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Abstract 

One-step 3-stage Hermite-Birkhoff-Taylor methods, denoted by HBT(p)3, are con­

structed for solving nonstiff systems of first-order differential equations of the form 

y' = f(x, y), y(xo) = yo- The method uses derivatives y' to t/p~2) as in Taylor methods 

and is combined with a 3-stage Runge-Kutta method of order 3. Forcing a Taylor ex­

pansion of the numerical solution to agree with an expansion of the true solution leads 

to Taylor- and Runge-Kutta-type order conditions, which are then reorganized into 

Vandermonde-type linear systems whose solutions are the coefficients of the method. 

The new method yields impressive results with regards to intervals of absolute stabil­

ity. A detailed formulation of variable step size (VS) fixed order HBT(p)3 is presented, 

as well as the formulation of variable-step variable-order (VSVO) HBT(p)3. Several 

problems often used to test high order ODE solvers on the basis the number of steps, 

CPU time, maximum global error, and maximum global energy error are consid­

ered. The results stress that both VS and VSVO HBT(p)3 methods are superior to 

Dormand-Prince DP(8,7)13M and Taylor method of order p, denoted by T(p). To 

obtain results at high precision, high order VS and VSVO HBT(p)3 methods have 

been implemented in multiple precision. These numerical results clearly show the 

benefit of formulating a method by adding high order derivatives to Runge-Kutta 

method. 

n 
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Chapter 1 

Introduction 

1.1 Introduction and Motivation 

A Taylor method of order p — 2, denoted by T(p — 2), and a 3-stage Runge-Kutta 

method of order 3 are cast into a one-step 3-stage Hermite-Birkhoff-Taylor method 

of order p, aptly named HBT(p)3 because it uses Hermite-Birkhoff interpolation 

polynomials and the derivatives y' to y^-2^ for solving y' = f(x,y) at step points xn, 

like in Taylor methods. The link between the two types of methods is that values at 

off-step points are obtained by means of predictors which use values of derivatives of 

different orders at the current step point. By construction, HBT(p)3 uses lower order 

derivatives than the traditional Taylor method of order p [22]. 

Taylor methods have been an excellent choice in sensitivity analysis of ordinary 

differential equations (ODE) and delayed algebraic equations (DAE) [4], astronomical 

calculations [5], solving general problems [9], and validating solutions of ODEs/DAEs 

by means of interval analysis [18, 24]. Deprit and Zahar [12] proved that recurrent 

power series in Taylor methods are very effective in achieving high accuracy, even 

with a small value of computing time and large step size. On the other hand, multi-

derivative, multistep methods, which are a new form of the classical Adams-Cowell 

methods, were introduced by Huang and Innanen [19]. Some of these methods have 

larger stability interval and smaller truncation error than classical multistep meth­

ods. The above results prompted the effective addition of high order derivatives to 

5 
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an ODE solver. 

HBT(p)3 is designed for solving nonstiff systems of first-order initial value prob­

lems of the form 

d 
y'= f(x>y)> y(x0) = yo, where ' = —. (1.1.1) 

The high order derivatives y" to y(p~2) can be obtained by differentiating f(x, y(x)) 

in the right-hand side of equation (1.1.1), but this approach is useful only in theoretical 

studies because of the computational complexity of high order derivatives. 

Higher efficiency is achieved by extending Newton's approach [34, 36], and the 

process involves recursive computation of Taylor coefficients. This procedure is also 

known as automatic differentiation (AD) technique, and it can be applied to compute 

sums, differences, products and powers of power series, to name but a few. Formulae 

for generating these high order derivatives may be found in textbooks, such as [15], 

and in summarized form in Section 2.2.5. A limitation of applying the AD technique 

is that the right-hand side of the differential system must be manipulated in order 

to suit the problem. Although there have been advances made to combine algebraic 

manipulators with programming languages to ease the task of manipulation [22], if 

the right-hand side of the differential system involves more than just a combination of 

elementary series, the problem becomes significantly more challenging. At that point, 

a possible approach would be to find the asymptotic behaviour of the functions, and 

form an estimate that would be valid over certain intervals. 

Forcing a Taylor expansion of the numerical solution to agree with an expan­

sion of the true solution leads to a combination of Taylor- and Runge-Kutta-type 

order conditions which are reorganized into linear Vandermonde-type systems. The 

coefficients of this one-step method are obtained by means of Gaussian elimination, 

although different ways are possible. Moreover, with HBT(p)3 there are no rejected 

steps because the step size is chosen in order to obtain the required precision level 

once the series is generated. The C++ performances of HBT(p)3, Dormand-Prince 

DP(8,7)13M [33], and T(p) were compared on several problems frequently used to 

test higher order ODE solvers. With application of multiple precision libraries, the 

results for some of the problems were computed at very high accuracy using variable 
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step, variable order (VSVO) HBT(p)3. From the results, it can be concluded that 

HBT(p)3 requires fewer steps, uses less GPU time, and has higher accuracy than 

DP(8,7)13MandT(p). 

1.2 Thesis Objective 

The objectives of this thesis are: 

• Discuss formulation of the HBT(p)3 method; 

• Discuss the optimal choice of off-step points; 

• Derive order conditions for HBT(jp)3; 

• Discuss absolute stability for low and high orders; 

• Formulate the principal local error term; 

• Discuss and implement variable step size and variable order; 

• Formulate algorithms for HBT(p)3 method for non-stiff ordinary differential 

equations in C++ using various levels of precision. 

1.3 Thesis Contribution 

This thesis has made the following contributions to the original research: 

• Discussion of the optimal choice of off-step points and the proof of it; 

• Discussion of absolute stability for low and high orders, in particular as the 

order grows large; 

• Formulation of the principal local error term by using Butcher theory; 

• Discussion and implementation of variable step size and variable order proce­

dures in C++ using various levels of precision; 
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• Producing results in tabular and visual formats to describe the achievements of 

the new method. 

1.4 Thesis Organization 

A major component of this thesis is based on peer-reviewed and published articles 

[25, 26, 27] that deal with HBT(p)3 methods with 4, 7 and 9 stages. An article 

that will encompass the discussion of HBT(p)3 VSVO implementation in multiple 

precision presented in this thesis is being prepared. 

In Chapter 2, the preliminary information necessary for understanding the HBT(p)3 

method is presented, with emphasis on the evolution of the numerical methods in 

terms of complexity. For most of the topics presented, a brief overview of the formu­

lation is given. An introduction to recursive formulae used in automatic differentiation 

is given in Section 2.2.5. 

In Chapter 3, HBT(p)3 is developed, with discussions on optimal choice of off-step 

points and order conditions. We remark that by choosing two ending off-step points 

to agree with Runge-Kutta method, then utilizing Gauss' integration formulae, the 

third off-step point will be a function of the order of the method. For predictors and 

integration formula, the Vandermonde-type formulation is given with solutions for 

the coefficients of explicit 3-stage Runge—Kutta method of order 3 and Taylor series 

expansion. 

Implementation of HBT(p)3 is covered in Chapter 4. The concept of regions of 

absolute stability is discussed and applied to HBT(p)3. With the help of graphs, the 

regions of absolute stability are presented for variable-step fixed order HBT(p)3, and 

important conclusions are drawn regarding the shape of these regions for arbitrarily 

high orders based on analytical reasoning. Similarly to Runge-Kutta method of 

order 3, we form the principal local error term of HBT(p)3 in terms of elementary 

differentials. A detailed explanation of variable-step and variable-step variable-order 

HBT(p)3 formulation is given, as well as the algorithm used in the C++ procedure to 

implement variable-step variable-order. 
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The performance of HBT(p)3 in comparison to Dormand-Prince and Taylor meth­

ods is presented in Chapter 5. The three methods are implemented in C++, in both 

double and multiple precision. The performance was tested on a set of problems 

commonly used in numerical analysis community, with results presented in a variety 

of formats for easier interpretation. 

Finally, in Chapter 6, we provide closing remarks and point out to some future 

work that could be done to further improve the method. 



Chapter 2 

Preliminaries 

Numerical solutions of differential equations are not only sought by mathematicians, 

but scientists in many other fields. Differential equations can be found virtually every­

where. They describe problems ranging from minuscule organisms such as bacteria, 

to very large, intricately connected problems in astronomy and planetary motion. 

With the advances in computing technology, more difficult problems can be tackled 

and more precise answers obtained. For the application of differential equations to 

be complete, a strong theoretical knowledge is always necessary. 

2.1 Systems of Differential Equations 

A fundamental concept related to differential equations is the concept of first-order 

systems. These can be viewed as building blocks because larger, more complex high-

order differential equations and systems can be reduced to systems of first-order. 

This is often applied in practice in order to ease the computational tasks, reduce the 

amount of operations necessary, and because most software are written for first-order 

systems. 

Before attempting to numerically solve a problem, an important question must 

be posed: does the solution exist! More to the point, it must be known beforehand 

whether the differential equations describing the problems have a unique solution. 

The following definition and theorem lend a hand in answering this question. 

10 
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Definition 1 A function f : [a, b] x Rn —> Rn is said to be Lipschitz continuous if 

there exists a constant M > 0, called Lipschitz constant, such that 

Wf(z)-f(v)\\i2<M\\z-y\\e2, for all y,ze[a,b]. (2.1.1) 

Note: Throughout the thesis, the £2 norm will be used, but the indicator will be 

omitted for clarity unless otherwise stated. 

Theorem 1 (Existence and uniqueness theorem) Let / : R x Rm —>• Rm, and 

consider the initial value problem 

y' = f(x,y), y{x0) = y0. (2.1.2) 

If f is continuous and bounded on the region D = [a,b] x Rm, 

\\f(x,y)\\<K, (x,y)GD, 

and Lipschitz continuous with respect to y for every (x,y) <G D, then (2.1.2) admits 

one and only one solution for any (x0,yo) G D and y{x) is continuous and differen-

tiable in D. 

The proof of Theorem 1 can be found in many books on differential equations. 

Unless otherwise stated, all functions in this thesis are assumed to be Lipschitz con­

tinuous in y. 

2.1.1 First-Order Systems 

Consider an m-dimensional system of first-order differential equations defined in vec­

tor form by 

y' = f(x,y), / : R x R m - R m , (2.1.3) 

with initial condition vector y(a) = r\. In vector form, y = [y1^2,... ,ym]T and 

/ = f/1, / 2 , . . . , fm]T, with superscripts denoting the corresponding equation in the 

system. The initial condition vector r? is similarly defined as rj = [rf1,^2,... ,rfm]T. 

Furthermore, if /* for t — 1, 2 , . . . , m depends on y1, y2,..., ym, the system is said to 

be coupled. 
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Given that Theorem 1 holds, a general solution of such a system will contain 

m arbitrary constants, and the unique solution is obtained by imposing m initial 

conditions. 

2.1.2 Linear Systems with Constant Coefficients 

A first-order system (2.1.3) is said to be linear if 

y' = f(x,y) = A(x)y + cp(x) (2.1.4) 

where A(x) is an m x m matrix and ip : R. —> R"\ If A(x) = A is independent of x, 

the system (2.1.4) is said to be linear with constant coefficients. Thus, (2.1.4) turns 

into 

y' = Ay + <p(x) (2.1.5) 

with the homogeneous equation being 

y' = Ay. (2.1.6) 

Given m linearly independent solutions of the homogeneous equation (2.1.6), 

y1(x),y2(x),... ,ym(x), every solution y(x) of (2.1.6) can be expressed in the form 

y(x) = ci y\x) + c2 y
2(x) + • • • + cmym(x), 

where Ci for i — 1,2,... ,m are arbitrary constants. Let Y(x) be a matrix whose 

columns are y1(x),y2(x),... ,ym(x), and c be a column vector of constants Cj. Then 

the general solution to (2,1.6) can be written as 

y(x) = Y(x) c. 

Furthermore, since the columns of Y(x) are Unearly independent, Y(x) is called a 

fundamental matrix solution of (2.1.6). 

If the general solution of the homogeneous system is known, by the method of 

variation of parameters, a particular solution of (2.1.5) can be assumed to be of the 

form 

y(x) = u1(x)y1(x) + u2(x) y2(x) H hum{x)ym{x). 
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Let u(x) be a column vector of the functions Ui(x) for i = 1,2,... ,m. Then, the 

particular solution to (2.1.5) can be written as 

y{x) = Y{x)u{x). (2.1.7) 

Substituting (2.1.7) in (2.1.5) yields 

Y'(x) u(x) + Y{x) u'(x) = AY(x) u(x) + ip{x). (2.1.8) 

Since the matrix Y(x) is a fundamental solution, Y~x(x) exists and Y'(x) = AY(x), 

which further simplifies (2.1.8) to 

Y(x)u'(x) = <p(x). 

Multiplying both sides by y_1(a:) yields 

u'(x) = Y~l(x) <p(x). 

When the above equation is integrated between two points XQ and x, it yields 

u(x)= I Y-1(s)(p(s)ds. (2.1.9) 

Once (2.1.9) is substituted in (2.1.7), the solution to the linear system with constant 

coefficients is obtained in the form 

r 
y(x) = Y(x)u + Y(x) / Y-\s)(p(s)ds. (2.1.10) 

Jxo 

The first term in (2.1.10) is a solution of the homogeneous system, the second 

term being a particular solution. By the properties of the fundamental solution Y(x), 

certain simplifications can be made to the homogeneous and particular solutions. For 

the homogeneous solution, it is known that the columns of Y(x) are of the form 

y\x) = C,^ eXiX, i = l , 2 , . . . , m 

where Aj are the eigenvalues and (y> are the eigenvectors or general eigenvectors of 

A. For the particular solution, let Y(x) = eAx and Y~1(s) = e~As. This yields the 

final form of (2.1.10) 

y(x)=eAxci+ f eA^-s)^{s)ds. 
Jxo 
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2.2 Numerical Methods 

Numerical methods are used to solve differential equations numerically. These meth­

ods can be single-step methods, using knowledge at a certain point to evaluate the 

value at the next point; or multistep methods that use knowledge of several previous 

points to obtain an evaluation at the next point. Single-step methods are self-starting 

in the sense that they need no external method to begin evaluations, while the mul­

tistep methods need a starting method to provide values at the points necessary in 

the evaluation. There is a variety of numerical methods that can be used to start the 

evaluations, with Runge-Kutta methods being used most often. 

An important theorem which is often used when deriving numerical methods is 

Taylor's Theorem, and its proof can be found in [1]. 

Theorem 2 Let a < x < b and f : (a, b) —> M has continuous (n + l)st derivative in 

the interval (a, b). If Pn(x) is the Taylor polynomial of degree n for f(x) about x = a, 

that is 

Pn{x) = / (a) + / ( « ) (x - a) + ^ (x - a)2 + • • • + ^ ^ (x - a)n, 

then the formula f(x) = Pn(x) + En{x) holds where the error term En{x) is given by 

for some c between a and b. 

2.2.1 Euler's Method 

Euler's method is the simplest method for finding numerical solutions of differential 

equations with a given initial value. In this method the value of the dependent 

variable is calculated by a straight line extrapolation from a previous point. This is 

why Euler's method is sometimes referred to as the Tangent Line Method. 

Let the differential equation and its initial value be 

y' = f(x,y), y(x0) = yo, / : R x R - > R . 
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For simplicity, assume that XQ = 0. Given this information, y'ifS) = /(0,yo) can be 

evaluated. By using the first two terms of Taylor's expansion of y(x0 + h) and the 

assumption that xo = 0, an approximation to y(h) can be calculated 

y(x0 + h) = y(h) « y0 + hy'(0). (2.2.1) 

Let X\ = xo + h, define y{x\) = y(x0 + h) = y(h) = y\ and rewrite y'(0) = f(x0,yo)-

Then equation (2.2.1) becomes 

yx = yo + hf(x0,y0). (2.2.2) 

Generahzing (2.2.2), the next value is defined in terms of the current value of yn, 

and xn by 

yn+i = yn + hf(xn,yn), n = 0 , l , . . . , (2.2.3) 

which advances the solution from x„ to xn+i = xn + h. Since the advance is one step 

forward, Euler's method appropriately falls into the category of single-step methods. 

The local truncation error of this method can be found by considering the differ­

ence between the exact solution and the approximation given by (2.2.3). To obtain 

the exact solution of the problem, y{xn+\) is expanded in a Taylor series and Theorem 

2 is applied to yield 

y(xn+1) =yn + hf(xn,yn) + 0(h2) {2.2 A) 

where Xb is some value between xn and xn+\. In (2.2.4), the first two terms represent 

Euler's method. The difference between equations (2.2.4) and (2.2.3) yields the local 

truncation error 0(h2). 

