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ABSTRACT
The material presented in this thesis can be divided into two |
major topics : ’ i
F
Controllability and observability of linear systems, where :
i
these principles are presented in terms of cyclic subspaces. This ‘
; 1
! is a new approach that gives further insight in the physical aspects of !
|
controllability and observability and it is also used for the construction |

of controllable and observable linear sequential machines.

Shift register realization of linear sequential machines, where a
general realization algorithm is presented. The algorithm was imple- ) I
¥

" mented for parallel shift register realization.
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CHAPTIER I

INTRODUCTION

In recent yecars with the advent of microcircuits, a number of
studies were initiated to consider modular synthesis of sequential circuits.
Such rcalizations are advantagecous from the point of view of cost, speed,
weight, compactness and machine diagnosis. In the field of linear
sequential machine the emphasis was on the shift register realization.

There exists a nwnber of algorithms on shift register realiza-
tions such as Dé'\ristsj, Nichols[”.'], Johnson and O'Keefetizj . These
algorithms are based on the partitioning theory of scquential machines and
yield shift register realizations whenever possible. The major difficulty
in implementing these algorithms is thatthey donot consider minimality and
require as a first step the computation of partition pairs which in
itself is a major computational problem in large machines.

Another algorithm based on the input-output relation of a sequential
machine was developed by Gill[ 10]. Here also a computational problem
arises as all the input-output pairs must be generated and very large
resulting matrices must be manipulated.

The purpose of this thesis was to develop an algorithm which can be
implemented on a digital computer. The actual investigation was based on
the fact that shift register realizations correspond to a canonical structure
in the state space. Namely the companion or hyper companion matrix form.
Thus the shift register realization of a linear sequential machine corresponds
to the derivation of a suitable similarity transformation.

In line with the above, the thesis is divided in the following pa‘rts :

i~ Concepts of lincar vector spaces: In this part the existing
algebraic concepts of invariant subspaces and canonical representation of

linear transfornations were introduced.
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ii - Controllabilily and observability of lincar systems in terms
of cyclic subspaces: In this part we start with existing definitions of
controllability and observability and develop a new approach in terms of
cyclic subspaces. The advantages of this approach arc twofold. On one
hand we obtain a better insight in the physical aspects of controllability and
obscrvability. On the other hand the analysis aspect is reduced as only n x n,
nxr and n x p matrices, instead of nx n-r and n x n- p matrices, are
to be considered, where ™" is the order of the system, "r " is the number

of inputs and "p" is the number of outputs.
I 1 I

iii - Shift register synthesis of linear sequential systems: In this
part some of the rosulis of the previous parts and the numerical methods
developed in the appendices are used to present an algorithm for shift registe;r
realization. The resulting algorithm is quite general as it applies to different

types of shift rcegister realization whenever such a realization is possible.

Furthermore it is also minimal in terms of the number of memory elements

(flip-flops or delays) used. The actual implementation of the algorithm was
presented for parallel shift register realization where each shift register

corresponds to on clementary divisor of the state transition matrix.
1 Y

iv - Synthesis of lincar time-invariant systems: In this paﬁ
the construction of & controllable and/or observable system from an uncontrol-
lable and/or unchscrvable system, by adding carefully chosen inputs and/or
outputs, was investigated. This technique was developed for the identification,

diagnosis and initiclization of linear scquential machines.

Finally in Chapter VI of the thesis the conclusions and topics for

further rescarch ave presented.
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CHAPTER II

CONCEPTS OF LINEAR VEGTOR SPACES

The purpose of this chapter is to introduce some of the basic
concepts of linear vector spaces required in the study of linear systems.
First some basic definitions are introduced then the characteristics of
linear transformations are considered in more detail. Finally the concepts
of cycliﬁ subspaces are used to present the canonical decomposition
theorems. It should be noted that in the following sections only the proofs,
yielding more insight into the concepts under consideration, shall be

considered.

1I-1: BASIC DEFINITIONS.

Definition 2. 1: A linear vector space 2% is

a mathematical

system consisting of an additive abelian group (V
(F, +, *) where V is called the set of vectors and I is called the set of

scalars such that:

a) if v € V and a € F then a-v = v.a€ev

b) if vi,v € V and a,b,e, € F then

~i- a-(y_+\g)=a'x+a'\§_
-ii- (a+b): v = a- v + bwv
-iii- (a2 - b) . v = .a'(b - v)

-iv- ¢ v = v

Definition 2.2: A sel of vectors {Xi’ XZ'

-» ¥} is linearly
—n

dependent if and only if there exists a set of scalars { 28,0, a_ }
n | :
NOT ALL ZERO such that = a, - v, = 0o €V otherwise the set

. i =3
i=1

of vectors is lincarly indepcndent.

B

, +) defined over a fieldconsisting‘5
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Definition 2.3: A set S = { si,sz,
: == =
basis of U if and only if:

a) S spans v
b)  ALL the vectors in S arc linearly independent.

The number "r" of vectors in S is called the dimension of 'l}

Definition 2.4: Let S be a basis for'Zj'of dimension n. For

any v € V there exists a unique set of scalars {ai, az, -
- n

called the coordinates of v such that

= a, a_ - + oo, a_ -
A4 1 2 * 2" 2 - * n Sn
The vector ¥ can be represented as an n-tuple v = (ai,az,. cee an)s
or v = (8-1, aZ’ ey an) where the set g is understood to be the basis,

In an n-dimensional vector space Z}any scet of n linearly independent vectors
f01ms a valid basis. The criterion for sclecting the "best" basis depends

largely on the problem under consideration.

I1-2:COORDINATE TRANSFORMATION

Definition 2.5: A linear transform or vector space homomorphism

is a mapping B bctwcon the vector spaces 08 and 2}, denoted B : oy ?f/

such that:

a) M v,v, € V then B(y +yv,) = By + By, eW

b) if veV,a€ F then B(a-v) a-Bv)ec W

i

Let ?) be an n-dimensional vector space with the basis {v ,V yeeens V]

-2’ —n
a.nd'Zch an m-dimensional vector space with the basis {wj ,\_v?, e, W}
n il
Forevery x = ¥ ¢, .v. ¢ 2/ there exists ay = B(x )= 3 b.-w. G?X}
- i=1 L 1 - J:j J 7

Since every v, in the basis of U has a corresgponding
—i
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m n E
Bv.) =z, = £ a - w, then B8(x) = 8 (= c Vo)
j=t It ! i=1 T |
n m m n '
= Z ¢ Z a w, = Z X c.* a = w }
i=t0 b =g 0 I 5=t oq=t 1t It J
m . !
= E b_ d \ﬁ . = X L) E
1 ] Jj . :
J= !
n
Hence b, = = a .. - c. forj=1,2,...., m. In matrix notation this f
J j=1 Ji 1 I
becomes:
M T T |
b1 Ta“ SREREERL (ci
b2 a21 N . c:2
= N . . é
. . \ . . or B = A C
. . \ . . i
N ) :
b a g e 2 C
| rn_] | m mon || n

where B and C arec the vertical coordinatc repraesentation of the vectors
Yy and x respectively. Thus the matrix A transforms the coordinates
of x ¢ 7} into the coordinates of y € 22} . The matrix A is called the

matrix representation of B with respect to the basis in 28 and 228 | !

Of particular intcerest in this report is the lincar transformation
B: 22} whichis a coordinate transformation. In this case, the

matrix representing the mapping is squarc.

Definition 2. 6: The characteristic polynomial p(x) of a linear

transform A is defined to be
— nxn

pix) determinant (xI. - A ) = xIL - A

By the Caley-Hamilton theorem p (A) = O
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Definition 2.7: The minimum polynomial of a linear transform
A is a monic polynomial m(x) such that m(A) = 0 and if there exists

— nxn
a polynomial q(x) such that q4(A) = 0 then m(x) is a factor of q(x)

denoted m(x) | g(x) .

Definition 2.8: The minimum polynomial of a vector ¥y €V
is amonic polynomial n(x) such that n(A) v = o and if there exists a

polynomial p(x) such that P(A)v = o then n(x) , p(x).

In view of the above definitions, m(x) , p(x) and m(x) is the
"LOWEST COMMON MULTIPLE" of the minimum polynomials ni(x), nz(x),

- nr(x) of the vectors in 2/

Decfinition 2.9: A square matrix is non-derogatory if the

degree of p(x)is equal to the degree of m(x). Otherwise, the matrix is

derogatory.

Lemma 2.1: Let S = {s {8 57 trees 8 1 be a basis of the
s s n -

vector space 2} and B : ¢ ~2% whose matrix representation is A.
If a "new" basis N = {11_1, Do eeees _.lj.n} is defined on 2% then the
matrix representation é* of B with respectto N is a similarity
transformation given by :/_\.* = M A _I\_/I__-

Proof:

Since s i € 2 then it is a linear combination of the elements

of N such that

n .
s, = X m,, - n._, This relationship may be expressed
—1i ) ij =
=1 .
in matrix form ‘Ls follows:
m .m
11 in
AN
. ~
~
s , , S = n,,n_, , I
[21 -2 —n:J ( 17 =2 -—n] A
m . .m
ni nn
= i, o, , n M
(2, n_ ] M
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Let v and v Dbe the coordinate representation of v - with

als
53

respect to the bases S and N respectively. Hence v = M v and
-1 B3 .
v =M v . If y, = B (v 1) then ¥y, = A Yy
-1 : -1 2
M v = A M v
———— 2 — —
oo mamTt v = AT
VZ = Mo M V1 = 4 N

Thus the matrix representation of 8 with respect to

0)

-1
N is A = MAM

Definition 2.10 : Two n-square matrices éi and éz are

similar over I' if and only if their characteristic matrices (xI - A . )
- —i

for i =1,2 have the same invariant factors and the same elementary

divisors.

II1-3: INVARIANT SUBSPACES.

" Definition 2.11: If W < V then U is a subspace of %4

over F if W is a subgroup of V.

Definition 2.12:  Let A be the matrix representation of

B: 2 2} . .The subspace 2t s A - invariant if w € 2/ implies
B(w) el thas ph) c 2.

Decfinition 2.13: A vector space V) is the "direct-sum" of its

subspaces 26}1, “&yz, ey 21}1_, denoted

2 - ?1,}1 [ @ 'zj/qr, if every vector v ¢ 2} can be

written uniquely in the form

v o= W + oWk L. + w where . E?//Q_
— -1 — 2 —r =1 i

Lemma 2.2 : Let A be the matrix representation of

B ﬁ———» 2/ and {(x) be any polynomial over I, then the Kernel of f(A) is

invariant under A

U S W PO ETE PR
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Let v € ker f(A) such that f(A) v =,

Proof:

ker £A) = (v e?|f(a)y = o)

lo

But f(A)B (v) = f(A Av = Af(A)v = o
B(v) € ker £ (A).

Hence the Kernel of f(A) is A - invariant.

Lemma 2.3 1 Let A be the matrix representation of p: 2. U[ and

7} = 2@}1 @ ZUZ Y U}r. If A is the matrix representation
i

of the restriction Bi of B to‘l,Ui then A may be represented Ly the block

diagonal matrix. The subspaces iji are invariant,

2 . sk .
A = N where A is the divect sum

bXd
., A denoted A =A © A ... e
o £ >

of the matrices A I_X- 2y

I>

Proof :

Let {w . W, e, W be a basis of 22
’ 3
—1i1 —i2 - 11‘i /

fori=1,2,...., r such that

W ’\V poee ey W ; W w veoy s enas s : s W s W
{—11 — 12 - 11'1’ — 21" =22’ —2r_ s =T = ~rr

is a basis ofz}.




g
g
|

-9 -
therefore,
; F (w ) = Blw,, ) = a.1 7k +
/ TS T M) T A W gheeta
3 w - B o ~ 1 o
: | . \\ .
? F (w, ) = B(w ) a1 w, 4 4 ai w
% ') -— tl = . 7
é 1 111 111 111 11 rir1 1r1
Q By(w, ) = Blw % W Fet
; Bl ) = Blwyy) = Byt W,
8 2¢) : : . N 27,772
@ g 2 . . ~ .
— 2 2
| Bolw, ) = Blw, ) = Gy Woteeenda w
é 2 212 Zr‘Z 112 21 rzlz 212
:
' Blw )= B(w )= a’ + ta’ w
; Br —rl’ = Vl=py/ T 1121 ) r 1%y
1) ' SR ;
g v h
5 g = ’ = r 4 ’
lJr(&rr) B(El'l air —Wri +ar ry:rr
T r rr

of

Since the matrix

B with respect to the above basis is

I

.........

A

B

matrix of coefficients in the above system then the m

where

representation of B is the transpose of the

atrix representation
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Lemma 2.4: Let A be the matrix representation of 8 : Z}———»Z}

and {(x) =

prime polynomials over I
and 2% = kernel h(A).

Procf:

- 10 -

then

g(x) h(x) such that f(A) = 9 and g(x) and h(x) are relatively

V=8« &f} where S =kernel g (A)

g . . .
& andWare A- invariant subspaces of v by lemma 2.2. Sirce

g{x) and h(x) are relatively prime there exist polynomials c(x) and g(x)

such that

c(x)

Let v € 2P0 e(a) gld) v+ d(A) h(A)

Since c(A)
Similarly

sentation v

Since v

but by

c(A) g(a) +

glx) 4+

g(A) h(A) v =
oc(A)

d(x) h(=x)
d(A)h(A)

d(A) h(A) v € kernel

.To show ?}= S & Zﬂ}, it remains to prove the repre-

h{A) c(A) gH v =

g{A)v € kernel h (A)

o
o

<
it
<

(A)

= 8 4+ w where s € CS,_}_véZ{f} is uniqucly determined by v .

= s 4+ W

Similarly for s

Hence Vv = S ®

/I/"
d(A)h (A w =

c(Nh) g(A)w
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Lemma 2.5 : In lemma 2.4 if f(x) is the minimum polynomial

of A, then thc monic polynomials g(x) and h(x) are the minimum
polynomials of the restriction él of A to S and the restriction A 5 of

A to W re spectively.
Proof:

Let 1111(>:) and m_(x) be the minimum polynomial of A { and éZ

respectively. Since
then Vv € S, g(fg-i) v = 0. Hence g (éi) = 0. Similarly 1‘1(_}}2) =0
) =0 and 1112(§_2) = 0 then n11(x) g(x) and 1n2(x) ‘ hix).

2
él is the matrix representation of Biz S —S

Since 1111(£&1

Since f(x) is least common rmultiple of nli(x) and n‘lz(x) which are relatively

prime, then f(x) = mi(x) 1112(}:). But {(x) = g(x) h{x) .. rni(x)zg(x) and

1n2(x) = h(x).

Theorem 2.1: "PRIMARY DECOMPOSITION THEOREM"

If A, the ma.tri>1;1 representation of f: ﬁ'——-»-?/q, has minimum
- 1’
1

polynomial m{x) = fi(x) 1;'2(x)nz ..... fr(x)
monic, irrcducible pohmomials, theﬂ 2} = 'U}icg» ®2[7Qr where Zf}i is
.

the kernel of fi(x) 1, The minimum polynomial of the restriction A . of
n, —1i

A to ZUi is f.i(x) .

where fi(x) arc distinct,

The i)l'oof is by induction on "r". For r=1 the theorem is satisfied.
Assume the theorem holds for r-1. By lemma 2.4 ?/v can be written
as the direct ns;_m of ?jfin and 2/01 where 2()1 = kergel fi(é)ni am?1 ?/Q1 = 4
kernel fz(/_\) fr(’é) r . Bylemma 2.5 fi(x) 1 and fz(x) 2....fr(x)
arc the minimum polynomials of the restriction A i and éZ of A

, Te spectively.
n,

By assw:nption, ?}1 = 2@}2@ e ® wr where ‘Z,U = kernel fi(./_\) *
n, - 1
and f(x) % is the minimum polynomial of the restriction of __.A.2 to 20,

n, n, n_ L
fori=2,...., r. Since fi(x) 1 fz(x) cone L0) ¥ then keirnel fi(_A) c ﬁi.

to ’2,6/{1 { and DQ
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n, n
i i . st
Thus Kernel '{i(é} = kernel fi (éz) = Zﬂi. Thus the restriction of
. : n,
A to 7,(7)1‘ is the same as the rcstriction of A2 to Ut.. Hence f,(x) Yis
- ’ - 1 1

the minimum polynomial of the restriction of A to Uy,
- i

Y = ?ﬂfic?) Z("/'QZG?J . ® ZUr.

I1-4: CANONICAL REPRESENTATION OF LINEAR TRANSFORMATION

Definition 2.14: Let A be the matrix representation of

B : V—=2). The sct of vectors

Z(v, A = {£A) X__I v £#0,veV, f(x)e F [x]} is an A-invariant
subspace of ¢/ called the A~cyclic subspace of Y generated by v .

Considering the generator v , let k be the lowest integer such that

k-1
v+ Ay =0

a "y + ay Av +..... +ak_1-l_x

k k-1

Hence m (x) = x 'l-al 1x is a unique, monic polynornial
- V (-

et ayx 4+ a
(o}

of lowest degree such that n)v(_é.) v = 0. The polynomial 1nv(x) is sometimes

referred to as the minimum polynomial of v and is called the A-annibilator
of v and Z(v, A). Furthermore, in terms of lemma 2.3, let __/}V be the
restriction of A to Z(X:é)-

Let 7zv,A) be an A -cyclic subspace, A the

k k-1 v

restriction of A to Z(v,A) and mv(x) =x -i-ak_ix +oot aix +- ao the

Lemma 2.6

A -annibilator of v . Then

a) {v, Av,. ... A v} is a basis of Z(v,A)

b) m_(x) 1is the minimum polynomial of AV
v - L
c) The matrix _{-Xv_ with respect to the above basis (a) is :
[0...... 0-a_ |
o}
AT 11 0Ly
Lo
N N\
0 1 -3
= &y
L .
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independent set.
ékx € LS(B).

However én_\i = A(A

Proof:

By definition of mv(x), B= {yv, A

Let us show Z(v,A)

The proof is by induction.
n-1

|<

PR

Assumecn > k

k-1
A vl is a linearly

I.S(1B3), the linear span of B,

-1

n .
and A v € LS(B).

k

v) is a linear combination of {Av, A'v ,....,A v1.

k
Since A v € 1LS(B) Then _An\_r_ ¢ LS(B) for any n. Thus for any

f(x) € T (x),

of

S . . . .
Hence A v 1s a linear combination of

This implies k = s.

Then m(x)

A
-V

fA) v € LS(B).

k-1
Z(v,A) = LS(B)and {v, Av,.....,A v} is a basis of Z(v,4).
Let m(x) = x° + bq { %" [ N bix + b be the minimuwmn polynomial
S- )
Since v € Z(v,A) then

0 =mi((A)v = m(A)y = b_-
A == LY o -

{v, Av,..

ITence y=0.

m (A
vtV

m, (x) and s € k. Therefore s =k and 1nv(:-\.:) = m{x).

Blv) = Av(_\_’_) =Av = 0 1.Av

2
B(AV) = _-‘/}v (Ay) =Av= 0 0 1-&.2_\_7_
ok (=AY = ey -apay

This relationship may be expressed in matrix {ormn as follows:

[ 6 (), BAY). ... ea v
)
i 0
[v, Av, ,-k-izj . . \\ -
L.0 0
Av,. ..., ,_k:\Li]A

-
-a
o
-y
k-1
-a
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A.  is called the companion
Ly

matrix of nlv(x) .

Definition 2. 15: Let W Dbe a normal subgroup of a group V.

v €V then v+ W = v+ \_’LJ w €& W1 is called a coset of W in V.

V/W consisting of the cosets

Lemma 2.7 : If 2(’/0(; U then the set

of W in V decfined over F form a vector space, called the "Quotient Space"”

¢
of V by W and denoted 0/2?’} ;

Proof:

Let us define the operation of vector addition and scalar multiplication
1 P

in terms of coscts as follows:

Addition: (v +W)a(u+W)=yv+u+t W YVv,u € V

Multiplication: k @(v + W) = Ik -

v+W VVvEV, Vke F.

These operations arc clearly well-defined. Obviously V/W is

Therefore

closed under vector addition and scalar multiplication.
V/W ~ is a vector space.
Lemma 2.8 1 Wis an A-invariant subspace and A is the matrix

. oo ¢ . . N
represcnlbation of F . 2/—~2/ then A induces a linear opcrator A on V/W

defined by A(v 4+ W) = Av + W. The minimum polynomial of _X_ divides

the minimuwun polynaominl of A

Proof:

A is the matrix representation of B ?}/Z(’/ﬂ———»'//Q/?,(‘/Q . As

defined above, # can readily be shown to be a vector space homomorphism.

