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Abstract

This thesis builds on the connection of two widely studied objects in the literature,
that is, foldings of finite root systems and the structure algebras of moment graphs
associated with finite root systems.

Given a finite crystallographic root system ® whose Dynkin diagram has a non-
trivial automorphism, it yields a new root system ®, by a so-called classical folding.
On the other hand, Lusztig’s folding (1983) folds the root system of type Eg to type
H, starting from an automorphism of the root lattice of type Eg. Lanini—Zainoulline
(2018) developed the notion of a twisted quadratic folding of a root system, which
describes both the classical foldings and Lusztig’s folding on the same footing.

Our second key object of study is the structure algebra Z(G) of the moment graph
G associated with a finite root system and its reflection group W. The structure algebra
Z(G) is an algebra over a certain polynomial ring & whose underlying module is free
with a distinguished basis {0 | w € W} called combinatorial Schubert classes. Each
Schubert class o) is an S-valued function on W, whose value is explicitly known for
any finite reflection group W.

Lanini—Zainoulline (2018) showed that a twisted quadratic folding ® ~~ &, in-
duces an embedding of the respective Coxeter groups ¢ : W, — W and a ring
homomorphism €* : Z(G) — Z(G,) between the corresponding structure algebras.

This thesis investigates how the induced map €* relates the Schubert classes of
the original structure algebra Z(G) to those of the folded structure algebra Z(G,). In
particular, we will provide a combinatorial criterion for a Schubert class o of 2 (Gr)
to admit a Schubert class o) of Z(G) such that the relation *(0(*)) = c- o holds
for some nonzero scalar c. We will also prove that £* is surjective after an appropriate
extension of the coefficient ring.
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Chapter 1

Introduction

This thesis builds on the meeting point of two major threads in the literature, namely,
foldings of finite root systems and the study of the structure algebras of moment
graphs associated with finite root systems. The former has long been folklore in the
literature (cf. Steinberg [35]), and the latter has been an object of a recent active
study in the context of theory of sheaves on moment graphs (cf. Fiebig [18], [19],
Lanini [28], [29]). The direct foundation of our work is the paper [30] by Lanini and
Zainoulline, where the authors showed that a folding of a root system induces a ring
homomorphism between the corresponding structure algebras. In this thesis, we will
investigate their induced map from the perspective of combinatorial Schubert classes.

Foldings of root systems and their twisted formulation

Given a finite crystallographic root system ® whose Dynkin diagram admits a non-
trivial automorphism (subject to certain conditions), it induces a so-called folding of
the root system ®. For example, let us consider the following configuration of vectors
in the Euclidean space R?" (n > 2):

O ={e,—e¢;|1<i,j<2n,i#j}

where {e; | 1 <i < 2n} denotes the standard basis of R?". This is the root system of
Dynkin type As,_; realized in the space R?*" in Bourbaki’s standard manner (Bourbaki
8, Plate I]), with a set of simple roots A = {a; :=¢; —e;11 | 1 <i < 2n—1}. The
Dynkin diagram of type As,_; admits an involutive automorphism by interchanging
the pair of simple roots «; and as,_; for all 1 < ¢ < n — 1 and fixing the middle
simple root «,. This involution of the Dynkin diagram extends to the following linear
automorphism 7 on the whole space R?", which stabilizes the set ®:

T(ez) = —€2n—i+1 (]. S 1 S 2n)
By taking the average of each T-orbit in ®, we obtain a new collection of vectors

dr={i(a+Ta)|acd}

1



1. INTRODUCTION 2

This set forms the root system of Dynkin type C,, realized in R?" having the following
set as simple roots:

This passage from ® to @7 is called a folding of the root system ® (see Steinberg [35,
pp. 175-176], Springer [34, Section 10], Stembridge [37]).

There are precisely four families of such foldings of finite crystallographic root
systems: foldings from type Ay, to C,, (n > 2), from type D, to B, (n > 3), from
type Eg to Fy, and from type Dy to Gy (see [34, Section 10] for example). We will
refer to these foldings as classical foldings. In all the classical foldings except the last
one, the linear map 7T satisfies 72 = id.

On the other hand, in his paper [31, Section 3.9(b)], Lusztig discovered a folding
construction of the root system of type Fs to the root system of type Hy. In this folding
construction, instead of starting with an automorphism of the Dynkin diagram, one
begins with an automorphism of the root lattice of the root system of type Eg. Under
this automorphism, half of the simple roots (black dots in the diagram below) are
mapped to the opposing simple roots (white dots), and the other half (white dots)
are mapped to some linear combinations of simple roots.

a1 o2 o3 Ol4
o o o
oLl /?
oO—0—0 e
o s o

a7 6

The Lusztig folding has since been studied by many authors including Shcherbak [33,
Section 2|, Moody-Patera [32], Dyer [17, Section 1], and Dechant [12].

More recently, in [30], Lanini and Zainoulline introduced the notion of a twisted
quadratic folding of a root system, in which both the classical quadratic foldings (all
that are listed above except the folding from type D4 to G2) and the Lusztig folding
are found as particular examples. Central to their formalism is the notion of a folded
representation of a root system. Let K be a unital subring of R, and let L be a
free quadratic K-algebra given by L = Klz|/(p(z)) for some monic separable K-
polynomial p(x) = x? — ¢z + ¢5. Let T be one of the two distinct roots of p(z) in L.
We consider a free K-module U obtained from some free L-module U by restriction of
scalars. Then U is equipped with a K-linear map 7, called the m-operator, which is
multiplication by 7 on U, and a symmetric K-bilinear form (—, —),, called the 7-form,
which is derived from a dot product on U. In a folded representation, we realize a
finite crystallographic root system ® as a subset of U so that its root lattice is stable
under 7 and the set of simple roots of ® admits a certain partition with respect to T
([30, Definition 3.1]). Then the 7-twisted folding of ® is the procedure to pass from
® to a new finite root system &, under the projection onto the 7-eigenspace of T.
In this framework, the classical foldings are obtained by taking p(z) = 2? — 1, and
the Lusztig’s folding is obtained by taking p(z) = 2* — 2 — 1 as described in [30,
Examples 4.3-4.5].
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Combinatorial Schubert calculus

Our second main object of study, the notion of a structure algebra and its Schubert
classes, stem from the study of equivariant cohomology rings of flag varieties and its
generalization to arbitrary finite Coxeter groups. In order to provide the context, we
first briefly review the foundational results for the ordinary cohomology rings, and
then discuss Kaji’'s work [26] on the equivariant setting, which provides us with the
notion of combinatorial Schubert classes and their formula.

Let G be a connected semisimple linear algebraic group over C with a maximal
torus T of rank n, and let B be a Borel subgroup containing 7. Let W be the Weyl
group of G with respect to T. The cohomology ring H*(G/B,Q) of the flag variety
G/ B has two well-known descriptions. One is via the so-called Schubert classes, that
is, the Q-basis of H*(G/B) obtained from the Schubert cell decomposition of the flag
variety G/ B parametrized by the elements of W (see Borel [7] for example). The other
is by Borel’s isomorphism which identifies H*(G/B) with the coinvariant ring Sy of
W, that is, the quotient of the ring S = Q[ay, - -+ , @], where oy, -+, a, are a set of
simple roots of W, by the ideal generated by the W-invariant polynomials with trivial
constant terms (Borel [6]). An explicit connection between these two descriptions
was established by Bernstein-Gel'fand-Gel'fand [2] and Demazure [13], where they
defined recursive operators, called divided difference operators, on the coinvariant
ring Sy (cf. [2, Definition 3.2]), and used them to inductively define the polynomials
corresponding to the Schubert classes in H*(G/B) under Borel’s isomorphism (cf. [2,
Theorem 3.14, 3.15]). This bridge made the notion of Schubert classes intrinsic to
the coinvariant ring Sy, depending solely on the finite Coxeter group W. In his book
[24, Chapter 1V], Hiller proved that the polynomials P, (w € W) introduced in [2]
form an R-basis of Sy for an arbitrary finite Coxeter group W, where § is now taken
to be S = Rag, -+, ).

Kaji [26] extended Hiller’s result to the equivariant setting. Similarly to the case
of ordinary cohomology, the T-equivariant cohomology ring H$(G/B,R) has an S-
module basis corresponding to the Schubert cell decomposition of G/B. There is also
a description of HY.(G/B) analogous to the Borel picture (cf. [26, Proposition 4.1]).
That is,

HY(G/B) ~R[t1,- -+ ,tp, 21, x.]/Iw =: Rylt; 2] (1.1)

as S-algebras, where Iy is the ideal generated by polynomials of the form

f(gjl’... ’xn) —f(tl,"' 7tn)

for nonconstant W-invariant polynomials f. The ring Ry [t; ] in (1.1) is called the
double coinvariant ring of W. Kaji generalized Hiller’s polynomials and constructed
an explicit S-module basis {S,,(t;z) | w € W} (Schubert classes) for the double
coinvariant ring Ry [¢; ] of an arbitrary finite Coxeter group W (|26, Theorem 4.5]).
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On the other hand, H}(G/B) has yet another, combinatorially given description
called a structure algebra, which will be the main object of study of this thesis. The
structure algebra associated with the Weyl group W is given by

Z(G) ={¢ e P S| €(v) — () is divisible by @ € @F withv <, v'},
veW

where <, denotes the Bruhat cover relation on W and G denotes a certain labelled
graph called a moment graph, whose vertices are the elements of W (Fiebig [18,
Sections 3.1-3.2] or Definitions 3.1.1, 3.2.1). Each element £ of Z(G) is an S-valued
function on W, and its value at v € W is denoted by &(v). Originated in the paper [21]
by Goresky-Kottwitz-MacPherson, the notion of a moment graph and its structure
algebra now forms a part of the actively studied theory of sheaves on moment graphs
(see Braden-MacPherson [9], Fiebig [18], [19], Lanini [28], [29]).

The structure algebra Z(G) is an S-algebra under coordinate-wise addition and
multiplication. We have the following isomorphism of S-algebras:

H3(G/B) ~ Z(G) (1.2)

via the so-called localization map (|21, Theorem 7.2]). The ordinary cohomology ring
H*(G/B) is recovered from H3.(G/B) by taking the quotient by the ideal generated
by polynomials with trivial constant terms (cf. [21, (1.2.4)]). In terms of the structure
algebra,
Z(9)

a-Z2(G)
where a denotes the augmentation ideal of S. The S-algebra on the right-hand side
is called the augmented structure algebra of G (Lanini-Zainoulline [30, Section 6]).
The notions of a moment graph and its (augmented) structure algebra depend only
on the Weyl group W and its realization as a real reflection group, and thus they are
well-defined for any finite Coxeter group W.

Kaji's result [26, Corollary 4.10] combines the Borel perspective (1.1) and the
moment graph perspective (1.2) of H}(G/B) via the generalized localization map

Buewiy, : Rwlt;z] = Z(G) : f(t;2) = (F(Hw™ (1)) e (1.3)

which is an isomorphism of S-algebras. Further, [26, Corollary 4.11] provides an
explicit formula for the image ¢(*) of the Schubert class &, (t; x) under this isomor-
phism: for an element v € W and an arbitrary reduced expression v = s;, - - - s;,, the
value of o) at v is given by

o (2]) = Zﬁjl o 'ﬁjzm)? (1'4>

where B = s, -+ s, —1(, ), @z, is a simple root corresponding to s;,, and the sum
runs over all 1 < j; <--- < ji) < I such that s;; - = w. As Kaji observed,

H*(G/B) ~

o . S .
Y1 (w)
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(1.4) generalizes Billey’s celebrated formula [4, Theorem 4] for the Kostant-Kumar
polynomial £“(v) to an arbitrary finite Coxeter group W.

In this thesis, we will refer to the functions {¢™) | w € W} as (combinatorial)
Schubert classes of the structure algebra Z(G), which recover the geometric Schubert
classes of H}.(G/B) under (1.1) and (1.2) when W is crystallographic.

Schubert calculus of the folding map

Let & ~» &, be a twisted quadratic folding of a finite crystallographic root system.
Let W and W, be the finite reflection groups of ® and &, respectively. The folding
¢ ~~ P, induces an embedding € : W, < W of Coxeter groups (see Lusztig [31,
Corollary 3.3]). If we denote the moment graph associated with the original root
system ® by G and the one associated with the 7-folded root system ®. by G,, the
main result of Lanini—Zainoulline [30, Theorem 6.2] states that there is a canonical
ring homomorphism €* : Z(G) — Z(G,) induced from the embedding € : W, — W,
which further restricts to the augmented structure algebras £* : Z(G) — Z(G,).

The theme of the present thesis is the Schubert calculus of the folding map
e*: Z2(G) — Z(G,). We will take (1.4) as definition of a Schubert class of Z(G)
(Definition 3.3.1), and investigate how the Schubert classes of the original structure
algebra Z(G) relate to those of the folded structure algebra Z(G,) under the folding
map £*. We will look for the description of the e*-preimage of a Schubert class of the
folded structure algebra Z(G,), and in particular find a criterion (see Theorem 1.1
below) for a Schubert class o™ of Z (G.) to admit a Schubert class o) of Z(G) such
that

e*(c™) = ¢- ¢ for some nonzero constant ¢ € L. (1.5)

When the relation (1.5) holds between o) and o™ we say that o) is a lifting of
o (Definition 5.1.1).

Our interesting discovery is that for a given v € W, the condition for the Schu-
bert class ot of Z (G,) to admit a lifting in Z(G) involves only the existence of an
element w € W satisfying certain combinatorial conditions. More precisely, we will
introduce a map ¢ : S — S, on the Coxeter generating sets of W and W, which serves
as a combinatorial counterpart of the folding map * (Section 5.3.1), and define the
folding subset W7 of W in terms of how ¢ behaves on the reduced expressions of each
element w € W (Definition 5.4.2). Our first main result can be stated as follows:

Theorem 1.1 (Corollary 5.4.9, Proposition 5.4.12). Let v € W, and w € W. Let
w = s - 8;, be any W-reduced expression. Then the Schubert class o) € Z(G) is a
lifting of o e Z(G,) if and only if w € W7 and uw = ¢(s;,) - - - ¢(si,). Moreover, the
lifting coefficient ¢ in (1.5) equals T™ for some unique nonnegative integer m, where
T s the parameter appearing in the definition of the twisted quadratic folding.
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If every Schubert class of Z(G,) admits a lifting, then we say that * has the
lifting property (Definition 5.1.1). In general, £* does not have this property. For
instance, in the smallest example of a twisted quadratic folding from type Az to Cj,
all the Schubert classes of the folded structure algebra Z(G,) admit liftings except
the one corresponding to the longest element ug of W.,.. Exactly the same statement is
true for the folding from type A4 to Hy (Example 5.4.14). In general, for the longest
element uq of W, the Schubert class 0&"0) is not liftable. As the size of the folded root
system increases, there will be more and more Schubert classes in Z(G,) that are not
liftable as Corollary 5.4.21 suggests. However, by passing to the parabolic setting,
in some cases, it is possible to choose a parabolic subgroup Wp C W so that the
folding map ¢* : Z(G") — Z(GF) does have the lifting property (Example 5.4.15).
In Section 5.5, we will provide a complete list of parabolic subgroups Wp for each
folding listed in Section 4.3 such that the folding map &* : Z(G") — Z(GF) has the
lifting property.

We will also address the question of surjectivity of the folding map £* using the
Schubert classes. It turns out that the coordinate formula (1.4) of o), achieved by
Billey [4] for W crystallographic, and by Kaji [26] for an arbitrary finite reflection
group W, is the right tool to prove the surjectivity of €* over L. This leads to our
second main result:

Theorem 1.2 (Theorem 5.6.2). The folding map €* : Z(G) @k L — Z(G,) is surjec-
tive.

Structure of the thesis

The structure of the thesis is as follows. Chapter 2 reviews the notion of a finite root
system in a way suitable to twisted quadratic foldings (Section 2.1), and summarizes
the properties of finite Coxeter groups necessary to the main discussion of this thesis
(Section 2.2).

Chapter 3 introduces the main objects of our study; a moment graph G associ-
ated with the pair (®, ®p) of a finite root system & and its subsystem ®p (Section 3.1),
the structure algebra Z(G*') over the moment graph G¥ (Section 3.2), and the notion
of Schubert classes of Z(G”) (Section 3.3). In Section 3.3, we provide a self-contained
summary of some essential properties of the Schubert classes o) (w € W) of Z(G").

Chapter 4 summarizes the construction of a twisted quadratic folding of a finite
crystallographic root system developed in [30] (Sections 4.1-4.2), provides a list of
examples (Section 4.3), and discusses the induced folding map &* : Z(G¥) — Z(G?)
(Section 4.4). In Section 4.3, we list all the classical foldings (except for the one
from type Dy to G3), the Lusztig folding from type Eg to Hy and its two subfoldings,
and describe them in the framework of twisted quadratic foldings. Among them, the
description of the folding from type Fg to F} is a new contribution to the literature.
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Our main chapter, Chapter 5, is dedicated to the Schubert calculus of the folding
map *. After stating the problems (Section 5.1), we compute the e*-images of the
Schubert classes of Z(GF) for some examples of foldings (Section 5.2). We then in-
troduce an auxiliary map ¢ : S — S, which captures foldings on the level of Coxeter
generating sets of W and W, and serves as a primary technical tool in the proofs of
our main results (Section 5.3). In Section 5.4, we provide a concrete combinatorial
criterion for the liftability of the Schubert classes in Z(GF) (Theorem 5.4.8, Corol-
lary 5.4.9). In Section 5.5, we return to the examples of foldings listed in Section 4.3,
and in each case, provide a complete description of parabolic subgroups Wp of W such
that the folding map &* : Z(G") — Z(GF) has the lifting property. In Section 5.6, us-
ing the Schubert classes of Z(G"), we prove that the folding map e* : Z(G7) — Z(G7)
is always surjective after extending the coefficients to L (Theorem 5.6.2).

Finally, Appendix A depicts the Coxeter diagrams of the foldings discussed in
Section 4.3, and Appendix B collects all the moment graphs appearing in Section 5.2.



Chapter 2

Coxeter groups and root systems

Every topic investigated in this thesis builds on two fundamental notions: finite root
systems and finite Coxeter groups. This chapter provides a summary of these notions
in a way that will be adopted in later chapters (Chapters 3-5) and establishes the
notation.

2.1 Root data and root systems

In this thesis, we will work with two approaches to the notion of a finite root system.
We will first define a root datum following [14, Exposé XXI| and [34, Section 7.4],
and then define a finite root system following [25, Section 1.2]. For a unital subring
K C R, we will define a geometric K -representation of a root datum (Definition 2.1.3)
and a K -realized root system (Definition 2.1.5), where the notions of a root datum and
a root system are brought on the same footing. They become essential in Chapter 4
when we define a twisted quadratic folding of a root system.

2.1.1 Definition

Definition 2.1.1 (Root datum). Let A be a free Z-module of finite rank. Let AY :=
Homy(A,Z) be the dual Z-module. Let ® C A be a nonempty finite subset, and
consider an embedding ® < AY. We denote the image of each a € ® by o, and set
PV .= {a¥ | o € ®}. For each o € ®, define s, € GLz(A) and s,v € GLz(AY) by the
following formulae:

so(r) =2 —a'(x)a (zeA), (2.1.1)

sav(y) =y —yla)a’ (y € AY).
We will call the embedding ® < AY : a — «" a root datum if it satisfies the following
conditions:

(RD1) o¥(a) =2 for all « € ®.
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(RD2) $4(®) C ® and s,v(PY) C Y for all a € P.
(RD3) If ® Ncd # P for some ¢ € Z, then ¢ = +1.

The elements of ® are called roots, and those of ®" are called coroots. The Z-
submodule A, := spany(®) is called the root lattice. The Weyl group of ®, denoted by
W (®), is the subgroup of the automorphism group GLz(A) generated by s, (o € ).

By (RD2), the set of roots @ is stable under the action of W(®). The set &
admits a subset A which is a Z-module basis of the root lattice A, such that each
v € ® has a (unique) expression v = ) A o« Where either all ¢, > 0 or all ¢, < 0.
Such a set A is called a simple system of the root datum and its elements are called
simple roots. 1f all ¢, > 0 in the above expression, « is called a positive root. If
all ¢, <0, v is called a negative root.  The set of positive (resp. negative) roots
is denoted by ®* (resp. ®7). The Cartan matriz of a root datum is the matrix
¢ := (¢;j) where ¢;; = a;" () (a4, 5 € A).

Remark 2.1.2. (1) Some authors do not require (RD3) in the definition of a root
datum. In that case, a root datum satisfying (RD3) is called reduced ([34, p. 125]).

(2) Any two simple systems A, A" are conjugate under the action of W (®), that is,
w(A) = A’ for some w € W ([14, Exposé XXI, Corollary 3.3.7]).

Definition 2.1.3 (Geometric representation of a root datum). Let K C R be a
(unital) subring, and let ® < AY be a root datum. Let U be a free K-module such
that U contains A ®z K as a K-submodule. Let (—, —) denote a dot product on U. If
aV(z) = 2((;‘;)) for all @« €  and x € A, then we call the inclusion ® C A - A®z K C
U a geometric K-representation of the root datum and denote it by (®,U)g. By
extending the formula (2.1.1) over U, we obtain s, € GLg(U). We define the Weyl
group associated with the geometric K-representation (®,U)x to be the subgroup

(S | @ € @) of GLk(U).

Definition 2.1.4 (Finite root system). Let E be an R-vector space equipped with an
inner product (—, —). Let ® C E\{0} be a nonempty finite subset. Let O(E) denote
the orthogonal transformation group of E. For each o € ®, define s, € O(E) by the
following formula:

So(x) =2 — %a (x € E).

We will call the set ® a root system if it satisfies the following conditions:
(R1) s4(®) C ® for all o € P.

(R2) If ® Nc® # P for some ¢ € R, then ¢ = +1.
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The elements of ® are called roots. The Weyl group of ®, denoted by W (®), is the
subgroup of O(E) generated by s, (o € ®). The group W(®) is also called finite real
reflection group.

By (R1), the root system ® is stable under the action of W(®). Similarly to
the case of root datum, the set of roots ® admits a subset A which is a basis of
the subspace U, := spang(®) of U such that each v € ® has a (unique) expression
v = Zae A Ca Where either all ¢, > 0 or all ¢, < 0. Then we define the terms simple
system, simple roots, positive (resp. negative) roots in the same way as we did for the
root datum. An element = € U, is called dominant with respect to A if (z,a) > 0 for
all @ € A. The Cartan matriz of the root system @ is the matrix € := (¢;;) where
Cij = 2(51_“0‘7)) (a;,; € A). The minimal coefficient ring of the root system @ is the
minimaﬁ sfubring K pin C R containing all the values ¢;; of the Cartan matrix €. The
root system & is called crystallographic if K, = Z.

Let us observe that Definition 2.1.4 remains valid if we replace E by a free module

over any subring K of R containing K,,;,.

Definition 2.1.5 (K-realization of a root system). Let ® be a root system with the
minimal coefficient ring K,,;,. Let K C R be any subring containing K,,;,. Let U
be a free K-module equipped with a dot product (—, —). The root system & admits
a realization inside U, that is, & C U satisfying (R1)-(R2) of Definition 2.1.4. The
realization ® C U will be called a K-realization of the root system. The Weyl group
of ® with respect to the K-realization ® C U is the subgroup of GLk(U) generated
by sq (o € D).

Let @ be a crystallographic root system, and let K C R be any (unital) subring.
Let U be a free K-module equipped with a dot product (—,—). Let & C U be a
K-realization of the root system with a simple system A. Let A C U be a free Z-
submodule generated by the basis A (i.e., A = spany, A) and set AV := Homg(A, Z).
Define a¥(x) = % for « € &,z € A. Since ® is crystallographic, the assignment
® — A : a+— o is well-defined. Then the inclusion ® C A C U is a geometric
K-representation of the root datum ® < AV as defined in Definition 2.1.3.

Conversely, let K C R be a unital subring and let (®,U)x be a geometric K-
representation of a root datum ® < AV. Let E = U @ R. We have ® C U C E
(the first inclusion is by Definition 2.1.3). Then ® C E is a root system as defined
in Definition 2.1.4, and ® C U is a K-realization of the root system as defined in
Definition 2.1.5.

The two distinct notions as defined in Definitions 2.1.3 and 2.1.5 will be used
when we discuss the construction of a twisted quadratic folding in Chapter 4, where
the input of a folding is a root datum and the output is a not necessarily crystallo-
graphic finite root system.
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2.1.2 Examples

Example 2.1.6 (Type A,(n > 1)). Let U be a free Z-module of rank n + 1. Let
{e; | 1 <i <n+1} denote a basis of U and let (—, —) be the associated dot product.
Define a submodule A by

A:{I€U|(l’,€1+"'+€n+1>:0}.

This is a free Z-module of rank n. Let us take a finite subset ® := {e;—e¢; | i # j} C A
and define a Z-linear functional a¥(z) = 2((;—;6)) for € ®, 2 € A. Then the assignment

® — AY : a — o satisfies the conditions (RD1)-(RD3) of Definition 2.1.1. By
setting K = Z, (®,U)k is a geometric K-representation of the root datum.

Example 2.1.7 (Type D, (n > 4)). Let A be a free Z-module of rank n. Let {e; |
1 < < n} denote a basis of A and let (—, —) be the associated dot product. Define
a finite subset ® = {fe; £ e; | 1 < i < j < n} C A and a Z-linear functional
a¥(x) = Z(Ef;”)) for « € ®,x € A. Then the assignment ® — AV : a — «" satisfies
the conditions (RD1)-(RD3) of Definition 2.1.1. By setting K = Z, (®,A)x is a
geometric K-representation of the root datum. The following set of elements forms

a simple system of ®.

Q1 = (17_170707"' 70)261_627
Qg = (0717_1707"' 70)262_637

AOp—2 = (07 07 07 Tty ]-7 _]-7 O) = €p—2 — €Ep—1,
Op_1 = (07 0,0,---,0,1, _1> = €p—1 — €En,
a, =(0,0,0,---,0,1,1) =e,_1 + €.
Example 2.1.8 (Type Fg). Let E = R®. Let {e; | 1 <14 < 8} denote a basis of E
and let (—, —) be the associated dot product. Let us define ® C E by

5 5
O = {fe;te; | 1<i<j<5 U{Ei(es—er—eg+ » (—1)"Pe;) | Y v(i) is even}.

i=1 =1

This set satisfies (R1)—(R2) of Definition 2.1.4, and ® is a root system with the
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following set of elements as a simple system ([8, Plate V]):

M=\ Ty Ty Ty Ty Ty T 202
—l(el—i—eg)—1(62—1—63—1—644—654—664—67),

= (1,1,0,0,0,0,0,0) = e; + e,

= (—1,1,0,0,0,0,0,0) = ey — ey,
=(0,-1,1,0,0,0,0,0) = e5 — ey,
=
=
2(a,

(1 1 1 1 1 1 1 1)

)
1,1,0000)—64—63,
)

0,0,
00 1,1,000 = €5 — €4.

Let us define a¥(x) = . ) ) for o € ®,x € E. Since a;" (aj) € Z for all 1 <i,j <6,
® is a crystallographic root system. Let A be a free Z-submodule of E generated
by the basis A := {«a; | 1 < i < 6}. Since ® is crystallographic, the assignment
® — AV : a — o is well-defined and satisfies (RD1)—(RD3) of Definition 2.1.1.
Finally, let K = Z[%] and U = K®. Then U is a free K-submodule of E containing A.
Thus (®,U)k is a geometric K-representation of the root datum & < AV.