Even though Euler's method has been largely superseded in practice due to its 

large error, its beauty lies in its simplicity. This makes it a rather attractive choice 

for illustration and an easy implementation of numerical solvers. 

2.2.2 Heun's Method 

Heun's method is considered an improvement over Euler's method. This method is 

a single-step, two-stage method. Let the differential equation and its initial value be 
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represented as 

y' = f(x,y), y(x0)=yo, f • R x R - R. 

One way of obtaining the solution at the point (xi, y\) is to use the Fundamental 

Theorem of Calculus and integrate y'(x) over the interval [xo,xo + h] = [x0)Xi] to 

obtain 

I f(x,y(x))dx = y'(x)dx = y(xi)-y(x0). 
Jxo Jxo 

From the above equation, we compute y{x\) 

y(xi) = y(x0)+ f(x,y(x))dx. 
Jx0 

If the integral is approximated by the trapezoidal rule, we obtain 

y(x1)^y(xo) + l ( ^ p ) [f(x0,y(xo)) + f(x1,y(x1))] (2.2.5) 

where b is the number of area "strips." Let 6 = 1 , and since x\ — x0 + h, (2.2.5) turns 

into 

y(Xl) « y(x0) + | [f(x0,y(x0)) + f(xuy(x1))}. (2.2.6) 

The implicit equation (2.2.6) can be turned into an explicit equation by using 

Euler's method to evaluate f{x\)y{x\))\ 

y(x\) ~ y(x0) + - [f(x0,y(x0)) + f(xQ + h,y(x0) + hf(x0,y0))]. 

In general, improved Euler's method is represented by 

h 
yn+i = yn + - [f(xn,yn) + f(xn+i,yn + hf(xn)yn))], n = 0, l , . . . . (2.2.7) 

The two aforementioned stages can be viewed as a predictor (Euler's method predict­

ing the value at yn+i) and. corrector (Heun's method utilizing the trapezoidal rule to 

evaluate the y-value at the next step). 

To analyze the local truncation error of Heun's method, consider the Taylor ex­

pansion of y(xn + h) with Theorem 2: 

h? h3 

y(xn + h) = y(xn) + hy'(xn) + — y"{xn) + — 2/(3)(6), (2.2.8) 
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where xn < £x < xn + h. 

Similarly, y'(xn + h) can be expressed as 

If 
2 

where xn < £2 < %n + h. From equation (2.2.9) 

y'(xn + h) = y'{xn) + hy"(xn) + — y ( 3 )(6) (2.2.9) 

y"(xn) = y'^ + ̂ -y'M _ | y ( 3 ) ( 6 ) > ( 2 2 1 0 ) 

If we substitute (2.2.10) into (2.2.8), we have: 

,3/?/(3)(6) 2/(3)(6)\ h2 (\ 
y{xn + h)= y(xn) + hy'(x,n) + — [y'(xn + h) - y'{xn)} -h3l- 4 

Simplifying the above equation yields 

yn+i =yn+2 if(xn, Vn) + f(xn + h, yn + hf(xn, yn))] - 0(h3). (2.2.11) 

Equation (2.2.11) matches with Heun's method (2.2.7) in the first two terms, thus 

the local truncation error is 0(/z3). 

2.2.3 Runge-Kutta's Method 

A general, s-stage Runge-Kutta method for the problem 

y' = f(x,y), y(a) = V, f:RxRm^Rm 

can be described by the following formula 

s 

yn+i = yn + h'^2bi hi 
i=l 

where 

fei — / I xn + c^/i, yn 4- li y ^ &ijkj I • 

The coefficients of a Runge-Kutta method can be summarized in a Butcher Tableau 

as follows: 
' A 
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where, for i,j = l,2,...,s,c contains the Q coefficients; A is an s x s matrix of a^ 

coefficients; and bT holds the weights 6j. 

In the case of an explicit Runge-Kutta method, the matrix A is strictly lower 

triangular, i.e. a -̂ — 0,j> i. An s-stage explicit Runge-Kutta method is described 

by the following Butcher tableau: 

Ci 

Ci 

C.3 

Cs 

«21 

031 

a>si 

h 

«32 

aS2 • • 

b2 •• 

& s , s - l 

& a - l 6, 

(2.2.13) 

Furthermore, for a Runge-Kutta method to be consistent, we shall assume tha t the 

following (the row-sum) condition holds [21]: 

i - l 

Ci = ^ O i i , i = 2,3,...,s. (2.2.12) 
i= i 

Three-stage explicit Runge-Kutta methods are described by the following formu­

lae 

Vn+i = yn + h(biki + b2k2 + b3k3), 

k\ = j(xn,yn), 

h = f(xn + hc2, yn + ha2ih), 

h = f(xn + hc3,yn + /i(a3ifei + a32k2)). 

Imposing condition (2.2.12) simplifies (2.2.13) to 

k\ — j{xn, yn)i 

k2 = f(xn + hc2, yn + hc2ki), 

h = f(xn + hc3,yn + h(c3 - a32)kt + ha32k2). 

A Taylor expansion of the true solution y(xn+i) about xn yields 

y(xn+1) = y(xn) + hf + ± h2F + ± h3(Ffy + G) + Q(h4), 

(2.2.14) 

(2.2.15) 
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where the elementary differentials F and G are defined as in [21]: 

F = fX + fel/j,, G = fXX + 2hfxy + klfyy. (2.2.16) 

In order to find the local truncation error of a 3-stage Runge-Kutta method, the 

method needs to be expanded in Taylor series. Expanding the ki terms yields 

h = f(xn,yn) = / , 

k2 = f + hC2(fX + ktfy) + - h24(fxx + 2hfXy + kjfyy) + O ( ^ ) , 

kz = f + h{c3fx + [(c3 - a32)fei + a32/j2]/j,} 

h2 

+ —{4fxx + 2c3[(c3 - a32)fei + a32k2]fxy + [(c3 - 032)^1 + a32k2}2fyy} + 0(hz). 

If k2 is rewritten using the elementary differentials defined in (2.2.16) 

k2 = f + hc2F + i h2c\G + O (h3), (2.2.17) 

and substituted along with k\ into the equation for fc3, the resulting equation is 

h2 

k3 = f + h (c3F + aZ2hc2Ffy) + — (4fxx + 2c2hfxy + clk2fyy) + 0(h3). 

Rewriting the equation for k3 using elementary differentials defined in (2.2.16) and 

collecting the terms with like powers of h yields 

h2 

ks = f + hc3F + — (2a32C2Ffy + c2
3G) + 0(h3). (2.2.18) 

Substituting k\ — f, (2.2.17) and (2.2.18) into (2.2.13) and making use of Theorem 

2 yields the explicit 3-stage Runge-Kutta method is 

yn+i = Vn + h(bx +b2 + b3)f + h2(b2c2 + b3c3)F 

+ \ [2a32b3c2Ffy + (b2c
2 + b3c

2) G] + 0(h4). (2.2.19) 

Let i/n+i denote the value of y at xn+i generated by the 3-stage Runge-Kutta method. 

To solve for the coefficient values, (2.2.15) and (2.2.19) can be matched. 

For one-stage Runge-Kutta method s = 1, so b2 = b3 = 0. Thus, (2.2.19) reduces 

to 

Vn+i = yn + hhf + 0(h4). 
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Matching the above equation with (2.2.15) yields b\ = 1 and the local truncation 

error is 0(h2). This is to be expected because the one-stage Runge-Kutta method is 

exactly Euler's method. 

For two-stage Runge-Kutta methods s = 2, so 63 = 0. Thus, (2.2.19) reduces to 

Vn+i = Vn + h(h + b2)f + h%c2F + ~ b2c
2

2G + 0(hA). 

Matching the above equation with (2.2.15) yields 

61 + fe2=l, &2c2 = l/2. 

Since there are two equations and three unknowns, there exists a one-parameter family 

of solutions. By equation (2.2.15), it can be concluded that no member of this family 

can achieve order higher than two. 

For three-stage Runge-Kutta method s = 3, when (2.2.15) and (2.2.19) are 

matched, the following conditions must be satisfied: 

61 + 62 + 63 = 1, 

b2c2 + bsc3 = 1/2, 

b2c\ + 63C3 = 1/3, 

G32&3C2 = 1 /6 . 

Since there are four equations and six unknowns, there exists a two-parameter family 

of solutions. Again, by equation (2.2.15), it can be concluded that no member of this 

family can achieve order higher than three. 

2.2.4 Adams' Methods 

As seen previously, Euler's, Heun's and Runge-Kutta's methods are all single-step 

methods: yn is needed to compute yn+\. A multistep numerical methods utilizing 

predictor-corrector scheme, Adams' methods, which are sometimes referred to as 

Adams-Bashforth-Moulton, use an explicit Adams-Bashforth predictor and an im­

plicit Adams-Moulton corrector. These methods use values of yn-j at points xn-j 

previous to xn in the process of computing yn+i- They are not self-starting as they 
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require a certain number of initial values which are usually found using a Runge-

Kutta procedure. In order to distinguish between the explicit and implicit methods, 

let the superscript * denote explicit methods. 

To derive a fc-step Adams-Bashforth predictor, let 

y(xn+1) - y{xn) = / y'(x) dx. (2.2.20) 
Jxn 

In this case, we seek an interpolating polynomial of the data 

[Xrii Jn)i [Xn—1> Jn—l)> • • • > \Xri—fc+l> Jn—k+l)-

By Newton-Gregory's backward interpolation formula, we have 

'_1W ? 1V7\ lUix) = PU(r) = E ( - l ) ^ ( r ) V * / n 

where 

r j _ ( _ 1 ) ^ r + *-l 
and where r is denned by x = xn + rh, and the backward differences is defined by the 

following formula 

Vmfn = J2(-iy(m)fn-i- (2-2-21) 
i=0 

The interpolating polynomial y'(r) is generated at fn 

y>(x) B Ar) - / - + r V / . + ^ g + * + 1 ) ( 7 2 ) V 3 / " + • • • • 

Knowing that x = rcn + rh, r can be expressed as r = (x — xn)/h; then dx/dr = h 

and the limits of the integral in (2.2.20) can be changed to obtain 

, ( 7 , , m , r ( r + l ) V 2 / r a , r(r + l)(r + 2)V3 /n , \ 
yn+i -yn = h Un + rVfn + + H J dr. 

(2.2.22) 

Integrating and evaluating (2.2.22) with respect to r yields the family of Adams-

Bashforth methods 

yn+i -yn = hffn + ^V/n + ^ V 2 / n + IV 3 / n + • • • V (2.2.23) 
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By using equation (2.2.21) to generate the backward differences needed for (2.2.23), 

the Adams-Bashforth predictor is represented by 

( 55 59 37 3 \ 

T^fn ~ 9 4 / n - l + ^ / n - 2 - g / n - 3 + • • • ) • ( 2 . 2 . 2 4 ) 

The Adams-Moulton corrector can be developed similarly. We start with equation 

(2.2.20), but seek an interpolating polynomial of the data 

{Xn+lt fn+l), \xni / n ) > \Xn-l> fn-l)y • • • > (^ra-fe+1) fn-k+l)• 

Now, instead of k data points, there are k + 1, and the Newton-Gregory interpolation 

formula at xn+i is 

ik(x) = Pk(r) = j2(-iy( r)vVn+i. 
4—n V / t=0 

The resulting interpolating polynomial is 

>( \ >(\ f _L xi t • r(r + l )V 2 / n + 1 , r ( r + l)(r + 2)V3/ ra+1 , 
y(x)=y (r) = / n + i + r V / n + i + + + • • • . 

Since / n + i is used in the interpolating polynomial, the limits of the integral in (2.2.20) 

need to be updated to reflect the change. The interpolating polynomial substituted 

in (2.2.20) yields 

if°(f M T7f • Kr + l)V2Jn+i , r ( r + l)(r + 2)V3/ ra+1 , \ 
Vn+i-Vn = h I fn+i + ?*Vfn+i H ;> 1 7 1 1 dr. 

(2.2.25) 

Integrating and evaluating (2.2.25) with respect to r yields the family of Adams-

Moulton methods 

yn+i - yn = h (fn+l - \vfn+1 - ^V2 /n+i - ^V 3 /n+i + • • • J • (2.2.26) 

By equation (2.2.21), the Adams-Moulton corrector is represented by 

/ 9 19 5 1 \ 
yn+i = yn + h [^fn+i + 2^/n - 24/n-i + ^ / n - 2 + • • • J • (2.2.27) 
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The approximation for the Adams-Bashforth predictor can be improved by adding 

the error term to (2.2.20) as per [13]: 

yn+i = ^ + jf E("1)1 ( 7 ) vifn dr + (-1)fc_1/^+1 [ ( 7 ) W ds-
Based on the error term, 

hk+1 j\-l)k~l (~S) f^ ds = h™ £ Ct /W ds, 

we can say that the /c-step Adams-Bashforth predictor has order k, local truncation 

error 0(hk+1), and error constant Ck\ 

The same procedure can be repeated for the Adams-Moulton corrector to obtain: 

Ifefi = Vu + £ E ( - l ) i ( 7 ) V'/» dr + (-l)khk^ 1 ° ( " S + X ) f ^ ds. 

Based on the error term, 

hk+1 fyi)k (~V l)j^i) ds=hk+i fx
 a f-+i) **> 

we can say that the /c-step Adams-Moulton corrector has order k + 1, local truncation 

error 0(hk+1), and error constant Ck-

2.2.5 Taylor Series 

Taylor series are widely used in some fields, like astronomy, and the computation of 

its coefficients must be as economical as possible. Consider the solution of the initial 

value problem y' = f(x, y), y(x0) = y0, where / : [a, b) x Kn —» Rn and y : [a, b] —> Rn 

in a Taylor series: 

y(x0 + h) = y(x0) + y'(x0) h + y"(x0) ^ + y"\x0) ^ + • • • . (2.2.28) 

By successive differentiation, the coefficients of (2.2.28) are found to be: 

y' = f, 

y" = fx + fyy' = U + fyf, 

y"' = / « + 2fxyf + fyyf + fy(fx + fyf). 
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For higher derivatives, the coefficients will become more complicated, thus not very 

economical. Higher efficiency is achieved by extending Newton's approach, which 

was rediscovered by Steffensen [36], and it involves recursive computation of Taylor 

coefficients. 

Let 

Yi = ^ y ( i W F, = - (f(x,y(x))){t) (2-2.29) 

be the Taylor coefficients of y(x) and of f(x, y(x)) [15]. Then series (2.2.28) becomes 

y(x0 + h) = ^2 h%. 
i=0 

By y' = f(x,y), y(x0) = y0 we can say that 

Y^1 = T^-Fi. (2.2.30) 
z+ 1 

Suppose that f(x,y) is the composition of a sequence of algebraic operations and 

elementary functions. With this, we can find formulae for generating the ith. Taylor 

coefficient from the previous ones. 

Before proceeding, let us consider a very useful concept. The term by term mul­

tiplication of two infinite series as follows 

(a0 + a\x + a2x
2 H )(60 + hxx + b2x

2 H ) 

= aob0 + (a06i + axb0)x + (a062 + axbx + a2b0)x
2 H 

leads to the formula 
' oo \ / oo \ oo 

^n=0 / \ n = 0 / n=0 

where 
n 

cn — a0bn + ai6n_i H h anb0 = ^ a,jbn-j. 

The resulting series in (2.2.31) is called the Cauchy product. 

Recursive Formulae 

As mentioned earlier, the application of automatic differentiation and recursive formu­

lae to obtain high-order Taylor derivatives saves the amount of operations necessary 
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for the manipulation of the right-hand side of the differential system. The evident 

limitation of this procedure is that it is not applicable to every function, and in par­

ticular the functions that cannot be expressed or estimated in terms of the elementary 

functions. 

If I is an open interval containing 0 and g : I —>• R is analytic, then we denote by 

Y^i>o 9ixl ^ n e MacLaurin development of g in a neighbourhood of 0. 

1. If r(x) = p(x) ± q(x), then 

ri=pi±qu i = 0 , 1 , . . . (2.2.32) 

2. If r(x) = p{x) q(x), then 

i 
ri = J2plqi-i> i = 0,l,... (2.2.33) 

j=o 

The equation (2.2.33) is a result of direct application of the Cauchy product. 

