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Abstract

The purpose of the thesis is to assemble together the
various known characterizations of duality in B¥k-algebras.
Dual B¥-algebras have first been studied by I. Kaplansky.
He obtained several characterizations of duality in Bk-
algebras. He showed for example that a B¥-algebra is dual
if and only if it is a closed *-subalgebra o? the algebra
LC(H) of all compact linear operators on a complex Hilbert
space H . Also that a B¥*-algebra A. is dual if and only

if the socle of A is dense in A .

The rest of the thesis is concerned mainly with
results obtained by B. J. Tomiuk, T. Ogasawara and K.
Yoshinaga on dual B¥-algebras. We show that a B¥*-algebra
is dual if and only if it is complemented or w.c.c.. We
also show that a B¥-algebra A is dual if and only if
every maximal .commutative *-subalgebra of A is dual.

We end the thesis with a discussion about the successive

conjugate spaces of a dual B¥*-algebra.




Introduction

The aim of this thesis is to give an account of the
various characterizations of duality in B¥-algebras. Dual
B¥*~glgebras have first been introcduced and studied by I.

Kaplansky.

In Chapter I, we gather together some definitions and
basic results in B%*-algebras which are used-thfoughout the
thesis. In Chapter II., we present I. Kaplansky's work on
dual B*-algebras. We show that a simplé B*-algebra A is
dual if and only if A 1is *-isomorphic to the algebra LC(H)
of all completely continous linear operators on a Hilbert
space H . Using this fact, we prove. the so-called structure
theorem,for dual B*-algebras; namely, for every dual B*—algéb—
ra A there exists a family { Hy : )\GE{/\} of Hilbert
spaces HA such that A is *-isomorphic to the B (@ )-sunm
of the family { LC(H,) : )e'/\_} . It follows from this
theorem that a B¥*-algebra A is dual if and only if A is
*-isomorphic to a closed *-subalgebra of LC(H) for some
Hilbert space H . We also include a result due to F.
Bonsall and A. W. Goldie which states that an annihilator

B¥*-algebra is dual.

Chapter III is concerned mainly with results obtained

by B. J. Tomiuk, T. Ogasawara and K. Yoshinaga on dual B%-

algebras. Here we discuss two other types of Banach algebras;




namely, the complemented and w.c.c. Banach algebras. We show
that a Bs¥-algebra is dual if and only if it is complemented
or w.c.c.. We also show that a B¥%-algebra A is dual if and
only if every maximal commutative 3*-subalgebra of A is

dual.

Chapter IV is devoted to the study of successive con-
jugate spaces of a dual B¥*-algebra. We show that the conju-
gate space of a dual B*-algebra A 1is isomefrically isomor-
phic to a dual and w.c.c. A¥-aglgebra which is a dense two-

sided ideal of A .




Chapter T

B*—Algebra

8 T. Definitions and terminologv

Let A be an algebra over the complex field C , a

map x——x%* of A onto itself is called an involution

provided the following conditions are satisfied

(1) (x#)% = x

(i) (x +y )% = x% + y% ;
(111) (xx)® = Xx* ;

(iv) (xy )% = gyl |

for all x, y in A and for all A in C . An algebra
with an involution is called a *-algebra. A subset S A
is called self-adjoint if S% =S , where S% = {x* : xe S}

A self-adjoint subalgebra is called a *-subalgebra. Similar-

ly, we define a %*-ideal. A homomorphism < from a *-algebra
A into aﬁother *-glgebra B is called a.*-homomorphism if
P (a*) = Pla)* for all a € A . An element x of a *-

algebra such that x% = x is called self-adijoint ( s. a. ).

In a *-algebra, every element x has a unique representation
of the form x =h + ik where h , k are s. a. elements ;
in fact,

h=3z3(x+x%), k=-3i( x - x¥ )

A Banach algebra is an associative algebra A over the




qgmplex field C on which tﬁere‘is defined a norm |x|| such
that )

(i) A 1is a Banach space under the norm x|

(11) nxyn < nxipyil (x,ved)

Clearly (ii) gives the continuity of multiplication. From
now on, all algebras under consideration will be complex

algebras, unless mentioned otherwise.

A Banach algebra with an involution is balled a Banach
*-algebra. A Banach *-algebra A such that ||x¥x]|| = quz,

( x €A ), is called a B¥-algebra. Clearly, every closed

*-subalgebra of a B¥-algebra is again a B¥-algebra. An ele-
ment x of a B¥*-algebra A is called positive if x is of
the form x =yy* (y e A ) . It can be shown that every
positive element in a B*-algebra has a unique positive

square root ( [6, Theorem (1.6.1)] ). We can verify easily.
that B(H) , the algebra of all boundgd linear operators on
a Hilbert spacé H 1is a B*-algebra, under the operator
bound norm and the operation of taking the adjoint as its
involution. it can be shown that every B¥-algebra is isomet-
ricall& *-isomorphic to a closed *-subalgebra of B(H) , for

some Hilbert space H ( [12, Theorem (4.8.11)] )

A Banach *~algebra in which there is defined a second
norm |x]| which satisfies, in addition to the multiplication
IXyl £ I1xX11y|( , the B¥-condition ]x|2 = |x*x| , is called an

A%-glgebra. This second norm will be called an auxiliary
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norm. Note that completeness of the algebra in the auxiliary
norm is not required.

Let A Dbe an algebra. We define an operation on A ,

called the circle operation, by the following relation

Xoy =x+y-xy (x,yved)

This operation is associative and has O as an identity
element. An element of A which has a left | resp. right )
inverse relative to the circle operation is said to be left

( resp. right ) guasi-regular. If it is both left and right

quasi-regular, then it is called quasi-regular. An element

which is not ( left, right ) quasi-regular is called ( left,

right ) guasi-singular. If A has an identity element e ,

then an element x 1is ( left, right ) quasi-regular if and
only if (e - x ) is ( left, right ) regular. Similarly,

x 1is ( left, right ) quasi-singular if and only if (e - x)

is ( left, right ) quasi-singular.

Let A 'be an algebra, and let x be any element of A.
The spectrum of x in- A is the set SpA(x) of all complex
numbers A such that DClx is quasi-~singular, plus zero if
x 1is singulaf. We shall frequently write Sp(x) in place
of SpA(x) for the spectrum of an element x in A when-
ever it is understood clearly what algebra is involved. If

A is a Banach algebra, then Sp(x) is a non-empty, bounded

closed subset of the complex field C ( [12, Theorem (1-6-4)])-
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Let A Dbe a Banach algebra. The spectral radius M(x)
. . . = : nyl/n
of x }n A is defined by V(x) Adim =" /m1g
follows that M(x) = max {I)J : A€ Spl(x) } , and if A is
a Banach *-algebra then Sp(x*) = Sp(x) ( the complex con-
jugate of Sp(x) ) ( [12, Lemma (4.1.1)] ). If x is a s.

element of a B¥-algebra, then clearly MJ(x) = H;H . An

element x is said to be topologically-nilpotent if u/A(x)

O . An ideal in a Banach algebra is called a topologically

-nil ideal provided it is contained in the set N of all

topologically~nilpotent elements.

By a representation J| of a Banach algebra A on

normed linear space X , we shall mean a continuous homomor-

phism a —3 J[(a) of A into B(X) , the algebra of all

bounded linear operators on X . A representation J[ of A

on X 'is strictly irreducible if (0) and X are the only

linear subspaces of X invariant under J[(a) , for all

& A . A primitive ideal is the kernel of a strictly irrédu—

cible representation. Clearly, every primitive ideal is a

closed two-sided ideal of A . A Banach algebra is called

a

primitive if A has a faithful irreducible representation.

Also, if P is a primitive ideal, the quotient algebra A/P

is primitive. ( See [12, p. 60 ]. )

A left ideal I is said to be modular if there exists

e<E,A such that A(L - e) C I . 1In other words, the elem~

ent e 1s a right identity for A modulo I . Similarly,

a.
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a fight ideal J- is modular if there exists a left identity

for A modulo J .

Let A Dbe analgebra. An ideal I of A 1is called
minimal if it is different from (0) and does not contain
properly any ideal of the samé type other than (0) . It is
called maximal if it is different from the algebra A and
is not properly contained in any ideal of the same type other

than A . The left (right) socle of the algebra A is the

smallest left (right) ideal of A which contains all minimal
left (right) ideals of A . If the left and right socles
exist and are equal, then the resulting two-sided ideal is
callea the socle of A . It can be shown that in a B¥-alge-
bra A , if the left (right) socle of A exists, then it is

equal to the right (left) socle.

The radicadl R of a Banach algebra A is equal to the
interseqtion of all primitive ideals. - It can be shown that
R is a topologiéally—nil left (right) ideal equal ﬂo the sum
of all topologically-nil left (right) ideals. And if R # A,
it is equal to the intersection of all maximal modular left
(right) ideals of A ( [12, 8 2.3] ). A Banach algebra A

is called semi-simple if the radical R =0 . A is called

simple if it is semi-simple and does not contain any closed

two-sided ideals other than (0) and itself.

Every B¥-algebra A is semi-simple. In fact, let

X< R.. OSince x* & R and x¥%x is s.a., therefore 0O =
2
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Vixkx) = Ix¥xy = “x”2 , which givés x =0 . Hence R = (0).

