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ABSTRACT 

 

The evolution to 5G and its use cases is driven by data-intensive applications requiring higher data rates 

over wireless channels.  This has led to research in massive multiple input multiple output (MIMO) 

techniques and the use of the millimeter wave (mm wave) band. Because of the higher path loss at mm 

wave frequencies and the poor scattering nature of the mm wave channel (fewer paths exist), this thesis 

first proposes the use of the sphere decoding (SD) algorithm, and the semidefinite relaxation (SDR) detector 

to improve the performance of a uniform planar array (UPA) hybrid beamforming technique with large 

antenna arrays. The second contributions of this thesis consist of a low-complexity algorithm using the 

gradient descent for hybrid precoding and combining designs in mm wave systems. Also, in this thesis we 

present a low-complexity algorithm for hybrid precoding and combining designs that uses momentum 

gradient descent and Newton’s Method for mm wave systems which makes the objective function converge 

faster compared to other iterative methods in the literature; the two proposed low-complexity algorithms 

for hybrid precoding and combining do not depend on the antenna array geometry, unlike the orthogonal 

matching pursuit (OMP) hybrid precoding/combining approach. Moreover, these algorithms allow hybrid 

precoders/combiners to yield a performance very close to that of the optimal unconstrained digital precoders 

and combiners with a small number of iterations. Simulation results verify that the proposed hybrid 

precoding/combining scheme that uses momentum gradient descent and Newton’s Method outperforms 

previous methods that appear in the literature in terms of bit error rate (BER) and achievable spectral 

efficiency with lower complexity. Finally, an iterative algorithm that directly converts the hybrid 

precoding/combining in the full array (FA) architecture to subarray (SA) architecture is proposed and 

examined in this thesis. It is called direct conversion of iterative hybrid precoding/combining from FA to 

SA (DCIFS) hybrid precoding/combining. The proposed DCIFS design takes into consideration the matrix 

structure of the analog and baseband precoding and combining in the design derivation. Moreover, it does 

not depend on the antenna array geometry, unlike other techniques, such as the orthogonal matching pursuit 

(OMP) hybrid precoding/combining approach, nor does it assume any other constraints. Simulation results 

show that the proposed DCIFS hybrid design, when compared to the FA hybrid designs counterpart, can 

provide a spectral efficiency that is close to optimum while maintaining a very low complexity and better 

spectral efficiency than the conventional SA hybrid design with the same hardware complexity. 
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n -  Complex Gaussian variable used to represent the AWGN 

𝑁𝑡 - Number of transmit antennas 

𝑁𝑟 - Number of receive antennas 

𝑁𝐵𝑆 - Number of base station antennas 

𝑁𝑀𝑆 - Number of mobile station antennas 

𝑁𝑅𝐹 - Number of RF chains 

𝑁𝑠 - Number of data streams 
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𝑃𝑢 - Uplink transmission power 

𝑃𝑑 - Downlink transmission power 

𝑃𝐿𝐶𝐼(𝑓, 𝑑) - Close-in (CI) free space reference distance path loss model at frequency 𝑓 and 

separation distance 𝑑 

𝑃𝑟 -  Received power 𝑃𝑟  measured in dBm 

𝑃𝑡 -  Transmit power𝑃𝑟  measured in dBm   

𝑃𝑅
̅̅ ̅ -  Average power gain 

𝑅 - Maximum achievable sum-rate or the spectral efficiency 

𝑆𝐼𝑁𝑅𝑘 - received signal-to-interference-plus-noise ratio (SINR) of the 𝑘𝑡ℎ user 

𝑋𝜎
𝐶𝐼 - The shadow fading gain describing large-scale fluctuation about the mean path loss over 

distance, and it is modeled by the log-normal distribution with 0 dB mean and standard deviation 

𝜎 measured in dB 
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CHAPTER 1: INTRODUCTION 

 

1.1.  MIMO (Multiple-Input Multiple-Output) Evolution  

 

   Wireless networks have continued to develop, and their use has significantly grown. Cellular 

phones are now part of huge wireless network systems and people use mobile phones on a daily 

basis in order to communicate with each other and exchange information.  

   MIMO (Multiple-Input Multiple-Output) is a wireless technique that utilizes an array of antennas 

to transmit a signal over a given frequency band, and another array of antennas at the receiver to 

receive the signal. There are two techniques in MIMO to transmit data across a given channel that 

consists of different propagation paths [1]. The first technique, called spatial diversity, improves 

the reliability of the system by sending the same data across different propagation paths. The 

second technique increases the data rate of the system by transmitting different portions of the data 

stream on different propagation paths. This is called spatial multiplexing and it provides a 

multiplexing gain or degree of freedom. 

   In MIMO systems operating in rich scattering environments, space-time codes (STC) were 

developed to provide diversity gains, while the Vertical Bell Laboratories Layered Space-Time 

Architecture (V-BLAST) was introduced to increase spectral efficiency through spatial 

multiplexing.  Accurate estimates of channel state information at the receiver are crucial for V-

BLAST, while for STC, these estimates should be available to either the transmitter or the receiver 

[1]. A high data rate can be achieved by increasing the number of transmit antennas without 

increasing the transmission power and required bandwidth. The motivation behind increasing the 
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data rate or user capacity of a cellular system is to meet the demand for high data traffic in the 

upcoming years.  

   Massive MIMO [2] [3] has been proposed for 5G networks to achieve high capacity by using a 

very large number of transmit and/or receive antennas with transmit precoding and receive 

combining. In addition, significant improvement in communications quality of service (QOS), 

energy efficiency and in cost reduction is expected in massive MIMO. The simple linear precoding 

schemes, such as zero forcing (ZF), Maximum-Ratio Transmission (MRT) and Minimum Mean-

Square Error (MMSE) can be successfully implemented in massive MIMO. The same linear 

schemes can be used in the receiver. The data transmission is done by following the Uplink or 

Downlink scenarios. In the downlink, the Base Station (BS) uses precoding matrices to precode 

the data symbols that are transmitted to a Mobile Station (MS) in the case of a single-user 

transmission or to several MSs for multi-user transmission. In the uplink the users send the data to 

the BS in their own cell where the data can be recovered by using linear processing techniques.  

   Although massive MIMO is considered a good technique to achieve a high capacity, in practice, 

channel estimation has to be performed, similarly to classical MIMO [2] . One way to estimate the 

channel state information in massive MIMO is to use orthogonal pilot sequences. However, pilot 

contamination, where different users in different cells use the same orthogonal pilots because of 

the limited available spectrum, is one of the challenging problems that needs to be solved.  

   Another method to increase the data rate in cellular systems is the use of the Millimeter Wave 

(mm wave) band [4] [5]. Systems operating in the mm wave band are able to transmit gigabits per 

second by taking advantage of the large bandwidth available at these frequencies. Mm wave 

communications is a promising technology for future outdoor cellular systems. The path loss at 

mm wave frequencies makes it difficult to implement these systems [6]; however, large antenna 
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arrays can be packed into small chips at mm wave frequencies and can therefore be used to direct 

the transmitted signal towards the receiver to compensate for the high path loss [7]. Moreover, 

large antenna arrays help the design of beamforming techniques to direct the signal in a certain 

direction, hence reducing the path loss problem [6],[8], [9]. By using a baseband (digital) 

beamforming architecture, a high gain can be achieved, enabling multi-stream multi-user 

communications. However, large arrays of antennas make the baseband beamforming impractical 

because of the huge number of antennas, each requiring a power hungry RF chain. As a result, a 

digital beamforming architecture is difficult to implement as it leads to high power consumption 

and an increase of hardware complexity. Moreover, implementing baseband beamforming is based 

on the knowledge of the complete channel state information. The authors in [10] consider low 

Radio-Frequency (RF) complexity for the full digital transmit beamforming. Another 

beamforming design is Radio-Frequency (RF) beamforming, where both the precoder and 

combiner are implemented in the RF stage. Compared to digital beamforming, there are 

implementation advantages in terms of lower power consumption and lower hardware complexity 

because of the significantly reduced number of RF chains. Analog beamforming controls the phase 

of the transmitted signal at each antenna element via a network of analog phase shifters and is 

implemented in the RF domain. Analog beamforming is less complex than its digital counterpart, 

but the single RF chain can only support a single-user's single-stream transmission Moreover, 

analog beamforming is subject to additional constraints. For example, the phase shifters might be 

digitally controlled and have quantized phase values. These constraints limit the potential of analog 

only beamforming solutions compared to digital beamforming.  

   Hybrid beamforming architectures [11] - [16] overcome the limitation of analog beamforming 

by dividing the process between the analog and digital domains and using a number of RF chains 
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that is much lower than the antenna array size. Single user hybrid precoding was specially designed 

for mm wave communications in [8] to exploit the limited scattering nature of the mm wave 

channel with the presence of large antenna arrays. In addition, some energy-efficiency devices 

such as low-resolution analog-to-digital converters (ADCs) and digital-to-analog converters 

(DACs) can also be adopted to reduce the power consumption [17] - [19]. In [8], the authors 

employ an algorithm based on the simultaneous orthogonal matching pursuit (SOMP) technique 

[20], [21] where the precoding and combining are done in both the baseband and RF domains. A 

hybrid precoder and combiner based on the SOMP algorithm can yield a performance close to that 

of an optimal digital beamformer while considerably decreasing the number of RF chains and 

hence, 𝑁𝑅𝐹 < 𝑁𝑡, where 𝑁𝑅𝐹 and 𝑁𝑡 are the numbers of RF chains and transmit antennas, 

respectively. However, the main limitation of solving the sparse optimization problem is the high 

computational complexity and the need to assume known array geometries for both transmitter 

and receiver. In [22], the technique was refined, which reduced the computational complexity of 

the technique discussed in [8] while maintaining the same performance. The work in [22] does not 

address the channel array geometry limitations of  [8]. The same approach was used in [23] to 

approximate the minimum mean squared error for the hybrid solution although the computational 

complexity is high. In [24], multiple antenna arrays with independent beamforming were 

employed to obtain diversity gains in mm wave systems. However, this work does not exploit the 

sparse nature of mm wave channels. An iterative hybrid design that approaches the performance 

of the digital precoder was proposed in [25], but the computational complexity is high due to the 

large number of entries that need to be updated. The low complexity Greedy hybrid 

precoding/combining, which avoids any assumption on the array geometry or channel structure, is 
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proposed in [26]. Although this method provides good experimental results, no theoretical proof 

is provided for its performance. 

   The authors of [27] demonstrate that additional performance gains in hybrid 

precoding/combining can be obtained by optimizing the RF precoder/combiner without restricting 

them to predefined codebooks. However, this approach comes with higher computational 

complexity. Several hybrid precoding and combining algorithms were proposed in [28]. One of 

them, the Hybrid Design by Alternate Minimization (HD-AM) method, achieves high spectral 

efficiency with medium computational complexity, but it can only work in the special case where 

the number of data streams equals the number of RF chains. Another algorithm, the Fast Unitary 

Matching design, requires that the precoders and combiners are dictionary-based. Although its 

complexity is low, the spectral efficiency is lower than that of the other algorithms. The other 

algorithms do not make any assumption on the structure of the precoders/combiners, but the 

computational complexity is high [28]. Several algorithms alternately optimizing the digital 

precoder and the analog precoder were developed in [29]. The Manifold Optimization Based 

Hybrid Precoding (MO-AltMin) algorithm provides high spectral efficiency, but requires high 

computational complexity. A low-complexity algorithm for the fully-connected structure (PE-

AltMin algorithm) was also deployed with lower complexity. Its spectral efficiency is close to that 

of MO-AltMin when the number of RF chains equals the number of data streams, but there is a 

performance gap compared to MO-AltMin when the number of RF chains increases [29]. Sohrabi 

and Yu [30] provide a heuristic hybrid beamforming design that achieves good performance, but 

the technique's computational complexity is relatively high compared to other solutions. In [31] 

and [32], the Euclidean distance between the hybrid precoding matrix and full-digital precoding 

matrix is minimized by developing a gradient projection algorithm for hybrid beamforming design 
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and solving the matrix factorization problem using gradient and Hessian information, respectively. 

Although it is a good approach to improve the performance, the main limitation of these techniques 

is the high computational complexity. An iterative hierarchical hybrid precoding (HHP-Iterative) 

that divides the optimization problem into analog and digital parts has been proposed in [33]. It 

can achieve a spectral efficiency close to that of PE-AltMin, but the high computational complexity 

is the main limitation of this solution [33]. Furthermore, in multi-user scenarios, the digital 

beamformer is designed to eliminate inter-user interference and the analog precoder/combiner is 

designed by maximizing the user's signal power [34] - [37]. Hybrid beamforming with dynamic 

sub-connected structure and distributed architecture has been investigated in [38] - [45]. 

1.2 . Aim 

 

   The aim of this research is to develop effective, novel methods to minimize the bit error rate 

(BER) performance of mm wave massive MIMO systems by using sphere decoding, and a 

semidefinite relaxation (SDR) detector. To the best of our knowledge, no previous work used 

theses detection methods in mm wave massive MIMO systems. Moreover, we have focused on 

hybrid beamforming algorithm design which plays an important role in maximizing the capacity 

and minimizing the BER of mm wave massive MIMO systems. We managed to solve the 

nonconvex cost functions by an iterative solution. Thus, we propose three novel algorithms for 

hybrid precoding and combining designs in mm wave massive MIMO systems in order to 

minimize the BER and achieve high spectral efficiency with lower complexity. Chapters 3, 4, 5, 

and 6 describe our research contributions with the purpose of proposing solutions to mm wave 

massive MIMO systems. 
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1.3. Contributions 

 

   In our first contribution, we apply the SD and SDR algorithms to the problem of sparse hybrid 

beamforming for outdoor uniform planar arrays (UPAs) used in mm wave massive MIMO 

systems.  Here we consider transmission in the downlink with multiple data streams transmitted to 

a single user and we examine the effect of using these algorithms on the BER performance of the 

communication system. To the best of our knowledge, no previous work in the literature has used 

theses detection schemes with the sparse hybrid beamforming for mm wave massive MIMO 

systems. Because of the limited scattering characteristics of mm wave massive MIMO channel 

(few paths exist) in outdoor scenarios, the number of data streams 𝑁𝑠 should be close to the number 

of dominant channel paths in mm wave [4]. Therefore, we use the SD algorithm and the SDR 

algorithm to improve the performance of UPAs sparse hybrid beamforming mm wave systems 

with a very low number of RF chains and assuming perfect mm wave channel state information at 

the MS and BS. By considering the case where there is only one BS and one MS in a single cell, 

the user can then use the effective channel and decode the transmitted information. To the best of 

our knowledge, the error performance of the SD and SDR algorithms in mm wave systems with 

UPAs hybrid beamforming is not available in the literature. Computer simulations show that SD 

and SDR can improve the performance by more than 10 dB and more than 6 dB, respectively 

compared to zero-forcing (ZF) or minimum mean-square error (MMSE) systems, which will allow 

the range of mm wave massive MIMO to be extended. 

   In our second contribution, we propose a new low-complexity hybrid precoding/ combining 

design using the gradient descent method for mm wave systems. Additionally, the proposed 

method provides near-optimal performance in terms of achievable spectral efficiency and BER. 

The main advantage of the proposed algorithms is that there is no need to make any assumption 
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on the antenna array geometry or for any other constraints while maintaining low computational 

complexity. Specifically, we optimize the analog and the digital precoders/ combiners separately. 

Based on the history of the normalized analog precoders/combiners and by updating the digital 

precoders/combiners, the performance of the proposed hybrid design is close to that of the fully 

unconstrained digital one.  

   In our third contribution, we extend our work in order to improve the performance of hybrid 

precoding/combining design by using gradient descent with momentum and Newton’s Method. 

Additionally, the proposed method in this thesis provides near optimal performance in terms of 

the achievable spectral efficiency and BER. Our results show that gradient descent with 

momentum and Newton’s Method can significantly improve the performance of the proposed 

hybrid design and reduce the objective function with only a small number of iterations 𝐾 compared 

to the proposed hybrid design in our second contribution. The proposed algorithms still has the 

same advantage as our second contribution, i.e, there is no need to make any assumption on the 

channel array geometry or channel structure while maintaining a low computational complexity.  

   In our second and third contributions, it is guaranteed that the proposed approaches converge to 

a local optimum point. Simulation results verify that the two proposed hybrid precoding/combining 

schemes outperform the other popular schemes and achieves a much better performance in terms 

of the achievable spectral efficiency and BER with low complexity. 

   In the fourth contribution, an iterative algorithm that directly converts the hybrid 

precoding/combining in the full array (FA) architecture to subarray (SA) architecture is proposed 

and examined. It is called direct conversion of iterative hybrid precoding/combining from FA to 

SA (DCIFS). The proposed DCIFS design does not depend on the antenna array geometry while 

maintaining a low computational complexity. Simulation results demonstrate that the proposed 



9 
 

DCIFS hybrid design, when compared to the FA hybrid designs counterpart, can provide spectral 

efficiency that is close to optimum while maintaining a very low hardware complexity and better 

spectral efficiency than the conventional SA hybrid design with the same hardware complexity. 

1.4. Thesis Organization 

 

   The following chapters of this thesis are organized as follows: 

• Chapter 2 will provide some background on classical MIMO, spatial multiplexing and receiver 

design, and the capacity of multi-antenna channels. The section on massive MIMO will 

describe massive MIMO, and examine the linear detection schemes and maximum achievable 

sum-rate. The section on mm wave massive MIMO systems will explore the characteristics of 

mm wave channels, examine the path loss model, mm wave channel model and beamforming 

design. The section on Numerical optimization schemes for minimization of a general function 

will describe the gradient descent with and without momentum. 

• In Chapter 3, we propose the use of sphere decoding and semidefinite relaxation for sparse 

hybrid beamforming millimeter wave systems to improve the overall error performance, and 

compare them in terms of BER with ML, ZF, and MMSE. 

• In Chapter 4, we explain the methodology of the proposed low complexity hybrid precoding 

and combining using the gradient descent method for millimeter wave systems, analyze the 

complexity of the proposed hybrid beamforming, and evaluate the performance of the proposed 

algorithm.    

• In Chapter 5, we explain the methodology of the proposed low complexity hybrid precoding 

and combining by using gradient descent with momentum and Newton’s Method for 
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millimeter wave systems, analyze the complexity of the proposed hybrid beamforming, and 

evaluate the performance of the proposed algorithm. 

• In Chapter 6, we explain the methodology of the proposed low complexity direct conversion 

of hybrid precoding from full array architecture to subarray architecture for mm wave MIMO 

systems, analyze the complexity and the performance of the proposed DCIFS design. 

• Chapter 7 concludes the thesis and describes the proposed future work.  

1.5. Publications 

 

   The main results presented in Chapter 3 have been reported in [47] and [48].  The main results 

of Chapter 4 have been reported in [46].  The results of Chapter 5 have been submitted to IEEE 

Access [50]. Finally, the results of Chapter 6 have been published in [49] 
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CHAPTER 2: BACKGROUND 

 

2.1. Classical MIMO 

 

   In wireless communication, a channel may be affected by fading which will impact the 

performance of the system. To mitigate this, it was proposed in the previous chapter to use the 

diversity technique, i.e., to provide the receiver with multiple versions of the same signal. The 

principle of diversity guarantees that the probability that multiple versions of a given signal are 

affected by fading at the same time is considerably reduced [1]. Therefore, diversity helps to 

improve the performance and reduce the error rate. 

   Several diversity methods can be applied and provide a number of advantages. These methods 

are described as follows [1]. 

1. Time diversity: Using time diversity, a message may be transmitted at different times by 

using a channel code. 

2. Frequency diversity: This form of diversity uses different frequencies. It is applied by 

using different channels, or a technology such as Orthogonal Frequency Division 

Multiplexing (OFDM). 

3. Spatial Diversity (Antenna Diversity): Spatial diversity is one of the most popular forms 

of diversity used in wireless communication systems. Multiple and spatially separated 

antennas are employed to transmit or receive uncorrelated signals. Antenna separation 

should be at least half of the carrier wavelength to ensure sufficiently uncorrelated signals 

at the receiver. 
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   In the past, fading or multiple paths were considered as an interference; however, by using the 

MIMO technique, these multiple paths can be turned to our advantage. They can be used to 

improve the signal-to-noise ratio or to increase the data rate [51].  

   In a wireless communication environment with fading channels, a Line-of-Sight (LoS) radio 

propagation path will often not exist between the transmitter and receiver because of natural and 

man-made obstacles situated between the transmitter and receiver. As a result, the signal 

propagates via reflection, diffraction and scattering [1]. 

   A MIMO system typically consists of 𝑁𝑡 antennas at the transmitter and 𝑁𝑟 antennas at the 

receiver as shown in Figure 2.1 [52] where each antenna not only receives the direct signal path 

(Line-of-Sight), but also a fraction of signal (Non-Line-of-Sight) due to the scattering, diffraction 

and reflection. The fading path between antenna 1 at the transmitter and antenna 1 at the receiver 

is represented by the channel response ℎ11. The channel response of the path formed between 

antenna 1 at the transmitter and antenna 2 at the receiver is denoted as ℎ21, and so on. Therefore, 

the dimension of the channel transmission matrix 𝐇 is 𝑁𝑟  × 𝑁𝑡, where  𝑁𝑟 is the number of receive 

antennas and 𝑁𝑡 is the number of transmit antennas. 
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Figure 2. 1.  Multiple Input Multiple Output (MIMO) systems [52] 

 

   The channel matrix is modeled by large-scale and small-scale fading [1]. The large-scale model 

or path loss model, which is caused by the path loss of the signal as a function of distance, and 

shadowing by large objects such as buildings and hills, is used to predict the received signal 

strength [1]. Small-scale fading, which is caused by the constructive and destructive interference 

of the multiple signal paths between the transmitter and receiver can be classified into two types 

[1]:  

1. Flat fading: The bandwidth of the signal is smaller than the coherence bandwidth 𝐵𝑐 of the 

channel and therefore, the channel can be treated as flat. 

2. Frequency selective fading: This occurs when the bandwidth of the signal is larger than the 

coherence bandwidth 𝐵𝑐 of the channel. 
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A flat fading signal, commonly assumed in wireless communication, follows the Rician 

distribution (LOS) or Rayleigh distribution (NLOS) [1].  

   The received vector y is expressed in terms of the channel transmission matrix 𝐇 as follows 

y = 𝐇x + n          (2.1) 

where x is the transmitted symbols vector, n is the vector of receiver noise whose elements are 

considered as zero-mean additive white Gaussian noise (AWGN) with variance σ2, and 𝐇 is the 

fading channel matrix. 

 

   There are two main functions for a MIMO system [1]:  

• Spatial diversity: The same information-bearing signals are transmitted or received from 

multiple antennas, thereby improving the reliability of the system. Spatial diversity always 

refers to transmit and receive diversity.  

• Spatial multiplexing: In this form of MIMO, the multiple independent data streams are 

simultaneously transmitted by many transmit antennas to achieve a higher transmission 

speed and increase the data rate of the system. 

   There are many technologies in MIMO that implement these two functions. In the following 

sections, we will focus on the spatial multiplexing function. 

2.1.1. Spatial Multiplexing and Receiver Design 
 

   The data rate of a MIMO system can be increased by transmitting different copies of the data 

streams on different propagation paths. This is called spatial multiplexing and it provides a 

multiplexing gain for the MIMO system. Thus, the multiple independent data streams are 
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transmitted at the same time by many transmit antennas to achieve a higher speed and increase the 

data rate of the system [1]. 

   In this thesis, we will focus on three algorithms at the receiver to detect the transmitted symbols 

x̂ in equation (2.1), which are linear detection schemes, Sphere Decoding (SD) algorithm and 

semidefinite relaxation (SDR) detector.  

2.1.1.1. Linear Detection Schemes 

 

   For linear detection, the transmitted symbols x̂ can be detected by multiplying y with the linear 

detection matrix 𝐖 ∈ 𝐶𝑁𝑡 𝑋 𝑁𝑟  as follows [1] 

x̂ = 𝐖y          (2.2) 

      The linear detection matrix 𝐖 can be designed by using one of the following techniques [1] 

  1- Zero-Forcing Receiver:  

   Zero-forcing (ZF) receivers take the data streams interference into account, but neglect the 

effect of noise [1]. The ZF receiver matrix 𝐖 is the left or right pseudo-inverse of the channel 

matrix 𝐇. If an  𝑁𝑟  × 𝑁𝑡 matrix 𝐇 is full rank, then it possesses a left pseudo-inverse of the form 

[1] 

 

𝐖 = (𝐇𝐇𝐇)−1𝐇𝐇  if   𝑁𝑟 > 𝑁𝑡          (2.3) 

where the superscript H denotes the transpose conjugate, and it possesses a right pseudo-inverse 

of the form [1] 

𝐖 = 𝐇𝐇(𝐇𝐇𝐇)−1  if   𝑁𝑟 < 𝑁𝑡          (2.4) 

 

   Moreover, if 𝐇 is a square and full rank (non-singular) matrix, then [1] 
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𝐖 = (𝐇  )−1      if   𝑁𝑟 = 𝑁𝑡          (2.5) 

 

and we get the same results as before. Neglecting the effect of noise makes the performance of ZF 

suboptimal. The ZF decoder’s complexity is essentially determined by finding the pseudo-inverse 

of the matrix H. 

2- Minimum Mean-Square Error Receiver: 

   The linear minimum mean-square error (MMSE) receiver aims to minimize the mean-square 

error between the estimated vector x̂ = 𝐖y  and the transmitted vector x [1]. Therefore, the MMSE 

receiver matrix is [1] 

 

𝐖 = (𝐇𝐇𝐇 + σ2 𝐈𝐍𝐫)
−1 𝐇𝐇          (2.6) 

where 𝐈𝐍𝐫 is the identity matrix and σ2 is the variance of the i.i.d noise vector. As we can see from 

(2.6), the MMSE receiver matrix works as ZF at high SNR. Also, at low SNR, it minimizes the 

effect of noise. Thus, the performance of MMSE is better than ZF because it takes the noise effect 

into consideration and minimizes it. As a result, the MMSE’s complexity is higher than that of ZF 

because the noise variance is involved. 

   If the Hermitian matrix 𝐇𝐇𝐇 is low rank, MMSE is still able to inverse it when the limit of the 

noise variance 𝜎2 goes to zero (very large SNR). Let us define 

 

𝐀 = 𝐇𝐇𝐇           

where 𝐀 is a positive definite (or semi-definite) Hermitian matrix. Then 𝐀 can be diagonalized as 

follows 
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 𝐀 = 𝐔𝐇𝚲𝐔          

 

where 𝐔 is a unitary matrix and 𝚲 = diag (𝜆𝒊), i = 1,2, … ,𝑁𝑟. Notice that 𝜆𝒊 are the eigenvalues 

of 𝐀 or the square of the singular values of 𝐇. Also, the values of 𝜆𝒊 have to be real and non-

negative. Substituting the matrix 𝐀 in the MMSE detector equation and taking the limit as the 

noise variance goes to zero yield 

 

𝐖 = (𝐔𝐇𝚲𝐔 + lim
𝜎2→0

𝜎2 𝐈𝐍𝐫)
−1 𝐇𝐇          (2.7) 

                                        𝐖 = 𝐔𝐇( 𝚲 + lim
𝜎2→0

𝜎2 𝐈𝐍𝐫  )
−1𝐔 𝐇𝐇 

Because the diagonal matrix 𝚲 has non- negative values and the noise variance entries as well, 

the inverse of the above matrix exists.   