3. If r(x) = p(x)/q(x), then 

ri= — Ipi-^rjq^j] , « = 0 , 1 , . . . (2.2.34) 
* V i=o 

To obtain (2.2.34), first write p(x) = r(x)q{x) and apply (2.2.33). Then, to 

solve for ri(x), evaluate the product at the last point in the summation to 

obtain 

3=0 

Solving the above equation for r, yields (2.2.34). 

4. If r(x) = ep{-x\ then 

1 i _ 1 

r0 = ePo, n^-Y^ii-firiPi-j, i=l,2,... (2.2.35) 

To obtain (2.2.35), take the derivative of r{x) = ep^ to get r'(x) = p'(x)r(x), 

then apply equations (2.2.30) and (2.2.33). 
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5. If r(x) = ln(p(x)), then ?~0 = ln(p0) and 

1- \Pi-*Yl(i-fiPjri->)> * = 1 > 2 , - - - (2-2-3 6) 
Po V . j=1 

To obtain (2.2.36), rewrite r(x) = ln(p(x)) asp(x) = e r ^ and rearrange (2.2.35) 

to solve for pi(x). Evaluate the summation at j = 0 to obtain the r̂  term: 

1 i _ 1 

Pi = Po ri + - J ^ ( i - j ) pj- r w . 

Solving the above equation for r* yields (2.2.36). 

6. If r(x) = (p(x))c, where c ^ 1 is a constant, then ro = (po)° and 

ri = — ( ]T)(ci - (c + ^ W - i ) > * = 1> 2 , . . . (2.2.37) 

To obtain (2.2.37), take logarithm and derivative of r(x) = (p(x))c to obtain 

p(x)r'(x) — cr(x)p'(x), then apply (2.2.33). Simplifying the result, and evalu­

ating the summation at the point j = i yields 

X)0' ~ (* - J)c) riPi-i + iripo = 0. 
j=o 

Solving the above equation for i\ yields (2.2.37). 

7. If r{x) = cos(p(x)), s(x) = sin(p(x)) then for i = 1, 2 , . . . 

i - l 

1 Sj Pi—} 
1 

r0 = cos(p0), r* = —r YVi - j ) 

1 i _ 1 

s0 = sin(po), a* = -: 53(* ~ •?') r J p ' 

(2.2.38) 

To obtain (2.2.38), we start with r(x) = cos(p(x)) and s(x) = sin(p(x)), take 

the derivatives to obtain 

r'(x) = — sm(p(x)) p'(x) = —s{x)p'{x) 

s'(x) — cos(p(x)) p'(x) = r(x)p'(x). 

With (2.2.33) applied to the above equations, the result is (2.2.38). 
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Computing Taylor coefficients this way is a very popular option when solving 

differential equations numerically. Many authors also provide automated procedures 

that will provide source code in F0RTRAN[8, 9, 22] and ANSI G [23] for solving a first-

order system of differential equations using Taylor's method. 



Chapter 3 

Three-stage 

Hermite-Birkhoff-Taylor Method 

Following the procedure outlined in [26], in this chapter we shall construct one-step 

HBT(j?)3, produce order conditions for HBT(p)3, and give Vandermonde-type formu­

lation of HBT(p)3, where p is the order of the method. 

3.1 One-step HBT(»3 

A general three-stage HBT(p) method to solve y' — f(x, y) requires three formulae to 

perform integration from xn to xn+i: predictors P2 and P3, and integration formula 

IF. In the formulae, the constants a,ij, bi and Cj are parameters of a 3-stage Runge-

Kutta method of order 3 as listed in Table 1, also known as Butcher tableau; and 7y 

are the coefficients associated with the total derivatives of f(x,y(x)). 

Table 1: Butcher tableau for a 3-stage Runge-Kutta method of order 3. 

C\ 

C2 

C3 

021 

«31 

h 
«32 

b2 h 

28 
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Hermite-Birkhoff polynomials of degree I + {p — 4) are used as predictors Pj to 

obtain yn+Cl to orders p — 2, with p > 4, for I = 2, 3, respectively, 

l-l p-2 

lAH-cj = yn + ftn+1 J Z %/"+<* + J Z K+tfuft'^ i l = 2> 3 - (3.1-1) 

i=i i=2 

A Hermite-Birkhoff polynomial of degree p is used as integration formula to obtain 

yn+1 to order p, 

3 p-2 

yn+1 = Vn + fcn+1 X ! bjfn**i + 5Z K+llljfn^- ( 3 - 1 - 2 ) 

By notation, yn+c3 is different from yn+i- Also, it is important to mention that deriva­

tives f'n to fn are computed only once per step at xn. Numerical computations 

of higher derivatives are efficiently performed by applying the recurrent computation 

procedure outlined in Section 2.2.5. 

3.2 Off-step points of HBT(»3 

The defining formulae of HBT(p)3 depend on the Runge-Kutta parameters listed in 

Table 1 and on the Taylor expansion coefficients jij. In this thesis, the three off-step 

points are 

ci = 0, c2 = ̂ , C3 = 1. (3.2.1) 
p + 1 

The choice of the off-step ci = 0 follows directly from the Runge-Kutta part of 

HBT(p)3 method. The choice of off-step point c% = 1 is based on extensive numer­

ical experimentation whose goal was simplification of the computations subject to 

satisfying the conditions of stability. 

Remark 1 The choice of the off-step point c2 depends on the order p of the method, 

and is obtained by applying Gauss' integration formulae to the interpolating polyno­

mial of HBT(p)3. 

Let I represent the interpolating polynomial of HBT(p)3, 

I(x) = xp~2(x - 1) (x + a0), p> 3. (3.2.2) 
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The equation I(x) = 0 has a root at x — 0 with multiplicity (p — 2). The root x = 1 

corresponds to the choice of the off-step point c3. The root x = — a0 will correspond 

to the choice of c^. 

Let w{x) > 0 represent a weight function. By [11], it is desired to find the 2n 

values Wi,W2,..., wn, Xi, x2, • • •, xn such that 

w(x)f(x) dx = Y^ Wif(xi) (3.2.3) 
»=i 

for f(x) = l,x,x2,... ,x2n~1. We proceed by replacing / in (3.2.3) by the interpo­

lating polynomial (3.2.2) of degree p. Furthermore, we let the integration interval 

[a,b] = [0,1] and the weight function w be the constant function 1. In addition, we 

denote the ith moment by 

f 1 • 1 m, = / x3 dx = , (3.2.4) 
Jo J + l 

and define 
v 

I(x) = ^qkx
k, qp=l. (3.2.5) 

fc=0 

After expanding (3.2.5) 

xp + xp~l(a0 — 1) - a0x
p~2 = q0 + qiX H h qp-3x

p~3 4- qp-ix
p~2 + gp_1xp_1 + qpx

p 

we obtain the values of the coefficients qk: 

Qo = qi = --- = qP-z = 0, qp-2 = -«o, %-i = a0 - I. (3.2.6) 

It is obvious by (3.2.6) that a0 is the only unknown, and it is found by solving the 

following equation (see [11, p. 86]) 

m0q0 + miqi H + mp„3qp_3 + mp^2%-2 + mp_igp_i = - m p . (3.2.7) 

By (3.2.6) and (3.2.4), we obtain 

a0 + - ( o o - l ) = - r , (3.2.8) 
p — 1 p p + 1 

and 

ao = - ^ = 4 , (3.2.9) 

which is one of the roots of / , and also the value of the off-step point c2 as stated in 

(3.2.1). 
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3.3 Order Conditions for HBT(p)3 

In order to obtain the order conditions for HBT(p)3, we first consider Taylor's ex­

pansion of the true solution y(x0 + h) in terms of elementary differentials as per [6] 

and the monograph [7, Chapter 3]: 
oo , r oo , r /^\ 

y(x0 + h) = y0 + J21i Dr-H = y0 + ]T ^ a(i)F(t) 
r = l n ^ r(i)l 

(3.3.1) 

where F ( l ) (= f), F(2), F(3) , . . . are the complete set of elementary differentials with 

orders r ( l ) (= l ) , r (2) , r (3) , . . . in non-decreasing order and a(i) the coefficient with 

which F(i) occurs in Z)rW-1f. The Taylor expansion of y(xo + h) up to 0(hp) can be 

easily found from (3.3.1) 

y(x0 + h) = yo + ht + £{f} + £ ({ 2f} 2 + {f2}) + 0(hP). (3.3.2) 

The definition and results of the elementary differentials are based on Butcher's theory 

of rooted trees (see [7, pp. 79-104]). This subject is too large to be included in this 

thesis. 

Next, consider the Taylor expansion of the numerical solution yx produced by 

HBT(p)3 in terms of elementary differentials, given that the value yo is obtained by 

a method of order at least p: 

yi = yo + h(j2 bi)f + h2 (EbiCi + 7i2) {f} 
M = l ' ^ i = l ' 

E^(E^ci+7J2)+7i3 {2fh+(J2b4+^){i2}) + --- + °(hP)-
i=2 Vj=l / \ j = l ' / J 

+ h 

(3.3.3) 

Finally, consider the difference between equations (3.3.2) and (3.3.3) 

y(Xo + h)-yi = hfl-^biy + tfU-fcbiCi + y^Xit} 

>{2f}2 

+^3{^- ( E 6 4 + 7 l 3 ) } { f 2 } + 0 ( / ' 4 ) ' (3"3'4) 

• 3 ,%—1 

Ebi (E ^ ' ^ + ^ 2 ) + 7is 

3 
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By forcing an expansion of the numerical solution produced by the formulae of 

HBT(p)3 to agree with the Taylor expansion of the true solution to order p, we ob­

tain Runge-Kutta-type order conditions that must be satisfied by a general HBT(p)3 

method of order p. These order conditions can be obtained from (3.3.4), as in [6]. 

As in similar searches for ODE solvers [6, 28, 29, 30, 31, 32] to make the solution of 

the order conditions feasible, without serious loss to the class of methods, we impose 

the following simplifying assumptions on HBT(p)3, with 7^1 = 0 and Cj as denned in 

(3.2.1): 

i - l 

y~] ctijC1] + k\yi>k+1 

3=1 
fc + 1 

Jt+1 i = 2,3, 
fc = 0 , l , 2 , . . . , p - 3 . 

(3.3.5) 

Based on these simplifying assumptions, all Runge-Kutta-type order conditions as­

sociated with the elementary differentials as seen in (3.3.4) of order r = l ,2, . . . , p — 1 

are equivalent to the order conditions 

3 1 
X > c T 1 + (r-1) ,'n,r = -;- (3.3.6) 
»=i 

These order conditions are associated with the elementary differential f for r = 1 and 

{f r _ 1} otherwise. For (3.3.6) to hold, the predictors P2 and P3 must be of order at 

least p — 2. Thus, we obtain the following order conditions that must be satisfied by 

an HBT(p)3 method: 

3 1 
J^biCi + k\jllk+1 = ^ - , k = 0,1, 

"i- l 

,P 
i= l 

3 

E6-
i = 2 

"tj 
1 
pi 

(3.3.7) 

(3.3.8) 

Equation (3.3.8) is the result of simplifying the equation 

£> 
i = 2 

i - l 

.3=1 

- 2 

V (P-2)I 
+ Ji,P-i + 71,! 

1 

p! 
(3.3.9) 

since 7iiP_i = 7i,P 

derivative is p — 2. 

0 and 7i,p-i = 7i,» = 0 because the maximum order of the 
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The order conditions (3.3.7) and (3.3.8) can be derived by induction on the order 

p. First, let p = 3 to obtain 

h + b2 + h = 1, 
1 

»2c2 + 63c3 = - , 

62c2
2 + 63C32 = - , 

1 
03&32C2 — 

6' 

which are the order conditions of three-stage Rvinge-Kutta methods as seen in Section 

2.2.3. Thus, the order conditions hold for p = 3 since there is no Taylor coefficients 

•jij in this case. 

Second, suppose that the order conditions of HBT(p)3 of order p are of the form 

(3.3.7) and (3.3.8). The four order conditions associated with the four elementary 

differentials of order (p + 1) are: 

E6^ 
i=2 

s 

P+l' 

i=2 

i - 1 

X> Ea^ 
i - 1 

(P- l ) 
1 

E6<i Ea< 
i=2 

s 

4 - 2 

PLI-f ' (P -2 ) I 

i=2 

i - 1 r i - 1 

(p + l)! ! 

1 

( p + l ) ! ' 

EMEa^ Ea^(p^2)! 
J=I •fc=i ( P + I ) I : 

(3.3.10) 

(3.3.11) 

(3.3.12) 

(3.3.13) 

where s is the number of stages. 

As mentioned previously, the predictors are of order at least (p — 2), hence a 

method of order (p + 1) cannot have more than four additional order conditions 

as listed in (3.3.10) to (3.3.13). Other order conditions associated with elementary 

differentials of order ( p + l ) are equivalent to these four order conditions. 

Consider the case where the order of the predictors is increased to at least (p — 1). 

Then equation (3.3.12) is equivalent to equation (3.3.10), and equation (3.3.13) is 
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equivalent to equation (3.3.11). Thus, if HBT(p + 1) satisfies (3.3.10) and (3.3.11), 

then (3.3.12) and (3.3.13) will follow, respectively. Hence, (3.3.7), (3.3.8) and (3.3.10) 

to (3.3.13) will be satisfied if the following order conditions hold: 

3 

X ^ c " + W7i,fc+i = ^ - p fc = 0 , l , . . . , p - l , (3.3.14) 

3 

J2bi Yla^ " <r i i 
^ L i = 1 (P-m P'" 

(3.3.15) 

Hence, the order conditions (3.3.7) and (3.3.8) will always hold. 

Let us consider an example of deriving order conditions for HBT(p)3 of order 1 

to 6. By forcing a Taylor expansion of the numerical solution produced by HBT(p)3 

formulae of order 6 to agree with a Taylor expansion of the true solution, we obtain 

Runge-Kutta-type order conditions to be satisfied by HBT(6)3 with predictors of 

order at least 1. These order conditions correspond to the elementary differentials 

in Table 2. In Table 2, r(i) is the order of the elementary differential F ^ \ The 

coefficients a(i) are considered as different labellings of a tree, and it can be computed 

using the relationship from [21] 

n r(Ql 
a{l)-a(z)y(iY 

where o~(i) is the symmetry and 7(0 is the density of a tree i. Furthermore a(i), P(i), 

and y(i) follow the relationship 

1 a(i) 1 
r(i) ' /3(i) ~ 7 ( i ) ' 

as defined in [6]. The correspondence between elementary differentials and rooted 

trees lead to Butcher's fundamental theorem [21, Theorem 5.3, p. 169]. 

Theorem 3 A Runge-Kutta method has order p if (f>(i) — 1/7(0 holds for all trees 

of order r(i) < p and does not hold for some tree of order p + 1. 

