NOTE TO USERS

This reproduction is the best copy available.

®

UMI






)
I

uOttawa

L'Université canadienne
Canada’s university



T

FACULTE DES ETUDES SUPERIEURES Juitig FACULTY OF GRADUATE AND

ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

1. Universitd canadienne
Canada's university

Raman K. Pall

AUTEUR DE LA THESE / AUTHOR OF THESIS

M.Sc. (Mathematics)

GRADE / DEGREE

Department of Mathematics and Statistics
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT

A Survey of Some Problems in Affine Algebraic Geometry

TITRE DE LA THESE / TITLE OF THESIS

D. Daigle

DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS

M. Nevins L. Ribes

A. Sebbar

Gary W. Slater

LE DOYEN DE LA FACULTE DES ETUDES SUPERIEURES ET POSTDOCTORALES /
DEAN OF THE FACULTY OF GRADUATE AND POSTDOCORAL STUDIES




A SURVEY OF SOME PROBLEMS IN AFFINE
ALGEBRAIC GEOMETRY

By
Raman K. Pall, B.Sc.
January 2005

A Thesis
submitted to the School of Graduate Studies and Research
in partial fulfillment of the requirements
for the degree of

Master of Science in Mathematics!

(© Copyright 2005
by Raman K. Pall, B.Sc., Ottawa, Canada,

1The M.Sc. Program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics



Library and
Archives Canada

Bibliothéque et
* Archives Canada
Direction du
Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street

395, rue Wellington
Ottawa ON K1A ON4

Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 0-494-11373-1
Our file  Notre référence
ISBN: 0-494-11373-1
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliotheque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canada

Conformément a la loi canadienne
sur la protection de la vie privée,
guelques formulaires secondaires
ont été enlevés de cette these.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



If T cannot brag of knowing something, then I brag of not knowing it.

R. W. Emerson, 1866

Education is an admirable thing, but it is well to remember from time to

time that nothing worth knowing can be taught.

Oscar Wilde, 1891
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Abstract

We describe the status of the following two questions: What are the automorphisms
of the affine n-space A"? Given m < n, is there a unique way (up to automorphisms
of A™) to embed A™ in A"?
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Introduction

Given a field k£ and indeterminates X;, Xs, ..., we ask:

1. What are the automorphisms of the k-algebra k[Xi,...,X,]? (In geometric

terms: what are the automorphisms of the affine n-space A7)

2. Ifeq, 69 : K[ Xq,..., X,] — Kk[X],. .., Xn] are any two surjective homomorphisms
of k-algebras, does there exist an automorphism 6 of k[Xj, ..., X,] such that
€9 =¢,007 (Gepmetrically: up to automorphisms of A", is there a unique way
to embed AT in A}?)

In the case n = 2, both problems have been solved in the twentieth century: (1) is the
Jung-van der Kulk Theorem (1942, 1953) (see theorem 26) and (2) is the Abhyankar-
Moh-Suzuki Theorem (1974, 1975) (see theorem 39). Both of these results are highly
nontrivial and have played a major role in the evolution of affine algebraic geometry.
Questions (1) and (2) are still open when n > 3.

These two questions are in fact the main themes of the present thesis. Our aim is
to describe the current status of these questions, to examine the relations between dif-
ferent versions of the problems, to discuss conjectures and to give examples. However
we shall not attempt to contribute new results. Note also that we restrict ourselves
to the above two questions and that other important problems of affine algebraic
geometry are not considered here, notably the Jacobian Problem, the Cancellation
Problem, the Characterization of the affine n-space, and so on.

Although we have consulted a variety of sources for preparing this thesis, our
main source was van den Essen’s book [34] and in some cases (for instance in writing

chapter 2) we followed his exposition quite closely.



The thesis is divided into four chapters. In Chapter 1, several basic concepts are
introduced: the notion of a coordinate system of a polynomial ring R[X], the concept
of a derivation on a ring A, locally nilpotent derivations, and the exponential map
associated to a derivation D. In particular, it is shown that if A is a Q-algebra and
D € DerA is a locally nilpotent derivation on A, then expD : A — A is a ring
automorphism on A. Several propositions are proved which prove useful in the later
chapters. We end the chapter with a brief discussion of the Classification Problem
for locally nilpotent derivations.

Chapter 2 is concerned with the group of automorphisms Autgk[X1,...,X,] of a
polynomial ring k[Xi,...,X,] over a field k. We begin with the definition of some
key subgroups of Autik[X,,...,X,], namely, the affine subgroup, the de Jonquieres
subgroup, the elementary subgroup, and the tame subgroup. It is shown that if R
is a domain and if n = 2, the tame subgroup T(R,n) is equal to the amalgamated
free product of the subgroup of affine automorphisms Aff(R,n) and the subgroup of
triangular automorphisms J(R, n) over their intersection.

We describe an algorithm to decide whether a polynomial endomorphism of R[X, Y]
is tame. Furthermore, we provide a partial proof for the Jung-van der Kulk theo-
rem stating that Autyk[X,Y] = T'(k,2), where k is a field. The proof depends on
Rentschler’s theorem, whose proof we outline in the same manner as van den Es-
sen [34]. Some remarks on other proofs of the equality Autik[X,Y] = T(k,2) are
provided in section 2.2.2.

We next study T'(R,n) in the case where R is a commutative Q-algebra and R[X]
is a polynomial ring in n > 3 variables over R. We prove Derksen’s result stating that
if R is a field, then T(R,n) = (Aff(R,n),e) where ¢ is the non-linear automorphism
(X1+X2, Xy, ..., X,). Wealso discuss the Nagata automorphism and the exponential
conjecture in sections 2.3.1 and 2.3.2 respectively.

Chapter 3 deals mainly with the Abhyankar-Moh-Suzuki Theorem, stating that if
k is a field of characteristic zero and given nonconstant polynomials f(¢), g(t) € klt]
such that k[f(t), g(t)] = k[t], then either deg f(t)| deg g(t) or deg g(t)| deg f(¢t).

Some history on the theorem is presented, as well as some of its reformulations

(and consequences). We then present some results for the case where k is a field

vi



-of characteristic p > 0. Nagata’s example is presented as a counterexample to the
Abhyankar-Moh-Suzuki Theorem in characteristic p > 0, and Moh’s Conjecture is
stated. We end the chapter with some generalizations of the theory when the field &
is replaced by a ring R.

In Chapter 4, we examine the question whether there is a unique way to embed
A™ in A™ up to automorphisms of A". We define the concepts of embeddings,
rectifiablity of embeddings, and equivalence of embeddings.

We discuss the geometric formulation of the Abhyankar-Moh-Suzuki Theorem,
stating that if k£ is an algebraically closed field of characteristic zero, then every
embedding of A! in A? is rectifiable. Moreover, we consider Nagata’s example as an
embedding of A} in A2, where k is a field of characteristic p > 0.

We consider the results of Craighero, Jelonek, and Srinivas showing that every
embedding of A! in A" is rectifiable when n > 4. The remaining case, embeddings
of At in A3, is then examined, and Shastri’s conjecture is presented.

We end the chapter with an overview of the Abhyankar-Sathaye Conjecture and
the Sathaye Conjecture.
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Chapter 1

Preliminaries

1.1 Coordinate systems of R[X]

We start with some notation. Let R be an arbitrary commutative ring, and R* its
group of units. We shall denote by R[X] the polynomial ring in n variables over
R, ie., R[X] = R[Xy,...,X,] unless otherwise stated. Also note that R[[X]] =
R[[X3,...,X,]] is the ring of formal power series in n variables over R.

We denote the set of all automorphisms of R[X] that fix R (i.e. are identity on
R) by Autgr(R[X]).

We shall often use the same notation for an n-tuple F = (Fy,..., F,) € R[X]" and
for the corresponding R-endomorphism F' : R[X] — R[X] mapping each X; to F;.
Moreover, we use the following non-standard notation, which is customary in the field

of polynomial automorphisms:
Warning. If F,G are R-endomorphisms of R[X], then by FG we mean G o F.

In other words, when the symbol ‘o’ is present, we mean the usual composition
((F o G)(a) = F(G(a))), but when it is absent we mean backward composition.
Let F = (Fi,...,F,) and G = (G4, ..., G,) be two endomorphisms of R[X]. Then

we have the following rule for composition:
FG: (Fly-“,Fn)(Gl,-w,Gn) = (Fl(Gl,...,Gn),...,Fn(Gl,...,Gn)).

1



CHAPTER 1. PRELIMINARIES 2

‘Evaluating at X; yields
(FG)(X;) = G(F(X,)) =G(F) = F(G(Xy),...,G(Xy)) = Fi(Gy,...,Gn),
so the above rule is valid.

We say that F'is invertible over R or that (Fy,..., F,) is a coordinate system of R[X]
if R[Fy,...,F,] = R[Xy,...,X,], ie., if there exist Gy,...,G, € R[X] such that
X; = Gy(Fy,..., F,) for each 4.

Proposition 1. If F € R[X]|" is invertible, then the G = (Gy,...,Gy) defined as
above is uniquely determined and satisfies FoG =X =GoF.

In clear terms, this proposition asserts that any surjective endomorphism of the R-

algebra R[X] is in fact bijective. For a proof, see van den Essen’s book [34].

Let G € R[X]. We say that G is a variable of R[X] if there exist Fi,..., F,_; € R[X]
such that (G, F1,..., Fo1) is a coordinate system of R{X].

Let G € R[X] = R[X1,...,X,]. It is easy to see that if G is a variable of R[X] then
R[X]/(G) is isomorphic to a polynomial ring in n — 1 variables over R. The question
whether the converse is true turns out to be surprisingly interesting, as we will see in

chapters 3 and 4.

1.2 Derivations

Let A and R be commutative rings. A derivation on A is an additive map D : A — A

satisfying the Leibniz rule, i.e.
D(a +b) = D(a) + D(b), D(ab) = aD(b) + bD(a), for all a,b € A.

As an example, consider A = R[X] = R[Xi,...,X,]. Then the usual partial deriva-

tive %, which we sometimes denote by J;, is a derivation on A.
k2

We find that

n

DYab) =Y C‘) Di(a)D™i(b)

1=0



CHAPTER 1. PRELIMINARIES 3

for all a,b € A, for all n > 1.

We denote the set of all derivations on A by DerA. Moreover, if A is an R-algebra
via a ring homomorphism f: R — A, we say that D is an R-derivation if Do f = 0.
We denote the set of all R-derivations on A by DergA (i.e. the set of all derivations
on an R-algebra A that are trivial on R).

We have D(1) = D(1-1) = D(1)+ D(1) = D(1) =0 for all D € DerA. Hence
viewing A as a Z-algebra, we get DerA = DerzA. If D and D’ belong to DergA, then

one can check that the Lie bracket
[D,D'] = DD’ — D'D

also belongs to DergA. In fact equipped with this bracket Derg A forms a Lie algebra.
Furthermore, if A is commutative, then DergA is a left A-module with the obvious

addition and multiplication by elements of A.

The simple proposition below shall prove useful in allowing us to find a basis for
DerpR[X].

Lemma 2. Let G be a generating set for the R-algebra A and let D € DergA. Then
D is completely determined by the elements D(g), g € G.

Proposition 3. Let R[X] = R[X;,...,X,]| and let O; denote the partial derivative
with respect to X;. Then DergR[X] is a free R[X]-module with basis 0y,...,0, and
[8i, BJ] =0 (ze 81'8]' = 8j8i) fOT’ all Z,_]

The proof of the proposition above results by noting that, given any D € DergR[X],
the derivation Dy = D —>_ D(X;)0;, is zero on each R-generator X;, and thus Dy = 0
by the lemma.

Applying the lemma to the (unrelated )derivation Dy = [d;,d;] completes the
proof, by showing that Dy is 0 on each Xj;, and so Dy = 0, as desired.

Proposition 4. (Extension of derivations)

Let A be a commutative ring and D € DerA.
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1. Let S C A be a multiplicatively closed subset. Then the formula

S

b <a> sD(a) S—ZaD(s)

defines a derwvation D : ST'A — S~YA. Moreover, D is the only derivation of
S—YA which satisfies D (4) = Dga) for all a € A.

If A has no S-torsion then we may view A as a subring of ST1A. In this case,
we call D the unique extension of D to STYA. In particular, every derivation

on a domain has a unique extension to its quotient field.

2. Let K C L be a separable algebraic extension of fields, and let D € DerK. Then

D can be extended uniquely to a derivation D on L.

For a proof, we refer the reader to Lang [15].
Let D : A — A be a derivation on A. The kernel of D will be denoted by AP or

ker(D, A). AP is a subring of A, called the ring of constants of D. Note that if A is
a field, then so is AP, and we call it the field of constants of D.

Lemma 5. If A is a domain of characteristic zero, then AP is algebraically closed in

A.

Proof. Let 0 # a € A be algebraic over AP. Then there existsn € Nand ¢y, ..., ch_1,¢n €
AP such that ¢, # 0 and

Cna™ + cp1a™ 4o = 0.
Take n to be minimal with this property. Then applying D to this equation gives
(ncpa™ '+ (n — 1)ep1a™ 2+ -+ +¢;)D(a) = 0.

As n was chosen to be minimal, and since A is a domain, we find that D(a) = 0.

Hence a € AP.
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1.3 Locally nilpotent derivations

Let A be a commutative ring. We say that a derivation D on A is locally nilpotent if

for every a € A there exists an n € N such that D"(a) = 0.

Example

The derivation aiX,- on R[X] is locally nilpotent.

Let A be generated as an R-algebra by some set G. If we are to study an R-derivation
D : A — A, it is useful to consider the action of D on elements of G, as the next

proposition shows. Its proof is trivial.