TFor any u + W = w e YW

v

A2 (a+ W) = ATu bW o= A

A (u+W)

L]

$...1a ,x |+ a

Similarly AP = A  for any n. I'or any polynomial £(x)

n
fA) (u+ W)y =4{(A)at+ W= = a.c
— - - . i
n 1=0

a (A u+ W)

(w W) =L(A) (ad+ W)

>
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If A isthe root of f(x)thenf(A) = 0 =W ={(A). Thus A is also

a root of f(x). lence the minimuwmn polynomial of __./\: divides the

minimum polynomial of A

Lemma 2.9: I{ WQ;Z} such that {‘_"1 P W, W 3 %
. - I

is a basis of %/ and the set of cosets {:/:1, ;2, e, v 1 is a basis of V/W !
, s

seeeo, W 1 is a basis of ?/a.a.nd ;.

—s —1 —2 e :

Dim DQ = Dim 2} + Dim ?/Q/w ’ |

then B = {y_i,_\_fz,....,v y W, W

Proof: i

If uw &€ V then u = u + W=a,:- ; +a_-* v +ooota - v . Therefore

- i i 2 2 S S !

u = a,*v,+a v +....+a v +w where w ¢ W. Hence )
- 1 =1 2 —2 s —s — -~ =
= . -+ . + ..., . : C W ’ E
=Yy tey Y, tag Yo tby Wy byt Wy teedb Tw

Thus B spans Yj . Assume c,- v +t....4+c v +d,-w +....4d cw =0,
: i -1 s —s 1 =1 r —r —
o

Then C Yyt de vt d, = w -I-....+dl_'ygr+ W=0+ W = = W. Hence

1 s — 1 —1
Ox_fzc,?:\....@cse ;s =—O—. Since {y_i,....,_\isl are linearly

1 1

C (-3; 3 C
“

independent then ¢, =o fori=1,2,...,s. Substituting in the above
i

expression d," w4+ ....+4d " w_= 0. Since {w,,....,w_ 1} are lincarly |
1 —1 r —r - —1 -r ; |
independent then dj = o for j=1,2,...., ¥, Thus B is a linearly |

indepedent set.

Lemma 2.10: If ?1}: Z(v,A) and 'I(x)n is the A-annihilator of v ¢ 7}

where f(x) is a monic, irrcducible polynomial of degree d then f(_[})s (U))
is an A -cyclic subspacc generated by (A )S v having dimension d(n-s) if

n>s andzcroif n g  s.
Proof:
Let G = £a° (= fA)°y | wewWl ¥ 48°w,,
s ‘ s s
f(é)oygz ¢ G and ai,az ¢y tlslen ay £(A) y_s_/i+ a, £(A) w, =
(A% (a0 w +oayrw,) = LA w, € G

G is a subspace,
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If f(é)s w, € G such that w, =g (A) v where g(x) ¢ F [x ]

1
then A (£ (A)° w) = AL (A gA) v

= £W® w, €G

G 1is an A - invariant subspace.

Let H= Z({ (&° v , A)

Let g = f(__/})s_\yi e G
g = (A w, = A ey = g EW v) € H
G ¢ H

Similarly let h = g(A) ((A°v) € H

b= g’y = 1 @my) = £ w, € G

Hc G

. s
Hence H = G and G is an A-cycle subspace generated by £(A) v
n-s

Since f(x)n is the A-annihilator of v then f (1}_)n v = f(A) (f(‘_A_)S v)=0.

Thus the A-annihilator of I(_A_)sy_ is f(,\:)n—s and the dimension of G for
n >sis d(n-s). Ifn < s the dimension of G is zero since the subspace

is non-existent.

Lemma 2.11: If A is the matrix representation of B :7}—» U‘

whose minimum polynomial is f(x)n where £(x) is a monic, irreducible
polynomial over F then? is the direct sum
Vo= Z(vs A @ Z(¥,, A ®.... ®Z(Y_, A) of A -cyclic subspaces
n n_
Z(%, A ) with corresponding A -annihilators f(_\'.)nl, f(x) 2, e, f(x) T

where n = n, > n >....>n . Hence A=A ® A ®.... @A
1 2 r = =1 2 =

r
n.
where A, is the companion matrix of {f(x) Y fori=1,2,...., r.
—1i

Proof;

The proof is by induction on the dimension of 'L} 1L Diml} =1
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then U is A-cyclic and the lemma holds. Assume the lemma holds for
vector spaces of dimension less than that of U

Since .f(x)n is the minimum polynomial of A then there exists

a vector _\_ri ¢ V having I(x)n as ﬁ—annihilator.
Lct Zi = Z(_\_r_i, A), vV = V/7,1 and, Zx be the matrix representation of

the linear operator induced on v by A . Bylemma 2.8 the minimum

polynomial of _—1-\: divides f(x)n. By induction V is the direct sum of

A - cyclic subspaces Z/Q = Z(\—fz, —é.) @ Z(\—rB,

T

A)e.... ® Z(—\; R E.) where
: — n 113 n
the corresponding A -annihilators are f(x) 2, f(x) 3,...., f(x)

T

\vllc—?re noz N, oz N, oz ...z D
Liet us show the existence of a vector Y, € ';2 whose A-annihilator
n - n
is  I(x) 2 . Let w be any vector in Vo then {(A) ZE € Z]' Hence
n
there exists a polynomial g(x) such that f(A) 2 W= g(é)xi. Since f(x)n
is the minimum polynomial of A then
n-n. n-n
1 2 . . n 2
0 = £{(A) w = {(A) g(_./;\_.)y_1 implies f(x) g(x) £(x) and
. n,
g(x) = h{x) [(x) ~for some h(x) € I [x].
Liet v, = w-h(A) *Y'i
Since R AP h(A) 31 € /_.1_ then XZ sz.
n, n, . n,
£ v, =LA T (w-hAy ) FHA) Tw- ey, =0
™2
Thus the A-annihilator of ¥, is f(x) .

Similarly there exists vectors v gre v . € V such that v. € ;i
n, . _ — ’
and the A-annihilator of v . is £(x) °, the A -annihilator of v . .
- -1 - i

Let Z], =Z(v ., A fori=2,...., r. Ifthc degree of f(x) is d then

din.-1 - _— dn, -1

{(v.,Av.,...., A Y v. 1} and {v.,, Av.,...., A ' ¥ .1 are bases for
—i’ == = =i 7 =i = —1i

7, (Xi, A) and Z(Vi’ Z\_) respectively fori=2,...., r. Thus
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_ dnyg _ dn_ -1 —
{VZ,....,_A vZ;....;vr,....,é vrl is a basis for UL By
1 { 1
lemmas 2.8 and 2.9 it follows that { Xi' e ,_/_\C nl _\Ll; XZ’ e ,__L nzsz,.
dn_ -1
;}:1_,....,_/-\ X y_r} is a basis for Y}
V=2 (v B R 2y, A)R----0 Z(v_; A).
Let us show the exponents Ny, Ny,e..., 0 are uniquely delermined by

A and '?j"

Dim 7} = d(n1 +n +....+nr) and Dim Zi =dni fori=1,2,...., r.

2

Any vector v ¢ 7} can be uniquely represented in the form

v = w, +w, + ... +Fw Hence for s z O
- -1 =2 —r
(4°y = £6A) w + 1A w, o HHA w
£14)° h= 18)° (z ) @L(A A° (Z,)® ... ef(A)® (Z_) where

£( )slv_i Cf ) (Z) . Let q be an integer, dependent on

s, so-that n, >s,n. >5s,....,n > s, n £ S,...

1 2 < q q+1
By lemma 2,10 Dim £(A) (7)) = a [ ni-s) + (nz— s) +....+ (nq— s)]
For a given value of s Dim {(4) 'Z) ) depends only on A and '()

If set s = n-j then the above expression determines the number of n,

i

equal to (n-j+1). Repeat the process until s = o. Thus n, are uniquely
i

dctermined by A and 7} .

Theorem 2.2 : "SECONDARY DECOMPOSITION THEOREM"

If A is the matrix represcntation of § ?}———w—?} whose minimum
m 4 m m
polynomial is m(x) = fi(x,) fz(x) 2. .. .fs(x) S where fi (x) are
distinct, monic, irreducible polynomials, then A has a unique block

diagonal matrix representation

TR

)
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where A, . are the "companion matrices" of the polynornials f (x) where
—i i
m, = n,, =n Z....2 1N fe...; M =m =n  =....z2n
| 11 12 tr’ s s, T s, T st
1 2 s
Proof:
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4 11
\ .
N
éir Q
1
\\
o
>~ N
N
A
S

n,,
1]

The theorem follows directly from Jlemmma 2.11 and theorem 2. 1.

The above matrix representation of A is known as the "Rational Canonical

n

Form®., The polynomials f{.(x) ij are czalled the "elementary divisors?!"
poly : y

of A.

Lenmuma 2.12; Let A be the matrix representation of 8 : U — ?}

X +c )
o

where f[{x) is a monic, irrcducible polynomial over I'. The matrix

representation A of B with respect to the basis B is:

KN
b

and

<

2] ~ -
_Ql o....... 1
N ¢ 0 . :

'\ N .
AN where N = o N .

~ -11 - AN
C N .

0 — T N ]

- n ¢! \

- J L O_J
is the companion matrix of f£(x).

.. cq e r r-1 c.
whose minimum polynomial is mi(x) = f(x) = (x + cr 1x o0, -l-c1
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Proof:
Let ve U be a non-zero vector whose minimum polynomial is
m(x)
et B = b,b.,....,b ;1 s e eyl Seowe s se e e ey
¢ 2 {-11 —)-Z -1 —)"r-i-i ')‘2.1* 3‘(0—1)1‘-{-1 *)-er}
where b, =v, b, = Av, ..., b =Ar_1v
-1 - =2 - —r = -
r-1
= r =Af(A)v, . ..., e heea e b =
b ZHA, b =AT(A) Y, b, =& 1(Ax
e-1 o -1 . |
b =f(;/_\) v,b :AfAC s e o s o e s b :_‘/Xl.~1 €
(c-1)r+1 YR gy ™R b o =ATH(A) v
Assume the clements of I are lincarly dependent. Then there exists
a sct of scalars {ai, az, e acr } NOT ALL ZERO such that:
. S T e e e e . =0
102y * aZ- bZ +ae1‘ l)-er -
-1
4 -ag’ g . LAV 700 . d =0
a, v 412 Av + km_Ay_4a1+1 £(A) v 4 2.0 hcr 0
a +a.’ Av H a A YV +a [ArJ~ Ar{‘r +ec , Atc Iv+ ‘b= 0
Y 5 &2 } vtaiy te, St tcy A col_\_r_ "'.Faer-cmr—' :
r-1 r
d, v +d,c Av +.... +d "A v +a L N A T Aa 'bh=0
[ 2 == r = - r+1 — — er-er
where d, = a, +a 1 C. y for i =1,2,...., r. Expanding the remaining
i i 1 i- '
. . . er-1
terms in 2 similar manner we obtain ei' v + c, Av+ ...+ eer.é v =20
where ¢, fori=1,2,...., er is a linear combination of a_ for j =1,....,er.
1 J
_ cr-1 .
(c1 I+ c, A+ ..o+ e,y £ ) v = 0., Therefore there exists a
polynomial p(x) = ¢ 4 + c, X S SRR e x®¥ "% of degree less than ¢-r such
r . i
that p(A)v = 0. This is a contradiction. Hence the clements of B are
linearly independent and may be used as a basis for U
Let us show that the matrix representation of B with respect to
the ‘ba:'-;is 13 is é .
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B (b,) = Ab, =D,
B (b,) = Ab, = b,
T r-1
B (b)) = Ab = A'v=[f{A)-c I-c AL, -c v
- —=x - - = r-1 = T
={(A)v-c v~ c, * Av -c AT v
o T = r-1 = -
R N R T -
B )= Ab b,
B (Er~l-2): éhr-l-z: ’]:)1*43
8 (1.3 ) =Ab_ = Tf(. Jo =[EAkc I-c. A..-c AT e v
2oy TRy, T4 MAY SUMARE 2 BT 42 =2
-1
= 1()°%y-C EA) e A(A.e AT HB)Y
:}_321.4_1‘(:0‘1’.1._”“”' "Cro1 By
Byt T et T Rent)rte
B 1yrr? T 220 tyra2 = Blent)res
e-1 -1 e-1
B ) = Ab =ALAS TV s f(A)-c T-c A mc A AT
Zer L A RSt 1 2
. : -1 1
= 5% e 1A e .1Ar 1(4)°
= TS e-1)r+t “1o1 Zer
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The above equations can be expressed in matrix form as follows:

- . | -
FB (1_3_1) I 0 i ..., 0 |
. . |
r\ .
8 (}1&) \ . ]
o - O
N ) I
t 1
] b - L .., =<l I
f ("r) o 11‘—1 11
L |-~ -
5] (-r+1) {
\
= \
\
|
i1
|
. T T T T e
B (—)'(c—i')r-rl) : 0 1..... 0
O SN
~ | \
4 0 AN
. | = \ 1
!
- b ) - <
P (—cr : A a4
C/ Nl [_ ])
= b - -1
C N 0
¢ N 0 b,
\
- \
\\
\
\
\
AN
0 \
NT
T
C N b
- = —er
; ] | |

|’
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The above matrix of coefficients is known as the " JACOBSON
CANONICAL FORM" or "HYPERCOMPANION MATRIX" of all
matrices similar to A.

In view of our vertical coordinate represcntation for vectors,
the matrix representation _é of B with respect to the basis B is the

transposc of the above matrix.

[

EX N N
Hence A = N

Since the number of references used in this chapter are very
large and overlapping, they were not presented with the theorems
and deflinitions. The references are [2, 3, 6, 14, 167 as per the

Bibliography.
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CHAPTIER IIL

CONTROLLABILITYAND OBSERVABILITY
O LINEAR SYSTEMS

The purpose of this chapter is to discuss the concepts of controlla-
bility and observability of linecar systems. First we define systems in
their most general form and then wc consider the three classes of systems,
continuous, sampled-data and discrete. The concepts of controllability
and observability, from the point of view of cyclic subspaces, are developed

in detail for linear time-invariant systems.

II-1 SYSTEM DEFINITION

Definition 3.1: A system is a mathematical structure

S = <UY,U,xX,6, \> consisting of U : An input space which leads in a

natural way to an input segment space Y where an input segment is a

mapping p: (to,t)—..u"‘; T: A sct of values of time at which the behaviour

of the . system is defined,;

'l;i : an output space
X : a state space

6: an output function, §: X x U x T-—TY
%: a state transition function, A:X x U x T —= X

Hence for any t, to ¢ T, any initial state x (to) =X and any

admissible input segment p (to, t) s
X(L) = )\(EO, E(toyt): 1‘)
y(t) = & (x(t),p,(t) , t)

These are the "state equations" of the system S.

Iliminating x (t) from the above expression for y(t) we obtain:
r(t = : L (t Lt t
y(t) Flx m(t ,t), t)

This is the "input-output" equation of the system S.
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Definition 3.2: A system is time-invariant if

Bt ,t) = pt + 7, t+ 7)implies

o

F(>_c_o, E(to,t),t) 1“(_*::_0, _}_J_.(Lo For,t 4+ o7, 7 ) for all inital

states 350 e, all B’ \c.'um, all to,t €T and 720 such that tO+T , t+7 T,

Definition 3.3: A state 2z of a system S 1is a zero state if

y (t) = F(z, gt , t) = gtfor allt ¢T where 'Qt is the zero input segment

of duration ¢t.

Definition 3.4: A system S is linear if it satisfies the following

properties;

1 - Decomposition Property:

Flags b (64,6 = Fle, 0, 1) + Flz, p(t,),0)

For all X e, e 'u

2 - Zero State Linearity:

£or £, )k Flz o ,t),t)

F(E,k(ﬁi(to,t)-gz(to,t)), t) =k F(_Z_,Ei( o

For all By _&2 € U and all k for which the products arce defined.

% 3 - Zero Input Lincarity:

: () = t) = k F(x s ) - k T(x , t

‘é For all xi, XZ € XC and all k for which the products are defined,

4 . X0 =

At this point we shall restrict our discussion to the different types
of lincar time-invariant systems:

i - Continuous Systems:

‘ A continuous linear, time-invariant system is generally described by a
Bé set of linear, first order differential cquations with constant coefficients

called the state equations of the systchl of the form

£



5, A BTSN, e s tnfs thesiomne
AL R r b S i Bew Pl Lot a0

- 26 -

ap XM= Ax(t) + Bpt)  x(t ) =x
y(t) = Cx(t) + D p(t)

where Xx(t) is an n-dimensional state vector

y(t) is a p-dimensional output vector

B(t) is a r-dimensicnal input vector
and A, B, C and D arenxn,nxr, pxn and px r constant matrices
respectively. The set T = [ 0, « ) is an interval of the real line and since
the input, output and state spaces are Euclidean spaces then S is known

as a continuous-state system. For such systems both time and the input

segments are continuous.

ii -~ Sampled-Data Systems.

A linear, time-invariant sampled-data system is generally described
by a set of first order difference equations with constant coefficients, called

the state cquations of the system of the form:

Ax (KT) + Bp (kT) 3{_(1:0) =x(o) = x

ke

x [ (k+1)T]

"y(kT) = Cx (KT) + Dp (kT)

whe re T‘ is the sampling rate in units of time per interval and k = 0,1,2,..., .
Unless otherwise stated the symbols above have the same meaning as in the
previous system. In view of the "sample and hold" operation, the set

T = {0, T, 27,....1 and at certain points within the system the signals

are discrete or discontinuous al‘though the input and output segments of the
system are continuous. The input, output and statc spaces arc Euclidcan
spaces. I'or such systems, the time is discrete while the input and output

segments are continuous.

iii - Discrete Systems.

A linear, time invariant discrete system known in automata theory
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R L

as a "linear scquential machine is generally described by a sct of |

first order difference equations with constant coefficients, called the ;

R A T

B R S e e G

state equations of the system of .the form:

x'(8) = x(6+1) = Ax(t) 4 Bplt) (e ) =x

y () = Cx(t) + D pft)

Unless otherwise stated, the syinbols above have the same meaning as
in the previous system. The set T = {0,1,2,... f . Since the input
segments are discrete, the input segment space umis defined, using the
star operator, as follows:

u ¥ = {x + U +U Z-i- ...... } where ) is the null sequence
of zero length (no input). Since the input, output and state spaces are

finite discrete setsthen S is known as a discrete state system.,

In view of the similarity in the state equations of the above systems,
the concepts of controllability and observability to be developed are appli-

cable to all of themn.

II1-2 CONTROLLABILITY:

Definition 3.5: A state ;_:2 € L of S is reachable from a state

x4 € X of S if there exists an input segment p € U such that >\(§1, )= X,

‘)’ Definition 3.6: A system is strongly connccted if every state is _
4 reachable from cvery other state. :
1 Although it is beyond the scope of this thesis, it may readily be ‘

shown that a system is controllable if and only il it is strongly connected.

(8]

Theorem 3.1 : Alincar, time-invariant system S is control-

it

s

lable if and only if the matrix

K = [B, AB, ...., A B]

has rank n.
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From a synthesis point of view, the following sufficient conditions

hold.
Theorem 3.2 : Let S be a lincar, time-invariant system with
B = [}31, 1_3_2, ey, ]gs] where s = r and A the matrix representa-

tion of £ : XC-— whose elementary divisors are £ 1(x), {,z(x), ceend (x).

r
S is controllable if there exist elements b, ¢ 0C for { < J = s such
-
that
Zb.,, Aye.... @Z(b, ,
By &) @ Zlby,, A& @Z(b,, A)
Proof:
Assume there exist 1 elements l)__i, b., ...., b, appearing

_.JZ j T

as coluinns of B such that

X = Z(biy &) @ UV T @2, &)

By theorem 2.2 A = A A ®.... @A whecre A, the restriction of A
— —1 -2 —-r . n, -1 -
x 14+ g x1 4.+

to Z(Eji’ A), is the companion matrix of «E,i(x) =

’ 1
ayxta  fori=1,2,..., r. The matrix K=[B AB,....,A B] may

be rewritten as follows:

' - n- n-1
.I} - L.I_J.JI’ é.llﬂ:-:é ’b'_]i"l)JZ, é\:hJZ’ ’é bjz; °

Permuting the colunmns of K to obtain the above form does not affect the

. n. -1
roanlk of K. The set of vectors {b ., Ab_i, ceee B A ! bji 1 is a basis for
o =i =2 £ B
Z(}_),i, A) such that the sct of vectors
J n, -1 . nz-i nr-i
1 ; : yADb, ,...,ADb .
{hjt’élJi’ ’é P‘Ji’P‘JZ, .{.\.]2_32’ ’.é‘ .b~j2’ "l')'jl‘ é—)'_]l' —_ EJI‘}

. . ° .. ! N N
1s a basis for JC. The remaining columns of K are linear combinations

Py

of the set of hasis vectors for X, Hence by a sequence of column operations,

K" may be reduced to the forms:

. &".:’?’:i:ti
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n -1 n_-1 n -1

. by
<=1 \ e A bbb L AL L, b, b, o, .5 0
l}: [3]1,&_]1’ é P.Ji’.z‘jz '{\"‘J‘JZ .‘f\.‘ _)J&’ ,1_).31. é P‘Jl’ 2]

From the form of K", K obviously has rank n and the system is controllable .

