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Abstract

Nowadays there are many technologies and design tools available to accurately
obtain and model the geometric shape and the color of objects. However, these methods
are not able to provide any information about the elasticity of the objects. This thesis
presents a general-purpose scheme for measuring, constructing and representing
geometric and elastic behavior of deformable objects without a priori knowledge on the
shape and the material that the objects under study are made of. The proposed solution is
based on an advantageous combination of neural network architectures and an original
force-deformation measurement procedure. An innovative non-uniform selective data
acquisition algorithm based on self-organizing neural architectures (namely neural gas
and growing neural gas) is developed to selectively and iteratively identify regions of
interest and guide the acquisition of data only on those points that are relevant for both
the geometric model and the mapping of the elastic behavior, starting from a sparse
point-cloud of an object. Multi-resolution object models are obtained using the initial
sparse model or the (growing or) neural gas map if a more compressed model is desired,
and augmenting it with the higher resolution measurements selectively collected over the
regions of interest. A feedforward neural network is then employed to capture the
complex relationship between an applied force, its magnitude, its angle of application and
its point of interaction, the object pose and the deformation stage of the object on one
side, and the object surface deformation for each region with similar geometric and
elastic behavior on the other side. The proposed framework works directly from raw
range data and obtains compact point-based models. It can deal with different types of
materials, distinguishes between the different stages of deformation of an object and
models homogeneous and non-homogeneous objects as well. It also offers the desired

degree of control to the user.
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1. Introduction

1.1. Statement of the Problem

Nowadays there are many technologies and design tools available to accurately
obtain and model the geometric shape and the color of objects. However, these methods
are not able to provide any information about the elasticity of the objects. Accurate
deformable object modeling raises a complex combination of issues ranging from
determining the required equipment to perform measurements, fusing different
technologies available to improve the measurement process, interpreting and correlating
these measurements and finding proper methods to model elastic data, to finding means
to combine these measurements in composite geometric and elastic models and providing
the user with ways to study the resulting models or interact with them.

Because of its complexity, modeling of elastic behavior of objects is of current
interest to the international research community and also to Canadian research groups
pursuing related studies on tactile and haptic modeling or on three-dimensional (3D)
computer vision and solid modeling. These research efforts are demonstrated by a large
number of papers studying different aspects of deformable objects over the past three
decades. The fact that the majority of papers are relatively recent shows an increasing
interest in the topic.

However, current research in deformable objects is mainly focusing on the
modeling of inherently elastic objects for computer graphics and virtual environments
and less on real measurements of elastic behavior. Most research concerns itself with
simulations, and studies methods to respond to the computational cost of increasingly
complex models and the requirements for real-time interaction with computer-generated
deformable models. Difficulties are often encountered in conducting strain-stress
relationship measurements for objects made of materials that exhibit nonlinear behavior,
where a material model is unavailable or where a model is available for the object’s
material, but has limited accuracy. As a response to these challenges, the majority of
applications leaves the choice for the selection of elastic parameters to the user or
chooses some values for these parameters according to some a priori knowledge

regarding the deformable object model. Such approaches are subjective and while they



can be employed for certain types of applications that do not necessarily require
physically-correct deformable models, but only some degree of physically plausible
dynamic behavior, they cannot be employed where accuracy is expected.

In most of the cases where measurements of elasticity are performed, often a
single probing of the object is used to elicit its elastic behavior. While this approach can
produce satisfactory results for objects that are made of homogeneous elastic materials, it
is unsuitable for heterogeneous or piecewise homogeneous objects that have varying
elasticity in different parts of their bodies. On the other hand, the procedure to collect
elastic data from each point is time consuming. These two aspects explain the
considerable interest in finding fast sampling procedures for the measurement of the
elastic properties of 3D object surfaces. Appropriate data acquisition control algorithms
should be able to minimize the number of the sampled points by selecting only those
points that are relevant to the elastic and geometric characteristics of the studied object.
Additional problems in elasticity measurement arise from the need of relatively
expensive equipment and complex procedures to measure or elicit elastic behavior. The
results during measurements are not easily interpretable as long as no assumptions are
made on the material of the object under study and the recuperation or modeling of
elastic behavior poses additional challenges in the researched domain.

To sum up, the problem of data acquisition and modeling elastic objects is still
and will still be under extensive research due on one side to the need to model or know
elasticity in a plethora of applications, and due to its complexity, its sophisticated
equipment requirement and to the difficulties encountered in conducting and interpreting

strain-stress relationship measurements on the other side.

1.2. Objectives

The goal of this research is to develop a general-purpose scheme for measuring,
constructing and representing geometric and elastic behavior of deformable objects
without a priori knowledge on the material that the objects under study are made of.

The unique features that this research aims to achieve are:



Measurement of elastic behavior: In the majority of recent publications, the
selection of the physical constants is performed based on the visual appeal of the
resulting deformable object or some values are chosen according to some a priori
knowledge regarding the object under study. The proposed scheme uses an
innovative in-house experimental setup to elicit and collect elastic behavior
information. This procedure ensures that the resulting models are reflecting real
world objects and that the methodology is repeatable. Several objects with
different material properties are tested to validate the proposed approach.

Implicit modeling of elastic parameters with neural networks: The majority of
researchers assume the material of the objects under study to be linearly elastic
and isotropic in order to simplify the computational load or make use of classical
deformable object methods (e.g. finite-element method, boundary-element
method) to recuperate the elasticity information and/or to model the objects. The
implicit modeling of elasticity implies that the modeling of elasticity is inherent,
without the need of recuperating elastic parameters explicitly. This avoids the
heavy mathematical models and the difficulties encountered in recuperating
elastic parameters for objects made of materials that exhibit nonlinear behavior or
where a material model is unavailable. The proposed scheme is stand-alone and
does not imply the use of heavy mathematical deformable objects representation
techniques. The modeling of elasticity is done implicitly using neural networks.
Moreover, the proposed modeling scheme allows for the construction of 2.5D
object models, unlike some already existing 2D neural network models.

Selective acquisition of geometric and elastic data: While a single probing point
of the object might be enough for objects that have homogeneous elasticity
throughout their bodies in order to elicit their elastic behavior, it is unsuitable for
heterogeneous or piecewise homogeneous objects. The proposed scheme uses an
innovative probing (and measuring) technique for the selective acquisition of
geometric and elastic characteristics in a series of points on the object’s surface.
This ensures the capability of the application to deal not only with homogeneous
objects from the elasticity point of view, but also with non-homogeneous,

particularly piecewise-homogeneous objects as well. This approach is proven to



be appropriate in vision (for 3D geometry data acquisition) and tactile sensing (for
elastic measurements acquisition).

e  Modeling of complex multi-resolution real objects: Most of the exisfing models
represent only objects that are made of homogeneous elastic materials or that are
designed specifically for a certain application. The purpose of this research is to
build a conformal representation of physical 3D objects based on sensor
information about real world objects. The proposed modeling scheme makes use
of innovative composite self-organizing and feedforward networks to describe the
geometric and elastic behavior of deformable objects. The use of self-organizing
architectures (that perform a sort of clustering) ensures that the resulting models
are multi-resolution ones. This means that they can contain representations of the
same object with different levels of detail, property that ensures important gains
in computation and networking time and support of dynamic changes of the
topology. The resulting objects are not specific for a certain application, but the
system provides a representation for different real objects to be introduced in

virtualized reality environments.

The ability to realistically measure and model the elasticity of objects comes into
benefit and is applicable in the areas of CAD/CAM, quality control, and reverse
engineering of elastic material components, interactive virtual environments for training,
interactive virtual prototyping for industrial CAD-based process, digital evaluation and
maintenance operation simulation, the computer games industry, as well as for many
dexterous manipulation applications such as robotic assembly, tele-robotics, remote
medical examination of patients, medical robotics.

In order to keep the area of research within manageable limits of complexity and
sufficiently narrow, the work in this study is limited to the data acquisition and modeling
areas in the context of 3D deformable objects. The framework presented here is a breach
in a relatively unexplored area of modeling objects without assumptions on their material
and it is meant to be a “proof of concept” work. The accent is on viable, innovative and
easily applicable solutions to measure and model elastic behavior of real world objects

using the available equipment and the experimental setup in SMRLab, SITE, University



of Ottawa. These aspects will be further discussed in Chapter 3. While computation time
is of concern to this study, the real-time behavior of the proposed scheme is beyond the
purpose of the work. The emphasis is on accurate models as opposed to real-time
behavior. In terms of interaction, the user is provided with a simple way of testing the
elastic behavior of the modeled objects, but neither complicated interfaces, nor haptic
feedback are provided at this stage. As well, no details are provided on the topic of

robotic manipulation of the deformable objects under study.

1.3. Proposed Framework

This framework is the result of several experiments that have been performed and
analyzed and it is a continuation of the research that we performed previously on rigid
objects [1]. The novelty consists in the addition of the elastic behavior to the geometric
models (with all the related issues such as: measurement equipment and procedure, result
interpretation and modeling, and methods of constructing composite geometric and
elastic models from the experimental data) and in an original modification of one of the
methods that we proposed in [1] for a much broader purpose, in the context of selective
data acquisition of relevant features of objects to improve the accuracy of the modeling
results. The work here proposes and experimentally demonstrates that the use of neural
networks is also appropriate as a means for the acquisition, construction and
representation of geometric and elastic behavior of deformable 3D objects.

Neural networks have been employed in many applications related to object
modeling, ranging from representation of data of different types (range, intensity) from
different sources (structured light and shape from shading) to the modeling of meshes and
isosurfaces, emulation of physical dynamics, modeling of global and local deformations
of different materials and decimation of point-cloud data. Self-organizing architectures
that perform clustering are a promising research direction to build multi-resolution
models on one side, and to ensure a distinct treatment for different clusters of different
elastic behaviors therefore improving the modeling behavior for non-
homogeneous/piecewise-homogeneous objects, on the other side. The ability of feed-

forward neural networks to model highly nonlinear mappings and provide estimates for



data that were not part of the training set and their fault-tolerant nature make them a good
candidate for modeling elastic behavior.

The scheme proposed in this thesis advantageously combines self-organizing and
feedforward neural network architectures to achieve diversified tasks as required for data

collection and modeling of elastic characteristics, as depicted in Fig. 1.1.
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Fig. 1.1. The structure of the proposed neural-based sensing and mapping framework.

During the first phase, an original non-uniform selective sampling algorithm
based on a self-organizing neural architecture is implemented to selectively collect data
only on those points that are relevant for both the acquisition of the geometric model and
the mapping of the elastic behavior of an object. Starting from a 3D point-cloud collected
on an object or a scene of objects via an active range finder, a neural gas or a growing
neural gas network obtains a compressed model for the dataset in which the weight vector
consists of the 3D coordinates of the objects’ points. During the learning procedure, the
model contracts asymptotically towards the points in the input space, respecting their
density and thus taking the shape of the objects encoded in the point-cloud. These

modeling properties ensure that the density of the points is higher in the regions with



more pronounced variations in the geometric shape and elastic behavior and therefore in
regions rich in features. The advantage of such a modeling approach is not only to
identify relevant sampling points, but also to allow for the determination of clusters of
sampling points with similar geometric and elastic properties due to its ability to find an
optimal finite set that quantizes the given input space. This provides a robust mechanism
for modeling multi-resolution non-homogeneous/piecewise-homogeneous objects as
well. The addition of a measure of elasticity as a fourth dimension in the input space is
shown to enhance the modeling scheme in the case of objects where the elastic behavior
is not correlated to the changes in the geometry. The growing neural gas is explored in
order to avoid the limitation of neural gas that requires the user to decide on a map size,
as the latter constrains the accuracy of the modeling results obtained by the network.

The resulting regions of interest identified by the growing neural gas or neural gas
mapping are sampled using an original combination of vision and tactile probing. A
feedforward neural network is then employed to model the force/displacement behavior
of selected sample points that are probed simultaneously by a force/torque sensor and an
active range finder. Such an approach allows not only to store inherently the elastic
parameters at the sampled points by learning the mapping from force to displacements or
deformation profiles respectively, but also to provide an estimate on the elastic behavior
on surrounding points that are not part of the selected sampling point set. Moreover, the
fault-tolerant nature of neural networks improves the behavior of the proposed modeling
scheme in the presence of the noise inherent in any real measurement data. The same
architecture with the same parameters can be used as long as the same measurement
equipment is used (same number of sample points in the profiles and/or curves),
eliminating the need for an expert user to make the necessary adjustments for each

material to be modeled.

1.4. Contributions
The proposed, expected contributions of this thesis can be summarized as follows:
e An original approach to combine, synchronize and merge different sensing

technologies for the acquisition of force-deformation measurements for 3D

deformable objects.



e An innovative automated selective data acquisition algorithm to guide online the
probing of only relevant points for the objects under study. The algorithm works
directly from raw range data. It is appropriate for use both in vision for 3D
geometry data acquisition and in tactile sensing for elastic measurements
acquisition. It deals with homogeneous and non-homogeneous objects as well,
allowing distinct treatment of regions with different elastic'behaviors. Finally, it
offers the desired degree of control to the user in that modeling parameters can be

chosen automatically or they can be tuned by the user.

e An original feedforward neural network architecture to learn 2.5D profiles of
elasticity from the collected experimental data. The approach works on objects
made of materials with different elastic behavior, including rigid, elastic and
plastic deformable objects, and/or distinguishes the different deformation stages

of the same object.

e An original combination of neural architectures to model multi-resolution

deformable object models.

o The integration of the previous elements into an innovative data acquisition and
modeling framework for deformable objects that operates from noisy
experimental measurements without a priori knowledge on the shape and the

material of the object under study.

The results in this thesis were reported in five journal papers (of which three are
published, one accepted and one is submitted), nine conference papers (six published, one

accepted, and two submitted) and three presentations.

1.5. Thesis organization

The second chapter provides a brief introduction to elasticity issues and an
overview of existing approaches for the measurement and modeling of elastic parameters,
for the adaptive acquisition, sampling and decimation of geometric and elastic data, as
well as for deformable objects models. The presentation is not meant to be exhaustive,

but rather aims at putting in evidence the different trends, the interest and actuality of the



topic, the fast recent advance of the research on this topic and the several issues and areas
that are less covered or ignored by the available literature.

The third chapter discusses the modeling of elastic behavior from experimental
measurements. It starts by showing how elasticity can be modeled from and in the form
of force-displacement curves, knowing a mesh of an object, and how this representation
compares with a classical method for modeling elasticity, namely the Three-element
method. Then a new, more accurate method is proposed to elicit and model elastic
behavior. This method allows for the measurement of elastic behavior directly from
point-clouds and can generate 2.5D profiles of elasticity for the modeled objects. Several
experiments are performed for each of the cases and results are presented to validate the
proposed solutions.

The fourth chapter describes an innovative selective data acquisition algorithm
that can be employed to collect both geometric data using vision sensors and elastic data
using tactile sensors. It starts by describing the motivation driving the research into
selective sampling procedures for data collection and justifying the suitability of self-
organizing neural networks for this purpose. It then looks in depth at the neural gas
architecture, its training algorithm and testing procedure and its use in the context of
selective data acquisition. It continues by showing experimental results for vision and
tactile sampling of 3D objects embedded in point-clouds obtained with various types of
scanners. It finally describes the composite geometric and elastic object modeling
framework and exemplifies it with a complete modeling scenario.

The fifth chapter tackles some of the limitations of the neural gas, particularly the
one related to the need of the map size to be decided prior to learning, size that constrains
the resulting mapping as well as the accuracy of the modeling results. Growing networks
add additional nodes into the network structure to support the nodes with highest
accumulated errors until a predefined stopping criterion is met, therefore eliminating the
need of fixed dimensionality maps. The chapter starts by briefly presenting the general
framework of growing networks, it then describes the growing neural gas architecture, its
training and testing procedure, the influence of its parameters on the modeling results and
its use in the context of selective sampling. It shows experimental results for vision and

tactile sampling of 3D objects embedded in point-clouds obtained with various types of



scanners and compares them with those obtained using the neural gas. It finally presents a
complete modeling scenario for composite geometric and elastic objects.
The sixth chapter presents the conclusions, highlights the contributions and

proposes some directions of further study.
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2. Literature Review

The interest areas of the thesis cover three major directions of research: elasticity
measurement (section 2.1), adaptive/selective sampling of points for geometric and
elastic description of objects (section 2.2) and modeling of deformable objects (section
2.3). This survey provides a very brief and simplistic discussion of elasticity, as well as
an overview of elastic measurement methods, of adaptive/selective sampling and
decimation of elastic and geometric data, and of deformable object models encountered
in the literature. It is not meant to be exhaustive but rather aims at revealing some of the
existing research trends for capturing elastic behavior and modeling of deformable
objects and some of the envisioned applications, highlighting the interest and actuality of
the topic, the fast advance of the research on this topic in the latest years and the several

issues and problems that are simplified or less covered by the existing literature.

2.1. Elasticity Measurement for Deformable Objects

2.1.1. Definition and Issues in Elasticity

Mechanics, one of the oldest and most important branches of engineering analysis,
deals with the behavior of solids and fluids under mechanical disturbances. Mechanics of
solids is divided into mechanics of rigid bodies and mechanics of deformable bodies [2].
Elasticity and its theory is a part of mechanics of deformable bodies and deals with the
analysis of elastic bodies subjected to loads. A body or object is said to be elastic if it
recovers its original shape when the forces causing its deformation are removed.

There are two types of loadings which can act on an elastic body — body forces and
surface forces. Body forces, such as forces due to inertia and gravity, magnetic and
centrifugal forces are distributed over the volume of the body, while surface (traction)
forces are distributed over an area of the surface and are produced as a result of physical
contact with another body/object.

Under the application of external loading, elastic objects deform. Stress is the
distribution of forces inside an object due to an outside deformation force. Tension and

compression occur when the force acts perpendicular to the object surface and shear
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stresses occur when the force acts parallel to the object surface. The normal stress is the
stress perpendicular to a surface. Its value can be obtained when a body is axially loaded
and the external force is divided by the surface area of application of that force [3]. The
total stress state at any point within the object material should be given in terms of both
normal and shear stresses. Strain is a measure of the relative deformation (extension) of
the object due to the action of applied stress.

The stress and strain are related to each other through certain relations known as
constitutive relations that depend on the properties of the elastic body under
consideration. A .body is said to be non-homogeneous or heterogeneous if the
deformation under the external load varies from point to point. If the material is
homogeneous, the elastic behavior does not vary spatially and thus elastic parameters are
constant. Piecewise homogeneous bodies are bodies in which several regions exist having
different but homogeneous properties [4].

Another fundamental material property, similar to homogeneity, is isotropy.
Isotropy is related to the differences in material parameters with respect to orientation. A
body is said to be composed of anisotropic material if the material properties are
functions of the orientation, therefore implying the tendency of the material to react
differently to stresses applied in different directions [5].

The most general linear relationship which connects stress to strain is known as the

generalized Hooke’s law and can be expressed mathematically as:
Omn = Emnpr? pr (21)

where the components of the forth-order tensor E,.,- are the elastic constants, y, is the
strain tensor and o, is the stress tensor [6]. As both the stress and the strain tensors are
fourth-order tensors, there are 81 components of E,.,, that have to be defined in order to
link the strain to the stress tensor. Based on certain symmetries, the number of total
independent components can be reduced at maximum to 21 in case of anisotropic

materials. In the case of isotropic materials, the constants of E,,,, reduce to two, the so-

called Lamé constants (4, w):
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and can be expressed in terms of two material properties— known as Young modulus (E)
and Poisson ratio (Vv):

E=,u(3/1+2,u), . A 2.3)
A+u 200+ )

The Young modulus, also called the elastic constant is the slope of the stress-strain
curve, and Poisson ratio is the ratio of lateral contraction to longitudinal extension that
occurs in the deformable object due to tensile stresses.

In case of elastic materials, the stress is completely determined by the strain and
vice versa. Fig. 2.1 shows a typical strain-stress curve that can be obtained through

experimental testing by plotting measured strain-stress data.
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Fig. 2.1. Typical stress-stress curve.

The majority of materials exhibit an approximately linear initial strain-stress

response for small deformations. This is followed by a change to a nonlinear behavior
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that can take various forms — for example the curve can continue to grow (hardening
behavior) or it can decrease and finally the material may rupture (hardening and softening
behavior) or the slope has a point of inflection after which it starts to rise again (stiffening
behavior) [7]. For each material, the initial linear response ends at a point referred to as
proportional limit (denoted P in Fig. 2.1). If the loading is removed, the material under
study will return to its original shape and the strain disappears. The point at which the
non-elastic behavior begins is called elastic limit (denoted E in Fig. 2.1). After this point
the unloading will not bring the strain to 0 and some permanent plastic deformation will
occur. Many times the value of elastic limit and proportional limit coincide.

These aspects lead to the discussion about elasto-plasticity and plasticity. All
elastic bodies return to their original shape after the external force that determined their
deformation is removed. It is said that elastic objects do not have residual deformation. A
plastic object remains in exactly the same shape as when it was deformed. It is said that
plastic objects do not have bouncing deformation. Elasto-plastic or rheological objects
[4, 6] are objects that have residual and bouncing deformations as well. Their
deformation is partially lost after the removal of the deformation force. A viscoelastic
substance [6] has an elastic component and a viscous component and exhibits time
dependent strain. There are several schematic models that represent such behaviors,
consisting of mechanical elements combined into networks. Several examples are: a
simple spring to model elastic behavior, the Kelvin-Voigt model, that consists of a
damper and a spring connected in parallel, the Maxwell model consisting of a spring and
a damper connected in series or the three-element model that consists of a damper and
spring in parallel which are in series with another spring to model viscoelasticity [6].
Such models relate forces to corresponding displacements, provided that the material is
assumed to have certain properties such as isotropy or linear elasticity.

As briefly discussed, the problems of elasticity are usually not easy to solve, unless
certain assumptions and/or approximations are made on the material of the objects under
the study. Serious difficulties are encountered both to conduct strain-stress relationship
measurements and to model elasticity for objects made of materials that exhibit nonlinear

behavior, where an accurate mathematical material model is not available or where a
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model is available for the object’s material, but its parameters (material properties) are

not known or are known with a low certainty.

2.1.2. Methods to Collect and Extract Elasticity Data

There are four main categories of solutions encountered in the literature for
gathering elastic behavior of objects: indentation [8-11], vibration-based measurements
[12], sound-based measurements [13, 14], and vision-based measurements [15-21]. Apart

from these, some hybrid methods are also proposed [9, 22-26].

2.1.2.1. Indentation

The measurement of the elastic parameters of an object can be carried out based
on the results of instrumented indentation tests. These tests usually imply the monitoring
of the evolution of the force strength using a force-feedback sensor. In case of linear
elasticity assumption, the elasticity coefficient can be computed from Hooke’s law,
where the strain is a function of the measured displacement.

A typical indentation test for elasto-plastic objects is composed of a loading and
an unloading part, with the loading part used for the extraction of strength properties and
the unloading portion for the elasticity properties of the indented material [8]. The elastic
and viscosity coefficients can be determined in the case of linear elasticity assumption by
observing the attenuation curve of contact force and the attenuation curve of
displacement. However, the interpretation of the indentation load-displacement curve
becomes complex and no closed-form solutions are readily available when the elasticity
is not assumed to be linear due to large geometric and material nonlinearities as well as to
contact problems. A neural-network solution is employed by Tho et al. [8] to describe the
relationships between the curvatures and the areas under the loading and unloading
curves, and the strain exponent on one side and the yield stress on the other side. Two
backpropagation multi-layer feedforward neural networks are used and the training data
is generated numerically through finite-element analysis for each type of indenter
employed.

Charlton et al. [9] use backpropagation neural networks for the recuperation of

contact parameters of applied force, both normal and tangential, from normal stress
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distribution. Using only the normal stress distribution and based on the plane strain
assumption, a three-layer neural network trained with backpropagation is employed to
recuperate the contact parameters of the applied force and the indenter width.

A simplified procedure is proposed by Monserrat et al. [10] to determine the
elasticity parameters for elastic tissue. The underlying idea is to determine a range of
displacements within which the tissue exhibits a quasi-linear elastic behavior. An
increasing linear force, with a prescribed velocity is applied to identify a velocity range
for which identical loads result in the same displacement (implying that the tissue
exhibits linear elastic behavior). The tests are redone for the determined elastic range
defining two control points close the load application point. The changing coordinates of
these two control points are monitored and the elasticity and Poisson ratio are computed
using an inverse method based on a Newton-Raphson technique to minimize the
difference between the experimental and simulated displacements.

D’Aulignac ef al. [11] use a probe mounted on a force sensor and on a robot arm,
positioned perpendicular to the surface of a human thigh. Regularly distributed
measurements are collected over the surface in order elicit elastic behavior. The
parameters are then estimated using an optimization approach based on nonlinear least-

squares estimation.

2.1.2.2, Vibration-Based Measurement

A vibration-based measurement method for elasticity is proposed by Okamura et
al. [12]. Vibrations, forces and velocities are collected during various tasks executed with
a stylus, such as tapping on materials (detects stiffness), stroking textures (reveals relative
roughness), and puncturing membranes. The analysis of the vibration waveforms
gathered results in parametric, empirical models describing the various tasks (e.g.
exponentially decaying sinusoid with parameters depending on the material describes
tapping waveforms) and a library of model parameters is compiled to be further

reproduced.

2.1.2.3. Sound-based Measurement

While the direct assessment of simple object can be done with indentation

procedures, there are situations when the displacement measurement is not easy to be
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performed. Such a situation is, for example, the assessment of tissue stiffness by
monitoring internal tissue displacement responses to an externally applied force. Mainly
designed for medical applications, sonoelasticity and ultrasound elastography are

. representatives of dynamic and static compression techniques respectively that avoid the
indentation procedure.

Sonoelasticity is a dynamic compression technique in which a vibrator is used to
propagate low-frequency waves into the tissue. Shear wave velocity or wavelength is
estimated, and from it, the shear modulus can be estimated. However, problems
associated with this technique are high image noise, low spatial resolution, and difficulty
in propagating the shear wave energy across tissue boundaries [13].

In (quasi)static compression techniques, the elastic modulus distribution of the
tissue is estimated from the tissue deformation and boundary pressure measurements. A
representative of this category of techniques is ultrasound-based elastography [13, 14].
The setup is composed of a focused ultrasound transducer, adjusted perpendicular on the
surface of the sample material, and that sends an ultrasonic beam into the sample. A
localized shear wave is induced and another ultrasound transducer in transmitter-receiver
mode is used to capture the RF (radio-frequency) echoes. The tissue is deformed and the
RF echo waveforms before and after a deformation are recorded. The tissue displacement

distribution is estimated by comparing these RF waveforms.

2.1.2.4. Vision-based Measurement

Another category of methods used to collect elastic data in an engineering context
are based on vision. The principle employed here is to take a series of images before and
after the deformation, analyze them individually and extract profiles in order to compute
displacements that elicit elastic properties of the objects. A point-wise correspondence is
also needed between the deformed and non-deformed profiles in order to compute the
displacement. Several methods can be employed for this purpose. The objects can be
directly marked using markers [15-17] or the correspondence can be established using
speckle patterns [20, 21]. In the latter case, a thin film coating is applied on the surface of
the object to generate the necessary speckle and the change of patterns with the

deformation of the object is observed.
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Wang et al. [15] use a grid of markers that also serve as nodes in a finite-element
method (FEM) model. Using digital image processing (corner extraction), the coordinates
of various feature points in the grid and their displacement are obtained. From this
information a strain field and the corresponding work-conjugate stress field are
constructed and the forces are computed by balancing the internal stresses at each node.

In Kamiyama et al. [16, 17], a tactile sensor which uses a transparent elastic body
with markers and a color CCD camera are used to measure elastic behavior of objects. By
taking images of a certain marker in the interior of an elastic body, when a force is
applied to the surface of an object (considered linear elastic), the variation information of
the interior is measured, and used to reconstruct the force distribution.

A neural-based solution without explicit computation of elasticity is presented by
Greminger et al. [18], who take images before and after deformation to train a
backpropagation neural network to learn the deformation of an elastic object subject to an
applied force. The inputs are the coordinates of a point in a non-deformed body and the
applied load on the body, and the outputs are the coordinates of the same point in the
deformed body. The training data pairs are obtained directly from images of the object
under known loads and a computer vision deformable body tracking algorithm based on
boundary-element method that builds on the equations of the elasticity is used to measure
the displacement of a point in the non-deformed body.

Vuskovic et al. [19] use a specially designed instrument to measure hyper-elastic,
isotropic materials, such as living tissues. The measurement method, based on pipette
tissue aspiration, consists in leaning a tube against the tissue and gradually reducing the
pressure in the tube. As the organ remains fixed to the tube, there are well-defined
boundary conditions and a complete description of the deformation is given by the profile
of the aspirated tissue. The measurements are performed based on vision. An optical fibre
illuminates the scene and the deformation is observed in a small mirror placed beside the
aspiration hole and is captured using a camera. From the observed pictures, the material
parameters are determined via the inverse finite-element method. A Levenberg-Marquart
parameter identification algorithm performs a minimization of the difference between the

measured load-deformation data and the data obtained using the finite-element method.
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Ferrier et al. [20] and Hristu et al. [21] describe a deformable image-based tactile
sensor consisting of a roughly elliptical membrane, filled with fluid-like gel and inscribed
with a grid of dots at precisely computed locations of the inner surface of the membrane.
A fibre optic cable illuminates the interior surface and images of the grid are taken as the
membrane deforms. A solution for the 3D coordinates of the grid is obtained based on the
assumption that the volume enclosed by the membrane remains constant, the boundary of
membrane is fixed, and that the portion of the membrane which is not in contact will

assume a shape that minimizes its elastic energy.

2.1.2.5. Hybrid Methods

Tanaka et al. [22, 23] propose and apply the novel paradigm of haptic vision (that
refers to augmenting active vision with active touch) to elasticity estimation. The
experimental setup is composed of a haptic vision sensor (a range finder and a CCD
camera mounted on a robot arm) that provides information on the geometrical properties
of the studied object, such as 3D shape, posture or texture and another robot arm
equipped with a force-feedback sensor that makes contact to elicit different behaviours of
objects. Using this setup, a top view of the object is first obtained from which the 2D
mass center and the plane of symmetry are estimated. An external force is then applied
downward, perpendicular to the support plane that passes through the object’s center of
gravity to avoid the movement of the object. The strength of the force is monitored using
the force feedback sensor. The strain is measured by subtracting the observed height in an
image provided under deformation by the CCD camera and the range finder sensor from
the initial height. The elasticity modulus is computed from Hooke’s law. The elasticity
study is reduced to linear elastic behaviour of indoor objects, situated on horizontal

planes, stable under gravity, with plane symmetry.

Pai et al. [24-26] use an expensive prototype and sophisticated robotics for
interaction and behaviour measurement in the context of 3D deformable objects. Their
ACME facility is composed of a 3 degree-of-freedom test bed for positioning of the test
object, a field measurement system for measuring the light and sound fields around the
test object, composed of a color video camera and a trinocular stereo vision system, a

contact manipulation system which includes a robot arm with a wrist mounted force-
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torque sensor to measure properties such as friction and stiffness and to make controlled
impacts to generate sounds, and a time-of-flight range finder. To elicit elastic properties
of an object, a contact force is applied with the robot arm while monitoring the
deformation with the field measurement system. Displacement information is recorded
using the trinocular stereo system and a range-flow approach is employed to measure the
difference between the non-deformed and deformed object states. The model built is a
triangular mesh and the elasticity parameters, assuming that the material is linear-elastic,

homogeneous and isotropic, are solved using an iterative method.
2.1.2.6. Elastic Parameters Reconstruction/Modeling

There are three methods encountered in the literature for recuperating Young’s
modulus from measurements: solving the differential equation of elasticity numerically
based on given constraints, using variational techniques and using iterative techniques.
The last category is the most popular one. As well, there are several proposed methods
that do not recuperate the elastic parameters directly, but learn them implicitly.