Proposition 6. Let A be generated as an R-algebra by some set G, andlet D : A — A
be an R-derivation on A. Then D s locally nilpotent if and only if for every g € G
there exists n € N with D™(g) = 0.

From this result we obtain a large class of locally nilpotent derivations on R[X], as

seen below:

Corollary 7. Let D be a triangular derivation on R[X], i.e. a derivation of the form
D = al(Xg, e ,Xn)al + -4+ Cl,n_l(Xn)an_l + anan
where each a; € R[Xiy1,...,Xn] and a, € R. Then D is locally nilpotent on R[X].

Proof. We proceed by induction on n. The case n = 1 is obvious, as D = a,0;, where
a; € R, which is locally nilpotent on R[X].

Let n > 2 and write D = a;0; + Dg. Then Dy restricts to a triangular deriva-
tion of R[Xs,..., X,], and so by the induction hypothesis Dy is locally nilpotent on
R[X,,...,X,). Note that D(g) = Dq(g) for all g € R[X,...,X,]. Additionally,
DX; = a101(X;) + DoX; € R[Xy,...,X,] for all <. Hence

D™Y(X;) = D™(D(X;)) = DgH(D(X;))

which is zero for large m, since Dy is locally nilpotent on R[Xs,..., X,], and DX, €
R[Xa, ..., X O
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Let D : A — A be a locally nilpotent derivation. An element s € A is called a
slice of D if D(s) = 1. U a slice exists, then it is uniquely determined up to an
element of AP, in the sense that if s, s’ are two slices of D, then s — s’ € AP, as
D(s—s)=D(s)—D(s')=1-1=0.

Note that locally nilpotent derivations do not always have a slice: consider the
derivation X;0, on C[X7, X5]. However, those that do have slices have a lot of inter-

esting properties, as we will see later.

From now on we assume A to be a commutative Q-algebra. One of the most useful
tools in the study of derivations is the so-called exponential map associated to a

derivation: let D be a locally nilpotent derivation on A. Consider the map exp(D) :
A — A, defined by the formula

=1
exp(D)(g) = Z HDp(g), for all g € A.
p=0
/
If D is a locally nilpotent derivation on A, then so is —D. Hence it makes sense to
consider the map exp(—D) and the compositions exp(D) o exp(—D) and exp(D) o
exp(—D). Note that

(exp(D) oexp(—D))(g) = exp(D) (Z%(—D)p(9)>
- Z%D (;]%(—D)P(g))
- = e (_1)p n
= 2\l ? (9)>

Similarly, we can find that (exp(—D) o exp(D))(g) = g.

We study this map because of the following proposition.
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Proposition 8. If A is a Q-algebra and D € DerA is a locally nilpotent derivation

on A, then expD : A — A is a ring automorphism on A.

Proof.

2. Let f,g € A. Then

exp D(f) exp D(g)

(%) holds as

D"(fg) =

1. For each p > 0, DP(f + g) = DP(f) 4+ DP(g), hence exp D is additive.

- Z(ﬁ P (f) q<g>)
= YD) (%)
= e;pD(fg)

> S D)D)
n!
—— DP(f)D%g)
2 P
1
n!pg];anp(f)Dq(g)-

3. Also note that (exp(D) o exp(—D))(g) = g, as seen previously. This causes

exp(D) o exp(—D) to be the identity on A, concluding the proof. O

Let D be a locally nilpotent derivation on A and consider the polynomial ring A[T]

in one variable over A. Extend D to a derivation D on A[T] by the formula

D <z": aiTi> = zn:D(ai)Ti,
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i.e., D is the unique derivation of A[T] which extends D and maps T to 0. Note that D
is locally nilpotent: if > | a,T7" € A[T), then for each ¢, D™i(a;) = 0 for some m; € N.
Write m = max {m;| 1 <i < n}. Then D™ (31, a;T%) = .1, D™(a;)T" = 0.

As D(T) = 0, it follows that TD : A[T] — A[T] is a locally nilpotent derivation.
Thus, we may consider the automorphism exp(TD) of A[T]. Henceforth, given a,
locally nilpotent derivation D : A — A, we will abuse notation and write TD :
A[T] — A[T] when we mean TD : A[T] — A[T)] as above. Hence, we will talk of the
automorphism expT'D of A[T).

We can see that

d
o —(expT'D(a)) = expTD(Da), forallae A

and
expT'D(a)|r=o = a, for all a € A.

We will now show that if D : A — A is a locally nilpotent derivation having a slice
s in A, where A is a Q-algebra, then A can be viewed as a a polynomial ring in s over
AP For each a € A we define 7, : A[T] — A to be the substitution homomorphism
defined by

ma(9(T)) = gla) for all g(T) € A[T).
Recall that if D is locally nilpotent on A, then ¢ = expTD is a ring automorphism

of A[T], where we extend D to A[T] by defining D(T) = 0.
We denote the composition 7, 0 ¢ : A[T] — A by ¢, for each a € A.

Lemma 9. Let A be a Q-algebra, let D : A — A be a locally nilpotent derivation on

A, and let s € A. Then each element a € A can be expressed as a polynomial in s of

the form
o0
1
a=> 5=
i=0

Proof. Let a € A. Then ¢(a) € A[T], with say degp #(a) = N. Then

a = exp(—TD)exp(TD)(a)=exp(—TD)¢(a)

— 3" S ep(-TD)(Da)T"
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as ¢ = expT D is a ring automorphism, and exp(—TD)(T*) = T* for all i. Finally,
substitute T' = s. O

Theorem 10. Let D : A — A be a locally nilpotent derivation having a slice s in A,
where A is a Q-algebra. Then A is a polynomial ring in s over AP, i.e. A= AP[s)],
and D = E'

Proof. Let a € A. Then

=0 (Farer) o5 5oer)

1=0

Note that this sum is finite (as D*(a) = 0 for large enough %, as D is locally nilpotent).

Hence
D <§0 (_Z,!l)iDi(a)s’) = gojD <(_i;l)iDi(a)si) = i:; (_Z_!l)ip (Di(a)s)
= f: CY (p(a)st +iD(@)s1D(s))
_ f: (=1 s +§0 CV I
_ 2 (‘Z_!l)ipiﬂ(a)si + 2 (z(.‘_lii)!pi(a)si—l =0

Hence ¢_s(a) € AP, for all a € A.
By the previous lemma, we know that every element of A is a polynomial in s
with coefficients in ¢_s(A), and so in AP. Consequently, A = AP[s]. By lemma 5, s

is transcendental over AP. It then follows that D = £. O

Corollary 11. Let A be an R-algebra (where R is a Q-algebra). Let D € DergA
be a locally nilpotent derivation on A having a slice s in A. Then AP = ¢_,(A).

In particular, if G is a generating set for the R-algebra A, we find that ¢_s(G) is a
generating set for the R-algebra AP.
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1.4 Locally nilpotent derivations on a domain

Henceforth, we assume that A is a domain containing Q. We will be studying locally
nilpotent derivations on a domain. The main technique used in the proofs to study
these derivations is to localize A at a suitable multiplicatively closed subset such that
the extended derivation has a slice in the localized ring.

We first state a result detailing how one can arrive at a locally nilpotent derivation

on S7!A from another locally nilpotent derivation on A.

Proposition 12. Let A be a commutative ring and D € DerA a locally nilpotent
derivation on A. Let S C A be a multiplicatively closed subset with S C AP.

Then the derivation D : S™1A — S71A (cf. proposition 4) is locally nilpotent.
Moreover, if A has no S-torsion then (S™LA)P = S=1(AP).

Proof. By proposition 4, we know that D can be extended to a derivation D on S~1A.
All that remains is to show that if S C AP then D is locally nilpotent.
/
Consider an element ¢ € S~'A. Note that s € S C AP, so that D(s) = 0. Then

5 (a) D(a)s —aD(s) _ D{a)s _ D(a)

s 52 52 S

From this, we find that D" (—g—) = 9—1}”—). As D is locally nilpotent, D™(a) = 0 for
some n € N. Thus D» (%) = 0. Hence D is locally nilpotent.

We now show that (S—'4)P = S-1(AP) if A has no S-torsion. Note that ¢ e
(S71A)P  — f)(%) =0 < @ =0 <= ¢D(a) = 0 for some s’ € S,
which is the case if and only if s = 0 or D(a) = 0 as A has no S-torsion. As
the case s’ = 0 is impossible, we must have D(a) = 0, which happens if and only
if a € AP < 2 e SHAP). Hence ¢ € (S'A)P 2 ¢ S71(AP), so
(S~1A)D = §-1(AD). O

We now explain the localization procedure. Let A be a domain containing Q.

Let 0 # D be a locally nilpotent derivation on A. Then there exists an element
a € A such that D(a) # 0. Let n > 1 be the smallest positive integer such that
D"t(a) = D"(D(a)) = 0.
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Put p = D" !(a). Then d = D(p) # 0 and D(d) = D*(p) = 0. Hence
d e AP.
We call such an element p € A a preslice of D. Put
A=Ald Y and s = %

Then by proposition 12, we find that we can extend D uniquely to a derivation on A.
This derivation (which we shall also call D) is locally nilpotent on A as it is locally
nilpotent on A, and S = {1,d,d? d?,...} C AP. Note now the following interesting
fact:

2
D(s)=D <§) _ D(p)dc;pD(d) _d d; 0 _ 1,
and so D has a slice in A. Furthermore, we find by proposition 12 that
AP = AP[@1].
Then applying theorem 10 on A, we find that
A= AP[s] = (AP[d"Y])[s] and D = % on A.

Then from the fact that d € AP and from A[d~!] = A[d~!][s] above, we find that

Frac(A) = Frac(AP)(s)
where s is transcendental over Frac(A”) by lemma 5.
In order to transter some properties, we use the fact that

AN Frac(AP) = AP,

Proposition 13. Let k be a field of characteristic 0 contained in a domain A. Let

D £ 0 be a locally nilpotent derivation on A. Then:

1. AP is factorially closed in A, i.e. if a,b € A (both non-zero) with ab € AP,
then a,b € AP,
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The group of units of AP is the same as the group of units of A, i.e. (AP)* = A*.
Consequently, k C AP,

If trdeg,Frac(A) is finite, i.e. the cardinality of the transcendental basis of
Frac(A) over k is finite, then trdeg,Frac(AP) = trdeg;Frac(A) — 1.

(Eigenvalue property). If Da = Aa for some 0 #a € A and XA € A, then A = 0.

Let a € A be such that Da # 0. Then p(D,a), the smallest power of D which
annihilates a, is equal to [Frac(A) : Frac(AP)(a)] + 1.

Proof. We may consider s = £ € A[d™'] as in the above discussion.

1.

Let a,b € A (both non-zero) with ab € AP. Again, we can write a = f(s),
b= g(s), where f(T),g(T) € AP[d~][T].

Then D(ab) = 0 implies that (f(s)g(s))’ = 0, which causes f(s), g(s) € AP[d~1].
As AP[d™'] C Frac(AP) and as f(s),g(s) € A, we find that f(s),g(s) € AN
Frac(AP) = AP, So a,b e AP.

We show that (AP)* = A*. Let z € A*. Then zy = 1 € AP for some y € A.
We then find that z,y € AP as AP is factorially closed in A. Hence z € (AP)*.

Consequently, any field contained in A is also contained in A%,

. As Frac(A) = Frac(AP)(s), where s is transcendental over Frac(A”), we find

that trdeg,Frac(A) = trdeg,Frac(AP) + 1, from which follows the result.

. As A = AP[dY[s], we can write a = f(s),A = g(s), where f(T),g(T) €

AP[d7Y[T]. Since D = & on A, we find that f/(s) = g(s)f(s). Examining the
degrees of these polynomials in s, we deduce that f'(s) = 0. Asa = f(s) # 0
and A is a domain, we find that A = g(s) = 0.

Write a = f(s) € Frac(AP)[s], say with deg, f(T) =d > 1. Since D = % on
Frac(AP)[s], we find that p(D,a) = d + 1. Then notice that

[Frac(A) : Frac(AP)(a)] = [Frac(AP)(s) : Frac(A®)(f(s))] = d

which completes the proof. O
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Using part 2 of the previous proposition, we can find that given a ring A such that
trdeg, Frac(A) = 1, we have trdeg,, Frac(A”) = 0, and so that AP is algebraic over
k. Hence k C AP is an integral extension, and so AP is a field. Hence d is a unit in
ADQA,SOS=§€A, and so D has a slice in A.

Using theorem 10, we can find that A = AP[s]. This leads us to the following

corollary:

Corollary 14. Let A be a domain containing a field k of characteristic zero and
such that trdeg,Frac(A) = 1. If D # 0 is a locally nilpotent derivation of A, then
A = AP[s] where D(s) =1 and k C AP is an algebraic field extension. In particular,

if k is algebraically closed, then A = k{s], a polynomial ring in one variable over k.

Using the Eigenvalue property of proposition 13, we can decide when aD is a locally

nilpotent derivation, given the knowledge of whether D is locally nilpotent or not:

Corollary 15. Let D # 0 be a derivation on A and 0 # a € A. Then aD is locally
nilpotent if and only if D is locally nilpotent and a € AP.
Proof. If a € AP, then we have

(aDY"(b) = a"D"(b), forallbe A, n > 1.

Hence if D is locally nilpotent, then so is aD.
We now prove the converse. Let aD be locally nilpotent on A. As (aD)(a) =
D(a)a, then by the Eigenvalue property from proposition 13, D(a) = 0, i.e. a € AP

and consequently
(aD)*(b) = a"D"(b), for allbe A, n > 1.