Example 2.1.9 (Type H,). Let 7 = %5 be the golden ratio. Let us denote the di-
vision R-algebra of quaternions by H with a basis {1, 1, j, k} over R and the associated
dot product (—, —). Consider the three vectors

{1, (1+11+J]+1k),2(7+11+(7'—1) )} C H,

and define the set ® of all vectors obtained from these three by applying even per-
mutations of coordinates and arbitrary sign changes. Then & satisfies the conditions
(R1)—(R2) of Definition 2.1.4 (see [25, Section 2.13]). The following four vectors form

a simple system of ®.

ap =3(r—i4(r=1)j) = (ir,-1,i(r - 1),0),
=3 —-7+i+(T—-1)j) =(-3m337-1),0),
az =11+ (T —-Di—7j) = (3, i(r-1),-170),
a=3-1-7i4+(r—1Dk)= (-1 -17,0,3(r-1))

We have % € Z[r] for all 1 < 4,5 < 4. Hence the minimal coefficient ring of
® is Ky = Z[7]. Let K = Z[3][r] and U = spang{1,1,j,k}. Then ® C U is a

K-realization of the root system &.

2.2 Coxeter groups

We define the notion of a finite Coxeter group and list its basic properties. They will
be the key language to be used in Chapters 3 and 5 when we discuss moment graphs,
their associated structure algebras and their Schubert classes.
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2.2.1 Definition

Definition 2.2.1. A Cozeter system is defined to be a pair (W, S) consisting of a
group W (whose identity element we denote by e) and a distinguished generating set
S C W which is subject only to relations of the following form:

(st)y™) = ¢ (st € 9), (2.2.1)

where m(s,t) = 1if s = t and m(s,t) € Z>2U{o0} otherwise. When no relation holds
between s,t € S, we write m(s,t) = oo. The group W is called the Cozxeter group
and the set S is called the Cozxeter generating set. The rank of (W, S) is defined to
be the cardinality of S. A Coxeter system (W, .S) is called finite if the Coxeter group
W is finite.

Remark 2.2.2. (a) When S = (), we have W = {e}.

(b) The Coxeter generating set S is not uniquely determined by W. When we refer
to a group W as a Coxeter group on its own, we implicitly assume that a Coxeter
generating set S is chosen for W and fixed.

Here we provide an explicit description of W as a group presented by the gener-
ating set S and relations (2.2.1). Let F'(S) be the free monoid generated by S, that
is, F'(S) is the set of words on the alphabet S with product given by concatenation
of words. Define an equivalence relation = on F'(S) by declaring for A\, u € F(S),
A = p if one is obtained from the other by removing or inserting words of the form
(st)™t) = stst---st (st concatenated m(s,t) times) for all s, € S such that s # t
and m(s,t) # oo. Then W is isomorphic to F'(S)/ =. We have the following:

Proposition 2.2.3 ([5, Proposition 1.1.1], [5, Corollary 1.4.8]). Let (W, S) be a Coz-
eter system, and let p : F(S) — W be the canonical map. Then

(a) Let s,t € S. If s #t, then their images under p are distinct in W.

(b) The image p(S) is a minimal generating set for W, i.e., no Coxeter generator
can be expressed in terms of the others.

This allows us to identify S with its image in W, as we did in Definition 2.2.1.
A Coxeter system has a combinatorial description by means of a Coxeter graph.

Definition 2.2.4. A Cozxeter graph is an undirected labelled graph I" with no loops
and no multiple edges, where the edges are labelled by the elements of Z>3 U {cc}.
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There is a canonical correspondence between a Coxeter system and a Coxeter graph.
Given a Coxeter system (W, S), we may construct an undirected graph I" with the
vertex set S, where we connect two distinct vertices s,t € S by an edge if and only
if m(s,t) > 3 and label the edge by the number m(s,t). Conversely, given a Coxeter
graph T' with a vertex set S, we construct a group W := (S | (st)™*) = e (s,t € S5)),
where m(s,s) =1 (s € S), and for s # ¢ € S, m(s,t) = 2 if there is no edge between
them, and m(s,t) equals the label of the edge between s and t if there is an edge
between them. By convention, the label m(s,t) = 3 in a Coxeter graph is omitted.
The above correspondence between Coxeter systems and Coxeter graphs is bijec-
tive up to isomophism of Coxeter systems, since distinct Coxeter graphs give arise to
non-isomorphic Coxeter systems as can be deduced from the following proposition:

Proposition 2.2.5 ([5, Proposition 1.1.1]). Let (W,S) be a Coxeter system deter-
mined by a Coxeter graph as above. Let s,t be distinct elements of S. Then the order
of the group element st in W equals the number m(s,t) in (W, S).

A Coxeter system (as well as the Coxeter group) is called irreducible if the asso-
ciated Coxeter graph is connected. Finite irreducible Coxeter systems are classified
in terms of their Coxeter graphs.

Proposition 2.2.6 (25, Theorem 2.7]). Each finite irreducible Coxeter system has
one of the Cozeter graphs in Figure 2.1, and two such Coxeter systems are isomorphic
if and only if they have the same Coxeter graph.
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Ay| o—e—--—o—— (n vertices)
Cp| o—e—o— o<1 o |(nvertices, n > 2)
D,| e——e——-- (n vertices, n > 4)

S

S B

Fy| o—eote—0

Gy| o0

Hy| o2

Hy| oo

Hy| o2 o o

I(p)| o—t—e (p=7)

Figure 2.1: Classification of finite Coxeter groups
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2.2.2 Examples

Example 2.2.7 (Symmetric groups). Let &,, be the group of permutations on n
objects. This group is generated by the set S of n — 1 transpositions

S={(i,i+1)|1<i<n-—1}

Set s; := (i,i+ 1) for each i. Then we have s? = e, (s;8;41)> =eforall 1 <i<n-—1,
and (s;s;)? = e for all 1 <i,j < n—1 such that |i — j| > 1. Thus (&,,S) forms a
Coxeter system.

Notation (One-line notation). Each element 0 € &,, can be expressed as a 2 X n

matrix
(ot ot ot

By the term one-line notation of o, we mean the row matrix consisting solely of the
second row of the above matrix, that is, o(1) ¢(2) --- o(n).

Example 2.2.8 (Dihedral groups). Let Ds,, be the group of symmetries of a regular
m-gon on a Euclidean plane E. This group is generated by a reflection s € O(E)
stabilizing the m-gon and a rotation r € O(E) through the angle 2%

Doy = (5,7 | 8> =e,r™ =e).
In order to view this group as a Coxeter group, set s; := s and sy := sr. Then

st=s"=¢e, (5180)" = (ss7)"=1"=c¢,

= (sr)(s) = (" s)(sr) = 17 = e

Thus (Do, {51, $2}) forms a Coxeter system.

2.2.3 Length function

Let (W, S) be a Coxeter system. Let w € W and w # e. Then the element w can be
written as a finite product w = sys5 - - - §; where each s; € S (not necessarily distinct)
and k£ > 1. When k is the smallest possible, the expression is called reduced and the
number k is called the length of w, denoted by [(w). We have [(e) = 0. The map
[ : W — Zsq assigning [(w) to each w € W is called the length function of W.

Remark 2.2.9. In the above definition, we refer to the sequence sy ---s, € F(S)
itself as a reduced word. The term reduced expression of w € W means a reduced
word s; - - - s such that s;--- s, = w.
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The following are some elementary properties of the length function.

Proposition 2.2.10 ([25, Section 5.2]). Let w,w’ € W and s € S.

() {(w™) = l(w).
(

)
b) l(w) =1 if and only if w € S.

(¢) l(w) = l(w') < l(ww') < U(w) +I(w').
(d) l(ws) = l(w) £ 1.

When W is finite, W admits a unique element of maximum length called the
longest element. We will denote it by wy.

2.2.4 Geometric representation

Let (W, S) be a Coxeter system. The Coxeter group W admits a construction called
the geometric representation, which is described as follows. Let U be a vector space
over R with a distinguished basis {a; | s € S} parametrised by the generating set S.
Then define a symmetric bilinear form B(—, —) : U x U — R by setting

Blas, o) = —cos 75 (s,t € 5)
and extend it bilinearly over U. By convention, we set B(as, ay) = —1if m(s,t) = oo.
We have B(as, as) = 1,5 € S and hence in particular, the vector «y is non-isotropic.
Hence if we define a subspace Hy := {u € U | B(u, as) = 0} for each s € S, we have
Ray @ Hy = U. We may now define a reflection o, € GL(U) corresponding to s € S
by

0s(u) =u —2B(u,a5)as (uelU), (2.2.2)

which indeed satisfies the properties ps(as) = —a; and gg(u) = u for all u € Hj.

Proposition 2.2.11 ([25, Proposition 5.3 and Proposition 5.4]). There ezists a
unique faithful representation o : W — GL(U) that sends s € S to os € GL(U).

The group embedding g is called the geometric representation of (W, S). Since
B(QS(U)> Qs(v)) = B(U, U)

for all s € S,u,v € U, the bilinear form B(—,—) on U is W-invariant under this
representation.
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2.2.5 Roots and reflections

Let o : W — GL(U) be the geometric representation of (W, S). Each w € W acts on
U via o. Let us write w(u) to denote po(w)(u) for u € U. We define the root system of
W to be the subset ® := {w(ay) | s € S,w € W} C U and we call its elements roots.
The set ® has the property that each a € ® is expressed as a linear combination
a = Zse g Csas where either all ¢; > 0 or all ¢, < 0. In the former case, a is called a
positive root and in the latter case, it is called a negative root. The set of all positive
(resp. negative) roots is denoted by ®* (resp. ®7). We have the following:

Proposition 2.2.12 ([25, Theorem 6.4]). The following conditions on a Cozxeter
system (W, S) are equivalent:

(a) The Coxeter group W is finite.
(b) The bilinear form B(—,—) is positive definite.
(¢) The root system ® is finite.

If one of the above equivalent conditions holds, then U is a Euclidean space, and the
finite subset ® C U satisfies (R1)—(R2) of Definition 2.1.4. The group o(W) coincides
with the reflection group W(®) in the sense of Definition 2.1.4. Conversely, we have

Proposition 2.2.13 ([25, Theorem 1.9]). Let ® be a finite root system as defined in
Definition 2.1.4 with a simple system A. Let W := W(®) and S := {s, | a € A}.
Then the pair (W, S) forms a Coxeter system.

Remark 2.2.14. (a) By Propositions 2.2.12 and 2.2.13, finite Coxeter groups are
identified with finite real reflection groups defined in Definition 2.1.4, and the
bilinear form B(—, —) is identified with (—, —). From now on, the perspectives of
finite Coxeter groups and finite real reflection groups will be used interchangeably
unless otherwise stated.

(b) A finite root system ® with a simple system A is called simply laced if in the
Coxeter system (W (®),S) as given in Proposition 2.2.13, m,s € {2, 3} holds for
every Coxeter relation (sqs53)™# = e.

Recall that each s € S acts as a reflection on U under ¢ (see formula (2.2.2)).
We associate a reflection with an arbitrary root o € ® as follows: we have o = w(a)
for some s € S,w € W. Set s, := wsw™!. Then for u € U

5a(u) = wsw™ (u)
= w(w " (u) — 2B(w™ " (u), og) ovy)
=u — 2B(w ™ (u), a)w(as)
=u — 2B(u, a)(a),
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and s, acts as a reflection corresponding to a: s, sends a to —a and fixes pointwise
the hyperplane orthogonal to a. Let us denote the set of all reflections of W by T
Explicitly,
T = U wSw = {s, | a € ®T}.
weWw
We have the following statements regarding the relationship between the length
function [ : W — Z>, and reflections of W.

Proposition 2.2.15 ([25, Proposition 5.7]). Let w € W, a € ®*. Then l(ws,) > l(w)
if and only if w(a) € ®T. Equivalently, [(sqw) > l(w) if and only if w™'(a) € .

Proposition 2.2.16 (Strong Exchange Condition, [25, Theorem 5.8]). Let w =
Siy, -+ S, be a (not necessarily reduced) expression for w € W and let t € T be a re-
flection. If l(wt) < l(w), then wt = s;, -+ 5;, -+~ 5, (si, omitted) for some 1 < p <.
If w=s; ---s;. 1s reduced, then such p is unique.

r

2.2.6 Parabolic subgroups

Let P be a (possibly empty) subset of S. The parabolic subgroup Wp is the subgroup
of W generated by the elements of P C W. The pair (Wp, P) forms a Coxeter system,
and its length function coincides with the restriction of [ : W — Z>( to Wp (see [25,
Theorem 5.5)).

Notation. If S = {s1,---,s,} and [ is a (possibly empty) subset of {1,--- ,n}, then
we write Py to denote the subset {s; | i ¢ I} C S. For example, P, , = {s2,- -+, Sp—1}-
This will be used when we work with examples in Chapters 3-5.

Let us define the subset W := {w € W | l(ws) > l(w) for all s € P}.

Proposition 2.2.17 ([5, Proposition 2.4.4]). Fach w € W can be written as the
product w = vx for some unique v € WF and x € Wp. Moreover, l(w) = 1(v) + I(z).

The set W is thus the unique set of minimal length representatives of the left coset
space W/Wp.

Notation. For w € W, we will denote the unique element of wWp N W by w.

We remark that when W is finite, W7 also admits a unique element of maximum
length, namely, wy. This can be understood as follows. Suppose there exists w €
WP such that I(w) > I(wg). We have wy = wor for some unique x € Wp and
l(wo) = l(wp) + I(x) by the above proposition. On the other hand, we also have
l(wz) = l(w) + l(x) > l(wg) + I(x) = l(wy), a contradiction. Hence [(wg) > [(w) for
all w e Wr.
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Let o : W — GL(U) be the geometric representation of (W,S). Let UY =
Hompg (U, R) be the dual vector space of U, and let (—, —) : U x UY — R be a bilinear
form given by (u, f) = f(u). Let us consider the contragredient action of W on UV:
(w.f)(u) = f(wH(uw), we W, feU" ueU. Foreach s € S, define subsets of U"
as follows:

Zs:={f €U | (as f) =0},
O, :={f €U | {ay, f) > 0}.

and define

Cr=((Z)U( [ Os).

seP seS\P

Then we have the following characterization of the parabolic subgroup Wp.

Proposition 2.2.18 ([25, Theorem 5.13 (a)]). Let fp € Cp. Then the stabilizer
subgroup of fp equals Wp: Staby (fp) = Wp.

2.2.7 Bruhat order

For each w € W, consider the following binary relation:
w<s,w if aed" and l(w) < (sqw).

By taking the transitive closure, we obtain a partial order < on W, called the (strong)
Bruhat order of W.

Notation. Let w,w’ € W. We will write w < w’ (resp. w > w') to denote w < w’
and w # w' (resp. w > w' and w # w').

Let w € W and let w = s1 - - - 53 be a reduced expression. A subexpression of this
reduced expression is defined to be a (not necessarily reduced) sequence s, - - s,,
where 1 < a; < --- < a, < k. We will frequently use the following characterization
of the Bruhat order in Chapter 5.

Proposition 2.2.19 ([25, Theorem 5.10]). Let w,w’ € W. Let w = s1---s; be a
reduced expression. Then w' < w if and only if w' admits a reduced expression which
1s a subexpression of sy - Sy.

2.2.8 Word property

Let (W, S) be a Coxeter system and let F'(S) be the free monoid generated by S. For
each pair s,¢ € S such that m(s,t) < oo, we adopt the notation [s, ], for the word
stst--- € F(S) of length m(s,t). We consider the following two kinds of operations
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on F(S): the nil-move where we replace the occurrence of ss by the empty word ()
for each s € S and the braid-move where we replace the occurrence of [s, ;s by
[t, S]m(s,) for each pair s,t € S with m(s,t) < co. Let us define a binary relation
(braid relation) on F(S) by declaring A ~ p for A\, u € F(S) if and only if A can
be obtained from p by some braid move. The transitive closure of this relation is
an equivalence relation called the braid relation. The equivalence class of a word
A€ F(9) is called a braid equivalence class of .

Proposition 2.2.20 ([5, Theorem 3.3.1]). Let w € W. Then

(a) Each expression w = sy --- 8 can be transformed into a reduced expression by a
finite sequence of nil-moves and braid-moves.

(b) The set of all reduced words representing w forms a single braid equivalence class

in F(5).

Notation. We denote the set of all reduced words representing w € W by R(w). We
have R(w) C F(S). We define

RW) = ] R(w).

weWw

2.2.9 Orbit method

Let (W, S) be a finite Coxeter system, and let P be a (possibly empty) subset of S.
Let o : W — GL(U) be the geometric representation, and let A, ® C U denote the
simple system and the root system of W respectively. By Proposition 2.2.18, we may
take a dominant vector § € U with respect to A such that its stabilizer subgroup in
W is Wp.

The W-orbit W is equipped with the partial order given by taking the transitive
closure of the following binary relation:

x < sg(z) for all 8 € &+ with B(z, 3) > 0. (2.2.3)

We have the following result. A proof is included for the convenience of the reader
(also taken from [36, Proposition 1.1}).

Proposition 2.2.21 ([36, Proposition 1.1]). The orbit map w — w(0) restricts to a
poset isomorphism (W' <) ~ (W6, <).

Proof: The claim that the restriction of the orbit map W% — W is bijective
follows from the fact that Wp is the stabilizer subgroup of # in W. What needs to be
shown is that the map W¥ — W6 : w — w6 and its inverse both preserve the partial
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orders on W¥ and on W#. Note also that it suffices to prove the statement for the
cover relations.

First direction: We aim to show that the orbit map W¥ — W@ : w — wh is
order-preserving. Let w < szw where w € W¥ and 8 € ®*, which implies w < sgw
and w # szw. Since [(w) < I(sgw), we have w™' () € & (see Proposition 2.2.15).
Hence B(w6, ) = B(6,w '(3)) > 0 (in the last inequality, the fact that 6 is dominant
and w(B) € T is used). If B(wh, 3) = 0, then sg(wh) = wh hence w™tsgw € Wp.
If we write w™'sgw = w), for some wp € Wp, we obtain w = sgwwp, hence w = sz,
a contradiction to our assumption. Thus B(wf, 3) > 0. Now sg(wf) > wé follows
(see (2.2.3)).

Second direction: We aim to show that the inverse of the orbit map is also
order-preserving. Let x < sg(z) where x € W6 and f € ®*. By (2.2.3), we
have B(z,3) > 0. Let us write z = wf for some (unique) w € W¥. Then
B(wh, 3) = B(0,w™'(B)) > 0. Since 6 is dominant, we obtain w=!(3) € ®T. By
Proposition 2.2.15, [(w) < [(sgw) and hence w < sgw follows. Finally, let v € Wp be
the unique element such that (ssw)v = szw. Since w € WP, we have w < wv. The
two elements wv and sg(wv) are related by Bruhat cover relation. If sg(wv) < wv
in W, then under the orbit map, it would yield sg(wv)d < (wv)@ in W0, which is
equivalent to szwf < wé, but this contradicts our assumption. Hence wv < sg(wv).
Thus we have obtained w < sg(wv) = 5w in W,



Chapter 3

Moment graphs and structure
algebras

In this chapter, we introduce the notion of a moment graph G' associated with a
pair (®, ®p) of a finite root system @ and its subsystem ®p (Section 3.1). We define
the structure algebra Z(G"') over the moment graph G (Section 3.2), then provide a
self-contained account of the Schubert classes of Z(G") (Section 3.3).

3.1 Moment graphs

We will first give an abstract definition of a moment graph, then specialize it to
a moment graph associated with a pair (®,®p) of a finite root system ® and its
subsystem P p.

3.1.1 Definition

Definition 3.1.1 (Moment graph, cf. [18, Section 3.1], [20, Section 2.1]). Let R be
a commutative ring and M an R-module. A moment graph over M, denoted by G,
is a directed labelled graph with no loops and no multiple edges which satisfies the
conditions listed below. By the term loop, we mean an edge which starts and ends
at the same vertex. We write v — v’ to denote an edge starting from vertex v and
ending at vertex v'.

(M1) The vertex set of G is a poset (V, <),

(M2) The direction of an edge is compatible with the underlying partial order, i.e.,
if v — v is an edge of G, then v </,

(M3) Each edge is labelled by an element of M\{0}.

23
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We denote the edge set by £, and the labelling function by £ : & — M\{0}.

Remark 3.1.2. The reader will notice that in the definition above, M can be any
set. However, in this thesis, M is always naturally an R-module as is shown below.

We now introduce an important class of moment graphs, namely the one asso-
ciated with finite root systems. Let ® C U be a K-realized finite root system (see
Definition 2.1.5) with a chosen simple sytem A C ® and let W = W (®) be its Weyl
group. We may associate with it a moment graph G = ((V, <), &, L) by setting

e the vertex set to be the Bruhat poset (W, <),
e the edge set to be £ := {w — sqw | w € W,w < sqw, v € T},
e the labelling function to be L(w — s,w) = « for each a € .

Here we are setting R = K and M = spany ® in Definition 3.1.1.

Take a (possibly empty) subset Ap C A, and denote by Wp the subgroup of W
generated by P := {s, | « € Ap}. Let WP C W be the unique set of minimal length
representatives of the left coset space W/Wp (see Section 2.2.6 before Proposition
2.2.17). The Bruhat poset (W, <) restricts to the subposet (W%, <). Recall that for
each w € W, w denotes the unique minimal length representative of the coset wWp.
We may now obtain a moment graph G associated with the pair (A, Ap) by setting

e the vertex set to be the poset (WF, <),
e the edge set to be £ := {w = 5w | w e WP a € &7 w < 5w},
e the labelling function to be L(w — S,w) = « for each a € d+.
The following lemma is folklore.
Lemma 3.1.3. The labelling function L : £ — ®F is well-defined.

Proof: Let w — 5,w,w — 53w € &€ with 5,w = 55w. We aim to show that a = f.
Let V := U ®k R and take # € V' to be a dominant vector with respect to A such
that Staby (#) = Wpe. By the poset isomorphism (W%, <) ~ (W, <) discussed in
Proposition 2.2.21, we have

SaW = 53w < (sqw)f = (spw)f
& sapt = sppt (1= wh)

(p, )a (1, B)
)= 69"
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Since w — S,w € £, we have the Bruhat relation w < S,w in the poset (WF, <),
which under the poset isomorphism of Proposition 2.2.21 transports to pu < s,u in
the poset (W@, <). In particular, (u,a) > 0. Since ® is reduced and «, 8 are both
positive roots, the above equality yields oo = . i

Remark 3.1.4. (a) The moment graph G associated with a finite root system &
coincides with the Bruhat graph as defined in [5, Definition 2.1.1].

(b) By taking Ap = () in the definition of G¥, we recover G. That is, G"=g.

3.1.2 Examples

Let ®; be the root system of type A; with a simple root denoted by a1, and let ®5 be
the root system of type Ay with simple roots denoted by {ay, as}. The corresponding
Weyl groups are W(®y) = {e,s1} and W(Py) = {e, s1, S2, 5251, 5152, S15251 }, where
each s; denotes the simple reflection associated with the simple root a;. The moment
graphs of type A; and type Ay are shown in the Figures 3.1 and 3.2 respectively.
Each edge is implicitly directed from the vertex with shorter length to the one with
longer length.

S1
g
e

Figure 3.1: Moment graph of type A

515251
(651 Q2
5251 5152
5152
(6% (65}
Qo | O a7
S S o o S
! Qg 2 1z 2
aq (6% Q2
e e

Figure 3.2: Moment graph of type Ay (left) and type Ay /P, (right)
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In the example of a root system of type As, take the subset Ap = {a;} of the
simple roots. Then the set of minimal length representatives of the coset space W/Wp
is WP = {e, s, 5182} and the corresponding moment graph is drawn in Figure 3.2.

3.2 Structure algebras

We first define the notion of a structure algebra over an abstract moment graph
G, then specialize it to define the structure algebra Z(G¥) over the moment graph
G" associated with a pair (&, ®p) of a finite root system ® and its subsystem ®p.
After basic examples, we will describe two variations of the structure algebra Z(G),
namely, augmented and reduced structure algebras.

3.2.1 Definition

Let G = ((V,<),&,L) be a moment graph over a free R-module M, where R is a
commutative ring. Set S := Sympg(M), the symmetric algebra of M over R, and
Sy = @,y S, the free S-module generated over the vertex set V. The canonical
S-action on Sy is written f - (2,)vey = (f2y)vey for f € S and (2,)pey € Sy. The free
S-module Sy forms a commutative S-algebra under the coordinate-wise multiplication
and addition. We now come to the definition of our main object of study.

Definition 3.2.1 (Structure algebra, [18, Section 3.2]). The structure algebra of G is
the following S-submodule of Sy:

Z(G) :={(20)vey €Sy | 2o — 20 € L(v = V')S for all v — ' € E}.
The following lemma is folklore.

Lemma 3.2.2. Z(G) is an S-subalgebra of Sy.

Proof: It suffices to show that Z(G) is closed under multiplication. Let (x, )y,
(z)vey € Z(G) and v — o' € &, labelled by some m € M\{0}. Then we have
Ty — Ty y 2y — 2 € MS. Tt follows that ©,2, — Ty 2y = (Ty — Ty ) 2o + T (2o — 207) € MS.
Thus (z,2y)vey € Z(9). i

Notation. An element £ € Z(G) admits two perspectives: either as an |V|-tuple of
S-elements, or as a function ¥V — S. Using this second perspective, we will often
denote the v-coordinate of £ by &(v).

We now adopt this notion to the moment graphs associated with root systems.
Let ® be a finite root system as defined in Definition 2.1.4, and let K,,;, be the
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minimal coefficient ring (see the paragraph after Definition 2.1.4 for definition). Let
K C R be any subring containing K,,;,. Let U be a free K-module equipped with
a basis and the associated dot product (—,—), and let & C U be a K-realization of
the root system (Definition 2.1.5). Let A C ® be a simple system, and let Ap be a
(possibly empty) subset of A. Let W = W (®) C Autg(U) be the Weyl group of ¢
with respect to the K-realization. Let G be the moment graph associated with W
as defined in Section 3.1.1. Then by setting R = K and & = Symy U in Definition
3.2.1, we obtain a structure algebra Z(G%).

Notice that in this construction, the polynomial algebra & depends on the K-
realization of the root system ® C U. When the K-realization ® C U is coming from
a geometric K-representation (®,U)g of a root datum (Section 2.1.1 after Definition
2.1.5), there is a canonical choice for S as follows. Let ® < AY be a root datum
with a simple system A and a (possibly empty) subset Ap C A. Let K C R be a
(unital) subring. Let (®,U)x be a geometric K-representation of the root datum
(Definition 2.1.3). Set Uy := A ®z K. By definition of (®,U)k, U contains Uy as a
free K-submodule. We take R = K and § = Symy U, in Definition 3.2.1 to define
the structure algebra Z(GF).

Remark 3.2.3. (a) Viewed as an element of S, each label v € & of the underlying
moment graph G has degree one.

(b) After introducing the notion of Schubert classes in the next section, we will see
that there is a natural inclusion of structure algebras Z(G") — Z(G) (see Re-
mark 3.3.17).

Remark 3.2.4. Let G be an adjoint semisimple linear algebraic group over C and
let & < AY be its root datum. Let T be a maximal torus, B be a Borel subgroup
containing T', and P be a parabolic subgroup. Let (A, Ap) be the pair of sets of simple
roots corresponding to the pair (B, P), and let G be the associated moment graph
as defined in Section 3.1.1. Then it is known that there is an S-algebra isomorphism

HYG/P,K) ~ Z(G"), (3.2.1)

where HY(G/P, K) denotes the T-equivariant cohomology ring of G/P with coeffi-
cients in K (cf. [10, Section 1]). The reader is referred to [21, Theorem 7.2] (K = C)
and [11, Theorem 8.11] (K = Z) for the detail of the isomorphism (3.2.1).

