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Abstract

This dissertation consists of two parts. First. we study some problems asso-
ciated with reaction-diffusion equations with xmﬁables in finite-dimensional
space. We investigate the positivity of solutions, the existence of positive
invariant regions, and we also make some stability analysis. In part II, we
study the Lévy-Laplacian in infinite-dimensional space. We explore some

properties of this Laplacian and solve some boundary value problems.



Introduction

In this thesis, two topics are discussed. First. we work on the reaction-
diffusion equations in n-dimensional space. Rcaction-diffusion equations
have lately received a great deal of attention. Their interest lies partially
in the fact that they occur in the mathematical models for a wide range
of natural processes ( sce, e.g., [3], [18], [34], [35], and the references given
in those papers ). Another reason lies in the wealth of mathematical prob-
lems about these equations. In the article [9] of Fife, one may find a survey
of this subject, as well as an extensive bibliography of rclated research. In
the study of reaction-diffusion equations, most researchers consider weakly-
coupled systems, and put their attention on the various restrictions for the
reaction terms. It is our purpose in the first part to analyse the effects of
cross-diffusions in several aspects. Our results show that cross-diffusion in-
deed plays an important role in the preservation of positivity, the existence
of invariant regions and stability, cte..

In the second part, we study the Laplacians in infinite-dimensional
space. The Laplace operator in infinite-dimensional space was originally
introduced by P. Lévy, (sce [19], [20]). Later some soviet mathematicians

contributed to this program of extending the thcory of this differential

1



equation to infinite-dimensional space. (sce [8]. [25], [30—33]). The origi-
nal definition of the Laplacian given by Lévy depends on the choice of the
basis. Silov [31] defined a Laplacian on a narrow class of functionals in
which the Laplacian is invariant under the change of basis. In our paper,
we use the original Lévy definition of C*-functionals to derive a Laplacian
which does not depend on the choice of basis. Then we explore some im-
portant properties of this Laplacian. Finally, we discuss the solvability of

boundary value problems associated with lincar and scmilinear equations.
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Part 1

Some Problems on
Reaction-Diffusion Equations

with Cross-Diffusion



Introduction

In recent years, systems of reaction-diffusion equations have received a great
deal of attention by both their widespread occurrence in models of chemical
biological phenomena, and by the richness of the structure of their solution
sets. In the simplest models, the equations take the form

%‘:Dz_\u-e-f(u) r€QCR t>0, (0.1)

where u € R*, D is an n x n matrix, A is the Laplace operator in the
spatial coordinates and f(u) is a vector-valued smooth function. In ap-
plications, the matrix D which describes the dispersal degree of species is
called the diffusive matrix and f(u) which represents the reaction and in-
teraction between species is called the reaction term. Hence, the equation
(0.1) is usually called a reaction-diffusion equation (ref. [3], [18] ).

Before the 1970%s, the role of spatial heterogeneity had mostly been ig-
nored in the literature of mathematical ecology, yet the equation had been
studied for more than 50 years. Due to the motivation from ecology, the
reaction-diffusion equations have received much attention from mathemati-
cians. A review may be found in Levin [18]. During last two decades, the

R-D systems in which only self-diffusion is present (i.e., D is diagonal) have
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been studied extensively, (ref. [2], [9], [24], [28], [34]). For the case in which
cross-diffusion is present (i.e., D is nondiagonal), few results are available.
However, the study of general multicomponent diffusions with nondiagonal
diffusion matrix is an important aspect of many physical and biological
processes, (ref. [14], [16], [35] ), e. g., Diffusive Lotka-Volterra mechanisms
arising from ecological and chemical phcnomena, Keller-Segel model for the
chemotactic movements of cellular slime molds, disease epidemic models,
etc.. Recently, some work on this kind of R-D systems has been done. For
example, some nonlinear analysis was carried out by Nanjundiah [22] and
Childress and Percus [4] ; the stationary problem for the Keller-Segel sys-
tem has been considered by C. S. Lin, W. M. Ni and L. Takagi [21] . Little
is known about the evolution of components for the general system (0.1)
with nondiagonal diffusion matrix.

In the following chapters, we will investigate some problems for system
(0.1) with a nondiagonal diffusion matrix D. The outline is as follows: In
chapter 1, we discuss the preservation of nonnegativity, along with 2 nec-
essary and sufficient condition for such to hold. In chapter 2, the invariant
region method has been used to get global existence of positive solutions.
Finally, in chaﬁter 3, we study the effect of cross-diffusion on the stability of

equilibria and we also discuss some asymptotic behavior for the solutions.
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Chapter 1

Preservation of nonnegativity

Introduction

In the applications, the components of u(t.z) in R-D system (0.1) usually
represent the chemical concentrations or biological population densities,
and so it is natural to seek the positive solutions. So, the first problem that
we want to study is the preservation of nonnegativity of solutions of (0.1)
under nonnegative initial and boundary conditions. When D is a diago-
nal matrix, the preservation of nonnegativity is an immediate consequence
of the maximum principle if the reaction term f(u) satisfies some suitable
structure conditions. In the presence of cross-diffusion it turns out to be
more complicated. C. S. Kahane ([15]) has considered this problem, and he
proved a negative result in this direction when Disa constant positive def-
inite nondiagonal matrix. In this chapter, we will give some necessary and

sufficient conditions for the preservation of nonnegativity for more general



systems. From the point of view of applications, the necessary condition

we derived is in agreement with physical motivation.

For convenience, we state a standard maximum principle for weakly
coupled parabolic systems first. Let H = H(¢.r) be an n X n matrix with
entries hpo(t,z), where hy(t.z), p, ¢ = 1..... n, are continuous functions
defined in a subset (0,T) x 2 of R'**. Consider the system of parabolic
inequalities

A+ Tl hygu,— 32 >0
(1.1)
At Thoy hoqu, — 32 2 0.

Assume that the off-diagonal terms of the matrix H are nonnegative:
hyg20forp# ¢ pg=12,...,n (1.2)

We shall use the notation u = col{u;,--,uy,), @ < 0 to mean that every
component u,,p = 1,...,n is negative. Similarly, u < 0 means that every
component is nonpositive.

[Maximum Principle] ([26]) Suppose that u € (C**((0,T) x Q))*
satisfies the uniformly parabolic system of inequalities (1.1 ) in a bounded
domain E = (0,T)xQ. Ifu<LGatt=0and on (0,T) x 0L and tf H
satisfies the condition (1.2 ), then u <0 in E. Moreover, ifu, =0 at an
interior point (g, To), then up, =0 fort < to.

Note: In (1.1), Aup,(p = 1,...,n) can be replaced by L,u,, where L,
are operators which are uniformly elliptic for fixed t € (0,T). For more

details about maximum principles, we refer to {26].

0



1.1 Linear equations

Consider the system

du k _ Ou

rFim Adu+ ;Bi-é;: +Cu (1.3)
where u = u(t, z) is an n-vector valued function with components u;(¢,z),j =
L,...,m, (3,z) € R* x Q (Q is a bounded subset in R*, R* = (0, o0));
Au = col(Au,,---, Au,) with the usual Laplace operator A in R¥; g_:‘f =
col(%%:_-,---,%—:?); A, Bi(z=1,---,k) and C are n X n matrices.

We say the system (1.3) has the property of preserving nonnegativity if

the solutions of (1.3) with the following initial-boundary conditions

u(t,z) = ¢(t,z)20 (t,z)e R* xoQ (1.4)
u(0,z) = uw(z)>0 T€EN (1.5)

are nonnegative for all ¢ > 0.

Note: The boundary condition (1.4) can be replaced by Neumman or
Robin boundary conditions.

First we consider the linear systems.

Assumption L: 4 = (a,(t,z)), B; = (§,(t,z)),(i = 1,---,k), C =
(cpe(t, z)) are continuous n X n matrices in [0, 00) X  and A4 is nonsingular,

and @ >0, (p=1,...,n), for all (t,z) € R* x Q.

Theorem 1.1 Let assumption L hold. The system (1.3) has the property
of preserving nonnegativily if and only if A,B;(i = 1,---,k) are diagonal

and the off-diagonal el:ments of C are nonnegative.



Proof: Necessity. Assume that system (1.3) preserves nonnegativity. Sup-
pose the theorem is not true. Then there is at lcast a pair (p, ¢),p # ¢, such
that a,, # 0, or b}, # 0 for some i, or ¢y < 0 at some point (#g, o) € Rt x L,
for definiteness, let (p,q) = (1.2).10 = 0.

Suppose that u = u(t, r) is a solution of (1.3 ) with homogeneous Dirich-

let boundary condition and initial condition (1.5 ) in which
uo(-r) = col(0, ug(:‘r)e 0.---.,0).

Consider the first equation of the system (1.3). We have

Ju du Ou,
atl - allAul +oe-t alnAun 4= Z(bn a . T bln a )
+enuy + -0+ Caltta. (1.6)
Let t = 0,2 = x¢, to find
du dul -
St |:...o.r=a.-o = {al"Auz + zbm Oz; + Cm“z}::: - .(1“)

Now we choose u3(z) 2 0 suitably such that above quantity is negative, for
example, if ¢12(0, 7o) < 0, then choose u3(z) such that

dud(zo)
Ox;

Hence, we get u;(¢,2¢) < 0 for all sufficiently small positive ¢ since ul(O z)=

u3(z0) > 0, Au3(zo) = =0,i=1,---,k

0. This contradicts the preservation of nonnegativity.
Sufficiency. Assume that 4,B;,(i = 1,---,k), are diagopal and C =
(¢pg) With ¢pq = Ofor p # ¢. Then the system (1.3) becomes a weakly coupled

- parabolic system (i.e., the system is coupled in the terms which are not

differentiated). Hence the sufficiency is an immediate consequence of theo-

rem I, the standard maximum principle. Q.E.D.
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1.2 Nonlinear equations

Theorem 1.1 tells us that when we consider the system (1.3) in the presence
of cross-diffusion, if we expect the prescrvation of nonnegativity, then the
coefficients of the cross-diffusion must be concentration dependent in some
sense. The following theorem gives a necessary condition for the preserva-

tion of nonnegativity. For simplicity, we consider the system

du
a = dAu (1.8)

where 4 depends on either u or Vu. or both.

Theorem 1.2 A necessary condition for sysiem (1.8) to preserve nonneg-

ativity is that the off-diagonal clements a,, of A satisfy
ma,=0 V(t2)eR xQu0p#q (1.9)
Up

where i, = (u,, Vu,), and V is the gradient symbol.

Proof: The method is similar to the one used in the proof of the preceding
theorem. In fact, if (1.9) is not true, for example, a12(t, 2,1, V)| =0 # 0,
at (¢,z) = (0, zq), it is possible to choose u® = (0,u3,0,---} with u}{z) > 0

suitably such that

@12(0, zo, u°, Vu®)Aud(z,) < 0.
By the first equation in (1.8),

atq

— = anduy + -+ + a1, du,,

ot

10



and so by letting t — 0, x = xp, we got

aul
_|t=0..r=.rg = ﬂl'.’h\ﬂg(l’o) < 0.

ot
Hence u)(t,x9) < 0 for small ¢ since (0. 29) = 0. This gives a proof of the
theorem.
Next we will give a sufficient condition. Consider the system

gt—“ = Adu+Cu. (1.10)

where A depends on u, Vu or both and C may also depend on u, ete..

Theorem 1.3 Assume that
(1). The off-diagonal elements a,, of A have the form

Qpq = Qpotty + Fpg - Vtt,, DF ¢ (1.11)

where oy, By are continuous functions and n-vecior valued functions, re-
spectively.

(2). The diagonal elements of A are positive.

(3). The off-diagonal elements of C are nonnegative.

Then (1.17) preserves nonnegativity.

Proof: Using condition (1) in the assumption, the p** equation of (1.10)

can be rewritten as

a n
%’- = @pplu, + 7 Vuy + Y Spettg (1.12)
q=1

where

Tp = Z AttgfByg,

9=1.9¥¢p

11



Spg = Cpq 2 0. (P # ¢).

n

Spp = Z Qpeditg + Cpp

y=l.9¥p
are bounded for classical solutions. Because of (2). ($) in the assumption,

the standard maximum principle can be applied to (1.12) (the system whose

p* equation has the form (1.12)), hence we get preservation of nonnegativ-
ity. Q.E.D.

Finally, we note that if the diffusive cocfficients are smooth enough,
e.g., C'-class, then in theorem 1.3. (1.11) can be replaced by (1.9). In
fact, in this case the necessary condition (1.9) is equivalent to (1.11) by the

following lemma.

Lemma 1.1 If f € C(R), and f(0) =0, then there is a continuous func-
tion h(t) such that f(t) = h(t)t.

Proof: Define A(t) by

h(t):@ fort£0, h(0) = f1(0),

then

tim () = g L = (0) = (),
that is, () is continuous. Q.E.D.

I a,, = ay(t,z,u) is C* smooth in the argument u,, by lemma 1.1,
(1.9) is equivalent to {1.11). Hence it is casy to see that the assumption in

theorem 1.3 is also a necessary condition for preserving nonnegativity.



The discussion in this chapter shows that if the cross-diffusion appears,
the cross-dispersal terms must be present in the form of a nonlinearity. The
models from chemical engincering theory have provided the nice motivation
for this result. In [29], a condition for diffusion coefficients was specified in

the modeling of multicomponent reaction-diffusion equations,

du -
= DAu+ K(u).

This condition is that the off-diagonal elements of the diffusion matrix must
satisfy the following limit
P%D.‘j=0f0ri#j
to ensure species conservation. The description of the chemotactic interac-
tion of amoebae, as mediated by acrason, is modeled by
& =V(D,Vu~ DV
w T VO ) (113)
5 = D:Av+uf(r)—k(v)v.

A possible form of D(u,v) is
D® = éufv

where & is a constant. This model was first formulated by E. F. Keller and
L. A. Segel, so it is usually called the Keller-Segel model, (ref. [16]).
In the study of reaction-diffusion equations with diagonal diffusion, an

extensive useful tool is a kind of comparison theorem, thus monotone meth-
ods have often been used to get solutions, (ref. [24], [28] ). For the R-D
systems with nondiagonal diffusion, we don’t have such a comparison the-
orem, thus this increases the difficulty for the study. In the next chapter,

we will use an invariant region method to get an existence theorem.

