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Abstract

A numerical method for the treatment of non-vanishing lag state dependent delay
differential equations is developed in this work. This method is based on a (5.4)
Runge-Kutta formula pair. The delayed term is approximated by a three-point Her-
mite polynomial. In order to obtain a highly accurate numerical scheme, speciad
attention is given to the characterization and the localization of the derivative jump
discontinuities of the solution. Some real-life problems are used to test the new

method and compare it with existing ones.
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Chapter 1

Introduction

Consider the state dependent delay differential system (DDEs):

y(t) = [f(t,y@t),ylalt,yt)))) for te€lab],

y(t) = o(t) for te[aal, (L.1)

where

y:le,b| = R,  f:le,b xR*xR"—= R",
a=(ap, - ,an): [a,b] x R* — R",
a;(t,y(t)) <t i=1,...,n
@ = min{a(t,y(t)); for t € [a,b]} and ¢: [@,2] — R".
y(a(t,y(2))) is the delayed term and t — aft, y(t)) is the lag.

In recent years. there has been a growing interest in the numerical treatment of DDEs.
This is due to the recurrence of such equations in various areas, including neural
network theory, epidemiology, pharmacokinetics, and time lag control processes. Two

examples of DDEs applications follow:



1. Population growth {10] as a model of biological processes can be modeled by

the state dependent DDE

b(y(2)) — bly(t — L{y(t))))
b= L{y(tHo(y(t = L{y(tH))

y(t) =

where y(t) is the population size, and L(:) is the lifespan of individuals in the

population.

1o

The variation iu market price, p{t), of a particular commodity {11} can be mod-.

eled by the following DDE

P (t) = p(t)f(D(p(t)), S(p(t — T))),

where D(+) and S(-), denote the demand and supply functions, respectively, for
the commodity in question.

For more examples of applications of DDEs, the reader is referred to [20].

Two different procedures are conceivable for the numerical integration of (1.1).
The first one, known as the method of steps, is attributed to Bellman [21]; it ap-
proximates the delayed term y(a(t,y(t))) by a repeated integration of the differential
equation up to the abscissa a(t,y(t)). Bellman's method has the advantage of low
storage requirements and the disadvantage of increasing drastically the number of

differential equations to be considered.

The procedure which is known as the extended ordinary differential equations
(ODE) method uses a numerical integration scheme known from ODE together with

an appropriate approximation formula to evaluate the delayed term. If a discrete



ODE method is used in the numerical integration, the approximation is given by an
interpolation process. Otherwise, if the method itself provides an accurate contin-
noits extension of the solution. interpolation is no longer needed. Several schemes
haserd on ODE methods have been developed. Fourth-order Runge-Kutta methods
and r.wo-poin.t Hermite interpolation have been used by Neves [14], and algorithms
based on a fourth and seventh-order Runge-Kutta-Fehlberg methods together with
Hermite interpolations are presented by H. J. Pesh and H. J. Oberle [9]. Recently
Skip Thompson [23,24| has developped numerical methods which are based on a
continuously imbedded Runge-Kutta method of Sarafyan. This method has the ad-
vantage that no extra function evaluations are needed to construct the interpolation
polynomial. Finally, an algorithm based on a predictor-corrector mode of a one-step
collocation method at k Gaussian points has been made by Alfredo Bellen and Marino

Zennaro [1].

In addition to the difficulties for ODEs, the numerical treatment of DDEs has to
pay attention to two other difficulties. Firstly, the interpolation of the delayed term

and secondly the jump discontinuities in the various derivatives of the solution.

In this work, the results of Neves [16] on the characterization of derivatives jump
discontinuities is used and three numerical methods to locate them are presented in
section 2, where special attention is paid to our method. The numerical integration
method and its convergence properties are the subject of section 3. This method is
based on a (5,6) Runge-Kutta formula pair to integrate the DDE and a three-point
Hermite polynomial is used to interpolate the delayed term. In section 4, two different

stepsize controls are presented; the method is tested numerically with respect to speed



and precision and is compared with other methods. The numerical experiments were

run in double precision on the AMDAHL 4370 at the University of Ottawa.

Finally. 2 non-vanishing lag is considred in this work. The functions f, ¢ and

are assumed to be smooth enough and d < a.



Chapter 2

Derivative Jump Discontinuities

2.1 Characterization of Jump Discontinuities for
State Dependent DDE

2.1.1 Primary discontinuities

For reason of simplicity, we shall consider only a scalar DDE, however the results of
this section are valid for systems of equations with multiple lags. Hence, we consider

the scalar delay differential equation

¥'(t) = f@y),ylat () ifte e,

y(t) = ¢(t) ift € [a,a], (2.1)

where @ = min{a(t, y(t)); for t € [, b}}. The solution of {2.1) usually has an initial
derivative jump discontinuity at the point ¢ = a. A set of derivative discontinuities,
as it will be seen later, is propagated from the initial jump at a. This set forms the
so-called primary discontinuities of y(t).

Remark: The smoothness of f, ¢ and o does not necessarily imply that the solution

5



y(t) is smooth. As an example. consider the DDE:

y(t) = %y(t)y (texp(;’((:))_g)) it te|l.2:6).

y(B) = 1 if te0.5.1). 2.2

The explicit solution of (2.2} is as follows:

for telV®=3A/y(t) < 1,

y’(t)=£:)=>y(t)=t iflges;
for2<t <26,
0 1 ( t)tely(t)-ﬂ () = 2 — log( )
Yy ty () y g

where c¢ is some constant. Since y(2) = 2, then

y(t) = 2 — log(3 — t).

Finally, the DDE (2.2) has the unique solution:
{ 1 if 0<t<l,
yty=4 t if 1<t<2,
2-log(3—t) if 2<t<26.

Although ¢ is smooth enough in the interval [0.5,1], f and a are smooth in {0.5,2.6]
but, the solution has a jump discontinuity in its second derivative at £ = 2.
If £ is a point of discontinuity of either f or ¢ then £ can generate a setl of secondary
discontinuities in the various derivatives of y(t).
From now on, we assume that in (2.1) the functions f, ¢ and « are sufficiently
smooth; hence we shall consider only the primary derivative discontinuities of y(L).

Furthermore, the derivatives jump discontinuities are assumed to be isolated.



2.1.2 Continuity class

In this section, it will be seen that a necessary condition to obtain a high order
numerical method for (2.1) is the accurate locating of a certain number of derivative
jump discontinuities. The location of these jumps can be easily accomplished when
the delay term a(t, y(t)) is constant or a function of t, but much more work is needed
when the delay also depends on the solution y(t). The following discussion on the
characterization of these discontinuities is based on the work of Alan Feldstein and

Kenneth W. Neves {16, 17].

Definition 1 Let Y be a real number and consider the switching function g(t) =

alt,y(t)) =Y. If3Z € [a,b] such that Z satisfies

(1) g(2) =0,
(2) g™ (Z~) exists from the left,

(3) m is the least positive integer such that g™ (Z™) # 0.
then Z is called a left zero of multiplicity m of g.

Definition 2 We say that problem 2.1 has continuity class p if the following hold

over the appropriate domains:

(1) f is continuous in its first argument and is uniformly Lipschitz conlinuous in its

second and third arguments;



(2) fori+ j+ &k < p- L. all the mized partial derivatives f;x are continuous;
(3) ¢ € CP7}[a.q] and o(a) = y(a):

(1) all the mired partial derivalives a;; are continuous for all i and j such that

1+7<p.

The main result of this section is contained in the following theorem which char-

acterizes the possible derivative jump discontinuities of the solution of problem (2.1).

Theorem 1 Assume that problem (2.1) has continuity class p 2> 1. Let y(t) denote a
solution of (2.1) and Z, € [a,b] be a discontinuily point of the n™* derivative, 3™\(t),
where n < p and n is the least integer such that y™ is discontinuous at Z,. Also
assume that y® € C|Z; — &, Z:)JC{ 2., Z: + & for some positive real number &,.
If there exists Z, € [a,b] such that Z, is a zero of inleger multiplicity m > 1 of

a(t,y()) — Z,, then there exists £, > 0 such that

¥ e ClZ—6,22)|JC(Z2, 22 + & and y? €ClZa~ 6,72 + &),

where

(1) g=2p if m is even,

(2) g =min{p,m-n} if m is odd.

Proof: See|[l17], page 846.
Remark: From the above theorem, one can see that the points of discontinuity are

characterized as zeros of the nonlinear equation g(t) = a(t,y(t)} — Z, where Z is a

8



previous derivative discontinuity. Since, usually the first jump occurs at Z = a, a set

of primary discontinuities is propagated from a.

2.1.3 Examples

Example 1: The following DDE:

y@) = -i-y(t)y(y—aje‘”("‘z’) if te[l,2.6],

y(t) = 1 if t€[0.5,1],

has the exact solution:

1 if tel3, 1),
y(t) = t if tell,2],

2-log(3—1t) if te2,26]

(2.3)

Then, for Z; = 1 we have ¥'(Z; — 0) = 0 and ¢/(Z; + 0) = 1. Moreover the exact root

of aft,y(t)) — Z, in this case is equal to 2 and it is clear that

(2 - 0) = 0 and %"(2 + 0) = —1. This corresponds to the case wheren=1,m=1

and p is arbitrary in theorem 1

Example 2: In [16], Neves and Feldstein presented the following DDE:

YO = WO+ -(-D-@-29) -7 i 21,

1

y(t) = = if t< 1.

e

The solution of (2.4) is

(t)_{exp(t—2) if t € [1,2],
1\ B() ift € (2,2 +k,

(2.4)



where & is a positive real number and B(t) satisfies the ODE:

B'(t) = B(t)+exp|B{t)-(t—-2)- é(t -2y —2] - l.

- [

B(2) = 1.
Now set A(t) = B(t) = (t —=2) = 4(t = 2)? = 2. Then

By = BMI{(t) + AM(t) exp|A(t)].

BO(t) = BR(t)+ [AP(2) + (A (£)?] explA(D)].

BY(t) = BO(t) + [AD() + 3AN () AP (1) + (AN ()] explA(2)].
Hence

y¥W(2-0)=y92+0)=1, i=123,
and
1+e = y¥(@+0) # y¥@2-0) = L

This corresponds to the case where Z; = 1, n = 1, m

3 and p is arbitrary in

theorem 1.

2.1.4 Generalized smoothing

The smoothing property of the solution y(t) of problem (2.1) is an important conse-
quence of theorem 1. Let ® be J-incompatible (i.e. J is the least integer such that
¢ (a — 0) # ¥ (a + 0)), and define a sequence, S, of point sets as follows:

So = {a}, Sk = U{Z;9(Z) = 0 with some odd multiplicity m < p/J }, for k < p,

where the union is taken over all Y € Si.; such that ¢ < Y < Z < b and where

10



gl(t) - a(t,y(t)) — Y. Now let

M(Z) = sup{q;%'¥ is continuous at t = Z},

Ne = inf{M(Z):Z € Si}.

[t is proved in [16] that if (2.1) has continuity class p and the initial function @(t) is
J-incompatible, then

Neg1 2 N + L

This result means that the smoothness of the solution y(t) increases by at least 1
as the index k (level of the discontinuity Z;) increases by 1. This is the so-called

generalized smoothing of y(t).

It is clear that the degree of continuity at jump points is not an increasing function
of t. If a(t,y(t)) is sufficiently oscillatory, then a new discontinuity at level 1 occurs
each time a(t, y(t)) crosses the point a; hence there may be an infinite number of level
1 discontinuities. If e(t,y(t)) is a strictly increasing function of ¢, then each set Si
is formed by a single point [16]. The generalized smoothing property of the solution
y(t) is important in the sense that only a limited number of discontinuities have to

be located to obtain a high order numerical method for problem (2.1).

2.2 Influence of Discontinuities on the Numerical
Solutions

To proceed further, a brief description of the numerical method to solve the delay

problem (2.1) is needed (the method will be described in more detail in the next

11



chapter) and we shall consider only one-step ODE methods which have been extended

to the delay problem. These DDE methods can be written as

Yntl = Yn + h\p(tn- Yno Pq(a(tn-yn)- y:-y:)~ h). (2.5)

where
¥ is the increment function. For example

the r-stage Runge~Kutta method for problem (2.1) has the form

r
Yni1 = Un+ h DY K, (2.6)

1=1
where

i-1 i-1
Ki = f(tn'i'aihvyu'*'hZﬁinijq(a(tn+aihvyn+hzﬁajh-j)))»
J=1 F=1
i=1,...,7,

and F, is an interpolation polynomial of degree q for the delay term

y(alta + aihyyn + RS2 BK5)). I
yr(t) is the numerical solution of problem (2.1) obtained by applying the above
Runge-Kutta method at ¢ = ¢,.
Y is an exact discontinuity in the m'™ derivative of y(t),
Y} is an approximation to Y,
Z is the exact zero of a(t,y(t)) — Y, and y® is discontinuous at Z,
Zy, is a numerical approximation to Z,

§ is a positive real number such that Y}, is the only discontinuity of g in [Ya—¢, Ya+&],

12



the interpolation process is done by using the following rule:
for t € I, = |Yi — £.Y4], let the interpolation be formed from tabular points in

Iy, and for t € I = [Ya. Ya +£&|, the interpolation be formed from tabular points

in !'_:.
Then we have the following important theorem.
Theorem 2 Assume the one-step method is of global order of convergence p and let
the interpolation process be done by using the above rule. If
Y -Ya[=0@/") forn2],

| Z—-2a|=0(h} Jorr21,

| y(t) — wa(t) |= O(RT) ¥ t € [Z4,7]

Jor some positive real number n and ¢ = min{p,n-m,r- =}

Proof: See [17], page 853.