2.1.1.2. Semidefinite Relaxation 

   To avoid complex-valued variables, (2.1) is rewritten as 

y = 𝐇x + n          (2.8) 

or 

[
Re(y)

Im(y)
] = [

Re(𝐇)    − Im(𝐇)

Im(𝐇)         Re(𝐇)
] [

Re(x)

Im(x)
] + [

Re(n)

Im(n)
] 

   At the receiver, the ML detector for 16-QAM modulation can be implemented as follows [53] - 

[55] 

ML ∶  min
x

‖y − 𝐇x‖2                                          (2.9a) 

          s.t.  xi ∊  {±1,±3},    i = 1,… , 2𝑁𝑡          (2.9b) 



18 
 

The ML detector performs an exhaustive search over the whole set of possible symbols xi ∊ X in 

order to choose the one that minimizes the Euclidean distance between the received signal y and 

the reconstructed signal  𝐇x [53], [55]. Since there are 2𝐾𝑁𝑡  possibilities, where 𝐾 is the number 

of bits per symbol, the ML detector is optimum, but its complexity grows exponentially. Clearly, 

as 𝐾 or 𝑁𝑡 increases, ML detection is a hard problem and becomes impractical [53] - [55]. Thus, 

ML detection is approximated using semidefinite relaxation. 

   To derive the SDR detector, first the alphabet constraint (2.9b) is expressed as [53], [54] 

(xi − 1)(xi + 1)(xi − 3)(xi + 3) = 0,    i = 1, … , 2𝑁𝑡 

Thus, for 16-QAM the ML problem (2.9) can be expressed as [53], [54] 

ML ∶  min
𝐱

‖y − 𝐇x‖2                                                     (2.10) 

          s.t.        1 ≤  xi
2  ≤ 9                                           (2.10a)   

                 xi
2 + 4xi + 3 ≥ 0                                         (2.10b)  

                 xi
2 − 4xi + 3 ≥ 0,    i = 1,… ,2𝑁𝑡                (2.10c)  

The ML problem can be rewritten as follows 

‖y − 𝐇x‖2 = xT𝐇𝐓𝐇x − 2yT𝐇x + ‖y‖2                      (2.11) 

                    =    sT𝐋s                                                              

where 

𝐋 = [
𝐇𝐓𝐇    − 𝐇𝐓y

−yT𝐇        yTy   
], and s = [

x
1
] 
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 Then, we define a rank-1 semidefinite matrix 𝐒,  sT𝐋s= tr(sT𝐋s) =tr(SL), where 𝐒 = ssT. Also, 

denote 𝐒i,j for i,j=1,2, the (i,j)th sub-block of appropriate size inside S, where 𝐒1,1 = xxT , 𝐒1,2 =

 x, 𝐒2,1 = xT, and 𝐒2,2 = 1. Thus the  detection problem in (2.10) is equivalent to [54] 

                                     min
𝐒

tr(𝐒𝐋)                                                                               (2.12)  

s. t.                            1 ≼  diag(𝐒1,1) ≼ 9                                                                     (2.12a)  

   diag(𝐒1,1) + 4𝐒1,2 + 3 ∙ 1 ≽ 0 (2.12b) 

   diag(𝐒1,1) − 4𝐒1,2 + 3 ∙ 1 ≽ 0 (2.12c) 

    rank(𝐒) = 1 (2.12d) 

     𝐒 ≽ 0     (2.12e) 

    𝐒2,2 = 1 (2.12f) 

Please note that 1 and 9 are vectors in (2.12a), (2.12b), and (2.12c). The problem in (2.12) is not 

convex due to the rank-1 constraint. By dropping this constraint, the solution of this relaxation is 

the lower bound of the original problem (2.12). Finally, we obtain the following convex relaxation 

(SDR detector) 

SDR:        min
𝑺

tr(𝐒𝐋)         (2.13)  

                   s.t.        1 ≼  diag(𝐒1,1)  ≼ 9                     

diag(𝐒1,1) + 4𝐒1,2 + 3 ∙ 1 ≽ 0  

diag(𝐒1,1) − 4𝐒1,2 + 3 ∙ 1 ≽ 0             

                                    𝐒 ≽ 0                                                     
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                                    𝐒2,2 = 1                                                  

where 𝐒 ≽ 0 means that 𝐒 is positive semi-definite. The problem in (2.13) is a semi-definite 

program and any SDP solver, such as SeDuMi [56], based on interior-point methods, can be used 

to solve it in polynomial time.  

   If the optimal result 𝐒∗ of SDR has rank one, then the relaxation is tight, and the ML solution of 

x is the first 2𝑁𝑡 elements of the last column of 𝐒 [53] [54] 

xî = quantize(𝐒i,2Ns+1
∗ ),  i = 1,… ,2𝑁𝑡 

Otherwise, the optimal result 𝐒∗ of SDR is only an approximation of ML and can be solved using 

eigenvalue decomposition. Let v and λ be the eigenvector and eigenvalue of  𝐒∗ [53]  

𝐒∗ = ∑ λivivi
T

2𝑁𝑡+1

𝑖=1

 

Then, we select the eigenvector corresponding to the maximum eigenvalue of  𝐒∗ to be the solution 

of x [53]  

x̂ = quantize(√𝜆𝑚𝑎𝑥vmax) 

2.1.1.3. Sphere decoding method 

 

   The third scheme is Sphere decoding (SD), which is initially designed to decrease the high 

detection complexity of the Maximum Likelihood Detection method (ML) [57], and achieves a 

performance close to ML detection. In the ML detector, the search is between all the points in the 

constellation diagram and the solution that has the smallest distance to the received vector is 

selected; however, in the SD method, the search procedure is only inside a sphere of radius 𝑑 
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focused at the received signal 𝑦 as shown in Fig 2.2. The ML is an optimal algorithm, but its 

computational complexity increases exponentially with the number of transmitting antennas and 

the modulation order [57].  

 

 

Figure 2. 2.  Sphere Decoding Idea [57] 

 

   The points in the space which are placed outside the sphere are not considered. So, the number 

of points examined by the SD algorithm depends on the initial radius of the sphere. If the radius is 

large, there is a huge number of points inside the sphere and it will result in a high computational 

complexity. If the initial radius is very small, there may be no point inside the sphere [57]. In 

general, the SD works by finding all the symbols (points) of the transmitted vector within a radius 

𝑑 by going from the lower layer and up until it reaches the dimension of the transmitted vector at 

the same radius 𝑑. Moreover, the SD algorithm makes a tree of different branches with level 𝑘𝑡ℎ 

and each level corresponds to the points inside the sphere of radius 𝑑 as shown in Fig 2.3 [57] 
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Figure 2. 3.  Sample tree generated to determine lattice points in a 4-dimensional sphere [57] 

 

   The key objective of the SD is to find the solution x̂ with the smallest Euclidean distance from 

the received signal. Also, the SD accomplishes the search of whole points within the sphere of the 

dimension of the transmitted vector, that can be found for the case of  𝑁𝑟 = 𝑁𝑡 as follows [57] 

 

‖y − 𝐇x‖2   ≤  𝑑2                 (2.14) 

 

which means that 𝐇x lies inside the sphere of radius 𝑑. 

 

   To solve this problem, QR factorization of the matrix 𝐇 is used as follows [57] 

 

‖y − 𝐐𝐑x‖2   ≤  𝑑2 
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where 𝐑 is an 𝑁𝑡  ×  𝑁𝑡 upper triangular matrix and 𝐐 is an  𝑁𝑟 ×  𝑁𝑡 orthogonal matrix where 

𝐐𝐐𝐇 = 𝐐𝐇𝐐 = 𝐈 . Please note that if  𝑁𝑟 ≶ 𝑁𝑡, the matrix 𝐐 is semi-unitary in this case. The 

equation above can be written as [57] 

 

 

‖𝐐(𝐐𝐇y − 𝐑x)‖2   ≤  𝑑2 

 

The unitary matrices 𝐐 are rotations; thus, the above equation has the same length as the following 

one [57] 

‖u − 𝐑x‖2   ≤  𝑑2 

 

 where u = 𝐐𝐇y. The left side of the above equation can be expressed as [57] 

 

…… .+(𝑢𝑁𝑡−1 − 𝑟𝑁𝑡−1,𝑁𝑡𝑥𝑁𝑡 − 𝑟𝑁𝑡−1,𝑁𝑡−1𝑥𝑁𝑡−1)
2 + (𝑢𝑁𝑡 − 𝑟𝑁𝑡,𝑁𝑡𝑥𝑁𝑡)

2   ≤  𝑑2                   

(2.15) 

 

   First, the SD detector proceeds by finding 𝑥𝑁𝑡 that makes (𝑢𝑁𝑡 − 𝑟𝑁𝑡,𝑁𝑡𝑥𝑁𝑡)
2   ≤  𝑑2, then 

finding the second symbol 𝑥𝑁𝑡−1 which is inside the sphere by satisfying the following condition  

 

(𝑢𝑁𝑡−1 − 𝑟𝑁𝑡−1,𝑁𝑡𝑥𝑁𝑡 − 𝑟𝑁𝑡−1,𝑁𝑡−1𝑥𝑁𝑡−1)
2   ≤  𝑑2 − (𝑢𝑁𝑡 − 𝑟𝑁𝑡,𝑁𝑡𝑥𝑁𝑡)

2, 

and so on until 𝑥1 is estimated, then the radius is updated and the algorithm is repeated again taking 

into account the trajectories used for the first estimated transmitted vector to make sure only new 

points need to be visited. After many iterations, the final transmitted vector x with the smallest 
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distance to the received vector is estimated. Moreover, the complexity of such an algorithm will 

depend on the initial radius passed to the SD and on the size of the tree, i.e., on the number of 

points visited by the algorithm in different dimensions to detect the transmitted symbols. We will 

show later that SD decoding performs better than the linear detection schemes (ZF and MMSE), 

although it is more complex depending on the number of points in the sphere. The complexity of 

SD can be reduced by efficiently selecting the radius as we will show later. Moreover, there are 

some works done to decrease the complexity for the SD algorithm by improving the selection of 

the radius for conventional MIMO [58] - [60].        

 

2.1.2. Capacity of Multi-Antenna Channels 

 

   MIMO technology offers very high capacity with increasing SNR for a large number of antennas 

at both transmitter and receiver.  In the case of independent Rayleigh or Rician fading paths 

between antenna elements at both transmitter and receiver, the expression of the general capacity 

𝐶  for known channel state information (CSI) at the transmitter is [1] [61]  

 

𝐶 = log2 det (𝐈𝐍𝐫
+ (

𝑆𝑁𝑅

𝑁𝑡
) .  𝐇.𝐇𝐇)       bps/HZ             (2.16) 

where 𝑁𝑟 is the number of receive antennas, 𝑁𝑡 is the number of transmit antennas, small 𝐇 stands 

for transpose conjugate, and 𝐈𝐦 is the m x m identity matrix.    

In general, the capacity of a MIMO channel increases linearly with the number of antennas. 

2.2. Massive MIMO 

 

   In upcoming years, the amount of data traffic in wireless communication will increase 

considerably; therefore, a new generation network, 5G, has to be deployed to increase the data 
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capacity 1000 times compared to current 4G systems [4]. Energy efficiency and lower latency are 

also expected in the future network [4]. In order to increase the spectral efficiency, we need to 

have one of the following options  

1- Very large number of base station antennas    [2], [3], [62] - [64]. 

2- Small cells [63]. 

3- In order to support more users, increasing the bandwidth by using the high frequency bands 

(millimeter Wave) is a very good choice.  

   In massive MIMO for example, the industry is trying to increase the number 𝑁𝑡 of BS antennas 

to 100 or more in order to simultaneously serve a large number of users 𝐾, say tens, with single or 

multiple antennas, in the same frequency band [62]. In addition, small cells are also expected in 

massive MIMO [4], [63]. The channel state information 𝐇 is the channel propagation matrix 

between the 𝐾 users and BS antennas array. In general, the channel propagation is modeled as a 

Rayleigh or Rician fading channel. In practice, the channel matrix has to be estimated by using 

orthogonal pilot sequences in the uplink transmission [4]. After estimating the channel state 

information in the uplink transmission, the BS uses the estimated channel in downlink transmission 

to precode the data streams to all users.  

   Consider a Massive MU-MIMO BS with 𝑁𝑡 antennas that serves K single-antenna or multiple-

antennas users. Denote the channel coefficient from the 𝑘𝑡ℎ user to the  𝑛𝑡ℎ antenna of the BS as 

ℎ𝑘,𝑛 in the uplink case, which is equal to a complex small-scale fading factor times an amplitude 

factor that accounts for geometric attenuation and large-scale fading [2], [65]:  

 

ℎ𝑘,𝑛 = 𝑔𝑘,𝑛√𝑑𝑘          (2.17) 
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where 𝑔𝑘,𝑛 and 𝑑𝑘 represent the complex small, and large-scale fading coefficients, respectively. 

The small-scale fading coefficients are assumed to be independent for each user, while the large-

scale ones are the same for all the 𝑁𝑡 antennas but depend on the user’s position [65]. Then, the 

channel matrix experienced by all the K users in the uplink scenario can be expressed as [2], [65] 

                                                                (

ℎ1,1 ⋯ ℎ𝐾,1

⋮ ⋱ ⋮
ℎ1,𝑁𝑡

⋯ ℎ𝐾,𝑁𝑡

) = 𝐆√𝐃                  (2.18) 

where 

𝐆 = (

𝑔1,1 ⋯ 𝑔𝐾,1

⋮ ⋱ ⋮
𝑔1,𝑁𝑡

⋯ 𝑔𝐾,𝑁𝑡

) 

𝐃 = (
𝑑1 ⋯ …
⋮ ⋱ ⋮
… ⋯ 𝑑𝐾

) 

   In a massive MIMO setup, as 𝑁𝑡 ≫ 𝐾, there are two system protocols, which are frequency-

division duplex (FDD) or time-division duplex (TDD) used for data transmission [62]. The TDD 

scheme uses the same frequency band for uplink and downlink communication whereas FDD uses 

separate frequency bands for uplink and downlink communication. The TDD scheme is more 

efficient than FDD because the channel estimation in TDD is reciprocal, which means that the 

estimated channel in the uplink case is the same as the downlink. Therefore, the estimated channel 

can be used by BS to precode the data streams.  However, in FDD case, the channel estimation is 

not reciprocal [62] [64].  

   The data transmission in massive MIMO as mentioned above is done by implementing the uplink 

or downlink techniques. Uplink transmission is the scenario where the 𝐾 users transmit signals to 
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the BS. Let s𝑘 be the transmitted signal from the 𝑘𝑡ℎ user. Since the 𝐾 users share the same time-

frequency resources, the 𝑁𝑡x1 received signal vector at the BS is modeled as follows [2], [62], [64] 

yu = √𝑃𝑢 𝐇s + nu                              (2.19) 

where 𝑃𝑢 is the uplink transmission power, s ∈  𝐶𝐾𝑋 1 is the transmitted symbols from 𝐾 users, 

nu ∈  𝐶𝑁𝑡𝑥1 is the additive white noise vector with independent components, and 𝐇 ∈  𝐶𝑁𝑡𝑋 𝐾  is 

the channel matrix.  

With linear detection schemes at the BS, the transmitted symbols ŝ can be detected by multiplying 

yu with the linear detection matrix 𝐖 ∈  𝐶𝑁𝑡 𝑋 𝐾  as follows [2], [64] 

  ŝ = 𝐖𝑯y𝑢                                               (2.20) 

Therefore, the received signal-to-interference-plus-noise ratio (SINR) of the 𝑘𝑡ℎ stream is given 

by [64]  

𝑆𝐼𝑁𝑅𝑘 =
𝑃𝑢|w𝑘

T∗
h𝑘|

2

𝑃𝑢 ∑ |w𝑘
T∗

ℎ𝑘′|
2
+ 𝜎2‖w𝑘‖2𝐾

𝑘′≠𝑘

                (2.21) 

where wk denotes the 𝑘𝑡ℎ column of matrix 𝐖.  

Then, the maximum achievable sum-rate is given by [64] 

𝑅 = ∑ {𝑙𝑜𝑔2(1 + 𝑆𝐼𝑁𝑅𝑘)}
𝐾
𝑘=1                        (2.22) 

The linear detection matrix 𝐖 can be designed by using one of the following techniques [64] 
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1- Maximum-Ratio Combining receiver (MRC): 

   We set 𝐖 equal to 𝐇∗, which is the complex conjugate of  𝐇. At low SNR, MRC can achieve 

the same array gain as in the case of a single-user system, but it performs poorly in multiuser 

interference. 

2- Zero-Forcing Receiver:  

   In contrast to MRC, ZF receivers take the multiuser interference into account. The ZF receiver 

matrix is the pseudo-inverse of the channel matrix H. With ZF, we have 

  

     𝐖 = 𝐇(𝐇𝐇𝐇)−1                                        (2.23) 

where the superscript H is the transpose conjugate. 

 

3- Minimum Mean-Square Error Receiver: 

   The linear minimum mean-square error (MMSE) receiver aims to minimize the mean-square 

error between the estimate 𝐖𝐇yu and the transmitted signal s. Therefore, the MMSE receiver 

matrix is  

 

    𝐖 = 𝐇(𝐇𝐇𝐇 + 𝜎2𝐈𝐊)−1                            (2.24) 

 

where 𝐈𝐊 is the identity matrix, and 𝜎2 is the variance of the noise. MMSE receiver matrix works 

as MRC at low SNR and as ZF at high SNR. 
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   In the downlink transmission scenario, the BS transmits data to all  𝐾 users. Let x ∈ 𝐶𝐾𝑥1 be the 

transmitted symbols vector intended for all 𝐾 users. Then by using linear precoding technique, the 

precoding vector xF  [2], [64] is 

 

      x𝐹 = √𝛼𝐅x                                                  (2.25) 

 

where 𝐅 ∈  𝐶𝑁𝑡 𝑥 𝐾 is the precoding matrix, and 𝛼 is a normalization constant chosen to satisfy the 

power constraint 𝐸{‖x𝐹‖2}= 1 . Thus [64],  

 

  𝛼 =
1

{𝑡𝑟(𝐅𝐅𝐇)}
                                 (2.26) 

 

Therefore, the received signal at 𝐾 users is given by [64]  

 

yd = √𝑃𝑑𝐇𝐇x𝐹 + nd                    (2.27) 

where 𝑃𝑑 is the downlink transmission power, nd  ∈  ℂ𝐾𝑋1 is a Gaussian noise vector, and 𝐇𝐇 ∈

ℂ𝐾𝑥𝑁𝑡  is the channel matrix. 

 

By implementing the precoding techniques above, the 𝑆𝐼𝑁𝑅𝑘 is given as follows [64] 

 

𝑆𝐼𝑁𝑅𝑘 =
𝛼𝑃𝑑|h𝑘

∗f𝑘|
2

𝛼𝑃𝑑 ∑ |h𝑘
∗f𝑘′|

2
+ 𝜎2𝐾

𝑘′≠𝑘

             (2.28) 
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where  fk denotes the 𝑘𝑡ℎ column of matrix 𝐅. Thus, the maximum achievable sum-rate in the 

downlink scenario is given by [64] 

 

𝑅 = ∑ {𝑙𝑜𝑔2(1 + 𝑆𝐼𝑁𝑅𝑘)}
𝐾
𝑘=1              (2.29) 

   The three linear precoders are maximum-ratio transmission (MRT) (also called conjugate 

beamforming), ZF, and MMSE precoders; similarly, the precoding techniques have similar 

operational properties as MRC, ZF, and MMSE. The equations for these precoders are as follows 

[2], [64] 

 

𝐅 = {

   𝐇,                                    for MRT

𝐇(𝐇𝐇𝐇)−1,                  for ZF

𝐇(𝐇𝐇𝐇 + 
𝐾

𝑃𝑑
𝐈𝐊)−1 ,         for MMSE

}            (2.30) 

   Although massive MIMO is promising for 5G networks, it has some drawbacks. As we know, 

the existing MIMO systems (such as LTE) are implemented with a small number of BS antennas 

𝑁𝑡 (between 1 and 10) [4]. In this case, the number of RF (Radio-Frequency) chains, DACs 

(Digital-to-Analog converters), and ADCs (Analog-to-Digital converters), which are the most 

expensive and power-hungry parts of a wireless transceiver [4], can be the same as the number of 

BS antennas 𝑁𝑡. In addition, this small network has a light load, so a small number of active users 

is served at each time instant. Therefore, the problem of pilot contamination is not a big issue [4]. 

However, in a massive MIMO system with 100 or more BS antennas 𝑁𝑡, having 𝑁𝑡 RF chains is 

practically unfeasible because of the increasing cost and energy consumption. Specifically, when 

the transmission bandwidth is very large, the energy consumption of ADCs would be unacceptably 

high. Thus, there is ongoing research in utilizing hybrid beamforming, which uses a small number 

of RF chains, and using it in the channel estimation. In addition, in massive MIMO, a large number 
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of active users is served at each time instant resulting in an increased number of orthogonal pilot 

sequences [4]. As a result, the system load becomes very high, and that causes the problem of pilot 

contamination, which is still an open research problem.  

 

2.3. Millimeter Wave Massive MIMO Systems 

 

   Because massive MIMO has some drawbacks as we mentioned above, it is being considered in 

conjunction with millimeter wave (mm wave) frequencies (i.e. carrier frequency > 28 GHz), 

where many antennas can be packed into small chips. In addition, this new system offers a higher 

bandwidth (gigabits per second) and supports applications that require low latency by using mm 

wave systems compared to the current communication system (4G) [5]. As a result, a mm wave 

massive MIMO system is able to meet the data rate demands in the upcoming years. It is 

particularly promising for future outdoor 5G systems [5].  

   The mm wave frequency bands have different characteristics from the lower ones, so the new 

system needs different standards and modeling. For example, the mm wave path loss is much 

higher than the low frequency’s path loss, especially for NLOS paths [6]; however, using 

directional antennas can mitigate this higher path loss with 200 m distance separation between the 

transmitter and receiver [7]. In addition, the need for directional antennas in mm wave systems 

makes the delay spread, which is the difference between the time of arrival of the earliest 

significant multipath components and the time of arrival of the latest ones, much lower compared 

to low frequency bands [7]. Penetration losses also are much higher in indoor-to-outdoor scenarios, 

so the indoor users should not communicate with the outdoor base stations [6]. The advantage of 

packing many antennas in small chips and using directional antennas make the mm wave channel 

model different [6], [8]. Mm wave channels are often sparse in the angular and time domain [6], 
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[8], [9], with a few scattering clusters and each of them with several rays (a few paths exist 

including LOS path). Because of the smaller wavelength, a signal at mm wave frequencies 

experiences the reflection and scattering in NLOS paths, but the diffraction is much lower. 

Therefore, mm wave signals are attenuated by smaller objects such as human body, glass, trees 

and rain. The penetration loss caused by a human body is measured between 20 and 30 dB [6]. 

Finally, some properties that are true for low frequency systems such as multi-path delay spread, 

angle spread and Doppler shift are used again in mm wave channel models [66].   

 

2.3.1. Path Loss Model in Outdoor Scenario 
 

   As we mentioned above, the mm wave antenna arrays have to be directional to overcome the 

higher path loss with 200m distance separation between the transmitter and receiver [7] [67]. 

Therefore, it is critical to develop new models for system design. The large-scale propagation path 

loss at mm wave is generated by different models; however, the close-in (CI) free space reference 

distance model is very popular, especially for outdoor environments [68], [69].  The CI model is 

given as follows [68]: 

 

𝑃𝐿𝐶𝐼(𝑓, 𝑑)[𝑑𝐵] = 𝐹𝑆𝑃𝐿(𝑓, 1 𝑚)[𝑑𝐵] + 10𝑛 𝑙𝑜𝑔10(𝑑) + 𝑋𝜎
𝐶𝐼                  (2.31) 

where  𝑛 denotes the path loss exponent (PLE) with reference distance 1 m, 𝑋𝜎
𝐶𝐼 is the shadow 

fading gain describing large-scale fluctuation about the mean path loss over distance and it is 

modeled by the log-normal distribution with 0 dB mean and standard deviation 𝜎 measured in dB, 

𝑑 is the separation distance between the transmitter and receiver, and 𝐹𝑆𝑃𝐿(𝑓, 1 𝑚) denotes the 

free space path loss in dB at a separation distance of 1 m and is given by [68]  
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𝐹𝑆𝑃𝐿(𝑓, 1 𝑚)[𝑑𝐵] = 20𝑙𝑜𝑔10(
4𝜋𝑓

𝑐
)          (2.32) 

 

where 𝑐 is the speed of light and 𝑓 is the carrier frequency. The separation distance between 

receiver and transmitter can range up to 200 m in outdoor scenarios. For a larger distance (> 200 

meters), the receiver signal strength becomes difficult to capture [67], [68]. 

 The received power 𝑃𝑟  measured in dBm, given the transmit power 𝑃𝑡, can be expressed as 

follows [66] 

 

𝑃𝑟[𝑑𝐵𝑚] =  𝑃𝑡[𝑑𝐵𝑚] + 𝐺𝑡[𝑑𝐵𝑖] + 𝐺𝑟[𝑑𝐵𝑖] − 𝑃𝐿𝐶𝐼(𝑓, 𝑑)[𝑑𝐵]          (2.33) 

 

where 𝐺𝑡  and 𝐺𝑟 are the transmitter and receiver antenna gains in dBi, respectively. 

 

2.3.2. Channel Model and Beamforming Design 
 

   Due to the small wavelength of signals at mm wave frequency bands, it is mentioned above that 

large arrays can be used at both the transmitter and receiver to direct a beam in a certain direction 

in order to get the strongest received power [7]. Therefore, beamforming schemes can be exploited 

to mitigate the high path loss. As a result, the channel models are different for mm wave massive 

MIMO systems [6]. 

