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Abstract

Let G be a connected reductive group defined over a p-adic field F which splits over a
tamely ramified extension of F , and let G “ GpF q. We also assume that the residual
characteristic of F does not divide the order of the Weyl group of G.

Following J.K. Yu’s construction, the irreducible supercuspidal representation
constructed from the G-datum Ψ is denoted πGpΨq. The datum Ψ contains
an irreducible depth-zero supercuspidal representation, which we refer to as the
depth-zero part of the datum. Under our hypotheses, the J.K. Yu Construction
is exhaustive.

Given a connected reductive F -subgroup H that contains the derived subgroup
of G, we study the restriction πGpΨq|H and obtain a description of its decomposition
into irreducible components along with their multiplicities. We achieve this by first
describing a natural restriction process from which we construct H-data from the
G-datum Ψ. We then show that the obtained H-data, and conjugates thereof,
construct the components of πGpΨq|H , thus providing a very precise description of
the restriction. Analogously, we also describe an extension process that allows to
construct G-data from an H-datum ΨH . Using Frobenius Reciprocity, we obtain a
description for the components of c-IndGH πHpΨHq.

From the obtained description of πGpΨq|H , we prove that the multiplicity in
πGpΨq|H is entirely determined by the multiplicity in the restriction of the depth-zero
piece of the datum. Furthermore, we use Clifford theory to obtain a formula for the
multiplicity of each component in πGpΨq|H . As a particular case, we take a look
at the regular depth-zero supercuspidal representations and obtain a condition for a
multiplicity free restriction.

Finally, we show that our methods can also be used to define a restriction of
Kim-Yu types, allowing to study the restriction of irreducible representations which
are not supercuspidal.
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Preface

While I was working on my PhD thesis, I participated in the french version of the
3-Minute Thesis Competition (3MTR©). 3MTR© is a national competition open to
graduate students from all disciplines of academia in which the participants must
communicate the key concepts and significance of their research to a non-specialized
audience in no more than 3 minutes. Being a pure mathematician, I saw this as
a great and challenging opportunity to work on my science communication skills.
There were different rounds to the competition. Students started by competing at
the faculty level, and then at the university level. The judges from the university
level competition would then select their two favorite candidates to compete in the
regional, and eventually the national competitions.

Because most of the audience was likely not going to be familiar with the language
of mathematics, I decided that a good relatable analogy was necessary if I wanted
any chance of advancing into the competition. With the help of my husband, I came
up with the idea of comparing my supercuspidal representations to IKEA furniture.

Almost certainly everyone (at least in Ottawa) has experienced the frustrations
and pride that come with successfully putting together a piece of IKEA furniture, so
this analogy was promising to be very relatable. We think of the G-datum as being
our assembly pieces, and the J.K. Yu construction as the manual of instructions that
tell you how to assemble the pieces together in order to obtain your piece of furniture,
or in this case your supercuspidal representation. This analogy will be used a few
times in the thesis to give the reader an intuition behind the ideas that we use.

With this analogy, I broadly explained my research project and competed at the
university level. I received great praise from the judges for successfully communicating
an abstract research project, but unfortunately I was not selected in the top two from
our campus that would advance to the next level. This was however a great experience
and I thoroughly enjoyed the challenge. As a consequence of this experience, all my
non-mathematician friends and family now think that my last four years have been
dedicated to studying IKEA furniture and becoming an expert on how to build it.

As a reader of this thesis, I am sure that you will appreciate the depth (pun
intended) behind this work and look beyond the pieces of IKEA furniture.

xv



Chapter 1

Introduction

Representation theory is an area of pure mathematics which studies abstract algebraic
structures by mapping their elements into matrix spaces. This area of mathematics
has many applications. In particular, the representation theory of p-adic groups is of
special interest, as it bridges to number theory via the Langlands correspondence.

Given a p-adic group G, that is the F -points of a (connected) reductive group
G with F a p-adic field, we let p be the residual characteristic of F . Here, when we
say p-adic field, we actually mean a non-archimedean local field. Throughout this
work, we will also be assuming that G splits over a tamely ramified extension E
of F and that p does not divide the order of the Weyl group of G. The building
blocks for representation theory are what we call the irreducible representations.
Given an irreducible representation π of G, Jacquet’s Subrepresentation Theorem
[Jac71] tells us that π is either supercuspidal or it is a subrepresentation of the
parabolic induction of a supercuspidal representation. This means that irreducible
supercuspidal representations form an important class of representations that needs
to be studied in the context of p-adic groups.

The first p-adic group that was studied was G “ GLnpF q. Many authors
contributed to the development of the theory of supercuspidal representations for
GLnpF q [How77, Car79, Moy86, BK93, BK98, BK99], and Fintzen provides a good
historical summary in her introduction of [Fin18]. For classical groups, an exhaustive
construction for supercuspidal representations was provided by [Ste08] for p ‰ 2. If
we want to be looking at an arbitrary p-adic group G however, we must turn to Moy
and Prasad for a deeper classification of the supercuspidal representations.

In the 1990s, Moy and Prasad associated a depth to each irreducible admissible
representation of G using Bruhat-Tits theory [MP94], splitting the class of irreducible
supercuspidal representations into two categories: those of depth zero and those of
positive depth. The levels of classification for irreducible representations of G is
summarized in Figure 1.1. Moy and Prasad also described an exhaustive construction
for irreducible depth-zero supercuspidal representations [MP96].

1
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Depth 0

Supercuspidal

Irreducible Depth ą 0

Subrepresentation of the parabolic induction
of a supercuspidal representation

Figure 1.1: Classification of irreducible representations of G.

A construction for irreducible positive-depth supercusidal representations of
arbitrary tamely ramified reductive groups came a few years later with what is now
referred to as the J.K. Yu Construction [Yu01]. The J.K. Yu Construction builds
on the work done by Adler [Adl98], and uses what is referred to as a G-datum. A
G-datum Ψ can be represented in particular by a 4-tuple Ψ “ p~G, y, ρ, ~φq, where
~G “ pG0, . . . ,Gdq is a tamely ramified twisted Levi sequence, ρ is an irreducible
representation of G0

rys that induces irreducibly to a depth-zero supercuspidal
representation of G0 and ~φ “ pφ0, . . . , φdq is a sequence of quasicharacters that
satisfy a specific genericity condition. Given that a G-datum contains the information
of a depth-zero supercuspidal representation, the Moy-Prasad Construction can be
viewed as a special case of the J.K. Yu Construction. It was shown that, under
the hypothesis that p does not divide the order of the Weyl group of G, the
J.K. Yu Construction is exhaustive [Kim07, Fin18], meaning that every irreducible
supercuspidal representation of G arises from a G-datum.

Given a G-datum Ψ, we let πGpΨq denote the corresponding irreducible
supercuspidal representation obtained via the J.K. Yu Construction. It is possible for
different G-data to produce the same irreducible supercuspidal representation. This
leads to the notion of equivalence of G-data, placing the G-data Ψ and 9Ψ in the
same class whenever πGpΨq » πGp 9Ψq. Hakim and Murnaghan gave a very precise
description of these equivalence classes of G-data in [HM08]. As a consequence, the
irreducible supercuspidal representations are uniquely determined by the equivalence
classes of their corresponding G-data.

Now, one of the fundamental questions of representation theory is to study how
a completely reducible representation decomposes into irreducible subrepresentations
(or components), and to what multiplicity these components appear. In particular,
in this thesis, we will be studying the restriction of an irreducible supercuspidal
representation πGpΨq to H, where H “ HpF q with H being a closed connected
subgroup of G that contains the derived group Gder “ rG,Gs. The goals are to
describe explicitly the components of πGpΨq|H and to determine a formula for their
multiplicity. We will also be able to determine the conditions under which such a
restriction is multiplicity free, or equivalently, decomposes with multiplicity one. This
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is a well-posed question since πGpΨq|H is completely reducible, as per the following
theorem.

Theorem 1 ([Tad92, Lemma 2.1]). Let G be a reductive group defined over a locally
compact non-archimedean field F , let H be a reductive F -subgroup of G that contains
Gder, G “ GpF q and H “ HpF q. Let π be a smooth irreducible representation of G.
Then π|H is a finite direct sum of irreducible representations of H.

The reason for studying such a restriction is motivated by the following conjecture
from Adler and Prasad.

Conjecture 2 ([AP06, Conjecture 2.6]). Let H be a quasi-split reductive algebraic
group (not necessarily connected) over a local field F . Let G be a reductive algebraic
group (not necessarily connected) containing H such that the derived groups of H and
G are the same, and such that G{H is connected. Then multiplicity one holds for
restriction of irreducible admissible representations of GpF q to HpF q.

Adler and Prasad have successfully proven this conjecture for various
pairs (G,H), such as pGLpnq, SLpnqq [AP06, Theorem 1.3], pGOpnq,Opnqq and
pGSpp2nq, Spp2nqq [AP06, Theorem 1.4], as well as pGUpnq,Upnqq [AP19, Theorem
9]. The conjecture was also shown for the pair pGSOpnq, SOpnqq [GT19]. Adler and
Prasad actually discovered their conjecture to be false by finding a counterexample
of a depth-zero supercuspidal representation of GUpnq whose restriction to SUpnq
restricts with multiplicity two [AP19, Theorem 10]. They discuss in [AP19, Remark
11] that the failure of the multiplicity one result is likely due to the fact that the
components of the restriction are not regular in the sense of [Kal19].

Note that Adler and Prasad’s condition that G and H have the same derived
subgroup is equivalent to our condition that H contains Gder. The hypotheses
of the conjecture require H to be quasi-split over F , but G and H need not be
connected. In our setting, H does not need to be quasi-split over F , but both G and
H will be connected. Furthermore, we will be restricting our attention to irreducible
supercuspidal representations, which are a subclass of the irreducible admissible
representations. This is because we have lots of information on how the irreducible
supercuspidal representations are constructed.

Now, given a G-datum Ψ, the components of πGpΨq|H are irreducible
supercuspidal representations ofH, which means they can be obtained via the J.K. Yu
Construction using some H-data, under the exhaustion hypothesis. This means that
in order to understand the restriction of πGpΨq, we must understand the data. More
specifically, one can ask how the H-data associated to the components of πGpΨq|H
are related to the initial G-datum Ψ.

In [Nev15], Nevins described the relationship between the H-data and Ψ in the
very specific case where H “ Gder and Ψ is a toral datum of length one. We will be
generalizing her results significantly in this thesis. Indeed, one of the first main results
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that we present (Theorem 3.3.1) is showing that there is a very natural restriction
process that we can apply to Ψ in order to construct a family of H-data, RespΨq.
Indeed, it suffices to restrict each element of the datum to its analog in H.

Conversely, this thesis also studies the novel question of extending anH-datum to
G-data. Given a normalized H-datum ΨH , we show that there is a natural induction
process that allows us to construct a family of G-data, ExtpΨHq, whose restrictions
contain ΨH (Theorem 3.5.5). Furthermore, every H-datum is H-equivalent to an
H-datum that can be extended (Corollary 3.5.6).

The next follow-up question to this restriction process of data is whether the
data from RespΨq construct the various components that appear in the restriction
of πGpΨq to H. This feels like a very natural connection to make, yet in order to
answer this question, one must really dive into all the details and technicalities of
the J.K. Yu Construction. This turns out to be a highly non-trivial task. One of our
main contributions, which is stated in Theorem 4.4.1 can be summarized as follows:

Theorem 3 (Theorem 4.4.1). Let Ψ be a G-datum and πGpΨq be its corresponding
irreducible supercuspidal representation. Let C be a set of representatives of the
double cosets of HzG{K, where K is the subgroup associated with Ψ as per the
J.K. Yu Construction. Then, the supercuspidal representations constructed from
tt RespΨq : t P Cu exhaust all the components of πGpΨq|H .

Frobenius Reciprocity allows us to obtain an analogous result with respect to the
extension of H-data (Theorem 4.5.1):

Theorem 4 (Theorem 4.5.1). Let ΨH be an H-datum and πHpΨHq be its
corresponding irreducible supercuspidal representation. Let C be a set of
representatives of the double cosets of HzG{K, where K is the subgroup associated
with Ψ as per the J.K. Yu Construction. Then, the supercuspidal representations
constructed from tt

´1
ExtpΨHq : t P Cu exhaust all the irreducible supercuspidal

subrepresentations of c-IndGH πHpΨHq.

Because we are able to obtain such a precise description of πGpΨq|H , we can
then ask questions about the multiplicity of the various components. Another major
contribution of this thesis is showing that the multiplicity in πGpΨq|H is solely
determined by the multiplicity in the depth-zero part, ρ, of the datum Ψ. More
specifically, the multiplicity in πGpΨq|H is determined by the multiplicity in ρ|H0

rys
,

where H0 “ G0 X H (Theorem 5.1.1). In particular, πGpΨq|H is multiplicity free if
and only if ρ|H0

rys
is multiplicity free. Furthermore, we establish that every component

of πGpΨq|H has the same multiplicity and that this multiplicity can be expressed in
terms of the dimensions of ρ and one of the components of ρ|H0

rys
(Corollary 5.2.11).

Even though we are able to write a formula for the multiplicity, it can still be
difficult to compute in practice. We consider the special case where the representation
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ρ induces to a depth-zero supercuspidal representation which is regular in the sense
of [Kal19] to provide an example for when we can determine the components of ρ|H0

rys
.

When ρ induces to a regular depth-zero supercuspidal representation, it can be
parametrized by a pair pS, θq, where S is an elliptic maximally unramified F -torus
and θ is a regular depth-zero character of S “ SpF q. This means that we have a
very specific description for ρ which allows us to study the restriction ρ|H0

rys
in great

detail. We can then obtain the conditions for a multiplicity free restriction. Our
multiplicity free result for ρ|H0

rys
is stated in Corollary 6.4.10 and confirms Adler and

Prasad’s observations that some notion of regularity is useful. We obtain as a corollary
(Corollary 6.4.11) a multiplicity free result for the restriction of a regular depth-zero
supercuspidal representation, which is also shown by Adler and Mishra in a recent
pre-print [AM19, Theorem 5.3]. The approach we provide here is more explicit in the
sense that we describe more precisely the components in the restriction.

The thesis will be divided as follows. In Chapter 2, we provide the
necessary structure theory of p-adic groups required for constructing supercuspidal
representations, and we also discuss some basic representation theory results. While
most of this chapter serves as a literature review, we show lots of new relations
between the toral, parabolic, Levi and Moy-Prasad filtration subgroups of G and those
of H (Sections 2.1.2 and 2.2.2.3).

In Chapter 3, we discuss everything related to data. It is in this chapter
that we describe our natural restriction process that allows us to construct H-data
from a G-datum (Theorem 3.3.1), and our natural induction process that allows
us to construct G-data from an H-datum (Theorem 3.5.5). We also prove that
these restriction and induction processes that we apply on data are consistent with
Hakim and Murnaghan’s notion of equivalence. That is, equivalent G-data can
restrict to equivalent H-data and equivalent H-data can extend to equivalent G-data
(Propositions 3.4.3 and 3.6.3).

Chapter 4 is where we dive into the J.K. Yu Construction and study the
restriction πGpΨq|H in great detail. In the process of proving Theorem 3 above, we
show that restriction commutes with the various steps of the J.K. Yu Construction
(Theorem 4.2.7 and Proposition 4.3.4). As such, this thesis confirms that while
this construction is seemingly complicated, it still behaves nicely. One can then
use Frobenius Reciprocity to obtain Theorem 4.

It is in Chapter 5 that we tackle the multiplicity in the restriction πGpΨq|H . We
start by showing that the multiplicity is entirely determined by the restriction of ρ
to H0

rys. Then, we apply results from Clifford theory on ρ|H0
rys

to obtain a precise
description of ρ|H0

rys
as well as a formula for the multiplicity of each component.

In Chapter 6, we change our focus to the regular depth-zero supercuspidal
representations. The construction of such representations is closely related
to the theory of finite groups of Lie type and Deligne-Lusztig cuspidal
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representations. Indeed, the pair pS, θq that parametrizes the regular depth-zero
supercuspidal representation (or equivalently ρ) determines a Deligne-Lusztig cuspidal
representation that is necessary in its construction. The Deligne-Lusztig cuspidal
representations have a very precise character formula. We have not found any
references in the literature that explicitly compute the restriction of these character
formulas. As such, we conduct the calculations in this thesis and show that the
restriction of a Deligne-Lusztig cuspidal representation is again a Deligne-Lusztig
cuspidal representation under some notion of general position (Theorem 6.2.8). This
restriction formula is one of the tools that we use, along with Kaletha’s method for
constructing regular depth-zero supercuspidal representations, to obtain our condition
for a multiplicity free restriction (Corollary 6.4.10) that aligns with Adler and Prasad’s
discussion.

Finally, in Chapter 7, we discuss the impact and consequences of our work.
It is clear that we bring contributions to the theory of irreducible supercuspidal
representations. Not only do our results apply to the J.K. Yu Construction, but they
can also apply to other types of constructions that use different data, such as Kaletha’s
construction for regular depth-zero supercuspidal representations (Section 7.2.2) and
Hakim’s construction for supercuspidal representations (Section 7.2.3). Furthermore,
we show how our results on the restriction of data can be transferred to define
a restriction of types. The theory of types is useful when studying irreducible
representations which are not supercuspidal. In particular, the restriction of types
that we define (Theorem 7.3.5) allows us to obtain information on the restriction of
an arbitrary irreducible representation of G. As such, the implications of our work
go beyond just the irreducible supercuspidal representations.

In conclusion, while the main motivation for this thesis was to obtain a
multiplicity formula for the restriction of irreducible supercuspidal representations,
we have developed many pertinent results in the process, thus contributing to the
representation theory of both p-adic groups and finite groups of Lie type. Even
though the J.K. Yu Construction has been described in many works, we hope that
this thesis can further demystify it and serve as a reference for the newcomers into
the research area of representation theory of p-adic groups.



Chapter 2

Structure Theory of p-adic Groups

A p-adic group G is the F -points of a (connected) reductive algebraic group G with
F a p-adic field F . The structure theory of these groups plays an important role in
their representation theory. In particular, one can associate a Bruhat-Tits building
to the group G “ GpF q which allows to keep track of all its important compact open
subgroups, namely the Moy-Prasad filtration subgroups, which are necessary in the
construction of supercuspidal representations.

In this chapter, we will start by reviewing the important concepts related to
the description of (connected) reductive groups in Section 2.1. Section 2.2 will build
up to defining the Bruhat-Tits building of G, as well as the Moy-Prasad filtration
subgroups. Those two notions come from what is called an affine apartment of G,
which is what will be presented first in the section. Given a (connected) reductive
F -subgroup H of G which contains Gder, the main goal of this thesis is to understand
the restriction to H of supercuspidal representations of G. As such, we also need to
understand the structure theory of H and how it relates to that of G. We will be
making the connections that exist between G and H while we progress through the
first two sections of this chapter.

The last two sections will be dedicated to the representation theory of p-adic
groups. In Section 2.3, we recall some important results from representation theory
and define supercuspidal and cuspidal representations, as well as explain why these
types of representations are of particular interest. We will see that the supercuspidal
representations are divided into two categories based on the notion of depth. The
last section of this chapter provides a summary of the construction for supercuspidal
representations of depth zero and touches on the J.K. Yu Construction very briefly.

7
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2.1 Reductive Groups

2.1.1 Tori, Root Subgroups, Levi and Parabolic Subgroups

Let K be an algebraically closed field and let G be a reductive (algebraic) group.
Following Humphreys’ definition, a reductive group will mean a K-variety endowed
with the structure of a group which has trivial unipotent radical and is connected
[Hum75]. We write Kˆ for Gm “ GmpKq and K for Ga “ GapKq. When working
with reductive groups, there is a very nice presentation in terms of generators, which is
analogous to the Lie algebra root space decomposition of LiepGq “ gg. This description
relies on special types of subgroups of G, which we introduce below.

Definition 2.1.1. A torus T of G is a subgroup which is isomorphic to pKˆqn for
some n ą 0.

A morphism (of algebraic groups) TÑ Kˆ is called a (algebraic) character of T
and the group of (algebraic) characters of T is denoted by X˚pTq.

Remark 2.1.2. By convention, the character group X˚pTq will be expressed in
additive notation. That is, given α, β P X˚pTq, α ` β and ´α are the maps defined
by pα ` βqptq “ αptqβptq and ´αptq “ αpt´1q, respectively, for all t P T.

Definition 2.1.3. Let gg“ LiepGq. The root system ΦpG,Tq associated to T is the set

ΦpG,Tq “ tα P X˚
pTqzt0u : ggα ‰ t0uu,

where
ggα “ tX P gg : AdptqX “ αptqX for all t P Tu.

When the context is obvious, we shall simply write Φ to denote ΦpG,Tq. Because
G is reductive, we have that Φ is a crystallographic root system over the vector space
X˚pTq bZ R. The inner product p¨, ¨q on this vector space is induced by the Killing
form of the Lie algebra LiepTq “ tt and is such that 2pα,βq

pβ,βq
P Z for all α, β P ΦpG,Tq.

This root system gives us a decomposition of the Lie algebra gg,

gg “ tt‘
à

αPΦ

ggα,

where the subalgebras ggα are one-dimensional for all α P Φ [Hum75, Corollary
26.2B]. When the characteristic of K is zero, this is precisely the classical Cartan
decomposition of the Lie algebra gg [Hum75, Section 16.4]. The following theorem
provides us with an analogous description for the group G when it is reductive and
T is maximal, meaning that it is not contained in a larger torus of G.

Theorem 2.1.4 ([Hum75, Theorem 26.3]). Let G be a reductive group over the
algebraically closed field K, let T be a maximal torus with associated root system
Φ and let α P Φ.
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a) There exists a unique T-stable subgroup Uα having Lie algebra ggα.

b) There exists an isomorphism εα : K Ñ Uα such that for all t P T, x P K,

tεαpxqt
´1
“ εαpαptqxq.

c) The group G is generated by T and the groups Uα, α P Φ, that is

G “ xT,Uα : α P Φy.

Remark 2.1.5. The subgroups Uα, α P Φ, are referred to as the root subgroups of
G (associated to T). By part b) of the previous theorem, we have that the root
subgroups are normalized by T. It follows that every element x P G can be expressed
in the form x “ tu, where t P T and u P xUα : α P Φy.

Before proceeding to some examples, we recall some additional facts about
reductive groups which will be useful.

Proposition 2.1.6. Let G be a reductive group, T a maximal torus and Φ “ ΦpG,Tq.
Let ZpGq and Gder denote the center and the derived subgroup of G, respectively.

a) Let ZpGq˝ denote the identity component of ZpGq. The intersection
ZpGq˝ XGder is finite and G “ ZpGq˝Gder [Bor91, Proposition 14.2]. We refer
to this decomposition as the central isogeny of G with Gder.

b) The center ZpGq is in T. In particular, ZpGq “ X
αPΦ
pkerαq˝ [Hum75, Corollary

26.2B].

Corollary 2.1.7. Let T be a maximal torus of G. Then T “ ZpGq˝pTXGderq.

Proof: The groups ZpGq˝ and pTXGderq are both subgroups of T, and therefore
ZpGq˝pT X Gderq Ă T. For the converse, take t P T. By the central isogeny of
G with Gder, we have that t “ zg for some z P ZpGq˝, g P Gder. It follows that
g “ z´1t P TXGder. Hence, the result follows.

Let us now look at some examples on how to calculate the root systems associated
to maximal tori of G and determining the corresponding root subgroups.

Example 2.1.8. Consider the reductive group G “ SL2pKq of 2 ˆ 2 matrices with
determinant 1. Then gg “ sl2pKq is the set of 2ˆ 2 matrices of trace 0. The subgroup

of diagonal matrices, T “
"„

a 0
0 a´1



: a P Kˆ

*

, is a maximal torus of G, and the
maps

χ1 :

„

a 0
0 a´1



ÞÑ a, χ2 :

„

a 0
0 a´1



ÞÑ a´1
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are the most natural characters one can think of in X˚pTq. The Lie algebra of T is

given by tt “

"„

x 0
0 ´x



: x P K

*

. We evaluate the adjoint action of T on an element

of gg:

Ad

ˆ„

a 0
0 a´1

˙„

x y
z ´x



“

„

x a2y
pa´1q2z ´x



.

Using additive notation, as per Remark 2.1.2, one then sees that Φ “ tα,´αu,

where α “ χ1 ´ χ2, ggα “
"„

0 y
0 0



: y P K

*

and gg´α “

"„

0 0
z 0



: z P K

*

.

Note that this provides us with a root space decomposition for sl2pKq,

sl2pKq “ tt‘ ggα ‘ gg´α.

One can then deduce that the root subgroups are given by

Uα “

"„

1 x
0 1



: x P K

*

,U´α “
"„

1 0
x 1



: x P K

*

.

Example 2.1.9. When considering G “ SL3pKq and its diagonal subgroup as the
maximal torus T, we obtain Φ “ t˘α,˘β,˘pα ` βqu, where α “ χ1 ´ χ2 and
β “ χ2 ´ χ3. The root subgroups are given by

Uα “

»

–

1 ˚ 0
0 1 0
0 0 1

fi

fl ,Uβ “

»

–

1 0 0
0 1 ˚

0 0 1

fi

fl ,Uα`β “

»

–

1 0 ˚

0 1 0
0 0 1

fi

fl ,

U´α “

»

–

1 0 0
˚ 1 0
0 0 1

fi

fl ,U´β “

»

–

1 0 0
0 1 0
0 ˚ 1

fi

fl ,U´α´β “

»

–

1 0 0
0 1 0
˚ 0 1

fi

fl ,

where the symbol ˚ indicates that any element of K can be chosen.
This root system is of type A3 and is represented geometrically by Figure 2.1.

Every (abstract) root system has what we call a simple system [Hum90, Theorem
1.3], that is a set ∆ Ă Φ which is a basis for spanR Φ and such that every root in
Φ is an integer linear combination of ∆ with coefficients all of the same sign. In the
root system of type A3 discussed above, ∆ “ tα, βu. We can also define the set of
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α

α ` β

´α

β

´α ´ β ´β

Figure 2.1: Root system of type A3.

positive roots Φ` to be the roots for which the coefficients in the linear combination
are all positive. For a reductive group G, certain subgroups can be created from ∆
and Φ`, and play an important role in the representation theory.

Definition 2.1.10. Let G be a reductive group defined over an algebraically closed
field K, and T a maximal torus with associated root system Φ. Let ∆ be a simple
system in Φ. For δ Ă ∆, we let Φδ denote the sub-root system generated by δ, that is
the set of integer linear combinations of δ which are roots. The standard Levi subgroup
associated to δ is

Mδ “ xT,Uα : α P Φδy.

The standard parabolic subgroup associated to δ is

Pδ “ xT,Uα : α P Φδ Y Φ`y.

Set Nδ “ xUα : α P Φ`zΦδy. This is a unipotent subgroup and is normal in Pδ.
The parabolic subgroup Pδ can be expressed as a semidirect product Pδ “Mδ ˙ Nδ.
This is called the Levi decomposition of Pδ. When δ “ H, the obtained standard
parabolic subgroup PH is called a Borel subgroup, and the corresponding Levi
subgroup MH is simply the maximal torus T.

Example 2.1.11. Recall the group structure of G “ SL3pKq with respect to the
diagonal maximal torus T. The simple system consists of two elements, ∆ “ tα, βu,
and the set of positive roots is Φ` “ tα, β, α`βu. It follows that G has three proper
standard parabolic subgroups with respect to T: they are

PH “ xT,Uγ : γ P Φ`y “

»

–

˚ ˚ ˚

0 ˚ ˚

0 0 ˚

fi

fl ,

Pα “ xT,Uγ : γ P Φ` Y t˘αuy “

»

–

˚ ˚ ˚

˚ ˚ ˚

0 0 ˚

fi

fl ,
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Pβ “ xT,Uγ : γ P Φ` Y t˘βuy “

»

–

˚ ˚ ˚

0 ˚ ˚

0 ˚ ˚

fi

fl .

The symbol ˚ indicates that any element of K can be chosen, as long as the resulting
matrix lies in SL3pKq.

Remark 2.1.12. This definition of standard Levi and standard parabolic subgroups
depends on the maximal torus that was chosen. Since all maximal tori of G
are conjugate [Hum75, Corollary 21.3A], we can produce other Levi and parabolic
subgroups by conjugating the standard subgroups described above.

A Levi subgroup M Ă G is itself a reductive group [Hum75, Section 30.2]. In
the following lemmas, we ensure that our definition of M stated above is robust in
the sense that it coincides with its description in terms of a maximal torus of M and
corresponding root subgroups.

Lemma 2.1.13. Let M be a Levi subgroup of G. Then, maximal tori of M are also
maximal tori of G.

Proof: Assume without loss of generality that M is a standard Levi subgroup
relative to a maximal torus T. This ensures that T is a maximal torus of M. Indeed,
if T was not a maximal torus of M, then we could find a bigger torus T1 such that
T Ĺ T1 Ă M Ă G, which is a contradiction with the maximality of T in G. Now,
given a maximal torus S of M, S will be conjugate to T by an element of M Ă G.
Hence, S is a maximal torus of G.

Lemma 2.1.14. Let M be a Levi subgroup of G, T be a maximal torus of M,
ΦM “ ΦpM,Tq and mm “ LiepMq. Then ΦM is a sub-root system of ΦpG,Tq and
mmα “ ggα for all α P ΦM.

Proof: From Lemma 2.1.13, we know that T is a maximal torus of G. Given
α P ΦM,

mmα “ tX P mm : AdptqX “ αptqX for all t P Tu ‰ t0u.

Since mm Ă gg, mmα Ă tX P gg : AdptqX “ αptqX for all t P Tu “ ggα. It follows that
ggα ‰ t0u, so α P Φ. Furthermore, since mmα and ggα are both one-dimensional, we
must have mmα “ ggα.
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Corollary 2.1.15. Let M be a Levi subgroup of G and T be a maximal torus of M.
Then the root subgroups of M with respect to T are also root subgroups of G with
respect to T.

With this last corollary, we are now convinced that Definition 2.1.10 for a
standard Levi subgroup coincides with its description in terms of generators with
respect to a maximal torus.

2.1.2 Structure of Subgroups that Contain Gder

Let Gder denote the derived subgroup of G, that is the subgroup which is generated
by the commutators of G. This subgroup Gder, which is also denoted rG,Gs, is
a semisimple reductive group. As such, it has its tori, root subgroups, Levi and
parabolic subgroups.

Proposition 2.1.16 ([Hum75, Exercise 26.10]). Let G be a reductive group, T a
maximal torus and Φ “ ΦpG,Tq. Then Gder “ xUα : α P Φy.

Proof: Let α P Φ. We start by showing that Uα Ă Gder, that is every u P Uα

can be written as a commutator. By part b) of Theorem 2.1.4, we have that
tεαpxqt

´1εαpxq
´1 “ εαpαptqxqεαp´xq for all t P T, x P K. Since εα is a morphism,

this is equal to εαppαptq ´ 1qxq. Thus, to show that u P Gder, it suffices to show that
u “ εαppαptq ´ 1qxq for some t P T, x P K. We know that u “ εαpyq for some y P K.
Take t P T, t R kerα. Note that we can find such an element as roots are nontrivial
characters by definition. Then αptq ´ 1 ‰ 0, and therefore αptq ´ 1 P Kˆ. Letting
x “ ypαptq´ 1q´1, it follows that u “ εαppαptq´ 1qxq. Hence u P Gder, and Uα Ă Gder

for all α P Φ. Therefore xUα : α P Φy Ă Gder.
For the converse, let x P Gder. Without loss of generality, assume that

x “ aba´1b´1 for some a, b P G. By Remark 2.1.5, we have that a “ tu and b “ sv
for some u, v P xUα : α P Φy, t, s P T. Then x “ tupsvqptuq´1psvq´1. Using the
fact that root subgroups are normalized by T, we can write x “ tst´1s´1ū for some
ū P xUα : α P Φy. Since T is isomorphic to copies of Kˆ, it is abelian, and so
tst´1s´1 “ 1 meaning that x P xUα : α P Φy.

Remark 2.1.17. The previous proposition, along with Remark 2.1.5, allows us to
write G “ TGder. This is different from the central isogeny G “ ZpGq˝Gder since T is
a larger subgroup that does not necessarily have finite intersection with Gder. In some
cases, it will be more convenient to use the central isogeny of G with Gder, whereas
for others, the decomposition of G as TGder will suffice.

Let H be a closed connected subgroup of G that contains Gder. It follows that H
is a reductive group. It will be in our interest to understand the relationships between
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the tori, Levi subgroups and parabolic subgroups of H and those of G. The remaining
results of this section will establish how the subgroups of H are related to those of
G. Note that Gder Ă H implies that H is a normal subgroup of G. Indeed, for all
g P G, h P H, ghg´1h´1 P Gder Ă H and therefore ghg´1 P H for all g P G, h P H.

Proposition 2.1.18. Let H be a closed subgroup of G and T a (not necessarily
maximal) torus of G. Then pTXHq˝ is a torus of H.

Proof: Since T is a torus, T » pKˆqn » Dpn,Kq for some n, where
Dpn,Kq Ă GLpn,Kq denotes the subgroup of n ˆ n diagonal matrices with
entries in K and nonzero determinant. By [Hum75, Theorem 16.2], a closed and
connected subgroup of Dpn,Kq is a torus. Since T X H is closed in T, it follows
that T X H is isomorphic to a closed subgroup of Dpn,Kq. By [Hum75, Proposition
7.3], pT X Hq˝ is closed in T X H, and therefore pT X Hq˝ is a closed and connected
subgroup of Dpn,Kq.

Proposition 2.1.19. Let H be a closed normal subgroup of G, T a maximal torus of
G. Then pTXHq˝ is a maximal torus of H. Furthermore, every maximal torus of H
is of the form pTXHq˝ for some maximal torus T of G.

Proof: Let S be a maximal torus of H. Then S is contained in some maximal
torus of G. It follows that S Ă gTg´1 for some g P G, as all maximal tori are
conjugate. So, S Ă gTg´1 XH. Since S is connected, we have S Ă pgTg´1 XHq˝. By
Proposition 2.1.18, pgTg´1XHq˝ is a torus of H. It follows from maximality of S that
S “ pgTg´1XHq˝. Normality of H also implies that pTXHq˝ is a maximal torus of H.

Remark 2.1.20. Let H and T be as in the previous proposition. If we add the
hypothesis that H is connected, then T X H will be a maximal torus of H. This is
because CGpTq XH will be connected [Con14, Example 2.2.6], where CGpTq denotes
the centralizer of T in G. Since T is a maximal torus, we have that CGpTq “ T
[Hum75, Corollary 26.2A], and therefore TXH is connected.

Remark 2.1.21. As Gder is connected [Hum75, Corollary 7.5] and closed [Hum75,
Proposition 17.2B], we can set H “ Gder in the previous remark as well as all the
subsequent results in this section.

Corollary 2.1.22. Let H be a closed connected subgroup of G containing Gder. Let
S be a maximal torus of H. Then there exists a unique maximal torus T of G such
that S “ TXH.
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Proof: By the previous proposition and remark, S “ T X H, with T a
maximal torus in G. It remains to show uniqueness. Assume S “ T X H and
S “ T X H, where T and T are maximal tori of G. Then T “ gT for some g P G
since maximal tori of G are conjugate. The normality of H in G implies that
S “ TXH “ gTXH “ gpTXHq “ gS. It follows that g normalizes S. We show that
g must also normalize T. Indeed, take t P T. By Corollary 2.1.7, t “ zs for some
z P ZpGq˝ and s P T X Gder Ă S. Then gtg´1 “ gzsg´1 “ zpgsg´1q P ZpGq˝S Ă T.
We conclude that g normalizes T and T “ T.

Proposition 2.1.23. Let T be a maximal torus of G, H a closed connected subgroup
of G containing Gder and TH “ T X H a maximal torus of H. Then the intersection
of H with the normalizer of T in G, NGpTq, is equal to the normalizer of TH in H,
NHpTHq.

Proof: The proof of Corollary 2.1.22 along with the normality of H shows that
NGpTHq “ NGpTq. By intersecting both sides of the equality with H, we obtain that
NGpTq XH “ NHpTHq as stated.

Proposition 2.1.24. Let T be a maximal torus of G, H a closed connected subgroup
of G containing Gder and TH “ TXH. Then NGpTq{T » NHpTHq{TH.

Proof: By the previous proposition, NHpTHq Ă NGpTq, so we can consider the
morphism

f : NHpTHq{TH Ñ NGpTq{T
hTH ÞÑ hT.

One can verify easily that this map is well-defined. The kernel of this map is

ker f “ th P NHpTHq : hT “ Tu “ th P NHpTHq X Tu.

Since NHpTHq “ NGpTq XH, we conclude that the map is injective.
Now, given g P NGpTq, the central isogeny of G with Gder allows us to write

g “ zh for some z P ZpGq˝ Ă T, h P Gder Ă H (Proposition 2.1.6). It follows that
gT “ hT, where h “ z´1g P NGpTq X H “ NHpTHq (Proposition 2.1.23). Therefore,
we conclude that the map is surjective.
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Remark 2.1.25. The groups W “ NGpTq{T and WH “ NHpTHq{TH are called the
Weyl groups of G and H, respectively. Therefore, by the previous proposition, G and
H have the same Weyl group.

We let H remain a closed connected subgroup of G that contains Gder. In
Proposition 2.1.16, we provided a description of Gder in terms of the root subgroups
of G with respect to the maximal torus T. Now, we know that T X H is a maximal
torus of H, which means it admits a root system and corresponding root subgroups.
In what follows, we work to verify that the root subgroups Uα, α P ΦpG,Tq are also
root subgroups of H with respect to the maximal torus TXH. This will allow us to
intersect Levi subgroups and parabolic subgroups of G with H in a very natural way.

Lemma 2.1.26. Let G be a reductive group, T a maximal torus and Φ “ ΦpG,Tq.
Let H be a closed connected subgroup of G containing Gder. Let TH “ T X H and
ΦH “ ΦpH,THq. Then for all α P Φ, α|TH P ΦH and |Φ| “ |ΦH|.

Proof: Let α P Φ. First note that LiepGderq “ rgg, ggs Ă LiepHq “ hh. Since
Uα Ă Gder (Proposition 2.1.16), it follows that ggα Ă hh. Therefore,

ggα “ tX P hh : AdptqX “ αptqX for all t P Tu.

Since TH Ă T,

ggα Ă tX P hh : AdptqX “ αptqX for all t P THu “ hhα|TH
.

This forces hhα|TH ‰ t0u and therefore α|TH P ΦH.
Next, assume that α|TH “ β|TH for α, β P Φ. We show that this implies α “ β.

Indeed, recall that Corollary 2.1.7 allows us to write every t P T in the form t “ zs for
some z P ZpGq˝, s P TXGder Ă TH. In particular, z P X

αPΦ
pkerαq˝ (Proposition 2.1.6).

Therefore, pα´βqptq “ pα´βqpzsq “ pα´βqpsq “ 0. Hence, α “ β and we conclude
that |Φ| “ |ΦH|.

Lemma 2.1.27. A Lie algebra decomposition of hh is given by

hh “ ttH ‘
à

αPΦ

ggα,

where ttH “ LiepTHq.

Proof: As discussed in Section 2.1.1,

hh “ ttH ‘
à

αPΦ

hhα|TH
.
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By the previous lemma, we have that ggα Ă hhα|TH
, which implies equality as both

subalgebras are one-dimensional. The conclusion follows.

Corollary 2.1.28. Let G,T, H and TH be as in Lemma 2.1.26. The root subgroups
Uα, α P ΦpG,Tq of G are precisely the root subgroups of H with respect to the maximal
torus TH of H.

Remark 2.1.29. The previous corollary allows us to write H “ xTH,Uα : α P Φy to
be the presentation of H in terms of root subgroups of H. By Proposition 2.1.16, we
then have rH,Hs “ xUα : α P Φy “ Gder, where rH,Hs is the derived subgroup of H.

The previous corollary also allows us to define standard Levi and parabolic
subgroups of H by replacing T with TH in Definition 2.1.10. Furthermore, we can
establish a clear relationship between the Levi and parabolic subgroups of G with the
Levi and parabolic subgroups of H via the following proposition.

Proposition 2.1.30. Let G be a reductive group and H be a closed connected subgroup
of G containing Gder. Then given a Levi subgroup M of G, MXH is a Levi subgroup
of H. Furthermore, every Levi subgroup of H is of the form M XH for some unique
Levi subgroup M of G.

Proof: Let T be a maximal torus of G with associated root system Φ. Without
loss of generality, we may assume that M is a standard Levi subgroup. It follows that
for some δ Ă ∆, we have

M “ xT,Uγ : γ P Φδy.

We show that
MXH “ xTH,Uγ : γ P Φδy,

implying that the intersection is a standard Levi subgroup of H. Clearly, we have
xTH,Uγ : γ P Φδy ĂMXH. Conversely, assume x PMXH. By Remark 2.1.5, we may
write x “ tu for some t P T, u P xUγ : γ P Φδy. By Proposition 2.1.16, u P Gder Ă H,
which implies that t “ xu´1 P TXH “ TH. The conclusion follows

That all Levi subgroup of H arise uniquely in this way follows from
Corollary 2.1.22 and Corollary 2.1.28.

Remark 2.1.31. The previous proposition remains true if we replace the word "Levi"
by "parabolic", and the proof is essentially the same.

We end this section by proving some results regarding centralizers, which will be
useful in Section 6.1.3.
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Lemma 2.1.32. Let G be a reductive group, and let H be a closed connected subgroup
of G containing Gder. Then, given a semisimple element s P H, CGpsq

˝XH “ CHpsq
˝,

where CGpsq denotes the centralizer of s in G.

Proof: Since s is semisimple, it follows from [Hum75, Corollary 19.3] that s P T
for some maximal torus T of G. By [Car93, Theorem 3.5.3], we have that

CGpsq
˝
“ xT,Uα : α P ΦpG,Tq such that αpsq “ 1y.

Using a similar argument to Proposition 2.1.30,

CGpsq
˝
XH “ xTH,Uα : α P ΦpG,Tq such that αpsq “ 1y,

where TH “ TXH. We then use the result of Lemma 2.1.26 to identify ΦpG,Tq with
ΦpH,THq and obtain

CGpsq
˝
XH “ xTH,Uα : α P ΦpH,THq such that αpsq “ 1y

“ CHpsq
˝.

Remark 2.1.33. Note that groups of the form CGpsq
˝ for s P G semisimple

correspond to what we call pseudo-Levi subgroups of G [Som98, Proposition 2]. So
the previous lemma shows that intersecting a pseudo-Levi subgroup of G with H
produces a pseudo-Levi subgroup of H when s P H.

Lemma 2.1.34. Let G be a reductive group, and let H be a closed connected
subgroup of G containing Gder. Let s be a semisimple element of H. Then
CGpsq

˝ “ ZpCGpsq
˝qCHpsq

˝.

Proof: It is clear that CGpsq
˝ Ą ZpCGpsq

˝qCHpsq
˝, so we show the other inclusion.

For the converse, we use the central isogeny of G with Gder. Given g P CGpsq
˝,

g “ zh for some z P ZpGq˝ and h P Gder Ă H. Since ZpGq˝ Ă CGpsq
˝ it follows

that z P ZpCGpsq
˝q. Furthermore, h “ z´1g P HXCGpsq

˝ “ CHpsq
˝ (Lemma 2.1.32).

Lemma 2.1.35. Let G be a reductive group, and let H be a closed connected
subgroup of G containing Gder. Let s be a semisimple element of H. Then
ZpCHpsq

˝q “ ZpCGpsq
˝q XH.
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Proof: From the definitions, we have that ZpCGpsq
˝q X H Ă ZpCHpsq

˝q. For
the converse, let g P ZpCHpsq

˝q. Then g is an element of CHpsq
˝ “ CGpsq

˝ X H
(Lemma 2.1.32) that commutes with CHpsq

˝. By Lemma 2.1.34, we have that g must
also commute with CGpsq

˝. Therefore g P ZpCGpsq
˝qXH, which concludes the proof.

Lemma 2.1.36. Let G be a reductive group, and let H be a closed connected
subgroup of G containing Gder. Let s be a semisimple element of H. Then
CGpsq

˝{ZpCGpsq
˝q » CHpsq

˝{ZpCHpsq
˝q.

Proof: We use Lemma 2.1.34 to rewrite CGpsq
˝{ZpCGpsq

˝q as
CHpsq

˝ZpCGpsq
˝q{ZpCGpsq

˝q, which is isomorphic to CHpsq
˝{ pCHpsq

˝ X ZpCGpsq
˝qq

by the second isomorphism theorem. Using Lemma 2.1.32, we have that
CHpsq

˝ X ZpCGpsq
˝q “ H X ZpCGpsq

˝q, which in turn is equal to ZpCHpsq
˝q by

Lemma 2.1.35. The result follows.

2.1.3 Rational Points of Reductive Groups

In the previous section, we were discussing the structure of reductive groups with
K an algebraically closed field. However, in this thesis, we want to be working over
p-adic fields, which are never algebraically closed, and their residue fields which are
finite. It is possible to define reductive groups over fields which are not algebraically
closed. When G is a variety in the affine space An “ Kn for some n ą 0, then for
a subfield k Ă K, taking the k-rational points consists of intersecting with kn. We
denote this intersection by Gpkq. Note that this intersection could be empty. When
G, along with group multiplication and inversion, are defined over k, then G is said to
be a k-group and Gpkq is a nonempty subgroup of G. For matrix groups, this consists
of restricting the entries in the matrices to come from the subfield k, or by intersecting
with GLnpkq. In this language, G is then defined overK, so it is convenient to identify
the algebraic group with its group of K-rational points. In particular, we write G for
GpKq.

Given a k-torus T of G, that is a torus which is defined over k, it is not necessarily
true that Tpkq is isomorphic to pkˆqn for some n ą 0. So, when going to the k-rational
points, there is a notion of being k-split which we define below.

Definition 2.1.37. Let T be a k-torus of G.

a) The torus T is said to be be k-split if and only if Tpkq » pkˆqn for some n ą 0.

b) The torus T is said to be k-minisotropic if and only if all k-split subtori of T
are in ZpGq.
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c) The torus T is said to be k-anisotropic if and only if it contains no k-split
subtori.

Remark 2.1.38. Some references prefer to use the word elliptic when referring to a
minisotropic torus.

Remark 2.1.39. When using the adjectives k-split, k-minisotropic and k-anisotropic
to describe a torus T, it will be implicit that T is a k-torus. Furthermore, we shall
refer to a maximal k-split torus as a torus which is k-split and maximal with respect
to this property. This is not to be confused with a k-split maximal torus, which
is a maximal torus that is also k-split. Similar to having the maximal tori of G
conjugate under G, we have that the maximal k-split tori of G are conjugate under
Gpkq [Hum75, Theorem 34.5A].

When a reductive group is defined over k, one can talk about its k-rank. To
calculate the k-rank of G, one calculates the dimension of a maximal k-split torus
of G. Since all such tori are Gpkq-conjugate, the k-rank of G, denoted by rkpGq, is
independent of the choice of maximal k-split torus. Note that if S is a maximal k-split
torus of G, then rkpGq “ rkpSq.

The k-group G is said to be k-split if it has a maximal torus T that is k-split.
When the maximal torus T is k-split, the isomorphisms εα : K Ñ Uα can be taken to
be k-isomorphisms for all α P Φ [Hum75, Section 34.4]. This means the root subgroups
Uα are defined over k and our presentation given in Theorem 2.1.4 transfers over to
the k-rational points, that is

Gpkq “ xTpkq,Uαpkq : α P Φy.

When the maximal torus T with which we have chosen to construct our root
system is not k-split, the root subgroups may not be defined over k, in which case
we cannot simply think of the presentation given by Theorem 2.1.4 to describe Gpkq.
Let us see how we can obtain a description of Gpkq in terms of generators when the
maximal torus T chosen is not k-split through an example.

Example 2.1.40. Let G “ SL3pKq. Let k Ă K be a subfield which is not
algebraically closed and let ζ P k be an element which is not a square in k. Consider

T “

$

&

%

»

–

a b 0
bζ a 0
0 0 c

fi

fl : a, b P K, a2
´ b2ζ ‰ 0, c “ pa2

´ b2ζq´1

,

.

-

.

Then T is a k-minisotropic torus. We can show that this torus is split over the field
k̄ “ kr

?
ζs. Indeed, commuting operators are simultaneously diagonalizable so we can
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compute the eigenvalues of

»

–

a b 0
bζ a 0
0 0 pa2 ´ b2ζq´1

fi

fl, which are given by λ “ a ˘ b
?
ζ

and λ “ pa2 ´ b2ζq´1. Let

T “

$

&

%

»

–

a` b
?
ζ 0 0

0 a´ b
?
ζ 0

0 0 pa2 ´ b2ζq´1

fi

fl : a, b P K

,

.

-

.

Computing the associated eigenspaces to each of the eigenvalues above, we deduce

that T “ QTQ´1, where Q “

»

–

1 ´1{2p
?
ζq´1 0

?
ζ 1{2 0

0 0 1

fi

fl. We show that T is split over k̄

by showing that T is k̄-split, as conjugation is an isomorphism. One can easily verify
that

Tpk̄q Ñ pk̄ˆq2
»

–

a` b
?
ζ 0 0

0 a´ b
?
ζ 0

0 0 pa2 ´ b2ζq´1

fi

fl ÞÑ pa` b
a

ζ, a´ b
a

ζq

is an isomorphism, and therefore Tpk̄q » pk̄ˆq2.
It follows from Example 2.1.9 that the root subgroups associated to Tpk̄q are

given by

Uαpk̄q “

»

–

1 ˚ 0
0 1 0
0 0 1

fi

fl ,Uβpk̄q “

»

–

1 0 0
0 1 ˚

0 0 1

fi

fl ,Uα`βpk̄q “

»

–

1 0 ˚

0 1 0
0 0 1

fi

fl ,

U´αpk̄q “

»

–

1 0 0
˚ 1 0
0 0 1

fi

fl ,U´βpk̄q “

»

–

1 0 0
0 1 0
0 ˚ 1

fi

fl ,U´α´βpk̄q “

»

–

1 0 0
0 1 0
˚ 0 1

fi

fl ,

where the symbol ˚ indicates that any element of k̄ can be chosen. Conjugating these
root subgroups by Q, we obtain the root subgroups associated to Tpk̄q:

Uαpk̄q “ QUαpk̄qQ
´1
“

$

&

%

»

–

1´ x
?
ζ x 0

´xζ x
?
ζ ` 1 0

0 0 1

fi

fl : x P k̄

,

.

-

,

Uβpk̄q “ QUβpk̄qQ
´1
“

$

&

%

»

–

1 0 ´1
2
xp
?
ζq´1

0 1 1{2x
0 0 1

fi

fl : x P k̄

,

.

