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Abstract 

The exterior algebra over the centre of a Lie algebra acts on the cohomology of the 

Lie algebra in a natural way. Focusing on nilpotent Lie algebras, we explore the 

module structure afforded by this action. We show that for all two-step nilpotent Lie 

algebras, this module structure is non-trivial, which partially answers a conjecture of 

Cairns and Jessup [4]. The presence of free submodules indicates that the Lie algebra 

satisfies Halperin's Toral rank conjecture [11]. We prove that two specific classes of 

two-step nilpotent Lie algebras enjoy cohomology spaces with free submodules. 
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Chapter 1 

Introduction 

The set of all possible states of a physical system can be considered to be a manifold 

M, sometimes equipped with additional structure, such as a metric or a symplectic 

form. If a Lie group G acts on the manifold M as a group of symmetries of this 

additional structure, then the data in the system "factors" into G and M/G, where 

M/G is the orbit space of the action. Furthermore, in many interesting cases, M/G 

is itself a manifold. This aids the understanding of the problem, since Lie groups 

are comparatively well-understood, and dim M/G — dimM — dimG (page 135, [8]). 

Therefore, the larger the group of symmetries, the smaller the dimension of M/G. 

If a compact Lie group G acts almost freely on M, then the maximal torus of 

G also acts almost freely on M. This leads us to consider torus actions. Stephen 

Halperin conjectured an inequality which relates almost free torus actions with the 

dimension of the cohomology of M. Known as the toral rank conjecture (TRC), it 

was originally formulated in [11] and remains one of the intriguing unsolved problems 

of algebraic topology: 

Conjecture 1.0.1. Suppose an r-torus acts continuously with finite isotropy groups 

on a closed simply connected manifold M. Then, dim H*(M, K) > 2r. 

Informally, this conjecture states that an upper bound on the rank of a maximal 

torus acting almost freely on M is determined by the number of "holes" in M. 

1 



2 1. INTRODUCTION 

It has been shown to hold for certain classes of manifolds, such as compact 

connected Lie groups, homogeneous spaces G/H where G is a Lie group and H is a 

closed connected subgroup ([1], corollary 4.3.8 page 272), as well as Kahler manifolds 

([1], remark 4.4.2 page 281). 

One case that is still unsolved, and the one that interests us in particular is where 

the manifold in question is a nilmanifold N/D with N a nilpotent Lie group and D 

a co-compact discrete subgroup. The toral rank of N/D is related to the Lie algebra 

of N via the following key result. 

Theorem 1.0.2 ([15]). Let D7t := N/D be a nilmanifold, where N is a nilpotent Lie 

group and D is a discrete subgroup. Then if L is the Lie algebra of N, we have: 

• H*{Wl) =* H*{L). 

• The dimension of a maximal torus acting freely on 971 is equal to dim Z, where 

Z is the centre of L. 

This allows us to formulate the toral rank conjecture for nilpotent Lie algebras: 

Conjecture 1.0.3 (nil-TRC). For any nilpotent Lie algebra L, 

dim H*{L) >2dimZ 

The nil-TRC is known for two-step nilpotent Lie algebras; a proof was first pub­

lished in [5], and additional proofs have since appeared in [17] and [14]. However, the 

general case is still not known. It is worth noting that in many cases, the dimension 

bound is a considerable underestimate, one such instance is given by [17], another is 

provided in example 4.3.6. 

One line of attack was proposed by Cairns and Jessup in [4]. They define a 

representation of AZ, the exterior algebra over the centre of a Lie algebra, as an 

algebra of operators in the cohomology of the Lie algebra. This defines a AZ-module 

structure on H*(L). This module structure is related to the toral rank conjecture by 

the following theorem, which for the sake of completeness, we prove in section 3.4. 
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Theorem 3.4.5([15]). Let L be a Lie algebra, let Z be the centre of L, and let 

O ^ r 6 AdnuZ Z. The following are equivalent: 

1. The algebra homomorphism i : AZ —> End (H*(L)) is injective. 

2. There exists an element u> G H*(L) such that iT{uj) ^ 0. 

3. H*(L) contains a free AZ-submodule. 

If these conditions hold, then L satisfies the nil-TRC. 

In sections 4.2, 4.3 and 4.4, we prove results about the AZ-module structure of 

three concrete classes of nilpotent Lie algebras. 

In section 4.5 we prove the main result of this thesis: 

Theorem 4.5.1 Let L :— U © Z be a two-step nilpotent Lie algebra with centre Z. 

Then the AZ-module structure of H*(L) is non-trivial. 

This is the two-step case of conjecture 5.9 of [4]: 

Conjecture 3.4.6. For any nilpotent Lie algebra L, H*{L) has a non-trivial AZ-

module structure. 

Most proofs in chapters 2 and 3, as well as the first section of chapter 4, are 

well-known. The remainder of chapter 4 contains results which to our knowledge 

have not previously appeared in the literature. 

I would like to thank my supervisors Barry Jessup and Paul-Eugene Parent for 

their guidance, help and easy-going attitude which have all helped with the research 

and writing of this thesis. I would also like to thank the National Sciences and 

Engineering Research Council of Canada (NSERC) for sponsoring this research. 
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Chapter 2 

Preliminaries 

This chapter fixes notation for the rest of the thesis and collects a number of results 

from elementary multilinear algebra. Unless stated otherwise, all vector spaces and 

tensor products will be assumed to be over R, and all vector spaces will be assumed 

to be finite dimensional, so in particular vector spaces are isomorphic to their duals. 

The dual Hornby, R) of a vector space V will be denoted V*. 

2.1 Lie algebras 

We start by defining graded Lie algebras. For the most part, we work only with 

classical Lie algebras, which are a special case of graded Lie algebras. A good reference 

for classical Lie algebra theory is [12]. Graded Lie algebras are studied in [6]. Our 

primary interest is in nilpotent and unimodular Lie algebras, and we restrict our 

attention to concepts important to these cases. 

Definition 2.1.1. A graded vector space V is a direct sum of vector spaces: 

v := v° © vl © • • • © vn © • • • 

If x € Vn, we say x has degree n, and we let |:r| = n. 

5 



6 2. PRELIMINARIES 

Definition 2.1.2. A graded Lie algebra is a graded vector space A equipped with 

a bilinear map [,] : A x A —> A, known as the graded Lie bracket, satisfying the 

following axioms: 

• for u £ Ap and v e A^, [u, v] G AP+« 

• [u,v] = —( —1)'U"V'[I>,M] (anti-symmetry) 

• [u, [v,w]} = [[«, i;],iu] + ( —l)l""u'['f, [u,w]] (graded Jacobi identity) 

Definition 2.1.3. A Lie algebra is a graded Lie algebra concentrated in degree 0. 

Definition 2.1.4. If L is a Lie algebra and A, B C L, we define [A, B] as the subspace 

spanned by all brackets [a, b] with a G A, b G B. A vector subspace / C L is an ideal 

if [/, L] C / . Note that this is equivalent to [L, I] C /, and unlike in non-commutative 

ring theory, Lie algebra ideals are always two-sided. 

Definition 2.1.5. If a, b G L and [a, b] = 0, we say a and b commute. The centre Z 

of L is the set consisting elements which commute with all of L. Note that Z is an 

ideal of L and [L,Z] = 0. 

Definition 2.1.6. The adjoint representation of a Lie algebra L is the linear map 

ad : L —> End L defined by 

adx(y) = [x,y]. 

A Lie algebra L is unimodular if for all x 6 L, t radx = 0. 

Let Z be the centre of L. It follows immediately from the definition of ado: and 

Z that adx = 0 if and only if x G Z. 

Definition 2.1.7. The lower central series of a Lie algebra L is the sequence of ideals 

defined inductively as follows: 

• Ll = L 

• Lk = [L, Lk~'1} 
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The Jacobi identity guarantees that each term of the above sequence is indeed an 

ideal, and Lk D Lk~l. If for some k, Lk is non-zero but Lk+1 is zero, we say L is a 

k-step nilpotent Lie algebra. 

The following proposition is crucial to our study of nilpotent Lie algebras. 

Proposition 2.1.8. Let L be a k-step nilpotent Lie algebra. Then, 

1. L has a non-trivial centre. 

2. L is unimodular. 

Proof. By definition, Lk ^ 0 and [L, Lk] — 0, so Lk C Z where Z is the centre of L. 

Now, fix x G L. For all y £ L, 

[x,[x,[x,...[x,y}...}]\ = 0 
v v ' 

k times 

This is equivalent to 

(adx)ky = 0 

showing that ad a; is a nilpotent operator. However, every nilpotent operator has a 

strictly upper triangular matrix under a suitable basis, and so the sum of the diagonal 

elements is zero, showing that trad a; = 0 for all x. Therefore L is unimodular. • 

Remark 2.1.9. In the course of the above proof, it was shown that if L is nilpotent, 

then ado; is nilpotent for all x. The converse is also true; Engel's theorem is the 

statement of these two facts. We shall not need this result here. 

Remark 2.1.10. The class of unimodular Lie algebras is much larger than the class 

of nilpotent Lie algebras. Section 3.2 gives an example of a unimodular Lie algebra 

which is not nilpotent. 

The family of Heisenberg Lie algebras is a classical example of nilpotent Lie 

algebras. 
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Example 2.1.11. For every n E N, let f)„ := span{w;|l < i < n} ffi span{tt;|l < i < 

n} ©span{-i}, with [r/i/t'j] = z and all other brackets zero. Here [hn, h„] = Z(\)n) = 

spatij^}, so f)„ is a two-step nilpotent Lie algebra. 

Example 2.1.12. A Lie algebra structure can be defined on any associative algebra, 

and in particular on any matrix algebra. This construction will be used in section 

2.4. 

Let A be an associative algebra over R. Then we take L to be the underlying 

vector space of A with the Lie bracket given by [x-, y] = xy — yx. Anti-symmetry is 

obvious and the Jacobi identity follows from the associativity of A. 

If the centre of L is all of L, or equivalently all brackets are zero, we say that L 

is an abelian Lie algebra. In the previous example, the algebra A is abelian (commu­

tative) if and only if the Lie algebra L is abelian. 

2.2 Exterior algebras 

All of the following results can be found in [7]. 

Definition 2.2.1. A graded algebra A is a graded vector space having an algebra 

structure where multiplication maps Aa <g> Ab into Aa+b, and 1 e A0. If A0 = R, we 

say A is connected. In what follows, all graded algebras will be connected. If x e A™, 

we say that x is an element of degree n, and we let \x\ = n. 

Definition 2.2.2. Let V be a vector space. The free associative algebra on V is 

denoted T(V) and defined as: 

T(V) •=R®V®{V®V)®(V®V®V)®---

Multiplication is defined as word concatenation on monomials, extended linearly: 

('L>1 ® • • • <g> Vp) • (Wi ® • • • ® lk)q) =Vi®---® Vp ® W[ ® • • • ® Wq 
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This is a graded algebra, and we write TP(V) to denote the subspace which is the 

p-fold tensor product of V with itself. Here TQ(V) = R. 

Remark 2.2.3. If A is a graded algebra and / is a graded ideal, then A/I is a graded 

algebra, since for all i, Ii C Ai, and there exists a vector space isomorphism: 

A/I ^@ Ailh 
i 

Furthermore, the multiplication in A/1 is induced by the multiplication in A, and the 

unit of A/1 is T G A0/I0. 

