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0. Abstract

Given a polynomial f possibly having negative coclficients, and a polynomial P having

only positive cocfficients, consider the problem of determining whether,
for some n, the product P" f has no negative coefficients. (%)

If P" f has no negative coefficients, then it has no positive real roots, and so f cannot have
any positive real roots. Thus a necessary condition on £ is that f(r) > 0 for all 7 in (0, 00).
In 1883 Poincaré [Pn] showed that under this condition on f, there exists a polynomial P for
which P f has no negative coefficients.

The case of several variables has been well-studied. Meissner [Mn] in 1911 studied what
conditions on f will guarantee that (x) holds, for the special case of P =1+ +y+ zy. Pélya
[P6] in 1928 gave similar results for P =1+ x + y. A complete solution, giving conditions on
hoth P and f which are necessary and sufficient for () to hold, was given by David Handelman
in [H1] and [H2]. In [H3] connections between these positivity problems and several arcas of
mathematics arc described.

Generalizations of the positivity problem can be made in several ways. De Angelis [DA1]
has dropped the condition that P be positive, requiring instead that |P(re'®)| < P(r) for all
r>0and 0 < 8 < 27. Another generalization involves permitting P to vary. That is, to
replace P™ by a product PyPyPs--- P, of positive polynomials. This was first considered in
[H3, Appendix C], which gives some results for the case of several variables. The appropriate
generalization of the problem is to take a sequence {F;} of positive polynomials and to ask
whether, for all eligible polynomials f,

for every k in N there is some n, for which the product
Piy1Pesa- -+ Poyn - f has no negative coefficients. ()

In {BH] the problem (x*) is studied extensively for the case of polynomials in a single
variable z. The sequence {P;} of polynomials is said to be strongly positive if (+) holds for
all f for which fl(0 o) is strictly positive.

It is frequently convenient to permit the polynomials P; and f to be Laurent polynomials;
that is, polynomials admitting both positive and negative powers of the indeterminate z. This
permits us to regard the coefficients of each P; as a probability distribution on the integers,
provided we normalize the coefficients to sum to 1. With this viewpoint, the P;’s define a time-
dependent random walk on the integers, and strong positivity refers to an eventual cancellation
of the negative mass in f by the positive mass.

In [BH] three related numerical invariants of a Laurent polynomial P are introduced: r(P),
¢(P) and C(P), and it is shown that the condition } ; C(P;) = oo is sufficient to guarantee strong
positivity of the sequence {P;} [BH, theorem 1.11). We introduce a new invariant R(P) which
is related to those given in [BH], and for which >, R(F;) = oo is also sufficient to guarantee
strong positivity of {F;} (Theorem 4.12). The principal advantage of R is the fact that it grows
nearly additively as poiynomials are multiplied: R(Py Py - -- P,) > tanh (3-; R(P;)), (Theorem
4.7).

[BH] considers certain sequences for which 3, C(F;) converges, in an effort to determine
whether they are strongly positive. In the case of symmetric unimodal polynomials, they obtain
fairly complete results. The general case is much more difficult. In [BH] it is observed that if
the coefficients of the product P, P, - - - P, converge (afier appropriate ‘regularization’: shifting
and scaling of coefficients) to a formal Laurent power series F, and if F' converges on some
disk, then the sequence {FP;} is not strongly positive.

1



If the degrees of the polynomials P; are not bounded, it is observed in [BH] that even in the
symmetric unimodal case, there are very delicate phenomena affecting the strong positivity of a
sequence. The non-symmetric non-unimodal case becomes very difficult to approach if one does
not assume a bound on the degrees of the P;. It is for this reason that most of strong positivity
results in this thesis require a bound on the degrees of the P

Before studying strong positivity, it is important to be familiar with what is called the
fluctuation of a Laurent polynomial. If P = 3, pa’, then the fluctuation F(P) of P is the

pi—pisl - . s . N
number 2 — It measures the differences between adjacent coclficients of P as a fraction
of the total mass of P. A necessary condition for a sequence { P} to be strongly positive is that

F(Pip1Pey2 - Pegn) = 0, a5 n — oo, for every K. (-+)

One way to view this property is to regard it as mass cancellation: F(P) mcasures the
fraction of the mass of P which remains after multiplying P by (1 —x). A small value of F(P)
indicates that most of the mass has been cancelled oul.

Another viewpoint is given in [BH], which shows that property (+) is equivalent to a
condition on the states of a dimension group associated with the sequence {F;}. Specifically,
the fluctuation tends to zero if and only if point evaluation at 1 is a pure (extremal) state.

The notion of fRuctuation has a counterpart which we call the persistence of a (Laurent)

polynomial. It is defined by P(P) = B mlzn(p;'_m“). and measures the degree to which mass

persists from one coefficient to the next in P. A basic result about lluctuation, due to Mincka
[Mi], is the fact that (+) holds if 3, P(F;) = oo. Using this it is not difficult to show that (+)
is equivalent to the existence of a blocking (telescoping) of {P;} into a sequence of products
{Q:} for which 5, P(Q:) = oo (Theorem 2.10). This fact enables us to show that many
sequences satisfy (+). For example, the sequence given by
B.o=z"+n+"
has P(P,) = 0 for all n, but blocking it into pairs P, Pyy1 we find that P{F, Pyy1) is of the
order of L and so {P,} satisfies (+). The technique used in this example breaks down when
we change the spacing, or rate of growth of the center term. Consider
Pn=m_2+ﬁ+:1:5 or Pn=:1:"2+n+m3.

We can show that no blocking of the latier sequence into products Q; of a fixed number of lerms
will make 3, P(Q;) divergent. It tums out, however, that hoth of these sequences satisfy (+).

To show this, we need to introduce the idea of fluctuation and persistence over larger siep
sizes, rather than just between adjacent terms. For P =Y, pir* and w € Z we definc

2oi P — Pitwl > min(p;, Pigw)
F, a— : w = .
w(P) > i and Pu(P) S
For the sequence given by P, = 272+ n + z3, it is immediate that 3, Pa(Pn) = oo and
. Pa(E,) = oo. An extended version of Mincka's theorem (Corollary 2.8) then tells us
that fluctuation over spacings 2 and 3 goes to 0 (the analogous statements o (+)). We show
(Corollary 3.5) that if fluctuation goes to zero on two relatively prime spacings, then (+) holds.
If the degrees of the P; are bounded, another result (Theorem 3.9) tells us that () holds if
and only if the subgroup of Z generated by the set

Z Puw(Pn) =00 }

2
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is all of Z.

Armed with the ability to distinguish which sequences satisty (+), we are able to discern
sequences which are not eligible to be strongly positive, since they fail to satisfy (+).

The property of being a zero-fluctuation sequence is fairly robust, in that £ perturbations
of a sequence (appropriately nommalized) retain this property (see Theorem A.11). In fact for
upward perturbations, the property 3. P(P:) = oo is retained even under £%° perturbations
(Lemma A7)

Strong positivity, on the other hand, is nowhere near as robust. In fact, arbitrarily small
upward perturbations can cause or destroy strong positivity. The sequence defined by P; =
o; + 22 + x is strongly positive only if infinitely many of the o;'s are zero (regardless of how
small any nonzero «'s are). On the other hand, the sequence given by

Bo=cz '+ 142?428
is strongly positive if and only if infinitely many of the a;’s are nonzero (Proposition 5.16). For
convenience we adopt a notation which would rewrite this last polynomial as
(4 81 1 1 1
-1 0 2 3
below the line are the positions of the coefficients, and above the line are the coefficients
themselves.

Since being a zero-fluctuation sequence is a prerequisite for being strongly positive, and since
Mineka's criteria guarantees that a sequence will be zero-fluctuation if 3, P(FP;) = oo, we are
led to ask what additional conditions should be imposed in order to gain strong positivity. The

1 1 L

sequence given by Pp = 4 1
q g y o 3

P, =\

, is a zero-fluctuation sequence, but it is not strongly

1 1 a1
o 1 3
be strongly positive, again because of the ‘essentially isolated’ coefficient. It comes as somewhat
1 1 1 e™
0 1 3
result along this line is Theorem 5.7, and substantial arguments and techniques are required to
prove it. These techniques are built up towards the end of chapter 4 and the start of chapter 5.
We generalize the result in steps until we arrive at an analog of Mineka’s theorem, for strong
positivity (Proposition 5.14 and Theorem 5.15):

For a sequence of positive Laurent polynomials of bounded degree, for which 3, P(F;) =
oo, we additionally require a condition on the ratio of the next-to-end coefficient and the end
coefficient at each end. These two ratios, and the persistence P(F;) must diverge together.

The boundedness of the degree can be relaxed slightly in this result. An abundance of
examples are used throughout chapter 5, and we refer the reader to them.

We end chapter 5 by giving a few circumstances in which we can guarantee strong positivity
even though Y. P(P;) is finite. These are generally cases in which blockings into products
will readily yield divergent persistence. We also note that these cases tend to require that the
dominant coefficients have relatively prime spacing. Failing this, the sequence is often not even
a zero-fluctuation sequence.

positive because of the isolated coefficient. The polynomial P, =, , fails to

of a surprise that the sequence P, =, , is strongly positive. The first general

An underlying topic which surfaces at various points throughout the thesis is strong uni-
modality of a Laurent polynomial (also known as log-concavity). In chapter 7 we prove a
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generalization of a theorem due to Odlyzko and Richmond [OR]. They proved that under suit-
able conditions on the positioning of the nonzero coetticients of P, all large powers P™ will be
strongly unimodal. Our generalization proves the strong unimodality of all products PP -+ - P,
for n sufficiently large, subject to appropriate conditions on the sequence {P,}.

In chapter 6 we prove another strong unimodality result, this time for sums of products of
linear polynomials. The result is phrased as strong unimodality of various cross-sections of a
iwo-dimensional triangular grid of coefficicnts. Results of this type come into play when seeking
to estimate coefficients of powers of certain univariate polynomials.

The reader will find it helpful to have the List of Theorems (page 113) in hand while reading
the thesis, as it gives a synopsis of most of the results. The Index is helpful for locating the
definitions of terms and symbols.



1. Introduction

In this chapter we introduce some of the basic objects, terms and concepts which will be
referred to throughout this thesis, Each subsequent chapter begins with an overview of the main
contents of the chapter.

When dealing with a set S having an additive group structure and a partial order, we will
denote by St the positive clements of the set, namely St = {2 € S|z > 0}. In particular,
Rt ={zeR|z>0}, and Z* = {0,1,2,3,...}. We will take the set of natural numbers to
be N={1,2,3,...}.

_ We frequently encounter infinite sums, ) .., a;, having only finitely many nonzero terms,
and we define such a sum to be simply the finite sum of the nonzero terms, or O in the case that
CVEry a; is zero.

Laurent Polynomial Algebras. While Laurent polynomials may be naively construed as
‘polynomials admitting negative integer powers’, it is uselul to be more precise in our definitions
and notation. While most of our results deal with real Laurent polynomials in a single indeter-
minate, many of the fluctuation results deal with sequences of polynomials involving possibly
an infinite number of indeterminates. The following definition of Laurent polynomials is the
obvious generalization of the usual definition to the case of arbitrarily many indeterminates. In
this situation the additive group formed by the exponents is a direct sum of copies of Z.

Let T be a set. Define the group G to be G = @& 2Z; (direct sum of groups) where
each Z; = Z is a copy of the additive group of integers. If z € G has non-zero components
21,22, .+, 2k, With each z; € Z;;, we will write z = 222 ---z{* or even z = z¥ (we
also permit some of the z;’s to be zero). In this notation, we will write the group operation
as multiplication rather than addition, so if z = x'2{? .- 2{* and w = z]'z;? - 23, then
w2z =z¥r® = gwts = a:}‘l"+=‘:1::';’+=’ <oz We thus regard G as a multiplicative group,
with identity 1 = 2% We define the algebra of Laurent polynomials over R with indeterminates
indexed by I to be the group algebra R[G]. We denote it by RlzF)ie;. I I'={1,2,...,n},
we may denote it also by R[:r.f‘,:rfl,.. .,z¥1. We may replace the indeterminates z; by

other letters to obtain, for example, R[z,7,v). R[zF!)ics is a unital commutative R-algebra.

For z € G and P € R[z¥*!);es, we denote the coefficient of z* in P by (P, z*).

For P € R[z¥!);e; we define
LogP={z€eG=&e1Z;| (P,x°)#0}.

In the univariate case where P € R[z%!] this becomes Log P = {k € Z| (P, z*) #0}.

For any P € R[zE');¢; we may write P = 3 _co p-a®, with each p. € R, and this sum is
unique, since necessarily p; = (P, z*) for all z € G. Of course we also have P = Z psT”.

z€log P

We define the degree of a monomial z = z7'z?---z;} € G, in which i1,4a,...,ik are

distinct, by
deg (zi!zi? - it ) = =l + |22] + - + |2,

and then define the degree of a non-zero Laurent polynomial f € RzE!);er to be
deg f = max deg(z®).
z€Log f

5



If f,9 € RzF!ics\{0}. then

deg(fg) < deg f + degy. (1.1)
We define the positive cone RzF! X of RlxEier by
RlzF, = { Pe R ier | (P 2%) e RT. V2 € G },

and this makes RzE];¢; into a partially ordered R-algebra where we define P > Q it and only
if P— Qe R[zF']j;;. The cone R[x{'Jf; is closed under addition, multiplication, and scalar
multiplication by elements of R*.

When dealing with a sequence of polynomials {P,}, ¢y in RlxE ! ier, we define, for t € Z*
and NV €N,

t+N

pht — H P; = PPy Pn.
j=£+l

Definition: If {P,},cy is a sequence in R{aF!)f; and we have a sequence 1 = N, < Ny <
Ny < ---in N, then we may set

Nj=1
Qj= H P = H B, for j =1,2,3,...
N,'_.|Si<Nj i=Nj

The sequence {Q:},qy is called a blocking of {P};en-

Laurent Polynomials in one Variable. In order to highlight the coefficients of a Laurent
. \ . . a iy (g €
polynomial in R[z*!] we will sometimes use the notation L AL —

e €2 ey -
denote the polynomial P = Ei;l a;x%. Here there is no stipulation that the e;’s be distinct,
although normally they will be distinct and increasing. As an example, we could write nz=3 +
n n? 1 5n : , i

IR R To emphasize the ‘paps’ between coctlicients we

2
might also write this as — "9 - (1) . 5: .

- -

n2z~2+1+5nz% as

Definition: Suppose P = 3 ;c; pizt € RpEF\{0}. If i,k € Z withi S k and piy <pi =
Diti = '** = Pk > Pr+1, then each of the numbers i,i+1,... k is called a peak of P. The
consecutive integers 4,7 + 1,...,k together constitute a mode of P. Each P € Rzt t\{0}
has at least one mode, and each mode contins at least onc peak. If' P has only one mode, then
it is said to be unimodal. By the first peak of P we will mean the smallest 7 € Z which is a
peak of P.  Similarly, by the last peak of P we will mean the largest i € Z which is a peak
of P.

Definition: Suppose P € R[z*!] and that there are integers i,k € Log P such that k-i>1
and j ¢ Log P whenever i < j < k. In this situation the consecutive integers i+1,i4+2,...,k=~1
together constitute a gap of P. The number k ~ i + 1 is the size of the gap. A polynomial
that has no gaps is said to be gapless.



Strong Unimodality.

Definition: A polynomial P = 3., piz* € Rlz'|"\{0} is said to be strongly unimodal (or
log-concave) if P is gapless and
P> picipict, Vieg Z. (1.2)

An immediate consequence of inequality (1.2) is that FP-_: > f—’—;;f—’- (provided 7 — 1 and ¢
Thi+1

= } is a non-increasing sequence. Every
P Jiglog P

are in Log P). In particular, the sequence {

strongly unimodal polynomial is unimodal.

Strongly unimodality plays a role in numerous problems arising in various areas of mathe-
matics, as is evident in the survey paper [S). The following result appears in numerous places
([BH, Proposition 1.5], [KG, Theorem 3], [S. Proposition 3}). An early version of this result, in
the context of continuous distributions, appeared in [Ib].

Proposition 1.1: Let P € R[z*']*\{0}. Then P is strongly unimodal if and only if
PQ is unimodal for every unimodal Q € R[z*!]*\{0}.

An often-used consequence of the foregoing resuit is the fact that any product of strongly
unimodal polynomials is strongly unimodal.

Strong Positivity.

Definition: A sequence {P;},.y in Rlz*!|* is said to be strongly positive it for every poly-
nomial f € R[z%!] which satisfies f(s) > 0 for all s € (0,00), and for every ¢ € Z*, there
exists an n in N for which f - P™* € Rz®!]*. (Recall from page 6 that P™ = [[;I3, | P)).

The next three results are routine and will be used extensively in chapter 5. Proposition 1.5
will also be used [requently to build up new strongly positive sequences from simpler ones.
Proposition 1.2:  If {P;}, .y is a sequence in R[2:%!]* having a subsequence which is
strongly positive, then {P;},cy is itself strongly positive.

Proof: Let f be given as in the definition of strong positivity, and let I be an infinite subset of
N for which {P;},, is a strongly positive sequence. Then for any ¢ € Z*, there is an m > ¢

such that
f- H P € Rlz¥')*

ig!
riEm

Since each P; € R[x*!]*+, and R[z*!]* is closed under multiplication, it follows that

forrtt=f 11 =7 I1 B|| II | eri=*0Y

t<iSm i€l iemI
- t<i€m t<igm
Taking n = m — ¢, we see that f - P™¢ € Riz¥!]*, .



Proposition 1.3:  Any reordering of a strongly positive sequence in R[2*']T is strongly
positive.

Proof: Suppose {P;},y is strongly positive and ¢ : N — Nisa bijection. We show that
{P¢'(i)}ieN is strongly positive. Let ¢ € Z*1 be given. It suffices to show that there is some
m > t such that f - [],cicm Pogiy € Rlz='*

Let t = max { ¢~'(i) | < t}, and choose n € N such that f - P e RlzF'*. Leuing
I={¢@i) |t <i<t+n} and setting m = max [, we note that

- 11 Pew=f| TI Pew| II Powr=1-P*" T1 Pus

t<im tidm tLism tin m
- el i) il

and this is clearly in R[z*!}*. |

Proposition 1.4: If {P;},.y is a strongly positive sequence in Rz%!]* then the fol-
lowing sequences are also strongly positive:

(1) {PiQi}ien Where {Qi};cy is any sequence in R{z*1t.
@ {P"} , where (P, )= (P, v79), Vi €N, Vj € Z.

Proof: Given f € Rlz®!] with fli,00) > 0, and t € Z, there is some n € N for which
F- P™t e Rlz®!*. It follows that f - [0, PQ: = - P™Q™' € R[2*!]*, and so (1)
holds.

Define f(7 € R[z*1] by (¢, 27) = (f, 277), Vj € Z, and note that fXs) = fF(1/s5) >
0 for all 5 € (0,00). There is an m € N for which f() . P™t € R[z*'|*. Since the map
r > z—-! induces an automorphism on R[x*!] that carrics R[z*')* into RzE!}*, it follows
that f- Q™! is in R[z=!]*, and (2) follows. |

iEN

The following result will be useful for making new strongly positive sequences from old
ones. It (and its proof) is a slight simplification of Lemma 1.3 in [BH].

Proposition 1.5: Suppose that for each i € N, we have an M(@i) € N and Laurent
polynomials T} ; € R[zE!]* for j=0,1,2,... M(i). For each i € N let
P= > T
0<iSM (1)

Suppose also that whenever k = (k(1), k(2),...) is a sequence in Z1 with 0 < k(i) <
M(i) for each i, then the sequence {Th(;),i};cy iS Strongly positive. Then the sequence
of sums {P;};cn is strongly positive.

Proof: Let f € R[z*!] be as in the definition of strong positivity and let t € Z* be given. For

each i € N define K; = {0,1,2,..., M (i)}, and let X denote the cartesian product of the K's,
with the product topology (assuming the discrete topology on each K;). By Tychonoff’s theorem,
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K is compact. Given k in K, there exists n(k) € N such that f - Hf:?ﬁ) Try,: € RlzE,
and we form the clopen set

U = {k' e K|k (H) = k() forall j <n(k)}.
The family {Ux |k € K} is an open covering of K. As K is compact, there is a finite set
(M) k3 k™) of elements of K such that

™

U U =K.

3=1
Let n = max {n{kV), n(k®),..., n(k™)}. Then f- H:;;‘H Tk € RfzE!]* for every
k in K. It follows that f- P™t being a sum of such products, also lies in R{z*!]*. We have
proved that { P}, is strongly positive. 1

Peaks and Ratios.  In investigations of strong positivity and strong unimodality, it is
frequently necessary to estimate the ratios of adjacent coefficients of a polynomial, especially near
the peaks of the polynomial. Frequently such estimates involve products of linear polynomials.
In this section we obtain some basic results about these ratios, and how they are affected by
certain perturbations. While the proofs are elementary, the examples following Proposition 1.7
and Proposition 1.9 show that we must be careful in making our hypotheses.

Definition: If P and @ are in R[z¥!]*\ {0}, then Q is said to be a right-positive perturbation
of P if @ - P e R[z*!]* and (P, x*) = (Q, #*) for all i < max Log P.

Lemma 1.6: Suppose that P and R belong to R[2%!]7\ {0}, R is strongly unimodal,
and d = max Log P. Suppose also that @ = P + az' with @ > 0 and ¢ > d. For any m
in Z and @ in (0, 00), if (PR, ™) < 8 (PR, 2™*1), then (QR, ™) < § (QR, z™*!).
Proof: We can writt P = ), pa’ and R = 3, ma'. Note that if r; > fripy
then = < 1/6, so by strong unimodality of R, r; 2 6rj4 for all j 2 i Suppose
(PR, z™) < §(PR, z™*!). Then it cannot be that r,,—¢ > rm_d41. since then by strong

unimodality of R we would have r,—; > frg,—q1 whenever i < d, which would give
(PR, z™) = ZK“ PiTm—i 2 Bziq PiTm—it]l = H(PR, ::.'"‘“), which cannot be. Thus

Tm—d € Om—gy1. Since 0 < (PR, ™) = 3. | piTn~it1, it follows that 75 > 0 for some
j =2 m—d+ 1. Thus, if rm-q¢ =0, then r; = 0 for all j £ m —d. On the other hand, if
Tm—d 7 0, then strong unimodality of R yields that r; < frjz) for all § < m — d. Thus, in any
case, as t > d, we have -y < ry—4.1. This gives
(QR, z™) = (PR, 2™) + aTm—t < 8 (PR, 2™*) 4 arm— < 0 (PR, 2™*') + Barm_t41
=8 (QR, z™*'),
as required. |

Proposition 1.7: Let P, @, R € R{z*']*\{0} with R strongly unimodal and suppose
Q@ is a right-positive perturbation of P. Then for m € Z and 8 € (0, ),

(QR, z™) < 6(QR, z™*')  whenever (PR, z™) < 6 (PR, 2™},

(PR,z™*Y) _ (QR,z™*!)
(PR, z™} = (QR,z™) °
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In particular, if (PR, ™) 50, then




Proof: If P = @ there is nothing to show. Assume P # Q. Let Log(Q - P) = {iy.iz.. .. ik}
where iy < ig < +++ < ig. Forj =0,1,2,--- k. define Q; = P+ ¢pg; (Q = Powim) aim,
Then Qo = P and Qi = Q. For j = 1,2,...,k we can apply Lemma 1.4 10 see that form € Z
and 8 € (0,00), if (Qj—1R, 2™) < #{(Q; R, ™), then (Q R, a™) < 8{(Q,R, x™th).
The desired inequality follows immediately.

PR, ™!

If (PR, ™) # O, then {QR, z™) # 0. Since, for p € R, p < —myt = p <
m-1 Im+l m+l
S?QE’%FTL it follows that (f_f ,'t'x,,.)) < (?3,‘:1...)). 1

The strong unimodality of R in Lemma 1.6 and Proposition 1.7 cannot be weakened to
require only unimodality. This may be sccn by considering R = 1+ 2+ 3etwith P=1+u
) Rt Aok PR, x?
and Q = 1+ (1 + €)x. and noting that i(%ﬁ)l = -_}-lL; <i= (,,”_z . Another c:famplc.
with a different perturbation, is obtaincd by taking P = 1+ and Q = 1 + & + ex®, with
; . \ 7(!\ s . 1Y \ 3
R =1+ z + 3z + 3% and noting that (Sﬁ:) = <t= -(q,,%r))
If R is unimodal we can, however, show that the first peak (i.e. the leftmost peak) of PR
can only move to the right when P is replaced by a right-positive pertubation of itsell. This is
the content of Proposition 1.9.

Lemma 1.8: Suppose P, R € R{z*!]*\{0}, R is unimodal, and ¢ = max Log P. If
Q = P+ax' with @ > 0 and ¢ > d, then the first peak of QR is greater than or equal
to the first peak of PR.

Proof: We can write P =3, pix* and R =3,y rit, Let p be the first peak ol PR
Suppose that 7,y > Tm—d+1 fOr some 0 < p (we will deduce a contradiction). This gives
PdTrm—d > PdT'm—d+1, and by unimodality of B, 7su—i 2 Tan—i1 whenever 7 < ¢, This yields

(PR’ mm) = Z PiTwm—i > Z DiTm—igl = (PR‘ mm-}-l) '
i<d i<d
which cannot be, since p is the first peak of PR, and m < p. It follows that Tyt £ Tm—d+1
for all m < p; that is, r; € 7341 whenever i < p—d.
Letn<p Ast>d,wehaven—t <p-—d,s0r,_y < Tp_yyy. Thus
(QR, z™) = (PR, 2™} + Tt £ (PR, 2™ o+ ara
< (PR, :1:"'“) + QT pet ] = (QR, .'l:"+1>.

Since (PR, zP~') < (PR, a?), we have (QR, 27!} < (QR, a”). It follows that @It has no
peak less than p. |

Proposition 1.9: If P,Q, R € R(z*¥!]*\{0}, R is unimodal, and Q is a right-positive
perturbation of P, then the first peak of QR is greater than or equal to the first peak of
PH.

Proof: If P = Q there is nothing to show. Assume P # Q. Let Log(Q - P) = {11,182, ik}
where iy < g < ++- < ig. Forj =0,1,2,...,k define Q; = P+ Y 1cpnug; (@— P, zim) T,
Then Qo = P and Q. = Q. For j = 1,2,...,k we can apply Lemma l’.é o0 see that the first
peak of Q; R is not less than the first peak of Q;-1R. Thus the first peak of QR is not less than
the first peak of PR. [ |
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The unimodality of R cannol be dropped from the conditions of Lemma 1.8 or Proposition
1.9. For example, if R =1+ %x+ 72, P=1+ -1;.1: and Q@ =1+ %ﬂ:. then the first peak of
PR is 3, while the first peak of QR is 2.

Returning to the strongly unimodal case, we obtain the following elementary result. Recall
from page 6 that P™0 denotes the product PPy --- P,.

Corollary 1.10: Let P; and Q; be strongly unimodal polynomials in R[z%!]+\{0} for
i=1,2,3,...,n, and suppose that @Q; is a right-positive perturbation of P; for each i.
Then for each m &€ Log P™0,
n0 ,m+l n,0 .l
(PO, a1 (@0, )
(Pn.(], mm) — (Qu.o, .1!"")

Proof; For notational convenicnce, fork = 1,2,...,n, define RF) = (1_[::11 Q,-) (TTireks1 B)
where the empty product is | by convention. Note that cach R(*) is strongly unimodal, and that
P™0 = PLRM, and Q™0 = Q,,RM. Suppose m € Log P*°. Then m € Log (P.R®) for
k=1,2,...,n, and by Proposition 1.7, we have

(PJ,;R(k), $m+1> (QkR(k) , mm-i—l )

<
<PkR(k), xm) - <QkR(k), mm)
for k=1,2,...,n. Since QrR* = P R+ for k=1,2,...,n — 1, we have
(PeRW), 2™y (P R+D, g1y
<

(ka(k)’ mm) - <PA:+1R("’H), mm)
for k=1,2,...,n— 1, Combining these inequalitics we obtain
(P"'D, xm+l) _ (P[R(l), .Tm+l) (P,,_R("), :L.m+l) < (QnR(n), :L‘m'H> ~ (Qn,O’ mm+1>

(Pn,O‘ mm) - (le(l)1 mm) = (R‘R(n), mm) - (QnR(n), .1:"") - (Qn,o, mm)
2

The upper bound on ratios provided by Proposition 1.11 is sharp in the case that all the §{s
are equal, where it gives essentially the ratio of successive binomial coefficients. Among other
things, it could be applied to estimate the ratios of Stirling numbers of the second kind. If all
of the 8;'s lie in a common interval [b, B], with b > 0, similar ratio estin.ates (and bounds) can
be developed by careful use of the analytical methods of Chapter 7.

Proposition 1.11:  Suppose 1,2, ..., 8 € (0,00). Let P™ =[]t (1 + Biz) and
let Sy =3.;—, Bi- Then
<P(n), .’Bk+l> Sn n—k
<
(P, zky ~ k+1
This inequality becomes an equality if all the 8;’s are equal.

; for k=0,1,...,n.

Proof: The method of proof employed here was suggested by Dr. A. Joffe, and is shorter than

- . ptr) zk
my original argument. Writing P(®) = pIHEN (’,:) arx®, so that ap = LTF%Z for each k, we
k

have the inequality
Ax—1ak41 Saf., k=12,...,n-1,



from page 504 of [S] (or equivalently, equation (6) on page 11 of [Be]). This yiclds 9—"-*-‘— < S

= ag-”

Applying this inequality repeatedly we obtain —7‘— << g8 ——/— . That is,

— ke — - g

(n) k41
(P, 1) () <Su

(P(") I V)

(P, gh+1) < (L':-I) Syn—-k Sy n-k

(P, z*) () " k+l k+1 n

This yields

If all the G;'s are equal, say 3; = ffori=1,2,...,n, then ap. = B* for cach k. and all of our
inequalities become equalities. |

Proposition 1.11 showed that for a fixed value of )| G;. the ratios of successive coeflicients
of [T, (1 -+ Biz) are greatest when all the 8;’s arc equal. An immediate consequence of this
is the fact that choosing all of the 8;'s equal will also maximize the coeflicients themselves. In
Proposition 1.12 we also develop a lower bound on the coeficients ([T;., (1 + Bix), 1") at
least for values of k which are small relative to ..., B;. This lower bound will be needed in
chapter 7 (in the proof of Lemma 7.3). Using the lower and upper bounds on the coctficients
together, one can also obtain a lower bound on the raties of cocfficients.

Proposition 1.12:  Suppose §1, B2, ..., B, ate numbers in (0, 00), and let 5, = Z?:l J!
Then for £ =0,1,2,...,n

n k
/'l‘r R n E’i k
\i=‘|1_(1 + ﬁta‘)v €X > S (’i‘) ( n ) - L' Sn (1-3)

For k > 2 we also have

I;'[ ( )(Zﬁ )Sk'°] < <_Ij(1 + i), :::’“>. (1.4)

Proof: Fork=0,1,2,...,n, let px = ([[i=;(1 + Bix), «*). Equation (1.3) clearly holds for
k=0and k= 1. Assume k > 2. Noting that po = 1, we use Proposition .11 to find that
k-1 k—1

k
Pis1 S, n—1 e 11 n! (Su) (n)
= JT1 2% <« On BTE ok o " (22
Pk g i _Hi+1 n S kKl n* (n-k) n k
As ¢ i k), < 1, we also deduce that (}; )(n)ks%i.
If we set I, = {1,2,...,n}, we see that

pr = Z: Hﬁi= Z Bi, By« - Bis-

ﬁ{%ir’:‘ iEX 1€1 Cip < Sl SN

We compare this to the expression E = S¥ = (31, ﬁ, Note that E, when multiplied out,
has n* terms. Not all of these terms have distinct indices, but each set of distinct indices occurs
k! times. Thus px < k‘S We wish to remove from E all terms having a repeated index.

Counting such terms, we obtain (5)(T A2)(T 6i) }*=2, where some lerms have possibly been
12



counted more than once (those with more than a single repeated index). The sum of the terms
of E with distinct indices is thus at least £ — (5)(Z 82)(T 8;)*~2. Hence

ez [ (SN - gst- () (S )t
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2. Fluctuation and Persistence

In this chapter we introduce the notion of fluctuation of a Laurent polynomial, and the
companion notion of persistence. In its simplest form, the [uctuation, F(P) ol a Laurent
polynomial P is a number which measurcs how the differences between adjacent coctlicients of
P compare 1o the total mass of P. While lluctuation looks at the differences between adjacent
coefficients, persistence P(P) measures the mass which adjacent coetficients have in common.

As polynomials P; are multiplicd into a product Py Py - - - Py, the persistence ol the product
grows, and the fluctuation decreases. It trns out to be important to know whether, for given k.
the fluctuation of the product P = P Pega -+ Prya decreases to zero as notends to infinity.
This is a necessary condition for the sequence {P,} to be strongly positive (sce Theorems 2.1
and 2.5 in [BH]; we also prove this in Corollary 4.22).

In [BH] it is shown that the problem ol deciding whether the fluctuation F (P"*) tends o
zero (for all k) is equivalent to answering a guestion about the states on a particular dimension
group associated with the sequence {P;}. Specifically, the fluctuation tends to zero il and only
if point evaluation at I is a pure (extremal) state.

The fluctuation of positive Laurent polynomials in a single indeterminate is considered in
[BH]. In [MH] this is generalized to the case of polynomials in a finite number of indetermi-
nates. We introduce a definition of fluctuation {and persisience) which is generalized in three
ways. Most importantly we define fluctuation over various step sizes (or directions) rather than
considering only adjacent coefficients. Fluctuation over such step sizes turns out to be the crucial
ingredient needed for the new fluctuation results of chapter 3, such as Corollary 3.6 and Theorem
3.9. Our definition of fluctuation also covers polynomials with negative coelficients and allows
an infinite number of indeterminates. While these two aspects do not add anything new o our
knowledge of the single-variable positive case, they do provide a few interesting feawres which
shall be commented upon in due course.