Skovoroda et al. [27] solve numerically a second-order partial differential
equation that describes a linear, anisotropic, incompressible medium under static
deformation. Romano ef al. [28] use variational techniques to reconstruct the modulus
distribution.

Iterative techniques to reconstruct the modulus distribution are based on the
minimization of the difference between displacement distribution (measured or computed
by other methods) and simulated results. Displacement distribution can be described in
terms of finite-difference analysis [29] and finite-element analysis [13, 30]. There are
also several iterative approaches proposed in the literature for real measured data [10, 25,
26, 30].

Raghavan and Yagle [29] use finite-difference analysis to describe elasticity. The
set of linear equations of elasticity is rearranged such that the modulus distribution
becomes the unknown variable. The modulus distribution can then be solved analytically.
In Kallel and Bertrand [30], the finite-element analysis algorithm receives as inputs the
measured displacement field, the assumed boundary conditions and an initial value for

the modulus distribution, and outputs an estimate of the distribution. The difference
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between the real and estimated value is then used to adjust the next initial value to be
introduced in the algorithm. The process is repeated to minimize the error in the least
squares sense by means of a Newton-Raphson technique.

Zhu et al. [13] rearrange the linear equation set such the modulus of elasticity
distribution is the explicit variable and solve it iteratively based on a simplification of the
boundary conditions.

Considering given a minimum and maximum value for the Young’s modulus in
case of vibrational displacement of living soft tissues, Fu et al. [31] use an iterative
approach based on measured data to compute the modulus of elasticity. The algorithm
starts from a value of the Young’s modulus equal to the arithmetic mean of its maximum
and minimum value and these values are then updated based on the error between the
estimated and measured amplitude of the vibration waveform. If the estimated value of
the amplitude is higher than the measured one, the maximum value is kept, while the
minimum value becomes the current value of the Young’s modulus. If the measured
value of the amplitude is higher than the estimated one, the minimum value of the
modulus is kept, while the maximum value becomes the current value. The procedure is
repeated until a fixed number of iterations is reached or the error in the modulus
estimation drops below a predetermined level.

Monserrat et al. [10] apply an iterative inverse method to recuperate the Young’s
modulus and Poisson’s ratio for a set of real data. Two control nodes are defined on the
tissue surface close to the load application point and the corresponding changing nodal
coordinates are monitored, from which the respective displacements are calculated as a
difference between the initial position of the control node and the changed position. With
an arbitrary selection of Young’s modulus and Poisson ratio, the real load conditions are
simulated numerically and the displacements are obtained. The parameters are then
updated iteratively, by minimizing the difference between experimental and numerical
displacements using a Newton—Raphson technique until the updates of the parameters
become sufficiently small. The elastic modulus along with the yield strength and the
strain exponent are recuperated from the indentation load-displacement curve in case of
elasto-plastic objects and the applied forces can be recovered from spatially discrete

knowledge of the stress—field over the surface inside the sensor [10, 32].
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Strain and stress vectors, are used as input and output vectors respectively in a
neural network with 2 hidden layers by Shin er al. [33] to identify anisotropic material
parameters from a single structural test. The network is trained on simulated data using
finite-element method (FEM) to learn the mapping from strain to stress, corresponding to
the elasticity matrix E,.,,,. The elastic constants are computed by comparing the elasticity
matrix with the results provided by the neural network.

A different research direction does not attempt to recover the elastic constants since
elastic constants are material-oriented parameters and do not describe many real-world
objects [8, 9, 24-26]. Instead quantities that can be measured on the surface of an object
without destroying the object are considered. The object is loaded by a force in a point
and the displacement of the surface is observed. The resulting elastic parameters can then
be recuperated, based on certain assumptions, from the relationship between the force and

displacement [8, 10, 18, 24-26].

2.1.3. Elasticity Measurement Conclusions

As this study shows, there are on the whole, relatively few papers devoted to
elasticity measurement. Less than 8% of all the reviewed publications on aspects of
elastic and deformable objects imply elasticity measurements. From the four main
categories of solutions encountered in the literature for gathering elastic behavior of
objects, the indentation and vision-based measurements are the most commonly
employed in engineering applications, while the sound-based measurements are almost in
their entirety dedicated to medical applications.

Most of the models proposed are aimed at very specific applications (e.g.
modeling of tissue based on pipette suction method) and cannot be transferable to another
context. Further research in this direction would benefit from developing solutions that
are not specific for one application, but rather can be relatively easily generalized or
adapted to other contexts.

The majority of the proposed methods make the assumption that the material
exhibits linear elastic behavior, that the modeled objects are homogeneous from the
elasticity point of view, and/or make use of another method (e.g. finite-element method,

boundary-element method) to recuperate the elasticity information. Critical advantage is
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expected in this direction by the implementation of modeling schemes able to cope with
nonlinear elasticity and heterogeneous or piecewise homogeneous objects. In addition,
promising results are expected from modeling/learning implicitly the elastic behavior, in
order to avoid the recuperation of parameters using heavy and complex mathematical

methods and/or the assumptions made on the material of the object under study.

2.2. Adaptive Data Acquisition and Compression Techniques for 3D
Objects

Due to the high measurement speed of 3D data acquisition devices (e.g. laser
scanners) on one side and to the lack of knowledge on appropriate accuracy levels for a
correct description of shape and geometry on the other side, the data acquisition process
is elaborate and often produces too many sample points. Reducing the complexity of such
data sets is one of the key techniques required in order to operate subsequent applications
on the resulting data at a reasonable computational cost. To tackle this issue, the most
widely exploited trend in the literature implies the post-processing of large data sets
obtained by acquisition devices. Frequently, the proposed algorithms rely on the user
input for providing parameters such as the density of sampling, regularity of sampling, or
the minimum distance between samples. This is a difficult task as the user is not always
aware of the appropriate level of accuracy required for a model in order to be further
processed and the adjustment of such parameters can be a lengthy trial-and-error process.

In general, there are three sampling policies proposed in the literature: uniform
sampling, random sampling and stratified sampling. In uniform (regular or grid)
sampling, samples are spread such that the probability of a surface point being sampled is
equal for all surface points. The method is popular because it can be easily implemented
and ensures complete coverage of the surface within the sensor’s field of view. However
the cost is high, because in order to achieve adequate sampling density at those regions
requiring highest density, the sampling density must be uniformly high everywhere. In
random sampling, each point of the object has an equal chance of being selected, but only
a lower number of points are collected. As the percentage of sampled points increases,
the cost gets higher to eventually reach the one of uniform sampling. As well, the risk is

that samples randomly collected miss important features of the object under study.
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Stratified sampling is a technique that generates evenly spaced samples by
subdividing the sampling domain into non-overlapping partitions (clusters) and by
sampling independently from each partition. The method ensures that an adequate
sampling is applied to all partitions. This idea is often exploited in the context of post-
processing of large point-clouds or meshes [34-40], where a subdivision of models occurs
into grid cells and sample points that fall into the same cell are replaced by a common
representative.

The 3D model proposed by Nehab et al. [34] is first voxelized with an octree and
one sample is outputted for each voxel. The common representative for a voxel is
selected according to a probability that decays as the distance of the sample to the center
of the voxel increases. The user controls the sampling resolution, the regularity of the
sampling, and the minimum distance between samples. In [35] the representative point is
the measured point that is the closest to the average of points that fall into the same voxel.

The 3D grids proposed by Lee et al. [36] are octrees that voxelize 3D points
constructed by registration and integration of multiple scanned data sets of an object or
scene of objects. The method uses point normal values on the surface of the object
(computed based on the knowledge that scanned lines and points are ordered due to the
raster scanning procedure employed and based on a triangulation performed on two
neighboring scan lines) from which non-uniform grids are generated using the standard
deviation of normal values. The representative point for each grid is the point whose
normal is closest to the average of the points in the same voxel.

The standard volumetric subdivision strategy cannot be adapted to non-
uniformities in the sampling distribution and sometimes joins unconnected parts of a
surface if the grid cells are too large. To alleviate these problems, Pauly et al. [37]
perform surface-based clustering, where clusters are built by collecting neighboring
samples while taking into account local sampling density. Points are incrementally added
to a cluster until a maximum size and/or a maximum allowed variation is reached. The
sample points of those clusters that do not reach the minimum size or variation bound are
distributed to the neighboring clusters. Alternatively, clusters can be computed by

recursively splitting the point-cloud using binary space partitions.
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Uesu et al. [38] simplify large unstructured meshes by segmenting them into two
parts: the boundary of the original domain and the interior samples. Each part is then
simplified separately, considering proper error bounds. For the boundaries, a modified
surface-simplification algorithm that takes into account the scalar field defined at the
vertices is employed, while the interior points are sampled using a &-d tree partition of the
mesh from which the samples that are outside the boundary, or closer than a certain
minimum distance to the boundary are removed. Finally, the simplified domain boundary
and scalar field are combined into a complete, simplified mesh using a Delaunay
tetrahedralization.

A similar idea is employed by Song and Feng [39] whose point-cloud
simplification algorithm starts by identifying and retaining edge boundaries (using a
measure of the deviation of the normal vectors in the Voronoi neighborhood) and then
removing least important points from the remaining data based on the contribution to the
representation of local surface geometry. If the local geometry cannot be reliably
reflected by the neighboring points of a point and their associated properties, that point is
considered important for defining geometry, otherwise it can be removed. The removal
procedure ends once the specified data reduction ratio is reached.

Kalaiah and Varshney [40] propose a scheme to compactly decimate and
represent point-clouds using Principal Component Analysis (PCA). The input is pre-
processed using an octree and PCA analysis is performed for each cell. Due to the fact
that PCA parameters (orientation, frame, mean and variance) tend to be similar for
coherent regions, the node parameters can be classified using clustering and quantization.
At run-time, based on the viewpoint, a cut in the octree is determined and each node of
the cut is visualized using a Gaussian random generator. Attributes like normals and color
are also generated in the same manner.

Based on the fact that sampling algorithms are usually implying a measure of
error, the idea of using error propagation neural networks that minimize an error measure
seems a good choice to Fiore et al. [41], who propose a multilayer-feedforward network
for non-uniform image sampling for robot motion control. The neural algorithm allows a
controller to determine the robot’s location within a structured environment based on a

digital image sequence coming from a camera. The proposed sampling starts with a
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number of points (pixels in the image) uniformly distributed over the whole image that all
become input points in a neural network. Network pruning is then performed on the basis
of inputs relevance and therefore the number of inputs is reduced while the mean-squared
error is kept below a pre-defined threshold. After pruning, the remaining sampling points
are moved toward the high relevance areas based on a radial-basis-function sampling
operator.

All these described methods and solutions are not meant to be incorporated in the
actual sampling procedure, but rather post-process collected data. An approach to
integrate the sampling procedure into the measurement procedure is proposed by Pai et
al. [24, 25]. They use a probing procedure that considers known a mesh of the object
under study, as well as a set of parameters such as the maximum force exerted on the
object, the maximum probing depth and the number of steps for the deformation
measurement. During probing, the designed algorithm generates the next position and
orientation for the probe based on the specified set of parameters and the mesh of the
object under test. It performs at the same time proximity checks and verifies the expected
contact location of the probe with the mesh based on line intersection.

More recently, an adaptive scanning procedure was introduced by MacKinnon et
al. [42] that uses a group of intermediate quality metrics to monitor several aspects of the
scanning procedure, including outliers, aliasing, planarity, resolvability and reflectivity of
the surface. This heuristic approach helps at focusing a laser scanner over an optimal
field of view and guides the collection of 3D points over regions that will most likely
maximize the visual quality of a final 3D model of an object while minimizing the
number of measurements required. This approach is only evaluated in the context of
high-resolution modeling of artifact objects, where the necessary information to compute
the quality metrics is typically available and reliable.

Both of the two above mentioned methods are adaptive, but not selective. Further
research on adaptive and selective sampling would benefit from automated selective
procedures to determine regions of interest and perform only relevant measurements for

both vision and elastic modeling applications.
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2.3. Deformable Object Modeling and Applications

Several methods have been proposed to respond to the increasing complexity and
realism of interaction requirements of deformable models, while trying to maintain
reasonable processirig time. All these aspects depend on the type of models used to
describe them. Non-physical models are simpler representations and therefore easier to
update in real-time, but provide less realistic simulations. Due the exclusive interest of
this thesis into accurate deformable object models, non-physical object modeling will not
be further discussed here.

Physically-based modeling techniques augment geometric objects with forces,
torques, velocities, accelerations, kinetic and potential energies, heat, and other physical
attributes such as mass, damping and stiffness distributions that are used to control the
creation and evolution of models. They are governed by simulated physics laws and
facilitate the creation of models capable of automatically synthesizing complex shapes
and realistic motions to a higher degree of realism. Physically-based models are
responsive to one another and to the simulated physical worlds that they inhabit [43]. The
main categories of physically-based models are mass-spring models, finite-element and
finite-differences methods, long and boundary-element methods, modal analysis, particle
systems, implicit models and mesh-free methods. These are described further in the

following sections.

2.3.1. Mass-Spring Models

A deformable object can be modeled as a collection of particles connected by
springs in a lattice structure, creating a so-called mass-spring model (MSM) [44]. The
most straightforward strategy is to consider each vertex of an object mesh as a particle
and each edge as a spring. The spring rest length is set equal to the length of
corresponding edge. The mass is assigned arbitrarily or it can be evenly distributed
among the object’s particles. If there is an uneven distribution of vertices in the object,
then masses can be assigned to vertices in such a manner as to make a more even
distribution of mass. Spring constants are also usually assigned uniformly in the object to
a user-specified value. When external forces are applied to specific particles, either

because of collisions, gravity, wind or other user specified forces, the particles are
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displaced and this displacement will induce spring forces in the object, which in turn will
induce other spring forces. Therefore, the object will jiggle as a result of forces
propagating inside it and it will finally come to rest. Spring forces are often linear, but
nonlinear springs can be used to model inelastic behavior. The motion of a single particle
in the object is governed by Newton’s law of motion and the equations of motion for the

whole mass-spring system are assembled for all the particles in the lattice:

Mi+Di+Kx=f (2.4)

where x is a 3N-dimensional position vector, M, D, K are the mass, damping, and
stiffness matrices of size 3Nx3N and frepresents the total external forces on the particles.
M and D are diagonal matrices and X is banded as it encodes spring forces, which are
functions of distances between points [45]. The solution of the system is obtained by
expressing the equations of motion as a set of first-order differential equations and using
one of the many available numerical integration techniques to solve it. Among the most
popular ones are Euler’s method, second order and fourth order Runge-Kutta and Verlet

integration.
2.3.1.1. Advantages and Disadvantages of Mass-Spring Models

Mass-spring models are simple, as they are based on well-understood dynamics.
They are easy to construct, and both interactive and real-time simulations of mass-spring
systems are possible as they have low computational demands. Another advantage is their
ability to handle both large displacements and large deformations. They are also well

suited to parallel computation due to the local interaction between the nodes [45].

However, the structure of the mass spring is often application-dependent and hard
to interpret. The animation results often vary dramatically with different 2D and 3D
spring structures [46]. Since the model is tuned through the spring constants, good values
for these constants are not always easy to derive from measured material properties.
Furthermore, it is difficult to express certain constraints (like incompressibility and
anisotropy) in a natural way. When all the springs in a system are set to the same

stiffness, the mesh geometry may generate undesired anisotropy. Even though this
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behavior tends to disappear with an increase in mesh density, an extremely dense mesh
would reduce the efficiency [47]. Another problem occurs when spring constants are -
large. Such large constants are used to model nearly rigid objects, or model non-
penetration between deformable objects. This problem is referred to as stiffness. Stiff
systems are problematic because of their poor stability, which requires small time steps
for numerical integration resulting in slow simulation. And yet another problem
encountered is that while most of the materials found in nature maintain a constant or
quasi-constant - volume during deformations, mass-spring models do not have this

property [47].

2.3.1.2. Parameter Identification

Among the intrinsic limitations of mass-spring systems, one of the major
problems is parameter setting. In the vast majority of applications, the selection of the
physical constants is performed on the basis of the visual appeal of the resulting
deformable object [48]. The user controls the spring constants, damping coefficients, and
the mass properties of each element individually or of the model as a whole. This choice
is justified by the fact that, for computer animation applications, accuracy and correct
physical behavior is not a must. Some publications, like Brown et al. [49] initialize the
parameter values using expert knowledge (biomechanical data models are tuned based on
comments given by surgeons interacting with them).

More accurate methods for elastic constants computation rely on the use of
genetic algorithms [50, 51], simulated annealing [52], fuzzy systems [53-57], neural
networks mimicking the deformation of springs (the network takes the changes of length
and velocity of springs as input and outputs the total spring force) [58] or direct
measurement of elastic properties of objects that are discussed in the section 2.1.

Another problem related to mass-spring models is how to distribute the object
mass over the particles of the system. In most cases, mass is assigned arbitrarily or is
evenly distributed among the object’s particles. In [50], the distribution of mass respects
the inertial properties of the object. The object is decomposed in a set of tetrahedrons,
and each tetrahedron is then replaced by a set of 5 particles (one at each vertex and one at

the inertial center). The mass of the particles in the vertices is 1/20 of the total mass,
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while the mass in the inertial center represents 16/20 of the total mass of the object. In
[52, 59] each mass is computed according to the volume of the Voronoi region around it.
The distribution of the mass points over the deformable object surface varies in local
density in proportion to the surface curvature in Cover et al. [60].

Stiff systems are problematic because of their poor stability, which requires small
time steps for numerical integration resulting in slow simulation. Stability problems are
avoided in Wagner ef al. [61] by setting maximum values for acceleration and velocity of
each node. If the maximum acceleration is exceeded by a certain percentage, the spring

exerting the highest force on the node is deleted.

2.3.1.3. Anisotropy and Volume Preservation

When all the springs in a system are set to the same stiffness, the mesh geometry
may generate undesired anisotropy. To tackle the anisotropic behavior problem,
Bourguignon and Cani [47] let the user define mechanical characteristics of the material
along a given number of axes corresponding to orientations of interest at each current
location. All internal forces will be acting along these axes instead of acting along the
mesh edges. During deformations of the material, the three axes of interest of given initial
orientation, evolve with the volume element to which they belong. From the deformation
of the local frame, the resulting forces on each intersection point are estimated and for a
given face, the force value on each point mass belonging to this face is computed by
inverse interpolation of the force value at the intersection point. The proposed method
also ensures volume preservation using additional springs running from the center of the
voxel to the corner masses.

To ensure volume preservation, Vassilev and Spanlang [62] use support springs.
Some adjustable constraints between masses are added in Di Giacomo and Magnenat-
Thalmann [63], which try to preserve initial volume of the objects by modifying positions

relatively to the difference between initial and current distances.

2.3.1.4. Adaptive Refinements and Hierarchical Representations

Exploiting the fact that many deformations are local, hierarchical techniques
approximate the deformation from sparse to fine scale to improve the response time of

MSM and support dynamic changes of topology [45, 53, 55].
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By propagating forces in an ordered fashion through an elastic mass-spring mesh,
Brown et al. [49] limit computations to those portions of the objects that undergo

significant deformations.

Hutchinson et al. [64] present a mechanism for adaptive refinement of a 2D mass-
spring model, that starts from a coarse approximation and a measure indicating the
accuracy required for a particular modeling case. If an inaccuracy is detected in the
model, more masses are introduced around the crease point and the stiffness of the

springs adjusted to prevent regions of increased masses to behave differently.

Montgomery et al. [65] track the region of deformation by breadth-first ordering
the nodes from a point of interaction into levels and only process within this region in
order to increase performance, while Paloc et al. [66] propose a dynamic multi-resolution
volumetric mass-spring representation. A coarse mesh is created offline by forming an
initial boundary constrained Delaunay tetrahedralization. During online simulation, the
given mesh can be locally refined or simplified by inserting, respectively deleting,

vertices.

Other improvements of MSM refer to building interfaces between MSM and rigid
objects [67, 68]. The representation for a rigid body is the same as the one for a
deformable body, except that the distances between its elements are fixed. As all physical
interaction occurs between the mass elements only, there is no need for the explicit
handling of interaction between rigid and deformable bodies or between rigid and rigid

bodies.

. 2.3.1.5. Applications of Mass-Spring Models

Mass spring models are applied to model soft tissue and internal organs for virtual
surgical training [51, 55-60, 61, 63, 65, 66, 69-71], for modeling and animation of human
faces [72, 73], characters [64, 74, 75] and cloth [76-78], for building virtual sculpting
tools [79, 80] and for interactive shape modeling [68, 81, 82]

2.3.2. Finite-Element Method

While the mass-spring method approximates an object as a finite mesh of points

and discretizes the equilibrium equations at the mesh points, the finite-element method
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(FEM) divides the object (solid body with masses and energy distributed throughout) into
a set of elements and approximates the continuous equilibrium equation over each
element. The desired function for each element is represented as a finite sum of element-
specific interpolation functions. In the displacement-based FEM method, the equilibrium
equation is derived from the goal of minimizing the potential energy with respect to the

material displacement [45]. The steps involved in FEM [45, 83, 84] are:

1. The continuum of an object is discretized in a number of finite elements. These
elements are assumed to be interconnected at a discrete number of nodal points
situated on their boundaries.

2. Equations to approximate the solution for each element are developed. A set of
interpolation functions is chosen to define uniquely the state of displacement (an
equilibrium equation) for each element in terms of its nodal displacement. In other
words, for each element, the components of the equilibrium equation are re-expressed
in terms of the interpolation function and the element’s node displacements. The
coefficients of these functions are evaluated such that they approximate the solution
in an optimal fashion.

3. After the individual element equations are derived, they are assembled to characterize
the unified behavior of the system. Adjustments are made such that the system

respects the boundary conditions.

The system representing the set of equilibrium equations is solved for the node
displacements over the whole object. The node displacements and the interpolation
functions of a particular element are then used to calculate displacements or other

quantities of interest (such as internal stress or strain) for points within the element.

2.3.2.1. Elements and Element Equations

The best choice of elements and interpolation functions depends on the object
shape, convergence requirements, degrees of freedom, and trade-offs between accuracy
and computational resources [45]. As the complexity of an element increases, the total
number of unknowns can be reduced in order to obtain the same degree of accuracy.
However, the total computation and data preparation time is not reducing, since the time

for element formulation increases for complex elements. Higher order interpolation
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functions require more sophisticated numerical integration techniques. As the element
equations increase in degree, the convergence to the exact solution is more rapid [83].
Each element has an interpolation equation that describes how the quantities vary within
the element. Because they are easy to manipulate mathematically, polynomials are often
employed for this purpose [84]. For example, for a 2D triangular element its simplest

alternative is the linear polynomial.

2.3.2.2. Equilibrium Equations

The object deformation is a function of forces acting on it and of the object’s
material properties. For dynamic deformation systems, the effect of inertia and velocity
are considered, resulting in a second order differential equation of the form, similar to eq.

(2.4) used for mass-spring models:

MU +DU +KU =F (2.5

where M, D, K are the mass, damping and stiffness matrices, and U is the composite
vector of displacements and F the composite vector of forces that act on the object.
Because the force vectors, mass and stiffness matrices are computed by integration over
the object, they should be re-evaluated as the object deforms. As this evaluation is very
costly, the assumption that the body undergoes only small deformation is often made and

offline pre-computations are used to minimize the intensive computational requirements.

2.3.2.3. Advantages and Disadvantages of Finite-Element Method
FEM deformable models are more accurate than mass-spring models, but the high

computation time implied remains an obstacle for real-time applicability of the method.

2.3.2.4. Offline Pre-Computations of Finite-Element Method

The idea behind many developed improvements of FEM basic model is to
maximize offline pre-computations so that minimal real-time effort is necessary.
Elementary deformations are pre-computed by an iterative method to solve each linear
system displacement in Cotin et al. [85]. In [86] two linear elastic models are combined:
a quasi-static pre-computed model, that is efficient but does not allow topology changes

and a dynamic tensor-mass elastic model, which requires more computation but
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authorizes topology changes in order to optimize the trade-off between computation time
and visual realism of the simulation.

In Popescu and Compton [87], based on the assumption that the area of
interaction of the external forces on the object is small and given a tetrahedral mesh
representing an elastic object and its elasticity constants, the positive definite stiffness
matrix and its inverse computation is done offline.

As a pre-computation step, a linear stiffness matrix is computed for the system in
[88]. At each time step of the simulation, a tensor field that describes the local rotations
of all the vertices in the mesh is computed. This field allows the computation of the
elastic forces in a non-rotated reference frame while using the pre-computed stiffness

matrix.

2.3.2.5. Adaptive Refinements

Adaptive refinements can be employed to provide sufficient detail only where
required, while minimizing unnecessary computation. Astley and Hayward [89] restrict
the computation to the regions surrounding the point of interaction between the virtual
tool and the deformable body employing a multi-layer finite-element mesh. The body is
decoupled into a hierarchical mesh structure consisting of high and low density regions.
The top layer (parent) consists of a coarse mesh on the entire body. Child-meshes
represent sub-regions of the coarse mesh, but have a much finer resolution. Using Norton
equivalents to relate two meshes, it is possible to decouple the coarse and fine regions.
Different regions of the mesh can be computed at different rates, and also parent and
child meshes can be updated at different frequencies. The same idea of partitioning the
underlying volume into one or more relatively dense child meshes and a sparse parent
mesh and linking them by Norton equivalents is used in Audette et al. [90].

Capell et al. [91] combine FEM with a multi-resolution subdivision framework in
order to produce animations. Deformations are represented using a hierarchical basis
constructed by volumetric subdivision.

Debunne et al. [92] use an automatic space and time adaptive level of detail
technique, in combination with a large displacement (Green) strain tensor formulation.

The body is partitioned in a non-nested multi-resolution hierarchy of tetrahedral meshes.
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The local resolution is determined by a quality condition that indicates where and when
the resolution is too coarse. As the object moves and deforms, the sampling is refined to

concentrate the computational load into the regions where more deformations occur.

A mixed finite-volume/finite-element formulation is employed to optimize the
computational effort in [93]. Each sample point is assigned a specific region (its Voronoi
region) such as these regions cover the whole object, and the object is described as a non-
nested hierarchy of meshes. Different levels of the mesh hierarchy communicate through
a ghost node technique. The nodes of a mesh represent a given region of space and their
values are the average of the local material’s properties within this region. When
sampling becomes too coarse in a region, a more detailed level of detail is switched to, by
adding sample points in that region to enhance the local description of the material. A
coarse node is replaced by its child mesh, where the children are the nodes from the finer
mesh which lie inside the Voronoi region of their parent.

Kang and Kak [94] perform interactive deformations of virtual 3D objects using a
hierarchical implementation of FEM. During the first phase of interaction, the forces are
used for the calculation of volumetric deformations using a coarse-resolution cubic
implementation of a volumetric FEM. In a second phase, the surfaces of the object are re-
meshed at higher resolution. Forces applied subsequently yield displacements at the old

nodes and, via plate-theory based FEM, at newly created surface nodes.

2.3.2.6. Other Improvements of Finite-Element Method

Also in order to achieve real-time response, condensation can be applied to the
stiffness matrix and the related computation of the stiffness matrix is only performed for
those few positions of the force vector that are non-zero in [95].

The equations of motion of a deformable model are expressed in 3D vector form
by a set of second-order ordinary differential equations, which is solved using modal
analysis in Chen et al. [96]. By mathematical transformation, the base of the matrices is
changed such that the equations of motion can be uncoupled.

Hirota et al. [97] focus on the simulation of mechanical contact between
nonlinearly elastic objects, in form of tetrahedral meshes. Their penalty method for FEM

simulation is based on the concept of material depth (the distance between a particle
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inside an object and the object’s boundary). By linearly interpolating pre-computed
material depths at node points, contact forces can be analytically integrated over contact

surfaces without raising the computational cost.

The inverse problem of elastic reconstruction is stated in terms of an objective
function to minimize the square error between measured and computed displacements
estimated by a FEM model at the observation points in Han et al. [98]. As the
displacement vector is a nonlinear implicit function, the defined minimization problem is
a linearly constrained nonlinear optimization problem, which is solved using the

Levenberg-Marquart method to determine Young’s modulus.

Metaxas and Kakadiaris [99] present a technique for the automatic adaptation of a
deformable model’s elastic parameters within a Kalman filter for shape estimation
applications. The modification of each of the FEM model’s elastic parameters is based on
ideas from the theory of proportional-derivative control. The variation of the elastic
parameters depends on the distance of the model from the data and the rate of change of
this distance. The algorithm uses physics-based modeling techniques to iteratively adjust
both the geometric and the elastic degrees of freedom of the model in response to forces

that are computed from the discrepancy between the model and the data.

2.3.2.7. Applications of Finite Element Method

Finite-element method is applied to surgical simulations [85, 86, 90, 92, 95-99]

and character animation [91].

2.3.3. Finite-Differences Method

If a deformable object is sampled using a regular spatial grid, the equation of
motion can be discretized using finite differences. Terzopoulos et al. [100, 101] construct
differential equations that model the behavior of non-rigid curves, surfaces, and solids as
a function of time, based on simplifications of elasticity theory. The shape of a body is
determined by the Euclidean distances between nearby points. As the body deforms,
these distances change. Potential energies of deformation are defined for elastic curves,
surfaces, and solids. Energies restore deformed bodies to their natural shapes, while being

neutral with respect to rigid body motion. The deformation energy is zero for rigid
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motions and grows as the model gets increasingly deformed away from its natural state.
For simulating the dynamics of the model, the motion equations are discretized by
applying finite-difference approximations.

Terzopoulos and Fleischer [102] extend the proposed framework to non-
elastically deformable models with behaviors such as viscoelasticity, plasticity, and
fracture. Their formulation introduces additional global deformation degrees of freedom
inherited from superquadrics. Through dynamic simulation, the parameters of the
deformable superquadric evolve until reaching a minimum energy state, fitting the

deformable model to a given 2D or 3D dataset.

Advantages and Disadvantages of Finite-Differences Method

The method of finite differences is easier to implement than the FEM. However, it
is difficult to approximate the boundary of an arbitrary object with a regular mesh. Also,

local adaptations are only possible with irregular meshes.

2.3.4. Long-Elements Method

In the Long-Elements Method (LEM) proposed by Costa and Balaniuk [103],
volumes of objects are discretized in long elements (LEs), which can be compared with a
spring fixed in one extremity and having the other extremity attached to a point in the
movable object surface. An LE has no mass and does not occupy a real space. The real
space inside the solid is occupied by an incompressible fluid. The LE is affected by
internal and external pressures on its surface. External pressure is composed of the
atmospheric pressure, of the stress when an elongation exists, and of the forces due to the
change in the surface area. The internal pressure is given by the pressure of the fluid, the
effect of gravity and the contacts between the object and its environment. A set of
equations is built on the static condition that the external pressure equals the internal one

and is solved using standard numerical methods.

