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Introducfion

-
[N . ~ .

w

- J. Tits gave a construction of Lie algebras {for exam-

. T : - '
‘ple [1], Page 122) from composition algebras and Jordan

,.algebras of“ﬁegree-3 over a field of characteristic 5\2, 3

'type E8

-)

'By this construction some exceptional algebras of tyne Gos

Fﬂ’ 56’ E7 and E8 are obtained -

Johrn R. raulkner in [7] gave a. construction of Lie al- °
gebras: from a bernary algebra with a skew bi’inear form sa—
tisfying certain axioms. °Some ternary algebras were obtail-

ned from Jordan'algebras of degree three over 2 field of ar-

rbitrary characberistic. cIn particular in. cbaracterist*c 0

exceptional Jordan algebras give rise to 'Lie algebras of

H

&R

-

Classification theory guarantees the existence of an -

isomorphism between any two Eg's, at least over an algedbrai- .

;callJ closed field of characteristic 0. Our purpose in this

"~ fthesis is fo construct for any Jordan algebra J of degree

3 over a fleld ¢ of characteristic = 2, 3 an explicit

3. | * .
“isomorphism between the a}gehra obtained from ©

' J by Faulkner's construction and the zlgebra obtained by
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- from the split octonionsand J by Tits' Construction.
. “\‘

In Chapter I results from the theory of comoosition

algebras and Jordan algebras are recailled.

-

In Chapter II the constructions of Tits and Faulkner

are described. —

In Chapter IIf the ispmorphisu mentioned above is gi-
 ven. )
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— ) ‘ Chapter I’
| ‘Preliminaries
. B . ) 1. Composition Algebras = -~
] "l.1 Definition: Let ¢ be a fleld and V be a @—vectdr.
* ~— - ' - ‘l .
" space. A map g: V= ¢ 1s called 2 guadratic form if the
’ following are satisfied:
N N . - L . ' .
. : (1) qfav) é;aeq(v), for all @« in ¢, v in V
(2) alv,w) = q(v+w) - q(v) - a(w) is a symmetric
E bilinear form on V. |

A Quadr;tic form q 1s called non-degenefaﬁe_if

<

o . a(v) =0 and q{v,w) = 0 for 21l w in V imply v =‘O,.

:Wé néte that. q(v,v)

I

a(vtv) = a(v) - q(v)

1

bg(v) - 2q(v) = 2q(v)

1.2 Definition: An algebra A over a field ¢ is a ¢-vector

..space satiéfying the following conditions:

(1) a.multiplication in A is defined such that
(atb)e = ac + be, a(b+e) = ab + ac for ali

a, b, ¢ in A; o

-
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(2) «fab) = (aa)d = a(ab) for all o-in-9, a, b 1A A.

; ' . An algebra A is said to be associative if it satisfles
| the associative law

(3) C(able = a(be) for all a, b, ¢ in A.

Voo An algebra A& 1ls said to be alternative if it satisfies

the left and;riéht alternative laws

(4) a?b a{ab) for all a, b in A,

2 : A L ' R '
(ba)a for all a, b in A, LY

(5) ba

An involution of an aigebra A is a lineér-operatof o
‘a2 +a. on A satisfying

SR .+ "(6) 2 =b3,a=a  for all a, b in A.

513 im_‘m . We‘ére‘concerpéd with an 1nVo1ution_Satisfying
¥ j 'e'(T)j 2a+2epl, ad=(3a) ¢ §1-for all a in A.
Clearly this implies | '

(8) 2% - t(a)a + n(a)l = 0 , t(a), n(a) ine,

[}

° with (9) 4 + E’# t(a)l, aa (=2a) = n(2)1l for all'a in A.

t{a) and n(a) are respectively called the trace and norm

of a. Since I'= 1, we have t(el) = 2a, n(al) = &a'forh

- \'.“l

all o in-¢4 . ) g
. - . , -

i n et & et i - g e n PO R
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Let a be aﬁy element of an algebra A.over ¢®. The right

multiplication R, of A determined by a is defined

by.ﬁ\\\\-

(lO” Ra: X + xa for 21l x in A

" CIearly' is a linear operator on A. Similarly, the left

a
multiplication La, defined by .

(11) L, x = ax for all x in A,

~1s a linear operator on A.

_Let A be any algebra over ¢ . By 2 derivation of A is

_meant a 1inear operator D on A satlsfying : | R

_(12) (ab)D = (aD)b + a(bD) for all a, b in A.

This may be expressed in terms of right orrleft multiplica-~
tion of A: A linear operator D on & is a2 derivation of A if

and only.if

- (13) [Ry,_D] = Ryp for all y in Aj

equivalently, a linear opefbator D on A is a derivation of A

-~
-

if and only 1if

(14) [L,, D]l =L xp -for all x in A .

Let A4 be an alternative algebra over an arbitrary field‘

¢ . For any x, z in 4, define =
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1 D = '
(15) b, , = [Ry, RD + [Ly, BRI+ [Lo, LY
It can be shown that {R., D, ,] =R . for 2ll y in A
: yoooXes ny,z :
(see [1], Page-TT), so’'that D is a'derivation of A. = .

8 - ' 7

1.3 Definition: 4 composition algebra C over a fleld ¢

is an algebra with unit 1 and a non-degenerate quadratic

form n satisfying

(1) n(ab) = n(a)n(b) for all a, b in C,'
(2) a{l) = 1. /" hE
It has been shown in (2], Theorem 7.5 that "Any coﬁpési%iﬁﬁ
2lgebra C is alternative and has an’ involution j:.é 5 i
g .

such that/ aa. = n(é)lﬂnh_ﬂ_;:,—w~ "

By the Cayley-Dickson process ([1], Page-45) one can -
£ind a complete list of the composition algebras over a field:

o of characteristic = 2, namely: (A) ¢l of dimension one;

(B) gquadratic algebras.Zl, .of on two; (C) guatérnion .
. " . - e —

. -' . . ' .
algebras D, of dimension four ;. (R) octonion or Cayley S
' 7/

algebras C , of dimension eight. can also be shown that

D 1is associative, but noﬁ.commutative, and C is not assocla-

. 7 - '
tive ([1], Page-47).

7,
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degenerate quadratic form on C.  ‘Then in [3], dage-169, theo-

rem 7 states: “Tha following corditions on a comoosi-

£
-~ . .
Let C be a mposition a2lgebra and n be the non-

»
L

tﬁon algebte C are,equivalent: (a) n(x) = 0, for some x = 0
in Q;E(b) c bas’;ero divisors =JO (xy = 0,.x = 0, y = 0);
(c) C is not a divisfon algebra: fd) n has maximuﬁ_witt' -
index which 1is positive. Moreover, any two comapsition‘al;
gebras of the same dimensionality (over ¢) eétiegying‘the

conditions are isomorphic".

The composition algebnas satisfying'the conditions of

_ the above theorem are'cdlled split composition algebras.

For dimension * 2 such an algebra is a direct sum of two

copies of ¢ with the involution which e\cnanges the two compo-

-

nents. For dimension 9 such an algebra is isomarphic to ¢2,

_the algebra of 2 x 2 matrices with entries in ¢, with the

Eympleetic invelution

x+ QT 2 Y Dy, . | ~

‘For ;ZEEEgion'B such an aigebna is 1spmorphic to the algebra

b

of zern_vector-matrices_'(a‘ 2),-&,‘3 €-¢ ,a, Db € @3, y&?g__\‘

)

A
-

-
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e 2) (31" °5 = (oy * (2,4)

_6_ B ‘ :/ - _:.“w

-

involution . [ : :
; _ | - -

o a ‘ g -a,
(b B‘) + ol)

Y

The product in this algebra is glven by

ac + Sa - (badd)
vb + Bd + {aac) gs + (b,e)

.b 6__ k]

where (asc) and (a,c) denote, respectively, the customary
' 3

vector and scalar preducts in o7,

So, we have discussed a2ll possible split chposition
algebras, namely, split quadratic algebra,“split gquaternion
algebra, split Cayley algebra with their‘respective involu-

tions.

L

_ ~u ‘ |
1.4 Derivation algebra of C, the algebra of split octo-
nions. In this section we shall review some pfoperties of
DerC and express the.results in a table.
Ny
There exists a basis {ellﬁeégifl, £5s :3’ €15 gz, g3}
for C whose multiplication table is given in table 6, ([6],

Page-105).

-
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- and give the results in table 2

 Using this table we shall find the action of DerC on C

1

for—cl{ c2 ¢ C

-.’ ' . D

4 1s a derilvation of C.

= [RC ’RC ] + [L

R, ] + [L
122 - C17 %2 Red

]

°1’ )

Using this we find:

~

Table 2 ‘ ff
: 1

We have from 1.2(15) that

£

Per.ty | Doy | Cfius: Dfi=51+1 58342

e, . £, - -8 0 0 0

‘ 82, -f 1 g 0 0 0

£, 0 e ey 2, 0 0
Fi41 €142 0 a4l 384 0

fien | Bial 0 “f142 o 3f?

€ ®17%2 0 ’_2gi ~38141 '%51+2‘;
‘gi+1'"' 0 f1+2 Bi41 9 0.
8142 0 'f;+1 B2 0 ‘ 0
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. The indices are computed modulo 3. - e

13
. Moreover, .D = D D =D - :
s fl’f2 e2,g3 > fl,f3 €585 5
N pd .

~——

D =-D_ _-, D = =D » D < . =D . :
faofz %2817 TE1a8p  Tepsf3? Tgpigy  Teplf,

D = D

g2,33 \ el’fl é Del’si = —Dez,gi», Dez,f = =D £

i, G1sty

'+ D +D = 0 . Thus, DerC is ~

Also, D
L2 fa:ga f33g3

£18;

» ilh-dimeﬁsional. Let CO be the space of all elements in C

having trace 0. .C, is spanned by {e,-ey, £y, f2", f3, g5

ég: 83}-

Proposition 3 of [4] tells that the derivations of C

which annihilate (ey,-e;) form a 8-dimensional Lie sibalgebra of

DerC of type Az-._\ Thus, from table 2 this subalgebra is<spammed by
D ) - D. -, D -, D , D ,

{ T1:8 7 2.8 - i385 T1:8; ° "T85 3-8 7 -

. . .. . ‘ DI . ‘. . \-

Dflag‘a ’ sz:gl." : f3=g2} ‘ .

»



. ‘denoted by a“bs satisfying

- : 2. . Jordan Matrix Algébras_

2.1 Definition: A Jordan algebra J is an algebra over a

field ¢ of characteristic =2 with a product composition,

“7 P

(1) a+d = b-a,

(2) (a2+p)ea = #2:(p.a)

where 2'2 = a-a _ for a, b in J. : LR

‘.‘.- . ' .
.\\

Let U be an associative\élgebra over a field ¢ of cha-

'racﬁéristic z2*with product‘compositioﬁ denoted-by ab.

~ Set a-b.= %(éb#ba). Then it is easy to verify that if we

replace the given‘product in U by the product a-b then we

obtain a Jordan algebra UT . u¥ and its subalgebras are

called special Jordan algebras. Jordan algebras which are

not special will be called exceptional.’

