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Abstract

Stability and efficiency (i.e. derivative function evaluations per processor) are the two main
considerations in deriving good numerical methods for ODE’s. The underlying challenge is to
increase the stability region while maintaining or even improving efficiency. To achieve this,
some extensions of predictor-corrector based methods, which apply a fixed number of corrector

iterations, are considered.

This thesis studies two particular members of a family of methods called the Paraliel Block
Predictor-Corrector Family, which are based on these extensions. These two members are cailed
PBPC/2 and PBPC/3. They are characterized by iterated corrector evaluations carried out in two
adjacent blocks. Stability properties of these methods are analyzed and compared with some
existing block-based parallel predictor-corrector methods. Performance of the PBPC/2 and
PBPC/3 methods and these existing block-based parallel predictor-corrector methods is compared
using solution formulas which extend over a range of integration orders and which use various
number of processors. The results obtained from a stability analysis and from a collection of
numerical experiments indicate that the proposed methods provide a potential opportunity to

balance stability properties and efficiency in the parallel computer systems.
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1. Introduction
1.1 Review of Previous Work

We are interested in investigating parallel numerical methods for solving the system of
ordinary differential equations (ode’s)

y{ty) =¥,

d
EJL; (£, y(£)), tyststg (1.1)

vy, feR"

Such systems of equations occur frequently in a wide variety of fields. The development of
efficient means for their solution has grown in importance with the increasing use of simulation
as a problem solving tool. Furthermore the increasing use of multiprocessor systems has
established a pressing need for effective methods that properly exploit the computational power
of such systems.

Approaches for achieving parallelism in the ode problem fall into two broad categories;
namely, the equation segmentation approach (sometimes referred to as parallelism across the
system) and the parallel algorithm approach (sometimes referred to as parallelism across the
method). In the former case, the given system of ode’s is separated into constituent parts and
these are allocated to the available processors where conventional ode solution procedures are
applied (e.g. Runge-Kutta, or linear multistep). If the number of equations is large, this approach
provides a excellent opportunity of parallelism, as long as the computation load can be well
balanced across processors. Existing methods in this category are more or less based on the idea
of independent integration [1,2]. With independent integration, subsets of equations are integrated
independently of one another, with the stepsize and error control of each subset determined
locally. The fundamental shortcoming of this kind of approach is the inherent problem of how
to carry out the equation separation in a way which equalizes the workload among the available
processors, Therefore, the approach is likely to be efficient only when the system has a regular
structure such as that which arises from the decomposition of a partial differential equation. In
addition, however, significant inter-processor communication problems may be arise.
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In the parallel algorithm approach, each processor deals with all equations and parallelism is
achieved at the algorithmic level. This approach provides the potential for only a small degree
of paralielism, but an outstanding advantage of this approach is its total circumvention of the
decomposition problem. Although inter-processor communication problems do arise, these are
relatively easy to deal with. In this thesis, our investigation concentrates on this second approach.

The most often proposed methods in the parallel algorithm approach are block-based parallel
predictor-corrector methods. With methods of this category, the solution axis; i.e., the t-axis, 18
divided into a series of adjacent blocks each containing a fixed number of equally spaced points
(ie., s points). Each "step” of the procedure generates a solution value at each of the s points
within a block. To achieve this, one of the N available processors is allocated to each point in
a block in order to (simultaneously) carry out the necessary computation. Thus all s points in a
block can be regarded as being simultaneously "active”. The nature of the computation
corresponds either to a predictor or to a cosrector computation.

Each step of the procedure outlined above generally take place over a sequence of computation
periods each of which consumes a fixed amount of (real) time. Each such period is identified
with an evaluation, by each processor, of the derivative function, f, in (1.1). The number of such
computation periods that occurs during a step is referred to as the number of stages of the
method.

The block-based parallel predictor-corrector methods can be formulated from any appropriate
class of discrete methods such as Linear muitistep, Runge-Kutta, or Multivalue methods and can
be used in the solution of non-stiff or stiff equations depending on the nature of the iteration.
Since our study in this thesis focuses on the investigation of non-stiff methods, our review of
previous research in this section will concentrate on such methods.

We classify the block-based parallel predictor-corrector methods into two families called the
Block Predictor-Corrector (BPC) family and the Parallel Block Predictor-Corrector (PBPC)
family, respectively. The characteristic feature of the BPC family is that all available processors
(N) are assigned to a single block; hence s=N. This, in effect, implies that all processors carry
out a generic sequence of computations in a synchronous manner and there is no workioad
balancing problem to deal with.



Block-Based Poraliol

Comector Methods

Meathods

Comector Mathods

Precictor-Comacior
Methods
Bock Predictor- Poraliel Block
Comactor Formnlly Predictor-Corector
{BPC) (PBPC)
Nor-lterated terated Comector Non-Herated od Co

Mathods

Fig. 1.1

The Classification of Block-Based
Parallel Predictor-Corrector Methods

The distinctive feature of the PBPC family is that the N available processors are distributed
over multiple adjacent blocks; hence N=us for some integer value u>1. This, in particular, implies
that multiple blocks are “active" during any computation period. Though a common computation
takes place for all points within a given block, it is not essential that this computation be
identical over all active blocks. However, from the point of view of ensuring that all processors
are always "productive” it is important to avoid dissimilar computations within the active blocks.

For each family, we consider two groups of methods; namely, non-iterated corrector methods;
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i.e., those methods for which the corrector is only applied once and iterated corrector methods

which are those methods where the corrector is applied more than once. Fig. 1.1 shows this
classification.

Moulton [3,4] was probably the first investigator to discuss block methods. Milne [5] also
proposed a method that generates four new values in a single step to serve as the starter for a
multistep method. Rosser [6] extended this idea with the intent of making Runge-Kutta schemes
more efficient. He gives methods for block sizes up to eight. A typical 4-point block formula,
as produced by Rosser, is given by (note that in the intevests of notational simplicity and with
no loss of generality, we consider only a single equation throughout our presentation):

o 1 -
Ymﬁ Va3l |1
- ] _'3_
Voos| Pm3l |4
‘P, L E 2] frs) (1.2.a)
yos| [ ™% 4 ¢
¢ 1
o | ez |
| Ynar § * 4. | 4.
ol 1 | 28] (128 48 128 28 |[f[em ]
Vo 2\ Vae2 90 50 90 90 90 ||'m%
me1 27 02 72 42 _ 3 |\pem
Yoo| P3| n|®0 |, ,m|80 B 8O 80 L8 1.2.b)
wy | Wpo2| 420|754 |124 24 4 1 ||a -
Vnel ‘ 50 50 90 90 90 |[|"m2
1 Lym% 215 646 _264 106 _ 18 || .m
RE © |720] 720 720 720 720 [ £ra

where m is an iteration indictor (m=0,1,2,..). Rosser considered the solution values ¥..;, Yz
Yargia» Yas7 @S the internal stage values of a Runge-Kutta method with stepsize H. However, it
should be noted that each of these values can be regarded as a valid solution point. Tam [12]
has stated that since the above stage values can be computed at the same time by a group of four
processors the number of function evaluations per step is lower than that of a Runge-Kutta
method with the comparable order. Note also that Rosser’s approach in (1.2) can be viewed as
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a member of the BPC family as shown in Fig. 1.1. It has a first order predictor and multiple
corrector iterations.

Shampine and Watts [7,8] and Worland [9] studied the BPC family and suggested new
formulas where the predictor and the corrector have the same order. An example of a 4™ order
formula is given by:

1 1 1][y 79 72 291[fF
vEl 13 3 3|10° 6 6 6 fn

= L |+H N 1.3.a
S R | 1 RPN | o I

" 3 3 3] [Yn- 3 3 £ros]
_j."_ i ._:L. f:fo-z
Vasz| |V 6 6 6
2\ e £r, (1.3.b)
yn+1 yn -—_1.. .ﬁ _5_
6 6 64! F

The method proposed by Shampine and Watts can be written in the following general form
Y.P = AP Y, + H B* F(Y,) (1.4.a)
Y, = A° Y, + H B F(Y") + H B," F(Y,) (1.4.b)

where s is the number of points in any block, Y,=(Y,is Yarsts - » Vo) s Youp 371,255, denotes
the generated solution value at to; Yo=(Yo Ynr Ya2r o » Yos)' » Yap J=0,1,2,...8, denotes the
generated solution at t=t, ;; AP,BP and B, are s x (s+1) matrices, A° is an s x (s+1) matrix whose
entries in the first column are set to 1 and all others are 0. B,® is an s x s matrix.

The method of Shampine and Watts as presented in [7,8] is called the "equal weight predictor”
BPC method by Birta and Abou-Rabia [10] since all entries in AP are equal (the common value
is 1/(s+1)). They proposed an improvement to the method by modifying the predictor formula
in a "Null Weight" fashion and referred to it as the NWP/BPC method. More specifically, the
entries in the first column of the matrix AP in (1.4) are set to 1, and all others are 0 (i.e., AP=A").
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This modification enlarges the stability interval of the method, where the stability interval is the
interval on the real axis extending from the origin to the point of intersection of the real axis with
the stability region.

Chu and Hamilton [11] also introduced some BPC methods. An example of one of their
methods is :

Yoez| |~®6 ~®s}| | ¥n +"°"4 l-a,+0s+&g| |Vnp
y R, | [ 7%3 2] |Yn-g| 701 1S & 4&5) [ Vno
L H 225+a,+9a, -325-5a,+8a,+27a,| | £,
96| 64+a,+90, -32-5a,+8a,+27&, | (L,
L H 275+19a,+32¢,+27a, -55+9¢,+8a +90%s| |y,
96| 64+19a,+32a,+274a, Sua,+8a,+3a, £
Vaiz| |-€2 1+e3| | ¥, | g |9tez 27-5a; fE.| g |27+19a; 9+3a; [fn]
= + +—
Vo] |- 1+ai] Vo1l 96| @i 8-5a; |l£R;| 96[32+195¢] 8+9a; fpa

where o, = -1.23, 0, = -0.463, @, = -0.0277, ¢, = -1.33, 5 = -0.77212, &t = -0.37, &',=-1.01,
and o, = -0.0452. This is a fourth order method.

To improve stability properties, Tam [12] constructed a BPC class of methods that have a
predictor order of s and a corrector order of s+1. The order of method is s+1. The stability region
of this class of methods does not decrease as s increases. For example, the case for s=2 is:

b b
2+ = -1+=
Viz| [1-b b] | ¥a o 2 2 || £a
yn‘il l-a a Ya- _E.+E. —i-}-.é_ fn—l
4 4 4 4



2 .50 0 b
Yne2| [1-B* b‘] Yol,, | 18 72 foa
Yua| (1-@° @%] Yo 0 _S,_i... fnpﬂ
24 24

5.7 2,2

__+_b¢ __+__b‘

§ 24 9 9 £,

Hl, o 1,5 £
—+—a* -—+Z a1 a1
3 3 24 24

where a, b, a", b" are free parameters. The specification of these free parameters is subject to the

following "stability condition":

$(® =(e-( L2, a2 (1.6)

The specification in (1.6) is the stability polynomial of this method. Its form implies that the
stability region of the method is defined by I(AH)Y/2 + (AH) +11 < 1 and hence is a unit circle

centered at (-1,0).

