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Abstract

An H-decomposition of a graph G is a partition of the edges of G into subsets, each of
which induces a graph isomorphic to H. In this thesis, we will study decompositions of
certain graphs into cycles and closed trails. In particular, we consider decompositions
of complete multigraphs and complete equipartite graphs. The complete multigraph
AKy, is the multigraph with m vertices and A\ edges between each pair of vertices.
The complete equipartite graph K, * K, with m parts of size n is the simple graph
on mn vertices, such that the vertices are partitioned into m parts of size n, and two
vertices are adjacent if and only if they are in different parts.

With regard to closed trail decompositions, we find necessary and sufficient con-
ditions for the existence of a decomposition of the complete equipartite graph I, K,
into closed trails of length k. We then turn our attention to cycle decompositions,
and give necessary and sufficient conditions for the existence of a decomposition of
the complete multigraph 3K, into cycles of odd length k # 9. We then show how to
use this result to construct k-cycle decompositions of K, x K3 when k = 9k, where
K|(3) and ¥ > 3. In addition, we discuss other cases in which decompositions of

K, * K3 into k-cycles can be found.
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Chapter 1

Introduction

1.1 An introduction to cycle and closed trail de-
compositions

This thesis is concerned with decompositions of graphs into cycles and closed trails.
We begin with the relevant notation and definitions. Any concepts not defined in the
thesis are standard in graph theory or design theory; the interested reader is invited
to consult the textbooks [14] and [53] for definitions of basic concepts.

Given a graph G, we will denote the vertex set of G by V(G) and the edge set
of G by E(G). We use the standard notation K, to denote the complete graph on
m vertices. The notation K, — I will refer to the complete graph on m vertices with
the edges of a 1-factor removed. The complete directed graph on m vertices will be

denoted by K,.

Definition 1.1. A sequence vpejvieqvy - - - vp_1€xv,, Where v; is a vertex for each
1 =0,1,...,k and for each j = 1,2,...,k, ¢; is an edge with end-vertices vj_q and
vj, is called a closed trail if v, = vy and the edges ey, ey, .. ., ey are pairwise distinct; a
cycle if v, = vy and the vertices vy, vy, ..., vp_; are pairwise distinct; and a path if the

vertices o, U1, . .., Uy are pairwise distinct. In simple graphs, the closed trail or cycle

1



1.1. An introduction to cycle and closed trail decompositions 2

C = vpeyv; - - - vxeg_1vg will be referred to unambiguously by listing its vertices, and
denoted by C = vy, vq, ..., vk_1,v9. The path P = vgeqvy - - - vp_1€xv; will be denoted

by P = vg,v1, ..., Vk_1, V. Similar notation will be used for closed trails, cycles and

be taken as the edge e; is immaterial.

We will also use the terms closed trail, cycle and path to refer to graphs whose
vertices and edges form such sequences. In particular, a graph G is called eulerian if
there is a closed trail 7" in G which contains all the edges of G. We will use the terms
closed trail and eulerian graph interchangeably.

The length of a closed trail, cycle or path is taken as its number of edges. A
cycle, closed trail or path of length £ is called a k-cycle, closed k-trail, or k-path,
respectively. Throughout the thesis, we will let (', denote a k-cycle, T} denote a

closed k-trail, and P, denote a k-path.

Definition 1.2. Let G be a graph and let Hy, Hs, ..., H, be subgraphs of G. Then
G is said to be decomposed into its subgraphs Hy, Hs, ..., H, if the subgraphs Hi,
Hj, ..., H, are pairwise edge disjoint, and E(G) = E(H,)UE(H)U---UE(H,). In

this case, we write G=H, 2 H, ¢ --- & H,.

Frequently, the decomposition under question is into subgraphs which are

isomorphic. We thus have the following definition.

Definition 1.3. Let G and H be graphs and let Hy, H, ..., H, be subgraphs of G
such that H; = H for each i € {1,2,..., n}. fG=H,®Hy,% - & H,, then we say

3 s :

that G is H-decomposable, and write H|G.

In particular, if G is decomposable into cycles of length k, then we will write
CilG. If G decomposes into closed trails of length k, we will abuse notation slightly
and write Ty|G, even though the closed trails in the decomposition need not be

isomorphic.
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A notable type of cycle decomposition is a Hamilton decomposition, which is a

decomposition of a graph G into cycles of length |V (G)].

Example 1.4. The complete graph K5 is Hamilton decomposable, as illustrated in

Figure 1.1.

Figure 1.1: A Cs-decomposition of K. The solid edges form one 5-cycle, the dashed

edges another.

The graphs which we are most interested in decomposing are complete multi-

graphs and complete equipartite graphs.

Definition 1.5. The A-fold complete multigraph, denoted AK,,, has m vertices, with

each pair of vertices connected by \ edges.

Definition 1.6. The complete multipartite graph, denoted K, n, .. consists of

ni +ng + - - + ny,, vertices, partitioned into m parts Py, Ps, ..., Py, where |P;| = n;
for each i = 1,2,... m, and vertices u and v are adjacent if and only if « and v belong
to distinct parts. In the case that n; = ny = .- = n,, = n, this graph is referred to

as the complete equipartite graph with m parts of size n, and denoted by K,, x K,,.

Both of these families of graphs may be viewed as generalizations of complete
graphs, as the complete multigraph AK, is just K, when A = 1, and the complete

equipartite graph with m parts of size 1 is isomorphic to K,,,. Moreover, the complete
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equipartite graph with m parts of size 2 is isomorphic to Ks,, — I. Examples of

complete multigraphs and complete equipartite graphs may be found in Figure 1.2.

Figure 1.2: From left to right: K3, 3K3, K3 % K.

Some other basic properties of complete multigraphs and complete equipartite
graphs are summarized in the following lemma. Its proof is by straightforward

application of the definitions of these graphs.
Lemma 1.7. Let m, n and X\ be positive integers.

1. The complete multigraph ANK,, is regular of degree A(m — 1).
2. [V(AK,)| =m and |[E(\Kn)| = A(5).
3. The complete equipartite graph K, x K,, is reqular of degree (m — 1)n.

4 WV (Ko )| = mn and |B(K, + )| = (3)n?

We remark that there are various alternative notations in the literature for the
complete equipartite graph K, * K, such as K(n,n,...,n), K(n™) and K,,(,). The

notation K, * K, which we use reflects the fact that this graph may be viewed as a

particular type of graph product.

Definition 1.8. Let G and H be simple graphs. The wreath product G* H is a simple

graph on vertex set V(G) x V(H), with (g, h) adjacent to (¢', h’) if and only if either
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{9,4'} € E(G) or else g = ¢’ and {h,h'} € V(H). The wreath product is sometimes

also referred to as the lexicographic product or composition of G and H.

From this definition, it is easy to see that the complete equipartite graph with
m parts of size n is isomorphic to the wreath product of K, with the edgeless graph
K,. It can be thought of as being obtained from K,, by replacing each vertex with
a part of size n, and each edge with the edges of a complete bipartite graph K, ,
between two parts. We will occasionally see other wreath products, such as C % K,,,
where C' is a cycle.

The question that we are concerned with in this thesis is when a complete multi-
graph or a complete equipartite graph admit a decomposition into closed trails or
cycles of a particular length.

Obvious necessary conditions for a graph G to admit a decomposition into closed

trails of length k& > 2 are as follows:
1. Each vertex of G has even degree.
2. k divides |E(G)|.

Looking at the particular cases in which G is either K, * K, or AK,,, we have the

following necessary conditions.

Lemma 1.9. Let m > 2, n > 1 and k > 2 be integers. Suppose Ti|K,, * K,. Then:
1. (m — 1)n is even

Moreover, if m = 2, then k is even.

The stipulation that k& be even in the case m = 2 of Lemma 1.9 stems from the

fact that a bipartite graph contains no closed trail of odd length.
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Lemma 1.10. Let m > 2, A > 1 and k > 2 be integers. If Ty|\K,, then:
1. X(m — 1) is even
2. kIA(T).

Moreover, if k = 2, then X is even.

Now consider decomposing a graph G into cycles. As a cycle is also a special
type of closed trail, the necessary conditions for closed trail decompositions are also
necessary for cycle decompositions. However, further restrictions must be introduced
— in particular, obvious necessary conditions for the existence of a Cy-decomposition

of a graph G are that
1. Each vertex in GG has even degree.
2. k divides |E(G)]
3. k< |V(G)|.

As the second condition implies that & < |E(G)|, the third condition ensures that
E <min{|E(G)|,|V(G)|}. This restriction is necessary so that it is possible for G to
even contain a cycle.

Letting GG be a complete multipartite graph or a complete multigraph, we thus

have the following two sets of necessary conditions.

Lemma 1.11. Let m > 2, n > 1 and k > 3 be integers. If C| K, * K, then:

1. (m - 1)n is even
2. k|(7)n?
3. 3< k< mn.

Moreover, if m = 2, then k is even.
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Lemma 1.12. Letm > 2, A > 1 and k > 2 be integers. If Cx|\K,,, then:
1. Mm —1) is even
2. k()
3. 2<k<m

Moreover, if k = 2, then ) is even.

The question of determining whether these necessary conditions are also sufficient
is significantly more difficult and certain cases of this question will be the focus of
this thesis. In the next section, we give an overview of the cases in which the question

has been answered.

1.2 History

In this section, we describe the cases in which necessary and sufficient conditions
have been found for decomposition of complete equipartite graphs and complete
multigraphs into cycles and closed trails. Let us first consider the problem of
cycle decomposition. We will first discuss the history of decomposing the complete
graph into cycles. As this problem remained open for approximately a century-and-
a-half, it has on its own a quite remarkable history. For the sake of brevity, we will
only highlight a few results towards its solution; the interested reader is invited to
read the survey articles [16, 32] for a more detailed view.

The problem of decomposing the complete graph into cycles dates back at least
to 1837, when Pliicker [39] noticed the existence of a Cs-decomposition of Ky and
stated that a Cy-decomposition of K, can exist only if m = 3 (mod 6). He later
revised this observation to include the correct necessary conditions of m = 1 or
3 (mod 6) [40]. In 1847, Kirkman [28] proved that Cs|K,, whenever m = 1 or 3

(mod 6). A decomposition of K, into cycle of length 3 is now also called a Steiner
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triple system, named for Jakob Steiner, who posed the question of when Steiner triple
systems exist in 1853 [52], apparently unaware of Kirkman’s earlier work. In the late
1800’s, Walecki, in [35], provided simple constructions for Hamilton decompositions
of K, whenever m is odd and K, — I (which is isomorphic to K,,/» * K2) whenever
m is even. In 1938, Peltesohn [38] found necessary and sufficient conditions for the
existence of a cyclic Cs-decomposition of K,,,. The problem of decomposing K, into
cycles of arbitrary lengths was not considered until the 1960s, when the existence of
a Ci-decomposition of K, was established for even k and m =1 (mod 2k) by Kotzig
and Rosa [29, 41]. In addition, Rosa [42] proved necessary and sufficient conditions for
the existence of a 5- or 7-cycle decomposition of K, in 1966. For odd k, Jackson [27]
proved in 1988 that Cy|K,, whenever m = 1 or k£ (mod 2k). Sufficiency of the obvious
necessary conditions for Ci-decomposition of K, and K, — I was finally established
by Alspach and Gavlas [1] in the case that m and k have the same parity, and by
Sajna [45], in the case that m and k are of opposite parity.

One direction for generalization of the Alspach-Gavlas-Sajna result is to consider
cycle decompositions of the complete equipartite graph, as the results of Alspach,
Gavlas and Sajna show that the obvious necessary conditions are sufficient for
Ci-decomposition of K, x K, when n € {1,2}. If m = 2, then the graph K, x K,
is bipartite, and with the added requirement that & is even (since bipartite graphs
contain no odd cycle), the necessary conditions were proven to be sufficient in 1981 by
Sotteau [50]. The tripartite case was considered by Cavenagh [18], who proved that
Cy|K3xI, if and only if 3 < k < 3n and k|3n?. Later, Billington, Cavenagh and Smith
found necessary and sufhicient conditions for the existence of a Cj-decomposition of
K,, * K, when m = 4 [10] and m =5 [11].

Many early results on cycle decompositions of complete equipartite graphs tended
to focus on particular small cycle lengths. In 1975, Hanani [21] found necessary
and sufficient conditions for the existence of a Cs-decomposition of K, * K, (which

is equivalent to a group divisible design with groups of size n and blocks of size
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3). Two years later, Cockayne and Hartnell [20] showed that the obvious necessary
conditions are sufficient for cycle length 4. This result was replicated, together with
a proof of sufficiency for cycles of lengths 6 and 8, by Cavenagh and Billington [19)].
Necessary and sufficient conditions were found when £ = 5 by Billington, Hoffman
and Maenhaut [12]. In 2006, Manikandan and Paulraja [37] proved sufficiency for all
prime cycle lengths p > 7. This result was extended by Smith [47] to cycles of length
2p, where p is prime.

One variation on the problem of finding a cycle decomposition of K, * K, is to
require that the decomposition be resolvable, that is, the cycles may be partitioned
into classes such that in each class, the vertex sets of the cycles in the class partition
V(K x Ky,). Liu [33, 34] showed that a resolvable Cy-decomposition of K, * K,
exists if and only if (m —1)n is even, k divides mn, k is even if m = 2, and (m,n, k) ¢
{(3,2,3),(3,6,3),(6,2,3),(2,6,6)}. This result, together with the existence of Cs-
decompositions of K3 % Kq, K3 * Kg, Kg * Ko and a Cg-decomposition of Ky % Kg
by previously mentioned results, proves that the obvious necessary conditions for the
existence of a Cy-decomposition of K, * K,, are sufficient in the case that Elmn.

Let us now consider decompositions of the complete multigraph AK,, into
cycles. Further to the results on decomposing the complete graph, Alspach, Gavlas,
Sajna and Verrall [2] found necessary and sufficient conditions for the existence of
a decomposition of the complete directed graph into directed cycles of length k. As
a corollary, they determined that the obvious necessary conditions for decomposing
2K,, into k-cycles are sufficient. Necessary and sufficient conditions have not, how-
ever, been found for greater values of \.

A fair amount of work has been done on decomposing complete multigraphs
into cycles of particular lengths. The obvious necessary conditions were shown to
be sufficient for cycles of length 3 by Hanani in 1961 [22]. Huang and Rosa settled
the problem when & = 4 [25] and k = 5 or 6 [44]. Bermond and Sotteau proved

sufficiency for odd & with 3 < &k < 7 [§], and, together with Huang, for even k
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with 4 < k < 16 [6]. Much more recently, Smith [48] found necessary and sufficient
conditions for decomposition of AK,, into cycles of length A; as a corollary of this
result, he proved sufficiency of the obvious necessary conditions for decomposition of
A<, into cycles of prime length.

Decomposition into closed trails is a relaxation of the problem of decomposi-
tion into cycles. The problem of finding necessary and sufficient conditions for the
existence of a decomposition of MK, into closed trails of length k& was completely
solved by Hwang and Lin [26] in 1977. Balister [4] found necessary and sufficient con-
ditions for decomposition of K, and K,, * K, into closed trails of (possibly different)
lengths ky, ks, ..., k.. Necessary and sufficient conditions for decomposition of the
complete bipartite graph Ko % K, into closed trails of lengths ki, k2, . .. , k, were found
by Horfidk and Wozniak [24], while Billington and Cavenagh [9] proved an analogous
result for the complete tripartite graph K3 % K,,. The problem of finding necessary
and sufficient conditions for decomposition of K,, * K, into closed trails of lengths
ki, ko, ..., k., however, remains unsolved in general. In this thesis, we will restrict

our attention to the case in which all closed trails have the same length.

1.3 An outline of the thesis

We begin the remainder of the thesis in Chapter 2, with some preliminary information.
Section 2.1 provides additional definitions of concepts which will recur throughout
the rest of the thesis, while in Section 2.2, we present some preliminary results on
decomposition. In particular, the results contained in Section 2.2 concern forming
new decompositions based on known ones.

In Chapter 3, we find necessary and sufficient conditions for the existence of a
decomposition of the complete equipartite graph K kI, into closed trails of length k.
Along the way, we provide an alternative proof of necessary and sufficient conditions

*

for the existence of a decomposition of the complete directed graph K

», into closed
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trails of length k; this result is originally due to Balister [4]. We also detail several
methods for lifting a closed trail decomposition of the complete multigraph MK, into
a closed trail decomposition of a complete equipartite graph. The results in this
chapter have appeared in the Journal of Combinatorial Designs [17]. Necessary and
sufficient conditions for the existence of a Tj-decomposition of K,, * K, have since
been independently proven by Smith [49].

Chapter 4 concerns cycle decompositions of the complete multigraph 3K,,. In
this chapter, we prove necessary and sufficient conditions for the existence of a
decomposition of 3K, into cycles of odd length k # 9. This result extends the work
of Alspach, Gavlas, Sajna and Verrall [1, 2, 45], who found necessary and sufficient
conditions for Cy-decompositions of K,, and 2K,,.

In Chapter 5, we consider cycle decomposition of the complete equipartite graph
K., * K3, with parts of size 3. To decompose this graph into k-cycles, necessary
conditions are that 3 < k < 3m, m is odd and k|9(";’); we show these conditions are
sufficient when k|3('7) or when k # 27 is odd. In the case that 9|k, the proof employs
cycle decompositions of 3K, found in Chapter 4.

Chapter 6 presents a further result on multigraph decomposition, namely a
construction for k-cycle decompositions of kK, when k and m are even.

Finally, in Chapter 7, we sum up the results contained in the thesis and state

some open problems related to this work.



Chapter 2

Preliminaries

In this chapter, we present in Section 2.1 some additional definitions of concepts which
will recur in the remainder of the thesis. Section 2.2 contains some results on creating
new decompositions of complete multigraphs and complete multipartite graphs based

on known decompositions.

2.1 Definitions

In many of our constructions, we will let V(K,,) = Z,,. In this way, we may view
the complete graph as a circulant graph and construct decompositions based on the
lengths of edges. Before we present the relevant definitions, let us first state some
notation. Let m be a positive integer and z € Z,,. We use ||, to denote the unique
element ¢ € {1.2,..., 2]} such that z = &4 (mod m). If we view the clements of Z,,
as placed on a circle, |z, is the least number of steps, clockwise or counterclockwise,
beginning at element 0, taken to reach 2. When we speak of an interval [a,b] in Z,,,
where b — a # %, we mean the set chosen from {a,a +1,... byor {b,b+1,....a}

which has smallest size (necessarily |b — al,,). We do not define the interval [a, b] for

b—a = 73, where the two sets {a,a+ 1,...,0} and {b,b+1,..., a} both have size
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|b—aln = 2, as we will not have need of such an interval.

Definition 2.1. Let m be a positive integer and S C {1,2,..., |2Z]}. The circulant
graph X (m; S) of order m and edge length set S is the simple graph with vertex set
L such that {z,y} € E(X(m;S)) if and only if [z —yl,, € S. (That is, E(X (mn;s)) =
{{z,z+s} 12 € Z,, and s € S}.) An edge {z,y} in the circulant X (m;S) is said to

have length |z — yl|m.

Example 2.2. The circulant graph X(7;{1,3}) of order 7 and with edge length set
{1,3} is shown in Figure 2.1. As examples, the edge {0, 1} has length 1, and {2,5}

has length 3.

Figure 2.1: The circulant X(7;{1,3}).

We note that the the definition of a circulant graph X(m;S) may easily be
extended to the case in which S is a multiset of edge lengths. In this case, each edge
of length ¢ € S occurs in the graph X (m;S) with multiplicity the number of times ¢
is contained in S.

It is also useful to note that the complete graph K,, may be viewed as the

circulant X (m; S) where S = {1,2..., [2]}.

9
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Definition 2.3. Let G be a graph (directed graph) on vertex set V = V(G) and
let p be a permutation of V. For a sub(di)graph H of G, define p(H) to be the
graph (directed graph) with vertex set p(V(H)) and edge set (arc set) E(p(H)) =
{p(u)p(v) : uwv € E(H)}. In general, p(H) need not be a sub(di)graph of G. However,
clearly if G = K,, or G = K, then for any permutation p of V' and sub(di)graph H
of G, p(H) is a sub(di)graph of G.

We note that to decompose a circulant X (m;S) into cycles (closed trails) of
length k, it is sufficient to find a set {CM,C® ..., C®} of starter k-cycles (closed
k-trails) which together contain an edge of each length in S exactly once. Necessarily,
t = |S|/k. Letting p denote the cyclic permutation (0,1,...,m — 1), then the set of
cycles (closed trails) {p/(CW):0<i<m—1,1<j <t} form a Cy-decomposition
of X(m;S). Such a decomposition, in which p(C) is a cycle (closed trail) in the

decomposition for each cycle (closed trail) C in the decomposition, is called cyclic.

Example 2.4. The cycle C = 0,1, 3,0 is a starter cycle for a cyclic Csz-decomposition
of K7, since it contains an edge of each length 1,2 3. The cycles p'(C), 7 = 0,1,...,6,
where p = (0,1,2,3,4,5,6), form the decomposition. This decomposition is illus-

trated in Figure 2.2.

A concept which will frequently be used in our constructions is that of the jump
of an edge in a complete equipartite graph, which is essentially the difference between
its positions in the two parts containing its endvertices. As we will see in Section 2.2
and later, we can form cycle or closed trail decompositions of K, * I, from known
cycle or closed trail decompositions of AK,, by assigning to each edge a jump in a

particular manner. Let us now specify more precisely the definition of jump.

Definition 2.5. Let the complete directed graph K, have vertex set Z,,. An arc
(u,v) in K7, will be said to be of positive direction if one of the following conditions

hold:
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60

50

Figure 2.2: Forming a cyclic Cs-decomposition of K7. The cycles C' = 0,1,3,0 and
p(C) = 1,2,4,1 are explicitly drawn; the remaining cycles are formed by repeated

rotation of C.
L. misodd and v —u € {1,2,..., ——"‘2_1}
2.misevenand v —u € {1,2,..., %_*2}

1@ ” a4 — M P
3. miseven, v—uy = F,and u e {0,1,..., —2—}

An arc which is not of positive direction will be said to have negative direction.

In essence, that (u,v) has positive direction in the case that v — u # % means
that if the vertices of Z,, are placed around a circle in order 0,1,..., m—11in the
clockwise direction, then the shortest distance around the circle from u to v is in the
clockwise direction. If v — u = %, then the distance from u to v is equal in both the
clockwise and counterclockwise directions, so the positive direction Is chosen as the

one in which the initial vertex v is in {0,1,.. ., %‘2}

Definition 2.6. Let the vertex set of K,, be L, and that of K; be Z,, so that
K,, x K4 has vertex set Z,, x Z;. Consider an edge e = {(u, 1), («',7")} of K, «x K,
where the arc (u, ') of K7, is of positive direction. The edge e is said to have jump

i’ — .
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Sometimes we will make use of matchings, all of whose edges have a particular

jump.

Definition 2.7. A matching M in K,, x K,, whose edges have vertices all in two parts

will be said to be of jump j if each of its edges has jump 7.

0,0
0.0

0.2)

GO 6.1 62 L0 g,y 4

2.0
@1

2,2)
Figure 2.3: A matching of jump 2 in K, = K3.

We note that the matchings of size n of jumps 0,1,...,n —1 partition the edges
of the complete bipartite graph I -

The jumps of edges in K, * K,, defined in Definition 2.6 will be considered as a
natural jump; in this context, jump may be thought of as the difference in position in
their respective parts of the endvertices of an edge. In contrast, we will also consider
the concept of an assigned jump, which is a label in Z A assigned to an edge of AK,,.
In practice, we will transform AK,, into K, * K, by assigning a jump to each edge
of AK,,, with X parallel edges receiving A distinct labels. We will associate an edge
e = {u,u'} of AK,, which has assigned jump j with a matching of size n and jump
j in K,, = K, whose edges have endvertices in the parts {u} x Z, and {«'} x Z,. In

this way, we will speak of lifting \K,, to K,, x K.
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Definition 2.8. Let e = {u,u'} be an edge of AK,,. Suppose that e is traversed in
the direction (u,u’), and let e be assigned jump j. If (u,«) is of positive direction,
then the signed jump of e is j; if (u,u’) is of negative direction, then the signed jump
of eis —j. If e1,eq,..., ¢ are edges of AK,,, each with a prescribed direction, then
the displacement over ey, es, ..., e is the sum of the signed jumps of ey, es,.. ., €.
We may similarly define signed jump and displacement for edges of K, x K : if
{(u,i),(,¥)} is traversed in the direction ((u,i),(«/,#)) and has jump
J € {i— 4,4 — i}, then {(u,i),(«,i)} has signed jump j (resp. —j) if (u,) has
positive (resp. negative) direction. The displacement over a trail €1,€2,...,€ in

Ko, * K is the sum of the signed jumps of e, e, ..., e
We will also require some further notation related to paths.

Definition 2.9. Let P = vp, v1,...,vk_1, vy be a path of length k. The reversal of P

. <
is the path P = vy, vp_1,..., 01, vp.

F
Note that P and P represent the same underlying path. However, at times the
order of listing of the vertices of a path will be important in incorporating this path

in larger paths or cycles.

Definition 2.10. Let P = wg,uy,...,u; and Q = vg, vy, ... , Vs be paths, such that
the terminal vertex of P and the initial vertex of Q coincide, i.e. uxy = vg. The
concatenation of P and @ is PQ = wug,uy,..., Uk, V1, V2, ..., Us. If ug is the only

’ d

vertex shared between P and @, then PQ is also a path. If v, = up, and the sets

{ur, .. up—1} and {oy, . .. .51} are disjoint, then PQ is a cycle.
Example 2.11. Let V(Ky5) = Zi5. Let P = 0,1,—1,5,-2, Q = —2.6, and

R =6,-4,7,0. Then PQ is the path 0, 1, —1, 5, —2, 6 and PQR is the cycle
0,1, 1,5, —2,6,—4,7,0in Kis.

Definition 2.12. Let P = v, v1,..., v be a path. Then vertices vg, vg, vy, ... (i.e.

the first. third, fifth, ... vertices along P) will be referred to as the odd-positioned
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vertices of P, while the vertices vy, v, vs, . .. (i.e. the second, fourth, . . ., vertices along
P) will be referred to as the even-positioned vertices of P, with respect to the order

of listing of the vertices of P.
Finally, we close this section with one remaining concept.

Definition 2.13. Let G and H be simple graphs. The join of G and H, denoted
G » H, is the simple graph with vertex set V(G x H) = V(G) U V(H) and edge set
E(Gu H)=E(G)UEH)U{{g,h}: g€ V(G) and h € V(H)}.

In particular, we will sometimes view K, as the join K,,_; x K;. In this case,
the vertex of K is called central. This representation, illustrated in Figure 2.4 for
m = 6, allows us to consider the edges of K, as either having length in K,,_,, or else

being incident with the central vertex.

Figure 2.4: K¢ = K5 x K. Here, V(Kg) = Zs U {o0}, where V(K3) = Zs and oc is

the central vertex.
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2.2 New decompositions from old

2.2.1 Blowing up cycles and closed trails in complete equipar-
tite graphs

The next few results show how we may obtain new decompositions based on existing

decompositions. We first give some known results on blowing up cycle decompositions.

Lemma 2.14. [5] Let k > 3 be a positive integer, and suppose that C is a cycle of
length k. Then for any positive integer n, Ci,|C * K,,.

Lemma 2.15. [30] Let k > 3 be a positive integer, and suppose that C' is a cycle of
length k. Then for any positive integer n, Ci,|C * K,,.

The following two results are easy consequences of Lemmas 2.14 and 2.15, and

may be found in numerous places in the literature (see, for example [18]).

Lemma 2.16. Let k > 3, m > 2 and n > 1 be positive integers. If Cv|K,, + K, then

for any integer s > 1, Cy|K,, » K.

Lemma 2.17. Letk > 3, m > 2 and n > 1 be positive integers. If Crx| Ky, * K, then

for any integer s > 1, C| Ky % Ko

The decompositions alluded to in Lemmas 2.18 and 2.19 below are formed anal-

ogously to the corresponding results on cycle decomposition (Lemmas 2.14 and 2.15).

Lemma 2.18. Let k > 3 be a positive integer, and suppose that T is a closed trail of

length k in a simple graph. Then for any positive integer n, TWT * I,

Lemma 2.19. Let k > 3 be a positive integer, and suppose that T is a closed trail of

length k in a simple graph. Then for any positive integer n, Tin|T * K.

As a direct result of these lemmas, we have the following useful tools for blowing

up existing closed trail decompositions.
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Corollary 2.20. Let m, n and k > 3 be positive integers. If Ti| K, x Ky, then for

any positive integer s, Ti| Ky * K,p,.

Corollary 2.21. Let m, n and k > 3 be positive integers. If T Ko x K, then for

any positive integer s, To| K, * K, .

2.2.2 Converting closed trail decompositions to cycle decom-

positions

In this section we state several known results which enable, under certain circum-
stances, the formation of a cycle decomposition of a complete equipartite graph from
a known closed trail decomposition.

We begin by stating the following result, due to Cavenagh. Here, X(T") represents
the chromatic number of a closed trail 7" and A(T) its maximum degree. This result
was employed by Cavenagh in his proof of necessary and sufficient conditions for the

existence of a Cy-decomposition of K3 x K, in [18].

Lemma 2.22. [18/ Suppose T is a closed trail of length k in the complete tripartite
graph K5« K, i.e. x(T) < 3. If A(T) < 2s, then Ci|T * K.

More recently, Smith [47] published the following generalization of Lemma 2.22.

Lemma 2.23. [{7] Let T' be a closed trail of length k in a simple graph. Let A = A(T)
and x = x(T). Suppose that n > 5. If there exist (x — 2) mutually orthogonal Latin

squares of order n, then Cy|T x K.

We note that Lemma 2.23 requires the existence of mutually orthogonal Latin

squares. In order to use this lemma, we note the following well-known result.

Theorem 2.24. [36] Let n = p;™ py™2 - - - pk be the prime factorization of the integer
n, where py < py < -+ < pi. Then there exist py™ — 1 mutually orthogonal Latin

squares of order n.
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2.2.3 Lifting decompositions of complete multigraphs to de-

compositions of complete equipartite graphs

Theorem 2.25. Suppose we have a Cy-decomposition of AK,,. Assign to each cycle
an arbitrary direction of traversal. Suppose we can assign a jump in Zy to each edge

of AK,, such that:

1. No two parallel edges of AK,, share a label.

2. The total displacement along any cycle in the decomposition is 0.
Then Cy|Km * K.

Proof. Let u and v be vertices of AK,,. Notice that the assignment of a jump
j € {0,1,...,m — 1} to an edge of AK,, with endvertices v and v gives rise to a
matching of size m and jump j in the K , induced by vertices in {u,v} x Z, in
K, * K,. Among the m parallel edges, each jump in {0,1,...,m — 1} is assigned
to one of them, and so the corresponding matchings partition the K, ,, induced by
vertices in {u, v} X Zy in K,, * K. In this way we see that the jump assignment gives
rise to K, x K, with each edge occurring once as the result of a jump.

Consider a k-cycle C' = vgeyvieqvg - - - v 16509 in AK,,, with vertices vy, vy, ...,
-1 and edges ey, eq,...,e,. With the assignment of jumps to the edges of C, this
cycle gives rise to kX edges in K, * K{; we wish to show that these k) edges may be
partitioned into the edges of A cycles of length k in K, % K. Let us assign a direction
of traversal of C; in particular, we give the edges of C the directions (vg, 1), (v1, v2),

o (Up—2,vk1), (Ug_1,10). Let s; denote the signed jump on the arc (v;_1,v;), where
v = U, so that Zf:]_ si = 0. Let a € Zy, and consider the vertex (vy, o). Beginning
at this vertex, we traverse a sequence of k edges and vertices as follows. If we are
currently at vertex (v;, 8), we follow along the edge {(v;, ), (vit1, B+$i+1)} to the next
vertex (v;41, 8 + 8ip1); that is, the part of the next vertex is determined by the next

vertex of C, and its position in the part is determined by the jump assigned to the edge
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ei+1. Thus, beginning at vertex (vo, ) and traversing k edges, we obtain a sequence
Cy = (v, ), (v1, + 81), (v2, ¢ + 81+ 82), - .., (V1,0 + Zf:_ll 8i), (vo, @ + Zle 8i)-
Since Zle s; = 0, the terminal vertex is equal to the initial vertex (vg, ). We
note that since C is a cycle in AK,,, the vertices in C, occur in k different parts;
in particular, except that the inital and terminal vertex coincide, the vertices are
distinct. It follows that C, must be a cycle. Finally, we note that if o and f are
distinct elements of Z,, then it is easy to see that the cycles C,, and Cs have no vertex
in common. We have thus found k-cycles Cy, C4, ..., C,, 1 which partition the km
edges arising from C.

If we do the same procedure for each cycle in the decomposition of MK,,, then

we obtain a k-cycle decomposition of K, x K. O

Theorem 2.26. Suppose we have a Cy-decomposition of \IK,,,. Assign to each cycle
an arbitrary direction of traversal. Suppose we can assign a jump in Zy to each edge

of AK,,, such that:
1. No two parallel edges of AK,, share a label.

2. The total displacement in a cycle is relatively prime to .
Then Cix|Km * K.

Proof. That each edge of MK, lifts to A edges in K,, * K, and that no two edges of
MK, give rise to the same edge in K, * K, follow as in the proof of Theorem 2.25,
as any A parallel edges receive distinet jumps in K, * K.

Also, similarly to the proof of Theorem 2.25, a k-cycle C' = vpeqvieav9 - - - V1€
gives rise to kX edges in K, * I(y; in this case, however, we must show that these
kX edges constitute a single kA-cycle. Beginning at (vg,0), we traverse these kA
edges in the following manner. Let s; denote the signed jump on the arc (v;_y,v;).
If we are at vertex (v;, 8), then we follow along the edge {(vi, 3), (viy1, 8 + siy1)}-

We thus obtain the sequence C' = (vy,0), (v1, 1), - ... (Vg-1, Zii;l si)s (vo, ZL Si)s
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(U1, 51+ 308 1 5:), (U2, 51+ 824+ 5001 83)s -y (Vret, Sont 84+ 508 80), (V0,2 Zle $i),
oy (U1, Zi:ll si+(A—1) Zle si), (vo, A Zle s;). Since the second coordinate is in
Zy, the terminal vertex is (vp,0). Note that since Zle s; is relatively prime to A, and
each part is reached, in order, on vertices (v;, 8), (vi, S+ Zle $i), (v, B+2 Zf:] Si)s
(v;B+3 Zle Si), - . ., it follows that each part may be reached A—1 times in C’ before
a vertex in that part is repeated. Beginning at vertex (vg,0), the only part which is
reached A times is that containing (vp,0), and this vertex is the only one repeated.
Hence, other than the fact that the initial and terminal vertices coincide, no other
vertex is reached more than once. We now see that C” is a cycle of length k.
Following the procedure for each cycle in the decomposition of AK,,, we obtain

a kA-cycle decomposition of K, * K. 0

We will see a few further lifting results later in the thesis where they are required,
notably in Chapter 3, where we will lift closed trail decompositions of complete multi-

graphs to closed trail decompositions of complete equipartite graphs.



Chapter 3

Closed trail decompositions of

K, x K,

In this chapter, we consider closed trail decompositions of complete equipartite graphs.
The main result of this chapter, Theorem 3.15, is the determination of necessary and
sufficient conditions for the existence of a decomposition of the complete equipartite
graph K, * K,, with m parts of size n, into closed trails of length k. The results of
this chapter have appeared in the Journal of Combinatorial Designs [17]. We note

also that Theorem 3.15 has since been independently proven by Smith [49].

3.1 Some basic decompositions

We begin by recalling some decomposition results which we will later use in
finding decompositions of K, x K. We note that several of the results on closed trail
decompositions are part of more general results regarding decomposition into closed

trails whose lengths may vary.

Theorem 3.1. [2{] Suppose k > 3. The complete bipartite graph K, , & Ko x I, is

decomposable into closed trails of length k if and only if n and k are both

24
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even and k|n?.

Theorem 3.2. [9] Suppose k > 3. The complete tripartite graph Kz x K, is
decomposable into closed trails of length k if and only if k|3n>.

Theorem 3.3. [26] Let k > 2, d > 1, m > 1 be integers. Then the complete
multigraph dIK,, is decomposable into closed trails of length k if and only if the

following conditions all hold:
o Kld(™),
e d s even or m is odd,
o if k=2, then d is even, and
e ifm =2, then k is even.

Theorem 3.4. [4] Let m,k > 3 be integers. Then Ti|K,, * Ky if and only if
kl2m(m — 1).

Theorem 3.5. [3] Let m,k > 2 be integers. Then the complete directed graph K,
admits a decomposition into directed closed trails of length k if and only if kjm(m — 1)

and (m, k) # (6,3).

Theorem 3.6. [54] Let d, k and m be positive integers. The complete multigraph
dK,, is decomposable into paths of length k if and only if k|d(7)) and k< m — 1.

For our purposes, we will require closed trail decompositions of dK,, which
exhibit certain properties, in particular decompositions each of whose trails contain
a pair of parallel edges or whose trails may he partitioned into pairs in a certain
manner. In order to obtain decompositions with the desired propertics, we offer an
alternative proof of Balister’s result (Theorem 3.5) on decomposition of K. The

propertics which we seck differ depending on the parities of £ and m. as do the
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methods by which we find these decompositions, and so we present this proof via
several lemmas.

Before we make this foray into the world of directed graphs, we present some
relevant definitions and notation. We will let ﬁ (resp. (7;) denote a directed closed
trail (resp. a directed cycle) of length k, and for any undirected graph G, we let G*
denote the directed graph obtained from G by replacing each edge {z,y} of G with

two arcs (z,y) and (y, z).

Definition 3.7. Let m be a positive integer and S C Z,,, — {0}. The circulant digraph
Y(m S) is the directed graph with vertex set Z,, such that (i, j) is an arc if and only
if j—i€eS. An arc (¢, ) is said to have difference j — 1.

The first lemma which we present on directed graphs, Lemma 3.8, is a
natural application of known decomposition results. Although we will not directly use
this lemma towards our decompositions of complete equipartite graphs, we
nevertheless include this result for the sake of completeness of our alternative proof

of Theorem 3.5.

Lemma 3.8. Supposem > 3 and k > 2 are integers such that m is odd. If klm{m—1),
_)

then T | K2,

Proof. First consider the case that & is odd. We must have that k|(%), so that

Tk| K by Theorem 3.3; taking each closed trail in this decomposition in both possible

*
m*

orientations, we obtain ’ﬁklf

- (m—1 .
%l% and so, provided

Now, we suppose that k is even. Since klm(m — 1),
k> 6, Ty/2| K by Theorem 3.3. Given a closed trail T in this decomposition, if we
traverse 7' twice, once in each direction, we obtain a directed closed trail of length
k. Tt is now easy to see that ’?k[K > It b =4, then Py|K,, by Theorem 3.6; again,

traversing each path twice, once in each direction, we obtain ﬁ]K*

m*

If £ = 2, then

the result is obvious. O
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Lemma 3.9. Suppose m > 2 and k > 2 are both even. If klm(m — 1), then Y_ilKT*n

Proof. Let k' = k/2. Note that in this case, we need only show how to decompose
Ky = G1 &Gy ® - -- ® G, where each G; is a connected subgraph of K,, containing
exactly k' edges. If such a decomposition exists, then we may write K* = GioGy®
--- @ G7. Recall that a directed graph is eulerian if and only if for each vertex v, the
indegree of v equals the outdegree of v. It is thus easy to see that each G} would
be an eulerian subgraph of K} containing exactly k edges, and hence would be a
directed closed trail of length k.

If £ < m, then by Theorem 3.6, K,, is decomposable into paths of length k’,
and we are done. Suppose then that £ > m. To decompose K,, into connected
subgraphs with &’ edges, we first write &’ = st, where s|(m/2) and t|(m — 1), and let
V(Kyp) = Zy,. Fori=0,1,...,(m — 1)/t — 1, let

it it it it it t+1
P=——c —+1,—=+1),24+2,..., =+ —
’ 3 g b <2+)'2+’ 3

if 7 is even and

P_z't—i-l i+ 1 z't+1+1 it+1+1 i i+t
T 2 ? 2 ¥ 2 ¥ 2 LA 2 3 2

if 7 is odd. Let p denote the cyclic permutation (0,1,2,...,m — 1), and for

j=0,1,...,m/2—1, decompose K,,. (In essence, we have taken Walecki’s decompo-
sition of K, into Hamilton paths given in [35] and “chopped” each (m — 1)-path into
(m — 1)/t paths of length ¢.) Note that ¢t > 3, as t = 1 implies #’|(mm/2) and hence
k < m. It follows that each path P,; contains two consecutive vertices ¢ and ¢ + 1,
and so P ; and P ;1 share a common vertex. For each i = 0,1,...,(m — 1)/t — 1,
7=0.1,...,m/(2s) — 1, let G;; = USZ{ P, 41, SO that Gi; is a connected subgraph

of K,, containing st = k' edges; the graphs G, ; decompose K,,. O
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Corollary 3.10. Suppose m > 2 and k > 2 are both even, and that klm(m — 1).
Then Ty|2K,,, and moreover, there exists such a decomposition in which each closed

trail contains a pair of parallel edges.

Lemma 3.11. Suppose m > 2 is even, k > 3 is odd, and (m,k) # (6,3). If
klm(m — 1), then T;}K;L

_)
Proof. 1f k < m, then Ci| K}, by the main result of [2], so we need only consider the
case where k£ > m. Write k = st, where s|(m/2) and t|(m — 1). Let t' = (m — 1)/t.

We consider separately the cases s < m/2 and s =m/2.

Case 1. s <m/2.

Note that in this case, since m is even and s is an odd divisor of m, 35 < m, so
we can assume that ¢ > 5, as k = st > m.

Let the vertex set of K be Z,,, so that each arc has difference occurring in
{£1,£2,...,£(F - 1), 2} Let p denote the cyclic permutation (0,1,...,m — 1) of
Z. The closed trails of length & in our decomposition will be formed in the following
manner. We first form ¢' + 1 closed trails of length ¢, each consisting of a directed
triangle together with (t—3)/2 directed digons. In each of these closed trails of length
t, only five arcs, which form a directed triangle and a digon, will be given explicitly.
The remaining ¢ — 5 arcs will be added in pairs forming directed digons and will not
need to be fully specified. Two of these basic closed trails of length ¢ will contain
arcs of difference m/2, and will together use ¢ differences. The remaining ¢’ — 1 closed
trails of length ¢ will each use t differences. We will form closed trails of length &k = st
by successive rotation of these basic closed trails until each contains st arcs. Finally,
further closed trails of length & will be formed by rotation of these closed k-trails to
ensure that all arcs of K, are used up. We formalize this procedure as follows.

First, we construct the directed closed 5-trails that will form the anchors for the

t' + 1 closed trails of length t. We start with the two closed 5-trails containing arcs
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of difference m/2. If m = 0 (mod 4), let

T = 0,1,%,0,—1,0

~ m m
and T = o,—(~—1).1,0,-—1. .
an 2 10,5 =10
If m=2 (mod 4), let
T = 0,1,.20,-1,0

2

m m
d T = 0,—,1,0,——-1,0.
an y 2 b ? 2 3

In each of these two cases, T and T together contain two arcs of each of the
differences in {£1,£(% — 1),%}. However, this will not be a problem. Let the
difference j of an arc (4,7 + j) be called odd if i is odd (denoted j,) and even if i
is even (denoted j.). We note that between 7" and T, each of the differences 1,
oo (=Der (~D)or (% = Dy (% = Doy =(Z = Doy =(2 = Doy (B)er (2, occurs
exactly once. This fact will ensure that among the trails p%(T) and p?(T), where
0 <7 < F — 1, each arc of difference in {£1,+(% — 1), %} occurs exactly once.
Also, in the case m = 2 (mod 4), since ged(m, % — 1) = ged(m, mT_2) = 2, it
follows that for any closed trail 7 in K, {7, p™/27(1), p?/2=V(7), ..., p™/2=1(7)}
= {7,0%7),p*(7),...,p*™27V(r)}. Hence among the trails p*™/2~)(T) and
P2 D(TY) where 0 < i < T — 1, each arc of difference in {£1,+(% — 1), 2}
occurs exactly once if m =2 (mod 4).

If t' > 2, we construct a further ¢ — 1 = 2(« + 3) directed 5-trails. The numbers

« and J are specified as follows:

=1 if ¢ =1 (mod 4) L2, if¢'=1 (mod4)
and (=

4
L if ¢ =3 (mod 4) =3 4f¢' =3 (mod 4)

Let J={5i4+2:i=0,1.....,a-1}U{5i+4:i=0,1,...,3~1}. Foreach j € J,

we now construct two directed 5-trails, 7; and Tj.
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For0<i<a-—1,let

m t'+1 m t'—-1
Trinoa =51 +2 — — 21,0,9 + 2, — —
+2 1+ > 5 + 21 1+ 5 5

+ 24,50 + 2.

Ift/ =1 (mod 4), let

while if ' = 3 (mod 4), let

~ t '+ 5

: ’ (m +5> o 5t +o’2.
4

For1<i<a-—1,let

~ . Y +5
Tirn = 50 +2,0, (-@ -2

: 5 —3i)¢5i+2,1,5i+2.

For0<i<pg—1,let

¥ -1
Taipa = 0,56 + 4, —23 — 5 +2,0.51+ 3,0

and

. P T
Thirs = 5i + 4,0, — (%—%4@),5”4,—1,5“4.

It is not difficult to check that among the 5-trails T and I~J for j € J, there

appears exactly one arc of each difference in

{i2,:t3,...,:t7}u{:E(S,i((5+1)....,:%:(m—2>},

r_ sl 1 . i . S R ’
where vy = 2= and § = 2 — =L if ¢/ =1 (mod 4 cand vy = 23 gpd § = @ Stltl
1 2 1 ! 1 2 P!

if ¥ =3 (mod 4).

There remain m — (5¢' + 1) differences which are not used in any of the 5-trails
T, T 13, Y~J (for j € J), and these unused differences occur in pairs +d, where
de{y+1,v+2,...,6 — 1}. We extend the 5-trails T. T, T;, fj to closed trails of

length ¢ by distributing these differences as follows.
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We first extend the 5-trails 7 and 7' by choosing a set S consisting of (¢ — 5)/2
unused differences from {y + 1,7+ 2,...,6 — 1}. For each difference d € S, we
add the arcs (0,d) and (d,0) to T, and arcs (1,d + 1) and (d + 1,1) to 7. In this
way, we obtain closed t-trails 7" and T' from T and T , respectively. Note that the
trails p%(7") and p*(T") for i € {0,1,...,2 — 1} decompose the circulant digraph
X (my 28 U {£1, £(2 — 1), 1),

For each of the remaining closed trails T}, form T} by choosing a set S; of (t—5)/2
unused differences from {v +1,v+2,...,6 — 1} and adding the arcs (0,d) and (d,0)
to those of T} for each d € S;. Similarly, form f]' from Tj using a set S; of (t — 5)/2
of the remaining unused differences from {v + 1,v+2,...,d — 1}. We note that the
differences in 7} and fj are &, &5, d}, d), —d, and —di, —db, —d3, dl, —d2, respectively,
for some {d},d, d}, &}, d} C {£2,..., 4y} U {£0,..., (% — 2)}. Moreover, the
sets {dJ,....dl} are pairwise disjoint for distinct j. Hence the circulant digraph
Y(m, +{d,...,d} U+S; U+S;) decomposes as @;’;Bl(p’(’lj’) & /)’(TJ’))

Notice that the sets S, S; and :S’Vj, for all 7 € J, together partition the set
{v+1,v4+2,...,6 —1}. Hence the closed t-trails 7", T, T} and TJ’ (for all j € J) use

each of the differences in {£1,£2,...,+(% — 1), &} precisely once.
Finally, we show how to use the t-trails 7", 77, T} and Ij’ (for all j € J) to
construct closed directed k-trails that decompose K7,. First, suppose m = 0 (mod 4).

Then, since T’ contains both vertices —1 and 1, and 7" contains both vertices & —
3 ’ 2

and —(% — 1) = 3 + 1, note that for i € {0,1,...,% — 2}, the underlying graphs of
both p2(1") @ p* (1) and p%(1") & p?*2(T") are connected. Let 7 = T" & p*(T") &
- @ p»(T") and T =T & PTG @ p*~2(T"). Then each of 7 and T are
closed trails of length %, and moreover,
m/(2s)—1

?() (m; +SU {:tl,:t (r_g - 1) %}) = @ (p25i(:7) & pQSi(ﬁfv)> )

F4

i=t
In the case that m = 2 (mod 4), note that since T and T each contain vertices

1 and m/2, we have that the underlying graphs of both p'(Z ~1(T7) ¢ pl+DEE-1)(T7)
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and pB-D(T") @ pl+VE-1D(T") are connected for each i € {0,1,..., 2 —2}. Let
T =T p%'l(T’) ® p2(1"2—'—1)(T/) ®5 )(s H(Z —1)(T/) and ,§l= T ® p%—l(j:»/) ®
P2ED(TY @ - @ pl~DE-D(T"). Then each of 7 and 7 are closed trails of length

k, and moreover,

m/(2s)—1
m s m S rm -
: - - is(Z~1)( g is(Z—1)
?\?(m,iSu{il :i:(2 1) 2}>_ @ <p 20(7) @ (3 (ﬂ)).
Let % =T, @ p(TL) @ -+ @ p* 2(T}) and Fp = T ® pX(T3) © - - - & p>~2(T3).

Since 75 and Tg contain vertices 0 and 2, % and :?; are closed trails of length k.
Also,
X (i {2, &2, 2, d2, d2} U £S5 U £5,)

m/(2s)-1
= P (MR @) @ (T B U T)
i=0
For 1 <i<a-—1,let Faipo="T4,®p(Th,,) & & p* 1 (TY,) and Fia =
Tiyo ® p(Thi 2 @ p M (TYyys). For 0 <i < B—1,let Foiry = Thi,y © p(Thiyy) ®

@ ps YT, 1+4) and %”4 = TMH@p(TEnH)@ Bt 1(Té 14)- Then for each j € J,
since T} and T] contain two vertices that differ by 1, .7 and Y7J are both closed trails

of length k&, and moreover,

m/s—1
X (mi £, d, &, YU ES;UES) = D) (01(7) @ 97(F)).
1=0

We can now see that the trails p>i(.7), p*i(7), p* (%), 25’(7) PP T,
P 1(’;”72), where 0 < i < m/(2s) — 1, together with p*(.7;), p‘”(ﬂj) where
0<i:<m/s—1andj€ J, decompose K}, = Y(m +{1.2,....8}).

Case 2. s =m/2.