Remark: From the previous theorem, it is seen that the accuracy with which discon-
tinuities are located is critical to obtain a high order numerical method. The subject

of the following section is the numerical approximation to these jump points.

13



PEIRER ST AT T S e e s

2.3 Numerical Methods to Locate Jump Discon-
tinuities

It is not possible to know a priory the exact derivative jump discontinuities & of the
solution unless the delay term is constant: hence a numerical approximation to these
&, is needed. For this task, some methods have been developed [15.17.23]: we shall

consider three of them in this work.
2.3.1 The Neves and Feldstein method

In [17], the following technique is suggested:

Divide the interval [a,b] in N subintervals of equal length, h, and let £;,7=0,...,n,
be the grid points. Then use a one-step method adapted to DDE to compute a
numerical approximation ya(t) to the solution. Since, in practice, there are a finite
number of jump points of computational concern (i.e isolated discontinuities), we
order them by a < Zy < ... < Zn, < b where Z; satisfies Z; = a(Z;,y(Z;)) and Z, is
the ancestor of Z,. Assume that (i — 1) derivatives jump discontinnities are located

and we want to locate the *® jump; then the algorithm can be described as follows:

1. After each integration step, evaluate the switching function a(t,ya(t)) — Znk
where Zx, for some k < i, is an ancestor to the approximate jump Zy,. If
leelts, yn(t;)) = Znkl X [ati1, Yn(tjer) — Zakl > 0, [¢;,¢541] does not contain a
(primary) discontinuity; hence advance the computation by another step.

But if the product is negative, then

14



2. Construct a Runge-Kutta polynomial interpolant of the appropriate degree;
then by using a standard rootfinder find the zero of a(t, yn(t)) — Zn, and take

this root as the approximation to the jump point Z ;.

Remark: Sir;ce Zhns is a zero of a(t, ya(t)) — Zue = 0, where yx(t) is the interpolated
solution in the interval containing a discontinuity, the interpolation process over an
interval which contains a discontinuity leads usually to a loss of accuracy and con-
sequently to an inaccurate localization of the root Z,;. This loss of accuracy also

oceurs in the next method, but not in the third method.

2.3.2 The automatic inclusion of the discontinuities

This second method, which is described in {14}, is based on the idea that the two-
point Hermite extrapolated solution, for sufficiently small & (h is the maximum step
size between data points), is of the same order of accuracy as the two-point Hermite

interpolated solution, provided that

(1) hns1/ha is bounded,

(2) there is no jump discontinuity in the interval [t,, ts41]-

Furthermore, if the above two conditions are satisfied, then the two estimates should
disagree only in O(h?) terms. Also, note that if the discrepancy between the interpo-

lated and the extrapolated values of the solution is large, then we are in the presence

15



of a discontinaity. In this case the step size should be reduced to force the integrator

to hit the jump.

2.3.3 The switching function method

To describe this method, we need to review briefly the Newton backward interpolation
polynomial. Assume that the values of a function f are known at (n + 1) past, not
necessarily equidistant, points, tn,tn-1,--.,tN-n- An approximation to f{t}), at a

point ¢, is given by the Newton backward divided difference formula:
f@) = fin)+ @ —ta)fltn tvoa] + (& =t} = tnor) flbn, tnor, tv ]
Feret (E—tNYE—tna1) - ([t = tnaat1) fIEN, - - o Enan] + E(E)
where
F 7Y TN Y §

denotes the *® divided difference of f. The error term of the formula is
E(t) = (t - tN) e (t - tN—n)f[th .. :tN—n.:tl-

Note that if [ = (ty—n, max{ty,t}) and f € C™*([), then there exists £ € / such

that

f[tf\h . :tN—'n:tl = mﬂnﬂ)(ﬁ)

For this approximation to be accurate, ¢ must be close to the end point {x.

16



Description of the switching function method:

From section (2.1), it is seen that a derivative jump discontinuity is a zero of the
expression n(t, y(t)) — Y. Then after each integration step, [tn. tns1}. check whether

the product [r:t(t,,,y,,) — Ya| % [@(tn+1: Yns1) = Ya| £ 0 or not where,

tn41 is the most recent grid point,
Yns+1 is a numerical approximation to y(tns1),

Y, is a numerical approximation to an exact previous derivative discontinuity.

The algorithm of the method is as follows:

1. If [@(tn yn) = Ya| X [@(tn+1, ¥nt1) — Ya] > O, then proceed to the next integration
step.

2. If [altn yn) — Ya] X [@{tnt1,Yns1) — Ya] £ 0, then there is a derivative jump

discontinuity in [t,,tn+1]- To locate this jump,

2.1 Construct the Newton backward extrapolation polynomial of a(t,yn(t)) — Ya

from a suitable number of previous values of a(t;, %) — Yh,i=n—m,...,n.

2.2 Use the bisection method to find the zero Zj of this polynomial; then Z; is taken

as an approximation to the exact root Z of a(t,y(t)) - Y.

2.3 Include Z, in the grid points so that t,41 = Zh.

The following important question arises: how accurate is the above method? The

answer is given by the following theorem. For simplicity we assume a constant step-

17



size. However the result of the theorem is still valid for a svstem of equations with a
variable stepsize h.
Theorem 3 Consider the DDE:

y{t) = flt.y(t).ylalt.y(t)) if tela.b.

y(t) = o) if tela.bl. (:

[ £+
-1
—

Let
g(t) = alt.y(t)) =Y, a(t) = alt,ya(t)) — Y.

where ya(t) is o numerical approzimation to the solution y(t) of the DDE, Y and
Ys are the ezact end the approzimate derivative discontinuity of y(t), respectively.
Assume that the function a(t, X) is Lipschitzian with respect to X and g(t) has o
zero in (t;,t541). Then, by using o Newton backward extrapolation polynomial P,
of gu(t) in (t;,t;11), one can approzimate the zero Z of g(t) by the zero Z, of P, (1)
to the order O (h'“i“{”/”‘"’/"}) provided that

(1) the degree of the extrapolation polynomial is at least (p — 1),
(2) 1Y = Ya |= O(RP),

(3) the global integration method is at least of order p.

(4) Z; and Z,, the nearest roots to Z of P, and P, are of multiplicity m and n

respectively, where P, is the Newton extrapolation polynomial of g on (L,4;41)-

(5) the divided difference gt;,...,ti—ps1, Z| is bounded.

18



4.

Proof:

By theorem 1, we may assume that g(t) changes sign in (¢;,t;41); then for sufficiently
small %, gn(t) also changes sign in the same interval (see [15]). Let Fy(t) and P, (t)
be the Newton backward extrapolation polynomials of g(t) and gx(t), respectively.
These poiyno;nials are constructed from the p grid points ¢j—p41, ..., ¢;. Assume that

f.j._p+1 > Y, then

Py(t) = Po(t) = 3(t;) — galty) + (t — t;glts, tim1] = galtsstjal} +--- +

(t =t} - (t = tipe2){gltss- - - ticpr1] = Gnltss- -~ s Ejpi ]}

By induction on the positive integer k, we prove

(t = ticm) -+~ {t = timkmmHGltimms - - - s tmpmm1] = Grltim, - - s tickmm—1]} = O(RP),
m=0,....,p-2—k. (*)

For k=0,

|9(timm) = Ga(tiom)i = |@lticm, ¥(tj—m)) = Y = &(tjom, Ya(t;—m)) + Yal
< Laly(t.i—m) - yh(tj—m)l + IY - Yh.l

< O(W?) VYm=0,...,p—1

Now assume that () is true for k < p—3; thenform=0,...,p—1—(k+1), we
have
(= timm) - (t = tjcmeimt H{Glti=ms - - - » Eimmetke2] = Galtjmms - - - s timmr—2]}

t = tivmeke
= Ikl (= t50n) o (= tjmkem) X
Licm = tjck-m—-2

b {g[tj-ma ER X tj-k—m—l] - gh[tj-m, e stj—k—m—ll}

: (t = tjimm—1) - (¢ — Ljmk-m—2) X
jem = bjmkem=2

X {gnltj—me1,+. s tjmimm2] = g[timm—1,- -+, tj—k-m—2]}.
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Since there exists a constant \f such that

t}:f_’:‘;’:_z < M and ,--,::::.-::m_z < Al
tken using the induction assumption (x), it follows that
(¢ = tjmm) - {t = tjemeimt H{Gltim o - - ke ma]
— galtjems- -« s tjmkem—2]} = O(RP), m=0..... p=2—-{(k+1).

Hence (x) is also true for & < p— 2, and therefore
|Pe(t) — Po (8}l = O(RP) VWt € (tj,ti0a)  (xx).
Now let Z be the zero of g(t) in (t;,¢;41) and Z;, Z; be the zeros nearest to Z of
F,(t) and P, (t}, respectively. Then the error term is
E(Z}) = Fyl(2)-9(2),
= (Z -t} (2 = timpr1)gltss-- - s tipt1 2.
Since there exists M’ such that gt;,...,t;—p+1, 2] £ M’, then it is clear that
1P,(2) - 9(2)| = O");

therefore F,(Z) = O(hP) because g(Z) = 0.
Also, a Taylor expansion of F; in a neighborhood of Z; gives

. p~2 — 7eyk+l
P)(Z) = PAZS) + [z Z-%)"

plett) ez
o &+t ? (P)]

As Zx, is a zero of multiplicity m of P,, then P{™(Z;) # 0 and since

p-2 (Z _ Z;)k+1 .
L§ W”g"‘“"z’)]

is bounded, then from the fact that F,(Z]) = 0 and F,(Z) is of order O(h?), one can

conclude that
1Z3 — Z| = O(RP'™). (2.8)
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Since Py{Z;) = 0, then (x=) applied to Z; gives
P (Z;) = O(h?).
By a Taylor expansion of F, (Z7) in a neighbourhood of Z; and since Z, is a zero of

£, of integer. multiplicity n, then P{M(Z,) # 0 and since

22y = ZpY™* ksryy o
X kror 5

is bounded, one concludes that
Z; — Z,| = O(rR*™). O (2.9)
Now from (2.8), (2.9) and the inequality
1Z -2\ <125 - | +12; - 2|,
we obtain the desired result

|2 - Z,| = O (hminlp/meint)
2.4 Numerical Results

The following numerical results illustrate the accuracy with which the switching func-
tion method locates the derivative jump discontinuities of the solution. The first two
examples use a Runge-Kutta method of order 4 to solve the given DDE. An extrap-
olation polynomial of degree 3 is used to extrapolate the switching function, then the
bisection method is used to locate to the machine precision (16 digits) the root of

this polynomial. The computations in these two examples were made with a constant
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Table 2.1: Error in the roots Z, for example 1

Step size h | |Z — Zy}
0.03 5.9E-10
0.06 1.2E-09
0.09 4.3E-03
0.12 1.TE-0T

step size.
Example 1.
Consider the DDE :

1
' S — — H
V) = 3 2y(y(t) VZ+1) if te(L3),

yt) = 1 if telo,1], (2.10)

S

which has a second jump discontinuity at Z = 2. The numerical results for different
step sizes are given in table 2.1 :

Example 2.

y() = Wty (Se—) ifte(ld,

y(t)= 1 if t € 0, 1], (2.11)

which has a second jump discontinuity at Z = 2.0. The numerical results for different

step sizes are given in table 2.2,

In the next two examples, the Runge-Kutta—Verner (5,6) pair together with a
three-point Hermite interpolation polynomial are used to integrate the DDEs and
a Newton backward extrapolation polynomial of degree 3 is used to locate the first
three jump derivative discontinuities. The implementation of this pair is described in

the next chapter; here, we are only interested in the numerical approximation of the
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Table 2.2: Error in the roots Z, for example 1

Step size h | |Z — Z]
0.03 2.9E-10
0.06 2.8E-09
0.09 1.6E-08
0.12 1.7TE-07

Table 2.3: Numerical results for example 3

TOL

| Ry — el

[Re — €7

|Rs — es|

1E-05
1E-07
1E-08
1E-12

1.10£ - 07
5.08E — 10
1.26E5 - 10
37TE-15

2.72E - 07
1.23E — 08
2.13E - 10
9.01F - 14

4.32E - 05
1.14E - 07
7.29E - 10
8.52F — 13

derivatives jump discontinuities. A variable step-size is adopted and the results are

obtained by using different values of the tolerance.