The general form of (1.6) is

90 =(e-( 2 amy e @

From this it is clear that the stability polynomial is a perfect power and the stability region does

not shrink as s (and hence, order), increases.

Unfortunately, because of very large error coefficients, this class of methods performs poorly

when the order of the method is greater than four.

Another popular class of BPC methods uses the Euler formula as the predictor and applies a
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number of corrector iterations using a relatively high order Runge-Kutta corrector formula. This
approach is usnally called the Parallel Iterated Runge-Kutta (PIRK) method. Much work with
methods of this class has been reported by Van Der Houwen and Sommeijer {13,14,15]. The
Runge-Kutta corrector for the m™ iteration has the following form:

Y,™ = AY, + HB,F(Y,™") + HB,F(Y,) (1.8)

Here A, B,, B, are s x s matrices, Y, is as defined earlier (see following (1.4)), and Y=(¥yYa1
Yaeer) - (Note that the size of Y, here is different from that in (1.4)). Note also that the scope
of the methods encompassed by (1.8) can be significantly extended by taking the size of Y, (the
number of previous solution values that are used) to be k where k is a parameter.

The PBPC approach was originally proposed by Miranker and Liniger [21] (see Fig. 1.1). In
that presentation, second third and fourth order parallel predictor-corrector methods were given
for the two processor case. An example of a fourth order formula is:

y,,‘il=y,,-l+g (8EP-5F_ +4f, ,-F, 5)

yn=yn_1+““2% (9£7+19 £, =5F, ,+ )

The essential feature of the approach is that the available processors are separated into two
equal groups, one of which carries out predictor computations while the other carries out
corrector computations. These computations take place in adjacent blocks. The predictor and
corrector computations move forward along the solution axis in unison and hence the approach
is sometimes referred to as a "frontal”" method.

Further work with this approach was carried out by Krosel and Milner [22] who presented
second order formulas for two, four and eight processor cases. Katz, Franklin and Sen [23]
examined this approach in the context of correctors which have a higher order than predictors.
Abou-Rabia, Birta and Chen [24] extended the method of Miranker and Liniger to larger values
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of s (number of points in any block) and also considered higher values of integration order, r.

The formulas investigated in [24] have the form:

I
VR =VnotHY BEE (Vo ropy) s fOr i=1,2,..,8
F=1

r
YHc;i-(s—1) =yn—s+HE B ijf(yn*i-(a-;)-(r—j)) for i=0,1,.., (s~1)
J=1

These formulas can be rewritten in the following more general form:

yP=APy_ +HBFF(Yy) +HBFF(Y,: (1.9.a)

Y =A CY_ +HB,"F (Y} +HB, F(Y_,) (1.9.D)

where Y =(¥o. P YuesfoosYaet) " » Yo 18 an s-vector with Yo=(Yp¥pismnsYasr) s Y. 15 @ k-vector
With Y, =(Vasr YastrerYasket) - AP and A° are matrices of size s x k; BP, and Bf, are matrices of
size s x 5; BP, and B®, are matrices of size s x k.

The relationships in (1.9) can be written as:

Ylp 0 A p Yop Blp .sz
0 AS|Y, B BS

[F< &)

Yo F(Y,)

Let



10

=Y, YT, Yo=(YS, v )T

then we have:

Y, =AY, +HBF(Y,) {1.10)

1t should be noted that if N=2s processors are available, there is only one function evaluation
per processor per step in the solution procedure represented by (1.10). This feature enhances the
efficiency of the approach. However the requirement of computing the predicted solution values
in block (n+1) and the corrected solution values in block n at the same time indicates that the
predictor values in block (n+1) must be computed from predicted values in block n (rather than
from corrected values). This delay of information usage restricts the stability region of the
method. Therefore, the method of (1.10) has a relatively small stability region in comparison with
members of the BPC family [30,31]. A comparison of the stability behaviour of some members
of the BPC family with some special members of (1.10) can be found in [24].

All of the methods mentioned above can be represented in a more general model called
Butcher’s explicit linear model [12,17,18]. This model encompasses many sequential and parallel
ode methods and consequently has broad applicability. Some analysis of the features of this
model with respect to stability properties and local error can be found in [19,20,29}.

As Burrage [25] has pointed out, the standard parallel approaches, as outlined above, have
relatively small stability regions unless a large number of corrector iterations are applied. But a
large number of corrector iterations implies an increase in the number of function evaluations
which, in turn, means a loss in efficiency. Thus, the underlying challenge in generating an
efficient parallel methods is how to achieve efficiency without a sacrifice in stability properties.

1.2 The Main Contributions of the Thesis

In this thesis, we first examine a particular member of the BPC family. This member is the
one referred to as the Null-Weight-Predictor (NWP) in [10]. Its stability properties are
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investigated when the r.umber of corrector iteration are increased beyond one; i.e. for a P(EC)"E
format. This investigation shows that the stability behaviour, for m=1 and the integration order
r sufficiently high (e.g. r26) is superior to the Adams Bashforth/Adams Moulton (ABAM)
method. (Note that the ABAM method is the special case of the NWEP/BPC method which
corresponds to s=1; i.e., the single processor case). Furthermore, it is shown that the stability
bound will increase as m increases up to a limiting value which is dependent on r. This feature
provides an opportunity to improve the stability properties of those parallel methods whose
formulation is based on the linear multi-step methods by applying a fixed number (>1) of
corrector iterations.

To deal with the problem of inefficiency which results from an increases of the number of
corrector iterations, we also investigate the Parallel Block Predictor-Corrector (PBPC) family. In
particular, we extend the Parallei Predictor-Corrector (PPC) method described in [24] by
incorporating more than one corrector iteration. This, in particular, implies a situation where a
corrector iteration simultaneously take place in two adjacent blocks. The methods of this category
which we investigate are designated by the notation PBPC/M where M represents the number of
function evaluations per processor per step. A simple relationship between M and the number of
corrector iteration is formulated. We consider only the cases where M=2 or 3. Also we restrict
our attention to the case where only two blocks are simultaneously active.

An analysis of the stability properties of these PBPC methods is carried out and the stability
properties are compared with those of NWP/BPC methods as described in (10,24]. The
performance of these methods is examined in the context of experiments with a set of test
problems, These experiments extend over a sequence of formulas of increasing order used with
various numbers of processors. The impact of varying the desired level of solution accuracy is
also investigated. From these experiments, it is shown that the PBPC methods provide better
results in most cases than the NWP/BPC methods in [10,24], especially when r=s+1.

1t should also be noted that, in this thesis, H denotes the distance between the left-most point
and right-most point in any block; i.e., H=sh, where h is the distance between adjacent points in
any block. The stability bound used in this thesis is expressed in terms of H as opposed to h. As
a consequence of this the stability bound values differ from those presented in [10] and [24]
where h is used as the underlying basis for expressing stability bound information.



2. Stability Properties of Some Members of the BPC Family

2.1 Introduction

Stability, efficiency and accuracy are the main considerations in deriving good numerical
methods for the solution of ode’s. In this chapter, we focus our considerations on the issue of
stability for some members of the BPC family which incorporate corrector iterations. These
methods are generally applicable only to the solution of non-stiff problems.

First, the stability behaviour of a particular member of the BPC family is analyzed. This is the
NWP/BPC method as proposed in [10,24]. Since the formulation of the NWP/BPC method is
based on the Adams model, the stability behaviour of the NWP/BPC is compared with that of
the Adams-Bashforth/Adams-Moulton (AB/AM) method. The analysis indicates that the
NWP/BPC has a bigger stability bound when the integration order is greater than or equal to six.
This feature implies that relatively higher order formulas can be used with the NWP/BPC
formulation. In order to investigate the possibility of improving the stability properties of Block-
Based Parallel Predictor-Corrector methods, an investigation of the effect of using more than one
corrector iteration with the NWP/BPC formulas is undertaken. The results of this investigation
show the opportunity for increasing the stability bound by applying a fixed number of corrector

iterations.
2.2 Structure of the BPC Family
The basic structure of the inherently explicit methods of the BPC family is represented in Fig.
2.1. The integer M in this figure indicates the number of derivative function evaluations per
Processor per step.
The methods of the BPC family can be written as:
Y0=AY, +HBF(Y,) 2.1.9)

Y;"=A Y +B F(Y;7 )+HBF(Yy); m=12,.M-1 (2.1b)
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Whete Y, =(YooYmeptoerYors) | 15 an s-vector and Yo=(¥pYaareoYoae) ' 1S @ k-vector, Ag, By, B, are
matrices of size s x k, and B, of size s x s. Here k denotes the number of saved values to be

used. Corrector iterations occur when M > 2,

Block {(n) Block (n+1)  Block (N2
P
o
C
CP P
CP 2 c
CP M c
CP m+1 P
Fig. 2.1

Structure of the BPC Family

2.3 Analysis of the Stability Bound of the NWP/BPC Method



14

The NWP/BPC method presented in [10,24] is a member of the non-iterated corrector BPC
sub-family where P=r=k, and r® is the order of predictor. For the NWP/BPC formulation, there

are two cases to be considered:

1) if r2s+1, we have

1 0 .. 0 fl ' Biv
10
A0= 1.: BO=
r P
1 O )] s - sr |
Blcl afs B'lc,s*"l e Blc,r
By e B o e o Oppe
ﬁil e B:l' p:..ﬂ'l e B:.b’

where Q,, is a 0 sub-matrix of the size as described as subscript.

2) if 1<s, we have

Yt
(=]

P P
1 - Pi

e . ]
10 .0 st~ B

To facilitate the analysis of the stability structure of the NWP/BPC method, we define:

if r2s+1:
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By - PBr -
Bl= Oxxﬁs—nl)"‘ Bz=0

B 51 b pn— b

Y(]:(yn’yn --1""’yn-r4-1) g

W_, 0 _0 0 T
Y?=(yn+pyp.+;-p---:ympynr--:)’,,u-,q)

v - T
Yl —(yms’yu+s-1"'"yml’yn""’yn +s—r+1)

if r<s:

Y. T
YO=(yn’yn-1""’yn-r+1‘"'ys)

Yo_, 0 0 0
Y10=0,n+3!yn 43-1!"'!yn+1!yn) T

v r
Yl =(}’n +s’yn+s—1""’yn +1’yn)

With these definitions, (2.1) can be rewritten as:

Y;=AY,+HB?F(¥) (22.0)

Y, =AY +HB F(Y); (2.2.b)
where A, BP, and B® are matrices of size r x 1, if r2s+1, or (s+1) x (s+1), if r<s, and have the
following forms:

if 2s+1
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A
A= °
I (r-s)x(r-s) 0(!’ -s)xs
B, ] B,
B P= B c_—
0("3)3" O(r—:).tr
if <s
A‘O 0 s-r+

A= rxi )]

014‘(-“1)
B 0O i
Bo- Bo 0:!(_;-,-4,1) Be- 1 (n(s-rfl)}

011(-'*'1) Oll(-ﬂl)

Using the standard technique and substituting the test problem y’=Ay into (2.2), we obtain:

Yy =AY,+AHB’Y, 2.3.9)

Y,=AY,+AHB°Y] (2.3.b)

It then follows that:
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Y,=T(AH)Y, (2.4)

where

T(AH)=A+LHBA+(AH)*(B°’B* (2.5)

This matrix is called stability matrix. Its size is r x r if r2s+1 or (s+1) x (s+1) if r<s, and its

entries are polynomials in AH of degree < 2.