Let the order of predictors be at least 2. This implies that the order conditions 

corresponding to i = 3, 5, 7, 9, 11, 13, 15, 16, 18, 20, 22, 24, 25, 27, 29, 31, 32, 33, 
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Table 2: Elementary differentials for HBT(2-6)3 with predictors of order at least 1. 

i 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 

r(i) 
1 
2 
3 
3 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 

F « 
f 

{f} 
( 2 f } 2 

{f2} 
{3f}3 
{2f

2}2 
{{f}f} 

{f3} 
{4f>4 
{3f

2}3 
{2{f}f}2 

{2f
3}2 

{{2f}2f} 
{{f2}f} 
{{f}2} 

{{f}f2} 
{f4} 
{5f}5 
{4f2}4 

{3{f}f}.3 
{3f

3}.3 
{2{2f}2f}2 

{2{f2}f}2 

{2{f}2}2 

{2{f}f2}2 

{2f4}2 

{{3f}3f} 
{{2f2}2f} 
{{{f}f}f} 

{{f3}f} 
{{2f}2{f}} 
{{f2}{f}} 
{{2f}2f2} 
{{f2}f2} 
{{f}2f} 
{{f}f3} 

{f5} 

<ff>(i) 
Eibi 

E i bid 
Eij biO-ijCj 

EM 
Em bidijajkCk 

Eij °iaijcj 

Z^iij Viciaijcj 

EM 
Eijkl^iaVaJk^klCl 

Eijk biaVaJk4 
Eijk biOijCjajkck 

Eij UittijCj 

Eijk biCiCiijdjkCk 

Z_jij ViCiQ>ijCj 

EMEj^if 
Eij ^iciaijcj 

EM 
Eijklm biQijCljkO'klO'linCm 

Eijki ka*ja>jka-ki<% 
Eijki biciijajkckakici 

Eijk
 biavaJk4 

Em kaijCjdjkauCt 
l2ijkbiaijcjajkCk 

EihaijiEk^kCk)2 

Eijk hciijCJcijkCk 
}_jij OiCiijCj 

Eijki biCiaijdjkakiCi 

Eijk biCiO>ijO>jkCk 

Eijk biCiQ>ijcjajkck 

Eij ViciQ>ijc-j 

Ei HEjk aijCtjkCk) (Ej aHci) 
EMEjaatyiEjaijCj) 

Eijk hcjaijajkCk 
Eij bicgaijcj 

EibiCiiEjUijCj)2 

Eijk t>iciaijcj 

EM 

a(i) 
1 
1 
1 
1 
1 
1 
3 
1 
1 
1 
3 
1 
4 
4 
3 
6 
1 
1 
1 
3 
1 
4 
4 
3 
6 
1 
5 
5 
15 
5 
10 
10 
10 
10 
15 
10 
1 

P(i) 
1 
1 
2 
1 
6 
3 
6 
1 

24 
12 
24 
4 
24 
12 
12 
12 
1 

120 
60 
120 
20 
120 
60 
60 
60 
5 

120 
60 
120 
20 
120 
60 
60 
30 
60 
20 
1 

7(«) 
1 
2 
6 
3 

24 
12 
8 
4 

120 
60 
40 
20 
30 
15 
20 
10 
5 

720 
360 
240 
120 
180 
90 
120 
60 
30 
144 
72 
48 
24 
72 
36 
36 
18 
24 
12 
6 



CHAPTER 3. THREE-STAGE HERMITE-BIRKHOFF-TAYLOR METHOD 36 

Table 3: Elementary differentials for HBT(3-6)3 with predictors of order at least 2. 

i 
1 
2 
4 
6 
8 
10 
12 
14 
17 
19 
21 
23 
26 
28 
30 
34 
37 

r(i) 
1 
2 
3 
4 
4 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
6 

F « 
f 

m 
{f2} 

(2f2}2 

{f3} 
{3f2}3 

{2f3}2 

{{f2>f} 
{f4} 

{4f2}4 
{3f3}3 

{2{f2}f}2 

{2f4}2 

{{2f2}2f} 
{{f3}f} 
{{f2}f2} 

{f5} 

*°(0 
E*6i 

E ; ^Ci 

E^cf 
Z>y biCt-ijCj 

Y.M 
52ijkbiaijajk4 

E y fcoycf 
2_,y ViCiClijCj 

E* fc<$ 
Eyw hdijajkakicf 

J2ijk
biaHaJk4 

Z^iijk UiaijcjajkCk 

E y My<3 
Z-/yfc t>iciaijajkck 

L^iij OiCidijCj 

L^ij Viciaijcj 

E , feicf 

ct(i) 
1 
1 
1 
1 
1 
1 
1 
4 
1 
1 
1 
4 
1 
5 
5 
10 
1 

m 
i 
i 
i 
3 
1 
12 
4 
12 
1 

60 
20 
60 
5 

60 
20 
30 
1 

7(0 
1 
2 
3 
12 
4 
60 
20 
15 
5 

360 
120 
90 
30 
72 
24 
18 
6 

35, 36, are equivalent to the order conditions corresponding to i = 4, 6, 8, 10, 12, 

14, 17, 17, 19, 21, 23, 26, 26, 28, 30, 34, 34, 34, 37, 37, respectively (the repetitions 

are intended), and can be discarded. For example, the order condition E y ^a«icj 

is equivalent to order condition X^&ici c'-ue t° simplifying condition (3.3.5). The 

remaining elementary differentials of order 1 to 6 are listed in Table 3 for predictors 

of order at least 2. The conditions corresponding to i = 1, 2,4,6, 8 in Table 3 can be 

used to write down the order conditions for HBT(4)3. 

Let the order of predictors be at least 3. This implies that some conditions in 

Table 3 are not independent. The order conditions corresponding to i = 6, 10, 14, 19, 

23, 28, 34, are equivalent to the order conditions corresponding to % = 8, 12, 17, 21, 

26, 30, 37, respectively, and can be discarded. The resulting elementary differentials 

of order 1 to 6 for HBT(p)3 predictors of order at least 3 are listed in Table 4. In this 

table, the elementary differentials corresponding to i — 1, 2, 4, 8, 12, 17 can be used 
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Table 4: Elementary differentials for HBT(4-6)3 with predictors of order at least 3. 

i 
1 
2 
4 
8 
12 
17 
21 
26 
30 
37 

r(i) 
1 
2 
3 
4 
5 
5 
6 
6 
6 
6 

p(i) 

f 
{f} 
{f2} 
{f3} 

{2f3}2 

{f4} 
{3f

3}3 
{2f

4}2 
{{f3}f} 

{f5} 

f(i) 
Eifei 

E* foe* 
E i ^ 
E * ^ 

Z^jj OiUijCj 

EM 
Eijk bidijdjkcl 

l_jij VittijCj 

l_jij OiCiClijCj 

EM 

<x(i) 
1 
1 
1 
1 
1 
1 
1 
1 
5 
1 

/?(*) 
1 
1 
1 
1 
4 
1 

20 
5 

20 
1 

T(«) 
1 
2 
3 
4 
20 
5 

120 
30 
24 
6 

Table 5: Elementary differentials for HBT(5-6)3 with predictors of order at least 4. 

i 
1 
2 
4 
8 
17 
26 
37 

r(i) 
1 
2 
3 
4 
5 
6 
6 

F « 
f 

m 
(f2> 
{f3> 
{f4} 

{2f
4>2 

{f5} 

0°(O 
E*6* 
EM 
E«te? 
Eifoc? 
EAtf 

2 ^ j j bidijCj 

EM 

a(i) 
1 
1 
1 
1 
1 
1 
1 

(3(i) 
1 
1 
1 
1 
1 
5 
1 

7(0 
1 
2 
3 
4 
5 
30 
6 

to write down the order conditions for HBT(5)3. 

Let the order of predictors be at least 4. This implies that some conditions in 

Table 4 are not independent. The order conditions corresponding to i = 12, 21, 30 are 

equivalent to conditions i = 17, 26, 37, respectively, and thus they can be discarded. 

The resulting elementary differentials of order 1 to 6 for HBT(p)3 with predictors of 

order at least 4 are listed in Table 5. These elementary differentials can be used to 

write down the order conditions for HBT(6)3. 
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3.4 Vandermonde-type Formulation of HBT(^)3 

To efficiently find the values of the coefficients of the predictors and the integration 

formula (3.1.1) and (3.1.2), Ave shall rewrite them using Vandermonde-type notation. 

For a vector x = [xQ, xu . . . , xn] <= Rn+1, a matrix V e R("+i)x(«+1) of the form 

V = V(x) 

is said to be a Vandermonde matrix [14], The coefficients of the integration formula 

IF are organized in a Vandermonde-type matrix M1; the coefficients of predictors P2 

and P3 are organized in a Vandermonde-type matrices M2 and M3 , respectively. 

1 

x0 

1 • 

X\ • 

• 1 

3J«. 

3.4.1 Integration Formula IF 

To find the values of the coefficients of IF (3.1.2) that satisfy the order conditions 

(3.3.7), we consider the p-vector of the reordered coefficients of IF, 

U =[fe3,&2,&l>7l2 )7l3,--- ,7lj»-2] , 

which is the solution of the Vandermonde-type system of order conditions 

M1u1 = r\ 

where M1 e Wxp, and for s,t = 1, 2 , . . . ,p, 

1 

c3 

d/2! 
M 1 = {m\t) = 

1 

c2 

el/2! 

1 0 0 •• 

0 1 0 

0 0 1 

• 0 

0 

0 

cT7(p-3)! dT7(p-3)! 0 0 0 

<|-7(p-i)i ^"7(p-i)i 0 0 0 

(3.4.1) 

(3.4.2) 
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The vector r 1 G Rp has components 

The solution of (3.4.1) is 

62 = 

i = 1,2,.. . ,p. 

p ( p - l ) ( c 2 - l ) ' 

l - 6 3 ( p - 1 ) 

( p - l ) ^ 

61 = n ( l ) - (ml^ 63 + m\i2 b2) , 

7ii = ri(«) - («\\i 3̂ + m\2 b2) , i = 2, 3 , . . . ,p - 2. 

The leading error term of IF is of order (p + 2), 

1 
63 "3 

J>+1 JH-l 

+ »2 ' 
(p + 1)! -(p + 1)! (p+2)! 

77P+2 (p+2) 

(3.4.3) 

3.4.2 Predictor P2 

We expand y(xn + c2hn+i) in a truncated Taylor series, 

p - 2 j 

y(xn + c2hn+1) =Vn + YL<T\ K+ivtP + 0(/ln+i)> 

and the right-hand side (3.1.1) with ^ = 2 in terms of hJ
n+1yn . After replacing /n+ci 

by ^ since ci = 0, 

p-2 p-2 

yn+c2 = yn + a21hn+1y'n + ^ 7 y ^ i J / n } = Yl S^U)K+i% (?) 
n ) 

i = 2 j = 0 

where the convenient notation S2(j) is introduced for use below. 

Equating coefficients of equal powers of hn+i in the above sums, we have 

s2(j) = < o2i = c2, i = 1, 

k72i = 4 / j ! , j = 2 , . . . , p - 2 . 

(3.4.4) 
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Moreover, we shall take 

S2(j) = 0, j=p-l,p, 

in subsequent formulae. The predictor P2 is of order p—2 since y(xTl+C2hn+i)—yn+C2 = 

3.4.3 P red ic to r P 3 

We expand y{xn + Czhn+i) in a truncated Taylor series, 

P - 2 cL< 
2/(a;n + c3/^+i) = yn + c3 /wi&4 + X M ^n+iV^ + ° (^+i)> 

i=2 r-
and the right-hand side (3.1.1) with £ = 3 in terms of hJ

n+1yn . After replacing /n+ci 

by J 4 since cx = 0 and /n+C2 by y,;+C2, 

p - i 

y n + c 3 = Vn + K+\ [a32y'n+C2 + Ozil/n] + ^IZjK+lrffi = ^ 2 S3(j)K+l% 

3=2 j=0 

n > 

where the convenient notation S3(j) is introduced for use below. 

Equating coefficients of equal powers of hn+i in both expressions, we obtain the 

following linear system 

M3u3 = r\ (3.4.5) 

for the (p — 1) reordered coefficients of predictor P3: 

U3 = [a32,a31,732,733, • • • ,73,p-2]T, 

where M 3 e R(P-I)X(P-I) 

M3 = (m3
s>t) 

1 

C-2 

4/21 

4~V(P -
<T7(P -

• 3 ) 1 

• 2 ) ! 

1 0 0 •• 

0 1 0 

0 0 1 

0 0 0 

0 0 0 •• 

• 0 

0 

0 

1 

• 0 

(3.4.6) 
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The vector r 3 <E 3-1 , has components 

r3(i) = ^ , i l , 2 , . . . , p - 2 , 

r3{p - 1) = 
1 

•3 LP! 
- 6 2 5 2 ( p - l ) 

Thus, we have 

SsV) = { 
0,32 + a3 1 = c3 , 

(M3)Ju3 = | , j = l , 2 , . . . , p - 2 , 

j=p-l,p,p+l. {a32S2(j~l), 

The predictor P 3 is of order p — 2 since y(xn + c3/in+i) — yn+c3 = CK^n+i)-

The solution of (3.4.5) is 

( p - 2 ) l 
«32 - „_2 ,' 

»3 C2 pi 

«3i = r 3 ( l ) - m i ; 1 a 3 2 , 

73i = r3(i) - mftl a32) i = 2 ,3 , . . . ,p - 2. 

(3.4.7) 



Chapter 4 

HBT(p)3 Implementation 

Let i / e l and / : R x 1 -» R, The multistep methods considered in this thesis for 

y' — f(x, y) can be described by the general difference equation 

k k 

Yl ajV™+i = hYl fofn+i > (4:.0.l) 
j=0 j=0 

where the numerical approximations yi and values fi appear Unearly; <Xi, fa e R, h is 

the step size, and 

h = f(xi, Vi), Xi = x0 + ih. 

Furthermore, by [15] let a^ 7̂  0 and jct0| + |/50| > 0. The linear fc-step method (4.0.1) 

is said to be explicit if /?& = 0 and implicit if /3k 7̂  0. 

4.1 Zero Stability 

In order to study the zero stability of method (4.0.1), we consider the behaviour of the 

solution of the simple linear differential equation with constant coefficient y' — Xy, 

A < 0 as n —* oo with nh fixed. Then, as h —>• 0 we obtain 

k 

^2ajVn+j = 0. (4.1.1) 
j=Q 

42 
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Equation (4.1.1) can be interpreted as the numerical solution of (4.0.1) for the equa­

tion y' = 0. By Lagrange's method [15], we substitute yj = C,j to obtain the polyno­

mial equation 
k 

] T ajyn+j = aoC + «xC + 1 + • • • + akC
+k = 0- (4.1.2) 

3=0 

Equation (4.1.2) is satisfied if ( = 0 or if 

a0 + aiC1 + • • • + ak(
k = 0. 

Thus, ( must be a root of the first characteristic equation 

p(C) = a0 + atC + ••• + ak(
k = 0. (4.1.3) 

By [15], we assume that yn = n^1^71, j = 1,2,... ,m are solutions of (4.1.1). Then, 

the following lemma and definition will hold. 

Lemma 1 Let Ci> • • • > 0 be the roots of (4.1.3) of respective multiplicity mi,...,mi, 

where Ylj=imj = ^- Then the general solution of (4.1.1) is 

yn=Pi(n)(? + ---+Pi(n)(? 

where Pj(n) are polynomials of degree nij — 1. 

Definition 2 (Zero stability) The linear k-step method (4.0.1) is said to be zero 

stable if the first stability polynomial (4.1.3) satisfies the root condition, i.e. 

• the roots of p{Q lie on or within the unit circle, 

• the roots on the unit circle are simple. 

4.2 Regions of Absolute Stability 

When dealing with numerical methods, there is often a need for a stability theory 

applicable when h takes a fixed non-zero value. We shall only consider linear stability 

for linear equations. The nonlinear stability theory [21, Chapter 7] is too difficult for 

our HBT(p)3 method and is beyond the scope of this thesis. 
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We consider a homogeneous linear system with real constant coefficients: 

y' = Ay, y.R^Rm, (4.2.1) 

where the matrix A e R m x m has distinct real or complex eigenvalues Aj, % = 1, 2 , . . . , m, 

that satisfy 

KAj < 0, i = 1,2, . . . , m , 

and independent eigenvectors d, i = 1, 2 , . . . ,m. The general solution of (4.2.1) is 

m 

y(x) = y ^ ^ e ^ ^ C j , 

where Ki are arbitrary constants. Since 5RAi < 0, 

lim y(x) = lim V^ Ki eXiX d —>• 0, 
i=\ 

thus, ||y(a;)|| —>• 0 as x —• oo. 

To find the conditions to be imposed on (4.2.1) so that ||yn|| —* 0 as n —> oo and 

n/i is fixed, we start with a linear fc-step method defined in (4.0.1), and apply it to 

(4.2.1) to obtain 
k 

YJ(^I-hl3jA)yn+j = 0) (4.2.2) 
3=0 

where I is the m x m identity matrix. By assumption, all Ai eigenvalues are distinct, 

thus there exists a non-singular matrix Q such that 

Q~1AQ = A = diag[Ai,A2,...,Am]. 

Multiply (4.2.2) by Q"1 and substitute yn = Qzn to obtain 

k 

£ (ajl - hftA) zn+j = 0. (4.2.3) 
3=0 

Since both / and A are diagonal matrices, the system (4.2.3) is decoupled and can be 

written as 
k 

J2(®3 - hpjXi) 'zn+j = 0, % = 1,2,... , m, (4.2.4) 
3=0 
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where zn = [lzn,
 2zn,...,

 mzn]
T. 

Since yn = Qzn, \\yn\\ - ^ O a s n - 4 0 0 only if ||^n|| —* 0 as n —» oo, which will hold 

only if all solutions {lzn} satisfy 

\zzn\ —> 0, as n —> oo, 

for % = 1, 2 , . . . ,m. By [21] we know that the general solution of each difference 

equation in (4.2.4) is of the form 

k 
1zn = 'S^2lKisr

r,
s, i = l , 2 , . . . , r a , 

where Kis are arbitrary complex constants and rs for s = 1, 2 , . . . , k are the distinct 

roots of the characteristic polynomial 

k 

^2(otj - hfijXi) rj = 0, i = 1, 2 , . . . , m. (4.2.5) 
i=o 

Similarly to (4.1.3), we can define 

k 

3=0 

k 

The equations (4.2.6) and (4.2.7) are known as the first and second stability polyno­

mials, respectively. The polynomial (4.2.5) can be written as 

7r(r, h) = p{r) - ha(r), h = Xh, (4.2.8) 

where A represents any of the eigenvalues Xi, i = 1, 2 , . . . ,m, of the matrix A. The 

polynomial n(r, h) is called the stability polynomial of the linear fc-step method. The 

following definition ensures that condition |z^| —»• 0, as n —>• oo, as well as \yn\ —* 0 

as n —>• oo are satisfied. 