Let {- Ay A& /\ } be a family of B*-algebras and
let (; Ay), be the class of all functions (x,) defined
on /\ such that Xx»& A for each A and, for every £> 0,
the set { A Xy éE} is finite. (ZA)\)O is closed

under the following algebraic operations

(X,\) + (ya) = (X,\ +yy)
O((X,\) = (D(X,\) ;
(xx)(ya) = (x\72) ;

(x) )% = (x%) ,

for all (x,) , (yy) € (> Ay)y and all X € C . Tt is
easy to see that with these operations, ( > AA)o is a

B*-algebra under the norm given by

) = SR EN

It is called the B* (o0o)-sum of Ay . It is easy to see
that the set of all functions (x,) which are zero except

for a finite number of the indices A is dense in

(> 4,) -

Let { Hy : A& /\} be a family of Hilbert spaces and
let H be the family of all functions (£,) defined on /\

such that ' .
(1) for each X & /\ , &,\E Hy ,

(i) Z;HEAHZ < o©.




Under the usual operations of addition and multiplication by
scalars. for functions, H is a ve ctor space. It is a

Hilbert space under the inner product given by the relation

((E,,\),(/Z\)) = ;(E),\/Z)\)

H is called the Hilbert sum of the Hilbert spades H, and

H = (PH, -

denote by

8§ 2. Some useful results

Let A be a commutative Banach algebra. Let () “be
the set of all non-zero homomorpﬁisms of A into the complex
field. Each xé A defines the function & on O given
by R(P) =P(x) (P& _O ). We have the following spectral

mapping relation :

sp(x)— [0} {@«m : dc _Q}C Sp(x) .

Each CP(E () is a bounded linear functionql on A of norm £
1 . Thus !) is a subset of the closed unit ball S of the
conjugate space A" of the Banach algebra A . It is easy

to see that the weakest topology on !) for which all the
functions X are continuous coincides with the relative
topology which £1 has as a subset of Y oir Y is given

the weak*-topology &(4,A) . Since S is G&(A,A) compact
(Alaoglu theorem), and since f}kj{O} is a 6&(4,A) closed

subset of S , it follows that () is a locally compact
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Hausdorff space. {) with this ﬁopology is called the
carrier space of A . ( See [12, Chapter III, § 1 ]. )

Let () be a locally compact Hausdorff space. A conti-
nuous function f defined on (} is said to vanish at
infinity if the set { p & If(p)l D E} is compact for every
>0 . Let Co(()) be the set of all complex-valued conti-
nuous functions which vanish at infinity. With the usual
operations for functions, Co(()) is a B*—élgébra under the
sup-norm. If !) is compact, then Co((l) egrees with
C(K)), the algebra of all continuous complex-valued functions

on 1) . Co(()) haé an identity element if and only if 1)

is compact.

Theorem (1.2.1). ( Gelfand Theorem )' Every commutative B%-

algebra A 1is isometrically *-isomorphic to Co(()), where
() is the carrier spabe of A .

Proof : cf. [.6, Theorem (1.4.1) ]

Theorem (1.2.2). Let & be an algebraic *-isomorphism of

a B¥-algebra 'A into a dense subalgebra of a B¥*-algebra B .
Thenlc? maps A onto - B and is an isometry.

Proof : cf. [-7, Theorem 6.4 ]

Let A be a Banach algebra. An idempotent e in A
such that eAe 1is a division algebra is said tb be minimal.
Two idempotents ej] and ep in A such that eiez = egei_

= 0 are said to be orthogonal. Since A is a complex
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Banach algebra, ele = Ce for every minimal idempotent e
If A is semi-simple, then an idempotent e is minimal if

and only if Ae (eA) is a minimal left (right) ideal.

Theorem (1.2.3). Let A be a B%-algebra and let I be a

minimal left ideal. Then there exists a s.a. idempotent e
such that I = Ae

Proof : [12, p.26l] Let x be any non-zero element of I
and set h =x% . Then h is a non-zero s.a. element of
I . Also, since I is minimal and h? # O , we have Th =
I . Now let 2z Dbe any element of I Asuch that zh =0 .
If z #0 , then I =4z . But I =1TIh = Azh = (0) , a
contradiction. In other words, the leftiannihilator of h
in I is zero. Now, since I = Ih , there exists u& I

such that uh =h . Moreover (u? - u)h = 0 and hence u?

=u. Since h&€ I and I = Iu , it follows that h = hu .

Applying the involution to the equation, we. obtain h = u¥h

AR e 1SR L et

Define .e =u% . Then e€ I, eh =h , and thus (e? - e)h

= 0 , which implies that e? =e . Furthermore, e 1is a

non-zero element of I so that I = Ae . This completes

the proof.

The rest of the section contains some spectral theory

of bounded linear operators on a Hilbert space H . Most of

the results are taken from [14] . An element T in B(H)
is called compact (completely continuous) if it takes '

bounded sets in H into relatively compact sets. Equival-
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ently, T 1is compact if and'only'if it maps every weakly
convergent sequence of vectors into a strongly convergent

sequence.

Notation :
(i) For g , h@ H, g@®h& B(H) is the linear operator
defined by g®h(x) = (x,h)g ( x& H ) ; where ( , ) denotes
the given inner product in H . It is clear that |[g®hll
= leg|-Inll . '
(ii) F(H) = the set of all linear operators on H of
finite- ranks. )
(iii) LC(H) = the set of all compact linear operators on
H .

It can be shown that LC(H) 4is.a closed *-subalgebra
of B(H) which contains F(H) as a dense two-sided ideal
[lh, Theorem 5, p.lé ] . Every compact linear operator T
has a unique representation of the form T ==_ZZ:)HQ%QDQ§

where {FJ& } and { 93 } are both orthonormal sequences in

H and Ai's are positive real numbers with )i — 0 ;
moreover, |[T] = Sup A3 . This representation is called

the polar decomposition of T . ( See [14, Theorem 7, p.l8].)

Lemma (1.2.4). For every T in LC(H) , there exist T, and

T, in LC(H) such that T = T{T, . |
fa ) _

Proof : Let T = > )EC@QEQE be given in its polar decom-
: 4 n — n — '
position. Let T, = > )\iCIDi@% , A= > »fj\;_%_@g/l and.

I |
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B, = E‘ Jjﬁ_g’i@q)i - Clearly, Ap and By belong to F(H).

Since [T, - Tl = sgg Ai, Ty —> T . Since ”An - Al =
L

hgﬁ)m 423 > therefore { An} is a Cauchy sequence and so

it converges to an operator Ty in LC(H) . Similarly, B

n
converges to an operator To in LC{(H) . Since

(s”i®@i)(95-®ﬂ?j) = 6ijclpi®% , we have ApB, = T, and so
ApBn —= T . But we also have ApByn —> T1T, . Hence
T =TTy .

Theorem (1.2.5). LC(H) is a simple *-algebra.

Proof : Let I be any non-zero closed two-sided ideal of
LC(H) . Therefore there exists T€ I such that Tx =7y

#0 for at least one x&c H . It is easy to verify that

T(x®Y) = y®Y . Hence YOV E I . For g , he B ,

I ¥ h) = no.
é@wﬁh®@@#®) £®
Thus g®h & I . Since F(H) is generated by operators of

the form g®h - where g , h@ H , it follows that F(H)
I and hence I = LC(H) .




Chapter II

Dual B¥*-algebras

€ I. Introduction

Let A be a Banach algebra and E an arbitrary subset

of A . Denote

I
(@

1

{ x< A : xE

L(E) }
~{XGA : Ex = (0) }

R(E)

The sets L(E) and R(E) are called the left and right

annihilators of E , respectively. It is clear that L(E)

is a closed left ideal and R(E) is a closed right ideal of
A E CL(R(E)) and EC R(L(E)) . Clearly if E C.Ep,
then L(E{) DL(Ey) and R(E;) DR(Ep) . If I is a left
ideal of A and sucﬁ ﬁhat T =1L(R(I)) , I is called an

annihilator left ideal. Similarly, we define-an annihilator

right ideal of A .

Definition (2.1.1). A Banach algebra A 1is called an anni-

hilator algebra if, for arbitrary closed left ideal I and

closed right ideal J in A , both of the following condi-
tions are satisfied
(1) - R(I)
(i1) L(J)

(0) if and only if I = A ,
(0) 4if and only if J = A .

Definition (2.1.2). A Banach algebra A 1is called a dual
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algebra if every closed left (right) ideal in A is an
annihilator ideal.

Dual algebras were first introduced by I. Kaplansky in
[ 7] . Most of the results presented in this chapter are

due to him.

8 2. The algebra LC(H)

Throughout this section, H will denoﬁe a complex
Hilbert space with inner product ( , ) and, for every closed
subspace S of H , S'L will denote the orthogonal
complement of S in H . If D is a subset of a topological

space X , cl(D) Mﬁll denote the closure of D in X .

Notation : For every closed subspace‘ S of H, let jﬁs)

= {TE IC(H) : T(h)& S for h& H} . For e#ery closed '
‘right ideal J of LC(H) , let. &(J) be the smallest closed

subspace of H  that contains the range T(H) of each

operator T in J .

Lemma (2.2.1). For every closed right ideal J of LC(H) ,

J =_§0§hf)); and for every closed subspace S of H ,

gﬁS) is a closed right ideal and S = xﬂgKS))

Proof : [ l] It is clear that g}ﬁ(J)) contains J . Let
T be any element in Sf(;(ﬁ(J)) , and let { T} be a sequence
of operators on H of finite rank, such that T, — T .

