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Abstract

Let G be a connected reductive group defined over a p-adic field F' which splits over a
tamely ramified extension of F', and let G = G(F'). We also assume that the residual
characteristic of F' does not divide the order of the Weyl group of G.

Following J.K. Yu’s construction, the irreducible supercuspidal representation
constructed from the G-datum W is denoted 7mg(¥). The datum ¥ contains
an irreducible depth-zero supercuspidal representation, which we refer to as the
depth-zero part of the datum. Under our hypotheses, the J.K. Yu Construction
is exhaustive.

Given a connected reductive F-subgroup H that contains the derived subgroup
of G, we study the restriction 75 (V)| and obtain a description of its decomposition
into irreducible components along with their multiplicities. We achieve this by first
describing a natural restriction process from which we construct H-data from the
G-datum ¥. We then show that the obtained H-data, and conjugates thereof,
construct the components of wg(WV)|y, thus providing a very precise description of
the restriction. Analogously, we also describe an extension process that allows to
construct G-data from an H-datum Vpg. Using Frobenius Reciprocity, we obtain a
description for the components of ¢-Ind$ 7 (¥ ).

From the obtained description of m¢(V)|y, we prove that the multiplicity in
7e(V)|g is entirely determined by the multiplicity in the restriction of the depth-zero
piece of the datum. Furthermore, we use Clifford theory to obtain a formula for the
multiplicity of each component in 7g(V)|y. As a particular case, we take a look
at the regular depth-zero supercuspidal representations and obtain a condition for a
multiplicity free restriction.

Finally, we show that our methods can also be used to define a restriction of
Kim-Yu types, allowing to study the restriction of irreducible representations which
are not supercuspidal.
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Preface

While T was working on my PhD thesis, I participated in the french version of the
3-Minute Thesis Competition (3MT®). 3MT® is a national competition open to
graduate students from all disciplines of academia in which the participants must
communicate the key concepts and significance of their research to a non-specialized
audience in no more than 3 minutes. Being a pure mathematician, I saw this as
a great and challenging opportunity to work on my science communication skills.
There were different rounds to the competition. Students started by competing at
the faculty level, and then at the university level. The judges from the university
level competition would then select their two favorite candidates to compete in the
regional, and eventually the national competitions.

Because most of the audience was likely not going to be familiar with the language
of mathematics, I decided that a good relatable analogy was necessary if I wanted
any chance of advancing into the competition. With the help of my husband, I came
up with the idea of comparing my supercuspidal representations to IKEA furniture.

Almost certainly everyone (at least in Ottawa) has experienced the frustrations
and pride that come with successfully putting together a piece of IKEA furniture, so
this analogy was promising to be very relatable. We think of the G-datum as being
our assembly pieces, and the J.K. Yu construction as the manual of instructions that
tell you how to assemble the pieces together in order to obtain your piece of furniture,
or in this case your supercuspidal representation. This analogy will be used a few
times in the thesis to give the reader an intuition behind the ideas that we use.

With this analogy, I broadly explained my research project and competed at the
university level. I received great praise from the judges for successfully communicating
an abstract research project, but unfortunately I was not selected in the top two from
our campus that would advance to the next level. This was however a great experience
and I thoroughly enjoyed the challenge. As a consequence of this experience, all my
non-mathematician friends and family now think that my last four years have been
dedicated to studying IKEA furniture and becoming an expert on how to build it.

As a reader of this thesis, I am sure that you will appreciate the depth (pun
intended) behind this work and look beyond the pieces of IKEA furniture.
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Chapter 1

Introduction

Representation theory is an area of pure mathematics which studies abstract algebraic
structures by mapping their elements into matrix spaces. This area of mathematics
has many applications. In particular, the representation theory of p-adic groups is of
special interest, as it bridges to number theory via the Langlands correspondence.

Given a p-adic group G, that is the F-points of a (connected) reductive group
G with F' a p-adic field, we let p be the residual characteristic of F'. Here, when we
say p-adic field, we actually mean a non-archimedean local field. Throughout this
work, we will also be assuming that G splits over a tamely ramified extension F
of F and that p does not divide the order of the Weyl group of G. The building
blocks for representation theory are what we call the irreducible representations.
Given an irreducible representation 7 of G, Jacquet’s Subrepresentation Theorem
[JacT1] tells us that m is either supercuspidal or it is a subrepresentation of the
parabolic induction of a supercuspidal representation. This means that irreducible
supercuspidal representations form an important class of representations that needs
to be studied in the context of p-adic groups.

The first p-adic group that was studied was G = GL,(F). Many authors
contributed to the development of the theory of supercuspidal representations for
GL,(F) [How77, Car79, Moy86, BK93, BK98, BK99|, and Fintzen provides a good
historical summary in her introduction of [Fin18|. For classical groups, an exhaustive
construction for supercuspidal representations was provided by [Ste08| for p # 2. If
we want to be looking at an arbitrary p-adic group G however, we must turn to Moy
and Prasad for a deeper classification of the supercuspidal representations.

In the 1990s, Moy and Prasad associated a depth to each irreducible admissible
representation of G using Bruhat-Tits theory [MP94], splitting the class of irreducible
supercuspidal representations into two categories: those of depth zero and those of
positive depth. The levels of classification for irreducible representations of G is
summarized in Figure 1.1. Moy and Prasad also described an exhaustive construction
for irreducible depth-zero supercuspidal representations [MP96|.
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Depth 0

[

Supercuspidal

/ \

Irreducible Depth > 0
\

Subrepresentation of the parabolic induction
of a supercuspidal representation

Figure 1.1: Classification of irreducible representations of G.

A construction for irreducible positive-depth supercusidal representations of
arbitrary tamely ramified reductive groups came a few years later with what is now
referred to as the J.K. Yu Construction [YuOl]. The J.K. Yu Construction builds
on the work done by Adler [Adl98|, and uses what is referred to as a G-datum. A
G-datum ¥ can be represented in particular by a 4-tuple ¥ = (@,y,p, (E), where
G = (GO,...,GY) is a tamely ramified twisted Levi sequence, p is an irreducible
representation of G([)y] that induces irreducibly to a depth-zero supercuspidal

representation of G° and gz; = (¢%...,¢% is a sequence of quasicharacters that
satisfy a specific genericity condition. Given that a (G-datum contains the information
of a depth-zero supercuspidal representation, the Moy-Prasad Construction can be
viewed as a special case of the J.K. Yu Construction. It was shown that, under
the hypothesis that p does not divide the order of the Weyl group of G, the
J.K. Yu Construction is exhaustive |[Kim07, Finl8|, meaning that every irreducible
supercuspidal representation of GG arises from a G-datum.

Given a G-datum ¥, we let 7g(V) denote the corresponding irreducible
supercuspidal representation obtained via the J.K. Yu Construction. It is possible for
different G-data to produce the same irreducible supercuspidal representation. This
leads to the notion of equivalence of G-data, placing the G-data ¥ and ¥ in the
same class whenever 7o (V) ~ 7g(V). Hakim and Murnaghan gave a very precise
description of these equivalence classes of G-data in [HMO08|. As a consequence, the
irreducible supercuspidal representations are uniquely determined by the equivalence
classes of their corresponding GG-data.

Now, one of the fundamental questions of representation theory is to study how
a completely reducible representation decomposes into irreducible subrepresentations
(or components), and to what multiplicity these components appear. In particular,
in this thesis, we will be studying the restriction of an irreducible supercuspidal
representation 7g(V) to H, where H = H(F) with H being a closed connected
subgroup of G that contains the derived group Ggqo, = [G,G]. The goals are to
describe explicitly the components of 7¢(V)|y and to determine a formula for their
multiplicity. We will also be able to determine the conditions under which such a
restriction is multiplicity free, or equivalently, decomposes with multiplicity one. This
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is a well-posed question since 7 (¥)|y is completely reducible, as per the following
theorem.

Theorem 1 ([Tad92, Lemma 2.1]). Let G be a reductive group defined over a locally
compact non-archimedean field F', let H be a reductive F-subgroup of G that contains
Gaers G = G(F) and H = H(F). Let m be a smooth irreducible representation of G.
Then 7|y is a finite direct sum of irreducible representations of H.

The reason for studying such a restriction is motivated by the following conjecture
from Adler and Prasad.

Conjecture 2 (J[AP06, Conjecture 2.6]). Let H be a quasi-split reductive algebraic
group (not necessarily connected) over a local field F. Let G be a reductive algebraic
group (not necessarily connected) containing H such that the derived groups of H and
G are the same, and such that G/H is connected. Then multiplicity one holds for
restriction of irreducible admissible representations of G(F') to H(F).

Adler and Prasad have successfully proven this conjecture for various
pairs (G,H), such as (GL(n),SL(n)) [AP06, Theorem 1.3], (GO(n),0O(n)) and
(GSp(2n),Sp(2n)) |[AP06, Theorem 1.4], as well as (GU(n),U(n)) [AP19, Theorem
9]. The conjecture was also shown for the pair (GSO(n),SO(n)) [GT19]. Adler and
Prasad actually discovered their conjecture to be false by finding a counterexample
of a depth-zero supercuspidal representation of GU(n) whose restriction to SU(n)
restricts with multiplicity two [AP19, Theorem 10|. They discuss in [AP19, Remark
11] that the failure of the multiplicity one result is likely due to the fact that the
components of the restriction are not regular in the sense of [Kall9).

Note that Adler and Prasad’s condition that G and H have the same derived
subgroup is equivalent to our condition that H contains Gge,. The hypotheses
of the conjecture require H to be quasi-split over F', but G and H need not be
connected. In our setting, H does not need to be quasi-split over F', but both G and
H will be connected. Furthermore, we will be restricting our attention to irreducible
supercuspidal representations, which are a subclass of the irreducible admissible
representations. This is because we have lots of information on how the irreducible
supercuspidal representations are constructed.

Now, given a G-datum W, the components of mg(¥)|y are irreducible
supercuspidal representations of H, which means they can be obtained via the J.K. Yu
Construction using some H-data, under the exhaustion hypothesis. This means that
in order to understand the restriction of 74 (V), we must understand the data. More
specifically, one can ask how the H-data associated to the components of mg(V)|y
are related to the initial G-datum W.

In [Nev15|, Nevins described the relationship between the H-data and ¥ in the
very specific case where H = Gg4o, and V is a toral datum of length one. We will be
generalizing her results significantly in this thesis. Indeed, one of the first main results
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that we present (Theorem 3.3.1) is showing that there is a very natural restriction
process that we can apply to ¥ in order to construct a family of H-data, Res(WV).
Indeed, it suffices to restrict each element of the datum to its analog in H.

Conversely, this thesis also studies the novel question of extending an H-datum to
G-data. Given a normalized H-datum Wy, we show that there is a natural induction
process that allows us to construct a family of G-data, Ext(¥y), whose restrictions
contain Uy (Theorem 3.5.5). Furthermore, every H-datum is H-equivalent to an
H-datum that can be extended (Corollary 3.5.6).

The next follow-up question to this restriction process of data is whether the
data from Res(¥) construct the various components that appear in the restriction
of mg(¥) to H. This feels like a very natural connection to make, yet in order to
answer this question, one must really dive into all the details and technicalities of
the J.K. Yu Construction. This turns out to be a highly non-trivial task. One of our
main contributions, which is stated in Theorem 4.4.1 can be summarized as follows:

Theorem 3 (Theorem 4.4.1). Let ¥ be a G-datum and wg (V) be its corresponding
wrreducible supercuspidal representation. Let C' be a set of representatives of the
double cosets of H\G/K, where K is the subgroup associated with W as per the
J.K. Yu Construction. Then, the supercuspidal representations constructed from
{*Res(V) : t € C} exhaust all the components of 7g(V)|y.

Frobenius Reciprocity allows us to obtain an analogous result with respect to the
extension of H-data (Theorem 4.5.1):

Theorem 4 (Theorem 4.5.1). Let Wy be an H-datum and mg(Vy) be its
corresponding irreducible supercuspidal representation. Let C' be a set of
representatives of the double cosets of H\G/K, where K is the subgroup associated
with U as per the J.K. Yu Construction. Then, the supercuspidal representations
constructed from { Ext(Ug) : t € C} exhaust all the irreducible supercuspidal
subrepresentations of c-Ind$ 7wy (Wy).

Because we are able to obtain such a precise description of 7o (V)|y, we can
then ask questions about the multiplicity of the various components. Another major
contribution of this thesis is showing that the multiplicity in 7g(¥)|y is solely
determined by the multiplicity in the depth-zero part, p, of the datum W¥. More
specifically, the multiplicity in 7g(V)|y is determined by the multiplicity in p| HO
where H° = G® n H (Theorem 5.1.1). In particular, 7¢(¥)|g is multiplicity free if
and only if p| HY, is multiplicity free. Furthermore, we establish that every component

of 7¢(V)|y has the same multiplicity and that this multiplicity can be expressed in
terms of the dimensions of p and one of the components of p| HY, (Corollary 5.2.11).
Y

Even though we are able to write a formula for the multiplicity, it can still be
difficult to compute in practice. We consider the special case where the representation
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p induces to a depth-zero supercuspidal representation which is regular in the sense
of [Kall19] to provide an example for when we can determine the components of p| HO, -
Y

When p induces to a regular depth-zero supercuspidal representation, it can be
parametrized by a pair (S,0), where S is an elliptic mazimally unramified F-torus
and 0 is a regular depth-zero character of S = S(F'). This means that we have a
very specific description for p which allows us to study the restriction p| HY, in great
detail. We can then obtain the conditions for a multiplicity free restriction. Our
multiplicity free result for p| HY, is stated in Corollary 6.4.10 and confirms Adler and
Prasad’s observations that some notion of regularity is useful. We obtain as a corollary
(Corollary 6.4.11) a multiplicity free result for the restriction of a regular depth-zero
supercuspidal representation, which is also shown by Adler and Mishra in a recent
pre-print [AM19, Theorem 5.3]. The approach we provide here is more explicit in the
sense that we describe more precisely the components in the restriction.

The thesis will be divided as follows. In Chapter 2, we provide the
necessary structure theory of p-adic groups required for constructing supercuspidal
representations, and we also discuss some basic representation theory results. While
most of this chapter serves as a literature review, we show lots of new relations
between the toral, parabolic, Levi and Moy-Prasad filtration subgroups of G and those
of H (Sections 2.1.2 and 2.2.2.3).

In Chapter 3, we discuss everything related to data. It is in this chapter
that we describe our natural restriction process that allows us to construct H-data
from a G-datum (Theorem 3.3.1), and our natural induction process that allows
us to construct G-data from an H-datum (Theorem 3.5.5). We also prove that
these restriction and induction processes that we apply on data are consistent with
Hakim and Murnaghan’s notion of equivalence. That is, equivalent G-data can
restrict to equivalent H-data and equivalent H-data can extend to equivalent G-data
(Propositions 3.4.3 and 3.6.3).

Chapter 4 is where we dive into the J.K. Yu Construction and study the
restriction 7o (W)|g in great detail. In the process of proving Theorem 3 above, we
show that restriction commutes with the various steps of the J.K. Yu Construction
(Theorem 4.2.7 and Proposition 4.3.4). As such, this thesis confirms that while
this construction is seemingly complicated, it still behaves nicely. One can then
use Frobenius Reciprocity to obtain Theorem 4.

It is in Chapter 5 that we tackle the multiplicity in the restriction 7g(¥)|y. We
start by showing that the multiplicity is entirely determined by the restriction of p
to ny]. Then, we apply results from Clifford theory on p| HY, to obtain a precise

description of p|go as well as a formula for the multiplicity of each component.
Y

In Chapter 6, we change our focus to the regular depth-zero supercuspidal
representations.  The construction of such representations is closely related
to the theory of finite groups of Lie type and Deligne-Lusztig cuspidal
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representations. Indeed, the pair (S,60) that parametrizes the regular depth-zero
supercuspidal representation (or equivalently p) determines a Deligne-Lusztig cuspidal
representation that is necessary in its construction. The Deligne-Lusztig cuspidal
representations have a very precise character formula. We have not found any
references in the literature that explicitly compute the restriction of these character
formulas. As such, we conduct the calculations in this thesis and show that the
restriction of a Deligne-Lusztig cuspidal representation is again a Deligne-Lusztig
cuspidal representation under some notion of general position (Theorem 6.2.8). This
restriction formula is one of the tools that we use, along with Kaletha’s method for
constructing regular depth-zero supercuspidal representations, to obtain our condition
for a multiplicity free restriction (Corollary 6.4.10) that aligns with Adler and Prasad’s
discussion.

Finally, in Chapter 7, we discuss the impact and consequences of our work.
It is clear that we bring contributions to the theory of irreducible supercuspidal
representations. Not only do our results apply to the J.K. Yu Construction, but they
can also apply to other types of constructions that use different data, such as Kaletha’s
construction for regular depth-zero supercuspidal representations (Section 7.2.2) and
Hakim’s construction for supercuspidal representations (Section 7.2.3). Furthermore,
we show how our results on the restriction of data can be transferred to define
a restriction of types. The theory of types is useful when studying irreducible
representations which are not supercuspidal. In particular, the restriction of types
that we define (Theorem 7.3.5) allows us to obtain information on the restriction of
an arbitrary irreducible representation of GG. As such, the implications of our work
go beyond just the irreducible supercuspidal representations.

In conclusion, while the main motivation for this thesis was to obtain a
multiplicity formula for the restriction of irreducible supercuspidal representations,
we have developed many pertinent results in the process, thus contributing to the
representation theory of both p-adic groups and finite groups of Lie type. Even
though the J.K. Yu Construction has been described in many works, we hope that
this thesis can further demystify it and serve as a reference for the newcomers into
the research area of representation theory of p-adic groups.



Chapter 2

Structure Theory of p-adic Groups

A p-adic group G is the F-points of a (connected) reductive algebraic group G with
I a p-adic field F. The structure theory of these groups plays an important role in
their representation theory. In particular, one can associate a Bruhat-Tits building
to the group G = G(F') which allows to keep track of all its important compact open
subgroups, namely the Moy-Prasad filtration subgroups, which are necessary in the
construction of supercuspidal representations.

In this chapter, we will start by reviewing the important concepts related to
the description of (connected) reductive groups in Section 2.1. Section 2.2 will build
up to defining the Bruhat-Tits building of G, as well as the Moy-Prasad filtration
subgroups. Those two notions come from what is called an affine apartment of G,
which is what will be presented first in the section. Given a (connected) reductive
F-subgroup H of G which contains Gge,, the main goal of this thesis is to understand
the restriction to H of supercuspidal representations of G. As such, we also need to
understand the structure theory of H and how it relates to that of G. We will be
making the connections that exist between G and H while we progress through the
first two sections of this chapter.

The last two sections will be dedicated to the representation theory of p-adic
groups. In Section 2.3, we recall some important results from representation theory
and define supercuspidal and cuspidal representations, as well as explain why these
types of representations are of particular interest. We will see that the supercuspidal
representations are divided into two categories based on the notion of depth. The
last section of this chapter provides a summary of the construction for supercuspidal
representations of depth zero and touches on the J.K. Yu Construction very briefly.
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2.1 Reductive Groups

2.1.1 Tori, Root Subgroups, Levi and Parabolic Subgroups

Let K be an algebraically closed field and let G be a reductive (algebraic) group.
Following Humphreys’ definition, a reductive group will mean a K-variety endowed
with the structure of a group which has trivial unipotent radical and is connected
[Hum?75]. We write K* for G,, = G,,,(K) and K for G, = G,(K). When working
with reductive groups, there is a very nice presentation in terms of generators, which is
analogous to the Lie algebra root space decomposition of Lie(G) = g. This description
relies on special types of subgroups of G, which we introduce below.

Definition 2.1.1. A torus T of G is a subgroup which is isomorphic to (K*)™ for
some n > 0.

A morphism (of algebraic groups) T — K* is called a (algebraic) character of T
and the group of (algebraic) characters of T is denoted by X*(T).

Remark 2.1.2. By convention, the character group X*(T) will be expressed in
additive notation. That is, given o, f € X*(T), a +  and —« are the maps defined
by (a+ B)(t) = a(t)B(t) and —a(t) = a(t™'), respectively, for all ¢ € T.

Definition 2.1.3. Let g= Lie(G). The root system ®(G, T) associated to T is the set
(G, T) = {are X*(T)\{0} : g, # {0}},
where
g, ={Xeg:Ad(t)X = a(t)X for allt e T}.

When the context is obvious, we shall simply write ® to denote ®(G, T). Because
G is reductive, we have that ® is a crystallographic root system over the vector space
X*(T) ®z R. The inner product (-,-) on this vector space is induced by the Killing
form of the Lie algebra Lie(T) = t and is such that 2((;’65)) € Z for all a, f € ®(G,T).
This root system gives us a decomposition of the Lie aigebra g,

g=t® Py,

acd

where the subalgebras g, are one-dimensional for all & € ® [Hum?75, Corollary
26.2B]. When the characteristic of K is zero, this is precisely the classical Cartan
decomposition of the Lie algebra g [Hum?75, Section 16.4]. The following theorem
provides us with an analogous description for the group G when it is reductive and
T is maximal, meaning that it is not contained in a larger torus of G.

Theorem 2.1.4 ([Hum?75, Theorem 26.3|). Let G be a reductive group over the
algebraically closed field K, let T be a mazimal torus with associated root system
® and let a € P.
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a) There exists a unique T-stable subgroup U, having Lie algebra g, .

b) There exists an isomorphism €, : K — U, such that for allt € T,z € K,
teo(2)t7! = eqla(t)z).

c) The group G is generated by T and the groups Uy, « € ®, that is
G =(T,U, : a e d).

Remark 2.1.5. The subgroups U,, o € ®, are referred to as the root subgroups of
G (associated to T). By part b) of the previous theorem, we have that the root
subgroups are normalized by T. It follows that every element x € G can be expressed
in the form z = tu, where t € T and u € (U, : a € ®).

Before proceeding to some examples, we recall some additional facts about
reductive groups which will be useful.

Proposition 2.1.6. Let G be a reductive group, T a mazimal torus and ® = (G, T).
Let Z(G) and Gger denote the center and the derived subgroup of G, respectively.

a) Let Z(G)° denote the identity component of Z(G). The intersection
Z(G)° N Gyer is finite and G = Z(G)°Gger [Bor91, Proposition 14.2]. We refer
to this decomposition as the central isogeny of G with Gge,.

b) The center Z(G) is in T. In particular, Z(G) = mq)(ker «)® [Hum?75, Corollary

[e7S]
26.2B)|.

Corollary 2.1.7. Let T be a mazimal torus of G. Then T = Z(G)°(T N Gyer)-

Proof:  The groups Z(G)° and (T n Gqe,) are both subgroups of T, and therefore
Z(G)°(T n Gqer) = T. For the converse, take ¢t € T. By the central isogeny of
G with Gger, we have that ¢t = zg for some z € Z(G)°, g € Gqer. It follows that
g = 2"t e T N Gge. Hence, the result follows. |

Let us now look at some examples on how to calculate the root systems associated
to maximal tori of G and determining the corresponding root subgroups.

Example 2.1.8. Consider the reductive group G = SLy(K) of 2 x 2 matrices with
determinant 1. Then g = sly(K) is the set of 2 x 2 matrices of trace 0. The subgroup

g a01] fa € KX}, is a maximal torus of G, and the

a 0 a O 1
X1idg g1 @X2i g 1] ¢

of diagonal matrices, T = {l

maps
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are the most natural characters one can think of in X*(T). The Lie algebra of T is

given by t = { [?); _Ox] re K } We evaluate the adjoint action of T on an element

s AN 2] 7

Using additive notation, as per Remark 2.1.2, one then sees that ® = {«, —a},

Whereale—xg,ga:{[g g] :yeK} andg_a:{lg 8] :zeK}.

Note that this provides us with a root space decomposition for sly(K),

of g

5[2(K> = t@ga @g_a-

One can then deduce that the root subgroups are given by

R P S| (P}

Example 2.1.9. When considering G = SL3(K) and its diagonal subgroup as the
maximal torus T, we obtain ® = {ta,+5,+(a + )}, where & = x; — x2 and
B = x2 — x3. The root subgroups are given by

1« 0 100 10 =
Us=|0 1 0|, Us=[01 «|,Uss=|0 1 0],
00 1 00 1 001
100 100 100
U= |+ 1 0|, Us={010]|,Uaps=|010],
00 1 0« 1 £ 01

where the symbol = indicates that any element of K can be chosen.

This root system is of type Az and is represented geometrically by Figure 2.1.
i

Every (abstract) root system has what we call a simple system [Hum90, Theorem
1.3|, that is a set A < ® which is a basis for spang ® and such that every root in
® is an integer linear combination of A with coefficients all of the same sign. In the
root system of type As discussed above, A = {a,}. We can also define the set of
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B8 a+f

—a-8 -4

Figure 2.1: Root system of type As.

positive roots ®* to be the roots for which the coefficients in the linear combination
are all positive. For a reductive group G, certain subgroups can be created from A
and ®*, and play an important role in the representation theory.

Definition 2.1.10. Let G be a reductive group defined over an algebraically closed
field K, and T a mazimal torus with associated root system ®. Let A be a simple
system in ®. For 6 < A, we let 5 denote the sub-root system generated by 6, that is
the set of integer linear combinations of & which are roots. The standard Levi subgroup
associated to 9 is

M5 = <T,Ua Qe (I)(;>

The standard parabolic subgroup associated to d is
Ps = (T,U, : a € P5 L OT).

Set Ny = (U, : @ € &\ ®;s). This is a unipotent subgroup and is normal in Ps.
The parabolic subgroup Ps can be expressed as a semidirect product Ps = M5 x Nj.
This is called the Levi decomposition of Ps. When 6 = ¢, the obtained standard
parabolic subgroup Pg is called a Borel subgroup, and the corresponding Levi
subgroup Mgy is simply the maximal torus T.

Example 2.1.11. Recall the group structure of G = SL3(K) with respect to the
diagonal maximal torus T. The simple system consists of two elements, A = {«, 3},
and the set of positive roots is @+ = {«, 5, + 8}. It follows that G has three proper
standard parabolic subgroups with respect to T: they are
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Py =(T,U,:ved" v {£8})= {0 * =
0 % =

The symbol = indicates that any element of K can be chosen, as long as the resulting
matrix lies in SL3(K). i

Remark 2.1.12. This definition of standard Levi and standard parabolic subgroups
depends on the maximal torus that was chosen. Since all maximal tori of G
are conjugate [Hum?75, Corollary 21.3A], we can produce other Levi and parabolic
subgroups by conjugating the standard subgroups described above.

A Levi subgroup M < G is itself a reductive group [Hum75, Section 30.2|. In
the following lemmas, we ensure that our definition of M stated above is robust in
the sense that it coincides with its description in terms of a maximal torus of M and
corresponding root subgroups.

Lemma 2.1.13. Let M be a Levi subgroup of G. Then, maximal tori of M are also
maximal tori of G.

Proof:  Assume without loss of generality that M is a standard Levi subgroup
relative to a maximal torus T. This ensures that T is a maximal torus of M. Indeed,
if T was not a maximal torus of M, then we could find a bigger torus T’ such that
T < T ¢ M < G, which is a contradiction with the maximality of T in G. Now,
given a maximal torus S of M, S will be conjugate to T by an element of M < G.
Hence, S is a maximal torus of G. |

Lemma 2.1.14. Let M be a Levi subgroup of G, T be a mazimal torus of M,
Oy = (M, T) and m = Lie(M). Then ®y is a sub-root system of ®(G,T) and
my = g, for all a € Oy

Proof:  From Lemma 2.1.13, we know that T is a maximal torus of G. Given
Q€ ®M7
m, ={Xem:Ad(t)X = a(t)X for all t e T} # {0}.

Sincem < g, m, < {X e g: Ad(t)X = a(t)X forallt € T} = g,. It follows that
g, # {0}, so a € ®. Furthermore, since m, and g, are both one-dimensional, we
must have m, = g,. i
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Corollary 2.1.15. Let M be a Levi subgroup of G and T be a maximal torus of M.
Then the root subgroups of M with respect to T are also root subgroups of G with
respect to T.

With this last corollary, we are now convinced that Definition 2.1.10 for a
standard Levi subgroup coincides with its description in terms of generators with
respect to a maximal torus.

2.1.2 Structure of Subgroups that Contain Gge,

Let Gger denote the derived subgroup of G, that is the subgroup which is generated
by the commutators of G. This subgroup Gge, which is also denoted [G,G], is
a semisimple reductive group. As such, it has its tori, root subgroups, Levi and
parabolic subgroups.

Proposition 2.1.16 ([Hum?75, Exercise 26.10]). Let G be a reductive group, T a
mazximal torus and ® = ®(G,T). Then Gger = (U, : v € D).

Proof: Let a € ®. We start by showing that U, < Gg., that is every u € U,
can be written as a commutator. By part b) of Theorem 2.1.4, we have that
tea ()t e ()7 = eq(aft)x)eq(—x) for all t € T,z € K. Since €, is a morphism,
this is equal to €, ((a(t) — 1)z). Thus, to show that u € G, it suffices to show that
u = €,((a(t) — 1)z) for some t € T,z € K. We know that u = ¢,(y) for some y € K.
Take t € T, t ¢ ker a. Note that we can find such an element as roots are nontrivial
characters by definition. Then «a(t) — 1 # 0, and therefore a(t) — 1 € K*. Letting
r = y(a(t)— 1)1, it follows that u = e,((a(t) — 1)z). Hence u € Gqer, and U, < Gger
for all & € ®. Therefore (U, : a € D) < Gy

For the converse, let x € Gge,. Without loss of generality, assume that
x = aba~'b~! for some a,b € G. By Remark 2.1.5, we have that ¢ = tu and b = sv
for some u,v € (U, : a € ®), t,s € T. Then x = tu(sv)(tu) ' (sv)~'. Using the
fact that root subgroups are normalized by T, we can write x = tst~'s~ % for some
u e (U, : a € ®). Since T is isomorphic to copies of K*, it is abelian, and so
tst™1s~! = 1 meaning that z € (U, : a € ®). i

Remark 2.1.17. The previous proposition, along with Remark 2.1.5, allows us to
write G = TGqe,. This is different from the central isogeny G = Z(G)°Gye, since T is
a larger subgroup that does not necessarily have finite intersection with Gge,. In some
cases, it will be more convenient to use the central isogeny of G with G4, whereas
for others, the decomposition of G as TGy, will suffice.

Let H be a closed connected subgroup of G that contains Gge,. It follows that H
is a reductive group. It will be in our interest to understand the relationships between
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the tori, Levi subgroups and parabolic subgroups of H and those of G. The remaining
results of this section will establish how the subgroups of H are related to those of
G. Note that Ggqe, < H implies that H is a normal subgroup of G. Indeed, for all
ge G,heH, ghg *h™' € Gqer = H and therefore ghg~' € H for all g € G, h € H.

Proposition 2.1.18. Let H be a closed subgroup of G and T a (not necessarily
mazximal) torus of G. Then (T nH)° is a torus of H.

Proof: Since T is a torus, T ~ (K*)" ~ D(n,K) for some n, where
D(n,K) < GL(n,K) denotes the subgroup of n x n diagonal matrices with
entries in K and nonzero determinant. By [Hum75, Theorem 16.2|, a closed and
connected subgroup of D(n, K) is a torus. Since T n H is closed in T, it follows
that T n H is isomorphic to a closed subgroup of D(n, K). By [Hum75, Proposition
7.3, (T n H)° is closed in T n H, and therefore (T n H)® is a closed and connected
subgroup of D(n, K). |

Proposition 2.1.19. Let H be a closed normal subgroup of G, T a mazximal torus of
G. Then (T nH)° is a mazimal torus of H. Furthermore, every mazimal torus of H
is of the form (T nH)° for some maximal torus T of G.

Proof: Let S be a maximal torus of H. Then S is contained in some maximal
torus of G. It follows that S = ¢gTg~! for some g € G, as all maximal tori are
conjugate. So, S © gTg~ N H. Since S is connected, we have S < (¢Tg~ n H)°. By
Proposition 2.1.18, (gTg~! nH)® is a torus of H. It follows from maximality of S that
S = (¢gTg ' nH)°. Normality of H also implies that (T~H)® is a maximal torus of H. il

Remark 2.1.20. Let H and T be as in the previous proposition. If we add the
hypothesis that H is connected, then T n H will be a maximal torus of H. This is
because Cg(T) n H will be connected [Conl4, Example 2.2.6], where C(T) denotes
the centralizer of T in G. Since T is a maximal torus, we have that Cg(T) = T
[Hum75, Corollary 26.2A], and therefore T n H is connected.

Remark 2.1.21. As Gy is connected [Hum?75, Corollary 7.5] and closed [Hum?75,
Proposition 17.2B|, we can set H = Gge, in the previous remark as well as all the
subsequent results in this section.

Corollary 2.1.22. Let H be a closed connected subgroup of G containing Gqe,. Let
S be a mazximal torus of H. Then there exists a unique mazximal torus T of G such
that S = T n H.
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Proof: By the previous proposition and remark, S = T n H, with T a
maximal torus in G. It remains to show uniqueness. Assume S = T n H and
S = T n H, where T and T are maximal tori of G. Then T = 9T for some g € G
since maximal tori of G are conjugate. The normality of H in G implies that
S=TnH=9TnH=9TnH) =9S. It follows that g normalizes S. We show that
g must also normalize T. Indeed, take ¢t € T. By Corollary 2.1.7, t = zs for some
2€ Z(G)° and s € T N Gger = S. Then gtg™! = gzsg™! = 2(9sg™') € Z(G)°S < T.
We conclude that g normalizes T and T = T. |

Proposition 2.1.23. Let T be a mazximal torus of G, H a closed connected subgroup
of G containing Ggey and Ty = T N H a maximal torus of H. Then the intersection
of H with the normalizer of T in G, Ng(T), is equal to the normalizer of Ty in H,
Nu(Tg).

Proof:  The proof of Corollary 2.1.22 along with the normality of H shows that
Ng(Tw) = Ng(T). By intersecting both sides of the equality with H, we obtain that
Ng(T) n H = Ny(Ty) as stated.

i

Proposition 2.1.24. Let T be a mazimal torus of G, H a closed connected subgroup
of G containing Gger and Ty = T N H. Then Ng(T)/T ~ Nyg(Ty)/Ty.

Proof: By the previous proposition, Ng(Ty) < Ng(T), so we can consider the
morphism

hTy — hT.

One can verify easily that this map is well-defined. The kernel of this map is
kerf = {h € NH(TH) :hT = T} = {h € NH(TH) N T}

Since Nyg(Ty) = Ng(T) n H, we conclude that the map is injective.

Now, given g € Ng(T), the central isogeny of G with Gg, allows us to write
g = zh for some z € Z(G)° < T,h € Gger < H (Proposition 2.1.6). It follows that
gT = AT, where h = z7'g € Ng(T) n H = Ng(Tg) (Proposition 2.1.23). Therefore,
we conclude that the map is surjective. |
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Remark 2.1.25. The groups W = Ng(T)/T and Wy = Ng(Ty)/Ty are called the
Weyl groups of G and H, respectively. Therefore, by the previous proposition, G and
H have the same Weyl group.

We let H remain a closed connected subgroup of G that contains Gge. In
Proposition 2.1.16, we provided a description of Gge, in terms of the root subgroups
of G with respect to the maximal torus T. Now, we know that T n H is a maximal
torus of H, which means it admits a root system and corresponding root subgroups.
In what follows, we work to verify that the root subgroups U,,a € ®(G,T) are also
root subgroups of H with respect to the maximal torus T n H. This will allow us to
intersect Levi subgroups and parabolic subgroups of G with H in a very natural way.

Lemma 2.1.26. Let G be a reductive group, T a maximal torus and & = (G, T).
Let H be a closed connected subgroup of G containing Gaer. Let Ty = T n H and
Oy = O(H, Ty). Then for all a € @, alr, € Py and |P| = |Pg].

Proof: Let a € ®. First note that Lie(Gger) = [g,9] < Lie(H) = b. Since
U, © Gqer (Proposition 2.1.16), it follows that g, < . Therefore,

g, ={Xebh:Ad(t)X = a(t)X for all t € T}.
Since Ty < T,

g,c{Xebh: Adt)X =a(t)X forallt e Ty} =h

Oél']rH *

This forces by, # {0} and therefore alr, € Pg.

Next, assume that a|p, = S|r, for a, € . We show that this implies v = f.
Indeed, recall that Corollary 2.1.7 allows us to write every ¢t € T in the form ¢ = zs for

some z € Z(G)°, s € T N Gger © Ty. In particular, z € m@(ker a)° (Proposition 2.1.6).
e

Therefore, (o — 5)(t) = (a— B)(zs) = (a— B)(s) = 0. Hence, o =  and we conclude
that |®| = |Dy]. i

Lemma 2.1.27. A Lie algebra decomposition of § is given by

b=tz ® P9,

acd
where ty = Lie(Ty).

Proof:  As discussed in Section 2.1.1,

b=tz ® @b@hﬁm‘

acd
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By the previous lemma, we have that g, < baITH7 which implies equality as both
subalgebras are one-dimensional. The conclusion follows. i

Corollary 2.1.28. Let G, T, H and Ty be as in Lemma 2.1.26. The root subgroups
Uy, € ®(G, T) of G are precisely the root subgroups of H with respect to the mazximal
torus Ty of H.

Remark 2.1.29. The previous corollary allows us to write H = (Ty, U, : « € ®) to
be the presentation of H in terms of root subgroups of H. By Proposition 2.1.16, we
then have [H, H] = (U, : @ € ®) = Gqer, where [H, H] is the derived subgroup of H.

The previous corollary also allows us to define standard Levi and parabolic
subgroups of H by replacing T with Ty in Definition 2.1.10. Furthermore, we can
establish a clear relationship between the Levi and parabolic subgroups of G with the
Levi and parabolic subgroups of H via the following proposition.

Proposition 2.1.30. Let G be a reductive group and H be a closed connected subgroup
of G containing Gaer. Then given a Levi subgroup M of G, M nH is a Levi subgroup
of H. Furthermore, every Levi subgroup of H is of the form M n H for some unique
Levi subgroup M of G.

Proof: Let T be a maximal torus of G with associated root system ®. Without
loss of generality, we may assume that M is a standard Levi subgroup. It follows that
for some 6 < A, we have

M = (T, U, : v € ).

We show that
MnH = (Ty, U, : v e D),

implying that the intersection is a standard Levi subgroup of H. Clearly, we have
(Ty, U, : ye ®5) € MnH. Conversely, assume x € MnH. By Remark 2.1.5, we may
write x = tu for some t € T, u € (U, : v € ®5). By Proposition 2.1.16, u € Gger < H,
which implies that t = zu~! € T n H = Ty. The conclusion follows

That all Levi subgroup of H arise uniquely in this way follows from
Corollary 2.1.22 and Corollary 2.1.28. |

Remark 2.1.31. The previous proposition remains true if we replace the word "Levi"
by "parabolic", and the proof is essentially the same.

We end this section by proving some results regarding centralizers, which will be
useful in Section 6.1.3.



2. STRUCTURE THEORY OF P-ADIC GROUPS 18

Lemma 2.1.32. Let G be a reductive group, and let H be a closed connected subgroup
of G containing Gqer. Then, given a semisimple element s € H, Cg(s)° nH = Cy(s)°,
where Cg(s) denotes the centralizer of s in G.

Proof:  Since s is semisimple, it follows from [Hum75, Corollary 19.3] that s € T
for some maximal torus T of G. By [Car93, Theorem 3.5.3|, we have that

Cg(s)? =(T,U, : a € (G, T) such that a(s) = 1).
Using a similar argument to Proposition 2.1.30,
Cs(s)° "H =(Ty, U, : « € &(G,T) such that a(s) = 1),

where Ty = T n H. We then use the result of Lemma 2.1.26 to identify ®(G, T) with
¢ (H, Ty) and obtain

Cgs(s)” nH =(Ty, U, : a € (H, Ty) such that a(s) = 1)
= CH(S)O.

Remark 2.1.33. Note that groups of the form Cg(s)° for s € G semisimple
correspond to what we call pseudo-Levi subgroups of G [Som98, Proposition 2|. So
the previous lemma shows that intersecting a pseudo-Levi subgroup of G with H
produces a pseudo-Levi subgroup of H when s € H.

Lemma 2.1.34. Let G be a reductive group, and let H be a closed connected

subgroup of G containing Gaer. Let s be a semisimple element of H.  Then
Cs(s)° = Z(Cg(s)°)Cr(s)°.

Proof: It is clear that Cg(s)° 2 Z(Cg(s)?)Cr(s)°, so we show the other inclusion.
For the converse, we use the central isogeny of G with Gge. Given g € Cg(s)°,
g = zh for some z € Z(G)° and h € Gger = H. Since Z(G)° < Cg(s)° it follows
that z € Z(Cg(s)°). Furthermore, h = 27 'g € HNCg(s)° = Cr(s)° (Lemma 2.1.32). 11

Lemma 2.1.35. Let G be a reductive group, and let H be a closed connected
subgroup of G containing Gqer. Let s be a semisimple element of H.  Then

Z(Cu(s)°) = Z(Cg(s)°) n H.
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Proof:  From the definitions, we have that Z(Cg(s)°) n H < Z(Cg(s)®). For
the converse, let g € Z(Cy(s)?). Then g is an element of Cy(s)® = Cg(s)° n H
(Lemma 2.1.32) that commutes with C(s)°. By Lemma 2.1.34, we have that g must
also commute with Cg(s)°. Therefore g € Z(Cg(s)°) nH, which concludes the proof. il

Lemma 2.1.36. Let G be a reductive group, and let H be a closed connected
subgroup of G containing Gaer. Let s be a semisimple element of H.  Then

Ce(5)°/2(Ce(s)°) ~ Cu(s)°/Z(Culs)°)-

Proof: We use Lemma 2.1.34 to rewrite Cg(s)°/Z(Cgs(s)°) as
Cu(s)°Z(Cg(s)°)/Z(Cg(s)°), which is isomorphic to Cg(s)°/(Cu(s)®° n Z(Cg(s)°))
by the second isomorphism theorem. Using Lemma 2.1.32, we have that
Cu(s)® n Z(Cg(s)°) = H n Z(Cg(s)°), which in turn is equal to Z(Cg(s)°) by
Lemma 2.1.35. The result follows. i

2.1.3 Rational Points of Reductive Groups

In the previous section, we were discussing the structure of reductive groups with
K an algebraically closed field. However, in this thesis, we want to be working over
p-adic fields, which are never algebraically closed, and their residue fields which are
finite. It is possible to define reductive groups over fields which are not algebraically
closed. When G is a variety in the affine space A" = K™ for some n > 0, then for
a subfield k£ < K, taking the k-rational points consists of intersecting with k™. We
denote this intersection by G(k). Note that this intersection could be empty. When
G, along with group multiplication and inversion, are defined over k, then G is said to
be a k-group and G(k) is a nonempty subgroup of G. For matrix groups, this consists
of restricting the entries in the matrices to come from the subfield k, or by intersecting
with GL, (k). In this language, G is then defined over K, so it is convenient to identify
the algebraic group with its group of K-rational points. In particular, we write G for
G(K).

Given a k-torus T of G, that is a torus which is defined over k, it is not necessarily
true that T (k) is isomorphic to (k*)™ for some n > 0. So, when going to the k-rational
points, there is a notion of being k-split which we define below.

Definition 2.1.37. Let T be a k-torus of G.
a) The torus T is said to be be k-split if and only if T(k) ~ (k*)™ for some n > 0.

b) The torus T is said to be k-minisotropic if and only if all k-split subtori of T
are in Z(G).
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c) The torus T is said to be k-anisotropic if and only if it contains no k-split
subtori.

Remark 2.1.38. Some references prefer to use the word elliptic when referring to a
minisotropic torus.

Remark 2.1.39. When using the adjectives k-split, k-minisotropic and k-anisotropic
to describe a torus T, it will be implicit that T is a k-torus. Furthermore, we shall
refer to a maximal k-split torus as a torus which is k-split and maximal with respect
to this property. This is not to be confused with a k-split maximal torus, which
is a maximal torus that is also k-split. Similar to having the maximal tori of G
conjugate under G, we have that the maximal k-split tori of G are conjugate under
G(k) [Hum75, Theorem 34.5A].

When a reductive group is defined over k, one can talk about its k-rank. To
calculate the k-rank of G, one calculates the dimension of a maximal k-split torus
of G. Since all such tori are G(k)-conjugate, the k-rank of G, denoted by r(G), is
independent of the choice of maximal k-split torus. Note that if S is a maximal k-split
torus of G, then r(G) = r4(S).

The k-group G is said to be k-split if it has a maximal torus T that is k-split.
When the maximal torus T is k-split, the isomorphisms ¢, : K — U, can be taken to
be k-isomorphisms for all « € ® [Hum75, Section 34.4]. This means the root subgroups
U, are defined over k£ and our presentation given in Theorem 2.1.4 transfers over to
the k-rational points, that is

G(k) = (T(k), Ua(k) : a € B

When the maximal torus T with which we have chosen to construct our root
system is not k-split, the root subgroups may not be defined over k, in which case
we cannot simply think of the presentation given by Theorem 2.1.4 to describe G(k).
Let us see how we can obtain a description of G(k) in terms of generators when the
maximal torus T chosen is not k-split through an example.