Since A is a domain, it follows that D is locally nilpotent. O

Part 1 of proposition 13 gives:

Corollary 16. Let D # 0 be a locally nilpotent derivation on A. Then (AP)* = A*
and every irreducible element of AP is irreducible in A. In particular, if A is a UFD

then so is AP,
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‘The following proposition follows from corollary 14:

Proposition 17. Let 0 # D = ad; +bdy be a locally nilpotent derivation on k[ X, Xo]
with ged{(a,b) = 1. Then D has a slice in k[ X1, X5].

Proof. We first prove the case where k is algebraically closed. Choose a preslice
p € A = k[X1, Xo] with minimal degree. We will show that D(p) € k*, and thus
s =p/D(p) € k[X1, Xs] is a slice of D, as
D(s) = D( p ) _ Dp)D(p) —pD*(p) _ |
D(p) (D(p))?
Assume for contradiction that D(p) ¢ k*. Then there exists an irreducible factor
q € k[X1, Xo] with ¢|D(p), i.e. D(p) € (q)-

Since D(p) € AP (as p is a preslice of D), it then follows from part 1 of proposition
13 that ¢ € AP. Now consider the induced derivation D : A/(q) — A/(g). Note that
as D is locally nilpotent, then so is D.

Suppose D = 0. /' Then D(X;) € (g) for i = 1,2. However, as D(X;) = a,
D(X,) = b, and ged(a,b) = 1, we find that 1 € (g), contradicting the fact that g is
irreducible. Hence D # 0. Note that trdeg,Frac(4/(q)) = 1. By corollary 14, and
since we assumed that k is algebraically closed, we find that ker D = k.

As D(p) € (q), we find that D(p + (¢)) = 0, and so p+ (¢) = A + (g) for some
A € k. Hence p — A = hq for some h € k[X;, X5]. Applying D and D? respectively to

both sides of this equality yields the equalities

D(p) — D(A)
D*(p) — D*(\)

D(h)q + hD(q),
D?(h)q + 2D(h)D(q) + hD*(q).

I

As D*(p) = 0, D()) = 0, and D(q) = 0, we find using the second equation that
D?(h)q = 0, causing D?(h) = 0 as g # 0. Using the first equation, we can find that
D(h) # 0 as D(p) # 0 and D(q) = D()\) = 0. Hence we have found that D(h) # 0,
but D%(h) = 0.

As p— X = hg, we find that deg(h) < deg(p). Hence we have found a preslice h of
D with degree less than deg(p), contradicting the minimality of p. Thus D(p) € k*,
and s = p/D(p) € k[X1, X] is a slice of D.
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Now drop the assumption that k is algebraically closed, consider the algebraic
closure &k of k and extend D to a derivation D’ on k ®; k[X;, Xo] = k[X1, Xo]. Note
that D' = ad; + bd,. As ged(a,b) = 1 in k[X;, X5], it follows that ged(a,b) = 1 in
k[X1, X,). Since the result is true when k is algebraically closed, we know that D'
has a slice s’ € k[X1, Xy]. Consequently, D' : k[X;, Xo] — k[X1, Xo] is surjective.
Since D' is obtained by applying the functor k ®;, (_) to D : k[X1, Xo] — k[X1, X,
and since k is a free k-module (hence a faithfully flat k-module), it follows that D is

surjective and hence has a slice s € k[X1, Xy). O

1.5 Locally nilpotent derivations on k[X]

Let k be a field of characteristic zero. We are interested in the following problem in

the theory of locally nilpotent derivations:
Classification Problem. Describe all locally nilpotent derivations on k[X].

The case n = 1 is trivial, as one can easily see that every locally nilpotent derivation
of k[X,] is of the form

a——, where a C k.

ax,’
The case n = 2 of the Classification Problem was solved by Rentschler in 1968:

Theorem 18. (Rentschler) Let 0 # D be a locally nilpotent derivation on k[X;, Xa].
Then there exists ¢ € Autpk[ X1, Xo] and f(X3) € k[Xs] such that g~ D¢ = f(Xg)g%.

We shall outline the proof of Rentschler’s theorem in Chapter 2. This result will
be of vital importance when studying the automorphisms of £[X;, X5]. In fact, it
may be of note to remark that Rentschler obtained a stronger result stating that the
automorphism ¢ of the theorem may be chosen to be tame. Using this result one can

deduce that every element of Aut,k[X;, Xo] is tame, as we shall see next chapter.
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‘The Classification Problem is open for all n > 2, and this is in fact a very active
research area. One should also note that the Classification Problem is closely related

to that of understanding the structure of the group of automorphisms of k[X].



Chapter 2

A Survey of Auti(k[Xq,..., Xn])

2.1 Some subgroups of AutgpR[X]

Let R be a commutative ring, and a domain unless otherwise noted. Let R[X] =
R[X3,...,X,] be the polynomial ring in n variables over R. Recall that AutgrR[X]
is defined as the set of all R-automorphisms of R[X]. ‘

We will consider the following subgroups of AutgR[X]:

o Aff(R,n) is the affine subgroup of AutgR[X], consisting of all R-automorphisms
F = (F,...,F,) such that deg F; =1 for all 1 <7 < n.

e J(R,n) is the de Jonquiéres subgroup of Autgr R[X], also known as the triangular

subgroup of AutpR|[X], consisting of all R-automorphisms of the form
F = (0,1X1 + fl(XQ, ceey Xn); CLQXQ + f2(X3, e aXn)7 PN ,aan -+ fn)
where ¢ach a; € R* and each f; € R[X;41,...,X,] and f, € R.

e FE(R,n) is the subgroup generated by the elementary automorphisms, i.e. the

ones of the form
F=(Xy,..., Xiet, Xi+a,Xiq1,..., Xn)

where a € R[Xy,...,Xi—1, Xit1,...,Xpn]. We denote the elementary automor-
phism F' above by E;(a).

17
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e T(R,n) is the tame subgroup, defined as the subgroup of AutgrR[X] generated
by Aff(R,n) and E(R,n), i.e. T(R,n) = (Aff(R,n), E(R,n)).
Proposition 19. T(R,n) = (Aff(R,n), J(R,n)).
Proof. Let F € J(R,n). Say
F=(a1X1+ fiXo,..., Xn),00Xo+ fo(X3,..., Xn), .-y 6nXn + frn),
where each a; € R* and each f; € R[X,41,...,X,] and f, € R. Then
F = (Ey(al' f1)or - -0En(as fu))o(ar X1, . .., anXn) € (Aff(R, 1), E(R,n)) = T(R,n).

Hence J(R,n) C T(R,n), and so (Aff(R,n), J(R,n)) C T(R,n).
We now show that each G € E(R,n) is in (Aff(R,n), J(R,n)). Let

G=(X1,.., Xi, Xi +a, Xiq1,..., Xp),

where a € R[Xl, ce aXi—l)Xi—f—la . 7Xn]~
Define

Fl = (Xi,Xz, . 7Xi—1aX1>Xi+1) PN ,Xn) c Aff(R, ’I'L),
F2 = (X1 +CL(X1',X2, .. 'aXi—laX’H-ly R ,Xn),XQ,Xg, N ,Xn) € J(R, n)
Thence
F1F2F1 = (Xl, .. 7Xi—1aXi + a, Xi+17 e ,Xn) =G.

As G = i/ F € (Aff(R,n), J(R,n)), we find that E(R,n) C (Aff(R,n), J(R,n)).
Thus T(R,n) = (Aff(R,n), E(R,n)) C (Aff(R,n),J(R,n)), and so we find that
T(R,n) = (Aff(R,n), J(R,n)). O

2.2 The tame automorphism group of R[X,Y]

In this section, we consider the group AutgrR[X,Y| where R is an integral domain.
We consider two questions: What is the structure of the subgroup T'(R,2)? When do
we have T(R,2) = AutgR[X,Y]?
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We first define the notion of an amalgamated free product. Let H, K, and U
be groups and let ay : U — H and as : U — K be given homomorphisms. The
amalgamated free product of H and K over U, denoted H xyy K, is defined as a group

as having the following presentation:
H sy K = (H, K |rel(H), rel(K), ay(u)az(u)™),

where rel(H) are the relations of H, rel(K) are the relations of K, and u € U.

We offer a equivalent characterization of the concept of an amalgamated free product
which shall prove to be of great use later in the chapter. A proof can be found in
[16].

Proposition 20. Let H and K be subgroups of a group G. Suppose that G is gener-
ated by H and K and let U be the intersection of H and K.

Then G = H xy K if and only if hik; ... hykyhny € K whenever h; € H— K and
ke K—H.

We will show that T'(R,2) is the amalgamated free product of Aff(R,2) and J(R,2)
over their intersection. We will describe an algorithm which decides if a given endo-
morphism F': R[X,Y] — R[X,Y] is a tame automorphism.

We shall see that if R is not a field, then T'(R, 2) is a proper subgroup of AutrR[X, Y.
If Ris a field, then AutgR[X,Y] = T(R,2), and so AutgrR[X,Y] will be the amalga-
mated free product of Aff(R,2) and J(R,2) over their intersection. We will use the

following results.

Lemma 21. Let G be a group generated by two subgroups H and K. Then every

element g € G can be expressed as
g = hgklhl “e klhl

for some l > 0, where hg,hy € H, h, e H—K for1 <i<l-1, and k; € K — H for
1< <.
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Proof. Let g € G. By a decomposition of ¢ we mean a finite sequence
(ho, k1, hay oo oy iy hy) (1)
of elements of G satisfying:
[>0,h;€e H ke K and g= hokihy... kihy.

It is clear that there exists at least one decomposition of g, so we may consider a
decomposition (1) of g of minimal length (the length is the number of terms in the

sequence). To prove the lemma, it suffices to verify that this decomposition satisfies
hie H—Kfor1<i<l—1 and ke K—Hforl<i<lI. (2)
Note that if (2) is not satisfied then one of the following must hold:

there exists 2 such that 1 <4 <!—1and h; € HN K (3)

there exists ¢ such that 1 <i<land k; € HN K. (4)

If (3) holds then k; and k;;, are defined and the product k;h;k;1; is an element of
K; so (ho, ki, by ooy b1, kihikiva, higa, - - -, ki, By) is a decomposition of g which is
shorter than (1), which is impossible. Similarly, if (4) holds then h;_;k;h; € H, and

this gives rise to a contradiction.
So both (3) and (4) are false and consequently (2) is satisfied. O

For the aforementioned algorithm deciding whether a given endomorphism F :
R{X,Y] — R[X,Y] is a tame automorphism, we shall make use of the following
notations: let F = (Fy, Fy) € R[X,Y]?. We then define the following:
bidegF' = (deg Fy, deg F3),
deg F' = max(deg Fy,deg Fy),
tdegF' = deg F; + deg Fs.
Before we proceed further, let us recall that T'(R,2) = (Aff(R,2), J(R,2)), and that
if X € Aff(R,2) and 7 € J(R,2), we can write
A= (aX +bY +¢,dX +eY + f), for some a,b,c,d, e, f € R,
7= (aX + f(Y),bY +¢), for some a,b,c € R, f(Y) € R[Y].
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We can thus apply lemma 21 to G = T(R, 2), H = Aff(R,2), K = J(R,2) and g = F
to write

F= )\07‘1)\1 .. -Tl)\l
where \g, \; € Aff(R,2), \; € Af(R,2)— J(R,2)for1 <i<l—1land 7 € J(R,2)—
Aff(R,2) for 1 <4 < 1. We will write

)\i = (CllX -+ bzy + Ci, d1X + eiY + f,)

Lemma 22. For all 1 <1 <1 we have

bideg(T;\; ... A = (H deg 5, H deg TJ>

j=i+1

Proof. We proceed by decreasing induction on %, starting with case ¢ = [. In the case
i = [, bideg(m\;) = (deg 7, 1), which is exactly what we wanted to show.

Now let us assume ‘that the statement is true for some 2 < k < [, that is to say that
bideg(Tk Ak - .. TIA) = (H;:k deg 75, HJ —pq deg 7']) Consider bideg(m,_1A¢—1 - .- TiN).
As M-y ¢ J(R,2), dx—1 # 0. Hence

bideg()\k_lTk)\k Tl)\l (pk, Hdeg TJ>

where p;, < H;:k deg ;. As y_1 ¢ Aff(R,2) we have that deg 7,1 > 2. Hence

bideg(Tk—1Ak—1Tk Ak - - - TIN) = ( H degq,Hdegn) ,
=

-1

and so the statement holds for the case ¢ = k — 1. Thus, by induction, the statement
holds for all 1 < ¢ < [. O

Corollary 23. T(R,2) is the amalgamated free product of Aff(R,2) and J(R,2) over
their intersection.

That is to say that T(R,2) is generated by these two subgroups and that if ; €
J(R,2) — Aff(R,2), \; € Aff(R,2) — J(R,2), then Ty A1 ... ToAnTns1 & Aff(R, 2).
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Proof. We already know that T(R, 2) = (Aff(R, 2), J(R,2)). By proposition 20, prov-
ing the second part of the above corollary will yield that TR, 2) is the amalgamated
free product of Aff(R,2) and J(R,2) over their intersection.

Suppose that
7—1)\1 e TnAnTn—l—l =A € AH(R, 2)

where 7; € J(R,2) — Aff(R,2) and \; € Aff(R,2) — J(R,2) for all 5. Then
7'1/\1 .. .Tn)\nTn+1>\_l = idR[va] = (X, Y)

So bideg(Ti A1 - - - TnAnTnr1 A1) = bideg(X,Y) = (1, 1).
Additionally, bideg(mi ;... 71 A7Y) = (H;’:ll deg 75, H;‘;l deg 7;) by the lemma.