Definition 2.2.4. Let V be a vector space, and let N C T(V) be the two-sided 

(graded) ideal generated by elements of the form u®v + v®u, for all u, v G V. Then 

we define the exterior algebra over V by: 

AV := T{V)/N 

If we let NP := iV n TP{V), then the vector space TP(V)/NP will be denoted APV, 

and we have: 

i>0 

The product of u, v 6 AV will be denoted u Av. 

We now collect some standard results about the exterior algebra into a proposi­

tion. 

Proposition 2.2.5. IfV is a vector space, the following holds for AV: 

1. Since N is generated by elements of degree 2, we have N° — N1 = {0}, so 

A°V^1R andAlV^V. 

2. The exterior algebra is graded-commutative - for elements u € APV, v G AqV, 

UAv = ( - l f ' t i A u 

If v G A'V, we will write \v\ = p. 
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3. The dimension of APV is (du
p

xV), and so the dimension of AV is 2AimV. In 

particular, AmV = 0 if rn > dim V. 

Proof. Each part is proved as follows: 

1. Immediate, since T°(V)/N° = T°(V) = R, and T°{V)/N° = T[(V) *£ V. 

2. It suffices to prove this fact for monomials u G APV, v € AqV. 

We write u and v as products of generators: 

u = «i A • • • A up 

v = Vi A • • • A vq 

From the definition of N, we can conclude that: 

U\ A • • • A up A vi — —U\ A • • • A up-\ A V\ A up 

By induction on p, we get: 

i*i A • • • A Up A Vi = ( - l ) p i ; 1 Aui A • • • Aup 

Now we write 

u A v = Mi A • • • A Up A V\ A • • • A vq 

and proceed to shift the v^ to the left, starting with v\. By induction on q, we 

get: 

uAv = (-l)pqv Au 

3. Let n := d imV. By (2), the vector space APV is spanned by all non-zero 

monomials xixA-- • Axip, where {XJ\1 < i < n} is a basis of V. Such a monomial 

is non-zero precisely when the i / s are distinct, and different permutations of 

the ij's only change the sign of the resulting monomial. We also remark that 

these monomials are linearly independent. So the number of distinct monomials 

is the number of distinct />element subsets of a set of n elements, which is ('"'). 
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The second part follows from the binomial identity: 

• 

The exterior algebra satisfies a universal property. 

Theorem 2.2.6. Let 0 : V xV —> W be an anti- symmetric bilinear map. Then there 

exists a unique linear map 0 '• A2V —> W such that 4>(u A v) = 4>(u,v). 

Proof. By the universal property of tensor products, 0 induces a unique linear map 

0 : V ® V —* W. The ideal N defined previously is contained in ker0 since 0 is 

anti-symmetric, so the map <p(u A v) :— 4>{u ® v) is well-defined. 

It remains to show that 4> is unique. If ft : A2V —» W is another map satisfying 

4>'(u A v) = 4>(u, v), then (0 — 4>')(u A v) = 0, and since vectors of the form uAv span 

A2V, we see that 0 = 0'. D 

Definition 2.2.7. The d«a/ pairing of AmV* on AnV is defined as follows. 

If m = n, for monomials vi A • • • A vm and ui\ A • • • A wm, we set 

(t>i A • • • A vm, wi A • • • A wm) = det[ut(tyj)]i<t,j<m-

This is well-defined and bilinear by the elementary properties of the determinant. 

If m 7̂  n, 

(AmV*,AnV) = 0. 

Proposition 2.2.8. If V is a vector space with dual V*, there exists a natural vector 

space isomorphism: 

(AV)*^A(V*) 

Proof. First we show that the dual pairing of AV* on AV is non-degenerate. Let 

0 7̂  w\ A • • • wm € AV be given. View {wi}i<i<m as a basis of a subspace of V and 
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consider a dual basis {'t>j}i<i<m which satisfies the following: 

f 1 : i=j 
Vi{Wj) = < 

{ 0 : z ̂  j 

Since {t'j}i<i<?n is linearly independent, we have vx A • • • A vm ^ 0. We compute 

(vx A • • • A wm, IOI A • • • wm) = det[t)i(tyj)]i<jj<m = det l m = 1 

This shows (,) is non-degenerate. Now, we define an isomorphism 

4>: A(V*) - • (AV)* 

by 

The non-degeneracy of (,) yields that 0 is an isomorphism, and since no choice of 

basis was made, 4> is natural. • 

2.3 Derivations 

In this section, we study an important class of operators sitting inside End (AV). 

Definition 2.3.1. A linear map (f> : AV —> AV has degree k if it maps APV into 

Ap+kV. We say that 0 is a derivation of degree k if it also satisfies the graded Leibnitz 

rule: 

(j>{u Av) = (f)(u) Av + (-l)kMu A <f>(v) 

A derivation d which also satisfies d2 — 0 is called a differential. 

Remark 2.3.2. A derivation <j) : AV ->• AV is always zero on A°V = R. 

Indeed, 

0(1) = 0(1-1) 

= 0 ( l ) - l + (-l) f c-"!l-0(l) 

= </>(!) + 0(1), 
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so 0(1) = 0. 

Proposition 2.3.3. Let d : AV —> AV be a differential of degree k. The kernel of d 

is a graded subalgebra of AV, and the image of d is a graded ideal in ker d. 

Proof. Since d is a linear map of degree k, ker d and im d are both graded. 

Suppose a, {3 G kerd. Then, 

d(aAP) = daAp + ( - l ) f c W« A dp = 0 

Furthermore, by remark 2.3.2, 1 G kerd. Thus the kernel is a subalgebra. 

To see that the image is an ideal of the kernel, first note that d2 = 0 is equivalent 

to im d C ker d. Now, pick da G im d, (3 G ker d. We have 

d{aA(3) = daA(3 + (- l) f c | a |a A dp = da A p 

Hence da A P G im d. • 

Definition 2.3.4. A graded-commutative algebra is a graded algebra A such that for 

a • b = (-lpwb • a. 

A graded-commutative differential algebra is a pair (A, d) where A is a graded algebra 

and d is a differential. The graded algebra ker d/im d is called the cohomology of A 

and is denoted by H*(A, d), or if the differential is apparent from context, H*(A). 

Proposition 2.3.5. Let (A,d) and (B,D) be graded-commutative differential alge­

bras. If 4> '• A —> B is a linear map of degree k which satisfies 

(/>d-(-l)kD(f> = 0 

then cf) induces a well-defined map 

H*((j)) :H*(A,d) -> H*(B,D). 
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Proof. Let x G kerri, that is dx = 0. We know 0 = (pdx = ( — l)kD(()(x), hence 0(x') G 

kerD. Now choose dy G imrf. We have (fidy = ( — l)kD(j)y G kriD. So 0 restricts to a 

map (/> : kerd —> ker D, and factors to a map H*((j>) : kerrf/imrf —> kerD/imD. D 

In the language of category theory1, H* is & junctor from the category ofgraded-

commutative differential algebras to the category of graded-commutative algebras. 

Having demonstrated some key properties possessed by differentials, we return 

to arbitrary derivations. 

Proposition 2.3.6. Let 0 : AV —• AV be a derivation of degree k. Then cj) is 

completely determined by its action on V. 

Proof. Suppose <f> : AV —> AV and 6 : AV —* AV are both derivations of degree k 

which are equal on V. We must show <f> — 0. The proof proceeds by induction; we 

show 4> — 6 is zero on APV for all p. 

The case p = 0 is true by remark 2.3.2 and p = 1 is true by assumption. For the 

inductive step, assume 4> and 9 agree on A'V for i < p. Pick a monomial in APV and 

write it as x A y, where |x| = 1 and |y| = p — 1. We now compute 4> — d on x A y: 

{4> -6){x Ay) = {(}>- 6)(x) Ay + (-l)k^x A (0 - 6){y). 

Since x G A1^, (4> - 0)(x) = 0, and since y G AP _ 1F, (4> - 9)(y) = 0 by the induction 

hypothesis. Therefore on APV, <fi = 9, and by induction this holds on all of AV. • 

Two remarks follow immediately. 

Remark 2.3.7. Any linear map 0 : V —> AfcV can be inductively extended to a unique 

derivation of degree k. Define 0(1) := 0; now given u A v G APV where |w| = 1, we 

set: 

0(w A v) := 0(u) A v + (-l)ku A <f>{v) 

Since \v\ = p — 1 we apply the definition inductively to v. 

lSee, for example, [13]. 
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Remark 2.3.8. Derivations of degree A; < —1 are identically zero, since a derivation of 

degree k < — 1 is determined by its action on V, yet it must map V to A1-fcV, which 

is zero since 1 — k < 0. 

Definition 2.3.9. Let Der (AV)k be the space of all derivations of degree k on AV. 

Define a graded vector space 

Der (A V) = 0 Der (AV)k 

k 

In fact, Der (AV) has the structure of a graded Lie algebra. 

Theorem 2.3.10. For any vector space V, Der (AV) is a graded Lie algebra, with 

bracket defined by 

where x £ AV is arbitrary. 

Proof. If \(j)\ = k and \9\ = I, it is clear that [cp,9] is a linear map of degree k + 

I. A tedious but straightforward calculation shows that [<p,d] £ Der(AV). Anti­

symmetry is clear and the Jacobi identity follows from the associativity of function 

composition. • 

Now we turn our attention to a very specific class of derivations. 

Definition 2.3.11. (Interior product) For z G V, the map iz : AV* —> AV* is the 

transpose of multiplication on the left by z on AV, under the dual pairing of AV* 

and AV; for any u £ AVn+l and v € AV", 

(iz(u),v) = (u,zAv) 

Lemma 2.3.12. The map iz is a derivation of degree — 1. 

Proof. First, we note that for u € V*, 

iz(u) = (iz(u),l) = (u,zAl) = (u,z). 
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Let {f'i}i<j<p C V* and {i>i}i<i<p-i C V be two lists of vectors, possibly linearly 

dependent. We compute: 

(iz(ui A • • • A up),vi A • • • A i'7)_i) = (ui A • • • A «p , z Avx A-- • A vp-i) 

(ui,z) (ui,vi) ••• (ui,up_i) 

__ (u2 ,z) (u2 ,ui) ••• (u2,vp-i) 

(up,z) (up,Vi) ••• {UpiVp-i) 

Call this matrix M. We expand the determinant of M along the first column; using 

Mij to denote the determinant of M with the ith row and jth column deleted, 

detM = J2(-iy+1{uj,z)detMjl 

j 

= y~](-iy+1(uj, z)(ui A • • • A Uj A • • • A up, Vi A • • • A vp-i) 

j 

= y2(-l)j+l(iz(uj) Aui A • • • Ai2j A • • • Aup, vx A • • • A up_i) 

i 

= (^(-l)j+iiz(uj) A Ui A • • • A Uj A • • • A up, vx A • • • A vp-\) 

j 

Hence, 

iz(ui A • • • A up) = S~](-l)j+1iz(uj) A Ui A • • • A Uj A • • • A Up 

j 

This shows that iz is a derivation of degree —1 on monomials. The general result now 

follows by linearity. • 

These maps iz are used to define cohomology operations in section 3.4. 