Let P be the projection on &f(J) . Since PT = T , we have
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PT, —> T . ©Since -PT, 4is of finite rank and whose range
is cohtained in A(J) , it follows from [12, Theorem

(2. 4.18) ] that PT,€ J for all n . Since J is a
closed right ideal, thus T<: J . This shows that Jf

=dJ . Let S Dbe a closed subspace of H , it is easy to
prove that ?ﬂS) is alclosed right ideal of LC(H) and so
jj(s) = 5{(6(95(8))) . Tt is clear that @”jf )) C S . Now,
if m& S, then m®m& %(S) and therefore RAS ;J(EZ(S))

Hence S ,é(f(S)) and so 6(5{(8)) =S

Corollary (2.2.2). For every closed left ideal I of LC(H)

1= {ac o) : a(fT*1) = (0) ]

Proof : Since I% 1is a closed right ideal, the result

follows from Lemma (2.2.1) and the fact that, for all a
B(H) , Ker(a) = (cl(Range a*))‘L

Remark : Lemma (2.2.1) shows that J — KL(J) defines a
one-tojone correspondence betwéen the- closed right ideals of
ILC(H) and the closed subspaces of H ; moreover if Jy 5 Jdp
are closed right ideals such that Ji'C: Jé , then the cor-
responding closed subspaces Sq and S, in H satisfy

the inclusion Sl(:: 82

Theorem (2.2.3). LC(H) is a simple dual B¥%-algebra.

Proof : [ 7 ] Theorem (1.2.5) shows that LC(H) is a simple
%-algebra. Let J be a closed right ideal of LC(H) . By
Lemma (2.2.1), J = ¢(§(J)) . Clearly, L(J) Dlac LC(H)
cald(0)) = (0)} . Nowif b ¢ {ac Lo(H) : ald(a) = (0) ],
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then there exists x< H(J) such that b(x) =y # 0 . But

by Lemma (2.211), x®YCE J and b(x®y) = y®y # 0 ; so
that b¢ L(J) . Hence L(J)C{ac LCWMH) : alf(I)) = (o)}
and so L(J) = {acz LC(H).: a(é&J)) = (0) } . To show that
R(L{J)) = J , it clearly suffices to prove that R(L(J)) J.
Let ac& R(L(J)) . If aé J , then there exists x& H
such that a(x) = yx$ A(J) by Lemma (2.2.1). Let y =

y1 + 72 , where y1& J(J) and yr& J(J)'L ; clearly, vy, #
0 . Since y2®y2(z) =0 for all z& L(J) , and since
1(5) = {ac 1C(H) : a@(9)) = (0) | , we have y2®@¥2&L(J).
But (y2Q§§2)a # 0 ; in fact, (Y209§2)a(x) = (YZQD§2)Y =

(y5 , 72)v2 # 0 . This is a contradiction since ac R(L(J)).
Hence R(L(J)) = J , which completes the proof.

Lemma (2.2.L4). Every dual B¥*-algebra A contains minimal

left and right ideals.

Proof : Since A is éemi-simple, it contains a maximal
modular_right ideal M . ( A contains a right quasi-singular
element u and-{ X -ux 1 xGC A } is a modular right ideal
not containing u .) We claim that L(M) is a minimal left
ideal. In fact, let I Dbe a closed left ideal properly
contained in L(M) . By the duality of A , we have R(I)
PR(L(M)) = M . Hence, by the maximality of M , we have

R(I) = A, and so I = (0) . This completes the proof.

Theorem (2.2.5). Let A be a B¥-algebra. Then A 1is a

simple dual B¥-aglgebra if and only if it is isometrically *—_
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isomorphic to LC(H) , for some Hilbert space H .

Proof : Let A be a simple dual B¥-algebra. Lemma (2.2..)
shows that A contains a minimal left ideal H . Theorem
(1.2.3) says that H = Ae R whére e 1s a s.a. idempotent;
moreover, ehAe = Ce . Therefore for any x , y& H , there
exists a complex number (x,y) such that y*x‘= (x,v)e .

It is easy to verify that (x,y) is an inner product on H
and moreover, the norm IIXH)= (X,X)% , XE& H define by the
inner product ( , ) in H is equal to the given norm in A
i. e, Ixl' = |Ixll (x& H). Hence H is a Hilbert space.
Since A 1is simple and H is a minimal left ideal, the
left regular representation T of A on H , Tg 1 a~—y ax
(x& H) is faithfulland irreducible. Also, (Tax,y)e==y*ax
= (a*y)¥x = (x,a%yle = (x,Tgxy)e . Thus, Tyx = (T,)% which
shows that T is a *-representation. We claim that the
image of A by this répresentation contains the set F(H)
of all operators of finite rank on H ; in fact, since
(g®@h)(x) = (x,h)g = ‘(x,h)ge = g{x,h)e = ghix = Tehs(x)
(x© H), we have Tgh#= g®h , for all g , he H. Hence
F(H) CC T(A) . Since the operator bound norm ”TaH,é=”aH
and since A has the minimai norm property ([Z,Theorem lO])
we have “TaH = llall (a€ A) . Hence T is an isometry so
that T(A) contains LC(H) . But A is a simple algebra,
so that T(A) = LC(H) . Thus A  is isometrically *-isomor-
phic to LC(H) . The converse follows from Theorem (2.2.3)

and this completes the proof.

)
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Remark : From the proof of the above theorem, we see that
every simple B¥-algebra with a minimal left (right) ideal

is of the form LC(H) .

Theorem (2.2.6). Let A be a primitive B*~-algebra with a

dense socle, then A is *-isomorphic to LC(H) for some
Hilbert space H .

Proof : Let H be a minimal closed left ideal of A . By
the proof of Theorem (2.2.5), H can be given an inner pro-
duct which induces the given norm on H , and the left regu-
lar representation T : A —> B(H). off A on the Hilbert
space H 1is a *-representation. Moreover, by [12, Coro-
llary (2.4.16) ] », T 1is a faithful irreducible *-representa-
tion. By [12, Theorem (2.&.12)] », T maps the socle of A
onto the operators of finite rank. Since the socle is dense in
A and T 1is continuous, T maps A into LC(H) . Hence{

by Theorem (1.2.2), A is a *-isomorphic to LC(H)

8§ 3. Dual B*-algebras

Theorem (2.3.1). If { A,y :,ke_/\_} is a family of dual
B*-algebras, then A = (2 Ay), is dual.

Proof : [12, p.27l] For any element x & QX , let X = (x,)
be the element of A such that x5, =x and x4 =0 for

A # A . Then x —3 X is obviously a *-isomorphism of A,
into A . Since these are B¥-algebras, this isomorphism is

an isometry ( Theorem (1.2.2) ). In this way, we can (and
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do) identify A, with a subalgebra (actually an ideal) of

A . DNow let T be a closed left ideal in A and denote by
In the image of I in A under the mapping (x,) —) Xy
of A onto A, . Then it is éasily verify that I, 1is a
left ideal in A and that AL, CC I . Since I is closed,
we have L, I ; in fact, if x & I,, then there exists y =
(y») € I such that y, =x . Since x¥x =_§*y<§ I, by

[12, Corollary (4.9.3)] , x& I . Identifying 'x with x ,
we have x & I . It follows now that I, - I{ﬁ\AA and, in
particular, that I, 1is a closed left ideal of A, . Next
let E Dbe an arbitrary subset of A and denote by E, the
image of E in A, under the mapping (xA) — X, . Denote
the annihilator operations in Ay by L, and R, . Then
(L(E)),=L,(Ex) and (R(E)), = R,(E,) . Let wus show for
example that (L(E)), = La(E)) . Let x& Ln(E,) = x(y,)
= XY =0 for all (XX)<5 E=xc L(E) . Since xC 4, ,
x€ (L(E)), . Thus Lx(E,) CC (L(E)), . Conversely, suppose
X G-(L(E))A . Then there exists (x,)& L(E) such that x,
= x . This implies that xE, = (0) which gives x & L,(E,).
Thus (L(E)), = Ly(E,) . Similarly, we can show that (R(E)ZA
= RA(E)) . Since A ‘is dual, we obtain (L(R(I))), =
LA(RA(IA)) = Iy ; in particular (L(R(I))}),CC I . Thus I
contains the linear subspace B of A generated by the sets
(L(R(I))ZA (A€ /\) . But the subspace B is dense in
L(R(I)) ; in fact, suppose (x,)& L(R(I)) and denote the-

non-zero X, by XXl X)ps "t - Identifying Xip With
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the element X, in A , we see that y, = §£:3XAi<E B .
Since [lxypll — O as n — © and since ”(XA) - yh” =
sup [xaill 5 yp — (x,) in A . Hence B is dense in
L(R(I)) . Since I 1is closed and containing B and, since
cl(B) = L(R(I) , we have L(R(I)) CC I . Now it follows that
I =L(R(I)) . Similarly, if J is a closed right ideal of
A, then J = R(L(J))

Corollary (2.3.2). Let [ Hy : A& /\u} be a family of Hilb-
ert spaces. Then the B¥ (® )-sum (2 LC(H,\))y is dual.
Proof : The result follows from Theorems (2.2 3)and (2.3.1).

Lemma (2.3.3). Let A be a B¥-algebra and let I and J

be closed two-sided ideals of A such that I{n\J = (0)

and I +J is dense in A . Then I + J =4 and [[m + n

= max  (limll,llnfj) for all m& I and n€ J.

Proof : [77] Let A, be the direct sum I@DJ of I and '
J with the norm defined by [[m@®n| = max (lmlf,|nl]) . Clear-
ly A, 1is a B¥-algebra under the usual operations for direct
sum and the involution given by m@n — m*En* . The
mapping P :Ipaan —— m +n of A, into A defines an
algebraic *-isomorphism of A, into a dense subalgebra of

A . That CP is‘a *-preserving linear map is clear and,
since I/r\J = (0) , it is also one-to-one. That it preserve
multiplication follows from the fact that IJ C II/\J = (0);

in fact
Pm @y ) (mp@ny)) = Plmymy@nyng) = mymy + nymy

= (ml + nl)(mz + n2) = (p(ml@nl)ép(mzéan)
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Hence, by Theorenm (1.2.2), A, 1is isometrically *-isomorphic

to A .