-

,
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Uα`βpk̄q “ QUα`βpk̄qQ
´1
“

$

&

%

»

–

1 0 x
0 1 x

?
ζ

0 0 1

fi

fl : x P k̄

,

.

-

,

U´αpk̄q “ QU´αpk̄qQ´1
“

$

&

%

»

–

1´ 1
4
xp
?
ζq´1 ´1

4
xζ´1 0

1
4
x 1` 1

4
xp
?
ζq´1 0

0 0 1

fi

fl : x P k̄

,

.

-

,

U´βpk̄q “ QU´βpk̄qQ´1
“

$

&

%

»

–

1 0 0
0 1 0

´x
?
ζ x 1

fi

fl : x P k̄

,

.

-

,

U´α´βpk̄q “ QU´α´βpk̄qQ´1
“

$

&

%

»

–

1 0 0
0 1 0

1
2
x 1

2
xp
?
ζq´1 1

fi

fl : x P k̄

,

.

-

.

These root subgroups are clearly not defined over k and so we cannot take the
k-rational points. This is because we cannot have x P k and x

?
ζ P k for x ‰ 0.

However, after combining some of the root subgroups together, one gets a subgroup
that is defined over k and k-rational points can be taken. Indeed, one can calculate
that

xUαpk̄q,U´αpk̄qy “
„

SL2pk̄q 0
0 1



,

xUβpk̄q,Uα`βpk̄qy “

$

&

%

»

–

1 0 a
0 1 b
0 0 1

fi

fl : a, b P k̄

,

.

-

,

xU´βpk̄q,U´α´βpk̄qy “

$

&

%

»

–

1 0 0
0 1 0
a b 1

fi

fl : a, b P k̄

,

.

-

,

which are all defined over k.
On the other hand, the maximal k-split subtorus of T is

S “

$

&

%

»

–

a 0 0
0 a 0
0 0 a´2

fi

fl : a P Kˆ

,

.

-

. We compute the root spaces with respect to

this torus S:
gλ “ tg P sl3pKq : Adpsqpgq “ λpsqg for all s P Su.

For s “

»

–

a 0 0
0 a 0
0 0 a´2

fi

fl P S, g “

»

–

x y z
r s t
u v ´x´ s

fi

fl P sl3pKq,

Adpsqpgq “

»

–

x y a3z
r s a3t

a´3u a´3v ´x´ s

fi

fl .
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Letting λ “ ε1 ´ ε3 “ ε2 ´ ε3, we then have

ggλ “

$

&

%

»

–

0 0 z
0 0 t
0 0 0

fi

fl : z, t P K

,

.

-

, gg´λ “

$

&

%

»

–

0 0 0
0 0 0
u v 0

fi

fl : u, v P K

,

.

-

,

giving us a Lie algebra decomposition sl3pKq “ LiepCGpSqq ‘ ggλ ‘ gg´λ with
CGpSq defined over k [Hum75, Theorem 34.4]. The root subgroups are

then Uλ “

$

&

%

»

–

1 0 z
0 1 t
0 0 1

fi

fl : z, t P K

,

.

-

,U´λ “

$

&

%

»

–

1 0 0
0 1 0
u v 1

fi

fl : u, v P K

,

.

-

and

G “ xCGpSq,Uλ,U´λy. Notice that Uλ “ xUβ,Uα`βy, and β|S “ pα ` βq|S.
Similarly, U´λ “ xU´β,U´α´βy and ´β|S “ p´α ´ βq|S. The roots α and ´α of
T are trivial on S and do not appear in our root subgroups with respect to S, but
instead appear in CGpSq “ xT,Uα,U´αy. Furthermore, since CGpSq,Uλ and U´λ are
all defined over k, we have that Gpkq “ xCGpSqpkq,Uλpkq,U´λpkqy.

Essentially, when we take the k-rational points of our reductive k-group G with
maximal k-torus T, we can still obtain a presentation in terms of root subgroups
corresponding to a maximal k-split subtorus S Ă T. The root system ΦpG,Sq in this
case is equivalent to restricting to S the elements of ΦpG,Tq which are nontrivial on
S. This root system may be nonreduced. The root subgroups with respect to S are
combinations of some of the root subgroups with respect to T, those of roots that
restrict identically to S. For a more detailed description regarding the root subgroups
associated to a maximal k-split torus, one can consult the summary provided in
[Mur05, Section 7] or [Bor91, Chapter 21].

The parabolic subgroups which are defined over k are referred to as k-parabolic
subgroups. Similarly, we have k-Levi subgroups. A detailed description of these
subgroups is provided in [Bor91, Chapter 21]. For our purposes, it will suffice to
think of the k-parabolic subgroups and k-Levi subgroups over a field for which they
split, so that we can retrieve the descriptions from Section 2.1.1. Keep in mind
however that taking the k-rational points might not preserve these descriptions, as
illustrated in the previous example.

An important thing to note is that taking k-rational points does not commute
with different types of group operations. For example, one cannot always say that the
k-rational points of a product (quotient) is the product (quotient) of the k-rational
points, which leads to the following remark.

Remark 2.1.41. If G is not k-split, rGpkq,Gpkqs Ĺ Gderpkq in general. To get a sense
of why this is true, Gderpkq is like taking all the commutators of G and only keeping
those that are defined over k, which ought to be a larger group than rGpkq,Gpkqs.
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This subtlety will be important when discussing the representation theory of p-adic
groups. This means, for example, that the restriction of characters of Gpkq to Gderpkq
need not be trivial.

Furthermore, our central isogeny of G with Gder cannot always be applied at
the level of the k-points. However, this isogeny can be in some sense carried over to
maximal k-split tori as outlined in the following proposition.

Proposition 2.1.42. Let S be a maximal k-split torus of G. Then
S “ pSX ZpGq˝q˝pSXGderq

˝, where pSX ZpGq˝q˝ is a maximal k-split torus of
ZpGq˝ and pSXGderq

˝ is a maximal k-split torus of Gder. Furthermore,
rkpGq “ rkpZpGq˝q ` rkpGderq.

Proof: The result is provided by [BT65, Proposition 4.27], where we take the
isogeny of G with Gder.

Remark 2.1.43. If H is a closed connected k-subgroup of G that contains Gder and S
is a maximal k-split torus of G, then pSXHq˝ is a maximal k-split torus of H. Indeed,
since maximal k-split tori are conjugate under Gpkq, we can apply the argument from
Proposition 2.1.19.

Corollary 2.1.44. Let H be a closed connected k-subgroup of G that contains Gder.
Let S be a maximal k-split torus of G, and let CGpSq denote its centralizer in G. Then
CGpSq XH “ CHppSXHq˝q.

Proof: It follows from the definitions that CGpSqXH Ă CHppSXHq˝q. Conversely,
let g P CHppS X Hq˝q. We must show that g commutes with every element of
S. By what precedes, S is the product of pS X ZpGq˝q˝ and pS X Gderq

˝, where
pS X ZpGq˝q˝ Ă ZpGq and pS X Gderq

˝ Ă pS X Hq˝. So, given t P S, t “ zs for some
z P ZpGq, s P pS X Hq˝. Since g commutes with both z and s, it commutes with t.
Hence, g P CGpSq XH.

In Chapter 6, we will require the following result regarding k-ranks.

Proposition 2.1.45. Let G be a reductive k-group, T Ă G a maximal k-torus. Let
H be a closed connected k-subgroup of G containing Gder, and let TH “ T X H be a
maximal k-torus of H. Then rkpGq ´ rkpTq “ rkpHq ´ rkpTHq.

Proof: From Proposition 2.1.42, we have that rkpGq “ rkpGderq ` rkpZpGq˝q and
rkpHq “ rkprH,Hsq ` rkpZpHq˝q. We recall that rH,Hs “ Gder (Remark 2.1.29). It
follows that

rkpGq ´ rkpHq “ rkpZpGq˝q ´ rkpZpHq˝q.
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It then suffices to show that rkpTq ´ rkpTHq “ rkpZpGq˝q ´ rkpZpHq˝q.
Using the isogeny T “ ZpGq˝Tder of T with Tder “ T X Gder

from Corollary 2.1.7, we obtain a result analogous to Proposition 2.1.42.
In particular, rkpTq “ rkpZpGq˝q ` rkpTderq. Similarly, we have that
rkpTHq “ rkpZpHq˝q ` rkpTH X rH,Hsq.

Using again the fact that Gder “ rH,Hs, we see that Tder “ TH X rH,Hs.
Therefore, we conclude that rkpTq ´ rkpTHq “ rkpZpGq˝q ´ rkpZpHq˝q, which
concludes the proof.

2.2 p-adic Groups
From this point forward, we will mostly be working with p-adic groups, that is the
F -points of reductive groups, where F is a p-adic field. By p-adic field, we mean any
algebraic extension of the p-adic numbers Qp or the Laurent series Fqppxqq of some
finite field Fq [Cas19, Section 4].

Given a p-adic field F , we denote by | ¨ | its (normalized) norm, valp¨q its
(normalized) valuation which maps into Z, OF its ring of integers, and by pF the
unique maximal ideal of OF . The ring of integers OF consists of all elements with
valuation greater than or equal to zero, whereas pF consists of all elements with
strictly positive valuation. We fix a generator of pF , called the uniformizer, and
denote it by $F . The uniformizer satisfies valp$F q “ 1. Finally, we let f “ OF { pF
be the residue field of F , which is a finite field of prime characteristic p . Some of the
algebraic groups we will be encountering will be defined over this residue field f.

Given an algebraic field extension E of F , one can extend the valuation and
norm to E . The extended valuation on E is again denoted valp¨q. We also have the
inclusion OF Ă OE and pF Ă pE. If eE{F denotes the ramification index of E{F
[Ogg10, Section 7.3], we have valp$

eE{F
E q “ 1, or equivalently, the valuation over E

maps into 1
eE{F

Z. We say that the extension is unramified when eE{F “ 1 and tamely
ramified when eE{F is prime to p. We do not expand further on the properties of
p-adic fields in this work. The reader that is not familiar with p-adic fields is invited
to consult the following references as a starting point [Ogg10,Cas19,Bak20].

Remark 2.2.1. The topology on the field F induces a topology on the p-adic group
G “ GpF q. In particular, because every open subgroup of F is closed, every open
subgroup of G is also closed. This is not the same as the Zariski topology which is
applied on G, but rather a finer topology, meaning that G has more open and closed
sets than G.

It is now known that the representation theory of p-adic groups relies on some
geometric objects, called the apartment and the building, that were described by
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Bruhat and Tits [BT72,BT84]. Those objects allow us to keep track of an important
family of open and compact subgroups of G, known as the Moy-Prasad filtration
subgroups [MP94,MP96]. Those subgroups play a vital role in the construction of the
supercuspidal representations. The supercuspidal representations will be introduced
in Section 2.3.2. In this section, we start by defining the apartment of a p-adic
group, to then proceed to the Moy-Prasad filtrations subgroups and the Bruhat-Tits
building. The descriptions of these objects rely heavily on the structure theory of
reductive groups that we have just explored in the previous sections.

2.2.1 The Affine Apartment

Let G be a reductive group which is defined over the p-adic field F . Let G “ GpF q,
which is a p-adic group. The purpose of this section is to provide the reader with a
general intuition of what the apartment is. For that reason, we will only be providing
a high level description. The theory of apartments is provided in great detail in [BT72,
BT84]. Rabinoff provides a good introduction for the case where G is semisimple and
simply connected in [Rab03]. We recommend this last reference as a starting point
for the reader that wants to learn more about apartments beyond what is mentioned
in this work.

2.2.1.1 Coroots

Let T be a maximal torus of G. In Section 2.1.1, we defined the notion of root system
with respect to T as a particular subset of X˚pTq. In a dual manner, we can define
a set of coroots associated to T from the set of its (algebraic) cocharacters.

Definition 2.2.2. A morphism Kˆ Ñ T is called a cocharacter of T and the group
of cocharacters is denoted by X˚pTq.

The group of characters X˚pTq and the group of cocharacters X˚pTq are dual
Z-modules. Indeed, composing a character with a cocharacter yields an element of
X˚pKˆq, and X˚pKˆq » Z [Hum75, Section 16.1]. This allows us to define a pairing
as follows:

x¨, ¨y : X˚
pTq ˆX˚pTq Ñ Z

pχ, γq ÞÑ m,

when χpγptqq “ tm for all t P Kˆ.
With the above pairing, one can then define a set of coroots.

Definition 2.2.3. Let Φ “ ΦpG,Tq. For all α P Φ, we define qα as the element
of X˚pTq which satisfies xβ, qαy “ 2pβ,αq

pα,αq
for all β P Φ, where p¨, ¨q denotes the inner

product over the vector space X˚pTq bZ R which is induced by the Killing form of the
Lie algebra tt.
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The cocharacter qα is called a coroot and is uniquely determined by the above
characterization. The set qΦ “ tqα : α P Φu is called the set of coroots of T. This
set is also a root system and lives in the vector space X˚pTq bZ R, which is dual to
X˚pTq bZ R. We refer to qΦ as the dual root system associated to T.

Remark 2.2.4. If we identify the two dual vector spaces via their pairing, then qα
coincides with 2α

pα,αq
. Hence, one can simply think of the coroot qα as being a scalar

multiple of α, making it easy to represent our set of coroots geometrically.

Recall that for all α P Φ, α|TH P ΦpH,THq (Lemma 2.1.26). Since the
coroots are uniquely determined by the pairing, we have that qα “ }α|TH , that is
qα P X˚pTHq Ă X˚pTq.

Example 2.2.5. Let us continue our example of G “ SL3pKq, and compute the set
of coroots qΦ. Recall that Φ “ t˘α,˘β,˘pα ` βqu is a root system of type A3 (see
Figure 2.1), where α “ ε1 ´ ε2 and β “ ε2 ´ ε3. Computing inner products, we have
that the coroot qα must satisfy the following relations

xα, qαy “ 2, xβ, qαy “ ´1, xα ` β, qαy “ 1.

That is, we are looking for the cocharacter qα such that αpqαptqq “ t2, βpqαptqq “ t´1,
and pα ` βqpqαptqq “ t for all t P Kˆ. It follows that

qα : t ÞÑ

»

–

t 0 0
0 t´1 0
0 0 1

fi

fl .

Similarly, we obtain that

qβ : t ÞÑ

»

–

1 0 0
0 t 0
0 0 t´1

fi

fl .

The other coroots are given by ­α ` β “ qα ` qβ,´qα,´qβ,´p­α ` βq “ ´qα ´ qβ. Note
that we only have ­α ` β “ qα ` qβ since the root system and dual root system are
both of the same type A3. When the root system and its dual are of different types
(for example Bn with Cn), we do not have ­α ` β “ qα ` qβ for all α, β P Φ.

2.2.1.2 The Case where G is F -split

In order to define the apartment of G “ GpF q, we consider the set X˚pT, F q, which
consists of the cocharacters of T that are defined over the field F . In the case that G
is split over F , and T is F -split, then X˚pT, F q “ X˚pTq.



2. STRUCTURE THEORY OF P -ADIC GROUPS 28

Definition 2.2.6. The affine apartment of G “ GpF q associated to T, denoted by
ApG,T, F q, is the vector space X˚pT, F q bZ R.

The pairing x¨, ¨y extends linearly to ApG,T, F q. Given our root system
Φ “ ΦpG,Tq, we can define a set of affine roots

Φaff
“ tα ` n : α P Φ, n P Zu.

Every ϕ “ α`n P Φaff is an affine function on ApG,T, F q, via xϕ, xy “ xα, xy`n for
all x P ApG,T, F q

From these affine roots, we can define corresponding affine hyperplanes over the
apartment, which produce a tiling of the vector space. For all ϕ P Φaff , the associated
hyperplane Hϕ is defined as

Hϕ “ tx P ApG,T, F q : xϕ, xy “ 0u.

For each α P Φ, the coroot qα is such that xα, qαy “ 2, which means we can locate
the hyperplane Hα´2. From there, we can draw all other hyperplanes and tile our
space, as illustrated in Figures 2.2 and 2.3.

In general, we have that ApG,T, F q “ ApGder,Tder, F q ‘ pX˚pZpGq, F q bZ Rq.
The apartment of Gder in this orthogonal decomposition is called the reduced
apartment of G, and we write AredpG,T, F q for ApGder,Tder, F q. The examples we
have considered thus far are groups G for which G “ Gder. Such groups are called
perfect. As a consequence, the decomposition of the apartment in terms of the reduced
apartment described above has not yet been made apparent. Let us illustrate this
decomposition on an important example of a group that is not perfect.

Example 2.2.7. Consider the Levi subgroup MαpF q of SL3pF q. Since SL3pKq is
F -split, it follows from Definition 2.1.10 that

MαpF q “ xTpF q,UαpF q,U´αpF qy “

»

–

˚ ˚ 0
˚ ˚ 0
0 0 ˚

fi

fl ,

where the symbol ˚ indicates that any element of F can be chosen, as long as
the resulting matrix lies in SL3pF q. The apartment of MαpF q will be the same
as for SL3pF q, since we are considering the same maximal torus, and therefore the

qαqα´qα´qα

Hα`3Hα`2Hα`1 Hα Hα´1Hα´2Hα´3

Figure 2.2: Tiling of the apartment ApG,T, F q, where G “ SL2pF q and T is
the diagonal torus.
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qαqα

­α ` β­α ` β

´qα´qα

qβqβ

´ ­pα ` βq´ ­pα ` βq ´qβ´qβ

Hα`2Hα`1 Hα Hα´1Hα´2

Hβ`2

Hβ`1

Hβ

Hβ´1

Hβ´2

Hα`β`2

Hα`β`1

Hα`β

Hα`β´1

Hα`β´2

Figure 2.3: Tiling of the apartment ApG,T, F q, where G “ SL3pF q and T is
the diagonal torus.

same group of cocharacters. However, the hyperplane structure will be different.
Indeed, we remove the roots ˘β,˘pα ` βq and their corresponding hyperplanes
from Figure 2.3, which gives us the apartment for MαpF q » GL2pF q. Setting
GpF q “ MαpF q “ GL2pF q,GderpF q “ SL2pF q and T is the diagonal torus of G,
the direct sum decomposition ApG,T, F q “ ApGder,Tder, F q ‘ X˚pZpGL2pF qqq is
now apparent, as illustrated in Figure 2.4.

qαqα´qα´qα

Hα`2Hα`1 Hα Hα´1Hα´2

Figure 2.4: Tiling of the apartment ApG,T, F q, where G “ GL2pF q and T
is the diagonal torus.
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2.2.1.3 The Case where G is not F -split

In the case that G is not F -split, we define the apartment with respect to
a maximal F -split torus, say S. The apartment associated to S is given by
ApG,S, F q “ X˚pS, F q bZ R. The hyperplane structure will be provided by the affine
hyperplanes which are associated to the root system ΦpG,Sq.

Assume that G splits over a finite Galois extension E of F and that S Ă T, where
T is a maximal torus of G which is E-split. Then GalpE{F q acts on the apartment
ApG,T, Eq as follows. Given χ P X˚pT, Eq and γ P GalpE{F q, γ ¨ χ is the element
of X˚pT, Eq defined by γ ¨ χpxq “ γpχpγ´1pxqqq for all x P Eˆ. We then extend this
action linearly over X˚pT, EqbZR. In the case that E is a tamely ramified extension
of F , one has ApG,T, EqGalpE{F q “ ApG,S, F q. This is mentioned for example in
[HM08, Section 2.5] and is one of the reasons for which the J.K. Yu Construction
for supercuspidal representations of G requires that G splits over a tamely ramified
extension E of F (Section 3.1).

2.2.2 Moy-Prasad Filtrations

The reason we are interested in the apartment of G is because this geometric object
allows us to keep track of important families of open and compact subgroups of G.
Let us first describe these subgroups in the case that G is split over F .

2.2.2.1 The Case where G is F -split

Let G be a reductive F -group and T an F -split maximal torus, T “ TpF q. Set
T0 “ TpOF q, and for r ą 0 let Tr “ Tp1 ` p

rrs

F q and Tr` “
Ť

sąr

Ts. This provides us

with a filtration of T . The subgroup T0 coincides with the maximal bounded subgroup
of T . Using the set of affine roots, we can define a family of subgroups of the root
subgroups. For all ϕ “ α ` n P Φaff , we set Uϕ “ Uαpp

n
F q. We refer to these groups

as affine root subgroups.

Remark 2.2.8. Note that the subgroups T and Uα are actually schemes, so they
can be defined over commutative rings and not just fields.

Definition 2.2.9. [Rab03, Definition 3.1] Let G and T be as above. For every point
x P ApG,T, F q, we define the associated parahoric subgroup Gx,0 by

Gx,0 “ xT0, Uϕ : ϕ P Φaff , xϕ, xy ě 0y.

We also define
Gx,0` “ xT0` , Uϕ : ϕ P Φaff , xϕ, xy ą 0y.

The group Gx,0` is called the pro-unipotent radical of Gx,0.
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In some cases, it can be handy to have another equivalent definition for the
parahoric subgroup Gx,0 and its pro-unipotent radical, which we provide in the next
lemma.

Lemma 2.2.10. Let x P ApG,T, F q. Then

Gx,0 “ xTpOF q,Uαpp
´txα,xyu
F q : α P Φy, and

Gx,0` “ xTp1` pF q,Uαpp
1´rxα,xys
F q : α P Φy.

Proof: Let α P Φ. Given n P Z, ϕ “ α`n P Φaff and Uϕ “ Uαpp
n
F q. Since pmF Ă pnF

for all m ą n, we will have Uα`m Ă Uϕ for all m ą n. Hence, to obtain a more concise
description of Gx,0 and Gx,0` in terms of the root subgroups Uα, it suffices to find
the smallest integers n˚ and n˚˚ which satisfy xα ` n˚, xy ě 0 and xα ` n˚˚, xy ą 0,
respectively.

Requiring xα ` n, xy ě 0 is equivalent to n ě ´xα, xy. The smallest integer
n˚ to satisfy this inequality is n˚ “ ´txα, xyu. Similarly, requiring xα ` n, xy ą 0
is equivalent to n ą ´xα, xy. The smallest integer n˚˚ to satisfy this inequality is
n˚˚ “ 1´ rxα, xys. Finally, T0` “

Ť

rą0

Tr “ Tp1` pF q. Thus, the result follows.

Given x P ApG,T, F q, the last lemma provides a simpler description of the
parahoric subgroup Gx,0 and its pro-unipotent radical by determining how each root
evaluates on x through the pairing x¨, ¨y. Let us look at an example with SL2pF q.

Example 2.2.11. Let x, y, z be the three points in ApG,T, F q illustrated in the
diagram below, where G “ SL2pF q, and T is the diagonal torus.

qα´qα

Hα`3Hα`2Hα`1 Hα Hα´1Hα´2Hα´3

x yz

For the point x, we have that xα, xy “ 0 “ x´α, xy, so both the floor and ceiling
functions of these evaluate to zero. One can then show that

Gx,0 “ xTpOF q,UαpOF q,U´αpOF qy “
„

OF OF
OF OF



,

Gx,0` “ xTp1` pF q,UαppF q,U´αppF qy “
„

1` pF pF
pF 1` pF



,

as subgroups of SL2pF q.
For the point y, xα, xy “ 1 and x´α, xy “ ´1, and therefore,

Gy,0 “ xTpOF q,Uαpp
´1
F q,U´αppF qy “

„

OF p´1
F

pF OF



,



2. STRUCTURE THEORY OF P -ADIC GROUPS 32

Gy,0` “ xTp1` pF q,UαpOF q,U´αpp2
F qy “

„

1` pF OF
p2
F 1` pF



,

as subgroups of SL2pF q.
For the point z, 0 ă xα, zy ă 1, which means that the floor and ceiling function

evaluate to 0 and 1, respectively. Similarly, ´1 ă x´α, zy ă 0. Therefore,

Gz,0 “ xTpOF q,UαpOF q,U´αppF qy “
„

OF OF
pF OF



,

Gz,0` “ xTp1` pF q,UαpOF q,U´αppF qy “
„

1` pF OF
pF 1` pF



,

as subgroups of SL2pF q. Note that all points lying between the hyperplanes Hα and
Hα´1 will produce the same parahoric subgroup and pro-unipotent radical.

In general, the hyperplane structure divides the apartment into various connected
components, which are referred to as facets. The parahoric subgroup and its
pro-unipotent radical only depend on the facet containing the point, so it is common
to talk about the parahoric subgroup associated to a facet of the apartment rather
than the parahoric subgroup associated to a point of the apartment.

Once we have all our parahoric subgroups and pro-unipotent radicals, we can
proceed to defining their filtrations [MP94]. It is important to note that unlike the
parahoric subgroup, the filtration subgroups depend exactly on the point x and not
just on the facet containing x.

Definition 2.2.12. For any nonnegative real number r and x P ApG,T, F q, we define

Gx,r “ xTr, Uϕ : ϕ P Φaff , xϕ, xy ě ry, and Gx,r` “
ď

sąr

Gx,s.

The subgroups tGx,r : r ą 0u are called the Moy-Prasad filtration subgroups of
Gx,0.

Remark 2.2.13. Similarly to Lemma 2.2.10, we can express the Moy-Prasad
filtration subgroups in terms of how the point in the apartment evaluates on each
root. Indeed, for any nonnegative real number r and x P ApG,T, F q, we have

Gx,r “ xTp1` p
rrs

F q,Uαpp
´txα,xy´ru

F q : α P Φy

Gx,r` “ xTp1` p
tru`1
F q,Uαpp

1´rxα,xy´rs

F q : α P Φy.

The subgroups

UαpF qx,r ..“ xUα`n : xα ` n, xy ě ry “ Uαpp
´txα,xy´ru

F q
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and
UαpF qx,r` ..“ xUα`n : xα ` n, xy ą ry “ Uαpp

1´rxα,xy´rs

F q

are compact subgroups for r ě 0 and form a filtration of Uα “ Uα`0.

From the description of Gx,r and Gx,r` provided in the previous remark, one sees
that there will be a certain interval I Ă R for which Gx,r “ Gx,s for all r, s P I.
This means that while the Moy-Prasad filtration subgroups are indexed by the real
numbers, the values of r at which they change is a discrete subset of R.

Example 2.2.14. Recall the points x, y, z in ApG,T, F q from Example 2.2.11, where
G “ SL2pF q and T is the diagonal torus. By the description above,

Gx,r “ xTp1` p
rrs

F q,Uαpp
´t´ru

F q,Uαpp
´t´ru

F qy.

The filtration subgroups of Gx,0 are given by

Gx,r “

„

1` pF pF
pF 1` pF



, 0 ă r ď 1,

Gx,r “

„

1` p2
F p2

F

p2
F 1` p2

F



, 1 ă r ď 2,

Gx,r “

„

1` p3
F p3

F

p3
F 1` p3

F



, 2 ă r ď 3, etc.

Our filtration subgroups for Gx,0 can then be indexed by the integers,
Gx,0 Ą Gx,1 Ą Gx,2 Ą Gx,3 Ą ¨ ¨ ¨ . Similarly, the filtration of Gy,0 will be indexed by
integers.

Assuming that xα, zy “ 1{2, we have

Gz,r “ xTp1` p
rrs

F q,Uαpp
´t1{2´ru

F q,U´αpp´t´1{2´ru

F qy.

It follows that

Gz,r “

„

1` pF OF
pF 1` pF



, 0 ă r ď 1{2,

Gz,r “

„

1` pF pF
p2
F 1` pF



, 1{2 ă r ď 1,

Gz,r “

„

1` p2
F pF

p2
F 1` p2

F



, 1 ă r ď 3{2, etc.

Our filtration subgroups for Gz,0 can then be indexed by half integers,
Gz,0 Ą Gz,1{2 Ą Gz,1 Ą Gz,3{2 Ą ¨ ¨ ¨ . Note that if z had not been chosen to
be such that xα, zy “ 1{2, the intervals on which the filtration subgroups are the
same would not all be of the same length.



2. STRUCTURE THEORY OF P -ADIC GROUPS 34

We now list some properties of the Moy-Prasad filtration subgroups. The groups
Gx,r, Gx,r` are open, closed and compact for all r ě 0 [Rab03, Proposition 3.4]. We
also see from the definitions that Gx,s Ă Gx,r whenever s ą r and that there exists
r1 ě r such that Gx,r1 “ Gx,r` . Furthermore, for all r, s ě 0, rGx,r, Gx,ss Ă Gx,r`s

[MP94, Section 2.6]. As a consequence of this last property, we have the following
proposition.

Proposition 2.2.15. 1) Let r ě 0. For every s ą r, we have that Gx,s is a normal
subgroup of Gx,r. In particular, Gx,r` is a normal subgroup of Gx,r.

2) The quotient Gx,r{Gx,r` is abelian for all r ą 0.

Proof:

1) Since rGx,r, Gx,ss Ă Gx,r`s, hgh´1g´1 P Gx,r`s Ă Gx,s for all h P Gx,r, g P Gx,s.
It follows that hgh´1 P Gx,s for all h P Gx,r, g P Gx,s. Therefore, Gx,s is a normal
subgroup of Gx,r.

2) We recall from basic group theory that given a group J , if J 1 is subgroup of J
that contains rJ, Js, then J{J 1 is abelian. Since rGx,r, Gx,rs Ă Gx,2r Ă Gx,r` for
all r ą 0 the result follows.

We can define filtrations at the level of the Lie algebra g analogously. For r ě 0,
the subsets gx,r and gx,r` are OF -submodules of g [MP94, Section 3.2]. Following the
notation from [Yu01] and [HM08], we use colons to abbreviate quotients of filtration
subgroups. For example, for s ą r, Gx,r:s “ Gx,r{Gx,s and gx,r:s “ gx,r { gx,s. When
r ą 0, the quotient Gx,r:r` is isomorphic to the corresponding Lie algebra quotient
gx,r:r` . We provide the details of this isomorphism in Appendix A.2. The quotient of
a parahoric subgroup Gx,0 with its pro-unipotent radical is even more interesting, as it
results in the f-points of a reductive group. We will denote this reductive group by Gx
and refer to it as the reductive quotient of G at x. In other words, Gx is the reductive
group such that Gxpfq “ Gx,0:0` . The following theorem provides a description of this
reductive quotient in the case that G is F -split.

Theorem 2.2.16 ([Rab03, Theorem 3.17]). Suppose x P ApG,T, F q. Let
Φx “ tα P Φ : xα, xy P Zu. Then Gxpfq » xTpfq,Uαpfq : α P Φxy.

Remark 2.2.17. The root system Φx can also be described as

tα P Φ : there exists α ` n P Φaff such that xα ` n, xy “ 0u.
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Example 2.2.18. Let x, y, z be the points in the apartment of SL2pF q with respect
to the diagonal torus from Example 2.2.11. Then Gx,0:0` “ SL2pfq “ Gy,0:0` and
Gz,0:0` “ Tpfq.

To understand the description of Gxpfq provided by Theorem 2.2.16, we sketch
part of the proof. Given α P Φx, s “ ´xα, xy is an integer, meaning that Uαpp

s
F q is

the affine root subgroup in Gx,0 and Uαpp
s`1
F q is the affine root subgroup in Gx,0` .

The subgroup Uαpfq is isomorphic to the projection of Uαpp
s
F q in the quotient Gx,0:0` .

Indeed, to obtain this isomorphism, we map εαptqGx,0` to εαpt̄q for every t P psF , where
t̄ is the image of t in psF { p

s`1
F » f. For β R Φx, we have ´txβ, xyu “ 1 ´ rxβ, xys and

therefore Uβpp
´txβ,xyu
F q Ă Gx,0` , which is why those root subgroups do not appear in

the description provided by Theorem 2.2.16. In other words, the root subgroups of
Gx,0:0` are simply the projection of the affine root subgroups of Gx,0 into the quotient.

2.2.2.2 The Case where G is not F -split

In the case that the group G is not F -split, the notions of parahoric subgroup and
Moy-Prasad filtrations are still defined, but their descriptions are not as simple as in
the split case.

We consider a maximal unramified extension of F , which we denote by F un. It
is well known that the residue field of F un is an algebraic closure of f, so we denote
the residue field of F un by f. Furthermore, G is quasisplit over F un, meaning that
it contains a Borel subgroup which is defined over F un. In [MP94], Moy and Prasad
first proceed to describe the parahoric subgroups and filtration subgroups of GpF unq.
Fintzen provides a summary of these descriptions in [Fin17, Section 2.4]. We follow
her notation here, as the notation from [MP94] is no longer used in most recent works.

Let S be a maximal F un-split torus. Because G is quasisplit over F un, we
have that CGpSq “ T is a maximal F un-torus of G [Bor91, Proposition 20.6]. Given
x P ApG,S, F unq, Bruhat and Tits [BT84, Section 5.2] associated a parahoric group
scheme over OFun , which Fintzen denotes by Px. This scheme Px is such that its
generic fiber is isomorphic to GpF unq. The parahoric subgroup of GpF unq associated
to x is then given by GpF unqx,0 “ PxpOFunq.

To define the Moy-Prasad filtration subgroups ofGpF unqx,0, one starts by defining
a filtration of the torus TpF unq. Let

TpF un
qb “ tt P TpF un

q : valpχptqq “ 0 for all χ P X˚
pTqu.

This subgroup is the maximal bounded subgroup of TpF unq. When T is F un-split,
this is equivalent to the subgroup TpF unq0 defined earlier. However, when T is
not F un-split, TpF unqb and TpF unq0 are different. Indeed, Bruhat and Tits describe
TpF unq0 as being the connected component of TpF unqb [BT84, Section 5.2].
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This description of TpF unq0 is not ideal for working with intersections, and in
particular, we will be discussing the intersections of Moy-Prasad filtrations subgroups
of GpF unq with HpF unq for some closed connected F un-subgroup H containing Gder

in Section 2.2.2.3. Instead, we will use what is referred to as the Kottwitz map to
describe TpF unq0. The Kottwitz map of TpF unq, which we denote by KotTpFunq, is
a surjective homomorphism from TpF unq that maps into a subgroup of X˚pTq. As
the Kottwitz map is not the main focus of this section, we provide the details in
Appendix A.3. With this map, TpF unq0 then corresponds to kerpKotTpFunqq [PR08,
Appendix (Proposition 3)].

Similarly to the previous section, we can also define a filtration of TpF unq. For
r ą 0, we set

TpF un
qr “ tt P TpF un

q0 : valpχptq ´ 1q ě r for all χ P X˚
pTqu.

When T is F un-split, this definition coincides with the filtration of the torus that was
provided earlier.

Let ΦFun “ ΦpG,Sq. The set ΦFun consists of the restriction to S of the roots
from Φ “ ΦpG,Tq which are nontrivial on S. This root system may be nonreduced. In
[Fin17, Sections 2.3 and 2.4], Fintzen defines a set of affine roots Φaff

Fun and associates
some affine root subgroup UϕpF

unq to each ϕ P Φaff
Fun . The affine roots are of the form

λ` k, where λ P ΦFun , and k P R. Note that k need not be an integer as was the case
for the definition of Φaff in the previous section. Recall from Example 2.1.40 that

Uλ “ xUα : α P ΦpG,Tq, α|S “ λy,

so Uλ is likely not one-dimensional. Similarly to the previous section, the subgroup
Uλ`kpF

unq is a compact subgroup of UλpF
unq.

For r ě 0, the Moy-Prasad filtration subgroups are

GpF un
qx,r “ xTpF un

qr,UϕpF
un
q : ϕ P Φaff

Fun , xϕ, xy ě ry, and GpF un
qx,r` “

ď

sąr

GpF un
qx,s.

For our purposes, it is not necessary to know the precise description of the subgroups
UϕpF

unq in as much detail as is provided in [Fin17]. It suffices for us to know that
they are subgroups of Gder, and that every UϕpF

unq Ă GpF unqx,r is normalized by
TpF unqr [MP94, Section 2.4].

Recall from Section 2.2.1.3 that taking the GalpF un{F q-fixed points of
ApG,S, F unq gives us an apartment of G. So, given a point x P ApG,S, F unq that is
fixed under GalpF un{F q, GpF unqx,r is defined over F and Gx,r “ GpF unqx,r XG, r ě 0
[MP94, Sections 2.1 and 3.8]. Similarly, we can describe the subgroups Gx,r` , r ě 0.
This allows us to define the parahoric subgroups and Moy-Prasad filtration subgroups
of G. The properties listed in Section 2.2.2.1 all hold in this more general setting.
We re-enumerate these properties below for the reader’s convenience.
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1) For all r, s ě 0, rGx,r, Gx,ss Ă Gx,r`s.

2) Let r, s ě 0. Gx,s is a normal subgroup of Gx,r whenever s ą r.

3) For all r ě 0, there exists r1 ě r such that Gx,r1 “ Gx,r`

4) The quotient Gx,r:r` is abelian for all r ą 0.

WhenG splits over a tamely ramified extension of F , we have an isomorphism between
Gx,r:r` and gx,r:r` for r ą 0 (see Appendix A.2).

Furthermore, the quotient Gx,0:0` is the f-points of a reductive group that we
denote by Gx, that is Gx,0:0` “ Gxpfq and Gxpfq “ GpF unqx,0:0` . A description of this
group in terms of the parahoric scheme Px is provided in [Fin17, Section 2.4]. It is
known that the Galois group GalpF un{F q has a natural identification with the Galois
group Galpf { fq. As a result, Gx,0:0` is the subgroup of GpF unqx,0:0` which is fixed by
Galpf { fq. Since f is an algebraic closure of f, Gx has to be split over f. We can then
identify the algebraic reductive group Gx with Gxpfq.

Similarly to Theorem 2.2.16, the root system Φx “ ΦpGxq consists of only certain
roots of Φ “ ΦpG,Tq. Fintzen describes this set Φx in [Fin17, Lemma 2.4.1] as

tα P Φ : there exists α|S ` k P Φaff
Fun such that xα|S ` k, xy “ 0u.

The root subgroups of Gx are obtained by projecting the affine root subgroups of
GpF unqx,0 into the quotient GpF unqx,0:0` [Fin17, Lemma 2.5.1].

2.2.2.3 Going from G to H

We saw with Proposition 2.1.30 that intersecting an F -parabolic subgroup or an
F -Levi subgroup of G with a closed connected F -subgroup H containing Gder yields
an F -parabolic subgroup or an F -Levi subgroup of H, respectively. The same can be
asked about the parahoric subgroups and Moy-Prasad filtration subgroups.

Let S be a maximal F -split torus of G. Given that
ApG,S, F q “ AredpG,S, F q ‘ pX˚pZpGq, F q bZ Rq, every x P ApG,S, F q is of
the form x ` z for some unique x P AredpG,S, F q, z P X˚pZpGq, F q bZ R. We
let rxs “ tx` z : z P X˚pZpGq, F q bZ Ru. Note that rxs is considered a point of
AredpG, S, F q when AredpG,S, F q is viewed as a quotient of ApG,S, F q.

Lemma 2.2.19. Let x and x be as above. Then, Gx,r “ Gx,r for all r ě 0.

Proof: We have that x “ x ` z for some z P X˚pZpGq, F q bZ R. Given
α P ΦpG,Sq, we have ZpGq Ă kerα (Proposition 2.1.6), implying in particular that
αpzptqq “ 1 “ t0 for all t P Fˆ. It follows that xα, zy “ 0, and xα, x ` zy “ xα, xy.
Given that the Moy-Prasad filtration subgroups at x depend on how the roots
evaluate on x, we conclude that Gx,r “ Gx,r for all r ě 0.
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Remark 2.2.20. Given a closed connected F -subgroup H that contains Gder, we
have that AredpG,S, F q “ AredpH,SXH, F q as Gder “ rH,Hs (Remark 2.1.29). Since

ApG,S, F q “ Ared
pG,S, F q ‘ pX˚pZpGq, F q bZ Rq and

ApH,SXH, F q “ Ared
pH, SXH, F q ‘ pX˚pZpHq, F q bZ Rq,

we have a natural embedding

Ared
pG,S, F q ãÑ ApH,SXH, F q ãÑ ApG,S, F q

via the inclusion X˚pZpHq, F q Ă X˚pZpGq, F q. So, given a point x P ApG,S, F q,
one can write things like Hx,r and Hx,r` , r ě 0, without loss of generality from the
previous lemma. That is, we can think of x as being the corresponding point x which
is in AredpG,S, F q, as illustrated in Figure 2.5.

qαqα´qα´qα

rxs

x

x

Hα`2Hα`1 Hα Hα´1Hα´2

Figure 2.5: Visual representation of rxs and x given x in ApG,T, F q, where
G “ GL2pF q and T is the diagonal torus. It is clear from this picture that
Gx,r “ Gx̄,r for all r ě 0. Note that this visualization relies on a choice of
location for the origin in the affine space.

Let H denote a closed connected F -subgroup of G that contains Gder. In the
case where G is F -split, it is easy to see that, for all r ě 0, Gx,r X H “ Hx,r and
Gx,r` XH “ Hx,r` . Indeed, this is because the affine root subgroups are normalized
by the toral part of the filtration subgroup, so the argument from Proposition 2.1.30
is applied. In the case that G is not F -split, a bit more work is needed.

Let S be a maximal F un-split torus and T “ CGpSq be a maximal F un-torus
as in Section 2.2.2.2. We have that pS X Hq˝ is a maximal F un-split torus of H
(Remark 2.1.43) and CHppSXHq˝q “ CGpSq XH “ TXH “ TH Corollary 2.1.44.
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Lemma 2.2.21. Let T and H be as above and let TH “ T X H. For all r ě 0, we
have THpF

unqr “ TpF unqr XHpF unq.

Proof: First, we have that TpF unq0 X HpF unq “ THpF
unq0.

Indeed, recalling that TpF unq0 “ kerpKotTpFunqq, one can show that
kerpKotTpFunqq X THpF

unq “ kerpKotTHpFunqq (Proposition A.3.1).
For r ą 0, we have that

TpF un
qr XHpF un

q “ tt P TpF un
q0 : valpχptq ´ 1q ě r for all χ P X˚

pTqu XHpF un
q

“ tt P THpF
un
q0 : valpχ|THptq ´ 1q ě χ for all χ P X˚

pTqu

by what precedes. Using the fact that restricting characters of T to TH produces
characters of TH and that all characters of TH arise this way [Bor91, Proposition 8.2],
we conclude that

TpF un
qr XHpF un

q “ tt P THpF
un
q0 : valpχptq ´ 1q ě r for all χ P X˚

pTHqu

“ THpF
un
qr.

Proposition 2.2.22. Let H be as above. For all r ě 0, we have Hx,r “ Gx,rXH and
Hx,r` “ Gx,r` XH.

Proof: Let r ě 0. Since G and H have the same root subgroups (Corollary 2.1.28),
we have

HpF un
qx,0 “ xTHpF

un
qr,UϕpF

un
q : ϕ P Φaff

Fun , xϕ, xy ě ry.

Since the affine root subgroups are in GderpF
unq Ă HpF unq and TpF unqr normalizes

the affine root subgroups, the argument from Proposition 2.1.30 implies

GpF un
qx,r XHpF un

q “ xTpF un
qr XHpF un

q,UϕpF
un
q : ϕ P Φaff

Fun , xϕ, xy ě ry.

Since TpF unqr X HpF unq “ THpF
unqr (Lemma 2.2.21), we conclude that

GpF unqx,r XHpF unq “ HpF unqx,r. Therefore, Gx,r X H “ Hx,r. Since Gx,r` “ Gx,r1

for some r1 ě r, the other equality follows.

Remark 2.2.23. When G splits over a tamely ramified extension E of F and
x P ApG,T, EqGalpE{F q, where T is an E-split maximal torus of G, then Hakim
and Murnaghan point out that Gx,r “ GpEqGalpE{F q

x,r “ GpEqx,r X G for r ą 0
[HM08, Section 2.5]. Hence, this provides us with a quick alternative argument that
shows Gx,r X H “ Hx,r for r ą 0. However, this argument cannot be applied for
r “ 0 as they also mention that the parahoric subgroup Gx,0 may not be equal to
GpEqx,0 XG.
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Given a closed connected F -subgroupH that containsGder, we wish to discuss the
relationships between the reductive quotients Gx,0:0` and Hx,0:0` , as this will prove
to be useful in future sections. Using similar notation as in the previous section,
Gx,0:0` and Hx,0:0` are the f-points of reductive groups which we denote by Gx and
Hx, respectively. While Hx is not technically a subgroup of Gx, it can be identified
with one via an isomorphism, as per the following lemma.

Lemma 2.2.24. The quotient HpF unqx,0GpF unqx,0`{GpF unqx,0` can be identified with
the f-points of a reductive group

`H
G

˘

x
Ă Gx. Furthermore, there is an isomorphism ι

between the algebraic groups Hx and
`H
G

˘

x
which is defined over f.

Proof: By the second isomorphism theorem, we have

HpF un
qx,0{HpF un

qx,0` “ HpF un
qx,0{ pHpF un

qx,0 XGpF un
qx,0`q

» HpF un
qx,0GpF un

qx,0`{GpF un
qx,0` .

Indeed, this isomorphism is given by

ι : HpF un
qx,0:0` Ñ HpF un

qx,0GpF un
qx,0`{GpF un

qx,0`

hHpF un
qx,0` ÞÑ hGpF un

qx,0` .

Since HpF unqx,0:0` is a reductive group, we conclude that
HpF unqx,0GpF unqx,0`{GpF unqx,0` “

`H
G

˘

x
pfq for some reductive group

`H
G

˘

x
. It

is clear from the definitions that
`H
G

˘

x
pfq Ă Gxpfq and therefore

`H
G

˘

x
Ă Gx. Note

that the isomorphism ι restricts to an isomorphism between Hxpfq and
`H
G

˘

x
pfq upon

replacing F un by F , that is ι is defined over f.

Remark 2.2.25. We can also think of Hx,r:r` as a subgroup of Gx,r:r` for all r ą 0
by establishing similar isomorphisms between Hx,r:r` and Hx,rGx,r`{Gx,r` . However,
these quotients do not correspond to reductive groups.

Lemma 2.2.26. The subgroup
`H
G

˘

x
is a closed connected f-subgroup of Gx that

contains rGx,Gxs.

Proof: Since
`H
G

˘

x
is a reductive group, it is closed and connected. We identify

the algebraic groups with their f-points. We have that

rGxpfq,Gxpfqs “ rGpF un
qx,0,GpF un

qx,0sGpF un
qx,0`{GpF un

qx,0` .

The subgroup rGpF unqx,0,GpF unqx,0s is contained in both GpF unqx,0 and
GderpF

unq Ă HpF unq. Therefore, rGpF unqx,0,GpF unqx,0s Ă HpF unqx,0

(Proposition 2.2.22), and rGxpfq,Gxpfqs Ă
`H
G

˘

x
pfq.
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2.2.3 The Bruhat-Tits Building

When constructing an apartment for our p-adic group G “ GpF q, we had to choose
a maximal F -split torus of G. There are many choices for such tori. Indeed, the
maximal F -split tori of G are all G-conjugate. Given another maximal F -split torus,
one could describe the apartment of G, the parahoric subgroups and the Moy-Prasad
filtration subgroups with respect to this different torus. In order to keep track of all
the apartments and families of open compact subgroups of G at once, we use the
Bruhat-Tits building [BT72,BT84]. In very broad terms, the Bruhat-Tits building is
a geometric structure that glues together all the apartments of G in a consistent and
well-defined manner. As such, a point from the building automatically belongs to
some affine apartment. Since this structure does not depend on a choice of torus, we
denote it by BpG, F q. Essentially, BpG, F q is the Cartesian product G ˆApG,T, F q
modulo some equivalence relation, where T is a choice of maximal F -split torus. Then
the left action of G on the first factor induces an action of G on BpG, F q. Given a
point x in BpG, F q, one can then define the stabilizer of the point x with respect to
this G-action, which is denoted by Gx. When G is semisimple and simply connected,
the stabilizer of x coincides with the parahoric subgroup of G at x, that is Gx “ Gx,0

[Rab03, Lemma 4.5]. For a more general reductive group G, we have the inclusion
Gx,0 Ă Gx.

We list a few facts about the apartments and the Bruhat-Tits building, some of
which can be found in [Rab03].

1) For all g P G, the apartment associated to gT is g ¨ApG,T, F q.

2) For any two elements of BpG, F q, there is an apartment containing both of
them.

3) For every g P G, r ě 0 and x P BpG, F q, we have gGx,r “ Gg¨x,r and
gGx,r` “ Gg¨x,r` .

4) We have that BpG, F q “ BpGder, F q ˆ pX˚pZpGq, F q bZ Rq [BT84, Section
4.2.16].

5) If F Ă E is an extension of F which is tamely ramified, we have
BpG, F q “ BpG, EqGalpE{F q [Pra01].

Remark 2.2.27. Given property (4) listed above, we call BpG, F q the enlarged
building of G, whereas BpGder, F q, which can also be denoted BredpG, F q, is called
the reduced building of G.

Because of property (5), when G splits over a tamely ramified extension E of F ,
one can carry all calculations relative to the group’s structure theory at the level of
E and use the Galois fixed-points to reduce back down to F . This strategy is used a
lot by Yu in his construction for supercuspidal representations, which is why we must
require our p-adic group to split over a tamely ramified extension.
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Given a group G for which each apartment is one-dimensional, one can visualize
the Bruhat-Tits building. For example, when G “ SL2pF q, and F “ Q2, the building
is illustrated in Figure 2.6. Each path in the graph corresponds to an apartment.
Each vertex in the figure represents a hyperplane for an apartment, and the edges
are the maximal facets in the apartments. To see how many edges are connected to a
vertex, we calculate quotients of stabilizers. For instance, if we recall the points x and
z in the apartment of SL2pF q from Example 2.2.11, we can calculate the number of
edges coming out from vertex x by computing the size of Gx{Gz. Indeed, this quotient
represents the elements of G that fix the point x but do not fix the facet containing
z. By counting the number of representatives of this quotient, we are counting the
number of edges attached to x in the building. Since SL2pFq is semisimple and simply
connected, Gx “ Gx,0 and Gz “ Gz,0. Using [Rab03, Theorem 3.17 and Proposition

3.22], we have Gx,0{Gx,0` » SL2pfq and Gz,0{Gx,0` »

"„

a b
0 a´1



: a, b P f

*

. To

calculate |Gx,0{Gz,0| one can then calculate |Gx,0{Gx,0` | and |Gz,0{Gx,0` | as Gx,0{Gz,0

is isomorphic to the quotient of Gx,0{Gx,0` by Gz,0{Gx,0` . One works out that
|Gx,0{Gx,0` | “ qpq2 ´ 1q and |Gz,0{Gx,0` | “ qpq ´ 1q, where q “ | f |. Therefore,
|Gx,0{Gz,0| “ q` 1. In particular, when F “ Q2, f “ Z{2Z and q “ 2, we obtain that
3 edges must be connected to each vertex.