In terms of cyclic subspaces, the above theorem may be restated
as follows: The system S is controllable if the r cyclic subspaces are

represcnted respectively by r independent vectors acting as columns of 3.
Liet us consider a few examples in which the matrix A is derogatory.

Example 3.1: Consider the following multi-variable control system

defined over R, the ficld of real numbers.

(1 -1 1 0 -1] [0 0 3 ]
0 -1 0-1 0 00 3 B (¢)
X (£)=AX(L) + B (t) = 0 -1-1-1 0 |x(t)+| -21 3 b (t)
0 1 0-1 0 0 00 “3u)
| 0 0 0-% -1J |0t 3 |
After calculation we find m(x) = (x+1)2 (x‘2 +2x42) and pix) = m(x)(x+1).

2 2
Thus A has three clementary divisors x+1, (x+1) and x~ + 2x + 2 such

that o= Z(p_J A ® Z(b,,A) @ 2(93,é) where the minimum polynomial

. 2 .
of b ])2 and b, is (x-}-i)z, X+ 1 and x +2x + 2 respectively.

g7 2 3
By thcorem 3.2 the system is controllable. Upon verification,
. , .
K = [B AR A" &8 a'p)
[0 0 3 1 2 61006 12 00!'0 0 -12
003 1 00 -3 0 0 L 0 0 6,0 0 -12
= -2 1t 3 | 2.1 61 21 6 : 2 -1 0, -21 -12
|
0 0! 0 0 3 ;0 0-6 4, 00 610 0. o0
i | |
0 4+ 3 1 0-1 -3 7,0 1 0 | 0-1 6,0 1 -2 ]
) 2 3 4

1=
>
os
>
os]
>
oy
It
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Upon using a series of elementary column operations K reduces to:

r ]

0 21013 .6 | |

| |

, 0 0:0:3 3 |
b = |- -6 | - | b ] ' |
"a N N R by &b f b1, b} 0] |
% 0 ojo0lo 3 |
: 0 0itis 3l |

Since K has rank 5, the system is controllable by theorem 3.1, !

Example 3.2: Consider the following linear sequential machine

defined over GF(3) = {0,1,2 1.

B 7 ( ] ‘

2 0 0 1 2 0 2 by (t) :

2'(t) = Ax()+Bp(t)= | 0 0 0 2| x(t)+ |1 0 o0 ey (t) |
c 1 1 1 0 1 0 |J.3(t)

0 1 0 2 0 0 0 :

- _J L |

2
After calculation we find m(x) = (x+2) (x+1) and P(x) = m(x) (x+2).
Thus A has three clementary divisors (x+2)2, x+2 and x+1 such that

o= 2

A @ Z(b,, A ® Z(li3, A) wherc the minimum polynomial

1 —2

of b 13_2 and ]_)_3 is (x+2)7, x + 2 and x+1 respectively., By theorem 3.2

1’
the system is controllable. Upon verification,

‘ 2 3 ?
K = [B AB, A"B, & B] ;
[_202'10110'0212011 j
! < | ‘
1 001000,200 ;100 ‘
= [ :
10|110_|’21of01o |
[ ;
0001100(2001!000]| |
|



=

Upon using a series of elementary column operations K reduces to:

[ 2 0l z2tyg !

) ! l i ' \ ‘

L = i
K'= 0 0: 1:0 . '[21 é21;92;23;9] |
0 1 Oli: |

] I

|0 0 1 01t | ] : . f

)

Since K has rank 4, the system is controllable by theorem 3. 1.

Let us now consider a few examples in which the matrix A is !

non-derogatory.

Example 3.3: Consider the following linear sequential machine

defined over GI'(2).

01 1 1 [0 0
0t 0 1 0 0

X0 =Ax () +But) =100 1| )+ | 1 1]
0100 0 1

)‘2 (x2+x+1) and 0C = Z(_‘tzi, A) & 7..(1_)_2, A)  where

m(x) = p(x) = (x+1
p‘i and _132 have minimum polynomials (x+1)2 and x2 +x + 1 respectively.

By thecorem 3.2 the system is controllable. Upon verfication,

2 3
K=1[B,AB A'B A B]
[0 011 010 011 o0
[ [ l
0010 1,0 1,0 0
- o | | I £ . ; ] .
t 170 1,1 o ([ 0 1 Using a sequence of colunmn operations
l ! ;
0110 010 1!0 0 !
B A AB A’p
K reduces to .
0 110 01
[
00,01 :
‘Ex,—_ L o : - :'g = |:l_)1 él_)_i l,' ]12 i\l.)_z E 0] Since Khas. rank 4,
0 0! 1 0

the system is controllable..
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wXample 3.4: Consider the following multi-variable control

system defined over R,
Y

1
w ——

% (t) = Ax(t) + Bp. (1)

1o(t)

OO O Ww
o O
'
VO o o
N - O O
I
OO =
_ o OO

2. 2 . 4 A
m(x) = (x+3) (x +2x42) = p(x) and L= Z(p_.i,é) @ 7 (_lzz,é,) where p__i and EZ
2 ' :
have minimum polynomials(x+3)° and x%+ 2x + 2 respectively,

By theorem 3.2 the system is controllable. Upon verification,

2
K = [B.AB 2°p A B
{10!-20:30:00
l
1 -3 ] t_
= 0 -3 0 [ J Ol 21 0 Using a sequence of column
0 1 " 0 110-410 6
l
0 11 0-4!0 610 -4
operations, K reduces to :
1 -2 10 01
| [ .
K'=11-3 10 010 = [Bhy Ab, b, Ab,: 0] Since Khas rank 4,
[ ! ] ] :
6 0 11 1,
o |
0 0 1 1t -4

the system is controllable.

Theorern 3.3: Let S be a linear time-invariant system with

B = [b1 boo... b ] where s =1 and A a non-derogatory matrix
21 2> L £

representation of 8 : 0~ whose minimum polynomial is
e e
nix) = mj(x)ci ]’1'1?(}\’) 2 .. .nlr(x) ¥. The system S is controllable
if there exists at lecast one clement b, ¢ for 1 < J = s such that
‘ )

X 2 A).

T —




PZTY

Proof: By definition of 2 minimum polynomial there
exists at least one clement b, ¢ 20 whose minimum polynomial
-
is m(x). Ience by definition of an A-cyclic subspace generated by

b., the set {bJ,, Ab,..., An—ib,}is a basis for G such that
—) T I

xX = Z(bj, A). As in Theorem 3.2 if b, is a column of B then the
-J ) - .

system S is controllable.

In other words, the systemy S is controllable if B contains

at least one column whose minimum polynomial is m(x).

Consider the following examples:

Example 3.5: Consider the following linear sequential

machine with binary logic.

O =~ O O
_— O -
S O O =
QO = =
I
Z

2 2
p{x) = m(x) = (x+1) (x +x+1) and X = Z(b,A) where the minimum

polynomial of b is p(x).

0101

o 2. 3 _ Jotto

The matrix X = [b, Ab, Ab, Ab] = 0111
1011

obviously has rank 4. Hence the system is controllable.

Example 3.6: Consider the following linear sequential machine

with binary logic.
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0111 0
: 1000 0

X =a®+Bu) = |y ol oxw o+ || s
01009 0

. 4
P(X) =m(x) = (x+1) and 2C = Z(b, A) where the minimum polynomial

of b is p(x).

0100
. 2 3

The matrix K = [b, Ab, A b, A b] = 001o

- 0 - = 1011
0001
obviously has rank 4. Hence the system is controllable.
;
Example 3.7: Consider the following multi-variable control %

system defined over R,

3 1 0 0 [ { f
0 -3 0 0 1 .5
X(t)=Ax (£)+Bpt)= | 0 o o 1 x(t) + [ 1] e
0 0 -2 -2 1

2 2, 2 : :
P(x)=m(x) = (x+3) (x43) (x + 2x +2) and XC = Z(Db, A), where the minimum

polynomial of b is p(x).
The matrix

. ,
K = [b;sb, AB,Ab | 0 7=

[
I
|
1 -4 6: 0 obviously has
!

rank 4,
Hence the system is controllable.

Theorem 3.4: If the minimum polynomial of the non-derogatory

transition matrix A is a monic, irreducible polynomial over I then any i

single non trivial input (B # 0) ensures that the system is controllable.

Proof:

n - ) .
Let m(x) = x +a Fooota x a_ be the minimum polynomial

x
n-1
of A. Since m(x) is irreducible, then for all b e€XC; (b, Ab,.... ,_J}}l—i b3
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is a linearly independent set such that X = Z(b,A). By thcorem 2.3

it follows that the system is controllable, for all b ¢ 2C such that B =[bh].
If I is a finite ficld of q clements then there exist (qn—l) such

elements. If F is an infinite field then there are infinitely many such

elements.

Corollary 3. 4: A necessary condition for a single input s rsteim
nccessary B y

to be controllable is that the state transition matrix A be non-derogatory.
Consider the following examples:

Example 3.8: Consider the following lincar sequential machine with

binary logic.

01141 0

1010 1
xME) =L () +But) = | 1411 x(t) + | 1| pt)

0100 0

2 )
p(x) = m(x) = x4 + x3 +x +x+1 and X= Z{b, A) where the minimum
polynomial of b is p(x). The matrix

0

2 3
K=[Db Ab, A"b, AL ] =

obviously has ranlk 4.

(@
=~ O = O
- O O O
QO = D -

Hence the system is controllable.

Example 3.9: Consider the following multivariable control system
defined over R.

. 0 1 1
X (t) = Ax(t) + Bpt) = | 2 .4 x (t) + (L)
P(x) = m(x) = xz +4x +7 and 2C= Z(b , A) where the minimun polynomial
of b is p(x). 1 {

The matrix K= [ b, Ab ] = 1 _y4| oObviously has rank 2.

Hence the system is controllable.



2

B2

¥

mRER AL

H
;

The above example is rather simple since the state space X
has only dii:ncnsion 2. However, a polynomial of degree n over R
has n roots in the field C of complex numbers and complex roots occur
as complex conjugate pairs. 1 rom this it follows that any irreducible
polynomical over R has degree 1 or 2, This expla.i'.ns why such a

simple example was chosen.

Theorem 3.5: Let S be alinear, time-invariant system where

A is the matrix representation of 8 : X—~2C whose minimum polynomial

is m(x) = nlie(x) 1117(:-:) e m.l.(x) such that rni(x) for 1< i< r are
monic and irreducible polynomials over . The elementary divisors,
e e e
1, 1111(x) 2, ce.,m (%) & such that

divisible by 1'111(x), are 3’111(}() i

e = 61 = e‘2 Z ... = e‘{l where "4L" is the number of elementary divisors
divisible by n'ui(x). A necessary condition for the system to be controllable
is the existence of at least "™Lm inputs.

The proof is by construction. Since A has (4 + r - 1) elementary

divisors then X' may be expressed as the direct-sum of (L+r-1) A-cyclic

subspaces as follows:

ALY :,s:,A(Qiz,g})@‘...@A(Qw,{_\)@-A(gz,z_k)@:.... ® Zb ,A)

117~ —r’—
i

where the minimwn polynomial of Z(_lgji, A) is nli(x) for 1 < i< &
and Z(E'i’é) is m.(x) for 2 ¢ j s r. Every generator of the abuve
_{}—cyclié subspaces is an element of the null space of the elementary divisor
which is the minimum polynomial of that A-cyclic subspace. Since the
null spaces of the elementary divisors arc not necessarily-disjoint then
every gencrator must be selected such that the set of generators forms a
linearly independent sct.

In order to express 9C as a direct-sum of fewer subspaces, the
A-cyclic subspaces mnust be combined in some legitimate manner.

Let us combine Z(b,,A) and Z(b., A) whose minimum polynomial is
204 2o B )



- 37 -

|
rni(x) and 1nj(x)J respectively for i £ j, 1< i,j < r ande.,c. = 1. E
1]

: e, e, e, e i

Let b, =b. +b.. Sincem (&) m (A b, =m (A) m (A)b.4b.) =0 then !
R S S e e s |

. @ |

the minimum polynomial of b, and Z(b_,A) is Jni(x) * m, (x) 1 where |
20 —3k 7 — A !

e, e
m, (x) ' and m (x)
1 J

i

are relatively prime. ’i‘hercfore by lemma 2.4

Z(b, ,A) = Z(Ei,A) ® Z(bj,A.). Let us combine Z(bﬁ,A) and Z(bi‘,A) i

= =i 2qq0L =157

e. e, .

whose minimum polynomial is 1n1(x) ' and nii(x) ] respectively for i £ j,
e, e, ]

i< i,js . . 3 = . Si x) 7 x) ' %
i,j =4 and e, = ej Let b, hii + hij Since m, (\)e | nni(}.) |

()

then the minimum polynomial of b, and Z(b,,A) is mi(x) and ‘

dim Z(b,, A) =dim Z(b,.,A) < {dim Z(b, ,A) + dim Z(b, ,A) 3

=135 1i7= =1j°= B

Therefore Z(E*,_A) # Z(_l_)_ii,é) & Z(’_b_ij,_j_\). Clearly any A-cyclic sub-

spaces whose minimum polynomials are relatively prime may be combined.
Since the minimum polynomial of Z(hii, A) for 1 < i s 4 are not i
relatively prime then these subspaces cannot be combined. Thus the minimal

direct-sum vrepresentation of JC contains " A-cyclic subspaces.

There are many different ways of combining the A-cyclic subspaces
in order to obtain a minimal direct-sum representation for I0 . Without any

loss of generality let us combine the A-cyclic subspaces as follows:

Let Z(b  +byt...4b ,A) = Z(b, ., A) & Z(b

. ) @ .e Z(b A,

1 2

‘]‘in :_’911+:b_2 + o +1_3_1_ and hji:hii for 2 =i < &

Hence 2C may be expressed as the direct-sum of "&" A-cyclic subspaces

as follows:
XL = 7
Z (b,
As in Theorem 3.2 if B= [1_),1; by,
NN
with "&" inputs. Since this direct-sum representation for ¢ is minimal

)é) (‘Z‘ Z(_t_)_jzié) ®--n- ®Z( _é')

b.,,
_ZJ_L

.pj{ ] then the system is controllable i

then the existence of at least "{" inputs is a necessary requirecment for

the system S to be controllable.
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Consider the following examples

Example 3.10: Consider the multi-variable control system defined

(2]

2 2 .
in Example 3.1. m{x) = (x+1) (x +2x+2) and p(x) = m(x)(x+1).
Thus X = 'Z,(l)_1 A @ Z(_ll?, Ay @ Z(_lls, A) where the minimwn polynomial
. o 2
of b,, b, and E3 is (x+1)7, x+1 and x + 2x+42 respectively. As in

-1’ =2’
theorem 3.5 20 = Z(}gj-l- b, A & Z(P_Z,é) where Z(b +Db ., A =
[}

1 3

Zh 8 © Z(b,A) = Zb A

W O = WwWw
_ O =00

K = [B,aD A A a'B]
(3 01-8 0110 0 1 -6 0 | -4 0
30 :-3 00 o~: 6 0 :-12 0
Sl A L4 L 21 | -14
o 0! 3 0l<6 0! 6 o o o
3 L3 1l 0 11 61 | -12 t
B as Al A A'm

Using a sequence of clementary column operations, K reduces to:

'3 -8 10 -6 ! 0
3 -3 6 : o: , ,
=1 4 4 2 1.0 = - H !
I_< l = []2]3’ _@.13’ éP_13’A E13’p_2; _Q.]
0 3 -6 6: 0|
3 -3 0 6. 1| |

Since K has rank 5, the system is controllable.
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Example 3. 11: Consider the linear sequential machine defined
)2

in Example 3.2, m(x) = (>¢42) " (3¢+1) and P(x) = m(x) (x+2).

Thus 2OC = Z(}_)_l, A ® Z(RZ,_X_}) & Z(l)_3, A ) where the mininum polynomial
2 ' |
of l?-l’ _132 and 1_)_3 is (x42) , (x+2) and (x-1) respectively. As in theorem 3. 5,

x = Z(h] + }_3_31é) & Z(_l_)_z, _j}) where

A).

2Ryt &) = 20 A) @ Zb, A = 2, |
10 ‘
I o0 i
Let B=[]3+E,h]= 0 1
: 1 =3 2 0 0
Upon verification,
2 3
K=1[B,AB, AB, A'B]
1 012 o012 OIIS 0
1 0,0 0l2 0/1 o
o 111 12 1,0 1
{
0 0/ 1 0{2 0i10 o0
2 3
B AB AB AB
Using a sequence of column operations, X reduces to :
I 2 2101
| ! '
IS:;(i);'(l)'o b Ab A4 ‘b1 0]
' I__ = — )___’s!_____’)]_»l_
0 1 Z,'O : 13 13 15 1 =2

Since K has rank 4, the system is controllable .

Theorem 3. 6: Let S be a linear, time-invariant system where A

is the matrix representation of B :JC—C whose minimum polynomial is
ey e, e. .
m(x) = rni(x) n12(>:) ceo.m (%) such that mi(x) fort 1 ¢ r are
+ :
monic and irreducible polynomials over . The clementary divisors,
e . €4 (G2 il
divisible by m.(x) for 1si < r, arc mi(x) , Jni(.\) e mi(x)_
i
where e, =e,, » e,
i il i2

Zoo..oz ey and "L " is the number of eclementary
14,, 1
divisors divisible by m, (x) such that {,1 = =€'Z Z ... = «Lr .
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A necessary condition for the system to be controllable is the existence

of at least ”«Li" inputs.

Proof: This theorem is a generalization of theorem 3.5,
ZL00L -
The preof is by construction. Since A has = 4. elementary divisors
2 . ; :
i=1
then 2C may be expressed as the direct-sum of as many A-cyclic subspaces

as follows:

XK= 7 A v @Z(b A) ®Z(b, A& ...&Z(b A @ Zb, ,,A)

1 ) )
211 =g = Sl el S R

1 e,. r
where the minimum polynomial of Z(b,J_,A) is m.i(x) J fort<i < r )

2502
and 1 < j < {.. Every generator of the above A-cyclic subspaces is an
i . =

element of the null space of the elementary divisor which is the minimum
polynomial of that A-cyclic subspace. Since the null spaces of the elementary
divisors are not mnecessarily disjoint then every generator must be selected

such that the resulting set of generators forms a linearly independent sect,

In order to express J5 as the direct sum of fewer subspaces,

the A-cyclic subspaces must be combined in some legitimate manner,

In view of Thecorem 3.5, any A-cyclic subspaces whose minimum
polynomials are relatively prime may be combined., For any given "i"

I'= i < r the minimum polynomials of Z(Eij, A) for 1| < j < '{’i

are not relatively prime. Therefore the A-cyclic subspaces in

Z(b. ., A), Z(b.,,A), ...., Z(b ., , A) cannot be combined.
—ii - —id’— .—u&i -
Hence the minimal direct-sum representation of 9C contains "{,1 "

A -cyclic subspaces where & 1' is the largest number of A-cyclic

subspaces which cannot be combined.
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There are many different ways of combining the A-cyclic

subspaces in order to obtain a niinimal direct-sum representation for JC

Without any loss of generality, let us combine the A-cyclic subspaces as {ollows:

Let 2 Tho 4. 4b L A) = Z(b A Ao, . ..@Z(b L,
Let /(EH '321+ IE1'1 4) . /(’211 é)®2(221 Ale ®/.(P-r1 &)
Z b : e = ':.l 3 47 e o o o )
Bpthypte e itb 50 8) = 20,8 8 2(b,,. Ale ® 2B, 8
Z LAY = A) @ ...
i
When the magnitude of =£.1, {,2, c e, {.r is known, the above direct-sums

of the A-cyclic subspaces are precisely defined,

et By = b tb, t.... 4D
Diz = Ry tbyy e +b
b., = b
_Jff;i 1{.1F .

Hence XX may be expressed as the direct-sum of ”{,'1' A-cyclic
subspaces asf follows:
L= Z2(b A e Zb,,A)e.... Z(Db,, A
(b, 8 @ (b5, A) @ ® <—JL1 A)
As in Theorem 3.2 if B = [b.,, b._,....,Db, ] then the system is
S —itt Tje —ity

controllable with "-(,1“ inputs. Since this direct-sum representation for X0

is minimal then the existence of at least

”{.1" inputs is a necessary

requircment for the system S to be controllable.

3.12:

Example

defined over R,

Consider the following multi-variable control system
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1 2 1 0 =2 0 -1 3 ZN’
0 2 0 -2 0 0 1 o 2
c 2 1 -1 -1 2 -1 3 2
(M) =Ax(t)+Br{t) =0 0 0 0 o x(t) - ]0 1 0 0] p)
0 2 0 -2 0 0 0 3 ZJ
2
m(x) = (x-1) x(x-2) and Px) = mx)x.

pe

i

Zb,A) @2, 4) © Z(b,, A)

of _b_l, 1_3_2, 1_3_3 and 1_14 is (x-l)z, x, x and (x-2) respectively.