13



Chapter 2

Invariant regions and the

existence of positive solutions

Introduction

In this chapter we use the invariant region method to get the global ex-
istence of positive solutions for a class of reaction-diffusion systems with
cross-diffusion:

%“=DAu+f(u) z€QCRYt>0 (2.1)

where u € R*, D is an n x n matrix, and f(u) is a smooth vector-valued
function.

The invariant region method is a method which ensures compactness.
Assume the system (2.1) admits beunded invariant regions, i.e., bounded
regions 3 in phase space (i.e., u-space), with the property that if the “data”
lie in 3°, then the solution u{z,t) lesin ¥ for all z € Q and all ¢ > 0. Thus

14



2 provides a-priori sup-norm bound on u. and it follows that if the datum
lies in 37, then the solution exists for all £ > 0. In [34], J. Smoller has given a
necessary and sufficient condition for the systems to admit invariant regions.
For the systems with only diagonal diffusions. these conditions hold, e.g.,
choosing 3 as suitable rectangles, (ref. [2], [17], [34], [36]). But do invariant
regions exist for systems with non-diagenal diffusions? In this chapter we
shall investigate this problem for a class of reaction-diffusion systems with

cross diffusions as follows:

& = DiAu +D"Av+ f(u,v)
% = +D2Av+g(usv)'

This system arises from the model of chemotactic movements of cellular
slime molds (see Keller and Segel [16] ).

The outline of this chapter is as follows. In §1, we review some ba-
sic concepts and results about invariant regions. Next, in §2, we seek some
conditions for ensuring the existence of feasible regions for the system (2.2).
Also, we give some examples for which the invariant regions can be con-

structed geometrically. Finally, an existence theorem is established in §3.



2.1 Preliminaries

In this section we describe the notion of an invariant region and a sequence
of fundamental theorems about it provided in [34].

Counsider the system

%t‘i =DAu+f(u) (t.z)€R*xQ (2.3)

together with the initial data
u(0,z) =u’z) zeQ. (2.4)

Here Q is an open subset in R*, u is a vector-valucd function from R* x Q
to R, D = D(u) is an n x n matrix with all positive eigenvalues. If Q is
not the whole space R¥, we will assume that u satisfies specific boundary
conditions, e. g., Dirichlet or Neumann boundary conditions. We assume
that this problem has a local (in time) solution on some set X of smooth
functions from Q to R*, i.e., given a function ug € X, thereis a § > 0 such
that for ¢ € [0,4), such that u(t,2) € X. The topology on X should be at

least as strong as the compact-open topology.

Definition 2.1 A closed subset 3 C R* is called an invarient region for
the local solutions defined by (2.3).(2.4), if any solution u(t, z) having all
of its boundary and initiel values in 3, satisfies u(t,z) € ¥ forallz €
and for all t € [0,6).

Here are some notations we will use later. Let G = G(v) = G(v,+++,vn)

be a smooth function defined in K*. Denote by

oG oG
dG—(a—m'a--',a—%')—VG,

16



2m 1 O°G
4G = [8v.-av_,-]"""'
KEn=(m, %), {=((1,-+,(a) € R, then denote by

2. 9G
dG'Ti—-Em'éb—‘ia

de(nr ()= TldeCf»

where (7 is the transpose of the vector ¢.
The invariant regions ¥ will be made up of the intersection of “half
spaces”, i.e., we consider regions ¥ of the form
> =[){u€ R";Gi(u) <0} (2:5)
i=1
where G; are smooth real-valued functions defined in R®, and for each i,

the gradient dG; never vanishes.

Definition 2.2 The smooth function G : R* — R is called quasi-convez at
v if whenever dG(v)-n =0, n € R", then &*G(v)(n,7) = 0.

In the following we cite some important facts, as propositions, about

invariant regions proved by Smoller [34].

Proposition 2.1 (sufficiency) Let T be defined by (2.5), and suppose
that for every v € 3% (so Gi(v) = 0 for some i), the following conditions
kold:

1. dG; at v is a left eigenvector of D(v).

2. If dG;D(v) = pdG;, with 1t # 0, then G; is quasi-convez at v.

17



3. dGi- £ < 0 atv. (T is given in the system (2.8).)

Then 3 is an invariant region for (2.3).

Proposition 2.2 (Necessity) Let 3 be defined by (2.5), and suppose that
2 i3 an invariant region for (2.3). Then ihe following conditions hold at

each point v on 3% (say G{(v)=0 ):
1. dG; is a left eigenvector of D at v.

2. G; is quasi-convez at v.

3. dG;-f<0atv.

Definition 2.3 The system (2.3) is called f-stable if, whenever £ is the
limit of functions in the C'-topology on compacta, then any solution of
(2.9),(2.4) is the imit in the compact-open topology, of solutions of (2.8),
(2.4), where £ is repleced by f,.

Proposition 2.3 Let 3 be defined by (2.5). and suppose the system (2.3)
is f-stable. Then ¥ is an inveriant region for (2.3) if and only if the
followings hold at each boundary point v of @Y (so Gi(v)=10):

1. dG; is a left eigenvector of D.

2. G; is a quasi-convez at v.

3. dG;-££0.

Definition 2.4 A closed bounded subset T defined by (2.5} of R™ is called
a feasible region for system (2.8) if the first two conditions in the above
theorem hold.

18



2.2 Invariant regions for a class of systems

In this section, we are going to find invariant regions for the Keller-Segel

system (2.2). Let
D, D
D= (2.6)
0 Dy

where D;, D; are unequal positive constants and D™ = D*(u,v) € CL. It is

natural to assume that
‘I‘iP_%D'(u,v) =0 Vo220 (2.7)

because we are interested in positive solutions (see chapter 1).

First, observe the left-eigenvectors of the positive definite upper trian-

a b
A= .

1. if b = 0, then (0, 1) and (1, 0) are two independent left eigenvectors

gular matrix

We have,

of A with eigenvalues ¢ and a, respectively;

&

. if 5 # 0, a = ¢, then there is only one left eigenvector (0, 1) (in the

independent sense) of A with eigenvalue a;

3. if b # 0,a # ¢, then (0,1) and (1,b/(e — ¢)) are independent left
eigenvectors of A with eigenvalues ¢ and a, respectively.

Assume ¥, 2 closed bounded subset of B2, has the form

3 = {(u,v) € B Gi(u,v) <0, i=1,2,3,4} (2.8)

19



where

G, = -u.
Gy = v—a.
Gz = —u

and G4 = G4(u,v) is to be determined.

By the assumption on D and the discussion above, d&; = (0, 1), dGz =
(0,1) are left eigenvectors of D, and dG, = (—1,0) is also a left eigenvector
of D at G; = —u = 0 (since D*(0,v) = 0). And dG,,i = 1,2,3 are all
quasiconvex because of the lincarity of the G;'s.

Now we find Gy = G(u,v) such that ¥ is a feasible region. To this end
we only have to consider the behavior of G(u,v) = 0. By cordition I in
proposition 2.9, dG = (G,, G,) must be a left eigenvector of D at G(u,v) =
0. In order that 3 be bounded, closed, we assume that G, # 0. By
the implicit function theorem, u can be solved from G(u,v) = 0. So, for
simplicity, let G(u,v) = v — h(v) where k(v) is to be determined.

By condition 1 in proposition 2.3 and the previous discussion (item 3),

D(i(v),v)

- h(z) = D, - D,

(2.9)

This is an ordinary differential equation of thé first order. Hence for kg > 0
there is a solution k = k() > 0 of (2.9) with 2(0) = hy for v € {0, vp) since
D" = D*(u,v) € C1, where g is some positive constant.

We still need to consider the quasi-convexity of the function G = G(u,v) =
u — h(v) at G =0. Since

dG = (1,-h'(v)),
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de=(00 )
0 =h"(v)

let 7 = (m,72)(# 0) € R? be such that dG(n) = 0, i.e., ;; = k'(v)ne, then
nd*Gn™ = —hk"(v)n3. Hence the quasiconvexity of G is equivalent to

R"(v) <0. (2.10)
By (2.9), we get
1 oD 1 &b
"(v) = { ———0—uD" - —h(v)- 2
k (U) {(D1 _Dz)z'D (uw U‘) au Dl — D2 av }u_h(u) ( 11)
Hence, by (2.10) and (2.11), the condition for quasiconvexity is
oD~ op-
—— - D, )— 2.19
D 5 <(Dy—-D,) 3 (2.12)

at u = h(v). So we have proved

Theorem 2.1 Assume that D* = D*(u,v) € C. If (2.12 ) holds for
O<asusph 0L vy, then for eack hy € (o, ), there ezists
a constant a and k = h(v) > 0 for v € [0,a] C [0,9] with R(0) = ko,
a < h(v) £ B such that ¥ defined by (2.8) is a feasible region for system
(2.2) with G4 = G(u,v) = u — h(v).

Next we observe some special cases to simplify the condition (2.12).
Case 1. Assume D* = D*(u,v) = p(u). Clearly, in this case, 2= = 0.
Hence (2.12) becomes

p(u)p(x) <0
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for 0 < @ £ u < B, where a, § are some positive numbers. Solving the

o.d.e. (2.9) by integration, with 2(0) = kg > 0, p(hg) # 0, we get

fhrv) d¢ _ _ ~v
h{0) p(t) Dl—Dg

If we denote by P = P(t) a primitive function of -~ (t)' then we have
-
P(h(v)) = D, - D, +c
where ¢ is some constant. Hence
h(v) = P73 D, T ok

Example 1. Let D" = sinu. Clearly the condition (2.12 ) holds for
u e [n/_., n] Since f

sint

=lIntan £, we get

h(v)

tanT = ¢exp D.— D,
hence
h(v) = 2arct .
(v) = 2arctan[cexp Dy D1]
So, let
G = G(u,v) = v — 2arctan[cexp ) i 5 ] (2.13)
2 — D

and choose ¢ such that

72 € u = 2axrctan[cexp 1< =,

v
D,—D, —

1e.

IScexpD;iDl<oo

%]



for all v € [0, q], i.e.

¢ 2 maz{l, exp

a
D, -D, b

Then 3" defined by (2.8) with G, = G(u.v) defined by {2.13) is a feasible
region for all positive a. Hence, in this case the system admits an arbitrarily
large feasible region since inequality (2.12) holds in (7/2 + 2n=, (Zn+1)x)

for any positive integer n, (a is arbitrary).
Case 2. Let D" = D*(u,v) = uq(v).
In this case the condition (2.12) is
¢*(v) < (Dy = Da){'(v)

(hence a necessary condition is that sgn(¢'(v)) = sgn(Dy—D,)), if g(v) # 0,

then
g'(v)
< —_ ——
e

v < (D1 = D2)(1/4(0) - 1/q{v))
for all v > 0. In order to get k = i(v), we look at the o.d.e. (2.9),

=40

By integration, we get

h(v) = ce Tty Jo 9t
where ¢ is a positive number, ¢ = 2(0).
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Example 2. D° = D*(u,v) = u/(1+v). By a calculation. the condition
for the existence of feasible regions is that Do — Dy > 1. In this case,

Gi=G(u,v) =u—¢(l +v)%2-01,

Case 3. Let D" = D"(u,v) = p(u)q(v).
I p>0foru>a>0and ¢(r)#0in [0,7), Then condition (2.12) is

() £ (Dr = Da)(~1/g(v))
for v 2 0 and u in some positive interval. From the o.d.c. (2.9), we get
h = h(v) = P~ (k(v,c))
where P = P(t) is a primitive function of 1/p(t), ¢ is a constant and

1 v
Kv.e) = p—p: | et +e

By now we have shown that it is possible for system (2.2) to have feasible
regions if the condition (2.12) holds for D. In order that ¥ be precisely
an invariant region we need to check condition 8 in proposition 2.3, i.e.,
dGi-(f,g) £ 0fori=1,23,4. Now we show that T of the form (2.8) is
indeed an invariant region for a class of reaction terms.

Assume that D"(u,v) 2 0, D; > D,. ¥ has the form of (2.8) where
k = h(v) is the solution of the o.d.e. (2.9) with 2(0) = hy > 0. Clearly,
k'(v) > 0.

Let (f,g) in (2.2) have the form

{ Fu,v) =v—1(u)

g(u,v) =au-—Pv
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Figure 2.1: Invariant region

with 1(0) = 0,l(u) > Su for u 2 lig and «, f are positive constants. Then
by choosing @ in (2.8) for T such that k(a) = 2, T becomes an invariant
region for the system (2.2). For example, the zero sets of f, g and the
invariant region in v — v phase plane are depicted in figure 2.1.

It suffices to show that dG; - (f,¢) £ 0 at G; = 0. In fact,
G, = —v, dG; = (0,-1),

dGy - (f,9)l1=0 = —91—v=p <0
Gz =v=-a, dG; =(0,1),
dGz - (f,9)G2=0 = glv=a £ 0;
Gs = —u, dGs = (=1,0),
dGs - (f,9)les=0 = =fl-u=0 < 0
and G; = u — h(v), dGy = (1, —F'(v)),
dGs - (f, Dley=0 = f — K'(¥)glu=n(v) £ 0.
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Hence, for the system (2.2), if condition (2.12) holds for u > hy and
signs of f,g in u — v phase plane arc indicated as in figure 2.1, then for
any giver “datum” in 3, it is possible to conclude that the global solution

of the system (2.2) exists and is still located in 3. Details are in the next

section.

2.3 Existence of positive solutions

In order to use the invariant region method to get the existence of global
solutions, we need to ensurc the local existence of solutions. The latteris a
classical result. For convenience, we state a result about the local solvability
of the Cauchy problem for a quasilinear parabolic system as a lemma here.

Consider the Cauchy problem for the quasilinear parabolic system

{ %:. = A(t,z,u, Du)Lu + £(t,z, u, Du) (2.14)

uleee, = wo(z)

in a domain @ = {(¢,2,3,y);t € [te,T),z € R*,z € R*,y € R", ||z}, Iyl <
M}, where L = col(Ly,---,Ln), Li(i = 1,...,n) are uniformly elliptic
operators {quasilinear) for each ¢ € [ty,T]. A(%,z,3,¥), is an n X n matrix
such that (2.14) is a parabolic system, and f(¢,z, 2,¥) is a vector function,
and each is defined in Q.