However, deg > 2 as otherwise 73 € Aff(R,2). So H;‘:ll deg7; > 2, a contradiction
as (H;:z deg 75 H;:H—l deg Tj) = (1, 1) Thus,

7‘1)\1 ce TnAnTn+1 € AH(R, 2) O

Remark that just because two subgroups generate T'(R, 2), that does not imply that
T(R,2) is their amalgamated free product.

Example

If Jg is the subgroup of J(R,2) consisting of all elements of the form (X + g(Y),Y)
with g(Y) € R[Y], then it is easy to see that T(R,2) = (Aff(R,2),J(R,2)) =
(Aff(R,2), Jo). (It is obvious that Jy C J(R,2). All that must be shown is that
J(R,2) C (Aff(R,2),Jo). Let F = (aX + f(Y),bY +¢) € J(R,2), where a,b € R,
c € R, and f(Y) € R[Y]. Then F = FF;, where F| = (aX,bY + ¢) € Aff(R,2) and
F,=(X+a'f(Y),Y) € Jy. Hence F € (Aff(R,2), Jy).)

However, T(R,2) is not the amalgamated free product of Aff(R,2) and Jy over
their intersection. Consider 1 = (X —Y2Y), A\; = (X,Y+1), o = (X+(Y+1)%Y).
Then M =n(X +(Y +1)2Y+1) =X+ Y +1)2 - (Y +1)2Y+1)=X\ €
Aff(R,2). However, 71, A\, 72 & Aff(R,2) N J.
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Recall that since the beginning of this section, we have assumed R to be a domain. If
R is not a domain, then lemma 22 fails and T'(R, 2) is not necessarily the amalgamated
free product of Aff(R,2) and J(R,2) over their intersection.

Example
Let 7= (X +aY2Y), A = (X,Y + bX), where a,b # 0 are such that ab = 0. Note
that neither 7 nor A belongs to Aff(R,2) N J(R,2). However,

TA= (X +aY +bX)3Y +bX) = (X 4+ a¥Y? + 20bXY + ab®’X? Y + bX)
A= (X +aY?Y +b(X +aY?) = (X +aY%Y +bX +abY?)

As ab =0, we find that 7A = A1 = 7A77! = ) € Aff(R,?2).
So T'(R, 2) is not the amalgamated free product of Aff(R,2) and J(R, 2) over their
intersection.

Moreover,

TATA = (X { aY2Y 4+ bX)(X +aY? Y 4+ bX)
= (X +aY?) +a(Y +bX)?), (Y +bX) + b(X +aY?))
= (X +aY?+aY?+2abXY + ab’ X2 Y + bX + bX + abY?)
= (X +2aY? Y 4 2bX)

and so bideg(TATA) = (2,1), whereas lemma 22 would demand that
bideg(TATA) = ((deg7)? deg 1) = (22,2) = (4, 2).

Hence lemma 22 does not hold in the case where R is not a domain.

Let F' € T(R,2), where R is a domain. By lemma 22, we can write F' in the form

F= )\07‘1>\1 N .Tl)\l, where

! l
bideg(Ti A1 ... 7iN) = <H deg 7, Hdeg TJ’) :
j=1 j=2

Now write Ag = (aoX + boY + ¢, do X + €Y + fo). We have three cases to consider:
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e If ag = 0, then bidegF' = (szg deg 5, ngl deg Tj)-
o If dy = 0, then bidegF = (ngl deg 7;, H§=2 deg Tj)-

e If agp # 0 and dy # 0, then bidegl = (H§'=1 deg 7, Hz':l deg Tj).

This proves the first part of the following result; the proof of the second assertion is
left to the reader.

Corollary 24. Let F' = (Fy, Fy) € T(R, 2) with bidegF = (dy,ds). Let h; denote the

homogeneous component of F; of degree d;. Then
1. d1|d2 or d2|d1.
2. If deg F' > 1, then we have

(a) if dy < da, then hy = ch®'* for some c € R,
(b) if dy > do, then hy = chg‘/d2 for some c € R.

(c) if dy = do, then there exists A € Aff(R,2) such that deg F| > deg Fj where
(FL, F) = AF.

If d; = dy, then in general there does not exist ¢ € R such that h; = chy or hy = ch;.
Note that if R is not a domain, then the above corollary does not hold in general.

Example
Suppose ab= 0 and let F' = (X,Y +aX3)(X +bY2Y) € T(R,2).

Then F = (X +5Y2 Y +a(X +0Y2)3) = (X +bY2, Y +a(X?+3bX2Y 24 302X Y* +
b’Y®)) = (X +bY2Y +aX?®) as ab= 0. Thence bidegF = (2,3), and so d; Jd; and
dy Jd,.

Let F be as in corollary 24 part 2. In case (a), let 7 = (X,Y — cX%/%), In case (b),
let 7= (X — cY%/%Y). We thus find that tdeg(7F) < tdegF. In part (c), there
exists A € Aff(R,2) such that tdeg(AF) < tdegF.
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Hence we have the following algorithm, in which we use the notation det JF' to

mean the determinant of the Jacobian of F:

Algorithm to decide if F = ([}, F5) € R[X,Y]* belongs to T(R,2).
Let F' = (Fl, FQ) € R[X, Y]2 with bldeg(Fl,Fg) = (dl,dz).

1. If dy = dy = 1 with det JF € R*, then F € T(R,2).
2. If dy # ds, skip the next step.

3. If there exists A € Aff(R, 2) with tdeg\F < tdegF, replace F by AF and restart.
Else F € T(R,2).

4. If dy > dy, then replace F by (Fy, Fy).

5. If dy|ds and there exists ¢ € R with hy = ch®/® | then replace F by (X,Y —
cX%/4)F and restart. Else F' ¢ T(R,2).

The above algorithm to decide whether an element of R[X,Y]? is in T(R,2) shall
prove very useful in what follows.

We can now ask ourselves under which conditions on R is every R-automorphism
of R[X,Y] tame, i.e. when do we have T(R,2) = AutgR[X,Y]? We shall see that
the answer is that the equality holds if and only if R is a field.

In the case where R is not a field, one can consider the Nagata automorphism,
defined below, which was constructed by M. Nagata in 1972 [20]. This automorphism

has a three-dimensional analogue which we shall study in section 2.3.1.

Proposition 25. If R is not a field, then T(R,2) # AutrR[X,Y]. More precisely, if

0 # z € R is a non-unit, then consider the Nagata automorphism
F=(X-2YeX+Y?) - 2(zX+Y*)2Y +2(:X +Y?)).

F € AutgpR|X,Y] = T(R,2), so T(R,2) # AutgpR[X,Y].
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Proof. Consider the locally nilpotent derivation D = (2X + Y?)(—2Y9x + 20y) €
Derg(R[X,Y]). We have expD = 3. D" so

1 1
expD(X) = X+ D(X)+ 3D (X)+zD*(X) +...
1 1
= X -2Y(2X+Y? - 2§D(Y(2X +Y?) + ED?’(X) +...
= X -2Y(eX+Y?) —2(zX+Y*)*+0+...

= X —2Y(2X +Y?) —2(2X +Y?)?
and
expD(Y) = Y +D(Y)+ %DQ(Y) + %D3(Y) +o.
= Y+2X+Y?)+ lD2(Y) + lD?’(Y) +...

2 6
= Y4+2X+YH+0+0+...

= Y +2(:X+Y?).

Hence exp D = F. As the exponential of a locally nilpotent derivation on R[X,Y] is
an R-automorphism, F € AutgR[X,Y].

If F € T(R,?2), then by the corollary we find that —zY* = ¢(2Y?)? for some ¢ € R.
However, this implies that —z = cz? which implies that —zc = 1, a contradiction as z
was chosen to be a non-unit. Hence F' ¢ T(R,2), and so AutgrR[X,Y] # T(R,2). O

Theorem 26. (Jung, van der Kulk) Ifk is a field, then Autik[X,Y] = T(k,2). More
precisely, Autgk[X,Y] is the amalgamated free product of Aff(k,2) and J(k,2) over

their intersection.

We shall prove theorem 26 in the special case where k is a field of characteristic zero;
for the other cases, refer to the papers of van der Kulk [35], Makar-Limanov [17],
and Dicks [9], whose proof shall be presented later in the chapter. In fact we shall
derive theorem 26 from the following strong version of Rentschler’s theorem (this is

the version that Rentschler proved):
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‘Theorem 27. (Rentschler) Let k be a field of characteristic zero and let D # 0 be a
locally nilpotent derivation on k[X,Y]. Then there exist h € T'(k,2) and f(Y) € k[Y]
such that h~™'o Do h = f(Y)0x

The proof of theorem 27 shall be presented later in the chapter. Now we give:

Proof of theorem 26 (chark = 0). Write A = k[X,Y]. We must show that T'(k,2) =
AutyA. Let F' = (F, Fy) € AutpA. Then —— is locally nllpotent so by theorem 27
there exist h € T'(k,2) and f( ) € kY] such that h™lo s oh = f(Y)0x

Let g € A. Then A7t o ;2 7 o h(g) = 0 if and only if h( ) € kerﬁ; = [Fz], Le.
ker h™1o 8—1,; oh = k[h~ (Fg)] Addltlonally, ker f(Y)dx = k[Y], so k[Y] = k[h~}(F)].
This implies that A~ (Fy) = cY +d for some ¢ € k* and some d € k. So Fy = ch(Y)+d.

Furthermore, (h™' o 5% o h)(h™'(F1)) = 1, so f(Y)dx(h™'(F1)) = 1 (by our
assumption). This causes Ox(h™1(Fy)) € k*, so h™'(F1) = X + d'(Y) for some
c € k* and some d'(Y) € k[Y]. Hence F} = ¢h(X) + d'(h(Y)). Thence

F=(F,F)={(hX)+dRY)),ch(Y)+d) = (X +dY,cY + d)h.

Since h € T'(k,2) one then deduces that F' € T'(k,2), and so Aut,A C T'(k,2). O

2.2.1 Outline of the proof of Rentschler’s theorem

We follow the exposition given in van den Essen’s book [34]. First we need some

background regarding derivations and gradings. We start with the following.

Proposition 28. Let R =

on R. Suppose that D can be written as a finite sum of derivations of the form

R,, be a graded ring and let D # 0 be a derivation

mMEZ

D=Dy+Dpp1+---+ Dy
where Dy Ry, C Rpwm for each myn € Z. If D is locally nilpotent, then so is Dy.

Proof. 1t suffices to show that for each m € Z, each element of R, is annihilated by
some power of Dy. Let g € Ry,. Since D is locally nilpotent, we have DY (g) = 0 for
some N. DY (g) is the component of D" (g) belonging to Ry4na. As DV (g) = 0 and

the sum is direct, we must have DY (g) = 0. u
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We shall now restrict our vision to the case R = k[X] = k[X},..., X,]. Consider a
vector 0 # w € Z". Associate to w the w-grading on R by defining for each d € Z
the k-vector space Rq(w) generated by all monomials X® with (a, w) = d (where (, )
is the standard inner product of R™).

We shall sometimes write Ry instead of Ry(w) where no confusion shall arise. We

apply the previous proposition using the following:

Proposition 29. Let 0 # w € Z" and consider the w-grading on R. Let D # 0 be
a derivation on R. Then D can be written uniquely as a finite sum of derivations
>~ D, such that DyRgq C Rpiq for allp,d € Z.

Proof. Uniqueness follows from the fact that the sum is direct (as we are examining
a grading on R). We must prove existence. Let T = ¢X®J; be a term appearing in
D. Put s = a — e;, where ¢; is a standard basis vector of R*. Then T(X™) € kX™**
for all m.

We call s the strength of T' and write

supp(D) = {s € Z"| D contains a term of strength s} .

Denote by D(s) the sum of terms in D of strength s. Put

(s,w)=p

We obviously have D = )" D, as every term in D has some strength. It remains
to show that D,Rq C Rpyq. Equivalently, we must show that D(s)Ry C Rpiq. As
Ri= {({X*| a € Z" with (a,w) = d}), we must show that

D(S)Xm € Rp+d

for all X™ € R4 and all s € Z" with (s,w) = p. Note that m € Z" satisfies (m,w) = d.
Observe that D(s)X™ € kX™* so we need to show that (m+s,w) = p+d. This
is trivial as (m + s, w) = (m,w) + (s,w) =d + p. O
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The decomposition of D into a finite sum ) D, with D,Ry C Ryyq as described
above is called the w-homogeneous decomposition of D. If p is maximal with D, # 0,
p is called the w-degree of D, denoted wdeg(D). If w = (1,1,...,1), then p is called
the degree of D and is denoted by deg D.

We shall now consider the case n = 2. We write R = k[X,Y] for k[X, X3]. Let
D # 0 be a derivation on R. An element of suppD shall be denoted by (s,t). So
s,t > —1. For example, (s, —1) € suppD means that D contains a term of the form
cX®0y with c € k*.

Proposition 30. If D is a locally nilpotent derivation on R = k[X,Y], then one of
the following hold:

1. D = f(Y)0x for some f(Y) € k[Y],
2. D= f(X)dy for some f(X) € k[X],

3. there exist sg,to > 0 such that (so, —1), (—1,t0) € suppD; furthermore, suppD

is contained in the triangle with vertices (so, —1),(—1,—1),(—1,%0).

Proof. We refer the reader to a proof due to van den Essen {34], Corollary 5.1.16,
p9l. O

This proposition can then be used to prove Rentschler’s theorem.