By theorem 3.2 the system

X = Zb,+bh, +b . A) @

is controllable. As in theorem 3. 6,

Zb,, A) = Z(b

124> )@ Z(bs, A).
1 3
3.0
Let B = [1_3_124, 1_:_3]= 303
1 0
2 3
Upon verification,
K = [B, AB, {_\_2_}2, f_x3§, 3:4@]
rl 316 0112 0 22 0:40 0
l !
3 014 0,8 0:16 0132 0
- I |
13 3,6 ol 0;18 0134 0
i !
1 0,0 o‘fo O;O 0t0 o0
n [
2 314 018 0716 0! 32 o._J
- 2 3 4

B A A

Using a scquence of elementary column operations,

1 6 12 2213

|
, 3 4 8 1610
Bo= 13 ¢ 10 18'3
1 0 0 00

|
2 4 8 161 3

3 i ]

|

|

!

|

) = A A

= (b 0y, A, A 2124 25
!

f

Since K has rank 5, the system is controllable.

® Z(%, A) where the minimum polynomial

K reduces to:
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Example 3. 13: Consider the following lincar sequential machine

defined over GRF(3).

1 0 0 2 0 2 2 0
0 2 1 0 0 0 0 0
0 0 2 1 0 0 0 0
x't)= Ax(t)F Bp(t) = 0 0 0 2 0]x(t)+| 1 0 0 | §(t)
0 0 0 O0 lJ 0 0 1 ]
3
m(x) = (x+1) (x+2) and pfx) = m(x) (x+2).
T = Z(hl,'é) @ Z(l_)_z,[_&) “Z(b,,A) where the minimum polynomial of
v

-b—l’ 1_3_2 and 1_)_3 is (>;+l)3, (x+2) and (x+2) respectively. By theorem 3.2

the system is controllable. As in theorem 3.6

L o= Zh+Dby A @ Ly, A) = Z(by,, A 6 Z(b,A)
1 0
Let B =[b b, ] = oo . Upon verification
= =12" =3 0 0 ' ’
1 0
0 1
2
K= '[B AB aB &5 a'B]
L 010 01 010 011 0]
1
o olo 0,1 0,0 0,0 o
= O 0t'1 o0ot1 o0o!'!o o " 2 0 Using a sequence of eleme ntary
} . !
1 012 0{1 0j2 011 0
o ti0 1fo 110 110 1|
L AB AB A A'm
colﬁmn operations, K reduces to :
1 0 1 0101
0 0 1 0 : 0 | 5 5
K'=10 1 1 0,0'0 = '[b Ab A'b b ! b !0]
5 ] I 2127 2y 22 D45 & DB, By U
12 1 2107 | 1. 12 12 12! =3!
0 0 0 011 |

Since K has rank 5, the system is controllable.
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If this system had less than 2 inputs, it would be uncontrollable !

Sce the corollary to thcorem 3. 6.

III-3 OBSERVABILITY

Definition 3.7: A linear, time-invariant system S is obscrvable

if for some t > o and all initial states X € X, a knowledge of A and

C and the zero input response y(t) = .QE“—') is sufficient to determinc
the initial statce »x .
o)
(8]
Theorem 3.7 . A linear, time-invariant system S is

observable if and only if the matrix,

ale
=R

L= 0[C, AcC,...., a®ldy

where 3 denotes the complex conjugate of the transpose of the matrix,

has rank n.

Note the similarity between theorems 3.1 and 3.7. In considering
observability, the transposc of the rows of C  will be trecated as elements
of C - For controllability, the columns of B were dealt with whereas
for observability we deal with the columns of _C_J* . When determining what

elements in2C, if used as columns of C , will yield an observable syslem;

the t(ranspose of A must be used as indicated clearly in theorem 3. 7.

Since we are dealing cssentially with finite and infinite fields in
which the elemecents arce real numbers the complex conjugate of the
transpose of the matrices A and C is éT and C : respectively.

With these differences well in mind, remembering {xré are
interested primarily in synthesis, the {ollowing sufficient conditions
for observability hold. The proofs are omitted in cach casc since it is

analogous to that of the corresponding theorem for the controllability

of such systems.

Theorem 3.8: Let S be a linear, time-invariant system with

T T T T ‘ i
c o= [51’ €y seeeen e ] where s zr oand A
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the matrix represcntation of g: X— T whose elementary
“divisors are 4 1(X), 4 2(x),...., £ (%). The system is observable if
T
there exists r clements c¢. € T for 1 < J £ s such that:
)
T T T T T ., T
L= 2Zc. A) @ Ze,, A) @ ® Zlc. | A
=jt’ = —je iy T

In terms of cyclic subspaces, the above thcorem may be restated
as follows: the systemy S is observable if the r cyclic subspaces are
represented respectively by r independent vectors acting as rows of C .

Theorem 3.9: ILet S be a linear, time invariant system with
T T T

T

C = [ ci, c PERRREY c ] where s 2 {1 and the matrix A
- =1 = —s
. - hilVad - .
a mnon-derogatory matrix represeniation of 8: L-—C whose minimum
e, e

polynomial is m(x) =1n1(x) ! n'lz(x) 2., xnl_(x) Y. The system S is
observable if there exists at least one elem ent crl? € L for 1 < j s s
T )
such that: L = Z(c?, A r).
)

In other words, the system S is observable if C contains at least one
s y ~ r e

column whose minimum polynomial is m(x).

Theorem 3.10: If the minimwun polynomial of the non-derogatory

transition matrix A is a monic irreducible polynomial over F then any

single non-trivial output (C # 0) ensures the system is observable.

Corollary 3.10: A nccessary condition for a single output system

.to be observable is that the state transition matrix A be non-derogatory.

Theorem 3.11: ILet S be a linear, time invariant system

where A is the matrix representation of g :30-—2C whose minimum
c e
polynomial is m(x) = mi(x) m, (%) .... m _(x) suchthat m (x) for
: 2 r i _

1 i < r aremonic and irreducible polynomials over IF. The

e e e
‘elem,entary divisors, divisible by n‘xi(x), are mi(x) , 1n1(x) 2,...,m
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such that e = e1 = 02 2 ..., e‘{l where "4 " is the number of

elementary divisors divisible b'y nui(x). A necessary condition

for the system to be observable is the cxistence of at least "{" outputs.

Theorem 3.12: Let S be a linear, time-invariant system

where A is the matrix representation of g: 20— whose
e e, e
- s . r
minimum polynomial is m(x) = nqi(x) 11’12(/) che . M () such
r

that m_(x) for 1 £ i < r are monic and irreducible polynomials
i

over F. The elementary divisors, divisible by m_ (x) for 1< i < r,
i

e e s
. - 1"./.
it i2

1
are m,(x) , m (x) s e oo, M (x) where ¢, = e, > €., Z ...z,
i .

i i i il i2
and "4." is the nwmnber of elementary divisors divisible by m,(x)
i i

&

such that {'1 = 4, =2.... 2 4 . A nccessary condition for the system

2 T

to be observable is the existence of at lcast ”r{,i " outputs.

No examples are included since these would be essentially the
¥

same as for controllability with the slight difference that rows of C are

' T
manipulated rather than columns of B and A" -cyclic subspaces are

formed rather than A-cyclic subspaces.
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II1-4 CONCLUSION

This chapter introduced al-ad developed a  method for the study
of controlllability and observability of general real linear time-invariant
systems. In contrast with existing mecthods where these concepts are
developed by considering the ranks of large combined matrices, see
theorems 3.1 and 3.7, this method is beised on the characteristics of

cyclic spaces.

The method presented in this chapter has the advantage that it
provides a physical insight into these concepts, since the elements
of the system matrices are considered separately. This eliminates the

need to combinethe system matrices, )

The .approach taken was to subdivide the statec space into a number
of cyclic subspaces. This involves a thorough investigation of the state
transition matrix A. Once this is obtained the concept of controllability
reduces to the verification of whether or not columns of the state input
matrix B are generators of these subspaces. Similarly, observability
reduces to the verification of whether or not the rows of the state output

matrix C are gencrators of these subspaces.

Thcorems 3.2 and 3.8 yield the general results for controllability
and observability; respectively. More detailed results were obtained for
non-derogatory systems. For controllability these results were praesented
in theorems: 3.8, 3.4 and {for ol3servd]:il.it;r in theorems 3.9, 3. 10.

Finally the minimality requirements were presented in theorems 3.5, 3.6,
3.11, and 3.12. It should be noted that these theorems arc independent of the
form of the systems state matris.

Ilustrative examples to clarify thesc ideas where presentced for both

continuous and discrete systeme,
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CHAPTER IV

SHIFT RIEGISTER SYNTHESIS OF LINEAR SEQUENTIAL CIRCUITS

This chapter introduces an algorithm for shift register realization
of lincar sequential machines whenever such a realization is possible.
The algorithm makes use of the fact that a shift register recalization corresponds
to a particular canonical form of the state equations. The algorithm derives
the family of similarity transformation matrices { M’.i} that transform the
given state transition matrisx A into the corresponding companion matrix
form éc' Finally it chooses those L/Ii that satisfy the additional require-

ments of shift register realizability.

Iv-1. SYSTEM ISOMORPIIISM

Definition 4.1: A system S = < U, H,,x/, 86, X > defined over GF(p),

where p is a prime number, is minimal if n » log q where n is the
' p

smallest such integer and g is the number of non-equivalent states.

" Definition 4.2 : Two minimal systems S, and SZ. are isomorphic

|
if and only if their state spaces are equidimensional and their input-output

behaviours are identical.
System ison'iorphisrn implies a definite relationship between the state
spaces of the individual systems. To obtain the mathematical characteristics

of this relationship, consider two isomorphic sequential systems S, and SZ;

1

where 8. = <U , H, , X, 6., A. >, the dimension of X . is n for
i i i i i

i=1,2 and M is an nxn matrix representing a mapping vy : f,Ci——.- DC,Z such

that 1\.:Z(t) = M L\_'.i(t). Let the behaviour of Si be described ’by the following

state equations:

x (t+1) = A x(t) + B, F(t)

v, = Cixf)+ DB

Sincec 51 and S2 are assumed isomorphic, their input-output

behaviour is to be identical.

e
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Hence, x _(t+1) =M Ei(t"‘i) = M[ A = (t) + _I}i Lt ]

2 1
= M A 1\4"1§Z(t) FMB R (E)
:Az‘—'z_(”*' B k()
- — —1 - [}
Yolth =y ,(t) = & M, x5 + D p (1)
=<, X, + D, ()

From these matrix equations we conclude that S1 and S are
isomorphic if and only if there exists a non-singular matrix M rcpresenting :
the mapping v : X',i-—» :)C/Z such that:

1

A, = M A, M- §2=.M_}§1
C - ¢ w1t D. = D
=2 - =21 =2 T =4

In other words if two systems are isomporphic there exists a
similarity relationship between their corresponding state transition matrices.

Thus given any linear sequential system S, all the similarity trans—
formation matrices of its state transition matrix yield isomorphic systems.
Since the matrix entries simply represent interconnections between different
circuit variables;  a modification of these matrices, as defined above,
represents a change in the way these elements are interconneccted to yield
the same input -output behaviour. Clearly machine isomorphism affects in

no way the input-output behaviour of a system.

IV-2: CHARACTERISTICS OF SHIFT REGISTER REALIZATIONS.

It is our objective to modify the matrix entries in such a way that the
resulting state equations may be synthesized using shift registers as opposed
to single delay elements. As in chapter II, M is called the transition matrix

from the set of basis vectors in x to the set of basis vectors in I)a
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Clearly by defining a new basis on the state space 2C we obtain a machine
S' which is isomorphic to the machine S.

Consider the state equation of a linear scquential machine S:

x (t+1) = Ax(t) + B p(t)

y (t) Cx(t + D op(t)

il
Q
53
R

A is the matrix represcentation of the linear transformation g :2C~—)C .

If the elementary divisors of A are .&1(x), £ Z(x). eo 4 l.(x) then there exists

a matrix A , similar to A, such that:
24 £

i ng
A =M AM = £ 0

c where C . is the companion
=i
O N

AN
N

<.
L ]

matrix of 4 (x)for i=1,2,...., r. Generally there exist more than
- i
one M such that éc =M A M . As was seen in chapter two, for

every such M, there exists a sct of basis vectors {n .>n 1 such that
- -~ —n

ERRE

[e i] = M([n.] where {e¢ R n? is the elementary basis
e Mln. > S e

of 2C where ei = (0... 1i. ...0). TFor any such M, the system AR

described by the following state cquations, is isowmorphic to S.

-1

x'(t+1) = MA M (%) + MB p(t)
.= _f}c xHE) o+ B ()

y'(t) = C Mfi = (t) F D (t)
= (o x'(L) +  DUop(t)

Let us show now a "canonical shift-register realivation is obtained

by selectively choosing the set of basis vectors yielding M .




behaviour of machine §'.

That is 13 = 0 and x'(tH1) = éc x'(t).

modulo adders and shift registers as shown in Figure 4. 1.

where

Figure 4.1: Autonomous Realization of S' .

e [xm . @ N .
1 * P =y ()

The state behaviour of machine 8' can now be synthesized using

X
11
< = & X seee
_ xill(t+1) '1“ 11+ +a1n X
—— — 1 1
Fori=1,2,...., ni—i
!
x ’ — . . =+ .
21 XpltHh) =2, g @

- XZn (t+1) = a21 x21+.. .+a2n
21 — 2
— : r =1,2 -1

or i , , 2, , nz
! |
! |
.\:.]j — e :\',(H‘i) o r,id1 (t)
i
Xrl (L+1) :ari x11+ +arn

a r
ri _—

Fori=1,2,...., n -1
r

For simplicity, consider only the state behaviour or the autonomous

in

1




Obviously such a state behaviour can be realized using "r'" shift-rcgisters

varying in length from n, to n_. Since such a recalization depends

. r-
largely on the rational canonical form of A, it is called the "canonical
shift-register realization" of S'. Hence the following lemma can be stated

without proof.

Lemma 4. 1: The autonomous behaviour (zero-input) of a linear
sequential machine is "canonical shift-register recalizable".

Consider the situation where B = [ 131. o.b ] F 0,8 = ot
S, 2 2 L

In machine S', B = M B = M[b 1....b ]
L MoB ML 2
= M A Cee : 5 pe
[ 1_31, 1\_1132’ MESJ where

M b . is the vertical coordinate representation of b . with respect to the
= = =i
basis {n ERRRERSo! n} - I'rom Figure 4.1 it is clear that S' is canonical

shift register rcalizable (C.S.R.R) if only the state variables x . for
—in,
i

i=1,2,..., r are accessed. In other words S'is canonical shift register
realizable if there exists o mapping vy :I9C —' which maps the vectors

b . om the vectors Db'. for i = 1,2,..., s whose coordinates n
—1

n 4n._,...
T — 1 17 71
.o, = F  n, arc (L only nonzero coordinates.
. i.
i=1

Example 4.1: I.ct S be a binary sequential system described by

the following state equations: .
x(t+1) = A x(1) DB op(t)
01t 1
=0 0 f]x(t)+ 0| (L)
1 0 0 0
y () = 2 x(1) D OE()

This system is readily synthesizaed using modulo-2 adders and delay clements




A partial realization is shown in Figure 4.2.
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Figure 4.2: Delay Line Realization of Example 4.1.

Consider the similarity transformation matrix

0O 0 1
I_VI = i 0 0
0 1 0O

The corresponding isomorrhic system S' is described by the following

state equations:

x'(t+) = M A M xt)  + M B u(t)
0 i 0

={0 0 ¢ x'(t) ) Fo(t)
i i 1

¥y = cMt x4+ D By

Therefore the system S' may be synthesized using modulo-2 adders and

one shift register. A partial realization is shown in Figure 4.3.
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Figurce 4.3: Shift Register Realization of Example 4.1,

Note the simplicity of this realization ascompared to the realization of S.
It is noteworthy that the shift register realizability of a sequential system -
is completely independent of the output equation vy (t) = Cx(t) + Dp (L) .
This is due to the fact that the output variables arc functions of the input
and state variables but not vice versa.
The question now arises as to the realizability of such a realization.
It was scen earlier that all zero input linear scquential machines are C.S. R. R.
Let us now consider the feasibility of such a realization when the system has a

number of independent inputs.

Theoremy 4.1: A nccessary condition for a scquential system S to

r -
be C.S.R.R. isthat 2°-s %1, s = p where r > 1 is the number of shift
registers, s is the number of distinct columns of B and p is the number

of independent inputs.

Proof: Let B=[b x bz,. ...,b 1 s =1, be the state input matrix
Yool =272 4,5 5

of the sequential machine $'. Consider the reduced state-input matrix

B r = [ hi' .. 1_35] containing only the distinct columns of B . Since S

can be synthesized using "r" shift rcgisters, then only r state variables
may be accessed. Recall that S is C.S.R.R. if there exists a mapping

Y : G-X' which maps the vectors b . on the vectors M b i C _lg‘i




for i=1,2,...., s where only "r" of their coordinates may be
- . . 1o,
nonzero. M is the matrix representation of y and X is the state space
for which a new basis has been defined. Hence vy can map any vector b,
—i

-

T , . . . .
on at most (2 -1) elements of X' satisfying the coordinate restraint.
This is shown schematically in Figure 4.4.

1 1 1
_1_)1 _122 b

—s
O 0 L S S T 0
M
, . ; .
MB =B = : ) ’ 1 npn accessible
==r " Zr o 0 o
. X . I state variables
8 i S| a——
N J

where the symbol * represents a zero or a one.

Figure 4.4: Schematic Diagram of _]3‘- .

v
Thus y may map ---
r
]_3_1 on at most (2 -1) ' vectors in XC!
r r .
122 on at most (2 ~-1) -1 =2 -2 vectors in C'
. . § . .
b on at most (2 -1)-(s-1)=2 -s wvectors in 2XC'.
=s

. r .
Thus the vector b 5 1S mapped on at most (2 -s) vectors in X',
For S to be C.S.R.R. there must exist at least one vector in 2XC!

on which lo_s is n'lapped.

2 -s = 1
Note that by mapping the columns of B in the above order, therc is

no loss of generality.
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IV-3: ALGORITHM FOR SHIFT REGISTER REALIZATION.
Using the results devecloped in the previous scctions, the shift
register realization algorithm is as follows:
Ste 1: Determine the elementar livisors & <), 4 (%), , <
ep etcrmine clemen y divisoz 4 1(x), 2(>) 4 1‘(:»;)
of the statc transition matrix A . Let the degree of 4 i(x) be n]. for

i=1,2,..., r.

ep 2 btain t trice L. (A).
Step Obtain the matrices { i (A)

Step 3: Obtain the vectors in the 11 space of A)fori=1,2,..., ».
ep uun the vectors in the nu pace o /&i (A) for i T
Let Si be the set of basis vectors for the null space ?Zi of 4 i(__A ).

Si is the sct of columns of the matrix N. (Appendix B).
—i

l 4. LeL ].JS S_ bC L}le l].llb ar s PLLII O.L 5 . Follll UlC- n rix VY

W = [LS(S,) | LS(S e TLS(S) ]
w 1| l r

5)

. T
Recall that A is the matrix represeniation of B 5 with
2. ‘

respect to the basis

n, -1 11].'1
e, cbh o, ... i b, AbD L, ) .
{by AL, A ‘31.;2 b Ab AT b ]
= (¥ Y,y

such that °C = Z(Rl, A) ® 74(1_32, Ay ... @7z , A)

where b, ¢ 4 ,'(_1-‘_&), a&i (x) is the minimum polynomial of Z(b ., A )
]

23 250 &
v 1 ™M

i
and [21""’En = [y n- — B

AP

Step 5: Choose onc clement bi from each null spacec '72i. Obtain
- n, -1 o

the vectors b i" Ab grere A . Ei + TForm the matrix ;\_111;1 as follows:
4 n, - 1 n - 1
i = . o .. ] y } ’ .} ' ? ;
MB E_ll 1’ _j_\ ]2. 1’ ’ é _121’ 2 2 ’ Jl. é_’).l A 1_).1._ ]

|
|
i
3
|
!
'




-1 .
if MB is nonsingular then its' columns form a basis for 2°. The matrix

|
i
‘
{
i
!
|
i
;
!
i

representation of B :)C—2", with respect to this basis, is A5 = MB A ]Vf];
Step 6: Using the algorithm given in Appendix 13, obtain a matrix
‘ T -1 |
M S h that = A |
M. such tha éc M‘T A, 1\1[,1, 1{
Step 7: Obtain the matrix M . = M T _I\_/IB where A o = ]_\_/1 A I\_/l~ 1.

Step 8: Obtain the matrix M B and verify that ni, n, -+ nz, P o}

[y

are the only nonzero rows. If this test is satisfied go to Step 11; otherwise go
to Step 9.