Proposition 2.4 Let the entries of 4 end F be in the space CO11NQ)
(the space of functions which are continuous in t, Holder continuous with
Hélder constant a in = and are Lipschitz continuous in other erguments).

The problem (2.14) has a unique solution which belongs to the space C12+2)(II4)
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with § > 0, where I; = {(t.z) € [to,8] X R*}. The magnitude of the
time intervel & depends on the upper bounds of moduli of coefficients, their

derivatives, Holder constants and initial values ([7]).

This proposition is a special case of theorem 6.3 in the book [7]. For
more details about the local existence of solutions of parabolic systems, we

also refer to the typical works [11] and [37).

With the aid of the above lemma, we can get the existence of positive

solutions for the system (2.2).

Theorem 2.2 Suppose system (2.2) has a positive invariant Tegion ..
Then for T > 0, the solution of (2.2 ) with initial data (uo(z),ve(z)) € T
ezists for ell t € [0, T).

Proof: Since (2.2 ) has a positive invariant region T and initial condition
{us(z),z € R} C T, we consider the problem for u € 3. Hence all coef-
ficients are bounded uniformly. Using propoesition 2.4, 36 > 0, & depends
on 3, such that (2.2) along with the initial condition have 2 solution for
t € [0,6], and u(z,t) € T since T is invariant. Then taking u(z,§) as the
initial data at ¢ = §, we use the lemma again, to get a solution as ¢ € [§, 26].
We repeat this process to find a solution on [26,38], and eventually after
finite steps, we obtain a solution on [0, T], and it stays in ¥. The theorem
is proved.

Combining the results in the previous section with the above theorem,
we see that the evolution problem of Keller-Segel is solvable under some

suitable conditions.

2
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Example 3: We consider the logarithmic scnsitivity ([1]) case, i.e.,

(2.15)

2 = D Au+ T AY
2 = DaAv+ au — Be.

Suppose Dy < D, let
> ={(u,v) € R 0<ugh(e),0<v<a}l

where a > 0 satisfies

a = (a/B)h(e)

and

h(v) = ¢(1 4+ ¢)P2=0r,
It is easy to check that for all ¢ > 0, ¥ is a positive invariant region for
equation (2.15). So, we can find a positive invariant region as large as we
want. Hence by theorem 2.2, (2.15) has a positive solution for all bounded

initial values.



Chapter 3

Asymptotic behaviour and

stability analysis

3.1 Asymptotic behaviour

As an application of invariant regions, in this section we analyse the asymp-
totic behaviour of solutions of reaction diffusion equations which we stud-
ied in previous sections. The result in this section is the extension of J.
Smoller’s result in [34] to nonconstant and nonsymmetric diffusion matrices.

Let © be a bounded domain in R*. Consider the general Keller-Segel
model

aé}t_u = DAu+ F(u) z€N, t>0 (3.1)
with homogeneous Neumann boundary condition
g%:ﬂ z€d, t>0, (3.2)



where u = col(u,v), u,v € C*3(Rt x ), and

-(35) ()

are given matrix-valued and vector-valued smooth functions, respectively,

defined in R?. We assume that
D, >0, D, >0 are constants, EP}) D*(u) =0, (3.3)
and (3.1) has a positive invariant region 3. Let
v=4D:Do— | D" |?> 0 | (3.4)
with | D" ||= supyes [D7(w)]. Set

M= supl| 3l u e T, (3.5)

Some well-known inequalities follow (sce [34]):

Proposition 3.1 Let u € W}(Q), then if X is the smallest positive eigen-
value of —A on ) (with the eppropriate boundary conditions), the following

Poincaré inequalities hold
Ve P2 Alu|?Fu=00n00; " (36)

Ve P2 Alu—-w|?if 5 =00ndQ (3.7)

where T = (meas.Q)™! [y udz, and
lAu P2 A Ve |?ifue WHQ) end 2 =00n8Q. (3.8)
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In the above theorem the norm }| - || denotes the Le-norm, i.e.

I lP= [ ful*da.

In the sequel, if u is a vector-valued function in £, we still denote by || - ||

the usual product Lp- norm, i.e., if u = (u,v), then

2_ 2 .12
luiP= [ ulfde+ [ ol da.
Define a number
n=Ada—M (3.9)

where A > 0 is the smallest positive eigenvalue of —A with homogeneous

Neumann boundary condition, and

a= %(Dl + Dy~ (Dy + Do) =7 ). (3.10)

Theorem 3.1 Let {ug(z),z € Q} C T and u(t,z) be the solution of (8.1),
(3.2} with u(0,z) = wp(x). If n > 0, then 3¢;,i = 1,2,3, such that

G | Vault,z) < cre™™, (3.11)
(z) || u(t,z)~T(t) [|< coe™ (3.12)
with
W(t) = (meas.Q)™! f,, w(z,t)dz
and
Z = F@+wl), (313)
T(0) = (meas.)™ jﬂ ue(z)dz, (3.14)
W) < ce™. (3.15)
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Proof: Define

é(t) =§ | Vau(t, ) 2= % [(vu. vua. (3.16)
Then

o) = fo(Vu, Vu)dz
= Jo(Vu, V(DAu + F(u)))dz
= [o(Vu, V(DA))dz + [o(Vu, VF(u))dz
= — [o(Au, DAu)dr + [,(Vu, (dF)V(u))dz
= — Jo(&u, D,Au)dz + [o(Vu, (dF)V(u))dz

where dF = g% is the Jacobian matrix, D, = (1/2)(D + D7) is the sym-
metric part of D. By the assumption on D.D; > 0, and

det(D,) = Dy D = (1/4)}(D")* > 0,

i.e., D, is positive definite. Its eigenvalues are

Ay = %(D1 +D: % \/(Dl +D2)? = 4(D, Dy — %(D')z) )

Hence

a<A,<)M<L8

where

1 .
a= §(D1+D2—\/(D1+D2)2-‘7)=;1;1§/\n

1
B= §(D1+D2+\/(D1 + D)2 =) =&ﬂ§'\z
and 7 is defined by (3.4). We note that

n{ .
—_ < .
0< XD, + D7) < a < min{D,,D,}
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From the calculation before, we have
d) < —a [ | Aulf do+ 3 (I Vu ) de
where M is defined by (3.5). By using the Poincaré inequality (3.8) for
each component of u, we get
§t) S—edf |Vl dz+ M| Vul® d=
=(M—a)) fo|| Vul? dz
= —274(1),
i.e., we have
é(t) < —2n6(%).
This implies that
H(t) < @(0)e,
ie.
% L [Vu(t, z)| dz < -;- _L [Vu(0, )] dz e~2™. -

Setting ¢; =] Vuo ||, we get
| Va i< ce™.

So, (7) is proved.
In order to get the second inequality in the theorem, just use the
Poincaré inequality (3.7),

Afu—T P Va

where

U = (meas.Q)™? ./n udz. (3.17)
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This, along with (3.11), and ¢z = ¢;/V/A gives
fu-1|< ce™,

To complete the proof of the theofcm. we show (3.13)-(3.15). Differentiat-
ing (3.17) with respect to ¢,

U(t) = (meas. Q)™ fout,z)dr

= (meas.Q)! [o(DAu + F(u)) dz.
We consider the first component #(¢) of . Then
%(t) = (meas Q) fo(D1Au+ D Av + f(u))dzr

= (meas.Q)™! [o(—(V.D) - (Vv) + f(u))dz
= (meas.Q)™! fo[—~(FVu + 2ZVv) - (Vo) + f(u)]dz

= (@) +wi(2)
where we set
wy(t) = (meas.Q)™? ./Q[—(%Vu + %VU) -(Vv) + f(u) — f(0)]dz.

Since F, D" are smooth, thus, on T, 3M, A, such that {dF| < M, |VD"| £
M, hence
lwi ()] < (meas.Q)! L{M|u—T] + M, (|VuVe| + [Vo[*)] dz
< (meas. Q)M (fo 1)Y*u =~ || + My([|Vull][ Vol + [[Vo]?)]
< cpe~™

for some suitable constant ¢;. (The second inequality above is an applica-
tion of the Schwarz inequality and the last inequality is obtained by previous
results.) Similarly, for the second component T(t), we also get

o(t) = g(W) + wa(2)
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where wo(t) satisfies the same inequality as w, does. This completes the

proof.

This theorem tells us that if # > 0. then solutions of the reaction-
diffusion equations under homogencous Neumnann boundary condition and
initial condition get exponentially close to their spatial averages as t — oo,
ie., they tend to the spatial homogencous solutions in W2}(Q) exponentially
fast as t — co. Another result that we can derive from this theorem is that
if 7 > 0, then there couldn’t exist any nonconstant stationary state, i.e.,
the elliptic system

DAu+ f(u)=0 (3.18)

with homogeneous Neumann boundary condition has no nonconstant solu-
tions! This is because the solutions of (3.18) depend only on z, and theorem
3.1 implies that they must tend to solutions independent of z as ¢ — co.
In [21], Lin et al have explored the existence of stationary solutions of
K-S systems with homogencous Neumann boundary condition. They gave

an existence theorem under some restriction on the diffusion coefficients.



3.2 Stability analysis

From both the theoretical and applicd standpoints. the stability analysis is
one of the important mathematical problems. But it is hard to deal with.
In this section, we mainly consider the cffects of cross-dispersal on the linear
stability of equilibria. Our question is that if u is a stable equilibrium for
the associated kinetic system, then how is the stability of up affected by
the presence of diffusion?

Before giving the detailed investigation. we state a criterion for linear
stability here.

Consider a system
uy = Au) (3.19)
where u = u(t) € B for cach t € R*, B is a Banach space, A is an operator
defined on B.

Suppose ¢ € B is a stationary state of (3.19), i.e., A(¢)=0. Let S, be
the linearized operator of 4 about the given stationary state ¢. Denote by
o(S) the spectrum of the operator S.

Criterion for linear stability (ref. [9])

¢ is stable according to the linearized criterion (Lc.) if o(Sy) is in the
negative half-plane and is bounded away from the imaeginery ezis. ¢ is
marginally stable (Lc.) if a(S,) is in the negative closed half-plane and is
not bounded away from the imaginary azis. & is unstable (Le.) if (Ss)

conteins a point in the right open half-plane.
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Now we begin our investigation. Consider
u, = DAu + F(u) (3.20)

where, for simplicity of calculation. u = (u.v), D is 2 X 2 matrix and
F = (f,g) is a vector-valued function. Assume ug is an equilibrium, i.e.,

up is a constant vector s. t. F{up) =0. and
u; = F(u) {3.21)

is the corresponding kinctic system. The linearized system of (3.21) at
equilibrium up is

W, = 5{-1-(1.!0 w (3.22)

where %f- is the Jacobian matrix. more precisely,

e 31"' 2
Sdga(uo)=(fl f)
N G2

where f, = ZL(uo), fo = ZL(uo), ¢ = F(uo), g2 = §(uo). Clearly,
a(54) = { all eigenvalues of S4}.
The characteristic polynomial of Sy is
p(A) = det(Sq — AI) = X% = (f + 92)X + (fr92 — fo01)- (3-23)

The roots of p(\) are

M2 = (1/2)(fi + 92 £ /(i + 02)2 = 4(frg2 — fog) )- (3.24)
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Theorem 3.2 Suppose that

f1£0,9: 0. fi+g:2<0. (3.25)

Then ug s stable (l.c.) for the sysiem (3.21) if

figz2 = fagn > 0. (3.26)
unsiable if

fi92 — fag1 < 0, (3.27)
and marginally stable if

fi92 — fagq1 = 0. (3.28)

Proof: In the first case, i.c., {3.25). (3.26) hold. the eigenvalues of S, Ay, A2
are both real and negative or a pair of imaginary cigenvalues with negative
real part (f; + ¢2)/2 {when the expression in the square root is negative ).

By the cniterion, ug is stable (l.c.). For the second case, we have

(i +92)° = 4 figz — fon) > (fi + 92)%

Hence

Moo= (U/2)(f+ g2+ (i + 9202 =~ 4 frg2 — fagn) )
> (1/2)(fi+ g2+ i+gl)20.

So S; has a positive eigenvalue, thus ug is unstable. In the third case, we
have A; = 0, A2 < 0, hence up is marginally stable. Q.E.D.

Hence we have proved that up is stable (l.c.) for the kinetic system

(3.21) under the assumption that (3.23) and (3.26) hold.
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Next, assume (3.25), (3.26) hold: we investigate the stability of ug in
the presence of dispersals.

Let Q2 be a bounded subset of R*. Considler the rcaction-diffusion system
u, = DAu + F{u) ret>0 (3.29)

with homogeneous Neumann boundary condition

Jdu
o = 0 xr €I t>0. (3.30)

Here D = (D;;(u))2xz is 2 matrix with positive diagonal elements and
positive determinant for cach u € R*. The lincarized operator about u, of
the right-hand side in (3.29) is

oF
S§=8y = D(ug)d+ %(un)

DyA+fi DpA+f,
DaydA+g1 Dnd+g,

(3.31)

The arguments in the matrix are cvaluated at up. The linearized problem

is now

w, = SAw z€Q, t>0 (-3.32)

with homogeneous Neumann boundary condition

aw .
3-=0 =z€d t>0 (3.33)

Let X = {u = col(u,v) € CQ) x C¥(Q), &|sn = 0}. Consider S as
an operator defined on X. '
Let {4;,¢=0,1,2,--+,} be a completely orthonormal sequence of eigen-

vectors of the Laplace operator A under the Neumann boundary condition
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with corresponding eigenvalues {y;}. i.c.
Oy
A — pir; =0, —|on=0. i =0,1,---.
i — n lan=0.¢{=0,1
Arrange the y;’s in the numerical order. so that we have
S S < po=0.
Fori=0,1,--, we define matrices -; by

g = ( Dupi+ fi Dupi+ fa )

(3.34)
Dapi+ g1 Dupi + g2

Theorem 3.3 The operator S has X as an eigenvalue if and only if ) is

an eigenvalue of 4; for some i.

