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ABSTRACT

This thesis inwvestigatss the recfustness oI the

unecgual variances. Reacticn time is oiten enccocuntered

as & dependent vzriabla in educaticnal and behavioural

rasearch. Reacticn time data are typliczlliy skewed and
are commenly medeliled on & family of distributions
kacwn as the ex=-Gaussizan. 3A Monte Carlc study comparsc
the rokustness of Tvpe I a2rror rates cf the Iour tasts
under studv uncder 38 cenditions wherein Zour factors
were observed: total sample size (X = 24 and 72),
ratio of sample sizes (n.:n; = 1:1, 1:2, and 1:3});

ratio of population variances (varl:var2 = 1:1, 1:2,
1:4, and 1:9), and negative and positive conditions.

In each condition, 35,000 scores were generated irom
Miller's (1388) most skewed distribution that
represented a bouncary condition of reaction time data.
The results indicatecd that the ¢ test was the preferred
option under all simulatecd conditions, except the
negative condition. Eurtherﬁore, under the negative

condition, 2ll four tests procuced liberal Type I

IIZQors.
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CHAPTER 1
Introduction to the Problem
Let us consider the following scenario in
experimental research:

A researcher is interested in reaction
times (recorcded in miliiseconds) as a
dependent variable in an experiment invelving
letter recognition. The experimental design
consists of two independent groups of unequal
sample size, wherein group A is a control
group (n = 30) and group 3 (n = 10) is an
experimental group. As expected with
reaction time data, the distribution of
scores in each group is skewed (wherein the
mean minus the median equals $2).
Furthermore, the researcher finds himself in
the situation wherein not only is the data
skewed but the variance of the experimental
group is four times larger than that of the
control group.

Given that the researcher is interested in testing the
equality of the two means, what are his options in this
scenario? His first option may be to use the
independent samples t test, howevexr, it may be
inappropriate. The reason why the t test might not be
appropriate is because it requires that the scores
arise from populations that are normally distributed
and'habe equal variances {(commonly referred to as
homogeneit?'éf variance). In my scenario these
conditions are not met.

However, there is general agreement that the t
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test= can be used uncder mocderate viclations of
nhomogeneity of variance provicded that sample sizes are
equal. The literature, however, does not provide any
guidance as to what is meant precisely Dy the
expression "moderate violations". It has been
demonstrated, however, that Tvpe I error rates are
influenced bv unegual variance in the following ways
when sample sizes are unequal: (&) the Type I error
rates are depressed when the larger variance is
associated with cthe larger sample size (positive
condition); and (b) the Type I error rates are elevated
when the larger variance is associated with the smaller
sample size (negative condition) (see, for example,
Ramsey, 1980; Scheffé, 1959). In my scenario, the
researcher is faced with the negative condition and
thus, the t test may be inappropriate again because the
Type I error rate may be inflated above the nominal
value which is usually .05.

As a second option, many introductory. statistical
textbooks call for the use of nonparametric methods,
such 2s the Mann-Whitney-Wilcoxon (M-W-W) test, or its
k-group equivalent, the Kruskal-wWallis (KW) test, when
Qhere are violations of normality and/or homogeneity of
variance. Recent studies have shown, however, that

nonparametric tests are sensitive to unequal variances
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in compination with unequal sample sizes and perfcrm
much like their parametric counterparts (Zimmerman,
1987; Zimmerman & Zumbo, 1993a, 1993k). Therefore, the
M-W-W test may not be appropriate in my scenario above.

An alternative approach to the problem of unequal
variances in the case of nonparametric tests has been
proposed in the literature by Fligner and Policello
(1981) . These researchers devised what they refer to
as a robust ranks test (Siegel & Castellan, 1988).

In a recent paper, Zumbo and Coulombke (1994)
examined the performance of the robust ranks test (also
known as the Fligner-Policello test) as a solution to
the problem of unequal variance combined with
nonnormality by using a.skewed family of distributions,
the ex-Gaussian. The ex-Gaussian distribution is
commonly used as a model for reaction time or response
time data. 2Zumbo and Coulombe concluded that for an
ex-Caussian distribution the robust ranks test performs
inconsistently, that is, sometimes it performed quite
liberally and other times quite conservatively. These
results suggest that.their test assumes symmetry of the
population of data and does not work for skewed
distributions. Interestingly, Siegel and Castellan did
not discuss this assumption of symmetry but Flignez.aﬁd

Policello (1981) do mention it in their paper.
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Clearly, then, the Fligner-Policello test is nct a
viable alternative in the research scenario described
anove.

As a third option, the researcher could use the
Welch tesc. This test does not rely on variance
ecuality. The Welch test was arrived at as a result of
statisticians studying the sampling distribution of the
£ statistic when the assumption of equal variances was
violated. The problem of heterogeneity of variance has
become known as the Behrens-Fisner problem in honour of
the two statisticians who were most influential in its
investigatibn. In place of the usual t statistic,
researchers have examined a modified statistic (L').

(5%/ S ) VR

which is calculated from variances that are not pooled
and which is based on the sampling distribution of L'
instead.of L.

Simulation studies have shown that the Welch test
is a good solution to the problem of.unequal variances
when the scores arise from symmetric distributions but
is not effective when the problem of unequal variances
is combined with skewed daﬁa. Therefore, the Welch

test. may not be appropriate in my scenario above. It
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should be noted that the Behrens-Fisher problem was
originally formulated only for the case of normal

istributions (Scheffé, 1970) and is referred to as the
generalized Behrens-Fisher problem in the context of
nonnormal distributions.

As a fourth option, Zimmerman and Zumbo (19932,
1993b) have recently developed and tested a technique
that appears to address the generalized Behrens-Fisher
problem. This test was motivated from Zimmerman and
Zumbo's observation that: (a) a rank transformation of
the scores before applying the t test (resulting in a

_ test equivalent to the M-W-W) counteracts the problem
iﬁtzgghgonnormality for the two-sample case but does not
counteract the problem of unequal variances; and (D)
the Welch test counteracts the problem of unequal
variances but does not counteract the problem of
nonnormality. Thérefore, if one first applies the rank
transformation and then uses the Welch teét, both
nonnormality and unequal variances may be resolved.
Pteliminary evidence indicates that this procedure may
work for skewed distributions in the positive
condition. However, the procedure has not been
investigated in the negative condition. Again, the
. Zimmerman énd Zumbo technique, which will be referzed

to as the Welch test on ranks, may or may not be of use

/
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in the above scenario involving reaction time data.
This thesis will further extend the work of

Zimmerman and Zumbo (19932, 1993b) and investigate the
performance of their technigque in scenarios like the
one posed at the beginning of this section. More
specifically, it will address the gurestion: which of
the four options--the t test, the Welch test, the t
test on ranks (M-W-W), or the Welch test on ranks--
could be used when one has unequal variances and
reaction time data? To this end, literature on the
generalized Behrens-Fisher problem will be reviewed
with emphasis on those studies dealing with skewed
distributions. Then, a simulatioh study will be

proposed.
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CHAPTER 2
Literature Review
The Behrens-Fisher problem is presented in this
section fcllowed bv a review of empirical literature on
the generalized Behrens-Fisher problem with empnasis on
those studies that deal with skewed distributions.

