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Abstract This paper presents a computational frame-

work to simulate the mechanical behavior of fibrous bio-

materials with randomly distributed fiber networks. A

random walk algorithm is implemented to generate the

synthetic fiber network in 2D used in simulations. The

embedded fiber approach is then adopted to model the

fibers as embedded truss elements in the ground matrix,

which is essentially equivalent to the affine fiber kin-

ematics. The fiber-matrix interaction is partially con-

sidered in the sense that the two material compon-

ents deform together, but no relative movement is con-

sidered. A variational approach is carried out to derive

the element residual and stiffness matrices for finite ele-

ment method (FEM), in which material and geometric

nonlinearities are both included. Using a data structure

proposed to record the network geometric information,

the fiber network is directly incorporated into the FEM

simulation without significantly increasing the compu-

tational cost. A mesh sensitivity analysis is conducted

to show the influence of mesh size on various simula-

tion results. The proposed method can be easily com-

bined with Monte Carlo (MC) simulations to include

the influence of the stochastic nature of the network

and capture the material behavior in an average sense.
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The computational framework proposed in this work

goes midway between homogenizing the fiber network

into the surrounding matrix and accounting for the fully

coupled fiber-matrix interaction at the segment length

scale, and can be used to study the connection between

the microscopic structure and the macro-mechanical

behavior of fibrous biomaterials with a reasonable com-

putational cost.
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1 Introduction

Many fibrous biomaterials, such as ligament and skin,

can be categorized as fiber-reinforced materials and

have randomly distributed fiber network structures

at the microscopic scale (Stylianopoulos and Barocas

2007; Zhang et al. 2013a; D’Amore et al. 2010, 2014).

These fiber networks can undergo large deformations

and exhibit significant nonlinear behavior (Stella and

Sacks 2007; Stella et al. 2010; Liu et al. 2013). The to-

pology of the fiber network at the microscopic level can

largely influence the material macro-mechanical beha-

vior (Roeder et al. 2002; Chandran et al. 2008; Lake

et al. 2012), for example, making the material iso-

tropic, transversely isotropic or anisotropic (Carleton

et al. 2014). Understanding the connections between

the microscopic structures and the macroscopic func-

tions of fibrous biomaterials is an important topic in

tissue engineering. It can advance various biomedical

https://link.springer.com/article/10.1007/s10237-015-0725-6
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applications, such as tissue engineered scaffolds (Steph-

ens et al. 2011; Tseng et al. 2013) and arterial heart

valves (Flanagan et al. 2003; Durst et al. 2011; Hasan

et al. 2014). Numerical methods, especially the finite

element method (FEM), are effective in studying such

connections. In literature, there are many efforts to in-

corporate the biomaterial microscopic structure in the

numerical simulation. These efforts can be categorized

into two different modeling methodologies.

The first modeling methodology introduces the

concept of structural tensor (Spencer 1984) that ap-

pears in the total strain energy function to reflect the

material microscopic structure. For example, Holzapfel

et al. (2000, 2004) included the invariants of two struc-

tural tensors to study the influence of fibers that corres-

pond to the collagenous component of the material on

the mechanical behavior of arterial wall. Gasser et al.

(2006) generalized the concept of structural tensor to

consider the influence of fiber dispersions. This model-

ing methodology usually obtains fiber orientations from

a statistical analysis of material histology. The resulting

constitutive model can successfully capture the mater-

ial anisotropy and has important mathematical prop-

erties, such as polyconvexity (Schröder and Neff 2002;

Itskov and Aksel 2004; Balzani et al. 2006), to guaran-

tee the existence of a deformation field that minimizes

the total strain energy. When all the fibers are relatively

concentrated in a limited number of orientations, this

methodology is very effective to reflect the influence of

material microscopic structure, since the fiber orient-

ations can be represented by unit directional vectors.

However, when the fibers are highly dispersed inside the

material, it is not sufficient to just use structural tensors

to depict the fiber network topology. Moreover, this

modeling methodology essentially belongs to the homo-

genization category, assuming that the reinforced-fibers

are smeared into the ground matrix material. There-

fore, the local stress and strain distributions in different

material components cannot be obtained, which limits

the information available to describe the connections

between the material microscopic structure and macro-

scopic behavior.

The second methodology relies on directly incor-

porating the detailed topology of the microscopic fiber

network structure into the simulation. The geometry

of the fiber network is either synthetically generated

(Huisman et al. 2007; Liu et al. 2013; Heidemann et al.

2015) or obtained using image processing from real tis-

sues (D’Amore et al. 2014; Carleton et al. 2014). De-

pending on the different assumptions of the load trans-

fer mechanism inside the material, the affine or non-

affine fiber kinematics can be used. The affine fiber kin-

ematics assumes that the primary load transfer happens

between the fiber and the matrix, and the fiber deform-

ation is completely decided by the macroscopic strain

field (Lanir 1983; MacKintosh et al. 1995; Agoram and

Barocas 2001; Storm et al. 2005). In contrast, the non-

affine fiber kinematics assumes that the primary load

transfer happens among fiber chains and each fiber

chain deforms independently of the matrix (Huisman

et al. 2007; Stylianopoulos and Barocas 2007; Liu et al.

2013). Several studies have been conducted to com-

pare the influences of the affine and nonaffine kinemat-

ics on the material behavior. The predicted material

mechanical behavior based on the affine kinematics is

stiffer than the one based on the nonaffine kinemat-

ics (Chandran and Barocas 2006; Heidemann et al.