Step 9: Repeat Steps 6, 7 and 8 for all the matrices _I\_/lT generated
by the algorithm in Appendix B. When the sct of matrices 5\_/[T is e:-:hauste.d,

go to Step 10,

Step 10: Repcat Steps 5,6,7 and 8 for all the sots {P‘i’ép“i"" A b
n -1 L
b_,.s; B , AL ,..., A * b 1 where b, 67/. fori=1,2,..., ».
=2 = r =-=r = =r - =i i

Having exhausted all the possible combinations, go to Step 12,

Step _11: The state equations of the isomorphic linear sequential

1nachinc_ S' which is C.S.R.R. .are :

x' (t+1)

]
I>

o XNt 4+ MBp(1) |
y'(t) = C ]\/I—i x'(t) + D :

Step 12:- End of algorithmn.

To illustrate this algorithm, consider the following example.
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Example 4.2 : Consider the linear sequential machine S

defined over GT = {0,113 and described by the following state equations:

x(t+l) = A x(t) + B p (1)
[ 11100 4 (xi(t) (1110 rMi(t)
10000 1 x,(t) 0110 B (t)
10110 1 t 110
= 000 10 i + 11119
0000 1 1 0000
,t 5
_ooo 10J_"6()J _1011J~!4(1)J
y(t) = Cx(t) + D (1)
[y ) [1000001 10 1
Y, (t) 0t 11 0 t 10 1 0 1
= 101401 x¢) +[1000 o (t)
e 11100 0 1t 010
REARN i S ] ]

This system is readily synthesized using modulo - 2 adders
and delay elements. A partial realization is shown in

Figure 4.8 .




- 59 -

]S

N
L

.

e

NS

Figure

4,8 :

Delay Line Realization of Example 4.2.
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The clementary divisors of the state transition matrix A of 8§

2
d(x) = 1 +x and .{7,3(x) = 1 +x+x .

{ 3
are 4 1(:\) = +x4ox Ly

Hence using the above algorithm it is possible to obtain a linear sequential,
machine S' isomorphic to S and realizable using 3 shift registers
of length 1,2 and 3 delay elements. The following is one of the many

linear sequential machines S' vielded by the al corithim,
! b Yy 8

S5' is a lincar scquential machine defined over GF = {0,1}

isomorphic to S and described by the following state equations :

x'"({t+1) = M A y"i x'(t) + M B p(t)
[0 1 o) [0 0 0 o
001, O 0 0 0 o
1 1 0! i 0 0 o
= e e T Lo ! L (1
0 01 0 0 o 0
by 1 0 1 1
i ! J i i
, -1
y'o(t) = C M  x(t) + D' op (i)
: - -
110110 Fi 0 1 1
= t 01t 1 0 1 x (t) 4 0 0 (L)
01 0t 0 1 00
0 1 110 { t 0
L J L i

A partial realization of this system, using modulo-2 adders

and delay clements, is shown in Figure 4.9,




TR ErET

a‘s# nﬁ <

T

A b A T T L 0 10T 50 T, £ 0% 7270 100 5 o005 4 e et e

A S LA 7 5 e M 9.0

- 61 -

=
—

—+
~—
-\

Figure 4.9 : Delay Line Realization of Machine S

Note the simplicity of this shift register recalization as compared

to the recalization given in Figure 4.8 .
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IV-4 : SINGLE SHIFT REGISTER REALIZADRILITY

In this scction additional results are presented for single shift
register realizability when the reduced state input matrix B has a
. 2.
single column. This case is of spccial interest as it corresponds to

single input systems.

Theorem 4.2 : A linear sequential machine S whose state transition

matrix A is nondcrogatory and has an irreducible minimum polynomial
is single shift register realizable if and only if the reduced state input

matrix B has a single column.
2. :

Proof: This class of linear sequential machines is characterized

by the following state input equation:

x(t+1) = Ax(t) + BE(t)

n n-1 .. .
where p(x) = m(x) = x + a (% + ook a,x + ao is irreducible over

I and B = [91E2 _b_P] where 1_3_1 :EZ: :P‘p such that _I}r-—-}_ai

Note that the companion matrix form of A is A  such that
= —c

0 T oo, 0
~ ~
A = ~ ~ o~
—C ~ 1
TR otAL e 2y
A - Let us prove that the machine S is single shift register

realizable if B has a single column. The proof is completed in two
parts. TFirst it will be shown that different isomorphic mappings map
a given vector into a different sect of coordinates. Secondly we proceed to

show that the machine S is single shift register realizable.

i - Let l\_‘/]-i be the mau ix represcntation of Y ?:——»r,
for i =1,2, where _‘I:. is the state space JC  for whlch a new basis has

-1 -1
been defined and A =M, AM = M_ AM where M, £ M
—c 1— =1 -2 =2 —1 =2 _
Let- x ¢ OXC such that X, = Mi x ¢X, for i=1,2. Assuming x, =x
= = MR g x =

1. 2




I e S it

then X, 0= _I}_/I1 X = M? X=X, Since Y, and Y, are isomorphic
mappings then x = M'l ) L/LZ ¥  such that Il’lj =M 5 This is a
contradiction since M y F _IyIZ .~ Hence two different isomorphic mappings

map a given vector into a differcent set of coordinates.

P

ii - By lemma 2.6, for all x #£ o, x ¢X S\: = {x, Ax, ...,é.n— x}
is a basis of 2C such that the matrix representation of g : )C—2C with respect

. T . n . ~
to Sx is A Since there are (2 -1) nonzero elements in JC then there
—c

exist (2"-1) distinct matrices M_ representing the isomorphic mapﬁing
T -1

Y. G=X, suchthat A~ = M A M where JC_ is the state space IC

X x —c -xX = —x %

with respect to Sx . Since _}_\CT and éc are similar, as shown in. .
Appendix A, then there exists at least onc matrix M* such that Ac: M§3M~

Thus there exists (Zn—i) matrices E{x = i\_/l* Mx representing the isomorphic

mapping —\TX:‘IT—»-‘,’E,X such that A ¢ T _—I:_fix A ;\71_}; 1_

Since the number of mappings vy is equal to the number of nonzero
%

vectors in OC and since a vector x ¢ 2 is mapped on a different set of

coordinates by each mapping then for all L }'_2 € )C therc exists a 0
mapping ;x such that V. (:\_:_1) = %, Sétting x, = _131 and X, =

0
then the above class of linear scquential machines is single shift register

realizable. A partial shift register realization is shown in figure 4.8 .

Shift register realization of machine S.

A

Figure 4.10:
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B - Let us prove that _I_Bl has a single column if the machine S

is single shift register realizable. The proof is by contradiction.

Assume Er = {13_1 13_2} where _131 / p_z - Since m(x) is irreducible and
the machine S is single shift register realizable then only the nth state

variable may be accessed. Thus b1 and bZ must bemapped by a
- - 0

similarity transformation matrix into the vector |: - As scen in part
0
: i ‘
A-i of this proof this is possible only if ]—)-1 = }_3_2. This is a contradiction.
Hence _]_31. = hi and Er has a single column.

An extension of this theorem can be obtained by using theorem A.5 of

appendix A,

Hypothesis 4.1 : A linear scquential machine S whose state transition

matrix A is nonderogatory is single shift register realizable if and only if

the reduced state input matrix B v has a single column.

" In view of theorem A.5 of appendix A, given a system S, there
exists a similarity transformation matrix M- which yields an isomorphic
system S' whose state transition matrix /_\.* = MA 5/1_1 is the companion
matrix of m(x). There exists at least one such M matrix, If ]_31. has a

single colwmnn then. S is single shift register realizable if therc exists a

matrix M which maps this column vector into the vector : . On the other !

0
1

hand if S is smg]c shift register realizable then nece ssarily B has a
single column as in part B of the proof of theorem 4.2,
A further extension of these results to include all single input single

output systems yields the fol],owing hypothesis.

Hypothesis 4.2 : All single input, single output lincar scquential machines S

are single shift register realizable.
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Consider the following general shift register realization of

a single input, single output systcem.

This system is described by the following state cquations :

_ . _ - -
rxi “,) ! 0
< 0 0 :
2 NN .
. ~ :
x(t+d) = | ¢ | = N R N At
an (1O n] ...... un—iJ _1J

y(t) [Bogj.....(—;n_l]};(t)

whére a,, PR are clements in the ficld over which 8 is defined.
i ‘

S



B By R 4 T) 7 T Y T ey A RO o et v rwpemsry
e PRI ek & A I R S RN N b A e S

&
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Hence the transfer function representation of S using the delay operator

D is:

U (D) = 2
-1
The matrix [D "I + A ]nxn = 1 for i, j=1,2,..., n
DI +A
-1 - =1in-1
where 'D 1o+ _.5, - " ta 7)) Lot (D hy a, and

nij(D ) are polynomials of degree less than n.

Furthermore,

FD—i 1
-1
1 A N
[D™7 1 + Al= 0 AN such that
1
a D_1+
%o 1 ) an—i-‘
[ g
-1
()
-1 -1 - -1 2
(D 'I +A] "= _11 ' n, (D 1) (D )
PrLal Y -
(D-i)n—i
L N
Since B is of the form shown then
!
-1 -1 o
(P L+A] B = —3 Since C is of the
ISU
1n-i
(D7)
| .J

form shown then :



-1 n-1 -1
oy ° n-ly o, :
vy  faeg @ Phy +R(D7) + 8
up) - -{\n -in-t
(D )+an_1(D ) B PO Iai(D )!0.o

This is the general expression for the transfer function representation of
any single input, single output sequential machine. Hence all single
input, single output scquential machines are single shift register realizable.
This proof is by construction as a mathematical proof could not be found.
This indicatesthat theorem 4.2 may be generalized to include all the

linear sequential machines whose B1 contains a single column. This is

the equivalent of a single input machine as shown in figure 4. 9.

t
b ()
5 7 T = b eres b
Mz(t) where B [9-1’—2 —p:]
| (L) and —Br = [b 1] since '
| :
= b = cas e = b .
_l -1 —2 P ;
Hp(t) :,
Tigure 4.11: Single input representative of .
Lemma 4.2: A necessary condition for a sequential machine S to

be single shift register realizable is that _}§r contain’ a single column.
Proof: The proof follows directly from part B of the proof

of theorem 4. 2.

It should be noted that the autonomous behaviour of a lincar sequential j
machine need not be restricted to a zero input. Unless otherwisc stated, v
the antonomous behaviour of a linear. sequential machine refers to the
responsec of the machine to a constant input combination. With this

generalization in mind, consider the following theorem.
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Theorem 4.3: The generalized autonomous behaviour of a linear

sequential machine is single shift register realizable if its' state transition
matrix is non-derogatory and has an irreducible minimum polynomial
over I,

Proof: Let the state equation of a lincar scquential machine S be:

f"” 7]

X (t+1) = Ax(t) + [Eihz...._l_)_p]

Construct the following linear sequential machine S' :
x (t+1) = Ax(t) + [b]p(t) where

= . 4oL L - : 4. 13 ; ; : rh
b bipi 4 bZ ].LZI— ,,,,, +bp | p By theorem 4.2 S' is single shift

register realizable. The input-output behaviour of S and S'are identical for any

constant input combination {“1 [J.Z.... I Yand p(t) =1 for all t. Since S' is single
shift register realizable then S is single shift register realizable for any
constant input combination. |

It is expected that a generalization of theorem 4.3 holds if
hypothesis 2 holds. |
IV-5: CONCLUDING REMARKS.

The purpose of this chapter was to study the characteristics of
shift register realizable rﬁachines and to develop an algorithm for this
realization.

The algorithm, excluding step 1, was implemented on the IBM
system 360 modcl 65 at the Ottawa University Computing Center. The
programming language used was Fortran IV -G level 18. The details
of theprogram and the flow charts are presented in Appendix C. This

algorithm yielded a parallel shift register realization. Using the
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results in appendix A, if p(x) = m(x) = ({(x))  then it is possible
to obtain a serial shift registcr realization, using "e" registers of length

"r " where r is the degree of f(x), as follows:

1 2 e

[ 7 a7 T }4__'.‘\7, T T e

Using the results inAppendix A it is also possible to realize a sequential

machine using a single shift rcgister.

The algorithirs for such serial and single shift register realizations

were mnot implemented due to lack of time.

In section IV -4 we introduced additional results for single shift

register realization where it was shown that this is possible if B has
=r

a single column.
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CHAPTER V

SYNTHESIS OF LINEAR, TIME-INVARIANT SYSTIEMS |

The theorems developed in chapter 11 -define the conditions under

which a linear, time-invariant system is controllable and/or observable.

Given an A-matrix and using these theorems, it is quite easy to construct

a controllable and/or observable system. In fact this is how the examples

in chapter III were constructed.

The purpose of this chapter is to introduce algoritluns for constructing
controllable and obscrvable systems from given uncontrollable and/ or
unobservable systems by adding additional inputs and/ or outpuls. The

cases of the nonderogatory andderogatory systems are treated scparately.

V-1. ALGORITHM FOR NON-DEROGATORY SYSTEMS

Let m(x) = p(x) be the minimum polynomial of A, the matrix
repres.entation of the state transition B :J(—C . By deflinition of a
minimum polynomial, there exists at least one vectior whosc miniinum
polynomial is m(x). By theorem 3.3 the system is controllable if matrix B
contains as one of its columns at least one element ]_) ¢ 7 whose minimum

2

polynomial is m(x). Similarly, by thcorem 3.9 the system is obscrvable

-

. . T . .
if matrix C contains as one of its columns at least one element ¢© c C

whose minimum polynomial is m(x).

Thus the problem reduces to finding a vector v that satisfies
the required conditions. However the set of elements v € ’2} , whose
minimum polynomial is q(x) such that YA) ¥ = 0, is the kernel

of q(A) or the null space of q(A) .

Thus the addition of an e¢lement from the null space of m(A). whose

minimum polynomial is m(x), as a column of D wyields a controllable ;
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t
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i
H
1
{
i

sy stem. Likewise the addition of an element from the null space of
l . r

m(A ), whose minimum polynomial is m(x), as a column of C vields an

observable system.

Therefore the algorithm for constructing a controllable (observable)

system is as follows:

. : .. T
1. Find the null space of cach clementary divisor of A(A 7).
2. Choose {from cach null space a vector v ., such that the
—i
resulting set of vectors { vy 'y_z, rem ¥ }are linearly
independent.
T r
3. Let the required modification b (¢ )be ¥ v ..
) -0 TO i=1 1

The required null space of step 1 can be computed using the

algorithm given in Appendix B.

In this way it is always possible to transform a system whose state
transition matrix 1is non-~derogatory, into a controllable and/or observable
system by increasing respectively the number of inputs and/ or outputs by one_ :
only.

To see the required modification let the state.equations of the’

unconirollable and wnobservable system S be:

' ' |
n : :J‘l
z = : -k b ...k
X énxn x [l)‘l lZ ")*r ] 2
[y 7 K -
31 _ L rJ ’_lil
y : .
2 T T T .T n
= . = . c d 1 2
v le; s e, gp]ﬁﬂ“[gl_l_z d . |
y | oS ?
| P LY |

where x" denotes either x or x', for continuous or discrete systems

respectively.



- 72 -

Let ho and ¢ o be the results of the above algorithm. The

. ' T .
addition of _130 and _EOT to B and C respectively yields the following

state equations for the corresponding controllable and observable system S'.

TR
x" = x R 1
= 4 nxn x + D’ll 1)*2 31'1 b‘o] i
.2
[
.
M 1
r+
i J
[y <
'1 ful
2 b
. | .
T T T !
7 = |
Y ., [gl c, . 'Ep"g_o ] .\-ifglgl_z. 51_1',2] :
Y, .
yP+1 p'r-f-l

Consider the following examples.

Example 5.1: Let the state equations of a linear sequential

machine, defined over GF = {0, 1}, be:
111 1
x'()=Ax () +B ()= |011] x@) + |o0 b ()
0160 0

y ()= Cx (t) +D I (1)

where A is a non-derogatory matrix whose minimum polynomial is m(x) =

2 : .
(x4+1) (x +x + 1). This system is uncontrollable and its state diagram

is represented in Figure 5.1,

|
!
|
|
I




.
=
—
(@]

0 : Figure 5.1 : State Diagram.

In Figure 5.1 the decirnal code representation of a state is obtained

. \PY P L 4
2 >~.l) . Note that the

state diagram is disconnected since the set of states {0,1} forms one sub-

from the binary number corresponding to (x,, x
2

state diagram, while {2,3,4,5,6,7} forms another.

Let us go through the steps of the algorithm:

Step 1 The elementary divisors of A are 1111(x) =1 +x and

. 2 1

1717(x) =14 x +x . The vectors in the null space of ml(é) are 0 0
0 O

The vectors in the null space of m_ (A ) are

o eNe]
O = O

11
0 1
2 11

Step 2: Choosing onc clement from every null space the resulting

sets of lincar independent vectors are obtained.

1o ' 11 11
SRR R
Step 3: Thus the following b 's arc valid modifications.
by = Ji poby, = 8 and b, = ? - et Bo= ci) |: boy|* .é 1
0 1 1 0 II 0 0
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and Iigure 5.2 represents the state diagram of the resulting system.,

Figure 5.2 : State Diagram.

1| 10
Let B = 0 b = 0 0 and IMigure 5.3 represents
B 0o , °° 0o 1

the state diagram of the resulting system.

Figure 5.3 : State Diagram.
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1 : 1 1 . }
Let B = 0 i 1&07 = 0] 1 and IMigure 5.4 represents the :
- | —03 ) !
0 ! o 1 f

Figure 5.4 : State Diagram.

Note in Jigures 5.2, 5.3 and 5.4 that the addition of }—)oi for |
i=1,2,3, to our system introduced additional state transition lines
which linked the sub-statc diagrams togcther. Clecarly these machines

arc strongly connccted, hence controllable.

Example 5.2 Let the state cquation of a linear sequential

machine, defined over GF = {o, 1} be:

0 0 1

2 = axmasee = | Ixw o+ e @

y (&) = yl(i') =[1 0] x(t) where D=0 and A isa non-derogatory
matrix whose minimum polynomial is m(x) = x(1l4x) . This system is

unobservable and its state diagram is represented in Figure 5. 5. i



Figure 5. 5: State Diagram.

Since D = 0 the output is associated with the state only and is
g
g ) independent of the input. Note that the system is either in states 0 or 2
[
§ if yl(t) = 0 and cither in states 1 or 3 if yl(t) = 1. Hence it is

impossible to determine the initial state of the system by examining the
output scquence.
I.et us go through the steps of the algorithm:

e

1
Step_1:  The elementary divisors. of A are 1nl(x) = x and

1
mz(x) = 1 4+ x. The vectors in the null space of m_(A") are o O
The vectors in the null space of m, (A 1) are {0 ]} .
0 1

Step 2: Choosing one element from every null space the resulting

set of linear indépendent vectors are obtained.

- b

0
T T
Step _3: Thus the following E"o is a valid modification “C‘o= (l)
[ .
Lict CT = [ 1 4' c r]
- O ] -0

the diagram of the resulting system.

[é (1)] and I'igure 5.6 represents
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R NMY Ao vres o e targ T ras
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Figure 5.0: State Diagram.

Note that a unique set of outputs is associated with each state.

10 1o 1
0 L] 0 1
2. Hence the system is observable .

The matrix [ C T, A g C TJ = [

V-2: ALGORITHM FOR DEROGATORY SYSTIEMS

obviously has rank

Let m(x) # p(x) be the minimum polynomial of A, the matrix

e

e
representation of the state transition B: X~ . Let m(x) = m, l(x) anZ(X)..
cy §
m {») such that the elementary divisors of A (A”) divisible by the
r — e

e

¢ C'
monic, irreducible polynomial m (x) are m. 11(x), m. 1‘?'(x),.
i i

i
where ¢ =e 2c.. e, for i
il 12 1&5

e, .
..o,m. i)
1

=1,2,...,r. With no loss of gencrality,

1
let {]>{22. -z 4 . By thecorem 3.6 the system is controllable if the
| ¥

matrix B contains ”{,1" » linearly independent columns representing the

"', A-cyclic subspaces defined in the proof of the thcorem.

-

Similarly by theorcm 3. 12, the system is observable if the matrix C

Y

. . . . 1 .
contains "2 ", linearly independent columns re resenting the "™, " A" .cvclic
{ Yy 1 <) i palie

subspaces defined in the proof of the theorem.

Thus the addition of ”-8,1“ » Jinearly independent vectors, satis{ying

the required conditions, as columns of B yiclds a controllable system.

Likewisc, the addition of “{,1" » linearly independent vectors, satisfying
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i . . T .
! the required conditions, as columns of C yields an observable -system.

