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Abstract

In this thesis, we consider contextual newsvendor problems where one seeks to de-

termine ordering quantities of perishable products based on the observations of past

demands and some features (such as seasonality, weather forecasts, economic indica-

tors, etc.) related to the demand. We propose solving the problems via a single-step

optimal decision-tree approach. Unlike the traditional two-step approach that first

predicts a demand distribution based on given features and then optimizes the or-

der quantity, our approach seeks to determine a tree-based ordering policy that

directly maps given features to optimal order quantities. We show how the optimal

policies can be found by solving mixed-integer programming (MIP) problems. The

tree structure overcomes the black-box nature of most machine learning algorithms

while reaching better performance than simple solutions such as linear regression.

In addition to risk-neutral newsvendor problems, we further extend the method to

address risk-averse newsvendor problems formulated based on Conditional Value-

at-Risk (CVaR). Numerical experiments on synthetic and real-world data suggest

that our approach outperforms existing approaches with the same objective func-

tion, such as the ERM-based convex optimization model which is referred to as Ban

and Rudin’s big data newsvendor model, and quantile regression decision trees.
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Chapter 1

Introduction

The newsvendor problem is one of the most popular problems in the area of op-

erations and supply chain management, where a retailer needs to decide on the

inventory level/order quantity of a perishable product before observing the actual

demand. The retailer incurs an overage cost for each unit of product that remains

unsold at the end of each period (unsold items are discarded at the end of each

period) and an underage cost for each unit of unsatisfied demand. This problem

aims to choose an order quantity that minimizes the expected sum of these costs.

In traditional approaches to solving the newsvendor problem (see [1] for a review),

it is assumed that the demand follows a known family of probability distributions

up to unknown parameters that need to be estimated [2]. This assumption leads

to two-step solutions where first a demand distribution is estimated, and then the

order quantity is optimized. Although these approaches lead to intuitive solutions,

estimating the probability distribution of the demand is prone to errors which are

propagated into the second step and might lead to solutions that are not optimal

[3]. In reality, decision-makers usually make decisions without having any prior

knowledge of the demand distribution [2]. As a result, there have been many efforts

to relax the assumption of a known demand distribution in the newsvendor problem

using historical data.

Even though most of the above-mentioned efforts to date are only based on past

demand observations, decision-makers potentially have access to large amounts of
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relevant information about factors that affect the demand in addition to the past

demand observations. In the the area of contextual optimization, these factors are

called covariates, features, attributes, or explanatory variables. Ban and Rudin

[4] defined covariates as the ”exogenous variables that are predictors of the demand

and are available to the decision-maker before the ordering occurs”, and analytically

quantified the value of feature information by comparing decisions made with and

without the use of any features. In the case of contextual newsvendor problems,

the two-step approach would estimate the conditional distribution of the demand

with respect to the features and then calculate the order quantity achieving the

optimal decision. However, the feature information is not used in the second step.

Our focus is to solve the newsvendor problem by exploiting contextual data where

instead of two separate steps, we use a single step (without having to estimate the

demand distribution) and solve the problem to optimality using the Empirical Risk

Minimization (ERM) principle [5] from machine learning. The single-step approach

avoids the complexity of demand model specification in high dimensional feature

space and the errors caused by the conditional probability estimation.

It is important to mention that even though we are trying to create a single step

machine learning algorithm to avoid the errors caused by distribution estimation

in the conventional two-step approaches, there are still some challenges that arise

when working with contextual optimization models in machine learning that should

not be ignored. The usual criteria for success in machine learning is considered to

be the predictive accuracy (which in the case of the newsvendor problem results

in lower costs). However, observations from various domains show that sometimes

users are more interested in the interpretation of the results induced from the data

[6]. Interpretability1 in the context of machine learning is defined as “the ability to

explain or to present in understandable terms to a human” [8].

Molnar explains in his book on Interpretable Machine Learning [9] that when using

a machine learning algorithm for predictive modeling, one should always ask ”Do I

just need to know what is predicted? Or is it equally important to know why the

prediction was made, and possibly pay for the interpretability with a drop in the

1Note that interpretability and explainability are often used interchangeably [7]
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predictive performance?”. The answer to this question is highly dependant on the

application and domain being studied. According to Doshi-Velez and Kim [8], there

are two scenarios in which explanation is not required. The first concerns problems in

low-risk environments that do not require explanation since making a mistake in such

cases does not have serious consequences (e.g., movie recommendation systems).

The second is when the problem is well-studied and validated in a real application

in such a way that the system’s decisions are considered to be trustworthy (e.g.,

postal code sorting, where a camera is used to capture the images of postal envelops

and Optical Character Recognition (OCR) approach is used to recognize the images

of handwritten postal codes).

A common belief in machine learning is that there is a trade-off between a model’s

performance and its interpretability. Even though some suggest that this trade-

off often might not be true [10], it has resulted in a tendency among scholars and

practitioners to adopt more complicated models known as black-boxes to reach a

better performance, even if interpretability is sacrificed. The inability of humans

to interpret the results of these black-box models has proven to be problematic in

different domains [11]. One solution to better understand black-box models that has

been widely used in recent years is interpretable machine learning, where a second

model is created to explain the black-box model. However, Rudin [10] explains that

there are critical issues2 associated with this solution that makes using an inherently

interpretable model a better strategy.

These issues convinced us to prioritize interpretability and seek for a naturally in-

terpretable solution. Among machine learning methods, decision trees is a popular

approach known for its interpretability. Decision trees are known for their resem-

blance to human decision-making and they provide advantages that can contribute

to any decision-making problem. Aside from interpretability [9], decision trees have

a natural visualization structure that separates data points into distinct groups

based on their features and makes the interpretation and explanations quite easy in

2For instance, explanations provided in the second model are usually not enough to understand

what the black-box model is doing, and these explanations can lead to an overly complicated

decision that humans can not troubleshoot in case it is flawed.
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comparison to black-box models such as neural networks.

This chapter will review the different approaches used to solve the newsvendor prob-

lem, briefly review the risk-averse extension, explain the research gap that inspired

this research, and discuss our contributions.

1.1 Literature Review

In this subsection, we review the literature in the area of the newsvendor problem.

We start by introducing the problem and early solution approaches, and then dis-

cuss more recent ones that involve the use of data. The data-driven solutions are

categorized as contextual and non-contextual based on the type of data used. In

the non-contextual approaches, the only available data is the historical demand ob-

servations whereas in the contextual case, the decision maker has access to features

in addition to the historical demand observations. Finally, a brief overview of the

related literature in the area of risk-averse newsvendor problems is provided.

1.1.1 Introduction to the Newsvendor Problem

The first appearance of the problem that we know as “The Newsvendor Problem”,

dates back to Edgeworth [12], when he first used it in the banking context in order

to set the level of cash reserves of a bank to cover customers’ demand using a normal

distribution. However, the term ”Newsboy” was first used by Morse and Kimball

[13] in an example given in their book [14]. The example was about a newsboy

purchasing newspapers to sell before knowing how much the demand will be in a

specific day, and from this example the name of the problem was coined. Later,

Arrow et al., [15] investigated the problem in more depth, and derived the classical

solution that we know as the ”critical fractile” approach under the assumption that

the demand distribution is known to the decision maker. Based on their solution,

the optimal order quantity was calculated using the critical fractile of the demand’s

distribution [1] where the critical fractile is a ratio calculated using the unit underage

and overage costs.
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Early papers investigating this problem assume that the demand distribution is

either fully known [16, 17] or the true distribution of the demand belongs to a

parametric family of distributions, but the specific values of parameters are unknown

[2]. In the Bayesian approach, demand is considered to belong to a known family

of distributions, which is chosen based on intuition and past experience, up to some

unknown parameters. Estimates of these parameters are obtained dynamically using

the Bayes’ rule as the demand gets updated and new information becomes available

[18, 19, 20]. Liyanage and Shanthikumar [21] used operational statistics to perform

optimization and estimation simultaneously. In this approach, it is assumed that

demand belongs to a parametrized family of distribution functions. However, unlike

the Bayesian approach, there is no prior knowledge about the unknown parameter

values.

Two other well-known approaches are the minimax and maximin. In the Maximin

approach, the mean and variance of demand are known, and the goal is to maximize

the worst-case profit [22, 23]. On the other hand, there is the Minimax approach

in which maximum regret or opportunity cost from choosing a specific demand

distribution with partial information is minimized demand distributions within a

specified uncertainty set [24, 25].

There are many other similar approaches. However, it is now evident that a known

demand distribution is not a realistic assumption. More importantly, assuming

known parameters leads to solutions that require two separate steps to determine

the optimal order quantity, first the demand distribution should be estimated and

then the order quantity can be predicted using the estimations from the first step.

This two-step procedure amplifies errors from the first step in the second step and

results in solutions that might be far from optimal.

It is possible to bypass the errors from the two-step approaches by allowing the

decisions to be made based on covariates in one step. As a result, more recent

approaches to solve the newsvendor problem put efforts into developing a single

step algorithm. Since these efforts are too numerous to enumerate here, we divide

these approaches into two general categories, ”non-contextual” and ”contextual”,

depending on how the data is used by the methods. If a solution is only based on
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historical demand observations it is regarded as non-contextual, and if it exploits

covariate/feature data in addition to historical demand it is classified as contextual.

Despite the close similarity of our work to contextual solutions, we will also briefly

point out the non-contextual approaches.

It is worth mentioning that regardless of this classification which is created for the

ease of discussion, there are different extensions of the newsvendor problem. For

instance, additional constraints can be added to the model to consider capacity or

budget limitations when ordering more than one product or the objective of the

problem can be changed to take into account the risk preferences of the decision-

makers in addition to minimizing (maximizing) the expected costs (profit).

1.1.2 Non-contextual Methods

One of the most popular data-driven methods that use historical demand data in-

stead of any prior knowledge about the true distribution is the sample average

approximation (SAA) method [26, 27]. In the SAA approach, one has access to inde-

pendent and identically distributed (i.i.d) samples drawn from the true distribution

from which an empirical distribution can be induced. Levi et al. [28] first applied

this method to the newsvendor problem where they used a counterpart objective

function based on many independent random samples drawn from the probability

distribution of the demand either based on historical data or by means of Monte

Carlo sampling. Levi et al. [28] also established bounds on the number of samples

required to guarantee that, with a high probability, the difference of the expected

cost of an optimal solution with respect to their counterpart SAA is within a small

pre-specified error. Levi et al. [2] then further improved the aforementioned bound.

Burnetas and Smith [29], Kunnumkal and Topaloglu [30], and Huh and Rusmevichien-

tong [31] used stochastic gradient algorithms, and they all incorporated censored

demand data (i.e. data that are on sales instead of demand) in their algorithms.

Godfrey and Powell [32] and Powell et al. [33] used a sampling method called Con-

cave Adaptive Value Estimation (CAVE) that recursively constructs piecewise linear

approximations of the cost function. Bertsimas and Thiele [34] found order quan-
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tities based on empirical data and incorporated a scalar parameter in their model

that can be adjusted to achieve an appropriate level of protection against demand

uncertainty.

1.1.3 Contextual Methods

One of the first papers to consider contextual data in the newsvendor problem is

He et al. [35], who used the newsvendor model to determine optimal staffing levels

using two features (number of cases and the hours of usage of operating rooms) about

operating rooms’ workload. They consider the problem of finding optimal staffing

levels with different information sets available at the time of making decisions: no

information, information on the number of cases, and information on the number

and type of cases. Their comparisons showed that hospitals could reduce staffing

costs by 39% − 49% if they postponed the staffing decisions until the procedure

information is available.

Although the work of He et al. [35] is a good starting point to incorporate feature

data in the newsvendor problem, it only uses a small number of features. Hannah

et al. [36] also used what they called the ”state variable”, which is the same as a

feature in definition, and they proposed solving the contextual newsvendor problem

by a weighted empirical stochastic optimization approach where they estimate the

weights given to past data using the Kernel Optimization (KO) method, group

similar observations with some weights, and then determine the optimal decision

based on these similar observations. However, they only consider discrete features.