2015). In order to bridge the microscopic fiber net-

work structure and the macroscopic material behavior,

multiscale simulations can be adopted (Stylianopoulos

and Barocas 2007; Chandran et al. 2008), and repres-

entative volume elements (RVEs) need to be identified

to eliminate the size effect and describe the overall mac-

roscopic material response (Shahsavari and Picu 2013;

Carleton et al. 2014; D’Amore et al. 2014). However,

all these efforts assume the superposition of the contri-

butions from the fiber network and ground matrix on

the global material properties, thus preclude the influ-

ence of fiber-matrix interaction. To address this limit-

ation, Lake et al. (2012) developed a two-component

microscale model to study the interaction between col-

lagen and matrix material in collagen-agarose co-gels

under uniaxial tension. Zhang et al. (2013b) proposed a

coupled fiber-matrix model to quantify the influence of

fiber network on the stress distribution within the soft

tissue. In these works, special finite element mesh gen-

eration techniques are needed, and fibers are modeled

as truss or beam elements. Therefore, the number of

degrees of freedom (DOFs) in the FE simulation in-

creases with the number of fiber segments contained in

the network. When a network containing a large num-

ber of fiber segments is adopted in the simulation and

a comprehensive parametric study is needed, the com-

putational cost is prohibitively expensive.

This paper presents an efficient computational

framework that goes midway between homogenizing the

fiber network into the ground matrix and accounting

for the fully coupled fiber-matrix interaction at the seg-

ment length scale. The microscopic fiber network is dir-

ectly incorporated into the FE simulation without signi-

ficantly increasing the computational cost. The embed-

ded fiber approach is adopted, which is essentially equi-

valent to the affine fiber kinematics. The fiber-matrix

interaction is partially considered in the sense that the

two material components deform together. Monte Carlo

(MC) simulations can be easily combined with the
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proposed method to reflect the influence of fiber net-

work randomness on the material mechanical behavior.

The proposed computational framework can be used

to study the connection between the microscopic struc-

ture and macro-mechanical behavior of fibrous bioma-

terials with a reasonable computational cost. The paper

is organized as follows. In Sect. 2, the random walk al-

gorithm implemented to generate the 2D fiber network

is described, and a data structure is proposed to record

the network geometric information. In Sect. 3, based

on the embedded fiber assumption and the fiber strain

energy function, a variational approach is adopted to

derive the element residual and stiffness matrices for

nonlinear FE simulation. In Sect. 4, several numerical

examples are provided to demonstrate the accuracy and

the predictive capacities of the proposed framework. In

Sect. 5, conclusions and limitations of this work are dis-

cussed.

2 Random fiber network structure

The fibrous biomaterial can be modeled with two basic

components, the ground matrix and the network com-

posed by multiple reinforced-fibers. The literature de-

scribes several ways to generate the fiber network struc-

ture, either in 2D (Spanos and Esteva 2009; Carleton

et al. 2014) or 3D (Huisman et al. 2007; Stylianopoulos

and Barocas 2007; Zhang et al. 2013b). Here, a random

walk algorithm proposed by Spanos and Esteva (2009)

is implemented to generate the synthetic fiber network

structure in 2D for simulation purposes. The generated

fiber network contains multiple fiber chains that are in-

terconnected, and each fiber chain is piecewise linear

and composed by multiple fiber segments. The current

implementation is based on the following assumptions:

1. The total number of fiber chains contained in the

network is decided by the fiber volume fraction µ;

2. Each fiber chain is formed by a fixed number of fiber

segments Nseg, and each fiber segment has length lseg;

3. The relative angle θ between two neighboring fiber

segments in the same fiber chain follows the uniform

distribution, θ ∼ unif(−θmax, θmax).

The main steps of the algorithm are summarized as

follows:

1. Specify a 2D area A with the thickness assumed equal

to the fiber cross-section diameter d;

2. Generate a random point inside A as the starting

point of a fiber chain;

3. Use the starting point and a random angle θ0 ∼
unif(−2π, 2π) to form the first fiber segment with

length lseg;

4. Generate the next connected fiber segment with the

angle θ ∼ unif(−θmax, θmax) relative to the previous

segment;

5. Repeat Step 4 until the fiber chain is out of the

boundary of A or the maximum segment number Nseg
in the fiber chain is reached;

6. Repeat Steps 2 to 5 until the assigned fiber volume

fraction µ is reached.

7. Calculate the coordinates of the intersection points

formed by all the fiber chains. These intersection points

are treated as crosslinks to connect individual fiber

chains.

The algorithm has a total of five control parameters

µ, d, Nseg, lseg and θmax, through which the topology

of the generated fiber network (such as fiber density

and tortuosity) can be adjusted. A typical fiber network

structure generated by the random algorithm is shown

in Fig. 1. The crosslinks located on each fiber segment

divide it into multiple sub-segments. Crosslinks that are

close to each other (distance < 0.1lseg) are merged.

crosslink

Fig. 1 Fiber network structure generated by the ran-

dom walk algorithm (crosslinks are formed to connect

fiber chains)

The embedded fiber approach is adopted to incor-

porate the generated fiber network in the simulation.

This approach assumes that each fiber chain is com-

pletely embedded inside the surrounding ground mat-

rix material, and they deform together. The embedded

fiber approach is essentially equivalent to the affine fiber

kinematics. Fig. 2 shows a rectangular sample with a

fiber network. After the material sample is meshed, each

fiber segment is either completely inside one element,

or crosses element boundaries. For the latter scenario,

the coordinates of the intersection points formed by the

segment and the element boundaries are calculated and

divide the segment into multiple sub-segments (Fig. 3).

The coordinates of the intersection points between fiber

segments and element boundaries, crosslinks, and the

two endpoints of each fiber segment are collected in a

data list L = {(xi, yi), i = 1, 2, 3, · · · }.



4 Tao Jin, Ilinca Stanciulescu

fiber chain segmentelmt

(ξ
1
,η

1
)

(ξ
2
,η

2
)

ground matrix

Fig. 2 Fibrous material sample meshed with 4-node

quad elements (the fiber network is embedded in the

ground matrix material)

element i element i+1

element i+2 element i+3

intersection point between

fiber and element boundary

segment endpoint

crosslink

Fig. 3 Intersection points between fiber segments and

element boundaries are generated when fiber segments

cross element boundaries

In order to include the fiber network structure in

the FE simulation, the isoparametric element is used.