The stability behaviour of interest corresponds to ensuring that the limiting values resulting
from repeated application of the equation (2.4) is zero. This can occur if and only if all
eigenvalues of the stability matrix (2.5) have modulus less than or equal to one subject to the
constraint that any eigenvalue equal to one must be simple. The area on the complex AH-plane
which satisfies the above condition is called absolute stability region. In this thesis we restrict
our interest to the portion of the real axis that exists within the stability region. This is called the
stability interval and the absolute value of its left-most point is the stability bound.

Table 2.1 shows some results of the stability bound evaluations based on the stability matrix
(2.5). (Note that the row designated as AB/AM (i.e. Adams Bashforth/Adams Moulton)
corresponds to N=1; i.e., the single processor case. Recall also that s=N throughout these
considerations. From table 2.1, we can see that the NWP/BPC method has the following stability
properties:

1) For all cases, the stability bound is smaller than the AB/AM PECE method if r<5. This
feature indicates that for the stability sensitive problems, there is a limited possibility for speed-

up with the NWP/BPC approach.

2) When <7, the stability bound increases as the number of processors goes up until the
condition r=s+1 is reached. When r<s, the stability bound remains almost constant.

3) when =8, a dramatic increase in the stability bound happens for r=s+1.



This feature suggests that r=s+1 is an optimal match of the order of the method and the
number of processors. Note al<o that on the sub-diagonal that corresponds to r=s+1, the stability
bound values decrease only marginally as r increases.

4) When 126 and r<s+1, the stability bounds are larger when s>1 than when s=1 (the single
processor case). This property of the NWP/BPC method suggests that the use of multiple
processors can provide a speed-up when higher order formulas are used.

The results given in Table 2.1 indicate that the stability bound for this member of BPC family
is relatively small. This observation and related analysis in [25] and [26] suggests that the
relatively small stability region is a main drawback of the methods in the BPC f: amily.

To increase the stability bound, the application of more than one corrector iteration to the
solution procedure is considered in the next section. In particular, the stability properties of such
members of the BPC family are investigated.

= r=4 =5 r=6 r=7 r=8 r=0
s=1 1.73 1.28 0.934 0.696 0523 0.381 0.284
(AB/AM)

s=2 1.15 0.825 0.579 0404 0281 0195 0.135
5=3 1.09 0.977 0.837 0.438 0253 0.161 0.109
s=4 1.06 0.953 0.884 0.481 0236 0.125 0100

=5 1.04 0939 0.875 0.873 0.390 0.142 0095
5=6 1.03 0.929 0.867 0.833 0.808 0.223 0.095
s=7 1.02 0.925 0.862 0.829 0.808 0.792 0.148
5=8 1.02 0.920 0.862 0.829 0.804 0.788 0.781
s=9 1.01 0920 0.858 0.825 0.804 0788 0.777
s=10 1.01 0.914  0.857 (0.823 0.803 0787 0779

Table 2.1

Stability Bound Values for the NWP/BPC Methods
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2.4 Stability Bound of the NWP/BPC Method with Corrector Iterations

For the single processor PC methods with a number of corrector iterations, the theoretical
analysis of the stability structure [27] given by H. J. Stetter shows that the stability region
generally does not converge towards that of the corrector with an increasing number of corrector
applications. He notes also that for a small number of corrector iterations a uniform increase in

stability region is not guaranteed.

In this section, we investigate the stability properties of the NWP/BPC formulas when corrector
iterations are introduced (i.e., the case of M>2 in (2.1)). By a procedure similar to that used in
obtaining (2.2) from (2.1), we can similarly develop the following results:

Y. =AY, +HB?F(Yp (2.6.9)

Y -AT+HBF(YT ™) (2.6D)

Again, we substitute the test problem y’=Ay into (2.6), and obtain the following stability matrix
of the NWP/BPC formula with m corrector iterations:

T{AH)=A+AHBA+..+(AH)"B°B? (2.7

where A, BP, B¢ are as defined in section 2.3,

Some results of an investigation of the stability behaviour for the NWP/BPC formula with a
number of corrector iterations are shown in Fig. 2.2. These results show the dependence of the
stability bound on the parameter (M-1) in equation (2.1). Four values of order, r, are treated. The
single processor case (i.e., s=1) is the Adams-Bashforth/Adams-Moulton method. The muld-
processor cases are constrained by the condition r=s+1.

The results show that the stability bounds for the NWP/BPC formula increase with an
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increasing number of corrector iterations for r=5,7 and 9. This is quite different from the
behaviour for the AB/AM cases which are either erratic (r=3,5,7) or flat (r=9). The results of Fig.
2.2 show that the iterated corrector approach within the BPC context is effective from the point
of view of increased stability bound. The challenge then is to maintain efficiency. When the
number of corrector iterations goes up, the number of function evaluations per processor will go
up correspondingly. The issue is whether or not an increase in cost effectiveness can be achieved
in conjunction with the associated increase in stability bound.

In the following chapter, we propose some new methods for the PBPC family that is shown in
Fig. 1.1. We refer to these as the PBPC/2 and the PBPC/3 methods. These methods use more
than one corrector iteration but, by distributing the processors over multiple blocks, they carry
ut simultaneous corrector computations. The advantage of these methods is that we can increase
‘1 number of corrector iterations while keeping the number of function evaluations per processor
per step relatively small. This means that we have the potential to achieve an improvement in
efficiency in a multi-processor context.
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The Stability Behaviour of the NWP/BPC Method with Corrector Iterations (r=3,r=5)
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The Stability Behaviour of the NWP/BPC Method with Corrector Iterations (r=7,r=9)
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3. Parallel Block Predictor-Corrector Methods

3.1 Introduction

The methods discussed in this chapter (PBPC/2 and PBPC/3) can be regarded as extensions
of the parallel predictor-corrector (PPC) method as discussed in [24]. The basic feature of these
methods is that they simultaneously produce solution values (both predicted and (updated)
corrected), in two adjacent blocks during any computational period (see Fig. 3.1).

The effectiveness of the PPC method is limited, in part, by the restriction on its stability bound
that results from a delay in information usage. The use of multiple corrector iterations is a
promising approach for overcoming this difficulty. The PBPC/2 and PBPC/3 methods have been
formulated with this in mind.

The PBPC/2 and PBPC/3 methods apply 3 and 5 corrector iterations respectively and belong
to the iterated corrector sub-family of methods in the PBPC family shown in Fig. 1.1. Since the
additional corrector iterations are applied in parallel within the two active blocks, the number of
function evaluations per processor per step is smaller than the total number of corrector iterations.
This feature of PBPC/2 and PBPC/3 provides the potential opportunity to maintain, or even

improve, efficiency when the stability bound is increased by increasing the number of corrector
iterations.

In this chapter, we first introduce the structure of the PBPC methods. The specification for the
parameters of these methods is then given. A stability analysis of the PBPC/2 and the PBPC/3
methods is carried out and results for the cases where order ranges from 3 to 9 are provided.
A comparison with the PPC method and some members of the BPC family is also provided.

3.2. The Structure of the PBPC/M Methods

The structure of the PBPC/M method is presented as Fig. 3.1. The underlying idea is to divide
the t axis between t=t, and t=t, into a sequence of adjacent blocks, each containing $ equally
spaced values, where s=N/2 and N is the number of available processors (N is even). The value
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of M is the number of function evaluations per processcr per step. The method PBPC/1; ie.,
M=1, corresponds to the PPC method as discussed in [24]. Our principal interest is with the cases

where M=2 and M=3.

B(rr1) B(nN) B(n+1) BN+

C P
C C
C C
CP1 o P
CP 2 c c
CPMm c <
CP M+1 c P
Fig. 3.1

Structure of the PBPC Family
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From Fig. 3.1 it can be seen that the task during any step is distributed over M computation
periods. There are as follows:

a) During the first computation period:

i) Use the (M-1)" corrected values available in block n and the final solution values from
previous blocks to produce predicted solution values in block (n+1).

ii) Use the (M-1)" corrected values available in block n and the final solution values from
previous blocks to produce the M* corrected solution values in block n.

b) During the (m+1)*" computation period (1sm<M-1):

i) Use the most recent values available in block (n+1) together with the (M+m-1)" corrected
values produced in block n (during the most recent computation period of the current step) and
the final solution values from previous blocks to produce the m® corrected solution values in
block (n+1). (If m=1, the most recent values available in block (n+1) are the predicted values and
if m>1 they are the corrected values from the last computation period).

ii) Use the (M+m-1)* corrected values produced in block n during the most recent
computation period of the current step in block n and the final solution values from previous
blocks and to produce the (M+m)* corrected solution values in biock n, If m=M-1, the (M+m)"
corrected solution values will be saved as the final solution values in block n.

This process can be presented by the following groups of equations (we use Y° to represent
a predicted value):

For the first computation period, we have
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Y =AlY_+HIBFF(Yy )+BfF(Y_)] (3.1.0)

Y2 =ATY +HIB{F(Yy )+B;F(Y.)]  (3.1b)

For the (m+1)* computation period (1<m<M-1), we have

Y ALY ALY +HIBSF(Yy ) +B{F(Yy ™ ) +BSF(Y_ )] (32.6)
YHm-ASY +HIBIR(Yy ™)+B;F(Y )]  (32.b)
Combining the above equations, (3.1) and (3.2) can be rewritten as:

Y 10 Af’] ot IBY BY| |\F(reTh

= + (3.3)
Yo | [0 Af]| Y] |Bf B||FOY.D)
-1 -1
m Y;" ¢ pt pt F(Ym )
\ Yglm—l + F(YMm—l (3.4)
Ys‘ " Al Om Blc B2
Y, F(Y_)

where Y., = (Voo Yne1oYasxer) 1S @ k-vector whose entries are saved solution values from blocks
to the left of block n. Y,% = (You:Yars1oseesYart) " i8 an s-vector of the predicted solution values
in block (n+1), and Y% = (Youeh¥arer S Yaer D> q=1,2,....M-1, is an s-vector of the corrected
solution values in block (n+1) for the ¥ iteration. Y2 = (y,%Yaa e YasntD » G=MM+1,. 2M+1,
is an s-vector whose entries are the ¢ corrected solution values in block n. Also AF.BF, A5, A,



B,°, Bs® are s x k matrices, and AS, B\, B, B, B,® are s x s matrices.

As noted earlier, each step corresponds to M computation periods. Consequently the generation
of the final solution values produced by the PBPC/M method takes place over two steps. One of
the important features of this structure is that there are 2M-1 corrector iterations used in

producing the final solution, but the number of function evaluations per processor during any step
is only M.

3.3 Specification of the PBPC/M Formulas

The formulas of (3.1) and (3.2) fall within the context of linear multistep methods. In
developing specific formulas for (3.1) and (3.2), we restrict our considerations to an Adams
model and define k = r-s where r is the order of corrector.