As already mentioned, when polynomials P; arc multiplied into a product PPy .- P,
the persistence accumulates, reducing the fluctuation of the product. A basic result about this
accumulation is the fact that the condition 5, P(P;) = oo is sufficient to guarantee that the
fiuctuation of P™* tends to 0 as n grows. This is known as Mincka's theorem [BH, theorem
1.6]. A proof of it in the case of finitely many variables is the subject of [MH)]. We extend
this proof to obtain two corresponding results in our more generul setting (Theorem 2.6 and
Corollary 2.8). We also derive a bound on how quickly the flucwation decays, as hinted at in
[MH). By considering blocking of a sequence into products, we obtain a necessary and sufficient
condition for fluctuation to go to zero (Theorem 2.10), and this leads to a 0 - 2 law for fluctuation
(Corollary 2.11).

Throughout this chapter R[zE"];cs will be the algebra of Laurent polynomials over R with
indeterminates indexed by some nonvoid set I, and G will denole the direct sum e Z, which
is the group of allowed exponents of x for monomials in R[:::f“],- ;. Readers not interested in
Auctuation in higher dimensions will lose little by replacing R[x; Nier by R{z%!] throughout
and taking G = Z.

First we make the Laurent polynomial algebra into a normed algebra blli]nlroducing a norm

which is the restriction of the £! norm on Z/. Define a function ||-]| : R[=z" Jier — R by
1
S o] = el
Z€G zEQ

14



Proposition 2.1: Let f,g € R[ﬂ:?:l]iel and o« € R. Then

In particular, R{z")ie; is a normed R-algebra. For elements of R[z}

(L Ifll=0.

) IIfl=0 <= f=0.
3y llafll = lal L f]l.

@ NIf+glt <IN +1gll-
S gl < Ul

© llz*fll=1fll, V2 € G.
M =1

E1E, we have

more:

@® Nf+gll=F1+lgll, if frg20.
@ [fell =151 Ngll, if f,g20.

Proof: Write f = 3, . f:2" and g = 3 g 9-2°. where G = & Z. Then

(1):
(2):

(3):
4):

(5):

(6):

i€l
1f:] 20,¥2€G = |ifl=2.eclf:l 20
gf||=0 = Y.eclf:lg0 = Ifel=0,Vz2eG = f.=0,V2eG = f=
f=0= f.=0V2eCG = Nfll =E=Ea(}= 0.
lefll = |Seeq afet%|| = Deeq lafsl = Tece lal el = lel Teeo fl = lel I £l
If+ gll = “ZzEG(f: +g:)m:“ = E:e(: |f- + g:| £ Z;GG lf-'.l + lg:| = Z:GG lf:l +
Z:ec lg=| = "f" + ”9"

1£01 = | Susec Futs 4| = [ Toec (S futomu)*l| = Tree | Zuec fudo-sl

S zuec: Zwec |fw9v-—w| = ZUEG ZwEG |fw| lgv—H'l = Zwec !fw| Zuec |9v-w|
= Ewec | fuo! Zvec.' |go] = ”f” ”!]“

”:L':f“ = ”Z:wEG fwmw-l-:” = ZwGG l-fwl = “f"

If f,g € RlzF')%,. then each f. and g. is in R*, and so we obtain (8):

If+gll=

= S fetgel = S Ufltlgsl = SUEHD Lol = Ui+lgl,

=eq =6 =eq =@

Y o (f: +g:)77

=€G

and applying this we get (9):

gl =} 3 fuge- 25| = || fu Do ge-w*™l = 3 fu.ZQf:v"’J’:”
w,2€0 weld el wel e
= S 1l 3 g2 +=| = D0 1l D lgsl = I£ N ligl
wel@ el wels G
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Definition: 1If I is a nonvoid set, R[zZ!);¢/ the comesponding Laurent polynomial algebra, and
G = @iesZ, then for w € G and f € Rz ;s we define the fluctuation of f in the direction

w, denoted F,,(f). by
i—tr")f e
Fulf) = { Wit 40
0 it f =0

and the persistence of f in the direction w, denoted P (f). by

Pw(f) =1- f;‘l(f) (2'1)

2

We will also have occasion to use the unnormalized fluctwarion  F,( ). defined by

FolH) =11 = 2*) 1.
In the special case where 7 is a singleton and w = 1, we will write F(f) for Fu(f )y and P(f)
for Py (f), and call them simply the fluctuation and persistence of f.

Definitions of fluctuation in more restricted settings have been given in [BH] and [MH]
In [BH] (p.12) the Auctuation F(f) of a positive Laurent polynomial in a single indeterminate
is defined as above (w=1). In [MH] fuctuation is defined for positive Laurent polynomials in
finitely many indeterminates for the case where ™ = z!. In [MH] fluctuation is only used in
the situation where || f|| = 1, and there it coincides with both 7* and F above.

The generality of the direction of w in our definition turns out to be very useful and yields
results for fluctuation in the basic directions, even in the single variable case (compare Example
3.3 and Example 3.8).

In most cases results for F* can be reformulated in terms of F, and vice versa. A notable
exception occurs when dealing with products of polynomials involving both positive and negative
coefficients. This difference is highlighted by Example 2.7, and the differences hetween Theorem
2.6 and Corollary 2.8. In most cases we prefer to deal with the normalized fluctuation F,,(f).

Finally, Example 3.13 gives a non-trivial example involving fluctuation results for polyno-
mials in countably many indeterminates.

Properties of Fluctuation: Let I be a non-void set. Then for f,q € R[.'J:gt Nier
w € G = ®ic; Z, and a € R\ {0}, we have

0 0<Fu(f) <2

(1)  Fulf +9) S max(Fu(f), Fu(@)., if fg20

() Fulaf)=Fu(f)

(3) }—w(wuf) = fw(f)a Vu € G.

@)  Fu(fg) < min(Fu(f), Fulg), if fg20.

(5) If {f, z*) = (g, z~%), Vz € G, then Fy(f) = Fu(g).

(6) F_w(f)=Full).

:L'= - .:l.'=+w .
(7N J-‘w(f)=ziﬁ"|(f' III)II v ”, if f#0.
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Proof: Set f, = (f, %) and g, = {g, x) for all v € G. We use Proposition 2.1 extensively:

0): 0< (1 -z*)f] < |11 —l“”llllfll < (Illll + =LA = 20 £1l.
(@) W—z9afl _lalf0—=*)) _ J-e>

© el aT /T Kl
@y Wozztf) 1=

(B [l
6 |1 = =) flF =z (1 = z™) ]l = Iz - D fI| = (1 = z*)f]l.
(5): ‘There is an automorphism, A, of the algebra R[x} Yier sending x" into z™" for every
u € G. s clear, from the definition of the norm in RfzE!)i¢/, that k is norm-preserving.
Note that k(f) = g, and that £{1 — ™) =1 —2~". Thus h({{1 —2“)f) = (1 —z™™)g,
so J(1—a")fll = (1 = &=*)gll. Qmw gl = BRCAI = [L£1l we have, provided £ # 0.

that
L — ) fll _ N — 2™l
(K ol
Thus F, (f) = F-wu(g). By property (6), F_..{9) = Fu(g).
M N1 = 2*)fll = [ Zeeq F:27 = Toee fot® | =l E.ea f:7° = Tieq frmwe||
= Z;eclz}fz - f-'-—ilu)m:“ = Z:ec |fz - .f-‘:—ml = Z:EG |f:—w - f:l
== . _ ..{-w
We now .1595:(1:11. f.9€ R[’r‘“]‘e, and prove (1) and (4). These clearly hold if either f or g is
zero, so we may assume f # 0 # g. We use the {act that || f + ¢l = || fll + llg]] to prove (1)
1L = 2)F + g}l N ="} +( —=")gll _ I = 2*)fll + (1 — z*)g|
Fu = =
Uta =" r+a HEr . HEAT
< max (Fu(f), Fu(9))-

Using this and properties (2) and (3) we prove property (4):
Fulto) = Fu(t 5 9u*) = Fu ¥ fou*) < maxFulfoue®) = max Fulf) = Ful

uwel ueG
Likewise, Foo(fg) < Fulg), 50 Fu(fg) € min(Fu (), Fulo)): "
Remark: That property | of ﬂu:.tuauon would not be true without the condition g > > 0 is clear
from considering f = 1+  + 22 and g = —z — 2* — 2®, and noting that F(f) = 2 = F(g )

while F(f + ¢) = 2. That the requirement g > 0 is necessary for property 4 of ﬂucluauon is

seen by consldenng f=1l4+zand g =1-x—2?% and noting that fg =1 — 222 — 3, so that

F(fg) = 2, while F(f) = 1 and F(g) = -
We now present a formula for compuung persistence. It will be used repeatedly, especially

in giving cxamples.
Proposition 2.2: If f=3) o f:2° € RizE'}ic; and w € G, then
“f” Puw(f) = Z X+(fzf:+'w) min (lle, |fz+m|),

zeCG
where we define, for a € R, x*(a) = {(l) :;z z 8 .
If f > 0, this simplifies to B

Dozec M0 (fzy fotw)
71 ' @2

Pulf)=
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Proof: If f = O the result is trivial. Assume f # 0. Write f = Z;ec‘: f:x®. Noting that for
every r, s € R* we have max(r, s) = min(r,s) + |r — s]. we get

r + s = min(r, s) + max(r, s) = 2min{r, s} + [r - s|. (2.3)
If o, b € R satisfy x*{ab) = 1, then they have the same sign, and so |a| = 0] | = | —b]. Taking
r = |a| and s = |b], (2.3) yields

la] + b = 2min(jal, [6]) + ||| — (8] | = 2min(la], 1b]) + |a = 4]
On the other hand, if x*(ab) = 0, then |a — b] = |a] + |b]. We conclude that for any «,b € R,
laf + 1b] = 2x (ab) min{|a}, |b]) + e — b|

This yields
2 “f" = Z |f=| + lf=+w| = Z: QX"'(f:.f:-n-m) lIlill(‘f:l, lf:-l-wl) + If-'- - f-:-l-tul
z€G €
=2 Z X+ (f:fz-i-w) min{| f:|, |f=-1-w|) + Z |f= - f::-l-ml
zeC zcC

By property 7 of fluctuation, 3 _cq 1f: = fatnl = [ F Fulf ), and so
25" xF (feferw) min(Ifel 1 forul) = 2000 = 1A Fulf) = 1A - Fulf)) =20 FI Pulf)

z€G
|

Properties of Persistence: Let I be a non-void set. Then taking f,g € R[a:it'],-e I
w € G = Bier Z, and & € R\ {0}, we have

0y 6SPu(N<L

(1) Pulf+9) > min(Py(f), Pulg)) if fg20.

(2) Pw(af) = Pw(f)

(3) 731.1.1(-'1;“.]¢.) = Pw(f): Yu € G.

4)  Pu(fg) = max(Pu(f), Pulg)), if fLg20.

(5) Pulf+9) 2 Pulf) TITH%]T if f, g > 0, not both zero.
6) Pulf)2Pulf+9) — 24, iff>0andg20.

)] P—w(f) = Pw(f)
®) If (f, 27) = {g, 77%), ¥z € G, then Pu(f) = Pu(y)

Proof: The results are clear when f = 0 or g = 0, so we assume both are nonzero. Set
fo=(f, z¥) and g, = {g, ") forall v € G.

Properties 0, 2, 3, 7 and 8 follow immediately from equation (2.1) and propertics of fluctu-
ation.

To prove property 1, we use property 1 of fluctuation: Py, (f +g) =1 — s Fulf +9) 2
1— 4 max (Fu(f), Fulg)) = min (Pu(f), P.,(g)). Similarly, property 4 follows from property
4 of fluctuation. To prove (5), note that

I f + gl Pulf+9)= Z min(|fz + gz |fz4w + Getwl)

zelG
= Z min(fz + gz, fz+w +g=+w) > Z min(.fh fz-l-w) = Pw(f) "f“
zeCG zeC
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Combining this together with the tact that [[f + g|| = || fll + l|¢[| completes the proof of (5).
To prove (6), note that for every z € G,
min{|f: + gzls [fs v + gaawl) = min(|fe], [ forwl)
= rnin(lf:l + |g:|! |f-:-l N'l + lg: l-u'l) - IIIiH('f:l, |f:+w|)

< max(|gz, [9z+wl} < 19:] + 19zl
Summing this inequality over all z € G we [ind that
If + gl Pulf + 9) = 11| Pulf) < 2llgl.

As [If +gll = 1]l + llgll 2 IIf ]l we have [l Pu(f + 9) = | £l Pu(f) < 2]igll.
s0 Pu(f +9) - 25 < Pulh). ]
Fluctuation of Sequences.  We note that for any sequence {P:},cy in RlzF'|%;, any
w € G and any t € Z*, the sequence {J‘-‘.,,(PN"')}NEN is (by property 4 of fluctuation) a
non-increasing sequence in [0,2]. We wish to know under what circumstances the limit of this
sequence is 0. An important result in this direction is given in Theorem 2.6, but first we introduce
four results that will be needed for its proof.

The upper bound in the following lemma is not particularly sharp, but gets the job done
(and is true for k = 3). Its proof is in the Appendix.

Lemma A.l: Forevery k € N,

(1) =7
< )
lk/2)/ ~ Vkx
where |k/2] is the largest integer less than or equal to &/2.
The following result and its proof are based on an argument on page 613 of [McD).

Proposition 2.3: Let 81,5,...,6, € [0,1], and for i = 1,2,...,n define @; €
RlzE1T by Q;=(1 — i)+ Bix. f B=3__, B; > 0, then

Z (@Q1Q2++ Qn, 2*) < 8"'-%, vr € [0, co).

i<B-—r
Proof: Note that if any of the §;’s is zero, excluding Q; and §; does not change the inequality
to be proved. Thus we may assume that all 8;’s are non-zero.
It is easy to show that 1 +¢ < &' < 1+t +12/2 for all + € (—o0, (). Using this fact, we
have, for t € (~00,0],
e PQi(e") = e P [(1 - Bi) + Bie’] = e P14+ (- fi(l — "))

< g~Bitg=Bi(l-¢') — ¢ i(ef =(141))

< efit/?,
We may apply Theorem A.3 with § = —oco, T =0 and a; = §; for j = 1,2,...,n, to deduce

that _ .
Z <Q1Q2 e Q‘I'H ml> S e—r'/2B-‘ VT € (_mv 0]1
i<r+B
which yields the required result. | |
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The fluctuation of a unimodal polynomial is particularly simple to calculate:

Lemma 24: If f € R[m?l];“el\{o} is such that f = av Zkez ap2¥? for some uni-
modal sequence {ai};cz and some v,w € G = digs Z, then

2
-Fn = m Fi
Proof: Letg =) ¢z aiz*". Using propertics 3 and 7 of fuctuation we note that
v 1 z =
}-w(f) = }_w(m 9) = f‘m(g) = Z |({]. ilf-) - (g, =t )l
loll &2
1 kur Rwr-bw 1
R N [ R R T DR
ol &2 Tl

Let m € Z be such that a,,, = maXgez ap. Then g — g S 0 for b < m, and o — dggr 2 ]
for k > m. It follows that

Z lax = ak41| = Z jax — akyr] + Z e — apg| = Z (g1 — ar) + Z (ar — arq)

kel k<m k>m k<mn k2m
= Gm t Om
Thus Fu(f) =m2%=ﬁ“am. |

A similar decomposition to that given in Lemma 2.5 will appear in chapter 4 in our study
of strong posilivity (see comments preceding Proposition 4.2).

Lemma 2.5: Suppose P € R[zF');e; with |P]| = 1. Then for any w € G = @ie1 Z,
we can decompose P as
P=(1+a")Q+R,

where [|Q|| = 1 Pu(P), ||R]| = § Fu(P), and ||P|] = [|(1 +2)Q| + |R]l

Proof: Write P = ¥ .o P:x". As in Proposition 2.2, we defing, for @ € R, x* (o) =
1 o, >0

{-—l ilf a, 3 <0 . For cach
0 otherwise

1 .
Q: = §¢(P:1 P:+1u) min (|P=|! [P-:-le)-

Let Q = ¥ .cc @:x°. We abserve that for each z, |Q:] < 3 | P and }Q:| £ % |Peyl. Thus

{1 +2*)Q, z7) | = |Q: + Qomnl S 1Q:] +1Q:z—wl £ P + §IP:| = | Pi
foreachz € G. We set R = P — (1 +z*)Q, and write R =Y 72" From the definition
of Q. it is clear that if Q. is nonzero, then it has the same sign as both P, and P.4y.. One
consequence of this is that if Q and Q. ., are both nonzero, then their signs arc both the same as
that of P;. In particular, |Q; + Q:—ul = |Q:|+|Q:—ul- Als0,if{(1+2*)Q, z°) = Q: + Q-
is nonzero, ils sign is the same as that of P.. Since also |((1+z")Q, z) | < |Py| and
R+ (1 +z%)Q = P, we conclude that if R, is nonzero, its sign is the same as that of both
((1+ z¥)Q, z*) and P,. It follows that |R.| + [{(1 + =)@, =*) | = |P;|. Summing over all
values of z € G, we obtain ||R|| + [|(1 + z*)Q| = || P
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Noting that ¢(a, 8) = x* (af) for any a, 8 € R, and applying Proposition 2.2, we have

1 . 1 1
"Q" = Z lQ:l = Z '.-; X+(P=P:+w) mn (I-lea |P:+w|) = 3 ”P“ pw(P) = s'pw(P)
zeC e = -
Since |Q: + Q:—wl| = |Q:| + |Q:=w| holds for all z € G, by summing over all z, we find that
(2 +z)Ql = 11Ql + 1R = 2(Q|l. Thus

IRY = 1P = (1 +2)Ql =1 - 2Ql =1~ Pu(P) =1 (1 _Lu(B)

) - %.?—‘w(P).
| |

The following theorera and its proof have been generalized from {MH], where the implication
(2.4) is proved for the case of non-negative polynomials in finitely many indeterminates, with
w being an ¢lement of the standard base of Z™. The implication (2.4), for the case where I is
a singleton and w = 1, is duc to Mincka [Mi]. Note that the right-hand side of the implication
(1) deals with the unnormalized fluctuation ;. This cannot be replaced by the normalized
fluctuation F,,, as is shown in example Example 2,7. A corresponding result for 7., in a more
restricted seuting is given in Corollary 2.8.

Theorem 2.6: Let I be a nonvoid set and let G = @ies Z. If w € G, and {Pp}, ey is
any sequence in R[zF lic; satisfying ||P.|| = 1, ¥n, then

S PuP)=00 = lim F(PV*) =0, vt Z*. (2.4)
ieN N — o0
Moreover, for t € Z*, N € Nand By, = Y45l Pu(P) > 0,
4

}-:U(PN,L) < 26—(1/2)323;\;,; +

m, Vs € (0,1). 2.5)
Proof: The result is trivially true if w = 0. Assume w # 0. Since (2.5) is trivially satisfied if
P, = 0 for some ¢ with ¢ < i < t+ N, and the right-hand side of (2.4) holds if P; = 0 for some
i > t, we may assume without loss of generality, that each P; under consideration is nonzero.

Our method of approach is to rewrite P; as a sum of two parts, one of which has high
persistence.  We then show that in the product the persistent part propogates and eventually
dominates the product.

Using Lemma 2.5, we decompose each P, as P; = (1+2%)Q;+ R;, where [|Q:]l = -;-’Pw (P,
IRl = 3 Fu(Pi), and |1+ 2)Q:ll + | R:]l = | Bl = 1.

Let t € Z* be given, and for any n € N define I,, = {¢ + 1,t + 2,...t + n}. Since

t+n
Pprt=TJ (A+2")Q:i+R] = > (H(1+$W)Qi) IT &

i=t+1 KCl. MNek FEINK
- Z (1+mw)|K|(H Qt) H RJ.,
KCln iek 7/ jernk
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we may apply properties 4 and 5 of Proposition 2.1 to obtain

| - z=)P™|| = 1 1-z*) > (1+ m‘“)“‘l(H Q,-) 1 &

KCiIa €K EI Y
< 2

-+ (Tl e) I1 &

KCl, 1-9:4 j€l.\K
< Z ”(1 WY1 + x)IK] (H Qi) H R;
KCln i JEI\K
<3 3 Ja-=a+ e (TLrea) I1 ini
k=0 S{Cl'k i€l jel\K
_21;(1_m(1+1‘“)’“|| > (H ann) IT 1wl
KCily Mek jel\K

[ =k

We now examine g = (1 + z%)*. We may write g = Z" 0( ). Applying Lemma 2.4 we

find that
11— =gl = bol Futo) =2 s, () =2( oy )’

where |k/2] denotes the greatest integer less than or equal to k/2. For each i > ¢, we let
" B; = Pw(P:) = 2||@:ll, and note that ||R;]| = F,,,(P) = 1 - Pu(F:) =1 - B;. Using this, our
prev1ous inequality becomes

la-=12 <322 (i) = (%) T1 6=

KCi ] = ;
KSin i€k JjEIN\K

ng(tkm)% > () I a-8)

KCiy
Kot ek JELANK

Consider the polynomial T € R[z*!]* defined by
t4+n

T= I I ((1 “ﬁi)-i-ﬁilf),
i=t41
and note that for k=0,1,...7,

=3 ([8) 11 a-5

KGli 1 ]
|K—|='il: IEK Je’n\K

Our inequality now becomes

=~/ k \1
— ruypnt| < 9 o k
o= <23 ((4hy) 2 (0
As each §; < 1, we may apply Proposition 2.3 and we note that if B, = E:i?+1 f; > 0, then

Y (T, zf) e /2B, Ve [0,00).
i<B,-—r
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Taking r = sB,, for some s € (0,1) we obtain
Z (T, :1:") < e-(aB.,)?/(zB..) - 6—"28"/2.
1<Bn(l-4)
By Lemma A.l,

k 1 2
< ——, VYkeN.
Lk/2J) %= o C

Since it is clear that (lk’;2J) o < 1forall k € Z*, and likewise (T, z*) < T(1) =1, we find
that

Fo(P™) =1 —z*)P™ < 22 (LkI;QJ)EIE (T, z*)

k=0
2
<2 3 @ Y o= (T
0<k< B (1-3) Bn(1-s)<k<n Vkn
. 2
S 26—3 Bn/2 + 2 S — (T, :l:k)
B“(l—%;kﬁn v Bn(l —s)m
2 . 4
S Qe—a B, /2 T (T, $k>
Bu(l - S)ﬂ' B“(1§<k5n
4

<2 By
Fixing s, and noting that B, = 3477 | Pu(P;) tends to infinity as » — oo, we see that

lim Fo(P™) = 0. 2
n - 00

Example 2.7: The unnormalized fluctuation F* in the conclusion of implication (2.4) in Theo-
rem 2.6 cannot, in general, be replaced by the normalized fluctuation F. Consider the sequence
of polynomials {P;},.y in R{z*'] defined by
P = {%(1+x) if £ is odd
[ B 1 P

z(1—x) ifiiseven
and note that for any t € ZF,

t+2n 1

pri= [ =g (-2,

i=t41
and since Log P?™* contains only even integers, F(P?™*) = 2, for all n € N. On the other
hand, by Proposition 2.2, P(3 (1 + z)) = 3, and so 3,y P(F;) = 0.

We can replace the unnormalized fluctuation F* in the conclusion of implication (2.4) with
the normalized fuctuation F if we require all polynomials to have only nonnegative coefficients.
In this case we may drop the condition that |P;| = 1. These are the features that differentiate
Corollary 2.8 from Theorem 2.6, We could summarize this difference by saying that if negative

coefficients are allowed, Mineka's theorem is true for unnormalized fluctuation, and untrue for
normalized fluctuation.
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Corollary 2.8: Let I be a nonvoid set and let G = ®;¢; Z. If w € G, and {Pn}, o
is any sequence in R[zF')}; then
S PulP)=o0 = lim F,(P¥*)=0,VteZ".
ieN e
Moreover, for t € Z*, N € Nand By, = 2N | Pu(P) > 0,
4

v By (1 - Sy

Proof: We may restrict our attention to the case where all F;'s are nonzero, since the occurence
of zero polynomials makes the result trivially true. Foreach i € N let @; = Tﬁl’fﬂ P;, and apply
Theorem 2.6 to the sequence {Q;};en- The fact that cach P; > 0 allows us to apply Proposition
2.1, parts (9) and (3) to obtain

Fu(PN1) < 26~/ B Vs € (0, 1).

Fu(P™) = - =) it ki (-2 Ty, P‘“ e == L A
) [vee| T2 P T2 IR
t+n ] ttn
= |[(1 = z*) H '%" ‘ = |[(1 —a™) H QiH = Fa(Q™)
i=t41 15| i=t+1

_ =yl wy P _a-z"ysL
for each t € Z* and n € N. Alse F,(Q;) = L=l “(1 -z )m" = MWHL'“ =
Fu(Py), 50 Pu(Q;) = Pu(B:), for each i € N, and our result follows from Theorem 2.6. 1

The next two results show how blockings of a sequence (defined on page 6) relate to
fluctuation.

Lemma 2.9: If {P;};c; is a sequence in R{zFier, and {Q:};en is a blocking of
{P;};en» then for w € G,

ngaamfw(PN-‘) =0 VtezZt <= lemﬁ,,(QN-t)ﬂ vt e Z7.

Proof: As in the definition of blocking, take Q; = [[ P foralljeN.
Nj-1<i<Ny

Suppose lim,, —, oo Fu(PVt) =0, Vte Z*. Then {]:‘"(QN'L)}NEN is a subsequence of
the sequence {F,(P"M=1)} .. and hence converges to 0.

Conversely, suppose lim, _, o Fu(QY*) = 0,Vt € Z*. Given t, choosc j € N such
that N; > t. Then using property (4) of Auctuation we see that 0 < Fu(PNHN=tt) <
Fu(PNNs=1) YN € N. But {F,,(P¥Ms~1)},  is a non-increasing sequence whose subse-
quence {Fu(QM'7)} vy 8Os to zero. Thus Fu(P¥t) - 0as N — oo. |
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Theorem 2.10: Let {F;}, .y be a sequence in R[a:f”];*'e,. Then for w € G,

(=]
{P:}ien has a blocking {Qi};en such that ZP,,,(Q,-): o0

i=l

= lim F,(PV*)=0,VviezZ".
N — oo

Proof: Suppose there is a blocking {Q;} of {P;} such that E;‘;I Pu(Q;) = co. Then, by
Corollary 2.8, Fu(QM*) — Oas N — oo forall £ € Z*. By Lemma 2.9, we conclude that
Fu(PVY) — 0as N — ocoforallt € Z*.

Conversely, suppose Fo(PY4) — 0as N — oo, Vt € N. Let Ny = 1. Having defined

N;, we take Njyp > Nj such that Fy, H }-",-) < 1. Leting {Q;} be the blocking
N;Zi<Njy
of {P;} determined by the sequence No, Ni, No, ..., that is, letting @; = H P;, for
Njo 1 <igN;
§=1,2,3,..., we get Fo,(Q;) € 1, V] € N, 50 by equation (2.1), Py,(Q;) 21 -3 =13 It
follows that 3552, Py, (Q;) = oo. |
We now state a 0-2 law for fluctuation.
Corollary 2.11: Let I be a nonvoid set, and let {P;};cy be a sequence in R[zF'];.
Then for any w € ®;e; Z, either

!’Vn_rpm Fu(PV) =0, vteZt

or
. . Nty _
Jim  lim Fu(P) =2.
Proof: For any t € Z*, the sequence {F,,(P™*)}, oy is (by properties O and 4 of fluctuation)
a non-increasing sequence in {0, 2], and so it has a limit G, in [0,2]. Whenever s,t € Z% with
s > t, we have, by property 4 of fluctuation,
fw(Pn-hl—t.t) = ]:w(Pn,.-i Ps—t.t) S ]:w(Pn,s)’

for all » € N. Taking limits we conclude that 8; < B,, and so {f;},cz+ is a non-decreasing
sequence in [0,2]. Let 8 = lim; — o0 Gt

If 8 # 2, choose any y with 8 < v < 2. Then for every t € Z*+, §; < v and so there
exists M, € N such that F,,(PMtt) < 4. We can use this fact to obtain a blocking {Q:};en of
{P:};en such that F,(Q;) < v for all € N. Then by equation (2.1),

;Pw(Qi) 2;1—%=00.

Applying Theorem 2.10 we conclude that :
Jlim Fo(PNY) =0, VtezZt.
— 00
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3. Further Results on Fluctuation of Products

In chapter 2 we were looking for techniques for determining for which sequences {P;} the
fluctuation Fo, (P™*) tends to 0 as n — oco. Theorem 2.10 characterized such sequences as
those having a blocking {Q;} for which 3", P.(Q:) = oo. In this chapter we consider some
examples, and observe that beyond some simple cases, it is difficult 1o show that an appropriate
blocking exists.

We find, however, that for many cases which are difficult to decide using the criteria of
the previous chapier, we may readily reach a conclusion by considering {luctuation over various
step sizes (or directions) w. The key to doing this lics in the observation that ift we know some
directions in which Auctuation tends to zero, the fluctuation will tend to zero in every direction
which is a Z-linear combination of these directions (Corollary 3.5). Combining this observation
with Corollary 2.8, we find that it is often sufficient to ask for which directions w the sum of
persistence, 3, Fu(P;), diverges (Corollary 3.6). For polynomials of bounded degree this gives
us a condition which is both necessary and sufficient (Theorem 3.9 and Corollary 3.10).

At the end of the chapter we comment on how fluctuation is aftected by reparametrization.
We also note that fluctuation going to zero is a property that is invariant under £%° upward
perturbations, and is also invariant under &' perwrbations after appropriate normalization. We
conclude with two ratio limit theorems which follow from fluctuation considerations.

Example 3.1: In practice it is usuaily fairly easy to check whether a given sequence {Pi}ien
satisfies the condition

> Pu(P) = oo,
iEN
M P.',.:I’.'z , Pi. 4w .
by applying the fact that P, (F;) = Z‘ cea™in (( i Pdl) Sithaid) (from equation (2.2) of Propo-

sition 2.2). Thus, for example, the sequence in Rjz*!]* obtained by taking
Pn=:—n:0:0:n:l:
0 1 2 3 4
has P(P,) = 2_n147i' and 50 D_,.cn P(Pn) = co. (This notation for writing a polynomial was
defined on page 6). From Corollary 2.8 it follows that F (P*Yy — Oasn — 0 forall
teZ*.

Example 3.2: The sequence defined by taking F, =, is one for which

1 vn o1
-2 0 3
P(P,) = 0 for all n € N. Nevertheless we note that
1 VA+ve+l Valden 2 R+vr+l 1
PPy = + + t 4 ——it?
—4 -2 0 1 3 6
and s0 P(PpPps1) = m—%‘m As || PnPrst]l = O(n) it follows that Yooy P(Pai—1Poi) =
o0, and so applying Theorem 2.10 to this blocking, we conclude that limy, - o F(P™) =0,
forall t € Z,
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Example 3.3: The success of the previous example depended heavily upon the spacing of the
1 vn 1
-2 0

fail. If, on the other hand, we increased the disparity between the coefficients, to have, for
example, P, = ._.__1_2-.%% the technique would also fail. In this case we can show that
no blocking of bounded size will producc sufficicnt persistance.  Specifically, we show that
Toien P (PHE=DF) < oo for every k € N. To do this, we take a fixed k € N, and note that the
coefficients (P, 2*) of Ph7 are polynomials in 7. No two such coefficients of degree k—1 or
k (in n) are adjacent. If follows that, for large n, and all ¢ € Z, min ((Pkm, 2t), (Phm, gi+1))
is a polynomial of degree at most k — 2 (in n). Since | 7=l is a polynomial of degree k in
n, it follows from formula (2.2) that, for large n, P(P*") is a rational polynomial in n whose

terms. If we consider the sequence defined by P, = ., the technique would

numerator has degree at most k — 2, and whose denominator has degree k. It follows that
Yien P(PEE—DF) < oo forany k € N.

In spite of the obstacles pointed out here, both sequences in this example satisfy nllmm F(P™) =
0 for all ¢ € Z*+. To show this, we will develop a technique that relies upon persistence over
larger steps (P, for w > 1). Example 3.8 will show how both of these sequences can be easily

handled using Corollary 3.6.

We next make the important observation that if fluctuation tends to zero in several directions,
it will also tend o zero in any direction which is a Z-linear combination of these directions.

Lemma 3.4: Let I be a nonvoid set and let G = ®iesZ. Suppose w € G can be
written as w = E:=1 oyw;, where wy, Wy, .. . Wy are (not necessarily distinct) elements
of G, and each o; is either I or —1. If {Pi}ieN is a sequence in R[a:f:l]ie ; with

Fuw,(Pn) — Oasn — oo, fori=12,...,n
then

FulPp) — 0as n — oo

Proof: We begin by proving the following formula by induction on ¢:

t
oW —1 = x(Z:nlaiwi) -1 = Z H 2Tk WEk [zdjwj —_ 1]

j=1 \k=j+1
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The formula is clearly true when ¢ = 1. Assume it holds for ¢ — 1, and note that

t t t—=1
Z ( H mo‘gwk) [a:ajwj _ 1] — [2:0':10; . 1] + Z ( H :L‘m‘w") [ra,w, _ ]
J=1

k=j+1 i=1 \k=j+1

k=j+1

-1
a.w.

— [:Bagm, _ 1] + ra!w =1

e )[]
i=1
[ (2!

— :I:ﬁg"rg _ 1 + m(zl 1 |1U‘) xﬂ-""l

=z -1
Let n € N. If P, =0, then F,(P,) = 0. If P, # 0, then we have
h—z*)Ball _ e =DPRI _ L IS~ T s
Fu(Pn) = = = [T == ) =" - 1}P.
(| Prll I Pnll 12all (1421 \ kst
1 t
- akwk ra,w, _ 1 P“ a:a,-w_.,- —_ 1 R;
i Z (AHI )[ ] ’ i 2 I B
If o; = -1, then by property 6 of fluctuation we have

” givi — I)P " = "(-T-w’ - 1)P ” - -F--w, (Pn) ”Pu“: w,(Pﬂ) "Pn"
and if o; = 1, then
(@73 — 1)Puf| = I(z"% = 1) Pull = Fuy (Pa) | Pull-
Thus, we have

t
FulPa) < 75 P | Z=: s - DB = P ” wa,(P JIPall: —Z Fu, (P)

i=

Since the inequality
FulPn) & Z Fu; (Pn)
is valid also when P, = 0, we may complete ojur proof by noting that
Z}-‘"-’j(P") — 0asn — oo,
j=1

which implies that
Fu(Pn) — 0 as n — oo.