Example 2.1.40. Let G = SL3(K). Let £ < K be a subfield which is not
algebraically closed and let ( € k be an element which is not a square in k. Consider

a b 0
T=<|06¢ a 0| :a,beK,a®>—b*¢C#0,c=(a®>—b*¢)"
0 0 ¢

Then T is a k-minisotropic torus. We can show that this torus is split over the field
k = k[+/C]. Indeed, commuting operators are simultaneously diagonalizable so we can
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a b 0

compute the eigenvalues of | b( a 0 , which are given by A = a 4 b\/C
0 0 (a>=0*0)7!

and X\ = (a® — v?¢)~". Let

a+ b\/C 0 0
T = 0 a—by/C 0 ca,be K
0 0 (a® — b*¢) ™1

Computing the associated eigenspaces to each of the eigenvalues above, we deduce
1 —1/2(/O)~' 0

that T = QTQ ™!, where @ = | +/C 1/2 0 [. We show that T is split over k
0 0 1

by showing that T is k-split, as conjugation is an isomorphism. One can easily verify

that

T(k) — (k*)*
a+ b\/C 0 0
0 a — by/C 0 — (a4 b\/C,a— br/C)
0 0 (a® — b2¢)!

is an isomorphism, and therefore T(k) ~ (k*)2. o
It follows from Example 2.1.9 that the root subgroups associated to T(k) are
given by

1 % 0 100 1 0 =
Uun(k)=10 1 0],Usk) 0 1 #|,Usppk)=10 1 0],
001 00 1 001
100 100 100
« 1 0|, Usp(k)=(0 1 0|, U,ps(k)=]01 0],
00 1 0 = 1 + 01

where the symbol * indicates that any element of k can be chosen. Conjugating these
root subgroups by ), we obtain the root subgroups associated to T(k):

[1 — 2/C x 0
Ua(k) = QUu(R)Q ™ = —2¢  a/(+1 0|:zeky,
0 0 1

10
Us(k) = QUg(k)Q =< |0 1 1/2z cxeky,
0 0
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1 0 =
Ua-ﬁ-ﬁ(]%) = Qﬁaw(E)Q_l = 0 1 a/C|:xeky,
00 1
[1—2(V/()! — ¢t 0
U_o(k) = QU_o(k)Q ' = T 1+ 12(+/Q)™' 0f:zeky,
0 0 1
[ 1 0 0
U_g(];‘) = Qﬁ_ﬁ(l})Q_l = 0 1 0f:ze ];‘ ,
| —2/C x 1
1 0 0
U,a,/g(/;) = QU,a,r@(%)Qil = 0 1 0| :z€ek
iz fx(yOt 1

These root subgroups are clearly not defined over £ and so we cannot take the
k-rational points. This is because we cannot have x € k and x+/C € k for x # 0.
However, after combining some of the root subgroups together, one gets a subgroup
that is defined over k and k-rational points can be taken. Indeed, one can calculate

that

CAGRN R
1 0 a
(Us(k),Unsp(k)> =410 1 b|:abeky,
001
100
(U_5(k),U_q 5k)y=<10 1 0] :a,beky,
a b 1

which are all defined over k.
On the other hand, the maximal Fk-split subtorus of T is

a 0 O
S = 0 a 0 |:aeK* ). We compute the root spaces with respect to
0 0 a?

this torus S:
gy = {g e sl3(K) : Ad(s)(g) = A\(s)g for all s € S}.

a 0 0 Ty Z
Fors=|0 a 0 |€S,g=|r s t € sl3(K),
0 0 a2 u v —r—Ss
x y a’z
Ad(s)(g)=| r s adt

a3u a v —xr—s
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Letting A = €; — €3 = €5 — €3, we then have
00 =z 0 00
g\ = 0 0 t)l:2,teK .9 = 00 O0f:uveK},
0 00 u v 0
giving us a Lie algebra decomposition sl3(K) = Lie(Cg(S)) ® g, @ g_, with

Cs(S) defined over k [Hum75, Theorem 34.4|. The root subgroups are
1 0 =z 1 00

then U, = 01 t|:2,teK U, = 01 0|:u,veKk and
0 01 u v 1

G = {(Cg(S),Uy,U_)). Notice that Uy = (Us, Uysp), and Bls = (a + B)ls.
Similarly, U_y = (U_p,U_,_p5) and —f|s = (—a — B)|s. The roots a and —a of
T are trivial on S and do not appear in our root subgroups with respect to S, but
instead appear in Cg(S) = (T, U,,U_,). Furthermore, since Cg(S), Uy and U_, are
all defined over k, we have that G(k) = (Cg(S)(k), Ur(k), U_x(k)). i

Essentially, when we take the k-rational points of our reductive k-group G with
maximal k-torus T, we can still obtain a presentation in terms of root subgroups
corresponding to a maximal k-split subtorus S < T. The root system ®(G,S) in this
case is equivalent to restricting to S the elements of ®(G, T) which are nontrivial on
S. This root system may be nonreduced. The root subgroups with respect to S are
combinations of some of the root subgroups with respect to T, those of roots that
restrict identically to S. For a more detailed description regarding the root subgroups
associated to a maximal k-split torus, one can consult the summary provided in
[Mur05, Section 7| or [Bor91, Chapter 21].

The parabolic subgroups which are defined over k are referred to as k-parabolic
subgroups. Similarly, we have k-Levi subgroups. A detailed description of these
subgroups is provided in [Bor91, Chapter 21|. For our purposes, it will suffice to
think of the k-parabolic subgroups and k-Levi subgroups over a field for which they
split, so that we can retrieve the descriptions from Section 2.1.1. Keep in mind
however that taking the k-rational points might not preserve these descriptions, as
illustrated in the previous example.

An important thing to note is that taking k-rational points does not commute
with different types of group operations. For example, one cannot always say that the
k-rational points of a product (quotient) is the product (quotient) of the k-rational
points, which leads to the following remark.

Remark 2.1.41. If G is not k-split, [G(k), G(k)] & Gaer (k) in general. To get a sense
of why this is true, Gge (k) is like taking all the commutators of G and only keeping
those that are defined over k, which ought to be a larger group than [G(k), G(k)].
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This subtlety will be important when discussing the representation theory of p-adic
groups. This means, for example, that the restriction of characters of G(k) to Gge, (k)
need not be trivial.

Furthermore, our central isogeny of G with Gg., cannot always be applied at
the level of the k-points. However, this isogeny can be in some sense carried over to
maximal k-split tori as outlined in the following proposition.

Proposition 2.1.42. Let S be a mazimal k-split torus of G. Then
S=(SnZ(G)°)°(S N Gaer)®, where (SN Z(G)°)° is a mazimal k-split torus of
Z(G)° and (SN Gaer)® is a maximal k-split torus of Gger- Furthermore,
:(G) = 1(Z(G)°) + ri(Gaer) -

Proof:  The result is provided by [BT65, Proposition 4.27|, where we take the
isogeny of G with Gge,. i

Remark 2.1.43. If H is a closed connected k-subgroup of G that contains Gge, and S
is a maximal k-split torus of G, then (S nH)® is a maximal k-split torus of H. Indeed,
since maximal k-split tori are conjugate under G(k), we can apply the argument from
Proposition 2.1.19.

Corollary 2.1.44. Let H be a closed connected k-subgroup of G that contains Gye,.
Let S be a mazimal k-split torus of G, and let Cg(S) denote its centralizer in G. Then
Cs(S) nH = Cy((S n H)?).

Proof: It follows from the definitions that Cg(S) nH < Cy((S~H)°). Conversely,
let g € Cu((S n H)°). We must show that g commutes with every element of
S. By what precedes, S is the product of (S n Z(G)°)° and (S N Gger)°, where
(SN Z(G)°)° = Z(G) and (S N Gyer)® < (SN H)°. So, given t € S, t = zs for some
z € Z(G),s € (Sn H)°. Since g commutes with both z and s, it commutes with t.
Hence, g € C(S) n H. i

In Chapter 6, we will require the following result regarding k-ranks.

Proposition 2.1.45. Let G be a reductive k-group, T < G a mazximal k-torus. Let
H be a closed connected k-subgroup of G containing Gger, and let Ty = T n H be a
mazimal k-torus of H. Then r,(G) — ri(T) = ri(H) — 74(Tw).

Proof:  From Proposition 2.1.42, we have that ri(G) = r1(Gaer) + 7:(Z(G)°) and
rr(H) = re([H, H]) + 7 (Z(H)°). We recall that [H, H| = Gge (Remark 2.1.29). It
follows that

e(G) = rp(H) = r:(Z(G)°) — re(Z(H)°).
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It then suffices to show that 7 (T) — r(Tw) = r(Z(G)°) — re(Z(H)°).

Using the isogeny T = Z(G)°Tqer of T with Tgee = T N Gger
from Corollary 2.1.7, we obtain a result analogous to Proposition 2.1.42.
In particular, 7(T) = re(Z(G)°) 4+ ri(Taer)- Similarly, we have that

’f’k<TH) = ’/’k(Z(IHDO) + Tk(TH M [H, H])

Using again the fact that Ggo, = [H,H], we see that Tqe, = Ty n [H, H].
Therefore, we conclude that 74(T) — 7(Tw) = 7:(Z(G)°) — rp(Z(H)?), which
concludes the proof. |

2.2 p-adic Groups

From this point forward, we will mostly be working with p-adic groups, that is the
F-points of reductive groups, where F' is a p-adic field. By p-adic field, we mean any
algebraic extension of the p-adic numbers Q, or the Laurent series F,((x)) of some
finite field F, [Cas19, Section 4].

Given a p-adic field F, we denote by | - | its (normalized) norm, val(-) its
(normalized) valuation which maps into Z, O its ring of integers, and by pp the
unique maximal ideal of Op. The ring of integers OF consists of all elements with
valuation greater than or equal to zero, whereas p, consists of all elements with
strictly positive valuation. We fix a generator of pp, called the uniformizer, and
denote it by wp. The uniformizer satisfies val(wg) = 1. Finally, we let f = Op/pp
be the residue field of F', which is a finite field of prime characteristic p . Some of the
algebraic groups we will be encountering will be defined over this residue field f.

Given an algebraic field extension E of F', one can extend the valuation and
norm to F . The extended valuation on F is again denoted val(-). We also have the
inclusion Op < Op and pp < py. If eg/p denotes the ramification index of E/F
[Ogg10, Section 7.3], we have val(w,’'") = 1, or equivalently, the valuation over E
maps into ﬁZ. We say that the extension is unramified when eg/p = 1 and tamely

ramified when eg/p is prime to p. We do not expand further on the properties of
p-adic fields in this work. The reader that is not familiar with p-adic fields is invited
to consult the following references as a starting point [Oggl0, Cas19, Bak20|.

Remark 2.2.1. The topology on the field F' induces a topology on the p-adic group
G = G(F). In particular, because every open subgroup of F' is closed, every open
subgroup of G is also closed. This is not the same as the Zariski topology which is
applied on G, but rather a finer topology, meaning that G has more open and closed
sets than G.

It is now known that the representation theory of p-adic groups relies on some
geometric objects, called the apartment and the building, that were described by
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Bruhat and Tits [BT72,BT84|. Those objects allow us to keep track of an important
family of open and compact subgroups of G, known as the Moy-Prasad filtration
subgroups [MP94, MP96]. Those subgroups play a vital role in the construction of the
supercuspidal representations. The supercuspidal representations will be introduced
in Section 2.3.2. In this section, we start by defining the apartment of a p-adic
group, to then proceed to the Moy-Prasad filtrations subgroups and the Bruhat-Tits
building. The descriptions of these objects rely heavily on the structure theory of
reductive groups that we have just explored in the previous sections.

2.2.1 The Affine Apartment

Let G be a reductive group which is defined over the p-adic field F. Let G = G(F),
which is a p-adic group. The purpose of this section is to provide the reader with a
general intuition of what the apartment is. For that reason, we will only be providing
a high level description. The theory of apartments is provided in great detail in [BT72,
BT84]. Rabinoff provides a good introduction for the case where G is semisimple and
simply connected in [Rab03|. We recommend this last reference as a starting point
for the reader that wants to learn more about apartments beyond what is mentioned
in this work.

2.2.1.1 Coroots

Let T be a maximal torus of G. In Section 2.1.1, we defined the notion of root system
with respect to T as a particular subset of X*(T). In a dual manner, we can define
a set of coroots associated to T from the set of its (algebraic) cocharacters.

Definition 2.2.2. A morphism K* — T is called a cocharacter of T and the group
of cocharacters is denoted by X,(T).

The group of characters X*(T) and the group of cocharacters X,(T) are dual
Z-modules. Indeed, composing a character with a cocharacter yields an element of
X*(K*), and X*(K*) ~ Z [HumT75, Section 16.1]. This allows us to define a pairing
as follows:

(o XH(T) x X (T) > Z
(X, 7) — m,

when y(y(t)) = t™ for all t € K*.
With the above pairing, one can then define a set of coroots.

Definition 2.2.3. Let & = ®(G,T). For all o € ¢, we define & as the element
of X,(T) which satisfies {B,&) = 2((55)) for all B € ®, where (-,-) denotes the inner

product over the vector space X*(T)®z R which is induced by the Killing form of the
Lie algebra t.
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The cocharacter & is called a coroot and is uniquely determined by the above
characterization. The set ® = {& : a € ®} is called the set of coroots of T. This
set is also a root system and lives in the vector space X,(T) ®z R, which is dual to
X*(T) ®z R. We refer to ® as the dual root system associated to T.

Remark 2.2.4. If we identify the two dual vector spaces via their pairing, then &
coincides with ( a). Hence, one can simply think of the coroot & as being a scalar
multiple of a, makmg it easy to represent our set of coroots geometrically.

Recall that for all @ € &, a|r, € O(H,Ty) (Lemma 2.1.26). Since the
coroots are uniquely determined by the pairing, we have that & = «r,, that is

&€ X.(Tx) < X.(T).

Example 2.2.5. Let us continue our example of G = SL3(K), and compute the set
of coroots ®. Recall that & = {ta, £8, (o + [)} is a root system of type Az (see
Figure 2.1), where oo = €; — €5 and f = €3 — €3. Computing inner products, we have
that the coroot & must satisfy the following relations

<Oé,5é> = 27<67&> = —1,<04~|—B7&> =1

That is, we are looking for the cocharacter & such that a(&(t)) = t2, f(a(t)) =t 1,
and (a + B)(a(t)) =t for all t € K*. It follows that

[t 0 0]
a:t— [0 t7F 0
[0 0 1)
Similarly, we obtain that
_ (1 0 0]
B:t— [0 t 0
[0 0 t7]

The other coroots are given by a + ﬁ =3+ B, —&,—B, (oﬂ) —& — 3. Note
that we only have a + B = a+ 6 since the root system and dual root system are
both of the same type As. When the root system and its dual are of different types
(for example B,, with C,,), we do not have a + f = & + ﬁ for all o, 3 € ®. |

2.2.1.2 The Case where G is F-split

In order to define the apartment of G = G(F'), we consider the set X, (T, F'), which
consists of the cocharacters of T that are defined over the field F. In the case that G
is split over F', and T is F-split, then X, (T, F') = X.(T).



2. STRUCTURE THEORY OF P-ADIC GROUPS 28

Definition 2.2.6. The affine apartment of G = G(F) associated to T, denoted by
A(G, T, F), is the vector space X4(T, F) ®z R.

The pairing (-, ) extends linearly to A(G,T,F). Given our root system
® = &(G, T), we can define a set of affine roots

> ={a+n:aednelZl

Every ¢ = a+n € ®* is an affine function on A(G, T, F), via (p,z) = (o, z) +n for
all z € A(G, T, F)

From these affine roots, we can define corresponding affine hyperplanes over the
apartment, which produce a tiling of the vector space. For all v € ®* the associated
hyperplane H,, is defined as

H,={ze AG,T,F): {p,x) = 0}.

For each v € @, the coroot & is such that (o, &) = 2, which means we can locate
the hyperplane H, 5. From there, we can draw all other hyperplanes and tile our
space, as illustrated in Figures 2.2 and 2.3.

In general, we have that A(G, T, F) = A(Gaer; Tder, F) ® (X&(Z(G), F) ®z R).
The apartment of Gg. in this orthogonal decomposition is called the reduced
apartment of G, and we write A4(G, T, F') for A(Gger, Taer, F'). The examples we
have considered thus far are groups G for which G = Gge,. Such groups are called
perfect. As a consequence, the decomposition of the apartment in terms of the reduced
apartment described above has not yet been made apparent. Let us illustrate this
decomposition on an important example of a group that is not perfect.

Example 2.2.7. Consider the Levi subgroup M, (F') of SL3(F'). Since SL3(K) is
F-split, it follows from Definition 2.1.10 that

* *

Mo (F) = (T(F), Ua(F), U-a(F)) =

*» O O

* *
00
where the symbol * indicates that any element of F' can be chosen, as long as

the resulting matrix lies in SL3(F). The apartment of M, (F) will be the same
as for SL3(F'), since we are considering the same maximal torus, and therefore the

~ ~

® & ® @ ® g ®
Ha+3Ha+2Ha+l Ha Halea72Ha73

Figure 2.2: Tiling of the apartment A(G, T, F'), where G = SLy(F') and T is
the diagonal torus.
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Havotlory Ho HolvHas

Figure 2.3: Tiling of the apartment A(G, T, F'), where G = SL3(F’) and T is
the diagonal torus.

same group of cocharacters. However, the hyperplane structure will be different.
Indeed, we remove the roots +f,+(a + () and their corresponding hyperplanes
from Figure 2.3, which gives us the apartment for M,(F) ~ GLy(F). Setting
G(F) = Mu(F) = GLy(F),Gger(F) = SLy(F) and T is the diagonal torus of G,
the direct sum decomposition A(G,T,F) = A(Gger, Taer, F) ® X.(Z(GLy(F))) is
now apparent, as illustrated in Figure 2.4.

4

Ha+2 Hoz+1 Hq Hufl H(,ny

Figure 2.4: Tiling of the apartment A(G, T, F), where G = GLy(F) and T
is the diagonal torus.
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2.2.1.3 The Case where G is not F-split

In the case that G is not F-split, we define the apartment with respect to
a maximal F-split torus, say S. The apartment associated to S is given by
A(G,S, F) = X,(S, F) ®;, R. The hyperplane structure will be provided by the affine
hyperplanes which are associated to the root system ®(G,S).

Assume that G splits over a finite Galois extension E of F' and that S ¢ T, where
T is a maximal torus of G which is E-split. Then Gal(E/F') acts on the apartment
A(G, T, E) as follows. Given x € X,(T, E) and v € Gal(E/F), 7 - x is the element
of X,(T, E) defined by v - x(x) = v(x(7(z))) for all x € EX. We then extend this
action linearly over X, (T, £') ®z R. In the case that E is a tamely ramified extension
of F, one has A(G, T, E)%(E/F) = A(G,S,F). This is mentioned for example in
[HMOS8, Section 2.5] and is one of the reasons for which the J.K. Yu Construction
for supercuspidal representations of GG requires that G splits over a tamely ramified
extension E of F' (Section 3.1).

2.2.2 Moy-Prasad Filtrations

The reason we are interested in the apartment of G is because this geometric object
allows us to keep track of important families of open and compact subgroups of G.
Let us first describe these subgroups in the case that G is split over F.

2.2.2.1 The Case where G is F-split

Let G be a reductive F-group and T an F-split maximal torus, 7" = T(F). Set
To = T(Op), and for r > 0 let T, = T(1 + pg]) and T,+ = |J7s. This provides us

with a filtration of T'. The subgroup Tj coincides with the maxsiir:al bounded subgroup
of T'. Using the set of affine roots, we can define a family of subgroups of the root
subgroups. For all ¢ = a +n € 1 we set U, = U, (p). We refer to these groups
as affine root subgroups.

Remark 2.2.8. Note that the subgroups T and U, are actually schemes, so they
can be defined over commutative rings and not just fields.

Definition 2.2.9. [Rab03, Definition 3.1| Let G and T be as above. For every point
re A(G, T, F), we define the associated parahoric subgroup G, by

Gro = {To,U, : p € & (v 2) > 0).

We also define
G+ = T+, Uy 1 p e & (o ) > 0).

The group Gy o+ is called the pro-unipotent radical of G .
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In some cases, it can be handy to have another equivalent definition for the
parahoric subgroup G, and its pro-unipotent radical, which we provide in the next
lemma.

Lemma 2.2.10. Let x € A(G, T, F). Then

Gro = <T(OF),Ua(p;l<a’x>J) cae ®), and
Gaor = (T(1+pp), Ua(pp "Ny 0 e @),

Proof: Letae ®. GivenneZ, ¢ = a+ne ®* and U, = U, (p}). Since pJ < plk
for all m > n, we will have Uy4.,, © U, for all m > n. Hence, to obtain a more concise
description of G, and G, o+ in terms of the root subgroups U,, it suffices to find
the smallest integers n* and n** which satisfy (@ + nx,x) > 0 and (o + n**, z) > 0,
respectively.

Requiring (o + n,x) > 0 is equivalent to n > —(a,z). The smallest integer
n* to satisfy this inequality is n* = —|{a, x)|. Similarly, requiring (o + n,z) > 0
is equivalent to n > —(a,x). The smallest integer n** to satisfy this inequality is
n** =1— [{a,z)|. Finally, To+ = |JT,, = T(1 + pp). Thus, the result follows. i

r>0

Given z € A(G, T, F), the last lemma provides a simpler description of the
parahoric subgroup G, and its pro-unipotent radical by determining how each root
evaluates on z through the pairing (-, -). Let us look at an example with SLy(F').

Example 2.2.11. Let z,y,z be the three points in A(G, T, F) illustrated in the
diagram below, where G = SLo(F), and T is the diagonal torus.

~

- x z Y &

® & ® ® ® ad ®
H(}t+3 H(H-Z H{x—‘rl Ha Ha—l Ha—? Ha—B

For the point x, we have that (o, ) = 0 = (—a, ), so both the floor and ceiling
functions of these evaluate to zero. One can then show that

Or (’)F]

Gz,O = <T(OF)7U0¢<OF>’U*O‘<OF>> - [OF Or

L+tpr  bp
Gz +=(T(1 + 7IU01 7Ufa = )
o = <O+ p). Dol Ul = [ 1P P

as subgroups of SLy(F).
For the point y, (o, x) = 1 and {(—a, z) = —1, and therefore,

Or PFl]

Gy,O = <T(OF)aUa(p;“1)7U—a(pF)> = lpF OF
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_ o _ |1+pr  OF
Gy,O"’ - <T<1 + pF)JUa(OF)v[U—CX<pF)> - l p% 1+ pF:| ’

as subgroups of SLy(F).
For the point z, 0 < {«, z) < 1, which means that the floor and ceiling function
evaluate to 0 and 1, respectively. Similarly, —1 < (—a, z) < 0. Therefore,

Guo = (TR UO0), Ualpr)) = | oF OF.
Guoe = D1+ p) 0O Ualpr = [ P70 ]

as subgroups of SLy(F'). Note that all points lying between the hyperplanes H, and
H, 1 will produce the same parahoric subgroup and pro-unipotent radical. |

In general, the hyperplane structure divides the apartment into various connected
components, which are referred to as facets. The parahoric subgroup and its
pro-unipotent radical only depend on the facet containing the point, so it is common
to talk about the parahoric subgroup associated to a facet of the apartment rather
than the parahoric subgroup associated to a point of the apartment.

Once we have all our parahoric subgroups and pro-unipotent radicals, we can
proceed to defining their filtrations [MP94]. It is important to note that unlike the
parahoric subgroup, the filtration subgroups depend exactly on the point z and not
just on the facet containing z.

Definition 2.2.12. For any nonnegative real number r and x € A(G, T, F), we define

Gor =<1, U, : p e O (p a) = 71), and Gopp+ = UGW’

s>r

The subgroups {G,, : r > 0} are called the Moy-Prasad filtration subgroups of
Gup.

Remark 2.2.13. Similarly to Lemma 2.2.10, we can express the Moy-Prasad
filtration subgroups in terms of how the point in the apartment evaluates on each
root. Indeed, for any nonnegative real number r and z € A(G, T, F'), we have

Gar = (T(1 + p), Ua(ppX" ) s 0 € @)
Gt = (T(L+ pi™), Ua(pp ) s 0 e ).

The subgroups
Ua(F)ay = Uain : {a+ n,2) 2 1) = Ua(pz 7))
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and

UO‘(F)$:T+ = <Uoc+n : <Oé +n, $> > 7“> = Ua(p}?_[@,w_r])
are compact subgroups for = 0 and form a filtration of U, = U,,¢.

From the description of G, and G, ,+ provided in the previous remark, one sees
that there will be a certain interval / < R for which G, = G, for all r,;s € I.
This means that while the Moy-Prasad filtration subgroups are indexed by the real
numbers, the values of r at which they change is a discrete subset of R.

Example 2.2.14. Recall the points z,y, z in A(G, T, F') from Example 2.2.11, where
G = SLy(F) and T is the diagonal torus. By the description above,

G = (T(L+ P, Ualpy! ™), Ualpr ).
The filtration subgroups of G, are given by

Gz,r: 1+pF pF ,O<T<1,
ERE
- ) -
Gz,r: 1+2pF pFQ 71<T<27
P 1+pe
- 5 s
Gor = L +3pF Pr 51,2 <r <3 ete.
P 1+py

Our filtration subgroups for G, can then be indexed by the integers,
Gzo 2 Gy1 2 Gro 2 Gys -+ . Similarly, the filtration of G will be indexed by
integers.

Assuming that (o, z) = 1/2, we have

G = (T(1+pi), Ua(p a7, Ua (o271,
It follows that

G, —|ttPr Or | o cqp
| Pr I+ pp)
Gz,r = ! +2pF Pr 71/2 <rs<s 17
| PE I+ pp)
[1+p%  pp ]
G,, = F Fol,1<r<3/2 etc.
S R /
Our filtration subgroups for G,, can then be indexed by half integers,
G.o @ G.i2 © G.1 D G.32 D ---. Note that if z had not been chosen to

be such that {«,z) = 1/2, the intervals on which the filtration subgroups are the
same would not all be of the same length. |
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We now list some properties of the Moy-Prasad filtration subgroups. The groups
Gy, Gy are open, closed and compact for all » > 0 [Rab03, Proposition 3.4|. We
also see from the definitions that G, s < G, whenever s > r and that there exists
r" = r such that G,,» = G,,+. Furthermore, for all r,s > 0,[G,,,Gys| © Gapris
[MP94, Section 2.6]. As a consequence of this last property, we have the following
proposition.

Proposition 2.2.15. 1) Letr > 0. For every s > r, we have that G, s is a normal
subgroup of Gy. In particular, G, .+ ts a normal subgroup of G .

2) The quotient Gy, /G .+ is abelian for all r > 0.
Proof:

1) Since [Gyyp, Gos] © Gapis, hgh™lg7t € Gppis © Gpsfor all h e G,y g € G
It follows that hgh~! € Gysforall he Gy, g€ G, 5. Therefore, G, is a normal
subgroup of G ,.

2) We recall from basic group theory that given a group J, if J' is subgroup of J
that contains [J, J], then J/J' is abelian. Since [G,,, G| © Gpop © G+ for
all » > 0 the result follows.

We can define filtrations at the level of the Lie algebra g analogously. For r» > 0,
the subsets g, , and g, .+ are Op-submodules of g [MP94, Section 3.2]. Following the
notation from [YuO1l| and [HMOS|, we use colons to abbreviate quotients of filtration
subgroups. For example, for s > r, Gups = Gop/Gas and g, .. = 98,/ 8., When
r > 0, the quotient G ..+ is isomorphic to the corresponding Lie algebra quotient
0.+ We provide the details of this isomorphism in Appendix A.2. The quotient of
a parahoric subgroup G, ¢ with its pro-unipotent radical is even more interesting, as it
results in the f-points of a reductive group. We will denote this reductive group by G,
and refer to it as the reductive quotient of G at x. In other words, G, is the reductive
group such that G,(f) = G, o.0+. The following theorem provides a description of this
reductive quotient in the case that G is F-split.

Theorem 2.2.16 ([Rab03, Theorem 3.17]). Suppose x € A(G,T,F). Let
O, ={aed:{a,xyeZ}. Then G.(f) =~ (T(§),Uu(f) : a € D).

Remark 2.2.17. The root system &, can also be described as

{ae @ : there exists a +n e ®* such that (a +n,z) = 0}.
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Example 2.2.18. Let z,y, z be the points in the apartment of SLy(F") with respect
to the diagonal torus from Example 2.2.11. Then G, g0+ = SLao(f) = Gy .0+ and
|

Gz,0:0+ = T(f) :

To understand the description of G, (f) provided by Theorem 2.2.16, we sketch
part of the proof. Given a € ®,, s = —(«, x) is an integer, meaning that U,(p$.) is
the affine root subgroup in G, and U, (p5'') is the affine root subgroup in G, g+.
The subgroup U, (f) is isomorphic to the projection of U,(p3) in the quotient G .0+
Indeed, to obtain this isomorphism, we map €, (t)G 0+ to €,(f) for every t € p%, where
t is the image of ¢ in p% /p5i! ~ §. For B ¢ ®,, we have —|(B,z)| = 1 — [{3, )] and
therefore Ug(p;m ’x>J) < Gy o+, which is why those root subgroups do not appear in
the description provided by Theorem 2.2.16. In other words, the root subgroups of
G, 0.0+ are simply the projection of the affine root subgroups of G, o into the quotient.

2.2.2.2 The Case where G is not F-split

In the case that the group G is not F-split, the notions of parahoric subgroup and
Moy-Prasad filtrations are still defined, but their descriptions are not as simple as in
the split case.

We consider a maximal unramified extension of F', which we denote by F"". It
is well known that the residue field of F"™ is an algebraic closure of f, so we denote
the residue field of F"™ by §. Furthermore, G is quasisplit over F"™, meaning that
it contains a Borel subgroup which is defined over F"*. In [MP94|, Moy and Prasad
first proceed to describe the parahoric subgroups and filtration subgroups of G(F™).
Fintzen provides a summary of these descriptions in [Finl7, Section 2.4]. We follow
her notation here, as the notation from [MP94] is no longer used in most recent works.

Let S be a maximal F""-split torus. Because G is quasisplit over "™ we
have that Cg(S) = T is a maximal F""-torus of G [Bor91, Proposition 20.6]. Given
x e A(G,S, F"™), Bruhat and Tits [BT84, Section 5.2| associated a parahoric group
scheme over Opun, which Fintzen denotes by P,. This scheme P, is such that its
generic fiber is isomorphic to G(F™). The parahoric subgroup of G(F"™) associated
to x is then given by G(F"™), 0 = Py (Opm).

To define the Moy-Prasad filtration subgroups of G(£""), o, one starts by defining
a filtration of the torus T(F""). Let

T(F"™), = {t € T(F"™) : val(x(t)) = 0 for all y e X*(T)}.

This subgroup is the maximal bounded subgroup of T(F™). When T is F""-split,
this is equivalent to the subgroup T(F"), defined earlier. However, when T is
not F"-split, T(F™), and T(F"), are different. Indeed, Bruhat and Tits describe
T(F"™)o as being the connected component of T(F™), [BT84, Section 5.2].
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This description of T(F™), is not ideal for working with intersections, and in
particular, we will be discussing the intersections of Moy-Prasad filtrations subgroups
of G(F™) with H(F") for some closed connected F""-subgroup H containing Gge,
in Section 2.2.2.3. Instead, we will use what is referred to as the Kottwitz map to
describe T(F™)o. The Kottwitz map of T(F™), which we denote by Kotp(pu, is
a surjective homomorphism from T(F™) that maps into a subgroup of X,(T). As
the Kottwitz map is not the main focus of this section, we provide the details in
Appendix A.3. With this map, T(F"™), then corresponds to ker(Kotr(puny) [PROS,
Appendix (Proposition 3)].

Similarly to the previous section, we can also define a filtration of T(F™). For
r > 0, we set

T(F*™), = {t € T(F"™)o : val(x(t) — 1) = r for all y e X*(T)}.

When T is F""-split, this definition coincides with the filtration of the torus that was
provided earlier.

Let ®pun = O(G,S). The set ®pun consists of the restriction to S of the roots
from ® = ®(G, T) which are nontrivial on S. This root system may be nonreduced. In
[Fin17, Sections 2.3 and 2.4|, Fintzen defines a set of affine roots ®3f, and associates
some affine root subgroup U, (F™) to each ¢ € ®3,. The affine roots are of the form
A+ k, where A € ®pun, and k € R. Note that k£ need not be an integer as was the case
for the definition of ®*f in the previous section. Recall from Example 2.1.40 that

Uy = (Uy : a € &G, T),als = \),

so U, is likely not one-dimensional. Similarly to the previous section, the subgroup
Uik (F™) is a compact subgroup of Uy (F™).
For r = 0, the Moy-Prasad filtration subgroups are

G(F™),, = (T(F™),,U,(F"™) : p e 3., {p,z) = r), and G(F™), .+ = UG(F““)M.

s>r

For our purposes, it is not necessary to know the precise description of the subgroups
U, (F™) in as much detail as is provided in [Finl7]. It suffices for us to know that
they are subgroups of Gger, and that every U,(F™) < G(F™),, is normalized by
T(F"™), [MP94, Section 2.4].

Recall from Section 2.2.1.3 that taking the Gal(F™/F)-fixed points of
A(G, S, F"™) gives us an apartment of G. So, given a point = € A(G,S, F'"™) that is
fixed under Gal(F"™/F), G(F"™),, is defined over F and G, = G(F"™),, n G, 7 =0
[MP94, Sections 2.1 and 3.8]. Similarly, we can describe the subgroups G, ,+,r = 0.
This allows us to define the parahoric subgroups and Moy-Prasad filtration subgroups
of G. The properties listed in Section 2.2.2.1 all hold in this more general setting.
We re-enumerate these properties below for the reader’s convenience.
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1) Forallr,s 20, [Gyr, Gos] © Gapis-
2) Let r,s > 0. G, 5 is a normal subgroup of G,, whenever s > r.
3) For all r > 0, there exists 7’ > r such that G, ,» = G, .+

4) The quotient G, ..+ is abelian for all r > 0.

When G splits over a tamely ramified extension of F', we have an isomorphism between
Gyrrt+ and g, ..+ for 7 >0 (see Appendix A.2).
Furthermore, the quotient G, .+ is the f-points of a reductive group that we

denote by G,, that is G, .0+ = G.(f) and G,(f) = G(F"), 0.0+ A description of this
group in terms of the parahoric scheme P, is provided in [Finl7, Section 2.4|. Tt is
known that the Galois group Gal(F"™/F') has a natural identification with the Galois
group Gal(f/f). As a result, G'z0.0+ is the subgroup of G(F™), ¢.0+ which is fixed by
Gal(f/f). Since | is an algebraic closure of f, G, has to be split over f. We can then
identify the algebraic reductive group G, with G, ().

Similarly to Theorem 2.2.16, the root system ®, = ®(G,) consists of only certain

roots of & = &(G, T). Fintzen describes this set @, in [Finl7, Lemma 2.4.1| as
{ae ®: there exists als + k € &, such that (als + k, ) = 0}.

The root subgroups of G, are obtained by projecting the affine root subgroups of
G(F"™), into the quotient G(F™), 0.0+ [Finl7, Lemma 2.5.1].

2.2.2.3 Going from G to H

We saw with Proposition 2.1.30 that intersecting an F-parabolic subgroup or an
F-Levi subgroup of G with a closed connected F-subgroup H containing Gqe, yields
an F-parabolic subgroup or an F-Levi subgroup of H, respectively. The same can be
asked about the parahoric subgroups and Moy-Prasad filtration subgroups.

Let S be a maximal F-split torus of G. Given that
A(G,S, F) = A*(G,S, F) ® (X«(Z(G), F) @ R), every = € A(G,S,F) is of
the form T + 2 for some unique 7 € A™(G,S,F),z € X.(Z(G),F) ®; R. We
let [z] ={ZT+2:2¢€ X.(Z(G),F)®zR}. Note that [z] is considered a point of
A*(G, S, F) when A™Y(G, S, F) is viewed as a quotient of A(G,S, F).

Lemma 2.2.19. Let x and T be as above. Then, G, = Gz, for allr = 0.

Proof:  We have that + = T + z for some z € X.(Z(G),F) ®; R. Given
a € (G,S), we have Z(G) < ker o (Proposition 2.1.6), implying in particular that
a(z(t)) =1 =t for all t € F*. Tt follows that (o, z) = 0, and {a,T + 2) = (@, T).
Given that the Moy-Prasad filtration subgroups at x depend on how the roots
evaluate on z, we conclude that G, = Gz, for all r > 0. |
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Remark 2.2.20. Given a closed connected F-subgroup H that contains Gge,, we
have that A™4(G, S, F) = A*Y(H,S nH, F) as Gger = [H, H] (Remark 2.1.29). Since

A(G,S, F) = AYG,S, F)® (X.(Z(G), F) ® R) and
AMH,S nH, F) = AH,S nH, F) ® (X.(Z(H), F) @2 R),
we have a natural embedding
AYG,S, F) — A(H,S nH, F) — A(G,S, F)

via the inclusion X,(Z(H), F) < X.(Z(G),F). So, given a point z € A(G,S, F),
one can write things like H,, and H, .+, r > 0, without loss of generality from the
previous lemma. That is, we can think of x as being the corresponding point = which
is in A™Y(G, S, F), as illustrated in Figure 2.5.

]

Ha+2 H(;+1 Ha Hf’é*l HC;*2

Figure 2.5: Visual representation of [x] and T given z in A(G, T, F'), where
G = GLy(F) and T is the diagonal torus. It is clear from this picture that
Gy, = Gz, for all r > 0. Note that this visualization relies on a choice of
location for the origin in the affine space.

Let H denote a closed connected F-subgroup of G that contains Gge,. In the
case where G is F-split, it is easy to see that, for all » > 0, G, n H = H,, and
Gyt N H = H,,+. Indeed, this is because the affine root subgroups are normalized
by the toral part of the filtration subgroup, so the argument from Proposition 2.1.30
is applied. In the case that G is not F-split, a bit more work is needed.

Let S be a maximal F"-split torus and T = Cg(S) be a maximal F"-torus
as in Section 2.2.2.2. We have that (S n H)° is a maximal F"-split torus of H
(Remark 2.1.43) and Cy((S n H)°) = C(S) nH = T n H = Ty Corollary 2.1.44.
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Lemma 2.2.21. Let T and H be as above and let Ty = T n H. For all r = 0, we
have Ty(F™), = T(F"™), n H(F"™).

Proof: First, we have that T(F"™), n HF"™) = Tr(F™)o.
Indeed, recalling that T(F"™), = ker(Kotppuw)), one can show that
ker (Koty(puny) N Ty (F™) = ker(Kotry,pw)) (Proposition A.3.1).
For r > 0, we have that
T(F"™), nH(F"™) = {t € T(F")o : val(x(t) — 1) = r for all y e X*(T)} n H(F"")
= {t € Tu(F")o : val(x|ry(t) — 1) = x for all x € X*(T)}
by what precedes. Using the fact that restricting characters of T to Ty produces

characters of Ty and that all characters of Ty arise this way [Bor91, Proposition 8.2],
we conclude that

T(F*™), nH(F") = {t € Tu(F"")o : val(x(t) — 1) = r for all x € X*(Ty)}
= TH(FUH)T-

Proposition 2.2.22. Let H be as above. For all v = 0, we have H,, = G, n H and
Hxﬂ«+ = Gw,r+ N H.

Proof: Let r = 0. Since G and H have the same root subgroups (Corollary 2.1.28),
we have

H(F™),0 = (Tg(F"™),, U (F™) : o € &3, (p, x) = r).

Since the affine root subgroups are in Ggye (F™) < H(F™) and T(F"), normalizes
the affine root subgroups, the argument from Proposition 2.1.30 implies

G(F™),, 0 H(EF™) = (T(F™), n H(F™), U (F™) : p € ®¥L, (o, 2) = 7).

Since T(F"™), n H(F"™) = Tg(F"™), (Lemma 2.2.21), we conclude that
G(F"™) g, n H(F"™) = H(F™),,. Therefore, G,, n H = H,,. Since G, ,+ = Gy,
for some ' > r, the other equality follows. |

Remark 2.2.23. When G splits over a tamely ramified extension E of F and
r e A(G,T, E)SF/F)  where T is an E-split maximal torus of G, then Hakim
and Murnaghan point out that G,, = G(E)E?I(E/F) = G(E)yyr nG for r > 0
[HMO8, Section 2.5|. Hence, this provides us with a quick alternative argument that
shows G,, n H = H,, for r > 0. However, this argument cannot be applied for

r = 0 as they also mention that the parahoric subgroup G, may not be equal to
G(E)x,o N G.
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Given a closed connected F-subgroup H that contains Gge,, we wish to discuss the
relationships between the reductive quotients G, o0+ and H, .0+, as this will prove
to be useful in future sections. Using similar notation as in the previous section,
G o0+ and H, g0+ are the f-points of reductive groups which we denote by G, and
H., respectively. While H, is not technically a subgroup of G,, it can be identified
with one via an isomorphism, as per the following lemma.

Lemma 2.2.24. The quotient H(F"™), oG (F""), 0+ /G(F""), 0+ can be identified with
the f-points of a reductive group (g)x < G,. Furthermore, there is an isomorphism t

between the algebraic groups H, and (Z)x which is defined over f.
Proof: By the second isomorphism theorem, we have
H(F™)z0/H(F™)z 0+ = HE")z0/ (HEF"™)z0 0 G(EF™)z0+)
~ H(F"™)e 0G(F™ o0t /G(F" ) a0
Indeed, this isomorphism is given by

L H(Fun)z’ozoJr — H(Fun)xﬁG(Fun)fcjoJr/G(Fun)x’mr
RE(F™), 00 > hG(F™), 0+

Since  H(F™),0.0+ is a  reductive  group, we  conclude  that
H(F"™)p0G(F™) g0+ /G(EF"™) 0+ = (2233()‘) for_some reductive group (Z‘)z It
is clear from the definitions that (g)x(f) < G.(f) and therefore (g)x c G.. Note

that the isomorphism ¢ restricts to an isomorphism between H,(f) and (Z)x(f) upon
replacing F"™ by F', that is ¢ is defined over f.

Remark 2.2.25. We can also think of H, .+ as a subgroup of G, ..+ for all r > 0
by establishing similar isomorphisms between H, ,.,+ and H,,G, ,+/G; +. However,
these quotients do not correspond to reductive groups.

H

Lemma 2.2.26. The subgroup (g

contains (G, Gs|.

Proof:  Since (g)x is a reductive group, it is closed and connected. We identify

the algebraic groups with their f-points. We have that

)I is a closed connected §-subgroup of G, that

[G:(7), Go (D] = [G(F™) a0, G(F™)a0]G(F™ )00+ /G(F™ ) 0% -
The subgroup [G(F™).0,G(F"™),0] is contained in both G(F™),o and
Ger(F™) < H(F™). Therefore,  [G(F"™)z0, G(F™),0] c H(F™),.0
(Proposition 2.2.22), and [G,(f), G.(f)] < (g)xﬁ) i
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2.2.3 The Bruhat-Tits Building

When constructing an apartment for our p-adic group G = G(F’), we had to choose
a maximal F-split torus of G. There are many choices for such tori. Indeed, the
maximal F-split tori of G are all G-conjugate. Given another maximal F-split torus,
one could describe the apartment of G, the parahoric subgroups and the Moy-Prasad
filtration subgroups with respect to this different torus. In order to keep track of all
the apartments and families of open compact subgroups of G at once, we use the
Bruhat-Tits building [BT72,BT84]. In very broad terms, the Bruhat-Tits building is
a geometric structure that glues together all the apartments of GG in a consistent and
well-defined manner. As such, a point from the building automatically belongs to
some affine apartment. Since this structure does not depend on a choice of torus, we
denote it by B(G, F'). Essentially, B(G, F') is the Cartesian product G x A(G, T, F)
modulo some equivalence relation, where T is a choice of maximal F-split torus. Then
the left action of G on the first factor induces an action of G on B(G, F'). Given a
point z in B(G, F'), one can then define the stabilizer of the point x with respect to
this G-action, which is denoted by G,. When G is semisimple and simply connected,
the stabilizer of z coincides with the parahoric subgroup of G' at z, that is G, = G,
[Rab03, Lemma 4.5]. For a more general reductive group G, we have the inclusion
G0 < Gy

We list a few facts about the apartments and the Bruhat-Tits building, some of
which can be found in [Rab03].

1) For all g € G, the apartment associated to 9T is g - A(G, T, F).

2) For any two elements of B(G, F'), there is an apartment containing both of
them.

3) For every g € G,r > 0 and =z € B(G,F), we have G,, = Gy, and
IGyr+ = Gy r+.

4) We have that B(G,F) = B(Gger, F) x (X4(Z(G), F)®z R) [BT84, Section
4.2.16].

5) If FF < FE is an extension of F which is tamely ramified, we have
B(G, F) = B(G, E)SE/F) [Pra01].