Figure 2.6: Image of the Bruhat-Tits building for SL2pQ2q by
부 고. The illustration is licensed under a Creative Commons
Attribution-Share Alike 4.0 International license and is available at
https://commons.wikimedia.org/wiki/File:Bruhat-Tits-tree-for-Q-2.png.

For a higher dimensional apartment, it becomes extremely difficult if not
impossible to visualize the complete Bruhat-Tits building. The pictures in Figure 2.7
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A small fragment of a two-dimensional building

The illustration shows seven chambers (two-simplices), each of the� outer six
sharing a facet with the central one. Each facet of the central chamber is a� facet
of (at least) three distinct chambers, namely the central one and one� of the
outer overlapping pairs. Thus, such a configuration of chambers� cannot lie inside
any single apartment.

Substantial fragment of a two-dimensional building

This emphasizes the visually chaotic nature of any two-dimensional � representation
of a thick building of dimension greater than one. One-dimensional� affine buildings
are simply trees, so can be rendered in a comprehensible and illuminating� (as well
as aesthetically interesting) manner. But in higher dimensions the� thickness of the
building is a very direct obstacle to creation of accurate� two-dimensional models.

Figure 2.7: "A small fragment of a building" (left) and "A bigger fragment
of a building" (right) by Paul Garrett. Both illustrations are licensed under
a Creative Commons Attribution 3.0 Unported License and are available
at http://www-users.math.umn.edu/„garrett/pix/. The descriptions of the
original illustrations have been cropped out.

show fragments of buildings for which the apartments are two-dimensional, as is the
case with SL3pF q for example.

Since the structure theory of the Bruhat-Tits building is not the main focus
of this thesis, we do not go into more details in this work. For the eager reader,
Rabinoff provides a good introduction to the Bruhat-Tits building for semisimple
simply connected reductive groups in [Rab03].

2.3 Representation Theory of p-adic Groups
In this section, we introduce some of the important elements of the representation
theory for p-adic groups. In particular, we will define what the supercuspidal
representations are and explain why they are the building blocks for all representations
of p-adic groups. Furthermore, we will see that the supercuspidal representations can
be divided into two categories via the notion of depth, those of depth zero and those of
positive depth. Finally, we will end this section with a description of the Moy-Prasad
Construction for depth-zero supercuspidal representations and comment briefly on
the J.K. Yu Construction for positive-depth supercuspidal representations.
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2.3.1 Basics of Representation Theory

In this section, G denotes a p-adic group. Let us recall some of the basic concepts
of representation theory. We assume that the reader is already familiar with these
concepts, and only provide a short summary. In Appendix A.1, the reader can find
the proofs for various results which we use in this thesis. Those results should not
be surprising to someone that is familiar with representation theory. This appendix
should not be read on its own, but rather serve as a reference, if needed, as results
from it are called.

Definition 2.3.1. A representation pπ, V q of G is a group homomorphism
π : GÑ EndpV q, where V is a complex vector space. The dimension of the
representation pπ, V q is the dimension of the vector space V . We say that
pπ, V q is smooth if the set stabGpvq “ tg P G : πpgqv “ vu is open for
all v P V . Furthermore, we say that pπ, V q is admissible if it is smooth
and V K “ tv P V : πpkqv “ v for all k P Ku is finite-dimensional for all compact
subgroups K Ă G.

Remark 2.3.2. A smooth representation pπ,Cq of G is referred to as a (complex
smooth) character of G. It will be implicit that the word character refers to a complex
smooth character when in the context of representations. In some references, the word
character is reserved for unitary representations, and the word quasicharacter is then
used for complex smooth one-dimensional representations which are not required to
be unitary. For our purposes, both of these terms will be used interchangeably when
talking about one-dimensional complex smooth representations.

When referring to a representation pπ, V q, we may simply write π or V .
Given representations pπ1, V1q and pπ2, V2q of G, one can define a representation
pπ1 ‘ π2, V1 ‘ V2q as follows. Given g P G, pπ1 ‘ π2qpgqpv1 ` v2q “ π1pgqv1 ` π2pgqv2

for all v1 P V1, v2 P V2. Similarly, one can also define a representation pπ1bπ2, V1bCV2q

of G, by viewing G as the subgroup tpg, gq : g P Gu of GˆG.

Definition 2.3.3. We say that W Ă V is a G-invariant subspace if πpgqw P W
for all g P G,w P W , that is, W is preserved by the action of G induced by the
representation. The representation pπ, V q is said to be irreducible if it has no proper
nontrivial G-invariant subspaces.

Remark 2.3.4. If a complex representation is smooth and irreducible, then it is
admissible [Blo05, Proposition 2].

Having a G-invariant subspace W Ă V induces a subrepresentation pπ,W q of G
and a quotient representation pπ, V {W q. Given two representations π1, π2 of G, we
may write π2 Ă π1 to signify that π2 is a subrepresentation of π1.
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Definition 2.3.5. A representation π is said to be completely reducible if it can be
written as a direct sum of irreducible subrepresentations.

When a representation is completely reducible, we may refer to its irreducible
subrepresentations as components. When a group G is finite or compact, every
finite-dimensional representation is completely reducible, and every irreducible
representation is finite-dimensional.

Definition 2.3.6. Given two representations pπ1, V q and pπ2,W q of G, an
intertwining map between π1 and π2 is a linear map f : V Ñ W such that
f ˝ π1pgq “ π2pgq ˝ f for all g P G. The set of all intertwining maps between π1

and π2 is denoted HomGpπ1, π2q.

When it is nontrivial, the space HomGpπ1, π2q allows us to determine relationships
between the representations π1 and π2. Indeed, if π1 is irreducible, then π1 is a
subrepresentation of π2 if and only if HomGpπ1, π2q ‰ t0u; and if π2 is irreducible,
then π2 is a quotient representation of π1 if and only if HomGpπ1, π2q ‰ t0u
(Proposition A.1.3). When a representation is completely reducible, quotient
representations are also subrepresentations.

Definition 2.3.7. Let π1 and π2 be representations of G. If HomGpπ1, π2q contains
an invertible element, π1 and π2 are said to be isomorphic representations, and we
write π1 » π2.

Definition 2.3.8. Let π be a completely reducible representation of G, and π1 be an
irreducible representation of G. If each component of π is isomorphic to π1, then we
say that π is π1-isotypic.

Given a group G and a subgroup G1 Ă G, one can construct representations of
G1 from representations of G and vice versa. Indeed, given a representation pπ, V q of
G, we can define its restriction to G1, denoted by ResGG1 π or π|G1 , as

π|G1 : G1 Ñ EndpV q

g1 ÞÑ πpg1q.

When given a representation pπ1, V 1q of G1, we can produce a representation of G from
π1 by considering the vector space

IndGG1V
1
“ tf : GÑ V 1 locally constant |fpgg1q “ π1pg1q´1fpgq @g1 P G1u.

The representation ofG induced by π1, denoted by IndGG1π
1, is defined by the left-action

of G on the space of functions IndGG1V
1. More precisely, given f P IndGG1V

1, k P G,
IndGG1π

1pkqf is the function defined by IndGG1π
1pkqfpgq “ fpk´1gq for all g P G. The

compact induction of π1, denoted c-IndGG1 π
1, is the left-action of G on the subspace



2. STRUCTURE THEORY OF P -ADIC GROUPS 46

c-IndGG1 V
1 of IndGG1V

1 consisting of locally constant functions with compact support
modulo G1. We have more control over the subspace c-IndGG1 V

1, as functions in this
space are nonzero on only finitely many cosets of G{G1 when G1 is open. In the case
where G{G1 is compact, IndGG1V

1 “ c-IndGG1 V
1. This happens for example when G1 is

of finite index in G, or when G1 is a parabolic subgroup of G. When the context is
obvious, we may use c-IndGG1 π

1 to refer to the vector space c-IndGG1 V
1.

We now recall two important results that involve both restriction and induction,
Frobenius Reciprocity and the Mackey Decomposition. The statement of Frobenius
Reciprocity can be found for example in [Mur09, Section 5].

Theorem 2.3.9 (Frobenius Reciprocity). Let G1 Ă G be a subgroup, π be a smooth
representation of G and π1 be a smooth representation of G1. Then

HomGpπ, IndGG1π
1
q » HomG1pResGG1 π, π

1
q,

or equivalently induction is right adjoint to restriction. Furthermore, if G1 is open,
then

HomGpc-IndGG1 π
1, πq » HomG1pπ

1,ResGG1 πq,

or equivalently compact induction is left adjoint to restriction.

Remark 2.3.10. As a consequence of Frobenius Reciprocity, we have that
HomGpc-IndGG1 π

1, πq ‰ t0u if and only if HomG1pπ
1,ResGG1 πq ‰ t0u. Furthermore,

when π is irreducible, having HomGpπ, c-IndGG1 π
1q ‰ t0u implies that

HomG1pResGG1 π, π
1q ‰ t0u. Indeed, this is because π Ă c-IndGG1 π

1 Ă IndGG1π
1 and

therefore HomGpπ, IndGG1π
1q ‰ t0u.

Theorem 2.3.11 (Mackey Decomposition [Kut77]). Let B be a closed subgroup of
G and K be a subgroup of G that contains an open compact subgroup. Let C be the
set of representatives of the double cosets of BzG{K and let π be a finite-dimensional
smooth representation of K. Define cK ..“ cKc´1 for all c P C and cπpkq ..“ πpc´1kcq
for all k P cK. Then

ResGB c-IndGK π “ ‘
cPC

c-IndBBXcK Res
cK
BXcK

cπ.

Remark 2.3.12. In the case where N is a closed normal subgroup of G that contains
an open compact subgroup, and π is a finite-dimensional smooth representation of
N , the Mackey Decomposition allows us to write the following:

ResGN c-IndGN π “ ‘
cPC

c-IndNNXcN Res
cN
NXcN

cπ,

where C is the set of coset representatives of NzG{N “ G{N . Since N is normal in
G, we have that cN “ N for all c P C, and that cπ is a representation of N . It then
follows that

ResGN c-IndGN π “ ‘
cPC

cπ.
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Corollary 2.3.13. Let N be an open normal subgroup of G, π be a smooth
representation of G and π1 be an irreducible finite-dimensional smooth representation
of N contained in ResGN π. Then π|N “ ‘

cPC1

cπ1, where C 1 is a subset of a set of coset

representatives of G{N .

Proof: Let us first note from Remark 2.2.1 that N is also closed. Furthermore,
since G has a neighborhood basis of compact open subgroups [Cas19], N contains a
compact open subgroup.

We have that π1 Ă ResGN π which implies that HomN

`

π1,ResGN π
˘

‰ t0u. By
Frobenius Reciprocity, this is equivalent to HomG

`

c-IndGN π
1, π

˘

‰ t0u, meaning
that π is a quotient of c-IndGN π

1. Taking the restriction to N on both sides yields
π|N as a quotient of ResGN c-IndGN π

1. But the Mackey Decomposition tells us that
ResGN c-IndGN π

1 “ ‘
cPC

cπ1, where C is a set of coset representatives of G{N . Hence,

ResGN c-IndGN π
1 is completely reducible as π1 is irreducible, which means that π|N is

a subrepresentation of ‘
cPC

cπ1. The result follows.

When pπ, V q is a representation of G which is trivial on a normal subgroup
N Ă G, then one can factor the representation through to the quotient G{N by
setting πpgNq “ πpgq for all g P G. Similarly, given a representation pπ,G{Nq, one
can pull it back to a representation of G. Note that the representation of a quotient
group is irreducible if and only if its pullback is irreducible. In this work, we will
often identify representations of quotient groups with their pullbacks.

2.3.2 Supercuspidal and Cuspidal Representations

The goal of representation theory is often to understand how a completely reducible
representation decomposes into irreducible components, meaning that the irreducible
representations form an important class of representations. In the case of p-adic
group, another class of representations, called the supercuspidal representations, is of
particular interest. The reason for studying this class of representations is due to a
Theorem by Jacquet, which we state below. For the remainder of this chapter, unless
otherwise specified, G “ GpF q, where G is a reductive group and F is a p-adic field.

Theorem 2.3.14 (Jacquet’s Subrepresentation Theorem [Jac71]). Let π be an
irreducible smooth representation of G. Then there exists a parabolic subgroup
P “ M ˙ N and an irreducible supercuspidal representation σ of M such that π
is a subrepresentation of c-IndGP σ.

Remark 2.3.15. Jacquet’s Subrepresentation Theorem tells us that given an
irreducible smooth representation π of G, π is either supercuspidal, or it is a
subrepresentation of c-IndGP σ for some proper parabolic subgroup P Ă G and



2. STRUCTURE THEORY OF P -ADIC GROUPS 48

supercuspidal representation σ. Equivalently, π is supercuspidal if and only if
HomGpπ, c-IndGP σq “ t0u for all proper parabolic subgroups P Ă G and supercuspidal
representations σ.

This last theorem implies that the supercuspidal representations of G are the
building blocks for all representations of G. Now that we have the motivation for
studying supercuspidal representations, let us define what they are.

Definition 2.3.16. Let pπ, V q be a smooth representation of G. For each parabolic
subgroup P “ M ˙N of G, we define V pNq ..“ spantπpnqv ´ v : n P N, v P V u, and
VN “ V {V pNq. The representation pπ, V q is said to be supercuspidal if VN “ t0u for
all proper parabolic subgroups P “M ˙N .

Remark 2.3.17. When F is a finite field, the condition that V “ V pNq is equivalent
to saying that the space of N -fixed vectors, V N , is trivial. If pπ, V q is an irreducible
representation of G such that V N “ t0u for all proper parabolic subgroups P “

M ˙ N , then we say that π is cuspidal. As such, when F is a finite field, we can
replace the word "supercuspidal" with "cuspidal" in the statements of Theorem 2.3.14
and Remark 2.3.15.

Note that cuspidal representations are finite-dimensional, as algebraic groups
over finite fields are finite groups and irreducible representations of finite groups
are finite-dimensional. We also point out that to determine if a representation is
(super)cuspidal, it suffices to look at the proper standard parabolic subgroups.

Example 2.3.18. If G “ T is a torus, then it does not have any roots, and therefore
does not have any proper parabolic subgroups. Therefore, when F is a p-adic field,
all representations of T are supercuspidal, and when F is a finite field, all irreducible
representations of T are cuspidal.

In general, it can be difficult to determine whether a representation is
supercuspidal, and even more difficult to construct such representations. The strategy
for constructing supercuspidal representations relies on Mautner’s Theorem, which we
state below. All existing constructions for supercuspidal representations are simply
applications of this theorem.

Theorem 2.3.19 (Mautner’s Theorem [Mau64]). Let pπ, V q be a smooth
representation of K Ă G. Assume that K is open and compact modulo the center
of G. If c-IndGK π is irreducible, then it is supercuspidal (and admissible).

When we know that a representation is (super)cuspidal, we can obtain
information about its irreducible subrepresentations.
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Proposition 2.3.20. Let G be a reductive group defined over a field F which is either
finite or p-adic, G “ GpF q, pπ, V q a completely reducible representation of G. Let
P “ M ˙ N be a parabolic subgroup of G and U be a subrepresentation of V . If
VN “ t0u, then UN “ t0u.

Proof: Assume that VN “ t0u. By the complete reducibility of π, we can
write V “ U ‘ U 1, where U 1 is a complement of U . Letting πU and πU 1 denote the
corresponding subrepresentations, we can then write π “ πU ‘ πU 1 . We show that

U “ UpNq “ spantπUpnqu´ u : n P N, u P Uu.

By hypothesis, we have that V “ V pNq “ spantπpnqv ´ v : n P N, v P V u. Let
u P U . In particular, u P V , so u “

ř

j ajpπpnjqvj´vjq for some nj P N, vj P V . Since
vj P V , it has a unique decomposition vj “ uj ` u

1
j, where uj P U, u1j P U 1. Then

u “
ÿ

j

ajpπpnjqvj ´ vjq

“
ÿ

j

ajpπpnjqpuj ` u
1
jq ´ puj ` u

1
jqq

“
ÿ

j

ajpπUpnjqpujq ` πU 1pnjqu
1
j ´ uj ´ u

1
jq

“
ÿ

j

ajpπUpnjquj ´ ujq `
ÿ

j

ajpπU 1pnjqu
1
j ´ u

1
jq,

where
ř

j ajpπUpnjquj ´ ujq P U and
ř

j ajpπU 1pnjqu
1
j ´ u

1
jq P U

1.
By uniqueness of the expression of u, it follows that
u “

ř

j ajpπUpnjquj ´ ujq P spantπUpnqu´ u : n P N, u P Uu. Hence, we conclude
that U “ UpNq, and therefore UN “ t0u.

Remark 2.3.21. The previous proposition implies that such a representation π
decomposes as a sum of cuspidal representations when F is a finite field. When
F is a p-adic field, it means that a completely reducible supercuspidal representation
decomposes as a direct sum of irreducible supercuspidal representations.

Proposition 2.3.22. Let G be a reductive group defined over a p-adic (finite) field F ,
H be a closed connected F -subgroup of G containing Gder, G “ GpF q and H “ HpF q.
Let pπ, V q be a supercuspidal (cuspidal) representation of G. Then ResGH π is a
supercuspidal representation (decomposes as a sum of cuspidal representations) of
H.

Proof: Let P “ M ˙ N be an F -parabolic subgroup of H,
P “ PpF q,M “MpF q, N “ NpF q. We note that P “ M ˙N . Assume without loss
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of generality that P is a proper standard parabolic subgroup. It follows that N is
completely generated by root subgroups. Since root subgroups of H are also root
subgroups of G (Corollary 2.1.28), N is equal to the unipotent part of a standard
parabolic subgroup of G. Given a supercuspidal (cuspidal) representation π of G, we
have that V “ V pNq, and therefore π is also supercuspidal (decomposes as a direct
sum of cuspidal representations) as a representation of H.

Proposition 2.3.23. Let G be a reductive group defined over a finite field F , H be
a closed connected F -subgroup of G containing Gder, G “ GpF q and H “ HpF q. Let
πH be a cuspidal representation of H and πG be an irreducible subrepresentation of
c-IndGH πH . Then πG is a cuspidal representation of G.

Proof: We first note that πG contains πH upon restriction to H. Indeed,
πG Ă c-IndGH πH implies that HomGpπG, c-IndGH πHq ‰ t0u, which in turn implies
HompResGH πG, πHq ‰ t0u by Frobenius Reciprocity (Remark 2.3.10). It follows that
πH is a quotient ResGH πG. But, Theorem 1 tells us that ResGH πG is completely
reducible so we conclude that πH Ă ResGH πG.

Now, we proceed by contradiction and assume that πG is not cuspidal.
Jacquet’s Subrepresentation Theorem (Theorem 2.3.14) implies that there exists
a proper parabolic subgroup P of G, and a cuspidal representation σ such that
πG Ă c-IndGP σ. It follows that πH is an irreducible subrepresentation of ResGH c-IndGP σ
and HomHpπH ,ResGH c-IndGP σq ‰ t0u. Applying the Mackey formula to this
restriction, we obtain

ResGH c-IndGP σ “ ‘
cPC

c-IndHHXcP Res
cP
HXcP

cσ,

where C is the set of representatives of HzG{P . For all c P C, we have that
H X cP is a proper parabolic subgroup of H by Proposition 2.1.30. Furthermore
Res

cP
HXcP

cσ decomposes as a sum of cuspidal representations by Proposition 2.3.22
and Remark 2.3.21. Say this decomposition is given by σ|PXH “ ‘

jPJ
σj, where J is

some index set. It follows that

ResGH c-IndGP σ “ ‘
cPC
jPJ

c-IndHHXcP
cσj.

On the other hand, because πH is cuspidal, we have that
HomHpπH , c-IndHHXcP

cσjq “ t0u for all c P C, j P J , (Remark 2.3.15), and
therefore HomHpπH , ‘

cPC
jPJ

c-IndHHXcP
cσjq “ t0u. But this contradicts with the fact that

HomHpπH ,ResGH c-IndGP σq ‰ t0u above. Hence, πG is a cuspidal representation.
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2.3.3 Depth of a Representation

Using Bruhat-Tits theory, Moy and Prasad defined the notion of depth for the
irreducible admissible representations of G as follows.

Theorem 2.3.24 ([MP94, Theorem 5.2]). If pπ, V q is an irreducible admissible
representation of G, then there exists a nonnegative rational number r with the
property that r is the minimal number such that there exists x P BpG, F q satisfying
V Gx,r` ‰ t0u. This minimal number r is called the depth of π.

Remark 2.3.25. In particular, the notion of depth can be applied to irreducible
supercuspidal representations and to characters of G (Remark 2.3.4), dividing these
classes of representations into those of depth zero and those of positive depth.

One can easily interpret the notion of depth when the representation at hand
is a character. Indeed, in the case where π is a character, C has only t0u and C as
subspaces. Then by definition, r is the smallest nonnegative rational number such
that CGx,r` ‰ t0u for some x P BpG, F q. Therefore, r is the smallest nonnegative
rational number such that CGx,r` “ V for some x P BpG, F q, that is π|Gx,r` “ 1. This
is equivalent to π|Gx,r` “ 1 for all x P BpG, F q [HM08, Definition 2.46]. Hence, for a
nontrivial character π, the depth is the number r such that π|Gx,r ‰ 1 and π|Gx,r` “ 1

for all x P BpG, F q. By definition, the trivial character has depth zero.

2.3.4 Construction of Supercuspidal Representations

The concept of depth divides the irreducible supercuspidal representations into two
categories, those of depth zero and those of positive depth. As mentioned previously,
all known constructions of supercuspidal representations are applications of Mautner’s
Theorem.

Moy and Prasad described how to construct depth-zero supercuspidal
representations in [MP96]. The Moy-Prasad Construction is as follows: one starts
with a maximal parahoric subgroup Gx,0. The reductive quotient Gx,0:0` corresponds
to the f-points of a reductive group which we denoted by Gx in Section 2.2.2.2. Given
a cuspidal representation σ of this quotient, one can pull it back to Gx,0. One then
considers the group NGpGx,0q, which is open and compact modulo the center of G, and
εGpσq, the set of irreducible representations of NGpGx,0q which contain σ on restriction
to Gx,0. Then, given ρ P εGpσq, the representation c-IndGNGpGx,0q ρ is irreducible and
supercuspidal of depth zero [MP96, Proposition 6.6]. Furthermore this construction
is exhaustive, as per the following theorem.

Theorem 2.3.26 ([MP96, Proposition 6.8]). Every irreducible depth-zero
supercuspidal representation of G has the form c-IndGNGpGx,0q ρ for some maximal
parahoric subgroup Gx,0 of G, cuspidal representation σ of Gx,0:0` pulled back to Gx,0,
and ρ P εGpσq.
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Note that the Moy-Prasad Construction is not explicit, as it does not describe
how to construct the representation ρ. However, we have the following relationship
between ρ and σ.

Lemma 2.3.27. Let σ be a cuspidal representation of Gx,0:0` and ρ P εGpσq. Then

ρ|Gx,0 “ ‘
cPC1

cσ,

where C 1 is a subset of a set of coset representatives of NGpGx,0q{Gx,0.

Proof: By definition of εGpσq, we have that σ Ă ρ|Gx,0 . Furthermore, Gx,0 is
normal in NGpGx,0q and σ is a finite-dimensional representation. The result thus
follows from Corollary 2.3.13.

The construction for positive-depth supercuspidal representations is more
tedious, and will be discussed in detail later in this work (Section 4.1). The J.K. Yu
Construction for positive-depth supercuspidal representations has the Moy-Prasad
Construction for depth-zero supercuspidal representations as a special case. So, in a
sense, it is a generalization that provides an algorithm for constructing any irreducible
supercuspidal representation of G when G splits over a tamely ramified extension E
of F and the characteristic p of f is large enough.

Very briefly, constructing a supercuspidal representation of positive depth of G
is like assembling a piece of IKEA furniture. The J.K. Yu Construction starts with a
(generic cuspidal) G-datum, which is like the assembly pieces. The various steps of
the J.K. Yu Construction then describe how to combine these pieces together like an
instruction manual.

Under certain hypotheses, the J.K. Yu Construction is exhaustive. The first
exhaustion result came from Kim in 2007 [Kim07], and holds if F is of characteristic
zero and p is very large. In 2018, Fintzen was able to generalize the exhaustion result
to non-archimedean local fields of arbitrary characteristic, with a much less restrictive
condition on p.

Theorem 2.3.28 ([Fin18, Theorem 8.1]). Assume that G splits over a tame extension
of F and p - |W |, where W denotes the Weyl group of G. Every smooth irreducible
supercuspidal representation of G arises from the J.K. Yu Construction.

Remark 2.3.29. For all irreducible root systems, one can calculate directly |W | as
illustrated in Table 2.1. The condition that p - |W | implies that p is neither a bad
nor torsion prime [Fin18, Lemma 2.2], two notions that appear in various parts of
the literature. It also implies that p does not divide the order of the fundamental
group of Gder [Kal19, Section 3.7.4]. As such, when p - |W |, we are assured that the
structure theory of the group behaves nicely.
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We will be assuming that p - |W | in this work. Not only does this hypothesis
ensure the exhaustion of irreducible supercuspidal representations via the J.K. Yu
Construction, it also simplifies some aspects of the construction (to be discussed in
Section 7.1).

Type |W |
Anpn ě 1q pn` 1q!
Bnpn ě 3q 2nn!
Cnpn ě 2q 2nn!
Dnpn ě 3q 2n´1n!

E6 27345
E7 210345 ¨ 7
E8 21435527
F4 2732

G2 223

Table 2.1: Part of [Fin18, Table 1] describing the order of the Weyl groups
for irreducible root systems.



Chapter 3

Data for Supercuspidal
Representations

Let G be a reductive group defined over a p-adic field F , G “ GpF q, and let H be a
closed connected F -subgroup of G that contains Gder. We assume that G splits over
a tamely ramified extension E of F and that p does not divide the order of the Weyl
group of G.

Given an irreducible supercuspidal representation π, it is obtained from the
J.K. Yu construction, and therefore was constructed from some G-datum Ψ. When
studying the restriction of π to H, the result decomposes into a finite direct sum of
irreducible supercuspidal representations of H (Theorem 1, Proposition 2.3.22 and
Remark 2.3.21), say π|H “ ‘

1ďiďm
πi for some m ą 0. Each of the components is

constructed from some H-datum under the hypothesis on p, as G and H have the
same Weyl groups (Remark 2.1.25). We illustrate this in Figure 3.1. Based on this

π|H “ π1 ‘ π2 ‘ ¨ ¨ ¨ ‘ πm

Ψ Ψ1 Ψ2 ¨ ¨ ¨ Ψm

Figure 3.1: Illustration of the H-data that appear in the restriction π|H . Ψi

denotes the H-datum required for the construction of πi, 1 ď i ď m.

diagram, some natural questions arise with respect to the relationship between the
G-datum Ψ and the H-data Ψi, 1 ď i ď m.

In this chapter, we start by describing what a G-datum is in Section 3.1 as
per [Yu01, HM08]. We then proceed to discussing equivalence classes of G-data in
Section 3.2, that is families of different data that produce the same supercuspidal
representation [HM08]. When we think of our analogy of a supercuspidal

54
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representation being a piece of IKEA furniture, it makes sense for it to be possible
to obtain a supercuspidal representation from different G-data, the same way that a
piece of furniture could be constructed with different types of building materials.

We explain how one can construct data for H starting from a G-datum through a
natural restriction process in Section 3.3, and discuss the equivalence classes of these
H-data in relation to the equivalence class of the initial G-datum in Section 3.4. One
can also consider the converse problem, one of retrieving G-data from an H-datum,
which will be done in Section 3.5. Finally, we discuss the equivalence classes of these
G-data in relation to the equivalence class of the H-datum in Section 3.6.

3.1 Definition of G-datum
The datum for constructing supercuspidal representations is composed of five
elements, each satisfying interrelated conditions [Yu01,HM08]. We begin by stating
these conditions as axioms and will provide definitions and expand on some of the
more technical axioms thereafter.

Definition 3.1.1. A sequence Ψ “ p~G, y, ~r, ρ, ~φq is a (generic cuspidal) G-datum if
and only if:

D1) ~G is a tamely ramified twisted Levi sequence ~G “ pG0,G1, . . . ,Gdq in G, where
Gd “ G and such that ZpG0q{ZpGq is F -anisotropic;

D2) y is a point in BpG, F q X ApG,T, Eq, where T is a maximal torus of G0 (and
maximal in all Gi), and E is a Galois tamely ramified splitting field of T (hence
of ~G);

D3) ~r “ pr0, r1, . . . , rdq is a sequence of real numbers satisfying
0 ă r0 ă r1 ă ¨ ¨ ¨ ă rd´1 ď rd if d ą 0, 0 ď r0 if d “ 0;

D4) ρ is an irreducible representation of K0 “ G0
rys such that ρ|G0

y,0`
is 1-isotypic

and c-IndG
0

K0 ρ is irreducible supercuspidal;

D5) ~φ “ pφ0, φ1, . . . , φdq is a sequence of quasicharacters, where φi is a Gi`1-generic
character of Gi (relative to y) of depth ri for 0 ď i ď d ´ 1. If rd´1 ă rd, we
assume φd is of depth rd, otherwise φd “ 1.

From theG-datum Ψ, one can use the J.K. Yu construction to produce a sequence
of representations ~π “ pπ0, . . . , πdq, where πi is a supercuspidal representation of Gi

of depth ri. To be consistent with this superscript notation, we let π´1 ..“ c-IndG
0

K0 ρ.
Our main interest will lie with πd, the supercuspidal representation of G of depth
rd, which we will denote by πGpΨq hereafter. The details behind the construction of
πGpΨq will be outlined in Section 4.1. Axioms D1, D4 and D5 are the more technical
of the five, so we expand on their definitions and some of their properties below.



3. DATA FOR SUPERCUSPIDAL REPRESENTATIONS 56

Axiom D1 Saying that ~G “ pG0,G1, . . . ,Gdq is a tamely ramified twisted Levi
sequence means that Gi Ă Gi`1, 0 ď i ď d ´ 1, and Gi is a tamely ramified twisted
Levi subgroup for all 0 ď i ď d. As per [HM08, Definition 2.40], the adjectives
tamely ramified refer to the extension F Ă E, whereas twisted means Gi is an E-Levi
F -subgroup of G. That is, GipEq can be described in terms of generators as per
Definition 2.1.10 for Levi subgroups, whereas GipF q is defined but might not be
described as nicely.

The following lemma ensures the quotient ZpG0q{ZpGq is well-defined.

Lemma 3.1.2. For all 0 ď i ă j ď d, we have ZpGjq Ă ZpGiq.

Proof: We have that ZpGjq Ă T Ă Gi (Proposition 2.1.6). Furthermore, Gi Ă Gj,
so ZpGjq centralizes Gi. Thus, ZpGjq Ă ZpGiq.

The condition that ZpG0q{ZpGq is F -anisotropic implies that

X˚pZpGi
q, F q b R “ X˚pZpGq, F q b R

for 0 ď i ď d, which properly defines the embeddings BpGi, F q ãÑ BpG, F q [Yu01,
Remark 3.4].

Axiom D4 Here, rys denotes the projection of y in the reduced building
of G, which is a vertex in the reduced building of G0, and as such G0

y,0 is
a maximal parahoric subgroup of G0 [Yu01, Remark 3.7]. In other words,
rys “ tpy, vq : v P X˚pZpGq, F q b Ru, as introduced in Section 2.2.2.3. Define
K0 “ G0

rys to be the set of elements in G0 that fix rys. We have that K0 “ NG0pG0
y,0q

[Yu01, Lemma 3.3], and so this axiom describes precisely the construction of a
depth-zero supercuspidal representation as per Theorem 2.3.26. That is, ρ P εG0pσq for
some cuspidal σ of G0

y,0:0` . The following two propositions enumerate other properties
related to this axiom that will be useful later in this work.

Proposition 3.1.3. Let Z0 denote the center of G0. The index rK0 : Z0G0
y,0s is

finite.

Proof: The subgroup K0 is compact modulo the center of G0, which means
K0{Z0 is compact. Let p : K0 Ñ K0{Z0 be the projection map. By definition
of the quotient topology, G0

y,0 is open in K0 if and only if ppG0
y,0q “ Z0G0

y,0{Z
0

is open in K0{Z0. Hence Z0G0
y,0{Z

0 is open and
Ť

kPK0{Z0

k
`

Z0G0
y,0{Z

0
˘

is an

open covering of K0{Z0. Since K0{Z0 is compact, there exists a finite subcover,
thus

“

K0{Z0 : Z0G0
y,0{Z

0
‰

is finite. We conclude that rK0 : Z0G0
y,0s is finite as

pK0{Z0q
M

`

Z0G0
y,0{Z

0
˘

» K0{Z0G0
y,0.
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Remark 3.1.4. Note that the proof of the previous proposition remains the same if
we replace G0

y,0 by any open subgroup of K0, meaning that rK0 : Z0K̃s is finite for
all open subgroups K̃ Ă K0.

Proposition 3.1.5. The representation ρ of K0 is finite-dimensional.

Proof: Let σ be a cuspidal of G0
y,0:0` for which the pullback to G0

y,0 is
contained in ρ|G0

y,0
. We know that irreducible representations of compact groups

are finite-dimensional. Therefore, σ is a finite-dimensional representation of G0
y,0. We

can extend σ to a representation σ1 of Z0G0
y,0 as follows. For all z P Z0, g P G0

y,0,
σ1pzgq ..“ ρpzqσpgq. This is well-defined because ρ|Z0XG0

y,0
“ ‘

cPC1
σ|Z0XG0

y,0
, where

C 1 is a subset of a set of coset representatives of K0{G0
y,0 (Lemma 2.3.27). This

representation σ1 acts on the same vector space as σ because Z0 acts by scalar
multiplication via ρ (Lemma A.1.4).

Since ρ P εG0pσq, we have that HomG0
y,0
pσ,ResK

0

G0
y,0
ρq ‰ t0u. It

follows that HomZ0G0
y,0
pσ1,ResK

0

Z0G0
y,0
ρq ‰ t0u, which is equivalent to

HomK0pc-IndK
0

Z0G0
y,0
σ1, ρq ‰ t0u by Frobenius Reciprocity. Since rK0 : Z0G0

y,0s

is finite (Proposition 3.1.3), and σ1 is a finite-dimensional representation, it follows
from Proposition A.1.8 that c-IndK

0

Z0G0
y,0
σ1 is also a finite-dimensional representation,

along with all its subrepresentations and quotients. We then conclude that ρ is a
finite-dimensional representation.

Axiom D5 We must build up to the notion of genericity for the quasicharacters.
We follow the notation from [HM08, Section 3.1]. Let tt “ LiepTq and t “ ttpF q. For
all 0 ď i ď d ´ 1 let zzi denote the center of ggi “ LiepGiq, and zzi,˚ its dual. We set
zi “ zzipF q and zi,˚ “ zzi,˚pF q. We also have ziri “ ziX tri and zi

r`i
“ ziX tr`i and define

zi,˚´ri “ tX
˚
P zi,˚ : X˚

pY q P pF for all Y P zi
r`i
u.

Given an element from zi,˚, one can view it as an element of gi,˚ by extending it
trivially on gi

1, where gi
1
“ rgigi,gigispF q. This follows from the fact that gi “ zi ‘ gi

1

[AR00, Proposition 3.1]. We can also extend the scalars of our Lie algebras to E,
meaning that elements of zi,˚ can evaluate on gigipEq.

Definition 3.1.6. Let X˚ P zi,˚´ri. For all a P ΦpG,Tq, let Ha “ dqap1q.
If valpX˚pHaqq “ ´ri for all a P ΦpGi`1,TqzΦpGi,Tq, then X˚ is said to be a
Gi`1-generic element of depth ´ri.
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Remark 3.1.7. The valuation condition stated in the previous definition is what Yu
calls condition GE1) in [Yu01]. In [Yu01,HM08], a second condition must be satisfied
in order for an element to be generic, referred to as GE2). However, given our
underlying hypothesis on p, condition GE1) implies condition GE2) [Yu01, Lemma
8.1], which allows us to simplify Yu’s original definition of genericity.

Lemma 3.1.8. For all a P Φ “ ΦpG,Tq, we have Ha P ttpEq0.

Proof: Because G is split over E, we have that

TpEq0 “ tt P TpEq : valpχptqq “ 0 for all χ P X˚
pTqu,

as mentioned in Section 2.2.2.2. Given a P Φ, qap1q P TpEq and χpqap1qq “ 1 as
χ and qa are homomorphisms. It follows that qap1q P TpEq0, and thereforeHa P ttpEq0.

Given a quasicharacter χi of Gi of depth ri, it is trivial on Gi
y,r`i

and can thus
factor through to a character of Gi

y,ri:r
`
i

. The notion of genericity allows to express
χi as a character of Gi

y,ri:r
`
i

in terms of a Gi`1-generic element, as per the following
definition.

Definition 3.1.9 ([HM08, Definition 3.9]). Fix a character ψ of F which is nontrivial
on OF and trivial on pF . A quasicharacter χi of Gi is said to be Gi`1-generic (relative
to y) of depth ri if χi is trivial on Gi

y,r`i
and nontrivial on Gi

y,ri
, and there exists a

Gi`1-generic element X˚ P zi,˚´ri of depth ´ri such that χipepY ` gi
y,r`i
qq “ ψpX˚pY qq

for all Y P giy,ri. The map e is the isomorphism between gi
y,ri:r

`
i

and Gi
y,ri:r

`
i

described
in Appendix A.2. We say that X˚ realizes the restriction of χi to Gi

y,ri
.

Remark 3.1.10. Under our assumption on p, the character χi of Gi is Gi`1-generic
relative to y if and only if it is Gi`1-generic relative to x for all x P BpGi, F q [Mur11,
Lemma 4.7].

Remark 3.1.11. The notion of genericity is very technical. One interpretation we
can give comes from [Mur11, Remark 6.4] and is the following. If χi is a quasicharacter
of Gi which is Gi`1-generic of depth ri, this means that χi|Giy,ri is not the restriction
to Gi

y,ri
of a quasicharacter of a twisted Levi subgroup 9G of Gi`1 such that Gi Ă 9G.

So in a sense, genericity means that we cannot obtain the restriction to Gi
y,ri

from a
bigger twisted Levi subgroup.

Let us show that one actually does not need the statement that χi is nontrivial
on Gi

y,ri
in the above definition, as it follows from the two other properties listed.
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Proposition 3.1.12. Let χi be a quasicharacter of Gi such that χi|Gi
y,r`
i

“ 1. If there

exists a Gi`1-generic element X˚ P zi,˚´ri of depth ´ri that realizes the restriction of
χi to Gi

y,ri
, then χi is nontrivial on Gi

y,ri
, that is, χi is Gi`1-generic (relative to y) of

depth ri.

Proof: By hypothesis, we have that χipepY ` gi
y,r`i
qq “ ψpX˚pY qq for all Y P giy,ri .

Showing that χi|Giy,ri is nontrivial is equivalent to showing that there exists Y P giy,ri
such that X˚pY q R kerψ.

Let’s proceed by contradiction and assume that X˚pY q P kerψ for all Y P giy,ri .
We claim that this implies X˚pY q P pF for all Y P giy,ri . Indeed, assume there
exists Z P giy,ri such that b “ X˚pZq P kerψz pF , and choose b1 P OˆF such that
b1 R kerψ. Such a b1 exists by definition of ψ. We have that b´1b1 P OF since b has
valuation less than or equal to zero. Since giy,ri is an OF -submodule, we have that
b´1b1Z P giy,ri . But X˚pb´1b1Zq “ b´1b1X˚pZq “ b1 R kerψ, which is a contradiction.
Hence, under the assumption that X˚pY q P kerψ for all Y P giy,ri , we must also have
X˚pY q P pF for all Y P giy,ri . In particular, X˚pY q P pF for all Y P tri , which implies
X˚pY q P pE for all Y P ttpEqri by extending the scalars to OE. Letting eE{F denote
the ramification index of E{F , we have that $eE{F ri

E Ha P ttpEqri , as Ha P ttpEq0
(Lemma 3.1.8). It follows that X˚p$

eE{F ri
E Haq P pE for all a P ΦpGi`1,TqzΦpGi,Tq,

which implies that valp$
eE{F ri
E X˚pHaqq ą 0. This is a contradiction with genericity,

as GE1) ensures valpX˚pHaqq “ ´ri for all a P ΦpGi`1,TqzΦpGi,Tq.

Remark 3.1.13. The initial statement of Axiom D5 provided in [Yu01] does not state
genericity of the quasicharacters. However, it was shown that the genericity condition
is in fact required to guarantee that the construction results in a supercuspidal
representation [Yu01, Theorem 15.1]. The definition we have provided for the
G-datum is what the authors in [HM08] refer to as a generic cuspidal G-datum.

Remark 3.1.14. The notion of genericity means that the quasicharacter in question
is realized by a very particular central element. In general though, given a
quasicharacter φ of G of depth r ą 0 and a point y P BpG, F q, we have that φ|Gy,pr{2q`
is realized by an element of z˚´r given our underlying hypothesis on p [Kal19, Lemma
3.5.2]. This is what Hakim and Murnaghan referred to as hypothesis CpGq in [HM08].

We end the discussion on genericity with the following lemma, which shows that
one has control over the depth of a product of characters when one of the characters
is generic.

Lemma 3.1.15. Let G1 be a twisted Levi subgroup of G, φ1 be a G-generic
quasicharacter of G1 (relative to y) of depth r1 and φ be a quasicharacter of G of
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depth r ď r1. Then φ1φ is a G-generic quasicharacter of G1 (relative to y) of depth
r1. (By φ1φ, it is implied that we mean φ1pφ|G1q.)

Proof: Let us consider two cases, r ă r1 and r “ r1. If r ă r1, then φ|G1
y,r1
“ 1,

and therefore φ1φ|G1
y,r1
“ φ1|G1

y,r1
. The conclusion thus follows by genericity of φ1.

Now let us assume r “ r1. We first note that pφ1φq|G1
y,r1`

“ 1, so to show
genericity, we must show that φ1φ|G1

y,r1
is realized by a G-generic element of depth ´r1

as per Proposition 3.1.12. Murnaghan showed in [Mur11, Lemma 4.9] that φ|G1 and
φ must be of the same depth r1. Then, from Remark 3.1.14, we have that φ|G1

y,pr1{2q`

is realized by an element of z
1,˚
´r1 . In particular, since G1y,r1 Ă G1y,pr1{2q` , it follows

that φ|G1
y,r1

is realized by an element of z
1,˚
´r1 , say Z

˚. If we let X˚ be the G-generic

element in z
1,˚
´r1 of depth ´r

1 that realizes φ1|G1
y,r1

, then X˚`Z˚ is a G-generic element
of depth ´r1 [HM08, Lemma 4.21]. Indeed, this is because Ha “ dqαp1q lies in the
lie algebra of Gder (Section 2.2.1.1), and elements of z˚ are trivial there. Therefore
valppX˚ ` Z˚qpHaqq “ valpX˚pHaqq “ ´r

1 for all a P ΦzΦ1 . Furthermore, one can
easily see that X˚ ` Z˚ realizes φ1φ|G1

y,r1
. Indeed, for all Y P g1y,r1 , we have

φ1φpepY ` g1y,r1`qq “ φ1pepY ` g1y,r1`qqφpepY ` g1y,r1`qq,

where e denotes the isomorphism between g1y,r1:r1` and G1y,r1:r1` described in
Appendix A.2. Since φ1|G1

y,r1
is realized by X˚ and φ|G1

y,r1
is realized by Z˚, we

conclude that

φ1φpepY ` g1y,r1`qq “ ψpX˚
pY qqψpZ˚pY qq “ ψppX˚

` Z˚qpY qq.

Hence, φ1φ is a G-generic character of G1 of depth r1.

Remark 3.1.16. In general, when multiplying two characters of the same depth,
there is a possibility that the product results in a character of smaller depth. For
example, if we multiply a character of positive depth φ with the character φ1 defined
by φ1pgq “ φpg´1q, then we obtain the trivial character, which is of depth zero.

Tuples of Data While the G-datum is a 5-tuple, not all elements need to be
explicitly mentioned. For example, ~r refers to the depths of the quasicharacters in
the sequence ~φ, so we can omit it and have it be implied in the 4-tuple p~G, y, ρ, ~φq.
The datum can even be further reduced to a triple. Indeed, [Yu01, Theorem 15.7]
states that the equivalence class of the representation constructed from the G-datum
only depends on the triple p~G, π´1, ~φq, where π´1 “ c-IndG

0

K0 ρ. This triple is referred
to as a reduced datum in [HM08]. Conversely, given a depth-zero supercuspidal
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representation π´1, one can associate to it a vertex y and a representation ρ via the
Moy-Prasad construction from Theorem 2.3.26, recovering a 5-tuple from a reduced
datum.

Remark 3.1.17. When ~G “ G and ~φ “ 1, then the corresponding G-datum is
simply Ψ “ pG, y, ρ, 1q, while the reduced datum is the irreducible supercuspidal
representation of depth zero π´1 “ c-IndGGrys ρ. In this case, we have that
πGpΨq “ π´1. This will be made apparent once we review the J.K. Yu construction in
Section 4.1. This means that the Moy-Prasad construction for irreducible depth-zero
supercuspidal representations is a special case of the J.K. Yu construction.

One can restrict axioms D1-D5 further to produce specific types of G-data.
For example, one can consider what is called a normalized G-datum, introduced
by Kaletha, which is defined below.

Definition 3.1.18 ([Kal19, Definition 3.7.1]). Let ~G “ pG0, . . . ,Gdq be a twisted
Levi sequence of G. For all 0 ď i ď d, let Gi

sc denote the simply connected (or
universal) cover [Ste68, p.88] of rGi,Gis and set Gi

sc “ Gi
scpF q. Let Ψ “ p~G, y, ~r, ρ, ~φq

be a G-datum, where ~φ “ pφ0, . . . , φdq. The datum Ψ is said to be normalized if the
pullback of φi to Gi

sc is trivial for all 0 ď i ď d.

We will see in the next section that any arbitrary G-datum is somehow related
to a normalized G-datum (Lemma 3.2.2).

3.2 Equivalence Classes of G-data

Let Ψ and 9Ψ be two G-data. Even when these two data are different, it is possible
for Ψ and 9Ψ to generate the same supercuspidal representation, that is Ψ ‰ 9Ψ and
πGpΨq » πGp 9Ψq. In [HM08], Hakim and Murnaghan showed that the equivalence class
of the representation πGpΨq depends on what they called the G-equivalence class of
Ψ.

To define the notion of G-equivalence for data, Hakim and Murnaghan introduce
three ways of altering a G-datum Ψ “ p~G, y, ρ, ~φq into a different G-datum 9Ψ.
The first alteration is called G-conjugation, in which 9Ψ “ gΨ “ pg~G, g ¨ y, gρ, g~φq.
The datum 9Ψ “ gΨ is such that πGpΨq » πGp 9Ψq [HM08, Section 5.1.1]. The
second alteration is called an elementary transformation [HM08, Definition 5.2], in
which 9Ψ “ p~G, 9y, 9ρ, ~φq, where r 9ys “ rys and 9ρ » ρ. Again, in this case, we have
πGpΨq » πGp 9Ψq because the corresponding reduced data for Ψ and 9Ψ are the same.
The third alteration is what Hakim and Murnaghan call a refactorization. This notion
is a bit more technical and is defined as follows.
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Definition 3.2.1 ([HM08, Definition 4.19]). Let Ψ “ p~G, y, ρ, ~φq and 9Ψ “ p~G, 9y, 9ρ,
~9φq.

For all 0 ď i ď d, we define a quasicharacter χi of Gi as follows. For all g P Gi,

χipgq “
d
ź

j“i

φjpgq 9φjpgq´1.

If p 9ρ,
~9φq satisfies the conditions

F0) if φd “ 1 then 9φd “ 1,

F1) 9φi|Gi
y,r`
i´1

“ φiχi`1|Gi
y,r`
i´1

for all i where r´1 “ 0 and χd`1 “ 1 (in other words

χi|Gi
y,r`
i´1

“ 1),

F2) 9ρ “ ρb pχ0|K0q,

then we say that 9Ψ is a refactorization of Ψ.

Now, two G-data Ψ and 9Ψ are said to be G-equivalent if 9Ψ can be obtained
from Ψ by a finite sequence of refactorizations, G-conjugations and elementary
transformations [HM08, Definition 6.1]. The normalized data that we described in
Definition 3.1.18 are actually representatives of the G-equivalence classes of data, as
per the following lemma.

Lemma 3.2.2 ([Kal19, Lemma 3.7.2]). Every G-datum is G-equivalent to a
normalized G-datum when p does not divide the order of the Weyl group of G.

Remark 3.2.3. In Kaletha’s original statement of the lemma, the hypothesis
required is that p does not divide the order of the fundamental group ofGder. However,
as we have pointed out in Remark 2.3.29, this hypothesis is satisfied when p - |W |,
where W is the absolute Weyl group of G.

The concept of G-equivalence defined by Hakim and Murnaghan is precisely
what establishes the equivalence class of an irreducible supercuspidal representation
obtained via the J.K. Yu construction, as per the following theorem.

Theorem 3.2.4 ([HM08, Theorems 6.6, 6.7]). Suppose Ψ “ p~G, y, ρ, ~φq and

9Ψ “ p
~9G, 9y, 9ρ,

~9φq are G-data. Set φ “
d
ś

i“0

φi|G0, 9φ “
d
ś

i“0

9φi| 9G0. Then the following

are equivalent:

1) πGpΨq » πGp 9Ψq.

2) Ψ and 9Ψ are G-equivalent.
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3) There exists g P G such that K0 “ g 9K0, ~G “ g~9G and ρb φ » gp 9ρb 9φq.

Remark 3.2.5. The equality K0 “ 9K0 implies that rys “ r 9ys. The explanation in
[HM08, Proof of Theorem 6.7] is as follows. We have that rys and r 9ys are vertices of
the reduced building of G0. If rys ‰ r 9ys, one can find an element of G0 that fixes rys,
but that does not fix r 9ys, which would imply K0 ‰ 9K0, as these are the subgroups
that fix rys and r 9ys, respectively.

Remark 3.2.6. In the original statements of [HM08, Theorems 6.6, 6.7] which we
have partly recalled above, Hakim and Murnaghan have an additional hypothesis,
denoted Cp~Gq. Kaletha showed that this hypothesis is not necessary [Kal19, Corollary
3.5.5], which is why we have omitted it in our statement.

Corollary 3.2.7. Suppose that Ψ “ pG, y, ρ, 1q and 9Ψ “ pG, 9y, 9ρ, 1q are G-data for
depth-zero supercuspidal representations. Assume that πGpΨq » πGp 9Ψq. Then there
exists g P G such that Gy,0 “

gG 9y,0 and ρ » g 9ρ.

Proof: By Theorem 3.2.4, there exists g P G such that Grys “ gGr 9ys and ρ » gρ.
Remark 3.2.5 implies that rys “ g ¨ r 9ys, and therefore Gy,0 “ Gg¨ 9y,0 “

gG 9y,0 by Lemma
2.2.19.