The Behrens-Fisher Problem

The Behrens-Fisher problem can be illustrated by
comparison with other alternatives. Table 1 lists six
possible scenarios. The first column describes the
approach to hvpothesis testing. The second and third
columns describe the null and alternative hypotheses,
respectively. Column fourldescribes the assumption
regarding the shape of the population distribution of
the scores while column five lists the appropriate test
statistic(s). One can see that the classical
parametric and nonparametric approaches (sections a and
b) assume equality of variances for both the null and
alternative. hypotheses. Furthermore, the Behrens-
Fisher problem (in its original or generalized forms,
sections ¢ and d) allows for unequal variances in both
the null and alternative hypotheses. In contrast to
the Behrens-Fisher problem, the Sawilowéky and Blair
(1992) approach (sections e and f) assumes equal

.

variances under the null hypothesis but unequal
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17
A _Comparison_of the Gencralized Bchrens-Fisher Problem with Alternative Approaches to
Hypothesis Testing for the 2-group Case.
Altcrnative
Approach Null Hypothesis Hypothesis Distribution Test
. Normal Ltest
Classical
Paramectric :
equal means; uncqual means: ‘
equal varmnce cqual variance
i :
b | l
. - ' . Nonnormal | Mann-
Classical Non-parametric : i  Whitney-
I i Wilcoxon
. equalmeans; ! unequalmeans: 1
: equal variance P equal varance ;
5 * .. S S
c ' E :
Bchreas-Fisher Problem : T Normal Welch
' : test
| | ;
; . 3 Imeans: ; ;
. cqualmeans; . uncqualmeans: L 1
' uncqual variance ! unequal variance | |
!
| |
d. |
Generalized Behrens-Fisher | Nonnormal ; Welch test
Probicm ! on ranks
‘ [ or
, Fligner-
‘ equal means; unequal means; Policellotest
| unequal variance unequal variance
i i
i i
c. b {
Sawilowsky ‘ i Normali Modified
& Blair Alternative ; tiest
Hypothesis i
| equal variance unequal variance !
L
Generalized Sawilowsky Nonnormal Non-
& Blair Alternative parametric
Hypothesis modified
tiest
equal means; upequalmeans; i
equal variance unequaj vanance




[ Y

H
it
1y
®
[41]
'..J
(n
]
ty
3
1)
ol
1
<}
a
-3
o3
iy
'h
(o]
0O
o4
n
8]
[a]]
e
iy
§-+-
1]

variances fo

]
9]
]
I
(D
Iy
[\]
|—u
'J
™
Y]
fL
191
Y
o
[h
Ri]
3
1))
|
3]
l ’
7]
ju)
m®
H
o
"
8]
O
'—-l
(D
=}

thesis is th
(section &) .

Because the effects of unegual variances are
central to an understanding of the Behrens-Fisher
problem, it is useful to discuss the idea of pooling
variances with respect to the L. The icea of pooling
sample variances is to get a bettex estimate of the
population variance than would be possible from eicher
one of the samples used in an experimént. This idea
requires that sample variances from the two independent
groups both estimate the same gquantity.

tn the classical parametric approach, the idea of
pooling the variances of two independent samples makes
sense. Under this approach, the use of the f requires
that saﬁples come from populations with equal
variances, regardless of the truth or.falsity of the
null hypothesis or whether two sample sizes are equal
or unequal. This assumption is often reasonable in an
experimental situation because a treatment effect can
be regarded as an additive constant. When an
experimental treatment is applied, scores are raised or
lowered by an amount equal to the effect of the
treatment (effect size). Adding or subtracting a

constant to or from a set of scores has no effect on
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variance and hence, cne may assume that the variances
would remain unaffected (that is, be assumed to be
equal). One can say, then, that when the null
hvpcthesis is true and when the variance is equal;
then, in pooling the variances of the sample groups,
the § ratio is distributed as t with N; + N, - 2
degrees of freecdom (gf).

When sample variances are not egual to begin with,
it makes no sense to pool them because they are not
estimating the same quantity. In this case, the
researcher would be required to hypothesize that the
variances are tnequal under the null hypothesis. Under
this condition, the g ratio would no longer be valid
and thus the use of the t test would be inappropriate
for significance testing.

Barly in this century, statisticians examined the
sampling distribution of the g statistic when variances
are unequal. 6 In place of the usual L statistic, they
examined a modified statistic (£') calculated from
unequal sample variances that were not pocled. It is
not known exactly what the sampling distribution of L'
looks like; however, researchers have an idea of the
approximate distribution of L'.

One of the first attempts to find the sampling

distribution of £' was begun by Behrens and extended by



Tisher (Benrens, 19$29; Fisher, 1935). Based on this

work, the Behrens-Fisher distributicn of ' was derived

‘J.

and was presented in a takle in Fisher and Yates
{1953). This table coverad only a few degrees of
freedom and thus was not regarded as especlally useful.

A number of researchers, including Cochran and Cox
(1957), Satterthwaite (1946), Smith (1936), and Welch
(1938, 1947), have proposed cifferent modifications of
the © test using approximaticns. These are known as
the Welch-Aspin, the Welch-Satterthwaite or the Smith-
Satterthwalte approximations.

The most commonly used solution was develorped
independently by Welch (1938) and Sattexthwaite (1946).
It was based on a different approach to the problem and
is referred to as the Welch solution or the approximate
degrees of freedom test (Algina, Oshima, & Lin, 1994;
Howell, 1992; Zimmerman & Zumbo, 1993a, 1993b). This
method is included in SAS, BMDP, SPSS, SYSTAT, and
MINITAB.

Under the Welch solution, £' is viewed as a
legitimate member cf the £ distribution, but for an
unknown number of degrees of freedom. The problem,
then, becomes one of solving for the appropriate df,

-

that is, df':
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The &f' are taken to the nearest integer.

In summary, then, under the null hypothesis, the
Behrens-Fisher problem assumes equal unknown means and
unequal unknewn variances. Under the alternative
hypothesis, it assumes differences among means but the
assumptions of normality and unequal variances remain
as defined under the null hypothesis.

Figure 1 extends the information from Table 1 to
provide a framework in a decision tree format. The
decision tree illustrates particular combinations of
conditions that a researcher may encounter while in the
process of seeking an appropriate test that would
account for assumptions about the population
distribution and the equality of the population
variance under a null hypothesis. Although the
decision tree is preliminary, it puts into perspective
the importance of the availability of a procedure to
address the generalized Behrens-Fisher problem. For
example, when a researcher encounters conditions such
as the one in my scenario described'earlier, the .

availability of 2 procecure such as the Welch test on
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Figure 1. A decision tree for testing hypotheses of location shift

in 2-group scenarios.

Is the population normally distributed?

YES

Is it hypothesized
that under the null
hypothesis the
distributions have
equal variablility?

NO

Is it hypothesized
that under the null
hypothesis the
distributions have
equal variablility?

2

YES NO YES NO
Will the Use Will the Use Welch
treatment Welch test treatment test on ranks
affect both affect both or
location and location and Fliener

iability? iability? -
variabiity varabiity Poﬁcello test

YES NO YES NO
Use Use Use non- Use
modified t test parametric Mann-
t.test o modified Whitney-
o : t test Wilcoxon test




ranks wouid te important Decause it scould prorect his

Iyre I erc-or rata zetter than other avalilable tescs.

I summary then, the Behrens-Fisher problem is an

important statistical issue in the litsrature (rlgina

Couilcmpe, 15%4). However, some avthers have suggestad
thet whilz The impacts of tr2atments mayv be sesn in
measuras ¢ scale, they always impact the mean as well

v & Blaixr, 1692). As Algina, Cshime, anc Lin

ped

(Sawilows
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(1284) and Zumbo and Cculcmte (1994) have argued, :this

@ there has been no

premise is speculative. Whi
systTematic investigation providing evidence for the
prevalence of the Behrens-risher prab%gmasuch as that
undercaken in Miceceri's (1589%) study regarding
normality, the problem does cccur in the real world of
researchers (Mielke & Berry, 1994; Zumbo & Coulombe,
1854) . 1In this respect, Toothaker and Newman (19894)
have suggested that more research is needed for
procedures under the conditions where the equal
variance assumption has been violated, especially in
combination with nonnormal cdistributions. At a more
general level, Zumbo and Coulombe (1994) have indicated
that the Behrens-Fisher problem is important in -

‘application because one needs to protect cneself from a



I

24

(B
X

[ B

o0 beral prcoability of Type I error or the possible
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elerericus effect of being too conservative. It
should be noted that being conservative is only a
preblem if statistical power is also reduced.
Montg rl ngi

The validity cf inferences from statistical tests
performed on data that may violate underlying
assumptions of those tests is an ongoing concern of
quantitative methodologists. The literature associated
Wwith this concern is extensive. This thesis will limit
its review to empirical literature on the generalized
Behrens-Fisher problem with particular attention to
skewed distributions.