The optimal solution in the newsvendor problem is a quantile of the demand distri-

bution, and it should be chosen in a way that minimizes the underage and overage

costs. As a result, a good way to solve this problem is to model it as a quantile re-

gression problem. Ban and Rudin [4] proposed a linear machine learning algorithm

that considers both small and big data (where the size of data is decided based on a

ratio that is simply the number of features divided by the number of observations),

and they prove that their algorithm is equivalent to a high-dimensional quantile

regression problem. In this algorithm, they relate the optimal order quantity and
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demand features using an affine decision function that is basically a weighted sum

of features. To avoid overfitting in their model, a regularization term is also added

to the original objective function. Moreover, Ban and Rudin [4] proposed another

method based on the kernel regression method introduced by Nadaraya [37] and

Watson [38], called Kernel Optimization (KO) that outperformed their machine

learning algorithm (which is based on empirical risk minimization) in terms of the

out-of-sample accuracy.

Another novel and recent approach in solving the contextual newsvendor problem is

proposed by Oroojlooyjadid et al. [3]. They used a deep neural network (DNN) with

a revised loss function that takes into account the impact of back-ordering and hold-

ing costs and minimizes the cost function directly. Oroojlooyjadid et al. [3] proved

that their algorithm’s real value to is for problems where there is lack of historical

data, problems with volatile historical data, or problems with unknown/unfitted

probability distributions. Huber et al. [39] also proposed single-step approaches

that are a combination of machine learning algorithms and quantile regression. More

specifically, they use artificial neural networks and gradient boosted decision trees

which are ensembles of traditional decision trees such as Classification and Regres-

sion Trees (CART). They tested their algorithms on a real-world dataset for a large

German bakery chain and showed that given sufficiently large amounts of data,

their methods outperform traditional two-step solutions. Within their conclusions,

they also found that overall performance of two-step approaches depend heavily on

the demand estimation method employed, meaning that poor forecasts cannot be

compensated for by the choice of the subsequent optimization approach which em-

pirically proves why two-step approaches of demand estimation and optimization

are not a reliable choice.

Punia et al. [40] also applied different machine learning algorithms to solve the

mutli-product newsvendor problem with a capacity constraint. Their porposed al-

gorithms use quantile regression to predict order quantities in a single step. They

demonstrated that not only their models, namely multiple regression, neural net-

works, and random forest which is another ensemble of traditional decision trees,

outperform empirical demand distribution model (where they assume that the de-
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mand follows a normal distribution and they use the critical fractile method to

predict the order quantities after estimating the demand distribution using the em-

pirical mean and variance of the demand data), but also an accurate order quantity

estimation can have a significant impact on the total cost of the newsvendor model.

They also conclude that external variables, which is the same as feature data in our

work, play an important part in enhancing the performance of their model.

Ban et al. [41] proposed a practice-oriented method called ”The Residual Tree”

based on the scenario tree method of Heitsch and Römisch [42] for optimizing the

order quantity of a new, short-life-cycle product assuming that there are multiple

suppliers and some feature information about new, and past similar products. Bert-

simas and Kallus [43] applied five different machine learning algorithms, namely

random forest(RF), kernel method, classification and regression trees (CART), k-

nearest neighbours (KNN), and locally weighted scatter plot smoothing (LOESS),

to prescribe optimal decisions in a wide range of decision-making problems including

the contextual newsvendor problem. They derived weights from each algorithm and

performed a weighted SAA to predict the order quantity in the newsvendor problem.

Yu et al. [44] used a support vector machine (SVM) algorithm in order to predict

newspaper demand according to available features. In the SVM method, demand

observations are clustered, then these clusters are used to predict the demand value

in future periods. While this approach has been used many times in the context

of inventory management [45, 46], it does not take into account the fact that the

predicted demand should be chosen in a way that underage and overage costs are

balanced. The work of Bertsimas and Kallus [43] also suffers from a similar pitfall.

1.1.4 Risk-Averse Newsvendor Problem

All the above mentioned literature corresponds to the risk-neutral newsvendor prob-

lem where the goal is to minimize (maximize) the expected cost (profit). However,

in practice, managers’ decisions do not always revolve around cost (profit) mini-

mization (maximization). Schweitzer and Cachon [47] provide evidence suggesting

that managers may have different risk preferences depending on product character-
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istics. Therefore, risk-averse newsvendor problems have attracted more attention

from both academia and industry in the recent years.

There are different situations, such as unpredictable disasters or economic crises,

where managers might be particularly concerned about the downside risk, i.e. fo-

cusing on the events of losses rather than long term average profits. Common

risk assessment measures are Value-at-Risk (VaR) and Conditional Value-at-Risk

(CVaR). Despite the popularity of VaR, its undesirable mathematical characteris-

tics such as lack of convexity, makes CVaR a better choice when it comes to convex

optimization settings [48] such as ours. A large body of literature on the risk-averse

newsvendor problem using CVaR uses two-step approaches [49, 50, 51, 52, 53] where

the solution is based on estimation of demand distribution. However, the focus of

this thesis is on the contextual newsvendor problem where the estimation of the

demand distribution is avoided using a one-step approach as explained before. The

only work that has a similar approach and uses feature data is proposed by Sawik

[54] where the predictive performance of three different models is compared in a risk-

averse setting. However, the proposed models are created based on non-contextual

data.

1.2 Research Gap

There are numerous approaches to solve the newsvendor problem, as discussed in the

literature review section. However, a handful of these solutions use overly simplistic

or have unrealistic assumptions regarding the demand distribution. Among the

solutions that do not rely on any prior knowledge of the demand distribution and use

historical observations instead, only a few of them exploit contextual data. These

big data predictive models typically focus only on the performance of the model

without taking into account their interpretability.

There is a need for a solution method for the newsvendor problem that is both

interpretable and has a reasonable performance. To date, contextual solutions to

the newsvendor problem are either too simple and thus do not perform well in the

case of non-linearity [4], or too complex to be understood by decision-makers [3]. If
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an algorithm can reveal how various features contribute (or do not contribute) to

final predictions, the model can be validated and interpreted more easily, and biases

that were not obvious during the training can be uncovered. This motivated us to

propose an inherently interpretable algorithm to solve the newsvendor problem. Our

proposed approach relies directly on data to avoid unnecessary assumptions about

the demand distribution, and to take advantage of the proven value of contextual

data [4].

For the purpose of interpretability, we will use a decision tree structure. In tradi-

tional decision tree algorithms, the greedy top-down approach will result in trees

that are only locally optimal and do not capture well the characteristics of the un-

derlying dataset and have poor performance when working with previously unseen

data points [55]. Our goal is to find globally optimal decision trees. To identify the

optimal decision tree, one should enumerate every possible decision tree to come

up with the optimal one within a reasonable time, which sounds and is inefficient.

Therefore, the main challenge here is to create optimal regression trees that can

predict the optimal order quantity of the newsvendor problem in a single step and

in a reasonable amount of time.

Moreover, we are also interested in the risk-averse newsvendor problem since the

classical newsvendor problem ignores the risk preference of decision-makers. A recent

and common choice for measuring risk is CVaR. Although there have been recent

newsvendor models that incorporate CVaR [52, 53, 51], there seems to be a gap in

the literature when it comes to applying CVaR to the case of contextual newsvendor

problem.

1.2.1 Research Questions

To bridge the gap mentioned in the previous subsection, we need to answer the

following questions:

1. How can one solve the contextual newsvendor model to optimality using a

tree-based structure that is designed in a single step?
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2. How can we extend the proposed single-product, risk-neutral newsvendor al-

gorithm to the risk-averse and multi-product newsvendor?

1.2.2 Contributions

We summarize our contributions below:

• Interpretability: Decision trees provide inherently interpretable solutions. The

trees produced by our approach can provide intuition on the important features

that lead to a decision policy being assigned to an observation, and how the

final order quantity is calculated. Our approach provides higher predictive

accuracy in comparison to simple regression and better interpretability than

complex machine learning models.

• Optimality: In heuristic decision trees such as CART, first a locally optimal

tree is made by a greedy top-down approach and then this tree is pruned in

a separate step. However, our algorithm provides a globally optimal pruned

decision tree in a single step.

• Multi-Product case: We have extended our tree-based algorithm to the multi-

product newsvendor problem as well. This extension is particularly important

when a capacity constraint is added to the model.

• Risk-Averse Newsvendor: In addition to the risk-neutral approach, we in-

vestigate the risk-averse newsvendor problem with contextual data using the

Conditional Value at Risk (CVaR) assessment measure. To the best of our

knowledge, the risk-averse newsvendor problem with the contextual data has

not been broadly investigated.
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1.3 Overview and Structure of the Thesis

A chapter by chapter description of the remainder of this thesis is as follows:

Chapter 2: Provides an overview of decision tree algorithms, their main advantages

and shortcomings, a description of the CART algorithm, and the motivation and

idea behind Optimal Classification Trees.

Chapter 3: Discusses the solution for the classical newsvendor problem, Ban and

Rudin’s Big Data Newsvendor model, and proposes an interpretable newsvendor

model for a single product along with other previously mentioned extensions of the

problem.

Chapter 4: Includes a numerical experiment based on real world data on historical

demand observations and seasonality features.

Chapter 5: Presents results, analyses, and conclusions obtained from the numerical

experiment along with the future research directions.
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Chapter 2

Overview of Decision Tree

Methods

Decision trees are one of the widely-used supervised machine learning methods for

creating interpretable predictive models. The main reason behind this method’s

popularity is that it closely resembles human reasoning and therefore is easy to

understand compared to black-box models such as neural networks. In other words,

it is much simpler to follow and interpret some logical rules that end up with a

decision than the numeric weights and connections in a neural network.

Depending on the type of target variable being predicted, decision trees can be

categorized into classification and regression trees. Classification trees are applied

when the target variable is categorical or discrete in nature whereas regression trees

are used when the outcome variable is continuous. Regardless of the nature of target

variable, the goal of a decision tree is to divide a dataset into smaller segments based

on a series of simple tests and use these segments for future predictions. Based on

training data (Xi, yi), i = 1, . . . , n, with p features Xi ∈ Rp, each test splits the

data points by comparing a numeric feature against a threshold value or a nominal

feature against a set of possible values [56]. It is important to mention that finding

the optimum partitions in a decision tree is typically done by heuristics that follow

a greedy search; meaning that the decision tree searches through the data points

in a given node and calculates the gain from all possible tests in order to pick the
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split with the greatest gain that results in the most homogeneous sub-nodes. This

procedure is then applied recursively until a predefined stopping criteria is met and a

decision tree is formed. The resulting decision tree is a fully-grown possibly deep tree

with a high predictive accuracy on the data that has been trained with. However,

the main goal of a predictive model is its generalizability, and deep decision trees

tend to perform poorly when it comes to unseen data. Not surprisingly then, there

have been many efforts over the years to create trees of smaller sizes and better

generalizability. Some examples of such decision tree algorithms are C4.5 [57], ID3

[58], and CART [59].

In the following section, we give an overview of the CART algorithm and some of its

limitations that motivated Bertsimas and Dunn [55] to come up with the Optimal

Classification Trees.

2.1 Overview of Classification and Regression Trees

(CART)

Classification and Regression Trees, or CART for short, is a term introduced by

Leo Breiman [59] to refer to decision tree algorithms that can be used for both

classification and regression predictive modeling problems. The representation of

the CART model is a binary tree that is created using a top-down approach to

partition the feature space. An example of a decision tree with depth two is shown

in the Figure 2.1. Decision tree nodes are categorized as either a branch node or a

leaf node. Nodes that are shown with rectangles in Figure 2.1, and have sub-nodes,

are called branch nodes, where the starting branch node of a decision tree is called

the root node, and nodes that are shown with circles and are not further split are

called leaves of the tree. Similar to any other decision tree algorithm, the main

elements of the CART are:

• A cost/loss function based on which splits are chosen at each branch node.

• Stopping criteria for deciding when a branch is terminal and can be split no

more.
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• A prediction for the target variable in each leaf node.