Corollary 3.5: Let I be a nonvoid set and let G = @ie; Z. If {wk} ek is a family
of elements of G which generates a subgroup H of G, and {P,.},cy is a sequence in
Rz Lies with

Fu,(Pr) — 0as n — oo, Yk e K,
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then
Fu(Pr) — OQasn — oo, VYwe H.

Proof: Let w € H be given. Since {wi}, o generates H, we may write

i
w = E O'jw,'j
i=1

where cach #; € K, and each g; is cither 1 or —1 (we allow the possibility that some of the i;
are the same). From Lemma 3.4 we know that F,,(P,) — Oasn — oo. B

Corollary 3.6: Suppose {P;};cn be a sequence in R[n:?:l]j”ef, and let G = Dier Z.

Set
> PulP)=o0 } :

i=1

W={1UEG

and let Z(W) be the subgroup of G generated by W. Then for all v € Z(W),
lim }',,(P"") =0, Vt e N.

no— 00
Proof: By Corollary 2.8, for every w € W, lim, ., o Fo(P™*) = 0, ¥Vt € N. Applying
Corollary 3.5 completes the proof. [ |

Definition: We say that a sequence {Py},cn in RlzE!)}; is a zero-fluctuation sequence if,
for every w € G = ®ier Z, '
i Fu(PN) =0, VteZ*.

Proposition 3.7: A sequence {P,},cy in R[z¥!]* is a zero-fluctuation sequence if
and only if |
lim F(PVYHY=0, vtezt.
N -

Proof: Recall that in the case of polynomials in a single indeterminate, F(P) was defined to
be Fy(P). For each t € Z*, applying Corollary 3.5 to the sequence {P™*} .y, and noting that
1 generates Z as an additive group, completes the proof. |

Example 3.8: For 1 and v relatively prime integers, the sequence {FPn}, oy in Riz*!|* defined

by P, = ._i_.-g—.-%—. is a zero-fluctuation sequence. To see this, note that by equation (2.2)
of Proposition 2.2, Pu(Pn) = 5 = Pu(Pa), for all n € N. Thus 3332, Pu(F:) = oo and

Yoo, Pu(P;) = 00. As 1 is in the additive subgroup of Z generated by u and v, Corollary 3.6
guarantees that our sequence is a zero-fluctuation sequence. The same argument readily shows
that both sequences of Example 3.3 are zero-fluctuation sequences.
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We next present a converse to Corollary 3.6 in the case of polynomials of bounded degree,
provided the number of indeterminates is finite. This gives an easily checked condition which
is both necessary and sufficient for the fluctuation in a given direction to go to zero. The proof
of Theorem 3.9 shows that a sequence will fail to have {luctuation tending to zero, it (after a
possible translation of the polynomials) almost all of the mass of the polynomials is concentrated
at coefficients of z* for u lying in some proper subgroup of Z*. That is, P™* is a perturbation
of a polynomial @™* with Log Q™* lying in some proper subgroup of Z™.

Theorem 3.9: Let {P;},.y be a sequence in R[2F!,2F", ..., 2" \ {0} for which
sup;cn deg(F;) < co. Let

w-{wez

ipw(-Pi) =00 } )

i=l

and let Z(W) be the subgroup of Z" generated by W. Then
Jlim FuPVH=0, Vt € Zt <= we ZW).
-t OO0

Proof: If w € Z(W) then Corollary 3.6 guarantecs that imp — oo Fu(PN'*) = 0, Vt € Z.
To complete the proof it suffices to show that for every w € Z™ \ Z(W) there is some ¢ € zt
for which limpy _, co Fu(P™M*) # 0.

Note that 0 € W, so W is nonvoid.

We first ‘regularize’ each P, so that (P, 2°) > (B, 2), Yu € Z", and 30, e zwy (P, &%) =
1. This may be accomplished by multiplying P; by az? for v an appropriate element of Z™ and
a an appropriate element of R*. By properties (2) and (3) of fluctuation and persisience, this
does not change W or any F, (PNt).

Let d = sup;ey deg(F:). Then | P < (2d + 1) (P, z°) < (2d 4 1)™.

Notice that if both w and u + w are elements of Log F;, for some %, then by equation (L.1),
degz* = deg(z®tvz™) < deg(x**™) + deg(z™") £ d+ d = 2d. It follows from this and
equation (2.2) of Proposition 2.2 that P,,(P;) = 0 whenever degz* > 2d.

Let

S={ueZ"|ug¢g Z(W) and degz™ < 2d}.

If u € S, then, by definition of W, 3 72, P.(P:) < 0. Since S is finite, for ¢ sufficiently large
we have

n(3) .
‘_;H'Pu(P) (2d+21) , Yues. (3.1)

For every u € § and i € N we have, by equation (2.2) of Proposition 2.2,
zueZ“ min((Pia xu) ) (Pi, :L.u+u)) > min((Ph xo) ) (Pz': -'L'u)) _ (Pi: mu)

pu P;' - sl -
(F) i P 1P
As ||B] < (2d+ 1)“. using (3.1), we obtain, forz € S and N €N,
= Pul = > m F;, z%).
2d + 1)2 =t41 I."'H-l IlP"l (2d+ 1) i=t+1
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Thus

t4 N 3
Y - In (3)
Z (P“, T ) < m)—n, Yue S.

Since S has fewer than (2d + 1)" elements, we obtain

t+N a

In (2
Y Y (Pt < (2d+ 1)"9—“(*-)—" —In (5)
& 5 (2d + 1) 2

50

3 (P s <ln (g)

i=t+1lues
Fori=t+1,t+2,..., let
Bi=)_ (Pnz).
ues
Since 2., ezewy (P, ) =1 and (P, x#) =0ifu ¢ SUZ(W), we have |P|l = 1+ fi. As
Yioir1 B <Ind < 1, it follows that §; < 1 for every i > t.
Forie N let
Q= > (P,z*)z"
weZ(W)
Note that Q; < P; and that Log(Q;) € Z(W). Since Z(W) is a group, Log(Q™*) € Z(W).
Also,
Q= ¥ (B, =1.

weZ(W)

Since 0 < Q; < P for each i, it follows that QN:t < PNit, Now

t+N
Y (Va2 Y @V ey =M = TT 1Qd =1
weZ(W) weZ (W} i=t41

Thus,
ST (phean) = PR 3 (P )< [P -
weL P\ Z(W) weZ(W)

3 4

Note that for z € [0,1), In(l1 + z) =z - 523 + % - %4+, and so In(1 + z) < z. It follows
that '

N t+N - t+N t+N t+N o0 3
In || PM| =1n.1‘[ 121 =ln‘H (1+5) = ‘Z In(1+ 6;) < _Z Bi < ‘Z f: Sl
f=t41 i=t+1 t=t41 t=t41 i=tt+1

T [P < 3.
Now suppose that w € Z™\ Z(W). We will show that limp — e Fu(P™'t) # 0. For every
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ze 2",

either 2 ¢ Z(W), or z4w ¢ Z(IV). Using this fact, we see the following (for N & N):
1 N‘ = N1 A o | U
p iy o Sesanmin (PP, ). (P4, 224

PNt
= o | 3 min (PN, a%), (PR )
(L S€Z(W)
+ Z min ((PN‘t, :l-':> : (PN't, mz-hn))
€T\ Z(W)
< ——-—P}v‘t Z (PN", ™ty + Z: (PN‘t, .'l:")
I I | z€Z(W) S€ZN\Z(W)
— P}V - Z (PNJ.’ m:-kur) + Z (PN.I., m.‘.)
Ly | s +weZm\Z(W) €M\ Z(W)
1 1
= i 2 PNV 2y < ——— o]l PN - 1
"pN.c” :ezr%(W)< > “PN.L” (” ” )
For any real number a > 0,
2a—-2 2 2 4 6 3
ot €y —2> = 2 9 2 =2
o >3==>_(! ->3C!=>3(¥>..=>(!>4 3
Since | PM|| < 3, we must thus have (for N € N)
P2 2
oo | i | R ety
[P =3
i 2]
ol pNit|| =2 o
Nyt < fnd | Sn | I < Z
PP E TR =
Hence, by equation (2.1),
2 2
Fo(PVY) =2-2P,(PV) >2-2. 3=3 VYNeN
Thus F,,(PNt) does not tend to 0 as N — oco. |

Corollary 3.10: A sequence {P,},cy in RIzF',25",. .., 25!+ \ {0} with

supdeg(P;) < oo
ieN

is a zero-fluctuation sequence if and only if

{wez"

i'pw(Pi)-—-OO}

i=l]

generates Z™ as an additive group.
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Example 3.11: For many sequences of polynomials of bounded degree in R[z*!]* the crite-
ria of Corollary 3.10 provides an easy and conclusive way (o determine whether or not the
sequence is a zero-fluctuation sequence.  The sequence {Pn},en of Example 3.8, namely

1 n U . . " . . .
P,= P——T&-—i is a zero-fluctuation sequence it and only if p and v are relatively prime.
1) v

1 n 1 81 n 1
3 -2 -1 0 1 2
sequence because Y02 Pu(P;) = oo only for w = 2 and w = 4. There is not sufficient mass

The sequence defined by P, =, , is not a zero-fluctuation

off the subgroup of even integers.

Why do all of our fluctuation results refer 10 F (P™*) tending to O for ail t, rather than
simply speaking about F(P™*) tending to zero for some #? A partial answer to this question is
found in the fact that changing a single term in a sequence can sometimes dramatically change
F(P™*). It stands to reason that if we want fluctuation to be a characteristic of the sequence

as a whole, rather than being possibly the artifact of a very few terms, we must allow finitely
many terms to be discarded. The following cxample illustrates this sensitivity.

Example 3.12: Consider the sequence of Laurent polynomials defined by P; = 1 + z2, for all
i € N. It is clear that F(P™) = 2 for all t € 2% and all n € N. If we change a single P;to
be 1 + 2. then for all 7 > j, the polynomial P™0 is unimodal with largest coefficient (l_';ii_} J)'

Lemma 2.4 tells us that F(P™0) = & ([’;.l ). which tends to 0 as n — oo.
Example 3.13: Here we give an example of a sequence of polynomials {Pk}en in countably
many indeterminates whose fluctuation goes to {) in every direction (not just the cardinal direc-
tions, but every Z-linear combination of them). Let I = N, and consider R[a:?I],-eN, with G =
@ienZ. Let ¢ : N — Nx N be any bijection, and write ¢(k) = (m(k), n(k)) for every k € N.
We define P = L + T,n(x), and note that if 2 = z; for some i € N, then ¥ ken Puw(FPr) = oo,
and so, by Corollary 2.8, limy — o Fu(PV?) =0 for all t € Z*. Since such w generate ail of
G. we conclude, by Corollary 3.5, that for all w € G, limy - Fu(PVt)y =0forallt € Z*.
In [BH] a fair amount of attention is devoted to reparametrizations of a polynomial. If
A € (0,00), and P is in R[z*!], then P()-) is the polynomial obtained by replacing z by Az in
P. Reparametrization is defined analogously for polynomials in more than one indeterminate.
[BH] shows that to be strongly positive, the sequence {F;} and all its reparametrizations

must be zero-fluctuation sequences. Corollary 3.14 wells us that for sequences of bounded degree
one reparametrization is zero-fluctuation if and only if all the others are.

Corollary 3.14:  Suppose {P},cy is a sequence in R[z7}, 25, ..., 2517\ {0} with
sup;cy deg(Pi) < 0o. If {P;},¢y is a zero-fluctuation sequence, then the reparametrized
sequence {Pi(A)};en is also a zero-fluctuation sequence for every A € (0,00)™.
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Proof: Let
W= { welt

Z Pu(Pi(A)) = oo } :

i=1

By Corollary 3.10, W generates Z™ as an additive group. Let d = sup;eydeg(FP;) and let
L = max;<i<n ma.x()\‘-,.k,-_l), where A = (A, A2,..-A,). Forw e 2%, if i € N and F; has
non-zero degree, then using equation (2.2) one can show that
l l)t Fddep w
Tarrderew Pu(P) £ Pu(R(A)) S LHHET7P, (R).
This inequality is also true (trivially) it P; has degree (0. Let

iPw(P,-(A‘)) = 00 } :

i=1

W' = {weZ"

Noww e W = 32 Py(P)=00 = Yo PuP(M)) =00 = weW.
Therefore W C W'. Since W generates Z", so does W’. Applying Corollary 3.10, we find thut
{Pi(A)};en is a zero-fluctuation sequence. | |

The following result says that an €% upward perturbation of a sequence {F;} for which
3 Puw(P:) = oo yields a sequence which also has divergent persistence. It is proved in the
appendix.

Lemma A.7: Suppose that {P;} .y and {R;};cy are sequences in Rz

sup; Jﬁ%-ﬂ < oo, Then for any w € ®ie; Z,

"1 and that

i Pu(Pj)=oc = Z PulP; + R;) = 00.

i=1 j=1

Further perturbation results are developed in the appendix. In particular, Theorem A.l1
asserts that if {P;} and {Q;} are two sequences in R[zF']},\{0} and 3_, "f“{,—cfrﬂ < oo, then

i

one sequence is a zero-fluctuation sequence if and only if the other one is.

Ratio Limit Theorems. We can use fluctuation and persistence to deduce results about the
ratios of adjacent coefficients in a product of polynomials.

Lemma 3.15: Suppose {P,} is a sequence of swrongly unimodal polynomials in
R[z*!]* \ {0} for which 3 P(P,) = oo, and let U be any open subset of R con-
taining 1. Then the cardinality of the set

R QR n0 i+l
Un?{iez ey M CAE.: >€U}

(pn,o, mi-—-l) ! (Pn,O, :I:i)
goes to infinity as n — oo. Furthermore, the fraction of the mass of P™? which lies
at coefficients in U, goesto 1 as n — oo.
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Proof: First normalize cach P, by multiplying by 7,—1(75- so that P,(1) =1 foralln € N.
This normalization does not change P(F,), or any of the ratios used to define U,. Now for
cach n € N let £, = max;ez (P™0, x'). Since >, P(P,) = oo, by Corollary 2.8 we have
Hm, — oo F(P™P%) = 0. Lemma 2.4 tells us that the fluctuation of a normalized unimodal
polynomial is twice its highest cocfficient, so we have F (P*%) =2 ¢, Thust, — 0as
n — oo.
For o € (0,1), let
Pn.,O’ Jii Pn,ﬂ‘ mi-}-l
V" = {z €Z (f)n.[)’ mi—)l) ' <<Pu,0‘ .1:‘)> € (a’ l/a)}

. . . Pn.U. 1 . .
Since cach P™C is strongly unimodal, cach sequence {é,—-ﬂT’r.%} is a decreasing sequence,
for those values of ¢ for which the ratios defined. Let

i€l
n0 .14 n,0 i+l
ka=sup{i62£—’—ai>l} and m¢,=inf{iezi€i-—)5a},

(Pn.,O’ m:‘—l‘) ~ o (pn,o, xi)
where the supremum and infimum of the empty set are taken to be —oo and oo, if applicable.
If ko is finite, then for each i < k, we have {P™0, z'~1) < a (P™0, z*). Thus

S AP, ) < (PO, abe) (1+at+a® +--) = (PO, i)
i<k

- . : tn -
Likewise, Z (P"‘o, :1;‘) < T—a Since V, = (ka, ma) NZ, we have

S (P, Z) 21— 20

v l—ao
Since t, — 0Oasn — oo, it is clear that the mass at coefficients in V, approaches 1 as
n — oo. Denoting the cardinality of V, by |V,|, we note that the total mass at points in V, is
at most |Vy| - t,,. Since £, — 0, it follows that |V,| tends to infinity as n — oco. Since U
must contain some interval of the form (_a, 1 /a), for & € (0, 1), our resuit follows. [ |

tn
l-a~l-a

2mgy

While the above result tells us that in the limit all mass lies at coefficients with with ratios
near 1, it is worth noting that there will also be an abundance of coefficients having ratios quite
different from 1, The following result in this direction will be put to use in the proof of Theorem
5.7.

Corollary 3.16:  Suppose {5;};¢y is a sequence in [0, oo} with 32, i = co. For any
open subset U of R, the cardinality of the set

<1_I}'=1(1 + B, xi+1>
(st + Bj2), %)

U= i€l el

tends to infinity as n — oo.

Proof: U contains an interval of the form (¢, t+¢), for some t,e > 0. Let V = (t_-!-te'ﬁ" ;_—:_{‘-;5),
and for i € N define the polynomial P; = 1 + ﬁ‘/—zz. Since P; is simply a reparametrization
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of 1 + iz by the factor ﬁ— it is clear that
<H?=l P, f“) <H?=1(1 + 8jx), :r'"“>
n . € V = n ‘ )
<Hj=1 P, :I:‘> <l-lj___l(1 + i), :1:')

I.I P', i+1 L.
Lemma 3.15 tells us that the number of i € Z for which (—<1_II—_1[—T.—‘—JPI—,S>— € V tends to infinity
gt T

as n — oo. It follows that the cardinality of Uy, tends to infinity as n — oo. B

€(t,t+e)

More could be said about the relationship between fluctuation and ratios. It is possible to
characterize zero-fluctuation sequences in R[z%!]* in terms of ratios. Such results are rather
inelegant, however, and have been omitted.
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4. Contiguity and Strong Positivity

In this chapter we introduce our most basic tool for approaching strong positivity prob-
lems: the contiguity R(P) of a Laurent polynomial P. While R(P) is similar to the numerical
invariants c(P) and C(P) uscd in [BH], its principal advantage is the fact that multiplica-
tion of polynomials cannot decrease R (Corollary 4.6) and, moreover, we can guarantee that
R(P,P, - - P,) grows in relation to the sum S R(P:} (Theorem 4.7). This will be used in
an essential way in proving the key results in the next chapter, such as Theorem 5.7.

After noting that the constant sequence given by Py = 1 +rz is strongly positive (Corollary
4.10, a result proved by Meissner [Mn]), we can readily prove strong positivity for any sequence
(P} in R{z%!]* for which 3°; R(P;} = oo (Theorem 4.12), a result similar to 1.8, 1.9 and
1.11 of [BH]. The chapter concludes with Theorem 4.21, a characterization of strong positivity
in terms of R.

Definition: For f any unimodal Laurent polynomial in Rlz*!]*\{0}, we definc r(f) as fol-
lows. Writing f(z) = 3, fiz*, we let j be such that f; > fi, Vi € Z. Then we define

r(f) = max (!-7}-;—', %’-:—‘) This is well-defined. For convenience we define 7(0) = 1.

Properties of r():
Let f,g € R{z*!]* be unimodal. Then

0 0Zr(fH<1.

(1Y raf)=r(f), Ya € (0, 00).

Q) rx* f)=r(f), VieZ

(3) If (g, z%) = (f, z7%), Vi € Z, then 7(g) = r(f).

(4) r((a+bz)+(c+dz)) 2 min {r(a +bx), r(c+ dv)}, Va,b,c,d € [0,00).

Proof: Properties (0)—(3) are clear. (4) is clear if one of a, b, ¢ or d is zero. Assume they are all
non-zero. Consider first the case in which @ < band ¢ < d, so that r((a+bz) +{c+dz)) = ££5.
ad n
IF2<§thenc> o, so g5 > Sk = HFD = ¢ Similarly, if § < §, then £ > §,
so (4) holds in either situation. Using this and properties (2) and (3) we can deduce (4) in the
case where a > b and ¢ > d. In the case where @ < b and ¢ 2 d, wehave%ﬁ > ';—j-_idl > %
and ﬁ—‘}_% > «td > 4 ynd so (4) holds in this case. Exchanging the roles of a + bz and ¢+ dz
proves the case in which c< dand a 2 b. L
Property (4) does not generalize to polynomials with large support. For example, if f =
| + 10z + 522 and g = 5 + 10z + 22, then 7(f) = 1 =r(g) but r(f + g) = 5.

Definition: For any f € R[z*!]* we define the contiguity of f, denoted R(f), by

R(f) = sup { fpé}lr(aiwi + bt f = zam:" + bttt T CZ, a;,b; € [0,00) }

i€l
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Properties of R():
If f,g € R[z*!]T, then

® O0<R(H<L

(D) Rlafy=R(f), Vae(0,)

() R@'H=R(f), Viel

(3) 1If (g, 2') = (f, 27%), Vi € Z, then R(g) = R(Sf).
(4) If f =a+ bz then R(f) = r(f).

(5) R(f +g) 2 min(R(f), R(y))-

Proof: Properties (0)—(3) are a consequence of the corresponding properties for r(). (4) is
clear. (5) is a consequence of properties (3) and (4) of r(). [

Proposition 4.1: The ‘sup’ in the definition of R() may be replaced by ‘max’. Specif-

ically, for every f € R[z*!]* there exists a decomposition f = Zaimi + bttt with
iel
I C Z, such that
| R(f)=min raa’ + bia'tt).
1

Proof:
Claim: If cg,cy,...,ck € (0,00), then 'R.(Z .0 GiT ) is realized by a decomposition, and
is a continuous function of ¢y.
Proof of claim:
For k = 0, R{co) = 0, and any decomposition works. For k = 1, by property (4) of
R(), R(co + c12) = r(co + ¢12) = min (—’1 -L). and this is a continuous function of ¢,.

We now assume the result for k, and prove it for k+ 1. If f = ):".‘:(; iz’ is decomposed

as 3O ; aizt + bz, then

o‘éleiélk 'r(a.;x‘ + b,-a:""'l < min { ([Z GT ] + bk_lmk) , r(akmk + bk:z:k"'l) } (+)

i=0
We denote the right-hand side of this inequality by (). By the induction hypothesis, the
inequality (-+) can be made into an equality by appropriate choice of ag,a1,. .. ,ak—1 and

bg, by, ... br—q. Also, the R(---) term is a continuous function of b_;. Since by = ¢ —
ax. and 7{agz® + bz**1) is a continuous function of ay, it follows that (+) is a continuous
function of ax. It is clear that a; < ¢x and bi = 41, and we may restrict our attention to
ax, for which 7(axz® + crs12%t!) > R(f)/2. so, in particular, ap 2 cks1 R(f)/2. Now
since (*) is a continuous function of ax on the closed interval i € fck+1 R(f)/2, ckl,
its supremeum is attained for some value of ay. Corresponding to this value of aj is a
decomposition of f for which (+) becomes an equality. We conclude that the maximum
value of (*) is in fact R(f). and that the value of R{f) is realized by this decomposition.
It remains to show that R(f) is a conunuous function of ¢k41. Given 8 > 0, note that

if0 < o < B, then £(§) = § < L. and that if o 2 B, hen |4 (2)] = |F#] < &
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It follows that if we are given 0 < ¢ < 1 and a, > 0, then whenever « is such that
e, — a| < %% (so that, in particular |, — o] < %2, s0 a > ¢ and & < %) then

. [ . [ Qo€ 2
min | —, 8 — min | =, s < ——— =
ﬁ Qo ﬁ X 2 o

In particular, if we vary by, = c4y by less than =555, then () will change by less than ¢

for each value of ax, and thus the maximum value of (x), namely R(f), will change by less

than €. This proves that R(f) is a continuous function of cx41, completing the proof of the

claim.

|

Property (2) of R() allows us to generalize the result of the above claim to any polynomial
f € R[z£!)* for which Log f is contiguous (no gaps). A completely arbitrary f € R[zE!]*
can have its Log-set broken up into contiguous blocks, and an optimal decomposition chosen on
cach block. Putting these decompositions together yields a decomposition of f which realizes
R(f), which is the minimum of the R() values over the various blocks, | |

Definition: A polynomial f in R{z*!]* is said to be fully contiguous if R(f) = 1.

Proposition 4.2 tells us that (1 + ) is a factor of any nonzero fully contiguous polynomial.
The decomposition in equation (4.2) is very similar to that in Lemma 2.5. It is subtly different,
however. For example, Lemma 2.5 will decompose § + 5 as (1 + ) + (} + 3z), while 4.2)
would decompose it as (1 + a:)% + 0. The factor of % in inequality (4.1) is necessary, as may be
seen by taking f = 1 + z and noting that P(f) = 5 while R(f) = 1. In fact there is no such
thing as a “fully persistent” polynomial: P(f) can be arbitrarily close to 1 but can never equal
. PA+z+ 22+ +z") = ==L, Inequality (4.1) will (eventvally) be used to prove that
every strongly positive sequence is a zero-fluctuation sequence (Corollary 4.22; also proved in

[BH)).
Proposition 4.2: Let f € R[2%!]*. Then

1
Py 2 3 R(f). 4.1)
Furthermore, f can be decomposed as
f=0+z)g+h 4.2)

where ¢ and A are in R[z%!]T and |[(1 + 2)g]| = R(A||f|. In particular, if R(f) =1,
then f = (1 +z)g.
Proof: Lett = R(f). Write f = } ;¢ iz’ + biz**! as in the statement of Proposition 4.1.
For each i in I let ¢; = min(a;, b;), Note that by choice of the .decomposition, ¢ > ta; and
¢ 2thi. Let g =Y epciand h = Y (a; — €)x* + (b; — c;)z*+! and note that h > 0 and
(Q+a)g+h=(1+2)) ca'+) (a—c)z' + (b — i)'t = Y et + bt = .
i€l i€l i€l
Also, by Proposition 2.1 (6) and (8) we have
11+ z)gh = llgll + gl = 2ol =D 26 2 Y (b +th) =t ) _ @i+ bi =t} 5]l
i€l iel i€l
If R(f) =1 this forces ||k]| =0 and so f = (1 + z)g.

39



By (2.2) in Proposition 2.2, il f s 0, we have
1P =3 min ({£, &), (f, =) 2 Y min(asb) = 3 e = gl = _RU; I

=¥ A YA =¥
so P(f) > B If f =0 then P(f) = 1 = R(f). N

Proposition 4.3: If a, b, ¢ € [0, o0), then

R(a + bz + c2?) = min (a+c, b ),
b "a+c

where we use the convention that £ > 0 when 2 > 0, and § = 1.

Proof:
Claim: R(a + z + cx?) = min (u +c, .;+c)~ for all @, ¢ € [0, 00).
Proof of claim:

If either a or ¢ is zero, the result is clear, so we may assume a # 0 and ¢ # (1. Note
that
R(a+x+cx®) = sup min{r(a+sz), r((2 - s)x + cz?)}

0<a<l
s a l1-35 ¢
= sup ming4 -, —, ——, —
0<s<l a's’ ¢ '1-s
]=sx —_ 1
We let w(s) = min {a, g, 2=, 1-4}' and note that if we c.hnosc § =, then & = ——,
o - _L__ =
and 3 =a+c whnlel—s-l-—ﬂ+c—u+c. S0 “_l_c, —u+c. It follows

that w(a+c) = min {a+ ¢, a.+c}

We next show that no other choice of s gives a larger value of w(s). If s > then

a- i-c'

S$<a+candl- s<1—m=n+c,sol w<m,andthusw(s‘)<mm{a+c, ulc}
On the other hand, if s < 5 lhen—<—and1—s>1— = 50 75 < e,

atc? n+c tH c?

and thus w(s) < min {a. +¢ o (-

We have proved that R(a + z + cz?) = min {a-}- ¢ ﬁ} and that this minimum is
attained for the decomposition a + x + cz? = (a + 3= ) + (u_‘; -+ .2).

|

Returning to the proof of the proposition, we note that if @ = b = ¢ = 0, the result holds,

as R(0) = 1. If b= 0 but a and ¢ are not both zero, then R(a + bz + cx?) = 0. On the other
hand, if & # 0 then by property (1) of R we have

‘ 5 (G caN_ . fa,c 1 1 _ . fa+te b
R(a+bz+cm)—'R.(b+:c+b:z:)-.mm{b+b,%+%}—m1n{ b 'n.+c}'

We use Proposition 4.3 to obtain some results about the R-value of products. The right-hand
side of equation (4.3) in Proposition 4.4 is reminiscent of the addition formula for the hyperbolic
tangent:

tanha + tanhb
1 + (tanha)(tanhb)’
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tanh(a + b) =




This similarity is more than superficial, and leads to the fact that the R-value of a product grows
as quickly as the hyperbolic tangent of the sum of the R-values (Theorem 4.7).

Proposition 4.4: If a+ bz, ¢+ dz € R[2F!]*, then
R(a+br)+ R(c+dx)
1+ R(a+bx)R(c+dx)
Proof: If cither @ + bx = 0 or ¢ + dx = 0 the result is clear from the fact that R(0) = 1.
Otherwise, by property (1) of R(), we can replace @ + bz by gy (@ + bz) and ¢+ dx by
L. (c + dz) without affecting cither side of the equation which we are proving. Thus we
max(c,d) P
may assume without loss of generality that max(e,b) = 1 and max{c,d) = 1.
Let @ and 8 be any numbers in [0,1). Then (1 =f){(1—a) 20 = 1~ (a+0)+af >
0 = 1+ af > a+ . Thus by Proposition 4.3, we have
. +4 R(1+az)+ R(1+ fx)
1 + az)(1 =R(l x )= 2T :
R(( +a)(1+fz)) = R+ (a+ Al + abe’) = 75 = YO/ 1 aoyR(1 + Bo)
Using this fact, and applying properties (2) and (3) of R(), and the fact that the map Y firt -
2_; fiz™* is an automorphism of R[z*!], we note that
R{(e+ z)(B +2)) = R((a+2"") (B +z 1)) = R((az + 1)(fz + 1))
_ R(l+az)+R(1+Pzx)  R(a+z)+R(E+2)
1+R(1+ax)R{1+8z) 1+R{a+z)R(B+x)
The fact that o + 8 < 1 + aff, and Proposition 4.3 together imply that
a+f Rl+ax)+R(F+z)
]_ > = 1 2 = = .
R((1 + az}(B+ z)) = R(B+ (1 + ef)z + az?) a8 - 1L ROLT en)R(ET 2)
Applying these facts applied to our given polynomials completes the proof. |

R((a + ba)(c + dr)) = (4.3)

Proposition 4.5: Let f,g € R[z*!]*. Then

RO +R(g)
> —
RUD 2 1T RPRG

Proof: If either f or g is zero the result is clear, as R{0) = 1. Assume they are both nonzero. By
Proposition 4.1 there exist decompositions f = 3, aiz* +biz*+! and g = 3, ; iz’ + diz*H
with min;e; r{aizt + bizt+!) = R(f) and min;ey ez’ + diz**') = R(g). Foreach i € I let
P, = a;+b;z. and foreach j € J let Q; = ¢j+d;x, sothat f = Y .., Pzt and g = 3¢y Q527
We may assume (by restricting I and J) that P; #£ 0, Vi € I, and Q; # 0, V5 € J. Applying
Proposition 4.4 and properties (5) and (2) of R(), we have

o) — 0.2+ | > mi 0.2+ = mi 0.
R ) PR E
_ in E) +R(Qs)
i 1+ R(PIR(Q;)
As R(P;) > R(f) for each i € I, and R(@Q;) = R(g) for each j € J, we may use the
fact that {5EL is a non-decreasing function of both z and y on [0,1] x [0, 1], to conclude that

PRt 2 TAFHey foralli € Tand j € J. Thus R(fg) 2 FapbiTEy as required. 8
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Corollary 4.6: If f,g € R[z%']T then R(fg) > min {R(f), R(g)}. In particular, if
R(f) =1 then R(fg) = 1.

Proof: By Propositicn 4.5 we have
R(f) + R(g) = R(f) = (R()) R(9)

R(f) + R(o)
RU9 - R 2 T rpme ~ o) = 1T R(RG)
_RO[ - ®ROY]

1+ R(fIR(9)

so R(fg) =z R(f). Similarly, R(fg) > R(g). and so R(fg) = min {R(f), R{g)}. I R(f)
1, then by property (0) of R() we have 1 > R{(fy) > R(f) = 1, so R(fg) = 1. 1

..— ]

Theorem 4.7: If f1, fa, ..., fr € R2£!]7 then
R(f1f2--- fn) 2 tanh (Z 'R-(fi))
i=l

Proof: Let R; = R(f;) fori=1,2,...,n. We use induction to prove the incquality
n 1+R n 1-—R. 1— :LIR
R(flf2 ) H ( ) ].-[ ( ) H 1 Lt JRE (4.4)
H1—1(1+R +I_[l—1( R) 1“’1_11'-'1_—’5L

If n = 1, the inequality (4.4) clearly holds. Assuming that it holds for n = k, we show that it

holds for k - 1.
24t is a non-decreasing l'unction of both a and

Applying Proposmon 4.5 and the fact that
Ttan? 2 0) and wriling P = I'[‘_,l 1+n we have

b for a,b € {0,1], (as 5 (ﬁ%) (—;
R{fif2: - fid + R{frs1)
R T =R +k

(fifa:-- ferr) =R((fufa- - f+ k) finr) 2 L+ R(fife o f)R(f+ 1)

55 + R _1-P+ Ry + Byt P

T 1+ 455 Ben 1+P+R‘-+l R P

1-R .
P—"_H-_' I_Hijl lI-Ri

— (1 + Rk-l'l) - P(l - Rk+1) T+ Reat _
(1+ Re41) + P(L — Riy1) 1+ P 1+ff:f. 1+ [ =R

This establishes the inequality (4.4).
fa) = 1, by Corollary 4.6, and the our resull is clear, as

If some R; = 1, then R(f1f2--
tanhs < 1 for all s € R. Assume that each R; # 1. Letting S = 3 _, R;, we note that

1R & [1-R\ & R} R
ln[l'[ﬁ]=21“(m)=§-2[&+7+?+'“]5‘22}*““23'

Thus ], _E" < e~25. Using the fact that 3—(1 +x)
inequality (4.4), we have

'(1+_=F < 0 for z 2 0, and applying

_H"l_-%x 1 —e-25 es_e-s
R(fifa:-- — - = tanh S.
(f f fﬂ) 1+H;—1 1.+.R 1+e-2S eS+e—5
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Our next task is to show how R() can be used to identify strong positivity of a sequence in
R{z*!]*. The following sequence of results leads to Theorem 4.12. They could each be deduced
from Corollary 1.9 in [BH], but we have decided to derive them from elementary principles.
Lemma 4.8 is due to Meissner [Mn], while the proof of it given here was inspired by the proof
of Lemma 3 in [H4].