The previous corollary was actually first due to Moy and Prasad [MP96, Theorem
6.11]. Again, we come to a realization that the J.K. Yu construction has as a
special case the Moy-Prasad construction for irreducible depth-zero supercuspidal
representations.

3.3 Constructing H-data from a G-datum

Let Ψ “ p~G, y, ~r, ρ, ~φq be a G-datum. In this section, we will discuss how one can
construct data for H from the G-datum Ψ.

Since H is a subgroup of G, the most natural thing to do is to restrict all
the elements of the datum Ψ to the smaller subgroup H. However there is a
small subtlety that we must account for with the quasicharacter sequence. Indeed,
when restricting quasicharacters, depths can potentially be reduced unpredictably,
whereas the definition of datum requires that the depths in the sequence are strictly
increasing, with the exception of the last quasicharacter, which is allowed to be trivial
(Axiom D5). For the generic quasicharacters φ0, . . . , φd´1, we expect the depths to be
preserved upon restriction since the genericity condition relies on coroots (Definition
3.1.9), and G and H have the same root system (Lemma 2.1.26). As for the last
character, we cannot simply restrict φd to H if the depth of this restriction is less
than or equal to rd´1. Instead, in this case, we fold in the character φd|H earlier
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in the sequence. The main result of this section is the construction of H-data from
the G-datum Ψ via this natural restriction process, which is stated by the following
theorem and illustrated in Figure 3.2.

Theorem 3.3.1. Let Ψ “ p~G, y, ~r, ρ, ~φq be a G-datum. Let Hi “ Gi X H and
φiH “ φi|Hi, 0 ď i ď d. Let r̃ denote the depth of φdH .

1) If r̃ ą rd´1, set ~φH “ pφ
0
H , . . . , φ

d´1
H , φdHq and ~̃r “ pr0, . . . , rd´1, r̃q.

2) If r̃ ď rd´1, set ~φH “ pφ
0
H , ¨ ¨ ¨ , φ

d´1
H φdH , 1q and ~̃r “ pr0, . . . , rd´1, rd´1q.

Then, for each irreducible subrepresentation ρ` of ρH ..“ ρ|K0
H

with K0
H “ H0

rys,
Ψ` “ p

~H, y, ~̃r, ρ`, ~φHq is an H-datum, where ~H “ pH0, . . . ,Hdq.

pG0, G1, . . . , Gdq, ρ, pφ0, . . . , φd´1, φdq

pH0, H1, . . . , Hdq, ρ`, pφ0
H , . . . , φd´1

H , φdHq

XH XH XH ResG
0

H0 ResG
d´1

Hd´1 ResG
d

Hd

r̃ ď rd´1

Figure 3.2: Summary of the construction of H-data from a G-datum Ψ,
where ρ` is any irreducible subrepresentation of ρH .

Remark 3.3.2. To avoid having to consider cases when applying Theorem 3.3.1, one
can assume φd “ 1. This can be done without loss of generality (Lemma 4.1.2), which
will become clear once we have reviewed the J.K. Yu construction in Section 4.1

Theorem 3.3.1 is a generalization of the results in [Nev15], in which Nevins
treated the case of a toral datum of length one and considered the restriction to
H “ Gder. A toral datum of length one is a very simple case for which ~G “ pT,Gq,
where T is an F -minisotropic maximal torus of G. In a toral datum of length one, it
can be assumed without loss of generality that ρ “ 1. Indeed, in this case, we have
K0 “ T , which means that ρ is a character since T is abelian and ρ is assumed to
be irreducible. It is then clear from Definition 3.2.1 that 9Ψ “ ppT,Gq, y, ~r, ρ, pφ0, φ1qq

is a refactorization of Ψ “ ppT,Gq, y, ~r, 1, pρφ0, φ1qq and therefore πGp 9Ψq » πGpΨq
(Theorem 3.2.4). Not only is the datum considered in [Nev15] simpler, but restricting
to Gder also allows for some simplifications. Indeed, every character of Gder is of depth
zero when the fundamental group of Gder has order prime to p [Kal19, Lemma 3.5.1],
which is satisfied with our underlying condition that p does not divide |W | (see
Remark 2.3.29). As a consequence, we know that the depth of φ1|Gder

will be smaller
than r. We state Nevins’ result as a corollary of our theorem.
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Corollary 3.3.3 ([Nev15, Proposition 4.5]). Let Ψ “ ppT,Gq, y, r, 1, pφ0, φ1qq be a
toral datum of length one for G, where r denotes the depth of the quasicharacter φ0

of T and φ1 is a quasicharacter of G which is either trivial, or of depth r̃ ą r. Let
Tder “ TXGder. Set φ0

der “ φ0|Tder
and φ1

der “ φ1|Gder
. Define

Ψder “ ppTder,Gderq, y, 1, r, pφ
0
derφ

1
der, 1qq.

Then Ψder is a toral datum of length one for Gder.

Notice that in the case of the toral datum of length one, only one Gder-datum
was obtained by this restriction process. In our more general case, we see that
multiple data may be produced, depending on how ρH decomposes into irreducible
subrepresentations.

In order to prove Theorem 3.3.1, we must show that Axioms D1 to D5 hold in
the context of H, that is,

D1) ~H is a tamely ramified twisted Levi sequence and ZpH0q{ZpHq is F -anisotropic;

D2) y is a point in BpH, F q X ApH,TH, Eq, where TH “ T X H is a maximal torus
of H0 (and maximal in all Hi), and E is a Galois tamely ramified splitting field
of TH (hence of ~H);

D3) ~̃r is a sequence of real numbers satisfying 0 ă r0 ă r1 ă ¨ ¨ ¨ ă rd´1 if d ą 0,
0 ď r0 if d “ 0;

D4) ρ` is an irreducible representation of K0
H “ Hrys such that ρ`|H0

y,0`
is 1-isotypic

and π´1
` “ c-IndH

0

K0
H
ρ` is irreducible supercuspidal;

D5) ~φH is a sequence of quasicharacters, where the ith quasicharacter of the sequence
is H i`1-generic (relative to y) of depth ri for 0 ď i ď d´ 1.

We have divided this proof into three different subsections, proving Axiom D1,
Axioms D2 and D4, and Axioms D3 and D5, respectively.

3.3.1 Proving Axiom D1

The sequence ~H is obtained by intersecting ~G with H, and therefore it suffices to
apply arguments from Section 2.1.2 in which we had discussed precisely this type of
intersection.

Lemma 3.3.4. The sequence ~H is a tamely ramified twisted Levi sequence in H.
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Proof: Since GipEq is a Levi subgroup of GpEq for 0 ď i ď d, it follows from
Proposition 2.1.30 that HipEq “ GipEqXHpEq is a Levi subgroup of HpEq. Therefore
Gi X H is an E-Levi F -subgroup of H. We conclude that ~H is a tamely ramified
twisted Levi sequence in H.

Remark 3.3.5. For all 0 ď i ď d we have that Hi is a closed connected subgroup of
Gi that contains rGi,Gis. Indeed, rGi,Gis Ă Gi X rG,Gs Ă Gi XH “ Hi.

The previous lemma shows that the first part of Axiom D1 holds. It remains to
show that ZpH0q{ZpHq is F -anisotropic. In order to prove this result, we establish
some useful lemmas.

Lemma 3.3.6. For all 0 ď i ď d, we have ZpHiq “ ZpGiq XH.

Proof: Suppose g P ZpGiq X H. Then g P Gi X H “ Hi and commutes with each
element of Gi. In particular, g commutes with each element of Hi and therefore lies
in ZpHiq.

For the converse, recall from Proposition 2.1.30 that Gi and Hi only differ in
their generators by their tori, T and TH “ TXH. It then suffices to show that ZpHiq

centralizes T. Since ZpHiq Ă TH Ă T (Proposition 2.1.6), and T is abelian, the result
follows.

Lemma 3.3.7. For all 0 ď i ď d, we have Gi “ ZpGq˝Hi.

Proof: Recall the central isogeny (Proposition 2.1.6) G “ ZpGq˝Gder. Since
Gder Ă H, we have G “ ZpGq˝H. Then Gi “ Gi X ZpGq˝H, Since ZpGq˝ Ă T Ă Gi,
it follows that

Gi
X ZpGq˝H “ ZpGq˝pGi

XHq “ ZpGq˝Hi.

Lemma 3.3.8. For all 0 ď i ď d, we have ZpGiq “ ZpGq˝ZpHiq.

Proof: Take x P ZpGiq Ă Gi. Then by the previous lemma, we have x “ zy for
some z P ZpGq˝, y P Hi. For all z1 P ZpGq˝, y1 P Hi, we have xpz1y1q “ pz1y1qx since
x is central in Gi. Since z and z1 are central in G, it follows that y1y “ yy1, and
therefore y P ZpHiq. We conclude that ZpGiq Ă ZpGq˝ZpHiq.

For the converse, we apply Lemmas 3.1.2 and 3.3.6.
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Proposition 3.3.9. For all 0 ď i ď d, we have ZpGiq{ZpGq » ZpHiq{ZpHq.

Proof: Using the previous lemma, we rewrite the quotient on the left-hand side as

ZpGi
q{ZpGq “ ZpGq˝ZpHi

q{ZpGq˝ZpHq.

One can then easily check that ZpGq˝ZpHiq{ZpGq˝ZpHq » ZpHiq{ZpHq by
considering that map that sends zZpGq˝ZpHq to zZpHq for all z P ZpHiq.

Corollary 3.3.10. The quotient ZpG0q{ZpGq is F -anisotropic if and only if
ZpH0q{ZpHq is F -anisotropic.

The last corollary completes the proof that Axiom D1 is satisfied.

3.3.2 Proving Axioms D2 and D4

Given the point y in BpG, F q XApG,T, Eq, we can assume without loss of generality
that y is in BpH, F q XApH,TH, Eq by Remark 2.2.20. Furthermore, TH is a maximal
torus of H0 (and maximal in all Hi), and E is a Galois tamely ramified splitting field
of TH (hence of ~H). Thus, Axiom D2 holds.

According to [Yu01, Remark 3.7], rys is a vertex of the reduced building of G0.
Even though G0 and H0 are different, they have the same reduced buildings, as
rG0,G0s “ rH0,H0s (Remarks 2.1.29 and 3.3.5). So, we have that rys is a vertex of
BredpH0, F q. Therefore, H0

y,0 is a maximal parahoric subgroup. By [Yu01, Lemma
3.3], NH0pH0

y,0q “ H0
rys. Furthermore,

H0
rys “ tg P G

0
XH : g ¨ rys “ rysu “ G0

rys XH.

To maintain consistent notation, we set K0
H “ H0

rys, so that K0
H “ K0 XH.

Lemma 3.3.11. Let ρH ..“ ρ|K0
H
. Then ρH decomposes as a finite sum of irreducible

representations.

Proof: We have that ρH is a finite-dimensional representation as ρ is
finite-dimensional (Proposition 3.1.5). Since H0

y,0 is a compact group, it follows that
ρH |H0

y,0
is completely reducible. If Z0

H denotes the center of H0, Lemma A.1.4 has
Z0
H acting by scalar multiplication. It follows that any H0

y,0-invariant subspace is also
a Z0

HH
0
y,0-invariant subspace, which implies that ρH |Z0

HH
0
y,0

is completely reducible.
Since Z0

HH
0
y,0 has finite index in K0

H (Proposition 3.1.3), we conclude that ρH is
completely reducible by [BH06, Lemma 2.7].

Given the representation ρH ..“ ρ|K0
H
, we write its decomposition into

(irreducible) components as ρH “ ‘
`PL
ρ`, where L is some finite set.
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Remark 3.3.12. We actually have a more precise description of ρH . Indeed, because
K0
H is a normal subgroup ofK0, we can apply Corollary 2.3.13. Therefore, if ρ1 denotes

a component of ρH , the index set L is a finite subset of a set of coset representatives
of K0{K0

H and for all ` P L ρ` “
`ρ1. This more refined description of ρH will be used

in Section 5.2.2.

In order to prove that Axiom D4 holds, we must show that each representation ρ`
gives rise to a depth-zero supercuspidal representation of H0, or equivalently that its
restriction toH0

y,0:0` contains a cuspidal representation as per Section 2.3.4. Using the
description of ρ|G0

y,0
, we can obtain information on ρ`|H0

y,0
. Indeed, since c-IndG

0

K0 ρ is a
supercuspidal representation of depth zero, we have that ρ P εG0pσq for some cuspidal
representation σ of G0

y,0:0` . We expect that, upon restricting ρ further down to H0
y,0,

we can find cuspidal representations, as will be shown via the following two lemmas.
Note that we will identify representations of quotient groups with their pullbacks, as
explained at the end of Section 2.3.

Lemma 3.3.13. Let σ denote a cuspidal representation of G0
y,0:0` which is contained

in ρ|G0
y,0

and let σH ..“ σ|H0
y,0
. Then σH decomposes as a direct sum of cuspidal

representations of H0
y,0:0`.

Proof: Recall from Remark 3.3.5 that H0 is a closed connected subgroup of G0

that contains rG0,G0s. Let us also recall the notation from Section 2.2.2.3 and let G0
y

and H0
y denote the reductive quotients of G0 and H0 at y, respectively. We also let

`H0

G0

˘

y
be the reductive group whose f-points identifies with H0

y,0G
0
y,0`{G

0
y,0` .

We have that σ is a cuspidal representation of G0
ypfq. Because rG0

y ,G0
y s Ă

`H0

G0

˘

y

(Lemma 2.2.26), it follows from Proposition 2.3.22 that σ|
pH

0

G0q
y
pfq

decomposes as a

direct sum of cuspidal representations of
`H0

G0

˘

y
pfq, say ‘

jPJ
σj for some finite set J .

Those representations can be pulled back to H0
y,0, and so σH “ σ|H0

y,0
“ ‘

jPJ
σj.

Now, since σ|H0
y,0`

“ 1, each σj factors through to a representation of H0
ypfq.

Furthermore, σj has to be cuspidal because
`H0

G0

˘

y
pfq » H0

ypfq (Lemma 2.2.24).

Lemma 3.3.14. Let ρ`, ` P L, be a component of ρH . Then ρ`|H0
y,0

contains a cuspidal
representation of H0

y,0:0`.

Proof: Let σH “ ‘
jPJ
σj be the decomposition into irreducible representations of σH

provided by the previous Lemma, where J is some finite set. Elements ofK0 normalize
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G0
y,0 as well as H, and therefore normalize H0

y,0 “ G0
y,0 X H (Proposition 2.2.22).

Therefore, by Lemma 2.3.27, we have that

ρ|H0
y,0
Ă ‘

cPK0{G0
y,0

cσ|H0
y,0
“ ‘

cPK0{G0
y,0

c

ˆ

‘
jPJ
σj

˙

.

The right-hand side is a representation of the finite group H0
y,0:0` and therefore

has a unique decomposition into irreducible representations up to isomorphism. On
the left-hand side, we have ρ|H0

y,0
“ ρH |H0

y,0
“ ‘

`PL
ρ`|H0

y,0
. Since ρ|H0

y,0
is completely

reducible, being a finite-dimensional representation (Proposition 3.1.5) of a compact
group, ρ`|H0

y,0
is also completely reducible (Proposition A.1.1) and its decomposition

into irreducible representations also has to be unique up to isomorphism. Hence,
we conclude that ρ`|H0

y,0
must contain one of the cuspidal representations (up to

isomorphism), and therefore ρ` P εH0pcσjq for some j P J , c P K0{G0
y,0.

Theorem 3.3.15 (Axiom D4). For all ` P L, ρ`|H0
y,0`

is 1-isotypic and

π´1
`

..“ c-IndH
0

K0
H
ρ` is an irreducible supercuspidal representation of depth zero.

Proof: Given ` P L, the previous lemma tells us that ρ` P εH0pσ˚q for some cuspidal
representation σ˚ of H0

y,0:0` . It follows from Section 2.3.4 that π´1
` “ c-IndH

0

K0
H
ρ` is

an irreducible supercuspidal representation of depth zero. That ρ`|H0
y,0`

is 1-isotypic
follows from the fact that ρ|G0

y,0`
is 1-isotypic.

3.3.3 Proving Axioms D3 and D5

Given the definition of ~̃r, it clearly satisfies Axiom D3. In order to prove that Axiom
D5 holds, we need to show that the quasicharacters φiH are H i`1-generic of depth ri,
0 ď i ď d´1. As mentioned earlier in this chapter, this ought to be true as genericity
is defined partly in terms of coroots (Definition 3.1.9), and G and H have the same
root system (Lemma 2.1.26). One must simply go through all the technicalities of
the definition, which we will do via some lemmas. Before stating these intermediate
results, we introduce the notation that we will be using in this section.

Recall the notation from [HM08] that we introduced when discussing Axiom
D5 in Section 3.1. Analogously, let ttH “ LiepTHq, tH “ ttHpF q and TH “ THpF q.
For 0 ď i ď d´ 1, let zziH denote the center of hhi “ LiepHiq, and zzi,˚H its dual.
We set ziH “zziHpF q and zi,˚H “zzi,˚H pF q. We also have pziHqri “ ziH X ptHqri and
pziHqr`i “ ziH X ptHqr`i and define

pzi,˚H q´ri “ tX
˚
P zi,˚H : X˚

pY q P pF for all Y P pziHqr`i u.
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Given an element from zi,˚, recall that one can view it as an element of gi,˚ by
extending it trivially on gi

1, where gi
1
“ rgigi,gigispF q “ rhihi,hihispF q. This follows from

the fact that gi “ zi ‘ gi
1 [AR00, Proposition 3.1].

Lemma 3.3.16. Let 0 ď i ď d ´ 1. Suppose X˚ P zi,˚´ri is a Gi`1-generic element of
depth ´ri. Then X˚|hi is an H i`1-generic element of depth ´ri.

Proof: We must show that X˚|hi is an element of pzi,˚H q´ri and that
valpX˚|hipHaqq “ ´ri for all a P ΦpHi`1,THqzΦpHi,THq.

We viewX˚ as an element of gi,˚. It follows thatX˚|hi is an element of zi,˚H viewed
as an element of hi,˚. Since X˚ P zi,˚´ri , we have that X˚pY q P pF for all Y P zi

r`i
. In

particular, X˚pY q P pF for all Y P pziHqr`i . Hence, X˚|hi P pz
i,˚
H q´ri . Finally, we show

that X˚|hi is H i`1-generic of depth ´ri. Recall that the roots of Hi`1 are simply the
restriction to TH of the roots of Gi`1 (Lemma 2.1.26) and that for all a P ΦpGi`1,Tq,
qa “ }a|TH , meaning that Ha “ Ha|TH

(Section 2.2.1). Since X˚ is Gi`1-generic of depth
´ri, we have that for all a P ΦpGi`1,TqzΦpGi,Tq, valpX˚pHaqq “ ´ri. It follows that
valpX˚|hipHaqq “ ´ri for all a P ΦpHi`1,THqzΦpHi,THq.

Lemma 3.3.17. Let 0 ď i ď d´1. The restriction of the Gi`1-generic quasicharacter
φi of Gi to H i, φiH , is H i`1-generic.

Proof: Let X˚ be a Gi`1-generic element of depth ´ri that realizes the
quasicharacter φi, and let e and eH be the isomorphisms between gi

y,ri:r
`
i

and Gi
y,ri:r

`
i

,

and hi
y,ri:r

`
i
and H i

y,ri:r
`
i

, respectively (Appendix A.2). By Lemma 3.3.16, X˚|hi is an
H i`1-generic element of depth ´ri. We show that X˚|hi realizes φiH , that is for all
Y P hiy,ri , φ

i
HpeHpY ` hi

y,r`i
qq “ ψpX˚|hipY qq. Take Y P hiy,ri . Since φi is realized by

X˚, we have

ψpX˚
|hipY qq “ ψpX˚

pY qq

“ φipepY ` gi
y,r`i
qq.

The isomorphism e can be viewed as a map from giy,ri to G
i
y,ri:r

`
i

with kernel gi
y,r`i

.
Letting ι denote the isomorphism from H i

y,r:r`i
to H i

y,ri
Gi
y,r`i
{Gi

y,r`i
given by the second

isomorphism theorem, we have that e|hiy,ri “ ι ˝eH (Proposition A.2.1). This allows
us to obtain the following:

epY ` gi
y,r`i
q “ epY q “ e|hiy,ri

pY q “ ι ˝eHpY q “ ι ˝eHpY ` hi
y,r`i
q.
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Combining this with what precedes, it follows that

ψpX˚
|hipY qq “ φi ˝ ι ˝eHpY ` hi

y,r`i
q.

One can then easily verify that φi ˝ ι “ φiH . Indeed, we know that φi is trivial on
Gi
y,r`i

, which means that it factors through to a character of Gi
y,ri:r

`
i

. Then, for all
h P H i

y,ri
, φi ˝ ιphq “ φi ˝ ιphH i

y,r`i
q “ φiphGi

y,r`i
q “ φiHphq. Hence, we conclude that

ψpX˚
|hipY qq “ φiHpeHpY ` hi

y,r`i
qq.

With this last lemma, we now have all the tools to prove the following theorem.

Theorem 3.3.18. The sequence ~φH of quasicharacters of ~H is such that the ith
quasicharacter of the sequence is H i`1-generic of depth ri for all 0 ď i ď d´ 1.

Proof: By the previous lemma, we know that the characters φiH are H i`1-generic
of depth ri for all 0 ď i ď d´ 1. Our definition of ~φH depends on the depth r̃ of φdH ,
so there are two cases to consider.

1) If r̃ ą rd´1, we have that ~φH “ pφ
0
H , . . . , φ

d´1
H , φdHq, and the conclusion follows

by what precedes.

2) If r̃ ď rd´1, we have that ~φH “ pφ
0
H , . . . , φ

d´1
H φdH , 1q. Lemma 3.1.15 tells us that

φd´1
H φdH is H-generic of depth rd´1, and the conclusion follows.

3.4 Equivalence Classes of Constructed H-data
Given that we have just seen how to produce H-data from G-data in Section 3.2, one
might wonder what can be said about their corresponding equivalence classes. Let us
start this section by first defining the notion of restriction in relation to the H-data
produced from a G-datum Ψ.

Definition 3.4.1. Let Ψ “ p~G, y, ~r, ρ, ~φq be a G-datum, and assume ρH decomposes
into irreducible representations as ρH “ ‘

`PL
ρ` for some finite set L. For all ` P L, let

Ψ` “ p
~H, y, ~̃r, ρ`, ~φHq as per Theorem 3.3.1. The set RespΨq “ tΨ` : ` P Lu is called

the restriction of Ψ. Given two G-data Ψ and 9Ψ of the same length, we will say that
RespΨq » Resp 9Ψq if every element of RespΨq is H-equivalent to an element of Resp 9Ψq
and vice versa.
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Now, if Ψ and 9Ψ are G-equivalent G-data, a natural question to ask is whether
RespΨq » Resp 9Ψq. Given thatH is normal in G, one can talk about the G-conjugation
of H-data and can verify easily from the definitions that RespgΨq “ g RespΨq for all
g P G. However, when g R H, we cannot expect to have RespΨq » RespgΨq since
equivalence between restrictions is defined at the level of H-equivalence (and therefore
H-conjugation). Let us illustrate this with an example.

Example 3.4.2. Let G “ GL2pF q and let η be a fixed nonsquare in OˆF . We consider
Ψ to be a toral datum of length one with ~G “ pT,Gq, where

TpEq “
"„

a b
bη a



: a, b P E such that a2
´ b2η ‰ 0

*

.

For g “
„

1 0
0 $F



P G, we have that

gTpEq “
"„

a b$´1
F

bη$F a



: a, b P E such that a2
´ b2η ‰ 0

*

.

Letting H “ Gder, we have

THpEq “

"„

a b
bη a



: a, b P E such that a2
´ b2η “ 1

*

and

gTHpEq “

"„

a b$´1
F

bη$F a



: a, b P E such that a2
´ b2η “ 1

*

.

Note that TH and gTH are maximal non-split tori of H that are not H-conjugate
[Nev13, Table 1]. Therefore, there is no element of H that conjugates pTH,Hq to
pgTH,Hq, hence RespΨq fi RespgΨq by Theorem 3.2.4.

Any other kind of conjugation, elementary transformation or refactorization
transforming Ψ into 9Ψ will lead to isomorphic restrictions, as shown by the following
proposition.

Proposition 3.4.3. Let Ψ “ p~G, y, ~r, ρ, ~φq and 9Ψ “ p
~9G, 9y, ~r, 9ρ,

~9φq be two G-data.
Assume one of the three following conditions hold

1) 9Ψ is an H-conjugate of Ψ,

2) 9Ψ is an elementary transformation of Ψ,

3) 9Ψ is a refactorization of Ψ,
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then RespΨq » Resp 9Ψq.

Proof:

1) It is immediate from the definition that RespΨq is stable under H-conjugation.

2) By definition of elementary transformation (Section 3.2), we have that
~G “ ~9G, ~φ “ ~9φ, rys “ r 9ys and ρ » 9ρ. Since ρ » 9ρ, their decompositions into
irreducible subrepresentations upon restriction to K0

H are equivalent, that is
‘
`PL
ρ` » ‘

`P 9L

9ρ` and L “ 9L. Then, for all i P L, ρi » 9ρj for some j P L, meaning

that 9Ψj is an elementary transformation of Ψi. The result follows.

3) By definition of refactorization (Definition 3.2.1), we have that p 9ρ,
~9φq satisfies

the conditions

F0) if φd “ 1 then 9φd “ 1,

F1) 9φi|Gi
y,r`
i´1

“ φiχi`1|Gi
y,r`
i´1

for all i where r´1 “ 0 and χd`1 “ 1 (in other

words χi|Gi
r`
i´1

“ 1),

F2) 9ρ “ ρb pχ0|K0q,

where χipgq “
d
ś

j“i

φjpgq 9φjpgq´1 for all g P Gi.

Letting χ̄ipgq “
d
ś

j“i

φjHpgq
9φjHpgq

´1 for all g P H i, one can easily verify that χ̄i “ χi|Hi .

We can then take the restrictions of statements F1) and F2) to the corresponding
groups in H and obtain conditions of similar nature. From those conditions, it would
then follow that for all i P L, there exists j P L such that 9Ψi is H-equivalent to Ψj.

The previous proposition shows that the restriction of data that we described is
robust, as it agrees with equivalence classes in a way that we would expect.

3.5 Constructing G-data from an H-datum
We have shown that given a G-datum Ψ, one can construct various data for H,
RespΨq, with Theorem 3.3.1. It is a natural question to ask whether this restriction
exhausts all possible H-data. In other words, one can ask whether an H-datum ΨH

can be lifted to a G-datum such that ΨH P RespΨq.
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In order to do so, if ΨH “ p
~H, y, ~r, ρ1, ~φHq, then we must be able to extend the

twisted Levi sequence ~H, the irreducible representation ρ1 and the quasicharacters in
~φH to have ΨH P RespΨq for some G-datum Ψ. The lifting of the Levi sequence is
given by the following lemma.

Lemma 3.5.1. Let ~H “ pH0, . . . ,Hdq be a twisted Levi sequence of H. Then there
exists a unique twisted Levi sequence ~G “ pG0, . . . ,Gdq of G such that Gi X H “ Hi

for all 0 ď i ď d and ZpG0q{ZpGq is F -anisotropic.

Proof: By definition, we have that Hi is a Levi subgroup of H. It follows
from Proposition 2.1.30 that there exists a unique Levi subgroup Gi of G such
that Hi “ Gi X H. Furthermore, Gi is an E-Levi F -subgroup, and is therefore a
twisted Levi subgroup. That the quotient ZpG0q{ZpGq is F -anisotropic follows from
Corollary 3.3.10.

The extension of ρ1 is given by the following proposition.

Proposition 3.5.2. Let ρ1 be an irreducible representation of K0
H such that ρ1|H0

y,0`

is 1-isotypic and π´1
H “ c-IndH

0

K0
H
ρ1 is irreducible supercuspidal. Let ρ be an irreducible

subrepresentation of c-IndK
0

K0
H
ρ1. Then ρ is an irreducible representation of K0 such

that ρ|G0
y,0`

is 1-isotypic, π´1 “ c-IndG
0

K0 ρ is irreducible supercuspidal, and ρ1 is a
component of ρ|K0

H
.

We expand on the proof of this proposition in Section 3.5.1.
At first glance, there seems to be an obstacle when trying to extend

the quasicharacters in ~φH . Indeed, given a sequence of quasicharacters
~φH “ pφ

0
H , . . . , φ

d
Hq, 0 ď i ď d´ 1 that satisfies Axiom D5) for an H-datum, there

is no guarantee for each φiH , 0 ď i ď d ´ 1, to be trivial on rGi, Gis Ă H i.
This is because there can be differences between the groups rGi, Gis and rH i, H is.
When φiH , 0 ď i ď d´ 1, is not trivial on rGi, Gis, it is not possible to extend it
to a quasicharacter of Gi, as quasicharacters of Gi are by definition trivial on
rGi, Gis. However, if we remember the notion of normalizedH-data (Definition 3.1.18)
and recall Lemma 3.2.2, we see that every H-datum is H-equivalent to a
normalized H-datum. Furthermore, normalized H-data satisfy the condition on the
quasicharacters described above that we require, as shown in the next lemma.

Lemma 3.5.3. Let H “ pG0 XH, . . . ,Gd XHq, where ~G “ pG0, . . . ,Gdq is a twisted
Levi sequence of G (Lemma 3.5.1). Let ΨH “ p

~H, y, ~r, ~φHq, where ~φH “ pφ
0
H , . . . , φ

d
Hq,

be a normalized H-datum. Then φiH |rGi,Gis “ 1 for all 0 ď i ď d.
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Proof: Since ΨH is assumed normalized, the pullback of φiH is trivial on H i
sc for

all 0 ď i ď d. Now, we have that H i
sc “ Hi

scpF q contains rHi,HispF q “ rGi,GispF q
(Remark 2.1.29). It follows that φiH is trivial on rGi,GispF q Ą rGi, Gis for all
0 ď i ď d.

Now that we know that every H-datum will be H-equivalent to a datum for
which φiH |rGi,Gis “ 1, 0 ď i ď d, we state the proposition that allows us to extend
quasicharacters.

Proposition 3.5.4. Let ~φH “ pφ0
H , . . . , φ

d
Hq be the quasicharacter sequence of a

normalized H-datum. Then for all 0 ď i ď d, there exists a quasicharacter φi of
Gi of depth ri such that φi|Hi “ φiH , with the exception that we set φd “ 1 if φdH “ 1.
Furthermore, for 0 ď i ď d´ 1, this character φi is Gi`1-generic of depth ri.

We expand on the proof of this last proposition in Section 3.5.2. The statement
of this last proposition leads us to the main theorem of this section.

Theorem 3.5.5. Let ΨH “ p~H, y, ~r, ρ1, ~φHq be a normalized H-datum, where
~H “ pH0, . . . ,Hdq. Then there exists a (possibly multiple) G-datum Ψ such that
ΨH P RespΨq.

Proof: Lemma 3.5.1 gives us a twisted Levi sequence ~G “ pG0, . . . ,Gdq such
that Hi “ Gi X H for all 0 ď i ď d. Proposition 3.5.4 tells us that any irreducible
subrepresentation of c-IndK

0

K0
H
ρ1 satisfies Axiom D4) for a G-datum. By Lemma

3.5.3, we can apply Proposition 3.5.2 which allows us to extend φiH , 0 ď i ď d ´ 1,
to Gi`1-generic quasicharacters of depth ri of Gi, and φdH to a quasicharacter of G of
depth rd.

Corollary 3.5.6. Every H-datum is H-equivalent to an H-datum which is contained
in RespΨq for some G-datum Ψ.

3.5.1 Extending the representation ρ1

The goal of this subsection is to prove Proposition 3.5.2. Given the level of technical
detail required, we split the proof of the proposition into various lemmas.

By definition, the restriction of ρ1 to H0
y,0 contains a cuspidal representation of

H0
y,0:0` , say σ

1. Let σ1 be the representation of H0
y,0G

0
y,0`{G

0
y,0` defined by σ1 “ σ1˝ι´1,

where ι is the isomorphism from H0
y,0:0` to H0

y,0G
0
y,0`{G

0
y,0` (Lemma 2.2.24). Note

that the pullbacks of σ1 and σ1 to H0
y,0 are the same.
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Lemma 3.5.7. Let G1 “ G0
y,0:0` and H 1 “ H0

y,0G
0
y,0`{G

0
y,0` and σ1 be defined as

previously. Then σ “ c-IndG
1

H 1 σ
1 decomposes as a sum of cuspidal representations of

G1.

Proof: Setting G “ G0 and H “ H0 in Section 2.2.2.3, we have that G1 “ Gypfq
and H 1 “

`H
G

˘

y
pfq. Since rGy,Gys Ă

`H
G

˘

y
(Lemma 2.2.26), it follows that all

irreducible subrepresentations of σ are cuspidal (Proposition 2.3.23).

Corollary 3.5.8. Let σ1 be a cuspidal representation of H0
y,0:0` contained in ρ1|H0

y,0
.

Then c-Ind
G0
y,0

H0
y,0
σ1 decomposes as a direct sum of pullbacks of cuspidal representations

of G0
y,0:0`.

Proof: We have that induction commutes with pullback, as per shown in
Proposition A.1.10. Using this result in combination with the previous lemma
completes the proof.

Lemma 3.5.9. Let ρ be an irreducible subrepresentation of c-IndK
0

K0
H
ρ1. Then the

restriction of ρ to G0
y,0 contains a cuspidal representation of G0

y,0:0`.

Proof: Let us restrict c-IndK
0

K0
H
ρ1 to G0

y,0. From the Mackey Decomposition, we
obtain

ResK
0

G0
y,0

c-IndK
0

K0
H
ρ1 “ ‘

cPC
c-Ind

G0
y,0

G0
y,0X

cK0
H

Res
K0
H

G0
y,0X

cK0
H

cρ1,

where C is a set of coset representatives of G0
y,0zK

0{K0
H . Since K0

H “ K0 X H
is normal in K0, we have that cK0

H “ K0
H for all c P C. This implies that

G0
y,0 X

cK0
H “ G0

y,0 XK
0 XH “ H0

y,0. Therefore,

ResK
0

G0
y,0

c-IndK
0

K0
H
ρ1 “ ‘

cPC
c-Ind

G0
y,0

H0
y,0

Res
K0
H

H0
y,0

cρ1.

Recall that Res
K0
H

H0
y,0
ρ1 “ ‘

dPD

dσ1 where D is a subset of a set of coset representatives of

H0
rys{H

0
y,0 (Lemma 2.3.27). Hence, our Mackey decomposition can be rewritten as

ResK
0

G0
y,0

c-IndK
0

K0
H
ρ1 “ ‘

cPC
dPD

c-Ind
G0
y,0

H0
y,0

cdσ1.

Since c-Ind
G0
y,0

H0
y,0

cdσ1 decomposes as a direct sum of cuspidal representations of G0
y,0:0`

(Corollary 3.5.8), we have that

ResK
0

G0
y,0

c-IndK
0

K0
H
ρ1 “ ‘

jPJ
σj,
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for some cuspidal representations σj of G0
y,0:0` and some index set J . Hence, given

the component ρ of c-IndK
0

K0
H
ρ1, we conclude that ρ|G0

y,0
must contain some cuspidal

representation of G0
y,0:0` .

Since ρ|G0
y,0

contains a cuspidal representation of G0
y,0:0` , we have that c-IndG

0

K0 ρ is
an irreducible depth-zero supercuspidal representation, as per the description of Moy
and Prasad which we reviewed in Section 2.3.4. Furthermore, ρ1 is a component of
ρ|K0

H
by construction, which means we have completed the proof of Proposition 3.5.2.

3.5.2 Extending the Quasicharacters φiH
The goal of this subsection is to prove the Proposition 3.5.4. Let 0 ď i ď d. Due to
the level of technical detail required, the proof will be split into various lemmas. We
start by extending our quasicharacter φiH to a quasicharacter of Gi of depth ri.

Lemma 3.5.10. Let φiH be a quasicharacter of H i which is trivial on rGi, Gis. Then
any irreducible subrepresentation of c-IndG

i

Hi φiH is a quasicharacter of Gi that restricts
to φiH .

Proof: From the Mackey Decomposition, we have that

ResG
i

rGi,Gis c-IndG
i

Hi φiH “ ‘
cPC

c-Ind
rGi,Gis
cHiXrGi,Gis

Res
cHi

cHiXrGi,Gis
cφiH ,

where C is a set of double coset representatives of rGi, GiszGi{H i. We can simplify this
expression. Indeed, Gi normalizes both Gi and H, and therefore H i. Furthermore,
we have that rGi, Gis Ă H i. Thus,

ResG
i

rGi,Gis c-IndG
i

Hi φiH “ ‘
cPC

ResH
i

rGi,Gis
cφiH “ ‘

cPC
1.

It follows that every irreducible subrepresentation of c-IndG
i

Hi φiH factors through
rGi, Gis. SinceGi{rGi, Gis is abelian, all irreducible representations are 1-dimensional,
and therefore any irreducible subrepresentation of c-IndG

i

Hi φiH is a quasicharacter of
Gi that restricts to φiH .

Lemma 3.5.11. Let φiH be a quasicharacter of H i which is trivial on rGi, Gis. Then
at least one of the irreducible subrepresentations of c-IndG

i

Hi φiH has depth ri.

Proof: Since φiH has depth ri, we know that φiH |Hi
y,ri

‰ 1 and φiH |Hi
y,ri`

“ 1

(Remark 2.3.25). Given an irreducible subrepresentation φ of c-IndG
i

Hi φiH , we have that
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φ is a quasicharacter of Gi and φ|Giy,ri ‰ 1 since φ|Hi
y,ri
“ φiH |Hi

y,ri
‰ 1 (Lemma 3.5.10).

So, any irreducible subrepresentation of c-IndG
i

Hi φiH has depth greater than or equal
to ri. Using Mackey theory, we have

ResG
i

Giy,ri`
c-IndG

i

Hi φiH “ ‘
cPC

c-Ind
Giy,ri`

Giy,ri`
XcHi Res

cHi

Giy,ri`
XcHi

cφiH ,

where C is the set of double coset representatives of Gi
y,ri`

zGi{H i. Since H i is normal
in Gi, Gi

y,r`i
X cH i “ H i

y,r`i
(Proposition 2.2.22). That and the fact that φiH |Hi

y,r`
i

“ 1

allows us to simplify the Mackey formula to

ResG
i

Giy,ri`
c-IndG

i

Hi φiH “ ‘
cPC

c-Ind
Giy,ri`

Hi
y,ri`

1.

Since the trivial representation is clearly a subrepresentation of this last
decomposition, we conclude that at least one of the irreducible subrepresentations of
c-IndG

i

Hi φiH has depth ri.

For all 0 ď i ď d, let Ei denote the set of characters of Gi of depth ri that restrict
to φiH . By what precedes, this set is nonempty because we are assuming that the
character sequence ~φH is from a normalized datum in Proposition 3.5.4 which implies
that φiH is trivial on rGi, Gis for all 0 ď i ď d (Lemma 3.5.3).

We will now proceed in various steps to show that every quasicharacter φi P Ei
is Gi`1-generic of depth ri, 0 ď i ď d ´ 1. Given φi P Ei, the idea is to extend the
H i`1-generic element of depth ´ri of pzi,˚H q´ri that realizes φ

i
H |Hi

y,ri
to a Gi`1-generic

element of depth ´ri of zi,˚´ri that realizes φ
i|Giy,ri

.
From [AR00, Proposition 3.1], we have the following Lie algebra decomposition:

g “ g1‘z, where g1 “ rg, gg, gspF q is the Lie algebra of Gder and z is the F -points of the
center of gg. As a consequence, gi “ pgiX g1q‘z, meaning that every element of gi,˚ (or
zi,˚) is viewed as having two parts, one from z˚ and one from pgiX g1q˚ (or pziX g1q˚),
where zi X g1 corresponds the F -points of the center of gigi X g1g1 (Lemma 3.3.6). We
define pziXg1qri and pziXg1q˚´ri analogously to Section 3.3.3. The previous discussion
is summarized by the following lemma.

Lemma 3.5.12. For all 0 ď i ď d ´ 1 we have zi “ pzi X g1q ‘ z and
giy,ri “ pg

iX g1qy,ri ‘ zri. Furthermore, elements of pzi X g1q˚ and z˚ can be extended
trivially over z and zi X g1, respectively, to elements of zi,˚.

By the genericity of φiH , we know that φiH |Hi
y,ri

is realized by an H i`1-generic
element of depth ´ri, say X˚ P pzi,˚H q´ri . The results from Section 3.3.3 (in which we
set G “ H,H “ Gder and note that Gi XGder “ Hi XGder) tell us that φiH |GiXGder

is
pGi`1XGderq-generic of depth ri, that it is realized by the pGi`1XGderq-generic element
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of depth ´ri X˚|giX g1 P pz
iXg1q˚´ri and that ψpX˚|giX g1pY qq “ φipepY `gi

y,r`i
qq for all

Y P pgiX g1qy,ri (Lemma 3.3.17). As a consequence, for all Y P pgiX g1qy,ri , Z P zri ,

φpepY ` Z ` gi
y,r`i
qq “ φpepY ` gi

y,r`i
qqφpepZ ` gi

y,r`i
qq

“ ψpX˚
|giX g1pY qqφpepZ ` g

i
y,r`i
qq.

Therefore, to get that φi is Gi`1-generic of depth ri, our goal is now to find
an element X̄˚ P z˚´ri such that φpepZ ` gi

y,r`i
qq “ ψpX̄˚pZqq for all Z P zri and

X ˚ ..“ X˚|giX g1 ` X̄˚ P zi,˚´ri is G
i`1-generic of depth ´ri. We prove the existence of

such an element X̄˚ in the following lemma.

Lemma 3.5.13. Set 0 ď i ď d´ 1 and let φi P Ei. Then there exists X̄˚ P z˚´ri such
that φipepZ ` gi

y,r`i
qq “ ψpX̄˚pZqq for all Z P zri, where e is the isomorphism between

gi
y,ri:r

`
i

and Gi
y,ri:r

`
i

from Appendix A.2. Furthermore, X ˚ “ X˚|giX g1 ` X̄˚ P zi,˚´ri is
Gi`1-generic of depth ´ri. Note that we view X˚|giX g1 and X̄˚ as elements of zi,˚ via
Lemma 3.5.12.

Proof: Since φi is trivial on Gi
y,ri`

, we have that φipep¨`giy,ri`qq is a representation
of zri which factors through zri`. Therefore, φipep¨ ` giy,ri`qq is a representation of
zri{zri`. Now, for all Y ˚ P pzri{zri`q

˚, we have that ψ ˝ Y ˚ is a character of zri{zri`.
Note that zri{zri` is a vector space over f, so elements of pzri{zri`q

˚ map zri{zri` into
f. Since zri{zri` is a finite abelian group, the number of characters is equal to the
order of the group.

Now, given Y ˚1 , Y ˚2 P pzri{zri`q
˚, we show that ψ ˝ Y ˚1 ‰ ψ ˝ Y ˚2 when Y ˚1 ‰ Y ˚2 .

Indeed, ψ ˝ Y ˚1 “ ψ ˝ Y ˚2 implies that pY ˚1 ´ Y ˚2 qpZq P kerψ for all Z P zri{zr`i . If we
assume that Y ˚1 ´ Y ˚2 ‰ 0, then pY ˚1 ´ Y ˚2 qpZ

1q “ α ‰ 0 for some Z 1 P zri{zri` and
α P f. Take β P f such that β R kerψ. Such a β exists since we know ψ is not trivial
on OF . Then βα´1Z 1 P zri{zri`, but pY ˚1 ´ Y ˚2 qpβα

´1Z 1q “ β R kerψ, which is a
contradiction with what precedes. Hence, if ψ ˝Y ˚1 “ ψ ˝Y ˚2 , we must have Y ˚1 “ Y ˚2 .

We conclude that
tψ ˝ Y ˚ : Y ˚ P pzri{zri`q

˚
u

is the set of all characters of zri{zri`. Therefore, there exists X̄˚ P pzri{zri`q
˚ such

that ψ ˝ X̄˚ “ φi ˝ e|zri . This element X̄˚ can be pulled back to an element in pzriq˚.
We have that zri “ zr̄i` for some r̄i ď ri (Section 2.2.2) meaning that pzriq˚ “ z˚´r̄i
[Yu01, Section 5]. In particular, z˚´r̄i Ă z˚´ri and X̄˚ P z˚´ri . Furthermore, for all
Z P zri , we have

ΨpX̄˚
pZqq “ φipepZ ` giy,ri`qq.

Finally, we show that X ˚ “ X˚|giX g1 ` X̄˚ P zi,˚´ri is G
i`1-generic of depth ´ri.

For all Z P zi
r`i
, we have that Z “ Z1 ` Z2 for some Z1 P pz

i X g1qr`i , Z2 P zr`i by
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Lemma 3.5.12. It follows that X ˚pZq “ X˚|giX g1pZ1q ` X̄˚pZ2q. This result lies in
pF , as X˚|giX g1 P pz

i X g1q˚´ri and X̄
˚ P z˚´ri . The genericity of X ˚ follows from the

genericity of X˚|giX g1 since Ha P g
1g1 for all a P ΦpGi`1,TqzΦpGi,Tq.

By construction, the Gi`1-generic element of depth ´ri X ˚ provided by the
previous lemma realizes φi|Giy,ri and therefore φi is Gi`1-generic of depth ri. We
have thus proven the following proposition, which in turn completes the proof of
Proposition 3.5.4.

Proposition 3.5.14. Set 0 ď i ď d ´ 1 and let φi P Ei. Then φi is a Gi`1-generic
quasicharacter of Gi of depth ri.

3.6 Equivalence Classes of Constructed G-data
Let G and H be as before in this chapter. We just saw in Section 3.5 how to go
backwards from an H-datum to G-data. Similarly to Section 3.4, we can ask the
following question. If ΨH and 9ΨH are normalized H-data which are H-equivalent,
are the G-data produced from ΨH and 9ΨH via Theorem 3.5.5 G-equivalent? This is
what this section will aim to answer. Before we proceed to exploring this question in
more detail, let us first define one notion in relation to the G-data constructed from
a normalized H-datum ΨH .

Definition 3.6.1. Let ΨH “ p~H, y, ~r, ρ1, ~φHq be a normalized H-datum. Let Eρ1
denote the set of irreducible subrepresentations of c-IndK

0

K0
H
ρ1 and Ei denote the

set of irreducible subrepresentations of c-IndG
i

Hi φiH with depth ri, 0 ď i ď d.
Given ρ P Eρ1 , φi P Ei, 0 ď i ď d, we have that Ψ “ p~G, y, ~r, ρ, ~φq with
~φ “ pφ0, . . . , φdq is a G-datum such that ΨH P RespΨq as per Theorem 3.5.5. The set
ExtpΨHq “ tp~G, y, ~r, ρ, ~φq : ρ P Eρ1 , φi P Ei, 0 ď i ď du is called the extension of ΨH .
Given two normalized H-data ΨH and 9ΨH of the same length, we will say that
ExtpΨHq » Extp 9ΨHq if every element of ExtpΨHq is G-equivalent to an element
of Extp 9ΨHq and vice versa.

Remark 3.6.2. Note that the notion of extension is only defined for a normalized
H-data. However, given an H-datum ΨH , we may as well assume it is normalized as
it is H-equivalent to a normalized H-datum (Lemma 3.2.2), say 9ΨH .

We expect H-equivalent normalized H-data to produce isomorphic extensions
since H Ă G. But here, we can allow for conjugation outside of H on our H-data
since the equivalence of the extensions is at the level of G. The following proposition
is analogous to Proposition 3.4.3, but for extensions of H-data.
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Proposition 3.6.3. Let ΨH “ p~H, y, ~r, ρ1, ~φHq and 9ΨH “ p
~9H, 9y, ~r, 9ρ1,

~9φHq be two
normalized H-data. Assume one of the three following conditions hold

1) 9ΨH is a G-conjugate of ΨH ,

2) 9ΨH is an elementary transformation of ΨH ,

3) 9ΨH is a refactorization of ΨH ,

then ExtpΨHq » Extp 9ΨHq.

Proof:

1) It is immediate from the definition that ExtpΨHq is stable under G-conjugation.

2) By definition of elementary transformation (Section 3.2), we have that ~H “ ~9H,
rys “ r 9ys and ρ1 » 9ρ1. It follows that c-IndK

0

K0
H
ρ1 » c-IndK

0

K0
H

9ρ1, and

therefore every irreducible subrepresentation ρ of c-IndK
0

K0
H
ρ1 is isomorphic

to an irreducible subrepresentation of c-IndK
0

K0
H

9ρ1, say 9ρ. Therefore,
if ~φ denotes a sequence of quasicharacters that extend those of ~φH ,
we have that p~G, y, ~r, ρ, ~φq P ExtpΨHq is an elementary transformation of
p~G, 9y, ~r, 9ρ, ~φq P Extp 9ΨHq.

3) By definition of refactorization (Definition 3.2.1), we have that p 9ρ1,
~9φHq satisfies

the conditions

F0) if φdH “ 1 then 9φdH “ 1,

F1) φiH |Hi

y,r`
i´1

“ 9φiHχ
i`1|Hi

y,r`
i´1

for all i where r´1 “ 0 and χd`1 “ 1 (in other

words χi|Hi

y,r`
i´1

“ 1),

F2) ρ1 “ 9ρ1 b pχ0|K0
H
q,

where χiphq “
d
ś

j“i

9φjHphqφ
j
Hphq

´1 for all h P H i.

Let ~φ be a sequence of quasicharacters that extends ~φH and let ρ be an extension of
ρ1. Recall that we set φd “ 1 if φdH “ 1. We must show the existence of an extension
~9φ of ~9φH and an extension 9ρ of 9ρ1 so that p~G, y, ~r, ρ, ~φq is G-equivalent to p~G, 9y, ~r, 9ρ,

~9φq.
Let us first find candidates for 9φd´i, 0 ď i ď d that will satisfy F0) and F1). To do
so, we proceed by induction on i.
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i=0: If φd “ 1, then we set 9φd “ 1 and we are done. If φd ‰ 1, note that the depth
of χd is at most rd´1 by F1) above. Extend χd to a character Y d of G of the same
depth. Note that we can do this because χd is trivial on rG,Gs, so the existence of
such an extension follows from Lemmas 3.5.10 and 3.5.11. Set 9φd ..“ Y dφd. Then, for
all h P Hd

9φd|Hdphq “ Y dφd|Hdphq

“ 9φdHphqφ
d
Hphq

´1φdHphq

“ 9φdHphq.