Lemma (2.3.4). Let A be an annihilator B*-algebra and let

I be a closed two-sided ideal of A . Then II[\L(I) = (0),
R(I) = L(I) and I + L(I) =4 .
Proof : [ 12, p.99] Let xG'IﬂL(I) . Since every closed

two-sided ideal of A is a *-ideal ( [12, Theorem (4.9.2) ] ).

x¥C¢ I and so xx* =0 , which implies that x = O . Thus
Jﬁ[\L(I) = (0) . Since R(I) and L(I) are both closed
two-sided ideals and since x& R({I) if and only if x*c
L(I*) = L(I) , it follows that R(I) = L(I) . Now

cl(I + L(I)) 4is a closed two-sided ideal and L(I + L(I)) -
L(cl(I + L(I)) . If x& L(I +L(I)) , then xe L(I) and

x€ L(L(I)) . Then x%x =0 and hence x =0 . Consequent-

ly L(cl(I + L(I)) = (0) and so, since A is an annihilator

algebra, we have that I + L(I) 4is dense in A . By Lemma
(2.3.3), it follows that I + L(I) = A . This completes the

proof.

Lemma (2.3.5). Let I be a closed two-sided ideal of an

annihilator B*-algebra 'A . Then every closed left (right)
ideal of the B¥-algebra I is a closed left (right) ideal
of A .

Proof : Let K be a left ideal of I . Since 'I(P\L(I)
(0) , LIk LD VI =(0). Thus 4K (I + L(I))K
IK + L(I)X C IKC K, and hence K is a left ideal of A.

]
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Theorem (2.3.6). Theifolloﬁing statements are equivalent

(i) A is an annihilator B*-algeﬁra.

(ii) A is dual.

(iii) The socle of A is dense in A .

(iv) A is the B* ( o )-sum of ‘{ LC(Hy) : & &€ ()}, where
Hyg are Hilbert spaces. . .'

Proof : (i) = (ii). Let A be an annihilator B¥-algebra
aﬁd let M be any maximal closed left ideal of A . Let u
be any non-zero element of R(M) . Then MCTL(R(M))C L(uA).

Since L(uA) = { Xx€A 1 xu =0 } is a proper closed left ideal

of A, we have M = L{R(M)) by the maximality of M . Hence
every maximal closed left ideal of A 1is an annihilator ideal.
Let I be a closed left ideal of A . Let { My : /\E/\}
be the family of all maximal closed left ideals such that I
C:Nb\’for each A& /\ . By [ 6, Theorem (2.9.5) ] , I =
QM)\ . L(R(I)) C L(R(M,)) = My (A€ /\) . Therefore,
L(R(I)) C C)M) = T and hence I = L(R(I)) . Similarly
every closed right ideal J of A is‘an annihilator ideal.
This shows that A 1s dual.
(ii) :ﬁ; (iii). Let A ©be a dual B¥-algebra and let

R be the soéle of A . Lemma (1.2.3) shows ﬁhat G( is

the sum of the family | Aey : Y &[ |, where [ ey is the
family of s.a. minimal idempotents in A . Now, if =xcR(B),
then x € R(Aey) , for every Ye|' ', and so x & QR(Aey)

By the duality of A , i R(Aey).: vye[ f is the family of
all maximal closed right ideals of A . But every closed makimal

right ideal of A 1is a maximal modular right ideal. Hence

T L I A Y N Sy e et e S F L S e T e e T e B e T 8 e e g e o N e gy g
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{R(Aey) : Y& r} lS the family of all maximal modular right
ideals of A . Since A 'is.'semi—sim‘ple, OR(AGY) = (0)
and hence x =0 . We thus have R(&) = (0) which impliies
that & is dense in A .

(iii) == (iv). Suppose & is dense in A . We use
the notation in the proof of (ii) == (iii). Tet I be the
closed two-sided ideal generated by some Aeyl. Then I 1is
a minimal closed two-sided ideal of A . In fact, let J be
a closed two-sided ideal contained in I . Ethher AeyC g
or Ae,mJ = (0) . 1If AeyC J , then clearly J =TI . If
AeYﬂJ = (0) , then Ae(J CAeﬂJ= (0) , so that Ae, C
L(J) . Since L(J) is a closed two—sidéd, I C L(J) .
Hence J  L(J) and so J° = (0) , which shows that J =
(0) . Therefore I is a minimal closed two-sided ideal. By
Lemma (2.5.5), Aey is a minimal closed left ideal of the
B*-algebra I , and so, by the remark of Theorem (2.2.5), I
is isometrically *-isomorphic to LC(H) for some Hilbert
space H . Let { I, : AG ()} bve the family of all minimal
closed two-sided ideals of A . Since each Ae, is conta-
ined in some I , M = ;I/\ is dense in A ; moreover
Z;I,\ is a direct sum since IXL[\I/\Z = (0) for Xy # X5.
Let x&€ M . Since x =Xy trorttxyg, oo 'where” 3()\16 IAE
(i=1,2,<,n ), it follows from Lemma (2.3.3) that
“xlln=”max { HX)\J-_II!I :1=1,2,""",n } - {( In fact, by Lemma
(2.3.3), B= Z':IAi is a B¥-algebra under the norm given
by NIyl = max [ “&i“ :1=1, 2, -, n} , for all y& B .
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Hence, in particular, [ix|| = max { Hxagyf 4 =1, 2,--, n.}.)
Let M’ be the subalgebra of the B¥-algebra of the B% ( oo )-
sum { EQ;lIA)O consisting of functions which are zero except
for a finite number of indices A ; M’ is dense in (> _I,),.
Let <P be the mapping of M’ into M such that <P((x,)) =
Xyt 't txa, for (xy)E M’. It is clear that CP is an
isometric *-isomorphism of M/ onto M . Since M is dense
in (2 _I) » P has a unique *-isometric extension @
to all of ( > __ Iy)o - Since the range of P is in A and
contains M and since M is dense in A , Theorem (1.2.2)
shows that A 1is isometrically *-isomorphic to ( E:::Ix)o .
Since each I, 1is isometrically *-isomorphic to LC(Hy) for
some Hilbert space H) , it follows that A is isometrically
¥-isomorphic to ( > LC(H,)), -
(iv) => (1). Suppose A = (> _ILC(H,)),. Then, by Cor-

rollary (2.3.2), A is dual and hence an annihilator algebra.

Corollary (2.3.7). A B*-algebra is dual if and only if its

maximal closed left (right) ideals are annihilator ideals.
Proof : Foilqws from the proof of (i) ::ﬁé (ii) in the proof
of Theorem (2.3.6).

Remark : Statement (iv) of Theorem (2.3.6) is usually referred

to as the structure theorem for dual B¥%-algebras.

§ 4. Duality and closed *-subalgebras of the algebra LC(H)

Lemma (2.4L.1). Let { Hy t A€ /\} be a family of Hilbert
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spaces, let H =@HA the Hilbert sum of Hy and let A =
(ZLC(H)‘))O - Then every element (T)) in A can be
identified uniquely with an operator T & B(H) such that
TE = (Ta&,) ( i.e., T[H, = Ty ) where & = (E,) € H ‘and T
< LC(HA) , and the collection A’ of all such operators T
in B(H) forms a closed *-subalgebra of the aléebra LC(H). .
The mapping (Th) —3 T is an isometric *-isomorphism of

A into LC(H) . ) ,

Proof : Since each T, in (I\)& A is bounded, the opera-
tor T defined on H by Tg= (TAE,) (&= &yl e H ), is a
bounded linear operator and ”TH = sup HT,\H . It is clear
that (T,) —3 T is an isometric isomorphism and to show that
it is >~'=-isomorphism', we need to show (ij) — T% , since
(T¥) 1is the adjoint of (Ty) in A . That is, if Ty =
TfH)\ , we need to show that T = T*[H/\ . Suppose that T*.H/\
' T,\’ - Then for any & = (£,) and 4= (Zy) € H , we have -

(15,2) = 3 (18, 2) = S (5,157

H ce . T~- o E
en _S_ (g/\’ /\—:‘? ) = (5\1 T)/ﬁ) J
or

2 (B (TF - T)B) =0,

for all (&£,) and (%,) in H . Hence T§ = T/\’ for all ) ,

and so (Tx) —> T is a *-isomorphism. TIn particular, A’

is a closed >1=—subalgébra of B(H) ( Theorem (1.2.2) ).

4_,W_§";?':i.-",“::"' <.
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We observe that the set B of all elements (T,)
which are zero except at a finite number of the indices A,
is dense in A . Let B be the corresponding collection of
/

B in 4 . Then B is dense in A’ . Hence to show that

A C LC(H) , we need to prove every element T in B’ is

COépaCt. Let {Z‘;(n) } _ {(F/)&n)) }

be a bounded sequence of elements in H and let T& B .

We shall prove that { Téfn) } contains a convergent sub-
sequence. We have TE,(n) = g(n’) with T,& LC(H.) and
TAgin) = 0 except at a finite number -of the indices A

Let | be the subset of /\ for which T, # 0 and let the
elements of | be X, )25 s ,Xm . We arrange the

b)

elements of { ﬂ?g(n) } as follows
.T‘E)(l) = (T/\lég\]]:) ’ T/\Zé,(\,]é) PR T)mZ)(I;l{):o: O;..')