Remark 2.2.27. Given property (4) listed above, we call B(G, F') the enlarged
building of G, whereas B(Gger, F'), which can also be denoted B™4(G, F), is called
the reduced building of G.

Because of property (5), when G splits over a tamely ramified extension E of F,
one can carry all calculations relative to the group’s structure theory at the level of
E and use the Galois fixed-points to reduce back down to F'. This strategy is used a
lot by Yu in his construction for supercuspidal representations, which is why we must
require our p-adic group to split over a tamely ramified extension.



2. STRUCTURE THEORY OF P-ADIC GROUPS 42

Given a group G for which each apartment is one-dimensional, one can visualize
the Bruhat-Tits building. For example, when G = SLy(F'), and F' = Qy, the building
is illustrated in Figure 2.6. Each path in the graph corresponds to an apartment.
Each vertex in the figure represents a hyperplane for an apartment, and the edges
are the maximal facets in the apartments. To see how many edges are connected to a
vertex, we calculate quotients of stabilizers. For instance, if we recall the points x and
z in the apartment of SLy(F') from Example 2.2.11, we can calculate the number of
edges coming out from vertex x by computing the size of G,/G,. Indeed, this quotient
represents the elements of G' that fix the point x but do not fix the facet containing
z. By counting the number of representatives of this quotient, we are counting the
number of edges attached to z in the building. Since SLy(F) is semisimple and simply
connected, G, = G, and G, = G,,. Using |[Rab03, Theorem 3.17 and Proposition
3.22|, we have G, 0/Go+ ~ SLo(f) and G, o/Gro+ =~ g aél] ca,befy. To
calculate |G4,0/G 0| one can then calculate |Gy 0/Gpo+| and |G, o/Gro+| s Ga0/Gx 0
is isomorphic to the quotient of G /Gyo+ by G.o/Gro+. One works out that
|G10/Grpo+r| = q(¢® — 1) and |G.0/Gro+| = q(qg — 1), where ¢ = |f|. Therefore,
|Gz0/G=0| = ¢+ 1. In particular, when F' = Qq, f = Z/2Z and g = 2, we obtain that
3 edges must be connected to each vertex.

Figure 2.6: Image of the Bruhat-Tits building for SLs(Q2) by
2o, The illustration is licensed under a Creative Commons
Attribution-Share Alike 4.0 International license and is available at
https://commons.wikimedia.org/wiki/File:Bruhat-Tits-tree-for-Q-2.png.

For a higher dimensional apartment, it becomes extremely difficult if not
impossible to visualize the complete Bruhat-Tits building. The pictures in Figure 2.7
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N/

Figure 2.7: "A small fragment of a building" (left) and "A bigger fragment
of a building" (right) by Paul Garrett. Both illustrations are licensed under
a Creative Commons Attribution 3.0 Unported License and are available
at http://www-users.math.umn.edu/~garrett/pix/. The descriptions of the
original illustrations have been cropped out.

show fragments of buildings for which the apartments are two-dimensional, as is the
case with SL3(F’) for example.

Since the structure theory of the Bruhat-Tits building is not the main focus
of this thesis, we do not go into more details in this work. For the eager reader,
Rabinoff provides a good introduction to the Bruhat-Tits building for semisimple
simply connected reductive groups in [Rab03|.

2.3 Representation Theory of p-adic Groups

In this section, we introduce some of the important elements of the representation
theory for p-adic groups. In particular, we will define what the supercuspidal
representations are and explain why they are the building blocks for all representations
of p-adic groups. Furthermore, we will see that the supercuspidal representations can
be divided into two categories via the notion of depth, those of depth zero and those of
positive depth. Finally, we will end this section with a description of the Moy-Prasad
Construction for depth-zero supercuspidal representations and comment briefly on
the J.K. Yu Construction for positive-depth supercuspidal representations.
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2.3.1 Basics of Representation Theory

In this section, G denotes a p-adic group. Let us recall some of the basic concepts
of representation theory. We assume that the reader is already familiar with these
concepts, and only provide a short summary. In Appendix A.1, the reader can find
the proofs for various results which we use in this thesis. Those results should not
be surprising to someone that is familiar with representation theory. This appendix
should not be read on its own, but rather serve as a reference, if needed, as results
from it are called.

Definition 2.3.1. A representation (w,V) of G is a group homomorphism
m:G — End(V), where V is a complex wvector space. The dimension of the
representation (w,V') is the dimension of the wvector space V.  We say that
(m, V) is smooth if the set stabg(v) = {9 € G : w(g)v = v} is open for
all v € V.  Furthermore, we say that (w,V) is admissible if it is smooth
and VE ={veV :m(kyv=v for all ke K} is finite-dimensional for all compact
subgroups K < G.

Remark 2.3.2. A smooth representation (m,C) of G is referred to as a (complex
smooth) character of G. It will be implicit that the word character refers to a complex
smooth character when in the context of representations. In some references, the word
character is reserved for unitary representations, and the word quasicharacter is then
used for complex smooth one-dimensional representations which are not required to
be unitary. For our purposes, both of these terms will be used interchangeably when
talking about one-dimensional complex smooth representations.

When referring to a representation (m, V), we may simply write m or V.
Given representations (7, V1) and (mq, V2) of G, one can define a representation
(m1 @, V1 @ V) as follows. Given g € G, (m1 @ m2)(g)(v1 + v2) = m1(g)v1 + ma(g)ve
for all v; € Vi, v9 € V5. Similarly, one can also define a representation (m ®ms, Vi®cV2)
of G, by viewing G as the subgroup {(g,9) : g € G} of G x G.

Definition 2.3.3. We say that W < V' is a G-invariant subspace if w(g)w € W
for all g € G,we W, that is, W 1is preserved by the action of G induced by the
representation. The representation (m,V') is said to be irreducible if it has no proper
nontrivial G-invariant subspaces.

Remark 2.3.4. If a complex representation is smooth and irreducible, then it is
admissible [Blo05, Proposition 2.

Having a G-invariant subspace W < V' induces a subrepresentation (w,W) of G
and a quotient representation (w,V /W). Given two representations 7y, me of G, we
may write my, < m; to signify that ms is a subrepresentation of ;.
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Definition 2.3.5. A representation mw is said to be completely reducible if it can be
written as a direct sum of irreducible subrepresentations.

When a representation is completely reducible, we may refer to its irreducible
subrepresentations as components. When a group G is finite or compact, every
finite-dimensional representation is completely reducible, and every irreducible
representation is finite-dimensional.

Definition 2.3.6. Given two representations (mwi,V) and (mo, W) of G, an
intertwining map between m and wy is a linear map f V. — W such that
fom(g) = m(g) o f for all g € G. The set of all intertwining maps between
and Ty s denoted Homeg (7, m2).

When it is nontrivial, the space Homg (71, m2) allows us to determine relationships
between the representations m; and my. Indeed, if m; is irreducible, then m; is a
subrepresentation of my if and only if Homg(m,m) # {0}; and if my is irreducible,
then my is a quotient representation of m; if and only if Homeg(m,m) # {0}
(Proposition A.1.3). When a representation is completely reducible, quotient
representations are also subrepresentations.

Definition 2.3.7. Let my and m be representations of G. If Homg (7, mo) contains
an invertible element, m and my are said to be isomorphic representations, and we
write ™ ~ .

Definition 2.3.8. Let m be a completely reducible representation of G, and @' be an
irreducible representation of G. If each component of 7 is isomorphic to @', then we
say that 7 is ' -isotypic.

Given a group G and a subgroup G’ < (G, one can construct representations of
G’ from representations of G and vice versa. Indeed, given a representation (m, V') of
G, we can define its restriction to G', denoted by Resg, T or T|qr, as

7l : G' — End(V)
g = 7(g)

When given a representation (7', V') of G', we can produce a representation of G from
7’ by considering the vector space

Ind%, V' = {f : G — V' locally constant |f(g¢') = 7'(¢') " f(g9) Vg € G'}.

The representation of G induced by 7', denoted by Ind$, 7', is defined by the left-action
of G on the space of functions Ind% V’. More precisely, given f € Ind% V', k € G,
Ind%, 7' (k) f is the function defined by Ind%, (k) f(g) = f(k'g) for all g € G. The

compact induction of 7/, denoted C—Indg, 7', is the left-action of G on the subspace
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c-Ind%, V' of Indg,V’ consisting of locally constant functions with compact support
modulo G’. We have more control over the subspace c-Ind%, V', as functions in this
space are nonzero on only finitely many cosets of G/G" when G’ is open. In the case
where G/G" is compact, IndS, V' = c¢-Ind%, V’. This happens for example when G is
of finite index in GG, or when G’ is a parabolic subgroup of G. When the context is
obvious, we may use c—Indg, 7 to refer to the vector space c-Ind%, V.

We now recall two important results that involve both restriction and induction,
Frobenius Reciprocity and the Mackey Decomposition. The statement of Frobenius
Reciprocity can be found for example in [Mur09, Section 5|.

Theorem 2.3.9 (Frobenius Reciprocity). Let G' = G be a subgroup, m be a smooth
representation of G and ' be a smooth representation of G'. Then

Homg(w, IndS ') ~ Home (ResS, 7, '),

or equivalently induction is right adjoint to restriction. Furthermore, if G' is open,
then
Homg(c-Ind%, 7', ) ~ Home (7', Resg, ),

or equivalently compact induction is left adjoint to restriction.

Remark 2.3.10. As a consequence of Frobenius Reciprocity, we have that
Homg(c-IndS, 7/, ) # {0} if and only if Home (7', Res&, ) # {0}. Furthermore,
when 7 is irreducible, having Homg(m,c-IndS 7')  # {0} implies that
Home (ResS, m,7') # {0}. Indeed, this is because 7 < c-Ind$, 7' < Ind%n’ and
therefore Homg (7, Ind%,7') # {0}.

Theorem 2.3.11 (Mackey Decomposition [Kut77]). Let B be a closed subgroup of
G and K be a subgroup of G that contains an open compact subgroup. Let C' be the
set of representatives of the double cosets of B\G/K and let 7 be a finite-dimensional
smooth representation of K. Define °K = cKc™t for all c € C and °n(k) = w(c ‘kc)
forall ke °K. Then

ResG c-IndS m = @ c-Ind5 .. Resyt . “m.

ceC

Remark 2.3.12. In the case where N is a closed normal subgroup of GG that contains
an open compact subgroup, and 7 is a finite-dimensional smooth representation of
N, the Mackey Decomposition allows us to write the following:

Res§ c-Ind§ 7 = CCEJBC c-Ind¥, .y ResyVcy 7,
where C'is the set of coset representatives of N\G/N = G/N. Since N is normal in

G, we have that °N = N for all ¢ € C, and that “7 is a representation of N. It then
follows that

Res§ c-Ind§ 7 = @ “r.
ceC
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Corollary 2.3.13. Let N be an open normal subgroup of G, m be a smooth
representation of G and 7' be an irreducible finite-dimensional smooth representation

of N contained in Res]% 7. Then w|y = @ °n’, where C' is a subset of a set of coset
ceC’

representatives of G/N.

Proof:  Let us first note from Remark 2.2.1 that NV is also closed. Furthermore,
since G has a neighborhood basis of compact open subgroups [Cas19], N contains a

compact open subgroup.
We have that 7/ < Res§ m which implies that Homy (7r’ ,Res$ 7T) # {0}. By
Frobenius Reciprocity, this is equivalent to Homg (C—Indg ! ,7r) # {0}, meaning
', Taking the restriction to N on both sides yields

that 7 is a quotient of c-Ind§ «'.
T|n as a quotient of Res$ c-Ind§ «’. But the Mackey Decomposition tells us that

Res$ c-Ind$ 7' = @ “n’, where C is a set of coset representatives of G/N. Hence,
ceC
Res§ c-Ind§ 7’ is completely reducible as 7’ is irreducible, which means that 7|y is
a subrepresentation of @ “7’. The result follows. |
ceC

When (7, V) is a representation of G which is trivial on a normal subgroup
N < G, then one can factor the representation through to the quotient G/N by
setting m(gN) = w(g) for all g € G. Similarly, given a representation (7, G/N), one
can pull it back to a representation of G. Note that the representation of a quotient
group is irreducible if and only if its pullback is irreducible. In this work, we will
often identify representations of quotient groups with their pullbacks.

2.3.2 Supercuspidal and Cuspidal Representations

The goal of representation theory is often to understand how a completely reducible
representation decomposes into irreducible components, meaning that the irreducible
representations form an important class of representations. In the case of p-adic
group, another class of representations, called the supercuspidal representations, is of
particular interest. The reason for studying this class of representations is due to a
Theorem by Jacquet, which we state below. For the remainder of this chapter, unless
otherwise specified, G = G(F'), where G is a reductive group and F' is a p-adic field.

Theorem 2.3.14 (Jacquet’s Subrepresentation Theorem [Jac7l]). Let m be an
wrreducible smooth representation of G. Then there exists a parabolic subgroup
P = M x N and an irreducible supercuspidal representation o of M such that m
1s a subrepresentation of c—IndIGDU.

Remark 2.3.15. Jacquet’s Subrepresentation Theorem tells us that given an
irreducible smooth representation 7 of G, m is either supercuspidal, or it is a
subrepresentation of C—Indga for some proper parabolic subgroup P < G and
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supercuspidal representation o. Equivalently, 7 is supercuspidal if and only if
Homg (7, c-Ind$ o) = {0} for all proper parabolic subgroups P c G and supercuspidal
representations o.

This last theorem implies that the supercuspidal representations of G are the
building blocks for all representations of G. Now that we have the motivation for
studying supercuspidal representations, let us define what they are.

Definition 2.3.16. Let (m,V') be a smooth representation of G. For each parabolic
subgroup P = M x N of G, we define V(N) := span{n(n)v —v :ne€ N,ve V}, and
Vn = V/V(N). The representation (m,V') is said to be supercuspidal if Viy = {0} for
all proper parabolic subgroups P = M x N.

Remark 2.3.17. When F is a finite field, the condition that V' = V() is equivalent
to saying that the space of N-fixed vectors, V¥, is trivial. If (7, V) is an irreducible
representation of G such that VY = {0} for all proper parabolic subgroups P =
M x N, then we say that 7 is cuspidal. As such, when F' is a finite field, we can
replace the word "supercuspidal" with "cuspidal" in the statements of Theorem 2.3.14
and Remark 2.3.15.

Note that cuspidal representations are finite-dimensional, as algebraic groups
over finite fields are finite groups and irreducible representations of finite groups
are finite-dimensional. We also point out that to determine if a representation is
(super)cuspidal, it suffices to look at the proper standard parabolic subgroups.

Example 2.3.18. If G = T is a torus, then it does not have any roots, and therefore
does not have any proper parabolic subgroups. Therefore, when F' is a p-adic field,
all representations of T are supercuspidal, and when F'is a finite field, all irreducible
representations of 7" are cuspidal. |

In general, it can be difficult to determine whether a representation is
supercuspidal, and even more difficult to construct such representations. The strategy
for constructing supercuspidal representations relies on Mautner’s Theorem, which we
state below. All existing constructions for supercuspidal representations are simply
applications of this theorem.

Theorem 2.3.19 (Mautner’s Theorem [Mau64|). Let (w,V) be a smooth
representation of K < G. Assume that K is open and compact modulo the center
of G. If c—Ind?{W is irreducible, then it is supercuspidal (and admissible).

When we know that a representation is (super)cuspidal, we can obtain
information about its irreducible subrepresentations.
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Proposition 2.3.20. Let G be a reductive group defined over a field F' which is either
finite or p-adic, G = G(F), (m,V) a completely reducible representation of G. Let
P = M x N be a parabolic subgroup of G and U be a subrepresentation of V. If
VN = {O}, then UN = {O}

Proof: Assume that Viy = {0}. By the complete reducibility of m, we can
write V' = U @ U’, where U’ is a complement of U. Letting my and 7y denote the
corresponding subrepresentations, we can then write 7 = my @ 7. We show that

U=U(N) =span{my(n)u —u:ne€ N,ue U}.

By hypothesis, we have that V = V(N) = span{r(n)v —v:ne N,v e V}. Let
u € U. In particular, u € V, so u = 3, a;(m(n;)v; —v;) for some n; € N,v; € V. Since
v; € V, it has a unique decomposition v; = u; + u};, where u; € U,u}; € U’. Then

u = Zaj(ﬂ(nj)vj — ;)
_ Zaj(ﬂ(nj)(uj ) — (uj +uf))
= DS gy )+ 7~y = )

= Z%(WU(”J')UJ —uy) + ZGJ(WU/(RJ')U} —uj),

J

where 2 ai(mu(ng)u; —u;) € U and 2 aj(mr (ng)uy — uf) e U
By uniqueness of  the expression of it follows that
u =3 a;(my(n;)u; — u;) € span{ry(n)u —u:ne N,ueU}. Hence, we conclude
that U = U(N), and therefore Uy = {0}. i

Remark 2.3.21. The previous proposition implies that such a representation =
decomposes as a sum of cuspidal representations when F' is a finite field. When
F'is a p-adic field, it means that a completely reducible supercuspidal representation
decomposes as a direct sum of irreducible supercuspidal representations.

Proposition 2.3.22. Let G be a reductive group defined over a p-adic (finite) field F,
H be a closed connected F'-subgroup of G containing Gaer, G = G(F') and H = H(F).
Let (m,V) be a supercuspidal (cuspidal) representation of G. Then Res$n is a
supercuspidal representation (decomposes as a sum of cuspidal representations) of

H.

Proof: Let P = M x N be an F-parabolic subgroup of H,
P =P(F),M =M(F),N = N(F). We note that P = M x N. Assume without loss
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of generality that P is a proper standard parabolic subgroup. It follows that N is
completely generated by root subgroups. Since root subgroups of H are also root
subgroups of G (Corollary 2.1.28), N is equal to the unipotent part of a standard
parabolic subgroup of G. Given a supercuspidal (cuspidal) representation 7 of G, we
have that V' = V(NN), and therefore 7 is also supercuspidal (decomposes as a direct
sum of cuspidal representations) as a representation of H. |

Proposition 2.3.23. Let G be a reductive group defined over a finite field F', H be
a closed connected F-subgroup of G containing Gaer, G = G(F') and H = H(F'). Let
7wy be a cuspidal representation of H and mg be an irreducible subrepresentation of
C—Indg . Then mg is a cuspidal representation of G.

Proof: We first note that mg contains 7wy upon restriction to H. Indeed,
7o < c-Ind§ 7y implies that Homg(mg, c-Ind% mg) # {0}, which in turn implies
Hom(Res$, 7, mx) # {0} by Frobenius Reciprocity (Remark 2.3.10). It follows that
Ty is a quotient Resg ma. But, Theorem 1 tells us that Resg me is completely
reducible so we conclude that 75 < Res$, 7.

Now, we proceed by contradiction and assume that mg is not cuspidal.
Jacquet’s Subrepresentation Theorem (Theorem 2.3.14) implies that there exists
a proper parabolic subgroup P of G, and a cuspidal representation o such that
7e < c-Ind$ 0. Tt follows that 7 is an irreducible subrepresentation of Res$ c-Ind$ o
and Hompy (7y, ResG c-Ind5 o) # {0}. Applying the Mackey formula to this
restriction, we obtain

(&
Res$ c-IndG o = g—)c c-Ind? . Res .50,
C!

where C' is the set of representatives of H\G/P. For all ¢ € C, we have that

H n ¢P is a proper parabolic subgroup of H by Proposition 2.1.30. Furthermore

Res;fmc p ‘0 decomposes as a sum of cuspidal representations by Proposition 2.3.22

and Remark 2.3.21. Say this decomposition is given by o|p g = @J oj, where J is
j€

some index set. It follows that
Res$ c-Ind$ o = (e—l% c-Indfl . p“o;.
3’6]

On the other hand, because wy is cuspidal, we have that
Homp (mg,c-Indjy, .p¢0;) = {0} for all ¢ € C,j e J, (Remark 2.3.15), and
therefore Hompy (7, 69C c-Indf . ¢0;) = {0}. But this contradicts with the fact that

ce
jedJ
Homp (75, Res% c-Ind$ o) # {0} above. Hence, 7 is a cuspidal representation.
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2.3.3 Depth of a Representation

Using Bruhat-Tits theory, Moy and Prasad defined the notion of depth for the
irreducible admissible representations of GG as follows.

Theorem 2.3.24 ([MP94, Theorem 5.2|). If (m, V) is an irreducible admissible
representation of G, then there exists a nonnegative rational number r with the
property that v is the minimal number such that there exists x € B(G, F) satisfying
V.t £ {0}. This minimal number r is called the depth of 7.

Remark 2.3.25. In particular, the notion of depth can be applied to irreducible
supercuspidal representations and to characters of G (Remark 2.3.4), dividing these
classes of representations into those of depth zero and those of positive depth.

One can easily interpret the notion of depth when the representation at hand
is a character. Indeed, in the case where 7 is a character, C has only {0} and C as
subspaces. Then by definition, r is the smallest nonnegative rational number such
that C%+ # {0} for some x € B(G, F). Therefore, r is the smallest nonnegative
rational number such that C%.+ =V for some z € B(G, F), that is Tla, . = 1. This
is equivalent to 7|g_, =1 for all x € B(G, F) [HMO8, Definition 2.46]. ‘Hence, for a
nontrivial character %r, the depth is the number 7 such that 7|q,, # Land 7|g_, =1
for all z € B(G, F'). By definition, the trivial character has depth zero. 1

2.3.4 Construction of Supercuspidal Representations

The concept of depth divides the irreducible supercuspidal representations into two
categories, those of depth zero and those of positive depth. As mentioned previously,
all known constructions of supercuspidal representations are applications of Mautner’s
Theorem.

Moy and Prasad described how to construct depth-zero supercuspidal
representations in [MP96]. The Moy-Prasad Construction is as follows: one starts
with a maximal parahoric subgroup G . The reductive quotient G .0+ corresponds
to the f-points of a reductive group which we denoted by G, in Section 2.2.2.2. Given
a cuspidal representation o of this quotient, one can pull it back to G, . One then
considers the group Ng(Gy.0), which is open and compact modulo the center of G, and
ec(0), the set of irreducible representations of Ng (G, o) which contain o on restriction
to Gz 0. Then, given p € eg(0), the representation c- IndNG o) P 1s irreducible and
supercuspidal of depth zero [MP96, Proposition 6.6]. Furthermore this construction
is exhaustive, as per the following theorem.

Theorem 2.3.26 ([MP96, Proposition 6.8]). Every irreducible  depth-zero
supercuspidal representation of G has the form c- IndNG p for some mazximal
parahoric subgroup G o of G, cuspidal representation o of Gm 0: 0+ pulled back to G,
and p € eg(0).
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Note that the Moy-Prasad Construction is not explicit, as it does not describe
how to construct the representation p. However, we have the following relationship
between p and o.

Lemma 2.3.27. Let 0 be a cuspidal representation of G0+ and p € eg(co). Then
p|Gz,0 = @ CO-’
ceC’

where C" is a subset of a set of coset representatives of Ng(Gp)/Ga -

Proof: By definition of eg(0), we have that o < p|g,,. Furthermore, G, is
normal in Ng(G,o) and o is a finite-dimensional representation. The result thus
follows from Corollary 2.3.13. i

The construction for positive-depth supercuspidal representations is more
tedious, and will be discussed in detail later in this work (Section 4.1). The J.K. Yu
Construction for positive-depth supercuspidal representations has the Moy-Prasad
Construction for depth-zero supercuspidal representations as a special case. So, in a
sense, it is a generalization that provides an algorithm for constructing any irreducible
supercuspidal representation of G when G splits over a tamely ramified extension F
of F' and the characteristic p of f is large enough.

Very briefly, constructing a supercuspidal representation of positive depth of G
is like assembling a piece of IKEA furniture. The J.K. Yu Construction starts with a
(generic cuspidal) G-datum, which is like the assembly pieces. The various steps of
the J.K. Yu Construction then describe how to combine these pieces together like an
instruction manual.

Under certain hypotheses, the J.K. Yu Construction is exhaustive. The first
exhaustion result came from Kim in 2007 [Kim07], and holds if F' is of characteristic
zero and p is very large. In 2018, Fintzen was able to generalize the exhaustion result
to non-archimedean local fields of arbitrary characteristic, with a much less restrictive
condition on p.

Theorem 2.3.28 (|Finl8, Theorem 8.1|). Assume that G splits over a tame extension
of F and p t |W|, where W denotes the Weyl group of G. Every smooth irreducible
supercuspidal representation of G arises from the J.K. Yu Construction.

Remark 2.3.29. For all irreducible root systems, one can calculate directly |W| as
illustrated in Table 2.1. The condition that p { |[W| implies that p is neither a bad
nor torsion prime [Finl8, Lemma 2.2|, two notions that appear in various parts of
the literature. It also implies that p does not divide the order of the fundamental
group of Gger [Kall9, Section 3.7.4|. As such, when p t |W/|, we are assured that the
structure theory of the group behaves nicely.
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We will be assuming that p 1 |[IW] in this work. Not only does this hypothesis
ensure the exhaustion of irreducible supercuspidal representations via the J.K. Yu

Construction, it also simplifies some aspects of the construction (to be discussed in
Section 7.1).

Type W]
A,(n=1) | (n+ 1)
B, (n = 3) 2"n!
Cn(n = 2) 2"n!
D,(n>=3)| 2" !n!

Eg 27315
E; 210315 . 7
Eg 21435527
Fy 273*
Go 223

Table 2.1: Part of [Finl8, Table 1| describing the order of the Weyl groups
for irreducible root systems.



Chapter 3

Data for Supercuspidal
Representations

Let G be a reductive group defined over a p-adic field F, G = G(F'), and let H be a
closed connected F-subgroup of G that contains Gg.,. We assume that G splits over
a tamely ramified extension E of F' and that p does not divide the order of the Weyl
group of G.

Given an irreducible supercuspidal representation 7, it is obtained from the
J.K. Yu construction, and therefore was constructed from some G-datum ¥. When
studying the restriction of 7 to H, the result decomposes into a finite direct sum of
irreducible supercuspidal representations of H (Theorem 1, Proposition 2.3.22 and

Remark 2.3.21), say 7|y = @ m; for some m > 0. Each of the components is
1<i<m

constructed from some H-datum under the hypothesis on p, as G and H have the
same Weyl groups (Remark 2.1.25). We illustrate this in Figure 3.1. Based on this

g = m @ m @ - @ 7y
|
|
|

I
|
v v, v, o v,

Figure 3.1: Illustration of the H-data that appear in the restriction 7|gy. W,
denotes the H-datum required for the construction of m;, 1 < i < m.

diagram, some natural questions arise with respect to the relationship between the
G-datum V¥ and the H-data ¥;, 1 <i < m.

In this chapter, we start by describing what a G-datum is in Section 3.1 as
per [YuO01l, HMO08|. We then proceed to discussing equivalence classes of G-data in
Section 3.2, that is families of different data that produce the same supercuspidal
representation [HMO8|.  When we think of our analogy of a supercuspidal

54
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representation being a piece of IKEA furniture, it makes sense for it to be possible
to obtain a supercuspidal representation from different G-data, the same way that a
piece of furniture could be constructed with different types of building materials.

We explain how one can construct data for H starting from a G-datum through a
natural restriction process in Section 3.3, and discuss the equivalence classes of these
H-data in relation to the equivalence class of the initial G-datum in Section 3.4. One
can also consider the converse problem, one of retrieving G-data from an H-datum,
which will be done in Section 3.5. Finally, we discuss the equivalence classes of these
(G-data in relation to the equivalence class of the H-datum in Section 3.6.

3.1 Definition of G-datum

The datum for constructing supercuspidal representations is composed of five
elements, each satisfying interrelated conditions [Yu01l, HMO08|. We begin by stating
these conditions as axioms and will provide definitions and expand on some of the
more technical axioms thereafter.

Definition 3.1.1. A sequence ¥ = (@,y,f’, 0, q;) is a (generic cuspidal) G-datum if

and only if:

D1) G is a tamely ramified twisted Levi sequence G = (G, GY,...,G%) in G, where
G = G and such that Z(G®)/Z(G) is F-anisotropic;

D2) y is a point in B(G, F) n A(G, T, E), where T is a mazimal torus of G° (and
mazimal in all G'), and E is a Galois tamely ramified splitting field of T (hence

of G);

D3)r = (ro,r1,...,7q) 18 a sequence of real numbers satisfying
O<rg<ri<---<rg1<rgifd>0,0<ryifd=0;

D4) p is an irreducible representation of K° = G([)y] such that plgo " 18 1-isotypic
Y,

and C—IndfGﬁ) p 18 1rreducible supercuspidal;

D5) ¢ = (¢°,¢", ..., 0% is a sequence of quasicharacters, where ¢' is a G''-generic
character of G* (relative to y) of depth r; for 0 < i < d—1. Ifrq_1 < rg, we
assume ¢? is of depth rq, otherwise ¢¢ = 1.

From the G-datum W, one can use the J.K. Yu construction to produce a sequence
of representations 7 = (7°,...,7¢), where 7 is a supercuspidal representation of G'
of depth r;. To be consistent with this superscript notation, we let 77! := c—IndIG{% p-
Our main interest will lie with 7¢, the supercuspidal representation of G' of depth
rq, which we will denote by 7o (V) hereafter. The details behind the construction of
7o (W) will be outlined in Section 4.1. Axioms D1, D4 and D5 are the more technical
of the five, so we expand on their definitions and some of their properties below.
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Axiom D1 Saying that G = (G° G, ...,G% is a tamely ramified twisted Levi
sequence means that G' < G'™,0 < i < d—1, and G’ is a tamely ramified twisted
Levi subgroup for all 0 < i < d. As per [HMOS8, Definition 2.40|, the adjectives
tamely ramified refer to the extension F' = E, whereas twisted means G* is an E-Levi
F-subgroup of G. That is, G'(F) can be described in terms of generators as per
Definition 2.1.10 for Levi subgroups, whereas G'(F) is defined but might not be
described as nicely.
The following lemma ensures the quotient Z(G°)/Z(G) is well-defined.

Lemma 3.1.2. For all 0 <i < j < d, we have Z(G’) < Z(G").

Proof:  We have that Z(G’) ¢ T < G* (Proposition 2.1.6). Furthermore, G' = G/,
so Z(G7) centralizes G'. Thus, Z(G’) = Z(G). ]

The condition that Z(G")/Z(G) is F-anisotropic implies that
X.(Z(G), F)®R = X,(Z(G), F) @R

for 0 < ¢ < d, which properly defines the embeddings B(G', F) — B(G, F') [Yu01,
Remark 3.4].

Axiom D4 Here, [y]| denotes the projection of y in the reduced building
of G, which is a vertex in the reduced building of G°, and as such G}, is
a maximal parahoric subgroup of G° [YuOl, Remark 3.7]. In other words,
[y] = {(y,v) :ve Xu(Z(G), F) ®R}, as introduced in Section 2.2.2.3.  Define
K = G}, to be the set of elements in G° that fix [y]. We have that K° = Ngo(G} )
[YuOl, Lemma 3.3], and so this axiom describes precisely the construction of a
depth-zero supercuspidal representation as per Theorem 2.3.26. That is, p € ego(o) for
some cuspidal o of Gg 0.0+ The following two propositions enumerate other properties
related to this axiom that will be useful later in this work.

Proposition 3.1.3. Let Z° denote the center of G°. The index [K° : Z°GY ] is
finite.

Proof: The subgroup K° is compact modulo the center of G°, which means

K°/Z° is compact. Let p : K — KY/Z° be the projection map. By definition

of the quotient topology, G}, is open in K° if and only if p(G},) = Z°G},/Z°

is open in K°/Z° Hence Z°GY./Z° is open and ] k(Z2°GY,/Z°) is an
ke 0 /20

open covering of K°/Z° Since K°/Z° is compact, there exists a finite subcover,

thus [K°/Z°: Z°GY,/Z°] is finite. We conclude that [K® : Z°GY ] is finite as

(KYVZ) [ (z06/20) = K/ 2°Cl -
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Remark 3.1.4. Note that the proof of the previous proposition remains the same if
we replace G(y]70 by any open subgroup of K°, meaning that [K° : Z'K] is finite for
all open subgroups K < K°.

Proposition 3.1.5. The representation p of K° is finite-dimensional.

Proof: Let o0 be a cuspidal of G20:0+ for which the pullback to G270 is
contained in p\GSO. We know that irreducible representations of compact groups

are finite-dimensional. Therefore, o is a finite-dimensional representation of GS’O. We

can extend o to a representation o’ of Z°GY , as follows. For all z € 2% g € G,

0'(z9) = p(z)o(g). This is well-defined because p|zo o, = @ 0lz0~qo , Where
Y, ceC’ Y,

C" is a subset of a set of coset representatives of K%/Gj, (Lemma 2.3.27). This
representation o’ acts on the same vector space as o because Z° acts by scalar
multiplication via p (Lemma A.1.4).

Since p € €go(o), we have that Homago(a, Resggop) # {0} It

’ Y,
follows that Homzoggo(a’ ,ResIZ((?GoO p) # {0}, which is equivalent to
Y, Y,
HomKo(c—IndIZ{sGoOa’,p) # {0} by Frobenius Reciprocity. Since [K° : Z°G) ]
Y, )

is finite (Proposition 3.1.3), and o’ is a finite-dimensional representation, it follows

from Proposition A.1.8 that c—Ind[Z((?Go . o’ is also a finite-dimensional representation,
Y,

along with all its subrepresentations and quotients. We then conclude that p is a
finite-dimensional representation. |

Axiom D5 We must build up to the notion of genericity for the quasicharacters.
We follow the notation from [HMOS8, Section 3.1|. Let t = Lie(T) and t = ¢(F). For
all 0 <7 < d—1 let 3 denote the center of g° = Lie(G'), and 3°* its dual. We set
3 =3'(F) and 3** = 3"*(F). We also have 3;. = 3' nt,, and 5°, =3'n t,+ and define

3 ={X e X*(Y)epy forall Y ejl ).

Given an element from 3%*, one can view it as an element of g>* by extending it
trivially on g”, where g" = [g¢,g*|(F). This follows from the fact that g' = 3’ @ g*'
[AR00, Proposition 3.1]. We can also extend the scalars of our Lie algebras to E,
meaning that elements of 3°* can evaluate on g¢(F).

Definition 3.1.6. Let X* € 3"%. For all a € ®G,T), let H, = da(l).
If val(X*(H,)) = —r; for all ae ®(G T)\®(G',T), then X* is said to be a
Gt -generic element of depth —r;.
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Remark 3.1.7. The valuation condition stated in the previous definition is what Yu
calls condition GE1) in [YuO1]. In [Yu01,HMOS§|, a second condition must be satisfied
in order for an element to be generic, referred to as GE2). However, given our
underlying hypothesis on p, condition GE1) implies condition GE2) [Yu0l, Lemma
8.1], which allows us to simplify Yu’s original definition of genericity.

Lemma 3.1.8. For allae ® = ®(G,T), we have H, € t(F)o.

Proof: Because G is split over F, we have that
T(E)y = {te T(F) :val(x(t)) = 0 for all y e X*(T)},

as mentioned in Section 2.2.2.2. Given a € &, a(1) € T(E) and x(a(1)) = 1 as
x and @ are homomorphisms. It follows that (1) € T(E)g, and therefore H, € t(F),. 1

Given a quasicharacter x* of G* of depth r;, it is trivial on G; _+ and can thus

factor through to a character of G° .. The notion of genericity allows to express

sy

X' as a character of G! . in terms of a G*™!-generic element, as per the following

STy

definition.

Definition 3.1.9 ([HMOS8, Definition 3.9]). Fiz a character 1 of F which is nontrivial
on O and trivial on pp. A quasicharacter x* of G* is said to be G***-generic (relative

to y) of depth r; if X' is trivial on G;ﬁ and nontrivial on G;W and there exists a

G -generic element X* € 3% of depth —r; such that x'(e(Y + 9; ) = Y(X*(Y))

forallY € gzﬂ. The map e is the isomorphism between gz +and G* . described

;1T Y,riir;

in Appendiz A.2. We say that X* realizes the restriction of X* to G;ﬂ.

Remark 3.1.10. Under our assumption on p, the character x* of G is G**!-generic
relative to y if and only if it is G*™!-generic relative to z for all z € B(G', F) [Murll,
Lemma 4.7].

Remark 3.1.11. The notion of genericity is very technical. One interpretation we
can give comes from [Murll, Remark 6.4] and is the following. If x* is a quasicharacter
of G* which is G**'!-generic of depth r;, this means that x| is not the restriction

to G} ,, of a quasicharacter of a twisted Levi subgroup G of G*! such that Gi = G.
So in a sense, genericity means that we cannot obtain the restriction to G;”_ from a
bigger twisted Levi subgroup.

Let us show that one actually does not need the statement that y* is nontrivial
on G;m in the above definition, as it follows from the two other properties listed.
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Proposition 3.1.12. Let x* be a quasicharacter of G* such that x*|gi L= 1. If there
Y,r

exists a G'"l-generic element X* € 31_2 of depth —r; that realizes the restriction of
X to Giy’”, then x* is nontrivial on G;,w that is, X' is G"*1-generic (relative to y) of

depth ;.

Proof: By hypothesis, we have that y'(e(Y + g;ﬁ)) = p(X*(Y)) forall Y e g ..
Showing that x'|a: ., Is nontrivial is equivalent to showing that there exists Y € a0,
such that X*(Y) ¢ ker 4.

Let’s proceed by contradiction and assume that X*(Y') € kert) for all Y € g;m.
We claim that this implies X*(Y) € pp for all Y € g} ,. Indeed, assume there
exists Z € g, such that b= X*(Z) € ker)\ pp, and choose 0’ € Op such that
b ¢ kerep. Such a b exists by definition of ). We have that b=10’ € Op since b has
valuation less than or equal to zero. Since g;ﬂ is an Op-submodule, we have that
bW Z e g, But X*(b7'WZ) = bW X*(Z) =V ¢ ker), which is a contradiction.
Hence, under the assumption that X*(Y) € ker4) for all Y € g} ., we must also have
X*(Y)eppforall Y e g . In particular, X*(Y) € pp for all Y € t,,, which implies
X*(Y) € pg for all Y € t(F),, by extending the scalars to Op. Letting ep/p denote
the ramification index of E/F, we have that w,’""H, € t(E),,, as H, € t(E),
(Lemma 3.1.8). Tt follows that X*(wy”"""H,) € pj for all a € ®(G**, T)\®(G?, T),
which implies that val(wy,"" X*(H,)) > 0. This is a contradiction with genericity,
as GE1) ensures val(X*(H,)) = —r; for all a € (G, T)\®(G", T). 1

Remark 3.1.13. The initial statement of Axiom D5 provided in [Yu01] does not state
genericity of the quasicharacters. However, it was shown that the genericity condition
is in fact required to guarantee that the construction results in a supercuspidal
representation [YuOl, Theorem 15.1]. The definition we have provided for the
G-datum is what the authors in [HMO8| refer to as a generic cuspidal G-datum.

Remark 3.1.14. The notion of genericity means that the quasicharacter in question
is realized by a very particular central element. In general though, given a
quasicharacter ¢ of G of depth r > 0 and a point y € B(G, F'), we have that ng|(;1“““/2)+
is realized by an element of 3* . given our underlying hypothesis on p [Kall9, Lemma
3.5.2]. This is what Hakim and Murnaghan referred to as hypothesis C(G) in [HMOS].

We end the discussion on genericity with the following lemma, which shows that
one has control over the depth of a product of characters when one of the characters
is generic.

Lemma 3.1.15. Let G' be a twisted Levi subgroup of G, ¢' be a G-generic
quasicharacter of G' (relative to y) of depth ' and ¢ be a quasicharacter of G of
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depth r < 1’. Then ¢'¢ is a G-generic quasicharacter of G' (relative to y) of depth
r’. (By ¢'¢, it is implied that we mean ¢'(¢|c).)

Proof:  Let us consider two cases, » < 1’ and r = 7'. If r <7/, then ¢|¢v =1,
Y,T
and therefore ¢'¢|cr , = ¢'|cr ,. The conclusion thus follows by genericity of ¢'.
Y, Y,r
Now let us assume r = 7/. We first note that (¢’ )|G/ L. = L soto show

genericity, we must show that ¢/’ ¢|G, is realized by a G- generlc element of depth —r”

as per Proposition 3.1.12. Murnaghan showed in [Murll, Lemma 4.9] that ¢|g and
¢ must be of the same depth r’. Then, from Remark 3.1.14, we have that ¢|s

y,(r'/2)F

is realized by an element of 3;T,. In particular, since G, < G (o) 1t follows
that gz5|G/ , is realized by an element of 3/”:,,, say Z*. If we let X* be the G-generic

element in 5 *, of depth —r’ that realizes ¢/ |G/ " then X* + Z* is a G-generic element

of depth —r" [HMO08, Lemma 4.21]. Indeed, "this is because H, = da(1) lies in the
lie algebra of Gge (Section 2.2.1.1), and elements of 3* are trivial there. Therefore
val((X* + Z*)(H,)) = val(X*(H,)) = —r' for all a € ®\®' . Furthermore, one can
easily see that X* + Z* realizes ¢’ ¢|G; - Indeed, for all Y € g; ., we have

FOAY +0),)) = S (eY + 0], )Y +,.-).

where e denotes the isomorphism between g; o and G described in

Appendix A.2. Since ¢'|¢r |, is realized by X* and ¢| , is realized by Z*, we
Yy, Y,

conclude that

Po(e(Y +g,,+)) = VXT(YV)(Z*(Y)) = L((X* + Z27)(Y)).

Hence, ¢'¢ is a G-generic character of G’ of depth r’. |

Remark 3.1.16. In general, when multiplying two characters of the same depth,
there is a possibility that the product results in a character of smaller depth. For
example, if we multiply a character of positive depth ¢ with the character ¢’ defined
by ¢'(g) = ¢(g~'), then we obtain the trivial character, which is of depth zero.

Tuples of Data While the G-datum is a 5-tuple, not all elements need to be
explicitly mentioned. For example, 7 refers to the depths of the quasicharacters in
the sequence ¢, so we can omit it and have it be implied in the 4-tuple ((G Y, Py (b)
The datum can even be further reduced to a triple. Indeed, [Yu0l, Theorem 15.7]
states that the equivalence class of the representation constructed from the G-datum
only depends on the triple (@, a1 gg), where 77! = C—Ind% p. This triple is referred
to as a reduced datum in [HMOS8|. Conversely, given a depth-zero supercuspidal
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representation 7!, one can associate to it a vertex y and a representation p via the
Moy-Prasad construction from Theorem 2.3.26, recovering a 5-tuple from a reduced
datum.

Remark 3.1.17. When G = G and gg = 1, then the corresponding G-datum is
simply ¥ = (G,y,p,1), while the reduced datum is the irreducible supercuspidal
representation of depth zero 7! = c—Indg[y] p. In this case, we have that

7q(¥) = 7=, This will be made apparent once we review the J.K. Yu construction in
Section 4.1. This means that the Moy-Prasad construction for irreducible depth-zero
supercuspidal representations is a special case of the J.K. Yu construction.

One can restrict axioms D1-D5 further to produce specific types of G-data.
For example, one can consider what is called a normalized G-datum, introduced
by Kaletha, which is defined below.

Definition 3.1.18 ([Kal19, Definition 3.7.1]). Let G = (G°,...,G% be a twisted
Levi sequence of G. For all 0 < i < d, let G', denote the simply connected (or
universal) cover [Ste68, p.88| of [GZ, GZ] and set Gi, = Gt (F). Let U = (G,y,7,p, ¢)
be a G-datum, where gz; = (¢°...,¢%). The datum ¥ is said to be normalized if the
pullback of ¢* to G, is trivial for all 0 < i < d.

We will see in the next section that any arbitrary G-datum is somehow related
to a normalized G-datum (Lemma 3.2.2).

3.2 Equivalence Classes of G-data

Let ¥ and ¥ be two G-data. Even when these two data are different, it is possible
for U and ¥ to generate the same supercuspidal representation, that is W # ¥ and
(V) ~ mg(V). In [HMOS8], Hakim and Murnaghan showed that the equivalence class
of the representation 75 (V) depends on what they called the G-equivalence class of
v,

To define the notion of G-equivalence for data, Hakim and Murnaghan introduce
three ways of altering a G-datum ¥ = (G Y, P, qﬁ) into a different G-datum W.
The first alteration is called G-conjugation, in which U =97 = (gG g - y,gp,ggzﬁ)
The datum ¥ = 90 is such that 7g(¥) =~ mg(¥) [HMOS, Section 5.1.1]. The
second alteration is called an elementary transformatlon [HMO8, Definition 5.2, in
which ¥ = ((_@,y,p, qg), where [y] = [y] and p ~ p. Again, in this case, we have
7o(V) ~ mo(V) because the corresponding reduced data for ¥ and W are the same.
The third alteration is what Hakim and Murnaghan call a refactorization. This notion
is a bit more technical and is defined as follows.
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-

Definition 3.2.1 (JHMO08, Definition 4.19]). Let U = (G, y, p, ¢) and ¥ = (G, 3, p, ¢).
For all 0 < i < d, we define a quasicharacter x* of G* as follows. For all g € G,

d
X'(9) =] @) (9)"
j=i
If (p, gb) satisfies the conditions
FO) if ¢ =1 then ¢ = 1,
F1) qbl G o, = A . for all i where r_; = 0 and x*™' =1 (in other words
YT YT
X" G;Ttl = 1)7

F2) p=p® (X°[ko),
then we say that T is a refactorization of W.