So, 9φd is a character of Gd that restricts to 9φdH . Since Y d is of depth at most
rd´1, we have 9φd|Gy,rd “ φd|Gy,rd . Thus, 9φd is of depth rd and in particular
φd|G

y,r`
d´1

“ 9φd|G
y,r`
d´1

.

i > 0: Assume that we have 9φd´k for 0 ď k ă i that satisfy F1) stated in terms of
G and let’s proceed to finding 9φd´i. Set χd´i`1 and pχd´i`1q´1 to be the characters of

Gd´i`1 defined by χd´i`1pgq “
d
ś

j“d´i`1

9φjpgqφjpgq´1 and pχd´i`1q´1pgq “ χd´i`1pg´1q

for all g P Gd´i`1, respectively. We proceed similarly to above and extend χd´i to
a character Y d´i of Gd´i of depth at most rd´i´1. Set 9φd´i ..“ Y d´iφd´ipχd´i`1q´1.
Then, for all h P Hd´i´1 we have

pχd´i`1
q
´1
phq “

d
ź

j“d´i`1

9φjHphq
´1φjHphq

and

Y d´i
phq “ χd´iphq “ 9φd´iH phqφd´iH phq´1

d
ź

j“d´i`1

9φjHphqφ
j
Hphq

´1,

and therefore 9φd´i|Hd´iphq “ 9φd´iH phq. So, 9φd´i is a character of Gd´i that restricts
to 9φd´iH . Since 9φd´iH is of depth rd´i, 9φd´i is nontrivial on Gd´i

y,rd´i
. Furthermore,

since Y d´i is of depth at most rd´i´1 and χd´i`1 is of depth at most rd´i, we
have that 9φd´i|Gd´i

y,r`
d´i

“ 1. Thus, 9φd´i is an element of Ed´i, and is therefore a

Gd´i`1-generic quasicharacter of depth rd´i by Proposition 3.5.14. Finally, we see
that 9φd´iχd´i`1|Gd´i

y,r`
d´i´1

“ φd´i|Gd´i
y,r`
d´i´1

.

Thus, we are able to find a sequence of quasicharacters ~9φ that extends ~9φH and
satisfies F1) stated in terms of G.
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From F2), we have that c-IndK
0

K0
H
ρ1 “ c-IndK

0

K0
H

´

9ρ1 b
´

χ0|K0
H

¯¯

. Using
the fact that χ0|K0

H
“ χ0|K0

H
and Proposition A.1.11, we obtain

c-IndK
0

K0
H
ρ1 “ c-IndK

0

K0
H

9ρ1 b pχ0|K0q. So, given an irreducible subrepresentation ρ

of c-IndK
0

K0
H
ρ1, it is isomorphic to 9ρbpχ0|K0q for some 9ρ P c-IndK

0

K0
H

9ρ1. Hence, the data

p~G, y, ~r, ρ, ~φq P ExtpΨHq and p~G, 9y, ~r, 9ρ,
~9φq P Extp 9ΨHq are G-equivalent.

The previous proposition shows that the extension of data that we described is
robust, as it agrees with equivalence classes.



Chapter 4

Restricting Supercuspidal
Representations

In this chapter G still denotes a reductive group defined over a p-adic field F ,
G “ GpF q, and H is a closed connected F -subgroup of G that contains Gder. We
also assume that G splits over a tamely ramified extension E of F and that p does
not divide the order of the Weyl group of G. In Chapter 3, we showed how to
construct various H-data from a G-datum Ψ. Now it’s time to link the data with
their corresponding supercuspidal representations.

Recall that our initial question is to study the restriction to H of an irreducible
supercuspidal representation πGpΨq. Since each component of this restriction is
an irreducible supercuspidal representation of H, it can be constructed from some
H-datum, as we had illustrated in Figure 3.1. If we think of the supercuspidal
πGpΨq as being our piece of IKEA furniture as before, the assembly pieces required
to construct the different components of πGpΨq ought to have been included in the
assembly pieces of the representation itself. For this reason, for all ΨH P RespΨq, we
expect to see πHpΨHq appear as a component of πGpΨq|H (Figure 4.1). However, we
do not expect the set RespΨq to exhaust the H-data that construct the components
of the restriction. Indeed, this is because RespΨq is not stable under G-conjugacy, as
discussed in Section 3.4, yet πGpΨq » πGp

gΨq for all g P G. For this reason, we also
expect to see the H-data from RespgΨq to give rise to components of πGpΨq|H .

The main result that we will prove in this chapter is that

πGpΨq|H “ ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

(Theorem 4.4.1), where C is a set of coset

representatives of HzG{K and K is some specific open subgroup which is
compact modulo the center of G.

In order to study the restriction of the representation πGpΨq for an arbitrary
G-datum Ψ, we need to go through the steps of the J.K Yu Construction. We start
this chapter by providing a summary of this construction in Section 4.1. In subsequent

84
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πGpΨq

´

~G, y, ~r, ρ, ~φ
¯

´

~H, y, ~r, ρ`1 , ~φH
¯ ´

~H, y, ~r, ρ`2 , ~φH
¯

¨ ¨ ¨

´

~H, y, ~r, ρ`|L| , ~φH
¯

πHpΨ`1q πHpΨ`2q ¨ ¨ ¨ πHpΨ`|L|q

Figure 4.1: Restriction of the G-datum Ψ “ p~G, y, ~r, ρ, ~φq and corresponding
supercuspidal representations.

sections of this Chapter (Section 4.2, 4.3), we will explore each step of the J.K. Yu
Construction into more depth and see that restriction commutes in a sense with
all those steps, with the restriction of πGpΨq finally being computed in Section 4.4.
Having the description of this restriction will allow us to describe the irreducible
supercuspidal subrepresentations of c-IndGH πHpΨHq for anH-datum ΨH via Frobenius
Reciprocity in Section 4.5.

4.1 Summary of the J.K. Yu Construction
Recall that the J.K. Yu Construction produces a supercuspidal representation πGpΨq
from a G-datum Ψ “ p~G, y, ~r, ρ, ~φq. In order to obtain πGpΨq, Yu constructs an
open subgroup, Kd, which is compact modulo the center of G, and a representation
κGpΨq of Kd. The construction of the representation κGpΨq uses ρ and ~φ, and is such
that c-IndGKd κGpΨq is irreducible. The result of this induction is then supercuspidal
by Mautner’s Theorem, and corresponds to our representation πGpΨq. Furthermore
πGpΨq is of depth rd.

Remark 4.1.1. Fintzen recently mentioned in [Fin19] that the original proof
from [Yu01] that shows πGpΨq is a supercuspidal representation was referring to a
misprinted statement. Fintzen provides a proof that πGpΨq is in fact irreducible and
supercuspidal in [Fin19, Theorem 3.1] using alternative methods, confirming that the
J.K. Yu Construction is in fact valid.

We give a brief summary for the construction of κGpΨq. First, Yu defines the
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subgroups

K0
“ G0

rys,

K0
` “ G0

y,0` ,

Ki`1
“ K0G1

y,s0
¨ ¨ ¨Gi`1

y,si
,

Ki`1
` “ K0

`G
1
y,s`0

¨ ¨ ¨Gi`1

y,s`i

for all 0 ď i ď d ´ 1, where si “ ri{2. For all 0 ď i ď d, Ki is an open
subgroup of G and is compact modulo the center of Gi. We view φi as a character
of Ki by restriction. As a first step, Yu extends the character φi to a (possibly
higher-dimensional) representation φi1 of Ki`1 for all 0 ď i ď d ´ 1. This extension
is nontrivial and requires the theory of Heisenberg groups and Weil representations
in most cases. We will give a summary for the construction of this extension in
Section 4.2.1. The representations φi1, 0 ď i ď d ´ 2, are then extended further to
representations of Kd by a process called inflation, which we describe in Section 4.3.1.
The resulting representations are denoted by κi, 0 ď i ď d ´ 2. For consistency of
notation, we let κd´1 “ φd´11 and κd “ φd. The representation ρ can also be inflated
to Kd, and we denote its inflation by κ´1, treating ρ as the element of index ´1 in
the sequence pρ, ~φq. We then have κGpΨq “ κ´1 b κ0 b ¨ ¨ ¨ b κd. Figure 4.2 below
illustrates this construction of κGpΨq. When Ψ “ pG, y, ρ, 1q, we see that κGpΨq “ ρ
and therefore πGpΨq “ c-IndGGrys ρ is a depth-zero supercuspidal representation (as
previously mentioned in Remark 3.1.17).

pφ0, K0q ¨ ¨ ¨
`

φd´2, Kd´2
˘ `

φd´1, Kd´1
˘ `

φd, Kd
˘

pρ,K0q
`

φ01, K1
˘

¨ ¨ ¨

´

φd´21, Kd´1
¯ ´

φd´11, Kd
¯ ´

φd
1
, Kd

¯

`

κ´1, Kd
˘ `

κ0, Kd
˘

¨ ¨ ¨
`

κd´2, Kd
˘ `

κd´1, Kd
˘ `

κd, Kd
˘

extend extend extend =

inflate inflate inflate = =

κGpΨq “ κ´1 b κ0 b κ1 b κ2 ¨ ¨ ¨ b κd´2 b κd´1 b κd

Figure 4.2: Summary for the construction of κGpΨq in the J.K. Yu
Construction.

In Remark 3.3.2, we mentioned that the last quasicharacter of ~φ could be assumed
trivial without loss of generality and simplify the application of Theorem 3.3.1. Now
that we described the J.K. Yu Construction, we can fully justify this remark with the
following lemma.
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Lemma 4.1.2. Let Ψ “ p~G, y, ~r, ρ, ~φq be a G-datum, where ~φ “ pφ0, . . . , φd´1, φdq.
Set Ψ1 “ p~G, y, ~r, ρ, ~φ1q, where ~φ1 “ pφ0, . . . , φd´1, 1q. Then πGpΨq » πGpΨ

1q b φd.

Proof: We can see from Figure 4.2 that κGpΨq “ κGpΨ
1q b φd. It follows that

πGpΨq “ c-IndGKd κGpΨq “ c-IndGKd

`

κGpΨ
1
q b φd|Kd

˘

.

Proposition A.1.11 allows us to take out the character φd from the induction, so we
obtain

πGpΨq » c-IndGKd κGpΨ
1
q b φd “ πGpΨ

1
q b φd.

Now, let Ψ “ p~G, y, ~r, ρ, ~φq be a G-datum and let us study πGpΨq|H . Recall that
ρH “ ρ|K0

H
decomposes as a finite sum of irreducible representations (Lemma 3.3.11),

and that we wrote this decomposition as ρH “ ‘
`PL
ρ` for some finite set L.

Theorem 3.3.1 then produced a family of H-data, RespΨq “ tΨ` : ` P Lu. For
each ` P L, we establish analogous notation for the construction of the supercuspidal
representation πHpΨ`q of H. We let

K0
H “ H0

rys,

K0
H` “ H0

y,0` ,

Ki`1
H “ K0

HH
1
y,s0
¨ ¨ ¨H i`1

y,si
,

Ki`1
H` “ K0

H`H
1
y,s`0

¨ ¨ ¨H i`1

y,s`i

for all 0 ď i ď d´ 1.

Proposition 4.1.3. For all ´1 ď i ď d´ 1, Ki`1
H “ Ki`1 XH.

Proof: We have already established that K0
H “ K0XH in Section 3.3.2. Now, let

0 ď i ď d´ 1. We start by showing that

Ki`1
“ K0H1

y,s0
¨ ¨ ¨H i`1

y,si
.

Since H i`1
y,si

Ă Gi`1
y,si

for all 0 ď i ď d ´ 1, we have K0H1
y,s0
¨ ¨ ¨H i`1

y,si
Ă Ki`1. For

the converse, let Zi “ ZpGiq˝pF q denote the F -points of the identity component of
the center of Gi and let Gi “ rGi,GispF q Ă H i. Then Zi

rG
i
y,r “ Gi

y,r for all r ą 0
[DR09, Lemma B.7.2]. Applying this result, we obtain

Ki`1
“ K0G1

y,s0
¨ ¨ ¨Gi`1

y,si
“ K0Z1

s0
G1

y,s0 ¨ ¨ ¨Z
i`1
si
Gi`1

y,si .
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We note that Zi`1
si

Ă ZpGi`1qpF q Ă ZpG0qpF q for all 0 ď i ď d ´ 1 (Lemma 3.1.2).
Furthermore, ZpG0qpF q Ă K0 as K0 “ NG0pG0

y,0q (Section 3.1). It follows that

Ki`1
“ K0G1

y,s0 ¨ ¨ ¨G
i`1

y,si Ă K0H1
y,s0
¨ ¨ ¨H i`1

y,si
,

and therefore
Ki`1

“ K0H1
y,s0
¨ ¨ ¨H i`1

y,si
.

Now, we clearly have Ki`1
H Ă Ki`1 X H. Conversely, given an element k1 of

Ki`1 X H, it is in particular an element of Ki`1 and is thus in the form k1 “ kh
for some k P K0, h P H1

y,s0
¨ ¨ ¨H i`1

y,si
Ă H by what precedes. It follows that

k “ k1h´1 P K0 XH “ K0
H . Hence we conclude that k1 P Ki`1

H .

Analogously to Figure 4.2, we denote by φiH
1 the extension of φiH to Ki`1

H for all
0 ď i ď d´ 1, and by κiH the inflation of φiH

1 to Kd
H for all 0 ď i ď d´ 2. We denote

the inflation to Kd
H of ρ` by κ´1

` . Thus, in the case where the depth r̃ of φdH is greater
than rd´1, we have the following diagram summarizing the J.K. Yu Construction.

pφ0
H , K

0
Hq ¨ ¨ ¨

`

φd´2
H , Kd´2

H

˘ `

φd´1
H , Kd´1

H

˘ `

φdH , K
d
H

˘

pρ`, K
0
Hq

`

φ0
H
1
, K1

H

˘

¨ ¨ ¨

´

φd´2
H

1
, Kd´1

H

¯ ´

φd´1
H

1
, Kd

H

¯ ´

φdH
1
, Kd

H

¯

`

κ´1
` , Kd

H

˘ `

κ0
H , K

d
H

˘

¨ ¨ ¨
`

κd´2
H , Kd

H

˘ `

κd´1
H , Kd

H

˘ `

κdH , K
d
H

˘

extend extend extend =

inflate inflate inflate = =

κHpΨ`q “ κ´1
` b κ0

H b κ
1
H b ¨ ¨ ¨ b κ

d´2
H b κd´1

H b κdH

Figure 4.3: Summary for the construction of κHpΨ`q in the J.K. Yu
Construction in the case where r̃ ą rd´1.

In the case where r̃ ď rd´1, then pφd´1
H φdH , 1q are the last two characters of ~φH ,

and therefore κHpΨ`q “ κ´1
` bκ

0
Hbκ

1
Hb¨ ¨ ¨bκ

d´2
H bκd´1,d

H b1, where κd´1,d
H “ pφd´1

H φdHq
1

is the extension of φd´1
H φdH to Kd

H .
In order to properly understand the restriction πGpΨq|H , we must understand

the extension and inflation processes from the J.K. Yu Construction in more detail.
Since the characters φiH , 0 ď i ď d ´ 1, are simply restricted from the characters
φi, 0 ď i ď d´ 1, it is natural to expect that we have φiH

1
“ φi

1
|Ki`1

H
and κiH “ κi|Kd

H

for all 0 ď i ď d´1. Indeed, Section 4.2 is dedicated to showing that φiH
1
“ φi

1
|Ki`1

H
for

all 0 ď i ď d´1, whereas Section 4.3 shows the analogous result for the representations
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κi, 0 ď i ď d ´ 1. This means that the restriction to H of πGpΨq commutes in a
sense with the various steps of the J.K. Yu Construction, allowing us to connect the
diagrams from Figures 4.2 and 4.3, as illustrated in Figure 4.4.

pφi, Kiq pφiH , K
i
Hq

ö

pρ,K0q

ˆ

‘
`PL
ρ`, K

0
H

˙

`

φi
1
, Ki`1

˘ `

φiH
1
, Ki`1

H

˘

ö ö

`

κ´1, Kd
˘

ˆ

‘
`PL
κ´1
` , Kd

H

˙

`

κi, Kd
˘ `

κiH , K
d
H

˘

restrict

inflate

restrict

inflate

restrict

extend

restrict

extend

inflate inflate

restrict

Figure 4.4: Commutativity of the restriction with extension and inflation for
φi, 0 ď i ď d´ 1, and ρ.

From Figure 4.4, we will show in Section 4.3 that κGpΨq|Kd
H
“ ‘

`PL
κHpΨ`q, which

will lead us to finally being able to compute the restriction πGpΨq|H in Section 4.4.

4.2 Restricting the Representations φi1

The main goal of this section is to show that φi1|Ki`1
H

“ φiH
1 for all 0 ď i ď d ´ 1

(Theorem 4.2.7). To achieve this, we first review the specifics behind the construction
of the extension φi1 of φi.

4.2.1 Construction of φi1

Let 0 ď i ď d ´ 1. To extend the character φi to a representation of Ki`1, Yu
introduces subgroups of GpEq, which are denoted J i`1pEq and J i`1

` pEq, and are
defined as follows:

J i`1
pEq “ xTpEqri ,UapEqy,ri ,UbpEqy,si : a P ΦpGi,Tq, b P ΦpGi`1,TqzΦpGi,Tqy,

J i`1
` pEq “ xTpEqri ,UapEqy,ri ,UbpEqy,s`i : a P ΦpGi,Tq, b P ΦpGi`1,TqzΦpGi,Tqy,

where the subgroup UαpEqy,r denotes a filtration subgroup of UαpEq, as per
Remark 2.2.13.

We write J i`1 and J i`1
` for J i`1pEq XGi`1 and J i`1

` pEq XGi`1, respectively. Yu
also used the notation pGipEq,Gi`1pEqqy,pri,siq for J i`1pEq, and pGi, Gi`1qy,pri,siq for
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J i`1. Similarly, J i`1
` “ pGi, Gi`1qy,pri,s`i q

. We have that Ki`1 “ KiJ i`1 “ KiGi`1
y,si

and Ki`1
` “ Ki

`J
i`1
` “ Ki

`G
i`1

y,s`i
for all 0 ď i ď d´ 1 [HM08, Section 3.1].

Given the previous group descriptions, in order to extend the character φi of Ki

to Ki`1, we must find a way to extend it over J i`1, or Gi`1
y,si

. The process of extending
φi over Gi`1

y,s`i
is relatively simple. As φi is of depth ri, it is trivial on Gi

y,r`i
which means

that φi|Gi
y,s`
i

can be viewed as a character of Gi
y,s`i :r`i

. The choice to set si “ ri{2

is not arbitrary. Indeed, this is the smallest value so that rGi
y,s`i

, Gi
y,s`i
s Ă Gi

y,r`i
(by the property (1) of the Moy-Prasad filtrations discussed in 2.2.2.2), ensuring that
Gi
y,s`i :r`i

is an abelian group. Therefore, by the representation theory of abelian groups,
φi|Gi

y,s`
i

can be extended easily to a character of Gi`1

y,s`i :r`i
, therefore extending φi|Gi

y,s`
i

to a character φi of Gi`1

y,s`i
. Yu considers the simplest such extension in [Yu01, Section

4] by going to the Lie algebra and extending trivially.
One can then extend this character φi uniquely to a character pφi of KiGi`1

y,s`i
,

which is defined by pφipggq “ φipgqφipgq for all g P Ki, g P Gi`1

y,s`i
. This is a well-defined

character since Ki XGi`1

y,s`i
“ Gi

y,s`i
and φi|Gi

y,s`
i

“ φi|Gi
y,s`
i

. An equivalent description

for pφi is the (unique) character of KiGi`1

y,s`i
that agrees with φi on Ki and is trivial

on pGi, Gi`1qy,pr`i ,s
`
i q

[HM08, Section 3.1]. We summarize the construction of pφi in
Figure 4.5.

Remark 4.2.1. For the reader who is familiar with the J.K. Yu Construction, the
description of pφi that we provide above is not exactly the same as in [HM08, Section
3.1] and [Yu01]. Indeed, in [HM08,Yu01], the character produced is for a much larger
group than necessary, K0Gi

y,0Gy,s`i
. The description we provide above produces the

same character of KiGi`1

y,s`i
.

We have just extended φi to a character of KiGi`1

y,s`i
“ KiJ i`1

` , but we need to
extend it further to Ki`1 “ KiJ i`1. There are two cases to consider.

Case 1: When J i`1 “ J i`1
` , we have obtained the desired extension to Ki`1, which

is defined by φi1pkjq “ φipkqpφipjq for all k P Ki, j P J i`1. Note that this is simply
another way of expressing the character pφi described above, and highlights that the
work required resulted in a character of J i`1

` .

Case 2: When J i`1 ‰ J i`1
` , we cannot simply extend the quasicharacter φi to be a

quasicharacter of KiGi`1
y,si
“ KiJ i`1. Indeed, consider the following lemma.
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pφi, Giq

pφi, Kiq

´

φi, Gi
y,s`i

¯ ´

φi, Gi`1

y,s`i

¯

´

pφi, KiGi`1

y,s`i

¯

restrict restrict

extend

Figure 4.5: Summary of the construction of the character pφi.

Lemma 4.2.2. Assume that J i`1 ‰ J i`1
` and let φi be a Gi`1-generic character of

Gi of depth ri. Then φi|Giy,si cannot be extended to a character of Gi`1
y,si

.

Proof: Let us proceed by contradiction and assume we can extend φi to Gi`1
y,si

. This
means φi needs to be trivial on rGi`1

y,si
, Gi`1

y,si
s X Gi

y,ri
. If X˚ denotes the Gi`1-generic

element that realizes φi, then we have thatX˚pY q P kerψ for all Y P rgi`1
y,si
, gi`1

y,si
sXgiy,ri .

Using an argument similar to the one in the proof of Proposition 3.1.12, we must
have X˚pY q P pF for all Y P rgi`1

y,si
, gi`1

y,si
sX giy,ri . Extending the scalars to OE, we have

X˚pY q P pE for all Y P rggi`1pEqy,si ,gg
i`1pEqy,sisXgg

ipEqy,ri .
As we are in the case where J i`1 ‰ J i`1

` , we also have J i`1pEq ‰ J i`1
` pEq.

Therefore, there exists β P ΦpGi`1,TqzΦpG,Tq such that UβpEqy,si ‰ UβpEqy,s`i .
From Remark 2.2.13, we can write

UβpEqy,si “ Uβpp
´teE{F pβpyq´siqu

E q, and UβpEqy,s`i “ Uβpp
1´reE{F pβpyq´siqs

E q.

Note that the ramification index eE{F of E over F appears because the affine
roots over E will be in terms of the integer multiples of 1

eE{F
given that

the valuation over E maps into 1
eE{F

Z. Therefore, UβpEqy,si ‰ UβpEqy,s`i
implies that ´teE{F pβpyq ´ siqu ‰ 1 ´ reE{F pβpyq ´ siqs, or equivalently that
eE{F pβpyq ´ siq is an integer. The expression eE{F p´βpyq ´ siq must also be in
Z, as eE{F p´βpyq ´ siq ` eE{F pβpyq ´ siq “ ´eE{F ri, and ´ri P 1

eE{F
Z since it’s

the result of a valuation over E. Next, we have that dεβp$
´epβpyq´siq
E q P ggi`1pEqy,si

and rdεβp$
´epβpyq´siq
E q, dεβp$

´epβpyq´siq
E qs “ $

eE{F
E Hβ [Yu01, Section 6]. Therefore,

$eE{F riHβ P rggi`1pEqy,si ,gg
i`1pEqy,sisXgg

ipEqy,ri , and under the hypothesis that φi
extends to Gi`1

y,si
, we should have X˚p$eE{F riHβq P pE. But this is a contradiction

with the genericity of φi, as we must have valpX˚pHβqq “ ´ri.
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This means that we cannot extend our character φi across Gi`1
y,si

, or J i`1. We
must then construct a higher dimensional representation. Yu does this using the
theory of Heisenberg groups and Weil representations. Since the theory of Heisenberg
groups and Weil representations has been discussed in many previous works (see for
example [Yu01,HM08,Nev15]), we do not go into all the details in this work. Rather,
we provide an overall summary and we invite the curious reader to consult these
references for more information.

Yu shows that the quotient W i “ J i`1{J i`1
` is a symplectic vector space. Let

ξi “ pφi|Ji`1
`

and set N i “ kerpξiq. The quotient Hi “ J i`1{N i is a Heisenberg p-group
with center Zi “ J i`1

` {N i and such that Hi{Zi » W i. Furthermore, Hi » W i b Zi,
where W i b Zi denotes couples pw, zq, w P W i, z P Zi under a specific multiplication
rule. Since Gi

y,ri
Ă J i`1

` and φi is of depth ri, this means that ξi is a nontrivial
central character. The version of the Stone-von Neumann Theorem as stated in
[McN12, Theorem 3] says that, up to isomorphism, there is a unique irreducible
representation ηξi of the Heisenberg p-group Hi having ξi as its central character.

Now, let SppW iq denote the symplectic group of W i and set SppHiq to be the set
of automorphisms of Hi that act trivially on Zi. The group SppW iq can be viewed
as a subgroup of SppHiq as Hi » W i bZi. Given the representation ηξi of Hi above,
the Stone-von Neumann Theorem tells us that gηξi » ηξi for all g P SppW iq since gηξi
and ηξi both have ξi as their central character. So, for all g P SppW iq, there exists an
intertwining map wpgq which intertwines gηξi and ηξi .

It turns out that the maps wpgq, g P SppW iq, can be chosen compatibly to make a
representation of SppW iq, which is called theWeil representation. This means that the
representation ηξi can be naturally extended to a representation xηξi of SppW iq ˙Hi,
where w “ xηξi |SppW iq and ηξi “ xηξi |Hi .

The representation xηξi is called the Heisenberg-Weil lift of ηξi . When p ‰ 3 and
dimW i ą 2, the Heisenberg-Weil lift is unique. When p “ 3 and dimW i “ 2, three
lifts are possible, but Hakim and Murnaghan single out one of them as being the
optimal choice [HM08, Definition 2.17].

Using the action by conjugation of Ki on J i`1, one can think of Ki as a subgroup
of SppW iq Ă SppHiq up to homomorphism. Hence, composing this homomorphism
with the Heisenberg-Weil lift obtained from the central character ξi, we obtain a new
representation ωi of Ki ˙Hi.

The representation φi
1 is then defined as φi

1
pkjq “ φipkqωipk, jN iq for all

k P Ki, j P J i`1. Note that φi1 is no longer a character in this case, but rather a
representation whose dimension is related to the size of the quotient J i`1{J i`1

` .

4.2.2 Calculating the Restriction of φi1

Before we discuss the restriction of the representation φi1, recall the groups Ki`1
H and

Ki`1
H` for all ´1 ď i ď d´ 1 required in the construction of the supercuspidal πHpΨ`q,
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and the notations for the extensions of the characters φiH that appear in Figure 4.3.
Analogously to the notation of the previous section, we define the subgroups J i`1

H pEq
and J i`1

H`pEq of HpEq as follows:

J i`1
H pEq “ xTHpEqri ,UapEqy,ri ,UbpEqy,si : a P ΦpGi,Tq, b P ΦpGi`1,TqzΦpGi,Tqy,

J i`1
H`pEq “ xTHpEqri ,UapEqy,ri ,UbpEqy,s`i : a P ΦpGi,Tq, b P ΦpGi`1,TqzΦpGi,Tqy.

We write J i`1
H and J i`1

H` for J i`1
H pEq X H i`1 and J i`1

H`pEq X H i`1, respectively.
We have that J i`1

H “ pH i, H i`1qy,pri,siq, J
i`1
H` “ pH

i, H i`1qy,pri,s`i q
, Ki`1

H “ Ki
HJ

i`1
H and

Ki`1
H` “ Ki

H`J
i`1
H` for all 0 ď i ď d´ 1.

Lemma 4.2.3. For all 0 ď i ď d´ 1, J i`1
H “ J i`1 XH i`1 and J i`1

H` “ J i`1
` XH i`1.

Proof: We prove the first equality, and the second equality can be obtained using
similar arguments.

From the definition of the groups, we have that J i`1
H pEq “ J i`1pEq X HpEq.

Indeed, the filtration subgroups of the root subgroups lie in HpEq and are normalized
by TpEqri , so we apply the argument from Proposition 2.1.30 which essentially
says it suffices to intersect TpEqri with HpEq. Since J i`1pEq Ă Gi`1pEq, we have
J i`1
H pEq “ J i`1pEq XHi`1pEq. Thus,

J i`1
H “ J i`1

H pEq XH i`1
“ J i`1

pEq XH i`1
“ J i`1

XH i`1.

Proposition 4.2.4. For all 0 ď i ď d´ 1, J i`1 “ J i`1
H J i`1

` .

Proof: First, recall that TpEqri normalizes the filtrations of the root subgroups
that partly generate J i`1pEq. So, given g P J i`1pEq, we can write g “ ut for some
t P TpEqri Ă J i`1

` pEq and

u P xUapEqy,ri ,UbpEqy,si : a P ΦpGi,Tq, b P ΦpGi`1,TqzΦpGi,Tqy Ă J i`1
H pEq.

Therefore, we have J i`1pEq “ J i`1
H pEqJ i`1

` pEq. In order to prove the equality also
holds over the F -points, we require results from [Yu01].

We proceed similarly to the proof of [Yu01, Lemma 2.10]. Take
g P J i`1 “ J i`1pEq XGi`1. Then g is fixed by GalpE{F q. By what
precedes, g “ ut for some u P J i`1

H pEq, t P J i`1
` pEq. It

follows that the image of g in J i`1pEq{J i`1
` pEq “ J i`1

H pEqJ i`1
` pEq{J i`1

` pEq,
given by uJ i`1

` pEq, is fixed by GalpE{F q. But the second isomorphism
theorem tells us J i`1

H pEqJ i`1
` pEq{J i`1

` pEq » J i`1
H pEq{J i`1

H pEq X J i`1
` pEq, where
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J i`1
H pEq X J i`1

` pEq “ J i`1
H`pEq as a consequence of Lemma 4.2.3. Hence, uJ i`1

H`pEq
is fixed by GalpE{F q.

Next, [Yu01, Corollary 2.3] states that the natural homomorphism

J i`1
H Ñ

`

J i`1
H pEq{J i`1

H`pEq
˘GalpE{F q

is a surjection. This implies that there exists g0 P J i`1
H such that

g0J
i`1
H`pEq “ uJ i`1

H`pEq, that is g´1
0 u P J i`1

H`pEq. Hence, u P J i`1
H J i`1

H`pEq. We
deduce that g “ g1g for some g1 P J i`1

H , g P J i`1
` pEq. Furthermore, we have that

g “ g1´1g P Gi`1, and therefore g P J i`1
` . The result follows.

Corollary 4.2.5. Let β : J i`1
H {J i`1

H` Ñ J i`1{J i`1
` be defined by βpjJ i`1

H`q “ jJ i`1
` for

all j P J i`1
H . Then β is an isomorphism.

Proof: Well-definedness and injectivity of the map are easily verified. Surjectivity
follows from the previous proposition.

Corollary 4.2.6. For all 0 ď i ď d´ 1, J i`1 “ J i`1
` if and only if J i`1

H “ J i`1
H` .

This last corollary is important, as it implies that the theory of Weil
representations is always applied simultaneously in the construction of φi1 and φiH

1.
This is crucial for us to be able to relate those two extensions. Indeed, if it was possible
for J i`1

H “ J i`1
H` , but J

i`1 ‰ J i`1
` , then talking about restricting φi1, a representation

of dimension greater than 1, would not result in the character φiH
1. We are now ready

to state the main theorem of this section.

Theorem 4.2.7. For all 0 ď i ď d´ 1, φiH
1
“ φi

1
|Ki`1

H
.

Proof: For a fixed 0 ď i ď d´ 1, we have two cases to consider.

Case 1 (J i`1 “ J i`1
` ): In this case, we have J i`1

H “ J i`1
H` by Corollary 4.2.6.

It follows that φiH
1
pkjq “ φiHpkq

xφiHpjq for all k P Ki
H , j P J i`1

H , where xφiH is the
(unique) quasicharacter of Ki

HH
i`1

y,s`i
that agrees with φiH on Ki

H and is trivial on
pH i, H i`1qy,pr`i ,s

`
i q
.

Clearly, we have that pφi|Ki
HH

i`1
y,si`

agrees with φiH on Ki
H , as it agrees with

φi on Ki, and is trivial on pH i, H i`1qy,pr`i ,s
`
i q
, as it is trivial on pGi, Gi`1qy,pr`i ,s

`
i q
.

These restrictions are illustrated in Figure 4.6. Therefore, by uniqueness, we have
pφi|Ki

HH
i`1
y,si`

“ xφiH .

So, for all k P Ki
H , j P J

i`1
H

φi
1
|Ki`1

H
pkjq “ φipkqpφipjq “ φiHpkq

xφiHpjq “ φiH
1
pkjq.
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pφiH , K
i
Hq

pφi, Kiq

´

pφi, KiGi`1

y,s`i

¯ ´

xφiH , K
i
HH

i`1

y,s`i

¯

´

1, pGi, Gi`1qy,pr`i ,s
`
i q

¯

´

1, pH i, H i`1qy,pr`i ,s
`
i q

¯

Figure 4.6: Diagram of restrictions for pφi and xφiH .

Case 2 (J i`1 ‰ J i`1
` ): In this case, we have that φi1 is constructed using the

Heisenberg-Weil lift ωi, which is a representation of Ki ˙ J i`1{ kerpξiq constructed
from ξi “ pφi|Ji`1

`
. Since J i`1

H ‰ J i`1
H` , we require a Heisenberg-Weil lift to

extend xφiH , which we denote by ωiH . Note that ωiH is a representation of
Ki
H ˙ J i`1

H { kerpξiHq, where ξiH “ xφiH |Ji`1
H`
“ pφi|Ji`1

H`
. In the Appendix, we show that

ωipk, j kerpξiqq “ ωiHpk, j kerpξiHqq for all k P Ki
H , j P J

i`1
H (Theorem A.4.1). Hence,

for all k P Ki
H , j P J

i`1
H ,

φi
1
|Ki`1

H
pkjq “ pφipkqωipk, j kerpξiqq “ xφiHpkqω

i
Hpk, j kerpξiHqq “ φiH

1
pkjq.

4.3 Restricting κGpΨq
The main goal of this section is to show that κGpΨq|Kd

H
» ‘

`PL
κHpΨ`q (Theorem 4.3.6).

To achieve this, we must first understand how the representations κi, 0 ď i ď d, of
Kd are constructed. In the J.K. Yu Construction, those representations are obtained
from the representations φi1 of the smaller groups Ki`1 via a process called inflation.
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We start this section by defining this process in general and exploring some of its
properties.

4.3.1 Inflation

Lemma 4.3.1. [HM08, Section 3.4] If µ is a representation of A which is 1-isotypic
on AXB, then there exists a unique extension of µ to AB, denoted infABA µ, which is
1-isotypic on B. This extension is called the inflation of µ to AB.

Proof: We define infABA µ as follows.

infABA µpabq “ µpaq for all a P A, b P B.

As µ is 1-isotypic on A X B, this map is well-defined. Indeed, if a1b1 “ ab, then
a´1a1 “ bb1´1. It follows that a´1a1 P A X B, so µpa´1a1q “ 1. Thus, µpa1q “ µpaq,
and infABA µpa1b1q “ infABA µpabq. Furthermore, this extension is 1-isotypic on B by
definition.

To prove uniqueness, let γ be a representation of AB which is 1-isotypic on B
and such that γ|A “ µ. Then for all a P A, b P B,

γpabq “ γpaqγpbq “ γpaq “ µpaq “ infABA µpabq.

Hence, γ “ infABA µ.

Lemma 4.3.2. Let χ “ χ1‘ ¨ ¨ ¨ ‘χn be a representation of A which is 1-isotypic on
A X B. Then, infABA χ “ infABA χ1 ‘ ¨ ¨ ¨ ‘ infABA χn, that is inflation commutes with
direct sum.

Proof:
Since χ is 1-isotypic on AXB, we have that χk|AXB “ 1 for all 1 ď k ď n, so we

have inflations infABA χk, 1 ď k ď n. For all ab P AB,

infABA χpabq “ χpaq “ χ1paq ‘ ¨ ¨ ¨ ‘ χnpaq “ infABA χ1pabq ‘ ¨ ¨ ¨ ‘ infABA χnpabq.

Lemma 4.3.3. Let µ be a representation of A which is 1-isotypic on AXB. Then
`

infABA µ
˘

|pAXCqpBXCq “ inf
pAXCqpBXCq
AXC pµ|AXCq .
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Proof: Let a P AX C, b P B X C. Then
`

infABA µ
˘

|pAXCqpBXCqpabq “ µpaq “ µ|AXCpaq “ inf
pAXCqpBXCq
AXC pµ|AXCq pabq.

In the context of the J.K. Yu Construction, the representations φi1 get inflated
to Kd for all 0 ď i ď d´ 2. Indeed, φi1 is a representation of Ki`1 which is 1-isotypic
on Ki`1 X J i`2 “ Gi`1

y,ri`1
for all 0 ď i ď d ´ 2. Therefore, they can be inflated

to Ki`2 “ Ki`1J i`2. As explained in [HM08, Section 3.4], this previous inflation
will be 1-isotypic on Ki`2 X J i`3 “ Gi`2

y,ri`2
Ă Gi`2

y,ri`1
Ă J i`2. We may then repeat

the inflation process inductively to obtain an inflation to Kd. Furthermore, since
Kd “ Ki`1J i`2 ¨ ¨ ¨ Jd, this inflation will be defined as follows:

infK
d

Ki`1 φi
1
pkjq “ φi

1
pkq for all k P Ki`1, j P J i`2

¨ ¨ ¨ Jd.

Similarly, we can inflate the representation ρ toKd for the same reason. The following
notation is used to denote the inflations:

κ´1
“ infK

d

K0 ρ, κi “ infK
d

Ki`1 φi
1
, 0 ď i ď d´ 2.

We also have κd´1 “ φd´11, κd “ φd|Kd . Analogous notation is used for the
construction of the supercuspidal representations of H, as illustrated in Figure 4.3.

4.3.2 Calculating the Restriction of κGpΨq

Proposition 4.3.4. For all 0 ď i ď d´ 1, κiH “ κi|Kd
H
.

Proof: For 0 ď i ď d ´ 1, we have that φiH
1
“ φi

1
|Ki`1

H
(Theorem 4.2.7), which

implies that inf
Kd
H

Ki`1
H

φiH
1
“ inf

Kd
H

Ki`1
H

pφi
1
|Ki`1

H
q. Furthermore, since Ki`1 XH “ Ki`1

H for
all 0 ď i ď d´ 1 (Proposition 4.1.3), Lemma 4.3.3 tells us that

inf
Kd
H

Ki`1
H

pφi
1
|Ki`1

H
q “

´

infK
d

Ki`1 φi
1
¯

|Kd
H
.

Therefore, κiH “ inf
Kd
H

Ki`1
H

pφi
1
|Ki`1

H
q “

´

infK
d

Ki`1 φi
1
¯

|Kd
H
“ κi|Kd

H
.

Lemma 4.3.5. The restriction of κ´1 to Kd
H decomposes as κ´1|Kd

H
“ ‘

`PL
κ´1
` .
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Proof: Recall the decomposition into irreducible representations of ρ|K0
H
“ ‘

`PL
ρ`,

where L is some finite set. We have

κ´1
|Kd

H
“ pinfK

d

K0 ρq|Kd
H
.

Lemma 4.3.3 allows us to write

κ´1
|Kd

H
“ inf

Kd
H

K0
H
pρ|K0

H
q.

Since ρ|K0
H
“ ‘

`PL
ρ` and that inflation commutes with direct sum (Lemma 4.3.2), we

obtain

κ´1
|Kd

H
“ ‘

`PL
inf

Kd
H

K0
H
ρ`

“ ‘
`PL
κ´1
` .

We are now ready to prove the main result of this section.

Theorem 4.3.6. Given the G-datum Ψ, κGpΨq|Kd
H
» ‘

`PL
κHpΨ`q.

Proof: We have that

κGpΨq|Kd
H
“ κ´1

|Kd
H
b

â

0ďiďd

κi|Kd
H
.

From Proposition 4.3.4 and Lemma 4.3.5, we can rewrite the right-hand side as

κGpΨq|Kd
H
“

ˆ

‘
`PL
κ´1
`

˙

b
â

0ďiďd

κiH .

Finally, Lemma A.1.6 allows us to take out the direct sum and obtain

κGpΨq|Kd
H
“ ‘

`PL

˜

κ´1
` b

â

0ďiďd

κiH

¸

.

In the case where the depth r̃ of φdH is greater than rd´1, then
κHpΨ`q “ κ´1

` b
Â

0ďiďd

κiH (Figure 4.3) and we obtain our result. When r̃ ď rd´1,

we must find a way to compare κd´1
H b κdH with κd´1,d

H b 1, where κd´1,d
H “ pφd´1

H φdHq
1.
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This requires going into the technicalities of the Heisenberg-Weil lift. We provide the
details in Appendix A.4.2, in which we show that κd´1

H b κd » κd´1,d
H b 1. Thus,

κ´1
` b

â

0ďiďd

κiH » κ´1
` b κ0

H b ¨ ¨ ¨ b κ
d´2
H b κd´1,d

H b 1 “ κHpΨ`q,

and the result follows.

4.4 Restricting πGpΨq
We are now ready to calculate the restriction of πGpΨq to H.

Theorem 4.4.1. Given the datum Ψ, πGpΨq|H » ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

, where C is a set

of representatives of HzG{Kd.

Proof: From the Mackey Decomposition, we have that

ResGH πGpΨq “ ResGH c-IndGKd κGpΨq “ ‘
tPC

c-IndHtpKdXHq Res
tpKdq
tpKdXHq

tκGpΨq.

We have that tκGpΨq “ κGp
tΨq [HM08, Section 5.1.1], which implies that

ResGH πGpΨq “ ‘
tPC

c-IndHtKd
H

Res
tKd

tKd
H
κGp

tΨq.

Applying Theorem 4.3.6 to the datum tΨ, we have that
Res

tKd

tKd
H
κGp

tΨq » ‘
`PL
κHpp

tΨq`q. From the definition of conjugate G-datum

(Section 3.2), it is clear that ptΨq` “ tΨ`. Finally, given that induction commutes
with direct sum (Proposition A.1.9), we obtain

ResGH πGpΨq » ‘
tPC

ˆ

‘
`PL

c-IndHtKd
H
κHp

tΨ`q

˙

“ ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

.

On top of giving a complete description of the restriction of irreducible
positive-depth supercuspidal representations, Theorem 4.4.1 also provides a
description for the restriction of depth-zero supercuspidal representations, as per the
following corollary.
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Corollary 4.4.2. Let Ψ “ p~G, y, ρ, 1q be a G-datum associated to an irreducible
depth-zero supercuspidal representation. Then

ResGH πGpΨq “ ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

,

or equivalently,

ResGH c-IndGGrys ρ “ ‘
tPC

ˆ

‘
`PL

c-IndHtHrys
tρ`

˙

,

where C is a set of representatives of HzG{Hrys.

4.5 Frobenius Reciprocity for Inducing πHpΨHq

Recall that in Section 3.5, we also studied how to go backwards from an H-datum ΨH

to G-data. Analogously, we ought to be able to say something about the irreducible
subrepresentations of c-IndGH πHpΨHq. Recall the notation ExtpΨHq for the set of
G-data that extend ΨH .

Theorem 4.5.1. Let ΨH be a normalized H-datum. Every irreducible supercuspidal
subrepresentation of c-IndGH πHpΨHq is of the form πGpΨq, where Ψ P t´1

ExtpΨHq for
some t P C, C a set of coset representatives of HzG{Kd.

Proof: Let π be an irreducible supercuspidal subrepresentation of c-IndGH πHpΨHq.
Therefore π “ πGpΨq for some G-datum Ψ and HomGpπGpΨq, c-IndGH πHpΨHqq ‰ t0u.
This implies that HomHpπGpΨq|H , πHpΨHqq ‰ t0u by Frobenius Reciprocity, and
πHpΨHq is a component of πGpΨq|H as πGpΨq|H is completely reducible (Theorem 1).
Theorem 4.4.1 implies that ΨH P

t RespΨq, up toH-equivalence, for some t P C, where
C is a set of coset representatives of HzG{Kd. Or, equivalently, t´1

ΨH P RespΨq,
which implies that Ψ P Extpt

´1
ΨHq “

t´1
ExtpΨHq.



Chapter 5

Multiplicity in the Restriction

Recall that G is a reductive group defined over a p-adic field F , which splits over a
tamely ramified extension, and that the residual characteristic of F does not divide
the order of the Weyl group of G. We also maintain the notation G “ GpF q, and H
is a closed connected F -subgroup of G that contains Gder. Given a supercuspidal
representation πGpΨq, we saw how πGpΨq|H decomposes as a sum of irreducible
supercuspidal representations in the previous chapter (Theorem 4.4.1). The next
natural question to ask is to what multiplicities do the (irreducible) components of
this decomposition appear.

Recall the decomposition of ρH “ ρ|K0
H
into irreducible components, ρH “ ‘

`PL
ρ`

for some finite set L. It is clear that when the summands of ρH are not distinct,
we cannot have a multiplicity free decomposition. Indeed, this would mean that
ρi » ρj for some i ‰ j P L, which would lead to having Ψi being an elementary
transformation of Ψj (Section 3.2), implying that πHpΨiq » πHpΨjq (Theorem 3.2.4).
One can then ask as a first question whether this is the only possible source of
multiplicity. It turns out that it is. Indeed, we will show in the first section of
this chapter that the multiplicity of πHptΨ`q in πGpΨq|H is equal to the multiplicity
of ρ` in ρH (Theorem 5.1.1). This in turn implies that the question of multiplicity for
the restriction to H of an irreducible supercuspidal representation reduces to studying
the restriction of the depth-zero part of the datum.

Because ρ and ρH are finite-dimensional representations, we will be able to apply
results from Clifford theory in order to get a formula for the multiplicity in ρH . As
such, we devote Section 5.2.1 to summarize the important results from Clifford theory
that we will be using. In Section 5.2.2, we will see how we can apply these results
to ρH even though K0

H might not be of finite index in K0. We will see that every
component of ρH must appear with the same multiplicity, and we will provide a
formula for this multiplicity at the end of this chapter (Proposition 5.2.10). Finally,
we obtain as a corollary of this multiplicity formula a refinement of the decomposition
of πGpΨq|H in Corollary 5.2.11.

101
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5.1 Source of Multiplicity in the Restriction

Let Ψ “ p~G, y, ρ, ~φq be a G-datum. Recall that ρH is the restriction to K0
H of ρ

and that we have a decomposition into components ρH “ ‘
`PL
ρ` for some finite set

L. Furthermore, Ψ` denotes the H-datum in RespΨq that corresponds to ρ` as per

Theorem 3.3.1, and by Theorem 4.4.1, we have that πGpΨq|H » ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

,

where C is a set of representatives of the double cosets of HzG{Kd. The goal of this
section is to prove the following theorem.

Theorem 5.1.1. Let C be a set of representatives of the double cosets of HzG{Kd

and let ` P L. Then for all t P C, the multiplicity of the component πHptΨ`q in
πGpΨq|H is equal to the multiplicity of ρ` in ρH . In particular, πGpΨq|H is multiplicity
free if and only if ρH is multiplicity free.

The proof of this theorem will be divided into two lemmas (Lemmas 5.1.6 and
5.1.7). However, before we can proceed to those lemmas, we need two results from
[Mur11].

Proposition 5.1.2 ([Mur11, Proposition 5.4]). Let Ψ “ p~G, y, ρ, ~φq be a G-datum,

φ be the character of G0 defined by φ “
d
ś

i“0

φi|G0 and set G0
r` “

Ť

xPBpG0,F q

G0
x,r` for all

r ě 0. Suppose there exists some element g such that ~G “ g~G and φ|G0
0`
“ gφ|G0

0`
.

Then, setting r´1 “ 0, we have
d
ś

j“i

φj|Gi
r`
i´1

“
d
ś

j“i

gφj|Gi
r`
i´1

for 0 ď i ď d.

Remark 5.1.3. The element g in the last proposition can be taken to be from a
larger group G̃ Ą G.

Lemma 5.1.4. Let Ψ “ p~G, y, ρ, ~φq be a G-datum, ~H and ~φH be the Levi and
quasicharacter sequences of H constructed from Theorem 3.3.1, and φH be the

character of H0 defined by φH “
d
ś

i“0

φiH |H0. Suppose that there exists g P G such

that ~H “ g~H and φH |H0
0`
“ gφH |H0

0`
. Then g P G0.

Proof: This is an adaptation of [Mur11, Lemma 5.6], so we proceed similarly to
Murnaghan’s proof therein.

By Proposition 5.1.2, we have
d
ś

j“i

φjH |Hi

r`
i´1

“
d
ś

j“i

gφjH |Hi

r`
i´1

for 0 ď i ď d. Letting

Zi “ ZpGiq˝pF q and Gi “ rGi,GispF q Ă H i, we have that Gi
r` “ Zi

r`G
i
r` for all
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r ě 0 [DR09, Lemma B.7.2] and therefore Gi
r` “ Zi

r`H
i
r` . As a consequence, we have

that Gi
r`i´1

“ gGi
r`i´1

and

d
ź

j“i

φj|Gi
r`
i´1

“

d
ź

j“i

gφj|Gi
r`
i´1

for 0 ď i ď d. (5.1.1)

In particular, setting i “ d´1 in (5.1.1), we have φd´1φd|Gd´1

r`
d´2

“ gpφd´1φdq|Gd´1

r`
d´2

.

Because φd is a character of G, we have that φd “ gφd and therefore
φd´1|Gd´1

r`
d´2

“ gφd´1|Gd´1

r`
d´2

. Since rd´1 ą rd´2, it follows that φd´1|Gd´1
rd´1

“ gφd´1|Gd´1
rd´1

.

This last equality implies that g P Gd´1 [Mur11, Lemmas 4.2 and 4.4], as explained
in [Mur11, Lemma 5.6].

Using the fact that g P Gd´1 implies φd´1φd “ gpφd´1φdq, we put i “ d ´ 2
in (5.1.1) and repeat the same argument as above to conclude that g P Gd´2. We
proceed recursively to conclude that we must have g P G0.

Remark 5.1.5. Note that the statements above are modifications of [Mur11,
Proposition 5.4 and Lemma 5.6] to suit our needs. The initial statements are more
general and apply to a wider range of characters, namely those that are G-factorizable
in the sense of [Mur11, Definition 5.1].

Also, the initial statements of [Mur11, Proposition 5.4 and Lemma 5.6] contain
an extra hypothesis, called CpG1q`w . However, Kaletha’s work [Kal19] allows us to
omit this hypothesis, as was previously mentioned in Remark 3.2.6.

We are now ready to proceed to the two lemmas that will prove Theorem 5.1.1.

