)+X(2) *X(4) ) +F2* (X (1) *X (3 ) +X (1) *X(4)+
* X(3)*X(4))+F3* (X(1) *X(2) +X (1) *X (4)+X(2) *X(4) ) +F4* (X (1) *X(2)
* +X (1) *X(3)+X(2) *X(3}))

ALPMIN= (B+DSQRT (B*B-3.0*A*CC))/ (3.0*A)

RETURN

))
))
))
»)

UPDATING THE CONTROL

IMPLICIT REAL *8(A-H,0-Z)
DIMENSION U({NCTL,NPTS) ,UNEW{NCTL,NPTS), SRH (NCTL,NPTS)

DO 2 J=1,NPTS
DO 2 I=1,NCTL

UNEW(I,J)=U(I,J})+STEP*SRH(I,J)
WRITE(*,*)}I,J,U(I,J),UNEW(I,J),STEP, SRH(I,J)
IF(UNEW(I,J) .LT. 0) THEN
UNEW(I,J)=0
ELSEIF(UNEW(I,J) .GT. 5D-4) THEN
UNEW(I,J)=5D-4
ENDIF
CONTINUE

RETURN
END

LB e B R B I I B B B B B B R R I I R - I R |

05500
05510

05520
05530
05540
05550
05560
05570
05580
05590
05600
05610
05620
05630
05640
05650
05660
05670
05680
05690
05700
05710
05720
05730
05740
05750
05760
05770
05780
05790
05800