A- Channel Model: 

   The widely used Saleh-Velenzuela (SV) model is used to represent the limited spatial selectivity 

or scattering characteristic caused by the high path loss of a mm wave channel in outdoor scenarios 

[2] - [17], [66], [70]. Therefore, in this thesis we adopt the narrowband clustered channel which is 

given by [17] - [30] 
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𝐇 = √𝑁𝐵𝑆𝑁𝑀𝑆/𝑁𝑐𝑙𝑁𝑟𝑎𝑦   × ∑ α𝑖𝑙Λr(∅𝑖𝑙
r , θ𝑖𝑙

r )Λ𝑡 (∅𝑖𝑙
t , θ𝑖𝑙

t )𝖺r(∅𝑖𝑙
r , θ𝑖𝑙

r )𝖺𝑡(∅𝑖𝑙
t , θ𝑖𝑙

t )∗
𝑖,𝑙      (2.34) 

where 𝑁𝐵𝑆, 𝑁𝑀𝑆, 𝑁𝑐𝑙 , 𝑁𝑟𝑎𝑦 are the number of BS, MS antennas, the number of scattering clusters, 

and the number of propagation paths respectively. α𝑖𝑙 is the complex gain of the 𝑙𝑡ℎ path and the 

𝑖𝑡ℎ cluster and it is assumed to be Rayleigh distributed, i.e., α𝑖𝑙 ~ i.i.d. Cℵ(0,P𝛼,𝑖
̅̅ ̅̅ ) with P𝛼,𝑖

̅̅ ̅̅  the 

average power of the 𝑖𝑡ℎ cluster, and  ∅𝑖𝑙
t  (θ𝑖𝑙

t ), ∅𝑖𝑙
r  (θ𝑖𝑙

r ) are the 𝑙th path’s azimuth (elevation) 

angles of departure and arrival  (AODs/AOAs) in the 𝑖th cluster, respectively, with uniform 

distribution. Also,  Λt (∅𝑖𝑙
t , θ𝑖𝑙

t ) and Λr(∅𝑖𝑙
r , θ𝑖𝑙

r ) correspond to the transmit and receive antenna 

element gain at their departure and arrival angles. In this paper, it is assumed that each antenna 

element has unity gain. Finally,  𝖺t(∅𝑖𝑙
t , θ𝑖𝑙

t )H and 𝖺r(∅𝑖𝑙
r , θ𝑖𝑙

r ) are the antenna array response 

vectors at their azimuth and elevation angles of departure and arrival at the BS and MS 

respectively. They are usually applied to uniform planar arrays (UPAs), but can be applied to 

different antennas arrays as well  [2], [6], [8], and [9]. For a UPA [8] 

𝖺t(∅, 𝜃) =  
1

√𝑁𝐵𝑆
[1, 𝑒𝑗(

2𝜋

𝜆
) 𝑑 (𝑚 𝑠𝑖𝑛(∅) sin(𝜃)+𝑛cos(𝜃)), . . , 𝑒𝑗(

2𝜋

𝜆
) 𝑑 ((𝑊−1)𝑠𝑖𝑛(∅) sin(𝜃)+(𝐻−1) cos(𝜃))]𝑇  

(2.35)                          

where 0≤𝑚<𝑤 and 0≤𝑛<ℎ are the width and height indices of an antenna element respectively and 

the antenna array size is 𝑤ℎ. Also, 𝜆 is the wavelength of the mm wave signal, and 𝑑 is the distance 

between the antenna elements, typically 𝑑 =
𝜆

2
. The array response vector 𝖺r(∅, θ) for MS can also 

be obtained as above. 

B- Beamforming Designs: 

   The small wavelength of signals in the mm wave frequency bands allows a large number of 

antenna elements (32 or more) to be packed in a small physical space [66] [71]. In order to generate 
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a beam, one needs to control the phase of the signal that is transmitted or received by each antenna 

element to achieve a high antenna gain in certain direction and low gain in the other directions 

[71]. In addition, creating a beam between the transmitter and receiver can be done by obtaining 

the best received power signal or maximum data rate [6]. There are different beamforming designs 

in mm wave MIMO systems as described below. 

 

1- Digital Beamforming 

   Although digital beamforming is hard to implement in practice [66], [72] as we will explain later, 

it shows its strength when it is combined with analog beamforming. In digital beamforming, all 

the signal processing is done at baseband [6], [66], [72], where each  RF chain is connected to each 

antenna element, with 𝑁𝑅𝐹 = 𝑁𝑡 as shown in Figure 2.4 (a) [6]. In digital beamforming, the 

transmitter can transmit a single data stream or multiple data streams 𝑁𝑠 to one receiver or spatially 

multiplexed into different receivers [72]. The precoding and combining matrices are optimum in 

digital beamforming which are created by using channel state information (CSI) 𝐇 [66], but digital 

beamforming is very sensitive to imperfect CSI [72]. On the other hand, there are hardware 

constraints that make digital beamforming unfeasible in practice [6], [66]. These limitations, which 

are caused by large antenna elements, high carrier frequencies at mm wave bands, and large signal 

bandwidth are summarized as follows [6], [66] 

• An RF chain to each antenna of a mm wave massive MIMO system increases the power 

consumption and the cost of the system. 

• The very small separation between all antenna elements makes it hard to use a complete 

RF chain for each antenna. 
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   Because of these hardware constraints, analog beamforming design and Hybrid Beamforming 

design have been proposed to comply with these constraints.  

 

2- Analog Beamforming  

   In analog beamforming, all the signal processing is done in the RF domain [6], [66]. As shown 

in Figure 2.4 (b) [6], phase shifters are connected to each antenna element. In addition, all phase 

shifters are applied to a single RF chain to transmit a single data stream [72]. The phase shifter 

weights are controlled digitally to direct the beam to a certain direction based on the best received 

signal power and maximum data rate [66], [72].  

Let us consider the downlink scenario, where BS transmits a symbol s to a user by using analog 

beamforming. In this case, we have only one analog beam fRF directed to the user. The best beam 

gives the best received signal power at the user. Then, the transmitted vector y is given by [6] 

y =  fRF s          (2.36) 

where the analog precoder fRF is implemented by limited quantized phase shifters [6], [66], [72]. 

As a result, fRF is written as follows [6] 

 

fRF = 1

√𝑁𝐵𝑆
[ 1, 𝑒𝑗∅1 , … , 𝑒𝑗∅𝑁𝐵𝑆]          (2.37) 

 

which is equal to the array response vector in the strongest direction [73] and ∅𝑛, 𝑛 = 1,… .𝑁𝐵𝑆 

are designed to direct a beam in a certain direction maximizing the received signal power. Channel 

estimation can be exploited in analog beamforming by using beam training. Using a codebook of 

beam patterns with different resolutions is very common for mm wave channel estimation [6] [72].   
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   Although analog beamforming meets the hardware constraint of mm wave massive MIMO 

systems and is not sensitive to the imperfect mm wave channel [72], it is limited by the quantized 

phase shifters controlled digitally [6] [66]. In addition, based on the results in [72], analog 

beamforming’s performance is not achievable at NLOS and LOS in the case of increasing number 

of RF chains because of the problem of interference and phase shifter errors respectively. 

Therefore, an analog beamforming transmitter should support a single receiver with a single RF 

chain transmitting a single data stream. These drawbacks in analog beamforming have led to the 

need to design Hybrid beamforming.  

 

 

Figure 2. 4.  This figure shows a transmitter having 𝑁𝑡 antennas with a fully-digital, analog-only, or hybrid 

analog/digital architecture. In the hybrid architecture, 𝑁𝑅𝐹  ≪  𝑁𝑡 RF chains are deployed [8]. 

 

 
3- Hybrid Beamforming Solutions 

   Hybrid beamforming consists of both digital and analog beamforming design [8] [66]. Therefore, 

its design is implemented in the analog and digital domain and that offers a good performance with 

lower hardware complexity. In addition, its performance is close to the unconstrained digital 

beamforming [66]. As we can see in Figure 2.4 (c) [66], the hybrid precoding is implemented in 
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the digital and analog domain giving 𝐅𝐁𝐁 (baseband precoder) and 𝐅𝐑𝐅 (RF precoder) respectively. 

In hybrid precoding, the number of RF chains is larger than one and smaller than the number of 

transmitter antennas 𝑁𝑡. This allows the transmitter to communicate with one receiver by multiple 

data streams or communicate with multiple receivers by a single data stream for 𝑁𝑠 ≤ 𝑁𝑅𝐹 ≪ 𝑁𝑡 

[66]. Therefore, hybrid beamforming achieves spatial multiplexing gains [66]. 

   Consider the hybrid beamforming scheme implemented by BS and MS with 𝑁𝑅𝐹 RF chains as 

shown in Figure 2.5 [8]. Assume BS with 𝑁𝐵𝑆 antennas communicate with a single MS with 𝑁𝑀𝑆 

antennas. The BS and MS communicate using 𝑁𝑠 data streams with 𝑁𝑠 ≤ 𝑁𝑅𝐹  ≪  𝑁𝐵𝑆 in the BS, 

and 𝑁𝑠 ≤ 𝑁𝑅𝐹  ≪  𝑁𝑀𝑆 in the MS. The BS applies an  𝑁𝑅𝐹 x 𝑁𝑠 baseband precoder 𝐅𝐁𝐁 followed 

by an 𝑁𝐵𝑆 x 𝑁𝑅𝐹 RF precoder 𝐅𝐑𝐅. As a result, 𝑁𝐵𝑆 x 𝑁𝑠 hybrid precoder 𝐅 is equal to 𝐅𝐑𝐅 𝐅𝐁𝐁. The 

hybrid combiner  𝐖 ∈ 𝐶𝑁𝑀𝑆 x 𝑁𝑠  is also equal to 𝐖𝑅𝐹  𝐖𝐵𝐵 [8]. 

 

 

Figure 2. 5. Block diagram of BS-MS transceiver that uses RF and baseband beamformers at both ends [8].  

 

   The RF precoder/combiner is implemented by phase shifters, so they are normalized to have the 

same amplitude with different phase only such that |𝐅𝐑𝐅|
2 =

1

𝑁𝐵𝑆
  and |𝐖𝐑𝐅|

2 =
1

𝑁𝑀𝑆
  [8], where 

|. | is element wise magnitude. In addition, the baseband precoder/combiner is normalized to satisfy 

the total power constraint such that ‖𝐅𝐑𝐅𝐅𝐁𝐁‖𝐹
2 = 𝑁𝑆, and ‖𝐖𝐑𝐅𝐖𝐁𝐁‖𝐹

2 = 𝑁𝑆 [8]. 

   In this thesis, I consider a narrowband block-fading channel model. Then, the received signal 𝑦 

is combined at the MS as follows [8] 
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y =  𝐖𝐇(√𝑃𝑟𝐇𝐅s + n)          (2.38) 

 

where 𝐇 is the 𝑁𝑀𝑆 x 𝑁𝐵𝑆 mm wave channel matrix in the downlink transmission between BS and 

MS, s ∈ ℂ𝑁𝑠x1 are the transmitted symbols, where 𝐸[ss∗] =
1

𝑁𝑠
𝐼𝑁𝑠

, where 𝐈𝐍𝐬
 is the 

𝑁𝑠 𝑏𝑦 𝑁𝑠  identity matrix, 𝑃𝑟 is the average received power, and n is a 𝑁𝑀𝑆 x 1 Gaussian noise 

vector with zero mean and variance 𝜎2.  The uplink transmission can be done in the same way, 

with 𝐇 ∈ ℂ𝑁𝐵𝑆 X 𝑁𝑀𝑆 but switching the roles of the precoders and combiners. 

   In this thesis, we assume perfect channel state information at the BS and MS as explained later, 

and the sub-channels at the MS are given as follows  

 

𝐇𝐞𝐟𝐟 = 𝐖𝐇𝐇𝐅          (2.39) 

 

to detect the transmitted data streams using the ZF, MMSE detectors and sphere decoding as we 

will explain later. Note that the dimension of these sub-channels is much less than the original mm 

wave channel matrix 𝐇, depending on the rank of the mm wave channel. These sub-channels can 

be generated by MS using the mm wave channel.  

 

   Hybrid beamforming can achieve spatial multiplexing by transmitting multiple data streams [66]. 

That is why hybrid beamforming is preferred compared to analog and its performance is close to 

the unconstrained digital beamforming.  

 

   Finally, the spectral efficiency achieved by hybrid beamforming is given by [8]  

 

𝑅 =  𝑙𝑜𝑔2 |𝐈𝐍𝐬
+ 

𝑃𝑟

𝑁𝑠
 𝐑𝐧

−1𝐖𝐇𝐇𝐅𝐅𝐇𝐇𝐇𝐖|          (2.40) 

 

where 𝐑𝐧 = 𝜎2 𝐖𝐇𝐖 is the noise covariance matrix after the combining. 

 

   In this thesis, we analyze a single user mm wave system with multiple data streams and hybrid 

precoders/combiners, as we will describe next.  
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2.3.3. Single Data Stream and Single User by Using Analog Beamforming 
 

   When BS and MS use analog beamforming, they use the antenna array to communicate with each 

other by a single data stream. Assume  fA and  wA are the analog precoder and analog combiner 

respectively, then the receiver 𝑆𝑁𝑅 is given by [6] 

 

𝑆𝑁𝑅 = 
|wA

∗ hfA|
2

𝜎2
          (2.41) 

Therefore, the goal of analog precoders/combiners is to maximize this received 𝑆𝑁𝑅. Because of 

the limited scattering characteristics in outdoor mm wave channels, it becomes easier to direct a 

beam with higher gain in a strongest/desired direction ∅𝑠.  

   It is found that making the beamforming weights match the array response vector in the desired 

direction is the best way to generate analog precoders/combiners [6]. That means, set  wA =

aMS(θs) and fA = aBS(∅s) in the case of MS and BS respectively. The beampattern, pointed to the 

desired direction, with main-lobe gain 𝐺𝐵𝑆, and side-lobe gain 𝑔𝐵𝑆 is shown in Figure 2.6 [6].   

 

 

Figure 2. 6. Approximated sectored-pattern antenna model with main-lobe gain 𝐺𝐵𝑆, and side-lobe 𝑔𝐵𝑆 [6]. 
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2.3.4. Multiple Data Streams and Single User by Using Hybrid Design 
 

   Sparse hybrid precoders/combiners or SOMP based-designs maximize the spectral efficiency 𝑅 

as defined in (7), taking into account the RF precoders/combiners constraint and baseband power 

constraint [8]. The multiuser scenario is outside the scope of this thesis. As mentioned in the 

previous section, mm wave channels are sparse and low rank channels; thus, sparse hybrid 

precoders/combiners are built to approximate the unconstrained optimum digital 

precoder/combiner 𝐅𝐨𝐩𝐭/ 𝐖𝐨𝐩𝐭 [8]. 

   Designing the unconstrained optimum digital precoders/combiners, 𝐅𝐨𝐩𝐭 / 𝐖𝐨𝐩𝐭, is usually done 

by using the channel singular value decomposition (SVD) defined by [2] [6] [8] [9]  

                             [𝐔 𝚺 𝐕𝐇] = SVD(𝐇)                         

                                               = [𝐔𝟏  𝐔𝟐 ] [
𝚺𝟏 𝟎
𝟎 𝚺𝟐

] [
𝐕𝟏

𝐇

𝐕𝟐
𝐇]          (2.42) 

                                               =  𝐔𝟏 𝚺𝟏𝐕𝟏
𝐇 + 𝐔𝟐 𝚺𝟐𝐕𝟐

𝐇 

where 𝚺𝟏 = (𝜎1, … , 𝜎𝑁𝑠
) is a diagonal matrix with the largest 𝑁𝑠 singular values of 𝐇 in decreasing 

order. Taking the left 𝑁𝑠 columns of semi-unitary matrices 𝐔 ∈  ℂ𝑁𝑀𝑆 𝑋 𝑁𝑀𝑆 and 𝐕 ∈  ℂ𝑁𝐵𝑆 𝑋 𝑁𝐵𝑆 

yields 

𝐅𝐨𝐩𝐭 =  𝐕𝟏  ∈  ℂ𝑁𝐵𝑆 x 𝑁𝑆          (2.43) 

                                                 𝐖𝐨𝐩𝐭 = 𝐔𝟏
𝐇  ∈  ℂ𝑁𝑆 x 𝑁𝑀𝑆 

which are the fully digital precoders and combiners, respectively. Therefore, the sparse hybrid 

precoder is found by approximating the unconstrained optimal precoder 𝐅𝐨𝐩𝐭 as follows [8] 

  



42 
 

(𝐅𝐁𝐁) = argmin
𝐅̃𝐁𝐁

‖𝐅𝐨𝐩𝐭 − 𝐀𝐁𝐒𝐅𝐁𝐁‖
𝐹

          (2.44) 

s. t.             ‖diag(𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 )‖

𝟎
= 𝑁𝐵𝑆

𝑅𝐹 

                                                                   ‖𝐀𝐁𝐒𝐅𝐁𝐁‖𝐹
2 = 𝑁𝑆  

where 𝐀𝐁𝐒 is the set of feasible quantized RF precoding codebooks with constant-magnitude 

entries which can be implemented in the RF circuitry using analog phase shifters. The design of 

RF precoding/combining codebooks 𝐀𝐁𝐒 have the same form of the array response of the mm 

wave channel and thus can be quantized in the azimuth and elevation angles with angular 

resolution 𝐿, where 𝐿 = 2𝑁∅+𝑁θ, and 𝑁∅ and 𝑁θ are the numbers of azimuth and elevation 

quantization bits, respectively [8]. The analog combining codebook 𝐀𝐌𝐒 can be defined in the 

same way. However, to build the quantized RF precoding codebooks, some assumptions on the 

mm wave channel structure and array geometry have to be made. The sparsity 

constraint ‖diag(𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 )‖

𝟎
= 𝑁𝐵𝑆

𝑅𝐹 states that 𝐅𝐁𝐁 cannot have more than 𝑁𝐵𝑆
𝑅𝐹 non-zero rows, 

where  ‖x‖𝟎 is defined to be the number of nonzero entries in x. Equation (2.44) can be solved by 

the well-known concept of orthogonal matching pursuit (OMP) (see Appendix B) [8] and it is 

given in algorithm 2.1. It works by finding the vector in the RF precoding codebooks matrix 𝐀𝐁𝐒 

along which the optimal precoder 𝐅𝐨𝐩𝐭 has the maximum projection. It then appends the selected 

column vector to the RF precoder 𝐅𝐑𝐅 matrix. After that, 𝐅𝐁𝐁 is calculated using the least squares 

solution and the contribution of the selected vector from 𝐀𝐁𝐒 is removed. The process continues 

until all 𝑁𝐵𝑆
𝑅𝐹  beamforming vectors have been selected from RF precoding codebooks matrix 𝐀𝐁𝐒. 

At the end of the 𝑁𝐵𝑆
𝑅𝐹 iterations, the RF precoding matrix 𝐅𝐑𝐅, and the baseband precoder 𝐅𝐁𝐁, 

which minimize ‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹
, are found. Finally, 𝐅𝐁𝐁 is normalized so that the transmit 

power constraint is satisfied, and the sparse hybrid precoder 𝐅 = 𝐅𝐑𝐅𝐅𝐁𝐁 is returned. The sparse 
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hybrid combiner is designed by maximizing the data rate using 𝐖𝐨𝐩𝐭 or minimizing the mean 

squared error between transmitted and received signals (𝐖MMSE) [8]. 

   The main drawback of the sparse hybrid design is the use of the set of feasible quantized RF 

precoding codebooks and the costly correlation operations. Moreover, the accuracy of the 

algorithm depends on the angular resolution 𝐿. Therefore, in this thesis we propose in Chapter 4 

an algorithm to solve (2.44) without making any assumption on the array geometry or any other 

constraints such as the number of streams must be equal to the number of RF chains, and the 

baseband precoder/combiner is scaled unitary, while achieving a good spectral efficiency with low 

computational complexity compared to the other popular designs in the literature.    

 

Algorithm 2. 1: Spatially Sparse Precoding via Orthogonal Matching Pursuit [8] 
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CHAPTER 3: SPHERE DECODING AND SEMIDEFINITE RELAXATION 

FOR MILLIMETER WAVE MASSIVE MIMO  

 

3.1 Proposed Method 

 

   In this chapter, we will explain in detail how to use the sphere decoding and semidefinite 

relaxation scheme for Millimeter Wave systems. First, we use the sparse hybrid precoders / 

combiners design shown in algorithm 2.1 with uniform planar arrays at both BS and MS to build 

the hybrid beamforming precoders and combiners [8]. After that, we use the ZF, MMSE detectors, 

sphere decoding, and semidefinite relaxation detections described in Chapter 2 to minimize the 

BER performance of mm wave massive MIMO systems. 

      In algorithm 2.1, we use the exact array response of the BS/MS that makes the mm wave 

channel as in (2.34). Note that in practice, we do not have the exact array response of mm wave 

channel, but we use a set of feasible quantized RF precoding codebooks with constant-magnitude 

entries which can be implemented in the RF circuitry using analog phase shifters.  

      Now, by approximating the hybrid beamforming precoders and combiners to the unconstrained 

optimal digital ones implemented by SVD, the received signal after combining is given as follows 

 

                                                            y =  √𝑃𝑟𝐖
𝐇𝐇𝐅s + 𝐖𝐇n          (3.1) 

      y ≈ √𝑃𝑟𝐔𝟏
𝐇𝐇𝐕𝟏s + 𝐔𝟏

𝐇n 

y ≈ √𝑃𝑟𝚺𝟏s + 𝐔𝟏
𝐇n  

 



45 
 

      For ZF, and MMSE detectors, it is known that for mm wave systems with perfect CSI, the 

effective channel given in (2.39) can be approximated by using the UPA hybrid precoder/combiner 

as follows 

𝐇𝐞𝐟𝐞 = 𝐖𝐇𝐇𝐅 ≈  𝚺𝟏 ∈ ℂ𝑁𝑆 x 𝑁𝑆          (3.2) 

   Since the dimension of  𝚺𝟏is N𝑆 X N𝑆 , the ZF and MMSE detectors are implemented as 

follows 

𝐖𝐙𝐅 = (𝚺𝟏  )
−1       ZF Detector                                             (3.3) 

𝐖𝐌𝐌𝐒𝐄 = (𝚺𝟏
H𝚺𝟏 + 𝜎2INr)

−1 𝚺𝟏
H   MMSE Detector          (3.4) 

where 𝜎2 = 𝑃𝑟/𝑆𝑁𝑅. Thus, the transmitted symbols 𝑠̂ can be detected by multiplying 𝑦 the 

received signal in (3.1) with the linear detection matrix 𝐖𝐙𝐅 and 𝐖𝐌𝐌𝐒𝐄 ∈  ℂ𝑁𝑠 𝑋 𝑁𝑠  as follows  

ŝ = 𝐖𝐙𝐅y                    (3.5) 

ŝ = 𝐖𝐌𝐌𝐒𝐄y               (3.6) 

      The sphere decoding described in section 2.1.1.3 is implemented by using the diagonal 𝚺𝟏 

matrix to find the solution ŝ with the smallest Euclidean distance from the received signal within 

the sphere of the dimension of the transmitted vector, which means  

 

‖y − 𝚺𝟏s‖
2   ≤  𝑑2          (3.7) 

 

For the semidefinite relaxation scheme, first we use the real-valued variables of (3.1) as follows  

[
Re(𝑦)

Im(y)
] ≈ [

Re(√𝑃𝑟𝚺𝟏)     − Im(√𝑃𝑟𝚺𝟏)

Im(√𝑃𝑟𝚺𝟏)         Re(√𝑃𝑟𝚺𝟏)
] [

Re(s)

Im(s)
] + [

Re(𝐔𝟏
H𝑛 )

Im(𝐔𝟏
H𝑛 )

]          (3.8) 
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   Then we use the semidefinite algorithm described in section 2.1.1.2 which is solved using the 

SeDuMi package [56] to find the solution ŝ of the transmitted symbols. 

3.2 Performance Evaluation of ZF, MMSE, Sphere Decoding, and 

semidefinite relaxation for Multiple Data Streams 𝑵𝑺 = 𝟑. 

 

   In this section, we present the error performance of the ZF, MMSE, sphere decoding algorithms, 

and semidefinite relaxation detections for an outdoor hybrid beamforming mm wave massive 

MIMO system. For all detection algorithms, 16-QAM, and QPSK modulation schemes are used 

without any coding scheme. Also, for all cases, the mm wave channel remains constant during the 

transmission of one block of data.  

   In these simulations, we use the system architecture presented in Fig. 2.5. We consider the case 

where there is only one BS and one MS at a distance of 100 meters. The spacing between antenna 

elements is equal to 𝜆/2. The system is assumed to operate at a 28 GHz carrier frequency in an 

outdoor scenario with a path loss exponent 𝑛 = 3.4. The channel model is described in (2.34), with 

P𝛼,𝑖
̅̅ ̅̅ = 1 for all clusters, and the number of paths 𝐿 = 5 which is equivalent to 5 clusters with an 

angular spread of zero for all simulations. The azimuth and elevation angles AoAs/AoDs of the 

rays within a cluster are assumed to be randomly Laplacian distributed. The AoAs/AoDs azimuths 

and elevations of the cluster means are assumed to be uniformly distributed. We use the AoD/AoA 

beamforming codebooks (exact array response of mm wave channel) at the BSs and MSs 

respectively for the sparse hybrid design. The SNR in all the plots is defined as 𝑆𝑁𝑅 = 𝑃𝑟/𝜎
2. We 

assume perfect CSI at the BS and MS. For fairness, the same total power constraint is enforced on 

all precoding/combining solutions.  



47 
 

   We use the sparse hybrid precoder to precode the data streams in the downlink transmission and 

the hybrid combiner to combine the received signal at the receiver side assuming a mm wave 

channel with perfect CSI at the BS and MS. We then use the effective channels described in (3.2) 

with the ZF, MMSE, sphere decoding algorithms, and semidefinite relaxation detections to detect 

the transmitted data streams N𝑠 and then we show the simulation results of BER. 

   Fig. 3.1 displays the BER performance achieved in a 16-QAM, 256 x 16 UPAs system with 

𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 =3 RF chains and 𝑁𝑠 = 3 with the exact array response of mm wave channel for 

sparse hybrid design. In this simulation, we compare the BER performance of the SDR detector 

with that of the sphere decoding instead of the ML detector. For 16-QAM, it is much more complex 

to use the ML detector (24 x 3 = 4096 vectors). In addition, the radius of SD varies depending on 

the SNR and is calculated from (3.7) by using the ZF detector. Fig. 3.1 shows that the SDR detector 

performs better than the ZF and MMSE detectors over the whole range of  SNR . The MMSE 

detector performs a little bit better than the ZF detector over the entire range of  SNR because it is 

taking into consideration the effect of noise. A bit error probability of 10−3 can be obtained with 

SNR = −1 dB using the SDR detector, whereas the ZF and MMSE detectors need about 5 dB to 

obtain the same BER, which represents a gain of 6 dB. The gain is even larger at a lower BER. 

   Although the SD detector outperforms the SDR, ZF, and MMSE detectors in the high range of 

SNR, its complexity increases exponentially with the number of data streams and with the 

modulation order, making it impractical and more complex than the other detectors. 
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Figure 3. 1. BER performance for uncoded 16QAM single-cell hybrid beamforming mm wave massive MIMO 

system for 𝑁𝐵𝑆 = 256 and 𝑁𝑀𝑆 = 16 with 3 and 3 RF chains respectively, and 𝑁𝑆 = 3 by using the exact array 

response of mm wave channel. 

 

   Fig. 3.2 shows the performance achieved in a QPSK 256 x 16 UPAs system with 𝑁𝑅𝐹
𝐵𝑆 =

𝑁𝑅𝐹
𝑀𝑆 =3 RF chains and 𝑁𝑠 = 3 with the exact array response of mm wave channel for sparse 

hybrid design. In this simulation, we compare the performance of the SDR detector with that of 

the ML detector because the number of possible vectors in the ML search (22 x 3 = 64 vectors) is 

acceptable for QPSK modulation. Fig. 3.2 shows that the SDR detector still performs better than 

the ZF and MMSE detectors over the whole range of  SNR . A bit error probability of 10−3can be 

obtained with SNR = −8 dB using the SDR detector, whereas the MMSE and ZF detectors need 

about 0 dB to obtain the same BER, which represents a significant gain of 8 dB for the SDR 

detector. Furthermore, it can be seen that the performance of the SDR detector , SD method, and 

ML detector is the same over the entire range of  SNR as expected for QPSK [53] [54] 
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Figure 3. 2. BER performance for uncoded QPSK single-cell hybrid beamforming mm wave massive MIMO system 

for 𝑁𝐵𝑆 = 256 and 𝑁𝑀𝑆 = 16 with 3 and 3 RF chains respectively, and 𝑁𝑆 = 3 by using the exact array response of 

mm wave channel. 