We first deal with the case m = 6. Here s = 3 and ¢ = 5. The following two
directed closed trails of length 15 decompose K¢: 0.1,2,3,4,5,0,3,5,2,4,1,0.4,3,0
and 0,5,1,4,2.5,3,2,1,3,1,5,4,0,2,0.
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Suppose now that m > 6 and let # = (m—1)/¢, and note that ¢ and ¢ must have
the same congruence modulo 4, sincem — 1 =t/ = 1 (mod 4). To manage this case,
we begin with the decomposition of K m into directed cycles of length s given in (2,
Lemma, 5.8], and paste the cycles together, ¢ at a time, to form directed closed trails
of length k. The a—decomposition from [2, Lemma 5.8] is formed in the following
manner. First, partition the vertices of K7, into two sets, U = {ug,u1,...,us 1} and
V = {v,v1,...,v5_1}, and let w be the permutation (uo, w1, ..., us 1)(vo, vy, ... ,Us—1)-
Let C; be the directed cycle U0; Vs1, U, Us2, - - -, U(s41)/2, U(s—1)/2, Uo- The cycle C,
is C taken in the opposite direction. The cycle Cj is taken to be a particular cycle
5’, with the arc (v, vs) replaced by the path Vg, Ug, U1, V1, V2, Where C is a directed
cycle of length s — 3 in K7 [V], the subgraph of K7, induced by V, containing the
arc (vg,v2), but not using vertex v;. The decomposition consists of directed cycles
w(C;) where 0 < i < s—1and j € {1, 2,3}, together with two directed Hamilton
cycles, Cv and CY,, in K7,[V] and s — 4 directed Hamilton cycles in K} [U]. Of the
directed Hamilton cycles in K% [U], one of them, C, consists of arcs of difference
—1 € Zpy2 in U, while the remaining occur in pairs C’i, C’{ , 0<4 < (s—7)/2, where
the paired cycles represent the same undirected cycle oriented in each direction. To
form closed trails of length &, we seek sets of ¢ of these directed cycles whose union
has its underlying graph connected.

Note that

1. Foreach i € {0,1,...,s - 2}, j € {1,2,3}, w'(C}) Uw*(C;) has a connected

underlying graph, since both cycles contain vertex Uiy,

2. All other cycles are contained either in K*

m

U] ox K2,[V).

m

3. For eachi € {0,1,...,5 — 2}, w™(C}) contains the arc (vit1, uig1) and W'(Cs)

contains the arc (w1, vig).

We now form our decomposition of K7 into directed closed trails of length &k = st.
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If ' =1, then this decomposition consists of two directed closed trails. These are T,
which contains directed cycles wi(Cy) for 1 <i < s—1 and w’ (Cy)for0<j<s—1,
and 7", which contains the remaining cycles in the decomposition of K - 1nto directed
s-cycles, namely Cy, the two directed Hamilton cycles in K, [V], the s — 4 directed
Hamilton cycles in K7,[U], and the cycles w'(Cs) for 0 < i < s — 1. Notice that the
underlying graph of 7" is connected since w'(C;) ®w™(C;) has connected underlying
graph for each i € {0,1,...,s — 2} and j € {1,2}, and w* HC) and w*1(C,) both
contain vertex up. The underlying graph of 7" is connected since C contains vertices
in both U and V, and C; and (5 both contain vertex Ug.

Ift' > 1, we take the following closed trails in our decomposition:
e Foreach 0 <4 < (¥ - 3)/2, take T; = w1(Cy) @ w2 (C) @ - @Oy,
o Foreach 0 <i < (¢' - 3)/2, take T/ = wit1(C,) DW(Cy) @ -+ @ WD),

¢ The remaining unused directed cycles among w(Cy), w?(C,), .. ., wTHCY), Oy,
w(Ca), ..., wHCy) are w D20y, w20y, L wHCY), O,
w D205 st Ny, .., w* 1(Cy), which number t. Take T =
(DO @ - B w HC)) e Cy @ (w=02(0y) @ ws— D20y @
w* (). Observe that the underlying graph of 7' is connected since Cj,

w*H(Cy) and w* 1(Cy) all contain vertex Up.

e Take 7" to consist of C together with the two directed Hamilton cyclesin K [V]
[U], that is, T" = C, & Cy & C, &
Co® Co SYeN:Te '®---aC (t-5)/2 D O(t~5) s2- Observe that the underlying graph

and ¢ — 3 directed Hamilton cycles in K,
of T" is connected since () contains vertices of both U and V. The number of
unused cycles among the Hamilton cycles in K (U] is now s — 4 — (t — 3) =

4l _HP-2 t=

e For each 0 <i < (¥ - 3)/2, take T} = wWwHCs) & w™HC) & - & W ().

Since C3 contains vertices uy and uq, it follows that the underlying graph of 7}
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is connected. Note that the number of trails formed here, (t' —1)/2, is even if

t=1 (mod 4) and odd if ¢t = 3 (mod 4).

e The wunused cycles among Cjs,w(Cs),... ,wHCs)  are  wWi(C3)  for
s—1—-(t-1)/2 < i < s— 1, which number (¢ + 1)/2. Take T to con-
tain these cycles together with (¢t — 1)/2 of the Hamilton cycles in & U] If
(t—1)/2 is even, ie. t = 1 (mod 4), we take these to be é(t_g)/g, é('tw3)/2,
é(t_l)/g, é(/t~1)/2’ e O(gt_n)/4, é(3t_7)/4. The inclusion of (5'(3%7)/4 rather than
OESt—n) /a will become important in Corollary 3.12, where it will ensure that
there is an arc (z,y) in T for which the directed closed trail T, which contains
A(’3t_11)/4, has the arc (y,z). If (t — 1)/2 is odd, i.e. t = 3 (mod 4), and ¢’ > 3,
we take the Hamilton cycles in K* [U] which comprise part of T to be é(t__g) /25
Clo-syyzr vz Clyiyyor - Clavrayas Clorrayer Clar-gya 1 ¢ = 3, then
all of the (¢ — 1)/2 remaining Hamilton cycles in K7, [U), namely C, Cf'(tﬁg) /25

CA'(’t_3)/2, C”(t_l)/gﬂ é€t~1)/2" e C'(,5-7)/2, C'(’S_7)/2, will be used in forming T.

e The remaining Hamilton cycles in KU} are grouped into groups of size t. The
number of these groups is (s —4— (t —3) — (t — 1)/2)/t = (s—1—(3t~1)/2)/t =
((2s —=1) =3t)/(2t) = (tt' — 3t) /(2t) = (t'~3)/2, which is odd if t = 1 (mod 4),

and even if t = 3 (mod 4).

If t =1 (mod 4), we let the first group, forming 7", contain C, éf3t~11)/4 and
C’(’gt_7)/4, together with C;, C,’ for (3t —3)/4 < i < (5t — 13)/4. We distribute
the cycles C and ¢! for (5t — 9/4 < i < (¥ —5)/4+ (5t — 13)/4 into the
remaining (¢’ — 5)/2 groups which will form trails 7}, T/ for 1 <i < (t' ~5)/4,

the

. T comtaing conle O ) ) 7 ¥ .
so that 7} contains cycle Cist-13)4+: and T contains cycle C(St_ 13) /A

remaining cycles, namely C'(5t_13),/4+(t/_5)/4+1, 0(5;-13)/4+(t1_5)/,'4+27 ooy Clomnyo

84 U A . Tictrilatteod Syt
and C(5t_13)/4__*,“,“5”,4,*1, C(5f_13)/,4,lﬂ(t,;s)/éiﬂgﬂz, C(sq)/m are distributed into
the groups forming 7, and T} in any way so that each group contains t cycles

in total.



3.1. Some basic decompositions 36

If t = 3 (mod4) and ¢ > 3, we distribute the cycles C; and C! for
(3t —5)/4 < i < (3t —9)/4 + (' — 3)/4 into groups forming closed trails 7}
and T‘i', 1 <4 < (¢ —3)/4, so that T} contains é(3t_9)/4+i and f;’ contains

A.£3t_9) Jarie All the remaining cycles are distributed into the groups forming T;

and Ti’ in any way so that each group contains t cycles in total.

If we ignore the direction on edges, Lemma 3.11 has the following corollary.

Corollary 3.12. Let m > 2 be even and k > 3 be odd, and suppose that klm{m —1).
Then Ty|2K,,. Moreover, there ezists such a decomposition whose closed trails may
be partitioned into pairs with the following property (called the pairing property ): if
T and T are paired closed trails, then there is an edge in T and an edge in T' which

are parallel.

Proof. That Ty|2K,, follows directly from Lemma 2.10, except in the case that
(m, k) = (6,3). In this case, the following ten 3-cycles decompose 2K on vertex set
Zg: 0,1,2,0;0,1,3,0;0,3,4,0; 2,3,4,2; 1,2, 4, 1; 1,4,5,1;0,2,5,0,0,4,5,0; 1,3, 5, 1;
2,3,5,2. Tt is easy to check that these cycles satisfy the pairing property.

In all the remaining cases except the case k = 3, we show that there exists a
decomposition of K7, into directed closed k-trails whose closed trails may be paired
in such a way that if 7" and 7" are paired directed closed trails, then 7" contains the
reversal of an arc in 7”. The result will then follow immediately. For k£ = 3, we will

show that there exists a T3-decomposition of 2K, with the pairing property.

Case 1. k< m
If £ < m, then the decompositions ensured by Lemma 3.11 were those directed

cycle decompositions of A*

m

guaranteed by [2, Theorem 1.1]. In the case k > 5. these
=3
directed cycles are constructed in [2]. it m =k +1, then CrlK,, by [2, Lemma 5.7).

Here, the graph K7, | is viewed as K} x K7, with the vertex of K7 called central. The
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decomposition consists of a single directed cycle C containing k arcs of length k—}l

together with directed cycles C, p(C), ..., p*1(C), where C is a cycle of length k

containing arcs of differences +1,42, ..., j:(k;:‘) and %, and two arcs incident with

the central vertex, and the permutation p cyclically permutes the vertices of K; and
leaves the central vertex fixed. The cycle C contains the arc (0,1), while p=+1/2()
contains the arc (—1,0). Pair p*(C) with pt*+0/2(C) for 0 < i < E=3 This leaves
plk=1)/2 (C) to be paired with C, and C contains an arc opposite the arc of length %
in p*=V2(C).

A C_>'k—decomposition of K73, in constructed in [2, Lemma 5.8]; this decomposition
has already been employed in the proof of Case 2 of Lemma 3.11. Recall that in the
construction, the vertices of K3, are partitioned into two sets U = {ug, . .. , Uk_1} and
V = {vg,...,vk_1}, with differences in Zy. for vertices in the subgraphs induced by U
and V. If k > 7, then the decomposition contains a cycle Cs which contains arcs of
differences —2,4+3,+4,... , 4k in V together with the directed path wy, ug, us, VU1, Vg
(which includes arcs of difference 1 in U/ and V), and also cycles w(Cy), ..., w* 1(Cy),
where w = (ug, u1, ..., ux_1)(vg, v1, ... , Ug—1) cyclically permutes U and V. There are
also cycles Cy which contains all arcs of difference —1 in V, C{,, which contains all
arcs of difference 2 in V, and , which contains all arcs of difference —1 in U. Noting
that Cy contains the arc (u;,v;) and w(C3) contains the arc (vi,uy), we may pair
w?(C3) with w?*1(Cy) for 0 < 7 < %22 Pair w™3(Cy) with Cy (noting that Cy
contains the arc opposite the arc of difference 1in V in W™ 3(Cy)), wmHCy) with Yy
(noting that Cy, contains the arc opposite the arc of difference —2 in V' in wn2(Cy))
and w™~1(Cy) with C (noting that C' contains the arc opposite the arc of dfference
—1in U in w™ (C3)). The remaining cycles (or all cycles in the case that k = 5)
occur in pairs which consist of the same underlying undirected cycle taken in both
possible orientations.

— . .
In all other cases with & < m < 3k, a Cy-decomposition of K~

-, may be found

in [2, Theorem 5.1]. In each case of this theorem, the graph K7, is viewed as the join
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of K, _, with K7, where the vertex of K7 is again called central. We let the integer ¢
and permutation p be defined as in [2, Theorem 5.1]; that is, £ is a particular divisor
of m—1and p = (0,1,...,m — 2), where V(K}, ;) = Zp_1. The decomposition
consists of directed cycles p?(C,), p/(C}), p?(Cs), p?(CY), ..., for 7 =0,1,...,m — 2
and special directed cycles C, p(C), ..., p* 1(C) and C*, p(C*), ..., p 2(C*), where
the cycles generated by C* contain the central vertex. For all i, the cycles C; and
C} are reversals of each other; hence the directed cycles Cy, C}, Cs, C5, ..., use all
differences of the form =+d for d from a certain subset of {1,2,...,m/2 — 1}. That
means that the sum of the differences used in cycles C and C* is 0. The cycle C uses
¢ distinct differences, none of which is the negative of another, and the sum of the
differences used in C' is £. This means that the sum of differences used in C* (not
counting the two arcs going to and from the central vertex) is —£, and the two arcs
incident with the central vertex are (u,0) and (—¢, u), where u is the central vertex.
In addition, C* must contain a difference that is the negative of a difference in C.
Let C** = p?(C*) be such that, for some arc (v,v') in C, p?(C*) contains the arc
(v',v). Pair C, p(C), ..., p*HC) with C**, p(C*™), ..., p*~1(C**), respectively. We
are left with the cycles p®(C**), p1(C*), ..., p™ 2(C**) to be paired. Noting that
m — 1 is an odd multiple of £, we may pair p V¢ (C**), which contains the arc
(u, q + (2 — 1)€ + j), with p?**t3(C**), which contains the arc (g + (2i — 1) + j,u),
foreachi=1,..., (m—-1-28)/(20),j=0,1,....0 -1

3 3

_)
If m > 3k, then the Ci-decomposition of K7, is given by [2, Lemma 5.6]. This

7%

case is handled in this lemma by first decomposing K, into subgraphs of the forms
K where kln(n—1) and k < n < 3k, (K, % K;)*. and the join of K3, with either K*
or m Of these subgraphs, K7 is decomposed according to [2, Theorem 5.1], and
we have already shown that these cycles may be paired in the desired way. The de-
composition of (K, Ky;)* is done by decomposing the undirected graph K, I(y; into
k-cycles and taking each cycle in both possible orientations; the pairing of these di-

rected cycles may be done in the natural way. It only remains to consider the cycles
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from the decompositions of K3, x K and K3 ™ K

in» Which are taken from

decompositions detailed in [2, Propositions 5.4 and 5.5]. The decompositions of

[2, Proposition 5.4] consist of cycles Cy, w(C}), ..., w*1(C)) and Cy, w(Cy)
wh1(

(), where for each 4, wi(C)) contains an arc which is the reversal of an arc
of w'(Cs), and so we may pair w*(C;) with w?(Cs). The decompositions detailed in
[2, Proposition 5.5] consist of a set of undirected cycles oriented in each direction,
together with digraphs which are decomposed into directed cycles via
[2, Proposition 5.4], and hence the decompositions have the pairing property. Finally,
in addition to the cycles from [2, Propositions 5.4 and 5.5, some outlying cases in the
lemma have additional directed cycles consisting of the cycles of a a—decomposition
of K (this is the case m = k + 1 mentioned above and may be decomposed with the
pairing property), the cycles of a 5>’,5—decomposition of K? (which may be obtained
by taking the undirected cycles of a Cs-decomposition of K5 in both orientations), or
two directed 5-cycles which are the reversal of each other.

Suppose now that k¥ = 3. In [5, Theorem 2], it is proved by induction that

C3|2K,, whenever m = 0 or 1 (mod 3). To show that Cj3

2K,,, let us walk through a
similar proof, with the added requirement that the decompositions obtained satisfy
the desired pairing property. Changes have been made to the case structure in order
to make the exhibition of the pairing property simpler. We note that both odd and
even values of m must be included in the induction. We also take note of the result
of [21] that Cs| Ky, * K, if and only if (m — 1)n is even and 3|(})n?.

First, consider the base cases m = 3,4,6. We note that the two cycles 0,1,2,0
and 0,1, 2,0 decompose 2K3, and clearly the pairing property is satisfied. For m = 4,
2K4 decomposes into the cycles 0.1,2,0; 0,1,3,0; 1,2,3,1; and 0,2,3.0, and again
the pairing property is clearly satisfied. The case m = 6 may be dealt with by the
Cs-decomposition of 2K given at the beginning of this proof.

Now, suppose that m = 0 or 1 (mod 3), and that for any n < m with n = 0 or

1 (mod 3), Cs

2K, and there is such a decomposition in which the cycles may be
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paired as desired.

Ifm=0 (mod 9) or m =3 (mod 9), then 2K, decomposes as 2K, /3B 2K, /3D
2K 3 @ 2(Ks * m) By the induction hypothesis, C3|2K,,/3, with the pairing
property satisfied. Moreover, C3|Kj3 * m by Corollary 2.20, so we can clearly
decompose 2( K3 * m) into 3-cycles and pair each cycle with a parallel copy.

If m = 6 (mod 18), then 2K,, decomposes into 2(K, /s * Kg) together with
m /6 subgraphs isomorphic to 2Ks. We know that C3|2K¢ with the pairing property.
Moreover, Cgle/G % Kg by Corollary 2.20 in conjunction with either Theorem 3.3
or 3.4, so we can clearly decompose 2(Kp,/6 * K_’G) into 3-cycles and pair each cycle
with a parallel copy.

If m = 15 (mod 18) or m = 1 (mod 6), then C3]K,, since m is odd and 3|(7).
Taking each cycle twice gives the desired decomposition of 2K,,.

The final case is that m = 4 (mod 6), in which case 2K,, decomposes into
2(Kn-1y/3 * K3) together with (m — 1)/3 subgraphs isomorphic to 2K,. We know
that C3|2K4 with the pairing property. Moreover, since (m—1)/3 is odd, K(n,-1)/3% K3
satisfies the necessary and sufficient conditions given in [21] for decomposition into
3-cycles; pair each of these cycles with a parallel copy.

This completes the induction, and the case k = 3.

Case 2. k£ > m.

In the case s < m/2 of Lemma 3.11, the directed closed trail 7 contains the arc
(0,1) and 7 contains the arc (1,0). For j € {5i+2:0 < i < a}U{bi+4:0< i< 3},
; contains the arc (0, j) and /?; contains (j,0). That we may pair the closed trails

*

» constructed in Lemma 3.11 in the desired manner

of the ?k—decomposition of K
easily follows from this observation.

Finally, consider the case s = m/2. If ' = 1, then the decomposition contains
only two closed trails, 7" and T”. This pair is easily seen to have the desired property

as T contains the directed cycle Co and T” contains the directed cycle Cy; these
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two directed cycles have the same underlying graph. If # > 1, we may pair the
closed trails of the decomposition constructed in Lemma 3.11 as follows. For each
0 < i < (t —3)/2, pair T; and T7; this pairing satisfies the desired property since
C; and Cy have the same underlying graph. Pair T (which contains C5) and 7’
(which contains C7). If t = 1 (mod 4), proceed as follows. For 0 < i < (¢ — 5)/4,
pair ':f'z,,; (which contains the arc (ugit1,v2i+1)) with T2i+1 (which contains the arc
(Vait1, Ugiy1)). Pair T with T these trails respectively contain the arcs of CA’(3t~7) /4 and
0{3#7) 0 which represent two orientations of the same undirected cycle. Finally, for
1 <i < (t'-5)/4, pair T, with Ti’ , which respectively contain the arcs of é(5t_9) /4+: and
CA’fSt____ 9)/4+i) these two directed cycles represent two orientations of the same undirected
cycle. If ¢/ = 3 (mod 4), we pair the remaining trails as follows. For 0 <7 < (¢'-7)/4,
pair fQi (which contains the arc (ugii1,v2i41)) and 'fgiﬂ (which contains the arc
(voip1,u2:41)). Pair f(t/_g) ;2 (which contains the arc (#s—1—(-1)/2, Vs—1-(t-1)/2)) and
T (which contains the arc (vs—i—(t—1)/2; Us—1-(t-1)/2))- Finally, if ¥ > 3, then for
1 <4< (#'—3)/4, pair T, with Ti’ , which respectively contain the arcs of é(gtﬁg) /4+; and
Azm_g) Jarid these two directed cycles represent two orientations of the same undirected

cycle. O

Before we proceed, we note that Lemmas 3.8, 3.9 and 3.11 offer an alternative

proof of sufficiency for Theorem 3.5.

3.2 Lifting lemmas

We will sometimes find it useful to first consider a decomposition of dK,, or 2dK,,
into closed trails, and from it construct a decomposition of K, * K4. The next two
lemmas provide a means by which to do this. In each, we associate with each edge of
dK,, or 2dI,, a matching in K, * ;. The matchings we will use will be of a fixed

jump.
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Lemma 3.13. Suppose that there is a decomposition of dK,, into closed trails of
length k such that each closed trail in the decomposition contains a pair of parallel

edges. Then Ty|K,, x Kg.

Proof. Note that the number of trails in either a closed k-trail decomposition of dK,,
or a closed dk-trail decomposition of K, x K4 is (g") d/k. Hence for each closed trail
in the decomposition of dK,,, we seek a single corresponding closed trail of length dk
in K,, x K.

For convenience, let the vertex set of K, x K4 be Z,, x Z4, and let the parts
of K,, *x K4 be {v} x Zq, where v € Z,,. Let V(dK,,) = Z,,. For two vertices
u,v € V(dKy,), we let the edges between u and v be labelled as {u,v}o, {u, v}, ...,
{u.v}a 1. Note that we may label the edges in such a way that each closed trail in
the decomposition of dK, has two parallel edges {u,v};, {w,v};11 with consecutive
subscripts. From dK,,, we obtain K,, * K4 by associating with each edge of dK,, a
matching in K, * K4 in the following manner: the edge {u,v}; in dK,, corresponds
with the matching in K, * K consisting of all edges of jump ¢ with both end-vertices
in {u} x ZgU {v} x Zy.

Clearly the subgraphs induced by each set of matchings associated with the edges
of a closed trail in the decomposition of dK,, decompose K,, * K .

Consider a particular closed trail 7" of length & in the decomposition of dK,,, and
let 7" denote the subgraph of K,, * K4 induced by the matchings associated with the
edges of T'. We wish to show that 7" is eulerian, and hence is a closed trail of length
dk; once this is shown, we will have a Tj-decomposition of K,, * K4. First, since
each vertex in T" has even degree, it is clear that each vertex in 7" has even degree,
as degp (u, j) = degp(u). It remains only to show that 77 is connected.

Write T" = 4o, t1, ..., tk—1, to (where the vertices tg. t1, .. ., tx_; are not necessarily
all distinct). By assumption 7" contains two parallel edges with consecutive labels,

say e = {tj,tjp1} = {u, v}, ¢ = {tj,t;21} = {v.v}i11. Note that the subgraph S of
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K, ¥ K4 induced by the matchings associated with e and €’ is connected. Indeed, S
is isomorphic to the subgraph of K, * K induced by the matchings associated with

{u,v}o and {u, v}y, which is a (2d)-cycle; this subgraph is illustrated in Figure 3.1.

Figure 3.1: The subgraph of K,, * K; induced by the matchings associated with
{u,v}o and {u,v}.

Suppose (t,«) and (t',8) are two vertices of T”. Since T is a closed trail, it
contains a trail from ¢ to t; and a trail from ¢;,; to ¢’. Hence T’ contains a trail P,
from (¢, «) to (t;, &) and a trail P, from (¢;,1,/') to (¢, 8) for some o/, f/ € Z,. Since
S is connected, it, and hence 7", contains a path P from (;,¢’) to (¢j1, ), and so
the concatenation of P, P and P, forms a trail from (¢, ) to (¢, 8) in T". Therefore,

T’ is connected, and so is eulerian. O

Lemma 3.14. Let 2dK,, be 2-edge coloured with colours s and ¢ such that among
every set of 2d parallel edges, there are d of each colour. Suppose that there exists
a decomposition of 2dK,, into closed trails of length k such that the trails in the
decomposition may be partitioned into pairs which satisfy the following conditions on

some fived traversal of the trails.

1. Suppose T and T" are paired trails. Then there are three consecutively traversed
edges of T' which are monochromatically coloured, say with colour s, for which
T" contains three edges parallel to these edges of T. which are also consecu-

twely traversed and which are monochromatically coloured with colour c; see
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T s S S
m
T’ o e e

Figure 3.2: Parallel 3-trails

Figure 3.2. The subtrails of T and T" induced by these edges will be referred to
as parallel 3-trails. We note that two or more of the edges of T (or T') in its

parallel 3-trail may be parallel edges.

2. Each trail T in the decomposition contains a pair of parallel edges, not in its
parallel 3-trail, which are traversed consecutively and are monochromatically
coloured with either colour s or c. For each closed trail in the decomposition,
we select such a pair and refer to it as the trail’s consecutively-traversed parallel
edges, or ct-parallel edges.

Then Typ| K,y * Kog.
Proof. We begin by labelling each edge of 2dK,, with an clement of the set
{s,c}x{0,1,...,d—1}. The first coordinate is determined by the 2-edge colouring of
2dK,, specified in the statement of the lemma. The second coordinates are assigned
so that the ct-parallel edges in each trail receive consecutive labels, and so that among
any 2d parallel edges, each element of {s,c} x {0,1,....d — 1} appears as a label.
Given a trail T in the decomposition of 2d,,, let ¢(T') denote the number of edges
in T', but not in its parallel 3-trail, which are coloured by c.

We can now construct a decomposition of K,,,* K5g. Let the vertex set of K. m* Koy
be V(Ky,) x {0,1,....2d -1} = Z,, x ({O,l,...,d—1}U{d.,d+17...,2d—1}) and
V(2dK,,) = Z,,. Each trail in the decomposition of 2dK,, will be lifted to two trails

in Ky, x Kyg. Bach edge e = {u,v} will be lifted to two matchings of size d, one in

each of the two trails.
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A matching of size d will be called a straight-across matching if, for some
u,v € V(K,), the end-vertices of each edge in the matching are either all contained
in the set ({u} x {0,1,...,d - 1}) U ({v} x {0,1,....d — 1}) or are all contained in
({u} x{d,d+1,....2d — 1)) U ({v} x {d,d +1,...,2d — 1}). A matching of size d
will be called a cross matching if, for some u,v € V(Ky,), the end-vertices of each
edge in the matching are either all contained in the set ({u} x{0,1,....d -1} U

3

({v} x{d,d+1,...,2d — 1}) or are all contained in ({up x{d,d+1,...,2d —1})u
({v} x{0,1,...,d - 1}). Each of the matchings that we use will contain edges of a
fixed jump in Z,. Note that, since the values for the jumps of these matchings occur in
Zq rather than Zsg, the use of the term “jump” here differs slightly from its previous
definition. In assigning the jump of a d-matching, we view each of {0,1,...,d - 1}
and {d,d +1,...,2d — 1} as Zg, so that an edge {(u,), (v, 7)} has either jump i — j
(mod d) or j —4 (mod d), depending on the value of u — v. In particular, a straight-
across matching of jump 4 is a d-matching of jump i induced on the K4 induced by
({u} x{0,1,...,d= 1} )Uu({v} x{0,1,...,d— 1}) or ({u} x {d,d +1,....2d — 1Hu

({v}x{d,d+1,...,2d—1}),and a cross-matching of jump j is a d-matching of jump

J on the Kqg4 induced by ({u} x {0,1,...,d ~1}) U ({v} x {d.d+1,...,2d—1}) or
({u} x{d.d+1,... . 2d-1H)u({v} x {0,1,....d— 1}). Note that the straight-across
matchings of jumps 0,1,...,d—1 and cross-matching of jumps 0,1, ..., d—1 partition

the edge set of the Ky 04 induced by ({u}x{0,1,. .., 2d—1}HU({v}>{0,1,...,2d~1}).

With the exception of the edges in parallel 3-trails, each edge labelled (s,7) will
be lifted into two straight-across matchings of jump ¢, while each edge labelled (c.7)
will be lifted into two cross matchings of jump j.

Let us now describe how to lift the parallel 3-trails. Suppose that T and T are
paired A-trails in the decomposition of 2dK,,. In the fixed traversals of T and 77, let
the three edges of T contained in its parallel 3-trail be e, €5 and e3 in the order they
are encountered along 7', and let those of 7" be ¢}, €} and ¢4 in the order they are

encountered along 7. We can assume that for i € {1,2, 3}, e; and €] are parallel, as
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otherwise, we may reverse the direction of the traversal of 7. The three edges ey, e
and e3 are monochromatically coloured with one of s and ¢, and the edges €/, e, and
e5 with the other colour. Without loss of generality, we may assume that e;, e, and
ez are coloured with s, and €/, €} and ¢} with c. For z = 1,2, 3, let the label of e be

(s, %) and the label of €] be (c, j,), as indicated in Figure 3.3.

T
(s,%1) (s,i2) (s,i3)

~

(C‘a—j—l—)’ (C7 jQ—)’ (\C: j3’)/
T

Figure 3.3: The edges of the parallel 3-trails of paired trails 7" and 7.

If ¢(T") and ¢(T") are both even, lift the parallel 3-trails according to the scheme
shown in Figure 3.4. Each thick edge represents a straight-across matching or a
cross matching with indicated jump. In each of the four diagrams, the upper row
of vertices represents the sets of vertices {u} x {0,1,...,d — 1} for corresponding
vertices u in the parallel 3-trails, and the lower row represents the sets of vertices
{u} x{d,d+1,...,2d — 1}. Each edge of the parallel 3-trails is lifted to two match-
ings of size d; these two matchings will each form part of a separate closed dk-trail
in K, * Ky;. Hence the three edges of 1" contained in the parallel 3-trail and the
three edges of 7" contained in the parallel 3-trail will each give rise to two sub-
graphs, each with 3d edges, of K,, * Koy. Note that if u, v are the end-vertices in
2dKy, of the edges labelled (s,i;) and (c, Ji) in the parallel 3-trails of T and 77,
then the scheme of Figure 3.4 uses both straight-across matchings of jump #; between
{u}x{0,1,...,d—=1} and {v} x{0,1,....d—1}, and between {uyx{d,d+1,..., 2d—1}

and {v} x {d.d +1,....,2d — 1}, and also both cross matchings of jump j; between

vertex sets {u} x {0,1,....d — 1} and {v} x {d.d +1,...,2d — 1}, and between
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VIR

0000

{u} x {d,d+1,...,2d - 1} and {v} x {0,1,...,d - 1}

J2 J3 J1 J2

gl

Figure 3.4: Lifting of parallel 3-trails of paired k-trails 7 and 7" in the case that
c(T) and ¢(1”) are both cven. Each 3-trail is lifted to two different subgraphs with

3d edges of K, x K4, each of which will form part of a closed dk-trail.

If ¢(T) is even and ¢(T”) is odd, we lift the parallel 3-trails according to their
labelling, that is, the edge (s,i;) will be lifted to the straight-across matchings of
jump 7; and the edge (c, j;) to the cross matchings of jump ;.

If ¢(T) is odd and ¢(T”) is even, we relabel the parallel 3-trails so that the edges
in T receive labels (c, j1), (¢, j2) and (e, j3), and the edges in 7" receive labels (s,71),
(8,2), (s,13). Then lift according to the labelling of each edge.

If ¢(T) and c(1") are both odd, lift according to the scheme illustrated in
Figure 3.5.

Let T = tg,t1....,tx_1.ty be a closed trail in the decomposition of 2dI<,,. We
now describe how to lift 7" to two closed trails of length dk in K, * Koq. Beginning at

the set of vertices {fy} x {0,1,...,d— 1}, we follow, as we traverse T, along matchings
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PO &0 0
U 0 0
T T
O O-fz it jQOjg

~7 0 0

Figure 3.5: Lifting of parallel 3-trails of paired k-trails 7 and 7” in the case that ¢(T")
and ¢(7") are both odd. Each 3-trail is lifted to two different subgraphs with 3d edges

of K, * Kaq, each of which will form part of a closed dk-trail.

in K,, * K54 obtained by lifting the edges of T, each time selecting a matching which
begins at the set of vertices at which we previously ended. For each edge {u,v}
of T we choose either a straight-across matching or a cross-matching depending on
the colour of the edge (s or c, respectively), except when {u,v} lies in the parallel
3-trail of 7T, in which case it is lifted according to the scheme described above. The
matching chosen will have jump ¢ if {u, v} has label (z,7) where = € {s,c}. We thus
obtain a subgraph of K,, x Koy containing exactly kd edges. The scheme for lifting
parallel 3-trails results in each trail giving rise to an even number of cross matchings,
which implies that we end at a matching between either {te1} x{0,1,...,d — 1} or

{ti1} x {d,d+1,...,2d — 1} and {to} x {0,1,...,d — 1}. and it follows that each

vertex in our subgraph has even degree. Moreover, that the ct-parallel edges of T

were labelled with consecutive integers and were either hoth lifted to straight-across
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matchings or both to cross matchings ensures that this subgraph will be connected.
Hence it is a closed trail of length dk. Similarly, beginning at {to} x {d, d+1, . .., 2d—1}
and using the remaining matchings, we obtain a second closed trail of length dk,
edge-disjoint from the first. Taking all closed trails in K, * K,y obtained in this
manner from the closed trails in the decomposition of 2dK,, it is clear that any two
of these closed trails are edge-disjoint, so that we obtain a decomposition of K, * Ky

into closed trails of length dk. O

3.3 Decomposition of K,, x K,, into closed trails

Our aim in what follows is to prove the following theorem, which is the main result

of this chapter.

Theorem 3.15. Let m > 2, n>1 and k > 3 be integers. Then Ty|K,, * K,, if and

only if (m — 1)n is even, k| (';’) n? and if m = 2, then k is even.

Proof. 1t is obvious that the conditions that (m — 1)n is even, k| (Z’) n? and that & is
even if m = 2 are necessary for the existence of a Ty-decomposition of K, x K,,.

To avoid the proof of sufficiency of these conditions becoming too cumbersome,
we will prove the theorem via a sequence of lemmas. As Theorems 3.1 and 3.2 take
care of the cases m € {2, 3}, we may assume m > 4. Also, Theorems 3.3 and 3.4 deal

with the case n € {1,2}, so we may also assume n > 3. Sufficiency for m > 4 and

n 2 3 will follow from Lemmas 3.16, 3.17, 3.18, 3.19, 3.20 and 3.21. O

We now prove Lemmas 3.16-3.21, which will complete the proof of the main
result of this chapter. We henceforth assume that m >4 n>3and k > 3 are
integers such that (m — 1)n is even and k|("})n?. Before we proceed, let us introduce
some notation. Let d = ged(n, k), k' = k/d and n’ = n/d. Let d' = ged(d, k') and
k" =k'[/d'. The cases we consider depend on the values of d, k', d and k. We begin

with the simplest case.
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Lemma 3.16. If d = ged(n, k) = 1, then Ty Ky, * K,.

Proof. The condition d = 1 implies that k|(’g) If m is odd, then Tj

K by
Theorem 3.3, which immediately implies that Ti|K,, * K, by Corollary 2.20. If m is
even, then we note that n is also even. Moreover, k|(7) yields k|2m(m — 1) and so

Ti| K * K, by Theorem 3.4. Since 2|n, we obtain T3| K, * K,, by Corollary 2.20. O

Proceeding to the case when ged(n, k) > 1, most of our constructions will involve
finding Tj-decompositions of either K,,, K,, * Kq, or K, *x Koq. Hence we must

separately deal with the cases that k&' € {1,2} .
Lemma 3.17. If ¥ = k/ged(n, k) € {1,2}, then Tp| Ky, * K.

Proof. In the case that &' = 1, we have that kjn. This condition is sufficient for
the existence of a resolvable Cy-decomposition of K,, * K, except if (m,n, k) €
{(3,6,3),(2,6,6)} [34]. However, that T3|K,, * K, in these two cases follows from
Theorems 3.1 and 3.2.

Suppose now that &’ = 2, so that k = 2d. If d is even, then 4|k. Since (m—1)(2n’)
is even and 4|(7)(2n/)?, there exists a 4-cycle decomposition of K, * Ky, [20]. Since

k/4 = n/(2n), it follows from Corollary 2.21 that T}|K,, * K,. If d is odd, then

we note that d > 3 since k¥ = 2d > 2. Also, n must be odd since k is even and

T

d = ged(n, k) is odd; hence, since k|(;)n?, we have that 2|(7

). Let p be a prime
dividing d. By the main result of [47], since p is prime and 2p|(7})p?, it follows
that Csp| Ky, * —17-(;. By Corollary 2.21, Cyg|K,, * K4, and so, since k = 2d and d|n,

Corollary 2.20 gives that Ty|K,, * K,,. 0

We assume from now on that & > 3. We now proceed depending on the value

of d'.
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Lemma 3.18. Ifd = gcd(n, k) > 1 and d' = ged(d, k/d) = 1, then Tp|K,, x K,,.

Proof. The condition d’ = 1 implies that (T;) is divisible by &’ = k/d. If m is odd,
then Tj|K,, by Theorem 3.3, and so by Corollary 2.21, Ty | K, * Ky, i.e. Ty Ky * K.
That T}| K., * K, follows by Corollary 2.20.

Suppose now that m is even. Then n is also even. If n’ = n/d is even, then

as Ty | Ky, * K5 by Theorem 3.4, Ti|Km * Kaq by Corollary 2.21, and so T}| K, * K,

by Corollary 2.20. If n’ is odd, then d must be even as n is even. By Theorem 3.4,
Tow | K, % Ko, which implies Ty| Ky, * Kq by Corollary 2.21 and hence T, k| Ko * Ky, by
Corollary 2.20. O

The case that d’ > 1 requires the greatest effort. To preview this case, we
note that since d = ged(n, k) and k|(})n?, k' = k/d must be a divisor of d(). It
follows that Z—:I("g)%, but since d’ = ged(d, k') we have that ged(%, %) = 1, so that
’;—:[(Z‘), i.e. £”|("7). Except in the case that m is even and d is odd, we will construct
Ty -decompositions of dK,, which we will lift to Tj-decompositions of K, K4. If m is
even and d is odd, then dK,, has odd valency; we will instead lift a T} -decomposition
of 2dK,, to a Ty-decomposition of K, x Koy and then to a decomposition of K, x K,,.
Our Tys-decompositions will arise from Ty»-decompositions of K,, or 2K,,, and so this

approach requires that £” > 3. We consider the cases k” = 1,2 separately.

Lemma 3.19. If k" = k' /d' =1, then T}|K,, * K,.

Proof. The condition k” = 1 implies that k|n?. First, suppose that k is even.
Necessarily, n must also be even, and we have that T}|K,, by Theorem 3.1. But
clearly K, * K, may be decomposed into (’;) subgraphs, each isomorphic to K, ,,
and it follows that T} |K,, * K.

Consider now the situation that & is odd. If m = 1 or 3 (mod 6), then it is
well-known that K;3|K,,, and so K * R’;]Km % I(,,. By Theorem 3.2, Ti|Ks + K,,,

and it follows that T,|I(,, * K,. If m = 0 or 4 (mod 6), then 3|2m(m — 1) and so
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‘T3|Km*E, ie. Kgle*I\_,Q, by Theorem 3.4. As m is even, n must also be even, and
hence Kj * K, /2| Ky % Ky,. Since k is odd, it must be that k|(n/2)?. By Theorem 3.2,
Tel| K3 * I_(:/;, and hence Ty|K,, * K,,.

If m =5 (mod 6), then it is shown in [46] that K,,, = Cs 3 C3 @ --- & C3 & C.
By borrowing back a 3-cycle in this decomposition which contains one of the diagonal
edges of the 4-cycle in the decomposition, we obtain that K,,, = C3®Cs&- - -BC3 DG,
where GG denotes the graph depicted in Figure 3.6. Hence K,, * K,, = (Cs E) P

1

Figure 3.6: The graph G in the case m =5 (mod 6) of Lemma 3.19.

B (O35 Ky,) @ (G # K,). Since T:|C3 * K,, by Theorem 3.2, it need only be shown
that Ty|G * K,,.

Similarly in the case m = 2 (mod 6), we begin with the decomposition K, * Ky =
C3 @ C3@---® Oy Cy [13]. We note that the diagonals in the 4-cycle-leave of
the decomposition exhibited in [13] are indeed edges in the graph K,, « Ks. (This
decomposition is obtained in [13] in the following manner. For m > 8, it is noted
in [13] that Cs|(K,, * K3) — E (K5 * K3), as there exists a group divisible design with
blocks of size 3, one group of size 10, and the remaining groups of size 2. The graph
K5 K, is decomposed into 12 3-cycles and a 4-cycle. Taking the vertex set of K Ky

to be Zs x Zy with parts {x} x Z, for « € Zs, the vertices of the 4-cycle are contained
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in Zs5 x {0} and hence are contained in four distinct parts. If m = 8, it is shown in [13]
that Kg+ Ko = Ks ® K36 --- @ Kj. That Ky x Ky = CsBC3® - C3 @ Cy follows
since K5 = Cy @ C3 @ C3, and clearly these latter 3-cycles contain the diagonals of the
4-cycle.) Hence, by again borrowing back a 3-cycle containing one of the diagonals,
we obtain that K, xK; = C5®-- -0 C3 &G , where the graph G is as in the case m = 5
(mod 6). Since m is even, we have that n is even, and so we may blow up parts by a
factor of n/2 to obtain Ko, x K, = (C3 % K, 0) @ - - - @ (C * K, p2) @ (G + K, ). We
know that 7| C3 x m (Theorem 3.2), and we need to show that T |G * m, where
k is a divisor of (n/2)2.

We have now reduced this case so that we need only prove that T}|G * K if k
is odd and k|7?, where we will take i = n if m =5 (mod 6) and 7 = n/2 if m = 2
(mod 6). Note that if k|7, then k|n, and so d = ged(n, k) = k and k' = k/d = 1. As
this case has previously been dealt with in Lemma 3.17, we can assume that k 7.
Hence k must be divisible by a square divisor of 722 other than 1. Let ¢2 be the largest
square dividing k, where ¢ > 3 is odd. Supposing we know that 7. .2|G * K, applying
Lemma 2.19 gives that Tk |G % Kyge/q2), 1. Ti|G * Ky/q. Since (k/q)|7i, we may
apply Lemma 2.18 to obtain T}|G * K,. Hence we need only show that T2|G fq
where ¢ > 3 is odd. We divide the problem into cases depending on the congruence
class of ¢ modulo 3. Note that G« K, = (Cy * K,) ® (Cs * K,). Our closed trails are
either formed as closed trails of length ¢? in Cj * F’; or are made up of closed trails
of smaller length in Cy x K, together with cycles in Cj * K,. We also remark that
Cs|Cy TC, by Lemma 2.18. In what follows, we fix a Cs-decomposition of Cy * F;

whose cycles will be used in our construction.

Case 1. ¢ =0or 1 (mod 3), ¢ >3
Note that since ¢ is odd, we have that ¢ > 7. Let F denote the 3-factor of K 0d
formed by matchings of jumps 0. 1, -1. The closed trails of length q? are formed as

follows.



3.3. Decomposition of K, « K,, into closed trails 54

1. Each of the four edges of the 4-cycle which forms G gives rise to an instance of
K,qin GxK,. From each instance of K, 40> form a subgraph of Gx K, with exactly
q? edges by taking K4 — F together with ¢ 3-cycles from the Cs-decomposition
of C5 % K,. Note that, since ¢ > 4, Kgq — F' contains all edges of K, of
consecutive jumps 2 and 3, and is thus connected. In the Cs-decomposition of
Cs * A_’q, each 3-cycle must contain one edge arising from each of the edges of
the 3-cycle used to form G. As this 3-cycle contains the diagonal of the 4-cycle
used to form G, each Cy in C3 * K, must contain a vertex of Kqq— F. Hence
the subgraph of G x E we obtain from K,, — F and ¢q 3-cycles from Cj % ]TQ
must be connected. It is easy to see that each vertex of this subgraph has even

degree. Hence it is eulerian and forms a closed trail of length ¢2.

2. There remain 3¢? unused edges of G x K’; which will form three closed trails
of length ¢* in the following way. The remaining edges in Cy * I\Tq may be de-
composed into three 4¢-cycles. (One has matchings of jumps, in order, 0,0,0, 1;
one has matchings of jumps, in order, 1,1, —1,0; one has matchings of jumps
—1,—1,1,—1. The total jump in each is either 1 or —2, each of which is rela-
tively prime to g.) For each of these cycles, take it together with (¢* — 4q)/3 of
the remaining 3-cycles from Cj x ]_(q the number of 3-cycles needed to complete
each of the four closed ¢? trails is an integer since g =0or1 (mod 3) and is
positive since ¢ > 3. The resulting three subgraphs of G E are each clearly
connected since each 3-cycle from (% 7{_(1 intersects each 4¢g-cycle. Since each of
the three subgraphs is formed from 3-cycles and a 4g-cycle, each of its vertices
must clearly be of even degree. Hence we have formed three eulerian subgraphs

of G * K, each containing ¢? edges, that is three closed q*-trails.

Case 2. ¢ =2 (mod 3), ¢ > 23
Let F' denote the 9-factor of K, containing matchings of jumps 0,1.....8. The

closed trails of length ¢? are formed as follows.
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1.

From each K, in Cy x K, which arises from an edge of Cj, take Kyqg— F
together with 3¢ 3-cycles from Cy K—’q Similarly to Case 1, it is easy to check
that each of the four subgraphs obtained is eulerian and hence forms a closed

trail of length ¢2.

The remaining edges of C; *T(q decompose into Tooq @ T, B Ty (a0, containing
all matchings of jumps 0,1,2,3,4 and the two T34 containing all matchings of
jumps 5,6 and 7,8 respectively), with each of these three closed trails being a
connected spanning subgraph of Cy x K,,. Take T, together with (g% — 20q)/3
of the remaining 3-cycles from Cj x K, and each Ty, together with (¢ — 8q)/3
3-cycles from Cy* K, to form the remaining closed trails of length ¢2. This step
is possible since each of (¢ — 20q)/3 and (¢ — 8¢)/3 is an integer because g = 2

(mod 3), and is positive because g > 23.

To conclude the case k” = 1, we need only check that T2|G % K, for

g € {3,5,11,17}. The following decompositions were obtained by computer. We let

the vertex set of G x K, in the given decompositions be {1.2,...,5¢}. The parts of

G K, are taken to be the sets Py, Py, . .. Ps, where P; = {5j+i:j=0,1,2,...,q—1}.