3.2.2 Examples

Example 3.2.5. Let K = Z, and let ® C U be a K-realization of the root system of
type A; with a simple root a; (see Definition 2.1.5), such that U = spanj ®. Then
S = Z[ay] and

Z(G) ={(2e,25,) ESDS | 2e — 25, € 1S}.
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The underlying moment graph is shown in Figure 3.1.

Example 3.2.6. Let K = Z, and let & C U be a K-realization of the root system
of type Ay with a simple system A = {ay, s} and its subset Ap = {ay}, such that
U = spany ®. Then § = Z[ay, as] and

Z(gP) = {(’267252728182) ESHESPHS ‘ Ze — Zsy € OéQS,
Zoy — Zsysy € 1S, Ze — Zsys, € (01 + 042)8}.

The underlying moment graph is shown in Figure 3.2.

3.2.3 Augmented and reduced structure algebras

Let ® be a finite root system with a simple system A and a (possibly empty) subset
Ap C A. Let K,,;, be the minimal coefficient ring of ®, and let K C R be a subring
containing K,,;,. Let ® C U be a K-realization of the root system (Definition 2.1.5).
Let G” be the moment graph associated with the pair (A, Ap) (Section 3.1.1), and
let Z(G”) be the structure algebra defined in the paragraph after Lemma 3.2.2. Let
W C GLk(U) be the Weyl group of ® with respect to the K-realization ® C U
(Definition 2.1.5). In this subsection, we introduce two derived structure algebras;
the augmented structure algebra Z(G*) and the reduced structure algebra Z (G").

Definition 3.2.7 ([30, Section 6]). Let a : S — K be the ring homomorphism given
by v — 0 for all v € U. We call this map the augmentation map. Let a be the kernel
of a, thus it is the ideal of S consisting of elements with trivial constant terms. The
augmented structure algebra of G¥ is the quotient S-algebra of Z(G¥) by the ideal
a- Z(G"), and it is denoted by Z(G"):

Z(G")=2(G")/a- 2(G").
We denote the canonical quotient map by
can : Z(G7) - Z(G").

Remark 3.2.8. Let us recall the setting of Remark 3.2.4. Then (3.2.1) restricts to
the K-algebra isomorphism

H*(G/P K) ~ Z(G") (3.2.2)

where H*(G/P, K) denotes the cohomology ring of G/P with coefficients in K. See
21, (1.2.4)] for the relation between HY(G/P) and H*(G/P). For a direct proof for
the isomorphism (3.2.2) with K = Z, the reader is referred to [27, Theorem 5.12 and
Corollary 5.13].
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Example 3.2.9 (Type A;). Let us recall the setting of Example 3.2.5. We have
Z(G) ~ Z[x]/(2?) (3.2.3)

as Z-algebras. In order to describe this isomorphism, the notion of Schubert classes is
needed (see Definition 3.3.1, Example 3.3.6). Using the Schubert classes, one builds
the Z-module homomorphism Z(G) — Z[z]/(2?) by ¢® + 1 and o*¥) + x, then
shows that the kernel equals a- Z(G). In this example, the augmentation ideal a is the
ideal () of Z[ay]. One can check by direct computation that ¢(¢) is the unit element
of Z(G), and that (c(*¥))2 belongs to a - Z(G).

Example 3.2.10 (Type Ay/P,). Let us recall the setting of Example 3.2.6. We have
Z(G") = Z[a]/(a?)

as Z-algebras. Using the Schubert classes (see Definition 3.3.1, Example 3.3.8), one
defines the Z-module homomorphism Z(G”) — Z[z]/(2®) by ¢® — 1, 002 s 1z,
and o(*1*2) 3 22| then shows that the kernel equals a - Z(G”). In this example, the

augmentation ideal a is the ideal (ay,as) of Z[ay, as]. By direct computation, one
checks that (o(s2))2 — g(s152) g(s2)g(s152) - (5(5152))2 helong to a - Z(GF).

The W-action on U naturally extends to S. Let SV (resp. S"?) denote the
subring of S where every element is fixed under the W-action (resp. Wp-action). We

have the canonical inclusions of rings SW ¢ SW» C S. In particular, S and "7 are
both 8" -algebras.

Definition 3.2.11 (Borel map, [15, p. 570]). The equivariant characteristic map is
the assignment ¢ : SY* — Z(G") : f — (w(f))wewr (cf. [15, p. 570]). Using this,
we define the Borel map to be the map given by

p:S®sw SV = Z(GN): fogr f-cg). (3.2.4)

When P = (), (3.2.4) coincides with Kaji’s map (1.3) which appeared in Chapter 1.
The interaction between can and the Borel map p is summarized in the following
lemma.

Lemma 3.2.12 ([30, Section 6]). The following diagram commutes:

S Rsw SWr é Z(QP)

la@id lm

K @gw SWr —L s Z(GP)
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where p is the restriction of p to K @gw SVP, that is, p(f @ g) = f - c(g) for all
feK,geSV".

Proof: This follows from the definition of each map: for f € S, g € SVr,

can(p(f @ ) = @n((fw(9)) yor ) = (aHwl9)) _ =75(alf)@g).

weWr

Combined with Remark 3.2.8, the restricted Borel map p describes the ordinary
characteristic map S — H*(G/B,Z), which was the original map used by Borel in
6] to prove the isomorphism S/SY ~ H*(G/B,Q).

Besides the canonical S-algebra structure, Z(G*) also has an S"7-algebra struc-
ture in the following way: for g € S"7 and (z,)wewr € Z(G7)

(Zw)wewrsg = (2uw)wewr c(g) = (wa<g))w€W}" (3.2.5)

The action is written on the right so as to distinguish it from the canonical S-action
on Z(G"). The canonical S-action and the S""-action (3.2.5) commute, and together
provide Z(G') with the structure of an S ®gw S"r-algebra as follows: for f ® g €
S @sw SVP and (2y)wewr € Z(GF),

(F & D) Eoewr = (- ducwr), 0 = (F(0)) ey

Definition 3.2.13 ([30, Section 6]). The reduced structure algebra of G¥ is the quo-
tient S ®gw SWr-algebra of Z(GF) by the ideal a - Z(GF) + Z(G"),a"?, and it is
denoted by Z(GF):

Z(G7) = 2(6")/(a- Z(G") + Z(G"),.a"P).
We denote the canonical quotient map by
can : Z(GT) — Z(G"). (3.2.6)
Remark 3.2.14. (a) We have Z(GF) = Z(G)/Z(GF),a"".

(b) Let us recall the setting of Remark 3.2.4 and set P = B. Then it is known that
there is an isomorphism

CH*(G, K) ~ Z(G). (3.2.7)
where CH®*(G, K') denotes the Chow ring of G with coefficients in K (cf. [10,
Section 3]) The reader is referred to [10, Example 3.2] and [22, p. 21] for the
detail of the isomorphism (3.2.7).
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3.3 Combinatorial Schubert classes

We keep the setting and notation as described at the beginning of Section 3.2.3. In
this section, we provide a self-contained exposition of the notion of combinatorial

Schubert classes of a structure algebra Z(G"). The main references of this section are
[1, Appendix D] and [26].

3.3.1 Definition

Definition 3.3.1 (Schubert classes, [1, Appendix D.3], [26, Corollary 4.11]). The
combinatorial Schubert class corresponding to w € W is a function o™ : W — S
given by the following formula: let x € W and let z = s359- - - s, be a (not necessarily
reduced) expression and we denote the simple root corresponding to s; by «; for each
1 <4 <r. Then we define if w £ =, oW (z) =0; and if w < z,

~ Y [T sus(on) (33.1)

i v=1

where ¢ = [(w), i = (i1, -+ ,4¢) € Z* such that 1 < i), < iy < --- < iy < r and
W = 54,8, - -+ 8i,- By convention, we set ¢(®(z) =1 for all x € W.

Basic examples of combinatorial Schubert classes will be given in Section 3.3.2. The
following result is well-known (cf. [3, Section 4] for the case where the underlying

root system @ is crystallographic). Here we include a direct proof for the convenience
of the reader.

Lemma 3.3.2. The formula (3.3.1) does not depend on the choice of the expression
T = S51S2 " Sp.

Proof:  Let w,z € W with w # e and w < x. We write ¢ = [(w). We will prove the
statement by induction on 7, the length of the expression of x under consideration.
Base Case: r = 1. In this case, the statement is trivially true.

Induction Step: We divide the set of indices i appearing in (3.3.1) into two kinds.
Let us denote by € an (¢ — 1)-tuple € = (ki,--- ,kp_1) € Z** such that 1 < k; <

c < ki <r—1land w= s - Sg,_, S (areduced expression ending with s,.). Let
us denote by j an (-tuple j = (ji,---,j¢) € Z*such that 1 < j; < --- < jy <r—1
and w = s, - - - 55, (a reduced expression not ending with s,). Then (3.3.1) becomes

o (ZH5132 *Sky,—1 aku>>5152"'5r71(ar)

t v=1

+ZH3152 - 8j,-1(a, ).
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Let us write v = ws, and y = s;---s,_1. Then in the above expression,

Z H 182+ S, —1(a,) = o) (y) withy=s1---5._1,

¢ v=1

Z H s182° - 8j,-1(q,) = o) (y) withy =s1---85._1.

By the induction hypothesis, they do not depend on the choice of expression y =
S1 -+ Sp—1. It remains to show that s; - - - s,_1(a.) also does not depend on the expres-
sion of z. In order to do this, we make an observation that the only way to change the
expression & = sp - - - 5, without moving the last simple reflection s, and changing the
number of simple reflections involved is to apply the braid moves (see Section 2.2.8)
to the sequence s;---s,_1. This operation keeps the group element y = s1---5,_1
unchanged. Hence we may write y(«..) in place of s; -+ s,_1 (). |

Remark 3.3.3. In the case where ® is crystallographic, the combinatorial Schubert
class 0(™) defined above is the function denoted by 7% in [1, Appendix D].

By Definition 3.3.1, it is clear that the Schubert class ¢(*) belongs to P, S for
each w € W. Shortly, it will be shown in Proposition 3.3.10 that ¢(*) actually belongs
to the structure algebra Z(G), and that when w € W, the restriction ¢(*)|;; r belongs

Z(G"). Moreover, the set of all Schubert classes {o) | w € W} will be shown to
form an S-module basis for Z(G) (Proposition 3.3.15).

Before giving a few examples of Schubert classes, here are some most basic prop-

erties of o(*)

Proposition 3.3.4 (Properties of ¢, [1, Appendix D.1]). Let w € W.
(a) For each v € W, ™) (z) is homogeneous of degree l(w).

(b) o) (w) = HaeCI>+,w_1(a)€<I>_ «

(¢) If w <z, then ™) (z) # 0.

Proof:  (a) follows directly from the formula (3.3.1).
(b) By Lemma 3.3.2, we may work with a reduced expression w = s1$3 - -+ s, of our
choice, where ¢ = [(w). Then the formula (3.3.1) gives us

H3132 -sj-1(0y)

=y - si(aq) - s18a(az) - e (5182 - Se_1)(cw).
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For each j, let us write v = s1 - - s;_1. Since I(vs;) > [(v), by Proposition 2.2.15, we
have v(a;) € ®T.

To discuss the next part, let B denote the positive root v(a;). Then the corre-
sponding reflection is sz = vs;v~'. We aim to compare {(spw) and [(w). Since

spw = (vs;v")w = (s1-+-5j_1)(858j-1 - 51) (5152 - - 8¢)

=S1-+-5j_15;Sj41---S¢ (omission ofs;),

it follows that [(sgw) < £ —1 < I(w). By Proposition 2.2.15, we obtain w™*(3) € ®~.
Thus we have proven (b).

(¢) Let z = s189---s, be a reduced expression where each s; denotes a simple
reflection with the corresponding simple root ;. By the definition of o(*), we have

= H8182 ~i,-1(q, )

i v=1

where ¢ = [(w), i = (iy,--- ,4¢) € Z* such that 1 < i; < iy < --- < iy < r and
w = 8;,8i, - 8;, is reduced. Since the expression s;ss---s;, is reduced for each i
and v, by the same argument as we made for the first part of (b), it follows that
s189--+8;,_1(a;,) > 0. Therefore, from the above expression of o) (x), we have

o) (z) # 0. i

Remark 3.3.5. By (a) of the above proposition we may call the common homoge-
neous degree of o) () (x € W) the degree of o™, and we will denote it by deg o™
By Proposition 3.3.4 (b) and Proposition 2.2.15, we have
) —

=l(w) = [{a € ®F | l(sqw) < l(w)}]

= (the number of incoming edges to w).

w

deg o

3.3.2 Examples

Example 3.3.6 (Type A;). The two Schubert classes of the structure algebra of the
moment graph of type A; are presented below. Their underlying moment graph can
be found in Figure 3.1. From left to right, the diagrams depict the Schubert classes
of w = e and w = s; in this order. The thick black dots in the picture emphasize the

position of these group elements.
1 Qi
1
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Example 3.3.7 (Type As). The six Schubert classes of the structure algebra of the
moment graph of type Ay are presented below. Their underlying moment graph can
be found in Figure 3.2. The position of the group element w € W corresponding to
each Schubert class is emphasized by the thick dot in the picture. Hence starting from
the top, the diagrams depict the Schubert classes of w = e, of w = s; and w = s, of
w = S981 and w = 5159, and finally of w = s1595; at the bottom.

1

1 1

1 1
1

a1 + o a1+ Qo
a1 + Qo aq (6%) a1 + Qo
aq 0 0 Qi
0 0
sy + aw) aj(ag + ag)

sy + o) 0 0 ai(ar + az)
0 0 0 0
0

0
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OélOéQ(Oél + 042)

0

Example 3.3.8 (Type As/P). The three Schubert classes of the structure algebra
of the moment graph of type A,/ Ps are presented below. Their underlying moment
graph can be found in Figure 3.2. From left to right, the diagrams depict the Schubert
classes of w = e, w = sy, and w = s1So in this order. The thick black dots in the
picture emphasize the position of these group elements.

1 a1 + ao ag (o + as)

3.3.3 Further properties

We will now prove that the Schubert classes defined in Definition 3.3.1 belong to the
structure algebra Z(G) and indeed form an S-module basis. The following proposition
is the key ingredient in proving both statements.

Proposition 3.3.9 ([1, Appendix D.2]). Let x € W and let o be a simple root.

(w) '
o) (15,) = oW (z), zf Hwsq) > l(w) (33.2)
oW(z) + z(a)oc™s) (), if l(wsa) < l(w)
Proof:  If l(ws,) > l(w), then no reduced expression of w ends with s,. Hence for

XSq = S189 - SrSq, the parameter index i appearing in the formula (3.3.1) remains
the same as for x = s; - - - s,., and for each i, we have i, < r. Consequently, we obtain
o (530) — W) ().

If l(ws,) < l(w), then w has a reduced expression that ends with s,. Let us devide
the set of parameter indices i in formula (3.3.1) into two parts: let i = (45, - ,,)
denote those indices such that s; ---s;, is a reduced expression of w ending with s,
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and let i = (iy,- - , ;) denote those indices such that sz, * - 83, 1s a reduced expression
of w which does not end with s,.
Let us first work with the i’s. Here s; ---s;

i,_, 15 a reduced expression of ws,
and s;, = s, is fixed. We obtain

¢ -1
Z H s182--+5; _1(q; ) = Z 5182+ sp(@) H 5189+ 5 _1(;))
i v=1 i v=1
-1
=z(«) Z H $182 -~ 8i,-1(0,)
i v=1
= z(a)o)(z).

Next, for the i’s, the reduced expressions w = s;, - - - 5;, appear as a subexpression
of x = $182 -+ s, (the presence of s, is irrelevant). Hence, we obtain

Finally, by formula (3.3.1), we obtain

oW (x8,) = 0™ (z) + x(a) o) (z).

Using Proposition 3.3.9, we now establish that the Schubert classes belong to the
structure algebra Z(G).

Proposition 3.3.10 ([1, Lemma D.4]). Let x € W and o € ®t. Then
oW (sqz) — o™ (z) € aS. (3.3.3)

Proof: =~ We will prove this by downward induction on [(w) starting from w = wy.
Base Case: w = wy. In this case, we have

a(wO)(wo) = H a,

acdt

and o) (z) = 0 for all # # wy. Thus the relation (3.3.3) holds for all x+ € W and
aedt.

Induction Step: Let w # wy and choose 8 € A so that wsg > w. Let x € W. First,
let us consider the case where () = +a, that is, s, = zsgz ™, yielding s,z = xsp.
Hence o) (s,2) = 0(®)(2s5) = o) (x) by Proposition 3.3.9.



3. MOMENT GRAPHS AND STRUCTURE ALGEBRAS 37

Now suppose z(5) # £a (hence s,z(f) # £a). Since each positive root is a
prime element of S and none of them is a multiple of another, neither z(3) nor s,z (/)
is divisible by a. Hence the condition (3.3.3) is equivalent to

oW (sq) — ™ (z) € aS[x(B) 7!, sax(B) 7Y
Set v = wsg. Note that w = vsg < v. Then from the second line of (3.3.2), we have
W (xsg) — o(x)
z(B)

o) (z) =2

Using this, we may compute

U(w)(sax) . O'(w)<x) _ g(v)((sax)Sg) - O-(U)(sa:(:) B 0(”)(1’85) _ o (z)

5a(53) z(B)
_ 0W(wsg) o (z)  o"(wsy) —0W(@) L
= 52(0) x(ﬁ)l (mod «)
1

= (o (zsp) — o) (x — .

Between the first line and the second, the induction hypothesis is used for v. Finally,

1 1
wa® 7B (#(6) = ea(5)

Sal
Sal

1
)1. 2B(z(B), a)a € aS[x(8) 7, sax(B) 7.

B
(B) - =(B)

As a corollary, we see that the Schubert classes defined in Definition 3.3.1 belong to
the structure algebra.

Corollary 3.3.11. For each w € W, the Schubert class o) belongs to Z(G).

Next, we establish that if w € WP, then the restriction ¢ |y r belongs to
Z(GF). We require a lemma.

Lemma 3.3.12. Let w € WP x € W and y € Wp. Then o) (zy) = o) (x).

Proof:  Let y = s185--- sy be a reduced expression and denote the simple reflection
associated with s; by «; for each 1 < i < /. Note that each «; belongs to Ap. Since
w € WF we have l(ws;) > I(w) for each 1 < i < ¢. Hence by applying Proposition
3.3.9 repeatedly, we obtain

o (z) = 0 (zs)) = oW (xs185) = - - - 0 (w8185 - - 50) = W (2y)).
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Proposition 3.3.13. Let w,x € WP and o € ®*. Then
o) (z) — o) (5.7) € aS.
Proof:  We have s,x = 5,7y for some y € Wp. Applying Lemma 3.3.12, we obtain
ot (z) — o (557) = o (ay™") — o™ (sazy ).

By Proposition 3.3.10, this expression belongs to aS. i

Corollary 3.3.14. For each w € WT | the restriction o)|yr belongs to Z(GF).

When we speak of a Schubert class corresponding to w € WF as an element of
Z(G"), we mean the restriction o]y ». However, for the notational convenience, we
will abuse notation, and denote o(™|y» also by o). We will be able to tell them
apart by paying attention to the ambient structure algebras.

The next proposition shows that the set of Schubert classes forms an S-module
basis for Z(GF).

Proposition 3.3.15 ([1, Appendix D.5]). The set {c™) | w € WP} forms an S-
module basis for Z(GT).

Proof: The main focus of the proof is to show that the set {o™ | w € W}
generates the structure algebra Z(G”). Let us choose a total order on the set W
which is compatible with the Bruhat order. Let & = (24)wewr € Z(GF) with
¢ # 0 and let w € W be the smallest element (in the total order) such that z, # 0.
We will use induction (from above) with respect to the total order to show that
¢ € spang{c™) | w' € WF}.

Base Case: w = Wy, the unique longest element of W7’ (see Section 2.2.6 after
Proposition 2.2.17 for definition). We have s,w < w for all @ € ®* with w™!(«a) < 0.
Hence by the assumption on w, we have z,_,, = 0 and z,, = 0 (mod «aS) for all & € &
with w™!(a) < 0. Since each positive root a is a prime element of S, and none of
them is a multiple of another, it follows that z, is divisible by Haeq>+,w—1(a)eq>— Q.
Thus zy = ¢ [Joco+ w-1(@<o @ = o) (w) for some nonzero ¢ € S. Since z, is the
only nonzero entry of ¢ in this case, it follows that £ = ¢- ™).

Induction Step: We have s,w < w for all a € ®F with w™(a) < 0. Hence as

before, we have z,_, = 0 and 2, = 0 (mod a8) for all @ € &+ with w™!(a) < 0.
Thus z, = ¢ - Ha€¢+’w,1(a)<0a for some nonzero ¢ € S. Set n := & — ¢ - ™), then

the induction hypothesis applies to n and ¢ = n+c-o® € spang{c™) | w’ € WF}. |
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Definition 3.3.16. Let { € Z(G") and write £ = Y, iir fwo™ for some f, € S.
The support of € is defined to be the set {w € W' | f,, # 0} and denoted by supp(€).

Remark 3.3.17. Using the Schubert classes as S-module bases, we have a natural
inclusion of the structure algebras Z(G*) < Z(G) by the assignment o) — o) for
each w € W7,

Lemma 3.3.18 (cf. [26, Proposition 4.9]). Let w € W and £ = (2y)wewr €
Z(GP). The following are equivalent:

(a) € is homogeneous of degree [(w) such that x, # 0 and x, =0 for all w' # w,
(b) £ =c-0™ for some nonzero constant c € K.

Proof: ~ We give a proof that (a) implies (b) (the other direction is clear). We first
treat the special case, namely when w = e. If £ € Z(GF) is homogeneous of degree
I(e) = 0 with ¢ := x, # 0, then z,, = c for all w’ € W by applying the edge relations
of Z(G") inductively on [(w'). Thus we obtain & = ¢ - ¢(©).

We now treat the case where w > e. Since z,, = 0 for all w’ < w, for z,, (# 0) to
satisfy all the relations z,, — z,, € L(w’ — w)S, it must be divisible by the product
[L,<w£(w" — w). Notice that deg([[, ., L(w = w)) = >,/ ., deg(L(w — w)) =
(the number of edges w’ — w in G¥) = I(w) (see Remarks 3.2.3 and 3.3.5). Thus the
only possibility for x,, to have degree I(w) is

Ty = C- H L(w — w)

w! <w

for some nonzero constant ¢ € K.

Take the difference ¢ — ¢ - 0™ = (Y )wewr € Z(GF). Observe that y, = 0.
We also have y,» = 0 for all w’ # w by the assumption on £ as well as Proposition
3.3.4 (c). We claim that vy, = 0 for all w’ > w as well. Let v € W¥ be minimal
among such w’. We have [(v) = [(w) 4+ 1. Then for all v’ < v, we obtain y,, = 0
since we have [(w') < l(w), y, = 0 for all w' # w, and y, = 0. Hence for y, to
satisfy all the relations y,» — y, € L(w' — v)S, it must be divisible by the product
[l <, £(w" — v), which has degree [(v) (see the observation we made for x,, above).
Since deg(¢é — ¢ - ™) = l(w) < I(v), y, = 0 follows.

We may repeat the argument with w replaced by v and obtain y,, = 0 for all
w' > v and [(w') = l(v) + 1. We repeat this process until we finally obtain yzz = 0
for the longest element wy of W,

Thus we obtain & — ¢ - ™) = 0. |



Chapter 4

Twisted quadratic foldings of root
systems

In this chapter, we discuss the notion of a twisted quadratic folding of a finite crys-
tallographic root system following [30]. We will first give the construction (Sec-
tions 4.1-4.2), list key examples (Section 4.3), and then discuss the induced folding
map between the structure algebras (Section 4.4).

4.1 Setup of a twisted folding

The goal of this section is to define the notion of a folded representation of a root
datum (Definition 4.1.10), which lies at the heart of a twisted quadratic folding con-
struction. We will first introduce the necessary concepts, a 7-form and a 7-operator.

4.1.1 The general setup

Let K C R be a (unital) subring and let L be a free quadratic K-algebra. Here, by
the term quadratic, we mean that the underlying free K-module is of rank 2. Then
L = K[z]/(p(x)), where p(z) = 2% — ¢z + ¢5 is some monic polynomial over K, and
(p(x)) denotes the ideal of the polynomial ring K[x] generated by p(x). We assume
that L is separable over K. Equivalently, the discriminant D = ¢;2 — 4c, is invertible
in K (cf. [23, Appendix C]). The trivial quadratic K-algebra K x K can be obtained
by taking p(z) = 2% — 1. We will refer to this case as split case. We will refer to the
case where L is not isomorphic to K x K as non-split case. When L is non-split, we
further assume D > 0 so that L can be identified with a subring of R.

It is known that p(x) splits over L. Let us denote the two distinct roots of p(z)
in L by 7 and o, so that p(x) = (x — 7)(z — o) over L. In the split case, we choose
7 =[1,—1] and ¢ = [—1, 1] in the basis {[1,0], [0, 1]} of K x K. In the non-split case,
we will always assume 7 > o. In what follows, we fix a K-basis of L as {1, 7}. For our

40
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later convenience, we record the multiplication formula of L-elements with respect to
this basis: for v =y + 79,2 =y + 719 € L,

v’ = (y+ 79 +79) = (vy — 209) + vy + 9y + a1gy’). (4.1.1)

4.1.2 r7-form and 7T-operator

Let U be a free L-module of rank n equipped with a basis. Let Ry k(i) denote the
free K-module of rank 2n obtained from U by restriction of scalars from L to K. Thus
U and Ry/x(U) agree as abelian groups, but their module structures are different.
With respect to a basis, each 4 € U has an L-coordinate description @ = (z1,--- ,z,)
where x; € L. For each i, by writing x; = y; + 7y; for some vy;,y; € K, we obtain the
following unique element Ry k(@) € Ry x(U):

RL/K<a> = ((y1,41),+ » (Un: Yn))

where y;, 7; € K. Conversely, given an element u = (y1,--- ,¥2,) € Rp/x(U) where
y; € K, we obtain a unique element u; € U as follows:

ur = ((yl + Ty?)v Ty (y2n—1 + Tan))' (4'1°2)

With the above convention in mind, we set U = Ry ,kx(U). This is to avoid the
notational heaviness in the upcoming construction of foldings of root systems. We
first define a K-bilinear form and a K-linear operator on U.

Definition 4.1.1 (7-form, [30, Section 2]). The L-module ¢ is an inner product

space with respect to a basis and the associated L-bilinear dot product (— - —). Let
pr, : L — K be the K-linear projection given by pr_(y + 79) = y where y,§ € K.
The 7-form is a symmetric K-bilinear form (—, —), defined on U as follows: for each

pair (u,u’) € U x U, define
(u,u’); = pr (ug - uy). (4.1.3)

In terms of the K-coordinates u = (y;, 9;)"q, v’ = (v, 9.)", by (4.1.1), we have

n

(u,u'); = pr, ((yz + 79 - (y; + T@é)?:l) = Z(?MJ; — C2Bil})-
i=1

Remark 4.1.2. From this formula, it follows that the 7-form (—,—), is positive
definite if and only if ¢; < 0. In particular, (—, —), coincides with the K-bilinear dot
product on U precisely when ¢y = —1. This will be used in Definition 4.1.10.
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Definition 4.1.3 (7-operator, [30, Definition 2.4]). The 7-operator is the K-linear
automorphism 7 : U — U defined by the following property:

(Tuw)r =7 ur, (4.1.4)
where on the right-hand side, the element u; € U is multiplied by the scalar 7.

In terms of the K-coordinates, for u = (y;, 9;)", € U,
Tu = (—c2fi, yi + 19i)i—1- (4.1.5)

Example 4.1.4. In the split case, we have 7(y + 79) = § + 7y for y,y € K. Hence
the 7-operator Ty, is the following switch involution:

T((yza gz)?:l) = (yla yz)?:l
for each (y;,9:), € U.