Applications of Long-Elements Method

LEM is almost in its entirety dedicated to medical applications. Costa and
Balaniuk [103] use LEM to model soft tissues. Nakao er al. [104] achieve haptic

reproduction and real-time visualization of a beating heart for cardiac surgery simulation.
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Mendoza et al. [105] and Sundaraj et al. [106] use a thigh echographic simulator to test
the corresponding LEM deformable model.

2.3.5. Boundary-Element Method

The boundary-element method (BEM) has been developed originally as an
approximate method of solving differential equations defined for a certain domain when
the exact solution cannot be obtained analytically. In 3D elasticity modeling, the domain
is equivalent to an elastic body and the boundary corresponds to the body’s surface,
which is discretized into a finite number of elements. The unknowns are the boundary
displacements and forces (tractions). BEM leads to a small but dense set of well-
conditioned equations which are simple to solve. Numerous fast integral transform
methods exist for Navier's equation satisfied by the displacements of linear elastostatic
objects with isotropic and homogeneous material properties. Interactive speeds and
accuracy are attained by exploiting the fact that a linear model allows many system
responses (Green's functions) to be pre-computed, and then combined later in real-time

using an incremental low-rank update solution reconstruction approach [107-109].

2.3.5.1. Advantages and Disadvantages of Boundary-Element Method

Contact forces are more accurate for computation since they are solved just like
displacements, instead of being derived from displacements using difference formulas.
As a result, BEM easily handles mixed boundary conditions and can use the same
boundary discretization as used for rendering, meaning that no separate meshing is
required. However, the fact that BEM uses the same boundary discretization as used for
rendering, also means that BEM can handle only a class of materials with homogeneous

material properties.

2.3.5.2. Applications of Boundary Element Method

James and Pai [108] use BEM for simulation of a kinematically constrained rigid
object contacting a deformable object. Monserrat ef al. [10] propose a deformable object
model based on a boundary-element method for soft tissue simulation. Meier et al. [110]

study cutting on BEM deformable models.
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2.3.6. Modal Analysis

Modal analysis is the field of measuring and analyzing the dynamic response of
structures and fluids when excited by an input. Its goal in structural mechanics is to
determine the natural mode shapes and frequencies of an object or structure during free
vibration. It is common to use the finite-element method to perform this analysis.

Pentland and Williams [111] use the finite-element method of modal analysis to
define a set of polynomial deformations that has the advantage of allowing efficient
approximations of physical behavior. Polynomial deformation mappings are used to
couple a vibration-mode representation of object dynamics together with volumetric
models of object geometry. The polynomials are derived from the eigenvectors of the
finite-element equations. To obtain a simulation of the dynamics of an object one uses a
linear superposition of these modes to determine how the object responds to given force.
In order to improve efficiency only a limited set of modes are used and small amplitude,
higher frequency modes are usually discarded. The level of detail in a simulation can be

controlled by gradually introducing higher frequency modes where accuracy is important.
2.3.6.1. Advantages and Disadvantages of Modal Analysis

Modal analysis restricts the deformable object to fewer degrees of freedom,

sacrificing generality for speed.
2.3.6.2. Applications of Modal Analysis

Pentland and Sclaroff [112] propose a physically based object recognition method
using an approach based on FEM and modal analysis. James and Pai [113] simulate
interactive, volumetric and dynamic deformation models using a Dynamic Response
Texture simulation process that employs pre-computed modal vibration models excited
by rigid body motions.

Hauser et al. [114] implement a deformable dynamics simulator for free bodies by
combining modal simulation with a standard rigid body dynamics simulator. The two
systems interact with each other through inertial effects. As the rigid body moves, the
modal system experiences centrifugal and coriolis forces. Inertial moments of the rigid

body change as the modal system deforms.
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2.3.7. Particle Systems

A particle system is a collection of simple primitive objects (particles) that evolve
over time and that are processed as a group in order to represent an object. The
characteristics of these objects, such as shape, size, position, color, and the lifetime of the
particle, can be changed dynamically using a set of parameters. In general, each
parameter specifies a range in which a particle's value must lie. If these parameters of the
particles are coordinated, the collection of particles can represent an object. The dynamic
behavior of the particles can be determined by the solutions of sets of coupled differential

equations or by simulating the behavior imposing forces and constraints.

2.3.7.1. Advantages and Disadvantages of Particle Systems

A particle is a much simpler primitive than a polygon, the simplest of the surface
representations. Therefore, in the same amount of computation time one can process
more of the basic primitives and produce a more complex image. The model definition is
procedural and stochastic and therefore, obtaining a highly detailed model does not
necessarily require a lengthy design time. Because it is procedural, a particle system can
adjust its level of detail to suit a specific set of viewing parameters. Particle systems can
be used to model dynamic objects that are more difficult to represent with other modeling

techniques (e.g. surfaces).

However, particles of changing sizes can lead to performance penalties. Another
disadvantage is the fact that particle systems are hard to integrate seamlessly into a
complex scene and it is harder to achieve exact analytic control over the surface of the

modeled objects.

2.3.7.2. Applications of Particle Systems

Particle systems are encountered in three areas of applications: elastic surface
modeling [115], volumetric object modeling [116] and cloth modeling and animation
[117-120]. Szeliski and Tonnesen [115] model elastic surfaces based on interacting
particle systems. The particles have long-range attraction forces and short-range

repulsion forces and follow Newtonian dynamics. To enable particles to model surface
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elements instead of point masses or volume elements, an orientation is added to each
particle’s state. In addition to having a position, an oriented particle also has its own local
coordinate frame, which adds three new degrees of freedom to each particle’s state. To
force oriented particles to group themselves into surface-like arrangements, a collection
of potential functions is devised. These potential functions are derived from the
deformation energies of local triangular patches using finite-element analysis and favor

locally planar or spherical arrangements.

An interactive, physically-based, elastically deformable model using a particle
system to model surfaces with interior volumes that can be haptically felt is presented by
Stahl et al. [116]. Oriented particles used in existing surface-only models, and non-
oriented particles used in volume-only simulations are combined to form a bag-of-
particles. Multiple species of surface and volume particles, coupled with predefined
interspecies parameters, determine the elastic properties of a bag. Starting with an object
represented as a 3D voxel bitmap of connected components, the gradient of its distance
map gives a vector field that captures the static shape of an object and provides shape-
maintaining forces. This field vector enables the user to define the geometry of the
simulated objects, and provides feedback reaction forces allowing a user to feel the

model.

Breen et al. [117] represent the microstructure of woven cloth with interacting
particles. Cloth is modeled as a collection of particles that conceptually represents the
crossing points in a plain weave fabric. The various thread-level structural constraints are
represented with energy functions that capture simple geometric relationships between
particles within a local neighborhood. These energy functions are meant to encapsulate
four basic mechanical interactions: thread collision, thread stretching, out-of-plane
bending, and trellising. Eberhardt et al.’s particle system [118] is extended to model air

resistance in cloth modeling.

Volino et al. ‘s animated deformable cloth object [119] is represented as a particle
system with vertices forming irregular triangles. The object is considered to be isotropic,
of constant thickness and with known elastic parameters. Considering only the

continuous constraints initially (such as wind and gravity), differential equations are
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solved using a time step that ensures mechanical stability for all vertices (computed from
the acceleration of the vertices versus the length of their connected edges). Then,
collisions are detected and direct correction of position and speed complying momentum
transfer laws occurs. This way, the collision evaluation time is roughly proportional to
the number of colliding elements, and independent of the total number of elements that

compose the deforming surface.

Baraff and Witkin [120] describe a cloth simulation system that couples a
technique for enforcing constraints on individual cloth particles with an implicit
integration method. The cloth is modeled as a triangular mesh, with internal cloth forces
derived using a simple continuum formulation that supports modeling operations such as

local anisotropic stretch or compression.

2.3.8. Implicit Models

Instead of using parameters such as (u, v) to explicitly describe a point on the

surface as in the case of curves and surfaces, an implicit function of the form:

f(xy,2)=f(p)=0 (2.6)

can be used. In other words, a point p is on the implicit surface if the result is 0 when the

coordinates of the point are inserted into the implicit function f.

2.3.8.1. Advantages and Disadvantages of Implicit Models

A main advantage of implicit representations over their parametric counterparts is
that they comprise more information about their interior and exterior. Implicit surfaces
are inherently manifold. They can be collided and deformed [121]. Moreover, for the
same polynomial of degree n, implicit algebraic surfaces have more degrees of freedom,
compared with parametric surfaces of the same degree. Therefore, implicit algebraic
surfaces are more flexible to approximate a complicated structure with fewer pieces or to
achieve a higher order of smoothness. Implicit surfaces can be extended to implicit

volumes.
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Despite their many advantages, implicit surfaces and volumes are difficult to
render efficiently. Today's real-time graphics systems are mainly optimized for rendering
triangles, implying that an implicit surface must be converted to a mesh of triangles
before being rendered. The representation being multi-valued may cause the real zero-
contour surface to have multiple sheet, self-interactions and several other undesirable
singularities [121]. Their use is thus limited by the difficulty in identifying specific

locations on a surface.

2.3.8.2. Applications of Implicit Models

Cani-Gascuel and Desbrun [122] design and animate complex deformable models
with implicit surfaces, particularly rigid articulated bodies coated with implicit flesh and
soft substances performing separation and fusion. Desbrun and Gascuel [123] present a
hybrid model for animation of soft inelastic objects, that undergo topological changes
(e.g. separation and fusion) and that fit with the objects they are in contact with. Du and
Qin [124] couple partial derivatives equations with volumetric implicit functions, in order
to achieve interactive shape representation, manipulation and deformation for sketch

curve sculpting.

2.3.9. Mesh-Free Methods

Mesh free methods are used to establish a system of algebraic equations without
the use of a predefined mesh as in the case of FEM or BEM. Even though they use a set
of nodes scattered on the boundaries of the problem domain to represent it, these nodes
do not form a mesh, which means that no information on the relationship between these

nodes is required [125].

2.3.9.1, Advantages and Disadvantages of Mesh-Free Methods

The creation of a mesh that is prerequisite for FEM or BEM methods is
eliminated here. These methods are a natural way to process readily available point-
clouds provided by measuring equipment, especially laser scanners. Since a whole
modeling pipeline starting from surface representation, digital processing, physics-based

modeling and rendering is possible without the employment of meshes, mesh-free
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methods are a promising research direction. However, the framework is fairly new and

therefore less explored.

2.3.9.2. Applications of Mesh-Free Methods

Liu [125] develops mesh free models for solving mechanics problems, such as
mesh-free methods for shells, beam and plates. However, the widest application of mesh-
free methods is in the area of computer graphics for animation of elastic, plastic and fluid
objects [126-129].

Muller et al. use continuum elasticity theory and point-based models to simulate
the animation of elastic, plastic and melting objects [126, 127]. After assigning a mass for
each material point (all the simulation quantities, such as location, density, deformation,
velocity, strain, stress and force are carried by the physically simulated points) and using
the assumption that the material is linear and isotropic, the behavior of each point is
modeled using an implicit time integration of Newton’s second law of motion. The
method is similar to the one employed for the simulation of particle systems. Plasticity
can be modeled using a strain-state variable that is attached to each point and that stores
the degree to which the force is elastic or plastic. In a similar manner, fluid simulation
can be done by introducing hydrodynamic equations for each point as in the case of
particle-based fluid simulation.

Chang and Zhang [128] model deformation on point-clouds by applying
displacements (displacement boundary conditions) or tractions (force boundary
conditions) on the surface, based on the superposition principle in elastic mechanics
which states that any complex loading can be equivalently produced with a combination
of simple loadings. Objects are embedded in infinite bodies. A set of points are created
on the surface of the object (regularly or randomly distributed) to capture its geometry
and boundary conditions, and another set of points are distributed around the object
where virtual forces (concentrated forces in the infinite body) are exerted. Considering
the elastic parameters known, the deformations that occur on the infinite body are
reduced to a linear system of equations solved using a minimization algorithm that
determines the strength of virtual forces for any point. These forces are then used to

determine the deformation either for surface or boundaries of the object under study.
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Muller et al. [129] employ methods similar to modal analysis for point-clouds.
The input points are simulated as a simple particle system without inter-particle
interaction but including collision with the environment and external forces such as
gravity. At each time step the particles are pulled towards their goal position. To compute
individual goal positions, the original configuration is matched with the actual
configuration defined by actual positions of the particles. The method can be used to
simulate rigid bodies, linear (shear, stretch) and quadratic deformations (twist and bend)

as well as cluster based deformations.

Schmitt et al. [130] deform heterogeneous volumetric objects defined as point sets
with attributes. A heterogeneous volumetric object has a number of attributes assigned at
each point. These attributes are mathematical models of object properties of arbitrary
nature (material, photometric, physical, statistical, etc). While function representation
directly defines object geometry, for an attribute it specifies a space partition used to
define the attribute function. The set of proposed deformations is point based, as arbitrary
points in the space are moved to arbitrary positions. Traditional field functions are then

used to define the deformation.

2.3.10. Neural Networks

Neural networks are designed similarly to the biological neural pathways and
perform the same basic task: processing input data, arranging this data into some sort of
meaningful order, and then passing the information to the outputs. The basic architecture
of a neural network consists of a large number of simple processing elements, called
neurons. Each neuron has an internal state, called activation function, which is a function
of the inputs it receives. The neurons are connected to form a network. The way in which
neurons are connected defines the network topology or the network architecture. Most
neural networks have a layered topology consisting of an input layer (neurons in this
layer receive external inputs from outside the network) and an output layer (neurons in
this layer produce some of the outputs of the network). The inner layers of a network are
referred to as “hidden layers” since they receive neither input nor output information
from outside of the network. The neurons are capable of storing information, which

determines their output for any given input. By convention this information is stored in
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the weights associated with each communication link. Neural networks can modify this
information during the learning process. Learning consists in the adjustment or adaptation
of the network weights or parameters over time, such as to permit the system to perform
the task it has been designed for. There are three types of learning: supervised,
unéupervised and reinforcement learning. In the supervised learning, training is
accomplished by presenting a sequence of training vectors, each associated with a target
output vector. An error is computed between the output and the target vector. This error
provides an external feedback, which is used to adjust the network. In unsupervised
learning a sequence of input vectors is provided, but no target vectors are specified. The
net adjusts itself such that the most similar input vectors are assigned to the same output
unit. Reinforcement learning is an intermediate between supervised and unsupervised
learning. Instead of providing total feedback (the error in supervised learning) or no

feedback (as in unsupervised learning), a moderate feedback is obtained [1].

2.3.10.1. Advantages and Disadvantages of Neural Networks

The strength of neural networks stems from their intrinsic non-linearity, their
computational simplicity and ability to learn, and subsequently to generalize. A neural
network has the capacity to learn high-dimensional, redundant mappings from a limited
set of measured data, without any a priori mathematical model. They have the capability
to provide fast estimations for output values that were not part of the training set, due to
their continuous memory. Even though they may take a relatively long time to learn,
especially in the case of large datasets or where accuracy is desired, the recall phase is
done real-time, which is very important in the context described in this thesis.

However, the training parameters and the network size are not always easy to set
in certain modeling scenarios, and in spite of certain existing guidelines of choosing a
netwbrk size for a certain input configuration, the modeling with neural networks can

sometimes become a long trial-and-error procedure.

2.3.10.2. Applications of Neural Networks

In general, neural networks are used for a wide variety of tasks, including
function approximation, pattern recognition, clustering, feature extraction and control-

related tasks, just to mention a few. In the areas of modeling and computer graphics,
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neural networks have been applied for data fusion and improvement of measured data
using a priori knowledge, projection, visualization and exploration of high-dimensional
data, reconstruction of surfaces and shapes from scattered data, range data and shape
from shading, object representation and modeling, modeling of isosurfaces,
segmentation, shape matching and volume matching, object classification and object

motion [1].

For elasticity modeling, as it was shown in section 2.1.2, neural networks are
employed to model the relationship between stress and strain [8], to recuperate the
parameters of applied force from the stress distribution [9] and to learn the mapping

between a point in a undeformed body and the same point in a deformed body [18].

In the context of deformable object models, Grzeszczuk et al. [131, 132] propose
the NeuroAnimator, an approach to create physically realistic animation of objects,
employing neural networks. NeuroAnimators are automatically trained to emulate
physical dynamics through the observation of physics based models. The NeuroAnimator
learns an approximation to the dynamic model by observing instances of state transitions,
as well as control inputs and/or external forces that cause these transitions (state of the
model, its control inputs, and the external forces acting on it at time) and emulates

continuous animations.

Saito et al. [133] build a solution-specific neural-network-based deformation
simulator for cutting soft material with a manipulator equipped with a blade. The
proposed model is based on two networks that perform global and local deformation. The
global deformation module simulates the propagation of distortion through the material
and the local deformation module gives the local distortion. The global deformation
module is a 2D grid of backpropagation networks. Each network communicates
positional information to its four neighbors. The distortion transferred to neighbors is
attenuated to avoid oscillations in case the interaction is too strong. The local
deformations module, based on a 3-layered backpropagation network, predicts local
distribution of material with data given by a controller or visual monitor. It outputs the
shift of each lattice point. To obtain training data, a deformation detecting network is

employed to extract shifting vectors for lattice points from an image sequence.
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2.3.10.3. Final Remarks on Neural Networks

In spite of the fact that neural networks are used as modeling tools in the context of
this thesis, no elaborate literature review is presented here on the existing different
architectures, a field that is extremely wide. The thesis does not propose novel
architectures and employs only existing ones. The classical neural networks, i.e. feed-
forward architectures, are well-known and established and have been extensively
discussed in literature and therefore are not elaborated here. The interested reader is
invited to consult classical references on the topic [134, 135]. However, less known
architectures employed in this thesis, such as neural gas and growing neural gas will be

presented within the chapters where they are used.

2.4, Conclusions

The survey presents existing techniques and research trends in the deformable
objects modeling context, with particular stress on different types of models. There is a
vast collection of papers in the literature studying different aspects of deformable models.
Although the domain has been studied for more than 3 decades, there is an increasing
interest in the subject after the year 2000. Most of the methods have been proposed to
respond to the increasing requirements of real-time interaction speed of deformable
models in the detriment of accuracy and realism. Regarding the areas of applications, the
vast majority of models are highly specialized and dedicated to a particular application
(e.g. almost 50% of the total number of published papers is focused on the modeling of

organs and soft tissues in surgical simulations).

Although significant advances have been made, the field of deformable object
modeling is still open. Further research is required to respond to the increasing need to
support realism and accuracy of complex real-world object models built from

experimental data collected by sensors.
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3. Neural Network Modeling of Elastic Behavior from

Experimental Data

The chapter explores means to model elastic behavior from experimental
measurements. It starts by showing how elastic behavior can be collected and modeled
from force-displacement curves knowing a mesh of an object, and how the modeling
results differ in quality from classical solutions, in this case the Three-element method.
Then a novel method is proposed to elicit and model elastic behavior. This method
combines vision and tactile probing and allows for the measurement of elastic behavior
directly from point-clouds, without any assumption on the material of the objects under
study. This novel method allows for the modeling of 2.5D deformation profiles of probed
objects. Several experiments are performed for each of the cases and results are presented

to validate the proposed solutions.

3.1. Modeling Framework

In the process of elastic behavior measurement and modeling, due to the fact that
the elastic constants are material-related parameters and do not accurately describe real-
world objects in general, the proposed approach will not attempt to recover explicitly
neither the elastic constants, nor the stress and strain tensors for an object under loading.
Instead, quantities of interest are observed at the surface of a real object, namely the
displacement of the surface as the object is loaded by a measured external force at a given
point. Therefore the forces of interest in the context of this work are surface (traction)
forces produced as a result of the physical contact between the object under study and the
probing equipment.

The mapping between the displacement and forces is learned inherently using
neural networks. Such an approach avoids the complex and time consuming methods to
recuperate elastic parameters from experimental data and any assumptions on the
material under study that such methods imply. Moreover, neural networks are able,
unlike any sort of analytical models, to provide estimates on the elastic behavior on
surrounding points that were not probed and therefore were not part of the training set.

Their fault-tolerant nature improves the behavior of the proposed modeling scheme in the

49



presence of noise, which is inherent in any real measurement data. Furthermore, using a
set of error measurements, the neural network system can be automatically tuned to a
certain data set, eliminating the need of an expert user to make the necessary adjustments
for each material to be modeled. The modeling approach is tested on two different forms
of data that represent the elastic behavior of objects: force-displacement curves and
deformation profiles correlated with force recordings.

The proposed modeling framework based on deformation profiles is easily
extensible to special cases of deformable objects, such as rigid objects, plastic or elasto-

plastic objects.

3.2. Modeling of Elastic Behavior from Force-Displacement Curves

The experimental data used for modeling force-displacement curves is not
collected in our lab, but was made available to us for testing purposes. The tactile probing
is based on a mesh of an object. The collected data requires pre-processing prior to
modeling. Also the modeling does not consider angles at which the probing is performed,
which brings limitations in case of anisotropic and highly nonlinear materials. In spite of
these drawbacks, due to the fact that the elastic parameters of material are assumed to be
known, this case not only presents a good basis for comparisons of the proposed
modeling solution with classical solutions for elastic behavior modeling, but also shows
the capability of the elastic behavior modeling framework to work for different forms of

input data.

3.2.1. Experimental Data

The experimental data that we have available has been collected by a force probe
recording the 3D force at its tip and its position with respect to the surface of the object.
The procedure is described in [136] and no detailed description will be provided here on
the way the data was collected since it was not part of our experimental work. Briefly,
samples were taken at approximately even spacing over the surface of the object at each

vertex of a coarse triangular surface mesh with approximately equal size triangles. The
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test object was a toy triceratops depicted in Fig. 3.1a with the coarse mesh shown in Fig.

3.1b.

Fig. 3.1. a) Toy triceratops and b) coarse initial mesh.

The probe, an ATI force-torque sensor, applies forces at various angles. The force
components and directions are recorded from the force-torque sensor and the
corresponding displacement is computed based on the information provided by a stereo
vision system [136]. Data in the form of force and surface displacement curves over time

are collected at each vertex of the mesh, as depicted in Fig. 3.2.
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Fig. 3.2. Measured force-displacement curve over the period of force application.

Such curves can serve as a measure of apparent stiffness (compliance) of the
surface. A surface compliance tensor is first estimated based on a linear approximation of
the traction (force per area) and displacement curves. The surface tensor is then employed

to scale the magnitude of the traction and displacemeht in the direction normal to the
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probe at the contact location. Therefore the angle at which the force is applied is not
considered directly in this experiment. Measured force data is modeled instead of
calculating traction in order to avoid errors due to the coarse linear approximation of the

force distribution over the traction area.
3.2.2. Modeling Force-Displacement Curves

3.2.2.1. Data Set

The data set made available to us is noisy. This is mainly due to the imprecision
of the placement of the probe. An imprecisely placed probe results in errors in the
computation of the surface compliance tensor and causes variations in the force and
displacement magnitude estimation. The force-torque sensor also collected some static
noise in some measurements. Several raw force and magnitude measurements for the

same vertex, scaled to normal directions, are depicted in Fig. 3.3.
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Fig. 3.3. Repeated measurement force-displacement curves.

In order to avoid the modeling of the initial contact error, the first three samples
of each curve are removed from the data set. Overall, it can be noticed that the noise in
the measurements is quite high. To alleviate its effect and eliminate biased
measurements, median force and displacement curves are estimated for each vertex and

are modeled as a representative of all the measurements performed for the respective

52



vertex. However, with this procedure not only the measurement noise is reduced, but also
the variation of elastic properties in a region. This implies that the obtained model is not
very accurate, but still acceptable for many modeling applications.

Fig. 3.4 shows the median force and displacement curves for the vertex

measurements presented in Fig. 3.3. The median curves are shown with stars.
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Fig. 3.4. Median force-displacement curves.

After the computation of median values, the data set is scaled such that its

variance is unity as required by the neural network training procedure.

3.2.2.2. Neural Network Architecture

In spite of the fact that good modeling results were obtained with other
architectures as well, such as the Elman network for example [137], only modeling
results with a feedforward neural network are presented here to keep the approach
consistent with the framework presented in Fig. 1.1.

The network takes as an input a force vector (¥), corresponding to the force curve
over time and outputs the corresponding displacement vector (displacement curve) (Z) at
a given vertex. The same network is employed for all vertices. The network is therefore
employed to model the generalized relationship or mapping from forces to displacements

in order to avoid the need of recuperating the elastic parameters. The architecture with
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one input neuron, 15 hidden neurons with sigmoid activation functions and one output

neuron depicted in Fig. 3.5 is used to model force-displacement curves.

Fig. 3.5. Feedforward neural network to learn elastic behavior from force-displacement

curves (F=force vector, H; 4s=hidden neurons, Z=displacement vector).

The training data set is split into two sets: a part for training the network and
another part for testing. The networks are trained for 10000 epochs using
backpropagation, with a learning rate of 0.1 and a training error goal of 0.0001 on a
selection of 80% of the total number of scaled force-displacement curves. The rest of
20% of the measured data set is kept for testing. The training is based on Matlab code,
running on a Pentium IV 1.3GHz machine with 512MB of memory. The choice of the
number of neurons in the hidden layer and the choice of the training algorithms are

further discussed.

3.2.2.3. The Number of Neurons in the Hidden Layer

When choosing the number of neurons in the hidden layer, one is searching for a
best possible compromise between the learning accuracy and generalization capability
versus the time of modeling (learning). These capabilities are reflected by two types of
errors that can be computed based on the training and testing data sets. The learning or
training error reflects the memorization capability of the network, meaning its capability
to reproduce correct output data for input data that was part of the training set. It is
computed as an average mean square error between the training and the modeled data

over all the displacement curves in the training set. The generalization error reflects the
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capability of the network to correctly produce estimates of output data for input data that
was not part of the training set. The testing set (in this case 20% of the measured data set)
is built for this purpose. The testing error is computed as an average mean square error
between the testing set and the corresponding modeled data over all the displacement
curves in the testing data set. The training and generalization errors for the modeling of
the force-displacement curve of the data set shown in Fig. 3.2 are depicted in Fig. 3.6 and
Fig. 3.7.
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Fig. 3.6. Training error for different numbers of neurons in the hidden layer.
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Fig. 3.7. Generalization error for different numbers of neurons in the hidden layer.
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As it can be seen in Fig. 3.6 and Fig. 3.7, both errors are very low, of order 107,
Fig. 3.8 shows the corresponding training time, measured in seconds for different

numbers of neurons in the hidden layer.
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Fig. 3.8. Training time for different numbers of neurons in the hidden layer.

For this modeling case, it can be observed that any size of network having
between 15 and 100 neurons would work, as both the generalization and training error are
lower for this range of numbers of neurons in the hidden layer and tend to grow when the
size of the network reaches out of this range.

For too few neurons, the network is under-fitting and does not learn well, an
aspect that is reflected by the high training error in Fig. 3.6 for a number of neurons in the
hidden layer less than 15. For too many neurons, the network memorizes quite well but
does not generalize well, as shown in Fig. 3.7. For more than 100 neurons the
generalization error grows exponentially. The training time grows with the number of
hidden neurons, as depicted in Fig. 3.8. Considering all these aspects, it can be concluded
that for this modeling case a number of 15 neurons in the hidden layer is a good
compromise between the accuracy of modeling results and the training time.

This modeling case proves as well that the knowledge of training and
generalization errors can be simply employed to automatically tune the neural network

system to a certain data set based on the desired level of accuracy and the tolerable
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training time for a certain modeling case, without requiring an expert user to adjust the

size of the network.

3.2.2.4. Training Algorithms

Several backpropagation algorithm variations were tested for the given modeling
case, namely the Levenberg-Marquart (LM) method, the quasi-Newton BFGS (Broyden-
Fletcher-Goldfarb-Shanno) method [138, 139] and the resilient propagation (Rprop)
[140]. The Levenberg-Marquart and quasi-Newton BFGS methods are classical gradient-
descent (steepest-descent) methods. Both are variations of Newton’s method. They use
the gradient of the error function to compute the search direction (the negative gradient
direction points to the locally steepest direction). The error function is considered to be
quadratic, and therefore the direction towards the minimum error is determined by the
inverse of the Hessian, multiplied by the gradient, product which is known as the Newton
step.

For each iteration of the algorithm, a quadratic function is used to approximate the

global error function E(x,,;) in the current point x+;:
E(x,,)=~E(x)+glAx, + -;—Ax,‘rg,fo = %xTAx +d"x+c¢ (3.1

where

g, = VE(x) 32

denotes the gradient evaluated at the precedent guessx; and & denotes the iteration step.

In order to minimize the equation, the critical points have to be first found. They

can be obtained as the solution of the linear system defined by the equation:

E"(x,,1) = &, +g.0x, =0 (3.3)

Solving for Ax; gives:

Ax, =—(g;)" & (3.4)

where the term — (g3 )™ g, is called the Newton step and g, is the Hessian.
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Therefore Newton’s method uses the following iterative formula:
Xen =% —(80)7 &4 (3.5)

When the error function is indeed quadratic, the Newton’s method will find the
minimum in one step. If it is not quadratic, in most cases it will converge quickly since
many analytical functions can be approximated accurately in a small neighborhood of a
strong minimum by a quadratic function. However, the exact computation of the inverse
of the Hessian is computationally demanding. Furthermore, when the Hessian is not
positively definite, the Newton step can move towards a maximum, not a minimum.

The Levenberg-Marquart modification adds a term to the Hessian to ensure that

the latter it is always positive definite. Therefore, the modified Newton method becomes:
X =% —(gi +AD ' g, (3.6)

where [ is the identity matrix and A is a non-negative value.

To save the computation of the inverse of the Hessian, the BFGS method uses a

series of approximations to the inverse of the Hessian (g§ )~'in the form of:

ww' 3 (G V' G,
T

T

Gn =G, +
w'y v G,v

+ ("G vyuu” 3.7

where:

W=Xg =%

V=8 — 8k (-8)
_w Gy
Wy VG,
The update made by the BFGS method is then:
Xeo =% +0, G 8y (3.9)

Even with the Hessian approximation only, the method is still computationally

demanding, and in those cases when the magnitude of the input is large, the derivative of
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the error function becomes very small and all steepest descent methods produce very
small steps, sometimes never converging.

The resilient propagation method gives usually better results in significantly less
time. In this method, the step size is not a function of the magnitude of the gradient, but
rather depends on the sign of the derivative [140]. The update made by the resilient

backpropagation is in form of:

Xp =X, +Ax, (3.10)
where
—Ak’ ifgk >0
Ax, =< A,,ifg, <0 G.1)
0, else
and
Ak={77-Ak—l9ffgk—lgk>0, 0<n <l<py* (3.12)
N A, if 8.8, <0

In other words, if the sign of the derivative for a given weight remains the same over
several iterations, then the magnitude of the size step is increased and if the sign
oscillates, the magnitude of the size step is decreased. However, there is one exception. If
the partial derivative changes sign, that is the previous step was too large and the

minimum was missed, the previous weight update is reverted:

Ax, =—Ax,_, ifg, 8, <0 (3.13)

The fact that only the sign of the derivative is used, leads to an efficient
computation with respect to both time and storage consumption [141], even over long
sets of deformation profiles with relatively smooth features.