A Ty-decomposition of G * A5:

1,2,3,1,4,.3,5,6,7, 1
1,58,1,9,3,6,2, 13, 1
1,10,3,7,8,2 11,3, 12, 1
1,14, 3,15, 6, 4, 8, 11, 15, 1
4,11.5, 13,6, 9, 8, 10, 13, 4

6,8,12,6, 10, 11, 7. 13, 14, 6
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e 8,14,11,9, 13, 11, 12, 13, 15, 8

A Tys-decomposition of G * Kx:
1,231,435 1,7,3,6,2,8,1,9, 3,10, 1, 12, 3, 11, 2, 13, 4, 18, 1
e 1,13,5,6,4,8,5, 11, 4, 16, 2, 18, 5, 16, 3, 14, 1, 15, 3, 17, 1, 19, 3, 20, 23, 1
* 1,20,6,7,8,6,9 8 10, 6, 12, 8, 11, 7, 13, 6, 14, 8, 15, 6, 17, 8, 16, 13, 22, 1

o 1,24,3,21, 2, 23,4,21,5 23,6, 18,7, 16, 9, 11, 10, 13, 9, 18, 10, 16, 12, 11,
25, 1

* 3,22,6,19,8, 20,11, 13, 12, 18, 11, 14, 13, 15, 11, 17, 13, 19, 11, 22, 8, 21, 7,
23, 25. 3

o 6,24, 8, 25, 13, 20, 16, 14, 18, 15, 16, 17, 18, 16, 19, 18, 20, 21, 9, 23, 10, 21,
22, 16, 25, 6

o 11,23, 12, 21, 13, 24, 16, 23, 14, 21, 15, 23, 17, 21, 18, 22, 23, 19, 21, 23. 24
18, 25, 21, 24, 11

A Tys-decomposition of G x K:

©1,231,4,3,5/1,7,3,6,2,8 1.9,3,10,1,12, 3,11, 2, 13, 1, 14, 3, 15, 1
17,3, 16, 2, 18,1, 19, 3, 20, 1, 22, 3, 21, 2, 23, 1, 24, 3, 25, 1, 27, 3, 26, 2, 28,
1,29, 3,30, 1, 32, 3, 31, 2, 33, 1, 34, 3, 35, 1, 37, 3, 36, 2, 38, 1, 39, 3, 40, 1.
42, 3,41, 2,43, 1, 44, 3, 45, 1, 47, 3, 46, 2, 48, 1, 49, 3, 50, 1, 52, 3, 51, 2, 53,
1,54,3,556,4,8,5, 6,7, 8 6,9,8, 10,6, 13, 55, 1

o 4,11,5,13, 4,16, 5, 18, 4, 21, 5, 23, 4, 26, 5, 28, 4, 31, 5, 33, 4, 36, 5. 38, 4
41,5, 43, 4,46, 5, 48, 4. 51, 5, 53, 6, 12, 8, 11, 7, 13, 9, 11, 10, 13, 11, 12, 13
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14, 6, 15, 8, 14, 11, 15, 13, 16, 7, 18, 6, 17, 8, 16, 9, 18, 10, 16, 12, 18, 11, 17,
13, 19, 6, 20, 8, 19, 11, 20, 13, 21, 7, 23, 6, 22, 8, 21, 9, 23, 10, 21, 12, 23, 11,
22, 13, 24, 6, 25, 8, 24, 11, 25, 13, 26, 7, 28, 6, 27, 8, 26, 9, 28, 10, 26, 12, 28,

11, 27, 53, 4

e 6,29, 8,30, 6,32, 8, 31, 7, 33, 6, 34, 8, 35, 6, 37, 8, 36, 7, 38, 6, 39, 8, 40, 6,
42,8, 41, 7, 43, 6, 44, 8, 45, 6, 47, 8, 46, 7, 48, 6, 49, 8, 50, 6, 52, 8, 51, 7, 53

9, 31, 10, 33, 9, 36, 10, 38, 9, 41, 10, 43, 9, 46, 10, 48, 9, 51, 10, 53,
27, 16, 14, 18, 15, 16, 17, 18, 16, 19, 18, 20, 16, 22, 18, 21, 14, 23.
23, 16, 24, 18, 25, 16, 28, 14, 26, 15, 28, 17, 26, 18, 27, 21, 19, 23,

23, 21, 24, 23, 26, 54, 6

e 8,54, 11, 30, 13, 31, 12, 33, 11, 32, 13, 34, 11, 35, 13, 36, 12, 38, 11,
11, 40, 13, 41, 12, 43, 11, 42, 13, 44, 11, 45, 13, 46, 12, 48, 11, 47
50, 13, 51, 12, 53, 14, 31, 15, 33, 14, 36, 15, 38, 14, 41, 15, 43, 14
14, 51, 15, 53, 16, 29, 18, 30, 16, 32, 18, 31, 17, 33, 16, 34, 18, 35
36, 17, 38, 16, 39, 18, 40, 16, 42, 18, 41, 17, 43, 16, 44, 18, 45, 16

17, 48, 16, 49, 18, 50, 16, 52, 11, 55, 16, 54, 18, 51, 55, 8

e 13,52, 18, 55, 21, 25, 23, 27, 26, 19, 28, 20, 26, 22, 28, 21, 29, 23,
23, 31, 19, 33, 20, 31, 22, 33, 21, 34, 23, 35, 21, 37, 23, 36, 19, 38,
38, 21, 39, 23, 40, 21, 42, 23, 41, 19, 43, 20, 41, 22, 43, 21, 44, 23
23, 46, 19, 48, 20, 46, 22, 48, 21, 49. 23, 50, 21, 52, 23, 51, 17, 53
53, 21, 54, 23, 55, 26, 24, 28, 25, 26, 28, 27, 31, 24, 33, 25, 31, 28

98, 32, 26, 33, 27, 36, 24, 38, 25, 36, 28, 34, 26, 35, 28, 54, 13

o 22, 51, 24, 41, 25, 43, 24, 46, 25, 48, 24, 53, 25, 51, 27, 38, 26, 37
40, 28, 41, 27, 43, 26, 42, 28, 44, 26, 45, 28, 46, 27, 48, 26, 47, 28.
28, 51, 29, 31, 30, 33, 29, 36, 30, 38. 29, 41, 30, 43, 29, 46, 30, 48
52, 28, 55, 31, 32. 33. 31, 34, 33, 35, 31. 37, 33, 36. 32, 38, 31, 39

11,

15,

20,

13,
46,
16,
47,

30,

29, 13,
21, 17,
21, 22,

49, 11,
15, 48,
37, 18,
18, 46,

20, 36

45,
19,
29,

28, :
49, -

29,

33, ¢
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42, 33, 41, 32, 43, 31, 44, 33, 45, 31, 47, 33, 46, 32, 48, 31, 49, 33, 50, 31, 52,
33, 51, 30, 53, 31, 54, 33, 55, 36, 34, 38, 35, 36, 37, 41, 53, 22

e 32, 51, 34, 41, 35, 43, 34, 46, 35, 48, 34, 53, 35, 51, 37, 38, 36, 39, 38, 40, 36,
42, 38, 41, 39, 43, 36, 44, 38, 45, 36, 47, 38, 46, 37, 43, 40, 41, 42, 43, 41, 44,
43, 45, 41, 47, 43, 46, 39, 48, 36, 49, 38, 50, 36, 52, 38, 51, 39, 53, 36, 54, 38,
55, 41, 48, 37, 53, 40, 46, 42, 48, 40, 51, 42, 53, 44, 46, 45, 48, 44, 51, 43, 49,
41, 50, 43, 52, 41, 54, 43, 55, 46, 47, 48, 46, 49, 48, 50, 46, 52, 48, 51, 45, 53,
46, 54, 48, 55, 53, 47, 51, 49, 53, 50, 51, 52, 53, 51, 54, 53, 32

A Tyeo-decomposition of G * K7:

e 1,23,1,4,3,51,7,3,6,2,8,1,9, 3,10, 1,12, 3, 11, 2, 13, 1, 14, 3, 15, 1
17, 3, 16, 2, 18, 1, 19, 3, 20, 1, 22, 3, 21, 2, 23, 1, 24, 3, 25, 1, 27, 3, 26, 2, 28,
1,29, 3,30, 1, 32, 3, 31, 2, 33, 1, 34, 3, 35, 1, 37, 3, 36, 2, 38, 1, 39, 3, 40, 1,
42,3, 41, 2, 43, 1, 44, 3, 45, 1, 47, 3, 46, 2, 48, 1, 49, 3, 50, 1, 52, 3, 51,
1, 54, 3, 55, 1, 57, 3, 56, 2, 58, 1, 59, 3, 60, 1, 62, 3, 61, 2, 63, 1, 64, 3, 65, 1,
67, 3, 66, 2, 68, 1, 69, 3, 70, 1, 72, 3, 71, 2, 73, 1, 74, 3, 75, 1, 77, 3, 76, 2, 78,
1,79, 3,80, 1,82 3,81,2 83, 1,84,3,85,6,4,8 5,6, 7,8,6,9,8, 10, 6, 12,
8, 11,4, 13,5, 11,7, 13, 6, 14, 8, 15, 6, 17, 8, 16, 4, 18, 5, 16, 7, 18, 6, 19, 8,
20, 6, 22, 8, 21, 4, 23, 5, 21, 7. 23, 6, 24, 8, 25, 6, 27, 8, 26, 4, 28, 5, 26, 7, 28,
6, 29, 8, 30, 6, 32, 8, 31, 4, 33, 5, 31, 7, 33, 6, 34, 8, 35, 6, 37, 8, 36, 4, 38, 5,
36, 7, 38, 6, 39, 8, 40, 6, 42, 8, 41, 4, 43, 5, 41, 7, 43, 6, 44, 8, 45, 6, 47, 8, 46
4, 48, 5, 46, 7, 48, 6, 53, 85, 1

IS
(&2
wo

e 4,51, 5, 53, 4, 56, 5, 58, 4, 61, 5, 63, 4, 66, 5, 68, 4, 71, 5, 73, 4, 76, 5, 78, 4,
81, 5, 83, 6, 49, 8, 50, 6, 52, 8, 51, 7, 53, 9, 11, 10, 13, 9, 16, 10, 18, 9, 21, 10
23,9, 26, 10, 28, 9, 31, 10, 33. 9, 36, 10, 38, 9, 41, 10, 43, 9, 46, 10, 48, 9, 51,
10, 53, 11, 12, 13, 11, 14, 13, 15, 11, 17, 13, 16, 12, 18, 11, 19, 13, 20, 11, 22,
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13, 21, 12, 23, 11, 24, 13, 25, 11,
34, 13, 35,
13, 45, 11,
18, 14, 21,
14, 46, 15, ¢
16, 24, 18,
31, 17, 33, 16, 34, 18, 35, -
18, 45, 16,
53, 19, 21, 20, 23, 19, 26, 20, 28,

31, 12,
12, 43,
53, 14,
14, 41,
18, 21,

17, 43,

33, 11,
11, 44,
16, 15,
15, 43,
17, 23,

16, 44,

19, 46, 20, 48, 19, 51, 83, 4

e 6,54, 8 55, 6, 57, 8, 56, 7, 58, 6,

10, 73,
13, 60,
70, 11,
11, 82,
73, 14,
18, 60,
70, 16,
16, 82,
21,
38,

22, 53,

o 8 84, 11,85, 13, 84, 16, 85, 18, 84, 23, 49, 21, 50, 23, 51, 24, 26.
25, 33, 24, 36, 25, 38,
63, 19, 66, 20, 68, 19

. 22, 31,
, 41, 23,

9,76, 10, 78, 9, 81, 10, 83, 11, 54, 13, 55, 11, 57, 13, 56, 12, 58, 11,
11, 62, 13, 61,
72, 13, 71, 12,
12, 83,
78, 14,
18, 61,
71, 17,
17, 83,
23, 29,
39, 21, 40, 23,

13, 81,
76, 15,
16, 62,
72, 18,
18, 81,

21, 84, 6

12, 63,

14, 56,
81, 15,
17, 63,
73, 16,

19, 56, :

21, 30,

11, 37,

11,
73, 11,7

27, 13, 26,
13, 36, 12,
46, 12, 48,

, 14, 26, 15,

51, 15, 53,

, 27, 18, 26,
, 18, 36, 17,
, 46, 17, 48,

19, 31, 20,

12, 28, 11,
38, 11, 39,
11, 49, 13,
28, 14, 31,
16, 17, 18,
17, 28, 16,
38, 16, 39,
16, 49, 18,
33, 19, 36,

29, 13, 30, 11, 32, 13,

13,
50,
15,
16,
29,

40, 11, 42, 13, 41,
11, 52, 13, 51, 12,
33, 14, 36, 15, 38,
19, 18, 20, 16, 22,
18, 30, 16, 32, 18,

18, 40, 16, 42, 18, 41,
50, 16, 52, 18, 51, 17
20, 38, 19, 41, 20, 43,

59, 8, 60, 6, 62, 8, 61, 7, 63, 6, 64, 8, 65, 6,
67, 8, 66, 7, 68, 6, 69, 8, 70, 6, 72, 8, 71, 7, 73, 6, 74, 8, 75, 6, 77, 8, 76, T
6, 79, 8, 80, 6, 82, 8, 81, 7, 83, 9, 56, 10, 58, 9, 61, 10, 63, 9, 66, 10, 68, 9,

64, 13, 65,
» 11,
61,
, 18,

24, 41, 25, 43, 24, 46,

71, 20, 73, 19, 76, 20,

11, 67, 13
77, 13, 76,
15, 63, 14,
55, 16, 57,

, 16, 67, 18,
. 77, 18, 76,
, 23, 22, 26,
3, 22, 36, 23,
.46, 23, 44,

25, 48, 24,
78, 19, 81,

66, 12, 68, 11, 69,

12, 78,
66, 15,
18, 56,
66, 17,
17, 78,
23, 24,
34, 21,

21, 45,

93, 20,

25,
58,

s 19,
, 14,
7, 58,
» 16,
79,
, 25,
5, 23,
47,

28,

19,

20, 83, 21, 52,

13,
71,
16,
69,

24,

61,

23, 1

78,

, 27,

48,
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21, 55, 23, 56, 22, 58, 21, 57, 23, 59, 21, 60,
65, 23, 66, 22, 68, 21, 67, 23, 69, 21, 70, 23,

23, 76,
27, 31,
41, 28,
58,
83, 26,
29, 46,
62, 28,
28, 71,
85, 23, 82, 28, 81, 27, 83, 29, 56, 30, 51, 32, 31, 33, 85, 8

25,

o 26, 84,
31, 42,
61, 30,
33, 51,

, 56, 32, 58, 31, 57, 33, 59, 31, 60, 33,

65, -

5, 84,
2 407

22, 78, 21, 77, 23, 79, 21, 80, 23, 81,
28, 29, 26, 30, 28, 32, 26, 33, 27, 36,
39, 26, 40, 28, 42, 26, 43, 27, 46, 28,
24, 61, 25, 63, 24, 66, 25, 68, 24, 71,
49, 28, 50, 26, 52, 28, 51, 29, 31, 30
30, 48, 29, 53, 26, 54, 28, 55, 26, 57,
61, 27, 63, 26, 64, 28, 65, 26, 67, 28,
27, 73, 26, 74, 28, 75, 26, 77, 28, 76

28, 85, 31, 34, 33, 32, 36, 33, 35, 31,
33, 44, 31, 43, 32, 46, 33, 45, 31, 47
63, 29, 66, 30, 68, 29, 71, 30, 73, 29,
34, 36, 35, 38, 34, 41, 35, 43, 34, 46,

32, 68, 31, 67, 33, 69, 31, 70, 33, 71,
78, 31, 77, 33, 79, 31, 80, 33, 81, 32,
39, 36, 40, 38, 42, 36, 43, 37, 46, 38

, 34, 61, 35, 63, 34, 66, 35, 68, 34, 71,
5, 49, 38, 50, 36, 52, 38, 51, 39, 41, 40,
. 55, 36, 57, 38, 56, 37, 58, 36, 59, 38, 60,
, 67, 38, 66, 37, 68, 36. 69, 38, 70, 36

. 38, 76, 37, 78, 36, 79, 38, 80, 36, 82,
56, 40, 51, 42, 41, 43, 42, 46, 43, 44, 41, 45, 43, 47, 41, 85, 26

23, 61, 22,
71, 22, 73,
22, 83, 24,
28, 34, 26,
44, 26, 45,

25, 73, 24,

33, 29, 36,
28, 56, 27,
66, 27, 68
27, 78, 26,

63, 21, 62, 23, 64, 21,
23, 74, 21, 75,
51, 27, 26, 28,

21,
56,
35,
28,

72,
25,
28,
47,

37, 33, 39, 31, 38,

33, 49, 31,
76, 30, 78,
35, 48, 34,
61, 32, 63,
32, 73, 31,
83, 34, 56,
44, 36, 45,
35, 73, 34,
43, 39, 46,
36, 62, 38,
72, 38, 71,
31, 84, 33,

48,
29,
53,
31,
72,
35,
38,
76,
40,
61,
37,
82,

32,
81,
31,
62,
33,
o1,
47,
35,
48,

38, 85, 43, 49, 41, 48, 42, 53, 40, 58, 39, 61, 40, 63, 39,
73, 39, 76, 40, 78, 39, 81, 40, 83, 41, 50, 43, 51, 44, 46,

37,
36,

39,

, 63,

36,

, 81,

, 26, 38,
, 48, 27,
, 24, 81,
, 41, 30,
, 28, 60,
, 70, 26,

26, 82,

_ 41, 33,

30, 58,

, 83, 31,
, 33, 54,
, 64, 31,
. 31, 75, :

36, 38,
48, 37,

, 34, 81,
53, 36, 5
36, 64,

74, 38,

37, 83, ¢

5, 40, 68, =
5, 48, 44,

27,
53,
25,
43,
26,
72,
21,

40,
29,
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41, 52, 43, 54, 41, 55, 43, 56, 42, 58, 41, 57, 43, 59, 41, 60, 43, 61,

62, 43,
43, 74,
51, 47,
76, 45,
46, 57,
67, 48,
48, 76,
51, 52,
49, 81,
51, 62,
, 74,

64,
41,
46,
78,
48,
66,
47,
53,
50
53

41, 65, 43, 66, 42, 68, 41, 67, 43, 69, 41, 70, 43, 71, 42,
75, 43, 76, 42, 78, 41, 77, 43, 79, 41, 80, 43, 81, 42, 83,
48, 47, 53, 45, 58, 44, 61, 45, 63, 44, 66, 45, 68, 44, 71,
44, 81, 45, 83, 46, 49, 48, 50, 46, 52, 48, 51, 49, 53, 46,
56, 47, 58, 46, 59, 48, 60, 46, 62, 48, 61, 47, 63, 46, 64,
47, 68, 46, 69, 48, 70, 46, 72, 48, 71, 47, 73, 46, 74, 48,
78, 46, 79, 48, 80, 46, 82, 41, 84, 43, 82, 48, 81, 47, 83
50, 58, 49, 61, 50, 63, 49, 66, 50, 68, 49, 71, 50, 73, 49
83, 52, 56, 53, 51, 54, 53, 55, 51, 57, 53, 59, 51, 58, 52,
64, 51, 63, 52, 66, 53, 65, 51, 67, 53, 69, 51, 68, 52, 71,
51, 73, 52, 76, 53, 75, 51, 77, 53, 79, 51, 78, 85, 36

85, 51, 80, 53, 81, 52, 78, 54, 56, 55, 58, 54, 61, 55, 63, :
, 55, 73, 54, 76, 55, 78, 56, 57, 58, 56, 59, 58, 60, 56, 62, !

58, 65, 56, 67, 58, 66, 57, 68, 56, 69, 58, 70, 56, 72, 58,

58, 75, 56, 77, 58, 76, 57, 78, 59, 61, 60, 63, 59, 66, 60, 68, :
, 60, 78, 61, 62, 63, 61, 64, 63, 65, 61, 67, 63, 66, 62, 68
63, 71, 62, 73, 61, 74, 63, 75, 61, 77, 63, 76, 62, 78, 64, 6
. 73, 64, 76, 65, 78, 66, 67, 68, 66, 69, 68, 70, 66, 72, 68,

, 75, 66, 77, 68, 76, 67, 78, 69, 71, 70, 73, 69, 76, 70, 78
, 75, 71, 77, 73, 76, 72, 78, T4, 76, 75, 78, 76, 77, 78, 79,

, 63, 79, 66, 80, 68, 79, 71, 80, 73, 79, 76, 80, 78, 81, 54,

82, 51, 84, 53, 82, 58, 81, 59, 83, 60, 81, 62, 83, 61, 82,

, 67, 83, 66, 82, 68, 81, 69, 83, 70, 81, 72, 83, 71, 82, 73
, 83, 76, 82, 78, 84, 56, 85, 58, 84, 61, 85, 63, 84, 66, 85,
4, 76, 85, 81, 79, 83, 80, 81, 82, 83, 81, 84. 83. 85, 46

42, 63,
73, 41,
44, 56,
45, 73,
54, 48,
48, 65,
75, 46,
49, 56,
76, 50,
61, 53,
53, 70,

68, 84,
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Lemma 3.20. Ifd' > 1 and k" = k'/d' = 2, then T},| K, * K.

Proof. Here we have that k' = 2d’. Note that 2d’ t d, since otherwise, k'|d, which
implies that d' = ged(d, k') = k' = 2d’, a contradiction. Also, 2](73)? so that Py|K,,

by Theorem 3.6. We consider the following two cases.

Case 1. 4}k.
Note that d is even since k = 2dd’, 4|k and d'|d. Hence d’ must be even, as d’|d

and 2d’' { d. Since P»|K,,, doubling the edges in each path gives T}|2K,, and hence,

taking each edge of each Ty of multiplicity d'/2, Toy|d'K,,, so that Toy|dK,,, i.e.
Ty |dK,,, with each closed trail in the latter decomposition containing parallel edges.

Again, we obtain Tj| K, * K4 by Lemma 3.13 and hence T}| K, « I, by Corollary 2.20.

Case 2. 41t k.

Note that k = 2dd’, and so the condition 4 { k implies that d and d must both
be odd. In particular, since k is even but d = ged(n, k) is odd, this means that n
must be odd. As (m —1)n is even, it must be that m is also odd, and so the condition
2|(7) gives us that m =1 (mod 4).

We begin by decomposing d’ K, into closed trails of length 75y and from this
decomposition deduce that Tj|K,, * K,,. First suppose that m = 1 (mod 8). Then
Cy| Ko [29], so clearly d'Cy|d'K,,. We may decompose d'Cy into two subgraphs as
follows. Let Cy = u, v, w,z,u, so that edges of d'Cy take on one of the forms {u, v},
{v,w}, {w,z} or {z,u}. For the first subgraph, we take two of the edges joining u
and v, (d' — 1) of the edges joining u and x, and (d’' — 1) of the edges joining = and w.
The second subgraph contains the remaining edges, that is, (¢’ — 2) edges joining u
and v, d’ edges joining v and w, one edge joining w and z, and one edge joining r and
u. It is easy to see that, since d’ is odd, each of these subgraphs has all vertices of
even degree; hence each is a closed trail of length 2d’, and we may conclude Tyy|d'Cy,
so that Toy|d' K,,,. Note moreover that in the decomposition which we have exhibited,

cach closed trail contains a pair of parallel edges.
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Now suppose m = 5 (mod 8), and write m = 8m’ + 5. We note that Kgy5 =
Ksnvi1 @ Kygm © Ks. We know that Cy|Kgmiq [29] and Cs|Ksgm [50], so that
dKgmys = (dCs @ dCy® -+ & d'Cy) & d'K5. We first consider the case d’ > 3. It
is easy to see that K5 = Cy @ B, where B is the bow-tie graph (Figure 3.7). Hence
we have that Kgnys = (Cs @ Ci @+ @ Cy) D B, so that d'Kgpy 15 = (dCypdCy
- @®d'Cy) ©d'B. Let the vertices of B be u,v,w,z,y, as indicated in Figure 3.7.

Then we may decompose d'B into three subgraphs Gy, G5 and G5 as follows. The

u w

Figure 3.7: The graph B.

subgraph G contains two edges between u and v, (d’ — 1) edges between u and vy, and
(d' — 1) edges between v and y. The subgraph G, contains two edges between v and
w, (d' — 1) between v and z, and (d’ — 1) between w and z. The third subgraph, G3,
contains all remaining edges, that is, (d' — 2) edges between u and v, (d' — 2) edges
between v and w, and one edge each between w and z, between v and z, between v
and y, and between u and y. Since d' is odd, each of Gy, G5 and (33 contains only
vertices of even degree, and so each is a closed trail of length 2d’. Hence 1 ha|d'B. Tt
is easy to see that d’ > 3 implies that each of the closed trails in the decomposition
exhibited contains a pair of parallel edges. We have already seen the existence of a
To4-decomposition of d'Cy, each closed trail of which contains a pair of parallel edges.
We conclude that Ty |d'K,,.

If d' = 3, we again begin with the decomposition d'Kgprps = (d'Cy & - - d'Cy) &
d'Ks, 1e. 3Kgys = (3C; @30, & -+ & 3Cy) @ 3K5. Letting d' = 3 in the Thy-

decomposition of d'Cy given earlier yields a decomposition whose closed trails all
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contain parallel edges. To deal with 3Kj5, we let V(3K;) = Zs. Letting T =
0,1,0,2,4, 3,0, we note that T is a closed trail of length 6 in 3K;5 which contains
exactly three edges of length 1 and three edges of length 2. Hence, letting p =
(0,1,2,3,4), we have that 3K; =T @ p(T) & p*(T) ® p*(T) & p*(T), and each of the
latter closed trails contains a pair of parallel edges.

Thus, we have found a decomposition of d'K,, into closed trails of length 2d’,
and moreover we may note that each closed trail in the decomposition contains a pair
of parallel edges. By Lemma 3.13, we determine that Ty | Ko * Kg. Since d’ |d, we
may apply Corollary 2.21 to obtain that Towal K, * Kg, i.e. that T k| Ko * Kg, and so
by Corollary 2.20, T} K,, * K,.

Lemma 3.21. If d' = ged(d, k/d) > 1 and k" = K /d >3, then Ty|K,, * K,.
Proof. We consider four cases.

Case 1. m is odd

Since m is odd and k" (T;), we have that Ty«|K,, by Theorem 3.3. Taking each
T of multiplicity d’, we obtain Ty |d' Ky, i.e. T i |d' K, with each closed trail in the
latter decomposition containing parallel edges. Since d’ |d, we may take d/d’ copies of

each closed trail to obtain T}

dKp,. As each closed trail in the latter decomposition
contains parallel edges, we have that T3 |K,, * Ky by Lemma 3.13, and so Tx|K,, * K,,

by Corollary 2.20.

Case 2. m is even and &’ is even

Note that since m is even, n is also even. Also, k is even, so that d must be even.
Since d and &’ are even, d’ is even.

Since k"] (’?) Corollary 3.10 gives us that 15|2K,,; moreover. each closed trail
in this decomposition contains a pair of parallel edges. Taking each closed trail of

multiplicity d'/2, we obtain that Ty |d'K,,, and then taking d/d’ copies of each of
T A / g
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the closed trails in the latter decomposition, we obtain 7T, k' |dKp,. We may now apply

Lemma 3.13 and Corollary 2.20 to obtain Ti| K * K.

Case 3. m is even, k’ is odd and d is even

Since k| (',;’), Theorem 3.3 ensures the existence of a T»-decomposition of 2K,,.
Similarly to the previous case, we obtain that Ty |2d K., and hence Ty |dK,, since
2d'|d. Since d’ > 1, it is easy to ensure that each closed trail in the latter decomposi-
tion contains a pair of parallel edges. By Lemma 3.13, Ty| K * K4 and so Ty | K, * K,

by Corollary 2.20.

Case 4. m is even, k' is odd and d is odd

Since k”|(%), it follows by Corollary 3.12 that T»|2K,,, and we may form such
a decomposition whose closed trails may be partitioned into pairs such that if 7' and
T" are paired, then there is an edge of T and an edge of 7' which are parallel to
each other. Taking each edge of each Ty~ of multiplicity d', we obtain Ty |2d' Ky,
2dK,,. The

ie. Ty |2d' K,,. Again, we may take d/d' copies of each Ty to obtain T}
closed trails in this decomposition may be partitioned into pairs such that for each
pair of trails, there are two vertices « and v such that each trail in the pair contains
d > 3 edges with end-vertices u and v.

We wish to use Lemma 3.14 to obtain a Ty-decomposition of K, * Koy, We
have partitioned our A'-trails into pairs; we must show that these pairs satisfy the
conditions of the lemma. For a closed trail T of length &' in the decomposition of
2dK,, with pair f’ let T" = wug, uy, ..., ugr_1, ug be the closed trail of length £” in the
decomposition of 2K, from which 7' arises, and T = Ug, U1, V2, ..., Vgpr_1, Uy De the
closed trail of length k" from which T arises. We may traverse 1" as follows. Taking
it =0,1,... k" = 2 in order, we traverse all d’ edges between u; and wu;,;. Finally,

traverse all d’ edges between 11 and uy. That is,

rI":’lt).’U,].U(.,’llrl ..... Uy, U1, U, Uy, U, ..., U, Ug, . ... U 79y Ut 1, Upr _o, Ugrr_q,
0, W1, Up s W0, 0, U2, Uy, U2y ooy Uy, U,y o o Ut 9, Up R =24 URY -1,

U, Ugr 1. U, Uk oo ., Uy
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We similarly traverse 7. We take the first three edges in the traversals of 7 and T to
be the parallel 3-trails of 7 and 7. For the second condition of Lemma 3.14, clearly
T and T each contain a pair of parallel edges not in its parallel 3-trail which are
traversed consecutively — in the case of T, we may take two consecutively traversed
edges between u; and uy, while in T we may take two consecutively traversed edges
between u; and v,.

It remains to show that 2d K, can be 2-edge coloured as specified in the statement
of Lemma 3.14. For each pair of closed trails 7" and T, colour all edges of T" parallel to
its parallel 3-trail (including its parallel 3-trail) by colour s and all edges of T parallel
to its parallel 3-trail (including its parallel 3-trail) by colour c. We now must colour
the remaining edges. Colour them so that among 2d parallel edges, d receive colour s
and d receive colour c. Since d’ > 3, there will be among any d’ parallel edges, a pair
of the same colour. Hence we can clearly ensure that the ct-parallel edges in each
closed trail both receive the same colour.

Recalling that k& = dk’. we may now apply Lemma 3.14 to our Ty -decomposition
of 2dK,, to obtain a Ti-decomposition of K, * Ky We note that n is even, as m
is even, and since d is odd and d|n, it must be that 2d|n. Hence by Corollary 2.20,
T Ko+ K. .
We have now completed the proof of the main result of this chapter,

Theorem 3.15.



Chapter 4

Cycle decompositions of 3K,

Let us now turn our attention to cycle decompositions of the complete multigraph
AK,,. We begin by recalling known results towards finding necessary and sufficient
conditions for decomposing AK,, into cycles of length k.

First, the obvious necessary conditions are known to be sufficient for certain

small cycle lengths. The following theorem compiles the work of several authors.

Theorem 4.1. [22, 25, 44, 8, 6] Suppose X\ > 1 and m > 3 are integers, and
k€ {3,4,5,6,7,8,10,12,14}. Then Cy|AK,, if and only if k < m, kIA(D) and

A(m — 1) is even.

Smith [48] was able to find necessary and sufficient conditions for the existence of
a A-cycle decomposition of AK,,; in turn, this result implies that the obvious necessary
conditions for decomposition of AK,, into cycles of length p arc sufficient, where p is

an odd prime.

Theorem 4.2. [48] Let X\ > 3 and m > 3 be integers. Then CAIAKy, if and only if

A <m and X(m — 1) is even.

Corollary 4.3. /48] Let p be an odd prime, and let X > 1 and m > 3 be integers.
Then CoIAK,, if and only if p < m, p|A () and AN(m — 1) is even.

67



4.1. Induction step 68

Other authors have focussed on determining which cycle decompositions of AK,,
exist for certain values of A. In particular, necessary and sufficient conditions for the
existence of a Cy-decomposition of MK, are known when A\ € {1,2}, as evidenced by

the following results.

Theorem 4.4. [1, 45] Let m, k > 3 be integers. Then Cy|K,, if and only if k < m
and k| (7).

Theorem 4.5. [2] Let m > 1 and k > 2 be integers. Then Ci| K}, if and only if
kE<m, klm(m — 1), and (m, k) ¢ {(4,4),(6,3),(6,6)}.

Corollary 4.6. [2] Let m > 1 and k > 2 be integers. Then Ci|2K,, if and only if

k <m and klm(m — 1).

The main result which will be proved in this section is to extend the results of
Theorem 4.4 and Corollary 4.6 to the case that A = 3 when k is odd, with one possible

exceptional value of k, namely k = 9. That is, we will prove the following theorem.

Theorem 4.7. Let m > 1 and k > 3 be integers, where k is odd and k # 9. Then
Cr|3K,y, if and only if k < m and kIS(TS)

Our methods for proving Theorem 4.7 are similar to those used in the proof of

Theorems 4.4 and 4.5.

4.1 Induction step

A key step in the proof of sufficiency of the obvious necessary conditions for k-cycle
decomposition of K, and 2K, was the proof that, for a fixed value of k, it is enough
to show that the necessary conditions are sufficient for values of m in a particular
range (depending on the case, this range either included values of m between k and
2k, or between k and 3k). We will require a comparable result for decomposition of
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4.1.1 k odd

The following theorem, due to Hoffman, Lindner and Rodger, represents the induction

step for decomposing K, into cycles of odd length.

Theorem 4.8. /23] Let k > 3 be an odd integer. If Cy|K, whenever k < v < 3k and
k[(;’), then Cy|K,, whenever k < m and kl(g‘)

In this section, we prove an analogous result for decomposition of pK,,, where p

is prime. First, let us state some results which will be used in the proof.
Theorem 4.9. [28] Let k > 3 and m > 3 be odd. If m < 5“2%1, then Cy| Ko, } K,y,.

Theorem 4.10. /23] Let k > 3 be an odd integer and m > 3 an integer. Then
CkIKm * 7&—;;;

We can now state the induction step for cycles of odd length.

Theorem 4.11. Let p be an odd prime and let k > 3 be an odd integer such that
k#pifp <13, and k # 9 if p = 3. If C|pK, whenever k < v < 3k and kip(})
then Cy|pKy, whenever k < m and k|p(5).

Proof. The argument proceeds as Theorem 4.8 was proved in [23].

First, consider the case in which k = ¢ where ¢ is prime, ¢ # p and o > 1. Then
¢“|p(%) implies that ¢°| (’;). Hence Cya| Ky, and it easily follows that Cye |pK,,. This
argument shows that the necessary conditions for the existence of a Cj-decomposition
of pK,, are sufficient when & < 15, with possible exceptions for k = p when p < 13,
and £ =9 when p = 3.

Now, suppose k& > 15. Suppose that /{]p(?) and k < m. Write k = 2/ + 1 and
m = v + 2kv’, where k < v < 3k. Note that

CAV A 2k
p 9 = p 9
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- <<m ~ 2kv')(m — 2kv' — 1) )

2
{m —1
= pTQQ—) — mkv' — kv'(m — 2kv’ — 1)

= p(?) — pkv'(2m — 2kv’ — 1),

and so since k:}p(’;), we have that k|p (;) as well.

If v > 3, then we may decompose

pKp = pK, & p(Ky * Kat,) © ("[)(K‘Zk M K,) @ p(Ko } K) - @ (K, ™ fT’z)) .

Now, v < 3k < kzg"l, so that Cyx|Ka ™ K, by Theorem 4.9, and hence
Crlp(Kax @ K,). Since v/ > 3, it follows that Cy| Ky * Koy, by Theorem 4.10, and
hence Cy|p(K, * Ka). Finally, Cy|pK, by hypothesis. We obtain that Cy|pK,,.

If v" =1, then m = v + 2k. Decompose

p](m - pKv 37 Z)(I(Qk M Fv)

Again, Cy|pK, by hypothesis, and Cy| Ko 4 K, by Theorem 4.9.

If v = 2, decompose
p}’{m = p](erQk 7 P(sz X A’z!+2k)-

Since v + 2k < 5k < k*/3 < (k? +1)/2, as k > 15, we have that Cy|Ka X K, o by

Theorem 4.9. Also, that Cy|pK, o follows from the case v/ = 1. Hence CklpK,,. O

We note that for & > 15, the fact that p is prime in the statement of Theorem 4.11
was irrelevant to the proof. Hence we have the following induction step for general

multiplicities.

Theorem 4.12. Let k > 15 be an odd integer and A\ > 1 an integer.  If CyiAK,

whenever k < v < 3k and k|/\(g) then Cy|AK, whenever k < v and H)\(l_,)
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Let us return to the possible exceptions in Theorem 4.11. If k — 3, then
recall from Theorem 4.1 that necessary and sufficient conditions for the existence
of a Cs-decomposition of MK, are known; this was proven by Hanani [22]. Thus,
the case £ = 3 need not be considered. Considering other prime values of k, we
recall that Corollary 4.3, due to Smith, proves sufficiency of the obvious necessary
conditions for p-cycle decomposition of AK,, when p is an odd prime, and thus the
only meaningful possible exception to Theorem 4.11 occurs when A = 3 and k = 9.
Unfortunately, there appears to be a discrepancy in the literature regarding decom-
position of complete multigraphs into cycles of length 9. It has frequently been cited
that necessary and sufficient conditions for Cy-decomposition of AK,, appear in 8];
however, closer inspection shows that the authors claim to have solved the problem
of Ci-decomposition of AK,, only for cycle lengths 3, 5 and 7. We were not aware of
this when we completed the proof Theorem 4.7, and therefore necessary and sufficient
conditions for decomposition of 3K, into cycles of length 9 remain to be proved.

As we will be interested in constructing decompositions of 3K, later in this
chapter, we now explicitly state the induction step, Theorem 4.11, in the specific case

that A = 3.

Theorem 4.13. Let k > 3 be an odd integer, k ¢ {3,9}. If Cx|3K, whenever
k<wv <3k and AB(Z) , then Cy|3K,, whenever k < m and kl3(g’)

4.1.2 £k even

Although we will be focussed on odd-cycle decomposition of 3K, we include here
for the sake of completeness the induction step for even-cycle decomposition of AK,,.
Since the induction step in this case follows easily from known results and we will not
use this case further, we omit the proof for the sake of brevity.

The key for odd m is the following theorem, which may be proved in the same

manner as the corresponding result for even-cycle decomposition of K, found in [43].
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Theorem 4.14. Suppose k is even and m is odd. If Cyx|AK,, then CrlA\K pytokq for

any positive integer q.

From this result, the induction step easily follows; it is proved as the correspond-

ing result for Cy-decomposition of K, when k is even and m odd in [45].

Corollary 4.15. Suppose k > 2 is even. If Cr|AK,, whenever k < v < 3k, k[/\( )

2
and v is odd, then Cy|AK,,, whenever k < m, kl)\(';) and m is odd.

We now consider the case that m is even. When m and k are even, we must have
that A is even for the existence of a Cy-decomposition of \J m- The induction step in

this case is proved as that for Cy-decomposition of K?, for even m and k in [2].

Theorem 4.16. Let m, A and k be positive even integers.  If Cy|AK,, whenever

k< m <2k and kI\(}), then Ci|\K,, whenever k < m and EIN(T).

4.2 A word on the techniques to be used for de-
composition

The cycles which we will form in the construction of the Ci-decompositions of 3K,
when k£ < m < 3k will be of two types, called peripheral cycles and central cycles.
This terminology is due to Sajna [45]. We now describe these two cycle types. The

following definition may be found in [45].

Definition 4.17. Let G = X(n; S) be a circulant graph. Let d = ged(n, k), k' = k/d
and n’ =n/d. A peripheral cycle of length k is a k-cycle C' in G that satisfies one of

the following two properties:

1. For some path P in G of length &', C is the concatenation of paths P, p"’(P),
o PP,
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2. For some path P in G of length ¥’ — 1, C is formed from paths P, p"'(P), ...,
p(d‘l)"I(P), together with d edges to link together these paths.

In either case, the path P is said to generate the peripheral cycle C.

The peripheral cycles to be used in our constructions will be of the second type
of peripheral cycle. In forming such a cycle, we will begin by finding a path P to
generate the cycle. This path will be a zig-zag path, a concept which we now define.

The term “zig-zag path” is due to Sajna [45].

Definition 4.18. Let G = X (n; S) be a circulant. A path P of length k whose edges

are of k distinct lengths is called a ztg-zag path.

In particular, given a set Lp = {f,...,0} of k distinct lengths such that

1<t <lyg<-- 0 < | 5] in a circulant X (n; S), the path
P=0,01,6— b, by — by 4 Ly, .. by — by + b3 — -+ (—1)F1p,

1s a zig-zag path. The paths which we construct to generate peripheral cycles will
have this form. Note that if C is a peripheral cycle generated by the zig-zag path P
and whose linking edges are all of length £ ¢ Lp, then the cycles C, p(C), ..., p" 1)
decompose X (n; Lp U {£}).

A (K'—1)-path P will generate a peripheral cycle if the paths p™ (P) are pairwise
Vert.ex—disjoint‘for each 0 <i < d ~ 1, and suitable linking edges can be found. The
technique that we will use to find linking edges of appropriate lengths is due to
Alspach and Gavlas [1], and will be discussed in Section 4.2.1.

Let us now mention the second type of cycle to occur in the decomposition.

Definition 4.19. A k-cycle in G which is not a peripheral cycle is called a central

cycle of length k.

The central cycles will vary in form depending on whether & < m < 2k or

2k < m < 3k. In the former case, central cycles will be formed in K,,, which is
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viewed as K, .1 X K, consisting of a path P in K,,_; together with its diametrically

opposed path p(m—b/ 2(P), an edge of length = 1 and two edges incident with the
vertex of K;. In the latter case, central cycles will be formed containing edges of
k distinct lengths in K,,. We will discuss the construction of central cycles more

thoroughly in each case.

4.2.1 Finding linking edges using auxiliary circulant graphs

This ingenious technique was first used by Alspach and Gavlas [1] in decomposing
K, into odd cycles and K, — I (the complete graph K, with the edges of a 1-factor
removed) into cycles of even length. It also proved instrumental in the determination
of necessary and sufficient conditions for a decomposition of K, into even cycles or
Ky, — I into odd cycles [45], and for a decomposition of K7 (and hence also 2K,,)
into fixed-length cycles [2].

To form peripheral cycles in 3K,,, we will begin by forming peripheral cycles in
K,,, and then taking each with multiplicity 1, 2 or 3. Thus, we need only consider
here how to link the paths which generate peripheral cycles in a circulant X(¢; S),
which is a simple graph.

Suppose that we are trying to find a k-cycle decomposition of the circulant
X(t; S) on vertex set Z;. Let d = ged(t, k), ¢ = t/d and k' = k/d. Suppose we
have zig-zag paths Py, 0 < ¢ < b — 1, and we wish to form b peripheral cycles
generated by these paths. For each ¢ € {0,1,...,b — 1}, we form a family of paths
P; = {P.o, Pi1,..., Pia1} by letting P;; = p/*'(Pig) for each j € {0,1,..., d—1}.

We furthermore require these paths to satisfy the following properties:
1. Each of Fyg, Pig, ..., Py_1 is a zig-zag path of length &' — 1.

2. Each of Py, Pig, - ... Po_1p has the same initial vertex 0 and the same terminal
vertex ¢. (Note that this condition implies that the path P, ; has initial vertex

jt" and terminal vertex jt' + q.)
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3. No two paths P,y and P; have an edge of the same length.
4. For each i € {0,1,...,b— 1}, the paths in P; are pairwise vertex-disjoint.

For each ¢ € {0,1,...,b~1}, we wish to find d edges to link the paths in P; together
to form a cycle C;. The linking edges in Cy, C4, ..., Cy_; should be of b lengths,
chosen in such a way that among the peripheral cycles Cy, C4, ..., Cp_1, we use d
linking edges of each length. Once we have formed cycles Cy, Cy, ..., Cy_1, we take,
for each i € {0,1...,b— 1}, the cycles C;, p(C;), ..., p*~Y(C;). In this way, we will
exhaust all edges of lengths which appear in the paths Poo, Pio, ..., P19 and also
all edges whose lengths are used in the linking edges.

We find these edges using Hamilton cycles in an auxiliary circulant graph G of
order d on vertex set {0,1,...,d —1}. Let C be a Hamilton cycle in G, and assign
to C' an arbitrary orientation to form a directed cycle 8 = J0yJ1s--->Jd-1, Jo- Fix an
i€{0,1,....b—1}. Foreach s € {0,1,...,d— 1}, we join the terminal vertex of P,
to the initial vertex of P, ;,,, We have now used d distinct edges and formed a cycle C;.
Suppose that e; = (j,, js41) is an arc of C. If jo1 > js, then the linking edge formed
from the arc es has length |(joq1 — js)t' — gl¢, while if jo;1 < j,, then the linking edge
formed from e, has length |(js11 — js)t' +ql:. In practice, the values of the parameters

in our constructions will ensure (j,41 — js)t' — q or (js41 — j5)t' + q, as appropriate,

Js+1 > Js» and (Jsy1 — Jo)t' + q if joy1 < js. Note that if all edges of C are of the
same length, then all of the linking edges formed from it will be of a constant length.
Moreover, from one Hamilton cycle C' in G, we can link two families of paths, one
corresponding to each direction of C.

To apply this method, we need to decompose the circulant G into Hamilton
cycles. First, G is decomposed into connected circulants of degree 2 of the form
X(d:{L}) where ged(d,L) = 1 , and degree 4 of the form X(d;{L,, Ly}) for some

suitable choice of lengths L, and L- such that this circulant is connected (such as if L,
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and L, are consecutive integers or consecutive odd integers). A connected circulant
X(d;{L}) of degree 2 is itself a d-cycle, while any connected circulant of degree 4 can
be decomposed into Hamilton cycles by the following theorem of Bermond, Favaron

and Maheo.

Theorem 4.20. [7] Suppose X is a connected 4-reqular circulant graph. Then X has

a decomposition into two Hamilton cycles.

In each case we will specify the 2-regular and 4-regular connected circulants
which decompose the auxiliary circulant G.

Each of the 2-regular circulants can be used to link one or two families of paths,
by using one or both orientations of the corresponding Hamilton cycle. Each of the
4-regular circulants will be used, with Hamilton cycles taken in both directions. to link
four families of paths. In all cases the linking edges formed will have length congruent
to ¢ (mod t’), with lengths Lt’ + q and Lt' — ¢ arising from the orientations of an
edge of G of length L. In each case, we use d edges of each length that appears in
the 2- and 4-regular circulants; when we apply the permutations p, p%,.... p' ! to the
cycles formed, we will use all t = dt’ edges of each of these lengths. As long as we can
find enough edge lengths to form these 2- and 4-regular connected circulants to join
b families of paths, we can use them to form the edge length set of an appropriate

auxiliary circulant G.

4.3 Decomposing 3K, into cycles of odd length £,

where k£ < m < 3k

In this section, we will prove Theorem 4.7. By Theorem 4.13, we need only show that
Cr|3K,, when m and k are odd, AB(’Z) and & < m < 3k, where k ¢ {3,9}. The proof

is divided into two main cases, namely that &k < m < 2k, and that 2k < m < 3k.
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Let m and k£ > 3 be odd integers, with k& < m < 3k. The condition k[3(’;) is
clearly necessary for the existence of a decomposition of 3K, into cycles of length k.

We wish to show that this condition is also sufficient. Note that if &| (’;), then Cy| K.,

m

by Theorem 4.4, and so we can assume that & { (2

m # k.

). In particular, this means that

4.3.1 The case k£ < m < 2k

Let m = k+r, where 0 < r < k. Note that r is even. Let k = k'm’, where k'|3m and
m/|22 (ie. m' = ged(k,m — 1) and k' = k/m/). Since k { (), we have that 3|k'.

Let £ = ™= and note that £ = k&’ + ==L, Since m and m’ are odd, ¢ must be even.
m m )

Note that r < k implies that £ = k' + TT;,I < 2k', and so £ < 2k’ — 2.

We will view K, as K,,_1 x K;, and hence 3K, as 3(K,,_; K;). Here, we
take V(3K,,) = Zmym—1 U {00}, where oo is the central vertex. We let p denote the
permutation p = (0,1, ..., m — 2)(c0) which cyclically permutes the vertices of K,,_;
and leaves the central vertex fixed.

The following lemma, due to Alspach and Gavlas, shows how central cycles can

be formed in this case.

Lemma 4.21. [1] Suppose k and m are odd, 3 < k < m < 2k, and A C {1,2,. .., m2’3
such that |A] = 52, Then Cx|X(m — 1; AU {=1}) x K.

Proof. As the cycles formed from this lemma will appear again in Chapter 5, we
provide a sketch of the proof so that the reader can see the form of the cycles. Let

V(X(m -1 Au{21Y) w Ky) = Z,, 1 U {x}. where oo is the vertex of K;. Let

A={ay,as,...,ar3}, where 1 < a; <ay < -+ < ars < ﬂ—z‘—g Let
2 2
k-1
P =0.a1,a1 —as,a1 —az+as,...,a; —as+az — -+ (=1)7 ars,
2

. . k—1

For brevity, let v denote the vertex a; — as + a3 — -+ - + (=1)"=7 axr-3. Note that the
2

vertices in the sequence ay, a; —ay+as, a; —as+as—as+as, ... are strictly increasing,
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while the vertices in the sequence 0, a; —as, a; —as+ a3 — ag, . .. are strictly decreasing.

Since the longest edge length in P is ax.s < m-L it follows that P and me‘l(P) are

m—1

vertex-disjoint. The endvertices of p~z (P) are ==L and v+ 2L, Let P’ be the path
p ) 3 p

v,v + =L of length 1 and P” the path 2ol 0,0

Form a cycle

n—1

(_.__
C = PP p™= (P)P"

m—1 -
by concatenating P, P', p™z (P) (the reversal of p(™1/2(P)) and P”. Then cycles
C,p(C), p*(C),...p"5 (C) form the required decomposition. a

Let us use (x1,23,...,2,) to denote the multiset with elements T1, X2, Ly
(not necessarily all distinet).

The number of edge lengths in K,,,_; is %_1 We can view 3K,,,_; as having edges
of length in the multiset L = (1,1,1,2, 2,2,3,3,3,..., 2 ol mely with o — 1
edges of each length in L except the diameter length m-l Note that |L| = (). A
set AU{™1} as in Lemma 4.21 contains % edge lengths. so by applying Lemma 4.21

three times (to account for all diameter edges and all central edges) will use in total

3(’“2;1) lengths from L (not necessarily all distinct). The remaining edge lengths total

m—1 k=1 S (m—FkY\ 3r
()2 () = (5) -5

Consider a submultiset B of L — (71, =l moly with |B| = 37/2. The elements of

L — B can be partitioned into three sets of size 51, each containing =1 and none
containing repeated elements. The edges stemming from these sets of edge lengths,
together with the central edges, can be partitioned into cycles of length k by using

Lemma 4.21 on each set. Namely, if L — B = S; U S, U S3, where |S;| = '”—;—1 for

each i and S; N S; = {1} whenever i # j, then by Lemma 4.21, we have that

>
Cp|X(m — 1;S;) M K for each i € {1,2,3}. It remains only to find an appropriate
submultiset B of [ — (%4 mol moly of sigze 3r/2, such that X(m — 1; B) can be

decomposed into peripheral k-cycles.
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Since &'|3m and k'|k, we have that k'|(3m — 3k), i.e. ¥'|3r. Moreover, as k’ is
odd and r is even, it follows that &'|3. Note that if &'|Z, then k'|m, and so k(7).
This means that Ci|K,, (by Theorem 4.4), and so that Cy|3K,, immediately follows.

So we can assume that 55 = 1 or 2 (mod 3). Let o = 35+ 4, where § € {1,2}.

3r

We will form 7

starter cycles, each of which uses &’ lengths from L. We do this by
first forming [557] = s+ 1 starter cycles in K,,,. Let ¢ = [5% ] denote the number of
starter peripheral cycles. We take s = ¢ — 1 of these cycles with multiplicity 3, and
one with multiplicity ¢, giving in total -23]% starter cycles in 3K,,.

We now obtain properties of the integer ¢ which will be used in many of the cases

to follow.

o If 25 = 2 (mod 3), then ¢ = [ = gp+3 < T +1= m=1 1 2 Since
(o], ™1 € Z, this means that ¢ = (o] < 22 < ™50 that of = ] <
o m—1
Tl="5
e If 22 = 1 (mod 3), then ¢ = 7] = 3o+ 2 < m?/qtg = m;_1+% So
either ¢ = [55] < =1 in which case again of = [ swll < =L or else
¢ = [55] = =L This latter case implies that r = & — k.
m'—1 k'

Thus we have that either ¢ < ,orelser =% —

3 3"
We will divide the problem into two main cases depending on the congruence of

k" modulo 4. Note that since 3|k’, we have in particular that &’ > 3.

Case 1. &' =3 (mod 4)

We will further divide this case into a number of subcases. In general, we will
divide the m — 1 non-central vertices into m’ segments of length £. We construct a
path P of length &' — 1 in the first segment, and form m’ — 1 other paths by rotation
of P; o by multiples of £ (i.e. application of permutations of the form 2%); eycles will be
formed from these paths by the addition of linking edges. Given a starter peripheral
cycle C' formed in this manner, the decomposition will contain cycles C', p(C), ...,

pfgl(C).
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This approach will be problematic in two instances. First, if m’ = 1, then
¢ = m — 1; there is only one segment, and the scheme of finding linking lengths by

auxiliary circulants will not work. Secondly, recall that either ¢ < m orr=Fk-— 3

The latter case allows ¢ = ﬂ2—+— and using the methods which will be applied in the
other cases, we will not be able to form enough starter paths for peripheral cycles.
We thus deal with the possibilities that m’ = 1 and r = k — % as special cases. In all
remaining cases, we assume m’ > 3 and r < k — ?, (noting that in general r < k — 3
as ——|r and r < k). Note that £ = k' + =% > K’ 4+ 1 and that r < k implies £ < 2k’.

The three cases are that =k + 1, K +1 < £ < 3k—1 ”1 and 3’” L <t <2k,

Subcase 1.1. m' = 1.
If m" =1, then k = K/, so that k|3m. Since k { m, we may write k = 3d, where
dlm. We may assume that d > 3, since the required result is known if £ = 3, by

Theorem 4.1. We have that £k < m < 2k, or 3d < m < 6d, so that 3 < % < 6.

Since m is odd, this means that 2 = 5, or d = £*. Hence k = 3‘;”, ie.m = % So

i
7‘:m—k:5.—k—k:2,—k—_:k_£:k_%_

Note that 232, = 22'”k/ 3 — 1. Thus

1 1 « p L
= 3 < 1, s0 that [

771 = L. So it suffices to

W
find a single starter peripheral k-cycle in 3K,,; the remaining lengths can be fit into
central cycles by Lemma 4.21.

Let C =0, 1, -1, 2, , (k= 3)/4, —(k — 3)/4, (k + 1)/4, (3k — 1)/4,
(k+5)/4, (3k — 5)/4, (k + 9)/4, oo (k=1)/2, (k+1)/2, 0. Then C is a k-cycle

(
in 3K, which has two edges of each length in {1,2,..., ",,%1}, and one edge of length

k+1 kH m—1

. We may take (' as our starter cycle unless k = m — 2 (in which case ==
this length must occur in a central cycle). However, since m is odd, in this case
k' = 3d = 3ged(m,m — 2) = 3, and so k = 3; necessary and sufficient conditions for

Cs-decomposition of 3K, are already known (Theorem 4.1).
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Subcase 1.2. ¢ > %l, m'>3andr#k— %’

Let

K — K -3 K E+1 K
POO:O,l,—l,Z,—2,..., 3,— 3 +51— + s +9
’ 4 4 4 4 4

Then Py is a path of length &' — 1 containing edges of lengths 1, 2, .., k'; 3 k-’;—Ll,

k'+3
5 -

k-1

., k. So Py does not contain an edge of length 5

, and moreover does not

contain an edge of length ¢ — %, since £ — % > 3""2—'1 — % = k’. Note that Pyp

and pf(Pyp) are vertex-disjoint, as £ — E—';—l =k +

r—1 k-1 __ k41 r—1 k41
m’ 2 2 + m’ > 2

For: =1,2,...,¢—1, let P,y be obtained from F,, by adding i/ to the even-

positioned vertices of I, so that

K -3 K—-3 kK +5 O E+1 K49
Po=0,1+¢, —1,241i,-2,..., +il, — , + +il, — + , + +l,
’ 4 4 4 4
E+5 L:’+1+,€ K —1
— e, — .
4 3 K 2 3

The longest length in P, is hence &' 4 i€, and then longest length in any of these

paths, recalling that r £ k — %' implies that ¢ < mol g

3
m -1 m m—1

(< —f =

1
Kt(e—1)l=f—"—gel—l<cl<
m

Note that, since £ = k' + %,l > k' (as r > 2), and the longest length in Py is £/, we
have that each vertex of Fy is in a different congruence class modulo ¢. So the same
must also hold true of P, for each 7. Hence, the only way Py and F;; = Pt (Pio)
could share a vertex (where j € {1,...,m' — 1}) is if, for some vertex v of P,g, v =
Pf(v) = v+ j€. This is impossible, since 0 < ( < < (' =1} =m—1—£ <m—1.
It follows that P, P1, ..., Pimw—1 are pairwise vertex-disjoint paths.