Lemma 4.1.5 ([30, Lemma 2.8]). The T-operator is adjoint with respect to the T-
form, that is, (u, Tu'), = (Tu,u), holds for all u,u’ € U.

Proof:  Let u,u’ € U. Then by the definition of the 7-form and (4.1.4), we have
(u, Tu')z = pr (ug - (r(u))) = pr.((rur) - (@)r) = (Tu, o). i

Extending the scalars of U from K to L gives us a new free L-module Uy :=
U®k L ~U xU. Let us extend the K-linear operator 7 : U — U linearly to Uy, and
denote the new L-linear operator by 7, : Uy, — Ur. We may also extend the 7-form
(—, —), bilinearly to Uy. By abuse of notation, we denote the 7-form on Uy, also by
(—, —),. We now discuss the eigenspaces of 77, and the resulting decomposition of Uy,

By the defining relation of T (see (4.1.4)), its minimal polynomial over K is
precisely p(x) = 22 — c1x + 5. Thus p(z) is the minimal polynomial of 77, over L, and
T, o are its eigenvalues in L. Let us denote the eigenspaces of T, corresponding to 7
and o by U f) and U ég) respectively. They are found to be

U = {(~oz, 21, | 2 € LY,
U = {(=72;, 2)7, | z € L},

Lemma 4.1.6 ([30, Lemma 2.5, Proposition 2.6 and Lemma 2.9]).

(a) The L-module Uy, admits a direct sum decomposition U, = Ug) S Uéa) orthogonal
with respect to (—, —)..
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(b) By viewing U C U, as a K-submodule of U, we have
U = (T —ol)(U), U =(T —rI)(U).
If u=u, + u, is the decomposition for w € U given in (a), then

ur = (T —ol)(u), uo =T —7I)(u).
Proof:  (a) The minimal polynomial of 77, is split and has two distinct roots 7 and
0. Hence Uy, decomposes into the direct sum of eigenspaces, that is, U, = U éT) oU gj).
The sum is orthogonal with respect to (—, —), since Ty, is adjoint.

(b) follows from the fact that 77 is a diagonalizable L-linear operator on Uy. i

Remark 4.1.7 (Split case). Let us consider the K-linear projection p : L — K given
by 7 + 1 so that we have p(y + 79) = y + ¢ for each element y + 7§ € L. In the
split case, under the induced map p : Uy, — U given by p((xi)?zl) = (p(xz))zl for
x; € L, the eigenspace decomposition Uy, = U }f) e U g’—) of the switch involution 7
(see Example 4.1.4) is mapped onto the eigenspace decomposition over K

U =pU) ®pU) (4.1.6)

where each (y;, 9;)"; € U decomposes as %(yZ + Ui, Ui +yi)y + %(yZ — Ui Ui — Yi) Py
Observe that p(U f’) and p(U f’)) are the eigenspaces of 7 corresponding to eigen-
values 1 and —1 respectively. From now on, whenever we discuss the split case, we
replace the eigenspace decomposition Uy = U g) eU g’) by (4.1.6) under the map p.

We now define a K-linear map 7, as the composite 7, : U — Uy, = U f), where
the first map is the canonical inclusion and the second is the orthogonal projection
onto the T-eigenspace Ug). By Lemma 4.1.6 (b), its formula is given by

T (u) = == (T — ol)(u) (4.1.7)

where u € U. Using the K-coordinates u = (y;, 9;)I;, we have

mr(u) = 25 (= o (v + 70:), 9 + 79:) - (4.1.8)

In parallel to m; : U — U g), let us define an L-linear map I, : U — U é” as follows.
Let & € U and let @ = (z;)_, be its L-coordinates. Then define

I-(a) = = (—ow, )iy
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This is an isomorphism of L-modules, and by comparing to (4.1.8), we have
T O RL/K(ﬂ> = HT(lNL)

for all @ € U. In particular, since the map R,k : U — U is bijective, it follows that
U —=U éT) is also bijective as a map of sets (notice that U is a K-module while
U g) is an L-module). The following formula is recorded for later use: for u,u’ € U,

(7 (w), w0 (u)r = T52 (uy, - ul), (4.1.9)
where D and ¢, are as defined in Section 4.1.1.

Definition 4.1.8 ([30, Definition 2.11]). A nonzero element u € U is called 7-rational
if (ug -ug) € K.

The following properties will be important.

Lemma 4.1.9 ([30, Lemma 2.10]). Let u € U be T-rational. Then the following hold:
(a) (u,Tu); =0,

(b) (Tw, Tu)r = —c2(u, u)r = —ca(ug - ur),

(¢) If (ur, - ug) # 0, then u # Tu.

Proof:  (a) By the definition of the 7-form, we have (u, Tu), = pr_(ur-(Tu)y) =
pr(up - Tur) = pr. (7(ug - ug)) = 0.

(b)  We use the adjoint property of 7 (see Lemma 4.1.5) to obtain (Tu,Tu), =
(u, T*u); = (u, (T = o) (u))r = e1(u, Tu)r—ca(u, u)r = —co(u, u); = —c2(pr,(ur-
uL)) = —co(ug, - up).

(c) Let u= Tu. By (a), we have 0 = (u, Tu), = (u,u); = pr(ur - ur) = ug - ug. 1

We now arrive at the following key preparatory notion of a twisted quadratic folding.

Definition 4.1.10 (Folded representation, [30, Definition 3.1]). Let ® <— AY be a
root datum with a simple system A C ® specified. Let K C R be a unital subring,
and let U be a free K-module of some even rank 2n equipped with a basis and the dot
product (—,—). Suppose (®,U)x is a geometric K-representation of the root datum
® — AY (see Definition 2.1.3). The pair (®,U)g is called a folded K -representation
if the following conditions are satisfied:

(F1) There exists a free quadratic separable K-algebra L and a free L-module U of
rank n such that Ry /x(U) = U. [Then fix the two roots 7,0 € L with 7 > o,
the T-operator 7, and the 7-form (—, —), on U]
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(F2) The 7-form (—, —), coincides with the dot product (—, —) on U.
(F3) T(A) =A and T(A,) = A,.

(F4) The simple system A admits a partition A = A7 U Ay U T(Avat), where
AT = {a € A | Ta = a} (T-invariant simple roots) and A,,; consists of
simple roots that are 7-rational.

Remark 4.1.11. (a) The condition (F2) is equivalent to co = —1 (see Remark 4.1.2).
In particular, the defining equation 7(7 — ¢;) = 1 shows that 7 is invertible in L.

(b) (F2) allows us to identify the 7-form (—, —), with the dot product (—, —) on U.
Henceforth, we may freely switch between the two perspectives according to the
aspect of the bilinear form we need to use.

(c) In the split case, all simple roots that are not fixed under 7 are 7-rational. Hence
we divide these simple roots into A, U T (A,q) by making a choice.

(d) Since T is an automorphism of U, Aot N T (Aqt) = 0 implies |Ave| = [T (Avar)]-

In the next section, we will see that when L/K is non-split, we have A7 = ().

4.2 Construction of a twisted folding

Let us recall the setting and notation of Section 4.1.1. Let (®,U)x be a folded K-
representation of a root datum ® < AY (Definition 4.1.10), and let W = W (®) be
the corresponding Weyl group (Definition 2.1.3). All the notation is as introduced in
Section 4.1. In this section, we discuss the construction of a twisted folding of the K-
realized root system ® C U (Definition 2.1.5). The outcome will be an L-realization

of a new root system @, C Ug) (Section 4.2.2).

4.2.1 Associated reflections in U g)

With each element av € A7 U A, C U, we will associate a map which will turn out
to be a reflection on U f). We will write @ := 7.(a). The procedure is divided into
two cases.

Case 1: Let @ € A,4. In this case, by Lemma 4.1.9 (a), we have (o, Ta), = 0,
whence s, and s, commute. Set R(Y := sr,5,. Its action on u € U f) is given by

RO (1) = s74(u— a’(u)a)

=u—a'(u) — (Ta) (u—a’(u)a)Ta
=u—a’(u)a — (Ta) (u)Ta (4.2.1)
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Lemma 4.2.1 ([30, Lemma 3.4]). R®T = TR
Proof:  For the notational convenience, we shall write ¢ := (o, ), = (T, T),
(see Lemma 4.1.9 (b)). Let u € U.
T(R“u) =T (u— 2("’;“)704 - "Ta Ta) (by (4.2.1))

= Tu— 2(uo¢)-r7—a_ (uTa ( 7—_|_[)

— Tu— 2(u,Ta)r a — 2(u, C1Ta+oz “Ta

= Tu— 2(7—u,a).,—a _ 2(Tu, Ta) T

=R (Tu)
In the second last equality, the adjoint property of T is used. |

We now extend R : U — U linearly to Uy, and denote the resulting L-linear

operator by R(La) U — Uy,

Proposition 4.2.2 ([30, Corollary 3.5 and Lemma 3.6]).

(a) R stabilizes the eigenspaces of T, that is, R\ (U) = U7, R (U)) = U,

(b) Ry (@) = —a,
(c) R(La)(u) =u for all u € Ug) such that (u,@), = 0.

Proof:  (a) follows from Lemma 4.1.6 and Lemma 4.2.1.
(b) Using the formula (4.1.7) and Lemma 4.2.1, we obtain

R (1. ()) = RY (o (Ta — oa))

o—T

= L (TRY(a) — oRY ()
= L (T(~a) - o(~a))

o—T

= - (Ta—-oa)=—m(a).

(c) Letuce Ug) such that (u,@), = 0. Then (u, Ta — oa), = 0, which is equivalent

to (u, Ta), = o(u,a),. By (4.2.1) we obtain

R(La) (U) —u— 2(u,ca)7—a _ 2(u Ta T
— 2(u,ca)7a 20 ua)TTa

=y — 2u)r a)T (a+0Ta).
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By observing that 7(a + 0T ) = —(T — 71)(e) € U'”) (see Lemma 4.1.6 (b)), and
since u € UL and R (u) € U (by (a)), we obtain a + oTa € U nUY = {0}.
Hence R\ (u) = u follows. i

Therefore, we see that the L linear operator R\ : U, — Uy, restricts to U — U7,

and that the restriction R - behaves as the reflection on U 7 corresponding to

(n by Ra.

lyg

the element @ € U g). We will denote the L-linear operator R |U

Case 2: Let a € A7. Using the K-coordinates o = (y;, %)%, and formula (4.1.5),
the equation 7T« = a becomes
(Wi, Yi + 10i)izy = (Y Ui)ima

By solving this set of equations we obtain y; = g; for all 1 < i < n and ¢; =
0. Thus 7 = 1, a = —1, and it follows that @ = 7. (a) = «a (see (4.1.7)). In
particular, a € U L . This has a consequence that if we extend the simple reflection
So : U — U linearly to U, — Uy and denote it by (s,)r, then (s,)r, stabilizes Ug)
(8a)r(u) = u— %a e U for all u € UL”. So the L-linear operator (s,)y, restricts
to U — U We denote this new operator by R,. We have

Lemma 4.2.3 ([30, Lemma 3.8]). R,T =T R,.
Proof: Let ue U f). By using Ta = a and the adjoint property of 7, we obtain
T(Ra(u) = T (u~ 50)

(a,0)r

= Tu— 2w T‘)’)Ta

G
=Tu-— 2((7'" ?)Toz = Ro(Tu).

In both cases, the reflection Ry (Rg = R, for a € AT) stabilizes 7, (®) C U S) as
shown in the next proposition.

Proposition 4.2.4 ([30, Proposition 3.9]). For each a € AT U A4,
Rz (m(®)) = m (D).

Proof: Lemma 4.2.1 and Lemma 4.2.3 together with the formula (4.1.7) imply
that the K-linear map 7, commutes with Rg: Rgom, = 7, 0(S7484) for o € A, and
Ry om, = T, 08, for & € AT. The result then follows from s745,(®) C ®, 5,(®) C P,
and the fact that Ry is an automorphism of U g) in both cases. |
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4.2.2 The group W, and its root system P,

We now aim to generate a group out of the above reflections and find its underlying
root system. Set A, := 7 (AT UA,4).

Lemma 4.2.5. The elements of the set A, are L-linearly independent.

Proof:  Recall the notation @ = 7. (a) for & € AT UA,4;. Let ZaeATuAmt cad =0
for some ¢, € L. We have

0= Z Call + Z Coll = Z (T —ol)a+ Z < (T —ol)a

aEAT a€Arat a€AT a€Arat

=-L Z (Ca — OCa)r + = Z (ca(Ta) — ocaar).

aEAT a€Arat

Since the elements of A = A7 LA, UT (A4) are K-linearly independent, we obtain

Co —0co =0 foralla € AT and ¢, = 0 for all ¢, € A,q. Since o > 0, we have ¢, = 0
for all @« € AT U A, 4. |

Let us generate a subgroup W’ of W by {s,,sss75 | a € AT, 3 € Ay} We
define W, to be the group obtained from W’ by extending the base ring from K to
L:

W, = {(sa)r, (5s578)1 | @ € AT, 3 € Avat) = (Rg | @ € A,).

Now define ®, := {u(@) |@ € A,,u € W,} C UL, Since A, C 7.(®) and ()
is stabilized under W, (Proposition 4.2.4), it follows that ®, C 7, (®). In particular,
®, is finite. Then as a finite subset of U é” obtained from an L-linearly independent
subset A, under the action of the L-reflection group W, the set &, C U ,Ef) is a finite
L-realized root system in the sense of Definition 2.1.5 (not necessarily crystallographic,
see Example 4.3.6).

Definition 4.2.6. The root system &, is called the 7-folded root system, and the
procedure of passing from ® to @, is called the 7-folding, denoted by ® ~~ &

Lemma 4.2.7 ([30, Lemma 4.2]). The set A, forms a simple system of the root
system P

Proof: = We shall show that 7, (®) C span; A, and that in the L-linear expansion
of an element of 7.(®), the coefficients are either all > 0 or all < 0. Let v € ® and
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write v = ZaeA cq where ¢, € K and either all ¢, > 0 or all ¢, < 0. Then we have

T () = Z camr ()

a€A

= Z CaTr () + Z (camr(@) + cramr (Ta))

a€EAT a€Arat

= )t Y (cali+ croTa),

OCEAT a€Arat

which is a L-linear combination of A, -elements where the coefficients are either all
nonnegative or nonpositive (recall 7> 0). i

Let us define S; := {Rs | a € A7 U A,4}. Then by Proposition 2.2.13 and Lemma
4.2.7, the pair (W, S;) is a finite Coxeter system.

The following group embedding is essential to the current work. The equivalent
embedding is discussed in [30, Section 5].

Proposition 4.2.8. The assignment Ry +— Sq if o € AT and Rg — Sa570 if 0 € Aoy
extends to a group embedding € : W, — W.

Proof: Observe that the assignment extends to the group isomorphism W, — W',
where W' is the group defined at the beginning of Section 4.2.2, and that W’ is a
subgroup of W. i

Using this embedding ¢ : W, — W, we may formulate the equivariant property
of the projection map 7, : U — U f) as follows.

Proposition 4.2.9. u(m,(z)) = 7. (e(u)(x)) for allu € W,, v € U.
Proof: Let z € U. By Lemma 4.2.1 and 4.2.3, we have
Rs((Te — ol)(x)) = (T — 1) (Ra(x)).
As we restrict the operator 7, — ol : U, — U, to n, : U — Ug), we obtain

T (Sa(T)) if « € AT,
Tr(STasa(z)) if v € Apgy.

RE(”T(@")) = {

Hence u(m,(z)) = 7, (e(u)(z)) for all u € W. i
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4.2.3 Folding of a subsystem

Let (®,U)k be a folded K-representation of a root datum ® — AY with a cho-
sen simple system A C ®. Let Ap be a (possibly empty) subset of A and fur-
ther assume that the K-submodule of U spanned by Ap is stable under 7T ; that
is, T (spang(Ap)) = spang(Ap). When this latter condition holds, we say that 7
preserves Ap. In this case, the partition A = A7 U A, U T(A,4) restricts to the
partition Ap = ALU(Ap)rat UT ((Ap)rat). In particular, we may apply the construc-
tion of Sections 4.2.1 and 4.2.2 to the parabohc subgroup Wp and obtain the L-linear
reflection group (Wp), acting on U . In what follows, we assume that T preserves
Ap.

Lemma 4.2.10. e Y(Wp) = (Wp),.

Proof: By construction, we have £((Wp),) € Wp. Hence (Wp), C e H(Wp).
To see the other containment, let u € ¢ '(Wp) and let w = Rj, --- R;, be a W,-
reduced expression. By assumption, e(u) € Wp. If we denote the simple root of W,
corresponding to R;, by 8; € A, and set aj, := 7, (8;,) € AT UA, 4, then

S(R;) = Say, if o, e AT,
Jp 5Ty, Saj, if oj, € AV

So e(u) € Wp implies o, € (Ap)T U (Ap)ra C Ap (then T, € Ap automatically
follows). Hence §;, = m-(a;,) € (Ap); and thus u € (Wp),. i

Let 8 € U be a dominant vector with respect to A such that its stabilizer
subgroup in W is precisely Wp. Then in U g), the following holds:

Lemma 4.2.11 ([30, Lemma 5.2]). p := 7.(0) € Ug) is a dominant vector with
respect to A, such that its stabilizer subgroup in W is precisely (Wp)..

Proof:  Let a € A7 UA,q. By the formula (4.1.7), we have

(m-(0), 7 ())r = =532

—oD)f,(T — ol)a),
T0, Ta), —20(T0, ), +02(9,a)7>

('r o)
0% +1)(0, ), + (c1 — 20)(6, Ta)T)

o+ 1)( s+ (r—0)(0, Toz)7>.

5 (T
((
- ((9, (T + D), _20(9,7@)T+02<e,@)7)
15 ((0?
15 ((0?
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Since # € U, is dominant with respect to A, and since Ta € A (use a € AT UA,4)
we have (0,«a), > 0 and (0, Ta), > 0. Thus (u, @), > 0 and this proves u = () is
dominant with respect to A,.

If (u,@), = 0, then by the formula (4.1.9), we have 0, - af = 0. Thus by the
definition of the 7-form (see (4.1.3)), we obtain (#,«), = 0. Conversely, suppose
(0,a), = 0, which implies & € Ap. Then Ta € Ap. If a € A7, this is clear. If
a € Ay, then Ta € T((Ap)rar). Hence (60, Ta), = 0 and the above equality gives
us (p, @), = 0. This proves Staby, (1) = (Wp),. i

Let us denote by W2 the unique set of minimal length representatives for the left
coset space W, /(Wp),. By the above lemma, we have a poset isomorphism (W7’ <)
~ (W, p, <) under the orbit map u — up (see Proposition 2.2.21).

Proposition 4.2.12. The embedding € : W, < W restricts to WF — W7T.

Proof: By Lemma 4.2.10, the embedding € : W, — W induces a well-defined
injective map W, /(Wp), <= W/Wp : u(Wp), — e(u)Wp. Since Staby, (1) = (Wp),
(Lemma 4.2.11) and Staby (0) = Wp, through the canonical isomorphisms

W,/ (Wp)y = Wu=WE, W/Wp~W~WF

we further obtain the injective map WX — WP : u + &(u), which is indeed the
restriction of € : W, < W. |

4.3 Examples

In this section, we list examples of a twisted quadratic folding, which include all three
types of classical foldings and the Lusztig folding mentioned in Chapter 1. The reader
is strongly recommended to consult Appendix A while reading this section, where the
Coxeter diagram of each folding along with the numbering of simple reflections can
be found. The description of the folding from type Fg to Fy as a twisted quadratic
folding (Example 4.3.4) is a new contribution to the literature.

4.3.1 Classical cases

The list of classical foldings of finite crystallographic root systems can be found in [34,
Section 10.3], for example. In this section, we present each classical folding except
for the cubic folding of a root system of type D, (see Remark 4.3.5) in the framework
of a 7-folding as defined in Definition 4.2.6. Our main task here is to find a folded
K-representation (Definition 4.1.10) of each given root datum for some choice of K.
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Example 4.3.1 (Type As,_; to type C,, [30, Example 4.3]). Let K = Z[1] and
L =K x K. We have p(z) = 2> — 1 and 7 = 1 € K (see Remark 4.1.7). Let V be
a free K-module of rank 2n equipped with a basis {¢; | 1 < i < 2n} and the dot
product (—, —). We realize the root system ® of type Ay, 1 in V' as in Example 2.1.6.
We have a linear involution 7' : V' — V defined by

T(e;) = —egn_iy1 (1 <i<2n),

which acts on the simple roots by T'(c;) = ag,; for 1 <i <2n — 1.

Let U be a free L-module of rank n. Then U := Ry k(U) is a free K-module of
rank 2n equipped with the 7-form (—,—), and the 7-operator 7 : U — U (switch
involution, Example 4.1.4). Let us identify U with V under the following K-linear
isomorphism ¢ : V ~ U:

v (@1, @9, o) = (= an, 1), (—Z2n-1,2), -, (—Tpg1, ).

The map ¢ is designed so that it is a K-isometry with respect to the dot product
(—,—) on V and the 7-form on U, and the involution 7" defined above corresponds to
the 7-operator 7 on U (i.e. toT =T o).
The coordinates of the simple roots in the new K-realization ® C U are:
L(al) = ((07 1)> (07 _1)7 (07 O) T (07 0))7
L(a2) = ((07 0)? (07 1)7 <07 _1)7 T (07 O)):

L(a”_l) - ((07 0)7 T (07 0)7 (07 1)7 (O’ _]‘>)7
L(a”) - ((07 0)7 T (07 0)7 (07 O)v (1’ )),
L(a”"’l) - ((07 0)7 T (07 0)7 (17 O)v (_17 O))u

L<Oé2nfl) = ((17 0)7 <_17 0)7 (Ov O) T (07 0))

We have
T () = tlagn—i) (1<i<2n-—1).

In particular, the K-realized root system ® C U is invariant under 7, and we obtain
a partition A7 U A, U T (Aq:) of the simple roots by taking

AT = {L(an)}> A7"at = {L(Ch), e 7L(an71)}7 T(Arat) = {L<an+1>7 o aL(Oanl)}-
Thus (®,U)k is a folded K-representation of the root datum ® < AY. We have

A, =T, (AT U Amt) ={ular), -+, t{an_1),tlan)}.
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The projection operator 7, : U — Ug) is m(u) = £(Tu+u) for u € U. Using
the formula (4.1.9), we obtain the following table of values for (a;, @;), for a;,a; €
AT U A, 4. In the table below, the image ¢(a;) (1 < i < 6) is simply denoted by «;.

(_7_)7' 05_1 04_2 Op—1 a_n
oy 1 |—5]---] 0 0
@ | —L| 1| 0|0
&1 | 0] 0 |- 1 |—1
a7 0 0 |- -1 2

Hence the resulting root system &, is of type C),.

Remark 4.3.2. It is recalled that in the construction of a classical folding of a root
system, any two distinct simple roots in the orbit of the Coxeter diagram automor-
phism must be orthogonal ([34, Section 10.3.1]). It is for this reason that a root
system of type Ag,(n > 1) does not appear in the list of foldings.

Example 4.3.3 (Type D, to type B,, [30, Example 4.4]). Let K = Z[3] and
L =K x K. We have p(z) =2 —1 and 7 = 1 € K (see Remark 4.1.7). Let V be a
free K-module of rank n 4+ 1 equipped with a basis {e; | 1 <i < n + 1} and the dot
product (—, —). We realize the root system ® of type D,,.; in V as in Example 2.1.7.
We have a linear involution 7' : V' — V defined by

T(e)) €, if 1 <i<mn,
€;) = .
—e;, ifr=n+1,

which acts on the simple roots a; = ¢; —e;41(1 <7 < n—1) by T(e;) = «, on
ap =€, — eny1 by T(a,) = iy, and on a1 = €, + €41 by T(ap41) = .

Let U be a free L-module of rank n. Then U = Ry /k(U) is a free K-module of
rank 2n equipped with the 7-form (—,—), and the 7-operator 7 : U — U (switch
involution, see Example 4.1.4). Let us embed V into U under the following K-linear

embedding ¢ : V — U:

er — ((1,1),(0,0),---,(0,0)),
ex — ((0,0),(1,1),---,(0,0)),

en — ((0,0),--+,(0,0),(1,1)),
ent1 — ((0,0),---,(0,0), (1, —1)).

The map ¢ is designed so that it is a K-isometry with respect to the dot product
(—,—) on V and the 7-form on U, and the 7-form on U, and the involution 7" defined



4. TWISTED QUADRATIC FOLDINGS OF ROOT SYSTEMS 54

above corresponds to the T-operator 7 on U (i.e. toT =T o). The coordinates of
the simple roots in the new K-realization & C U are:

v(on) = ((1,1),(~1,-1),(0,0) - -, (0,0)),
(o) = ((0,0),(1,1),(-1,-1),---,(0,0)),

(oms1) = ((0,0),---,(0,0),(0,0), (2,0))
We have
T (i) = tlai) (1 <i<n—1),
T(L(O‘n)) = L(O‘n 1)7

In particular, the K-realized root system ® C U is invariant under 7. We obtain the
following partition of the simple system A:

AT = {vlov) [1<i<n—1}, A ={clan)},  T(Arar) = {tlans1)}-
Thus (®,U)k is a folded K-representation of the root datum ® < AY. We have

= WT(AT U Arat) = {L(a1)7 e ,L(O./n)}.

The projection operator m, : U — Ug) is 7, (u) = 2(Tu+w) for u € U. Using
the formula (4.1.9), we obtain the following table of values for (@, @;), for a;,a; €
AT U A,q. In the table below, the image t(a;) (1 < i < 6) is simply denoted by a.

(—, =) |07 |az | |1 | O
ar 4 =211 0 0
a; | =24 [ ] 0 0
a1 |00 |- 4 [=2
fa 00 - =212

Hence the resulting root system @, is of type B,.

Example 4.3.4 (Type Eg to type Fy). Let K = Z[3, 3] and L = K x K. We have
p(x) =2*—1and 7 =1 € K (see Remark 4.1.7). Let V be a free K-module of rank 9,
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equipped with a basis {¢; | 1 < i < 9} and the dot product (—, —). We realize the
root system ® of type Fg in V' by setting the coordinates of simple roots as follows:

a1 = (0,0,0;0,0,0;0,1, —1),
as = (0,1,-1;0,0,0;0,0,0),
as = (0,0,0;0,0,0; 1, —1,0),
e !
as = (0,0,0;1,—1,0;0,0,0),
ag = (0,0,0;0,1,—1;0,0,0).

The reader can readily check that {«; | 1 < i < 6} forms the Coxeter diagram of type
Es enumerated as in [8, Section 4.12].

Let U be a free L-module of rank 6 and let U = Ry x(U), so that it is a
free K-module of rank 12 equipped with the 7-form (—,—), and the 7-operator
T : U — U. We consider the following K-linear embedding ¢ of V into U: each
(21, Ta, x3; 4, T5, Tg; T7, Ts, Tg) in V maps to

((75’75)?(7 T> (737 737) (334,1‘7) (x57$8)’($6’x9))'

The map ¢ is designed so that it is a K-isometry with respect to the dot product
(—,—) on V and the 7-form on U, and the 7T-operator 7 switches t(ay) and ¢(ag),
t(ag) and (as), and fixes t(az) and t(ay). The coordinates of the images of the six
simple roots are:

t(ar) = ((0,0),(0,0),(0,0); (0,0), (0, 1), (0, —1)),

Haz) = ((0,0), (Z5, Z5), (=25, —75): (0,0), (0,0, (0,0)),

W) = ((0,0),(0,0),(0,0); (0,1), (0, —1),(0,0)),

o) = (3550 55): (8 —5), (G50 35)i (2. -2, (5. 3). (5. 3)),
W(as) = ((0,0),(0,0), (0,0): (1,0), (—1,0), (0,0)),

t(ag) = ((0,0),(0,0), (0,0): (0,0), (1,0), (~1,0)).