Thirty-three studies were found which were
reievant to this thesis. Of these, twenty-eight formed.
the population for a recent meta-analytic stud§
conducted by Harwell, Rubinstein, Hayes and Olds (1992)
who investigated the robustness of statistical tests
for one-factor fixed effects designs and reported Type
I error rates of these tests under conditions of
nonnormality and unequal variances. Four recent
studies were also found (Algina et al., 1994; Zimmerman
& Zumbo, 1993a, 1993b; Zumbo & Coulombe, 1894) which
address the generalized Behrens-Fisher problem and .

present empirical results on Type I error rates for



nonnormal distrikutions, including some skawed
distributions. Alginz et al. focused specifically on
the effects of three tests on Type I error rates for
three different skewed distributions whereas Zimmerman
and Zumbo (1993a, 1993b) investigated the eifects of

. four tests on seven nonnormal distributions, of which
three were skewed. Finally, Zumbo and Coulombe
examined the performance ¢f the Fligner-Policello test
as a solution to the generalized Behrens—-Fisher problem
bv using ex-Gaussian distributions.

Given the comprehensiveness of the Harwell et al.
(1992) study, it will be discussed in detail. It will
also be used as a starting point toward constructing a
framework within which one may compare the effects on
Type I error rates of various tests under the condition
of nonnormality and unequal variances. Harwell's et
al. study included a literature review that will be
sunmarized in this section.

Harwell et al. used meta=-analytic methods to
summarize and integrate the findings of a sample of
Monte Carle (MC) studies of the robustness of the F
test in one- and two-factor fixed effects ANOVA models.
Their study included results for the Kruskal-Wallis
(Kruskal & Wallis, 1952) test (the nonparametric test

counterpart of F) and the Welch (1947) test. Aithough
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Harwell et al. used a form of the Welch test developed
in 1947 by Welch, there is general agreement that it is
essentially equivalent to the earlier version (1938) of
the test (Rigina et al., 19%4; Howell, 1992). Only the
results of the one-way ANOVA model will be considered
in this review.

It should be noted that the use of the F test
depends on the assumption of indepencent and normally
distributed scores that share 2 common variance. The
Welch test requires indepencdent and normally
distributed sccres but does not reguire edqual
population variance (Welch, 1938). The Kruskal—Wallis‘
test requires independent scores sharing a common
variance but does not requife normality (Pratt, 1964).
The F and the Kruskal-Wallis tests are relevant for
consideration because the twe group problem is a
special case of these tests (i.e., the t test and M-W-W
test, respectively).

Harwell's et al. pfimary research question was as
follows: . What data conditions are associated with
deviations from nominal Type I error rate and power
levels for the F, Welch, and Kruskal-Wallis tests in
the single-facgor ANOVA model? Only results pertaining

to the effects on Type I erxror rates will be discussed.

The population of 28 eﬁpirical studies of MC literature
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was screened for methodologi:zal faults and was derived

from a2 search on the Educational Rescurges ‘nformagion

Center data base, DI ion Abstr

the Current Index t¢ Statistics, and periodicals such

as the rnal i i i i and

Communications in Stagisticg--Simulation and

mpucation. Sach studv was examined for inconsistent
or unusual procedures and results by using the
following criteria: (a) data generation methed (for
example, random number generatoxr used); (D) evidence of
the success of the data generation {(for example,
skewness and kurtosis statistics computed for the
simulated data); and {(¢) pattern of Type I error rate
and power values when underlying assumptions of the
test were satisfied. A list of the studies is provided
in Appendix 1.

The results of the study as they related to the
effects of the F, Kruskal-Wallis, and Weléh tests on
the Type I error rates reported by Harwell et al. are
listed in Table 2. The first column lists three types
of assumption violations: nonnormality (section a);
unequal variances (section b); and nonnormality in
combination with unequal variances (section c). The
second column summarizes findings for each violation

under equal sample sizes while the third summarizes



Table 2

28

rt
o

i cance

Unequal samples

Type of viclation

Effect on 2

a.
Nonnormality

b.
Unequal
variances

Nonnormality
and

unequal

variances

.Negligible effect
for F.

-Negligible for KW.

.Moderate inflation
for W (especially
sKkewness) .

.Modest inflation for
F that increases with
increasing variance
ratios.

-KW# test more
erratic.

-Modest effect for
W up to ratios of
8:1.

.Modest inflation for
F.
.KW more erratic.

.Moderate inflating
for W that depends
on distribution
and variance ratio.

.Slight inflation
for F (skewness more
than kurtosis).
.Negligible effect
for Xw.

.More substantial
inflation for W
{skewness more than
kurtosis).

.F seriously
affected.

KW test somewhat
less seriously
affected; positive
pairings produce
conservative a’s;
negative pairings
produces inflated
a’s.

.Slight inflation
for W. i

.Negligible effect
for F.

.Negligible effect
for KW.

.Moderate inflation
for W that depends
on distribution
and variance ratio.

Note.

3 = Type I error rate.

F = F test; KW = Kruskal-Wallis test; W = Welch test;
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indings for each viclation under unegual sample sizes.
Table 2 was adapted frcm Harwell's et al. (1892) Table
7 that, in turn, was drawn from Table 16 in Glass,
Peckham, and Sanders (1872). In their table, Glass et
al. reported Tvpe I errcor effects of the single-Iactor
F test as a2 function of normality and egual variance
assumption violations for equal and unequal sizes.
Harwell et al. updated Glass' et al. results and
incorporatec these with exact statistical theory
results (Box, 1$54; Gaven, 1949, 1950; Gronow, 1951;
Horsnell, 1953; Hsu, cited in Scheffé, 1959; Ramsey,
1980; Scheffé, 19859; Tiku, 19%4).

The primary focus of the discussion of Table 2
will -be on the effects of the various tests considered
by Harwell et al. on Type I error rates under the
condition of nonnormality and unequal variances for
unequal sample sizes (section c). The effects of these
tests under other conditions will be mentioned,
however, if they have a bearing on the primary area of
interest. Furthermore, relevant results from studies
conducted by Algina et 2l. and Zimmerman and Zumbo
(19932, 1993b) will be also included imr the discussion.
It should be noted that Algina et al. and Zimmerman and
Zumbo focused on two-group tests and therefore‘theg.did

not examine the F or Kruskal-Wallis tests.
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mportant observaticns emerge from Table 2

3
O
=t
"
'J

regarding the performance of (a) the Welch test, (b)
the F test, (c) the Kruskal-Wallis test, and (d) the
effects of skewness on Type I errcr rates. With regard
to the Welch test, Earwell reported that this test
tended to have inflationary effects under nonnormality
(section a, ecual and unegual sample sizes). Similar
results were found by Algina et al. and Zimmerman and
Zumbo (1993a, 19893b) for unequal sample sizes but both
found depressed¢ rates when sample sizes were equal.
Harwell et al. reported that the Welch test -
appeared to counteract error rates when variances were
unequal and when distributions were normal (section b,
equal and unequal sample sizes). Zimmerman and Zumbo
(1993a) found similar results for unequal sample sizes.
In contrast, Harwell et al. found that the Welch test
tended to have inflationary effects when nonnormality
was combined with unecqual variances, (section ¢, equal
and unequal samples sizes). Algina's et al. results
were consistent with those reported by Harwell et al.
under the negative condition when sample sizes were
unequal. Under the positive condition, however, béth
Algina et al. and Zimmerman and Zumbo (1993a; 13593b)
reported generally depressed Type I erroxr rates .