Proof: Suppose A is an cigenvalue of S. i.e.. there are col(wy, wa) € X, col{wy, wa) #

col(0,0) such that
S wh =3 w .
wa Wo

W.lo.g, assume w; # 0. Then there is at least one ¢ such that 7, =
(w; , ¥:) # 0, where we use the notation (-, -) as the real inner product in
Ly(2), ie.
= d
(¢, ¥) = [ daks(a)ds

for ¢, ¥ € Ly(2). Let 22 = (w2, ¥%). It is not difficult to see that

A; L A = .
A E =2
Hence, A is an eigenvalue of 4;.

40



Conversely, supposc A is an cigenvalue of 4; for some . Then there is

a nonzero vector col(=y, 32) € R2, such that

A; a =A = .
2 =23

Let wy = 319, we = oy, then w; € C¥HQ), %ﬂan =0,j=12. A

caleulation shows that

S wH =) W ]
wWe wWa

Hence A is an eigenvalue of 5. and the theorem is proved.

According to the theorem 3.9, the spectrum of S is
a(S) = {\ € C, ) is an eigenvalue of 4; for some z}. (3.35)

To find the spectrum of S, we only nced to observe the eigenvalues of the
A;’s. Let p;(A) be the characteristic polynomial of 4;. Then

pi(A) =det( i = A= X =Bl + ¢ (3.36)
where
b; = tr(4:) = Dupi + fr+ Doapti + g2, (3.37)
G = det(4;)

= (Dupti + f1)(Dazpti + 92) — (Daapti 2 fo)(Dapri + g1)- (3.38)

The roots of p;(A) are

X, = (1/2)(bi £ /82 - 4¢; ). (3.39)
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By the assumption on D ( Di; >0 ) and (3.25). we see that b; < 0. Hence,
from the above formula, we sce that if for all ;. ¢; > 0. then all Re(A{,) < 0,
1.e., all eigenvalues of S arc in the negative half-planc. In this case, if we
can show that they are bounded away from the imaginary axis (we will do
this below), then uy is stable (I.c.). And if there is a ¢ < 0, then A} >0, so
S has a positive eigenvalue. Hence in this case, Uy is unstable. From this
discussion we see that the stability of up is determined by the signs of the
¢’s.

In order to confirm the stability. we nced to show that if o(S) is in
the negative half-plane, then it is bounded away from the imaginary axis.

Recall
o(S) = {A,.i =0.1.---,}

where )] , is given by (3.39). We prove the following theorem:

Theorem 3.4 Suppose Re()|,) < 0.i =0,1,---. Then there is a positive
number & such that Re(Ai,) < —a,i =0,1,---.

Proof: The condition given in the theorem is equivalent to that ¢; > 0 by
the discussion of the previous paragraph.
If b2 — 4¢; < 0, then

Re(Xi,) = (1/2)b: < (1/2)(f; + g2) < 0.

If b — 4¢; > 0, then )}, are real and

2 14
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Hence

Ma S (1/2)(6 + ibi] = 225 ]) = =%

V | lo:]°
Since -
& _auitbpite
el I el
where b; = (D13 + Da)pi + fi + g2 = dp; + € by (3.37) and

¢ = (DuDx—DwDa) = det(D(uo)), (3.40)
b = fiDxp+g2D11 = (faDau + 1 D12), (3.41)
¢ = fi92— fag. (3.42)
& = aul+by; +c. (3.43)

by (3.38), and @ > 0,¢ > 0 by the assumption on D (det(D) > 0) and
(8.26), (the condition of stability for the kinctic system), hence

—-—r-{-coas;:,-—»--oo.

|B:|

Thus there is an integer NV s. t.

—>1.Vi> N,
Ibl

Let 8 =min{l, ¢/|b], i=0,1,.--,N}. then

28>0V
|&:]
Hence
M2 < 8.

So, finally, Let a = min{8, (1/2)|f1 + g2|}. then Re{){,} < —a < 0 for all
i. This completes the proof of the theorem.
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Now we look at how the dispersals affect the stability.

First, we note that if only sclf-diffusion is present. the stability of ug
couldn’t be affected. For. in this case, b= fi D + 2Dy < 0, thus ¢; > 0
for all #’s. This mcans that ug is stable.

Consider the polynomial of the second degree (with real coefBcients)
h(z)=az* +bz+ec
Its two roots are
212 = (1/(2a))(=b = VI — Zac ).

In order to determine the sign of ¢;. we analyze the positions of the roots.

(1). If b < 0, then either z;. 22 are both positive or they are conjugate
imaginary. Hence in this case /(=) has no negative roots, thus ¢; = h(y;) >
0 since ¢ > 0 and p; < 0. —stable.

(2). b > 0, ¥ — 4ac < 0. Then A(=) has only one pair of conjugate
imaginary roots. Also ¢; > 0. —stablc.

(3). Ifb > 0, b* —4ac = 0. Then h(z) has exactly one real negative root
z = (—b/(2a)). ¥ (-b/(2a)) # ;. Vi. then ¢; > 0,Vi. —stable. If there is
an ¢, such that (—b/(2a)) = u;, then ¢; =0, ¢; > 0, Vj # i, — marginally
stable. '

(4). Ifb> 0, b* — 4ac > 0. Then (=) has two negative real roots, i.e.,

z2 = (1/(2a))(=b — VI? — dac). =; = (1/(2a))(—b + V& — 4dac)

and 23 < 5; < 0. If there is a p; € (25.2), then ¢; < 0, hence in this case,
Yo is unstable.

We summanrize the above results in following theorem.
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Theorem 3.5 Let a,b.c defined by (3.40). (3-41). (3.42). If b < 2\/ac,
then g is steble (l.c.) if it is a stable equilibrium for the Linetic system.
If b > 2\/ac, then the wy may be unsiable even it is stable in the kinetic

system.

Remark 1: The condition b < 2,/ac for preserving the stability can be
refined. e.g., in item (4) above. /(=) has two negative roots = < 3y < 0.
But if p; < =3, then we still have that ¢; > 0 for all 7. In this case, for

stability we only neced
c+apd

b<
Iﬂll

(3.44)

And this 1s better because

2
c+ap
+ap > 2/ac.

|#1|

Anyway, the above analysis shows that the cross-diffusion is indeed the
factor of instability.

Remark 2: By using a quadratic form argument, we can also derive a
condition which ensures that such an S is negative definite, and thus get the
stability of equilibrium. But that is only a sufficient condition for stability.

Example 4. Consider the Keller-Segel model we studied in chapter 2:

{ u = .DlAu + D Av + f(u,v) (3.45)

v, = Dzi}‘v + g{u.v)

where D, D; are positive constants, D" = D*(u) with D*(0) = 0. Suppose
f=lv)+u, g=cu—-pv
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Figure 3.1: Equilibria

where a, 8 are positive and {(v) has the form shown in figure 3.1.
With the above assumptions, the equilibria are O = (0,0), P, M. And
fi==L o=l =, 2=-8
Hence, by previous notations,
a=det(D})>0, c=8-cal'(v).

Clearly, at O and M, ¢ > 0. Thus, O, A are stable equilibria for the
corresponding kinetic system.

Now observe the parameter b connected with cross-diffusion coefficients.
b= fiD; + 92Dy — 1 D" = =Dy — Dy — aD"(u).

If we suppose D"(u) > 0. Then b < 0, Hence the equilibria O, M are also
stable for the R-D system (3.45). i.c., in this case, the cross diffusion does
not affect the stability.

However, the following case shows that cross diffusion may affect sta-

bility. For simplicity in calculation, suppose, in IX-S model, f = 0, g as
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before, D*(u) < 0in u > 0. Then
a=dct{D)>0. ¢=0.
So, all equilibria (u,(e/8)u} arc marginally stable. And
b=g: Dy ~qD" = —,'JD; - aD".

We prove that if

1D (uo)] > 22208,

(3.46)

then the equilibrium {ug, (8/a)ug) is unstable.
In fact, By (3.46), —D" = [D™(wo)} > &2 hence b > 0. This implies
that h(z) has two real roots, 5, =0. z; = —(b/a) < 0. By (3.46),

=D"(ug)e > —apy + 3D,

l.e.

ap +b>0.
this implies that ¢ = apd + by < 0 since yy < 0. Hence we get the
instability.

Remark: E. F Keller and L. A. Segel analyzed the stability of equilibria

for their model [16]. They gave a condition similar to

D7) > 22

o

from a different way that would ensure instability. Here a more precisely
refined criterion is established, i.c.. we conclude that if (3.46) holds, then
the instability must occur, otherwise, the equilibrium is still marginally
stable.
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Part 11

On Some Problems Connécted
with the Laplace Operator in

Infinite-Dimensional Space
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Introduction

At the beginning of the century Jacques Hadamard proposed a broad pro-
gram to extend the classical theory to infinite-dimensional spaces. Hadamard
called functions with an argument varying in infinite-dimensional space
functionals (hence, functional analysis). Hadamard, Giteaux and Fréchet
constructed a theory of functional analysis. the theory of differentiation of
functionals, and applied it to the foundation of the calculus of variations.
The next natural step would be the systematic discussion of differential
equations. This situation turned out to be more complicated even with the
second order differential operators, particularly. the Laplace operator.

The first notion of the Laplace operator for functionals in Hilbert space
was introduced by Lévy [19], (revised cdition [20]). That definition depends
on the choice of basis of the spacc and the domain of this Laplacian was
not clear. During the sixtics, this problem was actively considered by some
Russian mathematicians. G. E. Silov ([31—33]) discussed a Laplace oper-
ator and its inverse on a rather narrow class of functionals. The axiomatic
definitions of the Laplace operator were given by Nemirovskil and Silov[23]
and Sikirjavyi [30].

In this article we first develop the definition of the Laplacian (given by
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Lévy) from the point of view of invariance under the change of basis. Then
we discuss some relative problems. e.g.. some properties of the Laplacian,
maximum principles, Dirichlet and Poisson problems and boundary value
problems for semilinear equations. ctc..

We note that the Laplacians with other definitions in Hilbert spaces
have been studied by E. M. Polis¢uk [25]. M. N. Feller [§]}, and Yu. L.
Daletskii [5], etc. .



Chapter 4

Laplacian in Hilbert space

Introduction

In his books [19, 20], Paul Lévy introduced a Laplacian based on the notion
of the mean in Hilbert space. That definition depends on the choice of 2
complete basis. Then G. E. Silov [31—33] investigated the Lévy-Laplacian
by considering it on a very special class of functionals which he called
regular functionals.

In this chapter, we begin with the original definition of Lévy and derive a
definition of the Laplacian on a class of C2-functionals such that the Lapla-
cian is invariant under change of basis. Then we explore some properties

of the Laplacian. One important property is the maximum principle.



4.1 The mean over a sphere in Hilbert space

Let H be a rcal separable Hilbert space with inner product (+, +). The
induced norm of H is denoted by |2] = \/(:c_.r) Let £ = {ex}$® be an
orthonormal basis of H. We always suppose that G is a subset of H. For
zo € H, p > 0, we denote by

Pi(zy) = {z€Hi(z—1p.ex) =0k =n+ Ln+2,...},
S(zo,p) = {z € Hilz — xo| = p}.
55(20,p) = S(zo0,p) N PE(xy).

We call P5(z) the n-plane through z with respect to the basis E (some-
times the superindex E is omited), S(xp.p) a sphere at the center zy and
radius p, Sp = SF(zo,p) the n-section of a sphere S(zo, p). Clearly, Pfis
isomorphic to R*, S, is isomorphic to a sphere in R*. Without confusion,
we denote by |S,| the (n— 1)-dimension measure of S, in R™, and the mean

of a function f, defined in P£ over a sphere S, is

Mn(f,.,sn)=ﬁ [ £t do(z) (4.1)

where don(z) is surface element in R".

Definition 4.1 Let f = f(z) be ¢ functional defined in G. The megn
ME(f.20,p) of f over the sphere S = S(z0, p)(C G) w.r.t. the basis E is de-
fined by the following limit

ME(f,20,0) = Jim Ma(fi- Sul0,p)) (4.2)
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whenever it exists, where f, = f| FE{ro)-

If the value ME(f, xq,p) is independent of the choice of the basis E,
then we say f has an invariant mean over the sphere S = S(xo. p) and this
fnvariaut mean ts denoted by M(f, 70, p). or M(f. S) or My o(f)-

If for each point x € G, M(f.x,p) ezists for all sufficiently small p,
then we say that f has an invariant mean in G. The set of all functionals

which have an inveriant mean in G is denoted by M(G).

Example 5. Let @ € H, fi(z) =(a.z). Then, by dcfinition,

M(flvrm P) = (arxﬂ) = f‘l(xO)'

Example 6. Let S be a Hilbert-Schmidt operator on H. Define a
functional by fo(z) = (Sz, z). Then f, has an invariant mean in H and

forevery zp€Hand p> 0

M( fa. 20, p) = falo).

Calculation: Since S is a Hilbert-Schmidt operator, there is an orthonor-
mal basis E = {e;, k =1,2,...} and a sequence {M\.k = 1,2,...} such that

Ser = Arer and 32, A% < oo (ref. [27]). Under this basis E, f = f, can be

written as
o
flx) =3 Mai
k=1
where z; = (z, ¢;)-

First we calculate the mean MZE(f, zo, p). Since
2% = (71 — zor)® + 2roulxr — Tox) + 2%,
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then

f(z) = flao) + 2 Ml (g = xor)* + 2ol Th — Tor))-
k=1

Hence

fE(z) = Flpe = f(xo) + i Me((@ = 2ok )® + 2xor(xs ~ Tox)),

k=1

and

ME(f,20,p) = lim Ma(fu. Sa(z0.p))

= flzo) + m Ma(Y Ml(zi — ror)® + 2zor(zs = Zar))s Sa)
k=1

= f(zo)+ lim L; MM ({23 — wor ) + 2xor(ze — Tor), Sn)

where Sn(z0,p) = {z; Ticy Ik — zotl* = p°}. 20w = (20, €1).

In R", it is not difficult to get that

qu(xke Sn(O-P)) = 0. (4-3)
Mu(ah. 5.(0.0) = —p?, (4.)
Mu(zrxjs Sal0.p)) = 0, k#7. (4.5)

Hence, from (4.3), (4.4), we get

.1 &
ME(f,z0.p) = flz0) + lim =p* 3 M.
k=1
Since Ay — 0 as k — oo, this implies that {)\;} is (C,1) summable and
2 ¥ k=1 M — 0, hence

ME(f, 20, p) = f(z0).