(3.1.a) corresponds to the predictor evaluation in block (n+1). Two cases need (o be considered
and these depend on the relationship between s and @ which is the order of the predictor (we
consider only the cases where I <1). They are:

1) ifP<s
1
ﬁfl """ lp,.r
P 1 O(k-l)x(k-l) P 0 P
Al = Bl =l s e .en (.r-r’}x(s—r'} Bz —0
" P r
\_1 sl .y

2) if 1f 2 s+1
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P P 4
10 Bn - Bl Blaa woeee
(k- 1x(k~1)
AP= Bf= Bf=
N P P P
i P PR LA
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F4
1r?
O(k-(f’ -k F-5))
P
57

where O, is a 0 matrix whose size is specified by its subscripts.

In total, there are (2M-1) corrector iterations. The first (M-1) of themn take piace using (3.2.a).
In this instance, three cases need to be considered and these depend on the relationship between

s and r where t is the order of the corrector. They are:

1) if r<s

10
c (5-Thx(s-1)
Az_ : 5 A3c=0
11
Bri -~ By
Bi= - o Ogpip| Bs=0
B - Be

2) if 25+1>r25+1

A, and A" are as the same as case 1), and

BS=0



B - Bl Bisa - Bi
B;': e sie  sas B:"—' ees e ees Om_,)x(zs_r) Bsc=0
B:I B:: B:,r+l p:.r

3) if r22s+1

Again, A° and A,° are as the same as case 1), and

c < ¢ c c <
all Thes Bls B},;+l e Blyz; Bl,l'.'fl """ Bl,r'
c c
B3= wee eaws aee B4= e e e B;: e see s O(k-(r-l!))x(k-(r-?.!))
c c c c
BS, .. P Bl o Bla Bt o B:

The second group of corrector iterations (there are M in this group) takes place using (3.1.b)
once, and (3.2.b) (M-1) times. These equations however share the same coefficient matrices. Two

cases need to be considered. They are:

1) if r<s

1 ] .
o [ A By,

Alc'-_- Ge-a(k-1) Blc=' aen ses o O(.I'—!').X.‘Ll"f) B2c=0
1 \ﬁ - Ber

2) if r2s+1



1 c
Bll e B;s plc,hl e Blc.r
Ac= 1 O(k—l)l(k‘l) Bf= Bzc=
17 1™ -
[4
1 B:I """ B:s ﬁ:,sq»l Bs,r

To obtain the coefficients B,?
formula is used

f,

n+

Yui=YnstH [ POt (3.5)
f,

where, P(t) is a Lagrange forward interpolating polynomial which can be written as:

r? r?

-t __ . )
Po=3 (] —t2 oy,

=1 =1yl (tn-ji-l-tn-bl)

Let t-t,_=Hv. Then, the above polynomial can written as follows:

r?

po)=Y [T &gy =% w0V, 4.0
i1 =1jel (&) 1

r?

- (sv+(l-5-1))
WI(V) I==IIIJ¢I -

The coefficients in question are then

29

i i=1.2,..8; j=1,2,...r",in (3.1.a), the following integration-based
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(i+s)s
o= [ widdv,  i=12..s j=12,.1F 3.6)

]

In a similar way, we can produce the coefficients of the two group of correctors by an
integration-based formulas (Note that the two groups of correctors; i.¢. (3.2.a) and (3.1.b) together
with (3.2.b), have the same formulation in this specification).

For (3.2.a), we have

t

L)
Vo =Yat [ Pyl (3.7)
rl

where P,,(t) is a Lagrange backward interpolating poiynomial

o & (t-t )
o0 r+s—+1
PZl(t) - ¢ _ -f(yn+s-j+1)
J=1 =1 ( r+s-f+1 tn+.t—l+1)

and for (3.1.b) and (3.2.b), we have

[

n=p+l

Vo-seiTns® | POt 38
'

L 4

where P,,(t) is also a Lagrange backward interpolating polynomial



r r =t . )
P 22(t)=E I ¢ i ﬂ)’,..jq)

j=1 1=1j#l (tn—j+l _tn-h 1)

Letting t-t,,,=Hv for (3.5) and t-t, ,=Hv for (3.6), we have

r

P=Y [T &y )
=1 e da-n

and
. (sv+i+l-5-1
Py(v)= Z H )f()’ )
171 11yt -n
respectively.
If we let

_ T (sv+i+l-s-1)
=1L =45

then the coefficients of the correctors are given by

0
B ;= f WJ(V)Q‘{V i=1’23ys! j=112)--sr (3'9)
—ifs

Some important features in the PBPC/M formula shouid be noted:

31
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a) The lower integration limit (3.5) is t,,, the right-most time point in the previous block (n-
1). Thus the predictor values in block (n+1) directly depend on the right-most value y,, in block
(n-1).

b) The lower integration limit for the first group of corrector formulas (3.7) is t, (these apply
to block (n+1)). This indicates that the updated corrected values in block n are used for producing
the first group of corrected values in block (n+1).

¢) The lower integration limit for the second group of corrector formulas (3.8) is t,  (these
apply to block n). Thus these correctors use final, rather than intermediate, solution information
from block (n-1).

To illustrate the application of the above specifications, we give in Appendix 1, several
specific sets of formulas corresponding to different order and number of processors.
3.4 Analysis of the Stability Properties of the PBPC/M Methods

3.4.1 Stability Matrix of the PBPC/M Methods

In this section, we discuss the stability properties of the PBPC/M methods whose formulation
is given in section 3.3, in particular, the PBPC/2 and the PBPC/3 methods.

To facilitate the analysis of the stability structure of the PBPC/M methods described in (3.3)
through (3.9), we define a collection of M+1 vectors; namely, Y, i—", and Y,", m=12,..M-1.
Their specification, however, depends on the relative values of r and s. Two cases are

distinguished:

i) If r<s

¥ o M1 M-1 T
Yo"(yu a--,.')’,..,q,)’n_,,--,}’,,_z"p)’,,_?_,)
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YO_. 0 0 M M
Y‘lj:(yu+sy-.-,yn+1!yn 3“‘1yn-_:b1!yn_,).r

m_, m m _ M+m Mm T
Yl —(ynyp"!ynq-l)yu !“’yn—sd-l!)’n—p)

m=1,2,....M-1
Each of the above is a (2s+1) vector, and
i) If r>s+1

S M- M-1 T
Yo“(yn ’“’yrl-:*l’yn-s""’yn—r-.ﬁl)

___ 0 0 M M T
Y? -(y,,+,,- -1yn+1!yn !"’yn—s+1’yn -3 "yn —r+l)

m_, m m _Mm M+m T
Yl —'(ynﬂ"'!yn*llyn :--,)’,.-,q:)’,,_,s»:)’,._m)

m=12,..M-1
Here each of the above is an (s+r) vector.

Let

P P

11 ------ lrp
BF=

P P



be an s x r® matrix whose entries are the coefficients presented in (3.6), and

be an s x r matrix whose entries are the coefficients presented in (3.9).

With the above definitions, equation (3.3) can be rewritten as:

Y =A Y,+HBF(Y) (3.10.)

Similarly equation (3.4) can be rewritten as:

Y =AY HB'F(YT) (3.10.b)

m=1,2,..,.M-1

To facilitate our later analysis, we let Y, = Y M

If r<s

Om Esn O.xxl
;4.: Oxx.s Em On!
o, 1 0,

34
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o_ E_ O
A= osxs Om 1.::1
O, O, 1
B? s x(2s+1-rT}
§= B¢ Os Wlz+1-r)
01 x(2e+1)
B® o.nx on(s—r*l)
B'=0_, B° Oy,
ol x(25+1)

Here E ., is a matrix whose entries in the first column are 1 and all others are 0; its size is

specified by its subscripts. 1,,, is an s vector whose entries are all 1.

and if r>s+1

E 10)

Os x5 SX3 § x(r-s}
A= Os xs ‘Em Os x(r-s)
O(r—s)n I (r=s)x(r-s) O(r—.v):r.r

E

£x3 X3 Os x(r-s)

A= Osxs osxs E.n'(r—s)

o(r -Hx O(r—:)x s I(r-s).:(r—s)



B? Os xs+r-rP)

B O

sxs
o(r-s)x(r+s)

-]
i

Ixx
B*=0, B*

L O(P-S)t(f +3)

where I 15 an identity matrix of the size (r-s) x (r-s).

Substitution of the standard test problem y’=Ay into (3.10), yields:

Y,=Y¥ " =A 2 alB
=(A*+AHB*)A*+AHB")...(A*+AHB"YA+AHB)Y,
=(A"+AHB M '(A+AHB)Y,

Therefore the stability matrix for (3.10) is:

T(AH)=(A"+AHB"Y\(A+AHB) (3.11)
The parameter 1 is an important parameter which can affect both the stability region and the
efficiency of the method. Its determination will be discussed in the next section.
3.4.2 Integration Order of the Predictor
It is difficult to give a general statement about how the integration order of the predictor

affects the stability properties of the PBPC/M methods. But, an empirical investigation indicates
that the cases of a lower order predictor normally increase the stability bound of the method.
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Table 3.1 shows some results of this investigation. In this table, r represents the order of the
COITECtOT.

N=4 N=6 N= N=10 N=12 N=14 N=16

r=3 = 1.18 1.09 1.07 1.05 1.05 1.04 1.04
=3 0.954 0.954 0.935 0.926 0.926 0.917 0517

=2 1.18 1.26 1.42 1.09 1.09 1.09 1.09

r=5 =3 0.954 0.963 0.935 0.926 0.917 0.908 0.908
=4 0.847 1.00 0.881 0.872 0.872 0.864 0.864
=5 0.766 0.881 0.736 0.838 0.830 0.830 0.830

= 1.16 1.26 1.35 1.35 1.29 1.09 1.09
r= 0.944 0.963 0.935 0.926 0.917 0.908 0.908
r= = 0.838 0.993 0.881 0.872 0.872 0.864 0.864
=5 0.759 0.881 0.736 0.838 0.830 0.830 0.864
= 0.694 0.736 0.552 0.722 0.813 0.805 0.864
= 0.643 0.569 0.418 0.471 0.500 0.790 0.864
= 0.944 1.24 1.22 1.27 1.26 1.30 1.21
= 0.864 0.944 0.917 0.935 0.908 0.917 0.908

=4 0.797 0.954 0.872 0.864 0.872 0.864 0.864
r=9 =5 0.729 0.890 0.729 0.813 0.830 0.830 0.830
=6 0.673 0.694 0.552 0.729 0.813 0.797 0.805

= 0.616 0.563 0.422 0471 0.500 0.774 0.790

1P=8 0.529 0.471 0.326 0.313 0.307 0.430 0.805

= 0.520 0.401 0.259 0.217 0.198 0.235 0.295
Table 3.1

Stability Bounds of the PBPC/2 Method for Different

However, a predictor with too low an order may decrease the order of the overall method if
a small number of comrector iterations is applied. However if a large number of corrector
iterations is applied, it will increase the number of function evaluations per step, thereby, causing
a deterioration in efficiency.
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An analysis of the local truncation error for a general method of block-based parallel
predictor-corrector schemes made by K. Jackson, S.P. Norsett [28] and Burrage [20] has shown
that each application of a corrector increase the order of the overall method by at least one until
the order of corrector is reached. Using Butcher’s series[31], Burrage [20] shows that when the
number of corrections is such that the order cannot increase then the effect of more corrections
is to shift the errors due to the predictor further away from the principal error term.