The natural coordinates ξ of any point in the parent

domain and its corresponding Cartesian coordinates x

in the current domain have the following isoparametric

relationship

x(ξ) = Na(ξ)x(e)
a , (1)

where the subscript a is the element nodal number, x
(e)
a

is the vector of element nodal coordinates for the e-th

element, and Na is the element interpolation function

associated with node a. The Einstein summation con-

vention is used. Notice that inside the e-th element, the

Cartesian coordinates x of the two endpoints of each

fiber segment can be obtained from the described data

list L. Through Newton-Raphson iterations the natural

coordinates ξ corresponding to the Cartesian coordin-

ates x in the list L can be calculated. Following this

approach, a data structure (Tab. 1) is constructed. The

i-th row of this data structure records the natural co-

ordinates of the start (ξ1, η1) and the end (ξ2, η2) of

each fiber segment contained in the i-th element. Note

that different elements do not necessarily have the same

number of fiber segments. This data structure will be

used in the variational approach to derive the element

residual and stiffness matrices.

3 Variational approach

Based on the fiber network generated by the random

walk algorithm and the embedded fiber assumption, a

variational approach is applied to derive the element

residual and stiffness matrices. The notation used here

has the following convention. Uppercase letters and in-

dices, such as X, I and J , represent the variables and

their components in the initial (reference) configura-

tion, and lowercase letters and indices, such as x, i and

j, represent the variables and their components in the

current (deformed) configuration.

In the displacement formulation, the primary un-

knowns are the element nodal displacements u. For

fibrous materials in which the fiber network is embed-

ded inside the ground matrix material, the total strain

energy is expressed as follows

Π(u) =

∫
Ω0

Ψm(F (u))dΩ +

N∑
i=1

Ψf (λ(i)(u)). (2)

In Eq. 2, F is the deformation gradient tensor, Ψm is

the strain energy function representing the contribution

from the ground matrix material, Ψf (λ(i)) is the strain

energy function representing the contribution from the

i-th segment contained in the fiber network, N is the

total number of fiber segments contained in the fiber

network, Ω0 is the reference domain, and λ(i) is the

stretch ratio of the i-th fiber segment, defined as

λ(i) =
l(i)

L
(i)
0

, (3)

where l(i) and L
(i)
0 are the deformed and original lengths

of the i-th fiber segment, respectively.

After the spatial discretization, the total strain en-

ergy becomes

Π(u) =

Nel∑
e=1

[ ∫
Ω

(e)
0

Ψm(F (u))dΩ+

N(e)∑
i=1

Ψf (λ(i)(u))
]
, (4)

where Nel is the total number of finite elements in the

discretized system, Ω
(e)
0 is the spatial domain occupied

by the e-th element in the reference configuration, and

N (e) is the number of fiber segments contained inside

the e-th element.
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Table 1 Data structure constructed to record the natural coordinates of the fiber segments contained inside each

finite element

Elmt No. (ξ1, η1),(ξ2, η2) (ξ1, η1),(ξ2, η2) · · · (ξ1, η1),(ξ2, η2)
1 1st segment 2nd segment · · · last segment
2 1st segment 2nd segment · · · last segment
3 1st segment 2nd segment · · · last segment
...

...
...

...
...

n 1st segment 2nd segment · · · last segment

The ground matrix material is described by the

modified neo-Hookean model with the strain energy

function

Ψm(F ) =
1

4
K(J2 − 1− 2lnJ) +

1

2
G(Ī1 − 3), (5)

where K is the bulk modulus, G is the shear modulus,

J = detF is the determinant of the deformation gradi-

ent tensor F , and Ī1 = J− 2
3 tr(FTF ) is the modified

tensor invariant. The derivations and expressions of the

element residual force R
(e)
m and the stiffness matrix K

(e)
m

based on Eq. 5 can be found in most nonlinear FEM

textbooks, for example, see (Holzapfel 2000; Bonet and

Wood 2008).

The fiber segment embedded in the ground matrix

material is modeled as a truss element. Since it is a

widely accepted assumption that wavy fibers can only

sustain tensile force, but are not able to resist compres-

sion (Holzapfel et al. 2000; Balzani et al. 2006; Pandolfi

and Vasta 2012), the contribution from each fiber seg-

ment is switched off if its stretch ratio λ < 1, indicating

a compressive status. In this paper, two different forms

of fiber strain energy function Ψf are used as examples,

including the quadratic form

Ψf (λ) =


1

2
kL2

0(λ− 1)2 λ ≥ 1

0 λ < 1,
(6)

and the exponential form

Ψf (λ) =


1

2b
kL2

0(eb(λ−1)2 − 1) λ ≥ 1

0 λ < 1,
(7)

where k is the axial elastic modulus of the fiber segment

at low strains, and b is a dimensionless parameter. A

similar exponential form that belongs to the Fung-type

model (Fung 1967), is also adopted by Stylianopoulos

and Barocas (2007).

If Ψf takes the exponential form (Eq. 7), for an

arbitrary fiber segment with the stretch ratio λ, the

element residual force R
(e)
f is obtained (the detailed

derivation is shown in Appendix)

R
(e)
f = keb(λ−1)2

(
1− 1

λ

)
(x(2)−x(1))·(δu(2)−δu(1)). (8)

After linearization the element stiffness matrix K
(e)
f

is obtained (the detailed derivation is shown in Ap-

pendix)

K
(e)
f =keb(λ−1)2

(
1− 1

λ

)
(∆u(2) −∆u(1)) · (δu(2) − δu(1))

+
keb(λ−1)2

L2
0

(2b− 4bλ−1 + 2bλ−2 + λ−3)[
(x(2) − x(1)) · (∆u(2) −∆u(1))

][
(x(2) − x(1)) · (δu(2) − δu(1))

]
.

(9)

In Eqs. 8 and 9, the superscripts (1) and (2) repres-

ent the two ends of the fiber segment, and x(i), u(i)

(i = 1, 2) are the coordinates and displacements of the

fiber segment endpoints in the current configuration,

respectively.