Now , for any basis Q = {q;,7 = 1,2....}, let [s;;] be the doubly infinite
matrix of the operator S under the basis Q, ie., 3;; = (S¢: , ¢;). Hence,
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So; = 372, 84395 1 = 1.2,.... For any y € H. we write y = T2, vigi, %

(v, ¢i). Then

o~
f@y=(Sy. vy =Y. si;py;.
fa=t
Let y, € H, and rewrite f(y) as follows
[ =]
f@) = 3 sy — voi)(y; — vo;) + voilys — voj)

ij=1

+y0;(vi — voi) + Yoio;)

oK

= 3 (= yoi ) y5 — woi) + voil ¥ — ¥o;) + voj(¥i — yoi))

=1

+f(30)-

Then

FR(y) = flyo) + 2 sil (¥ = voi ) ¥; — yo;) + yoilyj — ¥o;) + o; (¥ — yoi))-

i,3=1

Hence

MO(f(y)swo.p) = lim Ma(f2.30.p)
no 2
= f(yo)'i'“ﬁ_ngo;%sﬁ

by (4.3), (4.4), (4.5). Since S is a Hilbert-Schmidt operator. i.e.

tr(SS7) = Zsfj < .

i
S0
S = 0
hence
n
']; ZS;; —+0.
ni

(4.6)



Hence, we get

;MQ(f, Yo.p) = f(!!o)-

Therefore, f has an invariant mean over any sphere $(zp, p} and
M(f.x0.p) = flxo).

Remark: Glance at ezample §. we only used (4.6) in the calculation.
K § is a symmetric compact opcrator on H. the conclusion of ezample 6 is

still irue by the following well-known result.

Lemma 4.1 § is a compact operator on H if and only if for any orthonor-
mal basis Q = {914[2, i '}.-

(Sgi.qi) — 0. (4.7)

Proof: We only prove the necessity. Since S is s¥mimnetric compact operator,
there exists an orthonormal basis E = {erk = 1.2....} and a sequence
{Ak = 1,2,...} such that Ser = diep with Ay — 0 (ref. [27]). Let

A = [a;;] be the matrix of the transformation from E to Q, i.c.,

[~ -]
G= aje.i=1.2....
e
We have
0
dah=(g, a)=1i=1,2,...,
=1

lma; =0, j=1.2.....
e



Since A; =0, given € > 0. 3V, = t. |A;| < e when j > N. Hence

(Sqi . 2)] = 12 a}l
Jj=1
N -3
< Y aiNl+ Y d|N
J=1 N+l

< i“?jl’\jl +€
S e
Hence, (4.7) holds sinee ¢ is arbitrary. Q.E.D.

In fact, (Sq; , ¢:) is the lincar mean of {A;} (determined by the ma-
trix M = {a?;] ), and M is a regular matrix. Hence lm;_(Sq; . ¢;) =
Lmy o A = 0 (ref. [3S]).

Example 7. Let fa(z) = (r.r); Then.

M(fz.x0.p0) = P2 + |-1'0|2- }

Theorem 4.1 Let T be ¢ lincar symmetric operator on H. Then f(z) =
(Tz , z) has en invariant mean iff T = I + T where T is a completely

continuous operator.

Proof: Sufficiency is the result of wuﬁplc 7. 6 and the remark above. Now
we give the proof of the necessity. Suppose M(f, 0, p) exists for any basis
E = {e),€2,---} and does not depend on the choice of basis. Let [v;] be
the matrix of the operator I' under the basis E, i.e., 7; = (Te;, e;). From
the calculation in ezample 6, (p. 55) we sce that ‘

M(fr0,0) = ¢ lim = 3

=1

[41]
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where f = (I'r , z). Since the limit cxists and does not depend on the
choice of the basis (especially, not depend on the order of the basis vectors),
there must be a number 4 s. t.. 7; — 5. (Otherwise. if lm;_ v; does
not exist, then the (C. 1) sum of the sequence must depend on the order of
the sequence. Hence lim,_o 2 37, 7ii = i ;i exists ([38]). The left
band side of this equality is independent of the choice of basis, so there is

a number - such that v;; — + for any choice of basis.) Let
T=T-+I. T=[t;

Then t;; = i — v — 0 for any choice of basis. Then by lemma 4.1 T is

compact. Q.E.D.

Theorem 4.2 Let fi(z),.... fm{zx) be finite unifermly continuous func-

tionals which heve invariant means in G. and let F be ¢ uniformly con-
tinuous function d_cﬁncd in R™. Then F(z) = F(fi(z)...., fm(2)) ¢lso has

an inverient mean in G and

M(F) = F(M(fi). ... M(fm))-

In order to prove this theorem. we introduce a notion and a lemma in
Lévy[19] here.

Definition 4.2 Let S = S(xo.p) be a sphere in H and S, = S,(z0,p) =
SN P(zg). Let f = f(:c) be ¢ functional defined on S and f, = fls,. Let

M be some constant. For § > 0, we use |5,(8)| to denote the measure of
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Sa(8), the set of points of S, for which |f, ~ M} > 6. If there is some ¢y > 0

such that when § < ¢y, we have

IS0 _
A5

then we say that the equation f(z) = Al holds almost everywhere (a. e.) on

the sphere S.

_Lemma 4.2 If f(z) is uniformly continuous on the sphere S and M(f) =
M(f, §) exzists, then the equation f(z) = M(f) holds almost everywhere
on the sphere S. (See Léwy [19]. part III, chapter 2).

The converse is also true:

Lemma 4.3 If a bounded uniformly continuous Sfunctional f satisfies the

equation f = M almost everywhere on S, then M{f) ezists and

Proof: Let § > 0 be small enough and K = ||f]lo + M. Then

[Ma(f) = M|

I

|-Ma(f = M)

1 .
5. Js |f — L]

1
m( Sni6) If =M+ -/;..—s..(ﬁ) If = ad)

-1Sa(8)]
< K __|Sn| +4é

— &, asn— oo

A

Hence the lemma 4.3 has been proved since & is arbitrarily small.

o9
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Proof of theorem 4.2 For simplicity, we just let m = 1. The other cases

are similar. By lemme 4.2, f = M(f) a.c. on any sphere § € G. Hence
F = F(f) = F(M(f)) a.e. on S since F is uniformly continuous. Hence
M(F) = M(F(M(f))) = F(M(f)) by lemme 4.3. Q.E.D.

Theorem 4.3 Let {f,} be a sequence in M(G) and f, — f uniformly.
Then f € M(G), aend

Jw(f,l'o, P) = ”]l-il%o-"w(fm!xu! P)°
Proof: By assumption, given € > 0, Img such that
|f(z) = fm(z)] < €Yz € G.m > my.

Let zo € G be fixed but arbitrary. Then for any n, the above inequality is

true on the plane P,(zo) (with any basis), hence
|Ma(frz0,p) = Moa(fmsZTo-p)l <€ Yn=1,2,..., m > my. (4.8)
Since f,, has an invariant mean, hence Ing. s. t., when n.n’ > ny,
| Ma(fons: Zo: p) = Mur{ fmo- %o, p)} < €.
Then by a 3e-argument, for n.n' > ny.
| Ma(f; 20,2} = Muw(f. 0. p)| < 3e.

We have proved that the limit M, (f,zo.p) exists ( under any basis ). In

(4.8), by letting n — oo, and then m — oc we get

J"t(f, 1 L0y P) = mﬁll& Jw(fm: To, P)-

Hence, f € M(G). QED.
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Definition 4.3 (Silov) Let f be a functional in G. If there are finitely

many elements a,,....a,, in H such that f can be expressed as
f(z) = F({a1, 2).....(am. 1), Jz)") =z€G (4.9)

where F is o function defined in o suitable subset Q C R™*!, (e.g.. Q@ D
{({a1:2)y. - (@m, ), |z )z € G}), then we sey f is reqular in G. More-

over, if in the ezpression ({.9), F docs not depend on |z|?, we say that

1s simple.

By theorems 4.2, 4.8, and ezamples 5. 7 (p. 53-57), the following

corollary is clear.

Corollary 4.1 Al reqular functionals and uniform Lmits of reqular func-

tionels have tnvariant means.
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4.2 Definitions of Laplacians and some
simple properties

Definition 4.4 (Laplacian) Let f : G - R'.29 € G and let f have an

tnveriant mean et xy. Define the Laplacian L of f at xy by

2
Lf(xo) = lim —(M(f.z0.p) — f(20)) (4.10)
—0p

whenever the limit exisis,

Remark: The definition of the Laplacian here is independent of the

choice of basis.

Definition 4.5 A functional f is celled harmonic if Lf = 0. The set of .
all harmonic functionals in G is denoted by D(G). '

Now we look at some cxamples given in the preceding section (p. 53~
57). Clearly, Lf; = 0, i.c., f is a harmonic functional. Also Lf: =0. In
fact, fa(z) is the uniform limit of a sequence of simple functionals.

Generally, all simple functionals and uniform limits of sequences of sim-
ple functionals are harmonic. (This is a consequence of ezample § (p. 53),
theorems 4.2, 4.8 in the preceding section and definition 4.4.)

For ezample 7 (p. 57). it is casy to get that
L f3= 2.

Generally, if f is regular and has the form (4.9), then V2 € G, p > 0
small enough, by ezample 5,7. theorem 4.2. we have

M(f,z,p) = F((as, z)se--(@n. 7); l-’r|2 + p2)-
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So, if F is differentiable in the last variable &,4;. then f can be operated

on by the Laplacian and we have

OF
Lf(2) = 25— lemprmier - (4.11)

Hence, if we restrict functionals to the class of regular functionals, the
definition 4.4, (4.10). for the Laplacian coincides with the one that Silov

gave in [31]. Later we will see that our definition is a proper extension of
Silov’s.

Now, we consider the Laplacian acting on C*-functionals.

Let G be a subset of H. We denote by Cy(G) the set of all uniformly
continuous and bounded mappings from G to R. C,(G) endorsed with the
norm

I & flo= sup{] é(x) |. 2¢G}

is a Banach space. We shall denote by CF{G).(k = 1,2) the set of all the
mappings ¢ : G — R which are Fréchet differentiable up to order k and
uniformly continuous and bounded with all derivatives of order less than or
equal to k. The Fréchet differential operator of order j is denoted by D4,
Cy(G) endorsed with the norm
k
Fo =l 6llo+3_ 1l Do llo
i=t

is a Banach space. For any ke, let D, = ﬁ be the linear operator in
Ci(G) defined by

dé(x)
a.'tk

(Des)(z) = =) = lim 206l + hes) — 6(2))
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for ¢ € D(Dy), (D(-) is the domnin of the given operator), that is, D¢ is
the Gateaux derivative in the direction €. If o is Fréchet differentiable,

then
Dio(xY=(Dofr). ).
Similarly, for ¢ € C?. we denote

&0

== = Do = (D%0¢; . ).
oz *

Theorem 4.4 If f € CX(G). and Lf ezists. then

Lf(z) = Ma((D*f()y . y))- (4.12)

Moreover, if E = {e,}{° is an orthonormal basis. then

Lf(z) = Jim = LTz (4.13)

—®n oz}

Proof: By definition and a calculation.
2
Lf(zo) = 11111 5 (M(f. 0. p) = f(x0))
9
= E.ii!.% F.’ .ro.p(f('r) - f('rﬂ))
9
= lim —Moi(f(zo + py) = f(20))-
p—0 p?
Since f € C¥(G),
1, .
f(zo+py) = f(z0) = (Df(xo). py)+ 3(D°f(x0) s py x py} + o(p?)

= o(Df(zo). y)+ %(sz(xo)y . ¥) + o(p?)
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and M(Df(xro) . ) = 0. Hence we get

Lf(xo) = Mo(D*flao)y . y).

For the second conclusion. by the definition of the mean,

Mor(D*f . yxy) = lim MoynlD*f. 3 myjer X ¢5)

k=1
= bm 3" Mora{mugi {D?f . ex x ¢;)
o=1
= lim Z -].'(sz « €L X ek),
neee k=1 n
since
0 ifk#j
Moaalty;) =
& ifk=j.
Hence
& f
Lf(z)= Jim O Z 5o
Q.E.D.

From now on, we will use formula (4.12) as the definition of the Laplace
operator L on the functionals of C?-class and denote by Dg(L) the set of
those functionals whose Laplacian exisis and are bounded uniformly contin-
uous in G. About the domain Dg(L) of the operator L in C?, we have the
following theorem.

Theorem 4.5 Let G C H,f € C}G). Then f € Dg(L) if and only if
there is a ¥(z) E C(G) and e compact operator T(z), for ecach z € G,
such that D f(z) = 4(z)I + T(z) where I is the identity operator on H.
Moreover, Lf(z) =~(x).



Proof: Just use theorem 4.1 and theorem 4.4. Morcover

Lf(x)

Moa(D*flr)y. y)
= Moal{+{()y. y)) + Mo (T y))

= ~{x).

The last equality is obtained from the results of ezamples 6, 7 (p. 53-57).
Q.E.D.

If we denote by
F(G)={feC{GC)Ive CG)d D*f —Iis compact on H},

then theorem 4.5 says Dg(L) = F(G).

The following are some simple and useful propertics of L.

(1). L is a lincar operator. ic.. if u.v € Do(L). a.B are two real

numbers, then

Liou+ 8v)=alu+ 3Le.

(2). L is a derivation. More precisely. if u,v € Dg(L), then uv €
Dg(L), and
L{ut) = vlv + (Lu)r.

(3). Ifu € Dg(L), ® € C*(R), then the composition ®(u) € Dg(L) and
L(®(u)) = ¢, (u)Lu.

The linearity (1) is clear. We give a proof of (3) here. Since



a0y O L 0u o du ,0Fu
ori = Ory ® oy =1 (a.rk) +& oz}’

e " ﬂ.- t'
ZE"I’ Z( ) P Zaxk?

"‘Ll Lt l?Ll

and by letting n — oc. we get
AP = ' Au

since Dyu(z) € H, thus {Diuf — 0.
To get (2), just do a similar calculation.
The properties (1) and {2) show that Dg(L) is an algebra over R'.