Now, two G-data ¥ and ¥ are said to be G-equivalent if ¥ can be obtained
from ¥ by a finite sequence of refactorizations, (G-conjugations and elementary
transformations [HMOS8, Definition 6.1]. The normalized data that we described in
Definition 3.1.18 are actually representatives of the G-equivalence classes of data, as
per the following lemma.

Lemma 3.2.2 (|Kall9, Lemma 3.7.2]). Every G-datum is G-equivalent to a
normalized G-datum when p does not divide the order of the Weyl group of G.

Remark 3.2.3. In Kaletha’s original statement of the lemma, the hypothesis
required is that p does not divide the order of the fundamental group of G4.,. However,
as we have pointed out in Remark 2.3.29, this hypothesis is satisfied when p 1 |[W],
where W is the absolute Weyl group of G.

The concept of G-equivalence defined by Hakim and Murnaghan is precisely
what establishes the equivalence class of an irreducible supercuspidal representation
obtained via the J.K. Yu construction, as per the following theorem.

Theorem 3.2.4 (JHMO8, Theorems 6.6, 6.7]). Suppose ¥ = (G,y,p,¢) and

-

. - d . d .
U = (G,y,p,¢) are G-data. Set ¢ = []¢'|go, ¢ = []¢'z0. Then the following
i=0 i=0

are equivalent:

1) mq(¥) ~ mg(V).

2) U and U are G-equivalent.
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3) There exists g € G such that KO = QKO, G =G and p ® ¢ ~ 9(p®¢3).

Remark 3.2.5. The equality K° = K° implies that [y] = [§]. The explanation in
[HMO8, Proof of Theorem 6.7] is as follows. We have that [y]| and [y] are vertices of
the reduced building of G°. If [y] # [¢], one can find an element of G° that fixes [y],
but that does not fix [¢], which would imply K° # K 0, as these are the subgroups
that fix [y] and [y], respectively.

Remark 3.2.6. In the original statements of [HMO08, Theorems 6.6, 6.7] which we
have partly recalled above, Hakim and Murnaghan have an additional hypothesis,

denoted C'(G). Kaletha showed that this hypothesis is not necessary [Kall9, Corollary
3.5.5], which is why we have omitted it in our statement.

Corollary 3.2.7. Suppose that ¥ = (G,y,p,1) and U = (G,9,p,1) are G-data for
depth-zero supercuspidal representations. Assume that (V) ~ 7g(V). Then there
exists g € G such that G, = 9Gy0 and p ~9p.

Proof: By Theorem 3.2.4, there exists g € G' such that G, = Gy and p ~ 9p.
Remark 3.2.5 implies that [y] = ¢-[y], and therefore G,y = G,.50 = Gy by Lemma
2.2.19. |

The previous corollary was actually first due to Moy and Prasad [MP96, Theorem
6.11]. Again, we come to a realization that the J.K. Yu construction has as a
special case the Moy-Prasad construction for irreducible depth-zero supercuspidal
representations.

3.3 Constructing H-data from a G-datum

Let U = (@,y,ﬁ 0, gg) be a G-datum. In this section, we will discuss how one can
construct data for H from the G-datum V.

Since H is a subgroup of G, the most natural thing to do is to restrict all
the elements of the datum W to the smaller subgroup H. However there is a
small subtlety that we must account for with the quasicharacter sequence. Indeed,
when restricting quasicharacters, depths can potentially be reduced unpredictably,
whereas the definition of datum requires that the depths in the sequence are strictly
increasing, with the exception of the last quasicharacter, which is allowed to be trivial
(Axiom D5). For the generic quasicharacters ¢°, ..., ¢?1, we expect the depths to be
preserved upon restriction since the genericity condition relies on coroots (Definition
3.1.9), and G and H have the same root system (Lemma 2.1.26). As for the last
character, we cannot simply restrict ¢? to H if the depth of this restriction is less
than or equal to ry_;. Instead, in this case, we fold in the character ¢?¢|y earlier
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in the sequence. The main result of this section is the construction of H-data from
the G-datum W via this natural restriction process, which is stated by the following
theorem and illustrated in Figure 3.2.

Theorem 3.3.1. Let ¥ = (G,y, 7 p,¢) be a G-datum. Let H' = G' ~n H and

t = ¢!y, 0<i<d. LetT denote the depth of ¢%.
1) If 7 > g1, set ¢ = (0%, ... 0% oh) and 7 = (ro, ... ra_1, 7).
2) If 7 < rq_q, set qb;f = (¢%, - ,qbﬁl{_lcb?{, 1) and F o= (roy -y Td—1,Td-1)-
Then, for each irreducible subrepresentation p, of py = p]K% with KY% = ny],

U, = (H,y, 7 pe, bp) is an H-datum, where H = (H°, ... H).

(G()’ Gl? MR} Gd)? 107 (¢07 AR | ¢d_17 ¢d)
‘ 1
J NH J NnH J NH } Resg% J Resgi_,l l lResgc;
\
(HO7 H17 ooy Hd)7 Pe, ( 9—[7 sy CIl—[_lv ¢dH)
/
T < rg_1

Figure 3.2: Summary of the construction of H-data from a G-datum VU,
where py is any irreducible subrepresentation of pg.

Remark 3.3.2. To avoid having to consider cases when applying Theorem 3.3.1, one
can assume ¢? = 1. This can be done without loss of generality (Lemma 4.1.2), which
will become clear once we have reviewed the J.K. Yu construction in Section 4.1

Theorem 3.3.1 is a generalization of the results in [Nevl5|, in which Nevins
treated the case of a toral datum of length one and considered the restriction to
H = Gger- A toral datum of length one is a very simple case for which G = (T, G),
where T is an F-minisotropic maximal torus of G. In a toral datum of length one, it
can be assumed without loss of generality that p = 1. Indeed, in this case, we have
K° = T, which means that p is a character since T is abelian and p is assumed to
be irreducible. It is then clear from Definition 3.2.1 that ¥ = ((T,G), y, 7, p, (¢°, ¢"))
is a refactorization of ¥ = ((T,G),y,7, 1, (p¢°, ¢')) and therefore 7¢(V) ~ 75(V)
(Theorem 3.2.4). Not only is the datum considered in [Nev15| simpler, but restricting
to Gaer also allows for some simplifications. Indeed, every character of Gy, is of depth
zero when the fundamental group of Gge, has order prime to p [Kall9, Lemma 3.5.1],
which is satisfied with our underlying condition that p does not divide |W| (see
Remark 2.3.29). As a consequence, we know that the depth of ¢'|g,.. will be smaller
than r. We state Nevins’ result as a corollary of our theorem.
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Corollary 3.3.3 (|Nevl5, Proposition 4.5]). Let ¥ = ((T,G),y,r,1,(¢° ¢')) be a
toral datum of length one for G, where r denotes the depth of the quasicharacter ¢°
of T and ¢' is a quasicharacter of G which is either trivial, or of depth ¥ > r. Let
Taer = T N Gaer- Set @Y., = °|7,.. and ¢, = &'|q,... Define

\deer = ((Tdem Gder)a Y, 17 T, ((bger(béer? 1))

Then V4o is a toral datum of length one for Gger.

Notice that in the case of the toral datum of length one, only one Gge,-datum
was obtained by this restriction process. In our more general case, we see that
multiple data may be produced, depending on how py decomposes into irreducible
subrepresentations.

In order to prove Theorem 3.3.1, we must show that Axioms D1 to D5 hold in
the context of H, that is,

D1) H is a tamely ramified twisted Levi sequence and Z(H°)/Z(H) is F-anisotropic;

D2) y is a point in B(H, F') n A(H, Ty, F), where Ty = T n H is a maximal torus
of H° (and maximal in all H'), and E is a Galois tamely ramified splitting field
of Ty (hence of H);

D3) Fis a sequence of real numbers satisfying 0 <rg <7r; <--- <rg_q if d > 0,
0<rgifd=0;

D4) p, is an irreducible representation of K% = H, [y} such that py|go . is 1-isotypic
y,0

_ o .. . .
and 7, 1 C—Indg% pe is irreducible supercuspidal;

D5) (ﬁ_]} is a sequence of quasicharacters, where the ith quasicharacter of the sequence
is H'*1-generic (relative to y) of depth 7; for 0 <i < d — 1.

We have divided this proof into three different subsections, proving Axiom D1,
Axioms D2 and D4, and Axioms D3 and D5, respectively.

3.3.1 Proving Axiom D1

The sequence H is obtained by intersecting G with H, and therefore it suffices to
apply arguments from Section 2.1.2 in which we had discussed precisely this type of
intersection.

Lemma 3.3.4. The sequence H is a tamely ramified twisted Levi sequence in H.
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Proof:  Since G'(E) is a Levi subgroup of G(E) for 0 < i < d, it follows from
Proposition 2.1.30 that H'(E) = G'(E) nH(E) is a Levi subgroup of H(E). Therefore
G' N H is an E-Levi F-subgroup of H. We conclude that H is a tamely ramified
twisted Levi sequence in H. |

Remark 3.3.5. For all 0 < i < d we have that H’ is a closed connected subgroup of
G' that contains [G', G']. Indeed, [G',G'] =« G' N [G,G]| = G' n H = H".

The previous lemma shows that the first part of Axiom D1 holds. It remains to
show that Z(H)/Z(H) is F-anisotropic. In order to prove this result, we establish
some useful lemmas.

Lemma 3.3.6. For all 0 <i < d, we have Z(H') = Z(G') n H.

Proof:  Suppose g € Z(G') nH. Then g € G' n H = H’ and commutes with each
element of G'. In particular, g commutes with each element of H' and therefore lies
in Z(H').

For the converse, recall from Proposition 2.1.30 that G* and H' only differ in
their generators by their tori, T and Ty = T n H. It then suffices to show that 7 (H¢)
centralizes T. Since Z(H') « Ty = T (Proposition 2.1.6), and T is abelian, the result
follows. i

Lemma 3.3.7. For all 0 <i < d, we have G' = Z(G)°H".

Proof:  Recall the central isogeny (Proposition 2.1.6) G = Z(G)°Gge. Since
Gaer © H, we have G = Z(G)°H. Then G = G' n Z(G)°H, Since Z(G)° = T = G,
it follows that

G'n Z(G)°H = Z(G)°(G' n H) = Z(G)°H".

Lemma 3.3.8. For all 0 <i < d, we have Z(G') = Z(G)°Z(H").

Proof: Take z € Z(G') = G'. Then by the previous lemma, we have x = zy for
some z € Z(G)°,y e H'. For all 2’ € Z(G)°,y’ € H', we have z(2'y') = (2'y)x since
x is central in G'. Since z and 2’ are central in G, it follows that y'y = yy/, and
therefore y € Z(H'). We conclude that Z(G') < Z(G)°Z(H").

For the converse, we apply Lemmas 3.1.2 and 3.3.6. i
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Proposition 3.3.9. For all 0 < i < d, we have Z(G")/Z(G) ~ Z(H")/Z(H).
Proof:  Using the previous lemma, we rewrite the quotient on the left-hand side as
Z(G")/2(G) = Z(G)°'Z(H')/Z(G)° Z(H).

One can then easily check that Z(G)°Z(H')/Z(G)°Z(H) =~ Z(H')/Z(H) by
considering that map that sends 2Z(G)°Z(H) to 2Z(H) for all z € Z(H"). i

Corollary 3.3.10. The quotient Z(G°)/Z(G) is F-anisotropic if and only if
Z(H°)/Z(H) is F-anisotropic.

The last corollary completes the proof that Axiom D1 is satisfied.

3.3.2 Proving Axioms D2 and D4

Given the point y in B(G, F) n A(G, T, E), we can assume without loss of generality
that y is in B(H, F') n A(H, Ty, F) by Remark 2.2.20. Furthermore, Ty is a maximal
torus of H° (and maximal in all H'), and E is a Galois tamely ramified splitting field
of Ty (hence of H). Thus, Axiom D2 holds.

According to [Yu01, Remark 3.7|, [y] is a vertex of the reduced building of G°.
Even though G° and H° are different, they have the same reduced buildings, as
[G°, G°] = [H°, H°] (Remarks 2.1.29 and 3.3.5). So, we have that [y] is a vertex of
BY(H°, F). Therefore, H), is a maximal parahoric subgroup. By [Yu0l, Lemma

3.3], Npo(H,),) = ny]. Furthermore,

Hyy={ge G nH:g-[yl=[y]} =G} n H.
To maintain consistent notation, we set K7 = Hp . so that Ky = K°n H.

Lemma 3.3.11. Let py = p|K%. Then py decomposes as a finite sum of irreducible
representations.

Proof: We have that py is a finite-dimensional representation as p is
finite-dimensional (Proposition 3.1.5). Since H;O is a compact group, it follows that
PH| HO, is completely reducible. If Z% denotes the center of H°, Lemma A.1.4 has
Z9% acting by scalar multiplication. It follows that any H370—invariant subspace is also
a Zj Hy -invariant subspace, which implies that p|z, uo, is completely reducible.
Since ZpH), has finite index in K7 (Proposition 3.1.3), we conclude that py is
completely reducible by [BH06, Lemma 2.7]. |

Given the representation py = p| Ko, We write its decomposition into
(irreducible) components as py = @ pg, where L is some finite set.
el
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Remark 3.3.12. We actually have a more precise description of py. Indeed, because
K79 is a normal subgroup of K, we can apply Corollary 2.3.13. Therefore, if p’ denotes
a component of py, the index set L is a finite subset of a set of coset representatives
of K°/KY, and for all £ € L p, = “p’. This more refined description of py will be used
in Section 5.2.2.

In order to prove that Axiom D4 holds, we must show that each representation p,
gives rise to a depth-zero supercuspidal representation of H°, or equivalently that its
restriction to H° 4.0:0+ contains a cuspidal representation as per Section 2.3.4. Using the
description of p|Go we can obtain information on py| HO, . Indeed, since C—Indgz) pisa
supercuspidal representatlon of depth zero, we have that p € €go(0) for some cuspidal

representation o of Gy 0.0+ We expect that, upon restricting p further down to Hy 0

we can find cuspidal representations, as will be shown via the following two lemmas.
Note that we will identify representations of quotient groups with their pullbacks, as
explained at the end of Section 2.3.

Lemma 3.3.13. Let o denote a cuspidal representation of Gg 0.0+ Which is contained
mn p|Go0 and let oy = 0'|H00. Then oy decomposes as a direct sum of cuspidal
Y, Y,

: 0
representations of Hy,o:0+'

Proof:  Recall from Remark 3.3.5 that HY is a closed connected subgroup of G
that contains [G°, G]. Let us also recall the notation from Section 2.2.2.3 and let G
and Hg denote the reductive quotients of G and HY at 3, respectively. We also let

(?g{(? )y be the reductive group whose f-points identifies with H;),OGS ot/ Gg 0+ -
We have that o is a cuspidal representation of G)(f). Because [G,G]] < (HO)

(Lemma 2.2.26), it follows from Proposition 2.3.22 that al(Hg) )
g Y

direct sum of cuspidal representations of (HS) (f), say @aj for some finite set .J.

decomposes as a

Those representations can be pulled back to HSO, and so oy = 0| HO, = = Doj.
jedJ
Now, since o|zo . = 1, each o; factors through to a representation of 'Hg(f)
y,0

Furthermore, o; has to be cuspidal because (Z‘ff)y(f) ~ Hg(f) (Lemma 2.2.24).

Lemma 3.3.14. Let py, { € L, be a component of py. Then pg|H80 contains a cuspidal
representation of HS 0:0+ -

Proof: Let oy = @ o; be the decomposition into irreducible representations of oy
jed

provided by the previous Lemma, where .J is some finite set. Elements of K° normalize
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GOO as well as H, and therefore normalize H GUO N H (Proposition 2.2.22).
Therefore, by Lemma 2.3.27, we have that

c ‘o = o
p|H8’° cng?GO |H8’0 cng_?GO (JC?J ])

The right-hand side is a representation of the finite group H 0.0+ and therefore
has a unique decomposition into irreducible representations up to 1somorphlsm On
the left-hand side, we have p|go = pglgo = @ pe|go . Since p|go is completely

y,0 y,0 el y,0 y,0

reducible, being a finite-dimensional representation (Proposition 3.1.5) of a compact
group, pg| o, is also completely reducible (Proposition A.1.1) and its decomposition
into irreducible representations also has to be unique up to isomorphism. Hence,
we conclude that pyl HO, must contain one of the cuspidal representations (up to

isomorphism), and therefore py € €o(°o;) for some j e J, ce K°/GY . i

Theorem 3.3.15 (Axiom D4). For all { € L, plgo s 1l-isotypic and
y,0

ﬂ[l = C—Indggl pe is an wrreducible supercuspidal representation of depth zero.

Proof: Given ¢ € L, the previous lemma tells us that p, € €go(c*) for some cuspidal

representation o* of HS 00+ 1t follows from Section 2.3.4 that W[l = c-Ind[’?;{ pe is

an irreducible supercuspidal representation of depth zero. That pg|zo " is 1-isotypic
Y,

follows from the fact that p|qo ., Is l-isotypic. i
Y,

3.3.3 Proving Axioms D3 and D5

Given the definition of 7?, it clearly satisfies Axiom D3. In order to prove that Axiom
D5 holds, we need to show that the quasicharacters ¢%; are H'™'-generic of depth 7,
0 < i< d—1. As mentioned earlier in this chapter, this ought to be true as genericity
is defined partly in terms of coroots (Definition 3.1.9), and G and H have the same
root system (Lemma 2.1.26). One must simply go through all the technicalities of
the definition, which we will do via some lemmas. Before stating these intermediate
results, we introduce the notation that we will be using in this section.

Recall the notation from [HMO8| that we introduced when discussing Axiom
D5 in Section 3.1. Analogously, let ty = Lie(Ty), ty = tg(F) and Ty = Tu(F).
For 0 <i<d—1, let 3 denote the center of h* = Lie(H’), and 33" its dual.
We set 3% —3H(F) and 35" =32 (F). We also have (3%),, = 3% 0 (tz), and
(3%),+ = 3% 0 (tr),+ and define

(33,;)_” ={X"e 33;1* : X*(Y)epp forall Y e (5’1}1)7,?}_
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Given an element from 3"*, recall that one can view it as an element of g“* by
extending it trivially on g?, where g* = [g¢,g*](F) = [b*,h"](F). This follows from
the fact that g’ = 3* ® g’ [AR00, Proposition 3.1].

Lemma 3.3.16. Let 0 <i < d— 1. Suppose X* € 3’_’2 is a G"™-generic element of
depth —r;. Then X*|i: is an H''-generic element of depth —r;.

Proof: We must show that X*[: is an element of (3%5)_,, and that
val(X*|;i(H,)) = —r; for all a € ®H™, Ty )\®(H', Tg).

We view X* as an element of g»*. It follows that X*|,: is an element of 33, viewed
as an element of h"*. Since X* € 37, we have that X*(Y) € pp for all Y € 31{:. In

particular, X*(Y') € pp for all Y € (3),+. Hence, X*|y: € (3%5)_,,. Finally, we show
that X*|;; is H*"'-generic of depth —r;. Recall that the roots of H'"" are simply the
restriction to Ty of the roots of G (Lemma 2.1.26) and that for all a € (G, T),
i, (Section 2.2.1). Since X* is G*"-generic of depth

a = alr,, meaning that H, = H,

Iy
—r;, we have that for all a € ®(G, T)\®(G*, T), val(X*(H,)) = —r;. It follows that
val(X*|yi (H,)) = —r; for all a € ®H™, Ty)\O(H', Tg). i

Lemma 3.3.17. Let 0 < i < d—1. The restriction of the G**'-generic quasicharacter
@' of G' to H', ¢y, is H 1 -generic.

Proof:  Let X* be a G'!-generic element of depth —r; that realizes the

quasicharacter ¢‘, and let e and ey be the isomorphisms between g; .+ and Gy i
and b;r_:ﬁ and H;r~~r.+’ respectively (Appendix A.2). By Lemma 3.3.16, X*|; is an
H""'_generic element of depth —r;. We show that X*

Y ey, dly(en(Y + b 1) = b(X*
X*, we have

pi realizes ¢ly, that is for all

pi(Y)). Take Y € b . Since ¢' is realized by

(X

(V) = B(X*(V))
— G(eY +q,)).

The isomorphism e can be viewed as a map from g, to G;T _+ with kernel g; -
’ sTTy 3Ty

Letting ¢+ denote the isomorphism from H; s to Hy G; +/ G; _+ given by the second

isomorphism theorem, we have that e b, = Loy (Propositio;l A.2.1). This allows

us to obtain the following:

e(Y + g;ﬁ) =eY)=e

(Y) =1oeyg(Y) =roeg(Y + f);ﬂ,;,).

2
by,r;
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Combining this with what precedes, it follows that
WX (Y)) = 6 0 oeu(Y +1 ).

One can then easily verify that ¢' ot = ¢%. Indeed, we know that ¢’ is trivial on
G; .+» which means that it factors through to a character of G;T”ﬁ. Then, for all

sTaeTy

h e ZH;”_, ¢ ou(h) = ¢'o L(hH; ) = qzﬁi(hGiy _+) = ¢ (h). Hence, we conclude that

(X (V) = d(en(Y +by,+))-

With this last lemma, we now have all the tools to prove the following theorem.

Theorem 3.3.18. The sequence gb}} of quasicharacters of H is such that the ith
quasicharacter of the sequence is H"™ -generic of depth r; for all 0 <i < d— 1.

Proof: By the previous lemma, we know that the characters ¢’ are H'™!-generic
of depth r; for all 0 < i < d — 1. Our definition of ¢z depends on the depth 7 of ¢¢,
so there are two cases to consider.

1) If 7 > rq_1, we have that ¢z = (6%, ..., ¢% ", ¢%), and the conclusion follows
by what precedes.

2) If 7 < ry_1, we have that o = (6%, ..., ¢ ¢%, 1). Lemma 3.1.15 tells us that
gb‘,li,_l(b?{ is H-generic of depth r4_1, and the conclusion follows.

3.4 Equivalence Classes of Constructed H-data

Given that we have just seen how to produce H-data from GG-data in Section 3.2, one
might wonder what can be said about their corresponding equivalence classes. Let us
start this section by first defining the notion of restriction in relation to the H-data
produced from a G-datum W.

Definition 3.4.1. Let ¥ = (@,y,ﬁ 0, (E) be a G-datum, and assume py decomposes
into irreducible representations as pg = @ pe for some finite set L. For all { € L, let
el

U, = (]ﬁl,y,'r?,pg,Q;H) as per Theorem 8.3.1. The set Res(¥) = {W, : £ € L} is called
the restriction of W. Given two G-data ¥ and ¥ of the same length, we will say that
Res(¥) ~ Res(V) if every element of Res(V) is H-equivalent to an element of Res(V)
and vice versa.
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Now, if ¥ and T are G-equivalent GG-data, a natural question to ask is whether
Res(¥) ~ Res(U). Given that H is normal in G, one can talk about the G-conjugation
of H-data and can verify easily from the definitions that Res(9¥) = 9 Res(¥) for all
g € G. However, when g ¢ H, we cannot expect to have Res(¥) ~ Res(Y¥) since
equivalence between restrictions is defined at the level of H-equivalence (and therefore

H-conjugation). Let us illustrate this with an example.

Example 3.4.2. Let G = GLy(F) and let  be a fixed nonsquare in Of. We consider
U to be a toral datum of length one with G = (T, G), where

T(E) = {lbi] 2] :a,b e E such that a® — b’ # O}.
0

For g = [(1) - ] € (G, we have that
F

~1
gT(E)z{[ . wa]:a,beEsuchthata2—b2n;é0},
bnwF a

Letting H = Gge;, we have

Tu(F) = {[;7 2] :a,be E such that a® — b*n = 1} and

-1
g _ a b | 9 g2 _
Tr(E) {lbnwF . ] :a,b e E such that a* — b°n 1} :

Note that Ty and 9Ty are maximal non-split tori of H that are not H-conjugate
[Nev13, Table 1]. Therefore, there is no element of H that conjugates (Ty,H) to
(9Ty, H), hence Res(¥) 2 Res(?¥) by Theorem 3.2.4.

Any other kind of conjugation, elementary transformation or refactorization
transforming ¥ into ¥ will lead to isomorphic restrictions, as shown by the following
proposition.

-

Proposition 3.4.3. Let ¥ = (@,y,F, 0, gg) and U = (G,y',F, 3 qb) be two G-data.
Assume one of the three following conditions hold
1) U is an H-conjugate of U,

2) U is an elementary transformation of ¥,

3) T is a refactorization of W,
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then Res(¥) ~ Res(¥).

Proof:

1)
2)

It is immediate from the definition that Res(V) is stable under H-conjugation.

By definition of elementary transformation (Section 3.2), we have that
G=G,¢=0, [y] = [y] and p ~ p. Since p ~ p, their decompositions into
irreducible subrepresentations upon restriction to K9 are equivalent, that is

@pr~ @peand L = L. Then, for all ¢ € L, p; ~ p; for some j € L, meaning
tel el

that ¥; is an elementary transformation of ¥;. The result follows.

By definition of refactorization (Definition 3.2.1), we have that (p,¢) satisfies
the conditions

FO) if ¢g = 1 then ¢g = 1,
F1) ¢

= ¢ ., forall i where r_; = 0 and x?*! =1 (in other
YT YT

Gi+ = 1)7

d - , . .
Letting \'(g) = [ | ¢%(9)¢%(g) " for all g € H', one can easily verify that x* = x*| .
j=i

We can then take the restrictions of statements F1) and F2) to the corresponding
groups in H and obtain conditions of similar nature. From those conditions, it would
then follow that for all i € L, there exists j € L such that U; is H-equivalent to ¥;. il

The previous proposition shows that the restriction of data that we described is

robust, as it agrees with equivalence classes in a way that we would expect.

3.5 Constructing G-data from an H-datum

We have shown that given a G-datum W, one can construct various data for H,
Res(V¥), with Theorem 3.3.1. It is a natural question to ask whether this restriction
exhausts all possible H-data. In other words, one can ask whether an H-datum ¥y
can be lifted to a G-datum such that ¥y € Res(V).
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In order to do so, if Uy = (ﬁ, y, 7, 0, (ﬁ;{), then we must be able to extend the
twisted Levi sequence ]F]I, the irreducible representation p’ and the quasicharacters in
QS_]} to have Uy € Res(¥) for some G-datum W. The lifting of the Levi sequence is
given by the following lemma.

Lemma 3.5.1. Let H = (H°,... H%) be a twisted Levi sequence of H. Then there
exists a unique twisted Levi sequence G = (G°,... ,G%) of G such that G' n H = H
for all0 < i< d and Z(G°)/Z(G) is F-anisotropic.

Proof: By definition, we have that H’ is a Levi subgroup of H. It follows
from Proposition 2.1.30 that there exists a unique Levi subgroup G° of G such
that H* = G’ n H. Furthermore, G* is an E-Levi F-subgroup, and is therefore a
twisted Levi subgroup. That the quotient Z(G")/Z(G) is F-anisotropic follows from
Corollary 3.3.10. |

The extension of p’ is given by the following proposition.

Proposition 3.5.2. Let p' be an irreducible representation of K% such that p'| o .
y,0
is 1-isotypic and 7y = C—Indggl P is irreducible supercuspidal. Let p be an irreducible

subrepresentation of c—Indggl p'. Then p is an irreducible representation of K° such

that p|go L 18 1-isotypic, 71 = c—IndIG(% p is irreducible supercuspidal, and p' is a
y,0

component of p|o .

We expand on the proof of this proposition in Section 3.5.1.

At first glance, there seems to be an obstacle when trying to extend
the quasicharacters in gb_}{ Indeed, given a sequence of quasicharacters
o = ( O 0%),0 <i<d-—1 that satisfies Axiom D5) for an H-datum, there
is no guarantee for each ¢, 0 < ¢ < d — 1, to be trivial on [G',G'] < H".
This is because there can be differences between the groups [G?, G'] and [H®, H'].
When ¢%,0 <i<d-—1, is not trivial on [G’,G'], it is not possible to extend it
to a quasicharacter of G, as quasicharacters of G* are by definition trivial on
[G, G']. However, if we remember the notion of normalized H-data (Definition 3.1.18)
and recall Lemma 3.2.2, we see that every H-datum is H-equivalent to a
normalized H-datum. Furthermore, normalized H-data satisfy the condition on the
quasicharacters described above that we require, as shown in the next lemma.

Lemma 3.5.3. Let H = (G° nH,...,G% n H), where G = (G°,...,G%) is a twisted
Levi sequence of G (Lemma 3.5.1). Let Wy = (H,y,7, o), where ¢ = (0%, ..., 0%),
be a normalized H-datum. Then ¢'y|ici i =1 for all 0 < i < d.
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Proof:  Since Uy is assumed normalized, the pullback of ¢%; is trivial on H!, for
all 0 < i < d. Now, we have that H!, = H' .(F) contains [H', H'|(F) = [G',G'|(F)
(Remark 2.1.29). It follows that ¢ is trivial on [G',G'|(F) > [G* G'] for all
0<i<d. i

Now that we know that every H-datum will be H-equivalent to a datum for
which ¢7;I{|[Gi7Gfi] = 1,0 < i < d, we state the proposition that allows us to extend
quasicharacters.

Proposition 3.5.4. Let gzﬁ_l} = (¢Y%,...,0%) be the quasicharacter sequence of a
normalized H-datum. Then for all 0 < i < d, there exists a quasicharacter ¢' of
G* of depth r; such that ¢'|g: = @'y, with the exception that we set ¢¢ = 1 if ¢4 = 1.
Furthermore, for 0 < i < d — 1, this character ¢ is G* ‘-generic of depth r;.

We expand on the proof of this last proposition in Section 3.5.2. The statement
of this last proposition leads us to the main theorem of this section.

Theorem 3.5.5. Let ¥y = (IF]I,y,F, p’,gb;{) be a normalized H-datum, where
H = (H° ... ,HY). Then there exists a (possibly multiple) G-datum ¥ such that
Uy € Res(V).

Proof: Lemma 3.5.1 gives us a twisted Levi sequence G = (G, ...,G%) such
that H' = G* n H for all 0 << d. Proposition 3.5.4 tells us that any irreducible
subrepresentation of c—IndI[g% p' satisfies Axiom D4) for a G-datum. By Lemma

3.5.3, we can apply Proposition 3.5.2 which allows us to extend ¢%,0 < i < d — 1,
to Gi*l-generic quasicharacters of depth r; of G%, and ¢ to a quasicharacter of G of
depth ry. |

Corollary 3.5.6. Fvery H-datum is H-equivalent to an H-datum which is contained
in Res(¥) for some G-datum V.

3.5.1 Extending the representation p’

The goal of this subsection is to prove Proposition 3.5.2. Given the level of technical
detail required, we split the proof of the proposition into various lemmas.
By definition, the restriction of p’ to H;O contains a cuspidal representation of

H370:0+, say o’. Let o’ be the representation of H570G270+/G2’0+ defined by o/ = 0’0171,

where ¢ is the isomorphism from H870:0+ to I—ISVOG;W/G;0+ (Lemma 2.2.24). Note

that the pullbacks of ¢’ and ¢ to H)) are the same.
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Lemma 3.5.7. Let G’ = G2,0:0+ and H' = 1’-1@5)’()(;2’0+/C¥2,0+ and o' be defined as
previously. Then & = C-Indg,? decomposes as a sum of cuspidal representations of
G'.

Proof:  Setting G = G" and H = H° in Section 2.2.2.3, we have that G’ = G,(f)

and H' = @)y(f) Since [G,,G,] < (Z‘)y (Lemma 2.2.26), it follows that all

irreducible subrepresentations of @ are cuspidal (Proposition 2.3.23). |

Corollary 3.5.8. Let o’ be a cuspidal representation of Hg?,o:m contained in ’0/|H5,0'

ao ‘ . .
Then c—IndH%’O o’ decomposes as a direct sum of pullbacks of cuspidal representations
y,0

of G y,0:0+ °

Proof: We have that induction commutes with pullback, as per shown in
Proposition A.1.10. Using this result in combination with the previous lemma
completes the proof. |

Lemma 3.5.9. Let p be an irreducible subrepresentation of c- IndKo p'. Then the
restriction of p to G%O contains a cuspidal representation of Gg 0:0+ -

Proof:  Let us restrict c—Indgg P to vao. From the Mackey Decomposition, we
obtain

KO
Res i

ResGo c- Indgo p=@& c Ind 0 e Ky, 0,

ceC

where C' is a set of coset representatives of G;O\K 0/KY. Since K% = K°n H
is normal in K° we have that °K% = K% for all ¢ € C. This implies that
GY oKy —GOOmKOmH H),. Therefore

('K?{

ResGo c- Indgo p= @ c-Ind yORes p.
ceC

0
Recall that Resf[é’ p = @ %’ where D is a subset of a set of coset representatives of
¥,0 deD

Hp,/H),, (Lemma 2.3.27). Hence, our Mackey decomposition can be rewritten as

0 0
Resgo C—Indgo P =@ c Ind Gy cd !
y,0 H ceC
deD

y 0 cd /
HO

(Corollary 3. 5 8), we have that

Since c- Ind decomposes as a direct sum of cuspidal representations of G° ) .0:0+

KO KO
Resio c-Indio p = Do
G, K9 P otk
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for some cuspidal representations o; of Gg 0.0+ and some index set J. Hence, given
the component p of c- Ind[lgé p', we conclude that p|qo , must contain some cuspidal
Y,

representation of G° 0 0:0+ -

Since p\Go contains a cuspidal representation of G° y.0:0+5 We have that ¢-Ind% Ko pis
an irreducible depth zero supercuspidal representatlon as per the description of Moy
and Prasad which we reviewed in Section 2.3.4. Furthermore, p’ is a component of
] K9, by construction, which means we have completed the proof of Proposition 3.5.2.

3.5.2 Extending the Quasicharacters ¢

The goal of this subsection is to prove the Proposition 3.5.4. Let 0 < i < d. Due to
the level of technical detail required, the proof will be split into various lemmas. We
start by extending our quasicharacter ¢%; to a quasicharacter of G* of depth r;.

Lemma 3.5.10. Let ¢} be a quasicharacter of H* which is trivial on [G*,G"]. Then
any irreducible subrepresentation of C—Indgi ' is a quasicharacter of G* that restricts

to ¢y.

Proof:  From the Mackey Decomposition, we have that

G? cH! i
ReS Gl GrL C- Inde ¢H - @ C- IndEHz ]G'L,GZ ReSCHl G17G'L] ¢ 3’—]7

where C' is a set of double coset representatives of [G?, G'|\G*/H". We can simplify this
expression. Indeed, G* normalizes both G* and H, and therefore H*. Furthermore,
we have that [G?, G'] < H'. Thus,

Res$, GZ Gil € IndGz @ Res{¢ Gl Gi] oty = @ 1.

It follows that every irreducible subrepresentation of c—Indgi ¢%; factors through
[G, G']. Since G'/[G?, G] is abelian, all irreducible representations are 1-dimensional,

and therefore any irreducible subrepresentation of C—Indgii ¢%; is a quasicharacter of
G" that restricts to ¢Y;. i

Lemma 3.5.11. Let ¢y be a quasicharacter of H* which is trivial on [G*, G"]. Then
at least one of the irreducible subrepresentations of C—Indgi &% has depth r;.

Proof:  Since ¢%; has depth r;, we know that ¢2}{|H;T, # 1 and QSZH|H@ =1

(Remark 2.3.25). Given an irreducible subrepresentation ¢ of c-Ind%; ¢ Y, We have that
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¢ is a quasicharacter of G* and ¢ i, # 1since 0] mi, #1 (Lemma 3.5.10).

So, any irreducible subrepresentation of c-Indé, ¢%; has depth greater than or equal
to r;. Using Mackey theory, we have

i, = Ou

G? G i
Resg +c—Ind i Oy =

Y,rg

Gi it cH'L ;

chC C_IndGZ’TiercHi R’eSG;”_*_mCHi C(ﬂ}-l?

where C'is the set of double coset representatives of G;,n \G'/H". Since H' is normal

in G, G; L NCH = H?j _+ (Proposition 2.2.22). That and the fact that ¢f|y: =1
3Ty ) Y1

i

allows us to simplify the Mackey formula to

i i G?
Res,  c-Ind%: ¢t = @ c-Ind, V7" 1.
Gymﬁ trH ceC Hy;rﬁ
Since the trivial representation is clearly a subrepresentation of this last

decomposition, we conclude that at least one of the irreducible subrepresentations of
c-Ind%; ¢, has depth 7;. 1

For all 0 < i < d, let & denote the set of characters of G* of depth 7; that restrict
to ¢%;. By what precedes, this set is nonempty because we are assuming that the
character sequence qb;] is from a normalized datum in Proposition 3.5.4 which implies
that ¢%; is trivial on [G*, G'] for all 0 < i < d (Lemma 3.5.3).

We will now proceed in various steps to show that every quasicharacter ¢ € &;
is G'*l-generic of depth 7, 0 < i < d — 1. Given ¢’ € &;, the idea is to extend the
H*+'-generic element of depth —r; of (3%°)_,, that realizes ¢; mj,, 1o a G'*1l-generic

element of depth —r; of 3% that realizes ¢ G, -

From [AROO, Proposition 3.1|, we have the lfollowing Lie algebra decomposition:
g = g’ @3, where g’ = [g,g](F) is the Lie algebra of G and 3 is the F-points of the
center of g. As a consequence, g° = (gi N g')@3, meaning that every element of gh* (or
39*) is viewed as having two parts, one from 3* and one from (g' n g')* (or (3* N g')*),
where 3' N g’ corresponds the F-points of the center of g¢ n g’ (Lemma 3.3.6). We
define (3* ng'),, and (3' ng')*,. analogously to Section 3.3.3. The previous discussion

is summarized by the following lemma.

Lemma 3.5.12. For all 0 < i < d — 1 we have 3% = (3* ng) ® 3 and
8., = (00§ )yr, ®ar,. Furthermore, elements of (3' 0 ¢')* and 3* can be extended
trivially over 3 and 3' N g', respectively, to elements of 3*.

By the genericity of ¢%;, we know that ¢%; mi, 18 realized by an H'™'-generic

element of depth —r;, say X* € (3%°)_,,. The results from Section 3.3.3 (in which we
set G = H,H = Gger and note that G' N Gaer = H' N Gyer) tell us that ¢y |ging,,, s
(G N Gyer)-generic of depth r;, that it is realized by the (G**! NG 4 )-generic element,
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of depth —r; X*|gi g € (3’ ng')*,, and that (X*|i g (Y)) = ¢'(e(Y —l—g; .+)) for all
Ye(gng)yr (Lemma 3.3.17). As a consequence, for all Y € (g' 0 g')yris Z € 3ris
Se(Y +Z+4, 1)) = dle(Y +g,,)o(e(Z + g, ,+))
= ¢(X* gl mg’(Y))¢(e(Z + g;,rj))

Therefore, to get that ¢’ is G**'-generic of depth 7;, our goal is now to find
an element X* € 3*, such that ng(e(Z+g;T_+)) = (X*(Z)) for all Z € 3,, and
X* = X*ging + X* € 37% is G'*'-generic of depth —r;. We prove the existence of
such an element X* in the following lemma.

Lemma 3.5.13. Set 0 <i<d—1 and let @' € &. Then there exists X* € 3%, such
that ¢*(e(Z + g; ) =0(X*(Z)) for all Z € 3y, where e is the isomorphism between

P+ X* el s

g;r_.ﬁ and G;rﬂﬁ from Appendiz A.2. Furthermore, X* = X*|i 4
G -generic of depth —r;. Note that we view X*|yi -y and X* as elements of 3** via
Lemma 3.5.12.

Proof:  Since ¢' is trivial on G}, ,, we have that ¢'(e(- +g; ,.,)) is a representation
of 3., which factors through 3,,. Therefore, ¢'(e(- + g;,.,)) is a representation of
3r./3r+- Now, for all Y* € (3,./3,,+)", we have that ¢ o Y* is a character of 3., /3,
Note that 3,,/3,+ is a vector space over §, so elements of (3,./3,,+)" map 3,,/3,+ into
f. Since 3;,/3r,+ is a finite abelian group, the number of characters is equal to the
order of the group.

Now, given Y*, Y;* € (3,./3r,+)", we show that ¢ o Y}* # ¢ o Y;* when Y* # Yi¥.
Indeed, 9 o Y7* = 1 o Y* implies that (Y}* — Y;*)(Z) € ker o for all Z € 3,,/3,+. If we
assume that Y;* — Y;* # 0, then (Y* — Y;*)(Z') = a # 0 for some Z’ € 3n-/<’;n-+ and
a € §. Take (8 € f such that § ¢ kerv. Such a ( exists since we know 1 is not trivial
on Op. Then Ba™'Z' € 3,,/3r,+, but (Y — Y55)(Ba™'Z") = B ¢ kert, which is a
contradiction with what precedes. Hence, if 1o Y* = ¢ 0 Y;*, we must have Y* = Y;*.

We conclude that

{hoY™ Y™ € (3,/3r.+)"}
is the set of all characters of 3,,/3,. Therefore, there exists X* € (3,,/3,.+)" such
that o X* = ¢’ o el;,,- This element X* can be pulled back to an element in (3,,)*.
We have that 3,, = 37+ for some 7; < r; (Section 2.2.2) meaning that (3.,)* = 3%,
[Yu01, Section 5|. In particular, 3*,. < 3*, and X* € 3* . Furthermore, for all
Z € 3, we have

V(X*(Z)) = ¢'(e(Z + gy0,4).

Finally, we show that X* = X*|,i .y + X* € 3°% is G'*'-generic of depth —r.
For all Z € 3%, we have that Z = Z; + Z, for some Z; € (3 n¢/),+,Z> € 3,+ by
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Lemma 3.5.12. Tt follows that X*(Z) = X*[gi ¢ (Z1) + X*(Zy). This result lies in
pr, as X*|ging € (3 ng)*, and X* € 3*, . The genericity of X* follows from the
genericity of X* » since H, € ¢ for all a € (G, T)\®(G*, T). i

ging

By construction, the G**!-generic element of depth —r; X* provided by the
previous lemma realizes ¢'|c; ~and therefore ¢’ is G'*'-generic of depth r;. We
have thus proven the following proposition, which in turn completes the proof of
Proposition 3.5.4.

Proposition 3.5.14. Set 0 < i < d— 1 and let ¢* € &. Then ¢ is a G -generic
quasicharacter of G* of depth r;.

3.6 Equivalence Classes of Constructed G-data

Let G and H be as before in this chapter. We just saw in Section 3.5 how to go
backwards from an H-datum to G-data. Similarly to Section 3.4, we can ask the
following question. If Wy and Wy are normalized H-data which are H-equivalent,
are the G-data produced from ¥y and ¥y via Theorem 3.5.5 G-equivalent? This is
what this section will aim to answer. Before we proceed to exploring this question in
more detail, let us first define one notion in relation to the G-data constructed from
a normalized H-datum Wy.

Definition 3.6.1. Let Uy = (ﬁ,y,ﬁ p’,gb}}) be a normalized H-datum. Let £,
denote the set of irreducible subrepresentations of c—Indﬁ;@{ o and & denote the

set of irreducible subrepresentations of c—Indgii ¢k with depth r;,0 < i < d.
Giwen p € Ey,¢" € &,0 < i < d, we have that ¥ = (C_j,y,f’, 0, qg) with
5 = (¢°,...,¢% is a G-datum such that Uy € Res(V) as per Theorem 3.5.5. The set
Ext(Vy) = {(é,y,f’, 0, gz?) ipe&y, ¢t €&,0<i<d} is called the extension of Vy.
Given two normalized H-data Uy and Uy of the same length, we will say that
Ext(Uy) ~ Ext(Uy) if every element of Ext(Uy) is G-equivalent to an element

of Ext(Vy) and vice versa.

Remark 3.6.2. Note that the notion of extension is only defined for a normalized
H-data. However, given an H-datum Wp, we may as well assume it is normalized as
it is H-equivalent to a normalized H-datum (Lemma 3.2.2), say V.

We expect H-equivalent normalized H-data to produce isomorphic extensions
since H < (. But here, we can allow for conjugation outside of H on our H-data
since the equivalence of the extensions is at the level of GG. The following proposition
is analogous to Proposition 3.4.3, but for extensions of H-data.
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Proposition 3.6.3. Let ¥y = (IFH,y,F, p’,qb;{) and Uy = (H,y,ﬁ b’,gb}{) be two
normalized H-data. Assume one of the three following conditions hold

1) Uy is a G-conjugate of Wy,

2) Uy is an elementary transformation of Wy,

3) Uy is a refactorization of Vg,

then Ext(Uy) ~ Ext(Up).

Proof:

1)

2)

It is immediate from the definition that Ext(Wy) is stable under G-conjugation.