In the isoparametric element, the fiber kinemat-

ics can be expressed by the element nodal displace-

ments via the element interpolation functions, •(i) =

NA(ξ(i))•A, where • can be X, x, or u. XA and xA
represent the element nodal coordinates in the reference

and deformed configurations respectively, uA is the ele-

ment nodal displacement, the subscript A is the element

nodal number, X(i) and x(i) (i = 1, 2) are the coordin-

ates of the fiber segment endpoints in the reference and

deformed configurations, and ξ(i) are the correspond-

ing natural coordinates in the parent domain. With the

above isoparametric relationship, the stretch ratio of
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the fiber segment is expressed as follows

λ =
l

L0

=
‖x(2) − x(1)‖2
‖X(2) −X(1)‖2

=
‖NA(ξ(2))XA −NA(ξ(1))XA‖2
‖NA(ξ(2))xA −NA(ξ(1))xA‖2

.

(10)

Combining Eq. 10 with the relationship

x(i) = X(i) + u(i) (i = 1, 2), (11)

the components of R
(e)
f and K

(e)
f can be written

R
(e)
f,iA =keb(λ−1)2

(
1− 1

λ

)
(x

(2)
i − x

(1)
i )

(NA(ξ(2))−NA(ξ(1))),

(12)

K
(e)
f,AiBj =keb(λ−1)2

(
1− 1

λ

)
(NA(ξ(2))−NA(ξ(1)))

(NB(ξ(2))−NB(ξ(1)))δij

+
keb(λ−1)2

L2
0

(2b− 4bλ−1 + 2bλ−2 + λ−3)[
(x

(2)
i − x

(1)
i )(NA(ξ(2))−NA(ξ(1)))

][
(x

(2)
j − x

(1)
j )(NB(ξ(2))−NB(ξ(1)))

]
,

(13)

where A, B are the element nodal numbers, and i, j

are the Cartesian directions. Recall that the natural

coordinates ξ(1) = (ξ1, η1) and ξ(2) = (ξ2, η2) of all

the fiber segments contained inside each element are

available from the data structure shown in Tab. 1. The

total element residual R(e) and the stiffness matrix K(e)

are the sum of the contributions from the ground matrix

material and all the fiber segments contained in the

corresponding element

R(e) = R(e)
m +

∑
i

R
(e)
fi
, (14)

K(e) = K(e)
m +

∑
i

K
(e)
fi
. (15)

4 Numerical examples

Based on the expressions of the element residual and

stiffness matrices derived in Sect. 3, a user element sub-

routine is implemented in an open source finite element

analysis package FEAP (Taylor 2011). A complete nu-

merical simulation using the proposed framework can

be divided into three main parts: preprocessing, FE

simulation, and post-processing (Fig. 4).

During preprocessing, firstly the random walk al-

gorithm is applied to generate the fiber network struc-

ture with the assigned control parameters. Then, the

FE mesh with Nel finite elements is generated, and

the intersection points formed between the fiber seg-

ments and the element boundaries are calculated. Next,

the natural coordinates ξ of all fiber segments inside

each element are obtained according to Eq. 1 using the

Newton-Raphson algorithm. Lastly, the data structure

shown in Tab. 1 is formed. The preprocessing, includ-

ing the generations of the fiber network and the FE

mesh, and the calculations of fiber segment coordin-

ates, is automated in MATLAB®.

In the FE simulation, all the fiber segments inside

the e-th element are looped over to calculate their con-

tributions to the element residual R
(e)
f and the stiffness

matrix K
(e)
f . Then according to Eqs. 14 and 15, the

contributions from the ground matrix are added to the

fiber contributions to form the element residual R(e)

and the stiffness matrix K(e). Following the same pro-

cedure, all the elements e = 1, . . . , Nel are looped over

to assemble the global stiffness matrix and the right

hand side (RHS). Finally, the discretized problem is

solved to obtain the element nodal displacements uA.

During post-processing, based on the isoparametric

relationship, the deformation and stress distribution in

the fiber network and the ground matrix can be ob-

tained separately. The force inside the i-th fiber seg-

ment f (i) is calculated as follows

f (i) =
∂Ψf (λ(i))

L
(i)
0 ∂λ(i)

, (16)

where λ(i) and L
(i)
0 refer to the stretch ratio and the

original length of the i-th fiber segment, respectively.

Following the above procedures, several numerical

examples are provided to demonstrate the accuracy and

the predictive capability of the proposed computational

framework. In the first example, the numerical result

is compared with the analytic solution for a rectan-

gular sample embedded with a single fiber under uni-

form tensile deformation field to show the accuracy of

the proposed method. In the second example, a mesh

sensitivity analysis is performed on the sample embed-

ded with a random fiber network to examine the in-

fluence of the mesh size on the numerical results, such

as the force-stretch curve and the stress field fluctu-

ation. In the third example, the proposed method is

combined with Monte Carlo (MC) simulations to re-

flect the network randomness. In the last example, the

numerical result is compared with the published exper-

imental data of collagen gels (Roeder et al. 2002) to
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demonstrate the predictive capability of the proposed

computational framework.

Preprocessing:

● Generate the fiber network using

    the random walk algorithm

● Generate FE mesh with N
el 

elmts

● Calculate the natural coords (ζ, η) 

   of fiber segments inside each elmt

● Form the data structure

    [ i ζ
1
 η

1
 ζ

2
 η

2
 ... ], i = 1, ..., N

el 

FE simulation:
● for e = 1, ... , N

el
                  (Loop over all elmts)

        for i  = 1, ... , N(e)            (Loop over fiber segments in e-th elmt)

     R
f

(e) =  R
f

(e)  +  R
fi

(e)

       
(Elmt nodal residual)

     K
f

(e) =  K
f

(e)  +  K
fi

(e)

      
(Elmt stiffness)

 R
(e) =  R

m

(e)  +  R
f

(e)               (Add contributions from the ground

 K
(e) =  K

m

(e)  +  K
f

(e)         matrix and the fiber network)

● Assemble the global stiffness and the right hand side (RHS)

● Solve the boundary value problem to obtain u

Post-processing:

● stress and strain distributions in the ground matrix material

● force distributions in the fiber network

● .......