Lemmad.8: Let f=a—ba+cx? witha,b,¢ > 0and b>—4ac < 0. Then for sufficiently
large 7, the polynomial (1 + 2)" f is gapless and has only nonnegative coefficients.

Proof: Rescaling by 1 -, it suffices to prove the result for the case a = 1, that is, f=1-br+cz?
(and ¥%*—4c < 0). The end coefficients of the product, namely ((1 + )" f, z¥) fork = 0,1,n+1
and n + 2 are, respectively, 1, n — b, nc — b and ¢, and it is clear that for sufficiently large n
each of these is strictly positive. It remains to show that {(1 + )™, x") >0for2<k<n,
for sufficiently large n. Now for2 < k < n,

(L +2)f, z*) = <Z::0 (?);ﬁu - bz + cz®), _—,,-k> = (:) -b(kf 1) +c(kf2)

_fn k k(k-1)
_(k)[l bn—-k+1+c(n-k+1)(n—k+2)]
Replacing k by yn, we let

L n yn(yn — 1)
gn(r) =1 bn_.m+1+ n—ym+1l)(n—rn+2)
T 'r('r— =)

+c .
I=7+3  (Q-v+(=-7+3)
We show that for all sufficiently large n, go(7) > 0 for all v € [2, 1]. Assume thaty € [-f;, 1].
Let v, = 14 and note that for v < 1 we have

1
Y Y +b 1 _b
>lob—T —S1_p—>1- =l-b————=1—-2=0
g 21-by— oy > 1-by g 2 1-by e = 1-bgry 5=
Sogn(T)iOif?’S']’l-
Let 'yz=-,:—|_§. and assume that n > 228 ci'?b,so that 1{c+ 2b) < §. Then for v > 72 we have

v vy - 1)

L (S
g +§>[“’(1"’+%)“(“‘%)]
and
b(l—'y+ )+c('y——)——~b+bfy-—b+c7—-——(b+c) b—%(c+2b)

> (b+c)y - b——>(b+c)

c
(b+ §) ={

SO gn(¥)>0ify> 7 andﬂ>--(i""’l

It remains to show that for sufhcmnlly large 7, gn(7v) > O for all ¥ € [y1, 72] N[2,1]. Since by
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assumption b2 — dc < 0, it follows that ¢ > '—:‘- and so we have ¢ = -”3— o for some o > 1. Iy
and n are such that

- lmy+2
T v ¥
7—§‘1—7+é<“ (+)
then . \
g b Y - 3)
=l-b——F+—u« n 5
() I—yty 4 (-7+30-7+3)
v ¥ oy l-v+3 Yy - %)
>l-b———T+ T 1 ] 3
l—y+i dy=% loq+: Q-7+ 0-7+3)
X 2 2
=-'1—b—7 T+ 7 l-r=(1_b ! 1) 20
=+ 4 (1-9+3) I—y+ 5
We note that if v < v < 72 then
Yy 1-y+2 1 (Q-m+i 1 (-ml+y
y—L loq+i -k Q-M+x T 1-53 (1—m)+L

As the right-hand side of this inequality approaches 1 as n — oo, we may choose n so large
that it is less than c. For such 7 and for 7 € [v1,¥2), inequality (*) holds, and so gn (v) > 0.
We have thus shown that for sufficiently large n,gn(y) >0 forall y € (%,1], which completes
the proot.

Corollary 4.9: Let f = a — bz + cz® with a,b,c’> 0 and b* — 4ac < 0, and let
r € (0, 00). Then for sufficiently large n, the polynomial (1 +72)"f is gapless and has
only nonnegative coefficients.

Proof: We define a new polynomial ¢ = a — %.n + ;‘-’5-:1:2, and note that it satisfics the
condition of Lemma 4.8, as (£)° — da(&) = H(b® - dac) < 0. Lemma 4.8 guarantecs
that for sufficiently large n, ((1+ z)"g, :t:"') > 0 fork =01,2,...,n + 2. The map
r s rz induces an automorphism on R{z*!] which carries R[z%!]* into R[z*!|*, and
this automorphism sends (1 + z)™g into (1 + rz)™f. It follows that for sufficiently large n,
(L +ray* f, 2%) = rF {(1 + z)"g, zky > 0fork=0,1,2,...,n+2 ]

Corollary 4.10: Let f € R[z*!] be such that f(z) > O for all » € (0,00), and let
r € (0, 00). Then for sufficiently large n, the polynomial (1 + )™ f is gapless and has
no negative coefficients.

Proof: Multiplying by an appropriate power of z, we may assume, without loss of generality,
that the elements of Log f are non-negative integers, and that {f, z°) # 0. Since f(z) > 0
for all z € (0, 00), the highest coefficient of f must be positive. If Log f = {0} we are done.
Otherwise, we may factor f (over R) into a product of linear and irreducible quadratic factors
with positive leading coeffients, say f = fifo fm. It suffices to show that cach one of these
factors becomes gapless and nonnegative after multiplcation by (1 + rz)" for sufficiently large
n. As f has no positive real roots, any linear factors must lie in R{z*!]*+, and are necessarily
gapless. The irreducible quadratic factors must be of the form ax? — bz + ¢ with b% — dac < 0.

a4



As a > 0 it follows that also ¢ > 0. If b < 0 then the quadratic is already in R[z*!]*, and
multiplying by 1+ rz (in case b is 0) makes it gapless. It suffices to show that for any quadratic
fi = az® — bx + ¢, with a,b,¢ > 0 and b% - 4ac < 0, the product (1 + rz)™f; is gapless and
nonnegative for sufficiently large n; but this is a consequence of Corollary 4.9. |

Corollary 4.11: Let f € R[z*!] be such that f(z) > 0 for all = € (0, c0), and let
{ai + biz};ey be a sequence in R[z*!] for which

inf r(a; + b;z) > 0.

ieN

Then for sufficiently large m, the product

(H (a; + bia:)) f
=1

is gapless and has no negative coefficients.

Proof: This proof mimics the argument of Lemma 1.2 in [BH]. If a; + bix = 0 for some
i, the result is trivially true. Otherwise, multiplying each a; + bz by -al—‘_, we may assume,
without loss of generality, that a; = 1 for all i € N. Leuting s = inf;en 7(a; + b;z), we see that
b € [s,1] for all i. Clearly the sequence {bi};cy has a cluster point = in [s,1]. By Corollary
4.10, for sufficiently large n, the polynomial P = (1 + rz)™f is gapless and has no negative
coefficients. If we let ky = minLog f and ky; = maxLog f, then as P is gapless, we have
LogP = {k, k1 + 1,k1 +2,..., ko +n}. Lete= kenﬁci,gp (P, z*). Since for each k € Log P

the coefficient of =¥ in ([T, (1 + r:x))f is a polynomial in 7y,79,...,7ys, it follows, by
continuity, that there is a é > 0 such that

<(H (1+ r,-:z:))f, :c""> —{((Q+rz)*f, z*) <€
i=1
for all k € Log P, whenever |r; — 7| < é fori = 1,2,...,n. Let 4y,4s,...,i, be an in-

creasing sequence of integers such that |b;;, —r| < & for j = 1,2,...,7n. Then the coefficient
<(H?=1 (1+ b;,.:r))f, mk) is strictly positive if k; < k < ko + n, and is zero otherwise. It fol-

lows that for m > i, the product ([T, (1 + b;z)}f is gapless and has no negative coeffiecients.
]

We are now ready to state how R can be used to identify strongly positive sequences.
Theorem 4.12 is equivalent to Theorem 1.11 in [BH]. Later (Theorem 4.21) we show that R can
be used to characterize strongly positive sequences.

Theorem 4.12: Every sequence {P;},cy in R[zE!]* for which
[» 0]
Y R(P)=00
i=l

is strongly positive.
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Proof: Using Theorem 4.7, we note that for any 1,n € N,

i+n
R(P,'.R‘.;.lpi.;.z v P.'.|.,,) > tanh (Z 'R.(Pj )) ,

J=|
so we can form a blocking {Q:};en Of the sequence { P}y, with R(Q:) > 3 for cach i € N.
By Proposition 4.1, each Q; can be decomposed as ¢ = Zje lai + bix)x* with I C Z and
min;es r{a; + bix) = R(Q:) > 3. Applying Corollary 4.11 and Proposition 1.5, shows that the
sequence {Q;}, ¢y is strongly positive. It follows that the original sequence {Pi}ien is strongly
positive, n

Corollary 4.13: If {P;},cy is a sequence in R[z*!]1\ {0} and there exists ¢ > 0 such
that for every tzil {P;},,, of the given sequence there is a n € N with
t-+n
R( H Pi) > €,
i=t+1
then the sequence is strongly positive.

Proof: Form a blocking {Q;};cy of the sequence { P}y with R(Qi) > e for each . Theorem
4.12 guarantees the strong positivity of {Qi};en» and hence that of the original sequence. B

The next two results concern the stability of R() under perturbations. Proposition 4.14 says
that if we perturb the coefficients of a polynomial by multiplicative factors, but no two adjacent
coefficients are altered, then the R-value cannot decrease by more than the largest of these
multiplicative factors. Corollary 4.15 allows all coefficients of the polynomial to be perturbed.
We will make use of these results in chapter 5.

Proposition 4.14: Suppose f and g are in R[z*!J*\{0} and satisfy

(1) Log f=Logg

(2) There exists & € (0, 1] such that g—j} € [a,1],VieLogf.

(3) For every i € Z either (f, 2°) = (g, z') or (f, z'*!) = (g, 2**').
Then

R(g) = a R(f).

Proof: Write f = T;ez fiz* and g = ¥,z gz’ 1f R(f) = 0, the result is clear. Assume
R(f) # 0. By Proposition 4.1 we can write f = 3., a;zt + bt with R(f) = rt_rg}lr(cr.,-:z:‘+

bizi*1). Fori € 2\ I we define a; = 0 and b; = 0, so that f = 3,5 aiz* + biz*+!, and
fi = a; + bi— for all i € Z. Clearly I C Log f.

For i € Log f we define ¢; = a.;f,’{,- and di—) = b;—; -}'%, and we set ¢; = 0 = d;_; for
i € Z\Log f. Note that ¢; can be nonzero only when i € Log f and a; is nonzero, s0 thati € I.
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Likewise «;~; can be nonzero only when i € Log f and b;_, is non-zero, so that i — 1 € I,
Thus ¥z’ + diott! = 3 o et + dia**!. For i € Log f we have

th ’ £S I
f, = (u, + b...]) = = tl, +b;_ == +d_1= <ZCJ.'L‘J + deJ+ I >
f‘- f'- f f3 JEZ
€l

As Logg = Log f, we conclude that g = >, ciz* + izt
Note that for i € I, as either f; = g; or fi41 = gi4+1, wWe have

, : v di . fivrai figi i
r(eizt + diz*t!) = min (5-, 5—) = min (g firt i fi git1 ﬁ)
di’ ¢ figiv1 b gi figr ai

o fa; b - :
> a min (—‘, —') = ar(az' + biztt1)

b,‘ a;
Thus » ‘ :
R(g) > min r(cat + diz**l) 2 « rr‘l_:iflr(a‘-x‘ +bir*t) = a R(f).
1 T

Corollary 4.15: Suppose f and g are in R[z*!1+\{0} and satisfy
(1) Log f=Logg
. f.z* .
(2) There exists & € (0, 1] such that ﬁ(ﬁ; € {a,i],VieLogf.

Then

R(f ) S Rig) > o R().

Proof: We define a new polynomial h which has odd coefficients equal to those of f and even
coefficients equal to those of g. By Proposition 4.14, R(g) > aR(k) and R(h) = aR(f), so
that R(g) > a®*R(f). Similarly R(f) > a®R(g). and the result follows.

The following result is a characterization of fully contiguous Laurent polynomials. It and
the following results through Lemma 4.20 are fairly elementary, but will find uses in chapter 5.

Proposition 4.16: If f € R[2*!]* then R(f) =1 if and only if f(—1)=0.

Proof: If R(f) = 1, then by Proposition 4.2 f can be written as f = (1 + x)g for some
g € R[z*']*, and s0 f(z) =0.

To prove the reverse implication, assume that f{—1) = 0. By appropriate choice of k, we
can guarantee that Log(z®f) € Z*, and so z*f € R[z]. By the factor theorem we can write
zkf = (x - (=1))g = (z + 1)g, for some g € R[z]. By property (2) of R(), and Corollary 4.6,
we have R(f) = R(zFf} = R((z + 1)g) = R(z + 1) = 1. It follows that R(f) = 1. |

Lemma 4.17: Let f =31, fiz' € R[z*']*\{0}, be unimodal with peak at 1. Then
there is a number a € [0, f;] such that R(a+ f) = 1.
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Proof: Let fi =0fori=n+1,n+2,.... and define s; = f; — fiyy fori > 1. By
unimodality, each s; is nonnegative, and Y00\ s; = fi. Note that f(-1) = 372 (—1)'fi =
E.—l (foi — faim1) = Tio| —82i-1 < 0. Multiplying through by —1 yields 0 < —f(-1) ==
Yooy S2i-1 € YioSi = fl Let « = —f(~1), and define ¢ = a + f. We note that
g9(=1) = a+ f(—1) = — f(-1) + f(1) = 0, and so by Proposition 4.16, R(g) = 1, as required.
[ |

Lemma 4.18: Suppose f =Y ., fiz' € R[z*!]7\{0} is unimodal with peak at 1. If
o is any number with -;-f1 <a < fl,then Ria+ f) > %

Proof: We may assume, that f, # 0. If n = 1, the resuit is trivially true. Assume n 2 2.
We define numbers @, Gn—1,@n-2,- - ., With 0 < e; < $fi, by selting a,, = 0 and using the
recursive fon'nula @i = 2(f; ai), fori =n,n—1,n—2,...,2, noting that the rclationship

0<a: <3 1 £, is preserved at each stage, smce the fact that 0 < q; < f; guarantees thata;_; 2 0,
and ummodahty guaranlet.s Lh.n aioy < 4 3 fi<sy L fi_1. Now

n-1

Za‘:r —Za‘x —Z =(firt — @iy1)7 —Z (fi - a2t

SO
a+ f=a+ Z firt=a+ Z(fi —a;)z" + z art=a+ Z(fi -a)r* + Z E(f,’ - a,-).'t:""l
i=1 i=1 i=1 i=1 =2

=a+(fi-a)z+ Z(f. - a;) (:L‘i + éx‘"l)
i=2 -

The contiguity of each term in the summation is §. To prove that R(a + f) > % it remains
to show that the contiguity of ¢ = & + (fi — a;)z is at least 1. Since 0 < o) < 3 f and

tfi<ac< fll, we have f';“‘ > f“}:“‘ = % and m > -’%—‘- = -i- It follows that
R(g) =r(9) 2 3- i

It is worth noting that the conditions on o in the preceding lemma cannol be weakened
to allow a > f1, as may be seen by cons:denng the example f = z + x* and noting that
Ria+f) = 7= +a (by Proposition 4.3). That @ < 1 f) is not allowed is evident from considering

f=z
Proposition 4.19: Let f € R{z%!]*\{0} be unimodal with peak at k. If R(f) < 5
then (f, 7¥) > (£, 271} + (£, 2*+1).

Proof;: By property (2) of R, it suffices to prove the resull for the case where the peak is at
0. Write f = Y,z fiz'. It suffices to show that R(f) 2 3 1 whenever f, < f1 + f1. We let
a= f—_%ﬁ_ﬁ and § = T;L-U?f'l' and note that « + 8 = fo As fo € f-1 4+ f1. it follows
that o < fy and 8 < f-;. By ummodahty. =1 {;_h > f:k!., = ’ Similarly 'fo >4 3
Takeg-Eolf‘m and h =3, fir'. f g #0, wemayusethefactlhat ifh<a<h
and Lemma 4.18 1o conclude that R(a + g) > 4. On the other hand, if g # 0, we may use
Lemma 4.18 and the fact that Qf_l <A< f-x. to conclude that ’R.(ﬂ+ h(:c“)) >4 %, which
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implies, by property (3) of R(), that R(8+h) 2 1. Since f = (h+ B) + (a+g), we conclude,
by property (5) of R(), that R(f) > 3. n

Lemma 4.20: If f € R[z£!17\{0} and {f, 2%} < (F 2" 1)+ (f, *t!) foralli € Z,
then R(f) 2 3.

Proof: We prove the result by induction on the number of modes in f. If f is unimodal, then
the result follows from Proposition 4.19 and property (2) of R().

Suppose that f has 7+ 1 modes, and that the result has been proved for the case of n modes.
Write f = > ;ez fix*. Let j be the last peak of the first mode of f, and let k be the first peak
in the second mode of f (counting from the left). From the definition of mode it is clear that
j+1<k-1

If j+1 < k—1, we let 7n be an integer between 7 and k with frm minimal. If m = j41, welet
P=Yc, fiztandQ = ¥ ;.. fiz'. Otherwise wetake P =3, ., iz’ and Q = 3 .y fiz'

In either case P is unimodal and Q has n modes, and by the induction hypothesis, we obtain
that R(P) > 4 and R(Q) > }. As f = P+ @, it follows, from property (5) of R(), that
R(f) 2 §-

It remains to prove the case in which j + 1 = k — 1. From the definition of mode we know
that fi > fi—1 and fi 2 fi1, but fre € fe—1+ frq1- Welet P=3 . fiz' + (fi = frr1)z®,
and Q = fk+1$k+2,‘>k fiz'. From fi £ fe—1+ fre it follows that f;44 = fre—1 2 fo— fet1s
and as f; > fi1, il s clear that P is unimodal. Q, on the other hand, has n modes. By the
induction hypothesis we have R(P) > % and R(Q) 2 -é- and since f = P + Q, we conclude

that R(f) > % u

The following result characterizes strong positivity in terms of R. Recall thatt -Eor any
n

sequence {P;};cy in Rlz*!], and forany ¢ € Z* and n € N, we have defined P™* = [[;Zyy, B

Theorem 4.21: Let {P;},.y be a sequence in R[z*!]T\{0}. The following are equiv-
alent.

(1) {P:}ien is a strongly positive sequence.
(2) vtezZ*, lim R(P™)=1.
n-— 000

(3) {P:};en has a blocking {Q:};ey With Y R(Qs) = co.

i=1

(4) There is an € > 0 such that for any ¢ € Z*, there is an n € N with R(P™) > e.
(5) 3e > 0 such that V¢ € Z, there exist t’ > ¢ and n € N with R(P"“') > €.

Proof: We first show that (1) = (5). Assume {P;},cy is strongly positive. Let e = 1, and let
t € Z* be given. By strong positivity, there is an n € N such that (1 —z + z?) (1'[:':?_,,1 R-) €
Rjz*!]*. Let R, = [[:*7,, P Foreach j € Z we have 0 < ((1 — 24 2% Ry, 27H1) =
(Rp, 27+1) = (Rn, 27 + (Rn, 2971), 50 (Rp, 29) < (Ra, &7*!) + (B, 7'). By Lemma
4.20 we have R(R,) 2 1. so taking ' = t we see that RAIM P)2 i >«
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We next show that (5) = (4). Assuming (5), we take € as in (5), and let t € ZV be
given. By (5) there is a ¢’ > ¢ and an n € N with R(P™) > ¢, Note that Pr+t'—ht =

(H::;’_;l P.-) = (Hf:& 1 P.') (H:zt +1 P,-) = prt' pt'=t¢ and apply Corollary 4.6 to obtain
R(P™H =ty > R(P™') > ¢, so (4) holds.

We now show that (4) = (3). Let € be as in (3). Taking Ny = 0 and applying (4}
we find an Nz > Ny such that R(H?L’NI_H P.-) > e. Continuing in this way, having defined
N; we obtain an Nj4 > N; for which R(]’Ifi"f{,;H R) > e Letting Q; = l'[fvj,’{,;_H P, for
4 € N, we note that 30, R(Q:) = ne, and so (3) holds.

Assuming (3), we now prove (2). Letting {Qi};cy be as in (3), and let £ € Z* be given.
Assume that Q; = 1'[?’:’;,;_,_1 P, for j € N. Take j with N; > ¢, and note that for n € N, by
property (5) of R() and Theorem 4.7,

Nj+n .Nj+n Jtn-—1 Jtn-—1
’R.( 11 P,-) zn( i1 P,-) ='R.( I1 Q.-) 2t,anh( > R(Q,-)).

i=t+41 i=N;+1 i=j i=j
(2) follows from this fact, Corollary 4.6 and property (1) of R().
Taking € = % it is clear that (2) = (4). The implicaion (4) == (1) is the content of
Corollary 4.13, and completes the proof. |

The following result can also be proved by studying the extreinnal stetes of certain dimension
groups related to a sequence of polynomials (see Theorems 2.1 and 2.5 in [BH]). The following
proof relies only on the elementary methods of chapters 2 through 4 in this thesis.

Corollary 4.22: Every strongly positive sequence in R[2%!]* is a zero-fluctuation
sequence.

Proof: If the sequence {P;} has P; = 0 for infinitely many ¢, then it is trivially a zero-fluctuation
sequence. Otherwise, we may take a tail of the sequence for which each P; is nonzero. Applying
Theorem 4.21 (3) we obtain a blocking {Q;} of {F;} for which 3, R(Q:) = oo. By inequality
(4.1) of Proposition 4.2, we obtain Y, P(Q;) = co. Applying Theorem 2.10 we conclude that
{B.} is a zero-fluctuation sequence. | |
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5. Main Strong Positivity Results

We have seen that in order for the sequence {F;} to be strongly positive, it must be a zero-
fluctuation sequence (Corollary 4.22). We have also seen that the condition ), P(FP;) = oo
is sufficient to guarantee that {P;} is a zero-fluctuation sequence, while 3, R(P:;) = oo is
sufficient 1o guarantee that it is strongly positive (Corollary 2.8 and Theorem 4.12). Since we
have already remarked on the similarity of P and R — they both measure “how much (1+x)” is
in a polynomial (as noted when we compared the decompositions of Lemma 2.5 and Proposition
4.2), we arc templed to ask what the difference between them is. The answer to this question
lics in the fact that P is a global measure that is concerned with the amount of persistence
overall, while R focuses on the contiguity in the worst region (as is clear from the definition of
R). While we have scen that fluctuation is fairly robust under perturbations, particularly upward
perturbations, we find that strong positivity may be gained or lost by arbitrarily small upward
perturbations (see the discussion preceding Proposition 5.16). :

1
Examples such as P, = . : 1: :l:and P, =, : : 1: N ' » have divergent
0 1 4 0 1 3 4

persistence but are not strongly positive (hence they have convergent contiguity). On the other
1 1 1 %
0 1 '3 4
{although its contiguity is still convergent). Our first task in this chapter will be to demonstrate
and explain this sort of phenomenon.

Noting that ) _; P{F;) = oo guarantees a sequence to be a zero-fluctuation sequence, we ask
what additional conditions will guarantee that {P;} is strongly positive. Our best answers will
be in Proposition 5.14 and Theorem 5.15.

The first six results of this section are technical lemmas needed to prove Theorem 5.7. The
most noteworthy among them is Proposition 5.2, which says essentially that if some unimodal
polynomials are added to a highly contiguous poiynomial, and the peaks of the unimodal poly-
nomials get ‘swamped’ by the mass of the sum, then the sum is highly contiguous. This is one
of the key ideas in the proof of Theorem 5.7, and could potentially be used to produce other
similar strong positivity resullts.

hand, we will discover (after Theorem 5.7) that P, =, , is strongly positve.

Lemma 5.1: Suppose P,@ € R[2*!]* and R(P) > 1. Suppose also that Log @
contains no two consecutive integers, and that (P, 2*~!) > (Q, 2*) for all i € Z. Then
R(P+Q) 2 3.

Proof: If Q = 0 the result is trivial. Assume Q # 0. We can write P+ Q = (P - 1Qz7 1) +
(3Qz~' + Q). Itis clear that P — 1Qz~! € Rfz*!|*, and by Proposition 4.14 we have that
R(P - 1Qz~!) 2 2 R(P) 2 1. On the other hand, by Corollary 4.6 we have R(3Qz~ + Q) =
{2((% z=1+1)Q) = R(3z~1 +1) = 4. It follows from property (5) of R() that R(P+Q) >
3- .

The following result deals with the contiguity of the sum of many unimodal polynomials
and a polynomial of substantial contiguity.
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Proposition 5.2: Suppose I is a finite subset of Z, and for each m € I, fm €
R[z*!]*\{0} is a unimodal Laurent polynomial with peak at m. Suppose also that
g € R[z*!1T satisfies R(g) > 1. Leth=9+3,,c; fm. If either

(hy, 2™ Y)Y > (fums 2™), Vmel
or

(hy &™) > (fin, 2™), Vmel,
then R(h) > 1.

Pro.™:  We assume that (h, 2™~1) > (fm, ™), YV € I, since the other case follows from
this one by applying the homomorphism of R[x*!]* which sends x to ™!

Our approach will be to throw parts of the f,,’s in with g, until A is a simple perturbation
of g. First of all, if R(f,x) > § for some m € I, then we may replace g by g + fn, and drop
m from I. The relationship b = g+ 3_,,c; fm is still preserved, as is the fact that R{g) 2> 3
and we now have R(fm) < % for each m € I. Combining Proposition 4.19 with property (2)
of R(), we find that {fin, ™) > (fin, ™) + (frm, a™*+!) for each m € I. We will ‘chop
off” part of the peak of fin. Let am = {fin, ™) = (fin, ™ 1) = {fon, z™+1). By Proposition
4.19, R(fin — €mz™) = 3. We may thus replace g by g + (fm — cmz™), and replace fim by
omz™. We now have k= g+ 3, c; @mz™, and (h, 2™~!) > am forall m € L

If, for some m, both m and m + 1 are in I, then if ay, £ a4y we replace g by g 4
(am:c"' + ama:m“). drop m from I, and replace m41 BY Gmt1 — . If, On the other hand,
Qm > Gme1, We replace g by g + (tm412™ + amerz™*!), drop m + 1 from 1, and replace
Gt BY Qtm — @tmy1. After applying this procedure, we once again have h = g + Y omel EmT™,
and (h, 2™=') > a for all m € I, and, in addition, I contains no wo consecutive integers.
For each m € I we have (h, z™~!) = (g, ™1}, and s0 (g, 2™~ !) > ev,n. We apply Lemma
51 with P=gand Q =3 . ;0nz™, to obtain that R(P+Q) > ﬁ That is, R(k) > l} [ |

Lemma 5.3: Suppose that we have a finite family {f:};; of polynomials in R[z*!]%,
where for each i € I, f; is either a;(1+b;x) or a;(1 +b;z~1), for numbers a; € [0, 00)
and b; € [0,1]. Let T = Hz'EI fi.

Gy If ||T|| = a(]1;e; a:) for some a > 1, then R(T) 2 tanhlna.

i) ERIT)< 55’-, then T is strongly unimodal with peak at Q.

Proof: Let A =], ai. If A=0, then T = 0, and the result is trivially true, as R(0) = 1.
Assume A # 0. Note that R(f;) = b; for each i € I. Using Lemma A.2 we find that

ITh=7() = [Tl =TI s = alJa+8) = A][ 1+ R()) S A exp [Z R(f,-)]
i€l i€l i€l i€l i€l

If |T)} 2 aA for some a > 1, then exp [Z,-E,'R.(fi)] > a, and 50 D ;¢ R(fi) 2 Ine

Theorem 4.7 tells us that R(T) > tanh (3;¢; R(f:)). 1t follows that R(T) 2 tanhlna,

proving (i).
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From (i) we note that if ll%ll > 2, then R(T) 2 tanhin2 = % It follows that if T is such
that R(T) < 2, then ||T|| < 2A. Since (T, z°) > A, we see that more than half of the mass of
T lies on (T, z°). As T is strongly unimodal, it follows that T must have peak at 0. B

The following lemma says, essentially, that if a polynomial is the sum of a contiguous part
and a unimodal part, and the peak of the unimodal part is swamped by mass from the contiguous
part, then the polynomial has high contiguity.

Lemma 5.4: Suppose g,h € R[z%!]T\{0} and g is unimodal with peak at p, while

R(h) > 3. Suppose aiso that (h, 27%7) > 3 (g, 2P) with o € {-1, 1}. Then R(g+h) >
1

5.
Proof: Write g = ¥,z giz* and h = 3,y hix'. Il R(g) 2 %, we are done, by property (5)
of R. If R(g) < 1. then by Proposition 4.19, gp > gp-1+gp+1. Letc = gp—(gp-1 + gp+1)- By
Lemma 4.20 we have R{g—cz?) > §. We also have R (czP + £xPt?) =1 Asc<gp < ﬁfg‘—"
it follows that § < Zzt2 and so by Proposition 4.14, R(k —~ £xrto) > ER(A) 2 § -8 =13
Since g+ h = (g — cx?) + (ca? + £aP*7) + (h - £zP+7), we conclude that R(g+ h) 2 . 1
The lower bound in the following lemma could be improved, but is sufficient for our pur-
poses.
Lemma 5.5: Suppose that I is a finite set of n elements, and that for each ¢ € I,
v € [0,11. Let pj = {[;e; (1 +7:2), 2¥) for j € Z. If J is a subset of I of size p,
and s € Z is such that p,_; < ps, then

< I a+vm, w3> 2 ps — 27 ps-1.
ieI\J

Proof: For convenience, we define, for j € Z,

a; = <H(1 4+ 1;:1), :1:’> and T = < H (1 + vz, mj>.

ieJ ie\J
Note that p, = 3¢z T3Ts—j = 2r=p TjTa—j- AS the p;are coefficients of a strongly unimodal
polynomial, and ps—~1 < ps, it follows that p; < ps—1 forall i < s —1. We also have 7; < p;
for all 7 € Z. Using these facts, we find that

P r r P
ps = Z OjTu—j = ToTs + Z 0;Ts—j S OoTs + Z GjPs—j S ToTs + Z OjPs—1-
=) i=1 i=1 i=1
Since o, = 1, and

p P

Yoi<Y o =l0+w s+ =27,
i=1 i=0 igd

we conclude that

P P
Ps S 0oy + Z OiPs—1 = Ts T+ Pa—1 z g; £ Ts + Ps—1 2P,
j=1 j=1

Rearranging this to get 75 > p, — 2P p,—; completes the proof. [ |
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Lemma 5.6: Suppose P is any strongly unimodal polynomial in R[z%!'}*\{0} and
~ €10,1). Let @ = (1+~x)P. Then for any s € Log P,

(P, 2°) > (Q, 2**') - min (l , %%é;:)l)

Proof: Write P = ).’ and Q = 3 cpqix’. 1M ooy = O the result is trivially true.
Assume g,—1 # 0. Note that q; 2 p; forall i € Z.

First consider the case in which ¢, < % In this situation, g, = pa+Yps—1 S Pa+pe—1 £
Ds +qs—1 < py + % It follows that p, > ¢, - % = 4. Since Q is strongly unimodal, we know

that —2e— > Qn-: ThlS yields p, > _1_._ = "L‘_ _‘lL.. ) "",' Skl Qs41" da=t and the desired

Q=1 = - 2 Gs-1 - s 2q.
inequality holds

It remains to consider the case g.—1 > 4. By the strong unimodality of @ this gives
2> —1"— > "'“. As 1 4 vya is a right-positive perturbation of 1 (defined on page 9), using

Corolla.ry 1. 10 we find that ”'“ < "'“, Thus pH_, < 2. SiNCE Gug1 = Pupl + 1Py <

Dot + Ps < 2D + ps = 3P, we conclude that p, 2 J Js+1. Which completes the proof. | |
. - _ 1 i ﬁ:
A sequence of polynomials of the form P; = TR cannot be strongly positive. In

particular the coefficient of z! in (1 — 2 + 22)P™* will be negative for every choice of n and
t. The obstacle to strong positivity is the fact that Log P™* always has a gap at the left end.

1 , .
Filling in this gap, we note that the sequence of polynomials given by F; =, (1] ' ;1’ ' ';‘ ; i‘ .

still cannot be strongly positive, as the coefficient of z! in the product (1 — z + z?)P™¢ is
-1+ Z:::‘_H {g, which will be negative if ¢ > 1. The obstacle to strong positivity is the fact
that we still effectively have a gap, as the mass on z! is summable. Putting more mass on x!
L 1 | { 1

1 "m41
is strongly positive for any choice of m (by Theorem 4.12). These examples m:g,hl lead us to
conjecture that a necessary condition for strong positivity would be to require the sum of the
contiguity at the lefimost two coefficients of P; to be divergent. This is in fact not the case.
Theorem 5.7 shows that adding any nonzero mass on the outside of the isolated coefficient can
give rise to strong positivity. It shows, for example, that the sequences of polynomials given by

can make the sequence strongly positive: the sequence given by P; =,

1 l -—t r—1 -_.1/2

> 1 1 = 5 1 1 i .
= % yand Q; =, N ; ; are both strongly positive.
e T e TR 5 gy p

Theorem 5.7 is proved by breaking the product into a sum consisting of a highly contiguous
part and a number of unimodal parts. We show that the peaks of the unimodal parts get absorbed
by other mass from the product, and so, using Proposition 5.2, we conclude that the product has
high contiguity.

Theorem 5.7: Suppose that for each i € N we have numbers a;, f; and «; in (0, 1], and
that infinitely many of the ;’s are nonzero and 3 so, @; < 0o, while 3 ¢2) il = 00
Suppose also that ¢ € {—1,1}. Then for any integer m > 2, the sequence {Pi},cy
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defined by
P = a;z 41 + ™+ ~: B2t 1iEN

is strongly positive.

Proof: By Theorem 4.21 (4) it suffices o show that for any t € Z* there is an n € N for
which R(P™¢) 2> 3. Let ¢ be given.