By definition of elementary transformation (Section 3.2), we have that H = H,
[y] =[y] and p/ =~ p'. It follows that c—Indﬁé P~ C—Ind%{ P, and
therefore every irreducible subrepresentation p of c—IndﬁIg{ P is isomorphic
to an irreducible subrepresentation of C—Indfg)[ o, say p. Therefore,

if gg denotes a _sequence of quasicharacters that extend those of gb_[;,
we have that (G, Y T P, ¢) € Ext(Uy) is an elementary transformation of
<G7 3)7 Fv 107 (25) € EXt(‘IJH)

By definition of refactorization (Definition 3.2.1), we have that (p', ¢ ) satisfies
the conditions

FO) if ¢4 = 1 then ¢% = 1,

F1) oo, = G gy , forall i where r_; = 0 and x4 =1 (in other
Yri—1 Y1
words X'|gi | = 1),
YTl

F2) o = 7 ® (I,

where x/(h) = ﬁ i (R)@h, (h) " for all h e H'.

j=i

Let 5 be a sequence of quasicharacters that extends qﬁ;{ and let p be an extension of
Recall that we set ¢¢ = 1 if ¢¢, = 1. We must show the existence of an extensmn

ng of ngH and an extension p of p’ so that (G Y, Ty P, qb) is G-equivalent to ((G}7 Y, Ty P, gb)
Let us first find candidates for ¢*~*,0 < i < d that will satisfy FO) and F1). To do
so, we proceed by induction on .
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i=0: If ¢¢ = 1, then we set gz'Sd = 1 and we are done. If ¢¢ # 1, note that the depth
of x?¢ is at most ry_; by F1) above. Extend x? to a character Y¢ of G of the same
depth. Note that we can do this because x¢ is trivial on [G, G], so the existence of

such an extension follows from Lemmas 3.5.10 and 3.5.11. Set gz.Sd = Y?p?. Then, for
all h e H?

¢d|Hd(h) = Yd¢d|Hd(h)
= O ()i (h)" 65 (h)

= ¢ (h).
So, éd is a character of G that restricts to qﬁcfi Since Y? is of depth at most
rq—1, we have gbd|Gwd = q5d|Gy’rd. Thus, ¢? is of depth 74 and in particular
e . =dle , .
Yrg—1 Yrg—1

i > 0: Assume that we have _gz.ﬁd*k for 0 < k < i that satisfy F1) stated in terms of
G and let’s proceed to finding ¢?~%. Set Y"1 and (x¢~**1)~! to be the characters of
d .. . . .
G4 defined by X1 (g) =[] ¢’(9)¢’(9)"" and (X*)"Hg) =X g 7)
jmd—it1

for all g € G*"*!, respectively. We proceed similarly to above and extend x~* to
a character Y47 of G47% of depth at most ry_;_1. Set ¢? % := Yd-igd=i(yd=i+1)~1
Then, for all h € H4~i~! we have

I = [T S )
and .
Vi) =) = ST [T Sl

and therefore ¢%|;a—i(h) = ¢%7(h). So, ¢~ is a character of G* that restricts

to %—i. Since gz.ﬂ{_i is of depth rq_,, (;Bd_i is nontrivial on GZ;Zﬂ_. Furthermore,
since Y4 is of depth at most 74,1 and X***! is of depth at most r4_;, we
have that ¢d7i|Gd7i = 1. Thus, ¢? % is an element of £;_;, and is therefore a
+
Yrg—g
G9~"*1generic quasicharacter of depth rq_; by Proposition 3.5.14. Finally, we see
that ¢d7iyd—i+1|Gd_i — ¢dii|Gd72‘+
Y7 : Y, .
d—i—1 d—i—1

—

Thus, we are able to find a sequence of quasicharacters gzﬁ that extends gzﬁ.H and
satisfies F'1) stated in terms of G.
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From F2), we have that C—Indﬁ;{ p = c—Indgé (p/ ® <X0’ K9, >) Using
the fact that x°xy = X'lgy and Proposition A.1.11, we obtain
c—Indﬁ% p = c—IndI,g;I 0 ® (°|ko). So, given an irreducible subrepresentation p
of C—Ind%}] ¢, it is isomorphic to p® (X°| ko) for some p € C—Ind?él . Hence, the data

-

(@, Y, T, p, q;) € Ext(Vy) and (@, U, T, p, ¢) € Ext(\iJH) are G-equivalent. |

The previous proposition shows that the extension of data that we described is
robust, as it agrees with equivalence classes.



Chapter 4

Restricting Supercuspidal
Representations

In this chapter G still denotes a reductive group defined over a p-adic field F,
G = G(F), and H is a closed connected F-subgroup of G that contains Gge,. We
also assume that G splits over a tamely ramified extension E of F and that p does
not divide the order of the Weyl group of G. In Chapter 3, we showed how to
construct various H-data from a G-datum W. Now it’s time to link the data with
their corresponding supercuspidal representations.

Recall that our initial question is to study the restriction to H of an irreducible
supercuspidal representation 7g(W). Since each component of this restriction is
an irreducible supercuspidal representation of H, it can be constructed from some
H-datum, as we had illustrated in Figure 3.1. If we think of the supercuspidal
(V) as being our piece of IKEA furniture as before, the assembly pieces required
to construct the different components of w5 (W) ought to have been included in the
assembly pieces of the representation itself. For this reason, for all ¥y € Res(V), we
expect to see my(Wy) appear as a component of 7g(V)|y (Figure 4.1). However, we
do not expect the set Res(V) to exhaust the H-data that construct the components
of the restriction. Indeed, this is because Res(V) is not stable under G-conjugacy, as
discussed in Section 3.4, yet mg (V) ~ mg(9V) for all g € G. For this reason, we also
expect to see the H-data from Res(9V) to give rise to components of wg(V)|gq.

The main result that we will prove in this chapter is that

WG(\II)|H=§BC (ELWH(%)) (Theorem 4.4.1), where C is a set of coset

representatives of H\G/K and K is some specific open subgroup which is
compact modulo the center of G.

In order to study the restriction of the representation 75 (V) for an arbitrary
G-datum ¥, we need to go through the steps of the J.K Yu Construction. We start
this chapter by providing a summary of this construction in Section 4.1. In subsequent

84



4. RESTRICTING SUPERCUSPIDAL REPRESENTATIONS 85

7a(V)

(@yﬁp,g)
N~
(ﬁ,y,ﬁpel,&f) (ﬁ,y,ﬁmg,cf) (I?H,y,flpewm})
(V) T (Vy,) - T (W)

Figure 4.1: Restriction of the G-datum ¥ = (@, Y, T, P, 5) and corresponding
supercuspidal representations.

sections of this Chapter (Section 4.2, 4.3), we will explore each step of the J.K. Yu
Construction into more depth and see that restriction commutes in a sense with
all those steps, with the restriction of 75 (W) finally being computed in Section 4.4.
Having the description of this restriction will allow us to describe the irreducible
supercuspidal subrepresentations of c-Ind% 75 (V) for an H-datum Wy via Frobenius
Reciprocity in Section 4.5.

4.1 Summary of the J.K. Yu Construction

Recall that the J.K. Yu Construction produces a supercuspidal representation 7 (V)
from a G-datum ¥ = (C?,y,ﬁ 0, (5) In order to obtain 7g(V¥), Yu constructs an
open subgroup, K% which is compact modulo the center of G, and a representation
k(W) of K. The construction of the representation rg(¥) uses p and ¢, and is such
that c-Ind%. k() is irreducible. The result of this induction is then supercuspidal
by Mautner’s Theorem, and corresponds to our representation 7o (V). Furthermore
7e(V) is of depth 7y.

Remark 4.1.1. Fintzen recently mentioned in [Finl9| that the original proof
from [YuO1] that shows 7 (W) is a supercuspidal representation was referring to a
misprinted statement. Fintzen provides a proof that 7 (W) is in fact irreducible and
supercuspidal in [Fin19, Theorem 3.1] using alternative methods, confirming that the
J.K. Yu Construction is in fact valid.

We give a brief summary for the construction of kg (V). First, Yu defines the
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subgroups
K’ = G([)y]’
K_?_ = G270+7
K= KOG, G
K- KOG Gl
for all 0 < @ < d — 1, where s; = r;/2. For all 0 < i < d, K' is an open

subgroup of G and is compact modulo the center of G*. We view ¢ as a character
of K* by restriction. As a first step, Yu extends the character ¢' to a (possibly
higher-dimensional) representation ¢ of K" for all 0 < i < d — 1. This extension
is nontrivial and requires the theory of Heisenberg groups and Weil representations
in most cases. We will give a summary for the construction of this extension in
Section 4.2.1. The representations ¢, 0 < i < d — 2, are then extended further to
representations of K¢ by a process called inflation, which we describe in Section 4.3.1.
The resulting representations are denoted by x‘,0 < ¢ < d — 2. For consistency of
notation, we let k%1 = gzﬁd*l/ and k% = ¢?. The representation p can also be inflated
to K%, and we denote its inflation by x~!, treating p as the element of index —1 in
the sequence (p, ¢). We then have kg(¥) = k' @ K°® - ® k. Figure 4.2 below
illustrates this construction of kg(¥). When ¥ = (G, y, p, 1), we see that rg(V) = p
and therefore 7o (V) = C—Indg[y] p is a depth-zero supercuspidal representation (as
previously mentioned in Remark 3.1.17).

(0, K% - (¢d—2’ Kd—2) (91, K1) (67, K9)
extend extend extend =
(p, K°) (¢0”K1) <¢d72’7 qu) <¢d71”Kd> (qsd”Kd)
inflate inflate inflate = =
(,(17 Kd) (/4;0, Kd) (qu’ Kd) (HdA’Kd) (ﬁd’ Kd)

ke(P) =k QKO QK @K ® K2 QK1 @ K

Figure 4.2: Summary for the construction of kg(¥) in the J.K. Yu
Construction.

In Remark 3.3.2, we mentioned that the last quasicharacter of gg could be assumed
trivial without loss of generality and simplify the application of Theorem 3.3.1. Now
that we described the J.K. Yu Construction, we can fully justify this remark with the
following lemma.



4. RESTRICTING SUPERCUSPIDAL REPRESENTATIONS 87

Lemma 4.1.2. Let ¥ = (é,y,f", 0, 5) be a G-datum, where gg = (¢%,..., 071, ¢%).
Set V' = (G,y,7,p,¢), where ¢ = (¢°,..., ¢, 1). Then ng(¥) ~ 7a (V) ® ¢°.

Proof: ~ We can see from Figure 4.2 that kg(V) = kg(¥') ® ¢¢. It follows that
76(¥) = c-Ind%s ke(V) = c-IndFu (ke (V') ® ¢ xa) -

Proposition A.1.11 allows us to take out the character ¢? from the induction, so we
obtain

16(¥) =~ c-Ind%u ke (V) ® ¢F = 16(V) ® 7.

Now, let ¥ = (G, y, 7, p, gg) be a G-datum and let us study 7g(¥)|y. Recall that

pr = plky decomposes as a finite sum of irreducible representations (Lemma 3.3.11),

and that we wrote this decomposition as py = @p, for some finite set L.
el

Theorem 3.3.1 then produced a family of H-data, Res(V) = {¥, : ¢ € L}. For
each ¢ € L, we establish analogous notation for the construction of the supercuspidal
representation 7y (¥,) of H. We let

KIQI - HFy]’

KgH = H8,0+>

Kift = K H
Kif! = Ky 1 o

forall0 <i<d-—1.
Proposition 4.1.3. For all -1 <i<d—1, K}fl = K*'nH.

Proof:  We have already established that K% = K°n H in Section 3.3.2. Now, let
0 <i<d—1. We start by showing that
i+1 _ 0yl it+1
K™ =K Hy:SO.”Hy;i'
Since H,%! < Gif! for all 0 < i < d—1, we have K°H,  ---H/t! < K'*'. For
the converse, let Z' = Z(G*)°(F') denote the F-points of the identity component of
the center of G* and let G* = [G',G'|(F) ¢ H'. Then ZG',, = G}, for all r > 0
[DR0O9, Lemma B.7.2|. Applying this result, we obtain
K% =K°G), -G} = K°Z) GV, -+ ZU G

Y,50
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We note that Z!*! < Z(G')(F) ¢ Z(G°)(F) for all 0 <i < d—1 (Lemma 3.1.2).
Furthermore, Z(G°)(F) ¢ K% as K° = Ngo(GY ) (Section 3.1). It follows that
Ki-i—l _ Koay,so . GiJrly,si — KOHI . Hi-i—l

Y,80 Y,Si?

and therefore
it1 _ 10771 i+1
K+t =K'H _ .- Hy,sw

Y,80
Now, we clearly have Kif' = K**' n H. Conversely, given an element k' of
K™t ~ H, it is in particular an element of K**! and is thus in the form k' = kh
for some k € K°h e H,,  ---H/ ' < H by what precedes. It follows that

Y,50

k=Fkh"'le K°nH = KY%. Hence we conclude that k' € Kij*'. 1

Analogously to Figure 4.2, we denote by ¢%; the extension of ¢% to Kit! for all
0 <i<d—1, and by % the inflation of ¢%;, to K% for all 0 < i < d — 2. We denote
the inflation to K¢ of p, by x;'. Thus, in the case where the depth 7 of ¢%, is greater
than r4_1, we have the following diagram summarizing the J.K. Yu Construction.

N N O C A D I C R N)

extend l extend l extend l =

(o K3y (K)o (oK) (o KE) (on K
inflate inflate l inflate l = l =

(' E5) (i Bg) o (sETKR) (ELER) (s KH)

ke (V) = /121@%1(}1@/1}{@...@HdHﬂ@Hqu@ﬁ?{

Figure 4.3: Summary for the construction of ky(¥,) in the J.K. Yu
Construction in the case where 7 > r _;.

In the case where 7 < r4_1, then (gb‘}{_l(ﬁ?{, 1) are the last two characters of gb_[;,
and therefore ky (¥)) = k7 '@KYOkL®- --@rd2Qk% @1, where k% " = (¢4 o)
is the extension of ¢% *¢% to K.

In order to properly understand the restriction mg(¥)|y, we must understand
the extension and inflation processes from the J.K. Yu Construction in more detail.

Since the characters ¢%,0 < i < d — 1, are simply restricted from the characters

¢',0 <i<d—1, it is natural to expect that we have ¢%, = gbi,|K;I+1 and Ky = /fi|KId{
for all 0 < ¢ < d—1. Indeed, Section 4.2 is dedicated to showing that ¢i," = ¢ wipt for
all 0 < ¢ < d—1, whereas Section 4.3 shows the analogous result for the representations
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k', 0 < i < d— 1. This means that the restriction to H of 7g(¥) commutes in a
sense with the various steps of the J.K. Yu Construction, allowing us to connect the
diagrams from Figures 4.2 and 4.3, as illustrated in Figure 4.4.

restrict

(9", KY) (0%, Kiy)
extend O extend
tl"iCt -/ . - ;
KO res KO i i+ i 1 OpiH
(p7 ) Z€®Lp€7 H (¢ ) ) restrict (¢H7 H )
inflate [ O l inflate inflate O inflate
/i_l, Kd ( I{_l,Kd) /{i,Kd /fi ,Kd
( ) restrict ZC?L ¢ H ( ) restrict ( A H)

Figure 4.4: Commutativity of the restriction with extension and inflation for
¢, 0<i<d-—1,and p.

From Figure 4.4, we will show in Section 4.3 that £¢(V)|xe = @ rn(¥,), which
tel

will lead us to finally being able to compute the restriction 7 (¥)|g in Section 4.4.

4.2 Restricting the Representations ¢i/

The main goal of this section is to show that gbi/ Kitt = gbﬁql forall 0 <i<d-1
(Theorem 4.2.7). To achieve this, we first review the specifics behind the construction

of the extension ¢ of ¢'.

4.2.1 Construction of qbi/

Let 0 < i < d— 1. To extend the character ¢’ to a representation of K'*', Yu
introduces subgroups of G(FE), which are denoted J*'(F) and J:"'(FE), and are
defined as follows:

JHHE) = (N(E)y,, Ua(E)ysr,, Up(E)ys, s a € (G, T),be (G, T)\®(G', T)),
TEE) = (T(E),, Ua( By, Un(E), o+ - a € B(G,T), b e B(G, THG(G,T)),
where the subgroup U,(E),, denotes a filtration subgroup of U,(E), as per

Remark 2.2.13.
We write Ji*! and J for J7*HE) A G and JUTH(E) N G respectively. Yu
also used the notation (G'(E), G'*Y(E))y,(r,.s,) for J(E), and (G*,G"™), (1,5, for
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J*1. Similarly, Jo = (Gi,G”l)yj(ms:). We have that K**' = K'J"*' = K'Git!
and Ki™' = K{J7" = K{G' " forall 0 < < d — 1 [HMOS, Section 3.1].

Given the previous group ldescriptions, in order to extend the character ¢’ of K*
to K***, we must find a way to extend it over J**', or G}, The process of extending
@' over G;J;; is relatively simple. As ¢ is of depth 7, it is trivial on G*

that ¢’

+ which means
T

7

;  can be viewed as a character of G* . The choice to set s; = r;/2
G + ys+:7"7"

Y5S, 71

is not arbitrary. Indeed, this is the smallest value so that [G; sf’G; )< G; +

(by the property (1) of the Moy-Prasad filtrations discussed in 2.2.2.2), eﬁsuring that
G; ,+.,+ 1s an abelian group. Therefore, by the representation theory of abelian groups,

¢z’

to a character ¢ of G;J;ﬂ Yu considers the simplest such extension in [Yu01, Section

G,

S
Y,

i can be extended easily to a character of G**% . therefore extending ¢
y,s7L Y:8; T ’

4] by going to the Lie ;anigebra and extending trivially.

One can then extend this character ¢ uniquely to a character & of K ZG;J;,

which is defined by ggi(gg) = ¢'(9)¢i(g) forall ge K, G G’;;ﬂ This is a well-defined

»Si
i
o =9

74

G- An equivalent description

i

character since K* n G, = G* , and ¢’
y,s; Y,5;

for gg’ is the (unique) character of K 1G;+;+ that agrees with ¢ on K® and is trivial

174

on (G, Gi+1)y7(r_+7s_+) [HMOS8, Section 3.1]. We summarize the construction of ggz in
Figure 4.5.

Remark 4.2.1. For the reader who is familiar with the J.K. Yu Construction, the
description of ¢ that we provide above is not exactly the same as in [HMO0S8, Section
3.1] and [YuO1]. Indeed, in [HMOS8, Yu01]|, the character produced is for a much larger

group than necessary, K° Z,OGy ++- The description we provide above produces the

same character of K'G*tL

194

We have just extended ¢’ to a character of K 1G;+;+ = K'J' but we need to

7

extend it further to K*t! = K% J*1 There are two cases to consider.

Case 1: When J! = Jo! we have obtained the desired extension to K'*! which
is defined by ¢%'(kj) = ¢'(k)¢(j) for all k € K?,j e Ji*'. Note that this is simply
another way of expressing the character gz?z described above, and highlights that the
work required resulted in a character of J''.

Case 2: When J*! £ J! we cannot simply extend the quasicharacter ¢ to be a
quasicharacter of K'Gi*! = K*J**!. Indeed, consider the following lemma.
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(6", G")

rest)ri/ct/ J restrict

i K ¢1,G +) extend <¢Z’G;J:+>

\ :

¢1 KZG’L+1
Figure 4.5: Summary of the construction of the character gg’

Lemma 4.2.2. Assume that J™' # J= and let ¢' be a G'*'-generic character of
G' of depth r;. Then ¢'|q; — cannot be extended to a character of G}

Proof:  Let us proceed by contradiction and assume we can extend ¢’ to G}, This
means ¢ needs to be trivial on [G}}, GIF ] n GY .. If X* denotes the G“rl -generic
element that realizes ¢', then we have that X *(Y) e ker Y forallY e [gitl, gt ngl ..
Using an argument similar to the one in the proof of Proposition 3.1.12, we must
have X*(Y) € pp for all Y € [g}f}, gl ] g}, ... Extending the scalars to (’)E, we have
X*(Y)eppforallYe [ng(E)y sz7gz+1(E)y sz]mgi(E)y,m‘

As we are in the case where J*' # J™' we also have JY(E) # J.(E).
Therefore, there exists 8 € ®(G™!, T)\®(G,T) such that Ug(E),,, # Us(E),
From Remark 2.2.13, we can write

—le B(y)—s; 1—[e Bly)—s;
Us(B)ya, = Us(p P9 *) and Uy(B), .+ = Uy(ply 127 P0=>1)

Note that the ramification index eg/r of E over F appears because the affine

roots over E will be in terms of the integer multiples of $ given that

the valuation over E maps into ﬁz. Therefore, Ug(E)ys, # Us(E), +

implies that —|eg/r(B(y) — s:)| # 1 — [egp(B(y) — si)], or equivalently that
eg/r(B(y) — s;) is an integer. The expression ep/p(—B(y) — s;) must also be in

Z, as egp(—=B(y) — si) + epp(B(y) — ;) = —epgypri, and —r; € #Z since it’s
the result of a valuation over E. Next, we have that des(w, "% ~")) e gi*!(E),.,
and [deg(wp SPWmy e s(wg FPw)= Sl))] = w," Hy [YuOl, Section 6]. Therefore,

wsiriHg € [gti(E),, Sz,g’“(E) ng (E),.,, and under the hypothesis that ¢’
extends to Gi%!, we should have X *(wee/r" Hg) € pp. But this is a contradiction

,877

with the generlclty of ¢!, as we must have val(X*(Hz)) = —r;. i
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This means that we cannot extend our character ¢' across G;ﬁi, or J. We
must then construct a higher dimensional representation. Yu does this using the
theory of Heisenberg groups and Weil representations. Since the theory of Heisenberg
groups and Weil representations has been discussed in many previous works (see for
example [Yu01l,HMO08, Nev15]), we do not go into all the details in this work. Rather,
we provide an overall summary and we invite the curious reader to consult these
references for more information.

Yu shows that the quotient W = Ji+1/J"! is a symplectic vector space. Let
£ = &‘JTI and set N = ker(£%). The quotient H' = J*™! /N is a Heisenberg p-group
with center Z° = Ji*' /N’ and such that H'/Z° ~ W'. Furthermore, H' ~ W[ Z°,
where W' [x] Z* denotes couples (w, z),w € W' 2z € Z' under a specific multiplication
rule. Since G, < Ji*' and ¢’ is of depth r;, this means that & is a nontrivial
central character. The version of the Stone-von Neumann Theorem as stated in
[McN12, Theorem 3| says that, up to isomorphism, there is a unique irreducible
representation 7 of the Heisenberg p-group H' having &' as its central character.

Now, let Sp(W?) denote the symplectic group of W* and set Sp(#H?) to be the set
of automorphisms of H’ that act trivially on Z. The group Sp(W?*) can be viewed
as a subgroup of Sp(H') as H' ~ W' Z'. Given the representation g of H' above,
the Stone-von Neumann Theorem tells us that 9n¢: ~ g for all g € Sp(W*) since 9
and 7g: both have &' as their central character. So, for all g € Sp(W*), there exists an
intertwining map w(g) which intertwines 97 and 7.

It turns out that the maps w(g), g € Sp(W?), can be chosen compatibly to make a
representation of Sp(W?), which is called the Weil representation. This means that the
representation 7 can be naturally extended to a representation 7g: of Sp(W*) x H,
where w = 7gilspwiy and g = Nei |y

The representation 7 is called the Heisenberg-Weil lift of 1. When p # 3 and
dim W* > 2, the Heisenberg-Weil lift is unique. When p = 3 and dim W = 2, three
lifts are possible, but Hakim and Murnaghan single out one of them as being the
optimal choice [HMO08, Definition 2.17].

Using the action by conjugation of K® on J*™!, one can think of K as a subgroup
of Sp(W*) < Sp(H") up to homomorphism. Hence, composing this homomorphism
with the Heisenberg-Weil lift obtained from the central character !, we obtain a new
representation w’ of K% x H'.

The representation ¢ is then defined as ¢ (kj) = ¢ (k)w(k,jN?) for all
ke K' j e J*!. Note that ¢ is no longer a character in this case, but rather a
representation whose dimension is related to the size of the quotient Ji*!/Ji+t,

4.2.2 Calculating the Restriction of ¢

Before we discuss the restriction of the representation gzﬁi/, recall the groups K j}jl and
K};ﬁ: for all =1 < i < d— 1 required in the construction of the supercuspidal 7y (),
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and the notations for the extensions of the characters ¢%; that appear in Figure 4.3.

Analogously to the notation of the previous section, we define the subgroups Ji ' (E)
and Ji ! (E) of H(E) as follows:

T E) = (Ta(E) i, Ual(B)yrs Un( By, a € B(G,T), be &(G, T)\@(G', T)),
JHH(E) = (Ta(E)r, Ua(B)yr, Un(E), 1 < a € (G, T),be &G, TO(G',T)).

v,

We write Ji ' and Jif! for JiH(E) n H'*' and Ji/[(E) n H'*', respectively.
We have that Ji' = (H', H*Y), ¢, o, Jiy = (H H?'Y), ooy Kt = K Jp and
Kl =Ky Jifl forall 0 <i<d-—1.

Lemma 4.2.3. For all0<i<d—1, Jif' = J* n H* and Jif! = J A HIFL

Proof:  We prove the first equality, and the second equality can be obtained using
similar arguments.

From the definition of the groups, we have that Ji'(E) = J*Y(E) n H(E).
Indeed, the filtration subgroups of the root subgroups lie in H(F) and are normalized
by T(E),,, so we apply the argument from Proposition 2.1.30 which essentially
says it suffices to intersect T(E),, with H(E). Since J(E) ¢ G'*}(F), we have
JHUE) = JTY(E) n H*Y(E). Thus,

ng _ Jgrl(E) A Hi+1 _ J1+1<E) A HiJrl _ Ji+1 A HiJrl.

Proposition 4.2.4. For all0 <i<d—1, J"* = J 1 J*

Proof:  First, recall that T(FE),, normalizes the filtrations of the root subgroups
that partly generate J™*!(E). So, given g € J'™*!(E), we can write g = ut for some
te T(E), < J:(E) and

u€ (Uy(E)yr,, Up(E)ys, : a€ (G T),be &G TN\OG,T)) c Ji(E).

Therefore, we have J™"(E) = Ji''(E)J-(E). In order to prove the equality also
holds over the F-points, we require results from [Yu0l].

We proceed similarly to the proof of [YuOl, Lemma 2.10]. Take
ge JH = JTH(E) n G Then ¢ is fixed by Gal(E/F). By what
precedes, g = ut for some u € JSYE), t e JIY(E). It

follows that the image of g in J*Y(E)/J{W(E) = J(E)J(E)/JHE),
given by wuJ*Y(E), is fixed by Gal(E/F). But the second isomorphism
theorem tells us Ji ' (E)JSYE)/JEYE) ~ JFYE)/JH(E) n JZH(E), where
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JHHE) n JPYE) = JifH(E) as a consequence of Lemma 4.2.3. Hence, uJj!(E)
is fixed by Gal(E/F).
Next, [Yu01, Corollary 2.3] states that the natural homomorphism
Tt = (T (B T3 (2)

is a surjection. This implies that there exists gy € J};rl such that
9o it (B) = uJif!(E), that is go_lu‘ € JE“:(E) Hence, u € Jy'Jif(E). We
deduce that g = ¢'g for some ¢ € J};l,g e J7(E). Furthermore, we have that
g =g 'ge G and therefore g e J'. The result follows. i

Corollary 4.2.5. Let 3 : Jif '/ Jifl — J*1/JUH be defined by B(jJif L) = jJH for
all j € Jiit. Then B is an isomorphism.

Proof:  Well-definedness and injectivity of the map are easily verified. Surjectivity
follows from the previous proposition. |

Corollary 4.2.6. For all 0 <i<d—1, J"' = J if and only if Jif' = T3l

This last corollary is important, as it implies that the theory of Weil
representations is always applied simultaneously in the construction of ¢ and gb"H/.
This is crucial for us to be able to relate those two extensions. Indeed, if it was possible
for Jit = JifL, but J*1 % JiL then talking about restricting ¢*', a representation
of dimension greater than 1, would not result in the character qb’ﬁl. We are now ready
to state the main theorem of this section.

Theorem 4.2.7. For all0 <i<d—1, ¢i, = ¢"

i+1.
KH

Proof: For a fixed 0 <7 < d — 1, we have two cases to consider.

Case 1 (J™1 = J'): In this case, we have Ji7' = Jif' by Corollary 4.2.6.
It follows that ¢, (kj) = &% (k)@ () for all k € Kip,j € Jir', where ¢ is the
(unique) quasicharacter of K HH;JLI that agrees with ¢%; on K% and is trivial on
(Hi7 HHI)y,(rj,sj)' )

Clearly, we have that ¢ KiHi*l, Agrees with ¢% on Kj;, as it agrees with

¢" on K', and is trivial on (H, H’“) (r+,s+)> as it Is trivial on (G', G,
These restrlctlons are illustrated in Flgure 4.6. Therefore, by uniqueness, we have

¢

(risi)

K}{H;E = (bl
So, for all k e Ki;, j e Ji!

6"l (k) = & (k)5 (1) = 03 (K) iy () = 0% (k).
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Zﬁ "

¢z KZGZJrl > (E,K}{H;J;%r)

174

Figure 4.6: Diagram of restrictions for (gz and gz/ﬁi;

Case 2 (J**1 # J'): In this case, we have that ¢ is constructed using the
Heisenberg-Weil lift w’, which is a representation of K* x J'*!/ker(¢") constructed
from & = ¢ it Since Ji ' # J};Zrl, we require a Heisenberg-Weil lift to

—~

extend ¢%, which we denote by wi. Note that wi is a representation of
K}{ X Jﬁl/ker(ﬁg) where & = ¢t s = ¢ ' |

w'(k, jker(&')) = wH(k jker(¢y)) for all k € K%, j € Jif' (Theorem A.4.1). Hence,
for all ke Kb, j¢e Ji,

it In the Appendix, we show that

¢"

s (k) = G (k) (k. g ker(€) = Oy (R (k. ker () = 0y (k).

4.3 Restricting rg(V)

The main goal of this section is to show that £q(¥)|gq ~ @ /QH(\IQ) (Theorem 4.3.6).

To achieve this, we must first understand how the representatlons kL0 < i <d, of
K4 are constructed. In the J.K. Yu Construction, those representatmns are obtalned
from the representations ¢ of the smaller groups K*! via a process called inflation.
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We start this section by defining this process in general and exploring some of its
properties.

4.3.1 Inflation

Lemma 4.3.1. [HMO08, Section 3.4| If u is a representation of A which is 1-isotypic
on An B, then there exists a unique extension of i to AB, denoted infﬁB i, which is
1-1sotypic on B. This extension is called the inflation of u to AB.

Proof: ~ We define inf4” i as follows.
inf4? p(ab) = p(a) for all a € A, b e B.

As p is l-isotypic on A n B, this map is well-defined. Indeed, if @'’ = ab, then
a~ta’ = bb'~1. Tt follows that a™'a’ € A n B, so u(a™'a’) = 1. Thus, u(a') = pula),
and inf4? u(a’t') = inf4” pu(ab). Furthermore, this extension is l-isotypic on B by
definition.

To prove uniqueness, let v be a representation of AB which is 1-isotypic on B
and such that |4 = pu. Then for all a € A, b € B,

v(ab) = y(a)y(b) = v(a) = p(a) = inf4” p(ab).

Hence, v = inf4” p. |

Lemma 4.3.2. Let x = x1® - @® xn be a representation of A which is 1-isotypic on
A~ B. Then, inf4? y = infﬁB X1D-- D infﬁB Xn, that is inflation commutes with
direct sum.

Proof:
Since x is 1-isotypic on A n B, we have that xx|a~p = 1 for all 1 < k < n, so we
have inflations infﬁB Xk, 1 < k <n. For all abe AB,

inf4” x(ab) = x(a) = x1(a) @ ® xu(a) = inf4” x1(ab) @ - - - @ nf3” X, (ab).

Lemma 4.3.3. Let p be a representation of A which is 1-isotypic on A n B. Then

. . AnC)(BnC
(inf4” 1) [(ancyBac) = Hlffamc B0 (U] ane) -
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Proof: Letae AnC,be Bn C. Then

(inf4” 12) [(ancymacy(ab) = p(a) = planc(a) = inf G (] anc) (ab).

In the context of the J.K. Yu Construction, the representations ¢ get inflated
to K for all 0 < i < d—2. Indeed, ¢ is a representation of K*! which is 1-isotypic
on K'*''n Ji#? = Gl for all 0 < i < d — 2. Therefore, they can be inflated
to Kit? = K12 As explained in [HMOS8, Section 3.4], this previous inflation
will be 1-isotypic on K'*? n J*3 = Gi*2 < Gif2 < J*?. We may then repeat
the inflation process inductively to obtain an inflation to K. Furthermore, since

K= Ki*1Ji*+2... J4 this inflation will be defined as follows:
inf&7,, ¢ (kj) = ¢ (k) for all ke K+, je J*2... 4

Similarly, we can inflate the representation p to K¢ for the same reason. The following
notation is used to denote the inflations:

_ . K Y .
K 1=1nf§op,/<:’=1nf§i+1¢’,0<z<d—2.

We also have k%! = ¢V xd = % a.  Analogous notation is used for the
construction of the supercuspidal representations of H, as illustrated in Figure 4.3.

4.3.2 Calculating the Restriction of g (V)

Proposition 4.3.4. For all 0 <i < d— 1,k = K[y .

Proof: For 0 < i < d — 1, we have that ¢}, = ¢/’

implies that in K ¢y =in K}'{“<¢

all 0 <i < d—1 (Proposition 4.1.3), Lemma 4.3.3 tells us that

Kt (Theorem 4.2.7), which

xi+1). Furthermore, since K*!' n H = Ki! for
H

. Kd ./ . d ./
langH ((,bZ K?—l) = (lnfgiﬂ Cbl) |K?—I

Therefore, K}y = inf"” ("] iv1) = inf&,, ¢ |ge = K| ga
» g K Kt Kitl K¢ K¢

Lemma 4.3.5. The restriction of k=% to K decomposes as /1_1][% = @r, "
leL
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Proof:  Recall the decomposition into irreducible representations of p| KO, = K@L pes
€

where L is some finite set. We have

_ . d
5 kg, = (s o)l

Lemma 4.3.3 allows us to write

- . o K§
K kg, = inf el (plg,)-

Since p|gy = @ pr and that inflation commutes with direct sum (Lemma 4.3.2), we
teL
obtain

_1| K¢

= @ inf ¥
noRg eC?L K Pl

_ -1
= DK, .

e

We are now ready to prove the main result of this section.

Theorem 4.3.6. Given the G-datum V, kg(V)|xs ~ @ rp (Vo).
el
Proof: = We have that

"GG(‘I’)’K;Q = “_1|Kg ® ® "v'i|KgI-

0<i<d

From Proposition 4.3.4 and Lemma 4.3.5, we can rewrite the right-hand side as

g = (@) ® @ i

0<i<d

Finally, Lemma A.1.6 allows us to take out the direct sum and obtain

K6 (V)| e = €<6W9L <@—1® X Fé%) :

0<i<d

In the case where the depth 7 of ¢% is greater than 7, ;, then

kr(V) =k,'®@ & kY (Figure 4.3) and we obtain our result. When 7 < 74 4,
o<i<d

d—1 d s d—1,d d—1d _ (d—14d \/
we must find a way to compare k%~ ® k§; with k7 *® 1, where k%, 7 = (9% 0% ).
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This requires going into the technicalities of the Heisenberg-Weil lift. We provide the
details in Appendix A.4.2, in which we show that /{C}{_l ® k4 ~ ﬁil_l’d ® 1. Thus,

/—{[1 ® ® Ky ~ /4;[1 RKY® - ®/~€‘f{_2 ®/<leq_1’d® 1=k (W),

0<i<d

and the result follows.

4.4 Restricting 7g (V)

We are now ready to calculate the restriction of 7 (V) to H.

Theorem 4.4.1. Given the datum ¥V, ng(V)|g ~ @C (@WH(t\Ifg)>, where C is a set
te leL

of representatives of H\G/K?.
Proof:  From the Mackey Decomposition, we have that

t d
Res$ (V) = Res$ c-Ind$ ke (V) = tg% C—IndfdemH) Restggdsz) kg (W).

We have that ‘kg(V) = ke(*W) [HMO8, Section 5.1.1], which implies that

trod
Res% 7q(¥) = té% C—Indg(g[ Restgz{ kg ("W).
Applying  Theorem  4.3.6 to the datum ‘U, we  have  that

Reszgl k(') :g@mH((t\If)g). From the definition of conjugate G-datum
el

(Section 3.2), it is clear that (*¥), = ‘¥,. Finally, given that induction commutes
with direct sum (Proposition A.1.9), we obtain

ResS 74 (¥) ~ @ (@ C-Indfﬁ(?{ /{H(tqu)) = @ (@WH(t\I/g)>.

teC \leL teC \leL

On top of giving a complete description of the restriction of irreducible
positive-depth supercuspidal representations, Theorem 4.4.1 also provides a
description for the restriction of depth-zero supercuspidal representations, as per the
following corollary.
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Corollary 4.4.2. Let ¥ = (C_j,y,p,l) be a G-datum associated to an irreducible
depth-zero supercuspidal representation. Then

teC \leL

Res mo(¥) = @ (@mal‘en).

or equivalently,

G G . _ ThH
Resp c-Indg,  p = tg% (g}L c-Indeyy | ,04> ,

where C'is a set of representatives of H\G/Hf,).

4.5 Frobenius Reciprocity for Inducing 7y (V)

Recall that in Section 3.5, we also studied how to go backwards from an H-datum ¥y
to G-data. Analogously, we ought to be able to say something about the irreducible
subrepresentations of c-Ind% 7wy (V). Recall the notation Ext(¥y) for the set of
G-data that extend Vg.

Theorem 4.5.1. Let Yy be a normalized H-datum. Every irreducible supercuspidal
subrepresentation of c-Ind% wi (W) is of the form mq (), where ¥ et Ext(Vy) for
some t € C, C a set of coset representatives of H\G/K*?.

Proof:  Let 7 be an irreducible supercuspidal subrepresentation of c-Ind% 7y (V).
Therefore m = 74(¥) for some G-datum ¥ and Homg(7q (), c-Ind% 75 (¥ ) # {0}.
This implies that Hompy (¢ ()|, 7u(¥y)) # {0} by Frobenius Reciprocity, and
7 (Vg) is a component of 7o (V)|g as ma(V)| g is completely reducible (Theorem 1).
Theorem 4.4.1 implies that Uy € * Res(V), up to H-equivalence, for some ¢ € C', where
C is a set of coset representatives of H\G/K?. Or, equivalently, Ty e Res(V),
which implies that ¥ € Ext(* Uy) = Ext(¥y). i



Chapter 5

Multiplicity in the Restriction

Recall that G is a reductive group defined over a p-adic field F', which splits over a
tamely ramified extension, and that the residual characteristic of F' does not divide
the order of the Weyl group of G. We also maintain the notation G = G(F"), and H
is a closed connected F-subgroup of G that contains Gg.. Given a supercuspidal
representation mg(V), we saw how 7g(V)|y decomposes as a sum of irreducible
supercuspidal representations in the previous chapter (Theorem 4.4.1). The next
natural question to ask is to what multiplicities do the (irreducible) components of
this decomposition appear.

Recall the decomposition of py = p| k¢, into irreducible components, py = KC?L pe

for some finite set L. It is clear that when the summands of py are not distinct,
we cannot have a multiplicity free decomposition. Indeed, this would mean that
pi ~ p; for some ¢ # j € L, which would lead to having V¥; being an elementary
transformation of ¥, (Section 3.2), implying that 7y (V;) ~ 75 (¥;) (Theorem 3.2.4).
One can then ask as a first question whether this is the only possible source of
multiplicity. It turns out that it is. Indeed, we will show in the first section of
this chapter that the multiplicity of 7 (*¥,) in 7(¥)|y is equal to the multiplicity
of pg in py (Theorem 5.1.1). This in turn implies that the question of multiplicity for
the restriction to H of an irreducible supercuspidal representation reduces to studying
the restriction of the depth-zero part of the datum.

Because p and py are finite-dimensional representations, we will be able to apply
results from Clifford theory in order to get a formula for the multiplicity in pg. As
such, we devote Section 5.2.1 to summarize the important results from Clifford theory
that we will be using. In Section 5.2.2, we will see how we can apply these results
to py even though K% might not be of finite index in K°. We will see that every
component of py must appear with the same multiplicity, and we will provide a
formula for this multiplicity at the end of this chapter (Proposition 5.2.10). Finally,
we obtain as a corollary of this multiplicity formula a refinement of the decomposition
of m¢(V)|g in Corollary 5.2.11.

101
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5.1 Source of Multiplicity in the Restriction

Let O = (G,y,p,¢) be a G-datum. Recall that py is the restriction to K% of p
and that we have a decomposition into components pg = @ p; for some finite set
leL

L. Furthermore, ¥, denotes the H-datum in Res(¥) that corresponds to p, as per
Theorem 3.3.1, and by Theorem 4.4.1, we have that 7¢(V)|g ~ @ <@7TH(t\I’g>>,
teC \leL

where C' is a set of representatives of the double cosets of H\G/K*“. The goal of this
section is to prove the following theorem.

Theorem 5.1.1. Let C be a set of representatives of the double cosets of H\G/K?
and let £ € L. Then for all t € C, the multiplicity of the component 7 (*W,) in
7a(V)|g is equal to the multiplicity of pe in py. In particular, Ta(W)|y is multiplicity
free if and only if py is multiplicity free.

The proof of this theorem will be divided into two lemmas (Lemmas 5.1.6 and
5.1.7). However, before we can proceed to those lemmas, we need two results from
[Murl11].

Proposition 5.1.2 ([Murll, Proposition 5.4|). Let ¥ = (@,y,p, 5) be a G-datum,
d

¢ be the character of G° defined by ¢ = [ ¢'lgo and set G°. = |J G° . for all
i=0 2zeB(GO,F)

r = 0. Suppose there exists some element g such that G = 9G and ¢]Go+ = 9¢|Go+.
0 0
d . d . .
Then, setting r_1 = 0, we have ]]_[ ¢J|Gi+ = }_[-g¢J|Gi+ for 0 <i<d.
=1 1—1 =1 1—1
Remark 5.1.3. The element ¢ in the last proposition can be taken to be from a

larger group G o G.

Lemma 5.1.4. Let ¥ = (@,y,p, g;) be a G-datum, H and gb;{ be the Levi and
quasicharacter sequences of H constructed from Theorem 3.3.1, and ¢y be the

d
character of HY defined by ¢y = ] ¢%|mo. Suppose that there exists g € G such
i=0

that H = 9H and gzﬁH|Ho+ = 9¢H\Ho+. Then g € G°.
0 0

Proof:  This is an adaptation of [Murll, Lemma 5.6, so we proceed similarly to
Murnaghan’s proof therein.

d . d .
By Proposition 5.1.2, we have || ¢]}I’Hz+ =11 gQSJI_I’Hi+ for 0 < i < d. Letting
: i .

Jj=t Ti—1 i—1

7' = Z(G')°(F) and G' = [G',G']|(F) < H', we have that G', = Z',G',+ for all
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r > 0 [DR09, Lemma B.7.2] and therefore Gi+ = ng HL. As a consequence, we have
that Gi+ = 9Gi+ and

i—1 1—1

d d
ngﬂ'y% =H9¢7]Gi+ for 0 < i <d. (5.1.1)
=i i—1 =i i—1
In particular, setting i = d—1in (5.1.1), we have (bd*1¢d|Gi;1 = 9(¢d*1¢d)|Gi;1 .
Because ¢? is a character of G, we have that ¢¢ zdingd and therefd;e
¢d*1|Gd;1 = 9¢d*1|Gd;1 . Since 741 > rq_9, it follows that ¢d71|ng—711 - g¢d71|ng_jl'

Td—2 Td—2

This last equality implies that g € G471 [Murll, Lemmas 4.2 and 4.4|, as explained
in [Murll, Lemma 5.6].

Using the fact that g € G471 implies ¢?71¢p? = 9(¢?1¢?), we put i = d — 2

in (5.1.1) and repeat the same argument as above to conclude that g € G972, We

proceed recursively to conclude that we must have g € G°. |

Remark 5.1.5. Note that the statements above are modifications of [Murll,
Proposition 5.4 and Lemma 5.6 to suit our needs. The initial statements are more
general and apply to a wider range of characters, namely those that are G-factorizable
in the sense of [Murll, Definition 5.1|.

Also, the initial statements of [Murll, Proposition 5.4 and Lemma 5.6] contain
an extra hypothesis, called C(G’)}. However, Kaletha’s work [Kall9] allows us to
omit this hypothesis, as was previously mentioned in Remark 3.2.6.

We are now ready to proceed to the two lemmas that will prove Theorem 5.1.1.

Lemma 5.1.6. Let C be a set of representatives of the double cosets of H\G/K¢?,
and let s,t € C. Assume that s #t. Then for all {,k € L, w7 (*Wy) % mg("¥y).