   Fig. 3.3 illustrates the average simulation running time of all detectors for different data streams 

in a 16-QAM, 256 x 16 UPAs system with different 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 𝑁𝑠, and different SNRs. All 

the results are obtained using the same computer with 106 iterations. The computer has i7 

processor and the memory size is 8 gigabytes. For any SNR, we can see that the SDR detector 

requires a longer running time than the ZF, and MMSE detectors. As mentioned before, the 

complexity of sphere decoding increases with the number of data streams and modulation order; 

thus, sphere decoding requires a longer time than the SDR detector at -20 dB. However, the speed 

of sphere decoding (SD) increases in the high SNR region. Moreover, it is clear that the average 

running time of the SDR detector is essentially independent of SNR. Hence, SDR detection is a 

good alternative to sphere decoding for low or moderate SNRs, but it is outperformed by SD at 

high SNRs, where the detection problem becomes easier for SD. 
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   The running time of SDR detector depends only on the constellation size and the number of data 

streams. Because we considered only data streams 𝑁𝑠 = 6 up to 8, the running time of the SDR 

detector just changed slightly; the complexity would become higher with a much larger number of 

data streams and large constellation size.         

 

Figure 3. 3. Average running time for uncoded 16QAM single-cell hybrid beamforming mm Wave massive MIMO 

system for different SNRs and data streams, with 𝑁𝐵𝑆 = 256, 𝑁𝑀𝑆 = 16 and 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆=𝑁𝑆, using the exact array 

response of mm Wave channel. 

 

   Table 3.1 shows the simulation times in seconds in a system similar to the one used in Fig. 3.2, 

but the radius of the SD algorithm is efficiently selected to have the smallest probability of error 

and accepted simulation time compared to the other detectors. All the results are obtained using 

the same computer with 106 iterations for different values of SNR. The computer has i7 processor 

and a memory size of 8 gigabytes. It is clear from Table 3.1 that the SD simulation time is smaller 

than the ML detector and close to the ZF and MMSE detectors for small number of data streams 
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𝑁𝑆 = 3 ; also, SD achieves the same bit error probability as the ML detector and a smaller 

probability than the ZF and MMSE detectors. 

Table 3. 1 Simulation Times for the Three Detectors 

QPSK Modulation 

SNR (dB) SD radius  Detector 
Simulation time in 

seconds  
Bit error probability 

 

-10 

 

 

50 

 

MMSE 6.71 X 103      4.4 X 10−3  
ZF 6.73 X 103      5.2 X 10−3 

ML 7.21 X 103         2 X 10−3 

SD 6.87 X 103         3 X 10−3  

 

0 

 

9 

MMSE 6.71 X 103      9.3 X 10−4 

ZF 6.73 X 103      1.2 X 10−3 

ML 7.20 X 103      1.2 X 10−4  

SD 6.86 X 103      1.2 X 10−4 

 

10 

 

1 

MMSE 6.70 X 103      2.4 X 10−4 

ZF 6.73 X 103      3.2 X 10−4 

ML 7.20 X 103      5.7 X 10−6  
SD 6.84 X 103  5.8 X 10−6  

 

 

3.3 Summary 

 

   In this chapter, SDR detection allows a complexity vs. performance trade-off for mm awve 

massive MIMO. The SDR detector is much less complex than the SD and ML detectors for a large 

number of data streams or high modulation order, especially for low SNR regions, while yielding 

a BER between that of ML and ZF or MMSE. Moreover, for a small number of data streams and 

low modulation order, the SD achieves the same bit error probability as the ML detector and with 

low complexity which is close to the complexity of the linear detection schemes such as ZF and 

MMSE.    
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CHAPTER 4: PROPOSED LOW COMPLEXITY HYBRID PRECODING AND 

COMBINING FOR MILLIMETER WAVE SYSTEMS 

 

4.1 Proposed Method 

 

   In this section, we propose a low complexity-precoding algorithm with equal power allocation 

per stream. In addition, we do not assume any constraint on the optimization problem, which is 

related to (2.44). The derivation of the combiner is similar. Assume BS with 𝑁𝐵𝑆 antennas 

communicate with a single MS with 𝑁𝑀𝑆 antennas. We note that the optimal unconstrained semi-

unitary precoder for 𝐇 is simply given by 𝐅𝐨𝐩𝐭 = 𝐕𝟏. Also, we need the hybrid precoder 𝐅𝐑𝐅𝐅𝐁𝐁 to 

be sufficiently “close” to the optimal precoder 𝐕𝟏 by using its digital precoder to construct linear 

combinations of the RF precoder vectors [8]. By formulating an optimization problem, we first 

need to find the baseband precoder 𝐅𝐁𝐁 that minimizes the Euclidean distance by using the 

initialization of the proposed RF precoder, which is calculated by taking the first 𝑁s columns from 

𝐅𝐨𝐩𝐭 and then normalizing them such that each entry has constant magnitude, i.e., 𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  ⊘

 (|𝐅𝐨𝐩𝐭| √𝑁𝐵𝑆), where ⊘ stands for element-wise division. One should note that the element-wise 

normalization of 𝐅𝐑𝐅 satisfies the normalization constraint |[𝐅𝐑𝐅]i,j|
2

=
1

𝑁𝐵𝑆
  [8]. We then find the 

RF precoder 𝐅𝐑𝐅 such that the hybrid precoder 𝐅𝐑𝐅𝐅𝐁𝐁 is sufficiently “close” to the optimal 

unconstrained digital precoder 𝐕𝟏. Specifically, we propose an iterative solution to the 

optimization problem (2.44). First, we would like to solve the following optimization problem, 

which is related to (2.44): 

(𝐅𝐁𝐁) = arg min
𝐅𝐁𝐁

‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
          (4.1) 

The objective function can be expanded as follows 
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‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
 

= tr(𝐅𝐨𝐩𝐭
𝐇 𝐅𝐨𝐩𝐭) − 2tr(𝐅𝐨𝐩𝐭

𝐇 𝐅𝐑𝐅𝐅𝐁𝐁) + tr(𝐅𝐁𝐁
𝐇 𝐅𝐑𝐅

𝐇 𝐅𝐑𝐅𝐅𝐁𝐁) 

                            = 𝑁𝑆 − 2tr(𝐅𝐨𝐩𝐭
𝐇 𝐅𝐑𝐅𝐅𝐁𝐁) + tr(𝐅𝐁𝐁

𝐇 𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅𝐅𝐁𝐁)                                     (4.2) 

To minimize over 𝐅𝐁𝐁, we set the derivative of (4.2) with respect to 𝐅𝐁𝐁 equal to zero, which yields 

the following minimized proposed baseband precoder 𝐅𝐁𝐁 (least squares solution) 

𝐅𝐁𝐁 = (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭                     (4.3) 

Then, we keep 𝐅𝐁𝐁 fixed and solve the same optimization problem but now minimizing over 𝐅𝐑𝐅 

(𝐅𝐑𝐅) = argmin
𝐅𝐑𝐅

‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
        (4.4) 

Similarly to (4.1), expanding the objective function yields 

‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
 

 = 𝑁𝑆 − 2tr(𝐅𝐨𝐩𝐭
𝐇 𝐅𝐑𝐅𝐅𝐁𝐁) + tr(𝐅𝐁𝐁

𝐇 𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅𝐅𝐁𝐁)          (4.5) 

We again set the derivative of (4.5) with respect to 𝐅𝐑𝐅 equal to zero, which yields the following  

                𝐅𝐑𝐅𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 = 𝐅𝐨𝐩𝐭𝐅𝐁𝐁

𝐇                                   (4.6) 

The problem in (4.6) is that  𝐅𝐁𝐁𝐅𝐁𝐁
𝐇  cannot be inverted when 𝑁𝑆 < 𝑁𝑅𝐹

𝐵𝑆. Thus, to solve it we add 

𝐅𝐑𝐅 to both sides of (4.6) such that     

  𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭𝐅𝐁𝐁
𝐇  - 𝐅𝐑𝐅𝐅𝐁𝐁𝐅𝐁𝐁

𝐇 + 𝐅𝐑𝐅 

𝐅𝐑𝐅 = (𝐅𝐨𝐩𝐭 - 𝐅𝐑𝐅𝐅𝐁𝐁)𝐅𝐁𝐁
𝐇 + 𝐅𝐑𝐅 

                        𝐅𝐑𝐅 = 𝐅𝐫𝐞𝐬𝐅𝐁𝐁
𝐇 + 𝐅𝐑𝐅                                  (4.7) 
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where the residual precoding matrix 𝐅res = 𝐅𝐨𝐩𝐭 - 𝐅𝐑𝐅𝐅𝐁𝐁. Equation (4.7) yields an iterative 

solution for 𝐅𝐑𝐅 such that in the current iteration, the updated  𝐅𝐑𝐅 is equal to 𝐅𝐑𝐅 from the previous 

iteration plus 𝐅𝐫𝐞𝐬𝐅𝐁𝐁
𝐇 . Moreover, (4.7) satisfies the property of the gradient descent method (see 

Appendix A) with a step size equal to one. Thus, 𝐅𝐑𝐅 is guaranteed to converge to a feasible local 

optimal solution.   This solution can also be applied when 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 . Note that when 𝑁𝑆 < 𝑁𝑅𝐹

𝐵𝑆, 

we need to complete the 𝑁𝐵𝑆 x 𝑁𝑅𝐹
𝐵𝑆  𝐅𝐑𝐅 after the initialization. In each iteration, we add a column 

to  𝐅𝐑𝐅 which leads to the highest reduction of the residual. This column can be selected from the 

basis of the range of the residual, which is the element-wise normalization of the first singular 

vector of the residual. 

   The pseudo-code for the proposed hybrid precoder 𝐅𝐏 solution is given in Algorithm 4.1. In a 

mm wave system using the hybrid precoding design, the BS or MS can support up to 𝑁𝑅𝐹 data 

streams, i.e., 𝑁𝑆 ≤ min ( 𝑁𝑅𝐹
𝐵𝑆, 𝑁𝑅𝐹

𝑀𝑆) [2] [3] [6] [9], and [8]. The inputs of the algorithm are 𝐅𝐨𝐩𝐭 

∈  ℂ𝑁𝐵𝑆 x 𝑁𝑆  and the maximum number of iterations 𝐾, where 𝐾 ≥ 𝑁𝑅𝐹
𝐵𝑆 - 𝑁𝑆  when 𝑁S < 𝑁𝑅𝐹

𝐵𝑆 , 

in order to calculate the 𝑁BS x 𝑁𝑅𝐹
𝐵𝑆   𝐅𝐑𝐅 matrix, and 𝐾 ≥ 1 when 𝑁𝑅𝐹

𝐵𝑆 = 𝑁𝑆  . In the general case of 

𝑁𝑆 ≥ 1 where 𝑁𝑆 ≤ 𝑁𝑅𝐹
𝐵𝑆 , the algorithm starts by initializing 𝐅𝐑𝐅 with the element-wise 

normalization of the first 𝑁s columns of 𝐅𝐨𝐩𝐭 i.e., 𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭 ⊘ (|𝐅𝐨𝐩𝐭|√𝑁𝐵𝑆). Then, 𝐅𝐁𝐁 is 

computed using least squares in step 2. After that, the algorithm proceeds to calculate the residual 

precoding matrix 𝐅res and the proposed RF precoder  𝐅𝐑𝐅 in steps 3 and 4 respectively. Step 5 

ensures that the proposed RF precoder  𝐅𝐑𝐅 is satisfied exactly with constant-magnitude entries 

which can be applied at RF using analog phase shifters. In steps 7 and 8, when 𝑁𝑆 < 𝑁𝑅𝐹
𝐵𝑆, we 

need to complete the 𝑁𝐵𝑆 x 𝑁𝑅𝐹
𝐵𝑆   𝐅𝐑𝐅, which can be done by adding the element-wise normalization 

of the first singular vector of the residual matrix 𝐅res to  𝐅𝐑𝐅. After 𝐾 iterations the process is 

completed and the algorithm will find the 𝑁𝐵𝑆 x 𝑁𝑅𝐹
𝐵𝑆 proposed RF precoding matrix 𝐅𝐑𝐅 and the 
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optimal 𝑁𝑅𝐹
𝐵𝑆x 𝑁𝑆 baseband precoder 𝐅𝐁𝐁 such that ‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖

𝐹
 is minimized. In steps 12 

and 13, we ensure that the transmit power constraint is satisfied and return the proposed hybrid 

precoder 𝐅𝐏 = 𝐅𝐑𝐅𝐅𝐁𝐁. The proposed hybrid combiner 𝐖𝐑𝐅
𝐏  can be calculated in the same way. 

   Remark 1 - Convergence of the Proposed Hybrid Precoder to Local Minimum Points: Note that 

when 𝑁𝑆 = 𝑁𝑹𝑭
𝑩𝑺 or 𝑁𝑆 < 𝑁𝑹𝑭

𝑩𝑺 , 𝐅𝐁𝐁 is a square matrix that is approximately unitary 𝐅𝐁𝐁
𝐇 𝐅𝐁𝐁 ≈

𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 ≈ 𝐈𝐍𝐒

 or a non-square matrix that is approximately semi-unitary 𝐅𝐁𝐁
𝐇 𝐅𝐁𝐁 ≈ 𝐈𝐍𝐬

,respectively 

[8], [28]. Thus, each iteration in Algorithm 4.1 minimizes the objective function ‖𝐅𝐨𝐩𝐭 −

 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

 and the error term decreases monotonically with each iteration. Since the objective 

function has a lower bound, the proposed method must converge to local optimum points. In 

Section 4.2, simulations results will confirm that the objective function decreases monotonically 

with each iteration, and it tends asymptotically to its lower bound. 

Algorithm 4. 1 : Proposed Hybrid Precoding. 

Input: The optimum unconstrained solution 𝐅𝐨𝐩𝐭 ∈  𝐶𝑁𝐵𝑆 x 𝑁𝑆   and the maximum number 

of iterations 𝐾. 

Output: Analog 𝐅𝐑𝐅 ∈  𝐶𝑁𝐵𝑆 x 𝑁𝑹𝑭
𝑩𝑺

  with the element-wise normalization and baseband 

𝐅𝐁𝐁 ∈  𝐶𝑁𝐑𝐅
𝐁𝐒x 𝑁𝑆  such that ‖𝐅𝐨𝐩𝐭 − 𝐅𝐏‖

𝐹
 is reduced and ‖𝐅𝐏‖

𝐹

2
= 𝑁𝑆, where 

𝐅𝐏 = 𝐅𝐑𝐅𝐅𝐁𝐁. 
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Initialization: analog precoder 𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  ⊘ (|𝐅𝐨𝐩𝐭|√𝑁𝐵𝑆). 

1: for 𝑖 = 1: 𝐾 do 

2:    Update: 𝐅𝐁𝐁 = (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

3:    Update the residual: 𝐅𝐫𝐞𝐬 = 𝐅𝐨𝐩𝐭 - 𝐅𝐑𝐅𝐅𝐁𝐁 

4:    Update: 𝐅𝐑𝐅 = 𝛼𝐅𝐫𝐞𝐬𝐅𝐁𝐁
𝐇 + 𝐅𝐑𝐅 

5:    Element-Wise Normalization: 

        𝐅𝐑𝐅 = 𝐅𝐑𝐅  ⊘ (|𝐅𝐑𝐅| √𝑁𝐵𝑆) 

6:    If 𝑖 ≤ 𝑁𝑹𝑭
𝑩𝑺 - 𝑁𝑆 

7:        𝐅𝐫𝐞𝐬 =  𝐔 𝚺 𝐕𝐇 

8:        Append the element-wise normalization of the first vector of 𝐔 as a new column 

to 

           𝐅𝐑𝐅:  𝐅𝐑𝐅 = [  𝐅𝐑𝐅   (𝐔)1  ⊘ (|(𝐔)1| √𝑁𝐵𝑆) ]  

9:     end if 

10: end for 

11: 𝐅𝐁𝐁 = (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

12: 𝐅𝐁𝐁 = √𝑁𝑆
𝐅𝐁𝐁

‖𝐅𝐑𝐅
𝐏 𝐅𝐁𝐁‖

𝑭

 

13: return 𝐅𝐏 = 𝐅𝐑𝐅𝐅𝐁𝐁 

 

4.2 Simulation Results  

 

   This section presents the numerical results to show the performance advantages of the proposed 

hybrid precoders /combiners implemented as described in Algorithm 4.1. Specifically, we present 

the BER performance of the ZF, MMSE, ML, and sphere decoding. For all detection algorithms, 
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the QPSK and 16-QAM modulation schemes are used without error-control coding. In addition, 

for all cases, the mm wave channel remains constant during the transmission of one block of data.  

   In these simulations, we use the system architecture presented in Fig. 2.5. We consider the case 

where there is only one BS and one MS at a distance of 100 meters. The spacing between antenna 

elements is equal to 𝜆/2. The system is assumed to operate at a 28 GHz carrier frequency in an 

outdoor scenario with a path loss exponent 𝑛 = 3.4. The channel model is described in (2.34), with 

P𝛼,𝑖
̅̅ ̅̅ = 1 for all clusters. The azimuth and elevation angles AoAs/AoDs of the rays within a cluster 

are assumed to be randomly Laplacian distributed. The AoAs/AoDs azimuths and elevations of 

the cluster means are assumed to be uniformly distributed. We use the AoD/AoA beamforming 

codebooks (exact array response of mm wave channel) at the BSs and MSs respectively for the 

sparse hybrid design [8]. The SNR in all the plots is defined as 𝑆𝑁𝑅 = 𝑃𝑟/𝜎
2. We assume perfect 

CSI at the BS and MS. For fairness, the same total power constraint is enforced on all 

precoding/combining solutions.  

   In Fig. 4.1 and Fig. 4.2, the channel model has five paths which is equivalent to 5 clusters with 

an angular spread of zero. The AoAs/AoDs azimuths of the cluster means are assumed to be 

uniformly distributed in[0,2𝜋], while their AoAs/AoDs elevations are uniformly distributed in 

[
−𝜋

2
,
𝜋

2
]. In Fig. 4.1, we evaluate the BER performance of the ZF, MMSE, and sphere decoding 

algorithms for a 16 QAM 256 x 16 UPAs mm wave systems with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 =3 RF chains and 

𝑁𝑆 = 3 data streams. Fig. 4.1 shows that the BER performance is significantly improved by using 

the proposed hybrid precoding/combining design with 𝐾 = 6 compared to the BER performance 

of the sparse hybrid precoding/combining designs [8], and [47] [48]. Also, the performance gap 

between the sphere decoding algorithm and the ZF and MMSE detectors with  the proposed hybrid 
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precoding/combining over the whole range of SNR is considerably reduced compared to the 

performance gap of the same schemes with the sparse hybrid precoding/combining designs [8], 

and [47] [48]. The sphere decoding algorithm, ZF and MMSE detectors perform similarly over the 

whole range of  SNR for the proposed hybrid beamforming design, but the ZF and MMSE detectors 

perform significantly worse than the SD when the sparse hybrid beamformer is used, especially 

for a BER below 10−2. A bit error probability of 10−5 can be obtained with 𝑆𝑁𝑅 = 4 𝑑𝐵 using 

sphere decoding with the proposed hybrid precoding/combining design, whereas the ZF and 

MMSE detectors with the proposed hybrid precoding/combining design  need about 6 𝑑𝐵 to obtain 

the same BER, which represents a small difference of 2 𝑑𝐵. However, with the sparse hybrid 

precoding/combining design, the difference between sphere decoding and ZF or MMSE exceeds 

15 𝑑𝐵 to obtain a BER of 10−4. Hence, the proposed beamformer allows the use of the ZF or 

MMSE detectors, which have a significantly lower computational complexity than SD [47] [48], 

without incurring the performance penalty observed with the sparse hybrid precoder/combiner. 
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Figure 4. 1 BER performance for uncoded 16 QAM single-cell proposed hybrid precoders/combiners with 𝐾 = 6 

compared to the sparse hybrid precoders/combiners [8], and [47] [48] in mm wave systems for 𝑁𝐵𝑆 = 256 and 𝑁𝑀𝑆 =
16 with 3 and 3 RF chains respectively, and 𝑁𝑆 = 3. 
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Figure 4. 2. BER performance for uncoded QPSK single-cell proposed hybrid precoders/combiners with 𝐾 = 6 

compared to the sparse hybrid precoders/combiners [8], and [47] [48] in mm wave systems for 𝑁𝐵𝑆 = 256 and 𝑁𝑀𝑆 =
16 with 3 and 3 RF chains respectively, and 𝑁𝑆 = 3. 

    

   Fig. 4.2 shows the performance with the same system parameters used in Fig. 4.1, but with QPSK 

modulation and ML detection instead of sphere decoding. Similarly to Fig. 4.1, the proposed 

hybrid precoding/combining design with 𝐾 = 6 significantly improves the BER performance 

compared to the sparse hybrid precoding/combining design [8], and [47] [48]. It can be seen from 

Fig. 4.2 that by using the proposed hybrid precoding/combining design with 𝐾 = 6 the ZF and 

MMSE detectors can achieve almost the same performance as the ML detector for low SNRs, with 

a small degradation for high SNRs. In contrast, the performance gap between the ML detector and 

the ZF and MMSE detectors with the sparse hybrid precoding/combining design is significant and 

increases with SNR. Hence, the proposed hybrid precoding/combining design with 𝐾 = 6 can 

reduce considerably the performance gap between the ML detector and the ZF and MMSE 
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detectors compared to the sparse hybrid precoding/combining design. Furthermore, there is a small 

difference between the ZF and MMSE detectors with the sparse hybrid precoding/combining 

designs, whereas their performance is identical with the proposed hybrid precoding/combining 

designs. Notice that the complexity of sphere decoding increases with the number of data streams 

and modulation order. Although the speed of sphere decoding (SD) increases in the high SNR 

region, it still requires a considerably longer time compared to the low complexity ZF/MMSE 

detectors for any SNR [47] [48]. 

   In Figs. 4.3 and 4.4, the channel model has 𝑁𝑐𝑙 = 8  clusters, and the number of rays 𝑁𝑟𝑎𝑦 = 10 

per cluster with an angular spread of 7.5o which is the same at the transmitter and receiver. Also, 

the transmitter’s sector angle is 60o wide in the azimuth domain and 20o wide in elevation, but 

the receivers have relatively smaller antenna arrays of omni-directional elements. In Fig. 4.3, we 

evaluate the BER performance of the ZF detector using the proposed hybrid precoders/combiners 

with different numbers of iterations 𝐾, the sparse hybrid precoders/combiners [8], the 

unconstrained digital precoders/combiners, and the greedy hybrid precoders/combiners [26] for a 

16 QAM 64 x 16 UPAs mm wave systems with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 RF chains and 𝑁𝑆 = 3 data 

streams. Fig. 4.3 shows that the ZF detector with the proposed hybrid precoders/combiners 

achieves a BER, which is very close to that of the unconstrained digital precoders/combiners and 

performs better than the ZF detector with sparse hybrid precoders/combiners over the whole range 

of SNR. The ZF detector with the proposed hybrid precoders/combiners performs similarly to the 

ZF detector with the greedy hybrid precoders/combiners with the smallest number of iteration 𝐾 =

𝑁𝑅𝐹
𝐵𝑆 - 𝑁𝑆 = 1, but outperforms the greedy hybrid precoders/combiners when 𝐾 is increased. 

Moreover, as we can see from Fig. 4.3, a number of iterations 𝐾 = 6 or 10 is sufficient to 

outperform the other hybrid designs and to achieve a performance very close to that of the 
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unconstrained digital precoders/combiners. Furthermore, the performance improvement of the 

proposed hybrid precoders/combiners is noticeably fast by increasing 𝐾 from 1 to 6, but it becomes 

slow after 𝐾 = 6. Notice that the HD-AM [28] cannot be applied when the number of RF chains 

is greater than the number of data streams 

   Fig. 4.4 shows the BER performance of the ZF detector with the proposed hybrid 

precoders/combiners with different numbers of iterations 𝐾, ZF detector with the sparse hybrid 

precoders/combiners, ZF detector with the unconstrained digital precoders/combiners, ZF detector 

with the greedy hybrid precoders/combiners, and ZF detector with the HD-AM [28] with different 

numbers of iterations 𝑀 for a 16 QAM 64 x 16 UPAs mm wave system with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 3 RF 

chains and 𝑁𝑆 = 3 data streams. For the sake of fairness, we use the same number of iterations for 

the proposed hybrid precoders/combiners and the HD-AM design, i.e., 𝐾 = 𝑀. As we can see from 

Fig. 4.4, the ZF detector with the proposed hybrid design and the ZF detector with HD-AM are 

overlapped and outperform the ZF detector with sparse hybrid design and the ZF detector with 

greedy hybrid design by increasing the number of iterations 𝐾 and 𝑀. The improvement over the 

sparse hybrid design is significant and exceeds 6 dB even with 𝐾 = 𝑀 = 1. In addition, the 

number of iterations 𝐾 or 𝑀 should be equal to 6 since the performance is improved compared to 

𝐾 = 𝑀 = 1, but after 𝐾 = 𝑀 = 6 the performance of proposed hybrid precoders/combiners and 

HD-AM improves slowly.      
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Figure 4. 3 BER performance achieved by the proposed design with different 𝐾 compared to the sparse hybrid 

precoders/combiners [8], the optimal unconstrained digital precoders/combiners, and the greedy hybrid 

precoders/combiners [26] for ZF detector in uncoded 16 QAM single-cell in UPAs mm wave systems for 𝑁𝐵𝑆 = 64 

and 𝑁𝑀𝑆 = 16 with 4 and 4 RF chains respectively, and 𝑁𝑆 = 3. 
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Figure 4. 4 BER performance achieved by the proposed design with different 𝐾 compared to the sparse hybrid 

precoders/combiners [8], the optimal unconstrained digital precoders/combiners, the greedy hybrid 

precoders/combiners [26], and the HD-AM [28] with different 𝑀 for for ZF detector in uncoded 16 QAM single-cell 

in UPAs mm wave systems for 𝑁𝐵𝑆 = 64 and 𝑁𝑀𝑆 = 16 with 3 and 3 RF chains respectively, and 𝑁𝑆 = 3. 

 

   Figs. 4.5, 4.6, and 4.7 show the simulated sum rate of the proposed hybrid precoders/combiners 

with different number of iterations, sparse hybrid precoders /combiners, optimal unconstrained 

digital precoders/combiners, greedy hybrid design, and HD-AM with different number of 

iterations 𝑀. The channel model has 𝑁𝑐𝑙 = 8  clusters and the number of rays 𝑁𝑟𝑎𝑦 = 10 per 

cluster with an angular spread of 7.5o which is the same at the transmitter and receiver. Also, the 

transmitter’s sector angle is 60o wide in the azimuth domain and 20o wide in elevation, but the 

receivers have relatively smaller antenna arrays of omni-directional elements.  
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   Fig. 4.5 shows the spectral efficiency achieved by the proposed hybrid precoders/combiners, the 

sparse hybrid precoders /combiners, the optimal unconstrained digital precoders/combiners, 

greedy hybrid design in a 64 x 16 UPAs mm wave system for different SNR values with 𝑁𝑆 ∊

{1,2}, and 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4. The maximum number of iterations 𝐾 for the proposed hybrid design 

is equal to 𝑁𝑅𝐹
𝐵𝑆 - 𝑁𝑆, which is 3 and 2 for 𝑁𝑆 = 1 and 2 respectively. The proposed hybrid 

precoders/combiners and the greedy hybrid design outperform the sparse hybrid precoders 

/combiners for 𝑁𝑆 = 2 and are almost similar for 𝑁𝑆 = 1. The proposed hybrid design overlaps 

the greedy hybrid design for any number of data streams with the smallest number of iterations 𝐾 

and both achieve the optimal performance of the unconstrained digital precoder/combiner. 