Starting from the root node, each split in a decision tree is determined by solving an

optimization problem. At each branch node, a split is applied by determining the

values of a and b where a is a vector of binary variables that shows which feature

is chosen to split on and b is a continuous variable corresponding to the splitting

threshold. Since CART produces univariate decision trees, a single component of

a will be 1 and all others will be 0. For each data point i, aTxi shows the value

of the chosen feature for that point. If aTxi < b, the point follows the left branch

from that node; otherwise, it will follow the right branch. Determining the best

split in each node in CART (finding the optimal values for a and b) is done based

on a loss function which is chosen according to the classification/regression nature

of the problem. Optimizing the loss function in CART is essentially equivalent to

choosing the best split at each branch node such that the points in each node are

divided into two most homogeneous sub-nodes. Common choices of loss functions

are the gini index for classification, and mean squared error, mean absolute error,

or quantile loss for regression problems. It is worth mentioning that there are also

some extra terms that can be added to the cost function to improve the performance

of the tree and avoid overfitting.

The recursive splitting continues until one of the several predetermined stopping

criteria (such as the minimum number of nodes, the maximum desired depth of

the tree, etc.) is met. When the partitioning is done, each leaf node is assigned a

label/numeric value that is used for future predictions. This label/numeric value is

determined based on the classification/regression nature of the tree:

• Classification: In classification trees, a label is assigned to each leaf based on

the most common label among the labels of the training points that fall into

that leaf.

• Regression: In regression trees, a fixed numeric value is assigned to each leaf

which is determined using the mean of the target values of the training points

that fall into that leaf.
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As mentioned above, the stopping criterion is important as it strongly influences the

performance of the decision tree. However, a primary concern when using decision

trees is to avoid overfitting the tree to the training points. It is possible to reach very

high accuracy on the training points with a deep tree, but such a tree most likely

will perform poorly when making predictions on unseen data. This overfitting issue

is controlled using the trade-off between the training accuracy and the complexity

of the decision tree, which is typically calculated as the number of splits. CART

uses a complexity parameter, α, in order to control the trade-off between accuracy

and complexity. After the tree is grown, at each split, CART considers replacing

the split and its sub-nodes with a single leaf node and calculates the change in the

predictive accuracy resulting from this change. If the change is lower than α, the

corresponding split is replaced with a leaf. This process continues until all splits in

the tree provide an improvement of at least α in their predictive accuracy [55]. This

procedure is known as cost-complexity pruning and, as mentioned before, is done

after the tree is grown.

B

A

1

2 3

aTA xi < bA

aTB xi < bB aTB xi ≥ bB

aTA xi ≥ bA

Figure 2.1: A Decision Tree with Depth 2

Despite their interpretability and ease of use, decision trees have some limitations

because of their greedy nature. The main shortcoming of the CART and other

popular decision tree algorithms is that the top-down approach selects each split

of the tree in isolation and without considering its impact on the future splits [55].

This might result in poor performance when using unseen points for prediction after

training the tree. As a result, decision trees algorithms usually require a second

17



phase after training to prune the tree. The pruning phase is separated from the

training because the top-down approach is unable to handle complexity penalties

while growing the tree since it might lead to powerful splits being hidden behind

weaker splits [55]; meaning that if the complexity penalty is too high, it might

prevent the first weaker splits from being chosen. To resolve this, the most common

approach is to grow the tree as deep as possible and prune it using the complexity

penalty afterwards.

As mentioned before, an important limitation of CART is that the top-down ap-

proach selects each split separately based on optimizing a loss function which makes

the tree only locally optimal. This issue has also been acknowledged by Breiman et

al. [59] when introducing the algorithm:

Finally, another problem frequently mentioned (by others, not by us) is

that the tree procedure is only one-step optimal and not overall optimal

. . . If one could search all possible partitions . . . the two results might be

quite different . . . At this stage of computer technology, an overall optimal

tree growing procedure does not appear feasible for any reasonably sized

dataset.

According to Bertsimas and Dunn [55], this acknowledgement means that the two-

step approach of creating and pruning taken by CART was largely due to practical

limitations related to the execution time, and not because the procedure was thought

to be inherently better. Therefore, one question remains unanswered. Can one

develop an optimal decision tree algorithm in a single step?

2.2 Optimal Classification Trees (OCTs)

To address the limitations of CART and other popular decision tree algorithms,

Bertsimas and Dunn [55] proposed a decision tree algorithm called ”Optimal Classi-

fication Trees”. What distinguishes their formulation from previously used decision

tree algorithms is that they create the decision tree in one step instead of recursively

creating a tree and then pruning it. However, as the name suggests, the algorithm
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is designed only for classification problems. Bertsimas and Dunn [55] claim that

the two-step procedure of first creating and then pruning the tree might result in

solutions that are only locally optimal, and that the lack of success in developing the

optimal decision tree algorithm is largely due to failure to address the underlying

nature of decision trees. They argue that the natural way to create the whole tree

in one step and achieve global optimality is through Mixed-Integer Optimization

(MIO) since at each node of a decision tree several binary decisions must be made

such as either branch or stop, what feature to branch on, etc. They argue that using

an MIO approach to create a decision tree allows to consider all these decisions in

a single problem with the knowledge of the whole tree , and it is practical because

of the speed-up of MIO solvers in the last few decades.

It is worth mentioning that using ensemble algorithms for decision trees such as

random forests results in an improvement over a single decision tree in terms of

generalizability. The idea behind random forests is to create many decision trees

that are each trained using a random subset of data and features, and use the mean

prediction in cases of regression and the majority vote in classification problems.

However, the increased predictive accuracy in random forests and other ensembles

of decision trees (such as boosted trees) comes at the cost of losing interpretability.

That is why Bertsimas and Dunn [55] created an algorithm for a single decision tree

using MIO so one could achieve optimality while preserving the interpretable nature

of decision trees.

Bertsimas and Dunn [55] then provided evidence that their formulation leads to

trees that better capture the data in comparison to CART. They show that optimal

classification trees are likely to outperform CART by 1.2–1.3% in situations where

the CART accuracy is high and we have sufficient training data, while this improve-

ment can increase by 4–7% when the CART accuracy or dimension of the dataset

is low. For the performance comparison purposes, they used 53 data sets from the

UCI machine learning repository [60]. This motivated us to believe that such an

improvement is also possible for regression problems, and that we can create optimal

decisions tree to predict the order quantity in the newsvendor problem.
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Chapter 3

Methodology

3.1 Classical Newsvendor Problem

As mentioned before, the objective in the newsvendor problem is to choose an order

quantity for a perishable product before observing the actual demand. When sales

are repetitive, a sensible goal is to order a quantity that minimizes the total expected

cost [4] according to

min
q≥0

EC(q) := E[C(q;D)], (3.1)

where q is the order quantity, D is the unknown future demand, and the cost asso-

ciated with order q and demand D with respect to unit backordering and holding

costs, denoted by b and h respectively, is as follows:

C(q;D) := b(D − q)+ + h(q −D)+ (3.2)

where the superscript plus sign enforces the value in parenthesis to be non-negative.

If one follows the assumption of a known demand distribution, the optimal decision

can be calculated using the b
b+h

quantile. However, in practice, it is unlikely that

that the decision-makers know the demand distribution. More importantly, various

features (that are known before making a decision) affect the demand. A recent pa-

per that takes into account the availability of feature information without depending

on the demand distribution is the big data newsvendor model proposed by Ban and

Rudin [4], which is explained in more depth in the following section.
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3.2 Ban and Rudin’s Big Data Newsvendor Model

Consider a newsvendor who has access to n past demand observations as well as p fea-

tures where Sn = {(Xi, Di)}ni=1 represents the historical data and Xi = [x1i , . . . , x
p
i ]

the features about the demand. The goal of Ban and Rudin’s big data newsvendor

model is to determine the order quantity of period n + 1 after observing features

Xn+1 without knowing the actual demand.

To achieve this goal, Ban and Rudin [4] proposed a machine learning algorithm where

they find the optimal function q(·) that maps the observed features Xn+1 ∈ X , with

X ⊂ Rp, to an order q(Xn+1) ∈ R with respect to unit backordering and holding

costs. Their formulation offers preliminary insights and allows decision makers to

come up with a tractable decision policy which is contextual. The Big Data approach

to solving the contextual newsvendor problem is

min
q(·)∈Q

R̂(q(·);Sn) =
1

n

n∑
i=1

[b(Di − q(Xi))
+ + h(q(Xi)−Di)

+], (3.3)

where Q ⊆ {q : X → R}, R̂ is called the empirical risk of function q with respect

to dataset Sn and the ˆ notation is used to emphasize that quantities are estimated

from data. Empirical risk minimization is a principle that is widely used for clas-

sification and regression problems (refer to [5] for a complete discussion). To solve

this problem, Ban and Rudin [4] defined the function class Q of the form

Q = {q : X → R| ∃qj, q(X) =

p∑
j=1

qjxj}, (3.4)

with x1 = 1 to allow for an intercept term (feature-independent term). Ban and

Rudin [4] explained that their choice of function class Q is not restrictive since

one can easily consider nonlinear transformations of basic features and expand the

feature space to accommodate nonlinear dependencies as well. In other words, non-

linear decisions can be transformed into linear decisions with the addition of new

features. However, they mention that if this transformation results in p � n, the

solution of model (3.4) does not have a good out-of-sample performance. Equation

21



(3.3) is equivalent to the following formulation

min
q=[q1,...,qp]

1

n

n∑
i=1

(bui + hoi)

s.t.

ui ≥ Di − q1 −
p∑
j=2

qjxji , i = 1, . . . , n

oi ≥ q1 +

p∑
j=2

qjxji −Di, i = 1, . . . , n

ui, oi ≥ 0,

(3.5)

where ui and oi are dummy variables that account for the underage and overage costs

of data point i. Furthermore, in the case of high dimensional data or when p is rel-

atively large, Ban and Rudin [4] suggest the following model where a regularization

term is added to the objective to avoid overfitting

min
q=[q1,...,qp]

1

n

n∑
i=1

(bui + hoi) + λ‖q‖k

s.t.

ui ≥ Di − q1 −
p∑
j=2

qjxji , i = 1, . . . , n

oi ≥ q1 +

p∑
j=2

qjxji −Di, i = 1, . . . , n

ui, oi ≥ 0

(3.6)

where λ > 0 is the regularization parameter and k refers to the type of norm that is

used. Although this model proves to outperform previous models such as the SAA,

it is still restrictive when working with nonlinear data. To solve this limitation,

the authors propose using predefined breaking points enlarging the feature space to

allow for piecewise linear decisions. However, there are two important issues when

using this method. First, the choice of breaking points, as the authors mention [4],

is arbitrary since it is determined before solving the model, and second, in order

to incorporate these breaking points, one should increase the number of features by

creating new ones which add to the complexity of the model. We believe this issue

can be solved if we could determine the optimal breaking points where the model is

solved and thus create a piecewise affine function that is optimal.
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It is worth mentioning that both this model and the interpretable newsvendor model

proposed in the next section are not limited to the inventory management context.

For example, Ban and Rudin [4] case-studied a nurse staffing problem at a UK

teaching hospital’s emergency room, assuming a mandatory nurse-to-patient ratio

(with daily data for a year). This setting is similar to the newsvendor problem since

the hospital would incur an underage cost if due to the high number of patients,

expensive emergency nurses have to be called, and an overage cost if there are too

many regular nurses in comparison to the number of patients. They also knew that

the hourly wage of an emergency nurse is 2.5 times that of a regular nurse, and

based on this, they considered b = 2.5
3.5

and h = 1
3.5

, which are the unit backordering

and holding cost, respectively. They consider the day of the week, time of the day,

and the number of days as the features in this case study.
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3.3 The Interpretable Newsvendor Model

3.3.1 Single-Product Model

Consider the same data structure as mentioned in the previous section. A newsven-

dor has access to past demand data along with some features for a single product

and our goal is to choose the order quantity of the next period after observing fea-

tures but without knowing the actual demand using an interpretable decision tree

structure. In order to formulate the interpretable newsvendor problem, one can di-

vide the model’s variables and constraints into two groups, one that corresponds to

the decision tree structure and another that corresponds to the newsvendor context

of the model. In this section, I will begin by introducing the notation, variables, and

constraints pertaining to the first group. After that, the second group’s definitions

and constraints are discussed and finally, the objective function is introduced.