Let ® C U denote the K-realized root system (Definition 2.1.5) determined by A :=
{t(a) | 1 < i < 6}. Let A be the free Z-submodule of U generated by the basis
A. Let us define a¥(z) = (55)7 for a« € ®,2 € U. Since ® is of type Eg and hence
crystallographic, the assignment ® < AY : a — o is well-defined and satisfies
(RD1)—(RD3) of Definition 2.1.1.

Since the T-operator 7 : U — U sends each element ((yl, 1), (Y2,92), -+, (Ys, gjﬁ))

in U to ((g)l, y1), (92, 92), -+, (Us, y6)) (switch involution, Example 4.1.4), we observe
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the following relations among the simple roots:

T () = vag), T(las)) = elar), T(las)) =wlas), T(las)) = ilas),
T((az)) = laz), T(e(ou)) = tfa).

In particular, the K-realized root system ® C U is invariant under 7. We obtain the
following partition of the simple system A:

AT = {u(on), )}, Avar = {eln),e(as)}, T(Arar) = {1(a6), (a5)}-

Thus (®,U) is a folded K-representation of the root datum ® < AV.

The projection operator 7, : U — U\ is 7 (u) = $(Tu+ u) for u € U. Using
the formula (4.1.9), we obtain the following table of values for (@;, @;). for a;,a; €
AT U A,q. In the table below, the image t(a;) (1 < i < 6) is simply denoted by a.

(——)r | 0o |oq | O3 | 07
ay 2 -1 0|0
a; |—-1]2][-1]0
o5 0 |-1]1]—3
ar 0]0]—3]1

Hence the resulting root system &, is of type Fj.

Remark 4.3.5. Among the list of classical foldings (e.g. [34, Section 10.3]), the
folding of a root system of type D, to a root system of type G2 cannot be presented
as a 7-folding in the sense of of Definition 4.2.6. This is because the automorphism
of the Coxeter diagram of type D, used in this folding has order three.

4.3.2 Twisted cases

This section treats the so-called Lusztig folding of the root system of type Fg (Ex-
ample 4.3.6) and its two subcases (Examples 4.3.7-4.3.8). Once again, our main task
is to find a folded K-representation of each given root datum for some choice of K.

Example 4.3.6 (Type Eg to type Hy, [30, Example 4.5]). Let K = Z[%] and L =

Z[:][r] where T = %5 (the golden ratio) is the positive root of the polynomial

p(z) = 2 —x — 1. Let U be a free L-module of rank 4, and let U := Rk (U), so that
it is a free K-module of rank 8 equipped with the 7-form (—, —), and the T-operator

T : U — U. We realize the root system of type Eg in U by setting the coordinates of
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simple roots as follows (cf. [32, Figure 1)):

ar = ((=1,1),(0,-1),(0,0),(~1,0)) = 1),
az = ((0,0), (~1,1),(0,~1),(1,0)) =( )
az = ((0,0),(1,0),(-1,1),(0,-1)) = (0,1, —o, —7‘)

ag = ((0,0),(0,-1),(1,0),(1,1)) = (0, —7,1,7%),

as = ((0,0),(0,1),(1,0),(=1,-1)) = (0,7, 1, —7?),

ag = ((0,0),(1,0), (=1,-1),(0,1)) = (0,1, —7°,7),

ar = ((1,0), (-1,-1),(0,0), (0, -1)) = (1,—72,0,—7),
as = ((0,0),(-1,0),(-1,1),(0,1)) = (0, -1, —0, 7).

For each «;, the L-coordinates of (o), (see (4.1.2) for the notation) is written on the
right side. It is noted that in the folding of a root system of type Ejg, following the
existing literature on this particular folding (see [32] or [12] for example), we use a
numbering of the simple roots that is different from the standard one used in [8]. The
current numbering can be found in the illustration in Figure A.4 of Appendix A.
Let @ C U denote the K-realized root system determined by A := {«a; | 1 <
i < 8}. Let A be the free Z-submodule of U generated by the basis A. Let us define

aV(x) = 200)r for o € &,z € U. Since ® is of type Es and hence crystallographic,

(a,00)

the assignment ® — AY : a — a" is well-defined and satisfies (RD1)-(RD3) of
Definition 2.1.1.

By Definition 4.1.3 and the L-coordinate descriptions of (o) (1 < i < 8) found
above, we observe the following relations among the simple roots (cf. [32, (4.2)]):
Tar = ar, T(a7) = a1 + ar,
Tas = ag, T (o) = a2 + ag,
Tas = as, T(as) = ag + as,
Tag = ay, T (o) = g + ag

In particular, the operator T stabilizes the root lattice A, of this root datum. By
computing the dot product (o;)r-(a;) for 1 <7 < 8, we obtain the following partition
of the simple system A:

AT =, Aot ={ar, a0, 03,08}, T (Avat) = {or, a6, a5, g}

Thus (®,U)f is a folded K-representation of the root datum ® < AY.

The projection operator 7, : U — Ug) is m-(u) = \%(’Tu + 1_2\/gu) for u € U.
Using the formula (4.1.9), we obtain the following table of values for (@;,@;), for
ag, 0 € AT LA, .
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(_’_)T [ Qg Qs ag
(o7 2(5*5\/5) —5—g\/5 0 0
s —5-g\/5 2(5;\/5) —5—})-\/5 0
o 0 —5+v5 2(5—V/5) (5—VB)(=1-V5)
: P I o B =
Oé_g 0 0 10 51

Hence, the resulting root system &, is of type Hy.

The above folding of the root system of type Eg induces the folding of the root
system of type Dg and of type A, as subcases.

Example 4.3.7 (Type Dg to type Hs). In the folding of the root system of type Fj,
the subset {aq, as, ay, as, ag, ag} forms a simple system of type Dg, and it folds to a
simple system { /3, O3, 84} of type Hj. See Figure A.4 of Appendix A for the Coxeter
diagram of the folding, where the simple reflections are renumbered to match the
standard numbering in [8, Plate IV].

Example 4.3.8 (Type A4 to type Hs). In the folding of the root system of type Ej,
the subset {as, a4, a5, ag} forms a simple system of type Ay, and it folds to a simple
system {f3, B4} of type Hs. See Figure A.4 of Appendix A for the Coxeter diagram
of the folding, where the simple reflections are renumbered to match the standard
numbering in [8, Plate I].
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4.4 Foldings and structure algebras

Let us recall the setting and notation of Section 4.1.1. Let (®,U)k be a folded K-
representation of a root datum ® < AY (Definition 4.1.10) with a chosen simple
system A. Let Ap C A be a (possibly empty) subset preserved under 7 : U — U. Let
® ~» &, be the 7-folding of ¢ (Definition 4.2.6). We keep the notation of Sections
4.1 and 4.2. Let us denote the moment graph of the original Bruhat poset (WF, <)
by G and the one of the folded Bruhat poset (W7, <) by G¥. Recall the structure
algebra Z(G') defined in Section 3.2 (the second paragraph after Lemma 3.2.2). In
this section, we introduce the ring homomorphism ¢* : Z(G”) — Z(GF) between
the structure algebras induced by the embedding map & : W2 — W7 discussed in
Section 4.2.3.

4.4.1 Induced map

We first define the folded structure algebra Z(GF). Recall that by Definition 2.1.3,
U contains Uy := A ®z K as a free K-submodule. Let S, := Sym, 7 (Uy). We take
R =L and 8§ = &, in Definition 3.2.1 to obtain the structure algebra Z(GF). We will
show below that m(Uy) is indeed a free L-module.

Let © be a Z-basis for A. Since T(A) = A (Definition 4.1.10 (F3)), the set ©
admits a partition © = ©7 LU0, LI T(O,) for some Oy C O, where ©7 denotes the
T-invariant elements. Under the canonical inclusion A C Uy C (Up)p := Uy ®k L,
© forms an L-basis for (Uy)r. Let p: Uy — Ug) be the L-linear projection onto the
T-eigenspace.

Claim 1. The set p(07 L©Qy) C U g) is L-linearly independent.

Proof:  Let us consider an L-linear relation ) o7 e, CaP(@) = 0 where ¢, € L.
We have

0= Z cap(@) = Z <o (Te — ol)(a)

ac®T L6y acOT L6y
_ Uca dg
o Z a+ Z T— Uﬁ
ac0®T L6y BeT(00)

where dg = ¢, if B = Ta,a € By. Since O is L-linearly independent, it follows that
~Z =0 and 2 = 0 for all a € 07 LU Oy and B € T(6p). Hence ¢, = 0 for all

T—0O

o€ o7 u Oo. |
On the other hand, we have

7 (Us) = p((Up)) = p(span;, ©) = span;, p(©).
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Since 7. (Tx) = 7 - 7, (x) for all z € A, the set p(T(0Op)) is L-linearly dependent to
p(07 U Oy). Hence 7, (Uy) = span; p(0©) = span; p(O7 L ). Now the above claim
guarantees that 7, (Uy,) is a free L-module.

We now define the induced map * between the ambient free modules of Z(G")
and Z(GT). Let us recall that S = Sym,, Uy in the original structure algebra Z(G")
(see the paragraphs after Definition 3.2.1). We define the map by:

e Ps-Pps— P s

veW?r uewpr uewr
(Z’U>UEWP = (2u)u6Wf — (WT(éu))ueWTP (441)

where Z, = 2., for each u € WP and 7, : & — S, is the morphism of graded
K-algebras canonically induced from 7|y, : Uy — 7, (Uy). For the later purpose, we
make the following remark.

Remark 4.4.1. Let us recall that the K-linear map 7, : U — U y) is bijective as
a map of sets (see Section 4.1.2 after Lemma 4.1.6 for definition). In particular, its
restriction 7|y, : Un — m-(Uy) is injective. Hence the induced map 7, : § — S, is
also injective.

We have the following:
Proposition 4.4.2 ([30, Theorem 6.2]). The map * restricts to Z(G¥) — Z(GF).

Proof:  Let (2,),ewr € Z(G"). Our aim is to show (m;(Z,))uewr € Z(GF). Let
u — u' be an edge in the folded moment graph G labelled by some positive root
B € ®F (thus explicitly u' = Rgu). We will prove the following relation between the
two coordinates:

T (Zu) — T (Zw) = Tr(Ze(u) — Ze(w)) € BS-.
By Proposition 4.2.12, we have ¢(u') = ¢(Rgu) = ¢(Rgu) = £(Rg)e(u). We have
B = w(a) for some a € AT U A, and w € W,, whence Ry = wRzw™!. Now we
consider two cases.

Case 1: If a € A7, then we have e(Rg) = e(wRzw™") = &(w)sac(w) ™" = Sc(w)(a),
which is a reflection in W. Hence in the original structure algebra Z(G) we have

Fe(u) T Re(w) = Fe(u) T F

w € e(w)(a)S.

Se(w)(a)E(Y
By applying the map 7., we obtain
Tr(2e — 2ew) € Tr(e(w) (@), (S) = w(@)S,; = BS-.

Here we used the property 7, (e(w)(a)) = w(m,(a)).
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Case 2: If a € Ay, then we have £(Rg) = £(w)Sa5706(W) ™! = Se(w)(a)Se(w)(Ta)- Put
the intermediate vertex v” := S.(u)7a)e(u). In the original structure algebra Z(G"),
we have

Zew) — 2o € e(w)(Ta)S,

7€ e(w)(a)S.

B = Ze(ut) = Bt = Zy o

By applying the map 7., we obtain
T (Ze(u) — 2ov) € W(T(T))S: = w(ta)S, = w(@)rS; = S,
T (2o — Ze(uy) € W(@)S; = BS;.
This yields 7, (2e(w)) — T (2:(u)) € BS:. |

By construction, the induced map €* is a ring homomorphism. It also commutes
with the canonical S-action, that is, for £ € Z(G") and f € S, we have

E(f-&) =7 (f)- (£*(€)).

Furthermore, €* commutes also with the S"W7-action discussed in Section 3.2.3 after
Lemma 3.2.12. That is, for £ € Z(GF) and g € S"*, we have

£* (f*g> = g*(f)* (777'(9))

Definition 4.4.3. The induced ring homomorphism ¢* : Z(G") — Z(GF) is called
the folding map.

The reader will find examples of the folding map £* in Section 5.2.

Let us recall the notion of a Borel map from Definition 3.2.11. Let us denote the
Borel map of the folded structure algebra Z(G?) by p,. The folding map &* commutes
with the two Borel maps p and p, as in the following lemma.

Lemma 4.4.4 ([30, Lemma 6.4]). We have the following commutative diagram:
S ®SW SWP L} Z(gp)

lﬂ-r®7rr ls*
S, @gw, SI L Z(GP)
Proof:  Let f © g€ S ®gw S"F. By the definition of each map, we have
e (p(f ®9)) =" ((f w(g)wewr) = (m:(f - e(W)(9) yewr
pr(me(f) @ 7o (g)) = (m(f) - ulmr(9))) yewr = (7 (f - e(W)(9) yeryr-
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4.4.2 Restriction to the augmented and reduced structure
algebras

Let us recall the augmented structure algebra Z(G”) and the reduced structure alge-

bra Z (GT) from Section 3.2.3. The folding map &* restricts to these structure algebras
as shown in the following two propositions.

Proposition 4.4.5 ([30, Theorem 6.2]). The folding map £* restricts to the aug-
mented structure algebras, that is, for each € € Z(GTY), the assignment

= 2(07) > B(GT) : cam(€) - cam(=*(€))
1s well-defined.

Proof: Since the map 7, : § — S, is surjective on the positive degrees by con-
struction, we have m,(a) = a,. Hence ¢*(a - Z(G”)) C a, - Z(GF), and the folding
map £* restricts to the quotients £ : Z(G7) — Z(GF). 1

Proposition 4.4.6 ([30, Corollary 6.7]). The folding map €* restricts to the reduced
structure algebras, that is, for each & € Z(GY), the assignment

& 2(G") = 2(G7) : can(€) — ean(e"(9))
15 well-defined.

Proof: What needs to be shown is *(Z(G7).a"?) C Z(GF),a"r)r. We recall
the observation

Z(G7).a" = B(K ©gw a"7), Z(GF).al"? = 5 (L @gw, alVP)).

T

from Remark 3.2.14. By the following commutative diagram

K ®@sw SV —2 Z(gP)
lWT®WT J{g*
Logr, S Ly Z(gP)

and the containment (7, @ 7, )(K @gw a"?) C L Qgw- a"")7 e obtain

& (B(K ®@sw a"7)) =5, (7, @ 7,) (K @sw a"7)) C 5, (L @ gw, alV?)).
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4.5 Local description of a folding

Let us recall the setting of Section 4.1.1, and let ® ~» &, be a 7-folding of a simply
laced crystallographic root system ® (Definition 4.2.6). We keep the notation of
Sections 4.1 and 4.2. In this section, we give a local description of the projection map

Trla : A — m-(A) (Section 4.1.1), which will be essential in the main discussion of
Chapter 5.

Proposition 4.5.1. Let a, 3 € AT U A, such that m := m(Rg, RE) > 3. Then the

possible configuration of the full subgraph (7.|a)~"({@, B}) is one of the following up
to symmetry of a and [:

Gy (B) © W) () ()

o B o TR Ta B
o—oO Oo—oO

o o—o0 o—0

*—@

a B :<O o—0O o—0O 04)
™ Ta TP Ta B Ta B o TP

T B T B T B T B a B T B

o—0 o—o0 o—0 o—o0 o—0 o—0

3 4 3 3 5 5
Proof: We may assume, without loss of generality, (a, ), = 1 for all @ € A. Let

us write ay, - fr, = a + br for some a,b € K. Let us recall the following formulas from
(4.1.3) and (4.1.9):

(a,8)r = pr (ar - BL),

(aag)‘r =7 1<04L 5L)
Since m > 3, we have (@, 3), # 0, and hence ay, - B, # 0. Hence either a # 0 or b # 0
(or both). We know (a,’Ta) =0, (8,7T5); = 0 (see Proposition 4.1.9 (a)), and

(o, TB)r = (Ta, ), (the adjoint property of T, see Lemma 4.1.5). Let us compute
the remaining combinations below:

(o, B)r = a,
(o, TB)r = (Ta,B)r =pr (t(a+b71)) =pr (b+ (a+ c1b)7) = b,
(Ta, TB)r =pr,(r*(a+b7)) = pr.(a+ c1b + (cib + cra + b)T) = a + c¢1b.

Jr

Since the original root system @ is finite crystallographic, in particular, its Coxeter
diagram contains no circuit. Hence at least one of the above three values must be zero.
Since @ is taken to be simply laced, a # 0 (resp. b # 0) implies a = (o, 8), = —3
(resp. b= (a, T ) = —3).
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Let us also note that we have the following:

147 ifaeAT,
oy, - Xy, =
R B if o € Ay

If @ € Ay, this is a consequence of Lemma 4.1.9 (b). If a € A7, then write
ap - af = ¢+ dr for some ¢,d € K. Then combine ¢ = (a, a),; = (a, Ta); = d and
(o, ), = 1.

We will denote the angle between @ and 3 by 6.
Case 1: ¢; = 0 (split case)
In this case, we have (a, 8), = (T, T5), = a. Suppose a = Ta. Then we also have
b= (Ta,pB)r = (a, ), = a, and hence a # 0 and b # 0. We have

(aaB)T = %(aL : BL) = %<_% - %7—)7
(aaa)T = %(QL : OéL) = %(1 + 7—)7
1 ~ T
=2y _ 14, . _ ;(L+7) ifge Al
(575)7’ 2(5L ﬁL) {% lfﬁ c Amt-
Hence if 3 € AT, we obtain
—2(147) .

—cosf = 55

(1+7)

N |+

yielding the diagram (A). If 5 € A, 4, we obtain

1
—7(147)
4 1./ 1
- 2 1+ V2’

—cosf = T
\/5(1+7)-§

yielding the diagram (B) (in the last equality, 7 = 1 was used).
Now suppose a, 3 ¢ A7 . If a = 0, then b # 0. We have

(@,8), = 3(ar - Br) = 5(—37),
(@ a), = 3(as-aL) =3,
(B.8)r =3B Br) = 3,
and we obtain .
—cosf = 7{ =—-ir=-1,
2

(673)7 = %(aL : BL) = %(_%)7
(E’E)T = %(O‘L : aL) = %7
(8,8)r = 3(BL-Br) = 3,
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and we obtain

—cosf =

|
MIHI»MH
|
N

yielding the diagram (C).

Case 2: ¢; # 0 (non-split case)

If a = 0, then b # 0. The equality (Ta,T8), = —ic; = —% enforces ¢; = 1, and
T = %5 (the golden ratio). We have

and we obtain

yielding the diagram (E).
If b= 0, then a # 0. We have

and we obtain

yielding the diagram (C).
If a + ¢1b = 0, then both a # 0 and b # 0. The equality —% — %cl = 0 enforces
cp=—1,and 7 = #‘F’ We have

=~ A o? o2

(@B). = = o ) = (=4 — §7),

a. o n A o2 o2

(@, @), = (B,8), = 5“ (B - BL) = TH?
and we obtain

o?+1 1 1,
—cosf = 502—+212 - _% _ %T _ —11\/57
5

yielding the diagram (F). I

As a corollary of the above proof, we have the following.

Corollary 4.5.2. In a twisted quadratic folding of a simply laced finite root system,
the value of c1 in the polynomial p(x) = x? — c1w + o is either 0, 1, or —1.
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It is recalled that we have c; = —1 by Definition 4.1.10.

Remark 4.5.3. The situation of diagram (A) appears in the folding of type D,,1(n >
3) to type B,, (Example 4.3.3) and type Eg to type F, (Example 4.3.4). The situation
of diagram (B) appears in all three classical (quadratic) foldings (Examples 4.3.1,
4.3.3,4.3.4). The situation of diagram (C) appears in all examples of twisted quadratic
foldings in Section 4.3 except for the folding of type A4 to type Hy (Example 4.3.8).
The situation of diagram (E) appears in the folding of type Es to type Hy and its
subfoldings (Examples 4.3.6-4.3.8).

The situation of diagram (D) can be realized as follows: for example, consider
the twisted quadratic folding of type As,_1 to type C,, as described in Example 4.3.1.
Suppose n is odd and take A,y = {a1, ag,—2, a3, Qon_a, -+, i1} Then T(Aq) =
{agn_1, a9, Q0 3,04, a1} and we still have the partition A = A7 U A4 U
T (A,q). This alternative choice of A, is possible because all simple roots except
the ones in A7 are 7-rational in a split folding. Note also that the subset A, is not
required to be connected in the Coxeter diagram in Definition 4.1.10.

Finally, the situation of diagram (F) can be realized as follows: consider the
folding of type A4 to type Hs as described in Example 4.3.8. Let 7/ > ¢’ be the two
roots of the polynomial p(z) = 2%+ x — 1. Let K = Z[}] and L = Z[%][7']. Let U be a
free L-module of rank 4 and let U = Ry /x(U). Then U is a free K-module of rank 8
equipped with the 7'-form (—, —),, and the 7’-operator 7". Let us K-realize the root
system @ of type A4 in U by taking the coordinates of simple roots as follows:

ar = ((0,0),(0,1),(=1,0),(1,-1)) = (0,7, =1,(1')?),
as = ((0,0),(-1,0),(1,1),(0,1)) = (0, -1, (T/,T)
az = ((0,0),(1,0),(=1,-1),(0,1)) = (0,1,0", 7"),
ay = ((0,0),(0,—1),(1,0),(1,-1)) = (0, —7', 1, (7")?).

For each «;, the L-coordinates of («y;)r, is written on the right side. Then ay and as
are 7'-rational, and we have the relation

7-/(061) = Q3 — O, 7-/(042) = Oy, T/(Oé:s) = Qq, T/(O&l) = Qg — Qy,
yielding the partition
AT’ = (Da Arat = {C@a 053}7 TI(Arat> == {ah 044}.

In this way, we obtain the situation of diagram (F).



Chapter 5

Schubert classes and a folding map

Let ¢* : Z(G”) — Z(GF) be the folding map defined in (4.4.1). The aim of this
chapter is to study the relationship between the combinatorial Schubert classes (Defi-

nition 3.3.1) of the original structure algebra Z(G”) and those of the folded structure
algebra Z(GF) under the folding map &*.

5.1 Statement of the problem

Let us recall the setting and notation of Sections 4.1.1, 4.2, and 4.4. In particular,
we have the embedding of the finite reflection groups W, < W (Proposition 4.2.8),
its restriction ¢ : W¥ — W7 (Proposition 4.2.12), and the induced folding map &* :
Z(G") — Z(GF) on the structure algebras (see (4.4.1)). We will denote the Schubert
classes of Z(GF) by {¢™ | w € WF}, and those of Z(GF) by {a@ | v e WF}
(Definition 3.3.1).

In this section, we list the questions about the folding map ¢* that we address
in this thesis. The first question is the surjectivity of £*:

Question 1. For which twisted quadratic foldings is the folding map €* surjective?
Are there any conditions?

By turning our attention to the Schubert bases of the structure algebras (Definition
3.3.1, Proposition 3.3.15), we may extend Question 1 and ask for the description of
the e*-preimage of each Schubert class of the folded structure algebra Z(G?):

Question 2. For each Schubert class ™ in Z(GF), what is the description of the
preimage (5*)*1(09)) in Z(GF)?

As a special case, we postulate the following question:

Question 3. Which Schubert class o e Z(GP) admits an element w € W such
that £*(0™) = ¢ - o™ for some ¢ € L*?

67
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Answering Question 3 provides a partial understanding of the e*-preimage of ot

over L, and hence a partial answer to Question 2. Let us remark also that since the
Schubert classes {05“) | w € WI} forms a S,-module basis of Z(G) (Proposition

3.3.15), if every Schubert class o (u € W) admits w € W such that ¢*(c™) =
c- 0—5“) for some ¢ € L™, then the map * over L is surjective.

In this thesis, we give a complete answer to Questions 1 and 3, and thus a
partial answer to Question 2. In Section 5.4, we will provide a concrete combinatorial
criterion for an element u € W so that there exists w € W’ with e*(c®) = c- o™
for some ¢ € L* (Questions 3). In Section 5.6, we will show that the induced folding
map €* is surjective for any twisted quadratic folding after extending the base ring
to L (Question 1).

In order to investigate Question 3, we define the following key notion of this

chapter.

Definition 5.1.1. Let u € WX, We say that the Schubert class ot s liftable or
admits a lifting if there exists some w € W and a nonzero ¢ € L such that £*(¢(®)) =

c¢- ot For any such w € WP, the Schubert class o) is called a lifting of o', and
we say that ot lifts to o). The folding map £* is said to have the lifting property

if the Schubert class o admits a lifting for every u € W72,

Remark 5.1.2. The nonzero constant ¢ € L appearing in Definition 5.1.1 is unique.
This can be traced down to the fact that S, (see Section 4.4.1 for the notation) is an
integral domain.

5.2 Small examples

In this section, we present the computation of the images of the Schubert classes
of Z(G”) under the folding map &* for some small structure algebras. What we
observe in the computation serves as motivation for Questions 1-3 (Section 5.1) that
we treat in this thesis. For the notation used for parabolic subgroups, see notation
after Proposition 2.2.18.

5.2.1 Classical cases

Let & ~» &, be the folding of the root system of type Az to the root system of type
C, as described in Example 4.3.1. In particular, K = Z[3] and L = K x K. The
partition of the original simple roots is

AT = {052}7 Args = {041}, T<A7’at) - {Oég},

and the simple roots of the folded root system ®, are A, = {ag,az}. We set 51 := a3
and (B, := ap. The simple reflection of W corresponding to «; is denoted by s; for
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,2,3 and the simple reflection of W, corresponding to 3; is denoted by R; for

1
1,2. The Coxeter diagram of this folding is depicted below.

l
j =

(03]

o |
o3 T
B1 B2
O 4 C
Example 5.2.1 (Type A3/P; to type C2/P5). The moment graph associated with

the Bruhat poset (W7, <) of type Az with Wp = (s, s3) is given in Table B.2 of
Appendix B. For each w € WP, the image £*(¢(™)) is computed in Table 5.1.

deg | ™ € Z(GP) | & (™) € Z(GF)
0 5@ oo
0'(32) O'q(—RQ)
2 0.(31.52) Uq(—RlRQ)
0'(5382) O’S‘RlR2)
3 0.(838182) /BIO_S_RlRﬂ + 0_7(_R2R1R2)
4 0.(82538152) (Bl + 62)0_£R2R1R2)

Table 5.1: e*-images of Schubert classes: type As/P; to type Csy/ Py

We have W = {e, Ry, Ry Ry, RyR1 Ry }. Observe the following relations:

Regarding a&RZRlRQ), we may compute

0_7(_R2R1R2) — 6*(0_(838182)) _ /810_7(_R1R2) — 6>0<(0_($351$2) _ &10(5182))
using the last two lines of the table. Since {0&“) | u € WP} generates Z(GF) (Propo-
sition 3.3.15), it follows that €* over K is surjective.