2.2 Let U be an arbitrary algebra with identity element 1

and ‘let U, denote the algebra of nxn matrices with entries

in U . If U has an involution a2 + 2 it 15 easy to check

that A ='(ai30 + &t = (Eij)t’ where t denotes the transpose
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Ef o : ' matrix, is an involution in un . We call this the standard

-involution. in U, assoclated with the given involution in U.

AN

T 2

Let H(U ) denote the set of symmetric elements

-(Kt"= A) under the standard involution in U - Then it is

clear that H(U ) is a subalgebra of.u; )

™

4 ' .

1

In [3], Page-127, Theorem 1 states "Let U be an algebra

-

over a fleld of characteristic net two with an identity ele-

e e g e et e i TR

i

A e 758 P e € (R S AR b L B g
[ .

-' ; ment and an involution j, and let Ja be & canoniczl involu-

) for n 2 3 is Jordan if and only

* m T
. t;on in Un . Then H(un, J

‘a
~— . . if ‘either U is associative or n = 3 and U is alternative
with symmetric elements in the nucleus N(U)." Here

N(u) = {n E ul [nsx-sy] = {.x:n:..v] = [x:yan] = 03 ¥ x, .Y € u},

where [n,x,¥] = (nx)y -.n(xy): ~

We shall call the algebras H(Uﬁy Ja) which. are Jordan,

Jordan matrix algebras.

For example, let us ftake X, the algebraic closure of

¢; 2 , the split cuadratic algebra; P, the split

-
Let %X " be the standard involution in uh . We condiser, involu-

i
L

satisfy: &, = 2,, a, ¢ N(U), the nucleus of U where 27t exists

in the asscclative algebra N(U). We call such involutions
canonical and we let H(Up,Ja) denote the subalgebra of u, of

elements symmetric relative to Ja . \\fiﬁ

. -1.-t . . . .
tions Ja: X+a "x a where a = aiag{aq,ag,...,ap} and the =z
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- : ‘ ‘ '
algebra and C, the split Cayley algebra. K, Z and D are

assoclative. Thus, by the above theorem H(K ), H(Z )5 | \
H(D ), with respect to their standard 1nvolutions, are - t

Jordan algebras andthese Jordan algebras are sbeoial. The

Cayley algebra C is not associative, butit is alternative - . :
and i1ts symmetric elements with respect to its involu- : )
tion are in its nucleus. | I !

For, if (; -g) € C,and if"

EDef D@ b s

a=B, a=>=-=s

Hence the symmetric elemenfs in C are the scalar matrices

(g 2),Whichassociate with every pair of elements in €

-

and hence lie in the nucleus of C.

Thus, H(C ) with respect to its standard involution, ' ;

i s

is a Jordan algebra. This Jordan algebra is exceptional. —

N

The~dimensiaeons of H(K3), H(ZB), H(D3) and 9(03) are
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ey

ooy o i s,
T

. be a basis for U/ . Let P =

-

respectively 6, 9, 15 and 27.

2.3 Let U be a finite dimensional Jordan algebra over a
field ¢ and let | {ul, Uns wees U 1

¢(El, Eos vens En) where &y

are algebraically independent over ¢ and consider the alge-

bra UG¢P = UP. We .shall call the‘element

n ' ' .
xif i E;u; of Up a generic element of U . Let.mx(l) be the

minimum polynomial of x(in UP). So, mx(k) .€ P[A] and has

leading co-efficient 1.
mx(l) has the form

me (V) = AT - o (ENTTH 0,2 L e (-1)P(8)

© . where o, (£) = 03 (815 wnes &) € ey, vvns En]f' It has Been; _ |

shown in [3], Page 222, that for a =

HMS

agu, € u- .
” .

Lomy(A) = P cl(a)lm_lf+ + (-l)mcm(aj, and m, (a) = 0

- “in u, whereai(a) = ci(g) for, &, = a . :

i

We shall call the polynomial m,{(1) ¢ ¢[A] the generic
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-

polynomial of a and the element cr(a) the generic trace of a.

AlsS, we shall call the degree of m of the m, (l) the

generic degree of/;EE\Elgebra u .
. — - x—-/: N
o . :
In [31, 564\ the generic minimum polynomials of all
finite dimensional mplé’qugan algebras over algebralcally
closed fields have. been derived. Also, it hes been shown

that each of the algebras H(K ) H(ZB)’ H(DS) and H(C3) has

generic degree 3.

-

We note here that if the base field is algebraically

closed then any composition algebra (C,j) with dimC»> 1 is

split, since any quadratic form on a finite-dimensional
vector space of dimensionality > 1 over an algebraically
closed field has maximal ¥Ttt index. Also, according.to '

Corollary 2, Page-204 in [3], the above Jordan algebras are

- simple.
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. : 3. Quadratic Jordan algebras

N 3.1 Let ¢ be a commutative associlative ring with unit 1
! ‘

+ A left ¢-module is an abelian group M together with a2 map
.i .“. . . . ! ' ) " —_—— ’

‘ (a, . x) + ax of ¢ x M into M satisfying the following condi-
SRR LR Ctions: ‘

-

-

L Q) alx+y)

-

. Ty
ax +.§y> ) ‘

[l

(2) (a+b)x = ax + X

(3) (ab)x = a(bx),

. for x, yin M a, b in ¢ .

- A left ¢-module M is said to be unital if
- (8 1, = x for all x in M. '

Let M be a unital ¢-module. A guadratic representation

on M is a gquadratic mapping U: x + U, of M into Hom¢(M,M);
that is,

5 .
_(5).Uax = « U, and
. (_6)_Ux’y = Ux+y - U, - Uy.is‘bilinegr, e in ¢, x, ¥ im M.

P

. -
st
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; ¢
s If U 1s a quadratic representatiqh on M, then we héve
" a c¢ubdc representation yUk and a trilinear form
' : T
(7) {xyz} = yU ', which is symmetric in x and z. We
) . . . ] .
AR also Iintroduce the operator V& z defined by
) C¥,
.- (8): xvy,z‘ = {xyz} = yUx,z . ! ‘
"él A guadratic Jordan algebra with identity over ¢ is a
n! . - .
é triple (J, U, 1) where J is a unital left-¢-module, 1 a
é distinguished element of J, andU a quadratic representation
E on J which satisfy: :
1 , : : : .
- (9) _Ul =1
(10) UanUa = UbUa ;
¢ . . = ‘U.' =
. - (Iii\ Ubva,b vb,an -Uan,b
. (12) ' Under any extension of &,(9)-€¢ll) remain valid.
Examples: (a) . The Jordan algebra u* defined 1in 52.1
of this chapter is a quadratic Jordan algebra. _
) ” : | , (b) #(U ,*) as defined in §207 of this

chapter is a quadratic Jordan algebra.

e ey

P

W

~

fo



Lo e ST VPP

-17-

3.2 ‘Quadratic Jordan algebras oﬁtained from cubic forms:

Let J be @ nital left ¢-module, ¢ as in §3.1

A map N:J+»¢ 1s a cubic form on J. if N is homogeneous

2

of degree 3 and N(x+A¥) = N(x) + uaiN + xa% + 5Ny,

where AyN the differential of N in the direction of y ‘eva-
luated at x (see [3], Chanter vI), islinear in .y and quadra-
tic in x. Let N be a cubie form on J,T a2 symmetric bilinear
form on J, x = x#, 2 quadratic mapping on J, and a distin-

L]

guished element 1 ¢ J satisfying

) s Neoxs

-

(2) N(1) =
(3) Tlxigy) = a¥, where T(x,y) = - AiAylo%EJ,
Sy 1 =, ' .
(5) 1xy-= T(y)l-y, where T(y) = T(y,ii and
x x.y = (x+y)# '# -y

Assume that these hold under all scalar ektensiqn of ¢ .

Introduce a U—operator by
(6) yu, = T(x,y)x - xX'xy .-

McCriHmmﬂlhas shown in [5] that (J, U, 1) is 2 quadratic

Jordan algebra,whichwe denote by J(N, # 1i). ;-
$  AXAYqoon = AXAYN L (AX ¥
. AlA logN AlA N (AlN)(AlN).
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A number of importantidentities valid in J(N, #, 1

for ¢ a2 fleld can be found in‘ESJ of [81.

—

For x, ¥y, 2 € Jn*;

.
S
. ' (7) Ty = 3, |
(8) T(xxy) = T(x)T(y) -~ T(x,¥y), “ ¢
_ ~L9) T(xxy, z2) = T(x, yxz), )
' (10) ;3 - T(x)x;2 + S(x)x - N(x)1 = 0, where ‘
(1) §(x) = T(x")yr . .
’ - 12) <t = x? - Tfiﬁx + S(x)1.
) J(N,-#, 1)\is called the gquadratic Jordan algedbra with .
| " unity obtained from the cubic form N.
.
- i R oLt o
¢ ~ - '.'s\‘. P -~
, R
-‘i. - i
< B .
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T L. Lie Algebras . . "\if
- ' : .
4.1 Definition: A Lie algebra L over a field ¢ is an al-- '
:.\‘ gEbfa over ¢‘in which the multiplicatidn is anticémmutative,
that is, S | E N i
“}‘ o Li).‘xg ='0 " (implying Xy = -¥yx),. oo | ' .
- . ‘- . ‘\: . . . . . - -
and the Jacobi ldentity
(2)Y (xy)z-+ (yz)x + (zx)y = 0 for all -
X, ¥, 2 in L is satisfied. . L 4
If U is any associative algebra over ¢ then the
commutator n : - R -
C.(3) Ixyl=xy -yx L.
K L satisfies.

. W) Ixxl= 0 :
and (5) [[x,yl, z] + {ly,z]l, x1 + [[z,x],-y] = O.
Thus the algebra U~ obtained by defining a new multipliéat;pn

(3) in the same vector space as U is-a Lie algebra over 3 -

Also any subspace -of U which is closed under commutationl(B)

‘ gives a subalgebra of U~ , hence a Lie algebra over ¢ .

PR T R | o
. A .
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.~ The set D(W) of all derivations of U into Q'is‘a sub-
‘space of the associative aligebra C,.= C(U) of "all linear qpe;
rators-on U . - Since'the'comﬁhﬁator [D; D'] of two deriva—

" . tions D, D' 1Is a derivation of U, ID(U) is"a Lie subalgebra of

C; that is, D(U) is a Lie algebra, called the derivation

v

algebra of U . L :
In the literature the notatlon [h,y], without
regard to (3), is frequently used instead of Xy to denote
. the preoduct in an arbitrary Lie algebra.

-~

4.2 Classical Lie Algebras

Let V be a finite dimensional vector space over the
field ¢ and EndV be the set of all, linear' transformations

V =+ V. (End V)~ is a Lie algebra and” denoted by

' 82(V). g&(V) is known as the ‘general linear algebra. )

We sometimes find it convenient to use matrices in
'place of 1inear transformations. In the present case we

- ean idéhtify gl (V) with the set of n x n matrices, fixing:
a.ﬁéSis-for v (d;m V =n). We now denote gf(V) by ge(n,s).