Lemma 5.1.6. Let C be a set of representatives of the double cosets of HzG{Kd,
and let s, t P C. Assume that s ‰ t. Then for all `, k P L, πHpsΨ`q fi πHp

tΨkq.

Proof: We show the contrapositive statement. Assume that πHpsΨ`q » πHp
tΨkq.

From Theorem 3.2.4, there exists h P H such that sK0
H “

htK0
H , s~H “ ht~H and

s
pρ` b φHq »

ht
pρk b φHq,

where φH “
d
ś

i“0

φiH |H0 . Equivalently, K0
H “

s´1htK0
H , ~H “ s´1ht~H and

ρ` b φH »
s´1ht

pρk b φHq (Lemma A.1.7).

Since ρj|H0
y,0`

is 1-isotypic for j “ `, k, it follows that

φH |H0
y,0`

“ p
s´1htφHq|H0

y,0`
.
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The equivalence becomes an equality when we have characters, as intertwining maps
simply correspond to scalar multiplication. Given that the depth of a character does
not depend on the point of the building that describes the Moy-Prasad filtration
subgroups (Remark 2.3.25), we have that

φH |H0
0`
“ p

s´1htφHq|H0
0`
.

Applying Lemma 5.1.4, we have that s´1ht P G0.
Recall from Remark 3.2.5 that s´1htK0

H “ K0
H implies s´1ht ¨ rys “ rys, implying

that s´1ht P G0
rys “ K0 Ă Kd. Hence, t P HsKd, meaning that s and t belong to

the same double coset of HzG{Kd. Because s and t are coset representatives, we
conclude that they must be equal.

The previous lemma implies that the multiplicity in the restriction πGpΨq|H must
come from within ‘

`PL
πHpΨ`q. The next step is then to determine the condition under

which πHpΨ`q » πHpΨkq, `, k P L, which is provided by the following lemma.

Lemma 5.1.7. Let `, k P L. Then πHpΨ`q » πHpΨkq if and only if ρ` » ρk.

Proof: Assume that ρ` » ρk. Then Ψk is an elementary transformation of Ψ`

(Section 3.2) and πHpΨ`q » πHpΨkq (Theorem 3.2.4).
Conversely, if πHpΨ`q » πHpΨkq, we know from Theorem 3.2.4 that there

exists h P H such that ~H “ h~H, K0
H “ hK0

H , and ρ` b φH » hpρk b φHq, where
φH “

śd
i“0 φ

i
H |H0 . Proceeding similarly to the proof of Lemma 5.1.6, we have that

h P K0 X H “ K0
H . Because h P H0, we have φH “ hφH . We then conclude that

ρ` »
hρk, which implies that ρ` » ρk as h P K0

H (Lemma A.1.5).

Combining Lemmas 5.1.6 and 5.1.7 together gives us the proof of Theorem 5.1.1.
Proof of Theorem 5.1.1:
Let s P C and j P L. By Lemma 5.1.7, the multiplicity of ρj in ρH corresponds to
the multiplicity of πHpsΨjq in ‘

`PL
πHp

sΨ`q. Since πHpsΨjq fi πHp
tΨkq when s ‰ t

regardless of k P L (Lemma 5.1.6), this multiplicity corresponds to the multiplicity

of πHpsΨjq in ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

.

Theorems 4.4.1 and 5.1.1 generalize [Nev15, Theorem 5.2] in which H “ Gder

and Ψ is a toral datum of length one. In this case ρ is assumed trivial and RespΨq
consists of only one element (Corollary 3.3.3), meaning that the restriction πGpΨq|H
is automatically multiplicity free as per the following corollary.
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Corollary 5.1.8 ([Nev15, Theorem 5.2]). Let Ψ “ ppT,Gq, y, r, 1, pφ0, φ1qq be a
toral datum of length one. Let Ψder denote the restriction to Gder of Ψ as per
Corollary 3.3.3. Then πGpΨq decomposes with multiplicity one as

πGpΨq|H » ‘
tPC
πGder

p
tΨderq,

where C is a set of coset representatives of GderzG{K
1.

We end this section by mentioning that Theorem 5.1.1 applies to both
positive-depth and depth-zero supercuspidal representations as they are all produced
from the J.K. Yu Construction. This allows us to restate our result as follows.

Corollary 5.1.9. Let ` P L. Then the multiplicity of πHpΨ`q in πGpΨq|H is equal to
the multiplicity of π´1

` in π´1|H0, where π´1 ..“ c-IndG
0

K0 ρ and π´1
`

..“ c-IndH
0

K0
H
ρ`. In

particular, πGpΨq|H is multiplicity free if and only if π´1|H0 is multiplicity free.

Proof: We know from Theorem 5.1.1 that the multiplicity of πHpΨ`q in πGpΨq|H
is equal to the multiplicity of ρ` in ρH . On the other hand, if we consider the datum
Ψ0 “ pG0, y, ρ, 1q, we have πG0pΨ0q “ π´1. Then, Theorem 5.1.1 tells us that the
multiplicity of πH0pΨ0

`q “ π´1
` in πG0pΨ0q|H0 is equal to the multiplicity of ρ` in ρH .

The result thus follows.

The statement of Corollary 5.1.9 makes it clear that the multiplicity upon
restriction of a positive-depth supercuspidal representation really depends on
the depth-zero supercuspidal representation of the reduced datum. Therefore,
the question of determining multiplicities in the restriction of an irreducible
supercuspidal representation reduces to an equivalent question for irreducible
depth-zero supercuspidal representations.

5.2 Determining the Multiplicity in the Restriction
In this section, our goal is to obtain a more precise decomposition of ρH and know
the multiplicity of each component. By Theorem 5.1.1, this will provide us with the
multiplicity in πGpΨq|H . In order to achieve this, we will need some results from
Clifford theory. We start this section by reviewing those results.

5.2.1 Some Clifford Theory

In this subsection, G simply denotes a group, and N is a normal subgroup of G.
When G and N are finite groups, Clifford theory allows us to describe the relation
between representations of G and those of N . In particular, if π is an irreducible
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representation of G, this theory offers a very precise description of π|N . Indeed, every
two components of π|N are conjugate and every component appears with the same
multiplicity. Furthermore, this multiplicity can be explicitly calculated. A summary
of Clifford theory can for example be found in [CSST09].

We can adapt the proofs from [CSST09] for groups G and N which are not
finite. We will proceed to do so in this section, but require a few hypotheses.
For the remainder of this section, we assume that N has finite index rG : N s in
G. We also need N to be open, closed and containing an open compact subgroup
so that we may apply Mackey theory and Frobenius Reciprocity. Furthermore, we
assume that π is an irreducible finite-dimensional representation of G and that π|N
is completely reducible. The main result that we will take away from this section is
Proposition 5.2.7, but we must establish some new notation and a few intermediate
results before we get there.

Definition 5.2.1. Let π1 be an irreducible representation of N . The set
IGpπ

1q “ tg P G : gπ1 » π1u is called the normalizer of π1 in G, or the inertial subgroup
of π1 (in G).

A consequence of Mackey theory is that we can obtain a condition for the
induction of a representation to be irreducible, known as the Mackey Irreducibility
Criterion. In particular, when π1 is an irreducible representation of N , the condition
for c-IndGN π

1 to be irreducible is phrased in terms of the inertial subgroup of π1.
Indeed, we have that c-IndGN π

1 is irreducible if and only if IGpπ1q “ N .

Definition 5.2.2. Let π1 be an irreducible representation of N , and let I “ IGpπ
1q.

We define pIpπ1q to be the set of irreducible representations of I which are contained
in c-IndIN π

1.

Lemma 5.2.3. Let π1 be an irreducible representation of N and let I “ IGpπ
1q. Then

ResIN c-IndIN π
1 is π1-isotypic. In particular, for all Π P pIpπ1q, we have that Π|N is

π1-isotypic.

Proof: From the Mackey Decomposition, we have that ResIN c-IndIN π
1 “ ‘

cPC

cπ1,

where C is a set of coset representatives of I{N . In particular, every element c P C
lies in I, meaning that cπ1 » π1. The result thus follows.

Lemma 5.2.4. Let π1 be an irreducible representation of N and let I “ IGpπ
1q. Then

c-IndGI Π is irreducible for all Π P pIpπ1q.

Proof: By the Mackey Irreducibility Criterion, showing that c-IndGI Π is irreducible
is equivalent to showing that the normalizer of Π in G is equal to I. Take g P G such



5. MULTIPLICITY IN THE RESTRICTION 107

that gΠ » Π. We must show that g P I. Since N is a normal subgroup, we have that
gpΠ|Nq » Π|N . Since Π|N is π1-isotypic (Lemma 5.2.3), we conclude that gπ1 » π1

and that g P I.

Lemma 5.2.5. Let π1 be an irreducible representation of N , I “ IGpπ
1q and π be

an irreducible representation of G such that π|N contains π1. Then π “ c-IndGI Π for
some Π P pIpπ1q.

Proof: Since π1 Ă π|N , Frobenius Reciprocity tells us that π Ă c-IndGN π
1. Since I

is a subgroup that lies between G and N , we have that c-IndGN π
1 “ c-IndGI pc-IndIN π

1q.
According to Lemma 5.2.4, every component of c-IndIN π

1 (or equivalently every
element of pIpπ1q) induces irreducibly to G. This means that the components of
c-IndGN π

1 are of the form c-IndGI Π for some Π P pIpπ1q.

Lemma 5.2.6. Let π1 be an irreducible representation of N , I “ IGpπ
1q and π be a

representation of G such that π|N contains π1. Let Π be an element of pIpπ1q such that
π “ c-IndGI Π. Then Π|N “ mπ1, where

m “
dimpπq

rG : Is dimpπ1q
,

and dimpπq and dimpπ1q denote the dimensions of π and π1, respectively.

Proof: Recall from Lemma 5.2.3 that Π|N is π1-isotypic. Therefore Π|N “ mπ1 for
some m ą 0, and dimpΠ|Nq “ m dimpπ1q. Since Π and Π|N act on the same vector
space, their dimensions are the same, implying that

m “
dimpΠq

dimpπ1q
.

On the other hand, we have that π “ c-IndGI Π, meaning that
dimpπq “ rG : Is dimpΠq (Proposition A.1.8), or equivalently

dimpΠq “
dimpπq

rG : Is
.

The result then follows by combining this equation for dimpΠq with the above
equation for m.

Finally, we arrive to the main result of this section.
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Proposition 5.2.7. Let π1 be an irreducible representation of N , I “ IGpπ
1q and π

be a representation of G such that π|N contains π1. Then

ResGN π “ m

ˆ

‘
cPC

cπ1
˙

,

where
m “

dimpπq

rG : Is dimpπ1q
,

and C is a set of coset representatives of NzG{I. Furthermore, every component of
‘
cPC

cπ1 is distinct, meaning that every component of ResGN π has multiplicity m.

Proof: By Lemma 5.2.5, we have that π “ c-IndGI Π for some Π P pIpπ1q. Using the
Mackey Decomposition, we obtain

ResGN π “ ResGN c-IndGI Π “ ‘
cPC

c-IndNNXcI Res
cI
NXcI

cΠ,

where C is a set of coset representatives of NzG{I. Because N is a normal subgroup
of G and N Ă I, this simplifies as

ResGN π “ ‘
cPC

Res
cI
N
cΠ.

By Lemma 5.2.6, we have that ResIN Π “ mπ1, where

m “
dimpπq

rG : Is dimpπ1q
.

Therefore, we obtain the stated decomposition of ResGN π.
Furthermore, we note that having cπ1 » dπ1, c, d P C implies that d´1c P I and

therefore c and d lie in the same double coset. This means that every component of
‘
cPC

cπ1 is distinct.

5.2.2 Formula for the Multiplicity

We now wish to apply the results of the previous section in order to obtain a
description of ρH “ ρ|K0

H
, where K0

H “ H0
rys. The quotient K0{K0

H might not be
of finite index, so we cannot necessarily apply Clifford theory directly by setting
G “ K0 and N “ K0

H . However, because K0 is compact modulo the center of G0, Z0,
the index rK0 : Z0K0

Hs is finite (Remark 3.1.4). Furthermore, Z0K0
H is open (and

closed) and contains a compact open subgroup. Therefore, we can apply the Clifford
theory from the previous section to ρ|Z0K0

H
by setting G “ K0 and N “ Z0K0

H .
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Let us first recall the more refined description of ρH from Remark 3.3.12. Fix
a component pρ1, V 1q of pρH , V q. Then the set L is a finite subset of a set of coset
representatives of K0{K0

H and, for all ` P L, ρ` “ `ρ1 so that

ρH “ ‘
`PL
ρ` “ ‘

`PL

`ρ1.

Lemma 5.2.8. Let pρ1, V 1q be a component of pρH , V q. Then pρ1, V 1q defined by
ρ1pzhq “ ρpzqρ1phq for all z P Z0, h P K0

H is a component of pρ|Z0K0
H
, V q.

Proof: Firstly, the representation ρ1 is well-defined. Indeed, we see from the above
description that ρ|K0

HXZ
0 “ ‘

`PL
ρ1|K0

HXZ
0 . Therefore, ρpzq|V 1 “ ρ1pzq for all z P K0

HXZ
0.

It is clear that ρ1 is a subrepresentation of ρ|Z0K0
H

by definition. Furthermore,
because Z0 acts by scalar multiplication through ρ (Lemma A.1.4), any
Z0K0

H-invariant subspace of V 1 is also a K0
H-invariant subspace of V 1. This

means that ρ1 is irreducible, and is therefore a component of ρ|Z0K0
H
.

Lemma 5.2.9. Let pρ1, V 1q and pρ1, V 1q be as per the previous lemma. Then
IK0pρ1q “ IK0pρ1q.

Proof: Let g P K0. We must show that gρ1 » ρ1 if and only if gρ1 » ρ1. It is clear
that if gρ1 » ρ1, then gρ1 » ρ1 since ρ1 “ ρ1|K0

H
.

For the converse, assume that ρ1 » gρ1 and let f be an invertible intertwining
map between gρ1 and ρ1. Then, for all h P K0

H , v P V
1, gρ1phq ˝ fpvq “ f ˝ ρ1phqpvq.

One then sees that for every constant k P C,

kgρ1phqpfpvqq “ fpkρ1phqpvqq.

Because Z0 acts by scalar multiplication, for all z P Z0, we have that ρpzq “ czIdV
for some cz P C, where IdV is the identity map on V . Therefore, for all z P Z0 we
obtain that

cz
gρ1phqpfpvqq “ fpczρ

1
phqpvqq,

or equivalently,
gρ1pzhqpfpvqq “ fpρ1pzhqpvqq.

Hence f is an invertible intertwining map between gρ1 and ρ1. The result follows.

Proposition 5.2.10. Let ρ1 be a component of ρH “ ρ|K0
H
, I “ IK0pρ1q and

m “
dimpρq

rK0 : Is dimpρ1q
.
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Then
ρH “ m

ˆ

‘
dPD

dρ1
˙

,

where D is a set of coset representatives of K0
HzK

0{I. In other words, each component
of ρH has multiplicity m.

Proof: Let ρ1 be the extension of ρ1 to Z0K0
H as per Lemma 5.2.8, which is a

component of ρ|Z0K0
H
. Since Z0K0

H is of finite index in K0 and that all representations
at play are finite-dimensional, we apply Proposition 5.2.7 and obtain

ρ|Z0K0
H
“ m

ˆ

‘
dPD

dρ1
˙

,

where
m “

dimpρq

rK0 : IK0pρ1qs dimpρ1q
,

and D is a set of coset representatives of Z0K0
HzK

0{IK0pρ1q. Because Z0 Ă IK0pρ1q,
we note that Z0K0

HzK
0{IK0pρ1q “ K0

HzK
0{IK0pρ1q. Since IK0pρ1q “ I (Lemma 5.2.9)

and dimpρ1q “ dimpρ1q, D is a set of coset representatives of K0
HzK

0{I and

m “
dimpρq

rK0 : Is dimpρ1q
.

Restricting ρ|Z0K0
H
to K0

H , we conclude that

ρH “ m

ˆ

‘
dPD

dρ1
˙

.

As a corollary of Proposition 5.2.10 and Theorem 5.1.1, we can refine our
description of πGpΨq|H .

Corollary 5.2.11. Let Ψ “ p~G, y, ρ, ~φq be a G-datum, ρ1 be a component of ρH and
I “ IK0pρ1q. Let D be a set of coset representatives of K0

HzK
0{I, and for all d P D

let Ψd be the H-datum associated to dρ1. Then

πGpΨq|H “ m

˜

à

tPC,dPD

πHp
tΨdq

¸

,

where
m “

dimpρq

rK0 : Is dimpρ1q
,

and C is a set of coset representatives of HzG{Kd. Furthermore, every component
of

À

tPC,dPD

πHp
tΨdq is distinct, and every component of πGpΨq|H has multiplicity m.
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Proof: Given the decomposition ρH “ ‘
`PL
ρ`, it follows from Theorem 4.4.1 that

πGpΨq|H » ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

,

where C is a set of representatives of the double cosets of HzG{Kd. Therefore, using
the decomposition of ρH provided by Proposition 5.2.10, we can rewrite the restriction
as

πGpΨq|H “ ‘
tPC

ˆ

‘
dPD

mπHp
tΨdq

˙

“ m

˜

à

tPC,dPD

πHp
tΨdq

¸

,

where
m “

dimpρq

rK0 : Is dimpρ1q
.

Furthermore, it follows from Theorem 5.1.1 that each component of
À

tPC,dPD

πHp
tΨdq

is distinct.

Remark 5.2.12. Because ρ1 Ă ρ|Z0K0
H
, we know from Frobenius Reciprocity that

ρ Ă c-IndK
0

Z0K0
H
ρ1. This means that dimpρq ď rK0 : Z0K0

Hs dimpρ1q, or equivalently

dimpρq

dimpρ1q
ď rK0 : Z0K0

Hs.

It follows that
m ď

rK0 : Z0K0
Hs

rK0 : Is
“ rI : Z0K0

Hs,

as Z0K0
H Ă I. Therefore, the value of the multiplicity is directly related to how

close I is from being equal to Z0K0
H . In particular, when G0 “ Z0H0 (or the central

isogeny for G0 is defined over F ), we have m “ 1.



Chapter 6

Regularity for a Multiplicity Free
Restriction

Given a G-datum Ψ “ p~G, y, ~r, ρ, ~φq, we saw in Chapter 5 that the multiplicity in
πGpΨq|H is related to the multiplicity in ρH “ ρ|K0

H
. In particular, if ρ1 is a component

of ρH , we saw that the mutiplicity of each component of πGpΨq|H is given by

m “
dimpρq

rK0 : Is dimpρ1q
,

where I “ IK0pρ1q is the normalizer of ρ1 inK0 (Corollary 5.2.11). Therefore, when one
can single out a component of ρH and compute its normalizer in K0, the multiplicity
m can be explicitly calculated. The goal of this chapter is to provide an example of
a class of representations ρ for which it is possible to explicitly isolate components ρ1
in ρH and derive conditions for a multiplicity free restriction.

Because H0 is such that rG0,G0s Ă H0, we can alleviate notation and assume
that ρ is an irreducible representation of Grys that induces irreducibly to a depth-zero
supercuspidal representation of G that we wish to restrict to Hrys (that is replace G0

by G and H0 by H). What we know about ρ is that ρ|Gy,0 contains the pullback of a
cuspidal representation σ of Gy,0:0` (Theorem 2.3.26), where Gy,0:0` “ Gypfq for some
reductive group Gy (Section 2.2.2.2). However, we need more information to compute
its dimension and isolate one of the components of ρH “ ρ|Hrys to compute m.

In this chapter, we restrict our attention to when ρ induces to a regular depth-zero
supercuspidal representation in the sense of [Kal19, Definition 3.4.19]. The regular
depth-zero supercuspidal representations are a very important class. Indeed, Kaletha
points out that most depth-zero supercuspidal representations are regular (paragraph
following [Kal19, Definition 3.7.3]).

In particular, having c-IndGGrys ρ be regular means that σ is a Deligne-Lusztig
cuspidal representation. The definition of a Deligne-Lusztig cuspidal representation
requires the notion of a Deligne-Lusztig virtual character. Therefore, we will start by

112
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defining these kinds of characters, along with some of their properties, in Section 6.1,
before discussing the Deligne-Lusztig cuspidal representations in Section 6.2.

Kaletha provides a method for constructing regular irreducible supercuspidal
representations of depth zero in [Kal19], which we recall in Section 6.3. As a
consequence of this construction, we will obtain a specific description of ρ, that gives
us more information than just its restriction to Gy,0. In particular, that description
of ρ will allow us to describe the components of ρH “ ρ|Hrys (Proposition 6.4.6) and
derive a condition for a multiplicity free restriction (Corollary 6.4.10).

Finally, we end this chapter with a few remarks regarding the statement of
our multiplicity free result and some remaining open questions related to computing
multiplicities in Section 6.5.

6.1 Deligne-Lusztig Virtual Characters
In this section, we temporarily change our focus and let G simply denote a reductive
group over an algebraically closed field of characteristic p. Let Fr : G Ñ G be a
Frobenius map (as per [Car93, Section 1.17]) and GFr “ tg P G : Frpgq “ gu. For our
purposes, it suffices to know that the map Fr is a surjective homomorphism for which
GFr is finite. The group GFr is called a finite group of Lie type.

Remark 6.1.1. If G is a reductive group defined over the finite field f, then Gpfq is
a finite group of Lie type. Indeed, one can view Gpfq as the Galpf { fq-fixed points of
G. In this case, the Galois group of every finite extension f1 of f such that f Ă f1 Ă f
is generated by a single element, which is a Frobenius map of G. Taking the inverse
limit of all those maps gives us a Frobenius map Fr of G which consists of taking the
Galpf { fq-points of G. This means that GFr “ Gpfq is a finite group of Lie type.

Furthermore, there exists a class of finite groups of Lie type which do not
correspond to taking rational points of a reductive group, called the Suzuki and Ree
groups [Car93, Section 1.19]. So, while one of our underlying goals in this chapter is
to talk about (Deligne-Lusztig) virtual characters of Gpfq “ Gypfq, the theory of such
characters applies in the more general context of finite groups of Lie type. As such,
we will formulate our results in this more general setting to remain faithful to the
literature on the topic.

Deligne and Lusztig defined a class of generalized (or virtual) characters of the
group GFr in [DL76]. The theory of such characters was reviewed in great detail in
[Car93]. The main goal of this section is to obtain the formula for the restriction of one
of their virtual characters (Theorem 6.1.9) as this will prove useful when restricting
ρ. Since we did not find such a formula in the existing literature, we provide all
the details in this section, starting from the definition of a virtual character to doing
explicit calculations with the character formulas.
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6.1.1 Formulas for Virtual Characters

Given a maximal torus T of G which is Fr-stable and a complex character θ of TFr,
we can construct a virtual character RG

T,θ which maps GFr into C. If the context is
obvious, we simply write RT,θ for RG

T,θ.
The original description of RT,θ provided in [DL76] relies on l-adic cohomology

groups with compact support of a variety X̃, where l is a prime number different
from p. These l-adic cohomology groups are denoted by H i

cpX̃,Qlq, i ě 0. We will
not provide the definition for these cohomology groups here, as it turns out that we
will be able to bypass this notion shortly. The curious reader is invited to consult
[DL76,Car93] for more details on these cohomology groups.

To define the variety X̃, we choose a Borel group B that contains T. Note that
this Borel subgroup need not be Fr-stable. We have a Levi decomposition of B,
B “ UT, where U Ă Gder is some unipotent subgroup. Then, we define the variety X̃
as X̃ ..“ L´1

G pUq, where LG is the Lang map of G defined by

LG : GÑ G
g ÞÑ g´1 Frpgq.

Note that the Lang-Steinberg Theorem states that this map is surjective.
The groups GFr and TFr act on X̃ by left multiplication and right multiplication,

respectively [Car93, Section 7.2]. Those actions then induce actions on the
cohomology groups H i

cpX̃,Qlq. The original formula for the virtual character RT,θ
provided in [DL76, Section 1.20] is based on the action of GFr and is given as follows:

RT,θpgq “
ÿ

iě0

p´1qitracepg,H i
cpX̃,Qlqθq for all g P GFr,

where H i
cpX̃,Qlqθ is the TFr-submodule of H i

cpX̃,Qlq on which TFr acts by the
character θ.

Remark 6.1.2. For a unipotent element u P GFr, we set

QG
T puq “ RT,1puq.

The map QG
T from the set of unipotent elements is called a Green function. The Green

function QG
T puq is integer-valued [DL76, Section 4].

The first thing that we might think when looking at the formula for RT,θ is that
it depends on the choice of Borel subgroup B. However, it was shown that it actually
does not [DL76, Corollary 4.3],[Car93, Proposition 7.3.6]. The second thing that we
might think is that this formula for RT,θ does not seem easy to work with at first
glance. Luckily, there is a way to bypass the l-adic cohomology subgroups and obtain
an alternate formula for RT,θ.
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By what precedes above, for all g P GFr, t P TFr, we can view pg, tq as an
automorphism of X̃, defined by pg, tqx̃ “ gx̃t for all x̃ P X̃. By [Car93, Property
7.1.3], this automorphism induces a non-singular map of H i

cpX̃,Qlq into itself. This
action allows us to define what we call the Lefschetz number of pg, tq on X̃,

LGppg, tq, X̃q “
ÿ

iě0

p´1qitraceppg, tq, H i
cpX̃,Qlqq.

Note that the Lefschetz number is an integer that does not depend on the choice of
the prime number l (l ‰ p) [Car93, Property 7.1.4].

Now, we have that the Frobenius map commutes with pg, tq as maps of X̃. Indeed,
given that Frpgq “ g and Frptq “ t, we obtain that for all x P X̃

pFr ˝pg, tqqpxq “ Frpgxtq “ g Frpxqt “ ppg, tq ˝ Frqpxq.

Following [Car93, Appendix (h)], an application of Grothendieck’s trace formula
allows us to obtain

LGppg, tq, X̃q “ lim
sÑ8

RGpsq,

where RGpsq is the rational function with power series expansion´
8
ř

n“1

ˇ

ˇ

ˇ
X̃Frn ˝pg,tq´1

ˇ

ˇ

ˇ
sn.

Here X̃Frn ˝pg,tq´1 denotes the elements of X̃ that are fixed by the map Frn ˝pg, tq´1,
that is X̃Frn ˝pg,tq´1

“ tx̃ P X̃ : pFrn ˝pg, tq´1qpx̃q “ x̃u. The Lefschetz number is what
allows us to obtain an alternate formula for RT,θ that is no longer phrased in terms
of l-adic cohomology subgroups, as per the following proposition.

Proposition 6.1.3 ([Car93, Proposition 7.2.3]). For all g P GFr,

RT,θpgq “
1

|TFr|

ÿ

tPTFr

θpt´1
qLGppg, tq, X̃q,

where LGppg, tq, X̃q is the Lefschetz number of pg, tq on X̃.

This formula will be of great use to us in Section 6.1.2. There is a second
alternate formula for RT,θ that is also accessible for the computations we will do in
Section 6.1.3. This formula makes use of the Green function defined above.

Theorem 6.1.4 ([DL76, Theorem 4.2],[Car93, Theorem 7.2.8]). Let g P GFr and
assume its Jordan decomposition is given by g “ su “ us, where s is semisimple and
u is unipotent. Then

RT,θpgq “
1

|pCGpsq˝qFr|

ÿ

xPGFr

x´1sxPTFr

θpx´1sxqQ
CGpsq

˝

xTx´1 puq.
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6.1.2 Virtual Characters and Isomorphisms

One natural question that can be asked about the virtual character RT,θ is whether
or not it commutes in a sense with isomorphisms of algebraic groups. For instance,
if G1 is a reductive group such that there is an isomorphism of algebraic groups
f : G Ñ G1, then Frf “ f ˝ Fr ˝f´1 is a Frobenius map of G1. Note that f will map
GFr to pG1qFrf . Indeed, for all g P GFr, Frf pfpgqq “ fpFrpgqq “ fpgq, and therefore
fpgq P pG1qFrf . Furthermore, f maps the maximal Fr-stable torus T of G to a maximal
Frf -stable torus T1 of G1. A natural question that one might ask is if for all g P GFr,
RT,θpgq “ RT1,θ˝f´1pfpgqq. While it is not hard to believe that this last equality is
certainly true, no reference in the literature was found in these regards. Therefore,
we will prove this statement in Corollary 6.1.8 of this section, to which we build up
with a few lemmas. We will see that the result is simply an application of the various
definitions we have seen in the last section.

Since f is an isomorphism of algebraic groups, B1 “ fpBq is a Borel subgroup of
G1 that contains T1, with B1 “ U1T1, where U1 “ fpUq. Let X̃f “ L´1

G1 pU1q, where

LG1 : G1 Ñ G1

g ÞÑ g´1 Frf pgq

is the Lang map of G1.

Lemma 6.1.5. The variety X̃f is equal to fpX̃q.

Proof: We have that xf P X̃f if and only if x´1
f Frf pxf q “ u1 for some u1 P U1.

Applying f´1 and simplifying, we obtain an equivalent condition which is that of
pf´1pxf qq

´1 Frpf´1pxf qq “ f´1pu1q. This last condition is satisfied if and only if
f´1pxf q P X̃, which is equivalent to xf P fpX̃q.

Given g P GFr, t P TFr, pfpgq, fptqq is an automorphism of X̃f “ fpX̃q. We
also have that pfpgq, fptqq commutes with Frf , as pg, tq commutes with Fr. The
Lefschetz number of pfpgq, fptqq on X̃f , which we will denote LG1ppfpgq, fptqq, X̃f q,
is then the limit of the rational function RG1psq with power series expansion

´
8
ř

n“1

ˇ

ˇ

ˇ
X̃

Frnf ˝pfpgq,fptqq
´1

f

ˇ

ˇ

ˇ
sn.

Lemma 6.1.6. Let X̃ “ L´1
G pUq and X̃f “ L´1

G1 pU1q be the varieties from before.

Then X̃
Frnf ˝pfpgq,fptqq

´1

f “ fpX̃Frn ˝pg,tq´1
q.

Proof: We have that xf P X̃
Frnf ˝pfpgq,fptqq

´1

f if and only if
xf “

`

Frnf ˝pfpgq, fptqq
´1
˘

pxf q. We can apply f´1 on both sides and simplify
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as follows to obtain an equivalent condition:

f´1
pxf q “ f´1

`

f ˝ Frn ˝f´1
`

fpg´1
qxffpt

´1
q
˘ ˘

“ Frn
`

g´1f´1
pxf qt

´1
˘

“
`

Frn ˝pg, tq´1
˘ `

f´1
pxf q

˘

.

This last condition happens if and only if f´1pxf q P X̃
Frn ˝pg,tq´1 , or equivalently if

xf P fpX̃
Frn ˝pg,tq´1

q.

Corollary 6.1.7. The Lefschetz number of pg, tq on X̃ is equal to the Lefschetz
number of pfpgq, fptqq on X̃f .

Proof: By Lemma 6.1.6, we have that
ˇ

ˇ

ˇ
X̃Frn ˝pg,tq´1

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
X̃

Frnf ˝pfpgq,fptqq
´1

f

ˇ

ˇ

ˇ
, and

therefore RGpsq “ RG1psq. Thus, LGppg, tq, X̃q “ LG1ppfpgq, fptqq, X̃f q.

Corollary 6.1.8. Let G be a reductive group with Frobenius map Fr and T be a
maximal Fr-stable torus of G. Let f : G Ñ G1 be an isomorphism of algebraic
groups and let T1 be the maximal Frf -stable torus of G1 to which T maps, with
Frf “ f ˝ Fr ˝f´1. Then, for all g P GFr we have

RT,θpgq “ RT1,θ˝f´1pfpgqq.

Proof: Given g P GFr, recall from Proposition 6.1.3 that

RT,θpgq “
1

|TFr|

ÿ

tPTFr

θpt´1
qLGppg, tq, X̃q.

Since f : T Ñ T1 is an isomorphism, we have that fpTFrq “ pT1qFrf , for the same
reason we had fpGFrq “ pG1qFrf at the beginning of this section. It follows that every
element t P TFr is of the form t “ f´1pt1q for some t1 P pT1qFrf . Then, for every
g P GFr,

RT,θpgq “
1

|pT1qFrf |

ÿ

t1PpT1qFrf

θ ˝ f´1
pt1´1

qLGppg, tq, X̃q.

Since LGppg, tq, X̃q “ LG1ppfpgq, fptqq, X̃f q by Corollary 6.1.7, the result follows.
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6.1.3 Restricting the Virtual Characters

The main goal of this section will be to prove the following theorem.

Theorem 6.1.9. Let G be a reductive group defined over an algebraically closed field
of characteristic p and Fr : GÑ G be a Frobenius map. Let T be a maximal torus of G
and H be a subgroup of G which is closed, connected and contains Gder. Furthermore,
we assume that T and H are Fr-stable. Then RT,θ|HFr “ RTH,θH, where TH “ T X H
and θH “ θ|TFr

H
.

We note that TH “ TXH is a maximal torus of H by Remark 2.1.20. The formula
provided by Theorem 6.1.4 for the virtual character RTH,θH at an element g P HFr with
Jordan decomposition g “ su is

RTH,θHpgq “
1

|pCHpsq˝qFr|

ÿ

xPHFr

x´1sxPTFr
H

θHpx
´1sxqQ

CHpsq
˝

xTHx´1puq.

To see that this expression will equal to RT,θpgq, we must establish some relations
between the various groups at play that appear in the formula above and the analogous
formula for RT,θpgq coming from Theorem 6.1.4.

An immediate consequence of the Lang-Steinberg Theorem is that if H1,H2 are
Fr-stable closed subgroups of G such that H2 is normal in H1 and H2 is connected,
then we have HFr

1 {HFr
2 » pH1{H2q

Fr [Car93, Section 1.17]. This corollary of the
Lang-Steinberg Theorem leads us to the following statement.

Proposition 6.1.10. Let G,T and H be as in Theorem 6.1.9. Then GFr “ HFrTFr.

Proof: We have that G “ TGder (Remark 2.1.17). Therefore, G “ TH as
Gder Ă H. It follows that G{H “ TH{H, which is isomorphic to T{TH by the
second isomorphism theorem, where TH “ T X H. Since H and TH are connected,
it follows from the Lang-Steinberg Theorem that TFr{TFr

H » GFr{HFr, and therefore
TFrHFr{HFr » GFr{HFr. We conclude thatGFr “ TFrHFr, or equivalentlyGFr “ HFrTFr

by normality of H.

Corollary 6.1.11. Let G,T and H be as in Theorem 6.1.9. Let s be a
semisimple element of HFr and let g P GFr be such that s P gT. Then
rTFr : TFr

H s “ rpCGpsq
˝qFr : pCHpsq

˝qFrs, where TH “ TXH.

Proof: We have that gT is a maximal torus which is Fr-stable and that
gT » T is an isomorphism. By the Lang-Steinberg Theorem, we have that
pgTqFr{pgTHq

Fr » TFr{TFr
H . Since s P pgTqFr, pgTqFr Ă pCGpsq

˝qFr. It follows that

p
gTqFr

{p
gTHq

Fr
» p

gTqFrHFr
{HFr

Ă pCGpsq
˝
q
FrHFr

{HFr
Ă GFr

{HFr.
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Since TFr{TFr
H » GFr{HFr (Proposition 6.1.10), we must have

TFr{TFr
H » pCGpsq

˝qFrHFr{HFr, which is isomorphic to pCGpsq
˝qFr{

`

pCGpsq
˝qFr XHFr

˘

by the second isomorphism theorem. Since pCGpsq
˝qFr X HFr “ pCHpsq

˝qFr (Lemma
2.1.32), the result follows.

Proof of Theorem 6.1.9:
Let g “ su be the Jordan decomposition of g P HFr. Since the Jordan decomposition
is unique, this must also correspond to the decomposition of g in GFr. We have that
GFr “ HFrTFr (Proposition 6.1.10). Furthermore, since s P HFr and HFr is normal in
GFr, requiring x´1sx P TFr is equivalent to requiring x´1sx P TFr

H . Therefore, we can
start modifying the formula for the restricted virtual character as follows:

RT,θ|HFrpgq “
1

|pCGpsq˝qFr|

ÿ

xPGFr

x´1sxPTFr

θpx´1sxqQ
CGpsq

˝

xTx´1 puq

“
1

|pCGpsq˝qFr|

ÿ

xPHFrTFr

x´1sxPTFr
H

θHpx
´1sxqQ

CGpsq
˝

xTx´1 puq.

Now, let tt1, . . . , tmu be a set of coset representatives of TFr
H zTFr » HFrzHFrTFr. Then

HFrTFr “ HFrt1Y¨ ¨ ¨YHFrtm. Given x P HFrTFr, we have x “ ḡti for some 1 ď i ď m,
ḡ P HFr. Note that the right coset notation is necessary to have our elements of HFr

expressed in this particular way to ensure the following simplifications. Since ti P TFr,
we have that xTx´1 “ ḡTḡ´1 and θpx´1sxq “ θpt´1

i ḡ´1sḡtiq “ θpḡ´1sḡq. This allows
us to rewrite the restricted virtual character as follows:

RT,θ|HFrpgq “
1

|pCGpsq˝qFr|

ÿ

ḡPHFr

1ďiďm
ḡ´1sḡPTFr

H

θHpḡ
´1sḡqQ

CGpsq
˝

ḡTḡ´1 puq

“
m

|pCGpsq˝qFr|

ÿ

ḡPHFr

ḡ´1sḡPTFr
H

θHpḡ
´1sḡqQ

CGpsq
˝

ḡTḡ´1 puq.

We have that m “ rTFr : TFr
H s, but this is equal to rpCGpsq

˝qFr : pCHpsq
˝qFrs by

Proposition 6.1.11. It follows that m
|pCGpsq˝qFr|

“ 1
|pCHpsq˝qFr|

. Therefore,

RT,θ|HFrpgq “
1

|pCHpsq˝qFr|

ÿ

ḡPHFr

ḡ´1sḡPTFr
H

θHpḡ
´1sḡqQ

CGpsq
˝

ḡTḡ´1 puq.

It remains to show that QCGpsq
˝

ḡTḡ´1 puq “ Q
CHpsq

˝

ḡTHḡ´1puq for all ḡ P HFr to complete the proof.
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Let ad : CGpsq
˝ Ñ CGpsq

˝{ZpCGpsq
˝q be the projection map of CGpsq

˝ into
the adjoint group adpCGpsq

˝q “ CGpsq
˝{ZpCGpsq

˝q. Similarly, we let adH be the
projection map of CHpsq

˝ into the adjoint group adHpCHpsq
˝q “ CHpsq

˝{ZpCHpsq
˝q.

According to [DL76, Formula 4.1.1], we have that QCGpsq
˝

ḡTḡ´1 puq “ Q
adpCGpsq

˝q

adpḡTḡ´1q
padpuqq

and Q
CHpsq

˝

ḡTHḡ´1puq “ Q
adHpCHpsq

˝q

adHpḡTHḡ´1q
padHpuqq. We showed in Lemma 2.1.36 that

adHpCHpsq
˝q » adpCGpsq

˝q. Indeed, this isomorphism sends cZpCHpsq
˝q to

cZpCGpsq
˝q for all c P CHpsq

˝. Furthermore, this isomorphism maps adHpḡTHḡ
´1q

to ḡTHḡ
´1ZpCGpsq

˝q{ZpCGpsq
˝q. The central isogeny restricted to tori (Corollary

2.1.7) gives us that ḡTHḡ
´1ZpCGpsq

˝q{ZpCGpsq
˝q “ adpḡTḡ´1q. It then follows

from Corollary 6.1.8 that R
adHpCHpsq

˝q

adHpḡTHḡ´1q,1padHpuqq “ R
adpCGpsq

˝q

adpḡTḡ´1q,1padpuqq, that is,

Q
adHpCHpsq

˝q

adHpḡTHḡ´1q
padHpuqq “ Q

adpCGpsq
˝q

adpḡTḡ´1q
padpuqq, and therefore QCGpsq

˝

ḡTḡ´1 puq “ Q
CHpsq

˝

ḡTHḡ´1puq.

6.2 Deligne-Lusztig Cuspidal Representations
Let us now return to the world of algebraic groups defined over finite fields. In this
section, G denotes a reductive group defined over the finite field f. The goal of this
section is to define the concept of a Deligne-Lusztig cuspidal representation and use
the information we know about Deligne-Lusztig virtual characters from the previous
section to compute the restriction of such cuspidal representations.

Recall that Gpfq is a finite group of Lie type, as per Remark 6.1.1, where
the Frobenius map Fr is the action of the Galois group Galpf { fq. Because Gpfq is
a finite group, its irreducible representations are all finite-dimensional and can be
identified with their characters. (Recall that a character χφ of a finite-dimensional
representation φ of a group G is defined by χφpgq “ Tracepφpgqq for all g P G. The
finite-dimensional representations of G are uniquely determined up to isomorphism
by their characters, which means we identify φ with χφ.)

Given a maximal torus T which is defined over f (or Fr-stable) and a character
θ of Tpfq, we saw that we could create a virtual character of Gpfq, denoted RT,θ. In
order to talk about when RT,θ corresponds to an actual irreducible representation of
Gpfq, we must first introduce the notion of general position for θ as per [DL76].

Definition 6.2.1 ([DL76, Definition 5.15]). Let T be a maximal f-torus of G and θ be
a character of Tpfq. The character θ is said to be in general position if its normalizer
(or stabilizer) in pNGpTq{Tq pfq is trivial.

Remark 6.2.2. Note that pNGpTq{Tqpfq » NGpTqpfq{Tpfq as a consequence of the
Lang-Steinberg Theorem (Section 6.1.3).

Let us consider an example of a character which is in general position.
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Example 6.2.3. Let f be a finite field of characteristic p of order q. SetGpfq “ GL2pfq
and T to be the diagonal torus of G which is maximal and f-split. That is,

Tpfq “
"„

a 0
0 b



: a, b, P fˆ
*

.

Because T is f-split, pNGpTq{Tqpfq can be thought of as the absolute Weyl group,

which has representatives, e “
„

1 0
0 1



and w “

„

0 ´1
1 0



. Every element in the

equivalence class of w conjugates
„

a 0
0 b



to
„

b 0
0 a



, a, b P fˆ. Now, let us define the

following character of Tpfq:

θ : Tpfq Ñ fˆ
„

a 0
0 b



ÞÑ a
q´1

2

Note that this is an algebraic character, but it becomes a complex smooth character
after we embed fˆ into Cˆ. Such an embedding exists because fˆ is a cyclic group of
order q´ 1 and is therefore isomorphic to the group of (q´ 1)st roots of unity in Cˆ.
We will work with the algebraic character for computations, but keep in mind that
we are viewing it as a smooth complex character.

We claim that θ is in regular position, or equivalently that it is not fixed by any
element in the equivalence class of w. This is because there are some values of a and

b in fˆ for which θ
ˆ„

a 0
0 b

˙

“ a
q´1

2 and θ
ˆ„

b 0
0 a

˙

“ b
q´1

2 are not equal. Indeed,

if this was not the case, then fˆ would be a group of order q´1
2
. This means that

no nontrivial element of the Weyl group stabilizes θ, and therefore θ is in general
position.

Using this notion of general position, Deligne and Lusztig established the
following theorem.

Theorem 6.2.4 ([DL76, Proposition 7.4 and Theorem 8.3]). Let T be a maximal
f-torus of G, θ be a character of Tpfq, and let rfpGq and rfpTq denote the f-split ranks
of G and T, respectively.

1) If θ is in general position, then p´1qrfpGq´rfpTqRT,θ is the character of an
irreducible representation of Gpfq.

2) If θ is in general position and T is elliptic, that is not contained in any
proper f-parabolic subgroup, then p´1qrfpGq´rfpTqRT,θ is the character of a cuspidal
representation of Gpfq.
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Remark 6.2.5. The definition of an elliptic torus provided by the above
theorem is equivalent to the previously defined notion of an f-minisotropic torus
(Definition 2.1.37).

In Example 6.2.3, the torus T we considered is not elliptic, so while the character
θ described therein is in general position, the virtual character associated to the pair
pT, θq would not correspond to a cuspidal representation of GL2pfq. Let us illustrate
with an example the notion of general position when T is elliptic.

Example 6.2.6. Let f be a finite field of characteristic p of order q. Set
Gpfq “ GLnpfq. Let fn denote the unique (up to isomorphism) degree n extension
of f, and fix a basis B of fn over f. One can view fˆn as a subgroup of Gpfq via the
following homomorphism:

fˆn Ñ Gpfq
y ÞÑ gy,

where gy is the matrix corresponding to left multiplication by y in fn with respect to
the chosen basis B. This embedding of fˆn into Gpfq corresponds to an elliptic maximal
torus T of G, that is fˆn » Tpfq. In fact, it is known that every elliptic maximal torus
of G is obtained this way.

Now, since Tpfq is abelian and semisimple, its elements are simultaneously
diagonalizable so that there exists Q P Gpfnq such that Q´1gyQ is a diagonal matrix
for all y P fˆn . Fix an eigenvector of gy and let λy denote its corresponding eigenvalue.
Then, one sees that σpλyq is also an eigenvalue of gy for all σ P Galpfn { fq so that all
eigenvalues of gy are Galois conjugate.

Given an element n P NGpTqpfq, the eigenvalues of n´1gyn are the same as those of
gy, but this conjugation may permute their order. Since we know that all eigenvalues
of gy are Galois conjugate, we can identify n with an element of Galpfn { fq, inducing an
isomorphism NGpTqpfq{Tpfq » Galpfn { fq. It follows that NGpTqpfq{Tpfq is the cyclic
group of order n, whereas the absolute Weyl group of G, NGpTq{T, is the symmetric
group Sn.

Given the above discussion, one then concludes that a character of Tpfq is in
general position if and only if it is Galpfn { fq-invariant when Tpfq is identified with
fˆn .

Based on the previous theorem, a cuspidal representation whose character
formula is given by p´1qrfpGq´rfpTqRT,θ for some elliptic maximal f-torus T and
character θ in general position will be referred to as a Deligne-Lusztig cuspidal
representation. Note that not all cuspidal representations are of the Deligne-Lusztig
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type in general. Since we know how to restrict virtual characters of the form RT,θ, this
means that we also know how to restrict Deligne-Lusztig cuspidal representations.

Recall from Theorem 6.1.9 that if H is a closed connected f-subgroup of G that
contains Gder, then RT,θ|Hpfq “ RTH,θH , where TH “ T X H and θH “ θ|TH . When
the center of H is connected, the notion of general position is equivalent to a weaker
notion that Deligne and Lusztig call nonsingular [DL76, Theorem 5.16]. We do not
expand on this last notion here, but rather point out that a nonsingular character
restricts to a nonsingular character, and therefore when the center of H is connected,
θH is guaranteed to be in general position. However, when the center of H is not
connected and θ is in general position, this does not necessarily imply that θH is also
in general position. Let us illustrate this with an example.

Example 6.2.7. Let f be a finite field of characteristic p of order q as before. Set
Gpfq “ GL2pfq, T to be the diagonal torus of G which is maximal and f-split and
Hpfq “ SL2pfq. Then TH is the diagonal torus in H and is also f-split. That is,

Tpfq “
"„

a 0
0 b



: a, b, P fˆ
*

,THpfq “

"„

a 0
0 a´1



: a P fˆ
*

.

Because T and TH are f-split, pNGpTq{Tqpfq and pNHpTHq{THqpfq can be thought of

as the absolute Weyl groups, which have the same representatives, e “
„

1 0
0 1



and

w “

„

0 ´1
1 0



.

Let θ be the character of Tpfq from Example 6.2.3, which we showed is in general
position. The character θH is then given by

θH : THpfq Ñ fˆ
„

a 0
0 a´1



ÞÑ a
q´1

2 .

Note that we are viewing θH as a complex smooth character by embedding fˆ into
Cˆ as per Example 6.2.3.

We claim that θH is not in general position. Indeed, because fˆ is cyclic of order
q ´ 1, we have that a

q´1
2 “ pa

q´1
2 q´1 “ pa´1q

q´1
2 for all a P fˆ. It follows that

wθH

ˆ„

a 0
0 a´1

˙

“ θH

ˆ„

a´1 0
0 a

˙

“ θH

ˆ„

a 0
0 a´1

˙

for all a P fˆ . This means that w is a nontrivial element of pNGpTq{Tqpfq that
stabilizes θH, and therefore θH is not in general position.
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We now state the following theorem for the restriction of a Deligne-Lusztig
cuspidal representation.

Theorem 6.2.8. Let G,T and θ satisfy the hypotheses of Theorem 6.2.4(2). Let H be
a closed, connected f-subgroup of G that contains Gder, TH “ TXH and θH “ θ|THpfq.
Then p´1qrfpGq´rfpTqRT,θ|Hpfq “ p´1qrfpHq´rfpTHqRTH,θH, and is the character of a cuspidal
representation of Hpfq if θH is in general position.

Proof: We have that TH is a maximal torus of H (Remark 2.1.20). Furthermore,
TH cannot be contained in any proper f-parabolic subgroup by Proposition 2.1.30,
and is therefore elliptic. So, given the cuspidal representation p´1qrfpGq´rfpTqRT,θ,
we have that p´1qrfpHq´rfpTHqRTH,θH is also cuspidal under the assumption that θH is
in general position. Since rfpHq ´ rfpTHq “ rfpGq ´ rfpTq (Proposition 2.1.45) and
RTH,θH “ RT,θ|Hpfq (Theorem 6.1.9), the result follows.

Remark 6.2.9. For the remainder of this chapter, whenever we are calling a
Deligne-Lusztig cuspidal representation, we will represent it by its character and
write ˘RT,θ as a shortcut for p´1qrfpGq´rfpTqRT,θ.

We end this section with the following remark.

Remark 6.2.10. When θH is not in general position, we know that the restriction
˘RTH,θH will decompose as a finite direct sum of cuspidal representations by
Proposition 2.3.20. However, we do not know whether these cuspidal components
are of the Deligne-Lusztig type as the character of any irreducible representation
of Hpfq appears in some Deligne-Lusztig virtual character of Hpfq [Car93, Corollary
7.5.8]. This means that we require θH to be in general position if we want to ensure
any kind of control over the restriction of ˘RT,θ.

6.3 Regular Supercuspidal Representations
In this section, we return to the notation G for a reductive group which is defined
over a p-adic field F , G “ GpF q. We also assume that G splits over a tamely ramified
extension of F and that p does not divide the order of the Weyl group ofG. The goal of
this section is to study Kaletha’s construction for a regular depth-zero supercuspidal
representation of G, π, in order to retrieve a more specific description of the inducing
representation ρ of Grys that satisfies π “ c-IndGGrys ρ.