In the present application, all variations of backpropagation succeeded to capture
correctly the characteristics of the deformation profiles, but their computing requirements

are different, as depicted in Fig. 3.9.
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Fig. 3.9. Comparison in training time for different training algorithms and different

numbers of neurons in the hidden layer.
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Fig. 3.10. Comparison in training error for different training algorithms and different

numbers of neurons in the hidden layer.

Even if very good convergence is obtained for all algorithms, with errors of the
order 0.00002 as seen in Fig. 3.10, the quality of the modeling results varies slightly with

the algorithm used for training. It can be seen that, for this modeling case, the resilient
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backpropagation provides the best compromise between training time and training error
for 15 neurons in the hidden layer.

Fig. 3.11 shows an example of training/target data produced by the network for
the data set in Fig. 3.4, with the force depicted in green, the corresponding measured
displacement in blue and the modeled displacement in red circles for 15 neurons and
resilient propagation training algorithm. It can be seen that the network models quite

accurately the displacement curve.
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Fig. 3.11. Example of training results for median force-displacement curves in Fig. 3.4.

3.2.3. Comparison with the Three-Element Method

To validate the modeling results obtained using neural networks, a comparison is
made with the Three-element method [142], whose model is shown in Fig. 3.12.
E,
—MWA— g,

n
Fig. 3.12. Three-element model.

The Three-element method model is chosen for comparison since it is slightly

more complicated and therefore more accurate than a simple spring model (based on the
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assumption of linear elastic behavior) or the simplest visco-elastic model, the Kelvin-
Voigt, that consists of a damper and a spring connected in parallel. The Three-element
model relates measured tractions and displacements by a linear visco-elastic dynamic
system, shown in Fig. 3.12.

The system consists of a damper and spring in parallel which are connected in
series with another spring. With this model, the one dimensional relationship between

force and displacement is given by a differential equation in the form of:
F=E,(u-x)=Ex+mnx (3.14)

where F is the force, u is the total displacement, x is the displacement of the damped
spring, # is the damping coefficient and E; and E; are the elastic constants of the springs.
The one dimensional relationship above is extended to the 3D case by replacing both the
force and the displacement scalars by 3-by-3 tensors. The parameter fitting for the three-
element model is performed by minimizing the sum of the weighted quadratic error in
force given the displacement. The error is calculated between measurements and the
results of a simulation with an implicit first-order finite difference scheme. The
minimization is calculated with the Nelder-Mead simplex algorithm [142].

The results of a fitting with the three-element model, for two vertices with
different elasticity characteristics collected on the triceratops model, are shown in Fig.

3.13a and Fig. 3.13b respectively.
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Fig 3.13. Force/displacement curve fitting with Three-Element method on two vertices

of the triceratops model.
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The measured data displacement is shown in red, the measured force is depicted
in blue and the output of the Three-Element model for both force and displacement is
shown in black.

The Three-element model fits the median curves well in most cases. However, the
case presented in Fig. 3.13a shows a derivation from the linear elastic behavior, and in
this case, the fitting is not accurate over the early part of the curve (in the loading stage).

The results for the problematic measurement in Fig. 3.13a are compared with the
proposed feedforward neural network solution in Fig. 3.14. The figure shows on the same
graph the results obtained by the neural network simulation and the three-element fitting

for the whole curve in Fig. 3.14a and then a detail of the loading stage in Fig. 3.14b.
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Fig. 3.14. Comparison between neural network result and the fit of the Three-Element
model for (a) the entire force-displacement curve and (b) a detail of the loading stage.

The real displacement is shown with a continuous red line, the modeled
displacement using neural networks is shown with red dots and the fitting provided for
the real displacement curve by the Three-element method is shown with blue dots. As it
can be seen, the neural network solution provides more accurate estimates of elastic

behavior in case of objects that exhibit nonlinear elasticity.

3.2.4. Final Remarks

The same procedure described above can be used to model the elastic information

collected at all vertices. In all studied cases, the proposed backpropagation network
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captures and estimates correctly the displacement curve. However, during this
experiment, the measured data had to be heavily pre-processed. Therefore the result of
the modeling is only approximately accurate. Measured forces are projected to normal
direction only (the angle of interaction is not considered), while it is expected that the
addition of the angle in modeling will improve the modeled behavior especially for
objects exhibiting highly nonlinear characteristics. Moreover, the fact that the data was
not collected in our lab limits the control and restricts the potential for testing in various
conditions. All these motivated the development of a slightly different approach, based

on an in-house experimental setup to elicit, record and model elastic behavior.

3.3. Modeling of Elastic Behavior from Deformation Profiles Correlated with

Force Recordings

The experimental data used for modeling deformation profiles correlated with
force recordings is collected in our lab. As in the previous case, the study is focused on
the measurement of the displacement of the surface as an object is loaded by an external
force, at a given point. However, the data collection is done over the whole surface
visible to the sensor in each static loading case, and not at a single point position unlike
those in section 3.2. As a result, the obtained data sets are not related to time, as in the
previous modeling case.

The measurement is done starting directly from point-clouds, without the need of
a mesh, and angles at which the probing is done are also recorded in order to improve the

accuracy of the modeling. As well, in this case, the pre-processing of data is minimal.

3.3.1. Experimental Setup

The experimental setup used to collect force/displacement data is comprised of a
multi-axis AT7 force/torque sensor [143] attached to a console computer, and an active
triangulation line-scanning Jupiter laser range finder [144] controlled via a second PC
system, as depicted in Fig. 3.15a. The force/torque sensor is used to record the force
components applied on the object while the range finder captures the deformation profile

of the surface of the object under the given load. The range finder is positioned such that
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the scan-line intersects with the point where the external force is applied, as highlighted

by the trace of the laser on the object in Fig. 3.15b.

a) b)

Fig. 3.15. a) Range sensor and force/torque setup producing b) a laser trace to capture

the object deformation profile resulting from the applied force.

The raw deformation profiles are encoded under the form of 2D distributions of
points in the Y-Z space, as shown in Fig. 3.16, where Y is the lateral displacement along

the scan-line and Z the depth along the optical axis with respect to a back reference plane.
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Fig. 3.16. Deformation profile mapped in the Y-Z space.
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The laser range finder provides fast scans of 512 samples distributed along a
straight line on the surface. A number of 75 to 100 scans of the same area are collected
within a few seconds while the applied force and angle are kept constant. This technique
provides efficient means to cope with the noise in the range data. Moreover, the success
of the range data collection being highly sensitive to the texture and orientation of
surfaces, missing measurements usually appear along the scan-line. The use of an
iterative sampling procedure over a short period of time partially alleviates the impact of
this constraint.

In order to filter out the average noise and include as many valid measurements as
possible in areas where points could be missing in some of the scans, the mean value is
computed on the depth (Z-axis) over all deformation profiles obtained under a given
force. The resulting profiles are then saved for each magnitude and angle of force applied

on the object.

3.3.2. Elastic Data Modeling for One Scanning Direction

Using the proposed experimental setup, different magnitudes of forces are applied
at different angles successively on selected sampling points using the probe attached on
the ATT force/torque sensor and an average range profile is collected with the laser range
finder for each force magnitude. As in the previous case, no explicit displacement
information is recuperated from the range profiles. Instead the neural network models the
raw range data mapped in the Y-Z space as a function of applied force, F, without

explicitly defining values for the displacement.

3.3.2.1. Data Set

To validate the proposed modeling framework, experimentation was conducted on
numerous deformable objects, of which a representative subset is reproduced here, that is
a rubber ball and a simple composite object made of a square cardboard box mounted on
the top of a covered foam pillow, as depicted in Fig. 3.17. Other examples of objects will

be presented throughout the thesis.
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a) b)

Fig. 3.17. Objects used for experimentation: a) a rubber ball and b) a composite object.

These examples are chosen as they represent a significant combination of elastic
materials, geometry and texture properties that are all critical factors that influence the
performance of the proposed approach. From the geometry perspective some rounded
surfaces (ball), edgy surfaces (cardboard box) and combinations of them (pillow with
rounded edges) are presented, while from the elasticity perspective there are objects made
of stiff material (cardboard), semi-soft materials (rubber) and highly nonlinear soft
materials (foam). As well, some of the objects have light color (the rubber is yellow, the
cardboard is light blue), others have dark color (the pillow is grey, with a highly scattered
texture). All those parameters influence the accuracy of measurements collected with the
laser scanner, as explained further on. The soft dark pillow is the most complex to be
measured and modeled due to its nonlinear elastic behavior and non-uniform texture that
makes the measurements using the laser range scanner difficult to collect. Therefore this
example is shown to demonstrate the capability of the proposed method to cope with
challenging modeling situations.

From the 3D point-cloud corresponding to the objects of interest, initially
obtained with a complete scan of their entire surface with the laser range sensor, a
random sampling algorithm returns a set of sampling points for the two objects under
study. Force/deformation data is then collected for each of them.

Different magnitudes of forces at different angles are applied successively on the
selected sampling points using the probe attached on the A77 force/torque sensor and a

series of overlapping profiles are collected with the laser range finder for each force
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magnitude before being averaged to reduce noise. The force magnitude, F, is computed
as the norm of the three orthogonal force components along the x, y, and z axes of the
force/torque sensor’s reference frame, as recorded by the device. The angle
measurements are collected with the probe positioned in the plane parallel to the scan line
that contains the probe tip, with the angle 0° starting on the far left and continuing up to

the angle 180° on the far right, as depicted in Fig. 3.18.
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Fig. 3.18. Force measurement with different angles to the surface.

The normal force on the object’s surface is considered at 90° with the tangent to
the surface at the contact point. The point-wise correspondence required between the
deformed and non-deformed range profiles is ensured by the fixed position of the range
sensor and of the objects during data collection, therefore the parameter Y covers the
same range for all measurements on an object (and material) during acquisition and is not
considered as an input in the network, the Z values being uniformly indexed to the data
vector.

Fig. 3.19, Fig. 3.20 and Fig. 3.21 show three examples of averaged deformation
profiles resulting from the application of increasing forces along the normal direction to

the surface of the object for the different materials under study.
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Fig. 3.19. Deformation profiles for the rubber ball under increasing normal force.
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Fig. 3.20. Deformation profiles for the cardboard box under increasing normal force.
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Fig. 3.21. Deformation profiles for the foam pillow under increasing normal force.

Fig. 3.22 and Fig. 3.23 show examples of averaged deformation profiles for the

rubber and foam materials subject to different forces applied at different angles.
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Fig. 3.22. Deformation profiles of the rubber ball under different magnitudes of force
applied at different angles (measured in degrees).
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Fig. 3.23. Deformation profiles of the foam pillow under different magnitudes of force
applied at different angles (measured in degrees).

The deformation profiles collected for angles under 90° present a deeper cavity
around the probe’s tip towards the right side, while the ones for angles larger than 90°
have the cavity deeper towards the left side. As expected, angles closer to the normal to
the surface usually lead to deeper deformation profiles, while tangential angles to the
surface result in flatter profiles.

The quality of collected range data is directly related to the material under study.
As it can be observed in Fig. 3.19 to Fig. 3.23, the range sensor data are more compact
and less noisy for the rubber, which has a light color and a dense, smooth texture. The
dataset is relatively compact for the cardboard, while measurements get scattered on a
wider range of values and exhibit a larger number of gaps in the case of the foam. This
effect is mainly due to the rough, dark texture of the fabric that covers the piece of foam.
As the laser range finder operates on the principle of active triangulation, laser rays are
expected to reflect on the object’s surface before reaching back the sensor. When
projected on a rough surface, laser rays are partially absorbed or diffused in all directions,

depriving the range sensor from the expected echo or creating false reflections that
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introduce errors on range estimation. This phenomenon gets amplified as the external
force applied on a soft object increases. The fact that the orientation of the local surface is
significantly modified and is no longer perpendicular to the laser beam propagation
direction leads to the formation of gaps around the probe’s tip. These errors due to the
measurement equipment are not systematic and cannot be removed from the data set
without the risk of losing essential information. However, they are normally treated as
noise by the neural network employed to learn the deformation profile, therefore do not
pose significant problems for the modeling.

The deformation profiles are segmented to the regions of interest. Irrelevant
information, such as the probing table on which the measurements are performed,
depicted as straight lines around the value 8200 on the Z axis in Fig. 3.19 is removed, and

only the part that contains the relevant deformation profile is provided in the training set.
3.3.2.2. Neural Network Architecture

A feedforward neural network with two input neurons associated with the
magnitude and angle of the applied force (¥, a), 45 hidden neurons (H;-Hys) and an
output vector with the same size as the length of the deformation profile (Z), as shown in
Fig. 3.24, is employed to learn the relation between forces and angles and the

corresponding deformation profiles provided by the range finder.

Fig. 3.24. Feedforward neural network to learn elastic behavior from deformation
profiles under various force magnitudes, applied at various angles (F=force, a=angle,

Z=deformation profile).
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The length of the vector Z can be different for different objects, as the profiles are
segmented to relevant deformation profiles only, as explaihed above. In this modeling
case, forces of different magnitudes applied at different angles from the tangent to the
surface are added as supplementary inputs in the network. This improves the modeled
behavior especially for objects exhibiting highly nonlinear characteristics.

Even though the data is noisy and contains important gaps for large forces, the
networks are trained directly with the averaged range profiles, to avoid losing essential
information. The only data pre-processing applied is a normalization of the depth data
contained in the deformation profiles to the [0 1] interval prior to training, as required by
the neural network implementation.

From the several tests performed, a number of 45 hidden neurons gave a good
compromise between the accuracy of modeling and the length of training, as depicted in
Fig. 3.25 to Fig. 3.27 for the case of the rubber ball for normal profiles only. Excellent
convergence is obtained in all cases, as shown by the very low average errors on all Z
vectors of order 10® for training and 10 for generalization in Fig. 3.25 and Fig. 3.26
respectively. The training error (the error between the samples in the training set and the
results provided for this set by the neural network) that reflects the memorization
capability is relatively constant for any number of neurons larger than 40, as it can be

seen in Fig. 3.25.
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Fig. 3.25. Evolution of training error with the number of neurons.
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Fig.3.26. Evolution of generalization error with the number of neurons.

Fig. 3.26 shows the testing error (the error between the samples in the testing set
and the results provided for this set by the neural network), which reflects the
generalization capability of the network to provide estimates for data that was not part of
the training set. In this figure, it can be seen that the number of neurons to keep the error
relatively low is situated between 40 and 100 neurons, with the first low value at 45
neurons and the absolute minimum at 80 neurons. More than 100 neurons in hidden layer
lead to a significant growth in this error. The training time is increasing with the number

of neurons, as shown in Fig. 3.27.
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Fig. 3.27. Evolution of training time with the number of neurons.
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It can be seen that 45 neurons is a good compromise between the accuracy of
modeling results, the generalization capability and the training time. If the user is willing
to pay the additional training time, a choice of 80 neurons in the hidden layer gives the
most accurate results in this modeling case. As it was mentioned before, the knowledge
of training and generalization errors can be employed to automatically tune the neural
network system to a certain data set based on the desired level of accuracy and the
tolerable training time for a certain modeling case

For the training, the same algorithms were used as for the modeling of force-
displacement curves: Levenberg-Marquart, quasi-Newton BFGS and the resilient
propagation. For this modeling case, neither Levenberg-Marquart, nor BFGS quasi-
Newton method succeeded to capture correctly the characteristics of the deformation
profiles. Due to the heavy memory loading implied, they were not able to model the
entire deformation profile. Even though it was possible to model a compressed version of
the deformation profile, obtained by the replacement of each 3 sampling points by their
average value, this solution revealed to be insufficient to capture fine details in the
profiles. The resilient propagation method gives better results in significantly less time.
Fig. 3.25 to Fig. 3.27 above show the errors and training time for the resilient propagation
algorithm.

Once trained, the network takes as inputs the force magnitude, F, and its
corresponding angle of application, a, with respect to the tangent to the surface and
outputs the corresponding deformation profile as an indexed vector of depth values, Z,

along the scan-line.

3.3.2.3. Experimental Results

The force magnitudes and corresponding ahgles are provided as inputs to the
network, and a part of the normalized segmented deformation profiles are used as training
samples and another part as testing samples. The networks associated with each material
are trained for 20000 epochs using the resilient propagation algorithm [140] implemented
in Matlab code, with the learning rate set to 0.1. The training takes approximately 10 min.
on a Pentium IV 1.3GHz machine with 512MB memory. For the rubber, the sum-squared

error reached during training is 6.9><104, for the cardboard is 3.5%10 while for the dark
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foam is 2.2x107. As expected, the error is lower for the rubber where data is more
compact and less noisy, while it remains slightly higher for the cardboard and even
higher for the dark foam. But in all cases, excellent convergence is achieved.

The accuracy of the model is validated by the results obtained while testing the
networks for all three materials. First, the networks are tested with samples from the
training dataset. Fig. 3.28 shows the deformation characteristics for the rubber ball under
three different force magnitudes applied at normal angle on the surface of the object,
while Fig. 3.29 shows a sample of the real and modeled segmented deformation profiles
obtained for the same forces applied at different angles on the same object. The real data
is depicted by points and the modeled data, as estimated by the neural network for the

same inputs, by circles.
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Fig. 3.28. Real and modeled deformation for the rubber ball under normal forces.
The modeled data is very close to the real one, and as expected, the modeled

deformation profiles for mirror angles (10° and 170° and 25° and 155°) and for about the

same force magnitude are roughly mirror profiles as well, as shown in Fig. 3.29.
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Fig. 3.29. Real and modeled deformation for the rubber ball under forces applied at
different angles: a) F=65N, a=10° and F=65N, a=170°and b) F=36N, a=25° and
F=36N, a=155°

Fig. 3.30 presents the real and modeled segmented deformation profiles for the
cardboard material, submitted to the subset of force magnitudes shown in Fig. 3.20. The

real data is shown with blue dots and the modeled profiles with red dots.
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The data is noisier, but the network is still able to model the main shape of the

deformation profile. Due to the scaling effect, the errors look large in Fig. 3.30, therefore

to better show the modeling results, Fig. 3.31 depicts the deformation profiles to the scale

used in the Fig. 3.19, for the profiles in Fig. 3.30a and Fig. 3.30c. Since there is no

significant change in the deformation profile while probing the box at different angles,

further results are not presented here.
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Fig. 3.31. Scaled real and modeled deformation profiles for cardboard, under normal

forces: a) F=0.IN, b) F=2.9N.

Fig. 3.32 shows real and modeled segmented deformation profiles obtained for

the application of a normal force on the foam pillow, for the subset of forces in Fig. 3.21.
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Fig. 3.32. Real and modeled profiles for the foam pillow under normal forces.

The network catches some of the noise in the curves, but models quite accurately
the deformation profiles. This noise in the profiles appears due the interaction of the laser
scan-line with the tip of the probing rod tip in certain measurement scenarios and it is not
systematic. Since no assumption is made on the shape of the object under probing, any
filtering procedure would imply the potential loss of important features, such as the peak
(largest depth) of the deformation profile for example. Neural networks are fault-tolerant
and therefore the noise in the resulting models is seldom evident and disturbing.
Moreover, the measurement in the figure above refers to a single probing point. As it will
be further shown in this work, a single probing point is not enough to characterize the
elastic behavior of objects and several measurements will be taken at different points,
therefore alleviating the effect of the noise in one measurement.

Fig. 3.33 shows the corresponding characteristics for foam submitted to different
forces applied at different angles. Even if it is less obvious in this case due to the noise in

the measurements, the mirror angles still result in mirrored profiles.
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Fig. 3.33. Real and modeled deformation profiles for a foam pillow under forces applied
at different angles: F=16N, a=10¢ F=38N, a=170°

All these experiments demonstrate the high potential of neural networks in
extracting the main features of highly nonlinear datasets, while being fault-tolerant and
quite insensitive to noise inherently present in any real data. Sparse errors in the
deformation profiles are successfully eliminated by the network. But the neural model
remains fully capable of capturing the peak of the deformation profile, even in areas
where the profile does not contain numerous sampling points.

Moreover, our experimentation allowed the study of the generalization ability of
the neural network modeling scheme. For this purpose, the network is tested for different
forces and angles that were not part of the training set. Some results for the rubber ball
are depicted in Fig. 3.34 and Fig. 3.35. Fig. 3.34 shows the entire set as well as a detail of
the real, modeled and estimated deformation profiles for increasing forces applied at a
constant angle (a=75°) on the rubber ball. The points denote the training data, the circles
the modeled data, which consists of the estimation of the deformation when the network
is presented with the training data, while stars represent a deformation profile estimated

by the network for a magnitude of force that was not included in the training set. The
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network correctly interpolates the estimated profiles where expected. For example the
estimated profile for a force of 68N is placed in between the real measured profiles of
64.4N and 70.34N, while the cavity in the profile, corresponding to the same angle used,
is slightly moving to the right, as expected.
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Fig. 3.34. Real, modeled and estimated deformation profiles and detail of estimated

deformation for a rubber ball under increasing forces applied at a 75° angle.

Another test reveals the ability of the network to estimate deformation profiles for
a constant force applied at different angles, force that was not part of the initial training
set. Fig. 3.35 depicts the deformation profiles estimated for a constant force of 40N and
increasing angles between 0" and 45° degrees, measured as in Fig. 3.18. None of the
force-angle combination tested here was previously presented to the network during the
training procedure. The position of the profiles in relation to each other and of the cavity
of each profile corresponds to what one would expect it to be. As the force is the same,
but the angle increases (valid for angles under 90°) the cavity becomes slightly deeper
and shifted towards left. The network therefore generalizes well, being able to provide

good estimates for both angles and forces that were not part of the training set.

82



9200
2032 A e R ]
i -
€ n t‘
E  sroof: |
N
8s32r T azge [ o
a=10° Cearerety el n-...,,:,
a=15° v it ' 2
8366} a=25° . —
a=35| | Uil
a4
820 : :
400 160 720 1280

Y[.1mm}
Fig. 3.35. Estimated deformation profiles and detail of estimated deformation profiles
using neural network for rubber ball for a constant force F=40N applied at different

angles.

3.3.3. Elastic Data Modeling for Multiple Scanning Directions

Additional experiments are performed in order to determine if an enhancement of
the modeling procedure occurs by performing scans of the deformation profiles for
different orientations of the object under study. Such an approach obtains a 2.5D

deformation profile model for each interaction point, as it is further shown.

3.3.3.1. Data Set

Using the same experimental setup, different magnitudes of forces are applied at
different angles successively on selected sampling points using the probe attached on the
ATI force/torque sensor and an averaged range profile is collected with the laser range
finder for each force magnitude. In this case measurements are also taken at different
poses (p), encoded as angles in the table plane, as depicted in Fig. 3.36. Pose 0’ is

considered parallel to the orientation of the scanline.
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scanline projection
on the object

Fig. 3.36. Force measurement at different poses, denoted p.

Measurements are collected for increasing force magnitudes (F) and force angles
(a) for different poses (p) using the equipment described in section 3.3.1. The study is
exemplified here for the set of two foam sponges shown in Fig. 3.36. This is one of the
most complex cases to be measured and modeled due to the highly nonlinear elastic
behavior and non-uniform texture of foam that makes the measurement using the laser
range scanner difficult, and it is presented to demonstrate the capability of the proposed
method to cope with challenging modeling situations.

For a better evaluation of the modeling results, 7 control points are introduced for
which measurements are collected. They are encoded in the Cartesian space (u, v, w), as
0(0,0,0), A(2.5,-3.5,0), B(-2.5, -3.5, 0), C(0,-1.5, 0), D(0,1.5,0), E(2.5,3.5,0) and G(-
2.5,3.5,0), depicted in Fig. 3.37.

Fig. 3.37. Control points.
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Fig. 3.38 shows examples of lateral deformation profiles for the set of sponges at

different poses, when no force is applied to the surface.
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Fig. 3.38. Measured non-deformed profiles at different poses.
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Fig. 3.39. Deformation profiles of the sponge set under different magnitudes of force
applied on point O for fixed a=90 probing angle.

It can be easily seen that the profiles do not have the same length, as the sponges

are rectangular. The profile depicted in Fig. 3.38 with blue at 45" (along the diagonal of
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the sponges) is longer than the profile in green at 90° (along the width of the sponges). In
this case, the removal of the table line from the profiles (the line around the value 7400
on the Z axis) will imply the loss of significant information about the deformation
behavior of the object. Therefore in order to obtain accurately modeled deformation
profiles, the measured profiles will be modeled in their entirety.

Fig. 3.39 shows average deformation proﬁlés for the set of sponges at different
poses for different force magnitudes applied at normal direction on the point O, as
defined in Fig. 3.37. Fig. 3.40'depicts measurements performed at a fixed pose for

different force magnitudes applied at different angles on the same point O.
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Fig. 3.40. Deformation profiles of the sponge set under different magnitudes of force
applied at different angles on point O for fixed p=75 pose.

3.3.3.2. Neural Network Architecture

A feedforward neural network with six input neurons associated with the
magnitude of force (F), the angle (a) of the applied force F, the pose of the object
encoded as angle in the table plane (p), and the coordinates of the point (u, v, w) where
the force is applied with respect to the object, 45 hidden neurons (H;-Hys) and an output

vector with the same size as the length of the deformation profile (Z), as shown in Fig.
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3.41, is employed to learn the relation between forces and angles and the corresponding

deformation profiles provided by the range finder.

Fig. 3.41. Feedforward neural network used to learn elastic behavior from deformation

profiles under various force magnitudes, applied at various angles and at various poses

(F=force, a=angle of application of F, p=pose of object, (u,v,w)= coordinates of point
on which the force is applied and Z=deformation profile).

The only data preprocessing applied is a normalization of the depth data contained
in the deformation profiles to the [0 1] interval prior to training, as in the case of one
scanning direction. Again, a number of 45 hidden neurons is a good compromise between
the accuracy of modeling and the length of training. The employed procedure is similar to
the one presented for one scanning direction. For the training, the resilient
backpropagation algorithm is used as it was the only one that worked properly in the case
of one direction of scanning. Once trained, the network takes as inputs the force
magnitude, F, its corresponding angle of application, a, with respect to the tangent to the
surface, the pose p of the object with respect to the table plane and the (v, v, w)
coordinates of the point where the force is applied and outputs the corresponding

deformation profile as an indexed vector of depth values, Z, along the scan-line.

3.3.3.3. Experimental Results

The network is trained for 20000 epochs as in the case of one scanning direction,
with a learning rate of 0.1 and an error goal of 0.0001. The training takes approximately 5

min. The accuracy of the model is validated by the results obtained while testing the
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networks for all three materials. Fig. 3.42 depicts the real and modeled deformation
profiles, using the proposed neural network architecture, obtained for the dataset
presented in Fig. 3.39. The measured data is depicted with points and the neural network

modeling results with circles.
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Fig. 3.42. Real and modeled deformation profiles for different magnitudes of force
applied at different poses for fixed 90° probing angle at point O.

Fig. 3.43 shows the real and modeled deformation profiles obtained for the dataset

shown in Fig. 3.40.
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Fig. 3.43. Real and modeled deformation profiles under different magnitudes of force
applied at point O, at different angles for a fixed 75 pose.
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The modeling results are accurate in both cases, as the modeled data are very
close to the real measured data. The resulting average mean squared training error,
measured in mm, computed between the training and the modeled data over all the
displacement curves in the training set, is 1.95x10°°. The maximum mean square error
encountered during tests is 2.44x10”, These values show that the modeling results are
very close to the training data.

The network modeling results are also evaluated at different control points as
defined in Fig. 3.37. Fig. 3.44 presents the results obtained for point B for different force

magnitudes applied in the normal direction, for a fixed pose p=0".
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Fig. 3.44. Real and modeled deformation profiles for different force magnitudes applied

in the normal direction, for fixed pose at point B.

Fig. 3.45 shows the real measurements and the modeled data using the proposed
neural architecture at point D for different force magnitudes applied in the normal
direction, for a fixed pose p=0".

In both figures, the real measurements are marked with dots and the neural
network modeling results are shown with circles. As it can be seen, the network learns
correctly the shape of the deformation profile for these control points and follows closely

the measurement data even for large nonlinear deformations in the case of the foam.
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Fig. 3.45. Real and modeled deformation profiles for different force magnitudes applied

in the normal direction, for fixed pose of 90" at point D.

Additional testing is performed to evaluate the generalization capabilities of the

modeling scheme, by presenting to the neural network data that were not part of the

training set. Fig. 3.46 shows real, modeled and estimated deformation profiles for a force

of F=7.5N applied at normal direction (a=90°) on point O under different poses.
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Fig. 3.46. Real, modeled and estimated deformation profiles at different poses for

a force of F=7.5N, applied in the normal direction at point O.
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The estimated profiles are placed as expected. For example, the estimation of the
profile for the pose p=30°, which was not part of the training set, is placed in between the
one for the pose p=0 and the one for'pose p=45", and closer to the deformation profile of
pose 45°. The same for the estimation for pose p=80° that is placed in between 75 and 90
and closer to pose p=75". Testing is also performed to evaluate the behavior at points
there were not part of the training set. A small subset is presented here for the points

depicted as P; to Ps in Fig. 3.47.

Fig. 3.47. Testing points

Fig. 3.48 shows estimated deformation profiles on the points P; (0,1.7,0), P> (0, -
0.15,0) and P3(0,1.4,0) under a force F=6.5N, applied in the normal direction at p=0".
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Fig. 3.48. Real, modeled and estimated deformation profiles for F=6.5N, a=90", p=0"
for probing points 0(0,0,0), D(0,1.5,0), P; (0, 1.7, 0), P»(0, -0.15, 0) and P3 (0, 1.4, 0).
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To improve visualization, the real and estimated profiles at O (0, 0, 0) and D (0,
1.5, 0) are shown in red and blue respectively. It can be seen that the estimated profile
for the point P;, depicted in green, is close to the real measured profile at point D, with
the lower peak slightly to the right, and the higher left peak below the one of point D as it
would be expected. For the point Pj3, the profile is closer to D, as P3is closer to D than P,
slightly to the left and with the left peak slightly higher than the one of point D as
expected. Point P; is closer to O and very slightly towards the left side therefore the
profile is very slightly to the left and the higher left peak above the one of point O.

Results for testing of points around the down left corner of the sponge (points Py,
Ps, Ps in Fig. 3.47), for a force F=12.78N applied in the normal direction and at a pose
p=135"are shown in Fig. 3.49 and presented related to the profile for point G. Even if the
profiles are a bit noisier due to a limited number of training samples, in this case again

the profiles for Py, Ps and Psare placed correctly, as one would expect.
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Fig. 3.49. Real, modeled and estimated deformation profiles for F=12.78N, a=90",
p=135"at point G (-2.5, 3.5, 0), P4 (-2.38, 1.7, (), Ps(-2.5, 3.4, 0) and Ps(-2.38, 3.4, 0).

All these examples show the modeling capability of neural networks, not only to

capture correctly existing data, but also to provide good estimates for data that were not

part of the training set.
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3.4. Particular Modeling Cases

One of the main stated goals of this thesis is to propose a framework that operates
from noisy experimental measurements without a priori knowledge on the material of the
object under study. While the study up to now was restricted to elastic behavior, whether
almost linear or highly nonlinear, this subchapter shows the ability of the proposed
methodology to collect and model data belonging to particular cases of objects such as
rigid, elasto-plastic and plastic deformable objects. A battery, a plastic bottle and a

cardboard cup in Fig. 3.50 are used for experimentation.

a) b) c)
Fig. 3.50. Objects used for experimentation: a) battery, b) plastic bottle and
¢) cardboard cup.