We offer a sketch of the proof: if we are in cases 1 or 2 of proposition 30, we are
done (taking h = (X,Y) or h = (Y, X) for cases 1 and 2 respectively).

Hence we may assume that sg,ty are as in proposition 30. (We will sometimes
write so(D), to(D) if necessary). Let I’ be the line passing through both (s, —1) and
(—1,t9). Then I’ is given by the equation

(to + 1)z + (so + 1)y = p,

where p = sotg — 1.
Let w = (to+1, so+1), consider the w-grading of k[X, Y] and the corresponding w-
homogeneous decomposition of D. By proposition 30, wdeg D = p. By proposition
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28, D, is locally nilpotent. Write D, as D, = g6, where § = a0x + bdy satisfies
a,b € k[X,Y] and ged(a,b) = 1. As D, is locally nilpotent, so is 4, and §(g) = 0
(by corollary 15). Since D, is w-homogeneous, it follows that g and § are also w-
homogeneous.

By proposition 17, ¢ has a slice, so in particular a(0) # 0 or b(0) # 0. We assume
the case a(0) # 0 (the other case is similar). Then § contains a term of the form
cOx, where ¢ € k*. As D, contains a term of the form ¢ X*°0y and D, = g6, é must
contain a term of the form dX"0dy with r > 0, d € k*. As § is w-homogeneous, suppd
is on a line (which must be the line passing through (—1,0) and (r, —1)). As there

are no other integral points on this line segment, we must have
0 = cOx +dX" Oy.

Since 6(g) = 0, we find that g € kerd = k[Y d_ X7+, The homogeneity of g

T e
implies that g = a(Y — (Tfl)cX ")V for some a € k* and some N € N. Thence
d N
=alY — Xl X"0y).
D,=a < L ) (cOx +dX"0y)

Now take h to be the automorphism given by (X,Y — (Tfl)cX T+,
We then find that h™' o D, o h = aYNedx, and so so(h™" o D o h) < so(D). The
theorem then follows by induction on so(D) + to(D). We refer the reader to [34] for

details.

Another proof of the equality Autyk[{X,Y] = T'(k, 2) is a consequence of the Abhyankar-
Moh-Suzuki theorem, as we shall see in chapter 3.
We continue with some remarks on other proofs of the equality, due to W. Dicks

among others.

2.2.2 Remarks on the proofs of Autik[X,Y] = T(k,2)

Throughout this section, k& is an arbitrary field.
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Several proofs of the equality Autgk[X,Y] = T(k,2) exist in the literature. In
almost all proofs, the crucial step consists in establishing Theorem 31, below. First,

some notation.

Given 0 # f € k[X,Y], say f =3, i ;XY with ), ; € k, define the following:

supp(f) = {(i,j) € N2| Aij 750}
A(f)={(i,7) e N*| ni + mj <mn},

where m = degy(f), n = degy (f). Note that A(f) is the triangle with vertices (0,0),
(m,0), (0,n).

Theorem 31. If f is a variable of k[X,Y] such that deg(f) > 1, then
(m, 0),(0,n) € supp(f) C A(f) and m | n orn |m.

A proof of theorem 31 due to Makar-Limanov can be found in [17].

/

The aim of this section is to explain how the equality Autik[X,Y] = T(k,2) can

be derived from Theorem 31. Assuming that Theorem 31 is true, let us first prove:

Theorem 32. Let (p,q) be a k-algebra automorphism of k[ X, Y] with degp < degg.
Then either (p,q) is affine or there is a unique p € k* and v > 0 such that

deg(q — pp") < deg(q).

Proof. As (p, q) is an automorphism, it has an inverse automorphism (f, g). As before,
write f = > A\ ;XYY for some ), ; € k, with m = degy f, n = degy f.

If deg(p™) # deg(q"), then deg(f(p,q)) = max{deg(p™), deg(¢")}. However,
f(p,q) = X, and so max{deg(p™), deg(q")} = 1, and so we have a contradiction.

Now suppose deg(p™) = deg(q™). Note that as degp < deg g, we must have m > n.
Assume (p, q) is not affine (as otherwise the conclusion holds). This causes n|m by
the previous theorem; define r = £. Then deg(p") = deg(q), and so degg > 1. Since
f(p,q) = X we must have py and ¢o algebraically dependent over k, where py, go are
the highest homogeneous components of p, g respectively, with respect to the standard
grading of k[X, Y], i.e. the w-grading of k[X,Y], where w = (1, 1).
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Thus qo/p} is algebraic over k, so we may write go/py = p for some p € k. Thence

deg(q — up") < deg(q), as desired. O

By induction on deg(q) in the above theorem, it follows that all k-algebra automor-
phisms of k[X,Y] are compositions of triangular and affine automorpisms, and are
thus tame.

Dicks’ paper also gives the following decomposition for Autik[X,Y] [9]:

Theorem 33. Autyk[X,Y] is the amalgamated free product of Aff(R,2) and J(R,2)

over their intersection.

Proof. A proof using some facts from combinatorial group theory can be found in [9].
The proof involves finding an explicit example of a tree acted on by Autgk[X,Y] from

which the amagamated free product decomposition can then be read off. O

It is worth noting that Makar-Limanov proceeded in a somewhat similar fashion to

provide a proof for theorem 33 for arbitary characteristic [17].

2.3 The tame automorphism group in dimension

> 3

Let R be a commutative Q-algebra and let R[X] be the polynomial ring in n > 3
variables over R. Our goal is to study T'(R,n). We shall see that this case differs
greatly with the n = 2 case, as although T(R,n) is generated by Aff(R,n) and
J(R,n), it is not their amalgamated free product over their intersection.

In order to show this, the following example will illustrate that there exist 7; €
J(R,n) — Aff(R,n) and \; € Aff(R,n) — J(R,n) such that

’7'1)\1 e Tn)\n'rn—i—l € AH(R, n)

Example
(Jacques Alev) Let n > 3. Consider A = (X1, X3, X5, X4,...,Xp) and 7 = o€ o ),
where £ = (X + X3, Xo, ..., X,).
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Then 7 = (X; + X2, Xa,..., Xn). Notice that 7, € J(R,n) — Aff(R,n) and that
X € Aff(R,n) — J(R,n), but

77 e = A1 € Aff(R,n).

Hence T(R,n) is not the amalgamated free product of Aff(R,n) and J(R,n) over

their intersection.

If R is a field, we shall see that T'(R,n) = (Aff(R,n),e) where ¢ is the non-linear
automorphism (X; + X2, X5, ..., X,). This equality will be seen to generalize to the

case where R is any local ring.
In what follows we use the following notations: the elementary automorphism
(Xla ce ’Xi—laXi +a, X’H—17 s »Xn)

where a € R[Xy,..., Xi—1,Xit1,-..,X,] shall be denoted by E;(a).
If c € R*, we denote (X3,...,X;_1,¢X;, Xiy1,...,Xn) by Di(c). Additionally, we
write P, ; for the element of Aff(R,n) that interchanges X; and X;.

If G is any group with ¢, ¢, € G, then we denote the commutator g g297 95" by
[g1,92]. The commutator subgroup of G is the subgroup generated by all such com-
mutators, and is denoted by [G, G].

We say that R contains sufficiently many units if R* generates R as a Q-vector space.
For example, if R is a local ring (or specifically a field), then R has sufficiently many

units.

The following theorem was obtained in 1994 by Harm Derksen, providing some struc-

ture for T(R, n) in the case when n > 3.

Theorem 34. (Derksen) Let n > 3. Then T(R,n) is generated by Aff(R,n) and the
elementary automorphisms E1(cX2) with c € R.

Furthermore, if R has sufficiently many units, then

T(R,n) = (Aff(R,n),e),
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where € = (X7 + X2, X, ..., Xy).

We now state a proposition whose proof is similar to that of the above theorem.
Proposition 35. Let n > 3. Then [E(R,n), E(R,n)] = E(R,n).
In order to prove theorem 34 and proposition 35, we shall make use of the following
lemma (each statement can be verified directly quite easily).
Lemma 36. 1. Di(c ) Dy(c™1)eDy(c)D1(c) = Er(cX3) for all c € R*.

2. PioE1(aX$)Pg = Ey(aX?) foralldeN,a€ R, i > 2.

3. Let2<i<n and

Li=(Xq,..., Xic1,00Xo + -+ X, Xig1, .-, Xin)
with ¢; € R for all j and ¢; € R*. Then for alla € R, d € N we have

E1 (U,(CQXQ 4ot Can)d) = L;lEl(an)Lz

4 Ey(X2X3) = Ey(—(3X, — 1X5)2) By (A X, + 1X5)2).
5. Ey(aX$) = [Ey(X2X3), B3(aX$™)] foralla€ R, d > 1.

6. Ei(aX;) = [E;i(aXk), Ex(X;)] for all a € R and all 1,3, k mutually distinct.

Proof of theorem 34. Let H be the subgroup of T(R,n) generated by Aff(R,n) and
the elements of the form E;(cX?), where ¢ € R. We will show that H = T'(R, n).
Since T(R,n) = (Aff(R,n), E(R,n)), it suffices to prove that E;(g) € H for all
g€ R[Xq,...,Xi-1,Xi1,...,Xp) and for all 1 < ¢ < n. After permutation, it suffices
to show that Ey(g) € H for all g € R[X»,...,X,]. Note that we can write g as a sum
of monomials, none of which contain X;.
Using the fact that Ei(g + h) = Ey(g)E1(h), we must only show that F;(m) € H

for each monomial m not containing X;.
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If m = X,X3, then by the lemma parts 3 and 4, we find m € H. By induction
on d in part 5 of the lemma, we can deduce that F(aX$) € H for alld > 2, a € R.
Thence by part 3 of the lemma we find that

E(a(Xo+csXz+ - +cnXn)) € H

for all a,c; € R, d > 2.

Note that every monomial of degree d in Q[Xs, ..., X,] is a finite Q-linear combi-
nation of elements of the form (X, + ¢z X3+ -+ + ¢.X,)%, ¢ € Q. Hence, E\(m) € H
for all monomials m € R[Xo,...,X,].

All that remains is to show the second part of the theorem, i.e. FE;(cX2?) €
(Aff(R,n),e) if R has sufficiently many units. If ¢ € R*, then from part 1 of the

lemma, we have
Ei(cX3) = Di(c ") Dy(c™HeDy(c)Dy(c) € (AfF(R, n),€).

So let ¢ € R be arbitrary. As R has sufficiently many units, ¢ = ¢; + - - - + ¢, with
each ¢; € R*. Since E1(cX2) = Ei(c1X2)... E1(c;X3), we find that

Ei(cX3) € (Aff(R,n),€). O

Proof of proposition 35. If we argue using the same method as in the proof of theorem

34, then all we must show is that
Ei(a({g, X"))?) € [B(R,n), B(R,n)]

forallae R, alld > 2, and all 0 # q € Q" L.

So let ¢ = (g2,..-,qn) € Q¥}, say with ¢; # 0. Note that F(a({g, X'))%) =
Ei(a(gaXs + -+ + g Xy)%).

Then by the lemma part 3, we find that

Ei(a((g, X"))?) = L; ' Ex(ag! X{) Ly
where L; = (X1, ..., X1, '@ Xo + - + ¢; "¢ Xn, Xis1, ..., X,). Since

Li = Ei(g; '¢2X3) . .. Ei(q7 g1 Xio1)Ei(q7 ¢ Xit1) - - - Ei(q ' gnX0)
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it follows from the lemma part 6 that
L; € [E(R,n), E(R,n)].

Additionally, E(ag?X@) € [E(R,n), E(R,n)] by the lemma part 5.

As [E(R,n), E(R,n)] is closed and since we have found that E;(a({g, X"))?) =
L7 Ey(ag?X?)L;, then we have Ei(a({g, X’))*) € [E(R,n), E(R,n)] and the proof is
complete. O

2.3.1 The Nagata automorphism

Recall that every automorphism of k[X, Y] is tame.
It was suggested in 1972 by Nagata that the following element of Autik{X,Y, Z],

denoted o, is not tame [19].
o=(X—-2Y(ZX +Y*? - Z(ZX +Y?2 Y + Z2(ZX +Y?),2)

(Recall that we showed in section 2.2 that the two-dimensional analogue of the Nagata
automorphism was not tame over R[X Y], where R was not a field.) For many years,
it was not known whether o € Autik[X,Y, Z] was tame, i.e. whether o € T'(k, 3).

It was shown by Smith that the Nagata automorphism is stably tame [31], i.e.
that it becomes tame after adding another variable. In other words, if we extend o
to d: k[X,Y, Z,W| — k[X,Y, Z,W] by setting (W) = W, then & € T(k,4).

Recently, I.P. Shestakov and U.U. Umirbaev found that the tame automorphisms
of the polynomial ring A = k[X,Y, Z] over a field k of characteristic zero are al-
gorithmically recognizable [29, 30]. In particular, it was shown that the Nagata

automorphism is wild, i.e.

Theorem 37. (Shestakov, Umirbaev) o € Autyk[X,Y, Z] — T(k, 3).

2.3.2 The exponential conjecture

In the case when R = k is a field, there are many open problems concerning the group

of automorphisms of k[X]. One such open problem is that of a structure theorem
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for Autzk[X]. The exponential conjecture, studied in this section, deals with this

question. Note that this section follows the exposition given in van den Essen [34].

Since there exist non-tame automorphisms of R[X], it is natural to replace the tame
generators conjecture by a weaker one, the so-called exponential conjecture, which
asserts that for any Q-algebra R, every R-automorphism of R[X] is a finite product

of exponential automorphisms and affine automorphisms.