 

Figure 4. 5 Average spectral efficiency achieved by the proposed design with 𝐾 = 𝑁𝑅𝐹
𝐵𝑆 - 𝑁𝑆  compared to the sparse 

hybrid precoders/combiners [8], the optimal unconstrained digital precoders/combiners, and the greedy hybrid 

precoders/combiners [26] for a 64 x 16 UPAs mm wave systems for different SNR values with 𝑁𝑆 ∊ {1,2},
and 𝑁𝑅𝐹

𝐵𝑆 = 𝑁𝑅𝐹
𝑀𝑆 = 4. 
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   When the number of RF chains equals the number of data streams, Fig. 4.6 shows the spectral 

efficiency achieved by the proposed hybrid precoders/combiners with different numbers of 

iterations 𝐾, the sparse hybrid precoders /combiners, the optimal unconstrained digital 

precoders/combiners, greedy hybrid design, and the HD-AM with different numbers of iterations 

𝑀 for different numbers of RF chains and data streams varying from 1 to 4 in a 64 x 16 UPAs mm 

wave system where 𝑁𝑠 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆. The SNR is fixed to 0 dB for any number of RF chains. To 

make a fair comparison between the proposed hybrid design and the HD-AM, the number of 

iterations for both designs is the same, i.e., 𝐾 = 𝑀. We can see that the proposed hybrid design 

and the HD-AM are overlapped and yield an improvement over the sparse hybrid design and the 

greedy hybrid design. Moreover, by increasing the number of iterations 𝐾 and 𝑀, the overall 

performance of the proposed hybrid precoders/combiners and of the HD-AM is improved; the 

maximum number of iterations 𝐾 and 𝑀 for both designs should be between 1 and 6 because the 

performance improves slowly after 𝐾 = 𝑀 = 6. 

   Notice that the HD-AM can only be applied when 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆, but the proposed design, 

and the greedy hybrid design can be applied in the general case (the number of RF chains is greater 

than or equal to the number of data streams).     
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Figure 4. 6 Average spectral efficiency achieved by the proposed design with different 𝐾  compared to the sparse 

hybrid precoders/combiners [8], the optimal unconstrained digital precoders/combiners, greedy hybrid 

precoders/combiners [26], and the HD-AM [28] with different 𝑀 in 64 x 16 UPAs mm wave systems for SNR = 0 dB 

with 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆. 

     

   Fig. 4.7 evaluates the performance when the number of RF chains is greater than the number of 

data streams, where 𝑁𝑆 ∊ {1,2,4} and the SNR is fixed to 0 dB for any number of RF chains. We 

note again that the HD-AM cannot be applied when the number of RF chains is greater than the 

number of data streams. The other parameters are the same. The proposed hybrid design and the 

greedy hybrid design perform better than the sparse hybrid method in all cases. The proposed 

hybrid design with 𝐾 = 6 can accurately approximate the optimal unconstrained one when the 

number of RF chains slightly exceeds the number of data streams. Moreover, it only needs a small 

number of RF chains (less than twice the number of streams) to achieve the optimal performance 
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compared to the sparse hybrid precoders / combiners, and the greedy hybrid design. The gain of 

the proposed hybrid solution over the greedy hybrid design is noticeable for 𝑁𝑆 ∊ {2,4}. In practice, 

the number of RF chains will be limited because of the high power consumption and cost per RF 

chain  [6] [8] [9] [11] [66].  

   Notice that the number of iterations 𝐾 = 6 of the proposed hybrid design is sufficient to 

outperform both the greedy hybrid design and the sparse hybrid design. Moreover, the total 

performance of the proposed hybrid design improves slowly when the number of iterations 𝐾 

increases beyond 6.  

   Therefore, the performance of the proposed method is the same as that of the HD-AM when 

𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 and better than that of the greedy or sparse hybrid design when the number of 

RF chains is greater than or equal to the number of data streams with a reasonable number of 

iterations 𝐾.   
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Figure 4. 7 Average spectral efficiency achieved by the proposed design with different 𝐾  compared to the sparse 

hybrid precoders/combiners [8], the optimal unconstrained digital precoders/combiners, and the greedy hybrid 

precoders/combiners [26] in 64 x 16 UPAs mm wave systems for SNR = 0 dB with 𝑁𝑆 ∊ {1,2,4} and different RF 

chains. 

    

   Figs. 4.8 and 4.9 show the average simulation running time of the proposed hybrid design with 

different numbers of iterations 𝐾 compared to the other methods vs. the number of BS antennas. 

All the results are obtained using the same computer with 106 iterations. The computer has i7 

processor and a memory size of 8 gigabytes. In Fig. 4.8 and Fig. 4.9, we consider UPAs mm wave 

systems with 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 3 and 𝑁𝑆 = 3,𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 respectively. As we can see 

from both figures, the complexity of the sparse hybrid method with an angular resolution 𝐿 = 𝑁𝐵𝑆 

increases with the number of BS antennas. In addition, the proposed hybrid with any number of 

iterations 𝐾, HD-AM with any number of iterations  𝑀, and greedy hybrid have very low 
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complexity compared to the sparse hybrid method especially when 𝑁𝑆 ≪ 𝑁𝐵𝑆. In Fig. 4.8, the 

average simulation running time of the proposed hybrid design and HD-AM is the same for any 

number of iteration, where 𝐾 = 𝑀 for fair comparison. In addition, the proposed hybrid design, 

HD-AM, and the greedy hybrid design have almost the same simulation time for small numbers 

of iterations 𝐾 = 𝑀 = 1 and 6 but the greedy hybrid design becomes faster with an increase in 

the number of iterations. In Fig. 4.9, the average simulation running times of the proposed hybrid 

design with 𝐾 = 6 or 10  and of the greedy hybrid design are almost the same, but the simulation 

time of the proposed hybrid design increases slightly with the increase of the number of iterations 

𝐾.  

   To summarize the performance results, when 𝑁𝑆 > 1, the appropriate number of iterations for 

the proposed hybrid design is 𝑁𝑅𝐹 - 𝑁𝑆 ≤ 𝐾 ≤ 6 when the number of RF chains is greater than or 

equal to the number of data streams. In practice, the number of RF chains and data streams will be 

limited and hence, the difference between them should be less than 6. 

   Moreover, the gain of the proposed hybrid design improves slowly by increasing the number of 

iterations above 6. In the case when 𝑁𝑆 = 1, the appropriate number of iterations in the proposed 

hybrid design is 𝐾=1 when the number of RF chains equals the number of data streams, i.e.,  𝑁𝑅𝐹 

= 𝑁𝑆 and 𝐾 = 𝑁𝑅𝐹 − 𝑁𝑆 when the number of RF chains is greater than the number of data streams.  
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Figure 4. 8 Average running time of the proposed hybrid design with different 𝐾 compared to the HD-AM with 

different 𝑀 [28], greedy hybrid design [26], and sparse hybrid method [8] with different number of BS antennas for 

UPAs mm wave systems, and 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆=𝑁𝑆 = 3. 
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Figure 4. 9 Average running time of the proposed hybrid design with different 𝐾 compared to the greedy hybrid design 

[26], and sparse hybrid method [8] with different number of BS antennas for UPAs mm wave systems and  𝑁𝑅𝐹
𝐵𝑆 =

𝑁𝑅𝐹
𝑀𝑆=4, and 𝑁𝑆 = 3. 

 

4.3 Summary 

 

   In this chapter, we have proposed a low complexity hybrid precoder/combiner design for single 

user communication in mm wave systems.  Assuming the channel state information is known, we 

consider an optimization problem that finds the hybrid precoder/combiner pair that best 

approximates the optimal unconstrained digital ones.  In addition, there is no need to make any 

assumption on the antenna array geometry or for any other constraints such as the number of 

streams must be equal to the number of RF chains, and the unitary baseband precoder/combiner. 

The computational complexity of our proposed solution is comparable to that of the HD-AM 
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technique and close to that of the greedy hybrid design when the number of iterations 𝐾 is 

reasonable, and it is much lower than the complexity of the sparse hybrid design. The proposed 

solution can also be applied in all cases whereas the HD-AM technique can only be applied when 

the number of RF chains is equal to the number of data streams. Furthermore, based on our results, 

the proposed low complexity hybrid precoding/combining design improves the BER performance 

of simple ZF/MMSE detectors and considerably reduces the performance gap between these 

detectors and the high computational complexity ML detector or Sphere Decoding. Moreover, for 

a given detection scheme, the BER of the proposed hybrid beamformer is lower than that of the 

sparse hybrid and greedy beamformers, similar to the HD-AM and close to the unconstrained 

hybrid beamformer.  
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CHAPTER 5: LOW COMPLEXITY HYBRID PRECODING AND 

COMBINING WITH MOMENTUM GRADIENT DESCENT AND NEWTON’S 

METHOD FOR MILLIMETER WAVE SYSTEMS 
 

5.1 Proposed Method 

 

   Our new work in this section combines the momentum method and Newton’s Method with 

equation (4.7) to remove the zig-zag effect of the negative gradient before the convergence, and 

determine 𝛼 automatically or avoid having to select a learning rate 𝛼 respectively as described in 

Appendix A.2 and A.3 [74] [75]. In the momentum method, the first iterations will provide a crude 

moving average over the past gradients because we do not have enough values yet to average over; 

the solution is to use what’s called bias-corrected version as described in Appendix A.3. In 

Newton’s Method, the Hessian 𝐅𝐁𝐁𝐅𝐁𝐁
𝐇  of the objective function in (4.4) is 𝑁𝐵𝑆

𝑅𝐹 x 𝑁𝐵𝑆
𝑅𝐹 matrix. 

Because 𝑁𝐵𝑆
𝑅𝐹 is small, then the inversion of the Hessian (𝐅𝐁𝐁𝐅𝐁𝐁

𝐇 )−1 is easy to compute. However, 

𝐅𝐁𝐁𝐅𝐁𝐁
𝐇  cannot be inverted when 𝑁𝑆 < 𝑁𝑅𝐹

𝐵𝑆; therefore, we use the preconditioning method (see 

Appendix A.2.2) to avoid inverting the Hessian in its entirety but only inverting the diagonal 

entries. From (4.7), we improve the performance of the proposed hybrid design by adding the 

momentum term 𝐙𝑘 and Newton’s Method as follows 

 

𝐙𝑘 = (𝛽∇𝑓(𝐅𝐑𝐅
𝑘 ) + (1 − 𝛽)𝐙𝑘−1)/(1 − 𝛽𝑘)          (5.1) 

𝐅𝐑𝐅
𝑘+1 = 𝐅𝐑𝐅

𝑘 +  𝛼𝐙𝑘(𝑑𝑖𝑎𝑔(𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 ))−1                    (5.2) 

 

where 𝛼 > 0 is the step length or learning rate, that controls the distance of the negative gradient 

direction from the RF precoder 𝐅𝐑𝐅
𝑘 , and 𝛽 is the momentum decay term. Large 𝛽 amounts to a 
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long-range average, whereas small 𝛽 amounts to only a slight correction relative to a gradient 

method. We use the learning rate 𝛼 with Newton’s Method because we do not use the full inversion 

of the Hessian and only invert the diagonal entries. Notice that with large values of 𝑘, 𝛽 to the 

power of 𝑘 will be indistinguishable from zero, thus not changing the values of 𝐙𝑘 at all. By using 

(5.1) and (5.2) in the proposed hybrid design, we can improve its performance with fewer number 

of iterations. From our preliminary results, we can confirm that the gradient descent with 

momentum and Newton’s Method can improve the proposed hybrid design and reduce the 

objective function much more with only a small number of iterations 𝐾. This solution can also be 

applied when 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 . Note that when 𝑁𝑆 < 𝑁𝑅𝐹

𝐵𝑆, we need to complete the 𝑁𝐵𝑆 x 𝑁𝑅𝐹
𝐵𝑆  𝐅𝐑𝐅 after 

the initialization. In each iteration, we add a column to  𝐅𝐑𝐅 which leads to the highest reduction 

of the residual. This column can be selected from the basis of the range of the residual, which is 

the element-wise normalization of the first singular vector of the residual. 

   The pseudo-code for the proposed hybrid precoder 𝐅𝐏 solution with the gradient descent with 

momentum is given in Algorithm 5.1. Assume BS with 𝑁𝐵𝑆 antennas communicate with a single 

MS with 𝑁𝑀𝑆 antennas. The inputs of the algorithm are 𝐅𝐨𝐩𝐭 ∈  ℂ𝑁𝐵𝑆 x 𝑁𝑆  and the maximum 

number of iterations 𝐾, where 𝐾 ≥ 𝑁𝑅𝐹
𝐵𝑆 - 𝑁𝑆  when 𝑁S < 𝑁𝑅𝐹

𝐵𝑆 , in order to calculate the 

𝑁BS x 𝑁𝑅𝐹
𝐵𝑆   𝐅𝐑𝐅 matrix, and 𝐾 ≥ 1 when 𝑁𝑅𝐹

𝐵𝑆 = 𝑁𝑆  . In the general case of 𝑁𝑆 ≥ 1 where 𝑁𝑆 ≤

 𝑁𝑅𝐹
𝐵𝑆 , the algorithm starts by initializing 𝐅𝐑𝐅 with the element-wise normalization of the first 𝑁s 

columns of 𝐅𝐨𝐩𝐭 i.e., 𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭 ⊘ (|𝐅𝐨𝐩𝐭|√𝑁𝐵𝑆), and the momentum term 𝐙 ∈  𝐶𝑁𝑅𝐹 x 𝑁𝑆 with 

zero matrix. Then, 𝐅𝐁𝐁 is computed using least squares in step 2. After that, the algorithm proceeds 

to update the residual precoding matrix 𝐅res, the momentum term 𝐙, and the proposed RF precoder 

 𝐅𝐑𝐅 in steps 3, 4 and 5 respectively. Step 6 ensures that the proposed RF precoder  𝐅𝐑𝐅 is satisfied 

exactly with constant-magnitude entries which can be applied at RF using analog phase shifters. 
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In steps 8 and 9, when 𝑁𝑆 < 𝑁𝑅𝐹
𝐵𝑆, we need to complete the 𝑁𝐵𝑆 x 𝑁𝑅𝐹

𝐵𝑆  𝐅𝐑𝐅, which can be done by 

adding the element-wise normalization of the first singular vector of the residual matrix 𝐅res to 

 𝐅𝐑𝐅. After 𝐾 iterations the process is completed and the algorithm will find the 𝑁𝐵𝑆 x 𝑁𝑅𝐹
𝐵𝑆 

proposed RF precoding matrix 𝐅𝐑𝐅 and the optimal 𝑁𝑅𝐹
𝐵𝑆x 𝑁𝑆 baseband precoder 𝐅𝐁𝐁 such that 

‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹
 is minimized. In steps 13 and 14, we ensure that the transmit power constraint 

is satisfied and return the proposed hybrid precoder 𝐅𝐏 = 𝐅𝐑𝐅𝐅𝐁𝐁. The proposed hybrid combiner 

𝐖𝐑𝐅
𝐏  can be calculated in the same way. 

 

Algorithm 5.1: Proposed Hybrid Precoding with the gradient descent with momentum and 

Newton’s Method. 

Input: The optimum unconstrained solution 𝐅𝐨𝐩𝐭 ∈  𝐶𝑁𝐵𝑆 x 𝑁𝑆   and the maximum number of 

iterations 𝐾. 

Output: Analog 𝐅𝐑𝐅 ∈  𝐶𝑁𝐵𝑆 x 𝑁𝑹𝑭
𝑩𝑺

  with the element-wise normalization and baseband 𝐅𝐁𝐁 ∈

 𝐶𝑁𝐑𝐅
𝐁𝐒x 𝑁𝑆  such that ‖𝐅𝐨𝐩𝐭 − 𝐅𝐏‖

𝐹
 is reduced and ‖𝐅𝐏‖

𝐹

2
= 𝑁𝑆, where 𝐅𝐏 = 𝐅𝐑𝐅𝐅𝐁𝐁. 

 

Initialization: analog precoder 𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  ⊘ (|𝐅𝐨𝐩𝐭|√𝑁𝐵𝑆). 

Initialization: the momentum term 𝐙 = 𝐅𝐑𝐅. 𝟎 

 

1: for 𝑖 = 1: 𝐾 do 

2:    Update: 𝐅𝐁𝐁 = (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

3:    Update the residual: 𝐅𝐫𝐞𝐬 = 𝐅𝐨𝐩𝐭 - 𝐅𝐑𝐅𝐅𝐁𝐁 

4:    Update: 𝐙 = (𝛽𝐅𝐫𝐞𝐬𝐅𝐁𝐁
𝐇 + (1 − 𝛽)𝐙)/((1 − 𝛽𝑖)) 

5:    Update: 𝐅𝐑𝐅 = 𝐅𝐑𝐅 + 𝛼𝐙(diag(𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 ))−1 

6:    Element-Wise Normalization: 

        𝐅𝐑𝐅 = 𝐅𝐑𝐅  ⊘ (|𝐅𝐑𝐅| √𝑁𝐵𝑆) 

7:    If 𝑖 ≤ 𝑁𝑹𝑭
𝑩𝑺 - 𝑁𝑆 

8:        𝐅𝐫𝐞𝐬 =  𝐔 𝚺 𝐕𝐇 

9:        Append the element-wise normalization of the first vector of 𝐔 as a new column to 

           𝐅𝐑𝐅:  𝐅𝐑𝐅 = [  𝐅𝐑𝐅   (𝐔)1  ⊘ (|(𝐔)1| √𝑁𝐵𝑆) ]  
10:     end if 

11: end for 

12: 𝐅𝐁𝐁 = (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅𝐅𝐨𝐩𝐭 

13: 𝐅𝐁𝐁 = √𝑁𝑆
𝐅𝐁𝐁

‖𝐅𝐑𝐅
𝐏 𝐅𝐁𝐁‖

𝑭

 

14: return 𝐅𝐏 = 𝐅𝐑𝐅𝐅𝐁𝐁 
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   In Table I, we compare the proposed hybrid design with the previous method in chapter 4 and 

the other popular approaches in the literature. The hybrid design by alternating minimization (HD-

AM) method [28], the sparse hybrid precoder [8], the greedy hybrid precoding [26], and the 

previous algorithm design are well described in chapter 4. The main difference between the new 

proposed algorithm and the previous design is the addition of the momentum term and the 

Newton’s Method to the gradient descent in the design of analog precoder/combiner. The proposed 

solution can be applied in the general case (the number of RF chains can be greater than or equal 

to the number of data streams). The design of baseband precoder is not made exactly unitary unlike 

the HD-AM approach. Specifically, after the initialization of the analog precoder i.e., 

𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  ⊘ (|𝐅𝐨𝐩𝐭|√𝑁𝐵𝑆), the baseband precoder of the proposed design is solved using the 

least squares solution, but it is approximately unitary or approximately semi-unitary [8][28]. After 

that, the analog precoder is designed by solving an optimization problem separately but adding the 

momentum term, which is given by 𝐙𝑘 =
𝛽𝐅𝐫𝐞𝐬𝐅𝐁𝐁

𝐇 +(1−𝛽)𝐙𝒌−𝟏

(𝟏−𝛽𝒌)
, and 𝐅𝐑𝐅

𝑘+1 = 𝐅𝐑𝐅
𝑘 +

𝛼𝐙𝑘(diag(𝐅𝐁𝐁𝐅𝐁𝐁
𝐇 ))−1. Then, the analog precoder 𝐅𝐑𝐅 is normalized element-wise to satisfy the 

hardware constraint, i.e., 𝐅𝐑𝐅
𝑘+1 = 𝐅𝐑𝐅

𝑘+1 ⊘ (|𝐅𝐑𝐅
𝑘+1| √𝑁𝐵𝑆) where each entry has constant 

magnitude, which can be implemented in the RF circuitry using analog phase shifters. Notice that 

the √𝑁𝐵𝑆 in the normalization step is a good way to make the diagonal of  𝐅𝐑𝐅
𝐇𝐅𝐑𝐅 normalized to 

one, which is needed because 𝐅𝐨𝐩𝐭
𝐇𝐅𝐨𝐩𝐭 = 𝐈𝐍𝐬

. Hence, its factors should also have a semi-unitary 

structure [28]. The analog precoder 𝐅𝐑𝐅 can be normalized again to the unit modulus between step 

10 and 11 in Algorithm 5.1 and we have verified that the results have not been affected by that. 

This process is repeated up to 𝐾 iterations. After the last iteration,  𝐅𝐁𝐁 is updated via the least 

squares. The same method can be applied for the hybrid combiners.  
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Table 5. 1 Comparison between the proposed method, previous method, and other approaches 

Method Sparse Hybrid 

Design [8] 

Greedy Hybrid 

Design [26] 

Hybrid Design by 

Alternating 

Minimization 

(HD-AM) [28] 

Previous Hybrid Design 

(Chapter 4) [46] 

Proposed Hybrid Design 

Year 2014 2015 2016 2021 2022 

Constraints RF precoding 

/combining 

codebooks 

None 1.  𝑁𝑆 = 𝑁𝑅𝐹  

2.Baseband 

precoders 

/combiners are 

exactly unitary 

None None 

Initial  

analog 

precoder 

None 𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  

⊘ (|𝐅𝐨𝐩𝐭|) 

𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  

⊘ (|𝐅𝐨𝐩𝐭|) 

𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  

⊘ (|𝐅𝐨𝐩𝐭|√𝑁BS) 

 

𝐅𝐑𝐅 = 𝐅𝐨𝐩𝐭  

⊘ (|𝐅𝐨𝐩𝐭|√𝑁BS) 

 

Baseband 

precoder 

design 

Least squares 

solution 

𝐅𝐁𝐁

= (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

Least squares 

solution 

 

𝐅𝐁𝐁

= (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

𝐅𝐨𝐩𝐭
𝐇𝐅𝐑𝐅 = 

𝐔 𝚺 𝐕𝐇 

 

𝐅𝐁𝐁 = 𝐕 𝐔𝐇 

Least squares solution 

 

𝐅𝐁𝐁

= (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

Least squares solution 

 

𝐅𝐁𝐁

= (𝐅𝐑𝐅
𝐇 𝐅𝐑𝐅)

−𝟏
𝐅𝐑𝐅

𝐇 𝐅𝐨𝐩𝐭 

Analog 

precoder 

design 

The vectors of 

FRF are found 

from the RF 

precoding 

codebooks 

matrix ABS 

along which the 

optimal 

precoder Fopt 

has the 

maximum 

projection 

When 𝑁𝑆 < 𝑁𝑅𝐹 , the 

columns of FRF are 

selected from the 

element-wise 

normalization of the 

first singular vectors 

of the residual 

matrices Fres 

 

𝐅𝐑𝐅

= 𝐅𝐨𝐩𝐭𝐅𝐁𝐁
𝐇

⊘ (|𝐅𝐨𝐩𝐭𝐅𝐁𝐁
𝐇|) 

 

 

 

 

𝐅𝐑𝐅
𝑘+1 = 𝐅𝐑𝐅

𝑘 + 𝜶𝐅𝐫𝐞𝐬𝐅𝐁𝐁
𝐇  

 

𝐅𝐑𝐅
𝑘+1

= 𝐅𝐑𝐅
𝑘+1  

⊘ (|𝐅𝐑𝐅
𝑘+1| √𝑁𝐵𝑆) 

 

When 𝑁S < 𝑁RF, the 

columns of FRF are 

selected from the 

element-wise 

normalization of the 

first singular vectors of 

the residual matrices 

Fres 

 

 𝐙𝑘 =
𝛽𝐅𝐫𝐞𝐬𝐅𝐁𝐁

𝐇 +(1−𝛽)𝐙𝒌−𝟏

(𝟏−𝛽𝒌)
 

 

 𝐅𝐑𝐅
𝑘+1 = 𝐅𝐑𝐅

𝑘 +
𝛼𝐙𝑘(diag(𝐅𝐁𝐁𝐅𝐁𝐁

𝐇 ))−1 

 

𝐅𝐑𝐅
𝑘+1

= 𝐅𝐑𝐅
𝑘+1

⊘ (|𝐅𝐑𝐅
𝑘+1| √𝑁𝐵𝑆) 

 

When 𝑁S < 𝑁RF, the 

columns of FRF are 

selected from the 

element-wise 

normalization of the first 

singular vectors of the 

residual matrices Fres 

 

 

Max # of 

iterations 

𝑁𝑅𝐹 𝑁𝑅𝐹 − 𝑁𝑆 𝑀 𝐾 𝐾 

Baseband/

Analog 

combiner 

design 

Same as 

Baseband/Anal

og precoder 

design. Or 

minimize the 

mean square 

error between 

transmitted and 

received signals 

Same as 

Baseband/Analog 

precoder design 

Same as 

Baseband/Analog 

precoder design 

Same as 

Baseband/Analog 

precoder design 

Same as 

Baseband/Analog 

precoder design 
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5.2 Complexity Analysis of the Proposed Algorithm  

 

   In this section, we analyze the complexity in implementing the proposed hybrid 

precoding/combining design using Algorithm 5.1 as compared to previous methods from the 

literature. To simplify the complexity analysis, let us denote 𝑁 = 𝐿 = max{𝑁𝐵𝑆, 𝑁𝑀𝑆},  𝑁RF =

max{𝑁𝑅𝐹
𝐵𝑆 , 𝑁𝑅𝐹

𝑀𝑆}, 𝐾 is the maximum number of iterations of the proposed hybrid design, and 𝑀 is 

the maximum number of iterations of the hybrid design by alternating minimization (HD-AM) 

[28]. In Table 5.2, we present the complexity analysis by evaluating the total number of floating-

point operations (flops) for each hybrid precoding/combining approach. 

   Because of the angular resolution and the correlation function for sparse hybrid design, the 

previous design in chapter 4, the proposed design, greedy hybrid design [26], and the HD-AM [28] 

provide a great complexity reduction compared to the sparse hybrid design especially when 𝑁𝑆 ≪

𝑁. Moreover, the computational complexity of the proposed hybrid design is twice that of the 

previous hybrid design, and the HD-AM when the maximum number of iterations is the same, i.e., 

𝐾 = 𝑀. However, the proposed hybrid design performs much better than the previous hybrid 

design, and the HD-AM with fewer iterations as we will see in the next section. Also, the drawback 

of the HD-AM is that it can only be used when the number of RF chains equals the number of data 

streams 𝑁𝑆 = 𝑁𝑅𝐹. The computational complexity of the proposed hybrid design is almost the 

same as that of the greedy hybrid design because our proposed hybrid design only needs a small 

number of iterations 𝐾 to outperform the greedy hybrid design.         

   Therefore, the complexity of the proposed hybrid precoders/combiners is lower than that of the 

sparse hybrid precoders/combiners, twice the previous hybrid design, and the HD-AM with better 
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performance when the maximum number of iterations is the same, i.e., 𝐾 = 𝑀, and close to the 

greedy hybrid design with better performance.   