although Algina et al. found slightly inflated effects
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when variance ratios increased to 9:1 for smaller
sample size ratics. In summazry, these resuits suggest
that the Welch test dees not protect the Type I error
rates under the condition ¢f nonnormality and unequal
variancés;

As summarized in Taple 2 for the F test, Harwell
et al. reported slight inflationary efifects on the Type
I error rates of the F test under nonnormality (section
a) when sample sizes were unequal. More serious
effects were found when variances were unequal and
population distributions were normal (section b).
Similar results were found by Zimmerman and Zumbo
(19932, 1993b) for the t test. However, substantial
differences were found in Type I error rates when
nonnormality was combined with unecual variances for
unequal sample sizes. In this case, Harwell et al.
reported negligible effects for the F test. However,
Algina et al. found substantial inflationary effects
for the t test (negative condition) and Zimmerman and
Zumbo (1993a, 1993b) found substantial depressive
effects (positive condition). This inconsistency
brings Harwell's et al. results for the F test into
question and requires further investigation.

As was the case with the F test, Harwell et al.

also reported negligible effects of the Kruskal-wallis
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test on Type I £rror rates under nonncrmality combined
with unegual variance when sample sizes were tnequal
(secticn c). Zimmerman and Zumbo (1993a), however,
found substantial depressive effects for the Xruskal-
Wallis' 2-group counterpart, the t test on ranks (M-W-
W), in the positive condition. This inconsistency
suggests that Harwell's et al. results require further
examination.

The fouxrth noteworthy observation from Table 2 is
the effect of skewness on Type I error rates. As
described in Table 2, skewness was reported as a factor
contributing to, for example, inflationaxyv effects on
the Type I error rate for the F and Welch tests under
the condition of nonnormality when sample sizes were
unecual (section a) and for the Welch test when sample
sizes were equal (section a). ”

Algina et al. examined three skewed distributions
of varving degrees of skewness in which patterns of
effects of skewness on Type I error rates could be
observed in more detéil for the Welch test. As Algina
et al. demonstrated, when nonnormality was combined
with equal sample sizes in the positive and negative
conditions, skewness tended to amplify depressive
effects regardless of total Sample sizes. However,

when sample sizes were unequal, skewness amplified
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inflationary or depressive effects. Inflatiocnary or
depressive e2ffects depended on sample size ratios and
total sample sizes.

When ncnnormality was combined with unegual
variances, skewness tencded to amplify inflationary
effects across all distributions, regardless of total
sample size or sample size equality in the negative
condition. The same pattern was observed in the
positive condition for equal sample sizes. However,
when sample sizes were unequal in the positive
condition, skewness tended to amplify depressive or
inflationary effects, depending on variance ratios and
sample size ratios.

The pattern of amplified effects across
distributions was not observed when (a) large total
sample sizes (N > 80 <= 100} were combined with the
large sample size ratio (n,/n; = 3) under nonnormality
for unequal sample sizes (negative condition), and (b)
when the larger sample size ratio (p,/n. = 3) was
combined with higher variance ratios (8:1) under
nohnorma;ity combined with unequal variances and
unequal sample sizes (positive condition). However, in
both cases, the most skewed distribution was more
inflated than the least skewed distribution.

These observations suggest that (a) skewness may
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amplify inflationary or depressive eiffects, and (b)

"

these inflationary or depressive effects may be
affected by variance and sample size ratics, and to a
lesser extent, total sample sizes. Hence, skewness
should be examined as a factor that may influence the
effects ¢f Type I error rates.

In summary, current evidence in the literature
suggests the following: (a) that the Welch test is
ineffective in controlling the Type I error rate under
the condition of nonnormality combined with unequal
variances with unequal sample sizes; (b) that the F and
Kruskal Wallis tests might be effective in controlling
Type I error rates under the same conditions but
conflicting results with the t test and the t test on
ranks (M-W-W) suggest that these tests need to be
further investigated; and (¢) that skewness appears to
amplify Type I error rates and should be examined
further.

These results must be viewed with some caution
with respect to skewed distributions. First, there is
the problem of the number 6f, and types of, skewed
distributions observed in the studies and the wide
range of total sample sizes upon which these

observations were based. Aaltogether, the four studies

dealt with only four skewed distributions (thé
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sample sizes varied dramatically
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However, their tota
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in the positive (for ezample, N = 20 and 40 for Beta; XN

= 40, 100, 160 for lecgnormal) and negative conditions
(N = 20, 4G, 50, 80 for Bets; N = 100, 200, ¢t rough to
700 for lognormal). Clearly, their results would apply
more appropriately for large sample studies. On the
other hand, Zimmerman and Zumbo (1993a, 1993b) examined
a votal sample sire of 24 and cbserved seven nonnormal
distributions, of which only three were skewed: the
exponential, the lognormal and the half normal. One
could only suggest that, given this diversity of sample
size on so few skewed distributions, any conclusions
regarding the effects of skewness on Type I error rates
would be‘preliminary.

:Second, as Harwell et 2l. stated, there is the
problem of the lack of a systematic examination of the
Welch test across a range of nonnormal distributions,
including skewed distributicns. A thorough
investigation of the Welch test under conditions of
nonnormality and unequal variance is of particular
importance because is does not rely on the assumptionrr
of equal variance. Although all studies appeared to
support the premise that the Welch test is ineffectivc

in controlling the Type I error rate, the situation

remains problematic for skewed distributions. For

rs
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example, Harwell et al. examined the performance of the
Welch test in a few cases while Algina et al. focused
on effects cn only three examples of skewed
distributions. Zimmerman and Zumko (1893a, 1993b)
investigated the Welch test's effects across seven
nonnormal distributions but their observaticns were
iimited to one total sample size of 24 examined under
the positive condition only.

Similarly, there is a lack of a systematic
investigation of the effects on Type I error rates on
skewed distributions of other tests that were examined
by these authors. Harwell et al. examined the F and
the Kruskal-Wallis tests under the negative and
positive conditions. However, as mentioned earlier,
theif results are in conflict with those found by
2lgina et al. and Zimmerman and Zumbo for the t test
and the t test on ranks (M-W-W). This conflict,
however, is based on limited evidence: Algina'§ et al.
observations for the t test were limited to oaly one
distributicn--the lognormal-—and only in- the negative
condition; iimmermanfand Zumbo's (19932, 1993b)
observations were béz;d oﬁ the performance of the t
test .and the t test on ranks (M-W-W) across seven

‘distributions but were limited, as noted earlier, tO

one sample size in the positive condition only.
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2lgina et al. also examined the James second-order
test (a generalized series sclution of Welch's 1947
series test) under positive and negative conditions.
They found that the performance of the James second-
order test was similar to the Welch test and
recommended that other tests be explored. Zimmerman
and Zumbo (19932, 1%%3b) also investigated one
additional test, namely the Welch test on ranks. Their
preliminary examination of the Welch test on ranks
suggested that it might correct Iorxr Type I error rates
when nonnormalitv is combined with unequal variances
and unequal sample sizes. Their finding, however, has
yet to be examined systematically across skewed
distributions.l

In summary, empirical results concur that the
Welch test and the F and t tests, as well as their
nonparametric counterparts, the Kruskal-Wallis and the
t test or ranks (M-W-W), may be ineffective in
controlling Type I error rates in the context of skewed

distributions. Evidence suggests that the Weich test

.n ranks may be effective in correcting error rates.