One defines the group of exponential automorphisms, a large class of polynomial
automorphisms, using locally nilpotent derivations. This group will be shown to
include Nagata’s example and all elementary automorphisms.

Let A be any Q-algebra, and let D be a locally nilpotent derivation on A. Then
by proposition 8 we know that exp(D) : A — A is an automorphism. The automor-
phisms of the form exp D, where D is a locally nilpotent derivation on A, are called
exponential automorphisms of A.

/
/

We now describe a criterion for deciding whether a given endomorphism of A is
an exponential automorphism. Let f : A — A be any map. We associate a map
E:A— Ato f given by E = f — 14. Note that if f is additive, then so is E. One

can also note that f is a homomorphism if and only if
E(ab) = aE(b) + E(a)b+ E(a)E(b), for all a,b € A,
or equivalently if F is an f-derivation on A, i.e.
E(ab) = E(a)f(b) + aE(b), for all a,b € A.

Proposition 38. Let f : A — A be a ring homomorphism. Then f is an exponential

automorphism of A if and only if E is locally nilpotent. Moreover, in this case, then
the map D : A — A defined by

D(a) = Z(—l)“’l—EirL_ﬂ, forallae A

i>1

15 a locally nilpotent derivation on A and f = exp D.
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We do not offer a proof of this assertion; however, the following commentary is note-
worthy: the map D above is defined as the power series expansion of the natural
logarithm of f =14+ E.

We now show that all elementary automorphisms are exponential automorphisms.

Example
Let 1 <i<m,a€ RX,,...,Xi-1, Xit1,. .., Xn), and let D = aa_%' Then it is easy

to see that D is locally nilpotent. One can see that

exp D(X;) = X; if j # 4,
exp D(X;) = X; + a.

Hence exp D = (Xy,...,X;-1,X; + a,..., X,). Thus any elementary automorphism

is an exponential automorphism.

Not only do the exponential automorphisms contain the elementary automorphisms,

but they also contain the Nagata example!

Example
Let Dy = —2X50, + X30; on R[X1, X5, X3]. Then Dy is locally nilpotent as it is a
triangular derivation. Moreover, a = X; X3 + X2 satisfies Dy(a) = 0, so by corollary
15, D = aDy is locally nilpotent.

One can find that DX, = —2aX,, D?X, = —2a°X3, D3X, = 0, DX, = aXs,
D?X, =0, DX5 = 0. Hence

exp DX: = X1 — 2aXs — a%Xs,
exp DX2 = X2 + an,,
exp DX3; = X;.

Thus exp D = o, Nagata’s example described earlier.

These examples all suggest replacing the Tame Generators Conjecture (which is now

known to be false) with the conjecture below.
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‘Exponential Generators Conjecture. Let R be any commutative Q-algebra. Then
AutgR[X] is generated by Aff(R,n) and the exponential automorphisms of R[X].

In [34], van den Essen provides some more evidence for the above conjecture by
showing that the nilpotency subgroup of AutpR[X], denoted N(R,n), consisting of
all F' of the form

(X1+91,. ., Xn +gn)

where each g; is a nilpotent element of R[X], is actually a subset of the set of expo-

nential automorphisms of R[X].

We shall provide more evidence for the exponential conjecture by showing that Anick’s
example (34, 31], a candidate non-tame automorphism of k[X;, X, X3, X4], is an

exponential automorphism.

Example
Consider the polynomial map of k[X,, Xs, X3, X4] given by F = (X; — Xy4d, Xy +
X3d, X3, X4), where d = X3X) + X3 Xo.
This map is an automorphism of k[X1, Xs, X3, X4, and is known as Anick’s ex-
ample. We show that this example is an exponential automorphism.
Construct £ = F — 1ix,,x,,Xs, x4 We find that £ maps each X; as follows:
X — —Xyd
Xy — X3d
X3+—0
Xy—0
To show that F' is an exponential automorphism, we must show that E is locally
nilpotent. Note first that
E(d) = E(X3)X:1 + E(X3)E(X1) + X3E(X1) + E(X4)Xs + E(X4)E(X,) + X4E(X))
= X3E(X,) + X4E(X>)
= —X3X4d + X3X4d
=0
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We then have E2?(X;) = —X4E(d) — E(X4)E(d) — E(X4)d = 0 and E*(X,) =
X3E(d) + E(X3)E(d) + E(X3)d = 0. It follows that E is locally nilpotent and
hence F' is an exponential automorphism. Moreover, F' = exp(D), where D :
k[ X1, Xo, X3, Xa] — k[X1, X2, X3, X4] is the locally nilpotent derivation given by
B
D(a) = Z(—l)’“——(—@, for all a € A.

2

i>1
Explicitly,
E?(X,) E3X
D(X;) = E(Xy) - (2 ) (3 ) - = —Xud
E2(X,) E3(X
D) = B(xy) — 202 B
E?(X
D(Xs) = B(Xs) - (2 )y 2o
E%(X
D(X,) = E(X4) — (2 Y42
We then see that
exp D(X;) = Z D” (Xh) = X1 — Xud
p>0
exp D(X,) = Z —~ D" (X2) = Xy + Xad
p>0
exp D(X3) = Z D” (X3) =
p>0
1
expD(X4) = Y  =D"(Xs) = Xy
p>o I

and so F'=exp D.



Chapter 3

The Abhyankar-Moh-Suzuki

Theorem

3.1 History

In this section, k shall denote a field of characteristic zero. We shall study the
Abhankar-Moh-Suzuki theorem, which asserts the following:

Theorem 39. (Abhyankar-Moh-Suzuki)
Let k be a field of characteristic zero. Given nonconstant polynomials f(t), g(t) € k[t]
such that k[f(t), g(t)] = k[t], then either deg f(t)| deg g(t) or deg g(t)|deg f(¢).

It is interesting to note that this result was used in 1956 by Segre to “prove” the
Jacobian Conjecture in the case k = C [27]. (Recall that the Jacobian conjecture
asserts that every polynomial map F' : C"* — C" whose Jacobi determinant is a non-
zero constant is invertible.) Therefore, this result is sometimes labelled as Segre’s
lemma. In 1970, Canals and Lluis found an error in Segre’s proof and published a
correction [5].

In the monumental paper by Abhyankar and Moh [2] in 1975, the authors remark
that there is an error in the corrected paper of Canals and Lluis. The proof given by
the authors is rather complicated and based on their earlier work on the theory of

approximate roots and the Tschirnhausen transformation.

41
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Meanwhile, several new proofs have appeared, among them a proof using knot
theory by Rudolph [24] in 2002, a topological proof by Zoladek [36] in 1982, and a
proof using algebraic surfaces by Gurjar [10] in 2003.

It is noteworthy that whilst theorem 39 was proved in 1975 by Abhyankar and
Moh [2], it was obtained independently in 1974 by Suzuki [33], whose proof was based

on subharmonic partitions.

3.2 Reformulations of the Abhyankar-Moh-Suzuki

Theorem

We prove three reformulations (theorems 40-42) of the Abhyankar-Moh-Suzuki The-
orem. We also show that (in characteristic zero) the equality Autyk[X,Y] = T'(k, 2)
is a corollary to the Abhyankar-Moh-Suzuki Theorem.

/,
Theorem 40. Let k be a field of characteristic zero and let f(t), g(t) € k[t] be such
that k[f(t), g(t)] = k[t]. Then there exists an automorphism o = (U(X,Y),V(X,Y))

of k[X,Y] satisfying U(f(t),g(t)) = 0 and V(f(t),g(t)) =t.

Before the proof, we introduce some notation. Given a pair (f, g) € k[t] x k{t] and
an automorphism o = (U(X,Y),V(X,Y)) of k[X,Y], define

(f,9)7 = (U(£,9),V(f,9)) € k[t] x kt].
This notation has the property that, given gy, 09 € Autik[X, Y],

((f7 9)01)‘72 = (fa g)(UIOUZ)‘

We also note that if (f1,91) = (f, 9)° then k[f1, g1] = kl[f, g]-

Proof of Theorem 40. Let (f,g) € k[t] x k[t] be such that k[f,g] = k[t]. We have
to prove the existence of o € Autik[X,Y] satisfying (f,9)° = (0,t). Let m =
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deg f(t), n = degg(t), and say

f@&)=fo+ fit+-- + fmt™,
g(t) = go+ gt + -+ - + gut",

where each f;,g; € k. We can assume that m|n without loss of generality by the
Abhyankar-Moh-Suzuki theorem. Say > =d € N.
Consider the automorphism 7 = (X,Y — uX?) of k[X,Y], where u = g,/f¢, and

replace the pair (f(t), g(t)) by
(f(), 9)" = (f(1), 9(t) — uf(t)*) = (£(2), h(2)),
where h(t) = g(t) —uf(t)%. Note that degh(t) < deg g(t) and that k[f(t), h(t)] = k[t]

so that we may assume by induction that there exists o3 € Autpk[X,Y] satisfying
(f,h)°* = (0,1). Then (f, ) = ((f,9)")" = (f,h) = (0,%). O

Recall that a variable of k[X,Y] is an element F' € k[X,Y] for which there exists a
G € k[X,Y] satistying k[F, G] = k[X,Y]. It is clear that if F' is a variable of k[X,Y]
then k[X,Y]/(F) is a polynomial ring in one variable over k; the Abhyankar-Moh-

Suzuki Theorem gives the converse:

Theorem 41. Let k be a field of characteristic zero. If F' € k[X,Y] is such that
k[X,Y]/(F) is a polynomial ring in one variable over k, then F is a variable of
k[X,Y].

Proof. Composing the canonical epimorphism k[X,Y] — k[X,Y]/(F) with an iso-
morphism k[X,Y]/(F) = k[t] shows that there exists a surjective k-homomorphism
£ : k[X,Y] — k[t] with kernel (F). Define f(t) = ¢(X) and g(t) = ¢(Y), and note
that

F(f(t),9(t)) = F(e(X),e(Y)) = &(F) = 0.
We have k[f(t), g(t)] = k[t] (by surjectivity of €) so Theorem 40 implies that there
exists 0 = (U, V) € Autik[X, Y] satisfying U(f(t), g(t)) = 0. Then
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'so U € (F). As U is irreducible, we have F' = AU for some X € k*. Consequently
k[F, V] =k[U,V] = k[X,Y] and F is a variable of k[X,Y]. O

In the next statement, by an “epimorphism” we mean a surjective homomorphism of
k-algebras k[X,Y] — k[t]. Two epimorphisms 1, €5 : k[X,Y] — k[t] are equivalent if
there exists 0 € Autgk[X, Y] satisfying €5 = €1 0 0. Then we have:

Theorem 42. (Epimorphism Theorem) Let k be a field of characteristic zero. Then

any two epimorphisms k[X,Y] — kit] are equivalent.

Proof. Define the epimorphism ¢ : k[X,Y] — k[t] by €o(X) = 0 and o(Y') = ¢, and
let us show that an arbitrary epimorphism ¢ : k[X,Y] — k[t] is equivalent to .

Define f(t) = ¢(X) and g(t) = &(Y), then k[f, g] = k[t] so by Theorem 40 there
exists o = (U, V) € Autyk[X, Y] satisfying U(f,g) =0, V(f,g) =t. Then

/

e(0(X)) =e(U) = Ule(X),e(Y)) = U(f, 9) = 0 = eo(X)
e(0(Y)) =e(V) = V(e(X),e(Y)) = V(S 9) =t = &(Y),

80 £0 0 = €. (|

Let us also mention that the above results have the following interpretation in the
language of algebraic geometry. Let A' be the affine line and A? the affine plane
(over a field of characteristic zero); then, up to an automorphism of A?, there is only

one way to embed A! in A2. This will be discussed in Chapter 4.

To conclude this section, we show that the equality Autyk[X,Y] = T'(k,2) (in case
chark = 0) can be derived from Theorem 39. So this is not a reformulation of the

Abhyankar-Moh-Suzuki Theorem, but a consequence of it.

Corollary 43. If k is a field of characteristic zero then Autyk[X,Y] =T(k,2).
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Proof. Given o = (F,G) € Autik[X,Y], define ||o]| = (m,n) where
m = deg F(X,0) and n = degG(X,0).

Consider the case where n < 1, i.e., G € k[Y]. Since G is a variable of k[X,Y],
k[X,Y]/(G) is a polynomial ring in one variable over k; together with k[X,Y]/(G) =
(k[Y]/(G))[X], this implies that k[Y]/(G) = k, so deg G = 1. Then k[G] = k[Y] and
consequently k[G][F] = k[G][X], which implies that F' = aX + b(G) for some a € k*
and b(G) € k[G]. Let 7 = (a"Y(X—=b(Y)),Y) € J(k,2), then 70 = (X, G) € Aff(k,2),
so o € T'(k,2).

Similarly, if m < 1 then o € T'(k, 2).

Assume that m > 1 and n > 1 and note that the assumption k[F,G] = k[X,Y]
implies that k[F(X,0),G(X,0)] = k[X]. Then Theorem 39 implies that m | n or
n | m. Assume that n | m (the other case is similar) and let d = m/n. Then for a
suitable ¢ € k* we have deg (F(X,0) — ¢G(X,0)%) < m. This means that if we define
= (X —-cY4Y) € J(k2), then 7o = (F',G) where deg F'(X,0) < m, i.e.,

|7oll = (m',n) where m' < m (and n is the same as before).

By induction we may assume that 7o is tame; so 0 € T(k,2) as well. (]

3.3 Characteristic p > 0

Throughout this section, let k£ be a field of characteristic p > 0. We shall see that

Theorems 39-42 are false when % is such a field.