Definition 3 TT&e linear k-step method (4.0.1) is said to be absolutely stable for given 

h, if for that h all the roots of the stability polynomial (4.2.8) satisfy \rs\ < 1, s = 

1, 2 , . . . k, and to be absolutely unstable for that h otherwise. 
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The definition of the region of absolute stability follows. 

Definition 4 The linear k-step method (4.0.1) is said to have the region of absolute 

stability 7ZA, where TZA is the region of the complex h plane for which the method is 

absolutely stable. The intersection of IZA with the real axis is called the interval of 

absolute stability. 

To obtain the region of absolute stability of HBT(p)3, we apply the predictors P2 

and P3 , and the integration formula IF with constant step size h to the linear test 

equation 

y' = Xy, yQ = 1. (4.2.9) 

Hence, in this case f(x,y) = Xy. Once the predictors P2 and P3 are applied to 

equation (4.2.9), we obtain 

2-1 P - 2 

yn+ci =yn + Xhn+1 ] T aijfn+c, + X)(A/Wi) , '%-/»'"1)» f = 2,3. (4.2.10) 

Similarly, the integration formula becomes 

p - 2 

Vn+1 =yn + A^n+1 ^2 hfh+cj + ^ (A/ l n + i )^7 y y n . 
i= l J=2 

(4.2.11) 

From (4.2.10) we can obtain yn+Cj to be used in (4.2.11). Once the substitutions 

are made, and the terms in like powers of the product Xhn+i are collected, we obtain 

Vn+i = yn + Xhn+1yn [y^hj + (Xhn+1)
2yn I J ^ h J ^ ay J 

M = l ' M = 2 j=l ' 

• i - 1 

+(Xhn+1)
3yn Ylbi[^2<liJai'3+1 + 7i2 j + 713 

-i=2 \ j = l / 

V r 3 ,i-\ v • 

(4.2.12) 
fc=4 L i = 2 v j = 2 ' 

If we collect the coefficients of yn in (4.2.12) and denote the result by rs, we obtain a 

first-order difference equation 

Vn+i - rsyn = 0, (4.2.13) 
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where r s is defined as 

rs = l + }^Sj(\hy. (4.2.14) £ • 
J'=I 

(4.2.15) 

The coefficients of (4.2.14) are defined as 

3 

si = Ylbi' 
3 i - 1 

S2 = X ^ X } 0 ^ ' +712, 

ss = X ^ ( X ai~^ Cli'i+1 + 7i2 J + 7i3, 
i=2 ^ i = i ' 

3 , i - l s 
Sk = ^2bi[}2a^'7i,fc-2 + 7i,fc_i J + 7ifc, for fc = 4 ,5 , . . . ,p. 

i=2 ^ i=2 ' 

The characteristic polynomial of the difference equation (4.2.13) is 

n(r)h) = r-ra = 0, (4.2.16) 

with the root r = rs. By Definition 4, a complex number A/i is in the region of 

absolute stability IZA if the root ra satisfies the criteria \ra\ < 1. 

To obtain the regions of absolute stability of an arbitrary HBT(p)3 method, the 

root of (4.2.16) is plotted in the complex plane for all values of Xh satisfying \rs\ < 1. 

A procedure has been written in C++ for creating a MATLAB code that plots values 

of Xh, thus forming the region of absolute stability 7ZA. Using MATLAB, the regions 

of absolute stability for HBT(p)3 of orders p = 12,16, and 20 are shown in Figure 1. 

In Figure 2, the evolution of the size of TZA is shown for HBT(p)3 of orders p — 20,40, 

and 60. 

It can be noticed that the regions of absolute stability increase as the order in­

creases, and that they tend to a quarter-circle. The radii of the quarter-circles is 

about the size of the calculated lower end of the interval of absolute stability xmin , 

which is the complex number Xh with smallest absolute real part. It could also be 

noted that the isolated regions of absolute stability, i.e. the "moons," also appear in 

Dormand-Prince's DP(5,4)7M [21, p. 205]. Since we are using a scanning method to 
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1 

* HBT(20)3 

HBT(16)3 

* HBT(12)3 

-10 

Figure 1: Regions of absolute stability for HBT(p)3 of orders 12, 16, and 20 with real 
values on horizontal axis and imaginary values on vertical axis. 
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25 

20 

15 

10 

HBT(60)3 

HBT(40)3 

* HBT(20)3 

-25 

Figure 2: Regions of absolute stability for HBT(p)3 of orders 20, 40, and 60 with real 
values on horizontal axis and imaginary values on vertical axis. 
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o 

-10 
c 
'E 
x 

-20 

-30 
( 

0.1 

0.05 

I 0 

-0.05 

-0.1 

Figure 3: xmin and the error of the linear approximation. 

find the regions of absolute stability, it is expected that the "moons" will appear even 

as the order increases. This is confirmed in Figure 2. 

For order p, Table 6 lists calculated abscissae of absolute stability xmin , and the 

scaled intervals of absolute stability xmin /p of HBT(p)3 up to order 60. In Figure 3 

we plot xmin values, and it appears that the curve is a linear function of the order of 

HBT(p)3 with linear £2 fit 

ZminG>) ~ Zapproxfr) = - 1 . 3 6 1 1 - 0 . 3 7 2 5 p . (4 .2 .17 ) 

Also, the error of the approximation xapproxOf (4.2.17) is shown in Figure 3. 

4.3 Region of Absolute Stability for High Orders 

An important extension of Section 4.1 is to study the size of the region of absolute 

stability as p —> oo. We begin by defining Schur polynomials. 

Definition 5 A polynomial 7r(r) of degree k is said to be Schur if its roots rt satisfy 

\rt\ <l,t=l,2,...,k. 

T i i r 

j I I L 

10 20 30 40 50 

-P-*^^ 
10 20 30 

order p 
40 50 60 
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The Routh-Hurwitz criterion [21] produces a set of inequalities that must be 

satisfied by the coefficients of a Schur polynomial. This criterion is of particular 

interest as it is a criterion that the roots of a polynomial lie in the left half-plane. 

First, we will make the partial linear transformation C —> C, r i—> z: 

r- 1 
z i-* (4.3.1) 

r + 1 v 

This transformation will map the boundary of the circle \r\ = 1 onto the imaginary 

axis, and the interior of the disk \r\ < 1 onto the left half-plane. 

Applying transformation (4.3.1) to (4.2.16), we obtain 

(1"z) n ( r r? h) = 2*-(1-z) E s ^ - (4-3-2) 
^ ' j = i 

Furthermore, we can say that 

(l — z)nl- ,h)—aoz + ai, (4.3.3) 

where the coefficients aQ and ai must satisfy the Routh-Hurwitz criterion, so the 

following inequalities must be satisfied for any HBT(p)3 method of arbitrary order p: 

fe=l; di>0, i = 0,l. (4.3.4) 

From (4.3.2) and (4.3.3) we obtain the coefficients that must satisfy the conditions in 

(4.3.4): 

v 
a0 > 0 =^ 2 + ^SjhP > 0, (4.3.5) 

i=i 
v 

a i > 0 ^ -^2sjhj>0. (4.3.6) 
i=i 

From conditions (4.3.5) and (4.3.6) it is evident that the inequality to be satisfied is 

p 

l + ] r S i / V < 1, (4.3.7) 

or equivalently, \rs\ < 1. 

We are interested in the behaviour of the root rs of polynomial (4.2.16) as the 

order of the method p grows. The following remark will further simplify the analysis. 
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Lemma 2 For HBT(p)S method, the coefficients Sj — l/j\, for j = 1, 2 , . . . ,p, with 

p>5. 

Proof: Recall the formulation of the Sj coefficients (4.2.15) and the off-step points 

for HBT(p)3 as defined in (3.2.1). Using this information let us show that Lemma 2 

holds. For simplicity, we will consider each Sj separately. 

• j = 1: We want to show that si = 1 for j = 1. From the solution of the 

Vandermonde-type system for the integration formula IF (3.4.3), we know that 

b1 = l-(b3 + b2). Then, 

h + b2 + b3 = 1 - (b3 + b2) +b2 + b3 = l, 

as it was to be shown. 

• j — 2: We want to show that s2 = 1/2! for j = 2. From the solutions of the 

Vandermonde-type systems (3.4.3) and (3.4.4), we know that 

1 , 
O21 = C2, a31 = 1 - a32, 712 = ry - o3 - c2b2. 

Substituting the above results into the formula for s2 reduces it to 1/2! as it 

was to be shown. 

• j = 3: We want to show that s2 = 1/3! for j = 3. From the solutions of the 

Vandermonde-type systems (3.4.3), (3.4.4) and (3.4.7), we know that 

1 63 c2 c2 1 
«21 = C2, 713 = ^ ~ J- ~ ~^b2, 722 = - | , 732 = ^ ~ C2°32-

Substituting the above results into the formula for s3 reduces it to 1/3! as it 

was to be shown. 

• j — P: Finally, when j — p, we will have 

3 / i - l 

i=2 \ j = 2 
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where 7ijT, = 0 for i = 1, 2, 3 and r > p — 1. Thus, the equation for sp can be 

simplified to: 
3 / i - 1 

SP = X ) bi ( S C^^.P-2 

Once the summations are expanded, we obtain 

sp = b3a32j2,p-2-

From the solution of the Vandermonde-type systems (3.4.3), (3.4.4) and (3.4.7), 

we know that 
(P-2) I 

«32 = 
b3 c| 2 P ! ' 

which will reduce to the equation sp = 1/p!, as required. • 
Since we have shown that Lemma 2 holds for all values of p > 5, we note that 

equation (4.3.7) yields 

E h
j 

3=0 J 

< 1 , 

(4.3i 

and, as p —• oo, we obtain 

exp(/i) < 1. 

Since all eigenvalues are assumed distinct and 9£A/i < 0, by the Routh-Hurwitz 

criterion it can be said that, as p —> oo, the region of absolute stability will be the 

left half-plane. 

4.4 Principal Local Error Term 

The principal local error term (PLET) of HBT(p)3, similarly to that of Runge-Kutta 

method of order 3, is defined in terms of elementary differentials as: 

[<5i{{fp"2}f} + ^{ 3 f p - 2 } 3 + M f p } + ^{2fp-1}2] hp+1. (4.4.1) 

Due to the choice of the off-step point, c-2 = (p— l ) / ( p + 1), the coefficients S3 and 64 

vanish, and the PLET of HBT(p)3 is defined as: 

{51{{fp-2}f} + S2{3fv-2}3}hv+1. 
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To solve for the principal local truncation error coefficients (PLTC), Si and <$2, we 

consider the difference of the true solution, as seen in Section 3.3, and the numerical 

solution, both in terms of elementary differentials. The numerical solution can be 

expressed as in [6]: 

y = »b + E(r(j)-i)i^)^(0F(0- M.2) 

The difference between the solutions expressed in (3.3.1) and (4.4.2) is 

y-y=E^[1-7(O0(«)]^ r ( i )F(O- (4-4-3) 

To simplify the computational tasks, we will consider a pair of remarks that depend 

on a theorem from [6]. 

Theorem 4 / / (hr/r\)a is the coefficient of F = {F^1 F%2 • • • i^CT} in the expansion 

(3.3.1) andFf.Ff,...,Ff are all distinct then 

•-o-u-n £($)"• (-) 
where (hr^/r(i)\) a(i), i = 1, 2 , . . . ,<7, is the coefficient of F(i) in (3.3.1). 

Remark 2 The value of a associated with the elementary differential {{fp~2}f} is 

equal to the order p of HBT(p)S. 

To show that Remark 2 holds, we consider the elementary differential for any p, 

{{fp~2}f}. We note that the order of this elementary differential is r({{fp~2}f}) = 

p + 1. Using Theorem 4 and the method outlined in [6], we separate the elementary 

differential into 

F 1 = f, F 2 = { P - 2 } . (4.4.5) 

Since there are two unique elementary differentials, cr({{fp_2}f}) = 2. Furthermore, 

//(Fi) = 1, and from Table 2 we know that r(Fi) = a(Fi) — 1. 

For F 2 , yu(F2) = 1, the order is ?'(F2) = p — 1 and we need to solve for a(F2) . We 

approach the task of solving for a(F2) recursively by applying Theorem 4 {fp~2} to 

obtain: 
1 / 1 \ P-2 

a(F3) = (p-2)l (p-2)l \1\ 
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with a{{ip 2}) = 1. We note that the order of the elementary differential {fp 2} 

is r({fp~2}) = p — 1. Once all values are substituted into (4.4.4), we can evaluate 

* '({{fp-2}f»: 

1 a ( F i ) \ / 1 a (F 2 ) ' 
a < { { P - 2 } f } ) = p ! = p. XFx)l r(F1)\J VMF2)! r(F2)!, 

to obtain a = p. • 

Remark 3 The value of a associated with the elementary differential {3fp~2}3 is 

equal to 1 for arbitrary order p of HBT(p)3. 

The order of the elementary differential in Remark 3 is r({3fp~2}3) = p, and we 

make use of Theorem 4 and the method from [6] to separate the elementary differential 

into 

Fi = {2fp-2}2) 

with cr({3fp~2}3) = 1, fi(Fi) = 1, r(Ft) = p - 1, and a(Fi) unknown. Recursively 

applying the same method as above, we define 

F 2 = { f p - 2 } , 

and by the discussion that follows Remark 2, we know that a({fp~2}) = 1. Once all 

values are substituted in equation (4.4.4), we obtain a = 1. • 

5i coefficient 

Further simplifications can be made to the term 1 — 7(1) <j){i) in (4.4.3) by realizing 

that it depends on the order condition associated with the elementary differential 

{{f p _ 2}f} in PLET. After some algebraic manipulation of general form of this order 

condition, we obtain that 

1 - 7 ( 0 # i ) = 1 - iP+__^ ] T hc^e-2. (4.4.6) 

Since in HBT(p)3 an explicit 3-stage Runge-Kutta method of order 3 is used, we 

can further simplify (4.4.6) by removing coefficients that are equal to zero in the 

summation. Thus, we obtain 

1 - 7(0 <Ki) = 1 - ( f + 1 | ' (&3C3a32cT2) • (4.4.7) 
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1 - 7(0 <P(i) = 1 - j £ ± | j Y; haijaj^-2. (4.4.10) 

Substituting the off-step point C3 = 1 and CI32 from the solution of the Vandermonde-

type systems for P3 in (3.4.7), we reduce (4.4.7) to 

1 -7 («M«) = £- (4.4.8) 

The error of an HBT(p)3 method is OQip+1), so r(i) = p + 1. By Remark 2, we 

know that a(i) = p for the elementary differential {{f p _ 2}f}, so by (4.4.3) we solve 

for 5\: 

* = -5TI)I- W") 
t>2 coefficient 

Similarly to above, further simplifications can be made to the term 1 — 7(4) <j>(i) in 

(4.4.3) by realizing that it depends on the order condition associated with the ele­

mentary differential {sfp~2}3 in PLET. After some algebraic manipulation of general 

form of this order condition, we obtain that 

(p+1)! 

ijk 

Since in HBT(p)3, an explicit 3-stage Runge-Kutta method of order 3 is used, we 

can show that the summation in (4.4.10) equals to zero. Thus, we obtain 

l - 7 ( i ) 0 ( i ) = l. (4.4.11) 

The error of HBT(p)3 is 0(hp+1), so r(i) = p + 1. By Remark 3, we know that 

at(i) — 1 for the elementary differential {3fp_2}3, so by (4.4.3) we solve for 62'. 

*-^Ti)f (4412) 

Since the PLTC are found for an arbitrary HBT(p)3 method of order p, we wish 

to compare their scaled norm with a popular Predictor-Corrector (PC) method, the 

Adams Method. This method was discussed in detail in Section 2.2.4. 

Let the method be denoted by ABM(p,p — 1), with Adams-Bashforth predictor 

of order p—1 and Adams-Moulton corrector of order p, in Predict-Evaluate-Correct-

Evaluate (PECE) mode. The PLTC of ABM(p,p - 1) are [f3kC;,Cp+1] by [21, p. 