1
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There are.four families A,, By, Ch3'D£ of Lie algebras

-t

called the classical algebras. Each of these algebras is"

a subalgebra of gf(n, o).
Ap: Let dim V=2 +1 .. We denote by s&(2+l, @), the sef

of endomorphisms of V having trace zérdfi Then kL(£L+1, &)

-1s a subalgebra of éﬁ(n, $) and it is called th

linezsr algebra.

Cp: Letdim V = 2¢ . Define a non;deg;rerate skew symme-
.

tric form £ on V by the matrix S = (
L

Let'us denoﬁé

by sp(2£,¢q,ythe symplectic algebra, which by definition
consists. of all endozjfphisms x of V satisfying £(x(v), w)=

= —f(v, x(w)). It can be easily verified that sp(2f,%) is

closed under the commutator operation. {

By ‘Let @im 'V = 22 + 1 be odd and take f to be the non-

degenerate }ymmetric bilinear form on V whose matrix Is

10 0
S = ¢ 0 12
0 lﬂ 0

‘ X _ . o,
. Let us denote by 0(2£+1,¢) the collectionvef all endomorphisms
" .- . . ./" "‘\,

1

5

.

A Y
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> 1

of V satisfying £(x(v), w) = -f(v, x(w). These form a Lie

algebra called the orthogonal algebra.

-

Y

D,: Here we obtain another orthogonal algebra. The construction\is

Ll -

~Identlical to that ofile except that éim V = 22 1is even

. . ’\\ o 0 . 1£ . ‘ . . . -
and S has the-simpler form ( ) . This Lie algebra is
1 0 :
£
\

denoted by 0(2£,%).

_ In [6], Page 2 and 3, it has been shown that
dtm SE(E+D, ©) = £(2+2), dim sp(2L, ¢) = 2£° + £,

dim 0(28+1, ¢) = 2£2 + £, and dim.O(éz, 3) =287 - ¢ .

4,3 Exceptional Lie algebfas
) '
Over an algebraically closed field ¢ of characteristic
0 there are'fivé'exceptional simple Lie algebras: the

1l4-dimensional algebra G,, the '52-dimensional algebra Fy

; '? and three others (E6, E?’ éa) of dimensions 78, 133 and 248

respectively.

Let C be a Cayley algebra over a field & of characte-
‘ristic =2, 3. Then in [1], Theorem 3.28 states that the de-
rivation algebra D(C} of C is a 14-dimensional central sim-

ple Lie algebra (of type G2).
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©
-Let J be an exceptional central simple Jordan algebra
-over ¢ of characteristic =2, 3 . Then in [1], Theorem 4.9
-: states that the derivation algebra D(J) of J is a 52-
dimenslional central simple Lie algebra (of type Fu).'n';

"In [1], theorem 4.I2 states: "Let J be any finite-

. dimensional, exceptional, central, simple Jordan algebra over

‘Eacteristic 22, 3, and L = L(J) be the Lie mﬁ;tipii—
on aigebra Qf.J . Then : f: - o #ﬂ. -
.:f' o ,A' L=oljelL
where the derived algebra
L' =.D(jj + {Rx[trace Ry = 0} (d;rect sum) is a
78-dimensional central simple Lie algebra.(of tépe 55) over

¢ ..“ :

~ Constructions 6f.E7 and Eg, due to Tits, will be given
in Chapter II. | |

. T
T
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Chapter II.

Constructions yielding exceptional Lie algebras

1. Tits' Construction

1. Let U 'bea comﬁosition algebra over a fleld ¢ of cha-
‘racteristic ‘= 2, 3. Then there exists a linear function ¢

and quadratic form n on U such that

(1) a2 - t(a)a +n(a)l =0, ac U.

t and n are respectively the generic trace and norm on U .

Let Uy = {a]t(a) = 0}. So U, is a subspace and

U=Ujeer . In fact, if a ¢ U, then "a = %t(a)l + ap, where

ag = a - %t(a)l € qO; since (1) = 2 by 1.2(9) of chapter I.

Hence we  can define a bilinear product ¥ in Uy by

(2) a¥ = ab - 3t(a,b)1, 2, b e Uy,

where (3) t(a,b) = t(ab), a,b ¢ U, is a symmetric bilinear

form on U, whichis associative in the sense that

(H)‘ t(ab,e) = t(g,bc), a, b, c el .

v
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It has been shown in ([4]} page 90-91) that

a%*h ='_? ¥ a, D =_-Db,a’ for a, b ¢ q

a,b 0°?

where Da b 1s defined by 1.2(15) of chapter I.
3 “

3

1.2 Let J be a central simple Jordan algebra of degree 3

'ovﬁr ¢ .. Then we have 2 linear function T(x), =2 quadfétic

" form S(x) and a cubic form N(x)‘ such that

Q

1) %3 - T(x)x§r S(x)x = N1 = 0, x ¢

Let Jo = {x|T(x) = 0} .. If % e J we have x = 3T(x)1txg,

where xo = X -

w'l]}—'

(x)1 ¢ 3, . Since T(1) = 3, by 3.2(7) of

——

chapéer I,dJd= JO + ¢1 and we can

(2) x*y = x-y -~ %T(x-y)l, X; ¥ € 3y,

where T(X,¥y). = T(x+y) is a symmetric bilinear form on J."

Then x¥*y ¢ JO .

1.3 Let (1) L = p(u) e(Uy © Jgle 0(3) , u, 7, U, and 3,

as defined in §1.1 and §1.2 of this chapter. ?(U) and 7(J)
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denote the derivatidn algebras as defined in §4, Chapter 1,

and U

g ¢ Jg the tensor product between U, and J,. Then L

0 0

1s made into a2 Lie algebra over ¢ by defiﬁing a multiplica-

tion [,] in L which is bilinear and anti-commutative, which

egrees_with the ordinary commutator in D(U) and D(J), and .

(3

)

and,, (5)

whilch satisfies (2) {v(u), D{(3)] = 0,

[a ® x, D] = aD s x

for all D in D{U), a in Ugs x in J,

[ ® x, E] =2 ® xE 2

for all E in 0(J), a in U, , x in Tgs

0

= L o * *
[a®x, bo y] 12T(x’y)pa5b.f (a*b) » (x*y)
- 2c(a,5)[R., R, ]
2 ? x?* vy

for all 2, b ¢ Uy, x, vy in Iy -

Theorem (Tits): The algébﬁa L in (1) is a Lie algebra. If

K is the algebraic closure of ¢, then corresponding to the

four (alternative) composition algebras U over X and the five

indicated Jordan algebras J over K (that is, X1 and the four

central simple algebras H(XK.), H(Z,), H(D,) and H(C.)), the
| 3 3 3 3

Lie algebras L, are fiven in the table:



- N "Table 3
u/J,| K1 HES) H(Z5) H(DB} HiCs)
- KL | 0 s£(2) S2(3) S£(6) By
- 2 0 S£(3) "S2(3) @ S£(3) S2(6) E6
? | se2) sp(6) SE(6). 0(12) 5, :
¢ Gy Fy Eg | Eq Eg

: o - S2(n) denotes the special linear Lie algeova SL(v),
dimV= n: Hence L 1s central simple except for three cases:
dimU=.dimJ =1 ; diml= 2, dimJ=1 ; dimU= 2, dimJ= 9.

'In [1], page-~122 the above theorem has been oroved.

2. Faulkner's Construction

v

2.1 A class of ternary algebras.

We shall be interested in a module ¥ over an arbitg?ry
commutative ring ¢ with 1 which possesses an alternating

bilinear form <,> and a ternary product <,,> which satisfy:

(1) <x,¥,2> = <y,x,2> + <x,y>z for x, y, z ¢« M ;
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(2) . X,¥,Z> = <X,Z,y> + <y,z>x _for x, y, z ¢ M 3

(3) <<x Z>,W> = <<X,¥,W>,Z> + <X y> <z,w> for
i ’y 2 > > >
———

X, ¥, 2, W e M,
\

(4) SEXLYHZ>,V,W> = <<X,V,w>,y,z> + <X,<Y,V,W>,2> +

<X,¥,<z,wW,v>> for x, ¥y, z, Vv, w e M

The d~module M is known as a ternary algebra.

Example: Let J = J(N,1) be a quadratic Jordan algebra with 1
over a field ¢ constructed as in [5] from an admissible
non-degenerate cubic form N with base polnt 1. Recall

) C :
yUx = T(x,y)x - x" x y where T(,) and x +.x# are respective-

1y the associated'non-degenerate bilinear form and quadratic

‘ #
mapping and x x y.-= (x+y)#.7 X" - y# (§3.2 of Chapter I).

Let o
M = {(b Z)] a,8B € ® ;3 a, beJ}.

ay .
" For x, = ( e M
. 1 Py Bi-)“ ‘

we define:(5) <XpsX,y> = a182 - azsl - T(al,bz) + T(aa,bi)’,

(6) <xi,x2,x3> = (g g),



w?ere‘ Y = alBea

we shall construct some Lie algebras.

A -

3 + 2ala283 - asT(al,be) - d2T(a1’b33:—

—'alT(a2¢b3) + T(a1,a2 x 33);
e = (3283 + T(bz,a3))al + (3183 + T(bl,aB))a2
. _ \\ . ot ‘_‘h

e

-+

b

"
re

'(a182 + T(bl;ag))a3 - a.b,-X ? 1 X b3 .

1°2 3 7%

- aBbl_x b, - {alb2a3} - {glb3a2} - {a2bla3},

i& = -y, d-= -cc, where o = (af)(ab}.

!

(Note v¥ is the term obtained from v by interchanging a _

and B as well as a and b.)

It has been shown in [7], 5§51 that M is a ternary algebra.

2.2 Construction of Lie algebras ‘ ' !

Starting with a module M over a commutative assoclative

ring ¢ with 1 which possesses an alternating bilinear form

' <,> and a ternary product <,,>‘wh;ch is a ternary algebra,

. First, we construet R = M @ ¢u and the associative,

N
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subalgebra U(M) of Hom,(R,R] consisting of A ¢ Hom¢LR,R) ' E

‘such that uA ¢ %u and MA' s M: We let U(M]™ denote the Lie-

algebra structure on u(M)where [AB] = AB-BA. * | o

If we define U ¢ U(M)” by ulU'= 2u and xU = x for :
1 _ .

x ¢ M , then it is clear that U is in the centre of U(M)™ . !

M

We may also define o(A) ¢ & for A elU(M)” by . . : :

(1) uA = p(Adu
If A ¢ UIM) ™, we set : L T

(2) A‘ = A4 - p(A)U .

We next define R(x,y) e U{M] “for x, v € M by " )

-

(3 U-R(x:y) <x,y>u;

zR(x,y) = <z,x,y> for z ¢ M .

Let R*(M) consists of those R e U(M)™ such that
(4) [R(x,y)R] = R(xR,y) + R(x,yR') for x, ¥ e M.

One checks immediately that -R* (M) is a Lie subalgebra of

"U(M}~ containing U.

. Using equations (:.1),(1.3) 1ii [7], §1 and 2.1(4) of | B



. A
- Hence, R(x,¥) ¢ R*{M) for x, vy ¢ M .