Our objective is to maintain or even improve efficiency when the stability bound increases.
To achieve this, the order of the predictor must be sufficiently high so that a given accuracy level
can be achieved with a small number of corrector iterations. Therefore, the determination of the

order of a predictor formula should be based on the structure of the PBPC/M methods and an
analysis of the local truncation error.

From insights arising from the work of Jackson, N¢rsett and Burrage, a good choice for r”
appears to be r-1. This choice will likely provide a good balance between the achievement of
efficiency and stability. We note in particular the advantage that when multiple correctors are
applied the impact of the large principal error term of the predictor is reduced.

3.4.3 Stability Analysis of the PBPC/2 and PBPC/3 Methods

In this section, we analyze the stability behaviour of the PBPC/2 and PBPC/3 methods. In
particular, values of the stability bound for PBPC/2 are shown in Table 3.2 and those for PBPC/3
are shown in Table 3.3. These results are obtained by setting M=2 and M=3 in equation (3.9)
respectively.

For comparison, Table 3.4 and Table 3.5 show the stability bounds of the PBPC/I method (i.e.
the PPC method in [24]) and the NWP/BPC/3 method (i.e. the NWP/BPC method discussed in
chapter 2, with 2 corrector iterations), respectively. The stability bounds of the N WP/BPC method
(single corrector evaluation) are shown in Table 2.1.

Fig. 3.2 to Fig. 3.5 show that the stability bounds of the PBPC/1, PBPC/2, PBPC/3, NWP/BPC
and the NWP/BPC/3 methods for the integration order r=3,5,7 and 9, respectively. It should also
be noted that, for the PBPC family the relationship N=2s holds while for the methods in the BPC
family N=s. From the comparison, we can note that:

i) For the methods of PBPC family, the additional corrector iterations associated with a
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rransition from method PBPC/1 to PBPC/2 to PBPC/3 generally has a substantial effect on
increasing the stability bound for any particular integration order and number of processors. Only
a few exceptions can be observed; i.e., for r=9 and N=8,10 and 12.

ii) When r>s+1, for any order (r) and number of points in one block (s), the stability behaviour
of the PBPC/2 and PBPC/3 methods is superior to that of the NWP/BPC and NWP/BPC/3
methods, respectively, When r<s+1, the NWP/BPC/3 cases have bigger stability bounds than the
PBPC/3 cases, and the stability bounds of the NWP/BPC and the PBPC/2 are essentially the
same.



=3 r=4 =5 =06 =7 =8 r=9
s=2 1.18 0.945 | 0.847 {0.766 | 0.694 | 0.634 | 0.569
5= 1.09 0.963 | 1.00 |0.881 | 0.694 | 0.569 | 0.471
s=4 1.07 0.935 | 0.881 }0.736 | 0.552 | 0.422 | 0.362
§= 1.05 0.926 | 0.872 |0.838 | (.722 | 0471 | 0.313
=6 1.05 0.917 | 0.872 10.830 | 0.813 | 0.500 | 0.307
§= 1.04 0.908 | 0.864 [0.830 | 0.805 | 0.790 | 0.430
=8 1.04 0.899 | 0.864 |0.830 | 0.805 | 0.790 | 0.805
s= 1.03 0.899 | 0.864 |0.822 | 0.805 | 0.790 [ 0.774
s=10 1.03 0.890 | 0.864 [0.822 | 0.805 | 0.790 | 0.774
Table 3.2
Stability Bounds for the PBPC/2
r=3 =4 =5 =6 =7 r=8 =9
s=2 1.70 1.49 1.41 1.35 1.30 1.25 0.964
5=3 1.10 1.37 1.33 1.27 1.22 1.22 1.30
s=4 1.12 1.08 1.26 1.30 1.33 1.27 1.20
s= 1.14 1.08 1.08 1.20 1.18 1.09 1.00
s=6 1.15 1.08 1.08 1.08 1.18 1.21 1.05
§= 1.16 1.08 1.07 1.08 1.08 1.15 1.01
5=8 i.16 1.08 1.07 1.08 1.08 1.07 1.14
s= 1.18 1.08 1.07 1.08 1.08 1.08 1.08
s=10 1.18 1.09 1.07 1.08 1.08 1.08 1.08
Table 3.3

Stability Bounds for the PBPC/3
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=3 r=4 r=5 =6 r=7 r=8 =9
=2 0.490 0.451 0.429 0.393 0.264 0.185 0.135
$=3 0.482 (0.443 0.423 0.409 0.399 0.239 0.136
s=4 0.477 0.440 0.420 0.407 0.397 0.392 0.387
5= 0.475 0.438 0.417 0.405 0.396 0.391 0.386
=6 0.473 0.436 0.417 0.405 0.403 0.391 0.387
= 0.472 0.436 0.417 0.403 0.403 0.391 0.386
5=8 0.471 0.434 0.416 0.403 0.394 0.389 0.385
s=9 0.470 0.434 0.414 0.402 0.394 0.389 0.385
s=10 | 0470 0.433 0.414 0.401 0.363 0.388 0.385

Table 3.4
Stability Bounds for the PBPC/1

r=3 r=4 r=5 r=6 =7 r=8 =9
5=2 1.71 1.71 1.28 1.01 0.807 0.645 0.515
§= 1.58 1.45 1.14 0.840 0.626 <0.50 <0.50
s=4 1.51 1.41 1.33 1.15 0.688 <0.50 <0.50
5=5 1.45 1.40 1.31 1.26 0.881 <0.50 <0.50
$=0 1.43 1.39 1.30 1.25 1.21 0.705 <0.50
5=7 1.40 1.38 1.28 1.24 121 1.19 <0.50

s=8 1.39 1.38 1.28 1.24 1.21 1.18 1.17

$=9 1.38 1.38 1.27 1.23 1.20 1.18 1.17

5=10 1.36 1.38 1.27 1.23 1.20 1.18 1.17

Table 3.5

Stability Bounds for the NWP/BPC/3
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4 Numerical Experiments

4.1 Experiment Framework

A set of numerical experiments was carried out to obtain insight into the performance of the
PRPC/2, PBPC/3 and NWP/BPC/3 methods. Also of interest was a comparison of the
performance of these methods with that of the previously studied methods PBPC/! and
NWP/BPC in [24]. Two groups of test problems were considered. The first group includes five
non-stifl test probiems, and the second group is based on one of Krogh's problems [32] with
different parameter values which increase the stiffness of the problem. All problems used have

a known analytic solution.

The experiments for the first group of problems were organized to examine the behaviour of
these methods with respect to three parameters; namely, number of available processors (N),
order of the formulas (r) and admissible global solution error (G). The experiments for the second
group of problems were organized to examine the behaviour of these methods as the stiffiess of
the test problems increases. All results were obtained using Fortran programs executing double

precision arithmetic on an IBM/39 computer.

Like conventional predictor-corrector methods, all methods proposed and referenced in these
experiments require a set of initial values to provide the priming data for the procedure. [n these
experiments, this data, (which corresponds to values at 1 points within the first block, whcere "
is the order of the predictor) was obtained by evaluating the known analytic solution at these
poinds.

The fundamental performance criterion used in the evaluation was solution speed. The measure
wsea for this purpose was taken to be the number of derivative function evaluations per processor.
This approach ignores the interprocessor communication time that must be spent in the solution
procedure, but the approach does tend to become increasingly more realistic when the complexity

of Tie derivative functions increases and/or the size of the model (the number of ode’s) increases.

For the first group of problems, the experiments were organized to examine performance at
three different solution accuracies; i.¢., G=102, 10 and 107, Because the testing was restricled
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(o prohlems with a known sofution, it was feasible to explicitly measure global error over the
solution interval. The test results were obtained using an iterative procedure which was designed
to provide solutions whose global error was within a prescribed tolerance of the desired value
ol G. The iteration was based on the adjustment of the stepsize, H, and terminated only when a
solution with global error in the interval [0.5G, G] was obtained. Test results were obtained for

[our integration orders; namely, r=3,5,7,9.

Ior the second group problems, the experiments were organized to examine the sensitivity of
these methods to the stepsize, H. The results of these experiments are provided for three

integration orders; namely, =5, 7 and 9.

4.2 'Test Resuits for the First Group of Problems

The results of the experiments with the PBPC/2 and PBPC/3 methods are presented in Tables
41 and 4.2 respectively. For comparison, Tables 4.3 through 4.5 give the results of the same test
problems for the PBPC/I, NWP/BPC and NWP/BPC/3 methods, respectively. The table entries

show the number of function evaluations per processor (dfe/p).

Test results for the methods in the PBPC family are provided only for the cases where r2s
(recall s=N/2). This is because relevant solution information in each block is not used when r<s
and this significantly deteriorates the performance of these methods.

In Tables 4.4 and 4.5, the values of N which we used range from 4 to 2r (except for the r=3
case). This choice was used primarily to permit a comparison with the data in Tables 4.1 through
43,1, however, does incorporate results for cases where the normal constraint r 2 s is violated
and hence poor performance can be anticipated because relevant solution information is not used.
The r=3 case is special for two reasons, First, the N=2r=6 alternative is not included because the
performance is very poor and second, an N=2 case is included because it yields superior

performance.

bn order o provide additional insight into the relative performance of the proposed methods
(i.c.. PBPC2 and PBPC/3) and the reference methods (i.e., PBPC/1, NWP/BPC and NWP/BPC/3),
miost of the Jata in Tables 4.1 through 4.5 is presented in a graphical format in Figs. 4.1 through



J6

4.9, Each of these figures is associated with a particular value of the global solution accuracy,
and in cach figure the corresponding test data for values of r=5,r=7 and r=9 is shown for all five
niethods. The total number of dfe/p over the set of test problems is shown as a function N with

N in range 4 through 2r.

The test results for the r=3 case are not included in Figs. 4.1 through 4.9 because the
performance of all the methods for this case is unacceptable from a practical point of view. This
unaceeptable behaviour is apparent from Tables 4.1 to 4.5 where it can be noted that when =3
the number of dfe/p is, in almost all cases, disproportionately large. Furthermore, for cach of the
problems, and each value of G, the number of dfe/p generally increases as N increases, implying

a decrease (rather than increase) in solution speed with added processing power.
In the performance curves of Figs. 4.1 through 4.9, it can be noted that:

i) The solution speed (as measured in terms of the number of dfe/p) of the PBPC/2 und
PBPC/3 methods has no observable improvement from the PBPC/1 method. This implics that the
increase in the stability bound which occurs with more corrector iterations does not guarantee

improved efficiency; indeed a deterioration in efficiency may occur.

ii) In most cases, the solution speed of the PBPC/2 method is better than that of the
NWP/BPC method, and if N>6, the solution speed of the PBPC/3 method is better than that of
the NWP/BPC/3 method. This indicates that performance can be improved by applying more

corrector iterations and distributing these corrector evaluations over multiple blocks in parallel.