    Table 5. 2 Complexity of the proposed algorithm compared to previous methods from the literature 

Method Constraints Complexity 

Sparse Hybrid Design [18] RF precoding/Combining 

codebooks 
O(𝑁2𝑁𝑅𝐹𝑁𝑆) 

Hybrid Design by Alternating 

Minimization (HD-AM) [28] 

 

𝑁𝑆 = 𝑁𝑅𝐹 
O(𝑁𝑁𝑆

2𝑀) 

Greedy Hybrid Design [26] None O(𝑁𝑁𝑅𝐹
2 𝑁𝑆) 

Previous Hybrid Design (Chapter 

4) [46] 

None O(𝑁𝑁𝑅𝐹
2 𝐾) 

Proposed Hybrid Design None O(2𝑁𝑁𝑅𝐹
2 𝐾) 

 

 

5.3 Simulation Results  

 

   This section presents the numerical results to show the performance advantages of the proposed 

hybrid precoders /combiners implemented as described in Algorithm 5.1. Specifically, we present 

the BER performance of the ZF, MMSE, ML, and sphere decoding. Moreover, we provide the sum 

rate for the proposed design compared to other popular methods from the literature. We show 

numerical simulations of the proposed methods’ performance when maximizing the spectral 

efficiency as defined in (2.40). For all detection algorithms, the 16 QAM modulation schemes are 

used without error-control coding. In addition, for all cases, the mm wave channel remains constant 

during the transmission of one block of data.  

   In these simulations, we use the system architecture presented in Fig. 2.5. We consider the case 

where there is only one BS and one MS at a distance of 100 meters. The spacing between antenna 
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elements is equal to 𝜆/2. The system is assumed to operate at a 28 GHz carrier frequency in an 

outdoor scenario, and with a path loss exponent 𝑛 = 3.4. The channel model is described in (2.34), 

with P𝛼,𝑖
̅̅ ̅̅ = 1 for all clusters. The azimuth and elevation angles AoAs/AoDs of the rays within a 

cluster are assumed to be randomly Laplacian distributed. The AoAs/AoDs azimuths and 

elevations of the cluster means are assumed to be uniformly distributed. We use the AoD/AoA 

beamforming codebooks (exact array response of mm wave channel) at the BSs and MSs 

respectively for the sparse hybrid design. The SNR in all the plots is defined as SNR = 𝑃𝑟/𝜎
2. We 

assume perfect CSI at the BS and MS. For fairness, the same total power constraint is enforced on 

all precoding/combining solutions.  

   In Figs. 5.1 and 5.2, the channel model has 𝑁𝑐𝑙 = 8  clusters, and the number of rays 𝑁𝑟𝑎𝑦 = 10 

per cluster with an angular spread of 7.5o which is the same at the transmitter and receiver. Also, 

the transmitter’s sector angle is 60o wide in the azimuth domain and 20o wide in elevation, but 

the receivers have relatively smaller antenna arrays of omni-directional elements. In Fig. 5.1, we 

evaluate the BER performance of the ZF detector using the proposed hybrid precoders/combiners 

with different numbers of iterations 𝐾, the sparse hybrid precoders/combiners [8], the 

unconstrained digital precoders/combiners, and the greedy hybrid precoders/combiners [26] for a 

16 QAM 64 x 16 UPAs mmW systems with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 RF chains and 𝑁𝑆 = 3 data streams. 

Fig. 5.1 shows that the ZF detector with the proposed hybrid precoders/combiners achieves a BER, 

which is very close to that of the unconstrained digital precoders/combiners and performs better 

than the ZF detector with sparse hybrid precoders/combiners over the whole range of SNR. The 

ZF detector with the proposed hybrid precoders/combiners performs similarly to the ZF detector 

with the greedy hybrid precoders/combiners with the smallest number of iteration 𝐾 = 𝑁𝑅𝐹
𝐵𝑆 - 𝑁𝑆 =

1, but outperforms the greedy hybrid precoders/combiners when 𝐾 is increased. Moreover, as we 
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can see from Fig. 5.1, a number of iterations 𝐾 = 6 or 10 is sufficient to outperform the other 

hybrid designs and to achieve a performance very close to that of the unconstrained digital 

precoders/combiners. Furthermore, the performance of the proposed hybrid precoders/combiners 

improves rapidly by increasing 𝐾 from 1 to 6, but it improves slowly after 𝐾 = 6. Notice that the 

the HD-AM [28] cannot be applied when the number of RF chains is greater than the number of 

data streams 

   Fig. 5.2 shows the BER performance of the ZF detector with the proposed hybrid 

precoders/combiners with different numbers of iterations 𝐾, ZF detector with the sparse hybrid 

precoders/combiners, ZF detector with the unconstrained digital precoders/combiners, ZF detector 

with the greedy hybrid precoders/combiners, and ZF detector with the HD-AM with different 

numbers of iterations 𝑀 for a 16 QAM 64 x 16 UPAs mmW system with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 3 RF 

chains and 𝑁𝑆 = 3 data streams. For the sake of fairness, we use the same number of iterations for 

the proposed hybrid precoders/combiners and the HD-AM design, i.e., 𝐾 = 𝑀. As we can see from 

Fig. 5.2, the ZF detector with the proposed hybrid design with 𝐾 =1, the ZF detector with HD-AM 

with 𝑀 =1, and the ZF detector with the greedy hybrid design are overlapped and outperform the 

ZF detector with sparse hybrid design. By increasing the number of iterations 𝐾 and 𝑀, the ZF 

detector with the proposed hybrid design performs better than the ZF detector with HD-AM. In 

our previous design in chapter 4, the previous hybrid design overlaps with HD-AM design for all 

cases when 𝐾 = 𝑀. However, in this chapter, our proposed hybrid design outperforms the HD-

AM design when 𝐾 = 𝑀 > 1. The improvement over the sparse hybrid design is significant and 

exceeds 6 dB even with K=1 and more than that when K > 1. 
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Figure 5. 1 BER performance achieved by the proposed design with different 𝐾 compared to the sparse hybrid 

precoders/combiners [8], the optimal unconstrained digital precoders/combiners, and the greedy hybrid 

precoders/combiners [26] for ZF detector in uncoded 16 QAM single-cell in UPAs mm wave systems for 𝑁𝐵𝑆 = 64 

and 𝑁𝑀𝑆 = 16 with 4 and 4 RF chains respectively, and 𝑁𝑆 = 3. 
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Figure 5. 2 BER performance achieved by the proposed design with different 𝐾 compared to the sparse hybrid 

precoders/combiners [8], the optimal unconstrained digital precoders/combiners, the greedy hybrid 

precoders/combiners [26], and the HD-AM [28] with different 𝑀 for for ZF detector in uncoded 16 QAM single-cell 

in UPAs mm wave systems for 𝑁𝐵𝑆 = 64 and 𝑁𝑀𝑆 = 16 with 3 and 3 RF chains respectively, and 𝑁𝑆 = 3. 

 

   Fig. 5.3 shows the BER performance of the ZF detector with the proposed hybrid 

precoders/combiners with 𝐾 = 15, ZF detector with the previous hybrid precoders/combiners 

(Chapter 4) [46] with different numbers of iterations 𝐾, and ZF detector with the unconstrained 

digital precoders/combiners for a 16 QAM 64 x 16 UPAs mmW system with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 RF 

chains and 𝑁𝑆 = 4 data streams. As we can see from Fig. 5.3, the ZF detector with the previous 

hybrid design needs a large number of iterations 𝐾 = 150 in order to have the same performance 

as the proposed hybrid design with a very small number of iterations 𝐾 = 15. Thus, the complexity 
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of the previous design will increase ten times to have the same performance as the proposed hybrid 

design. 

 

Figure 5. 3 BER performance achieved by the proposed design with 𝐾 = 15 compared to the previous design [46] 

with different 𝐾, the optimal unconstrained digital precoders/combiners, for ZF detector in uncoded 16 QAM single-

cell in UPAs mm wave systems for 𝑁𝐵𝑆 = 64 and 𝑁𝑀𝑆 = 16 with 4 and 4 RF chains respectively, and 𝑁𝑆 = 4. 

   

    In Fig. 5.4, we evaluate the BER performance of the ZF detector using the proposed hybrid 

precoders/combiners with numbers of iterations 𝐾 = 15, the previous hybrid precoders/combiners 

(Chapter 4) with different numbers of iterations 𝐾, and the unconstrained digital 

precoders/combiners for a 16 QAM 64 x 16 UPAs mmW systems with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 RF chains 

and 𝑁𝑆 = 3 data streams. Fig. 5.4 shows that the ZF detector with the proposed hybrid 

precoders/combiners with 𝐾 = 15 achieves a BER, which is very close to that of the unconstrained 
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digital precoders/combiners. The ZF detector with the previous hybrid precoders/combiners with 

a very large number of iteration 𝐾 = 150 performs similarly to the ZF detector with the proposed 

hybrid precoders/combiners with 𝐾 = 15. Therefore, the previous hybrid design needs high 

computational complexity to order to perform similarly to the proposed hybrid design.  

 

Figure 5. 4 BER performance achieved by the proposed design with 𝐾 = 15 compared to the previous hybrid design 

[46] with different 𝐾, the optimal unconstrained digital precoders/combiners for ZF detector in uncoded 16 QAM 

single-cell in UPAs mm wave systems for 𝑁𝐵𝑆 = 64 and 𝑁𝑀𝑆 = 16 with 4 and 4 RF chains respectively, and 𝑁𝑆 = 3. 

    

   Figs. 5.5 and 5.6 show the simulated sum rate of the proposed hybrid precoders/combiners with 

different number of iterations, sparse hybrid precoders /combiners, optimal unconstrained digital 

precoders/combiners, greedy hybrid design, and HD-AM with different numbers of iterations 𝑀. 

The channel model has 𝑁𝑐𝑙 = 8  clusters and the number of rays 𝑁𝑟𝑎𝑦 = 10 per cluster with an 

angular spread of 7.5o which is the same at the transmitter and receiver. Also, the transmitter’s 
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sector angle is 60o wide in the azimuth domain and 20o wide in elevation, but the receivers have 

relatively smaller antenna arrays of omni-directional elements.  

   When the number of RF chains equals the number of data streams, Fig. 5.5 shows the spectral 

efficiency achieved by the proposed hybrid precoders/combiners with different numbers of 

iterations 𝐾, the sparse hybrid precoders /combiners, the optimal unconstrained digital 

precoders/combiners, greedy hybrid design, and the HD-AM with different numbers of iterations 

𝑀 for different numbers of RF chains and data streams varying from 1 to 4 in a 64 x 16 UPAs mm 

wave systems where 𝑁𝑠 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆. The SNR is fixed to 0 dB for any number of RF chains. 

To make a fair comparison between the proposed hybrid design and the HD-AM, the number of 

iterations for both designs is the same, i.e., 𝐾 = 𝑀. We can see that the proposed hybrid design 

outperforms the HD-AM for = 𝑀 > 1 , and the greedy hybrid design for 𝑁𝑠 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 =

2, 3, and 4 and yields an improvement over the sparse hybrid design for the whole number of RF 

chains which equals the number of data streams. Moreover, by increasing the number of 

iterations 𝐾 and 𝑀, the overall performance of the proposed hybrid precoders/combiners is better 

than that of the HD-AM. Notice that the HD-AM can only be applied when 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆, but 

the proposed design, and the greedy hybrid design can be applied in the general case (the number 

of RF chains is greater than or equal to the number of data streams).  
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Figure 5. 5 Average spectral efficiency achieved by the proposed design with different 𝐾  compared to the sparse 

hybrid precoders/combiners [8], the optimal unconstrained digital precoders/combiners, greedy hybrid 

precoders/combiners [26], and the HD-AM [28] with different 𝑀 in 64 x 16 UPAs mm wave systems for SNR = 0 dB 

with 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆. 

 

   Fig. 5.6 evaluates the performance when the number of RF chains is greater than the number of 

data streams, where 𝑁𝑆 ∊ {1,2,4} and the SNR is fixed to 0 dB over the whole range of RF chains. 

We note again that the HD-AM can not be applied when the number of RF chains is greater than 

the number of data streams. The other parameters are the same. The proposed hybrid design and 

the greedy hybrid design perform better than the sparse hybrid method in all cases. The proposed 

hybrid design with 𝐾 = 6 can accurately approximate the optimal unconstrained one when the 

number of RF chains slightly increases over the number of data streams. Moreover, it only needs 

a small number of RF chains (less than twice the number of streams) to achieve the optimal 

performance compared to the sparse hybrid precoders / combiners, and the greedy hybrid design. 
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The gain of the proposed hybrid solution over the greedy hybrid design is noticeable for 𝑁𝑆 ∊

{2,4}. In practice, the number of RF chains will be limited because of the high power consumption 

and cost per RF chain [8]-[9]. Notice that the number of iterations 𝐾 = 6 of the proposed hybrid 

design is sufficient to outperform both the greedy hybrid design and the sparse hybrid design. 

Moreover, the total performance of the proposed hybrid design improves slowly when the number 

of iterations 𝐾 increases beyond 6.  

   Therefore, the performance of the proposed method is better than the HD-AM when 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 =

𝑁𝑅𝐹
𝑀𝑆 for 𝐾 = 𝑀 > 1 and better than that of the greedy or sparse hybrid design when the number 

of RF chains is greater than or equal to the number of data streams with a reasonable number of 

iterations 𝐾.   

 

Figure 5. 6 Average spectral efficiency achieved by the proposed design with different 𝐾  compared to the sparse 

hybrid precoders/combiners [18], the optimal unconstrained digital precoders/combiners, and the greedy hybrid 

precoders/combiners [28] in 64 x 16 UPAs mm wave systems for SNR = 0 dB with 𝑁𝑆 ∊ {1,2,4} and different RF 

chains. 
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    In Figs. 5.7 and 5.8, we show the spectral efficiency achieved by the proposed hybrid 

precoders/combiners with number of iterations 𝐾 = 15, the previous hybrid precoders/combiners 

(Chapter 4) with different numbers of iterations 𝐾, and the unconstrained digital 

precoders/combiners for a 16 QAM 64 x 16 UPAs mmW systems with 𝑁𝑆 > 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆, and 

𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 respectively. Fig. 5.7 and 5.8 show that the proposed hybrid 

precoders/combiners with 𝐾 = 15 achieves a spectral efficiency very close to that of the 

unconstrained digital precoders/combiners. Moreover, the previous hybrid precoder/combiner 

needs a very large number of iterations 𝐾 = 150  to perform similarly to the proposed hybrid 

precoders/combiners with 𝐾 = 15 for 𝑁𝑆 ∊ {2,4} in Fig 5.7 and for the entire range of data streams 

in Fig 5.8. Therefore, the previous hybrid design needs a high computational complexity in order 

to perform similarly to the proposed hybrid design.   
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Figure 5. 7 Average spectral efficiency achieved by the proposed design with 𝐾 = 15  compared to the previous 

hybrid precoders/combiners with different 𝐾 [46], and the optimal unconstrained digital precoders/combiners in 

64 x 16 UPAs mm wave systems for SNR = 0 dB with 𝑁𝑆 ∊ {1,2,4} and different RF chains. 
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Figure 5. 8 Average spectral efficiency achieved by the proposed design with 𝐾 = 15  compared to the previous 

hybrid precoders/combiners with different 𝐾 [46], and the optimal unconstrained digital precoders/combiners in 

64 x 16 UPAs mm wave systems for SNR = 0 dB with 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆. 

 

   Figs. 5.9 shows the average simulation running time of the proposed and previous hybrid design 

(Chapter 4) vs. the numbers of iterations 𝐾. All the results are obtained using the same computer 

with 106 iterations. The computer has i7 processor and a memory size of 8 gigabytes. In Fig. 5.9, 

we consider 64 x 16 UPAs mmW systems with 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 3. As we can see, the 

complexity of the proposed and previous hybrid design increases with the number of iterations 𝐾. 

In addition, the complexity of the proposed hybrid design is higher compared to the previous 

hybrid method. The average simulation running time of the proposed hybrid design is twice that 

of the previous hybrid design as we showed in the complexity analysis section. However, the 
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performance of the proposed hybrid design is much better than the previous design with only a 

very small number of iterations 𝐾. 

    To summarize the performance results, when 𝑁𝑆 > 1, the appropriate number of iterations for 

the proposed hybrid design should be much smaller than the previous hybrid design with higher 

performance when the number of RF chains is greater than or equal to the number of data streams. 

In the case when 𝑁𝑆 = 1, the appropriate number of iterations in the proposed hybrid design is 

𝐾=1 when the number of RF chains equals the number of data streams, i.e.,  𝑁𝑅𝐹 = 𝑁𝑆 and 𝐾 =

𝑁𝑅𝐹 − 𝑁𝑆 when the number of RF chains is greater than the number of data streams.  

 

  Figure 5. 9 Average running time of the proposed and previous hybrid design [46] with different 𝐾 for 64 x 16 UPAs  

mm wave system. 

 

   Figs. 5.10 shows the average value of the objective function ‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹
 vs. the number 

of iterations 𝐾for one million simulation runs of the proposed hybrid beamformer and the previous 
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design (Chapter 4).  In Fig. 5.10, we use UPAs mm wave systems with 𝑁𝑆 = 3, 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 

and 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4. As we can see from the figure, the objective function ‖𝐅𝐨𝐩𝐭 −

 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
of the proposed design has the smallest values compared to the other objective functions 

for the entire number of iterations. After the number iteration 𝐾 = 1000, all the objective functions 

for all designs converge together to a lower bound. The objective function of the proposed design 

with only the momentum method (without using the Newton’s Method) is in the middle between 

the previous design and the proposed design, which uses the momentum method and Newton’s 

Method. The momentum method decreases the objective function compared to the previous 

design, but without using the Newton’s Method, we need to select manually the learning rate 𝛼, 

which is not an easy task. Notice than the value of 𝛽 increases to 0.4 instead of 0.3 when 𝑁𝑅𝐹 > 

𝑁𝑆 and that is because the optimization problem is ill-conditioned which means that there are some 

directions where progress is much slower than in others. Thus, we use a larger value of 𝛽 to obtain 

more stable directions of descent. When 𝑁𝑅𝐹 > 𝑁𝑆, the objective function is smaller compared to 

the case when 𝑁𝑅𝐹 = 𝑁𝑆  and that is because the proposed and previous hybrid design can more 

accurately approximate the optimal unconstrained beamformer.  

   The proposed design by using only the momentum method can improve the performance 

compared to the previous design, but it is better to use the momentum method and Newton’s 

Method in our proposed design to improve performance much more with fewer number of iteration 

𝐾. This plot is consistent with the convergence property in Remark 1 as described in Chapter 4.1. 
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Figure 5. 10 Average value of the objective function ‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
obtained by simulating the proposed hybrid 

design with different numbers of iteration 𝐾  compared to the previous design [46] for a 64 x 16 UPAs mm wave 

system with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆= 𝑁𝑆 = 4 and 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 and 𝑁𝑆 = 3 

 

   Figs. 5.11 shows a closer look at the average value of the objective function ‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹
 

vs. the number of iterations 𝐾 which was simulated in Fig 5.10. As we can see from both figures 

Figs. 5.11 (a) and (b), the previous hybrid design needs very large number of iterations, around 

𝐾=150, to performs similarly to the proposed hybrid design with 𝐾 = 15. Therefore, the previous 

hybrid design needs a high computational complexity in order to perform similarly to the proposed 

hybrid design. This plot confirms the results that we showed in Fig 5.3, 5.4, 5.7, and 5.8. 
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(𝑎)  𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆= 𝑁𝑆 = 4 
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(b)  𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 and 𝑁𝑆 = 3 

 

Figure 5. 11 Average value of the objective function ‖𝐅𝐨𝐩𝐭 − 𝐅𝐑𝐅𝐅𝐁𝐁‖
𝐹

2
obtained by simulating the proposed hybrid 

design with different numbers of iteration 𝐾 compared to the previous design [46] for a 64 x 16 UPAs mm wave 

system with 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆= 𝑁𝑆 = 4 and 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 = 4 and 𝑁𝑆 = 3 

 

5.4 Summary 

 

   In this chapter, we have proposed a low complexity hybrid precoder/combiner design for single 

user communication in mm wave systems. Assuming the channel state information is known, we 

consider an optimization problem that finds the hybrid precoder/combiner pair that best 

approximates the optimal unconstrained digital one. We combine the momentum method and 

Newton’s Method in the proposed hybrid design to remove the oscillating effect of the negative 

gradient and determine 𝛼 automatically respectively. In addition, there is no need to make any 
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assumption on the antenna array geometry or for any other constraints such as the number of 

streams must be equal to the number of RF chains, and the unitary baseband precoder/combiner. 

   The computational complexity of our proposed solution is much lower than the complexity of 

the sparse hybrid design, but twice that of the previous hybrid design (Chapter 4) with the same 

number of iterations and the HD-AM technique with the same number of iterations. However, the 

proposed design needs a very small number of iterations to outperform the previous hybrid design 

and the HD-AM technique. Moreover, the computational complexity of our proposed solution is 

close to that of the greedy hybrid design when the number of iterations 𝐾 is reasonable while 

yielding a better performance. 

   Our proposed solution can also be applied in all cases whereas the HD-AM technique can only 

be applied when the number of RF chains is equal to the number of data streams.  The simulation 

results show that our proposed low complexity solution with a reasonable number of iterations 𝐾 

outperforms the previous hybrid design, the HD-AM technique when 𝑁𝑆 = 𝑁𝑅𝐹
𝐵𝑆 = 𝑁𝑅𝐹

𝑀𝑆 and 𝐾 =

𝑀, and the greedy or sparse hybrid design in all cases. Moreover, for a given detection scheme, 

the BER of the proposed hybrid beamformer is lower than that of the previous hybrid design, the 

sparse hybrid and greedy beamformers, the HD-AM and close to the unconstrained hybrid 

beamformer. Finally, because of the large available bandwidth in mm wave systems, it will be 

interesting to extend the proposed hybrid design to the multicarrier techniques such as orthogonal 

frequency division multiplexing (OFDM). 
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Chapter 6: Direct Conversion of Hybrid Precoding from Full Array 

Architecture to Subarray Architecture for mm wave MIMO 

Systems 

 

   Hybrid precoding is a key technology for massive multiple-input multiple-output (MIMO) 

systems for mm wave communications [5]. The hybrid precoding/combining architectures 

currently in use can be classified as full array (FA) or subarray (SA) [77]-[78]. Because each radio 

frequency (RF) chain is linked to each antenna by using phase shifters (PSs), the FA hybrid 

precoding/combining architecture can provide high spectral efficiency, but requires a large number 

of phase shifters, which results in high complexity and power consumption [79]-[80]. Because 

each RF chain in the SA architecture is only connected to a subset of antennas, it consumes 

significantly less energy than the FA architecture and its complexity is lower than that of the FA 

architecture [77]-[78]. As a result, the array gain realised in the SA architecture is of course lower 

than that in the FA architecture. 

   Recently, SA architecture has received a lot of attention because of its reduced complexity. SA 

architecture can be classified into fixed SA [78], [81] and dynamic SA [77], [82]-[83]. Although 

a dynamic SA architecture requires more power than a fixed SA architecture, and an increased 

amount of hardware and computational complexity, the dynamic SA architecture outperforms the 

fixed SA architecture in terms of performance. This is because the number of switches necessary 

increases linearly with the number of transmit antennas. Using a partially dynamic SA structure 

can reduce the complexity compared to a dynamic SA approach [84]. In [78], two low-complexity 

hybrid precoding algorithms were proposed for the fixed SA architecture mm wave MIMO 

systems. They divide the hybrid precoding matrix into vectors and determine the analog precoding 

function of each subarray from the first vector of the subarray submatrix. Then, to further enhance 
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the system performance, the resulting hybrid precoding is found through an iterative algorithm. 

By using group sparse approaches, the authors of [85] propose a joint subarray selection and 

precoding design scheme. The authors of [86] proposed a low-complexity hybrid precoding 

scheme for wideband multiuser mm wave systems. A closed-form solution for fully connected 

hybrid precoding based on OFDM is proposed in [77] for mm wave systems. This solution is then 

expanded into dynamic fixed SA. In [82]-[83], the issue of dynamic SA that uses switches to adjust 

the connections between RF chains and subarrays was investigated. 

   Most researchers in the literature only designed FA hybrid precoding/combining or SA 

hybrid precoding/combining. To the best of our knowledge, no work deals with converting hybrid 

precoding/combining of the FA structure to SA structure, which is the goal of this chapter, and the 

resulting architecture is called the Full array to Sub-array architecture (FS). The proposed FS 

technique described in this chapter differs significantly from the conventional SA in that the latter 

solves all subarray suboptimization problems to determine the hybrid precoding/combining of the 

SA architecture, whereas our proposed approach only solves the optimization problem of the 

hybrid precoding/combining in the FA architecture and then transforms the resulting hybrid 

precoder/ combiner directly into the SA architecture. 

The main contributions of this work are summarized as follows:  

• An efficient FS approach to find the hybrid precoding/combining is proposed and its 

system model is derived for mm wave MIMO communication systems. The suggested 

approach directly converts the hybrid precoding/combining of the FA architecture into SA 

architecture. 

• The problem formulation of hybrid precoding/combining in the FS is discussed and 

optimization problem is solved. Our design approach is general, and it would be suitable 
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to convert the existing hybrid precoding/combining in the FA architecture into SA 

architecture.  

• This chapter proposes an iterative hybrid precoding/combining scheme for the FS 

architecture. It is called direct conversion of iterative hybrid precoding/ combining from 

FA to SA (DCIFS). In the design derivation, the proposed DCIFS scheme takes into 

account the matrix structure of the analog and baseband precoding/combining. It also 

solves the optimization problem of the hybrid precoding/combining for FA architecture 

iteratively and converts it into SA architecture.  

• The proposed DCIFS hybrid precoding/combining scheme was evaluated by simulations. 

Results show that the developed hybrid precoding and combining design outperforms the 

existing SA architecture and provides a performance close to that of the FA architecture 

and with low complexity. 

6.1 System Models and Problem Formulation 

 

   Consider a single user mm wave hybrid precoding system, in which a base station equipped 

with 𝑁𝑡 antennas and 𝑁𝑡𝑅𝐹 RF chains serves a single mobile station with 𝑁𝑟 antennas and 𝑁𝑟𝑅𝐹 

RF chains. The base station transmits 𝑁𝑠 independent data streams. In this section we develop 

the mathematical framework for the system models of the FA, the SA, and the FS architectures. 

Figure 6.1 shows the block diagram of the hybrid precoding in the FA and SA architecture. 

 

A.  FA Architecture 

   A system model of the FA architecture was described previously in chapter 2 in hybrid 

beamforming solutions.  