3.4.1. Rigid Objects

The case of rigid objects is exemplified for the battery in Fig. 3.50a whose
measured deformation profiles and modeling results for different forces applied in the
normal direction and for different poses are depicted in Fig. 3.51. Fig. 3.51a depicts the
measurement data at point O. Point O is defined similar to Fig. 3.37 (the center of gravity
of the object). As it can be observed, in this case the deformation profiles do not vary
much, as it is expected for a rigid object.

Such deformation profiles are modeled with the same neural network architecture

as the one depicted in Fig. 3.41. The modeling results for the measurement data in Fig.
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3.51a are shown in Fig. 3.51b with the modeled data denoted by circles overlapped on the

measurement data denoted by dots, at the same point O.
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Fig. 3.51. Rigid object: (a) real data and (b) real and modeled data.

It can be seen that the fact that the object is rigid does not bring any changes in

the modeling framework and the network is still able to capture correctly the behavior.

94


http://F-3.12N.a-Wl

3.4.2. Plastic and Elasto-Plastic Objects

Unlike elastic objects, plastic objects remain in exactly the same shape as when
they were deformed when the force is released, as it can be seen for the case of the plastic
bottle in Fig. 3.52a.

Elasto-plastic or rheological objects are objects whose deformation is partially
lost after the removal of the deformation force. Therefore a partial plastic deformation
occurs, but the final shape of the object (Fig. 3.52c) will be different from the one in
which the object was while submitted to the deformation force (Fig. 3.52b).

a) b)

Fig. 3.52. (a) Plastic deformation and elasto-plastic deformation: (b) deformation under
latest force applied and (c) after latest force removed.

A simple way to detect the cases where a plastic or elasto-plastic deformation
occurs is to collect a final deformation profile after all interacting forces are removed
from the surface of an object. If this final deformation profile is almost identical to (a
noisy variation of) the initial deformation profile (collected in the beginning of the
measurement procedure, before any force is applied) it means that the object is made
from elastic material or that the objects, under the force applied is in its elastic
deformation stage (as defined in Fig. 2.1). If the final deformation profile is different
from the initial one it means that a plastic or elasto-plastic deformation occurred.

Table 3.1 shows examples of an elastic, elasto-plastic and plastic deformation.
The elastic material is exemplified by the rubber ball, the plastic material by the plastic
bottle (in its plastic deformation stage) and the elasto-plastic material by the cardboard

cup.
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Table 3.1. Deformation profiles for elastic, plastic and elasto-plastic materials/stages.
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The first column of Table 3.1 shows the deformation profiles for the objects
before any interaction occurs, the second column presents the deformation profiles that
result from the latest interaction with the object and the third column shows the final
deformation profile for each object collected after any force that was applied to it is
removed. It can be seen by looking at the first row that for the elastic object the initial
and final deformations are almost similar, therefore the shape of the object returns to its
initial state as the latest force applied is removed. In the second row, a plastic
deformation occurs, after a force F= 72.8N is applied to the plastic bottle body. In this
case the initial and final deformations are different, but the shape of the object remains as
when it was deformed (the deformation profile for the latest applied force and the final
deformation profile are identical within noise limits). In the case of elasto-plastic

materials or of objects in their elasto-plastic deformation stage shown in the third row, all
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the three profiles are different. The object restores its shape partially after the removal of
the latest deformation force. These observations suggest that a simple way to detect if any
of the plastic or elasto-plastic deformation occurs is to compare at first the initial and
final deformation profiles. If these are different (more than a threshold that covers the
noise in the measurements), it means that either a plastic or an elasto-plastic behavior
occurred. The distinction between the plastic and elasto-plastic behaviors can be made by
comparing the final deformation profile with the one resulting from the application of the
latest force on the object. If they are almost identical (within noise limits), it implies that
a plastic deformation occurred. If they are different, the material exhibits elasto-plastic
properties or the object is within its elasto-plastic deformation stage.

To model such behaviors, an additional parameter is added to the input of the
neural architecture in Fig. 3.41, parameter that refers to state of the material and is
denoted by s. The elastic deformation region of any object as per Fig. 2.2 is characterized
by s=0, the elasto-plastic region by s=0.5 and the plastic region by s=1. The neural

architecture is shown in Fig. 3.53.

Fig. 3.53. Neural network to model elastic, elasto-plastic and plastic regions (F=force,
a=angle of application of F, p=pose of object, (u,v,w)= coordinates of point on which the

Jorce is applied, s=deformation stage/material state and Z=deformation profile).

The tagging of data for the different deformation stages or different material states
is done during the data collection procedure by continuously monitoring the differences

between the initial profile, the final profile and the profile obtained when the latest force
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was applied. Results are evaluated for the bottle and the cardboard cup in Fig. 3.50b and
Fig. 3.50c. Fig. 3.54 shows samples of real and modeled data for the plastic bottle.
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Fig. 3.54. Real and modeled data for plastic object for p=90" at different points and
different angles.

The measured data of the non-deformed profile of the plastic bottle body and
deformation profiles at points 4 and B, as depicted in Fig. 3.54a and Fig. 3.54b
respectively, are shown in Fig. 3.54¢ with dots and the modeled data for the same profiles
with circles. The mean squared error reached for training is 3.5x107,

Fig. 3.55b depicts the real and modeled deformation profiles for the cardboard
cup in Fig. 3.50c for a fixed pose p=90", at a fixed angle a=90" at the predefined control
points 4, B, C and D shown in Fig. 3.55a.
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Fig. 3.55. (a) Control points and (b) real and modeled data for elasto-plastic object for
p=90and a=90’ at control points.

Fig. 3.56 shows measured and modeled deformation profiles for the same cup at

different poses for a constant force of F=25.6N, applied at fixed angle a=90".
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Fig. 3.56. Deformation profile at pose p=0" and b) real and modeled data for elasto-
plastic object for F=25.6N, a=90"at point C at different poses.

It can be observed that the modeled data follow closely the measurement data in

all these cases as well. The average mean squared error reached for training is 2.9x10°.
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A final example is presented in Fig. 3.57, figure that shows modeling results at

point C, at pose p=0’ for increasing normal forces.
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Fig. 3.57. Profile at pose p= 90, a=90" at point C for different force magnitudes.

The red, green and blue profiles are belonging to the region where the object
exhibits elastic behavior. After the application of a force F=37.5N (the deformation
profile is shown in blue) the object enters the elasto-plastic region of deformation. The
object surface does not return to the non-deformed state, but to an intermediate profile,
shown in black between the non-deformed state (shown in red) and the state when the
latest force was applied (shown in blue). For the deformation profile shown in black, s
becomes 0.5. It can be seen that the network is able to capture the different deformation
stages as well, fact proven by the very similar measured and modeled data profiles.

Another interesting aspect to be noticed in Fig. 3.57 is that the initial non-
deformed profile, shown in red is narrower along the Y axis than any of the deformed
profiles. This phenomenon occurs because of a volume expansion of the object under
probing, due to the applied forces, expansion that is well captured in the modeled results.
Therefore the proposed method of deformation measurement and modeling using neural
networks captures naturally volume expansions which are a challenge to be modeled
using other methods (e.g. mass-spring models, FEM, BEM, etc) as it was shown in

chapter 2.
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3.5. Conclusions

This investigation into means of modeling elastic behavior demonstrates that the
benefit of using neural networks to model deformable objects is multi-folded. First,
neural networks provide continuous output behavior, thus being able to provide the
necessary nonlinear interpolation for estimates of data that was not part of the training
set. When compared with most of the work found in the literature where a priori
knowledge about the characteristics of the material is assumed available, this research
work proposes a robust approach for modeling force/deformation relationships from
realistic experirhental data with noisy and incomplete measurements, the latter being
exemplified here by missing values for some of the points along the scan line.

Second, the use of a neural network modeling scheme avoids the complicated and
frgquently impossible to solve problem of recuperating explicit elastic parameters,
especially for highly nonlinear elastic materials.

Third, neural networks provide an accurate and fast response once they are
trained. After the elastic behavior of an object is stored in a neural network, the latter can
provide real-time information about the elasticity in any point of an object.

Finally, the neural network modeling of deformation profiles captures naturally
the modification of the objects’ volume due to applied forces.

Further research on this topic would benefit from automated selective procedures
to determine regions of interest and perform only relevant measurements, as opposed to
employing a simple random algorithm to select points to be probed as it was used in this
chapter. Probing points randomly can create significant cost penalties. Even if only a
lower number of points are collected than in the case of uniform sampling, as the
percentage of sampled points increases, the cost gets higher to eventually reach the one of
uniform sampling. The risk is also that samples randomly collected miss important
features. From here stems the need of a selective sampling algorithm to determine those
regions that are relevant for the geometry and/or behavior of an object, algorithm that is

presented in the next chapter.
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4. Selective Acquisition of Geometric and Elastic Data from 3D

Point-Clouds Based on Neural Gas Networks

This chapter describes an innovative selective data acquisition algorithm that can
be employed to collect both geometric data using vision sensors and elastic data using
tactile sensors. It starts by describing the motivation driving the research into selective
sampling procedures for data collection and justifying the suitability of a self-organizing
neural network for this purpose. It then looks in depth at the neural gas self-organizing
architecture, its training algorithm and testing procedure and its use in the context of
selective data acquisition. It then presents experimental results for vision and tactile
sampling of 3D objects embedded in point-clouds obtained with various types of
scanners. It finally shows how composite-elastic models can be built, exemplifying the

concepts with a complete modeling scenario.

4.1. Introduction and Context

Sensing systems are experiencing an unprecedented growth in numerous
applications. Due to the high measurement speed of 3D data acquisition devices (e.g.
laser scanners) on one side and to the lack of knowledge on appropriate accuracy levels
for correct description of shape and geometry on the other side, the data acquisition
process is elaborate and often produces too many sample points. Reducing the
complexity of such datasets is one of the key techniques required in order to operate
subsequent applications on the resulting data at a reasonable computational cost. To
tackle this issue, the most widely exploited trend in the contemporary literature involves
the post-processing of large datasets obtained by acquisition devices. Frequently, the
proposed algorithms rely on the user input for providing parameters such as the desired
density of sampling, the regularity of sampling, or the minimum distance between
samples. This is a difficult task as the user is not always aware of the appropriate level of
accuracy required for a model in order to be further processed and the adjustment of such
parameters can be a lengthy trial-and-error procedure. Further research on adaptive
sampling would benefit from intelligent automated selective procedures to determine

regions of interest and collect only relevant measurements for modeling applications.
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The objective of this work is the design of innovative approaches to achieve
automatic selection of regions of interest for vision and tactile sensors to collect only
relevant measurements without human guidance. The proposed algorithm is a selective
sampling algorithm with the purpose of increasing the relevance and speed of probing by
online progressive refinements. “Online” in this context refers to the use of the algorithm
in each successive step of the measurement procedure as opposed to post-processing the
data collected by a sensor. The algorithm is not adaptive in that it is not compliant - does
not adjust the probing procedure as a result of the interaction with the object. It is
selective, in that it picks out those features that are relevant for the object under study. An
iterative use of the algorithm will result in multi-resolution object models, with higher
resolution in the areas rich in features and/or with changes in elastic behavior.

The relevant regions of interest are extracted from 3D point-clouds during the
acquisition procedure to prevent an avalanche of data and the related excessive
processing load. Starting from an initial, fast, and sparse scan of an object, a neural gas
network map is used to adaptively select areas of interest for further scanning in order to
improve the accuracy of the model. The use of a self-organizing architecture is justified
by its ability to quantize the given input space into clusters of points with similar
properties. As it was presented in the literature review, clustering is an efficient way to
compress data and retain significant information only. A similar approach is appropriate
in vision to collect 3D geometry data and in tactile sensing as well. The final model
obtained by augmenting the initial sparse model with the regions of interest is a multi-
resolution model with a higher resolution in areas rich in features and/or in areas with

changes in elastic behavior. The summary of the approach is depicted in Fig. 4.1.

Region of interest
selection

Neural gas
network

Sparse/fast 3D
scan model

A 4

High resolution
- Lscan of region of

Selectively
densified 3D
model

interest

Fig. 4.1. Proposed framework for selective sampling.
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The algorithm operates on a sparse, fast scan of the object under study. A neural
gas map is built on this low resolution scan and the regions of interest are selected by
searching areas with high density of points and/or areas of elasticity changes in this map.
The identified regions are then scanned at higher resolution. Each of these regions can be
iteratively mapped using neural gas models in order to identify additional features of
interest, which can be scanned at even higher resolution. The final model is a selectively
densified model, obtained by the addition of the high resolution scans over the initial
sparse scan of the object. If the user is interested in a compressed model, a selectively
densified model can be obtained as well by the addition of the high resolution scans over

the neural gas map size.

4.2. Neural Gas Architecture and its Use for Selective Data Acquisition

4.2.1. Introduction and Notations

Clustering is an efficient way to compress data and retain significant information
only. A data set is encoded using a finite set of reference vectors that constitute cluster
centres. Data patterns are classified into clusters according to some similarity measure,
which is usually the distance between the pattern and the nearest cluster centroid. The
representative (winning) data vector is determined to be the closest one in distance from
the input vector. There is a very close relationship existing between clustering methods
and unsupervised learning neural networks. In unsupervised learning, the network adjusts
itself using the input patterns only and groups similar sets of input patterns into clusters
predicted upon a predetermined set of criteria relating the components of the data [139].

The most extreme competitive learning strategy is the “winner-takes all” where
the activation of the neuron with the largest net input is the only one to have its weights
updated. In this case, neurons which have weight vectors that are far from any input
vector may never win and hence, never learn. These are like “dead neurons”. Thus the
new idea of soft competition appeared.

Soft competition involves updating all the nodes in the network to some degree as
opposed to just the winning node. This movement of all nodes, although computationally

expensive, helps to improve the performance in two ways. It helps to prevent dead units
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on one side, and on the other side, the change in the value of the error function is not just
in the direction of the steepest gradient but may cause a jump to a new value somewhere
else in the error space, thus improving the learning procedure [145]. Therefore self-
organizing architectures based on soft competition are good candidates to perform
clustering.

Even if these competitive self-organizing architectures are sometimes
denominated with terms like “neural” and “networks”, i.e. neural gas network, they are
not what one usually understands as being a “neural network™ [146]. Each network

consists of a set .S of NV units:

S={c;,chrCy) “4.1)

Each unit ¢ has an associated »n-dimensional reference vector that indicates its
position in the input space:
w, eR” “4.2)
Between the units of the network there exists a (possibly empty) set:

CcSxS (4.3)

of unweighted and symmetric neighborhood connections, used for the adaptation of the
winner and the topological neighbors. The set of topological neighbors of a unit ¢ is

denoted:
N, ={ieS|(ci)eC} (4.4)

The n-dimensional input signals are usually generated according to a continuous

probability density function:

px), xeR" 4.5)

or chosen from a finite training data set

D={xl,x2,...,xM | x, eiR"} (4.6)

For a given input signal x, the winner s(x) among the units in S is defined as the

unit with the nearest reference vector, measured as Euclidean distance:
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(4.7)

s(x) =argmin__|lx —w,

where ||.|| denotes the Euclidean vector norm. The other distant units of interest are
denoted with s; with i meaning the i-nearest unit (s; is the winner, s, the second-nearest
unit, etc).

The most popular self-organizing architectures are the Kohonen self-organizing
map (SOM) [150] and the neural gas network. Neural gas is selected in the context of this
work after several experimental tests, due to its accuracy proven by small distortion
errors and its ability to capture fine details as opposed to SOM architectures that result in
larger distortions and tend to smooth fine details. The emphasis in this work is on
accuracy as opposed to fastness. An extended comparison between neural gas and SOM

can be found in [147].

4.2.2. Neural Gas Architecture

The main purpose of the neural gas network is to cluster multi-dimensional
vectors. An initial large set of vectors is reduced to a smaller set \of neurons of the same
dimension, with a minimal mean distortion between each of the vectors in the initial set
and its best-matching neuron. The best matching neuron is defined as the vector in the
final set that is the closest to the input vector [148].

The neural gas network consists of nodes (cluster centers), which independently
move over the data space while learning. It can be however seen as a feedforward
unsupervised model having one »-dimensional layer of neurons and one layer of
connections [148]. Each neuron is connected to the input vector of the same dimension,

but there are no connections between units in the neuron layer.
4.2.3. Neural Gas Algorithm

The neural gas algorithm starts by initializing the set S of network nodes to

contain N units ¢; with the corresponding reference vectors w, € R”chosen randomly

according to a probability density function p(x) and having very small values, of the order

of 107,
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Random input signals are generated according to p(x) or chosen from a finite
training data set. The neural gas network exploits the idea of soft competition. Eq. (4.7) is
employed to identify the winning neuron that best matches the input vector x. The
neurons to be adapted in the learning procedure are selected according to their rank. The
rank of neurons is the rank they have in an ordered list of distances between their weights

and the input vector. Each time a new input vector x is presented to the network, a

neighborhood ranking indices list is built (jo, ..., j »-1), where w, is the weight of the
closest neuron to x, w; the weight of the second-closest neuron, and w, is the reference

vector such that k vectors w; exist with:
= wl < -w,| 4.8)

The neural gas is in general invariant to initialization. This is due to the fact that
the distance in input space is only used for determining the rank order, and then the
adaptations are done on the basis of this rank order [146].

In each training step, the best matching neuron s(x) at time ¢ is computed using the
minimum Euclidean distance criterion (eq. (4.7)). All neurons are then ordered according
to eq. (4.8). Based on this rank, a certain number of units is adapted.

The neurons’ weights are updated according to:
w,(t+)=w, () +a@®h, (k,(x,w)[x(&) - w, ()] 4.9)

where a (t) € [0, 1] describes the overall extent of the modification, and 4, is 1 for &; (x,

w;) = 0 and decays to zero for higher values according to eq. (4.10):

kow) )J (4.10)

h, (k. (x,w)))=exp| —
As in Martinetz et al. [148], k; (x, w;) is a function that represents the ranking of
each weight vector w;. If j is the closest to input x then k = 0, for the second closest k=1

and so on. The learning rule is local, meaning that the operation at neuron level only
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requires the knowledge of the weight associated with that neuron and the input vector.
However, a non-local function is needed to rank the neurons [145].

The name “neural gas” emphasizes the similarity to the movement of gas
molecules in a closed container. Thus a neural gas network can be seen as using a
temperature coefficient to affect the softness of the competition over time [149]. The

network minimizes the following cost (error) function:

Ew,4)= ﬁi PG, (b, (x, ) - (= w, )? (4.11)

J=1

where P(x) is the distribution of input vectors x(n) and

N-1
C(A) =D h,(k) (4.12)
k=0

The parameter A can be seen as a temperature factor. At high temperatures many
of the nodes in the network add to the cost of the network. As the temperature is reduced
only the nodes close to the input contribute significantly to the error, and at very low
temperatures only the winning node produces a cost. The corresponding update rule, that
is applied to all nodes and which reduces the cost function in shown in eq. (4.9).

The learning rate « (f) and the function A(#) are both time-dependent. In order to
ensure that the algorithm converges, it is important that these parameters are decreased

slowly during the learning process. Usually the following time dependencies are used:

t/T
a(t) = ao[a_rj (4.13)
aO
/{ /T
pRE 4.14
A(t) ’10(/10) (4.14)

where the constants @y and Ay are the initial values for a (¢f) and A (¢), ar and A rare the

final values, ¢ is the time step and T the training length. For the time-dependent variables,
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initial and final values have to be chosen. The algorithm continues to generate random
input signals x while #<T.

Neural gas converges quickly, reaches after convergence lower distortion error
than other self-organizing architectures and obeys a gradient descent on an energy
function. However, the neural gas network can be computationally expensive. This cost is
mainly due to the neighborhood ranking procedure. All nodes have to be ranked and
updated for each input vector. In spite of the fact that the training procedure is longer in
comparison with other self-organizing architectures as shown in [147], neural gas is
chosen because the main goal in the context of this work is the accuracy of models as
opposed to real-time behavior of simplified computer generated and simulated models

that has already been extensively studied in the literature.

4.2.4. Data Sets

This neural architecture has been actively studied for various sources of simulated
data [147]. In the context of this thesis, 3D range data measured point-clouds of objects
and also sets of synthetic data obtained from the interpolation on a higher mesh of a
sparse scan are used to train the network. Normalization is employed to remove
redundant information from a data set, by a linear rescaling of the input vectors such that

their variance is 1. As in [135], for each input vector x, its mean is computed as:

X (4.15)

where n (n= 1,..., N) denotes the dimension of the vector x, and the variance according

to:

0'2=Fl_—lﬁ:(x"—i) (4.16)

n=l1

The set of rescaled variables are defined as:

"% 4.17)
g

This ensures that the transformed variables will have 0 mean and a variance of 1.
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4.2.5. Testing

The mean quantization error is used as a measure to evaluate the quality of the
obtained models. The quantization error (mapping precision) [150] describes how
accurately the neurons respond to the given data set, and therefore how well the model
built corresponds to the 3D object embedded in the input point-cloud. For example, if the
reference vector of the winning neuron calculated for a given testing vector x; is exactly
the same x;, the error in precision is 0. Normally, the number of data vectors exceeds the
number of neurons and the precision error is thus always different from 0. It is computed

as an average distance between each data vector and its winning neuron, as follows:

N
) TR w19
Jj=1

4.2.6. Use of Neural Gas for Selective Data Acquisition

In the context of this work, a neural gas architecture is employed to guide vision
and tactile probing by clustering measurements that represent uniform geometry and/or
elasticity regions and therefore direct the sensor toward areas of transitions where higher
sampling density is required, based on the self-organizing neural network ability to find
an optimal finite set that quantizes the given input space. This ensures the capability of
the modeling scheme to deal not only with homogeneous objects from the elasticity point
of view, but also with non-homogeneous, particularly piecewise-homogeneous, objects as
well. Starting from the points collected during a fast scan of an object via an active range
finder and an initial configuration of unconnected nodes, the latter move freely over the
data space while learning and the model contracts asymptotically towards the points in
the input space, respecting their density and thus taking the shape of the objects encoded
in the point-cloud. This ensures that density of the probing points will be higher in the

regions with more pronounced variations in the geometric shape and elastic behaviour.

4.3. Experimental Results for Geometric Data Acquisition with Vision
Sensors

In an initial stage of research, tests were performed to check the proposed

modeling scheme for a full scan point-cloud of an object in order to identify those regions
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of interest where changes occur into the geometry of an object [147]. This testing
scenario corresponds to the post-processing procedures for data compression explained in
subchapter 2.2. Within a small margin of error, the proposed model was always able to
identify regions of geometrical changes in an object point-cloud.

In the context of this thesis, the proposed solution is meant to be incorporated
directly in the sampling procedure, to achieve automated selective scanning over large
workspaces, by adaptively selecting regions of interest for further refinement from a
cloud of 3D sparsely collected measurements. Starting from an initial low resolution scan
of an object, a neural gas network is employed to model the resulting point-cloud. Those
regions that are worth further sampling in order to ensure an accurate model are detected
by finding higher density areas in the neural gas map. This is done by applying a
Delaunay triangulation (discussed in detail in the following chapter) to the resulting
neural gas output map and by subsequently removing all the triangles that are larger than
a set threshold. The threshold is automatically computed based on the length of vertices
for each triangle in the tessellation. Rescanning at higher resolution is performed for each
identified region (regions marked by the remainder of small triangles in the tessellation)
and a multi-resolution model is then built using the initial sparse model and augmenting it
with the high resolution regions of interest. The rescanning procedure can be repeated in
several steps to gradually improve the accuracy of the model. The number of steps in
which the procedure is repeated depends on the accuracy needs of the application, but
also on the type scanner employed (e.g. its level of granularity and the maximum allowed

resolution).

4.3.1. Experimental Measurement Data

The proposed method is first tested in the context of range imaging where
selective sampling of points is performed with range vision sensors in order to accurately
describe a 3D object. Detailed results of experimentations are presented for three objects:
the triceratops from section 3.2.1, a foam armchair and a mock-up car door, each
presenting different sorts of regions of interest, as depicted in Fig. 4.2e, Fig. 4.2a and Fig.

4.2¢ respectively.
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Fig. 4.2. a) Foam armchair, b) Jupiter laser scanner used to collect the data, and c)
car door collected using d) Neptec’s full image LMS range sensor and e) high resolution

point-cloud of the triceratops.

For the triceratops model, the area of the head, the neck and around the horns
should be regions of interest. The armchair should have as regions of interest the edges,
while for the door model, the regions of interest should be depicted around the door knob

and the door opening gap.

112



In order to create a full point-cloud for the triceratops model depicted in Fig. 4.2e,
the initial coarse mesh model from Fig. 3.1b is interpolated on a high resolution mesh.
The interpolation is based on a displaced subdivision mesh hierarchy. First,
measurements are diffused on the coarse resolution mesh. The measurement values are
kept fixed but vertices with no measurement are filled in by the diffusion process. The
diffusion is solved using forward Euler steps. The interpolated measurements on a
coarser level mesh are mapped on the next finer level mesh and the diffusion is calculated
again. In case of the triceratops, refinements over four levels are executed [136, 137].

The point-cloud model of the armchair depicted in Fig. 4.2a is obtained using an
automated Jupiter laser scanner mounted on a robot arm, as shown in Fig. 4.2b. The full
resolution point-cloud of a mock-up car door shown in Fig. 4.2c is collected with the
Neptec Design Group Inc.’s Laser Metrology System (LMS) range sensor, depicted in
Fig. 4.2d. These three examples of objects are representative, since the objects are not
only very different in terms of features, but come from different sources of data as well,
showing the capability of the neural gas solution to cope with different data features and

with data coming from various sensing mechanisms.

4.3.2. Experimental Results for Vision Data Acquisition

Starting from an initial fast, sparse scan of each object, a neural gas network is
employed to model the data in the point-cloud, in the form of (x, y, z) coordinates. The
data set is normalized prior to the neural gas mapping such that its variance is unity as
required by the learning procedure and as described by eq. (4.15)-(4.17).

Testing is performed for several resolutions of the initial fast/sparse scan in order
to identify how the resolution of this scan influences the modeling results and what would
be the smallest scan to start with, that allows for the modeling of fine features in the
modeled objects. Tests are run for an initial resolution of roughly 5%, 10%, 15%, 25%,
35% and 50% of the full resolution point-cloud. In each case, simulations are performed
until the map size becomes larger than 100% of the initial scan. All simulations are
performed for ap = 0.5 and Ay equal to half of the number of neurons. The influence of
the training parameters over the modeling results has been investigated and analyzed in

[147]. The training is performed using Matlab code, on a Pentium IV 1.3GHz machine
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with 512MB of memory. Experiments are conducted for each of the three objects

discussed in subchapter 4.3.1.

4.3.2.1. The Case of Objects with Roughly Uniform Distributed Sampling Points and
Multiple Features

The point-cloud model of the triceratops is created, as explained in section 4.3.1,
starting from a uniformly distributed mesh and results in a uniformly distributed point-
cloud. It allows for the study of an object with multiple features and a roughly uniform
distribution of points in the point-cloud.

The results for the triceratops are presented in Table 4.1 and Table 4.2 for
different initial resolution scans and different neural gas map sizes. Table 4.1 presents the
modeling results for an initial scan size of 5% to 15% of the full resolution model, while
Table 4.2 depicts the modeling results for an initial size from 20% to 50% of the full
resolution model. The tables also show, under each model, the approximate size of the
neural gas map employed, as a percentage of the size of the initial scan. The size of the
neural gas map is only considered until it reaches the one of the initial scan (100% of the
initial scan size), and therefore some cells are empty as for those initial sizes the map of
the neural gas reaches or surpasses the size of the initial scan. The modeling results for a
neural gas network having as inputs these initial sparse point-clouds are compressed
models for the dataset in which the weight vector consists of the 3D coordinates of the
object’s points. The high resolution areas in the resulting neural gas maps are obtained by
removing large triangles in a Delaunay triangulation built on the neural gas map, for a
constant threshold for all modeling cases to give a common comparison basis.

As it can be seen in Table 4.1, for an initial scan of less than 15% of the full
resolution point-cloud, or less than roughly 2000 points, the model is able to capture the
overall shape of the object embedded but is not capable to capture accurately fine details,
as the area around the horns of the triceratops, for example, in spite of the increase in the
map size.

Table 4.2 depicts the regions of interest resulting for an initial scan size from 20%

to 50% of the full resolution model.
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Table 4.1. Evolution of regions of interest identification for different map sizes and for

initials scan sizes between 5% and 15% of the full resolution triceratops point-cloud.

Map size 509 points = 4.16% of | 1222 points = 9.99% of | 1746 points = 14.28% of
Sull  resolution point- | full resolution point-cloud | full resolution point-
cloud cloud

15%25

-~

(375 points) -

%

30.6% of initial scan

20%25
(500 points) & -7 % :»;;

. N i ; )

¢
98.2% of initial scan 40.9% of initial scan 28.6% of initial scan

25*30

(750 points)

35*40

(1400 points)

71.6% of initial scan 50.1% of initial scan

35*45

(1575 points)

90.2% of initial scan
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Table 4.2. Evolution of regions of interest identification for initials scan sizes between

roughly 20% and 50% of the full resolution triceratops point-cloud.

Map

size

2445 points=19.99% of
Jull resolution point-

cloud

3065 points = 25% of

full resolution point-

cloud

4075 points = 33% of
Jull resolution point-

cloud

6113 points = 50% of
Jull resolution point-

cloud

15%25
375

points)

A N

“44‘3 IR ;i

\w‘;\
4/

3% of initial scan

20%25
(500

points)

25*30
(750

points)

35%40
(1400
points)

35%45
(1575

points)

P
«,!

1959
-

25.7% of initial scan

40*45
(1800

points)

P % \.\
a5 .

¢ .'E , %

73.6% of initial scan

58.7% of initial scan

44.1% of initial scan

29.4% of initial scan
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Table 4.2. (cont.) Evolution of regions of interest identification for initials scan sizes

between roughly 5% and 15% of the full resolution triceratops point-cloud.

Map 2445 points=19.99% of | 3065 points = 25% of | 4075 points =33% of | 6113 points = 50% of
size Sfull resolution point- | full resolution point- | full resolution point- | full resolution point-
cloud cloud cloud cloud
40%50
(2000
points)
81.7% of ihitiél scan
50%55
(2750
points)
89.7% of initial scan o;f m1t1al s‘can: ﬁ 44.9%;of iniiiél scan
60*70
(4200
points)
68.7% of initial scan

It can be seen that starting from roughly 20% of the full resolution scan, or about
2500 points in the initial sparse scan, the network is able to model correctly and identify
fine features of the triceratops. The good modeling results are framed in light gray. In this
case, it can be observed that a larger neural gas map size models better a lower resolution
scan, while a smaller map size is enough for the higher resolution scan. Overall, the
visual quality improves with the increase in the size of the initial scan.

Fig. 4.3 shows the detected regions of interest, enlarged, for the best adaptive
threshold obtained using several trials, for a initial scan of 3065 points (25% of the full
resolution scan), shown in Fig. 4.3a and for an initial scan of 6113 points (50% of the full

resolution scan), presented in Fig. 4.3b.
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Fig. 4.3. Initial scan of the triceratops model of (a) 3065 points and (b) 6113 points,

neural gas model for a map size of (c) 40x45 for the 3065 points initial scan and (d)
35 %45 for the 6113 points initial scan and detected regions of interest for further

sampling for (e) 3065 points initial scan and (f) 6113 points initial scan.