Remark 2.3.13. For C £ AV with | ( | > 1, we can define a map i^ as above; however 

in this case it fails to be a derivation. Indeed, were it to be a derivation of degree 

—1(| < —1, remark 2.3.8 would force it to be identically zero, yet for non-zero (" of 

any degree, there exists C* € AV* such that <«C(C*), 1) = (C*, C) ¥" 0-
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2.4 Skew-adjoint operators 

We recall some elementary results from the theory of linear operators, the full details 

of which can be found in many texts, for example [3]. 

If V is a (real or Hermitian) inner product space, then a linear operator T : V —> 

V is self-adjoint if (Tv,w) = (v,Tw) for all v,w G V. Similarly, T is skew-adjoint if 

(Tv,w) = -(v,Tw). 

Definition 2.4.1. The space of skew-adjoint linear operators is denoted so(V). It is 

easy to see that it has the structure of a Lie algebra2, with [T, S] = TS — ST. 

A standard result from linear algebra states that a self-adjoint operator is diago-

nalizable. Here we present the proof of the well-known canonical form for skew-adjoint 

operators. 

Proposition 2.4.2. Let V be an inner product space. IfT G so(V), then there exists 

a basis of V such that the matrix of T with respect to this basis is block diagonal of 

the following form, where A* G R : 

T = 

0 

"A! 

Ai 

0 

0 

-A2 

A2 

0 

Proof. Recall that given a real inner product space V, we construct the scalar exten­

sion Vc := V ®K C, and equip Vc with a Hermitian inner product as follows, where 

u, v £ V and a, b € C: 

(u ® a, v 0 b) = ab(u, v). 

"This is the Lie algebra obtained from the Lie group SO(V) of special orthogonal linear operators 
on V. 
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We will henceforth write u <g> a as ua. The following identity is satisfied: 

{ua, vb) = {vb, ua) 

Extend T to an operator acting on Vfc by T(ua) = aT(u), so that iT(ua) := iaTu is 

self-adjoint: 

{iTv,w) = {Tv, —iw) = (v,iTw) 

Since iT is self-adjoint, we can find a basis {£j} of Vc such that iT is a diagonal 

matrix with real eigenvalues on the diagonal. Therefore, T = —i -i -T can be written 

as follows: 

-1X2 T 

If A is an eigenvalue of iT, we denote the corresponding eigenspace by Ex. We 

may write a general element of E\. in the form v + iw, v,w G V. We see that 

T(v+iw) = —iXj(v+iw) = —iXjV+\jW, and on the other hand, T(v+iw) = Tv+iTw. 

Since Vc = V @ iV, equating real and imaginary parts yields: 

Tv XjW 

Tw — —XjV 

(2.4.1) 

(2.4.2) 

The vectors v and w are either linearly dependent or independent. We treat the two 

cases separately: 

• v and w are linearly dependent. Either at least one is zero, or v = aw for 

some a e R. If at least one is zero, then either Xj = 0, or 2.4.1 shows that 

both are necessarily zero, which contradicts that v + iw is an eigenvector. The 

other possibility is that v and w are both non-zero and v = aw, in which case 

Tv = a,Tw — —a2XjW. But we have Tv — XjW, so either Â  = 0, or — a2 = 1. 

The latter is impossible since a G M. So Xj = 0 and r|Spa„{.UiW} = 0. 
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• v and w are linearly independent. Let Fj :— span {if, v}. Then T\rx. has 

the following matrix: 

0 A, 

This completes the proof. D 

Now we come to the main result of this section. 

Proposition 2.4.3. Let T,S € so(V). If [T, S] = 0, then there exists a basis making 

the matrices of both T and S block diagonal in the sense of proposition 2.4-2. 

Proof. If A is an eigenvalue of iT, we denote the corresponding eigenspace as E\. If 

0 ^ v £ Ex, then iTSv = iSTv, thus iTSv = XSv and Sv G E\. Therefore we can 

write V as a direct sum of zS'-invariant eigenspaces of iT. For each eigenvalue A, 

iT\%x is multiplication by a scalar, and since iS\sx is self-adjoint, we can find a basis 

for each E\ making iS\sx diagonal. Since iT is multiplication by a scalar on every 

Ex, it remains diagonal under the new basis, so we have a basis where both operators 

are diagonal in the usual sense. The desired forms of T and S on V now follow. • 

2.5 The s t ruc tu re of A2V 

In this section we focus on degree 2 elements of an exterior algebra. The results will 

be fundamental to the study of the structure of two-step nilpotent Lie algebras in 

section 4.3. 

Theorem 2.5.1. For any real inner product space V, there exists a vector space 

isomorphism: 

r] : so(V) ^ A2V* 

Proof. Given T G so(V), Define a bilinear form by T(u,v) = (Tu,v). Since T is 

skew-adjoint, T is anti-symmetric, therefore by theorem 2.2.6 it induces a linear map 

T : A2V -* R. Hence V e A2V*. Set r]{T) := V. 
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Linearity of 77 follows from the universal property. 

To see that ;/ is injective, suppose that r](T) = 0 for some T. Then, T" : A2V —> R 

is the zero map, thus T : V x V —> R is the zero form, i.e. for all u, v £ V, (Tu, t») = 0. 

This implies that Tu = 0 for all u £ V, and so T = 0. 

On the other hand, a dimension argument shows that 77 is surjective. Let n : = 

dim V. A skew-adjoint linear map is completely determined by the upper triangle of 

its matrix, and thus we get: 

dimso(V) = n ( n
2 ~ 1} - Q = d imAV = dimA2V* 

It now follows that 77 is an isomorphism. • 

Corollary 2.5.2 (Easy Darboux Theorem). Let UJ £ A2V*. Then there exists a 

symplectic basis ofV*, {vi}i<i<dimv, such that: 

u> = v 1 A v2 H h v2j-i A v2j• 

The integer j is the rank ofu, denoted rank u>. 

Proof. Recall 77, the vector space isomorphism defined in theorem 2.5.1. We can find 

a basis {ej}i<,<dimv* of V* such that 77_1(c<;) is block diagonal: 

77~1(c;) = 

Now our result follows from the definition of 77: 

l<i<n 

O 

We can define a Lie algebra structure on A2V*. For a,p £ A2V*, 

[a,p}:=V([rrl(a),rrl(P)}). 

0 Ai 

-Ai 0 
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Corollary 2.5.3. Two elements a, (5 G A'2V* commute if and only if there exists a 

basis {xi}\<i<n ofV* such that a and [3 have the following form, for scalars a,j, bj G R: 

a = ^ J ajx2j-i A I 2 J 

P = Yl bjx2j-i/\x2j. 
l< j<n 

Proof. Note that [a,f3] — 0 if and only if r/"1(a) and r)~l(P) are simultaneously 

diagonalizable in the sense of lemma 2.4.3, and by corollary 2.5.2, this holds if and 

only if there is a basis such that a and j3 have the desired form. • 

2.6 Some graph theory 

To be self-contained, we mention some basic facts about graph theory which will be 

used in the proof of theorem 4.4.1. Full details can be found in any text on elementary 

graph theory, for example [10]. 

Definition 2.6.1. A graph G is a pair (V(G),E(G)) where V(G) is a finite set of 

vertices and E(G) is a finite list of edges. An edge is an unordered pair vi,v2 where 

v\,v2 G V(G). There may be multiple edges between the same pair of vertices. (In 

some texts, this is known as a multi-graph.) 

Definition 2.6.2. Let G be a graph, and let v G V(G). The degree of v is the 

cardinality of the set 

{eeE{G)\vee} 

Definition 2.6.3. Let G\ and G2 be two graphs. The union G\ l)G2 is defined to be 

the graph with vertex set V(G\) U V(C?2), and the edge list being the concatenation 

(or disjoint union) of the lists E(G\) and E(G2)-

Definition 2.6.4. A cycle in a graph G is a list of vertices satisfying three conditions: 

• from each of its vertices there is an edge to the next vertex, 
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• there axe no repeated vertices, 

• there is an edge from the last vertex to the first vertex. 

The length of a cycle is number of vertices in the cycle. 

Definition 2.6.5. A graph G is said to be n-regular if every vertex has degree n. 

We prove a well-known fact about 2-regular graphs. 

Lemma 2.6.6. A 2-regular graph is a disjoint union of cycles. 

Proof. Starting from an initial vertex vo, we form a cycle as follows: 

• We pick one of the two edges leaving v0, and call the vertex opposite that edge 

Vi. 

• Now there are two edges leaving vi, one of which was already traversed, giving 

us only one way to proceed. We label the vertex opposite that edge i>2, and 

continue the process. 

• Since V(G) is finite, eventually the process must return us to VQ, forming a 

cycle. 

If possible, we then choose a vertex not part of the cycle as vo, and repeat the 

above steps. Eventually this algorithm will terminate, as every vertex will be part 

of some cycle. The cycles will be disjoint; if a vertex appears in a cycle, then both 

edges leaving that vertex appear in the cycle, but G is 2-regular, so a vertex can only 

appear in a single cycle. • 

Definition 2.6.7. Let G be a graph, and let [n] be the set {1, 2 , . . . , rt}. An n-

colouring of G is a map / : V(G) —> [n] such that no two vertices sharing an edge are 

mapped to the same element by / . 

Now we can prove a lemma we will need in section 4.4. 
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Lemma 2.6.8. Let Gi and G2 be 1-regular graphs sharing the same vertex set, that 

is V(G\) = V(G2)- Then G : — Gx U G2 is a 2-regular graph which admits 2C distinct 

2-colourings, -where c is the number of cycles in G. Furthermore, each 2-colouring 

partitions the set of vertices into two equal-sized subsets. 

Proof. Since E(G) = E(Gi)UE(G2), it is clear that there are two edges leaving every 

vertex. 

Lemma 2.6.6 implies that G is a union of disjoint cycles. Now, suppose v is an 

arbitrary vertex part of some cycle. Since G is a union of two 1-regular graphs, one 

of the edges leaving v must come from G\, and the other edge must come from G2. 

As we traverse the cycle from start to finish, we alternate between edges from G\ and 

edges from G<i- An even number of edges must be traversed, since we return to the 

original vertex. Therefore, each cycle has even length. 

Note that a cycle of even length can be 2-coloured in one of two ways; once 

the colour of a single vertex has been fixed, the colours of all remaining vertices 

are completely determined. There are two choices one can make for the colour of 

the initial vertex. If G is a union of c even-length cycles, then it admits 2C distinct 

2-colourings. 

Note that when a 2-colouring of a cycle is chosen, each distinct colour is assigned 

to an equal number of vertices. Prom this it follows that in G, each distinct colour is 

also assigned to an equal number of vertices. • 
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Chapter 3 

Lie algebra cohomology and 

AZ-modules 

We begin by recalling the definition of H*(L), the Lie algebra cohomology of L. 

Section 3.4 then defines a AZ-module structure on H*(L) as introduced in [4]. 

3.1 Lie algebra cohomology 

The cohomology of a Lie algebra L is defined as the cohomology of (AL*,d), where 

the differential d is determined by the Lie bracket on L. The algebra (AL*, d) is called 

the Koszul complex of L. 

Theorem 2.2.6 implies that the Lie bracket induces a well-defined linear map 

d : A2L —• L. The transpose of this map under the dual pairing of AL* with AL will 

be denoted d. By the definition of the transpose, for z € L* and x, y 6 L, we have 

(dz,xAy) = (z,[x,y]). 