For each i = 0,1,...,¢—1, let P; = {Pio. Pi1,.... Pinv—1}. To link the fami-

lies P; of paths into cycles, the linking edges will be found via auxiliary circulants

of order m’. We need to verify that there are enough linking lengths congruent to
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+%=1 (mod ¢) to link ¢ = [5] paths. Note that 51 = —£=1 (mod ¢) is im-
possible, since this condition implies £’ — 1 = 0 (mod £), but 2 < k' — 1 < £. The
allowable lengths for linking edges are £+ %, 20+ k/; L "LIT'1€ + % (noting that

’_ ’_ _ J_ y _ . .
molpyp Eolomel g kel Lo mel ginee £ K).

If ¢ is even, then we use linking lengths ¢+ £=1 “1 204 L , 5 + =1 derived
from circulants X (m'; {1,2}), X (m/;{3,4}), ..., X(m/; {(5— 1),5})ife=0 (mod 4),
and from circulants X (m/; {1}), X(m/;{2,3}), X( % {4 5}) X(m'; {5 —1,5})if

¢ =2 (mod 4). Note that ¢ < ™ ” implies § < since m’ > 3, and so all

linking lengths are admissible.

If ¢ is odd, then we use linking lengths ¢ — "’T"l 20 + %, 3+ klz_ L.,
@ly + k=1 derived from circulants X (m'; {1}), X(m’;{2,3}), X(m/;{4,5}), ...,
X(m';{¢ 91, 1) if ¢ = 1 (mod 4), and from circulants X (m'; {1}), X(m';{2}),

X(m';{3,4}), X(m';{5,6}), ..., X(m';{<,<1)) if ¢ = 3 (mod 4). Note that
7 1 2

c < % implies that "‘2” < ”"TH < ﬂ’;—l if and only if m’ > 5, and so the link-

- . / . .
ing edges can be formed if m’ > 5. If m’ =3 and ¢ = m—“, then ¢ = 2 is even. So if

m’ = 3 and ¢ is odd, we must have ¢ < m =1, so that ¢ = 1, and the linking edge
used is £ — £1. Note that £ — <€<%€:1’%’£:W2—{

Subcase 1.3. '+ 1< /(< W—” m' >3andr#k—%
First, note that ¢ > k' + 1 implies that "“ < f- 2 ,and £ < JI‘IT” implies
that £ — £ < 1/ + 1. Let
-3 KF-3F+1 K+5K+5

Poo=0.1.-1,2 -2, ..., - . AL
00 =0 A R Y I

K9 L K45 (6 K+l L K3 [ K3
1 T T r 2 4 )2 4 T \2 4 )
7

( K-7 (0 K- M+l K1
2 2 T4 ) T2 T2

Then the edge lengths in Py are all between 1 and &' + 1. with lengths k’; L

and

¢ — k’rl

. . . 7y gy
AL hot appearing. The fact that ¢ — &HL > KA

5— > 5 means that Fyo and ot (Poo)

are vertex-disjoint.
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For i = 0,1,...,¢ — 1, let P,y be obtained from Fy, by adding i/ to the even-
positioned vertices of Fyo. Then P;( contains no edge of length congruent to j:ﬁ';—l
(mod ¢). The longest length in P, is &' + 1 + ¢, and so the longest length in any
of these paths is k' + 14 (¢ — 1)¢ = ¢f — ==L + 1. Since £ > k' + 1, we have that

m/

r—1
ml

that ¢/ < 1”—2"—L As before, for each ¢ € {0,1,...,¢ — 1}, we form a family of paths

Pi={P.o,Pi1,. .., Pim_1} by letting P, ; = p?(P;y) for each j € {0,1,...,m' —1}.

kl
3

> 1, so that the longest length is less than ¢f, and since r # k — we have

Let us now verify that we have enough linking edge lengths, which must be

congruent to :}:E—;—1 (mod ¢). Note that since £ # k' +1, %ﬂ = —% (mod ¢). Also,

!

m/—1 K+l __ mle _ ¢ K+l _ m=1 _ ¢ k41 m=1 ; ’ .
note that #5=f + 5= = = 5+ 55 = 55 5+ 5 < T3 since £ > k' + 1;

hence allowable linking edge lengths are £+ 841 20 £ KA mily kAl

If ¢ is even, then we use linking lengths ¢4 &1 204 &1L cpy KA1 derived

from circulants X (m’; {1,2}), X(m/;{3,4}), ..., X(m/;{§ — 1.5}) if c = 0 (mod 4),

and from circulants X(m/; {1}), X(m:{2,3}), X(m/;{4,5}), ..., X(m/; {5 — 1,§})

if ¢ = 2 (mod 4). Note that ¢ < ""’2’1 implies § < m'T‘l < ﬂ%’—l— and so all linking

lengths are admissible.

If ¢ is odd, then we use linking lengths ¢ — %ﬂ, 20 + k':,i 3+ k'—;l,
etly + #H derived from circulants X (m'; {1}), X(m';{2,3}), X(m’;{4,5}), ...,
X(m';{*, <)) if ¢ = 1 (mod 4), and from circulants X (m/; {1}), X(m';{2}),
X(m';{3,4}), X(m/;{5,6}), ..., X(m';{&*,<1}) if ¢ = 3 (mod 4). Note that

r_ . . ’ - . ¢
¢ < =1 implies that < < 2L < =L gince m’ > 3.

Subcase 1.4. { =k +1, m' >3 andr £k — ’”—;
The following construction is similar to that in [1, Proof of Theorem 2, Subcase
1.2, case £ = a’ + 1].
Let
EF—-1 -1

Pyop=0.1,-1,2,-2...., s

and for i > 0, let P,y be formed from Py by adding ¢ to the even-positioned vertices
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of P 0,0-
Let us determine which lengths are allowable for linking edges. First we derive

a bound on the value of ¢ in this case. Note that £ = k£’ + 1 implies that r = m' + 1,

so that (since also &' > 3), 5 = mil < mil Hence ¢ = [55] < [2]. Now,

since m’ is odd, [’""“1 < m'+5 < ™4 for m/ > 7. It is easy to check directly that
[l mH] <o ™+l when m' = 3 or 5. We therefore have that ¢ < %
This means that

-1 -2 4c -1 4c—1 m’ m— 1
— 4 1 —_— — 7<—/:———-—_
(2¢—-1) 5 = (2c—1)¢+ 5 ( 5 )é 1<( 5 )5_ 26 5

Thus linking edge lengths may be chosen from ¢+ k’._,*l ,20+ k’—g‘l, o (21 ’C'Z—“l
Ife= |—27T'1 = 0 (mod 4), then we use families of paths derived from Fyq, P, .. .,
P._1o. The largest length in these paths is (c— 1)[5' +k&"—1. Note that (c—1){+k' -1 <

yif £ > g(k Sk-1) , so length ¢/ — £=1 may not be available for linking.

Guaranteed linking lengths are (¢ + 1)¢ + E=L, (c F2) £ L (2e—1)0E =3
which number 2(¢— 1). Use linking lengths (¢+1)¢+ %, Lt E arising from
circulants X (m’; {c + 1,c+ 2}), X(m/; {c+ 3,c+4}),..., X(m/; {& — 1, ¥}).

If c =1 (mod 4) and ¢ > 1, then we use families of paths derived from P,
Py, ..., Pep. The shortest length used is £ + 1, and the longest is ¢/ + k' — 1. Use
linking lengths (c+2)¢{+ k,z;l (c+3) x5 A= (32 )f:t , arising from circulants

X(m'; {c+2,c+3}), X (m'; {c+4, ¢+5}),. .., X (m': {25+, 2651}), together with length

¢ — k=1

= = 5-/2'—3 from the circulant X (m’; {1}). The longest length in peripheral cycles

is the linking length 2210 + u < (2¢— 1)€ + u 2ol If ¢ = 1, then we use Py

and linking length ¢ + l—ci:i =(2c—1)¢ + £=1 The longest length used in peripheral
cycles is (2¢ — 1)¢ + A1 < 2L

If c=2 (mod 4) and ¢ > 2, then we use families of paths derived from P, P3¢

.+, Poy10. The shortest length used is 2¢ 4 1, and the longest. is (c+ 1)+ K —1. Use

linking lengths (c+3){+ 5~ K1 (e +4)f+ = L (=)t }” L arising from circulants

X(m' {e+3.c+4})), X(m/; {c+5,c+6}). ..., X(m/; {Z, 3—‘;—3}) together with lengths
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(+ ﬁ;—l from the circulant X (m’; {1}). (Note that ¢ > 6 implies that 322 > ¢+3.) If
¢ = 2, then we use paths Po o and P to form peripheral cycles, together with linking
lengths £+ k'; and 20 — . Note that &' —1 < £+ % < 20— 1“—'—2_—1 < 2¢+1, and so
the linking lengths do not occur in either of Py or Pyo. Moreover, the longest length
used in a peripheral cycle will be 20+ k' — 1= (2c—2){ +F — 1 < (2c— 1)¢ < 2L,
If c = 3 (mod 4), then we use families of paths derived from P, Psyp, ..., Pet10-
The shortest length used is 2¢ + 1, and the longest is (¢4 1)£+ k' — 1. If ¢ = 3, then
we use the linking lengths ¢ £ b which arise from the circulant X (m/;{1}), and
20— %=1 from the circulant X (m’; {2}). Otherwise, use linking lengths (¢4 3)¢+ %=1 =,
(c + 4)6" + E=L (3H)e £ £ arising from circulants X (m'; {c + 3,c + 4}),
X(m/s{c+5,c+6}), ..., X(m/; {3° 1 3¢111) together with lengths £+ £=1from the
circulant X (m/; {1}) and 2¢ — &=L from the circulant X(m'; {2}). Note that ¢ > 7

implies that 3"“ > ¢+ 3. Moreover, 20 — £-1 < 2/ 4+ 1, so none of these lengths have

previously been used.

Subcase 1.5. r =k — ’—31 and m’ > 3.
In this case, most of the paths which form peripheral cycles will be those con-
structed in Subcase 1.2, which required the condition that /— % > k', or equivalently

g 7 e 517
¢ > 3*=1 Note that since ’”3+/3 < % < %, we have that

o S NV S / ‘ 4/ « 1/— YA
rel_ gk K/3=1 _ o K43 16K 3(k -1) 3K -1

(=k —
+ m’ m/ 3m’ — 9 2 2

(4.3.1)

The case that r = &k — k—; allows the possibility that the number of required

‘I — m+1

paths is ¢ = [ This means that, although paths Fyg, ..., P.—20 as in the

2%
construction given in Subcase 1.2 can be formed, the longest length in the path P._4 ¢

exceeds 1”7‘1 To compensate for this, we will replace paths Fyy and P,y by three

paths Py, P, and P (i.e. we fit three paths into the first two segments). We must
- . . . - ,w

ensure that these three paths each have initial vertex 0 and terminal vertex ~(k—2—i);

that each of these paths P is pairwise vertex disjoint with p*(P); that none of the

three paths uses an edge of any linking length; and that the edge lengths in these



4.3. Decomposing 3K, into cycles of odd length k, where k < m < 3k 86

three paths fall between 1 and 2¢. These paths, together with paths Py, ..., Py,

will be used to form peripheral cycles in the usual way.

Let F§,=0,1,-1,2,-2,. ’“/;1, (ﬁ;—l) Then Fj, contains edges of lengths
1,2,...,k" — 1. Note that length ; occurs in £ ; however, this length is not used
in the linking scheme. We wish to show that k' — 1 < £ — ;1, or that ¢ > d—(%ﬂ

this ensures that Fy, is vertex disjoint with p’f(Pg‘o) foreach 1 <i <m’ — 1. It has
)

previously been shown in inequality 4.3.1 that the inequality ¢ > (—— is true.
Let
¢ K-3 ¢ 3K -1\ ¢ K+5
Prlo=0K 1K +1,-2,..., = - == = ,
1,0 ? 3 ? + ’ 9 ) 2 + 4 ( 4 ) 2 + 4 ’
(L 3K -5 g_k,+1 _3k’+1 ’ 3k’—1
2 4 2 7 2 ’
3k —3 ¢t K+5\ ¢ ¢ kK+3
£+3,—{ (- o=l —— ) o+, - - —],
o 2)«(22)2 (22)
14 , £ K41\ ¢ E—1
= 2, -z ——,=+F 2K 2, [ ——).
STk +2, (2 5 ),2+k+3, 2K + 2, ( 5 >
Let us summarize the key properties of the path Py . This path skips vertex é - yj—l
so that it does not use an edge of length ¢ — &= kl; L - k—/Qf—g, ..., are

skipped; this fact will help to ensure that Py, and ot (PI*O) are vertex-disjoint. Vertex
0+ (K — %) + 1 (which is equal to % + k' + 1) is skipped, so that the path does not
contain an edge of Iength ¢+ ’f'_—l. So Py, contains edges of lengths k', k' + 1, k' + 2

o A= ES e RSS90k 1, 20 — 33 2(/—5%-3 )
¢+ Q ¢+ M. L4 Bkt (l\ote that the fact that £ = k' + ==} < 2k’ — 2 implies

that ¢+ £ > 20 — 3K=3 apd that £ + & BEl o 5kas
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The longest length which occurs in Py is 2k’ + 2 + % = %ﬁo’- Note that

2k +2+ 51 < 20— ESL

— 20 -2k > K +1
PN -k > EH
S rr;;ll > k';—l
— r—1 > Hm
— K k+m'
k 3 > 2
N ’ 7
= P> By

Ifm <Kk, then%’—k%—/—kl§%+%+%=Z§i<§smcem’23>% Similarly, if

k' < m', then £ + 2 + 1 < ™ < £ 5o the inequality is true. Hence Py, does not

reach length 2¢ — "IT_I

We need to verify that Py, and pf(Py,) are vertex-disjoint. (Since the longest

- . = ; !’ ) . o .. ;
length in Py, is 5’"2*3 <20-EAL <2, 1o 18 vertex disjoint from P (P} ) whenever

j > 2.) The vertices of P/, are as follows:
. ~(k—/2‘—l),—(ﬂ2:§), ...,0

o KK +1,... £4+53

o (42,043, L+ kK

.§+y+2 ..... 2k + 2,

while the vertices of pf(Py,) are as follows:

k=1 p  K-3 0
NV S

o (4K LK 41, 5 S

3¢ k'+5 ap _ K+l
5+, 2= =
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© 204+2,20+3,... ¥4k
Lk +2,... 0+ 2K +2

Hence to show that Py, and pé(Pio) are vertex-disjoint, it suffices to show that the
following two inequalities hold:
K —1
2
(+ K > 2K +2

£ — 0

The first is clearly true since £ > k’. To prove the second inequality, note that it is
equivalent to the inequality ¢ > k' + 2. Note, however, that £ = k' + =1 = &/ + 1
implies r = m’ +1 = k — "g’ Letting M = max{k’,m’}, we see, since kr/ > 3 and
m’ > 3, that &k = m' + %’ +1 < M+ % + % = gM < 3M < k, a contradiction.
Hence, £ > k' + 1, and the fact that ¢ is even and k' is odd proves that ¢ > k' + 3.

Next, we form path P;7. Recall that the longest length in Py was Sk/;B, which

is less than 2¢ — —Q— Since M and 26 — ’”—':1 are both odd, we begin with length
Sk ” so that the vertex skipped to avoid using length 2/ — 22 is positive.

Let

SkM+ 7 3K +9 3K+ 3
Py =0, 5 -1, — =2, K+, - - A+ K+ 3,
3k 41 k-1
—(E— >7€+k’+47...,3k’+3,—< )
2 2

Note that Py} skips vertex ¢ + &’ 4+ 2 in order to avoid containing an edge of length
op _ k-1
26 — =

The path P} contains edges of lengths —5—1“—;17 S—k;,Lg, cen 20— %ﬂ, 20 — 1_»12—_5
20 — %‘—“ - 7’“;"'5. We will now show that the longest length in Py, 7",2* 3 s less
than 2/.

First, note that if & = 3, then r = k— % = k —1, so that = L H’ =k-1is

relatively prime to k; hence ' = 1, and this case has already been dealt with. So we

can assume (as &’ is odd and divisible by 3) that &’ > 9. Let M = max{m’, k'} > 0.
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Note that
Tets < 2
= TR +5 < 44
— T +5 < 4K 44 (=)
= 3K +5 < 4(=h)
= 3k+5m' < 4(r—1)
= 3k +5m’ < 4(1»;—%’— )
= 3k+5m' < 4k - ‘—";’f—' —
= % ism+4 < k

Now, % 4 5m/ +4 < 3 4 507 4 44 = WM If M =/, then £ = K’ > 9, so that

6lTM < 9M < k, so the inequality is true. Otherwise, M = k. If m’ > 7 > %, then

61 M
9

if m' € {3,5}. First, if m’ =5, then %& + 5m/ 4+ 4 = & 4 24 < 5k’ = £, since k' > 9.

< k, and the inequality is again true. So the only potential problem may occur

If m" =3 and k¥’ > 15, then 4.%+5m’+4: 4T""~l~19§ %c'+%ff/: 3%“, < 3K =k, so
the inequality is true. The only remaining case is if m’ = 3 and k¥’ = 9; however, this

is impossible, as ged(m/, %’) = 1.

‘15 . .
TE£5 s less than 2. Hence P; is

So we have that the longest length in P, &5 ‘

vertex-disjoint with p(Py;) whenever j > 2. We need to check that Py and p(Py)

are vertex-disjoint. The vertices which appear in P are:

o [+ K +3,...,3k + 3,
while those in p*(P}y) are:
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e 2+ K +3,..., 4+ 3K +3

We have that ¢ < 247 gince ¢ < 2k < AT and also 3k’ + 3 < £+ AT

TEAT =1 = (3K +3) + k—lzﬂ + =L It easily follows that Pyy and pf(Pry) are
vertex-disjoint.

The remaining paths used to form peripheral cycles are the paths Po,...,P.ap
defined in Subcase 1.2. If ¢ is even, then we use linking lengths ¢ + #
20 + ’—“1—211, S £ ’i/;—l derived from circulants X (m'; {1,2}), X(m';{3,4}), ...,
X(m';{§ - 1,5}) if ¢ = 0 (mod 4), and from circulants X (m’; {1}), X(m’;{2,3}),
X(m';{4,5}), ..., X(m;{§ -1, £}) if c =2 (mod 4). If ¢ is odd, then we use linking
lengths (—&51) 2051 3Lkl etlpr Bl derived from circulants X (m/; {1}),
X(m';{2,3}), X(m';{4,5}), ..., X(m/;{&*, <2L}) if ¢ = 1 (mod 4), and from cir-
culants X (m'; {1}), X(m/;{2}), X(m';{3,4}), X(m/;{5,6}), ..., X(m/; {2, <1}y
if ¢ = 3 (mod 4). That the largest linking length is less than m—gl follows as in

Subcase 1.2.
Case 2. k' =1 (mod 4).
The breakdown into subcases is similar to when &' = 3 (mod 4).
Subcase 2.1. m’ = 1.
If m" =1, then k = &/, and so k|3m. Since k { m, we may write k = 3d, where
dlm. We may assume that d > 3, since the required result is known if k = 3 (by

Theorem 4.1). We have that k < m < 2k, or 3d < m < 6d, so that 3 < o <6

. . . a .
Since m is odd, this means that % = 5, or d = Z. Hence k = “% ie.m = ’—f So
o — k= Bk 2k gk _ g K
r=m-—k=3 =3 =k—-3=k—7%.

Note that 557 = 5 < 1, so that ¢ = [55] = 1. So it suffices to find a single

starter peripheral k-cycle in 3K,,; the remaining lengths can be fit into central cycles
by Lemma 4.21.

Let
k-1 k-1 3(k-1) k+3
S=0,1,—-1,2,-2,... , = ,—— ,— ,
C=01-12-2., 4 7 4 4 7 4
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3k=7 k1l k-1,
4 Yt 9 3 ) y Ve

Then C is a k-cycle in 3K, which has two edges of each length in {1,2,..., k%?’},

and three edges of length Eg—l Noting that % < B L we may take C as our starter

peripheral cycle.

k41 a . A
Subcase 2.2. £ > ==, m/ >3 and r # k — 5.
Let
-1 K-5FKF+7 KF-1K+11
Foo=0,2,-1,3,-2,..., , = , , = ,
00 T4 4 7 4 0 4
K +3 K+3 k-1
R 7
Then Py is a path of length k’—1 containing edges of lengths 2, 3, . . ., %’—d % k'—;@,
..., ¥ + 1 with initial vertex 0 and terminal vertex -%A The condition £ > ‘WZ—“

implies that £ — %—1 > k’ + 1, so that neither length g2;1 nor £ — k—';—l oceurs in Fyg.
Note that £ — % >E+1> 1“—'% so that Py and pf(Pyp) are vertex-disjoint.
Fori=1,2,...,c— 1, let P,y be obtained from F,, by adding ¢ to the even

vertices of Fyg, so that

K —1 K—5 K+7
Pio=0,2+if,—1,3+i6,—2,.... Fit -t I‘ i,
K —1 k’+11+1,€ E +3 k’+3+.£ <k’—1)
4 04 T Ty Ty T
The longest length in P is hence k' + 1+ 4¢, and then longest length in any of these
paths is
Falt(e—1)l = (=" —4cl—0+1
m
r—1
= of — ] +1
m’
< f,

since f =& + =L > k' + 1.

m!




4.3. Decomposing 3K, into cycles of odd length %, where k < m < 3k 92

We recall that since r # k— %’, we have that cf < = L so that the longest length

in any of the paths P is less than ™= 1 As in previous cases, it may be checked that

for each 0 < i < ¢ — 1, the paths in the family P; = {F,; : 0 < j < m' — 1} (where
P;; = p’Y(P,p)) are pairwise vertex-disjoint.

To link the families P; of paths into cycles, the linking edges will be found via
auxiliary circulants of order m’. We need to verify that there are enough linking
lengths congruent to :l:’—“%l (mod ¢) to link ¢ families of paths. Note that % =
—5—21 (mod /) is impossible, since this condition implies &' — 1 = 0 (mod ¢), but
2 < k' =1 < £. The verification that we can find enough linking lengths is as in

Subcase 1.2.

Subcase 2.3. k' +1 < (< 3'“/2—“ m' >3 and r #k— %’
Let

K —1 K -1\ kK+7 E+3\ K+11
P, :0,1,—1,2,“2,..., s 3 y T ’ 5
00— 1 < 4 > 4 ( 4 ) 4

B E+7 B {_ K +7 f_ K —1 B ﬁ_k’—l
4 Y 2 4 "2 4 ’ 2 4 ’
L K —5 (. E —5 k'+1_ E+1
2 4 ' 2 4 2 2 '

Here, Py is a path of length &’ — 1, with edge lengths between 1 and &'+ 1. The path

X
L 23 ;1 or

. . | I R
skips vertices £33 and —(£ — (£22)) so that Py contains no edge of length

./ . 24t o gt o W
¢— %+ Note that the condition ¢ < 2 means that § — 221 < 341 Kol KL

so that this second skip is possible.

We remark that ¢ — "l—jl >k +3 - "'—;l = % > "/T“, so Py and pf(Pyp) are
pairwise vertex disjoint.

Form paths P, 0 < i < ¢ — 1 as before. The longest length in any of these

pathsis ' + 14 (¢ — 1) = (— f;;}l +1+cef—F=cl— 17—,';,1 +1 < ¢, which is less than

m—1

1%
9 -

3

since r # k —

The verification that there are enough linking lengths is as in Subcase 1.3.
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Subcase 2.4. (=K' +1,m' >3 andr #k — %’

Exactly as Case 1.4.

Subcase 2.5. r =k — £ and m’ > 3.

3
Let paths P, be defined as in Subcase 2.2, noting that here since %nt,é < k'; 3 <
%kl, we have that
r—1 K 1 K+3_ 16k 3k +1
(=K =k + (K- — =) =2k - > > 4.3.2
+ m +( 3m’ m' ) 3m’ T 9 2 ( )

Namely, if £ > 9, then m’ > 3 implies that % < kl—gd < ’“'2—_1, so that 2k" — —’“—5,—?3 >

oLt . Y ’ r_ .
3’“‘7“. Otherwise, ¥’ = 9 and so 3 1 m/, so that %7%“ < % < k—zl and again

’ L/ . . ’ .
2k — X3 > AL Tt is possible here that ¢ = [55] = T which means that we

may not be able to form path P,._; o as its longest length exceeds mT_l As in Case 1.5,

we replace paths Fyg and P by three paths g, Plg, Pry. These paths, together

with paths Psg, ..., P._, will be used to form peripheral cycles in the usual way.

3 3

We must ensure that these three paths each have initial vertex 0 and terminal vertex
—(%); that each of these paths P is pairwise vertex disjoint with p/*(P); that none
of the three paths uses an edge of any linking length; and that the edge lengths in
these three paths fall between 1 and 2/.

Let Fgg=0,1,-1,2,-2,.., k’—/z‘—l —(5/;—1) The largest length in Py, is &' — 1,

which is even. Then Fj is a zig-zag path containing edges of lengths 1,2,..., k"~ 1.

Note that since ¢ > % > 3—(%_—12 by inequality 4.3.2, I’ contains no edge of length

;o k=1
0— K1

. . . . . . N .
In forming Py, we will need to skip the linking lengths £+ }‘—2—1 and also vertices

¢ —E=L ¢ (to avoid any overlap between Py and p'(Pf,)). Length ¢ — % is

even; to skip a positive vertex to avoid this length, we begin P}, with an edge of even

length. Let

k-1 O 3K +1N ¢ K+ 7T
Plo=0.k+1-1K+2-2 ..., = ~ == = :
o =0 AL L2 =2 s (2 4 )"2+ 4
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S J a1t / /
[t 3 -3 7§+k-+n$_”_ 3K +5 f_k:+1_ ;3K +3 |
2 4 2 4 2 2 2
3k +1 4 ‘¢ KF+3
L,— (-2} o424k, — = — ,
{41, <€ 5 >,£+2, ,2+k, <2 5 )
£ £ K41\ ¢ E—1
Sk 42, -(=— S bk 43, 2k 2, — .
S HE +2, (2 5 ) S HR 3, +2, ( 5 )

Let us note the key properties of Pfo- This pat-h skips vertex ﬁ + w in order
4

do not occur in Py, will help to ensure that the paths Py, and p (Pl*,()) are vertex-

that it does not contain an edge of length ¢ — . That vertices {— &=L ¢—

disjoint. Finally, vertex £ + (k' — g) +1= g + k' + 1 is skipped so that the path has
no edge of length £ + %

So Py is a zig-zag path with edges of lengths &'+ 1, k' +2, ..., £~ —’ﬁQﬂ, (— =3
(—EZ5 20— 2K — 2,20 M gp  Skol g B3 gy B g RS

5 +3 (Recall that £ = k' + ﬂ < 2k’ — 2. This implies that 2/ — 3”—“ < f+E=3 and
2 2
that ¢ + % Sk 843 ) The longest length in Pfg is 2k + 2 4 B - 5k;+3, which is

°

less than 2¢ — 52‘—1 (see Subcase 1.5).

We need to verify that Py, and p*(Py,) are vertex-disjoint. The path Py, contains

vertices
o —(E1,...,0
. k’qtl,....é+k—l4:l
0§+%,....f k’;l

e Lk 2, 2K +2,
while the vertices of p*(P;,) are

° (f—i;—ﬁ...,ff
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o L+ +1,... 2L

3¢, K47 K4l
o S+ v, 2 3

e 20+1,... 24+ ¥
o Lk +2,..  0+2K +2.

In order that Py, and p‘ (Pry) are vertex-disjoint, we need that £ — ﬁ_—l > (0, which is
true since £ > k' > 821 and £+ k' +1 > 2k’ +2, which is true since £ > 3k’ AL > k41

by inequality 4.3.2.

We now need to form the path . The longest length in Py, was °k'2+3, which

is less than 20 — £=1. Note that 2¢ — 51 and %13 are both even. We let
5k +7 5k' + 9 3k +3
R U Y e P SN VRS SO D Lt B )
’ 2 2
3k +1 K -1
—((f'— + ),€+k’+4,...33k’+3,—< )
2 2

as in Subcase 1.5. As before, Py, contains edges of lengths —r“'ﬁ'—“—”—’"-., 5’“;*9 . 20— k'“
20 — k/__3, 20 — % ey 7k'+”’ The verification that the largest length in Prj is less

than 2¢ and that Pyj and p ‘(Py o) are vertex-disjoint is exactly as in Subcase 1.5.

We complete the decomposition as in Subcase 1.5.

Hence we can form starter peripheral cycles in any case. Recall that for each
starter peripheral cycle C', the decomposition contains cycles C, p(C), ..., p*~2(C);
this ensures that for the multiset B of 3r/2 edge lengths, consisiting of the &' edge

lengths used to form each of the 2% starter peripheral cycles, all edges of 3K, arising

2k’

from B occur in the decomposition. That central cycles can be formed from the

remaining edges follows directly from Lemma 4.21.



4.3. Decomposing 3K, into cycles of odd length k, where &k < m < 3k 96

4.3.2 The case 2k < m < 3k

Write m = 2k + r, where 0 < r < k. Note that since m is odd, we have that r
is odd in this case. Let d = ged(m, k), k = k/d (so that 1213(55—1)) m = m/d,
7 = r/d (noting that d|r). Notice that k> 3, since k is odd and k # m; this fact also
implies that m > 7, since m = 2k + 7. Also, if l~€|mT_1 then k|('7), so that Cy|K,, (by

m—1, :
5 mn

Theorem 4.4), and it is trivial that Cy|3K,,. Hence, we may assume that k
particular, this means that 3]1:3 In this case, we let the vertex set of K,, be Z,,. That
is, the construction in this case uses no central vertex. Throughout, we let p denote
the cyclic permutation p = (0,1,...,m — 1).

Note that 3(™1) = 3(ZE=L) = 3k + 3(%3%). In each case, we will form
peripheral cycles which use between them 3(%) edge lengths from the multiset
(1,1,1,2,2,2,..., mT_], mT”, "’T_l) of edge lengths in 3K,,. In all cases except d = 1,
there will be 3(13_7}) starter peripheral cycles, which contain k edge lengths per pe-
ripheral cycle. In each case, three starter central cycles will be formed, each of which
uses k distinct edge lengths. The following lemma, which is inspired by the technique

for constructing central cycles in [1], will be integral to our constructions of central

cycles. We note, however, that no analogue of Part 3 of the lemma was required in [1].

Lemma 4.22. Suppose 2k < m < 3k. Let L = {{1,45....,(x} be a set of k distinct

edge lengths in K,, with €, < ly < --- < {y. Suppose there exists an even integer q

such that (g, 01, ..., bx are consecutive integers, and £}, = “ L Let w be defined by
q—1 k

— U = /_)1 — fQ —§ /3 — e 4 gq—l — £(1+1 + €q..+_2 e — (i]k = Z(—l)']‘]f.i e Z (—1)1(512'.
i=1 i=q+1

Then:

1. If b, <w+ 1, then Cy

X(m; L).

2. Ifw+1<¥b, <w+k—q, then Cy|X(m; L).
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3. If, for some positive j, by, lq-2j11,--.,€4_1 are consecutive and w + 1 <

w+k—-q<{l; <w+k—q+2j, then Cx|X(m; L).

Proof. Throughout the proof, we will use the following notation: for integers ¢ and 4’

such that 7 < 7, let of denote the alternating sum €,—£; 1+, 0 —0; 5+ - -+(—1)i'_i€i/.

1. Note that, since £, {441, ..., ¢ are consecutive,

oyt by — ooty — Ly + bypa— - — L
=l oy — e by — Lyt byis — Ly 4 Lypa— - —
= 61—€2+€3—"'+€q_1—-gq+€q+1—Eq_+.2+£q“|..3—€q+5+fq+.6---'—ék
= ﬁ/l“€2+€3""+€k—2“€k

Consider the path

12 -1 _g¢-1 g+l g1 q+2 g—1 k
0 01:035---,01 ,07 T O0g4+1:91 — Ogy15---,04 — Og41-

The vertices of this path occur in the interval [—w, —w + ¢4, which has length

b = 115’—1; since k& > 3, the path contains positive vertices, and thus it follows that

—w 4 by = —w + "’T‘l > 1, so that —w > —%’—3, orw < "‘2’3 = (x_;. Since also
£, — 1 < w by assumption, we have that either w = ly — 1, or else there exists j > 0
such that w = (44 ;. In this case, choose J € {j, j + 1} such that q + J is even. Note
that g+ J < k-1 Ifw= £, — 1, then we set J = 0.

Before we proceed, we show that ¢ + J < k — 3. Suppose to the contrary that
q+J >k—3,s0that g+ J = k—1. Note that bopg €{w, w41} M by =l 5 = w,
then = =l +lo—Ll3+- - — L€ _o+ g, s0 that 01—yt f5—- - Al o=l Ll = 1.
Since the sequence ¢y, (s, ..., ¢ of edge lengths is strictly increasing, this can only
happen if & = 3 and 4 = 1. But this is impossible as by assumption k& # 3.

Otherwise, fj_ = lyyy = w4+ 1 = 1 + 65 — b3+ --- — li_o + £, + 1, so that
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by —Lly+ 03—+ + Lo = £ — 1 + 1 = 2. Since the sequence £y, 4y, ..., ¢ of edge
lengths is strictly increasing, this can happen only if either k¥ = 3 and 4, = 2, or else

=95, 4 = 1and f3 = ¢ + 1. Again, k # 3 by assumption. Also, k # 5 as 3]k.
Hence we have that ¢ +J < k — 3.

Form a path P as follows:

. 1 2 q+J-1 _g+J-1 g+J+1 _g+J-1 qg+J+2 gtJ-1 k-1
P=0,0y,07,...,0f , 01 — 04741+ 01 P ST Oy J1-

Note that the even-positioned vertices of P are strictly increasing, while the odd-

positioned vertices of P are strictly decreasing. Note that, since k is odd, P ends on
q+J—1 k-1

ositive vertex o -0 1, While the smallest negative vertex of P is
1 q+J+1>

gt+J—1 k-2 oo catJ-1 k=1 ¢ qtJ-1 k-2 _ _ m-3 _ m-1

o1 ~ 04y 741+ Since of Ogrii1 — (0f Ograin) = b1 = B2 < el

there can be no overlap between the positive and negative vertices of P, and so P is
indeed a path.

The path P uses edges of each length in L except £,,; and ¢. Adding an edge

of length ™1 = ¢, gives a path terminating either on vertex
2 o
gt+J-1 k
o1 T g1
) ) 7 ] )
= bi—lby+ b3~ ALy — Loy +lgpgpa— - F by —
f— —w‘,

or on vertex

-1 k-1 m—1
ot Ot T
; ) ) , . ) m+ 1
= by —bot+ b3 — -+l —Lopgr Hlgrgio— o+ by — 5
= —(w+1).

Thus, we have found paths with initial and terminal vertices 0 and either —w or
—(w + 1). Choosing whichever path has terminal vertex —{l,+s and adding the edge
{—{41.4,0} gives a starter cycle C of length k with edges of lengths ¢1, 45, . . . Ap. An

illustration of central cycles formed in this manner may be found in Figure 5.3.
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2. Note that the hypothesis in this case necessitates w+1 < w+k—g; hence ¢ < k— 1.
For each i =1,2,...,3(k — ¢ — 1), we will form paths P, and P! with inital vertex 0
and containing an edge of each length in L except £,. We will show that under the
given conditions, one of these paths will have terminal vertex —{,, so that a starter
cycle can be formed by adding an edge of length ¢,. These paths are begun as the
path P in Part 1; however, after a certain point, the lengths encountered in the path
will be taken in reverse order than those in P. In particular, P; and P/ begin with
edges in order of lengths 1,2,...,g~1,g+1,¢+2,...,k —1 — 2, and continue with
edges (in order) of lengths %’—], 7—’%3 ...,k — 2i. This alteration will ensure that the
terminal vertices of P; and P} are —(w + 2i) and —(w + 2i + 1), respectively (to be
shown below). Note that if & — 1 — 2i = ¢, which occurs when 7 = f(k—q—1), then
the set {g+1,...,k — 1 — 2} is empty, so that the edge lengths in the paths are
1,2, ,q—-1,2 0 m3 g4+ 1.

Form the path F; in the following manner:

P = 0,071,080, . .. 00 597 = 031%70314 - ogﬁ, L 0(1;;11—21"

-1 k—1—2i M —1 .4 k—1—2% m—1 m+3
e 4 T F 5 5
Uf“l—a;";ll‘%—m_l m+3 m+35

2 2 2

Uq,l_gk_l_m_m—l m+3 m+5 m+7

' at 2 2 2 2 7
ol —app T - m2 ! m;— i m;L > Foot (mo= legi) — (M= Ge_w).

Let —w; denote the terminal vertex of P,.

The path P/ is formed as P, except that ? is replaced by %ﬂ, this means
that the terminal vertex of P/ is —w; — 1 = —(w; + 1). It is easy to see that P; and
P! are paths.

Note that

m+3 m+5 m+7
5 T Ty + 5 = (M= Oegr) — (M — ()




4.3. Decomposing 3K, into cycles of odd length k, where k < m < 3k

100

Hence

Ceoj — by_9jp1 + - — m_7+m—5 ~ m =3
2 2 5
Choi = Lpgip1 - — Cyg+ g — by
g 1= (k=20 1)
—1
= ol (ogi +9) - m2_1 ~
= o ok 2 M
= —w-—2

So from this process, we can obtain paths of length & — 1, using one edge of each

length in L—{{,}, with terminal vertices —w—2, —w—3, —w—4, ..., —w— (k—q—1),

—w — (k —q). Since w+ 2 < £, < w+k — g, we can complete one of these paths

to a starter cycle containing exactly one edge of each length in L by adding the edge

—£,,0}. An illustration of this type of central cycle may be found in Figure 5.4.
q S

3. Note that again w4 1 < w + k — g implies that ¢ < k — 1. Let 7 be as defined in

the statement of Part 3 of the lemma. For each i =1,2,..., J, form paths P, and ]52’

as follows:

B

; “1-2% g1-2 M—1 19 m-1 m+3
0. 1_0_2 ”.‘O,q 1 21.0_'(1 1-2¢ 7 g—-1-2¢
101: 015 ---, 01 0 5 0y 5 5
g-1-2s m—1 m+3 m+5
oy — + —_—— ..,
2 2 2
19 m—1 m+3 m+5 :
I B el 5 T+ (m—lgya),
1. m—1 m+3 m+5 : :
ol . 2 +o (= bgya) — (= L),
2 2 2
19 m—1 m+3 m+5 :
R 5+ 5 T3 A (m = Lyya) — (m— L,y y)
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+(m_‘£q71)7
1-9s m—1 m+3 m+5
o212 _ + - o (m = Lgga) — (M — Lypa)
2 2 2
+(m —Llyq) — (m—Lby_a),...,
y m—1 m+3 5
i1 % m L m+3_ md o (m— Lgya) — (m — L)
2 2 2
H(m =Ly 1) = (m—Lg2) + ... — (m — Ly_s).

The path P! is formed as P;, except that m-d is replaced with 2.
Then for each i, it is easy to see that P and R’ is a path of length k£ —1 containing
an edge of each length in L — {{,}.
Note that
m+3 m+5
2 2

+.oo o+ (m—Lyy2) — (m—£y41)

m-5_m—3

= (.‘q,*,,l — Eq,+,,2 + ...+

2 2
= —5(k-1-0)
and
(m—£g_1) —(m —Lg2) + ...+ (m—Lygipr) — (m—£,_5)

= Ly o —Lgnip1+ ...+ lgo— L,

= —%(q— 1—(qg—2i—1))

= —1
So the terminal vertex of P, is —; = o7 7% — Hk—1—q)—i- 1”—;—1 =it Ly —
bgoigr + .o — byoy — %(ls —qg—1)—i- L’Zﬂ— Since f4_9;,...,4,1 are consecutive,
we have that —w; = % ' — sa-1-(—-20-1))-tk-qg-1)—i~— nol =
o™t -2 sk—g—1)— 2L = —w—k+qg+1-2i. Hence we can reach terminal
vertices —w—k+q—1,~w—k+q—3,..., —w—k+qg+1—2j using the paths P; and
terminal vertices —w —k+q¢—2, —w—k+qg—4, ..., —w—k+qg—2j using the paths f’i’.

Hence we may form such a path with terminal vertex —¢, since £, < w +k — q + 25;
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adding the edge {—¢,,0} to this path gives a starter cycle of length k with an edge of
each length in L. An illustration of a central cycle formed using Part 3 may be found

in Figure 5.5. O]

Before we proceed, we note that since ¢, €,.1,...,¢; are consecutive and
b, = mT"l, we have that k—q = % —{,. Hence the inequality ¢, < w+k—qin Part 2
of Lemma 4.22 is equivalent to w-+ m;—l > 2{,, while the inequality £, < w+k—q+2j
in Part 3 is equivalent to w + %ﬂ + 25 > 2{,. These forms of the inequalities will
frequently be used in subsequent cases to show that the appropriate inequality holds.

It remains to construct the cycles in each case. We begin by forming starter
cycles which use 3(r;—1) edge lengths. There remain 3k edge lengths from the multiset
(1,1,1,2,2,2, ..., 5'—1—2—'—1— —"—%‘l, mTfl), and we finish by showing that we can form three

starter central cycles, each containing k of these lengths.

Case d = 1.

The following lemma will be used in the construction of cycles in this case.

Lemma 4.23. Suppose m > 2k, k > 3, m and k are odd and 3|k. Then there
ezists a k-cycle in K,, which contains exactly three edges of each length in the set
{1,2,...,5—2,1(k—3), k- 3}.

Proof. Let V(K,,) = Zy, and let

1 1 1
P=0,1,-1,2,-2,..., —(k—9),—=(k—9),=(k - 3).
I 3 3 ? ? ? 6( )/ 6( )r 6( "))
Then P is a zig-zag path of length % — 2 containing edges of lengths 1,2, ..., % - 2.

Let P/ =0,k —3,%(k—3) and P" = 0, 3(k — 3), —3(k — 3). Note that each of P’ and
P” contains an edge of length -é—(k — 3) and an edge of length k — 3.

Let us note that: the initial vertex of p%(""":‘)(P’ ) and terminal vertex of P are
both #(k — 3); the initial vertex of itk 3(P) and terminal vertex of pa*~3)( P’y are

2

both %(l{ — 3); the initial vertex of /,’)%‘\"‘““)(P”) and terminal vertex of p3*=3)(P) are



4.3. Decomposing 3K, into cycles of odd length &, where k£ < m < 3k 103

both 2(k—3); the initial vertex of p%(k—3)( P) and the terminal vertex of p%(k—?’)( P") are
both 1(k — 3), and the initial vertex of pz*~3)(P") and terminal vertex of p3E=3)(P)
are both 1(k — 3). We see from these facts that the initial (resp. terminal) vertex of
each path occurs as the terminal (resp. initial) vertex of a single other path, but does
not occur as the initial or terminal vertex of any other path. We may concatenate

the paths in the following manner to form C.
C = Pp%(k—;%)(Pl)pé(k{%)(P)p%(k—Ii)(P//)pé(k—3)(P)[)%(k~3)(P//).

We would like to show that C' is the required k-cycle.

First, that C is a closed trail is guaranteed by the fact that the initial vertex of P
and terminal vertex of p%(k"s)(P’/ ) are each 0. To verify that C is indeed a cycle, we
need only check that the paths which form C share no vertex other than the shared
initial and terminal vertices previously noted. The vertices of P fall in the interval
[k —9), #(k — 3)]; hence, those of pg(""”(P) lie in [L(k — 1), 2(k — 3)] and those
of p3=(P) lie in [4(k +3), 1(k — 3)]. Since —™51 < —k < ~L(k—9) < L(k—3) <
sk+3) < ik-3) < sk=1) < 2(k —3) < k < ™1 it is easy to see that the
paths P, p%(k_:j)(P) and pg("‘i‘)(P) are pairwise vertex-disjoint. The internal vertex
of ps*=3)(P') is £(k—3), while that of psE=3)(P") is 4(k—3) and that of p2*=3)(P")
is k — 3. Since 2(k—3) <k-3< fk—3)<i(k-3)<m- #(k=9) (as m > 2k),
it is easy to see that these vertices are distinct from each other and from the vertices
of P, pé(k“‘”(P() and ,()%(’“‘3)(]3). It is now easy to see that C is a cycle.

Finally, it is clear from the construction of C' that C' contains three edges of each

length in {1,2, ..., % -2, -;—(k —3),k — 3}. Hence (' is the desired cycle. ]

In the case d = 1, we have that k|3(Z52). Since m = 2k + r, we also have

3(251) = 3k + 3(552), and so k|3(552). Since 0 < r < k, we have that 0 < 3(57) <

3(551) < 2k. So 3(Z

)=0or 1. If 3(52) = 0, then v = 1, and so m = 2k + 1; it is

known that Cy|Ka41 (by Theorem 4.4). so we need not consider this case. Hence we
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may assume 3(5) = 1, so that r = %k + 1. We also assume k > 3 since necessary

and sufficient conditions for the existence of a Cs-decomposition of 3K, are known
(Theorem 4.1).

By Lemma 4.23, there exists a cycle C containing three edges of each length

in L = {1,2,...,£ —2,1(k — 3),k — 3}. Taking C and its translates p(C), p*(C),

., pP™ HC) uses each edge of length in L of multiplicity 3. This leaves lengths in

L={E-1,% . L(k—-3)—1,3(k=3)+1, 5(k=3)+2,... k=4, k=2,k—1,... 21} of

multiplicity 3 to be placed in central cycles. Note that |L/] = 2=t — & = 2kbr=l &

23& + T—;—l = % + g = k. We form a single starter central cycle C” using k edges of

each of the k lengths in L’; it and its translates p(C"), p?(C"), ..., p™ 1(C") will occur
of multiplicity 3 in the decomposition, thus using all remaining edges.

Let the lengths of L', in ascending order, be denoted by 1,05, ..., ¢, and let
y =k —2 (note: ¢ = 2 — 2 is even). Moreover, lengths by tesy by Ly Lo
(ie. 3(k—3)+1,5(k —3)+2,...,k —4) are consecutive.

Let w be as defined in the statement of Lemma 4.22. Note that since —w is the
terminal vertex in a zig-zag path of length k — 1 formed by edges of increasing length
in alternating directions, we have that w > 55—], there is no need to explicitly compute
the value of w. If the inequality ¢, < w+ k — ¢ (which simplifies to w > % —4) holds,
then we may form a starter central cycle by Part 1 or 2 of Lemma 4.22. In the case
that this inequality is not true, we will appeal to Part 3 of Lemma 4.22, as follows.

If k =3 (mod 4), then let j = $(k— 7). We have that lengths (;_s;, lg_2;11, - . .,
{,-1 are consecutive. By Lemma 4.22 (Part 3), to prove that a starter central cycle

can be formed, we need only show that {, <w+k — g+ 2.

b < wt+k—q+2j
= k-2 < wt+k-(E-2)+3(k-7)
<= w o > Egj

Since w > L > E23 this inequality is true. Hence we may form a starter central
3 6 d -
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cycle using one edge of each length in L.
If k=1 (mod 4), then let j = $(k — 5). So lengths £g_o;, 44 2j41,...,4q-1 are
consecutive. By Part 3 of Lemma 4.22, to prove that a starter central cycle can be

formed, we need only show that ¢, < w+k — g + 2j.

by < wH+k—qg+2j
= k-2 < wt+k—(2-2)+3(k-5)
== w > ‘1"%9
Since w > % > k—gg, this inequality is true. Hence we may again form a starter
central cycle using one edge of each length in L. O
Case d > 3.

In the remaining cases, we now assume d > 3. Before we continue, let us first

consider the parameters involved. We have that V(3K,,) = Z,, and 3K, contains

edges of ™1 distinct lengths, each of multiplicity 3. Note that 3(msly = 3(Ftr=l) =
3k + 3(552). We would like to form 3(12—_;1) starter peripheral cycles (with & distinct
edge lengths per starter peripheral cycle) and three starter central cycles (each con-
taining edges of £ distinct lengths). Let t = 3(%%1) Note that if 3¢, then l:“|mT’1, and
since k = dk and d|m, we obtain that | (’?) in this case, we know that Cy|K,, (The-
orem 4.4), and so trivially Cy|3K,,. Hence we may assume that 3 {¢. Let ¢ = [’—2—;—1 ,
so that 3(%=) = 3(c — 1) + 4, where § € {1,2}. We will form c starter peripheral
cycles; of these, ¢ — 1 will occur three times in the decomposition, while the remaining
one will occur § times. The zig-zag paths which generate the peripheral cycles will
have length E—1. A peripheral cycle is constructed in the following manner. We
construct a path P, of length k& — 1, and form d — 1 further paths by rotation of P
by multiples of m. Edges which link these d paths into cycles are formed with the
assistance of auxiliary circulants of order d. Once a starter peripheral cycle C has

been formed, the decomposition will contain the cycles C, p(C), ..., p™ Y, each

with the same multiplicity as C'. We will ensure that the linking edge length used
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in the starter peripheral cycle taken of multiplicity 1 or 2 arises from an auxiliary
circulant of degree 2, and thus, for each edge length ¢, all edges of length ¢ will be used
the same number of times in the peripheral cycles — 0, 1, or 3 if there is a peripheral
cycle taken only of multiplicity 1, and 0, 2, or 3 if there is a peripheral cycle taken of
multiplicity 2.

The following bound on the value of ¢ will be frequently used in the discussions

of our constructions, so we derive it here. Since r < k, we have that

r—1 k d d+1

Equivalently, this says that

d>2—1. (4.3.4)

Note that this bound together with the inequality m < 3k means that

4 4
m+k > 3™ > 3(20 — 1)m. (4.3.5)
Consider the parameter t = 3(@) Note that if t = 1 (mod 3), then 3(~ 2];
J(m—ka—l —d) =t—3d =1 (mod 3) as well. So 2_191 2. Also, mT‘l =

k+%]’ = k+(c— l)k+§. In this case, one peripheral cyclc will be taken of multiplicity
1; this cycle will contain edges of k distinct lengths, with d edges of each length. After
the formation of the peripheral cycles, let L; denote the set of edge lengths which
remain of multiplicity 3 (i.e. are unused in peripheral cycles), and Lo, the set of
leftover edge lengths of multiplicity 2 (i.e. those lengths which occur in the cycle taken

of multiplicity 1 in the decomposition). Note that |L,| = % —(c— 1)/2 —k=k—2%

and |Ls| = k. Partition the set Ly in any way into three subsets Si, Sa, Ss, each of
size § We will form three central cycles, each with edge length sets L; U .S; U S;,

where 7, j € {1,2,3} and i % j. Ensuring that each S; is used in forming two central
cycles, we guarantee that the edge lengths in Ly will be used the correct number of
times. Choose S, 8" € {S1,52, 53}, S # 5", and write L1 US U S" = {{1,05, ..., 6},

where {1 < {5 < -+ < f. We will use the procedure described in Lemma 4.22 to
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form a central cycle with edges of lengths ¢, ¢5,...,¢x. In the process, the choice of
£, and the consecutive edge lengths relevant to the construction of the cycle depend
only on Li, and not on the choice of S or S’. Therefore, we need only verify that
a central cycle C' can be formed for a single choice of S and S’; the other two are
formed analogously. Once C has been formed, the cycles C, p(C), ..., p™ 1(C) will
use each edge of length in Ly U S U S’ once.