The neural gas network having as inputs these initial sparse point-clouds, for a

neural gas map size of 40x45 (1800 points and therefore about 58% of the size of the
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initial scan) and 35x%45 (1575 points and therefore a size of about 25% of the size of the
initial scan) respectively are compressed models for the dataset in which the weight
vector consists of the 3D coordinates of the object’s points and are depicted in Fig. 4.3¢
and d. The high resolution areas are much better identified and contoured for the higher
resolution point-cloud, as it can be seen in Fig. 4.3f. In spite of some noise, in both cases,
the network is able to identify, apart from the contours of the model, the areas around the
head and horns of the triceratops as areas for further scanning, as it is expected. These
areas can be scanned at this point at a higher resolution in order to improve the accuracy
of the model.

In this modeling case, a higher resolution of the initial sparse scan increases the
accuracy of the sampling procedure for larger neural map sizes. This can be also seen by
studying the evolution of the quantization error for the same modeling cases, depicted in
Fig. 4.4.

o
h
-

0.08

Quantization error

0.06

0.04

0.02

15*25 20*25 20*30 25*30 3540 35445 40%45

Neural gas map size

—eo— initial scan size of 509 points —8— initial scan size of 1746 points
—a&— initial scan size of 2445 points —e— initial scan size of 3065 points
—&— initial scan size of 4075 points —@— initial scan size of 6113 points

Fig. 4.4. Evolution of quantization error with neural gas map size for different

initial scan sizes of the triceratops point-cloud.

The error tends to decrease with the size of the neural gas map and reaches lower

values for higher resolution initial scans. However, the absolute values are not
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significantly different for neural gas map sizes larger than 25x30 (within 0.015). The
training time however increases with both an increase in a neural gas map size and in the
resolution of the initial scan, as depicted in Fig. 4.5. Therefore the choice of the right size
is a compromise between the accuracy required by an application and the time the

network takes to build this accurate model.
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1525 20"25 20*30 2530 3540 35%45 40*45

Neural gas map size

—&— initial scan size of 5§09 points —m— initial scan size of 1222 points
—a&— Initial scan size of 1746 points —e— initial scan size of 244§ points
—a— initial scan size of 3065 points —e— initial scan size of 4075 points
—e—Initial scan size of 6113 points

Fig. 4.5. Evolution of training time with the neural gas map size for different

initial scan sizes of the triceratops point-cloud.

4.3.2.2. The Case of Objects with Raster-like Distribution of Sampling Points and Few Non-
Localized Features

The case study of the chair is the representative of an object without many
features, with raster-like distributed sampling points. The data are used as collected by
the Jupiter laser scanner (without any filtering procedure) therefore some noise is present
in the scans. The same training parameters are used as in the case of the triceratops and
the results are evaluated for different neural gas map sizes and different sizes of the initial
scan. Some results for the identification of the regions of interest are presented in Table
4.3 and Table 4.4.
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Table 4.3. Evolution of regions of interest identification for initials scan sizes between

roughly 5% and 15% of the full resolution chair point-cloud.

Map size 769 points = 5% of full { 1538 points = 10% of full | 2197 points = 14.28% of
resolution point-cloud resolution point-cloud Jull  resolution point-
cloud
15%25 I
.’.. ’:‘j’.’th ~r rf:—ov-:-—v’-:“ 'v " -:.
(375 points) . M PR & . *‘_ L
= . 4 <3
g e
48.7% of initial scan 24.38% of initial scan 17% of initial scan
20%25
(/ :‘»4\»»+~w’.‘. 1 "NW """" v' v :' ,r_".::--’-‘
(500 points) s by A €3 N . : J
(: ] ‘t:? . > : ":t. \ . «;
M “ . ’ 1 1
65% of initial scan 32.5% of initial scan 22.7% of initial scan
25*30
T LTI Saaaaaasie i il
(750 points) pooTT Rk STy 1 .
l’) ‘ 3 ]' . * { l‘ A - 'A ’ “_‘. Y;|
- i ot % B
A.'.‘A:' \ ‘1' ' . - }
97.5% of initial scan 48.7% of initial scan
35%40 S
T Ty
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Table 4.4. Evolution of regions of interest identification for initials scan sizes between

roughly 25% and 50% of the full resolution chair point-cloud.

Map 3076 points=20% of | 3845 points = 25% of | 5127 points = 35% of | 7691 points = 50% of
size Sull resolution point- | full resolution point- | full resolution point- | full resolution point-
cloud cloud cloud cloud
15%25
. .‘IM,“ '}’}“"""’.“, ;"Vu.a——": ; I e -"x‘
(375 ‘: ' 3 17 " L s ! “ ’ yvvv‘ “a
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Table 4.4.(cont.) Evolution of regions of interest identification for different neural gas

map sizes and for initials scan sizes between roughly 25% and 50% of the full resolution

chair point-cloud.

Map 3076 points=20% of | 3845 points = 25% of | 5127 points = 35% of | 7691 points = 50% of
size Sull resolution point- | full resolution point- | full resolution point- | full resolution point-
cloud cloud cloud cloud
40*50
ey [y
(2000 T G R &
points) Tl P
{ 1 S g
et
65% of initial scan 52% of initial scan 39% of initial scan 26% of initial scan
50*55 I g s r TR
sn g o b oo ey b M
(2750 ca i Y fd ol SR
points) STop A E )
T i Se A N -3
89.4% of initial scan 71% of initial scan 35.7% of initial scan
60*70 ,
e r 1
(4200 i L o3
points) 1

109% of initial scan

81.9% of initial scan

54.6% of initial scan

As it can be seen in Table 4.3, similar to the case of the triceratops, the network is

not able to capture the model for an initial resolution scan with a number of points less

than 2200 or 15% of the full resolution point-cloud. Starting from roughly 20% of the full

resolution scan or roughly 3000 points in the initial scan, the network is able to model

correctly and identify fine features of the chair. The good modeling results are again

framed in light gray. It can be observed, as for the triceratops, that a larger neural gas

map size models better a lower resolution scan, while a smaller map size is enough for

the higher resolution scan. Overall, the visual quality improves with the increase in the

size of the initial scan.
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Fig. 4.6 and Fig. 4.7 show the evolution of the error and training time for different

resolution initial scans and different neural gas map sizes.

fd
[=]
FS

(=
[=]
w

Quantization error

(=
[=]
(X

[d
o
-

o

¥ T T T 1

16%25 20725 25*30 35740 3545 40°45 40*50 50*55 60*70
Neural gas map size

—&— initial scan size of 769 points —@—initial scan size of 1538 points

initial scan size of 2197 points —&— initial scan size of 3076 points
—&— initial scan size of 3845 points —@— initial scan size of 5127 points
—e&— Initial scan size of 7691 points

Fig. 4.6. Evolution of quantization error with neural gas map size for different initial
scan sizes of the chair point-cloud.

1800
1600 »

1400 A

= 1200 M A
€ 1000 A ¢ * o
£ 800 / e
E 00— / /D'__/_-o__—u/'

400 //"// ———

200 _‘.’4‘/’/3 —— . ————
15*25 20725 25*30 3540 3545 40°45 40°50 5055  60*70

Neural gas map size

—eo— initial scan size of 769 points —8— initial scan size of 1538 points

initial scan size of 2197 points —&— initial scan size of 3076 points
—a— initial scan size of 3845 points —— initial scan size of 5127 points
—e— initial scan size of 7691 points
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124



Again, the error decreases with an increase in the map size for large neural map
sizes, while the training time increases with an increase in the neural gas map size and in
the size of the initial scan. The best enlarged modeling results, for initial scan of the chair
of 3845 points (25% of the full resolution scan) and 7691 points (50% of the full

resolution scan), are shown enlarged in Fig. 4.8a and b respectively.

ﬂl

il

l
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Fig. 4.8. Initial scan of a chair at a resolution of (a) 3845 points and (b) 7691 points,
neural gas model for a map size of (c) 40%45 for the 3845 points initial scan and (d)
35x45 for 7691 points initial scan and detected regions of interest for further sampling

for the initial scan of (e) 3845 points and (f) 7691 points.
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These point-clouds are provided each as inputs to a neural gas network with the
map size of 40x45 and 35x45 respectively and the obtained output maps are shown in
Fig. 4.8c and d respectively. The artefacts in the neural gas map are due to the fact that
the training is stopped early in order to avoid that the nodes become uniformly distributed
instead of capturing details. As the point-clouds that are obtained using the laser sensors
are raster-like models and their density is uniform, the neural gas, that respects the
density in the input samples, after a long training, will tend to build uniformly dense
maps as opposed to keeping nodes in the regions rich in features.

Since there are no other significant details in the model apart from the edges and
the back plane, these are selected as regions of interest for additional sampling in order to
improve the accuracy of the model. Even in the case of the low resolution initial dataset
of 3851 points and in spite of some noise and artifacts visible in the regions of interest
identification result (Fig. 4.8¢), the proposed algorithm succeeds to identify the edges.

When the initial dataset is denser, those features are more accurately located.

4.3.2.3. The Case of Objects with Raster-like Distribution of Sampling Points and Small
Localized Features

This case is studied for the mock-up car door in Fig. 4.2¢, that presents fine
localized details. The same modeling scenario is followed as in the case of the triceratops
and of the chair and the findings are summarized here. A fast scan is initially performed
to obtain a very low resolution point-cloud of 4096 points shown in Fig. 4.9a (0.39% of
the high-resolution full scan of 1048576 points) and a medium low resolution of 16384
points depicted in Fig. 4.10a (1.56% of the high-resolution full scan). The data provided
by the Neptec’s full image LMS range sensor is less noisy, due to its higher resolution
when compared to the Jupiter laser scanner. Fig. 4.9b and Fig. 4.10b show the rendered
mesh models embedded in each point-cloud. The region representing the door opening is
very small in comparison with the whole model and so is the number of points
representing it. This requirement poses additional challenges to the modeling. In case of
the very low resolution model, a denser neural gas map is required in order to capture the

details, again stopped early in the training as in the case of the chair.
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Fig. 4.9. Modeling steps for a very low resolution car door point-cloud: a) initial
point-cloud, b) rendered mesh model, c) neural gas model, d) higher density areas in

neural gas model, e) identified regions of interest, and f) selectively densified model.

d) e) ‘ D

Fig. 4.10. Modeling steps for a medium low resolution car door point-cloud: a) initial
point-cloud, b) rendered mesh model, c) neural gas model, d) higher density areas in

neural gas model, e) identified regions of interest, and f) selectively densified model.
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The normalized point-cloud of the 4096 points initial scan is provided as input to
a neural gas network with a map size of 45%40 (1800 points which represents a map size
of 43% of the number of points in the initial sparse scan) and the resulting model is
depicted in Fig. 4.9c. A lower density map provides good results both in terms of
accuracy and length of training for the medium low resolution model. The training result
for a map size of 35x45 is shown in Fig. 4.10c. Those regions that are worth further
sampling in order to ensure an accurate model are detected by finding high density areas
in the neural gas model. The detected regions of high density in the neural gas output
map are identified in Fig. 4.9d and Fig. 4.10d respectively, by building the Delaunay
triangulation and removing large triangles from it. Higher density scans are performed
within these bounded areas. The regions of interest superimposed on the rendered model
are depicted in Fig. 4.9¢ and Fig. 4.10e respectively. The resulting augmented multi-
resolution models for the sample of regions of interest are presented in Fig. 4.9f and Fig.
4.10f respectively. The selectively densified model in Fig. 4.9f contains 111596 points
and it represents a reduction of about 90% in the number of points when compared to the
full scan, while the one in Fig. 4.10f contains 173884 points (about 83% reduction from
the full resolution scan). It would be expected that an even higher resolution initial scan
would give better results in terms of regions of interest identification. However, this is
not necessarily true. Additional points in the model make the door gap almost invisible,
since the relative number of points representing it in the point-cloud is significantly
reduced, especially for point-clouds with a larger number of points than 40% of the
highest resolution scan.

The same procedure can be then repeated for each of the regions of interest
detected in the previous step. Each region can be provided as input in a new neural gas
network in order to further detect fine details that are worth to be scanned at a higher
resolution. Fig. 4.11 presents the detail of the high resolution rendered model of the door,
with the selected regions in the previous step. The point-cloud of each region has slightly
over 5000 points. For each of the regions, the corresponding neural gas model for a map
size of about 30% of the total number of the points in the region, and the selected regions
for additional sampling, identified as high density areas in the neural gas model, are

shown as well. The regions of interest are shown from different viewpoints in Fig. 4.12.
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Fig. 4.11. Model of car door showing a sample of selected regions, their enlargement,

their neural gas model and the areas for further sampling.

Fig. 4.12. Selected areas for further sampling from different viewpoints and the

regions of interest identified in a neural gas map for each of them.
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4.3.2.4. Guidelines to Choose an Appropriate Neural Gas Map Size

To fully benefit from the proposed method, research has been done in order to
identify ways to select an appropriate neural gas map size for the objects under study that
ensures a good identification of regions of interest. Particularly, the investigation looked
into the correlation between the neural gas map size and the size of the initial scan point-
cloud. These tests revealed that a neural gas network, regardless of its neural map size
cannot capture enough features in an initial point-cloud with a size that is smaller than
roughly 2000 points, as presented in Tables 4.1 and 4.3 and summarized in the first row
of Fig. 4.13.

The second, third, fourth and fifth rows of Fig. 4.13 show some good modeling
results obtained for 2500-3000-point, 4000-5000-point and 15000-16000-point and over
16000-point initial scan size, respectively. The “good” modeling results are identified as
those compressed models with the highest compression rate that offer at the same time an
optimal balance between the quality of the model (evaluated by a low relative error and
good distribution of samples over the object surface, distribution that is evaluated
visually) and the time required for training. The relative error is computed as an average
Euclidean distance between each data vector and its winning neuron and therefore
showing how close the modeled data is to the initial scan point-cloud.

As it can be observed in Tables 4.2 and 4.4 and summarized in the second and
third row of Fig. 4.13, that starting from 2500 points in the initial sparse scan the network
is able to capture the edges of the armchair, but captures only barely the triceratops and
the door features. To capture correctly the area around the horns of the triceratops and the
fine details of the door model, at least 4000 points are required. The same observations
were made for other objects under study, leading to the conclusion that the initial scan
should contain a minimum of 4000 points.

The same tests revealed that a larger neural gas map size models better a lower
resolution initial scan, while a smaller map size is enough for a higher resolution initial
scan. As shown in Tables 4.2 and 4.4 and Fig. 4.13 for example, a neural gas map of
40x50 is required to successfully capture some of the features in the object under study
for the 1700-2000 initial scan size, while a map size of 25%30 is sufficient for initial

point-clouds of over 16000 points.
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Overall, the visual quality improves with the increase in the size of the initial
scan. This fact is also proven by a decrease in the error with an increase in the map size
as shown in Fig. 4.4 and Fig. 4.6. The error, even if it remains low overall, tends to
decrease with the size of the neural gas map and reaches lower values for higher
resolution initial scans. Therefore a higher resolution of the initial sparse scan increases
the accuracy of the sampling procedure for larger map sizes. The training time however
increases with both an increase in the map size and in the resolution of the initial scan, as
depicted in Fig. 4.5 and Fig. 4.7. A compromise must then be identified on the initial scan
and the neural gas map sizes.

On the other hand, one would expect that even higher resolution initial scans
would give better results in terms of regions of interest identification. However, this is
not necessarily true, as shown in the fifth row of Fig. 4.13. For initial scan sizes larger
than 16000 points, for the triceratops model, the contour is better highlighted, but the
model loses the fine details around the legs and the abdomen. In the model of the door,
the additional points make the door gap almost invisible, since the relative number of
points representing it is significantly reduced in comparison with the size of the point-
cloud.

Table 4.5 summarizes the correlation that exists between the number of points in
the initial scan and the map size that provides reasonably good modeling results for this

initial scan.

Table 4.5. Approximate neural gas map sizes recommended for different sizes of initial scans.

Approximate neural gas map
Size of initial scan point-
size to provide reasonably
cloud (number of points, N)
good results
2000-3000 60%-100%N
3000-4000 50%-90%N
4000-5000 30%-70%N
5000-6000 20%-60%N
6000-7000 15%-50%N
7000-16000 10%-40%N

132



The table shows that according to the number of points in the initial scan, &, one
can identify a map size, as a percentage of this number of points that ensures good
modeling results. The larger the initial scan is (within the upper limit of about 16000
points), the lower map size is required to capture the details. An increase in the
percentage within the shown range brings better results, but in longer time. The
geometrical distribution of nodes should be balanced in that a similar number of neurons
should ideally be used along the two dimensions of the neural gas map. However,
networks with non-square maps tend to perform better than those who employ square
maps. Normally a difference of 5 to 10 neurons between the length and width of the
neural gas map ensures good performance under most circumstances.

In spite of the fact that the ranges proposed for point-cloud sizes and the neural
gas map sizes can vary slightly with the characteristics of the objects under study (size of
objects, number and size of features), Table 4.5 can be employed as guidelines to choose
an adequate neural gas map size according to the required quality of model (accuracy)

and training time.
4.3.2.5. Conclusions on Vision Data Acquisition

All the examples considered during this investigation demonstrate the ability of a
neural gas map to capture fine details in a sparsely collected point-cloud of objects
independently of the sensing technology and the distribution of points. By finding the
high density areas in the equivalent neural gas map model rather than in the original
point- cloud, the proposed selective sampling procedure can be used to guide a vision
sensor to collect only measurements in those regions that are dense in 3D features and are
of interest for the improvement of accuracy of the obtained models, saving large amount
of less relevant data in the scans. The existent correlation between the number of points
in the initial scan and the size of neural gas map also guides the user in choosing an
adequate neural gas map size according to the needs of the application, which greatly
contributes to automate the scanning process. Further research on the topic is directed
towards means to eliminate the constraints of a fixed map size imposed by the neural gas

solution.
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The study up to now was restricted to vision sensing. The next subchapter shows

how a similar procedure can be employed to guide tactile sampling of object surfaces.

4.4. Experimental Results for Tactile Sampling with Force Sensors

A similar approach to the one presented for vision sensors can be used to
exemplify the detection of regions for tactile sampling. Starting from an initial sparse
scan, the proposed solution tries to identify those regions that are representative for the
elastic behavior of objects. This ensures the capability of the application to deal not only
with homogeneous objects from the elasticity point of view, but also with non-

homogeneous, particularly piecewise-homogeneous objects, as well.

4.4.1. Experimental Measurement Data

The same set of deformable objects presented in chapter 3 are used here, that is:
the rubber ball, an example of a homogeneous object; the simple composite object made
of a square cardboard box mounted on the top of a covered foam pillow, and the toy
triceratops, the latter two being representative examples of objects made of non-
homogeneous/piecewise homogeneous elastic materials. For the pillow, the elastic

behavior is correlated with a change in geometry, while for the triceratops it is not.

4.4.2. Experimental Results for Tactile Sampling Based on Geometry Only

The study starts by testing the neural gas maps presented for vision sampling, that
take as input the geometric point-cloud (x, y, z) of an object, in the context of tactile
sampling. A k-means clustering algorithm is applied on the resulting neural gas map to
identify those regions that are geometrically different, and that are associated with
different elastic behaviors provided that a change in the elastic behavior is correlated with
a change in the object’s geometry.

For the first two tested objects, the rubber ball and the composite object made
from a cardboard box placed on a foam pillow, the 3D point-cloud initially obtained with

a sparse scan of its entire surface with the Jupiter laser range finder is modeled by a
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neural gas network that returns a set of significant sampling points as shown in Fig. 4.14a
for the ball for a map size of 4x6 and in Fig. 4.14b for the composite object for a map

size of 5x6. Such small map sizes are enough to illustrate the concepts.

200

c) d)

Fig. 4.14. (a) Rubber ball model, (b) composite deformable object model clusters, and (c)
triceratops model c) with compliance and d) its clusters based on geometry for a map

size of 40%45.

The case presented in Fig. 4.14a is the case of any homogeneous object, where the
elastic behavior is constant over the surface of the object. In this case, all the points can
be considered part of a single cluster that contains all the sampled points of the object.
Several sampling points are selected in order to alleviate the effect of noise into the
measurement procedure. The composite object in Fig. 4.14b is an example of object with
piecewise homogeneous behavior. The selected sampling points are clustered using k-
means clustering in two groups, corresponding to the two different geometric parts. Due
to the fact that in this case the change in geometry is correlated with a change in the

elastic behavior, the two groups also represent different elastic materials as well. In Fig.
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4.14b, the blue points belong to the box, the red ones to the pillow. By extrapolation, in
all those cases where the elastic behavior is correlated to changes in geometry (situation
that occurs quite frequently), the tactile sampling procedure can be based on geometry
only and therefore the same neural gas networks presented before for vision sampling can
be used as basis for tactile sampling as well.

However, there are situations in which the elasticity is not correlated to the
geometry of the object. The triceratops point-cloud with compliance information is
depicted in Fig. 4.14c (each area with the same compliance has the same color), while the
neural gas map obtained after training for the triceratops toy is depicted in Fig. 4.14d
with the different clusters based on geometry marked in different colors. A denser fnap is
used in this case in order to better visualize the clusters based on geometry. Each part of
the triceratops body, being a different geometrical entity is clustered separately. While no
error would be introduced in the model by sampling each of these clusters in order to

collect tactile data, it is obvious that a penalty in terms of time will occur in this case.

4.4.3. Experimental Results after Addition of Elasticity Measure

To avoid the penalty in terms of time that occurs for those objects where a change
in geometry is not necessarily correlated to a change in elastic behavior, it is interesting
to explore if the addition of an elastic measure in the neural gas model would improve the
behavior of the sampling procedure in such cases. This implies that the initial sparse
sampling procedure would probe not only the geometry, but the elastic behavior as well
at each of the points. This elasticity measure is computed in different manners for the two
types of elasticity data collected in chapter 3, namely the force-displacement curves and

deformation profiles, respectively.
4.4.3.1. Elasticity Measure from Force-Displacement Curves

A simplistic measure of elastic behavior that can be derived directly from the
force-displacement curves is the compliance at each probed point. The compliance is the
inverse of stiffness and is a measure of the resistance of an object’s body to the

deformation resulting by applying a force. It corresponds to a constant ratio between
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force and displacement, similar to the behavior of a linear elastic material under small
deformation or a linear spring and can be obtained by approximating a measured force-
displacement curve by a line. Such an approximation is widely accepted in many
computer graphic simulations where less accurate models can be tolerated.

In this case, the weight vector of the neural gas architecture that represents the
geometry of an object and also embeds an elasticity measure consists of 4D coordinates
(3D point locations (x, y, z) and the compliance at that point). To present the results, color
is used to depict the compliance, the fourth dimension of the neural gas network.

The case of objects with homogeneous compliance is demonstrated for the french-
key point-cloud depicted in Fig. 4.15a, with a uniform color representing the constant

compliance on the surface of the object.

b)

Fig. 4.15. French key model with homogeneous compliance (a) point-cloud (b) neural

gas model with compliance for a neural gas map of 15x25.

The map size chosen for the neural gas mapping can be relatively small, only
large enough to sense subtle changes in the object geometry. The choice of the neural gas
map size does not influence in this case the implicit modeling of the compliance, which is

encoded in this case with 100% accuracy. Fig. 4.15b shows the result for a map size of
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15x25 and 50 iterations of the training algorithm. The neural gas map reproduces
correctly in this case both the compliance and the geometry of the object embedded in the

point-cloud.

The case of non-homogeneous objects without significant localized changes in

compliance is studied for the pliers depicted in Fig. 4.16.

Fig. 4.16. Pliers model with non-homogeneous compliance, without significant localized
changes in compliance (a) point-cloud and (b) neural gas model with compliance for a

map of 20x25.

The pliers have a plastic handle with a different compliance than the peak (the
peak, in metal is denoted by a lighter blue shade; the handle, in plastic, that is slightly
smoother is shown in darker blue shade). In this case the boundary line between different
elasticity areas is not absolutely correctly delimited unless a sufficiently large point-cloud
is available for the modeling. The boundary line is denoted by black points, in the Fig.

4.16b, incorrectly categorized within a quantization error of 0.01.
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The case of a heterogeneous/piecewise-homogeneous object with significant
localized changes in compliance is studied for the model of the triceratops. The model
shows significant changes in compliance in the area of the head and horns of the
triceratops. Areas of different elasticity are represented using colors (red ~ the stiffest
region and dark blue - the smoothest region according to the compliance measurements)

as shown in Fig. 4.17a.
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Fig. 4.17. Triceratops model with non-homogeneous/piecewise-homogeneous
compliance, with significant localized changes in compliance: (a) point-cloud, and
neural gas model with compliance and map size of (b) 10x15, (c) 15x25,

(d) 30x45 respectively.

The neural gas map size plays an important role in the modeling procedure in this
case, as it did for the accurate geometric modeling as well. While a relatively small size
of the map as the one used in Fig. 4.17b is enough to show that there is a significant
change of compliance in the area of the horns, it cannot describe accurately the

compliance characteristics of the object under study. An increase in the map size reflects
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better both the geometric and elastic properties, as visually depicted in Fig. 4.17¢c-d. The
increase in the map size comes at the price of computational cost as in the case of
geometric modeling. The same guidelines as described in Table 4.5 for choosing the map
size according to the number of points in the point-cloud can be employed here as well.
Comparing these results with those depicted in Fig. 4.14c, it can be observed that
the model based solely on geometry, apart from considering each part of the body a
distinct cluster, misses some details around the neck of the triceratops and in the tail,
where the change of elastic behavior is not related to a change in the geometry. These
experiments show that an improvement in the modeling resulting occurs when a
simplistic measure of elasticity is added to the neural gas as the forth dimension in the
input sequence for those objects where the changes in geometry are not necessarily

correlated with changes in elastic behavior.

4.4.3.2. Elasticity Measure from Deformation Profiles

Since it has been shown that an improvement in the modeling results can be
obtained by the addition of a measure of elasticity, such a measure should be found in the
case of the deformation profiles as well. In this case, it is impossible to compute
explicitly the stiffness, since there is no explicit value for the displacement available.
However, a measure of the displacement can be computed by comparing the deformation
profiles when no force is acting on the object and after a force acts in a point of an object,

as depicted in Fig. 4.18.
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Fig. 4.18. Comparison of non-deformed profile with deformed profile.
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The point where the force acts can be determined by computing the difference
vector between the two profiles and looking for the largest component of this vector. This
largest component can be considered a measure of displacement at the interaction point.
The compliance is then computed as the ratio between the displacement and the force
acting on the object that causes the displacement, and its average value is stored for each
measured point/cluster. Using this compliance, it is easy to build the 4D neural gas map
that better reflects the clusters of similar elastic behavior.

The case of objects with homogeneous compliance, represented by the rubber
ball, is depicted in Fig. 4.19 with a uniform color representing the constant compliance.
As it is expected, in this case the elasticity is correctly embedded in the neural gas map of
4x6. The case of non-homogeneous objects without significant localized changes in
compliance is studied for the box-pillow composite object. A map size of 5x6 is used and
the results are depicted in Fig. 4.19b, with red points denoting stiffer cardboard material
(of which the box is made of) and blue denoting smoother foam material (of which the
pillow is made of). In this case as well, the network learns correctly the two different

compliances corresponding to the two materials.
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0.8

0.7
180

Fig. 4.19. (a) 4D neural gas to model (a) rubber ball and (b) box-pillow

composite object.
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4.4.4. Selective Tactile Probing

A similar procedure to the one employed for vision sampling can be employed for
selective tactile probing. The neural gas map built based on geometrical information in
form of (x, y, z) coordinates and on tactile information, in form of compliance, as
presented in the previous section, can be employed to detect areas for additional tactile
probing. The neural gas map is employed, as in the case of the vision sampling to detect
areas of further interest, in this case from the tactile sampling perspective. A similar
procedure is used as for vision sampling by employing a Delaunay triangulation to the
resulting neural gas output map and by subsequently removing from it triangles larger
than a set threshold. The threshold is automatically computed based on the length of
vertices for each triangle in the tessellation. However, here additional triangles are
removed for all those cases where the three vertices have the same elastic property
(compliance). Only those triangles are kept that have different compliance for one or two
of the vertices, therefore identifying the areas where changes in the elastic behavior
occur.

The triceratops and the pliers objects are used for exemplification as they both
present cases of objects where the elastic behavior is not related to the geometry. Fig.
4.20a shows the 6113 points initial point-cloud of the triceratops, the same as in Fig. 4.3,
however here the areas of different elasticity are depicted with different colors. For the
case of the triceratops, the neural map gas marked with blue dots together with the areas
of elasticity change identified with red stars are shown in Fig. 4.20b. The areas where
additional scanning is required are shown overlapped on the neural gas map in Fig. 4.20c.
Rescanning at higher resolution is performed for each identified region and a multi-
resolution elastic model can then be built using the initial sparse model and augmenting it
with the high resolution regions of interest. The rescanning procedure can be repeated in
several steps to gradually improve the accuracy of the model, as in the case of vision
sampling.

In spite of the increase in the dimensionality of the neural map due to the addition
of compliance, the same guidelines presented in Table 4.5 can be used to identify an

appropriate neural map gas according to the size of the initial scan and similar
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conclusions can be drawn regarding the relationship between the training time, error and

neural gas map size as for vision sampling, in section 4.3.2.4.

c)

Fig. 4.20. (a) Initial scan of 6113 points of the triceratops with compliance, (b) neural
gas model for a map size of 35 %45 and (c) detected regions of interest in the map.

Fig. 4.21 presents the detected areas of interest for the pliers. It can be seen that in

both cases, the areas that require additional scanning are correctly identified.
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b)

Fig. 4.21. (a) Initial scan of the pliers with compliance and (b) neural gas model and

detected regions of interest for further sampling.

4.5. Composite Geometric and Elastic Models
4.5.1. Composite Models Framework

After showing how elastic behavior can be modeled in chapter 3 and after
defining the selective sampling procedure to collect geometry and elastic data, the next
step consists in defining a framework that connects the two parts into composite
geometric and elastic models.

In summary, the procedure starts by collecting a fast/sparse scan of the object
under study using a laser scanner. The sparse scan serves as input to the neural gas
architecture, whose purpose is to further guide the sampling procedure towards the areas
that contain relevant information for the geometric model and the elastic behavior of the
object under study. The elasticity component of the probing is the compliance described
in the chapter 3. This component is introduced as the forth-dimension input parameter in
the neural gas architecture, as described in sections 4.4.3 and 4.4.4. The modeling

properties of neural gas allow for an incremental re-scanning at higher resolution of
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different areas of interest as identified in a previous scanning step, by modeling each of
the newly scanned areas with another neural gas architecture. The sparse point-cloud can
therefore be selectively densified by the addition of increasingly clearer features. By
storing the model in each phase of scanning, a multi-resolution object point-cloud is
obtained, each re-scanning phase providing a higher point density in the regions rich in
features.