The map d : L* —> A2L* can be extended to a unique derivation d : AL* —> AL* of 

degree 1 as in proposition 2.3.6. 

Theorem 3.1.1 ([14], page 6, or [9], page 175). The map d is a differential: that 

is, d2 = 0. 

25 
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Proof. Since Der(AV*) is a graded Lie algebra and d has degree 1, [d,d] = 2d2, so 

d2 is also a derivation. Now, proposition 2.3.6 ensures that d2 is determined by its 

action on L*, so we are done if we can show that d2 : L* —> A,3L* is zero. 

Define $ : A3L —> A'2L as follows: 

$(.x- AyAz) = [x, y]/\z + [z, x]Ay + [y, z] A x 

Now by the Jacobi identity, 

<9($(x Ay A z)) = {[x, y],z] + \[z, x), y] + [[y, z],x] = 0 

Hence d o $ = 0. 

It remains to show that <E> is the transpose of d : A2L* —> A3L*, since then 

^2 = d 0 d = (^ 0 $)* = o. 

Let a,b € L* and x,y, z E L. Then we have: 

($*(a A 6), x A y A z) = (a A b, $(x A y A z)) (3.1.1) 

Now: 

(a A 6, d(x Ay) A z) = -(a A b, z A d(x A y)) 

- -{iz(aAb),d(xAy)) 

= - ( a , z)(b, d(x A y)) + (b, z)(a, d(x A y)) 

— —(a,z){db,xAy) + (b,z)(da,xAy) 

Similar computations yield: 

(a A b, d(z A x) A y) = ~(a,y)(db, z A x) + (b, y)(da, z A x) 

(a A b, d(y A z) A x) = - (a, x) {db, y A x) + (b, x) (da, y A z) 
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Substituting everything into equation 3.1.1 gives us the following: 

(<I>*(a A b), x A y A z) = -{a, z)(db, x A y) + {b, z)(da, x A y) 

- (a, y) (db, zAx) + (b, y) (da, z A x) 

— (a, x) (db, y A x) + (b, x) (da, y A z) 

= (da,ib(x Ay A z)) — (db,ia(x Ay A z)) 

= ((da) A b - a A (db),x A y A z) 

= (d(a A b),x Ay A z) 

Thus $* = d on A3L*, and since d o $ = 0 it follows that d2 = 0. D 

We are now ready to define the central concept studied in this thesis. 

Definition 3.1.2 (Lie algebra cohomology). Let L be a Lie algebra. We define 

a differential d on AL* as above, and let H*(L) :— kevd/imd. This is a graded-

commutative algebra by lemma 2.3.3, and is known as the cohomology of L. The 

dimension of Hn(L) is the nth Betti number of L. 

The following useful lemma provides a connection between the adjoint represen­

tation of L, and the Koszul complex of L. 

Lemma 3.1.3. For x G L and y G L*, 

(&dx)*(y) = ixdy 

Proof. We show that ixd is the transpose of &dx; since transposes are unique, the 

result follows. Indeed, for w £ L, 

(ixdy, w) = (dy, x Aw) 

= (y,[x>w}) 

= (y,c\dx(w)). 

D 
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3.2 Example cohomology computations 

This section contains a few examples of explicit cohomology computations. 

Example 3.2.1. The cross product on R3 = span{x,y, z} is a skew-symmetric bilin­

ear map defined on basis elements: 

x x y := z 

y x z := x 

z x x := y 

This makes R3 into a Lie algebra, which we shall call L. Note that L is unimodular 

but not nilpotent. In the literature, this Lie algebra is denoted so(3). It can also be 

presented as a matrix Lie algebra without reference to the cross product. 

Fixing a dual basis, we have L* — span{x*,y*, z*}. The differential on L* is 

given by: 

dx* = y*Az* 

dy* = z* Ax* 

dz* = x* Ay* 

Note that there are no non-trivial cycles in L*. Recall that dimA2L* = (3) = 3, so 

A2L* is spanned by boundaries, and dimA3L* = (3) = 1, so A3L* is spanned by a 

single element x* A y* A z*, which is a cycle for degree reasons. Hence, we have: 

H°(L) = s p a n { l } ^ R 

H\L) = 0 

H2(L) = 0 

H'\L) = span{x*A2/*A2*} 

Remark 3.2.2. For any Lie algebra L, H°(L) = R, since 1 € kevd, and 1 0 im<i 

Computations similar to those in the example above show that for any Lie algebra 

L, Hl(L)^L/[L,L]. 
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Example 3.2.3. Let L : = span{x-i, :/:2, x;j, x4, Zj, z2}, with non-zero brackets on basis 

elements defined by 

[x3,x4] := zx 

[:ci,x3] := z2 

Under the corresponding dual basis, the non-zero differentials on basis elements 

are defined as follows: 

dz\ = x\ A x*2 + X3 A x\ 

0>Z<2 ~~ XA f\ Xn "I" Xry / \ XA 

The Koszul complex (AL*, rf) is a 64-dimensional vector space; computer calculations 

produce the following basis for H*(L): 

. H\L): 

x\ 

2 

£ 3 

• H2(L): 

x*2Ax*3 

x\ A x\ 

Jii 'i I \ JL A X i /\Xn 

-x*4 A z\ + .x-* A z\ 

x* A 2J + x*2 A 22 

:i;* A z* + x* A z* 

-ir? A ̂ J 4- x\ A 4 
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H3(L) : 

x*2 A x\ A z\ 

x* A 1 4 A z* 

x\ A x\ A z* - x\ A x\ A z\ 

.x*j A x\ A 2* - :c* A x*2 A 2* 

x t A x$ Azl+ x\ A x*2 A z£ 

x* A x*2 A 2* + x * A x*A A 4 

x'2 A x\ A ^ 

x* A x\ A 4 

4 A S4 A z\ + x\f\ x\ A z* 

x\ A X4 A ^2 + x* A £3 A z* 

—X2 A S j A ^ A Z i + i i A X j A ^ A Z j 

x\ A X3 A X4 A z\ + rcj A x2 A X4 A ^ 

£* A ^2 A X4 A z\ + x{ A £3 A 3:4 A 4 

^ A ^ A ^ A Z j - i j A S j A ^ A 2* 

^2 A X3 A z\ A 4 

x* A x\ A z* A z2 

x\ !\ x\ N z\ t\ z\ - x\ l\ x\ l\ z*x f\ z2 

x\ A x\ A z* A Z2 - x* A X2 A z{ A ^ 

i/5(L) : 

1 * A X j A £3 A 2* A z*2 

x\ A x'2 A x\ A z* A ^2 

x\ A X3 A X4 [\z\f\z\ 

x% N x% t\ x*A N zX l\ z% '3 '1 

tfe(L) 

:t't A ^ A x\ /\x\f\ z\ A z\ 

file:///z/f/z/
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3.3 The Laplacian operator 

The goal of this section is to recall the definition of the Laplacian, a linear operator 

A : AL* -> AL* such that ker A S H*(L). This represents the cohomology as the 

so-called harmonic forms ([16]). 

We begin by introducing an inner product on AV for an arbitrary inner product 

space V with n :— dim V. We fix an ordered orthonormal basis {ei}\<i<n of V. 

Definition 3.3.1. The Hodge star map * : AV —> AV is defined on basis elements 

and extended linearly as follows. Consider a typical basis element e = e^ Aei2 A- • • Aeip 

where i\ < ii < • • • < ip. Let e' = e^ A • • • A e, be the wedge of all basis elements 

not appearing in the list i\,i2, • • •, iP, with q = n — p. Now we can define: 

^ e _ (_]_)sgn(i1 , i2,. . .1ipji, . . . , .7< /)e/ 

where sgn (a\, a,2, • • •, an) is the sign of the permutation mapping / to a\. 

Remark 3.3.2. Given a E APV, straightforward calculations yield that *a € An~pV 

and**a = {-l)^n'^a. 

Definition 3.3.3. As in [2], we use the Hodge star to endow AV with the structure of 

an inner product space. If x, y € APV, then we define (x, y)* := *(x A *y), otherwise 

(x,y)* :=0 . 

Remark 3.3.4. We can show that (, )* is an inner product as follows. It is clearly 

linear. Now, let x := e^ A • • • A eip and y := e^ A • • • A eJp be monomials, with 

i\ < • • • < ip and j \ < • • • < j p . If for some k, i\. ^ jk, then 6jk A x ^ 0, and 
ejk A *y = 0. Because y lies in the ideal generated by eJfc, 

(x, y) = *(x A *y) = 0. 

On the other hand, if for all A:, i^ = j ^ , then x = y, and by the properties of the 

Hodge star map, 

(z,2/), = -k{xA*y) = 1 
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Therefore the set of monomials forms an orthonormal basis for AL*, and so {, )* is an 

inner product. 

Now we return to Lie algebras. In the remainder of this section, we assume that 

L is a unimodular Lie algebra1. 

Lemma 3.3.5. The restriction of d to AdnnL""1L* is zero. 

Proof. Wc choose dual bases {xi,... ,xn} and {x*,... ,x*n} where n = dimL. We 

write dx* relative to this basis: 

i : = Z_J Pj,kxj ^ xk 
l<j<k<n 

For j > k, set /?].fe := -fi\,y Set tyj = 0 for all j . 

Note that for any linear operator T : L* —» L*, we have 

n 

trT = $>/T(z?) 
»=i 

Hence, we perform a calculation: 

n 

tx(ixd) = Y^^i^xdx*) 

n 

i=l l<j<fc<n 
n 

- E E ix(«xi(/?,fĉ -Ax;)) 
i=l l<j<k<n 

n n 

= ££**(#,***) 
i = l / c = l 

Define 7 6 L* by 7(0;) := t radx. Since L is unimodular, 7 = 0; on the other hand, 

the above calculation and lemma 3.1.3 shows 

11 n 

i=i fc=i 

' In fact a slightly more detailed approach allows one to define the Laplacian for arbitrary Lie 
algebras L; the reader is referred to [14] or [2] for the details, as we do not need those results here. 
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Now, we pick an element a <E A""1/,*, and show that da = 0. Without loss of 

generality, we can assume a is a monomial, and furthermore, we can assume a : = 

x* A- • •A.i*_]; the argument for the other monomials in the canonical basis of A"~[L* 

is similar. We compute: 

da = ^2 (~ ^)i+ldx* A x\ A • • • A x* A • • • A .<_x 

l < i < n - l 

= J2 (-iy+lPi,nx* A < A x\ A • • • A x* A • • • A < _ x 

l < i < n - l 

\ l < i < n - l / 

= —7 A a 

= 0. 

D 

Definition 3.3.6. The adjoint of the differential d with respect to the inner product 

(, )* is a linear map of degree —1 denoted d : AL* —> AL*. 

Remark 3.3.7. If x '• V ~> V* IS the isomorphism induced by the inner product on V, 

then: 

(z,d(u Af))* = {dz,uAv)i, 

= {dz,x(u)Ax(v)} 

= (z,[x(u),x(v)}) 

Thus d(u A v) — [x(u), x(v)]i showing that d is the Lie bracket on A2V*. 

Proposition 3.3.8. On APL*, d = ( -1 )" (P+ 1 )+ 1 *d*, where n = dimL. 