: Therefore the algorithm for constructing a controllable (observable)

i
i
\
i
i
i
|
i
{

system is as follows:

; 1. Find the null space of each elementary divisor of A (éT). ,
2. Choose from each null space a vector v ., such that ‘
! -1 :
1t lting set of vectors: cees ; ‘
re resulting set of vec 019{111,112, y__”‘i, 1

1
r ceee, V 3 eees] , s aeee s oG ‘
Yo Yoo 24, e Y2 Vo ) oave |
x |
linearly independent. ‘
3. Add the vectors Y4 toxgether to form the following set of

vectors: ' l

{v ) Tyt ty s by ; v} where

21 Yoy Yipt¥,; Lyt

the exact structure of L’" depends omn.the nature of the

elementary divisors of the matrix A.

4, This set of ”{,‘1' linearly independent vectors represents a

valid modification.

The required null space of step 1 can be computed using the algorithm
given in appendix B.

In this way it is always possible to transform a system, whose
state transition matrix is derogatory, into a controllable and/or obscrvable
system by increasing respectively the numbexr of inputs and/or outputs by ”1;,'1' .

To sce the required n'l.od_ificaltion let the state equations of the

uncontrollable and unobservable system S be:

B ;
. 1 |
] - -

x Bn £+ [ykyb ]S
r




.79 -
P'l
™ T T.,7T .
= o+ Ld, d..... .
X‘ [9"] E'Z. ' .'C'-p J i [_"I S‘Z -(ll’:' .
1)
r
wherc "x" denotes either i or x', for continuous or discrete,

".

systems rcspectively.
Let 1301 1102, e ,bO . : be ."-{’11" linearly independent vec_‘cors

represcnting the ' 1” A-cyclic subspaces defined in theorem 3. 6.

T T T T
‘Similarly let €01 Sop treo 'C—O—.’,] be "Li" A " -cyclic subspaces

: _ T
defined in theorem 3. 12. The addition of these elements to B and C
respectively yields the following state equations for the corresponding

controllable and observable system S!':

{‘p. 9
.1
x" = ¢ 4 b _....h 1 e
= é\ilxn}* L D—)-1 =2 31*'20190.2 EO.{lJ r
.
i.r-i-l
- P
i T 'l_j
[ ] e T
Y1 M
o y - T T T - T T_ 1 0 -
y = P [21...213 _(:_01..._9_0'{'1:],1-%[_(}_1 51_2_(1_] MT
)p,'_l 4 . .r+l
. 1.1
L J . -

Consider the following example.

~

Example 5. 3: Let the state equations of a linear sequential machine

defincd over GF = (0,1}, be:

>

110 0
x' (1) = Ax (1) +BE{t)= [ 000 ] x(t)+ |1 by ()
011 o

y (t) = Cx (t) + D p (t) where A is a derogatory matrix whose

S
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minimum polynomial is mix) = x{I4x) and p) = (T4x) m(x). This system

is uncontrollable and its state diagramm is reproscented in Figure 5. 7.

_ - 0
S
o CI5) YRy >TL>O
1
0 =

Figure 5.7: State Diagram

Note that the state diagram is disconnccted, since the set of states

{0,2,5,7} and {1,3,4, 6} form sub-state diagrams.
Let us go through the steps of the algorithm;

Step 1:
and 1113(.\') =1 4+ x.

The elementary divisors of A are nm](x) = X, 1112(:-;) = ]4x

The vectors in the null space of nql(ﬁﬂ are 8 } .
0 1
The vectors in the null space of m._(A) and m_(4) are |01 0
1e vectors in the null space o m, (&) an m, (4 e Joo0 00
0011

Step 2: Choosing one element from cvery null space, the following

sets of linearly independent vectors arc obtaincd,

101 . 111 011
V= 900 1p; VZ: 001y vV, = 001p ;

011 011 “ 101

011 111_1 j101
V. = 40015 V. o= 001> Vo= 001
4 111 > 101] 6 1111
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Step  3:

Adding the vectors within these sets as in step 3 of the algorithm

yields the following sets of linearly independent vectors.

00 0 1 ' j1 1 |
5, = i (1) ; 5, = {i ? ; S3 = Ié 8
11 0 1 0 0
%4 ¢ 0o 1)’ % = é 8 ’ 5¢ ~ é Ci)
0 : 0 : 0 0
Let B = |t ]I by, by, = t : 1 0jand Figure 5.7
o | 0 ;] 1 i

represcentsthe state diagram of the resulting system.

000

000 - | - 000

Figure 5.8 : State Diagram

o | o | 0 1 .
I ]
X = 1 = Tioure .
Let B 1 ,; P‘Ol 302 1 ;l i 0 and Figure 5.8
0 0 1 1

representsthe state diagram of the resulting system.

it g




000

000

Figure 5.9: State Diagram

Note in figures 5.7 and 5.8 that the addition of two inputs to our
system introduced additional state transition lines which linked the sub-state
diagrams togcther. Clearly these machines arc strongly connected, hence
controllable.

Similarly it is possible to construct an observable system given an

unobservable system whose state transition matrix is derogatory.

V-3: CONCLUSIONS

As shown in the previous sections a controllable and/or observable
real, linear, time invaviant system can always be synthesized from a given real
lincar, time invariant uncontrollable and/or unobscrvable system given its
state transition matrix. It is noteworthy that the resulting controllable and/or
obscrvable systexﬁ is NOT isomorphic to the original system. To illustrate

this fact let us define A as a lincar operator such that

A S(t) = x (t) where X (1) represents >:_ (t) or x'(t), for continuous
or discrete systems respectively. Using this lincar operator and signal
flow graph techniques, the following well~-known transfer function represcntation
for real, lincar time invariant systems is obtained:

X (a) = Ul A I_-f_&J"i_lzJ + D] U (8) = H(A) U (L)
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The addition of inputs and outputs to the system modify the state input,

state output and input-outpul transition matrices respectively as follows:

; < Do
B" =[BIB J; C = |-=-- and D = |-TT
e ~0 —_ _C_ o C 47 9—

The transfer function of the resultant controllable and observable system is:

5 -1 -1 ow sk b e
¥(a) X = [C AL -AT B 4D U (4 =H (MY (A
o [x @ e Dioj [
Y(4)=|= = =4 Aty s tee Nl =
Y (4) c’| A L-2) [BiB ] + 0 U (4)
=0 —o - J —~0 5
i -1 ' -1 -1 N ]
Cla ' L-A17 B+Di Cra” 1-41 B[ ma
[
= —_— e e e e — — e— e I ———————————————
1 -1 l -1 1
Cla '1-4] B | C[a "1 -A) " B U (D)
—o = = ) - = o —o J
N
For continuous systems A = = S, the Laplace operater, whereas

for discrete systems A =D, the Delay operator. Clearly the two systems
have different input-output behaviours,. hence are not isomorphic, since
_Ij*(A) L H(A). However, if Eo(t) = 0 and the additional outputs Yy O(.'c)
are disregarded then

"L-a B DT ua) = H(A ().

Y () = [cra s
Under this condition the two systems arc isomorphic.

Thus in practical application such as identification, initial machine
installation and machine diagnosis the additional inputs may take on nonzcro
values. During this phase, 1;116 z_xddiﬁona]. outputs convey information about
the initial state of the system. During normal system operation, the additional

inputs are set to zero and the additional outputs are disregarded.
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CHAPTER VI

CONCI,USIONS AND SUGGESTIONS FOR FURTIHER RESEARCH

The contributions of this thesis are in the arcas of controllability
and obsecrvability of lincar systems, modular synthesis of linear scquential

machines and numerical methods in similarity transformations.

In terms of controllability and observability a new approach, based
on cyclic subspaces, was developed. This approach is based on the study of
the properties of the state transition matrix A . The mcthod involves the

¥

. . . T
partitioning of the state space Xl into a number of A-cyclic or A” -cyclic

subspaces. Existing methods determine controllability and observability by -

considering the rank of large combined matrices. The approach presented
in this thesis investigates controllability and/or obscrvability by determining
whether the colunlns; of B and/or G~ are gencrators of the A -cyclic
and/or é'-r-cyclic subspaces respectively. This approach provides physical

insight into these concepts since it considers controllability and observability

from the point of view of being able to access different cyclic subspaces,

No attempt was made to extend these results to nonlinear and/or.
P

time-varying systems. This is left as a topic for further research,

In terms of modular synthesis, the shift register synthesis of
sequential machines was investigated. The algorithm is bascd on finding a
suitable similarity transformation matrix that will lead to a companion matrix
form. The result was a parallel shift register realization. However using
the results of Appendix A it is quite casy to modily the algorithir to obtain
a single or a serially comected shift register realizalion,  Only the companion
matrix form of the state space matrix was dealt with, since the author was
mainly interested in shift register realizations. A consideration of other
canonical forms may lead to other interesting forms of modular synthesis

of linear secquential machines. There is reason to believe that all controllable

. ,_,4.'_..;“

X




and obscrvable lincar scqumﬂial machines are shift register rcalizable.

Also in view of the resulls {or single shift register realization, it scems

that all single input, single output linear scquential machines arc single

shift register realizable. Hence the following question arises: Given a linear
sequential machine which is not realizable using shift registers; is it possible,
by spliiting the states and/or adding more inputs or outputs, to obtain a

shift register realization ? These thoughts are left as topics for further

rescarclh.

In terms of numerical methods in similarity transformations,
Appendix A contains several algorithms that construct a similarity transfor-
mation matrix that enables the conversion from one canonical form to another.
Nevertheless the exact number of such similarity transformation matrices

remains nchulous. This is left as a topic for further research.

In this thesis it was assumed that the linear sequential machine was
given in statc space representation. Thus a topic for further research is the
obtention-of a generalized procedure yiclding the state space representation
of a linear sequential machine from the transition table. Another interesting
topic is to relate the characteristics of the state space representation to the
decornposition of linecar sequential machines. A recent paper in this area

rg
is by Gallaire and Harrison® ]

ST
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APPENDIX A

SOME NUMERICAL RESULTS IN SIMILARITY TRANSITORMATIONS ‘

This appendix includes a set of numerical algorithms for forming

¢
i
the transformation matrix M in a similarity transformation for the |
i
following cases: !

1

1. Transform the companion matrix to the transpose of _ ,
the companion matrix or vice versa.
2. Transform the hypercompanion matrix to the transpose
of the hypercompanion matrix or vice versa.
3. Transform the companion matrix to the transpose of the i
1

hypercompanion matrix or vice versa.

Lemma A.1: An n-squarc matrix A is similar to its transpose A
£ I £

Proof:
Let xI - A be the characteristic matrix of A. By a series of row
and column opcrations (xI - A) can be reduced to a diagonal matrix

D= Diag (f,(x) £ (x).... fn(x)) known as the Smith Normal Form of A

1 2
where f(x) fori=1,2,...., n are the invariant factors (similarity invariants)
i

of A such that fi(x) / f_+ x) for i=1,2,...., n-1. The row and column
i 4 i

(
{
opcrations are achieved by pre and post multiplying (x1 - A) by carefully

chosen non-singular matrices P and Q respectively. :

Hence P(x) (xL - A) Q(x) = Diag (fi(x) £,(x) f(x)=D !
Taking the transpose of the above expression:
T T T
D" = Diag (fi(x) fz(x‘). .. .fn'(x)) = [ P(x)(xI- A Q=) ]
T T
= [ (2 -A) Qx) I P(x)
= 0607 (L - A7) Peo)T
Q_(X)T and E(X)T are non-singular matrices since lg(x)l = 'C_),(X)TI £ 0

E(x) E(X)T # 0. Since the characteristic matrix of A" is

and

-

. .. T ..
reducible to the same Smith Normal Form then A and A arc similar.



Thecorem A.1: Let i’\_C be the companion matrix of

p{x) = m(x) = x - a X e .- aix - a amonic, polynomial
1~ o

over I'. Since Ac and A are similar then there exists a non-singular
- ~c

-1
matrix M = [ mij Jnvn such that A = M i\:CT M . Let us describe
an algorithm to constiruct M given A
. -1 3
Since A = MA T M then MA © = A M
c c - —~c —c
Hence
[ 110 1o 1 17 ]
L e e v v . SO RN S I O B ¢« v lm . ...,
m (1 1 in 10 11111 m i
rnz1 N . i 0 a.1 6 0 1 . 0 11121
: \ 0 1 - \ :
\ \ - \
\
\ 9 N {
...... . 1a a a.,.... N
Mt Mon | % -1 o 1 n-1 J My Innnj
L - . L L.
_ - | T o
Flniz nl13 . e .nlin aon.111+....+a£_inln 121 11122 ....... mZn
45 M
anZ 1n23 ‘e 'mZn aornz1 B S lan—l n 1‘1131 11132 ....... m3n
- \ \
. = ~
N h
N m . m _ ... .. m
\ . nl n2 nn
. ... a S pel a +...+E .. m -k,
ng rrn3 nn om'n 14 } n —ln 11nJ (”Lomll k —Hn ~11n111) (ao In +an—ln2m

Comparing corresponding matrix entries we obtain the following

set of independent equations -

n
) = 2 -a, m._, for i=1,2,...., n-1
i+1,n . j-1 ij
j=1
m, = m, if i 4+ = i for i,j=1,2, , 1,
i .

SR 1
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Hence the sum of the matrix entry subscripts defines an

equivalence rclation S on the set of Imatrix entries,

For more insight into the entrics of M, as developed in Theorem A, i,

sce Figﬁrc AL,

~ . o)
m m e m
11 7712 .7 An
7 -7 m . = f A 5 ¢ S
R - 2n % 2Py My, myn)
P - - : ” !
- * 7 i
g /Inn—l,n !
e e !
m”, ..... m . m 1M = f (m , M 3 eees ,IM
. nt r;in—i nn J—» nn n( n-1,1""n-1,2 n—l,n)
Figure A.1: Schematic Diagram of the Entries of M.

All the matrix entries on the same diagonal are equal, Upon deterraining

the first row entries of M the value of the remaining entrics may be

calculated as in the above theorem. Thus if M is defined over a finite

field F of q elements then there exist at most (qn—i)
1

M matricces

such that A < = M A T M
£ = o, 22

Consider the following examples ,

Example A.1{:

Let A be the companion matrix of a monic
—c

polynomial m(x) = x4 + 2x3 - xZ + 3x defined over R,
Let (rn11 m,, m, ., m,, ) =(000 1). By the previous theorem
0 0 o0 i
0 0 1 -2 : -1 iop o
M = 0 {2 5 and IM! =1 M exists. After
1 -2 5 -5

calculation
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3 -1 2
-1
M = |-1 10
1t 0 0
1t 0 0 0]
0 0 14100 0 0| 3-1 2 4f (0 t 0 0
T -1 c o0 1 -2 1 0 0 -3]{(-1t 2 1 o0 0 0 1 o
_]_\_/l__ACM_: 0 1 -2 5 01012100=0001=_./}\
1—25-15_| 6 0 1 -2 t 0 0 o0 0 -3 1 -2 ©
Example A,2: Let A  Dbe the companion matrix of a monic
> c
polynomial m(x) = >:3 +x + 2x + 2 defined over GI(3) = {0,1,23
Liet (n’x11 m12 rni3) = (1 0 0). By previous theorem
[1 0 o0 )
M = 0 0 1| and M =2, U M exists., After calculation,
0 1 2
o [1 0 o
M = 0 1 1 Upon verification,
0 1 o0
0 0 1 0 0 0 0
M AT -1: 0 i 0 0 0 =(0 0 1 = A
© 01 2/]lo 1 2|f0 1t o 1 2 — e
Thcorem A.2: Let éH be the hypercompanion matrix of
p(x) = mi{x) = f(x)e = (xr + a . _4¥ r-1 + o, 4+ aix + ao)c where f(x)

is a monic irreducible polynomial over F. Since _A_.rlr~I and éH arc similar

then there exists a non-singular matrix M = [ rnijj - such that
T -1 . . .
AXH = M "é’H M . Let us describe an algorithm to construct

T
M gi A .
M given A

.. _ . : _ T S
Since éI—-I = M A M then _M._A:H = _./_%_.HM . Recall

that




- 90 -

A N where N
I’I N N N T -

o
O
I2

&

and C is the companion matrix of f(x).

Hence,
- . T 1T
™y m] [ €N & XN
< N
. \\ _Q\ \\ 9
N N
N NN T =
m chee. IM ¢ N
ni nn C
J L = J L

Upon multiplying the matrices and carefully comparing corresponding

matrix entries; we obtain the following set of independent equations.

PRS-

0
s N 1
— N {
= N 9 ‘
N !
i 0 j
!
T T 0T ] !
m e o.M ‘
T 11 in
N . \\ . !
N \
\\ \\ T AN N
€ N m ce.. I
C _j ni nn

If
- -
=11 IY-Iie
M .
M = - 21\\ where the
~xn .
N
. N
_Mei'n'hdeej
Mli'{,: [nlij]rxr for 1, = 1!2s°-°', r; l(, ’{4 = 1’2’- s c
i - = i N = for k = 2, .,
Then i —Mki,{,i -MkZ,J,Z if 11+4;1 k2+r{,2 for k,4 =1,2, , e
ii-é_& = 0 if k+d = e+2
i r
sas < — _ . R e i
iii m +1,r( , 4) jZ:31 aj—l m, . (k,d) + m , 1(k,,v 1)
For 1=1,2, , r-1; k=1,2, s, e 4 =1,2, , e-1
T
iv - n‘l._H, (k,e) = jf)i—-aJ_1 mij (Ic, e)
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v, m, . (k) =m, , (k,4)dif i tj, =i +j_for i,j=1,2,..., r.
11,31 1212 171 2 2

Note that the swm of the submatrix subs cripts defincs an equivalence

relation 51 on the set of submatrices M

N

— k4.

M = [m, ] , the swm of the submatrix entry subscripts defincs an
1

cquivalence relation S2 on the sect of submatrix entrics.

Upon assigning the {first row entries of M the value of the remaining
entries may be calculated using the above cquations. If M is defined over
e . . Y .

a finite field F of q elements then there exist at most (ql- 1) M matrices

-1
such that A =M AT M
T oiy 22

FFor more insight into the entries of M, as developed in Theorem A. 2,

sec IMigure A.2.

r , Pad
M M
A ST AL
17 <0
,5 21 L el
.J\”I = v
— 7 g
Mci 0 ........ 0
o © - - N

All the submatrices on the same diagonal are equal. Consider an

enlarged scection of M.,

Upon considering a submatrix,




| - 97 -
|
I
— e e e e e e e l ’
'rn“’ ......... 1/1/'111. | rn“. lnl“,.' .......... /1}111
’ / l // ’
’ '/ ! il il il 2 ‘m 2 4 m
’ , ~If 1! 1 L AR
m, Y m, Ifz(rnii,nﬁlz,_.,lnlr,Jnll) | 21 y 21
/ I | ,I //
‘ [ { ie / ie
/ f{m. ...... f e
/ ( £y ; ™)
/ ! I e
ﬁiﬁ = / S
. | l ,
’ s
‘ M, M . ‘M
) — il ( i2 | ,/l\—ie
,; ( L
n/l/ m lf (m t Jn“ ’niz )l ! m
......... =1 s , I ] “ s e s e s s s e e
,ori rr U r-1,1 r-1,r r—l,ll_/ ri T
l l s

: ! l (1nie mie
| I T r-g, 17T r-l,r

Within a submatrix Mk& all the elements on the same diagonal are
equal.

Figure A.2: Schematic Diagram of the entries of M.

Consider the following examples:

Examplec A.3: Let _1_\1 be the hypercompanion matrix of m(x) =

2 2
(x 4 2x +2) where (x +2x+2) is a monic, irreducible polynomial over the field

of real numbers R.. Arbitrarily set Unll rtn12 11113 n114) =(1111).
3 ‘heore = =
By theorem A.2, Mli MZI’ _I\_/i_22 0.
For  My:  mp=my, my, = a, myy-am,dm, = 3
For _I\_/l12 m,, =My m, , = -a 11113 ~ a1 m,, = -4
- T ! T
i 1 1 1
Mll —12 |
t -3 | it -4
M = = —-———;—-—-—— and M,: 25
' t 1
M o
__2 — '-‘ —
i 1 22 { -4 :
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If the

l\_’l‘: 0 then choose a different first row vector and repeat
the calculations as in theorem A. 2. In this example ]\/_f_l # 0 and

-1

M exists.
B | N
s Yy
0 !
M—l: ______ l_lis__-l-/?_—_
4 1 =21 -
1/5 /5 I /25 4/.25
Vs Uy t-dlys 4l
L ‘ N
Upon verification, 4 1
1111 1]fo -2! 17 o f ‘s s
l | VA Y 0 110 0
T -1 |1 301 4]y 2! 2 memm e 2o 25 | [-2-201 0
MAGM == o o T o 3T | -2, -4, T T T T H
1 lIO 0 1,0 -2 5]5I 25 25 QIOl
(1 =41 = [0 of1 -2 U =V (- 4y 4/zsj (2 -2
Lxample A.4: Let éH be the hypercompanion matrix of
mix) = (x-%-Z)3 where (x+2)is a monic, irreducible polynomial over R.
ilraril " _ = 1).
Arbitrarily set (mll m,, m13) (0O 0 )
By Thceorem A. 2
0 0 1]
M=|0 1 0 and 'MI =1 suchthat M = M’
1 0 O_J
Upon verification,
0 0 1 -2 0 o0 0 0 1 -2 1 0
T, -1 _ -
MAPM =10 1 04 1-2 010 1 0f=|0-2 1/= A,
1 0 0] 0 1-2{[1L 0 0 0 0 -2
ixample A.5: Let éH be the hypercompanion matrix of m(x) =
{321 )J where (x41) is a monic, irreducible polynornial over GF(2) = {0, 1%

Let (m“ m,, 11113) = (0 10). By Theorem A.2
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6 1 O
M= I 0 0 and ,_]\_1’= 0. Thus _"‘[\_/INl doesn 't exist. MHere is
0 0 ¢
an example where the selected first row fails to yield a suitable M.
. . I
Liet (m.11 m, 17113)— (10 1) Inthis case,
1 0 1
M= [0 1 0] and !y_;,: 1. Thus M~ exists.
1 0 0
] 0 0 1 |
After calculation M-' = 0 1 ©
1 0 1
Upon verification, f ‘
1 0 1 1 0 0 0 0 1 1 1 0
-1
Mé?:IEI:OlO]_lOOlO:O}l=_P_x1__]
1 0 0 0 1 1 1 0 1 0 0 1

Example A.6: Let :l__\H be the hypercompuanion matrix of
> A

mx) = {(x +x +1)2 where (x2
over GF (2)= {0,1}.