It should be noted that for any particular integration order, the soiution speed does not
consistently decrease when the number of processors, N, increases. This is an undesirable feature
for all the methods mentioned in this thesis. The best case for any particular integration order
generally occurs at the condition s=r or s=r-1.

4.3 Test Results for the Second Group of Problems

In this section, we give some insight into the sensitivity of solution accuracy to stepsize as
the stiffness of a given problem increases. These experiments are bascd on the test problems
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called Kroghl, Krogh? and Krogh3 in Appendix 2. Each of these problems is an instance of a
problem suggested by Krogh. The stiffness of the problem increases with the value assigned to

the parameter f3,.

The curves in Figs. 4.10 through 4.18 show some of the results of these experiments. Each
of these figures is associated with a particular integration order, r, for a particular test problem.
The vertical co-ordinate in cach figure is -Log10{G) where G is the global solution error that was
obtained. The horizontal co-ordinate is the stepsize, H. In each of the experiments, the
relationship between s and r that was used was s=r-1 (recall that for methods of the BPPC family
N=s while for methods ol the PBPC family N=2s).

Tubles 4.6 through 4.8 present associated data relating to the curves given in Figs. 4.10
through 4.18; ¢.g. solution speed information (dfe/p).

From the curves in Figs. 4.10 throagh 4.18, we can note that:

i) In the case of the Krogh2 and Krogh3 problems (low stiffness and medium stiffness), for
any particular order and any particular method, the solution accuracy has a dramatic drop when
a particular value of H is reached. This value of H depends on the level of stiffness of the test
problem. Note also that for the Kroghl problem (non-stiff), the curves of solution accuracy are
significantly smoother than for the Krogh2 and Krogh3 cases. This demonstrates that as the
stiffness of the problem increases the solution accuracy is more sensitive to stepsize.

i) In cach figure, the magnitude of the slope of the solution accuracy curves decreases when
M. the number of dte/p per step, increases. This occurs for the methods in both the PBPC family
and BPC family. This suggests that increasing the number of corrector iterations can decrease

the sensitivity of the selution accuracy o the stepsize.

From the data in Tables 4.6 through 4.8, we can note that when the stiffness of the problem
fnereases, there is no guarantee that the increase of stability bound arising from an increased
number of corrector iteration will improve the solution speed (dfe/p). This applies for any given

accuracy fevel.

It also should be noted that all the methods mentioned in this thesis are not suitable for
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solving very stff problems because of their relatively small stability bound; in particular the

methods are not A-stable.
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TP1 TP2 TP3 TP4 TP5

10° 1107|107 ] 10° | 10% | 107 | 107 | 10% | 107 | 107 | 10% | 107 | 107 } 10° | 107

=3 | N=4 | 97| 275} 851|247 | 767 |2235 | 309 | 801 |2503 | 605 |1203 |2607 | 203 | 585 11521
N=6 | 155 | 727 |3407]| 341 |1389 |6259 {1059 [4837 [9897 | 945 {4003 [9271 | 305 {1265 (5797

N=4 | 75 1165|433 97 | 171 | 527 | 123 | 451 [1019 | 245 | 549 1329 | 119 | 227 | 673

r=s | N=6 | 57 (123|189 | 85 | 151 | 339 | 139 | 287 | 687 | 203 | 407 | 887 | 109 | 207 | 451
N=8 | 53| 1211220} 85 161 | 321 | 141 | 239 | 443 | 189 | 379 | 739 | 113 | 191 | 375
N=10| 67 | 125|263 | 85 | 165 | 407 | 139 | 197 | 655 | 207 | 415 } 903 } 115 | 207 | 453

N=4 | 73 | 1172371 99 | 177 | 305 | 107 { 169 | 361 | 165 | 303 | 505 [ 133 | 161 | 313

N=6| 61| 79 | 159 79 | 127 | 205 | 125 | 155 | 221 | 145 [ 225 | 425 | 165 | 171 | 221

o7 | N=8 | 53| 87 [133| 77 | 107 | 169 | 115 | 143 } 227 | 135 | 211 355 | 119 | 175 | 195
N=10| 57| 73 {125} 69 | 95 | 143 | 119 | 149 | 219 | 143 [ 209 | 317 | 155 | 159 | 191
N=i2] 49 | 71| 105! 65 | 97 | 141 | 99 | 137 | 207 [ 133 | 205 | 311 | 121 [ 129 ] 187
N=14| 47| 720111 | 63 | 97 [ 147} 99 [ 139 | 207 | 133 | 195 | 297 | 121 | 129 | 177

N=4 | 63 | 105|173 83 [ 129 | 197 {107 | 127 | 157 | 125 | 195 } 331 | 151 | 157 | 195

N=6| 65| 75 {115 93 | 99 | 147 | 157 | 165 | 179 | 171 | 189 | 261 | 225 | 231 | 237

N=8 | 691 87 | 119|113 | 121 | 120 | 187 | 195 | 205 | 243 | 261 | 277 | 279 | 285 | 291

o | NFIO 79 | 89 | 105|135 | 141 | 147 | 235 | 243 | 253 | 303 | 329 | 347 | 333 | 339 | 345
N=12| 73 | 81 162121 | 127 | 131 | 201 | 205 | 213 | 275 | 201 | 307 } 299 | 303 | 311
N=14| 63| 73] 93| 99 | 105 | 111 { 173 | 181 | 191 | 219 | 235 | 255 | 243 | 251 | 257
N=16{ 53 | 67| 93| 59 | 8 | 113 | 91 | 101 {135 | 113 | 147 { 213 | 121 | 125 | 141
N=18] 53| 65| 85| 61 | 83 | 113 | 87 | 101 | 125 | 113 | 145 | 211 | 123 § 127 | 139

Table 4.1

Results for the PBPC/2



Results for the PBPC/3

TP1 TP2 TP3 TP4 TPS
10° | 10®| 107} 10° [ 10° [ 107 | 102 [ 10° [ 107 | 10° | 10° | 107 | 107 | 10° | 107
r=3 | N=4 | 145 { 421 |1297| 385 |1201 [3763 [ 373 | 928 |3019 | 604 12795 {5737 | 274 | 844 [2311
N=6 | 250 |1099]5182| 535 |2068 |9868 |1567 |7240 19989 1279 |5809 | « | 424 |1987 5235
N=4 | 106 | 247 | 619 | 184 | 397 | 754 | 268 | 613 {1549 | 331 | 838 |1993 | 154 | 382 | 994
=5 | N=6| 79 | 166 | 415 109 | 211 | 505 | 181 | 412 {1033 | 223 | 559 |1330 | 121 [ 256 | 664
N=8 | 85 | 127|256| 91 | 196 | 421 | 136 | 208 | 307 | 187 | 286 | 646 | 130 | 175 | 307
N=10| 85 | 172 | 424 | 124 | 265 | 634 | 172 | 415 |1207 | 226 | 529 }1330 | 142 | 238 | 634
N=4 | 91 | 172|340 133 | 256 | 439 | 142 | 277 | 544 | 217 | 424 | 802 | 121 | 217 } 439
N=6 | 70 | 112|229 | 91 | 157 | 268 | 112 | 187 | 355 | 148 | 286 | 535 | 121 | 139 [ 295
o | N=8 | 701100 166 | 73 | 112 | 193 | 109 | 148 | 250 | 154 | 214 | 403 | 127 | 139 | 211
N=10| 67 | 94 | 142 67 | 91 | 172 | 106 | 139 | 220 | 136 | 214 | 325 } 130 | 139 1 190
N=12| 67 | 94 | 139 70 | 95 | 160 | 106 | 136 | 193 | 127 { 211 | 301 | 130 | 136 | 196
N=14| 64 | 91 | 148] 70 | 112 | 187 | 106 | 136 | 214 | 130 | 199 | 319 | 136 | 142 | 187
N=4 | 91 | 145|256 103 | 175 | 292 | 109 | 166 | 283 | 160 | 280 | 475 | 127 | 160 | 274
N=6 | 67| 94 |166| 91 [ 118 | 187 | 91 | 124 | 190 } 127 | 181 | 319 | 133 | 139 | 1¥4
=8 | 611 94 (124] 70 | 97 [ 133 | 112 | 124 | 160 | 121 | 178 | 241 | 160 | 166 | 172
g | NE10| 67 | 88 | 112) 70 79 1109 | 94 | 109 {151 | 115 | 160 | 241 | 154 | 160 | 166
N=12| 64 | 88 [ 115| 70 | 82 | 106 | 109 | 118 | 145 | 112 | 148 | 223 | 157 | 163 | 166
N=14| 61| 82 | 112| 64 | 79 | 109 | 91 | 109 | 139 | 109 | 151 | 214 § 142 | 148 | 154
N=16| 61 | 82 [115| 64 | 85 [106 | 97 | 112 {133 | 109 | 148 | 187 | 121 | 127 | 148
N=18| 64 | 82 [ 109| 67 | 82 | 106 | 97 | 112 | 133 | 106 | 157 | 190 | 130 | 139 | 148

Fig. 4.2

In these Tables, * means that the number of function evaluations per processor is greater than

10,000.
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TP1 TP2 TP3 P4 TP5

0] 10° | 107 | 10° | 10° [ 107 | 10° | 10° | 107 | 107 | 10° | 107 | 10° | 107 | 107

=3 | N=4 | 102 | 288 | 802 | 288 | 802 {2669 | 360 | 912 |2502 | 482 {1052 |4802 | 202 | 669 |2002
N6 | 85 | 224 |1335| 268 | 668 |2668 | 557 |2668 | » | 535 |2001 |8002 | 224 | 668 |3049

N=2 | 65 | 114|252 | 127 | 252 | 574 | 159 | 280 | 475 | 202 | 431 | 926 | 120 | 225 | 502

(=5 | N=6 |58 | 105|252 105 | 225 | 447 | 154 | 259 | 479 | 202 [ 366 | 802 | 119 | 193 } 413
N=g | 58 | 1021202186 1202|402 {141 | 252 | 457 | 169 | 301 | 752 | 120 | 182 | 382
N=10l 55 | 101|179 |81 | 179 | 401 | 144 | 237 | 418 | 173 | 287 | 687 | 119 | 177 | 366

N=4 |57 {86 | 169 |84 | 136 | 252 | 138 | 345 | 252 | 136 | 233 [ 402 | 191 ] 197 | 233

N=6 |54 |86 [151]|69 | 105|193 | 110 | 154 | 225 | 136 | 202 | 336 | 140 | 145 | 203

o7 | N=8 |52 [69 [136]69 |102 {156 | 107 | 150 | 218 | 129 202 | 302 | 124 | 128 | 195
N=10| 52 |68 13660 | 102|155 102 | 145|213 | 122 | 194 | 302 | 124 | 128 | 183
N=12| 52 |68 | 129069 | 105 | 159 | 104 | 241 | 211 | 117 | 193 | 299 | 124 | 128 | 182
N=14| 52 |68 | 135|70 105|158 | 102 | 137 | 197 | 115 | 188 | 298 } 123 | 127 | 174