Proof: = We show the contrapositive statement. Assume that 7y (5U,) ~ w7y ("W).
From Theorem 3.2.4, there exists h € H such that *KY, = " K9 *H = "H and

(pe @ dwr) =~ "(pr @ P,

d . — — . —
where ¢y = [[ ¢'y|mo. Equivalently, K% = K% H = "MH and

=0

pe® b~ "(pp @ ¢r) (Lemma A.1.7).

Since p;| o , is 1-isotypic for j = {, k, it follows that
y,0

1
drlmo = (" Mon)lno -

+
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The equivalence becomes an equality when we have characters, as intertwining maps
simply correspond to scalar multiplication. Given that the depth of a character does
not depend on the point of the building that describes the Moy-Prasad filtration
subgroups (Remark 2.3.25), we have that

-1
Suluo, = (* "om)luo,

Applying Lemma 5.1.4, we have that s~*ht € G°.

Recall from Remark 3.2.5 that * ™K = K9 implies s~'ht - [y] = [y], implying
that s~'ht € G?y] = K° ¢ K9 Hence, t € HsK? meaning that s and t belong to
the same double coset of H\G/K?. Because s and t are coset representatives, we
conclude that they must be equal. |

The previous lemma implies that the multiplicity in the restriction 7o (V)|y must
come from within @ 7y (W¥,). The next step is then to determine the condition under
teL

which 7y (V) ~ 7y (Vy), ¢, k € L, which is provided by the following lemma.
Lemma 5.1.7. Let {,k e L. Then ng(Vy) ~ g (V) if and only if py ~ pi.

Proof:  Assume that p, ~ pr. Then ¥y is an elementary transformation of ¥,
(Section 3.2) and 7wy (V) ~ 7y (¥y) (Theorem 3.2.4).

Conversely, if my(V,) ~ wy(¥y), we know from Theorem 3.2.4 that there
exists h € H such that H = "H, K% = K9, and p, ® ¢y ~ "(pp @ ¢pr), where
o = Hg:o @%; | go. Proceeding similarly to the proof of Lemma 5.1.6, we have that
he KN H = KY%. Because h € H°, we have ¢y = "¢y. We then conclude that

pe = "py, which implies that p, ~ py as h € K% (Lemma A.1.5).
i

Combining Lemmas 5.1.6 and 5.1.7 together gives us the proof of Theorem 5.1.1.
Proof of Theorem 5.1.1:
Let s € C'and j € L. By Lemma 5.1.7, the multiplicity of p; in pg corresponds to
the multiplicity of 7y (°¥;) in ZCE—DLWH(S\IQ). Since 7y (*V;) #* wu("¥y) when s # ¢

regardless of k € L (Lemma 5.1.6), this multiplicity corresponds to the multiplicity
of WH(S\IJ]'> in (—D <<—D7TH(t\Ifg)> I

teC \leL

Theorems 4.4.1 and 5.1.1 generalize [Nev1l5, Theorem 5.2| in which H = Gge
and U is a toral datum of length one. In this case p is assumed trivial and Res(¥)
consists of only one element (Corollary 3.3.3), meaning that the restriction mg(V)|g
is automatically multiplicity free as per the following corollary.
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Corollary 5.1.8 ([Nevl5, Theorem 5.2|). Let ¥ = ((T,G),y,r,1,(¢°% ¢')) be a
toral datum of length one. Let Wg4e, denote the restriction to Gaer of U as per
Corollary 3.3.3. Then wg (V) decomposes with multiplicity one as

me(V)|g ~ tg%ﬂcder(t‘l’der),

where C' is a set of coset representatives of Gae\G/K?.

We end this section by mentioning that Theorem b5.1.1 applies to both
positive-depth and depth-zero supercuspidal representations as they are all produced
from the J.K. Yu Construction. This allows us to restate our result as follows.

Corollary 5.1.9. Let £ € L. Then the multiplicity of w7y (V,) in 7g(V)|y is equal to

1

the multiplicity of 7, in 7= o, where m=% = C—Ind[G(% p and ;" = C—Ind%{ pe. In

particular, 7¢(V)|g is multiplicity free if and only if 7| yo is multiplicity free.

Proof:  We know from Theorem 5.1.1 that the multiplicity of 75 (V) in 7¢(V)|n
is equal to the multiplicity of py in pg. On the other hand, if we consider the datum
U0 = (G%y,p, 1), we have 1o (%) = 77!, Then, Theorem 5.1.1 tells us that the
multiplicity of 750(¥9) = 7,1 in 7qo(¥0)| 50 is equal to the multiplicity of p, in py.
The result thus follows. i

The statement of Corollary 5.1.9 makes it clear that the multiplicity upon
restriction of a positive-depth supercuspidal representation really depends on
the depth-zero supercuspidal representation of the reduced datum. Therefore,
the question of determining multiplicities in the restriction of an irreducible
supercuspidal representation reduces to an equivalent question for irreducible
depth-zero supercuspidal representations.

5.2 Determining the Multiplicity in the Restriction

In this section, our goal is to obtain a more precise decomposition of py and know
the multiplicity of each component. By Theorem 5.1.1, this will provide us with the
multiplicity in 7g(¥)|y. In order to achieve this, we will need some results from
Clifford theory. We start this section by reviewing those results.

5.2.1 Some Clifford Theory

In this subsection, G' simply denotes a group, and N is a normal subgroup of G.
When G and N are finite groups, Clifford theory allows us to describe the relation
between representations of G and those of N. In particular, if 7 is an irreducible
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representation of G, this theory offers a very precise description of 7|y. Indeed, every
two components of 7|y are conjugate and every component appears with the same
multiplicity. Furthermore, this multiplicity can be explicitly calculated. A summary
of Clifford theory can for example be found in [CSST09.

We can adapt the proofs from [CSST09| for groups G and N which are not
finite. We will proceed to do so in this section, but require a few hypotheses.
For the remainder of this section, we assume that N has finite index [G : N] in
G. We also need N to be open, closed and containing an open compact subgroup
so that we may apply Mackey theory and Frobenius Reciprocity. Furthermore, we
assume that 7 is an irreducible finite-dimensional representation of G and that 7|y
is completely reducible. The main result that we will take away from this section is
Proposition 5.2.7, but we must establish some new notation and a few intermediate
results before we get there.

Definition 5.2.1. Let « be an irreducible representation of N.  The set
Io(n") ={g€ G :91" ~ 7'} is called the normalizer of ™' in G, or the inertial subgroup

of ™ (in G).

A consequence of Mackey theory is that we can obtain a condition for the
induction of a representation to be irreducible, known as the Mackey Irreducibility
Criterion. In particular, when 7’ is an irreducible representation of N, the condition
for c—Ind% 7’ to be irreducible is phrased in terms of the inertial subgroup of «’.
Indeed, we have that c-Ind§ 7’ is irreducible if and only if I(7") = N.

Definition 5.2.2. Let 7’ be an irreducible representation of N, and let I = Ig(n').
We define f(ﬂ’) to be the set of irreducible representations of I which are contained
in c-Indh 7.

Lemma 5.2.3. Let @’ be an irreducible representation of N and let [ = Ig(n'). Then
Resk c-Indk 7/ is w'-isotypic. In particular, for all 11 € I(x'), we have that |y is
7' -isotypic.

Proof:  From the Mackey Decomposition, we have that Res) c-Indy 7' = @ 7,
ceC

where C' is a set of coset representatives of I/N. In particular, every element ¢ € C
lies in I, meaning that 7’ ~ x’. The result thus follows. |

Lemma 5.2.4. Let @’ be an irreducible representation of N and let I = Ig(n’). Then
c-Ind$ 1T is irreducible for all TL € I(x').

Proof: By the Mackey Irreducibility Criterion, showing that C—Ind? IT is irreducible
is equivalent to showing that the normalizer of II in G is equal to I. Take g € G such
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that 911 ~ II. We must show that g € I. Since N is a normal subgroup, we have that
9(I1| ;) ~ H|y. Since II|y is #'-isotypic (Lemma 5.2.3), we conclude that 97" ~ 7’
and that g € I. |

Lemma 5.2.5. Let 7’ be an irreducible representation of N, I = Ig(x") and w be
an irreducible representation of G such that w|y contains ©’. Then ™ = C—Ind? IT for

~

some Il € I(').

Proof:  Since 7’ < |y, Frobenius Reciprocity tells us that 7 < c-Ind§ 7', Since I
is a subgroup that lies between G and N, we have that c-Ind$, 7’ = c-Ind% (c-Ind’, 7).
According to Lemma 5.2.4, every component of c-Indy 7’ (or equivalently every

element of I(7")) induces irreducibly to G. This means that the components of
c-Ind§ 7' are of the form c-Ind¥ IT for some IT € I (). i

Lemma 5.2.6. Let ©’ be an irreducible representation of N, I = Ig(n') and 7 be a

representation of G such that w|y contains . Let I1 be an element of I(n') such that
7 = c-Ind¥ II. Then M|y = ma', where

dim(7)
[G : I]dim(7")’

m =

and dim(m) and dim(n’") denote the dimensions of m and 7', respectively.

Proof:  Recall from Lemma 5.2.3 that II|y is 7'-isotypic. Therefore II|y = mn’ for
some m > 0, and dim(I1|y) = mdim(z’). Since IT and II|y act on the same vector
space, their dimensions are the same, implying that

o dim(IT)
~ dim(n)’

On the other hand, we have that n = C—IIldIG II, meaning that
dim(7) = [G : I]dim(II) (Proposition A.1.8), or equivalently
_ dim(7)
dim(II) = :
im(I1) [G: ]

The result then follows by combining this equation for dim(II) with the above
equation for m.

Finally, we arrive to the main result of this section.
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Proposition 5.2.7. Let " be an irreducible representation of N, I = Ig(n') and
be a representation of G such that w|n contains ©'. Then

Res§ m =m (C(?CCW’) :
where
dim(7)
[G : I]dim(7")’

and C' is a set of coset representatives of N\G/I. Furthermore, every component of

® °n’ is distinct, meaning that every component of Res$ m has multiplicity m.
ceC

m =

Proof: By Lemma 5.2.5, we have that 7 = ¢-Ind$ II for some II € f(w’). Using the
Mackey Decomposition, we obtain

(&
Res$ 7 = Res§ c-Ind$ 11 = g)cc—lnd%mq Resy ., “II,
C

where C' is a set of coset representatives of N\G/I. Because N is a normal subgroup
of G and N c I, this simplifies as

c
Res§ m = @ Resy “II.
ceC

By Lemma 5.2.6, we have that Resf\, IT = mn’, where

dim(7)
[G: I]dim(7")

m =

Therefore, we obtain the stated decomposition of Res§ .
Furthermore, we note that having “r’ ~ 7', ¢,d € C implies that d~'c € I and
therefore ¢ and d lie in the same double coset. This means that every component of

@ °n’ is distinct. |
ceC

5.2.2 Formula for the Multiplicity

We now wish to apply the results of the previous section in order to obtain a
description of p = p|go, where Ky = Hp,. The quotient K°/Kp might not be
of finite index, so we cannot necessarily apply Clifford theory directly by setting
G = K" and N = KY,. However, because K° is compact modulo the center of G, Z°
the index [K°? : Z°KY] is finite (Remark 3.1.4). Furthermore, Z°KY, is open (and
closed) and contains a compact open subgroup. Therefore, we can apply the Clifford
theory from the previous section to p[zoxy by setting G = K Oand N = Z°KY,.
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Let us first recall the more refined description of py from Remark 3.3.12. Fix
a component (p', V') of (pg, V). Then the set L is a finite subset of a set of coset
representatives of K°/KY and, for all £ € L, p, = “p’ so that

p = ®p= @Y.
leL

Lemma 5.2.8. Let (o, V') be a component of (pu,V). Then (¢/,V') defined by
' (zh) = p(2)p'(h) for all z € Z° h e K is a component of (plzoxo, V).

Proof:  Firstly, the representation p’ is well-defined. Indeed, we see from the above
description that p|xg ~z0 = @ |y ~z0. Therefore, p(2)y: = p(2) for all z € KjynZ°,
el

It is clear that o/ is a subrepresentation of p|o K9, by definition. Furthermore,
because Z° acts by scalar multiplication through p (Lemma A.1.4), any
Z°KY-invariant subspace of V' is also a KY-invariant subspace of V’.  This
means that ' is irreducible, and is therefore a component of p| o K9, - i

Lemma 5.2.9. Let (o/,V') and (p/,V') be as per the previous lemma. Then

Iro(p') = Iro (p').
Proof: Let g € K°. We must show that 90/ ~ g/ if and only if 90’ ~ p’. It is clear
that if 9p' ~ o/, then 9p' ~ p since p' = ng-

For the converse, assume that p’ ~ 9p/ and let f be an invertible intertwining
map between 90/ and p’. Then, for all h € K%, v e V', 99/ (h) o f(v) = f o p'(h)(v).
One then sees that for every constant k € C,

kK p'(h)(f(v)) = f(kp'(h)(v)).

Because Z° acts by scalar multiplication, for all z € Z° we have that p(z) = c.Idy
for some c, € C, where Idy is the identity map on V. Therefore, for all z € Z° we
obtain that

2 (R)(f(v)) = flezp'(h)(v)),
or equivalently,

7o (2h)(f(v) = f(p'(zh)(v)).

Hence f is an invertible intertwining map between 90/ and p/. The result follows. 1

Proposition 5.2.10. Let p’ be a component of pyr = plgo,, I = Ixo(p') and

dim(p)
[KO: I]dim(p')




5. MULTIPLICITY IN THE RESTRICTION 110

Then

PH =M ((‘del> )
deD

where D is a set of coset representatives of KY\K°/I. In other words, each component
of pu has multiplicity m.

Proof:  Let p/ be the extension of p' to Z°KY, as per Lemma 5.2.8, which is a
component of p|zoxy . Since Z°K7, is of finite index in K and that all representations
at play are finite-dimensional, we apply Proposition 5.2.7 and obtain

p’ZOK?_] =m (@dﬁ> ’
deD

where

dim(p)
(KO : Ieo ()] dim ()
and D is a set of coset representatives of ZOKY\K°/Ixo(p'). Because Z° < Ixo(p'),
we note that ZOK9\K/Iro(p') = K{\K°/Ixo(p'). Since Ixo(p') = I (Lemma 5.2.9)
and dim(p’) = dim(p’), D is a set of coset representatives of K%\K°/I and
dim(p)
[KO: I]dim(p')

Restricting p| 4o ko, to K9, we conclude that

pu =m (@ dp’) :
deD

m =

As a corollary of Proposition 5.2.10 and Theorem 5.1.1, we can refine our
description of 7 (V)| x.

Corollary 5.2.11. Let ¥ = (@,y,p, qz?) be a G-datum, p' be a component of py and
I = Iro(p'). Let D be a set of coset representatives of K%\K°/I, and for all d € D
let Uy be the H-datum associated to p’. Then

7a(U)|g =m ( P FH(t\I’d)) )

teC,deD

where

dim(p)
[KO: I]dim(p')’
and C is a set of coset representatives of H\G/K®. Furthermore, every component

of P wr("Wy) is distinct, and every component of mq(V)|gy has multiplicity m.
teC,deD

m =
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Proof:  Given the decomposition py = @ py, it follows from Theorem 4.4.1 that
el

1e(U)|ly ~ @ (@WH(t\IJZ)) ,

teC \leL
where (' is a set of representatives of the double cosets of H\G/K®. Therefore, using

the decomposition of py provided by Proposition 5.2.10, we can rewrite the restriction
as

teC' \ deD teCdeD

m6(V)ln = @ (@mﬂH(t‘I’d)> = m( ) ”HC\I’d)) ’

where

dim(p)
[KO: I]dim(p)

Furthermore, it follows from Theorem 5.1.1 that each component of @ 7wy(*V,)
teC,deD

is distinct. |

m =

Remark 5.2.12. Because p/ < p|z KO, We know from Frobenius Reciprocity that

p < c-Indk) xo, ¢/~ This means that dim(p) < [K* : Z°K}] dim(p'), or equivalently

dmip) g0, g0k,
dim(p’)
It follows that (KO : Z0K,]
< 2 Ral_rp. 00
m [K0: 1] [ il

as Z°KY% < I. Therefore, the value of the multiplicity is directly related to how
close I is from being equal to Z°K?Y. In particular, when G® = Z°H? (or the central
isogeny for G° is defined over F'), we have m = 1.



Chapter 6

Regularity for a Multiplicity Free
Restriction

Given a G-datum ¥ = (@,y,ﬁ 0, 5), we saw in Chapter 5 that the multiplicity in
7G(¥)|p is related to the multiplicity in pgr = p[ko . In particular, if p’ is a component
of pg, we saw that the mutiplicity of each component of 7o (V)|y is given by

dim(p)
[KO: I]dim(p’)’

m =

where I = Io(p') is the normalizer of p' in K° (Corollary 5.2.11). Therefore, when one
can single out a component of py and compute its normalizer in K°, the multiplicity
m can be explicitly calculated. The goal of this chapter is to provide an example of
a class of representations p for which it is possible to explicitly isolate components p’
in py and derive conditions for a multiplicity free restriction.

Because H° is such that [G°, G°] < H°, we can alleviate notation and assume
that p is an irreducible representation of G, that induces irreducibly to a depth-zero
supercuspidal representation of G' that we wish to restrict to Hp, (that is replace G°
by G and H° by H). What we know about p is that p|e,, contains the pullback of a
cuspidal representation o of G o0+ (Theorem 2.3.26), where G, o.0+ = G,(f) for some
reductive group G, (Section 2.2.2.2). However, we need more information to compute
its dimension and isolate one of the components of py = p| Hy,, to compute m.

In this chapter, we restrict our attention to when p induces to a reqular depth-zero
supercuspidal representation in the sense of [Kall9, Definition 3.4.19]. The regular
depth-zero supercuspidal representations are a very important class. Indeed, Kaletha
points out that most depth-zero supercuspidal representations are regular (paragraph
following [Kall9, Definition 3.7.3|).

In particular, having c—Indg[y p be regular means that o is a Deligne-Lusztig
cuspidal representation. The definition of a Deligne-Lusztig cuspidal representation
requires the notion of a Deligne-Lusztig virtual character. Therefore, we will start by

112
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defining these kinds of characters, along with some of their properties, in Section 6.1,
before discussing the Deligne-Lusztig cuspidal representations in Section 6.2.

Kaletha provides a method for constructing regular irreducible supercuspidal
representations of depth zero in [Kall9|, which we recall in Section 6.3. As a
consequence of this construction, we will obtain a specific description of p, that gives
us more information than just its restriction to G, . In particular, that description
of p will allow us to describe the components of pg = p| my, (Proposition 6.4.6) and
derive a condition for a multiplicity free restriction (Corollary 6.4.10).

Finally, we end this chapter with a few remarks regarding the statement of
our multiplicity free result and some remaining open questions related to computing
multiplicities in Section 6.5.

6.1 Deligne-Lusztig Virtual Characters

In this section, we temporarily change our focus and let G simply denote a reductive
group over an algebraically closed field of characteristic p. Let Fr : G — G be a
Frobenius map (as per [Car93, Section 1.17|) and G = {g € G : Fr(g) = g}. For our
purposes, it suffices to know that the map Fr is a surjective homomorphism for which
G'™ is finite. The group G™ is called a finite group of Lie type.

Remark 6.1.1. If G is a reductive group defined over the finite field f, then G(¥) is
a finite group of Lie type. Indeed, one can view G(f) as the Gal(f /f)-fixed points of
G. In this case, the Galois group of every finite extension § of f such that f = f  §
is generated by a single element, which is a Frobenius map of G. Taking the inverse
limit of all those maps gives us a Frobenius map Fr of G which consists of taking the
Gal(f / f)-points of G. This means that G™ = G({) is a finite group of Lie type.

Furthermore, there exists a class of finite groups of Lie type which do not
correspond to taking rational points of a reductive group, called the Suzuki and Ree
groups [Car93, Section 1.19|. So, while one of our underlying goals in this chapter is
to talk about (Deligne-Lusztig) virtual characters of G(f) = G,(f), the theory of such
characters applies in the more general context of finite groups of Lie type. As such,
we will formulate our results in this more general setting to remain faithful to the
literature on the topic.

Deligne and Lusztig defined a class of generalized (or virtual) characters of the
group G' in [DL76]. The theory of such characters was reviewed in great detail in
[Car93|. The main goal of this section is to obtain the formula for the restriction of one
of their virtual characters (Theorem 6.1.9) as this will prove useful when restricting
p. Since we did not find such a formula in the existing literature, we provide all
the details in this section, starting from the definition of a virtual character to doing
explicit calculations with the character formulas.
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6.1.1 Formulas for Virtual Characters

Given a maximal torus T of G which is Fr-stable and a complex character § of T™,
we can construct a virtual character R%ﬂ which maps G' into C. If the context is
obvious, we simply write Rty for R%@.

The original description of Ry provided in [DL76] relies on l-adic cohomology
groups with compact support of a variety X, where [ is a prime number different
from p. These [-adic cohomology groups are denoted by Hg‘(f( ,Q), i = 0. We will
not provide the definition for these cohomology groups here, as it turns out that we
will be able to bypass this notion shortly. The curious reader is invited to consult
[DL76,Car93| for more details on these cohomology groups.

To define the variety X, we choose a Borel group B that contains T. Note that
this Borel subgroup need not be Fr-stable. We have a Levi decomposition of B,
B = UT, where U € Gqe, is some unipotent subgroup. Then, we define the variety X
as X := Lg!(U), where Lg is the Lang map of G defined by

LG . G g G
g+ g " Fr(g).

Note that the Lang-Steinberg Theorem states that this map is surjective.

The groups G™ and T™ act on X by left multiplication and right multiplication,
respectively [Car93, Section 7.2]. Those actions then induce actions on the
cohomology groups Hg(f( ,Q,;). The original formula for the virtual character Ry g
provided in [DL76, Section 1.20] is based on the action of G' and is given as follows:

Reo(g) = 3(~1)itrace(g, Hi(X,@)o) for all g € G,

120

where H!(X,Q,)y is the T™-submodule of H!(X,Q,) on which T™ acts by the

character 6.

Remark 6.1.2. For a unipotent element u € G, we set

QF (1) = Ry (u).

The map Q% from the set of unipotent elements is called a Green function. The Green
function Q% (u) is integer-valued [DL76, Section 4].

The first thing that we might think when looking at the formula for Rt is that
it depends on the choice of Borel subgroup B. However, it was shown that it actually
does not [DL76, Corollary 4.3],|Car93, Proposition 7.3.6]. The second thing that we
might think is that this formula for Rty does not seem easy to work with at first
glance. Luckily, there is a way to bypass the [-adic cohomology subgroups and obtain
an alternate formula for Ry .
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By what precedes above, for all ¢ € Gt € T™, we can view (g,t) as an
automorphism of X, defined by (g,t)i = gt for all Z € X. By [Car93, Property
7.1.3|, this automorphism induces a non-singular map of Hé()z' ,@Q,) into itself. This
action allows us to define what we call the Lefschetz number of (g,t) on X,

Zs((9.1), X) = Y (=1)'trace((g, 1), HI(X, Q)))-

=0

Note that the Lefschetz number is an integer that does not depend on the choice of
the prime number [ (I # p) [Car93, Property 7.1.4].

Now, we have that the Frobenius map commutes with (g, ) as maps of X. Indeed,
given that Fr(g) = ¢ and Fr(t) = t, we obtain that for all z € X

(Fro(g,t))(x) = Fr(gat) = g Fr(z)t = ((g,1) o Fr)(x).

Following [Car93, Appendix (h)|, an application of Grothendieck’s trace formula
allows us to obtain . B
Zs((g,1), X) = lim Rg(s),

§—00

J— 0 ~ n _
where Rg(s) is the rational function with power series expansion — > | X" °(9?) s

n=1

Here XF" (o)™ denotes the elements of X that are fixed by the map Fr” o(g,t)1,
that is X7 °0) ™" = {7 € X : (Fr"o(g,t)~")(Z) = &}. The Lefschetz number is what
allows us to obtain an alternate formula for Ry g that is no longer phrased in terms
of l-adic cohomology subgroups, as per the following proposition.

Proposition 6.1.3 ([Car93, Proposition 7.2.3|). For all g € G,

R’]I‘@ Z 8 D%(G ga >7X)7

teTFr

|’]PFr

where Z5((g,t), X) is the Lefschetz number of (g,t) on X.

This formula will be of great use to us in Section 6.1.2. There is a second
alternate formula for Ry that is also accessible for the computations we will do in
Section 6.1.3. This formula makes use of the Green function defined above.

Theorem 6.1.4 (|[DL76, Theorem 4.2],[Car93, Theorem 7.2.8|). Let g € G™ and
assume its Jordan decomposition is given by g = su = us, where s is semisimple and
u 18 unipotent. Then

1

Brol9) = (e

2 0(z 'sx) Qf{?ﬁf (u).
zeGFr
z~LszeTFr
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6.1.2 Virtual Characters and Isomorphisms

One natural question that can be asked about the virtual character Rry is whether
or not it commutes in a sense with isomorphisms of algebraic groups. For instance,
if G’ is a reductive group such that there is an isomorphism of algebraic groups
f:G — G/, then Fry = foFrof~! is a Frobenius map of G'. Note that f will map
G™ to (G')F7. Indeed, for all g € G™, Fr;(f(g)) = f(Fr(g)) = f(g), and therefore
f(g) € (G")f*s. Furthermore, f maps the maximal Fr-stable torus T of G to a maximal
Fr -stable torus T" of G’. A natural question that one might ask is if for all g € G™,
Rrg(9) = R gop-1(f(g)). While it is not hard to believe that this last equality is
certainly true, no reference in the literature was found in these regards. Therefore,
we will prove this statement in Corollary 6.1.8 of this section, to which we build up
with a few lemmas. We will see that the result is simply an application of the various
definitions we have seen in the last section.

Since f is an isomorphism of algebraic groups, B’ = f(B) is a Borel subgroup of
G’ that contains T’, with B’ = U'T’, where U’ = f(U). Let X; = Lg!(U’), where

Ly :G -G
g g ' Fre(g)
is the Lang map of G'.
Lemma 6.1.5. The variety X; is equal to f(X).

Proof: We have that z; € X; if and only if o "Fry(zp) = o for some u' € U'.
Applying f and simplifying, we obtain an equivalent condition which is that of
(fHaxyp) ' Fe(f~Hxy)) = fH(u'). This last condition is satisfied if and only if
ffl(:pf) e X, which is equivalent to z; € f(X).

i

Given g € Gt € T, (f(g), f(t)) is an automorphism of Xf = f(X). We
also have that (f(g), f(t)) commutes with Fry, as (g,t) commutes with Fr. The
Lefschetz number of (f(g), f(t)) on Xy, which we will denote %/ ((f(9), f(t)), Xy),

is then the limit of the rational function Rg/(s) with power series expansion
_Z Frf (9).f(1)~ o

Lemma 6.1.6. Let X = Lg'(U) and X; = L (U') be the varieties from before.
Then XFF"O(f DO _ FXPolon ™y,

~ Fr” o —1
Proof: We have that x; € X;f (7a)10) if and only if

xy = (Frfo(f(g), f(t))™") (x). We can apply f~' on both sides and simplify
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as follows to obtain an equivalent condition:

7 ay) = FH(f o of 7 (flg™Dapf(t7))
= 0" (g7 @)t )
= (Fr"o(g,t)™") (f () -
This last condition happens if and only if f~'(zy) € XB"ee)™ or equivalently if

e f(XP"o@n ™),
|

Corollary 6.1.7. The Lefschetz number of (g,t) on X is equal to the Lefschetz
number of (f(g), f(t)) on X;.

Proof: By Lemma 6.1.6, we have that ‘XFY"O(Q’”_I X; R , and

therefore Re(s) = Re(s). Thus, Z((g,1), X) = Lo ((f(9), f(t)), X;). i

Corollary 6.1.8. Let G be a reductive group with Frobenius map Fr and T be a
maximal Fr-stable torus of G. Let f : G — G’ be an isomorphism of algebraic
groups and let T" be the maximal Fry-stable torus of G’ to which T maps, with
Fr; = foFrof~'. Then, for all g € G we have

RT,@(Q) = RT',eof—l(f(g))-

Proof:  Given g € G', recall from Proposition 6.1.3 that

R'H‘g ‘ F‘r| Z g@ gv )7X)

teTFr

Since f : T — T’ is an isomorphism, we have that f(T*) = (T)"7, for the same
reason we had f(G™) = (G/)™/ at the beglnnlng of this section. It follows that every
element t € T is of the form ¢ = f~1(¢) for some t' € (T')¥s. Then, for every
geG™,
. 1 —1/p—1 ¥
Rrp(g) = 1T Z 0o f(t)%:((g,1), X).

te(T)"f

Since Z5((g,t), X) = Lo ((f(9), f(t)), X;) by Corollary 6.1.7, the result follows. I
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6.1.3 Restricting the Virtual Characters
The main goal of this section will be to prove the following theorem.

Theorem 6.1.9. Let G be a reductive group defined over an algebraically closed field
of characteristic p and Fr : G — G be a Frobenius map. LetT be a mazimal torus of G
and H be a subgroup of G which is closed, connected and contains Gger. Furthermore,
we assume that T and H are Fr-stable. Then Ryglgr: = Rry ., where Ty = T n H
and Oy = 0|y

We note that Ty = TnH is a maximal torus of H by Remark 2.1.20. The formula
provided by Theorem 6.1.4 for the virtual character Ry, g, at an element g € H' with
Jordan decomposition g = su is

1 1y CE()°
Ry 04(9) = W %Fr On(x 5$)QI1I;HHI—1 (u).
x}i sa:e']l‘ﬂlfﬁr

To see that this expression will equal to Ry (g), we must establish some relations
between the various groups at play that appear in the formula above and the analogous
formula for Ry 4(g) coming from Theorem 6.1.4.

An immediate consequence of the Lang-Steinberg Theorem is that if Hy, H, are
Fr-stable closed subgroups of G such that Hs is normal in H; and H is connected,
then we have HP/HE ~ (H,/H,)™ [Car93, Section 1.17]. This corollary of the
Lang-Steinberg Theorem leads us to the following statement.

Proposition 6.1.10. Let G, T and H be as in Theorem 6.1.9. Then G = H™T,

Proof: = We have that G = TGge (Remark 2.1.17). Therefore, G = TH as
Gaer < H. It follows that G/H = TH/H, which is isomorphic to T/Ty by the
second isomorphism theorem, where Ty = T n H. Since H and Ty are connected,
it follows from the Lang-Steinberg Theorem that T /Ti ~ G /H'™, and therefore
THH™/H' ~ G /H™. We conclude that G = T™H™ or equivalently G™ = H' T
by normality of H. i

Corollary 6.1.11. Let G,T and H be as in Theorem 6.1.9. Let s be a
semisimple element of H™ and let ¢ € G be such that s € 9T. Then
[T : TE] = [(Cg(5)°)™™ : (Cr(s)°)*™], where Ty = T ~ H.

Proof: We have that 9T is a maximal torus which is Fr-stable and that
9T ~ T is an isomorphism. By the Lang-Steinberg Theorem, we have that

(9T)F /(9T )™ ~ TP /TE. Since s € (“T)™, (“T)™ = (Cg(s)°)™ . It follows that
(gT)Fr/(QTH)Fr ~ (QT)FrHFr/HFr - (C«G(S)O)FrHFr/HFr c GFr/HFr.



6. REGULARITY FOR A MULTIPLICITY FREE RESTRICTION 119

Since T /T ~ G™/H"™  (Proposition 6.1.10), we must have
T /Ti ~ (Cg(s)°)"H™/H™, which is isomorphic to (Cg(s))™/ ((Cs(s)*)™ n H™)
by the second isomorphism theorem. Since (Cg(s)°)™ n H™ = (Cg(s)°)" (Lemma
2.1.32), the result follows. i

Proof of Theorem 6.1.9:

Let g = su be the Jordan decomposition of g € H™. Since the Jordan decomposition
is unique, this must also correspond to the decomposition of g in G¥*. We have that
G = H™T™ (Proposition 6.1.10). Furthermore, since s € H'* and H' is normal in
G™, requiring z7'sz € T™ is equivalent to requiring x~'sz € TEF. Therefore, we can
start modifying the formula for the restricted virtual character as follows:

1 - Ce(s)°
Ry glar(9) = = ~ovm 0 57)Q,z, " (u)
[(Ca(s)°)F] Z A
xLszeTHr
1 — Cg(s)°
= O (2 s2) QS ().
o™ 2
m_lsxe']l’]fﬂr
Now, let {t1, ... m} be a set of coset representatives of T \TH ~ H™\H™ T, Then
HETE = HY U - - UHM,,. Given x € H T, we have x = gt; for some 1 <1i < m,

g € H™. Note that the right coset notation is necessary to have our elements of H*
expressed in this particular way to ensure the following simplifications. Since ¢; € T,
we have that 2T2~! = gTg~! and O(x~'sx) = 0(t; 1§ sgt;) = 6(3 ' s7). This allows
us to rewrite the restricted virtual character as follows:

(s)°
’( Z Ou(g ng 1 (u)
geHFr
1<is<m

g—l SgETFr

- G 2 e 9 (.

geHFr
g 1 SgETFr

Ry glmr:(9) =

We have that m = [T : TI], but this is equal to [(Cg(s)?)™ : (Cu(s)°)™] by
Proposition 6.1.11. It follows that |(CG(7?)O)H| = |(CH(i)°)FY|‘ Therefore,

Rroluee(9) = Tomryoym Y Oa(g s Q) (u).

gEHFr
g 1 ngTFr

Cg(s)° Cu(s)°
c(s) () = Q B (s)

aTg1 iTag-1 (u) for all g € H to complete the proof.

It remains to show that )
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Let ad : Cg(s)° — Cg(s)°/Z(Cs(s)°) be the projection map of Cg(s)° into
the adjoint group ad(Cg(s)°) = Cg(s)°/Z(Cg(s)°). Similarly, we let adyg be the
projection map of Cpy(s)° into the adjoint group adH(CH( ) ) = Cr(s)° /Z(CH( )°).
According to [DL76, Formula 4.1.1], we have that Qng (u) = QZS&E"’; )(ad(u))

and QQC%“(Z () = Qﬁigﬂg)_l)(adﬂ( )).  We showed in Lemma 2.1.36 that
adg(Cr(s)°) =~ ad(Cg(s)°). Indeed, this isomorphism sends c¢Z(Cy(s)°) to
cZ(Cg(s)°) for all ¢ € Cy(s)°. Furthermore, this isomorphism maps adg(gTgg ')
to gTg ' Z(Cg(s)°)/Z(Cg(s)°). The central isogeny restricted to tori (Corollary
2.1.7) gives us that gTrg 'Z(Cg(s)° )/Z(C((;,( )°) = ad(gTg~ ) It then follows

from Corollary 6.1.8 that R*(CH() )1 (adm(u) = R(Ga(er (ad( )), that is,

adw (gTyg—! ad(gTg—!

QadH(CH(i) (adm(u)) = QZSES& (ad( ))7 and therefore Qm_f(u) = Q?H( )_C)l(U) |

ady(gTwg—1) 9Tug

6.2 Deligne-Lusztig Cuspidal Representations

Let us now return to the world of algebraic groups defined over finite fields. In this
section, G denotes a reductive group defined over the finite field f. The goal of this
section is to define the concept of a Deligne-Lusztig cuspidal representation and use
the information we know about Deligne-Lusztig virtual characters from the previous
section to compute the restriction of such cuspidal representations.

Recall that G(f) is a finite group of Lie type, as per Remark 6.1.1, where
the Frobenius map Fr is the action of the Galois group Gal(f/f). Because G(f) is
a finite group, its irreducible representations are all finite-dimensional and can be
identified with their characters. (Recall that a character y4 of a finite-dimensional
representation ¢ of a group G is defined by x4(g) = Trace(¢(g)) for all g € G. The
finite-dimensional representations of G are uniquely determined up to isomorphism
by their characters, which means we identify ¢ with y.)

Given a maximal torus T which is defined over § (or Fr-stable) and a character
6 of T(f), we saw that we could create a virtual character of G(f), denoted Rpy. In
order to talk about when Rrg corresponds to an actual irreducible representation of
G(f), we must first introduce the notion of general position for 6 as per [DL76].

Definition 6.2.1 (|[DL76, Definition 5.15]). Let T be a maximal f-torus of G and 6 be
a character of T(f). The character 0 is said to be in general position if its normalizer
(or stabilizer) in (Ng(T)/T) (f) is trivial.

Remark 6.2.2. Note that (Ng(T)/T)(f) ~ Ng(T)(f)/T(f) as a consequence of the
Lang-Steinberg Theorem (Section 6.1.3).

Let us consider an example of a character which is in general position.
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Example 6.2.3. Let f be a finite field of characteristic p of order g. Set G(f) = GLa(f)
and T to be the diagonal torus of G which is maximal and f-split. That is,

T(f) = {[g 2] :a,b,efX}.

Because T is f-split, (Ng(T)/T)(f) can be thought of as the absolute Weyl group,
which has representatives, e = [(1] (1)] and w = l? _01] Every element in the

b 0

equivalence class of w conjugates [8 21 to [0 a] ,a,b e §*. Now, let us define the

following character of T():
0:T(f) —§

] P
0 b

Note that this is an algebraic character, but it becomes a complex smooth character
after we embed §* into C*. Such an embedding exists because {* is a cyclic group of
order ¢ — 1 and is therefore isomorphic to the group of (¢ — 1)st roots of unity in C*.
We will work with the algebraic character for computations, but keep in mind that
we are viewing it as a smooth complex character.

We claim that 6 is in regular position, or equivalently that it is not fixed by any
element in the equivalence class of w. This is because there are some values of a and

b in §* for which 6 ({g 2]) — o' and 0 ([8 2]) — b7 are not equal. Indeed,
q

if this was not the case, then §* would be a group of order %1 This means that
no nontrivial element of the Weyl group stabilizes #, and therefore 6 is in general
position. ]

Using this notion of general position, Deligne and Lusztig established the
following theorem.

Theorem 6.2.4 (|DL76, Proposition 7.4 and Theorem 8.3|). Let T be a mazimal
f-torus of G, 0 be a character of T(f), and let r;(G) and rj(T) denote the f-split ranks
of G and T, respectively.

1) If 6 is in general position, then (—1)" =D Ry, is the character of an
irreducible representation of G(¥).

2) If 0 is in general position and T is elliptic, that is not contained in any
proper f-parabolic subgroup, then (—1)’7(@)*“@)3@79 1s the character of a cuspidal
representation of G(f).
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Remark 6.2.5. The definition of an elliptic torus provided by the above
theorem is equivalent to the previously defined notion of an f-minisotropic torus
(Definition 2.1.37).

In Example 6.2.3, the torus T we considered is not elliptic, so while the character
0 described therein is in general position, the virtual character associated to the pair
(T, #) would not correspond to a cuspidal representation of GLy(f). Let us illustrate
with an example the notion of general position when T is elliptic.

Example 6.2.6. Let § be a finite field of characteristic p of order ¢. Set
G(f) = GL,(f). Let f, denote the unique (up to isomorphism) degree n extension
of §, and fix a basis B of f,, over f. One can view f, as a subgroup of G(f) via the
following homomorphism:

fn = G(f)
Y = Gy,

where g, is the matrix corresponding to left multiplication by y in f, with respect to
the chosen basis B. This embedding of §, into G(f) corresponds to an elliptic maximal
torus T of G, that is f;, ~ T(f). In fact, it is known that every elliptic maximal torus
of G is obtained this way.

Now, since T(f) is abelian and semisimple, its elements are simultaneously
diagonalizable so that there exists @ € G(f,) such that Q@ 'g,Q is a diagonal matrix
for all y € f,;. Fix an eigenvector of g, and let A, denote its corresponding eigenvalue.
Then, one sees that o()\,) is also an eigenvalue of g, for all o € Gal(f, /f) so that all
eigenvalues of g, are Galois conjugate.

Given an element n € Ng(T)(f), the eigenvalues of n~'g,n are the same as those of
gy, but this conjugation may permute their order. Since we know that all eigenvalues
of g, are Galois conjugate, we can identify n with an element of Gal(f, /f), inducing an
isomorphism Ng(T)(f)/T(f) ~ Gal(f, /f). It follows that Ng(T)(f)/T(f) is the cyclic
group of order n, whereas the absolute Weyl group of G, Ng(T)/T, is the symmetric
group S,.

Given the above discussion, one then concludes that a character of T(f) is in
general position if and only if it is Gal(f,, /f)-invariant when T(f) is identified with
fr. i

n

Based on the previous theorem, a cuspidal representation whose character
formula is given by (—1)7"®" MRy, for some elliptic maximal §-torus T and
character 6 in general position will be referred to as a Deligne-Lusztig cuspidal
representation. Note that not all cuspidal representations are of the Deligne-Lusztig
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type in general. Since we know how to restrict virtual characters of the form Ry g, this
means that we also know how to restrict Deligne-Lusztig cuspidal representations.

Recall from Theorem 6.1.9 that if H is a closed connected f-subgroup of G that
contains Gger, then Rrglug) = Rry ., Where Ty = T n H and 0y = 6|7,. When
the center of H is connected, the notion of general position is equivalent to a weaker
notion that Deligne and Lusztig call nonsingular [DL76, Theorem 5.16]. We do not
expand on this last notion here, but rather point out that a nonsingular character
restricts to a nonsingular character, and therefore when the center of H is connected,
Oy is guaranteed to be in general position. However, when the center of H is not
connected and @ is in general position, this does not necessarily imply that 0y is also
in general position. Let us illustrate this with an example.

Example 6.2.7. Let f be a finite field of characteristic p of order ¢ as before. Set
G(f) = GL2(f), T to be the diagonal torus of G which is maximal and f-split and
H(f) = SLa(f). Then Ty is the diagonal torus in H and is also f-split. That is,

w={[s ] averfmn = {[5 L] aer .

Because T and Ty are f-split, (Ng(T)/T)(f) and (Ng(Tw)/Tw)(f) can be thought of

as the absolute Weyl groups, which have the same representatives, e = (1) (1]] and
10 =1

w=1 4

Let 0 be the character of T(f) from Example 6.2.3, which we showed is in general
position. The character 0y is then given by

O (f) _’f
a 0 g=1
[0 a_l] e

Note that we are viewing g as a complex smooth character by embedding §* into
C* as per Example 6.2.3.

We claim that GH 1s not in general p0s1t10n Indeed, because §* is cyclic of order
¢ — 1, we have that o'z = (a’z )t = (a")"z for all a € §*. It follows that

() R R ()

for all @ € §°. This means that w is a nontrivial element of (Ng(T)/T)(f) that
stabilizes 0y, and therefore 8y is not in general position. i
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We now state the following theorem for the restriction of a Deligne-Lusztig
cuspidal representation.

Theorem 6.2.8. Let G, T and 0 satisfy the hypotheses of Theorem 6.2.4(2). Let H be
a closed, connected f-subgroup of G that contains Gaer, Tw = T N H and 0y = 0|1, -
Then (—1) 7O~ Ry lug) = (—1)1E =T Ry o and is the character of a cuspidal
representation of H(f) if Ou is in general position.

Proof: = We have that Ty is a maximal torus of H (Remark 2.1.20). Furthermore,
Ty cannot be contained in any proper f-parabolic subgroup by Proposition 2.1.30,
and is therefore elliptic. So, given the cuspidal representation (—1)Tf(G)_rf(T)RT79,
we have that (—1)"7"E-"(Te) Ry o is also cuspidal under the assumption that g is
in general position. Since 75(H) — 7(Tw) = r3(G) — rj(T) (Proposition 2.1.45) and
Ry 0. = Ruplu (Theorem 6.1.9), the result follows. i

Remark 6.2.9. For the remainder of this chapter, whenever we are calling a
Deligne-Lusztig cuspidal representation, we will represent it by its character and
write + Ry as a shortcut for (—1)"1(® =0 Ry o

We end this section with the following remark.

Remark 6.2.10. When 6y is not in general position, we know that the restriction
+ Ry, 9, Will decompose as a finite direct sum of cuspidal representations by
Proposition 2.3.20. However, we do not know whether these cuspidal components
are of the Deligne-Lusztig type as the character of any irreducible representation
of H(f) appears in some Deligne-Lusztig virtual character of H(f) [Car93, Corollary
7.5.8]. This means that we require 0y to be in general position if we want to ensure
any kind of control over the restriction of + Ry .

6.3 Regular Supercuspidal Representations

In this section, we return to the notation G for a reductive group which is defined
over a p-adic field F, G = G(F'). We also assume that G splits over a tamely ramified
extension of F' and that p does not divide the order of the Weyl group of G. The goal of
this section is to study Kaletha’s construction for a regular depth-zero supercuspidal
representation of G, m, in order to retrieve a more specific description of the inducing
representation p of G, that satisfies 7 = C—Indg p.

We let F'® denote a separable closure of F' and F"" be the maximal unramified
extension of F' within F°. Recall from Section 2.2.2.2 that the residue field of F™ is
an algebraic closure of f, so we denote it by f.
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Given a point y € B(G, F), we let G, denote the reductive quotient of G at v,
that is the algebraic group whose f-points corresponds to the quotient G o.o+. We let
S be a maximal torus of G, which is defined over § and not contained in any proper
f-parabolic subgroups of G,. We use the word elliptic to refer to this last property.
The regular depth-zero supercuspidal representations are defined as follows.