.
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This chapter.we can write . | o o ‘ ' i ;
_ ;5) [BCxl,XQ)R%fs,xM)] = R(le(x3’x4)’x2) + . . . ‘k [

t R(x1;§23(3h,§3)) for'xfje My L =.1,2:3,§2 ‘ . "“ |

v -

It is clear from 2.1(1) of this chapter that | a

(6) R(x,¥y) - R(y,X) = <x,y>U .

. i . A \ e a
" Hence R'(x,¥) = R(y,x). {R(x,¥)|x,y ¢ M} v {U} spans an

ideal R{M) of R*{M). We note that if <,> represents 1,-

- then R{M) 1s spénned by _ e . : ' o ]

{Rﬁx,y)] X,y € M} - ' . Cy

" Now lét R' be any Lie subaigebra of‘R*(M} containing

R(M) and let ;R denote a second copy of R . TForm

S(M,R') =R & R & R’ | o

e du @ ¢4 ® R’

=t

=M9'

We define a2 Lie product on § = S(M,R") by
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. - .

(T Ex1+y1+aiu+81u+$l, ‘x2+¥2+a2u+82u+32]

-

L | | }
= (KqRy=xpRytaryomanyy) + (YRY-Y,RI+BoX) =6 X,)

¥ Lexguxp¥ + agp(Ry) - ayp(R)) u
+ (<yl,¥2> - B1p(R,) + B2p(Rl))ﬁ'

—

' T ' ° | )/—.—’ﬂ
L \ . : “'5
~f6§'xi, Yy € Mymg, By € @R, e R!

~.
‘\—

Then it~ has been shown in [7], §2 that

= S({M,R'[ _is a Lie algebra. It has also been shown in [7],

§2 Theorem i that §, cons»rucued as Zbove, is a simple Lie

-algebra if and iny if <,> on M is non-degenerate

"'. ’ L 0
2.3 Idéntification of Lie aléebras

~

We wish to ldentify the simple Lie dlgebra S(M,R(M))"

b

constructed as in -§2.2 from the "ternary algebra of the example ..

'illustrated in §2.1 of this ‘chapter with J an exceptional

. simple Jordan algebra of dimension 27. We shall do this fér
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¢ a field of characteristic 0. Since <,> remains nonJ
. degenerate upon éxtension'of the base field, we may assume #2

that ¢ 1s algebraically closed.

We first consider tXe derivation élgebra of M, which we
ldentified with D = {D e R*(M])}p(D) = 0} (see [7], §3).
.Iq has been shown in [9] that D is 2 simple Lie algebra of

type Fo, and dim D = 133. It has been shown in [7], §3 that

. , _ | | . -
R*(M) = ¢U +-D. Since D is simple, R (MI = R(M) = R*,- ([7],
§4). Therefore, S(M,R(M]] = H o Hl o du @ o3 o 6U o D.

"Hence dim S(M,R{M}) = 2(56) + 3 + 133 = 248. Then by the

classification of simple Lie algebras, we see that

S(M,R(M})] is of type Eg. Thus this algebra must be isomor-

'phic'to the algebra ES in Tits' construction. In the next

chapter we construct such an isomorphism.
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. Chapter III

“An Ison}orpﬁiéﬁl. Theorem - .

R B SR . | R

1. Construction of G, using Faulkner's method =~

1.1 Faulkner in [7] gave a2 consiruction of Lie 1gebras

from a ternary algebra. We have discussed this “‘construction

in section 2 of chapter II. The example of -a 'te:na@y'algebra ;

given In §2.1, chapter II, plays an imoortant part in the
whole _process. Using +J = ¢l in this example and following

Falulkner's Process we shall construct a 14- dimensional

-

.-algebra arid afterwards, ina subsequent sectrion we shall show

_this is isomorphic with Der C, where C is the algebra of "_""

,SQli_t: octonions DerC 1is a Lie algebra of type G2 .

P
<«
. -~

¥ 'L,et'M.i be the ternary algebra obtained by-using '

o J - ¢l .. Then _". . R . ) \‘: |
. . v l =’T(g g) I a:'B,a.,b €'¢.} | . .,,l g :
. . . A .
. a a.:
For 0" (bi Bi)r e My

1-:5 | _ - ‘

We "have from 2.1(5) and 2.1(6) of c;?apter IT that

.
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_ Q) SXpsXp> = @By - “251_ - 3a b, + 3a2 1 _a’.ld‘ SN

L e

Y;= §162a3 + 2;13233'f}3a331b2 —‘3azalb3 -
) ' ' . . N * B . ~
- - 3ula2b3 + 6a1a2a3 -
¢ = (u283+3b2 3la; + (a183+3bl 3)32 +~(“132+3b132)§3
.-- 2alb2h3_— 2a2b1 3" 2a3blb2 - 2a1b2§§ - 2alb332.-
- 2agbjag ;- § = =Y, "a@ = ¢ _, where o denotes (aB)(ab)

the map interchanging o and B,.a and b.

From §2.3 of Chapter II,

S, = Sl(M

1 1’.R(Ml)) = Ml @ Ml ® ¢u @ ¢4 e U 3 ]

1
\

where D) is the algebra of derivations of M.. We have that

1

¥ = = o ] :
R (Ml) R(MlJ 14 ? Dl and R(Ml), the span of

A

‘{R(xl,xz)]xl,xg € Ml} U {U} . 1In or@er to study R(Ml] we

' use the table 4 below. This table gives the image of an

" -
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“ know that R(1
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: _ (o .2 . ‘ o,

elemen?h z = (_b F) of Ml mgpped by R(lij’ kﬁ) in the ' :
~ B A

u-positiop correspon@ing to 1ij and %kﬂ' 1iJ is the 2x2 . -

matrix with 1 in the.(i,j)th position and 0 elsewhere. We

note that zR(l

ki) = <z, lij’ 107> ¥ 2.2(3), Chapte?'II.

B

_ The table 5 gives values of o(lij’ kﬂ) = <1 lk£> . We

ij?

‘ iff | =
1k£) is a derivation of M _p(lij’lkt) 0.

13’ 1

-

Using these tabieS‘wejultimately obtain zR(xl,xz) and

p(xl,x2), xl? X, € Ml -

3

. ‘ ! 3 R . . C |
5 Tt can be checked by the equation (1) above-that—for——— .

1= ( ) R(l 1) is a derivation of M It can also, be.

1

2

_3g)- From table 4, we see

computed that ZR{1,1) = (fg.

that R(l R(1 ) and . .

ll’ 21)’ 22’

‘
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‘Table 4
¢ iz 74
0 o 0 o ~3a- -2b 20 a
1 0 o (o o (35 | G P
. 0 0 fa  ip -3z =2a 0.«
112 (o ¢ 2 o | (o7 o] faasw)
3 £2b 0 0 =2 0 0
7 ->a - +2 -2¢
1y (27 00| (o 38 | (s i) G0 o’
a0 0« o 0 0 0
1os o 287 | (22 3p) o o G o
{
s
Table 5
A ¢ 1.7 >
o(Li5o1pp) | 137 | 112 21 | 1oz
—\' ]
11 0 0 0 1 .
l12 0 0 -3 0
i b Y
= 1
21 0 3 0 0
] 122 -1 0 0 0

—— T ——— e e
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R(1,1) are linearly indenendent-%hd éach of those

R(1 13° kZ) which are derivations is a linear combination of i :

these three. Hence the algebra_ D of derivations of Ml-is
spanned by R(lll, 1,7, 3(122, 1,,) and R(1,1) and the - ;

dim vl = 3.. Thus, we find R(M,) = ¢U + D, . ‘Now clearly,

-

dim S = Qim S (M +RMM D) =4+ B+ 1414143 = 1k

l 2 Let J be an arbitrary quadratic Jordan algebra with 1l

of degree 3 over a field @w‘ constructed as in [5] @1 is

contained in J. For

_ e 2 .
M= {( B)| @,B ¢ &; a, b e J}

let S(M, R(M)) denotes the Lie algebra constructed by

Faulkner's process.. Then

= S(M, RIM))

Mo M+ ou+ o0 + RIM

whiere R(M)

$U o D f {ifj R(xi,:\'cj)lxi,xJ € M} v {U}

To find out %U + P we see that R(xl,xz), xl, X, € M,

~ ?

act on an arbiltrary element z = (g. 2) of M andceompute
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£
3 p(xl,x2) glving the results in tables 6 and 7. In these
§ tables qq5 stands for (g %), where g ¢ J and so on. %s
s. | - '
\ t o iing ction, U =1 - T '
‘ in the preceding se on, U R(lll,lzz) R(122,111) and ‘
E ! the members in U can be cbitained from table 7.
? ” * Table 6
. : ¢ Kn 3
ZR(xy,%,) 11 Si2 ' 21 1o
1 C 0 -T(a,t) -bxt . 2a,  a
il 0
-Bt 0 0 -8
: T(b,s)g+
\\“/W qlz 0 T(a,axs) T(b,g)s- | -aT(a,t ~{atq} 0 ag
LA 0 {qu}
L - .
8axs 0 {pgt}-or(g,t) O axq T(b,q)}
H S
x — -
aT(r,s)- 0 —arxt
Tsy ~T(a,r) =-bxr | 0O {ars} 0 0
_ {rat}- _
S -Br 0 {bsr} BT(r,s) T{a,tir— -T(o,rxt) 0 0
. o T(a,r)t
yd
1 o C 0 as 0 0 0 0
22 R
-b —28 axs T(b,s) 0 0
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Table 7
——x,=—
p(xy5%,) I S12 Ta1 1os
-T(a.t
e ST 0 0 T(a,t) 0
4 rsy 0 | T(s,r) 0 - 0
i

Let us now consider J., the subspace of trace zero
0

e elements of JO' In 8 = S{M,R{M])) we éingle out seven copies

-

of”]b_.- Clearly, M contains two copiés of JO namely

0. I, 0. 0 -
(Jo)ié = (3 o ) and (Jg),q = (JO o) - Similarly, M

coqtains two'copies of JO namely (Je)l and (JO)21 .

When we work with JO we see from table 7 that

e = ) .
R((Jo)ij, lkﬂ)’ 175,k, £ = 1,2 , are derivations of M and

~¢learly they yield copies of JO' For x ¢ JO » we get eight

non-zero derivations of M, namely

R(xl2’ 22) = R(Xp15157) = R(1,5,%55)5 Rxp95157) = R(xy5,155)

= R(1

1l,x21) and R(xle, 21) = R(le’llz) and each of these
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is‘an-element in a copy of JO of above type. We use table.6
to obtain the above equalities. These eight derivations of
M and in fact three classify the coples of J, in D .. These

are clearly R((J0)12’ 155), R((JO)Ol’ 11) and R((Jo)la,lzl);

Thus, we have only three copies of JO in P. For x ¢ Jd,

we,gan give names to these coples as Xy X575 Xq05 Xpqs

RF§12’122{ R(le’ 11) R(x155159)-

1.3 Lle product of the copies of.JO with elements in S

1
We.shall find out the Lie product of the COpies of

Jo with the each of the generators of Sl. We use 2.2(6) of

-~ -

~

Chapter 2. 1

11° T

1 1

127 T21°

U, R(1 ) R(1,1) form a basis of §

R(1,551,5)5 , 1 -

11012175

1201111 = 05 [xp901350 = Rlxp,1yy)s [xp5015,0 =

1 = R(x

227 1271227 3

Dx1oud = 0, [xyp80 = Rpp, [xpp,0] = x50

220 1110 Lips Lpp> e ws ©
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JR(1

[x12’ 11’1é1)]'= 0, [x32:R(1pp5075)1 = =%

—

[xlgaR(l 1)] = X12 .