Without loss of generality, throughout this thesis, we assume that both the values

for features (input) and past demand (target variable) are normalized, meaning that

each xpi , Di ∈ [0, 1], i = 1, . . . , n.

Decision Tree Structure

Consider trying to construct a decision tree with a depth of DT . Given this depth,

we can construct a fully-grown tree with T = 2(DT+1) − 1 nodes, indexed by t ∈ [T ]

as shown in Figure 3.1. It is important to mention that here the decision tree

structure as a whole is analogous to the work of Bertsimas and Dun [55], with some

modifications since we are trying to build optimal regression trees instead of optimal

classification trees.

We will use p(t) and A(t) to denote the parent node and set of ancestors (all the

nodes on the path from the root node to node t) of node t, respectively. Moreover,

similar to Bertsimas and Dunn [55], we let L(t) and R(t) to respectively denote the

set of ancestors of node t whose left and right branches have been followed on the

path from the root node to node t. A(t) = L(t) ∪ R(t). For instance, using the

above notation for node 6 in Figure 3.1, L(6) = {3}, R(6) = {1}, A(6) = {1, 3},
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and p(6) = 3.

Similar to other decision tree structures such as CART (discussed in Chapter 2), we

divide nodes of the tree into two sets of branch nodes and leaf nodes and denote

them by TB and TL respectively. Branch nodes, t ∈ TB = {1, . . . , bT
2
c}, are the

nodes that apply a split, and leaf nodes, t ∈ TL = {bT
2
c + 1, . . . , T}, are the nodes

that make a prediction for points that fall into them.

1

2 3

4 5 6 7

aT1 xi < b1 aT1 xi ≥ b1

aT2 xi < b2 aT2 xi ≥ b2 aT3 xi < b3 aT3 xi ≥ b3

Figure 3.1: A Fully-Grown Decision Tree with Depth 2

In order to track the splits applied at branch node t ∈ TB, we use the indicator

variables ajt ∈ {0, 1}, where j = 1, 2, . . . , p, and bt ∈ R. Similarly, we use the

indicator variable dt ∈ {0, 1} to track which branch nodes apply a split, where

dt = 1 if node t applies a split (it is important to mention that the model can be

adjusted to account for multivariate trees. For an in depth discussion, refer to [55]).

Within this thesis, we restrict the model to univariate decision trees, meaning that

the hyperplane in each branch node only involves one variable. This can be enforced

by making
∑

j ajt to be equal to 1 in each branch node, if a split is applied in that

node (In other words, the sum of each column of ajt is equal to 1 if and only if

dt = 1). Also, the option of not splitting at a branch node is allowed. If a branch

node does not apply a split, both dt = 0 and ajt = 0 for that node, and all points will

follow the right branch, since the condition for left branch node is 0 < 0, which is

never satisfied (the logic is straightforward based on the decision tree in Figure 3.1).

The following two constraints summarize the above explanations and correspond to
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the univariate branching nature of the tree.

p∑
j=1

ajt = dt, ∀t ∈ TB, (3.7)

1− dt ≤ bt ≤ 1, ∀t ∈ TB (3.8)

We need the splitting point bt to be in the same range as the data, and since all

feature data is normalized, the second constraint is valid.

The next constraint enforces the hierarchical structure of the tree, meaning that a

branch node is prevented from splitting if its parent node does not apply a split. As

mentioned above, this is because if a node does not apply a split, all the points in

that node must end up together in the same leaf and the node must be prevented

them from further splitting.

dt ≤ dp(t), ∀t ∈ TB \ {1} (3.9)

Obviously, such a constraint is not required for the root node. In order to track

the allocation of data points to the leaves after branching, we need to introduce the

indicator variable zit and lt for t ∈ TL. The binary variable lt = 1 if leaf t contains

any points, and zit is introduced to track the assignment of points to the leaves,

where zit = 1 if data point i is assigned leaf node t, and zit = 0 otherwise.∑
t∈TL

zit = 1, ∀i ∈ [n] (3.10)

zit ≤ lt, ∀t ∈ TL (3.11)

n∑
i=1

zit ≥ Nminlt, ∀t ∈ TL (3.12)

Constraint (3.10) enforces each point to be assigned to one leaf. Constraints (3.11)

allows a point to be assigned to a leaf only if the leaf exists, and if a leaf does not

contain any points (does not exist), then no points should be assigned to it, and

Constraint (3.12) enforces a minimum number of points, given by Nmin, at each

leaf node to prevent overgrowing the tree and creating extra leaf nodes that do not

include at least Nmin number of points.

Lastly, we need to apply constraints enforcing the splits in the structure of the tree

to be able to track the path that each point follows from the root node to its assigned
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leaf. Bertsimas and Dunn [55], introduce the following constraints for this purpose:

aTmxi < bm +M1(1− zit), ∀i ∈ [n], ∀t ∈ TL, ∀m ∈ L(t) (3.13)

aTmxi ≥ bm −M2(1− zit), ∀i ∈ [n], ∀t ∈ TL,∀m ∈ R(t) (3.14)

Note that constraint (3.13) is a strict inequality which is not supported by MIP

solvers. As a result, the authors added a small constant ε to the left-hand side of

equation (3.13) to make the inequality non-strict.

aTmxi + ε ≤ bm +M1(1− zit), ∀i ∈ [n], ∀t ∈ TL,∀m ∈ L(t) (3.15)

To avoid instabilities in the MIP (Where the numerical solution diverges from the

actual solution), ε should be as big as possible without affecting the feasibility of

valid solutions to the problem. Consequently, the authors propose using different εj

for each feature j as follows:

εj = min{x(i+1)
j − x(i)j |x

(i+1)
j 6= x

(i)
j , i = 1, . . . , n− 1, } (3.16)

where values of each feature are first sorted in an ascending order to do the above

calculation. Then we can use the above calculated values to replace ε in Constraint

(3.15), where the value of εj is selected according to the feature that is used in

that split. We also need to choose values for the big-M constants M1 and M2. As

mentioned before, both aTt xi ∈ [0, 1] and bt ∈ [0, 1] so the largest possible value

of aTt (xi + ε) − bt, is 1 + εmax, where εmax = maxj{εj}. Therefore, we can set

M1 = 1 + εmax. Similarly, the largest possible value of bt − aTt xi is 1, so we set

M2 = 1. As a result, we can rewrite constraints (3.13) and (3.14) as

aTm(xi + ε) ≤ bm + (1 + εmax)(1− zit), ∀i ∈ [n], ∀t ∈ TL, ∀m ∈ L(t) (3.17)

aTmxi ≥ bm − (1− zit), ∀i ∈ [n], ∀t ∈ TL, ∀m ∈ R(t) (3.18)

Before discussing the remainder of the model, it is worth mentioning that Bertsimas

and Dunn [55] formulated Equation (3.8) in their model as

0 ≤ bt ≤ dt, ∀t ∈ TB (3.19)

This design choice was intended by the authors to force all training observations

down the right branch by making the left split direction constraint (3.17) infeasible
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when a branch node does not apply a split. In other words, if a branch node is

considered to be inactive (dt = 0), then its associated split parameters ajt and

bt are set to the zero vector and zero, respectively. When ajt and bt are zero in

a branch node, both (3.17) and (3.18) are feasible which is in contrast with the

authors’ intention. This issue was also noticed in [61], and an alternate equation

was proposed there as a replacement which is the one used in our model (3.8) that

allows bt to be equal to one when a branch node does not apply a split (as opposed

to bt = 0 in a similar setting in Bertsimas and Dunn’s formulation [55]). This makes

Constraint (3.18) infeasible when a and b are both zero and forces all observations

to follow the left branch.

Newsvendor Context

The remaining constraints in our model address the optimal ordering policy corre-

sponding to the newsvendor context. We assume that each leaf in the final decision

tree corresponds to an ordering policy, which is linear in the features. This ordering

policy assigns a weight to each feature and these weights are used to calculate the

order quantities of the points that fall into that leaf based on their feature values.

Similar to the function that Ban and Rudin [4] defined, we define a function for each

leaf that corresponds to the optimal ordering policy within that leaf:

qt(X) = qTt X =

p∑
j=1

qjtx
j, t ∈ TL (3.20)

Furthermore, we will modify the variables corresponding to the underage and overage

costs introduced by Ban and Rudin [4] to be able to track the underage and overage

costs in each leaf separately. Thus,

uit ≥ Di − q1t −
p∑
j=2

qjtx
j
i , ∀i ∈ [n], ∀t ∈ TL (3.21)

oit ≥ q1t +

p∑
j=2

qjtx
j
i −Di, ∀i ∈ [n], ∀t ∈ TL (3.22)

As mentioned previously, the overall goal in the newsvendor problem is to choose

an order quantity that minimizes the subsequent costs. Therefore, we need a way to

keep track of the total cost associated with each observation based on the ordering
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policy it is assigned to. We will add the following big M constraint to force the

actual cost to be calculated using the policy corresponding to the leaf that each

observation falls into.

cit ≤ c̃i + (1− zit)M, ∀i ∈ [n], ∀t ∈ TL, (3.23)

where cit ∈ R is the cost incurred if the t-th policy is assigned to the i-th observation,

and c̃i ∈ R is the actual cost of i-th observation. In other words, we are only

concerned about the cost cit if i-th data point is in the t-th leaf. The following

constraint is also added to impose that the total cost, sum of backordering and

holding costs should be less than or equal to the cost incurred if i-th data point is

using t-th policy:

buit + hoit ≤ cit, ∀i ∈ [n], ∀t ∈ TL (3.24)

Objective Function

We want the objective function to be defined in a way that minimizes the cost for

the newsvendor problem and at the same time controls the trade-off between the

accuracy and complexity of the decision tree structure. Consequently, it consists of

two parts. The first part corresponds to the goal of the newsvendor problem which

is minimizing cost, so we add the following objective that is similar to the empirical

risk objective in the big data newsvendor model:

min

(
1

n

n∑
i=1

c̃i

)
(3.25)

Second, we need to control the complexity of the decision tree created to avoid over-

fitting by creating an unnecessarily deep tree. We will use complexity parameter α

to control the complexity of the tree, and update the previously mentioned objective

function (3.25) as follows:

min

(
1

n

n∑
i=1

c̃i + α
∑
t∈TB

dt

)
(3.26)

where the complexity of the decision tree is calculated as the number of splits.

Aside from overfitting caused by the depth of the tree, overfitting might also happen
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because of the choice of policy parameters. One of the important criteria for a model

is its generalizability, meaning that the model should be able to perform accurately

on unseen data. For example, if there is a large degree of freedom in the choice of

the in-sample decision policies, then it may be possible to have unrealistically small

or even zero in-sample cost, leading the decision maker to believe perfect ordering

is possible [4]. However, having low in-sample cost and fitting the training data

perfectly does not guarantee a reasonable out-of-sample performance on unseen data.

Using a regularization parameter λ > 0, we can control the degree of freedom (which

we define as the effective number of parameters) in choosing the policy parameters

which in turn can help avoid overfitting. We will once again update the objective

function as follows:

min

(
1

n

n∑
i=1

c̃i + α
∑
t∈TB

dt + λ‖q‖

)
(3.27)

Where ‖q‖ is the L1 norm of the policy parameters’ matrix.