N=4 |77 |90 [135]|157 [ 164 | 171 [ 277 | 286 | 294 | 380 | 400 | 424 | 387 | 394 | 400

N=6 | 73 |85 [111] 147 {153 | 160 | 252 | 259 | 268 | 369 | 392 | 412 | 365 | 371 | 377

N=8 |53 |68 |98 |60 |88 |[120]93 | 113|146 [ 117 | 150 | 221 | 123 | 127 | 142

g | N=10]53 | 67 |97 S9 [82 (11993 | 110|136 | 115 | 148 1 206 | 123 | 128 | 139
N=12[53 |65 |94 |61 |84 |122 |94 | 118|188 | 134 | 151 | 201 | 124 | 127 | 136
N=14 55 |65 |94 |61 |80 |110 |94 | 107 | 250 | 141 | 168 | 247 | 124 | 129 | 142
N=16]53 |63 |96 [61 |8 {196 | 107 | 120 | 219 | 153 | 188 | 360 | 126 | 130 | 177
N=18]53 |64 |116[63 |90 |237 | 121|216 | 658 | 159 | 205 | 562 | 127 | 135 | 237

Table 4.3

Results for the PBPC/1
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10
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10
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10
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103

107
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1829 16401
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1599

4571

961

3071

1279 {3657

N=4

251

1001

5001

535

1281 |8531

1281

5121

401

1061 |8535

113

193

417

201

401

915

181

363

727

275

1397

133

319 | Tl

r=5 | N=6

105

177

mn

179

357

711

157

243

889

257

569

1281

119

267 | 611

N=8

105

167

471

161

357

753

139

1143

241

549

1397

125

267 | 641

N=10

101

167

445

161

367

733

161

459

1281

257

615

1537

129

285 | 733

N=4

101

177

249

147

199

355

273

287

309

273

307

511

355

365 | 315

N=

71

129

185

97

177

305

111

167

267

143

233

465

121

133 | 267

=7 N=8

69

125

179

89

161

291

105

155

251

137

213

421

121

133 | 201

N=10

69

119

175

81

143

271

107

147

229

129

221

385

121

135 | 197

N=12

71

121

177

77

143

267

103

149

335

129

395

123

135 | 215

N=14

69

117

169

67

133

245

103

137

2297

123

129

217

123

129 | 217

N=4

259

279

363

535

545

555

929

943

968

1483

1529

1561

1311

1321 | 1331

N=6

243

259

37

499

509

523

871

883

905

1377

1419

1477

1217

1227 | 1235

N=

73

103

139

65

95

153

93

115

155

119

159

239

121

127 | 147

N=10

71

83

137

63

85

135

93

115

179

133

157

237

123

127 § 145

=9 | N=12

71

85

141

61

79

133

95

145

205

139

163

627

123

127 1 151

N=14

67

81

167

61

&3

759

125

423

7015

157

213

3217

125

137 | 505

N=16

69

251

69

137 ({4421

149

1245

183

1525

127

165 14307

N=18

17

2983

99

847

2T

1873

213

72719

131

611 | *

Table 4.4

Results for the NWP/BPC
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TP1 TP2 TP3 TP4 TPS
10° [ 107 [ 10710 [ 10% | 107 | 107 [ 10° | 107 | 107 | 10° | 107 | 107 | 10° | 107
r=3 | N=2 | 199 | 514 {1405 397 [1165 |3598 | 457 {1291 13643 | 721 |1858 {5923 | 346 | 793 |2392
N=4 | 268 (1525|7078 (1023 (3001 | * |2212 (9988 | » [1666 |7741 | » | 538 [2500| -
N=4 | 115[205{ 370|172 [ 313 | 571 [ 193 | 373 | 715 [ 313 | 592 {105 | 169 | 340 | 658
=5 | N=6|106| 199 | 487 [ 190 [ 529 [1351 | 199 [ 547 [1345 | 313 | 697 |1714 | 154 | 349 | 760
N=8 | 97 | 2566191250 | 673 {1714 | 253 | 625 {1708 | 358 | 799 |1960 | 175 | 400 | 964
N=10] 106 | 280 | 679 | 271 | 736 |1882 | 280 | 688 [1876 | 394 | 877 |2152 | 193 | 439 |1060
N=4 |97 | 136|208 | 121 | 205 | 331 | 139 | 205 | 325 | 181 | 343 | 589 | 205 | 214 | 355
N=6 | 85 | 118|196 109 | 178 | 280 | 112 | 169 ; 283 | 136 | 313 | 511 [ 121 | 181 | 313
7 | N=8 |79 | 109|187 109 [ 154 | 232 | 109 | 157 | 226 | 139 | 280 487 | 124 | 163 | 292
N=10| 79 [ 11520571103 | 142 | 313 | 103 | 142 | 307 | 145 | 277 | 535 | 124 | 145 | 289
N=12{73 |130}235|97 | 181 (358 |97 | 178 | 349 | 166 | 316 | 550 | 124 | 166 | 313
N=14| 76 | 139|250\ 94 | 190 | 403 |94 | 190 {316 | 175 [ 334 | 583 | 124 [ 175 ; 334
N=4 | 106 | 154 | 190 | 172 | 217 | 185 | 274 | 286 | 298 | 379 | 403 | 442 [ 433 | 439 | 451
=6 |97 1136|1691 154 { 166 | 187 | 250 | 263 | 274 | 349 | 376 | 409 | 391 { 400 | 409
N=8 |76 | 103|148 |67 | 115|169 [ 91 | 115|166 | 106 | 175 | 283 { 124 | 127 | 184
g | N=10 76 | 100 136 | 91 115 | 157 | 91 | 115 | 160 {115 | 166 | 265 | 124 | 127 | 166
N=12| 70 { 100|136 |91 | 115|148 {91 {112 | 181 | 127 | 154 | 463 | 124 | 130 | 154
N=14] 70 |97 | 187|103 {121 {1033 | 97 | 166 |1281 | 145 | 184 |1138 ] 124 | 130 | 421
N=16| 70 | 142|640 | 112 | 541 | * | 115 (337 | * | 157 (775 | * | 127 | 172 |1537
N=18| 76 | 238 {2024 169 |4630| * | 175 {3739} * | 277 [3010| * | 127 | 391 |8185
Table 4.5

Results for the NWP/BPC/3
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r=5 =7 =9 I

Logl(G) H dfe/p |-Logl0(G) H dfe/p|-logl0(G) H  dfe/p

3.14 001 102 3.8 0.01 102 43 001 102

PBP(C/1 1.47 0.015 68 1.7 0.015 68 1.7 0.015 68
0.26 0.02 52 <0 002 52 <0 0.02 52

<0 0025 42

6.3 0.01 203 8.21 0.01 203 9.59 0.01 203
5.05 0.015 135 6.12 0.015 135 6.94 0.015 135

PBPC/2 3.89 0.02 103 478 0.02 103 4.03 0.02 103
2.98 0.025 83 3.34 0.025 83 1.75 0.025 83

2.19 0.03 69 2.39 003 69 0.23 0.03 69

1.59 0.035 59 <0 0.035 59 <0 0.035 39

6.16 0.01 304 8.97 0.01 304 11.7 001 304
5.13 0.015 202 7.60 0.015 202 9.09 0.015 202

4.44 002 154 6.33 0.02 154 7.25 0.02 154
3.83 0.025 124 5.07 0.025 124 572 0.025 124

PBPC/3 3.41 0.03 103 3.97 0.03 103 4,52 0.03 103
2.58 0.035 88 3.11 0.035 88 3.56 0.035 88

2.06 0.04 79 2.57 004 79 2.92 0.04 79

1.57 0.045 70 1.98 0.045 70 2.31 0.045 70

1.22 0.05 64 1.35 005 64 <0 0.05 64

3.90 0.01 201 3.53 0.01 201 7.07 0.01 201
2.86 0.015 133 4,04 0.015 133 | 4.88 0.015 133

NWP/BPC | 2.11 0.02 101 2,77 0.02 101 3.08 002 101
1.31 0.025 31 1.59 0.025 81 1.61 0.025 81

0.79 0.03 67 0.64 0.03 67 0.66 003 67

0.00 0.035 57 <0 0.035 57 <0 0.035 57

5.19 0.01 301 6.85 0.01 301 | 8.45 0.01 301
3.97 0.015 199 5.26 0.015 199 | 6.52 0.015 199

3.16 0.02 151 4,18 0.02 151 5.09 0.02 151
2.40 0.025 121 3.19 0.025 121 j 3.83 0.025 121

NWP/BPC/3 | 1.95 0.03 100 2.47 0.03 100 | 272 003 100
1.40 0.035 85 1.63 0.035 85 | 170 0035 85

(.88 0.04 76 0.97 004 76 1.04 0.04 76

0.61 0.045 67 0.33 0.045 67 | 0.39 0.045 67

0.07 0.05 61 0.00 005 61 <0 005 61

Table 4.6

Results for Kroghl



=5 r=7 =9
-Logl0(G) H dfe/p|-Logl(G) H dfe/p {-logl0(G) H  dfe/p
7.65 0.002 502 [9.58 0.002 502 |8.38 0.002 502
PBPC/1 [4.97 0.004 252 |4.65 0.004 252 224 0.004 252
<0 0.006 202 |<0 0006 202 |<O 0.006 202
9.29 0.002 1003 |10.3 0.002 1003 (103 0.002 1003
7.20 0.004 503 9.16 0.004 503 [9.06 0.004 503
5.86 0.006 335 |7.27 0.006 335 (7.27 0.006 335
PBPC/2 [4.78 0.008 253 |5.73 0.008 253 |573 0.008 253
0.64 0.01 203 |0.92 0.01 203 092 001 203
0.21 0.012 169 [0.40 0012 169 [040 (0.012 169
<0 0.014 145 [<O0 0.014 145 i{<0 0.014 145
9.72 0.002 1504 |10.3 0.002 1504 (103 0.002 1504
8.12 0.004 754 [10.1 0.004 754 {104 0.004 754
6.70 0.006 502 |8.51 0.006 502 10,0  0.006 502
PBPC/3 [5.62 0.008 379 {7.19 0.008 379 |8.87 0.008 379
4.78 0.01 304 |6.19 0.01 304 7.70  0.01 304
4,05 0.012 253 |4.62 0.012 253 356 0.012 253
<0 0.014 217 |<©0 0.014 217 |<O 0.014 217
7.31 0.002 1001 9.85 0.002 1001 |11.4 0.002 1001
NWP/ 5.39 0.004 501 |7.21 0.004 501 8.80 0.004 501
BPC 4.17 0.006 333 |547 0.006 333 |[655 0.006 333
3.17 0.008 251 |3.86 0.008 251 1.85 0.008 251
<0 0.01 201 |<O 0.01 201 <0 0.01 201
8.83 0.002 1501 |11.4 0.002 1501 }i2.3  0.002 1501
6.71 0.004 751 {8.79 0.004 751 10.8 0.004 751
NWP/ 5.46 0.006 499 |7.16 0.006 499 8.81 0.006 499
BPC/3 1{4.54 0.008 367 |6.01 0.008 367 7.42  0.008 367
3.83 0.01 301 §5.13 0.01 301 6.05 0.01 301
3.02 0.012 250 |4.17 0.012 250 2.10  0.012 250
<0 0.014 214 i< 0 0.014 214 <{ 0.014 214
Table 4.7