Lemma 44. (Moh, [18]) Let k be a field of characteristic p > 0. Let f(t), g(t) € k[t].
Then k[fP, g = k[t] <> k[f,g] = k[t] and & € k* = k — {0}.

Proof. Assume that k[f?, g] = k[t]. As k[f?, 9] C k[f, g], and f(¢), g(t) € k[t], we find
that

k[t] = k[f7, g] € kf, 9] € Klt].
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Thus, we can write ¢ as t = F(f?, g) for some F(X,Y) € k[X,Y]. Differentiating the

above equation with respect to t yields

dg

1:ngl?

as we are working in characteristic p. This in turn causes %% € k.
Conversely, assume that k[f, g] = k[t] and %’tl € k*. We find that

kLfP, 9] 2 kISP, g) = K[t").

As %‘tl € k*, we find that g is of the form g = ct+h(t*), where c € k* and h(X) € k[X].
We know that h(t?) € k[t?] C k[f?, g] and g € k[f?, g], so

t=c"(g — h(tP)) € k[f?, g].

Thus k[t] C k[f?, g], and so k[f?, g] = k[t]. O

/

The following example is due to Nagata [20].

Nagata’s Example
Let k be a field of characteristic p > 0 and let m > 1 be an integer such that p }m.
Let f =t g =t™ +t. We claim that k[f, g] = k[t]. Indeed, lemma 44 gives:

K[t 677 + 8] = k[t] <= k[t",t™ +t] = k[t] < k[t,t™ +t] = klt],

and since the last condition is true, we have k[f, g] = k[t]. We shall now see that the

pair (f, g) gives a counterexample to theorems 39-42 (when chark = p > 0).

Nagata’s example provides us with a counterexample to the Abyhankar-Moh-Suzuki
Theorem in characteristic p > 0. As deg f = p?, degg = mp, where m > 1 is an
integer with p }'m, we find that deg f fdegg and degg Y deg f. Hence the result of

theorem 39 is false in positive characteristic.

Note that Nagata’s example gives us a counterexample to theorem 41: Let F =
Y¥ — X™ _ X then F € k[X,Y] is irreducible and F(f,g) = 0. So (F) is the
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kernel of the surjective k-homomorphism ¢ : k[X,Y] — k[t] defined by (X)) = f and
e(Y) = g. Consequently, k[X,Y]/(F) = klt].

However we have degy F' ) deg, F and degy F' ) degy F, so it follows from
theorem 31 that F' is not a variable of k[X,Y]. Hence theorem 41 is false.

Additionally, Nagata’s example gives us a counterexample to theorem 40: If there
exists an automorphism ¢ = (U, V) of k[X,Y] satisfying U(f(t),g(t)) = 0, then
e(U)=U(f,g9) =0, s0 F =AU for some A € k*. However, this is impossible as U is

a variable but F'is not. Hence theorem 40 is false.

Finally, Nagata’s example gives us a counterexample to theorem 42: Consider the
epimorphisms g, € : k[X,Y] — k[t] where €q is defined by €o(X) = 0 and ,(Y) = ¢,
and ¢ is defined in the above paragraphs.

Then it can be shown that there does not exist a 0 € Autgk[X,Y] that satisfies
goo = g. (Otherwise, ¢ would map kerey onto kere, i.e., the ideal (X) onto the
ideal (F'). Since F is not a variable, this cannot happen, so ¢ does not exist.) Hence

theorem 42 is false.

One can ask: What are all pairs (f, g) € k[t] x k[t] satisfying k[f, g] = k[t]? (As we
will see in Chapter 4, this is equivalent to asking what are all embeddings of A! in
A2 ie., can we classify them?) If chark = 0, Theorem 40 says that the answer is
simply {(0,t)?| o € Autik[X,Y]}. However, if chark = p > 0 then we may do the

following;:

e Pick 0y € Autgk[X, Y] such that if we set (f1, 1) = (0,%)?", then g} (¢) € k*;

let (fo,92) = (fY, n);

pick o2 € Autik[X,Y] such that if we set (f3, g3) = (f2, g2)°2, then g4(t) € k*;

let (fa,94) = (f%,93);

let (onag2n) = (fgn—laQQn—l);
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e choose any o € AUtkk[X7 Y] and define (f2n+1792n+1) = (f?n,lg?n)o‘

Then Lemma 44 implies that k[fony1, gons1] = k[t]. In 1987, Moh [18] conjectured
that all pairs (f, g) satisfying k[f, g] = k[t] can be constructed by the above process.

More precisely:

Moh’s Conjecture 45. Let k be an algebraically closed field of characteristic p > 0
and let f,g € k[t] be such that k[f, g] = k[t]. Then there exists 0 € Autgk[X,Y] such

that the pair (f1,91) = (f,9)° satisfies:

1. f1 € k[tF],

2. (3deg f1, deggi) < (deg f, degyg),
where the ordering < is lexicographical ordering.

It is interesting to note that Moh’s conjecture remains open.

!

3.4 Generalizations for R[X,Y]

We now ask whether Theorems 39 and 41 remain valid when the field & is replaced
by a ring R.
We first consider Theorem 39. We contend that the following statement is true if

and only if R is an integral domain of characteristic zero:
Given any nonconstant f(t), g(t) € R[t] satisfying R[f, g] = R[t], we have:
deg f(t) | deg g(t) or degg(t) | deg f(2).

Indeed, if R is a domain of characteristic zero then K|f, g] = K|t] (where K = FracR)
so applying Theorem 39 to K|f, g] gives the desired conclusion. It is also easy to see
that Nagata’s example gives a counterexample in the case where R is a domain of
characteristic p > 0. If R is not an integral domain then the above statement is false,

by the following example:
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Example

Let R be a commutative ring containing elements a, b # 0 such that ab = 0. Taking
F=(X,Y+aX®*)(X+bYLY),

we find that F' € AutgR[X,Y] (as it is the composition of elementary automor-

phisms). Thence as ab = 0,
F=(X+b?%Y +aX?).

Take f(t) =t + bt?, g(t) =t + at®, so that (f,g) = (¢,t)°. Thence R[f, 9] = R[t,t] =
R[t], but deg f(t) fdegg(t) and degg(t) fdeg f(t).

So we see that generalizing Theorem 39 is a rather trivial matter. Several authors
have sought generalizations of Theorem 41, and this turns out to be more interesting.
In this case we ask what is the class of rings R for which the following statement is

true:

Each F € R[X,Y] satisfying R(X,Y]/(F) = R]t] is a variable of R[X,Y].  (*)

Russell and Sathaye [25] showed that (x) is valid whenever R is a locally factorial
Krull domain of characteristic zero. Then Bhatwadekar showed in [3] that (*) is valid
for any commutative ring R containing Q. In the same paper, Bhatwadekar proved

the following result.

Recall that a reduced ring R is said to be seminormal if for all b, ¢ € R with b® = ¢,
there is an @ € R such that a®> = b, a® = c.

In an effort to further generalize the Abyhankar-Moh-Suzuki theorem, Bhat-
wadekar found that the result was valid for any domain R of characteristic zero under

the assumption that R is seminormal [3], i.e. the following theorem was proven:

Theorem 46. Let R be a seminormal commutative domain of characteristic zero.
Let I be an ideal of R[X,Y] such that R[X,Y]|/I = R[Z]. Then I is a principal ideal,
say I = (F), and R{X,Y]| = R[F, G| for some G € R[X,Y].
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‘Moreover, it was shown that by Bhatwadekar [3] that

Theorem 47. Let R be a commutative ring containing a field of characteristic zero.
Let F € R[X,Y] be such that RIX,Y]/(F) = R[Z]. Then R[X,Y] = R[F,G] for
some G € R[X,Y].



Chapter 4

Embeddings of A" in A"

Throughout this chapter, k is an algebraically closed field (unless otherwise specified).
We shall examine the relationship between automorphisms and embeddings. More
precisely, given integers 0 < m < n we ask whether there is a unique way to embed

A™ in A", up to automorphisms of A™. Let us first recall some background.

4.1 Definitions

The set k™ is called the affine n-space and is denoted A} or simply A”. In particular,
we call A! the affine line, and A? the affine plane.

An (affine) algebraic set over an algebraically closed field & is a subset of some
affine space A™ over k, which can be described as the zero set of finitely many poly-
nomials in n variables with coefficients in k.

One can define a subset of affine space A™ to be closed if it is an algebraic set.
The closed subsets then actually satisfy the requirements for closed sets in a topology,
so this defines a topology on the affine variety known as the Zariski topology.

A nonempty subset Y C A" is irreducible if it cannot be expressed as the union
Y =Y, UY; of two proper subsets, each one of which is closed in Y. The empty set
is not considered to be irreducible.

An affine variety over an algebraically closed field & is an irreducible algebraic

set. For example, the locus described by Y — X2 = 0 as a subset of C? is an affine

ol
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variety over the complex numbers. But the locus described by Y X = 0 is not (as it
is the union of the loci X = 0 and Y = 0).

A regular map ¢ : A™ — A™ between affine spaces over an algebraically closed
field is merely a map given by polynomials. That is to say that there are n poly-
nomials Fi,..., F, in m variables such that the map is given by ¢(z1,...,2m) =
(Fi(z),..., Fn(x)) where z stands for the many components x;.

A regular map ¢ : V — W between affine varieties is one which is the restriction
of a regular map between affine spaces. That is, if V C A™ and W C A", then there
is a regular map ¢ : A™ — A™ with (V) C W and ¢ = ¥|y. So, this is a map given

by polynomials, whose image lies in the intended target.

The above notions of affine varieties and regular maps define the category of affine
varieties over an algebraically closed field k. In addition, we shall also need the notion
of embedding: ‘

Let p: V - W b/e a regular map between affine varieties. Then ¢ is called an

embedding if
1. ¢(V) is closed in the Zariski topology of W,

2. ¢ :V — ¢(V) is an isomorphism, i.e. ¢~ : ¢(V) — V exists and is a regular

map.

Example 1. Let V C A" be a closed algebraic set. Then the inclusion map i :
V <— A" is an embedding. Furthermore, if FF € Aut,A™ then Foi:V — A"

is also an embedding.

2. Let 1 £ m < n. Then the map 7 : A™ — A" defined by
J(@1, .o ) = (T1,. .., Tm,0...,0)

is an embedding, called the standard embedding. Furthermore, if F' € Aut, A"
then Foj: A™ — A" is also an embedding.
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The following two definitions will be key in the following disussion identifying the
link between polynomial automorphisms and embeddings of affine spaces.

Let V C A™ be a closed algebraic subset and ¢ : V — A"™ an embedding. Then ¢
is called an exotic embedding if ¢ is not of the form F o as above, i.e. it is not the
composition of a polynomial automorphism and the inclusion map.

Let 1 < m < n. An embedding ¢ : A™ — A" is called rectifiable if it is of the
form F o j, where F' € Auty A" and 7 is as above.

Note that if an embedding ¢ : A™ — A™ is rectifiable, say ¢ = F' o j, then composing
¢ with the automorphism F~! we get F~! o ¢ = j, the standard embedding of A™ in

A", explaining the significance of the term “rectifiable.”

We say that two embeddings ¢ : A™ — A™ and ¢ : A™ — A™ are equivalent if there
exists a k-automorphism ¢ such that o o ¢ = 1.

Thus, an embedding is rectifiable if it is equivalent to the standard embedding.

4.1.1 Remarks on regular maps A™ — A",

We shall now translate some of the above notions into algebraic terms.

By definition of a regular map ¢ : A™ — A", there exist fi,..., fn € k[X1,..., Xm]
such that ¢(z) = (fi(z),..., fo(x)) for all z € A™. So we obtain a homomorphism of
k-algebras ¢* : k[X1,..., Xn] = k[X1,..., Xn] defined by ¢*(X;) = f; for all 4. Since
k is algebraically closed, it is in particular infinite, so the polynomials fi,..., f, are
uniquely determined by ¢ and consequently ¢* is uniquely determined by ¢. More-
over, ¢ — ¢* is a bijection going from the set of regular maps A™ — A" to the set
of k-homomorphisms k[X1,..., X, — k[X1,..., Xn]

Am %, An
KX1, . X < KXy, X
One has the following facts:

1. ¢ : A™ — A" is an automorphism of A" if and only if ¢* is an automorphism
Of k‘[Xl, ce ,Xn].
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2. ¢ : A™ — A" is an embedding if and only if ¢* : k[ X1, ..., Xn] = k[ X1, ..., X

is an epimorphism (i.e., a surjective k-homomorphism,).

Two epimorphisms &1, &9 : k[X7,..., X,] = k[X1, ..., X,] are said to be equivalent if
there exists 0 € Autpk[Xy,..., X,] satisfying €5 = &1 0 0. This corresponds exactly

to the already defined notion of equivalence of embeddings, i.e.,

3. Two embeddings ¢1,ds : A™ — A" are equivalent if and only if the correspond-
ing epimorphisms ¢%, ¢4 k[ X1, ..., X,] — k[X1, ..., X are equivalent.