Example 5.2.2 (Type A3/ P 3 to type C2/P;). The moment graph associated with
the Bruhat poset (W% <) of type Az with Wp = (s3) is given in Table B.3 of
Appendix B. For each w € W7, the image £*(¢(™)) is computed in Table 5.2.
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deg | o™ € Z(GF) | &*(c™) € Z(GF)
0 o©) o©
1 o(s1) o(F)
o(s3) olF)
9 5 (251) U
o(5283) (R2R1)
o (s351) 8 U(R1 o (fz )
3 o (s38251) 9‘13231)
o (s15283) R R )
gle2sas) (B1 + Bo)ot™M)
A o (53525351) (B + )0t (RleRl)
o (s1525351) (B + Bo)o (R1R2R1)
5 | oGrmen) | Bi(B + Ba)ol Rl

Table 5.2: £*-images of Schubert classes: type A3/ P 3 to type Cy/ Py

We have WTP = {e, Ry, RyRy, RiRyR1}. Observe the following relations:

)
)

*(0(5251)) —
)

— 8*(0_(8253)) _ O—S-RQRI)

9
8*(0_(815253) 8*(0(833251)) — 0,7(_R1R2R1).

Thus in this case, €* has the lifting property. In particular, since {0—5“) | u € WP}
generates Z(GF), e* over K is surjective.

5.2.2 Twisted cases

Let ® ~» &, be the folding of the root system of type A4 to the root system of type
Hy as described in Example 4.3.8. In particular, K = Z[l] and L = K|[r] where
T = ”‘[ is the golden ratio. The partition of the original simple roots is

Arat {ala 054} T<Arat) = {043, 052},

and the simple roots of the folded root system &, are A, = {ag,az}. We set 51 := a3
and [y := ay. The simple reflection of W corresponding to «; is denoted by s; for
t=1,2,3,4 and the simple reflection of W, corresponding to §; is denoted by R; for
7 =1,2. The Coxeter diagram of this folding is depicted below.
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Example 5.2.3 (Type Ay/Ps 4 to type Ho/P,). The moment graphs associated with
the Bruhat poset (WT <) of type A, with Wp = (s;,s3) and the Bruhat poset
(WP <) of type Hy with (Wp), = (R;) are given in Table B.5 and Table B.7 of
Appendix B respectively. Table 5.4 computes the image £*(c™)) for each w € WF.
Due to space constraints, the elements w € W7 are described using the one-line
notation (see Example 2.2.7 for definition) of the symmetric group &5 in Table 5.4.
Table 5.3 translates the one-line notation of &5 into a product of simple reflections.
We have WX = {e, Ry, R Ry, RyR1 Ry, Ry Ry R Ry }. Observe the following:

(o 12345)) Ure)7

(o 13245)) (o (12354)) 0_7(_R2)’

6*(0 (23145) ) 5*(0(14235)) _ 5*(0(12453)) _ TJ$R1R2)7
5*(0 (15234) ) 5*(0(13452)) _ TQUE_RQRle)’

5*(0’ (23451) ) TQO.TR1R2R1R2).

Thus in this case, €* has the lifting property. In particular, since {a&“) | u € WP}
generates Z(GF) and 7 is invertible in L, e* over L = K|[7] is surjective.
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[(w) | w in one-line notation | w as a product of simple reflections

12345 e

1 13245 So
12354 S4

2 23145 S1592
14235 53859
13254 S459
12453 5354

3 24135 535152
23154 515489
15234 545359
14253 535459
13452 $98354

4 34125 59535152
25134 54535152
24153 53515489
15243 54535489
14352 59538459
23451 51528384

5 35124 5452535152
25143 5453515459
34152 8953515459
15342 8489538489
24351 5152835459

6 45123 535452535159
35142 545953515459
34251 515253515459
25341 5154529535459

7 45132 5983845253515
35241 $1545953515459

8 45231 51525354525351 52

Table 5.3: Translation of the one-line notation of w € W¥ into a product of
simple reflections (type A4/ Ps4)

Table 5.3 supplements Table 5.4 by translating the one-line notation of w € W¥ into a
product of simple reflections. See the second column of Table 5.4.
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deg [ 0™ € Z(G) e (0™) € Z(GT)

0 o (12345) 07(_6)

1 5 (13245) Ung)
o (12354) 0§R2)

9 o (23145) TO'7(—R1R2)
o (14235) T2U£Rle)
o (13254) 752051%2) _|_T20§R1P~2)
o (12453) 7_051311*?2)

3 o (24135) 72B10$R1R2) + TsagRQRlRa)
o (23154) (B _{_52)053132) _{_7_209323132)
o (15234) TzangRle)
o (14253) 7_2(7/31 +52)U$R1R2) —|—7'0$R2R1R2)
0(13452) 720$R2R1R2)

4 o (34125) 7'3(51 +Tﬁ2)0'7(-R2R1R2) _|_7_20_$R1R2R1R2)
5(25134) 7'2(51 _1_7_52)051%2311%2) +T3J$—R1R2R1R2)
021159 72817y + ) 7By + (B + 7))ol
o (15243) -2 . 7'(51 + 52>U£RQR1R2) + 7_20_7(_R1R2R1R2)
0(14352) 3. 7(51 + ﬁ2>0$R2R1R2) + TJgRlRQRlRQ)
o (23451) 720531 RaR1Ro)

5 e | P+ e T 8yt ()
oMY | 2By + 7 B)7(By + B)ot D 74 (B + (B + 7)) o
5 (34152) 738, + 782)7(By +ﬁ2)o_§_R2R1R2)
5 (15342) 7By - 7(By + ﬂQ)OgRQRle) I (52 (1B + 52))0_(FR1R2R1R2)
o (24351) 7'2(7'(51 + Bo) + (5, _i_ﬁQ))UgRleRlRQ)

6 5 (45123) (751 + Bo) (B +ﬁ2)0$R1R2R1R2)
o(35142) T3(B1 4+ TB2) (761 + B2)T (B + 52)U£R2R1R2)

+74(By + 7B2) (61 + 52)U§R1R2R1R2)

5 (34251) (B + 78) (B +B2)0_7(_R1R2R1R2)
o (25341) (B + 78) (7 _|_62)07(_R1R2R1R2)

7 o (19132) TH(B1 4 TB2) (761 + B2)T (B + 52)0£R1R2R1R2)
o #5210 7 (B + 7a) (1 + Bo)7 (B + By)oy )

8 g (45231) TB1(By + 7B2) (761 + Bo)T(B1 + 52)U£R1R2R1R2)

Table 5.4: £*-images of Schubert classes: type Ay/Ps 4 to type Hy/Ps
(Example 5.2.3)
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5.3 Combinatorial tools and basic properties of ¢*

Let the setting and notation be as stated in Section 5.1. This section is preparatory
to Sections 5.4-5.6. In Section 5.3.1, we develop the properties of a combinatorial
counterpart (see (5.3.1)) of the folding map &* : Z(G”) — Z(GF) by focusing on
the embedding € : W, < W of Coxeter groups (Proposition 4.2.8). Section 5.3.2
establishes the first basic properties of the folding map &*.

5.3.1 Combinatorial folding map ¢ on the Coxeter generating
sets

As part of the setting, we have a folded K-representation (®,U)x of a root datum
® — AY with a chosen simple system A (Definition 4.1.10), and the L-realized 7-
folded root system ®, C U g) (Definition 4.2.6). Let (W,S) denote the Coxeter
system associated with the K-reflection group W (®) where S = {s, | @« € A}, and
let (W,,S;) denote the Coxeter system associated with the L-reflection group W,
where S; = {Rs | 8 € A,} (see the paragraph after Lemma 4.2.7).

In the investigation of Question 3 (Sections 5.4-5.5), it will be essential for us
to perceive the folding ® ~» @, on the level of the corresponding Coxeter generating
sets S and S;. We define a set-theoretic map ¢ : S — S; by

0:8 =8, 80, STa — Ra, (5.3.1)

for each o € A7 U A4 (see Definition 4.1.10 for notation). It is noted that ¢ is
surjective due to the surjectivity of 7 |a : A — A,.

Definition 5.3.1 (opposite simple reflection). Let R € S; be a simple reflection such
that the fibre ¢~'(R) has exactly two elements. If s is one of them, we denote the
other one by s* and call it the opposite simple reflection of s.

Using ¢, the local description of twisted quadratic foldings obtained in Proposi-
tion 4.5.1 can be rewritten as follows.

Proposition 5.3.2. Let R, R' € W, be simple reflections such that m(R, R') > 3.
Then the possible configuration of the full subgraph ¢=({R, R'}) is one of the follow-
ing, up to symmetry of R and R'.

(@] ® © D)

(%]
I
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Proof:  This is a direct translation of Proposition 4.5.1. Notice that (C) and (D)
of Proposition 4.5.1 are merged to (C) of this proposition, and (E) and (F) of Propo-
sition 4.5.1 to (D) of this proposition. i

For the @-preimage of a pair (R, R’) of simple reflections in W, such that m(R, R') =
(i.e., R and R’ are disconnected in the Coxeter diagram), we have the following.

Proposition 5.3.3. Let R, R’ € W, be simple reflections such that m(R, R') = 2. Let
s€ ¢ ' (R) andt € ¢ ' (R'). Then m(s,t) = 2.

Proof: Let us write R = Ry and R = Ry for some a, 3 € AT U A, The
condition m(R, R') = 2 is equivalent to (@, 3), = 0. By formula (4.1.9), this implies
(ar, - Br) = 0. Hence we have

(o, B)r = pr-(ar - Br) =0,

(Ta,B)r = pro(tar - Br) = pr-(7(ar - Br)) =0,
)r =
)

(v, 7'5 » = (Ta,B); =0 (the adjoint property of T),
(TOé Tﬁ T pTT(TaL TﬁL) pTT(TQ(O'/L : BL)) = 0.

Thus for all possible choices of s € ' (Rg) and t € ¢~ '(R3), we have m(s,t) = 2. 11

Let us recall that for each simple reflection R of W,, e(R) = s (if ¢! (R) = {s}) or
ss* (if 7' (R) = {s,s*}). The map ¢ has the following property.

Proposition 5.3.4. Let s;, ---s;, be a reduced expression in W, and let R;, --- R;,
be a reduced expression in W.. Suppose ¢(s;,) # ¢(Si,,,) for all1 < p < £ —1.
Then s;, - - s;, is a subexpression of e(R;,)---e(R;,) if and only if ¢(si,) - - p(s;,) s
a subezpression of R;, --- R;,.
Proof: Let R; € W, be a simple reflection. Then a simple reflection s; € W is a
subexpression of €(R;) if and only if ¢(s;) = R;. This follows from the surjectivity of
¢ and the property £(p(s;)) = s; (if a; € A7) or s;s7 (if i € Ay U T (Avar)).

Let s;, ---s;, be a subexpression of (R, ) - --5(R ). Then for each 1 < p < ¢,
s, is a subexpression of 5(R] L) for some 1 < ¢(p) < k such that ¢(p) < ¢(p + 1)
and we have ¢(s;,) = R; . Now the condition ¢(s;,) # ¢(si,,,) for all 1 < p <
¢ — 1 guarantees that q( ) < q(p + 1) for each p. Therefore, o(siy) - p(sq,) is a
subexpression of R;, --- R;,.

Conversely, let ¢(s;,)---@(s;,) be a subexpression of R, --- Rj,. Then for each
1<p<4,o(si,) = R;  for some 1 <¢q(1) <--- < q(f) < k. Each s;, is a subex-

Ja(p)
pression of e(R;, ). Therefore, s;, - - - s;, is a subexpression of £(R;,) - - - €( Ry, ). i

{4
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In order to yield further properties of the map ¢ : S — S, and the group
embedding ¢ : W, < W, we introduce the notion of a folding branch.

Definition 5.3.5. Let I and I'; denote the Coxeter graph of W and W, respectively.
A folding branch of T' with respect to ¢ : S — S, is a full subgraph I'" of T" obtained
by choosing one vertex from ¢~!(R) for each vertex R € I'; such that m(s,s’) = 3
for all vertices s,s" € T with m(p(s), p(s")) > 3. A collapsing part of I" with respect
to ¢ is the full subgraph of ¢~ '({R, R'}) for a pair R, R’ € S, with m(R, R') > 4.

This definition remains valid when I' is not connected. However, in all the examples
we treat in this thesis, I' is always connected.

Lemma 5.3.6. A folding branch exists.

Proof: Let I' and I'; be as in Definition 5.3.5. By Proposition 5.3.2, for every
pair R, R € T, with m(R, R") > 3, it is always possible to find a pair s,s’ € I such
that p(s) = R, ¢(s') = R’ and m(s,s’) = 3. This proves the claim. i

Example 5.3.7 (Folding branches). We describe folding branches for the quadratic
foldings listed in Section 4.3. For the Coxeter diagram of each folding, see Appendix A.

(1) Type As,1 to C,. We have S = {s1,-+-,s2,-1} and S, = {Ry,--- R,}. The
map p : S — S, sends s;, Sop,_; to R; for 1 < i <n—1and s, to R,. Then the Cox-
eter graph of the original group admits two folding branches: I'y = {s1, 82, -+, sp}
and T's = {s2,_1, Son_2," -+, Sp}. It has a collapsing part TV = {s,_1, Sn, Snt1}-

(2) Type D,y to B,. We have S = {s1, -+ ,8y41} and S; = {Ry,- -, R,}.
The map ¢ : S — S, sends s; to R; for 1 < ¢ < n —1 and s,,S,.1 to
R,. Then the Coxeter graph of the original group admits two folding branches:
'y = {s1,"* ,8n_1,8} and T'y = {s1, -, 8,1, 8,21}. It has a collapsing part
I ={sn_1, Sn, Snt1}-

(3) Type Eg to Fy. We have S = {s1, - ,s¢} and S; = {Ry,---, Ry}. The map
w: S — S, sends sy to Ry, s4to Ry, s3, s5t0 R, and sq, sg to R4. Then the Coxeter
graph of the original group admits two folding branches: T'y = {ss, s4, s3, 51} and
[y = {s9, 84, S5, 86} It has a collapsing part TV = {s3, s4, $5}.

(4) Type Eg to Hy. We have S = {s1,---,ss} and S, = {Ry, -+, R4}. The map
w: S — S, sends s1, 57 to Ry, So,5¢ to Ra, s3,s5 to R3, and s4, sg to Ry. Then
the Coxeter graph of the original group admits three folding branches: I'; =
{51, 82, 83,84}, Ta = {87, S6, 85,54}, and T's = {s7, s, S5, Sg}. It has a collapsing
part IV = {s3, s4, S5, S8}
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Using ¢ and the notion of a folding branch, we can prove the following essential
property of the embedding € : W, — W.

Proposition 5.3.8. If R;, - - - R;, is a reduced expression in Wy, then e(Ry,) - - - £(R;,)
1s a reduced expression in W.

Proof: We break down the map e into two steps. First, for each 1 < p < /|
let us choose s;, € ¢~ '(R;,) so that s;,,--- ,s;, all belong to a single folding branch.
This is possible, since each folding branch I'y of the Coxeter diagram I' of (W, 5) is
mapped under ¢ onto the Coxeter diagram I';. of (W, S;). We denote the simple root
corresponding to s;, by a;,.

Let us observe that for those 1 < p < /-1 such that R;, and R; ,, do not belong
to the ¢-image of a collapsing part of I', we have m(s;,, s;,,,) = m(R;,, R;,.,). Hence
the only situation where the word s;, - - - s;, is not reduced is when R;, --- R;, contains
a consecutive subword of the form [RR'|,,(r gy (see Section 2.2.8 for notation) where
m(R, R') > 4, that is, equal to either 4 or 5 by Proposition 5.3.2.

Next, for each 1 < p < ¢, we conduct the following operation.

if |p~'(R;,)| =2, then insert s; on the right of s;,,
if |o7'(R;,)| =1, then do nothing.
When ¢~ (R;,)| = 1, we adopt the convention s; = s;,.

We observe that s, - -, s}, also belong to a single folding branch different from
the first one. In particular, the observation of the second paragraph applies to the
word sj, -+ - s7 as well. Also, notice that if s7 # s;, and s does not belong to a
collapsing part of I, then it commutes with all s;,, -, s;,. By Proposition 5.3.2, each
s € I" not belonging to a collapsing part is disconnected from any folding branch not
containing s.

Based on these observations, in order to determine if the W-word e(R;,) - - - €(R;,)
is reduced or not, it suffices to look at the subwords consisting of elements of a
collapsing part of T'. More precisely, for R, R’ € S, with m(R, R') € {4,5}, we will
study the word of the form [e(R)e(R')],, where 4 <m < m(R, R').

First, let us look at the case where m(R, R') = 4. The full subgraph of the
preimage ¢! ({R, R'}) is depicted in (C) of Proposition 5.3.2. We use the naming of
the vertices given in the diagram (C). Then

e(R)e(R)e(R)e(R') = ss*tss™t ~ s*stst
~ ss*ts[s|t
where ~ denotes the braid relation on F(S) defined in Section 2.2.8. Notice that in

the top right of the first line, the second s* (boxed) is playing the role of a separator
between sts and t, preventing the occurrence of stst. In the second line, the second s
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(boxed) is separating s*ts* and t, preventing the occurrence of s*ts*t. One also checks
(by direct manipulation of the word) that tsts and ts*ts* cannot occur. Thus the
word ss*tss*t is reduced.

Next, we look at the case where m(R, R') = 5. The full subgraph of the preimage
0 '({R, R'}) is depicted in (D) of Proposition 5.3.2. We use the naming of the vertices
given in the diagram (D). Then

e(R)e(R)e(R)e(R!) = ss*tt*ss™tt* ~ s*t*sts| s* |tt*

Observe that in the word on the right, the second s* (boxed) is separating sts and
t, preventing the occurrence of stst. By looking at all other braid equivalent words,
one checks (by a similar separation phenomenon) that tsts, s*ts*t, ts*ts*, s*t*s*t*, or
t*s*t*s* cannot occur either. Thus the word ss*tt*ss*tt* is reduced. In exactly the
same way, we verify that e(R')e(R)e(R)e(R) is reduced. Finally,

e(R)e(R)e(R)e(R)e(R) = ss*tt*ss™tt* ss™ ~ s*t*ststst*s*

Observe that in the word on the right, once again s* (boxed) is separating sts and
ts preventing the occurrence of either stst or ststs. By looking at all other braid
equivalent words, one checks (by a similar separation phenomenon) that tsts, s*ts*t,
ts*ts*, s*t*s*t*, t*s*t*s*, tstst, s*ts*ts*, ts*ts*t, s*t*s*t* s, or t*s*t*s*t* cannot occur
either. Thus the word ss*tt*ss*tt*ss* is reduced. i

As a corollary, we obtain the following.
Corollary 5.3.9. If v/ < w in W, then e(u) < e(u) in W.

Proof: Let v = Rj, ---R;, be a W -reduced expression. Since v’ < wu, there
is a sequence 1 < a7 < --- < a, < £ so that v’ = Rjal - Rj, is a Wi-reduced
expression (Proposition 2.2.19). By Proposition 5.3.8, e(u) = ¢(Rj,)---e(R;,) and
e(u) = e(Ry, ) --e(Ry, ) are both W-reduced expressions. Since the latter is a
subexpression of the former, by Proposition 2.2.19, e(u') < e(u) follows. i

Let us recall the set of reduced expressions R(w) for an element w € W and
R(W) = UpewR(w) (see notation at the end of Section 2.2.8). Let F(S;) be the
free monoid generated on the Coxeter generating set S, (cf. after Definition 2.2.1).
The map ¢ : S — S, induces a new map ¢ : R(W) — F(S;) in the following way:
let i:=s;, -5, € R(W). Then apply ¢ to each s;,, and whenever ¢(s;,) = ¢(s;,.,)
happens, replace the word ¢(s;, )¢( ) by ¢(s;,). We introduce one notation to
facilitate the following arguments.

Sipt1
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Notation. Given ¢ : § — S, associated with a twisted quadratic folding ¢ ~~ &,
and an element w € W, the set R, (w) is defined to be the subset of R(w) consisting of
elements i such that the number of adjacency of opposite simple reflections appearing
in i is maximal among all the elements of R(w). We define

R,(W) = | Ro(w).

weW

For example, in the folding from type Az to Cs (see Section 5.2.1), consider the group
element w = $9515953. Then we have

R(w) = {s2515283, $152[s183], S152[8351] },
R,(w) = {s152]s153], S152[s351]},
where the maximal number of adjacency of opposite simple reflections is one (the
adjacent opposite simple reflections are square-bracketed).

The following statement about @ will be the foundation for the proof of Propo-
sition 5.4.7 in Section 5.4.2.

Proposition 5.3.10. Letw € W and leti=s;, ---s;, € Ry(w). Then p(i) € R(W;).
Proof: First, we prove the following claim:

Claim 2. Let w and i be as in the statement. Let j := (i) = R;, --- R;, where
1 <k </ and each R;, denotes a simple reflection in W;. Then for j’ := R;, --- R;,_,,
there exists w’ € W and i’ € R, (w') and p(i') =j'.

This claim is proved as follows. There are 1 = a; < --- < ap < ¢ such
that ¢(s;,, ) = R;, for each 1 < p < k. Take w’ = s;,5;, s, . The word
i' == 5,88, , belongs to R(w’) since it is a consecutive subword of the re-

duced word i. Moreover, since i’ is obtained from i € R,(W) by removing either
Sa, OF the word s,, s} (or s} sq,) from the right end, i’ € R (W) must be the case
(otherwise, i ¢ R,(W)). This proves the claim.

Since by construction we have R; # R; , forall 1 < ¢ < k —1, in order for
the sequence R;, --- R;, not to be reduced, the only possibility is that it contains
a pattern [RR'],, (see Section 2.2.8) where R, R’ € S; and m > m(R, R'). We now
argue that this situation cannot occur.

Let us consider all possible patterns of the preimage of each pair of simple reflec-
tions in W, such that m(R, R') > 3. There are four distinct patterns as in the figure
of Proposition 5.3.2. In pattern (A), there is nothing to prove. In pattern (B), let us
list all reduced words i € R,(W) such that (i) = RR'R. Up to symmetry between
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s and s* (resp. t and t*), they are:

where a pair of opposite simple reflections are enclosed by brackets. By direct com-
putation, we observe that adding ¢ or t* to the right of each of the above reduced
word will result in either a non-reduced word or a reduced word not in R,(W). We
give two examples below to describe these two points.

[ss™|[tt*][ss™|t ~ ststs™t*s*

stst™ ~ s[tt*]s

The first line shows a case where the word is not reduced (see the underlined part),
and the second line shows a case where the word is reduced but not in R (W).
In pattern (C), let us list all reduced words i € R,(W) such that $(i) = RR'RR":

[ss*|t[ss*|t
st[ss*|t

s*t[ss™|t

By direct computation, we observe that adding s or s* to the right end of each of the
above word will result in either a non-reduced word or a reduced word not in R, (W):

[ss*|t[ss*|ts ~ ss*ts*tst

[ss*|t[ss*|ts™ ~ s"ststs™t
st[ss*|ts ~ [ss*]t[ss™]t
st[ss*|ts™ ~ ststs™t
s*t[ss*|ts ~ s*ts*tst

S*t[ss*|ts™ ~ [ss¥]t[ss™]t

The underlined parts indicate that the word is not reduced. The third and sixth lines
are examples where the word is reduced but not in R, (W).

In pattern (D), let us list all reduced words i € R,(W) such that p(i) =
RR'RR'R:
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[ss*|[tt*][ss*][tt*][ss*] [ss*|[tt*]s*[tt*]s s[tt*][ss*]ts
s[tt*][ss*][tt*][ss”] s[tt*][ss*][tt*]s st[ss*|[tt*]s*
s*[tt*][ss*][tt*][ss] s[tt*][ss*][tt*]s* s*[tt*][ss*]ts
[ss*][tt*][ss*][tt*]s s*[tt*][ss*][tt*]s s*[tt*]s* [tt*]s
[ss*][tt*][ss*][tt*]s* s*[tt*][ss*][tt*]s* s[tt*]s*[tt*]s*
st[ss*|[tt*][ss*] sts*[tt*][ss ] [ss*|t*s*t]ss*]
[ss*|[tt*][ss*]ts s*t*[ss*]t[ss*] [ss*|ts*t*[ss*]
s[tt*]s*[tt*][ss*] st[ss*][tt*]s

By direct computation, we observe that adding t or ¢* to the right end of each
of the above word will result in either a non-reduced word, or a reduced word not
in R,(W). Given below are two examples to illustrate these points. The first is an
example of a non-reduced word (see the underlined part). The second is an example
of a reduced word not in R, (W) (compare with the last line).

[ss*][tt*][ss™][tt"][ss™|t ~ ss™tt"s*stst*s*
~ 88 t*ts tst™ts™t
~ 88 t* s ts " s  sts*
~ Sttt s st s”
s[tt*][ss™][tt*][ss*]|t ~ t*tsts™tt*ss™t
~ ¥ ss ts" t"s* st
~ [t#ss"]t2)[ss"tt]

Finally, by Claim 2, we may discard the possibility of the appearance of the word
[RR|;, in R, - -+ Rj, where R, R’ € S; for all m > m(R, R'). i

5.3.2 Basic properties of ¢*

We keep the setting as stated in the beginning of Section 5.3. We state below the
first basic properties of €* in relation to the Schubert classes of Z(G).

Proposition 5.3.11. The following properties hold for €*.

(b) e*(oa)) = e*(glo7e)) = ") for each a € AT U A,

(c) supp(e*(c™) C {u € WP | I,(u) < l(w), e(u) > w} (see Definition 3.5.16 for

the notation,).
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In terms of moment graphs, (c) tells us that an element u € supp( *(of )) cwr

embedded in W is located above w in the Bruhat order, but its length I(g(u)) is
capped by the other condition I, (u) < [(w).

Proof:  (a) For each z € W[, we have £*(0\9)(z) = 7, (09 (g(2))) = 7,(1) = 1.

(b)  We have o*)(e) = 0 and o(<)(s,) = a. Further, if a € A,., we have
o) (s74) = 0 and 0 (s,574) = a. The second equality follows from the fact that
there are precisely two edges coming into the vertex s,srq, namely, s, — s,S7, and
$Ta — Sa5Ta, labelled by Ta, a respectively. Since o) (s,) = o and 0**)(s7,) = 0,
by the divisibility conditions along the two edges, 0(**)(s4574) = « follows. Using
this information, we compute

(

(Ra)

(sa)) = mr(a) =@ (if @ € AT),
(SaSTa ) =m(a)=a (if a € Avyy).

Since o*=) is homogeneous of degree 1, so is £*(c(*>)) (¢* preserves the degree of each

coordinate). Since o) is the unique element of Z (GF) of homogeneous degree 1

whose Rg-coordinate is @ (see Lemma 3.3.18), we conclude that e*(o(*=)) = o A

similar argument will give us e*(0(®7«)) = o).

(c) The claim is true for w = e by (a). Hence suppose w # e. Let us express *(o())
as a linear combination of the Schubert classes in Z(G) as follows:

N=>" fuol

uewpr

where each f, takes value in S;. We aim to show the following claim: if [, (u) > [(w)
or (u) #? w, then f, = 0.

Let u € WF such that I.(u) > I(w). Suppose f, # 0. Since *(¢(™)) is homoge-
neous of dege*(c(®)) = deg o™ = [(w), we have

deg(fuol™) = deg f, + deg o™ = deg f,, + 1. (u) = I(w),

which implies [ (u) = l[(w) — deg fu < I(w), a contradiction. Hence f, = 0.
Now let u € WY so that e(u) # w. We will show f,, = 0 by induction on I, (u).
Base Case: If u = e, then we have

e (0")(e) = fo-0(e) = fe.