Let (rn11 11‘112 1’11]3 11114 ) = (0101). By Theorem A.2

+x + 1) is a monic, irreducible polynomial

1 "o ]
Moo= 1 L1 1) and M| =
0 1 |
i 1,| 0
After calculation _
e
11
o |
1 -1 10
M = 11 1T
- i
L] 0, 1 0
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Upon verification,
{
0 1o a0 o1f o 111 o 110 o
SRS W U R S I U S BP0 S 0
MA LM = |0 1["“0“ 0 1710711 RS 10 1 =A,
1 1y = o 0of1 1{|1 0,1 o0 = |11

be the matrix representation of B : 7}——-»7} such that
n
)

Let A H

Plx) = mx) = (x-\ In control A _is generally denoted J and called

—H
" The Jordan Canonical Form" of all matrices similar to Z_XH By definition,
N is an cigenvaluc of the lincar operator R if and only if éH. v=>\'v
1
for some v £ o,v € Zf, KE]F._/_-}]__lis often called an n1 Y order Jordan Block of \ .

Theorem A.3: If J is the Jordan Canonical Form of pix) =

n . . . . .
m(x) = {x- ), where x - A is a monic, irreducible polynomial over R,

then therc exists a matrix

0 - ! -1 =1 T
M = 70 = M such that MJ M = J .
P
1
nxn
Proof:
Let ((m m_. )= (00 01)

11 iz My

By thcorem A.2,

o 1
-7
I\.._d. - 1 9
: -1
Since M M = 1, then M = M . Since M is non-singular then
: ' -1 T
it satisfies the conditions of thcorem A.2 such that M J M = J 7.

The delerminant of M  depends on the dimension of M such that if n is

odd n =2k +1 or ¢cven n = 2k where k=0,1,2,... then

for k =0,2,4,

iz
"
ju—

= -1 for k =1,3,5,
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In éhaptcr II we showed that the definition of a new basis over U
resulted in a different matrix representation for g ’L}—*U‘ .
Let J be the matrix representation of R :V—2} with respect to the basis
e, e ..., g }and J T be the matrix represeniation of B with respect

=2
-1
to the basis {v [ AP v }. By Lemma 2.1 J MJ M where

I

[e_] e, e e J=[v .. an M . Let M be the matrix defined

-2 ~n — 1 2
in theorem A.3. Thus e. = v ; e_=v el € =V . . Hence the
=1 =n =2 -1 -—n —1

set of basis vectors is the same except that the basis vectors are now

taken in the reverse order, namely

{E ? 2’ El}'

n San-1
Theorem A.4: Let éI—I be the hypercompanion matrix of
o -1
p(x) = m(x) = (>~:1 i a lxn ook a, x + ao)e = ('I(x))e where f(x) is
-
& monic, irreducible polynomial over I’ and éc be the companion matrix of

T . .
m(x). Since éc and A i are similar then there exists a non-singular
T -1

matrix M = [m__] such that A = M A M . Let us describe
— i]” nxn —c - —H =
an algorithm to construct M .
Since A =M AT pm7t then MAZL = A M. Let
—c - — H - -~ —H —c =
.f(x)C = b +bhx+.... +Db xn—l + xn. Thus
o) 1 - n-1
m T m .- | [_QT 7 0 1 ] rlnll ..... m._ |
1 In CT 0 N N 0 In
— \ _—
21N = = 0 < ~u ! TN
. N N\ \\ T = - ~ N . \
: \ 0N ¢C 0 1 . \
\ =T : )
NC b -b....-b | |m _......
_mnl rnnn__[ | - J o bl n-1] | M1 1Annn__}
0.. 1
wherce C is the companion matrix of {(x) and N = O\\
—_ \\ :
0]
rXr

Upon multiplying the matrices and carefully comparing corresponding
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matrix entries we obtain the following sct of independent equations.

I
f J [
- [ l |
where M = [m,.] for k=1,2,...., e
—k i)
i=1,2,...., e*r
j=1L2,...., r
then
i m, . (k) = m (k) if 14, =i +j
100y iy0d5 171 2 2
for i=1,2,...., e » ; i=1,2,...., r.
ii. n-li+l,r (k) —J,)_l - a_]-l 1n1’J(k) + m 1 (k+1)
for i=1,2,...., r-1; k=1,2,...., e-1
T
N e)= 2 =~-a m e
iii n1+1,1 ) 2 i1 1,3( )
for i =1,2,...., r-1.
e.r
iv m (k}y = = -b m, . (k)
er, i+l j=1 j-1 73,1
for i =1,2,...., r-1; k=1,2,...., ¢
T e r
v -b m k)= & -~a (k) m (k+1)
i=1 j-1 j, 1 i=1 i-1 e, e.r, 1
for k = 1,2,...., e-1
e.r T
. _ ) o= e _
vi. '2~ bj-l m],.’r.(c.) L: ai—l rne _— (e)
j =1 i=1

Note that the sum of the submatrix entry subscripts defines an
cquivalence relation S on the set of submatrix eniries. Upon assigning the

first row entirics of M the value of the remaining entrics may be




such that j_\.C = M j_&T M
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calculated using the above equations. If M is defined over a finite

field T of q clements then there exists at most (qn—]) M matrices

-1
I

For more insight into the entries of M, as developed in Theorem

A.4, sce Figure A.3

-1 M, ST T 7T M. -
i 1/ l m : m, m’
11 // ll.ll 11 Il ....... ,' lr
; 1 2 e e’
4 I= f .. =
. A e L [ty e,
! 4 [ 1 1 2 s~
,/ m,_ = f_(m . m, ,m ) I ‘ m
o 3¢, 3020 eyt R 3r
/ | : bl
/. | ]
m | ' 1’ 1rl
,Sorl | [ |
M = | | I I |
— o 1 |
| o | !
g (e|~1)r-1 1,1 !
| /! : 1 E
y ’ 1 2 e e
4 ={ « e { . -
]ner,l ]ner!r er(rrclar—l,l nler~1,r’ Mer-1 1) | el(n}ar -7 ! er—l,r)—nler,r

All the matrix entrics on the same diagonal arc cqual.

Figure A.3: Schematic Diagram of the Entries of M.

Consider the following examples.

T
Example A.7: Let _j}H be the transpose of the hypercompanion

matrix of m(x) = (x-2)  where (x-2) is 2 monic, irreducible polynomial over

R and let éc be the companion matrix of m(x) = x~ - 6 x~ + 12x - 8.
Let (rn11 m, ., mB) = (1 01 ). Hence by Theorem A.4
110 : 1

M = 2 ,l 1412 and Il\i, = -1 "M exists, After calculation
5144

.
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4 -4 1
-1
M = - 1 0 Upon verification,
-3 4 -1
1 0 1}]]2 0 Of{{4 -4 1 0O 1 0
- -1
MéIII-\‘/::Z]ZIZO_Z 10} =0 0 1 = A
: ~c
5 4 4(]/0 1 2|3 4 -1 & -12 6
Example A.8: Let éﬁl be the transpose of the hypercompanion

3
matrix of m(x) = (x+1)

over GI' (2) and let A

be the companion matrix of m(x) = x

where (x+1)is a monic, irreducible polynomial

2

2
- +x 4x 4+ 1.

Let (m.ll m,, rnls) = (111) Hence Dby thecorem A.4
I ]
111 1
= b 2 = : T exist .
M 010 | and 11@[ 1 . M exists. After
!
0,1 11
rl 0 1

’ -1

calculation, M = 0 1 1 Upon verification,
LO 1 0
11 11 0 olf[1 o 1] fo 1 o
MTM"]=001110011=001 = A
==~ =c
0 1 1 0 1 1 0 1 0O | R |
Lemma A.2: Let A= A) ®....648 , As=aTes" o pa”
. - — . - - - X
-1 ‘
and Ai be in canonical form such that Mi Aj Mi = Ai":, where M,
£ Yo X (LY oo

is consiructed as in theorems A. 1, A.2 and A. 4 depen

characteristic polynomial of A .
. - i

Since A and A are similar, there exists a nonsing
1

that M A M~ = A,
Let M = M. & M_ &..... M .
1 — ool T 1
MZ SR M since M M = 1 —
’ \“\ERS/)\\
S R

and the desired canonical form of AL

ding on the

i
ular matrix M such

Let us describe an algorithm to construct M .

-1

-1
Therefore M " =M @

1




Thus

IiIl

-1

MAM =
0

~

Ml
)

Hence the required M =

Theorem A.5:

)
n'li(x) m2(>~.) cee

polynomial over F and _A_C

i=1,2,....

, T.

n =

construct M

Since A

.....

.....

e-r such that A o

m (x)
-

- 100-

A
=1
~N
~N
M 0
Yo ] Y
-1
4]
M_A M
—2=2=2
\\
~
M A
I
Let A
- C

c r

=]
Z
S

. @ M

-1
M—l
-2
AN
\
AN
M
é.,:
r |

be the companion matrix of m (x) for
i

be the companion matrix of p(x) = m(x) =

where m,(x) is a monic, irreducible
i

1 sk
Si 2 C ' = . e Z
ince éc and A éc ® éc @ . ®_f}c are
1 2 T
similaxr then there exists a nonsingular matrix M = [ m,. ] < where
— ij “nxn .
o -1 *
=M A M Let us describe an algorithm to
=M A M then M A = A M. Let
T, r -1
:xl—a, ;X - e -a,, x-a. for i=1, 2,.
i,r.- il io
i
- L n-1 - . .
- Bn—i * E;1 -8
7 T IT
m [‘AT [ 0 1 M, , ceoes m |
in ~c i 11 in
AT 0 0 t 0 m,
—cC N \
20 N - N
N = = . ’ \\ : N
\ . \
0 N ’ 1
m At | BB, - B 0l m o .....
nnJ i _crj _ 5031 Bn—ij i m m_ |




: - 101 -
where _ -
0 1
0 0 i 0
A = \\ B
i ~c, 0 N
i 1
i ioit " ai,r.—i
L S

Upon multiplying the matrices and carefully comparing correcsponding

matrix entries we obtain the following set of independent equations.

If
M = [Mi M, ... L\_/Ir] where
klk = [rnij]. for k=1,2,..., r
i=1,2, , n
j =1,2, , rk
then
i—mii,ji(k) =™ (k) if i, +3, =iz+j2

for i=14,2,..., n

L R A S S R i e LA P i o Woned ey o
=
[
1
™
p
I
—
e
—
|
»—-H
ral
jo
—
oy
~—

Note that the sum of the submatrix entry subscripts defines an equi-
valence relation S on the set of submatrix entries. Upon assigning the
first row entries of M, for i =1,2,..., r the value of the remaining

-1

cntries may be calculated using the above equations. Hence if M is




e
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defined over a finitc field I’ of q clements and N is equal to the
number of M matrices satisfying the above equations then the

following inequality holds:
r r

r .
I @hn s~ < 7 " -
1= .

For more insight into the entries of M , as developed in theorem

A.5, sec figure A.4.

M.
¢ - 1 ?
B / / I
I m m m !
| 11 712 S,
l II/ /I I
| / /! |
/ / |
/ 4 .
| My s m u g i i i
| g 1 . Z,r1 : fz (lnii’mi?.’ n11ri)
l /l l
| / '
/ |
A
‘ |
M = M 1 | ,/' | | Mr
l /I l I
' /! |
l /; |
l / l
. |
/
o/ :
Y l . =
‘ _ i i
I( ,rnni ln112 n‘lnri | - n(rnn— 1,1’ ’ rnn~ 1, r,
L L | E i . ‘
} i
ng —gz(nq“,m12 . ,rnin )

All the matrix entries on the same diagonal are equal.

Figure A.4: Schematic Diagram of the entries of M.




B

:
a

Consider the following examples.

Example A.9: Let A o be the companion matrix of

m(x) = (>:+1)(><2 +x+ 1) = X3 + 1 and let éc and Ac be the companion

2 1 |
matrix of x+1 and x + x4+ 1 over GF = {0,11 respectively.

Let (rn11 m,, 11113) = (11 1), Hence by theorem A.5

-~
[y

to
l -
M= |1 ! 1 0 and  |M| = M~ exists. After
{
1t 10
calculation
r 1 1
_I\_/fiz t 0 1 Upon verification
t 1t 0
A O N e 11 1 0 1t 0
k- TTTm -
MAM1=110 f 0 1 171 0 1 =10 0 1}= A
- T O Tc
1 0 1 11 11 0 i 0 0
Example A.10: Let j_\.c be the companion matrix of
m(x) :x(xz-l-i) =x3+x and let AC and Ac be the companion matrix
T ct S c2 .
2 -
of x and x +4x+1 over GF = { 0,1} respectively. -
Let (1'1’111 IniZ 11113 ) = (101). Hence by theo_reln A. 5
R |
M=10 ,l it 0 and I_M’ =1, M—i exists. After
0| o i
calculation
10 1
M_-jz 0 1t o0 Upon verification
0 o0 1
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1t 0 0 0 O i o0 0 0
Mé”:M*: 0 t 0 o t|| o0 0| .10 0 A
0 0 1 1 0llo o 1 0 t 0

The numerical algorithms developed in this appendix enable us

to construct the transformation matrix in the following cases:

i. The matrix to be transformed is in canonical form.

2. The matrix to be transformed is the direct sum

of a finite number of matrices in canonical form.
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APPIENDIX B

ALGORITHM TFOR GENERATING THE NULL SPACE OF A MATRIX

This appendix includes an algorithm for finding all the nonzero
elements in the null space of a matrix. The use of this algorithm is
extended to the solution of a system of m equations in n unknowns where

m £ n.

B-1: Algorithm for generating the null space of a matrix

Definition Bi: An echelon matrix is a matrix in which the number

of zerces preceding the first nonzero entry of a row increases row by row
until only zero rows remain. The first nonzero entry in any row is a distin-

guished element of the echelon matrix.

Definition B.2: A row reduced echelon matrix is an echelon matrix

such that the distinguished elements are:

i. the only nonzero entries in their respective columns
2. each equal to 1.
Let Mm'n be a matrix with coefficients defined over the field F.

Let the null space of M have dimension q. Therefore the algorithm for

finding all the nonzero elements in the null space of M is as follows:

i. Reduce M to its' row rcduced echelon form Mr’ by a series

of elementary row operations such as:

i. interchange two rows
ii. add one row to another

iii. multiply one row by a constant.

2. Interchange, if necessary, the columns of Mr until it is in the
form:

= pxq where p =n-g
1Y mxn

SRS
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Constru(_:t the matrix N as follows:

nxg

Permute the rows of N in like manner to the colwumns of

_I_\_/Ir in Step 2. If the jth column of L/Il

R
th .th ) .
i column of Q/IR then the i row of N is placed in the
.th
J row of N,

was placed in the

The columns of N form a basis of the null space of M.
Therefore the set of all the nonzero elements in the null space
of M is equal to the set of all the linear combinations of the

basis vectors.

Example B.1:

[1 1 o 3]
Let M = | "% 1 -8
— 3 3 -2
2 2 0 6_j
Step 1: Step_ 2:
[ 0 3 1 0 1 3
0 0 1 4 0 1 } 0 4
M= 0 0 0 o M = e —
0 0 0 0 r 0
L N
. . —/ =
Step 3: r_i -3 Step 4: F—i -3
N 0 -4 N = 1 0
i 0 -4
0 1 1
b - .
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Therefore the sct of all nonzero elements in the null space of

M is equal to the set of all lincar combinations of | 1 —8
0 -4
0 1

B-2: Method for solving a system of linear cquations

Consider the {following system of m linear cquations in n unknowns

Xl’ hZ’ : ! Xn
‘ a x, + a x_. o+ | a x =1
; 11 71 12 72 in n 1
f a.,x 4+ ..... a. x =boh
i 21 1 * 2n n 2
! ~
§ ~
| ~
H ~
: ~
] a a X_ 4+ ..... + a = b
¢ m 1X 1 m2 2 * nlnxn m

where a,., b € F for | i £ m, 1 < j < n.
H . 13 i

The above equations may be represented in matrix form as follows:

| [ T (% 1 s 7
@ a“ a12 ..... in X b
~ -
*21 ~ O *2
: N e or Ax = B
~ .
~ N
~
....... a x b
mi mn n
L J L J L

where A 1is called the coefficient matrix,

If B = 0 then the system of linear equations is a homogeneous

system of linear equations such that Ax = 0 . As in the previous section,

the set of solutions to this system of equations is equal to the set of elements

in the null space of A.
If B #0 then the system of linear equations is a heterogeneous system
_ s !
é = -{\-— _L_—-_ =-1 . é:*
0....0

of linear equations. Let ‘and Xn41 is called the
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augmented matrix of A while =x +1
= -

us to represent the heterogencous. system of equations as follows:
-
| x
1

x

L2

is a dummy wvariable which cnables

.,

Ak x = 0 where x% =

x
n+1
L J

As in the previous section the set of solutions to this system of equations
h
is equal to the set of elements in the null space of A% for which the n+1'cj

column entry is equal to -1,

Example B.2: Consider the following system of 3 linear equations

in 3 unknowns:

3x1 + x, + 6x3 = -3
3 2 : = -2
2*{1 + xz + 4x3

- - - L D -
2>>.1 hz + J:&3 i

3 1 6 x1 -3
2 1_4 x2 = -2 or A x = B
2 -1 3 i
*3
EE
sk i
A = .é ,' E = 2 1 4 -2 The row reduced echelon
0.0 0 2 -1 3 1
o 0 0 o]
1 o 1

)

form of _f_&* is

0 0 Hence the matrix

0

0 1 0 0
. .

60 o o0

The set of clements in the null space of /_\.mis given
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-
F‘_ ]
by 0 where B € F. The solution to our system of equations
B
8
- - t
is that element for which the n.t h column entry is -1, thatis g = -1,
My [« ]
1 -
. >‘1
0 x2
Hence the solution is -1 = x3
x
-t 4
Therefore x1 = 1, XZ = 0 and x3 = -1.

Hence the algorithm in the previous sections permits us to solve
any system of linear equations by finding the elements in the null space

of the coefficient matrix or the augmented matrix.
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APPENDIX C

FLOW CHARTS AND PROGRAM LISTING

This appendix includes a main program flow chart, several subprogram
flow charts and a listing of the program written to implement the shift register

realization algorithm described in Section IV -3,

C-1: Flow Charts:

Main Program Flow Chart:
fe)

START

Subroutine

A

Y

Subroutine
B

i=i41 \L
: Subroutine

C

|

Store in

matrix E
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A
FForm the
matrix M.

No

Obtain a
matrix M

Obtain the
TN | = ].\’I
matrix M M’T M
Obtain the
matrix M B
Does M B satisfy the No
coordinate restraint ? ™
i Yecs
Print the isomorphic
C.S.R.R. sequential
machine
I
Y Note 1
REPEAT

REPEAT | Note 2

Note 1: Repeat as in Ste'p 9 of the algorithm given in Chapter TV,

Note 2: Repeat as in Step 10 of the algorithm given in Chapter 1V,
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Subroutine A TFlow Chart:

This subroutine computes the matrix Li(A) for any polynoniial 4. (x)
- i

and matrix A defined over GF = {0,1} .