Now consider the case in which ¢t = 2 (mod 3). Here, 3(Z2) = 3(Z — d) =

2k 2k

t —3d = 2 (mod 3) as well. So ¢ = V;ﬁ :52_?1+§. Also, &=t = k+ 51 =

k4 (c—1)k+ %" In this case, one peripheral cycle will be taken of multiplicity 2; this
cycle will contain edges of & distinct lengths, with d edges of each length. We again
let L; denote the set of distinct edge lengths which remain of multiplicity 3. In this
case, we define the set Lo to contain the edge lengths which remain of multiplicity
1, i.e. those lengths which occur in the peripheral cycle taken of multiplicity 2 in the

decomposition. Note that |L,| = m-l _ of =k — k and L] = k. Partition the
2 3

set Lo in any way into subsets Sy, S2, S3, each of size % We will form three central
cycles, with edge length sets L; U S; for ¢ = 1,2,3. Choose S € {51,52, 53}, and
write Ly U S = {l1,s,..., £}, where {1 < {3 < --- < {. We will use the procedure
described in Lemma 4.22 to form a central cycle with edges of lengths £y, 0, ..., ¢, In
the process, the choice of £, and the determination of relevant consecutive edge lengths
will again depend only on L;, and not on the choice of S € {5y, S5, S3}; therefore, we
need only verify the construction for a single central cycle C', and the other two will
be formed analogously. Once C' has been formed, the cycles C, p(C).....p" HCO)

will use each edge of length in L; U S exactly once.

The construction of peripheral cycles depends on the value of k modulo 4.

Case 1. k=3 (mod 4) and d > 3

We begin by defining thie paths to be used in the construction of peripheral cycles.
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For k > 3, let

E—3 k-3 k+5 k+1
Poo=01-1,2 -2 ..., - . .
0,0 5 4 ) 4 ) 4 3 4 3

C4
k+9 k+5 k+1 k-1
4 7’ 4 77207 2
Ifk = 3, then let Py = 0,2, —1. We have that Fpy is a path of length k-1 containing

edges of lengths 1,2,..., %52, ==, 5=, ...

Ifm— % > 2k — 1, then we let

Pjo=0k+1,-1,k+2-2,...,

Otherwise, let

N . m k-1 :
Pg’o:07k+1,—1,k+2,—2,...,%+_z__’_(_

2 4 gt Ty T TS

_(m 312—3) mo k41 3k+1 k-1
Note that the edge lengths in Fj, range between k + 1 and either 2k — 1 or 2k,
but Fy, does not contain an edge of length m — ’:—;1 Thus, the edge length set of I},
does not overlap with that of Fp; nor does it contain any element exceeding m — 1,
as 2k < m. For 0 <i < (c—1)/20r 0 <4 < (¢—2)/2, if ¢ is odd or even, respectively,
form P; from Fyp, resp. By from Ff, by adding i to the even-positioned vertices
of Py, resp. F,. Note that for each 4, I ¢ and P}, have initial vertex 0 and terminal

vertex — (&1

). Thus linking lengths will be congruent to :i:(%) (mod m).

The path P, contains edges of lengths 1 +im, 2 +um, ..., % + i, %ﬂ + umn,

..., k+im. There are two possibilities for the edge lengths of P74 either kE+1+im,
4 2-pim, . 2k —1Fimor B+ 14im, k+2+im, ..., m— B q - kB gy o kS

20 2

o 2k +im. For 0 < j <d—1,let Pj = p™(Pp) and P;; = p™(P;,). Note that

the paths P, ..., P41 are pairwise vertex-disjoint, as are the paths P/,,.... P, ;.

The construction of peripheral cycles depends on the parity of c.
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Subcase 1.1. c is even.

We use starter paths P, 0 < i < (¢ —2)/2 and P, 0 <4 < (c—2)/2. Note
that the longest edge length in any of these paths is at most 2k + (%)ﬁz One path
P, will give paths used in a peripheral cycle of multiplicity 1 or 2; the others occur
in cycles taken of multiplicity 3. The linking lengths used will be m % %l, 21+ f“—;l

L (5)mx % If c =0 (mod 4), the linking lengths arise from auxiliary circulants

X (d; {1}), X(d; {2}), X(d; {3,4}), X (d; {5,6}), ..., X (d{cgzé})

If ¢ = 2 (mod 4), the linking lengths arise from auxiliary circulants

X(d: {1}), X(d:{2,3}),..., X (d; {C;QE}) .

Note that the largest linking length,

S + 557, is greater than the length of the
largest edge in the starter paths, S2m + + 2k —1 or “——m + 2k, as 9—m + 2k =
S+ B g BEEL < g 4 B

Consider the starter peripheral cycle C' which will be taken of multiplicity 1 or

ol
—

2. We will link the family of paths used to form C' with edges of length m +

~ ‘

derived from the auxiliary circulant X (d;{1}) of degree 2. Edges of length /m — 5;—1
(also from the circulant X (d; {1})) will occur in a different starter peripheral cycle,

which will necessarily be taken of multiplicity 3. Using up edge length m — % in

the peripheral cycles ensures as large a gap as possible between the smallest two edge
lengths which remain for use in central cycles; this property will be exploited in the
construction of the central cycles.

Note that the lengths used in the paths and linking edges are sufficiently small

since d > 3, as the longest length used is the linking length g-ﬁhL % < ‘—i—l—ﬁz + I‘—;—l <

d_lﬁl+ k-1 _ m + A 1 _ m-1 _ mz—k < 7712—1.

2 2 2 2

Provided ¢ > 2, we choose a path P, where ¢ > 0, to be taken of multiplicity 1
or 2, so that the two smallest lengths to be used in a central cycle are k L and either

2k or 2k + 1. Since 2k — —;— = ‘””“ , there is a gap of 2 ;‘ vertices between 0 and
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the first negative vertex in a zig-zag path formed from leftover lengths. If ¢ = 2, we
take Py of multiplicity 3 and Fy, of multiplicity 1 or 2.

Before we proceed to the construction of central cycles, which depends
on the congruence class of ¢ modulo 4, we notice that if ¢ = 1 (mod 3), then
2l = k4 (c— 1)l~c+§ is odd, while if ¢ = 2 (mod 3), then 2 =k + (¢ — DE+ 23—7“

is even.

Subcase 1.1.1. ¢ =0 (mod 4)

Let ¢ = 4a. Here, Ly contains consecutive lengths 2am + %, ey 22:1
If t =1 (mod 3), then let £, = 2am + ﬁ%l $0 g, lg11, ..., ¢k are consecutive.
Since k and ¢, = ™= are odd and ¢, is even, it follows that ¢ = k — 2L + ¢, is
2 q 2 7

even. To form central cycles using Part 1 or 2 of Lemma 4.22, we need to show that

w+ k —q > ¢, or equivalently, w + —mz;l > 26, = 4dam + k + 1. We have that

w>E3 4 (- 4) > %ﬁ + (2k - EQ—I) = '—C-f + y;zil, so it will suffice to show that

k-3 3k+1 m-—1 -
+ + +m2 >dam+k+1,

or equivalently

k+m+k>8uwm+5.

If t = 2 (mod 3), then let £, = 2am + —’%—3 As kis odd, £, is even and (, is even,
it must be that ¢ is even. By Lemma 4.22 (Parts 1 and 2), we can form the required
starter central cycle if we can show that £, < w+k—q, or w+ T—;—l > 24,4, where w is

as defined in Lemma 4.22. Again, w > 52 4 3L Hence it will suffice to show that

k-3 3k+1 m-—1 -
> 4arr - X
5 + 5 + 5 > dam + k + 3,

or equivalently that

E+m4k > 8am + 9.

Hence in either case, central cycles can be formed if we can show that k+m+k >

amn + 9. From inequality 4.3.5, we have that m + &k > %(‘20 —1)m = %( 8a — 1)m, so
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that

.4 - —4 -
m+k+k>§(8a—1)ﬁl+k:8aﬁz+(80 )7‘h+k.

w

Since o > 1, m > 7 and k> 3, we have that (8—‘13:—4)7”71 + k> 9, and so it follows that

k+m+k > Sam +9.

Subcase 1.1.2. ¢ =2 (mod 4)
Write ¢ = 4o + 2. The consecutive lengths in Ly include (2o + 1) + %,

\oy E+3 m—1
(2a+1)m+7, ceey n_1_2___

If t = 1 (mod 3), then let £, = (2a + 1)m + %ﬁ so that £y, 4g41,..., 0 are

consecutive integers. Since k and , = ™ are odd and ¢, is even, it follows that

g =k—"514¢, is even. We would like to show that w251 > 24, = (4 +2)m+k+3;
if this inequality holds, then central cycles can be formed by Part 1 or 2 of Lemma 4.22.
If « > 1, then we have that w > "’%3+(€2 —4) > %—F‘chm ;5_1 > %—Fi%tl, S0 1t

will suffice to show that

k—3 3k+1 m-1 -
5 + 2+ +mQ > (da+2)m + k + 3,

or equivalently, that
k+m+k> (8a+4)m+9.
If « = 0, then ¢ = 2, so the peripheral cycle formed from Fj, together with
1

linking length m + k=1 g taken of multiplicity 1. Here, w > &3 4 (4, — £)) >
2 2

Ay (k+1- "%1) = "—Sg + ’—“—%’—3 It will suffice to show that

k=3 k+3 m-—1 -
t +3+m2 > 0 + k + 3,

or equivalently, that

E4+m>dm+ k7.

If t = 2 (mod 3), then let £, = 2o + 1)m + ’"%1 Since ¢, = ™1 is even and

k is odd, it follows that ¢ = k — % + ¢, must be even. To apply Parts 1 and 2 of
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Lemma 4.22, we need to show that w + mT"l > 2, If o« > 1, then w > % + ;’Jcﬂ}

so it will suffice to show that

,— 1 -
+ + > (da+2)m+ k+1,

or equivalently that

k+m4 k> (8a+4)m +5.

If o = 0, then the peripheral cycle formed from Iy, is taken of multiplicity 2, so that

again w > % + by — 1) > % + % Hence it will suffice to show that

EF—3 k+3 m-—1 ~
2m 1
5 + 5 + 5 2 m+k+ 1,

or equivalently that

k+m>4m+ k+ 3.

In cither case, then, it suffices to show that k+m+k > (8a+4)m + 9 if o = 1,
and k +m > 4 + k+ 7 if o = 0.

Let us first suppose o > 1. From inequality 4.3.5, we have that k£ +m >
2(2c — 1)m = 3(8cx + 3)m, and so since 1 > 7 and o > 1,

-~ 4 - . 8 ~
k+m+k> §(8a+3)ﬁ?,+k = (8 + 4)m + —?;othr k> (8a+4)m+9.

Next, suppose a = 0. If d > 5, then k+m > 5k+5m > dm+k+4k > 4n+k+7.
However, if d = 3, then the inequality m + k > 4m + k + 7, which simplifies to
2k > m + 7, is false, since m > 2k.

Let us consider the values of the parameters involved when o = 0 and d = 3.

If t = 2 (mod 3), then ¢ = [TQ_; = "2",;1 + 5 = 2 implies that Lz_il = 2, and so

"’;,;1 = L;,;—] +d= % Solving, we obtain m = —23—‘”1: +1 > 9k = 3k, a contradiction.
However, if ¢ = 1 (mod 3), then ¢ = 7“;—: +§ = 2, so that % = %, ";il =

”2'1-61 +d= 133 and m = —2364: +1 < 9%. In this case, we would like to appeal to Part

3 of Lemma 4.22 in order to form the required starter central cycles. Unfortunately,
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however, for some central cycles, we have £, = m + % and £,y = M + k—;r-l-,
which are not consecutive. To get around this, we use a different construction for the

peripheral cycles in this case. Let

k— k+1
P:0/17~‘2)2’_3,3_4,,k 1’<}\+ )

Then P contains an edge of each length 1,3.4, ..., k. Moreover, since m > l;‘, paths

P and p™(P) are vertex-disjoint.

~ - .~ S =7.
Recall that m = %Qk + 1. Hence m = % = %k + é = 2(’]5—“ > % and so
i — &L > Sl B — 9k Thus, if we form a second starter zig-zag path P’ with

edges of lengths not exceeding 2k, then this path will not contain an edge of length

m— k—;l — this fact is crucial, as length m — % will be used for linking edges. Let
. . 3k -3 k—3\ 3k—1 k+1
=0,k +1,-1, 2,—-2,... — — :
P 07 A’ + 7 ' I{: + M bl b 2 b ( 2 ) M 2 b ( 2 )

Then P’ contains edges of lengths k+ 1, k+2,...,2k— 2, 2k, and contains no edge

of length m — k—;—l

The paths P and P’ both have initial vertex 0 and terminal vertex —(%l), we
may use them, together with linking edges of length m =+ '}%1 to form peripheral cycles.
(Note that "—Qtl Z —(%) (mod 1), since m|(k+1) cannot happen as m > 2k > k+3.)
We take the peripheral cycle formed from P’ with linking length m— ’”T] of multiplicity
2, and the cycle formed from P and linking length m + }‘%] of multiplicity 3. The

k+1
2

longest length used in a peripheral cycle is the linking length m + , and so each

central cycle will contain edges of consecutive lengths m + %,ﬁz + &5, ﬂzil

Let ¢, = m + &2, Since {, is even, and k and (; = ==L are odd, we have that

qg=k— ""2’1 + ¢, is even. Note that £, — {1 > (l~c +1)—-2= k — 1, and so we obtain

the bound w + 1”—2-”—1 > k—;& bk —1+ mf,_l = i%’—"‘qtic— 1+ 3'772“1 = 5k2_5 + 3’;12_1. If

kB 3'-”251 > 26, = 2m + k + 3 (which occurs whenever m < 3k — 12), then we

can form central cycles by Part 1 or 2 of Lemma 4.22. Otherwise, we must apply
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Part 3 instead. We thus need to find values of j such that £, o;,¢;_2j11,...,44-1 are

consecutive.
Let j = % Then for each central cycle, lengths £, o5, 4241, ---, lg-1, 1€
m — 5—2—3 m — %, c T+ k—;—l, are consecutive. Hence, in order to apply Part 3 to

obtain central cycles, we need only show that w+ m—;]— +27 > 2£,, or w+ %‘1 +k—1>
2 + k + 3. Note that w > & ES v ly—t > ;3+(12:+1)—2: "’—gﬁ+l~c—1. Using
this bound on w, we see that it is enough to show that

k-3 -
—_— k-1
—+ + =

-1
>2m+ 3,
or equivalently, that
k+m+ 2k > 4m + 9.

Since d = 3, this inequality simplifies to 5k > m + 9. Now, since m < 3k, we have
that 5k > m + 2k > m + 9 whenever k > 4. The only other possibility is that k=3,

and so k = 9; recall that cycle length 9 has been left as an exception.

Subcase 1.2. ¢ is odd.

Unless otherwise specified as we proceed through the cases, the ¢ peripheral

cycles will be formed using paths P, for 0 <1 < Cgl and paths Pifo for 0 < i<

C;’ , and hnkmg lengths will be as follows. If ¢ > 5, the linking lengths will be
mi— 2m — =L 34 h— =L, “”r?zi ’}21 Since ¢ < ¢ 2 , we have that d > 5, and
d+i 77171 L
hence "“m+ k L < +2”fn.+ 22_1 =ty 4 md oty L <dip - L= mel
The auxiliary circulants used to link the paths are
S 1 - 1
X(d; {1}), X (d; {21), X (d; {3,4}). X(d; {5,6}), ..., X (d:{‘ - 7“2“ })
if ¢ =3 (mod 4), and
c—1 c¢+1
X(d;{2}), X(d:{1,3}), X(d; {4,5}). X(d;{6,7}),.... X ((l. {( 5 .,( t }>
if ¢ = 1 (mod 4). If ¢ = 3, then we use linking lengths m & %,Q'ﬁz — k;Ql from

auxiliary circulants X (d; {1}), X (d; {2}). Note that since d > 3, k > 3 and ¢ < it
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we have that 2m — 551 = ey — 2L < di3g Bl o dpy 1 = mol ff o= 1, then

we link using length 1 — —5—— from auxiliary circulant X (d; {1}). Similarly to before,

Et
ol

~ :—1 ctl

_ . k=1 m-—1
m — =5 m < 5 -

N‘
Ml

In any case, we must use one of the edge lengths from an auxiliary circulant of

degree 2 in the cycle which will be taken of multiplicity 1 or 2; if ¢ > 1, we can easily

ensure that this length is 2m — 5;—, while 2/m + —g—— remains unused; in this way,

length m — i;—l will be used of multiplicity 3 in the peripheral cycles. Moreover, if
¢ > 1, the path from which the peripheral cycle taken of multiplicity 1 or 2 arises
may be taken as P or P for some ¢ > 0.

Before we construct the starter central cycles according to the congruence of ¢

modulo 4, we remark that if ¢ = 1 (mod 3), then 2% = k + (¢ — Dk + —§ is even,
while if ¢ = 2 (mod 3), then 1 =k + (c — 1)k + % is odd.

Subcase 1.2.1. ¢ =1 (mod 4)

Let ¢ = 4o + 1. We first consider the case o« > 1. Here we have that the

consecutive leftover lengths in Ly include (2a0 + 1) + 5= k’ L (20 + ym + 5= ki3 3., ’—”7“1

Ift =1 (mod 3), then we let £, = (2a + 1)m + k.il. Since £, is odd, £ = 51 is

ml

even and k is odd, ¢ = k — + £, must be even. To apply Lemma 4.22, Parts 1

and 2, to form central cycles, we must show that w+ % > 2, = (da+2)m+ k1.

Since o« > 1, we have that w > 5—33 + 3—%*—1, so it suffices to show that

k-——3+3k+1+m—1
2 2 2

> (da 4+ 2)m+ k+ 1,

or equivalently

k+m+ k> (8a+4)m + 5.

If t = 2 (mod 3), then we let {, = (2a + 1)m + % Since k is odd, £ is
odd and £, is odd, it follows that q is even. By Lemma 4.22 (Parts 1 and 2), we
can form the required starter central cycles if we can show that w + L"—;—l > 24,

where w is as defined as in Lemuna 4.22. Notice that provided « # 0, we have that
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w > ’—‘;—3 + (le — £y) > 5—;—3 + §—23L—l Hence we need only show that

k—3 3k+1 m-1 -
;+m2 > (da + 2)i + k + 3,

or equivalently that
k+m+k> (8a+4)ym+9.

Hence, if the inequality k£ +m + k> (8cx + 4)m + 9 holds, then central cycles can be
formed for either value of ¢. By inequality 4.3.5, we have that k+m > 3(2c — 1)m =

3(8a + 1)7m, so that

(8 + V)i + k = (8a + 4)1h + g(a — V) +k

ol

k+m+ k>

Since m > 7, we have that %(a —1m>9ifa>2 Ifa=1and k> 9, then the
desired inequality also holds. Let us now suppose a = 1 and k < 9. Since k = 3
(mod 4) and 3|k, we must have k = 3. In this case, 2k < m < 3k implies m = 7.
Note also that by inequality 4.3.4, d > 2¢ — 1 = 9. The inequality to be proved is
k+m+k>12m+09, or equivalently &k +m > 90 or 10d > 90. This is clearly true
since d > 9.

Next, suppose that o = 0. Then the only peripheral cycle, taken with multiplicity

1 or 2, is formed from Py together with linking edges of length m — 1“2;1 Consecutive

leftover lengths in Ly include m — k—;——j m — 5—;—5- =L

Ift = 1 (mod 3), then let £, = m — &2, Since £, is odd, £, = 2= is even and

kisodd, ¢ = k — % + {4 is even. To apply Lemma 4.22, Parts 1 and 2, to form

central cycles, we must show that w + m74 > 26, =2m — L + 3. Note that w > '“2;1

so it suffices to show that

or equivalently that

k+m+ 2k > 4m + 8.
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If t =2 (mod 3), then let £, = m — £55. Since ¢, is even, £} = 2= is odd and k

isodd, ¢ =k — =5 1 + £, must be even. To apply Lemma 4.22, Parts 1 and 2, to form
central cycles, we must show that w + mz;l_ > 20y = 2m — k + 5. Note that w > k—;—l,

so it suffices to show that

or equivalently that

k+m + 2k > 4m + 12

Hence in either case, it is enough to show that k+m + 2k > 4/ + 12. Note that
this inequality is true if d > 5, since in this case, k +m + 2k > 5m + Tk > 4m + 12.
If d = 3, the inequality becomes 5k > 7/ + 12, which is true if k > 3, since in this
case that k = 3 (mod 4) and 3|k implies that k > 15, so that 5k > m + 2k > m + 12.
Otherwise, if d = 3 and k = 3, then k = 9; recall that cycle length 9 is an exeptional

value.

Subcase 1.2.2. ¢ =3 (mod 4)
Write ¢ = 4a+3. First suppose that « > 1. In this case, we have that consecutive

lengths in L; include (2 + 2)m + ’}%1, (2a 4+ 2)m + i“—;“i L

If t =1 (mod 3), then let ¢, = (2o + 2)m + % Since £, is odd, £ = ’”2_1 is

m—1

even and £ is odd, it follows that ¢ = k — 5

+ £, is even. If we can show that
w+ "—‘2“—1 > 2, = (da+4)ym + k+ 3, then we can form central cycles by Lemma 4.22,

Parts 1 and 2. We have that w > ’—“? + é%ﬂ so it suffices to show that

k=3 3k+1 m—1 .
— + j+'712 > (da + 4)m+ k43,

or equivalently

E+m+k> (8a+8)m +09.

If t = 2 (mod 3), then let £, = (2a + 2)/m + % Note that ¢, is even. Since

m—1

lengths £y, Cgir, ..o b = ™5

are consecutive, and & and £ are odd, it follows that
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qg=~k-— m_2—1_ + ¢, is even. By Lemma 4.22, Parts 1 and 2, we can form the required
starter central cycles if we can show that w + %_1 > 24,, where w is as defined in
Lemma 4.22. Note that since o > 0, we have that w > % Ry — % + -3]“—;—1

and so it suflices to show that

k——3+3k+1+m—1
2 2 2

> (4o + D+ k+ 1,

or equivalently that

k+m+k> (8a+ 8)m + 5.

Thus, if we show that £ + m + k > (8a + 8)m + 9, then we can form central
cycles in either case.
By Inequality 4.3.5, we have that k +m > %(2(: - 1)m = %(80, + 5)m, so that

~ 4 ~ 4 -
k+m+k> §(8a +5)m+ k= (8a+8)m + =(2a — 1)m + k.

w

Since o > 1, we have that $(2a — 1)m + k> sm + k> 3(7) +3 > 9, and so the

desired inequality holds.

Next, suppose that & = 0. Then ¢ = 3, and the peripheral cycles use linking
edge lengths m + E.;l and 2m — % The paths used in forming peripheral cycles are
Poo, P5o and Py, with P forming the peripheral cycle taken of multiplicity 1 or 2.

The longest length in this path is m + k < 2/m — £L. Hence L, contains consecutive
p 2

lengths 2m — k—g—a, 2m, — %—5 e 1”—2"—1

If t =1 (mod 3), then let £, = 2/ — %52, Then £, is odd, and since (; = ™51 is
even and k is odd, it follows that ¢ = k — ¢, + £, is even. To show that we can form
central cycles using Parts 1 and 2 of Lemma 4.22. we need to show that w+ H’—;—l > 20,.

Since w > % + by — b > ]-‘;—3 + % it suffices to show that

k-3 3k+1 -1 -
— 2++m0 > 4 — &+ 5,

or equivalently that

k+m+ 5k > 8m + 13.
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If t =2 (mod 3), then let ¢, = 2m — %, remarking that /, even implies ¢ is
even. We need to show that w + m—2_—1 > 24,, and since w > % + 2’:}“;—1, it suffices to

show that

k—3 8k+1 m—1 )
i +m2 > 4 — 4 3,

or equivalently that

kE+m+5k>8n+09.

Hence if we can show that k+m -+ 5k > 8m+ 13, then we can form central cycles
in either case.

Note that if d > 9, then this inequality is true since k + m + 5k > 9m + 14k >
8m + 13. If d = 7, the inequality becomes 12k > i + 13, which is true since 3k > m
and 9k > 13. Finally, if d = 5, then the inequality becomes 10k > 3m -+ 13, which
holds if k& > 13 since 10k = 9%k + k > 3/m + k. Since 3|k and k£ = 3 (mod 4), the
only other possibility is that k& = 3. In this case, 2k < m < 3k implies that m = 7.
Hence, since d = 5, we have that £ = 15 and m = 35. Note that t = 3("17;1) =17=2
(mod 3), and so it suffices to show that k + m + 5k > 8m + 9, which is true since
k +m + 5k = 65 = 8m + 9.

Finally, we note that by Inequality 4.3.4, d > 2¢ — 1 = 5, and so we are done

with this case.

Case 2. k=1 (mod 4) and d > 3

We begin by defining the paths to be used in the formation of peripheral cycles.

E—1 k—1 /2:+7 l;:+3
Pyo=0,1,-1.2.—2..... ,— , -
v () BT (i

Let

Ppak}
w|+
[
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If i — B > 9F — 1, let

~ ~ 3]‘;‘_1 2 1
Pro=0k~2k+1,-3,..., 3,—(“ )

2 2

In this case, the edge lengths which occur in Fyq are I;, k+ 2, k+ 3, E+ 4, ..., 2k—1.
If m — 7“—,1,—1 < 2k — 1, then let

S m k-7 (m 3k—-1\ m k+1
Pio=0k—2,k+1,-3,..., = =+ —
00 =0k =2 R+ L3, 5 = (2 4 )’2+ 4
m k-5 m+l%+5 3k — 1 k+1
2 4 "2 4 727 2 '
In this case, the edge lengths which occur in Fgq are k, k+2 k+ 3, W mo— ;;“43,
m— k— m— k—z‘*, ..., 2k. In either case, the largest edge length in Py is strictly less

than m. (In particular, this means that Foo and Fj are vertex-disjoint, respectively,
with p™(Pyo) and p™(F;,).)
For i > 0, let paths P,y and P}, be formed from Py and Fg s Tespectively, by
addmg 1 to the even-positioned vertices. For 0 < j < d—1, let P, 5= p"™(P;y) and
= P (P}).
We now specify the construction of peripheral cycles according to the parity of

C.

Subcase 2.1. ¢ is even.
Unless otherwise specified as we progress through the possible cases, the ¢ pe-
9

ripheral cycles will be formed from paths P, and P*0 0 <14 < ==. Note that the

longest edge length in any of these paths is

¢2yp). Linking lengths
will be m & k—jl 2m -+ k,ijl S gmE Hl Note that the largest leng‘rh in a peripheral
cycle is the linking length £m + &1 < T} m+ k“ < 4= Sl + 1”;1 =5 - % + k;—l =
m—1

5 —%+%<mlsmcem>2lﬂ>lﬂ+2

If ¢ =0 (mod 4), the linking lengths arise from auxiliary circulants

X(d; {1}), X (d: {2}). X (d; {3.4}). X (d; {5,6}),.... X (d;{“?%}).

2
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If ¢ =2 (mod 4), the linking lengths arise from auxiliary circulants

X(d: {1}), X(d:{2,3)), ..., X <d; {C;2§}> .

In either case, we use linking edges of length m + ’;zil from the auxiliary circulant
X(d;{1}) in the cycle taken of multiplicity 1 or 2.

Moreover, if ¢ > 2, the path from which the peripheral cycle of multiplicity
2 arises may be taken as P;o or P} for some ¢ > 0. If ¢ = 2, we let the cycle
arising from Fj, be the one taken of multiplicity 1 or 2. Hence if ¢ > 2, then
by — 0 > 21:7—%: Q}g—l,whﬂe if c =2, then o — £; 21:7—%—1:%.

We note that if £ = 1 (mod 3), then 2 =k + 5 =k + (c — DE + %ic is odd,
while if t = 2 (mod 3), then = =k + "X =k + (c — 1k + %ff is even.

Let us now proceed to the construction of central cycles. For this purpose, we

need to consider the possible values of ¢ modulo 4.

Subcase 2.1.1. ¢ =0 (mod 4)

Let ¢ = 4a. Note that I, contains consecutive lengths 2amm + ’”3;—3, 200m + %—5—,

m—1

5 -

If t = 1 (mod 3), then we let ¢, = 20/ + :%?3 Since (, is even, £, = "

is odd, and k is odd, we have that ¢ = k — mT_l + ¢, must be even. To apply
Parts 1 and 2 of Lemma 4.22, we must show that w + k — ¢ > ¢,, or equivalently
w2 > 20, = dam + k + 3. Moreover, w > E3yty—t > 1‘%3 + i"—z_—l so we need

only show that

k—3 3k—1 m-1 .
5 + 5t m > dam + k + 3,
or equivalently that

k+m+k > 8arn + 11.

If t =2 (mod 3), then let £, = 2am + k—"2t5 Since £, is odd, £ = % is even,
and k is odd, it follows that ¢ = k& — ﬂ—%—l— + £4 is even. Let w be as defined in the

statement of Lemma 4.22. To apply Part 1 or 2 of Lemma 4.22, we would like to
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show that ¢, < w + k — g, or equivalently w + %:—1- > 20, = dam + k + 5. Note that

w > % + by — b > % - % and so it suffices to show that

k—3 3k-1 m-—1
+

> dam + k
5 + 5 5 2 am + k + 5,

or equivalently

k+m+ k> S8am + 15.

Hence, if we can show that & +m + k > 8am + 15, then we are done in either
case.
From Inequality 4.3.5, we have that & + m > %(20 - 1m= %(804 — 1)m. Hence,

since . > 1, m > 7 and k> 9, we have that
~ 4 . . 4 . . 4 . .
kE+m+k > 5(804— Dm+k = 8am+ 5(20{: —m+k > 8am+ 5(7) +9 > 8am+15.

Subcase 2.1.2. ¢ =2 (mod 4)

b

Let ¢ = 4a+2. Consecutive lengths in L, include (2a+ 1)'rh+£622’137 (2a+ 1)7?L+¥
m—1
=
Ift =1 (mod 3), then let £, = (2c+ 1)+ 3. Since ¢, is even, £; = 2L is odd
and £ is odd, it follows that ¢ must be even. We need to show that w + "—L;—l > 24,
First consider the case that a > 1, so that w > l—“—;j + by — b > ? + 3% Hence we
need only show that
k—3+3l}—1+m—1
2 2 2

> (4o + 2)m + k + 5,
or equivalently that
k+m+ k> (8o + 4)ym + 15.
If &« =0, then we have w > % +l -0 > ]“2;3 + %, so we wish to show that

k-3 k-1 m-1 ~
2m. !
5 -+ 7 + 5 >2m+k+5,

or equivalently that

k+m > 4m+ k+ 15.
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If t =2 (mod 3), then let £, = (2a+ 1)m + %ﬁ Then, since £, is odd, ¢ = ™%
is even and k is odd, it follows that ¢ = k — mT_l + ¢, is even. To apply Parts 1 and
2 of Lemma. 4.22, we need to show that w + m§—1 > 2¢,. Note that if o > 1, then
w > %ﬁ + 0, — b > Egé + 3’;2—_1 Thus, it suffices to show that

k-3 3k-1 m—1

> (4o + 2)m 4k +
5ttt > (4o +2)m + k4 3,

or equivalently

k+m+k > (8a+4)m + 11.

If =0, then w > 5;—3 +ly— 4y > E—;—} + 7‘—;—1 and so the inequality that we need
to prove is
k—3 k—1 m-—1

+

. . 5 2 2t k43,

+
vV

or equivalently

k+m>dm+k+11.

Hence, in either case, if we can show that k +m + k > (8a 4 4)/ + 15 when
a>1,and k+m > 4m + k+ 15 when o = 0, then we will be done.
First suppose «« > 1. Then by Inequality 4.3.5, we have that k+m > %(26— 1) =

3(8a + 3), and so, since a > 1 and 7 > 7, we have that
- 4 . s . 8a._. - ~
k+m-+k> 5(805 +3)m+ & = (Sa+4)m + 5 m +k > (8 + 4)m + 15.

Next consider the case in which o = 0. Then if d > 5, then k+m > 5m + 5k =
(47 4 k) + 1 + 4k > 4m + k + 15, since . > 7 and k > 9. If d = 3, however,

the inequality & + m > 4m + k + 15 is equivalent to 2k > m + 15, which is false

since m > 2k. Note that if ¢ = 2 (mod 3), then ¢ = ["‘2—]}1 = ’—2']71 + % = 2 implies

1 5 ety Mol _ r—l _ 14 _ 287, . _ ar.
5o =3, s0that = = —— +d = 3 and m = Sk + 1> 9k = 3k, contradicting that

2k < m < 3k. So we may assume ¢ = 1 (mod 3) in this case.
We would like to apply Part 3 of Lemma 4.22; however, lengths ¢, ; = m + %

and (,_o = m+ k;—l are not consecutive. We thus define an alternative construction for
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peripheral cycles in this case. First, let us examine the values of the parameters. Since

@ = dand o= 5] = 3= 2 we have that r=g.sothat Bl —=lyg =13
Solving gives m = —23—6]; + 1, and so m = - z@% .
Let ~ ~
. k+1 E—1
P:0’2,—1,3,—2,...?-2_7_ (T)
and N ~

Then each of P and P’ is a path of length k& — 1 with inital and terminal vertices 0
and —(5;—1) respectively. The path P contains edges of lengths 2,3, ...k, while P’
contains edges of lengths k + 1,k + 2,...,2k — 1. Note that as m > 2k, we have that
m— % > 3—’;—211, so P’ and p™(P') are vertex disjoint. Also, it is easy to see that P

and p™(P) are vertex disjoint. We would like to use linking edges of lengths m + ’:;—1

derived from auxiliary circulant X(d;{1}). Note that 7w — % = 26’;“)” — ’;—;—1 =

43%1‘—;’15 > 2k — 1, and so neither linking edge length occurs in paths P or P’. We form
peripheral cycle C' from paths p"™(P), 0 <4 < d — 1, together with linking edges of
length m + % and peripheral cycle C” from paths p™(P'), 0 < i < d — 1, together
with linking edges of length m — k%l We use C' of multiplicity 3 and C’ of multiplicity
2. Since m — % > ikz_—l >k + L, it follows that the two smallest lengths in Ly U Lo
are 1 and &+ 1, and so we have that w > %Jr/z —4 > '%33—%/;1—%1—1 = 5;—3442 We

note that L, contains consecutive lengths m + &L .. ™21 and take £, = i + B

remarking that £, is even, so that ¢ must also be even, since l, = ’"T*l is odd and &
is odd. To show that w + =3 1> 20,, it thus suffices to show that

k=3 -~ m-—1 -

-—2— +k+ 5 >2m+ k4 1.

or equivalently that k + m > 4m + 6.
If this inequality holds, then we can use Part 1 or 2 of Lemma 4.22 to form

central cycles. However, if not, then we appeal to Part 3 of Lemma 4.22. Hence
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we must find an appropriate value of j such that for each central cycle, lengths

by 25, lg_2j41, - .., L,_1 are consecutive. Note that each central cycle contains edges of
consecutive lengths m — ﬂ LT — k— 25 ..... n + k . Hence, if we let j = % then
Uy 2, lg—2j41,- .., g 1, ie. T — L , T — "—23 ..,ﬁL + ? are consecutive. To show

that we can form central cycles using Part 3 of Lemma 4. 22, we must prove that
w+ﬂ—l+23 > 26y, or w+ 1 1+ k—3>2m+k+1. Note that w > —+€2—£’1 =
k%?’ +k4+1-1= -;—3 + k. Hence it suffices to show that

~ 1
¥+k+7+k 3>2m+k+1

or equivalently that

k+m + 2k > 4m + 12.

Since d = 3, this inequality simplifies to 5k > i+ 12, which is true since 7 < 3/ and

k > 9 imply that 5k > m + 2k > m + 12.

Subcase 2.2. ¢ is odd.
In this case, the ¢ peripheral cycles will be formed using paths P, o for 0 < i < —‘—;—1
and paths Pryfor 0 <i < %, and linking lengths will be as follows. If ¢ > 5, then

note that d > 2c — 1 = 9. The linking lengths are 1M =+ %, 2m — ’}—,eri, 3m + k—gk

4??zj:E“2L—1, : Eﬂﬁzil—‘%. Note that, using the facts that ¢ < d—*—l. m > 2k, m > 7 and
d > 7, we have St A < Ly mis =43 <l 3 = F-04d cmll

The auxiliary circulants used to link the paths are

I e )

if c=3 (mod 4), and

N X0 0 1566 (1 221

if ¢ =1 (mod4). (Note that if ¢ = 5, then the circulants are X(d; {1,3}) and
X(d: {2}).
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If ¢ =3, then d > 2¢ — 1 = 5. We use linking lengths m + k“ and 2m — ’“;1
(from circulants X (d; {1}) and X(d; {2}). Note that 2m — '“H <2m < Hhin < 2L
If ¢ = 1, then the single peripheral cycle is formed from PO o with linking length

m

n— % from auxiliary circulant X(d; {1}). Note that m — &1 < < 3<% -

Also, the longest length in Pyq is k + 1, which is less than m — ﬁ‘;—l
In any case, we must use one of the edge lengths from an auxiliary circulant

of degree 2 in the cycle which will be taken of multiplicity 1 or 2; if ¢ > 1, we can

k+1

5 1s used of

easily ensure that this circulant is not X (d; {1}), so that length m —
multiplicity 3. Moreover, if ¢ > 1, the path from which the peripheral cycle taken of
multiplicity 1 or 2 arises may be taken as Pip or P}, for some ¢ > 0.

Note that if ¢ = 1 (mod 3), then =1 =k + (¢ — 1)k +k £ is even, while if ¢t = 2
(mod 3), then =1 =k + (¢ — 1)k + % is odd.

We now show how the central cycles may be formed depending on the congruence

class of ¢ modulo 4.

Subcase 2.2.1. ¢ =1 (mod 4)
Let ¢ = 4a + 1. Let us first suppose that o > 1. Then L, contains consecutive
lengths (2 + 1)m + f““ (2004 1)m + k+". RS
If t =1 (mod 3), then let ¢, = (2a + 1)/ + % Note that ¢, is odd, so that
g =k — 12?—1 + {, is even. Since w > k—gj 4+ Ly — 6] > k—f + %—2‘1 to show that
w+ -’”2—‘1 > 244, it suffices to show that

k—3+3i~—1+m-1
2 D) 2

> (4o 4 2)m + k + 3,
or equivalently that
k+m+ k> (8a+4)m+ 11

It =2 (mod 3), then let £, = (2o + 1) + ’” 2. Then, since ¢, is even, £ = L;

is odd and % is odd, it follows that ¢ = k — ; ¢, is even. To apply Parts 1
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and 2 of Lemma 4.22, we need to show that w + 1"2;1 > 2¢,. Since o > 1, we have

w > % + by — £ > k—? + %—1 Hence it suffices to show that

k—3 3k—1 m—1 -
23+ > +m’2 > (da + 2 + F + 5,

or equivalently that

kE+m+ k> (8a+ 4)m + 15.

If we can show that k +m + k > (8a + 4)rm + 15, then by Parts 1 and 2 of
Lemma 4.22, we will be able to form central cycles in either case. By Inequality 4.3.5,

k4+m> 3(2c— 1)m = 3(8c + 1)7m, and so

-4 ~ 8 -
E+m+k> 5(8a+1)7h+k’ = (8ar + 4)m + g(a— Dym + k.

Since /m > 7, it is easy to see that k+m+k > (8a+4)m+ 15ifa > 2 or k > 15. If,
however, o = 1 and k < 15, that 3{1% and k= 1 (mod 4) implies that k = 9. In this

case, the inequality to show is
k+m+k > 12m + 15.

Note that by Inequality 4.3.4, d > 2¢c—1 = 9. If d > 13, then k+m+k > 137+ 14k >
12m + 15. If d = 11, then the inequality k + m + k > 12m + 15 is equivalent to
12k > 7 + 15, which is true since 12k = 3k + 9% > m + 9k > m + 15. Finally,
suppose that d = 9, so that & = 81. Note that &k = 9 implies that 18 < m < 27, or
19 < m < 25. The inequality k +m + k > 12m + 15 is equivalent in this case to

81+9m +9 > 12m + 15, or 3/ < 75, which is true.

Now suppose that & = 0. Then ¢ = 1, and we use Py and linking length 7 — k—gl-

to form the single peripheral cycle, which is taken of multiplicity 1 or 2. The longest

k+1

length used in a peripheral cycle is m — “5—, and so L, contains consecutive lengths

o k=1 o~ _ k-3 m—1
m 5 .m TS g

Itt =1 (mod 3), then let £, = m~ ’”—21 Then ¢, is odd. so that ¢ = k~ ’”2_1 +{, is

even. Considering the value w, we have no lengths which are used of multiplicity 3 in
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peripheral cycles, and so w > k—f +ly— 4t > % Thus, to show that w+ mT_l > 24,

it is enough to show that

or equivalently that

k+m+ 2k > dm + 4.

Ift =2 (mod 3), then let £, = m — £3. Since £, is even, ¢, = 21 is odd and
k is odd, it follows that ¢ must be even. To apply Parts 1 and 2 of Lemma 4.22, we
wish to show that w + @ > 20, = 2m — k + 3. Note that here, no edge has been
used of multiplicity 3 in the peripheral cycles, and so w > % +lo— 1) > k—gl Hence,

we would like to show that

k-1 N m— 1 .
2 2 -
or equivalently that

k+m+2/%247h+8.

Thus, if we can show that k + m + 2k > 4m + 8, then by Parts 1 and 2 of
Lemma 4.22, we can form central cycles in either case. Note that if d > 5, then
k+m+2k > 5+ 7k > 4m + 8. If d = 3, then the inequality k + m + 2k > 477 + 8

is equivalent to 5k > m + 8, which is true since 5k = 3k + 2k > m + 2k > m+ 8.

Subcase 2.2.2. ¢ =3 (mod 4)
Let ¢ = 4o + 3. First, suppose that « > 1. In this case, L, contains consecutive

lengths (2« + 2)m + -k;—? (20 + 2)m + k—g—“— Lt

Ift =1 (mod 3), then ¢, = (2(\'—1—2)ﬁz+’;—2+—5. Then, since £, is odd, ¢ = k—mT_qu&,
is even. Since w > &3 4 g, — ¢, > L 4 3=1 in order to show that w 4 m=L > 2L,
2 2 2 2 q

it is enough to show that

l{;—3+3/},—1 m — 1
2 * 2

> (da + 4)n + k + 5,

o
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or equivalently that

k+m+k > (8a+ 8)m + 15.

If t = 2 (mod 3), then let {; = (2o + 2)m + % Note that, since £, is even,
b = %‘1 is odd, and k is odd, it follows that ¢ = k — L"-;-l + (¢, is even. To apply
Lemma 4.22, we must show that w + mz_—l > 20, = (da + 4)m + k + 3. As we have
that w > % + Oy — 0> % - 3’;7_1, it suffices to show that
k=3 3k+1 m-1

5 + 5 + 5 > (4o + 4)m + k + 3,

or equivalently that

k+m+ k> (8a+ 8)m + 11.

Hence, if we show that k +m + &k > (8a + 8)m + 15, then by Parts 1 and
2 of Lemma 4.22, we can form central cycles in either case. By Inequality 4.3.5,

k+m > 3(2c— 1)m = 3(8a + 5)7m, and so, since m > 7 and k> 9, we have that
- 4 .= .4 .= . .
k+m+k> §(8a +5)m+k = (8a+ 8)m + 3(2(1 — 1)m+k > (8a + 8)m + 15.

Now suppose that o = 0. In this case, ¢ = 3, and the linking lengths used are
m=+t £g—]‘, 2m — %l The paths used in forming peripheral cycles are Py, Fj and P g,

with the longest edge length occurring in any of these paths m + &£+ 1 < 2m — %
Hence L contains consecutive lengths 2 — 551 2m — &2 mol

If t =1 (mod 3), then let {, = 2m — % Note that since £, is odd, we have

that ¢ = k — ’—"—2_—] +{, is even. Also, w > k=3 4 ¢, — 0, > "2;3 + i’—fz—_—l, 80 to show that

w -+ ’—’%}1 > 2¢,, it is enough to show that

E—3 3k—1 m—1
+

—+ =5 > 4 — k + 3,

or equivalently that

k+m + 5k > 8m + 11.



4.3. Decomposing 3K, into cycles of odd length k, where k < m < 3k 130

If t = 2 (mod 3), then let ¢, = 2/ — &1, Then /, is even, and since k and

0 = =1 are odd, we conclude that g = k — 251 + ¢, is even. We need to show that

w + 2211 > 20, =4m — k + 1. Since w > 5—5—3 + 3—%‘—1 it suffices to show that

k-3 3k-1 m-—1 .
>dm — k41,
Tty g 2 Akt L

or equivalently, that

k +m + 5k > 8m+ 7.

Hence by Part 1 or 2 of Lemma 4.22, we can form central cycles in either case if
we can show that k +m + 5k > 8m + 11. Before we show this inequality to be true,
we note that d > 2¢— 1= 5. Now, if d > 9, then & +m + 5k >9m+ 14k > 8m +11.
If d = 7, then the inequality k -+ m + 5k > 8&m + 11 is equivalent to 12k > m + 11;
this is true since 12k = 3k + 9%k > 7 + 9k > m+ 11. If d = 5, then the inequality
k+m + 5k > 8m + 11 is equivalent to 10k > 3m + 11; this is true if k> 9, since
in this case, 10k = 9k + k > 3m + k > 3m + 11. We note, however, that if k = 9
and t = 2 (mod 3), then the inequality k + m + 5k > 8m + 7, which is equivalent to

10k > 3m + 7 is true, and so peripheral cycles can be formed in this case. Finally,

if t =1 (mod3), d =5 and k = 9, then since ¢ = [ = %];1_ + 2 = 3, we have

"2_,;1 = % so that ’"2—;1- = -T—Q“—l:l +d = % Hence m = %lﬂ + 1 = 133, which is impossible

since d = 5 = ged(m, k).

We have now shown that Cy|3K,, whenever k|3 (Z’) 3<k<m<3kand k #9.

By Theorem 4.13, this result implies that C|3K,, whenever k‘[(';), 3<k<mand

k # 9. This completes the proof of Theorem 4.7.



Chapter 5

Cycle decompositions of K, * K3

Recall that the obvious necessary conditions for the existence of a Cy-decomposition

of the complete equipartite graph K,, * K5 with m parts of size 3 are:

1. 3<k<3m

2. m is odd

3. K19(™).
In this chapter, we will show that these conditions are sufficient in certain cases,
namely: k|('7) and &k < m; k|3(7) but k1 (3); k& € {2m,3m}; and k|9(7), 9]k and

k # 27 is odd. Thus, only three cases remain to be proven: k = 27; k| 9(}), k1 3(73)

and k is even; and k|(7}) and k > m.

(%)

5.1 k-cycle decompositions of K,, *x K3 when k
or k|3(7)

Lemma 5.1. Let m be odd, 3 < k < m and k| ('l,’). Then Cy|K,, * Ks.

Proof. In this case, it is known [1, 45] that Cy|K,,. By Lemma 2.16, it follows that

(jk Km, * E ]

131
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The following lemma proves that the necessary conditions are sufficient when

kI3(7) but & f (7).
Lemma 5.2. Let m be odd, 3 < k < 3m, 3|k and k|3(g‘) Then Cy| K * Ks.

Proof. Necessary and sufficient conditions for decomposition of K,, * K,, were proven
for k = 3 and k = 6 in [21] and [19], respectively.

Suppose, then, that £ > 9. Since k|3(g’) and 3k, it follows that %l(’;’) Hence
by [1, 45], we have that Cy3]K,,. By Lemma 2.17, it follows that Ci|K,, * Ky, O

We note that the case in which &|(%) and k > m remains unresolved in general.
However, we can show that the necessary conditions are sufficient in some special
circumstances. We note that if k& = 3m, then it is known that Cs,|K,, * K3; indeed,
it is shown in [31] that in general K, * K,, is Hamilton decomposable. The following
lemma, which deals with the case k = 2m, was proved by Smith [47] in the case that

m is prime.

Lemma 5.3. Suppose m > 3 is odd and 2m|9(7). Then Cop|Knm * K.

Proof. Note that 2|(}) and m is odd, so that m = 1 (mod 4). We view K, as
K1 x Kq, and let the vertex set of K, be Z,,—1 U {co}, where oo is the ver-
tex in K;. Let p denote the cyclic permutation (0,1,...,m — 2), and let C =

0,1,-1,2,-2,..., 223 —(&=3) md o0,0. Then C, p(C), ... , pm=3/2(C) are the cy-

cles in Walecki’s decomposition of K, into m-cycles given in [35]. TFor each i €
{0,1,..., 22} let T® denote the closed trail 7% = p*(C) @ p**1(C). So K,, =
7O 70 o o7

7). Note that each closed trail 7@ has A(T®) = 4 and
by Brooks’ Theorem [15]. X(T“)) < 4 whenever m # 5. Hence by Lemma 2.23,
since there exist two mutually orthogonal Latin squares of order 3, we have that

Com|T® « K5 if m # 5, and it follows that Com | Ky Ks. If m = 5, we note that a

Cho-decomposition of K; « Ky was exhibited in [47]. 0
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From the results in this section, we see that the obvious necessary conditions
for the existence of a Ci-decomposition of K,, * K, are sufficient when A[(’;’) and
k <m, or when k|3("}) and 3|k. These results are fairly easy consequences of certain
known decompositions and lifting results. This leaves under consideration the cases
that k|(7) and k > m, and k19(7) but k¢ 3(7)-

The case in which k] (’;) and k£ > m seems to be quite difficult, and remains open
except in a few special cases, namely k£ € {2m,3m}. When kl(’;’) and £ < m, the
fact that Cy| K, * K, followed easily from the existence of a C-decomposition of K,,.
However, when k£ > m, no such decomposition exists. It is known that 7T’ k| K, when
m is odd, k|(}) and k > m (see Theorem 3.3); however, it is not immediately clear
in many cases how to transform the closed trails of such a decomposition into cycles
of length k in K,, * K3, as known methods for lifting closed trail decompositions to
cycle decompositions of complete equipartite graphs (see Theorem 2.23 require the
closed trails to have particular restrictive properties.

In the next section, we take a closer look at the case when k|9(7%) but k+3(7).

5.2 k-cycle decompositions of K,, * K3 when k is
odd, £[9(")) and 9]k

The aim in this section is to prove that the obvious necessary conditions for decom-
posing IS, * K3 into k-cycles are sufficient in the case that k:|9("2”), 9|k and k is odd,

with the possible exception of k = 27. We begin with the case k = 9.

Lemma 5.4. Suppose m > 3 is odd. Then Co|K,, * K.