Let A=Y 2, i, and forcach n € N let 4, = 147, (1 + asx). Now A < oo, and we
note that (A,,, :nl) = Ef::‘H a; < A lor all n € N. Since each A, is strongly unimodal, we

i+1 L1 . .

have that (?j{fr.>) < (ff'":,)w < Afori=1,2,...,n It lollows that {A,, z') < A* for all
i € Z*. In particular, (An, z™7') < AL As (A, z™~1) is a non-decreasing sequence in
n that is bounded above, it has a limit A. Since infinitely many of the o;’s are nonzero, A > 0.

Let L = 2@ + 2m=1 By Corollary 3.16, there is an n, € N such that the set

b (1 + yyx), Y
Un= {iez <H’:“( %) : >E(L, 2L)}
<Hj=?+1(1 + 75%), $'>
has at least  + 3 elements whenever n > n,. Take n > n, large enough that {4, ™) >
A/2, and T4, % > 32L. We show that R(P™*) 2 3.
Our first step is to decompose P™¢ into a sum of simpler polynomials. We define, for
i €N, Q = v + 70 and R; = a;z~ ' + 1, so that P, = R; + Qix™. We let I, =
{t+1,t+2,t+3,...,t+n} and foreach X C I, and each i € I, we define

WK,;'={Qi ifie K

R; ifigK
Now letting P = P™t = [[!27 | P, we observe that
p=T o= 5 [ I1 &) ([lew") = 3 o T wes
i€ln KCI. \i€l.\K i€k KCI, i€ln
Foreach K C I, we let Tk = [[;es, Wk i and fork =0,1,2,...n,welet T} = Z ™ Ty,
KCln

| K=k

so that P = ZTk. For each K C I, we define Gx = H %, and for j € Z we define

k=0 icK
pi= <H(1+'re$), $’> = Z Gk-.
iel, ﬁﬁi';

Recall that by choice of n, the set Uy, has a least m+-3 elements. Let k, be the third smallest
element of U,. so that, in particular, k, — 2 € U, and k, < n — m. We show that R(T}) 2 1
whenever k, <k <n.

Take k with k, < k <7, and set Bx = { K € I | |K| =k, R(Tk) < 3 1. If By is empty,
then R(T) 2 55’- > % If, on the other hand, B is not empty, then Lemma 5.3 tells us that for
every I € By, Tk is unimodal with peak at 0, and that | Tk || < 2G« (since tanhln2 = 2).
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Leuing gk = 3 xeB, ™5 T, we note that g is unimodal with peak at nk, and that

<Qka wmk) = < Z llfkal\'v wmk> = < Z Tl\'a _,L.u> = Z (Th'n :co)

KeBy KeB, Keb,
KeB o ReR i

We show that this coefficient of gx is swamped by the mass around it in Tx. Note that for
K C I, in the ordering on R[z¥*!] we have Ty > H Q; = Gg H(1 + B;x°) and so

gk €K
(TKa 330) > Gk dek Bi. Thus

(Tk; mmk-l-a) — Z mkaK, mmk+¢r — Z (TKv :L.a)

KCln KGlu

IKT=k 1K=k
> e p=Y Sws 1 w=2 w8 > Il
Kein i€K 5‘;';1 €K FEK\{i} iely *l‘,%":k\_t-'ll jeK
= Z'Yiﬁi( 11 (1+”!:‘-”“)'1'k_1>
i€ln 7€\ i)

We apply Lemma 5.6, with s = k — 1, to find that for any i € [y,

- . (1 P2
1+ -a:,:z:"‘ VN> (._, )
< [I G+ >~ Ll ORIy N

Fe€la\{i}

Since the sequence {#;}, 5 is strongly unimodal, and k,—2 € U, we have %—:—i < gf":—; < 2L,

Pr_2 1
T/ > AL and

2
(1 1 [178
(Ti, 2™} 2 > 7:f8; - min (3 , Zf) Pr. = 4—2" > 1B

i€l, i€l

and 50

Since n was chosen so that ¢, v/ > 32L, we obain (Ti, a™+7) > 8P As gy is
unimodal with peak at mk, and {gk, T™F) < 2P, it follows that (Tk — gk, T™+7) > 8P —
2p), = 60 > 3 gk, z™*). Applying Lemma 5.4, with b =T — gr and p = mk, we conclude
that R(T) > 1, as desired.

We have shown that R(T}) > § whenever k, < k < 7.

We now consider values of k with 0 < k < k,. For such k we definc

Dk={KgIn K| = k, 'R.(TK)<%}.

Lemma 5.3 tells us that for every K € Di, Tx is unimodal with peak at 0, and that 1Tkl <
V3G (since tanhln /3 = %). If Dy is not empty, set fmk = 2KeD, ™ T, and note that
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fmk is unimodal with peak at mk. The coefficient at this peak satisfies

{ fonkr T™F) = < > 2™ Tk, :c"‘k> = < > Tk, m°> = Y (Tx, z°

KeDy KeD, KeD,
< S ITkl< Y V3G <VB Y Gk =Van
KeD, KeDy ﬁﬁi’i

We show that this peak is swamped by the mass (P, x™**+1). Note that in the ordering on
R(z*!], Q; > 7 for cach i € I, and so for any K C I,,,

Tk = (H Q.-)( I1 Ri) > (1‘[ 'n) I (x+).

i€K i€l \K ek / iel\K
Thus for0 < j < n-|K|,

(T«, :z:'j)BGK< H (a;-a:_'+1),:v_-"> =Gk E Ha‘-.

il \K ICIn\K igJ

Since we are considering k with 0 < k < k,, and we know that k, €< n — m, it follows that
m-—1<n-(k-+1), and so

(P, 2™ 1) > (Thyy, z™FH) = < S g™y, :x:'"""‘l> = Y (Tx,z""™)

KCln KCln
| K I=k+1 |Kl=k+1
> 3 Gr o Jle= 2 > Gr]]a
KCln JCILNK {ed JCIn  KCIn\J ieJ
1IKIl=k+1 1Ji=m-1 [Jl=m=1 | Kl=k+1
= Z (Ha‘-) Z Gg = Z (]___[a-;) < ]___[ (14 viz), :rk+1>
ff"‘ icJ lxc:..u IJIJi;r,._ ieJ iel\J
By the choice of &, we have Eﬁf*—‘ > L. Since the sequence {P,} .z, is strongly unimodal, and

0 < k < k,, we have Prty = %ﬂﬁ > L. Thus £, < < Pi41, and applying Lemma 5.5,

withp=m-1and s = k + 1, we find that, for each subset J C I, of cardinality m — 1,

: p
< H (1 + 7im)v $k+l> 2 Pyl — gm-lpk = [—:+I - ?.m_l] P
L

i€l \J

Pnn

It follows that for 0 < k < ko,

2v/3 2v/3 A 2V3
(P, x )2 ng,:, (Ean) [ 3 PkJ (An, z™1) ! Pk] 2 5 P = V35
[Jlme=l

As {fmk, ™) < V385, we conclude that (P, z™*1) > ( fink, 2™F) whenever 0 < k < k..
Let ] = {mk|0<S k<k, D #0},andlet E={K C I.||K| < ko, RTk) 23 }. If
weselg =) pep Tk +3 0 Thithen P =g+ 3, fio and R(g) > 3. Since (P, :l:""l) >
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(f:, fa:‘) for each 7 € I, we may apply Proposition 5.2 to find that R(P) > 3, completing the
proof. |

We now generalize the result of Theorem 5.7 in stages. Our first step will be to allow
variability as to which of the two rightmost coefficients is larger.,

Corollary 5.8: Suppose {P;},.y is a sequence of polynomials in R[2*!]* given by
i 1 ‘ b G

-1 0 p p+l’

where p > 1 is a fixed integer and b;, ¢; € (0,1] and a; € [0,1], for each i in N.
Suppose also that infinitely many of the a;'s are nonzero and that ) 2| a; < 00.

If 3 o2, min(b;, ¢;) = oo then { P}, is strongly positive.

Proof: LetI={ieN|b>c;}and J={ieN|h <c}. Since 3 o, min{ly,e:i) = 00, it
follows that either 3, ; min(b;, ¢;) = oo or 3, min(b;, ¢;) = oo, or both.

First consider the case where )., min(b;, ¢;} = oco. Foreach i € J we let o = a;,
% =c and §; = & and ke m = p+ 1. Then P, = e~ + 1+ ™ 4 yifia™l, and
by Theorem 5.7 we conclude that the sequence {Pi},c; is strongly positive. Tt follows from
Proposition 1.2 that {P;},y is strongly positive,

Next consider the case where 3., min(b;, ¢;) = o0 and p > 2. For cach ¢ € I we let
@ =ta, % =b; and §; = § and take m = p. Then P, = ™" + 1 4 yz™ + YiBi™ 1,
and by Theorem 5.7 we conclude that the sequence {F;},¢; is strongly positive. It follows from
Proposition 1.2 that {P;},cy is strongly positive.

It remains to consider the case where )., min(b;, ¢;) = oo and p = 1. Wriling F; =
[aiz=! + 2]+ [(1 - %) + % 2]+ [% = + eix?], we see that R(P) 2 § min (b, ¢;). It follows
that 3~;; R(P;) = oo, and by Theorem 4,12 we conclude that {P;},¢; iz strongly positive. It
follows from Proposition 1.2 that {P;},.y is strongly positive. |

Pi=:

Next we generalize by removing the condition that the mass at z® be the largest mass in

the polynomial. Corollary 5.9 yields the strong positivily of sequences such as that given by
=5 ._3 -_.1

P; =ei t : t . t '

-1 0 7 8

'
—

Corollary 5.9: Suppose {P;};cy is a sequence of polynomials in R[zE!]t given by

po Biovi b
TTT0 p p+l]
where p > 1 is a fixed integer, and for all i € N, a;, 3,7, 6: € (0,1]. Suppose that

pDra F <oo. If 3 oo min(7y;, 6;) = co then {P;};y is strongly positive.

Proof: As ) o, % < oo, we may assume, by taking an appropriate tail of the sequence, that
a; < B; for all i in N. For each i € N let w; = max(8;, 7:, 6;) and note that w; < 1. Fori €N
define 5 .
=% Ji py Opit (L _1). . l____)(s. ptl
Q,—ﬁi:p +1+wi:c +w,-I and R (ﬁ;‘ = TP + 7 P,

H W
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In keeping with the notation of Proposition 1.5, we let To; = Qi and Th; = R, for all
i€ N. Let k = (k{1),k(2),...) be any sequence in {0, I}N. and set I = {i{ e N|k(i) =0}.
If it happens that 3¢, min{yi, &) = oo, then 3,y min (-"L"- £i-) = co. and applying

w; Y wy

and note that R; > 0, and Q; + R: = 5- P.. Note also that each coefficient of Q; is in (0, 1].

Corollary 5.8 we find that the sequence {Q;};¢; is strongly positive. It follows (from Proposition
1.2) that {Tki),i } ;g is strongly positive.
If, on the other hand, 3, ; min(y:, &) < oo, then 3 .ens min{~;, ;) = co. Noting that
when R; # 0,
: in(vy:, 6;)
R(R;) = 2P + Sty = —HLH(L—
(R ) R('}';.’I + L ) nlilX('}’i,bi)
and that R(0) = 1, we find that 3o, cnyy RO) 2 Fiemyr min(7y;, ;) = oo. It follows that
> ien R(Tki),i) = oo, and so {Thtiy,i } i IS Strongly positive, by Theorem 4.12.
Applying Proposition 1.5, we conclude that the sequence {To,i + T1,i};y is strongly posi-
tive. It follows that {P;};y is strongly positive. |

2 min('Ti: 6l) '

The condition that 3.2, %t < oo in Corollary 5.9 was unnecessarily restrictive. The single
condition of Coroliary 5.10 admits every sequence that satisfied the conditions of Corollary

1 1
59 (where 8 < 1) while also permitting such sequences as — L , and even
o P ¢ -1 0 3 4
1 4 4 L |
- i i while excluding sequences such as , it~ ., which is not
-1 0 3 4 -1 0 3

4
sirongly positive (as remarked earlier). The advantage of Corollary 5.10 over Corollary 5.9
is the fact that it is simpler and more comprehensive, although many of the new sequences it
covers, such as the first two sited above, can be proved strongly positive using earlier results
such as Theorem 4.12.

Corollary 5.10: Let {P;},cy be a sequence of polynomials in R[z*!]* given by
a B on b

0 1 p p+1

where p > 2 is a fixed integer, and o, i, 7, 6: € (0, 1] for all i in N.

If S°°°, min (v, 6, &) = co then { P}y is strongly positive.

i? o

P; =

Proof: For each i € N let p; = min (v, &, ;L‘) u; = 1 min(ay, 8;), and w; = 757, and set

Q; = w; + (B; — ui)z + 1z’ + S;xPtl  and R = (o — wi) + iz

so that Q; + R, = P..
As p; £ %— we obwin g; 2 pa:, and s0 u; 2 -é-min(a;, pit;) = %p,-ai. For each i € N,
we also have w; < ﬁdﬁ; < & and so oy - w; 2 o — &= g%,_ > & > u;. It follows that

R(R‘) = a.'t:w.' 2 *‘:;:xi = %Pi-
In keeping with the notation of Proposition 1.5, we let To; = Qi and Ty = R; for all
i € N. Let k = (k(1), k(2),...) be any sequence in {0,1}", and set I = {i € N|k(i) = 0}.
If Tieny 2 = 00, then Yoy R(Th(ini) 2 Liemys RIE) 2 Liens 2 pi = oo, and so

{Ti(i).i };en s Strongly positive, by Theorem 4.12.
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If, on the other hand, 3 ;eny; £i < 00, then we must have 3., p; = co. For each i in

s . — . LB L B \ w; w20y 2 - « thy
I we have 3, —u; > 5; oo%l =32 T”‘ and :’f‘: < 07 = Gt < a2 It follows that
Zieg -ﬁ“—i*“—‘ < 00, As et mil_l(’h', bi)‘ >3, = oo, the sequence {Qi}ier satisfics the
conditions of Corollary 5.9, and is theretore strongly posttive. By Proposition 1.2 we conclude

that {Th(s),i } ;e 1S Strongly positive.
We have shown that for any scquence & = (k(1),4(2),...) in {U,I}N. the sequence

{Tk(,-)';}‘. en 18 strongly positive. It follows from Proposition 1.5 that {Pi}icn is strongly posi-
tive. 1

In Corollary 5.11 we extend the preceding results by allowing polynomials with more than 4
nonzero terms and varying (but bounded) degrees. At the same time we add the restriction that the
polynomials be gapless. This restriction will be removed in Proposition 5.14. We also reverse the
coefficients of the polynomial so that the part with guaranteed contiguity lics at the left. This re-
| L S A

sult will give contiguity for sequences such as that given by B =, IR B R e

Corollary 5.11:  Let {P;},y be a sequence of polynomials in R{2*!J7\{0} such that
for each i, ||P|| <1t and LogP; = {0,1,...,d(?)} for some d(i) > 3. Suppose that
sup;en @(4) < oo, and that

oo - P, a:ri(i)—l
me ((R, .'L'o), (R, 3:1> ’ %_ﬁ:mz) =00

i=l1

Then {P;},cy is strongly positive.

Proof: For each i € N we write P; = 3¢, P ;27 and define A; ; = § min (P, -1, P;) for
3 < j < d(i), and set A; 2 = 0 and A;4(:) = P ag)- We then define
T = mlT:; [Pio+ Pz + (Pijo1 — Aij—)a?~h 4+ A, §=3,4,...,d(@).
and note that
d(i) d(i) | |
ZT_‘j,:’ = [P-.',U + -Pi,lIE] + Z [(Pi,j—l - A,'.j_l):l."?_l + Ai'j.'ﬂj]
et =
d(i)—1 ) .
=Fo+ P+ Z (Pij — Aij)a? + ZA,',J-:EJ
J=2 j=3
d(i)—1
= o+ Pz + (Pi,Q - A£,2)$2 + Z P,',J'iL'j -+ Aild(i):ﬁd
7=3
d(i)—1
= Pio+ P 1z + Paz’ + Z Bz + P,-,d(,-):cd = F;
j=3

Let p; = min (P:'.o, P, 2}5“"2‘%'-) for each 4, so that 3 ;o pi = oo. Observe that for each 1,
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and for 3 < j < d(7),
min ((T)., 2°), (T ') =

Also, for cach i € N,
(Tyio 227") _ B - Aij—1 o Py—i— 3Py
(T}, 27) Ai; = 3P,y
and for j = d(z) we have

) Pi
min (-Pa.O! Plﬂ) 2 (i('l) -9

1
d(@) - 2

= ]_, for 3 SJ < (1(1)1

(T, 2371) — Pij_1— A -1 > Pojmt =5 Pujos = 2 Py >2
(T, 27) Aij - Aij Poaw — 2
Thus ( j l)
Tii, 037 i
i T t -’-‘0 ) T ty :'l L = ] 2 '
min (( i 20y (Tys ) (T, i 27) ) = 2d(3)

for 3 < j < dfi) and all ¢ € N.

Let k = (k(1),k(2),...) be any sequence of integers with 3 < k(i) < d(i) for each ¢. For
ecach m € Z+ with mm < sup; d(i), we let I(rn) = {i € N| k(i) = m}. As the union of these
sets I(m) is N, we must have 3 ¢y, £ = oo for some m. From the fact that sup; ey d(#) < 00
it follows that 3¢ rny 30ty = 00 Applying Proposition 1.4 and Corollary 5.10 to the sequence
{Tm,i}ic1(my» We conclude that it is strongly positive. Since it is a subsequence of {Tht)i }ien
we conclude that {Tk(i)'i}‘. N is also strongly positive. Applying Proposition 1.5 we conclude
that {P;};¢N is strongly positive. |

We are now ready to remove the condition that the contiguous mass be generated from the
end of the polynomial. Instead, we require only that the persistence of the sequence diverge,
that is, 3; P(P:) = oo. (Divergent persistence has been implicit in the conditions of every
result since Theorem 5.7). We also need to guarantee that the inward ratio at either end does not
get too small, and so the condition (5.1) of Corollary 5.12 guarantees that the persistence and
the end ratios diverge simultaneously. An example of a new sequence admitted by Corollary
=7 4711 771 77 gt
-2 -1 0 1 2 3
R(P) <  and so £, R(P;) < oo, while P(P) 2 I 2 % and so 552, P(P:) = 0.

5.12 is the sequence P; =, ;. Note that in this example

Corollary 5.12: Let {P:};.y be a sequence of gapless polynomials in R{z=11+\{0}.
Suppose that sup;.y deg P; < oo, and let m(i) = minLog P; and M(i) = max Log F;,
for each i in N. If

o (P, g™0¥1y (B, gMO-1)
; min (‘P(Pz), (P, 2@y (P, PION = 00, (5.1)

then {P;};ey is strongly positive.

Proof: Foreachi € N we write Py =) ;eg P, ;z7. Without loss of generality we may assume
that ||P;}| = 1 and that min(P; ¢, P;,1) = min(F, ;, P, j41) forall j € Z. This may be achieved
by muliplying F; by ]ﬂé.'ll x", for an appropriate choice of u;, and replacing m(i) and M (3) by
m(i) — u; and M (i) — u; respectively.
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For cach i € N we set
L= Z P, ;20 + %[P,-.o + P, 1] and R, = %[P;'.o + Pz + Z P, ja!
<0 b i>t
and note that P, = L; + R;.
In keeping with the notation of Proposition 1.5, we let Tp,; = Liand Ty ; = R foralli € N,
Let k = (k(1),k(2),...) be any sequence in {0, 1}". By Proposition 1.5, we will be done il we
can show that the sequence {Tk(,-).i}r. N is strongly positive.

. Pim Poatcy-1\ ¢ ..
Let p; = min (P(P,-), grodad bt - M) ‘) for cach i in N, so that 3°i0, p; = 00

B inu) Pi v
Applying equation (2.2) in Proposition 2.2, we observe that
PP)= .  min(Py, Pijn) < [M(E) - m(@)] - min{Fo, Pl
m{i)Zj <M (i)

and so min{P g, P;,)) 2 Tf(%—mn)ﬂﬁ for cach i € N.

LetI={ieN|k(i))=1}

First consider the case where 3,y pi = 00. Let J = {i € I'| degR; 2 4}. Il it happens
that 3°.c; p: = 0o, then we note that

M) =t _ _ .
min ((R,-, z%), (R, -'L'l>a S'&i——-)-) = min (P"O Py Pumg-1)

(R,', .'L‘M(")) 2 ' 2 ’ Pi,M(i)
bi

2 . :

~ 2M (i) - m(d)]

As Y,y pi =00 and sup;ey deg P < oo, it follows that

R;, xM®-1
Zmin ((R,‘, :120>, (R,‘, .'L‘l), %:—m)\—)‘) = 00,
ieJ /
and so we may apply Corollary 5.11 to conclude that {R,},.; is strongly positive, from which
the strong positivity of {Tk,:}, o follows, by Proposition 1.2.

If Sies pi =00 but Ty pi <o, thenlet K = {ie I| deg R; €3}, and note that
Y iekx Pi = 0o. By Proposition 4.3 we have, fori e K,

[ (R, 2°) + (Ry, 2%) (R, z*)
R(R:) = mn ( (Ri, :EI) ’ (Ri’ .'l?o) + <Ri: 12>)

Ri 0 Rt'! 'l ‘
Zmin(< ,2°) (B )) =%min(Pi,0, Pi) 2 P

1 1 2’
It follows that 3¢k R(Ri) = oo, and so, by Theorem 4.i2, {Ri};c s is swongly positive.
Thus {Tk(i),i };en iS Strongly positive, by Proposition 1.2.

We have shown that {Ti(;),:},.y Will be strongly positive whenever Yierpi =00 It
remains to consider the case where ;. pi < co. In this case, ZiEN\ ; pi = oo. If for cach
i € N\ I we define S; € Rz*!|* by (S;, z7) = (Ls, 2177), Vj € Z, then the argument used
above for {R;};c; will yield the strong positivity of {S:i}ienys- Tt follows that the sequence
{Li}:enys is strongly positive, and so {Tk(i)"'}fen is strongly positive, by Proposition 1.2. N
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Example 5.13: In Proposition 5.14 we drop the condition that the polynomials be gapless.
This gives us the most general strong positivity result so far. It enables us to deduce the
e 1 1 1 L
__3 + _2 t t 0 } t ? } 8 i
(extra spaces have been added to emphasize the position of the gap). Here there is an isoiated

strong positivily of scquences such as that given by P, =,

coefficient in the middle, and almost no contiguity at the left end; the divergent contiguity on
the right end is what ensures strong positivity.
We may also concentrate the bulk of the mass on an isolated coefficient, as in the sequence

e 1 n 1 L
given by P, =, : : :\/—= —
-3 -2 0 7 8
Aliernatively, we could have the persistence arising from the middle rather than an end, as in the
e 1 1 4 L emn
sequence given by P, =, T '1‘ — ; ' .- Note also that the ends may
-n o 1 -n
be much larger than the persistent center, as in P, =, € N n — 1  on _ n¥ € ..
-3 =2 0 1 7 8

Proposition 5.14: Let {P;},.y be a sequence of polynomials in R[z*1]*\{0}. Sup-
pose that sup;.y deg P; < oo, and let m(i) = minLog P; and M(i} = max Log P; for
each i.

If

o0 . (Pia a.m(i)-{-l) (Pi1 mﬂ’[(i)—l> _
Z min (P(P:)a (P m(t)) 1 (Pi, .'L"M(i)> = 00,

i=1
then {P;},cy is strongly positive.

. i (P zmO+1y (P, gM 1)
Proof: For each 7 in N define o; = min ('P(P‘-), R
Yoo, oi = 00, Our approach will be to find a subsequence of polynomials all having the same
Log set, and for which the sum of o;’s diverges. Let § = {Log P;|i € N}, and note that S is
finite, as sup;ey deg P; < oo. Foreach L € Slet I(L} = {i € N| Log P, = L}, and note that
Liel(L) i = o0 for some L € 5. Fixing this L, let m = minL and M = max L, and note
that 7n + 1 and M — 1 are in L, since otherwise we would have o; = 0 for each ¢ € I(L). If
M—-m<2 then B is gapleas for each i € I{L), and we may apply Corollary 5.12 to deduce
the strong positivity of {£;};¢ j(zy and hence the strong positivity of {P:};en (by Proposition
1.2)

If M —m >3 thenlet k = M — m — 2, and let {Q;};cy be the subsequence of {F;};on

. el . M-l
consisting of those P; for which ¢ € I(L). Set p; = min (’P(Q;) %Tl' —(%T)-),

for each i in N, and note that Z‘_l pi = oo. Note also that Log @; = L forall i € N. By
Proposition 1.2 the strong positivity of {F;};.y will follow if we can show that {Qi}ien is

strongly positive. For each 7 in N we define R; = ].—It—tk—k+1 Q.
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We claim that each R; is gapless. To prove this, it suffices to show that every inte-
ger n with km < n < kM can be written as n = Zle n; where each n; is in the set
{m,m+1,M —1,M}. We prove this by induction on n. For n = km this is clear. Assuming
that we have writien n = Zle n, and that n < kM, we show that .+ 1 can alse be written in
this form. If one of the n;’s is m, we simply replace it by m + 1. Otherwise, if one of the n;’s
is M — 1, we replace it by M. If all of the n; are either m + 1 or M, we take the first n; that
is equal to m 4 1 and replace it by M — 1, and replace every other n; by n; — 1. This operation
adds M — 1 — (m + 1) = k to one of the n,'s and decreases cach of the other £ — 1 ni’s by L.
The new value of ), n; is thus n + L.

We have proven that each R; is gapless. Using property (4) of persistence (page 18), we
note that

P(R)> max  P(Q;)= max p; 2 1 Z 2
T il = e i = 3

ik i i ki <ik
th—kai<i th—=k<j<ik ik—k<s<ik
for each i € N. We also have

(Ri, mkM—l) tk (Qj, :L.M—l) ik
amt= Y mtr Yo

>
. kM . oM -
(RH z ) j=ik=k+1 (QJ’ T ) j=th—kt1
and " ik
. pkml ik ekl b
G- > Gl 5
(Ri'l T ) j=ik—k+1 (QJ’ T ) j=th—k4-1

It follows that

o0 (R,‘, ka—l) (R,,, ka+l) o0 1 ik i oo
min P(Rt)v MY k 2 T Z =T ij = 0.
; ( (Ri’ z ) (Rh x m) ; k j=ik-k+l A‘ =1
Applying Corollary 5.12, we conclude that {R;},cy is strongly positive. As {Ri};en is mercly
a blocking of {Q:};¢n. i1t follows that {Q:};en is strongly positive, which completes the proof.
1

Recall from Corollary 2.8 that a sutficient condition for a sequence {F;};¢y in Rizt'* to
be a zero-fluctuation sequence is that 3 ic P(P:) = oo. Being a zero-fluctuation sequence is a
prerequisite for strong positivity, but we have already seen that a zero-fluctuation sequence will
fail 1o be strongly positive if it has gaps at the end, or if the mass on the next-to-end coefficient
is convergent relative to the mass on the end coefficient, as is the case for the sequences given by

11 % 1 1 1 L 4 . , o N
P= .y % " andPi=,_ .t , . Givena sequencc with Yo P(P)=00
01 2 3 01 2 3
we might wonder what additional conditions will guarantee strong positivity. Theorem 5.15 gives
an answer to this question for sequences of bounded (or essentially bounded) degree. It requires
that all the peaks of each P; lie in some fixed interval, and permits unimodal tails outside this
interval, provided their mass is not too large (conditions (1) and (2)). As for a condition on the
ends we require that if one of the end coefficients is a peak of P, then its neighbour should
not be too much smaller than it (the first and last peak of a polynomial are defined on page 6).
As the proof of Theorem 5.15 shows, conditions (3) and (4) may be replaced by the weaker
condition 41 N1 :
e . (i , i)—
3" min{ P(P), (P a70) (P2 o )) = 0,
i=1| (P"' mn(‘)> (P"1 z (*))
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where n(i) and N(i) are the lowest and highest degrees in Log ;. This weakened condition

. : 1 == n 1 1 e .
will admit polynomials such as P, =, e Dy ,» which would
-5 -4 0 1 3 4

be excluded otherwise (although covered by Proposition 5.14).

Theorem 5.15: Let {Pi};cy be a sequence of polynomials in R[z%11*\ {0}, with
3.2 P(P) = co. Then {P},cy is strongly positive, provided that there are integers
m and M and numbers B,C > 1, such that for each i € N the following are satisfied:

(1) Every peak of F; lies in the interval (m, M).
(2) Z <P:, :!:j> < B(Pi, .'1,"") and Z <Pi: :I:j) < B(P,-, :‘l.‘M>_

j<m i>M
(3) If k is the first peak of P; and (P;, 2¥~1) = 0, then P(F,) (P,2¥y<C (P, w1,
(4) If kis the last peak of P; and (P, z*+1) = 0, then P(P,) (P;, z¥) < C (P, z*71).

Proof- We first replace each F; by ]l'llﬁ.-'ﬂpi' This does not affect any of the hypotheses. We
may thus assume that || P = 1 for each &. We also writc P; = Yjez Pij forallieN.

For each i in N let N(i) = maxLog S; and n(i) = minLog S;, and set

N + Pint+1 P:‘.N(:')—l)
pi = min (P(Pl)’ Pinwy  Bing

Without appealing to conditions (3) and (4) we show that the condition Y ey Pi = 00 is strong
enough to guarantee the strong positivity of {F:};cy. Then, at the end of the proof we note that
conditions (3) and (4) guarantee that 3 o, p; = o0.

We next define, for each i € N,

Qi = Z Pz’ + &-;'—-_—lm"‘ and R;= Z P2’ + f%:fil zM,
j<m i>M

and set S; = P;—Q; — R;. As every peak of P; lies in (m, M), it follows that Pov-12 Fpm2
P;py1 and Pyt 2 Pin 2 Pin—1. From this we see that S; has no negative coefficients. If
Ry # 0. then 3, py (Pi, #7) &7 is unimodal, and so by Lemma 4.18, we find that R(R:) 2 1.
If R, =0 then R(R;) = 1, so in any case we have R(R;) 2 . Likewise R(Q:) 2 1.

Equation (2.2) in Proposition 2.2, tells us that P(P;) = .., min (P, P; j41). It also
yields [|Sil| P(S:) 2 T mejerr—1 min(Fi;, P; j+1). Combining these facts with condition (2)
we obtain

P(P) =Y min(Pj Pijr1) + > min(Pij, Pije1) + > min(Pij, Pij1)

j<m i2M-1 me<j<M—1
= ZR‘.J‘"' Z P+ Z min(F; j, P je1)

i<m j=M—1 m<i<M—1
<Y P+ Y Pyi+ISIP(S)

Jgm M

< (B+ 1)Pim+ (B+ )P,y + P(Si)
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Since P p 2> P m41 we have (S,. .‘I?M) =P\ - %R,M-}-l > %P,'_M. Similarly, (S;, 2™) >
5 P;m. Thus

P(S:) > [S:iIP(S:) = min ((Si, =™}, (S, YY) + min ({5, M1y (S, aty)
= Si.m + Si.M > :1)' (Pt'.m + Pi,M)
We now have
P(P) € (B + 1){(Pim + Piar) + P(Si) < 2(B+ 1)P(S) + P(S) = (2B + 3)P(S)).

It follows that P(S;) > i3 > ofts.
Note that (S;, ™)) < P, and Pigyar < 2(Si a1 and so

P"-"‘S"Z'“ > & S. .l l S"‘IN(I')-I > &
2Py = 20 DWHERY. TTESRGY = 2

We now assume that 3o p; = oo and deduce the strong positivity of {Pi};gn. At the end
of the proof we show that conditions (3) and (4) imply 32, p; = 00

In keeping with the notation of Proposition 1.5, we let To; = Qi and Th; = S; and
Tp; = R; for all i € N. Let k = (k(1),£(2),...) be any scquence in {0,1,2}“. and sct
I={ieN|k(i}=1}.

If N\ I is infinite, then _;enys R{(Th(iyi) 2 Lienys 7 = o0 and so by Theorem 4.12
{Tk(;)“-}‘.EN\ ; is strongly positive. Thus {Ttiy,i };en 18 strongly positive.

If N\ I is finite, then 3, pi = 00, and so

(i)l o N()-1 _ _
Z min (’P(S,-), (Si, 2 ) (52 >) > min ( 4 - &) = 00,
i€l -

Y (S, andy 7 (Si, 2N
by Proposition 5.14, we conclude that {S;},¢; is strongly positive. It follows that {Tk(‘-)'i}‘. €N
is strongly positive,

We have shown that, subject to the condition 352, pi = oo, the sequence {Tipyi}iey IS
strongly positive for any sequence k = (k(1),k(2),...) in {0, !,2 N1t follows, hy Proposition
1.5, that {P;},cy is strongly positive.

We now show that the condition 352, p; = oo is a consequence of 32, P(F;) = o0 and
conditions (3) and (4).

If n(i) is not the first peak of P;, then P n(ij+1 2 Fin(i)» SO -[::;;i—f‘%‘;—'- >12 P(FR). On
the uther hand, if n(i) is the first peak of F;, then by condition (3) we have P(Fs) Pingiy <

C P, n(i)+1» Which yields PB: ::,.';1 2 p((f-,‘). Similarly, using condition (4) we find that P":’:‘v‘(‘;' >
P%Pi . Tt follows that p; > 20 and so the divergence of 35;2, pi follows from that of
Lz P(P). "

In certain cases, strong positivity may be lost by arbitrarily small positive perturbations.
For example, the sequence given by P; = a; + z? + z°, i € N, is strongly positive only if
infinitely many of the a;’s are zero, and is otherwise not strongly positive (regardless of how
small any nonzero «;'s are). On the other hand, strong positivity may sometimes be obtained
from arbitrarily small positive perturbations, as the following result shows:
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Proposition 5.16: Suppose {wi};.y IS 2 sequence in [0,1]. Then the sequence in
R[z%!]* given by
Pz '+ 1+ 22 +28, i€N

is strongly positive if and only if infinitely many of the a;’s are nonzero.