"(B) [xpyslyy ] = DXpodind = [¥py0150] = Dxpyadppd = 05

i ] = R(x

i17] = Rix (x595195

Ys
]

3151511 = ROpgalyy)s [xgpalpyl = 05

"
- Dx590 212191 12012175

o

fx5q,ul = .0’ [x,,,8] = Xpp, [x595U] = Xy

|
o .

(50> B(1y5515900 = Xy [x505R(1555195)1 = 0,

Ele,ﬁ(l,l)] ='-x%l .

() [Ry551y51 = 05 [Ry55155] = “Rxpa1p)s [R0535]

= “Rlxppe1p)
[%19010pd = ~R(xyps15p)3
y o ] ) -
| [X101137 = [Eypo2p] = BRypolpgd = [Ryp0lppd = 0

1

% oul = ~x, 5, [%;5,0] =0, [X),,U] = -%5 5

[xIZ:R(lllglgl)] = 0, [31233(1223112)] = -le 2

EilzsR(lil)] = i



‘e

L @ IRy Lom RO 100)s [R50 = R("12’121)\’ E

- .

[Xa1010] = ~Rlxpp:15005 [X5151501 = 05

:
K

s
.
|

[

a;.

-

o FRanednnd = [Rppn2y50 = [Rpa1ny ] = [Rpy5155] = 0 5

[%5y.u] = Xpps X558 = 0, [R50 = %5y

;? - i [ 213R(111: 21)] '12’ [ 21:R(122,112)] = Of

e ' £i2l:R(l,1)]-= -

~

© . (e) [R(x, }51,,) = -x,, [R(x 1

122102 122 122100751551 = x57 5

-

2 ‘ . .
- L [ROxgpelan)edn ] = [RO 50155051550 = 0

—

o [RUpedgpdsdyd = Ryps [RGrpp.15,) 1321 = %y

[R(xy55155)53500 = [R(x,5515,5)5155]1 = 0 ;

- _ ) _ T ..
[h(klz,l22),u] = £R{k12’ ) u] [R(x123 22),U].- 0 F]

[R(x ll )

12215572 R{13451590] = -R{x 5,15,

[R(x Y, R(1

0

12210 22211273

[R(xl2,l ).

22)3 R(lél)] = _ER(x123122

(£) [RGxp151:1)5103] = [ROxpp,110051,] =

-X [R{x

I
al

[R(x515179)515,] 12> 210111751507 = %y

)

Y
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(Blxp101130539,3 = [Rlxp013y0505,0 =0,
[R{xp10312) 151 = Fpps [RGxp,0000,0

117210] = X5y s
F/u)

2101177581 = [R(x,,,1,,),00 = 0 ;

[R(xp5213)5u] = [Rx

) R(1

1101503 =

. [R(xal,
\

[R(x515357)5R(155,1,5)] = Rxy5,1,4)

[R(xp151p1),R(1,1)] = 2R(xy;,1

117

(8) ER;xla,lél),lllz = [R(x 5015)51,,] = 0, o
[R(x12’121) 1121 = 2x5s [R(x 501500051 = 25y 5 : :
[R(xl2’ 11051537 = (RO 5515005151 = 0, | oo
[R(xl2’ 2;) illj - 25, [R(x 50150051500 = 2%y 5 :
{R(xla, 21),u]‘= [R(xl2, ) >ul = [R(x 2,121) U] ; 03 ) ’
///;//fR(xlz, JaR(13,,1,1)] = =2R(xy;51,,),
T RGN, ) R(1,5,1000] = 2Ry ,,1,,),
| [ﬁcx12,1213,3(1,1>3 = 0. i . ._;'] . .

We note that if x e,Jo then the ¢-vector space spanned - '

By the seven copiles of x is a Sl—module S i _ '

&
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2.1 Isomorghism, between Der C and $

"[a & x, Dj = ab & x, for 2ll D in DerC, a in CO’ x in J

-

2. Tits and Faulkner's constructions

1
Let C be the algebra of split octonions and J be an -« .
" b
arbitrary Jordan algebra of degree 3. Then according to

Tits
L = Der(C) o Cy ® Jy @ Der (J) is a Lie algebda, where

Q

We have that a derivation of C leaves CO invariant. Thus,

aD & x ¢ Cy.® J,, that is, the action.of Der C on Jg is an

element qn CO ® JO .

C0 is seven dimensional and this tells us that L con-

tains seven copies of-JO, namely e'2—el ® x, fl ® X,

f2 @ Xx, f3 ® X, ) ® X, g, ® x, 83 ® X, X € JO“' From 1.3(5)

1 . | 1 _ .
[a ®x, bey]-= 5 T(xy)Da p * 2% & x¥y - §.T(ab)[Rx,Ry],

>
F Y

for all a, b € Cy 3 X, y ¢ J; . Using this we obtain

*
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L
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=

i
I
i:

Lk

¥
i
]
]
1
|

. et r— b e

e

Tl

[(ez-el)‘s X, (ea-ei)-a yl.= tRx,Rnyg Der 7J,

-

I

[fy © x, r;fg vyl = [£, o X, £, 8 y]1 ='[f50 x, f3 8 5]

b S

L =Ty e ox, g e yl=1lg,ox, g,°y]=1[g3ex, ggoyl-=

‘_= 0, Xy ¥ ¢ JO . According to Faulkner”wé have for an ar-y, .

bitfary Jordan algebra J of degree 3 the Lie algebra

-
e

-~

S = S(M, R(MI) = M + M + ou + od + R(M) .

—

———

- Since ¢1 <.J , we see that the Lie algebra Sl constructé&

“in §1.1 of.this cﬂapter is contained in § .

S contains seven copies of JO namely x X

122 $o10 X0

RETSE R(x12’122)"3(x21=111): R(x551,;) &s obtained in

§1.2 of this chapter. Using the Lie product rule in Faulkner's

'cbnstruction we have

[xlziylé] = <x12,ylé>u = 0 using 2.1(5), chapter II.

{‘! . .
Simtlardys Dxgyavpyd = <xpps¥pp7u = 0, [Ry5,;,1
= ‘xlaffig?u =0 [%505953 = xgpypppi= 05 for

<!
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o - (& -2 . _
Q’_ z ~ (b. B) 3 M ZER(.X 2,122 R(y123122)3 -
P : N _—
?‘."-. . = ZR(x;,55155)R(y 55155) - ZR(ylZ’;22)R(x12’122?»=
; o~ " . . :
1 o 0 0o . 0 0 _ 070
%' T (axxy T(§Xx,y)) - (uyxx T(axy,x)l = (y o) » for
I : XXy = yxx'and_T(aXX,y) = T(a,xxy}. Thus,
é [R(xlz, 22) 3(312, 22)] is a2 zero map. Similarly, .
E {R(le,lll),R(yei,lll)]’is a zero map, for
H o i ‘
i h_ - . T ! — \T(bxxay Sxxy T(bxy x)
L BROgp Ryt 1 = o ) - g
r_.. ‘- ) . . -
s . = (3 ). Finelly, Z[R(} ), R(y )] =
p w0 T oo - % 12° 1oy 122121
'-4“" -0 - 'E
+‘_. Z ¢ o {{alx}ly}—{{aly}lx})
- s = -t ) L] . =
{{ox1}yl}-{{byl}x1} 0
. 0" balR LRI o '
- = XYy = ﬂ(o\'g) [Rx,R-] which is not
i 4[R_,R_] 0 v SET
L .. X7 : .
. y ‘jt _ |
i - equéi to zero, we use above {alx} = {ax1} = EaRx..{f
v ] ) " . ~ . . . .
. ; . <

- Q
and R(x

”

12’ 21)'

Thus, we ébtain,a_s;ﬁilaf behaviour between (e,—eq)%x
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! \1 . -
E— \ S . -
; ..t = .. The annihilator of (ej,-e;) is alsc the annihilator of
o (e,-eq) ® x. From 1.3(g).of this chapter the annihilator
jF | e - - of R(xlz’lzl) is {1 l"122’ lll’ 122, u, 4, U, R(1,1)} .
S R ' ' )
" Again from §1. 4 of chabter 1l the annihilator\ of (eg—el) ® X
f.' . o N o . . . . ‘ . .
. _is{D, _ ,D. .. =D.. D. . D D ,
: . . {fl’gl 'fzsgg f3:g3,’ I"lagg’ f2,83’ 'fB’Sl
. E‘l . | :' - ] - 4
. ~ D s D D. . } ¢
fl’g3’* f'z’gl’-_-.“f3»’g2 e ) v
'The annihilator of R(xlz, ) ‘act on the rest six copiles
) , Saaniaiakd
a / . o .
< .. .of J, conitained in.S as in $1.3(2) ta §1.3(f) of this chapter.:

-
. .
. - B ]
- X - ~
t‘l . ) - '

“¥ : The annihilaton\of (ez—el) ® x act on the rest six copiles:
l - of Joiqontained in L as in table 2 where we replace £, - b&
R : fy ® X, By ® X and apply the product [asx, D] = ab & x,.
P ‘.. . . . .‘- \
~ i -.a,sfco, X ¢ JO’ D € Der C.
X 9‘--.-:'-' . *
R
.

The similarity between these actlons appears and we see
that '

-

(* means corresponds-to)




. .
J-

r

d

T T M —————— . N ) . - .

—ng—, i
4
Cfyex T R(xpp510,) g15% % Rxp55155)
Loox = X5y go8X % =Xy,
£y8x ¥ X5y 838X ~ Xy,
aT50,. D 'H 31 .. D s \
o f SO, f1,g2 ) 11 ? f3,gl 22 f2,83 3u.. H \’
. (2) D = 31, D 231, D. _ % -3u,
R '.‘o “i‘l,S3 ll, fz,gl 22 &3,%2 l X ) \ E
D.  * R(1,1) and D D T 3y . '
flsgl ( 3 ) an fzagz(f\ﬁsg3 3 & ) ' E
Next, we-also see from §1.3(a) to 1.3(f) of this'chapter
" and table 2'that o _ o s \
D(e2,g3) = 112 | D(el’fB) 1,y

Thus, we hgye\gound a correspondance between the gene-

rators of Der C and those of's1 and a correspondqpce between
E é
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.. o the coples of go”in L and those o? JO in § . -.

In L we know that Der C act on the coples of JO giving -

e ;‘; ‘ ‘an element in the copies of J,. §1.3(a) to §1.3(g) of this

chapter show that’ S. act on the coples of Jg in's giving‘

1

e - *. " #an element in‘éhe copies of JO'

o Hence-we;cénclude that the behaviour of Sl in § is

exactly same as that of Der C in L. i -

Y - N

We shall end this section by defining a ﬁgﬁ
K 7 .