Proof. If m =1 or 3 (mod 6), then it is well-known that Cs| K, [28], which implies
Cy| K, % I3 by Lemma 2.17. Otherwise, it is known that K, decomposes as Cs @ Csy @

-+ @ 36 Cy [46]. Form the graph G, illustrated in Figure 5.1, by taking the 4-cycle

together with a 3-cycle from the decomposition containing one of its diagonals. So
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Figure 5.1: The graph G in the proof of Lemma 5.4.

Kpm=Cs®---®C3®G. The graph G * K3 decomposes into 9-cycles as illustrated in
Figure 5.2. Note also that by the previous discussion with regard to the case k = 3m,

Co|K3 x K3, and so it follows that Cy| K, * K. a
In the remainder of this section, we will prove the following lemma.

Lemma 5.5. Let k > 9 be odd, 3|k, and k

3(’;) Then Cap| K * Ks.

The idea is as follows. We begin with the Ci-decomposition of 3K, specified
in Chapter 4. To each edge of 3K, we assign a jump in {0,1,—1} so that three
parallel edges receive three distinet jumps. Associate with each edge {z,y} of 3K,
a matching in K, * K3 with endvertices in {z,y} x Zs. If we can label the edges of
3K, in such a way that the total displacement along any cycle in the decomposition
is nonzero (i.e. relatively prime to 3), then each k-cycle in 3K, will correspond with
a 3k-cycle in K, x K3; by Lemma 2.26, these cycles decompose K, * K.

Let us now proceed by walking through the various cases of decomposition of
3K,,, showing that each k-cycle can be lifted into a 3k-cycle in K, * K.

Suppose some cycle C' occurs of multiplicity three in the decomposition of 3K,,.
Any such cycle can be easily labelled in the required way as follows. Consider the
displacements listed in Table 5.1 for the three copies of C. Each edge may clearly be

given appropriate jump (depending on its direction) to obtain this displacement.
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Figure 5.2: A Cy-decomposition of G * Kj.

So we need only consider cycles which do not occur of multiplicity three in the

decomposition of 31(,,.

5.2.1 The induction step

Note that in the induction step, 3K, is decomposed by taking a decomposition of
3K, (where k < v < 3k) together with a number of k-cycles each taken of multiplicity
three. Since any k-cycle of multiplicity three in 3K, can be lifted into three 3k-cycles

in K, x K3, we need only show that the cycles in a decomposition of 3K, can be lifted,
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Cycle Edge
ey e - epo e e | Total displacement (mod 3)
Copy 1| O o .- 0 0 1 1
Copy 2| 1 1 .- 1 1 -1 1
Copy3{—-1 -1 --- -1 -1 0 1

Table 5.1: Displacements for a k-cycle occuring of multiplicity 3 in the decomposition,
where £ = 0 (mod 3).

where k < v < 3k. Note that we may also assume that k { (g), as in this case, each
cycle in the decomposition of 3K, is taken of multiplicity three, and so each cycle in
the Cy-decomposition of 3K, can be lifted to 3k-cycles in K,, * K3. In particular, this

means that we can assume k& < v < 3k.

5.2.2 The case k£ < m < 2k

Recall that the Cj-decomposition of 3K, from Chapter 4 was formed by viewing 3K,
as 3(Km-1 ™ K;) and specifying the construction of starter central and peripheral
cycles; the remaining cycles were formed by rotation of these starter cycles. Each
starter peripheral cycle consists of m’ = ged(m — 1, k) rotations of a zig-zag path P of
length &’ — 1, together with m’ linking edges to join these paths into cycles. In total
¢ = (m—1)/m’ cycles are formed by succesive rotation of each starter peripheral cycle
under the permutation p. The three starter central cycles consist of a zig-zag path
P, together with its diagonal opposite p™~V/2(P'), an edge of length ™! joining
one end-vertex of P’ with an end-vertex of p™~1/2(P"), and two edges joining the
remaining end-vertices of P' and p~V/2(P’) to the central vertex.

Note that it suffices to assign jump labels to the starter central and peripheral
cycles; unless otherwise specified, each translate is given the same labelling as the
starter which generates it. When k < m < 2k, there is exactly one peripheral cycle
C' taken of multiplicity 1 or 2: this cycle consists of m’ rotations of a zig-zag path

P of length &' — 1, each followed by an edge which links it to another rotation of
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P. These m' linking edges are all of the same length and in any traversal of C are
all traversed in the same direction (positive or negative). When m’ # 0 (mod 3),
we will give P and each of its rotations a labelling with displacement 0, and assign
the m' linking edges the same jump chosen from =+1; in this way, we obtain a total
displacement +m' # 0 (mod 3). If m’ =0 (mod 3), this labelling will be adjusted to
ensure the displacement is not 0. We then show how to assign the remaining jumps

to the central cycles.

5.2.2.1. C occurs of multiplicity 2

Case 1. m’ # 0 (mod 3)

In the first copy of C, we give all edges jump 1. Since P is formed by zig-
zagging so that consecutive edges of P are of opposite direction, and P contains an
even number of edges, the displacement along P is 0. Adding the linking edge which
follows P in the traversal of C, we obtain displacement +1. Giving each rotation of
this configuration the same jumps, we obtain a displacement +m’ # 0 (mod 3) in
the cycle. In the second copy of C, we give all edges jump —1. Similarly, this yields
a nonzero displacement in the cycle.

Now, each starter central cycle has the following form: two diagonally opposed
paths together with an edge of diagonal length and two edges joining vertices 0 and
(m — 1)/2 to the central vertex. Note that any two edges of the same length in the
diagonally opposed paths are traversed in opposite directions to each other. Hence,
giving them the same label contributes 0 to the displacement along the cycle. We
label the diagonally opposed paths as follows. Each edge which shares its length with
an edge of C' is given jump 0. The other edges of lengths in {1,2,..., (m — 3)/2} are
all given label 0 in one starter central cycle, 1 in another starter central cycle, and
—1 in the third. In this way, we obtain displacement 0 from the diagonally opposed
paths.

Note that the two edges incident with the central vertex are traversed in opposite
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directions to each other (one towards the centre vertex, and one away from it). We
will view the centre vertex as if it is labelled (m — 1), so that the direction of an
edge traversed towards the centre vertex is positive and an edge traversed away from
the centre vertex has negative direction. We give the remaining three edges labels
indicated as follows.

If the diameter edge is traversed in the positive direction, the jumps are assigned

as indicated in Table 5.2.

Cycle Edge Jump | Displacement
Diameter 0 0
Cycle 1 | Positive central 0 0
Negative central | —1 1
Total 1
Diameter 1 1
Cycle 2 | Positive central 1 1
Negative central 1 ~1
Total 1
Diameter -1 —1
Cycle 3 | Positive central —1 -1
Negative central 0 0
Total 1

Table 5.2: Jump assignments for diameter and central edges in central cycles when
k < m < 2k and the diameter is traversed in the positive direction.

If the diameter edge is traversed in the negative direction, give the central edges
the same labelling as before, but replace jump j on the diameter edge by —j. This

again gives each central cycle displacement 1.

Case 2. m' =0 (mod 3)

Give the two copies of C' the jump labelling as in Case 1, except that we switch
the labels on one edge between the two copies. (So one copy has all but one edge
labelled 1, with one labelled —1., and the other copy has all but one edge labelled
—1, with one edge, parallel to that in the first copy with label —1, labelled 1. Note

that only one edge in each cycle is affected. not one edge in each rotation of P in
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the cycle.) This offsets the displacement of +m’ in each cycle by %1, thus giving a

nonzero displacement. The central cycles are given jumps as in Case 1.

5.2.2.2. C occurs of multiplicity 1

Case 1. m’ # 0 (mod 3)

Give all edges of C' jump 1. As in Case 1 of Section 5.2.2.1, this yields displace-
ment 1. The central cycles are labelled similarly to those in Case 1 of Section 5.2.2.1,
with diagonally opposed edges receiving the same label. Thus, if ¢ is the length of an
edge in C', then among the two central cycles (say, C' and C”) which contain edges of
length C, the two edges of length ¢ in one of C" and C” will both be assigned jump 0,
and the two edges of length ¢ in the other will both be assigned jump —1. If t < %
is an edge length which does not occur in any peripheral cycle, then edges of length
t will occur in all three central cycles; in this case, one cycle has both its edges of
length ¢ assigned jump 0, a second central cycle has both its edges of length ¢ assigned
jump 1, and the third central cycle has both its edges of length ¢ assigned jump —1.
The diameter edges (those of length %) and edges incident with the central vertex

are labelled as in Case 1 of Section 5.2.2.1.

Case 2. m' =0 (mod 3)

Begin by labelling the cycles as in Case 1. As of this point, each central cycle
has displacement 1, while C' and its translates have displacement 0. Let ¢’ be an edge
in a central cycle C” such that ¢’ is parallel to an edge e of C, ¢ has jump label 0,
and € is traversed in a positive direction. Such a central cycle ¢’ may be guaranteed
to exist as follows. Choose an edge e of C. There are two starter central cycles which
contain edges of the same length as e. One translate of each of these two starter
central cycles contains an edge parallel to e; let C’ be the translate in which this
edge, €', has jump 0. We can assume that ¢’ is traversed in the positive direction, as

otherwise we can reverse the direction of traversal of the central cycles and change
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the sign of the jumps on the edges of diameter length and those incident with the
central vertex, so that ¢’ is traversed in the positive direction and the central cycles
currently have total displacement 1.

Switch the jumps on e and ¢’. Then C has displacement +1, depending on the
direction of e, and C’ has displacement 2 = —1 (mod 3). Similarly switch labels on
p'(e) and p'(e’) for 1 < i < ¢—1. This gives each translate of C displacement +1 and
each translate of C” either displacement 1 or —1, depending on whether it has been

affected by this switching.

5.2.3 The case 2k < m < 3k

When 2k < m < 3k, no central vertex is used, so that edge lengths occur in Z,,.
We let d = ged(m, k), i = m/d and k = k/d. Recall that ¢ denotes the number of
distinct starter peripheral cycles in the decomposition. The decomposition is done
differently in the cases that d = 1 and d > 1, and so we assign jumps to these cases

separately.

Case d = 1.

Let us first suppose that d = 1. In this case, the starter cycles for the decom-
position consist of a cycle ' which contains three edges of each length in the set
{1,2,..., % —2,4(k—3),k — 3}, together with a central cycle containing edges of the
remaining lengths, which is taken of multiplicity 3. Let these cycles be denoted by
C1, Oy and Cs.

In C, we have that for each ¢ € {1,2,... % — 2}, the three edges of length ¢
are traversed in the same direction. Hence, no matter which edge is assigned which
jump in Zz, the contribution of these edges to the total displacement along C is 0.
It remains to label the edges of length %(k: —3) and k — 3. There are two edges of
length %(k — 3) traversed in the positive direction and one traversed in the negative

direction. Give the two edges of length %(k — 3) traversed in the positive direction
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jump labels 0 and 1 in some order, and give the edge of length %(k — 3) traversed in
the negative direction jump label —1. Hence the edges of length %(k — 3) contribute
—1 to the total displacement along C'. Finally, there are two edges of length k£ — 3
traversed in the negative direction and one traversed in the positive direction. Assign
the two edges of length k — 3 traversed in the negative direction jumps 0 and —1, and
the edge of length k& — 3 traversed in the positive direction jump 1. Hence the edges
of length k& — 3 contribute —1 to the displacement along C. The total displacement
along C'is 1.

Let us now consider the cycles C, Cy and C3. As these cycles are parallel, we
have already shown that they can be assigned jumps so that the displacement along

each of these cycles is nonzero; see Table 5.1.

Case d > 3.

We henceforth assume that d > 3. Let us now recall the method of construction
of peripheral and central cycles in this case. A peripheral cycle is formed by specifying
a zig-zag path of length k — 1, and rotating it by multiples of 7 vertices, to form d
paths. These paths are joined by d linking edges of particular lengths. All except
one peripheral cycle is taken with multiplicity 3 in the decomposition; it has already
been demonstrated that these cycles taken of multiplicity 3 can be assigned jumps in
the required way. The remaining cycle, ', occurs with multiplicity 1 or 2. In C, all
linking edges are traversed in the same direction, and all have the same length.

We now recall the statement of Lemma 4.22, which dictates how the central

cycles are formed.

Lemma 4.22. Suppose 2k < m < 3k. Let L = {€1,0s,... . £} be a set of k distinct

edge lengths in K,, with £, < {5 < --- < £;.. Suppose there exists an even integer q

such that (y, Ly 41, ..., are consecutive integers, and ) = 7"2'1. Let w be defined by
q-1 k

—w =l =Ly by = by = gy F g — = o= (1) T+ ) (=1
i=1 i=q 11
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Then:
1. If by <w+1, then Cy| X (m; L).
2. Ifw+1<{, <w+k—q, then Cy|X(m;L).

3. If, for some j, £y_25,lq—2j11, - .., Lq—1 are consecutive and w+1 < w+k —q <

l, <w+k—q+2j, then Cy| X(m; L).

We define a central cycle of type © to be a central cycle formed by using Part ¢
of Lemma 4.22. Recall that according to Lemma 4.22, a central cycle is formed
by constructing a particular zig-zag path of length & — 1 using edges of length in
{l,4,..., 4}, but skipping an edge of a certain length /,;,, where J is even.
The initial vertex of this path is 0, and its terminal vertex is —¢,.;. Adding the
edge {—¢,17,0} creates the central cycle. This edge will be called the cycle’s back-
connecting edge. If the cycle is of type 2 or 3, then the back-connecting edge has
length ¢,, while a central cycle of type 1 has back-connecting edge of length ¢ + J,
where J > 0 is even.

Let us note some important properties of Lemma 4.22. First, this lemma is used,
with the same value of ¢, to form all three starter central cycles. However, different
central cycles may contain edges of different length less than £,. This means that the
value of w may vary with the starter central cycle. In particular, for fixed values of
m and k, different central cycles may possibly be of different types. If two central
cycles are of type 1, then since w varies, the value of J may also vary; in particular,
two central cycles of type 1 may have their back-connecting edge of differing lengths.

If a central cycle is of type 1, then the zig-zag path of length £ — 1 which
determines it is formed by traversing edges of increasing length. Edges of lengths
Oy, 0y, .. Ly g1 (where J > 0 is an even integer) are traversed with edges of odd-
subscripted length in the positive direction and edges of even-subscripted length in the

negative direction, while edges of lengths €, yi1, €41 742, .., lx—1 are traversed with
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edges of even-subscripted length in the positive direction and edges of odd-subscripted
length in the negative direction. The general form of a type 1 cycle is illustrated in

Figure 5.3.

o]
Oelo

Odd-subscripted edges
in positive direction

Even-subscripted edges
in positive direction

(o]
(o]
(o]
e}
[o]
[}
o
° (o]
[e]
e o °
° o
°o 4 °
O o o © o

Figure 5.3: A type 1 central cycle
In a type 2 central cycle, the edges are traversed in the order ¢y, #s, ..., Ly,
byr1, Lgras - - o, Ukgi—q for some 4, followed by €y, £5_1, . .., 45_o;; the point at which the

reversal of order of edge length occurs varies according to w, and thus may be differ-
ent among two different type 2 central cycles formed for the same values of m and k.
However, the reversal always takes place after length ¢, has been skipped. Edges of
lengths £y, £o, ..., £, are traversed with edges of odd-subscripted lengths in the pos-
itive direction and edges of even-subscripted lengths in the negative direction, while
edges of lengths £,,1. £412, ..., li_9;_1 are traversed with edges of even-subscripted

lengths in the positive direction and edges of odd-subscripted lengths in the negative
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direction. After the reversal of order, edges i, ly_1, €2, . .., €x_g; occur, with edges
of odd-subscripted length (except possibly {) in the positive direction and edges of
even-subscripted lengths in the negative direction. The form of a type 2 central cycle

1s illustrated in Figure 5.4.

. 0 O o
O o * Oflo [o]
o RS ——, &0
o o Odd-subscripted edges
e ° in positive direction

° b1 0
Q —
e — =
o \ - Even-subscripted edges
° in positive direction
° 0 ——
o

Odd-subscripted edges
in positive direction

o o ©

o o
© 0 o o ©

Figure 5.4: A type 2 central cycle

In a type 3 central cycle, the edges are traversed in order Ly, by, ..o Ly oy for
some %, followed by €4, fr_q,. .. g1, €g—1,Lg—2, ... €42 In this case, the reversal
occurs before the skipping of length (,. The point of reversal still depends on the
value of w, however, and may vary even among two type 3 central cycles formed
for the same m and k. In the statement of Lemma 4.22, recall that to form a type
3 cycle, we needed to be guaranteed the existence of a positive integer j such that
Cyoj,bq—2j-1...., 41 are consecutive and w+k — q < ly < w+k—q+2j; this integer
J s constant among the three starter central cycles. The earliest point at which the

reversal can occur is at the edge of length bq—2;. Edges of lengths £, 05, . .. Ly
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are traversed with edges of odd-subscripted length in the positive direction and edges
of even-subscripted length in the negative direction. After the reversal, edges of
lengths €, 0 1, 6o, ... s £q11 are also traversed with edges of odd-subscripted length
(except possibly £;) in the positive direction and edges of even-subscripted length in
the negative direction, while edges of lengths £,_1,¢, o, ... ,£q—2; are traversed with
edges of even-subscripted length in the positive direction and edges of odd-subscripted

length in the negative direction. The form of a type 3 cycle is illustrated in Figure 5.5.

Odd-subscripted edges
in positive direction

L

Odd-subscripted edges
in positive direction

Even-subscripted edges
in positive direction

fe) [¢]
© o o o ©

Figure 5.5: A type 3 central cycle

Finally, we note that for any type of central cycle, traversing it beginning at
vertex 0, first along the zig-zag path and finally the back-connecting edge, the back-
connecting edge is traversed in a positive direction. The direction of the edge of length

bp = 1”2—’-1 however. may be traversed in a positive or negative direction regardless of
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the cycle type, and the direction may vary even among cycles of the same type.

5.2.3.1. C occurs of multiplicity 2

Case 1. d # 0 (mod 3)

In one copy of C, give all edges jump 1, and in the other, all edges jump —1.
Then by a similar argument to that in Case 1 of Section 5.2.2.1 (with m’ replaced by
d), each of these copies has total displacement +1.

Now we must consider the three starter central cycles. Each central cycle uses
% edges whose length is shared with an edge of C; these edges must receive jump 0.
The remaining edges, which are even in number (there being k — % of them) have
lengths in L, with no length repeated in this central cycle. Pair the edges of length
in Ly —{ %, @7’1} in any way. Consider a given pair £ and ' of edge lengths in
Ly — {%‘3 m;—l} Each of the central cycles contains an edge of length ¢ and an edge
of length ¢'. There must be two central cycles, say C; and Cs, such that C; contains

an edge e} of length ¢ and an edge e}, of length ¢, and C, contains an edge €2 of
g€ € Y, ; ge €y

length ¢ and an edge €% of length ¢ with one of the following properties:

1. ¢; is traversed in the same direction (positive or negative) as e?, and e}, is

- . . 9
traversed in the same direction as €

2. e} is traversed in the opposite direction to e7, and e}, is traversed in the opposite

direction to e3.

This obscrvation may be verified in the following manner. Choose two of the central
eycles, say CM and C'®). If these cycles have one of the desired properties, then we
may take C; = CV and Cy, = C®. Otherwise, it must be true that in one of the
cycles (say, CV), the edges of length £ and ¢’ are traversed in the same direction (both
positive or both negative), and in the other (say, C®), the edges of length ¢ and ¢

are traversed with one in the positive direction and one in the negative direction. If
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the edges of length £ and ¢ in the third cycle, C®), are traversed in the same direction
(either both positive or both negative), then we may take C; = CV) and Cy = C®);
otherwise, we take €} = C® and Cy = C®).

Now, assign the edges e} and e}, jumps chosen from =+1 so that together they
contribute 0 to the displacement along C;. Then edges €2 and €2 are given the
negative of the jumps on e} and e}, respectively; these two edges contribute 0 to the
displacement along C5. Finally, the edges of length £ and ¢ in the third starter central
cycle are given jump 0. Repeat this procedure for each pair of edge lengths, noting
that for different pairs, the choice of which two cycles have the desired property for
labelling them with jumps from £1 and which cycle is the “third” cycle may vary.
In this way, the edges of length in L, — {%, %} may be labelled so that they
contribute 0 to the total jump along each starter central cycle.

It remains only to label the edges of lengths %‘3 and —’“2’—1 in each central cycle so

that these give nonzero displacement to each cycle. We will represent the directions of

m—1

traversal of the edges of length mT"Q’ and 73

as a +1-matrix, where the rows represent

the edges in a particular cycle (Cy, Csy, or Cs, in order from top to bottom) and the

columns represent the edges of a particular length (m—gé or ﬂz‘—l in order from left

to right). An entry 1 will signify that an edge is traversed in the positive direction,
while —1 means that the edge is traversed in the negative direction. So, for example,

the matrix

m—3

represents the situation in which the following occur: in 7, the edge of lengths =3

m—1

and

are both traversed in the positive direction; in Cs, the edge of length =5 3

is traversed in the positive direction and the edge of length ™= is traversed in the

negative direction; and in Cy. the edege of length 2=2 ig traversed in the negative
3 <) 2

direction and the edge of length 1’—211 is traversed in the positive direction.
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Suppose we have an orientation of the edges of lengths m_;g and mT_l in the

central cycles, and let A be the matrix representing this orientation. Suppose also

that for this orientation, we can assign jumps to the edges of lengths mT_?’

and —71’5_—1
in the central cycles so that the total displacement along the edges of these lengths
is nonzero in each central cycle. We note that the following operations on A produce

a new possible orientation for which we can also assign jumps to the edges of lengths

m—3

== and % with nonzero total displacement in any central cycle:

1. Permutation of the rows of A.

Clearly, by permuting the jump assignments on edges of the same length be-
tween the cycles corresponding to the permuted rows, we obtain a jump assign-

ment in the new orientation for which each cycle has nonzero displacement.

2. Multiplying a row by —1.

In this case, we assign the same jump to each edge as in the jump assignment for
the orientation corresponding to A. Then, if a row has been unaffected by this
matrix operation, the displacement in the corresponding cycle is unchanged. In
any row multiplied by —1, the displacement in the corresponding cycle will be

multiplied by —1, and will remain nonzero.

Let us now consider four possible orientations, listed by their associated matrices
Ay, Ay, Ay and Ay in Table 5.3. In this table, we also show how to assign jumps to

m-—3

the edges of lengths 5

and 1‘2_—1 in the central cycles in the case that these edges
are traversed in the directions indicated by the matrices A;, As, A3 and A;. Each
jump assignment results in a nonzero displacement.

Finally. note that any possible orientation of the edges of lengths % and L’%—l—
in the three starter central cycles can be obtained from one of A;, A, A3 and Ay

by permutation of rows and multiplication of rows by —1. Thus, for any possible
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Cycle | Edge direction Jumps Displacement
matrix in cycle
4 11 [0 1] 1
Cy 11 1 0 1
Cy 11 | —1 -1 | 1
o [ 1 1 ] 0 1] 1
Cs 1 1 -1 -1 1
Cy 1 -1 |1 o | 1
o (1 1] [0 1] 1
Cy 1 -1 1 -1 -1
Cs |1 ~1 | | -1 0 | -1
C [ 1 —1] [0 1] -1
Cs I ~1 1 -1 —1
Cy 1 -1 | [ -1 0 | -1

Table 5.3: Jump assignments for the edges of length (m —3)/2 and (m — 1)/2, in the
case that 2k < m < 3k and C occurs with multiplicity 2

orientation of the edges of these lengths in the central cycles, a jump assignment can

be made so that the total displacement in each central cycle is nonzero.

Case 2. d =0 (mod 3)

We begin with the assignment of jumps given in the case that d 2 0 (mod 3).
In this case, each central cycle has nonzero displacement, but the two copies of the
peripheral cycle C' (which occurs with multiplicity 2) and their translates have dis-
placement 0. We show how to modify the jump assignment so that each cycle has
nonzero displacement.

Switch the labels on one edge between the two copies of C'. So one copy has all

but one edge of jump 1, and the remaining edge labelled -1, and the other copy has
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all but one edge labelled -1 with the remaining one labelled 1. Note that only one
edge in each of these cycles are affected. This offsets the displacement of +d in each
cycle by £1, thus giving a nonzero displacement. The central cycles are given jumps

as in Case 1.

5.2.3.2. C occurs of multiplicity 1

Case 1. d #0 (mod 3)

All peripheral cycles except C occur with multiplicity 3, and so may be assigned
jumps in the appropriate manner. We may assign to each edge of C jump 1. Then
an argument similar to that in Case 1 of Section 5.2.2.1 (with m’ replaced with d)
shows that the total displacement along C is +1. Note that the edges other than the
linking edges contribute 0 to the total displacement along (', while the linking edges
contribute 1. This jump assignment will be used in nearly all cases in which ¢ is
even, and in one case where ¢ is odd. In the remaining cases, we will need to give C
a slightly different jump assignment by replacing the jump on the linking edges with
—1. As the non-linking edges contribute 0 to the displacement along C, changing the
sign of the displacement along the linking edges does not change the fact that C has
nonzero total displacement. This alternative jump assignment occurs in nearly all
cases in which ¢ is odd. Thus, in the cases that follow, we may assign to the edges of
the central cycles which have the same length as the linking edges of C' either jumps
0 and —1, or jumps 0 and 1.

The key to the simple labelling of central cycles in the case that k < m < 2k
was that each central cycle contained two edges of each non-diameter length. In this
case, the central cycles do not have as nice a form, so we must label them according
to case. Before we proceed to the case analysis, we first present several lemmas which
will be used to assign jumps to edges of large length in the central cycles.

In general, we will first assign jumps to edges of length at most ”’2;7 in each

starter central cycle so that these edges contribute 0 to the total displacement along
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‘ ciom ) . m=5 m-3 —1 ;
each cycle. Then we assign jumps to the edges of lengths 72, 2= and ™5+ in such
a way that these edges make the displacement nonzero. The following lemma will be

used to assign jumps to the edges of length at most %

Lemma 5.6. Let Cy and Cy be k-cycles in AK,, and assign to each a direction of
traversal. Suppose there are an even number of edge lengths Ay, As, ..., Ao, such that
for each i € {1,2,...,2r}, there is exactly one edge of length A; in each of Cy and

Csy. Moreover, suppose that one of the following conditions hold.

1. For each i€ {1,2,..., 2r}, the edge of length A; in Cy is traversed in the same

3 3

direction (positive or negative) as the edge of length A; in Cs.

2. Foreachti € {1,2,...,2r}, the edge of length A; in Cy is traversed in the opposite
direction to the edge of length A; in Cs.

Then the edges of length in {Ay, A, ..., Ag} in Cy and Cy may be assigned jumps

chosen from £1 such that the following two conditions both hold.

1. For each i € {1,2,...,2r}, the edges of length A; in Cy and Cy are assigned

different jumps.

2. The displacement along the edges of length in {Ay,Aa, ..., As.} is 0 in each of
Cy and Cy.

Proof. Partition the lengths in {Ay,Ag,..., Ag.} into pairs. Consider a fixed pair
{Ai, Av}. In Cy, assign jumps chosen from +1 to the two edges of length A; and
Ay such that these edges contribute 0 to the total displacement along Cy. Suppose
that the edge of length A; in C; has been assigned jump j; and the edge of length
Ay in Cy has been assigned jump jy. Assign to the edge of length A; in Cy jump
—ji and to the edge of length Ay in Cy jump —jy. Then the displacement along the
edges of length A; and Ay in () is also 0. Repeating this procedure for each pair, we

obtain a jump assignment for all edges of length in {Aj, As, ..., Ao} such that the
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displacement along the edges of length in {Ay, As, ..., Ay} is 0 in each of C; and Cs.
Clearly by this procedure, these edges are labelled with jumps chosen from %1 such

that two edges of the same length in different cycles receive different jumps. d

Lemma 5.7. Let k > 15 and m be odd integers such that 2k < m < 3k, and k | 3('7)
but k 1 (7). Let d = ged(m,k) and suppose d > 1. In the Cy-decomposition of
3K, constructed in Chapter 4, let Cy, Cy and C3 be the three starter central cycles
constructed by Lemma 4.22.

Let €1,45,..., 0, = % be the edge lengths in Cy, where €1 < o < - < {y;

0,0, ... 0, = 251 be the edge lengths in Co, where ¢f < 0y < - < (; and
1,0y, 0 = 251 be the edge lengths in Cs, where £ < €5 < - < €. Sup-

pose there is an odd element p € {1,2,...,k} such that ¢; = €, = £ for all i > u,

and such that u < q, where q is the even integer defined in the construction so that

m—1

in each cycle, £g, Ly, .. Ly =75

are consecutive. Moreover, if one or more of the
cycles Cy, Cy and Cy is type 3, suppose that p < g — 2t, where q — 2i is the minimum
value such that £,_o; is the point of reversal of order of traversal of edges in a type 3
cycle.

Then the edges in Cy, Cy and Cs of lengths £, 4,11, . .., lx can be assigned jumps
in Zsz such that the following properties hold:

1. For each a € {p,pu+1,..., k}, the edges of length £, are assigned different

) 3

Jgumps in each of Cy, Co and Cs.

2. In each of Cy, Cy and C3, the displacemnent along the trail induced by the edges

of lengths €,,, €1, ..., {y is nonzero.

Proof. We first show that in each central cycle, the edge which links back to vertex

m—7

0 has length at most {3 = =

First, suppose that a central cycle is of type
1. Then the length of the back-connecting edge is £,,;, where ¢ + J is even and

Cppg € {—w. —(w+ 1)}, where —w = €, — €y + 45 — -+ {9 — (. It was shown in
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the proof of Lemma 4.22, Part 1, that ¢+ J < k — 3. Since the sequence ¢y, (s, ... ¢
is strictly increasing, it follows that £, ; < £ 3. If a central cycle is of type 2 or 3,
then the fact that w+1 < w+ k — ¢ implies that ¢ < k—1, so that ¢ < k — 3. Hence
by < b3 =21

Let us now demonstrate the assignment of jumps to the edges of lengths
s lyt1s- - Ly, We first show that we can assign a jump to each edge of length
£, 8,41, ..., L3 such that the displacement over these edges is 0. First, suppose
that the edges of each length in {0, s, .- Lk 3} are traversed in the same di-
rection in two of the cycles C), Cy and Cj, or that the edges of each length in
{€., 241, ..,lr_3} are traversed in opposite directions in two of the cycles. Without
loss of generality, suppose these cycles are Cy and Cy. Note that the number of lengths
in {£,,€,41,...,43} is even. The existence of the required jump assignment from
+1 to the edges of these lengths in C} and Cs is guaranteed by Lemma 5.6, while the
edges of lengths £,,,...,¢;_3 in Cj are all assigned jump 0.

Now let us suppose that no two cycles amongst C;, Cy and Cs have all edges of
length in {{,,£,41,...,l;_3} traversed in the same directions between the cycles. We
note that either all three cycles have the same type, two cycles have the same type,
or all three cycles are of different type. Hence we can assume that either two cycles
are of type i for some ¢ € {1,2,3}, or else there is one cycle of type 2 and another of

type 3. We will consider these cases separately.

Case A. Two of Cy, Cy and Cj are of type 1.

We may assume that C) and C, are of type 1. Let ¢, (in Cy) and €y = ¢, (in
() be the lengths of the edges which link back to vertex 0. Note that i and 7 are
both even. Also, if i = 4’, then all edges in C) and C, of lengths at least (, = ¢, are
traversed in the same direction in Cy and C5, so we may assume i #£ i'. Without loss

of generality we may assune that i < ¢, so that £; < £;,. Then the following hold:

1. Foreach o € {p, pn+1,...,i— 1}, the edge of length £, in C, is traversed in the
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same direction as the edge of length £, in C5. The number of such elements «

is odd.

2. The edge of length ¢; in C; (the back-connecting edge) is traversed in the positive

direction, and the edge of length ¢; in Cs is traversed in the negative direction.

3. Foreach @ € {i + 1,2+ 2,...,7" — 1}, the edge of length ¢, in C; is traversed

in the opposite direction to the edge of length ¢, in C;. The number of such

elements « is odd.
4. The edge of length ¢, is traversed in the positive direction in both C; and Cs.

5. For each o € {i' + 1,7/ +2,...,k — 3}, the edge of length ¢, in C; is traversed
in the same direction as the edge of length £, in C5. The number of such « is

even.

Hence there are an even number of edge lengths whose corresponding edges are tra-
versed in opposite directions in € and C5. The edges of these lengths may be assigned
jumps from +1 by Lemma 5.6. Similarly, the number of even lengths whose corre-
sponding edges are traversed in the same direction in C; and C} is even; the edges of
these lengths may also be assigned jumps from +1 by Lemma 5.6. Assign a jump of

0 to each edge of length in {€,,...,l,_3} in Cs.

Case B. Two of (', (s and (3 are of type 2.

We may assume that Cy and C5 are of type 2. The back-connecting edge in
and CY is of length ¢,. Let us recall how the cycles C; and Cy are formed. They each
begin by zigzagging edges of length ¢1, (s, ..., ¢, 1 such that edges of length with odd
subscript are traversed in the positive direction and edges of length with even subscript
are traversed in the negative direction. The cycle 'y is then continued with edges
of length £441, {442, ..., (k—2i—1 for some i, with edges of length with odd subscript

traversed in the negative direction and edges of length with even subscript traversed
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in the positive direction. These are followed by edges of length £, lx_1, ..., lk 2i,
with edges with length of odd subscript (except possibly ¢) traversed in the positive
direction and edges of length with even subscript traversed in the negative direction.
Finally, an edge of length ¢, is traversed in the positive direction. The cycle Cs is
completed in a similar manner, except that the reversed edges begin at £;_oy for some
value of ¢ (not necessarily equal to 7).

Assume without loss of generality that i > ', so that k — 2i < k — 2i'. We note

the following:

1. Foreach o € {p,u+1,...,k—=2i—1}U{k—2¢,k—2{ +1,...,k—3}, the edge
of length ¢, in C is traversed in the same direction as the edge of length £, in
Cy. The number of such « is even. In particular, the back-connecting edges of

length ¢, are traversed in the positive direction in both C; and Cs.

2. Foreach o« € {k — 2i,k—2i+1,...,k —2¢ — 1}, the edge of length £, in C; is
traversed in the opposite direction to the edge of length ¢, in Cs. The number

of such « is even.

Hence there are an even number of edge lengths in {€,,, £, 41, ..., lk—3} for which the
edges of these lengths are traversed in opposite directions in C; and C, and an even
number of lengths for which the edges are traversed in the same direction in the two
cycles. We may assign the jumps from +1 to these edges by Lemma 5.6 such that
the total displacement along the edges of lengths £, ..., f;_3 is 0 in each of C; and

C5. We assign to each edge of C3 of length in {¢,,...,f_3} jump 0.

Case C. Two of (*1, Cy and (5 are of type 3.

Without loss of generality, assume cycles Cy and C are of type 3. Both of these
cycles use an edge of length ¢, as a back-connecting edge. In type 3 cycles, the
reversal of edges begins on an edge of length £, for some even «, but occurs before

the skipping of the edge of length £,. Let {,_5; be the smallest length of a reversed
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edge in C) and {,_ 5 the smallest length of a reversed edge in C. We may assume

that 7 > 7/, so that ¢ — 2i < ¢ — 2¢’. We note the following:

1. For each @ € {p,p+1,...,¢—2i -1} U{g—2i',q—2{" +1,...,k— 3}, the
edge of length ¢, in ( is traversed in the same direction as the edge of length
¢4 in Cy. The number of such j is even. Note that ¢, as the length of the back-
connecting edges, has its lengths traversed in the positive direction in both

cycles.

2. Foreach o € {q—2i,g—2i+1,...,q— 2’ — 1}, the edge of length ¢, in C; is
traversed in the opposite direction to the edge of length £, in Cs. The number

of such « is even.

Hence there are an even number of edge lengths in {£,,, £,.41, . .., x_3} for which edges
of these lengths are traversed in opposite directions in C; and Cs, and an even number
of edge lengths for which edges of these lengths are traversed in the same direction in
each of Cy and (5. The edges of these lengths may be assigned jumps from +1 using
Lemma 5.6 such that they contribute 0 to the displacement along each of Cy and Cs.

The edges of C3 of length in {¢,,...,lx_3} are all assigned jump 0.

Case D. There is a cycle of type 2 and a cycle of type 3.

Without loss of generality, we may assume that ) is of type 2 and Cy is of
type 3. In both C; and Cs, ¢, is skipped as a length in the zig-zag forming the
cycle and used as a back-connecting edge. In Cy, lengths £y _o;, £ _0iy1,.... 0 are
traversed in reverse order, for some i such that k — 2¢ > ¢, and in C,, lengths
Cyoir bgoiir, . Lgr, bgy1. ygo, - .., Ly ave reversed for some i'. We note the follow-

ing.

1. Foreach o € {p.u+1.....q—2¢' =1} U{q} U{k—2i,k—2i+1,...,k— 3}, the

edge of length £, in C; is traversed in the same direction as the edge of length
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£, in Cy. In particular, the back-linking edges of length ¢, are both traversed

in the positive direction. The number of such « is even.

2. Foreacho € {q¢—2i",q—2i'+1,...,q—1}U{g+1,9+2,...,k — 2 — 1}, the
edge of length {, in C is traversed in the opposite direction of the edge of length

£, in Cy. The number of such « is even.

Hence the number of lengths in € by, - . €e_3} whose edges are traversed in
opposite directions in € and C, is even, and the number of lengths whose edges
are traversed in the same direction in each of the two cycles is also even. The edges
of length in {£,,,{,y1,..., 4.3} may be assigned jumps from =+1 using Lemma 5.6 so
that they contribute 0 to the displacement along each of C; and Cy. The edges of Cy

of length in {¢,,,...,4,_3} are all assigned jump 0.

We have now completed the jump assignments to the edges of length at most

m—7

“5~ so that these edges contribute 0 to the total displacement along each cycle. It

m—5 m-3
2 2

only remains to assign a jump to the edges of lengths and "”T“l; in each
central cycle, the displacement along these three edges will be the total displacement

along the cycle. Note that as a consequence of the construction of central cycles,

edges of lengths L‘zﬁ and 22 are traversed in opposite directions.

Similarly to when we labelled the edges of length m_2_4 and "5 Lin Case 1 of

Section 5.2.3.1, we will represent the directions of traversal of the edges of length
3

(

m—-5 m—
2 2

and ﬂ;—l as a +1-matrix. Here, the rows represent the edges in a particular

cycle (Ch, Cs, or Cj, in order from top to bottom) and the columns represent the

’—’%ﬁ m-3 or ﬂ%l? in order from left to right). As before,

edges of a particular length (
an entry 1 will signify that an edge is traversed in the positive direction, while —1
means that the edge is traversed in the negative direction.

Suppose we have an orientation of the edges of lengths # e

md 3 and 2l in

the central cycles, and let A be the matrix representing this orientation. Suppose
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also that for this orientation, we can assign jumps to the edges of lengths ™ 2 %ﬁ

and mT_l in the central cycles so that the total displacement along the edges of these
lengths is nonzero in each central cycle. As in Case 1 of Section 5.2.3.1, it is easy
to see that permuting the rows of A or multiplying a row of A by —1 creates a new

possible orientation for which we can also assign jumps to the edges of lengths 1”2;5

i

m—1 with nonzero total displacement in any central cycle.

m—3

2

and
Let us now consider four possible orientations, listed by their associated matrices

(Ay, A, Az, and A4) in Table 5.4. In this table, we also show how to assign jumps

in the case that the edges of lengths T—g—é T”T"‘g and &2’—1 in the central cycles are
traversed in the directions given.
Cycle Edge direction Jumps Displacement
matrix in cycle

@ -1 11 [0 0 1 ] 1

Cs A= -1 11 -1 1 -1 1

Cs -1 11 1 -1 0 1

o [ -1 1 =17 ][0 0 —1] 1

Cy A= -1 1 -1 -1 1 1 1

Cs -1 1 -1]{p 1 =1 0 1

¢ [ -1 1 110 0 1] 1

Cy |Ag=1|—-11 1 -1 1 -1 '

Cs -1 1 -1} 1 -1 0 ] 1

o [ -1 1 1 0 0 -1] -1

s A= -1 1 -1 -1 1 1

Cy | 1 -1 |

Table 5.4: Jump assignments for the edges of lengths (m — 5)/2, (m — 3)/2 and
(m —1)/2 in four basic cases.
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m—3

5= are traversed in

Finally, note that, since the edges of lengths ™=2 and
2

opposite directions in any central cycle, any possible orientation of the edges of lengths
%? i"—z‘—:i and ’"T_l in the three starter central cycles can be obtained from one of
Ay, Ay, As and A4 by permutation of rows and multiplication of rows by —1. Thus,
for any possible orientation of the edges of these lengths in the central cycles, a

jump assignment can be made so that the total displacement in each central cycle is

NONZero. O

Let us now describe our strategy for assigning jumps to the edges of the starter
central cycles. In each case, we will begin by assigning jumps to the edges in each
central cycle of length at most ¢, where £ is the largest length in L,. (Recall that L.
is the set of edge lengths which are not contained in all central cycles, while L is the
set of edge lengths which are.) In most cases, after we assign these jumps, the edge of
largest length in a central cycle which has been assigned a jump is in an even position
along the traversal of the cycle. In such cases, we will apply Lemma 5.7 to assign
jumps to the remaining edges. We have that £, = £+ 1. Since £ is the largest length
in Ly, it follows that f,, which has the property that the lengths £,,£,.1,...,¢; are
consecutive in each of the three central cycles, must be at least £+ 1 = £,. Moreover,
since p 1s odd and ¢ is even, we have that ¢, > £,. Thus, as we proceed through the
various cases, we do not need to verify each time that the inequality ¢, > ¢, holds.
Note that also, in each case where type 3 cycles are used, the value ¢,_5;, where an
edge of length £,_»; is the point of reversal of traversal of edges, also exceeds ¢. Indeed,
¢, must be in L, for each o > ¢ — 2j, where j is as defined in the statement of Part 3
of Lemma 4.22, since the same value of j is chosen for each starter central cycle. As
previously noted, we have that ¢ — 2¢ > ¢ —~ 2j, and so in particular, ¢, € L; for each
o > g — 2i. However, the edge of length ¢ does not occur in all peripheral cycles, and
80 £ < L, 9;. Since g — 27 is also even, we again have (, o, > €, +1, so that u < q— 2.

Again, we will not need to verify this fact directly in each case.
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In cases where the edge of length ¢ occurs in an odd position of the central cycles,

we will use the following lemma to assign jumps to the remaining edges.

Lemma 5.8. Let k > 15 and m be odd integers such that 2k < m < 3k, and k | 3(%)
but k 4 (’;) Let d = ged(m, k) and suppose d > 1. In the Cy-decomposition of 3K,,
constructed in Chapter 4, let Cy, Cy and C; be the three starter central cycles of length
k constructed by Lemma 4.22.

Let £y,4y,... .0, = mT"l be the edge lengths in Cy, where {; < £y < --- < {y;
1ol b = 2L be the edge lengths in Cy, where 0 < by < -+ < 4 and

by, b = m_2—_1 be the edge lengths in Cs, where €] < £ < --- < (. Let q

be the even integer defined in the construction so that the lengths in each cycle with

subscript at least q are consecutive. Note that for all i > q, £; = £} = ¢/

Suppose that the edges of lengths (1, . .., €,y in Cy, the edges of lengths 0, ... N

mn Cy, and the edges of lengths £7, ..., £7_, in Cs have all been assigned jumps such
that the total displacement along these edges is 1 in Cy, —1 in Cy, and 0 in Cs.
Then the edges of lengths £y, €qy1. ..., Ly can be assigned jumps in each central

cycle such that the total displacement in each cycle is nonzero.

Proof. We note, as in the proof of Lemma 5.7, that the edge which connects the

zig-zag path back to vertex 0 has length at most ¢4 3 = e T, We will begin by

demonstrating an appropriate labelling of the edges of length €4, gty ..., Lk_3 so that
the total displacement in each cycle along the edges of length at most #,_3 is 0. In each
case, we will assign the edges of lengths in {6y, €g11, ... 6 5} = {€), 00, ... 01 )
in Cy jump 0, so it remains to assign the edges of length at least ty =1, in Cy and
C5 jumps chosen from =+1.

We first suppose that for each o € {q,¢+1,...,k—3}, the edge of length (,, = e
is traversed in the same direction in Cy and Cy. In this case, we begin by assigning a
jurnp chosen from +1 to the edge of length ¢, in Cy such that the signed jump on this

edge is —1. Then assign the other jump from +1 to the edge of length £, in Cly; its
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signed jump will be 1. The displacement along the edges labelled so far in C; and C,
is 0. Now, the number of lengths in {¢+1,¢+2,...,k—3} is even. The edges of these
lengths may be labelled in Cj and Cy with jumps +1 so that the total displacement is

0 by Lemma 5.6. Let us now proceed by considering the possible types of the cycles.

Case A. ('} and C5 are both of type 1

Let £; in Cy and £y = ¢, in Cy be the lengths of the edges that link back to
vertex 0. Note that ¢ and ¢’ are both even. Note that if ¢ = ¢/, then all edges of length
at least ¢, = Ef] are traversed in the same direction in C; and Cy, so we may assume

that 7 # 4. Let us first suppose that 7 < /. Then

1. Foreach o € {¢q,q+1,...,i —1}U{¢,7 +1,...,k — 3} the edge of length ¢,
is traversed in the same direction in both C; and Cy. In particular, the edge of
length #; is traversed in the positive direction in both cycles. The number of

such o is odd.

2. For each o € {i,i+ 1,...,i7 — 1}, the edge of length 7, is traversed in the
opposite direction in C) and Cs. In particular, the edge of length i is traversed
in the positive direction in €] and the negative direction in C5. The number of

such « is even.

We first label the edge of length £, in C with jump —1 and the edge of length £; in C
with jump 1. Since these edges are both traversed in the positive direction, this adds
—1 to the displacement along C; and 1 to the displacement along Cy; hence, among
the edges which have been assigned jumps so far in C} and %, the displacement is 0.

There are an even number of lengths whose edges are traversed in opposite di-
rection in C; and C,. These may be assigned jumps in an appropriate manner by
Lemma 5.6. Similarly, the remaining lengths whose edges are traversed in the same

direction in C; and () is even and may be assigned jumps from %1 using Lemma 5.6.



5.2. k-cycle decompositions of K, + K3 when k is odd, £/9("7) and 9]k 162

If i > ¢/, then the jump assignment is similar, with the roles of i and 7 inter-

changed.

Case B. (} and () are both of type 2

In this case, the back-connecting edges are of length £, in C; and C,; these
edges are traversed in the positive direction in both cycles. Assign jump —1 to
the edge of length £, in C; and jump 1 to the edge of length ¢, in Cy. In each
cycle, the total displacement along the edges which have been assigned jumps so
far is 0. In C), we have that, for some positive integer i < %, edges of length
in {lgy1,€g42, ..., r_2i_1} are traversed with edges of even-subscripted length in the
positive direction and edges of odd-subscripted length in the negative direction. Edges
of length in {k — 2i,k —2i+1,...,k} are traversed in decreasing order of length and
occur (except possibly the edge of length ;) with edges of odd-subscripted length in
the positive direction and edges of even-subscripted length in the negative direction.
The traversal of C’ is similar, with ¢ replaced by a positive integer ¢/ < % not
necessarily equal to i.

Let us first suppose that ¢ > ¢/, so that k — 2 < k — 2¢'. As in the proof of

Lemma 5.7, we have that:

1. Foreach o € {g+ 1,¢+2,....k =20 =1} U{k -2/, k — 2’ + 1,... .k — 3},
the edge of length £, in C; is traversed in the same direction as the edge of
length £, in C5. The number of such « is even, so the edges of these lengths can
be assigned jumps from +1 so that they contribute 0 to the total displacement

along each cycle by Lemma 5.6.

2. For each o € {k —2i,k —2i+1,...,k— 2/ — 1}, the edge of length ¢, in C}
is traversed in the opposite direction to the edge of length (, in C'y. Again, the
number of such « is even, so that the edges of these lengths can be assigned
jumps from %1 by Lemma 5.6 so that they contribute 0 to the total displacement

along each cycle.
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Hence we have assigned jumps to all edges of C) and C of length at most £;_3 so
that the total displacement along the edges of each cycle labelled so far is 0. The case

that 2 < 7/ is similar.

Case C. ;] and Cy are both of type 3

Again, both € and (5 use an edge of length ¢, as their back-connecting edge. A
similar analysis to the case in Lemma 5.7 in which two cycles are of type 3 shows that
the edge of length £, in (] is traversed in the same direction as the edge of length £,
in (5 for each o > gq. We have already shown that in such a case, the edges of length
at most £;_3 can be assigned jumps so that in each cycle, the total displacement along

these edges is 0.

Case D. One of C; and Cs is of type 1 and the other is of type 2

Let us first suppose that C is of type 1 and C) is of type 2. Let £;.9; be the
length of the back-connecting edge of Cy, where i > 0. In C5, the back-connecting
edge is of length ¢,. In Cy, the edges of length in {{,, (s, ... £y} — {€,42:} are traversed
in increasing order of edge length, alternating direction between positive and negative
(with the possible exception of the edge of length ¢, which may be traversed in either
direction). Hence, for o < g+2i, the edge of length ¢, is traversed in positive direction
if v is odd and in negative direction if « is even. If & > ¢ + 2¢, the edge of length £,
is traversed in negative direction if & is odd and positive direction if « is even. The
edges of length greater than ¢, in Cy are traversed beginning with edges of lengths
Cos1slgr2, - -, Cpay—1 for some positive ', with edges of length with odd subscript
traversed in the negative direction and edges of length with even subscript traversed
in the positive direction, followed in order by edges of lengths £y, fx_1, ..., lp_aw,
with edges of length with odd subscript (except possibly £;) traversed in the positive
direction and edges of length with even subscript traversed in the negative direction.

Note that ¢+ 27 is even, while k& — 2¢' is odd. Let us proceed depending on which

of g + 2i and k — 27’ is greater.
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Subcase D.i. ¢+ 2i < k — 27

1.

First, suppose ¢ > 0. Then:

The edge of length £, in C} is traversed in the negative direction, while the edge

of length £, in C is traversed in the positive direction.

- Forae{qg+1,q+2,...,q+2i— 1}, the edge of length £, in C} is traversed in

the opposite direction to the edge of length ¢, in Cs. There are an odd number

of such a.

. The edge of length ¢ + 2 in each of C; and C, is traversed in the positive

direction.

. Fora€{q+2i4+1,q+2i+2,...,k—2i' — 1}, the edge of length ¢, in C} is

traversed in the same direction as the edge of length £, in C,. The number of

such « is even.

. The edge of length k — 2¢' in (] is traversed in the negative direction, while the

edge of length k — 2¢' in C, is traversed in the positive direction.

For o € {k—2i'4+1,k—2i'+2, ..., k—3}, the edge of length £, in C, is traversed

in the opposite direction to the edge of length ¢, in Cy. The number of such «

is odd.

Next suppose that i = 0, so that the back-connecting edge in C is l,. Then:

. The edge of length ¢, in each of C} and C, is traversed in the positive direction.

.Foroe{g+1.q4+2,....k—27 — 1}, the edge of length ¢, in C; is traversed
g

in the same direction as the edge of length ¢, in C5. The number of such « is

evern.