 



102 
 

 

Figure 6. 1 Hybrid Precoding at the BS. (a) FA architecture. (b) SA Architecture 

  

B.  SA Architecture 

   In this subsection, a system model of the SA architecture is described and the received signal of 

the SA can be written as follows 

 

y = √𝜌𝐖𝐃
𝐇𝐖𝐀𝐒𝐀

𝐇𝐇𝐏𝐀𝐒𝐀𝐏𝐃s + n                    (6.1) 

 

where 𝐏𝐀𝐒𝐀 is the analog precoding matrix and 𝐖𝐀𝐒𝐀 is the analog combining matrix of the 

SA architecture. Also, 𝐏𝐃 is the digital precoding matrix and 𝐖𝐃 is the digital combining 

matrix of the SA architecture. For SA architecture, 𝐏𝐀𝐒𝐀 and 𝐖𝐀𝐒𝐀 can be expressed as 
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𝐏𝐀𝐒𝐀 =

[
 
 
 
 

pA1 0NtSA×1 … 0NtSA×1

0NtSA×1 pA2 … ⋮

⋮
0NtSA×1

⋮
…

⋱
0NtSA×1

0NtSA×1

pANtRF ]
 
 
 
 

                                                       (6.2) 

and 

𝐖𝐀𝐒𝐀 =

[
 
 
 
 

wA1 0NrSA×1 … 0NrSA×1

0NrSA×1 wA2 … ⋮

⋮
0NrSA×1

⋮
…

⋱
0NrSA×1

0NrSA×1

wANrRF ]
 
 
 
 

                                                       (6.3) 

 

where pAl is the 𝑁𝑡𝑆𝐴 × 1 analog precoding vector of the 𝑙𝑡ℎ subarray (𝑙 = 1, 2, … . . , 𝑁𝑡𝑅𝐹) whose 

elements have the same amplitude 1 √𝑁𝑡𝑆𝐴⁄  but different phases. wAl  represents the 𝑁𝑟𝑆𝐴 × 1 

analog combining vector of the 𝑙𝑡ℎ subarray (𝑙 = 1, 2, … . . , 𝑁𝑟𝑅𝐹) whose elements have the same 

amplitude 1 √𝑁𝑟𝑆𝐴⁄  but different phases. 𝑁𝑡𝑆𝐴 = 𝑁𝑡 𝑁𝑡𝑅𝐹⁄  and 𝑁𝑟𝑆𝐴 = 𝑁𝑟 𝑁𝑟𝑅𝐹⁄  are the number 

of elements in each SA at the transmitter and at the receiver, respectively.  

The optimization problem of the 𝑙𝑡ℎ subarray can be written as [78] 

(pAl
opt

, pDl
opt

) = 𝐚𝐫𝐠
pAl,

𝐦𝐢𝐧
pDl

‖𝐏𝐥
𝐨𝐩𝐭

− pAlpDl‖𝐅

𝟐
 

                                                       𝐬𝐭.    pAl  ∈   𝓕̅𝐀   ,                                                                                  

                                                     ‖𝐏𝐀𝐒𝐀𝐏𝐃‖𝐅
𝟐 = 𝑵𝐬                                               (6.4) 

 

 where 𝐏𝐥
𝐨𝐩𝐭

= 𝐕𝟏,𝑙 is the optimum unconstrained digital precoding solution of the lth subarray. p𝐷𝑙 

is the lth row of the 𝐏𝐃. 𝓕̅𝐀 includes all possible 𝑁𝑡𝑆𝐴 × 1 vectors satisfying the amplitude constraint. 

The solution of this problem was discussed in detail in [78]. 

C.  The Proposed FS Architecture 

   In this subsection, an efficient FS system model to convert the FA architecture into SA 

architecture is introduced. At the receiver side, the received signal can be given as  
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y = √𝜌𝐖𝐃
𝐇𝐖𝐀𝐅𝐒

𝐇𝐇𝐏𝐀𝐅𝐒𝐏𝐃s + n                                                              (6.5) 

where 𝐏𝐀𝐅𝐒 and 𝐖𝐀𝐅𝐒 are the analog precoding and combining matrices of the proposed FS 

architecture.  

In the proposed FS model, 𝐏𝐀𝐅𝐒 and 𝐖𝐀𝐅𝐒 can be expressed as 

 

𝐏𝐀𝐅𝐒 = 𝐏𝐀𝐅𝐀⨀𝐓𝐏𝐅𝐒, and  𝐖𝐀𝐅𝐒 = 𝐖𝐀𝐅𝐀⨀𝐓𝐖𝐅𝐒                                       (6.6) 

 

where 𝐓𝐀𝐅𝐒 and 𝐓𝐖𝐅𝐒 are the transformation matrices that are used to transform the FA architecture 

into SA architecture and their dimensions are the same as that of 𝐏𝐀𝐅𝐀 and 𝐏𝐖𝐅𝐀 . ⨀ is the element-

wise multiplication.  𝐓𝐀𝐅𝐒 and 𝐓𝐖𝐅𝐒 can be given as 

 

                                     𝐓𝐏𝐅𝐒 =

[
 
 
 
 
1NtSA×1 0NtSA×1 … 0NtSA×1

0NtSA×1 1NtSA×1 … ⋮

⋮
0NtSA×1

⋮
…

⋱
0NtSA×1

0NtSA×1

1NtSA×1]
 
 
 
 

                               (6.7) 

and 

 𝐓𝐖𝐅𝐒 =

[
 
 
 
 
1NrSA×1 0NrSA×1 … 0NrSA×1

0NrSA×1 1NrSA×1 … ⋮

⋮
0NrSA×1

⋮
…

⋱
0NrSA×11

0NrSA×1

1NrSA×1]
 
 
 
 

 

 

 

where  1𝑁𝑟𝑆𝐴×1 and 0𝑁𝑟𝑆𝐴×1 are an 𝑁𝑟𝑆𝐴 × 1 vectors of ones and zeros, respectively. The 

problem formulation of the hybrid precoding/combining FS architecture will be discussed and 

solved in the next section. 
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6.2 The Proposed DCIFS Hybrid Precoding/Combining Algorithm  

 

   In this subsection, we propose the low complexity DCIFS hybrid precoding/combining 

algorithm that works on FS system model. Only the precoder's derivation is discussed, and the 

derivation of the combiner is similar. We note that the optimal unconstrained semi-unitary 

precoder for 𝐇 is simply given by 𝐏𝐅𝐀
𝐨𝐩𝐭

= 𝐕𝟏, where 𝐕𝟏
𝐇 𝐕𝟏 = 𝐈𝐍𝐬

. Also, we need the hybrid 

precoder 𝐏𝐀𝐅𝐒𝐏𝐃 to be sufficiently “close” to the optimal precoder 𝐕𝟏 by using its digital precoder 

to construct linear combinations of the RF precoder vectors. By knowing that the structure of 𝐏𝐀𝐅𝐒 

is a semi-diagonal matrix, this matrix is totally non-square semi-unitary after its element-wise 

normalization, i.e., 𝐏𝐀𝐅𝐒
𝐇  𝐏𝐀𝐅𝐒 = 𝐈𝐍𝐭𝐑𝐅

. In addition, the digital precoding 𝐏𝐃 can be totally unitary 

𝐏𝐃
𝐇𝐏𝐃 = 𝐏𝐃𝐏𝐃

𝐇 = 𝐈𝐍𝐒
 or a non-square matrix that is totally semi-unitary 𝐏𝐃

𝐇𝐏𝐃 = 𝐈𝐍𝐬
. This 

structure will be reflected in solving the optimization problem to make the hybrid precoder 𝐏𝐀𝐅𝐒𝐏𝐃 

sufficiently “close” to the optimal precoder 𝐕𝟏 since the optimal unconstrained precoder 𝐕𝟏 is 

semi-unitary matrix. Thus, by knowing this information about hybrid precoder 𝐏𝐀𝐅𝐒𝐏𝐃, we need 

to solve the following optimization problem 

                            (𝐏𝐀𝐅𝐒
𝐨𝐩𝐭

, 𝐏𝐃
𝐨𝐩𝐭

) = arg
𝐏𝐀𝐅𝐒,

𝑚𝑖𝑛
𝐏𝐃

‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹

2
                                             (6.8) 

𝑠𝑡.     𝐏𝐀𝐅𝐒   ∈  𝓕𝐀𝐅𝐀  ,      

𝐏𝐀𝐅𝐒
𝐇  𝐏𝐀𝐅𝐒 = 𝐈𝐍𝐭𝐑𝐅

 and  𝐏𝐃
𝐇𝐏𝐃 = 𝐈𝐍𝐬

                                                                

‖𝐏𝐀𝐅𝐒𝐏𝐃‖𝐹
2 = 𝑁𝑠 

The problem (6.8) is non-convex optimization problem with a difficult optimal solution. However, 

by knowing that the structure of 𝐏𝐀𝐅𝐒 is totally non-square semi-unitary and assuming 𝐏𝐃 is totally 
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unitary or semi-unitary matrix, the iterative solution to (6.8) can be obtained by solving the 

following optimization problem     

                  (𝐏𝐀𝐅𝐒
𝐨𝐩𝐭

, 𝐏𝐃
𝐨𝐩𝐭

) = arg
𝐏𝐀𝐅𝐒,

𝑚𝑖𝑛
𝐏𝐃

‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹

2
                           (6.9) 

we first need to find the baseband precoder 𝐏𝐃 that minimizes the Euclidean distance by using the 

initialization of the proposed RF precoder 𝐏𝐀𝐅𝐒, which is calculated by taking the first 𝑁tRF 

columns from 𝐏𝐅𝐀
𝐨𝐩𝐭

 and then normalizing them such that each entry has constant magnitude, i.e., 

𝐏𝐀𝐅𝐒 = ( 𝐏𝐅𝐀
𝐨𝐩𝐭

 ⊘ (|𝐏𝐅𝐀
𝐨𝐩𝐭

| √𝑁𝑡𝑆𝐴) )⨀𝐓𝐏𝐅𝐒. One should note that the element-wise normalization 

of 𝐏𝐀𝐅𝐒 satisfies the normalization constraint |[𝐏𝐀𝐅𝐒 ]i,j|
2

= 1
𝑁𝑡𝑆𝐴

⁄ . We then find the RF precoder 

𝐏𝐀𝐅𝐒 such that the hybrid precoder 𝐏𝐀𝐅𝐒𝐏𝐃 is sufficiently “close” to the optimal unconstrained 

digital precoder 𝐕𝟏. Specifically, we would like to solve the following optimization problem first, 

which is related to (6.9): 

                (𝐏𝐃
𝐨𝐩𝐭

) = arg min
𝐏𝐃

‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹

2
                                               (6.10) 

The objective function can be expanded as  

                           ‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹

2
                                                                   (6.11) 

= tr (𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐅𝐀
𝐨𝐩𝐭

) − 2tr (𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒𝐏𝐃) + ‖𝐏𝐀𝐅𝐒𝐏𝐃‖𝐹
2  

                                                     = 2𝑁𝑆 − 2tr (𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒𝐏𝐃)                                                          

The solution of this problem, which is to find the maximization of 𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒𝐏𝐃 is solved by 

what is called the orthonormal Procrustes problem [87] as follows  
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                                         𝐏𝐃 = 𝐕𝐔𝐇                                                                    (6.12) 

where   𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒 = 𝐔𝚺𝐕𝐇. Then, we keep 𝐏𝐃 fixed and solve the same optimization problem 

but now minimizing over 𝐏𝐀𝐅𝐒 as follows: 

         (𝐏𝐀𝐅𝐒
𝐨𝐩𝐭

) = argmin
𝐏𝐀𝐅𝐒

‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹

2
                                            (6.13) 

Similar to (6.10), expanding the objective function yields 

                           ‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹

2
                                                                   (6.14) 

                                              = 2𝑁𝑆 − 2tr (𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒𝐏𝐃)                                     

Given that the optimal unconstrained matrix 𝐕𝟏 is totally semi-unitary and the digital precoding 

𝐏𝐃 is totally unitary or semi-unitary non-square matrix, the solution that maximize 𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒𝐏𝐃 

in (6.14) is given as follows   

                   𝐏𝐀𝐅𝐒 = 𝐏𝐅𝐀
𝐨𝐩𝐭

𝐏𝐃
𝐇                                                                         (6.15)  

   The main difference between the hybrid design in this chapter and that in [28] is that our design 

is more general, and can work in all scenarios whether the number of data streams equals the 

number of RF chains or the number of data streams is smaller than the number of RF chains. 

However, HD-AM can only work when the number of data streams equals the number of RF 

chains. Furthermore, our derivation is based on the SA architecture and thanks to the structure of 

𝐏𝐀𝐅𝐒, which is totally non-square semi-unitary matrix. HD-AM, on the other hand, is derived only 

for the FA architecture. 

   The pseudo-code for the proposed DCIFS hybrid precoder 𝐏𝐅𝐒 solution is given in Algorithm 

6.1. The inputs of the algorithm are 𝐏𝐅𝐀
𝐨𝐩𝐭

 ∈  𝐶𝑁𝑡 x 𝑁𝑆, initialized analog procoder 𝐏𝐀𝐅𝐒 ∈  𝐶𝑁𝑡 x 𝑁𝑡𝑅𝐹  
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i.e., 𝐏𝐀𝐅𝐒 = (𝐏𝐅𝐀
𝐨𝐩𝐭

⊘ ( |𝐏𝐅𝐀
𝐨𝐩𝐭

|√𝑁𝑡𝑆𝐴  ))⨀𝐓𝐏𝐅𝐒, and the maximum number of iterations 𝐾, where 

𝐾 ≥  1  for 𝑁S < 𝑁𝑡𝑅𝐹 or 𝑁𝑟𝑅𝐹 = 𝑁𝑆. In the general case of 𝑁𝑆 ≥ 1 where 𝑁𝑆 ≤ 𝑁𝑡𝑅𝐹 , the 

algorithm starts by computing 𝐏𝐃 using the orthonormal Procrustes solution in step 2. After that, 

the algorithm proceeds to update the proposed RF precoder 𝐏𝐀𝐅𝐒  in steps 3. Step 4 ensures that 

the proposed RF precoder 𝐏𝐀𝐅𝐒 is satisfied exactly with constant-magnitude entries which can be 

applied at RF using analog phase shifters. In step 5, we make sure that 𝐏𝐀𝐅𝐒 still has the subarray 

structure. After the last iteration of the algorithm, 𝐏𝐃 is updated via the maximal ratio 

combining (MRC) instead of the least squares solution which has an impact on Frobenius norm 

objective function [4]. Based on our results, step 7 reduces the Frobenius norm objective function 

‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹
because the least squares solution becomes MRC after implementing the semi-

unitary FS analog precoder, i.e., 𝐏𝐀𝐅𝐒
𝐇  𝐏𝐀𝐅𝐒 = 𝐈𝐍𝐭𝐑𝐅

. After 𝐾 iterations the process is completed and 

the algorithm will find the 𝑁𝑡 x 𝑁𝑡𝑅𝐹 proposed RF precoding matrix 𝐏𝐀𝐅𝐒 and the optimal 𝑁𝑡𝑅𝐹 x 𝑁𝑆 

baseband precoder 𝐏𝐃 such that ‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐀𝐅𝐒𝐏𝐃‖
𝐹
 is minimized. In steps 8 and 9, we ensure that 

the transmit power constraint is satisfied and return the proposed hybrid precoder 𝐏𝐅𝐒 = 𝐏𝐀𝐅𝐒𝐏𝐃. 

The proposed DCIFS hybrid combiner 𝐖𝐅𝐒 can be calculated in the same way. 

 

Algorithm 6. 1: Proposed DCIFS Hybrid Precoding  

Input: The optimum unconstrained solution 𝐏𝐅𝐀
𝐨𝐩𝐭

 ∈  𝐶𝑁𝑡 x 𝑁𝑆 , initialized analog precoder 

𝐏𝐀𝐅𝐒 ∈  𝐶𝑁𝑡 x 𝑁𝑡𝑅𝐹  with the element-wise normalization, and the maximum number of 

iterations 𝐾. 

Output: Analog 𝐏𝐀𝐅𝐒 ∈  𝐶𝑁𝑡 x 𝑁𝑡𝑅𝐹   with the element-wise normalization and baseband 

𝐏𝐃 ∈  𝐶𝑁𝑡𝑅𝐹x 𝑁𝑆  such that ‖𝐏𝐅𝐀
𝐨𝐩𝐭

− 𝐏𝐅𝐒‖𝐹
 is reduced and ‖𝐏𝐅𝐒‖𝐹

2 = 𝑁𝑆, where 𝐏𝐅𝐒 =

𝐏𝐀𝐅𝐒𝐏𝐃. 
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1: for 𝑖 = 1: 𝐾 do 

2:    Update: 𝐏𝐃 = 𝐕𝐔𝐇, where 𝐏𝐅𝐀
𝐨𝐩𝐭𝐇

𝐏𝐀𝐅𝐒 = 𝐔𝚺𝐕𝐇  

3:    Update: 𝐏𝐀𝐅𝐀 = 𝐏𝐅𝐀
𝐨𝐩𝐭

𝐏𝐃
𝐇 

4:    Element-Wise Normalization: 𝐏𝐀𝐅𝐒 = 𝐏𝐀𝐅𝐀  ⊘ (|𝐏𝐀𝐅𝐀| √𝑁𝑡𝑆𝐴) 

5:    𝐏𝐀𝐅𝐒 = 𝐏𝐀𝐅𝐀⨀𝐓𝐏𝐅𝐒  
6: end for 

7: 𝐏𝐃 = 𝐏𝐀𝐅𝐒
𝐇𝐏𝐅𝐀

𝐨𝐩𝐭
 

8: 𝐏𝐃 = √𝑁𝑆
𝐏𝐃

‖𝐏𝐀𝐅𝐒 𝐏𝐃‖𝑭
 

9: Return 𝐏𝐅𝐒 = 𝐏𝐀𝐅𝐒𝐏𝐃. 

 

   

 

6.3 Complexity Analysis of the Proposed Algorithm 

 

   In this section, we analyze the complexity in implementing the proposed DCIFS hybrid 

precoding/combining design using Algorithm 6.1. To simplify the complexity analysis, let us 

denote 𝑁 = max{𝑁𝑡, 𝑁𝑟},  𝑁RF = max{𝑁𝑡𝑅𝐹, 𝑁𝑟𝑅𝐹}, 𝑁SA = max{𝑁𝑡𝑆𝐴, 𝑁𝑟𝑆𝐴} and 𝐾 is the 

maximum number of iterations of the proposed hybrid design, HD-AM design [28], and SA hybrid 

design [78]. In this section, we present the complexity analysis by evaluating the total number of 

floating-point operations (flops) for each hybrid precoding/combining approach. 

   The primary factor in the sparse hybrid precoder/combiner design algorithm's complexity 

depends on the squared maximum number of antennas. The complexity increases nonlinearly when 

the maximum number of antennas increases. Thus, as we see in table 6.1, the complexities of the 

proposed DCIFS hybrid design, SA hybrid design [78], IFA hybrid design [46], and HD-AM 

hybrid design [28] are very low compared to that of the sparse hybrid precoding [8], which requires 

O(𝑁2𝑁𝑅𝐹𝑁𝑆). Also, the computational complexities of proposed DCIFS hybrid design, SA hybrid 

design, IFA Hybrid Design, and HD-AM are almost the same, especially when 𝑁 ≪ 𝑁𝑆. In terms 

of the hardware complexity, the proposed DCIFS hybrid design, and the SA hybrid design require 
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lower hardware cost compared to the sparse hybrid design, IFA hybrid design, and HD-AM hybrid 

design; the number of the required phase shifters with the proposed DCIFS hybrid design, and SA 

hybrid design is 𝑁, whereas the other methods require 𝑁𝑁RF. Thus, this concludes that the 

proposed DCIFS hybrid design has lower computational and hardware complexities than the FA 

hybrid design.  

 

TABLE 6. 1. Complexity of the proposed algorithm compared to previous methods from the literature. 

Method Constraints 
Number of Phase 

Shifters  
Complexity 

Sparse Hybrid Design [8] 
RF precoding/Combining 

codebooks 
𝑁𝑁RF O(𝑁2𝑁𝑅𝐹𝑁𝑆) 

 HD-AM Hybrid Design [28] 𝑁𝑆 = 𝑁RF 𝑁𝑁RF O(𝑁𝑁𝑆
2𝐾) 

IFA Hybrid Design [46] None 𝑁𝑁RF O(𝑁𝑁𝑅𝐹
2 𝐾) 

SA Hybrid Design [78] None 𝑁 O(𝑁SA𝑁RF𝑁𝑆𝐾) 

Proposed DCIFS Hybrid Design None 𝑁 O(𝑁𝑁RF𝑁𝑆𝐾) 

 

 

6.4 Simulation Results 

 

   This section presents the numerical results to show the performance advantages of the proposed 

hybrid precoding/combining implemented as described in Algorithm 6.1. Specifically, we show 

numerical simulations of the proposed methods’ performance when maximizing the spectral 

efficiency as defined in (2.40).  

   In these simulations, we use the system architecture presented in Fig. 6.1. We consider the case 

where there is only one BS and one MS at a distance of 100 meters. The spacing between antenna 
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elements is equal to 𝜆/2. The system is assumed to operate at a 28 GHz carrier frequency in an 

outdoor scenario, and with a path loss exponent 𝑛 = 3.4. The channel model is described in (2.34), 

with Pα,i
̅̅ ̅̅ = 1 for all clusters. The azimuth and elevation angles AoAs/AoDs of the rays within a 

cluster are assumed to be randomly Laplacian distributed. The AoAs/AoDs azimuths and 

elevations of the cluster means are assumed to be uniformly distributed. We use the AoD/AoA 

beamforming codebooks (exact array response of mm wave channel) at the BSs and MSs, 

respectively for the sparse hybrid design. The SNR in all the plots is defined as 𝑆𝑁𝑅 = ρ/𝜎2. We 

assume perfect CSI at the BS and MS. For fairness, the same total power constraint is enforced on 

all precoding/combining solutions.  

   We divide our results into two scenarios. The first scenario presents the results of implementing 

the DCIFS hybrid precoding design using Algorithm 6.1 at the BS, and IFA hybrid combining 

design [46] at the MS. Then, the second scenario shows the results by using the DCIFS hybrid 

design at both the BS and the MS. For fairness comparison, we proceed similarly to the subarray 

iterative hybrid design [78]. For both scenarios, we compare the proposed DCIFS hybrid design 

with the FA sparse hybrid design [8], IFA hybrid design [46], optimal unconstrained digital 

method, and the SA hybrid design [78].  

 

 

(a) DCIFS Hybrid Precoding Design at the BS, and Iterative FA Hybrid combining Design 

at the MS. 

 

   Fig. 6.2 shows the spectral efficiency achieved by the proposed hybrid DCIFS design, the  FA 

sparse hybrid design [8], the optimal unconstrained digital design, IFA hybrid design [46], and the 

SA hybrid design [78] in a 144 x 64 UPAs mm wave system for different SNR values with 𝑁𝑆 ∊



112 
 

{1,2, 3}, and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4. The maximum number of iterations 𝐾 for the proposed DCIFS 

hybrid design and the SA hybrid design is equal to 1, and 10 for all data streams 𝑁𝑆. In addition, 

the maximum number of iterations 𝐾 for IFA hybrid precoding/combining design is 10 for all data 

streams and for all cases. The proposed DCIFS hybrid design and the SA hybrid design outperform 

the FA sparse hybrid design, regardless of the number of data streams 𝑁𝑆. The proposed DCIFS 

hybrid design overlaps the SA hybrid design for any number of data streams with any number of 

iterations 𝐾 and both achieve the optimal performance of the unconstrained digital design for 𝑁𝑆 =

1, and 2. However, when 𝑁𝑆 = 3, the IFA hybrid design outperforms the proposed DCIFS, and 

the SA hybrid design. 

 

Figure 6. 2 Average spectral efficiency achieved by the proposed DCIFS hybrid design with K=1, and 10 compared 

to the FA sparse hybrid precoders/combiners design [8], the optimal unconstrained digital precoders/combiners, IFA 

hybrid precoders/combiners design [46], and the SA hybrid design [78] for a 144 x 64 UPAs mm wave systems for 

different SNR values with 𝑁𝑆 ∊ {1,2, 3}, and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4. 
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   When the number of RF chains equals the number of data streams, Fig. 6.3 shows the spectral 

efficiency achieved by the proposed DCIFS hybrid design with 𝐾 = 1, and 10, the FA sparse 

hybrid precoders/combiners, the optimal unconstrained digital precoders/combiners, IFA hybrid 

design with 𝐾 = 10, and the SA hybrid design with 𝐾 = 1, and 10 for different numbers of RF 

chains and data streams varying from 1 to 4 in a 144 x 64 UPAs mm wave systems where 𝑁𝑆 =

𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹. The SNR is fixed to 0 dB for any number of RF chains. We can see that the proposed 

DCIFS hybrid design and the SA hybrid design are overlapped when 𝑁𝑆 = 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 =

1, and 2; also, they yield an improvement over the FA sparse hybrid design, and both achieve a 

performance close to the IFA hybrid design for any number of iterations. However, when 𝑁𝑆 =

𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4, the overall performance of the proposed DCIFS and SA hybrid design is 

degraded because of the data streams interference; the proposed DCIFS design with K=10 

outperforms the FA sparse hybrid design whereas the SA hybrid design with K=10 overlaps with 

the FA sparse hybrid design. The proposed DCIFS hybrid design outperforms the SA hybrid design 

when the number of RF chains equals to 4 for any number of iterations 𝐾. 
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Figure 6. 3 Average spectral efficiency achieved by the proposed DCIFS hybrid design with different 𝐾 compared to 

the full array sparse hybrid precoders/combiners [8], the optimal unconstrained digital precoders/combiners, IFA 

hybrid precoders/combiners [46] with 𝐾 =10, and the SA hybrid design [78] with different 𝐾 in 144 x 64 UPAs mm 

wave systems for SNR = 0 dB with 𝑁𝑆 = 𝑁𝑡𝑅𝐹 = 𝑁𝑡𝑅𝐹. 

 

   Fig.6.4 evaluates the performance when the number of RF chains is greater than the number of 

data streams, where 𝑁𝑆 ∊ {1,2,4} and the SNR is fixed to 0 dB over the whole range of RF chains. 

The proposed DCIFS hybrid design and the SA hybrid design perform better than the full array 

sparse hybrid method when 𝑁𝑆 = 1, and 2 for any number of K with a small difference between 

K=1, and K=10. The proposed DCIFS hybrid design with 𝐾 = 1 can accurately approximate the 

optimal unconstrained one when the number of RF chains is twice the number of data streams 

when 𝑁𝑆 = 1 and 2. When 𝑁𝑆 = 4, the performance of the proposed DCIFS is better than the SA 

hybrid design for any number of K and the FA sparse hybrid design for K=10; however, both 

design have a degradation compared to the FA sparse hybrid design and the optimal unconstrained 
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design when the number RF chains increases because of the high interference between data 

streams. 

 

Figure 6. 4 Average spectral efficiency achieved by the proposed DCIFS design with different 𝐾 compared to the FA 

sparse hybrid precoders/combiners [8], the optimal unconstrained digital precoders/combiners, IFA hybrid 

precoders/combiners [46] with 𝐾 =10, and the SA hybrid design [78] with different 𝐾 in 144 x 64 UPAs mm wave 

systems for SNR = 0 dB with 𝑁𝑆 ∊ {1,2,4} and different RF chains. 