However, these conclusions are, at best, preliminary as
they are based on studies in which varieties of tests
were used under varieties of distributiodns, sample

sizes and conditions, all of which cannot be

~
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systematically compared with cne another.
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here is alsc the problem of
justification of a choice of distributions studied for
effects on Type I error rates. With the exception of a
study conducted by Zumbo and Coulombe (1994) who
examined the ex-Gaussian distribution, none of the
authors justified their choices of distributions as
those that would typically occur in a research context.
indeed, their choices seemed without guidance and more
related to convention in the academic field and
convenience rather than to the study of distributions
encountered in educational research. That is, there
was no evidence of attempts to conduct a systematic
study with nonnormal distributions, especially those
that are skewed, that is representative of ones that
are encountered in the socio-pehavioural sciences.

To this end, this study will do a systematic
investigation of the ex~Gaussian distribution. The ex-
Gaussian is often used as a model for reaction time
data. Reaction time is a2 commonly used dependent
variable in the socio-behavioﬁral sciences. This
thesis, then, will address the following resgarch
quesﬁion: For a skewed reaction time distribution (ex-
Gaussian), whét is the effect of unequal variancesaan&

unequal sample sizes (both positive and negative



conditions) on the robustness- cf Type I error rate of
vthe following tests:

a) t test;

b) ¢t test on ranks (eguivalent to the Mann-Whitney-
Wilcoxon test):

¢) Welch test; and

d) Welch test on ranks?

o

. 'When discussing Type I error rates, a s;gnlflcance test is
considered robust if the probability of Type I. error is close to
the nominal value (e.g., .05) even though the assumptions of the
procedure are violated. -This will be operationalized in the
Methodology section. -
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CHAPTER 3
Mathodology

The methodolegy for the study conducted in this
thesis is presented in this section. The discussion
describes the facters ¢ asidersec in the design of the
study, outlines the computer simulation methodology,
and identifies the performance Index that will be used
in this thesis.

The Monte Carlo procedure used in this study is
designed to empirically estimate Type I error rates by
applying the t test, the t test on ranks, the Welch
test, and the Welch test on ranks to an ex-Gaussianly
distributed parent population. The ex-Gaussian family
of distributions has played an important role in
reaction time modelling (Luce, 1986) and was considered
in detail by Hohle (1965), who reported good fits of
the ex-Gaussian to empirical reaction time
distributions of individual shapes. The ex-Gaussian
has often been used to describe reaction time .
distributions (see for example, Heathcote, Popiel, &
Mewhort, 1991; Hockley, 1984, Miller, 1988; Ratcliff,
1978; Ratcliff & Murdock, 1976). All the tests will be
of non-directional hypothesesrat an alpha level of .05.

in t . ‘

Four factors will be considered in the simulation
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as follows: {(a) cotal sample size; (b) ratio of sample
sizes; (¢) ratio of variances; and (d) negative and
positive conditions. The total sample sizes will
consist of 24 and 72. The smaller total sample size
was chosen so that our results would be comparable to
Zimmerman and Zumbo's studies (19%3a, 1993b) while the
larger total sample size was chosen to test whether the
results are generalizable to larger sample sizes. The
ratios of sample sizes will be 1:1, 1:2, and 1:3.

These ratios are the same as those found in Algina,
Oshima, and Lin (1994) except that they used 1:1.857
where we will be using 1:2. The ratio of variances
will fpllow Algina et al. and will be 1:1, 1:4, and
1:9. We will also inclﬁde a variance ratio of 1:2
which Algina et al. did not use. The rationale ﬁo

" include this variance ratio is that there is a
substantial leap from a variance ratio of 1:1 and 1l:4
and one should investigate the variance ratio between
these two values. Furthermore, two conditions will
also be simulated as follows: one where the larger
variance will be associated with the larger sample size
(positive condition), and the other where the larger
variancé will be associated with the smaller sample

size {negative condition). - o -
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Computer Simplation Methodolocy

The methodology which will ke used in this study
will be similar to that used by Zimmerman and Zumbe
(19932, 1993b) and Zumbo anc Coulombe (1994). The ex-
Gaussian distridbution is defined as the sum of two
stochastically independent random variables: (a) a
normally distributed (that is, Gaussian) component with
mean, MN, and standard deviation, SN; and (b) an
exponentially distributed component with mean, ME. The
normal deviates will be generated using the method of
Box and Muller (1958). The exponential will be
generated by X = -log.{X;) - 1, where X, is a uniform
pseudorandom number on the interval [0,1]. Where
necessary, the mean and variances of these
distributions will be altered to the specified values
by simple arithmetic transformations. The number of
replications will be 5000.

The three parameters MN, SN, and ME specify the
shape of the ex-Gaussian allowing for a great deal of
flexibility in shape. Miller (1988) listed twelve
combinations of parameter values representative of
those fouﬁd‘in experiments using reaction time data as
a dependent variable. As Miller states, the twe1ve
reaction time distributions were defined by seleCténg

the mean and standard deviation of the normal
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distributiocn and mean of the exponential distribution
from values reported in studies by Hockley (1984) anc
Ratcliff and Murdock (1976). Millex's distributions
ranged from fairly symmectric to quite skewed. &As in
Zumbo anc Coulombe (1994), Miller's most skewed
distribution will be selected to represent & boundary
condition or extreme shape of reaction time data. That
is, this distribution is an extreme but, according to
Miller (1988), a realistic distribution. By using the
expression "boundary condition®™ I mean to highlight
that my choice of distribution is not only extreme but
also is a starting point for investigating the four
statistical tests. By examining this extreme amount of
skewness, it is implied that any of the four tests that
perform adequately in this condition will perform at
least as well in less skewed conditions.

The adequacy of the random aumber generator which
will be used in the simulations has beéﬁfévaluated
using tests recommended by Lehman (1977) and Morgan
(1984) . The generator met accepted requirements of
rectangularity, sequential independence, and lack of
patterns in a sequence of numbers.

As a check for the accuracy of the proposed
‘simulation methodology in this study, Figure 2 coﬁgains

a:histogram of 5,000 scores generated from the reaction



Figure 2. Histrogram of the ex-Gaussian.
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cime (in milliseconds) distribution which will be used
in this study. As is illustrated in Figure 2, it is
ciear that the reaction time distribution is quite
skewed. The mean of the distribution was 6i3.674 while
the median was 521.729. For this particular ex-
Gaussian distribution, Miller noted a mean-median
difference of 9%2; the present data indicates a
difference of 91.945. Furthermore, as expected, the
scores observed in Figure 2 ranged from 249 toc 33695,
the variance was 93716.957 (standard deviation of
306.132), the skewness index reported by SPSS was 1.810
(standard error of skewness of .035), and a kurtosis of
4.976 (standard error of kurtosis of .069).

As a further check for the accuracy of the
proposed simulation methodology, I also ran the four
tests which will be used in this study and found that
they were computed correctly. The use of my program
was also investigated with the normal distribution. I
found that thé Type I error rates of the t test were as
expected. That is, the Type I error rate was .05 when
sample sizes and variances were equal. Uncer the
positive cordition, the Type I error raié was depressed
and, under the negative conditi&h, it was inflated.

2 Index | -

Bradley (1978) discussed what it meant for 2 test.
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Table 3
Tvpe I Exror Rate of the t Test
n:n,
1:1 1:=2 1:3
N=24 N = 72 N=24 N=72 N=24 N=72
1:1 .044 .048 .045 .054 .046 .048
neg- nw.
.075+ 079+ .088+ -094+
1:2 .053 .047
pos. pPoS.
.031- .026- .028- .022-
neg. neqg.
127+ 122+ .163+ .160+
1:4 .072+ .055
pos. pos.
-033— .023- .024— 0018-
neg. neq.
.178+ 152+ .244+ 211+
1:9 -081+ .060
PoSs. PoS.
.037- .021~ .021- .011-

Note. n.:Dp. = sample size ratios:; varl:var2 = population variance

ratios.