The edge of length & — 2¢’ in C is traversed in the negative direction, while the

edge of length k — 2¢" in C» is traversed in the positive direction.
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4. Fora € {k—2i'+1,k—2¢+2,...,k—3}, the edge of length £, in C, is traversed
in the opposite direction to the edge of length ¢, in C,. The number of such «

is odd.

In either case, we have that the edge of length /,,5; in each of C; and C, is
traversed in the positive direction, that there are in total an odd number of edge
lengths whose corresponding edges are traversed in the same direction in both of C;
and C», and that there are an even number of edge lengths whose corresponding edges
are traversed in opposite directions in C, and Cs.

First, assign jump —1 to the edge of length £, in Cy and jump 1 to the edge
of length £,,5; in C,. Since these edges are both traversed in the positive direction,
this means that the displacement along the edges assigned jumps so far in each cycle
is 0. There remain an even number of lengths at most ¢,_3 for which the edges of
these lengths are traversed in the same direction in C; and Cy. These edges may be
labelled with jumps %1 so that they contribute 0 to the displacement along each cycle
by Lemma 5.6. Also, there are an even number of lengths at most ¢_53 for which the
edges of these lengths are traversed in opposite directions in C; and Cy. These edges
may also be labelled with jumps +1 by Lemma 5.6 so that they contribute 0 to the

displacement along each cycle.

Subcase D.ii. ¢+ 2i > k — 2¢

Note that this condition implies that i > 0, as k — 2’ > ¢q. We have that:

1. The edge of length £, in ) is traversed in the negative direction, while the

back-connecting edge of length ¢, in (5 is traversed in the positive direction.

2. Forae{g+1,q+2,...,k—2i' — 1}, the edge of length ¢, in (' is traversed
in the opposite direction to the edge of length ¢, in Cs. The number of such «

1S even.
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3. The edge of length fr_5y in each of C; and C, is traversed in the positive

direction.

4. Forae{k—2I'+1,k—2{'+2,...,q+ 2i — 1}, the edge of length £, in C} is
traversed in the same direction as the edge of length ¢, in Cy. the number of

such « is even.

5. The back-connecting edge of length £,,5; in () is traversed in the positive direc-

tion, while the edge of length £,.5; in C5 is traversed in the negative direction.

6. Fora € {g+2i+1,q+2i+2,...,k—3}, the edge of length £, in C) is traversed
in the opposite direction to the edge of length £, in C3. The number of such «

18 even.

Let us now assign jumps to the edges of length in {€,, 441....,l—3}. First,
assign a jump of —1 to the edge of length ¢, 5 in C; and 1 to the edge of length
lr_oy in Cs. Since each of these edges is traversed in the positive direction, the
edges labelled so far (including those of length less than £,) contribute 0 to the total
displacement along each cycle. The remaining lengths for which the edges of these
lengths are traversed in the same direction in each of C; and () are even in number,
and may be assigned jumps from +1 so that they contribute 0 to the displacement
along each cycle by Lemma 5.6. The lengths for which the edges of these lengths are
traversed in opposite directions in C and Cy are also even in number and may also
be assigned jumps chosen from +1 by Lemma 5.6 in such a way that they contribute

0 to the displacement along each cycle.
The case that C is of type 2 and Cj is of type 1 is similar.

Case E. One of (7 and C; is of type 1 and the other is of type 3
Let us first suppose that Cy is of type 1 and Cy is of type 3. Let £, ;5 be the

length of the back-connecting edge in ', where ¢ > 0. The back-connecting edge in
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C, has length £;. Note that in C), the edges of length in {b, ... b3} — {€,12} are
traversed in increasing order of edge length, with alternating direction. In particular,
if o < g+ 21, then the edge of length £, is traversed in the positive direction if « is
odd and in the negative direction if « is even. If & > g -+ 2, then the edge of length
£, is traversed in the negative direction is « is odd and in the positive direction if
« is even. In Cy, the edges of length £y,..., 4, 54, for some positive integer 7', are
traversed with edges of length with odd subscript in the positive direction and edges
of length with even subscript in the negative direction. The cycle next follows edges of
length £, 1, ..., €541, with edges of length with odd subscript (except possibly £)
traversed in the positive direction and edges of length with even subscript traversed
in the negative direction. Finally, lengths Ly—1,...,£q_ay ave traversed with edges of
length with odd subscript traversed in the negative direction and edges of length with
even subscript traversed in the positive direction.

Let us consider the possible cases depending on the value of q + 2i.

Subcase E.i. i >0

If ¢ > 0, we have that among the edges of length at least Ly

1. The edge of length ¢, in C| is traversed in the negative direction and the back-

connecting edge of length ¢, in Cy is traversed in the positive direction.

2. Fora € {g+1,9+2,...,q+ 2i — 1}, the edge of length £, in C; is traversed
in the same direction as the edge of length £, in Cy. The number of such « is

odd.
3. The edges of length ¢,,5; in C; and Cy are traversed in the opposite direction.

4. For o € {g+2i+1,q+2i+2,...,k—3}, the edge of length £, in C; is traversed
in the opposite direction to the edge of length ¢, in Cy. The number of such «

is even.
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In this case, the edge of length ¢, is traversed in the positive direction in both
cycles. Give the edge of this length in C; jump —1 and the edge of this length in
C2 jump 1. As before, this means that the total displacement is 0 among the edges
assigned a jump so far in each cycle. There remain an even number of edge lengths
whose corresponding edges are traversed in the same direction in each of C; and Cy;
these edges may be labelled with jumps chosen from =+1 so that they contribute 0
to the displacement along each cycle by Lemma 5.6. There are also an even number
of edge lengths whose corresponding edges are traversed in opposite directions in C;
and Cy; these edges may also be labelled with jumps chosen from 41 so that they

contribute 0 to the displacement along each cycle by Lemma 5.6.

Subcase E.ii. i =0

Here, the back-connecting edge of C; has length £,. Note that:

1. The edge of length ¢, in each of C; and Cj, is traversed in the positive direction.

2. Forae€ {g+1,9g+2,...,k— 3}, the edge of length £, in C, is traversed in the

opposite direction to the edge of length ¢, in Cy. The number of such « is even.

Hence the edge of length ¢, is traversed in the positive direction in both cycles.
Give the edge of this length in C; jump ~1 and the edge of this length in Cy jump
1. As before, this means that the total displacement is 0 among the edges assigned
jump so far in each cycle. Now, there remain an even number of edge lengths whose
corresponding edges are traversed in the same direction in each of C) and Cy: these
edges may be labelled with jumps chosen from +1 so that they contribute 0 to the
displacement along each cycle by Lemma 5.6. There are also an even number (possibly
0) of edge lengths whose corresponding edges are traversed in the opposite directions
in (7 and Cy; these edges may also be labelled with jumps chosen from 41 so that

they contribute 0 to the displacement along each cycle by Lemma 5.6.

The case in which C} is of type 3 and Cj is of type 1 is similar.
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Case F. One of C; and C; is of type 2 and the other is of type 3
Let us first suppose that C} is of type 2 and C; is of type 3. A similar analysis
to the case in which there is one cycle of type 2 and one of type 3 in the proof of

Lemma 5.7 show that:

1. The back-connecting edge of length ¢, in each of C; and C, is traversed in the

positive direction.

2. Foreach o € {¢+1,¢9+2,...,k—2i—1}, the edge of length ¢, in C; is traversed
in the opposite direction to the edge of length ¢, in C,. The number of such «

18 even.

3. For each o € {k — 2i,k — 2i + 1,...,k — 3}, the edge of length ¢, in C; is
traversed in the same direction as the edge of length ¢, in Cs. The number of

such o is even.

Assign to the edge of length £, in C; jump —1 and to the edge of length £, in Cy
jump 1. Then, since these edges are both traversed in the positive direction, the total
displacement along the edges in each cycle so far assigned jumps is 0. There remain
an even number of lengths ¢, with the property that the edge of length ¢, is traversed
in the same direction in both €y and Cy. The edges of such lengths may be labelled
by Lemma 5.6 with jumps %1 so that they contribute 0 to the displacement along
each cycle. Finally, there are an even number of edges £, with the property that the
edges of length £, in C) and Cy are traversed in opposite directions. These lengths
may also be labelled by Lemma 5.6 with jumps +1 so that they contribute 0 to the
displacement along each cycle.

The case in which C) is of type 3 and C, is of type 2 is similar.

We have now exhibited an assignment of jumps to the edges in C'; and C, of length

at most (,_3 in each case so that the total displacement along the edges labelled so
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far is 0. The edges of lengths £;,_o = m2_5, b1 = —"12‘—3 and £, = E"—Qﬂ may be labelled

as in the proof of Lemma 5.7. O

Jump assignments for central cycles

We now proceed to the assignment of jumps by case.

Subcase 1.1. k=3 (mod 4)
Recall that when k = 3 (mod 4), the zig-zag path P, was defined to have

edges of lengths im + 1, im 4+ 2, ..., im + f”—;%— m + %—1, m + % L dimA kI
m — i“%‘ > 2k — 1, then the path P}, has edges of lengths im + E+1,9m+k+2, ...,
im + 2k — 1, while if m — k=l < of - 1, then P;, has edges of lengths im + k+1,

2
imA k42, (i 4+ D)m— B (4 )m— 53 (G4 1)m— 52, im+ 2k Except

in rare instances in which alternative choices of paths were constructed, the paths

P;p and P}, were used to construct the peripheral cycles. If ¢, the number of starter

peripheral cycles, is even, then paths P;p and P/, for 0 <7 < £ — 1, are used in
the formation of peripheral cycles, together with linking edges of lengths im =+ %,

where 1 < i < 5. If ¢ is odd, then paths P for 0 <7 < Cgl and Py for 0 <@ < %3

are used in the formation of peripheral cycles, together with linking edges of lengths

i+ B om — E=Land im + 5L for 3 < < <iL,

One peripheral cycle, C, occurs with multiplicity 1, while all the other peripheral
cycles occur with multiplicity 3 in the decomposition. The set of edge lengths which
oceur in C' is denoted by Ly (where |Ls| = k). The set of edge lengths which do not

occur in peripheral cycles is denoted by L;. Each central cycle contains an edge of

each length in L1, and %’1 edges of length in Ls.

Subcase 1.1.1. ¢ is even
In the construction of peripheral cycles, we can guarantee that m + % is the
linking length in C, the peripheral ¢ycle which occurs of multiplicity 1, while linking

length M — 221 is used of multiplicity 3 in the peripheral cycles.
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Subcase 1.1.1.1. ¢ > 4

We use a path P, o, where 7 > 1, in the formation of C. Since ¢ > 2, we may let
this path be P .

We must now assign jumps to the starter central cycles so that each has nonzero
displacement. Note that Lo, the set of edge lengths which occur of multiplicity 1 in

peripheral cycles, is given by

Lo={m+1,m+2,... m+k}

3

Recall that in the construction of central cycles, we partitioned Lo into three sets,

We may let S = {m+1,m+2,...,m+§}, Sy =

wlz

S1, So and S3, each of size
{'rh+§-«|~1,ﬁz+:§+2,...,ﬁz+%’~3} and S3 = {r?z,+%é+1,*fh—+-'~23—k+2,...,ﬁ7,+l~c}.
Let C;, Cy and C3 denote the three starter central cycles, where C; contains edges of
lengths in S; U Sy, Cs contains edges of lengths in S; U Ss, and C contains edges of
lengths in Ss U Ss.

Recall that L; denotes the set of edge lengths which do not occur in peripheral
cycles (and thus occur in each central cycle). Which edge lengths occur in L; depend
on whether m — ’:—;1 > 2k —1orm— % < 2k — 1, as different lengths occur in F§q
in each case. Note that if £ = 3, then 2k < 7 < 3k implies that /. = 7, and in this

case m — %—1 > 2k — 1.

>

-1

In the case that m — > 2k — 1, the following are the lengths in L, that

y

are less than m + & (these are the ones which may affect the direction of an edge in

m— 23 m - E5m. (Note

_k+1.
2 b

the peripheral cycles): "% 2/;7, 2%k +1.....m
that we have used semicolons for clarity in separating groupings of consecutive edge
lengths.) In total the number of these lengths is even. As the largest of these lengths
is less than the smallest length in L, in this case, the cycle begins with a zig-zag path
consisting of edges of these lengths traversed in alternating order. Thus, assigning

these edges all jump 0 in one central cycle, jump 1 in a second, and jump —1 in the

third means that the edges of length in L, contribute 0 to the displacement along
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each central cycle.

Table 5.5 depicts the direction in which we encounter each edge of length at
most M + k in each of the three central cycles in the case that k& > 3 and m — % >
2k — 1, together with the assigned jumps and displacements. The values given for
displacements are the total displacements for the edges in each row and the total
displacement in each cycle. These values are given modulo 3. We note that in
Table 5.5, and in the other tables throughout this section, it should be assumed that
the edge directions in each row follow an alternating sign pattern; this is due to the

zig-zag nature of the formation of each cycle.

Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly kol + 0 0
L %, ... m— L = 0,...,0 0
L m— 52w b — 0,...,0 0
S| m+l..m+E 4= 4]0,-1,-1,...,-1,0] 1
Sy |m+fr1, . om+ZE |~ 44— ]0,-1,-1,...,-10] ~1
Total 0
Cy | Ly k=l + 1 1
I 2%, ... i — kL = 1,...,1 0
L - k2 m - 1,...,1 1
S| mAl,.m+E 4 - k| 21,0,0,...,0,~1 1
Sy |m+2Z+1,. . om+k|— 4. +—]0-1,-1...,-10] —1
Total 0
Cs | L (23] + ~1 —1
I 2k, ... i — kL ek —1,...,-1 0
Ly ﬁzwii';—§ ., -+, +, — -1, —1
Sy |m+b4+1 . om+Z ] 4 k| —1,0,0,...,0,~1
Sy |m+ZE41 . omtk| =+ +—| -100..0-1| -1
Total 0

Table 5.5: Jump assignments for the edges of length at most m + k when k = 3
(mod 4), ¢ > 4 is even, k > 3, and m — &1 > 2k — 1.

2

Table 5.6 shows the jump assignments in the case that k = 3. Note that the
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facts 2k < m < 3k and 7 is odd imply that m = 7. Here, S; = {8}, S, = {9} and

S3 = {10}, while the lengths in L; less than 10 are 1 and 7. We note that in this

case, the linking edge in ', which has length m — ’”%1 = 8, has been assigned jump

—1, so that we may use jump 1 on edges of length 8 in central cycles.

Cycle Lengths in cycle | Edge direction | Jump | Displ.
Cy | In 1 + 0 0
L,y 7 - 1 -1
Sy 8 + 0 0
S, 9 — -1 1
Total 0
Cy, | I, 1 T 1~
Ly 7 — 0 0
S 8 + 1 1
Ss 10 - 0 0
Total 0
Cs Ly 1 + 1 1
L, 7 — -1 1
S 9 + 0 0
Ss 10 — -1 1
Total 0

Table 5.6: Jump assignments for the edges of length at most m + k when k = 3 and
¢ > 41is even.

Table 5.7 shows the jump assignments of the edges of length at most m -+ k in
the starter central cycles in the case that m — % < 2k — 1. In this case the lengths
in L; which are less than m + k are

k—1

5 ;2ic+1,211-.+2,...?m,‘

The total number of these lengths is even.

In either case, the number of edges in each starter central cycle which have been
assigned jumps so far is even, and the displacement along the edges labelled so far
is 0 in each cycle. The remaining edges, which are odd in number, all have length

greater than m + k. the largest length of an edge assigned jump so far. Moreover,
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Cycle Lengths in cycle Edge direction Jump Displ
G | Ly R + 0 0

Ly 2k+1,...,m sty — 0,...,0 0
S| m4l.m+E - 0,1, -1, 1,0 1
Sy |m+Ee1,  om+ZE | - 44 —|0-1,-1..,-1,0] -1
Total 0
Cy | Iy i kel + 1 1
L 2k+1,...,m — 4, — 1,...,1 —1
Si| m4l..m+E - -+ =1,0,0,...,0,-1 1
Sy |m+ZE+1,. . om+k| -+, +—]0-1-1..,-10] -1
Total 0
Cs | Ly & + -1 -1
Ly 2k+1,...,m — e, = -1,...,-1 1
Sy |m+kt1, w4+ -1,0,0...,0,-1 | 1
Sslm+Z+1,. .. om+k| - +,...,+—| -1,0,0,...,0,-1 | -1
Total 0

Table 5.7: Jump assignments for the edges of length at most m -+ k when k = 3
(mod 4), ¢ > 4 is even, and m — ’—“—;—1 < 2k — 1.

the set of lengths of unlabelled edges is the same for each starter central cycle. We

may apply Lemma 5.7 to assign jumps to the remaining edges in the starter central

cycles so that any two edges of the same length receive different jumps and the total

displacement along each cycle is nonzero.

Subcase 1.1.1.2. ¢ =2, d > 3, k > 3, and m — % > 2k — 1.

In this case, Fj, is the path used to form the peripheral cycle which occurs of

multiplicity 1. Since m — % > 2k — 1 and k > 3, we have L, = S, U S, U S;, where

S, = {];‘,4» 17~,‘

4k
SQ = {?Jrl
, 5k
53 = {3 + 1.
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The lengths of L; which are less than m + i‘;l are:
%1—;2];,21~C+1,...,T7L~ k;1;7h~ k;?’,ﬁz.— A;O,...,ﬁhtk%s.
Note that the number of lengths between 2k and m — % is even, while the number
of lengths between m — ’;—'2—3 and m + 7‘—2—3 is odd.
Table 5.8 shows the assignment of jumps to the edges of length at most m + %l
Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly k1 + 0 0
Sy k+1,... % — e — 0,...,0 0
Sy %41, b=+ 0,...,0 0
L, 2k,...,m— kL P 0,0,...,0 0
Ly |m—52 w3 — 4 g - 0,0,...,0 0
Total 0
Cy | Ly bt + 1 1
S, k+1,... % - —1,...,—1 1
Sp| Fa1,...2%-1 |+ -..., 4| —-1,00,...,0 1
L, 2k, ... m—8L |4 -4 - 1,1,...,1 0
Li|m—-52 . om+52 1+ — -+ -1,-1,...,-1 | -1
Ss i 4 Bl - 0 0
Total 0
Cy | Ly L + -1 ~1
Sp|  %41,...% D i R D T
Syl %41,...2k—1 |4,—,...,+—|0,-1,-1,...,-1| 1
L 2k,... ,m— & o=y — | —1,-1,...,~1 0
A R T 1,1,...,1 1
Ss i kL - -1 1
Total 0

Table 5.8: Jump assignments for the edges of length at most m + %—1 when k = 3
(mod 4), c=2,d > 3, k>3, and m — % > 2k -1

Note that an even number of edges in each starter central cycle has been assigned
o .
jumps so far, and the displacement along the labelled edges of each cycle is 0. The

remaining edges all have length greater than m + ’”;)1 the largest length of an edge
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assigned jump so far. Also, the set of lengths of the unlabelled edges in each starter
central cycle is the same. By Lemma 5.7, we may assign jumps to the remaining

edges so that the total displacement is nonzero.

Subcase 1.1.1.3. ¢c=2,d >3,k > 3, and 2% </ — E1 <2k —1
Here we have that Ly = S5 U Sy U Sy, where
. 4k
Sl - {k+1,k+2 ..... —-}
4k 4k 5k
So = {—41,—+2,...,
2 { 3773 3 }
5k 5k o k+1 . k-3 _ k- - k-1
5,3 = {?+1,?+2,...,m—T,m— 5 ,m— 5 ,.4.,2]{?,777/‘}'7}

The lengths in L, which are less than m + % are:
5%£ﬁ%+12é+2,uﬂh+§§3.
Note that the number of lengths between 2k + 1 and m + %§ is odd.
Table 5.9 shows the assignment of jumps to the edges of length at most m + %—1
Note that an even number of edges in each starter central cycle have so far been
assigned jump, with displacement so far being 0 in each cycle. The remaining edges
are those of length in L, greater than m+ %i We may assign jumps to the remaining

edges by Lemma 5.7 so that the total displacement in each cycle is nonzero.

Subcase 1.1.1.4. ¢c=2,d > 3, k> 3, and m — k-1 < 5k

k-1

Note that since > 2k, we have that m — = > s g %@ Hence we may write

Ly = 51U S, U S5, where
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Iy k-l + 0 0
S k+1,..., % — e — 0,...,0

Ss %H% T 0,...,0 0
Ly [2k+1,. ..o+ 58— g 0,0,...,0 0
Total 0
Co | I kL + 1 1
S k+1,..., % — - —1,...,~1 1
Sy | %41, m-E 4 4~ ~100,...0 | -1
Sy | m—E2 9k | 4— 4 - 0,0,...,0 0
Ly | 2k+1,...m+ 580 4 | —1-1,., -1 | -1
S 4 A1 - 0 0
Total 0
Cy | L B + -1 -1
Se | HF41,.. % N B —-1,...,—1 1
Syl F+1,. . om-EL 4 —0,-1,-1,.., -1 1
Sy | m-—k2 ok 4 - 4 -] —1,-1.... -1 0
Ly | 2k+1,. .+ 584 — 4 1L1,....1 1
Sy m+ £ - ~1 1
Total 0
Table 5.9: Jump assignments for the edges of length at most m + %=1 i) the case that

k=3 (mod4), c=2d>3, k>3, and "k<m~’“—l<2k‘—1

k - E—1
Sy = {53 2%+3 2k,m+7}

The lengths in L; which are less than m —|- 5= are:

%— 2%k + 1, 2k+2.....,m+k;‘3.

Note that the number of lengths between 2k + 1 and 7, + kﬂ%‘i is odd.

Table 5.10 shows the assignment of jumps to the edges of length at

Note that an even number of edges in each starter central cycle have so far been

assigned jump, with displacement so far being 0 in each cycle. The remaining edges
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Cycle Lengths in cycle Edge direction Jump Displ.
G| Ly £l + 0 0
Sy k+1,..., % — e — 0,...,0 0
So | %1, B 0,...,0 0
Se|m—R3 L Eq |4 oy 0,...,0 0
Ly [ 2k+1,... ;m+ B3| - 4 4 - 0,0,...,0 0
Total 0
Cy | Ly k-l + 1 1
Sy k+1,... % R . ~1,...,-1 1
Ss| %422  |4,—...,4—| -1,00,...,0 | -1
Ly [ 2k+1,...om+ 52 4 — 4 —1,-1,...,-1 | -1
Ss i+ EL - 0 0
Total 0
Cs | Ly k=1 + ~1 ~1
I T gy =< O T S (| 1
So|m—E2 Skl | o1 - 0
Sy | E42,..2 |4 .- 0,—1,—1,...,~1]| 1
Ly [2k+1,...om+ 52| ¢ — 4 L,1,...,1 1
Sy i L - -1 1
Total 0

Table 5.10: Jump assignments for the edges of length at most m + % in the case
that k=3 (mod 4), c=2,d >3,k > 3, and 7 — &1 < 5

are those of length in L, greater than m -+ k;—l We may assign jumps to the remaining

edges by Lemma 5.7 so that the total displacement in each cycle is nonzero.

Subcase 1.1.1.5. c=2,d >3 and k= 3

Note that in this case, the facts that m is odd and 2k < m < 3k imply that
m = 7. Hence we have that m -~ "%] =6>2k—1=5. The path /g, which is used
to form the peripheral cycle C, contains edges of lengths 4 and 5, while the linking
length used in C is m + -k—;l = 8. Hence Ly = 51U S, US;, where S; = {4}, S5 = {5}
and Sz = {8}. The lengths in L; less than 8 are 1 and 7. So () contains edges of

lengths 1.4,5,7, Cy of lengths 1,4,7,8 and Cs of lengths 1,5,7,8.
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Table 5.11 shows how to assign jumps to the edges of length at most 8 in each

central cycle.

Cycle Lengths in cycle | Edge direction | Jump | Displacement
C, | Ly 1 + 0 0
St 4 — 0 0
S 5 + 0 0
Ly 7 — 0 0
Total 0
Co | In 1 + 1 1
Sh 4 — -1 1
L, 7 + 1 1
Ss 8 — 0
Total 0
Cy | Ly 1 + -1 —1
So 5 - ! 1
Ly 7 + -1 -1
S3 8 - -1 1
Total 0

Table 5.11: Jump assignments for the edges of length at most 8, in the case that
c=2,d>3and k=3

Note that the number of edges in each starter central cycle that have been as-
signed jumps so far is even, and these edges contribute 0 to the displacement along
each cycle. The edges that remain to be labelled are edges of length in L; greater
than 8. By Lemma 5.7, we may assign jumps to the remaining edges so that the total

displacement along each cycle is nonzero.

Subcase 1.1.1.6. c=2and d =3

Note that we may assume that k # 3; otherwise, since d = 3, we have that k = 9,
an exceptional case. In the case that ¢ = 2 and d = 3, we have used an alternative
choice of paths in the construction of peripheral cycles. The first path P contains
edges of lengths 1,3,4,5,... .k, while the second path P’ contains edges of lengths
k+1,k+2,...,2k—2:2k. The linking edge lengths are m =+ }—”j—l The peripheral cycle

C' of multiplicity 1 is formed from P’ together with linking length m — k—jl Note that
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€= ;}1 +5=2k=2%="%and m =2k + r implies that m = 23@15 + 1, so that, since
d=3,n %Ifc % Hence m — % = ‘f—g’ff — é > 2k. Hence we have that

7 P 1
Lz={k+1,k+2, 2k — 2 ka—k%},

and so we may write Ly = S; U S, U S3, where

S 4k
Sl = {k+1.k+2./—3*}

Ak 4k 5k
Sy = ¢—+1,—+2,..., —
? {3 Fhg s 3}

5k 5k k+1
3 = —+1,—+2,..., 2k — 2; 2%k — ——
% {3 Fhy s m g }

The edges of length in L, less than / — % are

~ ~ ~ kE+3
2;2k— 1,2k + 1,2k + 2, .. m~—9+—.

F

Note that since k& = 3 (mod 4), the number of lengths between 2k + 1 and 77 — k+3
is even.

‘able 5.12 shows the assignment of jumps to the edges of length at most 1M — ’“2”.

Note that an even number of edges in each starter central cycle have been assigned

jumps so far, and the displacement along these edges is 0 in each cycle. The edges

vet to be assigned jumps consist of those of length in L, greater than m — M We

may assign jumps to the remaining edees by Lemma 5.7.
o

Subcase 1.1.2. ¢ is odd

Note that in the cases in which k = 3 (mod 4) and ¢ > 3 is odd, we assign jump
—1 rather than 1 to the linking edges of the peripheral cycle C'. As previously stated,
this does not affect the fact that the total displacement along C' is nonzero. It does,
however, mean that we can assign jumps 0 and 1 to the edges in the central cycles
that share their length with the linking edges of C. If ¢ = 1, then we assign jump 1

to the linking edges of C' as before.
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Cycle Lengths in cycle Edge direction Jump Displ.
Cy | Ly 2 0 0

Sy k... % e ~1,0,0,...,0,—1 | —1

S £41,...,5% e =+ | =1,0,0,....0,—1 1

Ly 2k -1 0 0

Ly [2k+1,... ;53| 4 — 4 - 0,0,....0 0

Total 0
Cs L 2 1 1
S, k+1,... % — 4,4+ —|0,-1,-1,...,-1,0] -1

Se | g1, 2k-2 |+ — .- 4] —1-1,..,-1 1

Ly 2k —1 1 -1

Sy 2k -1 -1

Ly | 2k+1,... ;-8 - 4 4 1,1,...,1 0

S m — —;—i 0 0

Total 0
Cy L 2 -1 -1
S oy, 0k b — 0, -1,-1,. .. =10 -1

Sy | E 41, 2%—2 [4,— ..., -+ 0,0,...,0 0

Ly 2k — 1 -1 1

Sy 2k 0 0

Ly | 2k+1,...om—530 _ 4 1o -1 0

Sy i — -1 1

Total 0

Table 5.12: Jump assignments for the edges of length at most 7 — ’}—}l, in the case

that £ = 3 (mod 4), ¢ =2 and d = 3.

Subcase 1.1.2.1. ¢ > 5and k > 3

Since ¢ > 5, the paths Py, Pyg, PLo, Py and Py are all used in the formation

of peripheral cycles. Since ¢ > 3, we may use P; in the formation of the peripheral

cycle of multiplicity 1. This path contains edges of lengths m + 1, ..

ﬁ:,.—lrk—;ri, ..

TR

., 7+ k. The linking length in this cycle may be taken as 2m —

w

ko
[

k—1

|

We note that linking lengths m + 221 are used with multi vlicity 3 in the peripheral
g leng 3 I8 \ perip

cycles, while 2m + kz;l does not occur in any peripheral cycle.
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Let Ly = S, U Sy, U S3, where
L .k
S = {m+l,m+2,...,m+§}

kK k-3 _ k+1 _ k+3 2k
So = <m+=-+1,m+=-+2,...,m+ 5 cm + 5 ?m+——-2——,...;m+—+1

3 3 3
2% 2k = k—1

First, let us suppose that m — k—g—l > 2k — 1. In this case, the lengths in L, which

are less than 2m — —}”;—1 are

k-1 - - . kE+1
T;Qk,..‘,ﬁz— ;;m— 5 ,....Th;2k+ﬁzj...,2ﬁz—%.

Note that there is an even number of lengths between 2k and i — k%], an odd number

of lengths between m — ]_”33 and m, and an even number of lengths between 2k +m

. Hence the number of lengths in L, that are less than 2m — k-1 ig even.

k+1
2 2

and 2m —
Table 5.13 shows the assignment of jumps to the edges of length at most 2m— f“—;l
Next, consider the case in which m — 7“2;1 < 2k — 1. It follows that m+ 2k +1 >

k-1

2m — 5=, and so, since the next-largest length in Ly after m is m + 2k + 1, we have

that the largest length in L; which is less than 2m — % is m. Hence, the lengths in

Ly which are less than 2m — k—;l are

Note that the number of lengths between 2k + 1 and m is odd. Hence the number of

lengths in Ly which are less than 2m — Egl is even.

Table 5.14 shows the assignment of jumps to the edges of length at most 2m — "2;1
in the starter central cycles.

Note that in either case the number of edges in each starter central cycle which
have been assigned jumps so far is even, and these edges contribute 0 to the displace-

ment along each cyvcle. Those left to be labelled consist of the edges whose length is

}
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k-1

= Using Lemma 5.7, we may assign jumps to the

in I, and is greater than 2m —

remaining edges so that the total displacement along each cycle is nonzero.

Subcase 1.1.2.2. c=3 and k > 3

In this case, only paths Fyo, Fjo and Py are used to form peripheral cycles.
However, we may still ensure that P is used to form the peripheral cycle C with
multiplicity 1, and that the linking edge used in this cycle is 2m — k—Ql— The linking
edges which are used of multiplicity 3 in peripheral cycles are m + %—1

First, let us suppose that m — 12_;1 > 2k — 1. In this case, the lengths in L; which

e

are less than 2m — 21 are

kE+1 k—3 -
.M -; ;771—-—2—,...,771»;Th+k+1,...,2771——"-—-—"—.

k-1 -

Note that there is an even number of lengths between 2k and m — %, an odd

number of lengths between m — 23 and 7, and an even number between m + & + 1
and 2m - E—;—l Hence the total number of lengths in L; which are less than 2m — %
is even.

Table 5.15 shows the assignment of jumps to the edges in each central cycle

whose length is at most 2m — §5_1
Next, suppose that m — 1«2;1 < 2k — 1. Then the lengths in L; which are less
than 2m — ’_‘—;—l are
k-1 - o k1
T;Qk+ L.o..,mm+k+1,....2m— —

Note that the number of lengths between 2k + 1 and m is odd and the number of

k+1

lengths between m + & + 1 and 2m — 3= is even, so that the number of edges in L,
which are less than 2m — 5;—1 is even.
Table 5.16 shows the assignment of jumps to the edges of length at most 2m — 5—;—1

in each starter central cycle.
Note that in either case, the total displacement of the edges labelled so far in

each starter central cycle is 0, and also that an even number of edges have been
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assigned jumps in each central cycle. The edges remaining to be assigned jumps are
those in L, of length greater than 2m — k—g—l By Lemma 5.7, we can assign jumps to

the remaining edges such that the total displacement is nonzero.

Subcase 1.1.2.3. ¢ > 3 and E=3

Note that since 2k < 1 < 3]%, we have that mm = 7, so that m — %l > 2k — 1.
The path P, o, which is used to form the peripheral cycle C of multiplicity 1, contains
edges of lengths 9 and 10, while the linking edge length in C' is 2rn — % = 13. Hence
we have Lo, = 51 U .Sy U S5, where

Sy = {9}
S: = {10}
Sy = {13}

Paths Py and P, which contain edges of lengths 2 and 3, and 4 and 5, re-

spectively, occur in peripheral cycles taken with multiplicity 3, as do the linking edge

lengths m — ’“2;1 =6 and m + "—;l = 8.

Let us first suppose that ¢ = 3, so that Fy, Fgo and Py are the only zig-zag
paths which are used in the formation of peripheral cycles. The lengths in L; which

are less than 2m — E-")—l- =13 are 1, 7, 11, 12.

Table 5.17 shows the jump labels of the edges of each central cycle with length
at most 13.

Now suppose that ¢ > 5. In this case, the path Py, containing edges of length
11 and 12, is also used of multiplicity 3 in the peripheral cycles, so that the lengths
in L; which are less than 2m — %l = 13 are 1 and 7. Table 5.18 shows the jump
assignments in this case.

In either case, an even number of edges in each starter central cycle have been
assigned jump so far, and the displacement along the labelled edges in each central

cycle is currently 0. The edges which remain to be assigned jumps are those in
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L, which have length greater than 13. By Lemma 5.7, the remaining edges can be

assigned jumps so that the total displacement along each cycle is nonzero.

Subcase 1.1.2.4. c=1

In this case, there is only one peripheral cycle, formed from Py, together with
linking edges of length m — 7“%1 This peripheral cycle is taken of multiplicity 1.

First, suppose that k = 3. Here, ¢ = V—;krl] = 25_1?] + 2 =1 implies that r — 1 =
235 =2, s0 that m — 1 = 2k +r — 1 = 2k + 2. Therefore, since k is odd, we have that
d = ged(k,m) = ged(k, 2k +3) = 3. Hence k = 9, which is a value not covered by the
results of Chapter 4; consequently, the existence of a Cyr-decomposition of K, *x K3
has been left as an exceptional case in the statement of Lemma 5.5.

So we may assume that k> 3. Here, we have that Lo = S; U S U S5, where

k
Sl = {1,2,7§}
5 -4

2k ok ~ E—1
S; = {—:3_+27?+3,...,k;ﬁ1,———~—}

The lengths in L; which are less than m — ’”—;1 are as follows:

E—1 - . k+1
E+ 1L, k+2,...,m— —.
5 + 1,k + m 5

k+1

5 is even, so that an odd

Note that the number of lengths between k+1 and m —

number of lengths in L, are less than m — ———k;l .

Table 5.19 shows the assignment of jumps to the edges from Lo in each central
k-1

cycle and those lengths in L, which are less than m — “5=.

An odd number of edges in each starter central cycle has so far been assigned
jumps. The total displacement along edges so far labelled is 0 in (', —1 in Cs and 1

in C3. The remaining edges to be assigned jumps are those in Ly with length greater
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than or equal to m — k=3 g By Lemma 5.8, the remaining edges may be labelled
2 g

so that each cycle has nonzero displacement.

Subcase 1.2. k=1 (mod 4)

Note that in this case, k > 9. Recall that when k = 1 (mod 4), the zig-zag path
P, is defined to have edges of lengths i +1, im+2, .. ., irh+-’~f§—1, m—+ ’”*2—3 iﬁz+%—§,
e i+ k— 1, im+k+1. Ifm— % > 2k — 1, then the path P}, has edges of lengths
im+k,im+k+2,im+k+3,... im+2k -1, while if i — 552 < 2k —1, then Py, has
edges of lengths i + k, im + k+2, im +k+3, ..., (i +1)ym — "—%—3— (i+1)m— ’5—51,
(i+1)m— %3, ..., im + 2k. Except in rare instances in which alternative choices of
paths were constructed, the paths P, and Py are used to construct the peripheral

cycles. If ¢, the number of starter peripheral cycles, is even, then paths P, and Py,

for 0 <i < §—1, are used in the formation of peripheral cycles, together with linking

edges of lengths im & E:2+_17 where 1 < ¢ < 5. If cis odd, then paths P, for 0 < i < “51
and P}, for 0 <17 < % are used in the formation of peripheral cycles, together with
linking edges of lengths m + "”—;”—1 2 — % and im + k—;‘—l for3<i < %

One peripheral cycle, C, occurs with multiplicity 1, while all the other peripheral
cycles occur with multiplicity 3 in the decomposition. The set of edge lengths which
occur in (' is denoted by Ly (where |Lg| = I:) The set of edge lengths which do not
occur in peripheral cycles is denoted by L. Each central cycle contains an edge of

each length in L, and 255 edges of length in Ls.

Subcase 1.2.1. ¢ is even

In the construction of peripheral cycles, we can guarantee that m + in is the

linking length in C, the peripheral cycle which occurs of multiplicity 1, while linking

lenth m — 5“;—1 is used of multiplicity 3 in the peripheral cycles.

Subcase 1.2.1.1. ¢ > 4
Here we may take P, o to be the path forming the peripheral cycle C which occurs

of multiplicity 1. Note that L, the set of edge lengths which occur of multiplicity 1
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in the peripheral cycles, is given by
Ly={m+1,m+2,...,m+k-1m+k+1).

Recall that in the construction of central cycles, we partitioned L into three sets
S1,S3 and S, each of size % Wemay let S; ={m+1,m+2,....m+ %} Sy = {m+
E+lLmtbae, ot 2y and Sy = {mt Bl mr B2 wrk-Lmr k1),
Let €1, C; and Cj denote the three starter central cycles, where € contains edges of
lengths in S, U S5, €, contains edges of lengths in S; U Sy and Cj contains edges of
lengths in S5 U S;.

Recall that L, denotes the set of edge lengths which do not occur in peripheral
cycles (and thus occur in each central cycle). In the case m — % > 2k — 1, the
following are the lengths in L; which are less than m + k + 1 (i.e. lengths that may

affect the direction an edge of length in L, is traversed in a cycle):

E+1 o k i_ P
%§2k,2k+1,...,m.—k+3:~ 1 . k-3

g T Ty T

Since m is odd, the number of lengths in L, between 2k and 7 is odd. Table 5.20
shows the jumps assignments for the edges in L, and the edges in L; which are less
than 77 + k + 1 in this case.

In the case m — E;‘—l < 2k — 1, the following are the lengths in L, less than
m+ k+ 1:

k+1 - -
——;—;2k:+1,2k+2,.,,,7?z.

The number of lengths between 2k + 1 and 7 is odd. Table 5.21 illustrates the jump
assignments for edges in each central cycle of length at most 7 + k + 1 in this case.

In either case, the number of edges which have been assigned jumps in each starter
central cycle is even, and the displacement along the labelled edges is 0 in each cycle.
The edges remaining to be assigned jumps are those in L, which have length greater
than m + k + 1. The remaining edges can be assigned jumps by Lemma 5.7 so that

the total displacement along each cycle is nonzero.
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Subcase 1.2.1.2. ¢=2,d > 3 and m — ’E—j—l > 2k —1
In this case, the lengths of Py are used of multiplicity 3 in the peripheral cycles,
and the lengths in Fj, are used of multiplicity 1.

Since m — % > 2k — 1, then the following lengths are in Lj:

kik+2,k+3,...,2k—1; m—{—k__gl

We have L, = 57 U Sy U S3, where

- . 4k
Sy = {k;k+2,k+3,...,—§}

3 3 '3
5k k 1
Sy = { 1,i—+ 2k—1m+—i—}
3 3
The lengths in Ly less than m + ;é—l are
k+1 k+3 k-1 k-3 k-1
2ok 2k + 1, - - ——
5 k,2k + ,m 5 7} 5 .M 5 .M+ 5

Note that since & = 1 (mod 4) and m is odd, the number of lengths between 2k and

m — “3 is even, and the number of lengths between m — L and m + £5L is odd.
Table 5.22 illustrates the assignments of jumps to the edges of length at most
m+ 5;—]

Note that in each starter central cycle, the number of edges which have so far
been assigned jumps is even, and the displacement along these edges is 0. The edges
which have yet to be assigned jumps are those in Ly that have length greater than
m -+ k%] We may apply Lemma 5.7 to assign jumps to the remaining edges so that

each cycle has nonzero total displacement.

Subcase 1.2.1.3. c=2,d > 3 (md 5k g — k?;l <% -1
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In the case that m — % < 2k — 1, the lengths which occur of multiplicity 1 in

peripheral cycles are

S k+3 k-1 k-3 - k+1
= e, — T — ,1 — soe 2ksm 4 ——.
kik+2,k+3,...,m 5 M 5 5 k;m + 5
We have that L, = .5, U S5 U S3, where
.- . 4k
S = {k‘,k+2,k+3, ?}
4k 4k 5k
= S —+1,—4+2,...,—
S? {3+ 73+7 73}
5k 5k k+3 k-1 k-3 . k+1
S3 = & —+1,—+2,...,Mm— — ;M — T — o2k 4+ ——
3 {3 + 73 + ’ , 2 ym 2 , TN 9 3 4}”a7n+ }
The lengths in L; which are less than m + ’:";1 are:
k+1 k-1

——2—;21%+1,2Z:+2,...,m+7.

Note that the number of lengths between 2k +1 and 7 + ’_“%] is odd.
Table 5.23 shows the assignment of jumps to the edges of length at most m+ }”%1
Note that in each starter central cycle, the number of edges which have so far
been assigned jumps is even, and the displacement along these edges is 0. The edges
which have yet to be assigned jumps are those in L; that have length greater than

m + —k;—l We may apply Lemma 5.7 to assign jumps to the remaining edges so that

each cycle has nonzero total displacement.

|5

Subcase 1.2.1.4. ¢ =2,d > 3 and m — % <3

w

k+1 > 3k—1

Note that since m > 2k and k > 3, we have that m — &t T > % Hence

we may write Ly = S1 U Sy U S5, where
. N 4k
S = {kﬁ;k+27k+3,...,—}

Sy =




5.2. k-cycle decompositions of K,,, K3 when k is odd, £|9(") and 9]k 190

5k 5k . k+1
= D — o2k ———
S3 {3+ ,3+3, , 2k + 5 }

The lengths in Ly which are less than m + E;—l are:
E-—;—1;2l~c+1,2117+1,...,7h+%,
Note that the number of lengths between 2k + 1 and 7, + ’;%1 is odd.
Table 5.24 shows the assignment of jumps to the edges of length at most m+ 1”2”—1
Note that in each starter central cycle, the number of edges which have so far
been assigned jumps is even, and the displacement along these edges is 0. The edges
which have yet to be assigned jumps are those in L; that have length greater than
m -+ % We may apply Lemma 5.7 to assign jumps to the remaining edges so that

each cycle has nonzero total displacement.

Subcase 1.2.1.5. c=2and d =3

In this case, an alternative choice of path is used in the formation of peripheral
cycles. One path, P, contains edges of lengths 2,3, ..., k and the other, P, contains
edges of lengths k+1,...,2k — 1. The linking lengths are 7 + k—;l The peripheral
cycle C which occurs of multiplicity 1 is formed from path P’ and linking edges of
length m — ’}% Note that as in the corresponding case in the proof of Theorem 4.7,
26k+3 k=1 __ 43k+15

9 18

. Thus, m — %= =

it can be determined that m = 5 > 2k — 1. Hence we

have that

Lg_{l}+1,ﬁ+2,...,21§—1;m—k—;¥},

and so we may write L, = S; U S U S3, where
S =

4k 4k 5k
S, :{ 11, +2,...,-‘f—}
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5k 5k - k-1
= — —_4+2 ....2k-1;m — ——
53 {3+1,3+ y y ;m 5 }

The edges of length in L; which are less than m — %—1 are

S k+1
1;2k,2k+1,...,m———;5—.

Note that since k& = 1 (mod 4), there is an odd number of lengths between 2k and
m — %
Table 5.25 shows the assignment of jumps to the edges of length at most m — E_;;
Note that the number of edges in each central cycle which have already been
assigned jumps is even. In each starter central cycle, the displacement along the
edges already labelled is 0. The edges to which jumps still need to be assigned are
those of length in L; greater than m — k—;—l We may assign jumps to the remaining

edges by Lemma 5.7 so that the displacement along each cycle is nonzero.

Subcase 1.2.2. cis odd

When & = 1 (mod 4) and c¢ is odd, we assign jump —1 rather than 1 to the
linking edges of the peripheral cycle C; as previously mentioned, this does not affect
the fact that the total displacement along C' is nonzero. However, it does mean that
the edges in the central cycles that have the same length as the linking edges of C
may be assigned jumps 0 and 1.

We will first consider several cases in which ¢ > 3; we thus discuss the con-
struction in that case here. If ¢ > 3, then we may use Pjq in the formation of the
peripheral cycle C' which occurs of multiplicity 1. This path contains edges of lengths
m+1,m+2,....m+ ’2'—;41,7?1+ ];.-%3,7’7),—5‘ %.,...,ﬁhtl}— 1,'rh+lNc+ 1. Note that if
¢ =3, then 1 + k € Ly; otherwise, the edges of length 7 + k occur of multiplicity 3
in the peripheral cycles. The linking length in C' may be taken to be 2m — 5—2*-1 while

k+

edges of length m 4 21 are used of multiplicity 3 in the peripheral cycles, and length

2m + kzil is in L4.
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We may write Ly = S1 U Sy U S3, where

i
S] = {7ﬁ+1,7ﬁ+2,ﬁl+§}

S N‘f“]%“f‘lﬁ’l—f—_];**'Z ~+];: 17h+ : TTL*{—];; L 777,‘}“—]:7‘{‘1
= m , Lo, ) 3 [
2 3 3 3 ’ ’ 2 2 2 3

2% 2k - - k+1
S3 = {ﬁz+§~+2,'ﬁl+?+3,...,7h+kz—1;777,+k+1;27h——;_ }

Subcase 1.2.2.1. ¢ > 5 and 7 — &1 > 2k — 1

In this case, the lengths in L, which are less than 2m — I‘%l are
%—l;QIEﬁQI%jLL...,m— f”l;;—“g;m-— k—;—l,.,.,m;m+2l%,...,27h,— %1?3
Note that there is an even number of lengths between 2k and m— i“—;rg, an odd number
of lengths between m — % and 7, and an even number of lengths between m + 2k
and 2m — % Hence the total number of lengths in L; which are less than 2m — ’“;—1

is even.

Table 5.26 illustrates the assignment of jumps to the edges in the starter central
cycles of length at most 2m — k—;@

Note that in each starter central cycle, the number of edges assigned jump so far
is even, and the displacement along these edges is 0. The remaining edges are those

Eil
2

in L; of length greater than 2m — . We may apply Lemma 5.7 to assign jumps to

the remaining edges so that each cycle has nonzero displacement.

Subcase 1.2.2.2. ¢ > 5 and m — 5_45_1 < 2k — 1
Let us begin this case by noting that the conditions mm > 9k and m— &L <2%k—1

imply that m +k+1 < 2/ — % < 1+ 2k — 1. Since the lengths in P, ¢ and Py, are

m-+1,...,2m— M—‘ oan — EL L m 2]~1 the lengths in Ly less than 2m — iﬂ are
2 2 = 2
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Note the number of lengths between 2k + 1 and 7 is odd.

Table 5.27 shows the assignment of jumps to the edges in each central cycle of
length at most 2m — '%“—1

Note that in each starter central cycle, the number of edges assigned jump so far
is even, and the displacement along these edges is 0. The remaining edges are those
in L; of length greater than 2m — % We may apply Lemma 5.7 to assign jumps to

the remaining edges so that each cycle has nonzero displacement.

Subcase 1.2.2.3. ¢ =3 and m — >92k—1

Since ¢ = 3, we now have that 7 + k € Ly, as the path P}y is not used. Hence

the lengths in Ly which are less than 2m — w are
k+1 k+3 k-1 k43
%21@ m — ; ST — 5 o mA kit k42, 277—%.

k+3

Note that there is an even number of lengths between 2k and m — £, an odd number

k 1

of lengths between m — and m, and an odd number of lengths between m + k+2

and 2m — &2
Table 5.28 shows the assignment of jumps to the edges in each starter central

k+1
=5

cycle of length at most 2m —

Note that the number of edges in each central cycle which have so far been
assigned jumps is even. Also, the displacement along the edges of each central cycle
which have already been labelled is 0. The edges which still need to be assigned jumps
are those in L; which have length greater than 2/m — ;”—“_;l We may apply Lemma 5.7

to assign jumps to the remaining edges such that the total displacement along any

cycle is nonzero.

Subcase 1.2.2.4. ¢ = 3 and m — ’—‘J_,r—‘ <2k —1

The lengths in L; which are less than 27 — 5L are

k+1
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Note that there is an odd number of lengths between 2k + 1 and 7, and an odd

number of lengths between m + k + 2 and 2m — %

Table 5.29 shows the assignment of jumps to the edges of length at most 2m— ’—“;r—l
in each starter central cycle.

Note that the number of edges in each central cycle which have so far been
assigned jumps is even. Also, the displacement along the edges of each central cycle
which have already been labelled is 0. The edges which still need to be assigned jumps
are those in Ly which have length greater than 2m — ’%—1 We may apply Lemma 5.7
to assign jumps to the remaining edges such that the total displacement along any

cycle is nonzero.

Subcase 1.2.2.5. ¢ =1

In this case, there is only one peripheral cycle C. This cycle is formed using the

path Py, with edges of lengths 1,2, ..., f‘:—l, E—ﬁ hi R k— 1, k+ 1. Linking edges
; 53 D g eag
in C have length m — %—1

We have that Ly = S U S5, U S3, where

k
Sl - {172,5‘}

koo k k—1k+3 k+5 2k
= <—+1,=-+2 N —
52 {3 + 3 + 2727 2 73 1}
2k 2k - s k+1
Sg = {—5'4'2 —,;—-{-3,...,]{7—1;A7+1;7;'l,—“%—}
The edges of L; which are less than m — 5—;—1 are as follows:
k+1 - - - k+3
——;——;k;k+2,k+3w.,,fn~ ——%L—

Note that the number of lengths between k + 2 and m — % is odd.

Table 5.30 shows the assignment of jumps to the edges of each starter central

k+1

cycle with length at most m — ==.
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An odd number of edges in each starter central cycle has so far been assigned
Jumps. The total displacement along edges so far labelled is 0 in Ci, 1in Cy and —1
in C3. The remaining edges to be assigned jumps are those in Ly with length greater

k-1

than or equal to m — %51 = ¢,. By Lemma 5.8, the remaining edges may be labelled

so that each cycle has nonzero displacement.

Case 2. d =0 (mod 3)

Begin by assigning jumps to the cycles in the decomposition as in the d # 0
(mod 3) case. The central cycles still have nonzero displacement; however, now the
peripheral cycles have total displacement 0. We will show how to modify this labelling
so that each cycle has nonzero displacement.