@1: Der C » Sl and ¢2: Der C module + S, module we discussed

1

- before. - = o L.

- To define ¢, and ¢, we use the correspon- .
dences we found above bhetween the generators of Der C and -
i .

: : . ‘those of Sl,and the generators of Der C module in L and those
of S,-module in S for a fixed x ¢ J, respectively. There-=

Uy fore, we define

wt.
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L Y A ey

.1is injective: Let D

+ B,(31,,) + ... + B

Dl¢1_='D2¢l impliééls

that D;1='D

|
-51-
\ ® L -
D ¢, = =31 D. =
T fl,gz l

110 fgyfl = 32 and so on and

- n . _ l L :
(£18%)¢, = R(5 x5951,4

- lél =.D2¢2 for D&’-D2 € Der C ang .

Dl = D2. We can w;ite pl¢l = (alD + a.D +

fl’g2 A 2 f3:81
oy

1
4

+

...+ a,,D Yo, = a.D 6, + a,D. 6. +
. . ~14 el,fsa.l 1 fl,g2 l‘ 2 f3’gl 1
% .}. +-aluDel’f3¢l) = Gl(-3lll) + a2(3¥22) + - =

- ‘
.ol +,a11[121 = Sl (say), where oy € ¢ and ¢1_is clearly

linear. Similarly, we shall obtain pg¢2 = 31(—3111) +

lul21 = Sg(say), Bi € ¢ . But

1 = 82. Thus, oy _.Bi whicplshows

2 -

¢, is surjective; Let S « S, and

(roex)e. o L3 .
)s (f2§X)¢2 3 X,, and so on. ¢

1

-
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1

S = al(—glil) +'az(3122) e eyl

= oD o ¥

. - 11985 a2Df ¢l oo te LlD

381 147e,,05%

By

+ N

D

. = (a,D o ...+ oa D
. 1 2 £3:8y . 14 ey,f

£1:82 3

-

= D¢i(Say). But D ¢ Der C, ¢lpresefves Lie product:
We aré to‘shgw that for Dl’ D2 ¢ Der C, [Dl¢l, D2¢l] =

= [Dl,D2q¢l : Flrst of all we note that for a® X ¢ CO ® JO

o
and D ¢ Der C,

-~
-

(3) [(a@x}¢é; D¢1J = [gﬁx, DJ¢2 = (aD ® x)¢2 . This is the

T A IO ————ran - ’

similarity we talk about between the table 2 and §1.3(a)
-

to 1.3(g) of this chapter , where we find correspondances

s and

between the generators of Der C and those of Sl

at the same time between the generators'of Der C-module

in L and those of Sl—mcdule in § for a fixed x ¢ JO

defining ¢1 and ¢2 .
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}aox,'Dl, D2 as elements In L and (asx)¢2, Dl¢1 ,

Dby as élements in $ satisfy the Jacobi identity. Thus,

Tlasx,0,1,0,] + [[D;,D,],205] + [Dz,a0 x1,D31 = 0

L.e. [asx,[Dy,0,11 = [[asx,0,1,0,] - [[asx,D,1,D,]

-~

"[aDyex,D,] - [aDy®x,D,]

i.e. a[Dl,Dzjax

i.e. a[Dl’DEJGx = aD;D,ox - aD,D,®x . - o

\ \

Also, [(&3}2)(#2, [D1¢1: D2¢’l]] = [f(agx)?zsnl‘bi]: D2¢l]

- [[(asx)¢,, Dyé;1, Did; 1.

To show [Dl¢1, D2¢13 = [Dl,D2]¢l, it'is neceésgry_thgt

———

-

[(aex)¢,, (D 95 D2¢l]] = [Faex)¢2, [D,,D,1¢,] for arbitrg-‘

rYy 2 ® X € C0 ® JO .

The right hand side is [asx, [Dl,D2]]¢2~by (3) above,
and again;byf(B) the left side is:. ' ' '

L

A -

et



-

e -

“

s

- -5h-

Ty

[(_‘a@x)cbg, ED1¢13D2¢1]] = [g(a@x)¢2,D1¢-1],D2¢1] -
[[(a®x)6,,D56,1,D1¢,] = [[28x,D,1¢,,D5¢,] =

EEéux,D2;¢2ipl¢1] = [aDlsx,D2]¢2 - [éDéEx,D1]¢2

.= (aD;D,®x)¢, — (aD,D;®x)¢, = (aD,D,®x-aD,D,®x)s,

- (g[Dl,D2J®$)¢2 = [aex,[D;,D,1]¢, -

N

¢2 is bijective: C0 S JO is 2 Der C module of

-9—dimension dim,C, x dim,J, with basis {asx]| 2 and x are fixed

bases of CO and JO respectively}. Similarly, Im¢2 is 2

Sl-module in § which has the same dimension because it is .

the direct sum of 7(=dim CO) dim JO dimensional vector spacesf"

Therefore, in the same way ¢l’ ¢2 is bijectfve.

-

' Therefore, we have proved that ¢l ié an isdmorphism and

¢2 is a bijgctive magping;

-
’ -
4

~
—
l
)
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"2.2 The centralizer of $

1

The centralizer of S, in $ 1s' .

1 _
cent S, = {S ¢ S| [8$,] = 0} . Let S = y+Z+au+B+R € S
and Sl = yl+zl+ulu+81u+ﬁ1 € Sl . Wewsha;l;findnsome cgndi-
tions when [S,Slj = 0. [8,81] = 0 implies ‘ '
(1) [y+Z+out+Bi+R, y;1=0

. . .

1.e. <y,y>u - R(y;,2)~ 8§, - y;R=0 .

|
(=]

. i.é._.<y,§l> = 0, le = —R(ylaz), B =

1

(2) [y+E+au+pli+R, 2.1 = 0

1]

i.e. R(y,zl) + <z,z. >0 + ez, - (le') = 0

i.e. .<2,z2y> =0, o = 0, (le')” = R(y,zi)

S

(3) [y+Z+au+pl+R, ul = 0

i.e. -~z - BU - p(R)u =0

i.e. z2=0, 8=20, p(R) =0
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(1) to (5) above we get y,R = 0, (5,R")7 = 0 = zR' = 0

(4) [y+Z+cu+8+R, §] = 0
. t l .
.e. ¥ +aU + p(R)3Z =20

t.e. $=0,a=0, p(R) =0

4

w (5) [y+EtoutBi+R, Ryl = O

| i-e-- ¥Ry + (2R])™ + ap(Ry) - Bp(Ry) + [R,Ry1 =0,

~i.e. yRy =0, zR{ = 0, o-8 = 0, [R,R,] = 0o

We have that § = 0 = y =0 and z =0 =z =0 .

p(R) = 0= R is a derivation and hence R = R' and

[R,R,1] 0. Thus, we have S =/R where R is a derivaticn of
1 /

M, MIR = 0 and [R,Rl(M)] = 0 in order to satisfy [S,5,] =¢C

because y = z = g = g = 0. In other words,
cent S, = {R € Der M| M,R = 0 and [R,Rl] = 0}.
Again if R

1 f'Rl(xl,yl) where X;, ¥y ¢ Ml then

[R,R, (x,,¥,)] = -[R; (x,,¥,),R] = Ry (x4R,¥,) +

+ Rl(xl,ylﬁ)'= Rl(O,yl) + Rl(xl,O) = 0 for Ml3 =0
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Thus, MlR\= 0 implies [R,Rij =0 .

-57- .

N

~

: of_Si becomes

cent S; = {R ¢ Der M| MR = 0

-

. For example we shall show that [R(x

lies in cent Si’ X, ¥ ¢ Jge

s -

Hence, the centraligér'

! .
12’121)’ R(y12,121)3

" Since. R(xy551,),
R(yla, 21) € Der M [R(xlé,‘zl)' R(ylz, 21)] e Der M.
Again, for.z;= (g 2) e M,
@ e 1 )R(y il O {{alx}ly}-{{aly}1x}
1a7721 122l {{oxllyll-{{oy1}x1} o .

N

_ 0 a' ' '
= li(b 0) [Rx’Ry] as in section 2.1

cation .in Jofdan algebras is commutative,

fied that M [(R(x 2,121) R(ylz, 21)] = 0.

using 2.2(5) of chapter 2, 1s in cent S

. Since multipli-

it is easily wveri-

N

Thus,

= ?(R(xlz,yal)—R(ny)12;121)),

7 -
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ng’RyJ = Dxﬁ& is a:éerivation of J, for

‘x,yre\Jd. We have that for x ¢ J ,

AN

T(x)1 + xb, xo”g.JO. Therefore, for x,y ¢ J

Wi -

[ReRyd = [Ry/3 miaiey Byt ™ Py oo Byl *

+.\. ERxo’RY‘ = - ‘
= [Rxo,Ry] I= [RxO,R1/3 T(y)l+y0] = [RxoaRyO]: )

¥q € Tg- Hgnce by the theorem 13, page-258 4n 3]

[R._,R.] ahd thus [R_ ,R_ ] span Der J . Weé have, for
e S A X0” ¥ S

= (& @y < - 1 =
.- - : N
2 (923 p. . From this we can defind a mappin
b O X,y ) g
93 Der J.+ cent S, such that (Dx,y)¢3 = :
_ rrid ak S
= [R(3 %5510 B ¥pp015)00
L : ~ -
. : t : = 0.
¢3 is inqeg ive: Let (Dx,y)¢3- 0. Then
. ’

.
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R 1. L - - : '
- [R(z xlz?lal)’ 3(5 ¥155157)1 %s a zero mag. That is

1 1 Y1 = (0 2 - ‘
z[R(5 Xy551,9)5 R(S V10015901 = (5 ) px,y,_ 0. .This

i

implies Dx y = 0 for a and b are not equal to zero. -
-]

-~

We have that $ =M o M & du @930 © 38U . D where °

]

0} , (54 in 7).

Sl = Ml ® Ml & du & 0 e U e.vl. This ‘shows that we can

split S into three parts and we can write S as the direct

sum of these. These three parts are S,, the vector space

= q

generated by the copies of J. in $ and the rest derivations

0
in ®. We shall show that an élemenf in D can be written as

the direct sum of derivations of M in these three parts.

For some i, let

i

21°
. )

w

=7‘ g 1l 3 . 1 vy 1 5&

'\: ’ 1 y
* R(1p, (70 )

w0
at - .
‘ T T T = .