Example 3.

t
= 1

The first three jumps occur at e, €2, e3 = exp(3 — exp(l — ¢)). Let Ry, Ry, Rj denote

the numerical approximation to e, €?, e3, respectively. Table 2.3 shows the absolute

y(t)

1 tely(6)=2)
-y(t)y (—-—

if tell,4],

if tel0,1],

error made in locating these discontinuities.

Example 4.

t—=1
y'(t)

y(t) = 1

Since the exact solution of (2.9) is not known and consequently the derivatives dis-

= y(t—log®) - 1)

for t>1,

for tel0,1].
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Table 2.4: Numerical results for example 4

TOL | (R =&| [ 1R:— &l

l1E-05 | 1.49E - 06 { 2.99E — 06
l1E-07 | 3.11E£ —09 | 3.79E - 09
1E-09 | 1.OOE - 10 | 1.00E - 09
1E-12 | 1.68£ —~ 13 | 1.29F - 13

continuities cannot be found explicitly, reference vaiues of the first two jumps as given

in [8 | are:
& = 3.146 193220 620 5382 583 2, & = 5.925 449 824 508 246 492 6.

Let R; and R» denote the numerical approximations to £; and &, respectively. Then
the absolute error made in locating these jumps is given in table 2.4.

Conclusion

Despite the accuracy with which the switching function method approximates the
derivatives jump discontinuities, it has the disadvantage of being difficult to imple-
ment in & routine to solve a system of delay equations. The number of switching
functions to be handled in this case increases drastically with the size of the sys-
tem and the number of possible derivatives jump discontinuities. In such situation,
it is much more convenient to use the automatic inclusion of the discontinuities as

described earlier.
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Chapter 3

Numerical Solution for Delay
Equations

[t is well known that one-step methods for ordinary initial-value problems, as well
as linear multistep methods, can be adapted to solve the delay problem (2.1). Since
our numerical method, as it will be seen later, is based on 2 Runge-Kutta formula,
a brief review of these formulae is given in section 3.1. In section 3.2, it is showed
how to adapt a one-step method for ordinary initial value problems (OIVP) to delay
problems. Finally, the convergence property of the numerical method is studied in

section 3.3.

3.1 Runge-Kutta Formulae for OIVP

Consider the n-dimensional OIVP system:
¥ty = fit.y),
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y(to) = Yo 3.0

where f: [a.5] x R* — R" and y € R™. An explicit r-stage Runge-Kutta method

for problem (3.1} has the following form if it advances the solution from ¢, to ty:
yn‘!‘t = yu + hq)(tn. yn- h-). (3‘.-))
where

S(tnyn h) = D GKi.
i=1

K. = (Kl...KI}.
i=1

Ktk = fi (tn+a.-h,yn+h26g,-f\'j), k=1,.... .
F=1

Most methods have
i=-1
o = Zﬁgj, i=1,...,m
j=1

Note that an r-stage Runge-Kutta method involves r functicn evaluatious per step.
Each of the functions K; may be interpreted as an approximation to the derivative
7'(t) and ®(t,y, k) as a weighted mean of these approximations.

If one can choose a;, B;; and ¢; in such a way that the expansion of ®(¢,y, it) differs
from the Taylor expansion of the function f in a neighbourhood of (¢,7) only in the
7 and higher powers of h, then the method is said to be of order p. In 1968, Fehlberg
[4] made an important contribution to Runge-Kutta methods by constructing classes
of pairs, denoted by RKF(p — 1,p):

Ynt1l =Yn + hqus, Ynt1 = Jn + hi GK,
of order p— 1 and p, respectively, for p=6,7,8,9. Formula pairs use the same f-values,

K;, to compute yn+1 to the order (p — 1) with some few extra Kj, to compute ¥n4
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Table 3.1: Butcher tableau for RK formula pair

0|0
az | 82
oy | B P2

Qy Brl ﬁrZ e ﬁr,r—l

a: | Bay B2 o-- --- /Bi.r‘--l

Gt 2 - G
G & - & o &

to the order p. A formula pair provides us, as it will be seen later, with a way to
estimate the local truncation error of the numerical solution.

Finally, it is common to present a formula pair by the Butcher tableau shown in table
3.1 The Runge-Kutta-Verner (5,6) pair, on which our numerical method is based,

uses eight derivative evaluations per step and it is represented in table 3.2.

3.2 Runge-Kutta Formulae for DDEs

In order to use a Runge-Kutta formula to solve the n-dimensional DDEs:

y(t)= flt.y(t)ylelt,y(®))) if tela,d],

y(t) = o(t) if tela,aj, (3.3)

one has to redefine {3.2) as follows:

Ynt) = Yn + AV (tm Yny Pq(a(tm yn)a Yiy y:)a R) (3'4)

where
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Table 3.2: RKV (5.6) pair

0 0

1 1

6 6

ry L8

15 rE) 75

2 5 _8 5

3 6 3 2

5| _16 55 _a3% 85

6 64 6 64 96

1 12 _g 15 1 88
5 612 36 255

L[ _sss  12¢ s _ st 2m

15 15000 7 680 250 10625

1 3501 __300 207275 _ 319 24068 (3 3850
1720 43 52632 2322  B4065 26703
13 g B3 s 12 3 0
160 5984 16 85 44
3 0 75 2 268 g _125 a3
40 2244 72 1955 11592 (13
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WV (tn Uns Bpla(tn. yn), 3. 31), R)) = Z1_ 1 &K,

KE = fie (tn + ouhoyn + RS B K, Paleltn + aik,a + RT5E} 85K5))),
k=1,...,n,

P, is an interpolation polynomial of degree g used to approximate the delay term.

The interpolation polynomial is needed to evaluate the delay term which generally
lies between two previous grid points. In our scheme F, is taken to be & three-point
Hermite interpolation polynomial. The reason for taking a fifth-degree interpolation
polynomial together with a (5,6) Runge-Kutta formula pair will be seen in the fol-
lowing section. Finally, we shall refer to (3.4} as the adapted Runge-Kutta formula

and to V¥ (t,y, Py(al(t,y), ¥, ¥}, k) as the increment function corresponding to (3.4).

3.3 Error Bounds and Order of Convergence

3.3.1 General results

Most of the material in this subsection is teken from [6]. Consider the general case

where (3.1) has to be solved by a general k-step method of the form:
k
Z QilYngi = h’¢(tﬂ’ YUniksr oo s Yn, h)- (3-5)
i=0
It is convenient to define the characteristic polynomial p(6) of (3.5) by
k 3
p(ﬂ) = Z Q; G.

i=0
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Note that one-step methods, including Runge-Kutta ones. are special cases of (3.5)

where k= 1.

Definition 3 The method (3.5) is convergent if. when applicd to problem (3.7),
ya(t) = y(t)  as h—0

for anyt € [a,b)].

One can define in a similar way the convergence of an adapted ODE method for

solving DDEs.

The following important question arises, what conditions the method (3.5) must
satisfy in order to be be convergent? To answer this question, the following definitions

and results are needed.

Definition 4 The local discretization error d, of (3.5) at t, is defined to be

k
d‘n = ﬁi_)'}; [Z aiy(tn-}-i) - h’¢(tnr y(tn+k)1 e !y(tn)a h) y

i=0
where y(t) is the solution of (3.1). In particular, the local discretization error associ-

ated with (3.2) has the form:

1
dﬂ. = E [y(tn-i-l) - y(tn) - h¢(tn:y(tn)$ h)l .
We now state the minimal level of local accuracy of (3.5).

Definition 5 The method (3.5) is said to be consistent if

max |d.] =0 as h—0,

0<nN

30



where N is the tolal number of steps. [t is consistent of order p if

max lldal = O(R?).

0<ngN

It is necessary to make a further definition related to the stability properties of

{3.5) at this stage.

Definition 6 The method (3.5) is said lo satisfy the root condition if the rools of the
characteristic polynomial p(8) lie within or on the unil circle, those on the unit circle

being simple.

In particular, any consistent one-step method of the form (3.5) necessarily satisfies
the root condition since the only root of p(6) is 8, = 1.
We now state the following fundamental theorem of Dahlquist that has occupied a

central position in the development of the numerical analysis of differential equations.

Theorem 4 The method (3.5) is convergent if and only if it is consistent and satisfies

the root conditzon.

In particular, the following theorem holds for any one-step method of the form
(3.5).

Theorem 5 A one-step meth - of the form (8.5) is convergent if and only if it is

consistent.

Unlike the OIVP case, the study of the convergence property of the adapted

Runge-Kutta scheme is complicated by the fact that an interpolation process is used
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in this scheme. Therefore some lemmas and theorems are needed to find the order of
convergence of an adapted Runge-Kutta method. We start the study by proving the

following fundamental lemma on the Lipschitz property of the increment function .

Lemma 1 Assume that

(1) fis Lipschitzian with respect to its second and third arguments, with Lipschitz

constants M> and M, respectively.
(2) alt,y) is Lipschitzian with respect to y, with Lipschitz constants M,

(3) Py(a(t,yn), ¥ ¥i) is Lipschitzian with respect to o and y; with Lipschitz constants

Mp and M respectively.

Then there exists Ly such that
”‘I’(tv Yn, Pq(a(t? yn)ayhy:)v h) - ‘I’(taﬂm Pq(a(ty:l}n)y 3-!:',.7:';), h)“

< Ly maxign ||y — %ll-

Proof: Since

r

v (t’y’ Pq(a(t,y),y.-,jj,-), h’)) = ZQK;(y)

=1
where
t=1 i=-1
Kz(y) = f (t + aih:y + hZﬁIJKJ(y)? })q(a(t + aih:y + hZﬁSJKJ(y)! Ty ?}l))) )
J=1 j=1

it suffices to prove that Vi = 1,...,r, there exists L, such that

1 Ki(yn) = Ki(@a)l] < mazicnlly — il
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This can be done by induction on i. For i =1 we have

Kl (7}11.) = f (t-yns Pq(a(tr yn)a s y:)) s
h’l (:"}n) = f (t, fjn: Pq(a(ty ?}n)a tiyiv g:)) -
and
”h’l (yn) - Kl(gn)” = ”f(ta Yn, 1Dq’(a(t'a yn)! Ys, ?J:)) - f(t1§ﬂ1 R}(a(ts !}n)$ gl‘ﬁ':))]]

IA

Mallgn = Gl + Ma [ Mp Malltn = Gall + Ml - 31

< Limaxly - &ll-
Now assume that the result holds for m < r. Thus 3L,, such that

| Kt} — Km(@n)| € Lm max v — %l

Then

| Kns1(#n) = K@) =

I f(t + amsrh,y + hz ﬂmﬂ.jKj(yn), Pq(a(t + Omprh, Yn +

i=1
b i B Ks(0a)s 36s8D)) = F(E + sty G+ B f; B K (),
Py{alt + GmethsGn + hgﬁmﬂ.ﬁf{i(ﬁn)):ﬁh il
< Maflya — gl + Mzh;)’; | B3] L max llys — &l + M3{MPM<: X
x [nyn =Gl + 3 LylAmaasl gl - ﬁill] + M max s — 541}
< [Mg 4 MsMpMea + MM + h(Maz + MsMpM,) 2 L;|Bmsr,; I] X
X max v = @l "
< Lmp max v — &l



Hence the result is also true for m + 1. As ¥ is a linear combination of the A,. then
there exists a positive constant Ly such that
1@ (t Yn. Polae(ie yn) 3. 4i) ) — Wt Gn. Poloe(t. §n). & G1). A

< Ly maxica lly: =@l O
Remarks: L. By using the above induction technique, one can prove that the in-
crement function corresponding to any Runge-Kutta formula satisfies the Lipschitz
condition in y provided that f in (3.1) is Lipschitzian with respect to .
2. The Lipschitz property of the increment function ¥ is important because, as it
will be seen later, it provides us with an elegant way to have a bound for the ylobal
truncation error of a numerical method by using only a bound on the local truncation.

This will be the subject of the next subsection.
3.3.2 Local truncation error

To find an upper bound for the local truncation error of an adapted Runge-Kutta
scheme, a local version of problem (2.1) is needed; hence we assume that the exact
solution y(t) of (2.1) is known up to ¢t = ¢, and consider the following problem on the

interval [t,, tny):

Fy = ft§t), Pylalt,§(t),y(t:), ¥ (&),

§ta) = ylta), (3.6)
where P,(ea(t, §(t)),y(t), 3/ (t:)) is the interpolation polynomial of F(e(t,3(t})) con-
structed by using previous values of y and 3/ at some nodes ¢;.