We begin by noting a few cases in which a modification can be done. F irst,
suppose that some central cycle C' with displacement 1 has a positively-traversed
edge with length ¢ € L, assigned jump 0, where the edges of length £ in C have
been assigned jump 1. Let e be an edge in C of length £. There exists a translate
C" = p(C") of ¢’ which contains an edge ¢’ parallel to e, which is traversed in
the positive direction and assigned jump 0. Switch the jump assignments on e and
e”, and between the edges p/(e) and p?(¢”) in translates p?(C) and p/ (C") for j €
{0.1,...,m—1} (i.e. for all the translates of C). Then replacing jump 0 with jump 1
on p’(e”) increases the displacement along £ (C") by 1, giving p/(C") displacement 2,
which is congruent to —1 (mod 3). Replacing jump 1 with jump 0 on p’(e) subtracts
1 from the displacement along C if p/(e) is traversed in the positive direction, or
adds 1 to the displacement if p/(e) is traversed in the negative direction — hence,
the new displacement along p/(C) is nonzero in either case. We have thus given all
translates of C' nonzero displacement, and the translates of ¢’ have displacement 1
or —1, depending on whether they have been affected by the switching.

Next, suppose that there is a central cycle (¢ with displacement —1 which has

a negatively-traversed edge with length ¢ € L, that has been assigned jump 0, where
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the edges of length £ in C have been assigned jump 1. In this case, we may reverse the
direction of traversal of C’, so that C' now has displacement 1, and the edge of length
¢ is traversed in the positive direction. The modification of the jump assignment now
may be done as in the previous paragraph so that each cycle has nonzero displacement.

Similar switchings may be done if there is a central cycle with displacement 1
with an edge of length in L, traversed in the negative direction and assigned jump
—1, where the edges of the same length in C have been assigned jump 1 (replacing
this jump with 1 gives such a cycle displacement —1, while switching from jump 1
to jump —1 in C makes its displacement nonzero), or if there is a central cycle with
displacement —1 which has an edge of length in L, traversed in the positive direction
and assigned jump —1 (reversing the direction of traversal of such a cycle means that
it has displacement 1, and an edge traversed in the negative direction with assigned
jump —1).

We now show that in each case, the jump assignment may be modified so that no
cycle has displacement 0. First suppose that it is not the case that k=3andc>4is
even. In all other cases, one of starter the central cycles has an edge of length in Lo
traversed in positive direction assigned jump 0 and an edge of length in L, traversed
in negative direction assigned jump 0. Such a pair of edges may be found in the cycle
C. Moreover, the edges of these lengths are assigned jumps 0 and —1 in the central
cycles, so that the edges of this length in C have jump 1. Thus, no matter the current
displacement along C; (1 or —1), the assignment of jumps may be modified by an
appropriate switching of jumps so that each cycle has nonzero displacement.

The only case left to consider is when k= 3 and ¢ > 4 is even. First, if Cy
has displacement 1, then since the edge of length 9 € L, is traversed in the positive
direction and has jump 0 (noting also that the edge in C of length 9 has jump 1), then
the switching may be done as detailed above. Suppose now that ('3 has displacement
—1. If ¢ has displacement 1, then noting that C} has an edge of length 9 € Ly

traversed in the negative direction and assigned jump —1, we see that a switching
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can also be done. So we now suppose that C; and C3 have displacement —1. If Cy has
displacement —1, then since Cy contains an edge of length 10 € Ly which is traversed
in the negative direction and has jump 0, and also noting that the edge of length 10
in C has jump 1, a switching can again be done. Finally, we suppose that C; and Cs
have displacement —1 and C5 has displacement 1. In this case, we do a switching on
edges of length 8. The edge of length 8 in (5 has jump 1, while the edges of length
8 in C have jump —1. Let e be an edge of length 8 in C, and let ¢’ = p'(Cy) be
a translate of Cy which contains an edge ¢’ parallel to e. Switch jumps between e
and €. Then since ¢ was traversed in the positive direction with jump 1, and C’
originally had displacement 1, replacing the assigned jump of ¢’ with —1 gives that
C’ now has displacement —1. Also, since C' had displacement 0, replacing the jump
—1 on e with jump 1 yields a nonzero displacement. Similarly switch jumps between
the edge p?(e) in the translate p/(C) of C, for 0 < j < d — 1, and the edge p’(¢’). We
now obtain a jump assignment such that each cycle in the decomposition has nonzero

displacement. O

We have now completed the proof of Lemma 5.5. Combining the results of

Lemmas 5.4 and 5.5, we obtain the main result of this section.

Theorem 5.9. Let k # 27 be an odd integer which is divisible by 9. Then Cy|K,,* K3
if and only if m is odd, 3 < k < 3m and k|9(7).
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly Bl + 0 0

I 2%k,... ,m— kL bt 0,0,...,0 0

L - k2w R B 0,0,...,0 0

S MLtk 0,0,...,0 0

Se | m+E+1, o m+E2 -+ - -1-1,...,-1 1

So|m+5 o m E L 4=~ | —1,0,...,0 1

Li| w2k, 2m—50 | 4 4 — 0,0,...,0 0

Total 0

C, | Ly B + 1 1

L 2k, ... m— &t — = 1,1,...,1 0

L m— k2w by — 1,1,...,1 -1

S 1. mtE SR S R I T R |

Sy | m+ZEy2. . mtk 4 — 4| =1,0,...,0 1

Li| m+2k..., 25 | — 4 1,1,...,1 0

Sy o — k=1 - 0 0

Total 0

Cy | Ly kol + -1 -1

I ok, ... m— kL SR S J D | 0

L, 7n—%—3,....7h -+, + -] -1L-1,...,—1 1

So| Akt mar Rt 0,0,...,0 0

So |m+® o E 1 — 4 =+ | 0,—1,-1,.. =1 —1

Sy | mAZr2 L m4k | -4, — [ 0,-1, =1, =1 —1

Ly | m+2k...2m—5L | — 4 4|~ 1 0

A 2 — k1 - 1 —1

Total 0
Table 5.13: Jump assignments for the edges of length at most 2m — k%] in the case

that k = 3 (mod 4), ¢ > 5 is odd, k> 3, and m — k—;—l > 2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
Ci | Ly o + 0 0
Ly 2k+1,...,m e P S 0,0,...,0 0
S, A1, E oy = 0,0,...,0 0
Se|m+bat o maES | - —1-1, - 1
Sp |mA+EL M+ EELL -+~ | -1,0,...,0 ~1
Total 0
Cy | L L o+ 1 1
Ly 2k+1,....m e I 1,1,...,1 -1
S, ALk R S TR RS B |
Sy | m+Z42...m+k | - +...,—+| —1,0,0,...,0 1
Ss 2 — k-1 - 0 0
Total 0
Cy | Ly % + -1 -1
L, 2k+1,...,7m b= | =11, 1 1
So | mtbarl, mekE g oy 0,0,...,0 0
Solm+kl o meZ |~ 0L, 1] -1
Ss| m+Z 2. w4k | =4+ 0,21, 1, ~1] -1
Sy 2 — k-1 - 1 ~1
Total 0
k-1

Table 5.14: Jump assignments for the edges of length at most 2m — &1

2

that k = 3 (mod 4), ¢ > 5 is odd, k > 3 and 1 — k—gl < 2k — 1.

in the case
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Cycle Lengths in cycle Edge direction Jump Displ.
C1 | Ly £t + 0 0
L %, ... ,m— Kt et 0,0,...,0 0
L - R e — 0,0,...,0 0
S, ML mrE - 0,0,...,0 0
Syl m+E+1,....m+52 | — 4+ 4| -1L,-1... —1 1
Sy |m+EL oM+ L 44— | —=1,0,0,...,0 -1
Li|m+k+1,...2m-5L 4 — 4 - 0,0,...,0 0
Total 0
Co | Ln % i + 1 1
L, 2k, ...,m— &1 — 1,1,...,1 0
L, -3 m — e — 1,1,...,1 -1
Sh m+ 1., m+E +, ==+ | —1,-1,..., -1 -1
Sy | M+t mtk 4=+ | =1.0,0,...,0 1
Ly |m+k+1,..2m— kL - 4 ¢ 1,1,...,1 0
Sy 27 — k-1 - 0 0
Total 0
Cy | Ly Bl + -1 -1
L 2k, ... ,m— &L — = | 1=, 1 0
Ly 777,—’}2;3,...,771 -+, -] —1,-1,..., -1 1
Sy | Akl mr B -t 0,0,....0 0
Sy |m+EL oM+ ZE4+l | -4, —+]0,-1,-1,...,—-1| -1
Sy | m+Zr2 . mtk |-+, + | 0,-1,-1., -1 -1
Li|m+k+1,...2m—-8 ) — 4~ 4| -1,-1,...,—-1 | 0
Sy 2 — k=L - 1 -1
Total 0
Table 5.15: Jump assignments for the edges of length at most 2m — k%] in the case

that k = 3 (mod 4), ¢ =3, k > 3 and m — L 2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
Gy | LIy A + 0 0

Ly 2k+1,....m e T S 0,0,...,0 0

S, AL,k b — e — 0,0,...,0 0

So | makrl, o omeES | -4 - —1,-1,. -1 1

Sp|m+EL  m+ZE 14— +,—| —1,00,....0 | -1

Ly |m+k+1,... 2m—-Bl] 4 _ 4 0,0,...,0 0

Total 0

Cy | Ly bt + 1 1

L 2k+1,...,m -+, .+, 1,1,...,1 -1

S, m+1,...,m+E o=, =+ | =1,-1,...,-1 -1

Ss| m+Z42. . m4k | — 4.+ 1,0,0,....0 1

Ly [m+k+1,... 2m—-8 4 1,1,...,1 0

Ss 2m — 21 - 0 0

Total 0

Cy | L kL + -1 -1

Ly 2k+1,..., m — 4t -1,-1,...,—-1 1

So rh+§+1, ...,'rrHif“Q;?’ +, =+ 0,0,...,0 0

Sy |4+ om+ L — 4+ 0,1, -1 -1

Ss| m+FE+2,.. o mt+k | -4, —+]0-1-1,...,-1] -1

Li|m+k+1,.. 2680 — 4 4] —1,-1,...,-1 0

Sy 2 — k=1 - 1 ~1

Total 0
Table 5.16: Jump assignments for the edges of length at most 27 — k—;—l in the case

that k = 3 (mod4),c=3,l:“.>3andﬁ1—%§21:;m1.
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Cycle Lengths in cycle | Edge direction | Jump | Displacement
Cy | Ly 1,7 +, — 0,0 0
Sy 9 -+ 0 0
So 10 — 0 0
Ly 11, 12 +, — 0,0 0
Total 0
Cy | Ly 1,7 +, — -1,1 1
Sy 9 + -1 —1
Ly 11, 12 —, + 1,1 0
S 13 — 0 0
Total 0
Cs; | Ly 1,7 +, — 1,-1 -1
S 10 + -1 -1
Ly 11, 12 - + -1,-1 0
S 13 — 1 -1
Total 0

Table 5.17: Jump assignments for the edges of length at most 13 in the case that

¢c=3and k = 3.

Cycle Lengths in cycle | Edge direction | Jump | Displacement
Cy | Ly 1,7 +, — 0,0 0
Sh 9 + 0 0
Sy 10 - 0 0
Total 0
Cy | Ly 1,7 +, — —-1,1 1
S1 9 + -1 -1
S 13 — 0 0
Total 0
Csy | Ly 1,7 +, — 1,—1 -1
Sa 10 + -1 -1
Ss 13 — 1 -1
Total 0

Table 5.18: Jump assignments for the edges of length at most 13 in the case that
c>5isodd and k = 3.
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Cycle Lengths in Cycle | Edge direction Jump Displ.
Ci | S L% R 0,0,...,0 0
Sy Epl,... B3 = —1,-1,.., =1 1
L kel + 0 0
So | B Z4q |4~ 4] 00,...,0-1 -1
Ly | k+1,...om—51| - 4 — ¢ 0,0,...,0 0
Total: 0
Cy |5 L., % ty—yees =+ | =11, 1 -1
Ly 5 - 1 -1
S %49k = ..+, — | 0,0,...,0,—1 1
Ly [ k41, ;-5 4 4 - 1,1,....1 0
Sy i — k-l + 0 0
Total: -1
C;y | S, Er1,. 58 =, — 0,0,...,0 0
Ly 1 - -1 1
Se| L. Z41 |44 —|-1,-1,...,-1,0] -1
Ss Zo2,.. .k o= = | —1,=1,...,=1,0| -1
Ly k41, =52 | 1,1, -1 0
Sy i — k1 + ~1 —1
Total: 1
Table 5.19: Jump assignments for the edges of length at most m — 55—1 in the case

that k = 3 (mod 4), ¢ =1 and k>3
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly k1 + 0 0
L 2%k, ... m — k2 e = 0,0,...,0 0
L m— kL m e — 0,0,...,0 0
S M1, mk b =+ 0,—1,-1,...,-1,0| 1
So| mAE41, . m+E | — 44— 0,1, -1, -1,0| 1
Total 0
Co | Ly b1 + 1 1
L 2k, ..., — &3 T S — 1,1,..., 1 0
L - L m ey — 1,1,...,1 -1
S, A1, m+E t— =+ | =1,0,0,...,0,-1 | 1
Sy|lm+ZE+1,. .. om+k—1|—+,...,—+| 0,—-1,~1,...,-1 | -1
Sy m+k+1 - 0 0
Total 0
Cs | Ly b + -1 -1
L %, ... — k3 D P P | 0
Ly 'rh—f“;l.,...,'rh T P -1, —-1,...,—~1 1
S| m+k4t o m+ZE |4 - -+ -1,0,0,...,0,—1 | 1
Sy |m+2E 41, k=1 ] = 4., =+ | —1,00,...,0 1
S3 m-—+k+1 - —1 1
Total 0

Table 5.20: Jump assignments for the edges of length at most m + k + 1 in the case
that k =1 (mod 4), ¢ > 4 is even and m — 5—“251 > 2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
Cr | Ly - ER + 0 0
L, 2k+1,...,m R 0,...,0 0
S M1,k Fo— =410, -1,—1,...,-1,0] 1
So| mrkyl o+ Z |4 4,-0,-1,-1,...,-1,0] -1
Total 0
Cy | Iy Lyt + 1 1
Ly 2k +1,..., m — 4+, — 1,1,...,1 -1
S, A1,k 4+ =i, —+ | —1,0,0,...,0,—1 1
Sylm+ZE+1, . m+k—1] -+, —+| 0-1,-1,...,-1 | -1
S3 m+k+1 - 0 0
Total 0
Cs | Ly = + —1 ~1
I 2k+1,....m = =11, =1 1
So| m+Ept o m+E |4+ -1,0,0,...,0,-1 1
Sy|m+ZE+1,.mtk—1]— 4., —+| =100,...,0 1
S3 m+k+1 — -1 1
Total 0

Table 5.21: Jump assignments for the edges of length at most m + k -+ 1 in the case

that k =1 (mod 4), ¢ > 4 is even and m — Bol < 2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly kL + 0 0
St kk+2,k+3,.. % | — 4 4 -10-1,-1,....,-1| 0
S, %11, Fom = |0, —1, =1, —1] 0
Ly|  2k,...,m— k3 e =k 0,0,...,0 0
Li|m-5L mtEl] 44— 0,0,...,0 0
Total 0
Cy Ly % + 1 1
St kk+2,k+3,. ., % | -4+ .. +-| -1,00,...,0 1
Se| E41,...2k-1 |4,—.. 4= |-1,-1,...,-1,0| -1
L 2k,...,m— k2 =, — 1,1,...,1 0
Ly |m—51 o oom+ 8L+ | —1,-1,. 1 -1
Ss i+ ki - 0 0
Total 0
Cy | Ly B + -1 ~1
S, %1,...,% — .= | —1,0,0,....0 1
Se| Frl,...2k—1 |+,— ..+ - 00,..,0-1 1
Ly 2k, ... Mm— & fo— = | =1, -1 1 0
Ly|m-5L el oy 1L1,....1 1
S3 m—l—k—;rl - -1 1
Total 0

Table 5.22: Jump assignments for the edges of length at most m + —";—1 in the case
that £ =1 (mod 4),c=2,d> 3 and m — % > 2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly L + 0 0

Sy [ kik+2,k+3,. ., % — 4+ 0,0,...,0 0
S, e T T 0,0,...,0 0
Li| 2k+1,....m+5L | — + ..+ - 0,0,...,0 0
Total 0
Cy Ly k—;—l + 1 1
S| ksk+2, k43, % — = | =11, - 1
Syl E41,...om-E3 14—+ -] -100,...,0 -1
S, kL 2k 0,0,...,0 0
Ly | 2k+1,..om+5L |4 — -+ -1,-1,...,-1 | -1
Ss i + B - 0 0
Total 0
Cy | Lt kL + -1 ~1
S, 4y, 5k b —1,-1,...,-1 1
Syl 41, om—E 4 — 4 -]0,-1,-1,...,—-1| 1
Sy | w2k =, +,= | —1,-1,...,~1 0
Ly | 2k+1, o+ EL | 4 - -t 1,1,...,1 1
Sy i+ kL - -1 1
Total 0
Table 5.23: Jump assignments for the edges of length at most m + k%l in the case

that k£ =1 (mod4),c:27d>3and5,—Lf<ﬁz~%—1§2fc—1.
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly kL + 0 0
Syl kik+2,k+3,.. % 4~ 0,0,...,0 0
So| E41,...m-B3 14—+ 0,0,...,0 0
So| m—-BRA L E 1| - -+ 0,0,...,0 0
Ly| 2k+1,...,m+5L | — + ..+ — 0,0,...,0 0
Total 0
Cy | Ly Lt + 1 1
Silkik+2,k+3,. % -+ +—| -1,-1,...,-1 1
Sy % +2,...,2k +,— .+, — | —1,0,0,...,0 -1
Ly | 2k+1,. .. om+52 | - =4 —1,-1,...,-1 | -1
S3 fal—% - 0 0
Total 0
Cs | Li| gl + -1 -1
So | 41, om-E3 |\ — 44— -1,-1,..., -1 1
Sy | m—EL ., Bl |4+ - — | -1, 0
Ss k19 2k U ) PR P 1
Ly | 2k+1,. B2 | 4 - -+ 1,1,...,1 1
Sy i R ~ -1 1
Total 0
Table 5.24: Jump assignment for the edges of length at most m + % in the case

that k= 1 (mod 4), c=2,d > 3 and 1 —

E+1 5k
s <3
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Cycle Lengths in cycle Edge direction Jump Displ
Ch Ly 1 + 0 0

Sy k+1,kr2,.. 4% — 0,0,...,0 0
So| %y kyo Ry —4] 0,0,...,0 0
L 2%k, ... m — kl e — 0,0,...,0 0
Total 0
Cy Ly 1 + 1 1
S k+1,k+2,... % S R P . | 1
Se | E41,% 42 2%k —1|+ ..., 4~ | -1,0,0,...,0 1
L 2%k, ..., m— kL B I (R TS R B |
Ss i — L - 0 0
Total 0
Cs Ly 1 + —1 -1
Sp| kg % -] -1,-1., 1
Sy | Er1,8 42 2%k 1|4, 0,211, 1] 1
L 2%, ... m -kl b=k L1...,1 1
S3 771—’:’—5—1 - -1 1
Total 0

Table 5.25: Jump assignments for the edges of length at most m — kol

that £ =1 (mod 4), ¢ =2 and d = 3.

2

in the case



5.2. k-cycle decompositions of K,,, * K3 when & is odd, k|9(") and 9]k 210
Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly B + 0 0

L 2k,...,m— &3 A, 0,0,...,0 0
L m— kL e — 0,0,...,0 0
S A1,k Fo— =t 0,0,...,0 0
Sy | mAE+1. o m+EE | - - 0,0,...,0 0
S| m+ES m+ZEr1l |4 -, -] 0,0,...,0 0
Li| w42k, 25 |4 0,0,...,0 0
Total 0
Cy, | I ELL + 1 1
L 2k,...,m~ &3 e = 1,1,..., 0
L, m—EL o m — = 1,1,...,1 -1
S ML,k I S JO D |
Sy |m+Z42,.  m+k-1|—+...,+-| -1,00....0 1
S3 m+k4+1 + 0 0
Ly ﬁ"z.+2l~c,...,2ﬁz—';—;r§ -+, =+ 1,1,...,1 0
Ss 27 — k4l — 0 0
Total 0
Cy | Ly k1 + -1 -1
Ly 2%k, ... — ki S [ P | 0
L - L m IO R P . | 1
Sp| mAkrlmaeE |- -] -L-L -1 | -l
Se| mAEER L m+E41 |-+t -L-1 - 0
Sy |m+2+2,. m+k—1|— 4. +—|0-1-1...,-1| 0
S3 m+k+1 + -1 —1
Li| mA+2k..2m—E3 | 4 11,1 0
Ss 21 — &L —~ 1 —1
Total 0
Table 5.26: Jump assignments for the edges of length at most 2m — @;—1 in the case

that k = 1 (mod 4), ¢ > 5 and m — ]‘%1 > 2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly L + 0 0
L 2k +1,..., ™ e — 0,0,...,0 0
S, ALt E b - 0,0,...,0 0
S| Akl w4 - 0,0,...,0 0
Sy | m+ES w4+ E ] |- 0,0,...,0 0
Total 0
Co | Ly & T 1 1
L 2%k +1,...,m e, — 1,1,....1 -1
S S T R E I F U T R |
Sy |m+ 242, m+k—1]— 4.+~ | -100,...,0 1
Ss 27 — EHL - 0 0
Total 0
Cy | Ly El + -1 -1
L 2%k +1,....m A= | —1,-1,.., -1 1
Sol mAbat, o om+EL |4 -+ —L-1,...,-1 | —1
So| mAEE L mr el | | —1,-1,. -] 0
Sy|lm+ZE+2,. . om+k—1] -+ ..., +-[0-1,-1,...,-1] 0
S m+k+1 + —1 -1
Ss 27 — B — 1 ~1
Total 0

Table 5.27: Jump assignments for the edges of length at most 2m — k—gl— in the case
that k = 1 (mod 4), ¢ > 5 and m — k—f,—l <2k — 1.
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Cycle Lengths in cycle Edge direction Jump Displ.
G | Ly e + 0 0

L, 2k, ... 7 — B3 Ay 0,0,...,0 0
L M- kL Ay — 0,0,...,0 0
S M1, w4k =y =4 | 0,-1,-1,...,-1,0] 1
S m+§+1,....ﬁz+k—;—l s, — 0,0,...,0 0
Sy | m+RS L m+ZE g1 |4 - | ~100,....0 -1
L m+k + 0 0
Ly | m+k+2, . 2m-5 | _ 4 4 0,0,....0 0
Total 0
Cy, | Ly kL + 1 1
L, 2k, ... m — k2 = 1,1,....1 0
L, m— L m P 1,1,...,1 -1
S, ML,k ty=e =+ | —1,0,0,....,0,—1 1
Sy lm+ZE42 mtk-1] -+ . +—|0,-1,-1,. ... -10| 1
L m+k + 1 1
Sy m+k+1 - 0 0
Li | k42, ,2m—53 |4 | 1. 1 ~1
Ss 2m — &L —~ 0 0
Total 0
Cs | Ly B + -1 -1
L, 2k, ... i — EL3 R T IR P | 0
L kL ~ = | =1,-1,... 1 1
So| M+t m+k 4 o S o 1
So | mA+EER L m | < o] 0,1 -1... -1 | —1
S |m+Z+2 k=1~ 4. | -1,00,.. .0-1 | -1
Ly m+k + -1 -1
S, A4 k+1 - ~1 1
Ly | mtk+2,.. . 2m-83 4 1,1,....1 1
Ss 2 — kil - 1 ~1
Total 0

"Table 5.28: Jump assignments for the edges of length at most 2m — kil, in the case
that k = 1 (mod 4), ¢ =3 and m — % > 2k — 1.

2
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Cycle Lengths in cycle Edge direction Jump Displ
G | Ly o + 0 0

Ly 2k +1,...,m sty e, — 0,0,...,0 0

S, M1, etk = 0,-1,-1,...,-1,0| 1

Sy | m+ke1. L mt kL by — 0,0,...,0 0

S| mABS L mtZE4l |+~ 4| =1,0,0,...,0 1

Ly m+ k + 0 0

Li| mtk+2,...,2m~52 | — 4 4 - 0,0,...,0 0

Total 0
Cy | Ly R + 1 1
Ly 2k+1,...,m — -+, L1,...,1 -1

Sh m+ 1, ..,m+§ +,—,...,—+ | =1,0,0,...,0,-1 1

S3 771+%’5+2,...,~m+l~c—1 — 4+, .+, 0,-1,-1,...,—-1,0 -1

Ly m + k + 1 1

Sy k41 -~ 0 0

Ly| m+k+2,..,2n-E8 | 4 4 1,1, -1 1

Sy 2 — Bl - 0 0

Total 0
Cs L, % + -1 -1
L, 2k +1,....m b= —1,-1,. -1 1

So | mAkel o meEl |- ] 11, 1

Sol MRS om0, 1., -1 | -1

Sy lm+Z42 . mArk—1]—+....+—| —10,0,...,0,-1 | -1

Ly m+k + -1 -1

S i+ k1 - ~1 1

Li| m+k+2,.. 288 |4 4 1,1,....1 1

Sy 2 — &L — 1 -1

Total 0
Table 5.29: Jump assignments for the edges of length at most 2m — % in the case

that k =1 (mod4),c:3andm—i‘%1§2/}~1.
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Table 5.30: Jump assignments for the edges

that k=1 (mod 4) and ¢ = 1.

of length at most m —

Cycle Lengths in cycle | Edge direction Jump Displ.
C, | S 1,...,% +,—,...,—+ ] 0,0,...,0 0
Sl Ea1. Bl 44~ 00,..,0 0
L, % + 0 0
So| BB |4 - 4+] 0,0...,0 0
Ly k - 0 0
Ly | k+2,. . ,om-E3 4 4+ 0,0,...,0 0
Total 0
Cy, | S 1,...,% +, -, — 4+ | -1,-1,...,-1| -1
L kit — ~1 1
Sa| ZE42, k-1 |+— ., =+ =11, -1| -1
Ly k - 1 ~1
S, k+1 + —1 —1
Ly | k42, ;=B 4 | 1,11 -1
Ss m -kt + 0 0
Total -1
Cs | Sy R T TETE N [ SR NRPES B S
L EL — 1 ~1
Sy | BB ZE 1 gy k- -L-1.., 1| 0
Ss| ZE42, k-1 |+~ ....—+ | 0,0,...,0 0
In k — -1 1
Sy k+1 + 0 0
Ly | k42, m=520 - -1, -1 1| ]
Sy m — AL + 1 1
Total 1
ki

2

, in the case



Chapter 6

Some further decompositions of

AKm

In this chapter, we prove the following theorem.
Theorem 6.1. Let k and n be even with 2 < k < n. Then CilkK,.

Theorem 6.1 has been independently demonstrated by Smith [48], along with a
proof that Cy|kK, if n is odd; thus Smith’s paper completes the proof of necessary
and sufficient conditions for the existence of a Ci-decomposition of kK,. However,
our proof of Theorem 6.1 is particularly dear to the author, and so we include it here.
We note, moreover, that our method of proof is quite different from Smith’s.

Before we prove Theorem 6.1, let us first state some lemmas regarding the ex-
istence of particular cycles; these cycles will be used to form our decompositions.
Throughout the statements of these lemmas, we use the following notation. We will
let n and k be even integers with 4 < k < n. (The cases k = 2 and k = n will be dealt
with separately from the others in the proof of Theorem 6.1.) The lemmas concern
cycles in the graphs K,,_; and K,_; X K. Throughout, we will let V(K, 1) = Z_;
and V(K,_1 x K1) = Z, 1 U {oc}. We thus consider edge lengths in K,_;, namely

{1,2,..., 3 - 1}, and edges incident with vertex oo will be called central. Through-

215
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out the following sequence of lemmas, we define integers ¢ and r as follows: write

g—lzq(§)+r,\vher60§r<§. Note that ¢ > 1 since k < n — 2.

Lemma 6.2. Let i € {0,1,..., q — 1}. There exists a cycle C; of length k in kK, _4

which contains exactly two edges of length € for each ( € {%“— +1, % +2,..., @'ﬁ}

Proof. Let p denote the permutation (0,1,...,n — 2), which cyclically permutes the
vertices of kK,,_1.

The construction of cycles depends on whether g is even or odd.

Case 1. k=0 (mod 4)
Let

ki ki k ki k
=0, 1,2 (B} Bl
P=05+1,-1,2+2, <4 )2+4

Then P, is a zig-zag path containing edges of lengths % +1, % +2,..., %*-1—) —1. Note

that P; has initial and terminal vertices 0 and & + £, and that p=*¢*1/2(B,) (the re-

versal of p~**1/2( P)) has initial and terminal vertices ~% and —k(%l), respectively.
Let e; = & 1 2 K and el = ~ k&) 0. (Note that e; and €. are paths containing a
2 T4 g i 2 i 2

single edge.)
e
We define C; by forming the concatenation of P; with e;, p~*(*U/2(B), and e/,
that is,

C;, = pieip—k\wrl)/z(ﬂ)e;'

The form of a cycle constructed in this manner may be seen in Figure 6.1. A further

example of such a cycle may be seen in Figure 6.3. Note that C; contains exactly two

edges of each length in {% +1, —’;—’ + 2,0, H—'jﬂ

}. It remains only to show that C; is
indeed a cycle. Since F; has initial vertex 0, it is clear that C; is a closed trail. Note
that the vertices of P, are contained in the interval [—(é‘i —1), %4 %] and the vertices

of p~¥+1/2( P} are contained in the interval [— (&2 —1), —£]. Moreover, note that

h(i+1)

0< %Jrﬁ—k—l = =5 +§—1 < k:—qur%—l < g~l+§—l < %Jrg—‘Z < n—1. It is now
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O o
O )

O
OOOOO

Figure 6.1: The cycle C; in Case 1 of Lemma 6.2.

easy to see that C; is a cycle provided the inequality (n—1)— (%—F% -1) > %‘f‘% holds.
This inequality is equivalent to n > ki+k, which is true since k(i+1) < gk < n—2 < n.

Hence C; is the desired cycle.

Case 2. k=2 (mod 4)
Let

Pi=0,—+1-1,—+4+2 -2 ..  —
* 7t 3 "1

ki ki ki k-2 <k~2>
2 T '

Then P is a zig-zag path containing edges of lengths % + 1, % +2,..., k(—l;—]l - 1.

. o, . . . . ) .
Note that P; has initial and terminal vertices 0 and —(%(2) respectively. and that
i 4 /) AR

; 5] \ o o / veg . . o3 <
pFUTU2(PY (the reversal of p*t1/2(P,)) has initial and terminal vertices % + k—j—z
and 5(”—1) respectively. Let e¢; = —(A=2) B 4 k2 onq ¢f = M,O. Note that e;

2 p B, 4 2 4 ? 2

and e} are paths of length 1.)
Define C; as the concatenation of P, €;, p**1/2(P,) and ¢/, that is,

EnY,
Ci = Preap™ " V2 (P)el.

4

The form of a cycle constructed in this manner may be seen in Figure 6.2. A further
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example of such a cycle may be seen in Figure 6.4. Note that C; contains two edges

pk(H'l)/Q(P')

o o ©
Figure 6.2: The cycle C; in Case 2 of Lemma 6.2.

of each length in {% + 1, 52—’ +2,..., EQ;—U} It remains only to show that C; is a
cycle. Since the initial vertex of P is 0, it is clear that C; is a closed trail. Note that
k-2

the vertices of P; are contained in the interval [—(52), & + £22] and the vertices of

pFD/2(P;) are contained in the interval [ + &2 ki 4 35221 Moreover, note that
O<ki+3k4—_2 =k(1+1)— % <kg—1- ’“4;2 <n—1-%52 Tt is now easy to see

that C; is the desired cycle. O

Lemma 6.3. Suppose k and n are positive even integers and k < n. There is a
k-cycle in k(K,—1 x K1) which contains (k —2) edges of length 5 — 1 and two central

edges.

Proof. Let C =0, ~-1,n-25-2n-3,...,5 ~ (% —-1),n— g—,oo.,(). It is easy to
see that C' contains (k — 2) edges of length § — 1 and two central edges. An example
of such a cycle may be seen in Figure 6.3.

The vertices in odd position of C' consist of all those between n — % and n — 1

(i.e. 0), inclusive, while the non-central vertices in an even position in C' consist of all
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those in the interval [ — % +1,% —1]. Note that § — E+1>1ask<n—2 Tosee
that C is a cycle, it suffices to show that & —1 <n — %; this inequality is true since

n>k>k—2. |

Lemma 6.4. Leti € {1,2,..., L]} be fized, and let a; = q(£) +2i — 1. There ewists
a k-cycle in k(K,_1 x Ky) which contains exactly 12“- — 1 edges of each length a; and

a; + 1, and two central edges.

Proof. Let C =0,a;,—1,a;, — 1,-2,...,a; — (% - 2), —(g —1),00,0. It is easy to see
that C contains % — 1 edges of length a;, % — 1 edges of length a; + 1, and two central
edges. Examples of cycles formed in this manner may be found in Figure 6.4.

To see that C is a cycle, note that the vertices of K, _; encountered in an odd
position of C' are 0, ~1,~2,..., —(% — 1), and the noncentral vertices in an even
position of C are a; — (g - 2), a; — (% - 3), ..., a;. Also, note that n > k implies
g>1sothat a;— (5 —-2) =q(5)+2—1—- (£ -2) > 2i+1> 1, and moreover
a; = q(£) +20 -1 < q(4) + 2(5) — 1 = 2 — 2. So the noncentral vertices in even
position of C occur in the interval [1,2 — 2]. Also, since —(£ — 1) =n -1~ (4 - 1)
andn —1—{ % ->n—-1-(5~ ) = %, the vertices in odd position of C occur in

the interval [Z,n — 1] = [Z,0]. There is hence no overlap between the vertices of C,
27 2

so C is indeed a cycle. O

Lemma 6.5. If r > 0, then there is a k-cycle in k(K,_y x K,) containing exactly
two edges of each length (1(1;—) +1, q(%) +2,...,5—1, exactly k—2r — 2 edges of length

1, and two centrol edges.

Proof. Let us first suppose that r is even. In this case, welet C' =0, 5 —1, 1, 5 — 2,

2
2, . L E2-(G-1,5-1,3-5 5 5+, 542, .., b4 L B2 o
(542, (5 A (5 12), —(51), —5, — (3 - 2), —(5- 1)
—(=r2), ., -2, — (2 -2), -1, — (# — 1), 0. That is, (' contains edges of length,
in order along €', § — 1, § =2, 5 -3, ..., 5 —r+1, 5§ —r, followed by (k —2r —2)/2
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edges of length 1, two central edges, (k — 2r — 2)/2 edges of length 1, and finally
edges of lengths § — 7,2 — 7 +1,...,2 — 2,2 — 1. (The second half of C' - that
occurring after the central vertex — is the mirror image of the first half.) Note that
{(f-rng-r+1....85-1} ={¢5) +1,q5)+2,...,2 — 1}. We remark that if
k = 2r + 2, then the vertices adjacent to the central vertex oo are 5 and —%. In this
case, [{g(5)+1,q(5)+2,...,2~1}| =r = £ —1; C contains two edges of each length
in {g(£) +1,q(%) +2,...,! — 1} and no edges of length 1.

It remains to be shown that C is a cycle. Note that before the central vertex,

C contains all vertices in the interval [0, + —’“—1221“—2] and all vertices in the inter-

val |5 — 2,2 — 1]. After the central vertex, C contains all vertices in the interval
2 T 272

[—(5 + £2=2), —1], as well as all vertices in the interval [— (3-1), —(2 — %)]. More-

over, recalling that r < —, we have that 0 < 5 + u—Q = % —5-1<2-5<5-1<

Z=n—-1-(5-1)< ’1+r2—'n—1—(———)<n—1 Er2can—-2<n—1.It
is now easy to see that C is indeed a cycle.

An example of a cycle constructed in this manner may be found in Figure 6.4.

Now suppose that r is odd. In this case, let C = 0, 5-1,1,5-22 .. =

n _r=1 r=1 n _r+l n __r+3 n _ r45 n k—r—3 n_ k-r—1 oG ﬁ(g _ k—r— )
2 777 2 312 203 2 12 » 2 2 % TG 2

n k—r—3) n r+3 7 r+1 r—1 n r—1 r—23 ¢

'—(_2'_ 2 )* —(5 2)7 _(5_ ) ( ) _( T 7"(2)7"'% -2,

—(5-2), -1, (%% 2-2) 0. Hence, C contains edges of length, in order along C, 5—1,

5-2,5-3,..., 5—r+1, Z—r followed by (k—2r—2)/2 edges of length 1, two central

edges, (k—2r—2)/2 edges of length 1, and ﬁnally edges of lengths §—r, S —r+1, ..

—2, 3—1. Again, note that {§—7r, 2—r+1,...,! -1} = {q(5)+1,q(5)+2,....! 21},
It £ = 2r + 2, then the vertices adjacent to the central vertex oo are 5 — ’"gl and
~(5 — =), In this case, {q(5) + 1,q(5) +2,...,2 -1} =r = £ —1; C contains
two edges of each length in {g(£) + 1, a&)y+2,..., 5 — 1} and no edges of length 1.

It need only be shown that ' is a cycle. Note that before the central ver-

tex, C' contains all vertices in the interval [0.2=1] and all vertices in the interval
g : 32

|5 — *5—. % — 1]. After the central vertex, C' contains all vertices in the interval
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[-(&-1),—(5- ﬁ—‘—%:—l)] and all vertices in [—"51, —1]. Since k < n, r < 129 and k > 4,
: . -1 _ k=r=1 _ k—r—3 __
it followsthat 0 < It < 2 - 2= <L -1<f=n—-1-(§-1) <5 +5= =
n—1-(2-52=)<n-1-5 <n-2<n—1 Itis now easy to see that C is
indeed a cycle.

An example of a cycle constructed in this manner may be found in Figure 6.3. O

Lemma 6.6. There is a k-cycle in k(K,_, X K1) containing (k — 2) edges of length

1 and two central edges.

Proof. Let C' = 0,1,2,...,k —2,00,0. Since k£ < n, it is easy to see that C is the

desired cycle. |

Lemma 6.7. There is a k-cycle in k(K,—1 1 Ki) containing exactly two edges of

each length 2,3, ..., % and exactly two central edges.
Proof. If k =0 (mod 4), let C =0, 2, —1, 3, a=(E-1), b1, by
%’9, % + 3, 54’2 -1, %4‘ 4. ..., % % + 2, 00, 0. An example of such a cycle may be found

in Figure 6.3. The vertices in an odd position along C are contained in the intervals
[—(% —1),0] and [£ + 2,2 + 1], while the noncentral vertices in an even position
along C are contained in the interval [2, g] Note that since k£ < n — 2, we have that

Eil=k-t+4l<n-(=m-1)—(5-1)=—(5-1);it is now easy to see that

C is a cycle. The lengths used in C, in order along C| are 2, 3, 4, .. ., 5 followed hy
% '2‘ —1, ..., 3, 2, and finally two central edges.
If k=2 (mod 4), let € = 0,2, —1,3, —4, .., k2 _(k=2) _(3k=2) _(ki2)
— (36 (E£6y B2y _(A=2) 5o (0. The vertices in an odd position along
1 1 2 2
k-2

C' are contained in the interval [~(%5%), 0], while the noncentral vertices in an even

position along C' are contained in the intervals [—(#:2), — (2] and [2, 2] Note

4
that since k <n—2, M2 =k -2 <cp—1 - é&.;_?_ = — ‘—3—1‘—"—2) it follows that €' is
indeed a cycle. The lengths used in C', in order along C, are 2, 3, 4, ..., % followed
by "'., g‘— —1,..., 3, 2, and finally two central edges. a
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We now have all the tools necessary to prove Theorem 6.1.

Proof of Theorem 6.1: First if k = 2, then clearly C»|2K,,. Next, if £k = n, then since
C,|2K,, by Corollary 4.6, and since 2|k, it is easy to see that Ci|kK,,. We henceforth
assume that 4 <k <n - 2.

View K, = K, 1 x K, so that kK, = k(K,_; x K3). Let V(K, 1) = Z,_1,
V(K;) = {00}, so that V(kK,,) = Zn-1 U {oco}. The edges in K,_; have lengths 1,
2, ..., § — 1, while edges incident with oo are called central. Let 3 — 1 = q(%) + 7,
where 0 < 7 < k/2. We divide the edge lengths into ¢ sets of size £/2, namely
Qi = {ik/2+1,ik/2+2,...,(i + 1)k/2} for 0 < i < ¢ — 1, and one of size r, namely
R ={qk/2+1,qk/2+2,...,(n—2)/2}.

We will demonstrate how to form starter cycles for the decomposition. Let
p denote the permutation p = (0,1,...,n — 2)(cc), which cyclically permutes the
elements of Z,,_; and leaves vertex oo fixed. For each starter cycle C' described below,
the decomposition will contain the cycles p*(C) for each i € {0,1,...,n—2}. We wish
to form a set of starter cycles containing k edges of each length in {1,2,...,% — 1},

and k central edges.

We now proceed based on the value of r.

Case 1. r =0

We first form a starter cycle C' containing (k—2) edges of length 1 and two central
edges, by Lemma 6.6. This cycle occurs with multiplicity 1 in the decomposition.
Next, by Lemma 6.7, we can form a starter cycle C’ containing two edges of each
length in 2,3, ..., % and two central edges. The cycle C' will occur with multiplicity
f‘z' — 1. Note that in the starter cycles formed so far, there appear k central edges and
(k — 2) edges of each length in ().

For each i € {0,1,...,q — 1} form, by Lemma 6.2, a starter cycle C; containing
two edges of each length in @;. The cycle Cj is taken with multiplicity 1; this means

that in the starter cycles, there are k edges of each length in @)y. The remaining
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starter cycles Cy, Cy, ..., C,_1 are taken with multiplicity %, so that each remaining

length occurs k times in the starter cycles.

Case 2. r = g —1

Note that since k& > 2, we have that r > 0. If r is even, then partition the lengths
in R into pairs. For each pair {a,b}, form a starter k-cycle by Lemma 6.4 containing
(g —1) edges of length a, (% — 1) of length b, and two central edges. Each such starter
cycle will be taken of multiplicity 2, so that among these cycles, there are (k — 2)
edges of each length in R and 2r central edges.

If r is odd, then partition the lengths in R — {3 — 1} into pairs. As before, for
each pair {a,b}, form a starter k-cycle by Lemma 6.4 containing (% ~ 1) edges of
length a, (% — 1) of length b, and two central edges. Again, each such starter cycle
will be taken of multiplicity 2, so that among these cycles, there are (k — 2) edges of
each length in R — {§ — 1} and (2r — 2) central edges. In addition, we form using
Lemma 6.3 a single starter cycle, to be taken of multiplicity 1, containing (k — 2)
edges of length & — 1 and two central edges.

In either case, we have used a total of (k — 2) edges of each length in 12 and 2r
central edges in the starter cycles formed so far.

We now construct, by Lemma 6.5, a starter cycle containing two edges of each
length in R and two central edges. (Since k = 2r + 2, the cycle constructed in
Lemma 6.5 contains no edges of length 1.) Taking this cycle with multiplicity 1, we
see that the cycles so far contain k edges of each length in R and 2r+2, i.e. £, central
edges.

Finally, we use Lemma 6.2 to construct, for each ¢ € {0,1,...,¢ — 1}, a starter
cycle containing two edges of each length in ;. Each such starter cycle is taken of
multiplicity % so that each remaining edge length will appear k times in the starter

cycles.
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Case 3. O<r<§—l

We begin this case similarly to Case 2. That is, if r is even, then we partition
the lengths in R into pairs. For each pair {a, b}, form a starter k-cycle by Lemma 6.4
containing (g — 1) edges of length a, (g — 1) of length b, and two central edges. Each
such starter cycle will be taken of multiplicity 2, so that among these cycles, there
are (k — 2) edges of each length in R and 2r central edges.

If r is odd, then partition the lengths in R — {% — 1} into pairs. As before, for
each pair {a,b}, form a starter k-cycle by Lemma 6.4 containing (—’,_j— — 1) edges of
length a, (% — 1) of length b, and two central edges. Again, each such starter cycle
will be taken of multiplicity 2, so that among these cycles, there are (k — 2) edges of
each length in R — {§ — 1} and (2r — 2) central edges. In addition, we form using
Lemma 6.3 a single starter cycle, to be taken of multiplicity 1, containing (k — 2)
edges of length ¢ — 1 and two central edges.

In either case, we have used a total of (k — 2) edges of each length in R and 2r
central edges in the starter cycles formed so far.

We next construct, using Lemma 6.5, a starter k-cycle containing two edges of
each length in R, & — 2r — 2 edges of length 1 and two central edges. This starter
cycle occurs with multiplicity 1. We also construct, using Lemma 6.7, a starter k-
cycle containing two edges of each length in {2,3,..., %} and two central edges. This

2r

starter cycle is taken with multiplicity 1“——2—2 Note that so far, we have used k—2r—2
edges of each length in @, & edges of each length in R and k central edges.

By Lemma 6.2, we can construct a starter k-cycle containing two edges of each
length in Q. Taking this starter cycle with multiplicity (r + 1) means that we will
now have used each length in @)y exactly k times. Finally, we again use Lemma 6.2
to form, for each ¢ € {1,2,...,¢ — 1}, a starter k-cycle containing two edges of each
length in ;. These starter cycles occur with multiplicity % in the decomposition, so

that there are £ edges of each remaining length among the starter cycles. O
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Example 6.8. The starter cycles of a Cs-decomposition of 8 K9 are shown in Fig-

n-2

ure 6.3. Here 5

O
O
O
O
6 edges of length 5 2 edges of length 5
2 central edges 4 edges of length 1
(By Lemma 6.3) 2 central edges
(By Lemma 6.5)

(Cycle taken with multiplicity 1) (Cycle taken with multiplicity 1)

O

= .

2 edges of lengths 2, 3, 4 2 edges of lengths 1,2, 3, 4
2 central edges (By Lemma 6.2)

(By Lemma 6.7)
(Cycle taken with multiplicity 2)

(Cycle taken with multiplicity 2)

Figure 6.3: Starter cycles for a Cg-decomposition of 8 Ks.

=q§+r; where ¢ = 1 and r = 1. Note that 0 < r <

k

2

- 1.
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Example 6.9. The starter cycles of a Cjg-decomposition of 10K, are shown in

Figure 6.4. Here "7"2 = q% + 7, where ¢ = 1 and r = 4. Note that r = g - 1.

o]
o
o i
o]
o o
(o] o)
(o] (o)
4 edges of lengths 6, 7 4 edges of lengths 8, 9
2 central edges 2 central edges
(by Lemma 6.4) (by Lemma 6.4)
(Cycle taken with multiplicity 2) (Cycle taken with multiplicity 2)
o (o] ¢}
o] (o] o]
lo]
o o o
o] o o
o o o
o o
o o
2 edges of lengths 6, 7, 8, 9 2 edges of lengths 1,2,3,4, 5
2 central edges (by Lemma 6.2)
(by Lemma 6.5)

(Cycle taken with multiplicity 5)
(Cycle taken with multiplicity 1)

Figure 6.4: Starter cycles for a Cig-decomposition of 10K .



Chapter 7

Conclusion and Open Problems

Finally, we sum up the results contained in this thesis, and present some open prob-
lems which remain to be solved related to the work of the thesis.

In Chapter 2, we presented some preliminary results on obtaining decompositions
based on known ones. In particular, we stated known lemmas regarding blowing up
cycle and closed trail decompositions of complete equipartite graphs, which were
later used to construct such decompositions. We then presented several methods for
converting a cycle decomposition of a complete multigraph to a cycle decomposition
of a complete equipartite graph.

In Chapter 3, we found necessary and sufficient conditions for the existence of
a decomposition of the complete equipartite graph K, * K, into closed trails of
length k. Recall from Chapter 1 that the problem of determining when K,, * K,
decomposes into closed trails of lengths ki, ko, ..., k. has been solved in the cases
that n € {1,2} [4] and m € {2,3} [9, 24]. The results contained in Chapter 3 prove
necessary and sufficient conditions for closed trail decomposition of K, * K, in the
case that k1 = ky = --- = k. = k. Although we did not deal with the case that
the lengths of the trails in the decomposition may vary, we state the following open

problem.
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Question 7.1. Let ki, ko, ..., k, be integers (not necessarily all distinct). Obvious
necessary conditions for the existence of a decomposition K, K, = Tx, @15, D - - DTk,
are that (m —1)n is even; k; > 3 for each ¢ € {1,2,...,7}; (g‘)n2 =k +kot- -+ ks

and if m = 2, then ky, ko, . .., k, are all even. Are these conditions sufficient?

3 3

Chapter 4 considered the problem of cycle decomposition of the complete multi-
graph 3K ,,. Our main result in this chapter was the establishment of necessary and
sufficient conditions for the existence of a decomposition of 3K, into cycles of odd
length k& # 9. (Recall that the case k = 9 was an exceptional value in which the proof

of the induction step failed.) This leaves two cases to be resolved.

Question 7.2. Are the obvious necessary conditions for the existence of a decompo-

sition of 3K, into cycles of length 9, namely that m > 9 is odd and 9]3(';), sufficient?

Question 7.3. Are the obvious necessary conditions for the existence of a Cog-

decomposition of 3K, namely that m is odd, 3 < 2k < m and 2k|3(7;), sufficient?

Our decompositions of 3K, in Chapter 4 were done by methods similar to those

in [1, 2, 45] for decomposition of K,, and 2K,,. We pose the following question.

Question 7.4. Can the methods begun in [1, 2, 45] and continued in Chapter 4 be

extended to find cycle decompositions of AK,, for A > 37

The author suspects that similar methods may apply in the case that X is prime,
but this has not yet been verified.

In Chapter 5, we considered k-cycle decompositions of K, * K3, the complete
equipartite graph with parts of size 3. We proved that the obvious necessary con-
ditions for the existence of such a decomposition (that 3 < & < 3m, m is odd and

k19(")) are sufficient in the following cases:

1. & (',"‘) and either k& < m or mlk

A2

2. k[3(%) but k1 ()
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3. k|9(7) but k13(7) and k # 27 is odd.

Sufficiency in the first two cases followed fairly easily from known results. The third
case, however, required more work and was proven by lifting C}/3-decompositions
of 3K, found in Chapter 4 to Cix-decompositions of K, * K;. Several cases which
would complete the proof of sufficiency of the obvious necessary conditions for Cj-

decomposition of K, * K3 remain open, as follows.

Question 7.5. Suppose m is odd, M('g) and m < k < 3m, k ¢ {2m,3m}. Does

there exist a Cy-decomposition of K, x K37

Question 7.6. Suppose m is odd, m > 9 and 27|9(")). Does there exist a
2

Car-decomposition of K, x K37

Question 7.7. Suppose m is odd, 4 < k < 3m, k is even, and k[9(g‘) Does there

exist a Cx-decomposition of K, * K57

Finally, we ended in Chapter 6 with a result on decomposing kI, into cycles of
length & for even m and k.
We conclude the thesis by stating two large open problems which many of the

results in this thesis work towards solving.

Question 7.8. Are the obvious necessary conditions for the existence of a

Ci-decomposition of M, sufficient?

Question 7.9. Are the obvious necessary conditions for the existence of a

Ci-decomposition of K,, x K, sufficient?
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