We let F s denote a separable closure of F and F un be the maximal unramified
extension of F within F s. Recall from Section 2.2.2.2 that the residue field of F un is
an algebraic closure of f, so we denote it by f.
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Given a point y P BpG, F q, we let Gy denote the reductive quotient of G at y,
that is the algebraic group whose f-points corresponds to the quotient Gy,0:0` . We let
S be a maximal torus of Gy which is defined over f and not contained in any proper
f-parabolic subgroups of Gy. We use the word elliptic to refer to this last property.
The regular depth-zero supercuspidal representations are defined as follows.

Definition 6.3.1 ([Kal19, Definition 3.4.19]). Let π be an irreducible depth-zero
supercuspidal representation of G. Then π is said to be regular if the cuspidal
representation σ contained in π|Gy,0 as per Theorem 2.3.26 is a Deligne-Lusztig
cuspidal representation ˘RS,θ, where S is an elliptic maximal f-torus of Gy and
θ : Spfq Ñ Cˆ is a regular character.

To explain what it means for a character of Spfq to be regular, one first needs
the notion of a maximally unramified torus of G.

Definition 6.3.2 ([Kal19, Definition 3.4.2]). A maximal torus S of G is said to
be maximally unramified if it is equal to the centralizer of its maximal unramified
subtorus.

Since the definition of maximally unramified only applies to a maximal torus,
the word maximal will be implied when using the adjective maximally unramified,
that is a maximally unramified maximal torus will simply be referred to as maximally
unramified torus should no confusion arise.

Remark 6.3.3. By [Kal19, Fact 3.4.1], a torus S of G is maximally unramified if
and only if the action of the inertia group of GalpF s{F q on ΦpS,Gq preserves a set of
positive roots.

Remark 6.3.4. Given a maximally unramified F -torus S, one can associate to S a
vertex rys of the reduced building BredpG, F q [Kal19, Lemma 3.4.3]. In particular,
Kaletha explains that this point rys belongs to AredpG,S, F unq and is its unique
GalpF un{F q-fixed point.

The reason for being interested in elliptic maximally unramified F -tori of G
is because there is a correspondence between the Gy,0`-conjugacy classes of elliptic
maximally unramified F -tori of G associated to rys and the elliptic maximal f-tori of
Gy, as per the following lemma.

Lemma 6.3.5 ([Kal19, Lemmas 3.4.4 - 3.4.6]). Let S be an elliptic maximally
unramified F -torus of G, and let rys be its associated vertex in BredpG, F q. Then
the following statements hold.

1) The image of S0 in Gy,0:0` is the f-points of an elliptic maximal f-torus S of Gy.
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2) For every unramified extension F 1 of F , the image of SpF 1q0 in GpF 1qy,0:0` is
the f1-points of S, where f1 is the residue field of F 1, and every elliptic maximal
f-torus of Gy arises this way.

3) If S1,S2 are two elliptic maximally unramified F -tori with associated vertex rys
such that S1pF

unq0 and S2pF
unq0 have the same image in Gypfq, then S1 and S2

are Gy,0`-conjugate.

The following lemma is not explicitly shown in [Kal19], but is implied throughout
the paper.

Lemma 6.3.6. Let S be an elliptic maximally unramified F -torus with associated
vertex rys. Then SGy,0 is a normal subgroup of Grys.

Proof: Kaletha shows in [Kal19, Lemma 3.4.10 (1)] that NGpSqpF q Ă Grys.
This is because the action of NGpSqpF q on BredpS, F unq preserves AredpG,S, F unq

and commutes with GalpF un{F q. So, for n P NGpSqpF q, γ P GalpF un{F q,
n ¨ rys “ n ¨ pγprysqq “ γpn ¨ rysq. This implies n ¨ rys “ rys because rys in the unique
GalpF un{F q-fixed point of AredpG,S, F unq. In particular, this means that S Ă Grys.
Therefore, S normalizes Gy,0 and SGy,0 is a subgroup of Grys.

Now, take g P Grys. The torus gS is an elliptic maximally unramified F -torus
associated to the vertex g¨rys “ rys. So, S and gS are two elliptic maximally unramified
F -tori associated to the same vertex rys. Furthermore, one sees that SpF unq0 and
gSpF unq0 have the same projection in Gypfqmeaning that S and gS are Gy,0`-conjugate
(Lemma 6.3.5). So, given s P S, h P Gy,0 we compute the conjugation of sh by g

gshg´1
“ pgsg´1

qpghg´1
q,

where ghg´1 P Gy,0. We claim that gsg´1 P SGy,0 and that therefore SGy,0 is
normalized by g. Indeed, by what precedes, we have that gsg´1 “ ḡs̄ḡ´1 for some
s̄ P S, ḡ P Gy,0` . We rewrite this last expression as gsg´1 “ s̄ps̄´1ḡs̄qḡ´1. Since
S Ă Grys, s̄

´1ḡs̄ P Gy,0 and therefore gsg´1 P SGy,0. We conclude that SGy,0 is a
normal subgroup of Grys.

We are now ready to define what it means for a character to be regular.

Definition 6.3.7 ([Kal19, Definition 3.4.16]). Let S be an elliptic maximal f-torus
of Gy and let S be a corresponding elliptic maximally unramified F -torus of G as
per Lemma 6.3.5. A character θ of Spfq is said to be regular if its normalizer (or
stabilizer) in NGpSqpF q{SpF q is trivial.

Remark 6.3.8. The character θ in the previous definition is thought of as being the
restriction of a depth-zero character of S, which we denote by θ. In other words, θ is
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a character of S and θ|S0 is the pullback of θ. We say that θ is a regular character of
S whenever θ is a regular character of Spfq in the sense of the above definition. Note
that having θ be regular is equivalent to INGpSqpF qpθ|S0q “ S.

Now, given an elliptic maximal f-torus S of Gy and a regular character θ of Spfq,
˘RS,θ is a Deligne-Lusztig cuspidal representation of Gypfq. Indeed, this is because
the notion of regularity is stronger than that of general position, as per the following
lemma.

Lemma 6.3.9 ([Kal19, Fact 3.4.18]). Let S be an elliptic maximal f-torus of Gy and
let θ be a regular character of Spfq. Then θ is in general position.

Proof: Since NGy,0pSq Ă NGpSqpF q, the stabilizer of θ in NGpSqpF q{SpF q being
trivial implies that its stabilizer in NGy,0pSq{SpF q0 is also trivial. Furthermore,
Kaletha shows that the natural quotient map NGy,0pSq{SpF q0 Ñ NGypSqpfq{Spfq is
bijective [Kal19, Lemma 3.4.10(2)]. Therefore, if θ is regular, then its stabilizer in
NGypSqpfq{Spfq is trivial. But NGypSqpfq{Spfq » pNGypSq{Sqpfq (Remark 6.2.2), and
therefore the stabilizer of θ in pNGypSq{Sqpfq is trivial, or equivalently, θ is in general
position.

Let S be an elliptic maximally unramified F -torus of G with associated vertex
rys and let θ be a regular depth-zero character of S. From the pair pS, θq, Kaletha
constructs a representation πpS,θq, which we summarize in the following three steps
[Kal19]:

1) Let S be the elliptic maximal f-torus of Gy associated to S as per Lemma 6.3.5
and θ be the regular character of Spfq obtained from θ by restricting to S0 and
construct the corresponding Deligne-Lusztig cuspidal representation ˘RS,θ.

2) Let κpS,θq denote the pullback of ˘RS,θ to Gy,0. Extend κpS,θq to an irreducible
representation (acting on the same vector space) κpS,θq of SGy,0. An explicit
construction is provided in [Kal19, Section 3.4.4]. For our purposes, it suffices
to know that such an extension exists.

3) Set πpS,θq “ c-IndGSGy,0 κpS,θq.

Remark 6.3.10. The regularity of θ implies that the normalizer of the representation
κpS,θq in Grys, that is the set

 

g P Grys : gκpS,θq » κpS,θq
(

, is equal to SGy,0 [Kal19, Proof
of Lemma 3.4.20].

Indeed, Kaletha uses [DL76, Theorem 6.8] and [Kal19, Lemma 3.4.5] to show
that having g P Grys such that κpS,θq » gκpS,θq implies that there exists g1 P Gy,0 such
that g1g P NGpSqpF q and g1g pθ|S0q “ θ|S0 , or equivalently, g1g P INGpSqpF qpθ|S0q. The
regularity of θ implies that g1g P S and therefore g P SGy,0.
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Proposition 6.3.11. Let S, θ and πpS,θq be as above. Then πpS,θq is an irreducible
regular depth-zero supercuspidal representation of G.

Proof: By Remark 6.3.10, the normalizer in Grys of κpS,θq is the normal subgroup
SGy,0 (Lemma 6.3.6). From the Mackey Irreducibility Criterion, we have that
ρ ..“ c-Ind

Grys
SGy,0

κpS,θq is irreducible. Therefore, ρ is an irreducible representation of
Grys whose restriction to Gy,0 contains the Deligne-Lusztig cuspidal representation
˘RS,θ. Thus, it follows from the Moy-Prasad Construction (Theorem 2.3.26) that
c-IndGGrys ρ “ c-IndGSGy,0 κpS,θq is an irreducible supercuspidal representation of depth
zero. Furthermore, this supercuspidal representation is regular in the sense of
Definition 6.3.1 by construction.

We summarize Kaletha’s construction of πpS,θq in Figure 6.1. Not only does this
construction produce irreducible regular depth-zero supercuspidal representations of
G, it is exhaustive as per the following proposition.

`

ρ,Grys
˘

`

˘RS,θ,Gypfq
˘

´

κpS,θq, Gy,0

¯

`

κpS,θq, SGy,0

˘ `

πpS,θq, G
˘pullback extend induce

induce induce

Figure 6.1: Summary of Kaletha’s construction for regular depth-zero
supercuspidal representations of G.

Proposition 6.3.12 ([Kal19, Proposition 3.4.27]). Every irreducible regular
depth-zero supercuspidal representation of G is of the form πpS,θq for some elliptic
maximally unramified F -torus S and regular depth-zero character θ : S Ñ Cˆ.

As a consequence of the previous proposition, whenever ρ induces irreducibly
to a regular depth-zero supercuspidal representation, we can assume without loss of
generality that ρ “ c-Ind

Grys
SGy,0

κpS,θq for some elliptic maximally unramified F -torus S
and regular depth-zero character θ of S.

6.4 A Condition for a Multiplicity Free Restriction
We maintain the same notation as in the previous section.

Let ρ be an irreducible representation of Grys such that π “ c-IndGGrys ρ is
a regular supercuspidal representation of depth zero of G. By what precedes in
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Section 6.3, π “ πpS,θq for some elliptic maximally unramified F -torus S of G and
regular depth-zero character θ of S. This elliptic maximally unramified torus is
associated to a vertex rys of BredpG, F q and corresponds to an elliptic maximal
f-torus S of Gy. Furthermore, we can assume without loss of generality that
ρ “ c-Ind

Grys
SGy,0

κpS,θq, where κpS,θq is an extension to SGy,0 of the Deligne-Lusztig
cuspidal representation κpS,θq “ ˘RS,θ.

Let H be a closed connected F -subgroup of G that contains Gder. In this section
we will be focusing on the restriction of ρ to the subgroup Hrys and determining under
what condition this restriction is multiplicity free.

We let Hy denote the reductive quotient of H at y, that is the algebraic
group whose f-points corresponds to the quotient Hy,0:0` . We also let

`H
G

˘

y
denote

the reductive group whose f-points corresponds to Hy,0Gy,0`{Gy,0` . Recall from
Lemma 2.2.24 that we have an isomorphism of algebraic groups ι : Hypfq Ñ

`H
G

˘

y
pfq

given by ιphHpF unqy,0`q “ hGpF unqy,0` for all h P HpF unqy,0. Note that we have
identified the algebraic groups with their f-points.

Lemma 6.4.1. Let S be an elliptic maximally unramified F -torus of G with associated
vertex rys in BredpG, F q, and let S be its corresponding elliptic maximal f-torus of Gy
as per Lemma 6.3.5. Then SH “ SXH is an elliptic maximally unramified F -torus of
H with associated vertex rys in BredpH, F q and SX

`H
G

˘

y
is an elliptic maximal f-torus

of
`H
G

˘

y
.

Proof: Because rGy,Gys Ă
`H
G

˘

y
Ă Gy (Lemma 2.2.26), we can apply the results

from Section 2.1.2 (namely Remark 2.1.20 and Proposition 2.1.30) to conclude that
S X

`H
G

˘

y
is an elliptic maximal f-torus of

`H
G

˘

y
.

The same argument shows that SH is an elliptic maximal F -torus of H. We also
have that SH is maximally unramified. Indeed, Lemma 2.1.26 allows us to identify
ΦpSH,Hq and ΦpS,Gq. Since the action of the inertia group of GalpF s{F q on ΦpS,Gq
preserves a set of positive roots (Remark 6.3.3), its action on ΦpSH,Hq must do the
same.

We note that BredpG, F q “ BredpH, F q as G and H have the same derived
subgroup (Remark 2.1.29), meaning that rys is a vertex of BredpH, F q. For the same
reason, we have that AredpG, S, F unq “ AredpH, SH, F

unq. By Remark 6.3.4, rys is
thus the unique GalpF un{F q-fixed point of AredpH,SH, F

unq and is therefore the
vertex associated to SH.

Lemma 6.4.2. Let S be an elliptic maximally unramified F -torus of G with associated
vertex rys in BredpG, F q, and let S be its corresponding elliptic maximal f-torus of Gy
as per Lemma 6.3.5. Set SH “ S X H and let SH denote its corresponding elliptic
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maximal f-torus of Hy. Then ιpSHq “ S X
`H
G

˘

y
, where ι is the isomorphism between

Hy and
`H
G

˘

y
.

Proof: By Lemma 6.3.5, we have that Spfq “ pSpF unq0GpF unqy,0`q {GpF unqy,0`

and SHpfq “ pSHpF
unq0HpF unqy,0`q {HpF unqy,0` . It follows that

ιpSHpfqq “ pSHpF
unq0GpF unqy,0`q {GpF unqy,0` is an elliptic maximal f-torus

of
`H
G

˘

y
. Since SHpF

unq0 is contained in both SpF unq0 and HpF unqy,0,

ιpSHpfqq Ă
´

S X
`H
G

˘

y

¯

pfq. The maximality of both tori implies that the inclusion is
an equality.

The result of Lemma 6.4.2 is summarized in the diagram of Figure 6.2.

S Ă G SH Ă H

S Ă Gy S X
`H
G

˘

y
SH Ă Hy

intersect

intersect ι´1

Figure 6.2: Correspondence between the elliptic maximally unramified
F -torus SH with the elliptic maximal f-torus of SH given the correspondence
between S and S.

Proposition 6.4.3. Let S be an elliptic maximally unramified F -torus of G associated
to the vertex rys and let S be its corresponding elliptic maximal f-torus of Gy as per
Lemma 6.3.5. Denote by SH the elliptic maximal f-torus of Hy corresponding to the
elliptic maximally unramified F -torus SH “ SXH of H. Let θ be a regular character
of Spfq and assume that θH “ θ|SXpHGqypfq

˝ ι is also regular. Then

κpS,θq|Hy,0 “ κpSH,θHq,

where κpS,θq and κpSH,θHq denote the pullbacks of ˘RS,θ and ˘RSH,θH to Gy,0 and
Hy,0, respectively. That is, we have the diagram illustrated in Figure 6.3.

Proof: For all h P Hy,0, we have

κpS,θqphq “ ˘RS,θphGy,0`q “ ˘RS,θ|pHGqypfq
phGy,0`q.
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`

˘RS,θ,Gypfq
˘ `

˘RSH,θH ,Hypfq
˘

´

κpS,θq, Gy,0

¯ ´

κpSH,θHq, Hy,0

¯

pullback

restrict

pullback

Figure 6.3: Diagram summarizing the restriction of κpS,θq to Hy,0 as per
Proposition 6.4.3.

Since rGy,Gys Ă
`H
G

˘

y
(Lemma 2.2.26), it follows from Theorem 6.2.8 that

˘RS,θ|pHGqypfq
“ ˘RSXpHGqy ,θpHGqy

, where θpHGqy
denotes the restriction of θ to

´

S X
`H
G

˘

y

¯

pfq. Therefore

κpS,θqphq “ ˘RSXpHGqy ,θpHGqy
phGy,0`q.

We can rewrite the right-hand side as ˘RιpSHq,θH˝ι´1pιphHy,0`qq by Lemma 6.4.2. But
Corollary 6.1.8 tells us this last expression is equal to ˘RSH,θHphHy,0`q. Therefore,
we obtain

κpS,θqphq “ ˘RSH,θHphHy,0`q “ κpSH,θHqphq.

Remark 6.4.4. There is no guarantee for θH to be regular when θ is regular, since we
have seen that a character in general position does not necessarily restrict to another
character in general position (Example 6.2.7). However, under the hypothesis that
θH is also regular, we know that ˘RSH,θH is cuspidal and that the normalizer in Hrys
of an extension to SHHy,0 of κpSH,θHq is equal to SHHy,0 as discussed in Section 6.3.

We note the following relationship between the groups SGy,0 and SHHy,0.

Lemma 6.4.5. Let S be an elliptic maximally unramified F -torus of G with associated
vertex rys and let H be a closed connected F -subgroup of G that contains Gder. Then
SGy,0 XH “ SHHy,0, where SH “ S XH.

Proof: It is clear that SHHy,0 Ă SGy,0 XH.
For the converse, take h P SGy,0 XH. Then h “ sg for some s P S, g P Gy,0. We

claim that Gy,0 “ S0Hy,0Gy,0` . Indeed, let S be the elliptic maximal f-torus of Gy
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associated to S as per Lemma 6.3.5. Because
`H
G

˘

y
contains rGy,Gys (Lemma 2.2.26),

we can apply Proposition 6.1.10 and obtain

Gypfq “ Spfq
ˆ

H
G

˙

y

pfq,

or equivalently
Gy,0{Gy,0` “ S0Gy,0`{Gy,0` ¨Hy,0Gy,0`{Gy,0` .

Therefore, Gy,0 “ S0Hy,0Gy,0` as claimed.
This means that we can rewrite g “ s1h1g1 for some s1 P S0, h1 P Hy,0, g1 P Gy,0`

so that h “ ss1h1g1. Furthermore, [DR09, Lemma B.7.2] allows us to write
Gy,0` “ Z0`Gy,0` where Z “ ZpGq˝pF q Ă S and G “ GderpF q Ă H. This means
that we can write g1 “ zg for some z P Z Ă S, g P Gy,0` Ă Hy,0` , meaning that

h “ ss1h1zg “ ss1zh1g.

But ss1z “ hph1gq´1 P S XH “ SH and h1g P Hy,0. Thus h P SHHy,0 which concludes
the proof.

What we have pointed out in Remark 6.4.4 motivates us to impose the additional
condition that θH be regular in the following theorem. Note that this character θH
corresponds to the character θ|SH of SH .

Proposition 6.4.6. Let S be an elliptic maximally unramified F -torus of G
with associated vertex rys. Let θ be a regular depth-zero character of S and
set ρ “ c-Ind

Grys
SGy,0

κpS,θq. Let H be a closed connected F -subgroup of G that
contains Gder and set SH “ S X H. Assume that θ|SH is also regular. Then
ρ1 “ c-Ind

Hrys
SHHy,0

`

κpS,θq|SHHy,0
˘

is a component of ρH “ ρ|Hrys. Furthermore, the
multiplicity of ρ1 in ρH is equal to m “ rIGryspρ

1q : HrysSGy,0s.

Proof: The Mackey decomposition allows us to compute the restriction of ρ to
Hrys as follows:

ρ|Hrys “ Res
Grys
Hrys

c-Ind
Grys
SGy,0

κpS,θq

“ ‘
cPC

c-Ind
Hrys
HrysXcpSGy,0q

Res
cpSGy,0q

HrysXcpSGy,0q
κpS,θq,

where C is a set of coset representatives of HryszGrys{SGy,0. In particular,
because SGy,0 X Hrys “ SGy,0 X H “ SHHy,0 (Lemma 6.4.5), we see that
c-Ind

Hrys
SHHy,0

`

κpS,θq|SHHy,0
˘

is a subrepresentation of ρH . By Proposition 6.4.3, we
see that κpS,θq|SHHy,0 is an extension to SHHy,0 of κpSH,θHq. By hypothesis, we have
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assumed that θ|SH (and therefore θH) is regular, meaning that the normalizer in
Hrys of κpS,θq|SHHy,0 is equal to SHHy,0 as discussed in Remark 6.4.4. It is then a
consequence of the Mackey Irreducibility Criterion that ρ1 “ c-Ind

Hrys
SHHy,0

`

κpS,θq|SHHy,0
˘

is irreducible, meaning that ρ1 is a component of ρH .
Now, for the multiplicity, we know from Proposition 5.2.10 that the multiplicity

of ρ1 in ρH is given by

m “
dimpρq

rGrys : IGryspρ
1qs dimpρ1q

,

where IGryspρ
1q is the normalizer in Grys of ρ1. We observe that

dimpρq “ rGrys : SGy,0s dimpκpS,θqq and dimpρ1q “ rHrys : SHHy,0s dimpκpS,θqq by
Proposition A.1.8, which implies that

m “
rGrys : SGy,0s

rGrys : IGryspρ
1qsrHrys : SHHy,0s

.

But rHrys : SHHy,0s “ rHrysSGy,0 : SGy,0s as SHHy,0 “ SGy,0 XHrys (Lemma 6.4.5),
implying that Hrys{SHHy,0 » HrysSGy,0{SGy,0 by the second isomorphism theorem.
Therefore,

m “
rGrys : SGy,0s

rGrys : IGryspρ
1qsrHrysSGy,0 : SGy,0s

,

which simplifies to m “ rIGryspρ
1q : HrysSGy,0s as HrysSGy,0 Ă IGryspρ

1q Ă Grys.

Remark 6.4.7. Without the hypothesis that θ|SH is also regular, one would need
to decompose c-Ind

Hrys
SHHy,0

`

κpS,θq|SHHy,0
˘

in order to find a component ρ1 of ρH .
Furthermore, this decomposition could potentially lead to additional multiplicity in
ρH .

If ρ satisfies the hypotheses of Proposition 6.4.6 and that IGryspρ
1q “ HrysSGy,0,

then the restriction ρH will be multiplicity free. For this to happen, we need to impose
a slightly stronger condition on the character θ. Following the language of [AM19],
we have the following definition.1

Definition 6.4.8. Let θ1 be a character of SH . We say that θ1 is regular in G if
INGpSqpF qpθ

1|pSHq0q “ S.

Remark 6.4.9. It is easy to see that if θ1 is a character of SH which is regular in G,
then it is a regular in the sense previously defined (Remark 6.3.8). Indeed, it suffices to
take the equality INGpSqpF q

`

θ1|pSHq0
˘

“ S, intersect both sides with H and use the fact
that NGpSq XH “ NHpSHq (Proposition 2.1.23) to obtain INHpSHqpF q

`

θ1|pSHq0
˘

“ SH .
1The version of the pre-print [AM19] cited here contains a typo in its Definition 5.2, which was

confirmed by one of the authors through a private correspondence.
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Corollary 6.4.10. Let S,H,SH, θ, ρ and ρ1 be as in Proposition 6.4.6. Assume
furthermore that θ|SH is regular in G. Then the restriction ρH “ ρ|Hrys is multiplicity
free.

Proof: By the previous proposition, it suffices to show that IGryspρ
1q Ă HrysSGy,0

to obtain equality between the two sets.
Let g P IGryspρ

1q. Then g c-Ind
Hrys
SHHy,0

`

κpS,θq|SHHy,0
˘

» c-Ind
Hrys
SHHy,0

`

κpS,θq|SHHy,0
˘

.
From the Mackey Decomposition (Remark 2.3.12), it follows that
g
`

κpS,θq|SHHy,0
˘

» h
`

κpS,θq|SHHy,0
˘

for some h P Hrys, or equivalently
h´1g

`

κpS,θq|SHHy,0
˘

»
`

κpS,θq|SHHy,0
˘

. Using Kaletha’s argument in [Kal19, Lemma
3.4.20] which was briefly summarized in Remark 6.3.10, there exists g1 P Hy,0 such
that g1h´1g P NGpSHqpF q and g1h´1g

`

θ|pSHq0
˘

“ θ|pSHq0 . From Proposition 2.1.23,
one sees that NGpSHq “ NGpSq, and therefore g1h´1g P INGpSqpF q

`

θ|pSHq0
˘

. Therefore,
g1h´1g P S and g P HrysSGy,0.

Using Theorem 5.1.1, we restate the previous result in terms of the supercuspidal
representation. The statement we provide below has also been proved by Adler and
Mishra in a recent preprint [AM19, Theorem 5.3]. While their proof is very concise,
our method provides a more explicit description of the restriction.

Corollary 6.4.11. Let πpS,θq be a regular depth-zero supercuspidal representation of
G, where S is an elliptic maximally unramified F -torus and θ is a regular depth-zero
character of S. Let H be a closed connected F -subgroup of G that contains Gder and
set SH “ S X H. Assume furthermore that θ|SH is regular in G. Then πpS,θq|H is
multiplicity free.

Finally, using Corollary 5.1.9, this allows us to write a statement for a multiplicity
free restriction of certain irreducible supercuspidal representations of arbitrary depth.

Corollary 6.4.12. Let Ψ “ p~G, y, ~r, ρ, ~φq be a G-datum. Assume that
π´1 “ c-IndG

0

G0
rys
ρ is a regular depth-zero supercuspidal representation that satisfies

the hypotheses of Corollary 6.4.11 when setting G “ G0 and H “ H0. Then πGpΨq|H
is multiplicity free.

6.5 Remarks and Future Directions
Recall from the introduction (Chapter 1) that our motivation for studying the
multiplicity problem for the restriction of supercuspidal representations, apart from
it being a fundamental representation theory question, came from Conjecture 2 by
Adler and Prasad [AP06]. This conjecture stated that the irreducible admissible
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representations of G should restrict with multiplicity one to subgroups H that contain
Gder, along with a few additional underlying hypotheses.

We also discussed how they later found a counterexample of an irreducible
representation of GUpnq whose restriction to SUpnq decomposes with multiplicity
two [AP19, Theorem 10]. More precisely, this representation of GUpnq that they
constructed was a regular depth-zero supercuspidal representation πpS,θq and such
that θ|SXSUpnq was not regular. However, simply having regularity in the restriction is
not enough to guarantee a multiplicity free restriction as seen with Proposition 6.4.6
and Corollary 6.4.12. So, while the failure of regularity is a potential source for
obtaining higher multiplicity, as stated in [AP19, Remark 11], other factors also come
into play.

The main reason for wanting to study the regular supercuspidal representations
in this chapter was to obtain a more concise description of the representation ρ in
order to isolate a component ρ1 of ρH “ ρ|Hrys . There was a lot of work involved in
order to get to Proposition 6.4.6, which means that even though we have a formula
for the multiplicity in the restriction of ρ, it is not necessarily easy to compute in
practice.

While Kaletha gives as a remark that most depth-zero supercuspidal
representations are regular (paragraph following [Kal19, Definition 3.7.3]), more work
is required in order to say something about the multiplicities in the restriction of
a representation ρ that does not satisfy the hypotheses of Proposition 6.4.6. For
instance, when θ|SH is not regular, we have not provided a description for the
restriction of κpS,θq which is key for understanding ρH “ ρ|Hrys . We do not pursue
this question further in this thesis, but rather leave it as an open problem.



Chapter 7

Digging Deeper

In this final chapter of the thesis, we discuss some future directions of research and
the impact that this work has on the representation theory of p-adic groups. As a
first question, one can ask whether the results of this thesis have been stated in the
greatest possible generality. This is what we discuss in Section 7.1. In Section 7.2, we
talk about more recent kinds of data that can be used to construct representations,
and how the main idea of this thesis, namely the restriction of data to obtain a
description of the restriction of a representation, can be applied in other contexts.
Finally, we end with a discussion on the theory of types in Section 7.3. The theory
of types can be used to answer questions about non-supercuspidal representations.
In particular, we show that our results for a restriction of data can be transferred to
define a restriction of types allowing us to obtain information about the restriction
of any kind of irreducible representation of G. As such, the implications of our work
go beyond just the irreducible supercuspidal representations.

7.1 Underlying Assumption on p

Throughout this thesis, we have assumed that the residual characteristic p of the
p-adic field F does not divide the order of the Weyl group of G. This assumption is
not extremely restrictive, as shown in Table 2.1.

Without this hypothesis on p, the J.K. Yu Construction is still valid and
produces irreducible supercuspidal representations, though it might not produce all
such representations (Theorem 2.3.28). In order to check whether our restriction of
data (Theorem 3.3.1) and restriction formula (Theorem 4.4.1) are still valid when
there is no restriction on p, some additional work would be required.

Indeed, in the original definition for genericity of the quasicharacters in a
G-datum, there are two conditions that need to be satisfied, which Yu refers to
as conditions GE1) and GE2). As mentioned in Remark 3.1.7, with our underlying
assumption on p, condition GE1) automatically implies condition GE2). For this

136
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reason, we were able to completely omit condition GE2) in this thesis. Removing
the hypothesis on p means that there are additional verifications to be made in the
restriction (extension) of generic characters in Section 3.3.3 (Section 3.5.2). This
assumption on p also allowed to assume that all characters can be realized by a
central element when restricted to a certain depth (Remark 3.1.14), which was used
in Lemmas 3.1.15 and A.4.7. Therefore, those statements would also need to be
reworked if the hypothesis on p were to be removed.

We note that if Theorems 3.3.1 and 4.4.1 hold without the assumption on p,
then all our subsequent results on multiplicities follow.

7.2 Restriction of Data
The main theme of this thesis was to take a J.K. Yu G-datum Ψ, and see how the
restriction of such a datum allows us to describe the restriction of the corresponding
supercuspidal representation πGpΨq. The same idea can be applied to different
types of data, and is not limited to supercuspidal representations of p-adic groups.
We have come across other examples in the thesis, but they were not highlighted
as such. Indeed, we were implicitly working with different types of data in the
study of Deligne-Lusztig virtual characters and regular depth-zero supercuspidal
representations, which we discuss in Sections 7.2.1 and 7.2.2, respectively. We also
mention another type of data that can be used for the construction of supercuspidal
representations in Section 7.2.3, namely the data described by Hakim in [Hak18].

7.2.1 Data for Deligne-Lusztig Characters and Cuspidal
Representations

Recall the Deligne-Lusztig virtual characters from Section 6.1. Given a reductive
group G defined over a finite field f (or a finite group of Lie type for the more general
context), we saw that the Deligne-Lusztig virtual characters are parametrized by pairs
pT, θq, where T is a maximal f-torus of G and θ is a character of Tpfq. Therefore,
such a pair could be thought of as a datum for the construction of the Deligne-Lusztig
virtual character RT,θ. Given a closed connected subgroup H of G containing Gder, the
restriction of the datum pT, θq to Hpfq would be given by pTH, θHq, where TH “ TXH
and θH “ θ|THpfq. Furthermore, we saw that RT,θ|Hpfq “ RTH,θH (Theorem 6.1.9). This
aligns exactly with what we observed for supercuspidal representations. That is, the
restriction to Hpfq is constructed from the restricted data. Unlike the supercuspidal
representations, the virtual character RT,θ is not obtained from an induction, so the
restriction to Hpfq is more direct and we do not have any conjugates that appear.

When the torus T is also elliptic, and θ is in general position, then pT, θq can
be thought of as a datum for a Deligne-Lusztig cuspidal representation. However,
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the character θH need not be in general position (Example 6.2.7), meaning that the
restriction of pT, θq to Hpfq does not necessarily produce a datum for a Deligne-Lusztig
cuspidal representation of Hpfq. This means that the restriction of pT, θq to H does
not necessarily produce a datum of the same type. However, when θH is also in
general position, then the restriction of ˘RT,θ gives us precisely the Deligne-Lusztig
cuspidal representation of Hpfq constructed from the restricted datum pTH, θHq
(Theorem 6.2.8). So, when the restriction of a datum produces data of the same
type, the components of the restriction are constructed from the restricted data, as
was the case for supercuspidal representations.

7.2.2 Data for Regular Supercuspidal Representations

Given a reductive group G which is defined over a p-adic field F , we saw in
Section 6.3 that Kaletha’s regular depth-zero supercuspidal representations of G can
be parametrized by pairs pS, θq, where S is an elliptic maximally unramified F -torus
of G and θ is a regular depth-zero character of S “ SpF q. Therefore, these pairs can
be viewed as another type of datum. Similarly to the above discussion, restricting
the pair pS, θq to a reductive F -subgroup H that contains Gder does not necessarily
provide us with another such pair. Indeed, this is because the restriction of this pair
would be given by pSH, θHq, where SH “ S X H and θH “ θ|SH , and θH might not be
regular. However, in the case that θH is also regular, then we have a valid restriction
of datum, and obtain a formula for the restriction πpS,θq|H in terms of the restricted
datum pSH, θHq as follows.

Theorem 7.2.1. Let S be an elliptic maximally unramified F -torus of G with
associated vertex rys and let θ be a regular depth-zero character of S. Let H be a
closed connected F -subgroup of G that contains Gder. Set SH “ S X H and assume
that θH “ θ|SH is also regular. Then

πpS,θq|H “ ‘
cPC
πpcSH,cθHq,

where C is a set of coset representatives of HzG{SGy,0.

Proof: We use the Mackey decomposition formula to compute the restriction:

πpS,θq|H “ ResGH c-IndGSGy,0 κpS,θq

“ ‘
cPC

c-IndHHXcpSGy,0q Res
cpSGy,0q

HXcpSGy,0q
cκpS,θq,

where C is a set of coset representatives of HzG{SGy,0. Because HXSGy,0 “ SHHy,0

(Lemma 6.4.5), we can rewrite the restriction as

πpS,θq|H “ ‘
cPC

c-IndHcpSHHy,0q
cκpS,θq|cpSHHy,0q.
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We also know that κpS,θq|SHHy,0 induces irreducibly to H as πpSH,θHq, being
an extension of the cuspidal representation κpSH,θHq (Propositions 6.3.11
and 6.4.3). One can also check that cκpS,θq “ κpcS,cθq, meaning that
c-IndHcpSHHy,0q

cκpS,θq|cpSHHy,0q “ πpcSH,cθHq and the result thus follows.

Remark 7.2.2. When considering the corresponding J.K. Yu datum, one can apply
our key decomposition theorem, Theorem 4.4.1, which describes the restriction of
the supercuspidal representation in terms of the restricted data. The result of this
decomposition formula is the same as what we just described above. Indeed, when
we apply Theorem 4.4.1, this gives us a double sum, one over a set C of coset
representatives of HzG{Grys, and the second one over a set D of coset representatives
of HryszGrys{SGy,0 coming from the restriction to Hrys of ρ “ c-Ind

Grys
SGy,0

κpS,θq. One
can then verify that the multiplication of the sets C and D give a set of coset
representatives of HzG{SGy,0.

In [Kal19], Kaletha also talks about regular supercuspidal representations of
arbitrary depth. A regular supercuspidal representation is defined as a supercuspidal
representation whose depth-zero piece of its reduced datum is a regular depth-zero
supercuspidal representation. Such representations are parametrized by tame elliptic
regular pairs pS, θq. Indeed, Kaletha shows that every reduced J.K. Yu datum for a
regular supercuspidal representation corresponds to a tame elliptic regular pair pS, θq,
and that every tame elliptic regular pair can be extended into a reduced J.K. Yu
datum [Kal19, Proposition 3.7.8]. The correspondence between the two types of data
is given as follows.

Given a reduced G-datum Ψ “ p~G, π´1, ~φq for a regular supercuspidal
representation, we have that π´1 “ πpS,φ´1q for some elliptic maximally unramified
F -torus S of G0 and regular depth-zero character φ´1 of S. From the datum, we

set θ “
d
ś

i“´1

φi|S and obtain a tame elliptic regular pair pS, θq. Conversely, from a

tame elliptic regular pair pS, θq, a regular reduced datum Ψ “ p~G, πpS,φ´1q, ~φq can be

constructed by obtaining a Howe factorization pφ´1, ~φq of θ satisfying θ “
d
ś

i“´1

φi|S.

Under the assumption that φ´1
H

..“ φ´1|SH is also regular, one easily sees that the
datum p~H, πpSH,φ´1

H q,
~φq from RespΨq corresponds to the pair pSH, θHq, where θH “ θ|SH .

Therefore, the restriction of tame elliptic regular pairs (under an additional regularity
hypothesis) commutes with the restriction of regular reduced J.K. Yu data, as
illustrated in Figure 7.1.

So, Kaletha’s tame elliptic regular pairs serve as a different kind of datum for
the regular supercuspidal representations. Because we have a clear picture of the
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pS, θq pSH, θHq

p~G, πpS,φ´1q, ~φq p~H, πpSH,φ´1
H q,

~φHq

restrict

"restrict"

Figure 7.1: Commutativity of the restriction of tame elliptic pairs and regular
reduced J.K. Yu data.

restriction to H of supercuspidal representations from the perspective of J.K. Yu
data, the results easily transfer over to the tame elliptic regular pairs as per the
following corollary. Note however, that we are a bit more confined with the tame
elliptic regular pairs as we need some regularity condition (namely φ´1

H to be regular)
in order for the restriction of such a pair to remain of the same type.

Corollary 7.2.3. Let pS, θq be a tame elliptic pair with associated vertex rys and
let πpS,θq be the corresponding regular supercuspidal representation. Let H be a closed
connected F -subgroup of G that contains Gder, set SH “ SXH and θH “ θ|SH . Assume
that pSH, θHq is also a tame elliptic regular pair. Then

πpS,θq|H “ ‘
tPC,`PL

πpt`SH,t`θHq,

where C and L are sets of coset representatives of HzG{Kd and K0
HzK

0{SG0
y,0,

respectively.

Proof: Let p~G, πpS,φ´1q, ~φq be the regular reduced datum obtained from pS, θq as
described above. We have that πpS,φ´1q “ c-IndG

0

K0 ρ, where ρ “ c-IndK
0

SG0
y,0

κpS,φ´1q

(Section 6.3). Therefore, πpS,θq “ πGpΨq, where Ψ “ p~G, y, ρ, ~φq. By Proposition 6.4.6,
we have that

ρ|K0
H
“ ‘

`PL
c-Ind

K0
H

`pSHH
0
y,0q

κp`SH,`φ´1
H q,

where φ´1
H “ φ´1|SH and L is a set of coset representatives of K0

HzK
0{SG0

y,0.

Setting ρ` “ c-Ind
K0
H

`pSHH
0
y,0q

κp`SH,`φ´1
H q, ` P L, it follows from Theorem 4.4.1 that

πpS,θq|H “ πGpΨq|H “ ‘
tPC

ˆ

‘
`PL
πHp

tΨ`q

˙

,

where C is a set of coset representatives of HzG{Kd. We have that the reduced
datum associated to Ψ` is p~H, πp`SH,`φ´1

H q,
~φHq meaning that πHpΨ`q “ πp`SH,`φ´1

H q. The
conclusion follows.
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7.2.3 Hakim’s Data

In Section 3.2, we discussed the notion of G-equivalence of G-data established by
Hakim and Murnaghan that determines the equivalence class of a supercuspidal
representation. Given a G-datum Ψ “ p~G, y, ρ, ~φq, we see from Theorem 3.2.4(3)

that the equivalence class of πGpΨq is essentially determined by ρ b
d
ś

i“0

φi|G0
rys
. This

means that in a sense, only the information on G0 was necessary for the construction
of the supercuspidal representation.

From this observation, Hakim constructs a new kind of datum in [Hak18],
even though he might not refer to it directly as such. Hakim’s data consist
of triples pG1, rys, φq, where G1 is a tamely ramified twisted Levi subgroup of
G, rys is a vertex in BredpG1, F q and φ is a permissible representation of G1

rys

[Hak18, Definition 2.1.1]. We shall refer to such a triple as a Hakim-datum. From
the permissible representation φ, Hakim describes the algorithm that produces an
irreducible supercuspidal representation πpφq of G.

To connect this with the J.K. Yu Construction, given a G-datum Ψ “ p~G, y, ρ, ~φq,

the representation φ ..“ ρ b
d
ś

i“0

φi|G0
rys

is a permissible representation of G0
rys. This

means that from the J.K. Yu datum Ψ, we have a corresponding Hakim-datum
pG0, rys, φq. Furthermore, Hakim shows that his representation πpφq is isomorphic
to πGpΨq [Hak18, Lemma 4.0.1]. With our underlying hypothesis on p, the J.K. Yu
Construction is exhaustive, so every Hakim-datum has to come from a G-datum.
From this correspondence, we obtain a commutative diagram (Figure 7.2) for the
restriction to H of G-data and Hakim-data. This means that we can translate our
results for the restriction of a supercuspidal representation in terms of the Hakim-data
using Figure 7.2.

p~G, y, ρ, ~φq tp~H, y, ρ`, ~φHq, ` P Lu

ˆ

G0, rys, ρb
d
ś

i“0

φi|G0
rys

˙ "ˆ

H0, rys, ρ` b
d
ś

i“0

φiH |H0
rys

˙

, ` P L

*

restrict

restrict

Figure 7.2: Commutativity of the restriction of a G-datum and corresponding
Hakim-datum. L is the index set for the components of ρH “ ρ|H0

rys
.

When our underlying hypothesis on p is not satisfied (and that the J.K. Yu
Construction is not necessarily exhaustive), one can still obtain a Hakim-datum from
a G-datum in the same way. However, there is a possibility for Hakim’s construction
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to produce supercuspidal representations that are not captured by Yu’s construction
[Hak18, Remark 3.3.6], meaning that not all Hakim-data come from G-data. Given
a Hakim-datum pG1, rys, φq for G, if the components of φ|G1XH are also permissible,
then we have a restriction process for Hakim-data and can obtain a result similar to
Theorem 4.4.1. Future work would then include determining conditions under which
the components of the restriction of a permissible representation remain permissible.

7.3 Implications for the Theory of Types
This thesis focused primarily on the study of irreducible supercuspidal representations
of the p-adic groupG “ GpF q. This is only a fraction of the irreducible representations
of G. Indeed, recall from Jacquet’s Subrepresentation Theorem (Theorem 2.3.14)
that the irreducible representations of G which are not supercuspidal are obtained as
subrepresentations of the parabolic induction of supercuspidal representations. The
task of studying the irreducible representations of G which are not supercuspidal
is a whole different problem. Unlike the supercuspidal representations, irreducible
non-supercuspidal representations are not all obtained by compact induction from
an open compact-mod-center subgroup. That is there is no equivalent of Mautner’s
Theorem (Theorem 2.3.19) for such representations. Rather, one can turn to the
theory of types to obtain information, which applies to all representations of G.

The theory of types was introduced by Bushnell and Kutzko in [BK98]. This
theory allows to describe representations of G in terms of representations of certain
compact open subgroups. To define what a type is, one needs the Bernstein
decomposition [Ber84] for the category RpGq of smooth complex representations of
G. This decomposition lets us write RpGq as a direct product of subcategories over
some index set B

RpGq “
ź

sPB

Rs
pGq.

Elements of B correspond to certain equivalence classes of pairs pM,σq, where M is
a Levi subgroup (of a parabolic subgroup) of G and σ is an irreducible supercuspidal
representation of M . The subcategories RspGq, s P B, are called Bernstein blocks.
Types give an explicit description of each Bernstein block as per the following
definition.

Definition 7.3.1. Let s P B, J be a compact open subgroup of G and λ be a smooth
irreducible representation of J . We say that pJ, λq is an s-type if for every smooth
irreducible representation π of G, we have that π P RspGq if and only if π|J contains
λ.

We say that an irreducible smooth representation π of G contains a type if there
exists an s-type pJ, λq for some s P B such that π|J contains λ.
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Thus, we can obtain a description of RpGq entirely in terms of representations
of compact open groups via the construction of an s-type for each s P B.

7.3.1 Restriction of Types

In the case where π “ πGpΨq is an irreducible supercuspidal representation of
G constructed from the G-datum Ψ, one can easily construct a type which is
contained in π [BK98, Proposition 5.4]. Indeed, recall that π “ c-IndGKd κGpΨq,
where Kd “ G0

rysG
1
y,s0
¨ ¨ ¨Gd

y,sd´1
. The group Kd is an open subgroup of G which is

compact modulo the center of G. The maximal compact open subgroup of Kd is
J~G “ G0

yG
1
y,s0
¨ ¨ ¨Gd

y,sd´1
, where G0

y is the stabilizer in G0 of y. Letting λGpΨq be a
component of κGpΨq|J~G , we have that pJ~G, λGpΨqq is an s-type contained in πGpΨq,
where s corresponds to the pair pG, πGpΨqq. Essentially, one obtains a type contained
in πGpΨq by restricting the pair pκGpΨq, Kdq obtained from the datum Ψ that induces
the representation.

The restriction of a G-datum to H-data from Section 3.3 induces a restriction of
types contained in πGpΨq to types contained in components of πGpΨq|H . Indeed,
given a G-datum Ψ, Theorem 3.3.1 allows us to construct a set of H-data
RespΨq “ tΨ`, ` P Lu. We define J~H “ H0

yH
1
y,s0
¨ ¨ ¨Hd

y,sd´1
which is compact open and

contained in Kd
H , and for each ` P L, we let λHpΨ`q be a component of κHpΨ`q|J~H

.
Then pJ~H, λHpΨ`qq is a type contained in πHpΨ`q. Furthermore, as a consequence of
Theorem 4.3.6, which described the restriction κGpΨq|Kd

H
, we have that

κGpΨq|J~H “ ‘
`PL
κHpΨ`q|J~H

.

Therefore, for each component λGpΨq Ă κGpΨq|J~G , λGpΨq|J~H is a direct sum of
components of κHpΨ`q|J~H

. Hence, when we restrict the type pJ~G, λGpΨqq, we obtain
types contained in components of πGpΨq|H . We illustrate this restriction of types in
Figure 7.3.

Ψ “ p~G, y, ρ, ~φq tΨ` “ p
~H, y, ρ`, ~φHq, ` P Lu

tpJ~G, λGpΨqq, λGpΨq Ă κGpΨq|J~Gu
 

pJ~H, λHpΨ`qq, λHpΨ`q Ă κHpΨ`q|J~H
, ` P L

(

restrict

restrict

type type

Figure 7.3: Restriction of the types pJ~G, λGpΨqq contained in πGpΨq to types
contained in πHpΨ`q, ` P L.
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Remark 7.3.2. From the restriction of data, we can only obtain types that are
contained in πHpΨ`q, ` P L, meaning that our restriction of types did not construct
types for each component of πGpΨq|H . Because we know precisely the restriction
πGpΨq|H (Theorem 4.4.1), we can deduce the types that are contained in the other
components of the restriction. Indeed, to obtain a type contained in πHptΨ`q, t P G,
we simply conjugate one of the types contained in πHpΨ`q by t.

For an irreducible representation π which is not supercuspidal, one can still
obtain types contained in π via a construction described by Kim and Yu in [KY17].
The Kim-Yu Construction for types is very similar to Yu’s construction of irreducible
supercuspidal representations. Indeed, to construct a type, one starts from a 5-tuple,
which we will refer to as a type-datum. This type-datum is a modified version of a
G-datum and is defined as follows [KY17, Section 7.2].

Definition 7.3.3. A sequence Σ “ pp~G,M0q, py, tIuq, ~r, pM0
y , ρ̃q,

~φq is a type-datum
for G if and only if:

TD1) ~G is a tamely ramified twisted Levi sequence ~G “ pG0, . . . ,Gdq in G, and M0 is
a Levi subgroup of G0;

TD2) y is a point in BpM0, F q and tIu is a commutative diagram of embeddings of
buildings which is ~s-generic relative to y in the sense of [KY17, Section 3], where
~s “ p0, r0{2, . . . , rd{2q;

TD3) ~r “ pr0, . . . , rdq is a sequence of real numbers satisfying 0 ă r0 ă ¨ ¨ ¨ ă rd´1 ď rd
if d ą 0, 0 ď r0 if d “ 0;

TD4) M0
y,0 is a maximal parahoric subgroup ofM0 andM0

y is a compact open subgroup
of M0 containing M0

y,0 as a normal subgroup, and ρ̃ is an irreducible smooth
representation of M0

y such that ρ̃|M0
y,0

contains a cuspidal representation of
M0

y,0:0`;

TD5) ~φ “ pφ0, . . . , φdq is a sequence of quasicharacters, where φi is a Gi`1-generic
character of Gi of depth ri relative to x for all x P BpGi, F q, 0 ď i ď d ´ 1. If
rd´1 ă rd, we assume φd is of depth rd, otherwise φd “ 1.

Without loss of generality, one can assume that the point y belongs to the reduced
building of M0 (Remark 2.2.20). It is clear from the definition of type-datum that
we can adapt the statement of Theorem 3.3.1 to obtain a restriction of type-datum
as follows.

Theorem 7.3.4. Let Σ “ pp~G,M0q, py, tIuq, ~r, pM0
y , ρ̃q,

~φq be a type-datum for G. Let
M0

H “M0XH, Hi “ GiXH and φiH “ φi|Hi for all 0 ď i ď d. Let r̃ denote the depth
of φdH .
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1) If r̃ ą rd´1, set ~φH “ pφ
0
H , . . . , φ

d´1
H , φdHq and ~̃r “ pr0, . . . , rd´1, r̃q.

2) If r̃ ď rd´1, set ~φH “ pφ
0
H , ¨ ¨ ¨ , φ

d´1
H φdH , 1q and ~̃r “ pr0, . . . , rd´1q.

Then, for all irreducible subrepresentation ρ̃` of ρ̃|pM0
Hqy

,
Σ` “ pp

~H,M0
Hq, py, tIuq, ~̃r, ppM

0
Hqy, ρ̃`q,

~φHq is a type-datum for H, where
~H “ pH0, . . . ,Hdq.

Given a type-datum Σ, let J
p~G,M0q

“ M0
yG

1
y,s0
¨ ¨ ¨Gd

y,sd´1
, which is an open

compact subgroup of G. A process completely analogous to the J.K. Yu Construction
results in an irreducible representation λGpΣq of Jp~G,M0q

. The pair pJ
p~G,M0q

, λGpΣqq is
an s-type for some s P B [KY17, Theorem 7.5]. Such a type will be called a Kim-Yu
type. Furthermore, we can adapt the result of Theorem 4.3.6, which described the
restriction κGpΨq|Kd

H
, to obtain the following.

Theorem 7.3.5. Let Σ “ pp~G,M0q, py, tIuq, ~r, pM0
y , ρq,

~φq be a type-datum for G.
Assume that the decomposition into components of ρ|pM0

Hqy
is given by ρ|pM0

Hqy
“ ‘

`PL
ρ`

for some index set L. For each ` P L, let Σ` be the type-datum for H as
per Theorem 7.3.4, J

p~H,M0
Hq
“ pM0

HqyH
1
y,s0
¨ ¨ ¨Hd

y,sd´1
and λHpΣ`q be the irreducible

representation of J
p~H,M0

Hq
constructed from Σ`. Then

λGpΣq|J
p~H,M0

Hq
“ ‘

`PL
λHpΣ`q.