Tvpe I error rate = .05.
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the sample size ratiocs of 1:I, 1:2, and 1:3,
respectively. The four rows aleong the far left-hand
side list the variance ratio factor (varl:varl) as
follows: 1:1, 1:2, 1:4, and 1:9 from top to bottom.
The total sample size factor is represented within each
cell such that one may compare Tvpe I error rates for N
= 24 anéd N = 72 for a given cell. Finally, the
positive and negative pairings factor is displayed
within the columns that represent unequal sample sizes
and the rows that represent unequal variances. The
negative conditions are represented by dividing the
cell in two by a cashed line. Tables 4, 5, and 6 have
the same lavout as Table 3.

For the cases of equal sample sizes (the far left
row), there is a total sample size by variance ratio
interaction wherein for the variance ratios of 1:4 and
1:9 the smaller sample size resulted in an inflated
Type I error rate and the large sample size did not.
For the case of equal variances, the t test is robust
for all of the conditions in our study. Finally,
focussing on the complete factorial portion of the
table, one can see that the negative pairirig condition
resulted in an inflation of the Type I error rate while
the positive pairing condition resulted in a deflation

of the Type I error rate. The pattern involving the

i)
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positive and negative pairing helds for the various
levels of the wvariance ratio, sample size ratio, and
sotal sample size factors in the complete factorial
portion of the tadle.

The Welich Test

Table 4 presents the results of the Welch test.

Y

Focussing on e equal sample size condition, iike the

rt

t test there is & sample size by variance ratic
interaction wherein for the smaller sample sizes and
larger variance ratios (i:4 and 1:9) the Type [ error
rate is infiated. Next, for the equal variance case,
there is 2 sample size ratioc by total sample size
interaction. That is, the Welch test is robust foxr all
cases considered except for the smaller sample size and
the largest sample size ratio (1:3) wherein it is
inflated.

Finally, in the complete factorial portion of the
table, the Welch test is robust for positive pairing
but liberal for the negative pairing. This pattern
holds for all except two of the 24 Type I error rates
reported in that portion of the table. The two
exceptions are as follows: (1) for the case of a
variance ratioc and sample size ratio of 1:2, in the
negative pairing condition for a tqgi;-sample sizeﬂbf?:

72, wherein the Type I error rate is robust instead of

/
/!
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Table 4

o) [o) W t
m o
1:1 1:2 1:3
N=24 N=72 N=24 N-=72 N=24 N=72
1:1 .040 .048 .051 .060 .071+ .058
neg. neg.
.068+ .057 .093+ .074+
1:2 .049 .046
pos. pos.
.041 .043 .046 .052
neq. neg.
.097+ .071+ .108+ .079+
1:4 .069+ .054
ms' POS.
.042 .053 .043 .049
. neg. neg.
.101+ .073+ J112+ .082+
1:9 .077+ .059
. ms. pOS-
= .062+ .053 .049 .052

N

Note. m.:n, = sample size ratios:

ratios. Tvpe I error rate = .05.

T

varl:var2 = population variance
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the ezpected inflated finding; and (2) Zcr the case ¢t
variance ratio of 1:9 and a2 sample size ratio of 1:2,

in the positive pairin

'}

condition for a total sample
size of 24, wherein the Type I error rate is inflated
instead of the expected robust finding.

The deviant results coulcd be explained by the
presence of a two-way interacticn of positive or
negative pairing by total sample size that would be
conditional upon the level of variance ratio and upon
the level of sample size ratio. In essence, the
deviations suggest a four-way interaction. A loglinear
moderi:was fit to the complete factorial portion in
Table 4 to investigate the possibility of a four—-way
interaction. A hierarchicai:i;glinear model was fit
with the program BMDP 4F éﬁq-the resulting test of the
hypothesis that the four-way interaction is zero
resulted in a statistically nonsignificant result,
likelihood ratio chi-square with two degrees of freedonm

o = 0.412. Therefore, the predictad

equals 1.77,

interaction was not found to hold in the analysis of

the data.

The statistically nonsignificant interaction is
interpreted to suggest that the deviant cells are not

deviant enough statistically to nullify the general

‘pattern that'negative pairing reéulting in an inflation
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in Type I error rate while the Welch test is robust in
the case of positive pairing.

The t Test on Ranks Mann-Whiznev-Wilcexen)

Table S5 presents the results of the tC test on
ranks. Focussing on the egual variance case, the t
test on ranks is robust in all cases. However, the
equal sample sizes case shows that the t test on ranks
is decidedly liberal for variance ratios of 1:2, 1:4,
or 1:9.

Finally, in the complete factorial portion of the
table, the Type I error rate of the t test on ranks 1is
inflated for all cases except the following three
positive pairings and total sample size of 24: (1) a
variance ratio and sample size ratio of 1:2 where the
test is robust; (2) 2 variance ratiq of 1:2, sample

size ratio of 1:3 wherein the Type I error rat;q_
deflated; and (3) a variance ratio of 1:4, sample size
ratio of 1:3 wherein the test is robust. As in the
Welch test, these deviations would imply that the
pairing by total sample interaétion would be
conditional upon the variance ratio and the sample size
ratio; hence, a four-way interaction. A hierarchical
loglinear model was fit to the complete fgétorial
éqrtion in Table 5 and.the resulting test of the

hypothesis that the four-way interaction is zero

yple”
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Table S
. —wi
o,
1:1 1:2 1:3
N=24 N-=72 N=24 N=72 N=24 N=72
1:1 .056 .047 .055 .055 .050 .049
neg. neg.
.108+ .170+ .107+ 174+
1:2 .090+ .150+
pos. pos.
.055 L1114+ * .038~- .090+
neg. neg.
.180+ .293+ J177+ .270+
1:4 .151+ .297+ '
PosS. pos.
.090+ .244+ .052 2192+
neg. neg.
221+ .379+ 213+ . .358+
1:9 .186+ .393+
pos.- pos-
134+ .347+ .070+ 258+

Note. n,:n. = sample size ratios:; varl:var2 = population variance

ratios. Type I error rate = .05.

W




resulted in 2 statistically nonsigniflicant resulr,
likelihood ratio chi-scuare with two degrees of freedom
ecquals 3.11, o = 0.212. And, again, the predicted
interaction was not found to hold in the analysis of
the data.

The statisticallv nonsignificant interaction is
interpreted to suggest that the deviant cells are not
deviant enouch statistically to nullify the general
pattern that the Type I errxor rate of the t test on
ranks was inflacted for all cases of unequal variances.

he Welch T on nk

Table 6 presents the results of the Welch test on
ranks. Of the four tests, these are the most
straightforward results. In the case of equal
variances, there is an interaction of total sample size
by sample size ratio wherein the test is robust in all
cases except for the smaller total sample size for a
sample size ratio of 1:3 wherein the test is liberal.
Furthermore, the test is decidedly liberal for all

cases of unequal variances under investigation.
= '

N

1



varl:var2

58

Table 6
Type I Error Rate of the Welch Test on Ranks
min,
1:z1 1:2 1:=3
N=24 N=72 N=24 N=72 N=24 N-=72
2:1 .056 .047 .054 .057 .064+ .052
neq. neqg.
.078+ 130+ 077+ .109+
1:2 .090+ .150+
pos. PoSs.
.080+ .153+ .081+ <151+
neg. neq.
.119+ <218+ .100+ .167+
1:4 .147+ «297+
pos. pos.
.145+ .342+ <142+ .355+
neq. neg. -
.132+ 275+ .106+ .211+
1:9 .180+ -391+
=, pos. pos.
.215+ .488+ .218+ .509+

Note. n.:n, = Sample size ratios; varl:var2 = popr.ation variance

ratios.