The modeling properties of the neural gas network allow for the determination of
clusters of similar geometric and elastic properties. These clusters can be imagined as
“tactile patches”. Therefore the object point-cloud can be now seen not only as a multi-
resolution point-cloud, but also as a collection of non-connected tactile patches. There is
a difference between what one normally understands by a patch and what tactile patches
are. While a normal patch is a stand-alone entity connected to neighboring stand-alone
entities, the tactile patch can be actually composed of several stand-alone entities
throughout the body of an object that exhibit similar geometric and elastic properties but
are not necessarily neighbors. This can be seen in Fig. 4.20a for the case of triceratops.
Yellow areas for example are belonging to the same tactile patch.

To capture the elastic behavior of each of these patches, feedforward neural
architectures as those proposed in chapter 3 are being used. The same architecture is
employed for each cluster to capture the complex relationship between an applied force,
its magnitude, its angle of application, its point of interaction, the object pose and its
deformation stage/material state (if desired), and the object surface deformation. Each
such neural network is associated with the location of the geometric points that belong to
the corresponding cluster. According to the point where the interaction occurs, one of the
neural networks will be selected to provide the deformation profile of the object under
study based on the specific characteristics of the interaction, such as the magnitude and
the angle of force applied, the application point, the object’s pose and the deformation
stage/material state. The application point is projected to the closest point from the model
and the network that models the elastic behavior of the cluster to which this closest point
belongs will be selected to provide the elastic behavior.

Due to its continuous output property, any of the networks will be able to provide

an estimate of the elastic behavior even in those points where the behavior was not

145



probed, therefore eliminating the need for any interpolation of values that normally
occurs in any classical model for deformable objects.
To show how this framework can be applied, a complete modeling scenario is

further presented.

4.5.2. Example of a Complete Modeling Scenario

The example presented in this context refers to the selective geometric and tactile
sampling of an object based on its neural gas map and the modeling of elastic behavior in
form of deformation profiles associated with force recordings.' The same framework in
section 4.5.1 is followed for the case of a piecewise-homogeneous object made of a rigid
material (the bottle cap) and an elasto-plastic material (the bottle body), to show how the
proposed framework fits for a generalized context.

The modeling scenario is presented for the plastic bottle shown in Fig. 3.50b. A
point-cloud of the object is first collected in a raster-like manner to obtain a geometric

model of the bottle, as shown in Fig. 4.22.

Fig. 4.22. Sparse point-cloud of a plastic bottle.

The sparse point-cloud contains 3420 points, and represents about 20% of the full
resolution scan of 17100 points. This point-cloud is provided as input in a neural gas with
a map size of 30x45 (selected as per Table 4.5) and the areas for further probing are
identified as being those areas with higher density in this map. Fig. 4.23 shows the areas

of interest detected in the bottle point-cloud.
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Fig. 4.23. Detected areas for further vision sampling in the 30%x45 neural gas map.

If tactile data is also available, the neural gas model can be employed to detect
areas of interest from the elastic behavior point of view, as shown in Fig. 4.24. Fig. 4.24b

shows the area where changes in the elastic behavior occur.
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Fig. 4.24. (a) Neural gas model of bottle with compliance information and (b) detected

areas for additional tactile sampling.

It can be observed in this case that the area identified for additional tactile probing
has already been partially identified using the geometric model only, since the change in
elastic behavior is associated with a change in the geometry around the base of the bottle
cap. A compressed selectively densified model can be obtained by augmenting the neural
map gas size with the areas of high density resulting in a 3215 point model, as shown in
Fig. 4.25. Such a model represents roughly 18% of the full resolution scan, implying a

reduction of 82% from the full scan.
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Fig. 4.25. Selectively densified bottle model.

Alternatively, a selectively densified model can be obtained by overlapping the
higher resolution scanned areas on the initial pointcloud, resulting in a 5285 point model,
that represents a reduction of 70% from the full resolution model. In both cases the
reduction in size is significant.

To model the elastic behavior, data is collected separately for the two clusters
depicted with red and blue respectively, in Fig. 4.24a. A sample set of collected data for
the bottle cap (the cluster denoted with red points in Fig. 4.24a), centered on the point O
is presented in Fig. 4.26.
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Fig. 4.26. Measurement data for bottle cap for different force magnitudes applied
in normal direction (a=90’) for different poses.
The bottle cap is made of a rigid plastic material, therefore the profiles at different

forces are similar. A neural network as the one in Fig. 3.41 is employed to model the
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deformation profiles. The average error reached is 1.66x10°. The network also
generalizes well, as it can be seen in Fig. 4.27 that shows a subset of estimated and real

measurement data and a detail of the curves for the bottle cap at different poses.
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Fig. 4.27. Real and estimated data and detail for bottle cap.

The second cluster is the bottle body, denoted with blue points in Fig. 4.24a.
Some results for modeling, together with the network architecture were shown in Fig.
3.54, The error reached for training is 3.5x107°. To evaluate the generalization capability,
the network is tested with data samples that were not part of the training set. The average
generalization error is 4.7x10>. A subset of real and estimated data using the neural
network at a fixed pose of 90", is depicted in Fig. 4.28. It can be seen that the network
places correctly the estimates, for all the stages of elastic, elasto-plastic and plastic
deformation of the bottle. For example, in the elastic stage, the estimated displacement
for a force F=8N, shown with magenta circles is closer to the non-deformed profile
shown with blue dots that represents the non-deformed profile at the same pose, with a
slight indentation around the middle point where the interaction occurs. The interaction in

this example occurs in the point 4 (as depicted in Fig. 3.54a).
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Fig. 4.28. Real and estimated data for bottle body for p=90, for different force
magnitudes and at different angles.

For the point B in Fig. 3.54b, during the elasto-plastic deformation stage, the
estimated displacement curve for a force F=25N at g=80" angle (depicted with yellow
circles) is turned slightly to the right of the real measurement at angle of 75" and the
cavity is slightly deeper and towards the right side of the force of 24N (depicted with red
dots). Finally, in the plastic deformation stage, that occurs for forces larger than F=70N,
at point 4 the estimated curve for an applied normal force of 71N, shown with light blue
dots is very close to the real measurement, depicted with green dots, of a normal force of
72.8N. In all cases, the network provides correct estimates for data that was not part of

the training set.

The interaction with such models, as explained in section 4.5.1, implies the
construction of a mapping between each of the two clusters of different elastic behavior

and their corresponding network. Each time a point is probed with the force at an angle,
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for a defined pose, the closest point in the neural gas is determined and from there, the
cluster to which it belongs is selected. Knowing the cluster, the corresponding

feedforward network provides the estimated displacement profile for the given force.

4.6. Conclusions

The choice of using a self-organizing architecture for selective sampling is
justified by its ability to quantize the given input space into clusters of points with similar
properties. Neural gas is studied for this purpose and a similar approach is appropriate in
vision to collect additional 3D geometry data and for tactile sensing as well. An
enhancement is observed for tactile sampling when an additional measure of compliance
is used in the mapping, especially for objects where there the change of elastic behavior
is not related to a change in the geometry of the object. Composite geometric and elastic
models can be built as multi-resolution models with tactile patches, with the behavior of
each patch modeled with a feedforward neural network.

The next chapter looks at a slightly different self-organizing architecture to serve
the same purpose, but that eliminates the fixed map size constraint imposed by neural gas

and therefore the need of a user to interfere in the modeling procedure.
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5. Selective Acquisition of Geometric and Elastic Data from 3D

Point-Clouds Based on Growing Neural Gas Networks

This chapter tackles the limitation of the neural gas related to the need of the map
size to be decided prior to learning, size that constrains the resulting mapping as well as
the accuracy of the modeling results. Growing networks add additional nodes into the
network structure to support the nodes with highest accumulated errors until a predefined
stopping criterion is met, therefore eliminating the need of fixed dimensionality maps.
The chapter starts by briefly presenting the general framework of growing networks, it
then looks in depth at the growing neural gas architecture, its training algorithm and
testing procedure, the influence of its parameters on the modeling results and its use in
the context of selective sampling. It shows experimental results for vision and tactile
sampling of 3D objects embedded in point-clouds obtained with various types of scanners
and compares them with those obtained using neural gas. It finally presents a complete
modeling scenario for a composite geometric and elastic object whose acquisition is

guided based on a growing neural gas map.

5.1. Introduction

The major limitation of the neural gas network is that the network dimensionality
(map size) must be decided prior to learning. As it was presented in the previous chapter,
this size constrains the resulting mapping as well as the accuracy of the modeling results
obtained by the network. While some guidelines to choose a suitable network size were
presented in Table 4.5, the task of choosing a correct map size is not trivial especially
when the shape of the object under study is unknown. Moreover, neural gas is unsuitable
to continuous learning or the learning of non-stationary datasets [151] due to the fact that
the capacity of the network is predefined (through a fixed map size).

Growing networks eliminate some of these limitations. Such networks add
additional nodes into the network structure at the position where the accumulated error is
the highest and when the number of learning iterations performed is an integer multiple
of some predefined value, eliminating the constraint imposed by the fixed capacity. As a

node is added another set of iterations is performed before another one is introduced in
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the network. Therefore the network grows always at the same rate regardless of the way
the input distribution is changing. Such networks are also capable to track slowly moving
non-stationary datasets. The growth of the network is terminated when a predefined
stopping criterion is met (e.g. a minimum error or a network size limit is reached).

There are several growing self-organizing algorithms proposed in the literature.
The most known are: the growing grid, the growing cell structures, the growing neural
gas [146, 152] and the growing hierarchical SOM [153], just to mention a few. Several of
the advantages of such architectures are that they only use constant parameters and that
the training is faster when compared to other neural networks and other clustering
algorithms. Their proposed applications are for pattern classification, data visualization,
combinatorial optimization, image compression and clustering [152].

However, many of these growing architectures are still constrained by predefined
network map shape, such as a rectangular grid in the case of the growing grid and the
growing hierarchical SOM or k-dimensional hyper-tetrahedrons in the case of growing
cell structures. Unlike these, a growing neural gas is a network without fixed
dimensionality and has no predefined map. In this case the dimensionality of the network
depends on the local dimensionality of the data and may vary within the input space. For
this reason, growing neural gas seems a good choice for the topic under study in this
thesis. As for the neural gas, the growing neural gas will be employed to detect areas rich

in features starting from an initial fast scan of different objects under study.

5.2. Growing Neural Gas and Its Use for Selective Data Acquisition

5.2.1. Background Definitions

The growing neural gas is an unsupervised incremental clustering algorithm,
whose purpose is to generate a graph structure that reflects the topology of the input data
manifold [146]. Unlike neural gas that has no topology and just distributes a number of
centers, growing neural gas generates a topology among these cluster centers as well.

There are two related concepts that are important in this context - the Voronoi
region and the Delaunay triangulation. These are further explained in this section. Given

a set of vectors:
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{wl,wz,...,wN |w, e R }

the Voronoi region V; of a particular vector w; is defined as the set of points for which w;

is the nearest vector:

,,,,,

Each Voronoi region V; is a convex area. The partitions formed by Voronoi polygons are
called a Voronoi tessellation. For an arbitrary set of points shown in Fig. 5.1a, the

Voronoi tessellation is depicted in Fig. 5.1b.

a)
c) d)

Fig. 5.1. (a) An initial point set, (b) its Voronoi tessellation, (c) the corresponding
Delaunay triangulation and (d) induced Delaunay triangulation (adapted from [146]).

The Delaunay triangulation is obtained by connecting all pairs of points for which
their respective Voronoi regions share an edge. Its main characteristic is the fact that it is
a triangulation where a circle circumscribing any triangle does not contain any other
input points in its interior. Fig. 5.1c shows the corresponding Delaunay triangulation for

the same initial set of points in Fig. 5.1a.
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The induced Delaunay triangulation is a subgraph of the Delaunay triangulation.
It is obtained by masking the original Delaunay triangulation with a data distribution p(x),
shown in gray in Fig. 5.1d. Two centers are only connected if the common border of their
Voronoi polygons lies at least partially in a region where p(x)>0 [146]. The resulting
induced Delaunay triangulation is depicted in Fig. 5.1d by thick lines. The concept of
induced Delaunay triangulation is important, as the growing neural gas builds such a
graph as a result of learning (adaptation). The dimensionality of the graph depends on the

dimensionality of the input data.
5.2.2. Growing Neural Gas Architecture and Algorithm

As it was already mentioned, growing neural gas builds a topology. This topology
is generated using competitive Hebbian learning [154], which inserts an edge between the
two closest nodes. The closeness is measured in Euclidian distance from an input
signal/vector. There are no restrictions on the topology. Arbitrary edges are allowed and
the topology can have different dimensionalities in different parts of the input space. The
resulting graph is an induced Delaunay triangulation. This induced Delaunay
triangulation has been shown to optimally preserve topology in a very general sense
[154].

The growing neural gas algorithm can be described as follows [146, 152]: new
nodes are added every A iterations, to support the node with the highest local accumulated
error. For each input signal/vector presented to the network, two best matching nodes are
selected, whose weights are the closest to the input, based on Euclidean distance. A
neighborhood connection is created between them if the connection does not already exist
and its age is set to 0. The position of these nodes and the ones of the topological
neighbors of the winner unit are moved such that they better fit the input. All edges that
are not used increase in age and if the age exceeds a threshold (a,.,), the corresponding
edges are deleted. Any node that has no edge connections is removed as well. After A
iterations, a new node is added to support the node that has accumulated the highest error
in the previous steps. The new node is placed between the node with the highest error and
one of its neighbors that has the next highest error. The algorithm continues until some

stopping criterion is met.
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Based on the notations used in section 4.2.1, the growing neural gas algorithm can

be described formally as it follows [146, 152]:
1. The network is initialized with two units ¢; and ¢3:

S={cl,cz}

with the corresponding reference vectors w, ,w, € R”chosen randomly according to a
probability density function p(x) or chosen from a finite set D and the connection set, C,
is initialized to the empty set.

CcSxS,C=¢

2. A random input signal x is generated based on p(x) or chosen from a finite set D and
presented to the network.

3. The winner and second-nearest units s,, s, €.5 are determined by:

s, =argmin _|lx — w,

and

x—w,

S, =argmin g,
4. If s5; are s, are not connected, a connection is created and added to the connection set:

C=CU{S1’52}

and the age of the connection between them is set to 0.
age(s;,$,) =0

5. The squared distance between the input signal and the winner is added to a local error

variable:

2

AE, = ”x -W,

6. The reference vectors of the winner and its direct topological neighbors are adapted by
fractions &5 and &, respectively of the distance to the input signal:

Aw, =¢, (x—w,)
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Aw, =¢,(x—w, ),VieN,

where N is the set of direct topological neighbors of s;.

7. The ages of all edges emanating from s, are incremented by 1:
age(s,,i) = age(s,, )+, Vie N_

8. All edges with the age larger than @, are removed. If this results in units having no
more emanating edges, those units are removed as well.

9. If the number of the input signals generated so far is an integer multiple of 4, then a
new unit is inserted as follows:

a) Determine the unit ¢ with maximum accumulated error:
q=argmax g E,

b) Determine the unit f among the neighbors of ¢ with the maximum accumulated
error:

f=argmax_, E,
¢) Add a new unit r to the network and interpolate its reference vector for g and 1.
S=SU{r} w, =(w, +w,)/2

d) Insert edges connecting g and f'with r and remove the original connection

between ¢ and f:

c=cU{r.9 Ny  C=C\{g./)}

e) Decrease the error variables of ¢ and f by a fraction a:

AE :—aE, AEJ, =—aEf

q9 q9

f) Interpolate the error variable of » from the ones of g and f:

E,=(E,+E,)/2

10. The error of all units is decreased:
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AE, =-pE,, VcelS

11. If a stopping criterion is not met, return to step 2.

5.2.3. Growing Neural Gas Mechanisms

5.2.3.1. Movement of Nodes

The adaptation step towards the input signals/vectors (the step 6 in section 5.2.2)
leads to a general movement of all units towards those areas of the input space where
signals come from (identified as those inputs x for which p(x) > 0) [146]. A similar
principle is used for both the winner and its neighbors. The nodes are translated linearly

along the scaled difference vector (x —w, ) with an amount specified by &, for the winner
and ¢, for its nearest neighbors. The further the node is from the input signal, the further it
will be translated. The constant ¢, is usually set to a value between [0 1] and &, is usually
set to a value much smaller than the one of ¢, to ensure a much smoother behavior [155].

The effect of these parameters on the modeling results will be shown in detail in section

5.24.
5.2.3.2. Insertion and Removal of Edges

A single connection of the “induced Delaunay triangulation”, with respect to the
current position of all units [146] is created by the insertion of edges between the nearest
and the second-nearest unit with respect to an input signal. Since nodes are moved, it can
happen that the Delaunay triangulation becomes invalid. Therefore a mechanism is
proposed based on edge “aging” to eliminate those edges that are not part of a valid
induced Delaunay triangulation (step 8 in section 5.2.2) because their ending points have
moved and other units are present in between them. The mechanism is implemented by
resetting to 0 the age of those edges which already exist between the nearest and the
second-nearest units (step 4 in section 5.2.2) and a local edge aging (step 7 in section
5.2.2) around the nearest neighbor. The edges that should no longer be part of the
triangulation are those that are too old, identified with an age larger than a,., (step 8 in

section 5.2.2). If the removal of edges results in dead nodes (nodes that have no more
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emanating edges) these are removed as well. With the insertion and removal of edges, the
model makes sure to construct and then track the induced Delaunay triangulation which

is a slowly moving target due to the adaptation of the reference vectors [146].

5.2.3.3. Insertion of Nodes

The process of node insertion is guided in the growing neural gas by a local
accumulated error computed at each node in the network. The accumulation of squared
distances (step S in section 5.2.2) during the adaptation helps to identify nodes lying in
areas of the input space where the mapping from signals/vectors to nodes causes a large
error. To reduce this error, new nodes are inserted in such regions. The insertion of nodes
is done at a fixed interval controlled by the parameter 4. As a fixed insertion rate, this
parameter has a significant impact on the performance of the algorithm. A too low value
usually leads to poor initial distribution of nodes and also increases the risk of nodes to
become inactive (they are not moved because they are too far from the inputs) [155]. A
too high value on the other hand will result in slower growth. The effect of the parameter
A on the results will be shown in section 5.2.4.

After each 4 iterations a new node is inserted between the node with the largest
error and its nearest unit with the largest error (step 9a-c in section 5.2.2). This choice is
justified by the fact that placing a new node in the median position will decrease the
influence (Voronoi region) of each of the initial large error nodes and therefore will
contribute to a minimization of their future errors. The errors of both the node with the
largest error and its nearest node with the largest error are decreased (step 9e in section
5.2.2) in order to prevent that the next node insertion will always occur in the same
region and also to reflect the new influence of the inserted node in the network (the error
is spread among the nodes with the largest errors and the new inserted node). The error
variable of the new inserted node is interpolated from the error values of the nodes it has
been inserted between (step 9f in section 5.2.2). Also a global decrease of errors is
performed (step 10 in section 5.2.2) to give recent errors greater influence [155] and keep
the level of errors within a reasonable range. The influence of a and 8 on the modeling

results will be shown in detail in section 5.2.4.
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The mechanism of node insertion is exemplified for a simplified case in Fig. 5.2

for the steps 9 and 10 in the algorithm.

Fig. 5.2. (a) An initial node configuration, (b) insertion of a new node between the node
with the largest error and its nearest unit with the largest error and (c) global decrease

of errors.

160



The graph in Fig. 5.2a shows a possible configuration of nodes {Pl,...,Pg} after 1

iterations, where the values inscribed in each node represent the local accumulated error.
In this case the node with the largest accumulated error is the node P (the node g in step
9a, section 5.2.2) and its nearest neighbor with the largest error is Py (the node f in step
9b, section 5.2.2). Therefore the insertion of the new node (the node r in step 9c, section
5.2.2) is made between these two nodes and it is shown shaded in Fig. 5.2b. The local
error of this node is interpolated from the errors of Ps and Py (as in step 9f, section 5.2.2).
The error variables of Ps and Py are decreased (in this case a is arbitrarily set to 0.5). A
global decrease of errors (step 10, section 5.2.2) is performed as well (in this case
8=0.05) and the results are shown in Fig. 5.2c. The next insertion after other A iterations

will occur in this case between the nodes Pg and Pyy.

5.2.4. Influence of Training Parameters on Growing Neural Gas Performance

One of the main advantages of growing neural gas is the fact that all its

parameters are constant. Even though several good choices for some of the parameters

are suggested in the literature such as: £,=0.05, £,=0.0006, a=0.5, p=0.0005 [146, 152],

a thorough analysis is performed to show an appropriate range of values for all these

parameters for the modeling scenarios considered in this thesis.

5.2.4.1. Influence of Movement Parameters ¢ and ¢,

The ¢, and &, parameters control the amount the winner and its nearest neighbors

are translated linearly along the scaled difference vector(x—w, )as described in 5.2.3.1.
The parameters, is used for the winner node and ¢, for its neighboring nodes. While
performing experiments, the parameters are set as follows: wheng, is tested £,=0.0006,
o=0.5, 6=0.0005, A=5 and a,,,,=10, and when g, is tested, £,=0.05, «=0.5, 6=0.0005, A=5
and ame=10. The best choice for the constant ¢, is in the interval [0.025 0.4], as it can be

seen in Fig. 5.3 that shows the influence of &, on the average error computed for all the

objects presented in section 4.3.1. The average error is computed as an average local error
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as per step 10 in section 5.2.2. For values of €, out of this interval, the network is not able

to capture the features of the objects under study.

Average error

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Fig. 5.3. Influence of €}, on the average local error.

Fig. 5.4 shows that the value of &,, while kept in the interval [0.025 0.4] does not

significantly affect neither the final map size, nor the time the algorithm takes to create

the topology.
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Fig. 5.4. Influence of €, on the map size and training time.
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Fig. 5.5. Training results for different values of €p, for an initial 4075-point-cloud and
A=5, amax=10, a = 0.5, B=0.0005, £,=~0.0006.

Fig. 5.5 shows the modeling results for an initial fast scan of 4075 points of the
toy triceratops, the same as in section 4.3.1. It can be noticed that the best modeling
results are obtained for values of ¢, between 0.025 and 0.05, which is true for the other
modeled objects as well, but not presented here for space concern. When compared to
Fig. 5.4, the shortest training time combined with a relatively small map size are obtained
around a value of €, =0.05. Therefore this value will be used for all the experiments.

For the constante, a value much smaller than the one ofe, is usually chosen.

Values with an order of magnitude two to three times smaller work better. Fig. 5.6

depicts the evolution of the average error for different values of ¢, . The error is plotted

only for the interval over which reasonable results in modeling occur.
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Fig. 5.6. Influence of €, on the average local error.
In terms of map size and training time, it can be noticed that there is no significant
change in behavior for different values of ¢, , similar to the case of g, , as depicted in Fig.

5.7. However, both the map size and training time are slightly smaller around the same

value &£, =0.0005.
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Fig. 5.7. Influence of €, on the map size and training time.
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The modeling results for any value of ¢, between 0.00006 and 0.001 are visually
good as demonstrated in Fig. 5.8. However, due to the lower error, map size and training

time, a value of &,=0.0005 will be used in our experimentation.
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Fig. 5.8. Training results for different values of €,, for an initial 4075-point-cloud and

A=5, Amax=10, a = 0.5, $=0.0005, £,=0.05.

5.2.4.2. Influence of Error Decrease Parameters . and ﬁ

Parameters a and £ control the proportion of decrease in the error of the node with
the largest error and its nearest neighbor with the largest error (step 9¢ in section 5.2.2)
and the global decrease of all errors variables (step 10 in section 5.2.2) respectively. The
value of a is usually chosen two orders of magnitude larger than the value for 5 [146].

For the studied objects, the error decreases with an increase in the value of a and

is constantly low for values of a between 0.5 and 0.6, as it can be noticed in Fig. 5.9.
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Fig. 5.9. Influence of a on the average local error.

Fig. 5.10 and Fig. 5.11 show the influence of @ on the map size, training time and

the visual quality of the modeling results.
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Fig. 5.10. Influence of a on the map size and training time.

While the training time is relatively constant for all the values in the range 0.1-0.6
as seen in Fig. 5.10 and there is no major visual difference between the obtained results in

Fig. 5.11 (even though the model for a=0.5 is slightly better), it can be noticed a drop in
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the map size around a=0.5. All these considered, a value of a = 0.5 is chosen for

modeling.
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Fig. 5.11. Training results for different values of €, for an initial 4075-point-cloud and

A=5, amax=10, $=0.0005, £,=0.05 &,~0.0005.
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Fig. 5.12. Influence of f on the average local error.
Following the same procedure, the error, map size, training time and visual

quality for different values of f are studied in Fig. 5.12 to Fig. 5.14. The study of average
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error in Fig. 5.12 shows no significant differences in behavior for any value between

0.0005 - 0.9. The value of the average error is smaller for 0.0005 and between 0.5 - 0.9.
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Fig. 5.14. Training results for different values of B, for an initial 4075-poini-cloud and
A=5, ana=10, a=0.5, £,=0.05, £,=0.0005.
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Fig. 5.13 and Fig. 5.14 demonstrate that no significant difference in map size,
training time and visual quality appear neither. The value of #=0.0005 is selected because
from the all the values that ensure minimal error, this is the one furthest in magnitude
from the value of a and furthermore, it is the one suggested in the literature [146, 152].
Comparing the values of &3, €, a and f obtained experimentally for the objects under

study with the ones suggested in the literature, it can be concluded that the suggested

values for parameters are the same or very close to the ones obtained experimentally.

5.2.4.3. Influence of Age Threshold Parameter a,,,, and of the Number of iterations 4 after

which a new node is inserted

The parameter am,, is a threshold parameter that controls the removal of “old”
edges in the induced Delaunay triangulation created during adaptation (step 8 in section
5.2.2). The study of the influence of anq for fixed values of A=5, amux=10, a=0.5,
f$=0.0005, £,=0.05 and €,=0.0005 is presented in Fig. 5.15 to Fig. 5.17.

Fig. 5.15 shows that the average error tends to decrease for g, between 10 and
30, with the smallest reached error around 30 and that the value of error remains

relatively constant for any tested values of g, between 40 and 500.
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Fig. 5.15. Influence of amax 0N the average local error.
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When comparing the map size and the training time, it can be seen in Fig. 5.16
that both the map size and the training time increase for values between 10 and 30 and

remain almost constant after 40 as well.
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Fig. 5.16. Influence of Amax 0N the map size and training time.
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Fig. 5.17. Training results for different values of Gmax, for an initial 4075- point-cloud
and A=35, a=0.5, =0.0005, £,=0.05, £,=0.0005.

Fig. 5.17 depicts modeling results for the triceratops model for different values of

amax. As it can be seen, while there are no significant overall differences in the visual
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quality, the quality for am. =30 is slightly better than the one for a4 =15, as the features
are slightly better defined. Since for a@,,,,=10 the error is quite high as seen in Fig. 5.15,
experiments will be performed for values of .. between 15 and 30, particularly
ama=195, 20 and 30. An increase of a4, Will result in a more accurate model if the user is
willing to pay the additional computational time.

The insertion of nodes is done at a fixed interval controlled by the parameter A. As
a fixed insertion rate, this parameter has a significant impact on the performance of the
algorithm. A study of the parameter A for different sizes of the initial fast scan is
performed in order to determine suitable values for the modeling. Fig. 5.18 shows the
evolution of the error for the triceratops model for different values of A and different sizes

of the initial fast scan.
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Fig. 5.18. Influence of 1 on the average local error for different sizes of the initial fast
scan.

Fig. 5.19 and Fig. 5.20 show the evolution of the map size and training time for
the triceratops model for different values of 4 and different sizes of the initial fast scan.
Fig. 5.18 to Fig. 5.20 are plotted only for values of A between 1 and 10, as for values out
of this range, the growing neural gas is not able to capture the features in the point-cloud.
The value of error decreases with an increase in the resolution of the initial scan and it

decreases as well with a decrease in the value of 4, as shown in Fig. 5.18.
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Fig. 5.20. Influence of A on the training time for different sizes of the initial fast scan.

Therefore in order to build more accurate models, a lower value of A is desired.
However, accuracy means, as expected, larger map sizes and larger training times, as
depicted in Fig. 5.19 and Fig. 5.20. It can also be observed in the same figures, that lower
resolution initial scans lead to lower map sizes and lower training times. These
observations lead to the conclusion that parameter A can be used as a means to control the

accuracy of the modeling results. A lower 4 value will lead to more accurate results, but
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the algorithm will converge slower, resulting in longer training time. This can only be
acceptable if the user is willing to pay the supplementary computational cost.

Growing neural gas is not able to capture features in initial scan with less than
2445 points, meaning less than roughly 20% of the full scan in the case considered here.
This is similar to the behavior of the neural gas, as it was shown in Table 4.1. Table 5.1
shows that starting from roughly 20% of the full resolution scan, the network is able to

model correctly and identify fine features of the triceratops.

Table 5.1. Evolution of training results for different map sizes and for initial scan sizes

between roughly 20% and 50% of the full resolution triceratops model and Gpq=20.

Lambda | 2445 points=19.99% of | 3065 points =25% of 6113 points = 50% of
Sull resolution model Jull resolution model Sull resolution model
i=10
8.5% of initial scan
i= RN,
CEE R
ﬁ'éf a N
2:
i=
A=
45.3% of initial scan 43% of initial scan 49% of initial scan
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The best modeling results are highlighted with dark grey frames, the good
modeling results with light gray frames. It can be observed that for a lower value of 1 the
growing neural gas models better a lower resolution scan, while a medium low value for
/A is enough for the higher resolution scan. Overall, the visual quality improves with the
increase in the size of the initial scan. It can also be seen that in the case of lower
resolution initial scans, for very low values of A the resulting model becomes slightly
distorted (last row of column 1 and 2). It can also be observed that for the same value of
A, the map size obtained is roughly about the same percentage of the initial scan size.

Another interesting aspect to study is if there is any correlation between anq and
A. The results of this study are presented in Fig. 5.21 - Fig. 5.23, showing the evolution of

error, map size and training time for different values of @, and A.

0.09

0.08

Y

0.07

—o— A=10, amax=15
—d— A=§,amax=15

0.06 \\\ —e— A=10, amax=20
. A —a— A=5,amax=20
\ \‘\\ ——A=10, amax=30
0.03 \\ —&— A=5, amax=30
0.02

0.01

0.06

°
R

/

Average error

/

j

46 2446 3066 4075

Initial scan size

1

)

Fig. 5.21. Average error for different values of ama and A.
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While it was already shown before that higher values of a,,, and lower values of
A, lead to more accurate models, larger map sizes and longer training time, Fig. 5.20-Fig.
5.23 show that the influence of A is stronger on the modeling results than the one of amax
as the curves of error, map size and time tend to follow more the decrease of A than the

increase in amgy.

5.2.5 Data Sets and Testing

In the context of this thesis, 3D range data point-clouds of objects and also sets of
synthetic data obtained from the interpolation on a higher resolution mesh of a sparse
scan are used to train the network. Normalization is employed to remove redundant
information from the data set, by a linear rescaling of the input vectors such that their
variance is 1. As in the case of neural gas, for each input vector x, its mean and variance
are computed using eq. (4.15) and (4.16) and is rescaled according to eq. (4.17) to ensure
that the data set presented to the network will have 0 mean and a variance of 1. The local

error is used as a quantitative measure to evaluate the obtained results.