Since £*(c())(e) = m- (6™ (e)) = 0, we obtain f. = 0.
Induction Step: Let [-(u) > 1. Suppose f,, = 0 for all ' € W with £(u’) # w and
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l;(u") < l;(u). We have

e (™) (u) = Z fu -0 @W) = f, - o™ (u) + Z fur - a8 (w),

u'<u u'<u

Here we used a&“')(u) =0 for all ' £ u (Definition 3.3.1) to refine the sum. For those
v’ with v < u, we have e(u') < e(u) (see Proposition 5.3.8), hence e(u') # w follows.
Since we also have [, (u’) < [;(u), the induction hypothesis applies to these u’, and
we obtain f,, = 0 for all ¥/ < u. Thus the above equation becomes £*(¢(®))(u) =

fu- ot (u). Since e(u) # w, by Definition 3.3.1, we have ¢(*)(g(u)) = 0. Hence
e* (0™ (u) = 7, (6™ (e(u))) = 0.

Since a&“)(u) # 0 (Proposition 3.3.4 (b)) and S, is an integral domain, we obtain

5.4 Lifting criterion

Let the setting and notation be as stated in Section 5.1. In Sections 5.4.1 and 5.4.2, we
will answer Question 3 of Section 5.1 by providing a concrete criterion for a Schubert
class 01" of Z(GP) to admit a lifting o) in Z(GF) (Propositions 5.4.1 and 5.4.8). In
Section 5.4.3, we will discuss a way to detect nonliftable Schubert classes in Z(GF)
(Corollary 5.4.21).

5.4.1 Strategy

Let u € W2 with I, (1) = £ so that deg o) = ¢. Motivated by Lemma 3.3.18, in order
to find a lifting of o\, we look for an element w € W with the following properties:

(C1) l(w) =¢,
(C2) w < e(u),
(C3) w £ e(u) for all u' € W such that u £ .

Proposition 5.4.1. Let u € WP with I, (u) = ¢ and w € WF. Then e*(c")) = .ot
for some 0 # ¢ € L if and only if w satisfies the above conditions (C1)—(C3).

Proof: (=) Let w € WP such that e*(c®)) = ¢ o™ for some 0 # ¢ € L. Then
we have [(w) = deg o) = dege*(0™)) = deg o' = I.(u) = ¢. Thus (C1) is verified.
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Since 0 # ¢ 0+ (u) = e*(0)) () = 7, (0™ (e(w))), we have o) (e (u)) #0. By
Definition 3.3.1, w < &(u) follows. Thus (C2) is verified. Finally, let ' € W with
uw £ u'. We have 0 = ¢- o (W) =e*(c™) (') = 7. (¢ (e(«'))). Since , is injective
(see Remark 4.4.1), we obtain ¢ (g(u/)) = 0. Now Proposition 3.3.4 (c) gives us
w £ e(u'), verifying (C3).

(<) Let w € WT satisfy (C1)—(C3). We aim to show that e*(c™)) is homogeneous
of degree [, (u) = ¢ with properties *(c(*))(u) # 0 and £*(¢™))(u') = 0 for all v’ # u,
and then apply Lemma 3.3.18.

Since £* is degree-preserving, we have dege*(c™)) = dego™ = I(w) = ¢ by
(C1). Let u' # u. Then by (C3), we have e(u’) # w which implies o) ((u')) = 0 by
Definition 3.3.1. Thus &*(¢))(v) = 7. (¢ (e(v'))) = 7,(0) = 0. Finally, we have
e* () (u) = 7, (6™ (e(u))). By (C2), we have e(u) > w, and hence o™ (g(u)) # 0
by Proposition 3.3.4 (c). Since 7, is injective, we obtain &*(a(*))(u) # 0. i

Proposition 5.4.1 states the condition for a Schubert class ot of Z (GF) to admit a
lifting o™ in Z(G") in terms of the relationship between the group elements v € W/
and w € WP, This provides the first answer to our question about the liftability of
Schubert classes (Question 3). However, verifying (C3) is not an easy task even for the
smallest examples of foldings we saw in Section 5.2 since it requires the full description
of the moment graphs involved. In the next section, we look for a restatement of the
conditions (C1)—(C3) using a combinatorial language of Coxeter groups.

5.4.2 Lifting criterion

Let us recall the map ¢ : S — S, defined in (5.3.1). Using ¢, we now define a subset
W¥ C W which will later be shown to control the liftability of Schubert classes of

(7).

Definition 5.4.2. The folding subset of W, denoted by W7, is a subset of W con-
sisting of the identity element e € W and elements w € W satisfying the following.

(FS1) If 54, - - - 55, € R(w), then ¢(s;,) -~ o(s;,) € R(W,).

(F'S2) If i, - 81, 801 - 87 € R(w), then @(si,) - 9(s4,), 0(si1) - - - p(si) € R(u) for
some common u € W_.

Remark 5.4.3.

(a) Let w € W7 and s;, - -+ s;, € R(w). Then for any 1 < p < g < ¢, the consecutive
subexpression w’ = s; - - - s;, satisfies (FS1) and (FS2), and hence w' € W7.
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(b) Let us recall the map ¢ : R(W) — F(S;) defined before Proposition 5.3.10. By
(FS1), the map @ : R(W) — F(S;) restricted to U,cwR(w) is the same as
applying ¢ : S — S; to each simple reflection in s;, - - - 55, € R(w).

(c) Let w € W with a unique reduced expression s;, - - - s;,. Then w € W7 by the
following argument. By (b) and Proposition 5.3.10, ¢(s;,)---¢(si,) € R(W;),
verifying (FS1). Since R(w) is a singleton, (FS2) trivially holds.

Example 5.4.4 (W7 for the folding of type As to type Cy). Let ® ~» @, be the
folding of the root system of type Az as discussed at the beginning of Section 5.2.1.
Table 5.5 shows the complete list of elements of W7

length | Elements of W7
0 e
1 S1, S2, S3
2 §1S9, S981, S9S3, S3S9
3 5185983, S35251

Table 5.5: Elements of W7 type As to type C

Example 5.4.5 (W7 for the folding of type A4 to type Hy). Let ® ~ &, be the
folding of the root system of type A4 as discussed at the beginning of Section 5.2.2.
Table 5.6 shows the complete list of elements of W7

length Elements of W7/
0 e
1 S1, So2, 83, S4
2 S182, S251, S283, 352, S3S4, 5483
3 515283, S25354, 535251, 545352
4 515925354, S45359S51

Table 5.6: Elements of W7 type A4 to type Hy

By definition of the folding subset W7, the map ¢ : S — S, extends to
W — W, w=ere
W= S+ Siy SO(S'LI) T Qp(siz) (5'4'1)

where w = s;, ---s;, is any reduced expression. The condition (FS2) guarantees
that @ is well-defined, and (FS1) guarantees that it preserves the length, that is,
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L (®(w)) = l(w) for w € W. Our first goal is to reformulate the lifting conditions
(C1)—(C3) solely in terms of this map ® (Theorem 5.4.8).

Proposition 5.4.6. Let u € W, with I.(u) = (. Suppose w € W satisfies (C1), (C2)
and w € W7, Then w satisfies (C3).

Proof: Let w € W7 and let u = Rj, - R;, be a reduced expression. By applying
the group homomorphism e, we obtain

c(u) = e(Ry,) - e(Ry,), (5.4.2)

which is a reduced expression in W by Proposition 5.3.8. Since w < £(u), by Proposi-
tion 2.2.19, w admits some reduced expression w = s;, - - - s;, which is a subexpression
of (5.4.2). Since w € W7, we have ¢(s;,) # ¢(si,,,) forall 1 < p < ¢—1. By
Proposition 5.3.4, the sequence ¢(s;,)---¢(s;,) is a subexpression of u = R;, - - - Rj,.
Since the numbers of simple reflections involved in the two sequences are the same,
we obtain ¢(s;,)---¢(s;,) = R;, -+ R;, = .

Let v € W, such that w < e(u). We aim to show u < u'. Let ' = Ry, --- Ry
be a reduced expression. Then

e(u') = e(Ry;) -~ -e(Ry) (5.4.3)

is a reduced expression in W. Since w < ¢(u’), by Proposition 2.2.19, w admits some
reduced expression w = s;; - - - sy which is a subexpression of (5.4.3). Since w € W7,
we have ¢(s;) # go(s%ﬂ) for all 1 < p < ¢ — 1. By Proposition 5.3.4, it follows
that ¢(si) -~ @(sy) is a subexpression of u' = Ry --- Rj. Since w € W7, we have
o(si) -+ p(si) = ¢(siy) -+ p(si,) = u. Hence, by Proposition 2.2.19, u < u’ follows.
i

Proposition 5.4.7. Let u € W, with l.(u) = £. Suppose w € W satisfies the condi-
tions (C1)—(C3). Then w € W7.

Proof:  Our aim is to establish the defining properties (FS1), (FS2) of W7 First,
we prove the following claim, which is apparently weaker than (FS1):

Claim 3. Every reduced expression w = s;, - --s;, satisfies (s;,) # ¢(s;,,,) for all
1<p</i-—-1.

By the definition of the set R, (w) (see before Proposition 5.3.10), it suffices to prove
the statement for the elements of R, (w). Let sy - -+ sy € Ry(w) and recall the map
P :R(W)— F(S;) (see before Proposition 5.3.10).

By Proposition 5.3.10, @(si, - - - si7) is Wr-reduced. Write the W;-reduced word
so obtained as Ry, - - - Ry, and let u’ € W, be the element determined by this reduced
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word, that is, u’ = Ry, - - Rj;. Suppose ¢(s;,) = ¢(sy, ) for some 1 <p < £—1. Then
by construction, k <, that is, I, (u') < [-(u). Since w = sy - - - s;; is a subexpression of
e(u’) = e(Ry;) - -e(Ry,) by construction, by Proposition 2.2.19, we obtain w < e(u’)

where u £ u/, a contradiction to (C3). Hence ¢(s; ) # @(sy, ) forall 1 <p<{—1.

We now proceed to the proof of (FS1). Knowing that every element of R(w) has
no adjacency of pairs of opposite simple reflections has two consequences. First,
Lemma 5.3.10 applies to each s;, ---s;, € R(w). Second, the map @ coincides with
the operation of applying ¢ to each s;,. Thus, for each s;, ---s;, € R(w), Lemma
5.3.10 implies that @(s;, ---s;,) = @(84,) - - - ¢(s4,) is Wr-reduced.

Finally, we prove (FS2). Let v = Rj, --- R;, be a reduced expression. Since
w < e(u), by Proposition 2.2.19, w has a reduced expression s, ---s;, which is a
subexpression of e(R;,)---e(R;,). Since ¢(s;,) # @(s;,,,) holds for all 1 < p <
¢ —1, by Proposition 5.3.4, ¢(s;,) - - - ¢(s;,) is a subexpression of R;, - - - R;,. Since the
number of simple reflections involved in the two sequences is the same, we obtain
90(51'1) T Qp(si» = Rj - Ry,

Suppose that there is s;; -+ sy € R(w) with ¢(sy) - p(si;) € R(u') for some
u' # u in W.. By construction, s - - s, is a subexpression of 6((,0(87;/1)) . -6(@(3@).
Since u' = @(sy) -+ p(sy) is a Wr-reduced expression, e(u') = e(¢(sy)) - - - (¢ (si))
is a W-reduced expression (Proposition 5.3.8). By Proposition 2.2.19, we obtain
w = sy -8y < e(u) where I-(u') = I-(u) and v’ # u (hence u £ u'). This is a
contradiction to (C3).

Let us recall the map @ : W/ — W, defined in (5.4.1). We can now state and
prove our first main result.

Theorem 5.4.8. Let u € W, with I, (u) = ¢ and w € W. Then w satisfies (C1)—(C3)
if and only if w € W¥ and u = p(w).

Proof:  Suppose w satisfies (C1)—(C3). Then by Proposition 5.4.6, w € W7. Let
u = Rj, ---R;, be a reduced expression. Since w < e(u), by Proposition 2.2.19, w
has a reduced expression w = s;, - - - s;, which is a subexpression of e(Rj,) - --e(R;,).
Since we have ¢(s;) # ¢(s;,,) for all 1 < p < £ — 1 thanks to w € W7, by
Proposition 5.3.4, it follows that ¢(s;,)---¢(s;,) is a subexpression of Rj --- Rj,.
Since the number of simple reflections involved in the two sequences is the same, we
obtain ¢(s;,)---¢(si,) = Rj, - -+ Rj,, that is, p(w) = u.

Conversely, suppose w € W% and u = @(w). Since P is length-preserving,
l(w) = ¢ must hold, establishing (C1). Next, u = ®(w) means that for some re-
duced expression w = s;, - - - s;,, we have u = ¢(s;,) - - - ¢(s;,) which is reduced. Then
Siy, -+ S, 18 a subexpression of €(p(s;,))---e(p(s;,)). Hence by Proposition 2.2.19,
w < e(u), establishing (C2). Finally, by Proposition 5.4.6, w € W7 implies (C3). 1
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Corollary 5.4.9. Letu € WF. Then the Schubert class o\ admits a lifting to Z(G")
if and only if u € (WF N W7T).

Proof: This is a direct application of Proposition 5.4.1 and Theorem 5.4.8. |

Corollary 5.4.10. Let u € W with I.(u) = £. If there exists w € W¥ with a unique

reduced expression w = s;, - --s;, and if p(s;,) - ¢(si,) = u, then o™ lifts to o).

Proof: By Remark 5.4.3 (c), w belongs to W7, and we have p(w) = u. Hence by
Corollary 5.4.9, ot admits a lifting, namely o). i

Remark 5.4.11. As will be seen in Examples 5.4.14 and 5.4.15, the reformulated
lifting criterion of Corollary 5.4.9 is much easier to work with compared to the original
(C1)—(C3) given in Proposition 5.4.1. One does not need to draw a moment graph to
verify the conditions of Theorem 5.4.8. A question remains as to how easy it is to list
all the elements of the folding subset WZ. By (C1), we know that the length of an
element w € W7 cannot exceed I (up) where wg is the longest element of W... For each
w e W with [(w) < 1.(ug), we write down all the elements of R(w). If R(w) contains a
reduced expression where the number of adjacency of opposite simple reflections (see
before Proposition 5.3.10) is > 1, then w ¢ W7 by (FS1). Otherwise, we continue
to check (FS2) for all the elements of R(w). This last step involves certain pattern
avoidance of each reduced expression in addition to avoiding the adjacency of opposite
simple reflections (cf. Corollary 5.4.21, Proposition 5.4.22). This is easy to verify in
case R(w) is relatively small. For more general cases, a restatement of (FS2) in terms
of an exhaustive list of pattern avoidance of reduced expressions of w € W is needed
for the full computability of W7.

When a Schubert class ol € Z(GP) lifts to o € Z(GF), we know explicitly
the nonzero constant ¢ € L appearing in the Definition 5.1.1.

Proposition 5.4.12. Let o) € Z(GF) be a lifting of o\ € Z(GF). Then

for some unique m € Zsx.

The value of m is determined at the end of the proof.
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Proof: We have £*(¢c™)) = ¢- o™ for some nonzero ¢ € L. In particular, by
looking at the coordinate at e(u), this implies 7 (0 (e(u))) = c- 05")(u) (for the
notation, see Remark 3.3.3). Let w = s; - -+ s, be a W-reduced expression, and write
o(s;) = R;. Then u = p(w) = Ry --- Ry is a W, -reduced expression (since w € W7
by Theorem 5.4.8). Apply ¢ to this expression and write the W-reduced expression
so obtained as e(u) = s} ---s} for appropriate L. By construction, this expression
contains w = s;---5 as a subexpression. Denote this subexpression by s; --- s,
where 1 <y < --- <, < L. We have s; = s, and ¢(s; ) = ¢(sp) = R, for each
1 <p < (. Let oy, denote the simple root corresponding to s;p, and let 3, denote the
simple root corresponding to R,. By Definition 3.3.1, we compute

o (e(u)) = ri, (@) - riy(ag) - -+ -y ()

where 7, (o) = 855+ s; _1(ap). If o € AT U A,q, then we have

T (Tip (O‘p)) =T (5(R1 T Rpﬂ)(ap)) =Ry Ry1(5p)
If a, € T(Arat), then we have

7 (13, (@) = 77 (e(B1 - Ry-1) (@) = Ry -+ Ry (753,)

Hence we obtain
¢
T (cr(“’)(e(u))) =7" H Ri- R, (B,) =1 o (u)
p=1

where m is the number of 7-rational roots appearing among a,’s. Thus ¢ =7". 1

Since {0 | u € WP} generates Z(GF) and 7 is invertible in L, if &* has the lifting
property, then Proposition 5.4.12 implies that €* over L is surjective.
Corollary 5.4.9 motivates and justifies the following terminology.

Definition 5.4.13. Let u € W2, We say that u is liftable or admits a lifting if there
exists an element w € W’ such that w € W7 and p(w) = u. Any such element
w € WF is called a lifting of v and we say that u lifts to w.

Using this terminology, Corollary 5.4.9 says that a Schubert class o\ € Z (G lifts
to o € Z(GP) if and only if u lifts to w.
Let us now study some examples of liftings of Schubert classes below.

Example 5.4.14 (Type A, to type Hs). Let ® ~» ®_ be the folding of the root
system of type A, discussed at the beginning of Section 5.2.2. The folded Coxeter
group W, is the dihedral group D;y, and has 10 elements. For each u € W, with
0 < l.(u) < 4, Table 5.7 shows a complete list of liftings w € W7,
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l-(u) | uweW, | LiftingsweW”
4 RleRlRQ 51525354

4 R2R1R2R1 548359251

3 RleRl §152S83, 8535251
3 R2R1R2 595354, 545359
2 RlRQ §182, 8382, 85354
2 RgRl §981, 8983, 85483
1 R1 S1, 83

1 R2 S9, S84

0 e e

Table 5.7: Liftings of W, -elements: type Ay to type Hs

In this case, all the liftings w € W7 have a unique reduced expression. There
is precisely one element u € W, with length 5, namely the longest element u =
RiRyR1RyRy = RyR1RyR1 Ry. We will later see in Lemma 5.4.22 (VI)(a) that this u
does not admit a lifting w € W.

Example 5.4.15 (Type Dg/A4 to type Hz/Hs). Let & ~~ &, be the folding of the
root system of type Dg as described in Example 4.3.7. The partition of the original
simple roots is

Arat == {Oél, a9, 056}7 T(Arat) == {OK5, Qy, 053},

and the simple roots of the folded root system @, are A, = {ay, @z, @g}. We set f; :=
a7, (B9 := @y, and B3 := @&g. The simple reflection of W corresponding to «; is denoted
by s; for 1 <14 < 6 and the simple reflection of W, corresponding to [3; is denoted by
R; for j = 1,2,3. We take the parabolic subgroup Wp := (s, s3, 54, s¢), which is of
type As. We have ¢(s1) = ¢(s5) = Ri, p(s2) = ¢(s1) = Ra, and ¢(s3) = ¢(s5) = Rs.
Hence (Wp), = (R, R3), and it forms a parabolic subgroup of W, of type Hy. The
set WX of unique minimal length representatives of the coset space W, /(Wp), has 12
elements. For each u € W Table 5.8 shows a complete list of liftings w € W/ NnW?.

In Table 5.8, observe first that each w = s;, - - s;, (reduced expression) satisfies
¢(s;,) = R;, for each 1 < p < £, where u = Rj, --- R;, is the prescribed reduced
expression of u. For those w € W with 0 < I(w) < 5, w has a unique reduced
expression. Hence by Corollary 5.4.10, ot lifts to o). For those w € WT with
6 < l(w) < 10, observe that each w has precisely two distinct reduced expressions by
commuting s; and sg, and that the two reduced expressions obtained by applying ¢
to each s;, (1 < p < I(w)) give rise to the same element v € W,. Hence w € W7 NW?,

and by Corollary 5.4.9, o\ lifts to 0@ for w € W given in Table 5.8.
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L (u) ue W, Liftings w € W/ nW?"
10 | RiRyR3RoR1 R3RoRs Ry Ry 51525354555654535251
9 R2R3R2R1R3R2R3R2R1 5953545556545359S51
8 R3R2R1R3R2R3R2R1 53545556545352S51
7 R2R1R3R2R3R2R1 S545556545352S51
6 R1R3R2R3R2R1 5558654535251
5) R3R2R3R2R1 5654535251
5) RiRyR3Ro Ry 8554535281, 8152535485
4 RoRsRo R 54838981, $9535485
3 RsRoR; 535951, 835455, S6S4S5
2 RoR; 8981, S4S5
1 Rl S1, Ss
0 e e

Table 5.8: Liftings of W, -elements: type Dg/A4 to type Hs/Hj

5.4.3 Nonliftable Schubert classes

In this section, we discuss a way to detect nonliftable elements of W.,.

Lemma 5.4.16. Let u € W, with I.(u) = ¢ and let w € W7 be a lifting of u.
Let R;, ---R;, € R(u) and suppose that there exists s;, ---s;, € R(w) such that
D(siy -+ 8i,) = @(siy) - p(s5,) = Ry, -+ Rj, as elements in R(W,). Then for any
1 < p < q < {, the consecutive subexpression u' = R; R;, ., ---R; lifts to w' =
Sip Sipy1 " Sig-

Proof: Since w’ = s;, - - - 5;, is a consecutive subexpression of w = s;, -+ 5;, € w7,
w’ also belongs to W7, and we have p(w') = «’. Hence w’ is a lifting of u'. i

Lemma 5.4.17. Let R, R’ € W, be simple reflections.
(a) If m(R,R') =4, then u = RR'RR’' is not liftable.
(b) If m(R,R') =5, then u = RR'RR'R is not liftable.

Remark 5.4.18. If m(R, R') = 3, then u = RR'R is always liftable (by the existence
of a folding branch, see Lemma 5.3.6).

Proof:  (a) Theset R(u) consists of precisely two elements: RR'RR’ and R'RR'R.
By Proposition 5.3.2, in the Coxeter diagram, the configuration of the full subgraph
o '({R,R'}) is (C) (up to symmetry of R and R'). Let w € W7 be a lifting of u.
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Case 1: RR'RR € $(R(w)). There exists i := s;, -+ s;, € R(w) such that
P(i) = ¢(si) - ¢(si,) = RR'RE'.

By Lemma 5.4.16, w' = s;,8;,8;, is a lifting of v’ = RR'R. Since w’ € W7, the only
possibilities are s;, $;,5;, = sts*, or s*ts. On the other hand, ¢(s;,) = R’ forces s;, = t.
However, both w = sts*t and w = s*tst violate (FS2) of Definition 5.4.2.

Case 2: R'RR'R € $(R(w)). There exists i :=s;, - - - s;, € R(w) such that
P() = ¢(si) - p(si,) = RRR'R.

By Lemma 5.4.16, w' = s;,8;,5;, is a lifting of u' = RR'R. Since w’ € W7, the only
possibilities are s;,;,5;, = sts*, or s*ts. On the other hand, ¢(s;,) = R’ forces s;, = t.
However, w = tsts* and w = ts*ts both violate (FS2) of Definition 5.4.2.

(b) The set R(u) consists of precisely two elements: RR'RR'R and R'RR'RR'.
By Proposition 5.3.2, in the Coxeter diagram, the configuration of the full subgraph
e Y({R,R'}) is (D) (up to symmetry of R and R'). Let w € W7 be a lifting of w.
Case 1: RR'RR'R € $(R(w)). There exists i :=s;, - - - s;; € R(w) such that

(i) = ¢(si,) -+ p(si;) = RR'RR'R.

By Lemma 5.4.16, w' = s;,5;,8i,5;, is a lifting of «' = RR'RR'. Since w' € W7, the
only possibility is s;, S, 8i,8;, = sts*t*. On the other hand, ¢(s;;) = R forces s;, = s
or s*. However, w = sts*t*s and w = sts*t*s* both violate (FS2) of Definition 5.4.2.

Case 2: R'RR'RR' € $(R(w)). We may argue in exactly the same way as in Case 1.
i

Proposition 5.4.19. Let u € W, with I.(u) = { and let w € W7 be a lifting
of u. Then for every R;, ---R;, € R(u), there ezists s;, ---s;, € R(w) such that
©(s;,) = Rj, for each 1 <p < L.

Remark 5.4.20. Using the map @ (see the paragraph before Lemma 5.3.10 for defini-
tion), by Remark 5.4.3 (a), the claim is written as $(R(w)) = R(u). One containment
?(R(w)) C R(u) is already established by w € W7 and p(w) = u.

Proof:  Leti€ R(w). Assume 3(R(w)) € R(u) and let j € R(u)\P(R(w)). Since
both @(i) and j belong to R(u), there exists a finite sequence of W, -braid moves that
transforms (i) into j, and the corresponding sequence @(i) =jo = j1 — -+ — jr =]
of elements of R(u). Since $(i) € F(R(w)) and j ¢ P(R(w)), there exists 0 < k <
r — 1 such that ji € (R(w)) and jiy1 & @(R(w)). Let us write j, = @(i’) for some
i'=siy - sy € R(w), and set Ry, := (s;;) for each 1 < ¢ < L.
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We shall now argue that in the W;-braid move [Rj Ry | = [R;, Rjln that
transforms jj, into ji.1, m cannot be equal to 2 or 3. After that, we will establish that
m > 4 is also not possible, yielding a contradiction to our hypothesis.

The case of m = 2 is discarded as follows: by Lemma 5.3.3, m = 2 would imply
that any s € ' (Ry;) and t € go_l(Rj;H) commute. Hence, there is a corresponding
W-braid move sy sy = sy s, which transforms i’ to another element i” € R(w)
such that @(i”) = je41. This contradicts jri1 ¢ @(R(w)).

The case of m = 3 is discarded as follows: Set R = Rj and R = R, -
By Proposition 5.3.2, there are two possible configurations of the full subgraph

o '({R, R'}), namely (A) and (B). In (A), there is the corresponding W-braid move
[siy s ]s = [si, si]s, which transforms i’ to another element i” € R(w) such that
P(i") = jr+1, contradicting jry1 ¢ (R(w)). In (B), the possible @-preimages of the
word [RR']3 consisting of 3 simple reflections are: sts, sts*, st*s*, s*t*s*, s*t*s, s*ts,
among which only sts and s*t*s* are compatible with w € WY. Hence, there is a
corresponding W-braid move [sl/ S H]g = [s,»;ﬂsi;]g, which transforms i’ to another
element i” € R(w) such that $(i”) = ji11. This contradicts jy1 ¢ Z(R(w)).

As for the case m > 4, we argue as follows: Set R = lex) and R' = R; e If
m = 4, by Lemma 5.4.17 (a), v’ := [RR']4 is not liftable. Since j; € p(R(w)), thls is
a contradiction to Lemma 5.4.16. If m = 5, by Lemma 5.4.17 (b), u” := [RR']5 is not
liftable. Since j, € @(R(w)), this is a contradiction to Lemma 5.4.16.

By Proposition 5.3.2, the cases m > 6 do not exist. This completes the proof. 1

Corollary 5.4.21. Let u € W, with l.(u) = {. If u admits a W,-reduced expression
u = Rj --- R;, which has a consecutive suberpression v’ := R; R; . ---R; (1 <p<
q < {) such that v’ is not liftable, then u is not liftable.

Proof: This is a direct application of Lemma 5.4.16 and Proposition 5.4.19. i

Before providing examples of nonliftable elements, we establish a list of basic
nonliftable elements for each twisted quadratic folding described in Section 4.3. See
Appendix A for the corresponding Coxeter diagrams and the numbering of the simple
reflections.