Proof. Let a e AP_1L*, (5 E A]'L*. Since the restriction of d to AdimZ,_1L* is zero, we 

have that 

0 = d(aA*(3) 

= da A Mi + ( -1 )p~la A (d * 0) 
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This is equivalent to: 

daA*/3 = (-\)paA(d*l3) 

Now we compute: 

(a , ( - l ) M ( p + 1 ) + 1 *d*/3)* = ( - l ) " ( p + 1 ) + 1 * ( a A * * d * / 3 ) 

= (_i)»(p+1)+1+(p-0(n-P+i)^(a A ( i^ /3) 

= ( - l ) p * ( « A ^ / 3 ) 

= -k(da A */3) 

= (da, /?)* 

This gives us our result, since we have 

(a, 5/3), = ( a , ( - l ) n ( p + 1 ) + 1 * ^ ) -

• 

Definition 3.3.9. The Laplacian is a linear map of degree zero, A : AL* —> AL*, 

defined as A = dd + dd. 

Theorem 3.3.10 (Hodge decomposition theorem for Lie algebras, [2]). The 

Laplacian satisfies the following properties: 

1. The Laplacian is self-adjoint. 

2. There is an orthogonal decomposition ker A © im A = AL*. 

3. ker A = ker d D ker d. 

4. There is an orthogonal decomposition kerd = ker A © imd. 

5. There exists a vector space isomorphism H*(L) = ker A. 

Proof. 1. If we denote the adjoint of a linear map T by T, then adjoint of the 

Laplacian under the inner product (,)* is given by: 

A = 3d + dd = dd + dd, 

so A is self-adjoint. 
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2. It is a standard result from linear algebra that if T is a linear operator, then 

kerT = (miT)1 . In our case, this tells us that kerA = (imA)1 , therefore 

AL* = kerA © imA, and furthermore this decomposition is orthogonal. 

3. Note that (dx,dy) = (x,d2y) = 0, so imd ± imd. If x G kerA, then ddx + 

ddx = 0 and thus ddx = 0 and ddx — 0. Now, ker<9 ± imd and kerd ± im c?, 

hence ddx = 0 if and only if dx = 0, and ddx — 0 if and only if dx — 0. 

Therefore x G ker d fl ker d, and so ker A C ker d D ker d. The other inclusion is 

obvious, since if a; € ker d fl ker d, ddx = 0 and ddx = 0, so Ax = 0. 

4. Since x € ker 9 if and only if x _L im d, and ker A = ker d D ker d, it follows that 

ker d = ker A © im d. 

5. Since ker d = ker A © im d, ker d/im d = ker A. 

• 

3.4 Primary operations and AZ-modules 

In the following, let Z be the centre of L. Recall that if R and S are algebras over 

the same field, any algebra homomorphism p : R —> End (S) defines an .R-module 

structure on S, where End (S) is the algebra of linear maps on S under composition. 

We will thus equip H*(L) with a AZ-module structure for a Lie algebra L by denning 

a map ic : H*(L) -+ H*(L) for each C 6 AZ. 

The following result is elementary but we include its proof for completeness. 

Proposition 3.4.1. For z e L, the derivation iz induces a well-defined map H*(iz) 

if and only if z G Z. 

Proof. (=>) If H*(iz) is well-defined, then in particular, for u G L*, izdu> G imd. 

For x G L, we have 

(izduj, x) = (da;, z A x) 

= ( W , [ 2 , : E ] ) -
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On the other hand, since izduj 6 unci, we must have that izdu = 0, since there are 

no non-zero boundaries of degree 1. Since u> was arbitrary, we see that [z,x] = 0 for 

all x € L, or in other words, z G Z. 

(<=) Suppose that z 6 Z. It follows that (ad z)* = 0, and from lemma 3.1.3, this 

is equivalent to izd = 0. In degree 1, izd — [d,iz]. Since [d,iz] is a derivation which 

equals izd on degree 1 elements, proposition 2.3.6 implies that [d,iz] = 0. • 

Definition 3.4.2. A primary operation on H*(L), denoted H*(iz), is the map induced 

on cohomology by the derivation iz for some z £ Z . This is also a derivation of the 

algebra H*(L). The primary operation is non-trivial if H*{iz) is a non-zero map on 

cohomology. 

Definition 3.4.3 ([4] page 1). The linear map i : Z —> EndH*(L) which maps 

z € Z to H*(iz) can be inductively extended to a linear map 

i: AZ -^ End H*(L) 

by iaAb{x) = ia{h{x)) where \a\ = 1. Note that i is then a homomorphism of algebras, 

since for \x\, \y\ = 1, ixAy = ixiy, and ixiy — —iyix. This map i then gives H*(L) the 

structure of a AZ-module, defined by 

z • u> := iz(u>) 

Definition 3.4.4. If AZ contains an element £ with deg£ > 1 such that H*(i^) ^ 0, 

then we say H*{L) possesses non-trivial AZ-module structure. 

We now prove the theorem mentioned in the introduction. 

Theorem 3.4.5. [4] Let L be a Lie algebra, let Z be the centre of L, and let 0 ^ r G 

AdunZZ. The following are equivalent: 

1. The algebra homomorphism i : AZ —> End (H*(L)) is injective. 

2. There exists an element u> € H*{L) such that iT(u>) ^ 0. 
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3. H*(L) contains a free AZ-submodule. 

Moreover if these conditions hold, then L satisfies the nil-TRC. 

Proof. (1) => (2) For any non-zero £ G AZ, we have (£, £)* ^ 0, hence £ A*£ is a non­

zero scalar multiple of r and //*(^o?;^)(u;) ^ 0, and in particular H*(i^)(u) ^ 0, 

thus i is injective. 

(2) => (3) Since i is injective, there exists u> G H*(L) with H*{;iT)(uj) ̂  0. A similar 

argument to the above shows that for arbitrary £ G AZ, H*(i^)(u>) ^ 0, thus CJ 

generates a AZ-submodule of H*{L)) necessarily free since it is isomorphic to 

AZ. 

(3) => (1) Let M C if*(L) be a free AZ-module. Pick any element ui e M such that 

iT{u) £ 0. 

To see that L satisfies the nil-TRC, note that H*(L) contains a free AZ-submodule, 

so 

2dimz = dimAZ < dim H*(L). 

D 

Not every nilpotent Lie algebra enjoys a cohomology space containing free AZ-

submodules - see the next section for an example. Furthermore, if the nilpotency 

condition is relaxed to solvability, the AZ-module structure may in fact be trivial. 

This will clearly occur if L has a trivial centre; but even if Z ^ 0, there are a solvable 

Lie algebras whose cohomology has a trivial AZ-module structure. One such example 

is the 4-dimensional Lie algebra 

L := span{z, a, b, x\[a, b] = z, [a, x] — a, [x, b] = b} 

an easy calculation shows z G Z but H*(iz) = 0. This simplifies a 7-dimensional 

example given in [4]. 
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The situation with nilpotent Lie algebras is more interesting. In every exam­

ple which has been calculated so far, the cohomology enjoys non-trivial AZ-module 

structure. This led Cairns and Jessup to pose the following conjecture in [4]: 

Conjecture 3.4.6. For any nilpotent Lie algebra L, H*(L) has a non-trivial AZ-

module structure. 

We see that this conjecture is trivially true when L is an abelian Lie algebra: 

Example 3.4.7. Let L be an abelian Lie algebra. Then the differential d on AL* 

is zero, and so H*(L) = AL*. Now if z E L, then iz(z) = 1. Since both z and 1 

are cycles which are not boundaries, H*(iz) ^ 0 for all z £ Z. Here, H*(L) is a free 

AZ-module generated by a single element. 

An abelian Lie algebra can be thought of as a "one-step" nilpotent Lie algebra. In 

section 4.5, we prove that the above conjecture holds for two-step nilpotent algebras, 

a new result. 



Chapter 4 

Two-step nilpotent Lie algebras 

In sections 4.2, 4.3 and 4.4, we study three specific classes of nilpotent Lie algebras. In 

section 4.5 we show that the cohomology of any two-step Lie algebra has non-trivial 

AZ-submodules, a previously unknown result. 

4.1 Two-step Koszul complexes 

In this section, we fix some notation which we will use for the remainder of this 

chapter. 

Consider a two-step nilpotent Lie algebra L with centre Z. Recall that this 

means [L, L] C Z, and we can write L — U © Z, with U = span{xj|l < i < dim U} 

and Z = span{zj|l < j < dimZ}. We will choose corresponding dual bases of U* 

and Z*, and construct the exterior algebra AL*. 

We observe that the differential d is zero on U*, and maps Z* into A2U*. To 

prove the first assertion, pick x G U*, a,b £ L, and calculate the pairing 

(dx, a A b) = (x, [a, 6]). 

Since [a, b] G Z and every element of U* annihilates Z, (x, [a, b]) = 0. 

To see that for any x G Z*, dx G A2U*, observe that if z G Z and y G L, then 

[z, y] = 0, therefore for any x G L*, (dx, z Ay) = 0. Thus the boundary of an element 

39 
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of L* annihilates U ® Z and A2Z, and thus must lie in A2U*. 

We end this section with three remarks. 

Remark 4.1.1. There is a notion of a bigraded vector space, completely analogous to 

a graded vector space. 

For a two-step Lie algebra L = U © Z, AL* is bigraded; we have 

AL* s AU* ® AZ* 

and 

{AL*)p'q^ Ap~qU*®AqZ*. 

An element u> € Ap~qU* ® AqZ* is said to have bidegree (p,q). We note that the 

differential d is a derivation of bidegree (1,-1) , ie: 

d : Ap~qU* ® AqZ* -> Ap-q+2U* ® A 9 "^* . 

This follows from the Leibnitz rule and an induction argument, since d\z* : Z* —> 

A2U*. 

It follows that ker<i and Imd are bigraded vector spaces, and so H*(L) is also 

bigraded. 

Remark 4.1.2. The previous remark can be used to give an alternative proof of lemma 

3.3.5 in the two-step case. Indeed, if m := dimU and n := dimZ, the differential 

maps 

d : Am~2U* ® An+1Z* -> AmU* ® AnZ* 

but A"+1Z* = 0. Hence no non-zero element of AmU* <g> AnZ* ^ AdimiL* l i e s i n t h e 

image of d. 

Remark 4.1.3. The Hodge star on AL*, denoted *, is defined relative to the dual basis 

{re*,..., :r,*,, z*... z*n}. This turns AL* into an inner product space and allows us to 

define the Laplacian A. The Hodge star on AU* relative to Vs ordered basis will be 

denoted •. Note that on AU*, we have: 

-kx = ±z\ A • • • A z*n A *x 
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This fact is used in the proof of theorem 4.3.4. 

Remark 4.1.4. Suppose we wish to find an element u € At/* C AL* which is a 

cycle but not a boundary. One approach is to look for ui satisfying Au = 0, since 

ker A 9* H*{L). By theorem 3.3.10, u 6 ker A if and only if: 

dui — 0, and 

d{*u) = 0. 

The first condition gives us nothing new, since d(AU*) — 0. By remark 4.1.3, the 

second condition becomes: 

d(zx A • • • A zn A ±u) = 0 

The Leibnitz rule now shows that u> G ker A if and only if dzi A±u> = 0 for all i.1 This 

fact is used in the proof of theorem 4.4.1. 

4.2 Free two-step nilpotent Lie algebras 

The cohomology of free two-steps has been extensively studied and much is known; for 

example see [16]. In this section we study the AZ-module structure of the cohomology 

of free two-steps. We show that no free submodules exist, and that the module 

structure is non-trivial. 