Type I error rate = .0S.
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CERPTER 5
Discussion
The utility of the ¢ tes:t, the Welch test, the t
test on ranks (Mann-Whitcney-Wilcoxon) and the Welch
test on ranks for significance testing purposes as
applied to reaction time data (ex—-Gaussian
distribution) is discussed in this section. In
addition, the results of the Monte Carlo simulations
are related to earlier findings regarding the
robustness of these tests. Finally, possible futore
applications of the tests are examined.
The focus of this thesis was to extend the work of

Zimmerman and Zumbo (1993a, 1993b) and conduct a
‘:'-:‘\ Pl N
systematic investigation on reaction time data of the e

effect of unegqual variances and unequal sample sizes on
the robustneés of the Type I error rate of the four |
tests uﬁder study. To this cnd, the present study
compa;ed the robustness of the four tests under the
conditions of unequal sample sizes and unequal
variances in the positive ané the negétive conditions.
Two additional conditions were also compared to
facllltate a more complete comparison 1nto the

=

performance of these tests,’ “tnat is, the equal varlance

T

condition across equal and unéqual sample sizes and the
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unequal variance conditions across equal sample sizes.
Although several coaclusions can be drawn from the
comparison conducted in this thesis, it should be
remembered that the results are restricted to the
specific simulations that were performed. No attempt
was made, therefore, to generxdalize bevond these
specific conditions.

It should further be noted that the results were
based in part on nonsignificant findings with respect
to the loglinear analyses. Statistical power,
therefore, will need to be further addressed. Given
that 5000 replications were conducted per cell,
however,fthene should ne enough power to detect a four-
way interaction if it were present in the data.

"It should be noted that the ex-Gaussian

distribution was selected for the Monte Carlo

- simulation because it is encountered in educational and

behavzoural research ~settings. Reaction time is
commonly used as a- dependent varlable in studies in

social and behavioural sc;ences (see for example,

_Heathcote, Poplel, & Mewhort, 1991; Hockley, 1984)

where;n the ex—Gauss;an dlstrlbutlon is often used as a
model for reactlon time data (Luce, 1986) and has been
studaed ‘in detall (Hohle, 1965). ' Hence, unlike the

skewed dlstrlbutzons typlcally stud;ed -because they are
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convenient to generate (Algina et al, 1994; Zimmerman &
Zumbo, 199%3a, 1393b), the ex-Gaussian distributicen
arises from real data. In this thesis, Miller's (1988;
most skewed distribution was selected for the Monte
Carlo simulation because it represents a boundary
condition of reaction time data. This distribution was
among the 12 combinations of parameter values listed by
Miller (1988) which were representative of those found
in empirical studies using reaction time as a dependent
variable (for example, see Hockley, 1984; Radcliff &
Murdock, 1976) and, thus, it does occur in research
settings. As a boundary condition, this distribution
provides a framework wherein effects on Type I error
rates of the four tests undei study coﬁld be observed
under conditions of extreme skewﬁess.

The criteria for the utility of a ﬁest will be
guided by the following considerations: (a) =hat a

liberal test is not usable {(that is, it exceeds

Bradley's (1978) criteria of a Type I error rate of

.OGi; (b) that a conservative test is ﬁsablel(that is,
the Type I error rate is below .04 and power is not
réducéd);‘and (c),thatfa_robust test is usable (that
is, the Type I error rate falls witﬁin .04 and .06).
It should be noted that this thesis did not examine

power. ‘Thus, further studies of power will be required
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+o wvalidate claims of a test's usefulness Zor
significance testing purposes.

Given that Bradley's criteria was used in this

errxor races,

thesis to judge robustness of Type
Algina's et al. (1994) and Zimmerman and Zumboc's
(1993a) data were re-examined wherein Bradley's
criteria for robustness was applied to the Type I error
rates for the six skewed distributions that they
studied. This procedure was included to (a) establish
common ground upon which one might determine expected
general trends of Type I error rates arising from
previous literature for various forms of skewed
distributions, and (b) examine if there are any
similarities between these general patterns of Type I
error rates with reaction time data. The procedure is
not meant to facilitate a direct comparison betwéen
skewed distributions' and reaction time data. Given
that'substantial-disparities between the skewness of
diStributions, samﬁle sizes, sample size ratios, and
variance ratios exist in the data reported in previous
literatﬁfé} a t:ué comparative analysis was not
possible. Data from previous literature is presented
in Appendix 2. , | | |

| In 2 research context, a researcher may typically

consider the use of the t test first. For this reason,
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+his discussion section will initially Zccus on the
performance cf the t test, then it will compare the

remaining three tests individual

'.-.l

y 0 the ¢ test in

order ©o draw ccnclusions about the merits of each

test.
The 1 Test

The use of the t test requires that scores arise
from populations that are normally distributed and have
equal variances. In this study, however, the t test
was subjected to scores arising from extremely skewed
distributions and to unequal variances ranging from
moderate (varl:var2 = 1:2) to extreme (varl:var2 =
1:9). In conditions where sample sizes were unequal
and variances were unequal, the results indicated a
pattern of inflated Type I error rates across all
levels of variance inequality in the negative condition
and depressed Type I error rates in the positive
condition. This result did not support Harwell's et
al. (1992) expected findings of negligible effects on
Type I error rates (for the F test) under these
conditions for nonnormal distributions. However, it
does support Algina's et al. (1994) findings of
substantial inflatioh of Type I érror rates for the t

test in'the negative condition and Zimmerman and.

Zumbo's (1993a) reported‘results of depressed'Type I

1



error rates in the positive condition for skewed
distriputicns. This finding suggests that the use of

the ¢ test with reaction time data would de

'_l-

nappropriate in the negative condition but could be
used in the positive condition, even under extreme
variance inequality. Further study, however, will be
required to investigate if power is also reduced under
these conditions.

The results also indicated that for extreme
reaction time data, the t test was robust and could be
_used even under extreme variance inegualities (up to
varl:var2 = 1:9) for larger ecual sample sizes, and
under more moderate violations (varl:var2 = 1:2) for
smaller equal sample sizes. This pattern did not
support Algina's et al. finding for a different class
of a skgwed distribution, the lognormal, h;erein
inflated Type I error rates were observed for larger
variance ratios {varl:var2 = 1:4 and 1:9) for larger
equai sample sizes (N = 100). - For the unequal sample
sizes case where variance was equal across sample size
ra;ios, the results also indicated that the t test for _
reaétion time dﬁta remained robust and could be used
even under large group size:disparity (up to my:n, =
1:3). A similar trend 6f robustness was observed in

Algina's et al. study of the lognormal distribution.
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These findings suggest that the t test may remain
effective for reaction time data even under extreme
viclations of normality and variance eguality
assumptions provided that sample sizes are equal.
Sfurthermore, the t test could be used undcer extreme
violations of normalitcy when the disparity in sample
sizes between groups is large.