The following is the complete model for a single-product tree-based newsvendor

problem.

min

(
1

n

n∑
i=1

c̃i + α
∑
t∈TB

dt + λ‖q‖

)
(3.28)

s.t.

buit + hoit ≤ cit, ∀i ∈ [n], ∀t ∈ TL,

uit ≥ Di − q1t −
p∑
j=2

qjtx
j
i , ∀i ∈ [n], ∀t ∈ TL,

oit ≥ q1t +

p∑
j=2

qjtx
j
i −Di, ∀i ∈ [n], ∀t ∈ TL,

cit ≤ c̃i + (1− zit)M, ∀i ∈ [n], ∀t ∈ TL,

aTmxi ≥ bm − (1− zit), ∀i ∈ [n],∀t ∈ TL, ∀m ∈ R(t),

aTm(xi + ε) ≤ bm + (1+εmax)(1− zit),

∀i ∈ [n], ∀t ∈ TL, ∀m ∈ L(t),∑
t∈TL

zit = 1, ∀i ∈ [n],
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zit ≤ lt, ∀i ∈ [n], ∀t ∈ TL,
n∑
i=1

zit ≥ Nminlt, ∀t ∈ TL,

p∑
j=1

ajt = dt, ∀t ∈ TB,

1− dt ≤ bt ≤ 1, ∀t ∈ TB,

dt ≤ dp(t), ∀t ∈ TB \ {1},

zit, lt ∈ {0, 1}, ∀i ∈ [n], ∀t ∈ TL,

ajt, dt ∈ {0, 1}, j = 1, . . . , p, ∀t ∈ TB,

uit ≥ 0, ∀i ∈ [n], ∀t ∈ TL,

oit ≥ 0, ∀i ∈ [n], ∀t ∈ TL.

3.3.2 Multi-Product Model with A Capacity Constraint

Our model can also be extended to the multi-product newsvendor problem where a

decision needs to be made for more than one product. In this case, we assume that

there are n historical demand observations for m products, and for each demand

observation there are p features. The decision matrix then becomes q = (qptk), t ∈

TL, in order to be able to consider different policies for different products in each

leaf of the tree. Moreover, products might have distinct underage and overage costs

that can be shown as bk and hk respectively as opposed to b and h values in the case

of single product. Then the model can easily be adjusted according to these new

variables and values.

It is important to mention that the multi-product case can be divided into different

single-product problems if there are no additional constraints, and the products are

independent. However, for some extensions of the problem, it is not possible to do

so. One example of these extensions is the newsboy problem with budget/capacity

constraint, also known as the capacitated newsvendor problem. Often times it hap-

pens that in practice companies have a limited budget for procurement or limited

space in the inventory or other similar capacity limitations. These kinds of restric-

tions can be implemented in the model by adding a capacity constraint which has
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been used before in many newsvendor settings. The overall form [62, 63] of this kind

of constraint is as the following:

m∑
k=1

rkqk ≤ R (3.29)

where rk is the resource consumption of the k-th product, R is the overall bud-

get/capacity, and qk is the order quantity of the k-th product. We assume in our

problem that there is a capacity constraint such as space in the inventory and R is

the maximum number of products that the newsvendor can order. As a result, we

can rewrite this constraint as
∑m

k=1 qk ≤ R. Similar to what was mentioned before,

this constraint can be easily added to the case of the multi-product newsvendor

problem. However, in order to simplify the model and avoid nonlinear constraints,

we consider the capacitated newsvendor problem where the predictions in each leaf

are only a constant value instead of a set of policy parameters corresponding to each

feature. We can incorporate this either by putting policy parameters corresponding

to features equal to zero or change the size of the defined variable so that in each

leaf there would be only one variable. We chose the second alternative and defined

q with the size [tm], t ∈ TL, where m shows the number of products. Similarly, in

order to solve the multi-product newsvendor problem with capacity constraint, some

of the variables such as underage and overage costs should change to 3 dimensional

variables in order to incorporate different products. The following is the complete

model for multi-product newsvendor with capacity constraint.

min
1

n

m∑
k=1

n∑
i=1

c̃ik + α
∑
t∈TB

dt + λ‖q‖ (3.30)

s.t.

bkuitk + hkoitk ≤ citk, ∀i ∈ [n], ∀t ∈ TL, ∀k ∈ [m],

uitk ≥ Dik − q1tk, ∀i ∈ [n], ∀t ∈ TL, ∀k ∈ [m],

oitk ≥ q1tk −Dik, ∀i ∈ [n], ∀t ∈ TL, ∀k ∈ [m],

citk ≤ c̃ik + (1− zit)M, ∀i ∈ [n], ∀t ∈ TL, ∀k ∈ [m],

m∑
k=1

qtk ≤ R, ∀t ∈ TL,
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aTmxi ≥ bm − (1− zit), ∀i ∈ [n],∀t ∈ TL,∀m ∈ R(t),

aTm(xi + ε) ≤ bm + (1+εmax)(1− zit),

∀i ∈ [n], ∀t ∈ TL, ∀m ∈ L(t),∑
t∈TL

zit = 1, ∀i ∈ [n],

zit ≤ lt, ∀i ∈ [n], ∀t ∈ TL,
n∑
i=1

zit ≥ Nminlt, ∀t ∈ TL,

p∑
j=1

ajt = dt, ∀t ∈ TB,

1− dt ≤ bt ≤ 1, ∀t ∈ TB,

dt ≤ dp(t), ∀t ∈ TB \ {1},

zit, lt ∈ {0, 1}, ∀i ∈ [n], ∀t ∈ TL,

ajt, dt ∈ {0, 1}, j = 1, . . . , p, ∀t ∈ TB,

uit ≥ 0, ∀i ∈ [n], ∀t ∈ TL,

oit ≥ 0, ∀i ∈ [n], ∀t ∈ TL.

3.3.3 Risk-Averse Newsvendor Problem

The methodology that we have discussed so far is based on the assumption of risk

neutrality, meaning that managers and decision-makers simply order such that the

expected costs (profits) are minimized (maximized), and the variability of random

outcomes is not considered. However, different managers might have different risk

preferences depending on the product characteristics. As a result, risk-averse inven-

tory models such as the newsvendor problem have received increasing attention in

recent years.

We have decided to extend our single-product model to incorporate the different

degrees of risk-aversion using the CVaR criterion [48]. To do so, we need to change

the previous objective function (3.27) to the following:

min
γ∈R

γ +
1

(1− β)
· 1

n

n∑
i=1

(c̃i − γ)+ (3.31)
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which can be equivalently formulated as:

min
γ∈R, yi∈R

γ +
1

(1− β)
· 1

n

n∑
i=1

yi

s.t.

yi ≥ c̃i − γ, i ∈ [n]

yi ≥ 0, i ∈ [n]

(3.32)

where β is a value between 0 and 1 and the value (1 − β) corresponds to the case

where we consider the worst (1− β) percentage of the costs. In other words, the β-

CVaR is the conditional expectation of losses above the β-quantile, where increasing

the value of β indicates increasingly more risk-averse cases. Note that that the terms

that we used before in the objective function that correspond to the complexity of

the decision tree and the policy parameters should still be added to the objective

for the purpose of regularization. Therefore, the overall objective function for the

risk-averse newsvendor becomes:

min γ +
1

(1− β)
· 1

n

n∑
i=1

(c̃i − γ)+ + α
∑
t∈TB

dt + λ‖q‖ (3.33)

And the following constraints should be added to the model:

yi ≥ c̃i − γ, i ∈ [n] (3.34)

yi ≥ 0, i ∈ [n] (3.35)

The complete tree-based model for the single-product risk-averse newsvendor prob-

lem then becomes:

min γ +
1

(1− β)
· 1

n

n∑
i=1

yi + α
∑
t∈TB

dt + λ‖q‖

s.t. (3.36)

yi ≥ c̃i − γ, i ∈ [n],

buit + hoit ≤ cit, ∀i ∈ [n], ∀t ∈ TL,

uit ≥ Di − q1t −
p∑
j=2

qjtx
j
i , ∀i ∈ [n], ∀t ∈ TL,

oit ≥ q1t +

p∑
j=2

qjtx
j
i −Di, ∀i ∈ [n], ∀t ∈ TL,
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cit ≤ c̃i + (1− zit)M, ∀i ∈ [n], ∀t ∈ TL,

aTmxi ≥ bm − (1− zit), ∀i ∈ [n],∀t ∈ TL,∀m ∈ R(t),

aTm(xi + ε) ≤ bm + (1+εmax)(1− zit),

∀i ∈ [n], ∀t ∈ TL, ∀m ∈ L(t),∑
t∈TL

zit = 1, ∀i ∈ [n],

zit ≤ lt, ∀i ∈ [n], ∀t ∈ TL,
n∑
i=1

zit ≥ Nminlt, ∀t ∈ TL,

p∑
j=1

ajt = dt, ∀t ∈ TB,

1− dt ≤ bt ≤ 1, ∀t ∈ TB,

dt ≤ dp(t), ∀t ∈ TB \ {1},

zit, lt ∈ {0, 1}, ∀i ∈ [n], ∀t ∈ TL,

ajt, dt ∈ {0, 1}, j = 1, . . . , p, ∀t ∈ TB,

uit ≥ 0, ∀i ∈ [n], ∀t ∈ TL,

oit ≥ 0, ∀i ∈ [n], ∀t ∈ TL,

yi ≥ 0, ∀i ∈ [n].
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Chapter 4

Numerical Experiments

In this chapter, we discuss the dataset used in order to evaluate the models developed

in Chapter 3. The main goal of this chapter is to describe the steps taken to

preprocess and prepare the data in a way that it consists of both demand data and

feature information. Additionally, we will also discuss our approach for tuning the

hyper parameters used in models (3.28) and (3.36).

4.1 Data

In order to provide a comprehensive benchmark of real-world performance, we used

a dataset obtained from the UCI Machine Learning Repository [60] which is a source

for datasets that are used regularly for reporting and comparing the performance

of different supervised and unsupervised learning algorithms. The dataset we have

chosen is an online transaction dataset that belongs to a UK retail from 2010-2011

[64, 65], where instead of demand, we have information about the sales quantities

(in other words, we work with censored demand data). Originally, the dataset

had columns corresponding to the invoice number and date, country in which the

product was sold, product and stock codes, quantity sold, unit price, and a short

description. Although not all these data inputs have an effect on the demand, an

important factor that can have meaningful effects on the sales is seasonality. Using

the invoice dates, we extracted the year, month of the year, day of the month, day
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of the week, and hour of sale for each record and regarded each of these columns

as a feature in addition to the unit price which is given as a column in the dataset.

This means that the input to our algorithms consists of six features in total along

with the sales records which is the dependant variable.

Initially, the dataset had a column showing in which country the sale took place.

However, in reality, it seems more reasonable to order for each country separately

in a retail that might have different branches in different countries. As a result, we

filtered the dataset on different countries and treated each country as a separate

dataset. However, not all datasets were suited for the purpose of our numerical

experiment. We developed some criteria in order to choose the dataset(s) that

could best serve our purpose. First, we looked for a dataset that has at least 400

records since our ultimate goal was to use our model on datasets with sizes in

the hundreds. Moreover, with lower number of records, when splitting the dataset

for validation and testing purposes, the number of records might not be enough.

Second, one of the advantages of decision trees is mapping nonlinear inputs to the

output. When the relationship between features and the dependant variable is

linear, using a simpler algorithm such as multivariate linear regression might be a

better choice since decision trees most probably overfit the data and add unnecessary

complexities to the model. As a result, we looked for a dataset that has a nonlinear

relation between the output and at least one of the features, and at the same time is

representative of the whole dataset (in terms of correlations, having records for both

years, type of relations between features and output, etc.). Using these criteria, we

found a dataset with n = 684 records to use for our numerical experiments explained

in the following sections of this chapter.

Additionally, based on the descriptions provided in the dataset, one can quickly

notice that all the records belong to one category of products. For this reason, we

decided to work with the dataset as if it is a single-product newsvendor problem.

In order to briefly showcase the performance of the multi-product model with and

without the capacity constraint, and due to unavailability of real-world data for this

purpose, we used synthetic datasets with a varying number of observations. These

datasets were created using the make regression from the Scikit-learn package in
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python that can create random linear regression problems by generating an arbitrary

number of input features, output targets, controllable degree of informative coupling

between them, and Gaussian centered noise with adjustable scale. In order to add

nonlinearity to the data, we squared the output variables created by the function.