Definition 6.3.1 (|Kall9, Definition 3.4.19|). Let m be an irreducible depth-zero
supercuspidal representation of G. Then w is said to be reqular if the cuspidal
representation o contained in 7|g,, as per Theorem 2.3.26 is a Deligne-Lusztig
cuspidal representation *Rgg, where S s an elliptic mazimal f-torus of G, and

0 : S(f) — C* is a regular character.

To explain what it means for a character of S(f) to be regular, one first needs
the notion of a maximally unramified torus of G.

Definition 6.3.2 (|[Kall9, Definition 3.4.2]). A mazimal torus S of G is said to
be maximally unramified if it is equal to the centralizer of its maximal unramified
subtorus.

Since the definition of maximally unramified only applies to a maximal torus,
the word maximal will be implied when using the adjective maximally unramified,
that is a maximally unramified maximal torus will simply be referred to as maximally
unramified torus should no confusion arise.

Remark 6.3.3. By [Kall9, Fact 3.4.1], a torus S of G is maximally unramified if
and only if the action of the inertia group of Gal(F*/F') on ®(S, G) preserves a set of
positive roots.

Remark 6.3.4. Given a maximally unramified F-torus S, one can associate to S a
vertex [y] of the reduced building B*4(G, F) |[Kall9, Lemma 3.4.3]. In particular,
Kaletha explains that this point [y] belongs to A™Y(G,S, F*") and is its unique
Gal(F"™ /F)-fixed point.

The reason for being interested in elliptic maximally unramified F-tori of G
is because there is a correspondence between the G g+-conjugacy classes of elliptic
maximally unramified F-tori of G associated to [y] and the elliptic maximal f-tori of
Gy, as per the following lemma.

Lemma 6.3.5 (|[Kall9, Lemmas 3.4.4 - 3.4.6]). Let S be an elliptic mazimally
unramified F-torus of G, and let [y] be its associated vertex in B*Y(G,F). Then
the following statements hold.

1) The image of Sy in G, .0+ is the f-points of an elliptic mazimal f-torus S of G,,.



6. REGULARITY FOR A MULTIPLICITY FREE RESTRICTION 126

2) For every unramified extension F' of F, the image of S(F')o in G(F')y 0.0+ 15
the f -points of S, where § is the residue field of F', and every elliptic maximal
f-torus of G, arises this way.

3) If S1,Sy are two elliptic mazimally unramified F-tori with associated vertez [y]

such that S;(F™)o and So(F™)o have the same image in G,(f), then S1 and S,
are G, o+ -conjugate.

The following lemma is not explicitly shown in [Kall9|, but is implied throughout
the paper.

Lemma 6.3.6. Let S be an elliptic mazimally unramified F'-torus with associated
vertex [y]. Then SGy g is a normal subgroup of Gy

Proof: = Kaletha shows in [Kall9, Lemma 3.4.10 (1)] that Ng(S)(¥) < Gpy.
This is because the action of Ng(S)(F) on B™4(S, F') preserves A™°4(G,S, F™)
and commutes with Gal(F"™/F). So, for n € Ng(S)(F), ~e Gal(F™/F),
n-lyl =n-(y(ly])) =~v(n-[y]). This implies n - [y] = [y] because [y] in the unique
Gal(F™/F)-fixed point of A™Y(G,S, F'™). In particular, this means that S < G.
Therefore, S normalizes Gy o and SG is a subgroup of Gy

Now, take g € G,. The torus IS is an elliptic maximally unramified F-torus
associated to the vertex g-[y] = [y]. So, S and 9§ are two elliptic maximally unramified
F-tori associated to the same vertex [y]. Furthermore, one sees that S(F"), and
IS(F")y have the same projection in G, (f) meaning that S and 95 are G, ¢+-conjugate
(Lemma 6.3.5). So, given s € S, h € G, we compute the conjugation of sh by g

gshg™' = (gsg~")(ghg™"),

where ghg™' € G,o. We claim that gsg~' € SG,o and that therefore SG,, is
normalized by g. Indeed, by what precedes, we have that gsg~' = g5~ ' for some

s € S5,ge€ G,or. We rewrite this last expression as gsg™' = 5(57'gs)g~'. Since
S < Gp,5 g5 € Gy and therefore gsg~' € SGyo. We conclude that SG, is a
normal subgroup of Gy. |

We are now ready to define what it means for a character to be regular.

Definition 6.3.7 ([Kall9, Definition 3.4.16]). Let S be an elliptic mazximal f-torus
of Gy and let S be a corresponding elliptic mazimally unramified F-torus of G as
per Lemma 6.3.5. A character 0 of S(f) is said to be regqular if its normalizer (or

stabilizer) in Ng(S)(F)/S(F') is trivial.

Remark 6.3.8. The character 6 in the previous definition is thought of as being the
restriction of a depth-zero character of S, which we denote by 6. In other words, 6 is
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a character of S and 0|, is the pullback of 0. We say that 6 is a regular character of
S whenever 6 is a regular character of S(f) in the sense of the above definition. Note
that having 6 be regular is equivalent to In, ) #)(0]s,) = S.

Now, given an elliptic maximal f-torus S of G, and a regular character 6 of S(f),
+Rs3 is a Deligne-Lusztig cuspidal representation of G,(f). Indeed, this is because
the notion of regularity is stronger than that of general position, as per the following
lemma.

Lemma 6.3.9 ([Kall9, Fact 3.4.18|). Let S be an elliptic maximal f-torus of G, and
let 6 be a regular character of S(f). Then 0 is in general position.

Proof:  Since Ng, ,(S) = Ng(S)(F), the stabilizer of § in Ng(S)(F)/S(F) being
trivial implies that its stabilizer in Ng, ,(S)/S(F")o is also trivial. Furthermore,
Kaletha shows that the natural quotient map Ng, ,s)/S(F)o — Ng,(S)(f)/S(J) is
bijective [Kall9, Lemma 3.4.10(2)]. Therefore, if @ is regular, then its stabilizer in
Ng, (S)(f)/S(§) is trivial. But Ng, (S)(§)/S(f) =~ (Ng,(S)/S)(f) (Remark 6.2.2), and
therefore the stabilizer of § in (Ng, (S)/S)(f) is trivial, or equivalently, 6 is in general
position. |

Let S be an elliptic maximally unramified F-torus of G with associated vertex
[y] and let @ be a regular depth-zero character of S. From the pair (S, 0), Kaletha
constructs a representation 7(sg), which we summarize in the following three steps
[Kal19):

1) Let S be the elliptic maximal f-torus of G, associated to S as per Lemma 6.3.5
and 6 be the regular character of S(f) obtained from @ by restricting to Sy and
construct the corresponding Deligne-Lusztig cuspidal representation +Rg 3.

2) Let K(sp) denote the pullback of +Rg7 to Gyo. Extend kg3 to an irreducible
representation (acting on the same vector space) Kg) of SGyo. An explicit
construction is provided in [Kall9, Section 3.4.4]. For our purposes, it suffices
to know that such an extension exists.

3) Set m(sg) = (:—Indngy,O K(s,0)-

Remark 6.3.10. The regularity of § implies that the normalizer of the representation
K(s,g) in Gy, that is the set {g € Gy 1 IK(s,0) =~ K(S,g)}, is equal to SG, o [Kall9, Proof
of Lemma 3.4.20].

Indeed, Kaletha uses [DL76, Theorem 6.8] and [Kall9, Lemma 3.4.5] to show
that having g € G|} such that kg) ~ 9K g) implies that there exists ¢’ € G such
that ¢'g € Ng(S)(F) and 99 (0]s,) = 0|s,, or equivalently, ¢'g € Iny(s)r)(0]s,). The
regularity of 6 implies that ¢'g € S and therefore g € SG, .
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Proposition 6.3.11. Let S,0 and msg) be as above. Then mggy ts an irreducible
reqular depth-zero supercuspidal representation of G.

Proof: By Remark 6.3.10, the normalizer in G, of K(gg) is the normal subgroup
SGyo (Lemma 6.3.6). From the Mackey Irreducibility Criterion, we have that
p = c—Indggi’O Ks,g) is irreducible. Therefore, p is an irreducible representation of
Gy whose restriction to G, contains the Deligne-Lusztig cuspidal representation
£ Rs3. Thus, it follows from the Moy-Prasad Construction (Theorem 2.3.26) that
c—Indg[y] p = C—Indg’};%0 Ks,0) is an irreducible supercuspidal representation of depth
zero. Furthermore, this supercuspidal representation is regular in the sense of
Definition 6.3.1 by construction. i

We summarize Kaletha’s construction of m ) in Figure 6.1. Not only does this
construction produce irreducible regular depth-zero supercuspidal representations of
G, it is exhaustive as per the following proposition.

indy/ induce
pullback

tend
(iRS,§7 gy(f)) - (K(S,§)7 Gy,0> = (W(Sjg), G)

Figure 6.1: Summary of Kaletha’s construction for regular depth-zero
supercuspidal representations of G.

Proposition 6.3.12 (|Kall9, Proposition 3.4.27|). Ewvery irreducible reqular
depth-zero supercuspidal representation of G is of the form mwgg) for some elliptic
maximally unramified F-torus S and reqular depth-zero character 8 : S — C*.

As a consequence of the previous proposition, whenever p induces irreducibly
to a regular depth-zero supercuspidal representation, we can assume without loss of
generality that p = c—Indggi’O K(s,0) for some elliptic maximally unramified F-torus S
and regular depth-zero character 6 of S.

6.4 A Condition for a Multiplicity Free Restriction

We maintain the same notation as in the previous section.
Let p be an irreducible representation of G, such that 7 = C—Indgm p is
a regular supercuspidal representation of depth zero of G. By what precedes in
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Section 6.3, m = mgyg) for some elliptic maximally unramified F-torus S of G and
regular depth-zero character # of S. This elliptic maximally unramified torus is
associated to a vertex [y] of B™4(G, F) and corresponds to an elliptic maximal
f-torus & of G,. Furthermore, we can assume without loss of generality that
p = c—Indggiﬁo K(s,0), Where Kig) is an extension to SGyo of the Deligne-Lusztig
cuspidal representation kg5 = +Rgjp.

Let H be a closed connected F-subgroup of G that contains Gge,. In this section
we will be focusing on the restriction of p to the subgroup H|,; and determining under
what condition this restriction is multiplicity free.

We let H, denote the reductive quotient of H at y, that is the algebraic
group whose f-points corresponds to the quotient H, oo+. We also let (g)y denote

the reductive group whose f-points corresponds to H, oG, o+/Gy0+. Recall from
Lemma 2.2.24 that we have an isomorphism of algebraic groups ¢ : H,(f) — (g)y(f)
given by ¢(RH(F"™),0+) = hG(F"™), 0+ for all h € H(F™),o. Note that we have

identified the algebraic groups with their f-points.

Lemma 6.4.1. LetS be an elliptic mazimally unramified F'-torus of G with associated
vertez [y] in B*YG, F), and let S be its corresponding elliptic mazimal §-torus of G,
as per Lemma 6.3.5. Then Sy = SN H is an elliptic mazimally unramified F'-torus of
H with associated vertez [y] in BY(H, F) and S n (g)y is an elliptic mazimal f-torus

of (g)y

Proof:  Because [G,,G,| (g)y c G, (Lemma 2.2.26), we can apply the results

from Section 2.1.2 (namely Remark 2.1.20 and Proposition 2.1.30) to conclude that
Sn (g)y is an elliptic maximal f-torus of (g)y

The same argument shows that Sg is an elliptic maximal F-torus of H. We also
have that Sy is maximally unramified. Indeed, Lemma 2.1.26 allows us to identify
O (S, H) and (S, G). Since the action of the inertia group of Gal(F*/F) on ®(S,G)
preserves a set of positive roots (Remark 6.3.3), its action on ®(Sy, H) must do the
same.

We note that B*Y(G,F) = B™Y(H, F) as G and H have the same derived
subgroup (Remark 2.1.29), meaning that [y] is a vertex of B*4(H, F'). For the same
reason, we have that A*4(G,S, F') = A™d(H, Sy, F'). By Remark 6.3.4, [y] is
thus the unique Gal(F"/F)-fixed point of A™4(H, Sy, F'") and is therefore the
vertex associated to Spy. |

Lemma 6.4.2. Let S be an elliptic mazximally unramified F'-torus of G with associated
vertex [y| in B*YG, F), and let S be its corresponding elliptic mazimal f-torus of G,
as per Lemma 6.3.5. Set Sy = S n H and let Sy denote its corresponding elliptic
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mazimal f-torus of H,. Then t(Sy) =8 n (Zl)y, where 1 1s the isomorphism between
H
H, and ( g)y.

Proof: By Lemma 6.3.5, we have that S(f) = (S(F™)oG(F"™),.0+) /G(F™), 0+

and  Sy(f) = (Sw(F"™)oH(EF"™), 0+ ) /H(F™)y 0+ It follows that

L(Su(f)) = Su(F™)G(F™)y,0+) /G(F™)y0+ 1is an elliptic maximal f-torus
of (g)y Since Sy(F™)o is contained in both S(F™), and H(F™),,

L(Su(f)) < (S N (g)y) (f). The maximality of both tori implies that the inclusion is
an equality. |
The result of Lemma 6.4.2 is summarized in the diagram of Figure 6.2.

intersect

Sc G Sy c H

1

Sc gy mntersect SA (g)y L

SH c Hy

Figure 6.2: Correspondence between the elliptic maximally unramified
F-torus Sy with the elliptic maximal f-torus of Sy given the correspondence
between S and S.

Proposition 6.4.3. Let'S be an elliptic mazimally unramified F-torus of G associated
to the vertex [y] and let S be its corresponding elliptic maximal §-torus of G, as per
Lemma 6.3.5. Denote by Sy the elliptic maximal §-torus of H, corresponding to the
elliptic mazimally unramified F-torus Sy =S nH of H. Let 0 be a reqular character

of 8(f) and assume that 6y = 5\Sm(§> (j Ot s also reqular. Then

K(5.0) o = K(s300)

where K(s79) and K (S0 denote the pullbacks of +Rg5 and +Rg, 5. to G,o and

H, o, respectively. That is, we have the diagram illustrated in Figure 6.5.

Proof: For all he H,, we have

Ky (h) = £Rsg(hGyor) = Rsgly 5y (hGyov)-

g
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(+Rs5 Gy(F) (£Rs,, 5, Hy(F))

[ pullback k pullback

(K(s,é)a Gy,O)

restrict

(K(SH7§H)7 Hy70>

Figure 6.3: Diagram summarizing the restriction of Ksg) to Hy,, as per
Proposition 6.4.3.

Since [G,,G,] < (Z)y (Lemma 2.2.26), it follows from Theorem 6.2.8 that

iRS’§|(S)y(f) = iRS“(?)y’g(EL , where Q(g)y denotes the restriction of 6 to
Yy

(S N (g)y) (f). Therefore

K(SE) (h) = iRSm(?) 7§<H) (hGy70+).

Yy G v
We can rewrite the right-hand side as +R, g, )5, ,-1(¢(hH,0+)) by Lemma 6.4.2. But
Corollary 6.1.8 tells us this last expression is equal to =Rg, 5 (hH,o+). Therefore,

we obtain

K(s,§)<h) = R, 5, (hH,o+) = K(SH,§H)<h)'

Remark 6.4.4. There is no guarantee for 84 to be regular when @ is regular, since we
have seen that a character in general position does not necessarily restrict to another
character in general position (Example 6.2.7). However, under the hypothesis that
0y, is also regular, we know that +Rg, g, 1s cuspidal and that the normalizer in Hpy)
of an extension to Sy H, o of K(SHEH) is equal to Sy H, as discussed in Section 6.3.

We note the following relationship between the groups SG, o and Sy H, .

Lemma 6.4.5. Let S be an elliptic maximally unramified F-torus of G with associated
vertex [y] and let H be a closed connected F-subgroup of G that contains Ggaer. Then
SGyon H = SyH, o, where Sy =S n H.

Proof: It is clear that Sy H, o < SGyo N H.
For the converse, take h € SGy o n H. Then h = sg for some s € S,g e G,o. We
claim that G, o = SoH, Gy o+. Indeed, let S be the elliptic maximal f-torus of G,
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") contains [G,, G,] (Lemma 2.2.26),

associated to S as per Lemma 6.3.5. Because (g y

we can apply Proposition 6.1.10 and obtain

a(h =s0(g) 0

or equivalently
Gyo/Gyo+ = S0Gyo+/Gyo+ - HyoGyo+ /Gy o+

Therefore, Gy = SoH, 0G0+ as claimed.

This means that we can rewrite g = s'h'¢’ for some s’ € Sy, h' € Hy, ¢’ € Gy o+
so that h = ss’h'¢’.  Furthermore, [DR09, Lemma B.7.2] allows us to write
Gyo+ = Zo+Gyo+ where Z = Z(G)°(F) < S and G = Gqe(F) = H. This means
that we can write ¢ = 2g for some z€ Z < S,g € ay,lﬁ < H, o+, meaning that

h = ss'h'zg = ss'z1/g.

But ss’z = h(h'g) ' € SnH = Sy and W'ge H,o. Thus h € Sy H, o which concludes
the proof. ]

What we have pointed out in Remark 6.4.4 motivates us to impose the additional
condition that 6z be regular in the following theorem. Note that this character 6y
corresponds to the character 0|g,, of Sy.

Proposition 6.4.6. Let S be an elliptic maximally unramified F-torus of G
with associated vertexr [y]. Let 0 be a reqular depth-zero character of S and
set pzc—Indgg’io Ksg- Let H be a closed connected F-subgroup of G that
contains Gqer and set Sy = S n H. Assume that 0|s, is also regular. Then
p = (:—Indg}[fj]q%0 (Ks0)lsum,o) is a component of py = plu,. Furthermore, the
multiplicity of p" in py is equal to m = [Ig, (p') : Hyy)SGy o).

Proof:  The Mackey decomposition allows us to compute the restriction of p to
Hyy) as follows:

— ResCW Gy
plu, = Resy !/ c-Indgg)  Ksg)

R E(SGy,O)

H
_ _ [v]
- @ C IndH[y]ﬁC(SGy’o) H[y]ﬁc(SGy’o) K(Sﬁ)’

ceC
where C' is a set of coset representatives of Hp,\G[,/SGye. In particular,
because SG,o N Hy) = SGyo n H = SyH,, (Lemma 6.4.5), we see that

c—InngE(y}{yo (K(§79)|5HH%0) is a subrepresentation of py. By Proposition 6.4.3, we
see that K(S,9)|5HHW is an extension to Sy H, o of K (Sy.020)" By hypothesis, we have
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assumed that 6|s,, (and therefore ) is regular, meaning that the normalizer in

Hy,y of K(§79)|5HH%0 is equal to SyH,, as discussed in Remark 6.4.4. It is then a

consequence of the Mackey Irreducibility Criterion that p’ = C-Indg}[ly}l,y’o (k.0)|S0H,0)

is irreducible, meaning that p’ is a component of py.
Now, for the multiplicity, we know from Proposition 5.2.10 that the multiplicity
of p/ in py is given by

o dim(p)
(Gl : Tay,y ()] dim ()’
where Ig,(p) is the mnormalizer in G of p'. We observe that

dim(p) = [G}y) : SGyo] dim(kgg)) and dim(p’) = [Hy) : SwHyoldim(kgg)) by
Proposition A.1.8, which implies that
[Gly) - SGypl
[Gly) = Tay, ()1 Hy) © SuHyol
But [H[y] : SHHy’O] = [H[y]SG%O : SG%O] as SHHy’O = SG%O N H[y] (Lemma 6.4.5),

implying that Hy,)/SyH,o ~ HySG,0/SGy0 by the second isomorphism theorem.
Therefore,

m =

o Gy Gy
[G[y] : IG[y](p,)][H[y]SG%O : SGy,OT
which simplifies to m = [Ig,, (0') : Hjy)SGy o] as Hy,)SGyo < Ig, () < Gy i

Remark 6.4.7. Without the hypothesis that 6|g, is also regular, one would need
to decompose c—Inng[{y}{y}O (K(S79)| SHHy,O) in order to find a component p of py.
Furthermore, this decomposition could potentially lead to additional multiplicity in
pH-

If p satisfies the hypotheses of Proposition 6.4.6 and that Ig ,(p') = H},1SG 0,
then the restriction py will be multiplicity free. For this to happen, we need to impose
a slightly stronger condition on the character #. Following the language of [AM19],
we have the following definition.!

Definition 6.4.8. Let ' be a character of Sy. We say that 0" is reqular in G if
Ing(s)() (0] (s1)0) = 5.

Remark 6.4.9. It is easy to see that if 6 is a character of Sy which is regular in G,
then it is a regular in the sense previously defined (Remark 6.3.8). Indeed, it suffices to
take the equality Iy, s)(r) (6” |(5H)0) = S, intersect both sides with H and use the fact
that Ng(S) N H = Ng(Su) (Proposition 2.1.23) to obtain Iy, s)r) (¢'su)) = Su-

!The version of the pre-print [AM19] cited here contains a typo in its Definition 5.2, which was
confirmed by one of the authors through a private correspondence.
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Corollary 6.4.10. Let S,H,Sy,0,p and p' be as in Proposition 6.4.6. Assume
furthermore that 0|s,, is reqular in G. Then the restriction py = p|H[y] 1s multiplicity
free.

Proof: By the previous proposition, it suffices to show that g, (p') © Hp)SGyo
to obtain equality between the two sets.
H, H

Let g € ]G[y] (pl> Then gC—IHdSIEy}{%O (K(S,0)|SHHy,0) ~ C—Indslgy}{yyo (K(S,9)|SHHy,0)'
From the Mackey Decomposition (Remark 2.3.12), it follows that
g (K(§79)|SHH%O) ~h (K(§’9)|SHH%O) for some h €  Hp), or equivalently
g (K(S,9)|SHHy,o) ~ (K(g79)|SHHy,O). Using Kaletha’s argument in [Kall9, Lemma
3.4.20] which was briefly summarized in Remark 6.3.10, there exists ¢’ € H, such
that ¢h~'g € Ng(Sg)(F) and g'hlg (0|(SH)O) = 0|(sy)- From Proposition 2.1.23,
one sees that Ng(Su) = Ng(S), and therefore ¢'h™'g € Ings)r) (0](s),)- Therefore,
gh™'ge S and g € HySG, 0. i

Using Theorem 5.1.1, we restate the previous result in terms of the supercuspidal
representation. The statement we provide below has also been proved by Adler and
Mishra in a recent preprint [AM19, Theorem 5.3|. While their proof is very concise,
our method provides a more explicit description of the restriction.

Corollary 6.4.11. Let msg) be a reqular depth-zero supercuspidal representation of
G, where S is an elliptic maximally unramified F'-torus and 0 is a reqular depth-zero
character of S. Let H be a closed connected F-subgroup of G that contains Gge, and
set Sy = S nH. Assume furthermore that 0|g,, is reqular in G. Then Tsg) |y is
multiplicity free.

Finally, using Corollary 5.1.9, this allows us to write a statement for a multiplicity
free restriction of certain irreducible supercuspidal representations of arbitrary depth.

Corollary 6.4.12. Let ¥ = (@,y,ﬁ 0, q_b‘) be a G-datum. Assume that
7l = C—Indg([;]p 1s a reqular depth-zero supercuspidal representation that satisfies
Yy

the hypotheses of Corollary 6.4.11 when setting G = G° and H = H°. Then ng(¥)|x
1s multiplicity free.

6.5 Remarks and Future Directions

Recall from the introduction (Chapter 1) that our motivation for studying the
multiplicity problem for the restriction of supercuspidal representations, apart from
it being a fundamental representation theory question, came from Conjecture 2 by
Adler and Prasad [APO06]. This conjecture stated that the irreducible admissible
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representations of G should restrict with multiplicity one to subgroups H that contain
Gger, along with a few additional underlying hypotheses.

We also discussed how they later found a counterexample of an irreducible
representation of GU(n) whose restriction to SU(n) decomposes with multiplicity
two [AP19, Theorem 10]. More precisely, this representation of GU(n) that they
constructed was a regular depth-zero supercuspidal representation mgg) and such
that 0]g~sum) was not regular. However, simply having regularity in the restriction is
not enough to guarantee a multiplicity free restriction as seen with Proposition 6.4.6
and Corollary 6.4.12. So, while the failure of regularity is a potential source for
obtaining higher multiplicity, as stated in [AP19, Remark 11|, other factors also come
into play.

The main reason for wanting to study the regular supercuspidal representations
in this chapter was to obtain a more concise description of the representation p in
order to isolate a component p' of pg = p Hy,- There was a lot of work involved in
order to get to Proposition 6.4.6, which means that even though we have a formula
for the multiplicity in the restriction of p, it is not necessarily easy to compute in
practice.

While Kaletha gives as a remark that most depth-zero supercuspidal
representations are regular (paragraph following [Kall9, Definition 3.7.3|), more work
is required in order to say something about the multiplicities in the restriction of
a representation p that does not satisfy the hypotheses of Proposition 6.4.6. For
instance, when 0|s, is not regular, we have not provided a description for the
restriction of k(g which is key for understanding py = p| Hiyy- We do not pursue
this question further in this thesis, but rather leave it as an open problem.



Chapter 7
Digging Deeper

In this final chapter of the thesis, we discuss some future directions of research and
the impact that this work has on the representation theory of p-adic groups. As a
first question, one can ask whether the results of this thesis have been stated in the
greatest possible generality. This is what we discuss in Section 7.1. In Section 7.2, we
talk about more recent kinds of data that can be used to construct representations,
and how the main idea of this thesis, namely the restriction of data to obtain a
description of the restriction of a representation, can be applied in other contexts.
Finally, we end with a discussion on the theory of types in Section 7.3. The theory
of types can be used to answer questions about non-supercuspidal representations.
In particular, we show that our results for a restriction of data can be transferred to
define a restriction of types allowing us to obtain information about the restriction
of any kind of irreducible representation of G. As such, the implications of our work
go beyond just the irreducible supercuspidal representations.

7.1 Underlying Assumption on p

Throughout this thesis, we have assumed that the residual characteristic p of the
p-adic field F' does not divide the order of the Weyl group of G. This assumption is
not extremely restrictive, as shown in Table 2.1.

Without this hypothesis on p, the J.K. Yu Construction is still valid and
produces irreducible supercuspidal representations, though it might not produce all
such representations (Theorem 2.3.28). In order to check whether our restriction of
data (Theorem 3.3.1) and restriction formula (Theorem 4.4.1) are still valid when
there is no restriction on p, some additional work would be required.

Indeed, in the original definition for genericity of the quasicharacters in a
G-datum, there are two conditions that need to be satisfied, which Yu refers to
as conditions GE1) and GE2). As mentioned in Remark 3.1.7, with our underlying
assumption on p, condition GE1) automatically implies condition GE2). For this

136
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reason, we were able to completely omit condition GE2) in this thesis. Removing
the hypothesis on p means that there are additional verifications to be made in the
restriction (extension) of generic characters in Section 3.3.3 (Section 3.5.2). This
assumption on p also allowed to assume that all characters can be realized by a
central element when restricted to a certain depth (Remark 3.1.14), which was used
in Lemmas 3.1.15 and A.4.7. Therefore, those statements would also need to be
reworked if the hypothesis on p were to be removed.

We note that if Theorems 3.3.1 and 4.4.1 hold without the assumption on p,
then all our subsequent results on multiplicities follow.

7.2 Restriction of Data

The main theme of this thesis was to take a J.K. Yu G-datum W, and see how the
restriction of such a datum allows us to describe the restriction of the corresponding
supercuspidal representation wg(W). The same idea can be applied to different
types of data, and is not limited to supercuspidal representations of p-adic groups.
We have come across other examples in the thesis, but they were not highlighted
as such. Indeed, we were implicitly working with different types of data in the
study of Deligne-Lusztig virtual characters and regular depth-zero supercuspidal
representations, which we discuss in Sections 7.2.1 and 7.2.2, respectively. We also
mention another type of data that can be used for the construction of supercuspidal
representations in Section 7.2.3, namely the data described by Hakim in [Hak18|.

7.2.1 Data for Deligne-Lusztig Characters and Cuspidal
Representations

Recall the Deligne-Lusztig virtual characters from Section 6.1. Given a reductive
group G defined over a finite field § (or a finite group of Lie type for the more general
context), we saw that the Deligne-Lusztig virtual characters are parametrized by pairs
(T, 0), where T is a maximal f-torus of G and 6 is a character of T(f). Therefore,
such a pair could be thought of as a datum for the construction of the Deligne-Lusztig
virtual character Ry g. Given a closed connected subgroup H of G containing Gge,, the
restriction of the datum (T, ) to H(f) would be given by (T, ), where Ty = T nH
and Oy = 0|1, ;). Furthermore, we saw that Ry g|u) = Rr,e, (Theorem 6.1.9). This
aligns exactly with what we observed for supercuspidal representations. That is, the
restriction to H(f) is constructed from the restricted data. Unlike the supercuspidal
representations, the virtual character Ry is not obtained from an induction, so the
restriction to H(f) is more direct and we do not have any conjugates that appear.
When the torus T is also elliptic, and 6 is in general position, then (T,#) can
be thought of as a datum for a Deligne-Lusztig cuspidal representation. However,
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the character Ay need not be in general position (Example 6.2.7), meaning that the
restriction of (T, #) to H(f) does not necessarily produce a datum for a Deligne-Lusztig
cuspidal representation of H(f). This means that the restriction of (T, ) to H does
not necessarily produce a datum of the same type. However, when 6y is also in
general position, then the restriction of + Ry g gives us precisely the Deligne-Lusztig
cuspidal representation of H(f) constructed from the restricted datum (Ty,6g)
(Theorem 6.2.8). So, when the restriction of a datum produces data of the same
type, the components of the restriction are constructed from the restricted data, as
was the case for supercuspidal representations.

7.2.2 Data for Regular Supercuspidal Representations

Given a reductive group G which is defined over a p-adic field F', we saw in
Section 6.3 that Kaletha’s regular depth-zero supercuspidal representations of G can
be parametrized by pairs (S, ), where S is an elliptic maximally unramified F-torus
of G and @ is a regular depth-zero character of S = S(F'). Therefore, these pairs can
be viewed as another type of datum. Similarly to the above discussion, restricting
the pair (S,0) to a reductive F-subgroup H that contains Gge does not necessarily
provide us with another such pair. Indeed, this is because the restriction of this pair
would be given by (Sg, 6g), where Sy = S n H and 0y = 0|s,,, and 6 might not be
regular. However, in the case that 8y is also regular, then we have a valid restriction
of datum, and obtain a formula for the restriction mgg) | in terms of the restricted
datum (Sy, ) as follows.

Theorem 7.2.1. Let S be an elliptic maximally unramified F-torus of G with
associated vertex [y| and let 0 be a regular depth-zero character of S. Let H be a
closed connected F'-subgroup of G that contains Gye,. Set Sy = S n H and assume
that Oy = 0|s,, is also reqular. Then

T(s,0)|H = @ Tesy o),
ceC

where C' is a set of coset representatives of H\G/SG, .

Proof:  We use the Mackey decomposition formula to compute the restriction:

G G
T(s,0)|m = Resy c-Indgg, , K0
C(SG%O) c

H
= CCE—BC C_IndHﬂc(Snyo) ReSHﬁ”(SGy’O) K(S,@),

where C'is a set of coset representatives of H\G/SG, . Because H N SG, o = SyHy, o
(Lemma 6.4.5), we can rewrite the restriction as

Teo)ln = @, c-Ind(s,, m, o) “K(s.0)le(1 1,0
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We also know that |<(S,9)|5HH%0 induces irreducibly to H as m(syg,), being
an extension of the cuspidal representation SE (Propositions  6.3.11
and  6.4.3). One can also check that °ksg = Kesep), meaning that

c—Indf(rSHHy o) ‘K0 le(SpH, o) = T(eSy.c0y) and the result thus follows. |

Remark 7.2.2. When considering the corresponding J.K. Yu datum, one can apply
our key decomposition theorem, Theorem 4.4.1, which describes the restriction of
the supercuspidal representation in terms of the restricted data. The result of this
decomposition formula is the same as what we just described above. Indeed, when
we apply Theorem 4.4.1, this gives us a double sum, one over a set C' of coset
representatives of H\G /G, and the second one over a set D of coset representatives

of Hpy\Gpy/SGy,o coming from the restriction to Hp, of p = c—Indggio K0 One
can then verify that the multiplication of the sets C' and D give a set of coset
representatives of H\G/SG, .

In [Kall9|, Kaletha also talks about regular supercuspidal representations of
arbitrary depth. A regular supercuspidal representation is defined as a supercuspidal
representation whose depth-zero piece of its reduced datum is a regular depth-zero
supercuspidal representation. Such representations are parametrized by tame elliptic
reqular pairs (S,0). Indeed, Kaletha shows that every reduced J.K. Yu datum for a
regular supercuspidal representation corresponds to a tame elliptic regular pair (S, 6),
and that every tame elliptic regular pair can be extended into a reduced J.K. Yu
datum [Kall19, Proposition 3.7.8]. The correspondence between the two types of data
is given as follows.

Given a reduced G-datum ¥ = (@,W_l, qz;) for a regular supercuspidal
representation, we have that 7! = T(s,¢-1) for some elliptic maximally unramified
F-torus S of G° and regular depth-zero character ¢! of S. From the datum, we

d
set 0 = || ¢'|s and obtain a tame elliptic regular pair (S, ). Conversely, from a

i=—1

tame elliptic regular pair (S, 0), a regular reduced datum ¥ = (@, T(S,6-1)5 (E) can be

constructed by obtaining a Howe factorization (¢~1, ¢) of 0 satisfying 0 = [] ¢|s.

i=—1

Under the assumption that ¢ :== ¢~ !|s,, is also regular, one easily sees that the

datum (H, T (Sussl)> @) from Res(¥) corresponds to the pair (Sg, 8 ), where 8 = 6]g,,.

Therefore, the restriction of tame elliptic regular pairs (under an additional regularity

hypothesis) commutes with the restriction of regular reduced J.K. Yu data, as
illustrated in Figure 7.1.

So, Kaletha’s tame elliptic regular pairs serve as a different kind of datum for

the regular supercuspidal representations. Because we have a clear picture of the
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(S, 9) restrict (SH, 9H)

= - "restrict" , ~ -
(G) W(S7¢*1)7 ) — (H, W(S]Hh(b;[l)’ ¢H)

Figure 7.1: Commutativity of the restriction of tame elliptic pairs and regular
reduced J.K. Yu data.

restriction to H of supercuspidal representations from the perspective of J.K. Yu
data, the results easily transfer over to the tame elliptic regular pairs as per the
following corollary. Note however, that we are a bit more confined with the tame
elliptic regular pairs as we need some regularity condition (namely ¢ to be regular)
in order for the restriction of such a pair to remain of the same type.

Corollary 7.2.3. Let (S,0) be a tame elliptic pair with associated vertex [y] and
let w9y be the corresponding reqular supercuspidal representation. Let H be a closed
connected F-subgroup of G that contains Gaer, set Sy = SNH and 0y = 0|s,,. Assume
that (Sm, 0p) is also a tame elliptic reqular pair. Then

T(S,0)|H = (—B T (LS, tlo
soln =, O sy o),

where C' and L are sets of coset representatives of H\G/K? and Kp\K°/SG),
respectively.

Proof: Let (@,W(S@—g, gg) be the regular reduced datum obtained from (S, 0) as
described above. We have that ms4-1) = c—IndIG{% p, where p = c—Indfq{éo K(s,6-1)

b . . yyo b
(Section 6.3). Therefore, (s ) = 7¢(¥), where ¥ = (G, y, p, ¢). By Proposition 6.4.6,
we have that 0
p|K21 = 42 C'IndZ(gHHgyo) K(ESH,%;):

where ¢! = ¢ !|s, and L is a set of coset representatives of K%\KO/SG;O.

Ky
(

Setting py = c-Ind, Sy HO
y,0

) Kty Loy (e L, it follows from Theorem 4.4.1 that

realn = 1eWln = @ (@rnw0)

where C' is a set of coset representatives of H\G/K? We have that the reduced
datum associated to ¥, is (H, T (5, t671) ¢g) meaning that my(V,) = T(tsg oty Lhe
conclusion follows. |



7. DIGGING DEEPER 141

7.2.3 Hakim’s Data

In Section 3.2, we discussed the notion of G-equivalence of (G-data established by

Hakim and Murnaghan that determines the equivalence class of a supercuspidal

representation. Given a G-datum ¥ = (G,y, p, ), we see from Theorem 3.2.4(3)
d

that the equivalence class of mg (V) is essentially determined by p® [ | gbi]G?]. This
i=0 Y

means that in a sense, only the information on G° was necessary for the construction
of the supercuspidal representation.

From this observation, Hakim constructs a new kind of datum in [Hak1§],
even though he might not refer to it directly as such. Hakim’s data consist
of triples (G, [y],¢), where G’ is a tamely ramified twisted Levi subgroup of
G, [y] is a vertex in BY(G',F) and ¢ is a permissible representation of Gy
[Hak18, Definition 2.1.1]. We shall refer to such a triple as a Hakim-datum. From
the permissible representation ¢, Hakim describes the algorithm that produces an
irreducible supercuspidal representation 7(¢) of G.

To connect this with the J K. Yu Construction, given a G-datum ¥ = (@ Y, P, g),

the representation ¢ = p® H QﬂGo is a permissible representation of GO . This

means that from the J.K. Yu datum U, we have a corresponding Haklm datum
(G° [y], #). Furthermore, Hakim shows that his representation m(¢) is isomorphic
to mg(¥) [Hak18, Lemma 4.0.1]. With our underlying hypothesis on p, the J.K. Yu
Construction is exhaustive, so every Hakim-datum has to come from a G-datum.
From this correspondence, we obtain a commutative diagram (Figure 7.2) for the
restriction to H of G-data and Hakim-data. This means that we can translate our
results for the restriction of a supercuspidal representation in terms of the Hakim-data
using Figure 7.2.

restrict

(@,yapvgg) {(ﬁayapéa¢;)7€6L}

| |

LI estrict d
(.10 16y, ) =5 { (80,050 e T bl ) 0= 2}

Figure 7.2: Commutativity of the restriction of a G-datum and corresponding
Hakim-datum. L is the index set for the components of py = p HY -
Y

When our underlying hypothesis on p is not satisfied (and that the J.K. Yu
Construction is not necessarily exhaustive), one can still obtain a Hakim-datum from
a G-datum in the same way. However, there is a possibility for Hakim’s construction
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to produce supercuspidal representations that are not captured by Yu’s construction
[Hak18, Remark 3.3.6], meaning that not all Hakim-data come from G-data. Given
a Hakim-datum (G, [y], ¢) for G, if the components of ¢|c~p are also permissible,
then we have a restriction process for Hakim-data and can obtain a result similar to
Theorem 4.4.1. Future work would then include determining conditions under which
the components of the restriction of a permissible representation remain permissible.

7.3 Implications for the Theory of Types

This thesis focused primarily on the study of irreducible supercuspidal representations
of the p-adic group G = G(F). This is only a fraction of the irreducible representations
of G. Indeed, recall from Jacquet’s Subrepresentation Theorem (Theorem 2.3.14)
that the irreducible representations of G which are not supercuspidal are obtained as
subrepresentations of the parabolic induction of supercuspidal representations. The
task of studying the irreducible representations of G which are not supercuspidal
is a whole different problem. Unlike the supercuspidal representations, irreducible
non-supercuspidal representations are not all obtained by compact induction from
an open compact-mod-center subgroup. That is there is no equivalent of Mautner’s
Theorem (Theorem 2.3.19) for such representations. Rather, one can turn to the
theory of types to obtain information, which applies to all representations of G.

The theory of types was introduced by Bushnell and Kutzko in [BK98]. This
theory allows to describe representations of GG in terms of representations of certain
compact open subgroups. To define what a type is, one needs the Bernstein
decomposition |Ber84| for the category R(G) of smooth complex representations of
G. This decomposition lets us write R(G) as a direct product of subcategories over
some index set ‘B

R(G) = [R(G).
5B
Elements of 8 correspond to certain equivalence classes of pairs (M, o), where M is
a Levi subgroup (of a parabolic subgroup) of G and o is an irreducible supercuspidal
representation of M. The subcategories R°(G),s € B, are called Bernstein blocks.
Types give an explicit description of each Bernstein block as per the following
definition.

Definition 7.3.1. Let s € B, J be a compact open subgroup of G and \ be a smooth
irreducible representation of J. We say that (J,\) is an s-type if for every smooth
irreducible representation m of G, we have that m € R*(G) if and only if 7|; contains
A

We say that an irreducible smooth representation ™ of G contains a type if there
exists an s-type (J,\) for some s € B such that w|; contains \.
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Thus, we can obtain a description of R(G) entirely in terms of representations
of compact open groups via the construction of an s-type for each s € B.

7.3.1 Restriction of Types

In the case where @ = 7g(W) is an irreducible supercuspidal representation of
G constructed from the G-datum W, one can easily construct a type which is
contained in 7 [BK98, Proposition 5.4]. Indeed, recall that 7 = c-Ind$. kg (),
where K9 = G([)y]G;SO .-G, . The group K? is an open subgroup of G which is
compact modulo the center of G. The maximal compact open subgroup of K¢ is
Jg = GG, ---Go, ., where GY is the stabilizer in G° of y. Letting Ae(¥) be a
component of kg(V)|;,, we have that (Jz, Ac(¥)) is an s-type contained in mg(¥),
where s corresponds to the pair (G, 7(¥)). Essentially, one obtains a type contained
in 7 (V) by restricting the pair (kg(¥), K¢) obtained from the datum ¥ that induces
the representation.

The restriction of a G-datum to H-data from Section 3.3 induces a restriction of
types contained in g (W) to types contained in components of 7o (V)|y. Indeed,
given a G-datum W, Theorem 3.3.1 allows us to construct a set of H-data
Res(V) = {W,,0 € L}. We define Jz = H)H,  ---H{ which is compact open and
contained in Kf;, and for each £ € L, we let Ay(¥,) be a component of ry ()|,
Then (Jg, Au(Vy)) is a type contained in 7y (W,). Furthermore, as a consequence of

Theorem 4.3.6, which described the restriction kg (¥)] K3, we have that

(V) = @ ru (Vo).
Therefore, for each component A\q(¥) <= kg(¥)|s., Aa(¥)|s, is a direct sum of
components of ry(¥y)|;,. Hence, when we restrict the type (Jg, Ac(¥)), we obtain

types contained in components of 7o (V)|y. We illustrate this restriction of types in
Figure 7.3.

restrict

¥ = (G,y,p,0) (U, = (H,y, pe, ou), L € L}
type type

{(Jg: Aa (), Aa (V) < ma (W)} PO, (T A (W), A (W) © k(o) sz, 0 € L}

Figure 7.3: Restriction of the types (Jg, Aq(V)) contained in m¢(¥) to types
contained in 7y (¥,),l € L.
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Remark 7.3.2. From the restriction of data, we can only obtain types that are
contained in 7y (W), ¢ € L, meaning that our restriction of types did not construct
types for each component of 7 (¥)|g. Because we know precisely the restriction
7o (V)|g (Theorem 4.4.1), we can deduce the types that are contained in the other
components of the restriction. Indeed, to obtain a type contained in 7y (*¥,),t € G,
we simply conjugate one of the types contained in 7y (¥,) by t.

For an irreducible representation 7 which is not supercuspidal, one can still
obtain types contained in 7 via a construction described by Kim and Yu in [KY17].
The Kim-Yu Construction for types is very similar to Yu’s construction of irreducible
supercuspidal representations. Indeed, to construct a type, one starts from a 5-tuple,
which we will refer to as a type-datum. This type-datum is a modified version of a
G-datum and is defined as follows [KY17, Section 7.2|.

-

Definition 7.3.3. A sequence & = ((G,MO), (y, {I}),, (M), p), d) is a type-datum
for G if and only if:

TD1) G is a tamely ramified twisted Levi sequence G = (G°,...,G%) in G, and MC is
a Levi subgroup of GY;

TD2) y is a point in B(M°, F) and {I} is a commutative diagram of embeddings of
buildings which is §-generic relative to y in the sense of [KY17, Section 3|, where
§=(0,7r0/2,...,74/2);

TD3) 7= (ro,...,rq) is a sequence of real numbers satisfying0 < 1o < -+ <rg_1 < 7rq
ifd>00<ryifd=0;

TDJ) M;O is a mazimal parahoric subgroup of M° and M; 15 a compact open subgroup
of M° containing Mio as a normal subgroup, and p is an irreducible smooth
representation of Mg such that ﬁ|MoO contains a cuspidal representation of

Y,

M;,0:0+;

TD5) gz; = (¢°,...,0%) is a sequence of quasicharacters, where ¢' is a G'*l-generic
character of G* of depth r; relative to x for all x € B(G',F), 0 <i<d—1. If
rg_1 < rq, we assume &% is of depth ry, otherwise ¢@ = 1.