Results for Krogh2




61

r=5 =7 =9
-LoglO(G) H dfe/p |-LoglO(G) H dfe/p |[-logl(G) H dfe/p
7.81 0.0002 5002 |9.96 0.0002 5002 |8.90 0.0002 5002
PBPC/1 |5.15 0.0004 2502 |4.49 0.0004 2502 }0.59 0.0004 2502
<0 0.0006 2002 |<0 0.0006 2002 I<0 0.0006 2002
9.34 0.0002 10003 {10.2 0.0002 10003 [10.3 0.0002 106003
7.27 0.0004 5003 |9.38 0.0004 5003 |9.06 0.0004 5003
5.91 0.0006 3305 [7.50 0.0006 3305 |7.27 0.0006 3335
PBPC/2 |4.83 0.0008 2503 |5.90 0.0008 2503 |5.73 0.0008 2503
<{ 0.601 2003 |<0 0.001 2003 <0 0.001 2003
9.88 0.0002 15004 |10.2 0.0002 15004 |{10.2 0.0002 15004
8.19 0.0004 7504 |10.2 0.0004 7504 |10.3 0.0004 7504
6.77 0.0006 5002 |8.75 0.0006 5002 |10.3 0.0006 5002
PBPC/3 |5.68 0.0008 3754 |7.40 0.0008 3754 [9.40 0.0008 3754
4.82 0.001 3004 16.38 0.001 3004 |8.21 0.001 3004
4.09 0.0012 2503 (<0 0.0012 2503 |< 0 0.0012 2503
<0 0.0014 2146
9.30 0.0002 10001 {11.5 0.0002 10001 (11.4 0.0002 106001
NWP/ 6.34 0.0004 5001 [8.75 0.0004 5001 |11.0 0.0004 5001
BPC 4.85 0.0006 3301 |6.65 0.0006 3301 [8.38 0.0006 3301
3.77 0.0008 2501 |[5.02 0.0008 2501 |6.17 0.0008 2501
<0 0.001 2001 <0 0.001 2001 |<O 0.001 2001
9.95 0.0002 15004 [11.8 0.0002 15004 [11.8 0.0002 15004
8.29 0.0004 7504 [11.6 0.0004 7504 112.0 0.0004 7504
NWP/ 7.39 0.0006 5002 (9.63 0.0006 5002 {11.7 0.0006 5002
BPC/3 |6.37 0.0008 3754 |8.15 0.0008 3754 |10.2 0.0008 3754
5.38 0.001 3004 (7.05 0.001 3004 |8.58 0.001 3004
4.58 0.0012 2503 {1.31 0.0012 2503 |<O 0.0012 2503
<0 0.0014 2146 |< O 0.0014 2146
Table 4.7

Resuits for Krogh3
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Results for Kroghl in the Case r=7
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Results for Kroghl in the Case r=9

Fig. 4.13
Results for Krogh2 in the Case r=5
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Results for Krogh2 in the Case r=7

Fig. 4.15
Results for Krogh2 in the Case r=9
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Results for Krogh3 in the Case 1=5
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Results for Krogh3 in the Case r=7
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66



5. Conclusions and Future Work

3.1 General Observations

The twe new methods proposed in this thesis; namely, the PBPC/2 and PBPC/3 methods, have
an increased stability interval relative to the PBPC/1 method (see Tables 3.2, 3.3 and 3.4). But,
in the numerical experiments, they do not achieve observable improvement in performance (see
Tables 4.1, 4.2 and 4.3). This is because of the increase in the number of function evaluations
per processor, per step, which accompanies the increase stability interval. However, the
improvement in stability behaviour achicved by increasing the number of corrector iterations in
the PRPC/2 and PBPC/3 methods does reduce the sensitivity to the step size; i.e., H. This feature,
in practice, improves the confidence with which these methods can be used.

The PBIPC/2 and PBPC/3 methods are based on the Adams multi-step model. Methods in the
BPC family that are based on this same model can also be formulated; e.g. the NWP/BPC
method. These methods generally show inferior performance in test results to the PBPC/2 and
PBRC/Y (for cases of comparable order, number of processors and number of function
cvaluations per processor, per step (e, M). This is because the corrector iterations in the
PBRC/2 and PBPC/3 cases have a greater influence in reducing the effect of the predictor’s

contribution to the local truncation error [20].

Like the previously suggested PBPC/1 method, the PBPC/2 and PBPC/3 methods encounter a
delay i information usage that oceurs because final solution values in block n cannot be used
far computing predicted values and intermediate corrected values in block (n+1). This constrains
the ability of the additional corrector iterations to extend the stability bounds and they are, in
fact. not much larger than for equivalent methods of the BPC family (for same value of M). (see
Fig, 3.2, 3.3, 3.4 and 3.5).

Our study of the PBPC/M methods shows that these methods provide a potential opportunity
in parallel computer systems to balance stability and efficiency by applying more corrector
flerations simultancousty in multiple blocks. These two fundamental properties are often traded-

of i generating methods for the numerical solution of ode’s.
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5.2 Future Work

The work completed in this thesis study is a contribution to the development of etfective
methods for the parallel solution of ode’s. Much work remains (o be done in this area and some
possible projects are given below:

a) Instead of the Adams model, a more sophisticated approach which uses more solution
information could be used for the formulation of the PBPC/M methods. This formulation might

enlarge the stability region and/or improve efficiency.

b) Further investigation should be undertaken to determine how the order of the predictor
alTects the stability propertics and the cfticiency of block-based predictor-corrector methods. This
investigation could be worthwhile in the context of both stability and efficiency in generating
effective numerical ode methods.

¢) Investigation of the strategies for implementing variable stepsize procedures for PBPC/M
method should be undertaken to achicve automatic stepsize control.

d) The testing activity in the present study was carried out in a single processor environment
and relicd on an idealized measure of solution speed; i.e., count of derivative function evaluations
per processor. Testing using actual multiprocessor hardware should be undertaken to more

correctly evaluate the performance of these solution methods.
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Appendix 1

We provide in this Appendix, the predictor and corrector (both groups) formulas for the

PEPC/M methods for the cases s=2, r=5 and s=4, r=3.
1) 5=2, =5

Predictor

1 } .
)’,?4 =Vt EH(ZSj:" 1 ‘40.":1-1! +32f, 5 =8f,.3)

1 - -
)’E—l =¥ -z‘*hl'gH(ZIf:‘ : '9f:{11 +15fn—2+3fN-3)

Corrector (first group):

m_yMomet +-—l——H @9 +124f;"+_1] +24ff o +4f:ﬁ;m_l “fad)

ne2” Va 180
ot e A AT s TR )

where m=1,2,..M-1

Corrector (seeond eroup):

M~m-1 1 fm=1 +m-1
Yu :yn-BTS—OH(zgn " +124f:-{-1m +24ﬁ1"2+4ﬁ1—3’-ﬁ1—4)

~m-1 l +m- +m-
'HMI']. “YpaT 1440 H(- 19f:{ : +3"'6](;‘:{-1 l+456ﬁ1—2_74ﬁ:—3 11,9

where m=1,2,..,M.



1) s=4, r=3

Predictor:

y3+4=yn_4+iH8ﬁ:.f“1

{-1

1 .
y.'?*3=yn—4+§H(7 P;f 1+7 n-1 )

0 1 1-1
yn+2:yn,4+_4"H6 n-1

Y q:yn,,‘*%H(Sff”Hleﬂ]l)

Corrector (first group):

Y=y 1—1211(81‘;’1;1 -167 206"

m M+m-1

i - - -
Y +3 :yn * EH(gf::dl _24f:‘r31 +27f;ﬂ+zl)
" M+m-1

1 n- L n-
Yne2=¥a +EH(7 n+4l "20_](:] +3I +19f:r~21)

m Mm-1

=y '4_15;”(2”:*_41 —64f™ 45377

where m=1,2,...M-1

Corrector (second group):
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y:ff’;m*l ] "——-H(SfM m- 1_16fM*m 1 1'.l'i"l 1

yr.‘:\/l";m l:yn_4+_—f1(9f:{4m 1_24 n+;m 1+27 ném I)
y:{;mul__ H(?fM*m '.l__.ZOfM*m 1+1 f;:{;.m -1
y:d"vlm—lzy” H(Hsf:{;m -1 -64 n'd:;m i SBfJ{*m 1\

where m=1,2....M



Appendix 2

In this Appendix we provide a summary of two groups of test problems used in the

experimental evaluatons carried out in this thesis.

First Group of Test Problems:

TP
dy/di=ycos(); y(0)=1, t, = 20
Analytic solution:

:csin(l)

TP2:
dy /di=-y-yiyi/ts y(0) =3
dy/di=y -yay5/T; y2(0) =0
dy Jdt=y /r; y40) =0
with r=(y,+y,)"% =20
Analytic solution:
y,=(2+cos{t))cos(t)
y,=(2+cos(t))sin(t)
y=s1n(t)

TP3:
dy /dt=yy; y,(0) = 1
dy,/di=-y,/r"; y(0) =0
dys/dt=ys; yy(0) =0

dy4/dl=-y3/lj: ¥4(0) =1
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THS:

with r=(y, 4y, )"

Analytic solution:

y,=cos(l)
¥.=-81n(t}
yy=sin(t)

y,=cos(l)

t=25

dy /di=y /[2(1+t)]-2ty,; y,(0) =1
dy/di=y,/[2(1+0]-2ty 5 y,(0) =0

with 1,=0
Analytic solution:
y,=(1+0)" cos(1)

y,=(1+0" sin(¢%)

dy /di=y.;
dy./di=-2y,-101y,;
dyi/di=y,;

dy./di=y,~4y,-29y;

with (=5

Analytic solution:

y,=0.1¢"sin(101)

y(0y=0
y,(0) =1
y;0) =0
y40)=0

y,=(1.01)"¢"cos(10t+8,)
ya=(5¢ sin(101-0)+10¢ *sin(5t+))/Q
y,=(5¢7(101) eos(10t-(¢-6,))+10

73



¢ ees(51-(0-0.0/Q
with

Q=50(6478)""
¢=arctan{-20/74)
O=arctan{-10/76)
O,=arctan(0.1)
8,=arctan{(.4}

Second Group of Test Problems:

Kroght:
dy/di=-By() + glyy,  y(O)=[0,-2,-1,-11"
B=UDU,

where
B, B, O O] 11 1 1
b, $, 0 0 1l -1 1 1

D= , U==

0 0 B, O 20t 1 -1 1
0 0 0 B, 1 1 1 -1

(&0 )
7L f

gy)=U (050 2(8) =Uy(®)
23(0)

24 (1)
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with =1
Analytic Solution:
y() = U v(U), v(t) = [v(0),v,(), v5(O), v(©1"

v, (1) = () (3, w,(t) - By w(t)
vi(t = ol (By wit) - B wa(t)

vz —E o =-(1+B ) for k=34

where
o (1) =20l (D) +wy(D) !

wy (1) =1-¢"[(1+P Jcos(B,1) - B,sin(B,1)]
w, (1) =€ "' B ,cos(B )+ (1 +B Jsin(B,1)]

with §§, = -0, 3, = 10, B, = 10, B, = 0.01
krogh2:
As the same as Kroght, but 3; = 100.
Kroehl:

As the same as Kroghl, but 3; = 1000
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