START

4 (4 =0
i=1
<
Yes
- No
Yes
4
A =
l&l(_) &il(é) oI
Flag = 1
No
Power =17 Stor = (Stor) A
!
c =c + 1
Yes
No Flag =172 Y'es c = Power? NNo
4 (A)—»ﬁ (A) +Stor = ? N
L (A) =L, (A) + St j= jnz ¢ iz i -
Yest+ . . : ' R

Yes

END
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Subroutine B Flow Chart:
This subroutine converts a given matrix M dclined over GIF =
to its row reduced cchelon canonical form.
M

M No

{0, 11

Interchange jth

row and kth row

i= 4

1

Add kth row to ith row if
m{i,j)£ o for i=1,2,...,n; itk

j

< n
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Subroutine C Ilow Chaxt:

This subroutine computes the null space matrix N

of any matrix M
1

X1

defined over GF = {0, 1y .

( START )

= nxq

(Appendix B)

Yes

Yes

END

Q
i

.
i

q+1
i+
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C-2: Program Listing :

MATIL PROGRAM

IMPLICIT INTEGER({A~Z)
DIMENSIUN A(Gy6) yMlOE,6),STOR(G646),SCRAPLG,6),ELDIVI3,4),

: 1 MDEGU3) ,Cl6) yNUSPLO6) 3w {6211 sDIMINV{Z),VI6G),
g 1 AVI6: 1Y yBASIS(6,6) e MB{GE6),IBI3),NNI3),
{ 1 MS({646) 4STORL{1,6),MIS(6,6)
| DIMENSION AC(6+6) sCSTAR(446) yBSTARIE,3) 30(443) 3Bl64,1),C10446)
N = 6 - -
Q =1
P = 4
R = 3
JNZL = 4

DO 100 I = 14N

READ{1,105) (A{I,d),Jd=1,N}
105 FORMATIOI2)
100 CONTINUE

DO 110 I = 1,R

READ(L,115) {(ELDIV{IoJ)sd=1,JNZL)
115 FORMAT{412)
110 CONTINUE

DO 400 I = 1,N

READ{Ls401) (B(I14Jd)sd=1,Q)
401 FORMATI{1I2)
400 CONTINUE

D0 462 1 = 1,P

READ(1,4037 {CI(I,J)sd=14N).
403 FORMAT(612)
402 CONTINUE

DO 404 1 = 1,P :

READUL,405) {D(14+d)+d=1,Q)
405 FORMAT(LI2)
404 CONTINUE

DO 1 I = I:R

IF(ELDIV{I,JHZIL)) 2,2,3

3 DEG = JNZL -1
GO TO 6
2 Y = JUNZL - 1

DO 4 J = 1,Y
JK = JNZL - U
IFTELDIVIILJKY) 4,4,5
CONTINUE '
DEG = JK - 1
MDEG(I) = DEG
CALL MELDIVIN,I,RsDEG;IJNZL,AyM;ELDIV,STOR,SCRAP)
CALL RRECF(MNsRANKMyNUDT, M)
Y = RANKM
CALL NUSPMINyY NUDI#M,C,STOR,NUSP)
NELM = 2%kNUDI - 1
DIMINV(]) = NCLM
COUNT = 1

(92300, B o)




11

14
13

210
205

201
200

24

DETER

IF {1
IMl =
Y=0

DO 11
Y = Y
GO 710

PUT A

Y = 0
DO 15
DO 15
Wl
DO 13
ND =

CALL

DO 14
DO 14
MURES
Widy(
COUNT
CONTI
DIMw

DO 20
WRITE
FORMA
CONT1
DO 20
WRITE
FORMA
CONTI
£l
B2
E2
B3
E3
DO
Do
DO
I8(1)
18(2)
I8(3)
CHECK
COUNT
DO 10
DO 24
BASIS
V(KK)
COUNT

o Ve RuVo T TR { B I TR 1}
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MINE POSITION OF VECTORS IN W MATRIX

- l ) 79778
I -1

J = 1,IM1
+ DIMINV({J)
21

LL THE LINEAR COMBINATIGNS OF THE COLUMNS OF NUSP

J = 14N
K = L1,NELM
Y+K)} = 0

L = 1,NELM

L

BCONVINUDI STORYL;ND)

J = 1.N

K = 1,NUDI

= BMULT(STORL(1+K) sNUSP(J,K))
Y+COUNT) ) = BSUMIW{J; {Y+COUNT}),,MURES)
= COUNT + 1
NUE

= Y + COUNT - 1

5 1 = 1R
(35210) DIMINVII),MDEG(I)

TISXe*DIMINV = ,112,5% *MDFG = 1,112)
NUE

0 I = 1,N

(35201) (W{led),yd=1,11)

TOLOX,s'W = v,1112)

NUE

DIMINV(1)

El1 + 1

El DIMINV(2)

1

DIMINVI(3)

1,EL

B2:E2

B3,E3

+

m
N
— b+ 4+

et ey
w oo~

=0

14R

K = 1,N

KyCOUNT) = WIKK,IB{L))
WIKK, IB(L))

= COUNT + 1

(

{17 - e | B [ T | B 1

19 IF(CHECK - MDEG(L) + 1 ) 12,20,20

12

CALL

MHULT (N Ny Ly AV, A,V

IN \“’.
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DO 18 K = 14N
BASIS{K;COUNT) = AVIK,1)
18 VIK) = AV{K.1)
COUNT = COUNT + 1
“HECK = CHECK + 1
GO TO 19
20 CHECK=0
10 CONTINUE
DO 125 T = LN
WRITE{(3,120) (BASIS(I,J);J=1,sN)
120 FORMAT(I10X'BASIS = *:612)
125 CONTINUE
CALL MINVIBASIS MB,N,DETERM)
: 25 WRITE(3:260) (IB(1),I=1,R)
7 . 260 FORMAT({10X,315)

ﬁ : OBTAIN THE MATRIX THAT ENABLES THE TRANSFORMATION FROM
i AC-TRANSPOSE TO AC.

22 ND1
ND2
ND3

ME1L

ME2

7 ME3
MB2
MB3 =
c{L)
c{2)
Ce3)
DO 60 N1
DO 60 N2
DO 60 N3
DO 53 1 = 1,
DO 53 J = 1,

53 MS({I,J) = 0
NN(1)=N1
NN{2}=N2
NN(3) = N3
DO 61 L = 1,4R
DEGL = MDEG(L)

NL = NN{L}
CALL BCONVIDEGL,STOR1,NL)
DO 62 K = 1,DEGL .

62 MSU{1+C{L))y(K+C(LI}) = STOR1(1:K)
COMPUTE THE SUB-MATRIX M ASSUCIATED WITH THE ELEMENTARY
DIVISOR L. .
IF{MDEG(L) — 1) 61,61.+63

63 JN = MDEG(L)

2%MNDEG(1-1
2FEMDEG(2) -1
2%FMDEG(3) -1
MDEG(1)
MDEG(2) + ME1L
MDEGI3) + ME2
MEL1 + 1

MEZ + 1

0
ME
ME

L T T A A | I T 1

ionon

ol opo =

I'=1

DO 81 J = 2,4JN
S-= I+J

IK = 1T + C(L)
JK = J + C{L)
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DO 81 K = 3,5 .
MSELIKELY s LJK=1)) = MS{IKsJK} !
[=1K+1 ' !
- JK = JK-1 ,
i 81 CONTINUE
Z=JdN-1 ' :
D0 82 1 = 1,7
MSULI+1+CILY) , (JN+CILY)) = 0
D0 83 K = 1gJN
EL = ELDIVIL,K)
MI = MSU{T+CILY) (K+CLL) D))
STL = BMULT{EL,MI)
MI1 = MSU(I+1+C(L)Y)y (JNECIL)))
83 MS{{T+1+CIL)),{JIN+C(L}}) = BSUMISTL,MI1)
IF{I+1-JUN) 84,84,82 , j
84 S = UN + 1 - 1 g
IK = I + CtL) : )
JK = JUN + C(L) i
DO 86 K = 2,8 .
MS{LIK+LY g (JK=1)) = MSUIKyJK)
IK=IK+1
86 JK = JK-1
82 CUONTINUE
61 CONTINUE
DO 26 1 = 1,N
DO 26 J = 1,N
26 SCRAP({1,J) = MS({I,J)
WRITE(3,300) NI ¢N2,N3
300 FORMAT(10X,;312)
CALL MINV(MS,MISyN,DETERM) , E
IFI{DETERM) 60,60,87 ;
CALL MMULT(N,NyNyM,SCRAP,ME)
DO 29 1 = 1,N
WRITE(3,30) (M{I,Jd),J=1,N}
FORMAT (10X5'"M = ',612)
CONTINUE - |
CONT INUE :
DO 89 I = 1,N
DN 89 J = 1,0
BSTAR(I,J) = B{I,J)
CALL MMULT({N,N,QysBSTAR,M,B)
CALL MMULT(NsN,MNy;STGR,;MyA)
CALL MINV(M,SCRAP,N,DETERM)
CALL MMULTINsNyNyAC,STOR,SCRAP)
CALL MMULT(PsN;N;CSTAR,CI'5CRAP)
CALL PRINT{N,P,Q,AC,BSTAR,CSTAR D)
CONTINUE
CONTINUE
DO 500 1 = 1.,R
WRITE(3,505) (ELDIV(Is+J),Jd=1,JNZL}
FORMAT (10X 412)
CONTINUE
srTap
END

CUTIATSTE AT TN C SO e 2k 3

T T L e T e

R
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SUBROUTINE A

SUBROUTINE MELDIVING I RyDEG,INZLAYMELDIV,STOR;SCRAP )

THIS PROGRAM FINDS THE MATPIX M = L(A) WHERE L{X) IS AN
ELEMENTARY DIVISOR

IMPLICIT INTEGER{A-Z)

DIMENSION A{NyN)s MINyN}, STORIN,N?, SCRAPINsN) s ELDIVIR,JINZL)

CONTINUE
FLAG = O
JNZ = DEG + 1
DO 30 K = 14N
DO 30 L = 1.N
STOR(K,L) = 0

SCRAP{K,L) = 0

M{KsL) =0
DO 1 J = 1,JNZ
COUNT = 0

IF (J-1) 2,2,3
CONSIDER THE CASE WHEN J = 1

IFCELDIVII,1)) 1,1,4

DO 5 K = 14N
M(KyK) = 1
FLAG = 1

GO TO 1

27_—-—rDEG + 1

fl

CONSIDER THE CASE WHEN J

IFCELDIV{I,J3) 1,1,6
POWER = 4 - 1

DO 7 K 1.N

DO 7 L 1N

STOR{KsL) = A{K,L)
COUNT = COUNT + 1

IF [ PUWER - 1 ) 8¢8:9
IF (FLAG) 10,1011

FIND STOR = ( A RAISED TO A POWER )

N

DO 15 K = 1,
DO 15 L = 1,N
SCRAP({K,yL)Y = 0

DO 15 Q = 14N
IF (STOR{K;Q)) 16,16,17
IF (A(Q«LY) 16416,18
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§
| 16 PROD = 0
{ GO TO 19
K 18 PROD = 1
. 19 IF(SCRAPI{K,L) - PROD ) 20:21,20
; 20 SCRAP{K,L) = 1
: GO TO 15
: 21 SCRAP(K,L) = 0
; 15 CONTINUE
: DO 22 K = 1,N
; DO 22 J = 1,N
5 22 STOR{KsJ) = SCRAP(K,J)
: COUNT = COUNT + 1

IF ({ COUNT = POWER ) 9,8,8
. PLACE CONTENTS OF STOR IN M
|

10 DO 25 K = 1N
DU 25 L = 1,N
25 M{K,L} = STOR(K,L)

FLAG = 1

GO TO 1
i ADD CONTENTS OF STOR TO M
! 11 DO 12 K = 14N
i DO 12 L = 1,N
: IF ( M{K,L) = STOR(K,L) } 13,14,13

13 MIK,L) =1
GO TQ 12
14 M(K,L) = 0O
12 CONTINUE
1 CONTINUE
DO 20C II = L.N _
WRITE(3,205) (M{Il4d),d=14N)
205 FOKMAT({LOX,"MELDIV-- M = ',6]2)
200 CONTINUE
RETURN
END

INTEGER FUNCTION BMULT(J.K)
IMPLICIY INTEGER{A-Z)
IF (J) 242,11

1 IF {(K) 2,2+3

2 BMULT = 0

| GO TO 4
. 3 BMULY = 1
3 4 RETURN

e .

e END

i

SAn

B

S
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SUBROUTINE 8

SUBROUTINE RRECF [Ny RANK™,NUDI s}
PROGRAM TO REDUCE A MATRIX TO THE ROW REDUCED ECHELON CANONICAL FORM
IMPLICIT INTEGER{A-Z)

DIMENSION M(NyN)
CONTINUE

Ko=)

DO 31 J = 15N ]

FIND A NON ZERQO ELEMENT IN THE J-TH COLUMN
I = K

IF(MUL14d)) 2,245

IFOI-N) 4431,31

I = I+1

GO TO 1

IF{I-K) 13413,6

INTERCHANGE THE I-TH AND THE K-TH ROW
DD 7 L = JyN

A= M(I.L)

M{TIsL) M{K,L}

MIK,L) = A

ADD "THE K—=TH ROW TO ALL THE NECESSARY ROwWS
DO 8 L = 14N

IF{L-K) 9,8,9

If{iL,d)) 848,10

DD 8 JJ = JyN
IF{M{L,JJ)-M(KsJJ)) 11,12,11
M{Ls+dd) = 1 -

GO T0 8

M{L.,JJ) =0

CONTINUE

K = K+1

CONTINUE

RANKM = K-1

NUDI = N=RANKM

DO 200 I = 14N

WRITE(3,205) (M(14d)4d=1,4N])
FORMAT (10X, *PRECF—— M = 1,612)
CONTINUE

WRITE(2,210) NUDI
FORMAT(40X,"NUDIL = ',1110)
RETURN '

END
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SUBRDUTINE C

SUBROUTINE NUSPMIN, RANKMsNUDI oM, C, STOR, NUSP)

PRUPOSE: CONVERT M MATRIX INTO THE NULL SPACE MATRIX NUSFH
M IS MATRIX IWN ROW REDUCED ECHELON CANONICAL FORS

NUSP IS5 NULL SPACE MATRIX

C IS A COLUMN VECTOR WHICH STURES THE ORDER OF THE
PERMUTATIONS OF THE COLUMNS QF M

IMPLICIT INTEGER{(A-Z)

DIMENSION MIN,N}, C(N), STOR(N:NUDI), NUSP{N,NUDI}
CONTINUE

FLAG = ©

R =1

Q =1

K = RANKM + 1

STORE IDENTITY MATRIX IN STOR MATRIX BEFORE THE ROwW PER™U

DO 1 I = KN
DO ¥ J = 1,RNUDI
STOR{I+J) = 0O

I = K

J =1

STOR({I,J) =1
IF(I-N) 3444

I = I+1
4= g+l
GO TO 2

FOR# THE STOR MATRIX: SAME AS NUSP BEFORE ROW PRFEMUTATINONS

I 1
J 1

IF(M{I,d)) 646,12
IF(I-RANKM) 7+9,9
IF(M{(I+1),d)}) 9,9,8"
I = I+1

FLAG = 0

GO TO 5

ClJ) = RANKM + Q

PLACE CONTENTS OF J-TH COLUMN OF M IN Q-TH COLUMN QF STOR

DO 10 L = 1,RANKM
STOR(LsQ) = M{L,J)
IFCJ=-NY 1215415
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12
13

14

15

16

205
200

3959

(6] AWN -

~N o

J = J+l
Q = @+
GO TQ 5
IF (FLAG) 13,13,9
C{J) =R
CIFLU-NY 14,115,158
J = J+1
R = [+1
FLAG = ]
GO TC 5

PERMUTE ROWS OF STOR IN SAME MANNER AS COLUMNS OF
-M AS DEFINLD BY C MATRIX

DO 16 1

= lr“
DO 16 J = 1,NUDI
NUSP{T3J) = STORI(CI(I),)

DO 200°1 = 14N

WRITE(3,205) (NUSP(I;J)sJ=1,NUDI)
FORMAT (10X *NUSPM== M = *,612)
CONTINUE

RETURN

END

SUBROUTINE BCONVI(DEG,STORL,ND}
IMPLICIT INTEGER{A-Z)
DIMENSIGN STORL(1,DEG)
CONTINUE

DO 1 K = 1,DEG
STOR1(1,K) = 0
IF{STOR1I{1,DEG}) 3,3,5
STORL{1,DEG) = 1

ND = ND - 1

IF{ND} 9,9,2

T = DEG

STOR1(1,T) = 0©
IFCSTORI(L,(T=133) 7,7,.,8
STURI{L,{T~1)) = 1

GO 70 4

STORLI(1,(T=1)) = 0O

T =7T~1

GO TO 6

RETURN

END

INTEGER FUNCTION BSUM (J,K)
IMPLICIT INTEGER(A-Z)
IF (J-K) 1,2,1

BSUM = 1
GO TO 3
BSUM = 0
RETURN

END

e e e b
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16

50

14
21

SUBROUTINE MINV{AAINV,N;DETERM)
IMPLICIYT INTEGEP{A-Z)

DIMENSTON A{NsN)yAINVINeN), W(4,5)
DO 1 1 = 1N ’

DO 1 J = 14N

AINVI(I,J)Y = O

DO 2 I = 1N

AINV(I,I) =1

1 =1

IFLALL,TY)Y 2,3.4

DO 5 J = 1,N

IF{J-1}) 1845,18

IF(A{J, 1)) 5,56

DO 7 K = 1,N

IFLATJ+K)-A{1,K}) 8,9,8

AlJeK} = 0 '

GO 70 12

A{JdsK) = 1
IF(ATNV{JyKI-ATHRVII,K)}} 104114510
AINVIJ,K)}) = O

GO TQ 7

AINV{J,K) = 1
CONTINUE

CONT INUE :
IF(I-N} 13414+13

I = I+}

GO TO 17

K =I+1

DO 19 L = K,N
IF(A(L,1)) 19:19,15
CONTINUE

GO TO 50

DO 16 J =14N

V = A{K,yd)

T = AINV(K,J)

A{KyJ} = A{I,4J)
AINVIK,Jd) = AINVII,J)
A(I,J) =V

AINV{I,J)} = T

GO TO 4
DETERM =
GO TO 21
DETERI4 =
RETURN
END

0

1
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90
100

1000

190
200
2000
39

2090
2100
3000

2190
2200

10
30

SUBROUTINE PRINT(NyPR,AC,BSTARsCSTAR,D)

IMPLICIT INTEGER{A-Z)

DIMENSION ACINeN) yBSTARINGR) ;CSTARIPyN) ¢D(P4R)
EVEN = N/2

IF(2*EVEN .EQ. N/2} GO TO 1000

DO 100 I = 1,N

IF{l EQ. (N/2 + 1)) GO TCQ 90

WRITE(345) (AC(I+TI),I1=14N),(DBSTAR{I,II)sII=14R)
GO 70 100

WRITE(3,10) {AC{L4IT1)}yI1=1yN}4(BSTAR(I;I1),11=1,R)
CONTINUE

GO 70 2000

DG 200 I =1,N

IF(I JEQ. N/2)} GO TO 190

MRITEL395) (ACUILIT}I0=1,N),(BSTAR(L,II1},11=1,R)

GO TO 200

WRITE(3,10) (AC{TII)sll=1yN){BSTAR(I,II),I1=1,R)

CONTINUE

WRITE(3,39)

FORMAT(LIHO////7)

EVEN = P/2

IF(2%=EVEN .EQ. P} GO TO 3000

DO 2100 1 = 1,°P

IF(I .EQ. (P/2 + 1)) GO TO 20%0

WRITE(3,45) (CSTAR{I,II),II=1sN),(D{I,I1),I1=1,R)}

GO TG 2100

HRITE(3430) (CSTAR(ISII)eII=1,N)4(D(I,T1)411I=1,R)

CONTINUE

DO 2200 1 =1,P

IF(I .EQ. P/2) GO TO 2160 :

WRITE(2,y5) (CSTARIILZIT),II=1,N)+(DIlIsI1)s11=1,R}

GO TO 2200

WRITE(3430) (CSTAR(III)yII=1,M),4{DlI411),1I=1,R)

CONTINUE

FORMAT(® ¢ 518X " ",612," |',8X,"1"s112,% |¥)
’

FORMAT (! 39X " XUT+1) = 1 46125% ] X{T)Y + {*,112,¢
FORMAT LY *, 11X, 'Y(T) = [*,612:% | X(T) + |*,112,"
RETURN ’

END

SUBRUOUTINE MMULTI{P,Q:+R,4,B5C)
IMPLICIT INTEGER(A-Z)
DIMENSION A(P,R}, B(P,Q), C(Q,R}

DO 7T 1 = 1,P

DO 7 J = lyR
All,d) =0

po 7 K = 1,4

IF (B{I,K)) 2,241
IF (CUKeJd)) 2+42,3
PROD = 0O :

GO T0 4

PROD = 1

IF {(A(I4J3) — PROD ) 5,6,5
All,J) =1

GO 10 7

A{l«d} = 0
CONTINUE

RETURN

END

l

utri )
Uit
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