Proposition 5.4.22 (Basic nonliftable elements). The following elements of W, are
not liftable:

(I) Type Agp—y to type Ch,

(a) Ran,1 Rn
(b) Rn—an—QRn—anRn—l
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(C> Rn—anRn—an
(II) Type Dyyq to type By,

(a) Rn—anRn—l
(b> Rn—anRn—an

(III) Type Eg to type F,

(a) R2R3R2
(b) RsR4R3R>Rs
(C) R2R3R2R3

(IV) Type Eg to type Hy

(a) R3R2R3R4R3
(b) RsR4R3R4R;3

(V) Type Dg to type Hj

(a) R2R1 RQRgRQ
(b) RyR3R2R3R,

(VI) Type Ay to type Hy
(a) R1R2R1R2R1

Proof:  (I)(a), (IT)(a), (IIT)(a): Proof for these three cases follows the same argu-
ment as one can see from the folding diagrams in Appendix A. We present here
a proof for (I)(a). Set u := R,R,_1R,. If u is liftable, then there exists some
w = 548,85, € WP such that ¢(s;,) = R, ¢(si,) = Rn_1 and o(sy,) = R,.
There are precisely two candidates: w; = s,s5,-15, and ws = 5,8,115,. Observe
that s,8,_15, = Sp_15,5,—1 in W, but

@(Sn)W(Sn—l)(P(Sn) - Ran—an # Rn—anRn—l = ()O(sn—l>80(5n)90(5n—1>~

Hence wy ¢ W7, Similarly, wy ¢ W7.

To obtain a proof for (II)(a), interchange the roles of R,,_; and R, and the roles
of s,_1 and s,. To obtain a proof for (III)(a), replace R,_1 by R3, R, by R, s,_1 by
S3, Sp by s4, and s,1 by ss.

(I)(b) and (III)(b): Proof for these two cases follows the same argument. We present
here a proof for (I)(b). Set u := R, 1R, 2R, 1R, R, 1. If u is liftable, then by
Proposition 5.4.19, there exists some w = s;, - - s;; € W7 such that ¢(s;,) = R;, for
each 1 < p < 5. By Lemma 5.4.16, s;,s;, is a lifting of w3 = R,,_1R,—2 and s;,5;, S,
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is a lifting of uy = R,_1R,R,,_1. The element u; has two liftings w; = s,_15,_2 and
Wy = Sp+1Sni2, and ug also has two liftings wy = $,_15,8,41 and wh = S,118,Sn_1-
Thus there are four candidates for w:

V1 = W1W2 = Sp—15n—25n—-15nSn+1 = Sn—25n-15nSn—25n+1
/
Vg = W1Wy = Sp—15n—25n+15nSn—1
!/
VU3 = W1W2 = Sp4+1Sn+25n—15nSn+1

roJd
Vg = W1 Wy = Sp415n425n+15nSn—1 = Sn428n+15nSn+25n—1

Notice that a reduced expression of v; and vy contains a consecutive subexpression
Sn_258n+1 and observe that s, 98,11 = Spi1Sn—2 in W but R, sR, 1 # R, 1R, »
in W,. Hence vy,vy ¢ W7, A similar argument shows v3,v, ¢ W7 (look at the
subexpression $,128,-1). Hence by Corollary 5.4.21, u is not liftable.

To obtain a proof for (III)(b), replace R,_2 by R4, R,—1 by R3, R, by Ra, S,_2
by s1, $,_1 by s3, S, by s4, Spi1 by s5, and s,19 by sg.
(D)(c), (IT)(b), (III)(c) follow from Lemma 5.4.17 (a).
(IV)(a) and (V)(a): Proof for these two cases follows the same argument as one can
see from the folding diagrams in Appendix A. We present here a proof for (IV)(a).
Set u := R3RoR3R4R3. If u is liftable, then by Proposition 5.4.19, there exists some
w=8; 5. € W’ such that ¢(s;,) = R;, for each 1 < p < 5. By Lemma 5.4.16,
Si, i, 18 & lifting of uy = R3Rs and s;,s;,S;, is a lifting of uy = R3R4R3. The element
uy has two liftings w; = s3s2 and w| = s5s6, and uy also has two liftings wy = s35455
and w) = s55483. Thus there are four candidates for w:

V1 = W1W9 = 5352535455 — $2535452S5
/

Vo = W1Wqy = 5352555453

V3 = W]Wy = S5565354S5

.7
Vg = W Wy = 5556555453 = S655545653

Notice that a reduced expression of v; and vy contains a consecutive subexpression
$285 and observe that sgs5 = s5se in W but RoR3 # R3Rs in W,.. Hence vy, vy ¢ W
A similar argument shows vz, v, ¢ W7 (look at the subexpression sgs3). Hence by
Corollary 5.4.21, u is not liftable.

(IV)(b), (V)(b) and (VI)(a) follow from Lemma 5.4.17 (b). i

Using Corollary 5.4.21 and Proposition 5.4.22, we can detect less trivial non-
liftable elements of W, as in the following example.

Example 5.4.23 (Type FEg/Dg to type Hy/Hs). We take the parabolic subgroup
Wp := (89, 83, S4, S5, S6, Sg), which is of type Dg. The map ¢ : S — S, sends s1, s7 to
Ry, 89,86 to Ry, s3,85 to Rz, and sy, ss to Ry. Then (Wp), = (Ry, R3, Ry) forms a
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parabolic subgroup of W, of type Hs. We will now give an example of an element of
WP (of the smallest length) which does not admit a lifting. Let us look at

U= RyRoR3R R R Ry RyR3sRyRs Ry Ry € WE.

This reduced expression contains the consecutive subexpression v’ := R3RyR3R,R3,
for which there exists no w’ € W7 such that p(w’) = «’' (by Lemma 5.4.22 (IV)(a)).
Hence by Corollary 5.4.21, it follows that u admits no lifting.

More examples of nonliftable elements of W, will be seen in the next section
(Propositions 5.5.1-5.5.6).

5.5 Lifting property: case studies

In this section, we provide a complete list of parabolic subgroups for each quadratic
folding presented in Section 4.3 so that the induced map * : Z(G”) — Z(GF) has the
lifting property (Definition 5.1.1). We use P C S to denote a parabolic subset for the
original Coxeter group W, and P, C S, to denote a parabolic subset for the folded
Coxeter group W,. The notational convention of parabolic subgroups is explained
before Proposition 2.2.17. It is also recalled that by construction of a folding of a
subsystem ®p, the simple system Ap corresponding to P must be preserved by T
(see the beginning of Section 4.2.3). Throughout this section, the reader is strongly
recommended to consult Appendix A, where the Coxeter diagram of each folding
along with the numbering of simple reflections can be found.

Proposition 5.5.1. In the folding of type As,_1 to type C,, the induced map £* :
Z(GY) — Z(GF) has the lifting property if and only if P = Pj g,y or S.

Proof: (=) Suppose Pio,—1 ¢ P, or equivalently, (P;); ¢ P.. We will find an
element u € WTP that is not liftable. There exists some 2 < i < n such that R; ¢ P..
If R, ¢ P, then R,R, 1R, € WP, which is not liftable (Lemma 5.4.22 (I)(a)). If

R,y & P, then R, |R, 2R, 1R,R, 1 € WP which is not liftable (Lemma 5.4.22
(I)(b)). For 2 <i <mn—2, set

u = Rn—an—2Rn—1Ran—l(Rn—BRn—Q)(Rn—4Rn—3) te (Rz—le)

Then u € WF. Since the above reduced expression contains a consecutive subexpres-
sion v’ := R, 1R, 2R, 1R,R,_1, which is not liftable, Corollary 5.4.21 implies that
u is not liftable. Thus, e* : Z(G") — Z(GF) does not have the lifting property.

(<) Let P = Pig, 1, or equivalently, P, = (P,);. An arbitrary element v € W7”
with I, (u) > 1 has a reduced expression either

u = RjRj_l"'Rl
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for some 1 < j <nor
u=RpRpp1- Ry oRp 1Ry Ry 1 Rpyo--- Roly
for some 1 < k < n — 1. In the former case, u has the following two liftings in W

Wy = Sj85-1 " S251

Wg = S2p—jS2n—j+1 """ S2n—252n—1-

Observe that these are unique reduced expressions for w; and wy respectively, hence
belong to W7 indeed. In the latter case, u has the following two liftings in W

W3 = SESk+1 " Sn—25n—15nSn+15n+2 * * * S2nS2n—1

Wy = Son—kS2n—k—1 """ Sn+25n+15nSn—15n—2 * * * S251.

Again, these are unique reduced expressions for w3 and wy respectively, hence belong
to W7. Thus ¢* has the lifting property. For P = S, the statement is clear. |

The idea of the proof comes from a close observation of the Coxeter diagram
in Figure A.1. In the second direction, we first represent each element of W7 by a
suitable reduced expression, then look for a way to lift it to some reduced expression
in W which travels along the edge of the Coxeter diagram in a most rigid way possible.
The same idea is used for all the following propositions.

Proposition 5.5.2. In the folding of type D,.1 to type B,, the induced map €* :
Z(GY) — Z(GF) has the lifting property if and only if P = P, 11 or S.

Proof: (=) Suppose P, ,+1 ¢ P, or equivalently, (P;), ¢ P;. Then there exists
1 <i<n—1such that R; ¢ P,. Set

U= RnfanRnfanf2 te Rz

Then u € WF. Since the above reduced expression contains a consecutive subexpres-
sion v’ := R,_1 R, R,,_1, which is not liftable (Lemma 5.4.22 (II)(a)), Corollary 5.4.21
implies that u is not liftable. Hence ¢* does not have the lifting property.

(<) Let P = P, 41, or equivalently, P, = (P;),. First, we establish that each
element of W7 has a reduced expression of the following form:

;R1 ‘Rz ‘-—R] ."an “RanRD‘
B, B, B, Bz Bui B




5. SCHUBERT CLASSES AND A FOLDING MAP 98

where each block Bj is either empty () or a word of the form RyRj_;---R; for
some j < k < n (the wedge within each block Bj in the diagram indicates that the
subscripts of the simple reflections are decreasing), satisfying the following conditions:
if B; # (), then By # 0 for all j > j; if the block B; starts from R, then every bock
By with j* > j also starts from R,; if the block B; does not start from R,, then
0 < |Bq| < |B2| < --- < |B;j|, where each |B;| denotes the size of the block B;.

By construction, the above word is reduced, and every reduced word that is
braid equivalent to it ends with R,, hence the group element represented by the
above reduced word belongs to WX Tt remains to show that the reduced expressions
of the above form exhaust all the elements of WX. We will use a counting argument.

We denote b; := |B;| for each 1 < i < n. Let j be the smallest number such that
block Bj begins with z,,. Then we have

0<b <by<---<bjy1<bj=n—(j—1). (5.5.1)

We first take care of two extreme cases, namely, j = 1,n + 1. When j = 1, every
block begins with R,,, yielding

(}%n]%n—l"'}%1)(}%n]%n—l"'}%2)"'(}%n}%n—l)}%n-

When 57 = n + 1, no block begins with R,,, yielding the empty word corresponding
to e € W,. Now suppose 2 < j < n. We will count the (j — 1)-tuble (by,---,b;_1)
satisfying (5.5.1).

For z € Q, let us denote the largest integer no greater than x by [x]. We need to
distribute the numbers {0,1,2,--- ,n — (j — 1)} among by, by, - - ,b;_1 in the weakly
ascending order. Let 0 < k < min{j — 2,n — (j — 1)}. We place k separation walls
between 7 — 1 objects, and in the resulting k£ + 1 separated sections, we distribute
k + 1 numbers in strictly ascending order from left to right. The number of choices
we have for such distribution is

()4

By varying 1 < 7 < n + 1, the total number of choices is found to be
i,
— ZJZ j—2 ) n—(j—1)+1
k+1
7=2 k=0
"V S\ (-1 +1
f ()Y

n+3 =

=l 1+1
On the other hand, we have \WTP\ = I(%)tl = \Xiﬂl = 27;"' —
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Claim 4. We have F'(n) = 2" for all n > 2. (Proof postponed at the end.)

Let u = BBz - - B, be a W, -reduced word of the form described above, and let
u € WYX be the group element represented by u. We now build a W-reduced word A
of the following form:

B ;| B Sy .. B S| Bmme Sjiq - |WSn1||Sn OF Spt1
Aq A, A; Ajiq Ana A,

where each block A; is obtained from block Bj as follows: if By = ), then A; = ; if
B; = RyRi—1--- Rj, then Aj = 55,1 ---5; where s = 55, it K #n, and s = s, or 8,41
if k& = n subject to the condition: if A; begins with s,, (resp. s,41), then Ajq begins
with s,.1 (resp. s,).

Claim 5. The group element w € W represented by a W-reduced word A\ of the
above form belongs to W7 .

We verify the conditions (FS1) and (FS2) of Definition 5.4.2. By definition of w
via A, no element of R(w) contains the consecutive subword $,,s,.1 or $,415,. Hence
Proposition 5.3.10 applies to A, and we obtain that @(A) is W, -reduced. Moreover,
since s, and s,,41 are not adjacent in A, () coincides with applying ¢ to each simple
reflection of A\. Thus (FS1) is verified.

Next, we observe from the Coxeter diagrams in Figure A.2 that among the W-
braid moves [st|m(s1) = [t5]m(s,), the only ones for which the corresponding W -moves

[0(8)@()]mst) = [©(£)@(5)|m(s,) are false are the following:
SnSn—15n = Sn—-15nSn—1, Sp+1Sn—1Sn4+1 = Sp—1Sn+15n—1,

namely, the long braid moves within the collapsing part. By definition of w via A, we
can directly check that no element of R(w) contains the consecutive subword s,,s,,_1 5,
Sn—15nSn—1, Sn+t1Sn—1Sn+1 O Sp_1Sp+15,—1. Hence, for every W-braid move [st]m(s7t) =
[t5]pm(s,) Within R(w), there is the corresponding W -braid move [¢(5)@(t)|mesy =
[p(t)(5)]m(s.e)- Thus @(R(w)) C R(u). This verifies (FS2).

Hence w € W7 and we have p(w) = u as desired.
Proof of Claim 4: Set

j (J—1\ (n—g+1
Lo k k+1
j—1\ (n—j+1

k kE+1

if 1<j <[],
fg)=3
>ecs

if [ +1<j<n-1.
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We aim to show f(n,j) = (?) for all 1 <7 <n — 1. Once we have this,

k=0

n—1 n
=243 (1) =2 (1) -2
= \J J
will follow. We prove by induction on n > 2. If n = 2, then 7 = 1 and we have

f2,1) =2 = (f) . Now assume f(n,j) = (?) for n > 2. Let 1 < j < [24] (the
same argument will apply to the case [%3+] +1 < j < n —1). It suffices to show

fin+1,5)— f(n,j) = (j.ﬁl).We have

fln+1,5) = f(n,j) = ji (jgl) (n_lz+ 1)

L0 B0

Thus f(n+1,7) — f(n,j) = (j ﬁ 1) holds and we finish the proof. i

Proposition 5.5.3. In the folding of type Eg to type Fy, the induced map &* :
Z(GP) — Z(GF) has the lifting property if and only if P = S.

Proof: Suppose P, # S;, or equivalently, P # S. If Ry ¢ P, then RyR3Ry €
WP which is not liftable (Lemma 5.4.22(I11)(a)). If Ry ¢ P,, RyR3RoRy € W,

T 9

which is not liftable since the reduced expression contains RoR3Ry as a consecutive
subexpression (Corollary 5.4.21). Similarly, if Rs ¢ P., then

R3R4R3R2R3 € Wf,
which is not liftable (Lemma 5.4.22 (III)(b)). Finally, if Ry ¢ P;, then
RoR3RoR RyR3RoR3Ry € WY,
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which is not liftable since it contains the consecutive subexpression v’ := RyR3Rs,
which is not liftable (Corollary 5.4.21). Thus €* does not have the lifting property.
The other implication is clear. i

Proposition 5.5.4. In the folding of type Ay to type Hs, the induced map £* :
Z(GY) — Z(GF) has the lifting property if and only if P = Pyy4, P13 or S.

Proof: In Example 5.4.14, it was seen that among all the ten elements of W,
u = Ry{RyRyRyR; was the only element which did not admit a lifting. We have
u ¢ WP if and only if P, # (), or equivalently, P # (). Hence it follows that e* has the
lifting property if and only if P # 0, i.e., P = Pay4, Py 5 or S. |

Proposition 5.5.5. In the folding of type Dg to type Hs, the induced map c* :
Z(G") — Z(GF) has the lifting property if and only if P = Py 5 or S.

Proof: (=) Suppose P15 ¢ P, or equivalently, (P;); ¢ P,. If Ry ¢ P,, then
RyRiRyR3Ry, € WPF which is not liftable (cf. Lemma 5.4.22 (IV)(a)). If Ry ¢
P., then RoR|RoR3RoR3 € WTP , which is not liftable since the reduced expression
contains a consecutive subexpression RyR; Ry R3Rs, which is not liftable (Corollary
5.4.21). Thus the induced map &* does not have the lifting property.

(<) This direction is proven in Example 5.4.15 for P = P;5 and it is trivial for
P=2_S. i

Proposition 5.5.6. In the folding of type Eg to type Hy, the induced map £* :
Z(GP) — Z(GF) has the lifting property if and only if P = S.

Proof: Suppose P, # S;, or equivalently, P # S.
If Ry ¢ P, then uz := R3RoR3R Rs € WYX which is not liftable. If Ry ¢ Py,
then
Uy = R3R2R3R4R3R1R2R4R3R4R3R2R1 S Wf,

which is not liftable (see the argument in Example 5.4.23). Hence R; € P,. Similarly,
if Ry ¢ P., then

Uo = R3R2R3R4R3R1R2R4R3R4R3R2 € Wf,
which is not liftable. Finally, if Ry ¢ P., then
RsRyRsRyRsRy € W,

which is not liftable. Thus €* does not have the lifting property. The other implica-
tion is clear. |
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5.6 Surjectivity of the folding map

Let the setting and notation be as stated in Section 5.1. In this section, we answer
the question of surjectivity of the folding map ¢* : Z(G") — Z(GF") (Question 1 of
Section 5.1). We will first prove surjectivity of e* over L for the case Ap = () (Theorem
5.6.2). Then the corresponding result for Ap # () is obtained as a corollary.

5.6.1 Surjectivity of ¢ over R

Our first statement toward the surjectivity of the folding map * is its surjectivity
over R. We will elaborate on the argument made in [30, Remark 6.6].

Proposition 5.6.1 ([30, Remark 6.6]). The folding map
&1 2(G) @k R = Z(0,) @, R
18 surjective.

Proof: = We extend the commutative diagram of Lemma 4.4.4 to R.

Sz @sw Sp L Z(GP)®k R

lﬂ'r®ﬂ'7 l&‘*

(S ®s e (S 77 —2 Z(GF) @1 R

where Sg = S®kR and (S;)r = S; ®1R. By [26, Corollary 4.10], the two Borel maps
p and p, in the diagram are isomorphisms. By construction, the map 7, : S — S;
over L is surjective (cf. Remark 4.4.1), and hence over R. Combining these two facts,
the above commutative diagram implies that €* over R is surjective. i

5.6.2 Proof for surjectivity of ¢*
Theorem 5.6.2. The folding map €* : Z(G) @k L — Z(G;) is surjective.

Proof: Let us choose total orders on W and W, which are compatible with the
respective Bruhat orders. Let us also choose the Schubert basis {o™) | w € W} as an
S-basis for Z(G), and the standard basis {0, | u € W, } as an S;-basis for the ambient
free module @,y S of Z(G,), where §, denotes the Kronecker delta. With respect
to these bases and the total orders on W and W,, we may write the transformation
matrix of €* as follows.
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e

order descending

£(uo)

order descending

Call this matrix € = (e,,,) where u € W, w € W. Let us note that the column
vector e, corresponding to w € W is of the form

ey, = <€* (a(w))(u)> = (71'7- (a(w)(e(u)))

ueW, ueW,

This matrix is upper triangular since o) (z) = 0 for all w £ x (Definition 3.3.1), and
the leading term of each row is located at the position (u,e(u)). We now proceed to
compute this leading term explicitly, using the coordinate formula of o(*) (Definition
3.3.1).

Let w = R1 Ry - -- R; be a Wi -reduced expression, where each R; denotes a simple
reflection of W,.. We denote the simple root corresponding to R; by [3;. Let us recall
the map ¢ : S — S, (see (5.3.1)) and that [¢~'(R;)| is equal to either 1 or 2. In the
former case, we denote the unique preimage by s; and the corresponding simple root
by a;(€ AT). In the latter case, we denote the two distinct preimages by s; and s
(cf. Definition 5.3.1). We adopt the convention that the simple root corresponding
to s; belongs to A,,; and we denote it by a;. Then the simple root corresponding to
s7 is Ta;. For each j, we have 7 (a;) = f3;.

As we apply € to each R;, two things can happen:

E(Rj) _ 54 if ‘@_I(Rj)l =
siss, i [p7! (R

Let us write the W-reduced expression e(u) = e(Ry) - --£(R;) as e(u) = s}s5 - -+ s, for
appropriate L(> [), where each s, denotes a simple reflection of W, and denote the
simple root corresponding to s, by ;. By the coordinate formula of Definition 3.3.1,
we obtain

o (e(u)) = ri(a}) - ra(ah) - - r(af)

where r;(c}) = sish---si_i(a}). We will now apply =, to each r;(a}). Let us say

si € ¢ "Y(R;). There are two cases to consider. If o} € AT U A,4, then

mr(ri(0a})) = 7 (e(Ry - Rj1)(0y)) = Ry~ Rj—1(5;).
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If o) € T(Aat), then
T (ri(af) = 7o (e(Ry -+ Rjm1)si(Tay)) = Ru- - Ry (75).

In both cases, Proposition 4.2.9 is used, and in the latter case, we also use s;(7T ;) =
Ta; and 7-(T ;) = 75;. From this observation, it follows that

. (a@(u» (5(u))> =7 [T (Ru-- Ry (8) (5.6.1)

where ¢, = 1 if o' (R;)] = 1 and ¢; = 2 if |¢"*(R;)| = 2, and m is the number of
A, q-elements among o (1 < i < L). Notice that the content of the product consists
of 8 € ®F and that 7 is invertible in L.

Let us write Sg, := S®k L and Sg := S®k R respectively. For a given € Z(G,),
let us consider the equation €*(§) = n where £ € Z(G). Let x denote the column
vector expression of £ with respect to the Schubert basis of Z(G), and let h denote
the column vector expression of n with respect to the standard basis of ey Sr-
Then the above equation is written as the following system of S-linear equations:

¢x = h.

By the fact that the matrix € is upper triangular and the observation made after
(5.6.1), this equation admits a solution x with each coordinate in Sg[(®)~!], where
Sr[(®F)~!] denotes the ring S, adjoined with the inverses of elements of ®F. On the
other hand, by Proposition 5.6.1, the coordinates of the solution x are known to take
values in Sg. Since Sz[(®F)7] NSk = S, the coordinates of x indeed take values in
Sp. This proves that ¢* : Z(G) ®x L — Z(G,) is surjective. i

Corollary 5.6.3. The folding map ¢* : Z(G¥) @ L — Z(GF) is surjective.

Proof: This follows from Theorem 5.6.2 and the fact that for each u € W7,
the Schubert class i) € Z(GF) is the restriction O’S—u)‘WTP of the Schubert class
o € Z(G,) (see before Proposition 3.3.15). i

Remark 5.6.4. Let us recall the folding from type Fs to H, described in Example
4.3.6. Let us denote the structure algebra of the original moment graph by Z(Esg, K)
and the folded structure algebra by Z(Hy, L). At the end of [30, Section 6], the authors
provide a conjectual answer for a minimal ring presentation (cf. [16, Definition 1.1])
of the reduced structure algebra Z (Hy, L) by taking the £*-image of the minimal ring
presentation of Z(FEs, K) known by [16, Corollary 6.2]. The surjectivity of e* over
L is one of the two assumptions required to verify their conjectual presentation of

~

Z(H,, L).



Appendix A

Folding diagrams

In this appendix, we collect the Coxeter diagrams of all the examples of quadratic
foldings discussed in Section 4.3. The number at each vertex is the index of each
simple reflection that the vertex represents. In the Coxeter diagram associated with
the original root system (drawn first in each folding), the simple reflections represented
by black dots correspond to the elements of A,.;, those represented by white dots
correspond to the elements of T (A, ), and those represented by double white dots
corresponds to the elements of A7 respectively.

1 2 3 n—1
o—o o ;>@n
c .o 0

2n —1 n+1
1 2 3 n—1 n
e & o oo

Figure A.1: Type As, 1 to type C,
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Figure A.2: Type D, to type B,

3
5
6
1 2 3 4
o—o o o

4

Figure A.3: Type Eg to type F}

1 2 3 4 1 2 3 1 2
o—=5 °

7 6 8 bt 4 6 3 4
1 2 3 | 1 2 3 1 2
o—=o 050 o—o?o OT.

Figure A.4: Type Ex to type Hy, type Dg to type Hjz, type A4 to type Ho
(in this order from left to right)



Appendix B

Moment graphs

In this appendix, we list the moment graphs discussed in Section 5.2.

Folding from type A; to Cy (cf. Section 5.2.1)

< A=
AN G
/’g;x-#cxz-#rxs gﬁ -"'é-@\‘
314 ' X
7 [N
s
v ‘ L as £

Figure B.1: Moment graph of type As
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In Figure B.1, each element of the symmetric group &, is written in one-line
notation (see the notation after Example 2.2.7). Table B.1 translates the one-line
notation into a product of simple reflections. In Figures B.1-B.3, each a; denotes the
simple root corresponding to the simple reflection s;.

[(w) | w in one-line notation | w as a product of simple reflections

0 1234 e

1 2134 $1
1324 S
1243 S3

2 2143 53851
3124 S987
2314 51859
1423 53592
1342 5253

3 3142 595351
4123 §359251
3214 518981
2413 535152
1432 5953859
2341 515953

4 4132 53595357
4213 53515251
3412 59535159
2431 53515953
3241 51525351

5 4231 S$351598351
4312 S$983518981
3421 5159535152

6 4321 535152535159

Table B.1: Translation of the one-line notation of w € W into a product of
simple reflections (type A3)
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ol2+0l3 oo

[£4]

S3S2

o+o+os

ol+o2 ol2+a3

Figure B.2: Moment graph of type As/P;

5153525153
oL+Hon /
/cu a3 art+o3
S$35281S53 51525183
(5] C(z\
$35281 >¢515253
M C£1+Ctz+0€sa
a3 1
| %ﬁ-ds a1+a&|
S251 $283
\ dg+ o2 /
o2
(o5}
~N

Figure B.3: Moment graph of type As/P; 3

2 s
\ ot /
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In Figure B.4, each f3; denotes the simple root corresponding to the simple re-
flection R;. Under the folding from type As to Cs, we have

B = 7TT(041) = WT(CY:%), fo = WT(OQ)-

R2R4

2B1+p2 PP\

2B1+P2  PitPa

Figure B.4: Moment graph of type Cy

Folding from type A, to Hs (cf. Section 5.2.2)

In Figure B.5, each element of the symmetric group G5 is written in one-line notation
(see the notation after Example 2.2.7). See Table 5.3 for translation of the one-line
notation into a product of simple reflections. In Figure B.5, each «; denotes the
simple root corresponding to the simple reflection s;. In Figures B.6 and B.7, each f;
denotes the simple root corresponding to the simple reflection R;. Under the folding
from type A4 to Hy, we have

51 - Wr(a1)7 /82 = 7TT(O~/4)7 Tﬁl - 71-'r(CVS)v 752 = WT(O*/Q)'
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45231

45132 35241

orras

y » L \ £ - -
45123 35142 34251 25341
s s AN w N SN
35124 25143 3415 1534247~ \\[ 24351
ol e w ) W o ﬁJ‘ N e Jamn N\ S
34125 25134 24153 (15243 14352] 23451
RPN P AT A /“‘“f, gy e ey
24135 23154 15234 14253 13452
o | w5 Xk ST AN
23145 14235 13254 12453
13245 12354

Figure B.5: Moment graph of type Ay/Ps 4
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RiR2R1R2Ry

Figure B.6: Moment graph of type H,

RiR2R1R;

Figure B.7: Moment graph of type Hy/ P,
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