Without loss of generality, one can assume that the point y belongs to the reduced
building of M° (Remark 2.2.20). Tt is clear from the definition of type-datum that
we can adapt the statement of Theorem 3.3.1 to obtain a restriction of type-datum
as follows.

Theorem 7.3.4. Let X = (G, M°), (y, {I}), 7, (M), p), ) be a type-datum for G. Let
MY = MO N H, H' = G' "H and ¢y = ¢'|g: for all0 < i < d. Let 7 denote the depth

of ¢4
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1) If 7 >rqq, set b = (0%, ..., 0%t ¢%) and F=(ro,...,Ta1,7).
2) If 7 < rq_q, set qb;{ = (@Y, , % %, 1) and F o= (roy. .. Ta—1)-
Then, for all wrreducible subrepresentation 1 of 7] (M2,

S = ((H,MR), (y, AT}, 7 (M%)y, pe), ) is  a  type-datum  for H, where
H = (H,... H%).

Given a type—datum E, let J(@,MO) = MSG?lJ,So C GZ:Sdfl’ which is an open
compact subgroup of G. A process completely analogous to the J.K. Yu Construction
results in an irreducible representation A¢(X) of Jg yp0). The pair (J g o), Ac (X)) is
an s-type for some s € B [KY17, Theorem 7.5]. Such a type will be called a Kim-Yu
type. Furthermore, we can adapt the result of Theorem 4.3.6, which described the

restriction £ (W)|kq , to obtain the following.

Theorem 7.3.5. Let ¥ = ((G,M°), (y,{I}),7, (M;,p),gg) be a type-datum for G.
Assume that the decomposition into components of p\(M%) 15 given by '0|(M?z) = Dpy
Y Y rel

for some index set L. For each ¢ € L, let ¥y be the type-datum for H as
per Theorem 7.5.4, Jgi o) = (M%), H}, - H? and A\ (3g) be the irreducible

Y.50 YsSd—1
representation of S MY) constructed from ;. Then
)\G(E)|J(ﬁM%) = E—DL)\H(E@).

Note that we can also apply the results of Section 3.5 and define an extension of
types to go from a type-datum for H to type-data for G.
Remark 7.3.6. Given a G-datum ¥ = ((@, Y, 7, P, gz?), the type (Ju, Aq(V)) is a

Kim-Yu type by setting > = ((@,GO),y,f’, (Gg,ﬁ),qb), where p is a component of
P|Gg-

7.3.2 Consequences and Conclusion

Fintzen showed that every (smooth) irreducible representation of G contains a Kim-Yu
type when p does not divide the order of the Weyl group of G [Fin18, Theorem 7.12|.
This is a refinement of the exhaustion result obtained by Kim and Yu [KY17, Theorem
9.1]. This means that we are able to obtain information on the restriction of any
irreducible representation 7 of G via our restriction of types (Theorems 7.3.4 and
7.3.5) as per the following corollary.

Corollary 7.3.7. Let w be an irreducible representation of G and let (Js, A\g(X)) be
a Kim-Yu type contained in w. Let {¥,,0 € L} be the type-data for H obtained from %
as per Theorem 7.3.4. Then, for all { € L, (J(RM%), A (Xr)) is a Kim-Yu type which

is contained in a component of 7|y.
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By Remark 7.3.2, we do not expect our restriction of types to yield a type for
each component of 7|y. Furthermore, at this stage, we do not know whether we
can expect a decomposition formula like that of Theorem 4.4.1 for an irreducible
representation 7 which is not supercuspidal, but future work could investigate the
direct implications of the restriction of Kim-Yu types on the decomposition of 7|g.

By what precedes, we see that the consequences of this thesis go beyond just
the supercuspidal representations. While this was the main focus of our work, by
transferring our results to the theory of types, we have a larger impact and offer
future directions for the general study of irreducible representations of p-adic groups
and the category of smooth complex representation R(G) of G.



Appendix A

The Devil 1s in the Details

This appendix contains results that were needed in the thesis, but that did not quite
fit in the natural flow of the narrative presented due to the significant amount of
additional structure and notation required.

Section A.1 contains statements and proofs related to representation theory,
which is meant to serve as a reference for the reader that is not very familiar with
representations.

Sections A.2 to A.4 contain proofs to more technical statements. The results
that we present are very naturally expected to hold, but we did not find proofs in the
existing literature, which is why we present them here. Some of these technical results
also require heavy notation, and presenting them within the course of the thesis would
have caused some digressions from the main storyline. We reassure the reader that
the proofs we present in this appendix are straightforward once the structures and
notations have been introduced.

A.1 Representations

In this section we present a series of proofs for results regarding representations that
was used throughout the thesis. Most of these results should be known, or at least
seem intuitive, to the reader that is familiar with representation theory. This appendix
should not be read on its own, but rather serve as a reference, when needed, as results
from it are called within the thesis.

Proposition A.1.1. Let (m, V) be a completely reducible representation of G. Then
any subrepresentation of (w, V') is also completely reducible.

Proof: It is well known that a representation V is completely reducible if and
only if every subrepresentation of V' has a G-invariant complement in V. So, given
a subrepresentation W < V', we must show that every subrepresentation of W has a
G-invariant complement in W.

147
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Let U be a subrepresentation of W, that is a G-invariant subspace of W. In
particular, U < V and by complete reducibility of V', there exists a G-invariant
subspace U’ < V such that U@ U’ = V. It then follows that U’ n W is a G-invariant
subspace of W and U @ (U’ n W) = W. Therefore U has a G-invariant complement

in W and W is completely reducible.
i

Lemma A.1.2. Let (m, V), (p,W) be two representations of G such that
Homg(m, p) # {0}. Then for all f € Homg(, p),

a) ker f is a G-invariant subspace of V' (with respect to the action induced by 7);
b) Im f is a G-invariant subspace of W (with respect to the action induced by p).

Proof: By definition, f : V — W is an intertwining operator, meaning that
plg)o f=fom(g) for all g e G.

a) Let v € ker f. We must show that w(g)v € ker f for all g € G. Given g € G,

f(m(g)v) = p(g)(f(v)). Since v € ker f, it follows that f(7(g)v) = p(g)(0) = 0.
Thus, 7(g)v € ker f.

b) Let w € Im f. We must show that p(g)w € Im f for all ¢ € G. We have that
w = f(v) for some v € V, so given g € G, we have that p(g)w = p(g)(f(v)).
Since f is an intertwining operator, it follows that p(¢)w = f(mw(g)v) and
therefore p(g)w € Im f.

Proposition A.1.3. Let (m,V),(p, W) be two representations of G such that
Homg(m, p) # {0}.

a) If w is irreducible, then V is a subrepresentation of W.
b) If p is irreducible, then W is a quotient of V.

Conversely, if m is a subrepresentation of p, or if p is a quotient of m, then
Homg(m, p) # {0}.

Proof: Let 0 # f € Homg(m,p). We have by Lemma A.1.2 that ker f and Im f
are G-invariant subspaces with respect to = and p, respectively.
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a) Since ker f is a G-invariant subspace of V" and (7, V) is irreducible, we must have
ker f = {0} or ker f = V. But f # 0 by hypothesis, which forces ker f = {0}.
This means that Im f # {0} is a G-invariant subspace of W. By the first
isomorphism theorem, we have that Im f ~ V/ker f = V. Therefore, the
subrepresentation (p,Im f) of (p, W) is isomorphic to (m, V).

b) Since Im f is a G-invariant subspace of W and (p, W) is irreducible, we must
have Im f = {0} or Imf = W. Since f # 0, this forces W = Im f. But,
Imf~V / ker f, where ker f is a G-invariant subspace of V. Hence, we have
that (p, W) is isomorphic to a quotient representation of (m, V).

If m is a subrepresentation of p, then V. < W and 7w(g)v = p(g)v for all
v e V,ge G. It then suffices to take the inclusion map f : V — W € Homg(7, p).
If p is a quotient of m, then W = V /U for some G-invariant subspace U < V and
p(g)(v+U) =mn(g)(v)+ U for all v e V, g € G. Tt then suffices to take the projection
map p: V — V /U € Homg(m, p). i

Lemma A.1.4. Let Z denote the center of the group G and let G' = G be a subgroup
that contains Z. Then for any irreducible representation of G', the center Z acts by
scalar multiplication.

Proof: Let (m, V) be an irreducible representation of G’. For all ¢ € G,
zeZweV,

m(2)r(g)v = m(g')m(2)v.
It follows that for all z € Z, m(z) is an intertwining map. Since 7 is irreducible, it

follows from Schur’s lemma that 7(z) = ¢.Idy for some constant c,, where Idy is the
identity map on V. Hence, the center acts by scalar multiplication. |

Lemma A.1.5. Let 7 be a representation of G. For all g € G, we have 97 ~ 7.

Proof: Let g € G. It suffices to show that m(g) is an intertwining map between
and 7. For all g’ € G, w(g) o 97(g") = w(g)7(9~"g'9) = 7(g'g) = 7(g") o 7(g). i

Lemma A.1.6. Let (m,U),(p,V), (), W) be representations of G. Then
(T@p) @Y =(TRY) S (p®Y).

Proof: = We proceed by direct computation. For all ge G,ue Ujve V,we W

(m®p) @Y(g)(u+v)@w) = (m®p)(g)(u+v) @Y(g)w
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m(g)u + p(g)v) @ Y(g)w

m(g)u @ (g)w) + (p(9)v ® Y (g)w)

® ) (9)(u@w) + (p@Y)(g)(v @ w)
®@Y) @ (p@Y)(9)(u@w) ® (v w)).

o~ o~ o~~~

SIS

Lemma A.1.7. Let G' < G be a subgroup. Let (m,V) be a representation of G'. Take
g€ G and let (p, W) be a representation of 9G'. Then 97 ~ p if and only if m ~ 9y,

Proof: = We have that 97 ~ p if and only if there exists an invertible intertwining
map f : V — W such that fo97(g") = p(g')of, or equivalently for(g~'g'g) = p(g')of,
for all ¢ € 9G’. Every g’ € 9G’ is of the form gg'g~' for some ¢’ € G’ and therefore
fom(g7tg'g) = p(g') o f for all g’ € 9G" if and only if fon(g') = p(gg'g™") o f for all
g € G'. Thus, the bijective map f intertwines 97 and p if and only if it intertwines
7 and 9 p. |

Proposition A.1.8. Let N < G be a subgroup of G of finite index and let (m,V)
be a finite-dimensional representation of N. Then c—Ind%W 18 a finite-dimensional
representation of G of dimension [G : N]dim(V).

Proof:  Note here that because N is of finite index, G/N is compact and therefore
induction and compact induction are the same.
We must show that the vector space

cInd§V = {f:G -V : f(gn) = w(n"Y)f(g) for all n € N}

is finite-dimensional. Let {v; : j € J} be a basis of V, and {g,,7 € I} be a set of coset
representatives of G/N, where I and J are finite index sets. Define f;; : G — V as
follows. For all n e N,

m(n v, if £ =1,

Jis(9en) = {Oifé#z’.

We claim that {f;; : i € I, j € J} is a basis for the vector space C—Ind% V', and therefore
c-Ind§ V is of finite dimension |I||.J]| = [G : N]dim(V/).

Indeed, we start by showing that f;; € c-Ind§ V forallie I, j e J. Given g € G,
g = gen for some £ € I,n e N. So, for all n’ € N, we have

7((nn') v, if £ =4,

fialgn’) = fij(genn’) = {O if ¢ .
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Since w((nn')~1) = ('~ H7w(nt), it follows that fi;(gn’) = m(n'~')fi;(g). Hence,
fiecInd{Vforalliel, je J.
Next, we show that {f;; : i € [,j € J} spans C—Ind]GV V. Let f e c—Ind]GV V. Then

for all i € I f(g;) € V, which means that f(g;) = > ¢;;v; for some scalars ¢;;. We
jedJ

= ZZ Cij fij-

i€l jeJ

then have that

Indeed, for all e I,ne N,

flgm) = =(n™") f(g0)

m(n) 2 CejV;

= Z ngw(n_l)vj
jedJ

= > i foilgm).

jed

Since fi;(gem) = 0 for all i # ¢, it follows that f(gm) = >, > ¢ijfij(gem).
i€l jed

Finally, we verify that {f;; : i € I,j € J} is a set of linearly independent vectors

by showing that > >} a;;fi; = 0 implies that a;; = 0 for all i € I, j € J. Indeed, if
€l jed

> > aiifi; = 0, then >} > a;;fij(gen) = 0 for all £ € I,n € N, which simplifies to
el jeJ i€l jeJ
D agifij(gen) =0 for all £ € I,ne N. But,

jedJ

D aifei(gen) = Y jagm(n™ oy = w(n™) <Z %’%’)

jed jed jeJ

is trivial for all £ € I if and only if ] asv; = 0 for all £ € I. Since {v; : j € J} is a set
jedJ
of linearly independent vectors, being a basis for V', we conclude that a,; = 0 for all
tel jeJ.
Thus, we have shown that {f;;,i € I,j € J} is a basis for c-Ind$; V' and therefore

the dimension of c-Ind$; V is equal to |I]|.J]| = [G : N]dim(V) as claimed. i

Proposition A.1.9. Let G' < G be a subgroup of G and let (m, V), (p, W) be two
representations of G'. Then c-IndS, (7 @ p) = c-Ind$, 7 @ c-IndS, p, that is induction
commutes with direct sum.
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Proof:  We show that the vector spaces C—Indg,(V@W) and C—Indg, V@c-IndS, W
are the same.

Let f € ¢-Ind% V @ c-Ind% W. Then f = fy + fy for some fy € C—Indg/ Vv,
fw e c-IndS, W. Forall ¢ e G', g€ G,

flgg') = fvlgg
( 1—1

=(r®
=(m®p

+ fwl(g9')
fv(g) +p(g™") fw(g)
(9" ) (frl9) + fw(9)
(9" f(9)-
Therefore, c-Ind$, V @ c-IndS, W < c-Ind, (V @ W).
Conversely, take f € c-Ind%,(V@®W). Then for all g € G, f(g) = fv(g)+ fw(g) for

some fy(g) €V, fw(g) € W. These projections define maps fy : G — V, fyy : G — W.
Then, for all ¢’ € G', we have f(g9") = fv(99') + fw(gg’). On the other hand,

)
)
p)
)

By uniqueness of the direct sum decomposition of V @ W, it follows that

fv(gg) = 7(g" ) fv(g) and fiw(gg") = plg'™") fw(g) for all g’ € G',g € G. That is,
fv € c-Ind$, V and fiy € c-Ind, W. Hence, c-Ind%, (V@ W) < c-Ind%, V @c-IndS, W.
|

Proposition A.1.10. Let N ¢ G' < G be groups, with N normal in both G' and G.
Let (7, V') be a representation of G'/N and identify it with its pullback to G'. Then,

c- IndG,//N 7~ c-Indg, m,

where c- IndG,/NW 1s identified with its pullback to G. That is, the pullback of an
induction is the induction of a pullback.
Proof: = We must find an invertible linear map 7' : c- IndG, /NV — ¢-Ind%, V that

intertwines c—IndG,/ sy ™ and c-Ind§, 7, where

c-Indg) ) V = {f : G/N -V : f(gNg'N) = n(¢"'N)f(gN) for all g'N € G'/N},

c-Ind%, V = {f:G -V : flgy) =n(gd ") f(g) for all ¢ € G'}.
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Given [ € C—Indg,//]jv V, the map f : G — V defined by f(g) = f(gN) for all g € G is

an element of C—Indg, V. Indeed, for all ¢’ € G', g € G,

f (gg’) = f(gg'N)
f(gNg'N)
m(g~'N)f(gN)
(g~ f(9).

Therefore, we define T" as follows:
T c-Indg) )\ V — c-Indg, V
f= 1,
where f is defined as previously.

We start by showing that T is bijective. It is surely injective because
T(f1) = T(fy) implies that fi(gN) = fa(gN) for all g € G, and therefore f1 = fo.
Civen f € c-Ind$, V, define

f:G/N -V
gN = f(g).
This map is well-defined because 7 is trivial on N (as a representation of G') by
definition, and so f(n) = 1 for all n € N. As a consequence, f(g) = f(h) when gN =
hN. Next, forall g’ € G’ g€ G, f(gNg'N) = f(99) = 7(g""") [(9) = 7(g'"'N) f(gN),
and therefore f € c- Ind4/N v. Furthermore, T(f) = f, which implies that T is
surjective.

It remains to show that 7" is an intertwining map, that is the following diagram
commutes for all g € G.

G’/N

G/N G/N
c-Indg) anVY
T T
c-Indg, 7(§)
c-Ind&, V ¢ c-Indé, V

Take f € c- Indg,//];[V V. Then c- IndG///JjV 7(g)(f) maps gN to f(g7'!NgN) for all g € G,
and therefore T o c- IndG,/NW(g)(f) maps gN to f(§'g) for all g € G. On the other
hand, T'(f) maps gN to f(g) for all g € G, which 1mphes that c-Indg, 7(§) o T(f)

maps gN to f(g'g) for all g € G. Hence, T o c- IndG,/Nﬂ(g) =cIndS n(g)oT. N
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Proposition A.1.11. Let G' = G be a subgroup of G, (w, V') be a representation of
G’ and x be a character of G. Then c-Ind%, (7 ® x|ar) ~ ¢-Ind&, 7 ® .

Proof: We must find an invertible linear map
T : c-Ind% (V ®c C) — c-IndS, V ®c C  that intertwines c-Ind%(r ® x|e) and
C—Indg, T & X, where

c-IndG (V@c C) = {f: G =V : flgg') = (r@x)(¢ ) f(g) for all ¢' € G', g € G},

Ind% V@cC={f:G->V:flgg)= W(g’_l)f(g) for all ¢ € G', g € G} ®¢ C.

For all f € c-IndS, (V ®c C), let f be the map that sends g to f(g)x(g) ®1 for all
g€ G. Then f € c-Ind%, V ®c C since the map g — f(g)x(g) lies in ¢-Ind&, V. Indeed,

for all ¢’ € G',g € G f(g9")x(99) = (x@X)(g' ) f(@)x(9)x(g) = 7(g') f(9)x(9)-
Therefore, we define T' as follows:

T : c-Ind, (V ®c C) — c-Ind$, V ®c C
f=1,

where f is defined as previously.

We start by showing that T is bijective. It is surely injective because
T(f1) = T(f2) implies that fi(g)x(g) = f2(g)x(g) for all g € G, and therefore f; = f.
Given f € c-Ind%, V, let f be the map that sends g to f(g)x(¢~?) for all g € G. Then
one can verify that f € c¢-Ind%, (V ®c C) and T(f) = f ® 1, which implies T is
surjective.

It remains to show that 7' is an intertwining map, that is the following diagram
commutes for all g € G.

c-Indg (7 ® x|)(9)

c-Ind%, (V ®c C) c-Indé, (V ®c C)
T T
(C—Indg, T®x) ()
c-Ind%, V ®c C c-Ind, V ®@c C

Take f € c-Ind% (V ®¢ C). Then c-Ind% (7 ® x|e)(§)(f) maps g to f(§1g) for
all g € G, and therefore T o c-Ind%, (7 ® x|a)(7)(f) maps g to f(§ g)x(g) @1 for all
g € G. On the other hand, T'(f) maps g to f(g)x(g) ® 1 for all g € G, which implies
that (c-Indg, 7 ® x) (§) o T(f) maps g to f(§7 9)x(779) @ x(7) = f(7T9)x(9) ®1
for all g € G. We conclude that T o c-IndS (7 ® x|ar) = (§) (c-Indg 7 ®@ x) (§) o T for
all g € G. i
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A.2 On the Mock Exponential Map

Let G be a reductive group defined over F', and let G = G(F'). Assume that G splits
over a tamely ramified extension E of F'. Let H be a closed connected F-subgroup
of G that contains Gge. Set x € B(G, F) and r > 0. The goal of this section is to
show that the isomorphism ey : b, ..+ — Hy .+ defined by Adler and used in the
J.K. Yu Construction can essentially be viewed as a restriction of Adler’s isomorphism
€: @yt — Gu o+, a vesult needed in the proof of Lemma 3.3.17.

Let T be a maximal F-torus that splits over F and let x € A(G, T, E). Set a
Z-basis of X*(T), {x1,---,Xn}. The isomorphism e between g, ..+ and G ..+ defined
by Adler is constructed via the theory of mock exponential maps [Adl98, Section 1.5].
Hakim provides a summary of this construction in [Hak18, Section 3.4] which we
quickly recall here.

One starts by defining a mock exponential map on t(E),,

M-exp : t(E), — T(E),.

This map is defined by the implicit condition y;(M-exp(X)) = 1 + dx;(X) for all
X € {(F);,1 < i < n. For each a € & = (G, T), we have an exponential map
expy © 9o (E)zr — Uy(E),, because elements of g, (F) are nilpotent. Choosing an
ordering of the roots, we can combine the maps exp,, @ € ®, and M-exp to obtain a
new map

M AE), % [ [8u(E)zr — T(E), x [ [Ua(E)a,r.

aced acd

The multiplication map

p:T(E), x [ [Ua(E)as — G(E)as

aced

is bijective [BT72, Proposition 6.4.48|, and so is its corresponding Lie algebra map,
which is denoted v. The mock exponential map e of g(F),,, can then be represented
by the commutative diagram in Figure A.1. Adler showed that this map induces an
isomorphism of the quotient groups [Adl98, Section 1.5], which we also denote by
e. This isomorphism is independent of the choice of basis for X*(T) [Adl98, Lemma
1.5.1] and is actually independent of the choice of torus T such that z € A(G, T, F)
[Ad198, Corollary 1.6.6]. Furthermore, the quotients g(E), ..+ and G(E), .+ are
abelian (Section 2.2.2), meaning that any choice of ordering of the roots produces the
same map. This isomorphism e is illustrated by the commutative diagram in Figure
A2.

Given the F-subgroup H defined above, let Ty = T n H, h = Lie(H) and
ty = Lie(Ty). We define a mock exponential map ey for h(E),, analogously
(Figure A.3), by first constructing a mock exponential map (M-exp)y from ty(FE),
to Tg(F), and extending it to a map My via the same exponential maps on the
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9(E)a,r G(E)z,
- p
t(E), x E!I)goc(E>x,r M T(E), x gUa(E)w,r

Figure A.1: Commutative diagram describing the mock exponential map e
of g(E),, as illustrated in [Hak18, Section 3.4].

g(E)CIS,TZT+ ¢ G(E)x,rzr+

vl W

t<E)T:r+ X Hga(E)x,r:r+ M T(E)r:r+ X HUQ(E)I,T:T+

acd acd

Figure A.2: Commutative diagram describing the isomorphism e from
9(E)y it to G(E)y .+ as illustrated in [Hak18, Section 3.4].

filtrations of the root subgroups. To do this, we restrict the Z-basis {x1,...,Xn}
of X*(T) to Ty. This will produce a spanning set for X*(Ty) from which we can
extract a Z-basis. Indeed, this is because every character of Ty is the restriction of
a character of T [Bor91, Proposition 8.2|. By definition, we set the map (M-exp)y
to satisfy x;|ry((M-exp) g (X)) = 1 + dx;|1.(X) for all X € tg(F),,1 < i < n so that
(M-exp)y = M-explg, (), and therefore My = Mg, (g), [ 80 (E)e,r-

ey

b(E)z H(E)z

-1
Vg HH

t1(E), % []8a(E)er M Ty(E), x [[Ua(E)sr

acd acd

Figure A.3: Commutative diagram describing the mock exponential map ey

of B(E) s,

Proposition A.2.1. Let ey : §(E)y v — H(E), o+ be the mock exponential map
of B(E)gr. Then elyp),, = toem, where v is the isomorphism from H(E), ..+ to
H(E) s, G(E) s+ /G(E)ym+ given by the second isomorphism theorem.
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Proof: We clearly have that vyg' = vlyp,, and pm = plae).,.-
Given h € B§(E)y,, let v"'(h) = ¢ x [[ga-  Then, by the previous
lemma,  elyg),,(h) = Mpu(t x nga)G(E)Mqu) On  the other hand,
er(h) = Myt x [] ga)H(E)g;’ﬁ.aeTq)he conclusion follows since ¢ maps hH(E), .+ to
BG(E), .+ for all h & H(E),,. i

By taking the Gal(E/F')-fixed points of g(E), .+ and G(E), ..+, e induces an
isomorphism e : g, ,.,+ — Gup+ [YuOl, Corollary 2.4|. Similarly, ey induces an
isomorphism between b, ..+ and H, .+, and the equality el, = toey holds at the
level of F-points, where ¢ : Hy ppr — Hyy Gyt /Gyt 7

A.3 On the Kottwitz Map

In Section 2.2.2.2, we used the Kottwitz map to describe the filtration subgroups of
a torus. The goal of this section is to show that the restriction of a Kottwitz map
to a subtorus is again a Kottwitz map, a result used in Lemma 2.2.21 to discuss the
intersection of Moy-Prasad filtration subgroups of G with H.

Let G be a reductive group defined over a p-adic field L, and let T be a maximal
torus of G. Let val(-) be the valuation map on L, which we scale to take values in Z.
Let L be an algebraic closure of L and I = Gal(L/L) be the absolute Galois group
of L. We denote by X*(T)! the subgroup of X*(T) fixed by I and by X,(T); the
largest quotient of X, (T) on which I acts trivially. Kottwitz explains how there is a
natural surjection

q: X4(T); — Hom(X*(T)!, Z)
and an obvious functorial map
v : T(L) — Hom(X*(T)!, Z)

in [Kot97, Section 7.2|. Indeed, ¢ is the map that sends p € X.(T); to the
homomorphism A — (A p), where {-,-) is the canonical pairing between X*(T)
and X, (T) discussed in Section 2.2.1, and v maps ¢t € T(L) to the homomorphism
A — val(A(t)). Kottwitz then proceeds to construct a surjective homomorphism

KOtT(L) . T(L) — X* (T)[
that satisfies g o Koty = v. We refer to Koty(z) as the Kottwitz map of T(L).

Proposition A.3.1. Let S be a subtorus of T, and let Kotyy) and
Kotgy be the Kottwitz maps for T(L) and S(L), respectively. Then
ker(Kotrz)) N S(L) = ker(Kots(r)).
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Proof: Let S «— T be the inclusion map. This map induces an inclusion
X«(S)r — X, (T);. Kottwitz then tells us that the diagram

KOt']T(L)
T(L)

X.(T);

KOtS(L) % lS)
* I

S(L)

commutes [Kot97, (7.2.7)]. This means that Koty |s(y = Kotgzy, and the result
follows. |

A.4 On the Heisenberg-Weil Lift

This section contains all the proofs related to claims we have made about the
Heisenger-Weil lifts. In particular, we discuss the restriction of a Heisenberg-Weil lift
in Section A.4.1 which was needed to restrict the representations ¢ in Theorem 4.2.7.
We also discuss in Section A.4.2 the relationship between (¢4 '¢%) and ¢4V ¢, a
result needed in Theorem 4.3.6.

There are many details behind the construction of the Heisenber-Weil lifts which
we have not discussed in this thesis. To make this section as concise as possible, we
provide references for the concepts that we have not defined rather than repeating
another summary of the whole construction. The reader that would like to know all
the details of the theory of Heisenberg-Weil lifts is invited to consult [Yu01l, HMOS,
Nev15]|. In particular, we recommend [HMOS8, Section 2.3].

A.4.1 Restricting the Heisenberg-Weil Lift

Set 0 < ¢ < d— 1. Let us recall the notation used for the theory of Heisenberg-Weil
lifts to extend ¢' in Section 4.2.1. We also establish analogous notation for H.

& = il o, €y = Byl i

N' = ker(¢'), Ny = ker(¢y)
W= JHNGHE, = TN,
Z' = J\N N, Zy = Tyl /Ny
Wi = JiL W = i i
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W = WiRTF, W, =W, xF,

The groups H' and H:; are Heisenberg p-groups associated to the symplectic
vector spaces W* and W}, respectively. Recall also that Z* and Z%; are the centers of
H' and H};, respectively, which are both isomorphic to F,. This means that characters
of Z" and Z}, are isomorphisms into s, the set of pth roots of unity in C. From the
central characters £ and &%, we construct Heisenberg-Weil lifts w’ and wt; which are
representations of K* x H' and K% x Hi;, respectively.

The goal of this section is to prove the following theorem, which was necessary
when restricting the extensions ¢’ (Theorem 4.2.7).

Theorem A.4.1. For all ke Ki, je Jif', wi(k,iNi) = wi(k, jNY).
We will achieve this with the help of the following Proposition.

Proposition A.4.2 (|[Nevl5, Proposition 3.2|). Forie {1,2} let H; be a Heisenberg
group with center Z;. Fix a nontrivial character ¢; of Z; and a corresponding special
isomorphism v; : H; — WZ-# in the sense of [HMOS8, Definition 2.29, Remark 2.33|,
where W; = H;/Z;. Let T; be a group and suppose further that v; is relevant for a
homomorphism f; : T; — Sp(H;) in the sense of [HMO8, Definition 3.17|. Let (f),,
be the map that sends t € T; to v;o fi(t) oyi_l forallt e T;, i = 1,2. Suppose we have a
group isomorphism « : Hi — Hs, inducing & : W1 — Wy, and a group homomorphism
0 : Ty — Ty such that the following diagrams commute.

H, “ Wl# T S Sp(Wh)
aJ [a x 1 ) linn(a)
H, & Wy 1 o Sp(Ws)

Then we have ¢o 0 o = ¢y on Z; and & 1s a symplectic isomorphism, whence
the maps in the diagram above are well-defined homomorphisms. Let (15,V) be a
Heisenberg representation of Ho with central character ¢o. Then 7 = T3 0 a s
a Heisenberg representation of Hy with central character ¢1. Let w; denote the
pullback of the Heisenberg-Weil lift corresponding to v; of 7; to T; x H;. Then for
all t € T ,h € Hy, we have

wa(6(t), a(h)) = wi(t, h),

that is, the lifts coincide.
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Let f': K" — Sp(H') and f4 : K& — Sp(H};) be the homomorphisms coming
from the actions by conjugation of K* on J**! and of K% on J};rl, respectively. Let
V' and VY be the special isomorphisms arising from the split polarizations of H? and

i, respectively, as per [HMO08, Lemma 2.35]. The maps v* and v, are relevant for f*
and f%, respectively. The strategy to proving Theorem A.4.1 is to start by showing
that the homomorphism a : Hi, — H' which maps N}, to jN? for all j € Ji!
is an isomorphism that induces the symplectic isomorphism 3 : W§ — W' from
Corollary 4.2.5, then to consider the inclusion map § : K% — K' and to show that
the following diagrams commute.

: ()i
My ——— Wi* Ky~ sp(w)
ak kﬁX1 5[ Jinn(ﬁ)
we L i A"

Figure A.4: Commutative diagrams for the restriction of the Heisenberg-Weil

lift.

A.4.1.1 Proving that « is an Isomorphism

We start by establishing the relationship between N? and N}, with the following
lemma.

Lemma A.4.3. Let Ny and N' ‘be defined as above. Then
Ny =NnJjfl=NnJfh

Proof:  Let j: Jif| — Ji*! be the inclusion map. We have that £, = &' o j which
imples that ker £}, = ker(¢' o j) = ker &' n J3;f!. Therefore Nj; = N* n J3 L.

Next, we show that N'nJj! = N'nJj*. Clearly, we have N'nJif ! < NinJ.
To show the converse, let z € N* n Jit < JH A Jif Since Jit = Ji+t A H'*! and
Jifl = T A H* (Lemma 4.2.3), Ji A J ! = Ji! and therefore z € NP Jif L

Proposition A.4.4. Let o : Hyy — H' be the map defined by a(jNy) = jN* for all
je J}fl. Then « is an isomorphism and « induces the isomorphism f3.

Proof:  We start by showing that the map « is well-defined. Given jN§; = j'N§; | it
follows that 7715’ € N, = N*. Therefore, jN* = j’N* and the map « is well-defined.

The map « is injective. Indeed, by Lemma A.4.3 the kernel of a is
kerao = {jNi : je Jif' n N*} = {N}}. Furthermore, it is clear from the definition
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that o maps Z% into Z'. Since both Z% and Z* are cyclic groups of order p, it follows
that o(ZY) = Z°.

Let pr and prj denote the projections of H' into W* and HY; into W via the
isomorphisms W' ~ H?/Z" and W}, ~ H /7%, respectively. Then 3~ !opry, = proa.
It follows that pr o « is surjective, as 87! and pry are both surjective. Now, let
y € H' and consider its projection into W*, yZ*. Since pro « is surjective, there exists
x € Hi such that proa(x) = yZ'. It follows that a(z)Z" = yZ', or equivalently,
a(r)y~! e Z'. Since alz; is surjective, there exists z € Z such that a(z) = a(2)y ™,
implying that y = a(z)a(z)™! = a(zz™!). Hence, we conclude that « is surjective,
and therefore is an isomorphism. Furthermore, the isomorphism that « induces
between W7, and W' is clearly equal to 3. |

A.4.1.2 Showing the Commutativity of the Diagrams in Figure A.4

Proposition A.4.5. Let a and 8 be the isomorphisms as defined previously, and let
v and v be the special isomorphisms arising from the split polarizations of H' and

', respectively, as per [HMO8, Lemma 2.35|. Then the left diagram of Figure A.j
commutes, that is V' oo = (8 x 1) o v/iy.

Proof:  Let Hiy(+),Hiy(—) be Yu's split polarization of Hy([YuOl, Proposition
11.4], [HMO08, Section 3.3]). This means that every element of AN}, can then be
written in the form (hy N )(h_Ni)(2N}) for some hy Ni; € Hi(+), h_Ni; € Hi(—),
zNi € Zi,. Furthermore, the associated special isomorphism to this split polarization
is Vi s Hi, — WET defined by

Vir (s Nig) (- Nip) NE) = (e T2 (T ). 2l b P2),

where z[h,, h_]PT1/2 is viewed as an element of F, [HMO0S, Lemma 2.35].
From the description provided in [HMOS, Section 3.3|, one sees that
Hi(+) = a(Hy(+)), H(—) = a(Hy(—)) is Yu's split polarization of H' and

V' is the associated special isomorphism as per [HMO08, Lemma 2.35]. For all

(hy Nip)(h_N¥)(2NY) € H'y we have that

v o al(hy Nip) (h-Nip) (2Nip) = vi((hs N)(h- N¥) (')
= ((hy Jfl) (h Jiﬂ)a z[hy, h—]p+1/2)7

where z[h,, h_]P*1/? is viewed as an element of F,, .
On the other hand,

(8 % 1) 0 vy (hy Nip)(h-Nip)(zNi)) = (8 x 1)((ha T (ho Tifl), 2l hoJPH2)
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= (g JT) (ho ), 2l h JPP2).

Therefore, we conclude that v' o = (8 x 1) o v} i

Proposition A.4.6. Let 3,v' and vl be as in the previous proposition and let
friK'— Sp(H') and fy : Ky — Sp(Hy) be the homomorphisms coming from
the actions by conjugation of K' on J'™' and of K% on J}jj, respectively. Let
§: Kb — K be the inclusion map. Then the right diagram of Figure A.J commutes,
tﬁat is 1nn(ﬁ') ? (fr)ui, = (f%)l,i o 3, where (f'),i is the map that sends k € K" to
vio fi(k)ov' " forallke K"

Proof: First note that we are viewing Sp(W?*) and Sp(W}) as subgroups of Sp(H?)
and Sp(HY;), respectively, via the inclusion g — g x 1.

For all k € K, using the definitions of our maps, we have that

(inn(B) o (fir),i,) (k) = inn(B) (v o fiy (k) o viy )
— (Bx 1)ovjo fiyk)ovy o (87 x 1),

By Proposition A.4.5, we have that (8 x 1) o v}, = v/ o v, which allows us to rewrite
the previous expression as

(inn(B) o (fir)u;,) (k) = (V' o) o fy(k) o (@™ o).
It remains to show that (1% o @) o fi, (k) o (@™ o i ") = (f), o &(k), where
(f),i08(k) = vio fi(k)ori™"is an element of Sp(Wi*). Take (hZ',z) € Wi¥  and let

Nt = i (hZ, 2) with j € Ji!. Note that we can choose j € Ji ! by surjectivity of
a. Then,

-1

(a tor ) (hZ' 2) = jN}.
Applying f#(k) to this last expression, it follows that
fi(k) o (o7 o v ) (02", 2) = kjk™' Ny,
and so
ao fi(k)o(ato YA z) = kjk ' N".
We then have
(Vi oa)o fi(k)o (a0 )T, 2) = Vi(kjk ' NY).
But,
Vi(kik T 'NT) = vi o fi(k)(iNT) = vio fi(k) o v (RZ, 2).
Hence, we that conclude that (v o a) o fi(k) o (a0 ") = (f)),: o &(k) and
therefore inn(83) o (fi),: = (f*),i 00. i

i
Vg
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A.4.2 Proving that H?{_l’d ®1~rE 'Ky

Let U = (@,y,p, 5) be a G-datum. When the depth 7 of ¢% is less than or equal

to rq4_1, the last two quasicharacters in the character sequence ¢;1 are (¢§flgb§{, 1).
The goal of this section is to show that /ielljl’d ®1 ~ /de’1 ® K%, or equivalently
(¢4 %) ~ (¢%71) @Y, which is required in the proof of Theorem 4.3.6.

In [HMOS8, Proposition 4.24], Hakim and Murnaghan show that if Uy is a

refactorization of Wy, then ky(Vy) ~ ky(Vy). When looking at the details of

their proof, we only need ng and qﬁH to satisfy condition F1) from the definition of
refactorization (Definition 3.2.1) for this result to hold, and we do not even require
the last quasicharacters of the sequences to be of largest depth. This means that we
can set ¢y = (%, ..., ¢% " ¢%) and g = (Y, ..., ¢% '¢% 1) and obtain the wanted
result. Because this is a very specific case in which the result applies, we recall the
proof in this section, only written specifically for our case with less notation and with
a bit more detail. But first, let us proceed to the following lemma.

L — —

Lemma A.4.7. The quasicharacter qﬁ%‘lgb% 15 equal to gbﬁl_lqb?{.

Proof:  Recall that ¢4 '¢% is the (unique) quasicharacter of K}fl_lHymll that

agrees with ¢%'¢% on K%' and is trivial on (H4', H)

—

an analogous description for ¢§I’1. Therefore, to show the wanted equality, it suffices
to show that ¢¢ is trivial on (H9 1, H)y ot st )

Set 5§ = 7/2. Since ¢% is of depth 7, Remark 3.1.14 tells us that ¢§I|Hy s
realized by an element Z* of (33;)—7, where 33, denotes the F-points of the dual of
the center of Lie(H) as in Section 3.3.3. If we let ¢/¥ denote a character of E that
coincides with ¢ on 7, then we can define a quasicharacter (¢%)” of H(E), ...~ that

agrees with ¢%; as follows. For all Y € h(E), s+,
(65) " (e(Y + B(E)y5+)) = v7(Z5(Y)),

where e denotes the isomorphism between h(E),sz+.7+ and H(E),;+7+ as per
Appendix A.2.
N

The character (¢%)¥ is trivial on (Hdil(E),H(E))y7(r;_17sd_l). Indeed, (¢%)¥
is trivial on ]HId*I(E)W;1 being of depth 7 < r4_;. Furthermore, Z* is trivial on

elements of [, h](£), and therefore (¢%,)" is trivial on Ug(E), + forall § e ®\0.
Thus, we conclude that ¢, is trivial on (H91, H) 1

y(r st ) and that we have

yv(TI_pSI_l) '

Let us now establish the notation that we will be using for the Heisenberg-Weil
lifts. Let W = J&/J%. be the symplectic group we are considering for the
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Heisenberg-Weil lifts of qbcfl{_lgzﬁjﬁ] and (b‘}{_l.

£ = Qﬂ{ 1|Jd € ¢d ' |Jd
N = ker(§), N = ker(€)
H=JLYN,H=JLN

Z = JZ+/N72: JI[%IJr/N

Recall that Z and Z are isomorphic to [F, and therefore characters of Z and Z
are isomorphisms into s, the set of pth roots of unity in C. Let H* = W [x] 1, 7% be
the Heisenberg representation of H* associated to the identity map on p, and let Tt
be the corresponding Weil representation. Letting H#* = W X Z and HF = W K X Z
we have that 7# = 790 (1 x ) and 7# = 790 (1 x £) are the Heisenberg representations
of H# and H#* with central characters ¢ and f , respectively. This means that 77, 77
and 7% all act on the same vector space, and they all give rise to the same Well
representation of Sp(W). Indeed, this is because a map intertwines 7% and 97% if and
only if it intertwines 7% and 977, and 77 and 977.

Now, to obtain Heisenberg representations 7 and 7 of H and 7-[ we use Yu’s
special isomorphisms v : H — H* and v : H — H* to pull back 7% and 77,
respectively. That is, 7 = 7# ov and 7 = 7% ov. For all h € J&, we have that
v(h) = (hJ§ ., u(h)) for some map p : J§ — Z such that u(h) = AN for all h e J§
[HMO8, Remark 2.30]. Similarly, there is a map g : J% — Z associated to the
definition 1. We are now in a position to compare the maps 7 and 7, which we may
view as representations of Jg.

Lemma A.4.8. For all h e J&, 7(h) = 7(R)E(ju(R))E(pu(h)) ™ .

Proof:  For all h € J¢, we expand the definition of 7 as follows

7(h) = 7 o v(h)
To(1x &) ov(h)
o (1 % &) (hJip, p(h))
= T(hJg ., E(u(h))).

Since the central character of 7% is the identity map on g, we obtain
that 7(h) = 7H(hJG,, D)E(u(h)). Similarly, for all h e J% we have

#(h) = TH(hJE ., 1)E(ji(h)). The conclusion follows. |

The Heisenberg representations 7 and 7 can be extended to representatlons T
and 7 of Sp(W) x H and Sp(W) x H, respectively, where Tlspw) = — 78 = 7‘|sp
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Tl = 7 and ;|H = 7. Now, given the homomorphism f : K4 — Sp(W) induced by
action of K fffl by conjugation on J%, we obtain Heisenberg-Weil lifts w and w, which
are the representations of K%' x J& defined by

wik, j) = T3(f(k))7(j) and &(k, j) = T5(f (k)7 ()

for all k € Kl‘f[_lgj € J%. Using these definitions and Lemma A.4.8, we see that
w(k,5) = wk, NE@(G))E(u(G)) " for all ke K& 5 e J&.
Finally, the representations (¢ '¢%)" and (¢4 ") of K§, = K% 'J% are defined
as
(0% 05 (k) = (o5 o) (k)w(k, j) and (¢571)' (kj) = o5 (k)w(k, j)
for all k € K}fl_l, j € J%&. With what precedes, we can now establish a relationship
between the two extensions.

Lemma A.4.9. For all ke K& je J&, (¢4 0%) (kj) = (6% (kj)n(kj), where

n(kj) = o4 (R)E(A())E(u(5) "
Proof: Let’s first show that 7 is a well-defined map. For all j € J§_  we

—

have that &(a(1))E(n(7)™ = o4 (G)eh()e (1) = ¢%(j). In particular,
0% () = E(pG)EmG) " on Kiy ' n Jf = HiL < .

Next, we proceed by direct computation to show the equality. For all
ke Kitje Jg,

(of 'oh) (kj) = o5 (K)o (k)w(k, 5)
= ¢4 (k)w(k, §)6% (k)E(f1(5))& (i) ™
= (o5 ) (kj)n(ky).

This last lemma implies that in order to show that (¢% '¢%) =~ (¢% 1) e%, it
is equivalent to show that (¢4 1) ¢4 ~ (¢%1)n, or equivalently, (¢% ) ~ (o5 )7,
where (k) = n(k)¢% (k)= for all k € K%. We note that 7 is trivial on K§ 'J¢ ., by
definition.

Since we are working with finite-dimensional representations, it suffices to show
that the characters of (¢ ') and (¢4 )7 are the same. (Recall that the character x4
of a finite-dimensional representation ¢ of G is given by x4(g) = Trace(¢(g)) for all

g € G.) Note that the character of a representation is constant on conjugacy classes.

Lemma A.4.10. Let X(gd1y and X(gity7 denote the characters of (Gﬁi[’l)’ and
(¢51)7, respectively. Then X(gd1y = X(gt=tym that is (¢%1) ~ (471)7.
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Proof:  Recall that (¢% 1) (kj) = ¢4 (k)w(k,j) = ¢4 (k)T8(f(k))7(j) for all
ke K}‘f[_l, j € J%, where 7 is a Heisenberg representation. Since the character of a
Heisenberg representation has support in the center [Yu01, Lemma 12.1], the support
of the character of 7 lies in J&, /N. Therefore, X(gd-1y 15 only nontrivial on elements

of K41J¢ that are conjugate in K¢ to elements of Kﬁl_l(]ﬁ“r. Since 7 is trivial on
Kg—lJfH, we conclude that X(gi=tym = X(ph=1yT = X(g-1y- i

With this last lemma and the discussion preceding it, we can conclude that
(02 pd) ~ (¢471Y 0%, and therefore £% " @1 ~ k% @ K%,
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