Proof: First suppose that at most finitely many «;'s are nonzero. Then choosing t € Z* such
that a; = 0, Vi > ¢, we note that the coetficient of z! in (1 -z + z2)P™tis —1 foralln €N,
so {P:};eN is not strongly positive.

Now assumc that infinitely many of the «4's are nonzero. If Z:‘:l a; = 00, then we have
TR, R(P) = Yoy = oo, and by Theorem 4.12 we conclude that {P;};en is strongly
positive. If, on the other hand, 3:2, a < oo, then we may apply Theorem 5.7 to conclude that
{P:},en is strongly positive. |

In Proposition 5.17 we generalize the situation of Proposition 5.16 by replacing the oz~ 1+1
by a unimodal polynomial, and replacing the 2% +2® by polynomials which have sufficient mass
at 22 and have R value not too small. We require no bound of any kind on the degrees.

Proposition 5.17: Suppose that for each ¢ in N we have fi,g; € R[zF111\{0}
such that g; is unimodal with largest coefficient {g;, 2°) = 1. Suppose also that
T ien {fi» %) = oo and that there is an € > 0 such that R(f) 2 ¢ for all i. Then
the sequence {f; + gi}ieu is strongly positive if g; # 1 for infinitely many .

Proof: Let P = f; +g: foralli € N.
If .00, R(g:) = oo, then using property (5) of R (page 38) we have Y 0o, R(P) 2
S, min(R(g:), €} = oo, and by Theorem 4.12 we conclude that {P;};cy is strongly positive.
It remains to consider the case where Y oo | R(g:) < oo, Since R(g:) = 1 for at most finitely
many 7, we may discard these terms without affecting the strong positivity of the sequence. In
keeping with the notation of Proposition 1.5, we define, for each 7 in N,

1 o s
To,i = 2 {gs, ') 2% + Z (gi, 27) 2
izl
and note that if Tp ; is nonzero, then it is unimodal with peak at 1, and by Lemma 4.18 we find
that R(To,:) > 4. Since R(0) = 1, we conclude that in any case R(Tp:) 2 1. Similarly, we
set
N |
T;i= Z <g", .'I‘J)’L‘J + Y (gg, IL‘-Q) .’E_l,

ig-2

and note that R(Ty;) 2 -:1!- We let h; = gi — To; — T1,; and note that h is nonnegative
and Log h; € {—1,0}, and that {k;, z°) > 3. Since R(g:) < 3, we must have R(h;) < 2. In
particular, (i, z7') < (hi, °). We now set Ta; = hi+ f;, and note that if k = (k(1), k(2),...)
is any sequence in {0,1,2}" for which k(f) is different from 2 for infinitely many i, then
ooy R(Tkiy,i) = o0, and so by Theorem 4.12 the sequence {Tey i}, o IS strongly positive.
In order to be able to apply Proposition 1.5 to show that {P;},y is strongly positive, it remains

to show that if k = (k(1),k(2),...) is any sequence in {0, 1,2}" for which k(z) is different
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from 2 for only finitely many i, then {Ti(i)s},cy 1S Strongly positive. This will follow if we
show that {T;},y is strongly positive.

If it happens that Y52, {fi, &'} = o0, then for cach  in N we set §; = min (1, (£, «'))
and note that R(f; — Biz') > &, by Proposition 4.14. Meanwhile

v« (1 )] (- ) ]

and so R{h; + Biz) 2 min (%, B:). 1t follows that 370, R(k; + Bix) = co. From this we
see that 3o R(Ta) = Yooy R((hi + Bix) + (f - Bix)) = oo, and so by Theorem 4.12, the
sequence {T;} ien 18 strongly positive.

It remains to prove the strong positivity of {Th,:},gy in the case where 3202, (fi, 2') < oo,
By Proposition 4.1 we note that cach f; can be decomposed as fi = 3, ag 27 + by jadt!
where, r{a;; + b ;z) > € for each j in Z (remember that #(0) = 1). Since 35, ain <
Z:‘ (f", J.‘l) < oo, and since b,‘_[ < “—:_"". it follows that Zl- bi.l < o0, As b,'.l + a0 = (f.', 33")‘>
and 352, (fi, a®) = oo, it follows that 3 2, @i,z = oo, and so o2 minfa; 2, big) = oc. If
6; = max(aiz2, bi2) is greater than §, then we set Ry = g (ai02? + bi22%). Otherwise we
set R; = (ai,22? + bi223). Note that R(fi = R:) 2 e. For each i in N we let Soi = hi + Ri,
and note that, if we first divide each Sp;: by (hi, x°), we may apply Corollary 5.8 to deduce
that the sequence {So,:},cy is strongly positive. Setting 51 = fi — I, for each 2 € N we note,
as before that if k = (k(1),k(2),...) is any sequence in {0,1}" for which k(i) is diffcrent
from O for infinitely many 1, then ¥ o, R(Sk(y,:) = oo, and so hy Theorem 4.12 the sequence
{S’C(")»i}ieN is strongly positive. If k = (k(1),k(2),...) is any sequence in {0, 1} for which
k(i) is different from O for only finitely many i, then {Sk(‘-).‘-}i en 1S strongly positive, since
{So0,i};en is strongly positive. Applying Proposition 1.5 we conclude that {So,i + Shi}tien is
strongly positive, but So; + S1; = hi + fi = Tai. Thus the sequence {T:},cy is strongly
positive, and we are done. L

When Persistence Converges.

As has been discussed, a necessary condition for a sequence {FP;};en in R[z£H* 10 be
strongly positive is that the sequence be a zero-fluctuation scquence. We have scen that strong
positivity additionally requires that there not be isolated masses at the ends of the polynomial, In
the preceding section we investigated how non-contiguous the ends of polynomials in a strongly
positive sequence could be, under the assumption that Yooy P(P;) = co. We now remove
the condition that the persistence diverge, and look for conditions which will guartantee strong
positivity, We will see that the spacing of the coefficients plays much more of a role here than in
the preceding section. The spacing considerations reflect similar conditions which arose in the
study of fluctuation, especially relative primeness of the positions of the dominant coefficients.

Example 5.18: The sequence {P,}, ¢y given by
-n -n
Po= 1 . v o1 e

'—-p.'—,u-}-l:'O",u:,u+l:
is strongly positive for any u > 0, although P(P,) < ;3,,- if u > 2. This follows from Proposition
5.20 (after factoring out /n from P,).
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We first need a hittle numerical lemma:

Lemma 5.19: Let {8}y be a sequence of numbers in (0, c0) with Yo Bi =00
Then given any k in N there is an injective function ¢ : N — N such that

oo

Z min { Bp¢) |G = Dk < Jj <ik}=oo0.

i=1
Proof: If {8} has a cluster point ¢ > () then let ¢(1) be the first & in N for which g; > £.
Having chosen ¢(j), let ¢(j + 1) be the smallest ¢ > $(j) for which §; > 5. Having defined ¢
in this way we note that ¢(j) > § for all € N, and the result follows.

If {§:} has no nonzero cluster point, then we choose ¢ so that §; = max { §; | €N}, and

let ¢(1) = i. Having chosen ¢(j), take i € N different from ¢(m) for m = 1,2,...,7 and
such that ; = max { fm | m € N\ {(#(1), $(2),-..,#(3)} }. Since o0 Boqsy 2 Fimi B it

follows that 3 oo, Bagi) = 00. As { ﬁé,(,-)}‘. N is a nonincreasing sequence it is clear that if we

set S, = Z By for m = 1,2,...k, then 5128 2...2 85 2 5 — By Since
i=m{mod k)
Z:‘;ml S,, = 0o, we conclude that Sy = oo, and we are done. |

Numerous results may be obtained about sequences which will satisfy the conditions of
Proposition 5.14 after blocking into products of a bounded number of terms. The following is
an example of such a result, Using Lemma 5.19 many others could be written. As an example,
Proposition 5.20 will show the strong positivity of the sequence

L 1 1 ] L
Pi=: 2 + ! +—t ¢ :mzs' 1.
-50 —49 0 50 51

Note that 3. P(FP;) < oo.
Proposition 5.20: Suppose that for each i in N,
P;'=:pi: g ::l::Ti:wi:
- —p+l 0 pooptl
Where > 01is fixed, 0 < p; £0; <1land0 <w; <7y < 1 foreachd. If

(o]
E giT; = 00,
i=1

then {P:};cy is strongly positive.

Proof: Setting 3; = o;7; for all j in N, we may use Lemma 5.19 to obtain an injective map
¢:N — N for which Y min (Bg(2j1), Ba(2)) = -

We let Q; = Py;y for each i. If we can show the strong positivity of {Q:}, that of {P;}
will follow. Since we don't need {P;} any more, we renumber all the coefficients of Q; so that

Q' _ P a; 1 Ti Wy
it —F t ¥

—,!l:-p.-!-l: 5 ;,u:u+1=
for all i. We then have

E min (¢;-1T;—1, 0;T;) = 00
j even

69



Note that
(Q;-1Q;, ') = 05175 + 057521 2 min(g;-1,0;)7; + min(e;-1,05)Ti-1
= min(g;—-1,0;) - (7j + Tj—1) 2 min(o;-175-1, 0;75)-
Thus by equation (2.2), P(Q;—1Q;) 2 minfe;-17-1%%) and so

75
> P(Q5-1Q5) = oo
7 even
Using Froposition 5.14 we conclude that {Qai_1Qa:} ¢y is strongly positive, so {Q;} is strongly
positive. [ |

The smallest coefficients need not lic on the outside. For example the sequence given by
n 1 n3/2 1 n . . o
P, =, -5 e is strongly positive, as may be scen by blocking it in
pairs and applying Proposition 5.14.
Notice in the following result that the positions of the dominant masses are required to be
relatively prime. Without this condition the sequence would risk not heing even a zero-[luctuation
sequence.

Proposition 5.21:  Suppose that p,» > 0 are relatively prime, and for each i € N we
have
P = Pi :Ui: :l: :Ti: wi—‘.
-v—-1 —v 0 poop+l

where 0 < p; < 0; < land 0 <w; <7 < 1foreachi. Letpand ¢ be positive integers
such that pp —gqv € {—1,1}. If

0o

Z (H;"T:l ai+j) (H?=l Ti+q+j) =09,

i=0

then {P;};cy is strongly positive.

Proof: First note that by equation (2.2), for each 7 in N,

j=1

It follows that 3 o, 'P(]’[?:‘f PH.,-) = 0o. There is therefore a way of blocking {Fi},en. into
products @Q; of either 1 or p + g terms, so that 3 P(Qi) = oo. It follows from Proposition
5.14 that {Q;} is strongly positive. The strong positivity of {P;} follows. [

Example 5.22: While in the preceding results we were able to deduce strong positivity by

telescoping the sequence into blocks of bounded length, this is not always possible. Substantial
effort has been expended to try to determine whether sequences such as

1 1 1 1 1

F; =, i 4 b +——t i, ?7_1

-3 -2 0 3 4
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are strongly positive. (This is a zero-fluctuation sequence, as —2 and 3 are relatively prime).
In fact it has been shown (in 12 pages of detailed estimates and bounds) that if we take this
sequence and telescope into blocks of exponentially growing length defined by n; = 2071 — 1,
(i € N), then $opo | R(TTi24) 1 i) is still convergent.

Example 5.23: The sequence given by
=t 1 Vi1 it
3 .

23

is not strongly positive.

[This may be shown dircctly, by noting that the proportion of the mass ofl the sublattice of
¢ven integers is convergent, or may be deduced from the fact that this is not a zero-fluctuation
sequence. ]
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6. Strong Unimodality of Certain Sums of Products

Given numbers o, (ea, . . . , by and Sy, Fo, ... . Gy in (0,00), we consider, for0 < s <A< n

the coelficient
pk,vt = < Z I-[ ((Y,- + ;3!-'1:)1 "I:N> (6'1)

|K|=k tEN

where the summation ranges over the subsets of {1,2,...n} of size k. We show that for
fixed k, these coefficients form a strongly unimodal sequence in s (Corollary 6.4), and that for
fixed s the coefficients form a strongly unimodal sequence in k& (Corollary 6.3). Placing the
coefficients Pk , for 0 < s < k < n on a grid, they form a triangular array, and the above results
correspond to strong positivity along cach horizontal and vertical cross-section. We also prove
strong unimodality along the diagonals parallel to the third side of the triangle; that is, each
sequence {Prim,s+ml, ez 1S strongly ummaodal (Corollary 6.5). These considerations arose
from investigations of the strong positivity of sequences of the form
Pi=1+ (2" + 2")(o; + Bix.

In Proposition 6.6 we prove an additional related result which plays a role in the product of the
P,"S.

Our proofs are combinatorial, and for each of the strong unimodality results we actually
prove a somewhat stronger fact, as will be noted in due course. We begin by identifying the
Py, with coefficients of a product of simple bivariate polynomials.

Given numbers gy, 02,...0, and T, Ta, .- - Tn in ((,00), we deline

W, = H(y + T+ o), n€N. (6.2)
i=1

We also define the coefficients of W, by
Prs(n) = Wy, y" 2"y, kseZ (6.3)

We sometimes shorten Pk 4(n) to simply P, s, when n is clear from context. Note that 2y .(n)
is nonzero if and only if 0 < s < k < n. Using (6.3) and (6.2) we find that

Prcs(n+ 1) = Wy, vy 752%)
= {(y + Tns1 + Tns10n417)Wa,
— (JWm yn+1 -k s) + <Tn+le yn+1 Ll >+ (Tn+10n+1-7'wn, nl—l—kms>
= (W,, YR + T <Wn gy =) g ) 4 Tpp 1041 (Wn, Y “"”m"")
which yields the recursion formula
Prs(n + 1) = Pra(n) + Tn1{Pr—1,(n) + Ont1Pk=1,0—1(1)], Vk,s € Z. (6.4)
We let N = {1,2,3,...,n}, and note that

be = W2y = 3 5 [ 1T = (Ha) YT (HT,.) (1'[0,.).

KGN JCK : 1 KGN JCK 3 icJ
1}‘%:" IJ%=' iEK\J ic€J IKCI;-k lJ?-. 1179 i€

n—H k, -c>
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We see that £, , is identical with the coefficient in (6.1), if we identify «; with 7; and §; with
7:0:. Defining, for0 < s<k<nand0<p<m<n
f(k,S,'ﬂ'l, P) = pk.spm.,p

5220 E) ) -

KiCN HCKy KaCN 12CK3 \ieK 1eSy i€Kq =N
IKyl=k |Jil=s JKglz=m 1Jai=p

we may regard f(k, s,7n, p) as a polynomial in indeterminates 74,72, -, Tn and 01,09,...,0n.
Each monomial in this polynomial has an integer coefficient. It will be useful for us o be able to
show that each such monomial in certin differences of the form f(k, s,m,p) — f(k',s',m’,p')
has a nonnegative coeficient. To this end, we consider the number of a times a fixed monomial
occurs in f(k, s, m,p). For a given monomial, each o; and 7; occurs with an exponent between
Qand 2. For 0 € u < v < 2, we let S, be the set of integers @ € N = {1,2,...,n} for which
o!* and ¥ appear in the given monomial. We let s, = [Sul-

Lemma 6.1: Suppose 0 < s<k<nand0<p<m<n, and let f(k,s,m,p) be
defined as in (6.5), and for a given monomial in f(k,s,m,p), let s, be defined as
above, for 0 < i < v < 2. Then the following hold:

2(sg2 + S12 + S22) + (o1 +S11) = A+ ™M (6.6)
(S11+S12)+28m=5+p 6.7)
If we let
(22, P8 _su s m—k
L-max( 2+ R 2-|- 5 )
and

_ . (S12 P—s su So m—k
U‘“““(z* 2 22 "2 )

and set J = {L,L+1,L+2,...,U}, then the coefficient of the given monomial in

f(k,s,m,p)is
z 811 So1 512 )
Yoan) \ e — B M4 - B

ne.J

Proof: First suppose we are given a monomial in f(k, s,7,p). This monomial is completely
characterized by the sets Soi, So2. S11, Si2 and Seo. Let Ky, K>, Ji and Jo be any sets as in
(6.5) which give rise to the given monomial. Precisely stated, this means that

Soo = J1 NJs )
S1o = (Ifl ] I{Q) A [(J1 U JQ) \ (Jl N Jz)]
Soz = (K)y N Ko} \ (J; U J2) > (6.8)

Si = (J1\ K2) U (J2\ K1)

Sor = [(Ky\ (WU KU [(Ke \ (RUKY)] )
Equation (6.6) follows from the fact that | K|+ |K2| = k 4+ m. Equation (6.7) follows from the
fact that || + | o] = s+ p.

73



We next deduce a few facts about the three quantities a = |Sy; N Jy|, b = |Se1 N Ky} and
c = |S12 N Jal.

Since Jy = Soo U (811 N 1) U (Si2 \ J2) is a disjoint union, taking cardinalitics of hoth
sides we obtain the equality s = sa2 + a + (842 — ¢), which yiclds

c=81p+sm~-s5+a (6.9)
Since K \ J; = Sp2 U (Sor N K) U (S12 N Ja) is also a disjoint union, we obtain the equality
k — s = sg2 + b + ¢, which can be rewritten as

(:=k—.‘i—-h‘02—b (6.10)
Since 0 < a < sy and 0 < b < 501, equations (6.9} and (6.10) yicld the inequalities g2 + sa2 —
s<c< a4 22—+ s and k— 5 — so2 — sa1 € ¢ €k~ 5 — sg2. Combining this with the
inequality 0 < ¢ < 12, we can conclude that ¢ < ¢ < ¢, where
¢t = max (0, 512 + S23 — 8, k — s = sg2 — so1)
and
ch = min(s12, S12 + S22 — 8+ 811, k—5— s02).

We wish to calculate the coefficient of our given monomial in f(k, s,m,p). This involves
counting all 4-tuples (K, J1, K2, J2) of subsets of N which satisfy the inclusions Jy € K and
Ja C K, have the appropriate cardinalities, and give rise to the sets Sp1, So2, Si1. Stz and Say,
as specified in (6.8). Let v be any integer with ¢t < v < ¢, and let

B=k—s-502—" and =" (s12 + $22 — 5).
Now vy <ch = v<k-s—sp={B+7) = 0<famdy20a = 72
k—5s—sg2—So1 = (B+7)~so1 = B < 501,500< 8 < sop. Similarly, y ey = v <
sp+sn—s+sn="r—a)+s11 = al<spady2c = y2s2tsw-§=
y—a = a=20,500< a<s.

If A, B and C are, respectively, subsets of Sy, Sp and Sp2, of respective cardinalities ¢,

B and +, then we may define
J1=52UAU(S12\C)
Jo =800 (S \A)UC
K| =8SppUSoUS»nUAUDB
Ko = S U S1aU S U (S11 \ 4) U (So1 \ B)
It is clear that J; € K and Jo € Ko. Since cach of these scts is a disjoint union, w¢ may
compute the cardinalities:
|Ji] =892 + o+ (8512 =) = 2+ [y = (512 + 822 — 8)| + 502 = 7T = 5,
|K1| = soa+ S12+ S22 + 04+ B = sp2 + 512+ soa + [y — (s12+ 22 = )+ (k — 5 —s02 =) = k.

Using (6.7) we get
|Jo| = S22 + (811 =~ @)+ = S22+ 8511 — [y = (512 + S22 — S‘)] +v=s11+3124+2802—-8=p
Using (6.6} we get
[K2| = so2 + S12 + S22 + (511 — @) + (s01 — )
= 502 + S12+ S22 + s11 — [ — (512 + 822 — 8)] + s01 — (K — 5 — s02 — V)
= [2(s02 + 812 + 522) + s;1 + s —k=m.
It is a routine verification to show that the equations (6.8) hold for our sets J1, Kj, Jp and K>,

which means that this choice of sets does indeed give rise to our given monomial. Observe that
1511 NJ1| = |A] = &, |Sor N K| = |B| = A and [S12 N J2| = |C] = . Since ¢ < v < ¢h, and
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the definitions of o and § give the cquations ¥ = S12+ 82— S+ and 7 = k— s— sg2 — 3, which
are analogues to (6.9) and (6.10), it follows that every choice of sets \T\I, Jl,Ko Ja) 1s realized
by some choice of A, B and C. The number of ways to choose A is () = (s_mtlmh)
the number of ways to choose B is (') = (,_,2%,_,)- Thus the coefficient of the given
monomial in f(k, s, m,p) is

) (RN | RSN [ )
S‘—Sl'Z'—s'..):a‘*-‘Y A?—S—-‘I'OQ_T 7

T=0
We now attempt to simplity this summation. For this purpose, we let n = 2 + B2 -y,
Taking (6.7), namely sq; + sj2 + 2822 = s+ p, and adding (s)2 — 511 — 28) to both sides we
obtain 2812 + 2592 — 25 = §)2 + p — § — s11. Dividing by 2 we obtain

§)12 p—3S S11 S11
812+323—s——9—+ 5 —-,5'=T)+’]I—T. (6.11)

Subtracting (6.7) from (6.6) yields 2sp2+ 512+ 501 = k+m—s—p. Adding (k—m+p—s—2s02)
to both sides yields k —m+p— 5+ 512+ so1 = 2k — 25 — 2502. Dividing by 2 we obtain
k-m -5 § s k m

T B2 +ﬁ+ﬂ—n+~/+—+ (6.12)

Using (6.11) and (6.12), together with the fact that 0 =n+ v - 2 -5 we ﬁnd that

o = max (0, sy2 + 522 — 8, k= 5 — s02 — S01)

§ )— 5 s § L—m
=maX(n+ 2t f,‘,[n+7+%+ - ]-501)

k—-s—s0m=

- - - -

= 512 P_—_S s _Sou  k-—m
—-n+'y+max(—T—- 5 "9 T3 T3 )

and
ch = min{sy2, s12 + S22 — 5§+ 51, k- 5= s02)

) 5 1— 8 5 k—m
=nnn(812+[7?+'7-'—l£—'19 ] [Ti+’7——]+‘511:'ﬂ+7+-ﬂ+ > )

siz_p—S su su k-m
-—n+7+m1n(9 2,2,2+ 5 )

Since ¢; < v, it follows that

s12 p—S$ su  So1  k—m
< — ¢ = —max| ——= — s sor 2
nEn+r—0 ma’c( ) 5 5 3 + 2
_ . s12 p=s su su_k-m
= min ( + = 5 3 5 3 .

Likewise, since ¢, 2 4. it follows that

. [s12 p-s s S,  k—m
TIZTI+‘Y—C!;=—mm(T— 5 3 5 TS

_ 512 p—=s5 S11 501 k—m
—-max(— + ) 5 "5 T3 .

2 3
and setting J = {L,L +1,L + 2,...,U}, the coefficient of the given monomial in f(k s,m,p)
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can be rewritten as

( s11 ) 801 )( Sy )

neJ 15“‘—77 f'%L-l-?)-i-—k_.zm i,iﬁ——-n-{-%

- ( s11 )( $o1 $12 )
< NS4/ \3t - 2R\ g 252

Lemma 6.2: Let &, m and n be nonnegative integers of the same parity. For { € Z,

set
k m 7L k m n
L, = max( - ———+t) and U, = mm( —, —+1].

2" T2 2 2' 22

Letting Jy = {Ly, L+ 1,L; +2,...U,}, we define

k m 7
w3 (5660
gg'{'j %'I‘J &4‘_}“*

The sequence {w;},c4 is a strongly unimodal sequence symmetric about wq. In partic-
ular wp > w, for all t € Z.

Proof: We first consider the case where all of k, mn and n are even. In this case we define, for
jeZ,
kN m Y\ s NPT
a; = { (4‘;+j) (-'5"--1-3') if |j| £ min (.-2-, 7)
0 otherwise

and

= {5 i<

0 otherwise

It is clear that {b;},, is a strongly unimodal sequence. The sequence {a;} ¢y, iS also strongly
unimodal, since for |j| < min (§,2) — 1 we have

21 2
N 2
%-10541 (x5 ) (2 +,_1)( +§+1) 24541)
2 2
(45) (545)

2l-1=1
('§'+J—l)(§-+_‘]+l) (%-:;-l)(-'i‘-:;ﬂ)

We have symmetry, since for j € Z, a; = a—; and b; = b_;. Let {c;},¢, be the convolution
product of the sequences {a;}, ¢, and {b;} ;. This sequence is also symmetric, as

| = zat j—t = ?a—-lb—]-l-t = Cegy 7€ Z
tEZ h-
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Since it is also strongly unimodal, its peak must be ¢,. Note that for t € Z, we have

€ = Zujbg_J = Z ayby_,y
€L |1|5rmn(§.%‘-)
FENES 3

- 2. (gij)(%ﬁj)(%—g—i))

max (=&, =, —3+t)<i<min (§, §. §+1)

=2 (tis) (T:‘J) (—+T;-t)

JEN
= U
Thus {un},¢y is a strongly unimodal sequence symmetric about wo. [t remains to show that this
is also true when k, m and n are odd.
In the case that &k, T and n are odd, we define, for j € Z,
k m e faa 1 ok m
aj = { (1§+j+,})(-'5'-+j-|-4_;) it |7 + 3| < min (3, §)
0 otherwise
and

= {(e5) i+
0 otherwise

It is clear that {b;},, is a swongly unimodal secquence. The sequence {a,,} ¢z, is also strongly

unimodal. since for |j + 5| < min (§, %) — 1 we have

c (2 2
ui _ ( ’;‘-h}) (-’g—qtr;ﬁ)
ak-10k+1 (g +J -})(-;--;?—%)(§+l;+§)(%+r?+%)
k22 m 12
(§+j+,§) (-’g+j+{,) >1.1=1

= 3 ok ’ m m =
(%+’5—%)(%+j+%) (%+J‘-%)(%+J‘+%)
The sequence {b; } iez is symmetric (about —%), since if |f + %| < %, then ](—j -1+ %l =
|—i—3l=1i+3 1 <2 and

(o)) (5

Similarly, if |j + 4| < min (£, ), then |(—j = 1)+ 4] = |-j - 5 |J + 1| < min(§, 3

and
] = .
7! (‘ J—1+%>(’;‘+(-3—1)+ )
/ m
\ j

a—?—a)(?— —5) ( +’;+ )(%+T§+%)

Let {c;},ez be the convolution product of the sequences {a;},¢, and {bj};ez- This se-
quence is symmetric about —1, since

¢ =Y bjmi = D amictbo(joiym1 = ) G nb(—jns (1) = G2
€L i€l i€l
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Since it is also strongly unimodal, its peak must be c_j, sothat ey 2 o 2 ¢ 2 €2 2 -+
Note that for t € Z, it we let 3 = j + 1, we have

C1= Y ajby_ny; = > ibge-1)-;
]Ez |J+§lgmm(§.£¢‘)
[ce-n-n+df=4

- = (0 S [ PRRRRPIY

s+ 4}<mn (4.%)

|-i-41<2
BN EHEP A
= . SOV
1B1<min (§. %) s HB/\F+B/\5+08-t
It-8lsg
= Z ( k )( m ) ( n )
BE T, E+p/\g+8/\5+p8-1
= wy
Thus {w:},¢z is a strongly unimodal sequence symmeuic about . -

Corollary 6.3 and Corollary 6.4 assert the strong unimodality of the sequences {Pk,a} ey
and {pk.s}sez~ as is clear from taking ¢ = 1.

Corollary 6.3: If k,s € Z, and Py ; = Pr «(n) is as defined as in (6.3), then
Pr o= PrtsPieyes >0 (6.13)

for all £ € N. Moreover Pi.s ~ Pr—t sPrtt,s, regarded as a polynomial in 4y, o3, ...,
On and Ty, Ta, ..., Tn, has no negative coefficients.

Proof: If A, = 0, then at least one of the two terms Pr—es and Piye 18 also zero, so
(6.13) holds. It remains to consider the case where all three quantitics are nonzero. That is,
0< s < k-t and k+t < n. Using the notation defincd in (6.5), note that A} , — Pk—t,sPrit,n =
f(k, s,k,s)— f(k—t, s, k-+t,5). Itsuffices to show that this difference, regarded as a polynomial
in 1, 79,...,7 and o1,03,...,0,, has no negative cocfficients. To do this, it is sufficient 1o
show that for any given monomial in f(k —t,s,k + t,s), its coefficient in f(k, s, k,8) is at
least as large as its coefficient in f(k —t,5,k+t,s). Let a monomial in f(k —t,s,k+1,5) be
chosen, and use the definition of s, for 0 < i1 < v < 2 which was used in Lemma 6.1, For
i =0,t, let w; be the coefficient of the given monomial in f(k —i,s,k +i,s). By Lemma 6.1,

we have that
s11 )( s01 )( $12 )
w; = o s . a )
,%(—-i**-n -1/ \F+0

where J = {L, L+ 1,L+2,...,U}, and L = max (-2, —4t, —%2L + 1) and
U = min (-"—51, LA i). By Lemma 6.2, we have that wo 2> we, and our result follows. |
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Corollary 6.4: If k,s € Z, and Pg s = Pi s(n) is as defined as in (6.3), then
P;Qc"q — P s—tPistt =0 (6.14)

for all t € N. Moreover Pi‘s — Pp o—tPi s 4+1» T€garded as a polynomial in 61,02, ...,0n
and 11, T2, . .., Tn, has no negative coefficients.

Proof: As in the proof of Corollary 6.3, it suffices to consider the case where the three quantities
Pr,vs Pi,s—t and Pp 4y are all nonzero, and to show that for any given monomial in f(k,s —
t,k, s+t), its coefficient in f(k, s, k, s) is at least as large as its coefficient in f(k, s—t,k,s+t).
For i = 0, let w; be the coefficient of the given monomial in f(k, s — i, k, s +3). By Lemma

6.1, we have that
S11 )( 501 )( S12 )
Uy = ) N 817 i
,,%;(;‘il'“? FHn/\F -1

where J = {L,L+1,L+2,...,U}, and L = max (-2 +1, —%, —4¢) and
U = min (2 +14, &t, 21) By Lemma 6.2, we have that wo 2 w,, and our result follows. B

We now prove strong unimodality in the diagonal direction: each sequence {Prtm,s4+mimez
is strongly unimodal.

Corollary 6.5: If k,s € Z, and P s = Pr,s(n) is as defined as in (6.3), then
p?c.s — Pr—t s—tPitts+t 2 0  (6.15)

for allt € N. Moreover P%,S—Pk_;,,s_apkﬂ,sﬂ. regarded as a polynomial in g1, 02,...,0n

and 7, T2, .- ., Tn, has no negative coefficients.

Proof: As in the prool of Corollary 6.3, it suffices to consider the case where the three
QUantties Ay g, Pi—t,s—t aNd Pryy s4.e are all nonzero, and to show that for any given monomial
in f(k—t,s —t,k+1t,5+t), its coefficient in f(k, s, k, s) is at least as large as its coefficient
in f(k —t,s—tk+ts+t). Fori=0,4 let w; be the coefficient of the given monomial in
f(k—i,8—i,k-+1,5+1). By Lemma 6.1, we have that

w____z( s )( S01 )( 312 )
ory W/ \ g +y—i/\F+n-i)
where J = {L,L+1,L+2,...,U}, and L = max (—%2 41, -3, -2 4+i) and U =
min (42 + 14, 4, % + ). We let A =14 — 7, and note that

. ) . S$12 . 8 S01 | . . (812 Su ., . So1
A:z—nﬁt—L=1—max(—-;—+z, - -——+t)=rmn(—-— —+1, —)

2’ 2 2 2 2

and
i U =i—min(S2 .y S S0y s _su . Su
A=i-n2i-U=i mm(2+1, 7 2+z)—max( 5 2+t, 2)
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Letting I = {(i = U), (i = UY+ 1, (i - U)+2,...,(i — L)}, we may write

)
2 lepioa) g - -1 \ap G- n -
=Z S11 )( 801 s12

SR A Y A

Ael
E (o) ()
EITY — ) \su 812
e\t A—iJ\F+HA/\F+A
By Lemma 6.1, it follows that wo > wy. which proves our resul. |

In the case t = 1, Corollary 6.3, Corollary 6.4 and Corollary 6.5 assert the strong unimodality
of the distribution {Pk,s(n}}; ;ez along the two cross-scctions and in the diagonal direction.
Inequalities (6.13) and (6.14) can be rewrilten as

P,s S Pt

Z 6.16
pk—l,.'l pk‘el ( )
and
Pis > Pr.s+1
AL g1 Pi.s

wherever each pair of ratios is defined. If we write 4, = piill— whenever this quotient

is defined, then (6.16) can be rewritten as g4 = k41,.. The following proposition says,
essentially, that 9k s > Tk+1,0415 that is,

Pr.s > Pk+1.s+1_

Pri—t,e = Pratl

Proposition 6.6: With Py, = Py s(n) defined as in (6.3),
pk,spk.s-i-l - pk—l,spk+l,s+l 2> 01 Vk,S € Z. (6'17)

Before proving Proposition 6.6, we need to introduce the following numerical result:

Lemma 6.7: If numbers a,b, ¢, d,a’,V, ¢, d’ € [0, 00) satisfy

ac<a'd (6.18)
be < b (6.19)
bd < b'd (6.20)

and
ad < b, (6.21)

then
(a+b)c+d) <@ +b)+d). (6.22)

proof of Lemma 6.7:  This proof was provided by Valerio De Angelis, and is much simpler
than my original proof.