) o - ‘ --‘//‘: - . “. . .‘ . N ,'-_.; -l:: .
' 'w‘ﬁﬂ,‘&m——;mm___'_km'm_m___A___ _— . .o . . -
- S| _J‘ .
¢ -60- - . :
1 . ) _ < ) -
= . t, .
: ' '. , ' ' M
s —\ o . A - . , .
b ’ . : !
o +, R("lz’ ) t RGxppe¥yp) * R(xlz’yél) * R(xl2’ 22 |
: s o | - .
) e
* R(" 21, 11) + Ry 1’3'12) Ry R(x35¥5,) + R(le’ 220 L
- * R(1p01f )t 1:‘(122’3"3.2) *R(1,55¥5y) *R(A,5,1550 - A
. I
-  we have from (8) __above'tha"f&f_ : f - .
R e Loy o - D | .. ' ,
g : y = -3—~T(y)‘1 + Vg5 ' Vg € JO . o ' ‘ L '
i) ' ' 7._' : 1 " ; ! . ‘
Therefore, R(lll,’ylg)‘- R(1,,,(53 T(y)1 + yo)y5) = . o
4 . . _ 1 I ) ) = ' -\ i '
' -1 X ' ' | '."-3 .
two element3 one in Sl and tﬂe other in the copies of J:0 v .o
“in S. From the table 6, T _ _ ,
: ' ) (T(a,xxy) (xxy)xb) .
ZR(x y = ‘ = - .
12:¥12 exxy 0 L




have the equation (7) above that

-~
-

_ ‘1 0 y E 1, - SO
(R(3(xg) 15510705 RG5(¥Y) 12015007 =

R((x Yonsloa)). That is, R((x

0¥0 12°721"

L]

“ . .- ot . ’ 3 o
By.(S) above, R(xlz,yél) =_R§(% T(x)l+x0)12;(%-T(y’)l+yb)21)

1 | ot :
?(R((xo)lzacyo)?l) -

-~

)

12,(y0

21) =

2IR(H(xg) 1551010 » ROEFE) 1050500 + RU(GxgTE 105105

= 370 Rl G LY 5) + R(Gg) 15 (G TR 1),

-

..\ - = /‘ | , l - };/“:
& - 4 >  ﬂ
.ot ‘.".
N " -61- N
i
!
Lo
, P o |
) T(a, (x+y) ) (x+y)7xb T(a,x#) <Fxb ;]
N i . . . ._) - ( . -
B(x+y) . oy o) F
o : I & ¥ ’ }
no. ‘ . o — By 0 N 2
L . T A
. ‘ ”?A
= zR( (x+y)2l, ) + ZR(x2l’ 11) + ZR(yEl’ 11) . %
.)‘. ) \" .
Thﬁs, R(xlé;yIEj can be written as a sum oﬁ.elémgnts'in .
: .Sl and copies. of J, in S. Similarly, R(xal’ygl) We I
. . .
Al : }
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N Ld -
‘ ) . . _.- 1 ' 1 | R - ( '
o - ¥ 3 Ty )R((xo)lz, ) + R((x )12,(y6)21).. This shows xhatk\\*\;’
. . | ) |
- R(xla,yzl) can be writken as a sum of elements in sl,
§0pig§ of JO in S . and I$Lp3 . Since R(AEI,ylz) = \
= prlé,xél) + fxéi’y1é>U3 'by 2.2(6).of’Chapter II, we have;
.';.\- .. ..' . \
the same conclusion for R(le,ylg) as. for R(xlz,yzl) “Thus
“we see that for each i, R(xi,yi) can be written as the direct
. B : v 1
~ . v, o ’
sum of Sl, the vector spaée generated by the cdpies*of’Jo
- . ~—
. . in S, i.e. Im ¢ and Tm ¢, and hence z R(x ,¥.) e D. It
2 i 3 i i i
..'P": | \ : .- . "‘. N
I 1s 2 direct.sum because S;'n Im ¢, n Im ¢ = {0}.- | .
o= i . - R '\1 ! ’ B . N ‘ R -
' F E - T . . . * .. N . <.
| ‘ 7N v
S S : .
. : : . N . _ . ” '
S SiemeeTmegms.. I
: R <« A
: A simllar argument shows that’ e
- - - 4
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- . S
Sl @ In ¢2_e cent Sl S, because

1 - . . '

(R(x (x ) Y, R(5(y) 1,.)) ¢ cent S... Thus
>1 2 2°72 i ‘ .

0/12°%217 > 0’12°1: 41 |

Im ¢3 = cent Sl' That is, ¢3 is surjective.

- ¢3 preserves Lie products: ' .
. . . . . - Y
v A
CLet A= [R(Ex,,1.0), Ry, .11, xuy € 7
. o 2 M1277217 0707 Va0 dny Ml xS 0.
and B = ER(i x.,1..) R(£ ¥i..: .03, x° y' e J. .
_ 2 Tla*T21l7 2 Yip2ToylH 2 . 0 -
‘—1 a ‘ N . .‘ ‘ .
/ . For z = (g ‘ B) .e‘,‘ M, | o -
z[A,B] = zAB - zRBRA
_ .0 a _ (9 ay.
f.(b.~ )D ,Y (b O)Dx':y'A
.0 & 0 ay. .
= 09 X,y x',y - & o x',7'Px,y

D_yed

a. -
0) [Dx,y’ x'y

?hen by def?nitign, [Dx,y’nf‘,y']¢3 = [A,B] =

S
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1

= [IRG =025, RGE 1

o .
1a7) EVTEITRRE [R(z 12’ 2175R(3 ¥15515,)1]

= (D, )85, (

xt,y) 03 . -

This proves that ¢, is an isomorphism:” .
RS \ .

-

o Before ending this section we shall see how the cent N

acts on the copies of JO in §. The copies of JO are given

-

in §1.2 of this chapter. TUsing equation (6) of this section

T(a,x)y-T(a;&)x+(axx)xy

2[R ),R( )1 = « e
ZIR(Xq451,07),R(¥ 551 = . .
- 127721731222 T(b x)y-T(b,y)x\"‘ 0
: (bxx)xy-(bxy)”x E
X, ¥ € JO’ zZ = (g 2) e M .
) . 0 T(z, x)y-T(z,y)x+(zxx)xy
. | | — T ) |
zlz[R(xlzglal),R(ylz,lzl)].= ( B .0 o)
" | :

ilies in (_TO)12 For,




%

™ YOS (AT Y

) . . .. ~ Yo, .
e e —— - Y
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Ty -

"L P(zxx,y) = th,xxy)'

’
/

2o LR(xy 55157 )5R(¥; 5515900 =

. . -

Sim;larly lies in (JO)21 .

Y

In the same way, Elgfﬁ(x

respectively.

-~

T(T(2,%)y-T(2,y)x+(zxx) xy-(2xy ) xx)

o T(z, )T (x)~T(zxx,y)+T(zxy,x) =

(
T(z x)y-T(a,y)x+ | 0

12? 21

)] lie in fJ )

= T(z,x)T(y)
= T(z,yxx)].
o g

(zxx)xv-CZXy)Xx

)sR(¥15515,)] and

and (J0)2l

-~

Using the equation (7) of this section,

‘[R(z Y, [R(x

12? 22

2 ([R(z

EIEPIREIASAPLEPTRRE

= 2(R(z1

12’

2R(x

12°70175159) + R(z

/

J

[R(212:l22):R((XY)12:121)]?

2R (

1221 x12=V21)) }

o
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SRR O, -

| ' _66~
N
B ) -
@ : | o . -
¥ : . \
s 2(3('-{-zyx}12,122)‘:- R(-{21(xy)};5,1,,)) |
! - - . .- o R \
= 23((‘{21(3:?)} - {zyx},)-12’122) lies in.R((JO)'la,lz'z).
For, T({zl(xy)} - {2yx}) = T(2z(xy)-T(z,x)y-T(z,y)x +
- . \
+ (zxx)xy) = 2T(z(xy)) - T(zxx ,y) = 2T(z,xy)-T(z,xxy) .
= 2T(z,xy) - T(z,2xy - T(xy)) = 0 -
7 | .
1 /\ We use, T(x,y) = T(xy),. xxy = 2xy = T(xy). .
. . _

[R(2515111)5 [ROxp55150)5R (¥ 5515;)]]

-

2(IR(z2975 15705 Rlxyo9)7 = [R(250,005)5 R 550, 7)

—

- ~

+ 1 R
2(R(21R((x 5, ¥51)5197) + R(Z,1510 R(Gpp5 ¥,00))

L

fl
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§

n

2(R(LszylazTCx,yl121,1111 + RCZZl,-T(x,ylllll

——

= R(U2Gy) 1) zT(xY))el, 12) - Rlzpp,-T(xy)1,))

)) lies in R((J.)

0’21° 11)

2(R(({zxy}—{z(xy)l})21,lrl

.because T({zxy} {z(xy)l}) a2s in the preceding case.

122¥2103 -

E(ER(Z R(x

12’ 21)

~

2(R<-{zyx}12,121) + R(2) 5, (1153 3-T(x,¥)) ;)

- R(={210x9)}5,151) = Rlzy o, (T (x5)11-1T(xy)) 1))

'2(R(({zl{xy}—{zyx})lg,lzl) f}i-{lxy} = 2xy) _

iies in 3((J0)12 21) for T({zltxy)}-{zyx}) =

'Thus,‘the Lie product & cent Sl with the copies of J. in

0

[R(lea*gl) R((xy)laj'lzl):[) '

i
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S is an elemgnt‘in the copies o; JO'. (We use 2155 321’

of Jy}. That is, ‘the behavior of cent 31 in S is same as
that of Der J in L.

2.3 Isomorphism between I, and S.

et us define & map ¢: L + S such that

-

o1 when ¢ acts onDer C, o

-t ¢ =1 ¢,, when ¢ acts onC, s J

0 0’

2 ‘when ¢ acts onDer J ).

Der C and Der J are Lie algebras

. Therefore, ¢ is an isomorphism if the restrictions of ¢

on Der C and Der J are isomorphisms and the restriction of -

¢ on Co'a JO is biJectivé and preservgs Lie produqts.
¢, and ¢35 the restrictions of ¢ on Der ¢ and Der J, respec-

tively, are lsomorphisms as ﬁe have already proved. p, 1s

2

injective and surjective implies that the restriction or
. ® "

Q_//
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3. .
4 1

¢ on Cy ® J, 1s.injective and surjective. Therefore, the
~

‘only'thing left to prove & is an isomorphism is that_thg.

restriction'of $ on C

-

this we shall write ¢ for the res?riCuions of

0 ® J preserves Lie products.  To do

$ to C0 ® Jq> Der c, or Der I .

N

To show that ¢ preserves Lie producté we sha;ﬁ compute

every possible Lie preduct in Der C-module in L and:,

and check that ¢ preserves ‘the products.