It is known that the local truncation error of a p** order RK method for an OIVP is

of the order (p + 1) on the interval [a,b| provided that the solution y(t) € CP[a,b].
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For an adapted p** order RK method, we have the following claim.

Claim 1 The local truncation error of an adapted p* order Runge-Kutte method is

of order (p + 1) with respect to problem (3.6) provided that:

(l) y(t) = Cp[tﬂ!tn+1]r

(2) the interpolation polynomial is smooth enough in [ta, tus1l,
i.e. the set of interpolation points is fized during the integration step.

Proof:
Since (t), Pylalt, F(2)), y(t:), ¥'(t:)) € CPlta,tnasa), then problem (3.6) is equivalent

to

g(t) = F,5(),

3(t) y(ta), (3.7)

with
F(t'g(t)) = f(tag(t): P‘I(a(t:ﬁ(t))vy(ti)ay'(ti))L te [tm tn-i-l]'

Hence (3.7) is an OIVP that satisfies the required differentiability conditions on F
and (t). Then the local truncation error associated with the numerical solution of
(3.6) that is obtained by a p* order RK method is of the order O(h*+!) where h
is the current stepsize. Since the numerical solution #x(¢) of (3.6) obtained by an
adapted Runge-Kutta method coincides with that of (3.7), one concludes that the

local truncation error with respect to problem (3.7) is of the order O(h**!). O

35



It is clear that (3.6) is a modification of the original problem (1.1) and consequently
tie corresponding local truncation errors are not necessarily equal. If y(tns1) and Yny
are the exact and the numerical solutions of (2.1). respectively. then the following im-
portant question arises: what can be said about the local error {|y(tns1) = Ynsll?

The answer is given in the following lemma.

Lemma 2 Assume that

(1)} y is Lipschitzian,
(2) || Py(ex(t, (t), y(t), ¥/ (t:)) — plalt, 5(e))|| £ LAT,
where L is @ positive constant and t € [tn, tas],

(3) the condiiions of claim! and lemmal hold.

Then

ly(tast) = Yna1|] € MA™MPIY for some positive constant M.
The proof of this lernma, requires the following version of Gronwall'’s inequality:

Theorem 6 (Gronwall’s inequality)
Let h(t) > 0, ¢(t) > 0 be real continuous functions on [a,b] and A be a fized
constant. If

0<h() < A+ [ gls)hls)ds,  t€abl
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then

0 < h(t) sAexp(f:qb(s)ds).

Proof of lemma 2: From y(t,) = y» and the equalities

W) =3tn) = [ SO ylaltyON
= = [ F3), Pela(t, 3. 90, Y D) db
one obtains
[3(tas) = Gl =
1™ 650,330 = £ (300, Rla 50, .4 () dl,
[ns1) = Gl <
L7 (226 - 500 + Lttt y(e) - Rolet 300 v,y D] de-
Since
et 5(8) ~ Pylalt,3(0), 6, ¥ M
< ly(edt @) = ylalt TN
+ly(a(t,5(0)) = Polatt, 30, y(8), ¥ ¢,
by condition (1), one obtains
(et y(®) - e FONT < Llatt,y®) - a3
< DIly) - 30,
Now, we use condition (2) of lemma 1 to obtain
[nss) = ol S [ Ml - 50
+ MM M |y(t) — §(2)||} dt + MsLAhT

Erae1
< M,Lh% + L My + MM, M) |ly(t) — §(2)|| dt.
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Next, Gronwall's inequality with e(t) = ||y(t) — #(t)]| gives us

Ene
etns) < LARTH exp ] (Mo + MaAL ALY dt
in

< L‘,'uahq-!-le(;\f—g+.\hM,.\Iu}h. (3.3)

By the above claim, M’ such that
[Ynst = Fnial] < MRPFL (3.9
Finally, from (3.8), (3.9) and the triangle inequality we get

l[y(tns1) = gnnall € Ny(tas) = Gniall + [Fnar = Y|
S .’L’I”hq+l + Mlhp+1

M hmkn{p.q}+1 .o

IA

Remark: From the inequality ||y(tn+1) — Ynga|| £ MR + M'RPH it can be seen
that the local truncation of the method involves two types of errors. The first one is
of the order O(h7t") and corresponds to the error due by the ¢** degree interpolation
polynomial, the second is of the order O(hP*!) and corresponds to the local truncation
error of the p* order integration method. Hence a {p — 1)* degree interpolation
polynomial is needed together with a p™ integration method so that the numerical
method has a local truncation error of the order O(hP*!). This explains our choice of
the fifth degree Hermite interpolation polynomial and the Runge-Kutta-Verner (5,6)

pair in our scherme.

3.3.3 Global truncation error

The last part of this section is conceined with the global error of the numerical

method. The following theorem gives us 2 bound for this global error.
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Theorem 7 Lety(t) and yn(t) denote the exact and the numerical solution of problem

(2.1), respectively. If

1. yn is oblained by a stable numerical method for ordinary differential equations

together with an interpolation scheme,

2. the local error of this method is of the order p+ 1,
then the global error ||y(t) — yn(t)|| over the interval [a,b] is of the order p.

Proot:

If e, = yn — y(tn) denotes the global truncation error of the numerical method, then

Ynt1 = Yo+ Y (tn, Yn, Polaltn, yn) 30, 90), B)
and
entl = Ynt1 = Y(tns1)
= Yn + Y (tn, Yn, Pyla(tn, Yn)s 45 %), B) — Y(tnsa)
2 ennt = Yo = Y(ta) + R (¥ (tn, Yo, Py(0(tn n), %, 31), )
= W (tn, Y(tn), Po(altn, y(ta)), y(t:), 3 ()}, )]
+ B [W(tn, y(tn), Pole(tn, y(ta)), (), ¥ (E1))]
— [y(tas) — y(ta)]
= en+ h[¥ (tn, Yn, Pye(tn, Yn) 45, ¥)s B) = L{tn, Y(t),
Py(a(tn, y(ta)) y(t:), ¥/ (8:)), R)] + Ral(R). (3.10)

where

Ra(h) = y(tas1) = Ya = RV (tn, Yn, Folalta, y(ta)), y(t:), y’(ti)): h).
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Hence. by lemma 2,
Ra(R) = O(R"*). (3.11)

Also, since the interpolation polynomial F, satisfies the condition (3) of lemma 1,

then there exists a positive constant Ly such that

(¥ (s Y, Po(@ltns Y B, 35,30 = ¥ (2, y(tn), Paleltn y(ta), y(8) ¥/ (EDI} <
Ly rpsa’-tx Hyi — w(t:)]-

Hence from (3.9), (3.10) and (3.11} one obtains the following estimation for the global

discretization error of the form
leasill < (1 + hLy) max el + KR (3.12)
Now let D = KhP*! and L = Ly. Then by induction on n we prove that

lleal] < DLLERDZ L

< v + (1 + hL)"|leo]|- (3.13)

This inequality is trivial for n = 0. Assume that it is true Vi £ n. From (3.12), we

have
lenall S 1+ ALl max el + D.
Since
el < DEEP =Ly (s hiyiiel, i<

it follows that

(1+hAL)" =1
RL

1+ hL)™ =1
(1+ h)L + (1 + ALY eo])-

lennall < (1+AL)D + (1 +hLY* el + D

IA

D
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Hence (3.13) is also true for n + 1, and therefore it is true for any positive integer n.
If n denote the total number of steps taken over the interval [a, b], then nh £ (b—a).
Since 1 + AL < e*L, it is easy to see that

(ehL)n -1

eall < DE—— + (e,
etl-a) — L(b—a)

This proves that the global discretization error is of the order p because

D = O(h?*!) and ||eo]| = 0 in the initial value problem. O

Summary

In this section, we have shown that the adapted p** order Runge-Kutta method is
consistent since the local discretization error of the method is of the order O(h™nPeH),
Hence, the method is convergent. Furthermore, a more powerful result has been
shown, that is, ﬁnder some additional conditions on the degree of the interpolation
polynomial, the order of the basic method and the approximation of the derivative
jump discontinuities, the global truncation error of the adapted method is of the order

O(h?).
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Chapter 4

Stepsize Control Policy for DDEs

4.1 Stepsize Control using step doubling

The local truncation error T,+; at t,41 of the general explicit one-step method for an

OIVP is defined to be

Tas1 = Y(tnsa) — y(ta) — hP(tn, y(tn), h),
where y is the exact solution of the nonlinear QIVP and ¢ is the increment func-
tion of the method. In particular for the p** order Runge-Kutta methods, the local

truncation error has the form

To+1 = U{tn, y(t)) PP + O(RPF2),
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where W(¢,y(t)) is the principal error function and ¥(t,,y(¢,)) is the principal local

truncation error. [f it is assumed that no previous errors have been made, then
Y(tnt1) = Yni1 = Ultn, y(tn))W7H + O(KPH®).

To apply the step doubling technique, we have to compute a second approximation
Yns1 10 Y(tns1) by applying the same method at the grid point ¢,..; with a step length

of 2h. Therefore, we have the following expression:
Y(tarr) =Ynpr = Vltao1, y{ta1 )20 + O(RP2).
By expanding ¥(t,—1,y(ta-1)) about ¥(t,,y(t.)), one gets
Y(tne)) = Ynpr = Pltn, y(ta)) (200 + O(RPF2).

This implies that
Y1 = Yogs = (F = Db, y(E))HP + O(RPH).
Hence an estimation of the local truncation error may be written as:

ptl . Ynil — Y+l
‘y(tﬂ’y(tﬂ))h’ 2p+l - 1 M
Thus to apply the step doubling, we have to compute the numerical solution over two
successive steps using step length i and then recompute over the double step using
step length 2h. The difference between the two values of y divided by (2°*1 — 1) is

an estimation of the local truncation error for OIVPs as well as for delay problems.
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The above estimation rule has been widely used for the estimation of the local trunca-
tion error for delay problems [7.14.23]. Since, the step doubling technique requires an
increase of 50% in the computationa! effort. an alternative cheaper way to estimate
the local truncation error of the numerical method is needed. This is the subject of

the next section.

4.2 Stepsize Control Using a Pair of Formulae

The use of a Runge-Kutta formula pair is an elegant way to estimate the local trun-
cation error of a numerical method. Instead of using one Runge-Kutta method of
order p, a basis method of order (p+ 1) is used to advance the numerical computation
and a control method of order p to estimate the local truncation error. In our scheme
p is taken to be 5. Now if 3,(t,) and yx(t,) denote the numerical approximations of

the (p+ 1)*® and p*® formulae, respectively, then the difference

EST = ||in(ta) — yr(ta)l|

is an estimation of the local truncation error of the integration process. It is secn
from lemma 3.2 that if the interpolation polynomial is of degree at least p, then one
can neglect the interpolation error and consider only the integration ore, which can
be estimated by the use of a Runge-Kutta formula pair. In our scheme a fifth degree

Hermite interpolant is used together with the Runge-Kutta-Verner (5,6) pair.

The strategy adopted for the stepsize control is to bound the local discretization
error by a tolerance, TOL, per unit step. If || - || is the maximum norm, h.q is most

recent stepsize aiready taken, fg.w is the next step to be taken and A, is the mini-
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mum step allowed by the routine. then the stepsize control algorithm is as follows:
After each integration step:
I. Compnte the estimation EST per unit step, that is ||§a(tn) — y(t2) ||/ Rola-
2. If EST < TOL. then

factor -:min{l..’), 0.9* (TOL/EST)'/*},

heew = hag*factor,

n=n+1l,

go to start.
3. If TOL< EST, then
If the number of successive failures is less than 3, then

factor =min{1.5,0.9 = (TOL/EST)/5},

hnew = hog*factor

£0 to start.
If the number of successive failures is greater or equal to 3, then

if figia * 0.5 > Ayin, then
Anew = hoia * 0.5,
g0 to start
if hoa ¥ 0.5 € hpyn then
Froew = Rmin
n=n+1

go to start



4.3 Numerical Results

In this section, four examples are used to illustrate the accuracy and the cost of our
scheme. The numenical results of the test problems are given in tablex, where the
following abb;'eviations are used.

TOL : tolerance for the maximum norm of the error estimate.

NFE : number of function evaluations.

TIME: the total computing time in CPU seconds to solve the problem by the com-
puter AMDAHL 4370 at the University of Ottawa.

MRE : the maximum relative error of the solution components at the final integra-
tion point ;.

MAE : the maximum absolute error of the solution components at the final integra-
tion point.

The exact solution is needed to compute the errors. If there is no exact solution,
a reference solution obtained by numerical integration of the DDEs with very high
precision is taken as an approximation to the exact one.

Example 4.1 (Constant delay)

The following well-known delay problem from biology

y'(t) = =3yt—-1)(1+yt)) for t=0,

y(t) = t for=1<t<0, (4.1)
has been taken from Bellen and Zennaro [1]. The numerical results of this problem
at t; = 20 for different values of the absolute error tolerance are given in table 4.1.