5.2.6. Use of Growing Neural Gas for Selective Data Acquisition

In the context of this work, a growing neural gas architecture is employed, as the
neural gas in chapter 4, to guide vision and tactile probing by clustering measurements
that represent uniform geometry and elasticity regions and therefore direct the sensor

toward areas of transitions where higher sampling density is required. Starting from the
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points collected during a fast scan of an object via an active range finder, the algorithm
adds incrementally nodes to a graph, respecting their density and taking the shape of the

objects encoded in the point cloud.

5.3. Experimental Results for Geometric Data Acquisition with Vision
Sensors

5.3.1. Experimental Measurement Data

The proposed method is first tested in the context of range imaging. Detailed
results of experimentations are presented for the same three objects that the neural gas
was tested on: the triceratops from section 3.1.1, presented in Fig. 3.1, a foam armchair
and a mockup car door, each presenting different sorts of regions of interest, as depicted
in Fig. 4.3a and Fig. 4.3c. The procedure to obtain the experimental data is presented in
section 4.3.1. Starting from an initial fast, sparse scan of each object, a growing neural
gas network is employed to model the data in the point-cloud, in form of (x, y, 2)
coordinates. Testing is performed for several resolutions of the initial fast/sparse scan in
order to identify how the resolution of this scan influences the modeling results and what
would be the smallest scan to start with that allows for the modeling of fine features in
the modeled objects. All simulations are performed for the values of parameters as found
in section 5.2.4: a=0.5, £=0.0005, £,=0.05, £,=0.0005.

A similar procedure to the one used in the case of neural gas is employed to select
areas of interest for scanning. The higher density regions in the growing neural gas map
are detected by traversing the nodes successively and checking the length of vertices. An
average mean for all these lengths is computed and a threshold is set to this value. All the
nodes that are further from each other than the value of the threshold are removed from

the model. The remaining points identify those regions that require additional sampling.

5.3.1. Experimental Results

5.3.2.1. The Case of Objects with Relatively Uniform Distributed Sampling Points and
Multiple Features

The model of the triceratops is created, as explained in section 4.3.1, starting from

a uniformly distributed mesh. It results in a relatively uniformly distributed point-cloud
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and represents an object with multiple features. Fig. 5.24 shows the enlarged best
modeling results for a low resolution initial scan of 3065 points, shown in Fig. 5.24a and
for a medium low resolution initial scan of 6113 points, presented in Fig. 5.24b, for A=3
and anq=20. The growing neural gas network, having as inputs these initial sparse point-
clouds, builds a topology that respects the density of points in the initial point-cloud. The
resulting mappings are depicted in Fig. 5.24c and 5.24d for the low and medium low
resolution initial scans respectively. The high density areas found in these mappings are
shown in Fig. 5.24e and 5.24f respectively. As it can be seen in Fig. 5.24f, the high
density areas are much better identified and contoured for the higher resolution model. In
both cases, the network is able to identify, apart from the contours of the model, the areas
around the head and horns of the triceratops as areas worth further scanning, as it is

expected.

Fig. 5.24. Initial scan at (a) low resolution and (b) medium low resolution, growing
neural gas model of (c) 757 points and (d) 1410 points and detected regions of interest

Jor further sampling for (e) low resolution and (f) medium low resolution models.
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5.3.2.2. Case of Objects with Raster-like Distribution of Sampling Points and Few Non-
localized Features

The chair described in section 4.3.1 represents of an object without many features,
with raster-like distributed sampling points. The data are used as collected by the Jupiter
laser scanner, as in the case of neural gas, without any filtering procedure. Fig. 5.25
presents the best modeling results using growing neural gas for the low (3065 points) and

medium (6113 points) resolution initial scans, obtained for A=3 and apma=20.
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Fig. 5.25. Initial scan at (a) low resolution and (b) medium low resolution, growing
neural gas model of (c) 1243 points and (d) 2826 points and detected regions of

interest for further sampling for (e) low resolution and (f) medium low resolution models.

The same parameters are used as in the case of the triceratops and the results are
evaluated for different sizes of the initial scan. For each case, the figure shows the

detected regions of interest in the growing neural gas map (Fig. 5.25¢ for the low
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resolution and Fig. 5.25f for the medium resolution). As it can be seen, the network is

able to detect the features in both cases in spite of some noise in the modeling results.

5.3.2.3. The Case of Objects with Raster-like Distribution of Sampling Points and Small
Localized Features

This case is studied for the mockup car door which presents fine details. A fast
scan of medium low resolution is initially performed to obtain the 16384 points medium
resolution scan shown in Fig. 5.26a (the same as in Fig. 4.10b). The resulting growing
neural gas mapping is depicted in Fig. 5.26b and the areas of high density in this mapping
in Fig. 5.26¢. The selectively densified point-cloud is depicted in Fig. 5.26d.
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Fig. 5.26. The mock-up door (a) point-cloud, (b) growing neural gas mapping, (c)
high density areas and the (d) detected regions of interest.

It can be seen, that in spite of some noise, the growing neural gas is able to detect
the same regions for further scanning as the neural gas for the same initial resolution
scan. As in the case of neural gas, the same procedure can be then repeated for each of
the regions of interest detected in the previous step. Each region is provided as input in a

growing neural gas network in order to further detect fine details that are worth to be
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scanned at a higher resolution. Fig. 5.27 presents the details of the high resolution
rendered model of the door for the selected regions in the previous step. For each of the
regions it shows the growing neural gas model for A=3 and au,,=20 and the detected
regions of interest for further scanning, identified as high density areas in the neural gas

model. The average error is of order ¢ for each of the regions.

Fig. 5.27. Different views of rendered selected regions (first column), point-clouds of
selected regions (second column) and detected regions of interest for each view

(third column).

All the presented examples show the capability of the growing neural gas map to
capture the fine details in the sparsely collected point-clouds of all the objects under
study. By finding the high density areas in the growing neural gas map, the proposed

selective sampling procedure is able to identify and guide the sensors to collect only
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measurements in those regions that are of interest for the improvement of accuracy of the
obtained models. Moreover, it eliminates the constraint of a fixed map size imposed by

neural gas.

5.4. Experimental Results for Tactile Data Acquisition with Force Sensors

As in the case of neural gas, a similar approach to the one presented for vision
sensing can be used to exemplify the detection of regions for tactile sampling. Starting
from an initial vision and tactile sparse scan, the proposed solution identifies those
regions that are representative for the elastic behavior of objects in order to ensure the
capability of the proposed solution to deal not only with homogeneous objects from the
elasticity point of view, but also with non-homogeneous, particularly piecewise-
homogeneous objects. Since it was already demonstrated in section 4.4.2 for the case of
neural gas that the addition of a measure of compliance improves the modeling results,
such a measure will be used for the modeling of all objects in this section.

The same set of deformable objects presented in chapter 4 for the neural gas
(chapter 4.3.1) are used here: the rubber ball, the simple composite object made of a
square cardboard box on the top of a covered foam pillow and the toy triceratops.

Fig. 5.28 shows some modeling results for the three objects under study, where
different regions of elastic behavior are depicted in different colors. The rubber ball is
depicted in Fig. 5.28a, with a uniform color representing the constant compliance
throughout the body of the object. As it is expected, in this case the elasticity is correctly
embedded in the growing neural gas map. The box-pillow composite object model
depicted in Fig. 5.28b, with red points denoting the cardboard of which the box is made
of and blue points denoting the foam of which the pillow is made of. In this case as well,
the network learns correctly the two different compliances (computed from the collected
tactile data for the ball and the pillow-box composite object and from the force-
displacement curves in the case of triceratops, as explained in section 4.4.3.2 and 4.4.3.1
respectively) corresponding to the two materials. The triceratops model in Fig. 5.29b is
composed of several regions of different elastic behavior, correctly embedded in the
growing neural gas as well. Therefore, in all modeling cases, the growing neural gas map

captures correctly the elastic parameter included as a fourth dimension in the input space.
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c) d)

Fig. 5.28. Growing neural gas with color representing compliance to model (a)
rubber ball, (b) box-pillow composite object, (c) triceratops and d) areas where changes

in compliance occur for the triceratops.

Similar to the neural gas, the growing neural map gas can be used to identify areas
of change in the elastic behavior for further probing. These regions are identified by
triangles in the Delaunay triangulation whose vertices present different compliances, as
explained in the case of neural gas in section 4.4.4. The identified regions where a
change in compliance occurs in the growing neural gas map are depicted in Fig. 5.28d

with red stars for the triceratops. It can be seen that the regions are correctly identified.

5.5. Comparison between Neural Gas and Growing Neural Gas

Although the neural gas and growing neural gas algorithms present both self-
organizing attributes, are similar in approach and are based on the same ideas, there are
differences in terms of required user intervention, accuracy of results, training time and

“obtained errors. These differences are summarized below.

To begin with, the growing neural gas eliminates the need of the map size to be
decided prior to learning as in the case of neural gas, size that constrains the resulting
mapping as well as the accuracy of the modeling results. Moreover, by comparing the

final map size obtained by growing neural gas and the guidelines obtained for the neural
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gas in Chapter 4, it can be seen in Table 5.2 that generally the size of growing neural gas

map (the number of nodes in the resulting graph) is smaller than the one required by

neural gas in order to obtain reasonably good results.

Table 5.2. Approximate map sizes for different sizes of initial scans for neural gas and

growing neural gas.

Size of initial scan point | Approximate map size to | Approximate map obtained
cloud (number of points, provide reasonably good by GNG to provide
N) results for NG reasonably good results
2000-3000 60%-100%N 20-45%N
3000-4000 50%-90%N 20-45%N
4000-5000 30%-70%N 20-45%N
5000-6000 20%-60%N 16-49%N
6000-7000 15%-50%N 16-49%N
over 7000 10%-40%N 10-40%N

The same conclusion can be derived from Fig. 5.29 that depicts the average

network map sizes for different initial scans, computed as average value of map sizes for

the range of values that provide reasonably good modeling results and for all the objects

under study, as per Table 5.2.
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Fig. 5.29. Comparison of growing neural gas and neural gas based on map size.
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In spite of the lower map size, the accuracy of growing neural gas models is
higher when compared to neural gas. This fact proven by the lower average error limits
reached, as shown in Fig. 5.30. The average error is computed as the average relative

error for all objects under study, as in the case of the network map size.
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Fig. 5.30. Comparison of growing neural gas and neural gas based on local errors.

In terms of training time, the time required to build the model is also generally

lower for growing neural gas, as shown in Fig. 5.31.
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Fig. 5.31. Comparison of growing neural gas and neural gas based on training time.

However, since the map obtained by growing neural gas is evenly distributed over
raster-like object point-clouds, the relevant areas for additional scanning are slightly

harder to identify and they result in higher noise in the characterization of relevant
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features, as it can be seen for example, for the case of the medium resolution initial scan

of the triceratops, the chair and the mock-up car door, in Fig. 5.32.
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Fig. 5.32. Higher density areas identified in the neural gas map (first column) for
(a) triceratops (b) chair and (c) door and in the growing neural gas map (second

column) for (d) triceratops, (e) chair and (f) door.

The first column of Fig. 5.32 shows the best modeling cases for the neural gas
while the second column for the growing neural gas. When comparing the results, it can
be noticed that the edges are clearer contoured in Fig. 5.32¢, representing the high density
areas detected in the neural gas map than those in Fig. 5.32f that represent the high

density areas in the growing neural gas map. Therefore the results in the second column
are slightly noisier.
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This phenomenon is alleviated in the case of neural gas model by slightly over-
sizing the map dimensions and stopping the adaptation early enough not to allow the
output space to become evenly distributed. Such a mechanism is impossible to be
established in the case of the growing neural gas as the points in the output space are
added iteratively to support the node that has accumulated the highest error in the
previous steps. The new node is placed between the node with the highest error and one
of its neighbors with the next highest error, therefore the error between the input space
and the map being built is always decreased. This implies necessarily that the model will
respect the density of points in the point-cloud and cover evenly the input space.

When employed for tactile sampling guidance, both neural gas and growing
neural gas are able to correctly capture the elastic parameter included as a fourth input
parameter when used for tactile sampling and to identify areas of elasticity change where
additional sampling is required, as it can be seen in Fig. 4.21 and Fig. 5.28¢-d.

From this experimentation, the growing neural gas reveals to be faster, to lead to
lower errors in mapping and to require less user interaction in the modeling procedure.
But it gives slightly noisier results for geometrical feature detection, as required for
further sampling regions selection. Therefore the growing neural gas is an appropriate
choice when more compact object models are desired, and when the user is not willing to
interfere at all in the modeling procedure. On the other hand, neural gas provides clearer
definition of the regions for further scanning, especially on edges but requires some trial-
and-error settings in order to provide the best results. Therefore, it is appropriate when

the user is interested in accurately finding features over the objects.

5.6. Example of Complete Modeling Scenario

The example presented here refers to the selective geometric and tactile sampling
of an object based on its growing neural gas map and the modeling of elastic behavior in
form of force-displacement curves. It is meant to complement and complete the modeling
scenario presented in section 4.5.2 that referred to the neural gas and elasticity
measurements in form of deformation profiles associated with force recordings.

This modeling scenario is exemplified for the triceratops model. The modeling

procedure starts by collecting data samples, both geometric and tactile, at approximately
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even spacing over the surface of the object at each vertex of a coarse triangular surface
mesh with approximately equal sized triangles. Data is collected in form of force-
displacement curves in time are collected at each vertex of the mesh. The (x, y, 2)
coordinates of the mesh and the compliance are used as an input in a growing neural gas
architecture to identify regions of further interest and detect clusters of similar elasticity.
Fig. 5.33a shows the mapping obtained for an initial scan of 6113 points using a
growing neural gas map of 2562 points and the identified areas of high density,

neglecting the contour areas.

Fig. 5.33. (a) High density areas detected in the growing neural gas map and b) the

corresponding selectively densified triceratops point-cloud.

The selectively densified model is built by rescanning the areas determined in the
previous step at higher resolution and by augmenting the growing neural map with the
points belonging to these areas. In this way a multi-resolution compressed geometric

model of 3528 points is obtained and shown in Fig. 5.33b.
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Fig. 5.34. (a) Areas of elasticity change detected in the growing neural gas map and (b)

the corresponding selectively densified point-cloud.
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Based on the compliance information in the same growing neural gas map,
regions of changes in compliance are identified as shown in section 4.4.4 and are
depicted in Fig. 5.34a. The selectively densified model, shown in Fig. 5.34b and obtained
by the addition of the high resolution scans of the regions framed in Fig. 5.34a to the
growing neural gas map, contains in this case 3584 points. It can be seen the areas around
the horns and the neck of the triceratops are identified as areas of further sampling both
by the geometry and tactile-based information, due to the fact that in these areas changes
in elastic behavior is associated with changes in the local geometry. To achieve a full
composite model, the union of the two selectively densified points is performed. The
composite multi-resolution model contains 3615 points and represents about 30% of the
full resolution scan of the triceratops. This implies the elimination of about 70% of the
less relevant points by employing the proposed selective sampling framework.

To model the elastic behavior, the selectively densified model is first split into 7
clusters/tactile patches, corresponding to the different compliances, shown in different
color in Fig. 4.24b. In order to train each of the feedforward networks that represent the
elastic behavior of each cluster/tactile patch, the median force and displacement curves
are estimated first, as presented in Chapter 3, this time for all of the data available for
each cluster. Fig. 5.35 depicts the measured data set for a cluster with the apparent
stiffness less than 0.08 (the least stiff region of the measured sample object, shown in

dark blue) and the corresponding median curve, shown in bold.
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Fig. 5.35. Measured data and the corresponding median curve a) force and b)

displacement for cluster/tactile patch 1.
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The relative error that is introduced in the elasticity modeling results by using this
procedure depends mainly on the size of the chosen clusters and the number of sampled
points measured in the corresponding cluster. Their corresponding median force and

median displacement curves for all the clusters are presented in Fig. 5.36.
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Fig. 5.36. Median (a) force and (b) displacement for the seven clusters/tactile patches.

The characteristics of the clusters/tactile patches: the apparent stiffness (&), the
median stiffness (g,), the mean relative error (introduced by using the median as
representative for all force and displacement curves from a certain cluster and computed
as the average distance from the median to each of the represented curves) (e,,), the mean
learning errors for all the curves in the cluster (e;) (computed as an average of the
differences between the median curve and the modeling results obtained with the neural
network) and the total cumulative error (e,), computed as a sum of the mean relative error

(em) and the mean learning error (e;) are summarized in Table 5.3.

Table 5.3. Cluster/tactile patch characteristics.

& Em (™ e €

Cluster 1 | £<0.08 0.0440 0.0601 0.0019 0.062

Cluster 2 | 0.08<e<0.1 0.0938 0.1416 0.0099 0.1515
Cluster 3 | 0.1<e<0.2 0.1451 0.23 0.0057 0.2357
Cluster 4 | 0.2<e<0.3 0.2901 0.1631 0.0102 0.1733
Cluster 5 | 0.3<e<0.5 0.4492 0.1381 0.0114 0.1495
Cluster 6 | 0.5<e<0.6 0.5269 0.1090 0.0063 0.1153
Cluster 7 | 0.6<e<1 0.9464 0.0534 0.0052 0.0586
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It can be observed that the use of the median as representative of a cluster
introduces more error in the modeling than the learning procedure using neural networks.
However, for most of the clusters, the total error is relatively low.

The same network architecture is used to model the median force-displacement of
each of the clusters, with one input neuron, 15 hidden neurons and one output neuron, as
the one depicted in Fig. 3.5, therefore a total of 7 networks are required in this case. All
the networks are trained for 20000 epochs, with the learning rate 0.1 and an error goal of
0.0001. Fig. 5.37 shows samples of training and corresponding target data produced by

the networks and the desired force-displacement curves, for example, for clusters 1 and 7.
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Fig. 5.37. Training results for a) cluster/tactile patch 1 and b) cluster/tactile patch 7.

In order to interact with such models, as explained in section 4.5, a mapping is
built between each cluster and its corresponding network. Each time a point is probed
with the force at an angle, the closest point in the neural gas is determined and from
there, the cluster to which it belongs is selected. Knowing the cluster, the corresponding

feedforward network provides the estimated displacement for the given force.

5.7. Conclusions

To conclude, the growing neural gas eliminates the need of the map size to be
decided prior to learning. During adaptation the network adds iteratively nodes to the

structure to better fit the data provided as input and is able, in all the cases under study to
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identify the regions of further interest for scanning. All the examples show the ability of
the growing neural gas map to capture the fine details in the sparsely collected point
clouds of the objects under study. By finding the high density areas in the growing neural
gas map, the proposed selective sampling procedure is able to automatically identify and
guide the vision and tactile sensors to collect only measurements in those regions that are
of interest for the improvement of accuracy of the obtained models, saving at the same
time large amount of less relevant data in the scans. The growing neural gas solution is
faster, reaches lower errors and does not require user intervention for the selection of an
appropriate map size when compared to the previously proposed neural gas solution.

However the features in the growing neural gas map are slightly less clearly defined.
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6. Conclusion and Future Work

6.1. Summary of Work

The thesis presents the results of more than four years of research performed on
the topic of data acquisition and modeling of deformable objects based on experimental
data using soft computing techniques, particularly neural networks and neural clustering
algorithms.

The problem of accurately modeling deformable objects is not trivial. The area of
expertise required covers a vast range of topics such as: the determination of proper
equipment to perform measurements, the fusion of different technologies and of data
available from different sources to improve the measurement process, the interpretation,
analysis and correlation of data, the proper selection of methods to model elastic data and
to join these data in coherent composite geometric and elastic models and finally the
means of interacting with the models. While an intensive research has been performed on
several of these topics in the past decades, the thorough literature review conducted
during this research led to the conclusion that there were certain limitations and several
neglected aspects related to the measurement and modeling of deformable objects.

The main limitation encountered is related to the focus of current researchers on
simulations based on assumptions on the material of deformable object and on means to
interact with the increasingly complex models in real-time. Much less attention has been
given to real measurements of elastic behavior, in the detriment of accuracy and realism.
Overall, there are few papers that imply any sort of measurement to elicit the object’s
elastic behavior, and in most cases when a measurement is performed, the probing is
limited to a single point. Such an approach can only produce satisfactory results for
objects that are made of homogeneous elastic materials and is unsuitable for
heterogeneous or piecewise homogeneous objects. Last but not least, many of the
proposed solutions are highly specialized and dedicated to a particular application and
cannot be employed in a different context. These are some of the reasons that drove the
research work in this thesis.

In particular, the work presented here is a breach in a relatively unexplored area

of modeling objects without assumptions on their material, with accent on viable,
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innovative and easily applicable solutions to measure and model elastic behavior of real
world objects. The emphasis is on accurate models as opposed to real-time behavior. The
final goal is to develop a general-purpose scheme for measuring, constructing and
representing geometric and elastic behavior of deformable objects without a priori
knowledge on the material that the objects under study are made of.

The first aspect that was investigated is related to the means of representing
elastic behavior of objects from experimental data. The proposed approach does not
attempt to recover explicitly neither the elastic constants, nor the stress and strain tensors.
The procedure of recovery of elastic parameters and stress and strain tensors implies
complicated mathematical models based on assumptions. Such models are frequently
impossible to define and solve for highly nonlinear elastic materials. The focus in this
work is on the observation of the displacements of the surface of an object when loaded
by a measured external force. Particularly, data in form of force-displacement curves
collected using a force/toque sensor and a stereo vision system, and deformation profiles
sensed with a laser scanner correlated with force components measurements collected by
a force/torque sensor, are used as a representation of elastic behavior of objects.

The choice of using neural networks to learn the highly nonlinear mapping from
force to displacements, therefore encoding the elastic behavior data, proved to bring
multiple advantages over classical solutions: neural networks deal easily with real
experimental data with noisy and incomplete measurements, they avoid the complicated
and frequently impossible to solve problem of recuperating explicit elastic parameters,
they provide continuous output behavior thus being able to provide the necessary
nonlinear interpolation for estimates of data that was not part of the training set, they
provide an accurate and fast response once they are trained, and finally the neural
network modeling of deformation profiles captures naturally the modification of the
objects’ volume due to applied forces. The framework can be easily adapted to model
different types of materials and/or the different stages of deformation (elastic, elasto-
plastic and plastic stages).

The second aspect of interest to this thesis is the means to selectively probe an
object in order to only collect relevant data from the geometric and elastic points of view.

The proposed scheme uses an innovative probing and measuring technique for the
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selective data acquisition of geometric and elastic characteristics on a series of points
over the object’s surface. The choice of using a self-organizing architecture for selective
sampling is justified by its ability to quantize the given input space into clusters of points
with similar properties. These modeling properties ensure on one side the capability of
the application to deal not only with homogeneous objects from the elasticity point of
view, but also with non-homogeneous, particularly piecewise-homogeneous objects. On
the other side, they ensure that the density of the points is higher in the regions with more
pronounced variations in the geometric shape and therefore such information can be used
to guide the probing procedure. While a similar approach proved to be appropriate in
vision to collect 3D geometry data and for tactile sensing as well, an enhancement was
observed for tactile sampling when an additional measure of compliance is used in the
mapping, especially for objects where the change of elastic behavior is not related to a
change in the geometry of the object. From the self-organizing architectures, neural gas
and growing neural gas were studied as a basis for the selective sampling procedure.

The regions that are worth further sampling in order to ensure an accurate
geometric and elastic model are detected by finding higher density areas in the (growing
or) neural gas map based on an initial sparse scan of the object. In order to ensure an
accurate elastic behavior model, areas where changes in the elastic behavior occur in the
neural map are identified. This means that the proposed selective sampling procedure is
able to automatically identify and guide the vision and tactile sensors to collect only
measurements in those regions that are of interest for the improvement of accuracy of the
obtained models, saving at the same time large amount of less relevant data in the scans.
Rescanning at higher resolution can be performed for each identified region and a multi-
resolution geometric and elastic model can then be built using the initial sparse model or
the (growing or) neural gas map if a more compressed model is desired, and by
augmenting it with the high resolution measurements in the regions of interest. The
rescanning procedure can be repeated in several steps to gradually improve the accuracy
of the model. By storing the model in each phase of scanning, a multi-resolution point-
based object model is obtained, each re-scanning phase providing a higher point density

in the regions rich in features and/or with changes in elastic behavior.
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The comparison between the two self-organizing architectures revealed that the
growing neural gas eliminates the need of the map size to be decided prior to learning, as
in the case of neural gas, is faster and reaches lower errors when compared to the initially
proposed neural gas solution. However it gives slightly noisier results for geometrical
feature detection, as required for the selection of further sampling regions. Therefore the
growing neural gas is an appropriate choice when more compact object models are
desired, and when the user is not willing to interfere at all in the modeling procedure. On
the other hand, neural gas provides clearer definition of the regions for further scanning,
especially on edges but requires some trial-and-error settings in order to provide the best
results. Therefore, it is appropriate when the user is interested in accurately finding
features over the objects.

The last area of research is related to means of constructing multi-resolution
composite geometric and elastic models. As mentioned before, the modeling properties of
growing neural gas and neural gas allow for an incremental rescanning at higher
resolution of different areas of interest as identified in a previous scanning step.
Moreover, the clustering properties of the (growing and) neural gas network allow for the
determination of clusters of similar geometric and elastic properties. These clusters can
be imagined as “tactile patches”. Therefore objects can be built as multi-resolution
models with tactile patches, with the behavior of each patch being modeled with a
feedforward neural network. The number of neural networks implied is equal to the
number of tactile patches. The same architecture is employed for each cluster to capture
the complex relationship between an applied force, its magnitude, its angle of application
and its point of interaction, the object pose and the deformation stage/material state (if
desired), and the object surface deformation. Each such neural network is associated with
the location of the geometric points that belong to the corresponding cluster. When an
interaction occurs with an object model at a certain point, the point of interaction is
projected to the closest point from the model and the proper neural network (that models
the elastic behavior of the cluster to which this closest point belongs) is selected to
provide the deformation profile of the object under study based on the specific

characteristics of the interaction.
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The work in this thesis comes into benefit and is applicable in the areas of
CAD/CAM, quality control, and reverse engineering of elastic material components,
interactive virtual environments for training, interactive virtual prototyping for industrial
CAD-based processes, digital evaluation and maintenance operation simulation, the
computer games industry, as well as for many dexterous manipulation applications such
as robotic assembly, tele-robotics, remote medical examination of patients and robotic
surgery. As well, some other applications that would benefit from the proposed selective
vision sampling scheme are envisioned for 3D modeling for remote robotic exploration,
space vehicles inspection, metrology, aerial/satellite imaging, and image-based virtual

environments data collection.

6.2. Contributions

The contributions of this thesis are therefore related to aspects of measurement

and modeling of 3D deformable objects and can be summarized as follows:

e An original approach to collect force-deformation measurements (in form of
deformation profiles correlated with force recordings) on deformable objects by
combining, synchronizing and merging data acquired using a laser range sensor

and an industrial force-torque sensor.

¢ An innovative automated selective sampling algorithm to guide online the probing

of only relevant points for the objects under study, including:

o The adaptation of neural gas and growing neural gas clustering algorithms

for this purpose

o An experimental evaluation and comparison of the two clustering

algorithms for this purpose

o The application of the proposed selective sampling for the acquisition of

both the geometry and the elastic characteristics of deformable objects.

Some of the advantages of the proposed algorithm are the fact that it works

directly from raw range data (3D vision), it deals with homogeneous and non-
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homogeneous objects as well, allowing distinct treatment of regions with different
elastic behaviors, and it offers the desired degree of control to the user in that the
modeling parameters can be chosen automatically or they can be tuned by the

user.

e An original use of a feedforward neural network to capture the complex
relationship between an applied force, its magnitude, its angle of application, the
point of interaction, the object pose and the deformation stage/material state on
one side, and the object surface deformation on the other side. The network learns
implicitly the possibly highly nonlinear elasticity in form of 2.5D profiles of
deformations of an object. It works on materials with different elastic behavior
(including rigid, elastic and plastic deformable objects) and can correctly capture
the different deformation stages of an object. Last but not least, it deals naturally

with the expansion of the objects’ body due to an application of a load.

e An original combination of neural architectures to drive the acquisition and to
encode compact multi-resolution models of deformable objects, which leads to

the merge of geometry and elasticity data.

. o The integration of the previous elements into an innovative sampling and
modeling framework for deformable objects that operates from noisy
experimental measurements without a priori knowledge on the shape and the

material of the object under study.

The proposed solution presents several advantages over the classical deformable
object models. It eliminates all the guesses for tuning the spring constants and their
configurations in mass-spring models or the requirements for small deformations
imposed by FEM in order to avoid the computation of the integration when the object
deforms. It also avoids the complicated models to recuperate the elastic parameters as
well all the assumptions on objects’ homogeneity used by BEM. There is no restriction
on the degrees of freedom on object as imposed by modal analysis, while the topology of
the deformed surface is available unlike the cases of particle systems or implicit surfaces.
As opposed to any of these models, the proposed solution is able to estimate the elastic

behavior for data that was not measured and modeled. Last but not least, our solution also
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deals naturally with the object’s volume expansion, which few of the classical solutions

are able to do.

The results in this thesis were reported in 4 journal papers of which 3 are
published [147, 156, 157], and two in press [158, 167], 9 conference papers [137, 159-
162, 166-169] (of which [161] received the Best Student Paper Award, at /FEE
Instrumentation and Measurement Technology Conference, Victoria, BC, May 2008) and
three presentations [163-165] (of which [163] won the 3™ place Research Poster Prize, at
the Graduate and Research Day, University of Ottawa, Ottawa, February 2007). The
areas of coverage of these publications can be summarized as follows: the selective
sampling theory is discussed in [147], exemplified for tactile sampling in [157, 159, 160,
163, 166] and for vision sampling in [161, 162, 164, 165]. The acquisition setup and
modeling for deformation profiles are presented and tested in [157, 160] and for force-
displacement curves in [137]. The idea of multiple scanning directions for the
characterization of elastic behavior, particularly of a perpendicular scanning direction
appeared in [156]. The additional dimension of elastic compliance for neural gas is
proposed in [159]. The growing neural gas and the comparison with neural gas for
selective vision sampling is presented in [162, 167]. The adaptation of the feedforward
architecture for rigid, elastic and elasto-plastic objects appeared in [168] and the

description of composite geometric-elastic modeling framework in [169].

6.3. Future Work

The framework proposed in the thesis proved its potential for the sampling and
modeling of deformable objects for various sources of experimental data, for various
materials and for different object shapes.

Further developments of the work presented refer to the rendering of the resulting
composite geometric and elastic models to be incorporated in a 3D deformable object
engine. While several solutions have been proposed in the literature for point-cloud based
rendering, the technologies are still in their infancy and additional research has to be
performed to create realistic objects from their point-based representation. Alternatively a

mesh of the object can be built for the same purpose. None of these are trivial or fast to
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implement. Another aspect that requires attention in the same context of rendering is the
integration of elasticity measurements or of the deformation profiles with the geometric
model for a seamless fitting of the deformed area within the whole model.

The proposed model can be further integrated in complex deformable objects
environments by programming protocols for interaction and/or feedback. The integration
with force feedback equipment is another complicated issue to solve mainly due to the
challenges in recreating the experience caused by the contact between an interaction tool
and the object under study.

Several improvements towards faster training of neural networks are envisioned
by code optimization and transfer to a different software platform or by a combined
hardware-software implementation of the neural network training. Last but not least, a
speed up of the processing can be obtained using additional computing power, which is
not a limitation anymore, at least for the rendering part, due to the continuous increase in

the computing capacity of modern systems.
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