By theorem 4.5, we also get

Theorem 4.6 If f € C3(G). then f is harmonic in G if and only if D*f(z)

( as an operator on H ) s compact for ench x € G.

Example 8. Let = = {¢} be a basis for H. Let m 2 3, and define

flz)= Z(r

By a calculation we find that D?f has ex. & = 1.2,... as its eigenvectors
with corresponding clgcm-mlucs A = m(m — 1):::""‘2 where z; = (z , ),
and limy_., M = 0 {m > 2). Hence D*f(r) is a compact operator for each
z. Hence, Lf =0.

It is not difficult to see that f is ncither a simple functional nor a regular

one. Assume the contrary that f(z) is regular, say

f(&?) = F((a;,x),---.(an,:r), lez)s T e H
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for some continuous function F on R"*+!, Then

1= fler) = Flag.es)oo o (ap.ci). 1)

which converges to F(0.---,0.1) as & — cc. Thercfore F(0,.++.0.1) = 1.
On the other hand. let pp = (¢, + -+« + c;.-)/\/z. Then [pi] = 1 for all
k and pi converges to zero in the weak topology. Thus, again, f(px) =
F((@1,px)s s (@n,pr). 1) converges to F(0.---.0.1) as k — co. But
o
for) = o) = ="~ 0
as k — oo and therefore F(0.---.0.1) = 0. a contradiction.

Furthermore, we sce that f is the limit but not the uniform limit ( in any
bounded domain ) of a scquence of simple functionals f, = ¥r_,(x . )™,
n = 1,2,.... This example shows that the Laplacian we just defined is
really an extension of one Silov studicd in [31—33].

We will discuss other propertics of L in later scctions.

Now we introduce a norm on F(G) as follows

LA =N £ llo + 1l LS llo (4.14)

where || - [|o is the uniform norm.

Denote by .A(G) the closure of F{G) with the norm | - ||

From the original decfinition (4.10) of the Lévy-Laplacian, there is no
requirement for the second Fréchet derivative of functionals. We shall show
that the Laplacian defined by (4.12) for functionals in F(G) can be extended
to A(G). We will do that after maximum principles are established in the

next section.
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There arc several other definitions for the Laplacian in infinite-dimensional

space. We mention some here.

Definition 4.6 Let f € C3HG). The Laplacian Lo is simply defined as a

frace operator of the sccond Fréchet derivative, that is
" Laf = Trace{ D*f). (4.15)

This definition coincides with the usual onc when the Hilbert space is
finite. This has been studied by some mathematicians. We refer to L. Gross
[13] and the literature therein. It is noted here that even though the second
Fréchet derivative D?f cxists. we cannot conclude that D*f is trace class.
For example, if f(x) = (z.z). then D*f could not be trace class. In order

to avoid this, the other * modified™ operator was defined as follows.

Definition 4.7 Let f € C}(G) wad lct S be a positive nuclear operator on
H. Define a Laplacian Ly by

Igf = Trace( SD*f). (4.16)

By dcfinition, there is a basis {¢x} and a sequence of positive numbers
{At} which is summable such that Ser = Mer bk =1,2,.... Hence L3 has
the form

Laf =3 M D fer. ) ’ (4.17)

k=1
(ref. Da Prato [6], Yu. L. Daletskii [3] ).
Jf we denote by D(L)(i = 1.2.3).(L; = L) the domain of the operator
L; in C?, then we have

D(L.) € D(L1) € D(L3) = C. (4.18)
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4.3 Maximum Principles

The maximum principle is one of the must uscful tools in the study of partial
differential equations. In finite-dimensional spacc, there are many known
versions of maximum principles for the Laplacian, sce [26]. So. it is natural
to investigate similar properties for the Laplacians in infinite dimensional

space. This is the main subject of this section.

Theorem 4.7 (Maximum Principle) Let G be a bounded connected sub-

set of H, and let u € C3(G) N Cy(G) satisfy

—Luz20 (-Lu<0) =G, (4.19)

i%f u(z) = 15161‘.' u(zx). (s%p u(z) = s;g) u(z))- (4.20)

Proof: Let {e;} be any orthonormal basis for H. By theorem 4.4,

n 2
Lu=lim 25 2% (4.21)

First we consider the case in which —Lu > ¢ > 0in G where ais a
constant.

Assume the contrary that up = infzu(z) < u; = infae u(z)-

By the definition of uo, we can get a sequence of points {z,} in G, such
that u(z,) — up. By the assumption, only a finite number, if any, of
points of this sequence are on dG. In fact, if there is a subsequence say,
{zn,} of {zxa} which belongs to dG, then {u(z,,)} is a bounded sequence
of R!, thus there is a subsequence which converges to ug. Thus, u; < ug.
—Contradiction.

i
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Also, we can choosc a subsequence. still eall it {z, }. such that dist(z,,0G)
converges to a constant. &,. By the assumption that uy < uy, it is not dif-
ficult to see that §; > 0 by the fact that « is uniformly continuous and the
usual analysis. Now we prove the result by the following 3 steps.

1. So we can assume that there exists a sequence of points {z,} in G
with dist({z},0G) > &,. And for cach sufficiently large m. there is a zm

such that (2m) — 2o < L. Henee we have
1
w(r,) < ulx)+ - Vr € G. (4.22)

since ug < u{z) for all = € G.
2. Since u € C}HG). D*u is uniformly continuous in G, i.e., Ve >

0, 3¢ > 0, such that for all x.2o € G.|v — 7| < &
A D?ulx) — Du(xy) I< e

Hence, for all integral k. we have
Ia"'n(:r) _ Qu(zq)
oxs 9z}
Now, for € = a/4, there is a &. such that when {z — z4| < &, we have

JTZ 'u(:co) \-za‘u(:c) \_i ‘u(.-ro) +ajs  (424)

k=1 7 k=1 7 k=1

| < e (4.23)

for all V.

3. Let § = min{éy.4:} and m be so large that 1/m < (a/8)6%. We
choose a point z,, in G such that (4.22) holds (sce itmﬁ 1.).

Since i

1 2y '
—"113.}0 zd:c('t)>a>0 zeG,

nk—l k
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it Is, In particular, true at r = z,,. Henee there exists an integral N such

that )
1 & Bu(enm)

LA - i Y (4.25)
N k=1 T

By the second inequality in (4.24). replacing zo with z,,, and using

(4.25) we get

1 & 82u(z) N 92 u(:rm)
e dun) 1 —a/4>afd 4.2
N el D TRE e Cizer wm)
for all z € B(zn,8) C G.

Now let By(zm,8) = B(x,,.6) N Pyl{x,,). Define
ux(z) = u((z,eq)..... (riex)(em-exsrde.... ) z€G.

So we can look at u as a function defined in a bounded domain of RN,

and thus we have

Z a",‘ () > a/4. (4.27)

N =
Let w(z) = un(z) + (a/8)|x — 2. # € Bx(z,,.8). From (4.27) we get

1 & O*w(z)
N

)50 € By(zm.b). (4.28)

k=1 a‘rk

By the maximum principle for clliptic operators in R¥, we get
un(x) +(a/S)lx — zn|* 2 51}3{_1(“.\"'1' {afS)|z ~ zn[?)

for all z € By. In particular,

uy(zm) 2 min(ux(z)) + (a/8)8%.



Hence there is a 2° € 9By such that
ux{tm) 2 ux{r™) + (a/S)8°.
Hence z* € G is such that

() > u(x") +(a/S)8* > u{z™) + 1/m (4.29)

by the choice of m. This contradicts (4.22). Hence we have proved the
result when —Lu > a > 0.
Now we can finish the proof of general case (—Lu > 0) as usual by

introducing the awxiliary function:
r{zy=ulr)-dlrff VreG
where § is an a:rbitrar}' positive munber. Then
—Le=—Lu+26 2 26 > 0.
By the result we derived above. we got
i%f vr) = n%'f v(x).

le.

inf u(x) inf(v(r) + 8jz)*) 2 inf v(z)
G G [

. . _: _ 2
%rgt.(r) = {p}é’(u(z‘) 8|z[*)

> xancf u(z) — 6s%p ||
Since G is bounded, ¢ = supg|r]? < oo, and so for cach § > 0

i%fu(x) > igg'n(x) - ée.

3



Now letting § — 0, we get

inf u(x) > inf u(x).
G e
Q.E.D.

Remark: By the similar argument it is not difficult to see that the
maximum principle also holds for other versions of the Laplacian defined
by formulas (4.15) and (4.16).

Now consider u(z) = I, =} where /s are the coordinates of z with
reference to an orthonormal complete system in a unit ball G = B(o, 1).
Then u(o) = 0 and u(z) > 0 if z # 0. In ezample § (p. 67) we have seen

Lu(z) = 0. By the maximum principle, we have, forall z € G

infu< <s ,
%Gu_u(:c)_ ;g)u

hence,
0< [ixll_flu < ufo) =0,
ie.
inf u =0,
|z]=1

despite the fact that u(z) > 0 on {|z| = 1}. This result also reflects the
fact that the unit ball in infinite-dimensional normed space is not compact.

From the above example, we also sce that the strong maximum principle
is not true for L, since, in the above example, Lu = 0, and u # constant,.

but u has a minimum in the region. What we can conclude is

Theorem 4.8 If —Lu > 0 (—Lu < 0) in G, then u could not get a mini-

mum (mezimum) value in G.



Next, we observe the boundary version of the maximum principle.

Let G be a bounded subsct of H with smooth boundary 8G. Let
i = (Ny,...,Np,....) be the unit normal vector in an outward direction
at a point P on the boundary of G. We say the vector v = (v15272,...,)

points outward from G at the point P if (».7) > 0.

For example, let G = B,(R). the ball in H with the center at the oﬁg‘m
and radius R. The boundary 9G is given by g(z) = |z|*> = R? = 0. Then'
the unit normal vector in the outward direction at the boundary point
P:z=(z1,22,...,) is

7= —{r.ra2...).

I
Let u be a function from G to R. P a point on 9G. We define

du o . ulP)—u(Q)
o = B TP g

if the limit exists, where Q = P means that Q tends to P along the direction

v. It is easy to sec that if ueCHG).
du . =~ Ju
a(P) =(Du, v)}{P)= :h_z_a},gl rzka(:r).

We know that the Hopf boundary point version of the maximum prin-
ciple holds for usual clliptic operators in R" (sce [26]), but in infinite-
dimensional space it is not generally true, as we can see, from the following
simple example.

Example 9: Consider the problem

Lu =(R-r) in B,(R)
u =0 : on 9B



By a direct calculation. u = 1Rr® — 1r® — 1R% is a solution. Clearly u
satisfies Lu > 0 in B,(R) and v attains its maximum at all boundary
points, but v (r)=r(R—r)—=0asr — R.

About the sign of the derivative at the boundary. we have

Theorem 4.9 Let Lu > o > 0 in G. Suppose that u < M in G and that
u = M at ¢ boundary point P. Assume G has a internally tangent ball at
P. If u is continuous in GU {P} and an ontward directional derivative L

a
ezists at P, then

du

v

at the point P (where v is the outward dircction from G at P ).

>0

Proof: Let K be a ball internally tangent to G at P,

Define an auxiliary function as follows:
2 .2

tla)=¢"" —¢ni rel,;

where r) is the radius of the ball K, and r is the distance of a point  from

the center of I\'y. Then -

and v ]3;{:= 0.

Now let w = u + év. Choose & small enough such that
Lu=Lu+éLe20 in K.

This is possible since Lu > o > 0, and | Lv |< 2. On the boundary of K,
we have w(P) = u(P) = M and

w fox,= t o, < M.
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By the maximum principle (thcerem 4.7). we have
w <A m ;.

Since w(P) = u(P) = Al. w attains the maximum at the boundary point

P, thus

dw
3o 20

i.c.

Jdu .ov
_— d—Ilp>0.
a"lf’ + aV[P Ft

On the other hand. at the point P. we have

dv O 2
— = —(t.T) = =2re”" (.71
dv an( (v.77)
where 72 is the outward unit normal direction. Since (v.77) > 0, thus
dv
P <0

Combining the above results. we get q—,:-] p>0. QE.D.

Now we use the maximum principle to derive an “a priori” estimate.

Corollary 4.2 Let G be o bounded connected subset of H, u € CFG) N
Ci(G) and f € Cy(G) such that

Lu=f.
Then
Il lo< sup Ju(x)| +c | f llo (4.30)

where ¢ is a constant depending only on G, in fact, we may take

c = sup{|z]*/2, z € G}.



Proof: Let

g=glr)=c—{r*/2

v=ro(r)= ;..:}p leeed] + gle) || £ {fo -

Le={(Lg(z) || f llo= =] f llo-
hence

=L{e—u)y=-Le+Lu=]| flo+f>0.
(v—u)loe = 5}"2;131"1'!‘ Il £ llo (9()lac) — w(z)ve
2 supin} ~ u(x)ag 2 0.
G
By the maximum principle (theorem 4.7). we got
ofr)—u{r)>0.

Le.,
u(z) S sup u| + g(x) || f o -
9G

Similarly, replacing « by —u. finally. we get inequality (4.30). Q.E.D.



4.4 Extension of the Laplacian

With the help of the maximum principle, we are going to extend the defi-
nition of the Laplacian given by (4.12) on C? functionals to a broader class
of functionals.

Recall the notation of the previous section:
F(G)={f € CHG),D*f =4I+ T,v € Cy(G),T compact}

with the norm |} 7 [|=[ f llo + || Zf |lo is a normed space. Let A(G) be the
closure of F(G) under the norm || - ||
In order to extend the definition of L to A(G), we first prove

Theorem 4.10 Let G be a bounded subset of H. Assume that a sequence
of functionals {u,} € F(G) satisfies up — 0, and Lu, — g(z) uniformly in
G. Then g(z) =0.

Proof: We prove the conclusion by contradiction. Suppose ¢(z) # 0. With-
out loss of generality, suppose there is a point zo € G such that g(zo) > 0.
Let ¢ = g(z0)/2.