T2f2) = (Talgif) , TAgéif) 27T Am%;m) 0, 0,-:)

Tg)(n) (T)\lg,\({l) , T)\zé/‘\(f?) R T)\mg)g:)’o’ O,“')

where some of the Ikiggg) may be zero (i=1, 2,""° , m;

=1, 2, **° ). We then have

(1) TAlg(1) , T,\li(g) e TAlE»‘E\rll) , e € Hy

(2) T}\zz(l) , )25(2) , e, T,\2<?’—;(n) < H)Q :
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m gl g R g )L Do

N (n) .
Since Ty & LC(HAl) and {é;q is a bounded sequence

of elements in HM_’ { ?Bﬂéién) } contains a convergent

- (1)
{T’\lég’\l(nk )} ’

where { nél) } ié a subset of { 1, 2, ’--,‘}. Let the

subsequence, say

limit of this sequence be Q&I . Now choose the correspond-

ing elements from (2), i.e., consider the sequence

(1)
{T/\z"é,\z(nk ) }

(1) '
Since Typ & LC(H,\2 ) and {E/\Z(nk. )} is a bounded seque-

- ' . . ) (nk(l)) .
nce of elements in Hy f92§;2 contain a conver-

gent subsequernce, say

{ T,\gg)\z(nk(z)) }:

where { né?) } is a subset of { nﬁl) } . Let the limit

of this sequence by Q&z . By repeating the same process,

th

we arrive at the m convergent subsequence of the sequence

given by (m), say

(m)
U nagam™ ],

where { ném) } is a subset of { ném—l) } . Let the limit

of this sequence by Qanl . Then the sequence

T
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() ) (m), (m))

{ Tg(nk )} = { (T/\lail:zk ' ): T ')T/\ma,(\zk :O,O; e )}
is a convergent subsequence of _{ Téﬁn) } with the limit
given by

/? = (’Z\l:/?,\2a Tty /Z\ma 0, 0,° ) 3
since |

(m) (m)
lr™x 2l = == |lng -
AcT .
Hence T 1is a compact operator and this compietes the proof.

Theorem {2.4.2). Every dual B¥-algebra is ( isometrically

*-isomorphic to ) a closed *~-subalgebra of LC(H) for some
Hilbert space H . »

Proof : Suppose A 1is dual. Then by Theorem (2.3.6)(iv),

A is of the form ( 3 LC(H,)), where H, are Hilbert
spaces; Hence from Theorem (2.4.1), it follows that A is
isometrically *-isomorphic to a closed *-subalgebra of LC(H)

where H is the Hilbert sum of H,. This completes the proof.

Theorem (2.4.3). Every closed *-subalgebra B of LC(H)

is a dual B*jalgebra.

Proof : Let £ be a non-zero irreducible *-representation
of B in Hp . Then; by [-6, Proposition'(Z.lO.Z)'], P can
be extended to an irreducible *-representation J| of LC(H)
in Hy such that Hpe 1is a closed subspace of Hy and

Fix) = JT(XHH} for all x 1in .B . In fact, ‘Hy is given
by Hp = c1(JT(B)Y) for some /Z& Hy, . ( See proof of [6;
Prop (2.10.2) ]). Since J ] is equivalent to the identity
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representation, -IT%B)(:: LC(Hy) and so :9(B)(:: LC(Hf);
Since § is nén-zero, by [ 6, Corollary (4.1.11) ] , |
£S(B) = LC(He) . We show next that ® is faithful. Let
X&@ B; x#0 . Since B 1is semi-simple, there exists
y& B such that xy # 0 . Therefore J](xy) # 0 . But
E = Jl(y)/7 is a non-zero element of Hg . Therefore

S(x)& =T1x)E =ITx)Tly) =J[xy)Z #0 .

Hence § is faithful. Thus B is *~isomorphic to a dual

B*-algebra. This completes the proof.

It follows immediately from Theorems (2.4.2) and (2.4.3)
B

that

Theorem (2.4.4). A B*-algebra is dual if and only if it has

a faithful *-representation by completely continuous operat-

ors.




Chapter III

Some characterizations of duality in B*-algebras

§ 1. Complemented B*—algebras

Let A be a Banach algebra. Denote the lattice of all
closed right ( left ) ideals in A by L. (Ll) . Following

[16:], we shall call A a right complemented Banach algebra

if there exists a mapping J——JP of 'Lr. into L such

r
that
(c.1) g NN ® =) (Je1.);
(C.2) (PP =g (dgeL.);
(c.3) JAP =4 (JEL, ) ;
(C.4) If J1C J2 , then I DI ( J,bhe L. ).

Analogously, we define a left complemented Banach algebra.

If A is both a left and a right complemented Banach

algebra, we shall call A a bicomplemented Banach algebra.

The mapping ©p : Lr-——¥>'IT is called a right complementor

on A .

Lemma (3.1.1). Let A be a right complemented Banach

algebra such that R(A) = L(A) = (0). . Then every closed
modular right ideal is an annihilator right ideal.

Proof : Let M be a closed modular right ideal and let e’
be a left identity moduloe M . lThen e =u + é with u&€ M
and e< MP . Since edE M, e #0, It is easy to see.
that e 1is a left identity modulo M , i.e., (1 - e)A( M.

H”\ RENEN
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Since (1 - e)xc M[\Mp for all x¢ MP , we have ex = x
for all x& MP which shows that e = e and MP = oA .

pr every x¢A can be written in the form x = ex+(l-e)x ;

]

hence A =eA+ (1~ e)A . Since (1 - e)A C M, it follows
that M = (1 - e)A . Clearly L(M) DAe . Now let ‘x G
L(M) . Then x(1 -e)y =0 for all Y& A and hence,
since L(A) = (0) , we obtain that x = xe . Thus
L(M) CC Ae and consequently L(M) = Ae . It is clear that
R(L(M)) DM . Let xe& R(L(M)) . Then Ayexl= 0 for all
Y& A and, since R(A) = (0) , ex =0 . Thus x = X - ex

€M and therefore R(L(M))C M ; which completes the proof.

Theorem (3.1.2). Let A be a Bk-algebra. Then the follow-

ing statements are equivalent

(i) A is dual.

(idi) A is right complemented.

(iii) A is bicomplemented.

Proof : (1) == (iii). Let A be a.dual B¥-algebra. We
show that the mapping p : J — L(J)* on L. is a right

complementor on A . Conditions (C.1l) , (C.4) are easily

verified. It is easy to see that condition (C.2) holds. For

L(J)* = R(J*) and therefore (JP)P = L(JP)% = R((JP)*) =

R{(L(J)*)*) = R(L(J)) = J , by the duality of A . We follow

the proof of [ 3 ] to show that J + L(J)* =A (J¢& L.). Let
K=J + L(J)%*. Since JﬂL(J)* = (0) , each k& K can be
written uniquely in the form k = J *1i with j&€ J and

i€ L(J)* . Then i*k = i%i and hence |Ji%||[kl ||1%x]
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= H.illz , so that [ k|[2[4ill . Similarly [lkx||X ||jl] . These
inequalities imply that K is closed. Hence X is either
A or has a non-zero left annihilator a . In the later case,
ad = (0) and aL(J)* = (0) . Hence ac L(J) , akxc L(J)* ,
which implies the impossible conclusion that aa* = 0 .
Hence p is a right complementor on A . By %hé continuity
of the involution, A 1is also a left complemented B¥-algebra.
And hence A is bicomplemented.

(iii) = (ii) Trivial.

(ii) == (i) Follows immediately from Lemma (3.1.1)
and Corollary (2.3.7).

Corollary (3.1.3). Every closed *-subalgebra of a right

(left) complemented B*-algebra is right (left) complemented.
Proof : Follows from Theorems (2.4.2), (2.4.3) and (3.1.2).

§ 2. Weakly completely continuous B¥-algebras

The weak topology on a normed linear space X 1is the
weakest topology on X such that all bounded linear funct-
ionals on X ‘are continuous. A net { x“} converges to x
weakly if and only if f(xy,) —3 f(x) for each bounded
linear functional f on X . A subspace. M of X 1is closed
(in the norm topology) if and only if it is weakly closed.

If M 1is a closed subspace of X , then the relative topolo-
gy on M induced by the weak topology on X coincides with
the weak topology on the normed space M. (See [15, s 3-81] .)
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An operator' T on a normed linear space X to another
normed linear space Y is said to be weakly completely con-
tinuous ( w.c.c. ) if it maps every bounded set into relat-

ively weakly compact set.

Let A be a Banach algebra. For each a& A , the
mapping a, : x —ax (.XGE A ) is called the left
multiplication by a } similarly we define ap , the right
multiplication by a . An element a of A !is called
l.w.c.c. { r.w.c.c. ) if a, (a.) is w.c.c.. Since the
involution in a B*-algeﬁra A is continuous, an element a

of A is l.w.c.c. if and only if it is r.w.c.c..

Following [lO] ,»we call a Banach algebra A weakly
completely continuous ( w.c.c. ) if the left and right multi-

plications of every element of A are w.c.c..

Lemma (3.2.1). A Bk-algebra A is finite dimensional if

and only if its unit ball S is weakly compact.

Proof : If A is finite dimensional, then S is compact
in the norm topology and hence compact in the weak topology.
Conversely, if S 1is weakly compact, then, by [ 15, Theorem
(4.61—0)] » A 1is reflexive and so weakly sequentially comp-

lete ([15, p.210]). Hence, by [ 13, Theorem2 |, A is

finite dimensional.

Lemma (3.2.2). Let () be a locally compact Hausdorff space.