Definition 4.2.1. As a vector space, Fn, the nth free two-step nilpotent Lie algebra, 

is defined as 

Fn :=U®Z 

where U \= span{ej|l < i < n} and Z :— span{/jj|l < i < j < n}. The Lie brackets 

are given by [e.;, 6j] = fy for i < j ; all other brackets follow from anti-symmetry. Note 

that dim Z = Q). 

'While the above calculation ensures that a sufficient condition for an element x € A.U* to not 
be a boundary is to have dx = 0, this is not a necessary condition; clearly, dx = 0 if and only if 
x e (mid)-1-, but it may happen that x 0 iinrf and x $• ( imd)1 . 
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If we choose a dual basis of Fn) say 

K | l < * < n } U { / * | l < * < j < n } 

it is easy to see that d(f*j) = e* A e* for i < j . 

Proposit ion 4.2.2. For n > 1, the cohomology space H*(Fn) does not contain any 

non-zero free AZ-submodules. 

Proof. By 3.4.5, it follows that H*(Fn) contains a free AZ-submodule if and only 

if there exists u> G H*(Fn) such that iT(uj) ^ 0, where r is a non-zero element of 

AdimZZ. 

Let w be a representative of the class u> in AF*. We must necessarily have 

w = UAT*, where u G AC/* and r* is a non-zero element of AdimZZ*. Since H*{iT) ^ 0, 

we have u $ imd. Since A-2F£ C imd, \u\ = 1. 

Furthermore, since 

r* = fn A / ;3 A • • • A /(;_1)B> 

it follows by the Leibnitz rule that for all 1 < i < j < n, 

d(uAf*j) = ±uAe* Ae*. 

In particular, 

u A e* A e*2 = 0 

uAe\Ael = 0 

u A e*2 A el — 0. 

However, this is equivalent to 

u G span{e*, e*,} 

u G span{e*,e^} 

u G span{e*,,e*;}. 
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Therefore, we may conclude that 

u G span{e*, e*2} D spanje*, e^} D span{e*,, e*J = 0. 

This contradicts our assumption that iT(u) 7̂  0, and so no free AZ-subinodules 

exist. ' D 

Remark 4.2.3. In the case n = 1, F\ is simply the Heisenberg Lie algebra hj as defined 

in example 2.1.11. Corollary 4.3.5 shows that H*(t)i) contains a direct sum of two 

free AZ-modules. 

In section 4.5 we will see that all two-steps enjoy a non-trivial AZ-module struc­

ture. In the case of Fn, we can do better than the generic result by exploiting the 

structure of Fn. 

First, we recall Engel's theorem. 

Theorem 4.2.4. Let L be a nilpotent Lie algebra. Then there exists a basis {xi}i<j<n 

such that for i,j satisfying 1 < i < j < n, [xi, Xj] G sp&n{xk\j + 1 < k < n}. 

An equivalent formulation of the above is the following: 

Theorem 4.2.5. Let (AL*, d) be the Koszul complex of a nilpotent Lie algebra. Then 

there exists a basis {x*}i<i<n of L* such that for i satisfying 1 < i < n, dx* £ 

A2span{x^|l < k < i}. 

Now, we present a result showing that a certain class of nilpotent Lie algebras 

satisfies conjecture 3.4.6. This class contains representatives of arbitrarily high nilpo-

tency degree. 

Theorem 4.2.6. Let L be a nilpotent Lie algebra, and let (AL*, d) be the correspond­

ing Koszul complex. Suppose thai there exists z* G Z* such that dz* = a* A b*, with 

a* and b* linearly independent, and let z € Z satisfy (2*, z) = 1. Then H*(iz) 7̂  0. 
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Proof. If da* = 0, then iz(z* A a*) — a* $ imd, and hence H*(iz) ^ 0. A similar 

argument can be made if db* = 0. 

So assume that neither a* nor 6* are elements of ker d. We show this leads to a 

contradiction. 

We differentiate z* twice: 

d2z* = da* A b* - a* A d6* 

However, d2 = 0, so we have 

da* A 6* = a* A d&*. 

We may write 

da* = vlf\a*+vl/\b* 

db* = v*3Aa* + v*4Ab* 

where Vi G U*. 

Let {a;*}i<i<n be a n Engel basis for L*. Without loss of generality, we may 

assume x* = a* and x* = b*, with i < j . But now, we have a contradiction, since for 

i satisfying 1 < i < n, dx* € A2span{x^|l < k < i}. 

Therefore one of da* or db* is zero, and so H*{iz) ^ 0. • 

Now we apply the above result to Fn. 

Theorem 4.2.7. Let Fn be the free two-step nilpotent Lie algebra with n generators 

and centre Z. Then for all non-zero z G Z, H*(iz) ^ 0. 

Proof For any 1 < i < j < n, df£ = e*Ae*. Therefore, by theorem 4.2.5, H*(ifi;j) ^ 0. 

For a non-zero z G Z, we write 



4.3. FREE AZ-SUBMODULES, EXAMPLE I 45 

Let i,j be the first index .such that c,j 7̂  0; now, 

**(/yAe?) = * / ; j (^Ae*) + * w y ( ^ A e * ) 

= < + 0 

= e* €" im ci 

D 

Note that while theorem 4.5.1 only shows that H*(iz) ^ 0 for some z 6 Z, here 

we are able to show that H*(iz) ^ 0 for all non-zero z G Z. 

4.3 Free AZ-submodules, example I 

In this section, we study a class of Lie algebras whose cohomology enjoys some inter­

esting properties and in particular, contains free AZ-submodules. 

For the remainder of this section, suppose L — U © Z is a two-step Lie algebra, 

with U even-dimensional, m := dl™u and n := dimZ. 

The results in sections 2.4 and 2.5 will be crucial here. In particular, recall 

theorem 2.5.1, which constructs a vector space isomorphism: 

77 : so(U) -> A2U* 

We begin with some equivalent characterizations of a certain class of two-step 

Lie algebras. 

Theorem 4.3.1. Let {zi\l < i < n} and {z*\l < i < n} be dual bases of Z and Z*. 

The following are equivalent: 

1. All elements in the vector space {•q~1(dz*)\z* 6 Z*} C so(U) commute under 

the Lie bracket on so(U). 
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2. There exists a basis o}U*, {u*, f*}i<K,n. and a set of linear junctionals {ci}\<i<n C 

Z**, such that every z* G Z* has a boundary of the following form with respect 

to this basis: 

dz*= Y C*(~KA< 
l<i<m 

3. There exists a basts of U*, {u*,v*}i<i<m and a set of vectors in Z, {0}i<t<m 

(not necessarily linearly independent or spanning Z) such that the differential 

takes the following form: 

d= Y <Av'AiC< 
\<i<m 

Proof. (1) <$• (2) This is corollary 2.5.3 together with an induction on n. 

(2) =£• (3) Assume that we have a basis {u*,v*}i<i<m such that 

dz*= Y ciCo^A*: 
\<i<m 

for every z G Z*. This implies that for any u G AL*, 

du = Y dzj A i*i M 

= Y Y Ci(z*XAv*AiZj(uj) 

= Y u*Av*A Y ci(zi)^(u) 
1<1<771 l < j < n 

= Y <Av*AkM 
\<i<m 

where 

Ct = Y C^Z*J)ZJ 

(3) => (2) Note that the hypothesis gives 

dz*= Y < Av* AiCi(z). 
i<i<m 

Define c-i(z) := i^,(z). The result follows immediately. 

D 
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Remark 4.3.2. There is no loss of generality in assuming that dimil is even; it is not 

difficult to see that if dim U were odd, condition (3) in the above theorem yields a 

basis element x G U with ixd = 0; but lemma 3.1.3 now forces x G Z, a contradiction. 

The following lemma establishes the behaviour of this class of Lie algebras under 

two-dimensional extensions. We shall use it to prove a key structure result. 

Lemma 4.3.3. Suppose the following hold: 

1. L — U © Z satisfies the equivalent conditions of theorem 4-3.1. 

2. L = L © span{u, v}, U = U © span{it, u}. 

3. The differential d on AL* is zero on u* and v*, and there is ( € Z such that on 

other elements d is given by 

d = d + u* A v* A ic 

where d is the differential on AL. 

4- There exists a d-cycle UJ € APU ® KqZ*, which is non-zero in H*(L), for some 

p and q. 

Then there exists a d-cycle u/ G AP+2U* <g> Aq>Z*, with q < q' < q + I, which is 

non-zero in H*(L). 

Proof Note that d(u* At)*Aw) = 0. If u A v A u $ im d, we are done, so assume 

U*AV*ALO = da for some a € ApU*®Aq+lZ*. Again we observe that d(u*Av*Aa) = 0. 

If u* A v* A a $_ imrf, we are done, so assume u* A v* A a = d(5 for some (5 G 

APU* <S> A'1+2Z*. We show that this leads to a contradiction, finishing the proof. 

Write a as follows: 

a — tt'i + u* A OL<I + v* A a-A + u* A v* A «4 
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where 

a! € APU* ® Aq+1 Z* 

a2,a3 e Kp-lU* ® A"+1 Z* 

a4 e Ap-2U*®A"+lZ* 

We compute the boundary of a: 

da = dai + u* A v* A '^cti — u* A d«2 — f * A da-A + u* A v* A <ia4 

= u* A '(;* A a; 

So, 

iuAvda — IQOCI + ^0:4. 

On the other hand, da = u* Av* A to and u € AL , which gives us 

iuA^da = to 

hence 

a; = z^ai + da4. (4.3.1) 

Next we decompose (5 just as we did with a above: 

0 = 0! + u* A fa + v* A 03 + u* A v* A 04 

Since d0 = u* A v* A a and iu/\vd0 = ai , a calculation identical to 4.3.1 yields 

Substituting the equation into 4.3.1 and using the fact that if = 0 now exhibits u> as 

a d-boundary: 

u; = ic_OL\ + da4 

= i^0i+d04) + da4 

= d(a4 - i(04) 

Since we assumed u $ im d, this contradicts the assumption that 'u* A i>* A a 6 ini d, 

and so •«,* A v* A a is our non-trivial d-cycle. D 
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We now come to the main theorem of this section. 

Theorem 4.3.4. Assume L satisfies the equivalent conditions of theorem 4-3.1. Then 

the following hold: 

1. H*(L) contains a direct sum of 2n free AZ-submodules. 

2. For every p with 0 < p < 2m, there exists a cycle in APU* <g> AZ* which is not 

a boundary. 

3. dim H*(L) > 2m-2n + 2m. 

Proof. Recall that we defined m :— dl™u (remark 4.3.2 ensures this is an integer), 

and n := dimZ. 

1. For this part of the proof, we use the isomorphism H*(L) == ker A from section 

3.3. Note that every i with 0 < i < 2m has a binary expansion of not more than 

77i digits. If the j'th digit is 0, let Xj — u*; otherwise, if the jth digit is 1, let 

Xj = v*. Now define 

Ki ~— X\ / \ ' • • / \ XJJI 

Observe that both Kj and *Ki annihilate u* A v* for all j , therefore Kj and *Ki 

annihilate dz* for all z* G Z*. By the Leibnitz rule, it follows that for any £ G 

AZ*, d(K,iA() = 0, and from remark 4.1.3, we get d(KiAQ — ±-kd(*(KiA(,)) = 0. 