The calculation of the error is obtained by comparison with the reference solution

y(ts) = 4.671437497500. Tolerances of 1E — 03 to 1E — 05 are not used since the
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Table 4.1: Numerical results for example 4.1

TOL MAE NFE TIME
I'1E — 06 5.40E — 03 2318 0.35
1E~07 488E-04 3361 0.64
1E~08 2.36E-05 4782 1.16
1E-09 9.16E—-06 7267 2.45
1E-10 3.39E-06 11068 35.31
1E-11 395E—-07 1TIT2 12.26
1E—-12 6.94E—-08 26874 25.72

routine failed to construct a 5™ degree extrapolation polynomial to locate the first
jump discontinuity.
Example 4.2 (State dependent delay)}

In [22], the following DDE is used as a test problem

VO = uylog®) for 121,

y(t) = 1 for 0<t<1. (4.2)

The analytic solution of (4.2} is given by

¢ fl<t<e

y(t) = ¢ exp(tje) ife<t<e®
(3_1;“) )e if 82 <t< Rs

where R; = exp[3 — exp(1l — ¢)] is the third derivative jump discontinuity. Table 4.2

contains the numerical results for this state dependent delay problem. The error is

computed on the interval (1, e3].

Example 4.3 (Variable time delay)

The following problem :

y'(t)

H

Syt -log) 1) for t21,
) = 1 for 0<t<1, (4.3)
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Table 4.2: Numerical results for example 1.2

TOL MRE NFE TIME
IE-03 L9SE-06 417 0.042
1E-04 L73E-06 449 0.046
l1E—-05 157TE—-06 470 0.048
IE—-06 L10E-06 3526 0.053
1E-07 2.02E-07 639 0.066
1E—-08 1.79E —-03 820 0.084
1E—-09 890F-10 1156 0.123
LE~10 16TE-10 1667 0.195
1£-11 1L08E-10 2451 0.304
l1E—-12 6.1TE -13 3697 0.507

has been taken from Bellen-Zennaro [1]. As it was said earlier, the second and third
derivative jump discontinuities of the solution occur at £; and &, respectively, where
& and &, are given in the example 4 of section 4.2. The explicit solution of (5.3) is:

exp(£3H) fl<t<§
t)= —
y(t) exp|l + f;, =L exp(z
—log(z{z — log(z) ~ 1)) = 2}dz f&<t<&
The numerical results corresponding to this problem are given in table 4.3. The
relative error at ty = & is computed with respect to the reference solution y{t;) =

76.373 472669 376 805626 9.

Example 4.4 (Constant delay system)

The following problem:
wit) = w(t),
%) = —w(t-05)w(t)(t-035), 1<¢ (4.4)

with the initial conditions:

n(t) = logt,
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Table 4.3: Numerical results for example 4.3

TOL MRE NFE TIME |
1E—-06 3.77/E—-04 316 003
1E—-07 294E-04 344 0.03
l1E-08 4.98E—-08 575 0.05
1E-09 638E-09 792 0.07
1E~10 1.77E-10 1303 0.13
IE-11 220E—11 1947 0.20
1E-12 125E-~12 3025 0.34

Table 4.4: Numerical results for example 4.4 at t;, = 10

TOL MAE NFE TIME
1E—-04 7.76E-06 442 0.09
lE-05 751E-07 491 0.10
lIE-06 266E-08 575 (.12
1E-07 4.59E-09 659 0.14
1£-08 740E~10 771 0.16
1E-09 6.02E—-11 953 0.20
1E-10 36l1E-12 1191 0.26
1E-11 253E-13 1618 038
1E-12 326E-14 2269 0.58

1
w(t) = e 0<t< 1.
has the smooth solution:

n(t) = logt,

1
¥w(t) = T 1<t

Two different values of ¢, 10 and 1000, are used for this problem, and the numerical

results are shown in tables 4.4 and 4.5, respectively.
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Table 4.5: Numerical results for example 4.4 at ¢y = 1000

TOL MAE NFE  TIME
1E—-07 4.68£—09 21484 29.2]
IE-08 7.71E-10 31088 60.37
1E-09 6.13E—11 45256 129.60
IE-10 446E—12 65848 279.23
1IE-11 149E£-12 96475 597.22
1E—-12 2.06E-13 142324 1279.83

4.4 Comparison With Other Methods

In this section, the proposed scheme is compared with three other numerical methods
for delay differential equations. The comparison is done with respect to precision and

cost (i.e. the total number of function evaluations needed to solve the DDEs). These

methods are:

1. Bellen—Zennaro method [1]. This method is based on a predictor-corrector
mode that uses the one-step collocation method at 7 Gaussian points and it

provides a continuous extension of the numerical solution.

2. Thompson software:[22]. This software uses continuously imbedded Runge-
Kutta methods of Sarafyan. C! piecewise polynomial interpolants are used for

the interpolation and the automatic localization of the derivative jump discon-

tinuities of the solution.

3. Oberle—Pesch methods [8]. These methods, denoted by RKFR4 and RKFR7,
are based on Runge-Kutta-Fehlberg formulae of the orders 4 and 7, respectively,

together with Hermite interpolations of the appropriate degrees.
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Table 4.6: Comparison for example 4.1

TOL RKFR4 RKFR7 Bellen— Zennaro
MAE  NFE  MAE  NFE  MAE NFE
1E—06 9.3E—02 1000 4.6E—03 1726 2.1E—-01 2916
1E-08 L8E-03 7661 29E—04 2655 1.2E-03 T70Ol1
1E="10 93E-05 23544 32E—05 4372 6.1E-06 13716

Table 4.7: Comparison for example 4.2

TOL Thompson Proposed method
MRE  NFE MRE  NFE

1E—03 2.086—00 275 1.98E —06 417
1E—-05 6.23E—03 417 1.57E—06 470
1E—-07 1.05E-03 551 2.02E—-07 659
1E—-09 4.42E-04 1109 890E ~ 10 1156

The examples of the previous section are used as comparison tests.

5.1 Comparison for Example 4.1 The results of the proposed scheme are listed
in table 4.6. The precision of the numerical results depends upon the method. For a
fixed tolerance, the proposed scheme is slightly more accurate and except for RKFRY7,
it is also less expensive than the other methods.

5.2 Comparison for Example 4.2

The results of the proposed scheme and the Skip Thompson software for example 4.2
are given in table 4.7. For this example, the amount of computation used by each
method is approximately the same. However, the proposed scheme is much more
accurate than the Skip Thompson software.

5.3 Comparison for Example 4.3

Table 4.8 contains the numerical results for example 4.3 obtained by Bellen-Zennaro

and the proposed scheme, respectively. For this problem, it is clear that the Bellen—

-
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Table 1.3: Comparison for example 4.3

~ TOL  Bellen-Zennaro Proposed method
MRE NFE MRE NFE

IE-06 24E-07 321 A3 -03 316
l1E—-07 27E-03 1111 228 -04 344
l1E-08 56E-09 1611 3.7E-05 57O
l1E-09 70E-10 2471 14.9E -07 792
1E-10 7.7E-11 4016 138 -08 1303

Zennaro method is much more accurate than the proposed method. but the former

is more expensive.



Chapter 5

Conclusion

The way how the derivative jump discontinuities are located is critical for the perfor-
mance of any numerical DDEs solver. It is clear from the numerical results presented
in the previous chapter that generally an adapted Runge-Kutta scheme for solving
DDE:s achieves the required accuracy. It is shown that the effect of approximating the
delayed term is negligible and in general it is sufficient to use an interpolation polyno-
mial of degree one less than the order of the method. Also the use of a Runge-Kutta
formula pair in the numerical scheme provides an elegant way to estimate the local

truncation error of the method and consequently to perform the stepsize control.

The actual algorithm is not the most efficient one; but it can be used as an example

of how algorithms from ODEs can be modified to solve DDEs.

Finally, the numerical solution of DDEs should benefit from the existing softwares
for ODE:s since the complication arising from discontinuities and interpolation can be

overcome without resorting to completely new algorithms.
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Appendix A

Routine for Solving DDEs
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PROGRAM SYSDEL

IMPLICIT DOUBLE PRECISION(A-E,L-Z)

INTEGER U,X,XX,KK,XM,MNR

DIMENSION T(30000),Y(2,30000),R(20),C(12),L(2,8),85(2),51(2),
+52(2),53(2),54(2),55(2),56(2),87(2),B(2) ,LL(2) ,A(20,20) ,F(2,30000)

TOL=1E-12
TEND= 1000.0D0
T(1)= 1.0D0

Y(1,1)= 0.0D0

Y(2,1)= 1.0D0

X=2

XM=30000

E=TOL

IND=1

R(1)=1.0D0

MNR=21.0D0

Cc(1) = 2.0D0

c@ {TOL)*=(1.D0/6.D0)

C(5)= (TOL)=*+{1.0D0/6.D0)

C(3) = (TOL)*x(1.D0/5.D0)=0.1D0

C(4) = DMIN1(0.5D0,5.0D0*(TOL)*=(1.D0/6.D0))
CALL DDES(X,XM,TOL,T(1),Y,TEND,C,IND,R(1),MNR,L,B,51,52,53,

+ $4,85,86,87,SS,R,A,LL,F,T)
STOP
END

"

FUNCTION AL(I,T,Y)

IMPLICIT DOUBLE PRECISION (A-H,L-Z)
DIMENSION Y(2),ALPHA(2)

GOTO (1,2) I

AL = 0.1D0
RETURN

AL =  T-0.9D0
RETURN

END

FUNCTION PHI(I,T)

IMPLICIT DOUBLE PRECISION (A-H,L-2)
GOTo (1,22 I

PHI = DLOG(T)

RETURN

PHI =1.0D0/T

RETURN



c
o
FUNCTION G(I,T,Y.V)
IMPLICIT DOUBLE PRECISION (A-KH,L-Z)
DIMENSION Y(2),V(2)
G TO (1,2) I
1 C  =Y(2)
RETURN
2 ¢ ==V (2} xY (2) »x2=(T-0.9D0)
RETURN
END
o
¢
SUBROUTINE DDES(X,XM,TOL,DD,Y,TEND,>.IND,RR,MNR,L,B,S1,
+ $2,83,54,S5,56,57,SS,R,A,LL,F,T)
IMPLICIT DOUBLE PRECISION(A-H,L-Z)
INTEGER U,X,XX,KK,XM,MNR
DIMENSION Y(X,XM),T(XM),F(X,XM),C(12),L(X,7)
+,3(X),88(X),81({X),52(X),s3(X),
+54(X),55(X%),86(X),S7(X) ,R(MNR) ,A(MNR,MNR) ,LL(2)
EXTERNAL G
EXTERNAL AL
EXTERNAL PHI
{50 e e o 3 e e 2 ol e o 4 e 29 2pc e e e o e e *® % 2% 3¢ 3 3 24 2jn e e e e 29 age 2 e 3 e e e
C PURPOSE :
C THIS CODE IS BASED ON RUNGE-KUTTA-VERNER’S(5,6) FORMULA PAIR
C (RKV(S,58) PAIR)
C AND A 3-POINT HERMITE INTERPOLATION PCLYNOMIAL. IT APPROXIMATES THE
C SOLUTION OF A SYSTEM OF A FIRST ORDER NON-VANISHING LAG STATE DEPEN-
C DENT DELAY DIFFERENTIAL EQUATIONS WITH INITIAL CONDITIONS.
C MANY OPTIONS ARE AVAILABLE TO THE USER, INCLUCING TWO KINDS
C OF ERROR CONTROL (ABSOLUTE AND RELATIVE ERROR CONTROL) AND TWO OPT-
C I0NS CONCERNING WHETHER OR NOT THE DERIVATIVE JUMP DISCONTINUITIES OF
C THE SOLUTION SHOULD BE LOCATED. HOWEVER THE USER IS ADVISED TO USE
C THE JUMP DISCONTINUITIES OPTION IN ORDER TO IMPROVE THE ACCURACY OF
C THE NUMERICAL APPROXIMATIONS. THE EVALUATION OF THE DELAYED TERM
C AL(T,Y(T)) BY A 3-POINT HERMITE INTERPOLARTION POLYNOMIAL REQUIRES
C THE STORAGE OF THE TIME AND THE SOLUTION AS WELL AS ITS FIRST
C DERIVATIVE DURING THE INTEGRATION PROCESS.
C THIS CODE SOLVES A SYSTEM OF X EQUATIONS, EACH EQUATION WITH
C ONE DELAY FUNCTION. NOTE THAT MULTIPLE DELAY SYSTEM CANNOT
C BE HANDLED DIRECTLY BY THIS CODE.
c
C somoieatam s i s bt s g o i el ok e o e o *hmn RARRERERK AR RN zmn




C THE USER MUST SPECLSY EACH OF THE FOLLOWING ENTRIES

QOO0 000000000000a000000000000Ccoa0000000aagq0nan

X

Y

TOL :

IND :

2 ]

*

R(1):
: THE MAXIMUM NUMBER OF POSSIBLE DERIVATIVE JUMP DISCONTINUITIES

»*

x X K WM X ¥ X W X X ¥ XK X X X R X & X W® %X

: THE NUMBER OF EQUATIONS IN THE SYSTEM.
T(1):

THE INITIAL TIME OF TEE INTEGRATION.