 

   Fig. 6.5 shows the spectral efficiency achieved by the proposed DCIFS hybrid design, the FA 

sparse hybrid precoding/combining design [8], the optimal unconstrained digital 

precoding/combining design, IFA hybrid precoding/combining design [46], and the SA hybrid 

[78] in a UPAs mm wave system for different BS antenna values with 𝑁𝑟 = 64, SNR = 0 dB, 𝑁𝑆 =

2, and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4. The maximum number of iterations 𝐾 for the proposed DCIFS hybrid 

precoding/combining design and the SA hybrid precoding/combining design is equal to 1 and 10 
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for all number of BS antenna. In addition, the maximum number of iterations 𝐾 for IFA hybrid 

precoding/combining design is 10. The performance of the proposed DCIFS and SA hybrid design 

is better than the FA sparse hybrid design for all cases. However, the IFA hybrid 

precoding/combining design outperforms the proposed DCIFS and the SA hybrid design for all 

cases. The performance of the proposed DCIFS hybrid design is better than the SA hybrid design 

for smaller number of BS antenna and becomes much better for larger number of BS antenna. The 

gap between K=1 and K=10 for the proposed DCIFS hybrid design is small for any number of BS 

antenna. However, the gap between K=1 and K=10 for the SA hybrid design is bigger especially 

for higher number of BS antenna. Thus, using small number of iterations such as K=1 for the 

proposed DCIFS hybrid design is enough for any number of BS antenna. The performance of the 

proposed DCIFS hybrid design with K=1 is the same performance as the SA hybrid design with 

K=10 which means that our design performs better than the SA design with a very small number 

of iterations K resulting in a reduced computational complexity.  
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Figure 6. 5 Average spectral efficiency vs the number of BS antenna achieved by the proposed DCIFS design with 

different 𝐾 compared to the full array sparse hybrid precoders/combiners [8], the optimal unconstrained digital 

precoders/combiners, IFA hybrid precoders/combiners [46] with 𝐾 =10, and the SA hybrid design [78] with different 

𝐾 in UPAs mm wave systems for 𝑁𝑟 = 64 with SNR = 0 dB, 𝑁𝑆 = 2 and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4 

 

   In Fig 6.6, we utilize the same parameters used in generating Fig 6.5, but we increase the number 

of data streams to 4. As we can see in Fig 6.6, the IFA still outperforms the other designs. The 

proposed DCIFS hybrid design outperforms the FA sparse hybrid design for K=10 and with small 

gain when K=1. The SA hybrid design performs similarly to the FA sparse design for a small 

number of BS antennas when K=10. However, for larger number of BS antennas, the SA hybrid 

design has a lower performance for any number of iterations K. The gap between K=1 and K=10 

for the proposed DCIFS hybrid design is smaller for any number of BS antenna compared to the 

gap between K=1 and K=10 for the SA hybrid design, especially for higher number of BS antenna.  



118 
 

 

Figure 6. 6 Average spectral efficiency vs the number of BS antenna achieved by the proposed DCIFS design with 

different 𝐾 compared to the full array sparse hybrid precoders/combiners [8], the optimal unconstrained digital 

precoders/combiners, IFA hybrid precoders/combiners [46] with 𝐾 =10, and the SA hybrid design [78] with different 

𝐾 in UPAs mm wave systems for 𝑁𝑟 = 64 with SNR = 0 dB, 𝑁𝑆 = 4 and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4 

 

   In conclusion, the structure of the analog and baseband precoding/combining matrices in the 

proposed DCIFS hybrid design provides a higher gain compared to the FA sparse hybrid design 

and the SA hybrid design for any number of data streams, especially for a large number of BS 

antennas with a small number of iterations. The number of iterations should be 10 or less because 

the gain after that will be very small which is verified by our results that we did not include in this 

thesis. For a large number of RF chains, more than 4, the proposed DCIFS hybrid design performs 

poorly when compared to all FA methods where the data streams interferences become small for 

them. However, in practice, the number of RF chains will be limited because of the high-power 

consumption and cost per RF chain. The IFA hybrid design outperforms the proposed DCIFS 
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hybrid design for all results, but its hardware complexity is much higher because of a higher 

number of phase shifters in the BS side.  

(b) DCIFS Hybrid Precoding Design at the BS, and DCIFS Hybrid Combining Design at 

MS. 

 

      Fig. 6.7 shows the spectral efficiency achieved by the proposed DCIFS hybrid 

precoding/combining design, the FA sparse hybrid precoding/combining design [8], the optimal 

unconstrained digital precoding/combining design, the IFA hybrid precoding/combining design 

[46], and the SA hybrid precoding/combining design [78] in a 144 x 64 UPAs mm wave system 

for different SNR values with 𝑁𝑆 ∊ {1,2}, and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4. The maximum number of 

iterations 𝐾 for the proposed DCIFS hybrid precoding/combining design and the SA hybrid 

precoding/combining design is equal to 1, and 10 for all data streams 𝑁𝑆. In addition, the 

maximum number of iterations 𝐾 for IFA hybrid precoding/combining design is 10. The 

performance of the proposed DCIFS hybrid precoding/combining design and the SA hybrid 

precoding/combining is close to the optimal unconstrained one and overlapped with the FA sparse 

hybrid design for 𝑁𝑆 = 1. However, when 𝑁𝑆 = 2, the proposed DCIFS hybrid 

precoding/combining design outperforms the SA hybrid precoding/combining and its performance 

is close to that of the FA sparse hybrid deign when K=10; the total performance of the proposed 

DCIFS hybrid precoding/combining design and the SA hybrid precoding/combining design is 

degraded compared to the results in subsection (a) because of the subarray design in the transmitter 

and the receiver. 
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Figure 6. 7 Average spectral efficiency achieved by the proposed DCIFS hybrid design with K=1, and 10 compared 

to the FA sparse hybrid precoders/combiners design [8], the optimal unconstrained digital precoders/combiners, the 

IFA hybrid precoders/combiners design [46], and the SA hybrid design [78]  for a 144 x 64 UPAs mm wave systems 

for different SNR values with 𝑁𝑆 ∊ {1,2}, and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4. 

 

   Similar to the previous subsection, we evaluate the performance when the number of RF chains 

equals the number of data streams. Fig. 6.8 shows the spectral efficiency achieved by the proposed 

DCIFS hybrid precoding/combining design with 𝐾 = 1, and 10, the FA sparse hybrid 

precoders/combiners, the optimal unconstrained digital precoders/combiners, the IFA hybrid 

precoding/combining design with 𝐾 = 10 , and the SA hybrid precoding/combining design with 

𝐾 = 1, and 10 for different numbers of RF chains and data streams varying from 1 to 4 in a 

144 x 64 UPAs mm wave systems where 𝑁𝑆 = 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹. The SNR is fixed to 0 dB for any 

number of RF chains. As we see in Fig 6.8, the overall performance of the proposed DCIFS and 
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SA hybrid precoding/combining design is worse compared to the results in the previous subsection 

in Fig 6.3; this is because we use the SA architecture in both transmitter and receiver. The data 

streams interference increases with the data streams resulting in increasing the gap between the 

proposed DCIFS and SA hybrid precoding/combining design and the other FA designs. The 

performance of the proposed DCIFS hybrid precoding/combining design overlaps with the 

performance of the SA hybrid design when 𝑁𝑆 = 1. However, for a higher number of data streams, 

the performance of the DCIFS design is much better than that of the SA design for any number of 

iterations 𝐾. 

 

Figure 6. 8 Average spectral efficiency achieved by the proposed DCIFS hybrid precoding/combing design with 

different 𝐾 compared to the FA sparse hybrid precoders/combiners [8], the optimal unconstrained digital 

precoders/combiners, IFA hybrid precoders/combiners [46] with 𝐾 =10, and the SA hybrid precoding/combing design 

[78] with different 𝐾 in 144 x 64 UPAs mm wave systems for SNR = 0 dB with 𝑁𝑆 = 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹. 
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   Fig. 6.9 evaluates the performance when the number of RF chains is greater than the number of 

data streams, where 𝑁𝑆 ∊ {1,2,4} and the SNR is fixed to 0 dB over the whole range of  RF chains. 

Using the SA design in both the transmitter and receiver leads to a degradation in the overall 

performance of the proposed DCIFS hybrid precoding/combining design and the SA hybrid 

precoding/combining design compared to the results in Fig 6.4; the overall performance becomes 

worse when the interference between data streams increases for 𝑁𝑆 = 2, and 4. Similar to Fig 6.4, 

the performance of the proposed DCIFS hybrid precoding/combining design overlaps with the 

performance of the SA hybrid design for 𝑁𝑆 = 1 and outperforms the SA design for any number 

of iterations 𝐾 for 𝑁𝑆 = 2, and 4. 

Figure 6. 9 Average spectral efficiency achieved by the proposed DCIFS hybrid precoding/combining design with 

different 𝐾 compared to the FA sparse hybrid precoders/combiners [8], the optimal unconstrained digital 

precoders/combiners, IFA hybrid precoders/combiners [46] with 𝐾 =10, and the SA hybrid precoding/combining 

design [78] with different 𝐾 in 144 x 64 UPAs mm wave systems for SNR = 0 dB with 𝑁𝑆 ∊ {1,2,4} and different RF 

chains. 
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   Fig. 6.10 shows the spectral efficiency achieved by the proposed DCIFS hybrid design, the FA 

sparse hybrid precoding/combining design [8], the optimal unconstrained digital 

precoding/combining design,  the IFA hybrid precoding/combining design [46], and the SA hybrid 

[78] in a mm wave system for different BS antenna values with 𝑁𝑟 = 64, SNR = 0 dB, 𝑁𝑆 =

2 and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4. The maximum number of iterations 𝐾 for the proposed DCIFS hybrid 

precoding/combining design and the SA hybrid precoding/combining design is equal to 1, and 10 

for all BS antennas. In addition, the maximum number of iterations 𝐾 for IFA hybrid 

precoding/combining design is 10. The performance of the proposed DCIFS and SA hybrid design 

is degraded compared to the results in Fig 6.5 and that is because we use the SA architecture in BS 

and MS. The performance of the proposed DCIFS hybrid design is much better than the SA hybrid 

design for any number of BS antennas and iterations. The proposed DCIFS hybrid design with 

K=1 outperforms the SA hybrid design with K=10 which means that our design performs better 

than the SA design with a very low number of iterations K resulting in a reduced computational 

complexity.  

 



124 
 

 

Figure 6. 10 Average spectral efficiency vs the number of BS antenna achieved by the proposed DCIFS hybrid 

precoders/combiners design with different 𝐾 compared to the FA sparse hybrid precoders/combiners [8], the optimal 

unconstrained digital precoders/combiners, IFA hybrid precoders/combiners [46] with 𝐾 =10, and the SA hybrid 

precoders/combiners design [78] with different 𝐾 in UPAs mm wave systems for SNR = 0 dB with 𝑁𝑟 = 64,  𝑁𝑆 = 2 

and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4 

 

   In Fig 6.11, we use the same parameters as in Fig 6.10, but we increase the number of data 

streams to 4. As we can see in Fig 6.11, similar to the previous figure, because we use the SA 

architecture in BS and MS, the performance of the proposed DCIFS and SA hybrid design is 

degraded compared to the results in Fig 6.6. The gain of the proposed DCIFS hybrid design over 

the SA hybrid design is very high for any number of BS antennas and iterations. Also, the proposed 

DCIFS hybrid design with K=1 outperforms the SA hybrid design with K=10 which shows the 

strength of our design against the SA hybrid design and that is because we take into consideration 

the matrix structure of the analog and baseband precoding and combining in the  DCIFS hybrid 

design derivation.  
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Figure 6. 11 Average spectral efficiency vs the number of BS antenna achieved by the proposed DCIFS hybrid 

precoders/combiners design with different 𝐾 compared to the full array sparse hybrid precoders/combiners [8], the 

optimal unconstrained digital precoders/combiners, IFA hybrid precoders/combiners [46] with 𝐾 =10, and the SA 

hybrid precoders/combiners design [78] with different 𝐾 in UPAs mm wave systems for SNR = 0 dB with 𝑁𝑟 = 64,  

𝑁𝑆 = 4 and 𝑁𝑡𝑅𝐹 = 𝑁𝑟𝑅𝐹 = 4 

 

   In conclusion, although we use the proposed DCIFS hybrid design in both transmitter and 

receiver, its performance is acceptable compared to the higher hardware complexity FA designs 

such as the sparse hybrid design and the IFA hybrid design. All full array hybrid design requires a 

higher hardware complexity in the BS and MS, and a higher number of phase shifters in the BS ad 

MS.  The performance of the proposed DCIFS hybrid design is considerably better compared to 

the SA hybrid design with a small number of iterations and especially for a large number of BS 

antenna; taking advantage of the structure of the analog and baseband precoding/combing matrices 

in the proposed DCIFS hybrid design is the key point to achieve high performance and to 

outperform the SA hybrid design. The number of iterations should be 10 or less because after that 
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the gain will be very small which is confirmed by our results that we did not include here in this 

thesis.   

 

   6.5 Summary 

 

   In this chapter, we developed an iterative hybrid precoding/combining design for mm wave 

MIMO systems with SA architecture. Considering the structure of the analog precoding/combining 

matrix in the SA architecture, we derived a solution that converts the analog precoding/combining 

of FA into SA directly. Two scenarios are studied with the suggested approach and compared with 

other existing FA and SA hybrid designs. The first one employs the proposed DCIFS hybrid 

precoding at the BS and the iterative FA hybrid combining at the MS, whereas the second scenario 

employs the proposed DCIFS hybrid precoding/combining at both the BS and the MS. Simulation 

results showed that the spectral efficiency of the DCIFS design approaches that obtained with the 

FA design and outperforms that obtained with the conventional SA design. Results also showed 

that the number of iterations suitable for the proposed hybrid design should be 10 or less. The 

hardware complexity of the suggested DCIFS hybrid design is the same as that of the conventional 

SA hybrid design and lower than that of the FA hybrid design. This indicates that the proposed 

DCIFS hybrid design is more suitable for future communication systems.  
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Chapter:7 Conclusions and Future Work 

 

7.1 Summary 

 

   In this thesis, we proposed novel methods to minimize the bit error rate (BER) and achieve high 

spectral efficiency with lower computational and hardware complexity for 5G and beyond mm 

wave systems.   

   The first contribution has been to apply the SD and SDR algorithms to improve the performance 

of outdoor hybrid beamforming mm wave massive MIMO systems. Assuming the channel state 

information is known, the SDR algorithm can achieve near-ML performance for QPSK and better 

performance than ZF or MMSE for 16-QAM while requiring a lower complexity than SD at low 

to moderate SNRs even when the number of data streams or constellation size are large. The 

complexity of the SDR detector is higher compared to the linear ZF/MMSE detectors, but it is 

acceptable since it does not depend on the modulation order or SNR. Hence, when the SNR is low 

or moderate, SDR is well suited for applications that require an error performance that is superior 

to ZF or MMSE, and a complexity that is lower than sphere decoding. Moreover, for small number 

of data streams and low modulation order, the SD achieves the same bit error probability as the 

ML detector and with low complexity which is close to the complexity of the linear detection 

schemes such as ZF and MMSE.   

   In our second contribution, we have proposed a low complexity hybrid precoder/combiner 

design for single-user communication in mm wave systems. In our proposed design, there is no 

need to make any assumption on the antenna array geometry or for any other constraint, such as 

equal numbers of streams and RF chains. Assuming the channel state information is known, the 
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proposed hybrid precoder/combiner approximates the optimal unconstrained digital ones. The 

computational complexity of our proposed solution is comparable to that of the HD-AM technique 

and close to that of the greedy hybrid design when the number of iterations K is reasonable, and it 

is much lower than the complexity of the sparse hybrid design. Our proposed solution can also be 

applied in all cases whereas the HD-AM technique can only be applied when the number of RF 

chains is equal to the number of data streams. The simulation results have shown that the proposed 

low complexity hybrid precoding/combining design improves the BER performance of simple 

ZF/MMSE detectors and considerably reduces the performance gap between these linear detectors 

and the high computational complexity methods such as the ML detector or Sphere Decoding. In 

addition, the spectral efficiency simulation results show that our proposed low complexity solution 

with a reasonable number of iterations K is similar to the HD-AM technique when the number of 

data streams is equal to the number of RF chains and outperforms the greedy or sparse hybrid 

design in all cases. 

   We extended our work in order to improve the performance of hybrid precoding/combining 

design by using gradient descent with momentum and Newton’s Method. This is the third 

contribution of this thesis. The main difference between this proposed hybrid design and the 

previous hybrid design in our second contribution is that the gradient descent with momentum and 

Newton’s Method can significantly improve the performance of the hybrid beamforming design 

and reduce the objective function with only a small number of iterations 𝐾. The proposed 

algorithm still has the same advantage as in our second contribution, which is that there is no need 

to make any assumption on the channel array geometry or channel structure while maintaining a 

low computational complexity. Simulation results verify that the two proposed hybrid 

precoding/combining schemes in our second and third contributions outperform the other popular 
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schemes and achieves a much better performance in terms of the achievable spectral efficiency 

and BER with low complexity. 

   In the fourth contribution, we introduced an iterative hybrid precoding/combining design for mm 

wave systems with SA architecture. We derived a solution that converts the analog 

precoding/combining of FA into SA directly. Two scenarios are studied with the proposed 

approach and compared with other existing FA and SA hybrid designs. Simulation results showed 

that the spectral efficiency of the DCIFS design with small number of iterations approaches that 

obtained with the FA design and outperforms that obtained with the conventional SA design. The 

hardware complexity of the suggested DCIFS hybrid design is the same as that of the conventional 

SA hybrid design and much lower than that of the FA hybrid design.  

 

7.2 Future Work 

 

   Several of the items explored in the thesis could be expanded upon. More specifically, possible 

future work could include the following: 

1. Possible future work could explore and analyze the performance of the proposed hybrid 

designs in chapters 4, 5, and 6 with multiuser scenario where the multi streams interference 

problem appears. 

2. Because of the large available bandwidth in mm wave systems, it will be interesting to extend 

the proposed hybrid designs to the multicarrier techniques such as orthogonal frequency 

division multiplexing (OFDM). 

3. In chapter 6, the proposed hybrid design can be extended to a new low-complexity hybrid 

architecture (HA) for mm wave systems. The antennas at the transmitter/receiver in the HA 
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architecture are first divided into a set of subarrays equal to the number of radio frequency 

chains at the transmitter/receiver. The resulting set of subarrays is then divided into disjoint 

subsets known as groups. Finally, the antennas in each group are connected with a group of 

radio frequency chains in a manner similar to the connections in the FA architecture. For a 

future work, an efficient iterative hybrid design is still under study and analysis to solve the 

optimization problem of the hybrid precoding/combining for mm wave MIMO systems with 

HA architecture. 
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Appendix A: Numerical optimization schemes for minimization of a 

general function  

 

   In this Appendix, we present numerical optimization schemes for minimization of a general 

function. The optimal solution to minimize a general function f(x) over all input values x is 

typically denoted as x*. However, sometimes is not easy to find directly the optimal value x* 

especially for non-convex functions. In this section, we will introduce a gradient descent technique 

that finds points or input values which make the general function f(x) smaller and smaller. Then 

we select the point that is the most acceptable. The gradient descent or any numerical optimization 

scheme, which is used for minimizing a general function f(x) needs to follows these steps: first, 

we need an initial point x0 to start with, then we need to find the points x1, x2,… that make the 

function f(x) smaller. After that, we repeat the previous step until these points converge to a 

stationary point of f(x), i.e, a global minimum point for a convex function or local minimum point 

for a non-convex function. Notice that for a convex function, any initial point will lead to the 

global optimum. However, for non-convex functions, we need to try different initial points. In the 

next section, we will go into the details and see how the gradient descent works [74] [75].   

 

A.1 Gradient descent 

 
   In gradient descent, there is a linear model of the function f, where we travel with a specific 

distance in the downward direction which is the negative gradient of the function 𝑓 and then we 

return back to the function 𝑓 [74] [75]. The process repeats until we reach the convergence. As 

shown in Fig. 2.7, we start with an initial point x0, then the gradient descent procedure uses the 

negative gradient of the cost function f to produces a sequence of points x1, x2,. . . , that 
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minimizes the value of the cost function at each step and eventually reaches a stationary point of 

the cost function [74].  

 
 
Figure A. 1 Travelling in the downward direction of a linear approximation in the gradient descent method [74].  

 

To derive the gradient descent, first we need to use the first order Taylor series approximation at 

an initial point 𝑥0 which is a tangent line passing through the point (𝑥0, 𝑓(𝑥0)) which is given by 

[74]  

 

ℎ(𝑥) = 𝑓(𝑥0) + ∇𝑓(𝑥
0)𝑇(𝑥 − 𝑥0)                            (A.1) 

 

We can get the downward direction by using the following solution [74]  

 

ℎ(𝑥) = 𝑓(𝑥0)  −  ∇𝑓(𝑥
0)𝑇𝑥0 + ∇𝑓(𝑥

0)𝑇𝑥                    (A.2) 

 



133 
 

where the first two terms on the right hand side are considered as a constant with respect to 𝑥. 

Thus the direction 𝑥 that minimizes the inner product ∇𝑓(𝑋
0)𝑇𝑥 and reduces the value of the 

function ℎ is 𝑥 = − ∇𝑓(𝑥
0) [74]. 

 

After descending in the direction of the negative gradient, the next point 𝑥1 is derived as follows 

 

𝑥1 = 𝑥0 − 𝛼1∇𝑓(𝑥
0)            (A.3) 

 

where 𝛼1 > 0 is called a step length or a learning rate, that controls the distance of the negative 

gradient direction from the initial point 𝑥0. This procedure is repeated by constructing the first 

order Taylor series approximation at 𝑥1, traveling in its steepest descent direction ∇𝑓(𝑥
1) and so 

on. 

In general, this process is repeated with the kth step as follows [74] 

 

𝑥𝑘 = 𝑥𝑘−1 − 𝛼𝑘∇𝑓(𝑥
𝑘−1)              (A.4) 

 

When 𝑥𝑘 = 𝑥𝑘−1, that means that ∇𝑓(𝑥
𝑘−1) ≈ 0𝑁𝑋1 which approximately satisfies the first order 

condition and 𝑥𝑘 is the stationary point of 𝑓. Also, we can stop this procedure when a pre-

specified number of iterations is completed or when the gradient of the function is smaller than a 

pre-defined threshold. Notice that the learning rate or the step length cannot be chosen too large 

or too small, because then the algorithm travels too far or too slowly, respectively at each step 

and will never converge. Algorithm A.1 shows the entire procedure of the gradient descent [74]. 
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Algorithm A. 1: Gradient descent (with fixed step length) [74] 

Input: differentiable function 𝑓, fixed step length α, and initial point 𝑥0 

𝑘=1 

Repeat until stopping condition is met: 

𝑥𝑘 = 𝑥𝑘−1 − α𝑘∇𝑓(𝑥
𝑘−1) 

𝑘 = 𝑘 + 1 

 

We can input vectors instead of scalers in the objective function that maps the vectors to scalers, 

where x =  [𝑥1, 𝑥2 …… 𝑥𝑛]T. By doing that, we can apply Multivariate Gradient descent and 

repeat the same process as before.  

 

A.2 Adaptive Methods 

 

   From section A.1, choosing the learning rate 𝛼 is not an easy task; it cannot be chosen too large 

or too small because the algorithm might oscillate and diverge, or make a small progress 

respectively. Thus, Second-order methods could determine 𝛼 automatically and get rid of having 

to select a learning rate at all.   

 

A.2.1 Newton’s Method 
 

   From the Second-order Taylor expansion which is given by the following equation, where 𝐇 =

∇𝑓
2(x) to be the Hessian of 𝑓, which is a n x n matrix [74] [75] 

                    𝑓(x +  ε) = 𝑓(x) + εT∇𝑓(x) + 
1

2
 εT 𝐇 ε                     (A.5) 

 

Newton’s Method is established by setting the derivative of the Second-order Taylor expansion 

with respect to ε equal to zero and ignoring higher-order terms as follows 

 

                                       ∇𝑓(x) + 𝐇 ε= 0                                           (A.6) 
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In cases where the matrix 𝐇 is invertible we may write the solution to the system in (A.6) as  

follows 

 

                                         ε =  𝐇−1∇𝑓(x)                                           (A.7) 

 

   Thus, the equation of the gradient descent can add the Newton’s Method and solve for the next 

steps as follows [74] [75] 

 

                                    xk = x𝑘−1 − 𝐇−1∇𝑓(x
𝑘−1)                            (A.8) 

   By using Newton’s method, gradient descent converges in a much smaller number of steps 

than classical gradient descent. This is because it uses more precise second order information. 

However, this comes at the cost of having to solve the inversion of Hessian matrix. If the 

dimension of Hessian matrix 𝐇 is small, then the gradient descent with Newton’s Method is a 

good choice to make the objective function converge faster with fewer number of steps.   

 

A.2.2 Preconditioning 

 

   Preconditioning is a good way to avoid the high computational complexity of the full Hessian. 

It computes only the inversion of its diagonal entries. This leads to following updated gradient 

descent with Newton’s Method [74] [75] 

 

xk = x𝑘−1 − 𝛼𝑘 𝑑𝑖𝑎𝑔(𝐇)−1∇𝑓(x
𝑘−1)                (A.9) 

 

We use the learning rate 𝛼 with preconditioning because it does not use the full Newtonʼs 

method. 
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A.3 Gradient descent with momentum 

 
   The problem in the gradient descent procedure is that the directions of the negative gradient 

tend to zig-zag before the convergence as shown in Fig. A.2 [74]. 

 

 
Figure A. 2. Gradient steps toward the minimum of a function in two dimensions [74].  

 

The momentum term can be used to solve this problem and is designed to remove the effect of 

the zig-zag. The momentum term is added to the gradient of the function to correct it as follows 

[74] 

  

                    x𝑘+1 = x𝑘 − 𝛼𝑘+1Z𝑘                                (A.10) 

                                                  Z𝑘 = 𝛽𝑘Z𝑘−1 + (1 − 𝛽𝑘 )∇𝑓(x
𝑘)  
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where Z𝑘 is another direction and is different from the direction of the gradient. Notice that 0 < 𝛽 

< 1 can be adjusted at each iteration. Large 𝛽 amounts to a long-range average, whereas small 𝛽 

amounts to only a slight correction relative to a gradient method. Fig. A.3 shows the gradient 

descent scheme with the momentum term or memory term where we can see that this solution 

averages out the zig-zagging problem which occurred in the original gradient descent procedure 

[74].  

 

 

 

Figure A. 3. Shows the momentum-corrected (averaged zig-zagging) gradient descent steps toward the minimum of 

the same function shown in Fig A.2 [74].  

 

   In the momentum method, the first couple of iterations will provide a crude moving average 

over the past gradients because we do not have enough values yet to average over; the solution is 

to use what is called the bias-corrected version as follows [74] 
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                           x𝑘+1 = x𝑘 − 𝛼𝑘+1Z𝑘                                                      (A.11) 

Z𝑘 = 𝛽𝑘Z𝑘−1 + (1 − 𝛽𝑘 )∇𝑓(x
𝑘))/(1 − 𝛽𝑘

𝑘) 

 

Notice that with large values of 𝑘, 𝛽 to the power of 𝑘 will be close to zero, thus not changing 

the values of Z𝑘 at all. 
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Appendix B: Compressive sensing problem 

 

   The orthogonal matching pursuit (OMP) is used to solve the Compressive sensing problem 

which is given as follows [76] 

 

y𝑚𝑥1 = 𝐀𝑚𝑥𝑛 x𝑛𝑥1 

where x is compressively sensed by the compressive sensing matrix 𝐀, and 𝑚 is much smaller 

than 𝑛, 𝑚 ≪ 𝑛. 

   Algorithm B.1 illustrates the OMP for recovery in compressive sensing. OMP starts by finding 

a column of 𝐀 along which the measurements y has the maximum projection. It then appends the 

selected column vector to the Λ matrix. After that, the signal vector x is updated and calculated 

using the least squares solution. After the first iteration, the algorithm searches for the column 

of 𝐀 with maximum correlation with the residual r and repeat the same process as the first iteration. 

The process continues until a stopping criterion is met or the number of iterations reaches a limit. 

Finally the sparse signal vector x is returned. 

 

 

 

 

 

 

 

 

https://www.sciencedirect.com/topics/engineering/compressive-sensing
https://www.sciencedirect.com/topics/engineering/signal-vector
https://www.sciencedirect.com/topics/engineering/signal-vector
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Algorithm B. 1: Orthogonal matching pursuit (OMP) algorithm for compressive sensing recovery [76] 
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