For simplicity, the number of output variables (which is the same as the number of

products), and the number of features were kept the same and only the number of

observations were changed in each dataset. We created datasets with 3 features, 2

products, and 100, 150, 200, 250 number of observations.

4.2 Regularization

An important challenge when working with machine learning algorithms is hyper-

parameter tuning. There are two hyper-parameters in this problem:

• The complexity parameter α that controls the trade off between the perfor-

mance and the number of splits in the decision tree in a way that ensures

the tree will not be unnecessarily large. This hyper parameter ensures that in-

creasing the number of splits in the tree leads to a an increase in the predictive

performance (decrease in cost) that is sufficiently large.

• The regularization parameter λ that affects the generalizability of the algo-

rithm. In other words, using this hyper parameter, we are able to control

the number of features used in each leaf of the model and avoid unnecessary

complications added to the model.

In order to avoid overfitting to the training data, we need to find the right value

for the above mentioned hyper parameters. Typically in the process of tuning the

hyper parameters, a part of the training data is reserved as a validation set to assess

the performance of the trained model and to guide the choice of hyper parameters.

The performance of the model on the validation set can be used as a proxy for the

real out-of-sample performance and we expect the hyper parameters that performed

well on the validation set to also perform well on the unseen data (test data).
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A well-known approach to tuning hyper parameters is performing a grid search,

where the model is trained on every possible combination of the hyper parameters

using the training data set. Each model then is evaluated on the validation set in

order to choose the combination of hyper parameters that give us the best perfor-

mance. Although this seems to be a reasonable method, it might not be feasible to

do a grid search when hyper parameters are continuous or have a large range of pos-

sible values. A potential solution for performing grid search on continuous-valued

hyper-parameters is to discretize the range of possible values and select the best

from this set. Bertsimas and Dunn [55] showed that despite the complexity param-

eter being continuous-valued, it has a discrete effect on the tree and they managed

to use this method to tune the hyper parameters in OCTs and this has motivated us

to follow the same method when tuning hyper parameters in our model since both

of the hyper parameters are continuous and doing a grid search is not a feasible

solution as discussed before.

In the following sections, we will discuss the implementation of the numerical ex-

periments on (3.28) and (3.36) models in more depth.

4.3 Experiment Setup

4.3.1 Single-Product Newsvendor Problem

In order to assess the performance of the tree-based single-product newsvendor algo-

rithm given by model (3.28), we used Ban and Rudin’s big data newsvendor model

(3.6) [4] as a benchmark. We used the same implementations for the tree-based

model and Ban and Rudin’s big data newsvendor model as in Chapter 3. Addi-

tionally, we were also curious to compare the performance of our algorithm with

heuristics such as CART. Similar to standard linear regression, CART uses the

mean squared error approach to calculate the predicted outcome variable. However,

as mentioned before, the cost function in the newsvendor problem is equivalent to

the loss function in quantile regression (the only difference is that in the newsven-

dor problem, we investigate the cost of the estimated quantile as opposed to the
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estimated quantile itself) [4]. Quantile regression is an extension of standard linear

regression that estimates the conditional quantile of the outcome variable with a

general linear model that assumes a non-parametric form for the conditional dis-

tribution of the response variable. Therefore, in order to make a more meaningful

comparison, we used the CART algorithm with a quantile loss (the quantile used in

CART is calculated as b
b+h

where, similar to our model, b and h stand for the unit

backordering and holding costs respectively) instead of the default objective of the

algorithm which is minimizing the mean squared error (MSE).

We limited our experiments to decision trees with depth two because of the time lim-

itations and speed of the algorithm, and similarly, we limited the quantile regression

trees’ depth to two for the purpose of comparison. It is worth mentioning that the

quantile regression algorithm was readily available in the machine learning package

that was used and the automatic tuning of the algorithm was not changed. Because

of the low depth of the tree in the experiments, we chose to set the complexity pa-

rameter α equal to zero meaning that we decided not to perform the cost-complexity

pruning in the decision tree algorithms since a depth two decision tree is not con-

sidered as complex due to the low number of leaves in comparison to decision trees

with larger depths.

In order to tune the regularization parameters in the tree-based and big data

newsvendor algorithms, in each experiment, we randomly divided the input data

into three sets of training, validation, and test sets using the 80− 10− 10 split per-

centages respectively, and the regularization method discussed in Section 4.2 was

performed. We started with different powers of 10 (10−1, 10−2, etc.) as different

regularization parameters to find the discretized range of possible values for our

experiment. If the result did not change between two subsequent values, we used

the mid-point as a new value to explore. Using this method, we developed vectors

of possible values for the regularization parameters for each of the two algorithms

(tree-based and big data newsvendor).

Additionally, to investigate the effect of increasing the number of observations on

the performance of the algorithms, we started by randomly sampling 50 points from

the dataset and, in each experiment, we increased the number of points by 50 until
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we reached 400 points. However, in order to minimize the effect of the particular

sampling and splitting of the data into training, validation and testing sets, the

entire process was conducted thirty times for each experiment (each experiment

differs in the number of observations used as input data), with a different splitting

and random sampling each time. The final in-sample and out-of-sample costs were

then obtained by averaging the results across these thirty runs.

4.3.2 Risk-Averse Newsvendor Problem

In order to evaluate the performance of the risk-averse newsvendor algorithm, we

altered Ban and Rudin’s big data newsvendor model (3.6) so that it would represent

a risk-averse newsvendor model as well. This is mainly because of the fact that we

found no other similar algorithm (in terms of being non-parametric, using covariate

data, and using the same risk measurement) to use as a benchmark. There are many

risk-averse newsvendor models, but most of them are parametric, or they investigate

a specific scenario in the context of inventory management.

Similar to what we discussed in Section 3.3.3, we need to change the objective of

the model first. However, before changing the objective, we will first change the

previous model to the following:

min
1

n

n∑
i=1

ci + λ‖q‖k

s.t.

ui ≥ Di − q1 −
p∑
j=2

qjxji , i = 1, . . . , n

oi ≥ q1 +

p∑
j=2

qjxji −Di, i = 1, . . . , n

bui + hoi ≤ ci, i = 1, . . . , n

ui, oi ≥ 0

(4.1)

The objective of the model then should change to the following to correspond to the

big data risk-averse newsvendor model:

min
γ∈R

γ +
1

(1− β)
· 1

n

n∑
i=1

(ci − γ)+ (4.2)
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which is equivalent to the following:

min
γ∈R, yi∈R

γ +
1

(1− β)
· 1

n

n∑
i=1

yi

s.t.

yi ≥ ci − γ, i ∈ [n]

yi ≥ 0, i ∈ [n].

(4.3)

We can then reformulate the complete big data risk-averse newsvendor model as the

following in order to use it as a benchmark.

min γ +
1

(1− β)
· 1

n

n∑
i=1

yi + λ‖q‖

s.t. (4.4)

yi ≥ ci − γ, i ∈ [n],

bui + hoi ≤ ci, ∀i ∈ [n],

ui ≥ Di − q1 −
p∑
j=2

qjxji , i = 1, . . . , n

oi ≥ q1 +

p∑
j=2

qjxji −Di, i = 1, . . . , n

ui, oi, yi ≥ 0.

We will use the best values found for regularization parameters of the tree-based

model and big data newsvendor model in the previous experiments since the data

and sampling will be the same. However, similar to single-product implementations,

we will use thirty samples in each experiment and average the results as the final

in-sample and out-of-sample costs for both models. We will investigate different

values of β = 0.5, 0.8, 0.9, 0.95, which indicate increasingly more risk-averse cases

in order to assess the performance of the algorithms.
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Chapter 5

Results and Discussion

In this chapter, we present the results obtained from solving the tree-based single-

product newsvendor algorithms for both cases of risk-neutrality and risk-aversion.

All models were coded in MATLAB using YALMIP, which is a free toolbox for rapid

prototyping of optimization problems, and solved using Gurobi solver on a PC with

the following specifications:

Processor: Intel(R) Core(TM) i7, CPU 2.70GHz, 2.90 GHz

RAM: 8.00 GB

System type: 64 – bit Operating System, x64 – based Processor

The analysis of the results is divided into two main sections. First, we compare the

in-sample and out-of-sample costs of the risk-neutral tree-based newsvendor model

with those from the big data newsvendor model and the CART algorithm with a

quantile loss. Then, we investigate the performance of the risk-averse tree-based

newsvendor model with different degrees of risk aversion, and compare the results

with those from the risk-averse big data newsvendor model described in Chapter 4.
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5.1 Results

In this section, the performance of the single-product risk-neutral newsvendor, multi-

product risk-neutral newsvendor, and single-product risk-averse newsvendor models’

are presented.

5.1.1 Single-Product Risk-Neutral Newsvendor

The in-sample and out-of-sample costs for the risk-neutral single-product newsven-

dor models are presented in Table 5.1. Each of the costs in Table 5.1, is the average

of thirty random samples drawn from the data.

Table 5.1: Comparison of Risk-Neutral Single-Product Models’ Performances

n Method In-sample

Cost

Out-of-sample

Cost

50 CART 0.9064 1.0126

Big Data Model 0.8852 1.0877

Big Data Regularized 0.9391 1.0419

Tree-based Model 0.0512 1.3678

Tree-based Regularized 0.0513 0.8420

100 CART 0.4920 1.1328

Big Data Model 0.4449 1.0179

Big Data Regularized 0.4448 1.0193

Tree-based Model 0.0846 0.5404

Tree-based Regularized 0.0853 0.4362

150 CART 0.3536 0.8003

Big Data Model 0.3408 0.7788

Big Data Regularized 0.3421 0.7739

Tree-based Model 0.1047 0.6103

Tree-based Regularized 0.1047 0.3024

200 CART 0.3301 0.7735

Big Data Model 0.2970 0.7614
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Big Data Regularized 0.2970 0.7612

Tree-based Model 0.1198 0.3040

Tree-based Regularized 0.1198 0.3099

250 CART 0.3053 0.6838

Big Data Model 0.2771 0.6741

Big Data Regularized 0.2771 0.6741

Tree-based Model 0.1250 0.2259

Tree-based Regularized 0.1250 0.2257

300 CART 0.3115 0.5928

Big Data Model 0.2948 0.5823

Big Data Regularized 0.2948 0.5823

Tree-based Model 0.1325 0.2108

Tree-based Regularized 0.1358 0.2004

350 CART 0.2852 0.5400

Big Data Model 0.2788 0.5295

Big Data Regularized 0.2788 0.5295

Tree-based Model 0.1395 0.1905

Tree-based Regularized 0.1394 0.1882

400 CART 0.2736 0.5296

Big Data Model 0.2676 0.5179

Big Data Regularized 0.2676 0.5179

Tree-based Model 0.1350 0.2061

Tree-based Regularized 0.1349 0.2071

As expected, the in-sample costs of the tree-based algorithms with and without

regularization is considerably lower than that for the big data models and the CART

with quantile loss. It is worth mentioning that unlike interpretable tree algorithm,

CART uses constant predictions in each leaf, meaning that after the decision tree is

grown and observations are assigned to leaves, in each leaf, the final predicted value

will be the average of observations’ target values in that leaf.
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Based on Table 5.1, it can be seen that the in-sample costs of the tree-based model

is lower than CART and the big data model in all cases. Moreover, the performance

of the tree-based model is more stable in comparison to that of the other models

where increasing the number of points has a substantial effect on their performance.

In other words, one of the advantages of the tree-based model is its performance in

cases where there is a lack of enough historical observations.

Although the proposed algorithm outperforms the big data newsvendor and CART

with quantile loss on the training data, it is more important to compare the per-

formance of these models on the unseen data (test data) in order to evaluate the

predictability of the tree-based model and make sure that the algorithm did not

overfit or underfit to the training data.