By theorem 3.3.10, ker A = ker d fl ker d, hence Kj A (" is a harmonic form in 

ker A. This way we see that for every 0 < i < 2m, we get a free submodule K^ 

generated by the harmonic elements {KJ A C|C = z*t A • • • A z* } , where C, ranges 

over all monomials in the canonical basis of AZ*. 

Since the Kj are distinct monomials, the generators of all free submodules are 

linearly independent elements of ker A C AL*. Because ker A ~ H*(L), the 

generators are also linearly independent as elements of H*(L), and the sum of 

the free submodules is direct. 
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2. Write the differential as in part (3) of theorem 4.3.1: 

d= Yl <AvtAHr 
l<i<m 

Let UQ := 0, U^ := span{M*,'i>*,... ,u*k,vl), and define a sequence of differen­

tials: 

d0 := 0 

di : — ti* A v{ A '^j 

4 J := 5 Z u*iAviAiC> 
\<i<m 

Note that dm = d. 

Suppose ui is a non-trivial d^-cycle in AJ'£/£ <g) AqZ*. Now, we use lemma 4.3.3 

with: 

d := <4 

w = Mfe 

w = vk 

The lemma gives us a new non-trivial <4+1-cycle in AJ+2[/£ <g> AZ*. For any k, 

we can repeat this m — k times, and get a non-trivial d-cycle in (A-7+2^m_fc^* <2> 

AZ*,d). 

Now let j be the residue of p modulo 2, and let k :— m — E^1. From remark 

3.2.2, we have that AjU£ <S> AZ* contains a non-trivial d^-cycle. The above 

observation yields a non-trivial cycle in [/-degree j + 2(ra — k) = p. 

3. Part (1) gives us a collection of cycles {«j}o<i<2'" hi AU* and a monomial basis 

of AZ*, {Cj}o<j<n such that for every i,j, K,J A (? is a non-trivial cycle. Part 

(2) gives us a collection of cycles {u>p}o<p<2rn with up € APC/* ® AZ*. Now for 
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p = m, it may happen that u>p = Kj for some i\ for all p ^ m, up and Kj's are 

linearly independent for degree reasons. So we see that 

dim H*(L) > 2m • 2" + 2m. 

In particular, L satisfies the Toral rank conjecture, and the dimension bound 

given in the TRC is a considerable underestimate in this case. 

• 

The above theorem allows us to prove a weaker form of a result from [14]. 

Corollary 4.3.5. The cohomology of the Heisenberg Lie algebra \)m contains a direct 

sum of two free AZ-submodules, and therefore f)m satisfies the TRC. 

Proof. If dim Z = 1, the conditions in theorem 4.3.1 are clearly satisfied, and theorem 

4.3.4 applies. • 

We note that our dimension estimate is slightly stronger than the one given for all 

two-step nilpotent Lie algebras in [17], but it still underestimates the total dimension, 

as the following example shows. 

Example 4.3.6. Take the two-step nilpotent Lie algebra L — U © Z with U = 

span{iij,t>j|l <i<5},Z = span{^|l < j < 3}, with non-zero brackets: 

[ui,vi] = zx 

[u2,v2] = zx 

[u3,v3] = Zx + z2 

[Ui,V4] = Z2 + Zd 

[U5,V5] = 23 
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Table 4.1: Bigraded Betti numbers for H*(L), where p is the [/-degree and q is the 

Z-degree 

0 

1 

2 

3 

4 

5 

6 
P 7 

8 

9 

10 

q 

0 1 2 3 

1 0 0 0 

10 0 0 0 

42 14 0 0 

90 118 8 0 

92 286 105 0 

40 294 294 40 

0 105 286 92 

0 8 118 90 

0 0 14 42 

0 0 0 10 

0 0 0 1 

Choosing the dual basis in the usual way, we get the following values for the differ­

ential: 

dz\ = u\ A v\ + u\ A v2 + U3 A vI 

dz\ = M3 A t>3 + u\ A v\ 

dz\ — u\ A v4 + 'U5 A v£ 

We see that the dz* commute, so L satisfies the conditions of theorem 4.3.1. 

Computer calculations were used to compute the bigraded Betti numbers shown 

in table 4.3.6. Here the total dimension of H*(L) is 2688. The Toral Rank Conjecture 

only suggests that H*(L) should have dimension at least 23 = 8. Part (3) in theorem 
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4.3.4 gives 

dim H*{L) > 25 • 23 + 10 - 1 = 265 

which is still a considerable underestimate. 

4.4 Free AZ-submodules, example II 

For the remainder of this section, suppose L = U © Z is a two-step Lie algebra, with 

U := span{xj|l < i < 2m} for some m, and Z := span{zi, z<i\. 

Theorem 4.4.1. Suppose thatn < m, and there exists a permutation a of the integers 

{1,. . . , 2n}, and that 

dzy — 2_^ x2i-l ^ X2i 
l<i<n 

u-z2 = 2-u CnXcr(2i-l) A Xa(2i) 
\<i<n 

with {ci}i<i<n a set of non-zero scalars. 

Let G\ be the graph with vertices labelled by {xi)i<i<2n, and set of edges (x2t-i, £2i)i<i<n-

Let G<i be a graph sharing the same vertices, but having edges (xa(2i-i),Xcr(2i))i<i<n-

Then H*(L) contains a direct sum of 2C free AZ-submodules, where c is the 

number of cycles of Gi U G2. 

Proof. We prove this result by constructing a set of 2C elements c^ G AnU* which are 

independent in H*(L), such that for all i, on and ±cn annihilate dz* and dz\. 

First, suppose that linearly independent monomials on exist. We immediately 

see that d(z{ A22*A a.j) = 0 and d(z*x A z\ A -kon) = 0 by the Leibnitz rule. From 

remark 4.1.3, we see that the latter condition is equivalent to d(*a.i) = 0, where * is 

the Hodge star on AL*. Now, d(*ai) — 0 if and only if -kd,{-ka) = ±<9a, = 0. Since 

doi-i = 0, we see that Acv; = 0. Hence H*(iZlAZ2) is non-zero, as it maps the class 

[z* A z\ A ttj] to the non-zero class [«j]. By theorem 3.4.5, this shows that H*(L) 

contains free AZ-submodules generated by [z* A z*2 A CVJ]. 



54 4. TWO-STEP NILPOTENT LIE ALGEBRAS 

Since the a.t are linearly independent monomials in ker A C AL*, and because 

ker A = H*(L), they are linearly independent elements of H*(L). 

We construct the CYJ as follows. 

Note that G\ and G2 are both clearly 1-regular graphs. Prom lemma 2.6.8, we 

know that G admits 2C 2-colourings, where c is the number of cycles in G. Denote 

these 2-colourings j{ : V{G) -> {1, 2}, with 1 < i < 2C. 

Let Ai = fr1{l),Bi = frl(2), and define au {\: 

a, = Yl x 

x*eAt 

Pi = 11 x 
x*eBi 

Since all vertices in Ai have the same colour, no two share an edge in G. This means 

that no dz* contains a term XiAXj where both x* and x* appear in Ai, for if they did, 

then G would contain the edge (xi,Xj), which would contradict /j being a 2-colouring 

of G. 

Since Ai has n elements, it follows that each term of dz* contains exactly one 

element from At. Therefore, ctj annihilates all dz*. 

Note that *a.i is a non-zero multiple of pi, and that Pi also annihilates dz\ and 

dz\. 

Thus, \OL{ A z* A z*] generate free AZ-submodules of H*(L). O 

Example 4.4.2. Let L = U © Z be a nilpotent Lie algebra where 

U := span{zi, x2,x3,x4,x5,x6}, 

Z := spa.n{zi,z2}, 

and the differential d for the Koszul complex (AL*,d) is given by 

dz\ = x\l\x\ + x%Nx\+x\Nxl 

dz*2 = x\ A x*A + x*A A x*2 + x\ A a-*;. 
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The permutation a has cycle decomposition (2 4). 

Now the graph G\, where the edges correspond to summancls of dz\, looks like: 

Xi X3 X5 

X-2 XA X6 

and the graph G*2, where the edges correspond to summands of dz2, looks like: 

Xi X3 X5 

X I 
X2 X4 XQ 

Their union is a 2-regular graph consisting of two disjoint cycles: 

Xi X3 X5 

IXI 0 
X2 X4 XQ 

There are two distinct 2-colourings of the first cycle, (x\ x*2 £3 x\): 

• Black: x\,x% White: x\,x\ 

• Black: x\,x\ White: x\,x\ 

There are two distinct 2-colourings of the second cycle, {x\ x^): 

• Black: x\ White: x\ 

• Black: x% White: x\ 

So we have four distinct 2-colourings of G: 

• Black: x\, x%, x\ White: x*2,x\,xl 

• Black: x*2, x\, x% White: x*,x*A,xl 

• Black: x\, x*, x*0 White: x$,x*4,x*5 
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• Black: x^, X\,X*Q White: x],x$,xt 

Using theorem 4.4.1, we can identify four free AZ-submodules of H*(L), generated 

by: 

• [x* A X'3 A x*5 A z* A z*2] 

• [xl A x^ A xl A z\ A z*2] 

• [x* A x\ A Xg A z\ A Zj] 

• [̂ 2 A ^ A ig A 2t* A Zj] 

It is easy to see that their sum is direct. 

Example 4.4.3. The nilpotent Lie algebra already explored in example 3.2.3 also 

satisfies the conditions of theorem 4.4.1. Recall that: 

dz\ = x\ A x*2 + xl A x*4 

Here, a = (2 3). 

As we have already seen, the cohomology contains two free AZ-submodules, 

generated by [x* A x\ A z* A z$\ and [x*2 A x\ A z* A z^]. 

4.5 The non-triviality of the AZ-module structure 

The goal of this section is to prove the following result: 

Theorem 4.5.1. Let L := U © Z be a two-step nilpotent Lie algebra with centre Z. 

Then for every q with 1 < q < dimZ*, there exists z G Z andu € ker dD(AU*0AqZ*) 

such that iz(u>) $ hud. 

We begin with a structure result for nilpotent Lie algebras. 
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Proposition 4.5.2. Any nil-potent Lie algebra L has an ideal I of codimension 1, 

and the short exact sequence of Lie algebras 

0 ^ / -> L -> L/I - • 0 

gives a sequence of Koszul complexes 

(A(L/I)*,0) -+ (A{L/iy <g> AI*,d) -> (AI*,d). 

If we let u be a spanning vector for (L/I)*, then 

1. (A{L/I)*®AI*,d)^(AL*,d). 

2. d — d + u A 6 where 6 : AI* —> AI* is a derivation of degree 0. 

3. [9,d] = 0. 

Proof. By theorem 4.2.5, there exists an Engel basis {£i}i<i<n for L, such that for 

i,j satisfying 1 < i < j < n, we have [xi, xf\ £ span{xfc|j + 1 < A; < n}. Hence, if we 

let / := span{x2 , . . . , xn}, then [L, I] C / , and thus / is an ideal of codimension 1. 

1. We have 

AI* <g> A(L//)* = A(/* © (L//)*) = AL*. 