: TEE INITIAL VALUES OF THE SOLUTIONS, I.E. ¥(1,1),....¥Y{X.1).
TEND:

THE FiNAL INTEGRATION TIME,I.E. THE TIME TO WHICH THE I'"c£3R-
ATION IS TO BE CARRIED OUT.

TOLERANCE, THE CODE USES A STANDARD STEP-SIZE CONTROL AND
ATTEMPTS TO KEEP THE GLOBAL ERROR PRCPORTIONAL TO THE TOLERANCE
INDICATOR FOR THE ROOTFINDING OPTION.

IND = 1: THE CODE USES THE ROOTFTNDING OPTICN TO LOCATE THE
DERIVATIVE JUMP DISCONTINUITIES.

IND= 2: THE ROOTFINDING OPTION IS NO LONGER USED BY THE CQDE
AND CONSEQUENTLY THE DISCONTINUITIES CAN NOT BE LOCATED. THIS
MAY 1.0 TO A LACK OF ACCURACY IN THE NUMERICAL SOLUTTON.

THE FIRST DERIVATIVE DISCONTINUITY OF THE SOLUTION.

TO BE LOCATED BY Ttk CNDE DURING THE INTEGRATION PROCESS.

: THE COMMUNICATION VECTOR.

C(1)= ERROR CONTROL INDICATOR.

C(1)=1 THE CODE USES THE ABSOLUTE ERROR CONTROL.
C(i)=2 THE CODE USES THE RELATIVE ERROR CONTROL.

C(2)= THE STARTING STEPSIZE TO BE SUPLIED BY THE USER. IF IT
IS NECESSARY, THE PROGRAM RETURNS WITB A MESSAGE TO
CHANGE TEE VALUE OF C(2).

C($)= THE ORIGINAL STARTING STEP-SIZE; IT IS FIXED DURING THE
INTEGRATION TIME AND MUST NOT BE CHANGED.

C(3)= THE MINIMUM STEP-SIZE THAT IS ALLOKED TO BE TAKEN BY THE
COLE.

C(4)= THE MAXIMUM STEP-SIZE THAT IS ALLOWED TO BE TAKEN BY THE
CODE.

*=* THE OTHER COMPONENTS OF C ARE AUTOMATICALLY USED BY THE CODE.

G

AL

PH

: FUNCTION 6(I,T,Y,V) WHERE:

G IS THE X~VALUED VECTOR FUNCTION.
Y IS THE SOLUTION OF THE SYSTEM.
V IS THE SOLUTION AT THE DELAYED TERM.

: ALPBA(I,T,Y) IS THE X-VALUED DELAY VECTOR FUNCTION.
I:

PHI(I,T) IS THE X-VALUED INITIAL VECTOR FUNCTION.

G A0 0 00 AT A0 02 RN NN 000 20 20 0 0 02309 220 0

c

C IF EVERYTHING IS 0.K., THE CODE MUST RETURN WITH THE VALUES OF TOL,
C TEND, THE SOLUTION COMPONENTS AT TEND AND C(9) (THE TOTAL NUMBER OF
C FUNCTION EVALUATIONS NEEDED DURING THE INTEGRATION).

c

60



C“ 0030020 N0 200 0 e e 0N 0 2 000300 20 2 00 26 S e 2 0 20 2020 0 0 206 0 30 i 300 30 3K
LL(1)=TOL
Uel
X¥=1
I=1
Cc(™) = c(2)
c(8) =0.0D0
C(s) = 1.0D0
C(11)=1.0D0
C(12)=1.0D0
T(1)=DD
R(1)=RR
E=TOL
CALL CPTIME(0,100)
CALL CPTIME(1,100)
DO 1965 K=1,X
F(X,I)= 0.0D0
1965 CONTINUE
DO 912 K=1,7
DO S13 J=1,X
A(J,K)=0.0D0
913 CONTINUE

TEK)=T(1)
91. CONTINUE
c
C INITIALIZE, FIND THE SLuro OF THE SOLUTION
c
1 DO 71 K=1,X
B(K)=Y(K,I)
71 CONTINUE
DO 7 K=1,X
D=T(I)
CALL EVAL(I,K,X,XM,D0,B,T,Y,F,V,F(K,I),D)
7 CONTINUE :
c
C CALCULATE HMAG BY TBE USE QOF THE STANDRAD FORMULA OF THE STEP-SIZE
C CONTROL
c
IF(E.EQ.0.0D0) E=TOL
IF (E.LT.TOL} THEN
14 CONTINUE
FACTOR=DMIN1(1.5D0,0.9D0*(TOL/E)*=(1.D0/6.D0))
C(7)=C(7)*FACTOR
c

C CHECK AGAINST HMAX, HMIN
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ENDIF
C(7)=DMAX1(C(3),C(T))
C(7)=D4IN1(C(4),C(T))
c
C COMPUTE THE REMAINING 7 STAGES OF THE ADAPTED RKV(S,5) PAIR.
c
D 8 K=1,X
B(K)=Y(K,I)+C(7)=F(K,I)=(1.0D0/6.0D0)
8 CONTINUE
D=T(I)}+C(7)=(1.D0/6.D0)
DO 9 K=1,X
CALL EVAL(I,.K,X,XM,D,B8,T,Y,F,V,L(K,1).J)
9 CONTINUE
DO 13 K=1,X
B(K)=Y(K,I)+C(7)}»(F(K,I)*4.0D0/75.0D0+16.D0/75.D0%L{K,1))
13 CONTINUE
D=T(I)+C(7)*(4.D0/15.D0)
DO 15 K=1,X
CALL EVAL(I,X,X,XM,D,B,T,Y,F,V,L(K,2),D)
15 CONTINUE
DO 35 K=1,X
B(K)=Y(K,I)+C(7)=(F(K,I)*5.0D0/6.D0~L(K,1)*8.D0/3.D0+L(K,2)
+x5_0D0/2.0D0)
35 CONTINUE
D=T(I)+(2.D0/3.D0)*C(7)
DO 16 K=1,X
CALL EVAL(I,K,X,M,D,B,T,Y,F,V,L(K,3),D)
16 CONTINUE
DO 17 X=1,X
B(K)=Y(K,I)+C(7)=(-F(K,I)*165.D0/64.D0+L (K, 1)*55.D0/6.D0
+ ~L(K,2)*425.D0/64.D0+L(K,3)*85.D0/96.D0)
17 CONTINUE
DO 18 K=1,X
D=T(I1)}+C(7)#5.D0/6.D0
CALL EVAL(I,X,X,™,D,B,T.Y,F,V,L(K,4),J)
18 CONTINUE
DO 19 K=1,X
D=T(I)+C(7)
B(K)=Y(K,I)}+C(7)*(F(X,I)*12.D0/5.D0-8.0D0*L(K,1)+4015.DC/612.D0=
+ L(K,2)-11.D0/36.D0=L(K,3)+88.D0/255.D0=L(K,4))
19 CONTINUE
DO 21 K=1,X
CALL EVAL(I,K,X,XM,D,B,T.Y.F,V,L(K,5),D)
21 CONTINUE
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DO 22 K=1,X
B(K)=Y(K,I)+C(7}=(-F(K,I)*8263.D0/15000.D0+124.D0/75.D0=L(K, 1)
+ -L(K,2)= 643.D0/680.D0-81.D0/250.D0=L(K,3)+2484.D0/10625.D0=
« L(K,4))
z2 CONTINUE
D=T(I)+C(7)=(1.0D0/15.%0)
DO 23 K=1,X
CALL EVAL(I,¥,X,Xx,D,B,T,Y,F,V,L(K,6),J)
23 CONTINUE
DO 24 K=1,X
B(K)=Y(K,I)+C(7)=(F(K,I)*3501.D0/1720.D0-L(K,1)}*300.D0/43.D0+L
+ (K,2)%297275/52632.D0-L(K,3)*319.D0/2322.D0+L(K,4) *24068.D0/
+84065.D0 +L(K,6)=*3850.D0/26703.D0)

24 CONTINUE

D=T(I)+C(7)

DO 25 K=1,X

CALL EVAL(I,K.X,X,D,B,T,Y,F,V,L(K,7).J)
25 CONTINUE
c
C COMPUTE THE SOLUTION COMPONENTS.
c

DO 26 K=1,X -

Y(K,I+1)=Y(K,I)+C(7)*(F(K,I)*3.D0/40.D0+L(K,2)*875.D0/2244.D0+
+23.D0/72.D0*L(K,3)+
+264.D0/1955.D0=L (K,4)+125.D0/11592.D0*L(K,6)+43.D0/616.DO*L(K,7))
26 CONTINUE
C(9)=C(9)+7.0D0
o
¢ COMPUTE THE ERROR ESTIMATE BY USING THE RKV(S,6) PAIR.
c
D0 27 K=1,X
L(K,8)=(F(K,I)=(3.0D0/40.0D0~13.D0/160.D0)+(875.D0/2244.D0-2375.D0
+/5984.D0)*L{K,2)+(23.D0/72.D0-5.D0/16.DO)*L(K,3)+
+(264.D0/1955.D0-12.D0/85) *L(K,4)
+-3.D0/44.D0=L(K,5)+125.D0/11592.D0=L (K,5)+43.D0/616.D0*L(K,7))
c
C COMPUTE THE ERROR ESTIMATE BY USING ABSOLUTE ERROR CONTROL.
c
27 CONTINUE
E=DABS(L(1,8))
IF(C(1).EQ.1.0D0) THEN
DO 28 K=1,X
E=DMAX1(E,DABS(L(K,8)))
28 CONTINUE
ENDIF



c
C COMPUTE THE ERROR ESTIMATE BY USING THE RELATIVE ERROR CONTROL.
o
IF(C(1).EQ.2.0D0) THEN
IF(Y(1,I).NE.0.ODO) THEN
E=DABS(L(1,8)/Y(1,I))
ENDIF
E=DABS(L(1,8))
DO 29 K=1,X
IF(Y(X,I).NE.0.0DO) THEN
E=DMAX1(E,DABS(L(K,8)/Y(K,I)))
ENDIF
29 CONTINUE
ENDIF
E=DABS(E)
LL(2)=E+1.0D~16
IF(LL(2)/LL{1)}.GT.100) THEN
IF(C(11).EQ.1.0D0) THEN
C(7)=0.0075D0
C(11)=C(11)+1.0D0
GO TO 1
ENDIF
ENDIF
c(11)=1.0D0
T(I+1)=T(I)}+C(T)
c
C IN CASE WHERE THE ROOTFINDING OPTION IS USED AND THE NUMBER OF DISCONT
C INUITIES ALREADY LOCATED IS LESS THAN MNR, CHECK IF THERE IS A
C CHANGE IN SIGN OF THE SWITCHING FUNCTION.
c
IF(XX.LT.MNR) THEN
IF (IND.EQ.1) THEN
DO 499 K=1,X
SS(K)=Y(K,I+1)
S1(K)=Y(X,I)
499 CONTINUE
KK=1
U=1
31 IF((AL(KK,T(I},S1)-R(U) )= (AL(KK,T(I+1),SS)-R(U)).GE.0.0DO) THEN
IF(U.LE.XX-1) TEEN
U=U+1
GO TO 31
ENDIF
IF(KK.LE.X-1) THEN
KK=KK+1
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GO TO 31
ENDIF

c

¢ SINCE THERE IS NO DISCONTINUITY IN THE CURRENT STEP, GO TO 12 TO

¢ DECIDE WHETHER THE STEP IS TO BE REJECTED OR ACCEPTED.

c

GO0 TO 12
" ENDIF

c

C A DISCONTINUITY HAS OCCURED IN THE CURRENT STEP; COMPUTE THE

C APPROPRIATE NUMBER OF THE SWITCHING FUNCTION AT THE PREVIQUS TIME TO BE

C USED BY THE ROOTFINDING PROCESS.

c

IF(I.LT.4) THEN
WRITE(S, 1992)

1992 FORMAT(//,1X,61(’=*),/,2(1X,”*’ 59X, **,/),1X, =’ ,5X,
+’NUM. OF STEPS IS LESS THAN 4, PLEASE REDUCE C(2)’,6X,’*’,
+/,2(1X,*»? 59X, *** ,/} ,1X,61(°**),//)

STOP
ENDIF

ACU,1)=AL(KK,T(I),S1)-R()
DO 501 K=1,X
S2(K)=Y(X,I-1)