Let m = min(ad, bc) and M = max{ad, bc), so that m + M = ad + bc and mM = adbe.
If M = 0 then ad = 0 = bc and the result follows from (6.18) and (6.20). Assume that M>0.
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m . mM adhe

From {6.19) and (6.21) we find that M < W' andsot = L’ﬁ- >l Llety=g5 =7 =
As m < M we have vy €1 < t. Thus
1.2 7
0< (t—'y)(t—1)=t2—(1+7)t+'y=£-li€;.zl-— ( +—E—)%—+%§;
Multiplying through by M? we obtain
0 < (V') = (M +m)b'c + adbe = (H'¢')? - (ad + be) b'c’ + (ac)(bd).
Using (6.18) and (6.20) we find that (ac)(bd) < a'c'b'd’ = ¥'c’a’d’. We thus obtain
0< (b'c)? = (ad + be) U’ + V'dd =V + a'd' — ad - bd].
CAs 0 < M < V¢ we may divide through by ¢’ to get the inequality ad + be < o'd’ + V'c’.
Combining this with (6.18) and (6.20) we obtain (6.22). ||

proof of Proposition 6.6:
We use induction on n. The result is clear for n = 1, since Px—1 sPr41,941 iS always zero
in this casc. We assume the result is true for n, and show that it is true for n+ 1. Writing 25,

for Py «(n + 1), we must show that
PsPhosit = PhtPrstes1 20 Vks€Z (6.23)
using (6.17). For convenience we write o and 7 in place of opet and Trp41. Using (6.4), the
left side of (6.23) can be expanded as
P sPhstt = it oPht e
= (Pry + T1Pho1,s + 0Pkc1,0= 1)) (Pt + T[Ph—1,041 + 0Pr1,8])
— (Pa—ton + 7[Pr=2s + TP=2,s 1 ){Prs1,041 + T[Piys1 + TPrs))
= pk.spk.s+l - pk—l.upk+l.s+l
+ PresT[Pr=1,091 + OPk—1,s] + Phos 17 [Prm1,s + TP—1,5—1]
= Proe1,s TP skt + OPrs] = Phe 1,417 [P—2,s + OPi—2,9-1]
+ 72[pk-—l.s + P 15—1)[Ph=t,541 + OPr—1,4]
= 72 [Prmz,s + OPko2,5-1][Prstr + 0Ph]
= [PrsProst1 = Prm1,9Pka1,941]
+ T[PhsPr—t,s41 F Pls+1Pk—1,8 = Pheet oPlys 41 — Pl 1,0+1Pk—2,5]
+ T0[PrsPht,n + Phst1Plml =1 — Phomt,sPhis — Pra,s+1Pk—2,3-1]
+ 7H(Pr—1,041 + 0Pk—1,8) (Pr—1,0 + OPi—1,9-1)
— (Pras1 + OPr,s)(Pi=2,s + TPr25-1)]
To establish (6.23), it suffices to show that the four last square-bracketed expressions in the
preceding display are nonnegative.
Our inductive assumplion guarantees that Ay 3Pk a1 — P—1,5Pk+1,041 = O
The second of our bracketed expressions, that multiplied by 7, simplifies t0 Pk, sPkw1 41 —
Prt1,8+1Pk—2,s. To show that this is nonnegative, it suffices to consider the case where fr1,s4-1
and Pi_a,, are nonzero. If Piy1s41 # 0, then k + 1 < n, while if Pr—24 is nonzero, then
0 < s € k- 2. These facts guarantee that the three coefficients Ag—1,s, Pi,s+1 and Pi—1,s41 are
ali nonzero. Now

Pis  Peots _ Pritott  Protl )
Pr—ts Prk—2,s Prasl  Prk—1,5+1
= Pt s 41Pi—2,s(Qk,s Qom1,s = Q1,041 Th,s+1)
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This is nonnegative, since by our inductive assumption, ge.v 2 Qrai,atl I 1,90 2 Gre ot 1

The third of our bracketed expressions, that multiplied by o, simplifies 10 £p o4 1Pk—1,9-1—
Pri1,s+1Pk—2,4—1. To show that this is nonncgative, it suffices to consider the case where both
Prt1,s+1 and Px_g -y are nonzero. If Pryy et # 0, then b+ 1 < . while if Ar_g,01 # 0,
then 0 < s — 1 < k — 2. These tacts guarantee that Ay 1 18 nonzero. Now

Pr—1,9-1 pk-l—l.x-H)
Pre—2,4~1 |
= Prat 1Ph=2,5= 1 (k=1,0=1 — Ght La1)
This is nonnegative, since by our inductive assumption, qr—1,s—1 2 Gk,» 2 Tk Lt 1-
It remains to show that our fourth bracketed expression, that multiplied by 72, is nonnegative.
That is, we must show that
(P st1 4 0Pk ) (Proys + TPro20=1) € (Phmtwtt + TPk, (Prmts + 0Pk—1,0-1). (6.24)

To do this, we first establish four simpler inequalitics, and then invoke Lemma 6.7 o prove
(6.24). The inequality

P st+1Pk=1,5-1 = Prt1,5410k=2,0=1 = Pl s+ 1Pk—2,0—1 (

pk,s+lpk—2,s S pk—]'s-l-lpk—[.‘q (625)

is equivalent to the inequality Pr—1 oPr—1,54+1 = Pk=2,sPk, 541 > 0, which holds by our inductive
assumption. The inequality

(a’ok.s)pk—'i'-" S (c‘rpk—l.x)pk—l.s (6.26)
follows from (6.13) (with £ = 1). The equation
(0P, HoPr-2,5-1) S (OPka1,s)(FPr—1,0-1) (6.27)

is equivalent to the inequality Pr_y,¢—1Pk—1,6 — Pk=2,5-1Pk,s 2 (), Which holds by our inductive
assumption. Finally, the inequality

Pr.s+1(0Pr=2,5-1) € (0Pr—1,8)Pk~1,s (6.28)
is equivalent to ﬂi_l's——Pk..z_s_ 1Pk a1 2 0, which follows from (6.15) (with ¢t = 1). Comparing
inequality (6.24) with inequality (6.22), and inequalities (6.25)-(6.28) with incqualitics (6.18)-
(6.21), we observe that {6.24) is a consequence of Lemma 6.7. We have thus established (6.23),
and Proposition 6.6 is proved. |
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7. Eventual Strong Unimodality of Products

Odlyzko and Richmond [OR] have proved that if P is a polynomial of degree d in R[z]*,
and 0,1,d — 1,d are all in Log P, then P™ is strongly unimodal for sufficiently large n. In
this chapter we gencralize this resull, showing that if {P;} is a sequence in R[z]* satisfying
appropriate conditions, then for all sufficiently large n the product P = PP, -+ P, is strongly
unimodal. The conditions we require are that the degrees d; of P; have an upper bound, and
that the coefficients at 0, 1, d; — 1 and d; be (uniformly) bounded below away from zero.

The proof in [OR] consists of two parts, each with conditions somewhat relaxed from those
of the overall result. The first, simpler part shows strong unimodality at coefficients k near the
ends of Log P™, while the more difficult part of the prool’ shows strong unimodality for k in the
central region.

" The results given in this chapter use the techniques of [OR], adapting and supplementing
them as necessary to cover the case of ditlering polynomials F;.

The proot of strong unimodality near the ends involves approximating each P; by its constant
and lincar terms, and hence approximating P9 by Q™9, the product of the linear polynomials.
A product of linear polynomials is ‘better’ than strongly unimodal in the sense that if > i—obiz?
is such a polynomial, then

b? 2 bj—1bjn (1 + %) (1 + n—:}'), for0<j<mn,
which is stronger than the strong unimodality condition bf > bj—1bj+1 (see p. 504 in [S]).
Calculuating the coefficients of P™? by using a contour integral over a suitable small circle in
the complex plane, we can make the coefficients of P™9 close enough to those of Q™0 that the
‘extra’ strong unimodality of Q™ produces strong unimodality in P™°.

The proof of strong unimodality in the central region of the product 1s also approached by
calculating the ceefficients of P™? using a contour integral in the complex plane. We use this
integral to smoothly interpolate the coefficients of PO and eventually prove log concavity of
this interpolating function (and hence strong positivity of the P™0), Writing the integrand of the
complex integral as the exponential of a Taylor series of three terms, we find that by appropriate
choice of the circle of integration, the linear term can be made to disappear. We also find that
the contour integral can be well approximated by integrating over a very small portion of the
circle, and that on this part of the circle the third order term in negligible. The integral of the
remaining quadratic term can be calculated fairly precisely. The same techniques allow us to
estimate the derivates of the coefficient-interpolating function accurately enough to deduce log
concavity, and hence strong unimodality.

Before cmbarking upon our calculations, we remark that with extra care the methods given
here yield estimates (and bounds) on the coefficients of P™0  The derivative estimates yield
estimates of the ratios of successive coefficients of P™P.

These estimates have other uses. For example, Proposition 4 in [H4] shows that subject
to appropriate conditions on f, the product (1 + z)™ - f will be strongly unimodal for large n.
Using the estimates developed here, this could be generalized to certain products of the form
P\Py--- B, f.

Valerio De Angelis has (indepzndently) derived asymptotic estimates for the coefficients of
large powers P" of a polynomial P, using methods similar to those employed here. His results
are valid in the central region of P™ (but not at the ends), and permit P to have negative
coefficients, provided that |P(re*)| < P(r) for all r > 0 and 0 < 6 < 27. Strong unimodality
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of P™ in the central region is an immediale consequence ol his asymptotic estimates. He also
obtains Stirling’s formula as an easy consequence.

We now procede with our results, deriving strong unimodality first for the ‘ends’ of the
product (Theorem 7.4), and then for the centre (Theorem 7.14). No bound on the degree of
the P; is required for Theorem 7.4, and only the coclficients of 2% and 2! need be bounded
away from 0. The hypotheses needed for the central region are somewhat stronger, requiring
a bound on the degrees d;, and a lower bound on cocfficient of a%i. We finally combine both
components to obtain the overall strong unimodality result, Theorem 7.15,

Strong Unimodality in the Ends of the Product. Suppose that for cach j in N, P; is
a polynomial in R[z]*, and for convenicnee write
P; = Z P;x'.
>0

Suppose also that

Y Pu=1, VjeN (7.1)

i>0
and that there is a constant ¢ > 0 such that

Pj'o >0 and Pj'l > b, Vj € N. (7.2)

We are interested in the coefficients of P™° = P\ P, .- P, for large values of n. For cach j in

N we define Q; € R[x]* by seuing Q; = Pj0 + Pj12. We will use the strong unimodality of
Q™° 1o deduce strong unimodality near the end of P™0,

Notational note:  We use the notation C(E) to denote any quantity @ which satisfics |z| < E.
This notation is anologous to O(E), but gives grealer precision,

Lemma 7.1: There is a constant L; > 0 such that if n is in N and r € (0, ﬁ; Tg'ﬁ)'
then

pO(re??) = [H (P; 0+ ﬂ,l?'eia)} (1 +nrC(LY)), V8 € R.

i=1

Proof: Let z = re'?, and for each j in N lel A; = Pjo+ Pj1z and B; = Pj(z) — A;. As
12> Pjo+ Pjy 2 6+ 6. it is clear that 6 < 3 and so 722 < L. Thus 7 < 4, and s0 we have,
for each 7 in N,

|B;| = ZP,mz <ZP,m'r"‘<Zr —T2ZT'“<TQZﬁ=2T

m>2 m>2 m>2 m20 m20
Note that as P;o + F;

1 and Pjo > 6, we have Pj,; 1 — Pjp < 1—4. Thus [P;12| =
Pj'lTS(l—é)%—&z= .

<1
%s%—sothat

l\lea

< Pj'0/2 < |Pj,0 + P; z| € 3PJ"0/2, VYj € N.
In particular, |4;] = § > 0.
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For I any subset of § = {1,2,...,n}, we define Ay = HA‘- and By = HB,-. By
i€l i€l
convention we take the empty product to equal 1. We also denote S\I by I'.

[15 -] 4| =TI+ B) =|> " AiBr - As| = > AiBr
7=1 3=t i=1 = ICs tcs
By I
=|as > == <l4st Y |5 l<[A3| (5/0)
cs ” 1'cs 1’'CcS
I#8 :r;eo 120

'AS'Z( )(6/°> | S'Z(n s )
< |As|§%(7) = lAsllZ::lﬁ(T n)* (3)

As rym < %25, we have nr? < 82(1 — 6)7%/4. Leuing s = max {1, §2(1 — 6)72/4}. we
obtain

n 1 /4 i n 1 . 4 i
< — 2 1 — < — 2 .l'-l -
< {As) ;E=1 il(r n) (6) < |Asl| ,-E=1 B TNk (6)
< [Aq|'nr2 En 1 Eﬁ i< ]Aslnrze""/é
= e o AN A

Letting L = e**/®, we have |P™0(z) — As| < |AslnriLy, so P*(2) = As + AgnriC(L,),
|

[P - 11 45
i=1 i=1

as desired.
We need the following numerical lemma:

Lemma 7.2: There is a positive constant L such that if n and k are in N and & <

v7 — 1, then
fk+1/2
€* < Lo (k) e

Proof: Recall Stirling’s Formula ([ST], page 253):

. n!
lim ————=1.
n— oo y/Irne """

This implies that the sequence 7#:—"7 is bounded and there is some K’ in N for which
1o

K 2xne~rmnn
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From this we deduce that foralln e N
(n) n! 1 Vorne™"n"
k (n— k)'k' KB \fark e=*kk [2n(n - k) e~(v—K) (n — K"k

1 1 n_ nfpnk
= \/‘EI(-,;} kk+l/2 n— k (n _ k)"_k

> 1 T&L 3 n—k _ 1 nk - k n—-~k
V2R KB KR \n -k N YL U
Note that forbe Nand a € [0, VAR

In [(1 + %)b] =bln (1 +

Thus

( %)-) > e Ve,
)2 =

Since k € /-1, we have k? < (/n - n-2yn+1<n—k, and we obuin

n 1 nk . n—k 1 ’n,k _‘} .
> | | + —— > LT ek,
k Var K3 kk+172 n—k JInKR ke
Thus
k172

nk

ek < Vore K" (Z)
B

Lemma 7.3: There is a constant Lz > O such thatif n and k are in Nand 0 £ k <

%2- /1, then
n0 .k\ _ n0 ..k ) k5/2
<P ,3.)—(@ ,.'i.) 1+C(L3)———n }

Proof: For k = 0 the result is clear. Assume & 2 1. For n € N define
1 <P,
Hn = — z '}?—

From equation (7.2) it is clear that § < P; g, P;,y £ 1-6forall j € N, and so —- < fn S < T
VYn € N.

We set
k

T=—,
TYin

and note that r < ‘;n‘[ < Ws’; 138 < 33 1%3. Recalling that Q; = Pjo + Pjz for all j in

N, Lemma 7.1 tells us that P*(re') = Q"°(re'?) [1 + nr?C(Ly)). for all 8 in R. Applying
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Laurent’s theorem, we get

n0f, n,0f., 1 ZC L
(P"O L)_ 1 P.(")dz__l_ Q ()[ + nr ( l)]
2-”1 |:| " ZL+|' ‘)7—1 E:I r ,&-H
L@, [ @)
N E |z]=r zkHl Gzt % |z]=r Zk+l1
2 n,0
_ n0 _k nr Q ! (Z)C(Ll) .
= (Q ,.n)+2—m.-f1l e
Writing z = re?™, we find that dz = 2mire?™* df, and so
n,0 2nilt
n0 & n0 _ky _ Q (7(1 )C(Ll) it
(PO, 2*) — (@™, 2¥) = "m/o o mire ™% 46
1 ~n,0 2milt
= m‘z‘/ Q(re )C(Ll) dé
0 (T‘C'm”)
Now
1,07 o2mill 1 n,0¢.. 2wl 1 n,0
@O o (1|2 o)y ¢ [0 2P
0 (T62ﬂ:0) 0 (re*""’) 0 r
and so

. . Q™°(r)C(L Dk An
(P"'o, :c‘) - (Q“'O, :L'“) = nr? ———-—( r)" (L) =nr- "'Q 'U(r) C(Ly).
Noting that @Q™°(0) = [1}., Pj.0. we apply Lemma A2 to find that
J=1"12

Q™O(r) = H(P‘0+P.1'r) QnO(O)H(l-i-}}ZO)
j=1

n

< Q™°(0) exp [Z %—'i r} = Q™°(0) exp [npn 1] = QM(0) €*

Using Lemma 7.2 we now obtain
kr+1/2
(P"O. £k> (Quﬂ k) “"TITQ L.C(L )Qn 0(0)8 ‘—TIT2 A.C(LlL )QTID(O) ( ) nk
AsT = ;;— this becomes
kkt+1/2

(0, %) - (@, 2y =n( ) ottt @00 (7) B

nk

- o B oo (7)

We now let §; = #'— for all j in N, and set S, = 3.7, ;. Since p, = Za, Recall from
equation (1.4) in Proposmon 1.12 that, for k > 2

<ﬁ(1 + Biz), ,,,k> > 1 [s,ﬁ (0) » 53) Sﬁ_g] , 1 [s:»;_ ,%2 nS,’ﬁ""]

i=1
_ 5 - kK] (npa)f - kn ] nkuk L k?
Tk 252 | T k! Anpa)?| ~ K Inu
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As —45—. < iy, we have k < %-\/_ <dvn < 1y, and so

(Q"O nk ;: 1 nk nk - ek n! i in
Q"O(O) H(l +Bi), 2t ) 2 = [1 - i] - IT =2 KHa-k! 2 (k)'

(This last mt.qu.lhty holds even for & = 1). Thus

h/a

(Pn 0’ :LA') (Q“ 0‘ !L) C L Lo )__ Qu 0(())( )“" 2

—C(L I )LS/.‘! (QnO ,..)
- {42 11 H'z‘
As pn > 185, we can sel L3=&'—li%g;ﬁﬁ to obtain
0 k& 0,k Ko/
(22, %) = (@0, ) [+ 0 £,
n

We can now deduce strong unimodality ol coelficients near the end of P™9,

Theorem 7.4: Let § > 0. There is a constant L(§) > 0 such that if {P;},en is any
sequence of polynomials in R[z]* for which
Pi(ly=1, Vj,
and
(P;j,2®)>6  and (P, x'y>6,  VjeN,

then
((Pn,ﬂ’ mk))Q > (Pn,O, _,L.k-1> (Pn,ﬂ, :v““’") (1.3)

for every integer k for which k& < L(8)n?/7 — 1.

Proof: We take L = L(§) = min {%, (4L3)‘2/7}. where Ly was given in Lemma 7.3, Sct

Q= H;=1(Pj'0 + Pj1x). Equation (7.3) is clearly true for £ < 0. Assume k& > 1. As @ has
only real roots, Theorem 2 in [S] (p. 504) and the comment following it, show that

(@) 2 @ =+1) (@ s (143

This can also be proved by regarding (Q, ™) as a polynomial the P; ¢'s and P; ;'s, and counting
the number of times each monomial appears in ({Q, :z:"))2 and (Q, z*~')(Q, z*1).
Writing p; = (P™%, 27) for j =0,1,2,...,n, we obtain from Lemma 7.3,
£/2 1112
P o ((Q, =*) [1 = Ly k2 n~1])
Pr-1pk+1 — ({Q, x*~1) [1+ La (k — 1)32n=1]) ({Q, zF+1) [1 + L3 (k + 1)5/% n~1])
[1 — Ly (k +1)¥2n-1)° (1 1)
[1 + Ly (k +1)5/2n~1)°

k
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Let w = Lz (k + 1)*/?n~!, and note that as |w| < 1, we have 1 > 1 — w? = (1 — w)(1 + w),
0 o 2 1—w. As (1—-w)? =1-2w+w® > 1 - 2w, we have
1 —w)? . ., .
Gt s o -wt 2 (-2 21
Thus .,
o (1-w)
Pr—1Pkrt (14 w)?

1 k+1
. 1> - -
(l + k) > (1 - 4w) k

. 27 .,
Ask<ILn¥" -1, wepetk+1< Ln?" < (-,—',‘—1) ,and (k+ 1)7/? < = Thus
n Ly 1

= (k 7/2 e s _ 2
(k+ Dw=(k+1) L;;/n_‘lL3 — =1

This gives 4w < 1. so
E+1 1 k+1
1-4 >11- ‘ = 1.
(1-dw)=—=2 ( KT 1) P
Thus p} 2 pr—1Pk+1- |

Strong Unimodality in the Middle of the Product.  Suppose that for cach j in N, P;
is 2 polynomial in R[z]* of degree d;, and that d = sup { ;| j € N} is finite. For convenience
write P; = 2f=0 P; ;x* for each j in N. Suppose also that

d
> P;=1, VjeN (7.4)
=0
and that there are constants By, By, Ba > 0 such that
Pj0 2 Bo, P;y 2 By, and Pj.u; 2 Bu, Vi € N. (7.5)

We wish to consider the product P*0 = PPy .. P,, for large n. We let 6, denote the degree
of P™0, that is, &, = 3_5_, d;.
We begin by establishing a function to interpolate the coefficients of pmo,

Proposition 7.5: For each n € N the function a,(a, k) defined by

—oxk L3 ) )
a,n(a,k).—."‘27r / PO(eatify o=tk g akeR (7.6)

is a C'™ function of k& for each a. Also, for each k € Z we have
(PO, :L'k) = a,(a, k), Yo € R.
Furthermore, for a, k € R,

-ak bl n apion] s
an(c, k)=627r / 3[2j=|I°ng(c + )] ikD o,

-7

Proof: Since [P"'O(e"'*“a)] e—? is continuous on R3 (in a, k and #), Lemma A.4 implies
that an(a, k) is a well-defined and continuous from R? into C. Applying Lemma A.5 shows
that for fixed e, an(e, k) is a C* function of k on each interval [ko — 1, ko + 1], and hence on
all of R.
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By Laurent’s theorem, for k& € Z we have

n0r.,
<P"'0, Tk) — _];_/ P ("') dZ.,
|s|=r

27 Zh+l

for any r > 0. For any o € R, if we lake r = ¢ and let z = re*?, we have

dz = ire'®df = ie®e’dp = ie® 48,

$0
T pn,0f 0l ™ Pn,O a--if
(P"'O, (Ek> = 1 f P ((‘ ) ien-{-:l) g = 1 / (c ) A8

o J_, (extif)kil 3% | T(eatimyk
1 ™ Pn.U (cn-i-ifl) (‘!_ak P O abid i
Tox f_,  eckehf df = o7 _RP (e*) e df = an(a,k).

Equation (7.6) defines the function a, : R? — C. Recalling that for any w € C\ {0},
elog® = 4 Equation (7.6) becomes (since P™%(z) has only finitely many zeroes on |z| =7)

/“ elng(P"-"(c““"))-iko 6.

-7

—cch

(o, k) =

2r
As wy = eloswHog for 4 e C\ {0}, we have

—ok T " . P (e@ 0] Zik
ﬂ-n(a, k) == 6211- / e[zj=1]°b P;(e )] 10 &,

-7

The functions Jo. J; and Jo defined in Lemma 7.6 are related 1o a,, and its derivatives.

Lemma 7.6: For m € Z*, the function .J;,, defined by

T
Jmla,n, k) = / g [P0t ) e df, neN,okeR (77

-

is a real-valued function if m is even, and is pure imaginary if m is odd.

Proof: Letling F,n(8) = 6™ [P™9(e2 )] e, we note that for any 6, Frn(~6) = (—1)"Fr(9).
Thus, if m is even,

s

T 0 ™
Im(J) =Im [ Fn(@)d8= [ ImFn(@)dd= | ImFn(8)do+ / Im Fon(6) 8
0

-1 - -

0 r
= [ tmFn(-6) (-d) + | 1mFn@) as
g 0

= / Im Fo(B) d6 + f Im Fon(6) df = — f Im Fon(6) d6 + f Im F,n (6) d8
0 0 0 0 _

o0



and if m is odd,

* w 0 b
Re(J.) = Re f Ful®)dd= | ReF.(0)df= | ReF,(6)d+ f Re F,.(6) d¥
— 0

-1 -

0 F3
= f Re F(—f) (—d6) + f Re Fy,(8) d¥
T 1]
- / Re(—1)"F() df + / Re Fn(6) df
1] 0

- - f Re Fin(6) df + f Re Fin(8) d6
0 0
=0 _
Thus J,, is a real function if m is even, and is pure imaginary it m is odd. |
The following resuit will (eventually) enable us to choose the radius of the cirele of inte-
gration in such a way that the first order term in the Taylor expansion of the integrand becomes

negligible. 78, will be chosen to be close the cocfficient of P™ ‘0 which we are approximating,
and e®r will be the radius of the circle of integration.

Lemma 7.7: Let y = max {O, In Mlg'ff}—"l}. For each n in N and » € (0, 3] there is
a smallest number «, € (—o0,] such that

n Pl(eﬂ,—)en. _ ‘6 7 8
Z Py " (7:8)

Proof: Let s = max {ﬂ{-l;“.—a")-, 1}. For an arbitrary fixed j take b = ;. From equations (7.4)
and (7.5) it is clear that P, 2 By and that Py, <1 - By form=0,1,2,...,b— 1. Using
these facts we find that

sP; (s)——P(s) zmp, ™ ZP,,,.&* > bP;ys" —-—EP,,,.

m=0 m=0 m=0
3b b h— h-1
> - P,, ZP,m > 2(1-3)9
m—.O rn'—ﬂ
b s 3b b1 bBys’ 3d(1-By) 1
> — —— -_ = - -t 20
4 Bys 1 d(1—By)s 1 1 B 1 2

From this we obtain _JT_T > 37 = if;”- Since j was arbitrary, we may sum this inequality to

obtain
> Z 3(1

M:s

It

3

As s = €7, we have shown that )7 1‘P‘fc—:P Since zlimo%%'((;z’l = 0 for each 7,

it is clear that _lim E;.‘ 1=—FP&(—:)‘) 0. It follows that for each 7 € (0, 3] there is an

a € (—00,7] such that 37, fi,(—e(fj— = r6,. We tuke a, to be the smallest such . (]
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We will need Lemma 7.8 for obtaining the Taylor expansion of our integrand.

Lemma 7.8: For o € R and j € N the function f, ; defined by
fo,(8) = log (Pi(e™T*)). (7.9)

is infinitely differentiable on the interval [—E”a, ﬁ] Furthermore, there are constants

K;, Ko and K3 in (0, c0) such that

Q'J( ) € [-Kla 1(2]: VJ € Na o e (_0037]
and
" < e” i —_ . _r .
O] < e Ks, Vi €N, a € (=007, 0€ |20, ]

Proof:  Note that for « € R and || < 75,
Re Pj(e*+) = Rez Pjrect (€)Y = Z Re P;; e*! (coslf + isinld)
1=0 1=0

= Pjo+ Z P e coslf > P;o
=1

Thus log (P;{e*)) is an analytic function of = on a region containing the set

{z=a+if|lacR, be[-7 =1}

2d’ 2d
Now
, (3) _ P;(eaﬁo)ea-}-io .
fa.j = P,-(e“"""’) (2
S0
ol
") = —
T Y

a+i iy a-ti ati Qi a+i0\]2 a+i
\ [Pj(e +0)P;I(ea+ 0)8 F0+Pj(e +0)P;(e +0)_ [P;(B +0)] e +0]
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We now consider, for x > 0, the exprcssion
P;(z)P]'(z)2 + Pj(z)P(z) — [Pj( )]

d-1
= [ZPJ‘[SC] l:Z(t + l)fPJ “.1'1 + Z(f + I)PJ t+ 10 ]
=0
d—1
— [Zzpj,,m‘] [Z{t + 1)P,-J_Hm*]
=1 t=0

d d=1 d d

= Z Z: PP B+ 1)t +1- Ll Z Z PPy -l Lim=1

=0 120 =0 m=1
Z P'JPj.m[m(m—i):n”’“ Lyl - m)Lmu 1]

0<i<m<d
= Z P-"'P-"n (m - l)2 3:£+"‘_‘
0<t<m<d
It follows that

, ( ) P'JP',,“ (m _ 1)2 (ea)l+m—l
s [P ( )} 0<!<Zm<d
Thus, since for a in (=00,7), Pj(e®) € Pj(e?) = Lo Piie < e S P = e, we
have, ' )
0 1
Ch.:l i P',lP',m (m _ l)'Z (ea)!+m—1
e* [P (e= )]2 05{/;5,;
1 ‘ 2, 0+1—1 Bo B,
2 W[Pjiop'l(l - 0) T ] 2 62'7(1
and
4,,2yd
a.JcE ) < 1 Z: 1-1 (([)2 (c-y)m < d;}
€ [P -01 o<l<m<d 0

From the form of f; ;(6) it is clear that Fi!5(8) will be equal to T’_"_"‘W.)-]T multiplicd by some

polynomial in PJ"(e*+), Pl'(e®**), Pj(e atily - P.(ea+if) and e+, If P("‘) denoles the
m’th derivative of P;, form=0,1,2,3, lhen for ar in (—oo ~] and 7 in N we h.W(..

’P}m)(ea-{-tﬂ)l < Pj(m)(le +t0|) = P;m)( ) < Pj(m)( )

d d
< Z d™P;e™ < d"e™ z Pjy=d™e",
1=0 1=0
0
Since also | Pj(e**+*)| > Re P;(e*+%) 2 Pjo 2 Bo whenever |6] < 75, so that TT’_(F“"’TT‘ <

73"" it follows that there is some constant K3 in (0, c0) such that | f37:(8)] < e*Kj for all j in

N a in (~o00,7], and 8 € [-5, &) |

Notational note:  We use the notation C(E) to denote any quantity = which satisfies |z| < E.
This is anologous to O(E), but gives greater precision.
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We now reduce our integrals to cover only a portion of the circle of integration. We will
show in Lemma 7.10 that the integrand is small owtside of this region.

Lemma7.9: FormeZt, a€R, n€N, k€ Rand 0 <6, < min (1, 55) define

0" . .
Ta(0, K, 80) = / 9’"[P“'°(e"+‘a)] ™0 do. (7.10)

a

For any 7 in (0, 3], if we set Hnr= =53~ fa,,;(0), then

L/
J;;r;(ara n, K, 60) - Pn,U(ear)f am e[rﬁn—N]iﬂ-—-Hn'r 0?+C(ne®r Ka/3) |G[3 do. (711)
-0

fai(7) 4o
6

Proof: We first restrict e o lie in {(—o00,7]. As Lemma 7.8 guarantees the differentiability of
fa,;(8), we may apply Proposition A.6 Lo obtain
’ g;(ﬂ) 2
fai(8) = fai(0) + fo (08 + =5—6+C| 2 sup
T€[-Fq. 5l
o:. ( ) € 1{3

= fas(0) + fa,(0)9+ lag gy ) 6
for all 6 € [~ 34, 4l
As PmO(eati?) = edei=1 723 g PrO(e*) = e2imy f2:5 ) equation (7.10) becomes
Jo(a,n,K,6,) = f g™ oLogen s O+ 1L 50 0410 4(0)0%/2+C(e7 Ka/3) 101%] j—ix0 gg.

ao n 1 " o=
f g™ PO (e%) 62,,1 [£2,5(0) 0452 5(0) 67 /24 Cle™ Ka/3) 101°] —ix0 4o
-0,

00 . n + n I [
— / ngn,O (ea) ﬁ[—m+zj=‘ fa.j(o)] 0+25=1 [fa.j (0) 0’/2+C(e Ka/3) |9]3] de.
6o

P (ca-HO) il P'-(c")c“

Now f;, ;(8) = —J—P(T,—g—— i, 50 fp ;(0) = o i. In accordance with Lemma 7.7 we
may take o = ., for any 7 e (0, 8], and (7 8) becomes
Pi{eor)er

Zfa.-,g( ) Z P. (ea i T&n‘i.

This yields
T (o 6,) = 0, gm PO (gor c[,-a,,_n]w-;-z;,':l (£, 5(0) 02 /2+C(e®r K3 /3) |0f°] "
-] oo
—_ P“‘O(e“") g™ e[r&.,—x.]iﬂ—Hn,,.02+C(ne“"K3/3) ]0|3 de.
_00
where Hy, , = —3 ZJ_ aNJ ]

Lemma 7.10: There is a constant X4 > 0 such for every 8, in (0,1] and n in N,
|PrO(eati®)| < PrO(e) e K4, VB € (8o, 27 — O], @ € (—00,7].
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Prool: For a,b € (0,00) and § € [8,, 27 — 8,}. with 8, < 1, we have
\a + be'®)? = (a + be*®)(a + be ™) = a® + ab(e” + e + b% = a® + 2abcos 6 + b
= (a + b)* + 2ab(cosh — 1)

2 gl g
< (a + b)? + 2ab(cosf, — 1) = (a + b)* + ‘201)(—?—‘1 + 37— i" + - )

2 2 2
< (a+ b)? + 9(“(_9_ + 94) < (a+ 0?2 + Qub(—%)

= (a+b)? _1+ "(ai—bw('e_;)]

2 2y 2
< 2 5 ab 6 ab 6
S (a+b) 1+ (a+b)2( 3 ) T\ @23

s 2
_ 2l _ ab 9
= (a + b} |-1 et ) 9“]

This yields
) b ab .
beto < 1_ a 2
ja+ |_(a+b)[ NaiDp ] (a+b) - Nat D)
If for some j in N we take @ = Pj,0 and b = P;1e®, for a in (- oo,'y] this becomes
P;obj.1e® 2

iP“O + Pj'lea""gl < (Pj'o + Pj_lea) -

7.12
3(Pj0 + Pjae} ° (7.12)

Since P;(e®) < Pj{e?) = E‘ _o Piie™ £ e'f“z P;1 = e, it follows that
P; o P;, 1e” S P;oP; 1€ P (e ) By B, ¢ Py(e®)
3(Pj0+ P;1e%) ~ HPjo+ B 1e®) el T 3(1+ev)er J
Setting K4 = 3(—13_953)%.,,; we can use (7.12) to get

d
Z:P_'l (6a+£0)l

=2

‘Pj(ea+i0)‘ S IPj.U + Pj,]_ea-l-io‘ +

d
< Pjo+ Pje® - Pj(e“)K,,eﬂgg + Z P (e™)! = P;(e”) [1 - 1{46"63]
=2

Since for s € [0,1] we have e™* = 1—s+‘;—j-§+--- >1-s, and since 8, £ 1 and

K4e* < 1, we obtain
|P,(+9)] < Pi(e)[1 - Kae62] < Py(e™)emKoc"0%
which yields

|Pn O(ea-i-tb‘)' — H IP (ea+:0)| < H [P (e -K“"oﬂ] — Pn,O(ea) e—nK;c"Dg
i=1

Lemma 7.11: If z € C with |z| < 1, then e* = 1 + C(2|z|).
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Proof Sincc

z < Z l2? Z et _~"_|§ 2]t il’: _ lzlle=1) <2
“—n n! ’2 2 (n—1)! 2 ~{n-1) n! 2 !
we have e* = 1+ + C(|z|) =1+ C(2|z|)- R
Collecting everything we have done so far, we obtain Jr, as a simplified integral with error
terms. It is the caref! choice of 8, that will make these error times simultaneously smaller than

the main integral.