. From [1], page 22,

1 *
12 £1,85 1 fi*g,.® x*y
;

-

‘:(fl:gzj ERx:Ry]: X, ¥y € J

.

o -

R G
'“?f'_'T?'T(#?)D

- 1
flsgz + (f132 - ET(flgz)) @ x%y

el 1
T+ F IR R

.,



A1

R

AR YT o oy v 1 v v e n e

- T GO IR AT
oy e ";’"' AT,

L

70w
= Lotxy)b. . (o fpmo, (£.,8.) = 20t ME)
_ i3 f182 . .182 ) 1352 '2' 1332
¥ : . Lo
.- = %T(f19_32)
_7. _ . l RS
e (Lotxe - L
\ X . i o v
B . _ l 1 .
~_.
= %yleR(%xié;lll) (ffoﬁf2.2(7) of . *
-. - chapter 2) R
\ .
l .
- §T(y,x) 0 : | .
| o o) (
~ ' . l ’ N
* _ 1 ,
= TQ-T(?CY)(f3111)-
‘We use T(x,y) = T(xy) :. :Fér;
x#.= x2 - T(x)x_+bs(x)l' (Eq. 3.2(12) of chapter 1)

N
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[14

‘i_n‘ T(xxy) = 2T(xy) + 3T (xxy)

~ Thus, [£,0x, g,0y16 = [(£,8x)¢, (5,87)¢]

ﬂ . Similarly, we compute

Linearizing this we get

xxy = 2xy - T(x)y - T(y)x + T(xxy)l

Ay
h

= 2xy + T(xxy)l ] | (‘

\‘ .
. -
) .

el 2M(xg) = 20(xy) (?T?—T(xxy) = “T(x,y)
. 1.e. T(x,y) = T(xy) “‘\\ . for x,y ¢« JO) .
\ - - : )
o &

-

N

R
.[flax, g3sy] = 12T(hy)DfT,g3

<o [fqex, s3®y]¢ = (f%T(xy)Dfl,g3)¢ = f%é(xy)(3lll)

1.
117> 3%121

[(£10x)0, (8309)0] = [R(Zxy,1

1, =l .
(= 3¥1R(5%15111))

Faud

| - = FLyL

: o 0 0 (;\
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et s oo e adt st S kS KL A

U
..Efgsx, g,0y1¢ = (5T(xy)Ds

. oT2-

./'_.

.—. . 1 . bl .

hd I

- B P
2’EI)¢ _"ﬁT(xy)B.]?e -

L2952, (8199781 = [3%p75 R(371551p5)]

ol ol -
(%51 R(5¥125155))

0 o\~ . -
= = 7T(xy)1l5,

0 %T(x,YJ

T(xy) (31,,)

[£,0%, g39516 = (5T(xy)Dy , )9 = 5T(xy)(38)

T2:83

}

[£,9%)0, (859)¢] = [3%,0, 39,,] = 3

1 -
5%X5123¥127U

21° 2

o

FT(y, %8 = ST(xy) (38).

o

-

&



Voo A = R
S . =0 ‘_73_~
: s N | |
E " [f.ex g, 8y e =\;(-LT(;cy)£) )6 = 2T(xy)(31..)
S '
t: , ~ R \ -.' * ‘ ‘ l ‘ l‘ .
4 , '
' B _ 1 o1 et
' = 3%y RF¥ppelp)
— \ ) .
i ,
L P D LN .
3 y . . {l - = Té’T(xy)(3122) \ ’
:1 \f_ . | . ‘ .,
; . = (% 1 -
- [fyex, gooyle = (gT(;cy)ng’ge)qa = 75T (xy)(-3u)
| [(£20x)¢, (g.09)6] = ple  _ L, 1
| 3 {8258 = Igmgys - 31,0
| ’ > N 1 '
: BRI - 4 T te %TT(Y”‘)“
_/lT( -
=37 xy)(-3u) .
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%
1
]

We also have ’
| = L kD ek £%0. . xE
LEoxs T991= 73 <X¥2Dp o) * £17 500 X0y
F- . . N -
. - . \ ’ * I ' N 1' .
o . | . . . —‘(fl:fg)ERx:Ry] § i
T et s e Ioie) o xty + Mtesin.
= == ; . - ¥y 4§ =
E‘ \ !f/ \ ’ . ‘ )
l ]
= o + ax*
| ,:'f 12T(xy)De2,33 g3 x‘ N
k A ‘ i - . S
—_— r = (o .+ . . * S
.  ;[flsx, foeyle = ( 12T(xy)ne2,g3)¢ + (53°$‘3)¢'
+ . _ 1 > 1 sy~
’E = - Tyl + xR,
_' A AN L. = (- ".lefr(xy) + *y)‘)112
: = %(xy - %-T(xy)ll2
= %—xxy 112. (. xxy = 2xy - T(xy))
| )
i ) l " l~
‘ [(fIGJC) b, (f2@Y) ¢ = [R(‘Z—x?_l? lll) 3 '2-y21]
sl med -
= = R (GRpy61gy )
R /




B 111 2 |

. -
va
- ‘ ) .

e

Wé use D = —D‘ R (from table 2) .
. . ?l,fa e2,$3 ‘ .
T(flfz) = T(gs) =0 ..
) - ™
Similarliy,
[£10x, fhoyle = (lawcxy)nfl\,%m - (gyox*y)9
]
= (ST(xy)D, )6 - (g,9x*y)e
12 Pe,,8," " Bo8%X7Y
oL _ Loox

= (- BTG+ FE,

- :L =‘1(xy - ;T(xy))l = nxxyllz _

o on—— ‘ P
-
_?5— ]
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3
N
AN
i
|
: Ta
|‘ A )
3 L' 4 .
.
! .
LY .
i ;
§
i ‘
~ =
1 : .
bo : . -
L4
o
v Q
.
N
N |
-
tut
L. s

[ (s eiTE?‘ff‘wy)¢J

n

tredx 21011 1)’ Fal

- _ Ll ol . o _
= = 3V R(5%57,514;5) LT -
= ° I = %xxylle ' :_
0 . 0 o
[£,x, £30716 = (f%ﬁ(xy)nfa,f3)¢ + (8,9x%y)¢ e
‘ . P | | -
; ( ’IQT(xy)Dea,gl)d: + (gy9x*y)¢ .
Ll =-iT.(x JR(1,n,10.) + R(Z(x* . |
137 (¥ IR(1a55145 (FO*)g0e100) =0
- N ' > |
.; Néw:fbr.-g' (a 2) €M, |
R - 0 | a.
z([fyex, £3oy]9) = T(xy) ( - )
ceo ST TR 3 T(a)-a - T(b)
A
ax¥*y
. axx¥y 'T(b,x*y)) :
N 5 . : ) . " ' T
e UL _ a{xy.— -—T(xy))
" ' 1. S T(b xy) ’
y - 3T(a)T(xy)= FEaT(xy) - - g
) LS S - gTGb)T(xy)
- .' L, . ! '
' . '_f; - ot .
" i . .
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£
o
R 3 | 1, 1
= T I - .
o |
i ‘
@ | 1 1.
| = -zR(3¥515 F¥oq)
f -0 - a-%xxy
; . - h)‘..
- T - 1.1
; iyaﬁx} _ .
" - E-T(a,x)y < o -
h ‘ - ET(a,y)x
0. XXy
— 1 N
¥ ax(xxy)  T(b,xxy
a x (xxy) = 2a x xy - axqﬁxy) = 2a x xy - T(a)T(xy)
{
+ aT(xy), T(b,xxy) = T(b,2xy-T(xy)), ~ .
b4
= 2T7(b,xy)} - T(b)T{(xy). .
‘~. Thus, [fpex, f£3oy)¢ = (£ 8x)¢, (f3@y)¢l' '
N ' ' - . - - .
- - . - ’ o — @’ . '\ | | ' .
. - ‘
. . _ N . /,r -
i T
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;Slfx’. glaey‘.];p; = (ET(xy)Dgl,s2)¢ +\ (f3ax*y)§j
AR ‘.\':,( lT " . . ' |

-~

- TRy + G I
= (F(x*y) - HTlxy)I,,
= %‘-(xy —‘%—T(ky));l«?l. =“-Jh=xxy 121 .

-

7-:E(si@x)¢;‘lsgﬂy)éj [R(%xlz,lzg), S'%ylgl

-

1 1
3V 1R(5%,551,5)

= 31 0 Oy _ 1. .

- .
Eglax,.s3@y3? '\(1§T(x3)Dsl,g3)¢ - (feexxy)?

(E%Tc:cy)n;l,fa)cp - (£,8%%y)

. N . - =~
L A i

- L oGyl <Y '
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B
X n'l-. _ \
A: \
o = -—(?-T(xy) - xy)121 . > )
f‘jx, '
L u _ = - %‘-xxylal
| ' e
. ! N '
I..-" ) ‘\‘. . /'
== 3¥{oR(Ex,,,1,,0)"
r ‘ 2y12 X103t02
- “ - . N v vr"
' , .- . 1,0 0. 1=
. S == Flyen )7 = - FVLy |
1 L 1 ' ‘
; [epex, 830710 = (iim(xy)nsgss3)¢ + (£1ox%y)¢
= (< 35T(x¥)D, ¢ )¢ + (£yex¥y)e
l 1
_ 2+
i ; _ 1
' Z([gasx: 83337]4)) = _ET(xy)(ZR(lll,lzl))
Gx*g) . 1.0) .
2 X %0100
~
Nl
) %
q. - ’ ‘ |
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- ’ . A - -
i i ) (—T(a) —T(b)+b ‘
- = - =3T(x : ' :
- 12 o - .
‘ . -T'.(a,.x-*ﬂ ~bx(x¥*y)
+ L ( as )
2 " -pxty
. - “
1'
~bxxy+3T(b)T(xy)
" —%bT(xy)
0
2l(g9x)8, (8307081 = 2[- 3xy5. 3¥35] %
: ' _ 1 1
: - = ZR(= %55 F¥12)
= %T(a,xxy) f%T(b,y)x-%T(b,X)y
T T R {%—xb%—y}
. s :_f.
/\

:.,1 - T'(&,XXYJ -bx(xxy)
( ‘ )
T _
- =Bxxy 0

.
r:
& -
L
]
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\ 1’4

This is similar to [fzsx; f3ay]¢ = t(fesx)¢, (£f.87)91]
1 In order to compute [flax; gleyﬁ, [fyex, g,ey] and

n{f3sx, gssy] we needrto‘know (D Yo, (D

d
1'381 fzsga)q’ ans
(Df . )¢ . But we already know that (D )@-5 R(1,1).
3:33 : 7 . 1381 _ _
We shall show below that (Dfa’g2)¢ = + R(liz;lél) and |
. ~ .- - . ! .
;(Df3,83) - RQ 2101120+ o ‘

~5 !

—

It can be easily verified from table 2 that

"D D 1=0D and [D, D 1=0D .
. el,_fl’. 82382 f2’82 l’f3’ 92:83 3:53 ‘
Therefore, (D Y6 = [D, 5D 1o =

% 2282

e-55°7e5,8,

<~ T, ), (D. . )¢ \
155, €8,
= [31,-20,0 = ~R(-1p5,17) = R(1p5,1,) (by 2.2(7) of

chaptér 2) (D )¢ = b, ,D J¢ = ¢,D )o]
' 3:53 . l’f3 92383 : el’ 92333 -
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Thus, ¢ preserves Lie products when it 1s restricted

in-c0 ®J, . So, we have proved that the restrictions

of ¢ to Der C and Der J-are isomorphisms and that the restric-

tion of ¢ to_C0 ® JO is biljective and preserves Lie products.
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2.4 Conclusion: T " . _ l
) "Both Tits énd Faulkner have given constructions of
'.‘ex_cep"ciorial Lie algebras from an arbltrary Jordan algebra )
of degree 3 (in the case of Tits' construction an arbitrary
octonlon algebra enters into the construction). We have pro- |
vided an explicit isomorphism between L{C,J) of Tits (C the !
split ocuonions) and S(J R(J)) of Faulkner which deoends :
- only on Jf o -
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