Note the following equivalences:

Lemma 48. Fix an algebraically closed field k and two integers 1 < m < n. Then

the following conditions are equivalent:
(a) Every embedding A} — A} is rectifiable;

(b) for any subvariety W of A} satisfying W = A}, there exists an automorphism

of A} which maps W onto the linear subvariety V(Xm41, ..., Xn);
(¢) any two epimorphisms k[X;, ..., X,] — k[X1,...,Xn] are equivalent;

(d) for any ideal p of k[X1,...,X,] satisfying k[X,,..., Xo]/p = k[X1,..., X,
there exists an automorphism of k[X1,...,X,] which maps p onto the ideal
(Xmt1y--+r Xn)-

Proof. Equivalence (a <= c) is clear from the discussion preceding the lemma, and
(b <= d) is also just a matter of going back and forth between the geometric and the
algebraic viewpoints. So it’s enough to prove that (¢ <= d). We use the abbreviation
R; = k[X1,..., X

Suppose that (c) holds and consider p C R, satisfying R,/p = R,. Let ¢ :

R, — R,, be the composition of the canonical epimorphism R, — R,/p with an
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isomorphism R,/p — R,. By (c), there exists 0 € Aut,R, such that g0 0 = ¢,

where we define:

X;, if1<i<m
g0 : Rp — R, go(X;) = (5)
0, ifm<i<n.
In particular, o maps the kernel of € onto that of &g, i.e., it maps p onto the ideal
(Xma1y - Xn)

Conversely, suppose that (d) holds and consider an arbitrary epimorphism ¢ :
R, — R,,. To prove (c), it’s enough to show that ¢ is equivalent to ¢ defined in
(5), above. Let p = kere, then obviously R,/p = R, so (d) implies that there
exists 0, € AutyR, which maps (X;u41,...,Xn) onto p. Let ey = € 00y, then ¢; is
an epimorphism equivalent to €. Moreover we have kere; = (X1, .., Xn), which
implies that the restriction 8 : R,, — R,, of €1 is surjective, hence § € AutyR,, by
Proposition 1. Define hy, ..., hy € Ry by hy = 671 X;), then k[hy, ..., hy] = Ry, so

k[hl, e 7hmaXm+1, e ,Xn] == Rm[Xm+1, e ,Xn] = Rn

Consequently, o := (hy, ..., Ay, Ximi1, - - -, Xn) belongs to Aut,R,. Since £1(h;) = X;
for i < m and &,(X;) = 0 for 2 > m, we obtain &, 0 0 = g9. This shows that ¢; (and

hence ¢€) is equivalent to €9, so we proved that (d) implies (c). O

4.2 Embeddings of the line in the plane

We shall investigate under which conditions an embedding is not exotic, as well as
for which m and n every embedding of A™ in A" is rectifiable. Our first case is
m = 1,n =2, i.e. the embedding of the line in the plane.

By lemma 48 and theorem 42, it immediately follows:

Theorem 49. If k is an algebraically closed field of characteristic zero, then every
embedding of A in A? is rectifiable.

The above statement is the geometric formulation of the Abhyankar-Moh-Suzuki The-
orem. Recall that theorems 39-42 are all false if chark = p > 0; in fact the example

of Nagata can be phrased as follows:
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Nagata’s Example
Let k be an algebraically closed field of characteristic p > 0 and let m > 1 be such
that p fm. Then the map
¢ : Al — AZ
s — (s, 5+ s™P)

is an embedding which is not rectifiable. Note that the image of ¢ is a curve C C A?
satisfying C' & A', but which cannot be mapped to the X-axis by an automorphism
of A?. Such a curve is sometimes called a wild line.

As mentioned in the discussion of Moh’s Conjecture, the problem of classifying

embeddings A! — A? (in positive characteristic) is open.

4.3 Embeddings where n > m

As we now know that any embedding of A! in A? is rectifiable, the natural question
would be to ask whether every embedding A in A" is rectifiable in the case where
n > 3.

It was conjectured by Abhyankar that for n > 3 there exist embeddings of A! in
A™ which are not rectifiable [1], where k is a field of characteristic zero. However,
Craighero showed that for n > 4 every embedding of A! in A* is rectifiable [7], in
the case k = C. This result was improved upon by Jelonek, who showed that if
n > 2m+ 2, then every embedding of A™ in A™ is rectifiable [11], whereas Craighero
showed this result only for n > 3m + 1. Note that this result was proved by Jelonek
for an algebraically closed field of any characteristic. Srinivas generalized this result,

as we shall soon see.

Let A be a finitely generated k-algebra. Consider the homomorphism p: AQ A — A
defined by p(a ® b) = ab. Define I = ker p and Qg4 = I/I?. The A-module Q4 is
called the A-module of Kahler differentials. Put

m(A) = the Krull dimension of the symmetric algebra of 4/, over A,

n(A) = sup{m(A), 2dim A + 1}.
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Recall that the the Krull dimension (or simply dimension) of a ring R, denoted dim R,
is the supremum of all integers n such that there is an increasing sequence of prime

ideals pg € -+ C p,, of length n in R.
In 1991, Srinivas proved the following theorem [32]:

Theorem 50. Let k be any infinite field and A a finitely generated k-algebra. Suppose
that f : k[X3,...,Xn] — A and g : k[Xy,...,X,] — A are two surjections of k-
algebras with n > n(A). Then there exists F € T'(k,n) such that f =go F.

From this, one can deduce the following result obtained by Jelonek in 1987 [11],
which is valid for any algebraically closed field k. In particular it holds in positive

characteristic as well, which is noteworthy, given the existence of wild lines in AZ.

Corollary 51. If n > 2m + 2, then every embedding of A™ in A™ is rectifiable. In

particular, if n > 4 every embedding of a line in A™ is rectifiable.

Proof. Let A = k[X},...,Xy,], then one sees that n(A) = 2m + 1, so the assumption
on n is that n > n(A). So, by Srinivas’ result, any two epimorphisms k[X7, ..., X,] —

k[X1,...,Xn] are equivalent. The desired conclusion follows from Lemma, 48. O

Recall that if V' is an algebraic subset of A™, it can be described as the zero set of
finitely many polynomials in n variables with coeflicients in k. We denote this set
by I(V). We denote the quotient ring k[X]/I(V) by A(V), and call it the coordinate
ring of V.

Another consequence of theorem 50 is the following [12]:

Proposition 52. (Kaliman) Let V, W be closed algebraic subsets of A", and let n >

n(A(V)). Then any isomorphism ¢ : V — W can be extended to an automorphism

of A™.

Proof. Since V,W C A™ we may consider the coordinate rings A(V') = k[X]/I(V') and
AW) = k[X]/I(W) of V and W, where k[X] = k[X{, ..., X,], and the corresponding
canonical epimorphisms py : k[X] — A(V) and pw : k[X] — A(W).
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Given an isomorphism ¢ : V — W, we have an induced isomorphism ¢ A(W) —
A(V), and so we have another surjection ¢* o pw : k[X] — A(V). Applying Srinivas’
result to py and ¢* o pw yields the desired result. W

4.4 Embeddings of the line in A’

We now have results that show that every embedding of Al in A" is rectifiable if
n = 2 (in characteristic zero) or if n > 4 (in any characteristic). Hence a natural

question would be to ask whether every embedding of A! in A3 is rectifiable.

In 1977, Abhyankar conjectured that there exist polynomial embeddings of the affine
line A! in A® which are inequivalent under the polynomial automorphisms of A3 [1].

More precisely, Abhyankar conjectured the following in the case where char k = 0:

Conjecture 53. Let 0(t) = (f(t), g(t),h(t)) : A — A3 be an embedding such that
none of the integers deg f, deg g, and deg h belong to the additive semigroup generated
by the other two. Then 6 is not rectifiable.

Conjecture 54. The embeddings 0,(t) = (t + t"t2,t"1 ") of A; in Az are not
rectifiable.

Craighero has given examples of 8 disproving the first conjecture, and has shown that
65 is rectifiable, disproving the second [§].
Moreover, Bhatwadekar and Roy showed in 1989 [4] that if char k > 0, then 6, is

rectifiable for all n.

In 1992, Shastri constructed an embedding of the real line in the real 3-space which

cannot be rectified (by polynomial automorphisms of R?) [28] as follows: set
f@) =1 =3, g(t) = t* — 4>, h(t) = t°> — 10t.
We can check that the algebra homomorphism ¢ : C[X,Y, Z] — C[t] defined by

X = f(t),Y — g(t), Z — h(t)
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is surjective, as

d(YZ - X®—5XY +27Z —7X) = g(t)h(t) — f(t)* = 5f(t)g(t) + 2h(t) — Tf(t)
= (t* — 48%)(t° — 10t) — (¢* - 3)?
— 5(t3 — 3)(t* — 4t?) + 2(t° — 10t) — 7(¢> - 3)

=t

Hence, the mapping a : C — C3, a(z) = (f(2),9(2), h(z)), is an embedding of
Al = Cin A} = C® It is not known whether or not « is rectifiable, but one can
remark the following.

Because « is defined by real polynomials, one expects that if there exists o €
AutcA2 such that o o @ is the standard embedding, then it “should” be possible to
find such a ¢ which is defined by polynomials with real coefficients. However, Shastri

proved:

There does not exist o € AutcAd defined by polynomials with real coefficients ()
*

and such that o o a is the standard embedding.

This led him to conjecture the following:

Conjecture 55. (Shastri) The embedding o : At — A2 is not rectifiable.

Let us explain the proof of (). Since « is defined by real polynomials, it is clear
that it maps the subset R of C into the subset R3 of C3. In fact what Shastri showed
is that a(R) is a trefoil knot in R3; this is in fact the only nontrivial part of the
argument. It follows that R3 —a(R) is not homeomorphic to R® minus a straight line.

If o € AutcA is defined by real polynomials then it restricts to a polynomial
automorphism of R3, which is in particular a homeomorphism H : R3 — R3. If in
addition o o @ : C — C? is the standard embedding, then H must map a(R) to the
z-axis, and hence R® — o(R) to R*® minus the z-axis. So ¢ cannot exist and (x) is

proved.

Although we have restricted ourselves to the case where k is algebraically closed, one

can define A} and the notion of embedding for any field k. Then Shastri’s example
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shows that there exists a non-rectifiable embedding of AL in A}. This is interesting,
but the real question is: Does there exist a non-rectifiable embedding of AL in AL ?

This is still an open problem.

4.5 Embeddings of A? in A3

We now continue our discussion of embeddings by considering embeddings of At
in A™. Throughout this section k will denote an algebraically closed field.

Note that if ¢ : A»! — A" is an embedding, then ¢(A""!) = A"~ Moreover,
H(A™ 1) = V() for some irreducible polynomial f € k[X].

Lemma 56. The following are equivalent:
1. Every embedding of A™ 1 in A™ is rectifiable.

2. If f € k[Xy,../, Xy] is irreducible and such that V(f) = A", then f is a
variable of k[ X, ..., Xy].

3. Bvery f € k[Xa,...,X,] satisfying k[Xq,..., Xn)/(f) & k[X1,...,Xn1] i a
variable of k[ X1, ..., Xy)].

Proof. Two affine varieties are isomorphic if and only if their coordinate rings are iso-
morphic k-algebras; so k[X, ..., X,]/(f) = k[X1,..., Xn_1] is equivalent to V(f) =
A" 1 and consequently (2 < 3).

Set m = n — 1 in lemma 48 and note that the prime ideal p, in condition (d)
of the cited result, must have height one and hence be a principal ideal (f), with
[ € k[X,,...,X,] irreducible. Then equivalence (a <= d) of the cited result gives
(1 < 3) here. O

Let n > 3. Note that if f is a variable in k[X], then k[X]/(f) = k[T3, ..., Th-1]-
The converse of this statement (i.e. whether f € k[X] with k[X]/(f) £ k[T1,...,Th-1]
is a variable) is not known to be true, but was conjectured by Abhyankar and Sathaye,

as stated below.
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Conjecture 57. (Abhyankar-Sathaye) Letn > 3. If f € k[X] is such that k[X]/(f) =
E[Ty,...,Th_1], then f is a variable.

In view of lemma 56, this conjecture is equivalent to the assertion that every embed-
ding of A™~! in A" is rectifiable. The conjecture has not been settled to this day,
even for n = 3, but some partial results have been obtained, which we now discuss.

The following special case of this conjecture was proved by Sathaye and by Russell
(26, 25]:

Theorem 58. Let k be a field and f € k[X,Y, Z] such that k[X]/(f) = k[T1,T2). If

additionally f is linear in Z, then f is a variable.
We can verify that the Abhyankar-Sathaye Conjecture implies the following:

Conjecture 59. (Sathaye) Let n > 3. If f € k[X] is irreducible and f~(0) = A1,
then f~1(c) =2 A" for all c € k.

Proof. We assume the Abhyankar-Sathaye Conjecture. Let f € k[X] be irreducible
with f=1(0) = A"}, We show that f~1(c) = A"! for all ¢ € k.

As f is irreducible, the coordinate ring of f~1(0) is k[X]/(f). Note also that the
coordinate ring of A" ! is k[T, ..., T 1]

Now recall that two varieties are isomorphic if and only if their coordinate rings

are isomorphic (as k-algebras). As f~1(0) & A™!  we have that
k[X]/(f) = k[Tlv s 7Tn—1:|'

By the Abhyankar-Sathaye Conjecture, f is a variable.

Thus f — c is a variable for any ¢ € k, and so
KIX1/(f —c) Zk[T,...,Tn]

(as the converse of the Abhyankar-Sathaye Conjecture always holds). Note that
E[X]/(f — ¢) is the coordinate ring of f~!(c), and so

fle) = AL O
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‘Some believe that this conjecture, and hence the Abhyankar-Sathaye Conjecture, is
not likely to be true. In fact there are several candidate counterexamples (see the
paper [6] of Choudary and Dimca for details).

However, there has been some support for the Abhyankar-Sathaye Conjecture, as

evidenced by the following theorem, due to Kaliman and Zaidenberg [13, 14].

Theorem 60. (Kaliman, Zaidenberg) If f € C[X,Y, Z] is such that C[X,Y, Z]/(f —
¢) = Clty, to] for almost all c € C, then f is a variable of C[X,Y, Z].
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