107]. 
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In Section 2.2.4, a general form is provided for the error coefficient of the Adams-

Bashforth predictor of order p — 1: 

C; = (-I)*"1 jT1 ^ ~ r J dr, p=l ,2 , . . . . (4.4.13) 

In the same section, a general form is provided for the error coefficient of the Adams-

Moulton corrector of order p: 

Cp+1 = (-lf J (~p)dr, p = 0,1,2,.... (4.4.14) 

It is important to note that the definition of C* and Cp+\ in (4.4.13) and (4.4.14), 

respectively, is strictly for the case where the order of the corrector is greater than 

the order of the predictor by exactly 1. 

The coefficient (3k comes from the Adams-Moulton corrector, as seen in Section 

2,2.4. We note that each of the backward differences will contribute a weight to the 

coefficient /?&, so we can conclude that: 

P- 1 ro /_r\ 
/ ^ E ^ M i )dr> P=l>2,.... (4.4.15) 

At this point we have all the necessary information for comparing the PLTC 

norms of HBT(p)3 and ABM(p,p — 1), and we summarize these results in Table 7. 

The scaring of the norms comes from the number of evaluations per step for the 

methods. From Table 7 we observe that the scaled PLTC norm of HBT(p)3 is much 

smaller than the scaled PLTC norm of ABM(p,p — 1). 

4.5 Variable Step Size Formulation 

The step size h is accepted if the integration step to xn+i produces error which is at 

most equal to the desired tolerance t o l , otherwise it is rejected and a new step size 

must be chosen. Since HBT(p)3 is by construction very similar to Taylor method, 

the procedure for choosing the step size for HBT(p)3 will be similar as well. 

For desired tolerance t o l , the step size of Taylor method of order p is chosen in 

the following manner. First, we assume that the root criterion for convergence is 
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Table 7: PLTC of HBT(p)3 and the scaled norms for HBT(p)3 and ABM(p,p - 1). 

p 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

30 

40 

50 

60 

PLTC of HBT(p)3 

5i 
l 

120 
1 

720 
1 

5040 
1 

40320 
1 

362880 
1 

3628800 
1 

39916800 
1 

479001600 
1 

6227020800 
1 

87178291200 . 
1 

1307674368000 
1 

20922789888000 
1 

355687428096000 
1 

6402373705728000 
1 

121645100408832000 
1 

2432902008176640000 

1 
51090942171709440000 

1 
31! 
1 

41! 
1 

51! 
1 

61! 

$2 

1 
120 

1 
720 

1 
5040 

1 
40320 

1 
362880 

1 
3628800 

1 
39916800 

1 
479001600 

1 
6227020800 

1 
87178291200 

1 
1307674368000 

1 
20922789888000 

1 
355687428096000 

1 
6402373705728000 

1 
121645100408832000 

1 
2432902008176640000 

1 
51090942171709440000 

1 
31! 

1 
41! 

1 
51! 
1 

61! 

p x ||PLTC||2 

HBT(p)3 

4.71405 - 02 

9.82095 - 02 

1.68365 - 03 

2.45525 - 04 

3 .11785-05 

3.50755 - 06 

3 .54295-07 

3.24775 - 08 

2.72535 - 09 

2.10895 - 10 

1.51415-11 

1.01395 - 12 

6.36165 - 14 

3.75515 - 15 

2.09265 - 16 

1.10445 - 17 

5.53615 - 19 

5 .15965-33 

1.69105 - 48 

4.55875 - 65 

1.67175 - 82 

2 x ||PLTC||2 

A B M ( p , p - l ) 

2 . 8 6 1 6 5 - 0 1 

2.45945 - 01 

2.19485 - 01 

2.00495 - 01 

1 .86055-01 

1 .74615-01 

1 .65275-01 

1.57465 - 01 

1 .50815-01 

1.45065 - 01 
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y{l\x0) 

applicable to Taylor series 

y(x0 + h) = YlYihi> Yi = 

i>0 

which by [5, 22] yields 

(\\Yp\\00h
p)1/p=\\Yp\\00h<k<l) V p > p 0 - (4.5.1) 

Since tolerance t o l is known, equation (4.5.1) can be solved for the coefficient k 

by truncating the series solution at order p, and forcing the local error Ep to be less 

than t o l . Since the root criterion has been assumed, we have 

kP+i 
\EP\ = kp+1 + kp+2 + kp+3 + ••• = kp+1 (l + k + k2 + ---) 

k' 

and furthermore, we impose that 

kp+1 

l - k 
= t o l . (4.5.2) 

In numerical computations, the value of the coefficient k needs to be computed only 

once for a given tolerance t o l and the order of the method p. There are several ways 

to solve equation (4.5.2), and in this thesis solutions are obtained by means of the 

f s o l v e () function from M A P L E for fixed order methods, and by means of Newton's 

method in the case of variable order methods. 

Solving (HYplloo)1^ = k(tol,p) yields 

h=k(tol,p)\\Yp\\^
/p. (4.5.3) 

The coefficient Yp in (4.5.3) is the last non-zero coefficient in the series solution and 

it can be replaced by yi jp\ to obtain 

h = k{to\,p) 
pi 

-1 /p 

By [3, 5], a bet ter estimator for the step size is obtained by taking the minimum 

value involving the last two coefficients in the series solution in order to avoid possible 

problems with odd or even functions: 

h = min < k(tol,p — 1) 
yn 

(^1)1 

- l / (p- l ) 

k(tol,p) 
Jp) 
yn 

- 1 / p ' 
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The step size for HBT(p)3 is chosen in a similar way, but since there are no 

derivatives of orders p — 1 and p, the step size is calculated as 

h = min < k(tol,p — 3) 
yn 

( p - 3 ) ! 

-l /(p-3) 

•,fe(tol,p-2) 
JP-V 
yn 

(p-2)l 

- l / ( p - 2 ) ' 

(4.5.4) 

It is important to note that in HBT(p)3, as well as in Taylor's method, there are no 

rejected steps in the integration procedure since the step size is chosen once the series 

solution is generated to produce the required precision level. 

4.6 Variable Order Formulation 

Since the optimal order for a particular precision level is not known a priori, it is 

important to consider a variable order implementation of HBT(p)3. To define a 

variable order HBT(p)3 method, we closely follow the formulation of a variable order 

Taylor method as per [3, 5]. The order increment q is chosen beforehand, and if the 

method was at order pi, the possible orders it can attain at the next integration step 

are Pi — q or pi + q. Once the next order is chosen, the step size has to be estimated. 

In HBT(p)3, if the order has been lowered to pi — q, we estimate the step size by 

-l/(pi-2-q) 

^low.est. = k(tol, Pi - 2 - q) 

(pi-2-q) 
yn 

(Pi-2-q)\ 

In the above formula, Pi — 2 represents the number of derivatives of HBT(p)3 at order 

Pi. If the order is increased, the procedure for estimating the step size is slightly more 

involved because we have not evaluated the coefficients up to order pi + q. 

By [23], for a function / that is analytic on a disk of radius p, there exist constants 

Ax and A2 such that 
Ax 

pVi-2 < 
7.(P*-2) yn 

{Pi - 2)! 
< 

A2 

pPi 

The value of the radius p can be estimated by considering the last several terms of 
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the series expansion at previous integration step. Thus, 

yn 

(Pi - 2)! 

( p < - 2 ) ! 

, [(ft-5)1 

By using the ratio of several last terms of the series expansion, possible problems 

with odd or even functions are avoided. Once p is estimated, the step size at order 

Pi + q is estimated by 

^high.est. = k(t0l,Pi -2 + q) • 

By [23], we know that the computational time for a Taylor method of order pi is 

0(pi). Due to similarities between HBT(p)3 and Taylor's method, it can be concluded 

tha t the computational time for HBT(p)3 will be at most 0(pf). As per [5], two cases 

should be considered at each integration step in order to decide whether the order 

should be lowered or increased: 

~(pi - 2 ) + g + l 

( p * - 2 ) + l 

where hi is the step size at the last step in the integration procedure. The procedure 

for a variable order implementation if the order is to be changed after every M steps 

is presented in Algorithm 1. 

The constants facl and fac2 are the control factors in the variable order algorithm 

[5]. Making these constants relatively small will results in increased difficulty while 

trying to change the order. Based on the numerical experiments performed, these 

factors have been set to facl = 1.0 and fac2 = 0.95 for all precision levels. The 

starting order p0 is chosen similarly to [5, 23] and it equals 

p 0 = - - l n ( t o l ) , 

yt-3) 

( f t - 3 ) 1 

p « pest. = mm < 
y-

(W-4) 

( P i - 4 ) ! 

yn 

(P* - 3)! 

L / i 

y 
(Pi -2) -x/ypi-^-q) 

(Pi-2)1 Pest 

< 
hhl gh.est. 

hi or 
(pi-2)-q+i 

(Pi - 2) + 1 
< 

h low. est. 

hi i 
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where t o l is the desired precision. It is important to note that the numerical results 

indicate that there is a close relation between the requested tolerance level and the 

resulting order of HBT(p)3 in VSVO implementation. 

1. 
2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

if step i is a multiple of M then 

Pi+1 =Vi 

^max = max {/i;_M> • • •. hi-l} 

h„ • min {h. •i-M) • A - l } 
if ((hi_M < hmin) or (hi-M =hmm and Pi-1 > Pi)) then 

/^low.est. = fe(tol,Pi -2-q). lly^*-2^/(pi - 2-q)\\\~1/(Pi~2"') 

li Moo 

if feVt1]2<faci-jinr^then 

Pi-j-l = pi — q I* decrease order * / 

end 

else if ((hi-M > ^max) or (hi-M = ^max and 
Pest. = 

-1 < Pi)) t h e n 

(P i -3 ) I 

(Pi-2) 

(Pi-2) l 
I ^ - 4 ) 

(P i -4 ) ! 
^ - 2 ) 

^ - 2 ) 

(P i -2) ! ^high.est. = k(tol,pi -2 + q) 

Pi-\-l = Pi + q I* increase order */ 

end 

PL 

( p ; - 2 ) ! 

l / ( p i - 2 + « ) 

„(Pi-5) 

(P i -5 ) ! 

else 

Pi+l = Pi 
e n d 

„(Pi-3) 
(P i -3 ) ! 

Algorithm 1: Variable order implementation of HBT(p)3. 
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Numerical Results 

The numerical performance of HBT(p)3 is compared with the well-established Tay­

lor method T(p) [3, 5, 22] and Dormand-Prince DP(8,7)13M method on problems 

commonly vised to test the numerical solvers for ordinary differential equations. The 

full extent of flexibility and adaptability of HBT(p)3 and T(p) is visible here as it is 

possible to set the tolerance t o l to be arbitrarily stringent. All three methods will be 

compared for tolerances up to 10~15. For stringent tolerances, up to at most 10~50, 

HBT(p)3 and T(p) of orders p = 20 and p = 40 will be compared using multiple 

precision. 

It is important to note that higher order methods can achieve better results than 

lower order methods on tolerances that are not very stringent, but at the expense 

of a larger number of function evaluations for the derivatives involved. Also, it is 

not known a priori what is the best order of the method to solve a problem for a 

given tolerance. This issue is the main reason for seeking variable-step variable-order 

(VSVO) implementation of HBT(p)3 method. In this section we will see how VSVO 

HBT(p)3 compares to fixed order variable-step HBT(p)3 for several problems, and 

the close relationship between the desired tolerance and the average order of VSVO 

HBT(p)3 will be evident. 

Numerical simulations were performed on 32-bit x86 architecture under Ubuntu 

Linux 8.04 using the GNU Compiler Collection (GCC) and g++ as front end. To allow 

for arbitrary precision, the following libraries have been used: 

64 
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• GNU Multiple Precision (GMP) library in C (h t tp : / /gmpl ib .org / ) , 

• Multiple-Precision Floating-point with correct Rounding (MPFR) library in C 

(http://www.mpfr.org/), 

• Multiple-Precision Floating-point Reliable Library (MPFRCPP) C++ interface (h t tp : / /beshe 

HBT(p)3 procedures in double precision should be compiled with the following com­

mand: 

g++ <procedure-name>.cpp. 

HBT(p)3 procedures in multiple precision should be compiled with the following com­

mand: 

g++ <procedure-name>.cpp -lgmp -lmpfr -lmpfrcpp. 

On 32-bit processor architecture, the double precision is 64 bits long which provides 

approximately 16 significant digits. For multiple precision simulations, the precision 

of 256 bits is used, providing approximately 77 significant digits. In order to retain 

the correct number of significant digits during calculations, various parameters and 

constants have been evaluated to 500-bit precision, where applicable. 

HBT(p)3, T(p) and DP(8, 7)13M are compared based on the number of steps and 

central processing unit (CPU) time in seconds used to perform the integration from 

to to tf. To obtain a better estimate of CPU time data, the numerical tests have been 

repeated 1000 times for each problem, unless otherwise specified. 

The maximum global error (MGE) is calculated from the uniform norm 

Wlln+i ~ y(tn+i)\\oo of the difference between the numerical solution yn + 1 and the 

analytic solution y(tn+i) at every integration step. MGE has been calculated for 

all methods considered, then graphically displayed in relationship to CPU time on 

the horizontal axis with log10(|MGE|) on the vertical axis. Each point on the graph 

corresponds to a different tolerance level used in calculations. The lines connecting 

the points are provided to enhance the visualization of method performance. 

The CPU percentage efficiency gain (CPU PEG) is defined by the formula [35] 

IV, CPU,,-, 1 
(CPU PEG); = 100 

http://gmplib.org/
http://www.mpfr.org/
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where CPUi^- and CPU^,^ are the CPU times of methods 1 and 2, respectively, 

associated with problem i, and j = — log10(|MGE|). The CPU time is obtained from 

the curves which fit, in a least-squares sense, the data (log10 |MGE|,log10(CPU)) by 

means of MATLAB's polyf i t function. 

The maximum global energy error (MGEE) is obtained from the maximum of 

the absolute value of the relative error H/Ho — 1 at every integration step [26]. H 

is the value of the Hamiltonian at tn+i and Ho is the value of the Hamiltonian at 

to- MGEE is applicable to Orbit Equations in Section 5.3 and Dynamical Systems 

in Section 5.4. Furthermore, MGEE has been graphically displayed as a function of 

number of steps (NS) used to obtain the solution by the method time on the horizontal 

axis with log10(|MGEE|) on the vertical axis. Similarly to MGE calculations, each 

point on the graph corresponds to a different tolerance level used in calculations and 

the lines connecting the points are provided to enhance the visualization of method 

performance. 

The number of step percentage gain (NS PEG) is defined by the formula [26] 

(NS PEG); = 100 
E ,NS 1 > y 

where NSi,^ and NS2,y are the number of steps of methods 1 and 2, respectively, 

associated with problem i, and j = — log10(|MGEE|). 

For several problems, we also show the evolution of MGEE with respect to each 

time point within the interval of integration. This idea follows from [37] where it is 

shown that the global error of an ODE solver is expected to be proportional to the 

tolerance t o l . We will compare the evolution of the MGEE magnitude in case of 

HBT(p)3 and T(p), at various orders and precision levels. 

Higher derivatives for HBT(p)3 and T(p) are calculated at each integration step 

using the recurrence formulae from Section 2.2.5. This implementation significantly 

reduces the time necessary to solve a problem by applying recurrence, and thus up­

dating values for the higher derivatives from previous ones as opposed to calculating 

them individually. 
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5.1 Single Equations 

As a first single-equation problem, we take the problem of DETEST [20] Al: 

Al: y' = -y, y(0) = 1. 

The analytic solution is 

y(x) = ex.p(—x). 

The interval of integration for was set between t0 = 0 and tf = 10, and to obtain a bet­

ter estimate of CPU time, the test has been repeated 3000 times. In Figure 4a, CPU 

time (horizontal axis) is plotted versus log10(|MGE|) (vertical axis) for HBT(12)3 and 

T(12), and DP(8,7)13M using double precision. Furthermore, we have: 

• CPU PEG of HBT(12)3 over T(12) is 87%; 

• CPU PEG of HBT(12)3 over DP(8, 7)13M is 201%. 

CPU PEG for problem Al shows that HBT(12)3 performs better than T(12) and 

DP(8, 7)13M. In Figure 4b, CPU time (horizontal axis) is plotted versus log10(|MGE|) 

(vertical axis) for HBT(40)3 and T(40) using multiple precision. We compute CPU 

PEG of HBT(40)3 over T(40) to be 124%. It should be noted that, as the order 

increases from p = 12 to p = 40, HBT(p)3 retains its superiority over T(p). 