Note that we can also apply the results of Section 3.5 and define an extension of
types to go from a type-datum for H to type-data for G.

Remark 7.3.6. Given a G-datum Ψ “ p~G, y, ~r, ρ, ~φq, the type pJΨ, λGpΨqq is a
Kim-Yu type by setting Σ “ pp~G,G0q, y, ~r, pG0

y, ρ̃q,
~φq, where ρ̃ is a component of

ρ|G0
y
.

7.3.2 Consequences and Conclusion

Fintzen showed that every (smooth) irreducible representation ofG contains a Kim-Yu
type when p does not divide the order of the Weyl group of G [Fin18, Theorem 7.12].
This is a refinement of the exhaustion result obtained by Kim and Yu [KY17, Theorem
9.1]. This means that we are able to obtain information on the restriction of any
irreducible representation π of G via our restriction of types (Theorems 7.3.4 and
7.3.5) as per the following corollary.

Corollary 7.3.7. Let π be an irreducible representation of G and let pJΣ, λGpΣqq be
a Kim-Yu type contained in π. Let tΣ`, ` P Lu be the type-data for H obtained from Σ
as per Theorem 7.3.4. Then, for all ` P L, pJ

p~H,M0
Hq
, λHpΣ`qq is a Kim-Yu type which

is contained in a component of π|H .
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By Remark 7.3.2, we do not expect our restriction of types to yield a type for
each component of π|H . Furthermore, at this stage, we do not know whether we
can expect a decomposition formula like that of Theorem 4.4.1 for an irreducible
representation π which is not supercuspidal, but future work could investigate the
direct implications of the restriction of Kim-Yu types on the decomposition of π|H .

By what precedes, we see that the consequences of this thesis go beyond just
the supercuspidal representations. While this was the main focus of our work, by
transferring our results to the theory of types, we have a larger impact and offer
future directions for the general study of irreducible representations of p-adic groups
and the category of smooth complex representation RpGq of G.



Appendix A

The Devil is in the Details

This appendix contains results that were needed in the thesis, but that did not quite
fit in the natural flow of the narrative presented due to the significant amount of
additional structure and notation required.

Section A.1 contains statements and proofs related to representation theory,
which is meant to serve as a reference for the reader that is not very familiar with
representations.

Sections A.2 to A.4 contain proofs to more technical statements. The results
that we present are very naturally expected to hold, but we did not find proofs in the
existing literature, which is why we present them here. Some of these technical results
also require heavy notation, and presenting them within the course of the thesis would
have caused some digressions from the main storyline. We reassure the reader that
the proofs we present in this appendix are straightforward once the structures and
notations have been introduced.

A.1 Representations
In this section we present a series of proofs for results regarding representations that
was used throughout the thesis. Most of these results should be known, or at least
seem intuitive, to the reader that is familiar with representation theory. This appendix
should not be read on its own, but rather serve as a reference, when needed, as results
from it are called within the thesis.

Proposition A.1.1. Let pπ, V q be a completely reducible representation of G. Then
any subrepresentation of pπ, V q is also completely reducible.

Proof: It is well known that a representation V is completely reducible if and
only if every subrepresentation of V has a G-invariant complement in V . So, given
a subrepresentation W Ă V , we must show that every subrepresentation of W has a
G-invariant complement in W .

147
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Let U be a subrepresentation of W , that is a G-invariant subspace of W . In
particular, U Ă V and by complete reducibility of V , there exists a G-invariant
subspace U 1 Ă V such that U ‘U 1 “ V . It then follows that U 1XW is a G-invariant
subspace of W and U ‘ pU 1 XW q “ W . Therefore U has a G-invariant complement
in W and W is completely reducible.

Lemma A.1.2. Let pπ, V q, pρ,W q be two representations of G such that
HomGpπ, ρq ‰ t0u. Then for all f P HomGpπ, ρq,

a) ker f is a G-invariant subspace of V (with respect to the action induced by π);

b) Im f is a G-invariant subspace of W (with respect to the action induced by ρ).

Proof: By definition, f : V Ñ W is an intertwining operator, meaning that
ρpgq ˝ f “ f ˝ πpgq for all g P G.

a) Let v P ker f . We must show that πpgqv P ker f for all g P G. Given g P G,
fpπpgqvq “ ρpgqpfpvqq. Since v P ker f , it follows that fpπpgqvq “ ρpgqp0q “ 0.
Thus, πpgqv P ker f .

b) Let w P Im f . We must show that ρpgqw P Im f for all g P G. We have that
w “ fpvq for some v P V , so given g P G, we have that ρpgqw “ ρpgqpfpvqq.
Since f is an intertwining operator, it follows that ρpgqw “ fpπpgqvq and
therefore ρpgqw P Im f .

Proposition A.1.3. Let pπ, V q, pρ,W q be two representations of G such that
HomGpπ, ρq ‰ t0u.

a) If π is irreducible, then V is a subrepresentation of W .

b) If ρ is irreducible, then W is a quotient of V .

Conversely, if π is a subrepresentation of ρ, or if ρ is a quotient of π, then
HomGpπ, ρq ‰ t0u.

Proof: Let 0 ‰ f P HomGpπ, ρq. We have by Lemma A.1.2 that ker f and Im f
are G-invariant subspaces with respect to π and ρ, respectively.
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a) Since ker f is a G-invariant subspace of V and pπ, V q is irreducible, we must have
ker f “ t0u or ker f “ V . But f ‰ 0 by hypothesis, which forces ker f “ t0u.
This means that Im f ‰ t0u is a G-invariant subspace of W . By the first
isomorphism theorem, we have that Im f » V

L

ker f “ V. Therefore, the
subrepresentation pρ, Im fq of pρ,W q is isomorphic to pπ, V q.

b) Since Im f is a G-invariant subspace of W and pρ,W q is irreducible, we must
have Im f “ t0u or Im f “ W . Since f ‰ 0, this forces W “ Im f . But,
Im f » V

L

ker f , where ker f is a G-invariant subspace of V . Hence, we have
that pρ,W q is isomorphic to a quotient representation of pπ, V q.

If π is a subrepresentation of ρ, then V Ă W and πpgqv “ ρpgqv for all
v P V, g P G. It then suffices to take the inclusion map f : V Ñ W P HomGpπ, ρq.
If ρ is a quotient of π, then W “ V {U for some G-invariant subspace U Ă V and
ρpgqpv ` Uq “ πpgqpvq ` U for all v P V, g P G. It then suffices to take the projection
map p : V Ñ V {U P HomGpπ, ρq.

Lemma A.1.4. Let Z denote the center of the group G and let G1 Ă G be a subgroup
that contains Z. Then for any irreducible representation of G1, the center Z acts by
scalar multiplication.

Proof: Let pπ, V q be an irreducible representation of G1. For all g1 P G1,
z P Z,v P V ,

πpzqπpg1qv “ πpg1qπpzqv.

It follows that for all z P Z, πpzq is an intertwining map. Since π is irreducible, it
follows from Schur’s lemma that πpzq “ czIdV for some constant cz, where IdV is the
identity map on V . Hence, the center acts by scalar multiplication.

Lemma A.1.5. Let π be a representation of G. For all g P G, we have gπ » π.

Proof: Let g P G. It suffices to show that πpgq is an intertwining map between π
and gπ. For all g1 P G, πpgq ˝ gπpg1q “ πpgqπpg´1g1gq “ πpg1gq “ πpg1q ˝ πpgq.

Lemma A.1.6. Let pπ, Uq, pρ, V q, pψ,W q be representations of G. Then
pπ ‘ ρq b ψ “ pπ b ψq ‘ pρb ψq.

Proof: We proceed by direct computation. For all g P G, u P U, v P V,w P W

pπ ‘ ρq b ψpgqppu` vq b wq “ pπ ‘ ρqpgqpu` vq b ψpgqw
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“ pπpgqu` ρpgqvq b ψpgqw

“ pπpgqub ψpgqwq ` pρpgqv b ψpgqwq

“ pπ b ψqpgqpub wq ` pρb ψqpgqpv b wq

“ pπ b ψq ‘ pρb ψqpgqppub wq ‘ pv b wqq.

Lemma A.1.7. Let G1 Ă G be a subgroup. Let pπ, V q be a representation of G1. Take
g P G and let pρ,W q be a representation of gG1. Then gπ » ρ if and only if π » g´1

ρ.

Proof: We have that gπ » ρ if and only if there exists an invertible intertwining
map f : V Ñ W such that f˝gπpḡ1q “ ρpḡ1q˝f , or equivalently f˝πpg´1ḡ1gq “ ρpḡ1q˝f ,
for all ḡ1 P gG1. Every ḡ1 P gG1 is of the form gg1g´1 for some g1 P G1 and therefore
f ˝ πpg´1ḡ1gq “ ρpḡ1q ˝ f for all ḡ1 P gG1 if and only if f ˝ πpg1q “ ρpgg1g´1q ˝ f for all
g1 P G1. Thus, the bijective map f intertwines gπ and ρ if and only if it intertwines
π and g´1

ρ.

Proposition A.1.8. Let N Ă G be a subgroup of G of finite index and let pπ, V q
be a finite-dimensional representation of N . Then c-IndGN π is a finite-dimensional
representation of G of dimension rG : N s dimpV q.

Proof: Note here that because N is of finite index, G{N is compact and therefore
induction and compact induction are the same.

We must show that the vector space

c-IndGN V “ tf : GÑ V : fpgnq “ πpn´1
qfpgq for all n P Nu

is finite-dimensional. Let tvj : j P Ju be a basis of V , and tgi, i P Iu be a set of coset
representatives of G{N , where I and J are finite index sets. Define fij : G Ñ V as
follows. For all n P N ,

fijpg`nq “

#

πpn´1qvj if ` “ i,

0 if ` ‰ i.

We claim that tfij : i P I, j P Ju is a basis for the vector space c-IndGN V , and therefore
c-IndGN V is of finite dimension |I||J | “ rG : N s dimpV q.

Indeed, we start by showing that fij P c-IndGN V for all i P I, j P J . Given g P G,
g “ g`n for some ` P I, n P N . So, for all n1 P N , we have

fijpgn
1
q “ fijpg`nn

1
q “

#

πppnn1q´1qvj if ` “ i,

0 if ` ‰ i.
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Since πppnn1q´1q “ πpn1´1qπpn´1q, it follows that fijpgn1q “ πpn1´1qfijpgq. Hence,
fij P c-IndGN V for all i P I, j P J .

Next, we show that tfij : i P I, j P Ju spans c-IndGN V . Let f P c-IndGN V . Then
for all i P I fpgiq P V , which means that fpgiq “

ř

jPJ

cijvj for some scalars cij. We

then have that
f “

ÿ

iPI

ÿ

jPJ

cijfij.

Indeed, for all ` P I, n P N ,

fpg`nq “ πpn´1
qfpg`q

“ πpn´1
q
ÿ

jPJ

c`jvj

“
ÿ

jPJ

c`jπpn
´1
qvj

“
ÿ

jPJ

c`jf`,jpg`nq.

Since fijpg`nq “ 0 for all i ‰ `, it follows that fpg`nq “
ř

iPI

ř

jPJ

cijfijpg`nq.

Finally, we verify that tfij : i P I, j P Ju is a set of linearly independent vectors
by showing that

ř

iPI

ř

jPJ

aijfij “ 0 implies that aij “ 0 for all i P I, j P J . Indeed, if
ř

iPI

ř

jPJ

aijfij “ 0, then
ř

iPI

ř

jPJ

aijfijpg`nq “ 0 for all ` P I, n P N , which simplifies to
ř

jPJ

a`jf`jpg`nq “ 0 for all ` P I, n P N . But,

ÿ

jPJ

a`jf`jpg`nq “
ÿ

jPJ

a`jπpn
´1
qvj “ πpn´1

q

˜

ÿ

jPJ

a`jvj

¸

is trivial for all ` P I if and only if
ř

jPJ

a`jvj “ 0 for all ` P I. Since tvj : j P Ju is a set

of linearly independent vectors, being a basis for V , we conclude that a`j “ 0 for all
` P I, j P J .

Thus, we have shown that tfij, i P I, j P Ju is a basis for c-IndGN V and therefore
the dimension of c-IndGN V is equal to |I||J | “ rG : N s dimpV q as claimed.

Proposition A.1.9. Let G1 Ă G be a subgroup of G and let pπ, V q, pρ,W q be two
representations of G1. Then c-IndGG1pπ ‘ ρq “ c-IndGG1 π ‘ c-IndGG1 ρ, that is induction
commutes with direct sum.
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Proof: We show that the vector spaces c-IndGG1pV ‘W q and c-IndGG1 V ‘ c-IndGG1W
are the same.

Let f P c-IndGG1 V ‘ c-IndGG1W . Then f “ fV ` fW for some fV P c-IndGG1 V ,
fW P c-IndGG1W . For all g1 P G1, g P G,

fpgg1q “ fV pgg
1
q ` fW pgg

1
q

“ πpg1
´1
qfV pgq ` ρpg

1´1
qfW pgq

“ pπ ‘ ρqpg1
´1
qpfV pgq ` fW pgqq

“ pπ ‘ ρqpg1
´1
qfpgq.

Therefore, c-IndGG1 V ‘ c-IndGG1W Ă c-IndGG1pV ‘W q.
Conversely, take f P c-IndGG1pV ‘W q. Then for all g P G, fpgq “ fV pgq`fW pgq for

some fV pgq P V, fW pgq P W . These projections define maps fV : GÑ V, fW : GÑ W .
Then, for all g1 P G1, we have fpgg1q “ fV pgg

1q ` fW pgg
1q. On the other hand,

fpgg1q “ pπ ‘ ρqpg1
´1
qfpgq

“ pπ ‘ ρqpg1
´1
qpfV pgq ` fW pgqq

“ πpg1
´1
qfV pgq ` ρpg

1´1
qfW pgq.

By uniqueness of the direct sum decomposition of V ‘ W , it follows that
fV pgg

1q “ πpg1´1
qfV pgq and fW pgg

1q “ ρpg1´1
qfW pgq for all g1 P G1, g P G. That is,

fV P c-IndGG1 V and fW P c-IndGG1W . Hence, c-IndGG1pV ‘W q Ă c-IndGG1 V ‘c-IndGG1W .

Proposition A.1.10. Let N Ă G1 Ă G be groups, with N normal in both G1 and G.
Let pπ, V q be a representation of G1{N and identify it with its pullback to G1. Then,

c-Ind
G{N
G1{N π » c-IndGG1 π,

where c-Ind
G{N
G1{N π is identified with its pullback to G. That is, the pullback of an

induction is the induction of a pullback.

Proof: We must find an invertible linear map T : c-Ind
G{N
G1{N V Ñ c-IndGG1 V that

intertwines c-Ind
G{N
G1{N π and c-IndGG1 π, where

c-Ind
G{N
G1{N V “ tf : G{N Ñ V : fpgNg1Nq “ πpg1´1NqfpgNq for all g1N P G1{Nu,

c-IndGG1 V “ tf : GÑ V : fpgg1q “ πpg1´1
qfpgq for all g1 P G1u.
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Given f P c-Ind
G{N
G1{N V , the map f̄ : G Ñ V defined by f̄pgq “ fpgNq for all g P G is

an element of c-IndGG1 V . Indeed, for all g1 P G1, g P G,

f̄pgg1q “ fpgg1Nq

“ fpgNg1Nq

“ πpg1´1NqfpgNq

“ πpg1´1
qf̄pgq.

Therefore, we define T as follows:

T : c-Ind
G{N
G1{N V Ñ c-IndGG1 V

f ÞÑ f̄ ,

where f̄ is defined as previously.
We start by showing that T is bijective. It is surely injective because

T pf1q “ T pf2q implies that f1pgNq “ f2pgNq for all g P G, and therefore f1 “ f2.
Given f̄ P c-IndGG1 V , define

f : G{N Ñ V

gN ÞÑ f̄pgq.

This map is well-defined because π is trivial on N (as a representation of G1) by
definition, and so f̄pnq “ 1 for all n P N . As a consequence, f̄pgq “ f̄phq when gN “

hN . Next, for all g1 P G1, g P G, fpgNg1Nq “ f̄pgg1q “ πpg1´1qf̄pgq “ πpg1´1NqfpgNq,
and therefore f P c-Ind

G{N
G1{N V . Furthermore, T pfq “ f̄ , which implies that T is

surjective.
It remains to show that T is an intertwining map, that is the following diagram

commutes for all g̃ P G.

c-Ind
G{N
G1{N V c-Ind

G{N
G1{N V

c-IndGG1 V c-IndGG1 V

T

c-Ind
G{N
G1{N πpg̃q

c-IndGG1 πpg̃q

T

Take f P c-Ind
G{N
G1{N V . Then c-Ind

G{N
G1{N πpg̃qpfq maps gN to fpg̃´1NgNq for all g P G,

and therefore T ˝ c-Ind
G{N
G1{N πpg̃qpfq maps gN to f̄pg̃´1gq for all g P G. On the other

hand, T pfq maps gN to f̄pgq for all g P G, which implies that c-IndGG1 πpg̃q ˝ T pfq

maps gN to f̄pg̃´1gq for all g P G. Hence, T ˝ c-Ind
G{N
G1{N πpg̃q “ c-IndGG1 πpg̃q ˝ T .



A. THE DEVIL IS IN THE DETAILS 154

Proposition A.1.11. Let G1 Ă G be a subgroup of G, pπ, V q be a representation of
G1 and χ be a character of G. Then c-IndGG1pπ b χ|G1q » c-IndGG1 π b χ.

Proof: We must find an invertible linear map
T : c-IndGG1pV bC Cq Ñ c-IndGG1 V bC C that intertwines c-IndGG1pπ b χ|G1q and
c-IndGG1 π b χ, where

c-IndGG1pV bC Cq “ tf : GÑ V : fpgg1q “ pπ b χqpg1
´1
qfpgq for all g1 P G1, g P Gu,

c-IndGG1 V bC C “ tf : GÑ V : fpgg1q “ πpg1
´1
qfpgq for all g1 P G1, g P Gu bC C.

For all f P c-IndGG1pV bCCq, let f̄ be the map that sends g to fpgqχpgqb 1 for all
g P G. Then f̄ P c-IndGG1 V bCC since the map g ÞÑ fpgqχpgq lies in c-IndGG1 V . Indeed,
for all g1 P G1, g P G fpgg1qχpgg1q “ pπ b χqpg1´1

qfpgqχpgqχpg1q “ πpg1´1
qfpgqχpgq.

Therefore, we define T as follows:

T : c-IndGG1pV bC Cq Ñ c-IndGG1 V bC C
f ÞÑ f̄ ,

where f̄ is defined as previously.
We start by showing that T is bijective. It is surely injective because

T pf1q “ T pf2q implies that f1pgqχpgq “ f2pgqχpgq for all g P G, and therefore f1 “ f2.
Given f̄ P c-IndGG1 V , let f be the map that sends g to f̄pgqχpg´1q for all g P G. Then
one can verify that f P c-IndGG1pV bC Cq and T pfq “ f̄ b 1, which implies T is
surjective.

It remains to show that T is an intertwining map, that is the following diagram
commutes for all g̃ P G.

c-IndGG1pV bC Cq c-IndGG1pV bC Cq

c-IndGG1 V bC C c-IndGG1 V bC C

T

c-IndGG1pπ b χ|G1qpg̃q

`

c-IndGG1 π b χ
˘

pg̃q

T

Take f P c-IndGG1pV bC Cq. Then c-IndGG1pπ b χ|G1qpg̃qpfq maps g to fpg̃´1gq for
all g P G, and therefore T ˝ c-IndGG1pπb χ|G1qpg̃qpfq maps g to fpg̃´1gqχpgq b 1 for all
g P G. On the other hand, T pfq maps g to fpgqχpgq b 1 for all g P G, which implies
that

`

c-IndGG1 π b χ
˘

pg̃q ˝ T pfq maps g to fpg̃´1gqχpg̃´1gq b χpg̃q “ fpg̃´1gqχpgq b 1

for all g P G. We conclude that T ˝ c-IndGG1pπb χ|G1q “ pg̃q
`

c-IndGG1 π b χ
˘

pg̃q ˝ T for
all g̃ P G.
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A.2 On the Mock Exponential Map
Let G be a reductive group defined over F , and let G “ GpF q. Assume that G splits
over a tamely ramified extension E of F . Let H be a closed connected F -subgroup
of G that contains Gder. Set x P BpG, F q and r ą 0. The goal of this section is to
show that the isomorphism eH : hx,r:r` Ñ Hx,r:r` defined by Adler and used in the
J.K. Yu Construction can essentially be viewed as a restriction of Adler’s isomorphism
e : gx,r:r` Ñ Gx,r:r` , a result needed in the proof of Lemma 3.3.17.

Let T be a maximal F -torus that splits over E and let x P ApG,T, Eq. Set a
Z-basis of X˚pTq, tχ1, . . . , χnu. The isomorphism e between gx,r:r` and Gx,r:r` defined
by Adler is constructed via the theory of mock exponential maps [Adl98, Section 1.5].
Hakim provides a summary of this construction in [Hak18, Section 3.4] which we
quickly recall here.

One starts by defining a mock exponential map on ttpEqr,

M-exp : ttpEqr Ñ TpEqr.

This map is defined by the implicit condition χipM-exppXqq “ 1 ` dχipXq for all
X P ttpEqr, 1 ď i ď n. For each α P Φ “ ΦpG,Tq, we have an exponential map
expα : ggαpEqx,r Ñ UαpEqx,r because elements of ggαpEq are nilpotent. Choosing an
ordering of the roots, we can combine the maps expα, α P Φ, andM-exp to obtain a
new map

M : ttpEqr ˆ
ź

αPΦ

ggαpEqx,r Ñ TpEqr ˆ
ź

αPΦ

UαpEqx,r.

The multiplication map

µ : TpEqr ˆ
ź

αPΦ

UαpEqx,r Ñ GpEqx,r

is bijective [BT72, Proposition 6.4.48], and so is its corresponding Lie algebra map,
which is denoted ν. The mock exponential map e of ggpEqx,r can then be represented
by the commutative diagram in Figure A.1. Adler showed that this map induces an
isomorphism of the quotient groups [Adl98, Section 1.5], which we also denote by
e. This isomorphism is independent of the choice of basis for X˚pTq [Adl98, Lemma
1.5.1] and is actually independent of the choice of torus T such that x P ApG,T, Eq
[Adl98, Corollary 1.6.6]. Furthermore, the quotients ggpEqx,r:r` and GpEqx,r:r` are
abelian (Section 2.2.2), meaning that any choice of ordering of the roots produces the
same map. This isomorphism e is illustrated by the commutative diagram in Figure
A.2.

Given the F -subgroup H defined above, let TH “ T X H, hh “ LiepHq and
ttH “ LiepTHq. We define a mock exponential map eH for hhpEqx,r analogously
(Figure A.3), by first constructing a mock exponential map pM-expqH from ttHpEqr
to THpEqr and extending it to a map MH via the same exponential maps on the
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ggpEqx,r GpEqx,r

ttpEqr ˆ
ś

αPΦ

ggαpEqx,r TpEqr ˆ
ś

αPΦ

UαpEqx,r

ν´1

e

M

µ

Figure A.1: Commutative diagram describing the mock exponential map e
of ggpEqx,r as illustrated in [Hak18, Section 3.4].

ggpEqx,r:r` GpEqx,r:r`

ttpEqr:r` ˆ
ś

αPΦ

ggαpEqx,r:r` TpEqr:r` ˆ
ś

αPΦ

UαpEqx,r:r`

ν´1

e

M

µ

Figure A.2: Commutative diagram describing the isomorphism e from
ggpEqx,r:r` to GpEqy,r:r` as illustrated in [Hak18, Section 3.4].

filtrations of the root subgroups. To do this, we restrict the Z-basis tχ1, . . . , χnu
of X˚pTq to TH. This will produce a spanning set for X˚pTHq from which we can
extract a Z-basis. Indeed, this is because every character of TH is the restriction of
a character of T [Bor91, Proposition 8.2]. By definition, we set the map pM-expqH
to satisfy χi|THppM-expqHpXqq “ 1` dχi|THpXq for all X P ttHpEqr, 1 ď i ď n so that
pM-expqH “M-exp|ttHpEqr and thereforeMH “M|ttHpEqrˆ ś

αPΦ
ggαpEqx,r .

hhpEqx,r HpEqx,r

ttHpEqr ˆ
ś

αPΦ

ggαpEqx,r THpEqr ˆ
ś

αPΦ

UαpEqx,r

ν´1
H

eH

MH

µH

Figure A.3: Commutative diagram describing the mock exponential map eH
of hhpEqx,r.

Proposition A.2.1. Let eH : hhpEqx,r:r` Ñ HpEqx,r:r` be the mock exponential map
of hhpEqx,r. Then e|hhpEqx,r “ ι ˝eH , where ι is the isomorphism from HpEqx,r:r` to
HpEqx,rGpEqx,r:r`{GpEqx,r` given by the second isomorphism theorem.
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Proof: We clearly have that ν´1
H “ ν´1|hhpEqx,r and µH “ µ|HpEqx,r .

Given h P hhpEqx,r, let ν´1phq “ t ˆ
ś

αPΦ

gα. Then, by the previous

lemma, e|hhpEqx,rphq “MHptˆ
ś

αPΦ

gαqGpEqx,r` . On the other hand,

eHphq “MHptˆ
ś

αPΦ

gαqHpEqx,r` . The conclusion follows since ι maps hHpEqx,r` to

hGpEqx,r` for all h P HpEqx,r.

By taking the GalpE{F q-fixed points of ggpEqx,r:r` and GpEqx,r:r` , e induces an
isomorphism e : gx,r:r` Ñ Gx,r:r` [Yu01, Corollary 2.4]. Similarly, eH induces an
isomorphism between hx,r:r` and Hx,r:r` , and the equality e|hx,r “ ι ˝eH holds at the
level of F -points, where ι : Hx,r:r` Ñ Hx,rGx,r`{Gx,r` .

A.3 On the Kottwitz Map
In Section 2.2.2.2, we used the Kottwitz map to describe the filtration subgroups of
a torus. The goal of this section is to show that the restriction of a Kottwitz map
to a subtorus is again a Kottwitz map, a result used in Lemma 2.2.21 to discuss the
intersection of Moy-Prasad filtration subgroups of G with H.

Let G be a reductive group defined over a p-adic field L, and let T be a maximal
torus of G. Let valp¨q be the valuation map on L, which we scale to take values in Z.
Let L̄ be an algebraic closure of L and I “ GalpL̄{Lq be the absolute Galois group
of L. We denote by X˚pTqI the subgroup of X˚pTq fixed by I and by X˚pTqI the
largest quotient of X˚pTq on which I acts trivially. Kottwitz explains how there is a
natural surjection

q : X˚pTqI Ñ HompX˚
pTqI ,Zq

and an obvious functorial map

v : TpLq Ñ HompX˚
pTqI ,Zq

in [Kot97, Section 7.2]. Indeed, q is the map that sends µ P X˚pTqI to the
homomorphism λ ÞÑ xλ, µy, where x¨, ¨y is the canonical pairing between X˚pTq
and X˚pTq discussed in Section 2.2.1, and v maps t P TpLq to the homomorphism
λ ÞÑ valpλptqq. Kottwitz then proceeds to construct a surjective homomorphism

KotTpLq : TpLq Ñ X˚pTqI

that satisfies q ˝KotTpLq “ v. We refer to KotTpLq as the Kottwitz map of TpLq.

Proposition A.3.1. Let S be a subtorus of T, and let KotTpLq and
KotSpLq be the Kottwitz maps for TpLq and SpLq, respectively. Then
kerpKotTpLqq X SpLq “ kerpKotSpLqq.
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Proof: Let S ãÑ T be the inclusion map. This map induces an inclusion
X˚pSqI ãÑ X˚pTqI . Kottwitz then tells us that the diagram

TpLq X˚pTqI

SpLq X˚pSqI

KotTpLq

KotSpLq

commutes [Kot97, (7.2.7)]. This means that KotTpLq |SpLq “ KotSpLq, and the result
follows.

A.4 On the Heisenberg-Weil Lift
This section contains all the proofs related to claims we have made about the
Heisenger-Weil lifts. In particular, we discuss the restriction of a Heisenberg-Weil lift
in Section A.4.1 which was needed to restrict the representations φi1 in Theorem 4.2.7.
We also discuss in Section A.4.2 the relationship between pφd´1

H φdHq
1 and φd´1

H

1
φdH , a

result needed in Theorem 4.3.6.
There are many details behind the construction of the Heisenber-Weil lifts which

we have not discussed in this thesis. To make this section as concise as possible, we
provide references for the concepts that we have not defined rather than repeating
another summary of the whole construction. The reader that would like to know all
the details of the theory of Heisenberg-Weil lifts is invited to consult [Yu01,HM08,
Nev15]. In particular, we recommend [HM08, Section 2.3].

A.4.1 Restricting the Heisenberg-Weil Lift

Set 0 ď i ď d ´ 1. Let us recall the notation used for the theory of Heisenberg-Weil
lifts to extend pφi in Section 4.2.1. We also establish analogous notation for H.

ξi “ pφi|Ji`1
`
, ξiH “

xφiH |Ji`1
H`

N i
“ kerpξiq, N i

H “ kerpξiHq

Hi
“ J i`1

{N i,Hi
H “ J i`1

H {N i
H

Zi
“ J i`1

` {N i, Zi
H “ J i`1

H`{N
i
H

W i
“ J i`1

{J i`1
` ,W i

H “ J i`1
H {J i`1

H`
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W i#
“ W i b Fp,W i

H

#
“ W i

H b Fp

The groups Hi and Hi
H are Heisenberg p-groups associated to the symplectic

vector spaces W i and W i
H , respectively. Recall also that Zi and Zi

H are the centers of
Hi andHi

H , respectively, which are both isomorphic to Fp. This means that characters
of Zi and Zi

H are isomorphisms into µp, the set of pth roots of unity in C. From the
central characters ξi and ξiH , we construct Heisenberg-Weil lifts ωi and ωiH which are
representations of Ki ˙Hi and Ki

H ˙Hi
H , respectively.

The goal of this section is to prove the following theorem, which was necessary
when restricting the extensions φi1 (Theorem 4.2.7).

Theorem A.4.1. For all k P Ki
H , j P J

i`1
H , ωiHpk, jN i

Hq “ ωipk, jN iq.

We will achieve this with the help of the following Proposition.

Proposition A.4.2 ([Nev15, Proposition 3.2]). For i P t1, 2u let Hi be a Heisenberg
group with center Zi. Fix a nontrivial character φi of Zi and a corresponding special
isomorphism νi : Hi Ñ W#

i in the sense of [HM08, Definition 2.29, Remark 2.33],
where Wi “ Hi{Zi. Let Ti be a group and suppose further that νi is relevant for a
homomorphism fi : Ti Ñ SppHiq in the sense of [HM08, Definition 3.17]. Let pf iqνi
be the map that sends t P Ti to νi ˝f iptq˝ν´1

i for all t P Ti, i “ 1, 2. Suppose we have a
group isomorphism α : H1 Ñ H2, inducing ᾱ : W1 Ñ W2, and a group homomorphism
δ : T1 Ñ T2 such that the following diagrams commute.

H1 W#
1 T1 SppW1q

H2 W#
2 T2 SppW2q

α

ν1

ν2

ᾱ ˆ 1 δ

pf1qν1

pf2qν2

innpᾱq

Then we have φ2 ˝ α “ φ1 on Z1 and ᾱ is a symplectic isomorphism, whence
the maps in the diagram above are well-defined homomorphisms. Let pτ2, V q be a
Heisenberg representation of H2 with central character φ2. Then τ1 “ τ2 ˝ α is
a Heisenberg representation of H1 with central character φ1. Let ωi denote the
pullback of the Heisenberg-Weil lift corresponding to νi of τi to Ti ˙ Hi. Then for
all t P T1,h P H1, we have

ω2pδptq, αphqq “ ω1pt, hq,

that is, the lifts coincide.
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Let f i : Ki Ñ SppHiq and f iH : Ki
H Ñ SppHi

Hq be the homomorphisms coming
from the actions by conjugation of Ki on J i`1 and of Ki

H on J i`1
H , respectively. Let

νi and νiH be the special isomorphisms arising from the split polarizations of Hi and
Hi
H , respectively, as per [HM08, Lemma 2.35]. The maps νi and νiH are relevant for f i

and f iH , respectively. The strategy to proving Theorem A.4.1 is to start by showing
that the homomorphism α : Hi

H Ñ Hi which maps jN i
H to jN i for all j P J i`1

H

is an isomorphism that induces the symplectic isomorphism β : W i
H Ñ W i from

Corollary 4.2.5, then to consider the inclusion map δ : Ki
H Ñ Ki and to show that

the following diagrams commute.

Hi
H W i

H
#

Ki
H SppW i

Hq

Hi W i# Ki SppW iq

α

νiH

νi

β ˆ 1 δ

pf iHqνiH

pf iqνi

innpβq

Figure A.4: Commutative diagrams for the restriction of the Heisenberg-Weil
lift.

A.4.1.1 Proving that α is an Isomorphism

We start by establishing the relationship between N i and N i
H with the following

lemma.

Lemma A.4.3. Let N i
H and N i be defined as above. Then

N i
H “ N i X J i`1

H` “ N i X J i`1
H .

Proof: Let j : J i`1
H` Ñ J i`1

` be the inclusion map. We have that ξiH “ ξi ˝ j which
imples that ker ξiH “ kerpξi ˝ jq “ ker ξi X J i`1

H` . Therefore N
i
H “ N i X J i`1

H` .
Next, we show thatN iXJ i`1

H` “ N iXJ i`1
H . Clearly, we haveN iXJ i`1

H` Ă N iXJ i`1
H .

To show the converse, let x P N iX J i`1
H Ă J i`1

` X J i`1
H . Since J i`1

H “ J i`1XH i`1 and
J i`1
H` “ J i`1

` XH i`1 (Lemma 4.2.3), J i`1
` XJ i`1

H “ J i`1
H` and therefore x P N iXJ i`1

H` .

Proposition A.4.4. Let α : Hi
H Ñ Hi be the map defined by αpjN i

Hq “ jN i for all
j P J i`1

H . Then α is an isomorphism and α induces the isomorphism β.

Proof: We start by showing that the map α is well-defined. Given jN i
H “ j1N i

H , it
follows that j´1j1 P N i

H Ă N i. Therefore, jN i “ j1N i and the map α is well-defined.
The map α is injective. Indeed, by Lemma A.4.3 the kernel of α is

kerα “ tjN i
H : j P J i`1

H XN iu “ tN i
Hu. Furthermore, it is clear from the definition
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that α maps Zi
H into Zi. Since both Zi

H and Zi are cyclic groups of order p, it follows
that αpZi

Hq “ Zi.
Let pr and prH denote the projections of Hi into W i and Hi

H into W i
H via the

isomorphisms W i » Hi{Zi and W i
H » Hi

H{Z
i
H , respectively. Then β´1 ˝prH “ pr˝α.

It follows that pr ˝ α is surjective, as β´1 and prH are both surjective. Now, let
y P Hi and consider its projection into W i, yZi. Since pr˝α is surjective, there exists
x P Hi

H such that pr ˝ αpxq “ yZi. It follows that αpxqZi “ yZi, or equivalently,
αpxqy´1 P Zi. Since α|ZiH is surjective, there exists z P Zi

H such that αpzq “ αpxqy´1,
implying that y “ αpxqαpzq´1 “ αpxz´1q. Hence, we conclude that α is surjective,
and therefore is an isomorphism. Furthermore, the isomorphism that α induces
between W i

H and W i is clearly equal to β.

A.4.1.2 Showing the Commutativity of the Diagrams in Figure A.4

Proposition A.4.5. Let α and β be the isomorphisms as defined previously, and let
νi and νiH be the special isomorphisms arising from the split polarizations of Hi and
Hi
H , respectively, as per [HM08, Lemma 2.35]. Then the left diagram of Figure A.4

commutes, that is νi ˝ α “ pβ ˆ 1q ˝ νiH .

Proof: Let Hi
Hp`q,Hi

Hp´q be Yu’s split polarization of Hi
H([Yu01, Proposition

11.4], [HM08, Section 3.3]). This means that every element of hN i
H can then be

written in the form ph`N
i
Hqph´N

i
HqpzN

i
Hq for some h`N i

H P Hi
Hp`q, h´N i

H P Hi
Hp´q,

zN i
H P Z

i
H . Furthermore, the associated special isomorphism to this split polarization

is νiH : Hi
H Ñ W i

H
# defined by

νiHpph`N
i
Hqph´N

i
HqpzN

i
Hqq “ pph`J

i`1
H`qph´J

i`1
H`q, zrh`, h´s

p`1{2
q,

where zrh`, h´sp`1{2 is viewed as an element of Fp [HM08, Lemma 2.35].
From the description provided in [HM08, Section 3.3], one sees that

Hip`q ..“ αpHi
Hp`qq, Hip´q ..“ αpHi

Hp´qq is Yu’s split polarization of Hi, and
νi is the associated special isomorphism as per [HM08, Lemma 2.35]. For all
ph`N

i
Hqph´N

i
HqpzN

i
Hq P Hi

H we have that

νi ˝ αpph`N
i
Hqph´N

i
HqpzN

i
Hqq “ νipph`N

i
qph´N

i
qpzN i

qq

“ pph`J
i`1
` qph´J

i`1
` q, zrh`, h´s

p`1{2
q,

where zrh`, h´sp`1{2 is viewed as an element of Fp .
On the other hand,

pβ ˆ 1q ˝ νiHpph`N
i
Hqph´N

i
HqpzN

i
Hqq “ pβ ˆ 1qpph`J

i`1
H`qph´J

i`1
H`q, zrh`, h´s

p`1{2
q
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“ pph`J
i`1
` qph´J

i`1
` q, zrh`, h´s

p`1{2
q.

Therefore, we conclude that νi ˝ α “ pβ ˆ 1q ˝ νiH .

Proposition A.4.6. Let β, νi and νiH be as in the previous proposition and let
f i : Ki Ñ SppHiq and f iH : Ki

H Ñ SppHi
Hq be the homomorphisms coming from

the actions by conjugation of Ki on J i`1 and of Ki
H on J i`1

H` , respectively. Let
δ : Ki

H Ñ Ki be the inclusion map. Then the right diagram of Figure A.4 commutes,
that is innpβq ˝ pf iHqνiH “ pf iqνi ˝ δ, where pf iqνi is the map that sends k P Ki to
νi ˝ f ipkq ˝ νi

´1 for all k P Ki.

Proof: First note that we are viewing SppW iq and SppW i
Hq as subgroups of SppHiq

and SppHi
Hq, respectively, via the inclusion g ÞÑ g ˆ 1.

For all k P Ki
H , using the definitions of our maps, we have that

pinnpβq ˝ pf iHqνiH qpkq “ innpβqpνiH ˝ f
i
Hpkq ˝ ν

i
H

´1
q

“ pβ ˆ 1q ˝ νiH ˝ f
i
Hpkq ˝ ν

i
H

´1
˝ pβ´1

ˆ 1q.

By Proposition A.4.5, we have that pβ ˆ 1q ˝ νiH “ νi ˝ α, which allows us to rewrite
the previous expression as

pinnpβq ˝ pf iHqνiH qpkq “ pν
i
˝ αq ˝ f iHpkq ˝ pα

´1
˝ νi

´1
q.

It remains to show that pνi ˝ αq ˝ f iHpkq ˝ pα´1 ˝ νi
´1
q “ pf iqνi ˝ δpkq, where

pf iqνi ˝δpkq “ νi ˝f ipkq˝νi
´1 is an element of SppW i#q. Take phZi, zq P W i#, and let

jN i “ νi
´1
phZi, zq with j P J i`1

H . Note that we can choose j P J i`1
H by surjectivity of

α. Then,
pα´1

˝ νi
´1
qphZi, zq “ jN i

H .

Applying f iHpkq to this last expression, it follows that

f iHpkq ˝ pα
´1
˝ νi

´1
qphZi, zq “ kjk´1N i

H ,

and so
α ˝ f iHpkq ˝ pα

´1
˝ νi

´1
qphZi, zq “ kjk´1N i.

We then have

pνi ˝ αq ˝ f iHpkq ˝ pα
´1
˝ νi

´1
qphZi, zq “ νipkjk´1N i

q.

But,
νipkjk´1N i

q “ νi ˝ f ipkqpjN i
q “ νi ˝ f ipkq ˝ νi

´1
phZi, zq.

Hence, we that conclude that pνi ˝ αq ˝ f iHpkq ˝ pα´1 ˝ νi
´1
q “ pf iqνi ˝ δpkq and

therefore innpβq ˝ pf iHqνiH “ pf
iqνi ˝ δ.
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A.4.2 Proving that κd´1,dH b 1 » κd´1H b κdH

Let Ψ “ p~G, y, ρ, ~φq be a G-datum. When the depth r̃ of φdH is less than or equal
to rd´1, the last two quasicharacters in the character sequence ~φH are pφd´1

H φdH , 1q.
The goal of this section is to show that κd´1,d

H b 1 » κd´1
H b κdH , or equivalently

pφd´1
H φdHq

1 » pφd´1
H q1φdH , which is required in the proof of Theorem 4.3.6.

In [HM08, Proposition 4.24], Hakim and Murnaghan show that if 9ΨH is a
refactorization of ΨH , then κHpΨHq » κHp 9ΨHq. When looking at the details of
their proof, we only need ~φH and ~9φH to satisfy condition F1) from the definition of
refactorization (Definition 3.2.1) for this result to hold, and we do not even require
the last quasicharacters of the sequences to be of largest depth. This means that we
can set ~φH “ pφ0

H , . . . , φ
d´1
H , φdHq and

~9φH “ pφ
0
H , . . . , φ

d´1
H φdH , 1q and obtain the wanted

result. Because this is a very specific case in which the result applies, we recall the
proof in this section, only written specifically for our case with less notation and with
a bit more detail. But first, let us proceed to the following lemma.

Lemma A.4.7. The quasicharacter {φd´1
H φdH is equal to zφd´1

H φdH .

Proof: Recall that {φd´1
H φdH is the (unique) quasicharacter of Kd´1

H Hy,r`d´1
that

agrees with φd´1
H φdH on Kd´1

H and is trivial on pHd´1, Hqy,pr`d´1,s
`
d´1q

, and that we have

an analogous description for zφd´1
H . Therefore, to show the wanted equality, it suffices

to show that φdH is trivial on pHd´1, Hqy,pr`d´1,s
`
d´1q

.
Set s̃ “ r̃{2. Since φdH is of depth r̃, Remark 3.1.14 tells us that φdH |Hy,s̃` is

realized by an element Z˚ of pz˚Hq´r̃, where z˚H denotes the F -points of the dual of
the center of LiepHq as in Section 3.3.3. If we let ψE denote a character of E that
coincides with ψ on F , then we can define a quasicharacter pφdHqE of HpEqy,s̃`:r̃` that
agrees with φdH as follows. For all Y P hpEqy,s̃` ,

pφdHq
E
pepY ` hhpEqy,r̃`qq “ ψEpZ˚pY qq,

where e denotes the isomorphism between hhpEqy,s̃`:r̃` and HpEqy,s̃`:r̃` as per
Appendix A.2.

The character pφdHqE is trivial on pHd´1pEq,HpEqqy,pr`d´1,s
`
d´1q

. Indeed, pφdHqE

is trivial on Hd´1pEqy,r`d´1
being of depth r̃ ď rd´1. Furthermore, Z˚ is trivial on

elements of rhh, hhspEq, and therefore pφdHqE is trivial on UβpEqy,s`d´1
for all β P ΦzΦd´1.

Thus, we conclude that φdH is trivial on pHd´1, Hqy,pr`d´1,s
`
d´1q

.

Let us now establish the notation that we will be using for the Heisenberg-Weil
lifts. Let W “ JdH{J

d
H` be the symplectic group we are considering for the
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Heisenberg-Weil lifts of φd´1
H φdH and φd´1

H .

ξ “zφd´1
H |JdH`

, 9ξ “ {φd´1
H φdH |JdH`

N “ kerpξq, 9N “ kerp 9ξq

H “ JdH{N,
9H “ JdH{

9N

Z “ JdH`{N,
9Z “ JdH`{

9N

Recall that Z and 9Z are isomorphic to Fp and therefore characters of Z and 9Z
are isomorphisms into µp, the set of pth roots of unity in C. Let H6 “ W b µp, τ

6 be
the Heisenberg representation of H6 associated to the identity map on µp, and let τ 6

be the corresponding Weil representation. Letting H# “ W b Z and 9H# “ W b 9Z,
we have that τ# “ τ 6 ˝p1ˆξq and 9τ# “ τ 6 ˝p1ˆ 9ξq are the Heisenberg representations
of H# and 9H# with central characters ξ and 9ξ, respectively. This means that τ#, 9τ#

and τ 6 all act on the same vector space, and they all give rise to the same Weil
representation of SppW q. Indeed, this is because a map intertwines τ 6 and gτ 6 if and
only if it intertwines τ# and gτ#, and 9τ# and g 9τ#.

Now, to obtain Heisenberg representations τ and 9τ of H and 9H, we use Yu’s
special isomorphisms ν : H Ñ H# and 9ν : 9H Ñ 9H# to pull back τ# and 9τ#,
respectively. That is, τ “ τ# ˝ ν and 9τ “ 9τ# ˝ 9ν. For all h P JdH , we have that
νphq “ phJdH`, µphqq for some map µ : JdH Ñ Z such that µphq “ hN for all h P JdH`
[HM08, Remark 2.30]. Similarly, there is a map 9µ : JdH Ñ 9Z associated to the
definition 9µ. We are now in a position to compare the maps τ and 9τ , which we may
view as representations of JdH .

Lemma A.4.8. For all h P JdH , 9τphq “ τphq 9ξp 9µphqqξpµphqq´1.

Proof: For all h P JdH , we expand the definition of τ as follows

τphq “ τ#
˝ νphq

“ τ 6 ˝ p1ˆ ξq ˝ νphq

“ τ 6 ˝ p1ˆ ξqphJdH`, µphqq

“ τ 6phJdH`, ξpµphqqq.

Since the central character of τ 6 is the identity map on µp, we obtain
that τphq “ τ 6phJdH`, 1qξpµphqq. Similarly, for all h P JdH , we have
9τphq “ τ 6phJdH`, 1q

9ξp 9µphqq. The conclusion follows.

The Heisenberg representations τ and 9τ can be extended to representations pτ
and p9τ of SppW q ˙ H and SppW q ˙ 9H, respectively, where pτ |SppW q “ τ 6 “ p9τ |SppW q,
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pτ |H “ τ and p9τ | 9H “ 9τ . Now, given the homomorphism f : Kd´1
H Ñ SppW q induced by

action of Kd´1
H by conjugation on JdH , we obtain Heisenberg-Weil lifts ω and 9ω, which

are the representations of Kd´1
H ˙ JdH defined by

ωpk, jq “ τ 6pfpkqqτpjq and 9ωpk, jq “ τ 6pfpkqq 9τpjq

for all k P Kd´1
H , j P JdH . Using these definitions and Lemma A.4.8, we see that

9ωpk, jq “ ωpk, jq 9ξp 9νpjqqξpµpjqq´1 for all k P Kd´1
H , j P JdH .

Finally, the representations pφd´1
H φdHq

1 and pφd´1
H q1 of Kd

H “ Kd´1
H JdH are defined

as
pφd´1

H φdHq
1
pkjq “ pφd´1

H φdHqpkq 9ωpk, jq and pφd´1
H q

1
pkjq “ φd´1

H pkqωpk, jq

for all k P Kd´1
H , j P JdH . With what precedes, we can now establish a relationship

between the two extensions.

Lemma A.4.9. For all k P Kd´1
H , j P JdH , pφ

d´1
H φdHq

1pkjq “ pφd´1
H q1pkjqηpkjq, where

ηpkjq “ φdHpkq
9ξp 9µpjqqξpµpjqq´1.

Proof: Let’s first show that η is a well-defined map. For all j P JdH` we

have that 9ξp 9µpjqqξpµpjqq´1 “
zφd´1
H pjqφdHpjq

zφd´1
H pjq´1 “ φdHpjq. In particular,

φdHpjq “
9ξp 9µpjqqξpµpjqq´1 on Kd´1

H X JdH “ Hd´1
y,rd´1

Ă JdH`.
Next, we proceed by direct computation to show the equality. For all

k P Kd´1
H ,j P JdH ,

pφd´1
H φdHq

1
pkjq “ φd´1

H pkqφdHpkq 9ωpk, jq

“ φd´1
H pkqωpk, jqφdHpkq

9ξp 9µpjqqξpµpjqq´1

“ pφd´1
H q

1
pkjqηpkjq.

This last lemma implies that in order to show that pφd´1
H φdHq

1 » pφd´1
H q1φdH , it

is equivalent to show that pφd´1
H q1φdH » pφ

d´1
H q1η, or equivalently, pφd´1

H q1 » pφd´1
H q1η,

where ηpkq “ ηpkqφdHpkq
´1 for all k P Kd

H . We note that η is trivial on Kd´1
H JdH` by

definition.
Since we are working with finite-dimensional representations, it suffices to show

that the characters of pφd´1
H q1 and pφd´1

H q1η are the same. (Recall that the character χφ
of a finite-dimensional representation φ of G is given by χφpgq “ Tracepφpgqq for all
g P G.) Note that the character of a representation is constant on conjugacy classes.

Lemma A.4.10. Let χ
pφd´1
H q1

and χ
pφd´1
H q1η denote the characters of pφd´1

H q1 and
pφd´1

H q1η, respectively. Then χ
pφd´1
H q1

“ χ
pφd´1
H q1η, that is pφ

d´1
H q1 » pφd´1

H q1η.
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Proof: Recall that pφd´1
H q1pkjq “ φd´1

H pkqωpk, jq “ φd´1
H pkqτ 6pfpkqqτpjq for all

k P Kd´1
H , j P JdH , where τ is a Heisenberg representation. Since the character of a

Heisenberg representation has support in the center [Yu01, Lemma 12.1], the support
of the character of τ lies in JdH`{N . Therefore, χ

pφd´1
H q1

is only nontrivial on elements
of Kd´1

H JdH that are conjugate in Kd to elements of Kd´1
H JdH`. Since η is trivial on

Kd´1
H JdH`, we conclude that χ

pφd´1
H q1η “ χ

pφd´1
H q1

η “ χ
pφd´1
H q1

.

With this last lemma and the discussion preceding it, we can conclude that
pφd´1

H φdHq
1 » pφd´1

H q1φdH , and therefore κd´1,d
H b 1 » κd´1

H b κdH .
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