1. By continuity of ¢(x), 36, > 0, such that

q(z) Zc> 0 in B(xo, 61)

2. Since Lu, — ¢(z) uniformly in G, for any given §; > 0, there is an
integer N, such that
| Lun — g ll< 82

holds for n > N, i.e.

g(z) — 8 < Lun(z) < g(z)+ 62, VzeG.
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Take 6, = ¢/2. Then
Lun(z) > ¢/2 in B{xg,6,). n > N,

hence
L(un(z) = ¢/4|z - 20[*) > 0 in B(xg,6,), n > N.

By the maximum principle, we get, for all € B(zo,61),
un(z) = (c/4)le — 20> < sup (un — (c/4)|z = zo*).
3B8(20.01)

In particular, if we let z = z,, then for n > N,

un(To) < supu, — (¢/4)83. (4.31)
oB

3. Since u, — 0 uniformly in G, for cvery small positive aumber € > 0,

there is an integer N, such that
funll<e for n2>N,. (4.32)
Take € < (¢/8)82, N = maz(Ny, N,). By (4.31), (4.32), we get
un(Z0) < (¢/8)8] — (¢/4)6] = —(¢/S)6 < 0
for n > N. This contradicts the condition that %, ~ 0 uniformly. Q.E.D.
Now, for f € __A(G), G a bounded subset of H, there is a sequence

{fa} € F(G) sa.tlsfymg fa — f uniformly and {Lf,} is a Cauchy sequence
with the uniform norm. Then we define the Laplacian of f by

Lf(z) = lim Lfa(z). (4.33)
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Theorem 4.10 assurcs us that Lf is well-defined (since the definition is
independent of the sequence f, chosen). Hence the domain of the Laplace
operator could be extended to A(G) and clearly all smooth regular func-
tionals (Silov’s definition) are included in A(G).

By the standard limit arguments, the propertics 1, 2, 3in §4.2 still hold
for the extension L defined in A(G).

Correspondingly, we can cstablish the maximum principle for L acting
on functionals in "1.(6)'

Theorem 4.11 Let G C H bounded, u € A(G).Lu > 0. Then
sup u(z) = skg) u(zx). (4.34)

G
Proof: By a usual limit argument. First assume Lu > a > 0 where a is a

constant. There is scquence {u,} € F(G) such that
Up = u. Lu, = Lu  uniformly.
Letting € < ¢/2, 3N such that for n > N,
| Lun, — Lu ||< e

Hence, forn > NV,

Lu,(z)2ef2>0 in G.

By the maximum principle for functionals in F(G),
sup up(z) = sup u,(z).
e oG

Letting n — co, we have, since u, — u uniformly,

sup u(x) = sup u(z). (4.35)
& oG
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Now assume Lz > 0. Let wis(x) = u(z)+8]r}* for § < 0. Then Lws > 6 > 0.

By what we have proved,
sup g = sup w;,
I 9G
le.
sup(u(z) + 8l|*) = sup(u(z) + 8|z [*).
e 3G
Since G is bounded and § is arbitrary small, we finally get

supu(z) =supu{r).
e 9G

Q.E.D.



Chapter 5

Boundary value problems

Introduction

In this chapter, we investigate the existence of solutions of boundary value
problems associated with the Laplacian we discussed in the preceding chap-
ter. G. E. Silov solved the Dirichlet and Poisson problems for the Laplacian
restricted to the regular functionals and a class of simple domains. In §3.1,
we establish a necessary and sufficient condition on the domain for the solv-
ability of the Dirichlet problem in fundamental functionals. We also give
a more explicit expression for the solutions of Poisson problems (compare
to the one given by Silov in [31] ). G. E. Silov’s consideration is 2 special
case of our results here. In §5.2, we look at the radially symmetric prob-
lems. An interesting remark is that B. Gidas et al’s results for radially
symmetric problem in n-dimensional space also hold for this Laplacian in

infinite-dimensional space. Finally, more general boundary value problems
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of nonlincar equations arve studied in §3.3.

5.1 The Dirichlet and Poisson problems

In this section, we consider the Dirichlet problem and the Poisson problem.
We will give a necessary and sufficient condition on the domain for the
solvability of the Dirichlet problem in the class of fundamental functionals.
In our derivation, the maximum principle plays an important role.

The Dirichlet problem is to find a functional u(z) which takes the given
values on the boundary 9G of a given domain G € H and is harmonic in

this domain, i.e., solve the following boundary value problem

Lu = 0 in G, (5.1)
u = é(z) on 9G. (5.2)

The Poisson problem is to determine a functional u{z) which satisfies the
equation

Lu(z) = f(z) inG (5.3)

and the homogeneous boundary condition
u=0 on 9G (5.4)

where f is a given functional.

First we show the uniquencss of solutions of these problems. It is a

natural consequence of the maximum principle.
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Theorem 5.1 The Dirichlet problem (5.1). (5.2) has at most one solution
in the functional space A(G).

Proof: Suppose uy,ux € A(G) are two solutions of (5.1), (5.2). Then
w = u; — u; is also the solution of (5.1) and cquals 0 on 8G. By applying
the maximum principle, we get w = 0 in G. i.c., u; = uz. The uniqueness
has been proved.

Similarly, we have

Theorem 5.2 The Poisson problem (5.3), (5.4) has at most one solution
in the functional space A(G).

Definition 5.1 (Fundamental functional for the Laplacian) If a func-
tional f defined on a subset G of H can be represented by a composition of
a smooth function defined on a subset Q of R**' and n haermonic func-
tionals defined on G and the basic functional |z|?, i.c., there are 3;: G —
R, Ls; =0,(i =1,---,n) and F = F(&.,--*,€nsbns1) : @ — R, 5. L
f(z) = F(si(z), -+, sa(2), |2]?), then f is called a fundamental functional.
Denote by B(G) the sct of all fundamental functionals.

It is easy to sce that any smooth regular functional is fundamental.

Definition 5.2 (Fundamental domain) Let G be a bounded subset of
H with boundery 0G. If there is a harmonic functional s(z) such that
s(z) > |z|? in G, s(z) = |z[* on 3G, then G is called a fundamental domain,

and s(z) is called the representation of the domain G.




Clearly, the domains considered by G.E. Silov [31—33],
G ={zr € H; [z]* < h((ar.x)s"-,(@n, z))},

are fundamental.
Now we prove a nceessary condition for the solvability of the Dirichlet

problem.

Theorem 5.3 Let G be e bounded domain in H. If the Dirichlet problem
13 solvable for all reqular ¢, then G must be fundamentel.

Proof: Let ¢(z) = |z|. It is regular. so the Dirichlet problem

Lu = 0 inG
u = |z° on G
is solvable. Let s(z) be the unique solution of this problem and define
w(z) = s(z) = [z[, then.
Lw=Ls—Lizf=-2<0 inG
and on 9G, we have
w=s—|zf=0.

Hence, by the maximum principle, w(z) > 0 in G, i.e., s(z) > {z|* in G.

Hence G is fundamental. Q.E.D.

Now we are going to consider the existence of solutions of the Dirichlet

problem. Let G be a fundamental domain with representative harmonic
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functional s(z). Let ¢ be a fundamental functional where, for simplicity,

we assume ¢(z) = ¢(h(z), |z|*} where I{r) is harmonic. Define
u(z) = o(h(x). s(x)) x €G. (5.5)

Since h(z),s(z) are harmonic in G. so is u(x). On the boundary JG,
s(z) = |z[?, thus u(z) = &(h(z).s(x)) = o(h(x). }x]*) on OG. This shows
that u is the solution of (5.1). (3.2). Hence. combining this with the previous

theorem, we have proved

Theorem 5.4 The Dirichlet problem (5.1). (5.2) is solvable in the class of
fundamental functionals if and only if the domain G is fundemental.

Remark: The result here is analogous to the Dirichlet problem for the
finite-dimensional Laplacian. In finitc-dimensional space, a necessary and
sufficient condition for the solvability of the Dirichlet problem is that G
must be regular. And in that case. regularity is equivalent to fundamen-
telity. In fact, if G is regular, then the Dirichlet problem is solvable; in
particular, the problem

{Au =0 inG

u = |zf? on G

is solvable. Let s(z) be the solution. Then s(z) is exactly the harmonic
function required by the fundamentality of G. Conversely, i G is funda-
mental with the representation s(z). then for each boundary point £, define

we(z) = s(z) — |’ + |z — &J°.
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It is easy to see that we(z) is the required barrier function for the regularity

of Gin R", 1.e.,

Awe £0,w(§) =0, weg >0 in G - {¢).

Next, we will consider the Poisson problem. We prove the following

existence theorem.

Theorem 5.5 Let G be a fundamental domain with the representation
s(z). Let f be a given fundamental functional defined in G, in detail,
f = f(h(z),|z|?). Then the Poisson problem (5.3), (5.4} has a unique

solution and it can be wrillen as

/\/ a(z)=|z[?

u=u(z)=—

pf(h(z), 1z’ + p%) dp. (5.6)
Before giving the detailed proof, we show how it works for a simple
example.

Assume f is simple, hence, { is harmonic. By the formula (5.6),
VA~ I=F
u=- [ pfiz) dp = (/DF()Iel? - s(2)).
It is not difficult to check that u is the solution of (5.3}, (5.4). In fact,

Lu = (1/2)[(Lf)(|=f* = s(z)) + f(&)L(|z[* = s(z))] = f(=)

and on the boundary, s(z) = |z}?, thus « = 0.

Proof: Make 2 change of the variable of integration, i.e., let r = p2.
'Then (5.6) turns to be

w = u(z) = —(1/2) fo L k@), |2 +7) d (5.7)
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It is easy to see that u = 0 on the boundary dG since s(z) = |z|* there.
By using the properties of the operator L (sce §4.2), we can do the

following calculation.

Lu = —(1/2)L{FE"F f(h(z), |z + ) dr]
= ~(1/2[f(h(z), s(@)Lis(z) = [2}) + 5 Lf(h(z), |2 + r) dr]
= =(1/2)[f(h(z), s(z])(-2)
+ B (fi(hi@). 22 + )Lk + falh(z), el + P)E(lef? + 7)) dr]
= —(/2)[-2f(hz), s(z)) + L7 22 (=), 2l + 1) dr]
= —(1/2)[-2f(h(z)}, s(z)) + 2(fLA(x). 8(2)) = f(h(z), [z[*) )]
= f(k(z),|z*).
In the calculation we have used the notation f; = Qﬁa%%ﬂ, i=1,2
Hence the formula (5.6) gives the unique solution of the Poisson prob-

lem. Q.E.D.

By maling another change of variable, (5.6) can be rewritten as

a(x)

u(z) = —(1/2) fw Flh(z).7) dr. (5.8)
It is easy to see that the solution of the boundary value problem
Lu(z) = f(z) inG 59)
u(z) = o(x) on G
where f, ¢ are given fundamental functionals, is given by
a({x)

u(z) = —(1/2) f] o F(z).r) dr + &l o(2)) (5.10)

Now we consider the linear equation
Lu(z) + eu(z) = f(z) inG (5.11)

39



where ¢ is a constant. with boundary condition
u(x) = o(r) on JG. (5.12)

Theorem 5.6 Assume G is a fundamental domain with representation
s(z), f € B(G). Then (5.11). (5.12) have a unique solution whick is given
by
u(z) = —(1 /g)e—(clz}[:F I:It:} f(x,r)e{dﬂ' dr + ele/atz)=lel?) &(z, 5(z)).
(5.13)

Proof: The proof of the existence (ie.. v = u(z), given by (5.13), is a
solution) is similar to the proof of theorem 5.5. so we omit it. Here we give
a proof of the uniqueness. It is equivalent to showing that the homogeneous

problem

{ Lu(z) +cu(z) =0 - inG (514

u(z) =0 on 0G.
has only the null solution. Supposc that u is a non-zero solution of problem
(5.14). W. L o. g. suppose 2o € G is such that u(ze) > 0. Let Z be a
component of {z € G;u(z) < 0}, containing z¢. Then on 82, u(z) =0, in
Z, F(u) = In(u) satisfics
LF(u(@) = 7= Lulz) = —c.

The general solution of the above equation is
. |«
Flu(z)) =c—-+ H(z),
] . ==
where H(z) represents any harmonic function. So, in Z, u(z) = H{z)e =z .
By the boundary condition of « on dZ, H(z)|sgz = 0, hence u = 0 in Z.
We get a contradiction. Hence v =0 in G. Q.E.D.
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5.2 Radially symmetric problems

In the previous chapter and the last scction, we have discussed the proper-
ties of the Laplace operator L and the corresponding Dirichlet and Poisson
problems. In this and the next scction we will consider boundary value

problems associated with semilinear equations

{ Lu+ f(z,u) = 0 inG (5.15)

u = ¢ on 9G

where f and ¢ are known functionals defined on G x R and G, respectively,
and L is the Laplacian defined in the previous chapter. We will see that, for
a class of nonlinear terms f, the solvability of problem (5.15) is equivalent
" to solving 2 functional equation due to the differential property of L. For

the more general case, we shall use the iteration method to get the existence

of solutions.

5.2.1 The problem in a ball

In this section we look at a special case of radially symmetric problem:

{ Lu+ f(u) =0 in G = B,(R) (5.16)

¢ ljel=r =0
The corresponding problem in finite-dimensional space (L is replaced by the
usual Laplace operator A in R™) has attracted a lot of attention. An elegant
result which shows that all positive solutions of the symmetric problem are
radially symmetric has been obtained by Gidas et al [12]. Here , for the
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problem in infinite dimensional space, we shall derive an analogous result.
By using the special properties of L. the derivation becomes much simpler.
Assume that f € CY{((,T)), (0 € (. T)CR), f #0. Let
Fty= [ X tenD) (5.17)
o f(s)
Now, suppose # € A(G) is a solution of problem (5.16). Then, by the third

property of L in §4.2, F(u) satisfics

LF(u)=F'Lu= L —f(u)) = -1,

f(u)
le.
LF(u)=-1.
Letting v(z) = F(u(z)) + 5, where r? = [z[?, then it is easy to check that
v satisfies
Lv =0 inG
(5.18)
v = R*/2 on 9G.

This implies that

F(u(z)) = 1/2)(R* - |z[*) on G (5.19)

since v = (1/2)R? is the unique solution of the Dirichlet problem (5.18).

The above derivation shows that if u is 2 solution of problem (5.16),
then it must satisfy the functional equality (5.19). Hence we can prove the
following theorem.