2. Note that (A/*, d) is the Koszul complex of / , and d = 0. 

By part (1), an element x G AL* can be written uniquely in the form x = 

a + u A /3, with a, /3 6 A/*. Therefore, for any a; £ A/*, dx = Hx + u /\ ft, for 

some unique /9 6 A/*. We define 0 by setting 6*x := (5. 

Let 'u (E U such that u('ii) = 1 and J*('u) = 0. Then, 6x = i^dx, and in is zero 

on AI*. Clearly 9 is a map of degree zero. A short calculation shows that 6 is 
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a derivation: 

6(a A b) = iad(a A b) 

= iu{daAb+{-l)lala,Adb) 

= (iflda) A 6 + (-1) | a | (-1) | a | a A (i{ldb) 

= (iuda) A b + a A (iadb) 

= OaAb + aAOb 

3. Finally, we must show that [d, 6} = 0. We have: 

d2x = (d + uA0)(d + u A0){x) 

= d (x) + d(u A Ox) + u A 8dx + u A 6{u A Ox) 

= ~d{u A Ox) + u A 0~dx 

= —u A dOx + u A Odx 

= uA[0, d] 

But d2 — 0, so u A [6,~d\. Since [0,d] € AI* and multiplication by u is injective 

on AI*, we conclude that [0, d] — 0. 

• 

The proof of theorem 4.5.1 is by induction on dim U. Using the above proposition, 

we begin with an ordered basis of [/*, say {u\, • • • ,um}, and then write the differential 

d on AL* as follows: 

d = ux A #i + • • • + um A 0m 

An increasing filtration of £/*, together with a sequence of differentials, is given by 

Ui = spanjwt,... , Ui) and dt = Y^i<j<i uj A ^> where dj : Af/f ® AZ* —> AU* ® AZ*. 

The base case of the induction requires an element z E Z such that the primary 

operation 

iz : (AU* <g> AyZ*, 0) -^ (AC/0* ® A"~JZ*, 0). 
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is non-trivial in cohomology. Recalling example 3.4.7, we observe that since H*(AUQ® 

A«Z\ 0) = (A<lZ\ 0), i : Z -> End (AZ*) is injective. 

At each step of the induction, we produce a non-trivial primary operation 

iz : (At/; ® AqZ\ 4 ) -> (At/,* <g> A ^ Z * , dk) 

We use the following notation in the remainder of the proof: 

e := .̂ 

K := 0(Z*) C £/* 

'U : = u f c 

I* := Uk@Z* 

2 := 4_! 

of : = 4 

The inductive step begins by assuming the existence of an d-cycle u £ APU* ® AqZ* 

such that for some z £ Z, iz(u>) &" im<± The goal here is to produce a new cycle 

ui' € Ap'Uk ® AqZ* such that p < p' < p + dimZ and for some (possibly different) 

z' € Z, iz(u>') $. imd The proof of the inductive step proceeds via four lemmas and 

a nested induction. 

Lemma 4.5.3. If a e AdimKK, then aAcoekerd. 

Proof. Note that a annihilates every element of 8(AZ*), and so 

u A a A 9u = 0 

Furthermore, since a £ AU*, 

d{aAco) = ( - l ) H a A d w = 0 

Hence, 

d(a Aw) = 2{a Au)+uAaA9uj = Q 

This ends the proof of lemma 4.5.3. • 
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Lemma 4.5.4. Let 1 < I < dim A'. If for all 7 G A'A' and for all z G Z, ^(7 A 

u) G 'mid, then for every a G A'"1 A',, there exists (3 G Ap+l~lU* ® A'<Z* such that 

d{a Au + uAfi) = 0. 

Proof. Let a G A'~lK. Since d(a Aw) = 0, 

d(a Aw) = 'u A 0(a A a;) 

= u A ^ f e ' A ?;zj (a A u) 
j 

= -u A ^ izj [Qz] AaAu) 
j 

Now, for all j , 6z* A a G A'A". Our assumption implies that iZj(9z* A a A u) G imd. 

Therefore for each j , there exists fy G Ap+l'lU* ® AQZ* satisfying 

d/3j = iZj(6z* AaAu) 

We define (3 := £ \ 0j. Note that 0 G A^+^U* ® AqZ* and that 

d(u A (5) = —u A ~d(3 = u A a A 6u 

Now a simple calculation shows that a AUJ-\-uA(3 is & d-cycle, as required. This ends 

the proof of lemma 4.5.4. • 

Lemma 4.5.5. / / x G AL C AL* and x G" imd, then x + u A y $. imd for any 

y G AL*. 

Proof. Suppose that for some a,b,y G AL , d(a + u A b) = x + u Ay. Then, 

d(a + u A b) = da + uA6a + uAdb = x + uAy 

Since iu(x) = 0 (intuitively, x does not have a summand which is a multiple of u), 

it follows that x = da and y = 9a + db. But this contradicts the assumption that 

x G" imd. Therefore x + u A y g" imd. This ends the proof of lemma 4.5.5. • 

Lemma 4.5.6. Suppose 0 < / < dim A', and that for each ex G A'A', there exists (1 

such that d(a A u + u A ft) = 0. Then either: 
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1. there exists z G Z such that 

iz(a Aw + «A 0) 0 im d 

(this is always the case if I — 0) 

2. or, the hypotheses of lemma 4-5.4 are satisfied. 

Proof. We consider the two cases: 

1. If for some a G A'A", there exists z G Z with iz(aAto) $ im d, then lemma 4.5.5 

forces 

iz(a A u> + u A 0) = iz(a A u>) — u A iz0 G" imd 

and so iz maps the non-trivial cycle a A w + u A / ? t o a non-trivial cycle, thus 

H*(iz) ^ 0 and we are done. 

If / = 0, then a € M, so iz(aco) = aiz(u>) ^ imd by the inductive hypothesis. 

2. The only other possibility now is that for all a G AlK and for all z E Z, 

iz(a A W ) G imd. In this case, the hypotheses of lemma 4.5.4 are satisfied. 

This ends the proof of lemma 4.5.6. • 

Using the above results, we are able to proceed with the inductive step itself, 

namely that there exists a € \K satisfying the following two properties: 

• For some 0 G AP+I"!" 1^* <g> AqZ*, aAtu + uA0ekerd 

• For some z G Z, iz{a A u> + u A 0) $. im d 

We begin by looking for a in Adim/<K. Lemma 4.5.3 gives a d-cycle a Aui for 

a G AdimKK. We apply lemma 4.5.6 with / = dimK and 0 — 0. We either get 

a non-trivial primary operation in which case we are done, or we are able to apply 

lemma 4.5.4 to reduce / by one, and apply lemma 4.5.6 again. This process eventually 

terminates because lemma 4.5.6 always yields a non-trivial primary operation if the 

hypotheses are satisfied and / = 0. 
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This closes the induction and completes the proof of theorem 4.5.1. 

We have thus established conjecture 3.4.6 in the case where L is a two-step 

nilpotent Lie algebra. We also get an immediate corollary. 

Corollary 4.5.7. For every q with 0 < q < dimZ, there exists a non-trivial cycle in 

(AU* ® A'!Z*,d). Furthermore, if q < dim Z, this cycle is in the image of a primary 

operation. 

Proof. We consider two cases: 

• For q > 0, the theorem yields a non-trivial cycle u G Ai7* Cg> AqZ*. 

• For g = 0, use the theorem to produce a non-trivial cycle u € AU* <S> Z* which 

satisfies iz(ui) $ imd for some z. Now iz(u>) € AU* is a non-trivial cycle. 

• 

Example 4.5.8. We will use this theorem to show that the cohomology of the Lie 

algebra of example 3.2.3 has a non-trivial AZ-module structure. 

Let L := U © Z, where U = span-fa^, x2, ^3, £4} and Z = {z\, z2}, with 

[xux2] •= zx 

[x3,x4] := zx 

[xux3] := z2 

[x2,x4} := z2 

and all other brackets zero. 

Under the corresponding dual basis, the differential is defined as follows: 

dzl = x\ A x*2 + x*A A x\ 

(AU*S®AZ*, d0) We can take H*{iZ{) as our operation, since d0 = 0 and H*(iZl)(z*) = 

1^0 . 
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(AC/* 0 AZ*, d[) Since U\ = span{x*}, we have that #i ~ 0, so again we can take 

H*(iZl) as our operation, because H*{iz){z\) = 1^0 . 

(AC/2* ® AZ*, d2) Let u := x*,. We make the following calculations: 

U2 = span{x'*,X2} 

e2z* = -x\ 

d2z*2 = 0 

K = spanjx*} 

Now X i IS cl suitable orientation of AK, and by lemma 4.5.3, x* A z* is a cycle. This 

is a non-zero cycle, since H*(iZl)(x\ A z\) = —x\ g imd. 

(AC/3* <g) AZ*, rf3) Let it := X3. We make the following calculations: 

C/3 — span{x*, x*,, x'3} 

e3zt = 0 

93z* = -x* 

if = span{x*} 

Again, x* is a suitable orientation of A if. Since x* A x* A z\ = 0, lemma 4.5.4 tells 

us that x* A z\ is a cycle in (AC/3 <g) AZ, 0̂ 3), and we are done. 

(AC/4 ® AZ*, <i4) Let -u := x\. We make the following calculations: 

C/4 = span{x*, x*,, x3, X4} 

64z2 = -x*2 

K — span{x2, x*s} 

We pick x*, A x*. as an orientation of AK. Note the following: 

z2l (x*. A x*. A x* A z*) = - X 2 A X3 A x* 

= r i (x* A z*) 

iZ2(x*2 A x * A x * A 2*) = 0 
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Lemma 4.5.6 implies that for all k E K, 04(k A x\ A z\) G imd4. We compute: 

04(x2 A x\ A z\) = -x\ A x\ A x*A = d4(x*2 A z2) 

9A(x*3/\ x\ As?) = 0 

So we have: 

d4(x*2 A x\ A z{) = dy,{x*2Ax\Az{)+x*4A9{x*2Ax\Az]) 

= £4 A ^(rc^ A Zg) 

= di(—x*4 A x*2 A z2) 

Therefore: 

d4(x*2 A x\ A z\ - x\ A x2 A z2) = 0 

We are done, since H*{iZl){x*2 A x\ A z\ — x\ A x2 A z2) = x^ A x^ $ imd4, thus 



Chapter 5 

Open problems 

We hope this thesis has inspired the reader to look further and investigate the fol­

lowing problems: 

• Cairns and Jessup conjectured that theorem 4.5.1 holds for all nilpotent Lie 

algebras. While we have answered the conjecture affirmatively for two-steps, 

this problem is still open for Lie algebras of nilpotency degree greater than 2. 

• In section 4.2, it was shown that if Fn is a free two-step nilpotent Lie algebra 

with centre Z, then for all non-zero z G Z, H*{iz) ^ 0. Section 4.5 shows 

that for any nilpotent Lie algebra L, there exists some non-zero z € Z with 

H*(iz) 7̂  0. All calculations performed to date lead us to believe that the 

stronger form of the statement which is true for free two-steps actually holds 

for all two-step nilpotent Lie algebras, however we were unable to prove or 

disprove this fact. 

• While free two-steps do not have free AZ-submodules, there is no free two-step 

with centre of dimension two. The results in sections 4.3 and 4.4 seem to suggest 

that perhaps all two-steps with centre of dimension two have cohomology spaces 

with free AZ-submodules. 

• The Toral rank conjecture (1.0.1) is still open. 

65 
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