For this problem we also compare the performance of HBT(40)3 and T(40) using 

multiple precision when calculating the relative error. We define the relative error as 

the absolute value of the quotient 

actual solution — calculated solution 
actual solution 

and summarize the results in Table 8. It is evident that HBT(p)3 compares very 

favourably to T(p), and is capable of obtaining precise solutions at stringent toler­

ances, with improvements in the number of steps and CPU time. 

5.2 Small Systems 

In this section we compare the performance of the methods on two problems: the 

growth of two conflicting populations (Bl) and the Euler equations of motion for a 
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(a) HBT(12)3 o, T(12) x and DP(8,7)13M > (b) HBT(40)3 o, T(40) x 

Figure 4: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for problem 
Al using (a) double precision and (b) multiple precision. 

Table 8: Number of steps, CPU time and relative error of HBT(40)3 and T(40) using 
multiple precision for problem Al. 

Al 

Tol 
1 Q - 3 5 

1 Q - 4 0 

1 Q - 4 5 

io-50 

HBT(40)3 

NS 

4 

6 

8 

10 

CPU 

1 .86£-03 

2 . 6 2 S - 0 3 

3 . 3 0 ^ - 0 3 

5.10£?-03 

RelErr 

1.0453S-33 

1.899LS-38 

8.5195£ - 44 

2.2286S - 49 

T(40) 

NS 

6 

7 

9 

12 

CPU 

4.76,5 - 03 

5 . 1 4 £ - 0 3 

6.92E - 03 

9 . 0 5 ^ - 0 3 

RelErr 

1.7445£ - 33 

8.7887E - 39 

1.3271E-43 

2.6U8E - 48 



CHAPTER 5. NUMERICAL RESULTS 69 

rigid body without external forces (B5) from DETEST [20]. We define the problems 

as 

Bl: y'1 = 2(y1-yly2), yi(0) = 1 

3/2 = -(y2- 3/12/2), y2(o) = 3 

B5: y/
1 = y2y3, 3/1(0) = 0 

3/2 = -3/13/3, 3/2(0) = 1 

y'z = -0.513/13/2, 3/3(0) = 1. 

The interval of integration for problem Bl was set between t0 = 0 and tf = 20. 

In Figure 5, CPU time (horizontal axis) is plotted versus log10(|MGE|) (vertical axis) 

for HBT(12)3 and T(12), and DP(8, 7)13M. Furthermore, we have: 

• CPU PEG of HBT(12)3 over T(12) is 37%; 

• CPU PEG of HBT(12)3 over DP(8, 7)13M is 80%. 

CPU PEG for problem Bl shows that HBT(12)3 performs slightly better than T(12) 

andDP(8,7)13M. 

The interval of integration for problem B5 was set between t0 = 0 and tf m 52.15. 

In Figure 6, CPU time (horizontal axis) is plotted versus log10(|MGE|) (vertical axis) 

for HBT(12)3, T(12), and DP(8,7)13M. Furthermore, we have: 

. CPU PEG of HBT(12)3 over T(12) is 199%; 

• CPU PEG of HBT(12)3 over DP(8,7)13M is 191%. 

CPU PEG for problem B5 shows that HBT(12)3 performs better than T(12) and 

DP(8,7)13M. 

As the performance of HBT(p)3 is compared to T(p) and DP(8,7)13M for prob­

lems Bl and B5, we note that HBT(p)3 performed better on a more complicated 

problem. As it will be shown in the sections to come, this is the true power of 

HBT(p)3: its performance on complicated problems with a large number of compu­

tations is very respectable. 
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HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 5: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for problem 
Bl. 

HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 6: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for problem 
B5. 
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5.3 Orbit Equations 

The performance of the methods on two-body Kepler's problem with various ec­

centricity s is shown here. The first-order differential equations that describe this 

problem are: 

2/2 = 2/4, 2/2(0) = 0 

y'3 = ~yi/(yl + yir/2, 2/3(0) = 0 

y'3 = -2/2/(2/? + yW\ 2/4(0) = v ( i + e ) / ( i - e ) . 

The above equations are derived from the orbit equations 

x" = -x/r
3, x(0) = 1 - s, x'(0) = 0 

y" = -y/r3, s(0) = 0, y'(0) = y/(l + e) / ( l - e) 

with solutions 
. smtt 

x = cosw — e, x = 

y = sin « Vl — £2, 2/' = 

1 — £ cos it 

cosiiVl — £2 

1 — £ cos M 

where u — £ sin it — i = 0 [201. The Hamiltonian, 

^Kepler = r (#3 + 2/4) -
2 V 2/1 + 2/2 

is used in the calculation of MGEE. 

During numerical simulations, the interval of integration used was to = 0 and 

tf = 167T, and in Table 9 we summarize the results for double precision using various 

eccentricities. In Figure 7, CPU time (horizontal axis) is plotted versus log10(|MGE|) 

(vertical axis) for HBT(12)3, T(12), and DP(8,7)13M. Based on this data, CPU PEG 

results for the methods are in Table 10. 

In Figure 8, number of steps (horizontal axis) is plotted versus log10(|MGEE|) 

(vertical axis) for HBT(12)3 and T(12). Based on this data, NS PEG results for the 

methods are in Table 11. NS PEG results indicate that, as the problems become 

computationally difficult, HBT(p)3 performs favourably over T(p) of the same order. 
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Table 9: Number of steps, CPU time and maximum global error of HBT(12)3, T(12), 
and DP(8, 7)13M for Kepler's problem using double precision 

Kepler 

t o l 

HBT(12)3 

N S C P U M G E 

T(12) 

N S C P U M G E 

DP(8, 7)13M 

N S C P U M G E 

£ = 0.1 

icr5 

1 0 - i o 

l o - i s 

4 1 

126 

397 

2.50E - 03 

9.90E - 04 

2 . 9 5 S - 0 3 

6 . 5 4 S - 0 2 

9.72E - 10 

7.02E - 14 

54 

139 

361 

3.80B - 04 

9.20B - 04 

2.36S - 03 

1.87B - 03 

1.16E - 08 

6.94B - 14 

86 

504 

3452 

1.06E - 03 

5.96B - 03 

4.06B - 02 

1 . 2 5 S - 0 4 

6.71E - 12 

2.01S - 13 

s = 0.5 

io-s 

1 0 - i o 

1 0 - 1 5 

75 

235 

741 

5.80E - 04 

1 . 7 9 B - 0 3 

5.54.E - 03 

1.52E - 02 

3 . 2 7 S - 0 9 

1 . 9 6 S - 1 3 

104 

268 

695 

7.00S - 04 

1.77E - 03 

4.56B - 03 

4.64B - 03 

3.93E - 08 

1.60B - 12 

115 

690 

4693 

1 . 5 1 B - 0 3 

7 . 9 9 S - 0 3 

5.44B - 02 

2.80B - 03 

2.05E - 11 

4.77E - 12 

£ = 0.9 

io-5 

io-10 

1 0 - 1 5 

146 

4 6 0 

1449 

9.00E - 04 

3.41B - 03 

1.07S - 02 

l.OOfi - 02 

1 . 5 7 E - 0 7 

8.67E - 11 

204 

526 

1363 

1 . 3 5 E - 0 3 

3.43E - 03 

8.96B - 03 

3.49B - 01 

3.22.E - 07 

1.34E - 10 

2 4 5 

1164 

7982 

3.80.E - 03 

1 . 3 8 B - 0 2 

9.40S - 02 

2 . 5 9 S - 0 1 

1.63E - 08 

8.76B - 11 

£ = 0.99 
1 0 - 8 

IO" 1 0 

1 0 - i s 

260 

789 

2484 

1.54E - 03 

5 . 8 1 E - 0 3 

1 . 9 0 B - 0 2 

2.44E - 01 

5.45E - 05 

2.60E - 08 

358 

894 

2319 

2.35E - 03 

5.85B - 03 

1.56B - 02 

1.40S + 01 

2.44B - 04 

1.45E - 07 

4 3 8 

1948 

16513 

6.96E - 03 

2 . 2 4 B - 0 2 

2.43B - 01 

5.41E + 00 

4.70JS - 06 

6 . 1 6 E - 0 7 

Table 10: CPU PEG of HBT(12)3 over T(12) and DP(8, 7)13M for Kepler's problem 
with varying eccentricity. 

Kepler 

s 

0.1 

0.5 

0.9 

0.99 

CPU PEG of HBT(12)3 over: 

T(12) DP(8,7)13M 

29% 306% 

40% 233% 

41% 358% 

7% 319% 
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(a) e = 0.1 (b) e = 0.5 

0 0.002 0.00* 0.006 0.009 001 0.012 0.014 0016 0.018 0.02 0 0.005 0.01 0.015 0.02 0.025 0.03 

(c) £ = 0.9 (d) e = 0.99 

HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 7: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for Kepler's 
problem with varying eccentricity. 
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5i , 1 , 1 1 1 _ 1 6 i , 1 1 1 1 1 1 1 1 
0 50 100 150 SCO 250 3C0 50 100 150 200 250 300 350 400 450 500 

(a) e = 0.1 (b)£ = 0.5 

4 i , , , , , , , , 1 _„i , 1 1 1 1 
100 200 300 400 500 SCO 700 600 900 1000 0 503 10CO 1503 2000 2500 

(c) £ = 0.9 (d) £ = 0.99 

HBT(12)3 o, T(12) x 

Figure 8: Number of steps (horizontal axis) versus log10(|MGEE|) (vertical axis) 
Kepler's problem with varying eccentricity. 
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Table 11: NS PEG of HBT(12)3 over T(12) for Kepler's problem with varying eccen­
tricity. 

Kepler 

e 

0.1 

0.5 

0.9 

0.99 

NS PEG over 

T(12) 

32% 

31% 

24% 

21% 

In Table 12, number of steps, CPU time and MGEE are summarized for HBT(p)3 

and T(p) of orders p = 20 and p = 40 at stringent tolerances using multiple precision. 

In this case, the eccentricity varies and approaches 1, thus making calculations more 

difficult. As the demand for increased precision grows, larger CPU times are to be 

expected and we note that HBT(p)3 method yields solutions with high precision. 

In Figure 9, number of steps (horizontal axis) is plotted versus log10(|MGEE|) 

(vertical axis) for HBT(40)3 and T(40) for various eccentricities. Based on this data, 

NS PEG results for the methods are in Table 13. NS PEG results confirm that, as 

the problems become computationally difficult, HBT(p)3 performs favourably over 

T(p) of the same order. 

In Table 14, a comparison is made between VS fixed order and VSVO HBT(p)3 

at given tolerances using multiple precision at eccentricity of s = 0.999. The last row 

in the table shows the average order of VSVO HBT(p)3. VSVO HBT(p)3 compares 

favourably to VS HBT(p)3 with improvements in CPU times as well as MGEE. For 

HBT(12)3 it was not feasible to compute CPU times and MGEE at stringent toler­

ances, thus they have been omitted. The results from Table 14 are plotted in Figure 

10 with CPU time on horizontal axis and log10(|MGEE|) on vertical axis. 

The claim that HBT(p)3 is a good choice for stringent tolerances is confirmed by 

considering the evolution of MGEE for different precision levels in Figure 11. The 

magnitude of MGEE has been noted across the integration interval from t0 to £/, 
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Table 12: Number of steps, CPU time and maximum global energy error of HBT(p)3 
and T(p) of orders p = 20 and p = 40 for Kepler's problem using multiple precision 

Kepler 

Tol 

HBT(p)3 

NS CPU MGEE 
T(P) 

NS CPU MGEE 

p= 20, e = 0.9 
1 0 - 2 0 

1 0 - 2 5 

1 0 - 3 0 

563 

1067 

2021 

3.66 

6.84 

12.91 

1.565LE- 19 

2 .5093£-25 

4.4134E - 31 

730 

1404 

2494 

3.39 

6.28 

11.76 

1.6692E - 19 

2.7059E - 25 

2 .1409^-30 

p = 20, s = 0.99 
1 0 - 2 0 

1 0 - 2 6 

1 0 - 3 0 

1066 

2018 

3823 

6.93 

13.19 

24.99 

8.8789E - 20 

1.4209E - 25 

2 .2083£-31 

1224 

2356 

4185 

5.64 

10.62 

18.83 

1.0691£ - 18 

1.2046S - 24 

9.6898£ - 30 

p = 20, e = 0.999 
1 0 - 2 0 

1 0 - 2 B 

1 Q - 3 0 

1525 

2887 

5469 

9.82 

18.45 

35.42 

2.6600S - 19 

3.697LE - 25 

6 .2052^-31 

1746 

3360 

5968 

8.03 

15.16 

26.19 

3.5174E - 18 

4.9394£ - 24 

3.266LE-29 

p = 40, £ = 0.999999 
1 Q - 2 0 

1 Q - 2 5 

1 Q - 3 0 

1024 

1389 

1882 

10.15 

13.53 

18.43 

6.2314E - 18 

2.1440E-23 

1.5390E - 28 

1157 

1544 

1978 

16.16 

21.60 

27.84 

4.7229S - 17 

7.1428E-22 

2.8671£ - 26 
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(a) e = 0.9, p = 20 
2500 1000 1500 2000 2500 3000 3500 4000 4500 

(b) s = 0.99, p = 20 

500 2000 2500 3000 3500 4000 4500 5000 5500 6000 1000 1100 1200 1300 1400 1500 1600 1700 1600 1900 2000 

(c) e = 0.999, p = 20 (d) e = 0.999999, p = 40 

HBT(p)3 o, T(p) X 

Figure 9: Number of steps (horizontal axis) versus log10(|MGEE|) (vertical axis) for 
Kepler's problem with varying eccentricity using multiple precision. 



CHAPTER 5. NUMERICAL RESULTS 78 

Table 13: NS PEG of HBT(p)3 over T(p) of orders p = 20 and p = 40 for Kepler's 
problem with varying eccentricity using multiple precision. 

Kepler 

e 

0.9 

0.99 

0.999 

0.999999 

Order 

V 
20 

20 

20 

40 

NS PEG of 

HBT(p)3 over T(p) 

28% 

25% 

28% 

15% 

Table 14: CPU time and MGEE of VS fixed order and VSVO HBT(p)3 for Kepler's 
problem with s = 0.999 at various precision levels. 

Kepler 

Order 

12 

20 

40 

VO 

Avg. Order 

t o l = 1 0 - 1 0 

CPU 

4.17 

2.95 

3.94 

4.60 

MGEE 

4 . 1 2 1 0 S - 0 9 

1 . 6 4 4 1 E - 0 7 

4.9841S - 07 

5.0344E - 12 

12 

t o l = 1 0 - 2 0 

CPU 

40.91 

9.82 

7.54 

12.10 

MGEE 

6.3569B - 22 

2.6600E - 19 

4.0000E - 18 

1.0558S - 22 

23 

t o l = 1 0 - 3 0 

CPU MGEE 

n / a 

35.42 

14.68 

21.72 

6.2052B - 31 

7.1092B - 29 

4.0785S - 33 

32 

t o l = 1 0 - 4 0 

CPU MGEE 

n /a 

129.39 

26.82 

33.82 

3.0861B - 42 

7.7858E - 36 

4.5630B - 44 

41 
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HBT(12)3 o, HBT(20)3 >, HBT(40)3 o, and VSVO HBT(p)3 -

Figure 10: CPU time (horizontal axis) versus log10(|MGEE|) (vertical axis) for Ke­
pler's problem of eccentricity s = 0.999 using VS fixed order and VSVO HBT(p)3 
implementation. 

then plotted using log10(|MGEE|) versus time values for both HBT(p)3 and T(p) at 

various orders and eccentricities. 

• In Figure 11a, for both HBT(20)3 and T(20), MGEE gradually increases over 

the integration interval with noticeable changes to the magnitude at intervals of 

2TT. Within the integration interval, MGEE of HBT(20)3 grows within one order 

of the tolerance, while MGEE of T(20) grows within two orders of tolerance. 

• In Figures l i b and l ie, we compare the performance of HBT(p)3 and T(p) at 

the same tolerance level but varying the order from p = 20 to p = 40. With 

p = 20, the methods settle on the magnitude of MGEE rather quickly, with 

HBT(20)3 performing better than T(20). With the same requirements and 

order p = 40, HBT(40)3 performs better than T(40) while showing slightly 

more variation in the magnitude of MGEE. 