Then CO(Q) is w.c.c. if and only if () is discrete.
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Proof : Suppose thaé Co((lx is w.c.c.. To prove that
is discrete, it suffices to show that every relatively compact
open subset G in ﬁ) is finite. ( in fact, let xc¢ () and
let U be a relatively compact open_neighbourhood of x .
Since U 4is finite and f) is Hausdorff, each points in U
is open. 1In particular, {k} is open, and hence () is
discrete.) Let C(G) denote the closed subalgebra of
Co(()) consisting of all functions vanishing outside G .
G is finite if and only if c{G) is finite dimensional.
By Lemma (3.2.1), this is equivalent to saying that the unit
ball S in C(G) is Weakly compact. Since f) is locally
compact Hausdorff, there exists a function k& CO(()) such
that k|G =1 ( [9, Theorem 18, p.lhé] ). Since Co(()) is
w.c.C., the weak closure of k§S , wcl(kS) , in Co(()) is
weakly compact in CO(!)) . Since the wegk topology on the
*-algebra C(G) coincides with the relative weak topology -
on C(G) , wel(kS) [ )6(6) = wel(s) () c(G) is weakly
compact in G(G) . Let fF& wcl(S) [\C(G) and let { fn.}
be a sequence in S converging weakly to f . For each
x& G, let F, be the linear functional given by Fy(g)
= gl{x) (ge C(G)). Clearly F, is bounded on C(G) .
Moreover, Fy(fy) = fp(x) converges to F,(f) = f(x) in
the complex plane. Since .[fn(x)lfé 1 for all x€ G ,
Ifli< 1 . Thus wcl(s)ﬂc(G) = S , which shows that the
unit ball in C(G) is weakly compact.

Conversely, sﬁppose (} is discrete. We show that the
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multiplication operator of every element is completely con-
tinuous and hence w.c.c.. In fact, for f& Co(f)), the set
Cp = [O(G_Q POP(Y) D 1/n} is finite (n =1, 2, «-- ).
.Let C = &)Cn . Then C is at most countable; denote the
elements of C by X; (1i= i, 2, ==« ). Ciearly, f(X)

= 0 if and only if G¥ C . To show that fp is w.c.c.,
take a bounded sequénce { &n } in co(()) and consider the

following double sequence determined by {'fgn}- and an j.:
fgl("‘l), fgl(°(2): ) fgl('b(h)) teec

fea(e ), feplog), «--, fayleq), ----

fen(oq), fay(oh), -+, fe,(a,), ----

Since each column [ fg, (o) }n =1, 2, »-- is a bounded
Ssequence of complex numbers, it has a convergent subsequence,

say .
{ fgn(k;i)('qi)}k =1, 2, «-- = | o

Moreover, we can choose the Sequence

{ Ign(k,i+l)}’k =1, 2, «-.

to be a subsequence of

{ fgn(k’i).}k =1, 22 .o
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in Co({)) . Let

glol) = {1im fgn(k’i)(O(i) if ,0(=0(i (i=1,2,++-,)

0 otherwise

We show now that the subsequence { fgn(k,k’)} k=1, 2,
of {fgn} converges uniformly to g . For all & _O_ .

clearly

Let £ be any arbitrary positive number.}‘SinEe fe CO(ED,
there exists an m such that I[f(¥)| < & , for X # &, G,
Qﬁ . Also, since { gh} is bounded by a constant K ,

[£an ()] = [£(Venlo0)] = ’f(O(”“ len ()] < KE for o #9,
XNp, =+, ™y . °  Clearly ]g(O()l < K& for 0(740(1,"',0(m,
and we have

Ifgn(k,k)(o() - g(O()] { 2k€&

For each A&y 5 let N; be the positive integer such that fdr
k >Ny,
|80 1) 6) - glog)] < 2KE (1 =1,--,m ).

Let N = max {Nl, Ny, ---, Nm} . Then for k > N , we have
b ' - 2K
| En e 5 ) () glx)| < 2k €,

for all X& _Q . Hence fgn(k k) converges to g uniform-
2

ly; i.e. lim f = . This prove that f is com-

y; 1.e., gn(k,k) g . p iy

pletely continuous and thus completing the proof.
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Theorem (3.2.3). Let A be g B#-algebra. Then A is w.c.c.

if and only if it is dual.

Proof :. Suppose A is w.c.c. and let B be a maximal com-
mutative *-subalgebra of A . Since B is closed, B is
wW.c.C.. By Theorem (1.2.1) and Lemma (3.2.2), B is #-iso-
morphic to CO(Q) » for some discrete space Q - Let ¢, be
the element of B corresponding to the characteristic funct-
ion of the point & in Q . Then clearly {eq_: = G_Q} is
a maximal orthogonal family of s.a. minimal idempotents of B.
It follows that every x & B is of the form X = Z)\Q.e“ s
i.e., the series Z')\qed is summablé to x in the norm.
In fact, let £> 0 and let Mu= () for all o < ()

Then there exists a finite subset Q, of Q such that [)/]
=R < & for ¢ (), . Thus, if Qz is any finite
subset of Q such that Q,ﬂoz = Qf., then ”Z)\Qeq” =
su 2_l,\a(l < € which shows that > A gy is °(sel.lfrlrfrlnable.
Conversely, if > ~ ) e. is summable, it represents an
element of B . We show that for each f.%C—_O » €5 1s also
minimal in A . Let a be a s.a. element of A . Then
€za€s commutes with e, , for all <><C-Q ; and since B
coincides witﬁ its commutant.by maximality, we have eﬁaeac—
B . Thus egaes is of the form egag3 = ~Z)\°{eq and so
we have es8es =/\e@, where N\  1is real. Thus eﬁAe/5 = Ce@
and therefore the family fed : AG Q} is also a maximal
orthogonal family of s.a. minimai idempotents ifl A .

| If Z2&C A, eqz =0 foralldGQ,then z =0 .
In fact, eyz = 0 = e zz%* =0 —» zz¥e, = 0 = zz*
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commutes with B = z*z & B . Hence z%z = 3 ) ey and,
since eyz*z = 0 , we have z#z = 0 , which gives z =0 .
Let & be the socle of A . We claim that & is weakly
dense in A . Let 2z G A and consider the directed set of
finite subsets {edl’ e, eqn} of i.ed ! XCE j)'} , directed
by inclusion. Since lex; + +++ + eyl =1, the right
multiplication operator =z, transforms the set into a
relatively weakly compact set {(edl + oo 4+ axnjz} . Let
2’ be any limiting point (in the weak topology) of the net
{(edl + oeee 4+ edn)z}- . Since any continuous operator on

A 1is also weakly continuous, it is easy to see that €yZ =
eqz’ , for all «¢& () . Heﬁce" z = 2z'. Thus, the net

[(e“l + eee 4+ edn)z} converges weakly to 2z , which implies
that Q@ is weakly dense in A . Since G is a subspace of
A ,-cl(Gf) coincides with the weak closure of S and there-
fore Q7 is dense in A . Hence, by Theorem (2.3.6), A ié
dual.

Conversel?, suppose A is dual. Then, by Theorem
(2.4.2), A 1is *-isomorphic to a closed *~subalgebra of
LC(H) , for some Hilbert space H . Thus it suffices to
show that LC(H) is w.c.c.. Let T& LC(H) , by Lemma
(1.2.5), T = T1Tp (T3 , Tp €@ LC(H)). Let { B} be a bounded
sequence in LC(H) . Then {TanS C 8y = { TC—B’(H)':HTII'/:n}
for some n . Since S, is weakly compact in B(H) - with
respect to the (operator) weak topology ( [5, p.33 ]),

there exists a convergent subsequence, say [ Tank}. Let B
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be the limit of [ TéBnk}' . Since the left multiplication
by ?1 is weékly continpous, TiTéBnk converges weakly to
T,B ( [5, p.34] ). Let f be any bounded functional on
k—TlB) "“} O.
Thus T 1is l.w.c.c. [Hille and Phillips, Functional analy-

LC(H) , then, by [ L, Proposition 8 ] » F(TB,

-

sis and semi-groups, Theorem (2.9.6)] ). Hence LC(H) is

WOCOC--

Corollary (3.2.4). Every closed commutative *rsdbalgebra

of a dual B*-algebra A is *~isomorphic to-Co(()) , Where
() is discrete.

Proof : Follows from Theorems (3.2.3), (1.2.1) and Lemma
(3.2.2).

§ 3. Maximal commutative *-subalgebras and their carrier

spaces

The following theorem is due to T. Ogasawara and

K. Yoshinaga [.11] .

Theorem (3.3.1). The following statements are equivalent

for a B¥*-algebra A

(i) -~ A is dual.

(ii) Every s.a. element of A has a spectrum without
cluster points other than zero.

(iii) The carrier space of every maximal commutative
*-subalgebra is discrete.

(iv) Every maximal commutative *-subalgebra is dual.
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Proof : [ ll]. (i) ;:$ (ii). Suppose A is dual and let
x be a s.a. element of A . Let B be the closed comm-
tative *-subalgebra of A generated by x . Then, by

Cofollary (3.2.4), B 1is *-isomorphic to Co(ﬁl) , where
() is a discrete space. By [ 12, Theorem (3.1. 6)]
spg(x)—(0) C { &) : 9 ¢ Q}c Spg(x) , where %
the function in Co(£} corresponding to x . Since ()

2

is discrete and X is continuous and vanishing at infinity,
the range of X has no cluster points other than Zero.

In fact, if A, 1is a non-zero cluster point of the range

of x , then every nelghbourhood of Ao contains infinite-
ly many points of the range of 2. Thus, for every € > O,
the set {CP : R - Nl < E} is infinite. As Ay, # 0 ,

N e 1 -~ P
we can choose & > O such that Aol > 28 . Then

,_

—
~
o
50>
fé
!
&
[N
at)

el pol - 18epi< € )
}

=P Dl - E<EPI P e< R )

This shows that the set {CP : [Q(Q”’ > & } is infinite and
hence not compact (since (2 is discrete), contradicting
the fact that % vanishes at infinity. Hence Spg(x) has
no cluster points other than zero. Since SpB(x)\J)(O) =
SpA(x)\b/(O) ( [12, Cordllary(4.8.2)] ), this completes
the proof of (i) = (ii).