Figure 5.2 compares the performance of different models’ on the unseen data and the

out-of-sample costs as the number of observations increases. The out-of-sample cost

for the tree-based algorithm with 50 points is higher than the other models. How-

ever, after regularizing the algorithm, as visualized in figure 5.1, the cost decreased

significantly and the regularized model outperformed all the other models. This is

because we train the algorithm on 80% of the data, which in this case will be only 40

points, and this is a very small amount of data for training and the algorithm overfit

to the training data which was later solved by regularizing the policy parameters.
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Figure 5.1: Comparison of Out-of-sample Costs of Big Data and Tree-based

Models before and after Regularization

46



Additionally, Figure 5.2 shows that the tree-based algorithm outperforms the other

models as the number of points increases above 50 even without regularization. By

increasing the number of observations, the difference between the cost of models

with regularization and without regularization becomes smaller in both big data

and tree-based algorithms. Moreover, there are some cases where the CART with

quantile loss outperforms the big data newsvendor model, but regardless of the

number of observations, the cost of CART is always higher than the regularized

tree-based model.

The out-of-sample performance of the model shows that the regularized tree-based

algorithm is able to find an optimal solution that outperforms the other two models

regardless of the number of observations. This means that even if the decision-maker

only has access to limited data, the tuned tree-based algorithm will provide one a

solution with considerably lower costs than Ban and Rudin’s big data newsvendor

models and quantile regression trees. Figure 5.3 further shows the comparison of

the different models out-of-sample performance after regularization.
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Figure 5.2: Comparison of Out-of-Sample Costs for Different Models
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Figure 5.3: Detailed Comparison of Out-of-Sample Costs for Different Models

In addition to the improved performance of the tree-based model, as discussed be-

fore, one of the advantages of this algorithm is its interpretability. One can easily

visualize the tree to see how a decision was made and gain valuable information.

To further discuss this interpretability and show how to read the results obtained

from the model, a fully grown optimal decision tree with n = 100 and without reg-

ularization is shown in Figure 5.4. Figure 5.4 shows the resulting tree after solving

the model and getting the optimal solution of variables ajt and bt, t ∈ TB, that are

shown below.

b =
[
0.0614 0.1666 0.4545

]
(5.1)

a =



1 0 0

0 0 1

0 0 0

0 1 0

0 0 0

0 0 0


(5.2)

Each column in the vector b and matrix a represent a branch node starting from

the root node. For example, for the root node in Figure 5.4, we need the values a1

and b1 to replace in the left and right branches. The value of b1 is the first value

in vector b which is 0.0614 as shown above, and a1 is the first column of matrix a.

Since our algorithm creates univariate regression trees, in each column of matrix a

only one value is 1 and the rest is 0. In other words, only one feature is chosen to

branch on in each branch node. In this case, the first feature, which is the price, is
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chosen in the first branch. If the value of first feature in any observation is less than

b1 = 0.0614, this observation will follow the left branch. Otherwise, it will follow

the right branch. The same process then continues in the second and third branch

until each point is assigned to only one leaf. It is important to mention that the

optimal values of vector b are based on the normalized features. In order to retrieve

the actual values before normalizing, we should multiply each feature’s breaking

point by the maximum value of that feature (note that the outcome is ultimately

calculated based on the normalized values but we converted the breaking points to

show how one can make sense of the tree). The resulting tree is shown in figure 5.4

where ”Day” stands for day of the month and ”Hrs” stands for hour of the day.

B1

B2 B3

L1 L2 L3 L4

Price < 2.456 Price ≥ 2.456

Day < 4.998 Day ≥ 4.998
Hrs < 8.635 Hrs ≥ 8.635

Figure 5.4: Example of an Interpretable Decision Tree with n = 100 Observations

Based on the optimal values of matrix z, we can also figure out the number of

observations going through each branch node and in each leaf node as well as the

index of the points in each leaf node. This information can be useful in classifying

observations and figuring out how common each classification is as well as figuring

out where they are lacking data for future data collections. Moreover, decision

makers can easily follow the decisions based on the features of each observation to

the leaf it is assigned to, and figure out the decision policies that has led to such

decision.

Although gaining insightful information about training data can be important, since

this is a predictive model, it is more important to know how a prediction was made

on unseen data. The above mentioned structure of the tree is used to classify

observations but after optimizing the model, the decision-maker also has access to
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the decision policies in each leaf. These decision policies assign weights to different

features in the different leaves. For this example, the policy parameters are shown

in Table 5.2.

Table 5.2: The Slope and Intercept of Ordering Policies in Different Leaves of the

Interpretable Tree with n = 100 Observations

Leaf 1 Leaf 2 Leaf 3 Leaf 4

Intercept -2.6707 0.9916 1.1114 -22.4240

Price -1.5936 -1.7448 0 -0.1784

Hour 4.6663 0.0352 -0.1094 -0.9990

Weekday 4.0932 -0.0403 0.0416 -0.9474

Day of Month 3.0873 0.0041 -0.0062 0.4385

Month -4.5789 -0.0013 -0.0196 -0.3219

Year 2.5189 -0.8435 -1.698 23.8590

Based on Table 5.2, decision-makers can identify the type of relationship between a

feature and the dependant variable (whether increasing the value of a feature would

increase the dependant variable or decrease it) as well as its weight where both the

relationship and the weight differ from one leaf to another. For example, based on

Figure 5.4, we can see that observations in leaves 1 and 2 differ in the fourth feature

which is the day of the month. This means that for observations with the day of

the month less than 4.998, this feature has a positive and significant impact on the

predicted order quantity whereas observations with the day of the month being more

than 4.998, the effect of this feature although still positive, becomes insignificant.

The relationship of some features with the outcome are consistently positive or

negative while for some features, it can differ. For instance, the relationship between

the month and the outcome is negative in all leaves. However, the hour of the day

affects the outcome positively in leaves 1 and 2, and negatively in leaves 3 and 4,

meaning that for lower priced instances in leaves 1 and 2, the later it gets during the

day, the higher the demand gets and it is more important to pay attention to the

stocking of these products during the later hours of the day, but for higher priced

products in leaves 3 and 4, the demand decreases based on the hour of day and the
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negative effect is greater in leaf 4 that represents the later hours of the day based

on the breaking point in branch 3. This is only one example of the interpretation

and insights that a decision tree can provide to the decision makers in comparison

to more complex models. Using such insights can heavily affect the understanding

of managers and decision makers of the given predictions, and as it was discussed,

it is quite straightforward to analyze and investigate interpretations even for non-

experts that might be in charge of decision making. It is worth mentioning that this

algorithm can also be used in other similar settings such as staffing in healthcare,

as mentioned before in Section 3.2, where interpretation is usually preferred over

slightly more accurate but more complex models [55].

5.1.2 Mutli-Product Risk-Neutral Newsvendor

The results of the multi-product newsvendor problem without the capacity con-

straint are presented in Table 5.3. Each row of Table 5.3 represents a different

dataset with the specified number of observations used. However, the number of

features and products in all experiments remains the same where the number of

features used to create the datasets is 3, and the number of products is 2 (the low

number of features and products are mainly because of the limited time to conduct

experiments on the multi-product extension of the model and not the inability of

the model in solving bigger problems). The results of the interpretable newsvendor

model is compared against the big data newsvendor model for multi-product case.

Table 5.3: Comparison of Risk-Neutral Mutli-Product Models’ Performances

without Capacity Constraint

n
Big Data

In-Sample Cost

Big Data

Out-of-Sample Cost

Tree-Based

In-Sample Cost

Tree-Based

Out-of-Sample Cost

100 0.5159 0.6505 0.2241 0.5129

150 0.1856 0.2755 0.1287 0.2337

200 0.2295 0.2812 0.1637 0.2607

250 0.1894 0.2106 0.1416 0.1926
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It is important to mention that none of the models are regularized (since the trees

are shallow and the predictions are constant in each leaf after adding the capacity

constraint) and each dataset is divided into training and test sets where 80% of

the data is used for training and 20% is used for assessing the performance of the

models on unseen data. As expected, the in-sample and the out-of-sample costs of

the tree-based model is lower than the big data model in all experiments.

We have also incorporated the capacity constraint in both the tree-based and the

big data newsvendor models for all four datasets. For these experiments, we started

with a randomly chosen limited capacity and in each experiment increased it by a

certain value. The following tables show the results of capacitated models as we

increase the capacity on each dataset.

Table 5.4: Comparison of Risk-Neutral Mutli-Product Models’ Performances with

Capacity Constraint for n = 100 Observations

Capacity
Big Data

In-Sample Cost

Big Data

Out-of-Sample Cost

Tree-Based

In-Sample Cost

Tree-Based

Out-of-Sample Cost

0.6 0.6826 0.6231 0.6139 0.5792

0.8 0.5559 0.5902 0.4850 0.5622

1.0 0.5475 0.5751 0.4318 0.5467

1.2 0.5475 0.5751 0.4038 0.5243

Table 5.5: Comparison of Risk-Neutral Mutli-Product Models’ Performances with

Capacity Constraint for n = 150 Observations

Capacity
Big Data

In-Sample Cost

Big Data

Out-of-Sample Cost

Tree-Based

In-Sample Cost

Tree-Based

Out-of-Sample Cost

0.6 0.9991 1.2942 0.9442 1.2317

0.8 0.7026 0.9057 0.5556 0.8599

1.0 0.5575 0.7210 0.3521 0.5299
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1.2 0.5436 0.6680 0.2838 0.4020

1.4 0.5436 0.6680 0.2712 0.3386

1.6 0.5436 0.6680 0.2684 0.3123

Table 5.6: Comparison of Risk-Neutral Mutli-Product Models’ Performances with

Capacity Constraint for n = 200 Observations

Capacity
Big Data

In-Sample Cost

Big Data

Out-of-Sample Cost

Tree-Based

In-Sample Cost

Tree-Based

Out-of-Sample Cost

0.6 1.3261 1.4222 1.2334 1.3121

0.8 0.8864 0.9503 0.7554 0.8201

1.0 0.6341 0.6605 0.4668 0.4948

1.2 0.5420 0.5750 0.3352 0.3567

1.4 0.5420 0.5750 0.2957 0.3204

1.6 0.5420 0.5750 0.2953 0.3195

Table 5.7: Comparison of Risk-Neutral Mutli-Product Models’ Performances with

Capacity Constraint for n = 250 Observations

Capacity
Big Data

In-Sample Cost

Big Data

Out-of-Sample Cost

Tree-Based

In-Sample Cost

Tree-Based

Out-of-Sample Cost

0.6 0.9849 1.1247 0.9539 1.1079

0.8 0.6231 0.6871 0.5538 0.6438

1 0.4137 0.4528 0.3075 0.3293

1.2 0.3586 0.3793 0.2272 0.2394

1.4 0.3586 0.3793 0.2210 0.2335

Similar to the results for the non-capacitated multi-product newsvendor, the in-
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sample and out-of-sample costs of the capacitated multi-product tree-based model

is lower than the big data newsvendor model in all experiments regardless of the

value used for capacity. As expected, by increasing the available capacity, both in-

sample and out-of-sample costs of the tree-based and big data models decrease until

the capacity is big enough that it no longer limits the optimal solution and after

that the costs remain the same no matter how much we increase the capacity (in

other words, in each table above, after the last capacity value presented, the costs

remain the same. This upper-bound on capacity above which costs will no longer

improve is dependant on the data and that is why this value differs in each table).

The capacity threshold after which the costs no longer improve, is lower for the big

data model in comparison to the tree-based model. However, for both models, the

capacitated costs will remain higher than the non-capacitated models since in the

capacitated models the policy parameters are simplified to constant predictions.

5.1.3 Single-Product Risk-Averse Newsvendor

In this section, results for the single-product risk-averse newsvendor model are pre-

sented. We have tested the tree-based algorithm and the big data newsvendor models

with a risk-averse objective on varying number of observations and increasing values

of beta. The detailed results of the in-sample and out-of-sample risks for models

with β = 0.5 are shown in Table 5.8 and the detailed results for β = 0.8, 0.9, 0.95

are presented in Appendix A. Based on the results, it can be seen that, as predicted,

the in-sample risks of the tree-based models remain less than Ban and Rudin’s big

data newsvendor models with the risk-averse objective in all cases.