Lemma 7.12: There are constants K5, Kg and K7 in (0, 00) such that if n in N is

greater than K7, and r € [Blr:—‘, 1}] then for every k in (16, — 2, 16, + 2],

Jm(ar, T, Ka) f m Huor0 [ 1/15 27rm+1 —Kgnl/13
s 0 1+C(Kslon'/1)] 4o +C( e :

where 6, =n!/ 3“(1‘6n)“/ 2,

Proof: Since r € (0, 3/4], Lemma 7.7 furnishes a number &, in (—o0,4] for which
™. Pi(e)

Z Pj(eer)’

As B() S Pj(e""') S P,-(e") = 21=0 J-'le"" < CTd Zl:(l Pj,[ = e"d, and Bl S P;(e"") S de"d.
it follows that

6, <er S L o per £ 7.13
rén<e Dy:» B (7.13)
and n
w~Bi . B
T 2 e ol = €T (7.14)
=t
Let 10
_ 2K3e¢ 12
Ky = max{( 15 )  (ad)t2 5.
Let 8, = n!/30 (rén)'ll 2 and note that if |8] < 6., lhen using equation (7.14) we find
1(3 I(g .Ks nl/ K:;e""
e e’r f 8 9| nt/15 7.15
olfl = 3 | | < 3B 18] (7.15)
As T > 22, we have 1, > n““ 50
/30 1/30
o = / n / = nTa'ﬁ_'llﬂ% = n_u/120_
ey = allE
As n > Ky we get nt/10 > %ﬁl‘. s0 if |9] < 6., equation (7.15) becomes
K3 3 Kae"" 1" Kaer? Kze"® 3B 1
9 ~11/120 (115 _ -1/40 ¢ =1 m
3 1 3B, " 35, " S 3B e~z (10
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As n > Ky > (4d)*?. we find that
1 1

< —-11/120 _
6 n nll/lQO S ((4 !)12)11/120 (4:1)[1/]0

1 < 1
= 4d’

Taking & € [ré, — 2, 78, + 2], it follows that for |6] < 8,
](r&n - n)i6‘| <29, < 5%
Combining this with (7.16) and applying Lemma 7.11 and using (7.15) we obtain, for [8] < 6.
e(rBa =)0+ C(ner Ka/3) 01 _ 1 2C (216} + ne“"(Kg/:}) 6P)

I\_je 1/15 - r
= 9 9 15 — - 1/15
14+ C( 8 + —=— 35, |8 n ) 1+C’(I\d|91n ),

where K5 =4 + gﬁ}f— In this setting equation (7.11) becomes

Tlarn,m,6) = PmO(e) f g elrba=rli0=Ha,r 4 S Ka/ 0P g
~0. (7.17)

= P™0(e™) f_ : g g~ Hn.r0? [1 + C(Ks 18] n/ ‘5)] 49

Using Lemma 7.10 we calculate
_00 . .
f gm [Pu.O(ear-}-lﬂ)] e—'m(? do S

-
-,

=f_ﬂ°

—0,
< _[ o™ PrO(eor)em K% g

-
m+1

< Pn,O(ea.-)c—anc“"ﬂg T )
- m+1

-0,
/ |9m [Prz,O(ea,.-}-iﬂ)] e-inﬂl de

-1

lglrnlpn.O(ea,+i0)| do

Likewise,

em[Pn 0(ea..+10)] —tul) dﬂ‘ < p™ 0((,0..) —-nl{,e m+1 .

Using this and equauon (7.10), we can expand equation (7.7) to yield
m41
n.-a'.’ iy )

n07 o, —nKie™r i,
(0, 1, ) = Jm(ar, 1, K, 80) + 2P (e77)C (c —

By (7.13) we have
1/15 nl/15By  K4By 5
avg? ar X o = 1715
nKqe%r 0 = nkse 2 nle nearderd ~  devd n

n

Letting Kg = %.%Q and using (7.17), we obtain
Jm(aﬁ n,ﬁ.) _ %o m _—H, '_02 1/15 27Tm+l _Kunlllb
W—fo.,a e L+ C(KsloIn'/®)| do+ O ——7e .

|

We now calculate the integrals, and show that Jo and J2 are strictly positive in the desired

region,
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Lemma 7.13: There is a constant M in (0,00) such that if n is in N with n > M,
and r € [1‘-51:—‘, %] , then for every & in (76, — 2, 76, +2],
Jolay, n, k) >0, and Jolay,n, k) > 0.

Proof: For p >0 we deﬁne
= {(z,y) € R* |2 +9* < p?}

= {(z,9) € R |lal. Iyl < p}-
Then for K < (0, 00),

2 P
/] e KGR gy dJ_f[ "’rdnza-_-f fe-"’”rdrde

2 pKp? _ =K p?
/ f e ‘o—rdtde—;i; [—e™t|i0,
[l—e‘K"]

If we let I, = _[fpe""""'2 dz, then

Ig:f -Ka? dv:/ ~Kv? g —f f -Kz?-Ky? dz dy
// e~ Kzt +y )d'r(h

Since D, C R, C D z5,, we have

P ggd T g2 s
e [ovt s 12

lo o]
-K: [
f dz = K

-0

Since for a € [0, 1], we have \/a > a, it follows that (1-+/a)? = 1-2/a+a < 1-2a+a = 1-a,
and so 1 —a > 1 — /a. Thus

‘/ e~K=" dr > \/K [1 —e~kr*] > \/_{(1 - e"K"’aﬁ) (7.18)
—p

Also, [ ze~X=" dg = — e~ K=", 50

For m > 2 we use integration by parts with u = ™! and dv = ze=K=* dg 10 find that

m,—Kz? — m=1 _i -Kz*) _ _i -Kz? _ m—2
fa: e dr=<z ( S ¢ ) f 5% ¢ (m-1)x™ “dx

Note that

am—le=K ? m-1 2 (7.20)
—_ + m-2e-—K:c dr
2K 2K
For m = 3 this yields
[=.=] = 2]
q —K:= _ 3 - 1 —K:t:n 2 . 1 1
/0 z°e d:c-——-—2K A ze dz_—‘)}{ 5% = KT (7.21)



Using (7.20) with m = 2, and (7.18), we find that

I3
P 2 IL'C-.KIQ 1 P . 1 a .2 - 2
22K dr =2 | 4+ — | e = = e~ K="y — 2pe~H¥
5 !
2K J_, 2K L,

o 2K
] — e—Kp / 2pe -

7[\, K

[1_ K2 2 I’P"’ e—sz}

[ )
q:a

K

P 2 T
f e~ K= dx > \/_., .
-p

1
od 3

whenever Kp? > 2. (7.22)

Also, for m 20,
2 o . 1
|ml'" —Kelgy = "f lx]™e e~ K=y = °f e K dr < 2] e N de
- 0 0

We now assume that n» > K. From Lemma 7.6 we recall that Jy and Jo are real-valued
functions. Setting 8, = n1/39(r6,)~1/2, we have, from Lemma 7.12,

Jo(ar, 1, ) 2 —Horo ts 3 P
Pﬂ()(ea,_ / 6 e [1+C(I{5 |9|n )] a8+ C 3 8

0, (7.23)
> _/ g% ¢=Hnr 0 do — K¢ n”w/ “91‘i e=Hnr 0% g _ 73 g=Kon!/1
-0,
Using (7.21), we find that
0 oo
° 1 1
/_0 6] e~ Hnm @ gp < 2/0 gPe=Hnr dp=2. HI = I, (7.24)

Rccalling from Lemma 7.9 that Hy, » = 2 ?:1 fa_ ;(0), and recalling rom Lemma 7.8 that
(0) € [e*r Ky, e*r K>, we find that ,
ne®r K1 /2 < H, » < ne® K»/2 (7.25)

From (7.13) we get ne®r > -—ﬂg r6,. Combining this with (7.25) and setting Ky = Ifé?& we
obtain

c:,.J

K\ B
Hpr>ne® K /22 0{; O 16, = KoTn.
Recalling that 8, = n'/30(r6,) /%, we have
1/15

Hor852 > Koréy —— = Kon'/™. (7.26)

n

On the other hand, using the fact that r > #— " , we obtain

Hor2 Kg rén > Kon'/A, (7.27)
From (7.14) and the fact that r < 3 < 1 we get ne®r < 55;1'6,, < 5&; dn. Combining this with
(7.25) and setting Kz = —2‘3— ynelds

Kade?
< ne?r <
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n = Kgn. (7.28)



From Lemma 7.12, using (7.18) and (7.19) we have

JO(ara n, f’i) _ /N —H,, .02 . 1/15 5 —Ksn”"’
P""U(C“') - '/:_0“8 [1 + C(I\S Igl n )] (19 + C(..n‘e )

0o 0o
- 2 . 5 - 2 - 1/15
>/ g=Hn.rf ([9__]\5”1/1,/' 6] e=Hnr 0 g — 97 e~Kon

0, -0,
K - 2 - - 1718
> __(1 — o= Hnr 0o /2) — Kyn'/1s . — 9y e—Ken
Hy,» 2H, r

K- nl/ls 1715
| —e-turto?/2 _ 50 o [ e Kan
\/Tf\/Hu.r '

T
Hn,r
Using (7.26), (7.27) and (7.28) this yields

H,”- Jo(a,.,n,n) —Hant/ 15 1 1{5 nI/”’ ~Kanl/is
\/ . > |1 = e Kom" 72 _ —— — 2/7/ Kgne 8"
T Pn,O(cnr) - ﬁ I\’gnl/li \/_ 8

Since the three last terms in right-hand side of the preceding expression tend to 0 as n gets
large, it is clear that there is a number M; > K7 such that the right-hand side of this inequality
is strictly positive for all n > M. It follows that Jo(or, m, £) > O whenever n 2 M.

We continue, assuming n > M), and assuming that n > (2/Ko)", so that Kon!/13 > 2,
and (7.26) guarantees that Hmrﬂoz > 2. This 2llows us to apply (7.22) so that, using (7.24), the
ineqality (7.23) gives

Jolay,n, K Ba - bo —Ken'/!
2( l;'! ¥ ) 2 / 62 e—llu.r 02 (ig -— I\S n]'/ls / 19|3 e.m}'!“""a2 dg - 7!'3 e Kan *
Pr0(eor} -

09 _on
T _ 1718
> \/3—/2 _ I{S nl/lS — - 7rse Kan
6Hn'r -

Thus using (7.27) and (7.28) we obtain
HY? Jo(ar, k) _ VT .
n.r ThR) S VT g pl/1s

Pri(eary 26 15"

> _\éj - K n1/15

_ 1/15
-7 Hg{,? ¢~ Ken

n,r

1
v Konl/4
As the last two terms on the right-hand side of the preceding expression tend to 0 as n gets large,
it is clear that there is 2 number M greater than both M, and (2/Ko)!® such that the right-hand
side of this inequality is strictly positive for all n > M,. It follows that Jo(ar,n,8) > 0
whenever n > M. : B

— 73 (Ign)¥/? e~ Kot

We are ready 1o conclude sirong unimodality at coefficients in the central region of pm0;

Theorem 7.14: Suppose that the sequence {P;} in R[z]t satisfies (7.4) and (7.5).
Then there is a constant M > 0 such that whenever n and m are integers with n > M
and n'/4 < m < 3 deg P™9, then

[(Pn,O’ mm>]2 > (Pn,O, mm—l) (Pn,O, mm+1> > 0.
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Proof: Take M as in Lemma 7.13. Let r = 42 and note that r € [ﬂ;:-ﬂ, -%] By Lemma

7.13, Jo(ay,n, k) > 0 and Jo{arr,n, k) > 0 for all kin {in — 2,m + 2], Comparing cquations
(7.6) and (7.7) we note that

—ak
an(e, k) = "'% Jole,m,k), Vo eR. (7.29)
In particular, a, (c,, k) > 0 for all k € [m — 2,m + 2], and so, by Proposition 7.5,
(P"‘o, a:k) = a, (e, k) > for k=m=-1,mm+ 1. (7.30)

We now fix @ = a,. Applying Leibnitz’s Rule (see Lemma A.S5) to (7.29), we obtain

7] —- 0 n07 cbilly —ikf) _ T n0s oty —thlly

3kJ0(a'n’k) —‘/;“ 0k[P (e*t )y e do = ‘/_RP (™'Y eT™(—if) dB
= —i Ji(a,n, k).

Likewise,

9 .
Eﬂ-.h(a,n,k) = —i Jo(o, n, k).

Since an{o, k) > 0 for k € [m — 2,m + 2], it follows that log ¢, (v, k) is defined, and is
differentiable, for k in this interval.

0 _ 27 e“"“(—ct).fg(a; n. k) —ie~**Jy (o, 1, K)
Bk log an(a, k) = e~k Jo(ar,m, k) o
— gt — ?:J[(Of,'n., k)
B Jo(a, n, k)
and 52 o, k) Jola, 1, k) — Ji(ceymy k) (e, k)
= 1o a,k - _ 200, T, ola, 1, — J1 O'E,n, 1\, n, i
oRz 0B an(@: k) [Jo(a, m k)]

Since, by Lemma 7.6, Jo and J; are real, and J) is pure imaginary, it follows that B[ (o, k)]

and %[a,,(a, k)] are both real, and that
2

a—ak-glog an(a, k) <0 = [Ji(a,7, kN < Jola, n, k) Ja(er, 0, k).

Since Jy is pure imaginary, J3(ax,n,k) < 0. As Jo(a,n,k) > 0 and Ja(e,n,k) > 0O [or
k € [m —2,m + 2|, we conclude that g’%log an{o, k) < 0 for k in this inierval. We have
shown that for sufficiently large n, Jo(ax,n, k) and Ja(ax,n, k) are strictly positive, provided
k € [n'/4, 2] Thus, for k in this range, if ax{ax, k) is non-zero, then 5"’;5 log a,,(a, k) < 0.
This ‘log-concavity is all we need, since, by the mean value theorem we obtain

log, an{a, T + 1) = log an(a, m) < log a.(a, m) = logan(a,m —1).
This yields 2nl@mtl) o _salam) _ang by (7.30) we are done. ]

an{c,m) an(am=1)"*

We now return to the overall problem.
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Overall Strong Unimodality Result.  Collecting together the strong unimodality results
for the ends and central region of P™°, we obtain the following:

Theorem 7.15: Suppose that for each j in N, P; is a polynomial of degree ¢; in
R[z]* and that P;(1) = 1. Suppose also that
sup {d; | j € N} is finite

and that
inf { (P;, 2*)| j €N, k€ {0, 1,d; —1,d;} } >0.

Then the product P, P, - - - P, is strongly unimodal for all sufficiently large n.

Proof: Lct & denote the indicated infimum. For each P; we let @ be defined by

(Q;, z*) = (P;, 2%7%), VkelZ

Applying Theorem 7.4, we choose M, so large that < L(6) MM 1. We apply

Theorem 7.14 twice to obtain numbers M; and M such that P™0 and Q™0 are strongly
positive on the appropriate region whenever n > M and n 2 M, respectively. Taking

N = max {M,, M, Mz}, we sce that P™0 is srongly unimodal whenever n 2 N, |
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A. Appendix

This appendix contains a number of technical results used at various points in the thesis. It
also contains a section dealing with how perturbations affect the fluctuation of a product.

The constant in the upper bound of the tollowing lemma is not particularly sharp, but is
sufficient for our purposes. A sharper bound would immediately improve the bound given in

Theorem 2.6.
L 2k+1
S —r—
(8/21) < 72

where | k/2] is the largest integer less than or equal to k/2.

Lemma A.1: Forevery k€N,

Proof: Fu*st verify dlrectly that the cquation holds for & = 1,2 and 3. We now show that
(2"‘) -\7—- forallm = .... Stirling’s formula (p. 253 in [St]) says that [or n any integer
greater than 1,

1
V2rne "n"exp (——-—-—) <nl<Virne™"n ewcp(lé )

12n+ 1/4
Thus for m > 2
-2 2m
(2"") _em) v 2m(2m}e="™(2m) e‘cp[ zizmi] _ 2v/mm m e~ 2™ (2m)2" exp (5]
Il = 2
m m!m! ( VErme=mm™ exp [mle]) 2rme=2mm2™ exp ['u,_,,zﬁﬂ]

92m 1 2

e -
S P [24771 12m + 1/4]

1 2 1 2 ‘
But o4 ~ mnya £ 0 = @n < Tompizi & 1‘>m+ 1/4 < 48m < 1/4 < 36,

which certainly holds for m > 2. Thus (37) < 2= €® = 2. Noting that

2m4 1
(mtl) i 2met

By = enl ~ mel

mim!

< 2,
we obtain, for m = 2,3,...,
2m 2m+1
2m 41 <22m <22 =2 .
m - mj)~ Jmrw vVmw
If k is an integer greater than 3, then either k = 2m or k = 2m + 1, for some m 2 2. In the
former case we have

k 9m 22m 2&. 9k+1/2 2k+1
() = (n) < v = Ve Ve

In the latter case,

(- () B

The following simple lemma is used in the proof of Lemma 3.3.
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Lemma A.2: Given numbers a, as,...,0x in [0,00),
n n n
I+Zai < H(l + ;) < exp (Zai)
i=1 i=l i=1
Proof: The left-hand inequality is clear. As In(l + ¢;) < ay, it follows that

In [ﬁ(l +Q,')“ = zn: !n(l =+ Cl',') < ia;,
i=1

=1 i=1

from which the lemma follows. | |

The following result and its proof are a special case of theorem 3.15 of Petrov [P], and have
been adapted 1o the present context. It is used in proving Proposition 2.3.

Theorem A.3: Suppose Qi,Q2,...,Qn € R{z*'1T\{0} satisfy Q(1) =1 for j =
1,2,...,n, and that there exist S,T € RU {~o0,00} with § < 0 < T such that for

j=1,2,...,n there exist constants a; € (0, c0) and ; € R with
eBitQ,(eh) < e®t/?, Vte[S,TINR.
Then if we let A=Y ai, B=Y i, Bi and P = Q1Q2- - @n, we have, for r €R,
3 (Paly<e /A, if0STr<AT
izr+B

ST (P af) e T2 ifr 2 AT
i>r+B
Y (Pafy<em 4, if ASS7r <O
i<r+B
Y. (Pafy<e 572 ifr<AS.
i<r+B
- Proof: Whenever ¢t € [0,T] N R and i > r + B, we have e!(i=("+B)) > 1, and so

z (P, :1:‘) < z (P, :ri> et(i—(r+B)) = e—t(r+B) Z (P, zi>eh‘

i2r+B i2r+8 t2r+B
Se e Y (o) () = e exp (-t Tiny B) PE)
i€bog P
n n id
=etr (H e“‘ﬁf) (H Qi(e‘)) =e™" [[ Qi)
i=1 i=1 =1

< e—tr f[ ea.-t’ /2 — e—treAt’/2 = e—tr+m2 /2
i=1
We wish 10 choose ¢ in [0,T] N R in such a way as to minimize this upper bound. Since
A > 0, the function —tr + At?/2 has minimum value when —r 4 At = 0, that is, when
=r/A If0< 1< AT, then 0 < £ < T, so our bound is minimized when ¢t = r/A, and
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we have 3,5, (P, 7*) < e~ (r/ATHA(r/AV /2 = o= /24 Ifr > AT, thent < T <

s0 —tr + At?/2 is minimized for t = T, and we get 35, g (P %) < e T7H AT/2
e=Tr+rT/2 = o=Tr/2 -

i
AD
<

To prove the second pair of 1nequalilies. define, for j = 1,2...,n the polynomial R; €
R[zE!\{0} by R;{z) = Q;(z™1), and set y; = —f;. Define also U= RiRy-- Ry. Note
that for ¢ € [-T, ~S] N R we have e~WtR;(et) = e~A(~0Q;(e™t) < e® (=012 = et ',
Applying the first part of the proof we ohl.nn the incqualitics

ST Uty ge A for 0<r S A(-S),
izr—0
and
3 (U, ) < eI for 2 A(=S).

izr—B
Noting that for each i € Z, (U, 2*) = (P, =), and letting s = —r, we obtain

Y (Ba)y= Y (Pay= Y (U= ) (Ua).

i<s+B —igs+8 i>—s=B i2r—B
Thus if AS < s <0, then0 < r < A(-S). 50 ¥, pp (P ) < e~T 24 = =24 and if
s < AS,thenr > A(=S5), 50 3,0 p (P a7) S /2 =752, 5

We now furnish some technical results needed in Chapter 7.

Lemma A.4: Suppose X is a topological space, and f : X x T — C is continuous,
where T is a compact subset of R. Then the function g : X — C defined by
T f'r f(z,t) dt is well-defined and continuous.
Proof: Assume that the measure of T, u(T), is non-zero. Let € > 0 and z € X be given. For
each £ € T there exists a basic neighborhood Uy x V; of (z,t) in X x T such that

If(z,t) = f(z', )] < e/u(T) (', t') elU, x V.

By compacmess of T, we have tj,¢2,. .., such that U =T LetU = ﬂ, y Uy, Then
ifz' € U, foreacht € T we have t € Vt. for some 1, whence |f(z',t) = f(z,t)] < e/(T).
Therefore

| 1 e I f(x,t)dt| - | [ @ - s t)]dt| < [ 1600 - flo e

< fT e/ u(T) dt = c.

That is, {g(z’) — g(2}| < e. |

Lemma A.5: Let ¢ : [a,b] x [¢,d] — C be a function such that 2 W exists and is
continuous on [a, b] x [¢,d] for all m € N, then

b
/ (s, t) ds

is a C* function on [c, d].
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Proof: Recall Leibnitz's Rule (page 68 in [Co]) :
If ¢: [a,b] x [c,d] — C is continuous, and %2 exists and is continuous on [a, 8] x [c,d],

b
/ 6(s,i) ds

is a continuously differentiable function of ¢, and

o [ *a
-gt—/ @(s,t) ds =[ atﬁ(s,t) ds.
Repeated application of Leibnitz’s Rule proves our result. |

We now state a version of Taylor's thcorem which holds for complex functions of a real
variable, and provides a useful bound on the truncation error:

Proposition A.6: Suppose that f : [s,t] — Cisn+1 times differentiable on (s, t],
and that =, a € [s, 1], and let R, o(x) be defined by

f™(a)

n!

f@)=f@)+ fllalz —a)+-- -+ (z — )" + Ry o(2).

Then

(n+1)
|Rna(x)] <2 sup .f_.._(ﬂ(m — a)*t!

reisg} D)

Proof: Letg=Ref and h =1Im f. Then g and h are each n+ 1 times differentiable on [s, t],
and f&) = g®) +3h) for k =0,1,2,...,n+ L. Taylor’s theorem for real variables (see [Sp],
pp. 291-292) gives the equations

(n) (n4-1}
_ ' TP A () PN Adind (2) PR
g(z) =g(@)+g' @)z —a) +- -+ ==z -a)" + NCESN (z - a)
R("}(a) 1) (¢)
= ! —_ I SRR Sl A SRS | { R I St 7 n+1
h(z) = h(a) + K’ (a)(z —a) +--- + — (z—a)" + il (z - a)
where ¢; and ¢, are in [s, t] and depend on z. Thus,
{n+1) Jh(nt1)
gt u) + R E) g
and the result follows. |

Fluctuation and Perturbations.
Lemma A.7: Suppose that {P;},y and {R;} ¢y are sequences in R[zE'1; and that
sup; “%;’-H < o0o. Then for any w € ®i¢; Z,
o0 (= 4]
Jj=1 i=1

Proof: Leta = sup; “—E!-H. Recall from property (5) of persistence (page 18) that Py, (P;+R;) 2
P(P;) 1r; i ;- Therefore P, (P; + R;) 2 Pu(FP;) - L > Pu(P;) 735 Divergence of
+

Py
¥"; Puw(P;) thus implies divergence of 3; Pw(Pj + R;), as claimed. 1
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Lemma A.7 shows that if 3 .P(FP;} = oo, then the same is true for any €% positive
perturbation of {P;}. If we admit negative as well as positive perturbations, this result no longer
holds, as may be seen by perturbing F; =1 + {'L to the constant sequence whose every term is
1, and noting that the resulting sequence is no longer a zero-fluctuation sequence. On the other
hand, ¢! perturbations transform zero-fluctuation sequences into zero-fluctuation sequences, as
we shall see.

Define a relation ~ on the sequences in Rz
mials by

"H],E 1 having ounly finitely many zero polyno-

{P;} ~{Q;} &= auilof {" J[[P %“}EN is ¢! (A1)
i

(A sequence {a;};n in Ris €1 if 30 oy loj| < 00).
Lemma A.8: The relation ~ defined by (A.1) is an equivalence relation.

Proof: Clearly ~ is reflexive. Now suppose {P;} ~ {Q;}. Then there exists m in N such
that 185820 < 4 and Q; # 0Vj > m. Then for j > m, |Byll = (P — Q;) + Qill <
|P; — Q:" +1Q;l, s0 1 < H—ﬁ-p;ﬁiu + ]IJIT",LIIIL Thus HIT’J'IIIL > 3, 50 'H < 1. Therefore for

>m
’ 1P, = Qill 1150 1P = Qs _ 11B =l _ 11Q; = Bl
B 2zIe0 B 2 @l D2 G

Thus a tail of {ugnb—ﬁi-“} is ', so {Q;} ~ {P;}, and ~ is symmetric.
Now suppose {P;} ~ {Q,} and {Q;} ~ {R;}. By symmetry {Q;} ~ {F;}, that is, a il
of {H—I'IT,H} is 1. Note that for j is sufficiently large, P; # 0 and

125 = Bl _ (P — @4) +(Qs — Bl 1B = G5l | 1195 ~ R
1851 1551 ] 15511
Since there exists an m in N such that #gi% > %, Vg > m, it follows that for j sufficiently large,

|2 ~ Bl < | P; — lel Qi — Rill <9 25 [IIP;' - Q;ll 4 Q5 — lel]
(P27 | 55 Nl L (175 ]
IIP Qs +9 1Q; — Rl
Qs Qs
Since tails of hoth {%’-u} and {%rfl-ﬂ} are 1, it follows that a tail of {%tﬂl} is
£1. Thus ~ is transitive. [

Proposition A.9: If {P;};.y and {R;},.y are sequences in R{zF1E containing no
zero polynomials, and {P;} ~ {R;}, then for any w € ®ies Z,

S PuP)=c0 &= )Y Pu(R;)=0o.
3 b]
Proof: By the symmetry of the equivalence relation ~, it suffices to show that 3. Py, (F;) = 00
implies 3, Pu(R;) = oo.
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Now rescale both P; and R; by multiplying by TIT’_IT so we may assume that || P;|| = 1, Vj.
Letting G = &:esZ, we define a new sequence {S;} C R[r*l]‘e, by setting
(S;, %) = min ({P;, ), (R, 2")), VueG, jeN.
Now as P; — §; 2 0 for each j,
1P — Sl =Y (P — S, z*) < ) (P = Rjy ™) | = IP - R,
uel uely

so 3. |P; — S;ll is finite (as {P;} ~ {R;} implies 3, | P; — R;|| < oo). This implies that
at most finitely many S are zero, and so we may write {P } ~ {.S' }, and by symmetry of ~,
{S;} ~ {P;}, so a tail of {Eﬁ*—ﬁiﬂ} is ¢!, Take j, € N such that S; £ 0 for all § 2> jo, and

note that by property (6) of persistence (page 18) we obtain

P; — S s
w(Sj) 2 Pw(Pj) - 'l'l_S_'—"., VJ 2 Jo»
11551

and so o s
> Pup) < 3 [Putsy+ 2 B2
i=jo j=jo IS
As 352, Lﬂ??ﬂﬂ < ooand 3777 . Py (P;) = oo, it follows that Sies. Pu(S;) =00
By Proposition 2.1 (8) we have that | B}l = [I(Pj = S;) + Sjl = ||PJ S;|l + 1IS; || As
{P;} ~ {8;} this gives 3. || P;ll - |SJ|| = Z |P; — S;]| < oo. As ||P;|| =1 forall j €N,
there exists a j; > jo such that ||S;|| > 3 for all j > ji. As || Ry < IlR; — - B + 1P] =
IR; — P;|l +1 and 3, | R; — F;l < oo, lt follows that there is a jo 2 i such that ||[R;|| < 2
for all j 2 j2. For j 2 J2 we have
IR — Sill o MBI+ 1S5
(7 . 5 %
Applying Lemma A.7 to the tails {R; — S;} and {S;}

=6.

3322 252" we conclude that

S Pu(S; + (B - 5) = o0

$0 30y Pu(R;) = oo 1

Lemma A.10: Suppose {a,},cy is a sequence in [0, o0), and Eff:l an converges. If
m, < ma < ma < -+ is any sequence in N, then

oo meg—1

Sl II a+ep -1 Sﬁ(l+an)—1<oo.

i=1 \ j=m j=my

Proof: As Y .o, o; converges, it follows that [ ,(1 + a;) < oo by Theorem 7.28 in {St].
Note that for any ¢ € N, if we set A= I'[;"_‘,‘;:‘"l(l +a;) ~land B = ]'[;"_‘j‘n’:(l +aj) -1,

then the inequality (1 + A)(1 + B) ~1 = A+ B+ AB > A + B may be rewritten as

M-l mi4a—1 my41—1 mipa—1
( IT a+e) TI (1+a,) —12( IT 1+ —1)+( II t+a) —1).

j=m; F=mis Fj=m; J=mig
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Applying this argument repeatedly, we have that for any M,

M mig—1 Af miyr—1
(H II (1+a,-)) —122( I (1+aj)—1).
i=1

=1 j=m; j=m;
Letting M — oo completes the proof of the claim. ||
Theorem A.11: If {P;}.y and {R;};.y are sequences in R[n:f:"];"e, containing no
zero polynomials, and {P;} ~ {R;}, then for any w in G = ®ies Z,

lim F,(PVt)=0,VteZt <=  lim F,(R") =0, vie Z*.
n — 00 n —+ 00

Proof: By the symmetry of the equivalence relation ~, it suffices to show thatif lim .7-‘.,,(PN ) =
n - 00

0, Vt € Z1, then limoo Fo(RNY) =0, Vte Z*.

We rescale each P; and R; by multiplying by “—5’—“ so we may assume | P = 1, Vj.

By Theorem 2.10, {P;} has a blocking {Q;} such that Zj?;lP,”(Qj) = oo. Define a
sequence {S;} in R[z![%; by

(S;, *) = min ((F;, 2"), (R;, 2} ), for ue G, jeN.
Let a; = | P;]| — |55} for j € N. Now as P; — §; > 0 for all j,
1P = Sill =D (P = Sy ™) < D14 = By =¥} = | = Ryl
uel ueQc

s0 Y_; |P; — Sl is finite (as {P;} ~ {R;} implies >.; iP5 = Rj| < o0). By Proposition
2.1 (®) we have [Pl = (B — S5)+ S5l = 175 = Sjl + IS5l so @; = B = Ssll, and
Zjaj < oo. Let D; = P; — S;,7=123,.... Then 2,- ||DJ|| = Ejaj < 0.

Since a; + |1 = ID;ll + IS;ll = 1P = 1, it follows that ||S;]} < 1, Vj. For any ¢ in
Z+ and N in N, if we set J(N,t) = {t+ 1,t+2,...,t + N}, then by Proposition 2.1 (8) we
have

1B =\ TI Gi+Doal= TI Ws:l+1Dsh)= IT wsil+a;)
JEJ(N,L) FEJ(N,t) JEJ(N,L)
= 3 [Hus,-u] [ o
KCI(N,) |JEK FJEJ(N\K
= II 1sih|+ > HllSj":l Il o
_jeJ(N.t) i KQ;;‘:-!) jEK FEJ(NANK
<| I s+ > M «=| II s+ I a+e) -1
[F€J(NY) 1 xgama FEJ(NNK FEJ(N,1) FEJIN,L)
t+N
=ls™+ | 11 0+an) -1 ).
i=t+1

109



Thus, as PVt — 8Vt >0,
t+N

[P = ¥ = N - s < T (+e) ~3
j=t+1
As in the definition of blocking (page 6), let 1 = Ng < Ny < Np < --- be the sequence
which determines the blocking {Q; }. that is. Q; = [Tr2x ", P, for j in N. Let {QJ-} be the
corresponding blocking of the sequence {S;}.
We have shown that “Q,— - QJ” < H,?;,_v;_‘(l + o) — 1. Thus, for any M € N,

M M N;-1
fes-af s> 1T aren-1
i=1 j=lk=N;—

By Lemma A.10 this yields
o . o0
Z“QJ - QJ” < H(l +(1'J') —1<o0.
i=1 i=t

Q;ll = 1 for all j, we have shown that {Q;} ~ {QJ} A finite number of the Qj

Now since

may be zero, so taking tails of the sequences {Q,} and {Q,} and applying Proposition A.9,
we conclude that 3 Pu(Q;) = co. By Theorem 2.10 we obtain
lim F,(SM) =0, VteN.
N — oo
Now we rescale S;, R; and P; by multiplying them by ﬂ?lrjll so that R;(1) = 1 for

j =1,2,3,.... Leting 8; = [|R; — 55| = |R;}l — [IS;]l, for 3 € N, we note that B; =
T, (R = 8;, )| € T, I(R; — Pj, )| = || R; — P, and since {R;} ~ {P;}, the series

2_; B converges. If we let {Q,} be the blocking of {R;} corresponding to the blocking {QJ}
of {S;}. we can repeat an argument given above to obtain

ihéj - QJ’“ s ﬁ(l +8;) —1 < oo
=1 i=1

This together with the fact that ||Q; | = 1, ¥J, tells us that {Q;} ~ {Q,} Applying Proposition
A9 1o tails of the sequences {Q;} (we take tails to guarantee that every Q; is non-zero) and
{QJ— , we may use the fact that 3. Pu(Q;) = oo to deduce that > Pu(@;)) = oo. This in

wrn implies, by Theorem 2.10, that
i Fu(RN) =0, VteN.
— 00
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