(ii) =) (iii). Suppose (ii) holds and let !) be
the carrier space of a maximal commutative *-subalgebra B

of A . Let p, be any point of’f} and U a compact
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neighbourhood of py . Then there exists a real-valued
continuous function =R(p) defined on () such that
0£R£1, %(py) =1 and %(p) =0 (p¢U) ([0, |
Theorem 18, p.1L6 ]). Since % 1is the Gelfand repre sentat-
ion of an element x in B ( cf. Theorem (1.2.1) ), the
range of % has no cluster points other than gero. And
therefore there exists a neighbourhood V of Q(po) =1
such that V—{1} has empty intersection with the range

of %X . Thus
lp:%p) =1} = [p:pe™m]} ,

which is obviously a compact open set contained in U . We
have thus shown that every compact neighbourhood of a point

p in () contains a compact oﬁen neighbourhood of p . Now
if qo' is a cluster point of (), then we can take a sequence
of compact open neighbourhood U, of qy in such a way thaf
Uh+1 1s a proper subset of Un . In fact, let U; Dbe a
compact open neighbourhood of q, in (}. Since 4, 1is a
cluster point of (), (Ul—-{qoj)[WKI #9 . Let p &
(Ul—-{qo})[\() . Then U’= U;—{p] is an open neighbour-
hood of q, . Since !} is locally compact Hausdorff, there
exists a compact neighbourhood Ué of gy such that

9, € Ué C U | [9, Theorem 18, p.146 ]) . Hence there exists
a.compact open neighbourhood U2 of do such that Uy

Us . Clearly, Up CC Uy and proceeding in this way, we '

obtain our sequence { Un} . Since each U, is compact open,
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the characteristic function of Un is an element of Co(()).

Let e be the s.a. element whose Celfand representation

n

is the characteristic function of Un . Put
[00)
y = ‘Z (l/nz)en *

Then y & B, since y, = Eii]l/£2)en belongs to B and
y = 1im Ym 5 and clearly y is s.a.. We claim now that.
:E:(l/hZ) ~1s a non-zero cluster point of -SpB(&) . In
fact,let { pm} be a sequence in () such that Pn& Uy,
and p & Upiqy - Then ?(pm) = Eiiil/n2 is in the range
of ¥ for each m and lim ?(pm) = :E::(l/nZ) . Hence
:E::(l/n2) is a non-zero® cluster point of Spg(y) ; a
contradiction. Thus (1 has no cluster points and so is
discrete. \ |

(iii) &> (iv). Follows immediately from Theorem -
(1.2.1), Lemma (3.2.2) and Theorem (3.2.3).

(iii) :=$.(i), Suppose (iii) holds. Let x be any
S.a. element of A and let B be a maximal commutative
*-subalgebra of A containing x . Since the carrier space
(1 of B is aiscrete, it follows from the proof of
Theorem (3.2.3) that thére éxists an orthogonal family of
S.a. minimal idempotents f ewf CC B such that every
sz-B can be expressed in the form S Aol 3 i.e., the

series > A, e, is summable to z in the norm. Tt also

follows from the proof of Theorem (3.2.3) that the family

z ed} is a maximal orthdgonal family of s.a. minimal
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.1dempotents of A . Since x° belongs to B, x= > DIV

and hence x 1is in the closure of the socle Q" . Since

any element of A is a linear combination of s.a. elements,
- .

it follows that is dense in A . By Theorem (2.3.6)

(iii), A is dual.

i Corollary (3.3.2). Let A be a Bk-algebra. If every

S.a. element has a finite spectrum, then A is finite
dimensional. -

Proof : [ ll] By Theorem (3.3.1), A is dual and therefore
by Theorem (2.4.2), A is *-isomorphic to a closed
*-subalgebra of LC(H) , for some Hilbert space H . It
follows now from the proof of Theorem (2.4.3) that A is
*-isomorphic to LC(H;), for some Hilbert space H .
Hence, - A will be finite dimensional if and only if A
contains an identity. Let .O be the carrier space of a
maximal commutative *-subalgebra ‘B of A . Since O

is discfete and_evefy S.a. elements of B has a finite
spectrum, f) is finite. In fact if () is an infinite
set, then it contains a countable subset

{dn :n=1, 2, '°-} of () . Let Z be the function

in CO(()) such that

n

S ) ={l/n if oA = X

0 otherwise .
Then the element z < B corresponding to 2 is s.a. and,

by [ 12, Theorem (3.1.6) ], Spg(z) contains the points
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1/n (n=1, 2, ***). Thus SpB(z) is not finite, which
is a»contradiction. Hence (1 is finite, and therefore B
has an identity e . We show that é is also an identity
of A . Let x be any element of A and let Yy = ex - x .
Then yy* = (e - 1)xx™(e - 1) and we have :byx* = yy*b = 0
for all b€ B, i.e., yy* commutes with every element of
B . Hence by the maximality of B, yy*€B . Now ey =0
and therefore eyy™ = 0 , which shows that yy* =0 . Thus
y = O which implies ex = x . Similarly, we can show that

e is also a right identity of A . Hence A is finite

dimensional.
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‘bhapter IV

The éuccessive conjugate spaces of dual B¥*-algebras

g l."The first conjugate space of a dual Bik-algebra

Let H be a Hilbert space and let {<§A } and { QZ }

be any pair of complete orthonormal systems of vectors in H .

For any TFGE'B(H) , consider the three sums ]
2 .. sy 112
A D 2] LD |7

Using the Parseval equaiity, we obtain

[28.F = > [(25,,1?
Therefore, * A '
CZTITER = 52 R = S, B P
= Zolmzd

Tt follows that the three sums written above are equal to one
another ( possibly to +oo ). Since the two systems { & }
and { 4§q} are independent of one another, the common value
GTT)Z' of the sums is independent of the choice of { é;;ﬁ
and { ?§<} . The Schmidt-class 6&c(H) consists of all those
operators T & B(H) such that 6(T) < co . It follows that

oc(H) is a Banach algebra under the norm &(T) ( ecf. [14,

Theorem 3, p.BA] ). The trace-class <c(H) of operators on’

H consists of all operators of the form T = T1To ( T1, Tp
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&€ gc(H) ). The namé"trace-;lass’ derives from the fact
that <c(H) édmits a complex-valued function +(T) which
has the characteristic.properties of the trace for matrices;
t(T) is defined as t(T) = > (T&,,&,) , where {5}.} is

a-complete orthonormal system of vectors on H . <7c(H) is

a Banach algebra under the norm

IT] = (T+1)2) ( T& <e(®) ),

N~

where (TT) denotes the positive square root of the elem-
ent T*T . Since &c(H) and <c(H) are closed under the
involution T —— T% , they are *-algebras, the auxiliary

norm being given by the operator bound. Moreover, &c(H)

.and <zc(H) are two-sided ideals of LC(H) , and contain the

set F{H) of all operators of finite rank as a dense subset.

[¢4]

( See [-14, Theorems 3 and 5, p.34 and 42 ]. )

Now let { Hy : A & /\\} be a family of Hilbert spaces
Hy, and let ( :E:'EC(HA)jl denote the family of all func-
tions f defined on /\ such that f(A)& zc(Hy) for all A
and such that > [f(X\)] < o . It follows that
( ZEZ‘TC(H)))l' is a Banach algebra under the norm |f]| =
zzZIfLA)I , and the usﬁal operations for functions (see p.6)
It is clearly a *-subalgebra of ( :E::LC(HA))O and there-

fore an A*-algebra.

Theorem (4L.1.1). As a Banach space, ( > TC(HA))l is iso-
metrically isomorphic to the conjugate space of (:Z:LC(HA))O.'

Proof : Let A = ( :E::TC(HA))I , A= ( E:::LC(HA))O and
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let 47 be the corijug;éte space of A . Let £ G—_Al and

write £y for f£(X) (A€ A ). By [ 14, Theorem 3, p.48 ],
each f), can be identified ( isometrically ) with an element
of LC(H,\)/ , the conjugate space of LC(,HA) Considering
now f, as an element of LC(H)\)/ , define the function f'

on A by the relation

£ix) = Z2f,(x,) (x = (x,)& A ).
Since , . )

£/ (x)] &= S5 |fa (x0)] £ ST Il

£ (sup Ix, (2 I£51) = I£]lix] ,
£’ is a continuous linear functional on A and [fll&lf]
where [£°ll denotes the operator bound of £’ Since
> If;,[ < o0 , only éfoountable numbers of £, # 0 ; denote
the non-zero £y, by £fay, fio, For given £ > O ,

(s @]

choose a positive integer N such that % Ifanl < 2 €.

/ .
Since f3,& LC(Ha,) , there exists an x)\,& LC(Hy,) such

that [%xll = 1. and

_8/2

/n (n

f/\n(X)\n) é 'f/\n!

Let x = (x,) , where x,

and Xy = 0O otherwise.

e/ (x)| = ﬁf,\nmn
1

-3¢)

= Xspg > when A =X, (n

Then |[|x|] =1 and

) —Aﬁl%l - s(_%l/nz)
1 1
- e(=1/,2) |

1
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Since € 1is arbitrary, we have |1 £ £l and so | £ = |f].