501 CONTINUE
AQU,2)=AL(KK,T(I-1),S2)-R(U)
DO 502 K=1,X
S3(K) =Y (K,I-2)

502 CONTINUE
ACU,3)=AL(KK,T(I-2),S3)-R(U)
DO 503 K=1,X
S4(K)=Y(K,I-3)

503 CONTINVUE
A(U,4)=AL(KK,T(I-3),54)-R(U)
T1i=T(I)
T2=T(I-1)
T3=T(I-2)
T4=T(I-3)
T5=0.0D0
T6=0.0D0
T7=0.0D0
IF(I.EQ.4) GO TO 11
DO 504 K=1,X
SS(K)=Y(K,I-4)

504 CONTINUE
A(U,5)=AL(KK,T(I-4),S5)-R(U)
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TS=T(I-4)
IF(I.EQ.5) GO TO 11
DO 505 K=1,X
S6(K)=Y(K,I-5)
508 CONTINUE
A(U,8)=AL(KK,T(I-5),56)-R(U)
T6=T(I-5)
IF(I.EQ.6) GO TO 11
DO 506 K=1,X
S7T(K)=Y(K,I-6)
506 CONTINUE
A(U,7)=AL(KK,T(I-6),S7)-R(U)
T7=T(I-6)
c
C GO TO 11 TO LOCATE TEE DERIVATIVE JUMP DISCONTINUITY.
c
GO TD 11
ENDIF
ENDIF
12 CONTINUE
c
C IF THE ESTIMATE IS GREATER THAN THE TOLERANCE AND THE NUMBER OF
C SUCCESSIVE FAILURES IS LESS TB:N OR EQUAL TO 2, THEN REDUCE THE
C STEPSIZE BY A HALF AND RECOMPUTE THE NUMERICAL APPROXIMATION.
c
IF(E.GT.TOL) TEEN
IF(C(8) .LE.2.0DO) THEN
FACTOR= DMIN1(1.5d0,0.9d0*(tol/e)*=*(1.40/6.d0))
C(7)=FACTOR*C(7)
c(8)=C(8)+1.0D0
LL(1}=LL(2)
GO TO 1
ENDIF
c
C IF THE NUMBER OF SUCCESSIVE FAILURES EXCEEDS 2, THEN KEEP HALf-~
C ING THE STEP SIZE UNTIL A SUCCESSFUL STEP IS OBTAINED OR THE
C MINIMUM STEP IS REACHED.
o]
IF(c(8).GT.2.0D0) THEN
if( C(7)%0.5D0.GT.C(3})
C(7)=C(7)%0.5
GO TO1
ENDIF
T(I+1)=T(1)+C(T)
ENDIF
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ENDIF

C
C IN CASE WHERE THE STARTING STEP 3TZE WAS REDUCED, RETURN TO THE
C ORIGINAL C(2)
c

IF(I.GT.4) THEN

IF(C(2).LT.C(5)) THEN

c(2)=Cc(5)

C(7)=C(2)

ENDIF

ENDIF

IF(T(I+1).LT.TEND) THEN

I=I+1

LL(1)=LL(2)

G0 TO 1

ENDIF

I=I+1

LL(1)=LL(2)

GO TO 20
11 CONTINUE

CALL NEWDIF(I,A(U,1),A(U,2),ACU,3),A(U,4),A(CU,5),A(U,6)

+,4(U,7),T1,72,73,74,T5,T6,T7,D1,D2,D3,D4,D5,D6)

CALL BISECT(D1,D2,D3,D4,DS,D6,A(U,1),T1,T2,T3,T4,T5,T6,R1)
C(7)=R1-T(I)
C
C STORE THE POINT OF DISCONTINUITY AND ADD 1 TO THE NUMBER OF ROOTS.
c
R(XX+1)=R1
XX=XX+1
c
C GO TO 10 TO COMPUTE THE SOLUTION AT THE JUMP POINT DISCONTINUITY.
c
GO TO 10
10 DO 72 K=1,X
B(K)=Y(K,I)
72 CONTINUE
DO 37 K=1,X
D=T(I)
CALL EVAL(I,K,X,XM,T(I),B,T,Y,F,V,F(K,I),J)
37 CONTINUE
DO 38 K=1,X
B(K)=Y(K,I)+C(7)*F(K,I)*(1.0D0/6.0D0)
38 CONTINUE
D=T(I)+C(7)=(1.D0/6.D0)
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39

89

40

41

42

43

45

46

47

48

DO 39 K=1,X

CALL EVAL(I.K,X,X¥,0,B,T,Y,F,V,L(K,1),D)
CONTINUE

DO 89 K=1,X
B(K)=Y(K,D)+C(7)=(F(K,I)=4.0D0/75.0D0+16.D0/75.D0»L(K,1))
CONTINUE

DaT(I)+C(7)=(4.D0/15.D0)

DO 40 K=1,X

CALL EVAL(I,.K,X,XM,D,B,T,Y,F,V,L(K,2),D)
CONTINUE
DO 41 K=1,X

B(K)=Y(K,I)+C(7)*(F(K,I)*5.0D0/6.D0-L(K,1)}*8.D0/3.D0+L(K,2)
+x5.0D0/2.0D0)

CONTINUE

D=T(I)+(2.D0/3.D0)*C(7)

DO 42 K=1,X

CALL EVAL(I,K,X,XM,D,B,T,Y.F.V,L(K,3),J)

CONTINUE

DO 43 K=1,X

BK)=Y(K,I)+C(7)*(-F(K,1)*165.D0/64 .DO+L(K,1)*55.D0/6.D0

-L(K,2)»425.D0/64.D0+L(X,3)*85.D0/96.D0)

CONTINUE

DD 44 K=1,X

D=T(I)+C(7)*5.D0/6.D0

CALL EVAL(I,X,X,XM,D,B,T,Y,F,V,L(K,4),J)
CONTINUE

DO 45 K=1,X

D=T(I)+C(7)

B(K)=Y(K,I)+C(7)=(F(K,1)*12.D0/5.D0~8.0D0*L(K,1)+4015.D0/612.D0*

L(K,2)-11.D0/36.D0=L(K,3)+88.D0/255.D0=L(K,4))

CONTINUE

DO 46 K=1,X

CALL EVAL(I,K,X,XM,D,B,T,Y,F,V,L(K,5),J)

CONTINUE

DO 47 ¥=1,X
B(K)=Y(K,I)+C(7)=(-F(K,I)=»8263.D0/15000.D0+124.D0/75.D0=L(K,1)

-L(K,2)* 643.D0/680.D0~81.D0/250.D0=L(K,3)+2484.D0/10625.D0*
L(K,4)}

CONTINUE

D=T(I)+C(7)*(1.0D0/15.D0}

DO 48 K=1,X

CALL EVAL(I,X,X,X™,D,B,T,Y,F,V,L(K,6),J)
CONTINUE

DO 49 K=1,X
B(K)=Y(K,I)+C(7}*(F(K,I)*3501.D0/1720.D0-L(K,1)*300.D0/43.D0+L
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+ (K,2)%297275/52632.D0-L(K,3)=319.D0/2322.D0+L(K,4)»24068.D0/
+84065.D0 +L(K,6)*3850.D0/26703.D0)

49 CONTINUE

D=T(I)+C(7)

DO SO K=1,X

CALL EVAL(I,K.X,X,D,B,T,Y,F,V,L(K,7),J)
50 CONTINUE
c :
C COMPUTE THE SOLUTION COMPONENTS.
c

DO 51 K=1.,X

Y(K,I+1)«Y(K,I)+C(7)*(F(K,I)*3.D0/40.D0+L(K,2)*875.D0/2244.D0+
+23.D0/72.D0=L(K,3)+
+264.D0/1955.D0*L(K,4)+125.D0/11592.D0*L (K,6)+43.D0/616 .DO*L (K, 7))

51 CONTINUE
C(9)=C(9)+7.0D0
c
C COMPUTE THE ERROR ESTIMATE BY USING THE RKV(5,6) PAIR.
c
DO 52 K=1,X
L(K,8)=(F(K,I)*(3.0D0/40.0D0-13.D0/160.D0)+(875.D0/2244.D0-2375.D0
+/5984.D0)*L(K,2)+(23.D0/72.D0-5.D0/16.D0)*L(K,3)+
+(264.D0/1955.D0~12.D0/85)*L(K,4)
+-3.D0/44.DO*L(K,5)+125.D0/11592.D0«L(K,6)+43.D0/616.D0*L(K,7))
¢
C COMPUTE THE ERROR ESTIMATE BY USING THE ABSOLUTE ERROR CONTROL.
c
52 CONTINUE
E=DABS(L(1,8))
IF(c(1).EQ.1.0D0) THEN
DD 53 K=1,X
E=DMAX1 (E,DABS(L(K,8)))
53 CONTINUE
ENDIF
C
C COMPUTE THE ERROR ESTIMATE BY USING THE RELATIVE ERROR CONTROL.
c
IF(C(1).EQ.2.0D0) THEN
IF(Y(1,I).NE.0.ODO)THEN
E=DABS(L(1,8)/Y(1,I))
ENDIF
E=DABS(L(1,8))
DO 54 K=1,X
IF(Y(K,I).NE.0.0DO) THEN
E=DMAX1(E,DABS(I (K,8)/Y(K,I)))
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ENDIF
54 CONTINUE
ENDIF
E=DABS (E)
T(I+1)=T(I)+C(T)
LL(1)=E+1.0D-16
I=T+1
GO TO 20
20 IF(T(I).GE.TEND) THEN
C(7)=TEND-T(I-1)
T(I)=T(I-1)
DO 100 X=1,X
Y(K,I)=Y(K,I-1)
100 CONTINUE
ENDIF
DO 73 K=1,X
B(K)=Y(X,I)
73 CONTINUE
DO 57 K=1,X
D=T(I)
CALL EVAL(I,K,X,XM,D,B,T,Y.F,V,F(X,1),0)
57 CONTINUE
DO 58 K=1,X
B(K)=Y(K,I})+C(7)*F(K,I)*(1.0D0/6.0D0)
58 CONTINUE
D=T(I)+C(7)*(1.D0/6.D0)
DO 59 K=1,X
CALL EVAL(I,.K,X,XM,D,B,T,Y,.F,V,L(K,1),1)
59 CONTINUE
DO 519 K=1,X
BK)=Y(K,I)+C(7)*(F(K,I)*4.0D0/75.0D0+16.D0/75.D0*L(K,1))
519 CONTINUE
D=T(I}+C(7}*({4.D0/15.D0)
DD 60 ¥K=1,X
CALL EVAL(I,.K,X,XM,D,B,T,Y,F,V,L{K,2),J)
60 CONTINUE
DO 61 K=1,X
B(K)=Y(X,I)+C(T)*(F(K,I)*5.0D0/6.D0-L(K,1)}*8.D0/3.D0+L(K,2)
+%5.0D0/2.0D0)
61 CONTINUE
D=T(I)+(2.D0/3.D0)*C(7)
D0 62 K=1,X
CALL EVAL(I,.K,X,X,D,B,T,Y,F,V,L(K,3),D)
62 CONTINUE
DO 63 K=1,X
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B(K)=Y(K,I)+C(7)=(-F(K,I)*165.D0/64.D0+L(K,1)*55.D0/6.D0
+ -L({K,2)*425.D0/64.D0+L(K,3)*85.D0/96.D0)
63 CONTINUE
DO 64 K=1,X
D=T(I)+C(7)*5.D0/6.D0
CALL EVAL(I,K,X,XM,D,B,T,Y,F,V,L(K,4),J)
64 CONTINUE
DO 65 K=1,X
D=T(I)+C(7)
B(K)=Y(K,I)+C(7)=(F(K,I)*12.D0/5.D0-8.0D0*L (K, 1)+4015.D0/612.D0x
+ L(X,2)-11.D0/36.D0*L(K,3)+88.D0/255.D0*L(K,4))
65 CONTINUE
DO 66 K=1,X
CALL EVAL(I,K,X,XM,D,B,T,Y,F,V,L(X,5),J)
66 CONTINUE
DO 67 K=1,X
B(K)=Y(K,I)+C(7)*(~F(K,I)*8263.D0/15000.D0+124.D0/75.DO*L (K, 1)
+ -L(K,2)* 643.D0/680.D0-81.D0/250.D0=L (K, 3)+2484.D0/10625.D0x
+ L(K.4))
67 CONTINUE
D=T(I)+C(7)*(1.0D0/15.D0)
DO 68 K=1,X
CALL EVAL(I,K,X,M,D,B,T,Y,F,V,L(K,6),D)
68 CONTINUE
DO 69 K=1,X
B(X)=Y(K,I}+C(7)*(F(K,I)*3501.D0/1720.D0-L(K,1)*300.D0/43.D0+L
+ (K,2)%297275/52632.D0-L(X,3)*319.D0/2322.D0+L (K,4) *24068.D0/
+84065.D0 +L(K,6)=*3850.D0/26703.D0)