0 2 4 6 8 10 12 14 16 18 20
0

1

2

3

4

0 2 4 6 8 10 12 14 16 18 20
0

1

2

3

4

Elmt No.  (ζ
1
 η

1
),(ζ

2
 η

2
) ...(ζ

1
 η

1
),(ζ

2
 η

2
)

   1            1st seg      ...     last seg  

   2            1st seg      ...     last seg  

   ...               ...           ...          ...
   n            1st seg      ...     last seg  

Fig. 4 Flow chart of the proposed computational

framework

4.1 Verification

In this example, a rectangular sample with the dimen-

sion 10 x 4 mm has a single fiber embedded. The vertical

constraints at the two ends of the sample are chosen

to lead to a uniform deformation gradient F (Fig. 5).

Also, the ground matrix material is assumed to be in-

compressible so that

F =

(
λ 0

0 1
λ

)
, (17)

where λ is the stretch ratio in the 1-direction. The de-

viatroic part of the strain energy for the matrix mater-

ial takes the form of the modified neo-Hookean model

(Eq. 5). The Cauchy stress for the matrix material is

written as

σ = σvol + σdev = pI +G(b̄− 1

2
Ī1I), (18)

where G is the shear modulus, p is the pressure, b̄ =

J− 2
3 b is the modified left Cauchy-Green tensor, and

Ī1 = tr(b̄). Thus, the Cauchy stress can be expressed in

terms of λ as follows

σ = G

(
1
2 (λ2 − λ−2) + p 0

0 1
2 (λ−2 − λ2) + p

)
. (19)

Using the free stress boundary condition in the 2-

direction σ22 = 0, the pressure is

p =
1

2
G(λ2 − λ−2). (20)

Thus, the matrix stress in the 1-direction results

σ11 = G(λ2 − λ−2). (21)

If the fiber strain energy takes the quadratic form

(Eq. 6), the total reaction force is

f(λ) = fmatrix + ffiber

= σ11
W0

λ
+ kL0(λ− 1).

(22)

If the fiber strain energy takes the exponential form

(Eq. 7), the total reaction force is

f(λ) = fmatrix + ffiber

= σ11
W0

λ
+ kL0(λ− 1)e(λ−1)2 .

(23)

In the FEM simulation, the matrix material is con-

sidered to be nearly incompressible with the Poisson ra-

tio ν = 0.499 and Young’s modulus E = 0.1 MPa. The

embedded fiber is assumed to take the quadratic strain

energy (Eq. 6) or the exponential strain energy (Eq. 7)

with the axial elastic modulus k = 0.01 N·mm−1. For

the exponential strain energy function, b = 2. The 4-

node quadrilateral element with mesh size h = 1 mm is

used, and the FE simulation results are compared with

the analytic solutions, as shown in Fig. 6.

The good matches between the analytical solutions

and the numerical results demonstrate the accuracy

of the proposed computational framework. Also, from

Fig. 6 it can be seen that the sample behavior is largely

influenced by the form of the fiber strain energy func-

tion. When it takes the quadratic form (Eq. 6), the

force-stretch curve softens with the increase of the

tensile deformation. When it takes the exponential form

(Eq. 7), the force-stretch curve stiffens with the increase

of the tensile deformation. It is worth emphasizing that
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1

2

Fig. 5 Rectangular sample embedded with a single

fiber under uniaxial tension
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Fig. 6 Comparisons between the analytic solutions and

the FEM simulation results using different fiber strain

energy functions

the quadratic and the exponential fiber strain energy

presented here are just two choices. Depending on the

mechanical properties of the fibrous biomaterial of in-

terest, other forms of fiber energy can be used.

4.2 Mesh sensitivity analysis

In this example, we consider a rectangular sample (di-

mension of 20 x 4 mm) with an embedded fiber network.

The fiber network is generated by the random walk al-

gorithm with control parameters µ = 5%, Nseg = 20,

lseg = 0.1 mm, d = 5 µm and θmax = 30◦. The thick-

ness of the sample is assumed equal to the diameter of

the fiber segment, and the total length of the generated

fiber network is 1018.6 mm. The left end of the sample

is fixed in both directions, while the right end is fixed

in the 2-direction and displacement control is applied

in the 1-direction.

Fig. 7 shows the sample meshed with 50 x 10 (the

mesh size h = 4lseg) 4-node quadrilateral elements. The

natural coordinates of the two endpoints of all the fiber

segments in the network, combined with the intersec-

tion points formed when the fiber segments cross the

element boundaries, are calculated and stored in the

data structure during preprocessing. The ground mat-

rix is modeled by the neo-Hookean material law (Eq. 5)

with Young’s modulus E = 0.1 MPa and Poisson ratio

ν = 0.3. The strain energy of the fiber segments takes

the exponential form, as shown in Eq. 7, with k = 0.01

N·mm−1 and b = 2.0.

1

2

Fig. 7 Rectangular sample embedded with the fiber

network meshed by 4-node quad elements with the

mesh size h = 4lseg

Recall that when a fiber segment crosses an ele-

ment boundary, the intersection between this segment

and the element boundary divides the segment into two

sub-segments that belong to different elements (Fig. 3).

Consequently, the discretized system is different when

the sample is meshed with different mesh size. To in-

vestigate how the mesh size h influences the numerical

simulation results, from global measures such as the

force-stretch curve, to local measures such as the fluc-

tuations of the matrix stress field and the fiber force dis-

tribution, a mesh sensitivity analysis is performed de-

creasing the mesh size down to the fiber segment length

lseg, refinement level where the method is assumed to

become accurate.