Table 5.8: Comparison of Risk-Averse Single-Product Models’ Performances with

β = 0.5

n Method In-sample

Risk

Out-of-sample

Risk

50 Big Data Model 0.9868 1.0032

Big Data Regularized 1.0167 0.9075

Tree-based Model 0.0546 0.7625
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Tree-based Regularized 0.0547 0.7608

100 Big Data Model 0.4684 0.9939

Big Data Regularized 0.4680 0.9934

Tree-based Model 0.0956 0.4247

Tree-based Regularized 0.0966 0.3844

150 Big Data Model 0.3681 0.7762

Big Data Regularized 0.3661 0.7775

Tree-based Model 0.1150 0.4495

Tree-based Regularized 0.1149 0.3120

200 Big Data Model 0.3241 0.7567

Big Data Regularized 0.3239 0.7564

Tree-based Model 0.1304 0.4216

Tree-based Regularized 0.1306 0.3644

250 Big Data Model 0.3043 0.6750

Big Data Regularized 0.3043 0.6750

Tree-based Model 0.1341 0.2625

Tree-based Regularized 0.1341 0.2255

300 Big Data Model 0.3202 0.5891

Big Data Regularized 0.2302 0.5891

Tree-based Model 0.1421 0.2316

Tree-based Regularized 0.1422 0.2326

350 Big Data Model 0.3081 0.5434

Big Data Regularized 0.3081 0.5434

Tree-based Model 0.1486 0.2104

Tree-based Regularized 0.1487 0.2114

400 Big Data Model 0.2973 0.5341

Big Data Regularized 0.2973 0.5341

Tree-based Model 0.1436 0.2231

Tree-based Regularized 0.1436 0.2232
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As mentioned before, we are mainly interested in the out-of-sample performance of

the models. Results of the out-of-sample risks for different models are summarized

in Figures 5.5 to 5.8.
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Figure 5.5: Out-of-Sample Risk Comparison of Risk-Averse Models with β = 0.5
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Figure 5.6: Out-of-Sample Risk Comparison of Risk-Averse Models with β = 0.8
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Figure 5.7: Out-of-Sample Risk Comparison of Risk-Averse Models with β = 0.9

It can be seen that the out-of-sample risks of the regularized tree-based model is

lower than the big data models with and without regularization in all cases.

50 100 150 200 250 300 350 400

Number of Observations

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

R
is

k

Out-of-sample Risks

Big Data Newsvendor Model Regularized

Interpretable Newsvendor Tree Regularized

Big Data Newsvendor Model Unregularized

Interpretable Newsvendor Tree Unregularized

Figure 5.8: Out-of-Sample Risk Comparison of Risk-Averse Models with β = 0.95

5.2 Conclusion

In this section, we conclude that the proposed risk-neutral tree-based algorithm is

successful at reducing the cost in the newsvendor problem without having any infor-

mation about the demand distribution. We compared our algorithm against Ban and

Rudin’s big data newsvendor algorithm which is a novel contextual solution to the
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newsvendor problem and reached comparatively lower costs. We also showed that

the tree-based algorithm outperforms the heuristic decision tree algorithm CART

by creating the optimal tree in a single step. Although our algorithm was aimed

to predict based on large amounts of data, we observed that our proposed algo-

rithm outperforms both CART and Band and Rudin’s big data newsvendor model

even in cases where the decision maker does not have access to large datasets and

is trying to make a prediction based on limited historical data. This is important

because decision trees tend to overfit to training data and have poor out-of-sample

performance when they are grown on small amounts of data. However, we were able

to take advantage of regularization in order to avoid overfitting on small samples

and reach optimal decision policies that would ultimately lead to lower costs. As

we showed previously, in such cases, the big data newsvendor model and CART

predictions result in considerably higher costs even when the models are regularized

in order to avoid overfitting.

We also investigated two extensions of the risk-neutral single-product newsvendor

problem, the risk-neutral multi-product newsvendor problem, and the risk-averse

single-product newsvendor model. We updated Ban and Rudin’s big data newsven-

dor model in each extension for the purpose of comparison since it was originally

aimed for single-product risk-neutral newsvendor problem. In the risk-averse single-

product newsvendor extension, we tested our model against the risk-averse version

of Ban and Rudin’s newsvendor model and showed that regardless of the degree of

risk-aversion, our model resultrf in lower costs both for in-sample and out-of-sample

results.

For the multi-product risk-neutral newsvendor problem, we used synthetic datasets

with different number of observations to test our model against the multi-product

extension of Ban and Rudin’s newsvendor model. Aside from the non-capacitated

multi-product newsvendor, we also proposed a simplified model for the multi-product

capacitated newsvendor since in reality, it is likely to have ordering, budget, or

similar restraining constraints. We showed that our algorithm outperforms Ban and

Rudin’s model both in non-capacitated and capacitated extensions where we tried

different values for the maximum capacity available.
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5.3 Challenges and Limitations

The main limitation of this research is the execution time of the tree-based model.

Generally, one of the main challenges of MIPs is their speed and the fact that

depending on the type and number of the variables, the model’s execution time can

increase dramatically. For the tree-based newsvendor problem increasing the depth

of the tree had a worse effect on the time of the problem than increasing the number

of observations and features. As a result, we only tested the algorithm on decision

trees with depth two. Mixed integer optimization models are known to speed up

greatly when they are initiated with a feasible solution as a warm start [66]. Warm

starts provide initial upper bounds on the optimal solution, and as the quality of

warm start increases, MIP solver reaches an optimal solution more quickly [55, 61].

In the early stages of testing our algorithm, we provided the solution of CART as a

warm start. However, the solution provided by CART is far from the final optimal

solution and it did not speed up the problem as anticipated. As future work, it is

possible to come up with a heuristic algorithm that can find a local optimal solution

that is closer to the global optimum than the CART solution and use it as a warm

start. Moreover, one can use the results from the shallow trees as a warm start for

trees with higher depths. It is also worth mentioning that in order to deal with a

large feature space and the increased execution time resulted from it, one can use

dimensionality reduction algorithms such as Principal Component Analysis (PCA).

The next limitation is the unavailability of large-scale multi-product data. Despite

the desirable performance of our algorithm in the single-product case, in order to

effectively demonstrate the model’s performance in a multi-product setting, we need

to test it on real-world data. Unfortunately, we were unable to find information

about real-world features to create synthetic multi-product data with covariates

ourselves. Testing the model more rigorously with different data sets with a varying

number of observations, features, and products can be a future work.

Additionally, there is still a lot to do in the area of the risk-averse newsvendor

problem. Most of the literature to date, relies on model-based approaches even

though the value of data-driven models and feature information were demonstrated
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in the risk-neutral newsvendor solutions. There is room for exhaustive numerical

experiments to determine the effect of feature information on the ordering behaviour

and objective of the data-driven newsvendor model when the decision-maker is risk-

averse.
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Appendix A

Results of Risk-Averse

Newsvendor Models

Here we present the detailed result of the risk-averse newsvendor models (both the

tree-based, and the updated big data model).

Table A.1: Comparison of Risk-Averse Single-Product Models’ Performances with

β = 0.8

n Method In-sample

Risk

Out-of-sample

Risk

50 Big Data Model 1.2546 1.0907

Big Data Regularized 1.3188 0.409

Tree-based Model 0.0903 0.7853

Tree-based Regularized 0.0919 0.7504

100 Big Data Model 0.8045 0.9895

Big Data Regularized 0.8041 0.9917

Tree-based Model 0.1270 0.7206

Tree-based Regularized 0.1285 0.5410

150 Big Data Model 0.3785 0.7759

Big Data Regularized 0.3819 0.7766

Tree-based Model 0.1489 0.4531

Tree-based Regularized 0.1478 0.3598
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200 Big Data Model 0.3276 0.7589

Big Data Regularized 0.3274 0.7584

Tree-based Model 0.1707 0.3974

Tree-based Regularized 0.1721 0.3268

250 Big Data Model 0.3080 0.6776

Big Data Regularized 0.3080 0.6776

Tree-based Model 0.1723 0.2696

Tree-based Regularized 0.1733 0.2569

300 Big Data Model 0.3744 0.6118

Big Data Regularized 0.3744 0.6118

Tree-based Model 0.1814 0.2593

Tree-based Regularized 0.1836 0.2909

350 Big Data Model 0.3658 0.5716

Big Data Regularized 0.3658 0.5716

Tree-based Model 0.1909 0.2564

Tree-based Regularized 0.1913 0.2586

400 Big Data Model 0.3540 0.5614

Big Data Regularized 0.3540 0.0.5614

Tree-based Model 0.1868 0.2578

Tree-based Regularized 0.1860 0.2631

Table A.2: Comparison of Risk-Averse Single-Product Models’ Performances with

β = 0.9

n Method In-sample

Risk

Out-of-sample

Risk

50 Big Data Model 1.2631 1.0880

Big Data Regularized 1.3147 0.0314

Tree-based Model 0.1118 0.8917

Tree-based Regularized 0.1192 0.7403
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100 Big Data Model 1.1719 1.2130

Big Data Regularized 1.1732 1.2173

Tree-based Model 0.1488 0.4882

Tree-based Regularized 0.1517 0.4612

150 Big Data Model 1.1803 1.1728

Big Data Regularized 1.1628 1.1575

Tree-based Model 0.1806 0.5327

Tree-based Regularized 0.1781 0.5203

200 Big Data Model 0.7128 0.0.8878

Big Data Regularized 0.7105 0.8856

Tree-based Model 0.2044 0.3183

Tree-based Regularized 0.2077 0.3412

250 Big Data Model 0.6617 0.7995

Big Data Regularized 0.6617 0.7995

Tree-based Model 0.2203 0.3378

Tree-based Regularized 0.2220 0.3477

300 Big Data Model 0.6763 0.7821

Big Data Regularized 0.6763 0.7821

Tree-based Model 0.2327 0.3611

Tree-based Regularized 0.2380 0.3425

350 Big Data Model 0.6614 0.7412

Big Data Regularized 0.6614 0.7412

Tree-based Model 0.2652 0.3289

Tree-based Regularized 0.2653 0.3538

400 Big Data Model 0.4524 0.6146

Big Data Regularized 0.4524 0.6146

Tree-based Model 0.2435 0.3188

Tree-based Regularized 0.2466 0.3185
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Table A.3: Comparison of Risk-Averse Single-Product Models’ Performances with

β = 0.95

n Method In-sample

Risk

Out-of-sample

Risk

50 Big Data Model 1.2519 1.3005

Big Data Regularized 1.3097 0.0769

Tree-based Model 0.1313 0.1018

Tree-based Regularized 0.1394 1.0235

100 Big Data Model 1.2841 1.6688

Big Data Regularized 1.3480 1.5990

Tree-based Model 0.1644 1.2840

Tree-based Regularized 0.1713 1.3149

150 Big Data Model 1.3794 1.3339

Big Data Regularized 1.2871 1.2544

Tree-based Model 0.2242 0.5236

Tree-based Regularized 0.2245 0.4727

200 Big Data Model 0.1.1921 1.2159

Big Data Regularized 1.1917 1.2138

Tree-based Model 0.2633 0.4375

Tree-based Regularized 0.2696 0.4316

250 Big Data Model 1.1566 1.1534

Big Data Regularized 1.1566 1.1534

Tree-based Model 0.2991 0.4241

Tree-based Regularized 0.3074 0.4342

300 Big Data Model 1.1232 1.1484

Big Data Regularized 1.1232 1.1484

Tree-based Model 0.3314 0.4278

Tree-based Regularized 0.3384 0.4307

350 Big Data Model 0.9150 0.9352

Big Data Regularized 0.9150 0.9352

Tree-based Model 0.3611 0.4064
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Tree-based Regularized 0.3646 0.3921

400 Big Data Model 0.8851 0.9076

Big Data Regularized 0.8851 0.9076

Tree-based Model 0.3820 0.3996

Tree-based Regularized 0.3864 0.4040
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