Theorem 5.7 (Uniqueness) Assume that f € C*((r,T)), (0€ (r,T) C
R), f # 0. Then (5.16) has at most one solution. Furthermore, if the

solution ezists, it must be radially symmetric.
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Proof: Let F be defined by (5.17). Clearly, F is a 1 — 1 mapping. Sup-
pose u,,u; are two solutions of (5.16). Then for each z € G, F(u;(z)) =
F(uz(z)). Hence uy{z) = n2(z). Uniquencess is proved. Furthermore, if
u is 2 solution of (5.16), let z,y be any two points in G st. |z|' = |y,
then F(u(z)) = F(u(y)), thus u(x) = u(y). hence u is radially symmetric.
Q.E.D.

Now we show that the sign of the solution of (5.16) depends only on the
sign of f(0).

Theorem 5.8 If f(0) > 0 (< 0), then all solutions (if eny ) of the problem
(5.16) are positive (resp., negative).

Proof: Assume f(0) > 0, we prove that all solutions of problem (5.16) are
nonnegative. By the continuity of f, there exists € > 0, s.t., f(2) > 0,t €
(—€,9). Let u be a solution of (3.16). So it satisfies the equation (5.19).

Suppose u(zy) < 0 for some point zo € G. Hence

F(u(zo)) = (1/2)(R* = |zo[*) > 0,

ie.

1
—dt <0
v/:::o) f(#)
by the definition of F and because u(xg) < 0. This implies that

u{zo) < —e if u{zo) <0 (5.20)

since f(2) >0, t € (—e¢,0).
On the other hand, let [ = {z € G, z = tzy, t € R}. Along the line ,
let k(%) = u(tzo). Clearly, k is continuous and

h(1) = u(zo) < —¢, B(R/|zo}) = u((R/|zo|)z0) = 0.
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So, for a a € (—¢,0), 3c € (1, R/lxo}) such that (e} = a by the continuity
of A, Le.,

u{crg) = a.

Hence, we have found a point #; = exo € G such that —e < u(z;) =a < 0
. This contradicts (5.20). Q.E.D.

So we only need to assume f is a function defined on [0, T) if £(0) > 0
and then only positive solutions could exist.

Now we are going to show existence.

Theorem 5.9 Assume that feC'([0.T)),(0 < T < cc) end f(t) > 0 in
[0,T). Then there ezisis a positive constant ag > 0 (‘may be o) such that
(5.16) has a ( unique, positive, radially symmetric ) solution u = u(z) =
u(|z]) for R < ag and v(r) < 0 in 0 < r < R and no solutions exist for
R > a,.

Example 10: let f(t) =141 then forany R< /7 =a0,0<r < R,

R? — 72
o

-

u = u(r) = tan

is the solution of (5.16) in which f(#) =1 +¢2.

The proof of the theorem. Let F(t) = f; ﬁ-ds. By the assumption on

f, F' is monotone increasing, thus F : [0,T) — F([0,T)) is a bijection.
ie, F-1 : F([0,T)) — [0,T) exists. Clearly, F([0,T)) = [0,a) where
a = sup{F(t),0 <t < 0},0< a < co.
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Set ag = \/27.1., If R < ag. then
R".‘
[0, <] € F([0.T)).

We can define a functional « in G by

|=®

u=u(r)= F"‘(R-—;—-—). (5.21)

We show that u is the solution of (5.16). First it is clear that the boundary
condition is satisfied by u. In fact, when |x| = R, u(x) = F~1(0) = 0 since
F(0) =0and Fis I-1.

Since F' € C?, so, u € C*(G). Hence Lu = LF~((R? — |z[?)/2) exists.
Moreover, u satisfies the functional equation

R? — |z

d)

Flu(z)) = (5.22

Hence we have

F'(u)Lu = =1, (5.23)
ie.

Lu+ f(u)=10

Hence u, defined by (5.21), is the solution of problem (5.16).
Clearly, u is radially svmmetric. Furthermore, by differentiating in the

radial direction r = |z| on both sides of formula (5.22), we get
Flup!(r) = —r,

ie.

w'(r) = —rf(u),
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hence, ©'(r) < 0in 0 < r < R since f > 0.

By the previous argument, we have scen that if u is a solution of (3.16),
it must satisfy the functional equation (5.22). Hence if R > a, the problem
has no selutions. Q.E.D.

Remark: In the derivation of the functional equation (5.19), we note
that we have supposed f # 0. Otherwise, we may lose some solutions u

such that f(u(z)) =0 in some x € G. Generally, we have

Corollary 5.1 Assume that f € C([0,T)), f 20 and F(t) = [y 71 7oy ds ez
ists fort € [0,T). Then (5.16) has a unique solution u such that f(u(z)) #
0 in B,(R) when R < aq. where a = 2sup,o F(t). Such a solution is
radially symmetrie.

Proof: Suppose u is a solution of (5.16) such that f(u(z)) # 0 in B.(R).
Then F'(u{z)) = .f(u(r}) makes sensc for # € B,(R). The remainder of the

proof is the same as the proof of theorem 5.9. Q.E.D.

Example 11: let f(t) = V2, thenfor 0 < r < R < o0,
u=u(r)= l(Rz - r?)?
16

is one positive solution of problem (5.1G). By corollary 5.1, the positive

solution is unique. Moreover, for any ¢, 0 S a < R,

a2 0<r<a
u = u(r) ’ -

16
0. a<r<R

is also a solution, but f(u(r)) = 0 inside the ball B,(R).
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5.2.2 The problem in the entire space

Now we consider the problem in the entire space. i.e.

Are + flu)=0 inH. (5.24)

u(z) — COas|x]—cc (5.25)

Considering only radial solutions we let ¥ = u(r), r =|| = ||, so that the

above problem reduces to

u(r)+rf(u) = 0 r<oo
w(r) > 0 r20 (5.26)
u(r) —= 0 as r — oo.

It is not difficult to see that if u is a C*-solution of (5.26), then it must be
a radial solution of (5.24), (5.25).
Now we state a necessary and sufficient condition for the cxistence of a

radial solution of (5.24) and (5.25).

Theorem 5.10 Suppose f € C'(0,o0), f(t) >0 int > 0. Then the prob-
lem (5.24 ),( 5.25) has a radial solution if and only if

§
FS(t) = [ %ds —oc ast—0 (5.27)

for any § > 0. Furthermore if (5.27) holds. then for any A > 0, there exists
a unigue positive radial solution of (5.24). (5.25 ) satisfying u(0) = A.
Proof: Let u = u(r) be a solution of (5.26). It satisfies

u'(r)

f(v)

+r=0.
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Integrating from r to 2r, we get
[ L2
utry  f(1) 2
Given § > 0, choose 7 large enough such that u(r) < §, we let ¢ be so small

such that 0 < ¢ < u(2r), to find that

[0 L
- = \t A3
‘2 2r) f(2) ¢ f(s)
By letting ¢t — 0,7 — oo, we get (5.27).
Conversely, suppose that {5.27) holds. We can rewrite equation (5.26)
u'(r)

fw)
since f # 0. Integrate it from r to 0 and let A = «(0) so as to obtain

S | r?
ds ——=0.
ju(r) f(8) 2

Hence we deduce from the problem (5.26) the following functional equation

+r=0.

FMu)= %rz. (5.28)
By (5.27), F*(u) = oo as u — 0 and

dF? 1

du Flu)
We can now use the inverse function in (5.28) to find that
Al 2
u=u(r)=G(5r°)
where G is the inverse function of F*. Since F*(A) =0, hence

u(0) = GM0) = A
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and since F(t) — oo as t — 0. hence
u(r) — 0 as r — cc.

Differentiation of the inverse function shows that u = u(r) satisfies the

equation. Hence u is the solution of (5.2G). Q.E.D.
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5.3 General boundary value problems

Now we are going to consider problem (5.13) in a general bounded funda-

mental domain & in H.

5.3.1 A special case

Let G be 2 bounded fundamental domain in H. Suppose the nonlinear term

has the following form
flx,t) = g(x)g(.2) (5.29)
where g = g(z) is a fundamental functional and ¢(z,t} is harmonic for each
t € R and ¢(x,1) £ 0, i.e., we consider
{ Lu 4+ g(x)g{x,u) =0 inG (5.30)
u =0 on 9G.

Let
1

Qz.t) _./ qlx, b)

Then it is not difficult to see that Q(z,t) is smooth and harmonic in z for

each 2,

(5.31)

Suppose u is a solution of prol)lcm (5.30). Observe @Q(z,u(z)):
LQ(J:‘, u(x)) = QuLu q(:v ( ))( 9(17)9(-'5‘, tx(.‘l?))) —g(.":);
Qz,u(z)) log= Q(z.0) =0

since Q(z,t) is harmonic in z for each t. Hence Q(z,u(z)) is 2 solution of

the problem

(5.32)

Lv = —g(x) in G
v]oe =0.
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By the uniqueness of solutions of the Poisson problem.

QU u(x)) = P(—g(x)) (5.33)

where P(—g(z)) is the solution of (5.32). P is called the Poisson operator.

Theorem 5.11 The problem (5.30) is equivalent to the functional equation
(5.83), i.e., u is a solution of (5.30) if and only if u is the solution of
equaetion (5.33).

Proof: The nccessity has been obtained from the derivation above. Now
we prove the sufficiency. Assume u = u(z) is a solution of (5.33). First we

check the boundary condition in the problem. Since P(~g{(z))|oc = 0, so

Qz, u(x))]oc = 0.

le.,

u(z)
f 1 ds=0.x € 0G.
o q(z.s)

Hence u(z) = 0 for z € dG since g(x.t) # 0.

Now let us take the operation of the Laplacian on both sides of equation
(5.33) to find that

QuLu = —g(x).

since Qu(z,u(z)) = ¢(z,u(zx))™? exists for € G. Hence Lu exists and
Lu+ g(z)g(z,u(z)) = 0.

Thus, u is 2 solution of problem (5.30). Q.E.D.

Theorem 5.12 The problem (5.30) has one end only one solution.
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Proof: If u;, us are two solutions of (5.30). then

Q(-‘L’, w(z)) = Q(;l‘, "'..‘('r))'

Hence u;(z) = up(x) since Q. 1) is 1-1.

For the solvability. by theorern 5.11. we only need to consider equation
(5.33).

Since g{z,t) # 0, we assume that g(x.t) > 0. Fixing an arbitrary
z € G, Q(z,t) is monotone in . From the cquation (5.33) we can uniquely

determine a u for each z. 1.e.,

u = u(z) = Q" (x, P(—g(x))),

by the implicit function theorem. So, u(z) is a solution of equation (5.33).

Hence it 1s a solution of (5.30) by theorem 5.11.

5.3.2 The general case

In this paragraph we consider problem (5.13) where f(z,t) is fundamen-
tal in z for each t, and satisfies a Lipschitz condition. We will prove a
uniqueness theorem and use the itcration methods to get 2 solution.

We say f(z,1) satisfies a Lipschitz condition in G uniformly with respect

to ¢ if there exists a constant ¢ > 0 such that

|f(z.t1) = Fz.t2)| £ clty — 1o (5.34)

holds for all z € G and #;,t2 € RR.
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Theorem 5.13 (Uniqueness) Assume f satisfies the Lipschitz condition
(5.34). Then the problem

{ Lu = f(x.u) in G (5.35)

=0 on OG.

hes at most one solution in the fundamental functional class B(G).

Proof: Suppose u, v € B(G) are two-solutions of (5.35). If v &£ v, wlo.g.,

say u(zg) > t(xy) for some zo € G. Denote by
G. = {z € G: u(z) > v(z)}.

Then G.. is not empty. Let Z(xq) be the component containing x¢ of Gy.

Then u > vin Z, u = v on JZ. By the equation (5.35), we find
L{u—v) +elu—v)= f(x.u) = flz.v) + c(u =), (5.36)

where ¢ is the Lipschitz constant in (5.34). In view of equation (5.36) in Z,

we have

9(z) ¥ f(z,ul(z)) — flz.v(2)) + clu(z) — v(z)) = 0

in Z, and we note that u(z) — v(z) = 0 on 9Z. From the result in §5.1
(theorem 5.6), we find

u(z)—v(z) £0, r € Z.

We get a contradiction. Hence u = ». Q.E.D.

Finally we use the iteration mecthod to get a solution.
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Theorem 5.14 Let G be o fundamenial domain with representative s(z).
Suppose f(-,t) € B(G) for cach t and f satizfies ¢ Lipschitz condition in
t uniformly on G with Lip constant c¢. (5.34). Then, if cM < 2 where
M = sup,eg(s(z) — |x|?), the problem (5.95) has one solution u € A(G)

and u is also fundamental

Proof: Let ug = 0. Define u, inductively as the solution of the following

problem

(5.37)
u, =0 on JG.

By the results in §5.1, the sequence {u,} is well defined in B(G), and

{ Lu, = f(x.uy) nG

n(®) = =1/ [ foretams(a )+ 6(22(2)

where we write
Flz,t) = f(hu(z), - i), J2 2. 8) = f(=, |2l 1),
&(z) = S(hy(2), -+ hi(x), |z]*) = 8(z, [z ]?).

Then we have

|tas1(z) — ua(z)} < (1/2)cls(x) = [2[*) || tn = a1 [lo -
Let M = max_eg(s(z) — |z]*). Then we get

| tnir = ta o< (1/2)eD || 2tn = ttner flo - (5-38)

This shows that the series T h_q(ttn41(Z) — ua(2z)) converges uniformly by
the condition in the theorem
eM < 2. (5:39)
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Hence, in this case, there exists a u € C(G) s.t.
r}in&. U, (x) = u(x) uniformly in G.

Hence f(z,un—1(x)) converges uniformly to f(x.u(x)) since f is continuous.

Thus Lua(z) converges uniformly to f(.u(x)). Hence u € A(G) and
Lu(z) = f(z.u(z)} inG.

Clearly, on G, u = ¢. Hence u € A(G) is the solution of problem (5.35).
Moreover, if f = f(h(x),]z[%.). then un(x) = un,(h(z), s(z), [z|*>) where
Un, n = 1,2,..., are defined by (5.37). Hence the limit of u, must be a
fundamental functional. Q.E.D.
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