Let f'€ A’» and let £, be the restriction of f’ to
LC(H,) (A€ A). ( We identify LC(‘H,\) as a subalgebra of
A ). Then each 5 € LC(H)\)/ - Considering now fy as an
element of <7c(Hs) , let f be the mapping on /\ such that
£(A) = £, € e(H,) . We show that £& A . Let |y :
n=1, 2, -, k} be a finite subset of /\. For given
& > 0, choose xx,& LC(Hay) such that [z, =1 and

f)sn(x/\n)-".—l—' !f/\n, - E/n2 (n=1,2, **, k)

Let x = (x,) , where x, ==x\, , when A =), (n=1, 2,

-, k ), and X, = 0 otherwise. Then

K
£(x) = £ (xag) + oo+ £ () = :Lf_lf)‘n(x,\n)

K K
2 2 inal - €3 1/2) A > ol - 26
= -N= n:
K .
Thus En:; ,f/\nl'é Hf/”'and so Z/ lf/\l.,/; Hf/ . Thereforel
f€ A and |[f]| = ;lf)\l = |[£]] . ( by above argu- ;
ment ). Since clearly £F—3 5 is linear, it follows that

f——-> £ is an isometric isomorphism of Ay onto A

Theorem (4.1.2). (> z"c(H/\))l is a dense two-sided ideal
of (2> LC(H))), -

Proof : Let Ay = (ch(H))):L and A= ( > LC(HA)), -
Consilder any element x = (x/\)e A, For any £ > 0, the
set D = {)\ :lxall é&} is finite; denote the elements

of D by Xy, Az, '“’/\m‘ Since wc(H,) 1is dense in
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LC(Hs) , there exists fx;& zc(Hy;) such that “fﬁi - x4l
L& (i=1,2, *++,m). Define £ in A by

ﬁk B {'fAi when A =“Ai (i=1, 2, °'-,‘m )
0 otherwise .

Then .
”f - x[| = S}\lp ”f,\ - X)\“ < e . !

Thus Al is dense in A . It is also a two-sided ideal of

A . Infact, if x&€ A and £& Ap , then (xf), = x,£\€ |

cc(Hy) ( since tc(Hy) is a two-sided ideal of LC(Hs) ) :

and, since

> lxE )] L T xall 1E] £ ixil 2 [£5]

it follows that xf & Al ; similarly fx& Al . This com-

P B - e e e el Tt
pLecves virne prooi.

Teorem'(é.l.é). (f;_"(c(HA))l is w.c.c..

Proof : Since 47 = (.EZ:ch(HA))l is a dense two-sided
ideal of A = (> LC(Hy)), (Theorem (4.1.2) ), by [ 10,
Lemma 9 J , it suffices to show that Ai is dense in A .
Let £ = (QK)GE A and denote the non-zero £, by fag, fip
Let € > 0 be glven and choose a positive integer N
such that EE%;’ﬁkn < 3E . Since F(Hy,) is dense in
zc(Hyy) , there exists an element gy, & F(Hiyy) such that
£y - Banl< g/o,n (n=1, 2, e N ). If we express 8n
in its polar decomposition, :éi:% LPQ@SV , then we
can write Exn = g,\nzﬁ)/ @‘7"1 s whchh shows that Exg =
SxnbAn » where hy, = %é%S%QDS%f: F(HAn) . Define g and
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_{g,\n if A=Ay, (n=1,2, -, N)

g, =
0 otherwise ;
and . {h,\n if A=A, (n=1,2, -, N)
A 0 otherwise

It is clear that g = gh and therefore g< Ai . Also, we

have
00 N
£ - gl = 'Zlf/\ - el = %lf)\i g)\l, +>:,f/\1
L= =Nt
N
L > (/o) + ke <28
NnN=1
which shows that Ai is dense in Al .

Theorem (L.1.4). ( > tc(H,)), is dual.
Proof : Since A = (2 ’CC(HX))]_ is a dense two-sided

ideal of a dual B¥-algebra A = (> 1c(Hs)), , vy [ 10,
" Lemma 8-(3) ] » Ay 1s dual if and only if, for every

fe 4 , f£& cl(fAy) , the closure of fA; in A} . We
show first that <Tc(H) has this property, Let g< Tc(H)
and write g in its polar decomposition, g = ?—_;: )\iiPi(X)vg;l
By flh, Theorem 2, p. 41 ] , we have |[g| = i/\l , SO
that ZA*)O as n-—>oco. Now '~-

n = E’\i‘@@@i = g%‘/*bk@@k

belongs to gzc(H) and, since lg - g, = Z,\ , the sequ-~

ence - {gn} converges to g in -<c(H) . Hence g& cl(ge(H)).
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Since f& Ay , we have only a countable numbers of £, # O ;

denote these by fA1, f,, .-+ . For a given € > 0, choose
o0

a positive integer N such that %_ ’fAn"< 3£ . Since

Hn € CI(QXHTC(HAH)) (n=1, ***, N ) , there exists a

Ean < TC(HAn) such that
If/\n - f)\ng)\nl < (1/2(1'1’*‘1))6 ( n = l’ -.., N )

Define g and f in A by

{:@n when A =), (n=1,-++ N)

g —

0 ~ otherwise

. {:&ngm when A=A, (n=1,"-+ N )
0 otherwise .

Clearly h = fg andvthérefore h& fA; . Since

. | N_ - _ o0

& - B = Z/\ 15 - ml = Z{ |£An = fanganl + Z{\“Ef/\nl
. ~ h= n=
N -
£ 3 _(M/pntl)e + 46 < 3e +3E= E

n=i

we have that f& cl(fAl) , which completes the proof.

The conjugate space of a dual B¥*-algebra A =
( > _ LC(Hx)), can be given an algebraic structure induced
by Aj . With this identification, A is an Ax-glgebra.
The above theorems in combination with Theorem (2.3.6) give

us the following results:

Theorem (4.1.5). Let A be a dual B¥-algebra. Then the

conjugate space A is a w.c.c. dual A*-algebra which is a

dense two-sided ideal of A .
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8 2. The second conjuéate space of a dual B¥k-algebra

By [ 14, Theorem 3, p.48 ] , the second conjugate space
of - LC(H) is isometrically isomdérphic to B(H) . It follows
that the second conjugate space of LC(H) also has an

algebraic structure induced by B(H) .

Let { A, : e A } be a family of B¥-algebras. Denote
by 3" A, the class of all functions F defined on /\
with E, = F(A)€ A (A€ /) , and such thét the quantity
I F]| defined by

el = suplim,]

is finite. Under the usual operations for functions and
involution as defined on p.6, :E::AA ~is a *-~-algebra.

It is éasy to See that [|F|l is a norm of > _ Ay wunder
which it is a B¥*-algebra. This B¥%-algebra we call the B¥-

sum of the family {Ak} .

Theorem (4.2.1). Let A = ( > LC(H,)), . As Banach space,

:E:rB(HA) is isometrically isomorphic to the second conju-
gate space A" of A .

Proof : In what follows, we identify & with A; =

( Z_ tc(Hy)); . Then, to each F = (F) &€ > __B(H\) , we
can assigne { uniquely ) a linear functional ?( on A&’

given by
Flr) = 2_RI(f) (f£=(6)e ¥ ).

Since Ek(ﬁk) represents a bounded linear functional on
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Tc(Hy) and since
Fe)l = |Some0] £ ST IR o0l 2 =75

< sup IR0 2ZI650 = 17l |£fl < o ,

N .
we see that F 1is a bounded linear functional on N

Clearly, ”%‘lﬂoéllFH , where [|Fllo denotes the operator

bound ‘norm of F'. Since, for each A& A, (5] =

sup. |F, (£5)] , it follows that
I5EL

IF]l = sup RN = s}ng El\.llf' IF/\ (f)‘)l}

Identifying £, as an element of A , We can write F (f,\)
~/

= F(fy ) .and, obtain

™ ] N, a 7 . l’:n Nl
7l = S/l\lpg sxllglfF\I)\)fjé—_ Sup flb.llo = I Filo
i.e., lIFlI £ HAFJ”O . Hence ”’fﬂo = |[F|l . Conversely, let

?E A// - Then F, = Flrc(HA) is clearly a bounded linear
functional on Tc(H,) . Since LC(H,\)” is isometrically
isomorphic to B(H,\) , we n?ay identify F, as an element of
B(Hx) ( and we do so ). It is easy to see that F = (F,)C
> _B(HA) ; in féct, P L |Fly for each A , and hence
IFil = sup Il || & H%‘JHO , which shows that F & >_ B(H,)

~
From the above argument, we also have I'Fll, = IFll . Since

~ ~
> F is linear, it follows that F — F is

clearly, F

.an isometric isomorphism of > B(H,) onto A” .

Corollary (4.2.2). Let A be a dual B%-algebra. The second
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conjugate space of A is a B¥-algebra which contains A

as a closed two-sided ideal.

Proof : Let A" be the second conjugate space of A . By
Theorem (2.3.6) and Theorem (4.2.1), A" is isometrically
isomorphic to > B(H,) where {PQ{ is a family of
Hilbert spaces. With the algebraic structure induced by
:Z::B(HA) R A" is clearly a B¥-algebra and contains

A as a closed two-sided ideal, since A 1is *-isomorphic

to (2> LC(H)‘))o . This completes the proof.

Remark : There is little that we can say'about the charact-

erization of the spaces LC(H)(n) (the nth-conjugate space
of LC(H)). For n =3 , we see that LC(H)(B) is isome-

trically isomorphic to the conjugate space of B(H)

Dixmier [ L ] has shown that every continuous linear

functional F on B(H) ‘may be represented in one and

only one way in the form F = F| + F5 , where F1 belongs
) )L :

to tTc{H) and Fy Belongs to the subspace LC(H which

consists of all bounded linear functionals on B(H) that

vanish identically on LC(H) . Moreover [[F|l= [[Fy] + IFai
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