Fig. 8 shows the influence of mesh refinement on

the force-stretch curve of the sample. Fig. 9 shows the

influence of the mesh size h on the fluctuation of the

matrix stress field and the fiber force distribution inside

the network. It can be seen that, while global meas-

ures such as the force-stretch curve are not sensitive

to the mesh refinement, local measures, such as the

matrix stress field and the fiber force distribution, are

obviously mesh-dependent. As the mesh size decreases

from h = 8lseg to h = lseg (the accurate solution is

achieved), σmax
11 in the matrix increases from 86.1 kPa

to 124 kPa, and σmin
11 decreases from 69.5 kPa to 50.3

kPa. This increase of the matrix stress field fluctuation

(the difference between σmax
11 and σmin

11 ) with the mesh

refinement is expected, because the element stiffness is

directly proportional to the fiber density inside the ele-

ment. A more refined FE mesh (smaller mesh size h)

makes fiber densities in some elements increase and in

other elements decrease. This increase of the fiber dens-

ity fluctuation due to the mesh refinement leads to the

increase of the element stiffness fluctuation, and con-

sequently causes the increase of the maximum matrix

stress and the decrease of the minimum matrix stress.
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Fig. 8 Influence of mesh size h on the force-stretch

curve of the sample under uniaxial tension
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Fig. 9 Influence of mesh size h on the matrix stress field

and fiber force distribution when stretch ratio λ = 2.0

In order to quantitatively reflect the influence of

the mesh refinement on various numerical results, four

different FE mesh sizes 8lseg, 4lseg, 2lseg and lseg are

used. For each refinement level, the analysis is per-

formed on five different fiber networks generated from

the same random walk algorithm control parameters.

All the results are normalized according to the counter-

parts obtained from the simulation in which the mesh

size h = lseg is used, as shown in Fig. 10. It can be

observed that σmax
11 and σmin

11 in the matrix increases

and decreases with respect to the mesh refinement, re-

Table 2 CPU time

Mesh size lseg 2lseg 4lseg 8lseg
CPU time (s) 24.56 4.99 1.63 0.89

spectively. Global measures such as the initial Young’s

modulus and the total reaction force are within 10% er-

ror margin even for a coarse mesh (h = 8lseg), and the

variances of these two quantities are very small case by

case so only the average values are reported. Although

the CPU time (on a 3.4 GHz Intel Core i7 processor,

using OS X 10.8) of the FE simulation increases with

the mesh refinement (Tab. 2), it takes only about 25

seconds to finish the simulation when the mesh size

h = lseg is used. The fast simulation speed based on the

proposed computational framework is a significant ad-

vantage when extensive parametric studies are needed.
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Fig. 10 Influence of mesh size h on various FE simula-

tion results when stretch ratio λ = 2.0 (all the results

are normalized according to the counterparts obtained

from the case when mesh size h = lseg is used)

4.3 Monte Carlo simulation

In the random walk algorithm used for generating the

fiber network, the relative angle θ between two neigh-

boring fiber segments in the same fiber chain follows

the uniform distribution θ ∼ unif(−θmax, θmax). Also,

the starting point and the orientation of the first seg-

ment in each fiber chain are random. To consider the

influence of the stochastic nature of the network on the

numerical results, Monte Carlo (MC) simulations are

combined with the proposed method to capture the ma-

terial mechanical behavior in an average sense.

The rectangular sample with the same values of ma-

terial parameters undergoing uniaxial tension, as shown
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in Fig. 7, is used as an example. Multiple simulations

for different network realizations using the same ran-

dom walk algorithm parameters are performed. Fig. 11

shows the mean and deviation of the force-stretch

curves obtained from 500 MC simulations. Fig. 12

shows the convergence of the sample reaction force with

respect to the MC simulations. Although the reaction

force varies case by case because of the randomness of

the embedded fiber network, it converges after around

300 MC simulations. The total time cost of 500 MC sim-

ulations, including the preprocessing and the FE simu-

lation, is approximately one hour.
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Fig. 11 Mean, lower and upper bounds of the force-

stretch curve of the sample obtained from 500 different

network realizations with the same values of network

parameters
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Fig. 12 Convergence of the reaction force with respect

to Monte Carlo simulations when the sample is under

uniaxial tension and the stretch ratio of the sample λ =

2.0

The fiber network structure can be adjusted via the

control parameters of the random walk algorithm. The

proposed computational framework combined with MC

simulation is used to carry out the parametric study of

the influence of the embedded fiber network structure

on the global material behavior. Fig. 13 shows the in-

fluence of the fiber volume fraction µ on the converged

sample reaction force of the MC simulations when the

sample is under uniaxial tension and the exponential

form Eq. 7 is used as the fiber strain energy. For each

value of the fiber volume ratio µ, 500 simulations based

on different network realizations are carried out to ob-

tain the mean and deviation of the sample reaction

force at the stretch ratio λ = 2.0. The remaining para-

meters are held constant. The nearly linear relationship

between the sample reaction force and the fiber volume

fraction is due to the underlying affine fiber kinematics

of the proposed method.
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Fig. 13 Influence of the fiber volume fraction µ on

the mean and deviation of the sample reaction force

when the stretch ratio λ = 2.0 (obtained from 500 MC

simulations)

4.4 Comparison to published experimental data

To demonstrate the predictive capability of the pro-

posed computational framework, the numerical results

obtained from the FE simulation are compared with

the published experimental data of collagen gels under

tensile mechanical tests (Roeder et al. 2002). Accord-

ing to the confocal microscopy used in the experimental

study, the fibers are randomly oriented, and the mean

values of fiber diameter with respect to various colla-

gen concentrations at pH 7.4 are shown in Tab. 3. To

convert the collagen concentration to the fiber volume

fraction µ, the relationship proposed by Simha et al.

(1999) is used

µ = 1.44× (collagen concentration), (24)
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Table 3 Fiber diameters (mean) of different collagen

concentrations reported in (Roeder et al. 2002)

Collagen concentration (mg/ml) 0.3 1.0 2.0 3.0
Mean of fiber diameter (nm) 418 446 435 430

where the unit of collagen concentration is g/cm3. For

example, the collagen concentration of 2 mg/ml used in

the experiment corresponds to the fiber volume fraction

0.288%.

The original experiment uses a dog-bone shape

sample to test the mechanical behavior of collagen gel

under uniaxial tension. The middle part of the dog-bone

sample undergoes a uniform tensile stretching process.

In the FE simulation, only the middle part of the dog-

bone sample is modeled and a similar boundary condi-

tion shown in Fig. 5 is used to mimic the experiment.