€9 CONTINUE
D=T(I)+C(7)
DD 80 K=1,X
CALL EVAL(I,X,X,x,D,B,T,Y,F,V,L(K,7),J)
80 CONTINUE
c
C COMPUTE THE SOLUTION COMPONENTS.
c
DO 81 K=1,X

Y(K,I+1)=Y(K,I)+C(7)*(F(K,I)*3.D0/40.D0+L(K,2)*875.D0/2244 .D0+
+23.D0/72.D0=L(K,3)+
+264.D0/1955.00=L(K,4)+125.D0/11592.00=L (K,6)+43.D0/616 .DO*L (K, 7))

81 CONTINUE
C(9)=C(9)+7.0D0
c
C COMPUTE THE ERROR ESTIMATE BY USING THE RKV(5,6) PAIR.
c
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c

DO 82 K=1,X
L(K,8)=(F(K,I)*»(3.0D0/40.0D0~13.D0/160.D0)+(875.00/2244.D0-2375.D0
+/5984.D0) =L (K,2)+(23.D0/72.D0-5.D0/16.DO) =L (K,3) +
+(264.D0/1955.D0-12.D0/85)*L(K,4)
+-3.D0/44 .DO=L(K,5)+125.D0/11592.D0=L(K.6}+43.D0/616.D0*L(K,7))

C COMPUTE THE ERROR ESTIMATE BY USING THE ABSOLUTE ERROR CONTROL.

c
82

83

c

CONTINUE

=DABS (L(1,8))
IF(Cc(1).EQ.1.0D0) THEN
D0 83 K=1,X
E=DMAX1(E,DABS(L(K,8)))
CONTINUE
ENDIF

C COMPUTE THE ERROR ESTIMATE BY USING THE RELATIVE ERROR CONTROL.

c

IF(C(1).EQ.2.0D0) THEN
IF(Y(1,I).NE.0.0DO)THEN
E=DABS(L(1,8)/Y(1,I))
ENDIF
E=DABS(L(1,8))
DO 84 K=1,X%
IF(Y(K,I).NE.0.0DO) THEN
E=DMAX1(E,DABS(L(K,8)/Y(X,I)))
ENDIF
CONTINUE
ENDIF
E=DABS(E)
T(I+1)=T(I)+C(T)
IF(T(I+1).EQ.TEND) GO TO 30
LL(2)=E+1.0D-16
IF(LL(2)/LL(1).GT.100) THEN
IF(C(11) .EQ.1.0DO)THEN
c(7)=0.0075D0
C(11)=C(11)+1.0D0
LL(1)=LL{2)
G0 TO 20
ENDIF
C(11)=1.0D0
ENDIF
T(I+1)=T(I)+C(T)
C(7T)=C(2)
I=I+1
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IF(C(12).LE.3.D0) THEN
C(12)=C(12)+1.0D0
LL(1)=LL(2)
GO TO 20
ENDIF
€(12)=1.0D0
LL(1)=LL(2)
GO 10 1
30 CONTINUE
99 FORMAT( //,’THE INTEGRATION ENDED IN SYSDEL WITH THE FOLLOWING VA
+LUES’,
//,'ToOL’ ,2X,*=",2X,F15.12,
/,'TEND? ,2X,'=* 2X,F10.5,
/,'THE NUMBER OF FUNCTION EVALUATIONS’,3X,'=’,F16.0,
/,’THE SOLUTION COMPONENTS ARE’,
/7,0, 1%, F24.16,/) )

+ + +

+

+

0

I=I+1
WRITE(7,99) TOL,TEND,C{9),(Y(K,I),K=1,X)
WRITE(7,*) Y(1,I)-DLOG(T(I)),Y(2,I)-1.0D0/T(I},T(I)
CALL CPTIME(1,110)
RETURN
END
SUBROUTINE NEWDIF(I,X1,X2,X3,X4,X5,X6,X7,T1,T2,T3,T4,75,T6,T7,
+ b1,D2,D3,D4,D5,D6)
IMPLICIT DOUBLE FRECISION(A-H,K-2Z)
c
C THIS SUBROUTINE TAKES THE APPROPRIATE NUMBER OF VALUES OF THE SWITCHING
C FUNCTION AND CONSTRUCTS THE DIVIDED DIFFERENCE TABLE.
c
D4=0.0D0
D5=0.0D0
D6=0.0D0
D1=(X2-X1)/(T2-T1)
Al=(X3~-X2}/(T3-T2)
B1=(X4-X3)/(T4-T3)
D2=(A1-D1)/(T3-T1)
A2=(B1-41)/(T4-T2)
D3=(A2-D2)/(T4-T1)
IF(1.EQ.4) GO TO 1
C1=(X5-X4)/(T5-T4)
B2=(C1-B1)/(TS-T3)
A3=(B2-A2)/(T5-T2)
D4=(A3-D3)/(T5-T1)



(9]

OO0 0O00aga0

IF(I.EQ.S) GO TO 1
E1=(X6-X5)/(T6-TS)
C2=(E1-C1)/(T6-T3)
B3=({2-B2)/(T6-T3)
A4=(B3-A3)/(T6-T2)
DS=(A4-D4)/(T6-T1)
IF(I.EQ.6) GO TO 1
F1=(X7-X6)/(T7-T6)
E2=(F1-E1)/(T7-TS)
C3=(E2-C2}/ (T7-T4)
B4=(C3-B3)/(T7-T3)
AS=(B4-A4)/(T7-T2)
D6=(AS-D5)/ (T7-T1)
CONTINUE
RETURN
END

SUBRQUTINE BISECT(D1,D2,D3,D4,D5,D6,E,T1,T2,T3,T4,75,T6.R1)
IMPLICIT DOUBLE PRECISION(A-H,K-2)

THIS SUBROUTINE TAKES THE DIVIDED DIFFERENCE VALUES FROM THE SUBROUTINE
NEWDIF AND EXTRAPOLATE THE SWITCHING FUNCTION F(S) BY USING THE
NEWTON BACKWARD EXTRAPOLATION FORMULA OF THE APPROPRIATE DEGREE.
E=F(T1)

R: THE APPROXIMATIOK OF THE EXACT ROOT OF F(S) FOUND BY THE
BISECTION METHOD.

F(S)=E+(S-T1)*xD1+(5~T1)*(S-12) %D2+{S-T1)»(5-T2)=(5-T3)=D3
++(S-T1)=(S-T2) = (S-T3)=(S-T4)*D4
++(S=-T1) *(S-T2) *(S-T3)»(S-T4) = (S-TS)*D5
++{S-T1)*(S-T2) *(S-T3)*(S-T4) *(S-T5)*(S-T6)*D6

A=T1-0.1D0

B=0.8D0+T1

U=F(A)

V=F(B)

IF(U=V) 2,7,7

DO 10 J=1,40

C=(A+B)*0.5

W=F(C)

IF(W«U) 3,7.4

B=C

V=W

GO TO 10
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U=W
10 CONTINUE
CONTINUE
Ri=C
RETURN
END
c :
C
SUBROUTINE HERINT(I,J,S,Y1,Y2,Y3,T1,T2,T3,F1,F2,F3,V)
IMPLICIT DOUBLE PRECISION(A-E,K-Z)
c
C THIS SUBROUTINE INTERPOLATES THE RETARTED SOLUTICON Y(ALPHA(T,Y(T))
c BY USING A THREE-POINT HERMITE INTERPOLATION FORMULA
C S: THE POINT WHERE THE SOLUTION IS TO BE INTERPOLATED
c V: THE APPROXIMATION OF Y(S) USING 3-POINTS HERM. INTERPO.
c

1994 FORMAT(//,1X,61(’'=’),/,2(1X,’=*,59X,%=*,/),1X, "=’ ,5X,
+'NUM. OF STEPS IS LESS THAN 3, PLEASE REDUCE C(2)’,6X,’=*’,
+/,2(1X,7=? ,59%,°=? /) ,1X,61(*=*),//)

1993 FORMAT(//,1X.61(’=?),/,2(1X,’=>,59X,’** /), 1X,*=* 5X,
+10X,°TOL IS TOO LARGE, PLEASE REDUCE TOL’,6X,’s’,
+/,2(1%,'*? 59X, /) ,1X,61('=*),//)

IF(J+2.GT.I) THEN
WRITE(S,1993)
S0P
ENDIF
IF(J.EQ.1.AND.I.LT.3) THEN
WRITE(S,1994)
STOP
ENDIF
Hi=((S-T2)*(S-T3))/((T1-T2)*(T1-T3})
H2=((S-T1)=(S-T3))/ ({T2-T1)=(T2-13))
H3=((S-T1)=(S-T2))/ ((T3-T1)=(T3-T2))
H11=((T1-T3)+(T1-T2))/((T1-T2)=(T1-T3))
H21=((T2-T1)+(T2-T3) )/ ((T2-T1)=(T2~-T3))
H31=((T3-T1)+(T3-T2))/((T3-T1)*(T3-T2))
V=(1-2%H11*(S-T1)) sH1»x2xY1

+ +(1-2%H21 % (S-T2) ) »H2##x2%Y2
+ +(1-2«H31% (S-T3) } *H3%x2%Y3
+ +(S-T1)»H1%*2xF1+(S=-T2) xH2x»2xF2+ (S-T3) *H3**x2xF3
RETURN
END
c
C



SUBROUTINE EVAL(I,X,X,XM,D,B,T,Y,F,V,U,3)
IMPLICIT DOUBLE PRECISION(A-H,L-2Z)
INTEGER X,XM

DIMENSION T(XM),Y(X,XM),F(X,XM),V(X),B(X)

THIS SUBROUTINE LOCATES THE DELAYED TERM ALPHA(T,Y(T)) BEIWEEN TWO
PREVIOUS GRID POINTS, THEN IT INTERPOLATES THE SOLUTION AT THE
DELAYED TERM BY USING A 3-POINT HERMITE INTERPOLATION.

QOO0

TT=T(1)

AA= AL(K,D,B)

IF(AA.LE.TT) THEN

b0 112 II=1,X

V(II)=PHI(K,AA)

AA= AL(K,D,B)
112 CONTINUE

ENDIF

U= G(K,D,B,V)

IF(AA.GT.TT) THEN

BETTA1=AA
IF(BETTA1-TT)447,447,448
447 J=1
G0 TO 4524
448 J=2
GO TO 4521
4521 IF(BETTA1-T(J))4523,4523,4522
4523 J=3-1
GO TO 4524
4522 J=J+1
GO TO 4521
4524 CONTINUE
S=BETTaAl

DO 89 1I=1,X
CALL HERINT(I,J,S,Y(II,J),¥Y(II,J+1),Y"71,J+2,T(J},T(J+1),T(J+2)
+,F(I1,3),F(I1,J+1) ,F(II,3+2),V(I1))

99 CONTINUE
ENDIF
U= G(K,D,B,V)
RETURN
END

C

C

C

C

Cxxx
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SUBROUTINE CPTIME(ISTART,IFRMAT)
GIVES THE CPU TIME IN SECONDS USED DURING EXECUTION

ISTART = 0 : SET THE CLOCK
=1 : GET THE CPU TIME

IFRMAT : FORMAT LABEL

CALL CPUTIM(ICPU)

RCPU=FLOAT (ICPU) /1000000.0

IF(ISTART.EQ.0) RCPU1=RCPU
IF(IFRMAT.EQ.100) WRITE(S,100) RCPU-RCPUL
IF(IFRMAT.EQ.110) WRITE(S,110) RCPU-RCPU1
IF(IFRMAT.EQ.120) WRITE(S,120) RCPU-RCPU1
IF(IFRMAT .EQ.999) WRITE(S,999) RCPU-RCPU1

100 FORMAT(//,1X,61(’%"),/,2(1X,%*?,59X,’=>,/),1X, =’ 5X,
+'TIMER SET TO ZERO AT THE BEGINNING OF THE PROGRAM’,SX,’=»’,
+/,201X,2%*,59X,’=?,/),1X,61(0=*) . //)

110 FORMAT(//,1X.61(’**),/,2(1X,*»? 59X, > /) ,1X,*x* 5X,
+"TIME BEFORE CALL TO MAIN = *’,F10.4,’ CPU SECONDS’,2X,’'=’,
+/,2(1X,’=? 59X, 7%’ ,/) ,1X,61(***),//)

120 FORMAT(//,1X,61(’%?),/,2(1X,**,59X,°**,/),1X,?=>,5X,
+'TIME AFTER CALL TO MAIN = ’,F10.4,’ CPU SECONDS’,2X,’=%’,
+/.,2(1X,*=* 59X, =, /) ,1X,61(°=*),//)

999 FORMAT(//,1X,61(’%’),/,2(1X,’*>,59X,’»*,/),1X,’*’ 5X,
+’TIME AT THE END OF PROGRAM = ’,F10.4,’ CPU SECONDS’,2X,'*’,
=f,2(1X,*=? 59X, '=?,/) ,1X,61(’=?*),//}

RETURN
END