• In Figure l id, the methods behave similarly as in the previous cases, and it 

appears that MGEE of HBT(40)3 experiences less changes near the end of the 

integration interval as oppose to T(40). 
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Overall, it can be concluded that HBT(p)3 performs better than T(p) method when 

stringent tolerances are imposed, and when calculations become more complex. 

5.4 Higher Order Equations 

We consider the performance of the methods on a problem derived from Van der Pol's 

equation [10, p. 358, 531], and denoted by E2 

E2: 2 / " - ( l - 2 / V + 2/ = 0. (5.4.1) 

The system of first-order differential equations that corresponds to (5.4.1) is 

2/1=2/2, 3/1(0) = 2, 

2^ = ( l - 2 / i ) 3 / 2 - 3 / i , 2/2(0) = 0. 

The interval of integration for problem E2 was set between t0 = 0 and tf = 20. In 

Figure 12, CPU time (horizontal axis) is plotted versus log10(|MGE|) (vertical axis) 

for HBT(12)3, T(12), and DP(8,7)13M. Furthermore, we have: 

• CPU PEG of HBT(12)3 over T(12) is 132%; 

• CPU PEG of HBT(12)3 over DP(8, 7)13M is 117%. 

CPU PEG for problem E2 shows that HBT(12)3 performs better than T(12) and 

DP(8,7)13M. 

5.5 Dynamical Systems 

This problem section was inspired by various dynamical systems literature, and we 

consider the performance of the methods on Arenstorf 's orbits, Henon-Heiles problem 

and the equatorial main problem. 
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. • - - - ' " " ™ " 

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 

-20 
35 40 45 50 

(a) s = 0.99, t o l = 10-2 0 , p = 20 (b) s = 0.999, t o l = 10-3 0 , p = 20 

- - m - ' 

. i — • ' : 

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 35 40 45 50 

(c) £ = 0.999, t o l = 10-3 0 , p = 40 (d) e = 0.999999, t o l = KT3 0 , p = 40 

HBT(p)3 - , T ( » - -, and t o l • • • 

Figure 11: The evolution of MGEE at different precision levels; time (horizontal axis) 
versus log10(|MGEE|) (vertical axis) for Kepler's problem with varying eccentricity 
using multiple precision. 
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HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 12: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for problem 
E2. 

5.5.1 Arenstorf s Orbits 

This problem is a specific case of the restricted three-body problem with small mass 

ratio that has one-parameter families of closed solution curves [2]. The equations 

describing this problem are [15, 38] 

where 

L>1 L>2 

D, 

(5.5.1) 

D^dx + tf + yY*, 
D2 = ((x-M')2 + y2)3/2 , 

x(0) = 0.994, x'(0) = 0, 

y(0) = 0, j/(0) = -2.00158510637908252240537862224, 

// = 0.012277471, / / = 1 - (JL. 

The interval of integration is between t0 = 0 and £/ « 17.1, and in Figure 13, CPU 
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-4 
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-8 

_10 -

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 

HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 13: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for Aren-
storf 's orbits problem. 

time (horizontal axis) is plotted versus log10(|MGE|) (vertical axis) for HBT(12)3, 

T(12), and DP (8, 7)13M. Furthermore, for this problem we find that 

• CPU PEG of HBT(12)3 over T(12) is 168%; 

• CPU PEG of HBT(12)3 over DP(8, 7)13M is 358%. 

The above results indicate that HBT(12)3 wins over T(12) and DP(8,7)13M by a 

large margin. 

5.5.2 Henon—Heiles Problem 

This problem is described in [17] and given by the Hamiltonian 

WlMnon-Heilee = \ {X% + O + \ 0 ' + ^ ) + ^ (^ ~ ^Vj ' 

The initial values for this problem are 

x(0) = 0, y(0) = 0.52, X(0) = 0.371956090598519, Y(0) = 0, e = 1. 
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-A 
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-10 
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-14 

0 1 2 3 4 S 6 
X10-3 

HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 14: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for the 
Henon-Heiles problem. 

During the numerical simulations, the interval of integration used was to = 0 and 

tf = 70, and in Figure 14, CPU time (horizontal axis) is plotted versus log10(|MGE|) 

(vertical axis) for HBT(12)3, T(12) and DP(8,7)13M. Based on this data, CPU PEG 

results are: 

• CPU PEG of HBT(12)3 over T(12) is 127%; 

• CPU PEG of HBT(12)3 over DP(8, 7)13M is 240%. 

In Figure 15, the number of steps (horizontal axis) is plotted versus log10(|MGEE|) 

(vertical axis) for HBT(12)3 and T(12) of order p = 12. Based on this data, NS PEG 

of HBT(12)3 over T(12) is 18%. NS PEG result indicates that HBT(p)3 performs 

favourably over T(p) of the same order. 

In Figure 16, the number of steps (horizontal axis) is plotted versus log10(|MGEE|) 

(vertical axis) for HBT(20)3 and T(20). Based on this data, NS PEG of HBT(20)3 

over T(20) is 17%. The NS PEG result indicates that HBT(p)3 performs favourably 

over T(p) of the same order at stringent tolerances. It should be noted that NS PEG 

of HBT(20)3 over T(20) is only slightly less than NS PEG of HBT(12)3 over T(12), 

thus showing the capability of HBT(p)3 to retain its excellent performance in more 
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HBT(12)3 o, T(12) x 

Figure 15: Number of steps (horizontal axis) versus log10(|MGEE|) (vertical axis) for 
the Henon-Heiles problem. 

Table 15: Number of steps, CPU time and maximum global energy error of HBT(20)3 
and T(20) for the Henon-Heiles problem vising multiple precision. 

HH 

t o l 
1 Q - 3 0 

1 0 - 3 5 

1 Q - 4 0 

HBT(20)3 

NS 

675 

1279 

2423 

CPU 

2.97 

6.07 

11.52 

MGEE 

7.4039£ - 31 

1.2975E - 36 

4.3542£ - 42 

T(20) 

NS 

708 

1364 

2425 

CPU 

2.10 

3.99 

7.30 

MGEE 

4.6323£ - 30 

8.1966£ - 36 

9 .9317^-41 

demanding scenarios. 

In Figure 17, the evolution of MGEE is shown at different precision levels and a 

comparison is made between HBT(20)3 and T(20) at tolerances 10~30 and 10~40. It is 

evident that HBT(20)3 outperforms T(20) in terms of MGEE at the precision levels 

considered. In Table 15, the number of steps, CPU time and MGEE are summarized 

for HBT(20)3 and T(20) at stringent tolerances using multiple precision. We note 

that HBT(20)3 is slightly slower than T(20), but it compensates by exceeding the 

performance of T(20) in terms of MGEE. 

In Table 16, a comparison is made between VS fixed order and VSVO HBT(p)3 
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iOO 900 1000 1200 1400 1600 1800 2000 2200 2400 2600 

HBT(20)3 o, T(20) x 

Figure 16: Number of steps (horizontal axis) versus log10(|MGEE|) (vertical axis) for 
the Henon-Heiles problem using multiple precision. 

(a) t o l = 10 -30 20 (b) t o l = 10 

HBT(p)3 - , T(p) - -, and t o l • • • 

Figure 17: The evolution of MGEE at different precision levels; time (horizontal axis) 
versus log10(|MGEE|) (vertical axis) for the Henon-Heiles problem using multiple 
precision. 
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Table 16: CPU time and MGEE of VS fixed order and VSVO HBT(p)3 for the 
Henon-Heiles problem at various precision levels. 

HH 

Order 

12 

20 

40 

VO 

Avg. Order 

t o l = 1 0 - 1 0 

CPU 

0.41 

0.29 

0.36 

0.76 

MGEE 

3.8673E - 10 

8.8049B - 09 

5.0942S - 09 

4.3139E - 13 

12 

t o l = 1 0 - 2 0 

CPU 

4.43 

0.97 

0.69 

1.35 

MGEE 

4.5892B - 23 

7.2776E - 20 

9.0632B - 20 

2.0268B - 23 

24 

t o l = 1 0 - 3 0 

CPU 

43.82 

2.97 

1.26 

2.24 

MGEE 

2.6540E - 34 

7.4039E - 31 

4.4292B - 30 

6.5352B - 34 

31 

t o l = 1 0 - 4 0 

CPU MGEE 

n /a 

11.52 

2.17 

3.07 

4.3542S - 42 

4 . 1 0 9 7 B - 3 8 

4.4028B - 44 

43 

HBT(12)3 o, HBT(20)3 >, HBT(40)3 o, and VSVO HBT(p)3 -

Figure 18: CPU time (horizontal axis) versus log10(|MGEE|) (vertical axis) for the 
Henon-Heiles problem using VS fixed order and VSVO HBT(p)3 implementation. 

at given tolerances using multiple precision. The last row in the table shows the 

average order of VSVO HBT(p)3. Again, VSVO HBT(p)3 compares favourably to 

VS HBT(p)3 with improvements in CPU times as well as MGEE. For HBT(12)3 it 

was not feasible to compute CPU times and MGEE at tolerance 10~40, thus it has 

been omitted. The results from Table 16 are plotted in Figure 18 with CPU time on 

horizontal axis and log10(|MGEE|) on vertical axis. 
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5.5.3 The Equatorial Main Problem 

This problem accepts the polar component A of the angular momentum as an integral 

and it describes artificial satellite theory [38]. Other parameters used to describe this 

problem are: the gravitational constant of the planet pi, oblateness coefficient J2, and 

scaling factor a. The Hamiltonian in cylindrical coordinates for this problem is 

-u 1 / n 2 , A 2 , v A , M , (x2J2lxP2{u) 
/T-eq. main prob. — ~ I r -\ — -\- ZJ i 1 - , 

2 \ p2 J r r6 

where u = z/r, r = \/p2 + z2 and Po.{x) = (3a;2 — l) /2 is the Legendre polynomial of 

degree 2. The initial values used in numerical simulations are [5] 

p(0)=0.3 , *(0) = 2, P(0) = 0, Z(0) = - 1 . 

During the numerical simulations, the interval of integration was set between 

to — 0 and if = 70. In Figure 19, CPU time (horizontal axis) is plotted versus 

log10(|MGE|) (vertical axis) for HBT(12)3, T(12), and DP(8,7)13M. Based on this 

data, CPU PEG results are: 

• CPU PEG of HBT(12)3 over T(12) is 137%; 

• CPU PEG of HBT(12)3 over DP(8,7)13M is 167%. 

In Figure 20, the number of steps (horizontal axis) is plotted versus log10(|MGEE|) 

(vertical axis) for HBT(12)3 and T(12). Based on this data, NS PEG of HBT(12)3 

over T(12) is 27%. NS PEG result indicates that HBT(p)3 performs favourably over 

T(p) of the same order. 

In Figure 21, the number of steps (horizontal axis) is plotted versus log10(|MGEE|) 

(vertical axis) for HBT(40)3 and T(40). Based on this data, NS PEG of HBT(40)3 

over T(40) is 12%. The NS PEG result confirms that HBT(p)3 performs favourably 

over T(p) of the same order at stringent tolerances. 

In Table 18, a comparison is made between VS fixed order and VSVO HBT(p)3 

at given tolerances using multiple precision. The last row in the table shows the 

average order of VSVO HBT(p)3. Once again, VSVO HBT(p)3 compares favourably 

to VS HBT(p)3 with improvements in CPU times as well as MGEE. For HBT(12)3 it 
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0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 

HBT(12)3 o, T(12) x and DP(8,7)13M > 

Figure 19: CPU time (horizontal axis) versus log10(|MGE|) (vertical axis) for the 
equatorial main problem. 

100 200 300 400 500 600 700 800 900 

HBT(12)3 o, T(12) x 

Figure 20: Number of steps (horizontal axis) versus log10(|MGEE|) (vertical axis) for 
the equatorial main problem. 
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Table 17: Number of steps, CPU time and maximum global error of HBT(40)3 and 
T(40) for the equatorial main problem using multiple precision. 

EqMP 

Tol 

1 Q - 3 5 

1 0 - 4 0 

1 Q - 4 5 

1 0 - 5 0 

HBT(40)3 

NS 

543 

734 

992 

1345 

CPU 

19.73 

26.77 

35.99 

49.27 

MGEE 

3.4739£ - 36 

4.3099E - 41 

1.5094E - 46 

1.3180.E-51 

T(40) 

NS 

587 

783 

1044 

1391 

CPU 

24.47 

33.01 

42.20 

58.52 

MGEE 

1.1516^-34 

1.882LE? - 39 

2.9639£ - 44 

9.166LE-50 

1100 1200 1300 1400 

HBT(40)3 o, T(40) x 

Figure 21: Number of steps (horizontal axis) versus log10(|MGEE|) (vertical axis) for 
the equatorial main problem using multiple precision. 
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Table 18: CPU time and MGEE of VS fixed order and VSVO HBT(p)3 using multiple 
precision for the equatorial main problem. 

EqMP 

Order 

12 

20 

40 

VO 

Avg. Order 

t o l = 1 0 - 1 0 

CPU 

2.31 

2.36 

5.09 

3.79 

MGEE 

5.2175B - 10 

1 .9710B-08 

6.7086E - 08 

5.9640B - 13 

10 

t o l = 1 0 - 2 0 

CPU 

27.32 

7.97 

9.85 

9.06 

MGEE 

6 . 9 2 4 1 E - 2 3 

4.7979S - 19 

8.7174E - 20 

3.4240E - 23 

24 

t o l = 1 0 - 3 0 

CPU MGEE 

n /a 

31.77 

18.06 

19.24 

1.6248B - 30 

5.7204.E - 30 

5.3048.E - 34 

28 

t o l = 1 0 - 4 0 

CPU MGEE 

n /a 

107.89 

26.77 

34.03 

7.7238S - 43 

4 . 3 0 9 9 B - 4 1 

3 . 2 7 6 9 B - 4 4 

35 

j l I I I I I 1 I I 
0 5 10 15 20 25 30 35 40 

HBT(12)3 o, HBT(20)3 >, HBT(40)3 o, and VSVO HBT(p)3 -

Figure 22: CPU time (horizontal axis) versus log10(|MGEE|) (vertical axis) for the 
equatorial main problem using VS fixed order and VSVO HBT(p)3 implementation. 

was not feasible to compute CPU times and MGEE at stringent tolerances, thus the 

results have been omitted. The results from Table 18 are plotted in Figure 22 with 

CPU time on the horizontal axis and log10(|MGEE|) on the vertical axis. 

In Figure 23, the evolution of MGEE is shown at different tolerance levels and a 

comparison is made between HBT(40)3 and T(40) at tolerances 10 -40 and lO"50. It 

is evident that HBT(40)3 performs better than T(40) at stringent tolerances. The 

results shown in Table 17 confirm that this is the case for tolerances up to 10~50. 
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(a) t o l = 10-4 0 (b) t o l = 10" 

HBT(40)3 - , T(40) - -, and t o l • • • 

Figure 23: The evolution of MGEE at different precision levels; time (horizontal axis) 
versus log10(|MGEE|) (vertical axis) for the equatorial main problem using multiple 
precision. 



Chapter 6 

Conclusion and Future Work 

A variable-step and variable-step variable-order one-step, 3-stage Hermite-Birkhoff-

Taylor method of order p (HBT(p)3), was constructed by solving Vandermonde-type 

systems satisfying Taylor- and Runge-Kutta-type order conditions. By construction, 

HBT(p)3 uses less derivatives than a traditional Taylor method of the same order. The 

stability region of HBT(p)3 has a remarkably good shape. On the basis of CPU time 

versus the maximum global error, and the number of steps versus the maximum global 

energy error, HBT(p)3 wins over Taylor method of the same order and Dormand-

Prince DP(8, 7)13M, on a set of problems commonly used by numerical analysts for 

testing the performance of ordinary differential equation solvers. The benefits of 

variable-step variable-order and multiple precision implementation of HBT(p)3 are 

noted throughout. 

A follow up to the work done here would be to provide an automated procedure 

capable of taking a differential equation or a system of equations and producing 

necessary HBT(p)3 procedure in C++, similar to [8, 9, 22, 23]. This would allow a wider 

use of the method as it would not be necessary to possess high programming skills 

in order to produce necessary procedures. Another point that should be addressed is 

the limitation of the automatic differentiation procedure in terms of non-elementary 

or special functions. 

Also, following tests on a wide variety of problems and peer-reviewing of the source 

93 



CHAPTER 6. CONCLUSION AND FUTURE WORK 94 

code, the method could be made available as part of a larger open-source mathe­

matical software, providing a competitive alternative where high-precision numerical 

solutions of ordinary differential equations are sought. 
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