The modified neo-Hookean material law with Possion

ratio ν = 0.499 (nearly incompressible) is used to model

the ground matrix behavior. The fiber is described by

the exponential strain energy function (Eq. 7) with seg-

ment length lseg = 0.1 mm. The material parameters

used in the FE simulations are calibrated by fitting the

engineering stress-strain curve reported in the experi-

ment, which is available only for the collagen concen-

tration 2 mg/ml. Fig. 14 shows the comparison between

the engineering stress reported from the experiment

(2mg/ml) and the numerical results obtained via 500

network realizations, as well as numerical results for

the other three collagen concentrations. The material

parameters calibrated from the 2mg/ml data include

the Young’s modulus of the ground matrix E = 1 Pa,

the axial elastic modulus k = 2.0× 10−6 N·mm−1 and

the dimensionless parameter b = 5.5 of the fiber. The

equivalent Young’s modulus of fiber based on the above

material parameters is 25.1 MPa, which is lower than

the typically reported range of 0.1 to 10 GPa (Silver

et al. 2001). These material parameters and the fiber

diameters shown in Tab. 3 are used to calculate the lin-

ear moduli of gels with different collagen concentrations

(Fig. 15) and the predicted values compare well with

the values reported from the experimental data. The

nearly linear relationship between the material linear

modulus and the gel collagen concentration is expected

because of the underlying affine fiber kinematics of the

proposed method.

5 Discussions

This paper presents a computational framework based

on the finite element method (FEM) to simulate the

1 1.1 1.2 1.3 1.4 1.5
0

1

2

3

4

5

6

7

8

9

Stretch ratio λ

E
n
g
in

e
e
ri
n
g
 s

tr
e
s
s
 (

k
P

a
)

 

 

3.0mg/ml

2.0mg/ml

1.0mg/ml
0.3mg/ml

2.0mg/ml (experiment)

Fig. 14 Comparison of the engineering stress reported

from experiment (Roeder et al. 2002) and numerical

results obtained via 500 network realizations of different

collagen concentrations (the curve of 2.0 mg/ml is used

for material parameter calibration)
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Fig. 15 Comparison of the linear moduli reported from

experiment (Roeder et al. 2002) and numerical results

obtained via 500 network realizations of different colla-

gen concentrations

mechanical behavior of fibrous materials with randomly

distributed fiber networks. The proposed framework ad-

opts a midway modeling methodology between com-

pletely homogenizing the fiber network in the ground

matrix and considering the fully coupled fiber-matrix

interaction at the segment length scale, and can be used

to study the connections between the microscopic fiber

network structure and the macro-mechanical properties

of fibrous biomaterial with a reasonable computational

cost.

The proposed method uses the isoparametric rela-

tionship to express the fiber kinematics by the element

interpolation functions and the element nodal displace-

ments. Therefore, the number of degrees of freedom

(DOFs) of the discretized system, which is a direct in-

dicator of computational cost, remains unchanged, even
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if a network containing a large number of fiber segments

is incorporated in the FE simulation. The only increase

in the computational cost comes from the generation of

the fiber network, the calculations of the segment co-

ordinates, and the evaluations of the element interpola-

tion functions at the segment endpoints. The relatively

low computational cost of the proposed method can be

used to systematically carry out the parametric study

of the influence of the fiber network structure on the

material macroscopic behavior.

The fibrous biomaterial is typically modeled with

two different components, the ground matrix and the

fiber network. The proposed method only partially con-

siders the influence of the fiber-matrix interaction in

the sense that the two material components deform to-

gether, but no relative movement such as slipping and

debonding is reflected. This limitation is a direct con-

sequence of using the isoparametric relationship inside

the element. Since the fiber network is completely em-

bedded in the surrounding matrix, which is equivalent

to the assumption that the primary load transfer in-

side the material happens between the fiber and the

matrix, this approach essentially belongs to the affine

fiber kinematics. Both components deform affinely on

a scale smaller than the element size. The nearly linear

relationship between the fiber volume fraction and the

sample reaction force shown in Fig. 13 and the over-

prediction of the engineering stress at the low strain

level (toe region) shown in Fig. 14 are two manifest-

ations caused by the affine network deformation. The

nonlinearity of materials with embedded fiber networks

comes not only from the mechanical property of indi-

vidual fiber chains but also from the network effects. A

nonaffine fiber kinematics model would predict stronger

nonlinearities, even for the quadratic fiber strain energy

function.

During the spatial discretization of the fiber net-

work, the intersection points between fiber segment

and element boundaries divide the segment into mul-

tiple sub-segments. Therefore, the discretized system

changes when a different FE mesh size is used. From the

mesh sensitivity analysis, it can be seen that although

local measures such as stress distribution in the matrix

fluctuate according to the mesh size used, the numer-

ical results obtained from different mesh sizes still fall

into the same magnitude. This information is still valu-

able in the sense that the correlation between the local

material behaviors and the global mechanical properties

can be qualitatively considered. Moreover, global meas-

ures such as the initial stiffness and the force-stretch

curve of the material are not sensitive to the mesh size.

A coarse mesh can be used if the material global mech-

anical behavior is the only quantity of interest.

It is a widely accepted assumption that fibers can

only sustain tensile force, but are unable to resist com-

pression. Based on such assumption, the contribution

from a specific fiber segment is switched off if its stretch

ratio λ < 1, indicating a compression status. If there

is evidence suggesting that fibers in certain biomater-

ials can also support compressive force, the proposed

method can be easily adjusted to meet the observa-

tion. In other words, whether fibers are active under

compression or not is only a modeling choice depend-

ing on the physical properties of the biomaterial of in-

terest (this computational framework handles both).

Likewise, the quadratic and the exponential fiber strain

energy functions are provided as two examples. In prac-

tice, other forms of fiber strain energy can also be adop-

ted. Again, what is the most appropriate strain energy

form for fiber depends on the physical properties of the

biomaterial of interest.

In this paper, all fiber networks are synthetically

generated from the random walk algorithm. The topo-

logy of the generated network may not necessarily cap-

ture the microscopic structure of biomaterial in reality.

A more realistic fiber network can be indirectly gener-

ated by the geometric probability based algorithm re-

cently proposed by Carleton et al. (2014), or directly

obtained using advanced image processing technologies

such as confocal reflection imaging (Roeder et al. 2002;

D’Amore et al. 2010; Arganda-Carreras et al. 2010).