These results have two important implications in a
researck context: (1) the general agreement in the
literature that the t test can be used under "moderate
violations" of the assumption of homogeneity of

variance when sample sizes are equal may be too

(i

conservative; and (2) given that researchers may
unwittingly tend to use the t test when assumptions of
normality and/or variance equality are violated, the
use of the t test might be appropriate under these
conditions for reaction time data when sample sizes‘are
equal and large. However, further study will be
required to cetermine the levels of variance inequality
and sample size ratios at which the t test remains
within robust levels.
The t Test and the Weich Test

The patterns of the performance of the Welch test
was similar to that of tﬁe t test. The Welch test does

not rely on variance equality but, like the t test, it
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does require that scores arise from symmetric
distributions. For reaction time distributions, the
results showedé that the Welch test did not improve the
Type I error rates of the T test when small, ecqual
sample sizes were ccmbined with increasing variance
ratios. Furthermore, under egual variance conditions,
however, the Wel-h test did not protect the Type I
error rate as well as the t test did for large group
size disparity when sample sizes were small. 1In this
case, the t test would be the preferred option. In
contrast to the t test, however, the Welch test
corrected Type I error rates to robust levels in the
positive condition but was not effective in reducing
inflated results in the negative condition. The
expected findings from Harwell's et al. (1992) study of
moderate inflation that depended on distribution and
variance ratio were not supportgg in the negative
condition far this test. The cverall results suggest
thatlthe Welch test may be a better option in the
positive condition for reaction time distributions, but
its performance across variance inequalities did not

| -
improve upon the t test nor did it match the t test's

g

performance with respect to large group size disparity

-when sample sizes were small. 1In this case, the t test

may be the preferred option provided that power levels
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in the positive condition are not reduced.

The general patterns of Type I error rates of the
Welch test with reaction time data appeared similar to
those of the three skewed distributions that were
examined by Algina et al. (1894) in their comparison of
the Welch test uncer three levels of skewness--the Beta

istribution (least skewed), the exponential
(moderately skewed), and the lognormal (most skewed).
For example, when equal sample sizes were combined with
unequal variance ratios in Algina's et al. study, the
Welch test was increasingly ineffective in protecting
Type I error rates for smaller sample sizes as variance
ratios and degrees ¢f skewness increased. Furthermore,
when unequal sample sizes were combined with equal
variance in their study, the Welch test became less
effective in controlling inflated Type I error rates
when disparity in sample sizes between groups was
large, especially for smaller sample sizes, as levels
of skewness increased. Finally, when unequal sample
sizes and unecqual variances were combined, the Welch
tect did not correct for inflated Type I error rates in
the negative condition. In the positive condition, the
Welch test was robust for both the Beta and exponential
distributions, and generally robust for the lognormal
up to variance ratios of 1:4. These findings:suggest

~ —

Iy
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that further study of the Welch test with skewed
distributions, including reaction time distributions,
might not £ind any notable overall improvements over
the use of the t test.

The © Test on Ranks (M-W-W) and the ¢ Test

The results also indicated that applying the t©
test on ranks (M-W-W), that is, transforming scores
into ranks and then applying the t test, did not appear
to influence the ropustness of the t test when
variances..were equal. In this case,. the.use of the t
test or the t test on ranks may be appropriate‘but
further study will be needed to determine if power of
the t test is improved by a rank transformation undéé
this condition.

Under conditions of variance inequality across
equal and unequal sample sizes, thé use of the t éest
on ranks was not a viable option for reaction time
distributions. Transforming scores into ranks inflated
Type I error rates even under "moderate violations" of
the homogeneity of variance assumption across all equal
samples, regardless of their size. That is, the T test
became more sensitive to variance inequality when
scores were changed into ranks.

Similarly, the rank transformation changed the

conservative error rates associated with the t test in

3

i
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the positive conditien into a liberal test. Thus,
under conditions where the homogeneity ¢f variance
assumption was violated, the t test would remain the
preferred option. This finding suggests that the
conventional view in the literature that calls for the
use of nonparametric tests when there are violations of
assumptions may not apply with reaction time data. It
is notable that this finding was not supported for
other forms of skewed distributions studied by
Zimmerman and Zumbo (1993a) in the positive condition.
They found that the rank transiormation of the t test
for the exponential and the half normal distributions
did not affect censervative Type I error rates in this
condition. Hence, the t test on ranks might be a
viable option if power levels are not reduced for these
forms of skewed distributions.

The Welch Test on Rank n h

Like the t test on ranks, the results indicated
that the Welch test on ranks is not a viable option
under the condition of variance inequality across all
ecual and unequal sample sizes. Like the t test on
ranks, transforming scores into ranks inflated Type I
error rates under even "moderate violations"™ of
variance inequality for all ecual sample sizes, -

—_

regardiéss of their size. This finding suggests‘thaﬁ
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Appendix 2
This Appendiz provides tables of data from Algina

et al. (1994) and Zimmerman and Zumbo (19%3a) studies.



varl:var2

I

1:1 1:~2 1:3
N=100 N=100 N=100
042 -043 -045

neq. neqg.
pos. pos.
neg. neg.
<116+ <157+
- 065+
posS. pos.
neg. ney.
-164+ 232+
082+

i

‘Eggg. D.:0. = sample size ratios; varl:var2 = population variance

ratios.

Type I error rate = .05.



varl:var2

Table 8

84
t W t ibut
(Algipa et al., 1994)
o, =N,
1:1 :z2-~2 1:3
N=20 N=40 =60 |N=20 N=40 N=60 {N=20 N=40 N=60
1:1 -.045 -049 -.049 |.052 .053 .053 |.067+ .057 .056
neg. neg.
1:2
posS. poSs.
neg. neg.
072+ .062+ -.059 |[|.087+ -.066+ .062+
1:4 -055 -.053 .050
pos. pos.
-051 .048 .043 .048
neq. neg.
<079+ - 066+ .060+] . 084+ <069+ .065+
1:9 .067+ .058 .059
pos. pos.
.062+ .051 .050 .055

Note. n.:n, = sample size ratios; varl:var2 =

= population variance
ratios. Type I error rate = .05,



Table 9

85
(o) t W T
e - 4
0,30,
1:1 1:~2 1:3
N=20 N=40 N=60 |N=20 N=40 N=60 |N=20 N=40 N=60
1:1 .038—- .046 .048 |.049 .053 .052 | .069+ .062+ .062+
neg. neq.
1:2
pos.- pos.
™
N
g
>
z: neg. neg.
ﬂ .
> .094+ .072+].113+ .082+
1:4 |.071+ .063+ .056

poS. pPoS-

.046 .049 .035- .045

neqg. neg. -

- 099+ -080+) .16+ 0824

1:9 -091-+ .073+ .067+
P pos. ) S

.065+ .058 .047 .051
Note. mn.:n, = sample size ratios; varl:var2 = population variance
ratios.

Type I error rate = .05.



varl:var2

Table 10

n,:n,
1:1 1:-2 1:=3
N=40 N=100 N=40 N=100 N=40 N=100
1:1 -038- .041 .050 .051 .066+ .061+
neg. neqg.
1:2
pPoS. pos.
neqg. neqg.
- 090+ «-103+
1:4 077+ .066+
pos. PoOSs.
-.041 .048 -036~ - 046
neqg. neg.
-101+ « 117+
1:9 - « 102+ - 085+
PCS._ Pos.
. 075+ - 065+ .059 .050

Type I error rate = .05.

Note. n,:n. = sample size rétios: varl:var2 = population variance
ratios.



Table 11

87
n,:n,
1:1 1:=2 1:3
N=24 N=24 N=24
t W tr tw
1:1
Exponential .053 .050 .052 .052
Half-normal .047 .046 -044 .044
Lognormal .009- .008- .050 .050
neg. neg.
1:2
POS. pos.
o~
= neg. neg.
>
-y
[
]
>
1:4
pos. pos.
t W tr tw
Exponential .001- .021- .001- .007-
Half-normal .010- .114+ .019- .062+
Lognormal 0 -.067+ .163+ .158+
neg. negq.
1:9
pos. pPoS.

Note. n.:n.= sample size ratios; varil:var2 = population variance ratios: t

= t test; W = Welch test; tr = t test on ranks (M-W-W); tW = Welch test on
ranks. Type I error rate = .05.