For example, the segment length lseg can take the half

wavelength of the fiber crimp measured at the micro-

scopic level. The fiber axial elastic modulus can be cal-

culated based on the fiber diameter, the segment length

and the fiber Young’s modulus in the range reported in
literature (Silver et al. 2001). The predicted material

macro-mechanical behavior from the numerical simula-

tion largely depends on the number of fibers in the gen-

erated network. This parameter can be determined from

the fiber volume fraction, fiber diameter and length,

if accurate information about the network geometry is

available.

In the proposed computational framework, the gen-

erated fiber network is random. The stochastic nature

of the network influences the numerical simulation res-

ults. Consequently, the numerical result from a single

simulation would largely depend on the characteristic

of the adopted network. To address this disadvantage,

multiple simulations based on different network realiza-

tions using the same network parameters are needed to

capture the material behavior in an average sense. The

low computational cost of the proposed method makes

it feasible to apply Monte Carlo (MC) simulations to

include the randomness of the fiber network structure.
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The convergence (Fig. 12), the mean and deviation of

the material behavior (Fig. 11) can be obtained.

The proposed method adopts the affine fiber kin-

ematics, which is shown to be a valid assumption for

pericardial collagenous tissues (Fan and Sacks 2014)

and mitral valve anterior leaflet (Lee et al. 2015). On

the other hand, there is evidence suggesting that the

nonaffine fiber kinematics may be a more realistic as-

sumption for certain type of fibrous biomaterial such

as bovine annulus fibrous tissue (Head et al. 2003;

Chandran and Barocas 2006; Huyghe and Jongeneelen

2012; Lake et al. 2012). How to fully consider the fiber-

matrix interaction while adopting the nonaffine fiber

kinematics in the simulation with a reasonable compu-

tational cost remains very challenging and still needs

further investigation.
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7 Appendix

For an arbitrary fiber segment contained in an element,

use X(1) and X(2) to represent the Cartesian coordin-

ates of its two ends in the reference (initial) config-
uration. Use x(1) and x(2) to represent the Cartesian

coordinates of its two ends in the deformed (current)

configuration. Use u(1) and u(2) to represent the dis-

placement of its two ends. The current coordinates of

the two ends of the fiber segment can be expressed as

x(i) = X(i) + u(i), i = 1, 2. (25)

The initial segment length is expressed as

L0 = ‖X(2) −X(1)‖2, (26)

and the deformed segment length is expressed as

l = ‖x(2)−x(1)‖2 = ‖X(2) +u(2)−X(1)−u(1)‖2. (27)

Since X(1) and X(2) are constant, the segment stretch

ratio is a function of u(1) and u(2)

λ =
l

L0
= λ(u(1),u(2)). (28)

The first variation of the fiber strain energy

δΨf (λ(u(1),u(2), δu(1), δu(2)))

=
d

dε

∣∣∣
ε=0

Ψf (λ(u(1) + εδu(1),u(2) + εδu(2)))

=
∂Ψf (λ)

∂λ

d

dε

∣∣∣
ε=0

λ(u(1) + εδu(1),u(2) + εδu(2)).

(29)

Assume Ψf take the exponential form Eq. 7 (for other

type of fiber strain energy function, the derivation is

very similar), then

∂Ψf (λ)

∂λ
= kL2

0(λ− 1)eb(λ−1)2 , (30)

∂λ

∂u(1)
=
−1

L0l
(X(2) + u(2) −X(1) − u(1)), (31)

∂λ

∂u(2)
=

1

L0l
(X(2) + u(2) −X(1) − u(1)), (32)

d

dε

∣∣∣
ε=0

λ(u(1) + εδu(1),u(2) + εδu(2))

=
∂λ

∂u(1)
· δu(1) +

∂λ

∂u(2)
· δu(2)

=
1

L0l
(X(2) + u(2) −X(1) − u(1)) · (δu(2) − δu(1))

=
1

L0l
(x(2) − x(1)) · (δu(2) − δu(1)).

(33)

Combining Eqs. 29 to 33, the element residual contrib-

uted by the fiber segment under consideration has the

form

R
(e)
f = δΨf (λ(u(1),u(2), δu(1), δu(2)))

= keb(λ−1)2
(

1− 1

λ

)
(x(2) − x(1)) · (δu(2) − δu(1)).

(34)

The linearization of the first variation

D∆uδΨf (λ(u(1),u(2), δu(1), δu(2)))

=
d

dε

∣∣∣
ε=0

δΨf (λ(u(1) + ε∆u(1),u(2) + ε∆u(2)))

=
d

dε

∣∣∣
ε=0

[
keb(λ(u

(1)+ε∆u(1),u(2)+ε∆u(2))−1)2

(
1− 1

λ(u(1) + ε∆u(1),u(2) + ε∆u(2))

)
(x(2) + ε∆u(2) − x(1) − ε∆u(1)) · (δu(2) − δu(1))

]
= 1○ + 2○,



14 Tao Jin, Ilinca Stanciulescu

(35)

where

1○ =keb(λ−1)2
(

1− 1

λ

)
(∆u(2) −∆u(1)) · (δu(2) − δu(1)),

(36)

2○ =
keb(λ−1)2

L2
0

(2b− 4bλ−1 + 2bλ−2 + λ−3)[
(x(2) − x(1)) · (∆u(2) −∆u(1))

][
(x(2) − x(1)) · (δu(2) − δu(1))

]
.

(37)

Combining Eqs. 35 to 37, the element stiffness matrix

contributed by the fiber segment under consideration

has the form

K
(e)
f = 1○ + 2○

=keb(λ−1)2
(

1− 1

λ

)
(∆u(2) −∆u(1)) · (δu(2) − δu(1))

+
keb(λ−1)2

L2
0

(2b− 4bλ−1 + 2bλ−2 + λ−3)[
(x(2) − x(1)) · (∆u(2) −∆u(1))

][
(x(2) − x(1)) · (δu(2) − δu(1))

]
.

(38)
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